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Abstract

Quantitative Photothermal Heating and Cooling
Measurements of Engineered Nanoparticles in an Optical Trap

Paden Bernard Roder

Chair of the Supervisory Committee:

Prof. Dr. Peter J. Pauzauskie

Materials Science and Engineering

Laser tweezers and optical trapping has provided scientists and engineers a unique way to

study the wealth of phenomena that materials exhibit at the micro- and nanoscale, much of

which remains mysterious. Of particular interest is the interplay between light absorption

and subsequent heat generation of laser-irradiated materials, especially due to recent interest

in developing nanoscale materials for use as agents for photothermal cancer treatments. An

introduction to optical trapping physics and laser tweezers are given in Chapter 1 and 2 of

this thesis, respectively. The remaining chapters, summarized below, describe the theoretical

basis of laser heating of one-dimensional nanostructures and experiments in which optically-

trapped nanostructures are studied using techniques developed for a laser tweezer.

In Chapter 3, we delve into the fundamentals of laser heating of one-dimensional materials

by developing an analytical model of pulsed laser heating of uniform and tapered supported

nanowires and compare calculations with experimental data to comment on the effects that

the material’s physical, optical, and thermal parameters have on its heating and cooling

rates. We then consider closed-form analytical solutions for the temperature rise within

infinite circular cylinders with nanometer-scale diameters irradiated at right angles by TM-

polarized continuous-wave laser sources, which allows for analysis of laser-heated nanowires

in a solvated environment. The infinite nanowire analysis will then be extended to the optical



heating of laser-irradiated finite nanowires in the framework of a laser tweezer, which enables

predictive capabilities and direct comparison with laser trapping experiments.

An effective method for determining optically-trapped particle temperatures as well as

the temperature gradient in the surrounding medium will be discussed in Chapter 4. By com-

bining laser tweezer calibration techniques, forward-scattered light power spectrum analysis,

and hot Brownian motion theory, we attempt to measure realistic temperatures at the surface

of an optically-trapped particle while properly accounting for inhomogeneous temperature

fields generated by the optical trap. In Chapter 5, this technique is then applied to measure

the temperature of engineered gold- and silicon-implanted silicon nanowires to rigorously

study the effect ion implantation has on silicon nanowire photothermal efficiencies. Silicon

nanowire photothermal efficiencies are shown to drastically increase by implanting with gold

ions and cause superheating of water of over 200 ◦C at the trap site, suggesting potential

application as agents for photothermal cancer therapies.

Chapter 6 describes the hydrothermal synthesis and optical trapping of engineered YLF

nanoparticles doped with Yb3+ ions. Laser tweezer experiments using the developed temper-

ature extraction techniques and hot Brownian motion analysis show the first observation of

particles undergoing recently hypothesized cold Brownian motion and local laser refrigeration

in a condensed phase via anti-Stokes photoluminescence. Furthermore, YLF nanoparticles

codoped with Er3+ and Yb3+ ions are also developed and their intense visible upconversion

of the NIR trapping laser is used to monitor its internal lattice temperature using ratio-

metric thermography. The results suggest the potential of these materials to investigate

kinetics and temperature sensitivity of basic cellular processes, or to act as simultaneous

theranostic-hypothermia agents to identify and treat cancerous tissues.

Finally, Chapter 7 presents a summary of the salient conclusions of the reported studies.

The chapter concludes with a short discussion of my personal experience with being a member

of a new research group and setting up the Pauzauskie laboratory.
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Chapter 1

INTRODUCTION

1.1 Motivation

Over the last 5 years in the Pauzauskie lab, my research has focused on devising new ap-

proaches and techniques to use laser tweezers to study novel, engineered materials at the

micro- and nanoscale. Laser tweezers (a.k.a. laser traps, optical traps) are one of a very

few tools that allow for careful and precise manipulation, characterization, and sensing of

individual particles isolated from surfaces and interfaces in various types of environments,

be it in vacuum, gas, solvent, or even biological media and cells. To this day, scientists

and engineers are constantly finding new ways to implement laser tweezers to elucidate the

mysteries in the fields of biology, medicine, microelectronics, refrigeration, climate change,

and many others. While laser tweezers have proven to be very unique and powerful tools,

there continues to exist areas where experiments using laser tweezers can be improved.

As an apposite example, laser tweezers are well suited for studying the binding strength

and kinetics of cellular organisms as the forces that these materials can administer are in the

same regime that laser tweezers can sense and transduce ( 10−9-10−12 newtons). Typically,

these experiments are performed by chemically tethering an optically-trapped microbead to

the cellular organism of interest and observing how the organism pushes and pulls on the

tethered microbead. The organism’s motion affects the motion and position of the optically-

trapped microbead, which can be ascertained by monitoring the forward-scattered laser light

using a position-sensitive photodetector. How these measurements can be made and used to

measure forces is detailed later in this chapter in Sec. 1.2.

Yet, a prevalent assumption that is made during these measurements is that the optically-

trapped microbead does not photothermally heat. This assumption allows for the contribu-
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tion of the thermal energy to the kinetics of the system to be ignored, thereby simplifying

the analysis of the forward-scattered laser signal when determining the applied forces of

the organism on the optically-trapped microbead. Scientists who perform these experiments

carefully choose the material of the microbead as well as the laser wavelength in order to min-

imize absorption of the laser by the microbead, consequently minimizing the photothermal

heating of the microbead. Still, irradiances at the trapping site are very large (on the order

of MW/cm2), causing even inefficiently absorbing particles to moderately heat photother-

mally during a laser trapping experiment. Possessing the ability to determine the thermal

contribution of an optically-trapped particle to the system would allow for a more accurate

description of the true forces and dynamics present during an experiment.

Furthermore, it is worth noting that the utility of determining temperatures of optically-

trapped particles in a laser tweezer is not limited to informing those in the optical trapping

community; there are many fields of study that are interested in photothermally heating and

refrigerating micro- and nanoscale materials for various applications. Some example appli-

cations include photothermal cancer agents, vibration-free cryogens, and selective particle

sorting. Moreover, many material properties are temperature dependent: knowing the tem-

perature of isolated optically-trapped particles enables careful and accurate characterization

at a single particle level rather than through bulk or ensemble measurements.

In short, having access to the temperature of optically-trapped particles helps inform

ongoing experiments in the trapping community as well as opens up many new and exciting

possibilities for future research directions and applications. In the remainder of this thesis, I

will outline my efforts in explicating and implementing methods and techniques for accurately

determining temperatures of optically-trapped particles.

1.2 Fundamentals of optical trapping

The experiments, analysis, and results of this thesis hinge critically on understanding how

temperature, particle morphology, and thermal/optical properties of both the particle and

the solvent affect the dynamics of a particle in an optical trap. In this section, we will set
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the stage by reviewing the history of observing optical forces and how optical trapping came

about. Then, we will and review the fundamentals of optical forces and derive the dynamics

of a particle in an optical trap.

1.2.1 Historical context

When deriving the energy and stress of electromagnetic radiation in his 1873 treatise on

electricity and magnetism [1], James Clerk Maxwell stated “... in a medium in which waves

are propagated there is a pressure in the direction normal to the waves, and numerically

equal to the energy in unit of volume” He went on to predicted that this pressure could

be experimentally observed using a balance, a flat body, and sunlight. This idea that light

could exert pressure on objects was at the time exciting and controversial. Yet, scientists

still used this new concept to explain phenomena that previously had unknown origins.

For instance, in 1892 Pyotr Nikolaevich Lebedev (transliterated as Peter Lebedew) applied

the concept of radiation pressure to discern the solar repulsion of comet tails [2]. Later in

1900, Svante Arrhenius likewise used radiation pressure to explain the aurora borealis [3].

However, it wasn’t until 1901 that radiation pressure was first observed experimentally by

Ernest Nichols and Gordon Hull [4] by cleverly using a torsional balance and thermal light

sources, shown in Fig. 1.1. Despite this prodigious result, experts during that time remained

skeptical of radiation pressure due to the fact that the interaction was so minute. In fact,

John Henry Poynting stated at his presidential address of the British Physical Society in

1905 that[5] “A very short experience in attempting to measure these forces is sufficient to

make one realize their extreme minuteness − a minuteness which appears to put them beyond

consideration in terrestrial affairs.”

Almost 40 years went by until a 22 year old Columbia University undergraduate student,

Arthur Ashkin, became interested in radiation pressure. At that time in 1944, he was working

for Sid Millman at the Columbia Radiation Laboratory designing a high-powered megawatt

3cm X-band pulsed “Rising Sun” magnetron for the US Army during World War II [6]. At

such high powers, Ashkin pondered whether he could detect the pulses from the magnetron by
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Figure 1.1: A diagram of the famous torsional balance that was used by Ernest Nichols and

Gordon Hull to detect the radiation pressure of light. Reproduced with permission from [4].

observing deflections of [6] “an old electromagnetic telephone earpiece consisting of a metallic

vibration receiver plate and some magnetic pickup coils.” When the signal was observed on

his oscilloscope, Ashkin interpreted the result as radiation pressure on the metallic receiver.

Even though he was excited by the result, Ashkin decided not to pursue the experiment any

further[6].

In the late 1960s, Ashkin (now working at Bell Labs) again had his interest in radiation

pressure piqued. At a conference, he witnessed a talk about unascertained “runners and

bouncers:” small particles that exhibited erratic motion in a laser cavity. Speakers at the

conference suggested these particles could be moving due to radiation pressure of the stimu-

lated radiation inside of the cavity. By performing a quick back-of-the-envelope calculation,
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Figure 1.2: Arthur Ashkin’s first publication on the effect of radiation pressure on micro-sized

particles in solution. Reproduced with permission from [7].

Ashkin found that the forces required to move the particles were insufficient to cause the

erratic motion of the runners and bouncers. Yet, Ashkin reasoned that a focused laser may

provide sufficient radiation pressure to small microparticles in water to cause directed move-

ment. In fact, Ashkin was the first to observe that small polystyrene microbeads (2.5µm

diameter) could be pushed along in the propagation direction of the incident laser [6]. More-

over, he was surprised to observe that the microbeads were attracted towards the center of

the focused laser[6]. This simple experiment ultimately gave rise to two different, yet similar,

research fields: laser cooling of atoms, and laser trapping of small particles. The former field
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of laser cooling of atoms was picked up and championed by Ashkin’s partner Steven Chu,

who went on to win the Nobel Prize in Physics in 1997. Ashkin focused on the latter field

of laser trapping of small particles and went on to develop the laser tweezer.

Figure 1.3: Figure in Arthur Ashkin’s publication on optically-trapped tobacco mosaic

viruses and E. coli. The arrow represents where the trapping laser power was increased

and the decrease in scattered signal indicates the loss of cellular content of the trapped

bacterium. Reproduced with permission from [8].

The single-beam laser tweezer (as opposed to the dual beam or levitation laser traps)

was originally designed for atom trapping experiments. In order to test the single-beam

laser tweezer, Ashkin trapped sub-micron colloidal silica particles[9] with a 514nm argon

laser. After the successful experiment, Ashkin attempted trapping rod-like tobacco mosaic

viruses[8] (TMV) and made an interesting observation: the seemingly self-propelled bacteria

in solution would become immobilized in the trap and then seemingly die, shown in Fig. 1.3.

Ashkin determined that the death of the trapped bacterium was a result of “optocution” due

to high cellular absorption of light at 514nm. Ashkin [10, 11] found that optocution could

be mitigated by employing laser sources with near-infrared (NIR) wavelengths which lay in
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the cellular transparency window. By trapping with NIR wavelengths, Ashkin found it was

possible to non-invasively study and manipulate living organisms.

To this day, laser tweezers are still primarily used for biological experiments to study

fundamental cellular processes like mitosis and biological motors [12, 13]. However, the last

couple of decades have shown that laser tweezers have utility in various other applications

and fields, such as 3D nanoparticle manipulation and fabrication [14], single particle Raman

and photoluminescence spectroscopy[15, 16], and photonic force microscopy [17].

1.2.2 Trapping forces from a focused laser

As experimentally verified by Nichols and Hull[4], light exerts a force via transfer of momen-

tum during scattering events. Understanding how light can exert these forces on a material

in both a quantitative and qualitative sense can give insight into how an optical trap works at

a fundamental level. In the most general sense, the time-averaged force from the scattering

of an electromagnetic field off of an object is equal and opposite to the momentum carried

by the electromagnetic field itself[18]. Therefore, one simply needs to enclose the particle

in some volume and integrate the light momentum flux over the volume’s surface S. The

flux in the light momentum is related to the scattered fields, and the relationship between

the electromagnetic forces and mechanical momentum is given by the Maxwell stress tensor

TM[18]. The total time-averaged optical force 〈Ftot〉 on a particle then becomes

〈Ftot〉 =

∫
S

〈TM〉 · dS. (1.1)

Determining the scattered fields analytically from Maxwell’s equations can be a pestiferous

task, often requiring simulation methods such as discrete dipole approximation (DDA)[19]

or complex algorithms such as the T-matrix method[20] to solve for them.

Obtaining an analytical solution for the total time-averaged optical force can be dras-

tically simplified, and therefore more easily understood, if we limit ourselves to spherical

particles in certain size regimes: where the radius of the sphere (a) is much larger than

the wavelength of light (λ), and where the radius of the sphere is much smaller than the
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wavelength of light.

In the regime where a � λ, the conditions for Mie scattering are satisfied and optical

forces on the particle can be found using simple ray optics. Assuming that the sphere has

a refractive index greater than the surrounding medium, the transfer of light’s momentum

to the sphere can then be shown by (1) absorption and back-scattering of light, thereby

imparting a force in the incident direction of the light, and (2) light refracting through

the sphere, thereby imparting a force in the opposite direction of the refracted beam (Fig.

1.4). Traditionally, the total force (Ftot) is separated into two components, Fscatt and

Fgrad, corresponding to the absorption/back-scattering and refraction of the incident light,

respectively.

The scattering force Fscatt (often referred to as the radiation pressure) is normally the domi-

nant force component and is in the direction of the propagating beam, as shown in Fig. 1.4b.

The gradient force Fgrad is normally zero in a light field of uniform intensity as an equal

number of photons refract in opposite directions, subsequently canceling their force contri-

butions. However, in an inhomogeneous light field where there exists an intensity gradient

(Fig. 1.4a), more photons in the intense region will refract than in the less intense region,

resulting in a net force in the direction of the intensity gradient (Fig. 1.4c). Consequently,

the sphere will be attracted to the maximum of the intensity gradient where there is no net

force from the gradient component (Fig. 1.4d) and any perturbation from the equilibrium

will result in a restoring force towards the gradient maximum.

The optical forces Fscatt and Fgrad can likewise be defined in the regime where a� λ. In

this regime, the conditions for Rayleigh scattering are satisfied and the sphere can be treated

as a point dipole or a collection of point dipoles. In this case, the total time-averaged optical

force is known[21] and is given by

〈Ftot〉 =
1

2
Re

( ∑
j=x,y,z

αEj∇E∗j

)
, (1.2)
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Figure 1.4: Illustration of optical forces on a spherical particle in the ray optics (Mie, a� λ)

regime. a) Gaussian distribution of light intensity from an unfocused laser. b) Radiation

pressure (Fscatt) in the direction of light propagation from back-scattered and absorbed

light. The gradient force (Fgrad) points towards the intensity gradient when positioned off

the gradient maximum (c) and is zero when positioned on the gradient maximum (d).

where Ej is the electric field components of the light and

α =
α0

1− ik3α0

6πε0

. (1.3)

In Eq. 1.3, α is the sphere’s electric polarizability, k is the light’s wavevector, ε0 is vacuum

permittivity, and α0 is the point-like particle polarizability given by the Clausius−Mossotti

relation[22, 23]

α0 = 4πε0a
3

(
ε− 1

ε+ 2

)
, (1.4)

where ε is the relative permittivity. Furthermore, Eq. 1.2 can be expanded and expressed
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as [23]

〈Ftot〉 =
1

4
Re (α)∇ |E|2︸ ︷︷ ︸

Fgrad

+
σ

2c
Re (E×H∗)︸ ︷︷ ︸

Fscatt

, (1.5)

where σ is the extinction cross-section, c is the speed of light in vacuum, E is the electric

field, and H is the magnetic field. As a reminder, the electric field amplitude associated with

light is related to the intensity I by

I =
1

2
Re (E×H∗) =

cε0n

2
|E|2 , (1.6)

where n is the complex refractive index of the medium in which the light is propagating.

By considering Eqs. 1.5 and 1.6, we see that the radiation pressure Fscatt is determined by

absorption and reradiation (σ) of the light by the sphere and scales linearly with the intensity

(Re (E×H∗)) of the laser. Moreover, the gradient force Fgrad is generated by the fact that

an light-induced dipole, governed by Re (α), interacts with an inhomogeneous electric field

gradient (∇ |E|2).

Figure 1.5: Illustration of the optical trapping forces on a spherical particle. a) For trap-

ping, a large intensity gradient must be established in both the transverse and longitudinal

directions. b) Near the laser focus, there exists sufficient field gradients and the restoring

gradient force overcomes the repulsive scattering force forming a stable optical trap.
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Independent of the size regime we describe the optical forces in, it remains that in order

to achieve optical trapping of a particle, two conditions must be met: (1) there must exist

a light intensity gradient in all spatial dimensions (transverse as well as parallel to the

direction of beam propagation, Fig. 1.5a), and (2) the subsequent gradient force Fgrad

must be sufficiently large to overcome the radiation pressure Fscatt. To obtain large electric

field gradients, typically an overfilled, high numerical aperature (NA) objective is used to

focus a TEM00 laser to obtain a diffraction-limited focus. The high NA objective ensures a

large gradient in the longitudinal direction and the diffraction-limited focus maximizes the

gradient in the focal plane.

Figure 1.6: Results of the simulated potential well (b) and trapping forces (c) on a 1 µm

diameter silica sphere in water for a 975nm wavelength laser (a) focused to a 1 µm spot with

an irradiance of 10 MW/cm2. The resulting trapping potential well in (b) has a depth of

-200 eV, resulting in a trapping stiffness (c) of kr = 229.3 pN/µm and kz = 43.7 pN/µm

with a maximum trapping force of 40 pN in the transverse direction and 15 pN in the axial

direction. The equilibrium position for the silica sphere is at r = 0 nm, z = 79.9 nm.
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Using Eqs. 1.2-1.6, it becomes possible to predict the optical trapping forces that exist

when trapping a spherical particle in the Rayleigh regime. Assuming a 10 MW/cm2 trapping

laser irradiance with a focal spot diameter of 1µm and a wavelength of λ = 975nm for a 1µm

diameter silica sphere in water, Fig. 1.6 shows the results of a simulation of the resulting

optical trap potential well (Fig. 1.6b) as well as the axial (z) and radial (r) restoring forces

(Fig. 1.6c). It is evident that the intensity gradient for a focused TEM00 is larger in the

transverse direction (r) than in the direction of axial beam propagation (z). The restoring

force of the silica bead back to its equilibrium position is therefore greater in the transverse

direction than in the axial direction, as shown in Fig. 1.6c. Since the restoring force is linear

for displacements roughly less than 150nm from the equilibrium position (due to the fact

that the trap potential well is harmonic for these displacements, as shown in Fig. 1.6c), the

force is often modeled as a spring force

Ftrap(r) = −krr (1.7)

and

Ftrap(z) = −kzz, (1.8)

where kr and kz are termed the trap stiffness for transverse and axial displacements, respec-

tively. For the silica sphere simulation, the trap stiffnesses are kr = 229.3 pN/µm and kz =

43.7 pN/µm with a maximum trapping force of 40 pN in the transverse direction and 15 pN

in the axial direction. Moreover, as shown in Fig. 1.6c, the equilibrium position of the silica

sphere is at r = 0 nm in the transverse direction, but is slightly offset at z = 79.9 nm in the

axial direction. The offset stems from the radiation pressure pushing the sphere away from

the maximum electric field gradient in the axial direction.

1.2.3 Dynamics of an optically trapped particle

When small particles are dispersed in an incompressible fluid, they undergo random (stochas-

tic) displacements (Brownian motion) due to thermal fluctuations in the fluid which can be

accurately described by fluctuating hydrodynamics[24]. The thermal fluctuations contribute
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equally to the motion of the particles for each degree of freedom. For high-symmetry parti-

cles like spheres, the degrees of freedom are the center-of-mass translational motion in the

orthogonal basis directions (x,y,z). For particles with lower symmetry like cylinders, an-

gular fluctuations are also taken into account. However, for an optically trapped particle,

the particle is constrained to the harmonic potential well (Fig. 1.6b). We can describe the

time evolution of a subset of the degrees of freedom of this constrained stochastic system

via the Langevin equation. For translational displacements in the x-direction, the Langevin

equation is given by

mẍ(t) = Fg,x(t) + Fdrag,x(t) + Ftrap,x(t) + FBrown,x(t), (1.9)

where m is the particle mass, Fg is the gravitational force, Fdrag is the Stokes’ drag, Ftrap is

the trapping force, and FBrown stochastic thermal force.

From Einstein’s seminal derivations on Brownian motion[25], we have the equation of the

stochastic velocity ẋs of a particle in a thermal field

ẋs(t) =
√

2Dς(t), (1.10)

where

D =
kBT

γ(T )
. (1.11)

In Eq. 1.11, D is the diffusion coefficient, γ(T ) is the temperature-dependent Stokes’ drag

coefficient, and ς(t) is a random white noise process. It is informative to recognize that γ(T )

is the product of a morphology-dependent term g and the temperature-dependent viscosity

of the solvent η(T )

γ(T ) = gη(T ). (1.12)

As an example, a sphere with radius a has morphology-dependent g coefficient of g = 6πa.

Using Eqs. 1.10 and 1.11, we can solve for the stochastic thermal force

FBrown(t) = γ(T )ẋs = γ(T )
√

2Dς(t). (1.13)
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Furthermore, the Stokes’ drag for a particle in a fluid is given by

Fdrag(t) = γ(T )ẋ(t). (1.14)

As shown in the previous section, for small displacements from the optical trap equilibrium

position, the trapping force is of the form Ftrap(t) = −kxx(t). Dropping the (t) for simplicity,

the Langevin equation (Eq. 1.9) becomes

mẍ = mg − γ(T )ẋ− kxx+ γ(T )
√

2Dς. (1.15)

For a particle in Brownian motion, the characteristic time tc for loss of kinetic energy

through drag is given by[24]

tc =
m

γ(T )
. (1.16)

In Eq. 1.16, tc is typically 2-3 orders of magnitude shorter than experimental sampling

times, assuming 10-100 kHz sampling rates. Consequently, the inertial terms in Eq. 1.9 can

be neglected[24]. By dropping the inertial terms in Eq. 1.9, we obtain

0 = −γ(T )ẋ− kxx+ γ(T )
√

2Dς, (1.17)

and therefore

γ(T )
√

2Dς = γ(T )ẋ+ kxx. (1.18)

Dividing both sides of Eq. 1.18 by Stokes’ drag coefficient γ(T ), we get

√
2Dς = ẋ+

kx
γ(T )

x. (1.19)

Defining the relaxation frequency as fr ≡ kx/γ(T ) and the corner frequency as fc ≡ fr/2π,

Eq. 1.19 becomes
√

2Dς = ẋ+ 2πfcx. (1.20)

Equation 1.20 is the characteristic equation for the dynamics of an optically trapped

particle. This treatment is often referred to as the Einstein−Ornstein−Uhlenbeck theory

of Brownian motion. However, Eq. 1.20 can be cumbersome to fit to experimental data.
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Therefore, the dynamics of an optically trapped particle is often determined by analyzing its

characteristic power spectrum. For discrete time measurements tm, the Fourier transform of

Eq. 1.20 is

x̃n =

√
2Dς̃n

fr − i2πfn
, (1.21)

where n is an integer, fn ≡ n/tm is the discrete sample frequency, x̃n is the Fourier transform

Figure 1.7: Plot of an example power spectrum S(f) showing its Lorentzian form. In the low

frequency regime (f�fc, region A), the power spectrum is approximately constant. In the

high frequency regime (f�fc, region B), the power spectrum falls off with a 1
f2

dependence.

Plotted on a log-log scale, the high-frequency region shows a characteristic constant decrease

with slope = -2.

of x, and ς̃n is the Fourier transform of ς. The discrete power spectrum Sn is then given by

Sn =
| x̃n |2

tm
=

D

2π2tm

| ς̃n |2

(f 2
c + f 2

n)
. (1.22)

If we take the expectation value of Eq. 1.22 and take advantage of the fact that 〈| ς̃n |2〉 =
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√
2tm, we obtain the power spectrum

S(fn) =
(
√

2D
2π2 )

(f 2
c + f 2

n)
, (1.23)

which takes the form of a Lorentzian function. For n > 0 and dropping the n subscript, we

obtain the characteristic power spectrum of the particle in an optical trap, given by

S(f) =
D

2π2(f 2
c + f 2)

. (1.24)

The characteristic power spectrum given in Eq. 1.24 and shown in Fig. 1.7 has units

of [m2/Hz] and contains information of the thermal energy of the system (D,γ(T )), the

stiffness of the optical trap (fc), and the morphology of the trapped particle (γ(T )). In the

next chapter, we will review how to experimentally obtain and analyze the power spectrum

of a trapped particle in a laser tweezer setup to determine parameters of interest.
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Chapter 2

EXPERIMENTAL DETECTION OF TRAPPED PARTICLE
DYNAMICS

2.1 Introduction

Now that we have a grasp of the dynamics of a particle in an optical trap, the challenge

becomes experimentally obtaining those dynamics. In this chapter, we will detail the key

components of a laser tweezer system. We will then delve into obtaining trapped particle dy-

namics by detecting forward-scattered laser light in the back focal plane of the laser tweezer.

Since the detection device generates a voltage signal, we will then cover how to calibrate the

generated voltage signals to obtain time-dependent particle displacement signals. Lastly, we

will apply our understanding of the dynamics of the system to develop multiple methods for

ascertaining the temperature of optically trapped particles.

2.2 Laser tweezer configuration

As mentioned previously, a crude laser trap can be obtained by simply focusing a laser

with a high NA objective. However, for most trapping experiments, it is important to have

the capability to incorporate multiple lasers, move the sample with high precision, control

the temperature of the trapping environment, image the trapped particle, collect trapped

particle photoluminescence, and collect forward-scattered light with a laser-sensitive position

detector. As an example of a typical laser tweezer system, a schematic of the Pauzauskie lab

laser tweezer is provided in Fig. 2.1.

First, the laser sources must be coupled into the beam train. Care must be taken to ensure

that the optics in the system are rated for the wavelengths of the lasers that are being coupled

into the system in order to avoid unwanted absorption, heating, and reflections. Furthermore,
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Figure 2.1: Schematic of the Pauzauskie lab laser tweezer.

laser sources are typically TEM00 mode in order to obtain a diffraction-limited focus with

the maximum of the electric field gradient at the focal spot. Once the beams are co-aligned,

they are then sent into the beam expanding region where the lasers pass through a Galilean

telescope to increase the spot size to a diameter such that the 1/e2 intesity points of the

gaussian intensity distribution match the focusing objective aperture[26]. The light on the

periphery of the beam contributes primarily to the axial gradient force, whereas the light

at the center of the beam is primarily responsible for the scattering force. Therefore, by

overfilling the objective lens, we can maximize the ratio Fgrad/Fscatt, thereby maximizing the

trapping efficiency[27].

After passing through the expansion region, the beam is then sent through a high NA



19

focusing objective lens. Typically, water- and oil-immersion objectives are used to further

increase the focusing angle and thereby increasing the axial trap stiffness. Transparent

sample chambers containing micro- and nanoparticles suspended in a solvent are then put

in contact with the oil-immersion objective so that the particles are in proximity to the

focal plane. Since the working distance of the objective is very small (∼200µm), the sample

chamber surface that is in contact with the objective needs to be very thin. Sample chambers

are thus often prepared by dispersing several microliters of the particle/solvent dispersion by

a pipette into a chamber consisting of a glass slide and a thin glass coverslip. The edges of

the glass slide and the glass coverslip are then sealed with a 150µm−thick adhesive spacer.

Alternatively, a temperature-controlled perfusion chamber can be used in lieu of a glass slide

chamber if solvent exchange or temperature control during trapping experiments is desired.

The chamber is placed on a piezostage to enable manipulation of trapped particles in all

dimensions with a resolution of ∼5nm in closed feedback mode.

Once passed through the sample chamber, the diverging beam is then collected by a

condenser lens. When a particle is held in the laser trap, the forward-scattered light that

is collected by the condenser lens carries information on the displacement of the particle in

the laser trap. For small particles in the Rayleigh regime, this can be understood as the

spherical scattered waves from the dipole/particle interfering with the unscattered laser that

produces constructive or destructive interference in the back focal plane that depends on the

position of the dipole/particle with respect to the trap position. For large particles in the

Mie regime, there is no interference effects. Yet, the beam is still modulated by the position

of the particle in the trap due to refraction and scattering. Therefore, the displacement of

the particle in the laser trap can be ascertained using a position-sensitive photodetector in

the back focal plane. Details on obtaining and analyzing signals from the photodector are

discussed in the next section.

The condenser lens can also be used to illuminate the sample during trapping exper-

iments for real-time imaging. Dichroic (hot) and long-/shortpass mirrors can be used to

selectively direct trapping lasers while allowing illumination and excitation sources to pass
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without damaging detectors with the high intensity laser source (see Fig. 2.1). Furthermore,

long- and shortpass mirrors can be used to collect Raman and photoluminescence signals,

enabling unique capabilities for optical characterization of individual particles. Lastly, it is

worth noting that other components can be introduced into the tweezer setup to accomplish

targeted tasks. As an example, the mirror that directs the lasers into the beam expanding

region can be replaced with a galvomirror, allowing for time splitting of a single laser beam

into multiple beams separated by a given distance.

2.3 Determining optically trapped particle dynamics from forward-scattered
light

Once a laser tweezer has been built and the laser turned on, optically trapping and manip-

ulating micro- and nanoparticles becomes a relatively straightforward task given that they

comply with the trapping requirements outlined in Sec. 1.2.2. As mentioned above, the

forward-scattered light from the trapped particle is then collected by the condenser lens and

sent onto a quadrant photodiode (QPD) in the back focal plane to monitor the deflection of

the trapping beam due to the motion of the optically-trapped particle as discussed in Sec.

1.2.3. The QPD is well-suited to rapidly detect small perturbations in the forward-scattered

light, allowing for typical sampling frequencies of 100 kHz and corresponding particle dis-

placement sensitivity of less than a nanometer. The absolute position of an optically-trapped

particle is proportional to the photovoltage produced on each quadrant (Q1-Q4) of the QPD

and is given by

Vx = (Q1 +Q4)− (Q2 +Q3) , (2.1)

Vy = (Q1 +Q2)− (Q3 +Q4) , (2.2)

Vz = Vsum = Q1 +Q2 +Q3 +Q4. (2.3)

The motion of a particle in the optical trap corresponds to a shift in the forward-scattered

light’s intensity upon the QPD, as illustrated in Fig. 2.3. However, the effect that the

trapped particle’s motion has on the forward-scattered light is morphology dependent and
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Figure 2.2: Illustration of the time-dependent shift in forward-scattered light intensity upon

a quadrant photodiode (QPD) array in the back focal plane of a laser tweezer due to the

motion of a spherical particle in an optical trap.

therefore the size and shape of the particle needs to be considered.

For particles with high symmetry such as spheres, the QPD photovoltage signals Vx,y,z

generated by the forward-scattered trapping laser is directly proportional to the time-dependent

center-of-mass displacement dx,y,z(t) of the trapped particle. That is to say,

dx,y,z(t) = βx,y,zVx,y,z(t), (2.4)

where β is the proportionality constant (often termed the calibration coefficient) that con-

verts voltage to displacement. Details on methods for determining β to calibrate voltage

signals generated by the QPD is covered in Sec. 2.4. Therefore, if the calibration constants

are known, the dynamics of trapped spherical particles can be determined by following the

analysis detailed in Sec. 1.2.3.
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Figure 2.3: Illustration of the time-dependent shift in forward-scattered light intensity upon

a quadrant photodiode (QPD) array in the back focal plane of a laser tweezer due to the

motion of a cylindrical particle in an optical trap.

For particles with lower symmetry such as cylinders, the QPD photovoltage signal Vx,y,z

generated by the forward-scattered trapping laser is directly proportional to the time-dependent

center-of-mass displacement dx,y,z(t) convoluted with the angular projections of rotational

fluctuations Θx,y(t) of the trapped particle. The magnitude of the contribution of the angular

fluctuations to the intensity change of the forward-scattered light scales by the length L of

the cylinder. Consequently, the QPD photovoltage signals are given by

Vx,y(t) = βx,y [dx,y(t) + LΘx,y(t)] , (2.5)

Vz(t) = βzdz(t). (2.6)

Here, the angular projection Θx(t) = θ(t)cos(φ(t)) and Θy(t) = θ(t)sin(φ(t)), where θ(t) is

the azimuthal angle in the xy-plane and φ(t) is the polar angle from the positive z-axis; both
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of which fluctuate in time. The convolution of the angular and translational motions must

be considered when extracting relevant system properties. As the angular and translational

motions are typically weakly interacting[28], they give rise to separate power spectra that

can be found by fitting the corresponding calibrated QPD photovoltage power spectrum to

a double Lorentzian. That is, Eq. 1.24 is modified to be given by

S(f) =
Dd

2π2(f 2
c,d + f 2)

+
DΘ

2π2(f 2
c,Θ + f 2)

. (2.7)

As illustrated in Fig. 2.4, corner frequencies that result from angular fluctuations (fc,Θ) are

typically on the order of 10 Hz, whereas those from center-of-mass translational motion (fc,d)

are typically on the order of 100-1000 Hz.

Figure 2.4: Plot of an example power spectrum S(f) with convoluted center-of-mass transla-

tional motion (d) as well as angular fluctuations (Θ), resulting in a double Lorentzian profile

as described by Eq. 2.7.

Alternatively, the angular and translational contributions to the QPD photovoltage signal

can be deconvoluted by finding the autocorrelation of the signal[29–31]. The autocorrelation
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of the QPD signal is given by

C(τ) = 〈V (t)V (t+ τ)〉, (2.8)

where τ = t - t0 is the time lag offset between the signal and itself. Furthermore, it should

be noted that the autocorrelation and the power spectrum are Fourier conjugates. That is,

S(f) =

∫ ∞
−∞

C(τ)e−2πifτdτ. (2.9)

Therefore, one could also fit the autocorrelation of convoluted QPD photovoltage signals to a

double exponential to deconvolute the center-of-mass motion from the angular fluctuations,

but there is no distinct advantage to this method over the double Lorentzian power spectrum

method.

2.3.1 Further signal processing considerations

Caution must be exercised when applying the analysis of Sec. 1.2.3 to experimentally ob-

tained QPD signals, as the data acquisition is discrete and finite. For an experiment, the

QPD is sampled with a frequency fs for a time tm. Typical values for these parameters are

on the order of fs = 100 kHz for tm = 1 second. Here, the time between sampling events

is ∆t = 1
fs

= 10 µs and any sampling time is given by tj = j∆t. For discretely-sampled

signals, aliasing occurs for frequencies greater than the Nyquist frequency (fNy = fs
2

). There-

fore, it is imperative to only fit signals over frequencies less than fNy. Furthermore, QPD

power spectra will generally exhibit increased noise at low frequencies (f < 5 Hz). It is then

advantageous to limit data analysis of QPD power spectra over frequencies 5 < f < fNy Hz.

The analysis described in Sec. 1.2.3 also assumes that the QPD photovoltage signals

Vx,y are independent of one another and that each quadrant of the QPD (Q1-Q4) has equal

sensitivity. In fact, this would be the case if the trapping potential was perfectly symmetric

about the beam axis. However, in practice this is often not the case. The lack of rotational

symmetry in the optical trap can cause crosstalk between the QPD quadrants. Consequently,
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Vx and Vy are not independent of one another. The crosstalk can be minimized by math-

ematically transforming our QPD axes such that one direction lies along the major axis of

the beam asymmetry and the other along the minor axis. As derived by Berg-Sorensen and

Flyvbjerg[24], this transformation is realized by solving for the constants a and b in

Sx′ = Sx + 2aSxy + a2Sy,

Sy′ = Sy + 2bSxy + b2Sx,

Sx′y′ = (1 + ab)Sxy + bSx + aSy (2.10)

that minimize the equation ∑
f

S2
x′y′(f)

SxSy
. (2.11)

This then generates orthogonal QPD photovoltage signals in a coordinate frame that mini-

mizes cross talk, given by

Vx′(t) = Vx(t) + aVy(t),

Vy′(t) = Vy(t) + bVx(t). (2.12)

Lastly, it is important to note that the Lorentzian form of the power spectrum given

in Eqs. 1.24 and 2.7 assume continous sampling rather than finite sampling. Again Berg-

Sorensen and Flyvbjerg[24] found that the exact form of the power spectrum from a finite-

sampled QPD is given by

S(f) =
(∆x)2 ∆t[

1 + c2 − 2c cos
(

2πf
fs

)] , (2.13)

where

c = exp

[
−πfc
fNy

]
, (2.14)

and

∆x =

√(
(1− c2)D

2πfc

)
. (2.15)

Least-squares fitting can be done with Eq. 2.13 and the solution is valid for QPD power

spectra data for frequencies 0 < f ≤ fNy.
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2.4 Calibration of position-sensitive detector in the back focal plane

As mentioned in Sec. 2.3, in order to obtain absolute displacement data from an optically

trapped particle from the QPD photovoltage signals of a laser tweezer, the calibration co-

efficient β from Eq. 2.4 must be determined for the trapping setup. There are numerous

ways available to calibrate a laser tweezer setup. A comprehensive comparison of calibration

techniques has been covered by Sarshar et al.[32] and serves as a helpful guide for choosing

a suitable technique for any particular application. For the laser tweezer in the Pauzauskie

group, we follow a method developed by Tolić-Nørrelykke et al[33].

Figure 2.5: Illustration showing the piezostage oscillation method[33] for calibrating the

QPD photovoltage signals.

In this method, the piezostage that holds the sample is oscillated in the x and y directions

at a known frequency and amplitude (Fig. 2.5). The piezostage therefore obtains a time-
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dependent position function given by

xosc = Aosc sin (2πfosct) , (2.16)

where Aosc and fosc are the oscillation amplitude and frequency, respectively. The velocity

of the oscillating stage, and therefore the fluid in the sample chamber, is then given by vosc

= ẋosc and subsequently modifies the drag force term in the Langevin equation (Eq. 1.14)

becoming

Fdrag(t) = γ(T ) [ẋ(t) + vosc(t)] . (2.17)

Consequently, the power spectrum of the QPD photovoltage signal in the direction of oscil-

lation becomes

Stot(f) = S(f) + Sosc(f)

=
D

π2 (f 2
c + f 2)

+
A2
osc

2 (1 + f 2
c /f

2
osc)

δ (f, fosc) , (2.18)

where δ (f, fosc) is the Kronecker delta function. Figure 2.6 shows an example experimental

power spectrum of an optically trapped particle that has been oscillated at an amplitude

Aosc = 150 nm and a frequency fosc = 32 Hz.

We therefore know that the trapped particle should experience an additional increase in

its motion at the oscillation frequency of

Wth (fosc) =
A2
osc

2 (1 + f 2
c /f

2
osc)

, (2.19)

which has physical units of [m2]. Furthermore, we can experimentally determine the increase

in the power spectrum as shown in Fig. 2.6, which has units of [V2]. Hence, we can obtain

the calibration coefficient β (having units of [m/V]) by taking the square root of the ratio of

Wth to Wexp. That is,

β =

√
Wth

Wexp

. (2.20)

As the QPD photovoltage signal is dependent on the laser power as well as the size,

shape, and optical properties of the particle in the laser trap, it is important to note that the
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Figure 2.6: Example QPD photovoltage power spectrum resulting from oscillating an opti-

cally trapped particle at a frequency of 32 Hz and amplitude of 150 nm resulting in a peak

at the oscillation frequency of magnitude Wexp.

calibration coefficient β will change as any of these parameters change. With that in mind,

this calibration method can then be applied to obtain absolute quantitative parameters such

as the trapping force, the particle diffusion coefficient, or particle size via power spectrum

analysis of the QPD photovoltage signals.

2.5 Temperature extraction methods

With an understanding of the relevant physics that govern the dynamics of an optically

trapped particle as well as a method to quantitatively monitor those dynamics via power

spectrum analysis of QPD photovoltage signals, we can now study the photothermal re-

sponses of individual engineered nanoparticles with a laser tweezer system. Determining

the local temperature of laser-irradiated micro- and nanoparticles in aqueous media is im-

portant in many areas of research, including photothermal cancer therapy[34, 35], particle

tracking[36], and targeted drug payload delivery[37]. Laser traps have been used to mea-
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sure the temperature of individually trapped particles, using both direct signal processing

methods[31–33, 38, 39], as well as indirect experimental methods[40, 41]. Here, we outline

methods developed during my PhD research in the Pauzauskie lab to extract the tempera-

ture from optically trapped particles: 1) a ratio method for low-absorbing particles, and 2)

the piezostage method for absolute temperature measurements.

2.5.1 Ratio method for temperature changes with low-absorbing particles

We recall from Eqs. 1.24, 2.7, and 2.13 that a diffusion coefficient D can be obtained by

applying non-linear least squares fitting on an experimental QPD photovoltage signal power

spectrum. We further recall that the diffusion coefficient is related to the local temperature,

particle size, particle morphology, and the local solvent by Eqs. 1.11 and 1.12. Assuming

the QPD signals are uncalibrated, we can rearrange Eqs. 1.11 and 1.12 to obtain

˜( T

η(T )

)
=
gDV

kB
, (2.21)

where DV is the uncalibrated diffusion coefficient in units of [V2/s]. The function T/η(T) is

known for multiple solvents for typical as well as superheated temperatures (e.g. H2O[42, 43]

and D2O[43]). However, Eq. 2.21 is marked with a tilde since the units are not in [K/µPa · s]

due to the diffusion coefficient DV being uncalibrated and having units of [V2/s].

One way to avoid signal calibration and obtain temperatures with proper units is to take

the ratio of the uncalibrated diffusion coefficient from QPD photovoltage signals Vx and

Vy that have been normalized to the sum signal Vz = Vsum (Eq. 2.3). Normalization to

the sum signal is performed to ensure that the calibration coefficients are equal at different

laser powers[44]. If we constrain our analysis to low absorbing particles, we can make a

reasonable first order assumption that the heating of the trapped particle at low trapping

powers is negligible, and therefore T = Troom. Therefore, if we take the ratio of two assumed

calibrated diffusion coefficients obtained at different laser powers, we obtain

D2

D1

=
[kBT2/gη(T2)]

[kBT1/gη(T1)]

β2
2

β2
1

. (2.22)
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If measurement 1 is done at low powers (T1 = Troom) and the QPD photovoltage x or y

signals are normalized to the sum signal (β1 = β2 = β), then rearranging Eq. 2.22 for

T2/η(T2) we get
T2

η(T2)
=
D2

D1

Troom
η(Troom)

. (2.23)

We see from Eq. 2.23 that the calibration coefficients cancel each other out. Therefore,

it is unneccesary that calibrated diffusion coefficients are used and instead uncalibrated

diffusion coefficients (DV ) can be used. Since the value of Troom/η(Troom) is typically a

known quantity (Fig. 2.7b), one simply needs to extract the uncalibrated diffusion coefficients

from normalized QPD photovoltage signals at different laser powers to determine the value

T2/η(T2). For most trapping solvents, the viscosity as a function of temperature is typically

well modeled by the equation

η(T ) = η∞ exp

[
A

(T − TV F )

]
. (2.24)

The fitting parameters A, η∞, and TV F are obtained by performing nonlinear least-squares

fitting on temperature-dependent viscosity data[42, 43] which are used to produce the fits

shown in Fig. 2.7a. As the temperature-dependence of η(T) is known for most typical

trapping solvents, the value T2/η(T2) can then be compared to the function f(T) = T/η(T)

(Fig. 2.7b) to determine the final temperature T2.

A nice feature of this method is that temperature changes can be obtained without having

to know the size and morphology of the trapped particle and without calibrating the trap.

However, there are also multiple drawbacks to this method. For one, even for low laser

powers and non-absorbing particles, the large fields at the focus are likely non-negligible and

therefore the base temperature T1 is likely a few degrees higher than the temperature of

the chamber. One way to mitigate this is to use D2O as a trapping solvent, as it has been

shown to minimally absorb NIR wavelengths[45]. Furthermore, as the ratio is based on two

separate experimentally fit signals, errors in the extracted fit parameters propagate giving

rise to large error bars. Still, the method has been shown to give results that are consistent

with previously reported temperature changes of trapped silicon nanowires[31].
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Figure 2.7: a) Plots showing temperature-dependent viscosity data (circles) and fits to Eq.

2.24 (lines) for H2O (ηH2O(T), blue) and D2O (ηD2O(T), black). The fitting parameters for

H2O are A = 528.8 K, η∞ = 27.21 µPa·s, and TV F = 146.7 K. The fitting parameters for

D2O are A = 470.1 K, η∞ = 35.48 µPa·s, and TV F = 161.3 K. b) Corresponding plots of

T/η(T).

2.5.2 Piezostage oscillation method for absolute temperatures

Rather than restricting our temperature analysis to low-absorbing particles and relative

temperature changes using normalized QPD photovoltage signals, it is often beneficial to

find the absolute temperature of a generic trapped particle. In order to obtain the absolute

temperature, the QPD photovoltage signals must be properly calibrated using the methods

described in Sec 2.4. Once the QPD signals are calibrated, absolute temperatures can be

obtained by multiplying Eq. 2.21 by the square of the extracted calibration coefficient β to

obtain the function T/η(T), shown in Eq. 2.25.

T

η(T )
=
gDV

kB
β2 (2.25)

In this case, the tilde has been dropped from Eq. 2.21 to signify that the units are correct

due to QPD signal calibration. This method is beneficial in that it allows for an absolute

particle temperature for a generic trapped particle, as long as there is viscosity data for the
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temperature range of interest. However, its key drawback is that the size of the particle must

be known in order to calculate the temperature. Errors in the size of the trapped particle

result in increased confidence intervals of the extracted temperature.
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Chapter 3

PREDICTING TEMPERATURES OF LASER IRRADIATED
NANOWIRES

3.1 Introduction

Before we perform temperature extraction trapping experiments on engineered particles, it

is important to understand the mechanisms that lead to photothermal heating, identify the

key heating parameters, and predict the temperatures of optically trapped particles. In

this chapter, we will develop multiple models that will allow us to predict the temperatures

of laser irradiated one-dimensional nanoparticles (i.e. nanowires). We will start off by

describing the general approach to solving for the internal temperature of a laser irradiated

nanoparticle. This approach will then be applied to 3 distinct cases: 1) pulsed laser heating

of bound nanowires in vacuum, 2) laser heating of infinite nanowires in solution, and 3)

laser heating of finite nanowires in solution. Lastly, we will apply the developed model to

predict the temperature of optically trapped silicon nanowires and compare our predictions

to experimental temperatures extracted using the methods described in Sec. 2.5.1.

3.2 Approaching the heating problem

The temperature (T) of a material is determined by the amount of energy in the form of

heat (H) in the material. Heat and temperature are related by the expression

H = CpmT, (3.1)

where Cp is the specific heat capacity with units
[

J
kg·K

]
, and m is the mass of the material.

The volumetric thermal energy density (ρE) of a material can then be found by dividing Eq.
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3.1 by a volume element (V) of the material, shown as

ρE = Cp
m

V
T = CpρT, (3.2)

where ρ is the mass density. Moreover, the rate at which heat transfers in a material is

expressed by

Ḣ =
∂H

∂t
. (3.3)

The heat flux µ can then be defined at the heat transfer rate Ḣ through an area element A,

or

µ = Ḣ/A. (3.4)

Suppose that we have a volume element V in some material. For a system with no heat

source or sink, conservation of energy then requires that a change of the thermal energy

density ρE within the volume element over an arbitrary time interval must be equal to a

corresponding net heat flux µ through the boundaries of the volume element. If we shrink

the volume element and time interval to become infinitesimal, this relationship then becomes

∂ρE
∂t

+∇µ = 0, (3.5)

where ∇ is the spatial gradient operator. Equation 3.5 is often written as

Cpρ
∂T

∂t
= −∇µ. (3.6)

Furthermore, the Fourier’s law of heat conduction tells us that the heat flux µ at a point

in a material is proportional to the spatial temperature gradient at that point, where the

proportionality constant is called the thermal conductivity κ which describes the material’s

ability to conduct heat. This then implies that

µ = −κ∇T (3.7)

Substituting Eq. 3.7 into the right-hand side of Eq. 3.6, we obtain the heat conduction

equation for a system with no heat source or sink

Cpρ
∂T

∂t
= κ∇2T. (3.8)
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To account for a system with a heat source or sink, Eq. 3.8 is altered by adding a volumetric

heating rate term (S) to the right-hand side

Cpρ
∂T

∂t
= κ∇2T + S, (3.9)

where S has units of
[

W
m3

]
.

When attempting to predict the temperature of laser-irradiated nanowires, Eq. 3.9 must

be solved. Here, the volumetric heating rate S is determined from the laser absorption

by nanowire which generates heat. Furthermore, Eq. 3.9 can only be solved by applying

appropriate boundary conditions which are dependent upon the framework of the problem.

Yet, without knowing the nature of the problem, it is still illuminating to discuss the general

approach we will take to solving Eq. 3.9.

First, the heating source S from the laser needs to be determined. In this case, elec-

tromagnetic energy from the laser is being absorbed by the nanowire which subsequently

establishes internal electric fields within the nanowire. These internal electric fields then ex-

ert forces on charges within the material and act to Joule heat the nanowire. For special cases

such as a infinite, uniform-diameter nanowire irradiated with a monochromatic planewave,

the distribution of the internal electric fields within the nanowire can be solved analytically

and the source can therefore be derived. If the internal electric fields are assumed to be

uniform, the source can be found by taking the average absorbed energy of the incident laser

by using a calculated absorption efficiency coefficient. If the internal electric fields of the

nanowire are not able to be calculated, they can nevertheless be simulated by using compu-

tational techniques such as finite-difference time domain, discrete dipole approximation, or

finite element methods.

Once the source term S has been determined, the next step is to turn Eq. 3.9 dimen-

sionless by transforming the relevant variables in the equation into dimensionless variables.

Nondimensionalization is not a necessary step but still important in that it makes it easier

to recognize functional forms to determine when certain mathematical techniques can be

applied as well as allows for determining which parameters play important or negligible roles
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in your problem. Furthermore, analyzing a dimensionless equation can give a better idea as

to how the fundamental time, length, and (in our case) temperature scales for the problem.

With Eq. 3.9 now nondimensionalized, the solution of the dimensionless homogeneous

equation (neglecting the source term) is then assumed to be a product of multiple functions

with separate independent variables. Typically, one of the functions is dependent on the

dimensionless time variable and the other functions are each dependent on a dimensionless

spatial variable. When this assumed product solution is inserted into the dimensionless

heat conduction equation, we can alter the resulting equation so that the time and spatial

variables occur on different sides of the equation, thereby implying that each side is equal

to a constant value. This sets up an eigenvalue problem for both the spatial and temporal

sides of the equation. For the models we will look at, we will show that the solutions

to the spatial differential eigenvalue equation can be cast into a regular Sturm-Liouville

form with appropriate boundary conditions which ensures real increasing eigenvalues with

corresponding unique eigenfunctions which form an orthogonal basis.

The spatial eigenfunction series solutions are the same for the homogenous as well as

the inhomogeneous (including the source term) equations. Therefore, we apply the same

separation of variables method for the solution of the inhomogeneous equation, only now we

know the spatial eigenfunction series solutions. Plugging in the assumed product solution

of the inhomogeneous equation and rearranging such that the dimensionless source term is

on the right-hand side of the equation, we then take advantage of the orthogonality of the

spatial series solutions by multiplying both sides by the product of the spatial series solutions

with an appropriate weighting factor and integrating over the dimensionless variable space.

Following this operation, dividing by the squared norms of the spatial eigenfunctions results

in a differential equation of the temporal function on the left-hand side and a multiple

integral of the product of the orthonormal spatial eigenfunctions, the dimensionless source

term, and the appropriate weighting factor on the right-hand side of the equation. The

temporal differential equation on the left-hand side can be solved by applying an exponential

integrating factor and integrating over the dimensionless time variable on both sides of the
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equation. After dividing both sides by an exponential prefactor, the temporal solution to the

product solution is found. With the temporal solution found, the complete dimensionless

temperature solution to the inhomogeneous solution can then be analytically solved and a

time- and spatial-dependent physical temperature for the laser-irradiated nanowire can be

calculated.

3.3 Pulsed laser heating of supported nanowires

The first framework we will apply our above analysis to is that of a tapered nanowire in

vacuum supported at its base by a temperature-controlled surface irradiated by a pulsed

laser at the nanowire tip. This is admittedly not a directly relevant framework for laser

heating of nanowires in an optical trap, but it allows us to comment on time-dependent

pulsed heating of both uniform and non-uniform nanowires where heat transport is limited

to one direction by a heat sink at the nanowire’s base. Furthermore, this system is almost

identical to the setup of a laser-assisted atom probe experiment.

Laser-assisted atom-probe tomography (LA-APT) and the local electrode atom probe

(LEAP) tomograph play an important role in the characterization of semiconductor nano-

materials. This involves the use of voltage and laser pulses to field evaporate ions from the

tip of needle-like specimens[46], such as silicon nanowires[47, 48]. Use of a local electrode

geometry decreases the fields needed for ion evaporation and increases the pulse rate that

can be attained. For these experiments, it is desirable to achieve high evaporation rates to

permit a wide range of parameters to be explored. In semiconductor applications, the pa-

rameters of interest include growth rates, compositions, dopant concentrations, and material

geometries[49].

Numerous experimental and theoretical studies of the time-dependent tip temperature,

temperature distribution, and cooling time for a voltage- or laser-pulsed field ion microscope

specimen have been published. Numerical computations include those of Bunton et al.[46],

Seidman and Scanlan[50], Liu and Tsong[51], Liu et al.[52], and, more recently, Perea et

al.[48]. Most of the analyses use a one-dimensional heat conduction model, usually assuming



38

constant thermal properties. Using a pump-probe scheme to scan the lattice temperature of

a metallic tip after the laser pulse, Vurpillot et al.[53] concluded that the one-dimensional

model is valid, at least on the nanosecond time scale.

However, the earlier analyses do not take into account adequately the dependence of

the thermal conductivity of the specimen on the size of the specimen. Volz and Chen[54]

pointed out that the effective thermal conductivity of small structures is a function of both

boundary and internal phonon scattering and that the small cross section of nanowires leads

to a significant reduction of the thermal conductivity compared to bulk material. They

used a molecular dynamics method to explore the thermal conductivity of nanowires. Li et

al.[55] measured the thermal conductivity of silicon nanowires as a function of diameter and

temperature, and Perea et al.[48] used those results in an analysis of the tip temperature

and cooling time of silicon nanowires. They did not model the time-dependent temperature

distribution during the period of the pulse, but they numerically computed the decay of the

tip temperature during the cooling period for silicon nanowires of uniform diameter and for

tapered wires.

The purpose of this section is to present an analytical approach to predicting peak temper-

atures as well as heating and cooling rates of one-dimensional structures that are irradiated

by a laser pulse. The analysis takes into account the size-dependency of thermal parameters

and generalizes system variables such as specimen size, shape, and optical properties which

provides a powerful tool for identifying the key parameters and variables that affect heat

generation and dissipation in a system of interest. For the application of the theory we focus

on silicon specimens with the aim of determining the effects of taper angle, thermal proper-

ties, and laser wavelength and polarization on peak specimen temperature and their heating

and cooling rate. Comparison with previous numerical calculations as well as experimental

data will allow us to comment on the relative importance of the morphological, optical, and

thermal parameters of the system.

The remainder of the section is organized as follows. In Sec. 3.3.1 the general theoretical

model is presented. The model is then applied to uniform radius wires in Sec. 3.3.2 as well
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as wires with tapered radii in Sec. 3.3.3, where radius-dependent thermal properties are ap-

propriately treated. Simulations for crystalline silicon and amorphous silicon nanowires that

show the dependencies of taper angle and thermal properties on peak specimen temperature

and cooling rates are detailed in Sec. 3.3.4. The model is then used to simulate and comment

on LA-APT experimental data which is presented and discussed in Sec. 3.3.5. Finally, Sec.

3.3.6 and 3.3.7 summarizes the results and points out some interesting future applications.

3.3.1 Initial setup of the model

Consider the tapered wire with the geometry shown in Fig. 3.1. Although the beam axis is

often shifted by a small angle from the normal to the sample axis, that angle is small. Here,

we shall consider the beam axis to be 7◦ from normal to the specimen axis with the center

of the beam intersecting the tip of the specimen. For a Gaussian beam having irradiance I0

at the centerline, the z-dependent irradiance is given by

I(z) = I0 exp

[
−2z2

w2
0

]
, (3.10)

in which w0 is the beam waist. The centerline irradiance is related to the beam power by

P0 =
1

2
πI0w

2
0. (3.11)

For one-dimensional heat conduction (neglecting radiation heat transfer to or from the

surfaces) the energy equation for the period during the pulse is given by

ρCp
∂T

∂t
=

1

r2

∂

∂z

(
κr2∂T

∂z

)
+
S(z)

r2
, (3.12)

where the heat source function for a Gaussian beam is

S(z)

r2
=

2Qabs

πr
I0 exp

[
−2z2

w2
0

]
. (3.13)

Equation 3.12 is the analog of Eq. 3.9 detailed in Sec. 3.2 and can be derived by considering

the energy balance shown in Fig. 3.2, which is given by

πr2dzρCp
∂T

∂t
=
(
πr2qz|z − πr2qz|z+dz

)
+ I(z)Qabs(r)2rdz. (3.14)
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Figure 3.1: Configuration of a tapered wire irradiated by a focused pulsed laser with a

Gaussian intensity profile.

In the model, after the pulse implies that S(z) = 0. For a tapered wire the absorption

efficiency, Qabs, is a function of z since the radius changes with z. To obtain the local Qabs

we shall apply Mie theory for a long rod of constant radius illuminated by a planewave at an

incidence angle of 7◦ to approximate Qabs at each axial position, that is, we model a conical

rod as a stack of cylinders with varying radii as did Bodganowicz et al.[56, 57]. We must

also make an assumption about the polarization of the laser beam to compute Qabs, but we

first examine the special case of a wire with a uniform diameter.

3.3.2 Uniform nanowires

For a wire with r = r0 = constant, the energy equation reduces to

ρCp
∂T

∂t
=

∂

∂z

(
κ
∂T

∂z

)
+

2Qabs

πr0

I0 exp

[
−2z2

w2
0

]
. (3.15)
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Figure 3.2: Schematic showing one-dimensional heat transfer with a heating source from a

pulsed laser with a Gaussian intensity distribution.

It is important to note that the thermal diffusivity, α = κ/ρCp, is temperature dependent

as both κ and Cp have a strong temperature dependence. As we shall show, the choice of

which temperature we select for the thermal properties affects the time scale of the heating

and cooling process, which involves the thermal diffusivity, and the maximum temperature,

which depends on the thermal conductivity. Consequently, it is convenient to approximate

the thermal properties as constant evaluated at the mean of the wire temperature at the end

of the laser pulse in the irradiated region.

Thus, for constant α we introduce nondimensional variables and parameters to give

∂Θ

∂τ
=
∂2Θ

∂ζ2
+ S∗(ζ). (3.16)
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The nondimensional terms are given by

Θ =
T − Tb
Tb

, τ =
α

L2
t, ζ =

z

L
, S∗(ζ) =

2L2QabsI0

πr0κTb
exp

[
−2L2ζ2

w2
0

]
. (3.17)

The boundary conditions are

Θ(ζ1, τ) = 0,
∂Θ

∂ζ
(ζ0, τ) = 0. (3.18)

Using the separated variables product solution, we assume a solution of the form

Θ(ζ, τ) =
∞∑
n=1

Fn(τ)Gn(ζ). (3.19)

The orthonormal eigenfunctions are given by

Gn(ζ) =
√

2 cos(γnζ) =
√

2 cos
[
(2n− 1)

π

2
ζ
]
, n = 1, 2, 3, ... (3.20)

Substituting the assumed solution in the energy equation and applying orthogonality, one

obtains

Ψn =
dFn(τ)

dτ
+ γ2

nFn(τ) =
√

2

∫ 1

0

S∗(ζ ′) cos(γnζ
′)dζ ′. (3.21)

The integral Ψn is readily obtained using Matlab or any appropriate numerical method, and

we note that it involves the absorption coefficient.

If the irradiance I0 is constant during the pulse, Eq. 3.21 can be integrated to yield the

solution

Θ(ζ, τ) =
√

2
∞∑
n=1

(
1− e−γ2nτ

)
γ2
n

Ψn cos(γnζ) (3.22)

for τ ≤ ∆τ , in which ∆τ is the dimensionless pulse width defined by ∆τ = α∆t/L2.

Likewise, the solution for the cooling period is given by

Θ∗(ζ, τ) =
√

2
∞∑
n=1

e−γ
2
n(τ−∆τ)

(
1− e−γ2n∆τ

)
γ2
n

Ψn cos(γnζ) (3.23)

for τ ≥ ∆τ .
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3.3.3 Tapered nanowires

The analysis of tapered specimens is more complicated because the thermal conductivity

depends on the radius as well as the temperature and the absorption coefficient also depends

on the radius, but some approximations can be made to facilitate solution. To account for

the dependence on radius, thermal conductivity data in the range of sizes and temperatures

of interest here can be fitted to an equation of the form

κ = κ0

(
r

r0

)m
, (3.24)

in which m is a constant. Therefore, the energy equation becomes

∂T

∂t
=

α0

rm0 r
2

∂

∂z

(
r2+m∂T

∂z

)
+
S(z)

ρCp
. (3.25)

For the geometry shown in Fig. 3.1 the radius is related to the axial position by

r = r0 + z tan(θ). (3.26)

Using Eq. 3.26 and applying the chain rule for derivatives to eliminate z, we obtain

∂T

∂t
=
α0 tan2(θ)

rm0 r
2

∂

∂r

(
r2+m∂T

∂r

)
+
S(r)

ρCp
. (3.27)

In this case we can introduce dimensionless variable and parameters defined by

Θ =
T − Tb
Tb

, ξ =
r

r0

, τ =
α0 tan2(θ)

r2
0

t, (3.28)

where α0 is an effective thermal diffusivity given by α0 = κ0/ρCp. Using Eq. 3.27 the energy

equation transforms to
∂Θ

∂τ
=

1

ξ2

∂

∂ξ

(
ξ2+m∂Θ

∂ξ

)
+ S∗(ξ), (3.29)

where the dimensionless source function is

S∗(ξ) =
2r0I0Qabs(ξ)

πκ0Tbξ tan2(θ)
exp

{
−2

[
r0(ξ − 1)

w0 tan(θ)

]2
}
. (3.30)

Again we apply a separated variable product solution of the form

Θ(ξ, τ) =
∞∑
n=1

fn(τ)gn(ξ). (3.31)
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The eigenfunctions satisfy the Sturm-Liouville problem

d

dξ

(
ξ2+mdgn

dξ

)
+ λ2

nξ
2gn = 0, (3.32)

with boundary conditions
dgn
ξ

(ξ0) = 0, gn(ξ1) = 0, (3.33)

where λn are the real eigenvalues, ξ0 = 1, and ξ1 = 1+(L/r0)tan(θ).

The eigenfunctions that satisfy this problem are given by

gn(ξ) = ξ−
m+1

2 Zp

[
2λn

2−m
ξ

2−m
2

]
, (3.34)

where p = −
√

(m+ 1)2/(m − 2), and Zp(x) takes on one of two forms depending on the

value of p. For p equal to 0 or a positive integer,

Zp(x) = AJp(x) +BYp(x). (3.35)

For all other values of p,

Zp(x) = AJp(x) +BJ−p(x). (3.36)

Restricting our analysis to the former case (p=0,1,2,...), Eq. 3.34 becomes

gn(ξ) = ξ−
m+1

2

[
Jp

(
2λn

2−m
ξ

2−m
2

)
+BnYp

(
2λn

2−m
ξ

2−m
2

)]
, (3.37)

in which the boundary condition at the wire base yields

Bn = −
Jp

(
2λn
2−mξ

2−m
2

1

)
Yp

(
2λn
2−mξ

2−m
2

1

) . (3.38)

Defining the norms of the eigenfunctions as

‖gn‖2 =

∫ ξ1

ξ0

ξ′2g2
n(ξ′)dξ′, (3.39)

the orthonormal eigenfunctions are defined by

un(ξ) =
gn(ξ)

‖gn‖
. (3.40)
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Given that Ψn is defined as

Ψn =
2r0I0

πκ0Tb tan2(θ)

∫ ξ1

ξ0

ξ′Qabs(ξ
′) exp

[
−2r2

0 (ξ′ − 1)2

w2
0 tan2(θ)

]
un(ξ′)dξ′, (3.41)

the solution for the heating period (τ ≤ ∆τ) becomes

Θ(ξ, τ) =
∞∑
n=1

(
1− e−λ2nτ

)
λ2
n

Ψnun(ξ). (3.42)

For the cooling period (τ ≥ ∆τ) the solution is given by

Θ∗(ξ, τ) =
∞∑
n=1

e−λ
2
n(τ−∆τ)

(
1− e−λ2n∆τ

)
λ2
n

Ψnun(ξ). (3.43)

3.3.4 Simulations

Crystalline silicon nanowires

In the analysis presented above we have considered the effective thermal diffusivity, α0, to

be constant having some mean value in the temperature range encountered. To examine

the effect of such an assumption we compared our results with those of Perea et al.[48]

who used a numerical solution of the energy equation to take into account the temperature

and size dependence of the thermal conductivity. They assumed an initial condition of the

temperature distribution for the cooling period to be Gaussian, which, as we show below, is

questionable for tapered samples. They used a pulsed laser with a wavelength of 532 nm, a

pulse frequency of 100 kHz, a pulse width of 10 ps, and a pulse energy ranging from 20 to

100 pJ (2 ≤ P0 ≤ 10 W). The representative silicon nanowire specimen had a tip diameter of

30 nm (r0 = 15 nm) and a length, L, of 10 µm. The Gaussian beam was reported to have a

spot size of 1 µm at FWHM. For these conditions one obtains w0 = 0.849 µm, and centerline

irradiances from 1.765x1012 to 8.826x1012 W/m2. The taper angle varied from 0◦ to 4◦.

For the simulation of heat transfer for crystalline silicon nanowires in vacuum, we used

a complex refractive index of n = 4.136 + 0.010205i[58] and specific heat data reported by

Flubacher et al.[59]. Furthermore, using the results of Li et al.[55], we performed a nonlinear
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least-squares fit of the size-dependent thermal conductivity data to determine the exponent,

m, in Eq. 3.24, obtaining m = 1. For temperatures greater than about 70 K the temperature-

dependent values of κ0 scatter about κ0 = 12 W/m·K. In this case, the eigenfunctions gn(ξ)

for the tapered wire given by Eq. 3.37 become

gn(ξ) = ξ−1
[
J2

(
2λn
√
ξ
)

+BnY2

(
2λn
√
ξ
)]
, (3.44)

where

Bn = −
J2

(
2λn
√
ξ1

)
Y2

(
2λn
√
ξ1

) . (3.45)

From the boundary condition at the tip, the eigenvalues satisfy the transcendental equation

0 = 2
[
J2

(
2λn
√
ξ0

)
+BnY2

(
2λn
√
ξ0

)]
− λn

√
ξ0

[
J1

(
2λn
√
ξ0

)
+BnY1

(
2λn
√
ξ0

)]
.

(3.46)

Table 3.1 lists the first few eigenvalues and norms for nanowire tapers of 1◦, 2◦, and 4◦.

Furthermore, we note that the integral in Eq. 3.41 involves the radius-dependent absorption

Table 3.1: A partial list of eigenvalues and norms used for silicon nanowire simulations

presented in Sec. 3.3.4.

n

1 2 3 4 5

θ=1◦
λn 0.5820 1.0203 1.4793 1.9592 2.4529

||gn|| 1.5458 1.1512 1.0130 1.3339 525.3549

θ=2◦
λn 0.3769 0.6558 0.9358 1.2217 1.5137

||gn|| 2.4108 1.8313 1.4969 1.2838 1.1883

θ=4◦
λn 0.2497 0.4329 0.6141 0.7958 0.9790

||gn|| 3.6423 2.8014 2.3457 2.0387 1.8119

coefficient. Since the radius varies substantially with a tapered wire we need to consider how
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Qabs changes over the length of the wire, which is presented in Fig. 3.3a for a beam that is

polarized parallel with the wire axis (TM) and with a wavelength of 532 nm. The taper angle

has a large effect on Qabs, and morphology-dependent resonances are seen in the absorption

profiles for angles greater than 1◦ (for diameters greater than 60 nm). Since the resonances

are superposed on the irradiance of the Gaussian beam, the heating is highly non-uniform;

a result also demonstrated in the simulations of Koelling et al.[60] and which appear in the

scanning electron micrographs of Kelly et al.[61].

Figure 3.3: a) Absorption efficiency Qabs of silicon nanowires with taper angles of θ =

0◦(black), 1◦(blue), 2◦(green), and 4◦(red) in vacuum irradiated with a 532nm wavelength

TM-polarized laser at 7◦ incidence. b) Dimensionless source functions (Eq. 3.30, normalized

to the wire tip value) showing Qabs resonances superposed with the irradiance of the Gaussian

beam.

This effect can be understood by considering the corresponding dimensionless source

functions defined by Eq. 3.30, presented in Fig. 3.3b. To help qualitatively compare the

heating source profiles, the dimensionless source functions in Fig. 3.3b have been normalized

to the wire tip value. For the wire with uniform diameter the source function has the expected

Gaussian profile, but significant distortion of that profile arises for tapered specimens. In

the computations of the source function we assumed the laser power to be 6.5W so that
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the tip temperature at the end of the pulse matched the value of 250K assumed by Perea

et al.[48] for the wire with uniform diameter. The axial temperature distribution for the

wire with r0 = 15 nm has the Gaussian profile assumed by Perea et al., but that is not the

case for the tapered wires as shown in Fig. 3.4. Consequently, the initial condition of a

Gaussian temperature distribution used in their computations for the tapered wires is not

optimal. Furthermore, if the same laser power is used for uniform and tapered wires, the tip

temperature at the end of the laser pulse varies with the taper angle.

The tip temperature calculated for uniform diameter and tapered silicon wires during

the heating and cooling periods are presented in Fig. 3.4. For the tapered wires the tip

temperature falls to the base temperature of 70K within 100 ns, but that for the uniform

diameter wire takes an order of magnitude longer to decay to the base temperature. In all

cases, however, the base temperature is reached well before the next pulse occurs for a pulse

frequency of 100 kHz (10 µs).

Figure 3.4: a) Results for the axial temperature distributions taken at the end of the 6.5W

laser pulse for silicon nanowires with taper angles of θ = 0◦(black), 1◦(blue), 2◦(green), and

4◦(red). b) Corresponding temperatures at the nanowire tip for the heating and cooling

periods for the various wire shapes.

The results calculated of our analysis are compared with the numerical results of Perea
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et al.[48] for the identical system in Fig. 3.5. We predict larger rates of cooling even

for the uniform diameter wire, which can be explained by how the appropriate choice of

temperature-dependent thermal parameters affects the cooling time scale defined by Eq.

(3.28). It is not clear what temperature-dependent thermal parameters were used in the

numerical computations of Perea and his co-workers, but the faster cooling rates in our

analysis suggest the choice of a thermal diffusivity was less than that of our simulations.

Figure 3.5: Comparison between our results (solid lines) and the results of Perea et

al.[48](dashed lines) of the temperatures at the silicon nanowire tip for the cooling peri-

ods for taper angles of θ = 0◦(black) and 4◦(red).

One cannot expect the temperatures for tapered wires from Perea et al. to agree with

our results because of the effects of morphology-dependent resonances (MDRs) on the initial

conditions used in the computations, but the decay times show similar trends. It is clear

from Fig. 3.4 that the initial temperatures used for the cooling period are not Gaussian as

assumed by Perea et al.
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Amorphous silicon nanowires

We also simulated heating and cooling of amorphous silicon nanowires. There is much greater

uncertainty about the thermal properties of amorphous silicon (a-Si and a-Si:H) than there

is for crystalline silicon as indicated by the review by Cahill et al.[62] and the data of Zink et

al.[63]. In the absence of data on nanowires of a-Si, and particularly on the size dependence,

we have taken m = 0 and κ = κ0 = 1 W/m·K in Eq. 3.24 for the heating and cooling

calculations for amorphous nanowires. We used a complex refractive index of n = 4.4272 +

0.87758i[58] and heat capacity data reported by Zink et al.[63], using the mean value of α0

as discussed above. In this case, the eigenfunctions gn(ξ) for the tapered wire become

gn(ξ) =
1√
ξ

[
J 1

2
(λnξ) +BnJ− 1

2
(λnξ)

]
, (3.47)

where

Bn = −
J 1

2
(λnξ1)

J− 1
2

(λnξ1)
. (3.48)

Since J1/2(z) = (2/πz)1/2sin(z) and J−1/2(z) = (2/πz)1/2cos(z), the boundary condition at

the wire tip can be written in terms of trigonometric functions to yield the following tran-

scendental equation that the eigenvalues must satisfy

0 = sin (λnξ0) +Bn cos (λnξ0)

− λnξ0 [cos (λnξ0)−Bn sin (λnξ0)] . (3.49)

Table 3.2 lists the first few eigenvalues and norms for nanowire tapers of 1◦, 2◦, and 4◦.

The low thermal conductivity of amorphous silicon (κ0 ≈ 1 W/m·K) and large Qabs (Fig.

3.6a) lead to much higher tip temperatures at the end of a pulse compared with geometrically

similar crystalline nanowires. For example, for a 30 nm diameter nanowire with the length

and base temperature considered above for a crystalline nanowire the laser power is only

0.23 W to reach a tip temperature of 250K at the end of a pulse compared with 6.5 W for a

crystalline sample. The dimensionless source functions for uniform and tapered amorphous

silicon nanowires show comparable trends to those discussed for the crystalline case and are
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Table 3.2: A partial list of eigenvalues and norms used for amorphous silicon nanowire

simulations presented in Sec. 3.3.4.

n

1 2 3 4 5

θ=1◦
λn 0.2490 0.5001 0.7544 1.0119 1.2721

||gn|| 4.0100 2.8154 2.2891 2.0020 1.8583

θ=2◦
λn 0.1294 0.2590 0.3889 0.5192 0.6500

||gn|| 7.7252 5.4556 4.4466 3.8444 3.4365

θ=4◦
λn 0.0660 0.1320 0.1980 0.2640 0.3301

||gn|| 15.1563 10.7152 8.7464 7.5718 6.7695

presented in Fig. 3.6, resulting in nanowire temperature distributions shown in Fig. 3.7a.

The time required for the tip temperature to decay to the base temperature of 70K (Fig.

3.7b) in this case is more than an order of magnitude greater than for the crystalline material

and is close to the start of the next laser pulse, designated by the arrow labeled fp in Fig.

3.7b.

3.3.5 Comparison to experimental observation

To explore the effects of thermal properties on the evaporation of ions using laser-assisted

atom probe tomography (LA-APT) we performed experiments on single tapered nanowires

of crystalline and amorphous silicon. The CAMECA LEAP 4000XHR LA-APT system was

used for these experiments. A TM polarized focused pulsed UV laser (355nm wavelength)

with a spot size of 1-5 microns, a 100 (amorphous silicon) or 200 (crystalline silicon) kHz pulse

repetition rate, and 20pJ (2W) laser pulse was used in addition to a standing DC voltage to

result in field evaporation of the specimen. The analysis was conducted in ultra-high vacuum

(UHV) system (1.4x10−11 Torr) with a cryogenically cooled specimen maintained at Tb =

44.2K, and the applied DC voltage was controlled to maintain a uniform evaporation rate of
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Figure 3.6: a) Absorption efficiency Qabs of amorphous silicon nanowires with taper angles

of θ = 0◦(black), 1◦(blue), 2◦(green), and 4◦(red) in vacuum irradiated with a 532nm wave-

length TM-polarized laser at 7◦ incidence. b) Corresponding dimensionless source functions

(Eq. 3.30, normalized to the wire tip value) showing Qabs resonances superposed with the

irradiance of the Gaussian beam.

0.005 atoms/pulse throughout the length of the experiment.

For the silicon nanowires the tip radius r0 was measured to be 12nm, and the shank angles

were θ=9.6◦ for the crystalline sample and θ=12.2◦ for the amorphous silicon nanowire. For

the heat transfer calculations the pulse width was taken to be 1 ps, and the lengths to be 10

µm. The Gaussian beam was considered to have a spot size of 1 µm at FWHM, resulting in

a beam waist of w0 = 0.849 µm. The absorption efficiency Qabs was calculated using the 355

nm wavelength at an incidence angle of 7◦ with complex refractive indices for the silicon and

amorphous silicon nanowires given by n = 5.657 + 3.0186i and n = 3.7414 + 2.7813i[58],

respectively.

Ion mass-to-charge state spectra (for 28Si2+ - 30Si2+) and calculated tip temperatures for

the crystalline and amorphous samples are shown in Fig. 3.8. As the ion mass-to-charge

spectra is generated by a time-of-flight detection technique, the mass-to-charge counts gen-

erated by the detector depends on time elapsed between the laser pulse and the detection
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Figure 3.7: a) Results for the axial temperature distributions taken at the end of the 0.23W

laser pulse for amorphous silicon nanowires with taper angles of θ = 0◦(black), 1◦(blue),

2◦(green), and 4◦(red). b) Corresponding temperatures at the nanowire tip for the heat-

ing and cooling periods for θ = 0◦ and 4◦ taper angles. For comparison, results for the

corresponding taper angles of silicon nanowires (dashed lines) show cooling rates orders of

magnitudes larger than amorphous silicon nanowires, which approach cooling times of the

pulse frequency interval fp.

event[48]. Therefore, the longer the nanowire persists above a critical ion emission temper-

ature after the initial laser pulse, the more spread in the ion mass-to-charge spectra is to

be expected. As shown in Fig. 3.8, the increased spread in the ion mass-to-charge state

spectrum of the amorphous silicon nanowire can be explained by a slower cooling rate and

thereby prolonged time at higher temperatures.

3.3.6 Discussion of Results

The use of Eq. 3.24 for the dependence of the thermal conductivity on size appears to be

adequate for the data of Li et al. [55] for crystalline silicon nanowires with radii greater than

25 nm, but it is not accurate for the smallest wires studied. It overpredicts κ for r < 25 nm.

Furthermore, we note in Sec. 3.3.4 that there is uncertainty about the thermal properties of
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Figure 3.8: a) Time-of-flight mass-to-charge state spectrum of the 28Si2+ - 30Si2+ ions from the

silicon nanowire (black) and amorphous silicon nanowire (red). b) Corresponding predicted

temperatures at the nanowire tip of the heating and cooling periods for the experimental

TM polarization (solid lines) and example TE polarization (dashed lines), showing the strong

peak temperature dependence on polarization. The increased width of the amorphous silicon

nanowire’s Si2+ peaks are attributed to the decreased cooling rate of the nanowire.

amorphous silicon reported by Cahill et al.[62] and the data of Zink et al.[63]. The results

of these investigators are for thin films of amorphous silicon deposited on substrates such

as MgO or Si[62]. There is considerable scatter in the thermal conductivity data of various

investigators for film thicknesses ranging from 0.33 µm to 50 µm near room temperature.

Earlier data of Cahill et al.[64] show a plateau in the thermal conductivity versus temperature

for T > 50 K with κ ∼= 1.8 W/m·K whereas the temperature-dependent thermal conductivity

reported by Pompe and Hegenbarth[65] show κ varying from about 0.4 to 1.8 W/m·K in the

temperature range 10 K to 120 K. The thin film κ data for amorphous silicon presented

in Figs. 5 and 6 of Cahill et al.[62] and Fig. 1 of Zink et al.[63] fall in the range 0.5 to

2 W/m·K. In this case, it is a reasonable assumption that the thermal conductivity has a

relatively weak dependence on the radius.

Another important consideration for our analysis is the treatment of thermal parameters
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as independent of temperature. As noted in Sec. 3.3.2, the thermal diffusivity is a tempera-

ture dependent parameter as both κ and Cp typically have strong temperature dependencies.

However, obtaining an analytical solution to Eq. 3.12 necessitates that the thermal param-

eters be independent of temperature. To account for this, the analysis for the temperature

evolution of the laser pulsed system is iterated so that the constant temperature thermal

properties are updated to better approximate the mean nanowire temperature at the end of

the laser pulse in the irradiated region. This technique helps to mitigate the assumption of

constant temperature thermal parameters, but the approximation becomes less appropriate

as large thermal gradients are generated in the irradiated region.

The peak temperature of tapered wires is affected by MDRs as well as the polarization of

the pulsed laser since Qabs depends on the polarization. Figure 3.8b illustrates the sensitivity

of the incident polarization on the resulting tip temperature of the specimen. Figure 3.9

shows the sensitivity of Qabs to the polarization, and it varies by multiple orders of magnitude

over the length of a wire. Therefore, the choice of the laser polarization plays a key role in

modulating the specimen temperature during experiments.

3.3.7 Conclusion

An analytical model of pulsed laser heating of uniform and tapered supported nanowires

has been presented, which takes into account size-dependent thermal parameters. The inter-

play between the specimen size, taper angle, thermal properties, and laser wavelength and

polarization has been investigated by taking silicon nanowires as a representative example.

We observe that the taper angle, the size-dependence of the thermal conductivity, and the

choice of temperature that constant thermal parameters are evaluated at become increas-

ingly important when determining the rate of heat generation and dissipation. Furthermore,

we find that internal temperature distributions and peak specimen temperatures are highly

sensitive to the incident laser polarization and subsequent MDRs. By comparing our sim-

ulation results with experimental data, we see that these effects on peak temperatures and

cooling rates correspond to broadening in the produced ion mass spectra. The results can
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Figure 3.9: Absorption efficiency Qabs diameter dependence of a silicon nanowire (black) and

amorphous silicon nanowire (red) irradiated with a 355nm wavelength 7◦ from normal with

TM (solid lines) and TE (dashed lines) polarizations.

thereby be used to predict the critical time it takes an pulsed specimen to cool to its base

temperature prior to the next pulse, thereby informing ideal APT experimental parameters

so that minimal fields for ion evaporation and maximum pulse rates can be attained.

Concerning alternative applications, another interesting extension would be to comment

on experimental parameters needed to induce phase changes in laser pulsed nanowires[66].

Likewise, this analysis could be used to comment on heat generation and thermal effects

of tip-enhanced spectroscopy for techniques such as nanoFTIR[67] and tip-enhanced raman

spectroscopy (TERS)[68].

3.4 Laser heating of infinite nanowires

In the following section, closed-form analytical calculations are presented for the temperature

rise within infinite circular cylinders with nanometer-scale diameters that are irradiated at

right angles by a continuous-wave laser source polarized along the nanowires axis (TM-
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polarized). This framework is a closer approximation for laser heating of nanowires in an

optical trap than the last section, but it is still does not perfectly mimic the experimental

setup. However, this framework allows us to comment on laser-heated nanowires in a solvated

environment, and we will see that the model gives an upper bound to nanowire temperatures

that we would expect to observe during trapping experiments.

Solutions for the heat source are compared with numerical finite-difference time domain

(FDTD) and with well-known Mie scattering cross sections for infinite cylinders. As was

discussed in Sec. 3.3, the analysis also predicts that the maximum temperature increase is

affected not only by the cylinder’s composition, but also by MDRs that lead to significant

spikes in the local temperature at particular diameters. Furthermore, silicon nanowires are

observed to exhibit extremely uniform internal temperatures during electromagnetic heating

to one part in 106, including cases where there are substantial fluctuations of the internal

electric field source that generates the Joule-heating. For a highly absorbing material such

as carbon, much higher temperatures are predicted, the internal temperature distribution is

non-uniform, and MDRs are not encountered.

3.4.1 Initial setup and assumptions

If a long cylinder is suddenly exposed to an incident laser source, the temperature distribution

in the cylinder is described by the energy equation Eq. 3.9, where the ∇2 is the Laplacian

in cylindrical coordinates. However, for a long (infinite) cylinder, heat transport in the

z-direction is negligible and we get

ρCp
∂T

∂t
= κ

[
1

r

∂

∂r

(
r
∂T

∂r

)
+

1

r2

∂2T

∂θ2

]
+ S(r, θ, t). (3.50)

Although the heat source is a function of time, we shall consider it to be a function of only

the spatial coordinates as we will focus on steady-state solutions where the source is constant

in time. The coordinates of the system are shown in Fig. 3.10.

The boundary conditions for this system are given by the initial conditions

T (r, θ, 0) = Tb, T (0, θ, t) = bounded, (3.51)
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Figure 3.10: Schematic of the heat transfer framework for the infinite nanowire with a internal

heating source from a TM-polarized continuous-wave laser.

a symmetry condition
∂T

∂θ
(r, 0, t) = 0, (3.52)

and a convective heat transfer boundary condition at the surface

−κ∂T
∂r

(R, θ, t) = h[T (R, θ, t)− Tb], (3.53)

in which R is the cylinder radius, Tb is the temperature of the solvent far away from the

cylinder, and h is a heat transfer coefficient that depends on the convective transport of heat

to the surrounding solvent. Theory and empirical correlations for the heat transfer coefficient

are usually written in terms of the Nusselt number which is defined by

Nu =
2Rh

κs
, (3.54)

where κs is the thermal conductivity of the surrounding solvent.

A representative correlation for the Nusselt number for free convection to and from hor-

izontal cylinders is that of Churchill and Chu[69]. In the limit of no fluid flow over the
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surface, the result of the Nusselt number averaged over the surface of the cylinder is Nu =

0.36. McAdams[70] correlated a large amount of data for heating and cooling for air normal

to cylinders. Their correlation for low Reynolds numbers is

Nu = 0.32 + 0.43Re0.52, (3.55)

where the Reynolds number is defined by

Re =
2Rρv∞
µf

, (3.56)

in which ρ is the density of the fluid, µf is its viscosity, and v∞ is the fluids velocity. An

alternate approximation is obtained by extrapolating data for low Reynolds number flow

around the cylinder presented by Davies and Fisher[71]. This approach yields Nu = 0.30.

For our analysis, we shall use the McAdams correlation, Eq. 3.55.

To make the energy equation Eq. 3.90 dimensionless, we introduce the non-dimensional

variables given by

Θ =
(T − Tb)

Tb
, (3.57)

x =
r

R
, (3.58)

τ =
αt

R2
, (3.59)

S∗(x, θ) =
R2

κTb
S(r, θ), (3.60)

where α is the thermal diffusivity of the cylinder.

Using these non-dimensional variables, the Eq. 3.90 transforms to

∂Θ

∂τ
=

[
1

x

∂

∂x

(
x
∂Θ

∂x

)
+

1

x2

∂2Θ

∂θ2

]
+ S∗(x, θ). (3.61)

The auxiliary conditions become

Θ(x, θ, 0) =
∂Θ

∂θ
(x, 0, τ) = 0, (3.62)

Θ(0, θ, τ) = bounded, (3.63)

∂Θ

∂x
(1, θ, τ) = −BiΘ(1, θ, τ), (3.64)
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where Bi is the Biot number, which is related to the Nusselt number by

Bi =
κs
κ

Nu

2
. (3.65)

The Biot number is a measure of the ratio of the internal resistance to heat transfer to the

external heat transfer resistance[72]. For Bi � 1, it can be anticipated that the internal

temperature distribution is uniform or nearly uniform.

As found in Sec. 3.3, the generated electromagnetic fields inside of the cylinder depend

on the polarization state of the incident laser beam, the orientation of the beam with respect

to the axis of the cylinder, as well as other parameters considered below. For applications

in particulate matter in the atmosphere and in particle suspensions in aqueous systems, the

particle orientation with respect to the light source is random. For experimental studies using

optical traps or electrodynamic levitation to suspend single particles, a laser source can be

aligned to be parallel or perpendicular to the axis of a small rod. In general, any orientation

of the rod with respect to the light beam can be analyzed by the theory presented here, but

we shall confine our attention to a single orientation. Two special cases, initially outlined by

van de Hulst[73], were also presented by Kerker[74] and Bohren and Huffman[75]. In these

cases, it is assumed that the direction of propagation of a plane wave is normal to the axis

of the cylinder (the z-axis). For Case I the incident electric field is parallel to the yz-plane

(TM-polarized), and for Case II the incident electric field is perpendicular to the yz-plane

(TE-polarized). For this analysis, we shall consider incident light with TM-polarization, but

the theory can be extended to other orientations by using the internal electric field equations

presented by van der Hulst, Kerker, and Bohren and Huffman to determine the heat source

function.

The solutions of the light scattering problem reviewed by van de Hulst, Kerker and Bohren

and Huffman are analytical solutions of the governing Maxwell equations. An alternate

approach for the determination of the internal electric fields is by using numerical methods

such as the finite-difference time-domain (FDTD) method[76]. We have applied the classical

approach of van de Hulst and Bohren and Huffman as well as the FDTD approach to compute
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the internal electric field needed to calculate the internal heat source. For FDTD simulations,

we used a freely available software through the MIT Electromagnetic Equation Propagation

(MEEP) package[77].

Ruppin[78] calculated the electromagnetic energy density in an irradiated cylinder, and

Liu et al.[79] presented plots of the electric field intensity for micro-cylinders for various

complex refractive indices suspended in an absorbing gaseous medium. The motivation for

the latter paper was to explore the effects of the energy absorption on the photophoretic

force exerted on the rod by the electromagnetic irradiation. However, they did not compute

the temperature field, which could be uniform (and thereby no photophoretic force) even if

the internal energy source is non-uniform.

The volumetric rate of heat generation in the cylinder is given by Allen et al.[80] as

S =
1

2
σ (E1 · E1

∗) , (3.66)

where E1 is the internal electric field vector, E∗1 is its complex conjugate, and σ is the

electrical conductivity at optical frequencies of the cylinder which is given by

σ =
4πRe{N}Im{N}

λµc
, (3.67)

in which N = n+ ik is the complex refractive index of the cylinder, n = Re{N}, k = Im{N},

λ is the wavelength of the incident laser, µ is the magnetic permeability, and c is the speed

of light in vacuum.

For the TM-polarized laser, the incident, internal, and scattered electric fields are given

by Bohren and Huffman[75] as follows

Ei = E0

∞∑
n=−∞

(−i)neinθJn(ρs)ez, (3.68)

E1 = E0

∞∑
n=−∞

(−i)neinθdnJn(ρ1)ez, (3.69)

Es = −E0

∞∑
n=−∞

(−i)neinθbnHn(ρ1)ez, (3.70)

(3.71)



62

where i =
√
−1, ez is the unit vector in the z direction, and ρ1 and ρs are defined by

ρ1 = k̀1r =
2π

λ
Nr, (3.72)

ρs = k̀sr =
2π

λ
Nsr, (3.73)

where k̀1 and k̀2 are wavenumbers in the cylinder and in the surrounding solvent, respectively,

and Ns is the complex index of refraction of the surrounding solvent. The functions Jn(r)

and Hn(r) are Bessel and Hankel functions of the first kind, respectively. The amplitude E0

of the electric vector is related to the irradiance Iinc of the incident laser by

E2
0 =

2cε

Ns

Iinc. (3.74)

Liu et al.[79] showed that the internal field intensities for a TE-polarized wave are qualita-

tively and, to some extent, quantitatively similar to those for a TM wave. Consequently, we

limit our analysis to the TM-polarized wave.

The coefficients bn and dn are obtained by applying appropriate boundary conditions on

the electric and magnetic vectors at r = R as discussed by Bohren and Huffman[75]. The

results are

bn =
[Jn(ρ1)J ′n(ρs)−mJ ′n(ρ1)Jn(ρs)]

[Jn(ρ1)H ′n(ρs)−mJ ′n(ρ1)Hn(ρs)]
(3.75)

and

dn =
1

m

[Jn(ρs)H
′
n(ρs)− J ′n(ρs)Hn(ρs)]

[Jn(ρ1)H ′n(ρs)−mJ ′n(ρ1)Hn(ρs)]
, (3.76)

where m = N/Ns.

Computations show that d−n = dn. Using these results in Eq 3.69, the internal electric

vector becomes

E1 = E0

{
d0J0(ρ1)− 2

∞∑
j=1

(−1)j−1d2jJ2j(ρ1) cos(2jθ)

− i2
∞∑
k=1

(−1)k−1d2k−1J2k−1(ρ1) cos [(2k − 1)θ]

}
ez. (3.77)

Finally, the source function S(r, θ) is obtained by using Eq. 3.77 and the complex conjugate

of E1 in Eq. 3.66.
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Assuming a separated-variables product solution of the form

Θ(x, θ, τ) = U(x)V (θ)W (τ), (3.78)

the solution becomes

Θ(x, θ, τ) =
∞∑
j=1

∞∑
k=0

Ajk(τ)Jk (λj,kx) cos (kθ) , (3.79)

where

Ajk(τ) =
2

π

[
1− e−λ2j,kτ

]
λ2
j,k‖Njk‖2

∫ π

0

∫ 1

0

x′Jk (λj,kx
′) cos (kθ′)S∗(x′, θ′)dx′dθ′ (3.80)

in which the prime over the independent variables indicates a dummy variable of integration,

and the norm squared ‖Njk‖2 of the eigenfunctions Jk (λj,kx) is defined by

‖Njk‖2 =

∫ 1

0

x′ [Jk (λj,kx
′)]

2
dx′. (3.81)

The eigenvalues λj,k satisfy the boundary condition

d

dx
Jk (λj,kx)

∣∣∣∣
x=1

= −BiJk (λj,k) , (3.82)

which follows from Eq. 3.64.

The steady state solution is obtained by taking the limit as τ →∞. The result is

Θ(x, θ) =
2

π

∞∑
j=1

∞∑
k=0

[∫ π

0

∫ 1

0

x′Jk(λj,kx
′) cos (kθ′)S∗(x′, θ′)dx′dθ′

]
Jk (λj,kx) cos (kθ)

λ2
j,k‖Njk‖2

. (3.83)

To put some physical numbers on this result, for a silicon nanowire in water, the time required

to reach steady state is of order 1ns - 1µs.

3.4.2 Results

As we did in Sec. 3.3, we will use silicon as our choice for the nanowire material. Furthermore,

as we eventually want to comment on the heating of nanowires in an optical trap, we choose

to use parameters that are common to laser trapping experiments such as water for our

surrounding solvent as well as a NIR wavelength for the incident laser source. One common
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laser wavelength for NIR laser trapping is λ = 980 nm and at this wavelength the complex

refractive index of silicon is given by N = 3.6014 + 0.0005259i[58]. Here, we use the analysis

described above to perform calculations for infinite cylinders with diameters ranging from

10 to 1000 nm. Again, we use experimental thermal conductivities from Li et al.[55] for the

silicon nanowire simulations. Again, although in laser tweezer experiments the laser beam

axis is parallel to the cylinder axis, it is informative to consider the configuration given

that absorption is expected to be maximized when the electric field vector of the incident

radiation is parallel to the cylinder’s axis.

To compare source functions for various systems and parameters it is convenient to plot

the internal source function normalized to the incident electric field amplitude (E1 · E1
∗) /E2

0 .

Sample source functions calculated using the analytical solution (Eq. 3.83) and the numerical

FDTD MEEP solution for a silicon nanowire with a diameter of 500 nm in water are presented

in Fig. 3.11. The MEEP results are shown at a time that is sufficient for the system

to reach its steady state, since the FDTD approach solves the unsteady state system of

equations. There is mutually consistent agreement between the analytical and numerical

approaches, and for all results presented below the analytical solution was used. Furthermore,

all calculations presented here were performed with an incident irradiance of 1 kW/cm2 unless

specified otherwise.

Normalized source functions for silicon nanowires in water are shown in Figs. 3.12a-c for

rod diameters of 10, 536, and 1000 nm, and the corresponding dimensionless temperature

distributions are presented in Figs. 3.12d-f. As expected, the internal electric field exhibits

much more complex structure as the diameter increases due to the intricate wave interference

and re-enforcement within the nanowire. However, for the case of silicon nanowires, the

resulting internal temperature is very nearly uniform on the order of one part in 106 for all of

the diameters considered. For a silicon nanowire with a diameter of 10 nm in water, Eq. 3.83

yields a very nearly uniform temperature distribution with Θ(x, θ) ∼ 2.5×10−8. This implies

that the nanowire temperature is that of the surrounding fluid. A uniform temperature is

to be expected in this case because the Biot number is 0.0292, which is � 1. When the
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Figure 3.11: Comparison of the electric field distributions based on the closed-form analytical

solution (a and c) and numerical FDTD MEEP simulation (b and d) for side views (a and

b) and top-down views (c and d) for an infinitely long silicon cylinder with a diameter of

500 nm irradiated in water with a free-space wavelength of λ = 980 nm.

diameter is increased to 536 nm, Eq. 3.83 again yields a very nearly uniform temperature, as

shown in Fig. 3.12e, with Θ(x, θ) ∼ 3.75×10−4. Since Bi = 0.0012, a uniform temperature

is again to be expected. That is also the case for a silicon nanowire diameter of 1000

nm. If the bulk thermal conductivity for silicon is used (κ = 149 W/m·K), Bi = 0.000658.

Consequently, even though the heat source is highly non-uniform for this larger nanowire,

the temperature distribution is very uniform with Θ(x, θ) ∼ 1.6×10−4. The temperature

increases as the size of the nanowire increases, but for the low Biot numbers associated

with the silicon-water system the internal temperature is nearly completely uniform. Table

3.3 illustrates the uniformity of the internal temperature for silicon nanowires of various

diameters in (a) air and (b) water. For both systems, the ratio (Tmax - Tmin)/Tavg is

very small. Consequently, even though the heat source may be highly asymmetric, these
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calculations lead to a counterintuitive prediction that heat conduction within the nanowire

can lead to an extremely uniform internal temperature. The results for the intermediate size

(536 nm) in Fig. 3.12b correspond to a MDR (whispering gallery mode) discussed further

below.

Figure 3.12: Plots of the calculated normalized cross-sectional electromagnetic heating source

term (E1 · E1
∗) /E2

0 (a-c) and corresponding dimensionless cross-sectional temperatures Θ

= (T - Tb)/Tb (d-f) for silicon nanowires in water with outer diameters of 10 nm (a and

d), 536 nm (b and e), and 1 µm (c and f) irradiated at Iinc = 1 kW/cm2 with a free-space

wavelength of λ = 980 nm.

In contrast to silicon which is a weakly absorbing material due to its indirect bandgap,

the calculated source functions are substantially different for strongly absorbing materials

such as amorphous carbon. Pluchino et al.[81] measured the complex refractive index of
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Table 3.3: Calculation of (Tmax - Tmin)/Tavg for various diameters of silicon in (a) air and

(b) water.

(a)

Diameter(nm) (Tmax−Tmin)
Tavg

10 1.05E-09

500 3.63E-08

649.9∗ 2.40E-06

1000 1.79E-07

(b)

Diameter(nm) (Tmax−Tmin)
Tavg

10 1.38E-09

500 5.69E-08

949∗ 2.02E-06

1000 2.00E-07

∗- Denotes the diameter corresponding to a resonance condition leading to the highest calculated

temperature.

micrometer-sized spheres by levitating them in air using an electric field and illuminating

them with a laser beam. They reported the refractive index of amorphous carbon spheres of

radius ∼4 µm to be approximately given by N = 1.70+0.80i for a laser wavelength of 488

nm. The thermal conductivity of carbon at room temperature varies from 0.0159 W/m·K

for amorphous carbon to 138 W/m·K for graphite, and 2,200 W/m·K for diamond.

Figure 3.13a shows the dimensionless source for an amorphous carbon rod with a di-

ameter of 1 µm in water, and Fig. 3.13b shows the source for a carbon rod in air. The

source functions are similar for the highly absorbing carbon rod with little penetration of

the electromagnetic wave into the core of the rod. The lack of penetrating electromagnetic

waves into the carbon rod prevents internal wave interference and thus there are no MDRs

expected for the carbon case. The corresponding dimensionless temperature distributions

are presented in Figs. 3.13c and 3.13d. In this case, the surrounding fluid was at 298 K, and

λ = 488 nm. The temperature rise for the carbon rod in air is an order magnitude greater

than in water. In contrast to silicon, a non-uniform temperature distribution within the rod

is predicted for both cases of carbon, which could lead to photophoresis.

As is the case of spherical particles, it is well known that large internal electric fields
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Figure 3.13: Plots of the calculated normalized cross-sectional electromagnetic heating source

term (E1 · E1
∗) /E2

0 (a and b) and corresponding dimensionless cross-sectional temperatures

Θ = (T - Tb)/Tb (c and d) for carbon rods in water (a and c) and air (b and d) with an outer

diameters of 1 µm irradiated at Iinc = 1 kW/cm2 with a free-space wavelength of λ = 488

nm. Unlike silicon, an appreciable variation in the dimensionless temperature is observed

for the carbon material.

resulting from MDRs occur for particular nanowire diameters. Figure 3.14a shows how the

dimensionless temperature normalized to the incident irradiance depends heavily on the

nanowire’s diameter. From Eq. 3.83, the definition of the source function (Eq. 3.66), and

Eq. 3.74; the dimensionless temperature rise is proportional to the incident irradiance Iinc,

assuming that the irradiance is in the regime of linear optics. For large Iinc, the tempera-

ture rise can be so large that the physical properties of the nanowire are not those at the

surrounding temperature. Consequently, the computations of Θ(x, θ) need to be modified

when large temperature rises are predicted. Furthermore, for carbon rods in water, the rod

temperature can be so high that boiling occurs and the Biot number becomes large.

As we did in Sec. 3.3, iterative calculations were performed for which an initial tempera-
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Figure 3.14: Comparison of calculated values for the maximum reduced temperatures of

laser-heated silicon nanowires in water scaled by the incident irradiance with the calculated

diameter-dependent scattering efficiency. a) Diameter-dependent maximum dimensionless

temperature scaled by the incident irradiance of a crystalline silicon nanowire irradiated in

water at a free-space wavelength of λ = 980 nm. b) Calculated scattering efficiency for a

crystalline silicon nanowire in water irradiated at a free-space wavelength of λ = 980 nm as

a function of nanowire diameter.

ture was calculated using thermal properties evaluated at Tb. Following each simulation, the

thermal parameters were updated based on the predicted average temperature and a new

simulation was performed until the newly calculated average temperature changed by less

than 0.1◦C. Table 3.4 presents the results of an example iterative simulation for pure silicon

nanowires having diameters of 426 nm (a) and 420 nm (b) with an incident irradiance of 1

MW/cm2. The former diameter corresponds to a MDR, which leads to a greater temperature

rise than the off-resonance case. In both examples, the value of the maximum temperature

within the nanowire was reached within three iterations. The thermal conductivities and re-

fractive indices involved are also given in the table, and the temperature of the surrounding
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water (Tb) was assumed to be 298K.

Table 3.4: Temperature dependent convergence run (a) on resonance and (b) off resonance.

(a)

Dia (nm) κeff (W/m·K) neff keff Tmax (◦C)

426 60.5 3.6014 5.763E-04 67.3

426 49.0 3.6152 6.359E-04 66.6

426 49.2 3.6149 6.348E-04 66.6

(b)

Dia (nm) κeff (W/m·K) neff keff Tmax (◦C)

420 60.2 3.6014 5.763E-04 49.6

420 52.9 3.6094 6.102E-04 52.3

420 52.2 3.6103 6.140E-04 52.6

420 52.1 3.6104 6.145E-04 52.7

One clearly visible feature of these diameter-dependent calculations is the existence of

temperature spikes due to MDRs of laser-irradiated cylinders in air and water when the

nanowire diameter is larger than approximately 200 nm. Figure 3.14b presents calculated

results for the scattering efficiency Qsca and the maximum reduced temperature, Θmax/Iinc,

for silicon nanowires in water with diameters between 10 and 1000 nm. The scattering

efficiency is given by[82]

Qsca =
λ

πR

∞∑
n=−∞

|bn|2. (3.84)

It can be seen that the nanowires have several well-defined resonances at 427, 536, 642,

747, 849, and 949 nm, which appear in Qsca as well as the temperature rise in Fig. 3.14.

It is also interesting to note the absence of MDRs and a significant reduction in thermal

heating observed for nanowires with diameters less than 100 nm. Simulations also show

similar trends of temperature and scattering efficiencies for the silicon-air system. The

calculated temperatures are higher in this case because of the lower thermal conductivity of

the surrounding fluid. However, since the Biot numbers are smaller than for silicon-water, a

more uniform temperature distribution within the cylinder is to be expected.

One area of interest for potential application of nanowires is in bioengineering, given that
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Figure 3.15: Diameter-dependent maximum temperature change, scaled by irradiance, of a

porous crystalline silicon nanowire in water irradiated at a wavelength of λ = 980 nm with

Tb = 298K. (Inset) Expansion of the region between 10 and 500 nm. Plots a-d are offset

and correspond to the (a) crystalline, (b) 25% porous, (c) 50% porous, and (d) 75% porous

cases.

the nanowires are semiconducting and have high intrinsic surface areas[83]. In this case, the

nanowire’s thermal conductivity and the complex index of refraction depend on the porosity

and pore structure. Therefore, these parameters can be modified by altering the porosity

of the nanowire. We use this motivation to explore the effects of porosity on the heating of

microporous silicon nanowires in water as shown in Fig. 3.15. Light scattering by voids within

the porous silicon is an important consideration when calculating cavity resonances and is

known to depend critically on the relative size between pores and the wavelength of incident

radiation. Synchrotron-based grazing-incidence small angle x-ray scattering methods have
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been used to measure typical pore sizes below 5 nm for electrochemically etched porous

silicon thin films[84] having porosities up to 45%. Based on this measurement of pore size,

we use volume averaging theory (VAT)[85] to calculate the effective real and imaginary parts

of the complex index of refraction given that the size parameter for the pores, defined by χ

= πD/λ, is much less than unity (<0.02). It should also be noted that this assumption is

not appropriate for materials that have large pore sizes.

In the VAT approximation, the real and imaginary indices of refraction are given by

neff =

√
1

2

[
A+
√
A2 +B2

]
, (3.85)

keff =

√
1

2

[
−A+

√
A2 +B2

]
, (3.86)

where the coefficients A and B are defined by

A = ν(n2
s − k2

s) + (1− ν)(n2 − k2), (3.87)

B = 2nsksν + 2nk(1− ν), (3.88)

where ν is the porosity of the composite.

Similarly, effective medium theory (EMT)[86] was used to calculate the effective thermal

conductivity of a porous silicon-water composite system for various porosities (25, 50 and

75%) considering the sparsity of experimental data available for these materials. The effective

thermal conductivity is given by

κeff =
1

4

{
(3ν − 1)κs + [3(1− ν)− 1]κ

+
√

(3ν − 1)κs + {[3(1− ν)− 1]κ}2 + 8κκs

}
. (3.89)

The most striking feature of these calculations is that extremely narrow MDRs continue

to exist for nanowires with 25% porosity, indicating promising opportunities in the area of

photothermal theranostic applications, such as drug loading. This is in stark contrast to the

case of 75% porosity, in which the silicon nanowires no longer exhibit fine MDRs, likely due

to the reduced reflectivity of an interface between water and a water/silicon composite that
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is 75% water. Also striking is the extremely low temperature rises predicted for nanowires

with small diameters, irrespective of porosity as shown in the inset of Fig. 3.15. For example,

even at extremely high irradiances, these calculations predict that the overall temperature

rise in 10 nm diameter wires will be less than 1 ◦C for an indirect-gap material such as silicon.

3.5 Laser heating of finite nanowires

In this final theory section, we deal with optical heating of irradiated finite nanowires in the

geometry that one would see in a laser tweezer setup. The derivation for this framework is

very similar to the case of the infinite wire presented in Sec. 3.4. However, for the finite wire

case, heat transport in the z-direction must be considered thereby necessitating additional

boundary conditions. Furthermore, the laser source has also changed its propagation direc-

tion so that the laser is incident upon the end of the nanowire as it is during optical trapping

experiments. This orientation complicates the analysis, however, since in this case there

is no analytical relationship between the incident and internal fields. Therefore, numerical

simulations are performed to determine the internal fields used for the heating source term

in the analytical solution.

For the remainder of this section, we will derive the temperature solution for the frame-

work described above. The model will then be applied to experimentally-trapped silicon

nanowires to predict their temperature distribution during optical trapping. The tempera-

tures that are predicted by the model will then be compared to experimentally-determined

temperatures of the same silicon nanowires using techniques detailed in Sec. 2.5.1. Lastly,

using both the model and experiments we will show how altering the silicon nanowires’ op-

tical and thermal properties via ion implantation can change the temperature of a trapped

nanowire in a predictable manner.

3.5.1 Initial setup and assumptions

Again, the heating of a nanowire irradiated by a laser is described by the energy equation

Eq. 3.9. Unlike the treatment in Sec. 3.4, here we must use the full Laplacian (∇2) in
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cylindrical coordinates, which gives

ρCp
∂T

∂t
= κ

[
1

r

∂

∂r

(
r
∂T

∂r

)
+

1

r2

∂2T

∂θ2
+
∂2T

∂z2

]
+ S(r, θ, z, t). (3.90)

The coordinates of the system are shown in Fig. 3.16.

Figure 3.16: Schematic showing the heat transfer framework and example temperature distri-

bution for a finite nanowire in a trapping chamber with a heating source from a continuous-

wave laser incident on the end of the nanowire.

Figure 3.16 shows the laser incident with a focused beam and given k-vector as it is for

optical trapping experiments. However, one can approximate the incident focused Gaussian

beam (TEM00 mode) of the optical trap as an unfocused planewave given that the nanowire’s

cross section (∼ 200nm) is significantly smaller than the diameter of the diffraction-limited

beam waist at the focus (∼1µm). Furthermore, although the heat source is a function of time

we shall consider it to be a function of only the spatial coordinates as we will focus on steady-

state solutions where the source is constant in time. Also, if the internal electromagnetic field
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does not vary across the nanowire’s diameter, the heat source reduces further to a function

of axial position only, that is, S(z). We showed in Sec. 3.4 that homogeneous internal

electromagnetic fields are a good approximation for silicon nanowires with diameters on the

order of 10’s of nanometers. For larger diameters, the internal fields may be radially varying,

but using an approximation of radially and angularly homogeneous internal fields that are

equal to the average of the realistic inhomogeneous case is appropriate considering that the

large thermal conductivity and a small radial distance with respect to the silicon nanowire

length dampens the radial dependence of the source term.

Under these assumptions, the dimensionless energy equation becomes:

∂Θ

∂τ
=

1

ξ

∂

∂ξ

(
ξ
∂Θ

∂ξ

)
+

1

ξ2

∂2Θ

∂φ2
+

(
R

L

)2
∂2Θ

∂ζ2
+ S∗(ζ), (3.91)

where the dimensionless variables are defined by

Θ =
T − Tb
Tb

, ξ =
r

R
, ζ =

z

L
, τ =

κ

ρCp

t

R
(3.92)

Here, L is the nanowire length and R is the nanowire radius. The approximated dimensionless

source function is given by

S∗(ζ) =
R2

κTb
S(ζ). (3.93)

Again, the source function S(ζ) for electromagnetic heating depends on the internal electro-

magnetic field, given by Eqs. 3.66, 3.67, and 3.74.

The boundary conditions for this framework (Fig. 3.16) show that the temperature of

the upper and lower coverslips are assumed to be at the temperature of the fluid (Tb = 22

◦C) as well as far from the nanowire in the radial direction. The length `A is the distance

between the lower surface of the nanowire and the lower coverslip, while `B is the distance

between the upper surface of the nanowire and the top coverslip of the chamber. As detailed

in Sec. 3.4, theory and empirical correlations for the heat transfer coefficients are written in

terms of the Nusselt and Biot numbers defined by Eqs. 3.55 and 3.65.
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The dimensionless initial and boundary conditions for the nanowire are then given by

Θ(ξ, φ, ζ, 0) = 0 (3.94)

∂Θ

∂ξ
(0, φ, ζ, τ) = 0, (3.95)

∂Θ

∂ζ
(ξ, φ, 0, τ) = Bi1Θ(ξ, φ, 0, τ), (3.96)

∂Θ

∂ξ
(1, φ, ζ, τ) = −Bi2Θ(1, φ, ζ, τ), (3.97)

∂Θ

∂ζ
(ξ, φ, 1, τ) = −Bi3Θ(ξ, φ, 1, τ), (3.98)

∂Θ

∂φ
(ξ, 0, ζ, τ) =

∂Θ

∂φ
(ξ, π, ζ, τ) = 0, (3.99)

where,

Bi1 =
κs
κ

L

`A
, (3.100)

Bi2 =
κs
κ

Nu

2
= 0.16

κs
κ
, (3.101)

Bi3 =
κs
κ

L

`B
. (3.102)

To obtain the above boundary conditions, we assume that the heat loss from the lower and

upper surfaces of the nanowire is due to conduction in the fluid between the nanowire and

the bounding surfaces of the laser trapping chamber. This approximation neglects effects of

motion of the fluid relative to the nanowire that might actually exist experimentally due to

either Brownian motion or convective laminar flow in the event a substantial steady-state

temperature gradient is established.

As in the previous sections, we use the classical method and assume a product solution

to the homogeneous energy equation with the form

ΘH(ξ, φ, ζ, τ) = u(ξ)v(φ)w(ζ)χ(τ), (3.103)

where u(ξ), v(φ), and w(ζ) are orthonormal eigenfunctions that satisfy the boundary con-

ditions that are presented in Eqs. 3.94-3.99. Again, the function χ(τ) does not need to
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be considered at this stage because the time-dependence of the inhomogeneous problem is

substantially different than that of the homogenous problem.

The solution of the inhomogeneous energy equation can be written in terms of these

orthonormal functions as

Θ(ξ, φ, ζ, τ) =
∞∑
`=1

∞∑
m=1

∞∑
n=0

A`mn(τ)u`n(ξ)vn(φ)wm(ζ), (3.104)

where the eigenfunctions are given by

u`n =
X`n(ξ)

‖X`n‖
=
Jn(γ`nξ)

‖X`n‖
, (3.105)

vn =
Yn(φ)

‖Yn‖
=

cos(nφ)

‖Yn‖
, (3.106)

wm =
Zm(ζ)

‖Zm‖
=
cos(δmζ) + (Bi1/δm) sin(δmζ)

‖Zm‖
. (3.107)

Here, Jn(γ`nξ) is the nth order Bessel function, ‖X`n‖, ‖Yn‖, and ‖Zm‖ are the norms of the

eigenfunctions, and γ`n, n, and δm are their respective eigenvalues. Substituting Eq. 3.104

into Eq. 3.91 and applying the principle of orthogonality for each of the eigenfunctions, the

time-dependent coefficients A`mn(τ) are found to be

A`mn(τ) =

∫ 1

0

∫ π

0

∫ 1

0

∫ τ

0

S∗(ζ ′)

exp
[
−λ2

`mn(τ − τ ′)
]
ξ′u`n(ξ′)vn(φ′)wm(ζ ′)dξ′dφ′dζ ′dτ ′, (3.108)

where the primes indicate dummy variables of integration, and

λ2
`mn = γ2

`n +

(
R

L

)2

δ2
m. (3.109)

Since we are worried about steady state heating solutions, the source function is not a

function of time and Eq. 3.108 can be integrated over time to yield

A`mn(τ) =
1− exp [−λ2

`mnτ ]

λ2
`mn

∫ 1

0

∫ π

0

∫ 1

0

S∗(ζ ′)ξ′u`n(ξ′)vn(φ′)wm(ζ ′)dξ′dφ′dζ ′. (3.110)

At steady state (τ →∞) this result reduces to constants given by

A`mn =
1

λ2
`mn

∫ 1

0

∫ π

0

∫ 1

0

S∗(ζ ′)ξ′u`n(ξ′)vn(φ′)wm(ζ ′)dξ′dφ′dζ ′, (3.111)
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and the steady state dimensionless temperature distribution reduces to

Θ(ξ, φ, ζ) =
∞∑
`=1

∞∑
m=1

∞∑
n=0

u`n(ξ)vn(φ)wm(ζ)

λ2
`mn∫ 1

0

∫ π

0

∫ 1

0

S∗(ξ′, φ′, ζ ′)ξ′u`n(ξ′)vn(φ′)wm(ζ ′)dξ′dφ′dζ ′. (3.112)

As stated above, for an unpolarized laser the electric field is very nearly uniform in the

radial and angular directions. Consequently, the internal electric fields are only a function

of the axial position. As the source function is independent of r and φ, Eq. 3.112 can be

simplified by setting νn(φ) = ν0(φ) = 1, and carrying out the integration over ξ to give

Θ(ξ, ζ) =
∞∑
`=1

∞∑
m=1

X`0(ξ)Zm(ζ)J1(γ`0)

γ`0λ2
`m0‖X`0‖2‖Zm‖2

∫ 1

0

〈S∗(ζ ′)〉Zm(ζ ′)dζ ′ (3.113)

where 〈S∗(ζ’)〉 is determined by the spatial average of the internal electric field at each axial

position.

3.5.2 Theory results

Optical trapping experiments were performed on seven unique nanowires at various irradi-

ances in order to experimentally determine the nanowires’ temperatures using the methods

outlined in Sec. 2.5.1. Details and results for this experiment will be given in Sec. 3.5.3.

However, after the trapping experiments were performed, the nanowires’ dimensions were

measured using an atomic force microscope (AFM) in order to allow for accurate internal

electric field simulations and temperature predictions with our model. For the more com-

plex case of a finite cylindrical nanowire considered here, it is necessary to use numerical

methods to determine the internal electromagnetic field profile within nanowires of various

compositions. For the simulations shown here, freely-available discrete dipole approxima-

tion (DDA)[19, 87] electromagnetic simulation software was applied to compute the source-

function for the case of an unpolarized planewave with a k-vector along the seven nanowires’

axes. A DDA internal electric field solution for an example silicon nanowire (Fig. 3.17a) is
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Figure 3.17: a) Atomic force microscope image of a silicon nanowire after optical trapping

experiments. b) Calculated axial internal electric field magnitude and the corresponding

axial temperature profile for the silicon nanowire shown in (a). c) Calculated axial internal

electric field magnitude and the corresponding axial temperature profile for an amorphous

carbon nanowire with the same nanowire geometry used in (a).

shown in the left-hand plot of Fig. 3.17b. The corresponding temperature profile given by

Eq. 3.113 is shown in the right-hand plot of Fig. 3.17b.

Furthermore, it is also possible to use this model to make quantitative comparisons of the

internal electromagnetic field and temperature profiles for strongly absorbing nanowires such

as amorphous carbon[88, 89] with those for crystalline silicon nanowires. Example results are

presented in Fig. 3.17c for an amorphous carbon nanowire that has an identical cylindrical

morphology as the silicon nanowire in Fig. 3.17a,b. A visible wavelength of λ = 488 nm and

irradiance of 1 kW/cm2 are used for these calculations given the availability of experimental

absorption coefficients for amorphous carbon in this spectral region[88]. The large imaginary

index of refraction, k = 0.8, and low thermal conductivity κ = 0.0159 W/m·K of amorphous

carbon lead to several marked differences between weakly absorbing silicon and strongly

absorbing amorphous carbon nanowires.
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First, the internal electric field profile is much more complex than that for crystalline

silicon owing to the large imaginary index of refraction for amorphous carbon. There is also

a sizeable field along the length of the nanowire leading to heating along the entire length

of the nanowire. This would not be expected for planar amorphous carbon due to the large

absorption coefficient at this wavelength. Second, there is an appreciable radial temperature

gradient across the carbon nanowire that is not observed in the case of the silicon nanowire.

Third, the total temperature gradient along the length of the nanowire (∼20◦C degrees over 5

µm) is significantly larger than that for the silicon nanowire (∼1◦C over 5 µm), even though

the incident irradiance is over three orders of magnitude lower. This observation implies

that photothermal heating and subsequent effects of photophoresis are much more relevant

to consider for amorphous carbon or amorphous silicon materials than for crystalline silicon.

3.5.3 Silicon nanowire experiments

The analytical model derived above can now be used to predict temperatures of nanowires

during laser trapping experiments. Here, we perform optical trapping experiments on silicon

nanowires using a laser tweezer and apply the temperature extraction analysis described in

Sec. 2.5.1 so that we can comment on the effectiveness of the model. A series of 7 native and

4 ion-implanted silicon nanowires were optically trapped and analyzed thermally with the

laser tweezer at various irradiances (∼0.7 MW/cm2, ∼1.8 MW/cm2, and ∼3 MW/cm2) at

a distance of ∼75µm from the lower coverslip (half the chamber thickness). Each nanowire

was then affixed to the top coverslip of the trapping chamber to facilitate AFM analysis as

shown in Fig. 3.17a. The experimentally determined temperatures are then compared to

the model’s predicted temperatures and the results are discussed.

Experimental setup

Vertically aligned silicon nanowire arrays are fabricated using the metal-assisted chemical

etching (MACE) method[90] (Fig. 3.18). Briefly, a polished <111> p-type (B) 10 Ω·cm

silicon wafer is submerged in a 1:1 (v/v) solution of 10M hydrofluoric acid (HF) and 0.04M
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silver nitrate at room temperature and pressure for 3 hours. In this method, silver ions from

the silver nitrate deposit on the surface of the silicon wafer. At the silver-silicon interface,

a Schottky junction is created. Charge transfer across the junction permits chemistry that

creates a silicon oxide layer at the interface that is continuously etched by HF to create an

array of silicon nanowires, as shown in Fig. 3.18b.

Figure 3.18: a) MACE diagram of a silicon nanowire array from a <111> p-type 10 Ω·cm

wafer. b) SEM image of the silicon nanowire array following silver etching (inset: optical

micrograph of wafer, scalebar = 1 cm). c) TEM image of a silicon nanowire following MACE

(scalebar = 150 nm, inset: SAED). d) Schematic of phosphorus-ion implantation of a silicon

nanowire array. e) Simulation of the stopping depth of phosphorus ions in silicon using an

implantation energy of 75 keV. f) TEM image of a silicon nanowire following phosphorus

implantation (scalebar = 225 nm, inset: SAED).

The etched silicon wafer is then transferred to a silver etch composed of a 1:1 (v/v)
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solution of 30% hydrogen peroxide and 30% ammonium hydroxide at room temperature

and pressure for 30 minutes. The silver etch dissolves the silver film that results during

the previous silicon etching step. The etched silicon wafer with vertically aligned nanowires

is then rinsed liberally with deionized (DI) water and allowed to air dry. To detach the

nanowires from the substrate for optical trapping experiments, the wafer is submerged in a

solvent (typically DI water) and subsequently sonicated in an ultrasonic bath for 1 minute.

A representative single-crystalline silicon nanowire is shown in Fig. 3.18c.

Following MACE synthesis of a silicon nanowire array, point defects were also introduced

selectively within the nanowires via ion implantation (Fig. 3.18d,f) of positive phosphorous

ions at an energy of 75 keV with a flux of∼1015 ions/cm2 at an incidence angle of 7◦ off normal

to reduce the effect of ion tunneling. Calculations were made using Stopping Range of Ions

in Matter (SRIM) software[91] in order to select for implantation depths of approximately

100 nm (Fig. 3.18e) in order to ensure that implanted ions remain within the nanowires and

not travel into the substrate of the array. Transmission electron microscopy images (Fig.

3.18c,f) reveal that silicon nanowires are crystalline after implantation, although there is

apparent crystallographic damage to the top and side surface of the nanowires following ion

implantation in Fig. 3.18f.

Once synthesized, experimental trapping chambers were prepared by transferring several

microliters of the silicon nanowire/water dispersion via pipette into a chamber consisting of

a glass slide and glass coverslip. The edges of the glass slide and the glass coverslip were then

sealed with a 150-µm-thick adhesive spacer. A series of 7 native and 4 ion-implanted silicon

nanowires were optically trapped at the center of the chamber (∼75 µm from the surface) at

three irradiances (∼0.7 MW/cm2, ∼1.8 MW/cm2, and ∼3 MW/cm2) while voltage traces

were recorded at the quadrant photodiode for 3 seconds at a sample rate of 100 kHz. The

x and y quadrant photodiode voltage signals were normalized to the sum (z) voltage signal

and temperatures were determined using methods discussed in Sec. 2.5.1. Trapping data

was acquired using an unpolarized 975 nm pigtailed Fiber Bragg Grating (FBG) stabilized

single mode laser diode source. Each nanowire was then affixed to the top coverslip of the
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trapping chamber to facilitate subsequent AFM analysis.

3.5.4 Results and discussion

Average extracted temperatures for the 7 native and 4 ion-implanted silicon nanowires are

shown in Fig. 3.19a for increasing laser irradiances. Predicted temperature distribution

calculations discussed in Sec. 3.5.2 were made for each of these nanowires, and the agreement

between experiments and theory are plotted in Fig. 3.19b,c. The arrow in Fig. 3.19b

represents measurements made for the nanowire shown in Fig. 3.17a at an irradiance of

3 MW/cm2. The model developed here predicts steady state nanowire temperatures that

increase nonlinearly with increasing nanowire radii (Fig. 3.19c). As shown in Fig. 3.19c, this

model is observed to under-predict the observed experimental temperatures for nanowires

with diameters below ∼100 nm, and over-predict temperatures for nanowires above this

threshold.

For small silicon nanowire radii, it is likely that photothermal heating of the ambient

water bath becomes increasingly important[24], even though it is neglected in the model

presented here. For large silicon nanowire radii, it is likely that heating occurs according

to the predicted nonlinear dependence that leads to an inhomogeneous, nonlinear temper-

ature field around the nanowire. Motion of cooler fluid near the nanowire acts to reduce

the observed temperature relative to what is predicted with the model developed above.

The laser trapping experiment here can only detect the local fluid temperature through the

Brownian motion of the optically trapped nanowire. In this way, the ambient fluid temper-

ature can be expected to be lower than the internal temperature of an optically trapped

nanowire. Analysis methods accounting for inhomogeneous temperature fields during ex-

perimental temperature extraction will be handled in the next chapter. Furthermore, the

nanowires move within the laser trap relative to the fluid due to Brownian motion, and this

will increase the effective heat transfer coefficient used here. These effects are not included

in the heat transport model developed in this section. However, the observed temperature

increases scatter closely about theoretical predictions, which reflects the utility of the model
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Figure 3.19: a) Average experimental temperatures measured from both native silicon

nanowires (left) and ion-implanted silicon nanowires (right) at two separate laser irradi-

ances. b) Comparison of experimentally-measured and numerically-calculated temperatures

for several optically trapped native and ion-implanted silicon nanowires. The arrow rep-

resents calculations for a single nanowire presented in Fig. 3.17a. c) Diameter depen-

dence of experimentally-measured and numerically-calculated temperatures for native silicon

nanowires at 3 MW/cm2 irradiance. The dashed line represents a 7th order polynomial fit.

Error bars represent 95% confidence intervals.

developed here. For instance, the average internal electromagnetic fields from DDA simu-

lations can be used to estimate the total power dissipated within an individual nanowire.

The total heat dissipation was calculated to be 18 µW for the silicon nanowire of Fig. 3.17b

under and irradiance of 3 MW/cm2. The power associated with the incident beam over an

equivalent cross-sectional diameter of the nanowire was found to be 81 µW, indicating that

over 22% of the incident electromagnetic energy is dissipated as heat by the nanowire cavity.

Finally, it is possible to use the model to infer the unknown absorption coefficient for

the ion-implanted silicon nanowires for comparison with bulk silicon. Temperature measure-

ments showed significantly increased heating compared with native silicon nanowires. The

imaginary component of the refractive index (k) for the implanted silicon nanowires was
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Table 3.5: Experimental silicon nanowire trapping data.

Nanowire Observed Predicted ∆T Diameter Length

Type (◦C) (◦C) (◦C) (nm) (µm)

Native 26.5 26.4 0.1 92 10.5

Native 24.9 22.1 2.8 31 4.5

Native 25.2 23.2 2.0 62 4.9

Native 28.8 22.4 6.4 41 8.2

Native 24.5 22.4 2.1 40 7.9

Native 27.6 33.6 -6.0 112 9.4

Native 23.5 31.6 -8.1 107 12.9

Implanted 45.8 44.2 1.6 97 16.2

Implanted 35.3 28.6 6.7 76 16.7

Implanted 37.0 45.6 -8.6 112 13.7

Implanted 45.9 45.9 0 37 13.9

varied using DDA computations and the resulting temperatures were calculated to match

the observed temperature. For an ion-implanted silicon nanowire with 2R = 37 nm and L =

13.9 µm (denoted with an asterisk in Fig. 3.19b), we estimate k = 0.025, or equivalently, an

absorption coefficient of α > 3,000 cm−1. This is roughly 2 orders of magnitude larger than

for bulk intrinsic silicon (k = 5.6 x 10−4, α = 72 cm−1)[58]. Using this extracted value for

k, predicted temperatures for the other ion-implanted wires were calculated and are shown

in Fig. 3.19b. Efforts towards introducing point defects in silicon nanowires leading to fur-

ther increases of their absorption coefficient in the NIR tissue-transparency window will be

further explored in chapter 5.
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3.6 Discussion

In this chapter, we outlined the derivation of three related models for predicting temperatures

distribution and evolution of laser-irradiated nanowires. From this treatment, we saw how

the temperature dynamics hinge critically on the fundamental properties and parameters of

the laser, the nanowire, and the surrounding medium. In Sec. 3.3, we showed how nanowire

morphology (uniform versus tapered diameters) can affect the rate of heat generation and

transfer due to the size dependence of thermal parameters such as the thermal conductivity

and specific heat capacity. Furthermore, we also showed that polarization of the laser heating

source can drastically impact the maximum temperature achieved due to the difference in the

absorption efficiency of the nanowire at the relative orientations. In Sec. 3.4, we found how

MDRs of the internal electric field heating source can drastically increase the temperature of

weakly-absorbing nanowires. Moreover, the steady-state internal temperature distribution

established within the nanowire is markedly dependent on the heat transfer both within

the nanowire as well as between the nanowire and the surrounding matrix. Therefore, even

though the internal electric field heating source can be highly asymmetric, the corresponding

temperature distribution may still be highly uniform for systems with large thermal conduc-

tivities and heat transfer properties. Lastly, in Sec. 3.5, we showed how internal electric field

heating sources can be solved using numerical techniques for complex systems such as that

of the laser tweezer. The numerical heating source can then be used in the analytical model

to predict temperature distributions and gradients of a trapped nanowire.

Preliminary optical trapping experiments of silicon nanowires show that the model for

laser heating of a finite nanowire in Sec. 3.5 provides a powerful tool for approximating

the temperature of a trapped nanowire. Additionally, modulation of the optical (e.g. ab-

sorption, complex index of refraction) and thermal (e.g. thermal conductivity) parameters

of the nanowire through ion implantation shows an increase in photothermal temperatures

of trapped silicon nanowires, which is also predicted by the model. With this understand-

ing of the heating of the laser-nanoparticle system, we can attempt to intelligently engineer



87

nanoparticles that will efficiently heat or cool by modifying the optical and thermal properties

of the system.
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Chapter 4

EXTRACTING TEMPERATURES OF OPTICALLY TRAPPED
NANOPARTICLES IN NON-ISOTHERMAL SYSTEMS

4.1 Introduction

In the last chapter, we covered the theory of photothermal heating of nanoparticles, partic-

ularly for nanowires in an optical trap. Laser tweezer experiments with silicon nanowires

were discussed in Sec. 3.5.4 and the results showed some disagreement between predicted

and observed temperatures. We reasoned that the disagreement is likely due to the fact that

our temperature detection method described in Sec. 2.5.1 detects the local fluid tempera-

ture through the Brownian motion of the optically trapped nanowire under the assumption

that the system is all at the same temperature. However, we can expect that the ambient

fluid temperature far from the heated nanoparticle will different than the internal temper-

ature of an optically trapped nanoparticle. The change in temperature between the heated

nanoparticle and the surrounding medium would then lead to an inhomogeneous, nonlinear

temperature field around the nanoparticle, rendering our experimental temperature tech-

niques presented in Sec. 2.5 inaccurate.

In this chapter, we will attempt to rectify the temperature extraction methods presented

in Sec. 2.5 by considering the inhomogeneous temperature fields around an optically trapped

particle and determining how that affects its Brownian motion. We will start off by describing

previously reported theory for how an inhomogeneous temperature fields affects a particle’s

Brownian motion, termed ‘hot Brownian motion’ or HBM. This approach will then be incor-

porated into the temperature extraction methods detailed in Sec. 2.5. Lastly, we will apply

the updated techniques to optically trapped particles and discuss that difference between

the HBM and classical Brownian motion treatment.



89

4.2 Accounting for non-isothermal systems by using hot Brownian motion anal-
ysis

For the temperature extraction methods described in Sec. 2.5, the temperature analysis of the

trapped particle assumes that the particle-solvent system raises temperature in an isothermal

manner, giving a thermal average of the hot particle and the cooler solvent surroundings.

This assumption becomes unsuitable when measuring a trapped particle that heats drasti-

cally relative to its local solvent environment, giving rise to a large thermal gradient around

the particle. Recently, HBM theory for the motion of a heated Brownian particle from the

fluctuating hydrodynamics of its non-isothermal solvent has been developed[92–95]. The

HBM theoretical model is beneficial in that it allows for an accurate determination of the

particle temperature in the optical trap as well as the local thermal gradient that give rise

to its Brownian dynamics.

Given that the temperature of the trapped particle is significantly different than the

temperature sufficiently far from the laser focus, the dynamics of the particle-solvent system

can be described by the HBM diffusion coefficient rather than the classical diffusion coefficient

given by Eq. 1.11. For a spherical particle, the motion is then related to the effective HBM

temperature by[93]

DHBM =
kBTHBM
γHBM(T )

, (4.1)

where DHBM is the HBM diffusion coefficient, kB is Boltzmann’s constant, THBM is the HBM

temperature, and γHBM(T) is the HBM Stokes drag. To the leading order of the temperature

increment ∆T=(Tp-Tb), where Tp is the temperature at the surface of the particle and Tb is

the initial temperature of the solvent, the temperature-dependence of the viscosity on THBM

can be neglected, giving an effective temperature[94]

THBM = Tb +
5

12
∆T. (4.2)

It should be noted that the treatment of HBM to rod-like particles has been reported[95],

where it was found that even for nanowires with extreme aspect ratios, the decay of the

friction coefficients with the temperature increment of the nanowire was more or less the
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Figure 4.1: An illustration of an optically trapped particle in an aqueous fluid chamber. The

local temperature profile between the particle temperature (Tp) and the bath temperature

far away from the particle (Tb) is accounted for with hot Brownian motion analysis (solid

line), which differs from the classical isothermal diffusion coefficient approach (dashed line).

same as for a sphere. Furthermore, as for the effective temperatures, the difference between

that of rotational and translational motion transverse to the nanowire axis should be different

(with the rotational motion being greater) but is most likely unmeasurably small for large

aspect ratio nanowires. Therefore, we apply the same HBM analysis for spherical particles

to nanowires with the appropriate change to the Stokes’ drag term.

For a temperature dependence of the solvent viscosity given by Eq. 2.24, the HBM Stokes’

drag is given by[93]

γHBM(T ) = gηHBM(T ), (4.3)

where g is the morphology-dependent coefficient, which for a nanowire moving transverse to
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the long axis is[96]

g =
4πL

ln
(
L

2R

)
+ 0.84

. (4.4)

In Eq. 4.3, ηHBM(T) is the temperature-dependent HBM viscosity that is related to the

viscosity of the solvent at room temperature, ηb, by[93]

ηb
ηHBM(T )

≈1 +
193

486

[
ln

ηb
η∞

] [
∆T

(Tb − TV F )

]
−
[

56

243
ln

ηb
η∞
− 12563

118098
ln2 ηb

η∞

] [
∆T

(Tb − TV F )

]2

. (4.5)

By using Eqs. 4.2-4.5 for Eq. 4.1, DHBM represents a more accurate form of the exper-

imental diffusion coefficient determined by power spectrum analysis outlined in Sec. 2.3.

Therefore, we can equate the experimental diffusion coefficient to Eq. 4.1 to determine

the temperature at the particle surface Tp (excluding the temperature discontinuity at the

particle’s surface from the Kapitza resistance[97]).

An alternative HBM temperature analysis using a semi-phenomenological expression for

DHBM that approximately accounts for higher order terms in ∆T (Eq. 15 of the supporting

online materials of Ref. [93]) yields consistent results, indicating that these higher order

corrections are negligible, for our purposes.

4.2.1 Corrections to trapped particle surface temperatures

To comment on the application of HBM analysis to optical trapping experiments, silica mi-

crobeads were used for their monodisperse size distribution (1010 nm diameter) and their

known capacity to heat minimally when trapped with a NIR laser trap[38]. For this exper-

iment, a temperature controlled chamber was used with the chamber held at Tb = 25 ◦C

while the bead was trapped and QPD photovoltages were acquired 10 consecutive times.

QPD signals were calibrated using the method described in Sec. 2.4. The HBM analysis was

then applied to the resulting calibrated PSD data and the temperature results are shown

in red circles in Fig. 4.2. The average calculated particle temperature (red dashed line) is
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Tp,HBM = 35.9 ◦C with a standard deviation (red shaded area) of ±6.8 ◦C. For compari-

son, the same data was also analyzed using the temperature extraction methods detailed in

Sec. 2.5 which assume isothermal conditions, and the temperature results are shown in blue

squares in Fig. 4.2. The average calculated particle temperature (blue dashed line) is TClassic

= 29.5 ◦C with a standard deviation (blue shaded area) of ±2.8 ◦C.

Figure 4.2: A 1.01 µm diameter silica microbead trapped in D2O using a trapping wave-

length of 975 nm in a temperature controlled chamber held at Tb = 25◦C. QPD data was

acquired 10 consecutive times at an irradiance of 5.9 MW/cm2 and the temperature of the

sphere was determined using both the HBM temperature analysis (red circles, THBM) and the

temperature extraction method detailed in Sec. 2.5 (blue squares, TClassic) which assumes

isothermal conditions. The error bars represent the standard deviation.

4.3 Discussion

As evidenced by Fig. 4.2, the application of HBM analysis on determining the temperature

of an optically trapped particle can have a significant impact for particles that heat above (or

cool below) the ambient temperature. Furthermore, by applying HBM analysis to a trapped
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particle dispersed in a liquid phase, we can also approximate the local temperature gradient

in the medium surrounding the trapped particle. The local temperature field at a distance

r from the particles’ surface is given by[93]

T (r) = Tb +
R

r
(Tp − Tb) . (4.6)

Knowing that the radius of the silica microbead is R = 505 nm, Tb = 25 ◦C, and Tp,avg =

35.9 ◦C, the distance away from the particle where the temperature within 1 ◦C of Tb is

5.4 µm. The ability to measure and to control particle temperature and thermal gradients

with HBM analysis could enable laser tweezers to investigate the triggering and probing of

fundamental temperature-controlled biological processes[98].

To summarize, we have described an effective method to determine optically-trapped par-

ticle temperatures as well as the temperature gradient in the surrounding medium by com-

bining laser tweezer calibration techniques, forward-scattered light power spectrum analysis,

and HBM theory. Our experiments show the importance of accounting for inhomogeneous

temperature fields when determining the temperature of an optically trapped particle. In

the following chapters, we will utilize the HBM analysis in the temperature extraction tech-

niques discussed in Sec. 2.5 to determine the temperatures of optically-trapped engineered

nanoparticles that can superheat water and optically refrigerate.
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Chapter 5

PHOTOTHERMAL SUPERHEATING OF WATER WITH
ION-IMPLANTED SILICON NANOWIRES

5.1 Introduction

Nanoparticle-mediated photothermal (PT) cancer therapy has received increased focus in

the field of nanomedicine due to its potential as an effective, non-invasive, and targeted

alternative to traditional cancer therapy based on small-molecule pharmaceuticals[34, 35, 99–

102]. Gold nanoparticles have been a primary focus of PT research[103–107], which can be

attributed to their size tunability[108–110], well understood conjugation chemistry[111–113],

and efficient absorption of NIR radiation in the tissue transparency window (800 nm − 1

µm) due to their size-dependent localized surface plasmon resonances[104, 114, 115].

Recently, semiconducting nanomaterials have gained traction as PT agents[116–121] ow-

ing to their synthetic simplicity and ability to tune their light-absorption properties indepen-

dent of the nanoparticles’ shape and size[102, 122]. Silicon nanowires (SiNWs) are one such

semiconducting nanoparticle that has garnered interest as a PT agent[123]. Furthermore,

silicon nanowires are well suited for PT applications since they are biodegradable[124, 125],

generate singlet oxygen upon NIR photoexcitation[126], and can be made to be highly

porous[127–129] for drug loading[130–133] and room-temperature photoluminescence[129,

134–136] applications.

A drawback of using silicon nanowires for PT therapy is that it is an inefficient absorber

of light in the NIR due to its indirect bandgap. However, in Sec. 3.5.3 we showed how

the PT heating efficiency of silicon nanowires can be increased by altering their thermal

and optical properties via ion implantation. Yet, even with PT heating enhancement via

ion implantation, the irradiance needed to heat silicon nanowires to temperatures suitable
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for PT cancer therapy (∼42 ◦C)[137, 138] is too large and would cause harmful damage to

irradiated tissue. In this chapter, we apply our temperature extraction method from Sec.

2.5.2 with HBM analysis from Sec. 4.2 of trapped nanoparticles in a laser tweezer and show

that we can drastically increase PT heating of ion-implanted silicon nanowires in a single-

beam laser trap by using gold as the primary dopant ion to superheat water above 200 ◦C

with ∼10 MW/cm2 irradiances. Furthermore, we explore the role that the dopant ion plays

in the PT heating process by comparing silicon nanowires implanted with gold ions to those

implanted with silicon ions at several implantation doses for each ion. The HBM temperature

extraction analysis is shown to be a versatile technique for quantifying heating of individual

particles that arise during laser trapping experiments[38–41, 139–143]. The ion-implanted

silicon nanowire heating results open up for the future possibility of using the gold-implanted

silicon nanowires as a PT cancer agent at clinically relevant laser irradiances.

5.2 Ion-implantation and characterization of silicon nanowire arrays

Before ion implantation, silicon nanowire arrays were made using MACE method as described

in Sec. 3.5.3. The resulting silicon nanowire arrays (Fig. 5.1b,c) were subsequently implanted

with gold ions at an acceleration energy, incident beam angle, and ion doses that were

determined using the simulation package SRIM[91] in order to result in ion penetration

depths of ∼50 nm, which ensures gold ion distributions within the nanowires (Fig. 5.1e,

inset) and not the underlying silicon substrate. For the gold ion implantation, ion doses

of 6.25×1012, 6.25×1013, 6.25×1014, and 6.25×1015 ions/cm2 were used, resulting in dopant

concentrations of 1018, 1019, 1020, and 1021 ions/cm3. As a control, separate silicon nanowire

arrays were implanted with silicon ions at ion doses of 1014, 1015, and 1016 ions/cm2, resulting

in dopant concentrations of 2.5×1018, 2.5×1019, and 2.5×1020 ions/cm3 with a penetration

depth of 1.9 µm (Fig. 5.1d, inset). As shown in Fig. 5.1d and e, the effects of the

implantation process can be seen visually as a darker surface, providing qualitative evidence

for increased optical absorption. Following implantation, the silicon nanowires were detached

from the substrate into DI water via ultrasonication.
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Figure 5.1: a) Illustration showing the gold ion-implantation into the tips of the array of

SiNWs. The helium ion microscope (HIM) image (b) shows a magnified section of a post-

implanted SiNW array (c). A color change of the SiNW array following silicon (d) and gold

(e) ion-implantation is evidence of increased light absorption. SRIM[91] simulations of the

ion implantation depth profiles are also presented for the silicon (d, inset) and gold (e, inset)

ions.

The resulting structure of the ion implanted silicon nanowires were characterized using

transmission electron microscopy, select area electron diffraction, energy dispersive x-ray

spectroscopy, and Raman spectroscopy. Due to the large penetration depth of the silicon

ions during implantation, silicon nanowires implanted with silicon ions show uniform damage

along the entirety of the nanowire, as indicated by the constant SAED patterns showing

partial crystalline and partial amorphous character[144] shown in the insets of Fig. 5.2a. The

energy-dispersive x-ray (EDX) spectra in Fig. 5.2b reflect that the elemental composition
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of the nanowire is also constant throughout, showing a strong silicon and an oxygen peak

with carbon and copper peaks originating from the lacey carbon TEM grid. Contrary to the

Figure 5.2: Corresponding TEM bright field image, SAED, and EDX spectra of of a silicon-

implanted (a,b) and gold-implanted (c,d) SiNWs. Raman spectra showing increased amor-

phization and lattice damage from increasing (e) silicon and (f) gold implantation dosage.

silicon-implanted silicon nanowires, the gold-implanted silicon nanowires show a localization

of gold to a single end of the nanowire. The SAED pattern (Fig. 5.2c, top-right inset) at

the tip of the nanowire shown in Fig. 5.2c shows diffuse Debye rings, suggesting complete
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amorphization[144]. The EDX spectrum at the same site (Fig. 5.2d, top) shows gold peaks,

but those peaks and amorphous SAED pattern diminish as the nanowire is probed further

from the tip, as shown in Fig. 5.2c. Lastly, damage to the single-crystalline silicon lattice

from ion-implantation can be seen with increasing ion dosage by observing the emergence of

an amorphous silicon peak red-shifted with respect to the native single-crystalline Raman

peak at 520 cm−1 in the Raman spectra[145–147] for both silicon and gold ion-implanted

silicon nanowire arrays in Fig. 5.2e,f.

5.2.1 Characterization details

Ion Implantation: Silicon nanowire arrays were implanted with gold and silicon ions using

a 3 MeV tandem accelerator from National Electrostatic Corporation (9SDH-2). The accel-

eration energy, incident beam angle, and ion doses were chosen based on calculations using

the simulation package SRIM[91]. For the gold ion implantation, an acceleration voltage of

500 keV at a 68 degree incidence angle was used. For the silicon implantation, an acceleration

energy of 2 MeV at an incident angle normal to the sample was used.

Transmission Electron Microscopy: Bright field images were taken on a FEI Tecnai G2

F20 at an acceleration voltage of 200 keV. SAED images were taken with camera lengths of

490 mm and 600 mm. EDX spectra were obtained with a 60 second acquisition time at a

rate of approximately 2000 counts/second. The spectra were then processed by subtracting

the background and using a multi-peak fitting software to identify and smooth the peaks.

Helium Ion Microscopy: Helium ion microscopy was performed using a Zeiss Orion Plus

Helium Ion Microscope. The He+ ion beam was accelerated using a voltage of 30 keV with

a dwell time of 30 µs and blanker current of 1.3 pA.

Raman Spectroscopy: Raman spectra were acquired on a lab-built setup using a Coherent

Compass 532 nm laser with 19 mW of output focused onto the sample with a Mitutoyo 50x

objective (NA = 0.55). Back-scattered photons were collected through the same objective

and focused onto an Acton SpectraPro 500i spectrometer with a Princeton Instruments

liquid nitrogen-cooled silicon charge coupled device. Wavenumber values were corrected
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using modes from a cyclohexane sample measured in the same setup.

5.3 Results and discussion

The ion-implanted silicon nanowires were subsequently trapped in a single-beam 975nm

laser tweezer shown in Fig. 2.1 and nanowire temperatures where determined using the

method from Sec. 2.5.2 with HBM analysis from Sec. 4.2. Figure 5.3 shows the HBM

temperature extraction results of trapping at least five silicon nanowires of each implantation

type and dose at seven different laser irradiances between 5.3 − 15.6 MW/cm2 at a trapping

wavelength of 975 nm.

Figure 5.3: a) Illustration of a trapped SiNW undergoing HBM. b) Results from the HBM

temperature extraction method of optically trapped ion-implanted SiNWs using a 975 nm fo-

cused laser source. Error bars represent the standard deviation in the extracted temperatures

between implanted SiNWs.

The HBM temperature analysis necessitates knowledge of the particle size for the morphology-

dependent component g of the Stokes’ drag coefficient, which for a direction transverse to the

nanowire axis is given by Eq. 4.4. However, often the silicon nanowire diameter lies below

the diffraction limit of the illumination source. Therefore, care needs to be taken when using

image analysis techniques to determine the diameter of the silicon nanowires. In order to



100

account for this, a method for determining the size of a silicon nanowire in the laser trap

chamber was developed and compared with SEM analysis as shown in Fig. 5.4.

Figure 5.4: a) SEM image of a SiNW on a coverslip of a trapping chamber. b) A CCD

camera image of the same SiNW in the water-filled trapping chamber. Image pixel intensity

line profiles with gaussian fits from the (c) length and (d) diameter of the same SiNW from

(b). Dashed lines across the gaussian peaks indicate the full width at half maximum that is

used to calculate the size of the nanowires.

To extract the dimensions of the silicon nanowires, a calibrated CCD camera image is

taken of the silicon nanowire in focus lying flat against the chamber surface. The image

is then converted to grayscale and pixel value intensity line profiles are drawn across the

length and diameter of the silicon nanowire as shown in Fig. 5.4c,d. The edges of the

silicon nanowire show up as a peak in pixel intensity in the line profiles. These peaks are

fit to a gaussian curve and the FWHM is used as the initial and final points for the length

and diameter measurement. Lastly, the procedure was then repeated ten times in order to

decrease uncertainty.

To test the effectiveness of this method, five silicon nanowires where imaged in a trapping

chamber and their sizes were calculated using the method outlined above. Then, the sample
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chamber was dehydrated and taken to an SEM for high resolution imaging. Lastly, the

silicon nanowire sizes were determined from SEM data and compared to the size extraction

method. Results of the study showed that the analysis worked to within 25% uncertainty for

nanowires greater than 250 nm in diameter, with the uncertainty decreasing as the diameter

increases. Therefore, no data in Fig. 5.3b was presented for silicon nanowires with diameters

less than 280 nm. As an example, the silicon nanowire shown in Fig. 5.4 has a length of 10.07

µm and a diameter of 290 nm ± 36 nm as determined by SEM. Using the image analysis

method, the results show 10.12 µm long and 312 nm ± 58 nm in diameter which is within

the SEM error.

Using this size analysis method, the size distribution of the trapped silicon nanowires

presented in Fig. 5.3b was 455 nm ± 117 nm diameter and 6.65 µm ± 3.78 µm. By

comparing the silicon-implanted silicon nanowires with the non-implanted silicon nanowires,

it is evident that the damage to the crystalline lattice from the implantation process causes

an increase in the PT heating efficiency, likely due to the increased density of charge and

phonon scattering at the implantation-induced defect sites within the nanowires. Moreover,

it is important to note that an increase in the silicon ion dosage does not seem to result in

a significant change in the nanowire heating, suggesting that the contribution of the lattice

damage as a mechanism to the nanowire heating has reached a saturation limit.

For the gold ion-implanted nanowires, the lowest dosage shows temperatures comparable

to those of the silicon ion-implanted nanowires. However, as the gold ion concentration in-

creases, the temperature of the trapped nanowires also increases dramatically to a point of

superheating water above 200 ◦C. Superheating water without bubble formation by trapping

gold nanoparticles with 10 nm radii of curvature has recently been reported[40] and was

attributed to the large thermal energy needed to overcome the large Maxwell-Young inter-

facial surface pressure at the surface of the trapped nanoparticle. The increased PT heating

efficiency as a function of the increased gold-ion dosage is likely due to the increased light

absorption at 975 nm as well as an increased free carrier density to respond to the gener-

ated internal electric fields within the nanowire. The mechanism for increased absorption
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from the gold ion-implanted silicon nanowires is unclear, but could be due to the forma-

tion of gold-related deep level traps in silicon[148]. The increase in the error bars for the

highly dosed gold-implanted nanowires suggests that the amount of gold accumulation be-

tween silicon nanowires varies greatly and causes a large spread in PT heating enhancement

from nanowire-to-nanowire. This is likely caused by the irregularity of the fabricated silicon

nanowire array as shown in Fig. 5.1b and consequently results in an inhomogeneous ion

implantation into the silicon nanowires. Furthermore, during trapping of the highest dosage

Figure 5.5: a) Video frames of a gold ion-implanted SiNW in Brownian motion before the 975

nm trapping laser is turned on and the SiNW is trapped (b). c) The SiNW is then brought

into proximity of other gold ion-implanted SiNWs that are attached to the glass coverslip

and a bubble is generated. d) Image of a gold ion-implanted SiNW after an unsuccessful

trapping attempt showing a morphology change on one side of the SiNW. Before the trapping

attempt, the end of the SiNW was not curved.
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gold-implanted nanowires, we also noticed both changes in the nanowire morphology after

trapping as well as bubble formation when the trapped SiNW was brought in proximity with

other gold-implanted nanowires attached to the surface, as shown in Fig. 5.5.

Figure 5.6: a) Illustration of a optically trapped nanowire for data presented in (c). b)

Illustration of a SiNW array temperature measurement for data presented in (d). c) Plot of

the average temperature increase for each doping level shown in Fig. 5.3b normalized to the

maximum temperature increase at each irradiance. d) Plot of an array of SiNWs heated in

air by an unfocused 975 nm laser.

To corroborate the results from our HBM temperature extraction method, we also com-

pared the heating trend results from Fig. 5.3b, Fig 5.6a,c) with the trend for the silicon

nanowire arrays (Fig. 5.6b,d) heated in air by an unfocused 975 nm laser with a beam diam-
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eter of 3 mm and laser power of 50 mW measured with a thermocouple out of the beam path.

The similarity in the heating trends suggests that the HBM temperature extraction method

detailed in the main manuscript is a powerful method for extracting particle temperature

information from individually-trapped nanoparticles in a single-beam optical trap.

Future research into further enhancement of PT heating efficiencies of ion-implanted

silicon nanowires could be realized by altering the gold implantation profile to be uniform

throughout the nanowire length. Another approach to increasing PT heating efficiencies

would be to follow gold implantation with a thermal annealing step, which may allow for

formation of gold nanoclusters[149] within the nanowires of a size that could allow them to

be more efficient absorbers of the incident NIR radiation and inhibit ion migration to the

nanowire surface. Likewise, alternative methods to obtain metallic nanoclusters, such as

silver nanoclusters with tunable and uniform sizes[150], could also drastically increase PT

heating efficiencies while removing the need for an implantation processing step.

5.4 Conclusion

In this chapter, we have shown that we can measure quantitatively the temperature of

optically trapped engineered particles and demonstrated the laser tweezer as a versatile in-

strument for studying the superheating of water from optically trapped nanoparticles and

their efficacy as PT agents. We have also shown that the PT heating efficiency of silicon

nanowires can be increased by causing lattice damage through ion implantation which pro-

duces scattering sites that impede heat and charge transport. Additionally, the efficiency

of silicon nanowire PT heating was shown to increase significantly by implanting with gold

ions that drastically increase absorption at the 975 nm trapping wavelength and cause su-

perheating of water of over 200 ◦C at the trap site. We expect that this HBM temperature

extraction analysis method for laser tweezers will be used to further explore nanoparticles for

PT therapy applications as well as to inform how to quantify laser-induced heating effects

during laser trapping experiments in various fields of study including cavity optomechanics

and single-molecule biophysics.
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Chapter 6

COLD BROWNIAN MOTION IN AQUEOUS MEDIA VIA
ANTI-STOKES PHOTOLUMINESCENCE

6.1 Introduction

Up until this chapter, we have focused solely on photothermal heating of particles in an op-

tical trap. The thought of an object cooling down when exposed to light, a form of energy, is

perplexing and counterintuitive as it suggests a violation of conservation of energy. Yet, laser

refrigeration of materials via phonon-mediated anti-Stokes photoluminescence has previously

been reported to cool to near-cryogenic temperatures in vacuum. In 1929, Pringsheim[151]

proposed that solid-state materials could experience refrigeration if they exhibited biased

emission of anti-Stokes (blue-shifted) radiation relative to a fixed optical excitation wave-

length. Epstein[152] and colleagues experimentally demonstrated this concept first in 1995

using rare-earth-doped fluoride glass materials (ZBLAN). More recently, the laser refrigera-

tion of doped yttrium aluminum garnet (Yb3+:YAG) materials has recently been reported in

air at atmospheric pressure[153]. Anti-Stokes photoluminescence has also been shown[154] to

cool cadmium sulfide (CdS) nanoribbons in vacuo by as much as 40 ◦C below room tempera-

ture. Of these anti-Stokes cooling materials, the solid-state rare-earth-doped yttrium lithium

fluoride (Yb3+:YLF) crystals have reported the most impressive results and have been cooled

to cryogenic temperatures[155] in vacuo using a continuous-wave NIR laser excitation.

In contrast to anti-Stokes processes, optomechanical laser refrigeration of nanomaterials

has also been demonstrated based on a novel mechanism of angular momentum transfer be-

tween a circularly polarized laser and a birefringent crystal[156]. Still, laser refrigeration of

nanoparticles in aqueous media has not been reported stemming in part from the large NIR

optical absorption coefficient of water[58]. It has remained an open question whether these
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known cooling materials could act to refrigerate aqueous media and undergo hypothesized

cold Brownian motion (CBM): the cold analog of HBM. In this work, we demonstrate the lo-

cal refrigeration of aqueous media by > 21 ◦C below ambient conditions following anti-Stokes

photoluminescence from optically trapped, rare-earth-doped YLF nanoparticles undergoing

CBM.

6.2 Yb3+-doped yttrium lithium fluoride

YLiF4 (YLF for short) is a insulating crystalline material well known for its use as a laser

gain medium. As we will discuss, the laser refrigeration mechanism of Yb3+-doped YLF

requires long excited state lifetimes of the substitutional Yb3+ ion. YLF makes an ideal

laser refrigeration (and laser gain) host because it has a large bandgap (∼300 nm) and is

therefore transparent to the pump laser wavelength (1020 nm), which minimizes absorption

and subsequent heating[157]. Furthermore, YLF also has a relatively low two-photon cross-

section as well as low phonon energies[158] which minimize the non-radiative decay rates in

the crystal. This in turn leads to less heat dissipated in the crystal[158]. Together, these

properties of YLF allow for substitutional Yb3+ ions to experience long excited state lifetimes

and enable laser refrigeration. To achieve laser refrigeration with YLF, we substitute up to

10% of the yttrium (Y3+) ions with optically-active ytterbium ions (Yb3+), subsequently

rendering the crystal slightly absorbing in the NIR.

6.2.1 Laser refrigeration with anti-Stokes photoluminescence

The electronic configuration of ytterbium is [Xe]4f 146s2. To form the trivalent ytterbium

ion, the outermost 6s electrons are removed followed by a single 4f electron, giving the

ion an electron configuration of [Xe]4f 13. There are a couple considerations that arise from

this electronic configuration. First, the Yb3+ ions have a relatively small radius and are

partly shielded from external fields by the filled 5s and 5p shells [159]. This screening of

the optically active levels of the ion works to reduce the crystal-field effects from the host

crystal[159]. Secondly, the absence of the single 4f electron gives the ion a total spin of S
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= 1/2 and total orbital angular momentum L = 3. The non-zero values of S and L give

rise to a spin-orbit interaction that lifts the degeneracy of the 2F manifold into 2F5/2 and

2F7/2 multiplets[160]. The energy level splitting by the spin-orbit interaction is much larger

than that of the crystal-field interaction for Yb3+:YLF because 1) the spin-orbit interaction

varies roughly as Z2[159] (ZYb = 70), and 2) the screening of the 4f electrons by the 5s and

5p shells diminishes the crystal-field interaction. Thus, the spin-orbit interaction serves to

create the 2F5/2 and 2F7/2 multiplets with an energy separation of ∼1 µm and the crystal-field

interaction further lifts the respective 3-fold and 4-fold degeneracy of said multiplets, allowing

for efficient phonon-mediated upconversion between the sub-bands. Moreover, theoretical

calculations suggest that nanocrystalline materials may exhibit higher cooling efficiencies

than bulk single crystals[157] based in part on a broadening of the phonon density of states

at nanometer grain sizes.

Figure 6.1: Diagram of the electronic configuration of the Yb3+ free ion and the substitutional

Yb3+ ion in the YLF crystal host. The anti-Stokes photoluminescence refrigeration process

occurs for the material when pumped at the E4-E5 resonance (λ=1020nm) and does not

occur when λ <1020nm (e.g. λ=1064nm).
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When the Yb3+:YLF is irradiated by a wavelength that is at the 2F7/2→2F5/2 energy

gap, an electron at the highest level of 2F7/2 (E4) can be excited to the lowest level of 2F5/2

(E5) directly. Since the E5 level has a long lifetime in the YLF host, the excited electron

has a large probability of absorbing an optical phonon from the YLF host crystal thereby

upconverting the electron to an even higher energy state (E6 or E7). The upconverted

electron then eventually decays radiatevly across the energy gap by emitting a photon that

has an energy larger than the pump photon by an amount equal to the absorbed optical

phonon energy, thereby cooling the YLF host crystal. Using this phonon upconversion

mechanism to optically refrigerate a material thereby requires that the pump wavelength be

very close to the resonance of the E4-E5 transition, which is λ=1020nm for Yb3+ in YLF.

When the laser wavelength is insufficient to pump the E4-E5 transition (e.g. λ=1064nm),

the cooling mechanism can not occur. These processes are diagramed in Fig. 6.1.

As mentioned previously, the concept of laser cooling via anti-Stokes emission has been

around since the 1920s[151]. Initially, many scientists were skeptical of the refrigeration

process because it seemed to violate the second law of thermodynamics[157]. The paradox

was solved by Lev Landau when he attributed the increase in entropy to the radiation

field[161]. Landau showed that the entropy of radiation is related to the frequency bandwidth

as well as the directional spread of the radiation. Thus, the issue of the paradoxical decreasing

entropy was rectified by the fact that the pump laser has a very narrow spectral linewidth

and has a very narrow directionality (almost zero entropy) whereas the anti-Stokes emission

from the host material has a relatively broad bandwidth and propagates in all directions

(relatively large entropy).

6.2.2 Ratiometric thermography with codoped Yb3+, Er3+ ions

Furthermore, it is possible to obtain strong visible upconversion in host crystals that are

codoped with different rare-earth ions[162]. Figure 6.2a illustrates how the Yb3+ ion can act

as a sensitizer to an Er3+ ion, where an excited electron in the Yb3+ ion’s 2F5/2 level can

resonantly transfer its energy to excite the Er3+ ion’s 4I11/2 level. Moreover, this process can
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then happen again and promote the electron in the Er3+ ion’s 4I11/2 level to its 4F7/2 level.

The excited electron in the Er3+ ion’s 4F7/2 level then non-radiatevly relaxes to either the

2H11/2 or 4S3/2 levels, both of which have long (ms) lifetimes[162]. These long-lived excited

states then radiatevly emit upconverted green light in two distinct bands: λ ≈525nm from

the 2H11/2 level and λ ≈550nm from the 4S3/2 level .

Figure 6.2: a) Illustration of green upconversion with Yb3+/Er3+ codoped YLF. b) Corre-

sponding photoluminescence showing emission bands I2 and I1 corresponding to radiative

relaxation from Er3+ E2 (2H11/2) and E1 (4S3/2) levels, respectively.

The long lifetimes of photoluminescence from the rare-earth point defects in YLF may

also be used to infer temperature changes through ratiometric thermometry by analysis of

Boltzmann thermal populations[163], which is given by the equation:

I2

I1

∝ exp

[
−(E2 − E1)

kBT

]
(6.1)

Changes in the ratio of the integrated emission bands I2 and I1 (Fig. 6.2b) that stem

from transitions between energy states E2 (2H11/2) and E1 (4S3/2), respectively, and a com-

mon ground state (4I15/2) are directly correlated to a change in the particle’s temperature.

Therefore, we can monitor the temperature of the crystal by measuring its upconversion

photoluminescence spectrum, integrating under the distinct emission bands I2 and I1, and
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taking the natural logarithm of the ratio of I2 and I1. Since the difference in energy levels

E2 and E1 are constant, a change in the ratio of the emission bands therefore corresponds to

the change of the lattice temperature in the crystal.

6.2.3 Nanoparticle synthesis and characterization

Traditionally, efforts to cool Yb3+:YLF materials in vacuo have relied on the growth of high-

purity YLF single-crystals using an air- and moisture- free Czochralski process[164]. In the

experiments reported here, a low-cost modified hydrothermal synthesis[165] of Yb3+:YLF

was used to prepare YLF crystals shown in Fig. 6.3. SEM analysis reveals that YLF

crystals exhibit a truncated tetragonal bipyramidal (TTB) morphology (Fig. 6.3b). X-ray

diffraction confirms that the YLF crystal has a Scheelite structure (Fig. 6.3c). Bright field

and high-angle annular dark field (HAADF) TEM imaging (Fig. 6.3d,e) and SAED (Fig.

6.3e, inset) suggest that the TTB YLF particles are polycrystalline and likely form through

an oriented attachment[166] process of nanocrystalline grains. Figure 6.3f shows an EDX

compositional-analysis-spectrum of a YLF crystal taken within the TEM, confirming the

elemental crystalline composition including Y, Yb, and F species.

Characterization details

Yb3+:YLF and Yb3+/Er3+:YLF Synthesis The following synthesis was performed fol-

lowing modifications to Lu, C. et. al[165]. Yttrium oxide (Y2O3), ytterbium oxide (Yb2O3)

and erbium oxide (Er2O3) of 99.99% purity were used as purchased from Sigma-Aldrich.

Yttrium nitrate (Y(NO3)3), ytterbium nitrate (Yb(NO3)3) and erbium nitrate (Er(NO3)3)

were obtained by dissolving the oxide in concentrated nitric acid at 60 ◦C while stirring for

several hours until the excess nitric acid was removed. The residual solid was then dissolved

in Millipore DI water to achieve a stock concentration of the respective nitrate. Lithium

fluoride (LiF), nitric acid (HNO3), ammonium bifluoride (NH4HF2) and ethylenediaminete-

traacetic acid (EDTA) of analytical grade were used directly in the synthesis without any

purification. The following preparation uses the synthesis of 2%Er3+,10%Yb3+:YLiF4 as an
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Figure 6.3: a) Schematic of the scheelite crystal structure of YLF with I41/a space group

symmetry. b) SEM image of a faceted Yb3+ YLF particle (scale bar = 1 µm). c) XRD of

hydrothermal YLF crystals . d) BF TEM image of an individual Yb3+:YLF grain (scale bar

= 200 nm). Inset: HR-TEM image taken from the indicated region (scale bar = 2 nm). e)

HAADF TEM image of the YLF grain in panel b. Inset: SAED from the indicated region.

f) EDX of YLF crystal taken in d,e.

example. 7.04ml of 0.5M Y(NO3)3, 0.8ml of 0.5M Yb(NO3)3 and 0.16ml of 0.5M Er(NO3)3

were mixed with 1.17g EDTA in 5ml Millipore DI water at 80 ◦C while stirring for 1h. We

call this solution A. Subsequently, 0.21g of LiF and 0.68g of NH4HF2 were dissolved in 7ml

Millipore DI water at 70 ◦C while stirring for 1h to form solution B. Solutions A and B were

mixed together while stirring for 20min to form a homogeneous white suspension which is

then transferred to a 23ml Teflon-lined autoclave and heated to 220 ◦C for 72h. After the

autoclave cools to room temperature, the 2%Er3+,10%Yb3+:YLiF4 particles can be recov-
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ered by centrifuging and washing with ethanol and Millipore DI water three times. The final

white powder was obtained by calcining at 300 ◦C for 2h. 10%Yb3+:YLiF4 particles were

achieved using the same method.

Transmission Electron Microscopy: Bright field and STEM HAADF images were taken

on a FEI Tecnai G2 F20 at an accelerating voltage of 200 keV. Select area electron diffraction

(SAED) images were taken with a camera length of 490 mm. EDX spectra were obtained

with a 60 second acquisition time. The spectra were then processed by subtracting the

background and smoothing the peaks.

Scanning Electron Microscopy: Secondary electron images were taken on an FEI Sirion

at an accelerating voltage of 5 keV.

X-ray Diffraction: Powder XRD patterns are obtained on a Bruker F8 Focus Powder XRD

with Cu K (40kV, 40mA) irradiation (λ=0.154nm). The 2θ angle of the XRD spectra was

from 10◦ to 70◦ and the scanning rate was 0.01◦s−1. The one minor unlabeled peak in the

XRD spectra at 2θ = 44.9◦ is attributed to a small amount of unreacted LiF precursor ((200)

peak).

Yb3+ Ion Spacing

According to the XRD data presented in Fig. 6.3c, the lattice parameters of 10%Yb3+:YLF

are a = 5.1641 Å and c = 10.7177 Å and the volume of the corresponding unit cell is V0 =

a2∗c = 2.85∗10−28 m3. For 1 m3 YLF, the number of unit cells is n = 1 m3/V0 = 3.5∗1027

m−3. For each unit cell, there are 4 rare earth atoms. The total number of rare earth atoms

in 1 m3 is nt = 4n = 1.4∗1028 m−3. For 10%Yb3+:YLF, the number of Yb atoms in 1 m3 is

nY b = 0.1∗nt = 1.4∗1027 m−3. The linear density of Yb atoms is p = (nY b)∗(1/3) = 1.11∗108

m−1 and the average ion spacing is approximately l = 1/p = 8.9 Å.

6.3 Cold Brownian motion of locally refrigerated Yb3+:YLF

The Yb3+:YLF particles were trapped in a single-beam laser tweezer shown in Fig. 2.1 and

temperatures where determined using the method from Sec. 2.5.2 with HBM analysis from
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Sec. 4.2. Typically, HBM analysis is applied to situations where the particle of interest is

at an elevated temperature compared to its surrounding medium. However, the analysis is

also appropriate for particles at a temperature less than its surrounding environment, which

is termed cold Brownian motion (CBM). Here, the TBB Yb3+ crystals are approximated

as being spherical with radius R, where the morphology-dependent component g of the

Stokes’ drag coefficient (Eq. 1.12) is given by g = 6πR. Trapping data was acquired using a

diode-pumped solid state Yb:YAG thin-disk tunable laser (VersaDisk 1030-10, Sahajanand

Laser Technologies) at a wavelength of 1020 nm, a 975 nm pigtailed Fiber Bragg Grating

(FBG) stabilized single-mode laser diode (PL980P330J, Thorlabs), as well as a solid-state

Nd:YAG 1064 nm (BL-106C, Spectra-Physics) at an irradiance of 5.9, 10.7, 14.6, 21.2, and

25.5 MW/cm2. Nanocrystals were trapped at the center (∼75 µm from the surface) of the

temperature controlled perfusion chamber (RC-31, Warner Instruments) and held at Tb =

25 ◦C while voltage traces were recorded at the QPD for 3 seconds at a sample rate of 100

kHz. The QPD voltage signal was calibrated by oscillating the piezostage at 32Hz and an

amplitude of 150nm peak-to-peak during signal acquisition, as outlined in Sec. 2.5.2. Each

YLF CBM temperature extraction result in Fig. 6.4b represents an average of 6 individual

particles with an average radius of 764 nm with a standard deviation of 293 nm. In order

to minimize fluid absorption and heating at the trapping wavelengths[45], laser trapping

experiments were performed in D2O unless explicitly stated otherwise.

A bright-field micrograph for a characteristic optically-trapped Yb3+:YLF crystal is

shown in the inset of Fig. 6.4a. The dependence of laser refrigeration on the trapping

laser’s pump wavelength is shown in Fig. 6.4b, where YLF crystals doped with 10% Yb3+

are observed to cool from 19 ◦C at a 5.9 MW/cm2 trapping irradiance to 4 ◦C at a 25.5

MW/cm2 trapping irradiance when trapped with λ = 1020 nm, which is resonant with yt-

terbium’s E4-E5 transition shown in Fig. 6.1. The same Yb3+:YLF crystals are shown to

heat from 40 ◦C to 47 ◦C when trapped at the same respective irradiances with λ = 1064

nm, which is energetically insufficient to pump the E4-E5 resonance and subsequently cannot

initiate upconversion-mediated cooling (Fig. 6.1).
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Figure 6.4: a) Illustration of a trapped Yb3+:YLF particle undergoing CBM. Inset: optical

micrograph of an optically trapped Yb3+:YLF crystal (scale bar = 3µm). b) Results from

the CBM temperature extraction method of optically trapped Yb3+:YLF particles showing

cooling when the trapping wavelength is resonant with the E4-E5 transition (λ = 1020 nm,

blue) and heating when the trapping wavelength is below the transition (λ = 1064 nm,

red). Error bars represent the standard deviation in the extracted temperatures between

Yb3+:YLF particles.

For the codoped 2%Er3+,10%Yb3+:YLF ratiometric particles, substantial fluctuations in

upconversion photoluminescence was observed, making bulk calibration measurements in-

adequate for individual ratiometric temperature measurements. Calibration for ratiometric

thermometry of an individual particle is non-trivial in that there exist fluctuations in particle

morphology and dopant concentration/distribution that affect the kinetics of the upconver-

sion efficiency and overall spectral profile of the E1 (4S3/2) and E2 (2H11/2) to Eground (4I15/2)

transitions (Fig. 6.5a). This means that for a given laser power, relative intensities will

vary from particle to particle (Fig. 6.5b). It is, therefore, improbable that a comparison

of the individual particles’ emission ratio of the two transitions to a calibrated ensemble

would yield an accurate temperature. For this reason, we use the Boltzmann distribution of
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Figure 6.5: a) Select photoluminescence spectra from the measurements in (b) of multiple

optically-trapped, codoped 2%Er3+,10%Yb3+:YLF particles showing the variability in the

integration regions I2 and I1, representing emission from Er3+ energy states E2 (2H11/2) and

E1 (4S3/2) to the ground state Eground (4I15/2), respectively. b) Natural logarithm of the ratio

I2/I1 of different trapped particles showing the particle-to-particle variation.

these electronic states solely in a qualitative manner to confirm the trend of a decreasing or

increasing temperature.

With this in mind, we still see a marked difference in the logarithmic ratio of I2 to I1 when

the upconverting particles are trapped with λ = 1020nm versus λ = 975 nm, as shown in Fig.

6.6b. The decrease (increase) in the logarithmic ratio of I2 to I1 (Fig. 6.6b) with increasing

irradiance reflects a decrease (increase) in the internal lattice temperature[167], which agrees

well with the observed temperature changes measured via temperature extraction methods

detailed in Sec. 2.5.2 with CBM analysis from Sec. 4.2 (Fig. 6.6c). Specifically, laser trapping

analysis of the particles’ CBM indicates that codoped 2%Er3+,10%Yb3+:YLF undergoes laser

refrigeration (∆T = -4.9 ± 2.8 ◦C) when trapped at λ = 1020 nm and heating (∆T = 21.8

± 10.11 ◦C) when trapped at λ = 975 nm. Furthermore, it has been proposed recently that

codoping YLF crystals with other upconverting rare-earth ions can enhance cooling through
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Figure 6.6: a) BF (top) and DF (bottom) image showing a codoped 2%Er3+,10%Yb3+:YLF

particle in Brownian motion (scale bar = 4µm). Upconverted PL can be seen with the

unaided eye (right). b) Logarithmic ratio of I2/I1 showing a linear increase (top) with laser

irradiance at λ = 975 nm and a linear decrease (bottom) with laser irradiance at λ = 1020

nm. c) Laser refrigeration of the codoped YLF crystal analyzed in b measured with CBM

analysis.

energy transfer enhanced cooling[168]. The laser trapping and refrigeration of 10%Yb3+:YLF

nanocrystals at λ = 1020 nm in biological buffers such as phosphate-buffered saline (PBS)

and Dulbecco’s Modified Eagle Medium (DMEM) is also possible, as demonstrated in Table

6.1, where temperature changes are determined between the laser irradiances 5.9 and 25.5

MW/cm2 and Tb = 25◦C. VFT viscosity parameters for DI water, PBS (0.01M, pH 7.4;

Sigma P5368), and DMEM (1X, high glucose, pyruvate; Life Technologies Cat. #11995-

065) were assumed to be equivalent since it has been reported that water viscosity can be
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used for purposes of modeling particle transport in non-serum containing media[169].

Table 6.1: Local cooling of Yb3+-doped YLF crystals in various media.

Solvent ∆T = (Tp - Tb) ∆T Std. Dev.

Type (◦C) (◦C)

D2O -15.0 4.1

DI Water -14.7 3.8

PBS -14.9 4.3

DMEM -11.2 6.3

6.4 Discussion

These results suggest the potential for using singly- and co-doped YLF nanocrystals as

a potential platform for various applications, such as precision device and circuit cooling,

physiological refrigeration, biological imaging, and in situ ratiometric thermometry. Spe-

cific applications for these materials include precision temperature control in integrated

electronic[170–172], photonic[173, 174], and microfluidic[175] circuits; as well as triggering

and probing fundamental temperature-controlled biological processes[98, 175, 176]. The

ability to measure and to modulate temperature could enable this technology to investi-

gate kinetics and temperature sensitivity of basic cellular processes, including motor protein

dynamics[41], ion channels[177], or to act as simultaneous theranostic-hypothermia agents

to identify and treat cancerous tissues[178].

Analyzing the CBM of a nanocrystal dispersed in a liquid phase to measure the nanocrys-

tal’s temperature also provides the unique capability to predict the local temperature gradi-

ent in the medium surrounding the trapped nanocrystal. Since we approximate the aspect

ratio of the TTB as a sphere, the local temperature field is given by[92]:

T (r) = T0 +
R

r
(Tp − Tb). (6.2)
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Given that the average radius of the Yb3+:YLF particles trapped at λ = 1020 nm in Fig.

6.4b is Ravg = 764 ± 293 nm, Tb = 25 ◦C, and Tp,avg = 4.3 ◦C at 25.5 MW/cm2 irradiance,

the distance away from the particle where the temperature increases to within 1% of Tb is

6.9 µm (Fig. 6.4a).

An important question that has arisen is whether or not Yb3+:YLF nanoparticles can

refrigerate the entire particle-medium system rather than just its local environment. That

is, we saw in Sec. 6.3 that it is possible to locally cool the optically-trapped Yb3+:YLF par-

ticle and the solvent nearby. However, the anti-Stokes photoluminescence from the trapped

particle has a nonzero probability that it will get reabsorbed in the surrounding solvent or

glass coverslips. Therefore, the heat in the system may not be getting reduced, but rather

getting displaced. This is why almost all anti-Stokes laser refrigeration experiments are done

in vacuum: to minimize the heat load.

Yet, previous work on optically refrigerating a condensed phase has been shown (claimed)

by a couple of research labs using rhodamine dye in ethanol[179–181]. These results, however,

have come under scrutiny[182, 183]. It is yet to be shown conclusively if any material, dye

or rare-earth-doped crystals, can laser refrigerate a condensed phase. The Pauzauskie lab is

currently tackling this problem by using techniques presented in this thesis to come up with

clever methods to maximize the cooling efficiency of Yb3+:YLF while simultaneously mini-

mizing the reabsorption of the anti-Stokes photoluminescence in the system. For example,

future synthetic developments with YLF host crystals could enhance the resonant optical

absorption of Yb3+ through MDRs as discussed in Sec. 3.4, or reduce unwanted background

impurity absorption to a level capable of locally freezing water at atmospheric or elevated

pressures.
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Chapter 7

CLOSING REMARKS AND CONCLUSIONS

7.1 Summary of results

Theoretical models, experimental methods, and analysis techniques were developed in or-

der to explore the fundamental parameters of optical heating of nanoparticles and inform

the engineering of materials for novel, efficient, and controlled photothermal applications.

The effects of size, morphology, crystal structure, and surround medium were determined to

be key variables in the light absorption, heat generation, and thermal transport process and

drastically effect the final temperature distribution of laser-irradiated one-dimensional struc-

tures. Predictions using the theoretical models were compared to temperatures of optically-

trapped nanowires determined through techniques developed for a laser tweezer and found

to show verisimilar agreement. Lastly, the knowledge gained through these results were used

to engineer novel nanoparticles to superheat water and locally refrigerate upon optical trap-

ping. The results presented are not constrained to the materials put forth in this thesis, but

rather provide a springboard for future studies requiring precise single-particle photothermal

analysis capabilities.

An analytical model of pulsed laser heating of uniform and tapered supported nanowires

was developed which takes into account size-dependent thermal parameters. We observed

that the taper angle, the size-dependence of the thermal conductivity, and the choice of tem-

perature that constant thermal parameters are evaluated at become increasingly important

when determining the rate of heat generation and dissipation. Furthermore, we found that

internal temperature distributions and peak specimen temperatures were highly sensitive

to the incident laser polarization and subsequent MDRs. By comparing simulation results

with experimental data, we saw that these effects on peak temperatures and cooling rates
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correspond to broadening in the produced time-of-flight ion mass spectra. The results could

be used to predict the critical time it takes a pulsed specimen to cool to its base tempera-

ture prior to the next pulse, thereby informing ideal APT experimental parameters so that

minimal fields for ion evaporation and maximum pulse rates can be attained.

Closed-form analytical calculations were shown for the temperature rise within infinite

circular cylinders with nanometer-scale diameters irradiated at right angles by TM-polarized

continuous-wave laser sources, allowing for analysis of laser-heated nanowires in a solvated

environment. Solutions for the heat source were calculated and results for the corresponding

temperature distribution showed that the maximum temperature increase is affected not only

by the cylinder’s composition, but also by MDRs that lead to significant spikes in the local

temperature at particular diameters. Furthermore, nanowires with high thermal transport

properties were observed to exhibit extremely uniform internal temperatures during electro-

magnetic heating to one part in 106, including cases where there are substantial fluctuations

of the internal electric field source that generates the Joule-heating. Low-absorbing porous

nanowires also show extremely narrow MDRs for nanowires with 25% porosity, indicating

promising opportunities in the area of photothermal theranostic applications, such as drug

loading. Yet, nanowires with 75% porosity were shown to not exhibit fine MDRs, likely due to

the reduced reflectivity of an interface between water and a water/nanowire composite that

is 75% water. For highly absorbing materials, much higher temperatures are predicted, the

internal temperature distribution is non-uniform, and MDRs are not encountered. Extremely

low temperatures changes are predicted for nanowires with small diameters, irrespective of

porosity or absorbing nature.

The optical heating of laser-irradiated finite nanowires in the framework of a laser tweezer

was derived for direct comparison with experiments. Numerical simulations were performed

based on nanowires studied in a laser trap to determine the internal fields used for the heating

source. Temperature distributions in optically-trapped silicon nanowires were calculated by

the model and compared to temperatures obtained by forward-scattered light power spectrum

analysis in the back focal plane of the laser tweezer. It was found that for small silicon
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nanowire radii, it is likely that photothermal heating of the ambient water bath becomes

increasingly important, even though it is neglected in the model. For large silicon nanowire

radii, it is likely that heating occurs according to the predicted nonlinear dependence that

leads to an inhomogeneous, nonlinear temperature field around the nanowire. Motion of

cooler fluid near the nanowire acts to reduce the observed temperature relative to what

is predicted with the model. Furthermore, we showed that ion-implantation drastically

increases the photothermal temperature of trapped silicon nanowires through modulation

of the optical (e.g. absorption, complex index of refraction) and thermal (e.g. thermal

conductivity) parameters, which is predicted by the model.

An effective method to determine optically-trapped particle temperatures as well as the

temperature gradient in the surrounding medium by combining laser tweezer calibration

techniques, forward-scattered light power spectrum analysis, and HBM theory was developed.

We showed how the technique properly accounts for inhomogeneous temperature fields when

determining the temperature of an optically trapped particle. The technique was then applied

to measure the temperature of gold- and silicon-implanted silicon nanowires and study the

implantation effect on their photothermal efficiencies. The silicon nanowire photothermal

efficiency was shown to increase significantly by implanting with gold ions that drastically

increase absorption at the 975 nm trapping wavelength and cause superheating of water of

over 200 ◦C at the trap site.

Lastly, novel YLF nanoparticles doped with Yb3+ ions were synthesized by the hydrother-

mal method and optically trapped in a laser tweezer. Through application of developed tem-

perature extraction techniques and HBM analysis, Yb3+:YLF nanoparticles were observed

for the first time to undergo cold Brownian motion and locally cool in a condensed phase via

anti-Stokes photoluminescence when trapped with a laser wavelength corresponding to the

Yb3+ E4-E5 resonance (λ=1020nm). Furthermore, YLF codoped with Er3+ and Yb3+ were

synthesized and exhibited intense visible upconversion of the NIR trapping laser that was

used to monitor its lattice temperature by ratiometric thermography, which also indicated

modest cooling when trapped at λ=1020nm. The results suggest the potential of these ma-
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terials to investigate kinetics and temperature sensitivity of basic cellular processes, or to

act as simultaneous theranostic-hypothermia agents to identify and treat cancerous tissues.

7.2 Closing remarks

One topic that I have not covered in this thesis is the experience of starting a new research

lab. As Professor Peter Pauzauskie’s first student, I had the privilege of helping build the

lab from bare rooms and footprints to the functioning machine that it is today. I could write

at length of all of the important components (e.g. simulation and workstation computers,

software, microscopes, optical tables, lasers, etc.) and not-so-important components (e.g.

lab coat hangers, printers, label maker, etc.) that I helped set up at the lab’s initial stages,

but there would not be much to learn from the discussion other than one simple fact: it is

easier to understand a complex system when you know all of its fundamental parts and how

they work together. I took great pride and thoroughly enjoyed (most of the time) building

the laser tweezer; including the optics and instrument components, the hardware-computer

interface, the computer-software interface, and the software. Having a keen understanding

of the instrument that I used for the experiments presented in this thesis provided me with

a much greater insight into the data analysis and results than I would have had without

having the experience of building the instrument. Yet, today the laser tweezer and optical

tables look nothing like what I had initially set up four years ago, and that is because my

colleagues in the Pauzauskie group have put an equal amount of effort into understanding

the instrument and continue to build upon and modify it in ways that I could not. Even

though these efforts often go unnoticed and don’t generally result in journal publications,

the working knowledge gained often does come across in the quality of research presented.

The results of the theoretical models and the experiments presented in the last few

chapters have proven to be of great utility for understanding photothermal interactions in an

optical trap and providing insight for engineering nanoparticles for numerous potential optical

and thermal applications. However, like all good research, our results have lead to many new,

more interesting questions. Many of these questions are currently being investigated and are
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sure to spring a cornucopia of new, interesting science and applications. I am confident that

the Pauzauskie group will continue to make progress in the field optical interactions with

nanomaterials and discover new breakthroughs along the way.
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Appendix A

MATLAB FILES

A.1 Introduction

Over the last five years in the Pauzauskie group, I have managed to write many Matlab scripts

for a variety of experiments and applications. It would be unreasonable and unnecessary to

include all of the scripts here, but there are two scripts in particular that serve as great

references for the work presented in this thesis.

The first script is for simulating the temperature fields in laser-pulsed, tapered nanowires

presented in Sec. 3.3. This script serves as a great example because it employs integra-

tion of size-dependent parameters, a pulsed-laser, and temperature iteration to find the

time-dependent temperature solution. This example can easily be adapted to account for

continuous-wave lasers and steady-state solutions for the infinite and finite nanowire cases.

The second script is for post-processing voltage data acquired during laser tweezer experi-

ments with the quadrant photodiode in the back focal plane to obtain particle temperatures

using hot Brownian motion analysis.

A.2 Pulsed laser heating theory

% This code i s used to p r e d i c t temperatures o f l a s e r pulsed uniform and

% tapered nanowire that are in vaccuum and supported at i t s base to a heat

% s ink . For t h i s m− f i l e , the s i z e dependence o f the thermal conduc t i v i ty i s

% so lved f o r by f i t t i n g exper imenta l thermal conduc t i v i ty data to the

% func t i on k ( r ) = k0 ( r / r0 ) ˆm.

% Written by Paden Roder

% Pauzauskie NanoOptoMechanical Group
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% Unive r s i ty o f Washington , Department o f Mate r i a l s Sc i ence and Engineer ing

% Created : 02/18/2015

% Last Updated : 02/09/2015

%% Admin i s t rat ive

c l e a r a l l

c l o s e a l l

LW = ’ l i n ew id th ’ ;

MS = ’ markers i ze ’ ;

%% Functions

i s p o s i n t = @( y ) (y>=0)&(mod(y , 1 ) ==0) ; % Deterime i f num i s a p o s i t i v e i n t .

%% Input s imu la t i on parameters

r0 = 15 ; % Wire t i p radius , nm

r0m = r0 ∗10ˆ(−9) ; % Convert to m

w0 = 849 ; % Laser f o cu s beam waist , nm

w0m = w0∗10ˆ(−9) ; % Convert to m

thetaD = 4 ; % Wire taper angle , degree s

theta = thetaD∗ ( p i /180) ; % Convert to rad ians

l en = 10000 ; % Wire length , nm

r1 = r0 + len ∗ tan ( theta ) ; % Wire base radius , nm

lambda = 532 ; % Laser wavelength , nm

dens = 2 . 3 2 9 0 ; % Wire dens i ty , g/cm3

dens = dens∗ (10ˆ6) ; % Convert to g/m3

Tb = 70 ; % Base temp , K

Tg = 109 ; % Guess temp f o r thermal p rope r t i e s , K

AvgT = Tb; % I n i t i a l i z e AvgT to be = Tb, K

Tmin = 50 ; % Set min temperature f o r thermal p rope r t i e s , K

Tmax = 300 ; % Set max temperature f o r thermal p rope r t i e s , K

fp = 10ˆ4 ; % Pulse frequency , Hz

wp = 10ˆ(−11) ; % Pulse width , s ec

t0 = 0 ; % Star t pu l s e time , s ec



151

t1 = 1/ fp ; % Star t next pulse , s e c

td = t1−wp; % Time a f t e r pu l s e (wp) u n t i l s t a r t o f next pu l s e ( t1 ) , s e c

EpMin = 2∗10ˆ(−11) ; % Minimum pul s e energy , J

EpMax = 10ˆ(−10) ; % Maximum pul se energy , J

Pmin = EpMin/wp ; % Minimum l a s e r power , W

Pmax = EpMax/wp ; % Maximum l a s e r power , W

Imin = Pmin∗ 2/( p i ∗ (w0mˆ2) ) ; % Minimum l a s e r i r r ad i an c e , W/mˆ2

Imax = Pmax∗ 2/( p i ∗ (w0mˆ2) ) ; % Maximum l a s e r i r r a d i a nc e , W/mˆ2

I0 = Imin ; % Sta r t i ng i r r a d i a n c e

numEigs = 30 ; % Number o f e i g e n v a l u e s wanted . Typ i ca l l y ˜> 25

%% Import S p e c i f i c Heat (Cp) Experimental Data

% Data has 2 columns : Col1 = Temperature (K) , Col2 = Cp ( J/g .K)

CP = load ( ’CpSiTempDepend . txt ’ ) ; % S i l i c o n data

tCp = CP( : , 1 ) ; % temperature o f Cp data

CpData = CP( : , 2 ) ; % Cp data

%% I n t e r p o l a t e func t i on

ppCp = int e rp1 ( tCp , CpData , ’ s p l i n e ’ , ’ pp ’ ) ; % Make func t i on from data

%% Make chebfun o f Cp

Cpf = @( t ) ppval (ppCp , t ) ;

Cp = chebfun ( Cpf , [ Tmin Tmax] , ’ s p l i t t i n g ’ , ’ on ’ ) ;

cp = Cp(Tg) ; % Set i n i t i a l guess at s p e c i f i c heat

%% Import Thermal Conduct iv i ty ( k ) Data

% Data has 10 columns : Col1 , 3 , 5 , 7 , 9 = Temperature (K) ,

% Col2 , 4 , 6 , 8 , 10 = k (W/mK) f o r 22 , 37 , 56 , 115 nm SiNWs

% ( Li Appl . Phys . Lett . , Vol . 83 , No . 14 , 6 October 2003) .

K = load ( ’ kSiTempSizeDepend . txt ’ ) ;

tK22 = K( : , 1 ) ; % temperature o f k data f o r 22nm SiNW

KData22 = K( : , 2 ) ; % k data f o r 22nm SiNW

tK37 = K( : , 3 ) ; % temperature o f k data f o r 37nm SiNW
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KData37 = K( : , 4 ) ; % k data f o r 37nm SiNW

tK56 = K( : , 5 ) ; % temperature o f k data f o r 56nm SiNW

KData56 = K( : , 6 ) ; % k data f o r 56nm SiNW

tK115 = K( : , 7 ) ; % temperature o f k data f o r 115nm SiNW

KData115 = K( : , 8 ) ; % k data f o r 115nm SiNW

tKb = K( : , 9 ) ; % temperature o f k data f o r bulk S i

KDatab = K( : , 1 0 ) ; % k data f o r bulk S i

kr = [22/2 37/2 56/2 1 1 5 / 2 ] ; % rad iu s in nm

kL = kr / r0 ;

%% I n t e r p o l a t e f u n c t i o n s

ppK22 = in t e rp1 ( tK22 , KData22 , ’ s p l i n e ’ , ’ pp ’ ) ;

ppK37 = in t e rp1 ( tK37 , KData37 , ’ s p l i n e ’ , ’ pp ’ ) ;

ppK56 = in t e rp1 ( tK56 , KData56 , ’ s p l i n e ’ , ’ pp ’ ) ;

ppK115 = in t e rp1 ( tK115 , KData115 , ’ s p l i n e ’ , ’ pp ’ ) ;

ppKb = int e rp1 (tKb , KDatab , ’ s p l i n e ’ , ’ pp ’ ) ;

%% Make Chebychev polynomial f u n c t i o n s o f k us ing chebfun package

Kf22 = @( t ) ppval (ppK22 , t ) ;

K22 = chebfun ( Kf22 , [ Tmin Tmax] , ’ s p l i t t i n g ’ , ’ on ’ ) ;

k22 = K22(Tg) ; % Set i n i t i a l guess at thermal conduc t i v i ty f o r 22nm SiNW

Kf37 = @( t ) ppval (ppK37 , t ) ;

K37 = chebfun ( Kf37 , [ Tmin Tmax] , ’ s p l i t t i n g ’ , ’ on ’ ) ;

k37 = K37(Tg) ; % Set i n i t i a l guess at thermal conduc t i v i ty f o r 37nm SiNW

Kf56 = @( t ) ppval (ppK56 , t ) ;

K56 = chebfun ( Kf56 , [ Tmin Tmax] , ’ s p l i t t i n g ’ , ’ on ’ ) ;

k56 = K56(Tg) ; % Set i n i t i a l guess at thermal conduc t i v i ty f o r 56nm SiNW

Kf115 = @( t ) ppval (ppK115 , t ) ;

K115 = chebfun ( Kf115 , [ Tmin Tmax] , ’ s p l i t t i n g ’ , ’ on ’ ) ;

k115 = K115(Tg) ; % Set i n i t i a l guess at thermal conduc t i v i ty f o r 115nm SiNW

Kfb = @( t ) ppval (ppKb , t ) ;

Kb = chebfun (Kfb , [ Tmin Tmax] , ’ s p l i t t i n g ’ , ’ on ’ ) ;

kb = Kb(Tg) ; % Set i n i t i a l guess at thermal conduc t i v i ty f o r bulk S i
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%% Make v a r i a b l e s d imens i on l e s s

L0 = 1 ; % Tip o f wire

L1 = ( r0 + len ∗ tan ( theta ) ) / r0 ; % Base o f wire

Lres = (L1−L0) /1000 ;

%% Import Absorption C o e f f i c i e n t Qabs Data .

% Data has 2 columns : Col1 = NW radius , Col2 = Qabs

Q = load ( ’ QabsSiVac532D10D2000A7 . txt ’ ) ;

rQ = Q( : , 1 ) ; % rad iu s o f Qabs data

QabsData = Q( : , 2 ) ; % Qabs data

%% Check i f the range o f Qabs data i s s u f f i c i e n t to in c lude r0 and r1

rminData = min (rQ) ;

rmaxData = max(rQ) ;

i f r0 < rminData % Check minimum value

e r r o r d l g ( ’ Qabs data does not in c lude minimum rad iu s ’ )

e r r o r ( ’ Qabs data does not in c lude minimum rad iu s ’ )

end

i f r1 > rmaxData % Check maximum value

e r r o r d l g ( ’ Qabs data does not in c lude maximum rad iu s ’ )

e r r o r ( ’ Qabs data does not in c lude maximum rad iu s ’ )

end

rQd = rQ/ r0 ; % Cast r a d i i to d imens i on l e s s

%% I n t e r p o l a t e func t i on

ppQ = inte rp1 (rQd , QabsData , ’ s p l i n e ’ , ’ pp ’ ) ;

%% Make chebfun o f Qabs

Qabsf = @( x ) ppval (ppQ, x ) ;

Qabs = chebfun ( Qabsf , [ L0 L1 ] , ’ s p l i t t i n g ’ , ’ on ’ ) ;

%% Set data s to rage l o c a t i o n
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dataDir = u i g e t d i r ( [ ’ ’ , ’ S e l e c t Data Folder ’ ] ) ; % Get the data f o l d e r

%% Star t While Loop f o r Temp Dependent Parameters

d i sp ( ’ S ta r t i ng temperature feedback opt imiza t i on loop . . . ’ )

d i sp ( ’ ’ )

cnt r = 1 ; % I n i t i a t e loop counter

Conv = [ ] ; % I n i t i a t e convergence t r a c ke r

Cntr = [ ] ; % I n i t i a t e convergence t r a c k e r counter

% Make sure average temperature o f rod i s with in 5C o f the temperature used

% f o r thermal cons tant s .

whi l e abs (Tg − AvgT) > 5

i f cnt r > 1

Tg = AvgT ; % Set Tg = AvgT

end

cp = Cp(Tg) ; % Set i n i t i a l guess at s p e c i f i c heat

k22 = K22(Tg) ; % Set i n i t i a l guess at thermal conduc t i v i ty f o r 22nm SiNW

k37 = K37(Tg) ; % Set i n i t i a l guess at thermal conduc t i v i ty f o r 37nm SiNW

k56 = K56(Tg) ; % Set i n i t i a l guess at thermal conduc t i v i ty f o r 56nm SiNW

k115 = K115(Tg) ; % Set i n i t i a l guess at thermal conduc t i v i ty f o r 115nm

SiNW

kb = Kb(Tg) ; % Set i n i t i a l guess at thermal conduc t i v i ty f o r bulk S i

ks = [ k22 k37 k56 k115 ] ;

%% I n t e r p o l a t e k vs l ength func t i on

kLi = min (kL) : ( max(kL)−min (kL) ) /10 :max(kL) ;

KS = in t e rp1 (kL , ks , kLi ) ;

%% Find best f i t to k vs L data

% Set the f i t t i n g opt ions .

foP = f i t o p t i o n s ( ’ Method ’ , ’ Nonl inearLeastSquares ’ , . . .

’ S tar tPo int ’ , [ 1 5 . 7 5 ] , . . .
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’ Lower ’ , [ 0 0 ] , . . .

’ MaxFunEvals ’ ,1 e4 , . . .

’ MaxIter ’ ,1 e4 , . . .

’ TolFun ’ ,1 e−14, . . .

’TolX ’ ,1 e−14, . . .

’ Robust ’ , ’ Bisquare ’ ) ;

% Set the f i t f unc t i on f o r k = k0∗ ( r / r0 ) ˆm

Fit = f i t t y p e ( ’ k . ∗ (L . ˆm) ’ , . . .

’ c o e f f i c i e n t s ’ ,{ ’ k ’ , ’m’ } , . . . % What we are opt imiz ing

’ independent ’ , ’L ’ , . . . % Dimens ion les s r a d i a l data

’ opt ions ’ , foP ) ; % Inc lude opt ions above .

% Optimize k0 and m

kmfit = f i t ( kLi ’ ,KS’ , Fit , ’ problem ’ ,m) ;

% Thermal conduc t i v i ty and m f i t value , J/m∗K∗ s ec and u n i t l e s s

f i tparams = c o e f f v a l u e s ( kmfit ) ;

k0 = f i tparams (1) ;

m = f i tparams (2) ;

%% Set Thermal D i f f u s i v i t y

a0 = k0 /( dens∗cp ) ; % Thermal d i f f u s i v i t y , m2/ sec

a0 = a0∗ 10ˆ(18) ; % nm2/ sec

%% Dimens ion les s v a r i a b l e s

tau0 = ( ( a0∗ ( tan ( theta ) ˆ2) ) /( r0 ˆ2) ) ∗ t0 ; % Star t pu l s e

tau1 = ( ( a0∗ ( tan ( theta ) ˆ2) ) /( r0 ˆ2) ) ∗ t1 ; % Star t next pu l s e

taud = ( ( a0∗ ( tan ( theta ) ˆ2) ) /( r0 ˆ2) ) ∗ td ; % After pu l s e

tauw = ( ( a0∗ ( tan ( theta ) ˆ2) ) /( r0 ˆ2) ) ∗wp; % Pulse width

%% Make chebfun f o r source func t i on (Eq . 24)

s o u r c e f = @( x ) Qabsf ( x ) . ∗ ( (2 ∗r0m∗ I0 ) /( p i ∗k0∗Tb∗ ( tan ( theta ) ˆ2) ) ) ∗ . . .

exp(−(2∗ ( r0 ˆ2) ∗ ( ( x−1) . ˆ 2 ) ) . / ( ( w0ˆ2) ∗ ( tan ( theta ) ˆ2) ) ) ;
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sourceP = chebfun (@( x ) ( (2 ∗r0m∗ I0 ) /( p i ∗k0∗Tb∗ ( tan ( theta ) ˆ2) ) ) ∗ . . .

exp(−(2∗ ( r0 ˆ2) ∗ ( ( x−1) . ˆ 2 ) ) . / ( ( w0ˆ2) ∗ ( tan ( theta ) ˆ2) ) ) , [ L0 L1 ] ) ;

source = sourceP . ∗Qabs ;

%% Def ine S−L Eq (25) in form Au( x ) = Lam∗Bu( x ) in r eg i on L0 ( t i p ) to L1 (

base ) .

x = chebfun ( ’ x ’ , [ L0 L1 ] ) ; % Def ine key v a r i a b l e and reg i on o f i n t e r e s t

A = chebop (L0 , L1) ; % I n i t i a t e LHS operator A over ROI

A. op = @(x , u) d i f f ( x .ˆ(2+m) . ∗ d i f f (u) ) ; % Def ine LHS operator A

A. lbc = @(u) d i f f (u ) ; % Set t i p boundary cond i t i on

A. rbc = @(u) u ; % Set base boundary cond i t i on

B = chebop (L0 , L1) ; % I n i t i a t e RHS operator B over ROI

B. op = @(x , u) ( x . ˆ 2 ) . ∗u ; % Def ine RHS operator B

%% Find e i g e n v a l u e s and e i g e n f u n c t i o n s o f S−L opera to r s de f ined above

[ eigFuns , Lams ] = e i g s (A,B, numEigs ) ; % Retr i eve numEigs e i g e n v a l u e s from

system

[ lam , i i ] = s o r t ( s q r t (−diag (Lams) ) ) ; % Lam = −lamˆ2

%% Find e i g e n f u n c t i o n s gn

i f i s p o s i n t (m) % I f m i s 0 or an i n t e g e r

gfun = @(n , x ) x.ˆ(−(1+m) /2) . ∗ ( b e s s e l j (− s q r t ( (m+1)ˆ2) /(m−2) , . . .

(2/(2−m) ) ∗ lam (n) ∗x .ˆ((2−m) /2) ) + . . .

(− b e s s e l j (− s q r t ( (m+1)ˆ2) /(m−2) ,(2/(2−m) ) ∗ lam (n) ∗L1ˆ((2−m) /2) ) / . . .

b e s s e l y (− s q r t ( (m+1)ˆ2) /(m−2) ,(2/(2−m) ) ∗ lam (n) ∗L1ˆ((2−m) /2) ) ) ∗ . . .

b e s s e l y (− s q r t ( (m+1)ˆ2) /(m−2) ,(2/(2−m) ) ∗ lam (n) ∗x .ˆ((2−m) /2) ) ) ;

e l s e % I f m i s not an i n t e g e r

gfun = @(n , x ) x.ˆ(−(1+m) /2) . ∗ ( b e s s e l j (− s q r t ( (m+1)ˆ2) /(m−2) , . . .

(2/(2−m) ) ∗ lam (n) ∗x .ˆ((2−m) /2) ) + . . .

(− b e s s e l j (− s q r t ( (m+1)ˆ2) /(m−2) ,(2/(2−m) ) ∗ lam (n) ∗L1ˆ((2−m) /2) ) / . . .

b e s s e l j ( s q r t ( (m+1)ˆ2) /(m−2) ,(2/(2−m) ) ∗ lam (n) ∗L1ˆ((2−m) /2) ) ) ∗ . . .

b e s s e l j ( s q r t ( (m+1)ˆ2) /(m−2) ,(2/(2−m) ) ∗ lam (n) ∗x .ˆ((2−m) /2) ) ) ;

end
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% I n i t i a l i z e e i g e n f u n c t i o n matrix ’G’

G = [ ] ;

f o r ind = 1 : 1 : numEigs % For each e igenva lue ,

% Populate e i g e n f u n c t i o n matrix ’G’ . Each column o f G corresponds

% to the e i g e n f u n c t i o n o f e i g enva lue lam ( column ) .

G = horzcat (G, chebfun (@( x ) gfun ( ind , x ) , [ L0 L1 ] ) ) ;

end

g = chebfun (G, [ L0 L1 ] ) ; % Eigen func t i ons f u n c t i o n s in s t ead o f a r rays

%% Construct matrix to check gn o r tho gon a l i t y and r e t r e i v e norms

h = waitbar ( 0 , [ ’Norm Ca l cu la t i on . Loop # ’ num2str ( cntr ) . . .

’ : Progres s = 0% . . . ’ ] ) ;

NormsNM = ones ( numEigs ) ; % I n i t i a t e

f o r r = 1 : 1 : numEigs % For each e i g enva lue (n index )

gn = @( x ) gfun ( r , x ) ; % gn

f o r c = 1 : 1 : numEigs % For each e i g enva lue (m index )

gm = @( x ) gfun ( c , x ) ; % gm

% Norm = Square root ( i n t e g r a l ( xˆ2∗gn∗gm) )

gnmNorm = s q r t (sum( chebfun (@( x ) xˆ2∗gn ( x ) ∗gm( x ) . . .

, [ L0 L1 ] , ’ v e c t o r i z e ’ ) ) ) ;

NormsNM( r , c ) = r e a l (gnmNorm) ; % Populate matrix with norms

end

waitbar ( ( r /numEigs ) ,h , [ ’Norm Ca l cu la t i on . Loop # ’ num2str ( cntr ) . . .

’ : Progres s = ’ num2str ( ( r /numEigs ) ∗ 100 ,2) ’%. . . ’ ] )

end

c l o s e (h)

%% Extract norms o f the g e i g e n f u n c t i o n s (NormsNM diagona l ) .

Norms = diag (NormsNM) ;

% Make normal ized NormsNM matrix

uNormsNM = ze ro s ( s i z e (NormsNM) ) ; % I n i t i a l i z e

f o r c = 1 : 1 : numEigs

uNormsNM ( : , c ) = NormsNM( : , c ) . ∗ (1/Norms( c ) ) ;
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end

%% Calcu la te the orthornomal e i g e n f u n c t i o n s by d i v i d i n g g by i t s norm

u = g . / Norms ’ ;

%% Find the p s i i n t e g r a l (Eq . 34) f o r each e i g enva lue

Psi = s i z e (u) ; % I n i t i a t e

h = waitbar ( 0 , [ ’ Ps i Ca l cu l a t i on . Loop # ’ num2str ( cntr ) . . .

’ : Progres s = 0% . . . ’ ] ) ;

f o r ind = 1 : 1 : numEigs % For each e igenva lue ,

% Take the i n t e g r a l o f x∗ orthonoromal e i g e n f u n c t i o n ∗ source

Psi ( : , ind ) = sum( x . ∗u ( : , ind ) . ∗ source ) ; % Find p s i i n t e g r a l

waitbar ( ( ind /numEigs ) ,h , [ ’ Ps i Ca l cu l a t i on . Loop # ’ num2str ( cntr ) . . .

’ : Progres s = ’ num2str ( ( ind /numEigs ) ∗ 100 ,2) ’%. . . ’ ] )

end

c l o s e (h)

p s i = chebfun ( Psi , [ L0 L1 ] ) ; % Make func t i on from array

%% Find i d e a l time r e s o l u t i o n s f o r s imu la t i on s

% Find the peak temperature (T @ end o f pu l s e ( tauw ) )

Ttauw = 0 ; % I n i t i a t e d imens i on l e s s temperature summation bin

f o r ind = 1 : 1 : numEigs % For each e i g enva lue

% Sum the d imens i on l e s s temperature summation bin with the value

% of the d imens i on l e s s temperature f o r the e i g enva lue .

Ttauw = Ttauw + . . .

((1−exp(−tauw∗ ( lam ( ind ) ˆ2) ) ) ∗ p s i (0 , ind ) ∗u (1 , ind ) /( lam ( ind ) ˆ2) ) ;

end

% Set t a r g e t temperature r a t i o f o r the s tep a f t e r the i n i t i a l s tep o f

% the pu l s e .

TresD = tauw /200 ;

% Run loop to f i n d i d e a l r e s o l u t i o n : a f t e r

TresA = tauw /200 ; % I n i t i a l guess at time r e s o l u t i o n a f t e r pu l s e
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Trat io = 0 ;

cond = 1 ;

cnt = 0 ;

whi l e cond

Ttau = 0 ; % I n i t i a t e d imens i on l e s s temperature summation bin

f o r ind = 1 : 1 : numEigs % For each e i g enva lue

% Sum dimens i on l e s s temperature summation bin with the value

% of the d imens i on l e s s temperature f o r the e i g enva lue .

Ttau = Ttau + . . .

( exp(−( tau0+TresA ) ∗ ( lam ( ind ) ˆ2) ) ∗ . . .

(1−exp(−tauw∗ ( lam ( ind ) ˆ2) ) ) ∗ p s i (0 , ind ) ∗u (1 , ind ) /( lam ( ind ) ˆ2) ) ;

end

% Find the r a t i o o f Ttau to Ttauw

Trat io = (Ttauw − Ttau ) /Ttauw ;

% Check to see i f r a t i o i s with in the t a r g e t th r e sho ld

i f Trat io < . 999

TresA = TresA∗ 1 . 5 ;

cnt = cnt + 1 ;

e l s e i f cnt >= 10000 % I f the loop > 100 times , use l a s t TresD

cond = 0 ;

d i sp ( ’ Optimizat ion couldnt f i n d proper r e s o l u t i o n . ’ )

e l s e

cond = 0 ;

end

end

%% I n i t i a l i z e d imens i on l e s s temperature matrix and populate

W = L0 : Lres : L1 ; % Dimens ion les s wire r a d i i array

TempD = [ ] ; % I n i t i a t e d imens i on l e s s temperature matrix f o r the pu l s e

TempA = [ ] ; % I n i t i a t e d imens i on l e s s temperature matrix f o r a f t e r

%% Star t the pulsed l a s e r heat ing c a l c u l a t i o n

t o l = . 0 1 ; % Set temperature d i f f e r e n c e t o l e r a n c e to 1%
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T d i f f = 1 ;

cnt = 0 ;

Td = [ ] ; % I n i t i a l i z e d imens i on l e s s time array during pu l s e

h = waitbar ( 0 , [ ’ Pulse Sec t i on ; Loop # ’ num2str ( cntr ) . . .

’ : Progres s = 0% . . . ’ ] ) ;

f o r t = tau0 : TresD : tauw

i f t > tauw

t = tauw ;

end

Td = horzcat (Td, t ) ;

Ptemp = 0 ; % I n i t i a t e d imens i on l e s s temperature summation bin

f o r ind = 1 : 1 : numEigs % For each e i g enva lue

% Sum the d imens i on l e s s temperature sum bin with the value

% of the d imens i on l e s s temperature f o r the e i g enva lue .

Ptemp = Ptemp + . . .

((1−exp(−t ∗ ( lam ( ind ) ˆ2) ) ) ∗ p s i (0 , ind ) ∗u(W, ind ) /( lam ( ind ) ˆ2) ) ;

end

TempD( : , cnt+1) = Ptemp ’ ; % Add d imens i on l e s s temperature to matrix

Tlast = Ptemp (1) ; % Get t i p temperature f o r t o l e r a n c e comparison

T d i f f = Ttauw − Tlast ; % Temperature d i f f e r e n c e

cnt = cnt + 1 ; % Increment matrix indexer

waitbar ( ( t /tauw ) ,h , [ ’ Pulse Sec t i on ; Loop # ’ num2str ( cntr ) . . .

’ : Progres s = ’ num2str ( ( t /tauw ) ∗ 100 ,2) ’%. . . ’ ] )

end

c l o s e (h)

%% Star t the temperature c a l c u l a t i o n a f t e r the l a s e r pu l s e

t o l = . 0 1 ; % Set temperature d i f f e r e n c e t o l e r a n c e to 1%

Tlast = 1 ;

cnt = 0 ;

Ta = [ ] ; % I n i t i a l i z e d imens i on l e s s time array during pu l s e

Ta2 = [ ] ; % I n i t i a l i z e d imens i on l e s s time array during pu l s e
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coolTime = logspace ( log10 (wp) , log10 ( t1 ) ,500) ;

coolTime = coolTime−wp;

tauC = ( ( a0∗ ( tan ( theta ) ˆ2) ) /( r0 ˆ2) ) . ∗ coolTime ;

szTauC = s i z e ( tauC ) ;

szTauC = szTauC (2) ;

h = waitbar ( 0 , [ ’ Cool ing Sec t i on ; Loop # ’ num2str ( cntr ) . . .

’ : Progres s = 0% . . . ’ ] ) ;

f o r t = tauC

% f o r t = tau0 : TresA /200 : TresA

Ta = horzcat (Ta , t+tauw ) ;

Ta2 = horzcat (Ta2 , t ) ;

Ptemp = 0 ; % I n i t i a t e d imens i on l e s s temperature summation bin

f o r ind = 1 : 1 : numEigs % For each e i g enva lue

% Sum the d imens i on l e s s temperature sum bin with the value

% of the d imens i on l e s s temperature f o r the e i g enva lue .

Ptemp = Ptemp + . . .

( exp(−t ∗ ( lam ( ind ) ˆ2) ) ∗(1−exp(−tauw∗ ( lam ( ind ) ˆ2) ) ) ∗ . . .

p s i (0 , ind ) ∗u(W, ind ) /( lam ( ind ) ˆ2) ) ;

end

TempA( : , cnt+1) = Ptemp ’ ; % Add d imens i on l e s s temperature to matrix

Tlast = Ptemp (1) ; % Get t i p temperature f o r t o l e r a n c e comparison

cnt = cnt + 1 ; % Increment matrix indexer

waitbar ( ( cnt /szTauC ) ,h , [ ’ Cool ing Sec t i on ; Loop # ’ num2str ( cntr ) . . .

’ : Progres s = ’ num2str ( ( cnt /szTauC ) ∗ 100 ,2) ’%. . . ’ ] )

end

c l o s e (h)

%% Put p l o t s in proper dimensions

timeD = (Td . / ( ( a0∗ ( tan ( theta ) ˆ2) ) /( r0 ˆ2) ) ) . ∗ 10ˆ12 ; % Time in ps

timeA = (Ta . / ( ( a0∗ ( tan ( theta ) ˆ2) ) /( r0 ˆ2) ) ) . ∗ 10ˆ9 ; % Time in ns

timeA2 = (Ta2 . / ( ( a0∗ ( tan ( theta ) ˆ2) ) /( r0 ˆ2) ) ) . ∗ 10ˆ9 ; % Time in ns

tempD = TempD∗Tb+Tb; % Pulse temp in K

tempA = TempA∗Tb+Tb; % After pu l s e temp in K
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% Join during and a f t e r pu l s e s e c t i o n s toge the r

i f ( tauw − Td( end ) ) < 10∗ ( tauw/TresD )

cond = 1 ;

time = horzcat ( timeD /10ˆ3 , timeA ) ;

Time = horzcat (Td, Ta) ;

temp = horzcat (tempD , tempA) ;

Temp = horzcat (TempD,TempA) ;

e l s e

cond = 0 ;

end

%% Find Average Axia l Temperature

s izeTd = s i z e (Td) ;

s izeTd = sizeTd (2) ;

indP = sizeTd +1;

AvgT = mean( temp ( 1 : 1 5 1 , indP ) ) ;

%% Populate Convergence Tracker

Conv = horzcat (Conv , abs (Tg − AvgT) ) ;

Cntr = horzcat ( Cntr , cnt r ) ;

%% Update Temperature guess

d i sp ( [ ’ Loop # ’ num2str ( cntr ) ’ : abs (Tg − AvgT) = ’ . . .

num2str ( abs (Tg − AvgT) ,4 ) ’C ( Tol = 5C) ’ ] )

cnt r = cntr + 1 ;

end

%% Plot s

% Cp f i t

CPP = f i g u r e ;

p l o t (Cp, ’ k ’ ,LW, 2 )

hold on
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g r id on

p lo t (Tg , cp , ’ r ∗ ’ ,MS, 1 0 )

s t r = [ ’ \ l e f t a r r o w Cp = ’ num2str ( cp , 2 ) ] ;

t ex t (Tg+10,cp , s t r )

t i t l e ( ’Cp Data ’ , ’ f o n t s i z e ’ , 16)

x l a b e l ( ’ Temperature ’ , ’ f o n t s i z e ’ , 14)

y l a b e l ( ’Cp ( J/gK) ’ , ’ f o n t s i z e ’ , 14)

legend ( ’Cp Data ’ , ’ Used Cp Value ’ , ’ Locat ion ’ , ’ SouthEast ’ )

hold o f f

% k f i t

K = f i g u r e ;

p l o t (K22 , ’ c ’ ,LW, 2 )

hold on

gr id on

p lo t (K37 , ’b ’ ,LW, 2 )

p l o t (K56 , ’ g ’ ,LW, 2 )

p l o t (K115 , ’ r ’ ,LW, 2 )

p l o t (Kb, ’ k ’ ,LW, 2 )

p l o t (Tg , k22 , ’b∗ ’ ,MS, 1 0 )

p l o t (Tg , k37 , ’ g∗ ’ ,MS, 1 0 )

p l o t (Tg , k56 , ’ r ∗ ’ ,MS, 1 0 )

p l o t (Tg , k115 , ’ k∗ ’ ,MS, 1 0 )

p l o t (Tg , kb , ’ c∗ ’ ,MS, 1 0 )

s t r 22 = [ ’ \ l e f t a r r o w k = ’ num2str ( k22 , 3 ) ] ;

t ex t (Tg+10,k22 , s t r 22 )

t ex t (Tmax−5,K22( end ) +2, ’ r = 11 .0 nm ’ , ’ Hor izontalAl ignment ’ , ’ r i g h t ’ )

s t r 37 = [ ’ \ l e f t a r r o w k = ’ num2str ( k37 , 3 ) ] ;

t ex t (Tg+10,k37 , s t r 37 )

t ex t (Tmax−5,K37( end ) +2, ’ r = 18 .5 nm ’ , ’ Hor izontalAl ignment ’ , ’ r i g h t ’ )

s t r 56 = [ ’ \ l e f t a r r o w k = ’ num2str ( k56 , 3 ) ] ;

t ex t (Tg+10,k56 , s t r 56 )

t ex t (Tmax−5,K56( end ) +2, ’ r = 28 .0 nm ’ , ’ Hor izontalAl ignment ’ , ’ r i g h t ’ )
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s t r115 = [ ’ \ l e f t a r r o w k = ’ num2str ( k115 , 3 ) ] ;

t ex t (Tg+10,k115 , s t r115 )

t ext (Tmax−5,K115( end ) +2, ’ r = 57 .5 nm ’ , ’ Hor izontalAl ignment ’ , ’ r i g h t ’ )

s t rb = [ ’ \ l e f t a r r o w k = ’ num2str (kb , 3 ) ] ;

t ex t (Tg+10,kb , s t rb )

t ex t (Tmax−5,Kb( end ) +2, ’ r = bulk ’ , ’ Hor izontalAl ignment ’ , ’ r i g h t ’ )

t i t l e ({ ’ k Data ’ ; [ ’ Markers @ T = ’ num2str (Tg , 3 ) ’ K’ ]} , ’ f o n t s i z e ’ , 16)

x l a b e l ( ’ Temperature ’ , ’ f o n t s i z e ’ , 14)

y l a b e l ( ’ k (W/mK) ’ , ’ f o n t s i z e ’ , 14)

s e t ( gca , ’ y s c a l e ’ , ’ l og ’ )

hold o f f

% k0 f i t

K0 = f i g u r e ;

p l o t ( kLi ,KS, ’ ko ’ ,LW, 2 )

hold on

gr id on

p lo t (kL , k0∗ (kL) . ˆm, ’ r ’ ,LW, 2 )

t i t l e ( { [ ’ k0 Fit @ T = ’ num2str (Tg , 3 ) ’ K’ ] ; . . .

[ ’ k0 = ’ num2str ( k0 , 4 ) ’ W/mK’ ] ;

[ ’m = ’ num2str (m, 4 ) ]} , ’ f o n t s i z e ’ , 16)

x l a b e l ( ’ Dimens ion les s R ’ , ’ f o n t s i z e ’ , 14)

y l a b e l ( ’ k0 (W/mK) ’ , ’ f o n t s i z e ’ , 14)

hold o f f

% temp convergence

CONV = f i g u r e ;

p l o t ( Cntr , Conv , ’ ko ’ ,LW, 2 )

hold on

gr id on

thrsh = 5∗ ones ( s i z e (Conv) ) ;

p l o t ( thrsh , ’b−− ’ )

t ex t ( Cntr (1 ) ,6 , ’ Threshold = 5 K’ )
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t i t l e ( ’ Convergence Tracking ’ , ’ f o n t s i z e ’ , 16)

x l a b e l ( ’ Loop #’ , ’ f o n t s i z e ’ , 14)

y l a b e l ( ’ abs (Tg − AvgT) (K) ’ , ’ f o n t s i z e ’ , 14)

hold o f f

% Qabs f i t

QABS = f i g u r e ;

p l o t ( rQd , QabsData , ’ ko ’ ,LW, 2 )

hold on

gr id on

p lo t (Qabs , ’b ’ )

t i t l e ( ’ Qabs Data ’ , ’ f o n t s i z e ’ , 16)

x l a b e l ( ’ Dimens ion les s R ’ , ’ f o n t s i z e ’ , 14)

y l a b e l ( ’ Qabs ’ , ’ f o n t s i z e ’ , 14)

hold o f f

% Source

SOURCE = f i g u r e ;

p l o t ( source ,LW, 2 ) ;

hold on

gr id on

t i t l e ( ’ Source P r o f i l e ’ , ’ f o n t s i z e ’ , 16)

x l a b e l ( ’ Dimens ion les s R ’ , ’ f o n t s i z e ’ , 14)

y l a b e l ( ’ Dimens ion les s Source ’ , ’ f o n t s i z e ’ , 14)

hold o f f

% Eigenva lues

EIGS = f i g u r e ;

hold on

t i t l e ( ’ E igenva lues vs n ’ , ’ f o n t s i z e ’ , 16)

p l o t ( lam , ’ . k ’ , ’ markers i ze ’ , 10)

g r id on

x l a b e l ( ’n ’ , ’ f o n t s i z e ’ , 14)
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y l a b e l ( ’Lambda(n) ’ , ’ f o n t s i z e ’ , 14)

hold o f f

% g

G = f i g u r e ;

hold on

t i t l e ( ’ g e i g e n f u n c t i o n (Eq . 24) ’ , ’ f o n t s i z e ’ , 16)

p l o t ( g ,LW, 2 )

g r id on

x l a b e l ( ’ Dimens ion les s R ’ , ’ f o n t s i z e ’ , 14)

y l a b e l ( ’ g ’ , ’ f o n t s i z e ’ , 14)

hold o f f

% g Norms

GNORM = f i g u r e ;

hold on

t i t l e ( ’ g Norms ’ , ’ f o n t s i z e ’ , 16)

p l o t (Norms , ’−ok ’ ,LW, 1 . 3 ,MS, 3 )

g r id on

x l a b e l ( ’n ’ , ’ f o n t s i z e ’ , 14)

y l a b e l ( ’ g (n) Norm ’ , ’ f o n t s i z e ’ , 14)

hold o f f

% u

U = f i g u r e ;

hold on

t i t l e ( ’u orthonormal e i g e n f u n c t i o n (Eq . 29) ’ , ’ f o n t s i z e ’ , 16)

p l o t (u ,LW, 2 )

g r id on

x l a b e l ( ’ Dimens ion les s R ’ , ’ f o n t s i z e ’ , 14)

y l a b e l ( ’u ’ , ’ f o n t s i z e ’ , 14)

hold o f f
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% Orthonormality check o f normal ized e i g e n f u n c t i o n s

ONCHK = f i g u r e ;

hold on

t i t l e ( ’ Orthonormality Check ’ , ’ f o n t s i z e ’ , 16)

s u r f (uNormsNM)

x l a b e l ( ’m’ , ’ f o n t s i z e ’ , 14)

y l a b e l ( ’n ’ , ’ f o n t s i z e ’ , 14)

colormap gray

co l o rba r

view (90 ,90)

g r id o f f

hold o f f

% p s i

PSI = f i g u r e ;

hold on

t i t l e ( ’ Ps i I n t e g r a l (Eq . 34) ’ , ’ f o n t s i z e ’ , 16)

p l o t ( p s i ( 0 , : ) , ’−ok ’ ,LW, 1 . 3 ,MS, 3 )

g r id on

x l a b e l ( ’n ’ , ’ f o n t s i z e ’ , 14)

y l a b e l ( ’ p s i ’ , ’ f o n t s i z e ’ , 14)

hold o f f

% d imens i on l e s s temp r i s e

THETArise = f i g u r e ;

hold on

t i t l e ( ’ Theta During Pulse @ Tip ’ , ’ f o n t s i z e ’ , 16)

p l o t (Td,TempD( 1 , : ) , ’−ok ’ ,LW, 1 . 3 ,MS, 3 )

g r id on

x l a b e l ( ’ Dimens ion les s Time ’ , ’ f o n t s i z e ’ , 14)

y l a b e l ( ’ Theta ’ , ’ f o n t s i z e ’ , 14)

s e t ( gca , ’ x s c a l e ’ , ’ l og ’ )

hold o f f
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% dimens i on l e s s temp coo l

THETAcool = f i g u r e ;

hold on

t i t l e ( ’ Theta After Pulse @ Tip ’ , ’ f o n t s i z e ’ , 16)

p l o t (Ta2 ,TempA( 1 , : ) , ’−ok ’ ,LW, 1 . 3 ,MS, 3 )

g r id on

x l a b e l ( ’ Dimens ion les s Time After Pulse ’ , ’ f o n t s i z e ’ , 14)

y l a b e l ( ’ Theta ’ , ’ f o n t s i z e ’ , 14)

s e t ( gca , ’ x s c a l e ’ , ’ l og ’ )

hold o f f

% ac tua l temp r i s e

TEMPrise = f i g u r e ;

hold on

t i t l e ( ’ Temperature During Pulse @ Tip ’ , ’ f o n t s i z e ’ , 16)

p l o t ( timeD , tempD ( 1 , : ) , ’−ok ’ ,LW, 1 . 3 ,MS, 3 )

g r id on

x l a b e l ( ’Time ( ps ) ’ , ’ f o n t s i z e ’ , 14)

y l a b e l ( ’Temp (K) ’ , ’ f o n t s i z e ’ , 14)

s e t ( gca , ’ x s c a l e ’ , ’ l og ’ )

hold o f f

% ac tua l temp coo l

TEMPcool = f i g u r e ;

hold on

t i t l e ( ’ Temperature After Pulse @ Tip ’ , ’ f o n t s i z e ’ , 16)

p l o t ( timeA2 , tempA ( 1 , : ) , ’−ok ’ ,LW, 1 . 3 ,MS, 3 )

g r id on

x l a b e l ( ’Time After Pulse ( ns ) ’ , ’ f o n t s i z e ’ , 14)

y l a b e l ( ’Temp (K) ’ , ’ f o n t s i z e ’ , 14)

s e t ( gca , ’ x s c a l e ’ , ’ l og ’ )

hold o f f
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i f cond

% d imens i on l e s s temp at t i p

THETA = f i g u r e ;

hold on

t i t l e ( ’ Theta @ Tip ’ , ’ f o n t s i z e ’ , 16)

p l o t (Time ,Temp( 1 , : ) , ’−ok ’ ,LW, 1 . 3 ,MS, 3 )

g r id on

x l a b e l ( ’ Dimens ion les s Time ’ , ’ f o n t s i z e ’ , 14)

y l a b e l ( ’ Theta ’ , ’ f o n t s i z e ’ , 14)

s e t ( gca , ’ x s c a l e ’ , ’ l og ’ )

hold o f f

% ac tua l temp at t i p

TEMP = f i g u r e ;

hold on

t i t l e ( ’ Temperature @ Tip ’ , ’ f o n t s i z e ’ , 16)

p l o t ( time , temp ( 1 , : ) , ’−ok ’ ,LW, 1 . 3 ,MS, 3 )

g r id on

x l a b e l ( ’Time ( ns ) ’ , ’ f o n t s i z e ’ , 14)

y l a b e l ( ’Temp (K) ’ , ’ f o n t s i z e ’ , 14)

s e t ( gca , ’ x s c a l e ’ , ’ l og ’ )

hold o f f

end

lenRes = len /1000 ;

Len = 0 : lenRes : l en ; % Wire l ength vec to r in nm

LenUm = Len . / 1 0 0 0 ; % In um

sizeTd = s i z e (Td) ;

s izeTd = sizeTd (2) ;

s i zeTa = s i z e (Ta) ;

s izeTa = sizeTa (2 ) ;

p lotRes = round ( s izeTd /3) ;
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ind1 = plotRes ;

s t r 1 = [ ’Time = ’ num2str ( time ( ind1 ) ∗ 10ˆ3 ,3) ’ ps ’ ] ;

ind2 = plotRes ∗ 2 ;

s t r 2 = [ ’Time = ’ num2str ( time ( ind2 ) ∗ 10ˆ3 ,3) ’ ps ’ ] ;

ind3 = sizeTd +1;

s t r 3 = [ ’Time ( pu l s e width ) = ’ num2str ( time ( ind3 ) ∗ 10ˆ3 ,3) ’ ps ’ ] ;

p lotRes = c e i l ( s i zeTa /50) ;

ind4 = sizeTd+plotRes ;

s t r 4 = [ ’Time = ’ num2str ( time ( ind4 ) ,3 ) ’ ns ’ ] ;

ind5 = sizeTd+plotRes ∗ 2 ;

s t r 5 = [ ’Time = ’ num2str ( time ( ind5 ) ,3 ) ’ ns ’ ] ;

ind6 = sizeTd+plotRes ∗ 3 ;

s t r 6 = [ ’Time = ’ num2str ( time ( ind6 ) ,3 ) ’ ns ’ ] ;

% a x i a l a c tua l temperatures

WIRE = f i g u r e ;

hold on

t i t l e ( ’ Axia l Temperature P r o f i l e ’ , ’ f o n t s i z e ’ , 16)

p l o t (LenUm( 1 : 3 0 1 ) , temp ( 1 : 3 0 1 , ind1 ) ,LenUm( 1 : 3 0 1 ) , temp ( 1 : 3 0 1 , ind2 ) , . . .

LenUm( 1 : 3 0 1 ) , temp ( 1 : 3 0 1 , ind3 ) ,LenUm( 1 : 3 0 1 ) , temp ( 1 : 3 0 1 , ind4 ) , . . .

LenUm( 1 : 3 0 1 ) , temp ( 1 : 3 0 1 , ind5 ) ,LenUm( 1 : 3 0 1 ) , temp ( 1 : 3 0 1 , ind6 ) ,LW, 2 )

g r id on

x l a b e l ( ’ Wire Length (um) ’ , ’ f o n t s i z e ’ , 14)

y l a b e l ( ’Temp (K) ’ , ’ f o n t s i z e ’ , 14)

legend ( st r1 , s t r2 , s t r3 , s t r4 , s t r5 , s t r 6 )

hold o f f

d i sp ( ’ ’ )

d i sp ( ’ F in i shed ’ )
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A.3 HBM analysis file

% This code i s used to e x t r a c t temperatures from QPD photovo l tage s i g n a l s

% acqu i red during l a s e r t rapping exper iments by us ing power spectrum

% and hot Brownian motion a n a l y s i s . This s c r i p t assumes that the data was

% acqui red whi l e o s c i l l a t i n g the p i ezos tage , which r e s u l t s in a sp ike in

% the power spectrum used to c a l i b r a t e the s i g n a l and obta in abso lu t e

% temperatures .

% Written by Paden Roder

% Pauzauskie NanoOptoMechanical Group

% Unive r s i ty o f Washington , Department o f Mate r i a l s Sc i ence and Engineer ing

% Created : 06/18/2014

% Last Updated : 02/09/2015

%% Admin i s t rat ive

c l e a r a l l

c l o s e a l l

warning ( ’ o f f ’ , ’ a l l ’ ) % Turn o f f warnings

% Change d e f a u l t axes f o n t s .

s e t (0 , ’ DefaultAxesFontName ’ , ’ Ar i a l ’ )

s e t (0 , ’ DefaultAxesFontSize ’ , 12)

% Change d e f a u l t t ex t f o n t s .

s e t (0 , ’ DefaultTextFontname ’ , ’ Ar i a l ’ )

s e t (0 , ’ DefaultTextFontSize ’ , 12)

%% Open QPD Voltage Trace

% Get f o l d e r where data i s l o ca t ed

dataLoc = ’C:\ Users \PBR\Documents\MATLAB\YLF\Data ’ ;

[ FileName , PathName ] = u i g e t f i l e ( ’ ∗ . ∗ ’ , ’ S e l e c t the QPD Trace F i l e ’ , dataLoc ) ;

open ( [ PathName FileName ] ) ;

% Get morphology o f the p a r t i c l e

cho i c e = ques td lg ( ’ I s the p a r t i c l e 1D or 3D? ’ , . . .

’ P a r t i c l e Geometry ’ , . . .
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’ 3D ’ , ’ 1D ’ , ’ 3D ’ ) ;

% Handle re sponse

switch cho i c e

case ’ 3D ’

wire = 0 ;

sphere = 1 ;

case ’ 1D ’

wire = 1 ;

sphere = 0 ;

end

% Get p a r t i c l e number ( f o r record keeping )

prmt=’What i s the t r i a l number ? : ’ ;

name=’ T r i a l number ’ ;

numlines =1;

de fau l tanswer={ ’ 1 ’ } ;

p a r t i c l e=inputd lg ( prmt , name , numlines , de fau l tanswer ) ;

% Get QPD data channel

cho i c e = ques td lg ( ’ I s t h i s X or Y QPD Data? ’ , . . .

’ Data Type ’ , . . .

’X ’ , ’Y ’ , ’X ’ ) ;

% Handle re sponse

switch cho i c e

case ’X ’

type = 0 ;

typeS = ’−x ’ ;

case ’Y ’

type = 1 ;

typeS = ’−y ’ ;

end

% What i s the l a s e r wavelength ? (Can r e p l a c e with other wavelengths )

cho i c e = ques td lg ( ’What i s the l a s e r wavelength ? ’ , . . .

’ Laser Wavelength ’ , . . .

’ 975nm ’ , ’ 1020nm ’ , ’ 1064nm ’ , ’ 1020nm ’ ) ;
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% Handle re sponse

switch cho i c e

case ’ 975nm ’

l a s e r = ’−975nm ’ ;

case ’ 1020nm ’

l a s e r = ’−1020nm ’ ;

case ’ 1064nm ’

l a s e r = ’−1064nm ’ ;

end

% What i s the i r r a d i a n c e ? ( f o r record keeping , avoid us ing a per iod )

prmt=’What i s the l a s e r i r r a d i a n c e ? : ’ ;

name=’ I r r a d i a n c e ’ ;

numlines =1;

de fau l tanswer={ ’−5 27 ’ } ; % The ’− ’ i s a separator , the ’ ’ r e p l a c e s decimal

i r r a d=inputd lg ( prmt , name , numlines , de fau l tanswer ) ;

% What i s the surrounding f l u i d temperature ?

prmt=’What i s the bath temperature (C) ? : ’ ;

name=’ Bath Temperature ’ ;

numlines =1;

de fau l tanswer={ ’ 25 ’ } ; % Defau l t i s 25C

roomTemp=inputd lg ( prmt , name , numlines , de fau l tanswer ) ;

% What i s the sample f requency ?

sampFreq = 100000; % Sample f requency in Hz

% Input s tage o s c i l l a t i o n amplitude

i f type

s tage = 0 . 1 6 0 2 ; % X−o s c i l l a t i o n , in microns

e l s e

s tage = 0 . 1 6 3 8 ; % Y−o s c i l l a t i o n , in microns

end

% Input sample time
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sampTime = 3 ; % 3 second a c q u i s i t i o n

%% Get QPD data from f i g u r e

h = gc f ; %current f i g u r e handle

axesObjs = get (h , ’ Chi ldren ’ ) ; %axes handles

dataObjs = get ( axesObjs , ’ Chi ldren ’ ) ;

% Get Data

xdata = get ( dataObjs , ’XData ’ ) ; % Time data

ydata = get ( dataObjs , ’YData ’ ) ; % QPD vo l tage data

c l o s e (h) ;

%% Get the power spectrum

% Take QPD vo l tage s i g n a l and f i n d the power spectrum ( x˜ timesx ˜∗/ time )

% us ing Welch ’ s method . pwelch ( s i gna l ,# o f windows , amount o f window

% over lap ,# po in t s in the FFT c a l c u l a t i o n , sampling f requency ) .

[ psdSig0 , psdSigFreq0 ]=pwelch ( ydata , max( s i z e ( ydata ) ) , . . .

max( s i z e ( ydata ) )−1,2ˆnextpow2 (max( s i z e ( ydata ) ) ) , . . .

100000) ; % True PSD/low SNR

[ psdSig , psdSigFreq ]=pwelch ( ydata , max( s i z e ( ydata ) ) /4 , . . .

(max( s i z e ( ydata ) ) /4) ∗ . 9 , 2ˆ nextpow2 (max( s i z e ( ydata ) ) ) , . . .

100000) ; % Processed PSD/ higher SNR

% Get i n d i c e s when frequency > 15 Hz and < 10 kHz .

minf = 1 ;

whi l e psdSigFreq ( minf ) < 15

minf = minf + 1 ;

end

maxf = 50000 ;

whi l e psdSigFreq ( maxf ) < 2000

maxf = maxf + 10 ;

end

% We now f i n d the f requency sp ike from the p i e z o s t a g e o s c i l l a t i o n .
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oscGuess = 32 ; % Replace t h i s with the o s c i l l a t i o n f requency

s t a r t I n d = 1 ;

whi l e psdSigFreq0 ( s t a r t I n d ) < oscGuess

s t a r t I n d = s t a r t I n d +1;

end

f i n I n d = s t a r t I n d + 20 ;

s t a r t I n d = star t Ind −20;

[ oscPeak , peakInd ] = max( psdSig0 ( s t a r t I n d : f i n I n d ) ) ;

peakID = peakInd+star t Ind −1; % Peak frequency index

actFreq = psdSigFreq0 ( peakID ) ; % Actual o s c i l l a t i o n f requency

% We need the c o n t r i b u t i o n o f the t o t a l power o f the o s c i l l a t i o n peak .

% I d e a l l y , t h i s would be a d e l t a funct ion , however , us ing the Welch method ,

% the sp ike i s broadened over a couple o f po in t s . Thus , we need to

% i n t e g r a t e under the curve to get the t o t a l power . Using the pwelch method

% parameters above , the peak should be

% around 7 i n d i c e s wide (+− 3 po in t s ) .

oscAmp = trapz ( psdSig0 ( peakID−3:peakID+3) ) ; % Total o s c i l l a t i o n power

% Find index to he lp f i t

s tart InD = minf ;

whi l e psdSigFreq0 ( start InD ) < actFreq

start InD = start InD +1;

end

s t a r t F i t I n d = start InD +10;

% Get f i t gue s s e s

f i g u r e ( )

l o g l o g ( psdSigFreq ( minf : maxf ) , psdSig ( minf : maxf ) ) % Plot PSD

hold on

d i sp ( ’ C l i ck on graph your bes t guess at the corner f requency . ’ )

[ fcGuess , y ] = ginput (1 ) ;

d i sp ( ’ C l i ck on graph on the f l a t / constant part where the l i n e a r r eg i on ends . ’ )
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[ fEnd , Sguess ] = ginput (1 ) ;

hold o f f

c l o s e ( g c f ) ;

% We now use that data as s t a r t i n g po in t s f o r our non l in ea r l e a s t−squares

% f i t t i n g o f the Lorentz ian .

Dguess = 2∗ ( p i ˆ2) ∗ ( fcGuess ˆ2) ∗Sguess ; % Guess f o r d i f f u s i o n c o e f f i c i e n t (D)

guess = [ Dguess , fcGuess ] ; % Guesses f o r D and corner f requency

%% Def ine PSD f i t func t i on

% Set the f i t t i n g opt ions .

foP = f i t o p t i o n s ( ’ Method ’ , ’ Nonl inearLeastSquares ’ , . . .

’ S tar tPo int ’ , guess , . . .

’ Lower ’ , [ 0 , 0 ] , . . .

’ MaxFunEvals ’ ,1 e4 , . . .

’ MaxIter ’ ,1 e4 , . . .

’ TolFun ’ ,1 e−14, . . .

’TolX ’ ,1 e−14, . . .

’ Robust ’ , ’LAR’ ) ;

% Set the f i t f unc t i on . The func t i on i s the func t i on de s c r ibed in

% Berg−Sorenson ”Power spectrum a n a l y s i s f o r o p t i c a l tweezer s ” .

F i t s = f i t t y p e (@(D, fc , f ) . . .

( ( ( 1 − exp(−(4∗ pi ∗ f c ) /sampFreq ) ) ∗D) . / . . .

(2 ∗ pi ∗ f c ∗sampFreq∗ (1 + exp(−(4∗ pi ∗ f c ) /sampFreq ) − . . .

2∗exp(−(2∗ pi ∗ f c ) /sampFreq ) ∗ cos ( 2 . ∗ pi . ∗ f . / sampFreq ) ) ) ) , . . .

’ c o e f f i c i e n t s ’ ,{ ’D ’ , ’ f c ’ } , . . . % What we are opt imiz ing

’ independent ’ , ’ f ’ , . . . % X data

’ opt ions ’ , foP ) ; % Inc lude opt ions above .

output = f i t ( psdFreq ’ , psdData , F i t ) ;

%% Plot PSD and f i t

l o g l o g ( psdSigFreq ( minf : maxf ) , psdSig ( minf : maxf ) , ’ r ’ )
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hold on

Fit = f i t ( psdFreq ’ , psdData , F i t s ) ;

% Get corner f r e q u e n c i e s & D i f f u s i o n cons tant s from best f i t parameters .

Coe f f = c o e f f v a l u e s ( Fi t ) ;

Coe f f I = c o n f i n t ( F i t ) ;

D = Coef f (1 ) ;

f c = Coef f ( 2 ) ;

% Fit f u n c t i o n a l form

psdFunFit = ( ( ( 1 − exp(−(4∗ pi ∗ f c ) /sampFreq ) ) ∗D) . / . . .

(2 ∗ pi ∗ f c ∗sampFreq∗ (1 + exp(−(4∗ pi ∗ f c ) /sampFreq ) − . . .

2∗exp(−(2∗ pi ∗ f c ) /sampFreq ) ∗ cos ( 2 . ∗ pi . ∗psdSigFreq ( minf : maxf ) . / sampFreq ) ) ) ) ;

l o g l o g ( psdSigFreq ( minf : maxf ) , psdFunFit , ’b ’ )

f i tX = psdSigFreq ( minf : maxf ) ;

% Help the program f i t the data

check = 1 ;

whi l e check

% Construct a ques td lg with three opt ions

cho i c e = ques td lg ( ’ I s the f i t good? ’ , . . .

’ Goodness o f F i t ’ , . . .

’ Yes ’ , ’No ’ , ’ Yes ’ ) ;

% Handle re sponse

switch cho i c e

case ’ Yes ’

check = 0 ;

case ’No ’

% Exclude no i sy low−f r equency data i f needed .

msg = msgbox ( [ ’ C l i ck on po in t s on the graph a f t e r the ’ . . .

’ o s c i l l a t i o n sp ike to f i t . Then h i t Return ’ ] . . .

, ’ F i t t i n g help ’ ) ;

u iwa i t (msg) ;

X= [ ] ;

Y= [ ] ;

[X,Y] = ginput ;
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% Find index to s t a r t conca t ina t i on

cat = 1 ;

whi l e psdSigFreq ( cat ) < max(X)

cat = cat + 10 ;

end

% Concatenate datase t

f i tX = v e r t c a t (X, psdSigFreq ( cat : maxf ) ) ;

f i tY = v e r t c a t (Y, psdSig ( cat : maxf ) ) ;

% Fit concatenated data

Fit = f i t ( f i tX ’ , f i tY , F i t s ) ;

% Get corner f r e q u e n c i e s & D from best f i t parameters .

Coe f f = c o e f f v a l u e s ( Fi t ) ;

Coe f f I = c o n f i n t ( F i t ) ;

D = Coef f (1 ) ;

f c = Coef f ( 2 ) ;

% Plot f u n c t i o n a l f i t

psdFunFit = ( ( ( 1 − exp(−(4∗ pi ∗ f c ) /sampFreq ) ) ∗D) . / . . .

(2 ∗ pi ∗ f c ∗sampFreq∗ (1 + exp(−(4∗ pi ∗ f c ) /sampFreq ) − . . .

2∗exp(−(2∗ pi ∗ f c ) /sampFreq ) ∗ cos ( 2 . ∗ pi . ∗ f i tX . / sampFreq ) ) ) ) ;

l o g l o g ( f i tX , psdFunFit , ’ g ’ )

check = 1 ;

end

end

hold o f f

c l o s e a l l

%% Calcu la te c a l i b r a t i o n c o e f f i c i e n t

% Theo r e t i c a l o s c i l l a t i o n power
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Wth = ( 0 . 5 ∗ ( ( s tage ∗10ˆ(−6) ) ˆ2) ) /(1 + ( ( f c ˆ2) /( actFreq ˆ2) ) ) ;

% Experimental o s c i l l a t i o n power

Wex = oscAmpdiff∗ (1/sampTime) ;

beta = s q r t (Wth/Wex) ; % Beta c a l i b r a t i o n c o e f f i c i e n t in m/V.

% Inve r s e c a l i b r a t i o n c o e f f i c i e n t in V/um ( ba l l pa rk ˜ 0 . 4 )

invBeta = (1/ beta ) ∗10ˆ(−6) ;

Dexp = D∗ ( beta ˆ2) ; % Cal ibrated D, in m2/ s

%% Get s i z e i n f o

i f sphere

% Get sphere rad iu s (nm)

prmt={ ’What i s the p a r t i c l e diameter (nm) ? : ’ , . . .

’What i s the diameter standard dev i a t i on (nm) ? : ’ } ;

name=’ P a r t i c l e Diameter ’ ;

numlines =1;

de fau l tanswer={ ’ 1010 ’ , ’ 0 ’ } ;

pS ize=inputd lg ( prmt , name , numlines , de fau l tanswer ) ;

% P a r t i c l e rad iu s in nm

radM = st r2doub l e ( pS ize (1 ) ) /2 ; % In nm

radMm = radM∗10ˆ(−9) ; % In m

% P a r t i c l e rad iu s standard dev i a t i on in nm

radSD = st r2doub l e ( pS ize (2 ) ) /2 ; % In nm

radSDm = radSD∗10ˆ(−9) ; % In m

% Placeho lder f o r temperature c a l c u l a t i o n s

lenM = 0 ;

lenMm = 0 ;

% Placeho lder f o r temperature c a l c u l a t i o n s

lenSD = 0 ;

lenSDm = 0 ;

e l s e i f wire

% Get wire diameter and length (nm)

prmt={ ’What i s the p a r t i c l e diameter (nm) ? : ’ , . . .

’What i s the diameter standard dev i a t i on (nm) ? : ’ , . . .
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’What i s the p a r t i c l e l ength (nm) ? : ’ , . . .

’What i s the l ength standard dev i a t i on (nm) ? : ’ } ;

name=’ P a r t i c l e S i z e ’ ;

numlines =1;

de fau l tanswer={ ’ 700 ’ , ’ 50 ’ , ’ 3000 ’ , ’ 100 ’ } ;

pS ize=inputd lg ( prmt , name , numlines , de fau l tanswer ) ;

% P a r t i c l e diameter in nm

radM = st r2doub l e ( pS ize (1 ) ) ; % In nm

radMm = radM∗10ˆ(−9) ; % In m

% P a r t i c l e rad iu s standard dev i a t i on in nm

radSD = st r2doub l e ( pS ize (2 ) ) /2 ; % In nm

radSDm = radSD∗10ˆ(−9) ; % In m

% P a r t i c l e l ength in nm

lenM = str2doub l e ( pS ize (3 ) ) ; % In nm

lenMm = lenM∗10ˆ(−9) ; % In m

% P a r t i c l e l ength standard dev i a t i on in nm

lenSD = st r2doub l e ( pS ize (4 ) ) /2 ; % In nm

lenSDm = lenSD∗10ˆ(−9) ; % In m

end

%% Calcu la te hot Brownian motion temperature

kB = 1.3806488 ∗10ˆ(−23) ; % Boltzmann constant

T0c = st r2doub l e (roomTemp) ; % Room temperature in C

% Ask what typ o f s o l v e n t i s used

cho i c e = ques td lg ( ’What s o l v e n t was used ? ’ , . . .

’ So lvent typ ’ , . . .

’DI ’ , ’D2O ’ , ’D2O ’ ) ;

% Set VTF v i s c o s i t y f i t parameters

switch cho i c e

case ’DI ’ % H2O

n i n f = (2 . 721 ∗10ˆ(−5) ) ; % In Pa∗ s

A = 5 2 8 . 8 ; % In K

Tvft = 1 4 6 . 7 ; % In K
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s o l v e n t = ’−DI ’ ;

case ’D2O ’

n i n f = (3 . 548 ∗10ˆ(−5) ) ; % In Pa∗ s

A = 4 7 0 . 1 ; % In K

Tvft = 1 6 1 . 3 ; % In K

s o l v e n t = ’−D2O ’ ;

end

% Temperature conve r s i on s

KtoC = @(T) T − 2 7 4 . 1 5 ;

CtoK = @(T) 274 .15 + T;

% V i s c o s i t y temperature dependence f u n c t i o n a l form

Visc = @(T) n i n f . ∗exp (A. / (T−Tvft ) ) ; % VFT equat ion f o r v i s c o s i t y

% Stokes drag geomet r i ca l f a c t o r

i f sphere

G = @(L ,R) (6 ∗ pi ∗R) ; % For sphere

e l s e i f wire

G = @(L ,R) (4 ∗ pi ∗L) . / ( l og (L . / ( 2 ∗R) ) +0.84) ; % For c y l i n d e r

end

% Room temperature and v i s c o s i t y

T0 = CtoK( T0c ) ;

n0 = Visc (T0) ;

% Dimens ion les s temperature parameter

Theta = @(T) (T−T0) . / ( T0−Tvft ) ;

% F i r s t order HBM v i s c o s i t y c o r r e c t i o n

NhbmFO = @(T) (193/486) ∗ l og ( n0/ n i n f ) . ∗Theta (T) ;

% Second order HBM v i s c o s i t y c o r r e c t i o n

NhbmSO = @(T) ( ( (56/243) ∗ l og ( n0/ n i n f ) ) − . . .

( (12563/118098) ∗ ( l og ( n0/ n i n f ) ˆ2) ) ) . ∗ ( Theta (T) . ˆ 2 ) ;
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% HBM v i s c o s i t y func t i on (FO + SO c o r r e c t i o n s )

Nhbm = @(T) n0 . / ( 1 + NhbmFO(T) − ( ( 2/3 ) . ∗NhbmSO(T) ) ) ;

% HBM temperature func t i on ( v a l i d f o r temperature r i s e s < 400 C)

Thbm = @(T) T0 + ( (T−T0) /2) + . . .

( ( 2/3 ) ∗ ( (A. ∗ ( (T−T0) . ˆ 2 ) ) . / ( 1 2 ∗ ( (T0−Tvft ) ˆ2) ) ) ) ;

% HBM d i f f u s i o n c o e f f i c i e n t

Dhbm = @(T, L ,R) ( (kB∗Thbm(T) ) . / . . .

(Nhbm(T) ∗G(L ,R) ) ) ; % For sphere , In mˆ2/ s

% C l a s s i c d i f f u s i o n c o e f f i c i e n t ( assuming thermal equ i l i b r ium )

Dold = @(T, L ,R) ( (kB∗T) . / . . .

( Visc (T) ∗G(L ,R) ) ) ; % For sphere , In mˆ2/ s

% Set temperature range to probe f o r temperature determinat ion

Tc = −100 :0 .1 :400 ;

Tk = CtoK(Tc) ;

% Constant d i f f u s i o n vec to r f o r p l o t . In mˆ2/ s .

DexpV = Dexp∗ ones ( s i z e (Tk) ) ;

% Get temperatures

% HBM

% For average rad iu s

[DhbmMin, IhbmMin ] = min ( abs (DexpV−Dhbm(Tk , lenMm ,radMm) ) ) ;

Tphbm = Tc(IhbmMin) ;

i f radSD | | lenSD

% Minus rad iu s standard dev i a t i on

[DhbmMinSDm, IhbmMinSDm ] = . . .

min ( abs (DexpV−Dhbm(Tk , lenMm−(lenSDm/2) ,radMm−(radSDm/2) ) ) ) ;

TphbmSDm = Tc(IhbmMinSDm) ;

% Plus rad iu s standard dev i a t i on

[DhbmMinSDp, IhbmMinSDp ] = . . .

min ( abs (DexpV−Dhbm(Tk , lenMm+(lenSDm/2) ,radMm+(radSDm/2) ) ) ) ;

TphbmSDp = Tc(IhbmMinSDp) ;
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end

% C l a s s i c

% For average rad iu s

[ DoldMin , IoldMin ] = min ( abs (DexpV−Dold (Tk , lenMm ,radMm) ) ) ;

Tpold = Tc( IoldMin ) ;

i f radSD | | lendSD

% Minus rad iu s standard dev i a t i on

[ DoldMinSDm , IoldMinSDm ] = . . .

min ( abs (DexpV−Dold (Tk , lenMm−(lenSDm/2) ,radMm−(radSDm/2) ) ) ) ;

TpoldSDm = Tc( IoldMinSDm ) ;

% Plus rad iu s standard dev i a t i on

[ DoldMinSDp , IoldMinSDp ] = . . .

min ( abs (DexpV−Dold (Tk , lenMm+(lenSDm/2) ,radMm+(radSDm/2) ) ) ) ;

TpoldSDp = Tc( IoldMinSDp ) ;

end

%%% Add data to p l o t s and save

%%% Plot PSD and Fit %%%

PSD = l o g l o g ( psdSigFreq ( minf : maxf ) , psdSig ( minf : maxf ) , ’ k ’ ) ;

hold on

l o g l o g ( f i tX , psdFunFit , ’ r ’ )

x l a b e l ( ’ Frequency (Hz) ’ )

y l a b e l ( ’PSD (Vˆ2/ sec ) ’ )

i f type

i f radSD | | lenSD

t i t l e ( { [ ’Y PSD Data f o r t r i a l ’ p a r t i c l e { 1 } ] ; [ ’D (umˆ2/ s ) = ’ . . .

num2str (Dexp∗ 10ˆ12) ’ ; Beta (V/um) = ’ num2str ( invBeta ) ’ . ’ ] ; . . .

[ ’Troom = ’ roomTemp{1} ’ ; Wavelength ’ l a s e r ’ ; I r r ad ’ i r r a d {1} ’ ;

So lvent ’ s o l v e n t ] ;

[ ’Thbm = ’ num2str (Tphbm) ’C, Thbm+ = ’ num2str (TphbmSDp−Tphbm) ’C

, ’ . . .
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’Thbm− = ’ num2str (Tphbm−TphbmSDm) ’C ’ ] ; [ ’ Told = ’ num2str ( Tpold )

. . .

’C, Told+ = ’ num2str (TpoldSDp−Tpold ) ’C, Told− = ’ num2str ( Tpold−

TpoldSDm) . . .

’C ’ ] } )

e l s e

t i t l e ( { [ ’Y PSD Data f o r ’ p a r t i c l e { 1 } ] ; [ ’D (umˆ2/ s ) = ’ . . .

num2str (Dexp∗ 10ˆ12) ’ ; Beta (V/um) = ’ num2str ( invBeta ) ’ . ’ ] ; . . .

[ ’Troom = ’ roomTemp{1} ’ ; Wavelength ’ l a s e r ’ ; I r r ad ’ i r r a d {1} ’ ;

So lvent ’ s o l v e n t ] ;

[ ’Thbm = ’ num2str (Tphbm) ’C, Told = ’ num2str ( Tpold ) ’C ’ ] } )

end

e l s e

i f radSD | | lenSD

t i t l e ( { [ ’X PSD Data f o r ’ p a r t i c l e { 1 } ] ; [ ’D (umˆ2/ s ) = ’ . . .

num2str (Dexp∗ 10ˆ12) ’ ; Beta (V/um) = ’ num2str ( invBeta ) ’ . ’ ] ; . . .

[ ’Troom = ’ roomTemp{1} ’ ; Wavelength ’ l a s e r ’ ; I r r ad ’ i r r a d {1} ’ ;

So lvent ’ s o l v e n t ] ;

[ ’Thbm = ’ num2str (Tphbm) ’C, Thbm+ = ’ num2str (TphbmSDp−Tphbm) ’C

, ’ . . .

’Thbm− = ’ num2str (Tphbm−TphbmSDm) ’C ’ ] ; [ ’ Told = ’ num2str ( Tpold )

. . .

’C, Told+ = ’ num2str (TpoldSDp−Tpold ) ’C, Told− = ’ num2str ( Tpold−

TpoldSDm) . . .

’C ’ ] } )

e l s e

t i t l e ( { [ ’X PSD Data f o r ’ p a r t i c l e { 1 } ] ; [ ’D (umˆ2/ s ) = ’ . . .

num2str (Dexp∗ 10ˆ12) ’ ; Beta (V/um) = ’ num2str ( invBeta ) ’ . ’ ] ; . . .

[ ’Troom = ’ roomTemp{1} ’ ; Wavelength ’ l a s e r ’ ; I r r ad ’ i r r a d {1} ’ ;

So lvent ’ s o l v e n t ] ;

[ ’Thbm = ’ num2str (Tphbm) ’C, Told = ’ num2str ( Tpold ) ’C ’ ] } )

end

end
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hold o f f
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Appendix B

MEEP FDTD FILES

B.1 Introduction

Finding solutions of Maxwell’s equations can be a pestiferous task and it is often the case

that there is no analytical solution. Therefore, determining how light interacts with materials

and generates internal electric fields necessitates the use of numerical methods. To simulate

light-matter interactions, a free finite-difference time domain (FDTD) package called MEEP

(which stands for MIT Electromagnetic Equation Propagation) was used for its robust ca-

pabilities to simulate 1-dimensional, 2-dimensional, and 3-dimensional problems. MEEP has

capabilities to treat anisotropic, dispersive, and nonlinear media with electric and magnetic

conductivities. This appendix chapter includes tutorial files and instructions for using MEEP

with the Linux distribution on the Pauzauskie simulation PC.

The control file (with extension .ctl) is what MEEP reads and uses during a simulation.

However, it is convenient to interface with the control file via a bash script which allows

for running of multiple simulations, parameter sweeping, and post-processing and saving

of each simulation. The following sections include instructions for using these files on the

Linux distribution on the Pauzauskie simulation PC, a commented tutorial control file and

a corresponding script file.

B.2 Operation instructions

1. To read and run the MEEP tutorial files, open up a terminal (Applications → Acces-

sories → Terminal).

2. Type ‘ls’ (without the apostrophes) in the terminal and press enter. This shows the

directory you are currently in. You need to navigate to the folder where you either
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downloaded or placed the tutorial control (.ctl) and bash script (.sh) files. To do this,

type ‘cd foldername’ into the terminal, where the folder name is a folder that was shown

after typing ‘ls’ in step 1.

3. Once in the right folder, type ‘ls’ again to check that you can see the .ctl and .sh files

are in fact in that folder.

4. Now open these files up in a text editor. I recommend gedit, since it has syntax

formatting for MEEP. The formatting needs to be downloaded from the internet, but

it should already be installed on the simulation PC.

(a) To open up the files, type ‘gedit filename.* &’.

i. If it doesn’t allow you to open the documents, it’s because the privacy settings

need to be reset.

A. To reset this, in the terminal, type: ‘sudo chmod 777 PauzauskieMEEPtuto-

rial.*’, then try to reopen it.

ii. For the tutorial case, it will look like: ‘gedit PauzauskieMEEPtutorial.* &’

iii. The * is called a wildcard and will open both the .sh and .ctl files.

iv. The & tells the terminal to open this program in the background, allowing you

to keep using the terminal.

5. With both files open in gedit (two tabs should be open up top), start by reading

through both the bash script file (PauzauskieMEEPtutorial.sh) and the control file

(PauzauskieMEEPtutorial.ctl), in that order, before running the bash script and per-

forming a simulation.
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B.3 Processing script file

#! / bin /bash

# This s c r i p t i s meant to be used f o r t u t o r i a l purposes . Fee l f r e e to use t h i s

as a template , but don ’ t save over t h i s f i l e .

# This i s a bash s c r i p t that automat i ca l l y runs , updates , and ana lyze s a

c o n t r o l f i l e ( . c t l ) that i s read by MEEP. I ’ l l comment step−by−s tep through

t h i s code f o r i n s t r u c t i o n a l purposes .

# NOTE1: I f you c r e a t e a new bash s c r i p t , or c o n t r o l f i l e , you ’ l l l i k e l y need

to r e s e t the f i l e s ’ pe rmi s s i ons in order to a c c e s s them . To do so , type :

sudo chmod 777 f i l ename . ∗ The a s t e r i s k ( ∗ ) i s c a l l e d a wi ldcard and i t

means ” Inc lude any f i l e that conta in s anything be f o r e i t ” . Thus , i t w i l l

i n c lude f i l ename . sh and f i l ename . c t l . Also , s i n c e ’ sudo ’ i s used , i t w i l l

prompt you f o r your password . Last ly , the ’777 ’ s e t s open a c c e s s permis s ion

to read and wr i t e by anybody . I f you ’ d l i k e to s e t d i f f e r e n t permiss ions ,

you can read more about the ’ chmod ’ func t i on ( or any func t i on ) by typing : ’

man funct ion ’ i n to the te rmina l . ’man ’ stands f o r manual . In t h i s case , you

’ d type : man chmod . To e x i t the manual , p r e s s the ’q ’ button on the

keyboard .

# NOTE2: In order f o r the opera t ing system to r e c o g n i z e that your bash s c r i p t

f i l e ( . sh ) i s what i t i s , the f i r s t l i n e o f every s c r i p t f i l e must be : #!/

bin /bash

# NOTE3: A bash s c r i p t i s j u s t l i k e a Matlab s c r i p t . That i s , any l i n e in a

bash s c r i p t you can j u s t as we l l type l i n e−by−l i n e in to the te rmina l . Bash

s c r i p t s ( l i k e Matlab s c r i p t s ) j u s t makes i t easy to automate a r e p e t i t i v e

task .

# NOTE4: Make sure you read through t h i s whole document as we l l as the

t u t o r i a l c o n t r o l f i l e ( PauzauskieMEEPtutorial . c t l ) f i r s t b e f o r e running the
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s c r i p t .

# NOTE5: To s t a r t the s imulat ion , nav igate to the f o l d e r o f the s c r i p t and

c o n t r o l f i l e you ’ d l i k e to run in the te rmina l . You can nav igate in the

te rmina l by typing ’ l s ’ and h i t t i n g ente r to see where you are c u r r e n t l y

and typing ’ cd f o l d e r ’ and h i t t i n g ente r to move to a f o l d e r you see l i s t e d

. When there , type : . / f i l ename . sh and h i t ente r . In t h i s case , you ’ d type :

. / PauzauskieMEEPtutorial . sh

# Written by Paden Roder

# Pauzauskie NanoOptoMechanical Group

# Unive r s i ty o f Washington Department o f Mate r i a l s Sc i ence and Engineer ing

# Created : 03/19/2014

# Last Updated : 05/28/2015

#−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−#

# This s e c t i o n w i l l prompt a ques t i on in the te rmina l and wait f o r the user to

input an answer . Once an input i s entered , i t i s s to r ed in the v a r i a b l e on

the r i g h t . You can ask f o r s t a r t and stop lengths , radius , index o f

r e f r a c t i o n , wavelength , e t c .

# Example : read −p ’ Question goes here : ’ variableName

read −p ’ Please ente r the name o f d e s i r e d d i r e c t o r y WITH QUOTATION MARKS! ! ! (

Example : ” Di rec tory ” ) : ’ d i r e c t o r y # This c r e a t e s the name o f the f o l d e r

r e s u l t s are p laced .

read −p ’ Please ente r the same name WITHOUT quotat ion marks ( Example : ”

Di rec tory ” −> Direc tory ) : ’ d i r e c t # This i s the same , j u s t withough quotes

( f o r s i m p l i c i t y ) .

read −p ’What increments do you want to s tep the imaginary part o f the index

o f r e f r a c t i o n o f the NW? : ’ s tep # This i s ask ing f o r r e s o l u t i o n o f

r e f r a c t i v e index s t ep s .

read −p ’How many runs would you l i k e to take ? : ’ s t ep s # This i s ask ing how

many s t ep s at the above r e s o l u t i o n to run .
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#−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−#

# Now that we have the in fo rmat ion that we need , we r e f e r to the v a r i a b l e by

p l a c ing a d o l l a r s i gn in f r o n t o f i t . We c r e a t e a v a r i a b l e by making a name

fo l l owed immediately by an equal s i gn .

mkdir $ d i r e c t # Make a d i r e c t o r y in the cur rent f o l d e r you are in (named us ing

the name you gave i t above ) to p lace the r e s u l t s .

ho lder=0 # This c r e a t e s a v a r i a b l e c a l l e d ’ holder ’ as a p lace ho lder f o r our

whi l e loop .

#−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−#

# Below i s the s t a r t o f a whi l e loop . I t asks the ques t i on ” I f $ho lder i s l e s s

than the number o f s t ep s we ’ re supposed to increment , then do what ’ s below

i t . You can put whatever c o n d i t i o n a l statement you want to t e s t f o r in the

whi l e loop .

whi l e t e s t $ho lder − l t $ s t eps

do

#−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−#

# This i s the l i n e that runs your MEEP c o n t r o l f i l e . The syntax i s : meep

meepVariable1=value1 meepVariable2=value2 . . . meepVariableN=valueN f i l ename

. c t l | t e e outputF i l e . out

# The ’ meepVariableN ’ i s a v a r i a b l e that i s pre s ent in your c o n t r o l f i l e . This

i s n ice , s i n c e t h i s a l l ows you to update the v a r i a b l e s between runs in the

whi l e loop without having to manually go in to the c o n t r o l f i l e to update

i t . Any v a r i a b l e de f ined in the c o n t r o l f i l e can be changed here .

# The ’ valueN ’ can e i t h e r be a numerica l value , s t r i ng , or s c r i p t v a r i a b l e .

Example : meepVariableN=1 or meepVariableN=$ s c r i p t V a r i a b l e
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# The output f i l e ( . out ) i s where a l l o f the in fo rmat ion from the s imu la t i on

ge t s dumped in to . So , in fo rmat ion l i k e how long the s imu la t i on took ,

absorpt ion and s c a t t e r i n g c o e f f i c i e n t s us ing f l u x planes , e t c .

meep o u t p u t d i r e c t o r y=$ d i r e c t o r y ho lder=$ho lder s tep=$step

PauzauskieMEEPtutorial . c t l | t e e PauzauskieMEEPtutorial . out

#−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−#

# This s e c t i o n simply outputs t ex t or va lue s to the te rmina l s c r e en . ”” i s

s imply a new l i n e .

echo ””

echo ” Simulat ion f i n i s h e d . Moving r e s u l t s to proper f o l d e r . . . ”

echo ””

#−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−#

# This s e c t i o n c r e a t e s f o l d e r s and moves f i l e s generated from the s imu la t i on s .

# In t h i s case , the f o l d e r that conta in s the s c r i p t and c o n t r o l f i l e f o r t h i s

t u t o r i a l i s : ˜/MEEP/Scheme/Tweezer/ Tutor i a l . This i s where I would s t a r t

the s imu la t i on from . NOTE: the ’˜ ’ j u s t means whatever account you are

logged on to ’ s home d i r e c t o r y .

# The ’ cd ’ says go to the f o l l o w i n g d i r e c t o r y . In t h i s case , the d i r e c t o r y i s

the s c r i p t v a r i a b l e we prompted the user to supply above . I f t h i s t u t o r i a l

f i l e i s moved out o f t h i s d i r e c to ry , s imply r e p l a c e the preced ing d i r e c t o r y

to wherever you have the t u t o r i a l f i l e s l o ca t ed . Example : I f you moved the

t u t o r i a l f i l e s to a f o l d e r on your Desktop c a l l e d ’ MEEPtutorial ’ , then the

l i n e would read : cd ˜/ Desktop/MEEPtutorial/ $ d i r e c t /

cd ˜/MEEP/Scheme/Tweezer/ Tutor i a l / $ d i r e c t /

# Within t h i s f o l d e r , make a new f o l d e r that w i l l hold a l l the output f i l e s

from t h i s s tep in the whi l e loop . I ’ ve named i t here such that I can e a s i l y

i d e n t i f y which step in the loop i t corresponds to .

mkdir ” s tep=$ho lder ∗ s t ep s=$step ”
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cd ˜/MEEP/Scheme/Tweezer/ Tutor i a l / # Move back to your s t a r t i n g d i r e c t o r y .

# In the corre spond ing c o n t r o l f i l e , you can e l e c t to output data f i l e s that

conta in s data such as the x−, y−, and z−components o f the e l e c t r i c f i e l d ,

as we l l as the energy dens i ty . Here , we move a l l o f those data f i l e s , as

we l l as the output f i l e , to the s u b f o l d e r we created above .

# NOTE: The syntax i s : mv f i l e 1 . ex t ens i on f i l e 2 . ex t ens i on . . . f i l e N . ex tens i on

f i n a l F o l d e r D i r e c t o r y

# NOTE: In the correspond ing c o n t r o l f i l e , you choose the name o f the output

f i l e s . For ins tance , I ’ ve chosen to name the x−component o f e l e c t r i c f i e l d

as ’Ex ’ . The f i l e type i t saves as i s a H i e r a r c h i c a l Data Format (HDF5) ,

which has the extens i on ’ . h5 ’ ( t h i s f i l e can be read by Matlab , FYI) . MEEP

always saves i t s output data as : contro lFi lename−

outputNameSpec i f i edInContro lF i l e . h5

# NOTE: The f i l e with the (−eps−∗ ) i s the data f i l e s that r e p r e s e n t the

d i e l e c t r i c cons tant s o f the m a t e r i a l s in the s imu la t i on space .

mv PauzauskieMEEPtutorial . out PauzauskieMEEPtutorial−Ez . h5

PauzauskieMEEPtutorial−Ey . h5 PauzauskieMEEPtutorial−Ex . h5

PauzauskieMEEPtutorial−eps−∗ PauzauskieMEEPtutorial−EF−Energy−Density . h5 ˜/

MEEP/Scheme/Tweezer/ Tutor i a l / $ d i r e c t / s tep=$ho lder ∗ s t ep s=$step

# This r e l o c a t e s you in to the s u b f o l d e r your made f o r the s imu la t i on r e s u l t s .

cd ˜/MEEP/Scheme/Tweezer/ Tutor i a l / $ d i r e c t / s tep=$holder ∗ s t ep s=$step

#−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−#

# Again , t h i s l e t s you know that the s imu la t i on i s done , the f i l e s have been

moved , and i t i s now time to analyze the r e s u l t s .

echo ””

echo ”Making . png f i l e s ”

echo ””
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#−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−#

# As mentioned above , the . h5 f i l e s that are output can be opened in Matlab

and subsequent 2D/3D/ time dependent p l o t s can be made . However , here , we

can make our own movies and p i c t u r e s automat i ca l l y us ing so f tware that has

been i n s t a l l e d on the SimPC . For more in fo rmat ion on t h i s so f tware , r e f e r

to the MEEP t u t o r i a l o n l i n e .

# The . h5 f i l e i s a 3− or 4−dimens iona l matrix ( depending on i f you ran a 2−

or 3−dimens iona l s imulat ion , r e s p e c t i v e l y ) . 2/3 dimensions correspond to

the s p a t i a l d imensions f o r every time step .

# Here , we use a func t i on c a l l e d ’ h5topng ’ which conver t s data in a . h5 f i l e

to a PNG. For d e t a i l e d in fo , type ’man h5topng ’ in the te rmina l and h i t

ente r . Again , e x i t the manual by p r e s s i n g ’q ’ . For t h i s funct ion , i t needs

to be to ld which time s l i c e s you ’ d l i k e to turn in to . png f i l e s . The syntax

i s :

# h5topng −t t i m e s l i c e 0 : t imes l i c eN −s p a t i a l S l i c e −co lorOpt ions1 −co lorOpt ions2

. . . −colorOptionsN f i l ename−eps ∗ f i l ename−d a t a f i l e . h5

# ’−t ’ cor re sponds to the t i m e s l i c e . To know how many time s t ep s you have , you

can look in the output f i l e f i l ename . out

# The ’−0x0 ’ says ”Take the cente r x−s l i c e ( yz−plane ) ” . The . h5 f i l e w i l l

index the very f i r s t s l i c e in any d i r e c t i o n as 0 . To make i t index the

cente r s l i c e as 0 , you use ’−0 ’. Then , you need to choose which plane to

look at . This i s chosen us ing e i t h e r ’−x ’ ( yz−plane ) , ’−y ’ ( xz−plane ) , or

’−z ’ ( xy−plane ) . D i r e c t l y f o l l o w i n g the s p a t i a l s l i c e , ente r which s l i c e

you ’ d l i k e to look at ( Example : −x 0) . So , the shorthand to index the

cente r s l i c e as 0 , choose the yz−plane , and pick the cente r s l i c e i s ’−0x0

’ .
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# The ’−R’ , ’−Zc dkbluered ’ , ’−a yarg ’ , and ’−A’ are a l l a e s t h e t i c c o l o r

opt ions f o r the generated p i c t u r e s that can be looked up in the manual

us ing ’man h5topng ’ .

# The ’ f i l ename−eps ∗ ’ p l a c e s an o u t l i n e o f the mate r i a l in your s imu la t i on

in to the p i c t u r e f o r a e s t h e t i c purposes .

# The ’ f i l ename−d a t a f i l e . h5 ’ i s the data f i l e you ’ d l i k e to make PNG images

from .

# NOTE: I f you don ’ t need images and would ra the r j u s t look at the r e s u l t s in

Matlab , you can comment out these l i n e s below by p la c ing a hashtag in f r o n t

o f them . This w i l l save a l o t o f time in the s imu la t i on .

h5topng −t 0 :95 −0x0 −R −Zc dkbluered −a yarg −A PauzauskieMEEPtutorial−eps ∗

PauzauskieMEEPtutorial−Ex . h5 # Looks at x−component o f e l e c t r i c f i e l d

h5topng −t 0 :95 −0x0 −R −Zc dkbluered −a yarg −A PauzauskieMEEPtutorial−eps ∗

PauzauskieMEEPtutorial−EF−Energy−Density . h5 # Looks at energy dens i ty

#−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−#

# Again , t h i s l e t s you know that the PNG images have been made , and now i t s

time to c r e a t e a movie out o f those images .

echo ””

echo ” Fin i shed making . png f i l e s . Now making . g i f movies ”

echo ””

#−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−#

# Now, we are going to take the images c rea ted from each time s l i c e above and

make a movie from i t . The syntax i s :

# convert f i l ename−d a t a f i l e . t ∗ . png gifname . g i f

# To l ea rn about the ’ convert ’ funct ion , type ’man convert ’ i n to the te rmina l .
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# The ’ f i l ename−d a t a f i l e . t ∗ . png ’ part i s choos ing each time s l i c e image that

was made above . The h5topng automat i ca l l y saves the images with the time

s l i c e appended to the name : f i l ename−d a t a f i l e . t0 . png , f i l ename−d a t a f i l e . t1 .

png , . . . f i l ename−d a t a f i l e . tN . png Thus , to choose a l l o f them , we use the

wi ldcard ( ∗ ) again .

# NOTE: This part can ’ t be done i f you dec ided to not make any images . In that

case , you would want to comment out these l i n e s as we l l by adding hashtags

be f o r e the l i n e s .

convert PauzauskieMEEPtutorial−Ex . t ∗ . png PauzauskieMEEPtutorial−Ex . g i f

convert PauzauskieMEEPtutorial−EF−Energy−Density . t ∗ . png PauzauskieMEEPtutorial

−EF−Energy−Density . g i f

#−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−#

# Again , t h i s l e t s you know that the movie has been made . S ince the images

take up a l o t o f space and the movie i s u s u a l l y a l l that we want anyways ,

we go ahead and simply d e l e t e the images . I f t h i s i s not what you want , you

can comment out these l i n e s .

echo ””

echo ” . g i f made . Removing . png images ”

echo ””

# These l i n e s s imply remove the image f i l e s you crea ted above .

rm PauzauskieMEEPtutorial−EF−Energy−Density . t ∗ . png

rm PauzauskieMEEPtutorial−Ex . t ∗ . png

# This l i n e puts you back in to the o r i g i n a l f o l d e r where your c o n t r o l and

s c r i p t f i l e s are l o ca t ed .

cd ˜/MEEP/Scheme/Tweezer/ Tutor i a l /

#−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−#

# Last ly , t h i s part updates the v a r i a b l e ’ holder ’ by i n c r e a s i n g i t s va lue by

one . The new vaule o f t h i s v a r i a b l e i s then eva luated at the top o f the f o r
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loop to dec ide to do another i t e r a t i o n or not .

ho lder =‘ expr $ho lder + 1 ‘

done

# I f the f o r loop i s done , t h i s l e t s you know in the te rmina l by output ing ”

Done ! ”

echo ”Done ! ”

echo ””
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B.4 The .ctl file

; This control file is meant to be used for tutorial purposes. Feel

free to use this as a template , but dont save over this file.

; This is a control file that contains all of the MEEP variables

and functions for a given simulation. This control file is

executed by a bash script with the same name

(PauzauskieMEEPtutorial.sh). Id recommend reading that script

file first before reading this file. Ill comment step-by-step

through this code for instructional purposes.

; NOTE1: If you create a new bash script , or control file , you will

likely need to reset the file permissions in order to access

them. To do so , type: sudo chmod 777 filename.* The asterisk (*)

is called a wildcard and it means "Include any file that

contains anything before it". Thus , it will include filename.sh

and filename.ctl. Also , since "sudo" is used , it will prompt you

for your password. Lastly , the "777" sets open access permission

to read and write by anybody. If you would like to set different

permissions , you can read more about the "chmod" function (or

any function) by typeing: "man function" into the terminal.

"man" stands for manual. In this case , you would type: man

chmod. To exit the manual , press the "q" button on the keyboard.

; NOTE2: All of the MEEP functions that can be used can be found on

the MEEP tutorial website under the "Reference" section.

Moreover , there are plenty of examples of different uses on the

website as well.
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; NOTE3: All of the variables defined here are the default values.

As mentioned in the corresponding bash script file , any variable

defined here can be overriden in the bash script call to meep.

; NOTE4: Make sure you read through this whole document as well as

the tutorial bash script file (PauzauskieMEEPtutorial.sh) first

before running the script.

; NOTE5: To start the simulation , navigate to the folder of the

script and control file you would like to run in the terminal.

You can navigate in the terminal by typing "ls" and hitting

enter to see where you are currently and typing "cd folder" and

hitting enter to move to a folder you see listed. When there ,

type: ./ filename.sh and hit enter. In this case , you would type:

./ PauzauskieMEEPtutorial.sh

; NOTE6: This language used by MEEP is called Scheme. It is a lot

like LISP. I wont go into the syntax of this language because I

believe anybody reading this should just be able to reuse/alter

whatever I have here. However , I do want to mention that math

operations (+,-,* ,/) are performed with the syntax: (operation

value1 value2 ... valueN). Example: 1 + 1 --> (+ 1 1).

; Written by Paden Roder

; Pauzauskie NanoOptoMechanical Group

; University of Washington Department of Materials Science and

Engineering

; Created: 03/19/2014

; Last Updated: 05/28/2015
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;;;-----------------------------------;;;

; If you do not define the output_directory in the bash script ,

your files will show up in a folder named "default ".

(define-param output_directory "default")

; I have created 2 variables , holder and step , that can be used to

update whatever parameter you wish through the bash script. For

instance , in the bash script , if you wanted to update the

imaginary index of refraction for each iteration in the while

loop , you could update the value of "holder" and "step" after

the meep call.

(define-param holder 0)

(define-param step 0)

;;;-----------------------------------;;;

; This section defines the material properties to be used in the

simulation. Again , all of these parameters can be changed in the

bash script. These are just default values.

; NOTE: MEEP has weird units. Essentially , you need to just pick a

unit and stay consistent with those units. For more information ,

see the MEEP tutorial website.

(define-param r 50) ; Radius of

NW in nm

(define-param len 5000) ; Length of

NW in nm

(define-param n 3.60142) ; Real part

of index of refraction for Si @ 980 nm
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(define-param k .00054377) ; Imaginary

part of index of refraction for Si @ 980 nm

; "k_use" is set up like this as an example of how you can update

the imaginary refractive index by changing the vaules of

"holder" and "step" from the bash script. If the default values

are kept , "k_use" equals "k"

(define-param k_use (+ k (* holder step)))

(define-param eps_real_mat (- (* n n) (* k_use k_use))) ; Real part

of dielectric constant

(define-param eps_imag_mat (* 2 n k_use)) ; Imaginary

part of dielectric constant

(define-param n_env 1.33) ; Index of

refraction of trap environment

;;;-----------------------------------;;;

; This section defines the EM source properties in the simulation.

(define-param wvlen 980) ; Vacuum

wavelength of source

(define-param fcen (/ 1 wvlen)) ; Vacuum

frequency of source

; NOTE: Make sure you read the MEEP tutorial website about how MEEP

handles things like wavelength , frequency , and irradiance.

Essentially , a lot of constants are dropped and values are

normalized to the source.

;;;-----------------------------------;;;

; This section defines the simulation space.

(define-param s_xy 150) ; Size of

cell in x & y dimensions
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(define-param s_z 8000) ; Size of

cell in z dimension

; In general , the thickness of the PML should be at least the

wavelength of the light you are using in the simulation.

(define-param tpml 1000) ; Thickness

of the perfectly matched layer (PML)

;;;-----------------------------------;;;

; Now that we have defined all of our parameters , we can start

setting up the simulation. Here , we set up the lattice.

(set! geometry-lattice (make lattice (size s_xy s_xy s_z))) ; Set

the size of the simulation box (size x y z).

(set! default-material (make medium (index n_env))) ; Set the index

of refraction of that simulation box.

; Now we add whatever type of particle we want in the simulation

box. If you look on the MEEP tutorial website , there are

predifined geometries you can use , such as "block" and "sphere ".

Each type has its own syntax , so make sure you look it up before

using it. Moreover , you can make porous/interesting materials by

setting up a shape , and then "punching holes" through that shape

by defining smaller cylinders or spheres within the main

geometry with properties the same as the surrounding mediums

properties.

;Make a cylinder at the center of the simulation box. Default long

axis is along Z.
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(set! geometry (list (make cylinder (center 0 0 0) (radius r)

(height len)

(material (make medium (epsilon eps_real_mat) ; Give it proper

material properties.

(D-conductivity (/ (* 2 pi fcen eps_imag_mat) eps_real_mat))

)))))

; NOTE: MEEP assumes no absorption (k=0). To program in the

imaginary index of refraction , you need to set the electrical

conductivity with the real and imaginary dielectric constants at

that frequency , as shown above.

; Now we place the PML layers. You can either just specify a

thickness (which places PML layers on all sides of the

simulation box), or you can pick which sides to put the layers

on. The "direction" and "side" functions are specifying that I

want PMLs on the bottom (-Z) and top (+Z) of the simulation box.

(set! pml-layers (list (make pml (thickness tpml) (direction Z)

(side Low) (side High))))

; Here we set our source of the EM fields that we are simulating. I

am showing a continuous source here , but a pulsed source can

also be used (see MEEP tutorial website for details). Also , the

source can be over a range of frequencies instead of being

monochromatic. Here we just use one wavelength. Lastly , make

sure that your source is not buried inside of a PML , or no

radiation will make it out.

; NOTE: According to Maxwells equations , EM waves correspond to

oscillations of charges. The source is essentially a metal



203

plate/wire that oscillates charges at the desired frequency.

(set! sources (list

(make source

(src (make continuous-src ; Continuous source

(frequency fcen))) ; Monochromatic

(component Ex) ; Polarization

(center 0 0 (* (- (/ s_z 2) tpml) (- 1 2))) ; Where is the

source placed in the simulation box

(size s_xy s_xy 0) ; Size of the source (size x y z).

In this case , a xy-plane.

)))

; If your source , simulation box , and particle all have a type of

symmetry , a great amount of time can be saved by specifying the

type of symmetry it has. The types of symmetry that MEEP

recognizes can be found on the MEEP tutorial Reference page. If

you simulation does not have symmetry , this can be commented out.

(set! symmetries (list (make mirror-sym (direction Y))))

; Resolution is given in (pixels)/( distance unit). The larger the

resolution , the longer it will take. Also , you need to have at

least >= 8 (pixels)/( wavelength in the highest dielectric).

(set! resolution .4)

; This lets MEEP know you want to deal with real and imaginary

fields in the simulation. If you do not need this , you can

comment it out and it will save computation time.

(set! force-complex-fields? true)

;;;-----------------------------------;;;
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; Now that we have set up our simulation , we need to run it. There

are multiple ways to run the simulation: stopping after a

certain amount of time (shown here), stopping after a pulse has

decayed by x% , etc. For more information , see the MEEP tutorial

website Reference page.

(run-until 100000 ; Run for 100 ,000 nm --> roughly 100

wavelengths

(at-beginning output-epsilon) ; Output the dielectric

makeup of the simulation box

; At roughly every wavelength of time , output electric field

components.

(to-appended "Ex" (at-every 1000 output-efield-x)) ; X

component , with a data name "Ex"

(to-appended "Ey" (at-every 1000 output-efield-y)) ; Y

component , with a data name "Ey"

(to-appended "Ez" (at-every 1000 output-efield-z)) ; Z

component , with a data name "Ez"

; At roughly every wavelength of time , output the energy density

(E*E multiplied by a constant).

(to-appended "EF-Energy-Density" (at-every 1000 output-dpwr))

)
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