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The effects of pions on astrophysical phenomena have been studied for decades. In the

1970s, Migdal and Sawyer independently proposed that pions could condense in dense

matter due to attractive p-wave interactions with nucleons. Many other studies have

investigated the possibility of pion condensation in dense neutron-rich matter. However,

due to the strong interactions between nucleons and pions, there is a large degree of

uncertainty in condensate formation. We have considered the effects of a thermal

population of negatively charged pions, where the enhancement from strong interactions

with nucleons is taken into account with a virial approximation and find that even without

the formation of a condensate, pions are likely to have a large effect on neutron-rich matter

at high densities and temperatures, such as the conditions in the proto-neutron star of a

core-collapse supernova or inside neutron star mergers. This model is also used for

calculations of neutrino mean free path in the processes νµ + π− → µ− and ν̄µ + µ− → π−

as well as calculations of axion emissivity through a pion induced reaction π−p→ na.

Due to the pions repulsive s-wave interaction with nucleons and strongly attractive p-wave

interactions, the majority of studies have focused on investigations of pion condensation at

finite momentum. Early studies concluded that a condensed state at finite momentum was

favored, but later more sophisticated analysis found that these results may not be robust

at the densities encountered in neutron stars. In this thesis we reevaluate the possibility of

s-wave pion condensation through improved calculations of the pion self-energy using

Chiral Perturbation Theory.
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PREFACE

The contents of section 3.2 and 3.3 as well as section 4.2 are based on the content of

the published paper: Bryce Fore and Sanjay Reddy. Pions in hot dense matter and their

astrophysical implications. Physical Review C, 101(3):35809, 2020. This work was inspired

by calculations of the effect of muons in supernova explosions [1]. We considered if a thermal

population of pions may have similarly large effects. The model-independent virial approx-

imation was a logical choice to include the effects of the nucleon interactions on the pion

population. My contribution to this work included creating an equation of state (EOS)

which included the pions by using the virial approximation and using our pseudo-potential

model for the pion self-energy. We considered various forms the pseudo-potential could

take, based on results which have worked well for nucleons, and I was tasked with deter-

mining which form was able to most closely reproduce our virial approximation results.

Martin Hoferichter, beyond contributing the phase shift data for virial approximation and

pseudo-potential calculation, was of tremendous help in understanding the basis conversion

necessary to use the phase shift data in our calculations. The results in section 4.2 arose

from joint discussions of the effects of pions. I realized the reactions νµ + π− → µ− and

ν̄µ + µ− → π− would be allowed and would modify the neutrino mean free path in the

presence of pions. I performed the mean free path calculations in this section and used our

pion model to compare them to other relevant reaction channels.

The content of sections 5.2 is based on the publication: Pierluca Carenza, Bryce Fore,

Maurizio Giannotti, Alessandro Mirizzi, and Sanjay Reddy. Enhanced Supernova Axion

Emission and Its Implications. Physical Review Letters, 126(7):071102, 2021. Pierluca

Carenza, Maurizio Giannotti, and Alessandro Mirizzi realized that the larger population of

pions predicted by my virial model increased the production of axions through the channel

π−p→ na, which was previously thought to be a negligible effect due to the assumed small

abundance of pions. My contribution to this work was to provide calculations of the pion

population, using my previously created numerical EOS, for the axion emissivity calculations

of Pierluca Carenza.

The calculated axion emissivity from this pion-induced reaction was large enough that

inclusion into a supernova simulation was the next logical step. Tobias Fischer, who had pre-

vious experience with calculations of axion emissivity within supernova simulations, agreed
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to include the pion-induced reaction into his supernova simulations, resulting in the publica-

tion: Tobias Fischer, Pierluca Carenza, Bryce Fore, Maurizio Giannotti, Alessandro Mirizzi,

and Sanjay Reddy. Observable signatures of enhanced axion emission from protoneutron

stars. Physical Review D, 104(10):103012, 2021. My contribution to this work required

modifications to my numerical EOS including pions such that it would function with any

nuclear EOS table, with the assumption that the direct effect of the pions on the nucleon

self-energies is negligible. Tobias provided the equation of state table he used within his

supernova simulation, and I returned a corresponding table which specified the number den-

sity of pions and their self-energy as a function of momentum, as well as the energy density,

entropy per baryon, and pressure contribution of the pions.

During the publication of my first paper, I began work with Steven Harris and Mark

Alford on modifications to the bulk viscosity of dense matter from the reactions outlined

in section 4.2. The analysis of these reactions requires analysis of the full system as the

effects from individual reaction channels to the bulk viscosity cannot be easily separated.

The complex dependence of the bulk viscosity on each reaction channel is highlighted by

appendix E and F. The publication of this work has been delayed by unfortunate timing with

respect to Steven’s graduation and my own, but we have made great progress in the time

between our respective graduations such that it is now close to publication. My contribution

to this work was the modification of my pion EOS to account for trapped neutrinos, so that

I was able to provide calculations of the susceptibility parameters along with density- and

temperature-dependent information from the EOS. Steven provided an analytic expression

of the full bulk viscosity including pions and has used the results I provide to calculate the

reaction rates and bulk viscosity. My method of adding pions to existing nuclear EOS is

described in appendix A. The various modifications to this model, which apply to each of

the situations in which I have used it, are also detailed in appendix A. Additionally, the

changes required to use our pseudo-potential model for the pion self-energy are described in

appendix B.

Lastly, the contents of section 6 are based on the work of Sanjay Reddy, Neill Warrington,

and myself. My contribution to this project has been in the construction of a model for

the EOS of neutron matter with a pion condensate, using calculations of the pion self-

energy from Chiral Perturbation Theory (χPT ). Neill and Sanjay performed the self-energy

calculations. Additionally, we have received tremendous guidance in this work from Norbert
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Kaiser, who is intimately familiar with the χPT theory calculations. This work is in the

final stages of writing and was almost ready for publication. However, in the process of

adding the full pion self-energy to the model of the condensed state, I discovered the that

the self-energy’s dependence on baryon density, proton fraction, and the charge chemical

potential has dramatic effects on the onset of condensation. With a subset of the full terms

contributing to the full self-energy, I find that there exists a first-order phase transition to

the pion condensed state. This new development requires more investigation. My analysis

using the full self-energy is underway and will be completed soon.
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1. INTRODUCTION

1.1. Core-collapse supernovae

All stars fuse lighter elements into elements as heavy as iron, releasing the energy which

opposes the gravitational attraction, keeping the star from falling in on itself. Iron is the

stopping point for this process because fusion to heavier elements no longer releases energy.

Stars more massive than about 8M� build up cores of iron which gradually increase in mass,

supported by the degeneracy of electrons rather than the energy of fusion. As the mass of the

core grows the electrons become more relativistic. The pressure they provide now increases

less rapidly with increasing density than was the case when electrons were nonrelativistic

[2]. When the core grows to a mass exceeding the Chandrasekhar limit (∼ 1.4M�), the

core can no longer be supported by electron degeneracy pressure and begins to collapse [3].

As the core collapses, electrons and protons form neutrons and electron neutrinos and the

core is eventually stopped from falling further due to neutron degeneracy pressure as well

as nuclear interactions within the core of the star. At this point, the core has formed a

proto-neutron star (PNS), which can reach temperatures up to several 1011 K (≈ 10 MeV),

and densities larger than nuclear saturation density [4]. If the progenitor star’s mass was

larger than 30M�, then neutron repulsion will not be strong enough to support the remnant

and the star will collapse into a black hole or some other, more exotic, form of matter.

After the core collapse stops and the outer layers of the star impact the newly formed

surface of the PNS, the sudden stop of the outer layers triggers the formation of a shock

wave which travels through the outer layers of the star. After propagating around 100

to 200 km the shock wave stalls due to energy loss from neutrino production and nuclear

dissociation in the material it passes. The shock wave is eventually revived and within

seconds accelerates outward, expelling the stellar mantle [5]. The means of the shock wave’s

resuscitation has been under investigation for decades. The most likely candidate currently

seems to be the delayed heating from neutrinos, formed from electron capture on protons in

the core [3, 5, 6], possibly assisted by the effects of rotation, convection, or magnetic fields

[5]. The complex nature of the supernova makes accurate, three-dimensional simulations

only recently feasible, but they are still expensive and resource intensive. This is partially

why research into the explosion mechanism has been delayed [7].
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Neutrinos produced within the PNS have a mean free path on the order of 10 cm which

is much smaller than the radius of the PNS (> 10 km) [5]. This means that neutrinos will

be temporarily trapped within the PNS, only slowly diffusing out of the star for 10 to 20

seconds. However, the neutrino mean free path scales as the inverse of the square of the

mean neutrino energy, so after about 50 seconds the mean free path becomes larger than the

radius of the star, allowing neutrinos to freely stream out of the, now transparent, neutron

star [5]. Within a few days, the loss of neutrinos will cool the PNS to temperatures of about

1 MeV [8]. The neutrino emission is powered by the binding energy released in the collapse

of the iron core into a neutron star (2 − 5 × 1053 ergs)[9]. Further analysis of the neutrino

signal suggests each of the 6 neutrino degrees of freedom should carry about 0.5× 1053 ergs

of energy over a timescale of about 1 second with typical energies on the order of several 10’s

MeV [10]. Together the neutrinos account for almost 99% of the radiated energy. The most

significant supernova observation in nuclear astrophysics is supernova 1987A, from which 30

neutrinos were observed over the course of about fifteen seconds [11, 12]. This observation

confirms the timescale of neutrino emission as well as the overall energy release [5].

The progenitor star’s core has nearly equal amounts of neutrons, protons, and electrons.

This corresponds to an electron fraction, the ratio of the density of electrons to the density of

protons plus the density of neutrons, of about 0.5. During the collapse of the core, which was

previously supported by a degenerate electron gas, it is energetically favorable for protons

to capture electrons and produce neutrons and neutrinos. This results in a decrease of

the electron fraction and decrease of the pressure the electrons created to support the core,

further accelerating the collapse [7, 13]. Once the collapse has stopped, and the newly formed

PNS is supported by neutron degeneracy pressure, the star reaches chemical equilibrium

between the neutrons, protons, electrons, and (temporarily) the trapped neutrinos.

µn − µp = µe − µνe (1.1)

Once the stellar remnant becomes transparent to neutrinos, the electron neutrino chemical

potential will drop to zero, reaching a condition called beta equilibrium.

µn − µp = µe (1.2)

With increasing density in the newly formed neutron star, the electron chemical poten-
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tial increases. It can reach values exceeding the rest mass of the muon, at which point a

significant population of muons can appear [1].

The explosion of the supernova is a known and important site of the creation of the

heavy elements, also known as nucleosynthesis. The vast majority of the material from the

progenitor star is ejected from the supernova and expands outward at a great velocity. This

material can be seen at all wavelengths of light between radio and X rays, hinting at the

processes happening within [2]. The composition of the ejecta depends on how quickly it

expands. If the expansion is fast then some of the material can “freeze out”, meaning that

it is no longer undergoing significant interactions with neutrinos, and will subsequently be

slightly neutron-rich. If the expansion is slower, then the bulk of the material will have

time to interact with the neutrinos escaping the PNS, pushing it toward a more proton-rich

composition. This may make supernovae a site for the rp-process, where protons are rapidly

captured by smaller nuclei producing larger nuclei [6, 7, 9, 13]. During its life, the progenitor

star created elements as heavy as iron, much of which ends up expanding outward as ejecta

from the supernova. In the violent explosion, many of the heaviest elements are formed.

The many generations of stars that have passed since the beginning of the universe have

produced most of the elements heavier than lithium.

1.2. Neutron stars

The existence of neutron stars was theorized quickly after the discovery of the neutron in

1932. The original models of neutron stars consisted of a dense, free neutron gas. Theoretical

work on neutron stars was slow due to a lack of observational evidence. Since neutron stars

are degenerate and no longer able to produce energy, it was assumed they would be very

difficult to observe at astronomical distances. However, the discovery of pulsars in 1967

created the first avenue for neutron star observation [2, 8]. A pulsar is an astrophysical object

which produces periodic signals of detectable radiation. The mechanism for the pulsations is

assumed to be a cone of radiation of small angular width which emitted along the magnetic

axis of a compact object. The rotation beams the radiation cone in our direction with each

rotation. Calculations by Woltjer showed that the conservation of magnetic flux in a star

contracting from a red giant to a neutron star could produce enormous magnetic fields [14].

It is currently widely believed that the compact object which powers pulsars are highly
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magnetized neutron stars [2]. Since their discovery, over 1000 pulsars have been identified.

After a supernova, a neutron star begins its life as a high temperature, 50 MeV [5],

proto-neutron star with a neutrino mean free path much less than its radius. The neutron

star cools via an initially slow emission of neutrinos. Because the neutrino mean free path

is inversely proportional to the square of the neutrino energy, the neutrino mean free path

becomes greater than the neutron star radius, and thus the star becomes transparent to

neutrinos, in about one minute [5, 9]. Once the neutrinos can freely stream from the star,

it rapidly cools to 1 MeV over the course of the first day [8]. Within 10 to 100 years, the

star reaches an isothermal state where the temperature will be less than 1 MeV [5, 8].

There are bounds for both the minimum mass and maximum mass for stable neutron

stars. The maximum mass of a neutron star, also called the Tolman–Oppenheimer–Volkoff

limit, must be larger than the largest observed neutron star which is currently PSR

J0740+6620, which was measured in 2019 to have a mass of 2.14M� [15]. This is thought

to be very close to the theoretical maximum possible mass for neutron stars. The minimum

stable neutron star mass comes from knowledge of their formation. It may be possible for a

theoretical neutron star to be stable with a mass of about 0.1M�, however, the only known

way to form neutron stars is from the core of a star undergoing a core-collapse supernova,

so a more practical bound for the minimum mass can be found by taking this into account.

The PNS produced by the core collapse is very lepton-rich and will be unbound for masses

less than about 1M� [5, 8].

The matter content of the NS can vary greatly depending on its depth. Fig. 1 shows

the most prevalent forms of matter with a neutron star with mass 1.4M� in radial view of

the star. The outer layers of the star, called the crust, consist of bound nuclei and a sea

of electrons at densities below about 1011g/cm3. Higher densities favor more neutron rich

nuclei. When the neutron drip density is reached at about 4 × 1011 g/cm3, free neutrons

appear in the medium as the outermost neutrons are no longer bound to nuclei [8, 13]. The

crust has a subdominant effect on global properties of NSs such as mass or radius [13], while

the bulk of the neutron star is composed of matter with density closer to or greater than

nuclear saturation density, n0 = 0.16 fm−3, from the core of the star. In the core, near

densities of n0, the nuclei dissolve and the matter becomes a uniform liquid of neutrons,

protons, electrons, and small fractions of other light particles like muons and perhaps pions

[8]. This view of matter is reasonable until about 2n0 in the inner core where the composition
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FIG. 1. Radial slice of a 1.4 solar mass neutron star showing the expected matter content. The

outermost layer of the crust is composed of nuclei and a Fermi gas of electrons. Deeper within the

crust of the star, a Fermi gas of neutrons which are not bound to nuclei, appear. Within the outer

layer of the core nuclei are no longer stable instead favoring a Fermi gas of neutrons and protons.

Other particles like muons become more prevalent. The composition within the inner core of the

star is still under investigation.

and structure become more uncertain [13]. Possible and proposed forms for the dominant

composition of matter in the inner core include: pion or kaon condensates, hyperonic matter,

and quark matter [8, 13].

1.3. Neutron star mergers

It’s common for stars to form in binary pairs, in fact, about half of all stars are in binaries

[2]. So binary pairs of neutron stars can be formed from stellar binaries which both have

masses within the 8 − 30M� range required to form neutron stars. The exact rate we can

expect to have a binary neutron star merger with a set time and radius is a complex quantity

to predict due to many assumptions, including the mass distribution of stars, however, one

estimate is given as 20 to 600 Gpc−3 yr−1 [16].

A pair of binary stars gradually radiates its orbital energy as gravitational waves, GW,

decreasing the distance between them. Once a pair of neutron stars are close enough deform

one another through gravitational interactions the energy radiated increases dramatically

and soon after the pair merge in a violent process which produces, among other things, a
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burst of gamma rays. The advent of gravitational wave observatories has opened a new win-

dow into these events. In figure 2 the sensitivity of some current and planned gravitational

wave telescopes are shown in comparison to the signal of a binary neutron star merger and

a binary black hole merger at a distance of 100 Mpc. Observation of GW from the point

particle phase of the merger is interesting in many ways, but the effects of the dense matter

EOS on it are negligible. As the stars approach one another close enough to affect each

other tidally, the signal from the gravitational waves is affected by how easily deformed the

stars are. Giving useful information in the form of the tidal deformability parameter, Λ.

The post-merger GW signal is drastically affected by the EOS and accurate measurement of

this signal would be incredibly useful to investigations of the dense matter EOS. To contrast

this we can see from the plot of the binary black hole merger signal, which is not affected

by the matter EOS, is comparatively simpler. The differences in these regions allow us to

determine the origin of gravitational wave signals from different types of mergers: NS-NS,

BH-BH, and NS-BH.

FIG. 2. Gravitational wave signal from a binary neutron star merger and a binary black hole

merger at a distance of 100 Mpc compared to the sensitivity of LIGO and Einstein Telescope. As

the merger progresses the frequency increases and the strain decreases. Only when the NS are able

to interact through tidal effects do the effects of the nuclear EOS begin to affect the gravitational

wave signal. From [17] based on results from [18]

Due to the large amount of time required to radiate the orbital energy, typical neutron

stars in a merger event will begin at very low temperatures (< 1 MeV) due to energy loss from
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neutrino radiation, until the dynamics of the merger increase the temperature dramatically.

During the merger matter goes from cold, equilibrium matter with typical densities of 2 to

3 times nuclear saturation density, to densities up to 5 to 6 times nuclear saturation density

and temperatures from 50 to 500 MeV on a timescale of milliseconds [19]. The merger also

comes with increased values of the electron chemical potential which, in equilibrium, is tied

directly to the appearance of other, more massive charged particles.

Besides supernova, neutron star mergers are the largest site for nucleosynthesis. The

exact composition of nuclei created in both processes is still under active investigation,

however, it is known that the most massive nuclei are predominantly created in neutron star

mergers. During the merger large amounts of material are ejected. This material begins

just as neutron rich as the star it came from. This makes neutron star mergers excellent

sites for r-process, or rapid neutron-capture process. This process entails the rapid capture

of free neutrons by heavy seed nuclei, at rates faster than the nuclei can decay. the seed

nuclei capture neutrons until they reach the neutron drip line, which is the point where the

binding energy per nucleon in the nuclei reaches zero due to the repulsive neutron-neutron

interactions and thus additional neutrons cannot be bound to the nucleus. At this point the

nuclei will beta decay to more stable ratios of protons and neutrons, usually by beta decay

of neutrons. If the rapid neutron-capture process is still proceeding at this time then the

nuclei will restart this process and capture more neutrons, becoming heavier and heavier.

The most significant observation for neutron star mergers is still comes from GW170817

and its corresponding electromagnetic observations. The detection of the electromagnetic

counterpart to the event marked the most significant advancement in multi-messenger as-

tronomy since the observation of a handful of neutrinos from SN1987A. Many impressive

discoveries were made thanks to GW170817. For example, the observation of a short gamma-

ray burst (GRB), most of which are observed at much larger distances, counterpart to the

gravitational waves has confirmed that neutron star mergers are at least one of the sources

of these events. Additionally, the days long observation of the electromagnetic counterpart

to the GWs is consistent with the production of a large abundance of r-process elements.
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1.4. Chiral perturbation theory

Due to its strong coupling, a perturbative treatment of QCD at low energies isn’t pos-

sible. Instead, we can construct an effective field theory (EFT) to describe the particles

and interactions at energies low compared to a specified cutoff energy. One such theory

which is very powerful for understanding the interactions of the lightest hadrons is called

chiral perturbation theory (ChPT). ChPT is based on the global SU(3)L×SU(3)R×U(1)V

symmetry of the QCD Lagrangian in the chiral limit (the limit of massless up, down, and

strange quarks). The QCD vacuum spontaneously breaks this symmetry to SU(3)V ×U(1)V

and, by Goldstone’s theorem, would result in the existence of 8 massless, scalar particles

called Goldstone bosons. The explicit symmetry breaking by the quark masses means no

such massless particles exist in nature; however, the up, down, and strange quarks are much

lighter than the three heavier quarks, and thus these masses can be treated as a perturba-

tion on the explicit symmetry limit. This results in a theory describing the 8 approximate

Goldstone modes. These can be identified with the lightest eight mesons in the full the-

ory which are pions, kaons, and the eta meson [20]. In the remainder of this section I

will introduce pion-only chiral perturbation theory which is defined by the breaking of the

SU(2)L × SU(2)R × U(1)V symmetry to SU(2)V × U(1)V , where the strange quark is left

out. This theory can be expected to have better convergence than the SU(3) theory because

the mass of the up and down quarks is much smaller than that of the strange quarks, and

thus chiral symmetry is not broken as badly.

1.4.1. Energy scales

In the process of creating an effective field theory, we must determine what our cutoff

energy scale will be. Properly constructed, the EFT will be able to describe processes at

low momenta relative to the cutoff. In pion-only chiral perturbation theory, the cutoff must

be above the mass of the pions. We can see from table I that the three pions are the lightest

of the mesons. The next most massive mesons are the kaons, but because the kaon and eta

mesons include strange quarks, they must be produced as pairs, meaning that the cutoff

energy scale for our theory is set by the rho meson.
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Meson Mass
π0 135 MeV
π± 140 MeV
K± 494 MeV

K0, K̄0 498 MeV
η 548 MeV
ρ 775 MeV

TABLE I. List of the lightest mesons, the lightest 8 of which are the pseudo-scalar octet of approx-

imate Goldstone bosons which exist due to chiral symmetry breaking. Data from [21]

1.4.2. Chiral symmetry

Quarks are the fundamental matter particles of QCD. There are six flavors of quarks

which can each come with one of three color charges, red, green, and blue, where color

charge is the name for the charge of the strong force. In addition to quarks, the force

carriers of QCD are the gluons. These are massless vector bosons similar to the photon, but

with an important difference; the gluons carry color charge.

The dynamics of quarks and gluons are governed by the QCD Lagrangian which is given

by

L =
∑
i

(q̄ii /Dqi −miq̄iqi)−
1

2
TrGµνG

µν (1.3)

where Gµν is the gluon field strength and Dµ is the color covariant derivative which

contains the kinetic term for the quarks and also the couplings to the gluon fields. The

kinetic term can be rewritten in terms of right-handed and left-handed quarks, projecting

by (1± γ5)/2 respectively, as

∑
i

q̄ii /Dqi =
∑
i

(q̄Lii /DqLi + q̄Rii /DqRi) (1.4)

By itself this term respects a U(2)L × U(2)R symmetry where the two left handed quark

flavors and two right handed quark flavors can be independently rotated by unitary matrices.

One combination of these symmetries, U(1)A, is actually not respected by the measure of

the path integral, leaving us with a SU(2)L×SU(2)R×U(1)V symmetry. The U(1)V is just

the baryon number and the SU(2)L × SU(2)R is called “chiral symmetry” [22].

As mentioned previously, chiral symmetry is not a symmetry of the full theory. Attempt-
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ing to write the mass term from Eq. 1.4 will show that it couples the left- and right-handed

quarks. This term explicitly breaks chiral symmetry meaning it is only an approximate sym-

metry for the theory. The SU(2)L × SU(2)R symmetry, in which left and right components

are rotated independently, can be rewritten as SU(2)V ×SU(2)A where the vector symmetry,

SU(2)V , is one where both fields are rotated identically and the axial symmetry, SU(2)A,

rotates the fields in the opposite way relative to one another. While the mass term respects

the vector symmetry, it does not respect the axial symmetry, meaning the remaining exact

symmetry is given by SU(2)V × U(1)V . An added complication is that the QCD vacuum

spontaneously breaks the chiral SU(2)L × SU(2)R symmetry down to SU(2)V . What this

means is that while the Lagrangian respects the full symmetry, the dynamics of the theory

create a ground state which is not symmetric with respect to the full symmetry. This means

that, if chiral symmetry was exact for QCD, we would find a massless Goldstone boson for

each of the continuous symmetry generators that are spontaneously broken. Since chiral

symmetry is not exact for QCD, we instead have three light pions corresponding to the

three broken generators of the broken SU(3)A subgroup.

We are specifically interested in how the excitations interact and evolve and so we will

parameterize them by

φ = τaφa =

 φ3 φ1 − iφ2

φ1 + iφ2 −φ3

 =

 π0
√

2π+

√
2π− −π0

 (1.5)

Each field φa comes with a generator of SU(2) which are the Pauli matrices, τa. By

checking the quantum numbers of the fields and comparing them to the known quantum

number of pions, we can reexpress these fields in terms of the pion fields.

Additionally, we can take higher order terms into account in a simple fashion by expo-

nentiation of the φ field:

U = exp

(
i
φ

fπ

)
(1.6)

where the constant fπ ≈ 92.4 MeV which can be found by matching to pion decay

π− → µ−νµ which is what we do in section 1.4.4 [20].
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1.4.3. Chiral Lagrangian

To construct the Lagrangian for our theory of pions, we can write down terms with U

which are consistent with our symmetries. The kinetic term must respect the full chiral

symmetry. The only allowed term with two derivatives, which will contain the pion kinetic

energy terms, is given by

f 2
π

4
Tr (∂µU∂

µU †) (1.7)

All other terms with two derivatives can be written in the same form. The constant f 2
π/4

is chosen so that it contains the conventional normalization for the kinetic term. Next we

would like to include the symmetry-breaking term resulting from the non-zero quark masses.

This contribution can be written as

Tr (χ†U + χU †) (1.8)

where χ is a matrix containing the quark masses [23].

Putting the terms together, the leading order chiral perturbation theory Lagrangian is

given by

Lπ0 =
f 2
π

4

(
Tr (∂µU∂

µU †) + Tr (χ†U + χU †)
)

(1.9)

1.4.4. Charged pion decay

Charged pions undergo decay via the weak interaction to a charged lepton (anti-lepton)

and the associated anti-neutrino (neutrino). One might expect, due to phase space con-

siderations, that the decay to the lowest-mass charged lepton, the electron, would be the

dominant decay channel. However, charged pions predominantly decay to muons rather

than the lighter electrons. This is due to the vector-nature of the weak interaction creating

an effect called helicity suppression. Take the decay of a negatively charged pion for ex-

ample. Decay to an electron and electron anti-neutrino is allowed and observed but would

be forbidden if the electron was massless. Because the weak interaction only interacts with

the left chirality component if both decay products are massless then they would both have
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left chirality. However, this would not conserve spin since the originating pion is spin zero.

Since the electron is much less massive than the muon this effect results in a suppression of

decays to electrons, favoring decay to muon and muon anti-neutrino with more than 99.9%

of decays following this channel [24].

FIG. 3. Tree level Feynman diagram for decay of negatively charged pion.

With the degrees of freedom of the Standard Model, negative pion decay is described

by the annihilation of its composite ū antiquark and d quark into a W− boson, which

subsequently decays to µ− and v̄µ. Within our pion-only chiral perturbation theory, the

pions are the degrees of freedom, so it is reasonable to describe pion decay instead with a

coupling between pions and W bosons. The leading-order Feynman diagram for this process

can be seen in Fig. 3.

The pion couples to the W boson with a strength proportional to the weak coupling

constant, g, as well as the pion decay constant , fπ. In addition, since this term involves

quarks participating in weak interactions, we can expect an element from the CKM matrix to

appear, specifically Vud ≈ 0.97. Finally, this coupling must contain a four-vector to contract

with the vector from the lepton factor. Since pions are spin zero, the only four-vector this

could be is the pion momentum. The total coupling is thus given by

Vudgfπ
2

P µ
π (1.10)

Because the W boson is so much more massive than the pion, its propagator can be

approximated as
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−i
(
gµν − kµkν

m2
W

)
k2 −m2

W

≈ igµν
m2
W

(1.11)

Finally, the vertex connecting the W boson to the leptons is given by

− i g

2
√

2
γµ(1− γ5) (1.12)

It is useful to simplify the expression by rewriting in terms of the Fermi constant,

GF =
g2

4
√

2m2
W

= 1.16639× 10−5 GeV−2 (1.13)

After doing so, the Feynman rule for the invariant amplitude for the weak pion decay

reads [20]

iM = GFfπVudūµ− /P π(1− γ5)vνµ (1.14)

The squared amplitude can be easily evaluated, and after applying the spin sum and

evaluating the trace, in terms of the four-momenta of the particles I find

|M |2 = 8(GFfπVud)
2[2Pπ · PµPπ · Pν − Pπ · PπPµ · Pν ] (1.15)

Evaluating this term in the pion rest frame and evaluating the phase space integral to

find the decay rate results in

1

τ
=

(GFVudfπ)2

4π
mπm

2
µ

(
1−

m2
µ

m2
π

)2

(1.16)

The lifetime for the charged pion can be measured by experiment, meaning all the quan-

tities in Eq. 1.16 are known except or the pion decay constant. Calculating its value using

these known quantities I find fπ ≈ 93 MeV.

2. DENSE MATTER EQUATION OF STATE

The equation of state (EOS) of cold nuclear matter can be experimentally measured at

nuclear saturation density via investigations of nuclei. Investigation of the nuclear EOS at

higher densities is less straightforward for Earth based experiments, however, astrophysical
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observations are able to reveal a wealth of information. One such observation is the discovery

of a pulsar with mass larger than 2M� [15]. This measurement alone is a very useful

constraint since it invalidates any EOS which cannot support neutron stars that massive.

Stable neutron stars can be assumed to be charge-neutral since if they were significantly

charged, nearby charges would be pulled in to neutralize them. So for a given EOS it should

be assumed that the total number of positive charges overall will be equal to the total

number of negative charges. For example, in matter containing only neutrons, protons, and

electrons we would expect the fraction of electrons to be equal to the fraction of protons.

Another simplifying assumption that can be made for stable neutron stars is that of beta

equilibrium. Neutrons constantly undergo the process n → p + e− + ν̄e but for a stable

system we should expect the neutrons to be replenished at the same rate. Since neutrinos

are not trapped in isothermal neutron stars, we can expect the process p + e− → n + νe to

occur just as often. This gives us a relation on the chemical potentials of neutrons, protons,

and electrons: µn = µp + µe− . An equivalent description can be found using the fact that

both baryons and charge are conserved. Each of these conserved quantities will come with

a chemical potential, µB and µQ, respectively. Neutrons only have baryon number and no

charge, so their chemical potential is µB. Similarly, electrons have charge but no baryon

number. Protons receive a contribution from both chemical potentials [25]. Using either of

these descriptions of beta equilibrium one can see that muons should have equal chemical

potential to electrons and, assuming neutrinos are not trapped, pions should as well. The

equilibrium of the process of neutron decay and electron capture on protons is what creates

the beta equilibrium condition. This occurs on the timescale of the weak interaction, so

events occurring faster than this, such as supernova or neutron star mergers, can push matter

out of beta equilibrium. Note however that the presence of pions can possibly equilibrate

the proton and neutron fractions faster via the reaction π− + p + n ↔ n + n which occurs

purely through strong interactions. More investigation is needed to determine if and when

this reaction can actually equilibrate faster than the neutron decay/electron capture channel

[26]. In section 4.4, we investigate a system where this reaction equilibrates the proton and

neutron fractions infinitely quickly.

The remainder of this section will focus on different aspects of matter found in neutron

stars. Section 2.1 will discuss the relation between the EOS of dense matter and its mass-

radius relationship while sections 2.2 and 2.3 will outline two different types of models for
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uniform nuclear matter, giving examples of each.

2.1. Mass-Radius Relationship

The relationship between mass and radius of stellar bodies is determined by the forces

which oppose the pull of gravity. For main sequence stars like our sun, the thermal pressure

of fusion is able to oppose the forces of gravity for most of the star. Within the cores of stars

that are massive enough to produce iron through fusion, fusion in the core no longer produces

energy and the star is supported by the degeneracy pressure of electrons instead. This is

the same effect which supports white dwarfs. For these types of stars, the relation between

mass and radius can be expressed through the Newtonian equations for stellar structure

dP (r)

dr
= −GM(r)ρ(r)

r2
,

dM(r)

dr
= 4πρ(r)r2

(2.1)

Where M(r) is the cumulative mass inside a radius r and the EOS ρ(P ) must be included

to solve the system.

At larger masses, the Fermi gas of electrons will increase in energy. As the electrons reach

relativistic energies the amount of pressure they can provide the system decreases, relative

to non-relativistic electrons, creating an upper limit on the mass where the electrons are no

longer able to support the object. This is called the Chandrasekhar limit and is equal to

about 1.4 times the mass of our sun. Passing this limit and collapsing results in an object

that is supported by a combination of neutron degeneracy and nuclear interactions, called a

neutron star. Prior to the formation of the neutron star the gravitational forces resisted by

the star could be well described by Newtonian gravity. However, at the density of neutron

stars it is necessary to include effects from general relativity.

The allowed masses and radii of (isothermal, non-rotating, with negligible magnetic field)

neutron stars for any given EOS can be found using the Tolman-Oppenheimer-Volkoff (TOV)

equations [13, 27, 28]:
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dP (r)

dr
= −G [ε(r) + P (r)] [M(r) + 4πr3P (r)]

r2
[
1− 2GM(r)

r

] ,

dM(r)

dr
= 4πε(r)r2

(2.2)

with the EOS relating the pressure, P, and energy density, ε, to close the system of

equations, and M is the gravitational mass of the star within a radius, r.

This relationship between mass and radius being directly mediated by the EOS means

that measurement of a single neutron star’s mass and radius results in another constraint

on the EOS of nuclear matter. Measurements of neutron star masses can be accomplished

in more than one way; in the case of [15], measurement of the Shapiro delay is used. Mea-

surement of the radius of neutron stars has traditionally been more difficult than mass

measurements, but recent work has made significant advancements using thermal emissions

of x-rays from the surface of neutron stars [29].

The measurement of gravitational waves from mergers of neutron stars is a very new, but

also potentially very powerful measurement of neutron star structure. At its most basic,

the inspiral phase of a merger provides information about the masses of the neutron stars

involved. During this phase of the merger the two stars are only interacting gravitationally,

and so no information other than their masses can be gained. As the stars approach one

another close enough to affect each other tidally, the signal from the gravitational waves is

affected by how easily deformed the stars are, giving useful information in the form of the

tidal deformability parameter, Λ. This information can be combined with measurements of

pulsar masses to gain further insights into the dense matter equation of state [29]. After

the collision of the neutron stars, the new object is still emitting gravitational waves while

settling into its new stable configuration. At later times in the merger, the frequency of the

gravitational waves increases and the signal strength decreases, so that at late times, such as

post merger, it is very difficult for current detectors to measure the signal, as seen in figure

2. Any future measurements of the post merger gravitational waves will be of immense

importance to determining the dense matter EOS.
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2.2. Non-relativistic nuclear potentials

One method for including nucleon-nucleon interactions within a model of nuclear matter

is the use of an effective nuclear potential. One of the first examples comes from [30]. Due

to the high densities encountered in nuclear matter like neutron stars, the many-body effects

from strong interactions between nucleons is impossible to exactly calculate in all situations.

Instead, an effective potential model can be developed which can be fit to empirical properties

of nuclear matter at nuclear saturation density, n0 = 0.16 fm−3, and to the properties of

neutron matter which can be calculated in ab initio many-body theory. The properties

of nuclear matter come from scattering experiments and measurements of nuclei structure.

Since the data with non-zero proton fraction comes from nuclei, this only explores a small

region of density-temperature space for nuclear interactions around nuclear density. This

results in a model which is able to accurately capture information about nuclear matter

around nuclear saturation density and up to two to three times nuclear saturation density.

At higher densities it is likely that relativistic effects become more important [13].

One non-relativistic nuclear potential is given in [31] which I will describe here. The

parameters we use for this model are called NRAPR and the same model is used later in

section 3.2 when constructing equations of state which include pions.

The nucleon contribution to the energy density is given by

EN(nn, np, T ) =
τn

2mn

+
τp

2mp

+ nB(τn + τp)

[
t1
4

(
1 +

x1

2

)
+
t2
4

(
1 +

x2

2

)]
+ (τnnn + τpnp)

[
t2
4

(
1

2
+ x2

)
− t1

4

(
1

2
+ x1

)]
+
t0
2

[(
1 +

x0

2

)
n2
B −

(
1

2
+ x0

)
(n2

n + n2
p)

]
+
t3
12

[(
1 +

x3

2

)
n2
B −

(
1

2
+ x3

)
(n2

n + n2
p)

]
nεB] ,

(2.3)

where t0, t1, t2, t3, x0, x1, x2, x3, and ε are the Skyrme parameters taken from Ref. [31]. The

neutron and proton densities are denoted by nn and np, respectively, and nB = nn + np is

the total baryon density. The variables τn and τp are defined such that the first two terms

in Eq. 2.3 correspond to the neutron and proton kinetic energy densities, respectively. In
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the investigation that follows we restrict ourselves to zero temperature for simplicity.

FIG. 4. Left : The energy per baryon using the NRAPR model for neutron matter and symmetric

nuclear matter. The difference between the two is called the symmetry energy, S(nB). This model

fits the value of the symmetry energy at nuclear density to be close to the measured value. Right :

Particle fractions for protons, electrons and muons using the NRAPR model in charge neutral,

beta equilibrated matter. The neutron fraction is much larger than those shown here and so is

omitted for clarity. The neutron fraction is equal to one minus the proton fraction by definition.

One of the simplest quantities to which a nuclear potential can be fit is the symmetry

energy at nuclear saturation density, S0. Its value has been measured to be about 32 MeV

[13]. The value of S0 that a potential predicts is given by the difference between the energy

per baryon of pure neutron matter and the energy per baryon of symmetric matter, with

equal numbers of protons and neutrons. Each of these is easily obtained from Eq. 2.3 since

it is a function of the proton and neutron densities. The left plot in figure 4 shows the

energy per baryon of nuclear matter and symmetric matter for the NRAPR EOS. The plot

also indicates the value which is obtained for S0 from this EOS which was used to construct

its parameter set.

Understanding the composition of matter in terms of particle fractions is vital to un-

derstanding a given equation of state. In order to determine the composition of matter we

will need to use the fact that a given compact object like a neutron star should be charge

neutral, so the total particle fraction of positive charge should equal the total fraction of

negative charge. Electrically neutral, dense stellar matter will contain a high density of elec-

trons and, at higher densities, muons as well. The large chemical potential for electrons and

muons in this matter will suppress their positive counterparts. Since electrons and muons

don’t interact with the nucleons through strong interactions, they can be assumed to be free
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FIG. 5. Left : The total pressure for the NRAPR model in charge-neutral matter containing

neutrons, protons, electrons, and muons with beta equilibrium enforced. Right : The mass radius

curve for the NRAPR equation of state within the same type of matter. At low density the BPS

equation of state [32, 33] is used. From half nuclear density up to three times nuclear density the

NRAPR equation of state is used. This combined equation of state is shown in the mass radius

plot as the dashed red and black line. The maximally stiff extension to the EOS is shown in solid

red and the minimally stiff extension is shown by the dashed black line. All allowed extensions to

the NRAPR EOS should lie between these two lines.

particles to a good approximation. We can obtain chemical potentials for the neutron and

proton from Eq. 2.3 through derivatives with respect to the neutron and proton densities

respectively.

µn =
∂EN
∂nn

(2.4)

µp =
∂EN
∂np

(2.5)

As we are currently interested in the composition of matter in equilibrium, we can assume

beta equilibrium is satisfied to find the chemical potentials for electrons and muons, µn−µp =

µe = µµ. An iterative procedure of guessing a proton fraction and solving for the densities

of the electrons and muons can be used in order to find the proper proton fraction to satisfy

charge neutrality. Applying this procedure, we find the right plot in figure 4 showing the

composition of protons, electrons, and muons as a function of density using the NRAPR

EOS. A slightly more complex version of this procedure, used to include pions, is outlined

in appendix A.
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One of the most often discussed and most useful data sets for a given EOS, to the point

that the term ”equation of state” is sometimes synonymous with it, is a plot of pressure vs

the energy density. Given our stated assumption of zero temperature, the pressure of the

system can be calculated from the energy density and our previously calculated chemical

potentials and particle densities.

P = −(E −
∑
i

µini) (2.6)

Where E is the total energy density, including electrons and muons, and the sum is to

be performed over all the particle types in the system. The left plot in figure 5 shows the

pressure as a function of the total energy density for the NRAPR EOS.

Finally, one of the most relevant measures of an EOS in relation to neutron stars is a plot

of the predicted mass of a star vs its radius. More information and details of this calculation

can be found in section 2.1. The right plot in figure 5 shows mass radius information relevant

to the NRAPR EOS. Below half nuclear density the BPS equation of state [32, 33] is used.

This is because at these low densities the uniform nuclear matter assumption made for

nuclear potential equations of state is not a good approximation. From half nuclear density

up to three times nuclear density, the NRAPR equation of state is used. This combined

equation of state is shown in the mass-radius plot as the dashed red and black line. In order

to construct the mass radius plot the equation of state must extend to higher densities, two

possible extensions to the equation of state are shown, one as the solid red line and the

other as the dashed black line, the maximally stiff equation of state and the minimally stiff

equation of state, respectively. The maximally stiff line is constructed by switching to an

EOS which has a speed of sound equal to the speed of light at densities above three times

nuclear density. The minimally stiff line is constructed by switching to an EOS which has

zero speed of sound above three times nuclear density, while changing the speed of sound

to equal the speed of light at the highest energy density which will support observations of

two solar mass neutron stars. All allowed extensions to the NRAPR EOS should lie between

these two lines.
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2.3. Relativistic mean field theory models

At densities above 4n0, the Fermi momentum and effective mass of the nucleons is ex-

pected to be on the order of 500 MeV, so a relativistic model is preferred [25]. Relativistic

mean field (RMF) theories model the strong interactions between nucleons as exchanges

of mesons. The most basic RMF theory is the σ − ω model, in which there are only two

mesons which mediate the force between nucleons. This model is outlined in detail in Ch. 4

of [2]. More advanced models add a ρ-meson to the model as well, which differentiates the

neutrons and protons. Note that while the mesons in the theory take inspiration from their

real world counterparts, their masses and couplings are changed to fit nuclear interactions.

Here I will outline a simple RMF theory called the NL3 model whose Lagrangian is given

by

LRMF =N̄(iγµ∂µ − gωγµωµ − gργµ~bµ · ~τ −M + gσσ)N

1

2
∂µσ∂

µσ − 1

2
m2
σσ

2 − U(σ)− 1

4
FµνF

µν +
1

2
m2
ωωµω

µ − 1

4
~Bµν · ~Bµν +

1

2
m2
ρ
~bµ ·~bµ

(2.7)

The ρ-meson field is denoted by ~bµ, ~τ is the is the isospin operator that acts on the nucle-

ons, and the field strength tensors for the vector mesons are given by the usual expressions

Fµν = ∂µων − ∂νωµ, ~Bµν = ∂µ~bν − ∂ν~bµ. N is the isospin doublet of protons and neutrons

with the mass of both particles set to M = 939 MeV. The scalar self couplings are included

in the function

U(σ) =
κ

3!
(gσσ)3 +

λ

4!
(gσσ)4 (2.8)

For the NL3 model, the meson masses, couplings, and other fitting parameters are given

by mσ = 508.194 MeV, mω = 782.501 MeV, mρ = 763.000 MeV, g2
σ = 104.3871, g2

ω =

165.5854, g2
ρ = 79.6000, κ = 3.8599 MeV, and λ = −0.01591.

We are interested in static uniform matter in its ground state, so we approximate the

meson fields by their mean values in this state: σ →< σ >, ωµ →< ωµ >, and ~bµ →<~bµ >.

This is known as the relativistic mean-field approximation [2]. For convenience of notation,

we leave off the angle brackets and keep in mind that the meson fields are replaced by their
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mean values. In addition to this, we use the simplifying assumption that the vector mesons

have only a time-like component, leaving only σ, ω0, and the third component of the rho

meson’s time-like component, b0.

Using the given assumptions, we can finding the self-energies of the nucleons by diago-

nalizing the corresponding Hamiltonian. One can show that the nucleon effective mass is

given by M∗ = M − gσσ with E∗ =
√
k2 +M∗2. In addition, the chemical potentials, µN ,

can be found from the effective chemical potentials, vN , by

µN = vN + gωω0 + gρτ3Nb0 (2.9)

Where the third component of isospin for protons will be 1/2 and for neutrons will be

−1/2.

In order to use this model, we will need to find the values for the meson fields. We can use

the Euler-Lagrange equations for each of the remaining meson fields to find their equations

of motion. Using our assumptions, the simplified Euler-Lagrange equations are given by

m2
ωω0 = gω(np + nn)

m2
ρb0 = gρ

np − nn
2

m2
σσ = −∂U(σ)

∂σ
+ gσ(nsp + nsn)

(2.10)

Where the nucleons’ number density, nN , and scalar density, nsN , are given in terms of

their distribution functions, f(E∗N), by

nN = 2

∫
d3k

(2π)3
f(E∗N) (2.11)

nsN = 2

∫
d3k

(2π)3

M∗

E∗N
f(E∗N) (2.12)

In the zero-temperature matter we consider below, the nucleons are fully degenerate, so

their distribution function is given by the Heaviside step function, H(vN − E∗N).

The equations of motion in Eq. 2.10 can be solved in a straightforward way. Given

values for the effective chemical potentials, vn and vp, the only unknown quantity in the
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third equation of motion is the meson field σ. After solving for σ, the nucleon densities are

known and thus the other two equations of motion can be solved for the remaining meson

fields.

FIG. 6. Left : The energy per baryon using the NL3 model for neutron matter and symmetric

nuclear matter. The difference between the two is called the symmetry energy, S(nB). The value

for the symmetry energy at nuclear density in this model is shown. Right : Particle fractions for

protons, electrons and muons using the NL3 model in charge neutral, beta equilibrated matter.

The neutron fraction is much larger than those shown here and for clarity. The neutron fraction

is equal to one minus the proton fraction by definition.

As can be seen in the left plot of figure 6, this model for nuclear matter includes a larger

symmetry energy than the NRAPR potential model described in the previous section. The

larger symmetry energy leads to a larger charge chemical potential, increasing the presence

of electrons and muons and, since the matter is charge neutral, protons as well which can

be seen in the composition plot on the right side of figure 6.

The large symmetry energy of this EOS has strong effects on both the pressure and mass-

radius curves which are shown in in figure 7. The pressure increases much more rapidly with

increasing energy density due to the large symmetry energy, which can be described as a

more “stiff” EOS. The high pressure means that the EOS can support much higher masses

of neutron stars.

3. PIONS IN HOT DENSE MATTER

Pions are the lightest meson due to being approximate Goldstone modes. Thus, negative

pions might be expected to be relatively common in dense nuclear matter, appearing in
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FIG. 7. Left : The total pressure for the NL3 model in charge neutral matter containing neutrons,

protons, electrons, and muons with beta equilibrium enforced. Right : The mass radius curve for

the NL3 equation of state within the same type of matter. At low density the BPS equation of

state [32, 33] is used. Above half nuclear density the NL3 equation of state is used.

similar proportion to muons as they are both enhanced by the negative charge chemical

potential and have similar masses. In addition to this, pions are bosons and so have the

possibility of forming a condensate. Unlike electrons and muons, pions interact with the

strong force and cannot be approximated as being free particles in nuclear matter. This

creates large uncertainties in calculations of pion number density and the critical density for

condensation.

During supernova, peak temperatures reach 30 MeV and the electron chemical potential

exceeds the muon rest mass. In these conditions the thermal population of muons can play

a significant role [1]. Similarly, while the thermal population of negatively charged pions

may not be significant, it is enhanced through an attractive interaction with neutrons [34],

which allows for a population of pions to be larger than the population of muons under the

same conditions [26].

If there were a significant quantity of negatively charged pions in the medium we would

expect their charge to be canceled by an increased proton fraction which in turn creates a

softer EOS.
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3.1. History of bosons in hot dense matter

Most historical considerations of pions in neutron star matter have been concerned with

whether or not a condensed phase of pions will form at high density [35–41]. The complicat-

ing factor in this calculation, and the reason the answer is still up for debate, is the complex

nature of the pion-nucleon interaction which is sensitive to nuclear many-body effects that

are difficult to calculate reliably at high density. A further complication comes from pion

condensation being driven by a p-wave interaction with nucleons, meaning a condensate of

pions would likely form at finite momentum. This has led to the consideration that kaon

condensation may be more likely due to a larger number of attractive interactions with nu-

cleons [42, 43]. However, the expected density threshold would naively be higher due to their

larger mass. This is because the formation of a condensate requires the chemical potential

of the particle to surpass the minimum energy of the particle, and a higher mass will usually

imply a higher minimum energy.

Many effects of a pion or kaon condensate would be largely similar. The charge chem-

ical potential in neutron stars will favor negative particles and suppress positive particles,

meaning any condensate that forms is likely to be negatively charged. After the formation

of a negative condensate, one can expect an increase in the proton fraction to maintain an

overall neutral charge. In the extreme case, it may also be favorable for positrons to exist

in the core with the condensate. The increase in proton fraction comes with a commensu-

rate softening of the nuclear EOS. In addition to these effects, with the formation of a pion

condensate one can expect an increase in neutrino cooling of neutron stars. This is because

in the presence of sufficient numbers of pions, the reaction nπ− → ne−νe proceeds much

more rapidly than the modified Urca reaction, which is thought to be the dominant process

for cooling newly formed neutron stars. The number of free pions is likely not sufficient to

facilitate the reaction, but in the presence of a pion condensate the pions in the condensed

phase can serve the same role. A similar effect should be expected from a kaon condensate

[44].

Calculations from first principles of the pion and kaon self-energies have been done [45]

and provide evidence for or against condensation of each; but the strength of the interaction

between these mesons and the eponymous nucleons of nuclear matter make the perturbation

calculations difficult to compute to a high enough order to give a definitive answer.
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Another possibility is EOS calculations within a mean field model. Within [42, 43] the

authors discuss the possibility of a kaon condensate and estimate the condensation density

using a simplified mean field model. This method is described in more detail in the following

section.

There are a few ways in which we can try to experimentally answer the question of whether

or not a meson condensate exists in nuclear matter. Measurements of distant neutron stars

can reveal more information about the nuclear matter EOS, but these measurements are

limited by a deficiency of observable neutron stars in addition to the limited information

about the EOS presented by these measurements. See section 2.1 for a description of the

relation between measurements of neutron stars and the EOS. New ways of directly measur-

ing the EOS of neutron stars are still being developed, such as analysis of late time inspiral

signals from neutron star mergers. Much more controllable experimental measurements can

be done on nuclear matter that exists on earth in the form of nuclei, however the amount

these measurements can tell us about the EOS of neutron stars is limited by the fact that

stable nuclei tend to have similar numbers of neutron and protons rather than the excess of

neutrons found in neutron stars.

3.1.1. A model for pion condensation

In references [42] and [43], Kaplan and Nelson propose a simple model for s-wave kaon

condensation at zero temperature and find that one can expect a charged kaon condensate at

several times nuclear saturation density. Additionally, this model is thoroughly analyzed in

[46] with respect to the kaon condensate’s effect on neutron stars. In this section I preform

a similar, but simplified, calculation for pion condensation. Since pions have strong p-wave

interactions it is unclear if a p-wave or s-wave condensate is more likely to form, but we

perform a more detailed analysis of s-wave pion condensation in section 6 so it is useful to

detail a simpler calculation of an s-wave pion condensate here. This calculation differs from

that of [42, 43, 46] in that it uses a SU(2) model, but the methods are very similar; once

the Lagrangian is simplified into a form depending only on the condensate amplitude, θ, the

calculations are almost identical.

We begin with a very simple Lagrangian containing terms for pions from chiral perturba-

tion theory as well as the strongest interaction term between pions and nucleons, in addition
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to the kinetic and mass contributions of the nucleons themselves.

Lπ =
f 2
π

4
〈∂µU∂µU † + χ+〉+ N̄(i(/∂ + /V )−M)N (3.1)

Since we do not consider neutral pions, we can write the mass contribution as χ+ =

m2
π(U + U †). The symbol 〈·〉 denotes a trace over flavor degrees of freedom. U is the

exponential of the matrix of pion fields given by

U = exp

 i

f

 π0
√

2π+

√
2π− −π0

 , (3.2)

The nucleons are represented by the isospin vector N =

p
n

. The interacting term of

the Lagrangian is given by

Vµ =
1

2
[ξ†, ∂µξ] (3.3)

Where ξ =
√
U .

At this point we will make the assumption that the charge pion condensate can be

approximated by a spatially uniform classical field in the mean field approximation

〈π−〉 = 〈π+〉† =
fπ√

2
θe−iµ̂t, (3.4)

where the amplitude is parameterized in terms of θ for convenience of future notation.

At this point it is convenient to simplify each of the terms in the Lagrangian in terms of

this assumption.

U = cos (θ) + i sin (θ)

 0 eiµ̂t

e−iµ̂t 0


〈χ+〉 = 4m2

π cos (θ)

Vµ = −iµ̂δµ0 sin2

(
θ

2

)1 0

0 −1


(3.5)

The newly simplified Lagrangian can be written as



28

Lπ =
f 2
π

2
µ̂2 sin2 (θ)− 2f 2

πm
2
π sin2

(
θ

2

)
+ N̄((i/∂ −M) + γ0M1)N (3.6)

Where M1 is defined by

M1 ≡ µ̂ sin2

(
θ

2

)1 0

0 −1

 (3.7)

Our goal now will be to compute the free energy of the system which can then be mini-

mized in order to find the ground state. Using the Lagrangian, we can find the Hamiltonian

by the Legendre transformation,

H =
∑
q

pq q̇ − L (3.8)

where the sum is over each of the fields and the momentum conjugates are given by

pq = ∂L
∂q̇

. Before computing the Hamiltonian, we couple the system to the electric charge

through the µ̂ chemical potential, which allows us to construct a charge neutral ground state

H ′ = H + µ̂(np − ne − nµ − nπ) (3.9)

While not immediately obvious, this expression can be simplified greatly such that the

computation of the momentum conjugates of the pion fields is not necessary. Using Noether’s

theorem, the charge density of the pions can be found to be i(pπ+π+ − pπ−π−). Due to the

assumption that the pion fields have only time dependence, the pion terms from the Legendre

transform exactly cancel the µ̂nπ term.

pπ+π̇+ + pπ−π̇− = iµ̂(pπ+π+ − pπ−π−) = µ̂nπ (3.10)

The remaining expression for H ′ can be evaluated, and by including the lepton energies

one finds

H ′ = N̄
[
(−i~γ · ~∇+M)− γ0M1

]
− f 2

π

2
µ̂2 sin2 (θ) + 2f 2

πm
2
π sin2

(
θ

2

)
+He− µ̂ne +Hµ− µ̂nµ

(3.11)

By assuming the nucleons are non-relativistic and diagonalizing H ′ we can find the single-
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particle energies for the neutron and proton are given by

εn = M +
p2

2M
+ µ sin2

(
θ

2

)
εp = M +

p2

2M
+ µ− µ sin2

(
θ

2

) (3.12)

To construct a state of fixed baryon number, we occupy the neutron and proton energy

states up to their Fermi momentum: pFn and pFp, respectively. Since only the kinetic term

is dependent on momentum, the other terms will end up proportional to the neutron and

proton densities due to the phase space integrals. To make the calculation more general, and

to include nucleon interactions, we replace the nucleon energy terms by εB(nn, np), which

can be replaced by a non-relativistic model for the nucleon energy given through a potential

model. The final free energy density is given by

Ω = εB(nn, np)+µ̂np+µ̂(nn−np) sin2

(
θ

2

)
−f

2
π

2
µ̂2 sin2 (θ)+2f 2

πm
2
π sin2

(
θ

2

)
+Ωe+Ωµ (3.13)

Where Ωe and Ωµ are the contributions from the filled Fermi sea of leptons.

It is useful to rewrite Ω in terms of the convenient parameters u = nB/n0, x = np/nB,

where n0 is nuclear saturation density and x is just the fraction of protons within the full

baryon number.

Ω = εB(u, x) + un0µ̂x+ un0µ̂(1− 2x) sin2

(
θ

2

)
− f 2

π

2
µ̂2 sin2 (θ) + 2f 2

πm
2
π sin2

(
θ

2

)
+ Ωe + Ωµ

(3.14)

At this point we can determine the ground state of the system at a fixed value of baryon

density by extremizing Ω with respect to x, µ̂, and θ.

∂Ω

∂x
= 0,

∂Ω

∂θ
= 0,

∂Ω

∂µ̂
= 0 (3.15)

Given a nuclear energy density which can be expressed in terms of a nuclear symmetry

energy, S(u), as

ε(u, x) ≈ ε(u, x = 1/2) + S(u)(1− 2x)2, the extremized equations can be written as
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µ =
4(1− 2x)S(u)

cos θ
(3.16)

0 = un0x−

(
µ̂3

3π2
+ η(|µ̂| −mµ)

(µ̂2 −m2
µ)3/2

3π2
+ f 2

π µ̂ sin2 (θ)− un0(1− 2x) sin2

(
θ

2

))
(3.17)

cos (θ) =
f 2
πm

2
π + un0

µ̂
2
(1− 2x)

f 2
π µ̂

2
(3.18)

The second equation comes from the derivative with respect to µ̂ and is just an expression

of charge neutrality, where η(|µ̂|−mµ) is the Heaviside function which comes with the muon

density (the electrons are approximated as massless) and the pion density can be inferred

to be nπ = f 2
π µ̂ sin2 (θ)− un0(1− 2x) sin2

(
θ
2

)
.

The final equation comes from the derivative with respect to θ and is the solution for

conditions where a condensate exists. Without a pion condensate, the solution to ∂Ω/∂µ̂ = 0

is just θ = 0.

By setting θ = 0 and solving all three of these equations, it is possible to determine the

critical density of pion condensation. Additionally, at values of u above this density, the

values of x, µ̂, and θ are found by solving this same set of equations.

3.2. Virial expansion

Systems of ideal particles with no interactions can be easily modeled, but when inter-

actions are included, modeling the system accurately becomes more difficult. The virial

expansion expands the partition function into powers of density, with each term being a

correction to the ideal equation of state for a system of particles.

At the temperatures of interest, in the range 10 − 50 MeV, the matter is composed

of nucleons, leptons and pions. To include the effects of interactions between pions and

nucleons, we calculate the second-virial coefficient for the pion-nucleon system directly in

terms of the measured pion-nucleon phase shifts. This approach was used to describe the

hot hadronic gas encountered in heavy-ion collisions in Ref. [47–49], and to describe a dilute

gas of nucleons encountered in outer regions of the newly born neutron star in Ref. [50]. The



31

virial expansion provides a systematic approach to calculate the thermodynamic properties

of interacting multi-component gases when the particle fugacities are small. The fugacity

of a particle species i is given by zi = exp β(µi −mi) where µi is the chemical potential

which includes mass, mi is the rest mass of the particle, β = 1/T is the inverse temperature.

To justify the use of the virial expansion, we restrict our analysis to densities that are low

enough, and temperatures that are high enough, to ensure that the fugacity zπ− < 1 and

that Bose-Einstein condensation of pions does not occur.

At the modest densities that we consider, ρ . 3 × 1014 g/cm3, it is adequate, as a first

step, to account for interactions between nucleons using a simple non-relativistic Skyrme

model [30]. The parameters of the model we employ, called NRAPR, are obtained by fitting

to the empirical properties of nuclear matter at nuclear saturation density n0 = 0.16 fm−3

[31, 51], and to the properties of neutron matter predicted by ab initio many-body theory

which employ realistic nuclear interactions [52, 53]. The nucleon contribution to the energy

density is given by

EN(nn, np, T ) =
τn

2mn

+
τp

2mp

+ nB(τn + τp)

[
t1
4

(
1 +

x1

2

)
+
t2
4

(
1 +

x2

2

)]
+ (τnnn + τpnp)

[
t2
4

(
1

2
+ x2

)
− t1

4

(
1

2
+ x1

)]
+
t0
2

[(
1 +

x0

2

)
n2
B −

(
1

2
+ x0

)
(n2

n + n2
p)

]
+
t3
12

[(
1 +

x3

2

)
n2
B −

(
1

2
+ x3

)
(n2

n + n2
p)

]
nεB] ,

(3.19)

where t0, t1, t2, t3, x0, x1, x2, x3, and ε are the Skyrme parameters taken from Ref. [31]. The

neutron and proton densities are denoted by nn and np, respectively, and nB = nn + np is

the total baryon density. The variables τn and τp are defined such that the first two terms

in Eq. 3.19 correspond to the neutron and proton kinetic energy densities, respectively.

The dense matter we consider is homogeneous, electrically neutral, and close to beta

equilibrium. Under these conditions, the chemical potential for negative charge µ̂ = µn−µp
acts as a source for negatively charged particles. In beta equilibrium the electron, muon

and pion chemical potentials are equal µe = µ−µ = µπ− = µ̂, and electric charge-neutrality

requires that np = ne + nµ + nπ− . When µ̂ = µn − µp & T , it is reasonable to neglect the
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presence of π0 and π+ particles in the ground state since their density is suppressed by the

factor exp (−µ̂/T ) and exp (−2µ̂/T ), respectively, relative to the abundance of π−.

The second virial coefficient for the π−−neutron system is given by

bnπ
−

2 =
eβM

2π3

∫ ∞
M

dEE2K1(βE)
∑
l,ν

(2l + 1)δ
3/2
l,ν , (3.20)

where K1 is the modified Bessel function of the second kind, and M = mN + mπ is the

invariant mass of the interacting pair at the threshold. This result was obtained using the

relativistic formalism in Ref. [47, 48] and is appropriate for our study because pions can be

relativistic as their typical pion momenta pπ '
√

3mπT is comparable to mπ. Note that

the phase shifts δ are dependent on E which is the center-of-mass energy. The sum is over

the angular momentum l of the scattering state and the nucleon spin-projections, ν = +,−.

Since nπ− scattering only involves the isospin I = 3/2 state, only the pion-nucleon phase

shift in the isospin I = 3/2 channel denoted by δ
3/2
l,ν contributes to bnπ

−
2 . We note that

this definition differs from Ref. [47, 48] in that it contains an extra factor of eβM . We find

it convenient to include this factor and redefine the thermodynamic functions that appear

later in the text.

Proton-π− scattering involves two reaction channels: π−p→ π−p and π−p→ π0n, which

implies these reactions do not have definite isospin. However, since b2 is independent of the

basis in which we consider the S matrix [54], bpπ
−

2 depends on the sum of the phase shifts

from the two mixed isospin channels.

bpπ
−

2 =
eβM

2π3

∫ ∞
M

dEE2K1(βE)
∑
l,ν

(2l + 1)(δ
3/2
l,ν + δ

1/2
l,ν ) . (3.21)

In this study we will only include l = 0, 1, i.e. the s-wave and p-wave contributions. At

the energies of interest, we find them to be the dominant contributions. In Fig. 8 we show

the s-wave and p-wave phase shifts taken from the analysis of experimental data in Ref. [55].

The phase shifts are plotted as a function of E−M where E =
√
p2 +m2

π+
√
p2 +m2

N is the

center-of-mass energy and p is the magnitude of the pion and nucleon momenta in the center-

of-mass frame. The large and attractive p-wave phase-shift δ
3/2
+1 due to the ∆−resonance is

the dominant channel. The second virial coefficients calculated using Eqns. 3.20 & 3.21 at

a few temperatures of interest are shown in Table 1.
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FIG. 8. Pion-nucleon phase shifts from the analysis presented in Ref. [55]

T (MeV) 15 30 45

bnπ
−

2 (fm−3) 2.14× 10−4 4.09× 10−3 1.87× 10−2

bpπ
−

2 (fm−3) 4.24× 10−4 4.68× 10−3 2.02× 10−2

TABLE II. The second-virial coefficients for the Nπ− system.

The virial expansion for nucleons fails at the higher density of interest here, and for this

reason we use a simple mean-field model to include the effects of nucleon-nucleon inter-

actions. While it is desirable to treat the nucleon-nucleon and nucleon-pion interactions

consistently, and chiral perturbation theory provides in-principle a framework to do this,

there remain technical challenges [56]. Further, the convergence of the chiral expansion for

pion-nucleon interactions is poor and requires a large number of operators to capture the

resonant nature of this interaction [57]. To circumvent these issues, as a first step in the

study of the role of pions in hot dense matter, we advocate our hybrid approach. In the

limit when zπ− � 1, and zn, zp � 1 our approach is reliable. At higher density where the

zπ− < 1/2, and zn < 1 or zp < 1 we expect our results to capture the qualitative aspects,

but corrections due to neglected terms proportional to zπz
2
n and zπz

2
p become important.

These need to be assessed before one can draw quantitative conclusions. In this study, we
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also neglect pion-pion interactions because the pion-nucleon interaction, and the nucleon

density, are both significantly larger.

The composition of matter at fixed temperature and baryon density is determined by

requiring matter to be charge neutral and in beta-equilibrium, The chemical potentials µn,

µp, and µe = µµ− = µπ− = µ̂ = µn − µp are determined to ensure that nB = nn + np and

ne− + nµ− + nπ− = np. The effect of interactions is negligible for the leptons, and their

number densities are obtained using the ideal Fermi gas result.

For nucleons and pions, interactions are important. The nucleon number densities are

given by

ni =

∫
dk

π2
k2(1 + exp (β(εi(k)− µi)))−1 . (3.22)

where the single nucleon energy

εi(k) = mi +
k2

2m∗i
+ Ui(nn, np, T ) , (3.23)

is obtained in mean field theory, m∗i is the nucleon effective mass, and Ui(nn, np, T ) =

∂EN(nn, np, T )/∂ni is the mean field potential energy [30]. The effective mass is found by

solving for the momentum-dependent part of the functional derivative of EN(nn, np, T ) with

respect to the nucleon distribution function. The momentum-independent part is equal to

Ui(nn, np, T ).

The number density of pions is obtained in the virial expansion, and is given by

nπ− =

∫
dk

2π2
k2 exp (−β(

√
k2 +m2

π − µ̂)) + nint
π− , (3.24)

where

nint
π− =

∑
N=n,p

zNzπ−bNπ
−

2 , (3.25)

is the contribution due to pion-nucleon interactions. Note that the reason we have used

the Boltzmann distribution here for pions rather than the Bose-Einstein distribution is

for consistency with the virial expansion. The difference this makes, however, is minimal

with only a change of about 4 to 5 percent in the pion number density at nuclear density

and T = 30 MeV. Eq. 3.22 only includes effects due to nucleon-nucleon interactions. The

contributions due to pion-nucleon interactions, given by the virial expansion, are δnn =
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znzπ−bnπ
−

2 , and δnp = zpzπ−bpπ
−

2 , respectively. In our hybrid model, these contributions are

added to Eq. 3.22 to obtain the total neutron and proton densities.

FIG. 9. Number fraction of charged particles at T = 30 MeV in β-equilibrium. Solid curves include

pions and dashed curves only contain nucleons and leptons.

For a given value of the baryon density, nB and temperature, T , we guess a value for

proton number density, np, and use this to define the single particle nucleon energies defined

in Eq. 3.23. Then, we use Eq. 3.22 to obtain the nucleon chemical potentials µn and µp. The

beta equilibrium condition allows us to obtain the charge chemical potential µe and we use it

to obtain the number densities of ne, nµ, nπ. The lepton number densities are obtained using

the ideal Fermi-Dirac distribution, and the pion number density is obtained using Eq. 3.24.

The charge neutrality condition np = ne + nµ + nπ allows us to update the guess np and

find the true value. The above method is augmented slightly to include the change in the

nucleon number densities due to the interactions between nucleons and pions. In this case

we define two new variables

ηn =
µn −mn − Un

T
, ηp =

µp −mp − Up
T

, (3.26)

which we solve for in addition to np. These three variables are determined as a solution the
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system of three equations, given by nn = ñn + δnn, np = ñp + δnp and np = ne + nµ + nπ,

where ñn and ñp are given by Eq. 3.22.

The densities of charged particles with and without the inclusion of pions are shown in

Fig. 9. From the figure it is evident that pions enhance the proton fraction and suppress the

lepton fraction in the hot dense matter as they furnish additional negative charge. This effect

is strong enough that at higher densities the proton fraction begins increasing with density

due to the large number of pions. Although mπ > mµ, strong attractive p-wave interactions

with nucleons enhance the pion number density, at nB = n0 and T = 30 MeV, nπ− ≈ nµ− . A

naive extrapolation suggests nπ− increases rapidly with density, and nB = 1.4n0 and T = 30

MeV, nπ− ≈ 2nµ− .

The fugacities of pions and nucleons at baryon density nB = n0/2 and nB = n0 as a

function of the temperature are shown in Fig. 10. It is interesting to note that zπ− and zp

FIG. 10. Pion and nucleon fugacities in charge-neutral dense matter in β-equilibrium at nB = n0

(solid-curves) and nB = n0/2 (dashed-curves) are shown as function of temperature.

remain small over a wide range of temperatures. As expected in neutron-rich matter, the

fugacity of neutrons is large, and the virial expansion for pion-neutron interactions is reliable

only at high temperature. In the work that follows, we consider matter at nB < 1.5 n0 and
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T > 25 MeV and calculate the EOS and weak interaction rates using the hybrid model in

which pion-nucleon interactions are accounted for through the second virial coefficient, and

nuclear interactions are treated in mean field theory.

3.3. Pseudo-potential and pion self-energy

The dispersion relation for pions in dense matter is poorly understood due to nuclear

many body effects; however, some general features are understood. Negative pions have a

repulsive s-wave interaction with nucleons and a strong p-wave attraction due to the delta

resonance. We can expect these features to manifest in the negative pions’ dispersion re-

lation: low momentum pions will obtain slightly higher energies than for equal momentum

pions in vacuum, and high momentum pions will have much lower energy than their vacuum

equivalent. Even though the pion dispersion relation is poorly understood we can use a sim-

ple model to calculate the real part of the pion self-energy using the one-loop approximation.

[26]

The dispersion relation in this model is given by

Eπ−(p) =
√
p2 +m2

π + Σπ−(p) , (3.27)

where Σπ−(p) is the self-energy. Our model for the real part of Σπ−(p) using the one-loop

approximation is given by

Σπ−(p) =

∫
d3k

(2π)3

∑
N=n,p

fN(EN(k)) V ps
Nπ−(pcm) , (3.28)

where the pion-nucleon interaction is directly proportional to the phase shifts

V
(ps)

Nπ−(pcm) = −
∑
I,l,ν

αl(2l + 1)
2πδIl,ν
m̄ pcm

. (3.29)

Here, pcm = m̄
√

p2

m2
π

+ k2

m2
N
− 2pk

mπmN
cos θ is the center of mass momentum, and m̄ =

mπmN/(mN + mπ) is the reduced mass. The sum is over allowed values of the isospin

(I), angular momentum values (l), and nucleon spin-projections (ν = +,−). Note that

the pseudo-potential is proportional to δIl,ν and differs from the other choices such as the

T−matrix, which is proportional to sin δIl,ν , or the R− matrix that is proportional to tan δIl,ν .
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FIG. 11. Pion self-energy predicted by our model at a few representative temperatures and baryon

densities.

This choice for the pseudo-potential is motivated by the observation that the second virial

coefficient is also proportional to δIl,ν . In addition, Fumi’s theorem, a well-known result

in condensed matter physics, shows that the calculation of the ground state energy shift

due to interactions between particles in a gas and an impurity can be obtained if the

pseudo-potential of the form in Eq. 3.29 is used as an effective interaction [58].

This model is consistent with pion-nucleon interactions we expect and is constructed to

be consistent with predictions from the virial expansion via the fitting parameters αl. The

separate fitting parameters for s-wave, α0, and p-wave, α1, phase shifts are useful due to the

much larger p-wave attraction between nucleons and pions. Without this separation, the

s-wave phase shifts are overly suppressed. In the work that follows, I present our original

analysis where α = α0 = α1.

We find that the π− interaction with neutrons dominates the self-energy, which is expected

due to the large number of neutrons. The self-energy obtained in this way, with a single

fitting parameter α, is shown in Fig. 11. We employ the experimentally measured phase

shifts up to pcm ≈ 350 MeV and assume that they remain constant at higher momentum.
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The values for the fudge factor α used to ensure consistency with the virial result are given

in table III. It is interesting to note that the fudge factor α ' 1/(2π) but we do not have an

α T=30 MeV T=60 MeV
nB = 0.5n0 0.183 0.216
nB = 1.0n0 0.139 0.171

TABLE III. Values of the fudge factor α needed to obtain consistency.

explanation for why this is the case.

Although our model for Σπ−(p) is admittedly very crude, the modest variation of α over

a broad range of densities and temperatures is reassuring. It suggests that our ansatz for the

pseudo-potential provides a fair description of the momentum dependence of pion-nucleon

interactions. We have explicitly checked that other choices such as the T−matrix, which

is proportional to sin (δIl,ν), would produce a larger variation of α with temperature and

density. We have examined the general behavior of the pion dispersion relation we obtain

and find that it is physically plausible. The substantial reduction in the pion energy seen in

Fig. 11 at pπ ' 300 MeV is due to the strong p-wave attractive interaction, and the small

increase at p = 0 arises from weak and repulsive s-wave interaction. The group velocity of

the pions is also roughly consistent with general expectations: it is small at low momentum

and approaches c (speed of light) at large momenta. At intermediate values ' 350 MeV

we find that the model predicts a group velocity that can exceed c by a few percent - a

mild deficiency given the approximations of our model. First, the pseudo-potential in Eq.

3.29 was employed in the Born approximation to calculate Σπ− and it provided a direct

relationship between the self-energy and the phase shifts in Eq. 3.28. This relationship is

exact only in the limit when one can neglect correlations between nucleons and nucleon

recoils [58]. Second, our approximation that the phase shift remains constant for pcm & 350

MeV has an effect on the behavior of the pion self-energy at these large momenta. Third,

we have neglected the imaginary part of the pion self-energy in the matter. The imaginary

part arises due to two-loop contributions involving two nucleons in the medium. For these

reasons, we view our model as the first step towards more realistic calculations.
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4. TRANSPORT AND BULK VISCOSITY

Neutrino transport and other weak-scale interactions play an important role in supernova,

proto-neutron star cooling, and neutron star mergers. During a supernova, the recouping of

neutrino energy into the outer layers of the supernova is an important factor in the supernova

explosion [6]. For about a minute after the formation of a proto-neutron star, neutrinos are

trapped and must diffuse out. After a minute the remnant becomes transparent to neutrinos,

marking the change from proto-neutron star to neutron star [9]. In neutron star mergers,

oscillations in the density after the violent collision are damped via weak-scale interactions

which also often include neutrinos.

The precise way in which the neutrinos couple to matter affects each of these phenomena.

Some of the most important reactions for neutrino and anti-neutrino production are the Urca

processes, in which thermally excited particles undergo beta and inverse-beta decays [5]. The

most efficient Urca process is the direct Urca process involving nucleons:

n→ p+ e− + ν̄e,

p→ n+ e+ + νe
(4.1)

which are limited to matter with a proton fraction that exceeds 1/9, Yp ≥ 1/9. In matter

where this is not satisfied, the modified Urca process, which proceeds with the help of an

observer nucleon, is still possible [5].

n+ (n, p)→ p+ (n, p) + e− + ν̄e,

p+ (n, p)→ n+ (n, p) + e+ + νe

(4.2)

The modified Urca rate is suppressed relative to the direct Urca by a factor of (T/µn)2 .

10−4 to 10−5 [5].

4.1. Neutrinos mean free path in dense matter

The mean free path of neutrinos and anti-neutrinos in hot dense matter influences as-

pects of supernovae dynamics [6], the observable signatures of neutrinos from proto-neutron
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stars [9, 59, 60], and is expected to play a role in neutron star mergers [19, 61]. At the

densities and temperatures encountered in these environments, all three flavors of neutrinos

are produced and contribute to the transport of energy, momentum, and lepton number. In

matter containing nucleons and leptons, νe and ν̄e interact most strongly as they encounter

both charged-current and neutral-current interactions with nucleons and leptons. The µ and

τ neutrinos are coupled to matter only through their neutral-current interactions, as their

energies are not adequate to create the heavy charged leptons in the final state. In [26] we

have shown that the presence of pions allows for new charged-current reactions for muon

neutrinos. We find that these reactions significantly reduce the νµ and νµ mean free paths.

Further discussion of the effects of pions on neutrino propagation is contained within section

4.2.

In dense nuclear matter, the most important reactions affecting the neutrino mean free

path are the Urca reactions, n+ νe → p+ e− and p+ e− + ν̄e → n, due in large part to the

much larger number of nucleons within systems like neutron stars. These are the direct Urca

processes, which cannot proceed below some threshold temperature. When the direct Urca

process is forbidden, it is believed that similar processes with a spectator nucleon, called the

modified Urca processes, are dominant [62, 63].

4.2. Neutrino-pion interactions

The most important reactions for pion effects on neutrino propagation are νµ +π− → µ−

and νµ + µ− → π− [26]. The low-energy effective Lagrangian that describes these weak

processes is

L = −GF cos θC√
2

fπ ∂
απ− ψ̄νµ(γα(1− γ5))ψµ , (4.3)

where fπ = 130.4 MeV is the pion decay constant [64]. The amplitude-squared for the

process νµ + µ− → π− is obtained by summing over spin states of the muon in the initial

state, and is given by

|A|2ν̄µ = 2(GF cos θCfπ)2m2
µ(E2

π − p2
π −m2

µ) , (4.4)

where Eπ and pπ are the pion energy and momentum, respectively, and mµ is the mass of the

muon. In the vacuum, energy and momentum conservation forbids the process νµ+π− → µ−.
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However, in dense matter the modification of the pion dispersion relation, which we discuss in

detail below, allows for this process when the pion momenta and energy satisfy E2
π−p2

π < m2
µ.

In this case, the amplitude-squared is obtained by summing over spin states of the muon in

the final state and is given by

|A|2νµ = 2(GF cos θCfπ)2m2
µ(m2

µ − (E2
π − p2

π)) . (4.5)

We note that the amplitude-squared is proportional to the square of the lepton mass — a

well-known fact that suppresses the decay of pions to electrons. It is for this reason that we

focus on interactions involving only muon neutrinos in this work.

Using Fermi’s Golden rule, the mean free path of ν̄µ due to the inverse decay reaction is

given by

1

λν̄µ(Eν̄µ)
=

∫
d3~pµ

(2π)32Eµ

∫
d3~pπ

(2π)32Eπ
fµ(1 + gπ)

× (2π)4δ4(Pµ + Pν̄µ − Pπ)|A|2ν̄µ

(4.6)

where gπ and fµ are the Bose-Einstein distribution for pions and Fermi-Dirac distribution

for muons, respectively. When kinematically allowed, the mean free path of νµ due to the

charged-current reaction is

1

λνµ(Eνµ)
=

∫
d3~pµ

(2π)32Eµ

∫
d3~pπ

(2π)32Eπ
gπ(1− fµ)

× (2π)4δ4(Pπ + Pνµ − Pµ)|A|2νµ .
(4.7)

The integrals appearing in Eqs. 4.6 and 4.7 can be further simplified and we find that

1

λν̄µ(Eν̄µ)
=

1

16πE2
ν

∫ ph

pl

dpπ
pπ
Eπ

fµ(1 + gπ)|A|2ν̄µ , (4.8)

1

λνµ(Eνµ)
=

1

16πE2
ν

∫ ph

pl

dpπ
pπ
Eπ

gπ(1− fµ)|A|2νµ . (4.9)

The limits of the pion momentum integral, pl and ph, arise due to energy conservation. For

the νµ + µ− → π− reaction, the limits are determined to ensure that

− 1 ≤ Eπ
pπ
−
E2
π − p2

π −m2
µ

2pπEν
≤ 1 , (4.10)



43

and for the νµ + π− → µ− reaction, they are obtained to ensure that

− 1 ≤ Eπ
pπ

+
E2
π − p2

π −m2
µ

2pπEν
≤ 1 . (4.11)

When Eπ > pπ, Eq. 4.10 can be satisfied when E2
π − p2

π ≥ m2
µ and Eq. 4.11 can be satisfied

when E2
π − p2

π ≤ m2
µ. For example, at pπ = 125 MeV, which is near the typical momentum

for a pion, nuclear density, and T = 30 MeV the inverse pion decay reaction is allowed

for neutrinos with energies approximately between 8 MeV and 45 MeV. At high momenta,

pπ & 200 MeV, we find that our dispersion relation allows for Eπ < pπ and in this case both

reactions are allowed; the range of allowed neutrino energies is only bounded from below.

For the inverse pion decay reaction, this lower bound is at very high neutrino energies, but

for the νµ + π− → µ− reaction the lower bound is around 20-40 MeV in matter at nuclear

density and T = 30 MeV.

Using the pseudo-potential definition from section 3.3 to define the energy momentum

relation of pions in hot and dense matter, we are able to complete the calculation of neutrino

mean free paths.

The inverse mean free path due to the reaction νµ +µ− → π− in matter containing pions

at nB = 0.5 n0 and T = 30 MeV is shown in Fig. 12. The dashed-green curve is calculated

using the vacuum dispersion relation for the pions. Since pions only appear in the final state,

this curve depends only weakly on the model for pion-nucleon interactions. The solid-red

curve is obtained using the dispersion relation in Eq. 3.27, and the self-energy depicted in

Fig. 11. Here we see the strong influence of the in-medium dispersion relation, especially

at large neutrino energy. The reduction in the pion energy due to its large and attractive

p-wave interaction with nucleons implies that a large-momentum pion in the final state is

unable to satisfy energy and momentum conservation in the medium. The rapid decrease

in the inverse mean free path depicted by the solid-red curve reflects these severe kinematic

constraints. At lower neutrino energy, the in-medium dispersion relation leads to a significant

reduction of the νµ mean free path. It is remarkable that at these low energies, neutrino

processes involving a sparse population of muons and pions are significantly more important

than processes involving nucleons and electrons. Neutral-current reactions νµ +X → νµ +X

where X = n, p, e− have been studied extensively in earlier work [65, 66] and we use the

open-source computer codes from the neutrino opacity library, nuOpac [67], to calculate
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FIG. 12. Antineutrino inverse mean free paths due to the inverse pion decay reaction, with and

without Nπ− interactions included, are compared to the neutral-current reactions involving nucle-

ons.

the neutrino mean free paths. The contributions from the reactions νµ + n → νµ + n, and

νµ + p → νµ + p are shown as the blue dot-dashed and orange dotted curves in Fig. 12.

Neutral reactions involving electrons, not shown in the figure, are smaller than those due to

the nucleons.

The mean free path of muon neutrinos in matter containing pions at nB = 0.5 n0 and

T = 30 MeV is shown in Fig. 13. This process, which is forbidden in the vacuum, is sensitive

to the pion dispersion relation and their abundance. Again, the result, depicted by the solid-

red curve, shows some remarkable features. At low energy, the process involving pions is

dominant. It remains more important than the charged-current reactions involving nucleons

shown as the dashed-green curve, even at higher energies. Neutral-current scattering off

nucleons, shown by the blue dot-dashed and orange dotted curves, continues to be the

dominant reaction for thermal neutrinos under these specific conditions. The sharp feature

in the solid-red curve at Eν ' 30 MeV is due to the non-monotonic behavior of the kinematic

constraint in Eq. 4.11.
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FIG. 13. Neutrino inverse mean free path due to the inverse muon decay reaction is compared with

the mean free path due to neutral- and charged-current reactions involving nucleons.

4.3. Bulk viscosity

Bulk viscosity offers a mechanism to damp density oscillations in matter and plays a

role in neutron star dynamics [68]. For example, dissipative effects in neutron star mergers

influence the lifetime of the hot, dense, hyper-massive neutron star, as well as the post-merger

gravitational-wave emission [69]. Bulk viscosity arises due to non-equilibrium reactions

that convert chemical energy into thermal energy. This conversion happens because the

equilibrium chemical composition of matter changes with density; therefore, the density

perturbations induce inelastic reactions.

Since the speed of sound within a neutron star is a large fraction of the speed of light and

neutron stars have radii on the order of 10s of km, the characteristic timescale for density

oscillations is on the order of milliseconds

RNS

cs
= 0.1(ms)

RNS

10(km)

c

3cs
(4.12)

This means that weak reactions play the dominant role in determining the bulk viscosity
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[70]. In order to derive an expression for the bulk viscosity, following the same strategy as

in reference [71], we begin with an expression for the baryon density in terms of the small

density oscillations of interest. We assume that the oscillations are small enough amplitude

such that the departure from beta equilibrium δµ� T .

nB(t) = nB + <(δnBe
iωt) (4.13)

= nB + δnB cos (ωt) (4.14)

where δnB/nB � 1. We will assume that the thermal conductivity due to trapped

neutrinos [69, 72, 73] is high enough to keep the matter at constant temperature throughout

an oscillation. Such an oscillation in baryon density pushes particle fractions away from

their values in chemical equilibrium. Weak interactions push the particle fractions back

into chemical equilibrium, which takes a certain amount of time. The pressure of nuclear

matter, which is a function of the particle fractions, tracks the beta equilibration, and is out

of phase with the baryon density oscillation due to the finite rate of the weak interactions.

The pressure can be written as

P (t) = P0 + <(δPeiωt) (4.15)

= P0 + <(δP ) cos (ωt)−=(δP ) sin (ωt) (4.16)

It is the =(δP ) term that represents the phase lag between the pressure P (t) and the baryon

density nB(t) (or volume, as baryon number is conserved) which will give rise to bulk viscous

energy dissipation.

The bulk viscosity is defined as the coefficient of a term contributing to energy dissipation

dε

dt
= −ζ(∇ · v)2 (4.17)

By rearranging the continuity equation to find an expression for the divergence term in

terms of the baryon density

∂nB
∂t

+ nB∇ · v = 0 (4.18)
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and then averaging over one oscillation period, we can find an expression for the average

energy dissipated over an oscillation in terms of the bulk viscosity, frequency, baryon density,

and oscillation amplitude.

〈
dε

dt

〉
= −1

2

(
δnB
nB

)2

ω2ζ (4.19)

Another expression for the average dissipated energy can be reached from

dε =
P

V
dV = − P

nB
dnB (4.20)

Averaging this expression over one oscillation and using our previous expression for the

pressure, we can find

〈
dε

dt

〉
= − ω

2π

∫ 2π/ω

0

dt P (t)
dnB(t) / dt

nB(t)
(4.21)

= −ω
2

2π

(
δnB
nB

)
=(δP )

∫ 2π/ω

0

dt sin2 ωt

= −ω
2

(
δnB
nB

)
=(δP )

Equating 4.19 and 4.21, we find

ζ =

(
nB
δnB

)
=(δP )

ω
. (4.22)

As expected, the bulk viscosity is related to the imaginary part of the pressure oscillation,

which must be determined. This will be done for matter with neutrons, protons, electrons,

muons, and negative pions in the following section.

4.4. Pion contribution to the bulk viscosity of neutrino-trapped nuclear matter

In dense nuclear matter, the reaction e− + p ↔ n + νe, often referred to as the Urca

reactions in astrophysics, and the modified Urca reactions e− + p+ n↔ n+ n+ νe change

the proton fraction when perturbed and are generally considered to be the main source

of bulk viscosity. Recent work has investigated the role of these weak reactions involving

nucleons in dense matter with and without neutrino trapping at high temperatures [74, 75].
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At nB = 0.5n0 and T = 30 MeV the results in Ref. [75] indicate that the beta equilibrium

relaxation time for these reactions is about 10−7 s for the neutrino-free case, and about 10−9

s when neutrinos are trapped. However, it’s possible that under similar conditions reactions

involving pions and nucleons would proceed on much faster timescales due to the strong

interaction, allowing for faster equilibration of the proton fraction.

Consider a density perturbation in which the final equilibrium state contains a larger

neutron fraction. In the absence of reactions involving pions, electron capture reactions

e− + p → n + νe and e− + p + n → n + n + νe generate the needed neutrons. When these

reactions are out of equilibrium, they generate heat and dissipation. In the presence of pions

and muons there are additional reaction channels that can play a role. These include

π− + p+ n↔ n+ n , (4.23)

µ− ↔ π− + νµ , (4.24)

µ− ↔ e− + ν̄e + νµ , (4.25)

π− ↔ µ− + ν̄µ . (4.26)

The non-leptonic reactions mediated by the strong interaction proceed on a timescale that

is much faster than the weak reactions involving leptons. We note that although the modi-

fication to the pion dispersion relation allows for the process π−+ p→ n which is forbidden

in the vacuum, in practice we find that these reactions can occur only when the nucleon

momentum is very large. At T = 30 MeV and nB = n0 the minimum nucleon momen-

tum needed for this process is ' 730 MeV. Since this is much larger than the momentum

of thermal nucleons, pnuc '
√

3MT ' 290 MeV, we expect that its contribution will be

negligible.

In the rest of this section, we will complete our calculation of the bulk viscosity in

matter which contains neutrons, protons, electrons, muons, and negative pions and in which

neutrinos are trapped. The goal is to outline an investigation of the effects of pions on

the bulk viscosity in nuclear matter. The results of this investigation will appear in our

forthcoming paper [76].
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4.4.1. Particle fractions and weak interactions

Following from equation 4.22, we need to calculate the imaginary part of the pressure. In

order to do this calculation we will need to write out the particle fractions xp, xµ, and xπ in

a form which includes their oscillations caused by the density oscillations. Note that since

the neutralization of excess charge occurs on a much faster timescale than our oscillations,

we are still able to assume charge neutrality for the neutron star which sets the value of

the electron particle fraction once the others are given. The neutron and neutrino particle

fractions are determined from the desired independent set by the baryon density input and

the input of the conserved lepton fractions YLi ≡ (ni + nνi)/nB, respectively.

xi(t) = x0
i + <(δxie

iωt) (4.27)

= x0
i + <(δxi) cos (ωt)−=(δxi) sin (ωt).

Now, the pressure can be expanded around its beta equilibrium value (keeping T fixed

throughout the oscillation)

P = P0 +
∂P

∂nB

∣∣∣∣
T,xp,xµ,xπ

<(δnBe
iωt) (4.28)

+
∂P

∂xp

∣∣∣∣
T,nB ,xµ,xπ

<(δxpe
iωt) +

∂P

∂xµ

∣∣∣∣
T,nB ,xp,xπ

<(δxµe
iωt)

+
∂P

∂xπ

∣∣∣∣
T,nB ,xp,xµ

<(δxπe
iωt).

Evidently (from Eqs. 4.27 and 4.28)

=(δP ) =
∂P

∂xp

∣∣∣∣
T,nB ,xµ,xπ

=(δxp) (4.29)

+
∂P

∂xµ

∣∣∣∣
T,nB ,xp,xπ

=(δxµ) +
∂P

∂xπ

∣∣∣∣
T,nB ,xp,xµ

=(δxπ),

indicating that to calculate the bulk viscosity (Eq. 4.22), we need the imaginary parts of
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the particle fractions.

In the matter that we study, all constituent particle species are in thermal equilibrium.

This is in contrast to the often-studied case where the matter is neutrino-transparent and

therefore reactions that produce neutrinos can only proceed in the forwards direction. In

that case, the neutrinos are not in statistical equilibrium [77, 78]. However, in the neutrino-

trapped case we study in this work, all weak processes proceed in both directions. The

processes proceed in a manner that would balance the chemical potentials on each side of

the reaction, ∑
i in LHS

µi =
∑

i in RHS

µi, (4.30)

indicating chemical equilibrium [2, 79].

There are six classes of weak reactions that can occur in the nuclear matter we study,

and therefore six chemical potentials δµi that are zero in chemical equilibrium. However,

three of them are redundant and can be written in terms of three independent equilibrating

chemical potentials {δµ1, δµ2, δµ3}. We assume in this analysis that particles are chemically

equilibrated with their respective antiparticles, µX = −µX̄ . This is clearly true for the

hadrons and charged leptons, though for neutrinos it is merely a simplifying assumption.

Given this, the six classes of reactions are listed below

1. δµ1 ≡ µn + µνe − µp − µe

(a) n↔ p+ e− + ν̄e
−→
Γ −

←−
Γ ≈ λaδµ1

(b) n+ νe ↔ e− + p
−→
Γ −

←−
Γ ≈ λbδµ1

2. δµ2 ≡ µn + µνµ − µp − µµ

(a) n↔ p+ µ− + ν̄µ
−→
Γ −

←−
Γ ≈ λcδµ2

(b) n+ νµ ↔ µ− + p
−→
Γ −

←−
Γ ≈ λdδµ2

3. δµ3 ≡ µn − µp − µπ

(a) n↔ p+ π−
−→
Γ −

←−
Γ ≈ λ3δµ3

4. δµ4 ≡ µπ + µνe − µe = δµ1 − δµ3

(a) π− ↔ e− + ν̄e
−→
Γ −

←−
Γ ≈ λe(δµ1 − δµ3)
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(b) π− + νe ↔ e−
−→
Γ −

←−
Γ ≈ λf (δµ1 − δµ3)

5. δµ5 ≡ µπ + µνµ − µµ = δµ2 − δµ3

(a) π− ↔ µ− + ν̄µ
−→
Γ −

←−
Γ ≈ λg(δµ2 − δµ3)

(b) π− + νµ ↔ µ−
−→
Γ −

←−
Γ ≈ λh(δµ2 − δµ3)

6. δµ6 = µµ + µνe − µe − µνµ = δµ1 − δµ2

(a) µ− ↔ e− + ν̄e + νµ
−→
Γ −

←−
Γ ≈ λi(δµ1 − δµ2)

(b) µ− + ν̄µ ↔ e− + ν̄e
−→
Γ −

←−
Γ ≈ λj(δµ1 − δµ2)

(c) µ− + νe ↔ e− + νµ
−→
Γ −

←−
Γ ≈ λk(δµ1 − δµ2)

(d) µ− + νe + ν̄µ ↔ e−
−→
Γ −

←−
Γ ≈ λl(δµ1 − δµ2).

The total λ of each class of processes is given by

λ1 = λa + λb (4.31)

λ2 = λc + λd

λ4 = λe + λf

λ5 = λg + λh

λ6 = λi + λj + λk + λl.

The processes shown above can also occur in the presence of spectator particles, but at our

level of approximation we will not need to consider them. They either occur in processes we

are not calculating, such as for λ3 which we assume is infinite, or other processes dominate,

such as for λ6.

We neglect processes containing antiparticle counterparts to the particles in the above re-

actions (except for the neutrinos), as they are subdominant at the temperatures we consider

due to the high baryon density.

4.4.2. Weak interaction rates

We calculate the weak interaction rates described in the previous section with Fermi’s

golden rule, where the rate is determined by a multidimensional phase space integral of



52

the product of a matrix element and the Fermi-Dirac or Bose-Einstein distributions of the

involved particles. We perform the full phase space integration and do not make any ap-

proximation with respect to the degeneracy of any particle species. The rate calculations

are described in Appendix D.

In beta equilibrium, the net rate
−→
Γ −
←−
Γ of any particular weak interaction is zero. When

the system is pushed out of beta equilibrium by amount δµ (δµ measures the degree of

violation of Eq. 4.30), the net rate
−→
Γ −
←−
Γ becomes nonzero. The net rate can be calculated

for δµ of arbitrary size (see analytic calculations for the direct and modified Urca processes

in strongly degenerate npe− matter in [80]), we consider only subthermal bulk viscosity

where δµ� T . In this regime, the net rate is proportional to the size of the departure from

beta equilibrium
−→
Γ −

←−
Γ = λδµ. In matter where all particles are in statistical equilibrium

(like the case we study here), there is a simple relationship between the rate of the process

and λ [75, 81]
−→
Γ (δµ = 0) =

←−
Γ (δµ = 0) = λT. (4.32)

This equation does not hold in neutrino-transparent matter, complicating the calculation

of λ [77, 78]. But, for this calculation in neutrino-trapped matter, to calculate λ we only

have to calculate the rate of each weak interaction process in beta equilibrium, which is

determined by equating the sum of the chemical potentials on each side of the reaction

(Eq. 4.30).

At fixed baryon density, the particle fractions evolve according to

nB
dxp
dt

= λ1δµ1 + λ2δµ2 + λ3δµ3, (4.33)

nB
dxµ
dt

= −λ6δµ1 + (λ2 + λ5 + λ6)δµ2 − λ5δµ3, (4.34)

nB
dxπ
dt

= −λ4δµ1 − λ5δµ2 + (λ3 + λ4 + λ5)δµ3 (4.35)
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4.4.3. Susceptibilities

We introduce the susceptibilities

Ai ≡ nB
∂δµi
∂nB

∣∣∣∣
T,xp,xµ,xπ

, (4.36)

Bi ≡
1

nB

∂δµi
∂xp

∣∣∣∣
T,nB ,xµ,xπ

, (4.37)

Ci ≡
1

nB

∂δµi
∂xµ

∣∣∣∣
T,nB ,xp,xπ

, (4.38)

Di ≡
1

nB

∂δµi
∂xπ

∣∣∣∣
T,nB ,xp,xµ

, (4.39)

where i ranges from 1 to 3. These susceptibilities are properties of the nuclear matter EOS.

We can write the deviations from beta equilibrium δµi in terms of deviations of the

particle fractions from their beta equilibrium values

δµi = Ai
δnB
nB

cos (ωt) + nB
[
Bi<(δxpe

iωt) (4.40)

+ Ci<(δxµe
iωt) +Di<(δxπe

iωt)
]
,

with i again taking values from 1 to 3.

The susceptibilities Ai are plotted in figure 14 and the susceptibilities Bi, Ci, and Di are

plotted in Fig 15.

Finally, we note that the derivatives of the pressure in Eq. 4.28 can be written in terms

of susceptibilities by using Maxwell relations. The process is described in Appendix C, and

yields

∂P

∂xp

∣∣∣∣
T,nB ,xµ,xπ

= −nBA1 (4.41)

∂P

∂xµ

∣∣∣∣
T,nB ,xp,xπ

= nB(A1 − A2) (4.42)

∂P

∂xπ

∣∣∣∣
T,nB ,xp,xµ

= nB(A1 − A3). (4.43)
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FIG. 14. Susceptibilities of the A type.

4.4.4. Bulk viscosity at finite λ3

Combining Eqns. 4.22, 4.29, and 4.36, we find the bulk viscosity is given by

ζ =
1

ω

n2
B

δnB

[
− A1=(δxp) + (A1 − A2)=(δxµ) + (A1 − A3)=(δxπ)

]
. (4.44)

To obtain =(δxi), we plug Eq. 4.27 and 4.40 into Eqs. 4.33, 4.34, and 4.35 and match the

sine terms and the cosine terms. This yields six equations with six variables (<(δxi) and

=(δxi) for i = p, µ, π). The three real-part variables can be eliminated, yielding a set of 3

equations to be solved to obtain =(δxp),=(δxµ),=(δxπ). Solving the system results in the

expression for the bulk viscosity

ζ =
P +Qω2 +Rω4

S + Tω2 + Uω4 + ω6
. (4.45)

The expressions for P,Q,R, S, T, U are complex, and are given in Appendix E.
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FIG. 15. Susceptibilities of the B, C, and D types.

4.4.5. Bulk viscosity in the limit λ3 →∞

The reaction n ↔ p + π− (mediated by a spectator nucleon) is a strong interaction and

therefore occurs on a much faster timescale than the weak interactions (λ1, λ2, λ4, λ5, λ6) and

the timescale of density oscillations in a merger. Therefore, we take λ3 →∞ in Eq. 4.45.

The limit where n ↔ p + π− occurs infinitely quickly is subtle. One might assume that

δµ3 could simply be set to zero in Eq. 4.33, 4.34, and 4.35. However, it is the product λ3δµ3

that appears on the right-hand side of those equations, and even for very tiny deviations of

δµ3 from zero, the product λ3δµ3 could still be sizeable since λ3 is very large. One must keep

λ3 finite throughout the calculation (up until Eq. 4.45) and then take the limit λ3 → ∞.

This was pointed out by [82, 83], and was applied to the case of hyperon bulk viscosity in

[84].
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The λ3 →∞ limit of Eq. 4.45 yields

ζ =
α + βω2

γ + εω2 + ω4
. (4.46)

The coefficients α, β, γ, ε are given in Appendix F. In these expressions, we have set C3 = 0,

consistent with the EOS described in an earlier section.

4.4.6. Bulk viscosity without pions

We can obtain the bulk viscosity if pions are not present in the system by setting

λ3 = λ4 = λ5 = 0 in Eq. 4.45. The EOS would also have to be recomputed without

pions. The expression for bulk viscosity in npe−µ−νeνµ matter which undergoes the reac-

tions corresponding to λ1, λ2, and λ6 is given by

ζ =
α̃ + β̃ω2

γ̃ + ε̃ω2 + ω4
. (4.47)

where the expressions for α̃, β̃, γ̃, and ε̃ are given in Appendix G. As a check, we can see

that the susceptibilities A3, B3, and C3 along with all the Di do not appear in the expression.

4.4.7. Results

The values of λ for the EOS with and without pions are plotted in Fig. 16. The bulk

viscosity is plotted in Fig. 17.

Typical bulk viscosity calculations have λ that depend strongly on temperature and sus-

ceptibilities that do not depend on temperature. The resonant structure becomes compli-

cated if the susceptibilities become strongly temperature-dependent. For example, conformal

points appear when the A susceptibility crosses zero [75].

There are many interesting features of the bulk viscosity curves we find in Fig. 17. Here

we will attempt to describe most of the more salient features. Starting with the top left

bulk viscosity plot which is made with small values, equal values of the lepton fractions, we

note that λ4 and λ5 are too slow to contribute to any equilibration process so they create

only a very negligible change to the bulk viscosity. This is also true of λ6, except for at the

lowest temperatures on the plot. Any process which λ4, λ5, or λ6 would try to equilibrate
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FIG. 16. λ with and without pions

is already equilibrated by the faster λ1, λ2, and λ3. At low temperatures, λ2 dominates and

the bulk viscosity curve is just as if λ2 was the only process participating in equilibration.

The entire behavior of this bulk viscosity curve for T < 20 MeV is just the downhill side of

the resonance which occurs when the equilibration rate λ2 matches ω. As T rises to 20 MeV,

the susceptibilities A1 and A2 begin to drop. At the temperature at which, for example,

A1 is zero, the system becomes partially conformal. When the density is changed slightly,

there is not change in the quantity δµ1. If the system was entirely described by δµ1, the

bulk viscosity would be zero as the system would be completely conformal with respect to

its chemical interactions (like when only direct Urca is considered in npeνe matter in [75]).

But the system we study is described by three δµi, only one of which is conformal at a time,

so the bulk viscosity does not drop to zero, but some finite value. The presence of pions

shifts the temperature of the conformal points (see Fig. 14), both though modifications of

A1 and A2, but through the presence of susceptibilities A3, B3, C3, D1, D2, D3 which are not

present in the pionless case. It is interesting to note that for a wide range of temperatures,



58

f	=	1	kHznB	=	1n0
YLe	=	0.05,	YLμ	=	0.05

without	pions
with	pions

ζ	
[g

/c
m

/s
]

1020

1021

1022

1023

1025

1026

1027

1028

T	[MeV]
1 10

f	=	1	kHznB	=	1n0
YLe	=	0.05,	YLμ	=	0

without	pions
with	pions

ζ	
[g

/c
m

/s
]

1020

1021

1022

1023

1025

1026

1027

1028

T	[MeV]
1 10

f	=	1	kHznB	=	1n0
YLe	=	0.3,	YLμ	=	0.3

without	pions
with	pions

ζ	
[g

/c
m

/s
]

1020

1021

1022

1023

1025

1026

1027

1028

T	[MeV]
1 10

f	=	1	kHznB	=	1n0
YLe	=	0.3,	YLμ	=	0

without	pions
with	pions

ζ	
[g

/c
m

/s
]

1020

1021

1022

1023

1025

1026

1027

1028

T	[MeV]
1 10

FIG. 17. Bulk viscosity in the EOS with and without pions, for a harmonic density oscillation with

frequency 1 kHz.

this bulk viscosity behaves a lot like ζ(λ1) + ζ(λ2). This decomposition begins to fail as T

rises above ≈ 30 MeV. For all temperatures shown in the plot, we are in the zero-frequency

limit, meaning that all beta equilibration occurs much faster than the density oscillation.

Additionally, the peak at 20-30 MeV is due to A susceptibilities crossing through zero, not

a new resonance.

The top right plot, which corresponds to small electron fraction and zero muon fraction,

has a different structure. The peak at T ≈ 2 MeV is when λ1 (the fastest process at low

temperature) is resonant with 1 kHz density oscillation. Without pions, the next resonance

would have been λ2 matching 1 kHz at T ≈ 5 MeV. But, when pions are included in the

EOS, λ5 replaces λ2 as the dominant process, and the resonant peak at T ≈ 4 MeV is when

λ5 matches the 1 kHz density oscillation. So, pions move the resonant peak temperature

lower by 1 MeV. The dip at T ≈ 20 MeV is again due to the susceptibilities A1 and A2 being

modified in the presence of pions, plus the entrance of the other “3” susceptibilities into the
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position of the pseudoconformal points. The bulk viscosity at these high temperatures is

controlled by λ1 and λ2.

The bottom left plot describes matter with equal lepton fractions which are much larger

corresponding to values potentially found in neutron star mergers. Similar to the top left

plot, the bulk viscosity here is in the zero-frequency limit. λ2 dominates the bulk viscosity,

with λ1 becoming slightly important at 40-50 MeV.

The final plot, in the bottom right, corresponds to large electron fraction and zero muon

fraction. Again, λ4andλ5 have negligible contributions. λ6 is mostly negligible, but it has

slight effect at T > 30 MeV. For T < 2 MeV, λ1 dominates bulk viscosity with a resonant

peak which is at lower temperature than the smallest temperature in this plot. The peak

at T ≈ 4 MeV is caused by λ2 matching 1 kHz. Finally, the bulk viscosity at higher

temperatures is dominated by λ1, λ2 and to a small extent, λ6. The crossing of A2 through

0 causes the minimum at T ≈ 20 MeV.

5. AXIONS

Axions are a prediction of the most promising solution of the strong CP-problem, which is

related to the absence of the expected CP violation in the strong interactions [85–88]. The

axion phenomenology is widely discussed in the literature (for recent reviews, see Refs. [89–

91]). It is essential to remark that axions are expected to couple to photons, electrons,

and nucleons, with model dependent couplings [92, 93]. These can be constrained through

laboratory experiments [94, 95] and astrophysical considerations [96–98]. In particular,

core-collapse SN have long been used to constrain the axion couplings to nucleons [99],

photons [100, 101] and recently to muons [102]. In the present work, we are particularly

interested in axions coupled to nucleons. In addition to this, the axion is a well-motivated

dark matter (DM) candidate [103–105]. Axions produced during inflation would account for

the totality of the dark matter in the Universe if their mass is in the range from a few µeV to

a few tens of µeV [106, 107], the exact value depending on unknown initial conditions. While

this observation has motivated on going experimental searches for axions in the mass range

2 . ma . 25µeV [108, 109], there is interest in axions with higher masses and experimental

proposals to discover them [94, 95, 110] for two main reasons. First, recent work shows

that if DM axions are produced after inflation, their mass needs to be considerably larger
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to account for DM. When the contribution of topological defects to the axion production

is properly accounted for in post inflationary scenarios, studies find that ma & 25µeV (see,

e.g., [89] and references therein). Recent investigations suggest masses as high as 0.5-3.5

meV [111, 112], or even 15 meV [113], depending on the specific axion model. Second, axion

masses ma & 1− 10meV are particularly interesting for astrophysics, since these axions can

have a noticeable impact on stellar evolution, supernovae, and the cooling of white dwarfs

and neutron stars [10, 97, 98, 114–117].

Some regions of axion coupling and mass parameter space can be ruled out by measure-

ments we know they would have affected. For example, axions that couple to matter strongly

enough to be produced in large numbers, but not strongly enough to become trapped, dur-

ing a supernova would affect the neutrino production rate. The observed neutrinos from

Supernova 1987A provide stringent bounds on the axion nucleon couplings. In all previous

studies, the nucleon-nucleon bremsstrahlung reaction, NN → NNa, was assumed to be the

dominant channel for the axion production in the supernova. The role of pion induced axion

production has been considered, but initial estimates of the thermal pion population were

too small for the pion reaction to be competitive. In our paper [118] we reassess the axion

emissivity due to the pion reaction, π−p → na, using the new estimates for the thermal

pion population coming from the virial approximation described in Sec. 3.2 and [26]. In our

second paper on the topic [119] we incorporate the new axion emissivity calculations into

general relativistic one-dimensional supernova simulations.

5.1. Axion production by nucleon bremsstrahlung

First calculations of the bremsstrahlung rate were based on a simple model in which the

nuclear interaction was described by the exchange of a virtual pion, often referred to as the

one-pion-exchange (OPE) approximation [120–122]. Furthermore, these studies neglected

to properly account for the pion mass. In subsequent studies, a better treatment of the

nuclear interaction beyond the OPE, which was consistent with nucleon-nucleon scattering

data[123] and many-body corrections to the nucleon dispersion relations in the medium

and its finite lifetime due to multiple scattering [124–126], was shown to reduce the axion

emissivity. The consistent inclusion of these effects led to an order of magnitude reduction

in the axion emissivity relative to that obtained using the OPE prescription and implied
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a weaker bound on the axion mass [99]. In later sections calculations of axion emissivity

using both the OPE approximation and the updated calculations are implemented within a

supernova simulation.

5.2. Axion production by pions

The role of the pion-induced reaction, π−p → na was first discussed in Refs. [127, 128],

and in Ref. [129] it was found to make the dominant contribution for a sufficiently high

pion abundance. However, initial estimates suggested that the thermal pion population was

too small for the pion reaction to be competitive [10]. For this reason, pions and reactions

involving pions in SNe have been largely ignored.

Dense matter in the SN core is charge neutral, close to equilibrium with respect to weak

interactions, and characterized by a large isospin asymmetry. The difference between the

neutron and proton chemical potentials, denoted by µ̂ = µn−µp, increases with density and

becomes comparable to the pion mass mπ ' 139 MeV when the baryon density nB ≥ n0,

where n0 is the nuclear saturation density. In the SN core, where neutrinos are trapped

and weak equilibrium is quickly obtained, the pion chemical potential µπ− = µ̂ = µe − µνe
. When µπ− ' mπ number density of negatively charged pions is greatly enhanced even

when the ambient temperature realized in SNe, which is in the range of few MeV to few tens

of MeV, is small compared to mπ. When µπ− > mπ Bose-Einstein condensate of pions is

favored, but whether or not this can be achieved at the densities encountered in SN matter

is unclear [40]. In what follows, we will only consider matter at densities where µπ− < mπ.

Under these conditions, the energy cost of introducing pions in dense matter is lowered by

attractive p-wave interactions between nucleons and thermal pions (with typical momentum

pπ '
√

6mπT ' 160
√
T/30MeV MeV).

Using the model independent calculation of thermal pion number including pion-nucleon

interactions from section 3.2 and the pion self-energy model from section 3.3 we will be

able to determine the number of axions emitted by the pion-axion reactions. For these

calculations we have used the self-energy model with equal free parameter for s-waves and

p-waves.

The number of axions emitted per unit volume and per unit of time and energy is given
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by [130]

dṅa
dωa

=

∫
2d3pp

(2π)32mN

d3pπ
(2π)32Eπ

2d3pn
(2π)32mN

4πω2
a

(2π)32ωa

× (2π)4δ4(pf − pi)|M|2fpfπ(1− fn) . (5.1)

The squared transition matrix element in Eq. (5.1) is averaged over both initial and final

nucleon spins and given by

|M|2 = 4ḡ2
aNγsf(ωa)

(
gA

2Fπ

)2

|pπ|2 , (5.2)

where pπ is the pion momentum, gA = 1.26 is the axial coupling, and Fπ = 92.4 MeV is the

pion decay constant. The effective axion-nucleon coupling ḡaN is defined as

ḡ2
aN = g2

a

[
1

2
(C2

ap + C2
an) +

1

3
CanCap

]
, (5.3)

where ga = mN/fa, mN being the nucleon mass and fa the Peccei-Quinn scale. We note a

discrepancy in Eq. (5.3) with respect to the result [127, 129], i.e., a minus sign in front of

the 1/3CanCap term. This difference arises because the mixed term in the matrix element

is −1
2
CanCap [2〈(p̂a · p̂2)2〉 − 1] and the average over the directions gives 〈(p̂a · p̂2)2〉 = 1/6.

Depending on the axion couplings, this correction gives, at most, a difference of a factor 2

compared to previous literature.

The Cai are the model-dependent O(1) dimensionless axion-fermion couplings. The cou-

plings have been recently calculated for the KSVZ [131, 132] and the DFSZ [133, 134]

models in Ref. [92] (see [90] for a discussion of these parameters in a large class of axion

models). The function γsf(ωa) = ω2
a/[ω

2
a + (Γ/2)2] in Eq. (5.2) is a simple ansatz suggested

in Refs. [125, 128] to account for the finite lifetime of the nucleon spin due to scattering in

the dense medium, and Γ is the nucleon spin fluctuation rate. At a fiducial temperature

T = 30 MeV and mass density ρ = 1014 g/cm3, the calculations in [99, 135] indicate that

Γ ' 35 MeV.

The distribution functions of the different interacting species are the usual Fermi-Dirac
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or Bose-Einstein distribution,

fi(E) =
1

e[Ei(pi)−µi]/T ∓ 1
, (5.4)

where the + sign applies to fermions, while the − is for bosons, and µi are the chemical

potentials for i = p, n, π. Corrections to the dispersion relations Ei(pi) of nucleons are

incorporated through the equation

Ei = mN +
|pi|2

2m∗N
+ Ui , (5.5)

where the nucleon effective mass m∗N and single-particle potentials Ui are obtained from

Ref. [26]. The modification to the pion dispersion relation due to its interactions with

nucleons is incorporated through Eq. (3.27) with Σ(p) obtained consistently as described in

my paper Ref. [26] as well as Sec. 3.3.

The differential axion number luminosity, which is defined to be the total number of axions

emitted in a specified energy range per unit time from the SN is obtained by integrating

Eq. (5.1) over the SN volume and is given by

dNa
dωa

=

∫
d3r

dṅa
dωa

. (5.6)

The energy radiated in axions per unit volume and time, called the axion emissivity, can

be calculated directly from Eq. (5.1) as

Qa =

∫
dωaωa

dṅa
dωa

, (5.7)

where the phase-space integrals can be performed to obtain a simpler expression for pionic

processes

Qπ
a =

ḡ2
aNT

7.5

√
2mN π5

(
gA

2Fπ

)2
zπ zp

1 + zn

[∫
dxp

x2
p

ex
2
p + zp

]
∫
dxπ

x3
πε

2
π

(eεπ−yπ − zπ)

ε2π
[ε2π + (Γ/2T )2]

, (5.8)

with xp = |pp|/
√

2mNT , xπ = |pπ|/T , yπ = mπ/T , and επ = Eπ/T . The fugacities zπ and
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TABLE IV. Axion emissivities Qa in units of 1032 erg cm−3 s−1 and luminosities La in units

1051 erg s−1 for KSVZ model (Cap = −0.47 ;Can = 0) and ga = mN/fa = 10−9, for different

post-bounce times.

tpb ρ T Yπ QNN
a Qπ

a Qtot
a /QNN

a La
(s) (1014g/cm3) (MeV) (1032 erg / cm3 s) (1032 erg / cm3 s) (1051 erg / s)
1 1.45 37.07 0.011 1.37 4.63 4.38 4.0
2 2.08 38.93 0.016 3.28 8.87 3.70 8.10
4 3.10 40.56 0.027 9.08 15.87 2.75 16.63
6 3.65 39.91 0.034 12.92 14.99 2.16 18.61

TABLE V. Bound on the effective axion-nucleon coupling ḡaN obtained using Eq. (5.10). The

corresponding bound on ma and fa for KSVZ model with Cap = −0.47 , Can = 0 are also shown.

ρ ḡaN ma fa
(×10−9) (meV) (×108 GeV)

ρ0 only NN 0.81 21.02 2.71
πN +NN 0.46 11.99 4.75

ρ0/2 only NN 0.93 24.11 2.36
πN +NN 0.42 10.96 5.20

zp were defined earlier. Finally, the total axion energy luminosity is given by

La =

∫
d3r Qa(r) . (5.9)

The enhancement of the axion emission rate due to the pion reaction relative to the

bremsstrahlung calculated in [99] can be gauged from Table IV, where we compare the πN

and NN axion emissivity at different post-bounce times using ambient conditions taken

from the SN model described in [99] at a specific radial location r = 10 km. We estimate the

total axion emissivity La by assuming average values for T and ρ within the region r < 12

km. This is shown in the last column of the Table. We realize that the axion emissivity is

increased by factor of about 4 due to pionic reactions at tpb = 1 s. At later times, the pion

contribution is less important: the total emissivity is only a factor 2 larger than the one

from NN process for tpb = 6 s.

The more stringent bound on the axion mass implied by the larger emissivity can be
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estimated using an observation made by Raffelt [96] who found that, for

Qa

ρ
> 1019 erg g−1 s−1 , (5.10)

simulations predicted a significant shortening of the SN 1987A neutrino signal. The axion

emissivity is typically calculated at a fiducial density ρ = ρsat, T = 30 MeV, and proton

fraction Yp = 0.3. In Table V we show the bounds derived for the KSVZ axion obtained

using the fiducial densities ρ = ρsat and ρ = ρsat/2 at temperature T = 30 MeV and proton

fraction Yp = 0.3. Since the rates are ∝ m2
a, the factor of 4 enhancement in the rate

strengthens the axion mass bound by a factor 2.

In the DFSZ model, the axion-nucleon couplings are expressed as a function of tan β ≡

vu/vd, which represents the ratio of the two Higgs bosons in the model and is constrained in

the range 0.25 < tan β < 170 [90]. Correspondingly, in this case for ρ = ρsat when including

pions, the axion mass bound is shifted from 9.3 meV < ma < 17.7 meV to 5.8 meV < ma <

10.9 meV.

We caution the reader that, while this simple estimate captures that trend and the relative

importance of the pion reaction, detailed SN simulations with pions will be needed to derive

a robust bound.

We also remark that in the mass range of interest axions are not trapped in the SN core.

This can be shown by calculating the mean free path for this process. Following [10], we

obtain

l−1
π =

ḡ2
aNπ

4m4
N

(
gA

2Fπ

)2
ρ2YpYπ
T

(5.11)

in the non-degenerate limit for nucleons and pions, neglecting the pion mass and the multiple

nucleon scattering effect. The first approximation is reasonable in the region around the SN

core; the other two approximations are conservative since that would only reduce the mean

free path. For typical SN conditions, the mean free path results lπ ∼ (ḡaN/10−9)−2 105 km.

This finding confirms that axions are in the free-streaming regime for ḡaN < 10−7.

In addition to increasing the total axion emissivity, the reaction involving pions produces

axions with a harder energy spectrum. This is to be expected as these reactions harness

the rest mass energy of the pion in the initial state. Fig. 18 compares the axion number

luminosity obtained from pionic reactions (solid curve) to those from nucleon bremsstrahlung
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FIG. 18. The number spectra of axions for πN (solid curve) and NN (dashed curve) processes for

our benchmark axion model at a post-bounce time tpb = 1 s.

(dashed curve) for our benchmark axion model at a post-bounce time tpb = 1 s.

The larger axion energies, especially axions in the range 200− 300 MeV are particularly

interesting for detection in neutrino underground experiments. This is because at these

energies we expect a resonant enhancement of the axion-nucleon cross section due to the ∆

intermediate state. These high energy axions can produce neutral and charged pions in water

Cherenkov detectors due to the reactions a+p→ p+π0, a+p→ n+π+, and a+n→ p+π−.

The operator structure that describes axion coupling to nucleons is nearly identical to the

pion-nucleon coupling, but with fπ replaced by fa. This observation has been used earlier

to suggest that the cross section for the reaction a+ p→ N + π, σaN ' (Fπ/fa)
2σπN where

σπN is the cross section for π0 + p → p + π0 [114]. In the resonance region, which can be

accessed when the axion energy Ea ' 200− 300 MeV, the cross-section σπN ≈ 100 mb. For

fa = 109 GeV (ma = 5.7 meV), an order of magnitude estimate obtained using the axion

luminosity in Table IV suggests that about 1000 pions will be produced in a megaton water

Cherenkov detector for a SN at 1 kpc.
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5.3. Axion production in supernova simulations

With the recent advances in the modelling of core-collapse SN, which now allow the in-

clusion of muons as degree of freedom and to treat 6-species Boltzmann neutrino transport

schemes [1, 136], it becomes possible to study novel high-energy astro-particle physics phe-

nomena. Besides muons the next heavier degrees of freedom to consider are the pions. These

bosons exist as charge neutral π0 and as charged π±. Pions are one of the key messengers

in the context of heavy-ion collisions (for a recent comprehensive review see Ref. [137]),

which makes them one of the best studied particle degrees of freedom. The role of pions in

neutron stars has been studied for a long time, particularly in relation to the emergence of

a pion condensate. However, in the context of core-collapse SN, only the core-collapse SN

simulations of Ref. [138] included pions in the equation of state (EOS). Recently, the classi-

cal neutron star EOS of Akmal, Pandharipande and Ravenhall, denoted as APR [41, 139],

was extended to finite temperatures and arbitrary isospin asymmetry applying a Skyrme

functional model, prepared for astrophysical applications [140]. Pions are included through

the phase transition to a neutral pion condensate at supersaturation density. This results

in a softening of the EOS. As was pointed out in Ref. [26], an even greater impact on the

high-density EOS emerges already below saturation density when considering the contribu-

tions from strongly-interacting pions, giving rise to the pion self-energy. The resulting pion

yields can be comparable to those of muons, depending on the nuclear EOS. In this article

we employ this formalism, based on the virial EOS featuring pion-nucleon scattering phase

shifts, and study the appearance of pions in simulations of the PNS deleptonization.

The inclusion of pions in the EOS allows us to describe, for the first time, the full impact

of axions on the SN evolution in a self-consistent way. For axions coupling to nucleons, the

most widely studied mechanism for axion production in a SN core is the nucleon-nucleon

bremsstrahlung, N + N → N + N + a [99, 121, 141–144]. Due to the efficient energy loss

through axions, the above process contributes to the shortening of the neutrino emission from

a core-collapse SN. Quantitatively, this time reduction is parameterized by axion-nucleon

coupling [145]. The current bound on the axion-nucleon coupling has been revisited [99], with

improved nucleon-nucleon bremsstrahlung rates for the axion emissivity taking into account

leading-order medium modifications. Furthermore, in the context of core-collapse SN, there

is a second competing process for the emission of axions, which has long been omitted,
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namely the emission of axions from Compton pionic processes, π−+p→ n+a [120, 128, 146].

This process has been reviewed recently in the context of strongly-interacting pions under

the conditions of hot neutron stars [118]. It leads to the conclusion that the previous

assumption of the dominating axion emission from nucleon-nucleon bremsstrahlung over

those from pions must be relaxed.

In order to quantify the impact of axion losses originating from pions, the present study

implements the associated axion emissivities [118] in simulations of the PNS deleptonization

phase of a core-collapse SN explosion, together with the updated axion emissivities from

nucleon-nucleon bremsstrahlung [99]. Particular emphasis is devoted to the impact of the

shortening of the neutrino emission due to the associated enhanced cooling, and the poten-

tially observable signature at the future-planned Hyper-Kamiokande and presently operating

Super-Kamiokande water-Cherenkov detectors.

5.3.1. Supernova model with pions

The spherically symmetric core-collapse SN model employed in this study, AGILE-BOLTZTRAN,

is based on general relativistic neutrino radiation hydrodynamics [147–150]. It includes an

adaptive baryon mass mesh refinement [151, 152], where for the present study we use 207

radial mass shell grid points. AGILE-BOLTZTRAN has been extended to handle six-species

Boltzmann neutrino transport [136] with the inclusion of the muon abundance, Yµ, as addi-

tional degree of freedom, together with a comprehensive set of muonic weak interactions in

the collision integral of the Boltzmann transport equation [136, 153]). The list of standard,

non-muonic weak processes used here can be found in Table I of Ref. [154], with the charged-

current weak rates, including the (inverse) neutron decay channel, in the full-kinematics

treatment as well as including self-consistently contributions from weak magnetism. The

latter two are particularly important for the PNS deleptonization phase, as was discussed in

Ref. [154]. The neutrino distributions and transport is discretized with 6 momentum angles,

cosϑ ∈ [−1, 1], and 36 neutrino energy bins, Eν ∈ [0.5, 300] MeV, following the setup of

S. Bruenn [155].

AGILE-BOLTZTRAN has a flexible EOS module which can handle a variety of different nu-

clear matter EOS [156–160]. In the present work the DD2 relativistic mean-field EOS with

density-dependent nucleon-meson coupling is employed [161–163], together with the modi-
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fied nuclear statistical equilibrium EOS of Ref. [158] for the description of medium nuclear

clusters, henceforth denoted as HS(DD2). It provides a good description of nuclear satu-

ration properties as well as neutron star configurations, consistent with current maximum

mass constraints from the observations of massive pulsars of about 2 M� [164, 165]. Fur-

thermore, electrons, positrons and photons are treated following Ref. [166], while the muon

EOS is based on a tabulation [136].

The present work extends previous studies of axion emission in core-collapse SN [145],

which exclusively focused on nucleon-nucleon bremstrahlung. Here we add a novel process

of axion emission involving pions [118]. To study self consistently the effects of this process

in the SN evolution, pions have to be included in the SN simulation. Pions have a mass

of mπ0,± = 135(140) MeV and are hence only slightly more massive than muons. Unlike

muons, which are not in chemical equilibrium and hence are exclusively produced from weak

processes under SN conditions, pions are in chemical equilibrium through strong interactions.

Hence, it is not required to solve an evolution equation for the pion abundances, as it is the

case of muons [1, 136]. Instead, their abundances can be calculated from the corresponding

local thermal and chemical equilibrium conditions for a gas of massive and relativistic bosons.

This implies that the pions have a chemical potential, µπ± = ∓µ̂, where µ̂ ≡ µn − µp is the

chemical potential for negative charge, and µπ0 = 0.

Furthermore, pions are subject to strong interactions. At low-density and high tempera-

ture, the virial expansion provides an efficient and model independent approach to include

pion-nucleon interactions. Under these conditions, when the pion and nucleon fugacities are

small, the modification of the pion density and thermodynamics due to their interactions

with neutrons and protons is adequately incorporated through the second virial coefficients,

bnπ2 and bpπ2 , respectively. We employ the methods described in Ref. [26] to calculate these

coefficients using measured pion-nucleon scattering phase-shifts.

To describe reactions involving pions and nucleons, we will need in addition a model for

the pion dispersion relation in the hot and dense medium. We adopt the simple pseudo-

potential model described in Ref. [26] and write the pion energy as

Eπ− =
√
p2 +m2

π− + Σπ−(pπ) , (5.12)

where Σπ−(pπ), is the momentum ppi dependent real part of the pion self-energy. The
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FIG. 19. Momentum pπ dependent pion self-energy for π−, Σπ− , calculated based on the nucleon-

nucleon potential, Eqs. (21)–(22) in Ref. [26], evaluated at a temperature of T = 20 MeV and at

fixed electron and muon abundances of Ye = 0.15 and Yµ = 0.04, as well as two different baryon

densities, at saturation density (solid line) and at one half of saturation density (dashed line).

strength of the pseudo-potential is tuned to ensures that the number densities obtained are

consistent with the virial expansion[26]. The model includes the weakly repulsive s-wave in-

teraction and the strongly attractive p-wave interactions between pions and nucleons. The

latter has the effect of enhancing the π− and proton abundances (see Fig. 2 in Ref. [26] and

make a substantial contribution to the EOS. Since the pion self-energy, Σπ− , use the knowl-

edge of the nucleon’s equilibrium Fermi-Dirac distribution functions, with the associated

nucleon chemical potentials, together with the pion-nucleon potential—see expressions (21)

and (22) in Ref. [26]—it becomes evident that interaction contributions have to be consis-

tent with the underlying nuclear HS(DD2) EOS. The pion self-energies are shown in Fig. 19

for selected conditions relevant for the PNS deleptonization. It becomes clear that their

contributions are indeed significant and cannot be neglected, neither for the calculation of

the pion contributions to the EOS nor for the emission of axions stemming from pions, as



71

1 1.5

0.15

0.2

0.25

0.3

1 1.5

10
-4

10
-3

10
-2

10
-1

1 1.5

10

20

30

0.5 1 1.5 2

70

80

90

100

110

120

130

FIG. 20. EOS comparison, showing the particle yields, Yi, of protons (p) and pions (π−), the total

pressure, P , and the charged chemical potential, µ̂, as a function of the baryon density, ρ, in units

of the saturation density, ρ0, comparing the model with only thermal pions (blue dashed lines)

and with interacting pions (brown solid lines), for the nucleon-nucleon potential (Eqs. (21)–(22) in

Ref. [26]), evaluated at a temperature of T = 20 MeV and fixed electron and muon abundances of

Ye = 0.15 and Yµ = 0.04.

will be discussed further below.

Note that the yields of π+ are strongly suppressed due to the contributions of the Boltz-

mann suppression term, Yπ+ ∝ exp{−µ̂/T}, in comparison to Yπ− ∝ exp{µ̂/T}. A similar

suppression is found for π0, in comparison to π−. Furthermore, we have calculated the self-

energies for π+ which are found to be similar to those of π−, and hence we find that at all

conditions, the abundances of π+ and π0 are indeed negligible.

With the inclusion of pions, the charge neutrality condition is modified. It results in

the following definition of the proton abundance, Yp = Ye + Yµ + Yπ− − Yπ+ , which is one

of the three independent nuclear EOS variables, in addition to temperature and baryon

(or restmass) density. This results in a feedback to the baryon EOS, which is illustrated

in Fig. 20 for a selected temperature of T = 20 MeV, an electron fraction and a muon

fraction of Ye = 0.15 and Yµ = 0.04, lowering the abundance of neutrons and increasing the
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abundance of protons. For the calculation of the pion pressure and energy density, we used

expressions (9) and (10) of Ref. [26].

The question about weak interactions involving pions, i.e. the π− decay and its inverse,

ν̄µ + µ− � π−, and νµ + π− � µ−, has already been addressed in Ref. [26]. Note that the

latter is only possible in the presence of interacting pions, i.e. when Σπ− is large and negative

to ensure energy and momentum conservation. These reactions are competing not only with

the neutral-current scattering processes, as was discussed in Ref. [26], but also with the

muonic charged-current reactions as well as the purely leptonic reaction channels [136, 153],

giving additional contributions to the νµ and ν̄µ opacity accordingly.

The conditions for these weak processes requires a finite abundance of π−. This is the case

at densities in excess of about ρ ' 1013 g cm−3. This, in turn, corresponds to temperatures

fairly above T > 10 MeV during the SN evolution, where the muon-(anti)neutrinos are

trapped entirely [167]. As was found in Ref. [26], these weak processes would contribute

mostly to low muon-(anti)neutrino energies. Hence, it may leave an imprint on the long-

term muon neutrino signal during the later PNS cooling phase, i.e. when the temperature

drops at the PNS surface and the neutrinospheres shifts to higher densities continuously.

Here, for the study of the early PNS deleptonization phase for no more than about 10 s, the

inclusion of weak reactions with pions has a negligible impact on the neutrino emission.

Results from SN simulations which include muons and pions, the latter both non-

interacting and interacting, are presented in section 5.3.3, investigating the impact of muons

and pions on the early PNS deleptonization phase. In comparison with the reference case

without muons and pions, no significant deviation could be found for the models including

muons and pions for the first 20 s of the PNS deleptonization, independent on the treatment

of pions.

The implementation of the axion losses in AGILE-BOLTZTRAN as sink term in the evolution

equation for the internal energy, corresponding to the conservation of energy, is discussed

in Ref. [145]. Here, the same approach is employed and we add to the previously included

axion emission from nucleon-nucleon bremsstrahlung the updated rates as well as those from

pions. Freely streaming axions are assumed. The axion emission rates will be introduced

and discussed in the next section.
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FIG. 21. Axion emissivities, Qa, with respect to the restmass density for fixed electron and muon

abundances of Ye = 0.3 and Yµ = 10−4 as well as for three selected temperatures of T = 10 MeV

(left panel), 25 MeV (middle panel) and 50 MeV (right panel), comparing the bremsstrahlung rates

aNN (thin red dashed lines) and aNN∗ (thin orange dash-dotted lines) as well as axions stemming

from pions aπ (thin green solid lines) and aπ∗ (thick blue dashed lines).

5.3.2. Calculation of axion emission rates in simulation

At present, the process for axion emission in the context of core-collapse SN has long

been the nucleon-nucleon bremstrahlung,

N +N −→ N +N + a . (5.13)

The associated rate expression for the axion emissivity is a complicated high-dimensional

momentum integral, involving the matrix elements with the yet incompletely known axion-

nucleon coupling constant, gaN (c.f. expression (2.2) and (2.6) in Ref. [99] and references

therein). Previously employed simplifications, such as the vacuum one-pion exchange po-

tential to describe the nuclear interactions and the assumption of massless pions, have lead

to a simplified and semi-analytical expression for the axion emissivity [128, 168], henceforth

denoted as aNN . This treatment was previously implemented in simulations of core-collapse

SN [145]. It was found that aNN leads to an overestimation of the axion emission rate [99],

which hence artificially enhances the axion losses in simulations of core-collapse SN. This

caveat has been overcome with updated axion-emission rates derived in Ref. [99], henceforth
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denoted as aNN∗. It includes a substantially improved description of the nuclear inter-

actions, i.e. non-vanishing mass for the exchange pions, contributions from the two-pion

exchange, effective in-medium nucleon masses and multiple nucleon scatterings effects, as

well as the proper phase-space contributions including final-state Pauli blocking terms. The

latter are realized numerically via a 64-point Gauss-quadrature integration. Note that the

same nuclear model has been the foundation for the updated neutrino-pair emission and

absorption rates from N–N bremsstrahlung [169]. Globally, they provide a substantial re-

duction of the axion emissivity with increasing density and temperature. Reference [119]

implements the aNN∗ treatment into the SN model AGILE-BOLTZTRAN, which is reproduced

here. Together with the previously employed simplistic axion emissivity, aNN , this will al-

low us to quantify the impact of the medium modifications from the associated axion cooling

contributions.

Another very efficient axion production mechanism is the pion Compton scattering,

π− + p −→ n+ a . (5.14)

Reactions involving π+ and π0 are also possible but they are strongly suppressed compared

to π− since the abundances of π+ and π0 are negligible, as was discussed in sec. 5.3.1. The

caveat of previous studies of axion emission from pions was the generally too low pion abun-

dance, also for π−, to be compatible with axions from nucleon-nucleon bremsstrahlung [146].

However, the medium-modified suppression of the bremsstrahlung rates lead to the revision

of this argument [118]. The subsequent microscopic axion emission rate allows us to further

support this argument, taking into account the treatment of interacting pions [26]. It results

not only in the substantial enhancement of the pion abundances at high density but also

in an axion emissivity which is compatible to those of the bremsstrahlung processes. The

axion emissivities of Ref. [118] are included into AGILE-BOLTZTRAN, complementary to the

bremsstrahlung rates.

Important here is the treatment of the interacting contributions to the pions consistently

with the underlying HS(DD2) EOS used in the simulations. Therefore, the computation of

the axion emissivity for the process (5.14) implements the pion dispersion relation (5.12),

including the momentum dependent pion selfenergies (see Eq. (5.12) and Fig. 19). The axion

emissivity through pion processes is henceforth denoted as aπ, in the case of vanishing pion
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TABLE VI. Summary of the different supernova simulations including the references to the various

treatments for the calculation of the axion emissivity.

Label N +N → N +N + a π− + p→ n+ a
ref. run (section 5.3.3) — —
aNN vacuum one-π exchange,

mπ = 0 [128, 145, 168]
—

aNN∗ improvements according to
Ref. [99]

—

aNN∗ + aπ “ ” rates according to Ref. [118]
with Σπ = 0

aNN∗ + aπ∗ “ ” “ ”
with Σπ according to Ref. [26]

interactions where we set Σπ− = 0, and as aπ∗ in the general case of interacting pions.

Figure 21 compares the axion emissivity, denoted as Qa, which is the rate devided by the

restmass density and hence reflects the asymptotic behavior at low density which is propor-

tional to the number density of targets, i.e. the abundance of π− for the axions stemming

from process (5.14) and NN pairs for the bremsstrahlung processes (5.13). The latter is

similar as the low-density behavior of the neutrino pair production from nucleon-nucleon

bremsstrahlung processes (see Fig. 3 in Ref. [170]). Guided by the previously revisited con-

straints for the axion-nucleon coupling constant [99], we choose here gap = 1.2 × 10−9 and

gan = 0 for the calculations of the axion emissivities for the reactions (5.13) and (5.14), since

the same axion-nucleon coupling gives rise to the axion emission for the bremsstrahlung pro-

cesses and the pion conversion. We will employ the same values for the coupling constants

in the SN simulations, which will be discussed below in Sec. 5.3.4. Here, we compare the

different treatments aNN and aNN∗ for several temperatures, T = 10 MeV (left panel),

25 MeV (middle panel) and 50 MeV (right panel). From this analysis it becomes evident

not only the strong temperature dependence of this axion emission process but also the

substantial overestimation of the axion emissivity for the simplified treatment aNN . It is

important to note that the different axion emissivities depend on the nuclear EOS, for which

we use for the HS(DD2) EOS for all calculations and SN simulations.

Fig. 21 compares the bremsstrahlung rates with the axion emissivity from Compton pionic

processes, for aπ (thin solid green lines) and aπ∗ (thick blue dashed lines). There are several

observations: (i) at low temperatures there is no significant axion emission, neither from

bremsstrahlung nor stemming from pions, (ii) the overall low-density behavior reflects the
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FIG. 22. Radial profiles of selected quantities, fractions of electrons (Ye), muons (Yµ) and pions

(Yπ−), temperature (T ), restmass density (ρ) and the chemical potentials of electrons (µe) and

muons (µµ) as well as the nuclear charge chemical potential (µ̂) at about 1 s post bounce during

the early PNS deleptonization phase.

limiting dependence on temperature of the pion abundance, (iii) the match between aπ and

aπ∗ at low density as strongly interacting pions divert into non-interacting pions, and (iv) the

substantial enhancement of the emissivity for aπ∗ in comparison to aπ at a density in excess

of ρ ' 1014 g cm−3, dominating the axion emission from pions over those of bremsstrahlung,

however, only at high temperatures.
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FIG. 23. The same as Fig. 22 but at about 7 s post bounce.

5.3.3. PNS deleptonization with muons and pions

A comparison is presented here for the simulations of the PNS deleptonization phase,

comparing the following four different setups: (i) without muons and without pions, hence-

forth denoted as (no µ, no π), (ii) including muons and associated muonic weak processes but

without pions, (µ, no π), (iii) with muons and non-interacting pions (no µ and π), and (iv)

with muons and interacting pions following Ref. [26] (µ and π∗). The discussion about the

implementation of the pions is given in Sec. 5.3.1, concerning both treatment for interacting

and non-interacting pions. All simulations are based on the six-species Boltzmann neutrino
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FIG. 24. Evolution of the neutrino luminosities and average energies sampled in the co-moving

frame of reference at 500 km, comparing the simulations without muons and without pions (black

lines) and including muons but no pions (grey lines), muons and non-interacting pions (blue lines) as

well as muons and interacting pions (brown lines). All simulations employ the six-species neutrino

transport scheme.

transport scheme of AGILE-BOLTZTRAN [136]. The standard set of weak reactions used here

is listed in Table I of Ref. [154], including the corresponding references. Furthermore, we

use the fully inelastic charged-current electronic and muonic rates of Ref. [153]. The latter

include self consistent contributions of weak magnetism.

The SN simulations are launched from the 18 M� progenitor from the stellar evolution

series of Ref. [171]. It has been evolved through all SN phases self consistently. Since the

present focus is on the PNS deleptonization, and since neutrino-driven SN explosions cannot

be obtained in spherical symmetry for this class of iron-core progenitors, we enhance the

charged-current electronic weak reaction rates in the gain layer, applying the procedure

introduced in the Refs. [152, 167]. It results in an explosion onset at about 350 ms post

bounce, defined when the SN bounce shock reaches a radius of about 1000 km. Note that at

that stage the enhancement of the charged-current weak rates is turned off and the standard
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FIG. 25. Evolution of selected central quantities during the PNS deleptonization of the reference

simulation including muons and associated muonic weak processes. Left panel: central temperature,

Tcentral (thick solid line), in comparison to the maximum temperature, max(T ) (thin solid line),

and central density, ρ (dashed line). Middle panel: electron and muon abundances, Ye (thin dash-

dotted line) and Yµ (thin solid line), and the net neutrino abundances for νe (thick dash dotted

line) and νµ (thick solid line). Right panel: chemical potentials for muons, µµ (thick solid line),

electrons, µe (thin dash-dotted line), and µ̂ (thin dashed lin).

weak rates setup is used again. The remnant PNS contain about 1.54 M� of baryonic mass.

Figure 24(a) shows the resulting evolution of the neutrino luminosities and Fig. 24(b)

shows the average energies, sampled in the co-moving frame of reference at a radius of

500 km. The simulations of the early PNS deleptonization phase, up to about 10 s post

bounce, which include muons and associated muonic weak reactions [136, 153], show a

negligible deviation from the reference setup without muons. This is attributed to two facts:

(i) the early PNS deleptonization phase is governed by neutrino losses at the PNS surface

where the neutrinospheres for all flavors are located, still at moderately low densities on

the order of < 1013 g cm−3, while muons are abundant at higher densities, and (ii) the

abundance of muons is generally too low to leave a notable impact on the softening of the

high-density EOS. We report that only at later times, > 10 s post bounce, muons start to

impact the PNS deleptonization and cooling, by means of an accelerated PNS compression.

A second set of simulations focuses on the role of pions. The latter are in thermal and

chemical equilibrium. Note that only π− are considered; π+ and π0 are strongly suppressed.
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Here we consider non-interacting pions, which obey the standard thermal bosonic distribu-

tion, and interacting pions following Ref. [26]. The latter gives rise to a non-trivial pion dis-

persion relation featuring the pion selfenergy. The inclusion of non-interacting pions leaves

a negligible impact on the early PNS deleptonization phase, for the same reasons (a) and (b)

for muons aforementioned, and moreover, because the abundance of non-interacting pions is

lower, by more than one order of magnitude, than the abundance of muons. The situation

changes only marginally when considering interacting pions, whose abundance reaches, and

even exceeds, those of the muons at the center of the PNS. However, their overall impact

on the PNS structure and evolution during the early, about 1–10 s, PNS deleptonization

remains negligible. An impact on the neutrino fluxes and spectra could not be found.

It is interesting to note that towards later times during the PNS deleptonization, on the

order of 20–30 s, when the central temperature starts to decrease the simulation enters the

cooling phase (see the left panel in Fig. 25). Relatedly, the central net neutrino abundance of

the electron flavors starts to decrease. Furthermore, not that only after that, the chemical

potentials of muons approaches the one of the electrons (see the right panel of Fig. 25),

i.e. weak equilibrium will only be established at post bounce times greater than 30 s when

µµ ' µe.

5.3.4. PNS deleptonization with axions

The previous section contained a comparison of the PNS deleptonization with muons

alone and in addition with pions with an overall negligible impact on the PNS structure

and evolution of the neutrino luminosities and average energies. Here, we report about

simulations of the PNS deleptonization including axions. We distinguish five different SN

simulation setups: (i) the reference model without axions, (ii) including axion emission from

only nucleon-nucleon bremsstrahlung at the vacuum one-pion exchange level employing the

axion rates of Ref. [145], denoted as aNN and including all the improvements of Ref. [99]

denoted as aNN∗, then further (iii) aNN∗ plus axions stemming from non-interacting and

(iv) interacting pions, henceforth denoted as aπ and aπ∗, respectively. Table VI summarizes

these different setups, including the labels used throughout the manuscript and the references

for the different treatments concerning the calculations of the axion emissivity. Note that

all simulations include muons and the associated muonic weak interactions, according to
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Ref. [136].

Furthermore, having evolved our SN simulations consistently through all SN phases, we

were able to assess that the axion losses do not have a significant impact prior to the

SN explosion onset. Though axions are begin produced already slightly after core bounce

from both channels (5.13) and (5.14), mainly because the material is shock heated as the

bounce shock propagates outwards reaching temperatures on the order of 10 MeV, the ax-

ion luminosities remain negligible, on the order of at most 1 − 2 × 1050 erg s−1 for the

bremsstrahlung (depending only slightly on the treatment of the rates, aNN or aNN∗) and

1−10×1049 erg s−1 for axions from pions, and are thus significantly below those of the neu-

trinos. During the post-bounce evolution, the continuous increase of the central density and

temperature, due to the mass accretion onto the bounce shock from the still infalling mate-

rial of the stellar progenitor, leads to the continuous rise of the axion luminosity. However,

the axion luminosities never reach values compatible to those of the neutrinos and remain

below 1051 erg s−1 for both bremsstrahlung and pion rates. Furthermore, the axion losses

are dominated by bremsstrahlung processes during the post-bounce evolution. This is asso-

ciated with the still generally low abundance of pions obtained during the entire post-bounce

evolution, similar to those of muons. The finding that axion losses are negligible during the

SN post-bounce evolution prior to the SN explosion onset is consistent with previous studies

(cf. Ref. [145] and references therein).

The situation changes after the SN explosion onset, i.e. when the SN shock is accelerating

to increasingly larger radii and when the central PNS enters the deleptonization and later

Helmholtz cooling phase.

First, we consider the role of axion losses from bremsstrahlung processes (5.13). With

the axion treatment aNN , at about 1 s post bounce differences are small compared to the

reference simulation without axions (see Fig. 22). However, already at about 5 s post bounce

the axion emission causes the PNS deleptonization evolution to accelerate in comparison

to the reference case. The result is an enhanced deleptonization and hence compression

of the PNS, featuring lower peak temperatures and a higher central density. However, the

comparison of these results with the updated axion emissivity, aNN∗, clearly states a strong

overestimation of the axion losses with respect to the simplified bremsstrahlung rates, aNN .

The improved rates, aNN∗, leave a substantially weaker impact on the PNS deleptonization,

as illustrated in Fig. 22 and 23 at two selected times during the PNS deleptnoization. Note
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FIG. 26. Evolution of the ν̄e and axion luminosities, Lν̄e and La, as well as the average neutrino

energies 〈Eν〉 for all neutrino species (here we represent the heavy neutrino flavors collectively as

νx = νµ), sampled in the co-moving frame of reference at 500 km. For the axion luminosities we

distinguish axions from nucleon-nucleon bremsstrahlung (5.13) (NN) and axions stemming from

pion (π) processes (5.14).

the substantially slower deleptonization, given by a slower temperature drop, for aNN∗ in

comparison to aNN .

Consequently, the axion luminosity for aNN is substantially higher than for aNN∗ by

nearly one order of magnitude, as illustrated in Fig. 26. The associated accelerated PNS

compression and cooling results in a shortening of the neutrino emission timescale. In turn,

the neutrino luminosities and average energies of all flavors are reduced as soon as axion

losses become significant. For the sake of simplicity, in Fig. 26 we show only the neutrino

luminosity for ν̄e, as those are the most relevant ones for possible detection prospects through

the inverse β-decay, e.g., at the Super-Kamiokande detector [172]. The magnitude of the

reduced neutrino emission timescale depends on the magnitdue of the axion emissivity; high
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rates, aNN , result in a more sever shortening which is substantially less pronounced for the

updated and reduced rates, aNN∗. Note that the latter neutrino fluxes and average energies

are nearly indistinguishable to the reference case without any axion losses, during the early

PNS evolution.

Note further that since the nucleon-nucleon bremsstrahlung rates have a strong tempera-

ture dependence, their impact starts to decrease as the PNS interior cools (here, after about

5–10 s), the axion luminosity from bremsstrahlung drops and its impact on the enhanced

cooling becomes negligible. After that, the PNS evolution is entirely governed by neutrino

losses.

The inclusion of axion losses stemming from pions accelerates further the cooling of the

PNS interior. Since shortly after the SN explosion onset the abundance of pions increases

rapidly, the associated axion luminosity rises too. This is illustrated in Figs. 22 and 26 for

the non-interacting pions (solid green lines), for which we set the pion selfenergy to zero.

Since the axion luminosity from bremsstrahlung processes remains similar as for the simula-

tion without pions included, also the impact on the PNS structure remains comparable (c.f.

the central density at 7 s post bounce in Fig. 23). Only the central temperature is somewhat

lower, indicating the additional impact from axion losses at the PNS interior from pions.

Consequently, also the impact on the neutrino luminosities and average energies is compa-

rable to the setup without axion losses stemming from non-interacting pions (see Fig. 26).

The situation changes substantially when considering interacting pions (blue dashed lines

in Figs. 22 and 23). The significantly higher abundance of π− results in an enhanced ax-

ion luminosity, which, in turn, leads to an accelerated PNS cooling. This is illustrated via

the significantly lower temperatures at the PNS interior already at about 7 s in Fig. 23.

Correspondingly, the faster PNS compression leads to higher central densities. However,

the faster temperature drop feeds back to a faster drop of the pion abundance, which still

exhibits a strong temperature dependence. Hence, also the axion luminosities drop faster as

illustrated in Fig. 26 (blue dashed lines), and the impact from axion losses on the neutrino

emission terminates earlier than for the case with non-interacting pions (solid green lines).

Nevertheless, the lower neutrino luminosities obtained together with the reduced average

neutrino energies, in particular during the early PNS deleptonization phase, at about 2–5 s,

may leave interesting prospects for the neutrino detection. In particular we find that the lu-

minosity power law, L ∝ t−1 exp{−(t/τ)α} [173] with characteristic cooling timescale τ and
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parameter α ' 2.5, changes substantially. This is illustrated when considering the quantity

t ·Lν in Fig. 26, which indicates that when considering additional losses, the neutrino losses

cannot be considered constant. The latter is the case only for the standard reference setup,

during the early PNS deleptonization phase up to about 10 s post bounce.

5.3.5. Observable signatures

In this Section we discuss the possible observable signatures of axion emission in SN, espe-

cially focusing on the case of pionic processes. A first study considering only bremsstrahlung

processes was presented in Ref. [100], which we follow closely. In the following, we will show

how the modification of the SN neutrino signal, due to the emission of axions, would affect

the observable neutrino signal in large underground detectors. For definiteness we focus

on the future-generation Hyper-Kamiokande water Cherenkov detector, planned in Japan

with a fiducial mass of 260 kton [174]. When needed, we will also show, for comparison,

results from the current Super-Kamiokande neutrino detector, for which we assume a mass

of 32 kton.

The neutrino event rate, Ne, at Earth can be expressed symbolically as follows [175],

Ne = Fν ⊗ σe ⊗Re ⊗ ε , (5.15)

where the neutrino flux at Earth is convoluted with the interaction cross section, σe, in

the detector for the production of an electron or a positron, as well as the energy-resolution

function, Re, of the detector and the detection efficiency, ε. The threshold of the experiment

is Eth = 5 MeV. For simplicity, in the following we will neglect the effect of energy-dependent

features. Moreover we assume ε = 1 above the threshold.

Concerning the detected neutrino fluxes, notably they are affected by peculiar flavor

conversion effects. Their characterization is far from being settled due to peculiar effects in

the SN interior, associated with neutrino–neutrino interactions and with matter turbulence

(for a review about SN neutrino oscillation effects, see Ref. [176]). Furthermore, we are

mostly interested in the PNS deleptonization phase (t & 1 s) after which the spectra of

all neutrino flavors become increasingly similar [167], which in turn reduced the impact of

flavor conversions on the observable signal. Therefore, for simplicity, we will neglect also
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FIG. 27. Count rate in each log-time bin for ν̄e in the Hyper-Kamiokande (left scale) and Super-

Kamiokande detectors (right scale) due to the inverse-beta interaction for the different scenarios

discussed in sec. 5.3.4. The vertical error bars show the Poisson uncertainties on the counts in

Hyper-Kamiokande and the horizontal error bars show the bin widths.

these effects, assuming un-oscillated neutrino spectra at Earth.

Water-Cherenkov detectors are mostly sensitive to SN electron antineutrinos through the

inverse beta decay process, ν̄e + p → n + e+, which we characterize from Ref. [177]. In the

following, we assume a fiducial SN at a distance d = 10 kpc.

In Fig. 27 we show the ν̄e event rate in the Hyper-Kamiokande detector (left scale) due

to the inverse-beta interaction for the different scenarios discussed in sec. 5.3.4 (see Fig. 26).

For comparison, the right scale refers to the events rate in the Super-Kamiokande detector.

In particular, following [173] we adopt a log scale for the time-axis, choosing 10 equal-

width bins per factor of ten in time. Indeed, using a logarithmic time-axis, one can use

the following algebraic relation, dA/dt = dA/d lnt = (2.3)−1dA/d log10t. Therefore, Fig. 27

shows ∆N = (2.3)−1dN/d log10t. We see that in the reference run without axion emission

(black line), the behavior of ∆N is rather constant with time, for the interval considered

here. Including axion emission from bremsstrahung process in the aNN treatment, would

cause a fast drop already at t & 2 s, leading to a reduction by a factor of about two of the

signal at t ∼ 7 s. The updated bremsstrahlung rate aNN∗ has a considerably reduced impact

and the complete run becomes nearly indistinguishable from the reference one. Differences

become visible only at t & 4 s, reducing the signal by a factor of about 1.2 with respect to
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FIG. 28. Positron spectra in the Hyper-Kamiokande (left scale) and Super-Kamiokande detectors

(right scale) in selected time ranges, between 1− 2 s (upper panel) and 2− 7 s (bottom panel) for

the models discussed in sec. 5.3.4.

the reference case. If we now include the pionic process, the drop of the neutrino event rate

becomes dramatic, being evident with respect to the reference case already at about t & 1 s.

In the case of non-interacting pions aπ the final reduction of the signal is comparable to

what is obtained with aNN bremsstrahlung process. However, the drop of the signal is

faster at early times. Including interacting pions, aπ∗, features an even more dramatic drop

of the event rate at early times, resulting in a reduction by a factor of 3 at t ∼ 7 s with

respect to the reference case.

Figure 28 shows the detectable positron spectra for the different models considered, in-
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tegrating the signal in two time-windows, namely t ∈ [1; 2] s (upper panel) and t ∈ [2; 7] s

(lower panel), respectively. We see that at early times the effect of axion emission is marginal

in the case of only bremsstrahung processes, regardless of weather the rate is corrected

(aNN∗) or not (aNN). On the other hand, in the presence of pionic processes the sup-

pression of the positron spectrum already shows a reduction of a factor about 1.6 at the

peak with respect to the reference case, for the interacting pion scenario aπ∗. In the second,

later time window the effect of the suppression of the positron spectrum is more remarkable,

except in the case of aNN∗, which remains nearly indistinguishable in comparison to the

reference case. On the other hand, we find a reduction of the peak of the spectrum of a

factor of about 3 in the case of interacting pions aπ∗.

A further signature of the axion emission would be the impact on the SN binding energy,

EB, carried by neutrinos. Note that the axion emission would lead to a reduction of the

SN binding energy. This effect is illustrated in Fig. 29, where we show the evolution of the

energy carried away to infinity by neutrinos of all flavors (top panel) and axions, distin-

guishing bremsstrahlung processes (middle panels) and pionic processes (bottom panel), for

the different scenarios discussed above. Note that the early and sudden rise of the energy

carried by neutrinos is due to the contributions from the stellar core collapse, bounce and

early post-bounce phases prior to the SN explosion onset, during which all simulations are

identical and during which we did not find any impact from the inclusion of axions.

We realize that in the case of bremsstrahlung processes the energy carried by axions rises

continuously, as indicated by the slowly increasing temperature at the PNS centre where

most axions are being produced from bremsstrahlung processes. When the temperature

starts to decrease, the axion emissivity decreases simultaneously, which is the case at around

5 s for aNN and only at around 10 s for aNN∗. The total energy carried away is similar for

aNN and aNN∗, however, both of their magnitudes, 8×1052 erg and 4×1052 erg respectively,

are much lower than that of neutrinos, i.e. neutrinos dominate the losses during the PNS

deleptonization phase. In particular, the weak feedback for aNN∗ leaves nearly no difference

notable in the energy carried away by neutrinos, in comparison to the reference case.

Contrarily, in the case of pionic processes a substantially larger fraction of the binding

energy, comparable to the energy carried by neutrinos, is carried by axions already at early

times. However, the associated rapid cooling contributions lead to a fast reduction of the

PNS interior temperature, which in turn result in a faster drop of the axion emissivity.
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FIG. 29. Evolution of the SN binding energy carried by neutrinos (upper panel) and axions due to

nucleon-nucleon bremsstrahlungs processes (middle panel) and stemming form pions (lower panel),

for the scenarios discussed in Sec. 5.3.4.

Hence, the process of energy loss through axions stemming from pionic processes ceases much

earlier compared to the case of from bremsstrahlung processes. Consequently, the impact

on the total energy carried by neutrinos is small, a factor of about 1.3 at 7 s. The total

energy carried away by neutrinos and axions is listed in Table VII, evaluated at about 20 s

post bounce for the different simulations. While for the axion losses the asymptotic values

have been reached within the first 7 s after bounce, for the neutrino losses we extrapolate
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TABLE VII. Total energy carried away by neutrinos, Lν , and axions, La, evaluated at a post-

bounce time of 20 s.

Model Eν ENN
a Eπ

a

[1053 erg] [1053 erg] [1053 erg]
ref. 2.2 — —
aNN 1.8 0.88 —
aNN∗ 2.0 0.58 —
aNN∗ + aπ 1.7 0.29 0.79
aNN∗ + aπ∗ 1.5† 0.06 0.81

†: asymptotic values extrapolated assuming monotonously decreasing neutrino luminosities
for all flavors beyond 7 s post bounce evolution

assuming monotonously decreasing neutrino luminosities of all flavors.

What is described above are all indirect signatures of the axion effects in a SN. However,

a direct detection of SN axions is perhaps also possible. To explore this intriguing possi-

bility, in Fig. 30 we show the axion spectrum, integrated over the entire PNS profile, for

the bremsstrahlung and pionic processes, distinguishing non-interacting pions and strongly

interacting pions, evaluated at different post-bounce times. Two features are clearly visible

in the pion-induced axion spectrum: i) the energy threshold at the pion mass and ii) the

energy peak at ∼ 150–200 MeV. Both features can be understood from the kinematics of the

process (5.14). Assuming equal mass of protons and neutrons, it is evident that the minimal

axion energy corresponds to the minimal pion energy, hence with its mass. This is true also

when the pion interactions are turned on, and the pion dispersion relation is corrected with

Σπ− (cf. Eq. (5.12) and Fig. 19). The higher threshold moves also the peak energy to higher

values with respect to the bremsstrahlung process.

Notice also that the modified dispersion relation (5.12), with Σπ− becoming increasingly

more negative at large momenta, which in turn makes it more expensive to increase the

pion energy. Since the axion energy in the reaction (5.14) is controlled by the pion energy

(the nucleons are much heavier), this reflects in a narrower axion spectrum when the pion

interactions are turned on (Σπ− 6= 0). This feature is clearly evident in the spectra in Fig. 30

(cf. the green line, which shows the axion spectrum for non-interacting pions, with the blue

dashed line, for which the interactions are turned on).

It is also apparent that at early times, when the PNS is still hot and rather dilute

with large radii, the axion spectra can have extended tails up to 1 GeV. It was estimated

in Ref. [118] that for a close-by SN, i.e. d . 1 kpc, and a Mton-class water Cherenkov
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FIG. 30. Normalized axion emission spectra for nucleon-nucleon bremsstrahlung processes (light

red dash-dotted lines) and for axions stemming from non-interacting pions (solid green lines) and

interacting pions (thick blue dached lines), at different post-bounce times 1 s (top panel), at

5 s (middle panel) and at 7 s (bottom panel), corresponding to the SN simulations discussed in

sec. 5.3.4.

underground detector, this axion burst would be detectable through the processes, a+N →

N + π, giving an unexpected signal of O(103) pions during a SN emission. The detection
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of this pionic signal, together with a rapid drop of the neutrino signal, would be a strong

evidence for the axion emission via pionic processes.

5.3.6. Summary of results from supernova simulation with updated axion emission

Results are reported from simulations of the PNS deleptonization phase of core-collapse

SN, launched from a progenitor of 18 M� [171], where in addition to the neutrinos, axions

and the associated energy losses are considered. The SN simulations are based general

relativistic neutrino radiation hydrodynamics in spherical symmetry, employing six-species

Boltzmann neutrino transport. The restriction to spherical symmetry is justified for the PNS

deleptonization phase of a core-collapse SN, since the compact central remnant PNS obeys

spherical symmetry. The description of approximate convection can be implemented in such

spherically symmetric models [178]. All present simulations include muons as additional

degree of freedom, and the associated muonic weak processes [136, 153].

In a first step, updated nucleon-nucleon bremsstrahlung rates for the axion emissivity are

considered [99]. These yield a substantial reduction of the previously reported shortening of

the neutrino emission timescale [145], which adopted the simplified bremsstrahlung vacuum

rate expressions based on the one-pion exchange approximation. In a second step, the

inclusion of pions enables us to extend the previous studies including axions stemming from

pions. This novel channel has long been omitted, due to the shortcoming of a generally

negligible pion abundance. Considering interacting pions, however, relaxes this argument.

Then, the inclusion of axion cooling from this channel significantly shortens the timescale of

neutrino emission as a direct feedback, in comparison to the case when only bremsstrahlung

processes are considered.

The resulting SN simulation neutrino signals are then further analysed with respect to

the detection prospects at the future-planned Hyper-Kamiokande and presently operating

Super-Kamiokande water-Cherenkov detectors. We find that the sudden drop of the count

rate implies the presence of additional, non-standard energy losses, that could be related

with axions originating from pions due to Compton processes, if occurring during the early

phase of detection.

Furthermore, according to the recent study of Ref. [179], a measurement of the binding

energy of less than 1.5 × 1053 erg carried by neutrinos, would be strong evidence for the
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presence of exotic energy-losses. It would be otherwise incompatible with SN models for

different neutron star mass and EOS. An experiment like Hyper-Kamiokande has the po-

tential to measure the total neutrino energy with an accuracy of few % [180], allowing us to

diagnose with accuracy the presence of an additional energy-loss.

Note that the uncertainty due to the elastic approximation, i.e. zero nucleon recoil,

implemented for the calculation of the emissivity of axions stemming from pions, is unlikely

to alter the findings of the present work. Even though this gives rise to a sharp cut of the

rate given by the pion rest mass, the high-energy tail of the axion spectrum dominates the

phase space integrals and hence the axion emissivity.

It is important to note that all these results, as well as those reported in Ref. [136], with

a negligible impact of muons and associated muonic weak processes during the SN bounce

and early post-bounce evolution, are based on the HS(DD2) relativistic mean-field EOS. It

represents a stiff nuclear model at densities in excess of saturation density.

These findings, e.g., the negligible impact from the inclusion of muons and pions reported

here, may alter when adopting a softer nuclear EOS, i.e. when higher central densities are

encountered (see Refs. [1, 102, 160] and the left panel of Fig. 25 in section 5.3.3). This

yet-incompletely understood aspect remains to be explored in a more systematic fashion.

Besides the uncertainty of the EOS in terms of bulk properties, there are other aspects that

are likely to affect the signal proposed here, e.g., impact of the EOS on the neutrino opacity,

PNS convection and fall back. All this remains to be explored in a systematic fashion.

We note further that magnetic fields are not considered here, due to the restriction to

spherical symmetry. The magnetic field can be large at the interior of PNS [181, 182], which

is usually associated with magneto-rotationally driven SN explosions [183, 184], giving rise

to the formation of magnetars—an observationally known class of highly magnetized neutron

stars with surface magnetic field on the order of 1015 Gauss. This is still an active subject

of research, in particular regarding the development of jets in the context of core-collapse

SNe [185, 186], especially the magnitude of the initial progenitor magnetic field strength

and the possible amplification during the SN evolution. Furthermore, it is expected that

strong magnetic field affect the emission of axions [187, 188]. An interesting possibility is

the possible mixing of the axions with photons [189], for which it has been demonstrated

recently that the axion mixing with the photon longitudinal mode is suppressed for light

axions due to the electron degeneracy [190]. The only possibility is the mixing with the
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photon transverse mode which requires the photon mass to match the axion mass. Hence,

in the present study we consider light axions for which the mean free path is large compared

to the PNS radius, even in the presence of large magnetic fields. Revisiting the impact

of magnetic fields in details would extend beyond the scopes of the present study, which

identifies possibly observable signatures during the PNS deleptonization, that originate from

enhanced cooling contributions associated with axion emission. We postpone the full study

of magnetic fields impact on SN axions to a future work, which must include self-consistently

the effect of magnetic fields not only on the axion emission but also on the PNS structure

and the associated neutrino emission.

6. S-WAVE PION CONDENSATION IN NEUTRON STARS: A REAPPRAISAL

Bose-Einstein condensation of pions in dense nuclear matter was studied extensively in the

1970s. In pioneering work, Sawyer and Scalapino proposed the idea that pion condensation

might lower the energy of dense nuclear matter at high density [36, 191, 192]. In subsequent

years, several authors studied its manifestation and implications for nuclei and neutron

stars in some detail using simple models for the pion-nucleon interaction [35, 38, 39, 193–

197]. Pion condensation occurs at low temperatures when the energy to produce a pion

is less than its associated chemical potential. Earlier work has addressed the possibility of

condensation of negatively charged pions in neutron stars because the chemical potential for

negative charge, which we denote throughout as µ̂, increases with density, and is typically

in the range 100− 300 MeV in the neutron star core. In the absence of interactions, a pion

condensate with zero momentum will occur when µ̂ ≥ mπ, where mπ ' 140 MeV is the mass

of the pion. However, repulsive s-wave interactions between π− and neutrons were shown

to increase the pion energy in neutron stars and were believed to disfavor condensation of

zero-momentum pions. Consequently, most early studies of the π− condensation addressed

the possibility of realizing a condensate at finite momentum. The strongly attractive p-

wave interaction between pions and nucleons was shown to favor condensation of pions with

momentum kπ ' mπ and lead to a non-uniform ground state [195]. In the 1980s, more

sophisticated model-dependent analyses including many-body corrections and correlations

between nucleons at short-distances found that even p-wave condensation may not be robust

at the densities encountered in neutron stars (for a comprehensive review see [198]).
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In this article we revisit s-wave pion condensation in neutron star matter, and explore

whether the s-wave repulsion is large enough to robustly preclude pion condensation. This

study is primarily motivated by the fact that Chiral Perturbation Theory (χPT) now affords

a more systematic approach to study pion-nucleon interactions than the methods used in

the 1970s, and by the observation that pion condensation in the density interval 1 − 3

nsat, where nsat = 0.16 nucleons/fm3 is the nuclear saturation density, can have important

consequences for the neutron star structure and cooling. In particular, condensation’s impact

on the equation of state (EOS) can alter the radius of a canonical neutron star with mass

M ' 1.4 M�, and its impact on the proton fraction can influence neutron star cooling (for

a recent review see [199]).

In this section, we explore the possibility of s-wave π− condensation in neutron stars by

adopting and improving upon the systematic calculations of the pion self-energy in dense

asymmetric nuclear matter using χPT outlined in Refs. [45, 200]. We focus on s-wave

condensation and defer a study of p-wave condensation for several reasons. First, the p-

wave interaction between pions and nucleons is stronger and more complex because of the

∆−resonance, and the perturbation theory we employ here will be inadequate. Second,

measurements of energy levels of pionic atoms constrain the predictions of χPT for the

s-wave pion self-energy at baryon density nB . nsat and finite isospin asymmetry [200].

The material in this section is organized as follows. In Section 6.1 we describe our two-

loop χPT calculation of the pion self-energy in asymmetric dense matter. In Section 6.2

we present a parametric model adequate to account for the strong interactions of nucleons

and study the model’s effect on the pion self-energy. We also calculate in Section 6.2 the

critical density for s-wave condensation and determine its sensitivity to model parameters.

In Section 6.3 we calculate the equation of state of dense nuclear matter containing a pion

condensate and study its implications for neutron stars. Finally, in Section 6.4 we provide

a brief summary of our findings and discuss some of its limitations.

6.1. π− self-energy in neutron-rich matter

The energy of a negatively charged pion at rest in dense nuclear matter, denoted by ωπ− ,

is obtained by solving

ωπ− =
√
m2
π + Π(ωπ−) , (6.1)
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where Π(ωπ−) is the self-energy of a zero-momentum pion due to its strong interactions.

To calculate Π(ωπ−) we will need a description of pion-nucleon, pion-pion, and nucleon-

nucleon interactions. Chiral Perturbation Theory offers a systematic framework to describe

pion-pion and pion-nucleon interactions at low energies. This effective field theory organizes

all operators consistent with chiral symmetry as a derivative expansion, and is expected

to be reliable when the pion and nucleon momenta and energies are much smaller than

Λ ' 4πfπ ' 1 GeV, where fπ = 92.4 MeV is the pion decay constant.

The energy and momentum scales relevant to our calculation are set by the pion energy

ω = µ̂ ' mπ, and the nucleon momentum kF ' (3π2nB)1/3 ' 330(nB/nsat)
1/3 MeV, re-

spectively. When these are small compared to Λ, χPT can be used to calculate the pion

self-energy. In what follows we calculate Π(ωπ−) by retaining terms up to order k5
F and

ω2
π− . For this purpose, it is adequate to work with the following heavy-baryon Lagrangian

[34, 201]

Lπ = L(0)
ππ + L(0)

πN + L(1)
πN + L(1)

πNN , (6.2)

where the superscript denotes the Chiral dimension ∆ = d + 1
2
n − 2; here d is the number

derivatives and/or insertions of the pion mass, n is the number of nucleon field operators,

and the subscript specifies the particle fields involved.

Interactions between pions at leading order are given by

L(0)
ππ =

f 2
π

4
〈∂µU∂µU † + χ+〉 . (6.3)

Here, the pion fields are contained in

U = exp

 i

f

 π0
√

2π+

√
2π− −π0

 ,

χ+ = m2
π(U + U †), and the symbol 〈·〉 denotes a trace over flavor degrees of freedom.

Interactions between pions and nucleons at leading order are given by

L(0)
πN = N̄

(
iv ·D + gAu · S

)
N , (6.4)
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where vµ is the four-velocity of the nucleon field, gA = 1.267 is the axial-vector coupling

constant, and where the following symbols are defined:

ξ2 = U

Dµ = ∂µ +
1

2
[ξ†, ∂µξ]

uµ = i(ξ†∂µξ − ξ∂µξ†)

Sµ =
i

2
γ5σ

µνvν

σµν =
i

2
[γµ, γν ] .

Seven operators contribute to the Lagrangian at next-to-leading order (NLO) [201], however

we display here only those operators contributing to the self-energy of a zero-momentum

pion in the absence of external fields:

L(1)
πN = N̄

(
c1〈χ+〉 −

c2

8M2

(
〈uµuν〉{Dµ, Dν}+ h.c.

)
+
c3

2
〈u2〉

)
N . (6.5)

Here the ci’s are low-energy constants (LEC’s). Pions also couple to a two-nucleon current

at NLO. This interaction is described by

L(1)
πNN =

D

2

(
N̄N

) (
N̄ u · S N

)
. (6.6)

The LEC D is typically decomposed as

D =
cD
f 2
πΛχ

, (6.7)

where Λχ ' 700 MeV is the chiral symmetry breaking scale. The interaction in Eq. 6.6 con-

tributes to the three-nucleon force, and the cD has been determined using the triton binding

energy and the neutron-deuteron doublet scattering length [202]. Its value is sensitive to

the regularization scheme and the choice of the momentum cut-off. For momentum-space

cut-offs between 500− 600 MeV, cD falls in the range −1− 4 [202].

The Feynman diagrams contributing to the pion self-energy at two-loop order are shown

in Fig. 31. Kaiser & Weise [45], and Kolomeitsev, Kaiser & Weise [200] have calculated the

contributions due to the diagrams labelled (ld), (d̃s), (ph), and (cr). The diagram labelled
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(ld) (d̃s) (ds) (ph)

( ˜pw) (pw) (ce) (gp)

(cd) (cr)

FIG. 31. Feynman diagrams that contribute to the pion self-energy. Solid-lines represent nucleons,

dashed-lines represent pions. There are several types of vertices: the Weinberg-Tomozawa inter-

action vertex is un-decorated, the dot represents the pion-nucleon axial vertex, the hatched-box

represents T-matrix insertions, the open-box is the pion coupling to two nucleons, and the cross-dot

indicates a short-distance nucleon-nucleon interaction.

(ld) includes contributions linear in the nucleon density, and is given by

Πld(ωπ−) = = T−(ωπ−)
(k3

Fn − k3
Fp)

3π2
− T+(ωπ−)

(k3
Fn + k3

Fp)

3π2
, (6.8)

where kFn and kFp are the neutron and proton Fermi momenta and where T−(ωπ−) &

T+(ωπ−) are the off-shell s-wave isospin-odd and isospin-even scattering amplitudes, respec-

tively. The isospin-odd amplitude, up to order ω3
π, is given by

T−(ωπ−) =
ωπ−

2f 2
π

+
γω3

π−

8π2f 4
π

−
ω2
π−Q

8π2f 4
π

(
ln

[
ωπ− +Q

mπ

]
− iπ

2

)
, (6.9)

where Q =
√
ω2
π− −m2

π, γ = π2g2
Af

2
π/M

2 + ln [2Λ/mπ], and where Λ is chosen such that the

empirical value T−(mπ) = 1.85 fm is obtained. The leading term of T−, first predicted by

Weinberg and Tomozawa [203, 204], is remarkably close to the empirical value, and Chiral

Perturbation Theory converges rapidly. In contrast, the convergence of T+(ωπ−) is known

to be poor. Up to order ω3
π, it is given by

T+(ωπ−) =
σN − βω2

π−

f 2
π

+
3g2

Am
3
π

16πf 4
π

+
3g2

AmπQ
2ζ

64πf 4
π

+ i
ω2
π−Q

8πf 4
π

, (6.10)
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where σN = −4c1m
2
π − 9g2

Am
3
π/64πf 2

π is the pion-nucleon sigma term [205] and β = −2(c2 +

c3) + g2
A/4M . In Ref. [200] the low-energy constant c1 is chosen to reproduce σN ' 45± 15

MeV, the range probed by phenomenological and lattice calculations [206, 207], and the

combination c2 + c3 is determined by the empirical value T+(mπ) = 0. The parameter ζ en-

codes the freedom associated with choosing the interpolating pion field. Its value is scheme

dependent and affects other low-energy constants in the χPT and needs to be fixed by fits to

data. In Ref. [200], the authors set ζ = 0 to ensure that the residue at the pole of pion prop-

agator in vacuum is one. However, these choices introduce systematic uncertainties because

the convergence of the χPT expansion for T+(ωπ−) is not well-understood. To incorporate

this uncertainty, and assuming that Q2 � m2
π, we rewrite the scattering amplitude as

T̃+(ωπ−) = − σ̃

f 2
π

Q2

m2
π

, (6.11)

where σ̃ ' σN , is treated as model parameter with values in the range 40− 80 MeV. Later,

we will use constraints on the π− optical potential in 208Pb to justify this choice.

The contribution from the 2-loop diagram labelled d̃s accounts for double-scattering due

to the Weinberg-Tomozawa interaction and is given by

Πd̃s = =
ω2
π−

3(4πfπ)4
(L(kFn, kFn, Q) + L(kFp, kFp, Q) + 2L(kFn, kFp, Q)) ,

(6.12)

where

L(kFp, kFn, Q) = 4kFnkFp(3(k2
Fn + k2

Fp) +Q2) + 8Q(k3
Fn − k3

Fp) ln
Q+ kFn − kFp

Q− kFn + kFp

− 8Q(k3
Fp + k3

Fn) ln
Q+ kFn + kFp

Q− kFn − kFp

+ (3(k2
Fp − k2

Fn)2 + 6Q2(k2
Fp + k2

Fn)−Q4) ln
(kFp − kFn)2 −Q2

(kFp + kFn)2 −Q2
.

(6.13)

for ωπ− > mπ. The diagram labelled (ds) includes higher order contributions to double-

scattering. This contains contributions up to order ω3
π− that were included in the off-shell
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scattering amplitudes T+ and T− defined earlier. Including these contributions, we find that

Πds = =
1

192π4

[
Tnn(ωπ−)2L(kFn, kFn, Q) + Tpp(ωπ−)2L(kFp, kFp, Q)

+Tnp(ωπ−)2L(kFn, kFp, Q)
]
, (6.14)

where Tnn(ωπ−) = T+(ωπ−) − T−(ωπ−), Tpp(ωπ−) = T+(ωπ−) + T−(ωπ−), and Tnp(ωπ−) =

−
√

2T−(ωπ−).

The particle-hole diagram (labelled (ph) in Fig. 31) contains the contribution due to the

axial current interaction between nucleons and pions. Since the pion momentum is zero, its

contribution appears as relativistic correction suppressed by the factor v2
F = k2

F/M
2 , and is

given by

Πph(ωπ−) = = −g
2
Aωπ−

f 2
π

(
k5

Fn − k5
Fp

10π2M2

)
. (6.15)

This diagram is also suppressed in systems with small isospin asymmetries. For these rea-

sons, Πph is relatively unimportant in the analysis of pionic atoms [200]. However, as we

demonstrate later, this diagram makes a relevant contribution to the pion self-energy in

neutron stars.

The 2-loop diagram labelled (pw) includes the attractive p-wave pion-nucleon interaction

in the intermediate state. In Fig. 31 we only show one of several possible intermediate

states. Others are obtained by connecting the p-wave vertex to the lower Fermion line and

by switching the location of the Weinberg-Tomazawa vertex. The intermediate pion can be

either neutral pion or a charged pion. We have calculated the contribution from all of these

diagrams, and their sum is given by

Πp̃w(ωπ−) =
∑

=−
(
ωπ−

2f 2
π

)(
g2
A

2Mf 2
π

)[
2
{
I(ωπ− ; kn, kn)− I(ωπ− ; kp, kp) +K(ωπ− ; kn, kp)

}
+
{
I(0; kn, kn)− I(0; kp, kp) +K(0; kn, kp)

}]
(6.16)

where the sum indicates a sum over all possible arrangements of the Weinberg-Tomozawa
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and dotted vertices, and where I and K are given by the following integrals

I(ω;A,B) =

∫
d3ld3k

(2π)6
θ(A− l)θ(B − k)

(l − k)2

(l − k)2 +m2
π − ω2 − i0+

,

K(ω;A,B) =

∫
d3ld3k

(2π)6
θ(A− l)θ(B − k)

2(l2 − k2)

(l − k)2 +m2
π − ω2 − i0+

. (6.17)

We provide useful formulae to calculate I & K in the appendix.

It is straightforward to include higher-order ωπ− terms contributing to the (pw) diagram.

The net effect of inserting further pion-nucleon vertices is to replace the WT vertex by the

off-shell amplitudes, as was obtained in Eq. 6.14 for the double-scattering contribution. This

also allows for the incorporation of the isospin-even contributions, and we find

Πpw(ωπ−) =
∑

=− 2T−(ωπ−)

(
g2
A

2Mf 2
π

)[{
I(ωπ− ; kn, kn)− I(ωπ− ; kp, kp) +K(ωπ− ; kn, kp)

}
+

1

2

{
I(0; kn, kn)− I(0; kp, kp) +K(0; kn, kp)

}]
+ 2T+(ωπ−)

(
g2
A

2Mf 2
π

)[
I(ωπ− ; kn, kn) + I(ωπ− ; kp, kp)− I(ωπ− ; kn, kp)

]
.

(6.18)

where again the sum indicates a sum over all possible arrangements of vertices.

The contributions due to diagrams labelled (cr) have also been calculated and are found to

be negligibly small (the analytic expressions can be found in Ref. [200]). We have calculated

the contribution due to the diagram (ce) and find that its contribution is also negligible. We

therefore neglect both in our analysis.

The contribution to the self-energy due to the two-nucleon current L(1)
πNN is

Πcd(ωπ−) = 2× = −gAcDωπ
−

f 4
πΛχ

(
k3

Fn + k3
Fp

3π2

)(
k5

Fn − k5
Fp

10π2M2

)
, (6.19)

and appears at order k8
Fωπ− . At this order, other diagrams contribute that we are not

including. We retain this diagram only to study the sensitivity to higher order corrections

and to the low-energy constant cD.

Th pion self-energy at two-loop order is obtained by summing over the individual contri-
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butions

Πtot(ωπ−) = Πld(ωπ−) + Πds(ωπ−) + Πph(ωπ−) + Πpw(ωπ−) + Πcd(ωπ−) . (6.20)

At the typical densities and isospin asymmetries encountered inside nuclei, the most relevant

contributions are due to the terms linear in density and the double-scattering diagram. For

example, for kFn = 280.5 MeV and kFp = 243 MeV which approximately correspond to the

ambient conditions in the central regions of 208Pb, the individual contributions from the

diagrams are listed in Table VIII. The numerical values in the table are obtained by setting

ωπ− Πld/2mπ Πds/2mπ Πph/2mπ Πpw/2mπ Πcd/2mπ

mπ 8.8 MeV 7.5 MeV −0.96
MeV

−0.76
MeV

−0.16
MeV

165 MeV 23.0 MeV 9.5 MeV −1.14
MeV

−1.3 MeV −0.18
MeV

TABLE VIII. Contributions from the individual diagrams to the pion self-energy at kFn = 280.5

MeV and kFp = 243 MeV. We have used σ̃ = 60 MeV, and cD = 1.

σ̃ = 60 MeV, and cD = 1. Since Πld and Πds make the dominant contributions, below we

shall use pionic atom data to constrain the range for the parameter σ̃ defined in Eq. 6.11.

Experimentally measured energy levels of pionic atoms provide useful constraints on the

π− optical potential in neutron-rich heavy-nuclei such as Pb. In the local density approx-

imation, the optical potential at the center of the pionic atom is related to the local pion

self-energy : Vs = Πtot(ω − VC , kFn, kFp)/2ω, where ω = mπ − B, B is the binding energy,

and VC is Coulomb potential at the center of the nucleus, and kFn, kFp are the local neutron

and proton Fermi momenta, respectively [200]. Phenomenological fits to data suggest that

the s-wave component of the π−optical potential at the center of 208Pb, which we denote as

Vs(
208Pb), is in the range 28± 3 MeV [208, 209].

In Table IX we present our results for the optical potential for several values of σ̃ obtained

using our two-loop calculation of the π− self-energy. These values are obtained by assuming

σ̃ 40 MeV 50 MeV 60 MeV 70 MeV 80 MeV
Vs(

208Pb) 24.1 MeV 26.0 MeV 27.9 MeV 29.7 MeV 31.6 MeV

TABLE IX. S-wave optical potential at the center of 208Pb. Pionic atoms data indicate that

Vs ' 28± 3 MeV [209].

that at the center of 208Pb, the baryon density nB = 0.16 fm−3, and the proton density
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np = 0.063 fm−3. We also assumed that B ' 7 MeV for the 1S state, and VC ' −29 MeV.

From Table IX we can conclude that experimental constraints on the π− optical potential

require σ̃ to be the range 45 − 75 MeV. We note that if one assumes that σ̃ ≈ σN , recent

analysis of pion-nucleon scattering data that favor σN ' 60 MeV [210] is contained in our

range for σ̃.

6.2. Symmetry energy and π− condensation in neutron star matter

Dense matter in neutron stars is electrically neutral and in equilibrium with respect to

weak interactions. To ensure this, the electron chemical potential µe = µ̂ increases with

density and acts as a source for negatively charged particles. π− condensation becomes

energetically favorable when µe ≥ ωπ− , and the critical density, nc, for the second-order

phase transition is determined by solving

µe(nc) =
√
m2
π + Πtot(µe(nc)) . (6.21)

The discussion in the preceding section showed that the pion self-energy depends sensitively

on the pion energy and on the individual Fermi momenta of neutrons and protons. The rate

at which µe increases with density plays a crucial role in determining nc and is sensitive to

interactions between nucleons. It is largely determined by the nuclear symmetry energy

S(nB) = E(nB, x = 0)− E(nB, x = 1/2) , (6.22)

where E(nB, x) is the energy per baryon at baryon density nB and proton fraction x = np/nB.

Microscopic calculations and fits to phenomenological models indicate that the energy per

particle at arbitrary proton fraction is well-approximated by

E(nB, x) ≈ E(nB, x = 1/2) + S(nB)(1− 2x)2 , (6.23)

since higher order terms in the expansion have been found to be small, even for x � 1/2

[211]. In this case, the electron chemical potential in neutron star matter is

µe(nB) = 4S(nB)(1− 2x)2 . (6.24)
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The proton fraction x also increases with density, and is calculated self-consistently to ensure

electric charge neutrality, i.e., ne + nµ = np, where ne = (µ2
e − m2

e)
3/2/3π2, and nµ =

(µ2
e −m2

µ)3/2/3π2 when µe > mµ, are the electron and muon number densities, respectively.

Recently, there has been much interest in determining the density dependence of the

symmetry energy. Despite progress in both theory and experiment, this dependence remains

poorly known at densities reached in neutron stars. In the vicinity of nuclear saturation den-

sity, S(nB) impacts nuclear structure. Nuclear masses, measurements of the neutron-skin

thickness, and the electric-dipole polarizability of neutron-rich nuclei such as 208Pb provide

useful constraints on S0 = S(nsat). Its density dependence is characterized by the param-

eter L = 3nsat (dS(nB)/dnB)nB=nsat
[31]. Until recently, experiments, when combined with

theoretical models, suggested the empirical range S0 = 32± 2 MeV and L = 50± 15 MeV.

Theoretical calculations using nucleon-nucleon interactions determined by χEFT predict S0

and L compatible with this empirical range. For example, a recent calculation that combines

many-body perturbation theory (MBPT) and Bayesian estimates for the truncation errors

predicts S0 = 31.7± 1.1 MeV and L = 59.8± 4.1 MeV [212]. However, the recent measure-

ment of the neutron-skin thickness of 208Pb using parity violating electron scattering imply

larger values: S0 = 38.1± 4.7 MeV, and L = 106± 37 MeV [213, 214].
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FIG. 32. Experimental and theoretical constraints on the density dependence of the nuclear sym-

metry energy. Predictions of the parametrization in Eq. 6.25 is shown in the left panel and the

predictions of the parametrization in Eq. 6.26 is shown in the right panel .
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The symmetry energy at higher density can be accessed in heavy-ion experiments, but

is not presently well-determined [215]. At nB ' 1.5 nsat, a recent analysis by Estee et al.

of charged pion yields from intermediate-energy heavy-ion collisions suggest that S(nB =

1.5nsat ± 0.5nsat) = 52 ± 13 MeV [216]. Earlier studies by Russoto et al. of heavy-ion

collisions at GSI indicate that S(nB ≈ 2nsat) = 50± 7 MeV [217].

Theoretical calculations of the EOS using potentials derived from χEFT also provide

useful constraints on the symmetry energy in the interval 1− 2 nsat. Quantum Monte Carlo

calculations by Lonardoni et al., using local χEFT potentials, predicts S(1.5nsat) ≈ 37 ± 5

MeV and S(2nsat) ≈ 46 ± 11 MeV [218]. In [219], Lim and Holt use MBPT to predict

S(2nsat) ≈ 49± 12 MeV, and Drischler et al. combine MBPT and Bayesian estimates of the

χEFT truncation errors (but neglect errors associated with low energy constants) to predict

S(2nsat) ≈ 45± 3 MeV [212]. These constraints are shown in Fig. 32.

The density dependence of the symmetry energy is typically written as expansion about

nB = nsat:

S(u) = S0 + L

(
u− 1

3

)
+
Ksym

2!

(
u− 1

3

)2

+
Qsym

3!

(
u− 1

3

)3

, (6.25)

where u = nB/nsat, and the parameters S0, L, Ksym, and Qsym are chosen to ensure compat-

ibility with experimental constraints. However, because the parameters Ksym and Qsym are

poorly constrained, the predictions of Eq. 6.25 at nB & 2nsat vary over a wide range. This

is illustrated in the left panel of Fig. 32, which shows a large variation at high density for

Ksym in the range −200 MeV to 50 MeV. For this reason, Eq. 6.25 is not a useful expansion

for nB & 2nsat.

In this study we instead adopt a simple ansatz for the symmetry energy, defined by the

function

S̃(u) =
2S2u

2 + u
, (6.26)

which depends on a single parameter S2 – the symmetry energy at nB = 2nsat. This is

a convenient choice because, as shown below, the symmetry energy at nB ' 2nsat plays

a critical role in pion condensation. From the right panel of Fig. 32 it is clear that S2 in

the range 45 − 60 MeV satisfies all existing constraints. The high value S2 = 60 MeV is

compatible with the large S0 and L predicted by PREX and is implied by the heavy-ion data,
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the S2 ' 50 MeV is compatible with the empirical range, and the low value S2 = 45 MeV

is in reasonable agreement with the χEFT predictions made in Ref. [212]. This variation,

as we shall show below, is adequate to draw useful conclusions about pion condensation at

nB . 3nsat.

The calculation of the pion self-energy presented in the preceding section neglected short-

distance interactions between nucleons and assumed that the energies of nucleons were un-

altered by the medium. The energy difference between neutrons and protons can be quite

large in dense matter, however. It is important to include this energy difference in calculat-

ing the pion self-energy because it alters energy denominators associated with diagrams that

include an intermediate neutron-proton particle-hole state. A consistent approach to include

this effect would be based on Chiral Effective Field Theory (χEFT )[34], as it systematically

accounts for short-range interactions along with interactions mediated by pions. However,

the predictive power χEFT for nB & 2nsat is not well understood because truncation errors

can grow rapidly at these densities (see Ref. [220] for a recent review). For this reason,

we will defer to later work a study of pion condensation in which both pion-nucleon and

nucleon-nucleon interactions are described systematically, and in what follows we describe

a phenomenological model that will suffice to perform a parametric study.

The model we adopt is based on a mean field description of nuclear interactions. It is

characterized by just two key parameters: the nuclear symmetry energy and the nucleon

effective mass. In general, the strength of phenomenological, short-range interactions in

mean field models are chosen to reproduce nuclear masses, and bulk properties of matter

such its energy density, pressure, and susceptibilities. A common feature of mean field

models is the modification of the single-particle nucleon energies due to their coupling to

the mean field generated by other nucleons in the medium. In a large class of these models,

the neutron and proton energies are given by

En(p) = p2/2Mn + Σn

Ep(p) = p2/2Mp + Σp , (6.27)

respectively. Here Σi=n,p are the mean field energy shifts and M i=n,p are nucleon effective

masses of neutrons and protons in the medium. The mean field energy shift and the effective

masses depend on the baryon density and the isospin asymmetry. Further, if for simplicity
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one neglects the difference between neutron and proton effective masses and assumes that

Mn = Mp = M , the difference between neutron and proton mean field energies can be

directly related to nuclear symmetry energy. The beta equilibrium relation µn − µp = µe,

where µn and µp are the neutron and proton chemical potentials, allows us to write

δΣ = Σn − Σp = µe −
(
k2

Fn − k2
Fp

2M

)
, (6.28)

where µe = 4S(nB)(1−2x), kFn = (3π2nB(1−x))1/3 and kFp = (3π2nBx)1/3 are the neutron

and proton Fermi momenta, respectively.

Using nucleon propagators that include mean field energy shifts and a common nucleon

effective mass M , we have calculated the pion self-energy discussed in the previous section.

We find that it only affects those diagrams that contain both neutron and proton interme-

diate states. In particular, the diagrams in Fig. 31 labelled (ph), (pw), and (cd) are the only

ones changed, and the modification is to multiply the corresponding expressions (defined in

Eqns. 6.15, 6.18, and 6.19) by the dimensionless factor

ξ(ωπ−) =
ωπ−

ωπ− − δΣ
, (6.29)

and to make the substitution M → M . The factor ξ(ωπ−) can resonantly enhance the

contribution from these diagrams when ωπ− ' δΣ. At the condensation threshold when

ωπ− = µe, the multiplicative factor

ξ(µe) =
µe

µe − δΣ
=

2Mµe
k2

Fn − k2
Fp

, (6.30)

depends on the nuclear symmetry energy and nucleon effective mass.

Small energy denominators modify power counting: the diagram labelled (ph), which

originally contributed at O(k5
Fµe) now contributes at at O(k3

Fµ
2
e); the diagram labelled

(pw), which originally contributed at O(k6
Fµe) now contributes at O(k4

Fµ
2
e); and the dia-

gram labelled (cd), which originally contributed at O(k8
Fµe) now contributes at at O(k6

Fµ
2
e).

Crucially, in neutron-rich matter, these enhanced diagrams are attractive.

The contributions from the individual diagrams to the pion self-energy is shown in Fig. 33.

We plot the normalized self-energy, defined by δω = Π(µe)/2mπ, as it provides a rough
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FIG. 33. Contributions to δω = Π(µe)/2mπ due to the individual diagrams. Here we have chosen

σ̃ = 60 MeV, S2 = 50 MeV, and α = 7%.

estimate of the energy shift of pions due to interactions. The symmetry energy defined in

Eq. 6.26 is used with S2 = 50 MeV. In our parametric study, the density dependence of the

nucleon effective mass is given by

M = M

(
1− α nB

nsat

)
, (6.31)

and we vary the parameter α in the range 0− 0.1 to explore the range predicted by micro-

scopic calculations [221, 222]. In Fig. 33 we have used α = 0.07.

The large cancellation between repulsive and attractive contributions over a wide range

of baryon density in Fig. 33 is one of our main findings. Previous studies, especially those

that focused on p-wave pion condensation, concluded that s-wave pion condensation was

unlikely because only repulsive contributions were considered. These contributions, due

to the diagrams labelled ld and ds, scale approximately as k3
Fnµe and k4

Fnµ
2
e, respectively.

Alternatively, the attractive contributions, from diagrams labelled ph and pw, scale as k3
Fnµ

2
e

and k4
Fnµ

2
e, respectively. Although a comparison between the terms of different order in the

figure suggests that χPT remains useful for nB . 3nsat, due to large cancellations, higher-

order terms can play an important role. For example, at nB = 3nsat the cd diagram, which

contributes at order k6
Fnµ

2
e, makes a contribution that is about a factor of 5 smaller than the
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FIG. 34. Energy of a pion at rest in neutron star matter. Here we take σ̃ = 45, 55, 65 MeV, S2 = 50

MeV, and α = 7%. The electron chemical potential is also shown as the dotted line. The critical

density for condensation occurs when µe(nB) =
√
m2
π + Πtot(µe(nB)) and corresponds to the point

at which the curves intersect.

leading-order contribution for cD = 1, but its magnitude is nonetheless comparable to Πtot.

In Fig. 34 we plot m∗π =
√
m2
π + Πtot(µe) as a function of nB for σ̃ = 45 MeV, 55

MeV, and 65 MeV, using fiducial values S2 = 50 MeV and α = 0.07. The electron chemical

potential µe is also shown (dotted curve), and the condensation condition Eq. 6.21 is fulfilled

when the curves intersect. Notice that the critical density increases rapidly from 2.2 nsat to

3.4 nsat when σ̃ is changed from 45 MeV to 65 MeV. In general, we find that the quantity

δ2 = µ2
e −m∗2π , (6.32)

which is a measure of the proximity to condensation, is small compared with µ2
e over a

wide density interval: nB = 2nsat − 4nsat. This implies that even small variations in the

model parameters and higher-order diagrams can have a large impact on the critical density,

especially when σ̃ > 60 MeV.

This sensitivity to small changes in the model parameters is quantified in Fig. 35. Con-

tours of constant critical density nc = 2nsat and nc = 3nsat in the σ̃ − S2 plane are shown

in the left panel. The critical density as a function of σ̃ for various values of cD and the

symmetry energy parameter S2 = 50 MeV are shown in the middle panel, and for S2 = 60
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FIG. 35. Contours of constant critical density in the S2 − σ̃ plane for α = 0, 0.05, 0.1, and cD = 1

(left panel). In the middle and right panels, we show the critical density as a function of σ̃ for

various values of cD and the symmetry energy parameter S2 = 50 MeV (middle panel) and S2 = 60

MeV (right panel).

MeV are shown in the right panel. The results in Fig. 35 can be summarized as follows:

� For large symmetry energy, i.e., S2 & 55 MeV, the critical density for condensation

nc . 3nsat. At these lower densities, we expect our χPT -based calculation to be

reliable, and condensation is robust with respect to small changes to other parameters.

� When the energy dependence of the isospin scattering amplitude is weak, i.e., σ̃ . 50

MeV, nc . 3nsat and condensation is robust with respect to small changes to other

parameters.

� A modest reduction in the nucleon effective mass with increasing density and positive

values for the coupling cD favor condensation and lower the critical density.

� Condensation at nB . 3nsat is unlikely if the symmetry energy is small, i.e., S2 < 45

MeV, and σ̃ > 60 MeV.
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6.3. Implications for Neutron Stars

Properties of the pion-condensed state have been discussed in earlier work [40, 192, 195],

here we highlight unique properties of the s-wave pion-condensed ground state that have

been previously overlooked. The discussion in the preceding section suggests that s-wave

pion condensation is likely in the density interval 2nsat − 3nsat if the symmetry energy

S(nB) & 55 MeV at these densities. The sensitive cancellation between large repulsive and

attractive contributions also implies that the energy shift of pions is small and positive, and

is typically in the range 10− 50 MeV for σ̃ ' 45− 60 MeV. As we show below, this small,

positive shift implies the number density of pions in the condensed state will be small, as it

will be regulated by both repulsive self-interactions and interactions with nucleons.

6.3.1. EOS and Neutron Star Structure

To construct a model for the equation of state of neutron star matter with a pion con-

densate, we write the free energy density including nuclear interactions as

Ω(µB, µ̂;nB, x, θ) = ΩB + Ωππ + ΩBπ + Ωe + Ωµ , (6.33)

where

ΩB = εB(nB, x)− µBnn − (µB − µ̂)np , (6.34)

is the free energy density of the baryons, and

εB(nB, x) =
3

5

k2
F

2m
nB + V (nB) + nB(1− 2x)2S(nB)

is the energy density of asymmetric nuclear matter with baryon density nB and proton

fraction x. Here kF = (3π2nB/2)1/3, V (nB) is the potential energy of symmetric nuclear

matter, and S(nB) is the symmetry energy defined earlier.

Ωπ is the free energy of the pion condensate, which includes interactions between pions

described by the Lagrangian in Eq. 6.3. It can be calculated in the mean field approximation
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[42, 46] by assuming that the charged pion condensate is a spatially uniform classical field

〈π−〉 =
fπ√

2
θe−iµ̂t, (6.35)

where θ is real and characterizes the amplitude, and the time-dependence in equilibrium is

determined by the charge chemical potential [193]. Using Eq. 6.3 we obtain the free energy

of this classical field

Ωππ = −f 2
π

µ̂2

2
sin2 θ + 2m2

πf
2
π sin2 θ

2
. (6.36)

The contribution to the free energy due to the interactions between nucleons and the pion

field, can be calculated straightforwardly when the condensate amplitude is small. We find

that it is given by

ΩBπ = ReΠtot(µ̂, kFn, kFp)
f 2
πθ

2

2
, (6.37)

where Πtot(µ̂, kFn, kFp) is the pion self-energy defined in Eq. 6.20, and kFn = (3π2nB(1−x))1/3

and kFp = (3π2nBx)1/3 are the neutron and proton Fermi momenta. Note that Eq. 6.37 in-

cludes quantum fluctuations as the self-energy contains important 2-loop contributions. A

calculation that would incorporate higher-order θ−terms into ΩBπ requires a proper treat-

ment of the mixing between neutron and proton states induced by the axial current inter-

actions. This is tedious and we defer its calculation to future work. Fortunately, the result

in Eq. 6.37 will suffice because we shall find θ to be small.

Electrons and muons are treated as non-interacting Fermi gases and their free energies

are given by

Ωe =
1

π2

∫ kFe

0

dkk2
(√

k2 +m2
e − µ̂

)
, Ωµ =

1

π2

∫ kFµ

0

dkk2
(√

k2 +m2
µ − µ̂

)
, (6.38)

where kFe =
√
µ̂2 −m2

e and kFµ =
√
µ̂2 −m2

µ for µ̂ > mµ, and kFµ = 0 for µ̂ ≤ mµ. The

ground state is obtained by minimizing the free energy with respect to nB, x and θ, and by

enforcing electric charge neutrality. This requires that ∂Ω/∂nB = 0, ∂Ω/∂x = 0, ∂Ω/∂θ = 0,

and ∂Ω/∂µ̂ = 0. At given µB, the state variables nB, x, θ, and µ̂ are obtained by solving
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FIG. 36. Resulting value of the θ parameter within a model with constant effective pion mass

which is set such that condensation occurs at twice nuclear density. An approximation to the value

of θ is shown by the dash-dotted line.

these four equations simultaneously. We find that

θ ≈
√

2δ

µ̂
, (6.39)

where δ =
√
µ̂2 −m∗2π , and m∗2π = m2

π+Πtot(µ̂, kFn, kFp) as defined earlier in section 6.2. For

the range of parameters considered in this study we find that θ . 1 in the pion-condensed

phase and this approximate formula is adequate to describe the evolution of the condensate

amplitude. The evolution of the value of theta along with the approximation given in

Eq. 6.39 is shown in Fig. 36 for comparison.

As an approximation to the full pion energy, we use a model with a constant effective

pion mass. This model does not take into account the complex dependencies of the self-

energy on u, x, and µ̂, but, given the relatively small changes to the pion energy over a

large range of densities, seen in Fig. 34, it gives us a sufficiently accurate model of a second-
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FIG. 37. Evolution of the charge chemical potential, µ̂, parameter as a function of density. The

onset of pion condensate abruptly slows µ̂’s increase with density, subsequently limiting the total

number of pions that can appear.

order phase transition to the condensate phase. This model allows us to analyze the effect

of the pion condensate on the equation of state without needing to take into account the

full complexities of the self-energy. We fix the constant effective pion mass such that pion

condensation occurs at nB = 2nsat. This is the model used to create Fig. 36, 37, and 38.

The pressure associated with pions, including their interactions with nucleons, given by

Pπ = −(Ωππ + ΩBπ) ≈ f 2
πδ

4

2µ̂2
, (6.40)

is negligibly small compared with the pressure due to baryons because δ2 � µ̂2. In the

left plot of Fig. 38 we show the charged particle fractions in dense matter calculated for

the scenario in which the symmetry energy parameter S2 = 60 MeV. The results in Fig. 38

are for the scenario in which pion condensation occurs at nB = 2nsat. As expected, since

the pion condensate furnishes negative charge, the proton fraction in the electrically neutral

ground state increases with the amplitude of the pion condensate. The addition of the pions
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as a source of negative charge means the necessary electron fraction to maintain a neutral

state is lower. Figure 37 shows how the charge chemical potentials’ increase is abruptly

slowed by the onset of condensation. This subsequently ensures that the charge chemical

potential is never much greater than the effective pions mass, limiting the number of pions.

The resulting equation of state in the condensed phase is shown in the right plot of Fig

38. However, the change to the baryonic EOS is minimal due to the limited number of

pions which appear, with the most significant change in EOS coming from the change of

the proton fraction. Eq. 6.41 gives the change of the nucleon pressure given a change in

the proton fraction. The overall change to the EOS has only a very small effect on the

mass-radius curve.

∆PN = PN(x+ δx)− PN(x) = −4δx(1− 2x− δx)u2n0
∂S(u)

∂u
(6.41)

It is reasonable to consider if the onset of pion condensation could create a region of

density where the direct Urca process is allowed, potentially leading to faster neutron star

cooling. While the increase in the proton fraction and subsequent decrease of the neutron

fraction do bring the system closer to the direct Urca threshold, the decrease of the electron

fraction, and subsequently its Fermi momentum, undoes much of this. The over all effect of

the pion condensate is to bring the system closer to the Urca threshold but the effect is not

significant enough to push many systems over it.

6.3.2. High-Tc Superconductivity

The ground state with a charged pion condensate is a superconductor and spontaneously

breaks the U(1) electromagnetic gauge symmetry, it also breaks isospin symmetry and parity.

Since superconductivity alters the electromagnetic properties it has important implications

for magnetic fields and their evolution in neutron stars. In early work, Harrington and

Shepard showed that an s-wave charged pion condensate would be a Type II superconductor

when its interactions with nucleons was neglected [223]. In this case, when the magnetic

field exceeds a critical value, it would penetrate the condensate in the form of flux tubes.

We note that in neutron star matter without pion condensation, Cooper pairing between

protons also leads to superconductivity [224]. Its implications for magnetic field structure

and evolution are qualitatively similar, but there is one key difference. The critical tem-
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FIG. 38. Left : Effect of the pion condensate on particle fractions. The dashed lines show particle

fractions of protons, electrons, and muons without any pions while the solid lines show these

particle fractions in addition to the pion’s when a pion condensate is allowed to form. The pions

serve as another source of negative charge, but in doing so decrease the negative charge chemical

potential, µ̂. So while the total number of negatively charged particles has increased, the number

of electrons and muons decreases. The lower-than-expected µ̂ also limits the pion number fraction.

While the proton fraction increases the change is not significant enough to have relevant effects on

the EOS. Right : Equation of state of the model with and without pions given the symmetry energy

parameter, S2, is equal to 60 MeV. The creation of the pion condensate is unable to dramatically

alter the EOS due to the rather small change to the proton fraction. Because the negative charge

chemical potential doesn’t exceed the pion energy by much, the pion density is limited.

perature for proton superconductivity T p
c . 1 MeV is significantly smaller than the critical

temperature for the pion condensate which we estimate to be

T πC ≈
2π

m∗π

(
nπ
ζ(3)

)2/3

' 60

(
mπ

m∗π

)(
nπ

0.025 fm−3

)2/3

MeV , (6.42)

where nπ is the pion density. Eq. 6.42, which assumes that the pion condensate can be ap-

proximated as non-interacting Bose-Einstein condensate, should be viewed as crude estimate

and warrants further work. Nonetheless, it implies that neutron stars with pion condensates

will likely remain in the superconducting state during their birth in core-collapse super-

novae and during neutron star mergers when the temperature T ' 30 − 50 MeV. This is

significant because superconductivity due to pion condensation can impact magnetic field

evolution during neutron star mergers and core-collapse supernovae and their associated
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multi-messenger signatures.

6.4. Conclusions on s-wave pion condensation in neutron stars

In this section we have constructed a model for the self-energy of a pion at rest in a dense

nuclear medium. This model consists of a two-loop calculation of the pion self-energy within

heavy-baryon chiral perturbation theory, which is augmented by in-medium modifications

to the nucleon propagators. These modifications include energy shifts and effective masses

of the nucleons due to interactions with the nuclear medium.

Qualitative changes arise from these slight modifications. In particular, small energy de-

nominators are produced which modify the power counting of Feynman diagrams. Certain

attractive diagrams (in this section denoted Πph, Πpw, Πcd) are promoted and drive down

the pion self-energy. While the model dependence of our study precludes a firm conclu-

sion regarding the existence of s-wave pion condensation in dense, neutron-rich matter, we

believe our results show that condensation is not robustly excluded. This is in contrast

to the historical position, which posits that the repulsion due to the Weinberg-Tomozawa

interaction is sufficient to robustly prevent pion condensation.

We performed a parametric study of our self-energy which revealed several general trends.

First, high symmetry energies, small “sigma terms”, and small nucleon effective-masses favor

condensation. However, the uncertainty of the nuclear symmetry energy at high density and

the poor convergence of the T+ scattering amplitude in chiral perturbation theory prevent

firm conclusions.

We explored the implications of this pion self-energy on the properties of neutron stars.

While a non-trivial density of pions condense, the equation of state of nuclear matter is

changed little by pion condensation. This can be viewed as an example of the “masquerade

problem” [225]: though little changes in the mass-radius curve, the contents of a neutron

star have changed.

Though the equation of state is only slightly changed by the presence of pions, we specu-

late that the transport properties of neutron stars are changed by the presence of an s-wave

pion condensate. This charged condensate forms a superconductor exhibiting the Meissner

effect, thereby altering the propagation of electromagnetic fields. Furthermore, in the con-

densed state, protons and neutrons form quasiparticles with a mixing angle proportional to
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the condensate magnitude θ. This mixing will impact direct Urca reactions. Rather than

two distant Fermi surfaces between protons and nucleons, the quasiparticles will have Fermi

surfaces of lying closer together, which may increase the rate of Urca reactions. We leave

for future work exploration of the modifications to transport outlined above.

7. CONCLUSION

Supernovae and neutron stars are complex systems which are still under intense study.

Great advancements have been made in the understanding of each but many fundamental

questions remain unanswered such as particular details on the supernova explosion mech-

anism and the matter content in the core of neutron stars. The results presented here

establish the need to include pions as explicit degrees of freedom in calculations involving

dense, asymmetric nuclear matter.

Within this thesis we have investigated the part pions play in the remaining questions

relating to supernovae and neutron stars. In section 3.2, we have shown that that nega-

tively charged pions are an important degree of freedom in hot dense matter encountered

in astrophysics. The virial expansion provides a model-independent approach to include

pion-nucleon interactions when the fugacities are small and provides strong evidence for the

enhancement of the pion number density due to pion-nucleon interactions. In section 4.2,

using the pseudo-potential model, we calculate the effect of new pion interactions on the

neutrino mean free path, finding that the presence of pions and muons allows for additional

charged-current reactions, νµ + π− → µ− and ν̄µ + µ− → π−, which dominate the neutrino

mean free path at low energy. These charged-current reactions have the potential to impact

on energy transport in protoneutron stars and neutron star mergers.

We also apply the pseudo-potential model to calculations of axion emissivity from pions

in section 5 and 5.3.6. The results of the supernova simulation show the pion channel has a

significant effect on axion cooling, where previously this channel was thought to be negligible

due to the assumed small numbers of pions. As a consequence, the inclusion of axion cooling

from this channel significantly shortens the timescale of neutrino emission, in comparison to

the case when only bremsstrahlung processes are considered.

Preliminary results for pion effects on the neutron star bulk viscosity and for our detailed

reevaluation of s-wave pion condensation are given in sections 4.4 and 6, respectively. In



118

our reevaluation of s-wave pion condensation, we find that the presence of pions does not

appreciably alter the equation of state even though the composition changes greatly. This

means that while the mass-radius relationship for neutron stars is not affected much by the

presence of pions, other observable effects can exist such as the presence of a high critical

temperature superconducting phase.
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Appendix A: EOS with pions using the virial approximation

In this section I will describe the code which solves for the properties of the equation of

state described in section 3.2 in a way which is independent of the nuclear equation of state

on which it is based. Within the virial expansion the nucleons of course have a large effect

on the pions, which is taken into account by the interaction number density

nint
π− =

∑
N=n,p

zNzπ−bNπ
−

2 , (A.1)

The pions have a similar, direct effect on the number density of nucleons given by

nint
N = zNzπ−bNπ

−

2 , (A.2)

However, within the conditions where the virial approximation holds, I have found the

pions direct effects on the nucleons to be negligible. Given this, I will first describe the

simpler version of the equation of state in which these direct effects on the nucleons from

pions are ignored, and at the end of this section describe how I modify this prescription to

evaluate the fully consistent equation of state which includes Eq. A.2.

In the simplified method, all we need from the nuclear EOS to which pions are being

added is a method for finding the neutron and proton chemical potentials given the baryon

density, temperature, and proton fraction. For the detailed example I will assume we are

interested in npeπ− matter where neutrinos are not trapped and which is in beta equilibrium.

In order to solve for the particle fractions within this augmented equation of state, we must

be given the ambient conditions. From this we apply restrictions which apply to the matter

of interest. The restrictions which apply to this matter are given by

Yp = Ye + Yπ−

µn − µp = µe

(A.3)

which are charge neutrality and beta equilibrium respectively. The Yi are the particle

fractions relative to the baryon density. The condition on the pion chemical potential
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µn − µp = µπ− (A.4)

Should be equilibrated on timescales corresponding to the strong interaction and so will

be assumed to always hold for the purpose of this work. In this type of matter, we require

the baryon density and temperature to be specified which we consider to be the ambient

conditions.

I will call the function which does the bulk of the work in this code: defining equations.

It takes in the baryon density, temperature, and the proton fraction and returns a single

number which is zero when charge neutrality and beta equilibrium are satisfied. This func-

tion is called many times with various proton fractions using Newtons method, binary search,

or any more sophisticated method to find this zero point and thus, the correct value of the

proton fraction.

When the defining equations function is called, it immediately finds the neutron and

proton chemical potentials from the nuclear equation of state which also has baryon density,

temperature, and the proton fraction as input parameters. These in turn give the elec-

tron and pion chemical potentials from the respective restrictions given above. It is then

straight-forward to use the Fermi-Dirac distribution and Bose-Einstein distribution to find

the number density of electrons and the number density of free pions. To find the number

density of pions with interactions in this approximation, all that is required is to add the

contribution from Eq. A.1. Finally, the function returns the difference between the left- and

right-hand sides of the charge neutrality condition.

The defining equations function forms the bulk of the physics calculations (outside of

the nuclear EOS implementation) as once the zero of defining equations is found, one

can repeat the steps that occur in the function to find the correct values for particle number

densities and chemical potentials. These can be used to obtain any of the other properties

of interest like the energy and pressure.

In order to modify this method to consistently account for the direct effects of pions on

the nucleons, only a few changes need to be made. We will again assume npeπ− matter where

neutrinos are not trapped and which is in beta equilibrium (generalizations to other types of

matter will follow later in this section). The addition of the terms in Eq. A.2 to the neutron

and proton densities can be taken into account by including two additional input parameters
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as well as two additional constraints. In addition to the proton fraction, we also include the

neutron and proton chemical potentials, for which the appropriate values will be found via

Newton’s method. So, in the consistent case, the input to the defining equations function

is the baryon density, temperature, proton fraction, neutron chemical potential, and proton

chemical potential. Subsequently, we can skip the step of calculating the nucleon chemical

potentials from the nuclear EOS and instead calculate the proton and neutron densities from

their chemical potentials using the nuclear EOS. Add to these the respective values from

Eq. A.2 and these values can be compared to the neutron and proton densities obtained

from the baryon density and proton fraction. Finally, to complete the defining equations

function it must again return the discrepancy from neutral matter but is also required to

return the difference between the two values of neutron density and the difference between

the two values of the proton density. Then, as before, this function can be called via a

Newton-like solver for the point where all return values are zero, indicating that the correct

values of proton fraction and nucleon chemical potentials have been found.

The calculation of two number densities for both neutrons and protons may seem redun-

dant, but these added conditions do effectively constrain the extra inputs of the chemical

potentials as well as ensure the nucleon number densities satisfy the correct values to con-

sistently account for the pions effects through the virial expansion. This can be seen by the

fact that one pair of densities is dependent only on the baryon density and proton fraction,

independent of chemical potentials, while the other set (which includes the contribution

from Eq. A.2) is dependent on the chemical potentials.

Some of the interesting modifications are including muons, neutrino-trapped mat-

ter, and matter out of beta equilibrium. I will briefly describe modifications to the

defining equations function which can account for each of these in any combination.

Including muons: Similarly to electrons, muons can be approximated as non-interacting

and even have equal chemical potential while in beta equilibrium without trapped neutrinos.

They can be included in the code in an identical manner, being sure to include them in the

calculation of the charge neutrality discrepancy.

Neutrino-trapped matter: When neutrinos are trapped their chemical potential is no

longer zero. These will be included as additional parameters to the function, similar to the

baryon density and temperature as they are conditions the matter satisfies as opposed to

values to be found by the code. Other values could be used for this purpose, such as the
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total lepton fractions. No extra constraints are returned by the code compared to matter

which is identical but doesn’t trap neutrinos and the only changes needed are to correctly

account for beta equilibrium including the neutrino chemical potential. For the electron this

is given by

µn − µp = µe − µνe (A.5)

where µνe is the chemical potential of electron neutrinos which is the negative of the

electron anti-neutrinos’ chemical potential. A similar equation holds for muons. In the

defining equations function, once the nucleon chemical potentials are found their differ-

ence along with the neutrino chemical potential, gives the charge lepton chemical potential,

and the code can continue as before.

Matter out of beta equilibrium: Matter out of beta equilibrium requires a substantially

different function to evaluate. This is mostly due to the fact that without the beta equi-

librium condition, some of that values we previously solved for must instead be given as

conditions for the matter. I have used this code in calculations of bulk viscosity as in the

calculations within section 4.4. In this case, the extra specified conditions I have used are

the particle fractions of all but one charged particle: the electron. Since charge neutrality is

still assumed, the value of the electron fraction can be found directly from the given values.

Given the particle fractions as well as the baryon density and temperature, one can find the

nucleon densities, and from them, the nucleon chemical potentials using the nuclear EOS.

Since the leptons are assumed to be free particles, their chemical potentials can be found by

numerically inverting the equation for their number densities. The only remaining quantity

to fully specify the EOS is the pion chemical potential. In general, Eq. A.4 would be used to

determine the pion chemical potential, but it is necessary to relax this condition in the cal-

culation of susceptibilities for bulk viscosity calculations. In this case one can use a similar

method that was used in the defining equations function to determine the proton fraction

but instead for the pion chemical potential, where the two numbers to be compared are the

pion fraction given as input and the pion fraction calculated using the virial expansion using

a variable chemical potential. As before the zero of this function is found using Newtons

method or similar algorithm.
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Appendix B: Pseudo-potential pion self-energy calculation

The pseudo-potential ansatz for the pion self-energy from [26] is discussed in 3.3 and is

given by

Σπ−(p) =

∫
d3k

(2π)3

∑
N=n,p

fN(EN(k)) V ps
Nπ−(pcm) , (B.1)

This is just an integral over the distribution of nucleons, fN , multiplied by a pseudo-

potential, V ps. The pion-nucleon pseudo-potential is directly proportional to the phase

shifts, δ, and is given by

V
(ps)

Nπ−(pcm) = −
∑
I,l,ν

αl(2l + 1)
2πδIl,ν
m̄ pcm

. (B.2)

Here, pcm = m̄
√

p2

m2
π

+ k2

m2
N
− 2pk

mπmN
cos θ is the center of mass momentum, and m̄ =

mπmN/(mN + mπ) is the reduced mass. The sum is over allowed values of the isospin (I),

angular momentum values (l), and nucleon spin-projections (ν = +,−).

The values of the αl are determined by evaluating the pion number density using a Bose-

Einstein distribution and Eq. B.1 and fitting to values of the pion number density obtained

using the virial expansion method described in section A. The fitting requires choosing points

in baryon density and temperature space, one for each of the αl. Since the values of αl control

the strength of the s-wave and p-wave phase shifts, it makes sense to choose one point to be

at low temperature and the other to be at some higher temperature, as low temperatures

should be more strongly influenced by the s-wave relative to high temperatures. The original

pseudo-potential ansatz used equal values for the s-wave and p-wave fitting factors, α. Due

to the strong p-wave attraction the value of the fitting factor was highly suppressed, causing

the s-wave phase shift contribution to be unnaturally small. By having separate fitting

factors for the s-wave and p-wave phase shifts this issue is mitigated.

In EOS calculations, this self-energy ansatz can be used to calculate the pion distribution

function. This means an EOS similar to the one described in Appendix A can be constructed.

The construction is very similar, but instead of including pion-nucleon interactions through

the additive virial correction in Eq. A.1, they are instead accounted for directly in the

integral over the pion distribution function. The main difference that occurs is that it
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is now necessary to account for the distribution of nucleons. This means for any given

conditions it will be necessary to pass the distribution functions of nucleons (or parameters

that can be used to recreate them) to the pion density calculation. In my version of this

code, the distribution of nucleons is reproduced using the effective masses and chemical

potentials of the nucleons within the Fermi-Dirac distribution. The self-consistent version of

this calculation, where nucleons are directly affected by the pseudo-potential, has not been

implemented. These effects should not be large as noted in Appendix A.
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Appendix C: Maxwell Relations

The first law of thermodynamics in npe−µ−νeνµπ
− matter can be written

dE = −P dV +T dS+µn dNn +µp dNp +µe dNe (C.1)

+ µµ dNµ +µνe dNνe +µνµ dNνµ +µπ dNπ .

We normalize all quantities by baryon number NB

d

(
ε

nB

)
=

P

n2
B

dnB +T d

(
s

nB

)
+µn dxn +µp dxp (C.2)

+ µe dxe +µµ dxµ +µνe dxνe +µνµ dxνµ +µπ dxπ .

We know from the allowed chemical reactions that dxn = − dxp, dxe = dxp− dxµ− dxπ,

dxνe = dxπ + dxµ− dxp, and dxνµ = − dxµ and so all particle fractions can be expressed

in terms of the proton, muon, and pion fractions. We Legendre transform the tempera-

ture/entropy term [226], getting the final expression

d

(
ε− sT
nB

)
=

P

n2
B

dnB −
s

nB
dT −δµ1 dxp (C.3)

+ (δµ1 − δµ2) dxµ +(δµ1 − δµ3) dxπ .

From this 1st law of thermodynamics, we can derive six Maxwell relations (if we only consider

derivatives with respect to nB or xi) [226]. The three that are relevant are written in

Eqs. 4.41, 4.42, and 4.43.
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Appendix D: Weak interaction rate phase space integrals

1. Direct Urca (with electrons)

The rate (per volume) of the neutron decay process n→ p+ e− + ν̄e is

Γ =

∫
d3pn
(2π)3

d3pp
(2π)3

d3pe
(2π)3

d3pν̄e
(2π)3

(2π)4δ4(pn−pp−pe−pν̄e)
∑

spins |M|2

24EnEpEeEν̄e
fn(1−fp)(1−fe)(1−fν̄e).

(D.1)

The matrix element is given by

∑
spins

|M|2 = 32G2
F cos2 θc[(1 + gA)2(pp · pe)(pn · pν) + (g2

A − 1)m2(pe · pν) (D.2)

+ (gA − 1)2(pn · pe)(pp · pν)], (D.3)

but we will take the nucleons to be nonrelativistic and eliminate the (small) term that

is proportional to (1 − g2
A), which reduces the matrix element down to the momentum-

independent quantity (see Appendix C in [227])

∑
spins |M|2

24EnEpEeEν
= 2G2

F cos2 θc(1 + 3g2
A). (D.4)

The phase space integral reduces from 12 to 8 dimensions after integrating over the delta

functions. Then a spherical coordinate system can be chosen in such a way to render three

additional angular integrals trivial, leaving a 5-dimensional integral. Two more integrals can

be done analytically, leaving a 3-dimensional integral to do numerically. This integral has

been done with the full matrix element (Eq. D.3) with gA = 1 in [81], with the non-relativistic

matrix element D.4 in [75], and in the neutrino-transparent case in [77, 78].

The rate of the inverse electron capture process n+ νe → e− + p is

Γ =

∫
d3pn
(2π)3

d3pp
(2π)3

d3pe
(2π)3

d3pνe
(2π)3

(2π)4δ4(pn− pp− pe + pνe)

∑
spins |M|2

24EnEpEeEνe
fn(1− fp)(1− fe)fνe .

(D.5)

The matrix element for n+νe → e−+p is also given by Eq. D.4 (or Eq. D.3) due to crossing

symmetry, and the phase space integration is done almost identically to the neutron decay

case.
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The direct Urca processes involving a muon are obtained by replacing the electron mass

and chemical potential with the muon mass and chemical potential. While electrons can

be treated as ultrarelativistic particles (though we do not assume this in our calculation),

muons cannot be. The electron neutrino chemical potential is also changed to the muon

neutrino chemical potential.

2. Electron-muon conversion

The rate of µ− → e− + ν̄e + νµ is

Γ =

∫
d3pµ
(2π)3

d3pe
(2π)3

d3pν̄e
(2π)3

d3pνµ
(2π)3

(2π)4δ4(pµ−pe−pν̄e−pνµ)

∑
spins |M|2

24EµEeEν̄eEνµ
fµ(1−fe)(1−fν̄e)(1−fνµ).

(D.6)

The matrix element is given by

∑
spins

|M|2 = 128G2
F (pµ · pνe)(pνµ · pe). (D.7)

The rate of µ− + ν̄µ → e− + ν̄e is

Γ =

∫
d3pµ
(2π)3

d3pe
(2π)3

d3pν̄e
(2π)3

d3pν̄µ
(2π)3

(2π)4δ4(pµ−pe−pν̄e−pν̄µ)

∑
spins |M|2

24EµEeEν̄eEν̄µ
fµ(1−fe)(1−fν̄e)(1−fν̄µ).

(D.8)

The rate of µ− + νe → e− + νµ is

Γ =

∫
d3pµ
(2π)3

d3pe
(2π)3

d3pνe
(2π)3

d3pνµ
(2π)3

(2π)4δ4(pµ−pe−pνe−pνµ)

∑
spins |M|2

24EµEeEνeEνµ
fµ(1−fe)(1−fνe)(1−fνµ).

(D.9)

The rate of µ− + νe + ν̄µ → e− is given by

Γ =

∫
d3pµ
(2π)3

d3pe
(2π)3

d3pνe
(2π)3

d3pν̄µ
(2π)3

(2π)4δ4(pµ−pe−pνe−pν̄µ)

∑
spins |M|2

24EµEeEνeEν̄µ
fµ(1−fe)(1−fνe)(1−fν̄µ).

(D.10)

All four reactions in this section have the same matrix element (Eq. D.7) due to crossing

symmetry. The phase space integration proceeds the same way as for the Urca processes,

and is (briefly) described in [81].
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Appendix E: Full expression for bulk viscosity

In this section, we give the definitions of P,Q,R, S, T, U in the expression for the bulk

viscosity (Eq. 4.45). We keep C3 in the expression, even though (as discussed in the main

text), it vanishes. First, we define the variables

a ≡ A1λ1 + A2λ2 + A3λ3 (E.1)

b ≡ B1λ1 +B2λ2 +B3λ3

c ≡ C1λ1 + C2λ2 + C3λ3

d ≡ D1λ1 +D2λ2 +D3λ3

e ≡ A1λ6 − A2(λ2 + λ5 + λ6) + A3λ5

f ≡ B1λ6 −B2(λ2 + λ5 + λ6) +B3λ5

g ≡ C1λ6 − C2(λ2 + λ5 + λ6) + C3λ5

h ≡ D1λ6 −D2(λ2 + λ5 + λ6) +D3λ5

i ≡ A1λ4 + A2λ5 − A3(λ3 + λ4 + λ5)

j ≡ B1λ4 +B2λ5 −B3(λ3 + λ4 + λ5)

k ≡ C1λ4 + C2λ5 − C3(λ3 + λ4 + λ5)

l ≡ D1λ4 +D2λ5 −D3(λ3 + λ4 + λ5).
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Then,

P = (A1 − A3)c2f 2i− (A1 − A2)cdf 2i− 2(A1 − A3)bcfgi+ (A1 − A2)bdfgi (E.2)

− A1cdfgi+ (A1 − A3)b2g2i+ A1bdg
2i+ (A1 − A2)bcfhi+ A1c

2fhi− (A1 − A2)b2ghi

− A1bcghi− (A1 − A3)c2efj + (A1 − A2)cdefj + (A1 − A3)bcegj + A1cdegj + (A1 − A3)acfgj

− (A1 − A2)adfgj − (A1 − A3)abg2j − A1adg
2j − (A1 − A2)bcehj − A1c

2ehj

+ (A1 − A2)abghj + A1acghj + (A1 − A3)cdfij − (A1 − A2)d2fij − (A1 − A3)dg2ij

− (A1 − A3)bchij + (A1 − A2)bdhij + (A1 − A3)cghij + (A1 − A2)dghij − (A1 − A2)ch2ij

− (A1 − A3)cdej2 + (A1 − A2)d2ej2 + (A1 − A3)achj2 − (A1 − A2)adhj2

+ (A1 − A3)bcefk − (A1 − A2)bdefk − (A1 − A3)acf 2k + (A1 − A2)adf 2k − (A1 − A3)b2egk

− A1bdegk + (A1 − A3)abfgk + A1adfgk + (A1 − A2)b2ehk + A1bcehk − (A1 − A2)abfhk

− A1acfhk − (A1 − A3)bdfik − A1d
2fik + (A1 − A3)dfgik + (A1 − A3)b2hik

+ A1bdhik − (A1 − A3)cfhik + A1dghik − A1ch
2ik + (A1 − A3)bdejk + A1d

2ejk

+ (A1 − A3)degjk − (A1 − A3)abhjk − A1adhjk − (A1 − A2)dehjk − (A1 − A3)aghjk

+ (A1 − A2)ah2jk − (A1 − A3)defk2 − A1dehk
2 + (A1 − A3)afhk2 + A1ah

2k2

+ (A1 − A2)bdfil + A1cdfil − (A1 − A2)dfgil − A1dg
2il − (A1 − A2)b2hil

− A1bchil + (A1 − A2)cfhil + A1cghil + (A1 − A3)bcejl − 2(A1 − A2)bdejl

− A1cdejl − (A1 − A3)acfjl + (A1 − A2)adfjl − (A1 − A3)cegjl + (A1 − A3)ag2jl

+ (A1 − A2)abhjl + A1achjl + (A1 − A2)cehjl − (A1 − A2)aghjl − (A1 − A3)b2ekl

− A1bdekl + (A1 − A3)abfkl + A1adfkl + (A1 − A3)cefkl + (A1 − A2)defkl + A1degkl

− (A1 − A3)afgkl + A1cehkl − (A1 − A2)afhkl − 2A1aghkl + (A1 − A2)b2el2

+ A1bcel
2 − (A1 − A2)abfl2 − A1acfl

2 − (A1 − A2)cefl2 − A1cegl
2 + (A1 − A2)afgl2

+ A1ag
2l2
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Q = (A1 − A2)b2e+ A1bce− (A1 − A2)abf − A1acf − (A1 − A2)cef − A1ceg (E.3)

+ (A1 − A2)afg + A1ag
2 + (A1 − A3)b2i+ A1bdi− 2(A1 − A3)cfi+ (A1 − A2)dfi

+ (A1 − A3)g2i− A1chi− (A1 − A2)ghi− (A1 − A3)abj − A1adj + (A1 − A3)cej

− 2(A1 − A2)dej + (A1 − A2)ahj − (A1 − A3)dij − A1dek + (A1 − A3)afk

− (A1 − A3)egk + 2A1ahk + (A1 − A2)ehk + (A1 − A3)hik − A1dil − (A1 − A2)hil

+ (A1 − A3)ajl − (A1 − A3)ekl + A1al
2 + (A1 − A2)el2

R = A1a+ (A1 − A2)e+ (A1 − A3)i (E.4)

S = (dgj − chj − dfk + bhk + cfl − bgl)2 (E.5)

T = c2f 2 − 2bcfg + b2g2 + 2cdfj − 2dg2j − 2bchj + 2cghj + d2j2 − 2bdfk

+ 2dfgk + 2b2hk − 2cfhk − 2dhjk + h2k2 − 2bdjl + 2chjl + 2dfkl − 2ghkl

+ b2l2 − 2cfl2 + g2l2 (E.6)

U = b2 − 2cf + g2 − 2dj + 2hk + l2. (E.7)
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Appendix F: Bulk viscosity λ3 →∞

In this section, we give the definitions of α, β, γ, ε in the expression for the bulk viscosity

(Eq. 4.46). We set C3 = 0, consistent with our EOS.

α =
(λ1 + λ4)(λ2 + λ5) + (λ1 + λ2 + λ4 + λ5)λ6

(B3 +D3)2

×
{(
λ1 + λ4

)[
(A3B2 − A2B3)D1 + (A1B3 − A3B1)D2 + (A2B1 − A1B2)D3

]
×
[
− (A1 − A3)B3C1 + (A1 − A2)(B3D1 −B1D3)− A1C1D3

]
+
(
λ2 + λ5

)[
(A1 − A3)B3C2 + (A1 − A2)(B2D3 −B3D2) + A1C2D3

]
×
[
(A3B2 − A2B3)(C1 −D1) + (A1B3 − A3B1)(C2 −D2)− (A2B1 − A1B2)D3

+ A3(C1D2 − C2D1) + (A1C2 − A2C1)D3

]
+ λ6

[
(A3B2 − A2B3)C1 + (A1B3 − A3B1)C2 + A3(C1D2 − C2D1) + (A1C2 − A2C1)D3

]
×
[
− (A1 − A3)B3(C1 − C2) + (A1 − A2)(B3D1 −B1D3) + (A1 − A2)(B2D3 −B3D2)

− A1D3(C1 − C2)
]}
. (F.1)

β = (λ1 + λ4)

[
A1 −

A3B3

B3 +D3

] [
A1 − A3

B1 +D1

B3 +D3

]
+ (λ2 + λ5)

[
A2 −

A3B3

B3 +D3

] [
A2 − A3

B2 +D2

B3 +D3

]
+ λ6(A1 − A2)

[
(A1 − A2)− A3

B1 −B2 +D1 −D2

B3 +D3

]
(F.2)

γ = [λ6(λ1 + λ2 + λ4 + λ5) + (λ1 + λ4)(λ2 + λ5)]2
[
D3(B1C2 −B2C1) +B3(C1D2 − C2D1)

B3 +D3

]2

(F.3)

ε =

(
B3D1 −B1D3

B3 +D3

)2

(λ1 + λ4)2 − 2
B3D2 −B2D3

B3 +D3

(
C1 +

B1D3 −B3D1

B3 +D3

)
(λ1 + λ4)(λ2 + λ5)

(F.4)

+

(
C2 +

B2D3 −B3D2

B3 +D3

)2

(λ2 + λ5)2 + 2C1

(
B3(D1 −D2)− (B1 −B2)D3

B3 +D3

)
(λ1 + λ4)λ6

− 2C2

(
C1 − C2 −

B3(D1 −D2)−D3(B1 −B2)

B3 +D3

)
(λ2 + λ5)λ6 + (C1 − C2)2λ2

6. (F.5)
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Appendix G: Bulk viscosity without pions

In this section, we give the definitions of α̃, β̃, γ̃, in the bulk viscosity expression Eq. 4.47

α̃ = [λ2λ6 + λ1(λ2 + λ6)]

{
(A1B2 − A2B1)[(A1 − A2)B1 + A1C1]λ1 (G.1)

+ [(A1 − A2)B2 + A1C2][A1(B2 + C2)− A2(B1 + C1)]λ2

− (A1C2 − A2C1)[(A1 − A2)(B1 −B2) + A1(C1 − C2)]λ6

}
β̃ = A2

1λ1 + A2
2λ2 + (A1 − A2)2λ6 (G.2)

γ̃ = (B2C1 −B1C2)2[λ2λ6 + λ1(λ2 + λ6)]2 (G.3)

ε̃ = B2
1λ

2
1 + 2B2(B1 + C1)λ1λ2 + (B2 + C2)2λ2

2 − 2(B1 −B2)C1λ1λ6 (G.4)

− 2C2(B1 −B2 + C1 − C2)λ2λ6 + (C1 − C2)2λ2
6

Ref. [81] studied bulk viscosity in npe−µ−νeνµ matter in the cases where λ6 → 0 and λ6 →∞.

In the limit λ6 → 0, our expression simplifies to

ζ =
(A1B2 − A2B1)[(A1 − A2)B1 + A1C1]λ2

1λ2

(B2C1 −B1C2)2λ2
1λ

2
2 + [B2

1λ
2
1 + 2B2(B1 + C1)λ1λ2 + (B2 + C2)2λ2

2]ω2 + ω4

+
[(A1 − A2)B2 + A1C2][A1(B2 + C2)− A2(B1 + C1)]λ1λ

2
2

(B2C1 −B1C2)2λ2
1λ

2
2 + [B2

1λ
2
1 + 2B2(B1 + C1)λ1λ2 + (B2 + C2)2λ2

2]ω2 + ω4

+
(A2

1λ1 + A2
2λ2)ω2

(B2C1 −B1C2)2λ2
1λ

2
2 + [B2

1λ
2
1 + 2B2(B1 + C1)λ1λ2 + (B2 + C2)2λ2

2]ω2 + ω4
. (G.5)

In the limit where λ6 →∞,

ζ =

(
A2C1 − A1C2

C1 − C2

)[
A1 +

(A1 − A2)(B1 −B2)

C1 − C2

]
(λ1 + λ2)(

B2C1 −B1C2

C1 − C2

)2

(λ1 + λ2)2 + ω2

(G.6)
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Appendix H: Integrals I(ω;A,B) and K(ω;A,B)

In this appendix, we reduce the integrals I(ω;A,B) and K(ω;A,B) appearing in Πpw.

Using the techniques described in [200], the integral I of Eq.6.16 can be reduced to

I(ω;A,B) =

∫
d3ld3k

(2π)6
θ(A− l)θ(B − k)

(l − k)2

(l − k)2 +m2
π − ω2 − i0+

=
(A+B)6

192π4

([
(1− r)3f1(r, ξ) + f2(r, ξ)

]
+
iπ

2
|ξ| θ(1− |ξ|1/2)θ(−ξ)χ(|ξ|1/2)

)
(H.1)

where

r =
|A−B|
A+B

ξ =
m2
π − ω2

(A+B)2

χ(z) = 2z(1− r)3θ(r − z) + (1− z)2(z2 + 2z − 3r2)θ(z − r)

f1(r, ξ) = P

∫ 1

0

dz
2z4

z2 + ξ
θ(r − z)

f2(r, ξ) = P

∫ 1

0

dz
z3(1− z)2(z2 + 2z − 3r2)

z2 + ξ
θ(z − r)

and where the P indicates a principal value integral. Both f1 and f2 have piecewise closed-

form expressions easily computed on computer algebra systems, but the expressions are

long; for these reasons neglect them here. However, when A = B expressions simplify and

we print them here:

I(ω;A,A) =
A6

3π4

[
1

12
+

1

2s2
+

3

4s
− 2 tanh−1(

√
s)

s3/2
+ log(1− s)

( 1

2s3
− 3

2s2

)]
, s < 0

=
A6

3π4

[
1

12
+

1

2s2
+

3

4s
− s−3/2 log

( 1 +
√
s

|1−
√
s|

)
+ log(|1− s|)

( 1

2s3
− 3

2s2

)
+
iπ

2
θ(s− 1)

( 1

s3
− 3

s2
+

2

s3/2

)]
, s > 0 . (H.2)
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where s = 4A2

ω2−m2
π
. The integral K of Eq.6.16 can be reduced to the following two-dimensional

integral

K(ω;A,B) =

∫
d3ld3k

(2π)6
θ(A− l)θ(B − k)

2(l2 − k2)

(l − k)2 +m2
π − ω2 − i0+

=
1

(2π)4

∫ A

0

dl

∫ B

0

dk 2kl(l2 − k2)×{
log
(1 + ζ

1− ζ
)
θ(1− |ζ|) + log

(ζ + 1

ζ − 1

)
θ(|ζ| − 1) + iπθ(1− |ζ|)

}
(H.3)

where

ζ =
l2 + k2 +m2

π − ω2

2lk
.
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