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Abstract
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Pricing, Optimal Asset Liquidation and Insider Trading

Weston Barger

Chair of the Supervisory Committee:
Associate Professor Matthew Lorig
Applied Mathematics

We examine three problems in mathematical finance. These problems broadly fall under
the sub-disciplines of contract pricing and optimal execution of orders on an exchange under
price impact.

The first problem deals with the pricing of contingent claims, a classical problem in math-
ematical finance. After a brief introduction to pricing, we derive asymptotic expansions for
the prices of a variety of European and barrier-style claims in a general local-stochastic
volatility setting. Our method combines Taylor series expansions of the diffusion coefficients
with an expansion in the correlation parameter between the underlying asset and volatility
process. We provide rigorous accuracy results for European-style claims which depend ex-
plicitly on the correlation parameter. For barrier-style claims, we include several numerical
examples to illustrate the accuracy and versatility of our approximations.

We then turn our attention to the problem of optimal execution. We assume a continuous-
time price impact model similar to that of Almgren-Chriss but with the added assump-
tion that the price impact parameters are stochastic processes modeled as correlated scalar
Markov diffusions. For a fixed trading horizon, we perform coefficient expansion on the
Hamilton-Jacobi-Bellman equation associated with the trader’s value function. The coef-

ficient expansion yields a sequence of partial differential equations that we solve to give



closed-form approximations to the value function and optimal liquidation strategy, which is
given in feedback form. We examine some special cases of the optimal liquidation problem
and give financial interpretations of the approximate liquidation strategies in these cases.
We then provide numerical examples to demonstrate the efficacy of our approximations.
The third problem we consider deals with insider trading under price impact. We con-
sider an exponentially risk-averse (or risk-neutral) trader who wishes to capitalize on inside
information about the true value of an asset that is traded on an exchange. The insider
faces a market maker who desires to set a fair price for the asset and attempts to do so
by leveraging information contained in the aggregate order flow. We also assume that the
insider faces a trading cost that is a linear function of the insider’s trading speed. We give
equilibrium strategies for the insider and the market maker in both the single auction and
continuous-time settings. While the discrete-time equilibrium was given previously, we ex-
pand upon it by performing an expansion in small trading cost to analyze the behavior as the
cost tends towards zero. A continuous-time equilibrium is given in terms of the solution to
a forward-backward ordinary differential equation, which we arrive at by applying nonlinear
filtering and dynamic programming in continuous time. We then give some comparative
statics about the insider and market maker’s strategies and numerically explore the effects

of varying model parameters.



TABLE OF CONTENTS

Page
List of Figures . . . . . . . . . . e ii
Chapter 1: Introduction . . . . . ... 1
Chapter 2: Approximate pricing of European and Barrier claims . . . . . . . .. 4
2.1 Background . . . .. ...
2.2 Market Model . . . . . .. 9
2.3 Formal asymptotic expansion . . . . . . ... ..o 12
2.4  Explicit expressions . . . . . .. ... e e e 15
2.5 Accuracy results. . . . ... 28
2.6 Numerical examples . . . . . . . . .. 33
2.7 Conclusion . . . . . .. L 37
Chapter 3: Optimal liquidation under stochastic price impact . . . . . . .. . . .. 39
3.1 Market model and trader’s value function . . . . . . .. ... ... ... ... 41
3.2 Asymptotics . . . . . .. 46
3.3 Numerical examples . . . . . . . . .. L 60
3.4 Conclusion . . . . . . .. L 66
Chapter 4: Insider Trading with Temporary Price Impact . . . . . . . .. ... .. 71
4.1 Background . . . ... 71
4.2 Single-Auction . . . . . ... 73
4.3 Continuous-Time Auction . . . . . . .. .. ... oL 84
4.4 Parameter Dependence . . . . . . . . ... Lo 102
4.5 Conclusion . . . . . . . L 106
Appendix A: Dynamic Programming in Continuous Time . . . . . . ... ... ... 115



LIST OF FIGURES

Figure Number

2.1

2.2

2.3

24

2.5

2.6

2.7

2.8

3.1

For the Heston model considered in Section 2.6.1, we plot u— @ (blue dotted)
and u — @} (orange dotted-dashed) as a function of the upper barrier U for a
call option. . . . . . L

For the Heston model considered in Section 2.6.1, we plot u as a function of
the upper barrier U for a call option. . . . . . . ... ... ... .......

For the Heston model considered in Section 2.6.1, we plot u —u} (blue dotted)
and u — @5 (orange dotted-dashed) as a function of the lower barrier L for a
put option. . . . . . . . e e

For the Heston model considered in Section 2.6.1, we plot u as a function of
the lower barrier L for a put option. . . . . . . ... ... ... .......

For the CEV model considered in Section 2.6.2, we plot u — @, (blue dotted)
and u — uy (orange dashed) as a function of the upper barrier U for a call
option. . . . . L e e e e

For the CEV model considered in Section 2.6.2, we plot u as a function of the
upper barrier U for a call option. . . . . . .. ... ... ... ... ... ..

For the CEV model considered in Section 2.6.2, we plot u — g (blue dotted)
and u— uy (orange dashed) as a function of the lower barrier L for a put option.

For the CEV model considered in Section 2.6.2, we plot u as a function of the
lower barrier L for a put option. . . . . .. ... 0oL

Here we plot a single sample path of (a,b) and the paths of (X", S”, Q") that
result from following v = v >0 (blue) and v = v} >0 (orange) with dy-
namics (3.3.2) and parameters (3.3.4). In Figure 3.1a, we plot the temporary
price impact a, and in Figure 3.1b we plot the permanent price impact b.
We plot the trader’s inventory @) in Figure 3.1c and the trader’s cash X" in
Figure 3.1d. In Figure 3.1e, we plot the stock prices S¥. . . ... ... ...

i

Page

34

34

35

35

36

37



3.2

3.3

3.4

3.5

3.6

3.7

4.1
4.2
4.3

4.4

Here we plot histograms of the relative performance criteria given in (3.3.11)
with the initial conditions (3.3.6). In Figure 3.2a we plot the performance
of 1§ relative to v4c. In Figure 3.2b, we plot performance of v relative to
vg. The vertical, dashed lines represent the 5%, 25%, 50%, 75%, and 95%
quantiles, respectively. . . . . ...

Here we plot histograms of the relative performance criteria given in (3.3.12)
with the initial conditions (3.3.6). In Figure 3.3a, we plot the performance

(3.3.12a) of 1/_5‘(00’@) relative to Vﬁfg’@). In Figure 3.3b, we plot performance

(3.3.12b) of y_i‘(oo’w) relative to V_S(OO’SD). The vertical, dashed lines represent
the 5%, 25%, 50%, 75%, and 95% quantiles, respectively. . . . . . . ... ..

Here we plot the performance of V_f(oo’o) relative to 1/_5‘(00’0) with respect to

the performance criteria (3.3.13) with initial conditions (3.3.6). The vertical,
dashed lines represent the 5%, 25%, 50%, 75%, and 95% quantiles, respec-

tively. . .

Here we plot the performance of 1§ relative to v with respect to the perfor-
mance criteria (3.3.11) (right) with initial conditions (3.3.14). The vertical,
dashed lines represent the 5%, 25%, 50%, 75%, and 95% quantiles, respec-
tively. . . e

o) (00,)

Here we plot the performance of V_f(oo relative to 1 with respect to the
performance criteria (3.3.12b) with initial conditions (3.3.14). The vertical,
dashed lines represent the 5%, 25%, 50%, 75%, and 95% quantiles, respec-
tively. . . e

0) —(00,0)

Here we plot the performance of V_f(oo’ relative to 1/ with respect to
the performance criteria (3.3.13) with initial conditions (3.3.14). The vertical,
dashed lines represent the 5%, 25%, 50%, 75%, and 95% quantiles, respec-
tively. . o

Here we take (A, 0, A\g) = (0,0.5,1) and plot (8 — £,)/3 has a function of c.
Here we take (A, 0, Ag) = (0,0.5,1) and plot (A — \y)/\ has a function of c.

Here we plot 5 as a function of ¢ for the risk-averse insider and vary the risk-
aversion parameter A > 0. Cooler colors correspond to lower values of A and
warmer colors correspond to higher valuesof A. . . . ... .. .. ... ...

Here we plot A\ as a function of ¢ for the market maker facing a risk-averse
insider and vary the risk-aversion parameter A > 0. Cooler colors correspond
to lower values of A and warmer colors correspond to higher values of A.

1l

69

103



4.5

4.6

4.7

4.8

4.9

4.10

Here we plot 8 as a function of t for the risk-averse insider and vary the
temporary price impact parameter ¢ > (. Cooler colors correspond to lower
values of ¢ and warmer colors correspond to higher values of ¢. . . . . . ..

Here we plot \ as a function of ¢ for the market maker facing a risk-averse
insider and vary the temporary price impact parameter ¢ > 0. Cooler colors
correspond to lower values of ¢ and warmer colors correspond to higher values
of c. . e

Here we plot 8 as a function of ¢ for the risk-averse insider and vary the noise
parameter ¢ > 0. Cooler colors correspond to lower values of ¢ and warmer
colors correspond to higher valuesof o. . . . . . . . ... ... ... ...

Here we plot A\ as a function of ¢ for the market maker facing a risk-averse
insider and vary the noise parameter ¢ > 0. Cooler colors correspond to lower
values of ¢ and warmer colors correspond to higher values of . . . . . . ..

Here we plot  as a function of ¢ for the risk-averse insider and vary the initial
price variance parameter 2§ > 0. Cooler colors correspond to lower values of
¥§ and warmer colors correspond to higher values of 5. . . . .. ... ...
Here we plot A\ as a function of ¢ for the market maker facing a risk-averse
insider and vary the initial price variance parameter 3§ > 0. Cooler colors

correspond to lower values of 2§ and warmer colors correspond to higher values
of 0. .

v

104

104

105

105

106



ACKNOWLEDGMENTS

First and foremost, I would like to thank my advisor, Matthew Lorig. Matt has
taught me a significant amount of mathematics, but, more generally, he has imparted
on me his organized and structured approach to attacking challenging, technical prob-
lems. These skills have carried over into many aspects of my life and have already paid
dividends, figuratively and literally. I am without a doubt smarter as a direct result
of his of mentorship. Matt encouraged me throughout my phd to pursue projects and
interests about which I was passionate, even when those projects and interests did
not align with his, an advising approach that I never took for granted. Matt and I
also share a plethora of tastes and personal interests, which routinely turned planned
short research meetings into hours long conversations about life, weight lifting, sports,
music and so on. The ways in which Matt has impacted my professional life are nu-
merous and significant but perhaps not as significant than the ways in which he has
impacted my personal life. Matt helped give me courage to unapologetically be my
true self and inspired me to shed worry about that which I cannot control. I could
not have been more fortunate to have an academic advisor who taught me so much
and advocated for me so strongly, but who I can also count as a close, personal friend.

[ am extremely grateful for my friend and co-author Ryan Donnelly. Ryan provided
me a great deal of support on our project together, a work I am particularly proud of,
as well as much needed reprieve from the stresses of graduate school and job hunting

by accompanying me to the College Inn Pub.

I received help from every member of the Applied Mathematics staff. In particular,



I would like to thank Lauren Lederer for her administrative support, particularly
during the hectic graduation process, and Karen Beaudry, for her invaluable help in
securing my first graduate school internship, an achievement which positively altered

my career trajectory.

I would like to thank my dear, personal friend and fellow metalhead Bobby “Bob”
Baraldi. On Bobby’s visiting weekend, he commented on my Skeletonwitch t-shirt,
and we immediately became fast friends. Having massive guitar nerd in the next office
was more than I could have ever hoped for in graduate school. Bobby accompanied me
to virtually every concert I attended, and together we experienced the most technical
and beautiful music the world has to offer. His observational prowess and relentless
humor never failed to brighten even my most gloomy days, and his work ethic and
sheer grit in the face of seemingly insurmountable adversity was, and continues to be,

deeply moving and inspiring.

I am also grateful for my friendship with Diya Sashidhar. We share passions for
coffee, spicy chicken and college football, and I cherished our Orange King/Parnassus
lunch routine, where those passions converged. Our shared experience growing up in
the South was deeply comforting to me during times of homesickness. I have never met
someone with such a combination of compassion; social, emotional and intellectual
intelligence; and humor. Diya uplifts everyone around her, and I am exceptionally

lucky to have been one of those people.

[ am immensely thankful for my friendship with Matt Lukac. Matt and my decade
long friendship began in Arkansas, but with great fortune has continued on in the
Pacific Northwest. Our semi-annual meet ups in Eugene and Seattle are among the
happiest memories of my life. Matt is one of the funniest people I have ever met,
and knowing that I can pick up the phone and dial up a laugh has provided me a

great deal of solace during turbulent times. I have been fortunate to have someone

vi



near me during graduate school with a shared background and common interests
in mathematics, Razorbacks football, music and cycling. Matt’s determination and
work ethic is contagious, and as such our friendship has motivated me to continue to
challenge and improve myself in a variety of ways.

And where would I be without my friends, roommates and incoming 2014 class
companions Brian de Silva and Jeremy Upsal? I cannot imagine better people with
which to experience our program’s first year than Brian and Jeremy. They fostered
a spirit of friendly competitiveness, which inspired my best performance. Brian and
Jeremy both have extraordinary moral and ethical compasses, and they are steadfast
in their principals, even when it is not convenient. I will forever hold dear the mornings
we spent standing in our kitchen, starting the day with good coffee and laughter.

Finally, I would like to express my love and gratitude for my mother Michele, her
husband Jim, and my father Steve. I cannot put to words the amount of love and

support that I receive from them on a daily basis. I am thankful for them every day.

vil



DEDICATION

I dedicate this thesis to my mother Michele and my father Steven.

viil



Chapter 1

INTRODUCTION

This thesis is collection of problems in the field of mathematical finance. The work
herein falls broadly under the mathematical finance sub-disciplines of option pricing and
optimal trade execution, and each of the chapters that follow correspond to a problem in
their respective sub-fields. As such, each chapter is largely self-contained, and we save
the necessary background information, literature review, and modeling considerations for
the beginning of each chapter. As this thesis spans multiple sub-disciplines, the author
performed a balancing act with regards to notation. The author attempted to conform
each chapter to the notational conventions of the respective literature while maintaining
consistency throughout the document. The reader should assume that the notional scope is

at the chapter level, including the appendix.

Chapter 2 falls under the classical mathematical finance sub-discipline of option pricing,
and this work is largely contained in the paper [8]. In Chapter 2, we present a contract pricing
framework—which includes European and barrier-style claims—where the underlying asset
is prescribed local-stochastic volatility dynamics. The coefficients of the asset model are
specified only up to a class of function i.e. specific dynamics are not stipulated. We assume
that the coefficients of the underlying price process are such that the associated pricing
partial differential equation (PDE) is parabolic and known to have well-behaved solutions.
However, due to the generality of the coefficients closed form solutions of the pricing PDE
are unavailable, and we turn to asymptotic expansions to obtain closed form approximations.
We develop closed form approximations to the price of European claims as well as single and

double-barrier claims by using a Taylor series expansion on the coefficients of the pricing

PDE.



We shift our focus away from option pricing in Chapter 3 and move to the problem
of optimal trade execution under price impact models. We consider a trader who seeks
to liquidate a large, long position in a risky security (the optimal acquisition problem is
identical). The trader would like to maximize the expected terminal wealth resulting from
asset liquidation at the end of a fixed trading horizon. In our market model, the trader’s
order submissions to sell put downward pressure on the midprice of the asset. Furthermore,
a fee that is a function of the rate order submissions is also paid by the trader. In their
seminal work, the authors Almgren and Chriss of [4] model price impact as linear functions
of the order submission rate, formulate the optimal control problem associated with wealth
maximization and obtain the optimal control via dynamic programming. But, as distinct
from [4], we take the coefficients of the linear price-impact functions to be diffusion processes
with general coefficients in order to capture the dynamic nature of order books on security
exchanges. This prevents us from explicitly solving the associated dynamic programming
(partial differential) equation in closed form. So, in the same spirit as the problem of Chapter
2, we turn to Taylor series expansions to develop a closed form approximation of the optimal
trading strategy. The difference here, though, is that the PDE considered in Chapter 3 is
fully nonlinear. Furthermore, we use the approximation formulas for the value function to
give approximations to the optimal control, which is given in feedback form. This work is

largely contained in the paper [9].

Like Chapter 3, we also consider price impact models in Chapter 4. However, the setting
there is fundamentally different. In Chapter 4, we consider a trader who obtains information
unavailable to the public about the value of a risky asset to be realized at a fixed date in the
future. We assume that the trader would like to optimally capitalize on their informational
advantage over the rest of the market. However, we assume that there is a market maker
who views the aggregate order flow for the asset and seeks to set a fair price. While the
insider’s trades are obscured by those of noise traders, information about the true value of the
underlying leaks to the market maker as the insider trades. The market maker incorporates

this information into prices to the disadvantage of the insider. That is, as the insider trades



they affect price impact. We present equilibrium strategies for the insider and the market
maker. Chapter 4 expands on the existing literature by assuming that the insider also faces a
transaction cost, felt only by the insider, associated with submitting orders to the exchange.
The introduction of the transaction fee qualitatively changes equilibrium solutions from those
developed in previous works. Similarly to Chapter 3, we employ dynamic programming to
develop optimal order submission strategies for the insider. We obtain the optimal control in
feedback form and then reduce the solution of the dynamic programing PDE to the solution
of an ordinary differential equation (ODE) system, for which we show the existence and
uniqueness of a solution.

Without further ado, let us present the first problem.



Chapter 2

APPROXIMATE PRICING OF EUROPEAN AND BARRIER
CLAIMS

2.1 Background

In finance, an option is a contract between two parties which gives the owner of the contract
the right to buy or sell an asset from the other party at an agreed upon price on or before
an agreed upon date, given that the conditions of the contract are met. The asset on which
the contract is written is known as the underlying. It is important to note that the owner
of the contract does not have the obligation to exercise their right. However, no reasonable
trader would decline to exercise their right if the payoff at expiry associated with exercising
is positive.

An investor may use an option contract to speculate on future price movements. The
investor can purchase options, which are often cheaper than the underlying, to bet on price
movements. Furthermore, an investor who would like hedge their position in an asset can
buy options as insurance against adverse price movements. After their instantiation, option
contracts may be bought or sold. The use of options in modern investing is so ubiquitous
that there are exchanges dedicated entirely to options trading (e.g. The Chicago Board
Options Exchange).

Because the owner of the option contract has the potential to make a profit in the future,
the option contract itself has a value. Due to the ubiquity of option trading in modern
finance, there has been a great deal of academic (and otherwise) research on computing the
fair price of an option. To compute the price of an option, it is necessary to prescribe a
model for the underlying asset.

The Brownian motion is an indispensable tool in asset modeling. In this thesis, Brownian



motion refers to a continuous-time stochastic process W with the properties
1. Wy =0,
2. the path of W, is continuous almost-surely, and

3. for each 0 <t < s < oo, Wy —W; ~N(0,s —1).

Brownian motion—named for the botanist Robert Brown, who gave a qualitative descrip-
tion of the phenomenon by observing particles floating on top of water behaving erratically—
was first mathematically formalized by Thiele (see [46]). Bachelier independently developed
the Brownian motion in his thesis [6] and was also the first to employ the use of Brown-
ian motion to model asset prices. Einstein brought Brownian motion to the attention of
physicists in his paper [30].

However, it was in 1973 that the authors Black and Scholes of [15] first utilized Brow-
nian motion in the computation of option prices. The pricing formula is foundational in
mathematical finance and is widely known as the Black-Scholes or the Black-Scholes-Merton
formula, to honor the contributions of Robert Merton [54]. They used a geometric Brownian
motion (GBM), first used to model asset prices in [63], to model the price of the risky un-
derlying asset and subsequently constructed a dynamically traded portfolio consisting of the
underlying and a bond that replicated the terminal value of the option, known as the option
payoff. They argued that the under the assumption of a lack of arbitrage in the market the
price of the option at a given time must be equal to the value of the replicating portfolio, as
any other option price would lead to an arbitrage opportunity.

Constructing an option-replicating portfolio and applying a no-arbitrage argument is one
method by which option prices can be computed. The authors of [38] showed that the
absence of arbitrage on a market is equivalent to the existence of a probability measure such
that each non-dividend paying asset on the market denominated in units of a common non-
dividend paying asset forms a martingale. This probability measure is known as a risk-neutral

measure. The present time value of an option can be found by computing the expected value



of the (discounted) option payoff with respect to the risk-neutral measure conditioned on the
path of the underlying. Generally, this procedure is referred to as risk-neutral pricing, and
it is this approach that we take in the upcoming chapter.

It is often the case that authors in the option-pricing literature model the underlying
asset as a stochastic differential equation (SDE) and specify the dynamics of an asset under
a risk-neutral measure directly, and align ourselves with those authors in this chapter. For
example, consider a market is composed of a single risky asset S, a bond B, which for the
sake of simplicity we assume to pay an interest rate of r = 0, and a European option contract
V' expiring at time t = T written on S with payoff ¢(Sr). Suppose further that under a

risk-neutral measure P the asset evolves according to the dynamics
dSt = /L(t, St) dt + O'(t, St) th,

where W = (W;)o<: is a standard Brownian motion under P. Well, as V' (denominated by
the bond B = 1) is a martingale under the risk-neutral measure P and V; = ¢(St), the time

t < T value of the of the option is given by
Ve =E" [V | 5] = B¥ [o(Sr) | T4,

where ' = (F})o<i<r is the filtration generated by S. As S is the solution to an SDE, and is

hence a Markov process, there exists a function u = wu(t, s) such that
ult, s) = EY [p(Sr) | Sy = 5] = EY [p(S7) | F] = V.
The function w is known to satisfy the parabolic PDE
Ou(t,s) + %02(25, 5)0%u(t, s) + p(t, s)0su(t, s) =0, u(T,s) =p(s), (2.1.1)

known as the Kolmogorov backward equation. In this setting, computing the time-t value of
the option V; is therefore equivalent to solving the PDE problem (2.1.1). In this chapter,
we will cast the problem of pricing options as PDE problems and apply PDE approximation
methods to compute approximate prices. We refer the reader to the textbooks [65] and [14]

for detailed introductions to risk-neutral option pricing.



The most simple option contracts allow the holder to buy (sell) the asset from (to) the
contract writer within a given time frame. It is for the lack of attached bells and whistles that
these contracts earned the name wvanilla options. The European flavored option gives the
holder their right to exercise only at a specified time, and its American counterpart allows
the holder to exercise their right at any moment up to a specified time. More complicated
contracts are referred to as exotic options. The payoff of exotic options are often dependent
on the realized path of the underlying asset as opposed to simply the value of an asset at a
specified time.

A common example of an exotic option is a barrier-style option. For barrier options, an
event is triggered by the price of the underlying asset reaching a predetermined level. For
example, a single-barrier knock-out option with lower barrier L written on an underlying S
with a payoff ¢(Sr) is a contract such that the holder of the contract receives ¢(Sr) at time
t = T only if the asset price never touches the lower barrier L in the time interval [0, 7.
Otherwise, the contract owner receives no payout.

Barrier-style options are some of the most liquid path-dependent claims, and barrier-
style claims are often cheaper than their European counterparts. As such, the barrier-style
claims are popular among speculators who wish to bet on market movements while taking
advantage of the lower prices barrier-style claims entail. Despite the widespread use of
barrier-style claims they remain challenging to price.

In his seminal work, [54] was the first to value a down-and-out call in closed form for a
stock that follows a GBM. Static hedging results are available for barrier claims in GBM and
similar settings. [16] show that in the GBM setting a down-and-out call can be replicated by
going long a European call with the same underlying, maturity and strike while going short
a specified number of puts, where the number of puts and the put strike price are functions
of the barrier and strike of the down-and-out call. [18] extend this result by showing that the
static hedge of [16] works for any asset price model with local volatility when the volatility
function is symmetric in the log of the futures price relative to the barrier. [19] make clear

that the aforementioned local volatility symmetry condition is sufficient but not necessary.



The replication strategy described above for a down-and-out call is valid when there are
no jumps over the barrier and the call and put have the same implied volatility at the first
passage time to the barrier. This condition is known as as Put Call Symmetry (PCS) and was
introduced to finance by [11]. [20] give static replication strategies for barrier-style claims
for a general class of local volatility models, and [17] present semi-static hedges for barrier
options on price and volatility.

The CEV ([27]), Heston ([40]), and SABR ([37]) models are among the most frequently
used models for pricing European claims. These models do not posses the symmetry condi-
tions discussed in the previous paragraph. However, a number of pricing formulas are known
and the associated hedging strategies are dynamic. For example, the authors of [29] price
barrier-style claims under the CEV model by using eigenfunctions expansions. In the zero
correlation setting, [31] prices barrier options can be priced via Fourier Sine series for double
barrier options or via Fourier Sine transforms for single barrier options under the Heston
model.

When underlyings are modeled as zero-correlation stochastic volatility processes, the in-
duce induce symmetric implied volatility smiles [62]. This is inconsistent with empirical
evidence from equity markets where smiles exhibit at-the-money skews [61]. For accurate
pricing, it is therefore advantageous to permit the underlying to be correlated with the
volatility-driving process. When the correlation of the price and volatility processes is non-
zero, closed-form pricing formulas for barrier option prices are not available and perturbation
methods are often employed. [47] presents an approximate pricing formula for barrier op-
tions by expanding the pricing partial differential equation in the vol-of-vol parameter. The
authors of [32] price barrier options under a fast mean-reverting volatility model. And [49]
values barrier options and other claims for a class of multiscale stochastic volatility models
(see [33] for a review of these models). However, the methods of [47] and [32] cannot be
applied in the CEV or SABR settings, and the results in [49] require a separation of time
scales between the price process and the corresponding fast and slow factors of volatility,

which may not be realistic in certain markets.



In this chapter, we consider a very general class of local-stochastic volatility models, which
includes the CEV, Heston and SABR models. We approximately price barrier-style claims
by expanding the coefficients of the infinitesimal generator of the underlying as a Taylor
series about a fixed point. The Taylor series expansion method was initially developed for
European-style claims in scalar diffusion setting in [59] and later extended to d-dimensional
diffusions in [52] and [51].

Adapting the methods developed in [51], which deal with diffusions on R?, to diffusions
on strict subsets of R? is not straightforward. In particular, the zeroth order approximation
to the transition density of a diffusion in R? is a Gaussian kernel that is a function of
the difference of the forward and backward variables. This symmetry between forward and
backward variables is exploited to simplify the computations required to obtain higher order
corrections to the transition density. But for diffusions in a strict subset of R?, the zeroth
order transition density approximation will no longer be a function of the difference of the
forward and backward variables and depends on the geometry of the subset. As a result,
the computations needed to obtain higher order corrections to the transition density are
significantly more involved.

The rest of this chapter proceeds as follows. In Section 2.2, we introduce a general local-
stochastic volatility model and describe the option-pricing problems we wish to solve. In
Section 2.3, we develop an asymptotic expansion for options prices. This expansion leads to
a sequence of nested PDE problems, which we solve explicitly in Section 2.4. In Section 2.5,
we establish the asymptotic accuracy of our approximation for European options. Finally,
in Section 2.6, we provide several numerical illustrations of our pricing approximation for
barrier-style claims and compare our results to prices obtained via Monte Carlo simulation.

Some concluding remarks are offered in Section 2.7.
2.2 Market Model

In this chapter, we consider a market defined on a complete, filtered probability space

(Q,F,F = (F1)o<t, P). Here, the measure P represents the market’s chosen pricing mea-
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sure. Let S = (S;)i>0 be the value of a risky asset. We suppose the dynamics of S are given

by

St = f(Xt)v
dX; = M(Xm Y;e)dt + U(Xt, Yt)th,
dY; = c(Xy, Yi)dt + g( Xy, Y3)d By,

d (W, B), = pdt.

where the function f must be positive, strictly increasing and f € C*(R). The processes W =
(W)i>0 and B = (By);>o are driftless (P, F)-Brownian motions with constant correlation
p € (—1,1). We assume the dynamics of (X,Y) = (X, Y;)i>0 are such that (X,Y) has a
unique strong solution until the first exit time of X of some interval I C R.

For simplicity, we take the risk-free rate of interest to be zero. Thus, in order to preclude
the possibility of arbitrage, the risky asset S must be a martingale under IP. As a result, the
function p must satisfy

—f”(f2
H= 2

The condition on p can be easily derived by computing df(X;) and setting the dt¢-term to
zero. Typical choices for f are f(x) = e® and f(z) = z, which give rise to the conditions
p=—20% and p = 0, respectively.

We are interested in computing the price of a barrier-style contingent claim, whose payoff

at the maturity date 7' is given by
Payoff : Li-~>ryo(Xr), r=inf{t >0: X, ¢ I}, (2.2.1)

where [ is an interval in R. For a single-barrier claim with a lower barrier L < X,y we
have I = (L,o0), and for a single-barrier claim with an upper barrier Xy < U we have
I = (—o00,U). For a double-barrier claim, we have I = (L,U) where L < X, < U. We also

allow for the possibility that I = (—o0, c0), which corresponds to a European claim on X.
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Remark 2.2.1. When I # R, payoffs of the form (2.2.1) are knock-out style payoffs. A

knock-in style payoff is a payoff of the form
Payoft : Iir<ryo(Xr).

Let VX9 and V& be a knock-in and knock-out claim, respectively, each with strike K and

barrier L and payoff ¢(Xr). Then
VO + Vi = Lirsryo(Xr) + Lperyo(Xr) = o(Xr) = Vi,

where V¥ is a European claim on X with payoff ¢(Xr). Thus, via a no arbitrage argument,
by pricing both knock-out and European style claims we have also priced knock-in style

claims.
The value V; of the claim with payoff (2.2.1) at time ¢ < T is given by
‘/t = ]I{T>t}u(ta Xt7 }/;)7 U(t7 z, y) =k (]I{T>T}SO(XT)|X15 =7, }/t =Y, T> t) ’

Under mild conditions, the function u is the unique classical solution of the Kolmogorov

Backward equation
0= (0 + A)u, uw(T,-) = ¢, (2.2.2)
where A is the generator of (X,Y), is given explicitly by
A = w(@,y)0y + 50°(2,y)07 + c(x,y)0y + 59°(x,y)0; + po(x,y)g(x, y)0:0,,

and is defined to act on functions that are twice differentiable and satisfy the boundary

conditions
dom(A) := {g € C*(I) : lim g(z,y) =0}.
x—0I

Here we use the notation 01 to indicate a finite endpoint of I. So, for example, if I = (L, 00),
then A acts on functions that satisfy lim,~ j, g(z,y) = 0. Throughout this chapter, we assume
a unique classical solution to (2.2.2) exists. Solving the PDE (2.2.2) explicitly would give
an explicit expression for V. As no explicit solution of (2.2.2) exists for general coefficients

(u,0,c,g), we shall seek instead an explicit approximation for w.



12

2.3 Formal asymptotic expansion

In this section, we present a formal asymptotic expansion for u. To begin, let us introduce

some notation. For any coefficient function of A we define

X (2, y) = x(@+elx—17),7+ely —9)), X € {w 30%, ¢, 39°, 09},

where (Z,7) is a fixed point and € € [0,1]. Next, we introduce an operator A®”, which is

given explicitly by
AP = (2, 9) 0y + (50°)° (2,9)07 + ¢ (2,9)0y + (39°)° (2, 9)3; + p(og)*(x, )0y,
where dom(A®”) := dom(A). Consider, now, a family of PDE problems, indexed by (e, p)
0= (0 + A" )u™", usP(T, -, ) = . (2.3.1)

Noting that A=?|._; = A, it follows from (2.2.2) and (2.3.1) that u*”|._; = u. Rather than
seeking an approximate solution to PDE problem (2.2.2) directly, we shall instead seek an
approximate solution to PDE problem (2.3.1) by expanding u®” in powers of ¢ and p as
follows
u™ =Y elplugy, (2.3.2)
i=0 j=0
where the functions u;; are (at present) unknown. Once we obtain an approximation for
u®?, we will obtain an approximation for u by setting ¢ = 1.
We shall see later that the approximation we obtain for u does not require the coefficients
of A to be analytic. However, making the assumption of analytic coefficients simplifies the

presentation considerably so we will temporarily proceed with it. We may then write

AP = Z g’ (An,O + pAn,l) ) (233)
n=0
Ano = pin(2,9)0: + (36°)u(@,9)02 + ca(x,y)0y + (39°)n(z, y)0;, (2.3.4)

‘An,l - (Ug)n(xay)axaya (235)
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where dom(Ag ) := dom(A) and have introduced the notation

1 d» ::5éagwﬁx@4o
e=0

Xn(z,y) = e “(z,v) FTE— (z—2)(y —9)" ", (2.3.6)

1=0

for x € {u, 30% ¢,2¢g% 0g}. Observe that x, is the nth order term in the Taylor series
expansion of y about the point (z,7).
Inserting expansions (2.3.2) and (2.3.3) into PDE problem (2.3.1) and collecting terms

with like powers of ¢ and p, we obtain

0(1) : 0 = (9 + Ao0)uo,, uoo(T,-,-) = ¢,(2.3.7)
O(e"p") : 0 = (0 + Aoo)Unk Ui (T,-,+) = 0.(2.3.8)
n k
+ Z Z(l — 0i15,0)AijUn—ik—j,
=0 j=0

For clarity, we present the lowest order terms explicitly here

0(1) : 0= (0 + Ao0)uop, upo(T, ) =,
O(e) : 0= (0 + Aoo)uro + A1ouoo, uo(T,-,-) =0, (2.3.9)
O(p) : 0= (0 + Aoo)uo1 + Ao, up1(7T,-,-) = 0,(2.3.10)
O(e?) - 0= (0 + Ao)uzo + Az0ugo + A1 oui, ugo(T,-,-) =0,
O(ep) : 0= (0 + Aoo)ur, uy (T, +) =0,
+ Ar1ugo + Arouor + Ao
O(p?) : 0= (0 + Aoo)uo2 + Aoauo1 + Ao 2o, up2(T,-,-) = 0.

We note that for any value of ¢, the PDE (2.3.1) stipulates that u=?(T,-,-) = . This is
why we ascribe the terminal condition ug (7, -, ) = ¢ and a terminal condition of zero for
all higher order terms.

The above computation motivates the following definition.
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Definition 2.3.1. Let u be the unique classical solution of PDE problem (2.2.2). We define

uf;, the Nth order approzimation of u, as

Ntz y) ZZ&?J gt T, y) “ : (2.3.11)

=0 =0 0,e)=(z,y,1)

where wug o satisfies (2.3.7) and w,,  satisfies (2.3.8) for (n, k) # (0,0).

From classical PDE theory, we get that the zeroth order problem (2.3.7) has a unique

classical solution (see [34]).

Remark 2.3.2. Often in asymptotic expansions, one assumes that the solution to a problem
is a power series in a small parameter that is inherent in the given problem. Approximations
to the the solution of a problem should be depend only on the parameters of the original
problem. As e does not appear in the original PDE problem (2.2.2) it should not appear in
the approximation for u. Observe that we have set ¢ = 1 in (2.3.11), and as a result, the
parameter € plays no role in the definition for @%,. We think of this as ¢ = 1 being the value
of € inherent in our problem. Indeed, € was introduced merely as an accounting tool in the

formal asymptotic expansion above.

Remark 2.3.3. Note that we have set (z,y) = (z,y) in (2.3.11). The small-time behavior of
a diffusion is predominantly determined by the local behavior of the diffusion coefficients near
the starting point of the diffusion (z,y). In turn, the most accurate Taylor series expansion of
any function in a neighborhood of the point (z,y) is the Taylor series expansion centered at
(z,9) = (x,y). So first, one should solve the sequence of nested PDE problems (2.3.7)—(2.3.8)
with (z,7) fixed. For clarity, let us make explicit the dependence of our approximations on
the point (7, %) by denoting the solution of the O(¢"p*) PDE by uii If one is then interested
in the approximate value of u at the point (x,y), one should then compute un (2, )| @5) =)

in the sum (2.3.11).

As previously mentioned, analyticity of the coefficients of A is not required. The con-

struction of the Nth order approximation @4, relies only on the operators A; ; for ¢ < N and
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j = 0,1. Thus, the Nth order approximation of u requires only that the coefficients of A
belong to C™(IR2%). This leads us to the proposition.

Proposition 2.3.4. Fizx N > 0. If the coefficients of A belong to C™(R2), then the N-th

order approximation uf, (2.3.11) exists.

Proof. Classical results give that the zeroth order problem (2.3.7) has a unique solution
upo and that ugg € C*(R?). Now, for any 0 < i,j we have that A, jugo is continuous.
So, classical results give that u;o and ug; exist uniquely and that wu;g,uq; € CH?(R?).
Induction shows that for any 0 < n, k, u,  exists uniquely and u, ; € C?(R?). Therefore,

uf, exists. O
2.4 Explicit expressions

In this section, we provide explicit expressions for the functions wu, j; required to compute
u;, the Nth order approximation of u. We begin this section with a proposition where we
give an expressions for the solutions w,; for 0 < n,k as integrals in time in terms of the
operators A; ; and the semigroup Py generated by the operator Ay on I. The expressions
given in the aforementioned proposition are for a general domain I. Afterwards, we examine
the European, single-barrier and double-barrier cases, respectively. In each of the respective
cases, we give spectral representations for Py, and discuss how to use these representations
to compute u,, k.

Before proceeding, it is helpful to review Duhamel’s principle. Let I'g ¢ be the fundamental

solution of parabolic operator (0; + Ag). That is,
0= (0 + Aoo)loo(:s 5T, & m), Loo(T,-,T,&,m) = 6
Duhamel’s principle states that the the unique classical solution to
0= (0 + Aoo)u+ f, w(T,-, ) = h,
is given by

T
U’(ta Z, ?/) - i]:)U,O(t7 T)h($7 y) + / ds :P(LO(t; S)f(37 X, y)7
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where we have introduced Py the semigroup generated by Ay, which is defined as follows

Poo(t, s)p(z,y) Z/Idf/Rano,o(t,x,y; s5,§,mp(€,n), (2.4.1)

where 0 <t <s<T.

We are now ready to give an expressions for the functions u, ; for 0 < n,k

Proposition 2.4.1. Fiz N > 0 and suppose that the coefficients of A belong to CN (R?), and
let the functions {u,kYo<nr<n be the the unique classical solution of the nested sequence of
PDE problems (2.3.7)—(2.3.8). Then, omitting the spacial arguments (x,y) to ease notation,

the function ugp s given by
uouo(t) = ?0,0(tv T)QOa (242)

and for (n,k) € {(i,7) |0 <14,57 < N} \ {(0,0)}, we have

n+k

OEDSSY /tTdsl /STdSQ---/STldsj (2.4.3)

3=1 Iy ; ! 3=
g)0,0(15, Sl)Anl,kl j)0,0(51, SQ)Ang,k‘g T 9)0,0(8]'—1, Sj)Anj,kj 930,0(33‘» T)%

with I, . ; given by

ng+---+n;=n,

ENYY | ky+-+ky =k,

1<n;+k;, foralll <i:<j

Proof of Proposition 2./.1. We proceed by induction. Suppose (n, k) = (0,0). The operator
Ao, has constant coefficients so the existence of the semi-group operator Py, generated
by Ago on I is a standard result in PDE theory. The formula (2.4.2) is a straightforward
application of Duhamel’s principle.

We now note that formula (2.4.3) holds for (n, k) = (1,0) and (n, k) = (0,1) by applying
Duhamel’s principle to (2.3.9) and (2.3.10). Next, assume as an inductive hypothesis that
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for non-negative integers n and k such that n + k > 1 formula (2.4.3) holds for pairs of

non-negative integers (m, j) such that m + 7 < n + k. For an integer b, define the set
A ={(0,§)[0<i<n 0<j <k 1<i+j<b

Applying Duhamel’s principle to (2.3.8), we see that

T n+l k
Un+1,k :/ dsPoo(t, s) Z Z(l - 5i+j,0)Ai,junz'+1,k:j>
t i=0 j=0
T
:/ dSiPo’O(t,S) Z ‘Ai’jun_i_;,_l,k_j
t (i.)€
A
T
:/ dePop(t, S)An+17kﬂ)070($,T)(,0 (244)
t
n+k—i—j+1 T T T
S SR S R R
j I —it1,k—51 t § -1
artfy

i])0,0(757 S)Ai,j(PO,O(Sa sl)A(nfz#l)l,(kfj)l s ?0,0(31—17 Sl)A(nfz#l)l,(kfj)l?0,0(317 T)‘P»

where (2.4.4) follows from our inductive hypothesis. Reordering the sums in (2.4.4) we obtain

T
= [ dsPoalt s AusaFoo(s, e (2.45)
t

n+k

DY /tTds/sTdsl---/SlTldsl

=1 (i,j)€ In—it1,k—j; -
An+k +1
n+1,k

fP(),o(t, S)Ai,jfpo,o(S, Sl)A(nfz#l)l,(kfj)l e '3)0,0(5[—17 SZ)A(nfz#l)l,(kfj)liPO,O(Sly T)SD-

Next, note that

T omy Mg e My_q ny Mg -+ MNy—1
Iniipe = U ‘ € Ln—it1h—je—1
Anth—+1 ] ]fl k’g s k?g_l k?l kQ s k’g_l
( )e n+1,k

(2.4.6)
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Therefore, combining (2.4.6) with (2.4.5) we obtain

T n+k T T T
Up 41,k :/ dsPoo(t, $)Ant1,6Poo(s, T)e + Z Z / ds/ ds; - / ds;
! 1=1 Innt1,k,141 s Si-1

j30,0(157 S)-A(n+1)1,k1 g30,0(87 Sl)A(nJrl)g,kg T j30,0(51—1, Sl)A(nH)M,leTo,o(sl, T)SO-

Relabeling (s, s1, 82, ,S¢) — (81,82, , Sex1) and reindexing and gives
T n+k+1 T T T
Un+1,k :/ dslgDO,O(ty31>An+1,kT0,0(317T)80+ Z Z / d81/ dss - / ds;
t 1=2 It 51 S1-1

To,o(ﬁ 51>A(n+1)1,k1 TO,O(Sla 32)-A(n+1)2,k2 T CPo,o(Sz—h Sl)-A(n—i—l)l,kl TO,O(Sla T)SO

n+k+1 T T T
= Z Z / dsl/ dSQ"‘/ ds;
t S1 Se

=1 Ini1ky
fP0,0(757 Sl)A(nH)l,kl ﬂD0,0(51, 82)A(n+1)2,k2 te TO,O<SZ—17 Sl)-A(n—i—l)l,kl fPo,o(Sl, T)SO,

which is (2.4.3) for the case (n + 1, k). The proof for the case (n,k + 1) is analogous. O

2.4.1 FEuropean claims

In this section, we consider the case I = R. As 7 = oo when I = R, we see from (2.2.1)
that this case corresponds to a European claim written on X. We begin with the following

lemma.

Lemma 2.4.2. Let H be the linear operator

H = b, + ad?, dom(H) = C*(R).
Then
Hpy, = Atu, w e R,
Vo(x) = ! G Ao(b,a) = biw — aw?. (2.4.7)

V2r

Moreover, we have

(o, by) = (0 — 7). () = /R Az F(x)g(x), (2.48)

where §(w — ) is a Dirac delta function and f denotes the complex conjugate of f.
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Proof. The lemma is checked by direct computation. O

Proposition 2.4.3. Let Py be the semigroup generated by Ago with dom(Agg) = C*(R?).

Then we have

Poo(t, T)f = / dw/ dry ehen(T=1) (Voo f) Yo r,s (2.4.9)
R R
(f.9) = /R du /}R dy Tz v)g(z, y),

where Y, , and A, are given by

\ij,’y(fva y) = ¢w(x)¢v(y)a Ay Aw (b1, a1) + )W(b2> az),
(b1, a1) = (po, (30%)0) , (b2, az) = (co, (29%)0)

)

with ¥, and X\, (b,a) as defined in (2.4.7).

Proof. Using Lemma 2.4.2 and the fact that

/R A B, () (y) = 8(z — y),

one can check by direct computation that

Too(t,a,y: T €,) = / dw / dy TG, (o O (Em), (24.10)
R R

is the fundamental solution of 0; + Ago. Expression (2.4.9) follows directly by inserting
(2.4.10) into (2.4.1). O

Now, from Proposition 2.4.1, we see that the (u, ) are represented by a sum of terms of

the form

J T
A= (H/ dSi T0,0<S7;71, Si)‘Ani,kz') ?070(8j, T)gp Sg = t. (2.4.11)
=1 i

Si—1

Using (2.4.9), we can write these terms as

J T
A= / dwj+1/ d7j+1 H/ dsi/ dwi/ dv; eAwi’%(SFSiil) <\Pwi,7i7‘Ani,kiqui+1,7i+l>
R R i=1 VY Si—1 R R
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(Wesy s mpans ) et M=) g (2.4.12)

Although the multiple integral may seem unwieldy, we shall see that all but a single integral

collapses when we compute the elements

<\I]wim ) ‘Ani,ki \iji+1m+1 > )
which appear in (2.4.12)

Lemma 2.4.4. Let U, ., and (-,-) be as defined in Proposition 2.4.5. Define the operator

B = :L’iyjﬁkal

T2y’

1,7, k,l € Ny. (2.4.13)
Then we have
(We o, B, ) = (1w)*(19) (—100) (—10,) 6 (w — w)6(v — 7).

Proof. The proof is a straightforward computation. Recalling that ¥, , = s-e'“*™7%  we

have

(W, B, ) = /R d /]R dy Uy o (2, y)a'y 050, W, (2, y)
= (iw)"(i7)’ /R dz /R dy W (2, y) 2"y Vo, (2, )
= (1) (19 (—30.) (=30, [ do [ ayTor o)W (o9
= (1w)"(17)(=18,)"(=19,) 8 (w — w)o(y — 7).
where, in the last step, we have used (2.4.8). ]

Remark 2.4.5. The derivative of a Dirac delta function is defined as follows:

/R Ao F(@)O5(w — o) = / Qo 8w — W )(—0)" f(w) = (— 0" (),

R

where we have integrated by parts.
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Note from (2.3.4), (2.3.5) and (2.3.6) that the operators (A, ;) are finite linear combina-
tions of operators of the form (2.4.13). Thus, in light of Lemma 2.4.4 and Remark 2.4.5, we
see that the integrals in (2.4.12) with respect to w; and +;, for i = 1,2, ... j collapse due to the
Dirac delta functions. The integral with respect to 7,41 also collapses, due to the fact that
the payoff function ¢ does not depend on y. And the iterated integrals with respect to s; for
1 =1,2,...7 involve only exponentials and are explicitly computable. Thus, what remains
is the integral with respect to w;;1, which, in general, must be computed numerically. We
note that in the special case p(z) = z"eP* for some n € Ny and p € R, the integral with

respect to w;;1 can be evaluated analytically.

2.4.2  Single-barrier claims

In this section, we consider the case I = (L, c0), which corresponds to a single-barrier knock-
out claim written on X with a lower barrier L < X,. The case I = (—oo,U) with U > X

can be handled analogously. We begin with the following lemma.
Lemma 2.4.6. Let H be the following linear operator

H = b0, + ad?, dom(H) = {f € C*(I) | %lezlf(l‘) =0}, I =(L,0).
The following holds

j{nw = HwTw, w e R+,

2

2 b
Nu(x;b,a) = \/;ebz/@a) sin <w(q: - L)), (b, a) = 1~ aw?®. (2.4.14)

a

Moreover, we have

(o) =8 =) ()= [dof@g@m(@), i) = P 2415)
Here, §(w — ) is a Dirac delta function.

Proof. The lemma is checked by direct computation. O
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Proposition 2.4.7. Let Py the semigroup generated by Ago with
dom('AO,O) = {f € CQ(E) ‘ hjilf(l‘,y) = 0}7 E= (La OO) x R.
Then

Poo(t,T)f = dw/ dy et T=D(w, T, (2.4.16)

7da:/dyfxy (e, y)m(z), 1= (L),

where Y, , and A, are given by

Voo (2, ) = 7 (5 01, a1) 10 (1), Awsry = (b1, a1) + Aq (b2, a2),
(b1, a1) = (po: (56°)0) » (bs, az) = (co, (39%)0) »
with ¥, and A, as defined in (2.4.7), n, and v, as defined in (2.4.14) and m as defined in
(2.4.15).

Proof. Using Lemma 2.4.6, we check by direct computation that

oolt s Ti6on) = [ dw [ dye o0 ) o (€. (2417
Ry R
is the fundamental solution of 0; + Ago. Expression (2.4.16) follows directly by inserting

(2.4.17) into (2.4.1). 0

Once again, to compute the (u, ) , we must examine terms of the form (2.4.11). Using

(2.4.16), we write these terms as

/dwj+l/ dyj41 (H/ dsl/ dwl/ dyie Rosnilsisiz) <\ijz vir Ani e Ve, ’Yz+1>>

<\1le+17%‘+1 ) 90> eAmeHl (T_Sj)\llmm ) (2‘4‘ 18)

where U, ., and A,, ,, are as in Proposition 2.4.7. Noting that each A, j can be expressed
as a finite linear combination of operators with the form of B, which was defined in (2.4.13),

we must compute inner products of the form

(U, B, )

This motivates the following lemma.



23

Lemma 2.4.8. Let ¥, , and (-,-) be as defined in Proposition 2.4.7 and B be defined as in
(2.4.13). Then

w' ' B\D > ( .7)1(_187)j6(7 - ’y/)Cw’,w,i,k‘a (2419)

where

. —m— —m— . mm

|
+ ﬁc‘(do)k (w4 w)™™ " —sign(w — w')jw — |77 cos (%) , (2.4.20)
T

) 2 L . b k—2m+1 ) )
o= -1 — e 24.21
Cw,k Z <2m_ 1)( ) <2a) w ? ( )

) ]{? b k—2m
¢ = —1)km [ — m 2.4.22
=Y (o) (5) @ (24.22)

Proof. Recalling the definition of ¥ from Proposition 2.4.3, we compute

(U, BU, ) = /dx/ dy m(z)V,y (2, y)z’ y](?k@ U, (2, y)

= (7)!(=10,)'8(y - 7) / Az m(@)zing (@)n.(z).  (24.23)

1

By direct computation, we find that

o) = @ (elh cos (wa = L)) + ) sin (w(z = L))

(0)

where ¢, and c k are given by (2.4.21) and (2.4.22), respectively. Thus,

SHR®

/dx m(z)x'n, (2)0n,(z) =

i dr 2'sin (W' (z — L)) (cEJOL cos (w(x — L)) + ct(j)k sin (w(x — L)))

1

LN 9 oo ) )
= ( ! )le— / dz 2™ sin(w'z) (Cfu;c cos(wz) + CEJ)k Sin(wx)>
0 m /7T 0 ’ 7

m=
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= (Z )Limcﬁ)wm " (2.4.24)
m k) b b
m=0
where C’S)wmk is given by (2.4.20). Inserting (2.4.24) into (2.4.23) gives (2.4.19). O

Note from (2.3.4), (2.3.5) and (2.3.6), the operators A, are finite linear combinations
of operators of the form (2.4.13). We see from (2.4.19) that the integrals with respect to ~;,
i=1,2,3,---,7in (2.4.18) collapse due to the Dirac delta functions. As ¢ is independent of
y, the integral with respect to 7;41 also collapses. Furthermore, the iterated integrals with
respect to s;, 4 =1,2,3,---7 in (2.4.18) involve only exponentials in s; and can therefore be
evaluated explicitly. We are left only with integrals with respect to w;, i1 =1,2,3,--- ,j + 1,

which can be evaluated numerically.

2.4.3 Double-barrier claims

In this section, we consider the case I = (L, U), which corresponds to a double-barrier knock-
out claim written on X with a barriers L and U satisfying L < Xy < U. We begin with the

following lemma.

Lemma 2.4.9. Let H be the following linear operator
H =00, +ad?, dom(H)={f e C*(I) | hﬁl f(z) =0, liTr{[l f(x)=0}, I=(L,U).
The following holds

Heoy = vigy, (eN

oe(x:b,a) = € 2a sin (%) , vi(b,a) = o ﬂ.2.4.25)

Moreover, we have

(Ge, D) = o, (f.9) = /Id:vm(x)f(x)g(x).

Here, 0y, is a Kronecker delta function and m is given by (2.4.15).
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Proof. The lemma can be checked by direct computation. O
Proposition 2.4.10. Let Py the semigroup generated by Ao o with

dom(Aoo) = {f € C*(E) [ lim f(z,y) = 0.lim f(.y) =0}, E=(L,R)xR.
Then we have

Poolt, T)f =) / dry el T=0 (0, YT, (2.4.26)
=1 VR

mm:ﬂméwﬂmwmmmm 1= (LU),

where Y, ., and A, are given by
Vo (z,y) = Qo5 b1, 01)04 (), Aoy = ve(by, a1) + Ay (b2, az),
(bh al) = (/JO, (%0-2)0) ’ (627 a2) = (007 (%.92)0) ’

and 1, and \y(b,a) are given in (2.4.7), ¢, and v, are given in (2.4.25) and m is given in

(2.4.15).

Proof. Using Lemma 2.4.9, we check by direct computation that
RWmM%m:Z/MWﬂm%@W%@W®, (2.4.27)
(=1 /R

is the fundamental solution of 0; + Ago. Expression (2.4.26) follows directly by inserting
(2.4.27) into (2.4.1). 0

As with the European and single-barrier cases, to compute the functions (u, ) we must

evaluate terms of the form (2.4.11). Using (2.4.26) we write these terms as

00 7 T 0o
A= Z /]Rdfyj_H (H/ 1 ds; Z /R dv; e (si—si-1) <qj&-,’yia‘Ani,kiqj&+1m+1>>
i=1 " Si— ;=1

Lit1=1
<\ij]’+17%‘+17 90> eAej+1’wj+1(T_5j)\ij1,71~ (2‘4‘28)
As each A, is a finite linear combination of operators form of B, which is defined in (2.4.13),

we must compute terms of the form <\Ijgi7%., By, .+, +1>.
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Lemma 2.4.11. Let V., and (-,-) be as defined in Proposition 2.4.10 and B be as defined
n (2.4.13). Then

<\Ifg/7,y/, B\I/g’,y> == (1’)/)1(—167)]5(’)/ - P)/)CZ’,K,i,ky (2429)
where
e A AN )
Covin = Li—m <C(/) I, o® 5/)7
00k ;(WJ ( - > o om0 T Cp o 100
and

2(:1 2) (E/C% - EC%) 15y (% +1; ;, % + 2 _;L(g _ ) 2)
* Q(an:- 2) (Elcé?lg + EC%) 1F3 (% +1; g, % +2: _l(g + 02 2) ’
=T (G o135 raimre) .
n?iicfg E (% + g; g o+ g; —M?)

2 T2 ' k—2j+1 2j—1
C(O) _ Z 'k (_1)k—] i u 7
bk U-L = \2j—1 2a U—-L

A () () ()

Here, I'p is the Fuler gamma function, and 1Fo and {F} are hypergeometric and reqularized

hypergeometric functions, respectively.

Proof. Recalling the definition of ¥ from Proposition 2.4.10, we compute

<‘I’£l77/,B\I]£,’Y> = /Idl'/]Rdy m(aj)ﬁgw/(x,y)xiyjalgag\lfm(x,y)
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= (i7)"(—=10,)6(y — ) /dx m(2)x o (2)0% gy (). (2.4.32)

1

We see by direct computation that

v (o (m(x — L) o . [tr(z—1L)
8§¢e(:v; b, a) =¢ 2a (c§,£ COS (ﬁ) + cé,g sin (U— .

Thus, we have

/ dz m(a) g ()0 de(2)

I

Un(x— L) (r(x — L) o . [lm(x—1L)
/Id:v 2" sin ( 7 ) (c“c cos (ﬁ + c§,2 sin I
U m-+1
_ ( ) rim ( ) (€8s + C2 ) (2.4.33)

m=

™

L m+1
U= ) dx " sin(0'x) (céolz cos(lx) + cﬁ sin(ﬁx))
0

where the formulas for Cé,{%vmvk and C’é? Z,m,k are given in (2.4.30) and (2.4.31), respectively.

Inserting (2.4.33) into (2.4.32) yields (2.4.29). O

Remark 2.4.12. The functions { F5 and 1ﬁ2, which appear in the expression for Cy ¢ ; ., arise
from computing integrals of the form [ dw 2™ sin(¢'z) cos(¢x) and [ dz 2™ sin(¢'z) sin((x).
For any m, ¢, ¢ € INy, these integrals are equal to finite sums of terms containing powers of
x, sines and cosines (as can be seen by integrating by parts). Thus, the functions | F» and

1ﬁ2 can be evaluated with minimal computational effort.

Note from (2.3.4), (2.3.5) and (2.3.6), the operators A, j are finite linear combinations
operators of the form (2.4.13). We see from (2.4.29) that the integrals with respect to ~;,
i=1,2,3,---,71in (2.4.28) collapse due to the Dirac delta functions. Since ¢ is independent
of y, the integral with respect to «y;41 also collapses. Furthermore, the iterated integrals with
respect to s;, i = 1,2,3,---7 in (2.4.18) involve only exponentials in s; and can therefore be
evaluated explicitly. Thus, (2.4.28) is an explicit sum and does not require any numerical

integration.
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Remark 2.4.13. The fundamental solution corresponding to the parabolic operator (9; +
HAoo + pAo1) can be obtained explicitly in the European, single barrier and double barrier
cases. As such, one might wonder why we expand the operator A in powers of (z — Z) and
(y — y) as well as in powers p (as opposed to expanding in powers of (x — Z) and (y — ¥)
only). The reason we expand in powers of p is that without this expansion the integrals in
(2.4.3) with respect to si, Sq,...,s; cannot be computed explicitly in the single or double-
barrier cases. Thus, by expanding in p avoid having to evaluate multidimensional numerical

integrals in time. We trade additional bookkeeping for analytic tractability.
2.5 Accuracy results

In this section, we establish the accuracy of our formal pricing approximation for European
options. Before stating our accuracy result, let us introduce some additional notation. For a
set D C R? denote by C}' ’I(D) the class of bounded functions on D with globally Lipschitz
continuous derivatives of order less than or equal to n. Let | f|| ¢yt denote the sum of the
L>®-norms of the derivatives of f up to order n. We also denote by C;, "' (D) = L=(D) and
we set || - \|C;1,1 = || - ||z. The following theorem describes the accuracy of the Nth order
approximation of the price of a European option written on an asset with local-stochastic

volatility dynamics.

Theorem 2.5.1. Let I = R, and suppose for some non-negative integer N that o, pu,c,g €
C’év’l(]Rz) and that there exists a positive constant M such that

1
= <ol Illgpr, Nellgges gl < M.

Furthermore, assume that ¢ € C:fl’l(]RQ) for some 0 < h < 2. Then we have

h+1

(u — @) (¢, 2, y)| < C (T — )", 0<t<T, rel,yeR. (25.1)

For N > 1, we have

N—ith

\(u—ﬁf’v)(t,x,y)!SC((T—t)%HpDZI/)Ii(T—t) 2 (2.5.2)
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where 0 <t < T,z €I, and y € R. The positive constants C' in (2.5.1) and (2.5.2) depend

only on M, N and HgoHcgl_l,l.

Our strategy for proving Theorem 2.5.1 is to adapt the proof of asymptotic accuracy in
[51] to our present situation. As such, many of the propositions and lemmas needed for the
proof of Theorem 2.5.1 follow from analogous propositions and lemmas contained in [51].

For the remainder of this section, we let z = (z,y), Z = (Z,7y) and = (§,n) be elements
of R2. Tt will also be convenient to introduce multi-index notation for the operators A and

A . We write

A= a.(2)D2, Ank =Y on(2)DS, D = 901922,
|a\§2 aEA
where
Ay = {(1’0)’(071)7(270)’(072)}7 A= {(171)}7
Oé:<041,042) EA()UAl, |Oé| = o1 + Qo.

Before proving Theorem 2.5.1, we require some preliminary results. In what follows, we

denote by I' the fundamental solution corresponding to the parabolic operator 9, + A.

Lemma 2.5.2. For any 6 > 0, and o, 8 € N2 with 3 < N + 2, we have

la|=18] =~

(2 = Q*DET(t, 2, T.¢)| < C- (T —t) "2 T(t,%T,Q), (2.5.3)
and
(= QDT 5 T,0)| < O (T = )3T (1, 5 T,0), (2.5.4)

for 0 <t < T, and z,{ € I x R, where T is the fundamental solution of the operator
(O + (M +6)(92, + 02)), and C is a positive constant dependent only on M, N,dand |f|.

Proof. The inequality (2.5.3) is given in [51, Lemma 6.21]. The inequality (2.5.4) can be

seen by examining the Kolmogorov forward equation. O]
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The following fact will also be helpful. Let a and b be constants such that a,b > 1/2.
Then, for 0 <t < T

/t ds (T — s)*(s — 1)t = FE(FGE?albefg Y (g _ gposv, (2.5.5)

where I'g is the Euler gamma function.

Proposition 2.5.3. Under the assumptions of Theorem 2.5.1, for any multi-index 3 € INZ

we have

min{h—|3|,0}
2

|Diugo(t,2)| <C-(T—t)" = 0<t<T, 2,2 € R% (2.5.6)
If N > 1, then for any n,k € N, 1 <n+k < N, we have

n+h—|B|
=

}@fun,k(t, )| <C-(T—1) L+ [z — 2T —t)"2), (2.5.7)

for0<t<T, 2 zeR% The constants in (2.5.6) and (2.5.7) depend only on M, N, |B| and

ol gt

Proof. The proof is analogous to the proof of [51, Lemma 6.24]. m

Proposition 2.5.4. Define for i >0

‘Af = -A'i,O + pﬂifl,la ./ZLZ = Z.Af, (258)
=0

n
R i n—i
Ug T § ep Ujn—i
=0

with the convention that A_y 1 = 0. Then for N > 0, we have

: (2.5.9)

e=1

(u—al)(t, z) = /t ds /RZ d¢T(¢, z;5,() Z(.A — ANuf,_(5,0). (2.5.10)

1=0

Proof. We will show that

O+ A) (=) + Y (A—Al)uf_, =0, (u—u%)(T,-) =0, (2.5.11)

1=0
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from which (2.5.10) follows by an application of Duhamel’s principal. Note that (2.5.11)

follows if we show
N
(O + A, =D (A—AL)ufy (2.5.12)
1=0

because (0; + A)u = 0 and u(T,-) = ui (T, ) = ¢. From equations (2.3.7), (2.3.8), (2.5.8)
and (2.5.9), we deduce

(at +.A00 Up + Z‘AZ Up_ i = =0. (2513)

=1

We now proceed to show (2.5.12) by induction. When N = 0, since ufj = ), we have
(0 + A)uf = (A — Ab) uf
Assume now that (2.5.12) holds for N > 1. Then we have by (2.5.13) that

(0 +A) UN+1 (at +A) UN (0 +A) U?V-&-l

N+1
= Z (A _ﬁf) UN—i (A Ap UN+1 ZAPUN i+l
N+41 ) ) N+41
= Z (A - A;‘D—l) Ui (A - AS) Uy — Z ‘Afus)\f—i—l-l
i=1 i=1
N+1 )
= Z (A — A7) w1
=0
Therefore, (2.5.12) holds for all N. O
We now prove Theorem 2.5.1.
Proof of Theorem 2.5.1. From (2.5.8) and (2.5.10) we have
N T k N—-k .
(-t ) =3 [ ds [ acTiezs) (A ~ 3 Ao+ ij1,1>> S a5, €).
k=0 "* R =0 =0

(2.5.14)
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Let Tj*(z) be the k-th Taylor polynomial approximation of a,(z) with the convention that
T (z) = 0. We rewrite (2.5.14) as

(u—uR)(t, 2) ZZ{)’“/ dS/ d¢ (agy — Te") (QT(t 218, O)DE Vuy_i—ials. €)

N N
= Z lerlJz(}f) + Z pl (Jz,k,l + ']z k 2) (2515)

where
I = / dS/RQ A¢ (aqn = T") (O (215, QD imsis,0).

z(i)l = Z [ dS /;{2 dC Tl?a) (C)F(ta z5 S, C)DgUN,k,m(S, C)a

lal<1

Jie= D / ds /R ¢ (a0 = T) (O (1, 22 5. ) DEun-—aa(s. C):

|af=2
a#(1,1)

We first consider Ji(}ﬁ). We note that J; o = 0 since A_; ; = 0 by convention. For k£ > 1, we

perform integration by parts to obtain for |a;| = |as| = 1,

/ ds /}R2 d¢ [D (apny — T,.5") (QL(t, 258, 0)] [Deun4i4(s,0)] -

By the product rule and (2.5.4), evaluating at z = Z gives
T
i< G / ds /R d¢ |z = ¢ Tt 25, ¢) [ D un—r-ia(5, )|
t 2

T
+ Cg/ ds/ d¢ |z — ¢|* | DU (¢, 235, )| |®?2uN_k_i7i(s, Q|-
¢ R2

Applying (2.5.3) and (2.5.7) gives

N+hk7.1

T .
|J§}3|303/ dS/R dCT(t 2z;5,Q)(s — 1) = (T — ) (1412 = ¢V - 9)"37)
t 2



N+h—k—i—1

33

§C4/tTds [(s—t)%(T—s)f+(s—t)%(T—s)%] /}deéﬂ(t,%s,()

N+h—1i

<G (T—t) 2,

where the last line comes from (2.5.5). Similar arguments show

O < Co(T =5, 3Ll < Cr (T =),
for 0 < k < N. When N =0, J{}) =0, so by (2.5.15) we have
(= af)(t,2)] < Cs (T —1) 7.
When N > 1, by (2.5.15) we have
N N-k
i i N_ith i Nth—itl
(=) (6,2 < Co 303 (oI =" 4 ol (T =)™
k=0 =0
N N-k N .
i+
<Cro((T =07 +1p) X > [pl(T—1)
k=0 =0
N k+h
1 N—k+
= Cn (T =1)7 + o)) Y (N =k +1)]p/"(T — 1)
k=0
N
1 k+h
<Cu((T=t2+ ) 1T -t 2,
k=0

which proves Theorem 2.5.1.

2.6 Numerical examples

2.6.1 Heston model

In this section, we implement our pricing approximation for an underlying X = log S that

has Heston dynamics [40]. Specifically, we suppose that (X,Y") satisfies

1
X, = —3Yidt + VYW,  dY; = k(0 — Y dt +6+/Y,dB,,  d(W,B), = pdt.
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We require that Y satisfies the Feller condition i.e. 2k6 > §%, which implies that ¥ remains
strictly positive. In our numerical experiments, we consider double-barrier knock-out calls

and puts with the following parameters fixed

Xo | Y K | T p K 0 )
0.62 | 0.04 | .62 |0.083 |-0.41]1.15]0.04|0.2

where e

represents the strike and 7' represents the maturity date. We first consider call
payoffs ¢(z) = (e* — eX)T with the lower barrier L = 0 fixed and the upper barrier U > K
varying. We compute both our zeroth and second order price approximation @ and 5 as

well as the “exact” price u, which we obtain via Monte Carlo simulation.

00025 004

0.0020 ; 0.03

00015

0.0010

sooos|, ool

T o7 075 oiso ---- YT — 090 Y T v
Figure 2.1: For the Heston model consid- Figure 2.2: For the Heston model con-
ered in Section 2.6.1, we plot u—uf (blue sidered in Section 2.6.1, we plot u as a
dotted) and u—1uf (orange dotted-dashed) function of the upper barrier U for a call
as a function of the upper barrier U for a option.

call option.

In Figure 2.1, we plot the error u — uf and u — @ of our zeroth and second order
approximations, respectively, as a function of the upper barrier U. To get a sense of the
scale of the error, we also plot in Figure 2.2 the exact price u as a function of U. In Figures

K

2.3 and 2.4, we provide analogous plots for put payoffs p(z) = (e* — e*)* with the upper

barrier U = 1 fixed while varying the lower barrier L < K. We see from Figures 2.1 and
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0‘0010f
L 0.04;
0.0005 I
) - i 0.03f
0.’30.‘..‘..‘._‘9155_'__:._‘.LO:O‘ = ‘0.;5‘ - ‘0,‘50‘ - ‘0.15'51 - ‘0.250‘ [ I
. -0.0005 — 0.02 ,
-vo010€— 001k
—OA0015;
0.‘30‘ - ‘0.:‘35‘ - ‘0.110‘ - ‘0.‘45‘ - ‘0.‘50‘ - ‘0.“55‘ - ‘0.60 -
Figure 2.3: For the Heston model consid- Figure 2.4: For the Heston model con-
ered in Section 2.6.1, we plot u — af (blue sidered in Section 2.6.1, we plot v as a
dotted) and u—1u} (orange dotted-dashed) function of the lower barrier L for a put
as a function of the lower barrier L for a option.
put option.

2.3 that 4y provides a more accurate approximation of u than uf for both puts and calls at

nearly all levels of L and U.

Remark 2.6.1. We omit the first order approximation @} in Figures 2.1 and 2.3 for the
following reason. The difference |uf — @f| is small compared to |uf — @h| because when the
payoff function ¢ depends only on x (as is the case for call and put payoffs), we have up; = 0.
Therefore, the first correlation correction term in our approximation appears at the second
order in u ;. The effect of including the first correlation correction is large compared to the

first correction due to y-dependence in the coefficients of A.

2.6.2 CEV Model

In this section, we implement our pricing approximation for an underlying S = ¥ that
has Constant Elasticity of Variance (CEV) dynamics [27]. Specifically, we suppose that X

satisfies

dX; = —%UQeQXt(W_l) dt + oeXt0=1 qW,.
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0.0020 ST
00015
0.02-

0.0010 [

0.0005 |-

P S S B s it R
0.65 0.70 0.75 0.80

Figure 2.5: For the CEV model consid- Figure 2.6: For the CEV model consid-
ered in Section 2.6.2, we plot u — @ (blue ered in Section 2.6.2, we plot u as a func-
dotted) and u — @y (orange dashed) as a tion of the upper barrier U for a call op-
function of the upper barrier U for a call tion.

option.

where ¢ > 0 and 7 > 0. We consider double-barrier knock-out calls and puts with the

following parameters fixed

Xo | K T o v
0.62 | 0.62 | 0.083 | 0.32 | 0.019

where e® represents the strike and T represents the maturity date. We first consider call
payoffs ¢(z) = (e — e®)T with the lower barrier L = 0 fixed and the upper barrier U > K
varying. We compute the zeroth and second order price approximation #y and sy, respec-
tively, as well as “exact” price u, which we obtain via Monte Carlo simulation. Note that
we omit the superscript p from u and u# as correlation plays no role in a local volatility
setting. In Figure 2.5, we plot the error u — 4o and u — 4y of our zeroth and second order
approximations as functions of the upper barrier U. To get a sense of the scale of the error,
we also plot in Figure 2.6 the exact price u as a function of U. In Figures 2.7 and 2.8, we
provide analogous plots for put payoffs p(z) = (e —e®)™ with the upper barrier U = 1 fixed
while varying the lower barrier L < K. We see from Figures 2.5 and 2.7 that in both the call
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Figure 2.7: For the CEV model consid-
ered in Section 2.6.2, we plot u — 1y (blue
dotted) and u — uy (orange dashed) as a

function of the lower barrier L for a put
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Figure 2.8: For the CEV model consid-
ered in Section 2.6.2, we plot u as a func-
tion of the lower barrier L for a put op-

tion.

option.

and put cases the second order approximation outperforms the zeroth order approximation.

2.7 Conclusion

In this chapter, we have presented a formal pricing approximation for European and barrier-
style claims in a local-stochastic volatility setting. We have provided rigorous accuracy results
for European-style claims. And we have provided several numerical examples illustrating the
accuracy and versatility of our approximation for barrier-style claims.

We set up a rather general pricing framework where the coefficients of the SDEs modeling
asset prices were specified only up to a class of function, and we developed formulas for the
approximate solution to a PDE in terms of the coefficients. If we now prescribe specific
dynamics for the price of the underlying, our formulas immediately yield a closed form
approximation to the price of a European or barrier-style claim. This expansion approach can
be applied to obtain approximation formulas for other PDE problems. In the next chapter,

we apply the Taylor expansion method to the dynamic programming equation corresponding
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to an optimal control problem to obtain approximately optimal controls in terms of the SDE

coefficients of the controlled process.
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Chapter 3

OPTIMAL LIQUIDATION UNDER STOCHASTIC PRICE
IMPACT

3.0.1 Introduction

When institutional traders execute large market orders, they are faced with transactional
frictions. Direct frictions, such as exchange and brokerage fees, are known in advance and
can be incorporated into a trading strategy. Traders also incur indirect costs, and such
costs are, in general, unknown in advance and may be difficult to quantify even after the
trading is complete. The opportunity cost that arises from waiting to execute trades and
the price impact that results from trading are both examples of indirect costs. Price impact
typically affects traders adversely. Selling an asset puts downward pressure on the price
thereby lowering revenues while purchasing an asset pushes its price upward, resulting in
higher costs. We focus on price impact costs in this chapter. Specifically, we examine how
a trader should optimally liquidate a large position in a market in which price impact is
stochastic.

The optimal liquidation problem under price impact has been studied extensively in
the literature. [13] use a linear price impact model and solve a discrete optimal control
problem to minimize expected trading costs. [3, 4, 42] also use a linear price impact model
but consider the variance in trading costs. [5] employs nonlinear impact functions, and the
continuous-time limit of the aforementioned models are discussed in [3, 4] in more detail. [2]
considers optimal liquidation in a market with stochastic liquidity and stochastic volatility.
[55] include price impact by modeling the limit order book directly (see also the published
version, [56]). The authors of [1] extend the work of [55] to allow for general limit order book

shapes. [23] use a continuous time linear impact model and incorporate stochastic order flow.
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For an overview of continuous-time price impact models, see [24] and the references therein.

In this chapter, we assume a continuous-time price impact model where the price impact
parameters are stochastic. Specifically, the temporary and permanent price impact parame-
ters are modeled as scalar Markov diffusions. We allow the temporary and permanent price
impact parameters to be correlated, as empirical evidence suggests they are (see [23]). In this
setting, we define a trader’s value function and formulate the associated Hamilton-Jacobi-
Bellman (HJB) PDE (see Appendix A for a brief review of the HJB PDE and dynamic
programming in continuous-time). We find an approximate solution of the HJB equation
by applying coefficient expansion techniques that were first developed for one-dimensional,
linear parabolic PDEs in [59] and extended to d-dimensional PDEs in [51], to the ultra-
parabolic case [58], and to nonlinear problems in [53, 50] and [36]. This, in turn, yields
approximations to the associated optimal trading strategy. The resulting optimal strategy

approximations are explicit and do not require numerical integration.

The zeroth order approximation to the optimal strategy can be interpreted as an Almgren-
Chriss strategy for which the price impact parameters are recalibrated in continuous time.
Successive terms in higher-order approximations can therefore be viewed as corrections to
the strategy of Almgren and Chriss. Higher-order strategy approximations are influenced
by the local behavior of the coefficients of the SDEs modeling the price impact parameter’s

dynamics, allowing traders to take advantage of periods of relatively high or low price impact.

The rest of the chapter is organized as follows. In Section 3.1, we state our modeling
assumptions, define the trader’s value function, and provide the associated HJB equation.
In Section 3.2, we develop an asymptotic expansion for solutions of the HJB equation. This
expansion leads to a sequence of PDEs, which we solve recursively in Section 3.2.2. The
solution of these PDEs allows us to construct approximations to the optimal liquidation
strategy. We discuss limiting cases of the optimal strategy approximations in Section 3.2.3.
In Section 3.3, we demonstrate the effectiveness of the approximate optimal strategies by

performing a Monte Carlo study. Some concluding remarks are offered in Section 3.4.
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3.1 DMarket model and trader’s value function

To begin, we fix a trading horizon 7' > 0 and filtered probability space (2, F, F = (F;)o<i<r, P).
We suppose an institutional trader holds )y > 0 shares of a stock S that they wish to liqui-
date. The trader does not post limit orders but trades exclusively via market orders. They
must choose the speed at which they send market orders with the aim of liquidating all Q)
shares by the end of a trading horizon T. We assume that the trader trades in continuous
time, and we denote by v = (14)o<i<r the rate at which the trader sends market orders (i.e.,
the liquidation speed). The inventory Q¥ = (QY)o<t<r depends on the trading strategy v

and is given by

dQ? = —tht.

A positive trading rate v, > 0 at a time ¢ corresponds to selling shares of S, and a negative
rate v, < 0 corresponds to buying shares of S. Although we shall restrict ourselves to the
liquidation problem in this chapter, we mention that the set up for the acquisition problem
is similar. The trader wishes to choose v such that they minimize the indirect costs they
incur as a result of trading. We incorporate price impact in the model by explicitly including

temporary and permanent price impact parameters.

3.1.1 Permanent price impact

We assume that when the trader sends market orders there is a permanent impact on the
midprice of the stock. Sell orders put downward pressure on the midprice of the stock, and,
conversely, buy orders put upward pressure on the midprice. For example, suppose that a
trader submits a large sell order for .S, and suppose further that other traders on the market
have similar signals and also post market orders to sell. Liquidity providers fill the gap in

the book by posting limit orders to sell at lower prices, thus moving the midprice down.

We model the midprice of the stock as a stochastic process S¥ = (S} )o<i<r with the
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dynamics
dSy = —g(by)vp dt + o dW4, (3.1.1)

where the constant o > 0 is positive, the function g is continuous and real-valued, the Markov

diffusion b = (b;)o<t<r has the dynamics
db, = n(b,) dt + ¢ (b,) dBL, (3.1.2)

and the standard Brownian motions W = (W} )o<i<7 and BY) = (Bt(l))ogtST are uncorrelated.

We think of the Brownian motion W as market noise due to the reshuffling of limit orders.
Permanent price impact is modeled by the process g(b) = (g(b:))o<i<r, the magnitude of
which corresponds the severity of the impact. We require that g(b;) > 0 for all 0 < ¢ < T,
because a negative permanent price impact would imply that selling shares of an asset would
push the midprice upwards, which is unrealistic. We perform asymptotic expansions in
Section 3.2 for general g, but we give the linear model g(z) = z special attention in Section

3.1.2  Temporary impact

In addition to permanent price impact, we assume that the trader also faces a temporary
price impact. Temporary price impact is the cost directly associated with each trade, and,
unlike the permanent impact, temporary impact does not carry over into subsequent trades.
Temporary impact can be understood as follows: the number of shares available at the best
bid is limited, and if the trader’s market order is large enough then the trader walks the book
(i.e. they deplete the outstanding limit orders nearest the midprice). We include temporary

price impact in the model by defining the execution price SV = (§;’ Jo<t<r Of the asset to be

S =8 — flay)w, (3.1.3)
where the function f is continuous and real-valued and the Markov diffusion a = (a;)o<t<r

has the dynamics

da, = p(a;) At + w(ay) dB. (3.1.4)
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Here, the standard Brownian motion B = (Bf@)ogth is uncorrelated with the Brownian
motion W that drives the midprice d <VV, B(2)> = 0 but is correlated with the Brownian
motion BM that drives the permanent price impact d <B(1), B(2)> = pdt where p € (—1,1).
Taking the temporary price impact to be a stochastic process allows us to incorporate stochas-
tic liquidity into our model.

We require that f(a;) > 0 for all 0 < ¢ < T to reflect the fact that market orders are
not frictionless. Assuming the trader wishes to minimize the cost associated with temporary
price impact, if the temporary price impact ever reached zero, the trader would liquidate their
entire inventory immediately resulting in blowup in the optimal strategy. The magnitude
of the process f(a;) describes the severity of the temporary price impact. It is suggested
in [23] that temporary and permanent price impact are correlated, so we allow temporary
and permanent price impact to be correlated with parameter p. Generally, temporary and

permanent price impact are positively correlated, although our model does not require that.

Remark 3.1.1. As the coefficients of the SDEs governing (a, b) are left in a general form, it
may appear that the functions f and g serve merely as changes of variables and that both f
and g can be taken to be the identity function without a loss of generality. However, there are
a few reasons to include f and g. First, a practitioner may have in mind a particular model
for permanent and temporary price impact in the form of (3.1.1), (3.1.2), (3.1.3), (3.1.4).
Thus, leaving the model as specified above facilitates practical implementation. Second,
while it is only the dynamics of f(a) = (f(at))o<t<r and g(b) = (9(bt))o<t<r that affect the
dynamics of the midprice S and the execution price §”, not the individual specification of
the processes (a,b) and the functions (f,g), the approximations we develop in subsequent
sections for the optimal liquidation strategies do depend on the particular choice of (a, b) and
(f,9). Among equivalent model specifications, there may be a particular choice of (a,b) and
(f,g) whose approximate optimal liquidation strategy is closest to exact optimal liquidation

strategy.

The above framework stipulates that the temporary impact is only felt by the trader
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who initiates the market order. Furthermore, our model assumes that the limit order book
rebalances infinitely fast to the state before the arrival of the market order. This assumption
is known as order book resilience. See [1], [5], [35], [44], and [64] for further study and
relaxations of the resilience assumption. Asymptotic expansions are performed in Section
3.2 for general f, but we give special attention to the linear case f(z) = z in Section 3.3.
In the framework described above, one easily derives that the trader’s cash position

XV = (ng)OStST 1S given by

AXY =1, S7dt = 1, (S — fla)w) dt.

3.1.83 Trader’s value function

We consider a trader who wishes to liquidate )y shares of S” under the model described
in Section 3.1. We assume that the trader wishes to maximize their expected cash at the
terminal time T subject to penalties for holding inventory. For a given trading strategy v,
we define the trader’s performance criteria H” to be
T

HY (4,2, 5, 6, 0,0) = Fan sy | X5+ Qb (Sh— £QL) — /t Q)2 ds} (3.15)
where the constants x > 0 and ¢ > 0 are positive and IE; ; 5 4.4, is shorthand for expecta-
tion conditioned on (X}, S}, QY, a;, b)) = (x,s,q,a,b). From left to right, the following three
terms are present in the trader’s performance criteria (3.1.5): terminal cash, the proceeds
from liquidating the remaining shares at the terminal time 7', and an integral term penalizing
the holding of inventory. The proceeds from liquidation at time 7" are subject to temporary
price impact, which is incorporated through the parameter x. The third term ¢ ftT ds(QY)?
imposes a running penalty for holding inventory. When ¢ is large, optimal strategies will
trade quickly at the beginning of the trading horizon rather than face holding large inven-
tories. In [21], the authors show that including the inventory penalty term is equivalent to
the trader considering alternate models with stochastic drifts but penalizing models that are

far from the reference model in the sense of relative entropy. In that context, larger values
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of ¢ correspond to a trader who is less confident about the drift of the S¥. The authors of
[22] introduce the inventory penalty term heuristically and justify it by showing that it is
proportional to the variance of the book value of the inventory over the trading horizon.

The trader’s value function is given by

H(t,x,s,q,a,b) = sup H"(t,z,s,q,a,b),
veA;

where A; = {v | v is F-adapted and j;T lvs|ds < oo, P — a.s.} is the set of admissible

strategies.

3.1.4  The Hamilton-Jacobi-Bellman equation

In this section, we give the HJB equation associated with the value function H. Let H"
denote the infinitesimal generator for the process (X", S”, QY,a,b) with v fixed. Explicitly,
H" is given by
1
H = 502682 —g(b)0s —v0y + v (s — f(a)v) O,
1 1
+ §w2<a)a§ + pw(a)(b)0,0p + 51#2(19)85 + p(a)0q + 1()Ob.

As we shall see in later in this section, it is convenient to write H" as the sum of two operators

H = A + £,
AV = 30283 —g(b)vOs —v0, + v (s — f(a)v) O, (3.1.6)
L= %uﬂ(a)@g + pw(a)(b)0,0y + %zf(b)ag + 11(a)0y + 1(b)0p. (3.1.7)

The operator £ is the infinitesimal generator of the process (a,b) and the operator A" is
the infinitesimal generator of (X¥,S", Q") with (v,a,b) fixed. When the process (a,b) is
constant (i.e., (u,n,w,¥) = (0,0,0,0)), we have H” = A", and the model reduces to the
continuous-time Almgren-Chriss model (see [4]).

The HJB equation associated with the trader’s value function H is

(8 + L) H +sup (A"H — ¢¢*) = 0, H(T,z,8,q,--) =2+ q(s — rq), (3.1.8)



46

where A” and £ are given by (3.1.6) and (3.1.7), respectively. We assume that (3.1.8) admits
a unique classical solution which coincides with the trader’s value function (see [60]).

Following [23], we make the following ansatz
H(t,x,5,q,a,b) = x4+ qs + ¢°h(t,a,b), (3.1.9)

for some function h to be determined. Henceforth, we refer to h as the transformed value

function. Inserting (3.1.9) into (3.1.8) yields the following PDE problem for h:
¢*(0; + L)h + sup (—q(21/h +vg+qp) — u2f) =0, T, ) =—k. (3.1.10)

The optimal strategy v*, obtained by maximizing the supremum in (3.1.10), is given in

feedback form as

g(b) + 2h(t, a, b))
vi(t,q,a,b) = — ( 3.1.11
(t.q.0.) T (31.11)
Inserting (3.1.11) into (3.1.10) we obtain
0= (0 +L)h+N(h) — ¢, hT,- ) = —k, (3.1.12)
2
N = 224 Ipg O (3.1.13)

o Ar
Note that we have reduced the HJB equation (3.1.8) to a PDE that involves only three

variables: (t,a,b).
3.2 Asymptotics

For general (f,g,w,u, ¥, n,p), there is no closed-form solution to (3.1.12). In this section,
we develop a formal asymptotic expansion for the transformed value function h and the
corresponding optimal execution strategy v* by performing polynomial expansions on the
coefficients of (3.1.12). As mentioned in Chapter 2, the authors of [51] use this approach
for the European option pricing problem in a general local-stochastic volatility setting. This
is the approach we take in the previous chapter. One key difference here is that, unlike
classical option pricing PDEs, which are linear, the PDE (3.1.12) is nonlinear. Our approach
is similar to that of [53] and [50], who apply the polynomial coefficient expansion method to

the Merton problem and indifference pricing problem, both of which are nonlinear.
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3.2.1 Coefficient Taylor series expansions

This section proceeds similarly to Section 2.3. In Section 2.3, we performed a double ex-
pansion by expanding the solution of a parabolic PDE in the correlation parameter p and a
polynomial expansion on the PDE coefficients.

In this section, we perform a polynomial expansion of the PDE (3.1.10) in a single
parameter. However, we perform a polynomial expansion of the coefficients of a nonlinear
PDE, which requires a different treatment. Furthermore, in Section 2.3 we were interested
in obtaining exact formulas for the approximate value of the solution u of the PDE (2.2.2).
In this setting, we are not only interested in approximately evaluating A, but in obtaining
formulas for approximations to the optimal trading strategy v* in (3.1.11). The setting here
differs enough from that of Section 2.3 that some concepts bear repeating.

As in Section 2.3, we assume for the sake of simplicity in the following formal computa-
tions that the coefficients of (3.1.12) are analytic on R?. We shall see later that the Nth-order
approximations we obtain for h and v* require only that the coefficients of (3.1.12) belong
to CN(D) where D is some open set in R? and C™(D) is the set of functions f : D — R,
whose derivatives up to order N exist and are continuous.

Let x be a placeholder for any of the coefficients appearing in PDE (3.1.12)

X € {507, pob, 507 o, £ g, 47 (3.2.1)

and fix a point (@, b) € R2. For any ¢ € [0, 1], we define

X (a,b) :=x(@+e(a—a),b+e(b—0)). (3.2.2)
Formally, Taylor expanding x® in € about the point € = 0 gives

X (a,0) ==Y e"xul(a,b), ee0,1], (3.2.3)

- —\n— A 1 n— — 7
Xn(aa b) = Z Xn—kk * (CL - CL) k(b - b)k7 Xn—kk = maa kazle((% bX324)
P Kl
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In particular, evaluating (3.2.3) at € = 1 yields the Taylor series expansion of y about the

point (@, b). Consider now the family of PDEs indexed by e:
(O + LE)h® + N°(h°) — ¢ =0, (T, ) = —kK, ee€l0,1], (3.2.5)

where L% and N¢(-) are the operators obtained by replacing the coefficients of £ and N(-)
n (3.1.7) and (3.1.13), respectively, with their e-counterparts. Explicitly, we make the

replacements

sw? pwt, 50% o, 7 f g AT T )
= (507 (pwd), (392t (F )5, (F )", (47 f 1 g?)7)
n (3.1.12) to obtain (3.2.5). Using (3.2.3), the linear operator £¢ in the PDE (3.2.5) can be

written as
=> "Ly, (3.2.6)
n=0

where we have defined
Ly = (%Uﬂ)nag + (wa)nﬁib + (%77/12)”82 + 1Oy + 10,

and the subscript notation y, is as described in (3.2.4). The expansion of the nonlinear
operator N¢ is more involved, and we handle it below.
We construct an expansion for the function h, the solution to the PDE (3.2.5), as the

power series in €
S(t,a,b) = anh (t,a,b), e e [0,1]. (3.2.7)

Here, the sequence of functions (h,)5°,, are not polynomials in (a,b) but rather functions

to be determined which, in particular, are independent of €. We shall eventually construct
the asymptotic approximation to the transformed value function h by truncating (3.2.7) for

some n = N and setting ¢ = 1.
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We insert (3.2.6) and (3.2.7) into (3.2.5), expand the terms in N°(h®) in powers of ¢, and
collect terms of like order in €. As the equality in (3.2.5) holds for all for all € € [0,1], we

obtain the following sequence of PDEs:

O(£%) : 0= (0 + Lo) ho + (fHoh? ho(T,-,-) = —k, (3.2.8)
+ (f'g)oho + (47 g0 — o,
O(e") - 0= (at n 20> ha + F, ho(T,-) =0, (3.2.9)

for n > 1, where we have defined the differential operator

Lo = Lo+ 2(f Hoho + (f 9o, (3.2.10)
and the functions
n—1 n—1 1
Fpi=) Lo ihi+ (f Dnmihizjh (3.2.11)
=0 =0 7=0

- n—1
+ fo Z hoihi + Y (f 7' @ nihi + (47 f 7 ),
i=1 i=0
We are now in position to define the Nth order approximation for A.

Definition 3.2.1. Let N be a non-negative integer, and assume that the coefficients of £
and N are CV(D) where D is an open set in R2. For any (a,b) € D, we define the Nth-order

approximation of the transformed value function h by

~(t,a,b) Ze

where hy is the solution to (3.2.8) and h,,, for n > 1, is the solution to (3.2.9).

( eab)=(Lab)

We now focus on developing an Nth order approximation for the optimal liquidation
strategy v*. To this end, recalling the expression (3.1.11) for the optimal execution strategy

v*, we define

@) (hg,0) == <g ;ffh€> q, e €10,1],

where f¢ and ¢° are given by (3.2.2) and h® is the solution to (3.2.5).
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Definition 3.2.2. Let N be a non-negative integer, and assume that the coefficients of
(3.1.11) are CN(D) where D is an open set in R2. For any (a,b) € D, we define the define

the Nth-order approximation of the optimal control v* as

Vi ab) =Y e, a,b) (3.2.12)

(E,E,B) =(1,a,b) ’

where, for every n, the function v is the nth-order coefficient in the Taylor series expansion

of (v*)® about € = 0.

Remark 3.2.3. As we noted at the beginning of Section 3.2.1, for a given N, the analyticity
of the coefficients of £ and N is not required to construct the approximation hy. Indeed, to
construct the N-th order approximations hy and v}, one only needs that the coefficients are

CY(D) for some D C R?.

Remark 3.2.4. The construct the approximations Ay and v% by summing up the solutions
to the O(&') problems for i = 0,1,..., N and evaluation the sum at (¢,@,b) = (1,a,b).
This may be a point of confusion. However, we performed the analogous evaluation of the
asymptotic approximations of Chapter 2 and discussed this evaluation in Remarks 2.3.2 and

2.3.3.

We now give a representation of the approximate strategy v (3.2.12) in terms of the

functions (h,,).

Proposition 3.2.5. Fiz N > 0, and suppose the coefficients functions appearing in (3.2.1)
belong to CN (D) for some open set D C R2. Then for any (a,b) € D, the approzimate
strategy vy in (3.2.12) is given by

N
— 1 1
vi(t,q,a,b) = ——— | =g(b) + h,(t,a,b)| _ , 3.2.13
) (29() ;o ( )(avb)(a,b))q (3.2.13)

where the hy is the solution to the PDE (3.2.8), and hy, is the solution to the PDE (3.2.9)

forn > 1.
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Proof. Suppose that 1 < k < N. By (3.2.4), we have that

Thus, for 0 < n < N,

b 80D =T (%(f_lg)" + Z(f_l)n—ihi(t>“’b)> q

i=0 (@,b)=(a,b)

1 1
S <—g(b)]l{n:0} + hy(t,a,b) q, (3.2.14)

fa) \2

(@b)=(a,b)

where 1 is the indicator function. By inserting (3.2.14) into (3.2.12) and evaluating at € = 1,
we arrive at (3.2.13). O

3.2.2  FExpressions for h,

We begin this section by solving (3.2.8) explicitly for hy, which yields an explicit representa-
tion of the operator ZO. We then give a recursive, integral expression for h,, and evaluate the
integral explicitly for h;. We use the expressions for hy and h; to construct v and vj. For
readability, we opt not to give hy or higher order approximations to the transformed value

function. However, while tedious to obtain, their explicit computation is straightforward.

Proposition 3.2.6. The classical solution hy to (3.2.8) is

1 1 _|_ Ce27(T_t)
ho(t) = —5% + Vefobo(t), Oo(t) = T aT (3.2.15)
where we have defined the constants
7=/ (= B0t VOh (3.2.16)
fO’ K}—%go—\/@fo

Proof. As both the forcing term and the terminal condition in (3.2.8) are independent of
(a,b), we conclude that hg is a function of ¢ only. Therefore, Lohg = 0. The PDE (3.2.8)
thus reduces to the constant coefficient ODE

1

2
W+ —h2 4+ Bper By, ho(T) = —r, (3.2.17)
0 0 4f0
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which the reader will recognize (3.2.17) as a Ricatti equation. We check by direct substitution
that (3.2.15) satisfies (3.2.17). O

Corollary 3.2.7. The operator 20, defined in (3.2.10), is an elliptic operator and has the

explicit representation
ZO = LO + 2’)/90,
where Lo is defined in (3.1.7), 0y is defined in (3.2.15), and 7 is given in (3.2.16).

With an explicit expression for hg in hand, we are able to write the zeroth order approx-
imation v to the optimal liquidation strategy v*. By (3.2.12) and (3.2.15), we have

14 ¢e(TD

1_cen@nl
(a,b)=(a,b)

V_{)‘(t,q,a, b) ==Y (3218)

where v and ¢ are given in (3.2.16). We note that (¢, ¢, @, b) is the continuous-time Almgren-

Chriss strategy, and we define

1+ ¢

VAC(t7Q) =

Thus, the strategy v can be viewed as an implementation of v4¢ in which the price impact
parameters are recalibrated in continuous time.
We now give a recursive expression for h,,. The reader may with to refer to the beginning

of Section 2.4 for a review of Duhamel’s principle.

Proposition 3.2.8. The classical solution h, to (3.2.9), which is unique within the class of

non-rapidly increasing functions, is
T
hn(t,a,b) :/ Po(t, s)F(s,a,b)ds
tT A
:/ / To(t,a,b;s,a, B)F, (s, a, B) dadfds. (3.2.20)
t JR2

Here, Py is the semigroup operator generated by 20, F, is given in (3.2.11), and fo is the

fundamental solution associated with the operator 8t+20. The function fo 15 given explicitly
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by

~ ev) Uo(t, s)
Lolt,a;s,y) = 2m4/det C(t, )
X exp <—% (C'(t,s)(y —a—m(t,s)),y —a—m(t, 3)>> ;

(3.2.21)

where
2 s
o[ w0 P} C(t, 5) ::/ Cds=Cls—1t), (3.2.22a)
plwp)o Vg t
a= (a b>T, y —( ) , (3.2.22b)
m = <M0 770>T, m(t,s) := /mds— (s —t)m, (3.2.22c)
and

2
<e2~/T _ 6275)

L —2v(s—t
\I[()(t,S) =€ v(s=t) (m (3223)

Proof. Let fo be the fundamental solution associated with 0; + 20. As the coefficients of the

operator 20 are constant in (a,b), classical results give

1
2m4/det C(t, s)
<o (20 [0y ar = F(© 00y —a - ms).y —a - mit.))).

f()(taa; Say> =

where C,a,y and m are given in (3.2.22). Using (3.2.15), we compute explicitly

exp (27 /t 00(r) dr) — Wt s),

which yields the expression (3.2.21). Applying Duhamel’s principle to (3.2.9) gives (3.2.20).
O
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Corollary 3.2.9. Define

eV (t,a,b) == —7*f'(@)po, ¢ (t,a,b) 1= —2f'(@)(a — @ — to),
¢ (t,a,b) := 7g'(b)no, ¢ (t,a,b) == g/ (B) (b — b — to),
and
[0 .= D @PCT ) ~ AT+ 1) + 29T — 1)
o 472 (et — (T
M1 — 291) + (*(29t + 1)e”
42 (e2t — CeZ'yT)2
1O (1) — et 4 o2v(t+T) (C2+ 47 ((t — T)—1)+ ¢2 (_e4yT)
( ) — 2’}/ (eZ’Yt _ CeZ,YT)Q )
16) () — e (1 —29t) + C2(2yt + 1) (_e4wT)
( ) T 472 (eryt _ Ceg,yT)2
L A(C A (E+ )T - )
42 (e2t — <e27T)2 ’
10 () e (21 — 2T (21t — (2eT) |

27 (€21t — (eAT)*
where Oy and Yy are given in (3.2.15) and (3.2.23), respectively. Then the solution hy to

(3.2.9) is given by

hi(t,a,b) = e (ta,b) IV (t). (3.2.26)

i=1

Proof. By (3.2.20), we have
T
hi(t,a,b) = / Po(t, s)Fi(s,a,b)ds
T A~
:/ /R Bolt, a.b s, o B) (F~ ) ()hE(s)
+(f7' (e, Bho(s) + (47 f 7 g)1 (e, B)) dedBds.  (3.2.27)
Using (3.2.4), we see that

(ffl)l (a) _ _f/(a) <&_a)7 (3228&)
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onta ) = HPM o ) L0045 ) (3:2250)
(479, (a,8) = —%(a —a)+ %(5 — D). (3.2.28¢)
Additionally, by (3.2.21),
/Rz alo(t,a,b; s, a, B) dadB = Wo(t, s) (a + po(s — 1)), (3.2.29)
BLo(t, a,b;s, a, B) dad B = Uo(t, s) (b+ no(s — 1)), (3.2.30)

R2
where Uy is given in (3.2.23). Recalling the expression (3.2.15) for hg and applying (3.2.28),
(3.2.29) and (3.2.30) to (3.2.27), we evaluate the integrals with respect o and ( present in
(3.2.27) to obtain

ha(t, a,b) = /tT To(t, s) (—2f(@) (a — @+ pols — 1)) 63(s) (3.2.31)
+79'(b) (b—b+no(s —t)) Oo(s)) ds.
We can rewrite the integrand of (3.2.31) as
¢ (t,a,0) s02(s)To(t, s) + ) (t,a,b) 62(s)V(t, 5) (3.2.32)

+c® (t,a,b) s00(5)Wo (L, s) + ¢ (¢, a,b) Oy(s)To(t, s)

where the ¢ are defined in (3.2.24), and 6, and ¥, are defined in (3.2.15) and (3.2.23),
respectively. From (3.2.31) and (3.2.32), we see with the arguments of the functions ¢

suppressed for notational convenience-that
T
mltab) = [ (D56 Vot 5) + D5 To(t. )
t
+c®s00(s)Wo(t, 5) + Wy (s)Wo(t, 5)) ds
T T
= c(l)/ 5603 (s)Wo(t, s)ds —i—c(Q)/ 03(5)Wo(t,s)ds (3.2.33)
t t

T T
0 [ st walt, ) ds+ e [ ou() (e, ) ds
t

t
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Evaluating the integrals in (3.2.33), we see that

@) = / " B2(5) Ut 5) ds, 1) = / LG (5) Tt 5) ds,

1®(t) = /T s00(s)Wo(t, s)ds, IW(t) = / Oo(s)Wo(t,s)ds,

t

where the functions (¥ are defined in equation (3.2.25), which establishes (3.2.26). O

With an explicit expression for h; in hand, we are able to construct the first order

approximation v to the optimal liquidation strategy v*. By (3.2.13) and (3.2.18), we have

_ 1 4 Ce27(T—t) 1 4 i .
vi(t,q,a,b) = — (71 (BT + Fla) ZC( ) (t,a,0) IV (1) ] g

=1

. (3.2.34)
(a,b)=(a,b)

Higher order approximations to the transformed value function h can be computed ex-
plicitly. For the sake of readability, we do not carry out these calculations and instead focus
on zero and first order approximations, which are sufficient to capture the lowest order effects

of stochastic price impact.

3.2.8  Analysis of some limiting cases

The asymptotic approximations of the transformed value function h (and hence the approx-
imations to v*) developed in Section 3.2 depend on the parameters s, which controls the
penalty for liquidation occurring at the trading horizon 7', and ¢, which controls the penalty
for holding shares of S” throughout trading. In this section, we develop strategies that are
independent of one or both of these parameters by taking the limit of the optimal strategy
approximations v as the parameters x and ¢ tend to oo and 0, respectively. One motivation
for considering such strategies is financial. Taking the limit of the optimal strategy v* as
Kk — oo corresponds to a setting in which the trader is adamant about liquidating their entire
inventory before ¢ = T'. Subsequently taking ¢ — 0 corresponds to a setting in which the
trader both demands complete liquidation by the trading horizon and is indifferent about

holding inventory.
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Another motivation for developing limiting strategies is analytic tractability. One at-
tractive feature of asymptotic expansions is that they often yield correction terms that have
physical (in our case financial) interpretations, leading to qualitative insights about the be-
havior of solutions to the unperturbed problem. Ideally, the financial interpretation of the
terms appearing in the Nth order correction would be given without considering limiting
cases. However, due to the nonlinear nature of the optimal liquidation problem, the num-
ber and complexity of terms in the approximate liquidation strategy grows rapidly with the
approximation order N. As a result, even the first order approximate strategy in the gen-
eral case (3.2.34) has sufficiently many terms that giving an easy financial interpretation
is prohibitive. However, we shall see later in this section that the approximate liquidation
strategies in limiting cases k — oo and (k, ) — (00,0) have far fewer terms than the cor-
responding nonlimiting case, thereby facilitating a financial interpretation of the resulting
expressions.

For the remainder of this section, we make the dependence on parameters x and ¢ of the

PDE solutions h,, and strategies v explicit with the superscipt notation
hy, = h59), = plre)

Definition 3.2.10. Fix N > 0. We define the limiting strategies as

(00,) (r20) (00,0) (k)

v = lim v v = lim lim v
AC K—00 AC > AC @—0 k—00 AC
(") %) = lim (%)) ()% .= lim lim (v*)"
K—»00 ©—0 k—00
_(oo>§0) ( 7‘:0) —(O0,0) ( 790)
v = lim v# v = lim lim v*
N K—00 N ’ N @—0 k—00 N

For n, 0 < n < N, we also define the limiting PDE solutions

RO (1) == Tim h{™9)(¢), A0 (t) := lim lim A" (¢).  (3.2.35)

K—00 p—0 k—00

We refer to the PDE solutions A" and strategies (%) as nonlimiting PDE solutions and

nonlimiting strategies, respectively.
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Below, we provide explicit expressions for E(m’w) and E(m’o) for N € {0,1}. As the
strategies E(W)) depend on (k, ) only through the functions A and E(W)) depend
on the functions A4 continuously, we can obtain the strategies ﬁ(oo’w) and E(OO’O) by
replacing A in (3.2.13) with A% and AT, respectively. This leads us to make the

following proposition.

Proposition 3.2.11. Define
D (U (T? = 17) = 2) eV (1= 29t) + (29t + 1)

- 2.
(00x0) (t 472 <€27t _ 627T)2 472 (eg,yt . eQ'YT)Q ) (3 363)
—eMt _ g~ (t — T)e2 t+T) Nnr
1? (1) =< (= T)e e (3.2.36b)
(00,0) 2 (e21t — e2’yT)2
N1 — 29t) 4 dyTe ) — (29t + 1)e”
0 4,-},2 (62'yt _ 627T)
1
(4) -
Lo (B) = 2 (3.2.36d)
We have
hE=7 (1) = =% = foycoth (1T — 1), =) =~ - S 2a)
2 2 Tt
and
4 .
WDt a,b) = Z (¢, a, b)]((il,¢)(t>’ (3.2.38)
i=1
o, f'(@) -
hg D)(t, a, b) = —m (2(& - a) + ,UO(T - t)) (3'2'39)
g 7
~ IO (505 4 (- 1),

where ¢ and I((;l ) Ore given in (3.2.24) and (3.2.36), respectively.

Proof. Equations (3.2.37) follow by direct computation of the limits in (3.2.35). Let us now
compute h{>™¥). We see that the ¢ in (3.2.24) do not depend on the parameter . Therefore,
to compute h§°°"”’ it suffices to compute lim,._,o, 19, for i = 1,2, 3, 4. By direct computation,

we see that

1) () = lim 19(z), Vi e {1,2,3,4},

(00 K—>00
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which gives us equation (3.2.38).

(00,)

We now compute h§°°’°) ie. lim, 0 h; ™. By direct computation, we obtain

' J(@po(T + 1
}OIL% c(l)(t, a, b)l((olo),go)(t) - 2)(T <— t) )7
oY

@) ) _ _f@a—a—tu)

lim (¢, a, )1 (1) T—1 ’
1 _

) (3) =——q

lim <9(,0, I () = ~5o Bm(T +26)

S () I VY R
lmg 9,0, 02, (1) =~/ )b —F ),

where the ¢ are given in (3.2.24). Summing the terms in (3.2.40) yields the expression for

h{*Y given in (3.2.39), which concludes the proof. O

For n € {0,1}, replacing h\%? with Ay™%) in (3.2.13) yields the strategies

75t q,a,b) = y coth (Y(T — ) g

( S0)(15 q,a,b) = (”ycoth('y( ﬁz (t,a,b)l oo@())

(@h)=(ab)
and replacing hS"?) in (3.2.13) with h>? in (3.2.13) yields the strategies
A 1
(t,q,a,b) = 7 (3.2.41)
pF=0) 1 1p(a)f'(e) 1 n(b)g'(b)
t b) = — —(T'—t)———— | q. 3.2.42
a0 d) = (7o 4 3 00 1 0" ) s

The reader will recognize (3.2.41) as the time-weighted average strategy. We can thus
view equation (3.2.42) as a first order correction to the time-weighted average strategy. The
second term in (3.2.42) instructs the trader to adjust their trading speed in proportion to the
product of the slope f’ of the temporary impact function and the drift i of the process a. For
instance, suppose that at time ¢, u(a;) < 0 and f’(a;) > 0. In that case, the temporary price
impact process a is drifting downwards, and the price impact f(a) will decrease with a. The

second term in (3.2.42) instructs the trader to slow down liquidation because they expect
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a lower temporary impact in the near future. If u(a;) > 0 and f'(a;) > 0, then a trader
following 1/_{(00’0) will speed up trading as they expect higher price impact soon. Of course,
if p(ay)f'(ay) is small relative to f(a), then the contributions from this term are small. The
third term instructs the trader to adjust their trading speed proportional to the product
n(b)g'(b). Like the second term, the adjustments of the third term are weighted relative
to the temporary price impact. But unlike the second term, the third term’s influence on
the trading speed diminishes as time approaches the trading horizon. This is intuitive as
permanent impact matters not to a trader who is soon to exit the market. We note that
the third term in strategy (3.2.42) causes more dramatic deviations from the time-weighted

strategy when the permanent price impact is large relative to the temporary price impact

early in the trading period.

3.3 Numerical examples

In this section, we provide examples of simulated trading using the strategies we developed
in Sections 3.2.2 and 3.2.3. In Example 3.3.2, we simulate a single trading day to illustrate

(00,0) In

the effects of the correction terms present in the first order limiting strategy v
Example 3.3.3, we simulate a large number of trading days to demonstrate the improvement
over the Almgren-Chriss strategy (3.2.19) our approximations give in the nonlimiting and
limiting cases. Furthermore, we demonstrate an improvement of the first order strategies
over the zeroth order strategies in the nonlimiting and limiting cases.

Throughout this section, we assume the price impact processes a and b are Cox-Ingersoll-

Ross (see [28]) processes with the dynamics

1(z) = Ao (0o — 2), w(2) = 0.z,
n(z) =X (b — 2), V(2) = op/2.

where the constants \,, 0y, 0,, 0y, 0, and o, are all positive, and the Brownian motions Bt(l)

and Bt(z) are correlated with parameter p. Furthermore, we require that the coefficients
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Aa, Oy, 04,0y, 0, and oy, satisfy the Feller condition
20,0, > 02, 200, > o7, (3.3.1)
so that a and b are strictly positive processes. Explicitly, we have
da; = Aq (60 — a) dt + 04+/a;d B, db, = Ay (0, — by) dt + 0,/b,dBY. (3.3.2)
We also take

fla) = a, g(b) = b.

Note that because we require the Feller condition (3.3.1) to be satisfied we have f(a;) > 0
and g(b;) > 0 for all 0 < ¢ < T'. Thus, both temporary and permanent price impact processes

f(a) and g(b) remain strictly positive.

Remark 3.3.1. In the following examples, we select numerical values for the parameters in
(3.3.2) and perform simulated trading. We do not discuss how price impact is measured from
market data as that is discussed elsewhere in the literature. For example, [23] and [24] discuss
how to approximate price impact parameters from data, and the latter reports temporary
and permanent price impact parameters for a selection of Nasdaq stocks. For the dynamics
specified in (3.3.2), the processes a and b are mean reverting, and the long-run means 6, and
0, are similar to the values given in [23]. The remaining parameters in (3.3.2) are chosen
so that (a,b) hover near their long-run means (6,,6;), but stray enough to demonstrate the

effects (a,b) have on our approximations.

Example 3.3.2. Let us suppose the trader demands complete liquidation by 7" and is in-

(00,0)

different to holding inventory. In this case, the zeroth order strategy vg is equal to

time-weighted average strategy (3.2.41) and thus does not depend on (a,b). Under the

dynamics (3.3.2), the first order strategy l/_f(oo’o) is given by

e 1 A(la—a Ao (0, — b
Vlk( 0)(t7Qaa7b) = (T—t + <2a ) +(T_t)b(6b—a)) ¢ (333)
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The second and third terms in (3.3.3) are a time-dependent linear combination of the
distance of the price impact processes from their respective long-run means relative to a. The
mean reversion parameters A, and ), control the aggressiveness of the adjustment. When
the mean reversion parameters are large, we expect that deviations of a and b from their
respective means 6, and 6, to be short lived. In this case, the strategy 1/_{(00’0) adjusts quickly
to take advantage of these deviations.

When a trader is following the time-weighted average strategy, at each instant they sell
a fraction of their inventory that is inversely proportional to the remaining time 7' — t. As

(00,0)

such 1 > 0 for all ¢ in the trading period. In some instances, however, the strategy

(20 instructs the trader to purchase shares of S”. This occurs in times of relatively large

%
price impact. Although it may seem counter-intuitive for a trader who wishes to liquidate a
position to buy shares, this strategy can increase the objective function H" if, for example,
the trader buys shares of S during a period of relatively high price impact, putting upward
pressure on the midprice S”, then subsequently sells shares rapidly during a period of low
price impact.

In Figure 3.1, we provide a simulated path of (a, b) and the paths (X*, S, Q") that result

_*(OO’O) (00,0)

from following strategies v = 1/ and v = vy using parameters

A =10, 0, =2x107% o0,=15x1073,
N=10, 6,=5x10"° 0,=3x10"%, (3.3.4)
T=1, p=0.7, o = 0.01.

(200) responds to the high

and low price impact values encountered early in the trading period. The strategy V_i"(oo’o)

This simulation demonstrates how the first order strategy v}

instructs the trader to purchase shares of S¥ when price impact is relatively high early in

the trading period. The price impact processes subsequently decrease below their long run

(000) liquidates shares at rate in excess of the trading

(00,0) (00,0)

means, and the trader following v;

70)

speed dictated by V_S(OO . In this example, v} is more profitable than v/

While the optimal strategy approximations we have developed in this chapter suggest
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that, under certain market conditions, the trader should buy shares of the stock when the
price impact is high, the authors of [12] note that in practice, if a trader wants to sell a block
of securities then it is usually antithetical to their stance as a seller to purchase shares of the
security during the trading period. In some cases, it is a violation of a manager’s fiduciary
responsibility to their client and is hence illegal. As such, a liquidation strategy v that can
sometimes instruct a trader to buy could be modified to be max(0, ). A truncated strategy
may not be optimal with respect to the objective functional H” that we have defined, but
in our numerical simulations the periods in which our approximate strategies instruct the

trader to buy are short-lived.

Example 3.3.3. In this example, we carry out a number of Monte Carlo simulations to

evaluate the performance of the liquidation strategies v} as well as the limiting strategies

(00,) (

vy and vy % for N € {0,1}. We demonstrate the relative improvement a trader gains

by following v over vac and the relative improvement a trader gains by following v} over

vg. We repeat this experiment in the limiting case k — o0o. We see from (3.2.41) that in the

0)

limiting case (K, ¢) — (00, 0), both 1/5108’0) and 1/_5‘(00’ are equal to the time-weighted average

strategy (i.e. Vl(fgfo) = V_S(OO’O) = q(T —t)™'). So, we demonstrate the relative performance
increase a trader gains by following V_i"(oo’o) over V_S(OO’O).

To this end, let us define the random variables

T
(1) = X%+ QU(S% — QL) — ¢ / Q)2 ds,
. 0
B w) = Xp - [ QU ds
0
(ID(OO’O)(I/) = X7.

For a fixed strategy v, the random variables ®(v), ®©¥)(v) and ®(%(v) give the value
a trader following v achieves on a single path of (X%, S¥, Q%,a,b). In both of the limiting
cases k — oo and (k, p) — (00, 0), the optimal strategies ensure liquidation by the terminal
time T'. Therefore, the term Q%(S% — kQ¥%) that accounts for liquidation of the remaining

shares at time 7' does not appear in either (%) () or (9 (y). Let us also define the
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sample mean of our Monte carlo simulations as follows

d(v) = % Z ®;(v),

where ®;(v) is the value of ®(v) obtained by the i-th independent path of (X%, S¥%, Q4. a,b).
Observe that i(y) is a statistical estimate of the performance criteria H”. The definitions
for (> (1) and B9 (1), our statistical estimators for H” in the limiting cases k — 0o
and (k,p) — (00,0), are analogous.
In this example, we take the following parameters
MN=1 0,=1x10% 0,=8x107% ]
=1, 6,=5x10"% o,=8x1073,

(3.3.5)
T=1p=07, o = 0.01,

7
We note that the processes a and b under the parameter choice (3.3.5) both satisfy the Feller

condition (3.3.1). Furthermore, we choose the initial conditions
t= 0, Xo = 0, SQ = 40, QO = 5000, ag = Qa, bo = 01,(336)

The price impact parameters in the Almgren-Chriss strategy (3.2.19) are constant, and we
take them to be (ag, by) = (04, 6p). In total, we run M = 10,000 sample paths.

In our Monte Carlo simulations, we obtain

204) = ®a0) 151 _ 6 o35, ©01) (%) 51 _ o904, (3.3.7)
P (vac) ® (15)

in the nonlimiting case,
Hoo:) (V_g("o’@)) _ Ploo) (vﬁ{’é’*"’
Bloowp) (V%w)
P02 (U—;@OW) _ Pl (V—g@w))

Bloow) (v_a*(“’“”)>

> -10* = 6.0367, (3.3.8)

-10* = 0.0224, (3.3.9)




65

in the limiting case kK — oo, and

P(00.0) <,/_i<(°°vo)> _ ) (V—S(OO,O)>
~ —— -10" = 0.8131. (3.3.10)
Bee0 (")

in the limiting case (k, @) — (00, 0).

Equations (3.3.7), (3.3.8), (3.3.9) and (3.3.10) demonstrate that in the nonlimiting case
and both limiting cases, the trader gains a relative value increase from following the zeroth
order strategy approximation over the Almgren-Chriss strategy and from following the first
order strategy approximation over the zeroth order strategy approximation.

In Figures 3.2a and 3.2b, we plot histograms of the relative performance

(%) — 2(vac) oa D) — O05) (3.3.11)

®(vac) ®(vg)

respectively, in Figures 3.3a and 3.3b we plot histograms of the relative performance

P(o0:p) (V_g("o’“’)) — ploow) (Vl(fgso)>

104, (3.3.12a)
Boow) (,,gg@)
P(oop) (,7;(007@)) _ o) (,73@0’@))
-10%, (3.3.12b)

B(0) (y—g@w))

respectively, and in Figure 3.4, we plot a histogram of the relative performance

P(0.0) (V—T(OO:O)) _ Hloo0) (V—g(m,0)>
4

(3.3.13)

Figures 3.2a and 3.2b show that in addition to the expected value increases seen in (3.3.7),
(1) > ®;(vac) and ®;(vf) > ®;(1F) more often than not. We see the same result in both
the limiting cases k — 0o and (k, ) — (00, 0).

For the chosen parameters (3.3.5) and initial conditions (3.3.6), the relative improvement
gained by following a first order strategy approximation is muted compared to the relative

improvement of the zeroth order strategy over Almgren-Chriss. When (ag, by) = (6., 60s), the
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price impact parameters typically hover around their respective long-run means, keeping the

_(OO’QD) a;nd V_T(OO’O)

correction terms in v, vf small. Let us keep the parameter values (3.3.5)

but modify the initial conditions as follows
t =0, Xy =0, So = 40, Qo = 5000, ap = 1.50,, by = 1.543.3.14)

We note that the difference between the initial conditions (3.3.6) and (3.3.14) are the values of
ap and by. With the initial conditions (3.3.14), the price impact processes a and b start above
their long-run means 6, and 6, and will typically float downwards towards their respective
means throughout the trading period. When the price impact parameters begin away from
their long-run means, the correction terms present in the first order strategy approximations
have a more pronounced influence on the trading strategy, and we see a larger relative
improvement of the first order strategies over the zeroth order strategies.

We repeat the above experiments with the initial conditions (3.3.14) and obtain

& () - @ (1§) Hoo0) (V_i“(oo’@> — Ploop) (V_S(OOM))
%10t = 0.2682, — —— -10* = 0.2683,
® (15) P(0.0) <y8‘ ’“’)

6(()0,0) <y_;<(0070)) _ @(O0,0) (V_S(OQO))
10" = 3.541.

b ()

The relative performance of the first order strategies increases by an order of magnitude
when going from the initial conditions (3.3.6) to (3.3.14). In Figures 3.5, 3.6 and 3.7, we plot
histograms of the relative performance (3.3.11) (right), (3.3.12) and (3.3.13), respectively,
with the initial conditions (3.3.14). We see that in all three cases, the first order strategy

out-performs the zeroth order strategy more often than not.

3.4 Conclusion

In this chapter, we have analyzed an optimal liquidation problem in the spirit of [3]. In

contrast to [3] and other papers in this line of research, we have allowed for temporary
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and permanent price impact to vary stochastically in time, as is empirically observed. Al-
though an explicit optimal liquidation strategy can not be found in the general case, we have
been able obtain explicit approximations to the optimal liquidation strategy using a novel
coefficient polynomial expansion technique.

One advantage of the analysis we have performed is that we have not needed to specify a
particular price impact model. As long as the drift and diffusion coefficients that appear in
our general framework are sufficiently differentiable, the approximations we have developed
can be implemented.

Our theoretical analysis and numerical tests have led to some surprising insights. For
instance, we have seen in Example 3.3.2 that in times of high price impact, it can be optimal
for a trader who wishes to exit a position to buy shares of a stock in times of unusually high
price impact in anticipation of selling these shares when the price impact returns to normal
levels. Such a situation can never arise in a constant price impact setting.

While the numerical results we have presented support the use of our approximations, we
have not yet established rigorous accuracy bounds. Such accuracy bounds, if obtained, would
provide a theoretical justification for using the approximations we have developed. We believe
that the techniques we have developed in this chapter can be applied to other stochastic
control problems, particularly control problems that are generalizations of problems with
explicit solutions. For example, our expansion techniques could potentially be applied to
models for which the trading speed affects the asset price’s volatility.

Our approach in this chapter was to model price impact effects via a decomposition into
temporary and permanent price impact and modeling each as a linear function of the trader’s
order submission speed. However, there is more than one way to Wal-Mart, so to speak. In
the next chapter, we incorporate permanent price impact into our model by directly modeling
a market maker who seeks to set fair asset prices based on the aggregate order flow for an

asset on an exchange.
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Figure 3.1: Here we plot a single sample path of (a,b) and the paths of (X, S”, Q") that
result from following v = 1/_5(0070) (blue) and v = I/_i‘(oo’o) (orange) with dynamics (3.3.2) and
parameters (3.3.4). In Figure 3.1a, we plot the temporary price impact a, and in Figure 3.1b
we plot the permanent price impact b. We plot the trader’s inventory ()” in Figure 3.1¢ and

the trader’s cash X” in Figure 3.1d. In Figure 3.1e, we plot the stock prices S”.
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Figure 3.2: Here we plot histograms of the relative performance criteria given in (3.3.11)
with the initial conditions (3.3.6). In Figure 3.2a we plot the performance of 1 relative to
vac. In Figure 3.2b, we plot performance of v} relative to 5. The vertical, dashed lines

represent the 5%, 25%, 50%, 75%, and 95% quantiles, respectively.

1500

Figure 3.3: Here we plot histograms of the relative performance criteria given in (3.3.12) with

the initial conditions (3.3.6). In Figure 3.3a, we plot the performance (3.3.12a) of V_S(OO’LP)

relative to v%%). In Figure 3.3b, we plot performance (3.3.12b) of I/_f(oo’@) relative to u_g("""p).

The vertical, dashed lines represent the 5%, 25%, 50%, 75%, and 95% quantiles, respectively.
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Figure 3.4: Here we plot the performance

(20 With respect

of y_f(oo’o) relative to 1
to the performance criteria (3.3.13) with
initial conditions (3.3.6). The vertical,
dashed lines represent the 5%, 25%, 50%,

75%, and 95% quantiles, respectively.
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Figure 3.6: Here we plot the performance

(00,) (00,)

of vf relative to v with respect
to the performance criteria (3.3.12b) with
initial conditions (3.3.14). The vertical,
dashed lines represent the 5%, 25%, 50%,

75%, and 95% quantiles, respectively.
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Figure 3.5: Here we plot the performance
of v relative to 1§ with respect to the
performance criteria (3.3.11) (right) with
initial conditions (3.3.14). The vertical,
dashed lines represent the 5%, 25%, 50%,
75%, and 95% quantiles, respectively.

200 @0 | 20 -0 0
Figure 3.7: Here we plot the performance

0 relative to y_g(“’o)

of 77! with respect
to the performance criteria (3.3.13) with
initial conditions (3.3.14). The vertical,
dashed lines represent the 5%, 25%, 50%,

75%, and 95% quantiles, respectively.
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Chapter 4
INSIDER TRADING WITH TEMPORARY PRICE IMPACT

4.1 Background

As discussed in Chapter 3, when traders place market orders on a securities exchange, they
face transactional frictions. Direct frictions include exchange and brokerage fees, which
are easily incorporated into a trading strategy. But, consumers of liquidity also experience
indirect costs. Market makers adjust their limit orders to reflect the information contained
in incoming market orders by moving the midprice of the asset in the direction of the market
order. This adversely affects traders who submit sequences of market orders as the next
market order will be transacted at a less favorable price. This effect is known as price
impact. Additionally, if a market order is large enough, then it consumes all of the liquidity
at the best available price and the remainder of the order is executed at sequentially worse
prices. This can be thought of as a transaction cost which is dependent on the size of the
market order and the state of the order book. In this chapter, we consider an insider trading
model in the spirit of [45] for which a trader with inside information is risk-averse, faces
risk-neutral market makers, and pays a transaction cost proportional to the size of their
market order.

Risk-aversion and transaction costs have been previously studied in the insider trading
literature. The authors of [41] extend the discrete-time model of [45] to include an exponen-
tially risk-averse insider. Furthermore, their model allows for multiple insiders with the same
level of risk-aversion who all receive identical information. [66] further extends the model
of [41] to include a quadratic transaction cost for a risk-averse insider in discrete-time. [10)]
extends the continuous-time model which was first given by [45] and generalized by [7]. [26]

considers an activist insider who is able to change the value of the asset after trading is
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complete by expending effort. [25] gives market equilibrium interactions between a trader
with inside information and an uniformed trader performing portfolio rebalancing.

In this chapter, we model an exponentially risk-averse (or risk-neutral) insider who trades
via market orders and faces a transaction cost that is proportional to the size of the order. We
allow for the risk aversion parameter to be zero, which corresponds to a risk-averse insider.
We first present a single-auction model and give the unique linear equilibrium. We show
that the market maker’s equilibrium pricing rule is the unique positive root of a polynomial
equation whose coefficients depend on the model parameters. An asymptotic expansion of
the roots of the aforementioned polynomial is performed for small transaction cost, which
allows us to examine the effects of the transaction cost relative to frictionless models.

We then formulate an analogous model in continuous-time and present a linear equilib-
rium classified by the solution to a forward-backward ordinary differential equation (FBODE).
We show that the resulting FBODE has a unique solution and is explicitly solvable when
the insider is risk-neutral. When the insider is risk-averse and we cannot explicitly solve
the FBODE. We then numerically analyze the effects of varying the model parameters on
equilibrium using numerical solutions of the associated FBODE.

The models formulated in this chapter are also related to those of optimal execution
literature, which we discussed in Chapter 3. Often in the optimal execution literature, the
pressure on the asset price exerted by order flow is referred to as permanent price impact,
while the immediate cost associated with market microstructure is referred to as temporary
price impact. In Chapter 3, we modeled permanent and temporary price impact by defining
two distinct price processes: the midprice and the transaction price. The midprice process
represents the midpoint between the best quoted bid and ask prices set by liquidity providers,
and the transaction price represents the average price per unit of asset at which the trader
collects proceeds from trades. We modeled permanent impact by letting the drift of the
midprice be an exogenous function of the trader’s order flow, and temporary impact was
modeled by defining the transaction price of trades to be equal to the midprice plus an

exogenous function of the trader’s order volume.
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Our model also includes midprice and transaction price processes. As distinct from the
model of Chapter 3, we directly model price setting market makers which allows for the
permanent price impact to be endogenous. However, we define a transaction price process
that is analogous the model of [4] by explicitly introducing an exogenous transaction cost.
To be consistent with the insider trading literature, we refer the permanent price impact
effect simply as price impact and temporary price impact effect as transaction cost.

The continuous-time version of our model is a direct generalization of the continuous-time
models of the papers [45], [7] (when the insider’s signal is Gaussian), and [10] (with constant
volatility of noise trading). As such, some qualitative features of equilibrium in these works
also arise in the present chapter, but there are also some notable differences. In particular,
a key feature of many other models with asymmetric information is that the asset price is
always fully revealing of the insider’s signal at the end of the trading horizon (the insider
always has incentive to exploit their informational advantage). This is not the case in our
model when the transaction cost is positive. As a consequence, revelation of the insider’s
signal contains information not already incorporated in the publicly available price.

The rest of the chapter is organized as follows. In Section 4.2, we develop a single-auction
model, present the unique linear equilibrium, and analyze the effects of the transaction cost
by performing an asymptotic expansion on the equilibrium for small transaction cost. We
subsequently shift our focus to continuous-time and begin by presenting a continuous-time
model in Section 4.3. We begin Section 4.3.1 by developing the mathematical machinery
necessary for the development of the linear equilibrium, and we finish the section by pre-
senting a linear continuous-time equilibrium. In Section 4.4, we demonstrate the effects on
the equilibrium of the previous section of varying the model parameters. Some concluding

remarks are offered in Section 4.5.
4.2 Single-Auction

In this section, we consider a single-auction market where the realized price of the insider’s

trades is the midprice minus penalty which is linear with respect to the trade volume. After
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presenting the model that describes the dynamics of trade and the objective of the insider
and market maker, we prove the existence of a unique equilibrium in this setting. We then
investigate the effects of the transaction cost on the associated equilibrium by performing
an asymptotic expansion of the equilibrium strategies.

The single-auction model in this section is similar to [66] for the case of a single agent.
However, [66] never considers a model in which exponentially risk-averse insiders interact with
noise traders. When the insider is risk-averse, the model of [66] assumes that the volume
traded by the noise traders is directly observed by the insider before submitting their own
trade, and the uncertainty in the model comes from an endowment to the insider. Some of
the results included in this section are analogous to [66], but there are some distinctions. For
example, our model guarantees equilibrium whereas the lack of noise traders in [66] can give
rise to situations with no equilibrium (see Lemma 2 of [66]). We include the single-auction
results so that we may perform a more in-depth analysis of the equilibrium through an
asymptotic expansion, and also for the sake of completeness before investigating a continuous-
time version of the model. The proof structure of the continuous-time equilibrium is directly
analogous to that of the single auction case. However, the development of the continuous-
time equilibrium requires more sophisticated mathematical machinery, and hopefully the
reader will find the presentation of the continuous-time equilibrium more digestible after the

single-auction appetizer.

4.2.1 Model

In the spirit of [45], we consider a single-auction on a market with one risky asset that
is traded on an exchange with three types of traders: market makers who set the asset’s
midprice, an insider who has information about the future value of the asset, and noise
traders. We let v denote the ex-post liquidation value of the asset, and we assume that
v~ N(vg, 5f).

The insider receives the realization of v before the auction takes place, and this informa-

tion is unavailable to the public. The insider wishes to utilize their informational advantage
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by trading the asset on auction. We denote the insider’s order by Ax. We assume that the
number of noise traders on the exchange is large, and we denote the aggregate order of the
noise traders by Az, which we assume to be distributed as Az ~ N(0,02). The market

maker observes only the total quantity of orders Ay submitted to the exchange, where
Ay = Az + Az.

The auction takes place in two phases. First, the insider and the noise traders submit orders
to the exchange. Second, the market maker observes the aggregate order Ay and sets the
midprice p.

We assume that the insider pays a transaction cost proportional to the size of their order.

The effective price at which the insider’s trades are executed can be written as
p=p+cAxz,

where ¢ > 0 is constant. We refer to p as the insider’s transaction price, and the constant
¢ is referred to as the transaction cost parameter. The transaction cost is felt only by the
insider. We also note that as the insider sells shares of the asset the transaction price is lower
than the midprice, and, conversely, as the insider purchases shares the transaction price is
higher than the midprice.

The discrepancy between the quoted price p and the transaction price p can arise from
a variety of sources. [66] views the transaction cost as a tax imposed by a regulator. In
previous works, it is assumed that a large number of risk-neutral market makers are in
perfect competition, and together they all quote the same price. On real exchanges, market
makers may have difference price preferences, creating a demand structure that depend on
the totality of their quotes. We capture this behavior by including a linear penalty on trade
volume in lieu of modeling this phenomenon directly.

We assume without a lose of generality that the insider holds no shares of the asset prior

to the auction. The wealth of the insider after the trades are executed is thus

w = (v—Dp)Az.
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The insider would like to maximize the utility of their expected wealth w. That is, the insider

chooses Az to achieve

max E [U (w)]v], (4.2.1)

Az

where the insider’s utility function U is increasing and concave. The market maker is tasked

with setting prices efficiently. That is, the market maker must choose the price p such that

p = E[v|Ay]. (4.2.2)

4.2.2  Single-Auction Equilibrium

We begin this section by defining what it means for a pricing rule and a trading strategy to
form an equilibrium. A linear equilibrium is then given for an exponentially risk-averse (or
risk-neutral) insider.

We assume that the market maker and insider choose pricing rules and trading strategies,
respectively, as functions of information available to them during the auction. That is, the
market maker chooses the price p as a function of Ay, and the insider chooses their order

size Az as a function of v. Let P and X be functions such that p = P(Ay) and Az = X (v).

Definition 4.2.1. A single-auction equilibrium (P, X) consists of a pricing rule P and trad-

ing strategy X such that

e given a pricing rule P, the order Az given by the trading strategy X (v) achieves the

maximum in (4.2.1), and

e given a trading strategy X, the price p given by the pricing rule P(Ay) satisfies the
efficiency condition (4.2.2).

Suppose that P is the set of pricing rules P = P(Ay) and let Py C P be the set of
pricing rules for which there exists a corresponding trading strategy X that satisfies (4.2.1).
Similarly, let X be the set of trading strategies X = X(v) and let Xy C X be the set of
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trading strategies for which there exists a pricing rule P that satisfies (4.2.2). The sets Py

and Xy induce mappings p : Pg — X and & : Xy — P. A pricing rule P and trading strategy

X form a single-auction equilibrium if p(P) € Xy, £(X) € Py and (P, X) = (£(X), p(P)).
We will restrict our focus to the risk-neutral and exponentially risk-averse insider. For

any constant A > 0, we define the utility function

w, A=0
Uw) = . (4.2.3)
—exp (—Aw), A>0

We refer to A as the risk aversion parameter. The insider’s optimal strategy depends on
their chosen utility of wealth function U. When A = 0 and U(w) = w, the insider wishes
only to maximize their expected post-auction wealth and is completely indifferent to the risk
posed by the noise trader’s influence on the market maker’s price P(Ay). That is, they are
risk-neutral. Alternatively, when constant A > 0 and U(w) = — exp(—Aw), then, intuitively,
the insider penalizes outcomes that lead to lower wealth more than they reward outcomes
that lead to higher wealth. The severity of this mismatched outcome weighting is controlled
by A, where higher values of A correspond to an insider who is more averse to risk.

It is helpful to introduce the constants

1 /35 1
)\K—§ poy ﬁK—E-

before presenting the single-auction, linear equilibrium. The constants A\x and Sk correspond
to the single-auction pricing rule and trading strategy, respectively, of [45]. In that work, the
market maker’s single-auction equilibrium pricing rule for a risk-neutral insider is Px (Ay) =
vo + Ax Ay, and the corresponding optimal trading strategy is Xg(v) = Sk (v —vg). We will
write the equilibrium pricing rule and trading strategy of our model in terms of A\x which

will help to illuminate the effect of the added transaction cost.

Theorem 4.2.2. Choose A > 0 and let U, defined in (4.2.3), be the insider’s utility function.

Then the unique linear single-auction equilibrium is given by

P(Ay) :U0+>\Aya
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where

1
(A +c)+ Ao2 A2’

B=5 (4.2.4)

and A is the unique positive root of the polynomial

r(r) = A0’ +4AP s +4(1+AcoP)® +42c— Ad* X)) 2? +4(c2 — M%)z —8c)3 .
(4.2.5)

Proof. First we show that r has a unique positive root. Define the function
s(A)=2(A4c)+ Ac? N2,

We will see later that s(A\) > 0 is the second order condition required for optimality of the

trading strategy. The polynomial r can be written as
r(A) = A(2(A) +40%) —4 X% s(N),
and we note that r(A) = 0 if and only if
AP\ +42%) =403 s()). (4.2.6)

The left and right sides of (4.2.6) are both polynomials in A with positive coefficients, and
therefore are both strictly increasing functions of A\ > 0. Furthermore, for any A > 0 the
degree of the left hand side polynomial is strictly greater than the degree of the right hand
side polynomial, and when A\ = 0 the left hand side of (4.2.6) is zero and the right hand side
is positive. Therefore, (4.2.6) has exactly one positive solution, and hence r has exactly one
positive root.

The rest of the proof is divided into the two cases A = 0 and A > 0. Some related
expressions are different between the two cases, but the structure of the proofs are identical.

First, we suppose that the insider’s trading strategy is a linear function of v and show the
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efficient pricing rule is linear. Then, we suppose the market maker’s pricing rule is linear
and show that the insider’s optimal trading strategy is linear. Finally, matching coefficients

gives the result.

Case A = 0: First, we suppose that the market maker chooses p as a linear function of Ay.
Namely, we let P(Ay) = u+ A Ay, where p and \ are constants. When the market maker

follows the pricing rule P, the insider’s transaction price is given by
P=p+AAy+cAr=p+N+c)Az+ Az, (4.2.7)
Thus,

E[U(w) |v] = E[(v — D) Ax|v] = E[(v — ) Az — (A +¢) Ax® — AN Az Az | )]
= (v—p)Ar — (A +c) Az?, (4.2.8)

The second order condition for optimality is A 4+ ¢ > 0, which is equivalent to s(A) > 0.
Assuming this is satisfied, the choice of

Ar=X(v) = % , (4.2.9)

maximizes (4.2.8) for any v. We note that for linear pricing rules P linear trading strategies
X are optimal even if we allow X to be a nonlinear function.

Now we assume that the insider chooses Ax to be a linear function X of the ex-post price
v. Specifically, the insider chooses X (v) = a+ S v, where o and (3 are constants. Then, by

the projection theorem for normal random variables we have

E[(v — E[v])(Ay — E[Ay])]

Elv| Ayl =Ejv|a+ v+ Az] = E[v] + E[(Ay — E[Ay)? (Ay — E[Ay])
4 )2
— 1+4§§62(Ay_a_mo>
_to—AXgah A4S (4.2.10)

1+4)2 82 1rax @t
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By examining (4.2.9) and (4.2.10), we see that for (P,X) = (P(Ay),X(v)) = (u +
A Ay, a + o) to be an equilibrium, it must be that

vo— 4% ap
a=—Fpu, N tAkaAr 42.11a
T iR (4.2.11a)
1 AN B
_ A\ = K 4.2.11b
p 2(A+c¢)’ 14+4M2 327 ( )
subject to the constraint s(A) > 0.
Immediately, we get from (4.2.11a) that in equilibrium p = vg and @ = —f vy, which

gives the insider’s trading strategy X (v) = (v — vp). Recall that the insider’s second order
condition is satisfied if s(A) > 0. Inserting f into the expression for A in (4.2.11b), we see
that A satisfies (4.2.6). If A < 0 then from (4.2.6) we see that s(A) < 0, contradicting opti-

mality of Az. Therefore, A is the unique positive root of the polynomial r.

Case A > 0: First, suppose that the market maker chooses p as a linear function of Ay so
that P(Ay) = pu + MAy, where p and A are constants. When the market maker follows the
pricing strategy P, then the insider’s transaction price p is given by (4.2.7). Thus,

E[U(w)[v] = E[— exp{—A(v — P) Az }[v]
= —exp{—A(v — p)Az + A\ + c)Az® + L1 A*N0*Az?} . (4.2.12)

The second order condition for optimality is 2(\ + ¢) + Ac?A? > 0 which is equivalent to
s(A) > 0. Assuming this is satisfied, the choice of

— _ vTH
Ax = X(v) = ST )T AcIN (4.2.13)

maximizes (4.2.12) for any v. We note that for linear pricing rules P linear trading strategies
X are optimal even if we allow X to be a nonlinear function.

Now, suppose that the insider chooses the linear trading strategy X (v) = o+ fv. Then
E[v | Ay| is given by (4.2.10).
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By examining (4.2.10) and (4.2.13), we see that for (P,X) = (P(Ay),X(v)) = (u +

A Ay, a + o) to be an equilibrium we must have

vo — 4N a B
a = _5 M, = T 9 a0
1+4N 32
1 4X2 3
p= : A= ——, 42.14a
2(A+c¢)+Ao? N2 144 )2 2 ( )
where s(A) > 0. The rest of the proof is identical to the case A = 0. O

Intuitively, a risk-averse trader prefers to submit a smaller than the risk-neutral trader
in order to reduce the risk posed by noise traders. So one might expect that the insider’s
order size decreases in A. Correspondingly, less information about the true value of the asset
would be contained in the order signal Ay received by the market maker, and they thus
reduce the severity of the price adjustment. One might also expect that as the transaction
cost parameter c increases it becomes less worth it for a the insider to submit larger orders,
regardless of their risk preference, thus leading to a smaller 5 and A. Both of these statements

are indeed true and are summarized by the following proposition.

Proposition 4.2.3. Let P(Ay) = vy + Ay and X (v) = (v — wvg) be the pricing rule and

trading strateqy forming the unique single-auction equilibrium given by Theorem 4.2.2. If

A >0 then
B B
%<O, a—A<0,
o\ o\
%<O, 8_A<O

Proof. In the proof of Theorem 4.2.2, we saw that when A > 0 the equilibrium g and A
satisfy (4.2.14a). Inserting A into 8 in (4.2.14a) we get that the equilibrium [ satisfies

q(B) == 32cA% 8% + 16X B + 165 (ANjo® +¢) B° +2¢8—1 = 0. (4.2.15)

We see that for any fixed = > 0, dq(z)/0c > 0, implying that 5 decreases as the transaction

cost ¢ increases. Furthermore, for any fixed x > 0, dq(z)/0A > 0, which implies that j
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decreases as the risk-aversion parameter increases. Taking the derivative of A in (4.2.14a)

with respect to A we see that

o)) 1
8_A<0 — B<ﬁ—ﬁ;{,

where [ is the insider’s strategy in the case that (A, c¢) = (0,0) i.e. the model of [45]. As /8
strictly decreases in both A and ¢, we have that OA\/OA < 0. Applying the same argument
for the transaction cost shows that d\/0c < 0. We note that when A = 0 then 5 and A are

both still decreasing in c. O

It is natural to ask how the addition of a transaction cost affects the pricing rule relative
to the Kyle pricing rule Ag. The classification of equilibrium given by Theorem 4.2.2 is in
terms of a root of a fifth degree polynomial. In general the quantities A and § involved in the
equilibrium will not have closed form expressions in terms of model parameters. However, we
are able to find approximations to these quantities which hold when certain model parameters
are small.

Let A be the pricing rule of Theorem 4.2.2. Suppose that ¢ < 1 and that A can be

expanded as a power series in ¢ as

A=) N,
i=0
where the \; are constants to be determined. We know that 7(\) = 0, where r is given in
(4.2.5). We formally expand r()\) in ¢ and collect like powers of ¢. As r(\) = 0 for all ¢,
we get a sequence of algebraic problems corresponding to each power of c¢. Explicitly, at the
first three orders we have
1
O(c") : ZA4J4/\8 + A207 Mg 4+ A3 — APAL0AE — A3\ = 0(4.2.16)
1
O(c') : M (ZA(% (A2020 +2) (5A20°\ + 6) — \% (2A4%0° X + 1)) (4.2.17)
+25 (A%0° X +2) — 2% =0,

O(CQ) . QQ()\Q, )\0, )\1) = 0(4218)
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where ¢ is a polynomial in A\ whose coefficients depend on A\g and A;. We omit the expression

for ¢, as it is cumbersome in the case A > 0. However, when A = 0 we have
q2|A:0()\2; )\0, )\1) =1 (3)\(2] — )\%) )\2 —+ 4)\0 (3)\% + 4)\1 + 1)

We note that the algebraic problem (4.2.16) is 7|.—o(X\g) = 0. It is still the case that r|.—¢ has
a unique positive root, and that root corresponds to the market maker’s equilibrium strategy
when ¢ = 0. When A =0, \¢g = Ak, and when A > 0 then ) is the market maker’s strategy
in [41]. Taking Ao to be the single positive root of r|._g, we solve (4.2.17) and (4.2.18) to get
that

Ak — 5=+ 0(&), A=0
A:

ANZ(A%02X0+2)—80% 9 :
Ao+ ¢ ()\%((8A202A0+4)—)\(2)(A202)\0+2)(5A202)\0+6) +0(), A>0

Inserting A into (4.2.4) and expanding in ¢ gives

1 c 3c2 3 _
5= m—ﬁ—i—m-i-O(c) A=0
- 1 . 20(14)\0)\10'2—‘,-)\1—{-1) 2 :
2X0+A02\3 A%(A)\Ogmrg)? + O(C ) A>0

One of the most striking features of the expansion above is that when the insider is risk-
neutral A — A\ = O(c?). That is, the introduction of a transaction has a small impact on
the pricing strategy, even though the insider’s adjustment 5 — S = O(c). Denote the N-th

order approximation of 5 and A, respectively, as

N N
By = Z B, Ay = Zci/\i.
i=0 1=0

In Figures 4.1 and 4.2, we plot the relative third order error (8 — 3,)/8 and (A — X3)/A,
respectively, as functions of ¢ for A = 0 to demonstrate the accuracy of our approximations.
Performing the above expansion in the polynomial (4.2.15) for equilibrium [ yields the same

result.
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(B-B2)!B (A-22) /A
0.008 0.0008
0.006 0.0006
0.004 0.0004
0.002 0.0002

0.02 0.04 0.06 0.08 0.10 ¢ . 0.02 0.b4 0.06 O.bS 0.10 c
Figure 4.1: Here we take (4,0, \g) = Figure 4.2: Here we take (4,0, \g) =
(0,0.5,1) and plot (8 — 3,)/ has a func- (0,0.5,1) and plot (A — Az)/\ has a func-
tion of c. tion of c.

4.3 Continuous-Time Auction

In this section, we present a continuous-time model which incorporates a transaction cost
which is analogous to the transaction cost introduced in the previous section. After intro-
ducing the model in Section 4.3, we give the notion of market equilibrium that we consider,
a notion which is analogous to that of the single-auction. We then establish some mathe-
matical machinery that is necessary for presenting equilibrium in continuous-time and then
solve for linear equilibrium in closed form for a risk-neutral insider. When the insider is
risk-averse, the equilibrium is given as a solution to an ODE, which we prove has a unique
solution. Finally, we numerically analyze the dependence on the model parameters of the
equilibrium solution.

Consider an exchange in which orders for a single risky asset are submitted in continuous-
time, and assume that there are three types of traders: market makers who set the midprice
of the asset, an insider who has information about the future value of the asset, and noise
traders. We let the time T value of the asset v be normally distributed with mean vy and
variance X, and we suppose that the insider is privy to the realization of v at the initial

time ¢ = 0.
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Let P = (P;)o<t<r be the midprice of the asset, let X = (X};)o<i<r be the insider’s
inventory, and let Z = (Z;)o<i<r be a standard Brownian motion. We model the cumulative
orders submitted by the noise traders up to time t as 0Z;, where o > 0 is constant. We

denote by Y = (Y;)o<t<r the total number of shares submitted to the market up to time ¢.
That is,

Similarly to the single-auction case, we assume that the market maker observes the aggregate
order flow Y but neither of the components X or Z.

It is helpful to explicitly denote the sets of information available to the various market
participants at a given time. We define the filtrations FY and FZ to be the filtrations
generated by the processes Y and Z, respectively. As the market maker observes only Y, we
define FM = FY to be the market maker’s information. The insider is aware of their own
trades, so they can back out the liquidity trades by observing historical prices (see [7]), and
the insider has received the realization of v before trading begins. So we set the insider’s
information to be F/ = o(F7 U (v)).

We assume that insider only considers trading strategies that yield an almost surely

absolutely continuous inventory process. To this end, we write

where 0 is (F/)o<i<r adapted, and, analogously to the single-auction model, we define the

insider’s transaction price P = (P,)o<i<r to be
P, =P, +cb,, (4.3.3)

where ¢ is a positive constant. Taking X to have the form (4.3.2) allows us to formulate
the continuous-time transaction price analogously to the transaction price in single-auction
model. However, the assumption that there exists a ¢ such that X is given by (4.3.2) is not

particularly restrictive. It is often the case that even when assumptions on X are relaxed
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the equilibrium inventory processes have the form (4.3.2). For example, in [7] the author
assumes a general distribution of v and assumes only that the insider’s inventory process X
is a semi-martingale and gives an equilibrium X, which is unique in a certain class, that has
the form (4.3.2).

At the end of the trading horizon, the insider’s wealth is Xpv minus the cost of trading

throughout the period. Thus, the terminal wealth Wy is given by
T A~
WT = XTU — / PSHS ds. (434)
0

The insider chooses a strategy to maximize their expected utility of terminal wealth. Ex-

pressly, 6 is chosen to achieve

3£EWMQUQ, (4.3.5)

where U is an increasing, concave function, and the set of admissible strategies A is given

by
T
A=1{0|0is (F)o<i<r adapted and E {/ Ofdt] < 00 a.8.}
0

is the set of admissible trading strategies.
The market maker is tasked with setting the price of the asset efficiently at all times

0 <t < T and so should choose the price according to
P, =E[p|FM]. (4.3.6)

We now define the concept of equilibrium in continuous-time. This concept is analogous

to the single-auction equilibrium concept of Section 4.2.2.

Definition 4.3.1. A continuous-time equilibrium (P, X) consists of a price process P and

an inventory process X such that

e given a price process P, the inventory process X achieves the supremum in (4.3.5), and

e given an inventory process X, the price process P is efficient, i.e. P satisfies (4.3.6).
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4.3.1  Continuous-Time Equilibrium

The goal of this section is to present a linear equilibrium in continuous-time for an exponen-
tially risk-averse or risk-neutral insider. We will restrict our consideration to pricing rules
and trading strategies that have a form which are analogous to those of the single-auction
equilibrium presented in Theorem 4.2.2. Namely, increments of the midprice set by the mar-
ket maker will be linear with respect to increments of trade volume, and the insider’s trading
strategy will be linear with respect to the price mismatch v — P,. Before stating the classifi-
cation of equilibrium in continuous-time we need to develop some additional mathematical
machinery. These are contained in Lemmas 4.3.2, 4.3.3, and 4.3.5.

Using expressions (4.3.2), (4.3.3), and (4.3.4), we rewrite the expression for terminal

wealth Wt as
T
Wy = / (v — Ps — cbs) 05 ds,
0

where we have taken X, = 0. The computations that follow can be carried out with X, # 0.
This choice will not affect the insider’s optimal trading strategy, but, rather, for risk-neutral
or an exponentially risk-averse insider taking X, # 0 will scale or shift the insider’s value
function.

We will develop optimal insider trading strategies by first fixing the market maker’s
pricing rule and then solving the HJB equation associated with the optimization problem
(4.3.5).  We will subsequently verify that the solution is optimal. This motivates us to
introduce the dynamic version of 4.3.5 as

H(t,P) = 316131E[U </tT(v — P, —cb,) 0, ds) ‘ ;ff] : (4.3.7)

For a given time t € [0, 7] and midprice P;, the quantity H (¢, P;) gives the optimal expected
utility that the insider can achieve by trading during the time interval [¢,T]. We refer to H

as the insider’s value function.
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Lemma 4.3.2. Let A > 0 and let the utility function U be as defined in (4.2.3). Let \ be a

positive, bounded, deterministic function such that the Riccati differential equation

di;it) _ (- 2A202)A2(t) P(L) + =2 h(t) - o, hMT)=0, (4.3.8)

has a global solution h : [0,T] — R. Suppose the midprice process P is given by
t
P, =y +/ A(s) dYs,
0

where Y is given in (4.3.1). Then the insider’s value function (4.3.7) is given by

—exp {—A((v — P)?h(t) + o* ftT A2(s) h(s) ds) } , A>0,
(v — P)?h(t) +a* [T X2(s) h(s)ds, A=0,

H(t,P) = (4.3.9)

and the optimal strategy in feedback form is given by

0 = B() (v - ). sy = =220

Proof. We consider the cases A = 0 and A > 0 separately, however the proof strategy is
the same in both cases. We write down the dynamic programming equation, the HJB PDE;,
associated with the insider’s control problem. We then obtain a candidate optimal control
in feedback control and reduce the HJB PDE to a Riccati ODE. Finally, we verify that the
candidate control is indeed optimal via an application of the verification theorem. The reader

may wish to refer to Appendix A for a brief review of dynamic programming in continuous

time, the HJB equation, and the verification theorem.

Case A = 0: When A =0, U(w) = w, and the value function (4.3.7) becomes

T
H(t,P):supE{/ (v—Ps —cbs)0sds ]-"tl}
oeA t

Associated with this stochastic control problem is the HJB partial differential equation

O:H + sup{% o2 N (t) OppH + O N1t) OpH + (v — P — c0) 9} =0, (4.3.10)
0
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H(T, ) =0.

We check by direct substitution that the solution of this equation is given by (4.3.9) when h
satisfies the ODE (4.3.8). The supremum in (4.3.10) is achieved at

_1-2)(0)h()

0°(t, P) = () (v = P), p(t) P

All that remains to be shown is that this feedback form of #* yields an admissible trading
strategy. Optimality of 8* then follows from a standard verification argument (see [60]). To

this end, define an auxiliary process @ = (Q¢)o<t<T by
Qi=PF —v.
Then under the control *, the dynamics of () are given by
dQ; = —\(t) () Qudt + \(t) o dZ; Qo=1vg— 0.

This stochastic differential equation is linear and therefore has a unique strong solution.
Further, since vy — v is Gaussian, the resulting solution is a Gaussian process (see [43]

Section 5.6). This gives

E{/OT(Hj)zds} —E[/OTB2(5)Q§CZS] < o0.

In addition, () has continuous paths and thus the trading strategy is predictable, and there-

fore admissible.
Case A > 0: When A >0, U(w) = — exp(—Aw), and the value function (4.3.7) becomes

T
H(t, P) :supE[—exp{—A/ (U—Ps—ces)esds} ‘}—4-
oeA t

This stochastic control problem has the associated HJB partial differential equation

O:H —|—Sup{%02 N (t) OppH + 0O Nt)OpH — A(v— P — ca)eﬂ} =0,
[4
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H(T,") = —1.

Once again, we check by direct substitution that this equation has solution given by (4.3.9).
The resulting feedback form of the control is again linear with respect to v — P, and thus

the remainder of the proof is identical to the risk-neutral case. O

In the next Lemma, we provide the details of the market maker’s setting of efficient prices.
In the proof of Theorem 4.2.2, we showed that the pricing rule was efficient by assuming that
the insider’s trading strategy was linear in v and applying the projection theorem for normal
random variables directly to the expectation E[v|Ay|. Our approach in continuous-time
is analogous, but we need a generalization of the projection theorem to continuous-time.
In following Lemma, we assume the insider follows a linear trading strategy, and we apply

optimal filtering theory to compute E[v | FM].
Lemma 4.3.3. Suppose that insider’s inventory process is specified by
4X, = B(t) (v — P dt,
for a deterministic function 3. Then the process P specified by the dynamics
dP, = \(t) dYs, Py =,
where Y is given by (4.3.1) and
BH)E() dxi(t)

A(t) = S0 ‘jﬁf‘::“UQAQUJv »(0) = Xy,

satisfies the efficiency condition (4.3.6). Furthermore, the function 3 is equal to the posterior

variance of v given the market maker’s information:
5(t) = E[(v — P)?*|F].

Proof. Lemma 4.3.3 is a direct application of [48, Theorem 12.1]. ]
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The previous two lemmas are analogous the the steps in the single-auction case. The
reader will recall that the proof of Theorem 4.2.2 was done in two steps. The first step was
the computation of the insider’s optimal strategy for a fixed, linear pricing rule. In discrete
time, this came down to solving an algebraic equation, but Lemma 4.3.2 is the continuous-
time analog. The second step was the computation of an efficient pricing rule for a fixed,
linear trading strategy, and Lemma 4.3.3 is the corresponding continuous-time analog.

We reduced the computation of the linear single-auction equilibrium to coupled algebraic
equations, which were subsequently reduced to a single algebraic equation. In continuous-
time, we reduce the computation of an equilibrium to two coupled, nonlinear ODEs for which
one ODE is prescribed an initial condition and the other is prescribed a terminal condition.

This motivates the following definition.

Definition 4.3.4. Let T,&, & € R be constants with 77 > 0. Let z : R — R? and
F :R?* — R% A forward-backward ordinary differential equation (FBODE) is a system of

the form

dx(t) 21(0) = &
dt zo(T) = &r

In the following lemma, we state the exact FBODE that will appear in our continuous-

time equilibrium and prove the existence and uniqueness of a solution.

Lemma 4.3.5. Choose constants A > 0 and & > 0. For x € R?, let us define the function
F:R?— R? as
Fi(z) o2x? _ 2Ac*zias — cot

F(x) = ; Fi(z) = — 27 Iy (z) = 2
) Fy(z) @ 4 (co® + z122) o 4(co® + 2122)

) _ ), 70 =& , (4.3.11)

& wo(T) =
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has a unique solution. Furthermore, if x satisfies (4.3.11), then x1(t) > 0 for all t € [0,T],
and x5(t) > 0 for allt € [0,T). When A =0,

T—1t
t) = 2cha? + N2} (T —t t) = 4.3.12
.’L'l() CAO + 0-( )7 l’Q() 2>\(T_t)+4c7 ( 3 )
where
_ §o c? c
A= T02+T2 T

Before presenting the proof of Lemma 4.3.5, we first present the following lemmas to aid

in the proof.

Lemma 4.3.6. If x satisfies the FBODE (4.3.11), then z1(t) > 0 for all t € [0,T] and
xo(t) > 0 for all t € [0,T). Furthermore, there exists a function p : Rt — R such that
xo(t) = p(x1(t)) for allt € [0,T].

Proof of Lemma /.3.0. Suppose that z satisfies (4.3.11). Inspection of F reveals that x; is
strictly decreasing, and because z1(T") = & > 0, we have xy(t) > 0 for all ¢t € [0,T]. Define
I = {z1(t)|t € [0,T]}, which is a compact interval because z; is continuous. By examining
F, we see that for all sufficiently small 6 > 0 we have Fy(y) < 0 for all y € I; x (=6,0).
If there exists a t € [0,7) for which z5(t) < —d, then zs(s) < =6 for all s € [t,T], which
violates the boundary condition z;(7") = 0. Therefore, xo(t) > 0 for all t € [0, 7).

Because 1 is strictly decreasing it is invertible on I, thus we have that p = z02;!. O

Lemma 4.3.7. Choose {& > 0, k > 0 and v > 1, and define f; : R™ — R by

16420222 (2] + k)*
(v + 1)2%a] + (y = 1)%k)*

fi(zy) = — (4.3.13)

Then,

del(t)
dt

= f1 (I‘l(t)) 3 T (0) == 60 y (4314)

has a unique solution on [0,T)] satisfying x1(t) > 0 for all t € [0,T].
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Proof of Lemma 4.5.7. Inspection of f; shows that it is Lipschitz continuous and satisfies
fi(z1) < 0 with equality if and only if ;7 = 0. The desired results (existence, uniqueness,

and positive) are then immediate. O

Lemma 4.3.8. Let E = (1,00) x (0,00), and suppose that x1 satisfies (4.3.14). Then
x1(t;7, k) is continuously differentiable in v and k on (t,7v,k) € (0,T] x E. Furthermore,
x1(t;7, k) is strictly decreasing in k for (t,~v,k) € (0,T] x E.

Proof of Lemma 4.5.8. We note that f; is continuous in variables (1,7, k) on (0,00) X E
and has continuous partial derivatives with respect to x;,v and k for (x1,7,k) € (0,00) x E.
By Lemma 4.3.7, for any choice of ({,7,k) € (0,00) x E the IVP (4.3.14) has a unique
solution which exists up to (and past) time t = T. Therefore, z1(T’; ¢, k) is continuously
differentiable with respect to v and & (see [39]).

Additionally, we have that z = 0xy(t;, k)/Ok satisfies

dz(t;v, k) _ Ofi(z1(t;v, k)3 v, k) Of1(z1(t; 7, k)7, k)

t;v, k 4.3.15
dt 83:1 Z( )Py7 ) + ak ? ( )
(037, k) =0,
where
Ofi(xi;y. k)  32A%%y (k+27) (v + Da] — (v — Dk)*
O, (v + 12 + (y = 1)2%k)° ’
Ofi(zy;v, k) 128A%0% ] (o] + k)
Ok ((v+1)2] + (v — 1)%k)°
By Lemma 4.3.7, we know that x(¢;v,k) > 0 for t € [0,T]. Therefore,
t:v, k) v, k
6f1(x1(a77 )a’Yu ) SO, (t,’}/,k)e[o,T]XE,
8.771
0 tiy, k), k
flaEr kv k) (t,7,k) € [0,T] x E.
ok
Thus, by examining (4.3.15), we see that z(¢;7, k) < 0 for all (¢,v,k) € (0,T] x E. O

With Lemmas 4.3.6, 4.3.7 and 4.3.8 in hand, we now present the proof of Lemma 4.3.5.
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Proof of Lemma 4.5.5. If x solves (4.3.11), then by Lemma 4.3.6 there exists a function p
such that z5(t) = p(z1(t)) for all £ € [0,T]. By the chain rule,

dp(x1)  dxg/dt  Fy(xq, p(xy)) 5 co?
= = =-2Ap(z1) + —. 4.3.16
dxy drxi/dt  Fi(xq, p(z1)) p(a) x? ( )

We will break the remainder of the proof into two cases: A =0 and A > 0.

Case A =0: Let A =0. Then (4.3.16) is satisfied by

00'2

plxy) =k — —, (4.3.17)
T
for any k£ € R. Thus
dxy(t o2
10 B o) = 2, n(0) =6
This ODE has the unique solution
%t

We must now choose k such that z5(T") = p(x1(T)) = 0. Substituting (4.3.18) into (4.3.17)

yields

B 40k —4dco?k? —o?Tk

©(T) A k2 — 02T

There are three values of k& which satisfy xo(7") = 0. We can rule out & = 0 immediately due

to the form of x; in (4.3.18). The other two roots are

ot \/ARot+ 0T

k
280

If we take either of these values of k and evaluate x;(T") we have

20" +2c0\ /AP0t + & a2 T
a 4k & .

x1(T)
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The negative sign on the square root gives z1(7T) < 0, so we must take the value of k
corresponding to the positive sign on the square root. Substituting this value of k into the

expression for xq(t) in (4.3.18) gives

& (20204+2002\/0204+5002T+§002 (T—t)>

(co? + /2 o*+ & o2 T)?

x1(t) =
This can be simplified by rationalizing the denominator which yields
z1(t) =2ca®A+ N0 (T — 1),
where we have defined
c? &o c

A=+1/ — .
T2+02T T’

as in (4.3.12). We then evaluate x5(t) = p(z1(t)) to find

T—t

)= AT =g

as desired.

Case A > 0: Let A > 0. Then (4.3.16) has the solution

_ v+ Dz —(y =Dk /118 A4dco?
p(x1) = Ao+ 8 v=V1+8Aco?, (4.3.19)

for any k£ € R. With this expression for p we have

dIl (t)
dt

= Fi(x1(t), p(x1(t))) = fr(21(2)) 21(0) = &, (4.3.20)

where f; is given in (4.3.13) and + is given in (4.3.19).
We note that in order for the terminal condition z5(T") = p(x1(7T")) = 0 to be satisfied,
then £ must be chosen such that

v—1
k) =2](T;k) — ——k=0,
o) =Tk - T
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where we have made the dependence of z1(T") on k explicit. If k£ = 0, the ODE (4.3.20) has
an explicit solution, but the terminal condition x9(7") = 0 cannot be satisfied for §, > 0. If
k < 0, then we must have z,(7T’; k) < 0 to satisfy the terminal condition z9(7") = 0. Thus k
must be chosen to be positive if we are to solve the constrained two-point boundary value
problem (4.3.11) with x;(7;k) > 0. For each £ > 0, Lemma 4.3.7 gives that the ODE
(4.3.20) has a unique positive solution on [0,7]. Therefore, for each £ > 0 the function
x(t) = (z1(t), p(z1(t))) satisfies the ODE dx(t)/dt = F(x(t)). What remains to be shown is
that there is a unique k that solves g(k) = 0, implying xo(7T") = 0.

By Lemma 4.3.8, g is continuous and strictly decreasing in k, and we have the bounds

0 < a1 (T;k) <& for all k> 0. As such, a constant k, can be chosen such that

v+1

0 < ——=¢& <k,
.
and g(k,) < 0. Now choose
v+1
We note that
1
0<kl<i§3<kr.
v—1

Therefore,
0 < g(ki) = &(T; ky) — 2](T: k).

As g is continuous and monotone in k, there exists a unique k* € (k;, k,) such that g(k*) = 0.
All that remains to be shown is that xo > 0 on [0,7). By examining p in (4.3.19), we see
that as z1(¢; k*) > 0 for all ¢ € [0, T, xo(t; k*) < 0 only if

1
w(t k) - Lk <o, (4.3.21)

v—1
As x(t; k*) is strictly decreasing in ¢, if there exist a ¢ € (0,7 for which (4.3.21) holds,
then xo(s;k*) < 0 for all s € (¢,T]. However, we have chosen k* such that zo(T;k*) = 0.

Therefore, z4(t) > 0 for t € [0,7). O
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Before giving a continuous-time equilibrium it is useful to define the constant

Z’U
Ag =] 52
K 2T

The constant Ak is the continuous-time pricing rule of [45]. That is, when a risk-neutral

insider faces a risk-neutral market maker on a frictionless exchange, the processes specified

by the dynamics

dP, = A dYy, Py =y,
1

dX; = ——— (v — B, dt Xo=0

t AK(T—t)(U t) ) 0 )

form an equilibrium. Writing the risk-neutral continuous-auction equilibrium in terms of
A will help illuminate the effect that transaction costs have on the market participant’s
respective strategies.

We now present a continuous-time equilibrium.

Theorem 4.3.9. Choose A > 0, let U be as given in (4.2.3), and let x = (X, h) be the unique
solution to the FBODE (4.3.11) with & = X§. Then the midprice process P and inventory

process X specified by

dP, = A(t) dY;, Py =,
dXt:ﬁ<t)<’U—Pt)dt, X():O,

where Y is given in (4.3.1) and where

0,2

B(t) = (o T SO ) (4.3.23a)
_ 5(¢)
A(t) = ; T T SO R (4.3.23D)

form a continuous-time equilibrium. Furthermore, Y(t) = E[(v — P)?| FM] and the value
function H is given by (4.3.9). When A =0, X(t) = X is a constant and

1
B(t):)\(T—t)—ch’

A= /A2 Le_c (4.3.24a)
Koo
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Proof. First we fix (X,h) to be the unique solution to the FBODE (4.3.11) with & = 3.

Suppose the price dynamics are given by
dPt:)\(t)d}/;, Pt:v[)a

with A(t) given by

%(1)

A = S s

as in the statement of the Theorem. Because (3, h) is a solution to the FBODE (4.3.11)
with & = Xy we have

dh(t)  2A0*¥*(t)h*(t) —co?
dt 4 (co?+ X(t)h(t))?

In addition, a straightforward computation shows

(1—2Aco?) \2(t) At 1 2A40°3%(t) h3(t) — co?

) )
_ W)+ =) = = e s h)

c

Thus we have that h satisfies the ODE (4.3.8). Therefore, by Lemma 4.3.2, the optimal

trading strategy is given by
0; = B(t) (v— P)dt,

with

_1-2)(1)h()

8l = ——

and the insider’s value function is given by (4.3.9).
Now, again with (X3, h) as the unique solution to the FBODE (4.3.11) with & = X,

suppose that the insider’s trading strategy is given by

with
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From (4.3.11) we see that 3 satisfies

dZ(t) o2 ZQ(t) ) o
d _4(002 + 3(t) h(t))? = —0" A (t). (4.3.26)

In addition we have by their definitions in the statement of the Theorem that
At) = ——=—. (4.3.27)

By Lemma 4.3.3, the relations in (4.3.25), (4.3.26), and (4.3.27) imply that the efficient

pricing rule is given by
dY; = \(t)dY;, Py =,
and that the function Y also yields the market maker’s conditional variance:
5(t) = El(v — P)?*[FM].

Finally, when A = 0, applying Lemma 4.3.5 gives the closed form expressions

1
t) =
bt) AT —t)+2¢’
c? c
A:\/A§<+ﬁ—f.
as desired. O

Remark 4.3.10. Recall that in Lemma 4.3.2 we removed from consideration many pricing
rules in which an associated ODE did not have a solution, as failure to do so would result in
the ODE solutions blowing up within the interval [0,7]. Our method of classifying equilib-
rium in Theorem 4.3.9 avoids this issue by taking the function h as given (a unique solution
to an FBODE which does not blow up), and then specifying the pricing rule A which yields
h as the solution to the ODE (4.3.8).

Definition 4.3.1 defines what it means for processes (P, X) to form a continuous-time

equilibrium. In Theorem 4.3.9, we gave deterministic functions f and A such that the
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processes defined by dP, = A(t)dY; and dX; = 5(t) (v — P;)dt with (P, Xo) = (vo,0)
form a continuous-time equilibrium. While the functions (8, A) do not themselves form an
equilibrium, the functions (3, \) correspond directly to a linear equilibrium (P, X). In the
sequel, we will refer to linear equilibria (P, X) using (5, \), and we refer to 5 as an equilibrium
trading rule and A as an equilibrium pricing rule.

We will now discuss and interpret some characteristics of the continuous-time equilibrium

of Theorem 4.3.9.

Proposition 4.3.11. Let 8 and A be the trading and pricing rules, respectively, corresponding

to the continuous-time equilibrium of Theorem 4.5.9. Then,

1. B s a strictly increasing function of t,

2. if A >0 then X is a strictly decreasing function of t.

Proof. First, let ¥ and h be the functions in (4.3.23a) and (4.3.23b) corresponding to the
equilibrium rules § and A. It will be convenient to define the function m = ¥Xh. We see that

if x = (3, h) satisfies (4.3.11) with & = X, then y = (X, m) satisfies the FBODE

B~ G, nO == (4.3.29)
y2(T) =0
where
G o?y? o’y (co® + yy — 2
G( ): (y) G1(?J):— g G2(y) - ol Y 24y,)

Caly)) d(co® +y)?

In the new variables, we write

o? ¥(t)

blt) =3 (co?+m(t)’ Al =3 (co®+mf(t)

(4.3.29)

By (4.3.29), we see that ( is increasing if and only if m is decreasing. As we know that

m(t) > 0 for all £ € [0,T"), examining the numerator of G5 gives that if

B 1++vV1+8Aco?
N 4A ’

m(t) < K, K
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for all t € [0, 7] then m is decreasing on [0, T']. We observe by inspecting (4.3.28) that if there
exists a t* € [0,7) for which m(t*) > K, then m(s) will be non-decreasing for all s € [t*, T'].
In that case, m cannot satisfy the terminal condition m(7T) = 0. Therefore, /3 is increasing.

By examining (4.3.28) and (4.3.29), we compute

d\(t) — Ac®X2(H) m(t)

dt — 4(co?+m(t)*’

and we have that )\ is decreasing. O]
In equilibrium, g is positive, increasing in time and 5(7") = 1/2¢, so

0< B(t) < 2% Le[0,7). (4.3.30)

And (4.3.24a) and Proposition 4.3.11 tell us that the equilibrium pricing rule A never increases
in time; in the risk-neutral case, the cost to move the price of the asset remains constant
throughout the trading window, and in the risk-averse setting, it becomes strictly more
expensive to move the price of the asset. So, the insider never finds it advantageous to buy
(sell) the overvalued (undervalued) asset with the intention of pushing the midprice P away
from v to profit from the misprice at a later time. Hence, 0 < §(t) for t € [0, T].

We also see from (4.3.30) that the equilibrium trading rule 3 is bounded above by 1/2¢.
To gain some intuition, suppose that the market maker takes either the risk-neutral or
risk-averse equilibrium pricing rule A\. Suppose the insider chooses a strategy of the form
0, = b(t) (v — P,), where b is a continuous, deterministic function defined on [0,7]. Then,

recalling that the insider’s terminal wealth W7 is given by (4.3.4), we have

Wr = /0 b(s) (1 —cb(s)) (v — P,)*ds.

If at a time ¢ the insider submits orders at a rate b(t) > 1/c then they accumulate wealth at
a negative instantaneous rate. Furthermore, as b(t) > 0, the insider affects price impact and
moves the midprice P towards v. In effect, the insider has paid to relinquish part of their

informational advantage, something a trader acting optimally would never do.
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At time ¢, the insider accumulates wealth at an instantaneous rate of b(t) (1 —cb(t)) (v —
P;)?. The function b(1 — ¢b) is symmetric in b about b = 1/2¢. If at time ¢ the insider
wishes to accumulate wealth at a specified instantaneous rate, then they have two choices of
b(t) to achieve their goal. An insider trading in equilibrium chooses b(t) < 1/2 ¢ in order to
affect lower price impact than the corresponding higher trading speed, allowing the insider
to retain more of their informational advantage at the same wealth accumulation rate.

In the absence of transaction costs, the authors of [45] and [10] show that in equilibrium
the risk-neutral and exponentially risk-averse insider, respectively, take trading rules 3 that
blow up as t approaches T. This forces the midprice to v and gives that (7)) = 0. For
a non-zero transaction cost ¢, we saw in the discussion above that an insider of any risk
tolerance never wishes to choose > 1/2¢, as the cost of trading outweighs the benefits. In
this setting, the insider does not reveals the true value of the asset to the market maker by

the end of the trading period i.e. ¥(7") > 0.
4.4 Parameter Dependence

We now wish to investigate the dependence of the continuous-time equilibrium rules 5 and A
on the model parameters. The amounts to analyzing the dependence of solutions =z = (3, h)
to the FBODE (4.3.11) on its parameters. Let © = (A, ¢, 0,%f) be the vector of model
parameters. One approach is to treat solutions x(t) = x(¢; ©) as functions of the parameters
and differentiate both sides of (4.3.11) with respect to ©; to derive an ODE for dx/00; in
time. However, while linear in dx/00;, the new ODE system is a forward-backward system
with time dependent coefficients and forcing terms. Due to the difficulty of this approach,
we numerically investigate the dependence of the continuous-time equilibrium rules 8 and A
on the model parameters ©.

We begin by showing the effect varying the risk-aversion parameter A has on S and .
Let us fix the parameters (T, ¢, 0, %) = (1,0.2,1,0.5). In Figures 4.3 and 4.4, we plot 5 and
A, respectively, as functions of ¢t while varying A. We see that as the insider becomes more

risk averse, they take advantage of the price mismatch v — P more aggressively. The more
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Figure 4.3: Here we plot § as a function
of t for the risk-averse insider and vary the
risk-aversion parameter A > 0. Cooler col-
ors correspond to lower values of A and

warmer colors correspond to higher values

of A.

Figure 4.4: Here we plot A as a function of
t for the market maker facing a risk-averse
insider and vary the risk-aversion param-
eter A > 0. Cooler colors correspond to
lower values of A and warmer colors corre-

spond to higher values of A.

risk-averse insider prefers to lock in profits near the beginning of the trading horizon rather
than wait in an attempt to maximize profit. Correspondingly, as the insider trades more
aggressively, the market maker has more information about the true price v. Thus, as the
insider becomes more risk averse, the market maker increases A early in the trading period
and lowers A towards the end of the period. It appears that § is monotonically increasing
in A, while X is increasing in A for the first part of the trading period and decreasing the
second part.

Now let us fix the parameters (7, A,0,34) = (1,1,1,0.5) and investigate the behavior
of equilibrium rules f and A as we vary the transaction cost parameter c. In Figures 4.5
and 4.6, we plot 8 and A, respectively, as functions of ¢ while varying c. We see that as the

transaction cost increases, the insider monotonically slows their trading. Furthermore, Figure
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Figure 4.5: Here we plot [ as a function
of t for the risk-averse insider and vary the
temporary price impact parameter ¢ > 0.
Cooler colors correspond to lower values of
¢ and warmer colors correspond to higher

values of c.

Figure 4.6: Here we plot A as a function of
t for the market maker facing a risk-averse
insider and vary the temporary price im-
pact parameter ¢ > 0. Cooler colors cor-
respond to lower values of ¢ and warmer

colors correspond to higher values of c.

4.5 suggests that in addition to decreasing /3, the insider also decreases 03/0t monotonically
in ¢. As the transaction cost ¢ increases and the insider slows their trading, less information
flows onto the market. It is thus no surprise that Figure 4.6 shows A decreasing monotonically
in c.

Now let us fix the parameters (T, A, ¢, 3§) = (1,1,0.2,0.5) and investigate the behavior
of equilibrium rules § and A as we vary the noise parameter o. In Figures 4.7 and 4.8, we
plot 8 and A, respectively, as functions of ¢ while varying o. Figure 4.7 shows that as o
increases, so does the insider’s trading speed. As the volume of noise trades increases, each
share that the insider trades contributes less to the signal Y visible to the market maker,
which corresponds to less information leaking onto the market. Thus, an insider with a fixed

transaction costs and risk tolerance can afford to trade more rapidly. As o increases, the
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Figure 4.7: Here we plot [ as a function
of t for the risk-averse insider and vary the
noise parameter o > 0. Cooler colors cor-
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colors correspond to higher values of o.
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Figure 4.8: Here we plot A as a function
of ¢t for the market maker facing a risk-
averse insider and vary the noise parameter
o > 0. Cooler colors correspond to lower
values of ¢ and warmer colors correspond

to higher values of o.

market maker gains less information from the signal Y about v. As such, the market maker

decreases price pressure as noise trading increases, and this is demonstrated in Figure 4.8.

Now let us fix the parameters (T, A, c,0) = (1,1,0.2,1) and investigate the behavior of

equilibrium rules 5 and \ as we vary the initial variance »§. In Figures 4.9 and 4.10, we

plot B and A, respectively, as functions of ¢ while varying . We see in Figure 4.10 that the

market maker increases price pressure as the initial midprice variance Xf increases. When

the market maker is relatively sure about v, they choose A to be small as they have likely

set the midprice near the true value of the asset. This allows the insider to trade more

aggressively on their information as the negative effects of price impact are lessened. We see

in Figure 4.9 that 3 increases with 3.
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Figure 4.10: Here we plot A as a function of
t for the market maker facing a risk-averse
insider and vary the initial price variance
parameter ¥§ > 0. Cooler colors corre-
spond to lower values of ¥j and warmer

colors correspond to higher values of X§.

In this chapter, we extended the results of [45], [41] and [10] by adding friction to the market

in the form of a transaction cost which is linear in the insider’s order size. We considered a

exponentially risk-averse and risk-neutral insiders. We began by modeling a single-auction

exchange and providing the corresponding unique market equilibrium in the form of the

solution to an algebraic equation. We then demonstrated the effect of the transaction cost

on the equilibrium by asymptotically expanding the algebraic equation about the frictionless

equilibrium for small transaction cost. This procedure uncovered the equilibrium relationship

between the insider’s risk preferences and the transaction cost. Namely, we see that when

the insider is risk-neutral the first order correction term in the market maker’s strategy
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disappears.

We then formulated an analogous market model in continuous time. We developed an
optimal trading strategy for an exponentially risk-averse or risk-neutral insider by explicitly
solving the HJB equation associated with optimization problem (4.3.5). We then gave the
filtering equations that provide an efficient price process for a fixed insider strategy. The
main result is Theorem 4.3.9, which gives a linear, continuous-time market equilibrium in
terms of the solution to the FBODE (4.3.11), for which we showed there exists a unique
solution. We explored the effects of varying other model parameters by numerically solving
the ODEs associated with the equilibrium strategies.

There are several qualitative similarities between the equilibria of the frictionless case
and ours. First, linear equilibria exist in both cases and are given in terms of the solutions
to differential equations. Additionally, the equilibrium insider trading rule [ is increasing in
time, and the equilibrium market maker’s pricing rule A is constant in the risk-neutral setting
and decreasing in time in the risk-averse setting. The insider in equilibrium never shorts an
undervalued asset or goes long an overvalued asset in order to get favorable price impact
ie. B > 0. Furthermore, § and A\ exhibit similar dependence on the overlapping model
parameters. For example, in the continuous-time setting, as the risk-aversion parameter A
increases, the A(0) increases and A\(T") decreases as is the case in [10].

But not all of the properties of equilibria carry over from the frictionless case. The
market maker’s conditional variance ¥ has the property 3(7") > 0, as distinct from the
frictionless case in which ¥(7") = 0. This implies that the true value of the asset v is not
reveled to the market maker by time ¢. This is because the addition of a transaction cost
puts an upper bound on the insider’s equilibrium trading rule 5. The insider never finds it
worth it to take the trading rule 5 > 1/2¢ because the cost of trading becomes prohibitively
high. Additionally, the insider’s trading rule remains bounded as A — oo, converging to the

constant = 1/2c.
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Appendix A
DYNAMIC PROGRAMMING IN CONTINUOUS TIME

In this section, we review some of the fundamental concepts of dynamic programming in
continuous time. Our presentation is standard material and is adapted primarily from the
textbooks [60] and [57]. We give this background information here as a supplement for a
reader who is unfamiliar with these concepts a brief overview. We opt to omit several tech-
nical details and proofs, giving largely heuristic arguments referring to the aforementioned
texts for details. The notation in this section was chosen to be similar to the reference texts
[60] and [57] while also trying to be as similar to the problem of this chapter.

In this section, we let | - | denote the Frobenius matrix norm. Explicitly, for M € R*1*k2

we have

|M| = +/Trace(MMT).

The dimension corresponding to |-| is inferred from the object on which the norm is computed.
We allow for the possibility of k£; = 1 for either or both of i = 1,2. When ks = 1 then M is
a vector, and when k; = ko = 1 then M € R and | - | is the absolute value.

Let us fix a filtered probability space (2, F, F = (F;)o<s, P). Assume that A C R™ is a
bounded set, and let

iR x A— R", o:R" x A R4,
be measurable functions such that there exists a K > 0 where
i, 0) — ply, )| + lo(z,0) — o(y, )| < K|z —yl,  V(z,y,a) € R x R" x A.

Remark A.0.1. Although we have assumed that A is bounded, this assumption is not
necessary. We make this assumption to simplify the derivation of the dynamic programming

equation. See [60] for a the derivation with the boundedness assumption on A relaxed.
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Let v = (14)o<t be a progressively measurable process with respect to I, and let 7; 1 be

the set of stopping times in [¢,T], where 0 <t < T. We define the set

AT:{V oo}.

The above assumptions guarantee that for all v € Ap, the SDE

B[ [ (0. + ot0.0P)

dXY = p(XY, ) dt + o (XY, ve) AW,

where W = (W,)o<; is a standard d-dimensional Brownian motion adapted to IF, will have a
unique, strong solution up to time ¢t = T for any initial condition (¢,z) € [0,T] x R™.

We refer to v as a control process or simply a control. We tend to think of v as being an
input to the system that an agent chooses, and, often, an agent will choose v in an attempt
to steer X towards achieving some objective. The superscript v on X" is to make explicit
the dependence of the state variable X” on the choice of the control process v.

Let us now define an objective function for which an agent will choose v to optimize.

Suppose that
f:0,T] xR"x A— R, g:R"— R,
are functions such that there exists a (C,Cy) € R x (0, 00) such that

Cl S g(l‘)7 VI’ — Rn,
lg(z)| < Co(1 + |2]?), Vo € R™

s

Finally, let us define the functional H : [0, 7] x R" x Ar(t,z) — R as

Xt:fE].

For (t,x) € [0,T] x R", define

T
AT(t,x):{V E / If (s, XY vg)| ds | Xy =x
¢

H(t, z,v)

/ f(s, XY, vs) ds+ g(Xr)
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The functional H is sometimes referred to as the objective functional or the gain functional.
For a given initial state X; = x, the objective functional gives the expected reward an agent
receives at time ¢ = T' by taking a control v. We would like to choose v to maximize the
objective functional, which leads us to define the value function
H(t,z) = sup H(t,z,v). (A.0.1)
veAr(t,x)
The function H can be thought of as the expected reward or value that an agent receives at

time ¢t = T by starting at a state X; = x and acting optimally over the entire horizon [t, T.

Definition A.0.2. If U € Ay(t,x) is such that H(¢,x) = H(t, z,V), then ¥ is said to be an

optimal control.

Definition A.0.3. Let (¢,x) € [0,7] x R™ and suppose that X; = z. If for a control process
v there exists a measurable function a : [0,7] x R" — A such that v; = a(t, X)) then v is

said to be a Markovian control.
We now state the well-known dynamic programming principle (see [60] for proof).

Theorem A.0.4 (Dynamic Programming Principle). For any stopping time 7 € Ty.r,

H(t,x)= sup E

veEA-(t,x)

/ f(S,X;/,Vs) dS—FH(T,X};)
t

X, = x] : (A.0.2)

Theorem A.0.4 has a straightforward interpretation. Let 7 € T;r and suppose that the
agent knows how act optimally on [7, 7] with respect to (A.0.1). Then Theorem A.0.4 says
that if the agent acts optimally on the interval [, 7] and then acts optimally on the interval
[7,T] then they have acted optimally on [¢,T]. Essentially, Theorem A.0.4 allows us to
break the optimization problem (A.0.1) in to chunks which correspond to sub-optimization
problems

We now use the dynamic programming principle to derive infinitesimal conditions that
necessarily must be satisfied by smooth value functions. We do this with the hope that

finding functions that satisfy the aforementioned infinitesimal conditions will allow us to
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significantly narrow our search for the value function (and corresponding optimal control).
To this end, choose h > 0, and let 7 = ¢ + h. For some arbitrary a € A, we have by (A.0.2)
that

/ f(s, X%, a) ds+ H (t+ h, X{,,,)

X, = :L‘] : (A.0.3)

The left hand side of (A.0.3) is the expected reward an agent receives by starting at a X; = x
and acting optimally until ¢ = 7', and the right hand side of (A.0.3) is the expected reward
an agent receives by starting at a state X; = z, taking the constant control a for A amount
of time, and then acting optimally on [t + h,T].

Assuming that H is smooth enough, we can apply It6’s formula to write
t+h
H(t+h X, =H(t x)+ / (0 +A%) H(s, X{)ds + (martingale),  (A.0.4)
t

where

n

A“:%Z(aa )ij xa@ixj—l—z,uzxa -

ij=1
is the infinitesimal generator of the diffusion X*. By inserting (A.0.4) into (A.0.3), we get
the inequality

t+h
E /t (0 + A%) H(s, X%) + f (s, X%, a)] ds

X = w] <0.
Dividing by h and taking h — 0 we get

(O + AY) H(t,x) + f(t,z,a) <O0.
As a € A was arbitrary, we have

OH (t,) + sup [AH(1,) + f(t,z, )] < 0.
acA

Now, suppose that 7 is an optimal control. Then taking 7 as the control in (A.0.3) instead of
the constant control v = a gives us an equality (as opposed to an inequality). Then applying

the same line of reasoning as above, we get that

OH(t,x) + A" H(t,x) + f(t,x,7;) = 0.
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As v takes values in a bounded set A and H(T,z) = g(z) we have that H should satisfy

OyH(t,x) +sup [A“H(t,z) + f(t,z,a)] =0, H(T,z)=g(z). (A.0.5)

acA
The equation (A.0.5) is known as the Hamilton-Jacobi-Bellman (HJB) equation.

The above discussion shows that if H is sufficiently smooth then H satisfies the HJB
equation (A.0.5). However, if we already know the value function H then the fact that, it
satisfies a specific PDE is likely of little use as we already have the value function in hand.
What would be useful is the ability to cast the optimal control problem (A.0.1) as a PDE
problem (namely (A.0.5)). When the control space is a singleton A = {ag}, the supremum
in (A.0.5) is trivial and the PDE is reduced to the linear parabolic Cauchy problem for
whom existence and uniqueness results are standard. Unfortunately, for interesting control
problems the HJB equation is nonlinear, and, as such, solutions to the HJB equation corre-
sponding to a control problem do not necessarily correspond to the value function. But, not
all hope is lost! Fortunately, there are known sufficiency conditions which allow us to assert
that a given solution to the HJB PDE corresponds to the value function of the associated
control problem. This set of conditions is called the verification theorem. In addition to the
verification of a candidate value function, the verification theorem allows us to obtain an

optimal Markovian control. We state the verification theorem here (see [60] for proof).

Theorem A.0.5 (Verification Theorem). Let G € C2([0,T) x R*) N C°([0,T] x R™). If
o G(T,z)=g(x),
e there exists a constant C > 0 such that

|G(t,z)| < C(1+ |z]?), V(t,z) € [0,T] x R,

e there exists a measurable function v : [0,T) x R" — A such that

0,G(t,x) + sup [A*G(t,x) + f(t,z,a)]

acA
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=0,G(t,z) + APBIG(t, ) + f(t,x,D(t, x))
p— 0’

e the SDE
AX7 = pu (X2, 0(t, X7)) ds + o (XZ,0(t, X7)) dW, X, =x
admits a unique solution, and

e the process {U(s, X7) icscr € Ar(t, @),
then G = H on [0,T] x R™ and U is an optimal Markovian control.

To recap, to the control problem (A.0.1) we have an associated dynamic programming
equation, the HJIB PDE (A.0.5), and a set of conditions which allows us to verify that
a solution to the dynamic programming equation corresponds to the value function. For
a given control problem (A.0.1), a common strategy is to write down the corresponding
dynamic programming equation (A.0.5) and maximize the expression inside the supremum
of (A.0.5). Doing so yields a deterministic function 7 in terms of the value function H, which
we refer to as a feedback control. We insert this expression back in to the HJB equation (i.e.
we take the supremum in (A.0.5)) resulting in a PDE for H no longer dependent on v.
Solving the resulting PDE gives us a candidate value function and an associated Markovian
control to which we can apply the verification theorem.

We provide a toy example to make the above procedure more clear.
Example A.0.6. Suppose that the process X" is given by the dynamics
dX} = (1 — o) dt + o dW;,

where o > 0. When the agent takes no action, the process X" drifts down at a rate a.

Otherwise, the process has a drift of v, — a. Let

flt,z,v) = —p?, g9(z) = =, p > 0.
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The value functional and corresponding value function are
T
H(t,z,v) =E [Xr}—gp/ VSZdS‘XtV :l’:| :
t
H(t,z) = sup H(t,z,v). (A.0.6)
veEAT(t,z)

An agent whose value function is (A.0.6) wishes to achieve a maximal expected value of X¥.
from a starting state X} = x but is subject to a running quadratic penalty on the control.

The associated dynamic programming equation is

1
O H (t, z) + sup 5028§H(t,x) + (v — )0, H(t,z) —v*| =0, H(T,x)=x.(A.0.7)
veR

We see that the expression
1
Eazﬁif[(t, x)+ (v — )0, H(t,x) — pv°

inside the supremum is quadratic in v with a negative coefficient on the leading term and

for any (¢, ) has the unique maximizer
~ 0. H(t,
ot 2) = 22HLT) (A.0.8)
2¢

Inserting (A.0.8) into (A.0.7) (i.e. taking the supremum in (A.0.7)) yields
1 1
O:H(t,x) + 502H(t, x) — a0 H(t,z) + I (8,H(t,z))* =0, H(T,z)=uz (A.0.9)

If we assume that H(t,xz) = x + h(t), then (A.0.9) is reduced to the ODE

dh(t) 1
—_— — — =0 h(T) =0
a0t =0 (T) =0,
whose solution is given by
1
h(t)=|— — T—1t).
0= (4 -a) @1

We have a candidate value function and optimal control

1 - 1
H(t,$)=$+<@—a>(T—t), u:%,
respectively. Applying Theorem A.0.5 gives that H and v do indeed correspond to the value

function and optimal Markovian control corresponding to the problem (A.0.6).
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