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Optical coherence elastography (OCE) can provide clinically valuable information based on local 

measurements of corneal stiffness. Corneal stiffness measurements may enable an individualized 

biomechanical model of the eye, monitor progression of ectatic changes in the cornea, and guide 

customized treatment plans. In this thesis, the physical structures which contribute to corneal 

biomechanical properties were described and a method presented to quantify elastic moduli 

responsible for corneal deformation using propagating elastic waves within the cornea.  A fully 

non-contact system was developed to launch elastic waves using acoustic micro-tapping (AμT) 

and track their propagation with phase-sensitive optical coherence tomography (OCT). A nearly 

incompressible transversely isotropic (NITI) model of corneal biomechanics was developed for 

accurate reconstruction of elastic moduli. The biomechanical reconstruction method was 



 ii 

demonstrated in ex vivo porcine cornea and validated with conventional mechanical tests. This 

work provides a solid foundation that can be built upon to develop a non-contact, non-invasive 

clinical tool based on OCE to simultaneously map geometric (curvature and thickness) and elastic 

(Young’s modulus and additional shear modulus) properties of the cornea. Future applications of 

this work include the potential for pre-operative diagnostics and direct evaluation of post-operative 

outcomes in refractive correction surgeries. 
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Chapter 1: Introduction 

Nearly every human will experience some degree of worsening visual performance with age. As 

such, understanding and improving vision remains a high priority in Ophthalmology.  

The modern era of imaging in Ophthalmology began with Hermann von Helmholtz’s 

ophthalmoscope in 1851.1 With the ophthalmoscope, a provider could visualize the retina, optic 

disc, and vitreous as a part of a routine eye examination. With the invention of the slit lamp in 

1911, an illuminated magnified view of both the anterior and posterior segment of the eye provided 

additional information for clinical decision-making. Throughout the 20th century, the slit lamp was 

used to address and treat numerous conditions affecting the retina and lens, leading to the 

development of many modern interventions, including ophthalmic microsurgeries (Cataracts) and 

refractive surgeries (LASIK).2 Ophthalmology was again revolutionized in the early 1990’s with 

the development of optical coherence tomography (OCT), providing clinicians with micron-level 

resolution images of both ocular structures3 and vascular function.4,5 Sufficient diagnostic 

advantages have been demonstrated using computer-aided OCT and is now the gold-standard to 

monitor physiologic function in the posterior segment of the human eye.6 

While significant progress has been made toward diagnosing and treating ailments of the posterior 

segment using OCT, treatment and monitoring of the anterior segment (comprising of the cornea 

and sclera) remains less developed. To-date, most diagnostic metrics of the anterior segment focus 

exclusively on shape and thickness measured using tomography or topography. Considering the 

cornea and sclera provide both protection from external irritants and account for 70% of the eye’s 

refractive power, it is clear that they play a crucial role in visual performance. If corneal shape is 

not optimal, images formed on the retina will be aberrated.  
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Treating corneal shape as the primary determinant of visual performance, numerous procedures 

have been developed to correct for mis-shaped cornea. There are over 1 million refractive surgeries 

performed each year in the USA, yet there are no clinical tools that can predict corneal shape from 

interventions such as LASIK, PRK, or collagen-cross linking (CXL). Even though refractive 

surgeries have shown overall success in halting disease and improving vision, suboptimal visual 

outcomes and post-refractive corneal decompensation remain unpredictable for an individual 

patient. To optimize outcomes, a personalized biomechanical model based on quantitative maps 

of corneal mechanical moduli is needed to quantify both local biomechanical properties and predict 

final corneal shape.  

There are numerous clinical tools available to assess corneal shape, yet there are currently none 

that directly map corneal elasticity. While technologies based on tonometry (e.g. Ocular Response 

Analyzer (ORA), Dynamic Scheimpflug Analyzer (DSA)) have shown some success in correlating 

biomechanical estimates with disease progression,7,8 these methods rely on a number of novel 

metrics that indirectly assess elastic moduli responsible for corneal deformation.9–13 Additionally, 

tonometry-based techniques often require a non-trivial IOP correction in finite element 

simulations9,14 and assume a simple isotropic mechanical model, leading to high variability 

depending on experimental conditions. Thus, there are no clinically available tools to determine 

fundamental material parameters required for robust biomechanical models of corneal 

deformation. 

There have been a number of methods proposed recently to measure tissue biomechanics using 

traditional imaging methods such as Computed Tomography (CT), Magnetic Resonance Imaging 
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(MRI), and Ultrasound Imaging (US). However, limitations in resolution and practicality (i.e. 

contact gel in US) prevent the methods from widespread use in anterior segment imaging.  

Recently, optical coherence elastography (OCE) has been used to measure corneal stiffness at 

various length scales while simultaneously mapping shape in a single non-invasive measurement.15 

Advances in both the sensitivity and imaging speed of phase-sensitive optical coherence 

tomography (OCT) have led to non-contact imaging systems that track propagating elastic waves 

launched by low-amplitude excitation. Assuming an appropriate corneal mechanical model, 

dynamic OCE can measure in near real-time both the shape and biomechanical changes resulting 

from keratoconus and CXL surgery, with the potential for moduli mapping at high spatial 

resolution.16–18  

The goal of this thesis is to outline biomechanical parameters of the human cornea that contribute 

to visual performance and can be used to aid in diagnosis and treatment of corneal disease. A 

theoretical basis of elastic wave propagation in the cornea was developed to provide a path to 

measure mechanical properties and demonstrated in ex vivo porcine tissue. Technical 

considerations are presented toward developing an imaging system with sufficient resolution, 

sensitivity, and speed for clinical use. Finally, preliminary results from in vivo OCE on an animal 

model as well as on human research tissue in a refractive stabilization procedure (namely, corneal 

cross linking, CXL) are included. 

1.1 Specific Aims 

The aim of this research was to address limitations preventing clinical adoption of optical 

coherence elastography (OCE). First, complex models of wave propagation in cornea-like 
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structures were developed and technical challenges discussed which enable quantification of 

localized elastic moduli using wave-field measurements. Next, a stable optical coherence 

tomography (OCT) system combined with a non-contact air-coupled ultrasound transducer was 

described to excite and track elastic waves in the cornea. Finally, the technique was demonstrated 

using ex vivo and in vivo animal models, as well as on ex vivo human tissue.  

I. Develop accurate biomechanical models of elastic wave propagation within the cornea 

To convert mechanical wave-fields into elasticity maps, proper mechanical models are required. 

In most OCE studies to date, the cornea was treated as either an isotropic bulk or semi-infinite 

material. As such, mechanical waves propagating in the cornea were treated as Rayleigh waves 

and the group velocity was inaccurately used to estimate the elastic modulus.15,16,19–26 In this work, 

analytical solutions to wave propagation in media bounded above by air and below by water 

(similar to aqueous humor) were presented which demonstrate that group velocity approximations 

lead to an incorrect description of corneal elasticity. Additionally, the cornea is mechanically 

anisotropic.27 Because it is a complicated material that cannot be characterized with a single elastic 

modulus, complex models are required to provide quantitative measurements from propagating 

elastic wave fields. A model of a nearly incompressible transversely isotropic (NITI) medium was 

presented based on tissue microstructure which enabled accurate quantification of elastic 

anisotropy (i.e. in-plane, 𝐸, and out-of-plane, 𝐺, shear moduli) using wave-based OCE. 

II. Design and fabricate a non-contact OCT-system capable of high-resolution imaging 

based on elastic waves 
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Improved light sources and scanning methods in optical coherence tomography (OCT) have led to 

rapid growth in high-resolution, quantitative elastography based on imaged displacements and 

strains within soft tissue to infer local mechanical properties. In this work, a stable, phase-sensitive 

spectral-domain OCT system was built to analyze wave-fields generated via non-contact acoustic 

excitation. The non-contact acoustic micro-tapping OCE (AμT-OCE) system demonstrated 

nanometer-scale sensitivity to motion in the cornea. The system allowed for cross-sectional 

imaging of corneal shape and accurate reconstruction of propagating shear wave-fields in under 2 

seconds. The ability to quantitatively contrast elasticity was demonstrated using controlled tissue-

mimicking phantoms and validated via destructive mechanical testing. This work also 

demonstrated that the ultimate resolution in elasticity maps is defined by the wavelength of a 

propagating elastic wave signal, which in turn is defined by the focal zone of the excitation.18  

III. Develop, optimize, and demonstrate an elastic modulus recovery routine in the cornea 

using AμT-OCE 

The OCT system developed in Objective II demonstrated state-of-the-art signal to noise ratio 

(SNR) and was used to quantify elastic moduli in the cornea based on the biomechanical models 

of wave propagation developed in Objective I. Experimental wave-fields were captured and 

compared with analytical models for reconstructing elastic moduli of both tissue-mimicking 

phantoms and ex-vivo cornea samples. Quantitative measurements of corneal biomechanics were 

validated using the current gold standard of destructive mechanical testing. 

1.2 Thesis Outline 

Chapter 1. Introduction 
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Chapter 2. Cornea structure and anterior segment imaging 

This chapter describes briefly collagen micro- and macro- structure as they relate to corneal 

function. Current clinical diagnostic systems and their limitations are presented and discussed, as 

well as a brief overview of corneal biomechanical properties and their role in clinical decision-

making. 

Chapter 3. Elastic waves in the cornea 

This chapter presents a theoretical description of the biomechanical properties that determine 

corneal shape. A nearly incompressible transversely isotropic (NITI) material model was 

developed to describe elastic wave behavior in cornea-like material. Broad-band propagating 

elastic waves in NITI materials with a thickness on the order of the wavelength travel according 

to two independent shear moduli and provide a method to quantitatively measure corneal elastic 

moduli.  

Chapter 4. Elastic wave imaging using Optical Coherence Tomography 

The design and construction of a phase-sensitive OCT system capable of imaging elastic waves in 

tissue is presented and demonstrated in Chapter 4. A totally non-contact acoustic transducer was 

used to generate elastic waves and integrated with an OCT system with flexible timing control. 

The ability to measure elastic moduli was demonstrated and validated using tissue-mimicking 

phantoms. A framework describing system resolution and contrast was presented alongside a 

Finite-Element-Based simulation package. 

Chapter 5. Quantifying elastic moduli in the cornea with A𝛍T-OCE 
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A model-based fitting routine is presented to accurately quantify elastic moduli in corneal samples 

accounting for curvature, thickness, and mechanical anisotropy. AμT-OCE was demonstrated in 

ex vivo porcine cornea to accurately quantify biomechanical properties. Whole globe samples were 

retained, and corneas were scanned while inflated to various intraocular pressures. All results were 

validated using destructive mechanical testing. 

Chapter 6. Future studies and limitations 

In the body of this work, a fully non-contact system was developed to launch mechanical waves 

in the cornea using acoustic micro-tapping and track their propagation with ultra-fast OCT. The 

ability to simultaneously map geometric (curvature and thickness) and elastic (Young’s modulus 

and additional shear modulus) properties was demonstrated and validated using ex vivo porcine 

cornea. However, there remain a number of steps required to provide a non-contact, non-invasive 

OCE system well suited for clinical use. The final chapter provides discussion on design 

requirements required for clinical translation. Preliminary results are presented using ex vivo 

human tissue to demonstrate the potential to monitor treatment and in vivo imaging using a Rabbit 

animal model.   
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Chapter 2. Cornea structure and anterior segment imaging 

2.1 Corneal microstructure 

The human cornea provides structure and function to the visual system, serving as a transparent 

protective barrier which accounts for two-thirds of the eye’s refractive power.28 The cornea 

structure, consisting of collagen fibrils embedded in a hydrated proteoglycan matrix, forms a clear 

refractive lens and is the primary determinant of visual performance.29  

The unique structure and organization of collagen within the cornea is essential for preserving 

shape and maintaining transparency. Most of the collagen is Type I, containing fibrils within the 

stroma that run the entire plane of the cornea, presumably fusing with fibrils in the limbus or 

sclera.30 The diameter of each collagen molecule (measured via x-ray diffraction) is on the order 

of 30- 250 nm31,32 and arranged into fibrils which contain approximately 250 collagen molecules 

per cross-section. While the precise fibril spacing can be difficult to measure, intra-fibrillar spacing 

is approximately 60 nm from center to center.33 The fibrils are more tightly packed in the anterior 

portion compared to the posterior, but are generally arranged within the stroma in 200 - 300 stacked 

sheets (1-2 μm thick) referred to as lamellae.34 A majority of the fibrils have preferential 

orientation (measured via X-ray scattering) in the inferior-superior and nasal-temporal directions, 

becoming more circumferential near the limbus35,36 with significant fiber branching and 

anastomosis, particularly in the anterior portion.34 The lamellae lie within a protein rich, hydrated 

proteoglycan mesh that can swell with water to meet certain metabolic demands. It is largely 

assumed that the proteoglycan mesh determines the relative spacing of the fibrils37,38 and 

ultimately determines the light scattering behavior of the cornea.39  
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Recently, Second Harmonic Generation (SHG) imaging has evolved into a very useful tool to 

reconstruct 3D structure of collagen fibers over tens of mm ranges.40–43 In SHG, pulsed, focused, 

infrared femtosecond laser light is used in non-centrosymmetric materials (such as collagen fibers 

along the fiber axis) to excite and detect photons ½ the incident wavelength (double the frequency) 

to reconstruct high resolution, depth resolved images. SHG can resolve collagen organization at 

the macroscopic level, creating detailed images of bundles, fibrils, and lamellae. Through advances 

in computation, laser scanning, and digital mosaicking, detailed high-resolution 3D images of the 

cornea can be obtained.34,40,42,44  

In Fig. 2-1 (adapted from Ref42), 3D reconstruction of lamellar organization in human corneal 

collagen shows complex branching patterns, with distinct differences in the anterior and posterior 

portions of the cornea. The anterior part of the stroma exhibits a high-degree of inter-lamellar 

connectivity while the posterior lamellae contains little to no branching. Imaging results suggest 

that the complex micro-network of collagen bundles contribute to macro-scale deformation and 

strength.  
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Figure 2-1. Corneal microstructure. SHG backscatter was used to contrast collagen in a human corneal cross-

section (high-resolution macroscopy (HRMac), adapted from Ref42). a) 80 images stitched together to provide a 

wide field of view. The lamellar organization of the cornea can be appreciated in this image, where the sheets 

generally run along the width of the cornea. Note that in b) and c), the lamellae exhibit additional branching and 

complexity along the anterior surface. 

Imaging methods to visualize corneal structure are essential in diagnosis and treatment of ocular 

diseases. However, clinically available systems remain largely dominated by tomography and 

topography techniques that do not provide collagen-level detail. Instead, diagnosis and 

management of corneal disease is often driven by corneal shape and thickness. 

In topography, the anterior shape of the cornea is measured to detect refractive aberrations.  If 

corneal shape is compromised, the reflecting pattern provides a qualitative measure of 

astigmatism. While this technique has been able to detect abnormal anterior elevation in 
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progressing keratoconus, it can only analyze the anterior surface and often mis-diagnoses ectasia 

on the posterior surface of the cornea.45 

Tomographic techniques can be used to generate a three-dimensional image of the entire cornea. 

This is often achieved by rotating Scheimpflug cameras or OCT systems designed to image the 

anterior-segment.45 There are clinically approved devices based on both techniques, and both have 

been used to map the anterior and posterior surface to detect abnormal corneal thinning. However, 

tomography does not provide information on the structural stability of the collagen that ultimately 

determine corneal performance. 

2.2 Corneal biomechanics 

In pathologies affecting the cornea, microstructural changes in collagen fibers and the 

proteoglycan-rich fluid that make up the stroma alter the macro-scale biomechanical response of 

the cornea.46–48 Fibrous collagen is known to exhibit a unique tensile strength along the direction 

of the fibers. Because the tensile strength is much weaker perpendicular to the fibers, fiber 

orientation contributes significantly to the overall strength of the tissue. Clearly, the corneal 

constituents’ mechanical properties regulate shape in order to focus light through the lens and onto 

the retina (Figure 2-2).49,50 While biomechanical alterations in collagen micro-structure often 

correspond with a change in shape or thickness, structural changes likely follow mechanistic 

changes in collagen structure. As such, mechanical properties may provide more direct information 

on disease progression, providing higher diagnostic value and opening up the possibility of 

personalized models of corneal shape.29,49–51 
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Although corneal micro- and macro-

structure contributions to corneal 

transparency have been relatively well 

characterized, the mechanisms that 

physically control corneal shape and 

focusing remain largely speculative. 

For example, a loss in lamellar inter-

connectivity would presumably result 

in a higher degree of lamellar slippage while degradation in fiber strength along its axis would 

result in reduced tensile strength and a corresponding change in shape. For example, keratoconus 

(a progressive disease of the cornea that results in thinning and bulging) is associated with reduced 

interlamellar branching in the anterior portion and a measurable reduction in tensile modulus.43 

Reduced biomechanical stability due to lamellar slippage and collagen degradation has been 

suggested as a potential mechanism behind disease progression.45,50,52,53  

Although the mechanisms behind corneal shape are well accepted to be biomechanical in nature, 

mechanical test results remain difficult to interpret depending on the experimental conditions. For 

example, the reported values of elastic moduli in human and animal eye tissue often vary for in 

vivo and in vitro conditions and according to both length scales and loading specifics determined 

by the method of evaluation. The reported differences between healthy and diseased tissue are 

large enough to potentially be clinically relevant (Table 2-1, adapted from 15) and have even been 

used to drive clinical intervention. For example, keratoconic cornea are measurably less stiff than 

healthy ones,49 an observation which led to clinical intervention increasing stiffness (e.g. cornea 

cross-linking).54 In refractive-correcting procedures such as LASIK and photorefractive 

 

Figure 2-2. Static forces in healthy human cornea. Tissue 

constituents in the healthy cornea determine shape and focus 

light onto the lens. 
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keratectomy (PRK), an incision presumably releases stromal tension, inducing structural and shape 

changes that adjust focusing.50 

Tissue Type Measurement condition Disease State Young’s Modulus  

Cornea (Human) 

Tensile Testing,55 
Orssengo-Pye algorithm,56 

Inflation Testing57 
 

Normal 
Collagen cross-linking 

 
Middle Age (50-64) 

Old Age (65-05) 

.29 -1.3 MPa 

5.9 MPa 

 

25 – 400 kPa 

200 – 580 kPa 

Cornea (Porcine) OCE (air-puff)21,58,59 
 

Collagen cross-linking 
 

43.9- 110 kPa 

Anterior Lens Capsule 
(Human) 

Atomic Force Microscopy60 
 
  

Tensile Testing61 

Normal 
Cataract 

 
Young Age 

Old Age 

485 kPa 

416 kPa 

 
27.4 MPa 

3.3 MPa 

Lens nucleus (Human)  Micro-Bubble based Acoustic 
Radiation Force62 

 

Spin Test63,64 

Middle Age (40-50 years old) 
Old Age (63-70 years old) 

.19- 5.2 kPa 

3-10.6 kPa 

Retinal Tissue (Bovine)  
 

Retinal Tissue (Porcine) 

Mathematical Model65  
 

OCE (Acoustic radiation force)66 

Healthy 
 

Healthy 

26 kPa 

 

6.2 kPa 

Sclera Tensile testing67 
 

Biaxial Tensile Testing68 

Healthy 2.6 MPa 
14 MPa 

Table 2-1. Reported values of Young’s moduli for ophthalmic tissue in various physiologic states, at 

physiologically relevant pressures.  

Reliable measurements of ocular mechanical properties have historically only been possible on 

ex vivo samples and have not yet impacted the clinic directly.69 Even within ex vivo testing, 

there are large discrepancies between reported values of elasticity for fresh healthy cornea, 

depending on the loading method, reconstruction method, and assumed model (Table 2-2).  

Tissue 
Type 

Loading Condition Loading 
Rate 

Reconstruction 
Method 

Assumed Model Young’s 
Modulus (E) 

Shear 
Modulus (𝜇) 

Porcine 15mmHg - 140mmHg 
Inflation/Displacement 

Dynamic FEM  Hyperelastic 
nonlinear Ogden 
material  

300kPa47 - 

Porcine  15mmHg - 30mmHg 
Inflation/Air-puff 

Dynamic FEM  Generalized 
Maxwell 
viscoelastic  

2.6 MPa70 - 

Porcine 15mmHg 
Inflation/Air-puff 

Dynamic FEM Hyperelastic 
Mooney Rivlin 

.99-1.59 MPa71 - 



 14 

Porcine Tensile Quasi-
static 

Stress-strain  - 1.15-1.93 MPa71 - 

Porcine 0mmHg - 40mmHg 
Inflation/Air-puff 

Dynamic Pressure-
Deformation 

Thin shell .1-.3 MPa72 - 

Porcine Tensile Quasi-
static 

Stress-strain - 3.193±1.589 
MPa72 

- 

Porcine .75mmHg - 170mmHg 
Inflation 

Dynamic Pressure-
Deformation 

Thin shell .15-.3 MPa73 - 

Porcine Tensile Quasi-
static 

Stress-strain - .3-1.1 MPa74 - 

Porcine 20mmHg 
Inflation/Air-Puff 
OCE  

Dynamic Modified 
Rayleigh-Lamb 
Equation 

Isotropic 
Homogenous 
Viscoelastic 

60 kPa21 - 

Porcine 15mmHg - 30mmHg 
Inflation/Air-Puff 
OCE 

Dynamic Modified 
Rayleigh-Lamb 
Equation 

Isotropic 
Homogenous 
Viscoelastic 

41.8-157 kPa58 - 

Porcine Compression Dynamic Transient 
compression 
stress relaxation 

Transverse 
Isotropic Biphasic 

5.61±2.27 kPa 
(compression)75 

1.33± .51 MPa 
(tension)75 

- 

Porcine Compression Quasi-
static 

Compressive 
strain 

Transverse 
Isotropic Biphasic 

.65-6.32 MPa76 - 

Porcine Oscillatory shear Dynamic 
(.01-2 Hz) 

Shear strain - - 2.5-9 kPa77 

Porcine 0mmHg - 30mmHg 
Inflation 

Quasi-
static 

Pressure-
Deformation 

Linear elastic 2.29±1.63MPa78 - 

Porcine 15mmHg - 35mmHg 
Inflation/Air-puff 

Dynamic FEM Linear isotropic 
viscoelastic 

25.5 MPa 
(anterior)79 

.85 MPa 
(posterior)79 

- 

Porcine 15mmHg 
Inflation/Air-Puff 
OCE 

Dynamic  Group Velocity Homogenous 
linear isotropic 

5.9±.6 kPa59 - 

Porcine Tensile Quasi-
static 

Stress-strain - .8-2.2 MPa55 - 

Porcine Tensile Quasi-
static 

Stress-strain - 3.70± .24 MPa80 - 

Human Oscillatory shear Dynamic 
(.01-2 Hz) 

Shear strain - - 3-15 kPa77 

Human Tensile Quasi-
static 

Stress-strain - .34-4.1 MPa81 - 

Human Acoustic Vibration Dynamic 
(50-
600Hz) 

FEM Linear isotropic 
viscoelastic 

24.8 kPa 
(anterior) 

19.8 kPa 
(posterior)82  

- 

Human 15mmHg - 35mmHg 
Inflation/Air-puff 

Dynamic FEM Linear isotropic 
viscoelastic 

.71MPa79 - 

Human Oscillatory shear Dynamic 
(.03 Hz) 

Shear strain - - 38.7±8.6 
kPa83 

Human 1D Shear Quasi-
static 

Shear strain - - 10-90 kPa 
(Nasal-
Temporal)84 

10-150 kPa 
(Superior-
Inferior)84 
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Human Tensile Quasi-
static 

Stress-strain - .8-2.6 MPa55 - 

Human Tensile Quasi-
static 

Stress-strain - 3.81± .40 MPa80 - 

Human Tensile Quasi-
static 

Stress-strain - 19.1±3.5 MPa85 - 

Human  .75mmHg- 160mmHg 
Inflation 

Dynamic Pressure-
Deformation 

Thin shell .25-3 MPa57 - 

Human .75mmHg- 170mmHg 
Inflation 

Dynamic Pressure-
Deformation 

Thin shell .2-.6 MPa73 - 

Bovine 1mmHg - 10mmHg 
Inflation/Piezo-shaker 
motion MRE 

Dynamic 
(300 Hz) 

FEM Linear isotropic 40-185 kPa86 - 

New 
Zealand 
White 
Rabbit 

15mmHg 
Inflation/Air-puff 

Dynamic FEM Nonlinear 
Hyperelastic 
Mooney Rivlin 
plus a Prony-series 
viscoelastic 

5 MPa87 - 

Rabbit 15mmHg 
Inflation/Air-Puff 
OCE 

Dynamic FEM Homogenous 
linear isotropic 

500-800 kPa88 - 

Table 2-2. Reported values of elastic moduli in cornea. Summary of biomechanical test methods and Young’s 

and shear moduli in healthy ex vivo cornea in a number of mammalian species. Reported moduli vary by up to four 

orders of magnitude depending on the loading technique and test configuration. Included are moduli for the low-

strain region where they generally are near their lowest value. Best effort was taken to report values for fresh tissue 

samples. 

In practice, corneal microstructure is too complex to model directly, so assumptions are made to 

simplify mechanical descriptions. The most common model assumes a nearly incompressible, 

isotropic, and linear elastic solid. For this case, a single elastic parameter, the Young’s modulus 𝐸 

(or equivalently the shear modulus 𝜇 = 𝐸/3), defines stiffness15 and has been correlated with a 

number of pathologies and used to design interventions.27  

Traditional measurements of the Young’s modulus require ex vivo tissue samples loaded under 

tension or inflation, with reported 𝐸 values for human cornea (in the low-strain region) of 800 kPa 

to 4.7 MPa55,71,72,80,85 and 100 kPa to 3 MPa for inflation loading.72,73,89 However, over an order of 

magnitude difference has been reported in tissue under shear loading.77,83 Clearly there is a need 
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to validate and standardize in vivo methods capable of robust and reliable measurement of modulus 

that are in careful agreement with ex vivo studies under various methods of loading. 

Recently, technologies based on tonometry (e.g. Ocular Response Analyzer (ORA - Reichert 

Technologies), Dynamic Scheimpflug Analyzer (DSA - Corvis ST – Oculus Opitkgerate GmbH)) 

have been developed to estimate in vivo corneal mechanical properties as part of an intraocular 

pressure (IOP) measurement. Early results suggest that tonometry may be a screening tool for 

disease progression in common conditions linked to changes in elasticity, such as glaucoma and 

myopia.7,8 Although these measurement systems have sparked interest in monitoring corneal 

biomechanics, they have significant limitations.8 In particular, they depend on experimental 

conditions and provide measurements of the tissue response to a dynamic mechanical stimulus 

over a large region of the cornea and sclera, rather than detailed analysis of fundamental material 

parameters required for robust biomechanical models of cornea deformation. Additionally, they 

do not account for the highly non-linear stress-strain relation between corneal tissue and pre-load 

(IOP), nor do they account for variations in corneal thickness. Thus, to date, there are no non-

invasive tools that can provide the information needed to develop a personalized biomechanical 

model of the cornea suitable for screening, surgical planning, and treatment monitoring.  

2.3 Elasticity imaging 
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Advancements in non-invasive 

imaging speed and sensitivity 

have led to the development of 

elastography, a promising 

technique that can measure 

elastic moduli in tissue at various 

length scales. Elasticity imaging 

requires a physical stress to 

deform (displace) tissue and the 

resulting displacements are 

measured to compute strains, 

detect vibrations, or track the propagation of a mechanical wave.15 The stress–strain response of 

tissue, local vibration behavior, or mechanical wave content, can each be mapped spatially to solve 

for elastic moduli.  

Elastography systems can be described in terms of the steps required to probe tissue elasticity: (1) 

mechanical loading, (2) motion detection, and (3) tissue response (Figure 2-3).  

Typical approaches to mechanically load tissue can be characterized as static, or quasi-static 

compression,90–94 vibration,95–97 and transient excitation (wave propagation).15,16,98–101 The specific 

method used to estimate tissue elasticity from localized motion must be considered at great length 

when choosing an excitation method. To this point, multiple methods have been used to 

mechanically load ocular tissue, including a curved plate,102 wire-tip,99,103 air-puff,104–107 optical 

excitation,108 acoustic radiation force (ARF),109–111 and air-coupled ARF [or acoustic micro-

 

Figure 2-3. Schematic demonstrating a typical dynamic OCE 

system, based on AμT-OCE. 
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tapping (AμT)].16,112,113 For visual reference, a summary of the primary characteristics of common 

excitation and detection methods are presented in Figure 2-4.  

 

Figure 2-4. Common elastography loading types and the corresponding response 

Early techniques to measure tissue response to load were developed using ultrasound and MRI. In 

these elastography techniques, relatively large tissue motion was related to local mechanical 

properties.114–120 As MRI has inherently low spatial resolution with long imaging times, it is often 

not appropriate for clinical applications in the eye. An ultrasonic technique based on supersonic 

shear wave imaging (SSI) was introduced for corneal stiffness estimation, where SSI was 

performed on both ex vivo and in vivo porcine cornea, producing two- (2-D) and three-dimensional 

(3-D) maps of cornea stiffness.121,122 However, SSI also has relatively low spatial resolution that 

remains largely limited by the host imaging modality of ultrasonography.123 Additionally, it 

requires direct contact for acoustic coupling with the cornea, a feature that inherently causes patient 

discomfort and remains a practical challenge for translational ophthalmic research.  
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Optical coherence tomography is well-suited for imaging microscale displacements related to 

mechanical properties within the relatively transparent layers of the cornea and lens. OCT utilizes 

light scattering differences due to minute changes in the refractive index of different tissue and 

cell types to create a structural image of tissue. OCT has already been utilized for pachymetry and 

topography in some clinical settings.124 In addition to micron-level spatial resolution, OCT can 

detect micro- and nanoscale tissue displacements over micro-second time frames.125 Such 

sensitivity to motion has led to high resolution mapping of vasculature126 and has made the 

transition from a benchtop system to clinical device, revolutionizing the way the retina is studied.6 

Because of the resolution and sensitivity characteristics, as well as clinical translatability, specific 

configurations of OCT are promising to measure mechanical moduli (referred to as optical 

coherence elastography (OCE)). 

There has been progress in recent years to develop OCE for in vivo testing of corneal 

biomechanics. Currently, most OCE methods utilize static loading techniques, where an external 

load deforms soft tissue and the resulting strain is observed or measured with OCT to derive an 

elasticity map based on speckle tracking or signal phase.92,94,127,128 Static approaches, however, are 

often limited by operator-dependence (variability in the applied deformation) and non-quantitative 

modulus estimates due to sensitivity to boundary conditions (such as uneven stress distribution).  
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In dynamic OCE, the inversion from a 

force-response to elastic moduli requires a 

temporally short axial displacement at a 

tissue surface to launch a mechanical 

wave within the sample. The resulting 

wave behavior (i.e., speed, dispersion, 

attenuation, etc.) depends on the 

mechanical properties and can be used to 

probe local elasticity. Dynamic OCE has 

been demonstrated widely in controlled 

environments using acoustic radiation 

force (ARF),109–111 air-puff,104–107 photothermal techniques,108 and AμT16,112,113 to induce a 

dynamic load. Phase-sensitive optical coherence tomography (PhS-OCT) has been used to detect 

surface and bulk acoustic waves propagating in phantoms, skin, and cornea, leading to quantitative 

maps of underlying tissue elasticity.  

Although systems based on transient excitation (i.e. an air-puff OCE system129 and a contact-based 

loading method utilizing anesthetic drops130) have demonstrated some utility in a clinical setting, 

a truly noncontact system developed to both induce and measure small displacements within the 

eye will likely have the fastest path to clinical adoption. Thus, air-coupled ARF (AμT) paired with 

high-speed OCT113 appears to be the most translatable in probing ocular biomechanics (Figure 2-

5). Still, there remain numerous practical and theoretical issues regarding wave excitation and 

behavior that must be addressed to deduce a meaningful, quantitative measure of tissue stiffness.  

 

Figure 2-5. Schematic of AμT-OCE 
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While the internal stress distribution is not needed to reconstruct the modulus in dynamic OCE,15 

the relationship between wave behavior and elasticity is often complicated by conditions such as 

sample geometry, boundary conditions, excitation parameters, mechanical anisotropy, and 

viscosity, to name a few. To this point, rigorous modeling and finite-element-based (FEM) 

simulations have been developed to explore wave behaviors in the cornea.131  

Using  a combined FEM and experimental modeling approach, a number of limitations preventing 

dynamic OCE from providing spatial maps of elastic material parameters have recently been 

systematically addressed15,18,27,132,133 and largely described within this work. For example, due to 

the cornea’s finite thickness (bounded by air on one side and liquid on the other) complicated 

guided wave behavior was analyzed to prevent inaccurate interpretation of elastic moduli based 

on shear wave group velocity.18,132,134,135 Additionally, corneal anisotropy between tensile and 

shear loading regimes was explored to develop a transversely isotropic (TI) model of the cornea 

which decoupled shear from tensile behavior, resolving a number of apparent paradox’s in reported 

biomechanical properties,27 an important step toward generalizing dynamic OCE for clinical 

translation. 

Multiple steps in the design process were considered in this work to develop a clinically-driven 

OCE system capable of reliable and accurate measurements of elastic properties, thickness, and 

topography.  

In the proceeding chapters, a theoretical analysis of tissue deformation and shear wave propagation 

in the cornea is presented. An exploration of elastic wave propagation in the cornea provided a 

reconstruction method to measure quantitative values of corneal stiffness. An air-coupled acoustic 

piezoelectric transducer combined with a highly sensitive phase-stable SD-OCT system is 
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described and used to generate and track elastic waves in corneal samples. The reconstruction 

method was used to measure both Young’s modulus (𝐸) and out-of-plane shear modulus (𝐺) in 

the cornea that agreed with destructive ex vivo tests.  

Robust and accurate measurements suggest that OCE may be used to illuminate biomechanical 

mechanisms behind corneal disease. Considering the connection between corneal microstructure 

and biomechanical stability, a system capable of high-resolution elastic modulus reconstruction 

may help launch large clinical studies in the future. 
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Chapter 3. Elastic waves in the cornea 

Mechanical forces in the cornea largely determine the focusing power in both healthy and 

pathological tissue (Figure 3-1a,b). Thus, there is a need to develop a non-contact method to 

measure corneal biomechanical properties in vivo. 

In 2016, an OCE technique capable of launching and tracking mechanical waves in near-real time 

(Figure 3-1c) was introduced at the University of Washington.16 The technique used acoustic 

micro-tapping (AμT)16,112 and fast, phase-sensitive, OCT (AμT-OCE)17 to measure spatial 

variations in group velocity to demonstrate a volumetric rendering of shear wave speed in porcine 

cornea exposed to different intraocular pressures. While early application of AμT-OCE 

demonstrated that elastic waves could be generated and detected in corneal tissue non-invasively, 

numerous limitations remain that currently prevent clinical adoption.  

Typically, wave-based OCE methods use the shear wave group velocity or dispersion to estimate 

tissue shear modulus, 𝜇. However, group velocity approaches led to reported modulus values in 

the range of 1.8 – 52.3 kPa,58,136 in close agreement with values obtained from torsional testing of 

ex vivo cornea (2.5 – 47.3 kPa),77,83,84 but multiple magnitudes different from values obtained in 

strip extension or inflation testing. Estimates of tissue shear modulus can differ by multiple orders 

of magnitude based on the loading technique and corresponding constitutive equations (Figure 3-

1d). Such discrepancies are not uncommon in biomechanical characterization of corneal stiffness 

and significantly limit clinical utility. 
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Figure 3-1. Relationship between forces in the cornea and mechanical testing methods. Mechanical forces in 

corneal tissue govern focusing power in (a) healthy and (b) pathological tissue (e.g. keratoconus). (c) Elastic shear 

waves generated in the cornea with a transient force (such as APT) are typically tracked using optical coherence 

tomography to determine corneal mechanical properties without contact. (d) Summary of biomechanical test 

methods and corneal Young’s and shear moduli from the literature. Reported moduli vary by up to four orders of 

magnitude depending on the loading technique and test configuration, suggesting that isotropic models cannot 

accurately describe corneal mechanics. In particular, tensile and inflation tests generally agree, as do shear and 
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transient tests. Values listed are for fresh samples (within two weeks), and best effort was taken to report moduli in 

the low-strain/preload region where they generally are near their lowest value. 

In this chapter, corneal micro- and macro-structure are considered to build a mechanical model 

upon which induced deformations can be used to quantitatively measure corneal stiffness. The 

chapter starts with the simplest case of propagating elastic waves in an infinite isotropic media and 

then builds to complicated conditions more closely resembling the flat-plate structure of the 

cornea. To reconcile the discrepancy between reported corneal stiffness under shear versus tensile 

loading, a nearly incompressible transversely isotropic (NITI) model was developed which 

described how two shear moduli, 𝜇, and 𝐺, largely govern the tensile and out-of-plane shear 

behavior independent of each other. A mathematical corollary is presented to connect elastic wave 

propagation in a bounded NITI material (such as the cornea) with the elastic moduli physically 

measured via destructive testing. The conclusion of this section is that careful analysis of 

propagating wave-packets in the cornea provide an avenue to reliably quantify anisotropic elastic 

moduli non-invasively.  

3.1 Hooke’s law 

The stress 𝜎 and strain 𝜀 relationship in a linear elastic solid may be described using Hooke’s 

law, written as 

𝜎𝑖𝑗 = 𝑐𝑖𝑗𝑘𝑙𝜀𝑘𝑙, (3.1) 

where summation is implied over repeated indices. In its most general form describing an 

anisotropic solid, the fourth-rank stiffness tensor 𝑐𝑖𝑗𝑘𝑙 contains 21 independent elastic constants. 

For convenience, Equation 3.1 is often written in Voigt notation 
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[
 
 
 
 
 
𝜎𝑥𝑥
𝜎𝑦𝑦
𝜎𝑧𝑧
𝜏𝑦𝑧
𝜏𝑥𝑧
𝜏𝑥𝑦]

 
 
 
 
 

=

[
 
 
 
 
 
𝐶11 𝐶12 𝐶13 𝐶14 𝐶15 𝐶16
∗ 𝐶22 𝐶23 𝐶24 𝐶25 𝐶26
∗ ∗ 𝐶33 𝐶34 𝐶35 𝐶36
∗ ∗ ∗ 𝐶44 𝐶45 𝐶46
∗ ∗ ∗ ∗ 𝐶55 𝐶56
∗ ∗ ∗ ∗ ∗ 𝐶66]

 
 
 
 
 

[
 
 
 
 
 
𝜀𝑥𝑥
𝜀𝑦𝑦
𝜀𝑧𝑧
𝛾𝑦𝑧
𝛾𝑥𝑧
𝛾𝑥𝑦]

 
 
 
 
 

, (3.2) 

where 𝜏𝑖𝑗 denotes shear stresses, 𝛾𝑖𝑗 = 2𝜀𝑖𝑗 denotes shear strains, and stars denote symmetric entries 

(i.e. 𝐶21 = 𝐶12).  

Eq. 3.2 can be summarized as 𝜎 = 𝑪𝜀, where 𝑪 is the elastic modulus matrix.  Note that 𝑪 reduces 

to five constants in a transversely isotropic solid, three constants in a nearly incompressible 

transversely isotropic (NITI) solid assuming tensile isotropy,27 and two constants in an isotropic 

solid.15 The subscripts 𝑥, 𝑦, and 𝑧 refer to standard Cartesian axes, shown for a material with 

similar shape to the cornea in Figure 3-2.  

 

Figure 3-2. Corneal geometry and local coordinate axes used in analyzing stress strain relationships to 

mathematically describe tensile, torsional, and wave propagation tests. 
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3.2 Nearly incompressible isotropic solids 

Most soft tissues, including the cornea, can be considered incompressible. To define a material as 

incompressible, first consider the case of an isotropic elastic medium. The stiffness matrix reduces 

to two constants: the Lamé parameters 𝜆 and 𝜇. For a mechanically isotropic material, the stress-

strain relation may be defined as  

[
 
 
 
 
 
𝜎𝑥𝑥
𝜎𝑦𝑦
𝜎𝑧𝑧
𝜏𝑦𝑧
𝜏𝑥𝑧
𝜏𝑥𝑦]

 
 
 
 
 

=

[
 
 
 
 
 
 𝜆 + 2𝜇 𝜆 𝜆

𝜆 𝜆 + 2𝜇 𝜆
𝜆 𝜆 𝜆 + 2𝜇

𝜇
𝜇

𝜇 ]
 
 
 
 
 
 

[
 
 
 
 
 
𝜀𝑥𝑥
𝜀𝑦𝑦
𝜀𝑧𝑧
𝛾𝑦𝑧
𝛾𝑥𝑧
𝛾𝑥𝑦]

 
 
 
 
 

. (3.3) 

Assuming linear elasticity (i.e. small deformation) the incompressibility condition is defined as 

the case where the dilatation, 𝜃, in the medium is zero: 

𝜃 = 𝜀𝑥𝑥 + 𝜀𝑦𝑦 + 𝜀𝑧𝑧 = 0 (3.4) 

Consequently, the trace of the strain matrix is zero (Tr(𝜀) = 0). To solve for the strain matrix, 

Hooke’s law must be inverted (𝜀 = 𝑪−1𝜎), where 𝑪−1 is the inverse of the elastic modulus 

matrix, often referred to as the compliance matrix, and defined as: 

𝑪𝒍
−1  =

1
∆

[
 
 
 
 
 
 2(𝜆 + 𝜇) −𝜆 −𝜆

−𝜆 2(𝜆 + 𝜇) −𝜆
−𝜆 −𝜆 2(𝜆 + 𝜇)

1/𝜇
1/𝜇

1/𝜇]
 
 
 
 
 
 

    ,                         (3.5) 

where ∆ is the determinant of 𝑪 divided by the common factor 2𝜇 and given by  
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∆= 2𝜇(3𝜆 + 2𝜇). (3.6) 

As shown previously,137 considering the Young’s modulus (𝐸) can be expressed in terms of the 

Lamé constants as 

𝐸 =
𝜇(3𝜆 + 2𝜇)

(𝜆 + 𝜇) , (3.7) 

and the Poisson’s ratio (𝑣) can be defined in terms of the Lamé constants as 

𝑣 =
𝜆

2(𝜆 + 𝜇) , (3.8) 

the longitudinal terms of the compliance matrix (𝑪𝒍
−1) can be reduced to a more familiar 

notation: 

𝑪𝒍
−1 =

1
𝐸

(
1 −𝑣 −𝑣

−𝑣 1 −𝑣
−𝑣 −𝑣 1

) . (3.9) 

Here it can be appreciated that for any isotropic compressible medium, all longitudinal elastic 

properties can be fully characterized by two sets of complementary parameters, [𝜆, 𝜇] or [𝐸, 𝑣].138  

The incompressibility condition (Eq. 3.4) can be defined in terms of [𝐸, 𝑣] as 

                                     𝜃 =
3(1 − 2𝑣)

𝐸
𝑃 = 0                                                                 (3.10)   

where the mean internal pressure, 𝑃, is defined as 

𝑃 =
1
3

(𝜎𝑥𝑥 + 𝜎𝑦𝑦 + 𝜎𝑧𝑧). (3.11) 
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It can be seen from Eq. 3.10 that for any load, 𝑣=1/2 to ensure that 𝜃 = 0.  

Rewriting the stress tensor for an isotropic media (Eq. 3.3) in terms of the dilatation provides  

𝜎𝑖𝑗 = (𝜆𝜃)𝛿𝑖𝑗 + 2𝜇𝜀𝑖𝑗, (3.12) 

where 𝛿𝑖𝑗 is the Kronecker delta function. The internal pressure may then be written as 

𝑃 = 𝜆𝜃 +
2
3

𝜇𝜃. (3.13) 

As 𝜃 → 0, the pressure remains finite only if 𝜆 → ∞. Therefore, the internal pressure for a 

nearly-incompressible material may be defined by 

𝑃 = lim
𝜆→∞
𝜃→0

𝜆𝜃 . (3.14) 

And the stress-strain relation can be rewritten as 

𝜎𝑖𝑗 = 𝑃𝛿𝑖𝑗 + 2𝜇𝜀𝑖𝑗. (3.15) 

Here, 𝑃 is the internal hydrostatic pressure representing the stable product of a very large modulus 

(𝜆) with a vanishing trace of the strain matrix. It can vary both in space and time as determined by 

the loading function and the boundary conditions. 

For an incompressible isotropic medium, only one material parameter is required to describe the 

deformation behavior for any loading condition. To demonstrate, consider the stress-strain relation 

for the case of a unidirectional (1-D) load along the z-direction, similar to that of tensile loading.  
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𝜎𝑖𝑗 = [
0 0

0
0 𝜎𝑧𝑧

] (3.16) 

For a nearly incompressible isotropic medium, the stress-strain relations simplify to 

 𝜎𝑧𝑧 = 𝑃 +  2𝜇𝜀𝑧𝑧
0 = 𝑃 + 2𝜇𝜀𝑥𝑥   
0 = 𝑃 + 2𝜇𝜀𝑦𝑦   

(3.17) 

Noting that 𝜃 approaches zero (i.e., 𝜀𝑧𝑧 = −(𝜀𝑥𝑥 + 𝜀𝑦𝑦)) for an incompressible material, the 

pressure term can be eliminated. Consequently, the stress-strain relation can be described as 

𝜎𝑧𝑧 = 3𝜇𝜀𝑧𝑧. (3.18) 

Eq. 3.18 defines the linear relationship between applied 1-D stress and the axial strain along the 

same direction, where the proportionality constant is the elastic modulus. Thus, for nearly 

incompressible isotropic soft tissue, 

𝜎 = 3𝜇𝜀 = 𝐸𝜀 (3.19) 

where 𝐸 is the Young modulus (i.e., elasticity). Because an isotropic material will deform the same 

way regardless of the direction that a stress is applied, Eq. 3.19 indicates that any statically 

deformed, isotropic soft tissue can be completely characterized by the spatial distribution of a 

single material parameter, either shear (𝜇) or, proportionally, Young’s (𝐸) modulus.  

Note that in practice, soft tissues are not completely incompressible, but their shear modulus, 𝜇, is 

typically several orders of magnitude smaller than 𝜆. Thus, to avoid possible confusion, we often 

use the terminology “nearly” incompressible media to describe soft tissue.   
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3.3 Elastic waves in a bulk isotropic media 

Consider a semi-infinite, homogeneous, nearly incompressible elastic material. This fundamental 

case can be used to describe the basic principles of wave excitation and propagation when the 

thickness of tissue is much larger than the wavelength of propagating mechanical waves. In other 

words, bulk wave modes can be considered independent of boundary conditions. Though this is 

rarely the case in ocular tissue, this simple case serves as a starting point to discuss shear wave 

propagation. 

Applying Newton’s 2nd law to the constitutive relations for an isotropic material yields the equation 

of motion: 

𝜌
𝜕2𝑈⃗⃗ 
𝜕𝑡2 = 𝜇∆𝑈⃗⃗ + (𝜆 + 2𝜇)𝑔𝑟𝑎𝑑 𝑑𝑖𝑣𝑈⃗⃗ (3.20) 

where 𝜌 is the mass density, 𝜆 and 𝜇 are the Lame constants (defined above), 𝑡 is time, and 𝑈⃗⃗  is 

the displacement vector of the propagating wave, which can be represented as  

𝑈⃗⃗ = 𝑈𝑙⃗⃗  ⃗ + 𝑈𝑠⃗⃗⃗⃗ . (3.21) 

The longitudinal displacement (𝑈𝑙⃗⃗  ⃗ = 𝑔𝑟𝑎𝑑𝜙) and shear displacement (𝑈𝑠⃗⃗⃗⃗ = 𝑟𝑜𝑡𝜓) are defined in 

terms of a scalar potential 𝜙 and vector potential 𝜓. Using these definitions, longitudinal (i.e., 

compressional) and shear waves satisfy independent equations of motion:  

𝜌
𝜕2𝑈𝑙⃗⃗  ⃗
𝜕𝑡2 − (𝜆 + 2𝜇)Δ𝑈𝑙⃗⃗  ⃗ = 0

𝜌
𝜕2𝑈𝑠⃗⃗⃗⃗ 
𝜕𝑡2 − 𝜇Δ𝑈𝑠⃗⃗⃗⃗ = 0              

(3.22) 
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The term (𝜆 + 2𝜇) is defined as the p-wave (bulk) modulus, 𝐵, of the material and is related to the 

wave speed for longitudinal (compressional) waves: 

𝐶𝑙 = √𝐵 𝜌⁄ (3.23)

Similarly, shear waves propagate at wave speed determined solely by the shear elastic 

modulus.

𝐶𝑠 = √𝜇
𝜌⁄ (3.24) 

For nearly incompressible materials, the p-wave modulus is orders of magnitude greater than the 

shear modulus. Thus, compressional waves travel at speeds much faster than shear waves and can 

be ignored over the time scales considered in OCE (i.e., compressional waves propagate far into 

the medium by the time measurable shear waves begin to propagate). Note that the bulk shear 

wave speed can be simply related to the shear (Young’s) modulus and, therefore, can be used to 

quantitatively estimate tissue elasticity.  

The classic approach to quantify elastic modulus uses tensile testing to induce a known stress while 

measuring strain. In the case of an isotropic material, it can be shown that the stress-strain relation 

provides an avenue for tensile, shear, and wave-based methods to determine equivalent moduli 

based on two Lamé constants. The value determined for 𝜇 is equivalent to that probed using both 

classic mechanical tests and shear wave propagation speeds.  

Unfortunately, in most ocular tissues, pure bulk shear waves cannot be identified over the range 

of frequencies used in OCE since boundary conditions can significantly affect wave speeds. Thus, 

boundary conditions must be considered. 
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3.4 Rayleigh waves in isotropic media 

Mechanical excitation at a free (i.e., air-material) boundary can produce mechanical disturbances 

which propagate along the medium surface (Figure 3-3) in addition to bulk waves which travel at 

longitudinal and shear speeds within the medium. 

 

Figure 3-3. Rayleigh mechanical waves propagate along the air/tissue interface.  

A mechanical disturbance along the medium surface is called a Rayleigh wave and must satisfy 

the boundary condition that longitudinal and shear stress components at the surface (based on the 

displacement component perpendicular to the surface) must be zero. For the 2-dimensional case 

(xz-plane), that is,  

𝜎𝑥𝑧
𝑡𝑖𝑠𝑠𝑢𝑒|

𝑧=0
= 0

𝜎𝑧𝑧
𝑡𝑖𝑠𝑠𝑢𝑒|

𝑧=0
= 0

(3.25) 
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at the tissue surface. Given this boundary condition and the equations of motion, the Rayleigh 

wave number obeys the polynomial equation: 

𝜂6 − 8𝜂4 + 8(3 − 2𝜉2)𝜂2 − 16(1 − 𝜉2) = 0 , (3.26) 

where 𝜂 = 𝐶𝑅/𝐶𝑠 and 𝜉 = 𝐶𝑠/𝐶𝑙. Considering that 𝜉<<1 for nearly incompressible materials, this 

equation reduces to 

𝜂6 − 8𝜂4 + 24𝜂2 − 16 = 0, (3.27) 

with primary root 

𝜂 =
𝐶𝑅

𝐶 𝑠
 ≅ 0.955. (3.28) 

Equation 3.28 corresponds to the Rayleigh wave (𝐶𝑅 is the Rayleigh wave speed), which, like the 

pure shear wave, depends only on the shear modulus, 𝜇, in an isotropic media.139 Thus, tracking 

the propagation of either shear or Rayleigh waves to locally estimate wave speed can be used to 

infer the shear modulus, 𝜇 and, therefore, tissue elasticity (𝐸 = 3𝜇).   

3.5 Scholte Waves in isotropic media 

Shear and Rayleigh waves are sufficient to describe propagation in the region of a free boundary. 

However, only the anterior surface of the cornea has a true free mechanical boundary (air-tissue). 

Other ocular tissues (including the posterior surface of the cornea) can be better described with a 

liquid-tissue boundary. Additionally, the application of a coupling medium (such as in loading 

with acoustic transducers) can introduce liquid loading on the anterior surface of the cornea. From 



 35 

a mechanical viewpoint, the water-tissue boundary can be considered as a semi-infinite nearly 

incompressible elastic medium loaded with liquid from one direction (Figure 3-4).  

 

  Figure 3-4. Scholte mechanical waves propagate along the liquid/tissue interface.  

Shear waves do not propagate in the liquid, but the load changes the boundary conditions for a 

propagating interface wave. In this case, the normal stress component is equal to the pressure in 

the liquid, and the normal displacement components in the tissue must be equal at the interfaces. 

In this case the tangential component of stress is again taken as zero since fluids do not resist shear 

deformation: 

𝜎𝑥𝑧
𝑡𝑖𝑠𝑠𝑢𝑒|

𝑧=0
= 0                

𝜎𝑧𝑧
𝑙𝑖𝑞|

𝑧=0
= 𝜎𝑧𝑧

𝑡𝑖𝑠𝑠𝑢𝑒|
𝑧=0

𝑈𝑧
𝑙𝑖𝑞|

𝑧=0
= 𝑈𝑧

𝑡𝑖𝑠𝑠𝑢𝑒|
𝑧=0

   

(3.29) 

where the relationship 𝜇 = 0 is taken into account for the liquid.139 
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A liquid-solid interface wave is often called a Scholte wave, obeying the polynomial equation for 

𝜁 = 𝐶𝑆𝑐ℎ/𝐶𝑠 : 

𝜁6(1 + 𝛽)2 − 8𝜁4(1 + 𝛽) + 24𝜁2 + 8𝜁2𝛽 − 16 = 0 (3.30) 

where 𝐶𝑆𝑐ℎ is the speed of the Scholte wave, and (using the cornea with an acoustic gel as an 

example) 𝛽 = 𝜌𝑔𝑒𝑙/𝜌𝑐𝑜𝑟𝑛𝑒𝑎. Noting that the densities of soft tissue (gel and cornea in this case) 

are approximately the same, i.e. 𝛽 ≅ 1, the numerical solution of the above equation gives the 

root: 

  𝜁 =
𝐶𝑆𝑐ℎ

𝐶𝑠
≅ 0.846 (3.31) 

In other words, liquid loading slows the Rayleigh wave, converting it to a Scholte wave.139 Again, 

the speed of this mode can also be characterized with a single elastic modulus. Note also that the 

liquid load allows a leaky wave solution. However, high attenuation of leaky waves make them 

very inefficient for tracking. 

Rayleigh and Scholte waves have elliptical polarizations because both the 𝑈𝑥 and 𝑈𝑧 components 

of the waves are generally non-zero and π/2 phase shifted.135 However, the vertical, 𝑈𝑧, component 

of the displacement is typically utilized as it is more easily detected by phase-sensitive OCT in an 

OCE system with vertically aligned OCT probes. 

3.6 Guided waves in isotropic media 

When a wave propagates in a medium with dimensions on the order of the mechanical wavelength, 

the medium becomes a waveguide. Cornea thickness is typically on the order of a single mm, that 
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(for most dynamic OCE systems) is on the same scale as the wavelength of an induced shear or 

surface wave. Thus, both the upper free boundary (air-cornea) and lower liquid-loaded boundary 

(cornea-aqueous humor) must be considered to accurately describe the propagation of guided 

waves in the cornea resulting from mechanical excitation at the air-cornea surface (Figure 3-5). 

 

Figure 3-5. Guided mechanical waves propagate in a thin tissue layer bounded from one side by air and the other 

by liquid. 

The equations describing guided waves in a flat- bounded layer are complicated. A simple equation 

like those presented above for surface waves is not possible and only a numerical solution can 

reliably determine the modulus. 

For an isotropic elastic material, the scalar potential 𝜙 and vector potential 𝜓 cannot be omitted. 

A general form for a vertically polarized plane wave propagating in a plate in the x direction can 

be represented as: 
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𝜙1 = [𝐴1 exp(−𝑞1𝑧) + 𝐴2 exp(𝑞1𝑧)] exp (𝑖(𝑘𝑥 − 𝜔𝑡)

𝜓1 = [𝐵1 exp(−𝑠1𝑧) + 𝐵2 exp(𝑠1𝑧)] exp (𝑖(𝑘𝑥 − 𝜔𝑡)
(3.32) 

where 𝑞1 = √𝑘2 − 𝑘𝑙
2 , 𝑠1 = √𝑘2 − 𝑘𝑠

2 and 𝑘𝑙 = 𝜔
𝐶𝑙

 𝑘𝑠 = 𝜔
𝐶𝑠

, are wave numbers for longitudinal 

and shear waves in soft tissue, respectively. Note that when the guided wave exists in plates of 

thickness smaller than the wavelength, the dominating wave modes are called Lamb waves. 

In this case, boundary conditions can be written in the form  

𝜎𝑥𝑧
𝑡𝑖𝑠𝑠𝑢𝑒|

𝑧=−ℎ
= 0              

𝜎𝑧𝑧
𝑡𝑖𝑠𝑠𝑢𝑒|

𝑧=−ℎ
= 0               

𝜎𝑧𝑧
𝑙𝑖𝑞|

𝑧=0
= 𝜎𝑧𝑧

𝑡𝑖𝑠𝑠𝑢𝑒|
𝑧=0

𝜎𝑥𝑧
𝑡𝑖𝑠𝑠𝑢𝑒|

𝑧=0
= 0                

𝑈𝑧
𝑙𝑖𝑞|

𝑧=0
= 𝑈𝑧

𝑡𝑖𝑠𝑠𝑢𝑒|
𝑧=0   

(3.33) 

where h defines the plate thickness. Calculating the stress and displacement components from the 

scalar and vector potentials (Equation 3.32) and substituting them into boundary conditions (Eq. 

3.34), a 5x5 matrix characteristic equation is obtained:  

|

|

|

0 −2𝑖𝑘2 2𝑖𝑘2 −(𝑘2 + 𝑠2) −(𝑘2 + 𝑠2)

𝜌𝑙𝜔2 −𝜌𝑇𝜔2 + 2𝜇𝑘2 −𝜌𝑇𝜔2 + 2𝜇𝑘2 −2𝑖𝜇𝑘𝑠 2𝑖𝜇𝑘𝑠

0 (−𝜌𝑇𝜔2 + 2𝜇𝑘2)exp (𝑘ℎ) (−𝜌𝑇𝜔2 + 2𝜇𝑘2)exp (−𝑘ℎ) −2𝑖𝜇𝑘𝑠 ∙ exp(𝑠ℎ) 2𝑖𝜇𝑘𝑠 ∙ exp(−𝑠ℎ)

0 −2𝑖𝑘2 ∙ exp(𝑘ℎ) 2𝑖𝑘2 ∙ exp(−𝑘ℎ) −(𝑘2 + 𝑠2) exp(𝑠ℎ) −(𝑘2 + 𝑠2) exp(−𝑠ℎ)

1 −1 1 𝑖 𝑖

|

|

|

= 0 (3.34) 

where 𝜌𝑙 and 𝜌𝑇 are densities of the liquid and tissue, correspondingly. 
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Eq. 3.34 can only be solved numerically, resulting in the dispersion curves shown in Figure 3-6. 

These results can be compared to the blue curves showing the symmetric boundary condition case, 

i.e. tissue immersed in air, obtained using the same equation with 𝜌𝑙 = 0. As is evident from the 

plot, several modes can exist simultaneously. Most exhibit significant dispersion over a broad 

frequency band. Comparing the results for a water-loaded plate and free boundary conditions, it 

can be seen that the fluid has a significant influence on wave propagation. In Figure 3-6, 𝐴𝑁 and 

𝑆𝑁 indexes denote quasi- anti-symmetric and symmetric Lamb modes. Note, however, that this 

notation is valid only for the symmetrical boundary case. If only a single side of the plate is water-

loaded, neither pure symmetric nor pure anti-symmetric modes exist. This fact is evident for the 

𝐴0 mode, which, for the case of tissue with free boundaries, has its high frequency limit equal to 

the surface wave speed 𝐶𝑆. For single-sided water loading, the limit is the Scholte wave described 

in the section above. Note that an approximate solution represented in matrix form for a cylindrical 

geometry,9,10 and for the case of symmetrical boundary conditions of a water-immersed plate,140 

has also been found and described in detail. 
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Figure 3-6. Phase velocity dispersion for guided waves in a thin tissue layer loaded from one side by a liquid and 

the other side by air. 

There are a few important conclusions that arise from the finite thickness and liquid boundary 

condition. First, even when the material is purely elastic (no viscosity), guided modes are very 

dispersive. Simple measurement of the group velocity of propagating guided waves cannot be used 

to directly reconstruct the elastic modulus 𝐸. Measurements of corneal elastic moduli based on the 

group velocity yield values related to elastic properties but may lead to serious quantitative error 

as the result depends on the frequency range of group velocity calculation. To decode this complex 

wave behavior, dispersion analysis is required over a wide bandwidth. Consequently, a wideband 

mechanical wave source must be used to quantitatively estimate the elastic properties of the cornea 

from dynamic OCE measurements.  

Second, wideband analysis of experimental data can be used to estimate high-frequency 

asymptotes of propagating guided waves, where the first asymmetric mode 𝐴0 asymptotes to a 

Scholte wave with speed 𝐶𝑆𝑐ℎ = 0.846𝐶𝑠, indicating a liquid load.15 Note that for the case of air, 

this limit corresponds to that for a Rayleigh wave. The first symmetric mode, 𝑆0, has the high-

frequency asymptote of a Rayleigh wave, 𝐶𝑅 = 0.955𝐶𝑠, because it primarily propagates along the 

air-tissue interface. Other modes all asymptote to bulk shear waves propagating with speed 𝐶𝑆 in 

the bulk material with properties equivalent to that of the tissue. Thus, if the asymptotic behavior 

of propagating guided waves can be estimated accurately over a region of the bounded material, 

then the elastic modulus can be accurately computed in that region independent of the specific 

geometry, assuming that viscous effects are not significant.  

3.7 Vertical Inclusions and mode conversions  
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Detecting spatial heterogeneities in a mechanical structure can help monitor and treat disease 

progression. Thus, wave interactions with heterogeneous boundaries must be considered to provide 

quantitative moduli mapping of mechanically inhomogeneous tissue. 

Starting with an infinite, homogeneous, nearly incompressible elastic material, consider a plane 

longitudinal (l-) or bulk shear (s-) wave propagating across the boundary (at plane x = 0) between 

two isotropic elastic media characterized with Lamé constants 𝜆1,2 and 𝜇1,2, correspondingly 

(Figure 3-7). The propagation velocities of longitudinal (𝐶𝑙
(1,2)) and shear (𝐶𝑠

(1,2)) waves from 

both sides of the interface are:141  

𝐶𝑙
(1,2) = √(𝜆(1,2) + 2𝜇(1,2))

𝜌(1,2)⁄    

𝐶𝑠
(1,2) = √𝜇(1,2)

𝜌(1,2)⁄                           

(3.35) 

Now consider plane waves propagating along the x-axis (normal to the z-axis), located within a 

bulk material. At the plane interface (x = 0), propagating waves are both reflected and transmitted 

according to the reflection and transmission coefficients primarily determined by the ratio (𝐶𝑙,𝑠
(2)

𝐶𝑙,𝑠
(1)),142 

and the propagation speed is discontinuous at the boundary.  

Only plane waves propagating in the ± x direction are allowed under these conditions and no other 

wave modes are generated at the interface. The amplitude of counter propagating wave packets is 

simply given by the transmission and reflection coefficients. These waves will not change their 

temporal shape; however, superposition of the counter-propagating plane waves in the x < 0 region 
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close to the interface will affect the apparent shape of the incident wave packet. Preservation of 

temporal wave shape is exploited in traditional time-of-flight reconstruction to locally estimate 

propagation speed and, thereby, infer the elastic modulus.143 In the spatial domain, the original 

waveform can stretch or compress as a function of local propagation speed. This scaling has been 

exploited to locally estimate propagation speed based on the wavenumber, thereby inferring elastic 

modulus.144–146 

 

Figure 3-7. Elastic waves impinging on a vertical boundary (a) Bulk media void of surface boundary 

conditions. Incident and reflected plane bulk waves consist of both longitudinal (l-) and shear (s-) wave 

packets propagating normal to the interface. (b) Boundary conditions alter propagating Rayleigh wave shape. 

Tractional forces on the vertical boundary scatter energy in the form of bulk and Stoneley wave components in 

addition to the reflected and transmitted Rayleigh wave energy. 

Consider Rayleigh waves propagating along the x- axis far from the excitation source where they 

can be easily isolated from bulk waves. For a nearly incompressible material such as soft tissue, 

the Rayleigh wave speed is simply related to the shear-wave speed,142 hence, the shear elastic 
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modulus can be easily computed from the Rayleigh-wave speed.15 Assuming negligible viscosity, 

the temporal shape and amplitude of the propagating surface wave does not change when viewed 

a sufficient distance from the excitation zone. This means simple time-of-flight measurements can 

accurately track propagation speed and directly convert the measurement to modulus. If this wave 

impinges on a vertical boundary (similar to the bulk case presented in Figure 3-7a), its energy is 

not fully distributed between reflected and transmitted Rayleigh waves; new modes are possible,147 

which greatly complicate the mechanical wave packet in this region.  

Typical dynamic OCE systems are confined to imaging depths of about 1-2 mm due to light 

penetration limits in OCT. Consequently, mechanical waves tracked in OCE are launched and 

propagate in highly bounded media, typically with a free surface (air) defining one of the 

boundaries. Many mode types are possible in tissue with such boundary conditions, namely, 

Rayleigh, Love, Stoneley, Scholte or other types of guided waves.15,142 Here, the simplest case of 

boundary effects typically encountered in dynamic OCE is considered (Figure 3-7b), where a 

temporally short axial load applied to the free surface (z = 0) between air and the propagation 

medium (i.e. soft tissue) is used to generate a bulk l- and s- wave that travels into the medium, as 

well as a Rayleigh wave that travels along the free surface.  

To understand the effects of mode conversion in the neighborhood of the interface, the mechanical 

boundary conditions on strain (𝜎) must first be specified at (x = 0, z > 0) and (𝑥,  z = 0) interfaces: 

𝜎𝑥𝑧
(1,2)|

𝑧=0
= 0                           

 
𝜎𝑧𝑧

(1,2)|
𝑧=0

= 0                           
 

𝜎𝑥𝑧
(1)|

𝑥=0,𝑧>0
= 𝜎𝑥𝑧

(2)|
𝑥=0,𝑧>0 

𝜎𝑧𝑧
(1)|

𝑥=0,𝑧>0
= 𝜎𝑧𝑧

(2)|
𝑥=0,𝑧>0

. (3.36) 
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The boundary conditions must be applied to solutions of the general mechanical equations of 

motion in the medium, 

𝜌
𝜕2𝑈⃗⃗ 
𝜕𝑡2 = 𝜇(1,2)∆𝑈⃗⃗ + (𝜆(1,2) + 2𝜇(1,2))𝑔𝑟𝑎𝑑 𝑑𝑖𝑣𝑈⃗⃗ , (3.37) 

where 𝑈⃗⃗  is the displacement vector of the propagating wave and the superscripts (1,2) correspond 

to the geometry in Figure 3-7. 

For the given boundary conditions, not only are transmitted and reflected Rayleigh waves 

produced, but additional modes (such as a Stoneley wave propagating along the z-axis and bulk 

shear waves traveling at an angle to the z-axis) are launched.147 The specific energies converted 

from the pure incident Rayleigh wave to secondary modes (longitudinal, shear, Stoneley, etc.) can 

be difficult to quantify, and will vary greatly for different geometries and stiffnesses.148 Because 

the values of each converted mode differ depending on factors such as the ratio 𝜇2/𝜇1, it is difficult 

to generalize how each mode will specifically affect the reconstruction with depth for the wide 

range of conditions typical of OCE. Scattered body waves emerging in a particular direction create 

a finite region where, even for different mixed-mode amplitudes, the signal will be distorted. This 

region of undefined wave behavior, i.e. a mixture of multiple propagating modes, will corrupt 

Rayleigh wave tracking and, hence, its speed reconstruction. We also note that the Rayleigh wave 

shape itself changes when passing the interface by transferring energy to other modes, making it 

very difficult to separate the Rayleigh wave from other modes near the interface.  

Finding an analytical solution for all modes near the x = 0 interface is not a trivial problem, 

especially for broadband Rayleigh-wave pulses. To explore how vertical inclusions and mode 

conversions are related to reconstruction accuracy (and ultimately play a role in OCE spatial 
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resolution), detailed simulations and experimental measurements on model systems are described 

in Chapter 4. The specific geometry was designed to highlight wave-behavior close to an interface 

between two lateral regions with different shear moduli. Specifically, Rayleigh waves with varying 

frequencies were used to determine how close single-mode surface waves could approach a 

vertical interface without corruption due to scattering and mode-conversion. Note that even for 

bounded material such as the cornea, wave packets with high enough frequencies (i.e. small 

wavelengths relative to the corneal thickness) behave similar to Rayleigh waves. The ability to 

uniquely identify elastic waves from both sides of a mechanical interface is essential to 

quantitatively measure elastic modulus in regions with different stiffness and must be analyzed 

carefully. 

3.8 Nearly incompressible transversely isotropic solids 

Most work to date considered the cornea as an isotropic material. However, there are significant 

differences between tensile and shear loading tests suggesting that the cornea cannot be considered 

isotropic.149  

Specifically, the fibril arrangement (Figure 2-1) in the cornea is such that hundreds of vertically 

stacked collagen lamellae, each 0.3-2.5 Pm thick31,32 have a preferred collagen orientation. The 

elastic properties of collagen fibers have been shown to be very different than those of corneal 

connective tissue,46–48 suggesting that the preferred orientation results in asymmetric elastic 

properties. While some in-plane anisotropy has been reported,74,136,150,151 its magnitude at low 

intraocular pressure (IOP) suggests that macroscopic mechanical behavior can be treated as 

isotropic in-plane.16,74,152  Recent second harmonic generation imaging studies suggest that 

lamellar orientations are relatively random in-plane40,41,153 and, as such, it is reasonable to assume 
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that cornea’s in-plane elastic properties are isotropic. Still, out-of-plane properties can be very 

different.  

One interpretation of the corneal structure, based on a fiber-composite model,154 is that collagen 

fiber mechanical properties govern in-plane behavior, while those of the connective tissue matrix 

govern out-of-plane behavior. The simplest model capturing corneal mechanical anisotropy is that 

of a transversely isotropic (TI) material, with in-plane (xy- plane) isotropy and a symmetry axis (z) 

perpendicular to the lamellar structure.  

For a general TI solid, the stress-strain relation is defined by five independent constants138: 

[
 
 
 
 
 
𝜎𝑥𝑥
𝜎𝑦𝑦
𝜎𝑧𝑧
𝜏𝑦𝑧
𝜏𝑥𝑧
𝜏𝑥𝑦]

 
 
 
 
 

=

[
 
 
 
 
 
 𝐶11 𝐶12 𝐶13
𝐶12 𝐶11 𝐶13
𝐶13 𝐶13 𝐶33

𝐶44
𝐶44

𝐶66]
 
 
 
 
 
 

[
 
 
 
 
 
𝜀𝑥𝑥
𝜀𝑦𝑦
𝜀𝑧𝑧
𝛾𝑦𝑧
𝛾𝑥𝑧
𝛾𝑥𝑦]

 
 
 
 
 

. (3.38) 

Where 𝐶12 = 𝐶11 − 2𝐶66. Note that 𝑖 = 1,2 dimensions are isotropic (consistent with the xy-

plane). Considering that two of the three principal planes can be considered isotropic (where, for 

example 𝐶11 is equivalent to 𝜆 + 2𝜇), the elasticity matric can be written as  

𝑪 =

[
 
 
 
 
 𝜆 + 2𝜇 𝜆 𝜆 + 𝑄1

𝜆 𝜆 + 2𝜇 𝜆 + 𝑄1
𝜆 + 𝑄1 𝜆 + 𝑄1 𝜆 + 2𝜇 + 𝑄2

𝐺
𝐺

𝜇 ]
 
 
 
 
 

. (3.39) 

where  

𝑄1 = 𝐶13 − 𝜆 (3.40) 
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𝑄2 = 𝐶33 − (𝜆 + 2𝜇). (3.41) 

The inclusion of the parameter 𝐺 here indicates that shear deformation can be different if shear 

stress is applied along the symmetry axis (z) compared to the deformation from a shear stress 

applied across it. The inclusion of 𝑄1 and 𝑄2 indicate that differences between 𝐶33 and 𝐶11, and 

between 𝐶12 and 𝐶13 may be nonzero.137 

As before, the dilatation of a material can be defined in terms of the normal strain 

components where the strains are related to the normal stresses 𝜎𝑥𝑥, 𝜎𝑦𝑦, and 𝜎𝑧𝑧 and the 

longitudinal part of the compliance tensor 𝑪ℓ
−1: 

𝜀ℓ = 𝑪ℓ
−1𝜎ℓ, (3.42) 

where 

𝐶𝓵
−1 =

1
Δ

[
𝐶11𝐶33 − 𝐶13

2 𝐶13
2 − 𝐶12𝐶33 𝐶13(𝐶12 − 𝐶11)

𝐶13
2 − 𝐶12𝐶33 𝐶11𝐶33 − 𝐶13

2 𝐶13(𝐶12 − 𝐶11)
𝐶13(𝐶12 − 𝐶11) 𝐶13(𝐶12 − 𝐶11) 𝐶11

2 − 𝐶12
2

] (3.43) 

Δ = det 𝐶ℓ = (𝐶11 − 𝐶12)[(𝐶11 + 𝐶12)𝐶33 − 2𝐶13
2 ] (3.44) 

Eq. 3.43 and 3.44 can be expressed using 𝛼 = 𝑪−1, where 

𝑪−𝟏 = 𝛼 =
1
∆

[
 
 
 
 
 
 𝛼11 −𝛼12 −𝛼13
−𝛼12 𝛼11 −𝛼13
−𝛼13 −𝛼13 𝛼33

∆ ∙ 𝛼44
∆ ∙ 𝛼44

∆ ∙ 𝛼66]
 
 
 
 
 
 

, (3.45) 
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components of the compliance matrix 𝛼𝑖𝑗 are defined using 𝜇, 𝐺, 𝑄1and 𝑄2 as 

Δ = 4𝜇 ((𝜆 + 2𝜇 + 𝑄2)(𝜆 + 𝜇) − (𝜆 + 𝑄1)2) , 

α11 = (𝜆 + 2𝜇 + 𝑄2)(𝜆 + 2𝜇) − (𝜆 + 𝑄1)2 ,      

α12 = 𝜆(𝜆 + 2𝜇 + 𝑄2) − (𝜆 + 𝑄1)2,                    (3.46) 

α13 = 2𝜇(𝜆 + 𝑄1),                                                    

α33 = 4𝜇(𝜆 + 𝜇),                                                     

α44 =
1
𝐺
,                                                                     

          α66 =
1
𝜇
.                                                                              

 

Similar to the isotropic case, the longitudinal terms of the compliance matrix (𝑪𝒍
−1) can be written 

in terms of the Young’s moduli and Poisson’s ratios137: 

𝑪𝒍
−1 =

(

 
 
 
 

1
𝐸1

−𝑣12

𝐸1

−𝑣13

𝐸3
−𝑣12

𝐸1

1
𝐸1

−𝑣13

𝐸3
−𝑣13

𝐸3

−𝑣13

𝐸3

1
𝐸3 )

 
 
 
 

(3.47) 

Adopting the terminology of 𝐸1 = 𝐸𝑇 and 𝐸3 = 𝐸𝐿, as well as 𝜈12 = 𝜈𝑇𝑇, 𝜈13 = 𝜈𝑇𝐿 and 

𝜈31 = 𝜈𝐿𝑇, transverse and longitudinal Young’s moduli (𝐸𝑇 and 𝐸𝐿, respectively) and three 

Poisson’s ratios can be expressed via components 𝛼𝑖𝑗: 
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𝐸𝑇 =
Δ

𝛼11
 ,

𝐸𝐿 =
Δ

𝛼33
 ,

ν𝑇𝑇 =
𝛼12

𝛼11
 ,

ν𝑇𝐿 =
𝛼13

𝛼11
 ,

ν𝐿𝑇 =
𝛼13

𝛼33
 .

(3.48) 

Again, the incompressibility condition for soft tissue constrains the strain such that 𝑇𝑟(𝜺) ≡ 𝜃 =

0. Assuming Δ ≠ 0, the incompressibility condition can be expressed as 

𝜃 =
2𝜇(2𝜇 + 𝑄2 − 𝑄1)

Δ
(𝜎𝑥𝑥 + 𝜎𝑦𝑦) +

4𝜇(𝜇 − 𝑄1)
Δ

𝜎𝑥𝑥 = 0 (3.49) 

where  

Δ = 4𝜇[𝜆(3𝜇 + 𝑄2 − 2𝑄1) + (2𝜇2 + 𝜇𝑄2 − 𝑄1
2)]. (3.50) 

For the incompressibility condition where 𝜆 → ∞ while 𝜇, 𝑄1, and 𝑄2 remain finite, the stresses, 

internal pressure 𝑃, and dilatation 𝜃 terms can be written as: 

𝜎𝑥𝑥 = 𝑃 + 2𝜇𝜀𝑥𝑥 + 𝑄1𝜀𝑧𝑧                                 (3.51) 

𝜎𝑦𝑦 = 𝑃 + 2𝜇𝜀𝑦𝑦 + 𝑄1𝜀𝑧𝑧                                (3.52)  

𝜎𝑧𝑧 = 𝑃 + 2𝜇𝜀𝑧𝑧 + 𝑄1(𝜀𝑥𝑥 + 𝜀𝑦𝑦) + 𝑄2𝜀𝑧𝑧 (3.53) 

where 𝑃 = lim
𝜆→∞
𝜃→0

(𝜆𝜃). Note that the stress-strain relations for an incompressible TI medium show 

that the elastic behavior is fully characterized by four material constants and the scalar pressure 𝑃. 
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For the limit where 𝜆 → ∞, the incompressibility condition can be expressed in terms of the 

Young’s moduli and Poisson’s ratio as 

𝜃 = [
(1 − 𝜈𝑇𝑇)

E𝑇
−

𝜈𝐿𝑇

𝐸𝐿
] (𝜎𝑥𝑥 + 𝜎𝑦𝑦) +

(1 − 2𝜈𝐿𝑇)𝜎𝑧𝑧

𝐸𝐿
= 0. (3.54) 

For Eq. 3.54 to be satisfied for any load, the Young’s moduli and Poisson’s ratios for a nearly-

incompressible TI material, i.e. NITI material, can be approximated as: 

  𝐸𝑇 = 3𝜇 + 𝜇 [
𝛿

4𝜇 + 𝛿
] ,                            

𝐸𝐿 = 3𝜇 + 𝛿 ,                                            

𝜈𝑇𝑇 =
1
2

[1 +
𝛿

4𝜇 + 𝛿
] = 1 −

1
2

𝐸𝑇

𝐸𝐿
,      

𝜈𝑇𝐿 =
1
2

[1 −
𝛿

4𝜇 + 𝛿
] =

1
2

𝐸𝑇

𝐸𝐿
,              

 𝜈𝐿𝑇 =
1
2
,                                                      

(3.55) 

where 𝛿 = 𝑄2 − 2𝑄1. Note that 𝛿 is important to characterize Young’s moduli along, 𝐸𝑇, and 

across, 𝐸𝐿, fibers. Additionally, most biological soft materials require that 𝜈 > 0. This condition 

is satisfied for 𝜈𝑇𝑇 only when E𝑇 ≤ 2𝐸𝐿.  

By definition, the 𝛿 term accounts for non-zero differences between 𝐶33 and 𝐶11, and between 𝐶12 

and 𝐶13. Assuming that tensional deformation is different along the fiber direction compared to 

that across it, both 𝐸𝐿 and 𝐸𝑇 change with 𝛿 (Figure 3-8).  
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Figure 3-8. Young’s moduli along and across NITI material symmetry axis z (perpendicular 

corneal surface) scaled to the shear modulus 𝜇 (𝐸𝐿/𝜇 and 𝐸𝑇/𝜇 respectively) as a function of the 

ratio 𝛿/𝜇. 

The lower limit for the argument 𝛿/𝜇 is defined by the condition where 𝜈𝑇𝑇 is positive. As 

such, 𝐸𝑇 ≥ 2𝜇.  

As 𝛿 → ∞,𝐸𝑇 has an upper limit of 4𝜇. 𝐸𝐿 is a linear function of 𝛿. 

The condition where 𝛿/𝜇 < 0 corresponds to a slow-axis NITI medium, where 𝐶33 < 𝐶11. This 

situation occurs in the cornea due to random in-plane orientation of lamellae, where the symmetry 

axis corresponds to the direction perpendicular to the fibers. Thus, corneal tensile properties may 

be different when loaded in-plane compared to out-of-plane directions.  

As shown in Figure 3-8, the difference between 𝐸𝐿 and 𝐸𝑇 may be defined by the parameter 𝛿. 

However, the ratio 𝐸𝐿/𝐸𝑇 has a very narrow range for all 𝛿 allowed by the corneal symmetry: 
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 1 < 𝐸𝑇/𝐸𝐿 < 2         (3.56) 

From Eq. 3.56, it’s clear the range of 𝐸𝑇 is highly restricted to:   

2𝜇 < 𝐸𝑇 < 3𝜇 .     (3.57) 

The case of 𝐸𝑇 = 3𝜇, corresponding to 𝛿 = 0, is equivalent to the assumption that corneal tensile 

properties are isotropic.27 The case 𝐸𝑇 = 2𝜇, corresponding to 𝛿 = −2𝜇, is realized at the 

strongest possible corneal tensile anisotropy. While determination of the parameter 𝛿 can be 

difficult to measure directly, Eq. 3.55 suggests that measuring certain types of material 

deformation may be used to determine the relationship between in plane and out of plane tensile 

anisotropy. 

In the case of tensile isotropy (𝐸𝑇 = 𝐸𝐿),  𝐶13 = 𝜆 and 𝐶33 = 𝜆 + 2𝜇. This is equivalent to 

𝛿 = 𝑄1 = 𝑄2 = 0, where the determinant in Eq. 3.43 becomes 

Δ = 12𝜇2 (𝜆 +
2
3

𝜇) , (3.58) 

which is nonzero, indicating that the stiffness matrix is invertible. Additionally, avoiding the 

singularity occurring at 𝑄2 − 2𝑄1 + 3𝜇 ≠ 0 is satisfied. For a NITI material assuming tensile 

isotropy, Eq. 3.39 therefore reduces to  

[
 
 
 
 
 
𝜎𝑥𝑥
𝜎𝑦𝑦
𝜎𝑧𝑧
𝜏𝑦𝑧
𝜏𝑥𝑧
𝜏𝑥𝑦]

 
 
 
 
 

=

[
 
 
 
 
 𝜆 + 2𝜇 𝜆 𝜆

𝜆 𝜆 + 2𝜇 𝜆
𝜆 𝜆 𝜆 + 2𝜇

𝐺
𝐺

𝜇 ]
 
 
 
 
 

[
 
 
 
 
 
𝜀𝑥𝑥
𝜀𝑦𝑦
𝜀𝑧𝑧
𝛾𝑦𝑧
𝛾𝑥𝑧
𝛾𝑥𝑦]

 
 
 
 
 

. (3.59) 
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This approximation corresponds to the case of a weakly anisotropic material, since the only 

anisotropy is due to the shear terms 𝐶44 = 𝐺. Consequently, only 2 parameters, 𝜇 and 𝐺, define 

corneal deformation and 𝐸𝑇 = 𝐸𝐿 = 𝐸 = 3𝜇.  

Note that assuming 𝛿 = 0 for the cornea may not be strictly accurate, but greatly simplifies the 

analysis of wave behavior for quantification of 𝐸 and 𝐺 using experimental data (detailed in 

Chapter 5). Using a simplified NITI material model rather than a simple isotropic model is an 

important step in quantifying anisotropic properties because it separates the effects of 𝜇 from 𝐺, 

which are much greater than any possible variations of 𝐸 introduced by 𝛿 ≠ 0. 

Finally, note that in the limit of an isotropic material, both the full TI and simplified NITI model 

correspond to the case where:  

𝑄1 = 𝑄2 = 0,                     
E𝑇 = E𝐿 = 3𝜇,                  (3.60) 

ν𝑇𝑇 = ν𝑇𝐿 = ν𝐿𝑇 = 1/2. 
 

3.9 Elastic waves in a bulk NITI material 

Transversely isotropic materials support three bulk waves (quasi-longitudinal, quasi-shear, and 

shear) whose wave speeds depend on the propagation angle. When the propagation direction lies 

in the xy-plane (𝜗 = 90°), three pure wave modes exist (one longitudinal and two orthogonal shear 

waves). Their wave speeds are 
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 𝑐𝐿 = √
𝐶11

𝜌
                                                                                   

𝑐𝑆1 = √𝐶44
𝜌

, (polarized in 𝑧), (3.61)                 

𝑐𝑆2 = √𝐶66
𝜌

, (polarized in the 𝑥𝑦 − plane)                    

where 𝜌 is the material density. 

For a general propagation angle, the polarization of propagating waves is not fully parallel or 

orthogonal to the propagation direction and, therefore, one quasi-longitudinal, one quasi-shear, 

and one shear wave should be considered. The following equations can be used to calculate their 

wave speeds155: 

𝑐𝑞𝐿 = √𝐶11 sin2 𝜗 + 𝐶33 cos2 𝜗 + 𝐶44 + √𝑀(𝜗)
2𝜌

, (3.62) 

𝑐𝑞𝑆 = √𝐶11 sin2 𝜗 + 𝐶33 cos2 𝜃 + 𝐶44 − √𝑀(𝜗)
2𝜌

, (3.63) 

𝑐𝑆 = √
𝐶66 sin2 𝜗 + 𝐶44 cos2 𝜗

𝜌
,                                (3.64) 

𝑀(𝜃) = [(𝐶11 − 𝐶44)𝜗 + (𝐶44 − 𝐶33)𝜗]2 + (𝐶13 + 𝐶44)2 sin2 2𝜗 . (3.65) 

For the full NITI model, these equations can be written as  
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𝑐𝑞𝐿 = √(𝜆 + 2𝜇) sin2𝜗 +(𝜆 + 2𝜇 + 𝑄2) cos2 𝜗 + 𝐺 + √𝑀(𝜗)
2𝜌

, (3.66) 

𝑐𝑞𝑆 = √(𝜆 + 2𝜇) sin2𝜗 +(𝜆 + 2𝜇 + 𝑄2) cos2 𝜗 + 𝐺 − √𝑀(𝜗)
2𝜌

, (3.67) 

𝑐𝑆 = √
𝜇 sin2 𝜗 + 𝐺 cos2 𝜗

2𝜌
,                                                                  (3.68) 

𝑀(𝜗) = [(𝜆 + 2𝜇 − 𝐺) sin2𝜗 + (𝐺 − 𝜆 − 2𝜇 − 𝑄2) cos2 𝜗]2 + (𝜆 + 𝑄1 + 𝐺)2 sin2 2𝜗 . (3.69) 

By evaluating these equations for a range of angles using approximate mechanical properties for 

cornea (𝜌 = 1000 kg/m3, 𝜇 = 1 MPa, 𝐺 = 20 kPa, and setting 𝜆 so that the average longitudinal 

wave speed is approximately 1540 m/s), and assuming tensile isotropy (𝑄1 = 𝑄2 = 0, or 𝛿 = 0), 

some intuition about bulk wave behavior in a NITI material can be gained. The quasi-longitudinal 

wave speed is nearly constant over all angles, with variations of ± 0.01%, while the quasi-shear 

waves’ speeds show a large range of variability over angle (Figure 3-9b). 

The mechanical behavior is symmetric with respect to rotations about the z-axis but varies with 

respect to the angle 𝜃 formed by the propagation direction and the z-axis (Figure 3-9a).  
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Figure 3-9. Angle-dependent shear wave speed in bulk NITI material (a) Coordinate system, symmetry axis, and 

propagation angle for a TI material. (b) Quasi-shear and shear wave speed as a function of propagation angle for a 

NITI material with properties representative of porcine cornea (𝜌 = 1000 kg/m3, 𝜇 = 1 MPa, 𝐺 = 20 kPa, 𝜆 = 2.37 

GPa, 𝛿 = 0). 

3.10 Rayleigh waves a NITI media 

When the 𝑥𝑦-plane corresponds to a free surface, a Rayleigh wave propagates along the surface 

with speed 𝑐𝑅. The value of 𝑐𝑅 can be found using the Stroh formalism.156–159 Consider the solution 

of a Rayleigh wave propagating in the 𝐦 = [1, 0, 0] direction, along the free surface defined by 

normal vector 𝐧 = [0, 0, 1] (because of symmetry in the 𝑥𝑦-plane, the propagation direction is 

arbitrary). The Stroh formalism defines the 3×3 matrices 

𝑄𝑖𝑘 = 𝑐𝑖𝑗𝑘𝑙𝑚𝑗𝑚𝑙 − 𝜌𝑐2𝛿𝑖𝑘 (3.70) 

𝑅𝑖𝑘 = 𝑐𝑖𝑗𝑘𝑙𝑚𝑗𝑛𝑙                    (3.71) 
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𝑇𝑖𝑘 = 𝑐𝑖𝑗𝑘𝑙𝑛𝑗𝑛𝑙                  (3.72) 

where 𝑐𝑖𝑗𝑘𝑙 is the fourth-order stiffness tensor, 𝜌 is the density, and 𝑐 is the wave speed. These 

matrices are combined to form the 6×6 Stroh eigenvalue problem,  

𝐍 [𝐚𝐛] = 𝑝 [𝐚𝐛] , (3.73) 

where 

𝐍 = [ −𝐓−1𝐑𝑇 𝐓−1

𝐑𝐓−1𝐑𝑇 − 𝐐 −𝐓−1𝐑𝑇] . (3.74) 

The eigenvectors contain the polarization vectors 𝐚 and traction vectors 𝐛 of harmonic waves that 

satisfy the free surface boundary condition. The displacements 𝐮 and tractions 𝐭 for these solutions 

are  

𝐮 = 𝐚𝑒𝑖𝑘(𝐦⋅𝐱+𝑝𝐧⋅𝐱−𝑣𝑡), (3.75) 

𝐭 = 𝑖𝑘𝐛𝑒𝑖𝑘(𝐦⋅𝐱−𝑣𝑡).      (3.76) 

The Rayleigh wave is formed by a linear combination of wave modes whose amplitude decay with 

depth. For this reason, only solutions where 𝑝 has a positive imaginary part are considered. Below 

the limiting velocity of the material, the six eigenvalues occur in complex conjugate pairs [𝐚𝐛], 

where only three modes form the Rayleigh wave. Furthermore, the free surface condition implies 

that the linear combination of the tractions must be zero, 

∑𝑐𝑖𝐭𝑖

3

𝑖=1

= 𝟎. (3.78) 
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This is often rewritten in the following form: 

𝑖𝑘 [
| | |

𝐛1 𝐛2 𝐛3
| | |

] [
𝑐1
𝑐2
𝑐3

] 𝑒𝑖𝑘(𝐦⋅𝐱−𝑣𝑡) = 𝐁𝐜 = 𝟎, (3.79) 

which has a nontrivial solution if and only if the determinant of 𝐁 is zero.  

To solve for the Rayleigh wave speed, an iterative algorithm is required. At each iteration, a trial 

wave speed 𝑐 is considered, and the Stroh eigenvalue problem is solved to obtain the relevant 

eigenvectors, as described above. The traction vectors are extracted and used to form the matrix 𝐁 

and calculate its determinant. This process is repeated until the absolute value of the determinant 

is minimized. The resulting wave speed corresponds to the Rayleigh wave speed 𝑐𝑅.  

Following this procedure for the same representative NITI material used in the previous section (𝜌 

= 1000 kg/m3, 𝜇 = 1 MPa, 𝐺 = 20 kPa, 𝛿 = 0, and setting 𝜆 = 2.37 GPa so that the average 

longitudinal wave speed is approximately 1540 m/s), the Rayleigh wave speed in a cornea-like 

NITI solid is approximately √𝐺/𝜌.  

The exact value varies slightly with the degree of anisotropy 𝐺/𝜇, from approximately 

0.9553√𝐺/𝜌 in the isotropic limit (𝐺 = 𝜇) to √𝐺/𝜌 in the highly anisotropic limit (𝐺 ≪ 𝜇) 

(Figure 3-10). 
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Figure 3-10. Rayleigh wave speed as a function of anisotropy. The Rayleigh wave speed is primarily governed by 

𝐺 in a NITI solid. 

3.11 Guided waves in NITI media 

As with the isotropic case, analytical solutions to elastic wave propagation in a bounded NITI 

material can be complex. To derive an analytic solution for guided waves in the cornea, first 

consider an infinite NITI layer of thickness h and density U bounded above by air and below by 

water (Figure 3-11). Assuming a general NITI material model, the stiffness tensor contains 

material constants 𝜆, 𝜇, 𝐺, and 𝛿. Because the acoustic excitation employed in non-contact AμT-

OCT generates a pseudo-line source, a plane strain state is assumed.  
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Figure 3-11. Geometry and boundary conditions displayed for a NITI plate bounded above by air and below by 

water. 

To generalize, the following scales are introduced to nondimensionalize the terms: 

Position:   𝒙 ~ ℎ 

Displacement:  𝒖 ~ ℎ 

Time:    𝑡 ~ ℎ/√𝜇/𝜌 

Frequency:   𝑓 ~ √𝜇/𝜌/ℎ 

Wavenumber:   𝑘 ~ ℎ 

the dimensionless equations of motion yield the elastodynamic equations for a NITI material 

𝑢𝑡𝑡 = 𝛽2𝑢𝑥𝑥 + 𝛼2𝑢𝑧𝑧 + 𝛾2𝑣𝑥𝑧 (3.80) 

𝑣𝑡𝑡 = 𝛼2𝑣𝑥𝑥 + 𝜉2𝑣𝑧𝑧 + 𝛾2𝑢𝑥𝑧 (3.81) 
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𝛼2 =
𝐶55

𝜇
=

𝐺
𝜇

                                      (3.82) 

𝛽2 =
𝐶11

𝜇
=

𝜆 + 2𝜇
𝜇

                            (3.83) 

𝛾2 =
(𝐶13 + 𝐶55)

𝜇
=

𝜆 + 𝑄1 + 𝐺
𝜇

   (3.84) 

𝜉2 =
𝐶33

𝜇
=

𝜆 + 2𝜇 + 𝑄2

𝜇
                   

where, 𝒖 = (𝑢, 𝑣) is the dimensionless displacement field with 𝑥 and 𝑧 components, respectively; 

𝛼, 𝛽,  𝛾, and 𝜉 are dimensionless parameters, and subscripts denote partial differentiation. In other 

words, the guided wave solution for a NITI material uses the elastic wave equations of the 

following dimensionless form: 

𝑢𝑡𝑡 = (
𝜆 + 2𝜇

𝜇
)𝑢𝑥𝑥 + (

𝐺
𝜇
) 𝑢𝑧𝑧 + (

𝜆 + 𝑄1 + 𝐺
𝜇

) 𝑣𝑥𝑧          (3.85) 

𝑣𝑡𝑡 = (
𝐺
𝜇
) 𝑣𝑥𝑥 + (

𝜆 + 2𝜇 + 𝑄2

𝜇
) 𝑣𝑧𝑧 + (

𝜆 + 𝑄1 + 𝐺
𝜇

)𝑢𝑥𝑧 (3.86) 

where u and v are the x- and z- components of the displacement, respectively, and subscripts 

denote partial differentiation.  

Next, harmonic solutions are assumed for displacements of the form  

𝑢(𝑥, 𝑧, 𝑡) = 𝐴𝑒𝑖(𝑘𝑥+ℓ𝑧−𝜔𝑡) (3.87) 

𝑣(𝑥, 𝑧, 𝑡) = 𝐵𝑒𝑖(𝑘𝑥+ℓ𝑧−𝜔𝑡) (3.88) 
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where 𝑘 and ℓ are dimensionless angular wavenumbers, 𝜔 is the dimensionless angular frequency, 

and 𝐴 and 𝐵 are arbitrary constants. 

Substituting these solutions into the governing equations yields the homogeneous linear system 

[
 
 
 
 𝑞𝛽

2 +
𝛼2

𝛽2 ℓ2 𝑘ℓ
𝛾2

𝛽2

𝑘ℓ
𝛾2

𝛼2 𝑞𝛼
2 +

𝜉2

𝛼2 ℓ2
]
 
 
 
 
[𝐴𝐵] = [00] (3.89) 

where 

𝑞𝛼
2 = 𝑘2 −

𝜔2

𝛼2 (3.90) 

𝑞𝛽
2 = 𝑘2 −

𝜔2

𝛽2 . (3.91) 

This has non-trivial solutions if and only if the determinant of the matrix is zero, resulting in a 

biquadratic equation for ℓ with four solutions 

ℓ4 + [
𝛼2

𝜉2 𝑞𝛼
2 +

𝛽2

𝛼2 𝑞𝛽
2 −

𝛾4𝑘2

𝛼2𝜉2] ℓ2 +
𝛽2

𝜉2 𝑞𝛼
2𝑞𝛽

2 = 0 (3.92) 

ℓ = ±√
1
2

[𝜑 ± √𝜑2 − 4
𝛽2

𝜉2 𝑞𝛼
2𝑞𝛽

2]                          (3.93) 

𝜑 = 𝑘2 𝛾4

𝛼2𝜉2 −
𝛼2

𝜉2 𝑞𝛼
2 −

𝛽2

𝛼2 𝑞𝛽
2                                (3.94) 
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Without loss of generality, we assume 𝐵 = 1 and solve the corresponding coefficient 𝐴 for each 

solution ℓ. This yields the following solutions, where the outer and inner ± signs match for each 

𝐴 and ℓ, 

𝐴 = ±

[
 
 
 
 
 

−

√2𝛾2𝑘
𝛼2 √𝜑 ± √𝜑2 − 4𝑞𝛼

2𝑞𝛽
2

𝜑 + 2𝛽2

𝛼2 𝑞𝛽
2 ± √𝜑2 − 4𝑞𝛼

2𝑞𝛽
2

]
 
 
 
 
 

(3.95) 

The full solutions are therefore linear combinations of four partial waves, 

𝑢(𝑥, 𝑧, 𝑡) = ∑ 𝐶𝑗𝐴𝑗𝑒𝑖ℓ𝑗𝑧𝑒𝑖(𝑘𝑥−𝜔𝑡)
4

𝑗=1
(3.96) 

𝑣(𝑥, 𝑧, 𝑡) = ∑ 𝐶𝑗𝑒𝑖ℓ𝑗𝑧𝑒𝑖(𝑘𝑥−𝜔𝑡)   
4

𝑗=1
(3.97) 

In the fluid domain, an acoustic material is assumed. The dimensionless acoustic wave equation 

in velocity potential form is 

𝒖̇𝑓 = ∇Φ             (3.98) 

𝑝𝑓 = −
𝜌𝑓

𝜌
Φ𝑡       (3.99) 

ΔΦ −
1
𝛿2 Φ𝑡𝑡 = 0 (3.100) 

𝛿2 =
𝜌(𝑐𝑓)2

𝜇
         (3.101) 
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The general solution for the fluid domain takes the form  

Φ = 𝐶5𝑒𝜉𝑧𝑒𝑖(𝑘𝑥−𝜔𝑡) (3.102) 

𝜉 = √𝑘2 −
𝜔2

𝛿2 (3.103) 

Re(𝜉) > 0 (3.104) 

The constants 𝐶𝑗 were chosen so that the solutions satisfy the non-dimensionalized boundary 

conditions: 

𝜎𝑥𝑧 = 0 at  𝑧 = 1
𝜎𝑧𝑧 = 0 at  𝑧 = 1
𝜎𝑥𝑧 = 0 at  𝑧 = 0

𝜎𝑧𝑧 = 𝜎𝑧𝑧
𝑓 at  𝑧 = 0

𝑣̇ = 𝑣̇𝑓 at  𝑧 = 0

(3.105) 

where the superscripts 𝑓 denote quantities in the fluid domain 𝑧 < 0. Substituting the general 

solutions into the boundary conditions yields a 5×5 homogeneous system for the coefficients, 

𝐌𝐜 = 𝟎. This system has nontrivial solutions if and only if the determinant of the matrix 𝐌 (Eq. 

3.106) is zero. For a given frequency 𝜔, wavenumbers 𝑘 can be found that satisfy the dispersion 

relation using numerical root-finding methods or by minimizing the absolute value of the 

determinant: 

(3.106) 
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𝐌 =

[
 
 
 
 
 (ℓ1𝐴1 + 𝑘)𝑒𝑖ℓ1 (ℓ2𝐴2 + 𝑘)𝑒𝑖ℓ2 (ℓ3𝐴3 + 𝑘)𝑒𝑖ℓ3 (ℓ4𝐴4 + 𝑘)𝑒𝑖ℓ4 0
[𝑘(𝛾2 − 𝛼2)𝐴1 + 𝛽2ℓ1]𝑒𝑖ℓ1 [𝑘(𝛾2 − 𝛼2)𝐴2 + 𝛽2ℓ2]𝑒𝑖ℓ2 [𝑘(𝛾2 − 𝛼2)𝐴3 + 𝛽2ℓ3]𝑒𝑖ℓ3 [𝑘(𝛾2 − 𝛼2)𝐴4 + 𝛽2ℓ4]𝑒𝑖ℓ4 0

ℓ1𝐴1 + 𝑘 ℓ2𝐴2 + 𝑘 ℓ3𝐴3 + 𝑘 ℓ4𝐴4 + 𝑘 0
𝑘(𝛾2 − 𝛼2)𝐴1 + 𝛽2ℓ1 𝑘(𝛾2 − 𝛼2)𝐴2 + 𝛽2ℓ2 𝑘(𝛾2 − 𝛼2)𝐴3 + 𝛽2ℓ3 𝑘(𝛾2 − 𝛼2)𝐴4 + 𝛽2ℓ4 𝜔𝜌𝑓/𝜌

𝜔 𝜔 𝜔 𝜔 −𝑖𝜉 ]
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The dispersion relation for a NITI layer bounded by air and water (derived from the partial wave 

solutions to the elastic wave equations satisfying corneal boundary conditions (Figure 3-12a)) was 

then explored for varying levels of anisotropy (𝐺 = 20 kPa, ℎ = 0.55 mm, 𝛿 = 0, varying 𝜇).  While 

the solution included an infinite number of quasi-antisymmetric (A) and quasi-symmetric (S0) 

modes, only the first two (A0 and S0) travel at speeds which are typically captured in OCE. Figure 

3-12b displays examples of A0 and S0 mode behavior for NITI materials with varying levels of 

anisotropy. As 𝜇 increased relative to 𝐺, the S0 mode propagated with higher phase velocity at low 

frequencies (Figure 3-12c). In contrast, the high frequency asymptote of the A0 mode was 

primarily governed by 𝐺, with 𝜇 controlling both the rate at which the A0 mode approaches its 

asymptote and weakly affecting the asymptotic value (< 5%) (Figure 3-12d).  

 

Figure 3-12. Analytical solutions for guided wave behavior in a bounded NITI layer. (a) Propagation of 

harmonic guided waves in cornea tissue, modeled as a NITI material layer bounded above by air and below by 
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water. Dispersion relations for propagating guided modes were derived from partial wave solutions to the elastic 

wave equations satisfying corneal boundary conditions. (b) The effect of increasing anisotropy on fundamental (zero 

order) A0 and S0 modes (𝐺 = 20 kPa, ℎ = 0.55 mm, 𝛿 = 0, varying 𝜇) presented in wavenumber-frequency space. 

The behavior of the A0 mode was primarily governed by 𝐺, and the S0 mode by 𝜇. (c) The same dispersion curves in 

phase velocity versus frequency representation. (d) Zoomed view of the A0 mode in phase velocity versus frequency 

representation - the high-frequency asymptote of the A0 mode governed primarily on 𝐺, with its low-frequency rate 

of change governed by 𝜇. 

The details of Figure 3-12 b-d provide an important conclusion. Due to the bounded NITI 

structure, the first quasi-antisymmetric (A0) mode varies for unique combinations of 𝐺 and 𝜇. A 

closer view demonstrates that the high-frequency asymptote of the A0 mode is primarily governed 

by 𝐺 and the low-frequency rate of change governed primary by 𝜇. While the Rayleigh wave speed 

in a NITI material is almost entirely defined by the modulus 𝐺, the cornea’s finite thickness 

produces guided waves depending on both 𝐺 and 𝜇, allowing both parameters to be estimated in a 

single measurement provided that broad-band elastic waves are present.  

Effects of incompressibility assumptions in guided NITI material 

In general, a TI material contains five independent elastic constants (C11, C12, C13, C33, C44) rather 

than the two (Lamé constants) of isotropic materials. As shown above, the incompressibility 

conditions in a NITI material reduce the number of independent elastic constants to four, 𝜇, 𝐺, 𝛿, 

and 𝜆. Because 𝜆 ≫ 𝜇, it does not affect the material deformation. Thus, to fully describe how a 

NITI material will deform under stress, 𝜇, 𝐺, and 𝛿 are required. In the above presentation of 

guided mode structure, the material was assumed isotropic in its longitudinal terms, where 𝛿 = 0. 

While this assumption is imperfect, it does not prevent accurate approximation of guided wave 

behavior in TI materials that are weakly anisotropic in their longitudinal terms.160  
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The relationship between Poisson’s ratios and Young’s moduli suggest that the shear anisotropy 

(𝜇/𝐺) in the cornea is much greater than possible variations of 𝐸 introduced by 𝛿 ≠ 0. Using 

representative values of 𝐺, 𝜇, and 𝜆 for the cornea (𝐺 = 20 kPa, 𝜇= 3 MPa, 𝜆=2.37 GPa), Figure 

3-13 demonstrates that for the limiting case of 𝛿 = −2𝜇, there are negligible changes in the A0 

mode. Variations in 𝐶13 and 𝐶33 are second-order effects when utilizing guided shear waves to 

infer stiffness in nearly incompressible TI materials.  

 

Figure 3-13. Effect of 𝜹 on 𝐀𝟎 mode phase velocity spectra. Shown in  a) (f-c domain) with zoomed inset and b) 

wavenumber representation (f-k domain) for a TI material with tensile anisotropy defined by  𝛿 = 0 and 𝛿 = −2𝜇. 

The guided A0 mode in the cornea remains relatively insensitive to changes in 𝛿, suggesting that the shear moduli 𝜇 

and 𝐺 dominate guided wave behavior. Note that 𝛿 = 0 is consistent with previous work and was used in this work 

to generate the theoretical dispersion relation. 

As a first approximation of the NITI model, variations in the 𝐶13 and 𝐶33 terms were assumed 

negligible as the A0 mode remains functionally insensitive to 𝛿. While the 𝐶13 and 𝐶33 assumption 

will play a role in the relationship between 𝐸 and 𝜇, corneal structure suggests that 𝐸=3𝜇 is a 

reasonable assumption.  
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3.12 Destructive mechanical tests 

An important take-away from the NITI model is that macro-level stiffness of the cornea may be 

defined by two shear moduli (G and P), decoupling tensile/inflation responses from shear 

responses. In this section, equations are presented based on traditional destructive techniques to 

provide a basis for comparing elastic moduli in the NITI model with the wide body of existing 

literature. The relevant stress-strain relations for each test type depend primarily on one elastic 

parameter while remaining agnostic to the other. Furthermore, tensile and inflation measurements 

yield similar values, as with shear and transient methods.  

Tensile testing of corneal strips.  

In tensile tests, rectangular strips of ex vivo cornea are subjected to uniaxial tension. The 

corresponding strain is measured, and the Young’s modulus quantified as 𝐸 = 𝜎/𝜀. In general, the 

orientation of the cornea strip lies in the xy-plane, and the direction of the applied stress aligns 

with the long axis of the strip. While anisotropy within the xy-plane has been reported by some 

studies, the degree of anisotropy at low IOP (low pre-stress)16,74,150,161,162 suggests that cornea 

microstructure can be approximated with the NITI model as symmetric for any direction in the xy-

plane. Thus, it is sufficient to consider only one orientation of the strip. Note that second order 

affects from the 𝐶13 and 𝐶33 assumptions are ignored in this derivation. As such, OCE-measured 

Young’s modulus 𝐸 is approximately equivalent to the tangential tensile modulus (𝐸𝑇) measured 

in tensile extensometry, and which is of a primary interest in ophthalmology. 

Consider uniaxial loading in the 𝑥 direction. It is clear from this linear system that the shear 

strains are zero and consequentially any equations with 𝐺 vanish, leaving 
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[
𝜎𝑥𝑥
0
0

] = [
𝜆 + 2𝜇 𝜆 𝜆

𝜆 𝜆 + 2𝜇 𝜆
𝜆 𝜆 𝜆 + 2𝜇

] [
𝜀𝑥𝑥
𝜀𝑦𝑦
𝜀𝑧𝑧

] . (3.107) 

Solving the third row for 𝜀𝑧𝑧, 

𝜀𝑧𝑧 = − 𝜆
𝜆+2𝜇

(𝜀𝑥𝑥 + 𝜀𝑦𝑦). (3.108) 

Substituting Eq. 3.108 into the second row of Eq. 3.107 and solving for 𝜀𝑦𝑦 gives 

𝜀𝑦𝑦 = −
𝜆

2(𝜆 + 𝜇) 𝜀𝑥𝑥. (3.109) 

Finally, substituting into the first row and defining the Young’s modulus as 𝐸 = 𝜎𝑥𝑥/𝜀𝑥𝑥, the 

Young’s modulus can be quantified via 

𝐸 =
𝜇(3𝜆 + 2𝜇)

𝜆 + 𝜇
, (3.110) 

which in the incompressible limit 𝜆 → ∞ gives 𝐸 = 3𝜇. From this, the moduli determined in a NITI 

material under tension will have an apparent Young’s modulus that depends only on 𝜇 and not on 

𝐺. Furthermore, an approximation can be found which relates 𝜇 to E. 

Inflation tests of corneal buttons  

In corneal inflation tests, a circular region of the cornea and sclera (called a trephinate) is often 

dissected from an ex vivo eye.47,163 The cornea is clamped above a fluid-filled chamber and sealed 

around the scleral rim. The chamber is connected to a water column whose height is varied to 

simulate intraocular pressure (IOP). For a given pressure 𝑝, the test measures the rise of the corneal 

apex 𝑟. The corneal thickness ℎ, radius of curvature 𝑅, and the contact angle at the clamped edge 
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𝛾 are also estimated. Deformation of the cornea is then modeled using the theory of spherical 

shells.164  

 

Figure 3-14. Corneal geometry and local coordinate axes used in analyzing stress strain relationships to 

mathematically describe inflation tests. 

The corneal inflation test can be described by the coordinate system shown in Figure 3-14. The 

deformation of an infinitesimal shell element under pressure is governed by the normal stress 

resultants 𝑁𝜑 and 𝑁𝜃, bending moments 𝑀𝜑 and 𝑀𝜃, and shear stress resultant 𝑄𝜑. Here, 𝜑 

represents the meridional coordinate (sometimes denoted by 𝑦 in local element coordinates) and 𝜃 

denotes the azimuthal coordinate (sometimes denoted as 𝑥 in local element coordinates). The 

resultants and moments are defined: 

𝑁𝜃 = ∫ 𝜎𝜃 (1 −
𝑧
𝑅
)d𝑧

ℎ
2

−ℎ
2

, (3.111) 

𝑁𝜑 = ∫ 𝜎𝜑 (1 −
𝑧
𝑅
)d𝑧

ℎ
2

−ℎ
2

, (3.112) 
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𝑀𝜃 = ∫ 𝜎𝜃𝑧 (1 −
𝑧
𝑅
)d𝑧

ℎ
2

−ℎ
2

, (3.113) 

𝑀𝜑 = ∫ 𝜎𝜑𝑧 (1 −
𝑧
𝑅
)d𝑧

ℎ
2

−ℎ
2

, (3.114) 

𝑄𝜑 = ∫ 𝜏𝜑𝑧 (1 −
𝑧
𝑅
) d𝑧

ℎ
2

−ℎ
2

. (3.115) 

Balancing the forces and moments on the shell element and considering the relationship between 

strain and the deformed shape leads to a system of five equations describing the rise of the corneal 

apex following inflation.47  

Hooke’s law can be applied to assign a constitutive model to the shell using a local coordinate 

system of the shell element. The shell is assumed to be thin relative to its radius of curvature (ℎ ≪ 

𝑅), thus a plane stress approximation can be applied. This yields the following stress-strain relation 

for the shell element: 

[
 
 
 
 
 
𝜎𝜃
𝜎𝜑
0
0
0

𝜏𝜃𝜑]
 
 
 
 
 

=

[
 
 
 
 
 𝜆 + 2𝜇 𝜆 𝜆

𝜆 𝜆 + 2𝜇 𝜆
𝜆 𝜆 𝜆 + 2𝜇

𝐺
𝐺

𝜇 ]
 
 
 
 
 

[
 
 
 
 
 
𝜀𝜃
𝜀𝜑
𝜀𝑧
𝛾𝜑𝑧
𝛾𝜃𝑧
𝛾𝜃𝜑]

 
 
 
 
 

. (3.116) 

As with the tensile test, the shear strains vanish, and the solution will not depend on 𝐺. 

Proceeding as in the tensile test, the third row can be solved for 𝜀𝑧, 

𝜀𝑧 = −
𝜆

𝜆 + 2𝜇
(𝜀𝜃 + 𝜀𝜑) (3.117) 



 73 

Substitute Eq. 3.117 into rows 1 and 2 to obtain a simplified system: 

𝜎𝜃 =
4𝜇(𝜆 + 𝜇)
𝜆 + 2𝜇

𝜀𝜃 +
2𝜆𝜇

𝜆 + 2𝜇
𝜀𝜑, (3.118) 

𝜎𝜑 =
2𝜆𝜇

𝜆 + 2𝜇
𝜀𝜃 +

4𝜇(𝜆 + 𝜇)
𝜆 + 2𝜇

𝜀𝜑. (3.119) 

For notational convenience, Eq. 3.118 and Eq. 3.119 can be converted from 𝜆-𝜇 (Lamé parameter) 

form to the Young’s modulus and Poisson’s ratio form using the following relationships: 

𝜆 =
𝐸𝜈

(1 + 𝜈)(1 − 2𝜈) , (3.120) 

𝜇 =
𝐸

2(1 + 𝜈) . (3.121) 

to obtain 

𝜎𝜃 =
𝐸

1 − 𝜈2 (𝜀𝜃 + 𝜈𝜀𝜑), (3.122) 

𝜎𝜑 =
𝐸

1 − 𝜈2 (𝜀𝜑 + 𝜈𝜀𝜃). (3.123) 

For an incompressible material, 𝜈 = 0.5, the stresses depend only on the Young’s modulus 𝐸 = 3𝜇, 

as these stresses are the only terms that appear in the stress resultants and bending moments. The 

apical rise measured in an inflation test depends on the resultants and moments, and so also depend 

only on 𝜇. Thus, like the tensile test, an inflation test of a NITI material will measure 𝜇 and not 𝐺. 

Shear torsional test of corneal buttons 
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In torsional tests of corneal trephinates (such as in parallel-plate rheometry) a cylindrical section 

of ex vivo cornea (with thickness ℎ and radius 𝑅) is placed between parallel platens and a rotational 

deformation Θ is applied to the sample. The torque 𝑇 at the top platen is often measured, and 

Hooke’s law for shear is used to estimate the shear modulus of the sample. The torque can be given 

by the integral 

𝑇 = ∫ ∫ 𝜏𝜃𝑧𝑟 d𝜃d𝑟
2𝜋

0

𝑅

0
. (3.124) 

The transformation from Cartesian coordinates to cylindrical coordinates gives the shear stress and 

strain 

𝜏𝜃𝑧 = −sin 𝜃 𝜏𝑥𝑧 + cos 𝜃 𝜏𝑦𝑧, (3.125) 

𝛾𝜃𝑧 = −sin 𝜃 𝛾𝑥𝑧 + cos 𝜃 𝛾𝑦𝑧. (3.126) 

For the stress-strain relation in a NITI material (Eq. 3.39), the in-plane shearing is described by  

𝜏𝑥𝑧 = 𝐺𝛾𝑥𝑧, (3.127) 

𝜏𝑦𝑧 = 𝐺𝛾𝑦𝑧. (3.128) 

Substituting Eqs. 3.127 and 3.128 into 3.125,  

𝜏𝜃𝑧 = 𝐺𝛾𝜃𝑧. (3.129) 

The shear strain and stress can be approximated as  
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𝛾𝜃𝑧 =
𝑟Θ
ℎ

(3.130) 

𝜏𝜃𝑧 =
𝐺𝑟Θ
ℎ

(3.131) 

Evaluating the torque integral and solving for 𝐺 provides 

𝐺 = 𝑇
2ℎ

𝜋Θ𝑅4 . (3.132) 

Clearly, a shear torsional test will provide an estimate of 𝐺 only and is not influenced by 𝜇.  

3.13 Conclusions 

To summarize, a nearly incompressible transversely isotropic (NITI) model of the cornea was 

presented to describe corneal biomechanics. The NITI model differs from the isotropic model in 

that shear and tensile behavior are decoupled, potentially resolving the apparent paradox in 

reported biomechanical properties based on different loading techniques. Mechanical tests that 

probe these behaviors independently will report greatly different Young’s moduli in materials with 

high level of shear anisotropy such as the cornea. The shear behavior is governed by an 

independent modulus, which we refer to as 𝐺, and the tensile behavior is governed by the modulus 

𝜇, which can be approximately related to the Young’s modulus 𝐸 = 3𝜇 assuming tensile isotropy. 

Limiting conditions on the deformation assumptions were presented as a potential avenue to more 

accurately relate 𝜇 to the Young’s Modulus in the future.  
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Figure 3-15. Loading techniques used to measure anisotropic elastic moduli. a) Representative display of APT-

OCE system to generate and image elastic waves in the cornea. The purple triangle focus represents non-contact 

acoustic loading through air and the red line-scan displays approximate scan range for OCT-based detection of 

wave-fields.  b) Guided elastic waves propagating in a NITI material such as the cornea. c) A solution to the 

dispersion equation was iteratively solved in the Fourier spectrum to reconstruct both elastic moduli, E and G, that 

most closely resemble the measured waveform in the cornea. d) Representation of ex vivo parallel plate rheometry 

of the cornea. e) Material model demonstrating assumed geometries and shear stress-strain relationships. f) 

Calculation of the complex shear modulus G* using measured shear stress and strain. g) Representation of corneal 
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strips loaded in extensometer. h) Material model demonstrating assumed geometries and loading in tensile testing. i) 

Calculation of the Young’s modulus, E, in extension testing. 

Finally, the derivations in this chapter provide an avenue for robust and accurate measurements of 

corneal elastic moduli using propagating elastic waves. The model intuitively links cornea 

microstructure to the observed mechanical response, where collagen lamellae contribute to the stiff 

behavior under tension and inflation (MPa range) and the layered structure allows internal slip, 

producing the softer response of shear and transient tests (kPa range). Constitutive equations were 

derived which describe corresponding material properties based on different loading techniques 

(Figure 3-15). The model presented suggests that clinical stiffness measurements made with OCE 

may be used to connect the field of non-destructive in vivo testing with the extensive body of ex 

vivo literature. Bridging this gap is an important step in clinically translating OCE and may help 

launch large clinical studies in the future.  
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Chapter 4. Elastic wave imaging using Optical Coherence Tomography 

Optical coherence tomography (OCT), based on the principle of optical interference, is well suited 

to measure tissue displacements due to local vibrations and strains. In this chapter, an OCT system 

combined with an air-coupled acoustic transducer capable of launching and detecting mechanical 

waves is presented. The system described can detect near shot-noise limited vibrations in addition 

to imaging corneal microstructure using phase-sensitive OCT based on spectral domain OCT (SD-

OCT). To ensure maximum performance relative to theoretical expectations, care was taken to 

select optical components that minimize incompatibility, spectral response, and misalignment. In 

this system, best effort was made to select suitable components for optimum phase stability. 

Detailed design parameters related to the light source, spectrometer design, system stability, 

acoustic excitation, system timing, and final performance are presented. The non-contact system 

described within this chapter was used to demonstrate how the OCT signal may be used to 

reconstruct high-resolution images of tissue elasticity based on the constitutive equations of the 

previous chapter. 

4.1 SD-OCT system hardware 

A phase-sensitive spectral domain optical coherence tomography system (Figure 4-1) was built to 

track propagating mechanical waves via local tissue displacements. To generate propagating 

elastic waves, a trigger signal was sent to a home-built air-coupled ultrasound transducer providing 

a temporally and spatially focused acoustic wave that transferred energy to the tissue, effectively 

generating a tens-of-nanometer to micron-scale displacement. The system utilized a Michelson-

type fiber-optic interferometer combined with an optical spectrometer and line scan camera for 
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depth encoding and was optimized for noise reduction using polarization-maintaining (PM) fibers 

in all components (as opposed to conventional single mode (SM) fibers).  

The light source was a broadband superluminescent diode (SLD) with a near-Gaussian spectral 

profile and maximum output power of 30 mW (SLD1018P, Thorlabs, NJ) coupled into a PM-fiber 

with radiation aligned along the slow axis. The central wavelength was 1310 nm, with a FWHM 

of 45 nm. Linearly polarized light was then coupled into a broadband PM circulator (PMCIR-

1310_FC/APC, OZ-optics, Ottawa, Canada) and then into a 2x2 99/1 PM beam combiner (Fused-

22-1310-7/125-99/1, OZ-optics, Ottawa, Canada). One percent (1%) of the power was directed 

toward the reference arm through a variable attenuator (VOA50PM, Thorlabs, NJ) and into a 

variable optical delay line (ODL-200, OZ-Optics, Ottawa, CA) terminated by an in-fiber reflector 

having near 100% reflection at the 1310 nm wavelength.  

All optical components were mounted on an isolated stage equipped with rubber damping and 

placed on an active pneumatic isolation table (PTS602, Thorlabs, NJ). Together, the OCT system 

combined with non-contact acoustic excitation is referred to as acoustic-microtapping OCE (AμT-

OCE). 
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Figure 4-1. AμT-OCE system a) components and connections based on a phase-stable polarization maintaining 

SD-OCT configuration. b) Close-up of AμT-OCE imaging arm showing optical and acoustic focus alignment on a 

stylize human for display 

In the following sections, design parameters, performance metrics, and system limitations are 

presented to provide additional information on the phase-stable OCE system. 

4.2 Laser source  

In OCT, the axial resolution (detailed below) is inversely proportional to the bandwidth of the light 

source. Additionally, image contrast and imaging depth are largely determined by wavelength 

dependent light-tissue interactions. Thus, both the optical spectrum of the light source and the 

optical properties of the desired tissue must be considered when choosing an appropriate light 

source. 

In this system, a 1310 nm center wavelength light source was used based on trade-offs between 

near-infrared transmittance within the cornea, component availability, and the requirement to 

image the full thickness of the cornea. It is worth noting in Figure 4-2a that the cornea is very 

transparent over the visible and NIR range (380 nm-1100 nm).165,166 Both scattering and water 
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absorption begin to dominate at wavelengths above 1400 nm.166 Thus, light scattering around 1300 

nm provides an avenue to contrast corneal structures using OCT.167 

 a)                                                                                         b) 

 

Figure 4-2. Spectral characteristics of cornea and light source. a) Transmittance spectra in the cornea (adopted 

from Berg and Spkreijse166). Thin dashed line refers to transmittance in aqueous solution, middle dashed line refers 

to lens, and lower dashed line to vitreous. The heavy dashed line refers to a combination of cornea, retina, aqueous 

solution, and water. The heavy continuous line corresponds with 1 mm of pure liquid. Note that transmittance here is 

combined absorption and scattering. b) Optical spectrum of SLD (SLD1018P, Thorlabs, NJ). 

The light source used was a Superluminescent Diode (SLD) (SLD1018P, Thorlabs, NJ) with a 

center wavelength of 1310 nm and optical bandwidth (3 dB) of 45 nm (Figure 4-2b) with 30 mW 

maximum output power. The SLD was housed in a standard 14-bin butterfly package and 

controlled using a compact temperature controller (CLD1015, Thorlabs, NJ) providing 

temperature control to stabilize the power and optical spectrum.  

The broadband infrared light emitted from the laser was connected to a FC/APC polarization 

maintaining fiber and directed to an optical circulator to re-direct reflected light to the spectrometer 

and prevent energy from re-entering the light source.  
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4.3 Reference arm  

Following light emission and passage through the optical circulator, the light from the SLD was 

split into two paths with a specially designed 99:1 polarization maintaining fiber-based coupler. 

99 percent of the emission power was delivered to the sample arm for tissue scattering, while 1 

percent of the power went toward a static reference mirror, referred to as the reference arm. 

The reference arm is a stable reflector used to determine the zero-delay, or matching path length 

between reference and sample arm, of the OCT system. To minimize environmental noise, a 

polarization-maintaining in-fiber reflector having near 100% reflection at the 1310 nm wavelength 

was utilized. To ensure polarization-stability, the fiber connected to the reflector was 1 m in length 

and mechanically fixed using a 3D-printed mount.  

To maximize stability, simplify alignment, and match reference arm power with corneal back-

scatter intensity, a variable attenuator (VOA50PM, Thorlabs, NJ) and variable optical delay line 

(ODL-200, OZ-Optics, Ottawa, CA) were utilized. The variable attenuator allowed up to 99% 

attenuation without optical spectrum clipping. The optical delay line allowed for 200 μm of travel 

to simplify alignment between reference and sample arm distances. 

4.4 Sample arm 

The sample arm of an OCT system is essentially the imaging probe that delivers light to the sample 

of interest. The energy delivered at the sample is part of the Michelson interferometer that is first 

split by the 99:1 polarization maintaining coupler. The 99% bean energy was passed through ~2 

m of polarization maintaining fibers and connected to a collimator (F280APC-C, Thorlabs, USA) 
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which passed a collimated beam into free space. The size of the mirror was chosen to accommodate 

the theoretical 1/e2 beam diameter of 3.4 mm to avoid loss of energy.  

The collimated beam was directed toward a single galvanometer scanning system with a mounted 

mirror (MicroMax Model 677XX, Cambridge Technology, Bedford, MA). The galvanometer 

allowed for precision motor control with a maximum travel of ±15 degrees. The galvanometer 

was paired with a servo driver board to control voltages and determine the mirror position angle 

according to the input voltage signal. For example, at 0-voltage, the orientation of the mirror is 45 

degrees relative to the incident beam. To limit OCT image aberration and system vibration, the 

acceleration and control of the galvanometer used a stable power source with a measured voltage 

jitter of ±10 mV. The rotation angle was controlled by an analogue command signal from a 

computer to scan the sample arm beam in one direction.  

The beam redirected from the galvo-controlled mirror impinged on a lens that focused the light 

toward the sample of interest. The incident power on the sample at focus was approximately 2.5 

mW
cm2, well within the safety limits for ophthalmic imaging of the cornea.168 Note that safety limits 

for the cornea are more lenient than the retina, with guidelines suggesting safe application of near-

infrared light as high as 30 mW
cm2.169 

The focal length, total size of the focusing lens, and total angle of deflection from the galvo-

controller determined the x-scanning range. The system was optimized for corneal imaging where 

a 60 mm focal length lens with a 2-inch aperture allowed for a stable 10 mm scan range.  

Because light scattering in the cornea is generally low, the focusing lens was intentionally placed 

60 mm beyond the focal plane from the galvo-controlled mirror to increase reflection normal to 
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the incident beam to increase SNR. The oblique incident angle introduced distortion in the corneal 

shape of the final OCT cross-section that was corrected for as a part of an automated surface 

detection algorithm in the final signal processing. 

4.5 OCT axial resolution 

The axial resolution limit in SD-OCT is determined by the central wavelength and bandwidth of 

the laser source,170 related to the coherence length of the emitted energy.  

The coherence length can be written as: 

𝑙𝑐 =
4 ln 2
𝑛𝜋

∗
𝜆0

2

∆𝜆
, (4.1) 

where 𝜆0 is the central wavelength, and ∆𝜆 is the FWHM, and n is the refractive index. The 

resolution in an OCT system is typically defined as 1
2
 the coherence length, or 𝑙𝑐

2
, which is related 

to the spectral bandwidth of the light source by4 

𝑙𝑐
2

=
2√ln(2)

∆𝑘
=

2 ln(2)
𝜋

 
𝜆0

2

∆𝜆
, (4.2) 

where 𝑘 here is the optical wavenumber. For wavelengths typically used in biological applications, 

the axial resolution is roughly in the micrometer scale. The theoretical axial resolution determined 

by the light source (in air, refractive index n = 1) was 16.8 μm. Note that axial resolution is 

decoupled from lateral resolution. 

4.6 OCT lateral resolution 
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The lateral resolution in OCT is determined by the objective lens in the sample arm.4 The 

resolution is defined by the spot size of the sample beam and written as 

𝑅𝑟 = 2𝑤0 =
4𝑓𝜆0

𝜋𝐷
≈ 1.22

𝜆0

2𝑁𝐴𝑜𝑏𝑗
, (4.3) 

where 2𝑤0 is the spot size diameter of the beam, and f the focal length of the sample arm objective 

lens. D is the beam diameter incident onto the lens and 𝑁𝐴𝑜𝑏𝑗 is the numerical aperture of the 

objective lens.  

There is a trade-off between the lateral resolution and depth of focus.4 Typically, the depth of focus 

in OCT is often related to the optical Rayleigh length,  

𝑍𝑅 =
𝜋𝑤0

2

𝜆0
, (4.4) 

with the optimal imaging range typically defined as 2𝑍𝑅. In this case, 2𝑍𝑅 was around 1 mm, 

providing a theoretical lateral resolution between 14.7 μm - 29.43 μm over typical corneal 

thicknesses. 

Note that the collimated beam impinged on the galvo-controlled mirror at an angle and often off-

center of the focusing lens. As such, the incident beam experienced some aberration (elliptical 

shape and diffraction) reducing the actual lateral resolution by a small percentage. 

4.7 Spectrometer design 

Light back-scattered from the sample arm and reference mirror were combined in the fiber coupler 

and then delivered to the spectrometer. Spectral domain OCT requires that the recombined signal 
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is appropriately sampled in the Fourier Domain using a spectrometer based on the line-scan 

configuration, where broad-spectrum light is incident on a grating which separates the spectrum 

to detect each wavelength using a CCD camera as a function of the wavenumber, k. 

The spectrometer was designed so that the spectral range of the line-scan camera accurately 

sampled the full spectrum of the light source such that the total spectral range, ∆Λ, was not reduced 

relative to the full width half-maximum (FWHM) of the light source. Thus, the axial resolution 

was not limited by the detection electronics.  

The spectral sampling is associated with the axial spacing domain following a Fourier Transform 

(FT). The relationship between the spectral range (∆Λ) and the pixel spacing (bins in the axial 

spatial domain, z) is: 

∆Λ = 1
2

𝜆0
2

∆𝑧
2

, (4.5)  

where ∆𝑧 was the pixel spacing in the z-domain and 𝜆0 was the center wavelength of the 

spectrum.171  

To ensure appropriate pixel spacing, the coherence function (determined by the source) must be 

distinguishable from neighboring pixels. Thus, pixel spacing was greater than ½ the axial 

resolution, or 𝑙𝑐
4
. Substituting 𝑙𝑐

4
 in Equation 4.5 for ∆𝑧

2
 will maximize the imaging range while 

maintaining source limited resolution: 

∆Λ =
1
2

𝜆0
2

(𝑙𝑐4)
=

𝜋
2 ln 2

 ∆𝜆 (4.6) 
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The full spectral range of the CCD array detector was greater than 102 nm considering the spectral 

components of the SLD. 

Since the camera had a finite number of elements, N, the spatial sampling density was set according 

to the spectral sampling resolution, ∆Λ
𝑁

. If the full spectrum is illuminated by ∆Λ
𝑁

, the resolution and 

imaging depth are maximized. For the CCD array used in this system (N=1024), this occurs at 

∆Λ
𝑁

= .01 nm/pixel. It is important to note that ∆Λ can be increased without losing resolution, at 

the expense of imaging depth. The spectral spacing between pixel elements was greater than ∆Λ
𝑁

=

.01 nm/pixel, thus the entire spectrum was resolved. 

If the spectrometer has a specified bandwidth, and N pixels, the total axial imaging range, 𝑙𝑚𝑎𝑥, 

over which signals can be measured is given by: 

𝑙𝑚𝑎𝑥 =
∆𝑧
2

𝑁
2

=
ln(2)
2𝜋

𝜆0
2

∆𝜆
 𝑁 (4.7) 

The division of 𝑁
2
 is important due to the conjugate symmetry of the FT of a real spectrum where 

only half of the pixels will contain unique information. Considering that the ∆𝑧=𝑙𝑐
4
 (1/2 the axial 

resolution), the maximum imaging range achieved was 4.308 mm.  

In SD-OCT, there is a measurable reduction in sensitivity as the distance from the zero-delay is 

increased. This reduction in sensitivity is determined by both the shape of each wavelength beam 

illuminating the CCD array, and the rectangular (RECT) function imposed from sampling with a 

finite-sized pixel in the CCD array. As an object moves away a set distance (∆𝑙) from the zero-
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delay line (defined as the matched path-length between the reference and sample arm), the 

measurable OCT oscillation is given as: 

𝐼(𝑘) = 𝑠(𝑘) ∗ cos(𝑘∆𝑙) (4.8) 

Where 𝑠(𝑘) is the spectral intensity distribution of the light source and ∆𝑙 is the path length 

difference between the reference mirror and reflector. The fringe visibility, or the amplitude of the 

cosine oscillation, directly determines the signal strength in the z-domain after a FT.  

The focusing lens of the spectrometer allowed the CCD to sample the cosine term in Equation 4.8 

in the k domain using a finite number of pixels. A convolution of the pixel size with the Gaussian 

spectral resolution yields the following expression for sensitivity reduction, 𝑅𝑠, as a function of 

the imaging depth, z172: 

𝑅𝑠 (𝑧) =
sin2 ( 𝜋𝑧

2𝑙𝑚𝑎𝑥
)

( 𝜋𝑧
2𝑙𝑚𝑎𝑥

)
2 exp(−(

𝜋2𝑤2

8 ln 2
) (

𝑧
𝑙𝑚𝑎𝑥

)) , (4.9)  

where 𝑙𝑚𝑎𝑥 was the maximum scan depth, and w an experimental parameter based on the ratio 

between the actual spectral resolution and the theoretical spectral resolution. Here it can be 

appreciated that finite pixel spacing contributes to the signal fall-off.  

The transfer of the lens system in the spectrometer from the object space (diffraction grating) to 

the image space (CCD array) caused additional aberration at the focal spot of the spectrometer. 

The goal of the optical design was to optimize the beam-shape on each CCD pixel based on the 

spectral range, ∆Λ, CCD size, and diffraction angle. The diffraction angle was determined by the 

grating, which is defined by its resolving power, 𝑅𝑑𝑖𝑓𝑓 (dimensionless), and given by173 
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𝑅𝑑𝑖𝑓𝑓 =
𝜆𝑚𝑎𝑥

𝛿𝜆
= 𝑚𝑁𝑔, (4.10) 

Where 𝛿𝜆 was the maximum achievable spectral resolution of the grating, m the diffraction order, 

𝑁𝑔 the total number of grooves illuminated on the grating surface, and 𝜆𝑚𝑎𝑥 the maximum 

wavelength of the system. In order to achieve the system limit of ∆Λ =  𝛿𝜆, the total number of 

illuminated grooves was determined by 𝜆𝑚𝑎𝑥
∆Λ

. For the upper limit of the spectrum used in this 

system (𝜆𝑚𝑎𝑥 = 1332.5 nm and ∆Λ = .01 nm) at least 13,3801 grooves must be illuminated.  

The groove density, 𝐺𝑑, of the diffraction grating was used to determine the minimum aperture 

size of the collimating lens to achieve the necessary spectral resolution according to: 

𝐶𝑑 =
𝜆𝑚𝑎𝑥

∆Λ 𝑚
1
𝐺𝑑

. (4.11) 

Considering the components readily available (𝐺𝑑=1200 grooves/mm), the smallest possible 

aperture to ensure more than 13,3801 grooves were illuminated required a collimating lens 

aperture of 13.07 mm. A fiber to free-space adapter with an aperture diameter of 1.3 mm 

(SM1FCA, Thorlabs, NJ) was paired with a 25.4 mm diameter achromatic lens with a focal length 

of 60 mm to generate a beam size approximately 25 mm, ensuring appropriate spectral sampling 

from the diffraction grating. 

The diffraction grating required the incident and reflected light to pass through at a specific angle. 

The optimal angular dispersion of the grating is given by: 

sin 𝜃𝑖 + sin 𝜃𝑑 = 𝑚𝐺𝑑𝜆0, (4.12) 
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where 𝜃𝑖 was the incident angle, 𝜃𝑑 dispersion angle, 𝑚 the diffraction order, and 𝐺𝑑 the groove 

density. Assuming the Litterow condition (diffraction angle equal to the incident angle (𝜃𝑖=𝜃𝑑)), 

𝜃𝑑 was determined to be 51o. Inspection of the first order maximum amplitude confirmed this 

value. 

Once the collimated light passed through the diffraction grating, each grating element acted as a 

point source, emitting each wavelength of light at a different angle. Thus, each beam had a total 

‘cone’ between lens and detector. The focal length of the imaging lens focused each beam to a 

width based on the spectral range (∆Λ), total size of the CCD array (𝑑𝐶𝐶𝐷), diffraction angle (𝜃𝑑), 

and groove density, 𝐺𝑑: 

𝑓𝑙 =
cos(𝜃𝑑)

𝐺𝑑
∗

𝑑𝐶𝐶𝐷

∆Λ
(4.13) 

For the system described herein, the focusing lens can be no longer than 𝑓𝑙 = 148 mm. Due to 

limited optics supply, and to avoid decreasing resolution (at the expense of the total imaging 

range), a 2” diameter, 𝑓𝑙 = 100 mm lens was used.  

It has been shown that the optimum spot size at the spectrometer is 1
4
 the size of a single CCD 

pixel.170 The expected spot size (at the center wavelength, 𝜆0) at the spectrometer was calculated 

using: 

𝑤0 =
2𝑓𝑙𝜆0

𝜋𝐶𝑑
, (4.14) 

where  𝐶𝑑 = 25 mm. The expected spot size was well below the 1
4
 threshold ( 𝑤0

𝑤𝑝𝑖𝑥𝑒𝑙
=  .17). 
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Finally, the optical spectrometer consisted of a collimator (𝑓𝑙𝑐 = 50 mm), transmission grating 

(1200 lines/mm), achromatic focusing lens (𝑓𝑙 =100 mm), and a high speed 1024-pixel line scan 

InGaAs CCD camera (1024-LDH2, Sensors Unlimited, New Jersey, USA). The camera was 

designed to work at 1300 nm with a total wavelength response between 800nm-1700nm. The 

Quantum Efficiency (QE) was approximately 85% at 1300 nm. The total width of the line-scan 

detector was 25.6 mm and each pixel optical aperture height was 500 μm. 

4.8 Data acquisition  

The SD-OCT system was controlled using a computer/processor interface. In short, the system 

was designed to acquire signals by synchronizing acoustic excitation, scan position, and camera 

acquisition. The data acquisition control interface was implemented in LabVIEW (National 

Instruments Corp., TX, USA) using a program largely designed and written by Dr. Shaozhen Song 

and modified for the components listed above. In this section, camera acquisition and data storage 

are discussed.  

Most components of the system utilized the NI (National Instruments Corp., TX, USA) platform 

hosted on a high-performance PC with 2.8 GHz quad-core Intel Core i7 CPU. An analogue output 

card (NI PCI-6713) was used to send both the galvanometer scanner driving signal and camera 

trigger signal. The maximum update rate of the board was 1 MS (mega-sample)/sec. An image 

acquisition card (NI PCIe-1429) was used to initialize, configure, and transfer data from the line-

scan camera using the CameraLink interface.  

A flow chart of the data acquisition program is presented in Figure 4-3. The program first captured 

a background reference image by sampling the spectrum from the reference beam (or by loading 
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previously captured data). The reference beam spectrum was captured by sequentially prompting 

the user to shade the sampling arm before sending a trigger signal to the camera to capture an A-

line acquisition representative of the background signal. After acquisition of the reference data, 

the analogue output system and NI-IMAQ system were initialized. In this sequence, the NI PCI-

6713 card output a trigger signal and galvanometer driving signal to sync the scan position and 

image acquisition using NI PCIe-1429.  
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Figure 4-3. Flow chart of the data acquisition control interface as implemented in a LabVIEW (National 

Instruments Corp., TX, USA) graphical user interface (GUI). Figure adapted from Song, S.174 

The OCT system was operated either in real-time mode for corneal imaging and alignment or 

acquisition mode for tracking elastic wave propagation and saving data for off-line analysis. The 

scanning protocols of these two modes were controlled separately. A pre-defined trigger file 

(detailed in Section 4.13) was loaded followed by AO (analogue output) and IMAQ (National 

Instruments IMage AcQuisition) initialization. The raw camera data was collected for storage or 

processed in LABVIEW for real-time display. Because shear wave tracking required fast data 

acquisition, the data transfer rate required the camera to transfer to the PC faster than the hard 

drive writing speed. To avoid data overflow, part of the RAM was preserved as a cache zone for 

raw-data storage until written to the hard drive. In real-time mode, the CPU reconstructed OCT 

images from raw data acquired from the line-scan camera at approximately 40 frames per second 

and displayed in real-time.  

4.9 Dispersion compensation 

The governing equation in Fourier domain OCT is based on  

𝐹𝑠(𝑧) ∝ 𝐹𝑇{𝐴𝑠(𝑘)}, (4.15) 

where z was the depth, k the wavenumber, and 𝐴𝑠(𝑘) the total backscattered signal detected by the 

spectrometer. Note that while it is possible to detect 𝐴𝑠(𝑘) as a linear function of k,175,176 

spectrometers commonly employed in SD-OCT require a digital rescaling of wavelength (𝜆) into 

wavenumber (k), resulting in the loss of signal sensitivity at increasing depths.177,178 Additionally, 

the polarization maintaining fibers and optical components along the sample beam and reference 
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beam are not identical and can introduce different dispersion patterns which reduce the axial 

resolution of the system.  

A numerical dispersion compensation technique was used to correct the dispersion on the detected 

spectrum.174 Briefly, the interference spectral signal sampled by the line-scan camera is subtracted 

by the reference signal (acquired using only the reference arm). A third-order function to transform 

dispersed k-space to evenly sampled k-space was constructed using an optimization routine that 

maximized the magnitude of the post-FFT OCT signal at a specific location. To determine the re-

sampling parameters, a reflector (glass cover slip) was placed ~0.5 mm from the zero-delay line 

and the reflection amplitude used to determine an optimized k-space function. The spectrum of 

each acquisition was then re-sampled (interpolated) according to the discrete point set on the k-

space function curve to recover an evenly-spaced k-space interferogram. The numerical re-

sampling in k-space corrected for system dispersion and provided near-theoretical axial resolution 

with a significant improvement in the signal to noise ratio.  

4.10 OCT signal reconstruction 

The dispersion compensated spectral interference fringes may be expressed as46 

𝑖(𝑘) =
1
2

Φ𝑆(𝑘)𝛿𝑘 {𝑅𝑅 + ∑𝑅𝑛
𝑛

+ 2√𝑅𝑅 ∑√𝑅𝑛
𝑛

cos[2𝑘(𝑧𝑛 + 𝛿𝑧𝑛)]} , (4.16) 

where S(k) is the source power spectral density, k the wave number, 𝛿𝑘 the spectral resolution of 

the spectrometer, Φ the detector sensitivity, 𝑅𝑅 the reference arm reflectivity, and 𝑅𝑛 the 

reflectivity of the sample at depth 𝑧𝑛, where 𝑧𝑛 was physically described as the integer multiple of 

the discrete sampling interval in the z-direction (determined by 𝑚𝜋/𝛿𝑘, where m was the positive 
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or negative integer of the A-scan array). The 𝛿𝑧𝑛 term was from sub-resolution deviations in 

position of the local scatterer from the signal at the discrete location, 𝑧𝑛, and i(k) was the 

integration over the A-scan exposure time.  

To generate depth-encoded reflection profiles, a discrete Fourier transformation of i(k) was 

performed to give the complex signal defined by  

𝐼(𝑧𝑛) = Γ(𝑧𝑛) exp(𝑗𝑘0𝛿𝑧𝑛) (4.17) 

where Γ(𝑧𝑛) describes the unity-amplitude z-domain autocorrelation function, and 𝑘0 the center 

wavenumber of the source. Note that this representation is simplified and the reader is referred 

elsewhere for a more detailed description.4  

A single reconstruction of depth-encoded reflectivity is referred to as an A-scan and can be 

displayed in real-time using the LabVIEW program GUI or saved for processing. Note that the 𝛿𝑧𝑛 

term can be used for sub-wavelength motion detection using phase-differences between sequential 

A-lines.  

4.11 SD-OCT system performance  

The system resolution and roll-off were experimentally measured using a glass cover-slip placed 

approximately 0.6 mm from the zero-delay line. 15,000 consecutive A-lines were acquired at a 

single location at a rate of 90 kHz (Figure 4-4a). The recorded spectrometer signal was averaged 

and then the absolute value of the FT was calculated (linear scale, Figure 4-4b). Treating the first 

cover-slip surface as a point-source reflector, the FWHM of the peak was used to estimate the 
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resolution of the system. Following numerical dispersion compensation, the effective axial 

resolution was experimentally measured as approximately 20 μm. 

 

Figure 4-4. Repeated scan of glass-coverslip for measuring axial resolution.  a) Log-compressed intensity 

(𝐼(𝑧𝑛)) in 10 consecutive A-scans (cropped from the 15,000 acquired scans for display) of a glass cover-slip 

acquired at 90 kHz. b) Linear-scale intensity normalized to the peak value to demonstrate 20 μm system resolution 

at full-width-half-maximum (FWHM). 

Note that the polarization-maintaining fibers were specially made for 1310 nm with a functional 

bandwidth of 40 nm (as opposed to the 45nm light source). For a 40 nm bandwidth, the theoretical 

resolution was 19.5 μm, very close to what was experimentally measured. 

The signal-fall off was then measured using a reflecting mirror placed at different depths (0 mm-

1.5 mm) relative to the zero-delay line. The data was log compressed and the peak of the signal at 

each depth used to determine system roll-off. 
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Figure 4-5. OCT roll-off measured with reflective mirror. a) Signal intensity at various locations. The surface 

signal (max intensity) is identified with a red dot. b) Theoretical and measured roll-off of signal in SD-OCT system.  

The measured spectral resolution was approximately .011 nm/pixel (close to the theoretical value 

of ∆Λ = 0.01 nm) as calculated according to the measured sensitivity fall off (Equation 4.9). The 

focus was placed at approximately 0.5 mm and the confocal function due to focusing was not taken 

into account. It is important to note that ∆Λ can be increased slightly without losing resolution, at 

the expense of imaging depth. As light is often attenuated due to signal fall-off and tissue optics, 

the maximum imaging range is not required. The spectrometer performance appeared well tuned 

over the imaging depths necessary for the cornea. 

4.12 SD-OCT sensitivity to motion 

The phase term of each complex signal, while random in nature, was exploited between successive 

scans to detect sub resolution motion within a sample.179 For each scan location (x,z), the phase 

term may be defined as  
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𝜑𝑜𝑝𝑡(𝑥, 𝑧) = 𝑖𝑚[𝐼(𝑧𝑛)] = 𝑖𝑚[𝐸(𝑧𝑛) exp(𝑗𝑘02𝛿𝑧𝑛)]. (4.18) 

As sub-resolution deviations from the z-location (𝛿𝑧𝑛) define the relative position of 𝜑𝑜𝑝𝑡(𝑥, 𝑧), 

the phase will remain constant if scatterers located at (x,z) remain stationary. If the particle vector 

displacement deviates axially (along z), the phase term will shift according to  

Δ𝜑𝑜𝑝𝑡(𝑥, 𝑧, 𝑡) = 2𝑛𝑘̅ Δ𝑈𝑧(𝑥, 𝑧, 𝑡) (4.19) 

where and 𝑘̅ the average wave number. Equation 4.19 may be rearranged to readily solve for 

Δ𝑈𝑧(𝑥, 𝑧, 𝑡) by, 

Δ𝑈𝑧(𝑥, 𝑧, 𝑡) =
Δ𝜑𝑜𝑝𝑡(𝑥, 𝑧, 𝑡)𝜆̅

4𝜋𝑛
 (4.20) 

where Δ𝑈𝑧 the displacement between scans.  

In practice, the displacement term is defined as the change in scatterer position between scans and 

reported by the depth-resolved vibration speed,92 

𝑈𝑧𝑡 =  
Δ𝜑𝑜𝑝𝑡(𝑥, 𝑧, 𝑡)𝜆̅

4𝜋𝑛𝑓𝑠−1 (4.21) 

where 𝑓𝑠 is the scan rate. The vibration speed was spatially and temporally mapped, enabling fast 

detection of propagating elastic waves. 

The minimum detectable change in phase, and thus the minimum detectable displacement 

amplitude, was approximated by system noise and inversely related to SNR (i.e., 1/ SNR).180 This 

expression has been shown to hold in practice as a quick estimate of displacement sensitivity. 
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Using this method, the noise-floor of the OCT system was calculated by first acquiring multiple 

A-scans without the light source to acquire a measure of camera noise, measured at approximately 

45 dB. Next, the sample arm was blocked, and the reference arm illuminated and tuned so that the 

signal from the reference arm was just over 45 dB. Finally, an angled neutral density (ND) filter 

was placed in front of a static reflector placed 0.5 mm below the zero delay (Figure 4-6a) and the 

peak reflection calculated to be approximately 104 dB (Figure 4-6b), corresponding to an SNR of 

~ 60 dB. At this SNR, the shot-noise limited sensitivity to displacement was approximately 650 

pm (in air). 

 

Figure 4-6. Measured OCT SNR and phase stability a) Schematic of reflector and ND filter (adapted from Jiang 

et al.181) b) Optimum system SNR was determined with the reflector at the focus of the imaging arm lens. The peak 

signal minus the noise floor was used to calculate a best-case SNR of  ~ 60 dB. c) Experimentally measured phase 

variations over 1500 consecutive A-scans demonstrated a standard deviation of ~ 7 mrad, corresponding with a 

sensitivity to motion of ~ 500 pm in water. 

Due to the nature of multiple scanning components and environmental noise, the phase stability 

was also directly measured following the protocol of Jiang et al.181 1500 consecutive A-scans were 

acquired at 90 kHz with the galvo-controlled mirror driver set at a static voltage. The difference in 

the phase term was determined over the duration of the static M-scan. The standard deviation of 
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the phase difference between successive scans was measured as ~ 7 mrad. (Figure 4-6c) Using 

Equation 4.21, the minimum detectible displacement was approximated as 700 pm in air, and 500 

pm in water. An additional experiment was conducted with the scanning mirror near the maximum 

displacement angle (~12 degrees), which resulted in a stability to motion closer to 1 nm.  

The upper range of measurable displacement is determined by the change in detected phase 

between each scan. If the scatterer travels far enough to induce an absolute value greater than a 𝜋 

phase shift, phase wrapping occurs. Discontinuities in the phase shift can be corrected using phase-

unwrapping algorithms, where corrections of up to five wrapping discontinuities have been 

reported.90 In practice, elastic waves excited via non-contact acoustic generation tend to fall within 

the nm range and do not produce significant phase wrapping.  

Finally, the system demonstrated the ability to accurately measure displacements with amplitudes 

ranging from 0.5 nm- 250 nm using the phase-difference method (equation 4.2). However, due to 

jitter in the galvanometer mirror at the edge of the scanning range, the lower range was closer to 1 

nm.  

To conclude, the SD-OCT system described within can measure elastic waves in the cornea which 

propagate with amplitudes greater than 1nm. 

4.13 Acoustic micro-tapping transducer 

As outlined in Chapter 3, measurements of wideband acoustic wave propagation provide an avenue 

to obtain quantitative measurements of corneal biomechanics. As such, a temporally short, 

spatially sharp, force must be synchronized with the SD-OCT system to both excite and measure 

elastic waves. 
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Independent of the source mechanism, the bandwidth of generated mechanical waves depend on 

the temporal and spatial characteristics of the excitation push. However, an infinitesimally short 

pulse for mechanical wave excitation is actually not optimal. To get the maximum pushing force, 

pump intensity should be confined during the time of stress relaxation across the excitation beam. 

Thus, the duration of the excitation push should be  

𝑇𝑝𝑢𝑠ℎ <≈
𝑑
𝐶𝑠

 , (4.23) 

Where 𝐶𝑠 is the bulk shear wave speed described in Chapter 3. Note that if the push intensity is 

not confined during the time of stress relaxation (push duration (T) exceeds stress-relaxation time), 

bandwidth is constrained by T.  

The push amplitude must be large enough to deliver an axial displacement that can generate a 

laterally traveling mechanical wave without damaging tissue. The resulting wave amplitude is 

determined primarily by the excitation force but will be affected by local physiology as well. A 

stiffer tissue will have a smaller displacement magnitude for an equivalent excitation profile 

compared to a more easily deformable sample. The local tissue stiffness, in combination with OCT 

signal-to-noise ratio, will determine the necessary push strength (within safety limits) to launch a 

detectable wave within the sample.  

If the excitation is an infinitesimally short push, the mechanical wave bandwidth (BW) is 

determined by relaxation of the stress across the excitation beam, which occurs according to: 

𝐵𝑊 ≈ 𝐶𝑠
𝑑

(4.22)  
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where 𝑑 is the size of the push cross-section. Similarly, the characteristic wavelength of the 

generated mechanical wave is simply on the order of 𝑑.  

The bandwidth/wavelength relationship of the mechanical wave determines the spatial resolution 

of reconstructed elastic modulus maps (detailed in Section 4.16). Thus, a well-designed dynamic 

OCE system should incorporate a highly-focused, non-contact method to launch detectible, 

multiple-kHz bandwidth, mechanical waves in the cornea.  

A simple visualization of these relationships is presented in Figure 4-7. 

 

Figure 4-7. Wave characteristics from different push profiles on the same medium, assuming the excitation time 

always satisfies Equation 4.23. 

For diagnostic mapping of elastic modulus, a highly localized non-contact acoustic radiation force 

(ARF) is desirable to launch detectable elastic waves within the cornea. In 2016, Ambrozinski et. 

al. described the first generation of ceramic-based piezoelectric transducers capable of launching 

mechanical waves in the cornea, referred to as Acoustic Micro-Tapping (AμT).16,112 The 

reflection-based approach converted acoustic energy to mechanical energy (reflection-based ARF) 
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at an air/tissue interface to launch a wave-packet with nano- to micrometer displacement 

amplitudes and sub-mm to micron-scale wavelength.16  

Such transducers are not readily available on the market and require in-house manufacturing. The 

transducer used in the OCE system here consisted of a matching layer (a 0.45 μm pore size nylon 

membrane filter, Cat. No. 7404–004, “GE Healthcare UK Limited”, UK) bonded to the transducer 

surface with a silicone adhesive. The piezoceramic element was cut from a piezo-cylinder (cat.# 

42–1041, APC International Ltd, USA) to create a 9 mm long section of 75 degrees. The outer and 

inner diameters of the transducer were 30 mm and 26 mm, respectively.  

To define the spatial shape of the acoustic pressure in air, a raster scan of the acoustic field (Figure 

4-8a) was taken near the focus of the air-coupled APT transducer with a needle hydrophone (HNC-

1000, Onda, Sunnyvale, CA, USA). Note that the location of the focusing lens in the OCT system 

required that the transducer was tilted by (45 ± 2)°. When exciting elastic waves in the cornea, the 

tilt allows the acoustic excitation to be nearly normal to the tissue with the focus approximately 

equal to 400 μm. To measure the actual focus width when the transducer is tilted relative to a flat 

surface (such as tissue-mimicking phantoms described in Section 4.15), the field was sampled 

along a 45° line passing through the focus of the transducer (dashed white line, Figure 4-8a and 

black line, Figure 4-8b). The acoustic intensity 𝐼(𝑥) along the tilted line was approximately 

Gaussian with a full-width-at-half max (FWHM) of ~ 600 μm (Figure 4-8b).  
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Figure 4-8. Spatial shape of the acoustic pressure in air (a)Acoustic field intensity measured near the focus of the 

AμT transducer and 45-degree tilted cutline (dashed, white). (b) Measured acoustic intensity along the 45-degree 

tilted cut line (black) and Gaussian approximation with 600 μm full-width-at-half-max (red). Note that the center-

focus provided a 400 μm FWHM. 

In reflection mode, the radiation pressure of the acoustic force (P, force per unit area) is  

𝑃 =
(1+𝑅2)𝐼

𝐶𝑙
(4.22) 

where R is the reflection coefficient at the air/medium interface, I is the acoustic intensity ( W
cm2 

) 

and 𝐶𝑙 the sound speed. For air-coupled ultrasound, the reflection coefficient at the air– tissue 

boundary is nearly one (R ≅ 1) so that the radiation force can be approximated as 𝑃 = 2𝐼
𝐶𝑙

. Since 

the sound speed in air is low (about 340 m∕s) and nearly all acoustic intensity is converted into 

radiation pressure, significant force can be produced at modest acoustic pressures. At an acoustic 

intensity of about 1 W
cm2 

, the pressure amplitude in the transducer focus (i.e. the amount of force 

passed into the tissue) was approximately 7 kPa. Because the shear wave excitation is reflection-

based, most of the acoustic energy (99.9%) is reflected from the sample surface, leading to acoustic 

exposures well below limits for ophthalmic applications.182  
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Early APT-generated waves required a relatively long temporal duration of 250 μs to produce a 

measurable wave.16 The APT transducer was driven with a chirped signal ranging from .95 MHz 

to 1.05 MHz, and an input voltage of 250 V. The resulting wave-packets had upper-frequency cut-

offs of approximately 2 kHz and propagated with ~10 - 40 nm displacements. However, (as shown 

in Chapter 3) the dispersion behavior used to accurately quantify unique combinations of 𝜇 and 𝐺 

in the cornea require broadband signals closer to 5 kHz.  

 

Figure 4-9 Impedance of A𝛍T transducer and driving waveform.  a) The phase (above) and impedance (below) 

of the transducer was measured with the matching circuit (black) and without (blue). The 0-phase crossing 

corresponds with a nearly all real impedance centered at 1.05 MHz with the addition of the matching circuit. b) The 

corresponding chirped waveform in time (left) and frequency (right) domains used to drive the AμT transducer. 

To improve the efficiency of the transducer, a matching circuit was constructed so that a nearly 

all-real voltage was applied to the transducer. Based on impedance matching (Figure 4-9a), a 
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chirped (1 MHz- 1.1 MHz) waveform centered at 1.05 MHz (Figure 4-9b, c) was used to drive 

the acoustic transducer via a waveform generator (Agilent Technologies 33220A, Santa Clara, 

CA). The linear chirp minimized potential standing wave effects. The waveform generator 

received a trigger signal from the NI PCI 6713 analogue output card (detailed in Section 4.14) 

delivered via a DAC (digital analogue converter) module that then passed the 650 V (peak to peak 

in amplitude) signal through a 55-dB power amplifier (ENI A300) before passing through a home-

made matching circuit and finally driving the AμT transducer.  

Increased input voltages and shorter temporal push durations provide higher frequency content 

and better spatial resolution in wave-based elastography. Note that field localization is limited by 

diffraction, so a high US frequency is desired to deliver a spatially sharp push. Increasing the pump 

US frequency, however, is limited by strong US attenuation in air (proportional to frequency 

squared)183,184 and would require additional tuning in transducer materials and matching circuit 

design. Due to the short distance between transducer and sample, ~1 MHz acoustic waves were 

shown to efficiently excite mechanical waves. Sufficient wave displacements were realized using 

push duration of 100 μs (as opposed to previous designs with 250 μs push duration). This allowed 

the bandwidth of measurable waves in the cornea to increase from 2-3 kHz to as high as 5 kHz. 

By efficiently generating detectable waves using a shorter duration push, the modified AμT 

transducer used in this work demonstrated state-of-the art performance in non-contact excitation 

of spatially sharp, broadband elastic waves. 

4.14 M-B mode scan protocol 

In mechanical wave imaging, scan requirements are more complex than typical OCT. Detecting 

mechanical wave motion requires fast scanning and accurate timing between elastic wave 
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generation, scanning mirror position, and camera synchronization.  

For vibrational analysis, the scan speed is determined by the Nyquist sampling theorem, the size 

of the imaging region, and the frequency of vibrations used to probe the sample. For example, a 

wave traveling at 5 m/s will take 1 ms to cross an imaging range of 5 mm (note: corneal wave 

speeds tend to be between 1-15 m/s).162 To have truly microscale OCE resolution of, say, 100 μm, 

the wave must be captured at no fewer than 50 locations. To capture a 5 m/s wave at 50 locations 

over a 5 mm region, a frame rate of at least 50 kHz is necessary. As wave speeds in corneal tissue 

higher than 5m/s are common, a clinically practical OCE system may even require frame rates in 

excess of 50 kHz. Historically, the limitation of scan speed has hindered OCE development. 

However, recent developments in system design have allowed OCE imaging to approach practical 

requirements.  

Similar to ultrasound elastography based on ARF scanning,185 M-B scan protocols may be used in 

OCE to achieve effective frame rates in the tens of kHz range. Conventional M-mode imaging 

repeats axial scans at a fixed location to achieve dynamic imaging with the highest temporal 

resolution allowed by the imaging device (A-scan rate). By repeating targeted dynamic events 

(loading scheme), the M-B scan protocol can provide effective high frame rates to track dynamic 

processes in the space-time domain. The M-B scan method demonstrated by Song et. al20,99 

(Figure 4-10) utilized multiple excitations to collect repetitive A-Scans (M-mode scans) at 

multiple spatial locations. Each M-scan sequence at different locations can be matched in time to 

generate B-frames for effective data collection fast enough to capture mechanical wave 

propagation at multiple locations within a sample. The technique has been demonstrated with an 

equivalent frame rate of up to 92 kHz.186  
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Figure 4-10. MB scan protocol a) demonstrating how a 3-dimensional (x, z, t) data set is generated. (Figure 

reproduced from Song et. al.)20 b) Timing schematic of scanning protocol. (Figure reproduced from Song et. al.)99 

The schematic here shows a repeated stimulus, such as with generating waves at a single frequency. In the system 

described within, only a single stimulus was applied for each scan mirror position. 

To control the generation and tracking of propagating shear waves, the OCT system operated in 

M-B mode. To control timing between camera, scanner, and acoustic excitation, “trigger files” 

were created prior to OCT imaging acquisition, pre-defining the scanning protocol and acquisition 

timing. Using the NI PCI 6713 analogue output card, 4 channel signals were output using a DAC 

(digital analogue converter) module and sent to the corresponding control ports using grounded 

and isolated BNC cables. The output was triggered using a TTL signal generated by the same AO 

card. The trigger file contained the scanning mirror driving pattern as well as the camera and 

acoustic trigger signal. A MATLAB (MathWorks, Natick, MA) code was used to generate trigger 

files and integrated in LabVIEW using a user-friendly GUI (graphic user interface).  
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Figure 4-11. Example trigger file to control SD-OCT and A𝛍T timing, generated in the LABVIEW GUI. In this 

example, the white plot corresponds to the AO for galvanometer position control, the rising edge of the yellow is 

used to trigger the AμT transducer, the blue corresponds with camera acquisitions and the green box with camera 

initialization. Note that a long camera duty cycle (~20%) is shown here to visualize each timing signal. 

An example trigger file is shown in Figure 4-11 to demonstrate 5 acoustic excitations 

corresponding with 5 different M-scan clusters of 100 consecutive A-scans (acquired at 90 kHz), 

taken at 5 different locations. The camera duty cycle in this example was ~20% to enable 

visualization of the individual channel signals. Note that the camera duty cycle was operated closer 

to 95% in experiments. Two channels of the trigger file are allocated for scanning mirror 

positioning control, where Channel 1 (not displayed in Figure 4-11) is a triangle wave, with typical 

rising time ratio of 85% and used to control the linear scan of the galvonometer to generate the 

cross-sectional scanning (corresponding with the OCT B- scan) used for real-time imaging display. 

Note that during the wave-acquisition sequence, Channel 1 is synced with the control signal 

(Channel 2, white, in Figure 4-11) that is sent to the wave-form generator to launch each acoustic 

pulse at each location. The acoustic trigger signal is a square function that sends a trigger to the 

waveform generator on the rising edge with a step time equal to one repeat M-scan period. On 
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channel 3, an IMAQ trigger is sent to the NI PCIe-1429 image acquisition card to trigger camera 

data acquisition (green box in Figure 4-11). Channel 4 is the gating trigger for camera exposure 

that samples each corresponding A-scan. The camera is operated in “internally timed, externally 

gated” mode, which allows the camera to repeat exposures according to its internal clock when the 

external trigger is TTL high. The maximum speed of the camera used in the OCE system described 

within was 91,991 lines per second for 1024 pixels (12-bit data collection). The exposure time was 

typically ~17 μs.  

4.15 A𝛍T-OCE in tissue-mimicking phantom  

There are a number of differences in system design, scanning protocols, and imaging contrast 

which make OCE and OCT capabilities different. The following section demonstrates how the 

system described can be used to quantitatively measure elasticity based on the constitutive 

equations described in Chapter 3. OCE system performance was demonstrated using simplified 

tissue-mimicking phantoms to provide a framework that was then applied to biological tissue. 

As there are no current ‘gold-standard’ techniques to perform non-contact quantification of elastic 

moduli, phantom measurements were compared with destructive mechanical testing techniques. 

The elastic moduli of both thick and thin (relative to the shear-wave wavelength) mechanically 

isotropic phantoms without inflation pressures were determined using AμT-OCE and compared 

with results of shear rheometry and tensile testing. 

Mechanically isotropic light scattering phantoms were prepared using a combination of PVA and 

Ti02.18 First a 4:1 ratio of dimethyl sulfoxide (DMSO, CAS: 67-68-5, EMD Millipore Corp.) was 

mixed into water using a stir plate. A concentrated stock solution of 0.3 wt. % titanium 
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nanoparticles suspended in water was prepared using a tip sonicator (Digital Sonifier 450, Branson, 

Danbury, CT, USA) for 3 minutes (30% duty cycle) at an amplitude of 30% to disperse 

nanoparticles in solution and tune the phantom’s optical properties. The nanoparticle solution was 

added to the DMSO solution to achieve a nanoparticle concentration of 0.025 wt. %. Two (2) wt. 

% PVA (146-186 kDa, >99% hydrolyzed, CAS: 9002-89-5, Sigma-Aldrich) was then added to the 

solution. It was covered and stirred on a hot plate maintaining a temperature of 120 °C for 

approximately 1 hour to dissolve the PVA. Once fully dissolved, the solution was degassed using 

a vacuum chamber to remove any bubbles.  

Molten PVA solution was then poured into circular molds with a diameter of 5 cm, with variable 

thickness up to heights of 4 cm, before storing at - 20 °C for up to 12 hours to solidify. Casted 

phantoms were allowed to harden at room temperature and then placed in a water bath to diffuse 

DMSO out of solution. The bath was changed regularly for a minimum of 48 hours to remove all 

DMSO and the phantoms were stored in deionized water to prevent dehydration.  

Multiple (5) thick (~4 cm) PVA phantoms were then placed with the surface at the focus of both 

the OCT focusing lens and the AμT transducer (Figure 4-12a). Multiple (5) thin PVA phantoms 

were suspended on top of water to force asymmetric boundary conditions. The thickness in the 

thin phantoms ranged from 400 μm-1 mm, as measured with OCT (assuming refractive index n = 

1.3) and verified with a digital micrometer.  

Each OCE measurement consisted of an M-B scan, where near the beginning of a sequence of 512 

repeated A-scans (M-scan), at each location, a 600 V peak-to-peak, 100 μs-long, linear chirp 

(bandwidth of 1 MHz to 1.1 MHz) was delivered to the acoustic transducer. The push was 

delivered ~0.5 ms after the start of the A-scan acquisition. The pulse/M-scan sequence was 
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captured at 256 spatial locations, 54.7 μm between adjacent locations, across the image plane 

sequentially to create a 3-D cube (z, x, t). A complete M-B scan consisted of 1024 depth × 256 

lateral locations × 512 temporal frames (captured at 90,000 frames per second) with an effective 

imaging range of 1.5 mm × 10 mm (axial × lateral) (Figure 4-12 b,c). One full M-B scan took 

1.33 s.  

The resulting three-dimensional dataset was then used to reconstruct the propagating wave based 

on the OCT-measured local particle vibration velocity. The axial vibration velocity at a given 

location (Δ𝑈𝑧(𝑥, 𝑧, 𝑡)) was obtained from the optical phase difference between two consecutive 

A-line scans at each location. 

 

Figure 4-12. A𝛍T-OCE in tissue mimicking phantom. a) Imaging arm with OCT and AμT focus co-aligned with 

the surface of PVA phantom. b) Snap-shots of axial motion (surface velocity) captured in the xz-plane at different 

time points relative to the start of camera acquisition. c) Log-compressed OCT B-scan of phantom structure. d) xt -
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plot of axial motion along the surface of the phantom. The dotted line corresponds with the group velocity (𝐶𝑅= 4.7 

m/s) as calculated using the Radon Sum Transform.187 

The elastic-wave induced vibrations were measured at the surface of the phantom using an 

automatic identification with an edge detection algorithm. Phase data in a 183μm window below 

the surface were extracted and averaged using spatial weighting with one half of a Gaussian 

window (HWHM = 90 μm, weight decreasing with depth) to generate the xt plot used to determine 

the Rayleigh wave group velocity (Figure 4-12d). 

Elastic moduli were quantified using OCE measurements performed on both bulk and layered 

samples from the same phantom batch.  In the layered sample, the Young’s modulus (E) was 

quantified by fitting the guided modes in f-k domain to the 𝐴0-mode of the isotropic thin-plate 

solution.15,18,132 The modulus in the thick phantom was quantified by directly inverting the group 

velocity of the Rayleigh wave (𝐶𝑅) to obtain the Young’s modulus according to 

𝐸 = 3𝜌 (
𝐶𝑅

0.955
)
2

, (4.23) 

where 𝜌 is the density (assumed to be 𝜌 = 1000 kg
m2 

). A Radon Sum method187 was used in time-

of-flight reconstruction of the surface wave group velocity in thick phantoms.  

A total of 5 thin (~1 mm) and 5 thick (~4 cm) phantoms were used for system benchmarking. In 

each phantom, 5 repeated scans were performed, and moduli quantified using the appropriate 

model. The standard error of the modulus varied less than 1% from the mean across the 5 repeated 

scans in every phantom (both thick and thin), demonstrating reliable system repeatability. The 

difference between the mean elastic moduli measured in the thin and thick phantoms (|𝐸𝑡ℎ𝑖𝑛−𝐸𝑡ℎ𝑖𝑐𝑘|
𝐸𝑡ℎ𝑖𝑛

) 



 114 

was 3.5%, consistent with the previously reported difference of less than 3%.18,132 Finally, the 

moduli from both sets of phantoms (10 total) were averaged to get the OCE-measured elastic 

modulus (Figure 4-13a).  

Following OCE measurements, circular slabs were cut from all phantoms and tested with a parallel 

plate rheometer (Anton Paar MCR 301 Physica). The frequency-dependent out-of-plane shear 

behavior was measured over a range of 0.1-16 Hz using a 25 N compressive preload and a peak 

shear strain of 0.1%. This yielded estimates of the frequency-dependent storage and loss moduli, 

corresponding to the real and imaginary parts of the complex shear modulus (Figure 4-13a). In a 

lossless isotropic media, the shear storage modulus is proportional to the Young’s modulus 

according to 𝐸 = 3𝜇.  

The Young’s modulus was directly measured in stress-strain testing using linear strips (~6 mm 

wide) cut from the same samples and pneumatically clamped (2752-005 BioPuls submersible 

pneumatic grips, 250N max load) at a width of ~15mm. A 50mN pre-load was applied. The 

samples were stretched at 2mm/min (Instron model 5543) over a range of 1-10% strain and 

repeated across 3 cycles. The Young’s modulus was then computed from the instantaneous slope 

of the stress-strain curve over this strain range.  
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Figure 4-13. Quantitative elastic modulus in tissue mimicking phantom. Comparison between Young’s modulus 

in a PVA phantom measured with a) parallel-plate rheometry and AμT-OCE. Note that error-bars corresponding to 

the standard deviation are smaller than the marker size. b) The mean tangential modulus for strips taken from the 

thin (red) and thick (blue) phantoms. The standard deviations (averaged across all strain values) for strips cut from 

the thick and thin phantoms were ± 6 kPa and ± 5 kPa, respectively. 

The mean (and standard error,) in Young’s modulus quantified in extensometry, AμT-OCE, and 

rheometry was 65 ± 2 kPa, 74± 2 kPa, and 48 ± 2 kPa, respectively. The lossless isotropic 

material model was supported by the frequency-dependent rheometry and strain-dependent tensile 

test results.  

The storage (E’) modulus from rheometry is close to, but slightly lower than, the Young’s modulus 

from OCE based on the average of measurements for multiple tissue-mimicking (PVA cryogel) 

phantoms. For all measurements, the ratio between OCE and rheometry was in the range of 1.3-

1.5 (30%-50% error). These results are consistent with Minton et.al188, where a significant poro-

/viscoelastic effect in PVA phantoms was shown to produce an apparent stiffness (1.57-1.71 times 

lower than the peak stiffness) under sustained compression in rheometry. Note that unlike phantom 

materials such as agarose with high viscosity189, PVA’s low viscosity should have little effect over 

the frequency range of our OCE measurements (0.5 kHz – 3 kHz). On average, the ratio between 

OCE and extensometry was 1.14 (14% error). Even with the poro-/viscoelastic effect of 

compression in PVA material, OCE-measured moduli was within 50% of the values determined 

by destructive testing in both methods.  

PVA scanning and mechanical testing confirmed that when analyzed with the appropriate 

mechanical model, the AμT-OCE system described here can accurately determine equivalent 

elastic moduli compared to destructive testing techniques.  
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4.16 Spatial resolution in wave-based OCE 

Elastography, like all medical imaging modalities, can be characterized in terms of spatial 

resolution (how small a feature can be seen), contrast resolution (how small a difference in the 

imaging parameter, shear modulus for the case of OCE, can be detected), and artifact level (how 

well are spatially resolved, high contrast features related to true tissue properties). As shown in 

this chapter, spatial resolution in dynamic OCE is determined more by the properties of 

propagating mechanical waves than the limitations of the typical OCT imaging system.   

Definition of Spatial Resolution 

Generally speaking, spatial resolution in an image is defined as the minimum distance between 

two objects at which they can be considered individuals.190–194 The general definition of spatial 

resolution based on the Rayleigh criterion has historically been adopted in OCE and characterized 

in terms of the system point spread function (PSF) (i.e. the apparent size of a point source in an 

image). Using this approach, the propagating elastic wave used to infer modulus in dynamic OCE 

was typically assumed to behave as a step function at a material interface perpendicular to the 

propagation direction. Thus, the spatial resolution in dynamic OCE was usually defined by the 

lateral (perpendicular to light propagation direction) resolution of the optical measurement system. 

As dynamic OCE does not image isolated sources (propagating mechanical waves are tracked to 

determine local speed), the image depends on factors such as the size of the object being imaged 

and the characteristics of the mechanical load. Consequently, the image cannot be treated as the 

convolution of an input with a PSF, and the general definition of spatial resolution must be 

modified.  
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A more appropriate definition for spatial resolution in dynamic OCE is thus the minimum size of 

an inclusion, in a homogeneous background, for which propagation speed (and thereby, elasticity) 

can be differentiated from the background without sacrificing quantitative contrast. That is, an 

inclusion must be differentiable from the background with an elasticity value based on the true 

elastic modulus contrast between inclusion and background.  

Ultimately the resolution in OCE is determined by the probing mechanism (elastic wave 

propagation), detection mechanism (OCT), and the mechanical model. The probing mechanism 

determines the appropriate model used to estimate mechanical properties, and is directly related to 

resolution defining unique limitations for different OCE methods.22,98,195  

To accurately reconstruct the propagating wave speed near the boundary for the case of a vertical 

inclusion, two counter-propagating modes must be differentiated to locally estimate the 

propagation speed of the wave packet traveling in the transmission direction. For shear-wave 

imaging in dynamic elastography systems, a directional filter196 is usually applied to wavefield 

data gathered by the imaging system to extract one of the wave packets. If an ideal directional 

filter can be designed that does not distort the wave packet, then the spatial resolution of the 

elasticity map can approach the resolution of the primary imaging system (i.e., OCT-scale 

resolution for dynamic OCE). However, practical directional filters applied to data with finite 

bandwidth and finite signal-to-noise ratio (SNR) cannot preserve the spatial resolution of the 

primary imaging system even for this highly simplified case of plane wave propagation in an 

infinite medium. While this degradation is only amplified for more practical conditions 

encountered in dynamic OCE, it is not difficult to design a directional filter that improves 

reconstruction accuracy without limiting resolution to the finite bandwidth of the filter. In other 
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words, directional filtering will inevitably limit spatial resolution in the ideal case of wave packets 

traveling only in the ± x direction but does not serve as the limiting factor in typical dynamic OCE. 

Finding an analytical solution for all modes near a vertical interface is not a trivial problem, 

especially for broadband Rayleigh-wave pulses. Thus, to explore how vertical inclusions and mode 

conversions are related to OCE spatial resolution, both detailed simulations and experimental 

measurements were made on model systems described in detail in Chapter 3. The specific 

geometry was designed to highlight wave-behavior close to an interface between two lateral 

regions with different shear moduli. Specifically, Rayleigh waves with varying frequencies were 

used to determine how close single-mode surface waves could approach a vertical interface 

without corruption due to scattering and mode-conversion. Note that even for bounded material 

such as the cornea, wave packets with high enough frequencies (i.e. small wavelengths relative to 

the corneal thickness) behave similar to Rayleigh waves. The ability to uniquely identify elastic 

waves from both sides of a mechanical interface is essential to quantitatively measure elastic 

modulus in regions with different stiffness. 

Numerical Simulation 

A finite element (FEM) simulation was designed to provide an ideal, noise-free comparison 

between theoretical and experimental data. The elastic wave equation was solved using OnScale 

(OnScale 2018, onscale.com, Redwood City, CA, USA). The domain consisted of two linearly 

elastic regions separated by a vertical plane (Figure 4-14). Simulations were run with input bulk 

s-wave speeds (Cs) on either side of the vertical plane as 𝐶𝑠(1) = 4.4 m/s (19.36 kPa) and 𝐶𝑠(2) = 

2.5 m/s (6.25 kPa), typical values for biological tissue. Density (𝜌 = 1000 kg/m3) and l- wave speed 
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(𝐶𝑙 = 158.2 m/s) were uniform throughout the domain. These properties correspond roughly to a 

Poisson’s ratio (v) of 0.4995.  

 

Figure 4-14. Geometry and boundary conditions used in the two-part elastic wave propagation model. 

Extensive testing was performed with the OnScale solver for the propagation of mechanical waves 

in nearly incompressible linear elastic media to ensure that numerical solutions for Rayleigh wave 

excitation and propagation were not corrupted by numerical dissipation or dispersion and were 

accurate for the input Poisson’s ratio (v = 0.4995). Because soft biological tissues typically exhibit 

a longitudinal wave speed (≈ 1540 m/s) orders of magnitude higher than the shear wave speed (1-

10 m/s), a number of computational challenges including long simulation times, increased floating 

point error, and the formation of spurious solutions due to hourglassing197 (i.e., artificial, zero-

energy strains) are common.  

In practice, it is not necessary to directly model the true longitudinal wave speed, as numerical 

solutions will tend to converge in the limit of 𝐶𝑠 ≪ 𝐶𝑙 when the longitudinal wave speed is 

sufficiently high. To verify this, we compared numerical solutions for different longitudinal wave 

speeds from 12.2 m/s to 353.6 m/s with the theoretical solution predicted by the elastodynamic 

Green’s function convolved with the spatial and temporal push profiles.198,199 In all cases, the shear 
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wave speed was set as 2.5 m/s. Far-field waveforms show close agreement to the theoretical 

solution, particularly when the longitudinal wave speed exceeds 158.2 m/s (Poisson’s ratio > 

0.4995) (Figure 4-15). The difference between numerical and exact solutions was quantified using 

the ℓ2   error. Results indicate that it is not necessary to set the true value of 𝐶𝑙 = 1540 m/s (typical 

for soft tissues) in the simulations. Any 𝐶𝑙 corresponding to Poisson’s ratio larger than 0.4995 will 

produce the same wave propagation over the time scales used in these simulations. Using this fact, 

simulation times can be dramatically reduced, spurious solutions due to hour glassing can be 

virtually eliminated, and floating-point error in the numerical solution can be minimized. 

 

Figure 4-15. Determination of 𝑪𝒍 in FEM simulation. (a) Rayleigh wave profiles with various input longitudinal 

wave speed (v/Cl) at a lateral distance of 10 mm from the excitation. (b) Signal shapes converge to the analytic 

solution (defined by the Green’s function) for Poisson’s ratios higher than 0.4995 (Cl  = 158.2 m/s). Signal excitation 

parameters for pressure load were 𝑑 = 600 μm and 𝑇 = 240 μs. The shear wave speed was 2.5 m/s. 

A spatially- and temporally-varying pressure was applied along the top boundary of the domain (𝑧 

= 0) to simulate the acoustic push applied by the APT transducer in our experiments. A Gaussian 

model was used to define the spatial push profile: 

𝑃(𝑥) =
(1 + 𝑅2)𝐼(𝑥)

𝐶𝑎𝑖𝑟
≈

2
𝐶𝑎𝑖𝑟

⋅ 𝑃0 ⋅ exp [−4 ⋅ log 2 ⋅ (
𝑥
𝑑
)
2
] , (4.24) 
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where 𝑅 and 𝐶𝑎𝑖𝑟 are the reflection coefficient and l- wave speed of air, respectively (𝑅 ≈ 1, 𝐶𝑎𝑖𝑟 

= 340 m/s), 𝑃0 = 5 kPa is the amplitude of the applied pressure, and 𝑑 = 600 μm is the push width, 

defined here as the FWHM of the acoustic intensity.  

The temporal push profile was given by a super-Gaussian function 

𝑠(𝑡) = exp(−16 ⋅ log 2 ⋅ (
𝑡 − 𝑡0

𝑇
)
4
) , (4.25) 

where 𝑇 is the push duration, defined as the full-width-at-half-maximum of the envelope function 

𝑠(𝑡). A time delay (𝑡0) was introduced to avoid impulsive loading at time 𝑡 = 0. The push profile 

was centered, and full symmetry was assumed at the left boundary.  

The spatial pulse width (PW) of the generated Rayleigh wave will obey the inverse relationship in 

Equation 4.23, expanding in space as a function of the temporal pulse duration. Limiting the 

bandwidth of the pulsed wave will increase the spatial pulse width of the generated mechanical 

wave, regardless of what pushing method is chosen. For this experiment, the spatial profile 𝐼(𝑥), 

was set to have an equivalent 𝑑 =600 μm, and the push duration (𝑇) was varied (250 μs, 300 μs, 

450 μs, and 545 μs) to reduce spectral content in the simulated mechanical wave. 

The bottom and right boundaries were set to be absorbing layers to minimize reflections. The 

domain was discretized with linear finite elements on a regular rectangular grid with a minimum 

of 40 elements per wavelength (equivalent to a grid spacing of 2.75 μm). Because under-integrated 

linear elements are prone to spurious solutions, we applied Belytchko-Bindeman strain hourglass 

suppression.197 The equations were integrated in time using an explicit time-stepping method to 

generate the full vibration velocity vector (time derivative of the dynamic displacement vector) at 
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each space and time point. Only the vertical component of the vibration velocity was analyzed for 

direct comparison to experimental results. Note that additional information on the FEM simulation 

platform can be found in Ref.131,132 

It’s worth noting that the numerical solution for the case of a semi-infinite material includes wave 

energy which propagates ahead of the Rayleigh-mode. This disturbance is evidence that the 

Rayleigh wave equation has additional solutions besides the primary Rayleigh root. One possible 

solution is a super-shear evanescent wave coupled to a plane shear wave in the medium,200,201 and 

has been observed experimentally in multiple studies202–204 and described in detail by Pitre et. al.133 

For this analysis, the primary Rayleigh root solution is treated as the incident wave-mode and the 

incident wave energy leading the primary disturbance is ignored. We also note that this ‘fast-mode’ 

is generated due to mode-conversion at the vertical interface and serves as a further disruptor when 

tracking the Rayleigh wave speed in the near-field region close to a boundary.  
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Figure 4-16. Snap-shots of the simulated 2D vibration-speed field at various time-steps for the model geometry 

shown in Figure 4-14. (a) The incident elastic wave energy in the −x region is due solely to the Rayleigh mode. Fast 

wave energy due to a secondary Rayleigh wave solution (seen in the +x region) separates from the incident Rayleigh 

wave and does not affect the incident pulse shape. (b-f) Upon interaction with the x = 0 boundary, mode conversion 

can be clearly seen in each panel. Vertical and horizontal dashed white lines denote the x = 0 and z = 0 boundary, 

respectively. The dynamic range is scaled to 30% of the maximum value and an uneven aspect ratio is used to 

highlight mode conversion in depth. 

OCE imaging of two-part tissue mimicking phantom 

Boundary effects were explored experimentally using an elastic tissue-mimicking material 

(polyvinyl alcohol (PVA)-based) with controllable mechanical properties (synthesized similar to 

that in Section 4.15) but with the inclusion of a vertical boundary with varied stiffness (Figure 4-

17).  Phantoms with dissimilar mechanical properties were prepared with varying concentrations 

of PVA (4% and 6%). The 4% PVA solution was allowed to cool down to 35 °C in a mold with a 

central barrier prior to casting the 6% PVA solution. The TiO2 nanoparticle concentration was 
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slightly increased in the 4% PVA solution to visualize separate regions. The barrier was removed 

and the 6% PVA solution was cast into the pre-existing phantom, resulting in a 10 cm x 20 cm x 

10 cm welded-surface, 2-part material. 

 

Figure 4-17. Tissue-mimicking phantom with vertical mechanical boundary. a) 2-part PVA phantom block with 

welded boundary. Red dotted line denotes OCT B-scan line. b) OCT structural image of 2-part welded phantom. 

Hard 6% PVA material on the left and the soft 4% PVA on the right. A non-uniform aspect ratio is used for 

visualization. 

To generate a planar Rayleigh wave, the AµT transducer was directed at the phantom material to 

induce a localized displacement.16,112 The ultrasound transducer was fixed at an angle (~ 45° to 

vertical) above the phantom to avoid blocking the probe beam from the OCT system, which 

resulted in ~0.6 mm push width, equal to that of the numerical simulation. The ultrasound 

excitation was focused on the sample surface 5 mm in the −x direction from the initial OCT 

observation point to allow Rayleigh waves to fully separate from simultaneously generated bulk l- 

and s- waves. Four pulse durations (100 μs, 200 μs, 400 μs, and 600 μs) were used in the 

experiment.  

For AµT (same as for laser excitation of ultrasound)205, when a surface wave signal is excited by 

an infinitesimally short (in time) push, the spectral characteristics of the propagating signal are 
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defined by the spatial width of the push. When the push duration is not infinitesimally short in 

time, signal spectral characteristics are determined by the convolution of the spatial and temporal 

push functions. To make experimental propagating signal shapes and spectra match those of the 

simulations, the push duration can be adjusted. Thus, simulation parameters were tuned slightly so 

that experimental and simulated propagating signals had close spectral and temporal shapes.   

Elastic waves were tracked in the phantom material using an A-line rate of 46.5 kHz and each M-

B scan consisted of 512 M-scans at 256 locations (dx = 54.7 µm), forming one complete M-B scan 

(1024 depth × 256 lateral locations × 512 frames) with an effective imaging range of 1.5 mm × 14 

mm (axial × lateral). The total acquisition time for one M-B scan was 3.66 s. The M-B scan dataset 

was used to track the propagating wave disturbance using the local vibration velocity.  

Multiple raw vibration velocity field measurements were acquired and averaged to suppress 

Gaussian-distributed system phase noise. The number of repeats for each push duration (100, 200, 

400, 600) µs were 20, 16, 12, and 8, respectively, so that the average signal-to-noise ratio (SNROCE) 

in each data set was approximately the same (50 dB). SNROCE was quantified using the noise floor 

(𝐴𝑚𝑝𝑛𝑜𝑖𝑠𝑒, defined as the maximum amplitude of the phase variation along signal-averaged M-

mode sequences with no wave propagation (static)), relative to the maximum amplitude of the 

vibration speed from the incident Rayleigh wave, 𝐴𝑚𝑝𝑠𝑖𝑔𝑛𝑎𝑙, in each signal-averaged data set, and 

quantified using SNROCE = 20 log10
𝐴𝑚𝑝𝑠𝑖𝑔𝑛𝑎𝑙

𝐴𝑚𝑝𝑛𝑜𝑖𝑠𝑒
.  

Once signal-averaged displacement sets were acquired, both simulation and experimental data 

underwent identical pre-processing that included a directional filter to suppress wave reflection at 

the boundary by masking the second and fourth quadrants of the 2D Fast Fourier Transform (FFT) 

spectrum.206 Wave amplitude was normalized at each lateral location and a temporal bandpass 
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filter applied to remove system noise and side-lobe excitation components using a Gaussian 

window centered at the peak frequency and bandlimited at the −20 dB cutoff.  

The spatial pulse width of the Rayleigh wave in experimental and simulated data was defined fully 

in the hard (𝑃𝑊1) and soft (𝑃𝑊2) regions as the full-width-at-half-maximum of the signal envelope 

(Figure 4-18). The spectral content was defined by the center frequency (normalized first moment 

of the spectral amplitude bound by -20 dB)207, Fc, and the maximum frequency (upper frequency 

at -6 dB), Fmax, of the power spectrum following a Fast Fourier Transform of the wave disturbance 

far from any source or boundary (Figure 4-18c). As wave speed is constrained by the material 

properties of the medium, wavelengths are long for low-frequency excitation. Conversely, the 

spatial pulse width is shorter for broadband (high-frequency) excitation. 

In a linear elastic material, the frequency of a harmonic wave must be conserved as it passes 

through the interface between two media. As a pulsed wave is simply the superposition of signals 

over a wide range of frequencies, the pulsed signal spectra will also be conserved, and the pulse 

width will scale in space as a function of the wave speed. The measured pulse width in the soft 

portion approximately (due to mode conversions at the interface) scaled linearly with the change 

in wave speed (𝑃𝑊2 = 𝑃𝑊1 (
𝐶s(2)

𝐶s(1)
) ≅ (2.5m 𝑠⁄

4.4m 𝑠⁄ ) ∙ 𝑃𝑊1) for all data sets.  

To simplify the analysis of resolution at the interface, mean pulse width (𝑃𝑊𝑚𝑒𝑎𝑛) as 𝑃𝑊𝑚𝑒𝑎𝑛 = 

1
2
 (PW1 +PW2) was introduced, defining a characteristic wavelength of the Rayleigh wave in the 

region close to the interface.  
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Figure 4-18. Spatial and temporal characteristics of experimental and simulated waves. a) Normalized 

vibration speed of example experimental Rayleigh wave fully in the hard and soft region (PWmean = 1.53 mm). Full-

width-at-half-maximum of the envelope (dotted red line) is used to quantify pulse width on both sides of the x = 0 

boundary, noted with a vertical dotted line. (b) Normalized vibration speed of example simulated Rayleigh wave 

quantified fully in the hard and soft region (PWmean = 1.54 mm), respectively. Both (a) and (b) are at time points t1 = 

2.43 ms and t2 = 4.62 ms relative to the wave-front entering the field of view. (c) Spectral power of experimental and 

simulated Rayleigh wave just below the surface ~one pulse width from the x = 0 boundary in the −x direction. The 

center frequency (Fc) and upper limit (Fmax) are used to define the spectral characteristics of the pulsed wave. (d) 

Measured mean pulse width (𝑃𝑊𝑚𝑒𝑎𝑛  = 1
2
(PW1 +PW2)) and the corresponding spectral characteristics for all 

simulated and experimental data sets. 

Spatial reconstruction of group velocity 

Two-dimensional (2D) group velocity maps were then reconstructed from simulated and 

experimental data with different pulse widths. Typically, in time-of-flight reconstruction the 

maximum of the normalized cross-correlation (NCC) function is used to determine the time delay 
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(∆𝑡) between a reference and delayed waveform spaced by ∆𝑥 to estimate wave velocity. For 

experimental data sets corrupted by noise, jitter error will reduce the accuracy of the time lag 

associated with the maximum magnitude of the normalized cross-correlation (NCC).208 By 

assuming sample homogeneity over spatial regions of interest, reconstruction kernels can be 

expanded over small spatial domains to generate more accurate speed estimates. However, 

expanding the reconstruction kernel size will reduce lateral resolution around any inhomegeneity.52 

As bulk shear and Stoneley waves launched at an interface travel in different directions from the 

parent Rayleigh wave packet, mode mixing will be spatially dependent, producing an artifact close 

to the interface in the wave-speed reconstruction. This effect has been recognized as an ‘edge-

effect’ in MRE,209 and modulus quantification is often only considered accurate when viewed 

approximately ½ of a pulse width from any boundary or source.210,211 Thus, image details with 

spatial variation less than about one-half of the elastic pulse width cannot be used to directly 

determine local elastic modulus assuming a single-propagating wave-mode.  

System noise (relative to wave amplitude (SNR)) will further reduce reconstruction resolution and 

accuracy. In practice, phase-stability of the OCT system determines the minimum detectable 

displacement (vibration velocity) based on the time-delay between reference and delayed signals. 

For a homogenous material, noise will shift the maximum of the cross-correlation function away 

from the actual peak, referred to as jitter error. The predicted jitter magnitude is the minimum error 

achievable by any unbiased time delay estimation algorithm. As SNR decreases, jitter will 

increase. It has been shown that time-delay estimation error is worse for very short window sizes, 

and can be improved with higher SNR.123,208  
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Assuming single-mode propagation, detector spacing must be wide relative to the mechanical 

wavelength to minimize jitter using a single kernel window size. For an inclusion, the effective 

detector spacing to accurately reconstruct time delays will play a role in the final OCE resolution. 

The lateral resolution of OCT (determined by the numerical aperture of the objective lens in the 

imaging system, typically tens of micrometers) can provide spatial sampling much finer than 

typical acoustic wavelengths,3 allowing an over-determined set of time-delay terms to greatly 

improve the accuracy of local wave-speed measurements,212 a feature used here to improve 

reconstruction accuracy. While current systems can detect nm-scale displacements,181,213,214 both 

OCE resolution and reconstruction accuracy may be improved by sub-nm-scale displacement 

sensitivity, allowing accurate time-delay reconstruction of low amplitude waves with very small 

detector spacing. 

To optimize the tradeoff between resolution and accuracy, a multiple-kernel-weighted-averaging 

approach (MKWA) was used to improve reconstruction accuracy and minimize the loss in spatial 

resolution. The MKWA method reduced jitter error by calculating time-delays for all available 

kernel sizes (bound by 𝑥 ± 𝑘𝑥/2, where the detector spacing (∆𝑥) in each case was denoted as the 

kernel size, kx) centered at all locations. The local velocity for each kernel spacing was determined 

using the NCC function for waveforms assuming elastic wave propagation parallel to the surface. 

Quadratic interpolation of the lag term about the max was employed to refine the lag-time 

measurement.  

The wave speed at all locations for an over-determined list of velocities was expressed as the sum 

of the product of wave speed measurements using different kernel sizes and their corresponding 

weights:  
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𝐶𝑅(𝑥, 𝑧) = ∑𝑤𝑖 ∙ 𝐶𝑅𝑖(𝑥, 𝑧)
𝑛𝑘

𝑖=1

(4.26) 

𝑤𝑖 = 2(𝑛𝑘−𝑖+1)
𝑛(𝑛𝑘+1) , 𝑖 ∈ [1, 2, …𝑛𝑘] (4.27)                    

where 𝐶𝑅𝑖(𝑥, 𝑧) represents the wave speed at location (x, z) reconstructed using the ith kernel. 𝑤𝑖 

denoted the weight for each kernel spacing, and 𝑛𝑘 was the number of kernels used for wave speed 

reconstruction.  

Due to jitter error in time-of-flight reconstruction, it is practical to increase detector spacing to 

improve the accuracy of the measured wave speed. However, increasing the kernel size will reduce 

spatial resolution. For direct comparison between MKWA and the single kernel method, an 

equivalent kernel size based on the weighting function (Eq. 4.27) was defined as follows: 

𝑘𝑒𝑞𝑢𝑖𝑣𝑎𝑙𝑒𝑛𝑡 =
∑ 𝑤𝑖 ∙ 𝑘𝑖

𝑛𝑘
𝑖=1
∑ 𝑤𝑖

𝑛𝑘
𝑖=1

, (4.28) 

where 𝑤𝑖 represented the weight for the ith kernel, 𝑘𝑖 the spacing of the ith kernel, and 𝑛𝑘 the 

number of kernels used. 2D group velocity maps were calculated in experimental and simulated 

data sets using single and equivalent kernel sizes ranging from the minimum OCT scan interval to 

the maximum spatial pulse width of the elastic wave. 

Reconstruction accuracy as a function of increasing weighted averages (increasing 𝑛𝑘 in Equation 

4.27 and 4.28) was compared to the single kernel time-of-flight reconstruction using the 

experimental data set corresponding to PWmean≅ 1.54 mm (Figure 4.18). Assuming a quasi-semi-

infinite homogeneous phantom (i.e. forward propagating Rayleigh Wave only), with wave speed 
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values generated using an unbiased estimator, variation in the local wave velocity, 𝐶𝑅, can be used 

to define reconstruction accuracy as: 

𝑆𝑁𝑅𝐶𝑅 = 10 ∗ log10 (
𝐶𝑅̅̅ ̅

𝜎(𝐶𝑅)) (4.29) 

where 𝐶𝑅̅̅ ̅ was the average group velocity in a defined region. 𝐶𝑅̅̅ ̅ was determined using a 1-D edge 

profile generated using a depth-averaged set of MKWA wave speeds. The 2-D velocity field was 

centered at each z-location and the mean taken over a depth equal to one third of the minimum 

measured pulse width. 𝜎(𝐶𝑅) represented the corresponding variance of the group velocity. For 

this analysis, 𝑆𝑁𝑅𝐶𝑅  was calculated in the experimentally equivalent 𝐶𝑠(1) and 𝐶𝑠(2) regions for all 

regions in z, excluding velocity values within one pulse width of the x = 0 boundary. The measured 

𝑆𝑁𝑅𝐶𝑅  from equivalent kernel values are summarized in Table 4.1. 

Increasing the kernel size to compute spatial gradients along the x- direction improved accuracy at 

the expense of OCE spatial resolution. The loss (%) in OCE resolution as a function of increasing 

kernel size for both single kernel and MKWA methods was quantified using the antisymmetric 

sigmoid fitting function described below (Eq. 4.30) for the equivalent noise-free simulated data 

set. The minimum kernel size, equal to the grid spacing (2.75 μm), is representative of super-

resolution OCT.215,216 The minimum kernel size will not reduce resolution and was used as a 

baseline for determining any relative reduction in resolution with increasing 𝑘𝑥.  

The tradeoff between 𝑆𝑁𝑅𝐶𝑅  gain and spatial resolution loss using MKWA versus single kernel 

processing is summarized in the table below: 
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Kernel Size (k)  

(relative to spatial pulse 

width in soft material) 

SNR𝑪𝑹 (dB) % loss in spatial resolution  

Single k 

MKWA 

(equivalent k) 

Single k 

MKWA 

(equivalent k) 

10% 19.7 27.8 0.3 0.1 

20% 20.6 29.5 1.3 1.1 

30% 21.7 31.1 3.0 1.9 

40% 22.6 32.3 3.9 3.1 

50% 23.4 33.4 5.4 4.8 

60% 24.5 34.3 7.8 6.2 

Table 4-1. Measured 𝑺𝑵𝑹𝑪𝑹  and spatial resolution loss between single kernel and MKWA methods. 

For a kernel size 1
10

th the minimum pulse width, the MKWA method provides an 8.1 dB increase 

in reconstruction accuracy, and a negligible increase in the measured transition zone. Conversely, 

the single kernel method reduced spatial resolution at the equivalent kernel size and is more 

affected by noise-induced jitter error. Based on this analysis, all wave speed images constructed 

from experimental data used MKWA processing with an equivalent kernel size of 1
10

th the 

minimum pulse width. For consistency, noise-free simulation data sets were reconstructed using 

the MKWA method with the same equivalent kernel size.  

The two-dimensional (2D) group velocity maps reconstructed from simulated and experimental 

data are shown in Figure 4-19. The simulation had a mean pulse width (𝑃𝑊𝑚𝑒𝑎𝑛) of 1.54 mm and 

𝑃𝑊𝑚𝑒𝑎𝑛 = 4.40 mm. The experimental data had a 𝑃𝑊𝑚𝑒𝑎𝑛 = 1.53 mm and 𝑃𝑊𝑚𝑒𝑎𝑛 = 4.24 mm. 
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Figure 4-19. Two-dimensional (2D) group velocity maps from simulated and experimental data. Group 

velocity reconstruction from simulation data with (a) 𝑃𝑊𝑚𝑒𝑎𝑛 = 1.54 mm and (b) 𝑃𝑊𝑚𝑒𝑎𝑛 = 4.40 mm. 

Experimental group velocity reconstructed with (c) 𝑃𝑊𝑚𝑒𝑎𝑛 = 1.53 mm and (d) 𝑃𝑊𝑚𝑒𝑎𝑛 = 4.24 mm. 

Experimental measurement of spatial resolution  

Antisymmetric sigmoid fitting was applied to each depth-averaged edge profile to quantify the 

transition zone between the media. To minimize any influence due to a non-vertical interface, the 

boundary between the two parts of the phantom at each depth was aligned before performing depth 

averaging. A different fitting function was employed to define the transition region on either side 

of the x = 0 boundary, where each transition profile was combined with its centrosymmetric copy 

to form a single-part edge profile for sigmoid fitting. The sigmoid function on either side of the 

boundary was expressed as:  

𝐶𝑅𝑓𝑖𝑡 =
𝑎

1 + 𝑒−𝑏𝑥 . (4.30) 

Half of the −6 dB cut-off of the first order derivative of 𝐶𝑅𝑓𝑖𝑡 with respect to x was used to quantify 

the transition size on both sides of the vertical boundary. The total transition zone was equal to the 

sum of the measured transition on either side of the boundary. 
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As demonstrated in Figure 4-20, mode-converted waves on the order of the pulse width affect the 

estimated wave speed close to the boundary, resulting in a finite transition size before stabilizing 

to the true Rayleigh wave-speed.  

The mode-converted bulk shear and Stoneley waves traveling into the medium degrade 

reconstruction accuracy, manifesting as features in the group velocity map that are not reflective 

of the actual geometry (i.e. artifact). A directional filter can mitigate this effect in the negative x 

direction (− x) but is still insufficient to remove scattered wave-packets that travel at an angle 

normal to the z = 0 surface, particularly in the positive x direction (+ x). Additionally, the temporal 

wave-shape change due to boundary traction forces will limit the NCC from accurately 

reconstructing a propagation speed directly on either side of the boundary. The structural OCT 

image confirmed that the vertical boundary in the phantom was normal to the surface (< 1°) to 

ensure that no unexpected wave modes were generated.  

The depth-averaged group velocity measurements and the corresponding sigmoid-fit profiles are 

normalized and displayed in Figure 4-20. The transition size was defined as the full-width-at-half-

maximum of the first derivative of the sigmoid fit, with respect to the lateral direction of the fitting 

function. Note that the small ‘bump’ appearing on the + 𝑥 side of the boundary right after the 

transition zone (Figure 4-20a) is an artifact resulting from averaging the 2D velocity 

reconstruction at a depth relative to the wavelength. Because the reconstructed group velocities at 

each depth were centered before averaging, and depth averaging was performed relative to the 

elastic pulse width, any artifact in the reconstruction affected each data set in the same way. 

Aligning the boundary prior to depth averaging also ensures that transition zone ‘blurring’ was not 

a result of depth averaging. 
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Figure 4-20. Depth-averaged transition edge profiles with superimposed anti-symmetric sigmoid fittings. 

(solid blue line) and first order fitting derivatives (dashed line, green for hard part, red for soft part). FEM simulation 

examples are shown for (a) PWmean = 1.54 mm, and (b) PWmean = 4.40 mm. Experimental examples for (c) PWmean = 

1.53 mm, and (d) PWmean = 4.24 mm. 

Results show that the total size of the transition zone region scaled linearly as a function of incident 

and transmitted spatial pulse widths (Figure 4-21). The spatial width of the pulsed wave changed 

as a function of the local velocity, thus quantification based on the first derivative of the 

asymmetric fitting function determined the transition size relative to the pulse width uniquely in 

the hard (− x) and soft (+ x) portion of the model.  

When a single Rayleigh wave-mode was incident on a vertical boundary, experimental and 

simulated results demonstrated a linear relationship between the pulse width and the size of the 

blurred region, where the transition out of, or into, the other material occurred in space at 

approximately 1
4
 the size of the spatial pulse width in each material. This result indicated that to 

accurately differentiate between two regions with different moduli, a finite region equal to at least 
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1
2
 the mean pulse width, (𝑃𝑊𝑚𝑒𝑎𝑛 = 1

2
(PW1 +PW2)) must be considered. Thus, the ultimate 

resolution in dynamic OCE may be approximated by 1
2
𝑃𝑊𝑚𝑒𝑎𝑛. 

 

Figure 4-21. Transition zone as a function of pulse width, PW, on either side of the x = 0 interface (labeled as −𝑥 

and +𝑥 respectively for the left and right sides of the x = 0 interface). The full transition zone (labeled ′𝑓𝑢𝑙𝑙′) 

relative to the mean pulse width in both media (𝑃𝑊𝑚𝑒𝑎𝑛 = 𝑃𝑊1 +𝑃𝑊2
2

) is also shown for both experiment and 

simulation. 

To examine the relationship between resolution and contrast for more complex internal boundaries, 

the wave-field generated by a Rayleigh wave passing through a three-part, horizontally layered 

material was simulated. The two outer layers were assigned shear wave speeds of 𝐶𝑠  = 2.5 m/s, 

while the inner layer, representing a stiff inclusion, was assigned a shear wave speed of 𝐶𝑠 = 5 m/s. 

The simulated push excitation was applied in the first outer layer, generating a Rayleigh wave with 

a spatial pulse width of 0.5 mm. This corresponded to a maximum potential spatial pulse width of 

1 mm in the hard inclusion. For the wave speeds in this arrangement (2.5 m/s, 5 m/s), considering 
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that frequency is conserved, the mean pulse width was: 𝑃𝑊𝑚𝑒𝑎𝑛 = 0.75 mm. The width of the 

middle layer was varied (1 mm, 0.5 mm, 0.25 mm, and 0.1 mm) to examine whether group velocity 

reconstruction could accurately resolve the inclusion.  

The reconstruction presented the inclusion at nearly full contrast with minimal artifact (Figure 4-

22a, b) when the inclusion width was greater than the mean pulse width. The contrast began to 

deviate proportionally when the inclusion size reduced relative to 𝑃𝑊𝑚𝑒𝑎𝑛 (as seen for the case of 

0.5 mm, 0.25 mm, and 0.1 mm inclusion width (Figure 4-22c -h). At an inclusion size equal to 

one tenth the 𝑃𝑊𝑚𝑒𝑎𝑛, (Figure 4-22g, h), the reconstruction detected the vertical inclusion, but 

with very poor contrast. We conclude that the minimum inclusion size that can be reconstructed 

with full contrast is approximately equal to the mean pulse width 𝑃𝑊𝑚𝑒𝑎𝑛.  Note here that the 

minimum inclusion size is twice the transition zone between two media because the inclusion 

consists of two vertical interfaces, with a transition region of 1
2
𝑃𝑊𝑚𝑒𝑎𝑛 at each. A corollary of the 

previous analysis is that full resolution at maximum contrast may be achieved for smaller inclusion 

sizes using shorter pulse width (i.e. higher bandwidth) waves. 

 

Figure 4-22. Wave-speed maps in soft (2.5 m/s) media with a hard (5 m/s) inclusion. The incident spatial pulse 

width was measured as 0.5 mm, and the maximum potential pulse width was 1 mm, resulting in  𝑃𝑊𝑚𝑒𝑎𝑛 =
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0.75 mm. The inclusion width was (a, b) 1 mm, (c, d) 0.5 mm, (e, f) 0.25 mm, and (g, h) 0.1 mm. The theoretical 

velocity value (dotted gray-line), and the depth averaged reconstruction curve (black-line) for the corresponding 

group velocity reconstruction is illustrated in (b, d, f, and h). 

As more complex geometries are introduced, boundary conditions become even more disruptive 

to reconstruction accuracy. Due to the elliptical nature of particle motion in a Rayleigh wave, local 

stresses transfer energy along both lateral and axial directions. These multi-dimensional traction 

forces can generate complicated wave fields at all interfaces. Once a single-mode wave interacts 

with an inclusion boundary, wave components are guided along the boundary, mode-convert, 

diffract, and interfere with the original wave shape, reducing correlation and negatively affecting 

spatial resolution in complex boundary conditions. 

To illustrate this point, a 5 m/s semi-circular inclusion (6 mm wide, 3 mm deep) was simulated at 

the center of a 2.5 m/s media (Figure 4-23) and probed using a Rayleigh wave with mean pulse 

width, 𝑃𝑊𝑚𝑒𝑎𝑛, of 0.75 mm and 4.5 mm, respectively. The boundaries of a semi-circular inclusion 

were better defined when reconstructed using 𝑃𝑊𝑚𝑒𝑎𝑛= 0.75 mm (Figure 4-23b) compared with 

 𝑃𝑊𝑚𝑒𝑎𝑛 = 4.5 mm (Figure 4-23c). Note that boundary regions are corrupted in the reconstruction 

even for  𝑃𝑊𝑚𝑒𝑎𝑛= 0.75 mm due to mode conversions.  

For longer pulse widths (lower frequency) waves, the reconstructed image identified the inclusion 

but could not accurately quantify modulus, highlighting the importance in defining both image 

contrast and resolution.  
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Figure 4-23. A hard (5 m/s) semi-circle (3 mm radius) inclusion imbedded in a soft (2.5 m/s) media was 

simulated. Prescribed model wave speeds are shown in (a). 2D group velocity reconstruction from incident wave 

with (b)  𝑃𝑊𝑚𝑒𝑎𝑛 = 0.75 mm and (c)  𝑃𝑊𝑚𝑒𝑎𝑛  = 4.5 mm.  

Summary of lateral resolution in wave-based OCE 

To summarize, the typical dynamic OCE procedure is to: 1) launch a broadband mechanical wave 

within a sample using a temporally short, spatially sharp excitation force (akin to shear wave 

elasticity imaging,20,217 acoustic radiation force imaging,218 and transient MR elastography219); 2) 

track the propagating elastic wave in real time (B-M mode)16,220 or with M-B mode20,99 OCT 

scanning; 3) use local displacement (vibration velocity) fields to estimate mechanical 

properties.15,22,221 Under highly controlled conditions, the estimated wave velocity can define the 

shear modulus (stiffness) within a small region.15,20,23,98,99,222 Even with typical limitations imposed 

by a practical measurement system (i.e., measurement noise will introduce additional 

imperfections), the numerical simulations and experimental studies in tissue-mimicking phantoms 

presented here demonstrate that OCE spatial resolution is fundamentally limited by the properties 

of propagating mechanical waves.  

As complicated boundaries change wave shape and generate interfering wave-modes, a 

quantitative, artifact-free time-of-flight reconstruction cannot be done until the parent mode has 

separated from the complex displacement field. It follows that the local material properties will 
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play a role in the achievable resolution. Thus, resolution cannot be defined simply by the detection 

mechanism of OCT.  

If a Rayleigh wave encounters an inclusion with a modulus different from that of the original 

propagation medium, the pulse width of the incident wave, and any generated wave-modes, will 

scale as a function of the relative differences in 𝐶𝑠, and the resolution will be defined by the local 

pulse width. As we have shown, the minimum resolvable feature (e.g. any interface with elastic 

modulus differential) in a system will be approximately equal to ½ the mean spatial pulse width at 

all locations within the imaging field. The minimum inclusion size reconstructed at full contrast is 

twice this limit and corresponds approximately to the mean pulse width at the inclusion interface. 

Note that when the inclusion modulus is unknown, the resolution in OCE can be defined only 

approximately because the mean pulse width depends on both the inclusion and surrounding 

medium moduli. Defining the resolution by the probe pulse width is not accurate and can either 

underestimate or overestimate it depending on inclusion properties. Additionally, in many cases 

where bounded geometries are imaged, even relative wave speed differences (i.e., relative contrast) 

are influenced not only by shear elastic modulus, but also by geometric factors such as medium 

thickness (e.g., in the cornea).88 

Another way to improve resolution is to utilize more complicated reconstruction methods to 

quantify material stiffness. To accurately recover spatial resolution to a fraction of the pulse width 

for an arbitrary imaging environment, full wave field reconstruction should be performed at a fine 

spatial scale similar to current coarse spatial scale methods in Magnetic Resonance Elastography 

(MRE).209,223–226 The general case of wave field reconstruction often assumes local homogeneity, 

a valid assumption when probing regions spaced by approximately ½ the wavelength of a harmonic 
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elastic wave. Consequently, extrinsic variables can significantly influence the spatial resolution as 

defined in this study.  

In conclusion, the spatial resolution in dynamic OCE when tracking mechanical wave propagation 

near an interface is ultimately limited by the characteristic wavelength of the mechanical wave, or 

by the pulse width for broadband signals. The ability to accurately reconstruct an inclusion with 

contrast nearing that of the physical modulus breaks down when the mean pulse width is greater 

than the size of the physical inclusion. In the AμT-OCE system described here, the best spatial 

resolution that can be realized is equal to the focal width of the acoustic transducer, or 400 μm. 

4.17 A𝛍T-OCE system summary 

The design and configuration of an AμT-OCE system that can characterize and image quantitative 

elastic moduli in soft tissue was described herein. The performance of the system was 

characterized and defined using OCT structural resolution, sensitivity, motion detection, elastic 

reconstruction accuracy, and elastographic resolution. The performance and accuracy was 

validated using controlled tissue-mimicking phantoms against gold-standard destructive methods.  

Because the AμT-OCE system demonstrated accurate quantification of elastic moduli without 

damaging soft material (using the appropriate mechanical model), it was concluded that the system 

was reliable to quantify moduli in the cornea. 
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Chapter 5. Quantifying elastic moduli in the cornea with A𝛍T-OCE  

To date, most reports of OCE in the cornea assumed a Rayleigh-wave model and utilized group 

velocity to reconstruct corneal elasticity.15,16,19–26 However, the group velocity is often incorrectly 

interpreted as a direct measurement of the bulk shear wave speed (𝐶𝑠) in the cornea. While a single-

mode bulk wave is often the case for mechanical waves produced in magnetic resonance 

elastography (MRE) and in ultrasound-based shear wave elastography (SWE), it is not the case in 

highly heterogeneous materials or in media greatly influenced by mechanical boundary conditions 

such as the cornea. For the elastic pulse widths typically excited in the cornea, assuming that group 

velocity is directly related to modulus has resulted in reports of moduli which span multiple orders 

of magnitude.27  

In this chapter, it is shown that both group velocity and an isotropic Rayleigh model are 

inappropriate for the cornea. Because the cornea is an incompressible material layer bounded by 

air at the top and water (aqueous humor) on the bottom, guided waves with strong geometric 

dispersion should be expected (see Chapter 3) and thus require complex elastic reconstruction 

techniques.  

The cornea is also mechanically anisotropic.  As such, wave behavior in the cornea cannot be 

accurately described using an isotropic model, even taking geometric dispersion into account.  

In Chapter 5, ex vivo porcine cornea were imaged using the AμT-OCE system (described in 

Chapter 4) and an inversion routine is presented to quantify the anisotropic elastic moduli 

(described in Chapter 3) responsible for corneal deformation. AμT-OCE-measured moduli were 
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shown to closely agree with elastic moduli measured via destructive testing techniques (parallel-

plate rheometry and tensile extensometry). 

5.1 Group Velocity in bounded media 

Numerical simulations and experimental studies in purely elastic (negligible viscosity) 

homogenous soft materials with thickness on the order of the cornea are presented to demonstrate 

quantitative errors in elastic modulus values when the finite thickness is not taken into account. 

Numerical Simulation of Elastic Waves in Bounded Media 

First, numerical simulations were performed with the finite element method (FEM) in OnScale 

described in Chapter 4. Using the numerical model, effects of intrinsic (shear modulus) and 

extrinsic (geometry and mechanical wave bandwidth) parameters on both group and phase velocity 

measurements were explored in a purely elastic isotropic material. The simulation provided a 

system with infinite signal to noise ratio (SNR).  

In the simulation, Rayleigh wave excitation and propagation in both bulk and bounded linear-

elastic material were investigated. The simulated material models can be seen in Figure 5-1. The 

shear wave speed in the material in both models was 𝐶𝑠 = 5 m/s (𝜇 = 25 kPa).  

A spatially and temporally compact force was applied to the medium with a Gaussian profile in 

space (characteristic width of 𝑑 = 250 μm) and a super Gaussian temporal profile with a 

characteristic time constant 𝑇 = 100 μs. In one set of simulations, d = 0.25 mm, i.e. twice narrower 

than the focus of the acoustic excitation, to explore high bandwidth (short pulse-width) behavior. 
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Figure 5-1. Finite element model in OnScale. (formally PZFlex): geometry and boundary conditions for a nearly 

incompressible semi-infinite medium (a) and a layer bounded on its bottom with water (b). 

The bounded tissue model consisted of two, layered, linear elastic materials under plane strain 

(Figure 5-1b).  The longitudinal wave speed in the lower medium was similar to that of water 

(closely approximating the anterior chamber of the eye) and the shear wave speed was set to 𝐶𝑠 = 0 

m/s. Note that this region can support longitudinal waves but not shear waves due to the matched 

density and longitudinal wave speed with the upper tissue region (𝜌 = 1000 kg/m3, 𝐶𝑙 = 158.2 m/s) 

and mismatched shear wave speeds. The thickness of the lower layer was set to four times the 

estimated wavelength in the top layer to minimize interactions between the “leaky” longitudinal 

wave and the lower boundary. The top layer thickness was ℎ = 1 mm. 

A space-time (xt) trace of the simulated vertical vibrations along the surface of each material is 

shown in Figure 5-2, where the left column corresponded to the Rayleigh wave (bulk material), 

and the column on the right to the guided wave (thin material). A horizontal slice of the xt plot 
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(shown with a dashed white line) denotes the temporal profile of the propagating signal 10 mm 

from the excitation point (Figure 5-2e,f respectively).  

As seen in Figure 5-2c,e, the temporal profile of the Rayleigh wave had a simple shape which did 

not change with distance once it traveled multiple pulse-widths from the excitation zone. In this 

case the normalized cross-correlation coefficient (NCC) between two signal profiles measured at 

different spatial positions along the surface was equal to one, suggesting that cross-correlation 

based calculation of the group velocity provided an accurate propagation speed over all x positions. 

Because medium viscosity is omitted in the analysis, the calculated group velocity was equivalent 

to the phase velocity of the Rayleigh wave and reconstruction was accurate in the case of a thick 

(relative to the wavelength), non-viscous, material. 

In the layer bounded by water on its bottom (as shown in Figure 5-2), the xt shape became very 

complex (see Figure 5-2d). The complex signals were due to highly dispersive guided modes that 

coexist and propagate along the medium surface. Note that analytical solutions to expected wave 

behavior in bounded media can be found in Chapter 3.  
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Figure 5-2. Mechanical waves along the surface of a nearly incompressible linear elastic medium simulated in 

OnScale. Spatial and temporal parameters of the push were 𝑑 = 250 μm and 𝑇 = 100 μs respectively. Layer 

thickness was ℎ = 1 mm. The bulk shear wave speed was 𝐶𝑠 = 5 m/s (𝜇 = 25 kPa). Results are shown for a semi-

infinite material with air at the upper boundary in a,c,e,g) and a 1 mm thick tissue layer bounded with a liquid from 
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the bottom in b,d,f,h). (a) and (b)  show schematic representations of wave excitation and propagation (previously 

published in Ref15); (c) and (d) show wave fields (xt plots) along the medium surface displayed over an arbitrary 

dynamic range scaled to the signal maximum; (e) and (f) show temporal profiles of Rayleigh and guided waves at a 

10 mm distance from the excitation point (shown with a white dashed line in c and d) respectively; and (g) and (h) 

show phase velocity dispersion plots for Rayleigh and guided waves, respectively: numerical simulation (red 

crosses) superimposed on the analytical solution (solid lines). This figure was previously published in Ref132.  

A 2-D Fourier transform was applied the simulated signal wave fields (xt plots) in wavenumber 

and frequency (fk) coordinates to compute the phase velocity dispersion.227,228 The simulation 

results were superimposed on the analytical solution (see Chapter 3) in Figure 5-2g and h. 

As shown in Figure 5-2, the high frequency cutoff (or bandwidth) of the propagating waves 

determine how closely the measured signal corresponds with the analytical solution. This can be 

related to different excitation methods used in OCE which produce different characteristic 

frequencies of generated mechanical waves. For example, air-puff techniques generate broadband 

signals up to approximately 1 kHz bandwidth while the AμT transducer described in Chapter 4 

can produce mechanical waves with frequency components closer to 5 kHz. 

To generalize the geometric dispersion of guided waves for different shear wave speeds and 

medium thickness, the frequency was scaled to the medium thickness and shear wave speed 

according to: 

𝑓𝑑 =
𝑓ℎ
𝐶𝑠

. (5.1) 

The dimensionless 𝑓𝑑 can be applied to a wide range of experimental conditions encountered in 

OCE. Note that the large majority of reported wave-based OCE experiments (to date) performed 
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on the cornea were over a small range of 𝑓𝑑. For example, a typical human cornea (thickness h = 

0.5 mm, 𝐶𝑠  ≅ 5 m/s) probed over a 400 Hz bandwidth (typical for air puff105,107) would result in 

𝑓𝑑 ≅ 0.04. Note that a 5 kHz bandwidth (such as demonstrated with AμT) would result in 𝑓𝑑 ≅

0.5.  

To explore the relationship between group velocity and signal bandwidth (i.e. apparent speed over 

a specific range on the dimensionless frequency scale), a low-pass (LP) Gaussian filter was applied 

to simulated data to artificially limit the signal bandwidth. The filter cutoff frequency was indicated 

by a vertical dashed arrow in the central column of Figure 5-3. The upper row of Figure 5-3 

presents the case where the signal spectrum was limited by 𝑓𝑑 ≅ 1. In this case the complicated 

wave field (xt plot) shown in the left panel produced three propagating guided modes (shown by 

red crosses in the phase velocity dispersion panel (central panel)), consistent with the analytical 

solutions presented in Chapter 3. The elasticity map in the right panel was produced using the 

group velocity at every position in the medium and normalizing it to the true (input) shear wave 

speed. In the bounded material, the elasticity map appeared heterogeneous, with dramatic 

deviations from the true shear wave speed. The reconstructed heterogeneities were not 

representative of the intrinsic material parameters and should be considered artifacts dominated by 

the medium thickness and signal bandwidth.  

When the signal spectrum was limited by 𝑓𝑑 ≅ 0.5 (second row in Figure 5-3), both the xt plot 

and reconstructed elasticity map were visibly different due to the limited signal bandwidth. Further 

limiting the signal spectrum by 𝑓𝑑 ≅ 0.25 (third row in Figure 5-3) and 𝑓𝑑 ≅ 0.1 (bottom row in 

Figure 5-5) resulted in a single propagating guided mode which appeared to make the 2-D group 
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velocity distribution more homogeneous. Limiting 𝑓𝑑 dramatically reduced the average group 

velocity relative to the true shear wave speed. 

 

Figure 5-3. Mechanical wave propagation in a layer of nearly incompressible linear elastic medium bounded 

with water on the bottom simulated in OnScale. Column (a) showed XT plots calculated along the tissue surface 

and obtained for different signal bandwidths (BW), so that (𝐵𝑊 ∗ ℎ
𝐶𝑠

= 1, 0.5, 0.25, 0.1) respectively, for the rows 

from top to bottom. Column (b) showed the phase velocity dispersion computed from the wave fields of column (a) 

– red crosses, superimposed on the analytical solution (solid lines), respectively. Column (c) showed two-

dimensional (2-D) group velocity images normalized to the true shear wave speed. In this case the displayed value 
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was 1 for a group velocity estimate which equaled the true shear wave velocity at every point in the xz plane using 

NCC-shift method for the same 𝐵𝑊 ∗ ℎ
𝐶𝑠

 values, respectively. This figure was previously published in Ref132. 

AμT-OCE in Bounded Media 

Next, thin-plate polyvinyl alcohol (PVA)-based phantoms were created using protocols described 

in Chapter 4. In this experiment, multiple thin-plate phantoms were cast in circular molds with a 

diameter of 5 cm. The thickness was controlled by adding only enough molten PVA solution to 

cover the bottom of the mold and then rotating the mold to evenly distribute the solution. Multiple 

thin slabs were created and then physically sized using OCT structural imaging. During imaging, 

each PVA phantom was suspended on top of water to force asymmetric boundary conditions, 

similar to the medium diagram used in numerical simulations (see Figure 5-4). To estimate the 

true shear wave speed of the phantoms, group velocity measurements were taken at the surface of 

a separate 15 mm thick phantom (synthesized from the same batch) and used to determine 𝐶𝑠 based 

on the Rayleigh wave equation.  
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Figure 5-4. Thin tissue mimicking phantoms bounded by air and water. a) Experimental setup showing a 0.5 

mm thick PVA phantom suspended on water boundary. The AμT transducer can be seen in the upper left. The red 

dotted line denotes OCT B-scan range. b) OCT structural image (B-scan) of thin-plate phantom. Note: uneven 

aspect ratio displayed to highlight phantom structure. This figure was previously published in Ref132. 

Elastic waves were tracked in the phantom at 46.5 kHz. Each M-scan consisted of 512 A-scans in 

the same location repeated at 256 locations (B-scans) horizontally across the imaging plane (dx = 

58.6 μm), forming one complete M-B scan (1024 depth × 256 lateral locations × 512 frames) with 

an effective imaging range of 1.5 mm × 15 mm (axial × lateral). The total acquisition time for one 

M-B scan was 3.66 s. The acoustic push was applied for T = 100 μs (same as in the numerical 

simulation) and focused to the edge of the OCT imaging range.  

The vertical displacement due to elastic wave propagation was measured using the optical phase 

difference between successive scans assuming a refractive index of n = 1.33. The vibration speed 

was recorded at different time points in the xz plane and a 2-D FFT was applied to compute phase 

velocity dispersion curves. Group velocity maps in the xz plane were obtained with the correlation 

method described in detail in Chapter 4 and Ref.18 Finally, the average group velocity over the 2-

D image was calculated.  

Experimental results presented in Figure 5-5 through Figure 5-7 show behavior similar to that of 

the simulations. To facilitate comparison between simulation and experiment, experimental results 

were split into three figures corresponding to different ranges of dimensionless frequency (𝑓𝑑) and 

displayed alongside numerical simulations in OnScale for the same medium parameters.  

The maximum value of the dimensionless bandwidth that was reached experimentally was 𝐵𝑊 ∗

ℎ
𝐶𝑠

≅ 0.5. The shear wave speed was measured to be 𝐶𝑠 = 3.8 m/s for the bulk 15 mm thick sample 
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using the group velocity method and then used to compute theoretical curves for phase velocity 

dispersion (solid blue lines in panels (b) and (e) in Figure 5-5 through Figure 5-7). Note, that the 

layer thickness measured with OCT structural imaging was ℎ ≅ 0.5 mm (similar to the human 

cornea), compared to the 1 mm thickness (similar to porcine cornea) used in the simulation.  

Wave fields (xt plots) of propagating mechanical waves near the sample surface from experimental 

data were represented in panels (a) in Figure 5-5 through Figure 5-7, each with different signal 

bandwidths. To reduce the signal bandwidth, LP filtering was applied to experimental data in the 

same way as the simulated data. To compare with experimental data, xt plots were also obtained 

from numerical simulations for the same medium parameters (panels (d) in Figure 5-5 through 

Figure 5-7). 2-D group velocity images computed with experimental data normalized by measured 

𝐶𝑠 (panels (c) in Figure 5-5 through Figure 5-7) were compared with numerically simulated data 

(panels (f) in Figure 5-5 through Figure 5-7). In both experiment and simulation, there were 

numerous artifacts in the xz-plane due to multiple dispersive modes in the bounded layer.  
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Figure 5-5. OCE- measured mechanical wave propagation in PVA bounded with water on the bottom 

compared to numerical simulations in OnScale with dimensionless signal bandwidth was approximately 

𝑩𝑾 ∗ 𝒉
𝑪𝒔

= 0.5.  xt plot (wave field) calculated along the surface of the simulated material a) and phantom d). Phase 

velocity dispersion computed from the wave field of (a, d) for b) simulation and e) experiment. The red crosses were 

experimental data superimposed on the analytical solution (solid lines). Two-dimensional (2-D) group velocity 

images normalized to the true shear wave speed (i.e., displayed value is 1 for a group velocity estimate equaling the 

true shear wave velocity) obtained for every point of the xz-plane from c) simulation and f) experiment. This figure 

was previously published in Ref132. 

 

Figure 5-6. OCE- measured  mechanical wave propagation in PVA bounded with water on the bottom 

compared to numerical simulations in OnScale with dimensionless signal bandwidth approximately 𝑩𝑾 ∗

𝒉
𝑪𝒔

= 0.25.  xt plot (wave field) calculated along the surface of the simulated material a) and phantom d). Phase 

velocity dispersion computed from the wave field of (a, d) for b) simulation and e) experiment. The red crosses were 

experimental data superimposed on the analytical solution (solid lines). Two-dimensional (2-D) group velocity 

images normalized to the true shear wave speed (i.e., displayed value is 1 for a group velocity estimate equaling the 

true shear wave velocity) obtained for every point of the xz-plane from c) simulation and f) experiment. This figure 

was previously published in Ref132. 
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Figure 5-7. OCE- measured  mechanical wave propagation in PVA bounded with water on the bottom 

compared to numerical simulations in OnScale with dimensionless signal bandwidth was approximately 

𝑩𝑾 ∗ 𝒉
𝑪𝒔

= 0.1.  xt plot (wave field) calculated along the surface of the simulated material a) and phantom d). Phase 

velocity dispersion computed from the wave field of (a, d) for b) simulation and e) experiment. The red crosses were 

experimental data superimposed on the analytical solution (solid lines). Two-dimensional (2-D) group velocity 

images normalized to the true shear wave speed (i.e., displayed value is 1 for a group velocity estimate equaling the 

true shear wave velocity) obtained for every point of the xz-plane from c) simulation and f) experiment. This figure 

was previously published in Ref132. 

The image artifacts depend on multiple parameters, such as signal bandwidth, layer thickness, 

shear wave speed and temporal profile of the excited mechanical wave. Imaged artifacts in the 

phantom were smoothed at distances larger than 5 mm for 𝐵𝑊 ∗ ℎ
𝐶𝑠

= 0.5 (Figure 5-5f) due to 

medium viscosity and geometric spreading of the elastic wave in the phantom, limiting the signal 

bandwidth.  
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Figure 5-8. Mean group velocity in xz- plane as a function of signal bandwidth. Blue (obtained for a 1 mm thick 

simulated material) and red (obtained for a 0.5 mm thick simulated material). The circular dots correspond to 

numerically simulated 2-D group velocity distributions (column (c) in Figure 5- 3 and panels (c) in Figure 5-5 – 

Figure 5-7, respectively). Black triangles correspond to the mean group velocity in the xz plane for a 0.5 mm thick 

PVA sample. The solid blue line presents the dispersion curve for a guided mode of the lowest order (i.e. A0 mode). 

The dashed black line corresponds to the Scholte wave velocity asymptote for this mode (described in Chapter 3). 

Dashed red line corresponds to the true shear wave velocity. Error bars show variance of group velocity estimates in 

the xz plane. This figure was previously published in Ref132. 

Figure 5-8 shows group velocity estimates averaged over the 2-D distributions (over 

10 mm x 1 mm area in case of a 1mm thick medium and over 10 mm x 0.45 mm for a 0.5 mm 

thick medium) shown in Figure 5-5 through Figure 5-7. The near field area (~0.8 mm, or two 

pulse-widths from the AμT source) was excluded from group velocity averaging. As demonstrated, 

the average group velocity approached the true shear wave speed (shown by a red dashed line in 

Figure 5-8) as the bandwidth was increased. Notably, broader bandwidths also demonstrated 

higher group velocity variance, as evidenced by the artifacts seen in the elasticity maps. For 𝑓𝑑 

significantly lower than 1, the group velocity estimate generally followed the dispersion curve for 
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the guided mode of the lowest order, approaching zero in the limit of 𝑓𝑑 → 0. Note that the high 

frequency asymptote for the lowest order mode was a Scholte wave having a propagation speed of 

𝐶𝑆𝑐ℎ = 0.846𝐶𝑆. Both numerical simulations and experimental studies resulted in similar average 

group velocity estimates (both deviating from the accurate value) when the signal spectra was 

limited with the same 𝑓𝑑, even though the details of the measurements (e.g., medium thickness, 

excitation width, and shear wave speed) were different.  

In conclusion, when using OCE to image layered tissue, multiple dispersive propagating modes 

should be expected. Group velocity estimates in bounded material were quantitatively incorrect 

due to multiple propagating guided modes and produced strong artificial fluctuations in the xz-

plane while generally underestimating the true stiffness.  

Clearly, alternative methods must be used to reconstruct the shear modulus (elasticity) from wave 

field data in the cornea. For example, high frequency asymptotes of guided waves approaching the 

Rayleigh and Scholte wave speeds (when 𝑓𝑑 → ∞) may provide an accurate measurement of tissue 

elasticity. For more complex geometries, wave field inversion algorithms similar to those used in 

MRE226 must be considered.  

In this section, the analytical solution to elastic waves which propagate in an isotropic thin-plate 

material was in close agreement with the measured phase dispersion. As such, a model-based 

dispersion calculation can quantify elasticity (i.e. Young’s modulus, E) in experimental data of 

isotropic materials by fitting the guided modes in fk space to an isotropic thin-plate solution.15,18,132 

As shown by Pelivanov et. al, the difference in moduli quantified from thick and thin phantoms 

was less than 3%,18,132 demonstrating accurate quantification of elastic moduli in an isotropic thin-

plate material.  
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5.2 Effect of corneal curvature on elastic wave propagation 

In the analytical solutions presented in Chapter 3, the cornea was modeled as a flat material. In 

reality, the cornea is not flat, but curved. The goal of this section was to address how much the 

curvature of the cornea will affect guided wave behavior.  

It was suggested previously that the dispersion relation of guided waves in a curved plate varies 

from the flat plate according to the relationship between the wavelength, the radius of curvature, 

and the layer thickness. Dispersion relations for azimuthal modes in a cylindrical shell and 

meridian modes in a spherical shell were derived by Krauklis and Molotkov229, who describe the 

dispersion behavior in two regimes: 

(1) 
𝜆
𝑅

>
ℎ
𝜆

(5.2) 

(2) 
𝜆
𝑅

<
ℎ
𝜆

 

Condition (1), where the radius is small compared to the wavelength and thickness relationship, 

states that dispersion is strongly influenced by the curvature of the shell, where dispersion is 

stronger for spherical modes than cylindrical modes. Condition (2) corresponds to mild curvature, 

and the dispersion is mainly governed by the terms obtained for a flat plate.  

As detailed in Chapter 4, the expected elastic wavelength was determined by a combination of the 

product 𝐶𝑠𝑇 and 𝑑. For a typical acoustic micro-tapping excitation, we had 𝑇 = 100 μs and 𝑑 = 

500 μm. Consider one example where 𝑐𝑠 = 4 m/s, this gives 𝑐𝑠𝑇/𝑑 = 0.8, and a wavelength 𝜆 on 

the order of 0.4 - 0.5 mm. Combining these estimates (and assuming 𝑅 = 6.5 mm, ℎ = 0.5 mm) 
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resulted in 𝜆/𝑅 ≈ 0.08 and ℎ/𝜆 ≈ 1. This approximation suggested condition (2), where curvature 

can be neglected.  

For additional validation, a finite element model was developed in OnScale to estimate the effect 

of curvature on the dispersion behavior. The model was similar to that described in Chapter 4 but 

featured a few distinct differences in both geometry and post-processing. 

 

Figure 5-9. Curved geometry used to study guided waves in a spherically curved layer. The full model 

geometry can be considered a solid of revolution obtained by revolving the domain shown about the axisymmetric 

boundary. This figure was previously published in Ref27. 

The finite element model consisted of a rectangular domain of thickness ℎ = 0.55 mm bent to an 

outer radius of curvature of 6.5 mm (Figure 5-9). In this example, an axisymmetric (as opposed 

to plane) strain state is assumed. The simulated layer was assumed to be isotropic with density 𝜌 

= 1000 kg/m3, shear wave speed 𝐶𝑆 = 4 m/s, and longitudinal wave speed 𝑐𝐿 = 35𝐶𝑆.  The simulated 

tissue layer was atop a water layer, modeled as an elastic solid with shear wave speed 𝐶𝑆 = 0 m/s. 

The water layer had a density and longitudinal wave speed matched to the tissue layer. Outer edges 
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of the domain were set as absorbing boundaries. The spatio-temporal push profile was defined as 

in Chapter 4 with a Gaussian profile in space and a super-Gaussian profile in time. The domain 

was discretized with linear finite elements on a regular conformal grid with at least 40 elements 

per elastic wavelength.  

Solving the model produced a pseudo-point source solution equivalent to a numerical 

approximation of the Green’s function. The wave field solution for a line source, such as the one 

used in our AμT experiments, was obtained by convolving the Green’s function with the source 

distribution. We numerically evaluated this convolution integral along a linear path on the 

spherical surface using trapezoid integration. This yielded a wave field along the entire spherical 

surface.  

In general, the wave field was more complex compared to the flat plate plane strain approximation. 

However, extracting the wave field from the mid-plane normal to the line source (as would be 

measured using OCE), we find that the flat plate and spherical models produced very similar wave 

fields (Figure 5-10a,b). Analyzing the 2D Fourier spectrum of the spherical model along this mid-

plane demonstrated that the isotropic dispersion relation for a flat plate (described in Chapter 3 

and detailed in Section 5.2) provided a close fit to the numerical solution (Figure 5-10c). This was 

expected, as the radius of curvature of the cornea is large relative to its thickness.229,230 Thus, it 

appears reasonable to neglect corneal curvature in analyzing guided wave behavior in the cornea.  
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Figure 5-10. Simulated surface vertical velocity wave fields in a (a) flat plate and (b) spherically curved layer 

were very similar. (c) The 2D Fourier spectrum for the spherically curved layer closely matched the theoretical 

dispersion curves obtained for a flat plate (yellow markers). This figure was previously published in Ref27. 

5.3 Quantifying elastic moduli in porcine cornea using the NITI model  

As shown in Section 5.1, the cornea’s bounded geometry produced dispersive guided waves, which 

must be analyzed in frequency-wavenumber (fk) space (or equivalent phase velocity- frequency 

(cf) space) to quantify elasticity. In addition to having a thin-plate structure, the cornea is strongly 

anisotropic and, at the very least, an additional shear modulus must be introduced to accurately 

quantify corneal biomechanics (detailed in Chapter 3). Thus, a secular equation describing guided 

modes determined from partial wave solutions to the elastic wave equation assuming a flat NITI 

layer bounded by air and water (described in Chapter 3) can be used to quantify elastic moduli in 

the cornea. 

In this section, a bounded nearly incompressible transversely isotropic (NITI) medium model was 

applied to experimental wavefields in corneal samples to quantitatively measure elastic moduli in 

porcine cornea. The results were compared with both literature values and directly with mechanical 

tests. 
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Numerical simulation of wave behavior in a bounded NITI layer 

Although an analytical solution exists for guided waves in a NITI layer, it is not valid near the 

mechanical wave excitation source (near field) and does not describe how energy is distributed 

among guided modes in a NITI layer. To explore the expected signal in a NITI material, the finite 

element model described in Chapter 4 was expanded to explore a NITI layer with dimensions 

similar to the cornea. The NITI model simulation is described in full in Ref.27 

In the simulated model, a thin elastic layer of thickness ℎ = 0.55 mm and density 𝜌 = 1000 kg/m3 

was bounded above by air (free surface condition) and below by a layer of water (Figure 5-11). 

The elastic layer was modeled as a NITI material with parameters 𝜆, 𝜇, and 𝐺, while the water 

layer is modeled as an isotropic solid with a density 𝜌𝑓 = 1000 kg/m3, shear wave speed 𝑐𝑠 = 0, 

and longitudinal wave speed 𝑐𝐿 = √(𝜆 + 2𝜇)/𝜌.  

 

Figure 5-11. Finite element model geometry used to simulate guided wave propagation in a NITI model of the 

cornea.  
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The bottom and right boundaries of the domain served as absorbing conditions to minimize 

reflections as elastic waves traveled beyond the computational domain. To ensure stability at the 

boundary, the water layer extended along the right edge of the tissue domain and maintained the 

boundary condition. Symmetry was assumed with respect to the 𝑦𝑧-plane.  

A temporally- and spatially-varying pressure load 𝑃(𝑥, 𝑡) was applied to the top boundary with a 

full-width-at-half-max (FWHM) 𝑑 = 600 μm. The temporal push profile in this simulation was 

modeled by a super-Gaussian function with FWHM 𝑇 = 100 μs. A small offset 𝑡0 is included to 

avoid impulsive loading at 𝑡 = 0. The full form of the pressure load was given by 

𝑃(𝑥, 𝑡) = 𝑃0 exp [−4(ln 2) (
𝑥
𝑑
)
2
] exp [−16(ln 2) (

𝑡 − 𝑡0
𝑇

)
4
] , (5.3)  

where the pressure amplitude 𝑃0 was an arbitrary constant (5 kPa in this study). The 

incompressibility constraint was enforced by requiring that the ratio √(𝜆 + 2𝜇)/𝜇  = 35. In the 

isotropic limit 𝐺 = 𝜇, this provided a Poisson’s ratio of 𝜈 = 0.4996.  

The NITI layer was simulated with 𝐺 = 20 kPa, and incremental increases in 𝜇 were simulated (𝜇 

= 20 kPa, 40 kPa, 100 kPa, 1 MPa) to explore varying degrees of mechanical anisotropy. All 

simulations used an explicit time-stepping method to generate the full displacement and velocity 

fields at each space and time point, but only the vertical velocity component was used in the 

analysis. Velocity data were directional and band-pass filtered using the same processing as OCE 

experiments to facilitate comparison. 

Figure 5-12 shows xt plots and corresponding 2D Fourier spectra for increasing 𝜇. Temporal 

changes in the simulated surface velocity field over a range of lateral positions were recorded from 
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the simulated data and unit-less surface vibrations used to illustrate the spatio-temporal behavior 

of the surface wave field in the simulated OCE measurement (Figure 5-12a and Figure 5-12b). A 

two-dimensional Fourier transform was applied to analyze guided wave dispersion. In the isotropic 

limit (𝜇 = 𝐺), the xt plot (Figure 5-12c) showed multiple interacting guided waves, with A0 and 

S0 modes both visible in the spectrum (Figure 5-12g), similar to what was described in Section 

5.2. As anisotropy increased (𝜇 > 𝐺), xt plots (Figure 5-12d-f) changed dramatically. Interference 

between A0 and S0 modes decreased at 𝜇 = 2𝐺 and was nearly absent at  𝜇 = 5𝐺. Furthermore, as 

𝜇 increased, the shape of A0 and S0 modes shifted. Energy in the S0 mode also decreased, 

disappearing almost entirely for 𝜇 ≥ 5𝐺 (Figure 5-12-j).  
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Figure 5-12. Numerical solutions for guided wave propagation in a bounded NITI medium. Guided mode wave 

fields simulated in OnScale for (a) isotropic and (b) NITI layers. Guided wave excitation was simulated with the 

AμT line source. Guided mode wave fields were extracted from the material surface to yield xt plots (c-f) and 

corresponding 2D Fourier spectra (g-j, presented on a log scale over a 20 dB display dynamic range) for various 

levels of anisotropy. A 0.55 mm thick NITI layer (𝐺 = 20 kPa; 𝜇 = 20 kPa, 40 kPa, 100 kPa, 1 MPa) was considered. 

This figure was published previously in Ref.27 

The simulation results strongly suggest that if the NITI model can accurately describe wave-

behavior in the cornea, then only one mode, A0, should be visible in cornea experiments. This is 



 165 

in contrast to an isotropic layer of the same thickness, where multiple high order modes were 

observed. 

Elastic wave propagation in porcine cornea imaged with APT-driven OCE 

In this section, a numerical solution for guided wave propagation in a bounded NITI material with 

unique in-plane elastic moduli (Young’s Modulus, 𝐸) and out-of-plane shear modulus (𝐺) was 

found which best matched APT-OCE waveforms in ex vivo porcine cornea samples. All studies 

were carried out in accordance with institutional guidelines and regulations for tissue studies. All 

experimental protocols followed standard operating procedures established by the University of 

Washington for the use of animal tissue acquired from an abattoir in research studies. 

First, porcine eyes (n = 6) were carefully enucleated from healthy adult animals (3-5 months old, 

36-75 kg) by a specialist immediately following euthanasia. All excess tissue was removed to 

expose the sclera and the remaining whole globe was rinsed with an ocular hydrating solution 

(balanced saline solution, BSS). Whole globes were placed in a mold containing a damp sterile 

cotton pad to stabilize samples and mimic in vivo boundary conditions. A 20-gauge needle 

connected to a bath filled with BSS was inserted through the temporal wall of the sclera to apply 

a controlled internal hydrostatic pressure (intraocular pressure, IOP). The IOP was controlled by 

raising and lowering the bath and was calibrated previously using porcine whole globes where an 

additional 20-gauge needle was inserted into the wall of the sclera and attached to a digital 

hydrostatic pressure sensor. Following calibration, only a single needle insertion was performed 

in all AμT-OCE experiments. The reservoir height was adjusted to maintain IOP between 5 and 

35 mmHg. Each sample was held at the corresponding pressure for 5 minutes prior to scanning, 

over which a single drop of BSS was applied to prevent corneal dehydration.  
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Figure 5-13. AμT-OCE to generate and track elastic waves in porcine cornea. a) AμT-OCE imaging system 

with cornea inflated to 10mmHg. b) Representative image of elastic wave-pulse propagating within the cornea. c) 

Snapshots of elastic wave propagation at different time-points detected using phase-sensitive OCT. The cornea was 

inflated to an IOP of 5mmHg and was approximately 0.7 mm thick. 

The AμT-OCE experimental set-up is shown in Figure 5-13a. The OCT system operated at a 46.5 

kHz effective frame rate and was used to track guided waves in an isotropic polyvinyl alcohol 

(PVA) cryogel as well as in porcine cornea, providing experimental measurements to compare 

with theoretical predictions. APT-OCE was performed on the surface of a thin isotropic PVA 

phantom as well as freshly excised porcine cornea with IOP incrementally increasing from 5-35 

mmHg, generating mechanical waves with bandwidths up to 4 kHz. A stylized schematic of elastic 

wave propagation in the cornea is shown in Figure 5-13b. All data collected had 512 A-scans 

repeated in the same location (M-scan) at 256 different horizontal locations (B-scan) across the 

imaging plane (dx = 54.7 μm), forming a complete M-B scan (1024 depth × 256 lateral locations 

× 512 temporal frames) with an effective imaging range of 1.5 mm × 10 mm (axial × lateral). One 

full M-B scan took 3.66 s.  
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The three-dimensional dataset used to reconstruct the propagating wave based on the OCT-

measured local particle vibration velocity assumed a refractive index in the cornea and phantom 

of n = 1.38. Snapshots of displacements associated with elastic wave propagation superimposed 

on the structural image of the cornea are shown in Figure 5-13c. Note that in this experiment, a 

different light source was employed (broadband super-luminescent diode with a 1310 nm center 

wavelength and 86 nm spectral BW (Denselight Ltd., Singapore) with similar power but reduced 

stability. The system was able to reliably detect displacements greater than ≈ 5 nm. Each sample 

was scanned at room temperature and imaging took no longer than 1 hour per sample. The mean 

thickness of the cornea samples was measured using OCT to be 0.71 ± 0.11 mm. 

The surface signal (xt plot) in both an isotropic phantom and cornea was measured by automatic 

detection of the sample surface using an edge detection algorithm. Phase data in a 183 μm window 

below the surface were then extracted and averaged, weighted using one half of a Gaussian window 

(HWHM = 90 μm, weight decreasing with depth). 

Quantitative moduli estimates in bounded materials such as the cornea require a method to 

determine the dispersion relation most closely matching observed guided wave modes. In the OCE 

experiment, the OCT signal phase difference was used to reconstruct the vertical component of the 

velocity field. Displacements along the surface of the cornea was extracted to create an xt 

representation of the wave-field (Figure 5-14a) before a two-dimensional Fourier Transform was 

applied to produce a frequency-wavenumber (fk) representation (Figure 5-14b). This spectrum 

was then compared to a theoretical dispersion relation to obtain modulus estimates. 
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Figure 5-14. A𝛍T-OCE generated and measure displacements along the surface of the cornea inflated to 10 

mmHg. a) xt representation of the surface wavefield detected in Figure 5-13. c) fk representation of the waveform 

following a two-dimensional Fourier Transform. 

Mode-tracing routine  

A common approach to compare theoretical dispersion with experimental data is to algorithmically 

identify local peaks of the fk spectrum. This would ideally trace the central portions of each mode 

to produce “measured” dispersion curves which can be compared against theoretical solutions. The 

measured peaks would be converted to the frequency-phase velocity (fc) domain using the 

relationship between the phase velocity 𝑐 (m/s), frequency 𝑓 (Hz), and wavenumber 𝑘 (m-1) : 𝑐 =

𝑓/𝑘.  

In Figure 5-15, fk maps were reproduced from experimental data captured in both a PVA phantom 

bounded on water and inflated porcine cornea to illustrate that this process is often prone to error. 

A peak-finding algorithm was applied to the fk spectra in Figure 5-15a and Figure 5-15d, which 

yielded the narrow dispersion curves shown in Figure 5-15b and Figure 5-15e. The fk values were 

then converted to phase velocities (Figure 5-15c and Figure 5-15f). The peak-finding algorithm 
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required tuning various parameters such as the minimum peak heights, minimum peak distances, 

and minimum peak prominence. Even with well-chosen parameters, spurious points were detected 

that were not related to the actual mode (for example, Figure 5-15e and Figure 5-15f).  

Compared to the full fk spectra, the peak-finding representation ignored the fact that a number of 

spurious points contained much less energy than the points covered by the best-fit dispersion 

curves. The errant points must either be manually cleaned from the data prior to fitting dispersion 

curves or weighted carefully to ensure that they do not introduce fit errors (note that the ‘actual’ 

fits shown in Figure 5-15 are based on the modified fk domain method presented next and do not 

use spectral peaks).  

Another technical challenge with spectral peak finding is that more than one peak may be returned 

for each frequency. This follows physically from the dispersion relation, where multiple modes 

can exist at any given frequency. However, spurious peaks make it difficult to algorithmically sort 

modes from noise.  
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Figure 5-15. Dynamic OCE dispersion analysis based on the peak finding method is shown for PVA phantom 

(a-c) and porcine cornea (d-f). (a,d) The fk spectra are computed from the surface xt fields displayed over a 20 dB 

dynamic range. (b,e) Local peaks of the fk spectra were identified algorithmically (white circles). (c,f) peaks 

identified in the fk space were then converted to the frequency-phase velocity representation and compared with 

theoretical solutions to the dispersion relation (yellow and pink lines). This figure was previously published in Ref27. 

To avoid issues associated with peak tracing, a fitting routine was developed based on the full fk 

spectra. Note that theoretically, the optimal way to determine 𝜇 is from the phase velocity spectrum 

of the S0 mode, which is largely defined by 𝜇 (see Chapter 3). Unfortunately, numerical 

simulations and OCE measurements show that excitation at the air/cornea interface transfers little 

energy to the S0 mode, making it nearly impossible to detect. The absence of an S0 mode is strong 

evidence of anisotropy, but also means that the A0 mode alone must be used to evaluate both 𝐺 

and 𝜇. Because the S0 mode was not observed in corneal measurements, only the A0 mode was 

used in the mode-tracing routine. 
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The comparison between theoretical dispersion and experimental waveforms was performed in the 

frequency-wavenumber domain using a simplex optimization method (fminsearch, MATLAB, 

MathWorks, Natick, MA). Fitting the theoretical dispersion relation was performed by maximizing 

the following objective function: 

Φ(𝜇, 𝐺) =
1
𝑁𝑓

∑∑𝑤(𝑓, 𝑘; 𝜇, 𝐺)|𝑣̂(𝑓, 𝑘)|2
𝑘𝑓

− 𝛽 |
𝜇
𝜆
| (5.4) 

where 𝑣 was the normalized 2D Fourier spectrum of the measured surface velocity data. The 

function 𝑤(𝑓, 𝑘; 𝜇, 𝐺) was related to the A0 mode solution for a NITI (𝐺 < 𝜇)  or isotropic (𝐺 =

𝜇) material. The first term described the energy covered by the dispersion curve, normalized by 

the number of FFT bins included in the fit (𝑁𝑓). The second acted as a regularization term that 

ensured that the ratio 𝜇/𝜆 remained small, thus satisfying the nearly-incompressible assumption.  

In Eq. 5.4, 𝛽 was set to 1, based on an L-curve analysis.47 The value of 𝜆 was updated at each 

iteration according to 𝜆 = 𝜌𝑐𝐿
2 − 2𝜇. At a given frequency 𝑓 and given the current parameter set 

(𝜇, 𝐺), the dispersion relation solver returned the wavenumber associated with the A0 mode, 𝑘0. 

Let 𝛥𝑘 be the sampling interval in the wavenumber. The weight function 𝑤 was then defined as 

𝑤(𝑓, 𝑘; 𝜇, 𝐺) = {𝑒−1
2(𝑘−𝑘0(𝑓,𝜇,𝐺)

1.2𝛥𝑘 )
2

, |𝑘 − 𝑘0(𝑓, 𝜇, 𝐺)| ≤ 3𝛥𝑘

0, otherwise

(5.5) 
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where the weights were assigned at each frequency with a peak value at the wavenumber of the 

theoretical dispersion curve with weights which decayed (with a Gaussian distribution) as the 

distance from the theoretical curve increased. 

Note that this optimization was not posed as a least-squares error problem. Rather, the optimization 

sought to maximize the spectral energy contained in a small weighted window around the 

A0 mode. The dispersion relation estimated the location of the A0 mode (e.g. the wavenumber of 

the mode for a given frequency) but cannot predict the spectral energy in a frequency-wavenumber 

bin (which depends on the method used to excite guided waves). Essentially, the method found 

the dispersion curve that overlaps with the maximum amount of spectral power. A number of 

physical parameters were considered fixed, including the corneal density (ρ = 1000 kg/m3), corneal 

longitudinal wave speed (𝐶𝑙 = 1540 m/s), and mean corneal thickness (measured from B-mode 

OCT images). The cornea was assumed bounded from below by water with a density of 1000 

kg/m3 and longitudinal wave speed of 1480 m/s. 

To assess how well the NITI solution fit the experimental data, a goodness-of-fit metric was 

introduced based on an “unconstrained, global optimum” for the objective function, Φmax. At 

each frequency 𝑓, the following optimization problem was found: 

𝑘max = argmax
𝑘̃

∑𝑤̃(𝑓, 𝑘; 𝑘̃, 𝜇, 𝐺)|𝑣(𝑓, 𝑘)|2
𝑘

(5.6) 

𝑤̃(𝑓, 𝑘; 𝑘̃, 𝜇, 𝐺) = {𝑒−1
2( 𝑘−𝑘̃

1.2𝛥𝑘)
2

, |𝑘 − 𝑘̃| ≤ 3𝛥𝑘

0, otherwise

(5.7) 
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Φmax(𝜇, 𝐺) =
1
𝑁𝑓

∑∑𝑤̃(𝑓, 𝑘; 𝑘max, 𝜇, 𝐺)|𝑣(𝑓, 𝑘)|2
𝑘𝑓

(5.8) 

This was equivalent to finding the Gaussian-weighted window containing the most spectral energy 

at each frequency independently and summing those contributions to the total mode energy. Since 

𝑘max may vary at each frequency independently from the dispersion relation, 𝑘max may not follow 

the mode shape exactly and may not even be smooth. However, this means that Φmax represents 

an upper bound on the value of Φ calculated during fitting. We therefore compared the following 

goodness-of-fit measures: 

𝑔iso =
Φiso

Φmax
(5.9) 

𝑔NITI =
ΦNITI

Φmax
(5.10) 

Where Φiso was determined for the isotropic case by constraining Φ(𝜇, 𝐺) so that 𝜇 = 𝐺 and 

applying Eq. 5.5. ΦNITI allowed for a solution which covered the maximum energy with unique 

combinations of 𝜇 and 𝐺. Thus, 𝑔NITI and 𝑔𝑖𝑠𝑜 indicated what portion of the maximum possible 

mode energy was captured by a given A0 dispersion curve for NITI and isotropic models, 

respectively, with values near 1 indicating that the theoretical dispersion curve captures almost all 

of the mode’s energy. 

Quantitative measurement of elastic moduli in the cornea 

Figure 5-16 compared OCE-measured surface velocity fields obtained for an isotropic PVA 

phantom and porcine cornea inflated at an IOP of 5 mmHg. Guided waves were apparent in the 
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isotropic phantom (Figure 5-16b). The 2D spectrum of the XT wave field from the PVA phantom 

on water clearly demonstrated two guided modes. Fitting an isotropic dispersion relation to the 

PVA-data yielded a shear modulus estimate, 𝜇𝑃𝑉𝐴 = 14.4 kPa (Figure 5-16c, yellow curves). 

Porcine cornea display very different behavior, with the wave energy concentrated in a single 

dispersive mode (Figure 5-16e). Two-dimensional spectra highlighted differences between PVA 

and cornea wave fields (Figure 5-16c,f). Clearly, only the A0 mode was present in porcine cornea 

(Figure 5-16f), as predicted by numerical simulations above.  

 

Figure 5-16. APT-OCE estimation of elastic moduli in an isotropic phantom and ex vivo porcine cornea. a) 

OCE experiment in an isotropic thin PVA phantom bounded above by air and below by water. b) The guided wave 

field excited by APT were extracted at the phantom surface (xt plot) and a 2D Fourier transform is applied to obtain 

the frequency-wavenumber spectrum (c, presented on a log scale over a 20 dB display dynamic range). Dispersion 
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curves for an isotropic material were then fit to the spectrum (c, yellow line). The behavior was markedly different 

from porcine cornea d) in both the xt plot e) and wavenumber-frequency spectrum. This figure was previously 

published in Ref27. 

In porcine cornea, only the A0 mode was fit to both isotropic and NITI dispersion relations. 

Isotropic fits produced an estimate of the isotropic shear modulus whereas NITI fits produced 

estimates of both 𝐺 and 𝜇. Using the simplex optimization method described above, dispersion 

curves were found that closely matched the mode structure in 2D spectra. The isotropic model 

provided a poor fit (Figure 5-16f, yellow curve). In contrast, the NITI model closely followed the 

A0 mode (Figure 5-16f, pink curve). This trend was consistent for IOP ranging from 5-20 mmHg 

(Figure 5-17).  

 

Figure 5-17. 2D Fourier spectra of wave fields generated and tracked with APT-OCE along the surface of ex 

vivo porcine cornea at varying intraocular pressure (IOP). At each IOP, the NITI model (pink line) more closely 

matched the mode behavior compared to the isotropic model (yellow line). Displayed spectra were on a log scale 

over a 20-dB dynamic range at 5 mmHg IOP (a), 10 mmHg IOP (b), 15 mmHg IOP (c), and 20 mmHg IOP (d). 

Parameter estimates and goodness-of-fit (GOF) metrics (mean ± standard deviation, calculated over repeated OCE 
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measurements for a given cornea/IOP) for each model are shown below their corresponding IOP. This figure was 

previously published in Ref27. 

Finally, Moduli estimates from the NITI model for all 6 cornea samples inflated between 5mmHg 

and 20mmHg were summarized in Figure 5-18. A multiple order-of-magnitude difference was 

observed between estimated Young’s modulus (𝐸 = 3𝜇) and shear modulus 𝐺, consistent with 

literature values for static tests and OCE measurements. Both moduli increased with IOP over the 

observed range; however, orders-of-magnitude difference in the moduli remained consistent across 

all IOP.  

 

Figure 5-18. NITI elastic moduli estimates (G and P) obtained from APT-OCE measurements of porcine 

cornea. As described in Chapter 3, corneal mechanical response can be divided into (a) tensile/inflation and (b) 

shear/transient, which can differ by orders of magnitude. (c) Young’s modulus (red markers) and shear modulus 

(blue markers) estimates were obtained from the NITI model for all porcine corneas over a range of IOP. Marker 
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shape corresponds to six individual porcine corneas. For each cornea sample, 10-25 independent scans were taken at 

each pressure to minimize system variation. Markers denote the mean modulus estimate from repeated OCE 

measurements on the same cornea, and error bars denote ± one standard deviation. Modulus estimates corresponded 

closely to the range of values reported in the literature for static inflation/tensile tests (red bars) and shear/transient 

measurements (blue bars). This figure was previously published in Ref27. 

In conclusion, corneal microstructure (as well as a number of biomechanical studies) strongly 

suggest that the cornea is transversely isotropic rather than purely isotropic. In this section, a NITI 

model was shown to more accurately characterize elastic waves in dynamic OCE studies of the 

cornea. In particular, elastic waves measured in cornea and isotropic PVA phantoms produced 

markedly different wave fields and spectra (Figure 5-16), demonstrating that an isotropic model 

was not appropriate for cornea.  The NITI model was defined by two shear moduli (𝐺 and 𝜇), 

decoupling tensile/inflation responses from shear responses commonly monitored in torsional tests 

and dynamic OCE measurements. Results agreed well with literature values, with 𝐸 > 500 kPa and 

𝐺 in the range of 6 - 200 kPa depending on the IOP (Figure 5-18), and generally support the 

observed orders-of-magnitude difference between the two moduli.  

Note that to accurately reconstruct the A0 mode across a wide range of frequencies, the xt wave-

form was analyzed across all spatial locations. As such, the method provided a single value 

representative of the mean moduli across the central portion of the cornea. This value was also 

insensitive to depth-dependent changes in stiffness. Future efforts are required to quantitatively 

characterize the spatial range over which accurate moduli can be quantified to improve spatial 

resolution when utilizing the NITI model.  

5.4 Direct Comparison of APT-OCE with destructive mechanical tests 
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In the previous section, ex vivo porcine cornea was shown to be a highly anisotropic elastic 

material, with up to three orders of magnitude difference between the in-plane Young’s modulus 

(mainly driving its deformation and shaping) and the out-of-plane shear modulus (mainly 

responsible for out-of-plane shearing).27 To directly validate the proposed reconstruction method, 

a direct comparison between invasive mechanical tests and non-contact APT-OCE was performed.  

In this section, non-contact APT-OCE measurements of both elastic moduli (E and G) were taken 

on inflated porcine corneas of freshly excised whole eye globes (n = 9) at physiologically relevant 

intraocular pressures and directly compared with mechanical tests performed on the same corneas. 

Parallel plate rheometry was used to measure the out-of-plane shear modulus; whereas, to quantify 

the cornea’s Young’s modulus, tensile measurements were performed with an extensometer. 

 

Figure 5-19. Experimental set-up to measure biomechanical properties in the same porcine cornea using a) 

APT-OCE, b) parallel-plate Rheometry, and c) strip extensometry. 

Corneal moduli measured via APT-OCE 

Porcine eyes were carefully enucleated from healthy adult animals (3-5 months old, 36-75 kg) by 

a specialist immediately following euthanasia and prepared as described above (Figure 5-19a). 

APT-OCE measurements were taken at an IOP of 5-20 mmHg. A solution to the dispersion relation 
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was found by varying the in-plane tensile (𝜇) and out-of-plane shear (𝐺) moduli as described 

above. 

The resulting moduli (𝐸 and 𝐺) quantified from the measured wavefields of nine porcine corneas 

are shown in Figure 5-20 . On average (statistical mean), in-plane Young’s modulus (𝐸) was 12 

± 5 MPa at 5mmHg and 20 ± 9 MPa at 20 mmHg. The mean transverse shear modulus (𝐺) was 

31 ± 11 kPa at 5mmHg and 61 ± 29 kPa at 20 mmHg. The inflation pressure placed the cornea in 

a state of pre-stress, which varied in magnitude according to the IOP. This result demonstrates that 

both in-plane tensile and out-of-plane shear moduli increase with increasing IOP, consistent with 

the non-linear material properties of the cornea. The mean (± standard deviation) of corneal 

thickness (assuming refractive index of 1.389231) was 0.76 mm (± 0.10 mm) at 5mmHg and 

thinned on average by 50 μm as the pressure was increased. In all samples the endothelium 

appeared intact.  

 

Figure 5-20 Elastic moduli quantified using the NITI model applied to A𝛍T-OCE surface vibrations. (a) 

Young’s modulus (𝐸 = 3𝜇) and (b) transverse shear modulus (𝐺) in porcine whole globe samples quantified using 

the NITI model applied to AμT-OCE measurements. The line connects moduli of each sample scanned at an IOP of 
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5, 10, 15, and 20 mmHg to show individual variations in pressure-dependent moduli. Each color corresponds with 

the respective sample. Error bars correspond with standard error of the mean from each set of repeat scans. 

Note that while there was relatively high variability in the absolute values of the moduli at each 

IOP, each cornea demonstrated a systematic increase with increasing pressure. To visualize this, 

relative changes in modulus as a function of IOP compared to the baseline value at 5 mmHg are 

displayed in Figure 5-21. As seen, Young’s and Shear modulus changed by 98 ± 29% and 67 ± 

15%, respectively, of the original value as IOP increased from 5 mmHg to 20 mmHg. 

 

Figure 5-21. Relative change in modulus as a function of IOP compared to the baseline value of a) 𝐸 and b) 𝐺 

at 5mmHg. Although there were differences in the absolute values of both 𝐸 and 𝐺 at different pressure, both moduli 

appear to increase systematically with increasing IOP. 

Corneal moduli measured via Rheometry 

Following APT-OCE, samples were removed from the imaging system and an incision was made 

approximately 2 mm from the limbus around the sclera to remove the cornea from the globe. The 

lens, iris, and ciliary body were carefully removed using tweezers. Corneal buttons were rinsed 
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with BSS and then placed in a damped cloth and immediately transported for rheometry at room 

temperature.  

To measure the out-of-plane shear modulus, a parallel compression plate matching the 

approximate size of the cornea (12 mm diameter) clamped the anterior and posterior surfaces of 

the corneal buttons using a pneumatic rheometer (Anton Paar MCR 301 Physica) (Figure 5-19b). 

A relative twisting force (sinusoidal oscillatory shear stress) about an axis perpendicular to the 

surface was applied under a 5 N compressive pre-load and the resulting shear strain was measured 

to calculate the out-of-plane shear moduli, 𝐺, assuming a homogenous cylindrical material. In 

general, collagen-rich tissue demonstrate an approximately linear behavior below 1%,232 thus 0.1% 

peak strain was applied to the tissue during the frequency sweep (0.1-16 Hz). Rheometry 

measurements were repeated twice and took approximately 1 hour per sample.  

Frequency-dependent storage (𝐺′) and loss (𝐺′′) moduli, corresponding to the real and imaginary 

parts of 𝐺∗, were determined in the corresponding n = 9 porcine corneas, with statistical mean and 

standard deviations for each sample plotted in Figure 5-22. The shear storage and loss modulus 

(𝐺′/𝐺′′) measured in corresponding porcine corneal-buttons subject to frequency-swept rotational 

shearing ranged from 82/13 ± 12/4 kPa to 133/29 ± 16/3 kPa for 0.16 - 16 Hz at 0.1% peak strain 

amplitude. Corneal buttons were tested using the smallest compressional pre-load that could be 

applied without tissue slippage and incorporated a portion of the scleral rim. The unconfined 

compression caused a portion of the tissue to splay beyond the custom-printed disk during testing. 

A single frequency sweep took approximately 30 minutes, over which each sample progressively 

thinned about 27 μm. The mean value of the thickness was 0.80 mm (± 0.09 mm), averaged over 

the duration of each frequency sweep. 
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Figure 5-22 Shear modulus under frequency-swept torsional loading at .1% strain.  Shear a) Storage (𝐺′) and 

b) Loss (𝐺′′) moduli measured during frequency-swept loading at 0.1% strain. The line connects moduli of each 

independent porcine cornea sample to show biological variations in frequency-dependent moduli. 

Because transversely isotropic media require different loading geometries to measure both elastic 

moduli (𝐸 and 𝐺), excess sclera was left on the samples during rheometry to ensure sufficient 

surface area for clamping in tensile testing. Because a portion of the sclera was left on each corneal 

button during rheometry, the apparent stiffness due to excess tissue was tested in an independent 

set of three (3) porcine samples. Frequency-swept rheometry was performed on corneal buttons 

with a 2mm scleral boundary within 1 hour of porcine euthanasia. Immediately following two 

repeat frequency sweeps, the scleral ring was removed and only the cornea was exposed to a 

rotating shearing force for an additional two tests. The mean value of the two repeat tests (both 

with and without sclera) was used for each sample.  The results are shown in Figure 5-23 and 

suggest that the excess tissue induced a 1.6-2.2-fold (depending on the frequency) increase in the 

shear modulus compared to rheometry of the cornea alone. 
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Figure 5-23. Effect of sclera in rheometry of corneal buttons. Mean and standard deviation (n = 3) of the storage 

(solid line) and loss (dotted line) modulus measured in samples with (black) and without (pink) the scleral ring 

attached. The excess sclera tissue increased the apparent modulus of the cornea. 

Corneal moduli measured via strip extension 

Following Rheometry, each cornea button was sectioned into strips approximately 6 mm wide 

along the nasal-temporal direction, leaving approximately 2 mm of sclera on each end. The strips 

were transported for tensile testing in the same damp cloth and tested at room temperature within 

1 hour of rheometry. Each cornea strip was pneumatically clamped (2752-005 BioPuls submersible 

pneumatic grips, 250 N max load) at the corneal-scleral boundary (Figure 5-19c). A 50 mN axial 

pre-load was applied and the samples were stretched at 2 mm/min (Instron model 5543) up to 10% 

strain. For each sample, two load-unload cycles were performed to precondition the tissue, 

followed by 3 rounds of force-elongation followed by relaxation. The Young’s Modulus was 

determined assuming a beam-like structure and defined by the tangential slope of the stress-strain 

curve. In this configuration, the tissue was subject to uniaxial tension along the xx-direction and 

the corresponding stress-strain relation in a simplified NITI material where 𝐸 = 𝐸𝑇. All data was 

acquired within 6 hours of animal euthanasia. 
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The engineering stress (𝜎) in the corneal strips was calculated using the cross-sectional area of the 

central cornea, 

𝜎 =
𝐹
𝑤ℎ

 , (5.9) 

where 𝑤 was the width, ℎ the thickness (measured using a digital micrometer), and 𝐹 the force 

during elongation. The engineering strain (𝜀) was defined as 

𝜀 =
∆𝑙
𝑙0

 (5.10) 

where 𝑙0 was the initial length of the clamped cornea under a 50 mN preload and ∆𝑙 the elongation 

values recorded by the extensometer. In this configuration, the tissue was subject to uniaxial 

tension along the nasal-temporal (𝑥𝑥) direction and the corresponding stress-strain relation 

described by: 

𝐸 =
𝜎𝑥𝑥

𝜀𝑥𝑥
, (5.11) 

where the strain-dependent Young’s modulus was defined as the instantaneous slope of the stress-

strain curve.  

The stress-strain curve was determined for the corresponding n = 9 porcine cornea (stripped in the 

temporal-nasal direction) by fitting a second order exponential to each set of raw data. (Figure 5-

24a). An additional second order exponential was fit to the data which included all (n = 9) stress-

strain values and was considered the representative curve for the porcine samples. The strain-
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dependent Young’s modulus was defined by the instantaneous slope (Tangential Modulus) of the 

stress-strain curves (Figure 5-24b). 

 

Figure 5-24. Moduli quantified via strip extension testing in porcine cornea. a) Stress, Strain and b) 

Tangential modulus for 9 independent corneal strips. The displayed curve was the result of a second-degree 

exponential fit applied to the raw experimental data. 

The tangential (Young’s) modulus, E, measured in tensile testing over a range of engineering strain 

from 1-10% was 1.39 - 40 MPa. The orientation of the strip lay in the 𝑥𝑦-plane and the direction 

of the loading stress was uniaxial along the nasal-temporal axis. The thickness of each sample was 

measured prior to extension testing in each sample. Corneal strips were on average 0.77 mm (± 

0.09 mm) thick and 5.9 mm (± 0.4 mm) wide, resulting in a cross-sectional area of 4.6 mm2. 

Compensation for Deformation State in Tension 

It is well-documented that the cornea exhibits nonlinear moduli with strain.10 As the strain was 

changed in each cornea via IOP or via strip extension, equivalent strain state estimates are required 

for cross-methodology comparison. In a living organism, the cornea is highly pressurized by IOP, 

which produces an internal stress and preserves optimal corneal shape. However, when the cornea 



 186 

was extracted from the whole globe, its shape changed, and internal stress was released. Therefore, 

it is important to account for the cornea’s deformation state and geometry change to compare the 

modulus estimated by different methodologies.  

To compare OCE and tensile testing results, two factors producing different deformation states 

must be considered: (i) the cornea preserved its curvature in OCE measurements, while the 

curvature was flattened in tensile testing; (ii) the cornea was under biaxial tension due to the 

intraocular pressure during whole-globe OCE measurements, while in tensile testing the cornea 

strip was loaded with a uniaxial stress. 

Two models are presented below to address these factors. The first considers the geometry 

transition (curved to straight) as a reverse beam bending and derives an offset strain required to 

compensate modulus values estimated in tensile testing. The second uses the internal pressure as 

a common parameter to bridge uniaxial and biaxial loadings.  

Reverse Bending Model 

When the cornea strip was excised from the trephinate, one can observe that its curved structure 

was generally retained. As the tensile force started to stretch the strip, it flattened to a straight piece 

under 50 mN preload. This geometry transition introduces a complex pre-strain field in the corneal 

strip as shown in Figure 5-25a, yielding part of the strip under compression and the rest under 

tension. This pre-strain may affect the accuracy of the tensile measurement since the part of the 

tissue under compression provides limited resistance against the force from the test device, leading 

to underestimation of the Young’s modulus. As stretching continues during the test, we assume 

that underestimation stops when all compressional pre-strain was compensated. In this condition, 
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the whole strip was assumed to be under tension. This occurs when the strain applied by the 

extension device was equal to the maximal compressional pre-strain 𝜀𝑚𝑎𝑥. Here, we calculate 𝜀𝑚𝑎𝑥 

by reversing the beam bending model (as shown in Figure 5-25b), similar to the reciprocal to 

corneal stretching.  

 

Figure 5-25. Reverse bending model for strain compensation in tensile testing. a) Schematic showing the pre-

strain distribution in the cornea strip when flattened at the beginning of tensile testing. b) Beam bending model for 

calculating the maximal compressional pre-strain in the cornea strip. 

In Figure 5-25b, the x-direction was along the longitudinal axis of the beam and located at the 

beam center, and the z-direction was along the thickness. The axial strain in the beam at different 

depths 𝜀𝑥(𝑧) was defined as 

𝜀𝑥(𝑧) =
𝑧
𝑎

, (5.12) 

where a is the radius of curvature. The maximum compressional strain occured at the bottom 

surface where 𝑧 = − ℎ
2
, yielding 
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𝜀𝑚𝑎𝑥 = −
ℎ
2𝑎

, (5.13) 

where h was the thickness of the cornea.  

When the corneal strip was stretched by 𝜀𝑚𝑎𝑥 during extension testing, the whole strip was 

assumed to be under tension. At this point the tensile measurement had passed the underestimation 

region. Thus, the deformation state at this point is approximately equivalent to the “rest state” in 

the APT-OCE measurement, where there was no external pressure loading applied on the cornea 

(IOP = 0 mmHg). In other words, the rest state was approximated by the point where the geometric 

transformation from a spherical segment to a flat strip (or vise versa) is complete. Take the first 

cornea sample as an example, as shown in Figure 5-26a, the solid circle at 𝜀 =  𝜀𝑚𝑎𝑥 = 3.52% 

and Etensile = 4.17 MPa marks the modulus estimated by tensile testing at the rest state.  

Internal Pressure 

APT-OCE measurements were performed at different IOP (5, 10, 15, and 20 mmHg), which led 

to different deformation states from the rest condition (0 mmHg); therefore, this state change must 

be addressed when comparing Young’s moduli estimated by both methodologies. Ideally, the 

comparison between methods should be performed at the same internal pressures; in APT-OCE it 

is defined by IOP, and in tensile measurements the pressure is determined by the deformation level.  

The internal pressure (𝑝𝑖) was defined as one-third of the sum of all principal stresses: 

𝑝𝑖 =
1
3

(𝜎11 + 𝜎22 + 𝜎33). (5.14) 
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For the cornea in the APT-OCE measurement, Timoshenko’s thin shell theory approximation 

was applied,164 which yielded the principal stresses  

𝜎11 = 𝜎𝑟 = 0        

𝜎22 = 𝜎𝜙 =
𝑃
2

𝑎
ℎ

, (5.15) 

𝜎33 = 𝜎𝜃 =
𝑃
2

𝑎
ℎ
    

where 𝑃 was the IOP, 𝑎 was cornea’s radius of curvature, and ℎ its thickness. The first principal 

stress 𝜎𝑟 was 0 because APT-OCE was performed on the traction-free boundary condition at the 

outer surface. Comparing to 𝜎𝜙 and 𝜎𝜃, 𝜎𝑟 was much less significant because of the factor 𝑎/ℎ in 

𝜎𝜙 and 𝜎𝜃, as a was generally much larger than h for the cornea. Therefore, we simplify the internal 

pressure corresponding to different IOP in APT-OCE measurements as 

𝑝𝑖,𝑂𝐶𝐸 =
1
3

(
𝑃
2

𝑎
ℎ

+
𝑃
2

𝑎
ℎ
) =

𝑃
3

(
𝑎
ℎ
) . (5.16) 

Note that pi,OCE is geometry-dependent; that is, each cornea has a different value. For tensile 

testing, the internal pressure was given by 

𝑝𝑖,𝑡𝑒𝑛𝑠𝑖𝑙𝑒 =
1
3

𝜎11 (5.17) 

where 𝜎11 was the uniaxial tensile stress.  
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Figure 5-26. Tensile testing and strain compensation estimates in a single cornea example. (a) Experimentally 

measured dependence of Young’s modulus on strain in tensile test. The ‘rest state’ was determined by 𝜀𝑚𝑎𝑥 

calculated from the bending model. (b) Tensile modulus versus internal pressure. The internal pressure calculated 

with Timoshenko’s thin shell theory corresponding to different IOP’s was added to that of the rest state, yielding the 

effective IOP values for modulus estimates in tensile measurements. 

Figure 5-26b shows the same tensile testing results as that in Figure 5-26a, but with estimated 

internal pressure on the abscissa. The internal pressure was calculated by Equation 5.16. The rest 

state marked by the solid circle is determined by projecting the same Young’s modulus Etensile = 

4.2 MPa from Figure 5-26a, which has the corresponding internal pressure of 28.6 kPa. From the 

rest state, internal pressure changes equivalent to those induced by IOP variations (5, 10, 15, and 

20 mmHg) are added, leading to the internal pressures 31.9 kPa, 35.3 kPa, 38.4 kPa, and 41.7 kPa, 

and modulus estimations 4.6 MPa, 5.1 MPa, 5.5 MPa, and 6.0 MPa, respectively. Finally, the 

hollowed markers are projected back to Figure 5-26a by referencing the same moduli from Figure 

5-26b to determine the uniaxial strains corresponding to the deformation states at the four IOP’s. 

The process was performed for each cornea sample and the mean values reported in Table 5.1. 
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Inflation 
pressure 

 
(OCE) 

OCE Young’s 
modulus, 𝐸𝑂𝐶𝐸 

 
Mean ± SD (MPa) 

Measured 
corresponding 

strain in tensile test 

Calculated 
corresponding 
strain in tensile 

test 
 

Mean ± (SD) 

Tensile Young’s 
modulus, 𝐸𝑡𝑒𝑛𝑠𝑖𝑙𝑒 

 
Mean ± SD (MPa) 

% Error 
 

|𝐸𝑡𝑒𝑛𝑠𝑖𝑙𝑒 − 𝐸𝑂𝐶𝐸|
𝐸𝑂𝐶𝐸

 

5 mmHg 
10 mmHg 
15 mmHg 
20 mmHg 

12.35 (±5.23) 
12.57 (±5.53) 
14.82 (±6.65) 
20.05 (±9.16) 

5.72% 
5.78% 
6.22% 
7.10% 

3.95 (±.16)%  
4.11 (±.14)% 
4.25 (±.13)% 
5.76 (±.88)% 

5.76 (±0.88)  
6.19 (±0.90)  
6.61 (±0.93)  
7.03 (±0.96)  

53% 
51% 
55% 
65% 

Table 5-1. Estimated equivalent strain-dependent moduli 

Comparison Between APT-OCE and destructive mechanical tests 

A direct comparison between the mean and standard deviation of the moduli measured via OCE, 

shear rheometry, and strip extensometry is shown in Figure 5-27. Most notably, both the tensile 

elastic modulus (𝐸) and shear modulus (𝐺) differed by approximately an order of magnitude, 

consistent with previous results.27 
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Figure 5-27. Comparison between moduli measured via different loading methods. Moduli (𝐸, assuming tensile 

isotropy and 𝐺) estimates from AμT-OCE (black), parallel-plate rheometry (blue) and strip extension (red). The red 

box denotes the range of elastic moduli measured at strains of 1%-10% and the red dots denote the equivalent strain 

estimate at intraocular pressures representative of in vivo conditions. The darker blue box is the storage shear 

modulus (𝐺′) measured via rheometry with the scleral ring attached and the light blue box corresponds to values 

appropriately scaled to account for the apparent stiffness from inclusion of the scleral ring. 

To compare OCE tests of inflated cornea with rheometry and extensometry, boundary conditions 

and equivalent strain effects were estimated. In rheometry, the scleral rim was retained to provide 

a surface to grip during tensile loading. To account for the effect of excess sclera, three separate 

cornea buttons were tested with the scleral ring and then immediately after removing the rim. The 

results (Figure 5-23) indicate that the excess tissue induced an approximately 2-fold increase in 

the shear modulus compared to rheometry of the cornea alone. Consequently, a scaling factor was 

applied to rheometry results. Both the apparent (with sclera) and adjusted (without sclera) shear 

modulus range is displayed for comparison. Of note, the NITI model assumes a negligible 

viscosity. Thus, we compared the 𝐺 value from OCE with the storage modulus (𝐺′) in rheometry. 

As the cornea inflated via IOP was under a state of tension, an estimated strain offset was 

introduced to account for tensile strain introduced due to IOP as well as compressive forces within 

the anterior portion of the cornea introduced when flattening a curved structure during elongation. 

The strain offset first referenced the state where strips were exposed to only tension, then, the 

internal pressure (within the tissue) was used to predict equivalent strain values within the samples 

loaded via inflation and strip extension. At an IOP of 5-20 mmHg, the equivalent engineering 

tensile strain was estimated to be between 3.97% ± 0.17% and 4.44% ± 0.14 %. The Young’s 

Modulus estimate from OCE corresponded to an equivalent strain between 5.72% and 7.10% in 
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strip extensometry. The average Young’s modulus measured via strip extension was 1.24-46.8 

MPa for 1%-10% strain, respectively. In general, measurements taken via different methods 

tracked each other but were not highly correlated for the same samples. 

Based on this analysis, AμT-OCE provides a functionally equivalent measure of the elastic moduli 

probed in both shear rheometry (𝐺) and tensile extension (𝐸) but in a single, non-contact 

acquisition that can be performed non-invasively using intact whole-globe eyes. 

5. 5 Conclusions 

In this chapter, a method was developed to quantify anisotropic biomechanical properties in the 

cornea. First, the finite thickness of the cornea was shown to complicate elastic wave propagation, 

suggesting that mode-tracing across a broadband signal can be used to quantify biomechanical 

properties using experimental AμT-OCE wave-fields. Next, the finite curvature of the cornea was 

determined to introduce a negligible effect on wave behavior relative to the flat plate model. 

Finally, a mode-tracing routine was introduced based on the NITI model that demonstrated 

accurate reconstruction of anisotropic elastic moduli in porcine cornea inflated at 5-20 mmHg. 

One-to-one comparisons were presented between corneal moduli measured with AμT-OCE and 

with destructive mechanical tests (parallel plate rheometry and tensile extensometry) on the same 

corneal samples. Nine fresh porcine corneas were measured to limit individual variations in the 

cornea’s mechanical properties.  

While the study demonstrated markedly different corneal stiffness under shear versus tensile 

loading, there were a number of differences between AμT-OCE and destructive mechanical testing 

methods that made direct comparisons difficult. Indeed, effects such as corneal curvature, 
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mechanical nonlinearity, boundary conditions in mechanical loading, loading direction, 

engineering strain, hydration, and pre-conditioning, can influence moduli estimates in mechanical 

tests. However, estimates provided by AμT-OCE should be more accurate representations of in 

vivo biomechanics because the non-contact and non-invasive measurement was performed under 

well-controlled IOP (loading representative of tissue in its normal state).  

In extension loading, corneal shape is different from inflation. The cornea preserved its curvature 

in OCE measurements, while the curvature was flattened in tensile testing. Axial extension, which 

causes the cornea to flatten, induces compressional forces and produces different strain 

distributions for cornea under inflation versus extension. Additionally, the cornea was under 

biaxial tension in OCE and uniaxial tension in extension.  

The force was also assumed equally distributed across the cornea considering a true cuboid shape 

(uniform thickness and cross-section). However, the central cornea thickness is thinner than the 

periphery and exhibits varied radius along the center line compared to the edge of the strip, 

complicating interpretation of results.233 Corneal samples were not uniform thickness, suggesting 

that the axial strain at the center of the sample may differ from that at the perimeter during loading. 

This effect that was not adjusted for. Nevertheless, measurements of Young’s modulus acquired 

from both AμT-OCE and extension testing were consistent with those in porcine cornea strips 

subject to tensile loading (0.3-29 MPa55,71,72,74,80,234,235). 

The order-of-magnitude difference in the modulus measured under shear loading was higher than 

previously reported values of G (0.34-9 kPa77,236,237). Because corneal-buttons were loaded in 

unconfined compression, tissue at the corneal-scleral junction splayed outward beyond the probe. 

Rheometry was performed on an independent set of corneas both with and without the scleral rim 
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attached. The excess tissue was shown to produce an approximately two-fold increase in the 

measured modulus (Figure 5-23). This suggests that the tissue splayed beyond the probe provides 

additional resistance to shearing, over estimating the corneal modulus. Additionally, the corneal-

scleral boundary may contribute to residual stress within the cornea compared to the corneal button 

alone.238 The shear-modulus of the cornea has also been shown to increase with higher 

compressional pre-load,77 suggesting that internal forces due to both parallel-plate rheometry and 

increased residual stress may increase the measured transverse shear modulus. The hypothesis that 

residual stress within whole-globe samples may contribute to a higher transverse shear modulus 

likely warrants further study and may describe the discrepancy between the values measured via 

OCE and those reported in the literature.  

Internal pressures estimated in the cornea due to flattening during tonometry do not appear to 

induce large structural changes within the tissue at low IOP, suggesting that flattening alone had a 

small effect on the shear modulus.239 In this case, flattening due to the parallel-plate arrangement 

was assumed to have a small effect on the measured modulus. It should be noted however that 

during rheometry, tissue at the center undergoes a smaller shear strain than that at the outer edge. 

The center of the tissue may also experience different compressive strain due to corneal thinning, 

an affect that was ignored in this study. Additionally, the frequency range used by OCE differed 

from that of rheometry. While OCE functionally measures higher frequency vibrations (0.3 kHz – 

4 kHz range), the relatively lower frequency (multiple Hz-range) probed in rheometry suggest that 

frequency-dependent differences likely exist between the moduli measured by the two methods.  

Direct mechanical tests performed in this study with different loading methods confirm corneal 

mechanical anisotropy. At least an order of magnitude difference in elastic moduli determined 
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from tensile tests compared with rheometry on the same corneas (Figure 5-27) cannot be described 

with the same modulus. The simplest assumption accounting for such difference is corneal 

transverse isotropy. Indeed, the elastic properties of collagen fibers have been shown to differ from 

those of corneal connective tissue,46–48 suggesting that the preferred collagen orientation results in 

asymmetric elastic properties. The NITI model used to reconstruct mechanical moduli from AμT-

OCE produces estimates of both elastic moduli, 𝜇 and 𝐺, which are in a good agreement with 

moduli obtained with mechanical tests. However, as noted in Chapter 3, the NITI model is 

simplified by assuming corneal tensile isotropy, i.e. isotropic Young’s modulus (𝐸), though tensile 

and shear deformations are driven by different moduli. 

Young’s and shear moduli were assumed non-varying in depth. Quantifying depth-dependent 

moduli in the cornea will likely require complex models of high frequency content or additional 

loading techniques. Viscous effects were also not included in this study. Recent models 

incorporating viscosity suggest a second order effect in the frequency range of mechanical waves 

considered in this study. To account for viscosity, higher frequency components of propagating 

elastic waves240 should be considered. This represents another direction to improve quantitation of 

corneal visco-elasticity. 

Finally, this chapter demonstrates that robust and accurate measurements of corneal elastic moduli 

can be achieved using non-contact AμT-OCE. While in-plane anisotropy (within the xy-plane) has 

been reported in some studies, the degree of anisotropy remains low at low IOP.16,74,150,161,162 This 

suggests that for normal IOPs (below 25 mmHg in porcine cornea), corneal microstructure can be 

approximated with the NITI model (i.e., symmetric for any direction in the xy-plane).  

Chapter 6. Future studies and limitations 
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Significant effort has been directed toward personalized biomechanical models suitable for 

screening, surgical planning, and treatment monitoring. Because corneal mechanical properties 

determine its shape, it is important that accurate moduli are input to biomechanical models to 

predict static deformation and shape.241 While such static models remain largely in the 

development stage, advanced models assuming a transverse isotropic tissue structure appear most 

robust.242,243 Such personalized models can potentially be used to study disease progression and 

may play a role in treatment based on simulated interventions.  

To-date, reliable measurements of ocular mechanical properties have only been possible on ex 

vivo samples and have not directly impacted the clinic.69 While critical to our understanding of 

corneal mechanics, the destructive nature of most traditional techniques render these approaches 

impractical for clinical translation. 

Anterior segment OCT can map corneal shape, and tonometry can estimate IOP. In this work, a 

non-contact method has been shown to provide quantitative information on corneal elasticity. This 

thesis demonstrated that non-contact AμT-OCE can simultaneously assess both corneal moduli, 𝐸 

and 𝐺, under physiologic loading conditions.27 AμT-OCE measured in-plane Young’s modulus, 

𝐸, was shown to be in good correspondence with literature results obtained by destructive ex vivo 

inflation and tensile tests; whereas the out-of-plane shear modulus 𝐺, being a few orders of 

magnitude smaller than 𝐸, reasonably matched literature data on the shear modulus obtained by 

rheometry. Additionally, one-to-one comparisons of corneal moduli measured with AμT-OCE 

with two mechanical tests (parallel plate rheometry and tensile extensometry) performed on the 

same corneal samples was presented to validate corneal shear anisotropy.  
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Although AμT-OCE measurements appear reliable in ex vivo porcine corneas under well-

controlled physiologic conditions and equivalent IOP, we have not yet performed in vivo 

experiments in human subjects. In this final chapter, preliminary results are included on human 

corneal buttons treated with a mock CXL procedure to demonstrate that personalized models can 

potentially be used to study disease progression and may play a role in CXL treatment in 

progressive keratoconus.  

Additionally, as a preliminary test of AμT-OCE monitoring elastic moduli in living subjects, in 

vivo scans were performed on a group of six (6) anesthetized New Zealand White rabbits. The 

preliminary results are included to demonstrate the potential for in vivo monitoring of human 

corneal stiffness.  

Finally, although significant effort has been directed toward personalized biomechanical models 

suitable for screening, surgical planning, and treatment monitoring, there remain a number of 

unanswered questions regarding the accuracy of the assumed mechanical model. Due to the 

structural complexity and mechanical nonlinearity (i.e., IOP dependent moduli) of the cornea, a 

personalized mechanical model to optimize procedure outcomes is not a straightforward task. 

Additional studies using higher resolution reconstruction methods, and those that include in-plane 

anisotropy, viscosity, and detailed information on the relationship between stiffness and IOP, are 

required to fully characterize the biomechanical response of the cornea. As such, a clinically useful 

model must include in vivo measurements of topography, IOP, and maps of corneal mechanical 

moduli. Such a model can potentially be used to study disease progression and even play a role in 

treatment based on simulated intervention.241  

6.1 Demonstration of AμT-OCE in human cornea during UV cross-linking 
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In degenerative corneal diseases such as keratoconus, it is well recognized that local changes in 

mechanical properties result in a bulging conical shape associated with vision loss.49,51 

Keratoconus is commonly treated with a collagen cross-linking (CXL) procedure that has been 

reported to delay ectasia progression by increasing stiffness with UV light induced crosslinks in 

stromal collagen of cornea soaked in riboflavin. While cross-linking procedures have shown some 

success in halting disease progression by greatly reducing the number of required keratoplasties,244 

both long-term and immediate outcomes remain unpredictable for each patient.  

In this study, the NITI model was applied to elastic wavefields generated and detected using AμT-

OCE to measure the anisotropic biomechanical moduli (𝐸 and 𝐺) in human donor corneas subject 

to riboflavin/UVA collagen crosslinking (CXL) at physiologically relevant controlled pressures. 

Mechanical moduli were measured during a mock CXL procedure to demonstrate the potential for 

on-line monitoring of corneal stiffness intraoperatively.  

Six (6) human corneal-scleral rings stored in Optisol (Chiron Ophthalmics, Irvine, California, 

USA) were secured through the University of Utah Lion’s Eye Bank (Murray, UT). Exclusion 

parameters included tissue over 2 weeks from enucleation, progressive corneal disease, corneal 

damage, and over 21 years of age. Such broad exclusion criteria were necessary to obtain research 

samples and resulted in a wide range of both ages and times between enucleation and analysis.  

Each cornea was stored in Optisol, removed from solution upon arrival, and fit to a modified 

artificial anterior chamber (AAC). The internal pressure (IOP) was controlled using a tube 

connected to the AAC from a raised bath filled with balanced saline solution (BSS) to apply a 

controlled internal hydrostatic pressure (IOP).  



 200 

Each sample was inflated to 15 mmHg and the epithelium was removed using a blunt blade. Each 

cornea then underwent collagen cross-linking following the Dresden protocol. A 0.146% 

riboflavin (RF) solution in 20% dextran was prepared using 500,000 weight dextran (Alfa Aesar, 

Ward Hill, Massachusetts, USA) in isotonic saline. The epithelium was then debrided using a 

blunt knife and a 50 µL drop of riboflavin solution was placed on the cornea every 2 minutes for 

30 minutes. The cornea was exposed to 3 mW
cm2 of 370 nm UV light (Figure 6-1a) for 30 minutes, 

and drops were applied every five minutes during this period. Excess solution was removed from 

the surface of the tissue and the cornea was scanned every 90 seconds during the 30 minute UV 

exposure. 

Elastic moduli of human cornea exposed to CXL were quantified before, during, and after the 

procedure using wavefields generated and measured with the phase-sensitive OCT system 

described in Chapter 3. An example of the experimental set-up can be seen in Figure 6-1a. 

The pulse/M-scan sequence was captured at 256 spatial locations across the imaging plane to 

create a 3-D cube (z, x, t) of corneal structure (Figure 6-1b,e) as well as reconstruct propagating 

guided waves in the cornea at different times. A complete M-B–scan consisted of 1024 depth × 

256 lateral locations × 512 temporal frames (captured at 46,000 FPS) with an effective imaging 

range of 1.5 mm × 6 mm x 3.66 seconds (axial × lateral x temporal). 

The surface displacement signal (Figure 6-1c,f) was subject to a two-dimensional Fourier 

transform to the frequency-wavenumber (fk) domain (Figure 6-1d,g). A solution to the equation 

for guided wave propagation in a NITI material27 was found that most closely matched the 

experimental fk spectrum using a minimization routine. The iterative routine converged on a best-

fit solution to the dispersion relation by varying both the in-plane (𝐸) and out-of-plane (𝐺) shear 
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moduli using the corneal thickness (ℎ) as a constraint. In all samples, dispersive energy was 

contained within the A0 mode15,27 and fit to a theoretical solution using the NITI model.27  

 

Figure 6-1. AμT-OCE before and after mock CXL procedure. a) Experimental set-up of ex vivo human cornea 

inflated on an artificial anterior chamber with the UV light on. The (b) central cornea cross-section image used to 

determine corneal thickness, (c) surface waveform signal, and (d) best-fit A0 mode overlaid on measured energy 

before cross-linking. The (b) cross-section image, (c) surface waveform, and (d) best-fit A0 mode overlaid on 

measured energy is displayed for the same cornea following the CXL procedure. 

To demonstrate the ability of AμT-OCE to directly quantify corneal biomechanics intraoperatively, 

𝐸, 𝐺, and thickness (ℎ) were measured at discrete time points during the procedure (Figure 6-2a). 

The cornea progressively thinned during crosslinking (Figure 6-2b).  

While both moduli increased with exposure, Young’s modulus changed on average by about 2 times 

(from 14 MPa to 32 MPa) whereas the shear modulus G changed by almost an order of magnitude 

(from 130 kPa to 1.0 MPa) following CXL (Figure 6-2c). The measured thickness before and after 

cross-linking was 560 μm ± 70 μm and 340 μm ± 20μm, respectively.  
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Figure 6-2. AμT-OCE during mock-CXL procedure. a) Elastic moduli estimates and b) corneal thickness over 

time for n = 5 cornea samples. The darkness of each dot and shaded best fit line is matched according to each 

sample. The squares represent the mean and the lines the standard error of the mean. (d) Average corneal E (red) 

and G (blue) before and after crosslinking. The error bars correspond with the standard error of the mean. 

One important note is that the mean goodness-of-fit prior to CXL was ~0.9 and following CXL 

was approximately 0.8. The reduced goodness-of-fit suggests that a non-negligible error existed 

in the moduli values following CXL. Based on trends in the fk -space relative to the best fit results, 

the absolute values quantified via OCE appear to over-estimate both 𝐸 and 𝐺. A detailed analysis 

is required to quantify the expected error due to poor fitting quality. 

The CXL procedure is intended to better crosslink corneal lamellae, which it appears to do based 

on the elastic moduli measured in Figure 6-2. However, deformational properties under inflation 

are defined mostly by the Young’s modulus, which does not appear to change as much as the shear 

modulus (largely responsible for inter-lamellar slippage). Evaluating both moduli is very 

important for quantification of CXL efficiency since 𝐸 mainly defines the corneal deformation 

whereas preliminary results suggest that its degree of cross-linkage appears to be mainly defined 
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by 𝐺. Further study of biomechanical and biochemical stability of the cornea following CXL is 

required to understand both short- and long-term effects on potential refractive changes. 

While the moduli quantified with AμT-OCE are generally consistent with both literature and 

mechanical testing, there remain a number of limitations in using this technique to understand how 

CXL affects the micro-structure responsible for biomechanical stability. One such limitation is 

that depth-dependent moduli cannot be measured. It has been shown that CXL is most dramatic in 

the anterior portion of the cornea,245 which contains a complex fiber arrangement that likely 

determines most of its flexural (tensile) strength. It has also been shown that the relative increase 

in 𝐺 is much greater in the anterior portion of the cornea.83 Thus, if there was a significant increase 

in anterior cross-linking, much of the stroma may still be susceptible to inter-lamellar slippage. 

Exploring the importance of depth-resolved changes, as well as the interplay between moduli and 

intraocular pressure, remain directions of future interest.  

While additional work is required to understand model-dependent errors following CXL so that 

AμT-OCE may be generalized for use by different systems, the preliminary results suggest that 

AμT-OCE may be very useful for future clinical trials. Combined elasticity and thickness changes 

during CXL will have significant impact on both the overall corneal stiffness and potential 

refractive changes. Although this experiment required a slight modification of the FDA-approved 

Dresden protocol (i.e. removal of RF/dextran from the surface of the tissue prior to each scan), the 

results indicate that AμT-OCE may be useful to monitor treatment progression. Additionally, 

future studies to assess anisotropy in diseased cornea may further improve our understanding of 

pathologies and potentially inform treatment. Hopefully, the preliminary results presented here 

will trigger extended work on developing personalized treatment plans with the potential to use 
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corneal topography and quantitative maps of elastic moduli prior to and during treatment to 

determine if predicted moduli changes have occurred.  

6.2 In vivo AμT-OCE in a rabbit animal model 

Although AμT-OCE measurements were performed in ex vivo human corneas under well-

controlled physiological conditions and equivalent IOP, in vivo experiments have not been 

performed in human subjects. Indeed, non-contact clinical assessment of corneal biomechanics 

may enable in vivo clinical trials that can provide further insight into the role of biomechanics in 

cornea function.  

As a preliminary test of AμT-OCE to measure elastic moduli in vivo, an in vivo study was 

performed on a group of six (6) healthy, anesthetized New Zealand White rabbits. All 

measurements followed the UW IACUC protocol (PROTO202000139). The goal of this study 

was to test AμT-OCE quantification of elastic moduli in a living rabbit cornea to compare in vivo 

AμT-OCE (Figure 6-3b), ex vivo AμT-OCE (Figure 6-3e), and ex vivo mechanical tests (Figure 

6-3f,g). Corneal topography (Figure 6-3c) was also recorded, and IOP (Figure 6-3d) tracked with 

a Tonopen (Reichert, Inc., Buffalo, NY). 
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Figure 6-3 Experimental design and summary of corneal stiffness measured on in vivo and ex vivo rabbit 

tissue. a) Summary of elasticity measurements (both moduli 𝐸 and 𝐺) in 6 animals (both eyes) with in vivo b) AμT-

OCE, e) ex-vivo AμT-OCE, f) ex vivo parallel plate rheometry, and g) ex vivo extensometry. c) Corneal shape and 

thickness were also recorded and d) IOP was tracked with a Tonopen (Reichert, Inc., Buffalo, NY). 

The summary presented in Figure 6-3a demonstrates that AμT-OCE appears capable of 

measuring the elastic moduli in vivo using a Rabbit animal model. The in vivo results are slightly 

higher than the ex vivo values plotted for the corresponding IOP measured with the hand-held 

Tonopen (Reichert, Inc., Buffalo, NY). Although the Tonopen is the gold standard method to 

measure IOP, simple tonometry methods are often error prone and can produce estimates of IOP 

with huge ranges of uncertainty.246 Once such approach to improve in vivo estimates of IOP would 

be to physically measure the pressure in the anesthetized rabbit eye using a needle insertion. Future 

work is needed to directly compare in vivo measurements of elastic modulus with ex vivo values 

where the IOP is directly controlled.  

Of note, in vivo and ex vivo measurements both correlated with the mechanical test results. Thus, 

the AμT-OCE approach appears capable of clinical studies following additional in vivo validation.  
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6.3 NITI model error 

For practical biomechanical models, it is important that accurate moduli are used to predict static 

deformation and shape. To date, experiments have demonstrated that corneal deformation can be 

estimated using at least two shear moduli, contrary to current single-modulus models. Both elastic 

moduli, 𝐸 and 𝐺 have been shown to fluctuate as a function of IOP in ex vivo porcine cornea, ex 

vivo human cornea, and in vivo rabbit cornea. Quantitative values obtained in porcine corneas 

were consistent with both tensile and shear tests. However, there are a number of limitations and 

potential sources of error within the NITI model that must be addressed to fully characterize 

corneal deformation. 

To account for tensile anisotropy, an additional parameter 𝛿 is required. Figure 3- 8 shows the 

level of the Young’s modulus anisotropy allowed by corneal symmetry, with the in-plane Young’s 

modulus possibly varying between 2𝜇 (for the strongest tensile anisotropy) and 3𝜇 (for tensile 

isotropy). Determining the parameter 𝛿 is not easy and is the subject of future studies. Note that 

the relationship between the tangential and longitudinal Young’s Moduli (𝐸𝑇, and 𝐸𝐿, 

respectively), as well as the three Poisson’s ratios (𝜈𝑇𝑇, 𝜈𝐿𝑇,  𝜈𝑇𝐿) presented in Eq. 3.55 suggest 

that measurements of local deformations under compression or tension (in addition to elastic wave 

imaging) may provide an avenue to accurately quantify 𝛿 in any sample. 

In much of this work, 𝛿 = 0 was used, and therefore Young’s modulus 𝐸 = 3𝜇. The comparison 

between tensile and AμT-OCE measurements (Section 5.4) for 𝐸 suggests that its OCE-based 

value may be overestimated. If the relationship 𝐸 = 2𝜇 (corresponding to 𝛿 = −2𝜇) had been 

used, both methods would have demonstrated very close agreement. Thus, the in-plane Young’s 

modulus of cornea is likely closer to its lower limit rather than to its highest possible value as 
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presented here. However, additional studies should be performed to confirm this observation. 

Nevertheless, it is emphasized that using a simplified NITI material model rather than a simple 

isotropic model is an important step in quantifying anisotropic properties in the cornea because it 

separates the effects of 𝜇 from 𝐺, which are much greater than any possible variations of 𝐸 

introduced by 𝛿 ≠ 0. 

Additionally, OCE-determined 𝐸 has greater variance relative to that for 𝐺. Upon analysis of the 

dispersion relationship for the A0 mode of a guided wave in a NITI material with high anisotropy 

(𝜇 ≫ 𝐺), the A0 mode is increasingly insensitive to 𝜇 Thus, measurement noise inside the elastic 

wave bandwidth will have a greater effect on quantitative estimates of 𝜇, with uncertainty 

increasing with greater degrees of anisotropy. While the measured multiple order-of-magnitude 

difference between 𝐺 and 𝜇 appears accurate, determining the true value of 𝜇 requires increasingly 

higher signal-to-noise ratio as anisotropy increases. Increasing the OCE measurement SNR should 

produce more precise estimates of 𝜇. Ideally, new methods designed to excite and accurately 

measure the A0 and S0 modes together could provide more accurate and sensitive estimates of 𝜇. 

Note that while in-plane anisotropy (within the xy-plane) has been reported in some studies, the 

degree of anisotropy remains low at low IOP.16,74,150,161,162 This suggests that for normal IOPs 

(below 25 mmHg in porcine cornea), corneal microstructure can be approximated with the NITI 

model (i.e., symmetric for any direction in the xy-plane). This effect was experimentally visualized 

as the IOP was increased in a porcine whole-globe sample. Figure 6-4 shows two-dimensional 

spectra and best-fit dispersion curves for a porcine eye measured over a larger IOP range (5, 15, 

25, and 35 mmHg). For lower IOP (5 and 15 mmHg), Fourier spectral peaks followed the general 

A0 mode shape, and the NITI model closely fit the data (Figure 6-4a,b). However, at higher IOP 
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(25 and 35 mmHg), mode shape changed dramatically and the NITI fit no longer described it well 

(Figure 6-4c,d). As demonstrated in Figure 6-4, the model appears to fail at pressures above 30 

mmHg.  

 

Figure 6-4. Nonlinear and anisotropic behavior becomes increasingly complex at high intraocular pressure 

(IOP). 2D Fourier spectra of wave fields generated and tracked with AμT-OCE along the surface of porcine cornea 

at varying intraocular pressure (IOP) show increasingly complex behavior as IOP increases. Spectra are displayed 

on a log scale over a 20 dB display dynamic range with spectral peaks (circles) and best-fit dispersion curves for 

NITI model (pink) at 5 mmHg IOP (a), 15 mmHg IOP (b), 25 mmHg IOP (c), and 35 mmHg IOP (d). This figure 

was previously published in Ref27. 

While the NITI model appears to describe wavefields in the cornea well at low IOP, at higher IOP 

the model clearly needs some modifications. Notably, multiple modes can exist as the structure of 

the cornea changes at elevated IOP. While mode-separating techniques may improve 

quantification, there are multiple factors that remain unexplored in the NITI model. For example, 

nonlinearity, complex anisotropy, and pre-stress can affect elastic wave propagation in the cornea 

and appear to be IOP dependent.  

As pressure (and corresponding strain) increases, the in-plane collagen structure undergoes a two-

stage deformation process that contributes to a non-linear response to load.27 Stress-strain testing 
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and polarization-sensitive imaging of collagen alignment suggest that the cornea exhibits a 

relatively symmetric tensile response at low strain.27 As strain increases, fiber orientation changes 

in response to the applied load, aligning in the temporal-nasal inferior-superior meridians. 

Transient elastography studies have also observed in-plane anisotropy in the cornea starting at 15-

20 mmHg and increasing with IOP.16,136,150–152 Together, these studies suggest that corneal 

biomechanics become more anisotropic at high IOP, and the NITI model may no longer adequately 

describe it. Such changes in load-bearing characteristics at high IOP may dramatically change 

wave propagation and/or induce more complex anisotropic behavior. Complex anisotropic models, 

such as orthotropic or fibril-based models, may be required to describe corneal deformation at high 

IOP.  

While IOP-induced prestress causes some degree of non-linear deformation in the cornea, it is 

known that prestress alone can strongly affect elastic wave behavior.247,248 As seen in Figure 6-5, 

as the IOP was increased from 5 mmHg to 20 mmHg in the human cornea, the mode structure not 

only changes slightly, but also appears to have a low-frequency cut-off which shifts to higher 

frequencies. Techniques have been suggested based on additional pre-stress terms which may 

improve the accuracy of the NITI model, particularly over the low-frequency range.248  Future 

work is required to quantify both IOP and elastic moduli (as well as their relationship) 

independently.  
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Figure 6-5. Mode structure and NITI fit with increasing IOP in human corneal buttons. Top panel corresponds 

with fk- representations and bottom panel with cf - representations of peak tracing (black) and optimal NITI fit (red) 

in a single cornea example at IOP a) 5 mmHg, b) 10 mmHg, c) 15 mmHg, and d) 20 mmHg. The reported moduli 

and GOF metrics correspond with the mean and variations in five human corneal samples. 

The choice of regularization (used to stabilize the fitting routine) can also affect the exact estimate 

of 𝜇. Consequently, there is far more uncertainty in estimated 𝜇 than 𝐺, especially for low SNR 

measurements, assuming the high-frequency threshold is appropriately fit. In the case where the 

high-frequency threshold is not appropriately fit (such as in Figure 6-5d), additional error in 𝐺 

will likely over-estimate the out-of-plane shear modulus. In this case, estimating the high 

frequency threshold of measured data may provide improved moduli estimates. Because of this 

uncertainty and the need to choose a suitable regularization parameter, future work is needed to 

refine these estimates.  
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Clearly, higher IOP induces an apparent shift in the A0 mode structure that results in large 

confidence intervals for both 𝜇 and 𝐺 in our measurements. However, the goodness of fit (GOF) 

metric described in Eq. 5.10 does not provide confidence intervals on the parameters derived from 

the reconstruction method presented in Chapter 5.3. This suggests that while a lower GOF 

corresponds with increased uncertainty, the confidence intervals remain unknown. While 

optimization routines posed as least-squares error problems allow for confidence interval 

estimation, the fitting method presented here seeks to maximize the spectral energy contained in a 

small weighted window around the A0 mode which makes traditional confidence interval methods 

difficult to apply. Complex data fitting algorithms have been proposed to estimate confidence 

intervals by means such as Jacobian estimation,249 but have not yet been explored in this work.  

6.4 System improvements for real-time clinical imaging   

Swept-source OCT for near-real time imaging 

The system described in Chapter 4 utilizes M-B scanning, where multiple excitation events are 

required to reconstruct elastic wave propagation within a 2-D cross section. While M-B scanning 

provides exquisite phase sensitivity to small tissue motion, the total time required to acquire 

volumetric information of the sample is relatively long (> minutes). Long scan times are not 

optimal for clinical translation where imaging time is important to minimize factors such as bulk 

motion and improve patient comfort.  

Recent advances in MHz-rate swept-laser sources can be leveraged to produce OCT B-frame rates 

(> kHz) fast enough to capture propagating mechanical waves within biological tissue using B-M 

scanning configurations.16,220 In B-M scanning, consecutive B-scans are acquired and used to 
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detect motion within a 2-D cross-section (B-scan) image of wave propagation across an entire 

region following a single transient excitation. B-M mode provides much faster imaging that can 

dramatically reduce the total time required for OCE (< 1 second) but requires an ultrafast OCT 

system of MHz imaging speed. A-scan rates as fast as 1.5 MHz220 and 1.628 MHz17 have been 

reported using an FDML laser source and a single element detection scheme. Increased scan rates 

make 4-dimensional (3 in space plus time) volumetric data collection feasible for clinical 

applications.  

In 2016, an OCE system capable of launching and tracking mechanical waves in a 6mm x 6mm x 

1 mm volume in ex vivo porcine cornea in less than a second was demonstrated.16,17 4-dimensional 

tracking of waves in porcine cornea at different IOP was accomplished with total data collection 

in under 100 ms.16 The phase stability was previously reported as low 39 mrad (~3 nm), with large 

vibration noise at frequencies above 5 kHz.  

While advances in SS-OCT systems suggest that multi-megahertz A-line rate systems can provide 

high-quality, and even phase-stable, OCT scans,250 technical problems due to FDML jitter, 

resonant scanner instabilities, single-mode fiber cables, and environmental noise, decrease system 

stability. An improved SS-OCT design is required for both corneal topography and elasticity to be 

mapped and then interleaved at speeds necessary for clinical translation of APT-OCE. Compared 

to slower SD-OCT systems, the phase noise in SS-OCT systems remain a major limitation in the 

future development of clinically translatable systems.  

Automated focusing via APT-array 
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The current system design requires that the APT-OCE transducer be manually aligned with the 

corneal surface. This is not a problem for pre-clinical studies, but can be an issue for clinical use, 

especially for mapping keratoconus patients with highly abnormal shaped cornea. Auto alignment 

of the imaging head with the sample surface is necessary to facilitate future clinical studies. 

To address this issue, an air-coupled CMUT array transducer has been constructed251 to 

electronically steer the ultrasound beam without mechanical motion. While a single element 

piezoelectric array has been demonstrated to efficiently generate a line-source excitation, acoustic 

radiation force is very flexible in terms of the excitation beam pattern and can be adopted to a 

specific problem geometry. Thus, phased-array transducers may be used for auto alignment and 

can expand the imaging range through electronically scanning the pump field across the interface.  

There is a working AμT capacitive micromachined ultrasonic transducer (CMUT) array prototype, 

but it has not yet been tested within the current AμT-OCE system. The current prototype includes 

a dual-paddle 32-element CMUT phased-array capable of dynamic beam steering for automated 

focusing and flexible excitation. The final design (Figure 6-6) was determined through 

collaborative efforts with Dr. Omer Oralkin’s group at North Carolina State University.  
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Figure 6-6. AμT CMUT array prototype.  a) 3-D rendering of final design including CMUT array, electronic 

connections, and mounted circuit boards. b) Prototype example of 1D wire-bonded CMUT array. 

An alternative design would be to apply spherically symmetric, single element confocal AμT-

OCE.252 The disadvantage of this approach is faster signal attenuation with distance due to 

diffraction. Clearly, there remains work to be done to optimize alignment with OCT and acoustic 

excitation for flexible clinical application. 

Resolution 

Even with typical limitations imposed by a practical measurement system, it was demonstrated in 

this work that the spatial resolution in dynamic OCE, when tracking mechanical wave propagation 

near an interface, is ultimately limited by the characteristic wavelength of the mechanical wave.  

The ability to accurately reconstruct an inclusion with contrast nearing that of the physical modulus 

breaks down when the mean pulse width is greater than the size of the physical inclusion. However, 

as demonstrated in Chapter 5, the full-bandwidth of the elastic pulse was required to accurately fit 

the measured dispersion to the A0 mode of a NITI material model. The broadband approach 

suggests long wavelength components are necessary. Some preliminary work has suggested that a 

kernel-based approach may be used in guided materials to generate maps of spatial variation on 

the order of 1 to 2 mm. As such, there remains work to be done to quantify spatial resolution using 

dispersion in the NITI model.  

While the ultimate resolution in dynamic OCE struggles to match that of its parent imaging 

modality, OCT, an advantage that cannot be understated is that high-resolution structural 

information can be acquired simultaneously with elasticity measurements. Thus, OCE can provide 

unique information on both mechanical modulus and tissue light scattering at a scale and speed 
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difficult to achieve with other imaging modalities. It follows that OCE and OCT may be combined 

with optical microangiography126 and polarization-sensitive OCT to potentially provide 

quantitative image contrast based on tissue elasticity, optical properties, and microvasculature in 

a single acquisition that can be done within seconds. The combination of relatively coarse 

quantitative elastic modulus mapping with the high-resolution capabilities of OCT, angiography, 

and birefringence information may provide valuable clinical information that will likely continue 

to drive the future development of this technique. 

Clinical package 

Although the AμT-OCE system and reconstruction methods were demonstrated using ex vivo 

porcine and human corneas, as well as in vivo rabbit cornea, and validated with mechanical tests, 

significant work remains to optimize a device for clinical measurements.  

In most clinical applications of ophthalmic microscopy, a slit lamp biomicroscope253 with slit 

beam illumination and an optical microscope is used to enable stereoscopic, magnified, cross-

sectional views of the eye. Like slit lamp biomicroscopy, OCT does not penetrate opaque tissues 

well but enables detailed, cross-sectional views of transparent tissues, with greater detail than with 

a slit lamp alone.254 One such system that may enable future cross-validation studies of AμT-OCE 

will include an ultra-fast, swept-source OCT system incorporated into the slit-lamp machine for 

accurate alignment of the cornea relative to the OCT focal plane. The OCT optics may be 

integrated into a slit lamp system with robot-controlled focusing. Test measurements will be 

required in ex vivo porcine eyes and in healthy human volunteers to optimize all measurement 

and reconstruction procedures to make the system convenient and robust for ophthalmic 

applications. Such a design remains a focus of future efforts. 
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6.5 Conclusions 

Because AμT-OCE appears to accurately quantify mechanical properties in the cornea, while OCT 

simultaneously can image its structure and shape, an OCT-based technique is a very promising 

direction to develop personalized biomechanical models. Assuming in vivo OCE methods can 

robustly and reliably measure moduli, it is likely that truly non-contact methods will pave the way 

for clinical translation. 

A major contribution of this work is the introduction of a nearly-incompressible transverse 

isotropic model to describe corneal biomechanics. The model’s relative simplicity should facilitate 

future clinical trials, as it requires a single non-contact measurement, obtained within seconds, to 

estimate 𝐺 and 𝐸. Future studies to assess anisotropy in diseased cornea may further improve our 

understanding of pathologies and potentially inform treatment. The non-contact nature and 

consistency of APT-driven OCE strongly support its potential as a practical clinical tool to evaluate 

corneal elasticity, build personalized biomechanical models, and ultimately study corneal disease 

as well as its response to ophthalmic interventions.  

While there remain a number of limitations standing between technical development and 

widespread clinical use, the goal of this work is to provide a roadmap for generalization and 

clinical translation of OCE in the cornea.  
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