(©Copyright 2020
Akihisa Shimazu



Numerical Investigation of the Formation and Translation of a

Field Reversed Configuration with Neutrals and External Circuits
Effects

Akihisa Shimazu

A dissertation
submitted in partial fulfillment of the
requirements for the degree of

Doctor of Philosophy

University of Washington

2020

Reading Committee:
Richard Milroy, Chair
Uri Shumlak

Brian Nelson

Program Authorized to Offer Degree:
Aeronautics & Astronautics



University of Washington

Abstract

Numerical Investigation of the Formation and Translation of a
Field Reversed Configuration with Neutrals and External Circuits Effects

Akihisa Shimazu

Chair of the Supervisory Committee:
Research Professor Emeritus Richard Milroy
William E. Boeing Department of Aeronautics & Astronautics

A Field Reversed Configuration (FRC) is a high-3 closed field line magnetic confinement
topology, categorized as a compact toroid. Effects of plasma-neutral interactions in FRC
formation and translation processes are studied using numerical simulations performed us-
ing the Cygnus code in axisymmetric two-dimensional geometries. A plasma-neutral inter-
action model is implemented in the Hall magnetohydrodynamics (MHD) code, Cygnus, that
supports full coupling of external circuits driven magnetic fields to plasma fluid dynamics.
Electron impact ionization, radiative recombination, and resonant charge exchange reactions
are included in the plasma-neutral interactions. Results from simulations are compared to
experimental measurements from the Venti Formation experiment at Helion Energy. After
tuning anomalous transport coefficients to match experimental results, reasonable agree-
ments to the experimental data are obtained. However, the level of agreements obtained by
the code suggests that there are additional physics that are important in the FRC formation
processes such as molecular neutral effects.

In order to understand the importance of molecular neutral effects in FRC formations,
an extension to the plasma-neutral fluid model that includes effects of diatomic deuterium
species is developed. The model retains the simplicity of the original single species plasma-

neutral model but allows for species generation and destruction for the following species:



D, Dy, DY, Dy, Df, and e. Electron impact reactions including ionization, dissociative
ionization, dissociation, dissociative excitation, dissociative recombination, and radiative
recombination are implemented in the model. Heavy particle impact reactions including both
resonant and non-resonant charge exchange and plasma-chemical reactions are implemented.
A derivation of the molecular model including the required reaction collision terms is given.

The molecular model is used to perform simulations of experimental conditions from
the Venti Formation experiment using the same anomalous transport settings as the single
species plasma-neutral model. Results from the molecular model is compared to both exper-
imental and single species plasma-neutral simulation results to determine the importance of
molecular neutral effects. Results from the molecular model show similar level of agreements
to the experiment as the single species plasma-neutral model. However, it shows improved
agreements to the experimentally measured single chord averaged plasma density in the early
preionization phase. The simulation results show non-negligible diatomic deuterium popu-
lation at the end of the preionization process, suggesting the importance of the diatomic

deuterium species during the field reversal in the FRC formation processes.
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Chapter 1

INTRODUCTION

This chapter introduces the Field Reversed Configuration (FRC) and the numerical model
used for this research. Section 1.1 gives motivation and a brief description of this study. The
background of FRCs is given in Section 1.2. Section 1.3 gives a brief description of the
experiment to which the results from the numerical simulation are compared. Section 1.4
gives a brief survey of past works that investigated neutral effects in FRCs and gives an
overall placement of this research compared with past works. Finally, in Section 1.5, a brief

discussion of the computational tool used for this research, Cygnus, is presented.

In Chapter 2, details of the Cygnus code after modifications are made to include neu-
tral effects as part of this study are presented. In Chapter 3, simple problems involving
FRC formation and translation are simulated using the modified Cygnus code, and resulting
behaviors for various initial conditions are discussed. In Chapter 4, the modified Cygnus
code is used to simulate conditions from the actual experiment and best efforts are made to
match experimental measurements. In the subsequent Chapter 5, possible sources of error

in matching the experiment are discussed.

In Chapter 6, the numerical model presented in Chapter 2 is extended to include effects
of molecular deuterium species. In the subsequent Chapter 7, the simulations in Chapter 4
are repeated using the new extended model to determine the importance of the additional
molecular physics added to the model. Finally, in Chapter 8, results from this research are

summarized.



1.1 DMotivation

A Field Reversed Configuration (FRC) is a closed field line magnetic confinement topology
that is categorized as a compact toroid. Recently, there has been large interest in the FRCs

for applications in both space propulsion and as an alternative path towards fusion.

In the space propulsion community, there are strong interests in FRC based thrusters as it
enables true electrodeless operation of an electric propulsion (EP) system. An example of an
FRC based thruster is the Electrodeless Lorentz Force (ELF) thruster that was developed by
MSNW [1]. Electrodes in traditional EP devices such as Ion thrusters are a serious thruster
lifetime limiting component; removal of such component promises a longer operating life for
FRC based thrusters. Furthermore, because the electrode erosion is no longer an issue in
the design of the thruster, a wide range of propellants can be used as long as the propellant
is ionizable. This opens potentials for using non-traditional EP propellants such as water in

the thruster, allowing for in-situ resource utilization (ISRU) [2].

The community interest in an FRC based thruster concept is apparent, as the ELF
thruster research at MSNW was selected as one of the three advanced propulsion system
for NASA’s Next Space Technologies for Exploration Partnerships (NextSTEP) projects [3].
Through the NextSTEP project, it is expected that an ELF thruster capable of 100 to
300 kW power operation is developed and tested, which lays the path for future lifetime
testing and technology demonstration missions. There also exists separate FRC thruster
research program at the Air Force Research Laboratory to develop FRC based thruster
concepts for high power EP applications [4].

For fusion energy applications, various unique attributes of the FRCs are drawing interest
in its use for commercial fusion energy reactors. Traditionally, magnetic confinement and
inertial confinement fusion have been explored for fusion energy applications. However, while
significant progresses have been made to both concepts, no commercially viable fusion reactor
has been developed to this date from these two concepts. There is a third path to fusion

that utilizes the intermediate conditions of magnetic and inertial confinement fusion called



magneto-inertial fusion, for which the FRC is well suited. Since the magneto-inertial fusion
is expected to significantly reduce the reactor cost compared to the traditional magnetic and
inertial fusion concepts [5], this makes investigating fusion reactor systems using the FRCs
attractive for commercial electricity generations.

Due to promising fusion applications of the FRCs, private companies are now studying
FRCs for economical fusion reactor applications. TAE Technologies [6] is studying the use of
FRCs for aneutronic fusion applications. They have made significant progresses in obtaining
high performance FRC configurations with the FRC total energy and particle confinement
lifetime far better than any experiments in the past. Using the High Performance Field-
reversed configuration (HPF) state [7], in 2014, they obtained total energy and particle
confinement times of roughly 0.8 and 2 ms, respectively [8]. Another company, Helion Energy
[9], is investigating a staged magnetic compression of FRCs to fusion conditions. The Venti
experiment was awarded funding from the ARPA-E ALPHA program, and the experiment
made significant advances in furthering the understanding of the staged compression physics
of FRCs [10].

For both space propulsion and fusion energy applications, numerical modeling plays an
important role in understanding experimental observations and extrapolating results to fu-
ture designs. Thus, the ability to model FRCs in experimental conditions is of great interest
to both space propulsion and fusion energy communities. In both communities, plasma-
neutral interactions and inductive couplings of FRCs to external conductors are some of
common effects that are often encountered. This is an area that has not been fully explored
in the past, and it may be important for FRC dynamics.

In this study, effects of neutrals on FRC formation and translation processes are stud-
ied using numerical simulations. In order to study neutral effects on an FRC that has
strong coupling to external dynamic circuits, the plasma-neutral model developed by Meier
and Shumlak [11] is implemented in the existing resistive and Hall magnetohydrodynam-
ics (MHD) code, Cygnus, that supports coupling between plasma dynamics and external

circuits. This allows development of a numerical model that captures plasma-neutral inter-



actions in an FRC that is driven by external circuits. The developed model is tested against
experimental results from the Venti Formation experiment provided by Helion Energy 9]
to determine the effectiveness of the present model at capturing experimentally observed

behaviors of the FRC.

1.2 Background of Field Reversed Configurations

An FRC is a high-f, cylindrical magnetic confinement system with a little to no azimuthal
magnetic field. The basic schematic of an FRC in a rz-plane is shown in Fig. 1.1, and key
features such as separatrix, X-point, and O-point can be observed. The separatrix defines a
region of closed magnetic field lines, which is isolated from the external magnetic field lines.
The X-point is a magnetic null point caused by the field line termination. The O-point is
a circular magnetic field axis for the internal magnetic field. Due to the linear nature of an

FRC, it is neutrally stable to axial translation and is an axially movable object.
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Figure 1.1: A schematic of a Field Reversed Configuration [12].

The size of the FRC is generally defined by the separatrix length (L) and separatrix
radius (Rg) as shown in Fig. 1.1. Typically, normalized FRC geometric quantities are used.

The relative radius (X;) is defined as

X, =R,/R. (1.1)



where R, is the radius of the coil. The separatrix elongation (F) is defined as

E=L,/(2R,) (1.2)

Additional details of the FRCs can be found in the review papers by Tuszewski [13] and
Steinhauer [12]. Here, only selected details of the FRCs that are pertinent to this study are

discussed.

1.2.1 Formation

The formation (or the start-up) of an FRC can be achieved through various means. A
survey of common techniques for the FRC formation can be found in Steinhauer [12]|. Here,
the details of the field-reversed theta-pinch (FRTP) formation method is briefly introduced.
This is the FRC formation method modeled in this project. The complete process of the
traditional FRTP method is covered in detail by Tuszewski [13]; more modern improvements
to the FRTP method are summarized by Steinhauer [12].

In the FRTP formation, a preionized gas is initially placed inside a theta-pinch, a device
with cylindrical and linear magnetic coils surrounding the insulating plasma chamber. To
start the formation process, a bias capacitor bank is discharged into the magnetic coils to
imbed the bias magnetic field into the preionized gas. The bias field is directed in an opposite
direction to the field that is to be produced by the main bank. The main bank is then
discharged into the magnetic coils to rapidly reverse the magnetic field in the theta-pinch. A
current sheet forms in the outer radius of the plasma column to buck the rising forward field.
This results in a radial implosion of the plasma into a field reversed condition due to the
Lorentz force. A rapid ionization of the preionized gas occurs in the radial implosion. Finally,
the magnetically isolated FRC contracts axially due to magnetic tension force, resulting in
a creation of a quiescent FRC [12,13]. The formation processes of the FRTP method are
illustrated in Fig. 1.2.

To improve the FRTP formation, various techniques have been developed and are often
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Figure 1.2: Steps of the field-reversed theta-pinch (FRTP) formation method [13].

used. For example, a crowbar circuit is a common technique to extend the pulse from the
main bank. In a crowbar circuit, the typical circuit system containing a capacitor bank and
coil (which is approximately an RLC circuit) is modified by adding a crowbar leg parallel
to the coil. This is illustrated in a simple crowbar circuit shown in Fig. 1.3. In the crowbar
leg, either switch or diode is used to keep the crowbar leg open during the first quarter-cycle
of the capacitor bank firing. At the end of the first quarter-cycle, the circuit is crowbarred
by closing the crowbar leg to produce a bypass that isolates the capacitor bank from the
system. This allows a resistive decay of the coil current through the crowbar resistor instead

of the LC oscillation [12].

Another technique often used in the FRTP formation process is a programmed formation
technique that was originally developed in the works of Kurmullaev et al. [14] and further
improved in the TRX program [15]. In the programmed formation, trigger (or plug) coils
are added to the two ends of the main formation coil. Trigger coils produce an initial cusp
magnetic field by providing a forward bias when the main formation coil is providing a reverse
bias field. This cusp field defines the location of X-points during the formation process and
allows the system to be in an isolated field reversed condition immediately after the plasma

lift-off from the formation chamber wall. As a result, one can control initial FRC conditions
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Figure 1.3: A circuit diagram of an RLC circuit with an additional crowbar diode leg con-
nected to a theta pinch coil.

better than the case without the trigger coils where a tearing magnetic reconnection is
required to establish an isolated field reversed condition [13]. A formation of an FRC using

the programmed formation method is illustrated in Fig. 1.4.

To improve the flux retention in the FRC during the formation process, a multipole
barrier coil may be added to the formation chamber [15]. The barrier coil produces a local
transverse magnetic field (barrier field) at the inner wall of the formation chamber [12]. In
the process of forming an FRC, the plasma and frozen magnetic fields are moved towards
the wall as the applied magnetic field goes through zero. This can result in plasma wall
contacts, leading to impurity injection and trapped flux losses [14|. The barrier field serves
to hinder the movement of the cylindrical plasma column during the field reversal to limit

these negative effects [12].

Lastly, the translation of the FRC formed by the FRTP method is significantly improved
when a dynamic formation technique is used [16]. In the dynamic formation, a single for-
mation coil is replaced by a series of short magnetic coils that are operated independently.

These coils serve as both formation and accelerator coils; the coils are sequentially fired such



Figure 1.4: Flux contours from a 2-D MHD simulation using a programmed formation of an
FRC.

that each coil continuously reverses the magnetic field to compress and accelerate the FRC.
Thus, the FRC formation and translation are achieved together. This technique is especially
useful in a collisional merging formation method, where two FRCs are formed, accelerated,
and collided against each other in order to form a single FRC. With the sequential execu-
tion of the field reversal, the FRC flux is sustained throughout the entire collisional merging

formation process, and the condition of the FRC before the merge is improved [17].

1.2.2  Staged Compression of FRCs

A staged compression of an FRC is a relatively new concept that is an extension of the
dynamic formation process. In the staged compression process, an FRC is compressed to
a high temperature and density and then translated using a pulsed and sequential firing of
magnetic coils [17]. This process is similar to the dynamic formation process, except that
each coil sequentially compresses the FRC to a smaller radius. In a typical system, staged

compression is followed by a collisional merging process. The compressed FRC is injected



into a final compression chamber where it collides and merges with the second FRC that
was injected into the chamber in the same manner but from the opposite direction. The
merged FRC is further compressed to a high magnetic field, achieving fusion conditions. A
conceptual schematic of the FRC fusion reactor using the staged compression concept by

Slough et al. is shown in Fig. 1.5 [17].
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Figure 1.5: Conceptual schematic of an FRC fusion reactor using staged compression [17].

In a staged compression device, there are three distinct regions: formation, acceleration,
and compression. Typically, staged compression occurs in the accelerator section, and the
formation section uses the dynamic formation technique. One key feature of the staged
compression device is the use of pulsed gas-puffs that inject the neutral gas to the formation
section. As such, the initial gas fill process is dynamic. The preionization and formation
processes are performed in the dynamically filled formation chamber, and each formation coil
is fired in a sequential manner to form, push, and compress the FRC into the acceleration

section [18].

1.2.8 Preionization

In order to form an FRC using FRTP based methods, one must start with a preionized gas
in the formation chamber with a sufficient reverse bias field imbedded before the main theta-

pinch coil is fired. There exists many techniques for preionization in the formation chamber
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and no single preionization method is superior or standard for FRC formations [13]. Here, two
preionization techniques relevant to the systems being simulated in this study are discussed.
They are the ringing theta-pinch and ringing barrier ionization techniques.

The ringing theta-pinch ionization uses an additional capacitor bank that has a higher
oscillation frequency compared to the bias bank, which is connected to the formation coil.
The ringing field is applied on top of the bias field to induce an electric field in the chamber for
ionization. The resulting axial magnetic field profile as a function of time is shown in Fig. 1.6.
Free seed electrons can be provided to assist the breakdown process, while the ringing field
results in a complete gas breakdown when it is fired at the bias field maximum [19]. An
important feature in the ringing theta-pinch ionization is the existence of the magnetic zero-

crossing, where the ringing field nullifies the applied bias field [20].
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Figure 1.6: A sample axial magnetic field profile from the ringing theta-pinch ionization
process for FRC formation.

Based on the experimental observations, the gas breakdown due to the ringing theta-pinch
occurs at the magnetic zero-crossing. The subsequent ringing cycles implode and oscillate
the zero-crossing generated plasma, leading to further breakdown [20]. For example, in the
FRX-C experiment, the breakdown was first observed at the time of the second zero-crossing

for a lower bias field; for a higher bias field, it was first observed at the time of the maximum
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reversed field. The transition point was found to be at 0.11 T for the FRX-C device [21].
Typical experiments have a few ringing cycles prior to the main bank firing with a sufficient
number of magnetic zero-crossings to ensure complete ionization.

One of the biggest disadvantages of the ringing theta-pinch ionization is the flux loss
associated with the magnetic zero-crossing. Both experimental and numerical studies on
the FRX-B device indicated that the use of ionization techniques involving magnetic zero-
crossing reduced the final trapped flux to 50% of the original flux injected by the bias
field [19,20]. This loss is caused by the final plasma produced from the ringing theta-pinch
method trapping only 50% of the flux applied by the bias field. When the main discharge
occurs, the plasma column from the preionization process is too conductive to allow any
additional magnetic flux to diffuse into the column, resulting in all magnetic flux outside of
the plasma column to be lost during the reversal process [20]. This loss is inherent to the
preionization method, and it does not account for any additional flux loss during the field
reversal process [22].

The ringing barrier ionization is an ionization method developed to overcome the inherent
flux loss issue associated with the magnetic zero-crossing [20]. In this method, multipole
barrier coils are rung with a higher oscillation frequency compared to the bias field to generate
a local oscillating transverse field near the formation chamber wall. The ringing field induces
a local axial electric field for breakdown and ionization. In an unassisted ringing barrier
ionization method, the magnetic zero-crossing is removed by removing the ringing theta-
pinch all together. In a multistage method, the ringing barrier field is used with the ringing
theta-pinch to reduce the influence of the magnetic zero-crossing during the preionization
process.

The unassisted ringing barrier ionization method for FRC formation was first attempted
in the FRX-A device by using a ringing quadrupole as an ionization source. A high degree
of ionization was observed in the experiment when the quadrupole field magnitude was com-
parable to the applied bias field, but the breakdown was less effective when the quadrupole

field magnitude was less than the bias field magnitude [20]. Commisso et al. notes that an
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improved ionization can be obtained for the high initial bias case if the quadrupole field
magnitude is increased to compensate it; however, it results in an excessive heating and
imbedding of an unwanted quadrupole structure in the formed FRC. Due to these issues, the

unassisted method has not been commonly used, and the multistage method is used instead.

The multistage ringing barrier ionization method has been used more frequently in the
past experiments compared to the unassisted method. For example, in FRX-A, a multistage
method using an initial RF pre-preionization followed by a half-cycle ring of the quadrupole
followed by the main formation coil firing was found to be a reproducible optimal operating
condition for maximum ionization [20]. In other experiments, a ringing octupoles system
was used in the work of the Kurtmullaev [14] and in the CF-I facility [23]. A duododecapole
system was used in TRX-2 [24]. In all devices, the magnetic zero-crossing is still present, but
the ringing barrier field is found to improve the symmetry of the formed FRC and enhance

the initial preionization.

1.2.4  FRC Diagnostics

Experimental measurements of internal FRC conditions are typically difficult because the
FRTP formed FRCs have high temperature and density. Because FRCs have closed and
isolated magnetic field structure, internal magnetic profiles cannot be measured directly
using external magnetic probes. Furthermore, the use of the internal magnetic probes are not
practical for most FRCs of interest because of material constraints for invasive diagnostics.
Nevertheless, few important experimental diagnostics exist for FRCs that are crucial in
understanding the formation process. They are the excluded flux, line integrated plasma

density [ndl (NDL), and light emission measurements.

The excluded flux measurement is the most fundamental diagnostic in FRC experiments.
The diagnostic uses a set of magnetic flux loop and field probe located in the vicinity of each
other. Sets of a magnetic flux loop and a field probe are placed at various axial positions of

the device to form an excluded flux array that measures the axial variation of the excluded
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flux in the device [25]. The excluded flux is defined as
A¢ = B,rR: — ¢, (1.3)

where A¢ is the excluded flux, B, is the local axial magnetic field measured by the field
probe, R, is the radial position of the field probe that is approximately equal to the radius
of the flux loop, and ¢, is the magnetic flux measured by the flux loop [12].

For excluded flux measurements, a vacuum reference shot is usually used to remove
geometric effects from magnetic field measurements [26]. A vacuum reference shot is an ex-
perimental shot performed with the exact same conditions as the full plasma shot except with
the gas injection removed (hence, the device operates in vacuum). The vacuum referenced

excluded flux is then defined as

Ad = Ag, — A, (14)

where A¢ is the vacuum referenced excluded flux, Ag, is the excluded flux measured in the
plasma shot, and A¢, is the excluded flux measured in the associated vacuum reference shot.
Since the vacuum referenced excluded flux is used almost exclusively in the diagnostic, here
after, the excluded flux will simply refer to the vacuum referenced excluded flux.

A related quantity to the excluded flux is the excluded flux radius, defined as

A
BymR2

Rap =Ry |1 (1.5)
where Ray is the excluded flux radius [12|. For a highly elongated FRC in equilibrium,
one can show that the excluded flux radius measured in the straight section of the FRC
is approximately equal to the separatrix radius [25|. Thus, the approximate location and
separatrix shape of the FRC can be inferred from the excluded flux array by computing the
excluded flux radius at each axial diagnostic location.

Second diagnostic that is fundamental in understanding FRCs are the line integrated

plasma density [ndl (NDL). For the NDL measurement, a single-chord interferometry is
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used to measure the chord integrated electron density across the diameter. For a highly
elongated FRC in equilibrium, the NDL measurement gives a direct measurement of the

average density inside the FRC, as

(n) ~ 2R1A¢ /ndl (1.6)

where (n) is the volume averaged plasma density inside the FRC and [ n dl is experimentally

obtained from the interferometer [12].

One issue with the NDL measurement in dynamic FRCs is the inverse radius weighting
of the line integrated density for cylindrical devices. While the NDL measurement gives an
accurate volume averaged density when the density profile within the FRC is largely flat,
when there is a significant radial profile in the FRC density, the accuracy of the averaged
density computed from the NDL becomes poor. This is due to the fact that the actual
number of particles in a cylindrical shell at a given radius scales as dN ~ n(r)r where r is
the local radius. Thus, to obtain the true averaged density, one needs f nrdr. Due to the
missing dependence of r in the NDL measured data, the local density near the axis is more

pronounced.

In the formation process of FRCs, visual light emissions can be measured to obtain
a reasonable time dependent understanding of reaction processes. Typically, during the
preionization process, increased visual light emissions correspond to a higher ionization ac-
tivity. However, this is only a qualitative measurement, as the resulting signal is due to
a combination of ionization, dissociation, excitation, and recombination processes occur-
ring in the chamber. The measured visual light emissions can also be filtered to obtain a
bremsstrahlung emission measurement that approximately gives a chord integrated density
squared [n?dl [12]. However, bremsstrahlung emissions are only dominant during and after
the formation of the FRC; thus, it does not offer reasonable density measurement during the

preionization process.
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1.3 Venti Program at Helion Energy

Since experimental results from the Venti Formation experiment that are provided by Helion
Energy are used in this study, the Venti program at Helion Energy is briefly discussed in this
section. The Venti device at Helion Energy is a staged compression FRC fusion experiment
funded partially by the Department of Energy’s ARPA-E ALPHA project [10]. The ALPHA
program is designed to fund projects that create and demonstrate tools for developing a
lower-cost path towards fusion energy [27]. The Venti program attempts to achieve these

goals using the magnetic staged compression of an FRC target to a high magnetic field.

The Venti Formation experiment is a subset of the Venti program aimed at obtaining
good understandings of the FRC formation and translation into the accelerator section. In
the Venti Formation device, FRCs are formed using the FRTP method with both static and
dynamic formation methods. For FRC preionization, ringing-theta pinch, multistage ringing
barrier, and unassisted ringing barrier ionizations were tested. Diagnostics such as excluded
flux probe array, single-chord interferometer, and visual light detectors were available in the

formation section to obtain experimental data during the FRC formation process.

In addition to the experimental program, a two-dimensional resistive magnetohydrody-
namics (MHD) code called Cygnus was improved to model the experiment. The Cygnus code
was originally developed by D. C. Barnes at Coronado Consulting for general FRC modeling
applications. As a part of the Venti program, Barnes improved the code considerably. The
final version of the code by Barnes included supports for arbitrary axisymmetric geome-
tries using a finite difference cut-cell formulation and static and dynamic external circuits
coupled to the MHD equations. An experimental support for Hall and neutral effects were

implemented, but it was not completed [28].

The Cygnus code has been an integral tool for the Venti program to design and understand
the experiment. Coil firing times obtained by the simulation are used to guide the coil firing
time used in the actual experiment [26]. The Cygnus circuits have been instrumental in the

design of capacitor banks and switches in the experiment, as Cygnus captures modifications
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in external circuit responses caused by the FRC. Remarkably good agreements between the
experimental and Cygnus results were obtained by Milroy for the FRC excluded flux when

the Cygnus code was run in a two-dimensional resistive MHD mode [18,26].
1.4 Brief Survey of Past Works on Neutral Effects for FRCs

A brief survey of past works that explored neutral effects on FRC formation, translation, and
sustainment is given in this section. Due to the wide range of formation techniques that exist,
the discussion here is limited to works that used the FRTP based formation technique. As
such, while a significant amount of literatures exists on neutral effects in a rotating magnetic
field (RMF) generated FRCs, they are outside the scope here. Furthermore, works related
to the study of neutral effects during FRC translation are limited to those that consider
interactions with background neutrals. As such, the works related to neutral-beam injection
sustainment and current drive schemes for FRCs are also outside the scope of this short
survey.

For the FRC formation, preionization techniques were explored significantly in the FRX
program [21,29] as discussed previously in Section 1.2.3. Effects of the magnetic zero-
crossing and the preionization of the initial neutral fill were explored in the FRX experiments
[19,20]. Much of the early work on the preionization process of the ringing theta-pinch was
experimental and the numerical work came much later; first such study was by Meeks and
Rovey. Meeks and Rovey explored effects of the magnetic zero-crossing in the ringing theta-
pinch preionization technique and compared with the data from the FRCHX experiment [30].
Using Particle-In-Cell (PIC) simulations, Meeks and Rovey found that electrons only gain
sufficient kinetic energy to ionize the deuterium after the magnetic zero-crossing is passed,
which agrees with experimental observations.

The ionization due to a radial implosion of the FRCs was explored in the TRX-1 device
by Armstrong et al. [15]. In the TRX-1 experiment, preionized plasma was incompletely
ionized before the main coil firing; the ionization level only increased to a significant level

during the radial implosion of the FRC formation. Even with a low level of the initial ioniza-
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tion, most of the gas was found to be swept up by the implosion. Milroy et al. modeled flux
retention processes during the FRC formation in the TRX-1 device using a one-dimensional
MHD model with an independent neutral fluid included [31]. Contrary to the experimental
measurement by Armstrong et al. [15], the model by Milroy et al. predicted that the preion-
ization level had negligible effect on the flux retention and azimuthal asymmetries in the
experiment were blamed for the disagreement in the flux retention results from the initial
preionization level.

While not technically an FRC experiment, Sgro has performed one-dimensional hybrid
simulations of the ionization in a theta-pinch during the radial implosion process [32]. Ef-
fects of the incomplete ionization in the chamber were accounted in the model using a kinetic
treatment of ions and neutrals and a massless fluid treatment of electrons. Only electron im-
pact ionization processes were considered for plasma-neutral interactions. In the simulation,
Sgro found that partial ionization caused broadening of the radial plasma density profile
during the radial implosion process of a theta-pinch.

For the FRC translation, effects of neutral and plasma backgrounds on a translating FRC
were studied experimentally in the NUCTE-III device at Nihon University in Japan [33-35].
Improvements in confinement properties of the FRC were seen due to the reduction of the
particle inventory and poloidal field decay; a delay of n = 2 rotational instability was also
observed. The NUCTE-III group claimed that the heat and particles injected into the
FRC by the neutral background are equivalent to the neutral-beam injection sustainment
of the FRC. Based on this argument, NUCTE-III group modeled interactions between the
translating FRC and the stationary background neutrals as a stationary FRC with neutral
beams injected. A particle-based Monte-Carlo model developed by Takahashi et al. [36] was
used by the NUCTE-III group to numerically analyze experimental results [34,35,37].

Similar particle-based kinetic approaches have been used in the space propulsion com-
munity to model plasma-neutral interactions in FRC thrusters. In the work of Brackbill et
al. [38], the neutral entrainment FRC thruster concept was modeled by including effects of

neutral atoms, meta-stable atoms, and ions with various binary collision and reaction pro-
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cesses between three species. Both zero-dimensional direct simulation Monte-Carlo model
and two-dimensional planar PIC model with Monte-Carlo collisions were used by Brackbill.
A new kinetic model is being developed by Koo et al. for FRC thruster applications [39].
Koo et al. are using coupled physics model for the FRC modeling, where a kinetic or fluid
model is used depending on applications. A collisional-radiative model to capture reaction
processes is also being developed to couple with a PIC based kinetic model.

Fluid models have also been used to simulate translating FRCs with background neu-
trals. Meier successfully demonstrated the ability to use a fluid model to resolve neutral
entrainment effects in FRC thrusters [11]. Experimental results obtained by MSN'W showed
favorable agreement with the results obtained by Meier [40]. TAE Technologies has also
developed a two-dimensional resistive MHD code for FRC applications called LamyRidge
that includes circuit and neutral models with ionization and charge exchange processes [41].
However, while LamyRidge is reported to have neutral modeling functionality, no simulation
results utilizing this feature have been found in the literature. Thus, it is still unclear how
well the neutral model in LamyRidge captured experimental observations.

Since FRC dynamics and external pulse circuits are inductively coupled, plasma-neutral
interactions in the FRC can cause a non-negligible feedback in the external pulse circuits. As
such, the optimal circuit configuration and timings for FRC formation and translation can
be altered by plasma-neutral interactions. In order to capture this feedback, both neutral
and circuit effects must be accounted consistently. This is an area that can be explored using

Cygnus if the neutral model is improved.
1.5 Primary Computational Tool: Cygnus

The original Cygnus code is an axisymmetric two-dimensional Hall-MHD code that was
developed by D. C. Barnes at Coronado Consulting for studying FRC formation, translation,
merging, and compression [28].

The basic Cygnus code structure including the global time stepping strategy has remained

largely unchanged when the neutral model was added from the original implementation by
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Barnes. As such, the majority of detailed code algorithms discussed in this section is based
on the original work of Barnes [28]. However, in order to add new physics such as plasma-
neutral interactions, significant modifications were made to the Cygnus code base since the
last update by Barnes in December of 2016. As such, details of the Cygnus code given here
are based on the current developmental version.

This section only gives a brief introduction to the Cygnus code. Implementation details

of the plasma-neutral model in the code are discussed in Chapter 2.

1.5.1 General Overview of the Cygnus Code

Key features of the Cygnus code are the following:

e Supports arbitrary axisymmetric geometries using a Cut-Cell formulation with a finite

difference discretization.

Supports both static and dynamic external circuits coupled to the plasma region.

Correctly captures boundary eddy and far field effects for the magnetic flux.

Uses mixed semi-implicit and implicit formulations to reduce Courant-Friedrichs-Lewy

(CFL) time-step limitations.

Supports both electron and ion temperatures.

1.5.2  Geometry Implementation in Cygnus

In Cygnus, the problem domain is split into the fluid and exterior vacuum regions. Plasma
and neutral species are assumed to be contained in the fluid region; only external conductors
are allowed in the vacuum region. Circuits are only allowed to be connected to the external
conductors. Boundary conditions for fluid equations are applied at the boundary of the
fluid and vacuum regions; no fluid is allowed to penetrate into the vacuum region. Only the

magnetic flux is coupled in both regions.
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To discretize the problem domain, a finite difference method is used inside the fluid region.
A regular grid in the radial and axial directions is produced; a simple Cut-Cell formulation
is used to remove finite difference grid nodes that are outside of the fluid region. Since the
vacuum region only contains external conductors that couple to the plasma region through
the magnetic flux, conductors are represented by line segments in the rz-plane, which carries
uniform azimuthal current density. With the simple Cut-Cell formulation, Cygnus applies
all fluid boundary conditions (excluding the magnetic flux) at the grid nodes adjacent to
the boundary (called skin nodes). As such, the Cut-Cell algorithm is only applied to the
magnetic flux.

In order to couple the magnetic flux in the finite differenced fluid region and the segment
based vacuum region, the boundary of the two regions is discretized with both boundary
segments and cut-edge nodes. The fluid region interfaces with the cut-edge nodes through
the finite difference, and the vacuum region interfaces with the boundary segments. The
coupling of two regions is obtained by interpolating the magnetic flux on the cut-edge nodes
using the magnetic flux on the boundary segments. An illustration of a problem geometry

tracked internally inside Cygnus is shown in Fig. 1.7.

Interior nodes
Skin nodes
I_'_I 3 Cutedge nodes

* —a— Boundary Segments | 7
—&—— Sagments

Figure 1.7: Hlustration of the internal representation of the grid and geometry in Cygnus.

While a finite difference approach is used in Cygnus for spatial discretization of the fluid
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equations, a hybrid formulation that mixes the finite difference and finite element formulation
is used for anisotropic transports. For example, an anisotropic thermal conduction in plasma
is solved using a time-step splitting approach similar to that described in Jardin [42]. As
such, the anisotropic thermal conduction is solved with a finite element method while the
remaining energy equation is solved with a finite difference approach. Details of the hybrid
finite difference/finite element approach for anisotropic transports are discussed later in
Section 2.5. Here, it is sufficient to state that the fluid domain must be meshed with finite
elements that are compatible with the underlying finite difference grid nodes.

Using the grid generated by the finite difference discretization, a rectangular mesh of
finite elements (cells) are generated. Because the boundary conditions are applied at the
skin nodes, cut-edge nodes are neglected in the formation of the cells. Illustration of cells

generated in Cygnus is shown in Fig. 1.8.

Interior nodes
. Skin nodes
III {3 Cutedge nodes
—a—— Boundary Segments | 7
—a—— Sagments

Figure 1.8: Illustration of Cygnus cells imposed onto a geometry given in Fig. 1.7.

As it can be seen from the internal representation of the geometry in Cygnus shown in
Fig. 1.7 and Fig. 1.8, there are some limitations in the fluid boundary conditions that are
applied at skin nodes. Dirichlet boundary conditions are assumed for velocity, temperature,
and azimuthal magnetic field. The density boundary condition is a zero-mass flux condition.

To imitate slip boundary conditions, the viscosity is reduced to a small value near skin
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nodes in order to minimize the velocity drag by the wall. For a plasma with negligible
wall interactions (such as typical FRCs), this approach is sufficient to resolve slip boundary

conditions.

1.5.3  Owerview of the Cygnus Algorithm

Cygnus advances the fluid equations in a time-split fashion, where various components of
the equations are advanced separately in time using appropriate numerical methods for each
split equation. A leapfrog algorithm is used to obtain a natural time centering of the coupled
fluid equations. When there is no natural time splitting from the leapfrog time staggering,
a predictor-corrector approach is used to properly time center terms in the equations. All
equations are advanced linearly in time, and non-linear terms are handled with a predictor-
corrector loop rather than Newton iterations.

The velocity and energy are advanced at the integer time level while the magnetic flux,
azimuthal magnetic field, density, and temperature are advanced at the half-integer time
level. External circuits are advanced with the magnetic flux advance. Only the non-thermal
components of the energy equation is advanced in the integer time level; non-thermal compo-
nents of the energy equation are terms that are not associated with the thermal conduction
and equilibration.

As a result of the leapfrog staggered time advance, Cygnus time advance can be under-
stood as a two-step process. In the first step, the velocity and non-thermal component of
the energy equations are pushed together (VP step); in the second step, the density, ther-
mal component of the energy, and magnetic field (including external circuits) equations are
pushed together (NTB step). In each step, equations are further split to obtain a simpler set
of equations with a well-defined stability and are coupled using predictor-corrector loops.

Because Cygnus implements time-split approaches to solve the coupled fluid equations,
appropriate numerical methods are applied to each split advance to ensure numerical stability.
For equations that exhibit a wave-like instability, a semi-implicit operator is introduced to

stabilize the time advance. Conservative advection terms are handled explicitly using the
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SMART advection algorithm [43] combined with a predictor-corrector loop. A time-step
sub-cycling approach is used to maintain a CFL limit of no more than 0.5 for each sub
step. Equations that include elliptic operators are handled implicitly. Remaining terms are
either naturally time-centered with a leapfrog staggering or time centered using a predictor-
corrector step.

A semi-implicit operator is used in the velocity and Hall magnetic field advance. A
Hermitian symmetric semi-implicit operator is used exclusively for Cygnus applications. For
the velocity advance, the semi-implicit implementation in Cygnus is derived from past works
of Harned and Schnack [44] and Schnack et al. [45]. The semi-implicit advance for the
Hall advance uses a split-step approach similar to that of Harned and Mikic [46], and a
symmetric second-order semi-implicit operator is used. While it is known from the work
of Sovinec [47] that the symmetric second-order semi-implicit operator for the Hall advance
does not fully stabilize the total magnetic field advance, a Hermitian symmetric operator
is still implemented in Cygnus for simpler numerical convergences. While this approach
requires introduction of numerical dissipations to remove weak instabilities (implemented
as a hyper-resistivity), it avoids using Sovinec’s 4th-order asymmetric semi-implicit operator
that may have poor numerical convergence in practice due to its lack of Hermitian symmetric

property [28|.

1.5.4 FEnergy Advance Algorithm

Due to the split advance of the energy equation over the two distinct time levels (integer
and half-integer) in Cygnus, it is possible that for some problems, errors introduced by
the splitting are too severe to ignore for a sensible choice of time-step. Due to this concern,
Cygnus implements three forms of the energy equation formulation to allow the user to select
an appropriate formulation to use for a given simulation. Three forms of the supported energy
formulations are the (1) total energy, (2) pressure, and (3) temperature.

For the total energy formulation, a conservative form of the energy equation is used in the

VP step. For the pressure formulation, a non-conservative internal energy (pressure) equation
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is used in the VP step. For both formulations, the thermal contributions are pushed in the
NTB step using the temperature equation. For temperature dependent transport terms, the
temperature is assumed to be constant in time during the VP step; in the NTB step, it is
handled using a predictor-corrector loop. In both cases, the electron temperature is pushed
in the same split equation fashion using either the temperature or pressure formulation.
The two energy schemes can also be combined together to obtain a final energy solution
from the VP step that is obtained by taking a weighted average of two schemes using local
Mach number [28]. The combined scheme allows a reasonable energy advance for challenging
simulations where there may be wide range of Mach numbers in the simulation domain.
Unlike the total energy and pressure formulations, for the temperature formulation, the
energy is not advanced in the VP step, and the full temperature equation is advanced in the
NTB step. This formulation introduces the least error from the time splitting of the energy
equation (since it is not split), but it generally does not conserve energy as well as the total
energy and pressure formulations. In addition, since the non-linear terms are handled using
a predictor-corrector loop, the solution from the temperature formulation can become noisy
from the update process. From numerical experiments, the first two schemes and the mixed

scheme are more robust for most FRC problems and lead to stable results.



25

Chapter 2

IMPLEMENTATION OF MEIER-SHUMLAK
PLASMA-NEUTRAL MODEL IN CYGNUS

2.1 System of Equations

For modeling FRCs in this project, a system of equations based on the two-fluid plasma-
neutral model of Meier and Shumlak in the two-dimensional axisymmetric limit is used.
As opposed to the original two-fluid model presented by Meier and Shumlak [11], the time
evolution of the electron temperature is retained in the model. This is due to the fact that
a significant variation in the electron and ion temperatures can develop in the FRC, and its
ratio is highly dependent on FRC dynamics. Since, ionization and recombination rates are
strongly dependent on the electron temperature, the evolution of the electron temperature
must be tracked reasonably.

Hall contributions to the MHD equations are neglected in all of the simulations performed
for this study. However, implementation details of Cygnus including the Hall terms are given
here for completeness. The evolution equations for the macroscopic fluid state variables

implemented in Cygnus are given to be as follows:

Continuity Equations:

5+ V() =i T, (2.1)
on,,
" V. (npuy) = Dye — Ty (2.2)
ot
Velocity Equations:
) -
mne = —mnu-Vu+J x B - Vp— V- +m (T, + L) (u, — u) + RE — R< (2.3)

ot
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Generalized Ohm’s Laws:
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Energy Equations:
%:—V- i—l—lmmﬂ u+u-ﬁ—LJ +u-JxB+nJ?
ot y—1 2 ne(y—1)

1 : 1 3 1 3
-—J-V T+ QU + T [ =mu? 4+ kT, — i, | — Do | zmu® 4+ ZkT;
on Pe + QN + QX + 1 (Qmun + KT gp,z) e <2mu + 5 z)

1
+ch§m(ui—u2)—i—un-sz—u-Rfo%— -V (g +9qe) (2.7)

8571 YPn 1 = in en
e Kw—ﬁém”n“i)“”“"“"} e

1 3 1 3 1
— T | =ma? + ZkT, e [ =mu? + kT ) — Top=m (u? — u?
Zz(2mun+2k n)—i— TC(Qmu ~|—2k; Z) Cme(un u)

—u, Ry +u-RY - Qi + Q7 —V-q, (28)

J T,

o1 =—(y-1) Te(v—Q)/(v—l)V . {Tel/(v—l) (u _ _)] — (T, = Tye) =5
n

ot

en

_ﬁy —1 ie en
T (7% = QX + QX' = Tiopi- — V-qe]  (2.9)

In addition to the evolution equations for the macroscopic fluid variables, equations of state

and Maxwell’s equations are required. These equations are defined as follows:
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Equation of States:

Pe = nkTe (210)
p=nk(T; +T.) (2.11)
D = npkT, (2.12)
e=—L_+ lmnu2 (2.13)
vy—1 2

En = Pn 1mnnu2 (2.14)
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Mazxwell’s Equations:
v . ~
B=V x <?¢> + By (2.15)
- L1 [V x (B qa) _ (EA*\I/) gﬁ] (2.16)
Ho i r .

In the above equations, n is the plasma number density, n,, is the neutral number density, u
is the plasma center-of-mass flow velocity, u,, is the neutral center-of-mass flow velocity, ¢ is
the plasma energy density, ¢, is the neutral energy density, ¥ is the magnetic flux function,
By is the toroidal component of the magnetic field, B is the magnetic field, J is the current
density, p is the plasma pressure, p. is the electron pressure, p, is the neural pressure, 7;
is the ion temperature, T, is the electron temperature, 7}, is the neutral temperature, m is
the species mass, e is the unit charge, v is the adiabatic index, and k is the Boltzmann’s
constant. The operator A* is the elliptic axisymmetric Grad-Shafranov operator defined to

be
=y (Lyy) =2 (100, O
Ayp=rv (TQVw)_Tar ror +822

and the operator Vyp is the Cartesian divergence operator defined to be

7 DA, A,
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where r is the radius from the cylindrical axis and t is the unit vector in the cylindrical

radial direction. quﬁ is the unit vector in the azimuthal direction.

As discussed in Section 1.5.4, Cygnus may use non-conservative internal energy (pressure)
equations or temperature equations for the energy advance. The pressure and temperature

equations are given to be as follows:

Pressure Equations:

0 o .
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Temperature Equations:
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Remaining terms are transport and collision terms. The reaction and binary collision
terms involving neutrals are defined by Meier and Shumlak [11]. For the binary collision
terms for ions and electrons, Meier and Shumlak refer to the results from Braginskii [48].

The form of the transport related terms implemented in Cygnus is discussed in Section 2.2.

2.2 Closure and Transport Relations for the FRC

In this section, required transport and closure relations for fluid equations that are suitable

for the Cygnus code are discussed.

2.2.1 Reaction and Collision Contributions

For reaction terms, the form of closures discussed by Meier and Shumlak [11] is used for
Cygnus. For reaction source rates for ionization, recombination, and charge exchange, a

Maxwellian form of the distribution function is assumed in the collision operator to produce
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the following results [11]:

Fiz = nngy <0izve> (2228,)
[y = n?{0,c0e) (2.22b)
ch = NNpUcgOcy (222(3)

where (0;,v.) and (o,.v.) are the ionization and recombination reaction rates, respectively,
which are parametrized as a function of the electron temperature 7., and o, is the charge

exchange cross section that is parametrized by the effective charge exchange velocity u,, that

is defined as [11]:

8k 9
v =\ T+ 223

As given by Meier and Shumlak, the frictional transfer of momentum due to charge

exchange is defined as the followings [11]:

ch;c ~ _nnnU%chm (u - un) (224&)
R ~ nnpugioem (u— uy,) (2.24D)
where
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m 8mm

Note that the charge exchange cross section o, is still parametrized by the effective charge

exchange velocity u., in the above equations.

As given by Meier and Shumlak, the frictional transfer of thermal energy due to charge
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exchange is defined as the followings [11]:

3
o nnnﬂfﬁawéan (2.26a)
3
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Again, the charge exchange cross section o, is still parametrized by the effective charge
exchange velocity u., in the above equations.

The thermal equilibration terms due to elastic scattering are defined as the follows:

X =n’K (kT. — kT;) (2.28a)
QX = nn, K, (kT,, — kT;) (2.28b)
an - nnnKej;z (an - kTe) (2280)

where KZ;B is the thermal equilibration rate coefficient for thermal equilibration of species «

and species f3.

2.2.2  Resistivity

The generalized Ohm’s law in the limit of negligible electron inertia is given to be

1 1 [6M,
E+u><B——(J><B—Vpe):—[
ne ne | 0t

—V-ﬁe]

where the right-hand-side corresponds to the collision and transport terms: 0M,/dt repre-

sents the momentum transfer to the electrons due to collision and reaction processes and ﬁe
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is the higher order moment term (electron viscous stress tensor) that is defined as a function
of the lower order moment terms through the closure process. As such, the right-hand-side

terms represent the resistive and dissipative contribution.

In order to obtain an expression for plasma resistivity, consider only the right-hand-
side. For simplicity, neglect the electron viscous stress tensor contribution for resistivity.
In the two-fluid model of Meier and Shumlak, momentum transfer processes for electrons
are due to ion-electron scattering, electron-neutral scattering, ionization, and recombination
processes [11]. In order to account for both elastic collision and reaction terms, consider a
closure based on the Grad’s 13-moment model [49]. To obtain the right-hand-side dissipation
term in the generalized Ohm’s law, apply Burger’s semi-linear collision model for elastic
scattering terms and the reaction model used by Meier and Shumlak for ionization and

recombination processes.

The Burger’s semi-linear collision model for the momentum of species « is given to be

the following [50,51]:

oM, ZaplaB MMy
== NaMalep (Ug —Ug) + Y Vap Qo — qs
ZB: Xﬁ: kTaﬁ mgng

ot

coll.

In the above equation, v,53 = (16/3)ngm QLY mao+mg) is the momentum transfer collision
q B BB 2ap B

frequency, pag = mamg/ (mq + mg) is the reduced mass, T3 = (M1 + mgTy) / (ma +mp)

is the reduced temperature, z,p =1 — (2/ 5)98[;2) / QS[;I), and Qgﬁj) is the Chapman-Cowling

collision integral [52].

From Meier and Shumlak’s model, the electron momentum transfer associated with re-

actions is given to be the following:

0M,
ot

= _Fizmeun - Frcmeue

reac.

Combining the two collision terms for electrons, simplifying, and keeping only the first
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order terms in electron inertia, the electron collision term becomes the following:

1 5Me me me
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e

(2.29)

where v,; is the electron-ion collision frequency that is dominated by the Coulomb colli-
sion process, Ve, is the electron-neutral collision frequency, v;, = I';,/n is the ionization
frequency, and v,. = I';./n is the recombination frequency. To obtain a simple expression
for the resistivity in terms of the current alone, assume that the effect of current density J
dominates over that of velocity and heat flow vector. Furthermore, note that in general, the
recombination frequency is small compared with other collision frequency terms. With these

assumptions, a simple isotropic form of the plasma resistivity is obtained to be the following:

m

= — Vei + Ven
7 né( )

In addition, there may be anomalous collision time scales that are not captured by the
simple derivation performed up until now. In order to account for anomalous resistivities,

the plasma resistivity can be written as

me
= et en an 2.30
0= —5 Vei & Ven + Van) (2.30)

where 1,, is the anomalous collision frequency. Note that for v.;, a standard Spitzer-like

form of the plasma resistivity can be used, given to be the following [48]:

427 nin(A) <kTe)_3/2

Vg 2.31
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For the anomalous collision frequency, for FRC problems, the empirically tunable Chodura
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resistivity is often used. The Chodura collision frequency is defined to be

Veh, = Cewpi [1 — exp (— fvd )] (2.32)

C?_]T

where wy,; = y/ne?/ (mep) is the plasma frequency, vy = |J|/(ne) is the electron drift ve-

locity, o7 = \/k (T; + T.) /m is the effective thermal velocity defined in terms of the total

temperature, and C. and f. are the Chodura C and F parameter, respectively [53,54].

In addition to Chodura, the anomalous Bohm transport can be assumed. The Bohm

collision frequency is defined to be the following:

— 2.
voh 16m, ( 33)

Similar to Bohm, an anomalous transport based on a gyro-Bohm frequency can be used
alternatively. The gyro-Bohm frequency is simply the Bohm frequency multiplied by the ion
gyro-radius normalized by a density scale length. As discussed by Steinhauer, anomalous
transports based on Chodura, Bohm, and gyro-Bohm are closely related for a fully ionized
plasma when the ion temperature is equal to the electron temperature [12]. When neutrals
are present or when there are significant temperature difference between ions and electrons,
behaviors of three anomalous transports are distinctly different. Implementation of three

forms of anomalous transport mechanisms allows flexibility in matching experimental results.

For the electron-neutral collision frequency, the theoretical work of Bydder that uses Born-
type differential cross-section is applied here to obtain a form of electron-neutral collision
frequency that is valid over all temperature range [55]. From Bydder, the Chapman-Cowling
collision integral for the elastic collision between an electron and hydrogen atom can be
expressed as

Q0D 71/2(0.45) ety

en = 2,uen [_ eXp (1/b) EZ (_1/b)]

where E; (—1/b) = —Ey (1/b) is the exponential integral function, b = a2u2,/ (vh)*, & =

e?/ (4mey), v72 = 2kT,,, fen is the reduced mass for the electron and hydrogen atom, and
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ag is the Bohr radius [55]. After applying the small electron inertia approximation, the

electron-neutral elastic collision frequency becomes the following:

3V S nexp (8) B (D) (125 (1) o (2.34)
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where f; is the ionization fraction and 8 = i/ (2a2m.kT,) =~ 13.606/(kT./e). As it can be seen
from the obtained form of the electron-neutral collision frequency, it has the similar Te_g/ 2
dependence as the Spitzer resistivity but with additional electron temperature correction due
to the § term. Thus, in essence, the effect of the electron-neutral collision process is to alter
the effective charge state in the Spitzer resistivity.

In Cygnus, multipliers are applied on each resistivity formulation based on different trans-
port processes. In essence, resistivities associated with each transport mechanism are tunable
by the user to best match experimental results. This is due to the fact that anomalous mod-
ifications to the resistivity are expected for FRCs; e.g., contributions from micro-turbulent
electron dynamics [53]. Since the diffusion of the magnetic field is governed by the magnetic

diffusivity, k,, = n/uo [56], the plasma resistivity is a crucial term in the dynamics of the

FRC formation process that must be matched to experimental observations.

2.2.8 Heat Flow

For the heat flow vector, Cygnus uses anisotropic formulation of the plasma thermal conduc-

tivity by Braginskii, given to be the followings [48|:

. . BB o

a=[00 - B2 i v (255)
BB <
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where Xﬁ and x* are the ion thermal conductivity in the parallel and perpendicular directions
with respect to the local magnetic field, respectively, and X and x9 are the electron thermal

conductivity in the parallel and perpendicular directions with respect to the local magnetic
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field, respectively. The form of the parallel and perpendicular thermal conductivities for

both ions and electrons are given in Braginskii [48].

For the neutral heat flow vector, a typical isotropic formulation of the heat flow vector
based on the hard-sphere model is used. The neutral heat flux vector can be defined as the
following;:

where Yy, is the neutral thermal conductivity.

Note that the closure of the heat flow vectors employed here does not include the coupling
between the plasma and neutral species. The closure for both plasma and neutral heat
flow vectors assumes that the plasma-neutral collision frequency is small compared with the
plasma-plasma and neutral-neutral collision frequencies. Furthermore, the modification of

the collision frequency due to reactions are neglected.

To obtain a closure of the heat flow vector that includes effects of the coupling and
reactions, one can consider using a closure based on Grad’s moment method to simultaneously
solve for the species heat flow vectors using the coupled species heat flow vector advance
equations. In principle, one can carry out this procedure and obtain either non-linear or
linear closure with plasma-neutral coupling and reactions included; however, in practice, the
mathematics involved are too complex to carry out analytically. In addition, as it is shown by
Zhdanov, the usual 13-moment collision model has insufficient accuracy to resolve Coulomb
collisions in a fully ionized plasma case. As such, even higher order moment model (21-

moment) is required to accurately resolve the transport of the fully ionized plasma case [57].

Due to difficulties in obtaining a closure for heat flow vectors with effects of plasma-
neutral collisions and reactions, they are neglected. Instead, in order to obtain a reasonable
value of the thermal conductivities that result in FRC simulations that match experimental
observations, the thermal diffusivity is limited in Cygnus using user defined maximum and

minimum values.



37

2.2.4 Viscosity

Similar to the closure for the heat flow vector, the closure for the viscous stress tensor as-
sumes that plasma-neutral collisions and reactions are negligible compared with self-collision
processes for species.

For both plasma and neutral species, Cygnus supports an isotropic viscosity that has

similar form as the usual isotropic viscous stress tensor defined as
T 2 o
II=—-v |Vu+ (Vu) —g(V-u)I

but with the cross coupling of the velocity in different coordinate directions (due to fluid
shear) neglected. This allows the viscous contribution for each coordinate direction in the
velocity equation to be decoupled. To ensure Hermitian symmetry of the isotropic viscosity

operator, the form of the isotropic viscosity operator used in Cygnus is defined to be

N |9 (v, 9 (vI
= 1 or \ror 0z \r 0z "

for the radial and the azimuthal component, and
1[0 0 0 0
=l (var) 5 ()

for the axial component, where N [u] = =V - N is the isotropic viscosity operator, N is the
isotropic viscosity tensor, and v is the isotropic viscosity that is defined based on a user
defined constant kinematic viscosity [28].

In addition to the isotropic viscosity, anisotropic plasma viscosity is implemented in
Cygnus. Using the Braginskii closure, the viscous stress tensor for plasma can be defined to
be the following:

i i, 4 1,

<> <>
where II. and II, are the viscous and gyroviscous component of the viscous stress tensor,
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respectively, and are defined to be the followings [48]:
ﬁc = —UOWO - 771W1 - UQWQ

I, = nsWs3 +nyWy

where

[W X f)] . = — [f) X W} . = ereslml;m

In the above equations, b=B / IB|, €gm is the Levi-Civita permutation operator, and 7;
for i € [0,5] is the viscosity for each tensor contribution as given by Braginskii [48|. Note
that the zeroth component corresponds to the parallel viscosity, while the first and second

components correspond to the perpendicular viscosity.

2.2.5 Effective Ionization Potential

In order to account for additional energy loss mechanisms during the ionization process
due to electron impact excitation and scattering, an effective ionization potential is used in

Cygnus as a loss term for each ionization reaction. The effective ionization potential is an
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energy loss per electron-ion pair created by the ionization reaction. The ionization reaction

implemented in Cygnus for ions (i), electrons (e), and neutrals (n) are given to be

e+n—i+2e—;,

where ;. is the effective ionization potential.

The effective ionization potential is an energy loss term for electrons in the fluid model,
and it only shows up in the fluid equations associated with the electron temperature. This
is due to the fact that the physical origin of this loss term is the electron impact collision
reactions with neutrals that produce excited state neutrals. In this simple picture, one can

consider this process as a two-step process given to be

ef+n—=n"+e

n* — n-+ hv

where superscript * denotes the excited or energetic state (for the electron, it is associated
with its kinetic energy). It is assumed that the plasma is optically thin to allow the radiated
energy from the excited neutrals to be lost from the system. Thus, the net result of this two-
step process is the electron energy loss from the system. Since there are finite probability of
ionization, excitation, or elastic scattering for every electron impact collision with a neutral
atom, the effective ionization potential is used to represent electron energy losses from non-

ionization processes.

In order to account for the change in the electron impact cross section for ionization,
excitation, and elastic scattering as a function of the electron impact energy, the electron
temperature dependent effective ionization potential is implemented in Cygnus. Accounting

for the energy loss associated with the electron impact excitation and scattering, the effective
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ionization potential can be defined to be [58, 59|

Kexi Ke 377/’16
Yiz = 5% + Z K - gegm‘ + _ZWTe (239)

K;

where &;, and &, are the ionization and excitation threshold energy, respectively, K., K.,
and K, are the ionization, excitation, and elastic scattering reaction rates, respectively, m,
is the electron mass, m is the neutral species mass, and 7, is the electron temperature.
Based on the results compiled by Lieberman and Lichtenberg [58], for argon, one can
use F;, = 15.76 ¢V, and FE., = 12.14 €V for the ionization and excitation energy, and for

reaction rates, one can use following fits (7 is in units of eV):
K = (234 x 107") T exp (—17.44/T,) (m*/s)

Kep = (248 x 1071) T?% exp (—12.78/T,) (m*/s)
Ky = (2.336 x 107) T2 exp [0.0618 In (7,.)* — 0.11711n (72)*] (m?/s)

In the above form of the fits for the reaction rates, the fit is made to be accurate for lower
temperatures (1-7 eV as reported in Liberman and Lichtenberg) and is made to ensure that
;. asymptotically reduces to E;, for elevated electron temperatures by using an Arrhenius
form of the reaction rates [58].

Similar procedure can be applied for hydrogen to obtain a reasonable form of the effective
ionization potential. Based on the Bohr model for hydrogen, the ionization energy is F;, =
13.6 V. Using the reaction rate coefficient for the hydrogen ionization compiled by Janev et
al. [60] and making a fit with a similar Arrhenius form as Gudmundsson [59], the following

fit can be used for the ionization reaction rate (7 is in units of eV):
K. = (5.413 x 107"°) T?*™ exp (—13.84/T.) (m*/s) (2.40)

For the electron impact excitation, the reaction rate coefficient for hydrogen-electron
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impact excitation produced by Park [61]| is used. Based on Park, the reaction rate for

excitation of the hydrogen atom from ngy to n; energy level is given to be

Kex (n07 nl) =

C (1.1604T.)" gn, . < Em—Eno)
)
ngng (1/ng — 1/n3)" T

where C' and r are the fit parameters, ¢ is the statistical weight, and E is the average
energy of the level [61]. To compute the contribution to the effective ionization potential,
one can consider the transition from the ny = 1 to the higher energy level. Considering
first 16 transitions, the fit to the hydrogen-electron impact excitation reaction rate can be
represented as

C; (1.1604T.)" g;

Keai = TRy TR (—Eeai/Te) (2.41)

where ¢ € [1,16] and T is in units of eV. The values of C;, r;, g;, and &, ; has been tabulated

by Park, and selected data suitable for hydrogen excitation reaction rates for the effective
ionization potential calculations are shown in Table 1. Note that the fit to the reaction rate

by Park is reported to be valid for electron temperature in the range of 0.38-6.9 eV [61].

For the electron elastic scattering reaction coefficient for hydrogen, results from the the-
oretical work of Bydder [55] is used. Based on the collision frequency given in Eq. 2.34, the

reaction rate coefficient for electron elastic scattering reaction can be expressed as
K = (1.3079 x 107'2) exp (13.606/T.) E; (13.606/T,) T, ** (m*/s) (2.42)

where T, is in units of eV.

The resulting effective ionization potential for both argon and deuterium is shown in
Fig. 2.1. As it can be seen, the effective ionization potential is significantly larger for tem-
peratures approaching 1 eV, as effects from the electron-neutral scattering are important.
For temperature above 2-3 eV, the elastic scattering contribution becomes negligible, and it
is the electron impact excitation that enhances the ionization potential. At 3 eV, the effective

ionization potential for deuterium is approximately 100 eV, while for argon, it is 61 eV.



Table 2.1: Fit coefficients for hydrogen electron impact excitation reaction rate [61]

i Ep(eV) g C(107Mm3/s) r
1 10.198 8 2.2 0.12
2 12.087 18 3.0 0.09
3 12.748 32 3.5 0.09
4 13.054 50 4.2 0.08
5 13.220 72 4.5 0.08
6 13.320 98 5.0 0.08
7 13.385 128 5.5 0.08
8 13.430 162 5.9 0.07
9 13.462 200 6.4 0.07
10 13.485 242 6.8 0.07
11 13.504 288 7.2 0.07
12 13.517 338 7.6 0.07
13 13.528 392 8.0 0.07
14 13.537 450 8.3 0.07
15 13.545 512 8.7 0.07
16 13.551 578 9.0 0.07
10* i Argon E
Deuterium |
i
103 -H"* E
i E
=
10° F .
1 ! ! i
10100 10" 102 10°
Te (V)
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Figure 2.1: Electron temperature dependent effective ionization potential for argon and

deuterium.
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2.3 Implementation of the Meier-Shumlak Model in Cygnus

Details of the Cygnus algorithm and the implementation of the Meier-Shumlak model in it
is discussed here. As discussed in Section 1.5.3, Cygnus time step algorithm can be split
into two main steps: the velocity and pressure (VP) advance and density, temperature, and
magnetic field (NTB) advance. The neutral fluid advance is implemented in the same manner

as the plasma fluid, and predictor-corrector loops are used to couple two fluids.

2.3.1 VP Advance

The pressure and velocity equations are solved using a predictor-corrector loop in which the
updated pressure is computed first. The electron pressure is advanced after updated pressure
and the velocity are obtained. As discussed previously, Cygnus supports various forms of
the energy equation to compute updated pressure.

For the total energy advance, since none of the terms exhibit a wave-like instability, the
equation can be advanced explicitly in time as long as the advective contribution is handled
using a time-step sub-cycling approach to satisfy the local advective CFL limit [28]. The

form of the temporally discretized equations are given as the followings:

*k _ n . 1 - -
% =-V- {(’75* A 5 mn”H/Q \u*|2> uw+ut N +u*- ]‘[*}
. (2.43a)
Lout . JrHY2 i Brtl/2 1 ‘J”H/? 2 n 5£
ot
n ~En —1 <] ok
A=V K%Z — Lmn |u:;|2) )+ - Nz} - (2.43D)
where
5E:L n+1/2 3

1 2 1 2 3 n+1/2
=T Smut P 4+ kT2 ) T2 a2

* 1 * * cx\* cxT\* * cT\* * cT\*

cr 2 in
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and

Sk _ 5_EZ le/z%z
ot ot '
are the contributions due to reactions. In the above equations, the superscripts denote the
value of the quantities at the specified time level (n, n 4+ 1/2, n + 1, %, and **) where the
x time level defined to be an estimate of the n 4+ « time level using the predictor-corrector

loop; « is usually equal to 1/2 (time centered) or 1 (pseudo-implicit) [28]. The #x time level

is at the updated time after the energy advance.

For the case of the internal energy (pressure) advance, the equation can be advanced
explicitly in time similar to the total energy advance [28]. The form of the temporally

discretized equations are given as the followings:

vy—1 At

1 ¥k M * > =
u:_V-(’yplu*)—l—u*-Vp*—N*:Vu*—H*:Vu*

Y- - (2.44a)
Jrt1/2 2
+1 "+
1 pr—pp D © oE;
R o S S v AN L R Ve —Nf Vot — —2 2.44b
L (2w) i = N Vg - O (2.44b)

where

SEX 1 3 n 3,
s =T (gmwt - wi? s SR = QI ) STl
ot 2 2 2

1 * * cx\*
+oml, ut — w4+ (RE)” - (u), — u) + (Q5)" — (@)

2 n mn ni

and

OE* +1/23 1 2 3 1 2
— R = DR T2 (St = w4 SETETY? ) — ol ut —
5t 1z 2 n rc 2m|u un| + 2k n 2m Ccx |u un|

— (R (" —u) + (QF)" — (@)

are the contributions due to reactions.
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From the total energy advance, the internal energy advance, or both, the updated fluid

pressure can be obtained. The updated fluid pressures are calculated as

1

1
Py = fen (v = 1) (52* - §mnﬁ+1/2 \UZ!Q) + (1= fen) Py (2.45b)

where f;, € [0,1] and fg, € [0,1] are the mixing ratios to compute the updated pressure in
the case when both energy formulations are used. For the case of the total energy advance,
fe = fin = 1; for the case of the internal energy advance, fr, = fr, = 0 [28]. For the
temperature equation formulation, since both temperature and density are solved on the

half integer time level, p*** = n"T1/2ET"+1/2 and p*** = n 22,

After the updated fluid pressures are known, velocities can be advanced. The plasma

velocity equation is discretized temporally to be

A
mn”“ﬂﬁ — L[Au] = —mn" V0" . Vu* — Vp™** + N [u"*]
SM* .
4+ JUH2 o B2 — V- "+ (2.46)
where
SM* . . .
= m (T2 T ) () — )+ (RE)” — (R3)

is the contribution from reactions and Au = u"*'—u”. In the above equation, a semi-implicit
operator term (L) is added to both updated and current time level in order to stabilize the
wave-like instability in the velocity advance, and the viscous transport terms are handled

implicitly [28].

The semi-implicit operator used in Cygnus is a decoupled Hermitian symmetric operator
similar to what was defined previously for the isotropic viscosity operator in Section 2.2.4.
The form of the semi-implicit operator is similar to the diagonal semi-implicit operator from

the earlier work of Schnack et al. [45]. The semi-implicit operator used here is a modified
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Laplacian operator [28]. For the radial and azimuthal components, the semi-implicit operator

|9 (Drg O O (Dro O
Lr’qb—{a(r@)*@(raz ’

while for the axial component, it is defined to be

Lo 0N, o[
= lor sz@'r’ 0z rpz@z

The terms py for k = r, ¢, z are the semi-implicit stiffness factors that are defined to be

is defined to be

s szAt |:

1
Pk R (1 =) +— (B* — Bi)}

Ho

where f; is the semi-implicit stabilization factor and d; is the Kronecker delta. Both the
semi-implicit and isotropic viscosity operators are symmetric and positive definite when finite

differences are taken.

When the anisotropic viscous stress tensor is neglected and a Dirichlet zero boundary
condition is assumed for the velocity, the discretized vector velocity equation decouples for
each coordinate direction. Thus, the velocity equation for each component can be advanced
independent of each other as the implicit contributions are decoupled. Implementation details

of the anisotropic viscous stress tensor in the velocity advance is addressed in Section 2.5.

Similar to the plasma velocity advance, the temporally discretized neutral velocity ad-

vance is defined to be

SM

S (247)

Au,
V2= — Ly [Au,] = —mn g Vg = Ve 4 N, [ -

where
oM
ot

=m (I72 +T3,) (u, — u') + (RE)" — (R

is the contribution from reactions and Au,, = u”*™' —u”. The semi-implicit operator L,, with

the same form as the plasma velocity advance is introduced in the neutral velocity equation



47

for numerical stabilization. Only difference from the plasma advance is the removal of the

magnetic pressure term in the semi-implicit stiffness factor py.

For the case when the total or internal energy formulation is used, after the plasma and
neutral pressures and velocities are advanced to the n + 1 time level, the electron pressure
(or temperature) is advanced using a predictor-corrector loop to determine the partition of
the total plasma temperature between ions and electrons at the updated time level. The

temporally discretized electron temperature equation is given as

AT, _ _ _ (v—=1) 2 0T
e _ S (=2)/(v=1) 7 \1/(v=1) nt1/2 n\y n+1/2 e
== )(T) V@)V 2| ¢ T g s (2.48)
where 2
* n+
o1 _ (Fn+l/2 . F’.‘H/2> Te e 1 nt+1/2
(St rc 1z nn+1/2 knn+1/2 1z (1012

and u, = u — J/(en) is the electron velocity. For the electron pressure formulation, the

temporally discretized electron pressure equation is given as

L pi" —pe VP . SE*
e c __V. e ..n+1/2 n+1/2 v Jn+1/2 e 2.49
1 A [—7_111@ +uy e +1| "+ (2.49)

where
0E; n+1/2
e = T,
ot iz ¥

Note that for the case when the temperature equation formulation of the plasma and neutral

energy equations is used, the electron energy is not advanced here, and it handled in the

NTB advance at the n + 1/2 time level.

2.83.2 NTB Advance

In the NTB advance, density, magnetic field and external circuit, and temperature are ad-
vanced in time. As discussed in Section 1.5.3, this step corresponds to the half-integer time

step advance. Unlike the VP advance, the NTB advance is not fully time centered using



48

a global predictor-corrector loop over the entire coupled advance. This is due to the fact
that the magnetic field advance with coupled external circuits and conductors is numerically
demanding and requires most computational time. In order to speed up the time advance
algorithm, errors due to time misalignment are accepted in the NTB advance in order to

only advance the magnetic field equation once outside of a predictor-corrector loop [28].

Due to this compromise, the NTB advance is performed in a sequential manner in the fol-
lowing order: density advance; magnetic field and circuit advance; and temperature advance.

Implementation details of each sub-steps are discussed in their respective subsections.

2.3.8  Density Advance

Species densities are advanced using a split equation formulation with the first step being the
ideal conservative advance and the second step being the reaction advance. This splitting
allows the ideal advance to be handled explicitly with a predictor-corrector loop; the reaction
advance is handled implicitly to avoid instabilities. The temporally discretized ideal advance

of the density is given to be
n:;* B nZ—i—l/Z

_ . * . n+1
A7 = -V (njult) (2.50)

(6 2nae?

for species a. The above equation can be advanced explicitly with a predictor-corrector loop

to determine the updated density at the #x time step.

For the implicit reaction advance, note that the equation that is advanced is given as the

following:
d_n B _dnn
dt — dt

= nny, (0i0e) — 12 (0reve) (2.51)

Since no advective term exists in the above equation, the total number density at each
computational node is conserved. Thus, the density at each computational node can be

updated independently. When the implicit time differencing is applied to the above equation,
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it forms a quadratic equation as a function of the density change given to be the following:
a(An)* + 5 (An) +7 =0
where

o = At [<O-iZU€> _|_ <grcve>]
B=14+At(n"™ —n"){(o;0.) + 2At 0™ (0;,0,)

v = At (™) (0,e0e) — AL (07.0,)

The above equation for An can be solved exactly with the quadratic equation, and the
plasma and neutral number density at the updated time can be computed trivially as the

followings:

n" 3% = n* 4+ An (2.53a)

n"t2 = — An (2.53b)

2.3.4 Magnetic Field Advance

For the magnetic field advance, in order to solve the coupled system of equations for the
magnetic flux and the azimuthal magnetic field, a modified implementation of the time-step
splitting method of Harned and Mikic is used [46]. In Cygnus, instead of splitting the mag-
netic field advance into two steps (Hall and everything else), a three step time-step splitting
is used with the splitting organized into following three steps: (1) ideal advance, (2) Hall
advance, and (3) resistive advance [28]. The current implementation in Cygnus carries out
the coupled magnetic field advance in the following order: (1) ideal advance of the azimuthal
magnetic field (explicit advection); (2) Hall advance of the azimuthal magnetic field (semi-
implicit); (3) Hall advance of the magnetic flux (semi-implicit); (4) resistive advance of the

azimuthal magnetic field (implicit); (5) ideal advance of the magnetic flux (semi-Lagrangian);
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and (6) resistive advance of the magnetic flux (implicit). Contributions from external circuits

are only included in step 6, where the resistive advance of the magnetic flux is taken.

(1) Ideal Advance of the Azimuthal Magnetic Field

In the ideal advance of the azimuthal magnetic field, the form of the equation that is advanced

n time 1s
0By

o :VQD'[(uxB)xcﬁ}

which after the time discretization and simplification becomes the following;:
Kok n+1/2 n n *x_Mn
By = By + At Vap - (wiF'BY2 - Biumt) (2.54)

Note that because the magnetic flux advance is not coupled into the predictor-corrector loop
for the azimuthal magnetic field, the magnetic field vector B from the previous time step is

used.

(2) Hall Advance of the Azimuthal Magnetic Field

In the Hall advance of the azimuthal magnetic field, the form of the equation that is advanced

in time is
0By 1 A
— =Vop - |—(Vp.—JI xB
ot 2D en( p xB) x ¢

which after the time discretization and simplification becomes the following:

AB
T: — L, [AB] = b* (2.55)
where
s I By 1 1 B}
- T** \I/n+1/2 ) . ) B* 2 _¢>
e {nnﬂ’ € ] T " ernntl fper "¢ nntl + nntl i r
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and the Poisson’s bracket [f, g] is defined to be the following [28]:

_0f99 0199

9] = 9z 0r Oroz

Note that the semi-implicit operator L, is introduced in the above equation for stabilization.
The * time step corresponds to the current guess for the intermediate state based on the
predictor-corrector loop coupled to the ideal advance. The *x time level corresponds to the

current guess for the updated state.

Assuming a second-order semi-implicit operator for the Hall term, it takes the following
form:

Lh = -V X ChVX (256)
where ¢, is the semi-implicit stiffness factor defined to be

B

Ho€T

Ch = fszAt

Solving for the azimuthal component of the semi-implicit operator, the semi-implicit Hall

advance takes the following form [28]:

1 0 (¢, 0 0z (¢, O rABy .,
{;‘{5 <_a_)+a_<_a_)” A ! (257)

(8) Hall Advance of the Magnetic Flux

In the Hall advance of the magnetic flux, the form of the equation that is advanced in time

is the following:
ovr 1
ot pgen

(V X B¢) - VU

In order to solve the Hall term in the magnetic flux equation consistently using the same
semi-implicit operator used for the azimuthal magnetic field advance, multiply both side

of the equation by qAb/ r and take the curl of both side to represent the above equation in
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terms of the magnetic field. The same semi-implicit operator can now be introduced to the

evolution equation for the non-azimuthal component of the magnetic field as the following:

(1+V><chV><)a—B:V>< F(VXB¢-V\IJ><ZS}

ot r Ho€en

where B = V x (¥¢/r) is the non-azimuthal component of the magnetic field.

Re-introducing the magnetic flux in the above equation instead of B, the above equation

simplifies to the following form:

V x {(1+cthVx)(1aqj )} —V x F (VXB¢-V\II) qZ)}

r ot r Lo€ENn

The curl on both side can now be removed to give the following;:

[(1+cthVx)(%%—f$)] -(;SZ%(VXB‘WW) (2.58)

After the time discretization, the above equation simplifies to the following;:

0 (10 0 (10 AW r
1 — I R I e =" o pntl/2 _ pex pndl/2 9.
{ ren {8?" <r 87") * 0z (7" az)}} At enntl (/7B JIBTE)(259)

where the ** time level corresponds to a guess based on the current state of B,.

(4) Resistive Advance of the Azimuthal Magnetic Field

In the resistive advance of the azimuthal magnetic field, the form of the equation that is
advanced in time is

0B,

ot = —Vap - (nJ X q3>

which after the implicit time discretization and simplification becomes the following:

L |2 (20 0 (n 2 32\ _ Bg
{TAt |:6T <MOT 07‘) + 0z <,u0r az)]} <TB¢ ) - At (260)



53

(5) Ideal Advance of the Magnetic Flux
The ideal advance of the magnetic flux is given as the following:

DU 9w

where D/Dt is the total (Lagrangian) derivative. Since the Lagrangian derivative of the
magnetic flux is zero, the above equation can be advanced trivially with a semi-Lagrangian

method.

(6) Resistive Advance of the Magnetic Flux

In the resistive advance of the magnetic flux, the form of the equation that is advanced in
time is given as

ov

S BN

ot o

which after the time discretization and simplification becomes the following:

ArAz ArAZA*} AT — [
rnAt LT

ArAz
HoT

A*} v (2.62)

where AU = ¥"+3/2 _ * is the change in the magnetic flux and U* is the most up-to-date
magnetic flux calculated thus far. To simplify couplings to external conductors, additional
spatial discretization factors of Ar, Az, and r are introduced in the above equation based

on the observation such that
ArAzA*WU

HoT a

I, =

for the finite difference node «v. I, is the nodal current for node . Note that when the spatial
discretization of the elliptic operator is taken, the boundary cut-edge nodes are included,
since the the boundary magnetic flux is coupled with the external conductors.

In addition to the fluid region magnetic flux evolution, the magnetic flux advance in the

vacuum regions due to external conductors must also be considered. On external conductors,
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the magnetic flux advance can be expressed as the following from the Faraday’s law:

] (2.63)

where WU, is the magnetic flux on the external conductors, V; is the local azimuthal voltage
drop for the external conductors, and Nj is the local turn number for the external conductors.
Since external conductors are discretized with current carrying segments, the above equation
for the magnetic flux on the vacuum regions are discretized with the magnetic flux, voltage,

and current on the individual segments including the boundary.

Details of the magnetic flux advance coupling between the vacuum and fluid regions are
discussed in Section 2.4. For now, it is sufficient to say that in the vacuum region, one obtain
a discretized linear system of equations for changes in the segment magnetic flux when an
implicit time difference is taken. Since both the fluid and vacuum domain magnetic flux
advances contain the flux unknowns associated with the boundary, the two equations are

coupled by relating their respective boundary flux representations to each other.

In the fluid region, boundary unknowns are the flux on the cut-edge nodes, while in
the vacuum region, boundary unknowns are the flux on the boundary segments. Since the
cut-edge nodes are located on the boundary segments, they can be related to each other. In
Cygnus, a quadratic interpolation of the boundary segment flux to the cut-edge nodal flux
is used to couple the two regions together [28]. With this coupling, the implicit and linear
matrix system of equations for the resistive magnetic flux advance is completed, and it can

be advanced in time.

2.3.5 Temperature Advance

In this step, the plasma and neutral total energies are converted into the ion, electron, and
neutral temperatures, and thermal conduction and equilibration steps are applied directly

to the temperatures. For the case when the total or internal energy formulation is used, the
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current temperatures can be computed to be the followings:

- 1 AU I .
= g {fk (v—1) (E — gmn + |u +1‘ ) +(1—=fe)p ] (2.64a)
Tn = _anrlk |:fkn (’Y - 1) (5n - §mnn+ ‘un-‘rl} ) + (1 — fkn) D, :| (264b)

where the #x time level for the energy and pressure advances is associated with the final
results from the VP step. For the case when the temperature formulation is used, T** =
T"+1/2 which is simply the previous value of the temperature from this routine at the previous

time step.

The temperature advance is further split into the thermal conduction and thermal equili-
bration step with a predictor-corrector loop used to couple two advances for all fluid species.
For both thermal conduction and thermal equilibration, an implicit time advance is used for

stability. For the thermal conduction, the time discretized equation is given as

k n+1 T*** _ T** =
v”j S =V VI 4D (2.65)

and for the thermal equilibration, it is given as

T2 T . n+3/2 n+3/2
S = (TB o/ ) (2.66)
B

where 44 is the thermal equilibration frequency and Y is the anisotropic thermal conductiv-
ity for ions and electrons and isotropic thermal conductivity for neutrals. The values associ-
ated with the * time level indicates the predicted value based on the predictor-corrector loop.
For the case when the total or internal energy formulation is used, b* = 0, and for the case
when the temperature equation is used, it corresponds to the right-hand-side contribution

of the temperature equation neglecting the thermal equilibration contribution.

For the anisotropic thermal conduction, spatial difference requires additional care to

ensure that there are no numerical errors introduced from the misalignment of the finite
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difference grid to the local magnetic field. Details of the spatial difference implementation
for the anisotropic thermal conduction are discussed in Section 2.5. For the neutral thermal

conductivity, the spatial difference can be taken trivially with the finite difference.

For the thermal equilibration, since there are no spatial differences, the thermal equi-
libration can be performed on each node without any coupling to its neighbors. For each
node, the implicit thermal equilibration advance can be expressed as a linear equation of the

following form:

1+ (v + vf,) At U5 AL —ut At MRS Ty
— Ui At 1+ (v + 7)) At —ur At TeH2 | = | e | (2.67)
—ur At —vr At 1+ (vr +vr )AL \ 1o T

The above 3 x 3 matrix equation can be inverted trivially for each node.

With the predictor-corrector advance for the species temperatures complete, total and
internal energies can be updated to include contributions from the thermal conduction and

equilibration. The final total energies are obtained as the followings:

knnJrl

ntl _ TrE3/2 s 2.68
€ e+ o ( ) (2.68a)
k n+1
W= T (TR 1) (2.680)
fy —

While for the internal energy advance, the final pressures are obtained as the followings:

Pt = p** 4 kTt (Tn+3/2 _ T**) (2.69a)

Pl — e g ! (T:+3/2 _ T:{*) (2.69Db)

With this final step, the Cygnus time advance is completed, and steps are repeated until the

simulation end time is reached.
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2.4 Coupling of the External Circuit with the Plasma Dynamics

2.4.1 External Circuit Advance

The ability to couple external circuits to the plasma advance is by far the most important
feature of Cygnus for FRC modelings. For typical problems, there are two possible general
types of external circuits that can exist: one is the case when the output current is fixed as
a function of time (the fixed case); the other is the case when the output voltage determines
the output current (the active case). Since the fixed current case only introduces a back-
ground magnetic flux, Cygnus splits the problem into fixed and active problems using the
superposition principle [28]. For the fixed case, the output current is set to a pre-determined
value in the circuit advance to remove any noise introduced from other advances. For the

active case, full coupling of the external circuits must be considered.

While the exact form of the external circuit advance for the active case cannot be specified
without first specifying the external circuit, a general algorithm can be derived assuming
that the circuit equation for the given external circuit is discretized implicitly in time using
a backwards Euler algorithm and linearized. The linearized implicit circuit equation can be

expressed generally in the matrix form as
Mx"T3/2 = pr+l/2 _ ppts/2 (2.70)

where M is a matrix of the circuit coefficients, x is a vector of circuit unknowns (voltages and
currents), b is a vector of known circuit quantities at the current time step, P is a matrix
of the circuit coefficients related with the circuit terminals to which the external segments
connect, and I; is a vector of the total currents flowing through the circuit terminals to which
the external segments connect. The above system of equations is underdetermined, since the
total current flowing through the terminals at the future time level is unknown at the time

level where the circuit equation must be evaluated.

To remove the underdetermined nature of the system of circuit equations, a modified
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equation of the form

Mx* = pt1/2 f;I:LH/z

is considered. A modification to the original system of equations is made such that the
unknown terminal currents are replaced with the known values at the current time level.
The solution to the modified circuit equation is defined as x*. After some algebra, it can be

shown that the solution at the time n + 3/2 can be defined as
X2 gt 7 (I?+3/2 . 2) (2.71)

where 7 is the impedance matrix defined to be

T
(Xn+3/2 _ X*) (1?4‘3/2 _ I?+1/2>
2

7 =M1P = —
I?+3/2 _ I;z+1/2

Thus, given the total current flowing through the circuit terminals at the updated time, the

circuit states at the updated time can also be determined.

In the subset of the circuit unknowns x, one term that must be included is the voltage
drop across all of the terminals (V; for vector of all terminal voltages). Similar to other
circuit unknowns, the voltage drop across the terminals at the updated time can be defined
to be

VAR LI VA (I;‘+3/ 2ty 2) (2.72)

where Z is the square matrix subset of the impedance matrix 7 that corresponds to the
voltage drop across the terminals. Since the voltage drop over the segment is associated with
the magnetic flux on the segment with the Faraday’s law, the above equation can be coupled
with the resistive advance of the magnetic flux for the segments in order to solve the circuit

equations implicitly with the coupled plasma dynamics.

To illustrate the circuit formulation discussed thus far with a simple example, consider
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a case for an RLC circuit connected to the external segments. This simple system can be

represented by a system of two differential equations given as

d/y
V.- Vo=Rlp+ L—
0 o+ 1
dVve.
C = —]
dt 0

where V, is the voltage drop over the capacitor, V| is the voltage drop over the terminal, I
is the total current through the terminal, and R, L, and C are the resistance, inductance,
and capacitance, respectively. Discretizing the above equation implicitly in time, a matrix
system of equations can be obtained to be the following:

—At At| |V —Lpt? — (RAt + L)

0 C Vcn+3/2 o Cvcnﬂ/z At

In+3/2
0
It can be seen that the above equation has the same form as Eq. 2.70.

For the simple case of the RLC circuit, the analytical solution for x* and 7 can be

obtained exactly. Directly solving, one obtains that

v VI (R ALY I
X = =
‘/c* ‘/Cn+1/2 _ (At/c) I(’r)L-‘rl/Q
and _
5 _ R+ L/At+ At/C
At

A subset of the above solution is a solution for the terminal voltage, which is given to be
V= vy - 2 (1 - )

where Zy = R+ L/At + At/C. Note that for the simple example considered, only one

terminal is present in the circuit. Thus, a scalar equation for the terminal voltage with a
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scalar terminal impedance is obtained. This simple example shows how the general form of

the circuit advance algorithm can be used to advance any user supplied external circuits.

2.4.2  Coupling of the External Circuits with the Segment Magnetic Flux

Recall that the external conductors are discretized into current carrying segments. From

Faraday’s law, the time change of magnetic flux over the external segments are given to be

dw,
dt

1
27

where W, is a vector of the external segment magnetic flux, V, is a vector of the voltage
drop across the segments, and N is a vector of the turn number for the segments. Note that
A @ B is a Hadamard (elementwise) division.

In order to couple the segment magnetic flux to the external circuits, the relationship for
the voltage and circuit between the circuit terminals and segments must be made. Since the
segments are connected in parallel to the circuit terminal, one can express the relationship

between the circuit terminal and the external segment voltage as
V,=F,V,—R,ol, (2.75)

where ﬁp is a parallel segment coupling matrix that maps the circuit terminal voltage asso-
ciated with the segment to the segment voltage, V, is a vector assembly of all of terminal
voltages (V) in all active circuits, Ry is a vector of segment resistivities, and I is a vector
of segment currents. Note that A o B is a Hadamard (elementwise) product.

Since the total current flowing in a circuit terminal is a sum of currents flowing in all
parallel segments associated with the terminal normalized by the segment turn number, one
can express the relationship between the circuit terminal and the external segment current
as

I, = F (I,oN,) (2.76)
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where (ﬁg is a transpose of the parallel segment coupling matrix defined previously and I, is

a vector assembly of all terminal currents (I;) in all active circuits.

Discretizing the Faraday’s law for the segments implicitly in time and using the relation-
ship between the segment and terminal voltages, one obtains

27

AT 0N, + R, oI/ = F,vits/? (2.77)

where AW, = W/2 _ g2 {5 4 change in the segment flux. Using the result for the
terminal voltage obtained by the circuit advance equation, one can define the following

relationship from the global assembled active circuit quantities:
VISR = v — 7 (T2 - T2 (2.78)

where Zq is the global impedance matrix, which is an assembly of all of the Z from all of the
external circuits in the system. Using this results for the active circuits, following advance

equation for the segment magnetic flux can be obtained after some simplification:

2 > <> <>
ZAW, + [ding (R, 0 N,) + (F,2,F7) 0 (N, & N,)| 1972

= [F, (Vi + Z,;72) | o N, (279)

where diag (d) denotes a diagonal matrix with the diagonal entries defined by vector d and

A ® B denotes dyadic product.

The final task is to relate the currents to the magnetic flux to reduce the unknowns on the
left-hand-side. Since there exists a linear relationship between the magnetic flux and current
in the discretized system, one can assume that there exists a segment coupling matrix which

relates the segment current to the segment magnetic flux with a following relationship:

I, = Sw,
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where S is the segment coupling matrix [28|. With this relationship, the implicit advance of

the external magnetic flux with coupled active circuits can be expressed as the following:

{QA—ZT + [diag (Rs @ Ny) + (fpi)g(ﬁ;ﬁ) @ (N; ® NS)} §} \I,gz+3/2

<> <> 27
. * n+1/2 n+1/2
= [Fp (Vg—f-ZgIg )] @NS—FE\IJS (2.80)
Thus, given the definition of the segment coupling matrix, a complete coupled equation of

the segment flux and the external circuit advance is obtained, and it can be coupled with

the magnetic flux advance in the fluid domain.

Note that the above equation is rather complex to solve numerically, especially when
it is coupled with the fluid domain. The above equation can be simplified significantly
when few assumptions are made to the circuit. First, assume that all circuits in the system
only contain a single terminal to which the segments can connect. This reduces the global
impedance matrix to a diagonal matrix. Next, assume that the turn ratio for all segments
connected in parallel are equal to each other. Under this assumption, there is only a single
turn ratio associated with the terminal, and N, = (ﬁpNg, where Ny is the vector assembly

of the turn ratios associated with terminals.

With these two assumptions, the implicit advance of the external magnetic flux reduces

to the following:

2 <> > <> <>
{KZI n [diag (R, 0 N,) + I, diag (Z, ® N, & Ng)Fﬂ S} g2

o 2T

_ * n+1/2 n+1/2

= [F) (Vy+2,0 ;") | o N+ w2 (2581)
To further simplify the above equation, consider splitting the above equation to explicit
and implicit advances. Assume that only the implicit contribution couple with the implicit

resistive magnetic flux advance for the fluid domain. Since the segment resistance is typically

small compared with the impedance associated with circuits, consider advancing the segment
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resistance with an explicit advance rather than the implicit one, which reduces the coupling

of the parallel segments in the implicit advance. Then, one obtains

At 1<
* n+1/2 * n+1/2 n+1/2
A e —I—g[Fp(vg—FZgOIng/)—RSOIS+/]@NS (2.82)
for the explicit advance and
27T n * had . e hd n
N (ErH32 — Wr) + I diag (Zy @ Ny @ N FT ST 32 = 0 (2.83)

for the implicit advance.

The implicit advance can be further reduced by noting that after the splitting of the
equation into the explicit and implicit advance, the unknown magnetic flux for parallel
segments are redundant. This is due to the fact that under the simplifying assumptions, the
change of flux in the parallel segments are all equal to each other, so ¥, = Fpllfg. Thus, the
reduced implicit advance is given to be the following:

21

= ding (N, o N, @ Z,) + FISF,| A®, = —FTSF,w! (2.84)

p g

where W1 H/% = Q:+ﬁpAmg. The above equation is Hermitian symmetric, and it is generally

far simpler to solve than the original equation [28§].

2.4.83 Deriwation of Segment Coupling Matrix

To derive the segment coupling matrix, consider a variational formulation of the azimuthal

current density, given to be

Jy(r,z) = —i%A*\IJ = (;—pr/ (2.85)
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where

1 1 1 1
W:—/JﬂdA:-U —]V\If\2dA+/ —\WFdA}
2 /’I’O Qint r Qext r

where W is the total magnetic energy, €2;,; is the fluid domain, and €).,; is the external

vacuum domain in the rz-plane [62]. It can be seen from the construction of the variational

<>

formulation that a form of equation I, = §\Ils with a Hermitian symmetric operator S can

be obtained with a suitable spatial discretization of the variational formulation [28].

In the external region, a general solution for U is given to be

1 1
U (r,z) = @/ Js (r',2)Gp (r,z;r', 2') dA" — — —Wp (r',2) 9Gp
Qezt

= dl/
4w A Joq,., T on/

where G p is a Green’s function for the given domain €2.,; with a boundary condition satisfied
in the boundary of the Q.;; domain (0€Q), and Vg is the value of the magnetic flux on
the boundary Unfortunately, the form of Gp is not known in general for an arbitrary fluid

domain boundary.

Instead, Green’s reciprocity theorem can be considered to obtain a general solution for the
magnetic energy for any arbitrary axisymmetric geometry. The Green’s reciprocity theorem
is given to be

/ (\IJJ;) — \II'J¢) dA = 1 (UB; —V'B;) di
Q Ho Joa
where B, is the tangent magnetic field on the boundary 9€). Let the unprimed system be
the original system with the fluid domain and external domain, and the primed system to be
the transformed system with the same domain geometry as the original system, but with the
currents in the plasma domain equal to zero ( s=0¢€ Qint). The primed system is assumed

to have the same magnetic structure in the external domain as the original unprimed system

(\I]/ == \Ij S Qez‘t a’nd B£|8ﬂezt = Bt|8Qezt).

Using the Green’s theorem, the contribution to the total magnetic energy due to the
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external domain can be expressed as

1 1
— S|V U,|* dA
200 Ja,. T

1 ) 1 p o1
- / e dA - fgg . (K¢+ %Bt) al

space

Wext -
(2.86)

where K (;, is a surface current density on the boundary 0€2.,; and J* is the current density in
all space in the primed system, including the surface current density Kj,. Note that the first
integral on the right-hand-side has been extended to all space using the fact that J* =0 in

the fluid region. Mathematically, J* can be expressed as
J(r,2) = J}, (r,2) + K} (r, 2) Sk (1, 2) (2.87)

where

1 €00
Sk (r,z) =

0 otherwise

In the primed system, the currents everywhere in space is defined by J*. Thus, the
solution to the magnetic flux in the external region (W¥.,;) can be defined in terms of the

well-known vacuum magnetostatics Green’s function in the axisymmetric geometry as
U (r,2) = Ho / J (' 2 G (ry 20, 2) dA (2.88)

where G is a Green’s function for the vacuum magnetostatics in the axisymmetric geometry

defined to be

G(r,zr, 2 = \/(r +r) + (2 — 2)? [(2— k) K (k) — 2E (k)] (2.89)

where

4y’

(r+ r’)2 + (z — z’)2

K =
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and K (k) and F (k) are the complete elliptic integral of the first and the second kind,

respectively.

In the primed system, an additional care is required in defining B; because of the boundary
surface current K. Using the interface condition, the surface magnetic field can be defined

in terms of the vacuum magnetics Green’s function and the surface current as

* / ]‘ /
/ J* —dA ~ Sk, (2.90)

where the direction of the normal vector is defined from the fluid domain to the external
domain. With the solution of ¥.,; and B; obtained in terms of the Green’s function and the
variables in the primed system, the solution for the magnetic energy in the exterior region

can be obtained to be

1 .
Wt = _go {// {J* (r,2) J*(r',2") — §KQ) (r,2z) J* (r',2") Sk (r, z)} G(r,z;r', 2) dA'dA
T

f /J* —ﬁ dA’ dl} (2.91)
0eqr MO

The final task is to discretize the current and flux on the segments to obtain a discretized
system of equations for magnetic energy. The current density J* is discretized assuming a

constant current density on each segment such that

= Z [;Sa (7°7 z) (2.92)

where

1 on a-th segment
Se (1, 2) =

0 otherwise

and [ is the current flowing in the segment « in the primed system.

The expression for the discretized magnetic flux in the segments can be obtained using
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the mutual inductance matrix as

Vo =) Mapl} (2.93)
B

where M,z is a mutual inductance of segment o and 3 defined to be

1
M,p = Z;l NP // r,zyr' 2 didlf (2.94)

where [, and [z are the length of the segment a and , respectively [28].

Finally, the spatially discretized expression for the external magnetic energy is obtained
to be
1 1
We:}ct = §\I/aM5iyl |:5a'y — Nao (Ka’y + 550’7):| ‘Ijﬂ (295)

where 9,4 is the the Kronecker delta and Einstein summation convention is assumed in the

above equation. The two matrices K,3 and 7,4 are defined to be

- /
Kog = 47T I / dldi (2.96)

and

dop « is boundary segment
Nap =
0 otherwise

Taking the variation of W, with respect to ¥, the explicit form of the segment coupling

matrix § can be obtained to be

1 1 1
Sa,B = 5 {M/g_»yl |:5a7 — Nao (Ka'y + 5507):| + |:6'yo¢ - (K'yo + 55 0> 77004:| M»y_ﬁl} (297)

where the Einstein summation convention is assumed in the above equation. It can be seen

from the structure of the segment coupling matrix that it is indeed Hermitian symmetric.
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2.5 Anisotropic Thermal Conduction and Viscous Velocity Transport

The anisotropic thermal conductions for ions and electrons require additional numerical cares
to deal with the strong anisotropy that exists. For both ions and electrons, the thermal

conduction problem is given as

nok 01,

— 2= _V-q,+b. 2.98
v—1 ot Qo (2.98)
where
BB <
o = — (Xﬁ—Xi)W+XiI VT,

and x| and x are the parallel and perpendicular thermal conductivity, respectively. The

term b, represents the additional terms in the temperature equation of species a.

As discussed by Gunter et al. [63], when a naive finite difference implementation of the
anisotropic thermal conduction operator is taken (asymmetric scheme), one obtains signifi-
cant pollution in the perpendicular direction from the numerical errors caused by the parallel
direction. To fix this issue, Gunter proposes a symmetric finite difference approach which
minimizes the errors introduced by the parallel to the perpendicular direction. With the
symmetric scheme, a finite difference of V - q at node (i, 7) is defined based on the heat flux
vector q defined at a staggered node (i &+ 1/2, j £ 1/2), which is located at the center of the
four cells surrounding the node (7, j). The heat flux at the staggered node is computed using
the four nodes associated with the cell on which the staggered node is located. Gunter re-
ports positive results for anisotropic thermal conduction with this approach, and accuracies
equivalent or better than that of the higher-order finite element method of the NIMROD

code is reported.

While the application of the Gunter’s symmetric finite difference approach is possible,
numerical testings suggested issues associated with the numerical instability for typical FRC
formation and translation problems. This is caused by the existence of a region with a

large and rapid magnetic change. The location of the staggered node on which the cell-
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based quantities are computed becomes highly important, as the normalized magnetic field
vector direction may vary significantly over a cell in a single time step. This introduces
high frequency noise of significant local magnitude, and in the explicit portion of the energy
advance, such rapid local variation in temperature can lead to highly prohibitive CFL time-
step conditions.

While the rapid local variation of the magnetic direction vector can be reduced by using
cell averaged quantities or through the judicious choice of flux limiting, when the final finite
difference divergence of the heat flux vector is taken, one cannot ensure that the local finite
difference approximation remains stable. This is due to the fact that such stabilizing method
is typically applied over a cell where the heat flow vectors are computed for the symmetric
differencing approach. Even when a reasonable approximation of the heat flow vector is
made over the cell, one cannot ensure that collection of four cells for every node in the
domain results in well behaving finite difference of the divergence operator. This is especially
problematic near the axis where the axis symmetry conditions are enforced for the cylindrical
coordinate. As such, near challenging magnetic field regions, numerical instability may

develop and cause the code to become unreliable.

2.5.1 Hybrid Finite Difference/Finite Element Implementation of the Thermal Conduction

As an alternative to the finite difference approach, Barnes developed a hybrid Finite Differ-
ence/Finite Element implementation of the anisotropic thermal conduction for Cygnus [28].
A finite element formulation allows continuous functions to represent magnetic field and
temperature, which largely avoids the issue of the finite difference case where the selection
of the approximation location causes significant change in the obtained solution. On the
other hand, converting the entire code already written with a finite difference scheme is no
trivial task. Thus, by using a hybrid scheme, the anisotropic terms can be handled with
finite elements to take advantage of the improved spatial representation, while the remaining
terms can be handled using the existing finite difference method.

To obtain a finite element representation of the heat equation given in Eq. 2.98, first,
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a variational form of the heat equation is constructed. To obtain the variational form of
the problem, multiply both side of Eq. 2.98 by a test function 7" and perform a volume

integration to obtain

nk OT
T* — —b| dV = -VT*d 2.
/V [7_1(% }v /qu v (2.99)

where
/q.VT*dV:—/ [M;—QM(B-VT*) (B-VT) + x. (VT*) - (VT)| dV
Vv 1%

Note that the subscript a has been dropped from the above equation. In the above equation,

a Dirichlet boundary condition has been assumed for the temperature.

In order to remove the left-hand-side of Eq. 2.99 from the finite element discretization,
one can consider applying a “mass lumping” procedure to the left-hand-side to essentially
diagonalize the left-hand-side terms to nodal quantities with no cross-couplings to other
nodes in the finite element context. Note that the left-hand-side term can be expressed as

the following;:

1 nk 0T nk 0T
— | T — — V = T — — 2.1

One can see from the structure of Eq. 2.100 that after the basis function is defined and the
variation with respect to the nodal T™ is taken, when all of the local contributions from
the finite elemental matrices are assembled into the global matrix, the sum of the local
matrices for each nodes essentially represents a numerically approximated nodal volume
integrated contribution to the nodal temperature advance. As such, it is not unreasonable to
approximate the above equation with a diagonal “mass lumping” such that when a variation

with respect to the nodal T is taken, one obtains

o 1 .| nk oT
5T {%/VT L_ o —b] dV} ~ V,F, (2.101)
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for the a-th node, where V,, is the effective nodal volume for the a-th node and F,, represents

the finite difference approximation to the left-hand-side contribution for the a-th node.

Now consider the right-hand-side term of Eq. 2.99. In order to make further progress,
a finite element discretization must be introduced. Since a rectangular grid from the finite
difference method already exists, a 4-node rectangular element can be introduced to define
the problem domain. Defining an areal coordinate, a = r?/2, following four basis functions

can be defined [28]:

wo(a, z) = No(a)Ni(z) (2.102a)
¢1(a, z) = N3(a)N1(2) (2.102b)
p2(a, z) = No(a)Na(2) (2.102¢)
p3(a,z) = N3(a)Nz(2) (2.102d)
where
Ny(a) = Xa (2.102€)
Ni(z) = =2 " (2.102f)
No(z) = Z;ZZO (2.102g)
Na(a) =~ 0 (2.102h)

where Aa = a1 — ag and Az = z; — z. With these basis functions, the temperature over the

element can be expressed as the following:

3
T=> T (2.103)
1=0

Since the azimuthal gradient is zero for an axisymmetric problem, there are no contribution

from the azimuthal magnetic field in the vector terms. Thus, it is convenient to replace B
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in terms of the magnetic flux ¥ to obtain:

(2.104)

v oT™ v oT™ v or v or
(B-VT*)(B-VT):(a 0 ov o )(8 0 0 8)

da 9z 9z da ) \Da 0z 9z da

Note that the same basis function as the temperature is used for the magnetic flux [28].

With the finite element discretization defined, the right-hand-side terms of Eq. 2.99 can
be integrated locally over a cell, and the variation can be taken to generate a linear system
of equations for the local nodes. Then the local matrices are assembled into a global matrix
to solve with the finite differenced left-hand-side terms. The obtained integrals are simple
to evaluate with the exception of the denominator term B?. To simplify the problem of
performing the exact integral, note that the heat conduction contributions are obtained by
a linear first order differential operator on the temperature. As found by Barnes, one can
replace the accurate description of (XH - X L) /B? (and similarly y, term) by a constant
value over the cell of interest without introducing additional errors that may change the
spatial error order of the numerical approach [28]. As such, terms dependent on the thermal
conductivities can be pulled out of the integral and the remaining terms can be integrated

exactly.

One difficulty with this approach, as discovered by Barnes, is that when an “incorrect”
value of B? is used in the denominator, it becomes possible that the magnitude of the
local finite element representation of BB/B? becomes greater than unity in certain region
of the cell when there are large gradient in the magnetic field over the cell. As such, a
negative diffusive behavior may be introduced due to the presence of the negative eigenvalues

associated with the perpendicular conductivity operator [28].

The solution by Barnes for this problem is to use the maximum value of B? over the cell
of interest. By using the maximum magnitude over the cell element, this ensures that the
locally varying magnetic field direction vector and its average over the cell are always less

than or equal to unity [28]. In practice, this can be achieved by maximizing the following
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function:

2 1 2

2a

(9_\1/
0z

|ow

B?>=|—
Oa

B (2.105)

In Eq. 2.105, the first term on the right-hand-side is independent of a and second term
is independent of z, when the finite element defined in Eq. 2.102 is used. As such, if the
azimuthal component can be neglected, the maximum magnetic field magnitude over the cell
can be obtained exactly by maximizing the first two terms independently and summing the
maximum of the two terms [28]. However, the presence of the azimuthal component makes

the maximization difficult, as it contains terms with products of a and z.

In order to circumvent this complexity in computing the maximum magnetic field magni-
tude, one can note that the purpose of maximizing the magnetic field magnitude over the cell
is simplify for numerical stability. This goal can be achieved if the approximated magnetic
field magnitude is greater than or equal to the exact maximum value over the cell. Since the
sum of the maximum of the magnetic field components are always greater than or equal to
the exact maximum of the magnetic field magnitude, one can replace the maximum value of

the magnetic field with the maximum of each components such that

2 N 1
max %

The above equation is numerically simpler to evaluate and, in the case, when By = 0 in the

ov

max (32) < max (‘Z—f ™
z

2) + max (B}) (2.106)

cell, the above expression is exactly equal to the maximum magnetic field magnitude over

the cell.

With this modification, the finite element representation of the left-hand-side contribution
of Eq. 2.99 can be defined fully. By combining the left-hand-side contribution defined using
the finite element method with the right-hand-side contribution defined using the finite
difference method, the combined hybrid finite element/finite difference formulation of the
anisotropic heat equation can be obtained. Numerical testings by Barnes showed good

results using the hybrid approach even in regions with large magnetic field gradients [28|.
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2.5.2  Hybrid Finite Difference/Finite Element Implementation of the Anisotropic Viscosity

In the process of implementing the plasma-neutral model of Meier and Shumlak, an anisotrop-
ic plasma viscosity was also implemented to improve the transport physics. To implement the
anisotropic plasma viscosity, Barnes’ hybrid finite difference/finite element implementation
of the anisotropic thermal conduction is extended for anisotropic viscous stress tensor. Again,
one starts with a variational formulation to derive a finite element representation. To obtain a
variational formulation of the velocity equation, one can consider the virtual power principle
for the fluid mechanics [64]. Using the virtual power principle, the variational form of the

velocity equation is given to be

/u* (mna—u —b) av = / (Vu*) : fldv (2.107)
|4 at 14

where u* is the virtual velocity and b is the generalized body force. In the above equation,
a Dirichlet boundary condition is assumed for the velocity, and the hydrostatic pressure
contribution to the full pressure stress tensor has been included in the generalized body
force b. It can be seen that when the variation of the above equation with respect to the
virtual velocity is taken, the original fluid velocity equation is obtained.

As it has been written, the right-hand-side of Eq. 2.107 contains a “stiffness matrix” asso-
ciated with the anisotropic viscosity. The left-hand-side contains all terms from the velocity
advance equation that are implemented in Cygnus with a finite difference discretization.
While it is possible to obtain a full finite element formulation of the velocity advance from
the variational formulation, since the finite difference implementation of the velocity equa-
tion without the anisotropic viscosity already exists, it is desirable to take advantage of the
existing code. Implementing a full finite element implementation of the velocity advance
requires complete rewriting of the velocity advance algorithms, and it may also introduce
additional issues that are not present with the current finite difference implementation (e.g.
ensuring upstream differencing in fluid advection, etc.).

In order to remove the left-hand-side of Eq. 2.107 from the finite element discretization,
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one can consider applying a “mass lumping” procedure to the left-hand-side to remove nodal
cross-couplings in the finite element approximation. Note that this does not mean that the
left-hand-side is made fully diagonal, as the finite difference implementation may introduce
an additional nodal coupling (e.g. isotropic viscosity, semi-implicit operators, etc.). Since
the finite difference left-hand-side has a block diagonal structure with respect to the coordi-
nate direction, in order to make the finite element formulation compatible with the existing
implementation, the radial, azimuthal, and axial components must be treated separately in

the finite element.

For the radial and azimuthal components, the left-hand-side is expressed as the following:

1 Ouy. 4 mn 0
2 /., r(j)( ot _br¢> dV = // ruy ) [ = (rttrg) — brg| drdz (2.108)

For the radial and azimuthal components, velocity unknowns in the finite difference imple-

mentation use flux quantities (radius times velocity). It can be seen from Eq. 2.108 that
when the finite element implementation is carried out and the system of equations is con-
verted into a numerical system, the above contribution for a node essentially represents a
numerically approximated nodal area integrated contribution to the nodal velocity advance.
As such, it is not unreasonable to approximate the above equation with a diagonal “mass
lumping” such that when a variation with respect to the nodal virtual velocity is taken, one

obtains

) 1 ou &
L * =8 b ) AV | &~ ALFT? 2.109
5 (T‘u:ﬁ)a {27( /Vum;) (mn ot 7ph) } o ( )

for the a-th node, where A, is the effective nodal area for the a-th node and F*® represents

the finite difference approximation of the left-hand-side contribution for the a-th node.

Similarly, for the axial component, the left-hand-side is expressed as the following:

1 . ou, B .
7 Vuz(mnat —bz) dV—//uz(

Similar to the radial and azimuthal case, when the finite element implementation of Eq. 2.110

az —bz> rdrdz (2.110)
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is carried out and the system of equations is converted into a numerical system, the above
contribution for a node essentially represents a numerically approximated nodal volume
integrated contribution to the nodal velocity advance. As such, it is not unreasonable to
approximate the above equation with a diagonal “mass lumping” such that when a variation

with respect to the nodal virtual velocity is taken, one obtains

) 1 ou
— * 7z _ ~ FZ* 2.111
5 (us), {%/V“Z (m” ot bZ> dv} Vol (2.111)

for the a-th node, where F represents the finite difference approximation to the left-hand-

side contribution for the a-th node.

Now consider the right-hand-side stiffness term of Eq. 2.107. First, the non-gyroviscous

contribution can be expanded into the following form:

5
(V) : 1, = =Y ik (2.112)
i=1
where
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Fs =[(BB) : (Vu')[[(BB) : (Vu)]

Next, the gyroviscous contribution can be expanded into the following form:

(Vu*) : 11, = — i i F; (2.114)
where
o Lns
"=95R
_ 127y —ms
Ny = 5 28
F6 = (61 X B) : T
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G, = (V) - (Vu) + (Vu) - (Vu*) + (V) - (Vu)’ + (Vu)! - (vur)?
Gy = [B- (Vu)][B - (Vu*)] +[(Vu) - B][(Vu) - B] + [B - (Vu)] [(Vu*) - B]

+[(Vu)-BJ[B - (Vu’)]

In order to make further progress, a finite element discretization must be introduced.
Using the basis functions introduced in Eq. 2.102, the velocities and the magnetic fields over

the element can be expressed as the following:
3
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where
do = ‘IJO - \112
diy =¥ — ¥y
dg = \113 — \IJQ
and
dg = \111 — \113

Note that the flux variable has been used for the radial and azimuthal direction in order to

retain compatibility with the finite difference formulation.

As it is written, at the axis where ag = 0, the finite element representation looks as if it
is divergent. However, one can use the axial symmetry condition to remove the divergence
on the axis. Thus, when ap = 0, (ru,)o = (ru,)2 = (Tug)o = (Tup)2 = (rBy)o = (rBy)2 =
dy = 0. It can be shown relatively easily that when the axial symmetry condition is applied
to the above finite element representation, the divergence at the axis is removed from the

finite element representation.

With the finite element discretization defined, the right-hand-side terms of Eq. 2.107 can
be integrated locally over a cell, and then the variation can be taken to generate a linear
system of equations. Then the local matrix can be assembled into a global matrix to solve
with the finite differenced left-hand-side terms. Taking the integral of the right-hand-side,

one obtains :
/ (Vu*) : 1AV = — Z/ i Fy dV (2.118)
1% = Jv

where the volume integral is now over a single finite element cell.
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The above integral in Eq. 2.118 is rather difficult to solve exactly due to the nonlinearities
in the terms in front of the F; terms (viscosities and terms with inverse magnetic field
magnitudes). In order to simplify the above equation, the procedure of Barnes for the
anisotropic thermal conduction is applied [28|. Following Barnes, one can replace the accurate
descriptions of the terms in from of the F; terms with a constant value over a cell of interest.
As such, the terms in front of F; can be pulled out of the integral, and the remaining integral
can be solved exactly once the finite element descriptions of the velocities and magnetic fields
are introduced. Once the variation with respect to the nodal virtual velocities is taken, the

local finite element matrix is obtained to be
<> 7 <>
M=) M (2.119)
i=1

where 7); are the averaged constant values of the 7); over the cell and the sub matrices are

defined as the following:

) d?
i F(x*.x) dV 2.12
ik d* day /v (x*,x) (2.120)

where z; is an array of the nodal velocities (e.g. (ru,),;, (rug),, and (u.);). It is worthwhile to
note that the local matrices generated from the non-gyroviscous terms are fully symmetric,

while the matrices generated from the gyroviscous terms are fully skew-symmetric.

The integration of F; can be performed exactly and an analytical solution can be readily
obtained. The final task is to obtain the constant cell averaged values of the modified
viscosity coefficients for each sub-matrix (7;). Again, following Barnes’ approach, a modified
maximum magnitude of the magnetic field over the cell is used in the evaluation of the
constant viscosity coefficients (used in the denominator as a normalization magnitude) as

discussed earlier.

With the both side of Eq. 2.107 defined, the combined system of equations can be solved
numerically. In Cygnus, since the viscosities are treated implicitly, this results in inversion

of the global coupled stiffness matrix generated from the finite element approach. Since the
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boundary condition is Dirichlet zero, this is implemented by simply removing the terms in
the global matrix corresponding to the skin nodes.

Unlike the original finite difference case, the anisotropic viscosity introduces a cross cou-
pling of the velocities in different coordinate directions. The implicit finite difference con-
tributions are introduced as a block diagonal contribution to the global matrix equation
system. The explicit finite difference contributions are introduced on the right-hand-side
vector. Thus, the finite element implementation of the anisotropic viscosity can be intro-
duced into the plasma velocity equation with minimal modification to the original finite
difference implementation.

With the finite element based anisotropic viscosity implemented in the velocity equation,
the viscous heating contribution in the energy equation must be accounted to obtain a
consistent set of equations. In principle, it is possible to carry out the finite element approach
similar to what has been carried out in the velocity equation for the energy equation, but
this is rather cumbersome calculation in a cylindrical coordinate. Rather, it would be more
ideal to re-use the global finite element matrix generated for the velocity equation to obtain
an approximation for the viscous heating for the energy equation.

Since the viscous heating is given as (Vu) : I it can be seen that the generated fi-
nite element matrix already contains information for the viscous heating. For node «, the

anisotropic viscosity in the finite element representation is given to be

i1
d(ar), 2m

/(Vu*) 1AV = —(M - @1)a

where 1 is an array of the global nodal velocity unknowns (given earlier as x over the local
element). Thus,
1

5 (Vu) : 1dV = —@-M- @

which states that the global sum of the viscous heating is given by the dot products of
the global nodal velocity unknowns to the finite element matrix from both side. Since

the gyroviscous contribution does not contribute to the viscous heating because it is skew-
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symmetric, one can consider a nodal contribution of the viscous heating by performing a
symmetric distribution of the global viscous heating sum, ensuring that the skew-symmetric

terms vanish naturally in the formulation.

The simplest yet effective symmetric approximation for the nodal viscous heating contri-
bution is given to be

[(Vu) : ﬁL ~ —iﬁa - [(ﬁ : ﬁ>a + (ﬁ : ﬁ)a] (2.121)

It can be seen that when the nodal viscous heating contribution is multiplied by the nodal
volume and a sum is taken over the entire domain, it exactly reproduces the total global

viscous heating energy sum from the finite element representation.

The above form for the viscous heating can be used for any non-energy conservative
implementation of the energy equation (such as temperature equation, pressure equation,
etc.). However, for the energy conservative implementation, the viscosity contribution to the
kinetic energy must also be accounted. The kinetic energy contribution from the viscosity
isu- (V- ﬁ) From the finite element representation, the nodal contribution of (V - ﬁ) is

represented as

1 5 1 o 8
)ms]a NS ) (7““?«5)&%/(%1 ) : av
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for the radial and the azimuthal component, and
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for the axial component. Thus, the nodal kinetic energy contribution of the viscosity can be

approximated to be
[u (V- ﬁ)]a ~ Via [ﬁa (M- ﬁ)a] (2.122)

Combining the internal and the kinetic energy contribution from the viscosity, the nodal
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viscous energy contribution for the energy conservative implementation is given to be

[V- (ﬁ-uﬂa ~ %ﬁa- Kﬁ'ﬁ)a - (1\‘7{-11)&} (2.123)

«

Thus, the contribution from the finite element representation of the anisotropic viscosity
to the plasma velocity and energy equation can be formulated to be compatible with the

existing finite difference formulation in Cygnus.
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Chapter 3

SAMPLE PROBLEMS FOR FRC FORMATION AND
TRANSLATION

In this chapter, sample problems for FRC formation and translation using simplified
geometries are used to explore effects of neutrals on the FRC formation and translation pro-
cesses. Results from the plasma-neutral model are compared with calculations made with
the original fully ionized MHD implementation of the Cygnus code. Simplified problems
are used to run parametric sweeps of various simulation conditions to determine the overall
response of the FRC formation and translation processes predicted by the model. In partic-
ular, simulation results are used to generate data similar to that from common experimental
diagnostics to understand the response of the collected experimental data on the simulation

conditions.

Results from these simplified problems are useful in guiding the selection of simulation
initial conditions and transport coefficients when trying to match experimental behaviors.
The knowledge of the FRC response due to the change in the simulation setup can speed up
the tuning process of simulation parameters in order to agree with the experiment. It also
helps shed some new light on the local behavior of the FRCs when, as in the experiment,

only limited sets of diagnostics are available.

In Section 3.1, the effect of the initial ionization level on the static formation of an FRC is
explored. In Section 3.2, the effect of the various Cygnus transport coefficients on the static
formation of an FRC is explored. In Section 3.3, the effect of various neutral distributions

on the dynamic formation and translation processes is explored.
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3.1 Effect of the Initial Ionization Level for Static FRC Formation

In order to understand the response of the FRC formation process due to the initial ioniza-
tion level, a static FRC formation problem is constructed using a simple three-coil formation
system using the programmed formation technique. The initial plasma density in the forma-
tion chamber is initialized after the bias flux is imbedded in the preionized plasma; thus, the
dynamics of the partially ionized gas due to the magnetic force from the bias field injection

are neglected.

The idealized problem is set up to be simple but reasonable for typical FRC formation
experiments. The geometry of the formation chamber used for this problem is shown in
Fig. 3.1. The initial magnetic flux topology at the start of the simulation is also shown on
the same figure. The formation coil is initialized with a reversed bias flux of 11 mWbh, while
the two trigger coils on the ends are initialized with a forward bias flux of 14 mWb. The
external circuit is constructed to allow the magnetic flux on the coils to be specified as a
function of time; a sinusoidal quarter-cycle increase to the peak forward flux followed by a
linear decay is used. A quarter-cycle time of 3 ps with a decay time of 30 ps is used, which is
a reasonable approximation of the typical crowbar circuit used for FRC formations. A flux

swing of 55 mWb and 60 mWb are used for the formation and trigger coils, respectively.

To simulate the experimental diagnostics, magnetic flux and axial magnetic field probes
are positioned under the coils. This allows the computation of the excluded flux similar to
the experimental outputs. Total of seven diagnostic probes with equal spacing are used with
the first (on the right) and the last (on the left) probes located directly under the mid-plane
of the two trigger coils. In addition, NDL at the midplane of the formation coil and at the
gap between the formation and the trigger coils are computed. Using the excluded flux and
NDL results from the simulation, one obtains clues on how to discern the initial ionization

level from the experimental measurements.

As a reference simulation, a fully ionized static gas fill case is used. An initial atomic

deuterium fill density of 3.5 x 10** m™3 with the initial ion and electron temperatures of
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Figure 3.1: Simplified formation chamber geometry used for the simulation. The initial
magnetic flux topology due to the bias fields are shown with the negative flux shown in blue.

0.5 eV is used. For all subsequent simulations in this section, a kinematic isotropic viscosity
of 1000m?/s and 10m?/s are used for the plasma in the closed and open field line region,
respectively; that of 100m? /s is used for the neutrals. Both the Spitzer and electron-neutral
collision resistivities are included, with the anomalous Chodura resistivity set to C. = 0.5
and f. = 3. For both electrons and ions, the Braginskii thermal conductivities are used with
the parallel diffusivity capped from 102 to 10° m?/s and the perpendicular diffusivity capped
from 1 to 10> m?/s. The neutral thermal conduction is based on the hard-sphere collision
model, and it is capped to the same value as the parallel diffusivity limit for the plasma.
The plasma transport settings are based on the past MHD simulations, while the neutral

transports are selected for numerical stability.

3.1.1 Uniform Initial Preionization

For this set of simulations, the initial ionization level of the uniform gas fill in the chamber is
adjusted. A sweep of the initial ionization level with 90%, 70%, 50%, 30%, and 10% ionization
is performed. The neutral species is initialized with an initial temperature of 0.025 eV that

roughly corresponds to the room temperature. An effective ionization potential of 100 eV is
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used for all simulations.

The resulting FRC separatrix shape at the time of the first minimum excluded flux
radius is shown in Fig. 3.2. Effectively, it corresponds to the state of the maximum radial
implosion before the axial contraction starts. The time evolution of the FRC relative radius
and separatrix elongation is shown in Fig. 3.3. The effect of the radial implosion and axial
contraction can be seen early in time, and by 20 ps, the FRC is mostly quiescent with its

dynamics governed by the resistive loss of the magnetic flux.
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Figure 3.2: The shape of the FRC separatrix at the time of the first minimum excluded flux
radius for a sweep of the initial ionization fraction. Only the right half of the separatrix
shape is shown due to the symmetry of the result.

As it can be seen from Fig. 3.2 and Fig. 3.3, when the initial ionization level in the for-
mation chamber is reduced, an FRC with a smaller separatrix radius and length is obtained.
In addition, the FRC has a greater axial contraction as the initial ionization is reduced,
resulting in a more prolate FRC as opposed to the elongated one. This is due to the reduced
trapped flux and particles in the FRC when the initial ionization is reduced as shown in
Fig. 3.4.

Since it takes a finite time for the neutrals to be ionized by the current sheath that forms
during the radial implosion, some neutrals are not ionized inside the closed field line and

are lost from the FRC. Thus, the final particle inventory is lower when the initial ionization
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Figure 3.3: The time evolution of the FRC (left) relative radius and (right) separatrix elon-

gation for a sweep of the initial ionization fraction.
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Figure 3.4: The time evolution of the (top left) trapped flux, (top right) trapped particles,
(bottom left) volume averaged electron temperature, and (bottom right) volume averaged
ion temperature for a sweep of the initial ionization fraction.
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level is lower. In addition, since there are reduced initial plasma inventory in the FRC,
the magnetic field is allowed to diffuse more readily during the implosion due to the higher
resistivity. However, for the initial ionization level of 30% or higher, the trapped flux and
particle inventory in the FRC is not significantly different from the fully ionized case once
the FRC reaches a quiescent state. It is only the case with the initial ionization level of 10%
that diverges significantly from others for the trapped flux and particles.

The greatest effect of the initial ionization level can be seen in the time evolution of the
electron temperature. Since there are electron energy losses associated with each ionization
event, when there is a large initial population of neutrals, a significant energy is expended
by the electrons in the FRC. The ion temperature, on the other hand, is dominated by the
heating due to the radial implosion and axial contraction; thus, the ion temperature at the
first peak is similar for all simulated cases. The late time divergence of the ion temperature
is due to the thermal equilibration process with electrons.

For the case when the initial ionization level is 10%, an early drop in the electron temper-
ature during the implosion process can be observed. This is caused by too much ionization
occurring during the radial implosion that reduces the electron temperature to a level where
the ionization process is significantly hindered. As a result, the neutral particle loss dur-
ing the reversal process is enhanced. For all other cases, no visible drop in the electron
temperature is observed. This suggests that the loss of the ionization efficiency due to the
reduced electron temperature during the radial implosion is the primary source of the reduced
trapped flux and particle inventory for the 10% ionized case. Thus, there exists a minimum
threshold initial ionization level to ensure that the efficiency of the ionization process is not
compromised during the field reversal.

The simulation generated excluded flux and NDL measurements for the tested cases are
shown in Fig. 3.5 and Fig. 3.6, respectively. In general, the excluded flux signal is reduced as
the initial ionization level is reduced. The behavior of the excluded flux signal is similar to
the case when the resistivity is enhanced. Thus, if only the excluded flux signal is available,

one may incorrectly conclude that the reduction in the excluded flux amplitude is due to
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anomalous resistivities rather than the initial ionization level.
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Figure 3.5: The simulation generated excluded flux measurements for a sweep of the initial
ionization fraction.
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Figure 3.6: The simulation generated line integrated plasma density (NDL) for a sweep of
the initial ionization fraction.

As it can be seen from Fig. 3.6, the NDL signal offers far better indication of the initial
ionization level, as the initial value of the NDL corresponds to the initial ionization level.
The NDL measured in the coil gap region shows very little signal in the early time for the

10% ionized case, which correctly shows that the bulk of the FRC is missing on the line chord
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that the NDL is computed. This is contrary to other cases where the excluded flux signal
shows reasonable strength in this region during the same time period. Unfortunately, at the
peak, the NDL signal does not offer clear indication of the lower particle inventory for the
10% ionized case due to the volume averaging effect from the radial weighting as discussed

in Section 1.2.4.

The volume averaged density inside the FRC is shown in Fig. 3.7. The averaged density
is computed using both experimental results (using Eq. 1.6) and raw simulation data. It
can be seen that while the 10% case has the least particle inventory, it has the highest
volume averaged density due to its small volume. Thus, unless an accurate FRC volume can
be discerned from the excluded flux signal, the FRC particle inventory may be incorrectly
inferred from the NDL signal. Thus, the greatest experimental clue for the initial ionization
level in the formation chamber is the early time NDL signal before the firing of the main
formation coils, as the late time results from the NDL signal requires accurate understanding
of the FRC geometry. Furthermore, while the experimentally computed value captures the
average FRC density well in the quiescent period, it fails to accurately capture the magnitude

of the average FRC density during the dynamic phase.
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Figure 3.7: The average FRC density for a sweep of the initial ionization fraction computed
using (left) NDL and excluded flux radius and (right) direct simulation results.
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In summary, for FRCs formed with a static uniform fill with uniform initial ionization
level, a reduction in the initial ionization level causes a reduction in the FRC trapped flux
and particle inventory. Due to the lower trapped flux and particles, the resulting FRC
becomes smaller in radius and length. The strongest indicator of the ionization event is in
the electron temperature, as it is directly influenced by the energy loss associated with the
ionization process. The excluded flux signal does not give clear indication of the influence
from initial ionization level, as the resulting loss in the excluded flux signal looks similar
to resistive effects. The NDL signal offers better indication of the initial ionization level.
However, care must be taken in interpreting its result, as it is strongly influenced by the

local plasma geometry.

3.1.2  Wall Localized Preionization

For this simulation, a sweep of the initial ionization level from Section 3.1.1 is repeated with
a modification: the initial ionization is assumed to be localized near the formation chamber
wall. For the initial density profile in the simulation, a fully ionized layer is initialized near
the outer radius with the neutral gas populated everywhere else. The initial ionization level
is now understood to be the volume averaged ionization level in the chamber. With this
simple setup, the radius at which the gas transitions from a neutral gas to a fully ionized

plasma can be computed as
= 1- fz Rw

where r is the transition radius, f; is the volume averaged initial ionization level, and R, is
the radius of the formation chamber.

The resulting FRC separatrix shapes at the time of the first minimum excluded flux
radius is shown in Fig. 3.8. The time evolution of the FRC relative radius and the separatrix
elongation is shown in Fig. 3.9. The effect of the radial implosion and axial contraction can
be seen early in time, and by 20 ps, the FRC is mostly quiescent, and its dynamics are

governed by the resistive loss of the magnetic flux.
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Figure 3.8: The shape of the FRC separatrix at the time of the first minimum excluded flux
radius for a sweep of the wall localized ionization. Only right half of the separatrix shape is
shown due to the symmetry of the result.
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Figure 3.9: The time evolution of the FRC (left) relative radius and (right) separatrix elon-
gation for a sweep of the wall localized ionization.

Compared to the uniform ionization case, the FRC length has a stronger dependence on
the initial volume averaged ionization level for the wall localized case. The separatrix radius
at the time of the maximum radial implosion is largely the same for all cases except for the
10% case. Again, the FRC geometry is governed by the trapped flux and particles, and the
time evolution of key FRC parameters computed from the simulation results is shown in

Fig. 3.10.
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Figure 3.10: The time evolution of the FRC (top left) trapped flux, (top right) trapped
particle, (bottom left) volume averaged electron temperature, and (bottom right) volume
averaged ion temperature for a sweep of the wall localized ionization.

As it can be seen in Fig. 3.10, the trapped flux increases in general as the initial volume
averaged ionization level is reduced. Furthermore, more flux is trapped with the wall localized
ionization compared with a uniform ionization. The exception to this trend is the 10% case
where the trapped flux is reduced when the initial ionization is concentrated near the wall.
This behavior is caused by the fact that as long as a plasma layer of a sufficient thickness
exists near the wall, the gas behaves similar to the fully ionized case when the main formation
coil is fired. This is due to the skin depth effect in the plasma layer where the penetration and
diffusion of the magnetic field through the plasma is governed. This effect can be observed
in the time evolution of the FRC particle inventory, as early in the implosion process, the

particle loss follows the same rate as the fully ionized case until the plasma production from
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the ionization begins to dominate.

The FRC length reduction for the wall localized case is caused by the enhanced axial
diffusion of the magnetic field near the cusp region. While the radial diffusion of the magnetic
field is hindered by the fully ionized outer layer, the axial diffusion is not because the plasma
initially only exists in the thin layer. In the uniform ionization case, the plasma covers the
entire radius of the device, so the rate of the axial diffusion is not distinctively different from
that of the radial diffusion. The enhanced axial diffusion of the magnetic field causes the
formed FRC to be shorter, but the radius is largely unchanged due to the reduced radial
diffusion. For the 10% ionized case, the initial ionization layer is not large enough compared
to the local skin depth thickness. Thus, the radial bucking of the magnetic field is not
enhanced, and only the axial magnetic diffusion is enhanced due to concentration of the
initial plasma in a thin layer; this results in an FRC with a lower trapped flux and particle
inventory.

The simulation generated excluded flux and NDL signals are shown in Fig. 3.11 and
Fig. 3.12, respectively. As it can be seen, the excluded flux signal for all cases excluding the
10% case behaves largely the same as the fully ionized case early in time, and it is only in
the late time bouncing that they begins to diverge. The 10% case diverges from the rest
as expected. When there is a sufficient amount of highly ionized plasma near the wall, the
information of the local ionization level is largely lost from the excluded flux signal, as it
closely follows the case of the fully ionized case. The only time the experimental excluded flux
signal can be used as an indicator for detecting a wall concentration of the initial ionization
is when the experimental excluded flux can be matched well with a fully ionized simulation
model, but the NDL signal has a poor agreement.

The NDL signal offers better indication of the initial ionization level, but it is complicated
by the radial dependence. Compared to the uniform ionization case, the initial NDL signal
before the main coil firing for the wall localized case is smaller for the same volume aver-
aged ionization level. Thus, unless one knows the accurate radial dependence of the initial

ionization, the volume averaged initial ionization level could be interpreted incorrectly from
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Figure 3.11: The simulation generated excluded flux measurements for a sweep of the wall
localized ionization.
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Figure 3.12: The simulation generated line integrated plasma density (NDL) for a sweep of
the wall localized ionization.

the experimental data. One indication of the wall concentrated ionization can be observed
in the early time behavior of the NDL signal right after the main coil firing. When there
is a concentration of the ionization near the wall, the initial NDL signal begins flat with a
behavior similar to the fully ionized case before it starts increasing. As such, if the initial
signal from the NDL is small and the NDL signal begins flat immediately after the main bank

firing, there is a good chance that the initial ionization is concentrated near the formation
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chamber wall.

The volume averaged density inside the FRC is shown in Fig. 3.13. Again, the volume
averaged density is computed using both the experimental and the raw simulation data. The
agreement early in time during the FRC dynamics is quite poor. Since only the late time
experimental results are useful in obtaining the actual volume averaged density, the effect of
radial ionization dependence early in time cannot be extracted easily from the experimental

results.
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Figure 3.13: The average plasma density in the FRC for a sweep of the wall localized
ionization computed using (left) NDL and excluded flux radius and (right) direct simulation
results.

In summary, when the initial ionization is concentrated near the wall, the resulting FRC
contains more trapped flux and particle inventory compared with the uniform ionization
case with the same initial volume averaged ionization level. Furthermore, the FRC length is
shorter for this case. However, the reduction in the FRC length is difficult to extract from
the excluded flux signal, as the diagnostic is not sensitive enough to track a small reduction
in the FRC length. This is due to the fact that the excluded flux signal cannot resolve
a separatrix characteristic scale length smaller than the coil radius [25]. Unless multiple
interferometers are used to measure the axial density data of the FRC as it is oscillating

axially, the reduction in the FRC length due to the wall concentrated ionization cannot be
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determined experimentally with ease. The only indication of the wall localization effect is
in the early NDL signal right after the main bank firing, as the NDL signal will remain

relatively flat similar to the fully ionized case before it begins to increase.

3.1.83 Radially Imploded Preionization

In the process of imbedding the bias flux in the preionized gas, it is possible for an azimuthal
current to develop as the conducting gas tries to buck the axial magnetic field from diffusing
in. As a result, it is possible for the preionized gas to be imploded radially to evacuate a
region near the wall before the main formation bank is fired. In order to study the effect
of the plasma implosion early in the preionization, series of tests are conducted where the

initial radius of the gas fill is reduced.

To test for this effect, the 30% initial uniform ionization case from Section 3.1.1 is taken
as a reference. The cases with the initial fill density reduced to 90%, 70%, and 50% wall
radii are tested. It is assumed that the number of particles in the chamber is same for all
cases. Thus, when the radius is reduced, the fill density is increased to compensate for the

volume reduction. The initial fill density for each radius can be computed as

R 2
n = <F1:> N

where R, is the wall radius, R, is the outer radius of the initial gas fill, and nq is the fill
density when R, = R,,.

The resulting FRC separatrix shape at the time of the first minimum excluded flux radius
is shown in Fig. 3.14. The time evolution of the FRC relative radius and separatrix elongation
is shown in Fig. 3.15 for all simulated cases. It can be seen from two figures that reduction
in the initial gas radius has a direct influence on the final radius of the imploded FRC. The
length of the FRC is not influenced as strongly as its radius. Thus, more elongated FRCs

are produced.



98

R_R,, = 100% (2 pss)

R_/R,, =90% (2.1 ps)

R,/R,, = 70% (2.4 ps)

R,/R,, = 50% (2.7 ps)

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45
Z (m)

Figure 3.14: The shape of the FRC separatrix at the time of the first minimum excluded
flux radius for a sweep of the initial implosion radius. Only right half of the separatrix shape
is shown due to the symmetry of the result.
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Figure 3.15: The time evolution of the FRC (left) relative radius and (right) separatrix
elongation for a sweep of the initial implosion radius.

The time evolution of key FRC parameters computed from the simulation results is shown
in Fig. 3.16. As it can be seen, the resulting trapped flux is severely reduced when the initial
fill radius is decreased. This is caused by the loss of all of the initial magnetic field in the
vacuum region between the outer radius of the initial fill and the wall. Since there is no
plasma in which the bias magnetic flux is frozen, all of the flux in this vacuum region is

lost during the field reversal. This behavior is same as what was discussed previously in
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Section 1.2.3 for the inherent flux loss associated with the ringing theta-pinch ionization

method.
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Figure 3.16: The time evolution of the FRC (top left) trapped flux, (top right) trapped
particle, (bottom left) volume averaged electron temperature, and (bottom right) volume

averaged ion temperature for a sweep of the initial implosion radius.

On the other hand, the particle inventory is largely unchanged compared to the drastic

decrease in the trapped flux, except for the 50% radius case. As a result of the lower trapped

flux compared to its particle inventory, more elongated FRCs are produced compared with

FRCs formed in the same device with a same level of trapped flux but with the gas fill right

up to the wall. This is due to the fact that for the case when the gas fill is right up to the

wall, in order to shed the same amount of the magnetic flux to form the FRC, the particle

in the outer flux surfaces will be lost together with the trapped flux. As such, the particle

inventory in such case is lower, and more prolate FRCs are produced.
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For the 50% radius case, the particle inventory is significantly lower than other cases
due to lack of ionization occurring in the closed field region. Since most of the flux loss
is associated with the vacuum region, there is not much initial flux trapped within the
preionized gas. As a result, only weak azimuthal currents develop in the plasma sheath
during the implosion process. Thus, the electron Joule heating is reduced, and the electron
temperature cannot increase efficiently to a level where large amounts of ionization processes
occur. As it can be seen in Fig. 3.16, the electron temperature in the FRC remains capped
and flat for the 50% radius case. The average electron temperature is below 13.6 €V, which
is the ionization threshold for deuterium; thus, the ionization efficiency is severely degraded.

While it is not as severe as the 50% radius case, the capping of the electron temperature
can also be seen for the 70% radius case. However, the electron temperature is still able
to slowly increase to a level sufficient for reasonable ionization. As such, while the particle
inventory for the 70% case is lower than that for the fully ionized case, it is reasonably close,
considering its significantly lower trapped flux.

The initial fill radius has more dominant effect on the ion temperature. While the re-
duction in the electron temperature was caused by the reduced Joule heating and ionization
energy loss, the ion temperature loss is caused by the reduced radial stroke distance of the
FRC radial implosion. Due to this reduction, the FRC develops a lower radial kinetic en-
ergy during the implosion process as the plasma coupling to the external circuit is reduced.
Thus, when the radial kinetic energy is converted into the thermal energy at the end of the
implosion process, resulting ion temperature is lower.

The simulation generated excluded flux signal is shown in Fig. 3.17. The effect of the
reduced trapped flux can be seen clearly from the excluded flux signal as the lift-off flux is
reduced for the smaller radius cases. The reduction in the lift-off flux is caused by the lack
of plasma near the wall that can hinder magnetic field diffusions. Since all bias flux in the
vacuum region is completely lost during the field reversal, the lift-off flux is governed by the
amount of initial flux that is trapped by the reduced radius gas fill. Furthermore, as the fill

radius is reduced, due to the smaller radius FRC that is produced, the excluded flux signal
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is smaller at the time of the maximum radial implosion. Furthermore, the radial oscillation

in the excluded flux signal is reduced due to the lower radial kinetic energy from the radial

implosion.
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Figure 3.17: The simulation generated excluded flux measurements for a sweep of the initial
implosion radius.

The simulation generated NDL signal is shown in Fig. 3.18. For the case with a smaller
initial fill radius, the NDL signal is amplified both initially and after the radial implosion.
As it can be seen in the average plasma density shown in Fig. 3.19, due to the larger par-
ticle inventory compared with the FRC volume, the average plasma density in the FRC is
increased as the initial fill radius is reduced. Furthermore, as the initial fill radius is reduced,
the width of the peak NDL signal increases. This is due to the reduction in the radial bounce
of the formed FRC.

In summary, when the initial fill radius of the FRC is reduced, the resulting FRC has a
reduced trapped flux, but with a larger particle inventory compared with an FRC of similar
flux level. This results in more elongated FRCs to be produced. As a result, the NDL shows
much larger signal compared with similar FRCs that are more prolate. In addition, both the

ion and electron temperatures are reduced as the initial fill radius is reduced. The excluded
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Figure 3.18: The simulation generated line integrated plasma density (NDL) for a sweep of
the initial implosion radius.
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Figure 3.19: The average plasma density in the FRC for a sweep of the initial implosion
radius computed using (left) NDL and excluded flux radius and (right) direct simulation
results.

flux signal generally shows reasonable indication of the reduced fill radius, as the lift-off
flux is significantly reduced and the FRC dynamics after the maximum radial implosion are

largely dampened.
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3.1.4  Quter Radius Localized Preionization with Radial Implosion

Similar to the previous simulation, consider a case where the initial gas in the formation
chamber is radially imploded by the process of imbedding the bias flux. This time consider
the case when the initial ionization is concentrated at the outer radius. Thus, the initial
distribution of the gas is similar to the case of the wall localized ionization in Section 3.1.2,
except with the initial outer radius reduced. As a reference, the wall localized ionization
with an initial volume averaged density of 30% from Section 3.1.2 is used as a reference.
The cases with 90%, 70%, and 50% wall radii are tested. Similar to the previous radially
imploded simulations, the number of particles in the chamber is the same for all cases, and

the total fill density can be computed to be

_ (R
ny = R, o

where nyo is the total fill density when R, = R,, and n, is the total density of the reduced
radius case. The radius at which the gas transitions from a neutral gas to a fully ionized gas

can be computed as the following:
r= - fz Ro

The resulting FRC separatrix shape at the time of the first minimum excluded flux radius
is shown in Fig. 3.20. The time evolution of the FRC relative radius and separatrix elongation
is shown in Fig. 3.21. Compared with the uniform ionization cases, the FRC length is shorter
while the FRC radius is larger. This is due to the enhanced radial bucking and axial diffusion
of the magnetic field as discussed previously for the wall localized ionization case. Besides

this change, the behavior of the FRC is similar to what is seen in Section 3.1.3

The time evolution of key FRC parameters computed from the simulation results is
shown in Fig. 3.22. Similar to the previous case, the reduction of the trapped flux due to the

smaller initial fill radius is observed. Compared with the uniformly ionized case, the trapped
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Figure 3.20: The shape of the FRC separatrix at the time of the first minimum excluded
flux radius for a sweep of the initial implosion radius with a localized ionization. Only right
half of the separatrix shape is shown due to the symmetry of the result.
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Figure 3.21: The time evolution of the FRC (left) relative radius and (right) separatrix
elongation for a sweep of the initial implosion radius with a localized ionization.

flux is larger, as observed previously for the wall localized ionization case. Compared with
the previous simulation, the biggest effect of the local concentration of the ionization is in
the electron temperature. Since the outer radial layer of the initial fill is fully ionized, a
sufficient azimuthal current can be generated in the outer layer during the radial implosion.
Because of this, there is sufficient Joule heating to maintain the electron temperature from

being quenched by the ionization process. As a result, a reasonable ionization efficiency is
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maintained even for the 50% radius case, and the number of the particles trapped in the

FRC is increased.
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Figure 3.22: The time evolution of the FRC (top left) trapped flux, (top right) trapped
particle, (bottom left) volume averaged electron temperature, and (bottom right) volume
averaged ion temperature for a sweep of the initial implosion radius with a localized ioniza-
tion.

The simulation generated excluded flux signal is shown in Fig. 3.23. Similar to the
previous case, the excluded flux is reduced for the smaller radius. However, compared to
the previous simulation, the excluded flux is larger in general due to the plasma layer that
enhance the radial bucking of the magnetic field. Since the radius reduction has the most
effect on the excluded flux signal, the details of the local concentration of the ionization
cannot be determined from the excluded flux signal with ease.

The simulation generated NDL signal is shown in Fig. 3.24, and the averaged FRC density
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Figure 3.23: The simulation generated excluded flux measurements for a sweep of the initial
implosion radius with a localized ionization.

is shown in Fig. 3.25. The NDL signals shows a flat profile immediately after the coil firing,
which is a characteristic of the outer radius concentrated ionization. Similar to the previous
radial implosion case, the NDL signal is significantly amplified for the case with smaller fill
radius due to the small FRC radius and large particle inventory. In general, the NDL signal
for the localized ionization case has a smaller amplitude than the similar condition with a
uniform ionization. This is caused by the smaller FRC radius in the uniform ionization case.
Thus, while the localized ionization case has a higher particle inventory, the NDL signal for

the uniform ionization case has a higher magnitude.

In summary, when the initial ionization is concentrated near the outer radius, the trapped
flux and particle inventory is improved over the similar condition with a uniform initial ion-
ization. As such, more prolate FRCs are produced. In general, conclusions from Section 3.1.2
and Section 3.1.3 both apply here, as this case is a hybrid of the previous two cases. By
concentrating the ionization near the outer radius, the electron heating is improved, and the
issue of the electron temperature quenching seen from the uniform ionization case is removed.

It is noteworthy that although the particle inventory is improved here, the resulting NDL
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Figure 3.24: The simulation generated line integrated plasma density (NDL) for a sweep of
the initial implosion radius with a localized ionization.
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Figure 3.25: The average plasma density in the FRC for a sweep of the initial implosion
radius with a localized ionization computed using (left) NDL and excluded flux radius and
(right) using direct simulation results.

signal shows reduced magnitude over the similar uniform density case. Thus, the result from

the NDL signal requires significant care in its interpretation, as it is strongly dependent on

the FRC geometry.
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3.2 Survey of the Effect of the Transport Coefficients in the FRC Formation

In order to understand the response of the FRC formation process due to various transport
coefficients available in the Cygnus code, the static FRC formation problem from the previous
section is used to perform a parametric sweep of the Cygnus transport coefficients. Again, the
initial plasma density in the formation chamber is initialized after the bias flux is imbedded
in the preionized plasma, so the dynamics of the bias field injection are neglected.

The case with a uniform 30% ionization from Section 3.1.1 is used as a reference simulation
for the parametric sweep of the transport coefficients. In general, the default transport
options discussed in Section 3.1 is used for coefficients not being varied in a sweep. Exceptions
are noted. Sweeps of following transports are performed in this section: effective ionization
potential (Section 3.2.1), Chodura resistivity (Section 3.2.2), Bohm resistivity (Section 3.2.3),

isotropic viscosity (Section 3.2.4), and anisotropic viscosity (Section 3.2.5).

3.2.1 Effect of the Effective lonization Potential on FRC Formation

As discussed in Section 2.2.5, in order to account for the energy loss associated with the
electron impact excitation of neutrals during the ionization process, an effective ionization
potential is used. In order to obtain the change in the FRC formation behavior caused by
different levels of the effective ionization potential, a sweep of the following potential values is
performed: 13.6 €V, 50 eV, 100 eV, 150 €V, 200 eV, and the electron temperature dependent
dynamic effective ionization potential discussed in Section 2.2.5.

The resulting FRC separatrix shape at the time of the first minimum excluded flux radius
is shown in Fig. 3.26. The time evolution of the FRC relative radius and the separatrix
elongation is shown in Fig. 3.27. As the effective ionization potential is increased, smaller
initial FRCs are produced due to the enhanced electron energy loss. The dynamic effective
ionization case shows similar length as the higher potential cases, but with a larger radius.
This is due to the fact that for the dynamic case, the effective ionization potential is large for

low electron temperature, but small for high electron temperature. Thus, when the neutrals
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are ionized with a radially imploded plasma layer, the effective ionization is lower due to the

higher electron temperature in the imploded plasma layer.
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Figure 3.26: The shape of the FRC separatrix at the time of the first minimum excluded
flux radius for a sweep of the effective ionization potential. Only right half of the separatrix
shape is shown due to the symmetry of the result.
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Figure 3.27: The time evolution of the FRC (left) relative radius and (right) separatrix
elongation for a sweep of the effective ionization potential.

The time evolution of key FRC parameters computed from the simulation results is shown
in Fig. 3.28. As it can be seen, the biggest effect of the effective ionization potential is a

modification in the electron temperature. For the higher potential, the electron temperature



110

is capped until the ionization is completed. The particle inventory for all cases is similar,
but for smaller potential, the ionization is completed earlier in time as it can be seen from
the peaks of the particle inventory. The trapped flux is also larger for the lower effective

ionization potential, as more plasma are generated quicker to prevent the bias flux from

diffusing out.
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Figure 3.28: The time evolution of the FRC (top left) trapped flux, (top right) trapped
particle, (bottom left) volume averaged electron temperature, and (bottom right) volume
averaged ion temperature for a sweep of the effective ionization potential.

The simulation generated excluded flux signal is shown in Fig. 3.29. The lift-off flux is
largely the same for all cases. This is due to the fact that no significant ionization occurs
by the time the plasma lifts off from the wall; thus, differences in the effective ionization
potential have negligible effects on the lift-off flux. The difference between the cases occurs

at the first minimum of the excluded signal. Since significant ionizations occurred during the
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radial implosion, the excluded flux signal begins to diverge at this point due to the difference
in the trapped flux and particles. When the effective ionization potential is increased, the

excluded flux is lower after the radial implosion, and successive oscillations are dampened.
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Figure 3.29: The simulation generated excluded flux measurement for a sweep of the effective
ionization potential.

The simulation generated NDL signal is shown in Fig. 3.30. The general shape of the
NDL signal is similar for all cases under the main coil, but larger signal is observed for the
higher effective ionization potential. Since the particle inventory for all cases are similar, the
difference in the NDL signal is caused by the difference in the FRC volume for each case. In
general, the only change seen in the NDL signal due to the change in the effective ionization
potential is the signal amplification due to smaller FRC radius.

From the simulation results, it can be seen that results from the dynamic effective ion-
ization potential case generally fall between the 150 eV and 200 eV cases. Based on Fig. 2.1,
this suggests that there are sufficient ionization processes occurring in the 2-3 eV electron
temperature regime that cause this case to show behavior similar to the 150 eV and 200 eV
cases. This suggests that while the electron temperature quickly increases during the radial

implosion to a level where the dynamic effective ionization potential is below 20 eV, low
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Figure 3.30: The simulation generated line integrated plasma density (NDL) for a sweep of
the effective ionization potential.

temperature effects cannot be neglected in the ionization as the energy and particle losses
are dominated in the low temperature regime.

In summary, increasing the effective ionization potential directly reduces the electron
temperature in the FRC. As a result of the electron temperature decrease, ionization is
reduced during the radial implosion, and smaller FRC is produced with lower trapped flux.
The particle inventories for all cases are similar in the quiescent state after formation. In

general, changes in FRC dynamics are driven by the modification in the electron temperature.

3.2.2  Effect of Chodura Resistivity on FRC Formation

Typically in the FRC modeling, the empirically adjustable Chodura resistivity is used to
tune the computed FRC trapped flux to the experimentally observed value. Thus, choosing
appropriate Chodura resistivity coefficients is important part of the FRC modeling process.
In many cases, only the Chodura C-factor needs to be adjusted, and the Chodura F-factor of
3 is a reasonable choice. For fully ionized MHD calculations, Chodura resistivity is adjusted
to obtain a reasonable trapped flux loss during the field reversal process.

To obtain the influence of the Chodura resistivity in the plasma-neutral model, a sweep of

the Chodura resistivity is performed. Again, the previous uniform 30% ionization case is used
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as a reference. Chodura C-factors of 0, 0.05, 0.5, 1.0, and 2.0 are used in the sweep. These
values corresponds to the typical range of the Chodura C-factors used in MHD simulations
of FRCs.

The resulting FRC separatrix shape at the time of the first minimum excluded flux radius
is shown in Fig. 3.31. The time evolution of the FRC relative radius and separatrix elongation
is shown in Fig. 3.32. In general, increased C-factor leads to a smaller FRC with reduced
radius and length. While the FRC size is reduced, the profile of the formed FRC is not
influenced strongly by the modification in the C-factor, as the separatrix elongation early
in time is quite similar. For C-factors of 0 and 0.05, the axial contraction begins before
the maximum radial implosion is obtained; thus, the profile at the time of first minimum

excluded flux radius has a distinctive hump at z = 0.15.
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Figure 3.31: The shape of the FRC separatrix at the time of the first minimum excluded
flux radius for a sweep of the Chodura C-factor. Only right half of the separatrix shape is
shown due to the symmetry of the result.

The time evolution of key FRC parameters computed from the simulation results is
shown in Fig. 3.33. As it can be seen, the amount of trapped flux is drastically reduced as
the Chodura C-factor is increased. The particle inventory is reduced with the trapped flux
because all of the frozen plasma on the outer flux line is lost when the resistivity is enhanced.

The electron and ion temperatures for all cases are similar, but minor differences are created
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Figure 3.32: The time evolution of the FRC (left) relative radius and (right) separatrix
elongation for a sweep of the Chodura C-factor.

due to different Joule heating. However, the temperatures of the quiescent FRC late in time
are similar for all tested cases except for the Chodura C-Factor of 2.0, where the FRC decays
resistivity by 14 ps.

The simulation generated excluded flux signal is shown in Fig. 3.34. It can be seen that
the increased Chodura C-factor leads to smaller excluded flux overall, including the lift-off
flux. The oscillation in excluded flux signals due to the radial and axial oscillation of the
FRC is similar for all cases, and the differences are caused by the time dependent decay
of the excluded flux signal for those with higher C-factor. Thus, increase in the Chodura
resistivity does not lead to damping of the FRC oscillation after the radial implosion.

The simulation generated NDL signal is shown in Fig. 3.35. While the volume of the
FRC is reduced as the Chodura C-factor is increased, the particle inventory is also reduced
to compensate the loss in volume. Thus, despite the smaller FRC volume, the NDL signal
for the higher Chodura C-factor is smaller in magnitude. The late time reduction in the
NDL signal is caused by the enhanced resistive loss of the trapped flux. Similar decay can
also be observed in the excluded flux signal.

In summary, the Chodura resistivity allows one to control the size of the FRC without

significantly altering its profile. With Chodura resistivity, the flux and particle losses from
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Figure 3.33: The time evolution of the FRC (top left) trapped flux, (top right) trapped
particle, (bottom left) volume averaged electron temperature, and (bottom right) volume
averaged ion temperature for a sweep of the Chodura C-factor.

the FRC caused by resistivity are tightly linked. As a result, the increase in the Chodura
resistivity does not cause significant changes to the volume averaged density of the formed
FRC. Thus, while the trapped flux and particle inventory are different for the tested values
of the C-factor, the elongation of the FRC is largely unmodified, as the general profile of
the FRC for all cases are similar. In general, the behavior of the Chodura resistivity is
unmodified by the presence of the neutrals. Thus, the Chodura resistivity can be tuned
similar to the fully ionized MHD simulations to match experimental flux and particle losses

in simulations.
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Figure 3.35: The simulation generated line integrated plasma density (NDL) for a sweep of

the Chodura C-factor.

3.2.83 Effect of Bohm Resistivity on FRC Formation

Bohm diffusion is a common form of an anomalous transport used for plasma systems that

have poor confinement characteristics. Such scaling may be observed when there is a high

neutral content in the system and the global transport processes are neutrally dominant.

For the FRC formation process, this condition is encountered in systems with low ionization.
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To obtain the influence of the Bohm resistivity in the plasma-neutral model, a sweep of
Bohm resistivity is performed. Again, the previous uniform 30% ionization case is used as
a reference. The anomalous Chodura resistivity is disabled for this sweep so the effect from
the anomalous Bohm resistivity can be isolated. A multiplier on the Bohm resistivity of 0,
1, 5, 10, and 20 are used.

The resulting FRC separatrix shape at the time of the first minimum excluded flux ra-
dius is shown in Fig. 3.36. The time evolution of the FRC relative radius and the separatrix
elongation is shown in Fig. 3.37. In general, since an increase in the Bohm resistivity is en-
hancement of the resistive effects similar to the Chodura resistivity, the FRC size is reduced.
Compared to the Chodura resistivity, increase in Bohm resistivity leads to a shorter FRC

with larger radius. Thus, it leads to formation of a more elliptic FRC.
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Figure 3.36: The shape of the FRC separatrix at the time of the first minimum excluded
flux radius for a sweep of the Bohm multiplier. Only right half of the separatrix shape is
shown due to the symmetry of the result.

The time evolution of key FRC parameters computed from the simulation results is
shown in Fig. 3.38. For all high Bohm case, the FRC decays away before the completion
of the simulation. Unlike the Chodura resistivity, the Bohm resistivity is not dynamically
adjusted by FRC dynamics. For Chodura resistivity, as the FRC reaches quiescent state, the

resistivity is naturally reduced from its peak value during the radial implosion. For Bohm
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Figure 3.37: The time evolution of the FRC (left) relative radius and (right) separatrix
elongation for a sweep of the Bohm multiplier.

resistivity, no such mechanism for dynamic adjustment exists. Thus, even after the FRC
reaches quiescent state, the Bohm resistivity continues to shed trapped flux and particles,

causing rapid resistive decay of the FRC.

Due to the enhanced resistivity, the electron temperature is higher for high Bohm cases.
This behavior is distinctively different from the anomalous Chodura resistivity, where the
change in the electron temperature was negligible late in time for all cases. As such, the
initial ionization proceeds quicker for the high Bohm case as it can be seen in the rapid
increase in the particle inventory early in time. However, due to the large flux loss due to
the high resistivity, the enhanced initial ionization is offset by the particle loss on the outer

flux surface.

The simulation generated excluded flux and NDL signal are shown in Fig. 3.39 and
Fig. 3.40, respectively. Similar to the Chodura resistivity, the excluded flux is reduced
overall when the Bohm resistivity is increased. A similar decay profile is seen in the late
time behavior of the excluded flux due to the resistive decay process. Again, the increase in
the anomalous resistivity does not enhance the damping of the oscillation in the excluded flux
signal. One major difference compared to the Chodura resistivity is the more aggressive loss

in the NDL signal as the Bohm resistivity is increased. While the increase in the Chodura
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Figure 3.38: The time evolution of the FRC (top left) trapped flux, (top right) trapped
particle, (bottom left) volume averaged electron temperature, and (bottom right) volume
averaged ion temperature for a sweep of the Bohm multiplier.

resistivity did not lead to major changes in the time dynamics of the volume averaged FRC
plasma density, the increase in Bohm resistivity leads to reduction of the volume averaged
plasma density. This suggests that the particle loss is faster than the flux loss when using

Bohm resistivity.

In summary, similar to the Chodura resistivity, increase in Bohm resistivity leads to
smaller FRCs with lower trapped flux and particles. Compared to the Chodura resistivity,
more elliptic FRCs are produced. Unlike the Chodura resistivity, the losses associated with
Bohm resistivity are persistent throughout the entire simulation. Thus, for the high Bohm
case, the FRC decays resistivity before the end of the simulation. In general, the Bohm

resistivity leads to larger particle loss compared to flux loss; thus, the rate of the average



density loss in the FRC is enhanced when the Bohm coefficient is increased.
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Figure 3.39: The simulation generated excluded flux measurement for a sweep of the Bohm
multiplier.
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Figure 3.40: The simulation generated line integrated plasma density (NDL) for a sweep of
the Bohm multiplier.

3.2.4 Effect of Isotropic Viscosities on FRC Formation

The isotropic viscosity is an important parameter to control the dynamics of the FRC for-

mation process. When the isotropic viscosity is increased, the radial and axial oscillation of

the FRC is suppressed and the formation dynamic is less violent. To obtain the influence of
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isotropic viscosities in the plasma-neutral model, a sweep of the kinematic isotropic viscosi-
ties is performed. Again, the previous uniform 30% ionization case is used as a reference.
Note that the viscosity of the plasma in the open field line and that of the neutrals are kept
to the same value as the reference case. Only the viscosity in the closed field line region is
modified in this test. A sweep of the kinematic isotropic viscosities with 10, 100, 500, 1000,
2000, and 4000 m?/s is performed.

The resulting FRC separatrix shape at the time of the first minimum excluded flux radius
is shown in Fig. 3.41. The time evolution of the FRC relative radius and the separatrix
elongation is shown in Fig. 3.42. For the higher viscosity case, the FRC is larger because
the implosion velocity is smoothened by the high viscosity. As such, the implosion kinetic
energy is converted into thermal energy during the radial implosion, leading to a creation of

a larger imploded FRC.
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Figure 3.41: The shape of the FRC separatrix at the time of the first minimum excluded flux
radius for a sweep of the kinematic isotropic viscosities. Only right half of the separatrix
shape is shown due to the symmetry of the result.

As it can be seen in Fig. 3.42, the dynamics of the radial and axial oscillations are
significantly dampened for the high viscosity case. In general, their average behavior is
unmodified by the increase in the isotropic viscosity. This can also be seen in the time

evolution of key FRC parameters computed from the simulation results that is shown in
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Figure 3.42: The time evolution of the FRC (left) relative radius and (right) separatrix
elongation for a sweep of the kinematic isotropic viscosities.

Fig. 3.43. In general, the average behavior of all quantities except for the ion temperature
is similar. The reduction in the trapped flux and particles for the low viscosity case is due
to the enhanced flux and particle losses during the radial and axial oscillations of the FRC.

The difference in the ion temperature is due to the enhanced conversion of the FRC
kinetic energy into the ion thermal energy for the high viscosity case. Since the ion heating
in the FRC is caused by the conversion from the FRC kinetic energy, when the viscosity
is increased, the energy loss associated with the dynamic oscillation is reduced as it is all
converted into ion thermal energy.

The simulation generated excluded flux and NDL signals are shown in Fig. 3.44 and
Fig. 3.45, respectively. As it can be seen, the signal for the high viscosity case is smooth
with negligible FRC oscillation in the excluded flux signal. Note that the lift-off flux is
largely the same for all cases. This is due to the fact that at the time of the wall lift-off, the
plasma has not gained much kinetic energy on which the viscosity can influence. After the
lift-off, the excluded flux is larger for the high viscosity case, which reflects the fact that the
produced FRC is larger.

From the NDL, one can see that the higher viscosity leads to a flatter behavior due to

less violent radial implosion. As such there are no NDL signal amplification due to density
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Figure 3.43: The time evolution of the FRC (top left) trapped flux, (top right) trapped
particle, (bottom left) volume averaged electron temperature, and (bottom right) volume

averaged ion temperature for a sweep of the kinematic isotropic viscosities.

pileup near the axis. Thus, while higher viscosity case generally has slightly more particle

inventory, the NDL signal is smaller early in time. In the later time when the FRC reaches

quiescent state, the NDL signal is largely the same for all cases, which reflects the fact that

the resulting FRC density is unmodified by the choice of the isotropic viscosities.

In summary, adjusting isotropic viscosity used in the simulation can modify the resulting

post-implosion oscillatory dynamics of the FRC. Besides the ion temperature, the remaining

FRC parameters are largely uninfluenced by the isotropic viscosity, thus it can typically be

adjusted independently of other transport coefficients.
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Figure 3.45: The simulation generated line integrated plasma density (NDL) for a sweep of
the kinematic isotropic viscosities.

3.2.5 Effect of Anisotropic Viscosities on FRC Formation

Due to the presence of the local magnetic field, an anisotropy is introduced to the local

transport. To investigate the effect of the anisotropic viscosity in the FRC formation pro-

cess, a sweep of various anisotropic viscosity conditions is performed. In the sweep, following

anisotropic viscosity conditions are performed: perpendicular kinematic viscosity of 10> m? /s
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and parallel kinematic viscosity of 103m?/s (v = 10%--10?), perpendicular kinematic viscos-
ity of 103m?/s and parallel kinematic viscosity of 103m?/s (v = 103-10?), perpendicular
kinematic viscosity of 102m?/s and parallel kinematic viscosity of 10*m?/s (v = 10%-10%),
perpendicular kinematic viscosity of 10°m?/s and parallel kinematic viscosity of 10*m?/s
(v = 10%-10*), and Braginskii viscosity.

The resulting FRC separatrix shape at the time of the first minimum excluded flux radius
is shown in Fig. 3.46. The time evolution of the FRC relative radius and the separatrix
elongation is shown in Fig. 3.47. It can be seen that at the time of the maximum radial
implosion, the resulting FRC length is controlled by the value of the parallel viscosity; the

influence due to the perpendicular viscosity seems to be largely negligible at this time.
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Figure 3.46: The shape of the FRC separatrix at the time of the first minimum excluded
flux radius for a sweep of the anisotropic viscosities. Only right half of the separatrix shape
is shown due to the symmetry of the result.

As it can be seen in Fig. 3.47, the modification in viscosity does not affect the long time
behavior of the FRCs. For all cases, the FRC relative radius and elongation all converge to
the same value. Unlike the shape of the FRC at the time of the maximum radial implosion,
the time dependent behavior of the FRC elongation seems to be governed by both the parallel
and perpendicular viscosity, as there are no clear separation of the elongation results based

on either the parallel or perpendicular value.
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Figure 3.47: The time evolution of the FRC (left) relative radius and (right) separatrix
elongation.

The time evolution of key FRC parameters computed from the simulation results is shown
in Fig. 3.48. Again, same general behavior observed for the isotropic viscosity is seen for
the anisotropic viscosity: when the viscosity is increased, the FRC oscillations are reduced.
As observed in the time evolution of the FRC geometry, the value of the parallel viscosity
has the greatest effect in smoothing FRC dynamics. In general, the Braginskii viscosity case
shows the least viscous behavior, as it has the lowest ion temperature, trapped flux, and
particle inventory.

The simulation generated excluded flux and NDL signals are shown in Fig. 3.49 and
Fig. 3.50, respectively. Again, similar dampening effects can be seen for the high viscos-
ity case. In the excluded flux signal, effects of the anisotropic viscosities are minor. The
global average profile is largely set by the parallel viscosity while the perpendicular viscosity
modifies the oscillation frequency of the dynamics. The NDL signal does not offer much
distinction between the anisotropic viscosity cases other than modifications in some of the
peaks. Again, the results suggest that Braginskii viscosity for the simulated problem is less

viscous compared with the lowest viscosity case tested (102-10%) but is comparable.

In summary, anisotropic viscosity shows similar effects as the isotropic viscosity tested in

the previous section. Depending on the choice of anisotropy, the oscillation behavior of the
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Figure 3.48: The time evolution of the FRC (top left) trapped flux, (top right) trapped
particle, (bottom left) volume averaged electron temperature, and (bottom right) volume
averaged ion temperature for a sweep of the anisotropic viscosities.

FRC after the radial implosion can be controlled. The shape of the FRC at the time of the

maximum radial implosion seems to be only controlled by the parallel viscosity. While the

anisotropic viscosity offers more control of the FRC dynamics, in most cases when matching

experimental results, isotropic viscosities are sufficient. Since there are many unknowns that

can potentially influence the experimentally measured excluded flux and NDL signal, the

general goal in selecting viscosity value in the simulation is to match the damping profile

of the FRC oscillation post implosion. Thus, for this purpose, isotropic viscosities are more

useful as their behaviors are better understood than the anisotropic case.
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Figure 3.49: The simulation generated excluded flux measurement for a sweep of the
anisotropic viscosities.
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Figure 3.50: The simulation generated line integrated plasma density (NDL) for a sweep of
the anisotropic viscosities.

3.3 FRC Formation and Translation with Dynamic Formation

In order to understand effects of neutrals in the dynamic formation process of FRCs, a series
of FRC formation and translation simulations is performed with the initial ionization level
varied similar to Section 3.1. Similar to the previous calculations, the initial plasma density

in the formation chamber is initialized after the bias flux is imbedded in the preionized



129

plasma in the formation section.

Again, the idealized problem is set up to be simple but reasonable for typical dynamic
FRC formation and translation processes. To simulate the dynamic formation process, the
formation chamber geometry from Section 3.1 is modified by replacing the long formation coil
with five discrete coils with the same dimension as the two trigger coils. A long cylindrical
coil is attached to one end of the formation section, where the dynamically formed FRC is
translated into. The geometry of the system used for this problem is shown in Fig. 3.51.
The initial magnetic flux topology at the start of the simulation is also shown on the same

figure.
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Figure 3.51: Simplified formation and translation chamber geometry used for the simulation.
The initial magnetic flux topology due to the bias fields are shown with the negative flux
shown in blue.

The last formation coil furthest from the translation section is initialized with a forward
flux of 14 mWb, while the remaining six formation coils are initialized with a reversed flux
of 11 mWhb. The translation coil is initialized with a forward flux of 20 mWb. In essence,
the last formation coil and translation coil serve as the trigger coils for this simulation to
produce an initial cusp field. The same circuit used in Section 3.1 is used for the formation
coils. A flux swing of 60 mWb is used for the last formation coil, while that of 55 mWb

is used for the remaining formation coils. The last two formation coils furthest from the
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translation section are fired at the start of the simulation, and each subsequent coil is fired
0.2 ps apart, working its way towards the translation coil. The translation coil is never fired,
so the initial bias flux is maintained throughout the simulation.

Two cases are investigated in this section, first is a case where the formation and trans-
lation section are statically filled with a uniform density of gas. The initial preionization is
assumed to occur only in the formation section, so the remainder of the device is initialized
with neutrals. The second is a case where the formation chamber is dynamically filled with
a uniform density of gas. For this case, only the formation chamber begins with a uniform
gas block and the remainder of the device is assumed to be under vacuum. For both cases,
fill density of 3.5 x 102° m~3 is used where gas exists. A sweep of the initial ionization levels
in the formation section of 100%, 90%, 70%, 50%, 30%, and 10% ionization is performed.
The remaining simulation setup is the same as what was described previously in Section 3.1.

The separatrix shape of the FRC at the time 3 ps into the simulation is shown in Fig. 3.52.
In the dynamic formation process, it is hard to define a single time where the FRC reaches
maximum radial implosion; thus, 3 ps is selected as a reasonable time where the FRC is
formed and is translating for all simulated cases. Since the gas fill in the formation section
is equivalent for both the static and the dynamic fill case, the formed FRCs are similar in
profile. Due to the additional background neutrals, there is additional drag in the formation
process caused by additional ionizations. As such, the formed FRC has a longer tail in the
static fill case. In addition, since there are no upstream neutrals impeding the translation
of the formed FRC in the dynamic fill case, the front of the FRC extends further into the
translation section.

For both simulations, once the formed FRC enters the translation section, the FRC
reaches a quiescent state with a finite bulk FRC geometry. Thus, to compare the FRC
profile in the translation section, the separatrix shape at the time 15 ps into the simulation
is shown in Fig. 3.53. In general, the FRC is farther back in the translation section for the
static fill case, as the neutral background provides a drag to the translating FRC. As a result
of this drag force, the FRC is shorter in length for the static fill case. In addition, the front
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Figure 3.52: The shape of the FRC separatrix in the formation section at 3 ps for (top)
static fill and (bottom) dynamic fill case for dynamic FRC formation.

of the FRC is more elliptic with a flat profile near the back due to the neutral interaction.
On the other hand, for the dynamic fill case, since there are no initial neutral gas in the

translation section, the translating FRC is more symmetric in its shape.

The time evolution of the FRC relative radius and separatrix elongation is shown in
Fig. 3.54. As noted earlier, the FRC length is longer in the dynamic fill case as the elongation
is generally larger. The radius of the FRC is similar for the two cases, but the static fill
case is slightly larger later in time in the translation section. Note that the two cases agree
reasonably with each other until later in time when the FRC enters the translation section.
As such, the differences in the FRC geometry are caused by the presence of the background

neutrals in the translation section.
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Figure 3.53: The shape of the FRC separatrix in the translation section at 15 ps for (top)
static fill and (bottom) dynamic fill case for dynamic FRC formation.

The time evolution of the FRC volume averaged velocity and temperature is shown in
Fig. 3.55. The drag effect from the background neutrals in the translation section is clear,
as the velocity for the static fill case decreases once it reaches maximum in the translation
section; for the dynamic fill case, the velocity remains mostly constant. For the case with
lower initial ionization in the formation section, the final velocity in the translation section
is lower. This is caused by two effects. First, when the FRC is being formed dynamically, a
larger FRC is produced for the case with higher ionization. As such, the FRC couples better
to the external circuit inductively, and the magnetic field is more efficient at transferring

axial momentum to the FRC.

Second, when the FRC is entering the translation section, due to the difference in the
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Figure 3.54: The time evolution of the FRC (top) relative radius and (bottom) separatrix
elongation for (left) static fill and (right) dynamic fill case.

magnetic field magnitude for this simulation setup, the FRC expands to reach equilibrium
with the local axial field. As such, the FRC thermal energy is converted into kinetic energy
when entering the translation section. This effect can be seen in Fig. 3.55, as the ion
temperature decreases as the FRC velocity increases. Since the higher initial ionization
cases begins in a more energetic state when entering the translation section, it is able to gain
more kinetic energy from its thermal energy during the entry process.

The time evolution of the trapped flux and particles in the FRC is shown in Fig. 3.56.
As it can be seen, the trapped flux in the FRC is almost equivalent for both the static and
dynamic fill case. The static fill case has slightly higher trapped flux, but it is negligible

compared with the change due to initial ionization levels. The sudden drop in the trapped
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Figure 3.55: The time evolution of the FRC volume averaged (top) axial velocity, (middle)
ion temperature, and (bottom) electron temperature for (left) static fill and (right) dynamic
fill case.

flux around 7 ps is caused by the injection into the translation section. It can be seen that

while the initial particle inventory of the formed FRC is same for both static and dynamic
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fill case, the particle decay rate is lower for the static case than the dynamic case. This is
due to the fact that as the FRC is translating in the translation section, the background

neutrals in the translation section are ionized and help sustain the FRC.
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Figure 3.56: The time evolution of the FRC volume averaged (top) axial velocity, (middle)

ion temperature, and (bottom) electron temperature for (left) static fill and (right) dynamic
fill case.

Note that the particle sustainment in the static fill case is not caused by the neutral
beam sustainment effects, i.e., neutral particles penetrating into the closed field region and
ionizing. Due to the upstream plasma that exists outside of the closed field region, there is
an ionization layer that forms ahead of the FRC in the open field line region. Thus, there
are no significant population of the neutral species near the separatrix of the FRC.

As an example, the contour of an ionization fraction at time 15 ps for 30% ionized static
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fill case is shown in Fig. 3.57. As it can be seen, the region near the separatrix of the FRC
is fully ionized, and due to the closed field structure of the FRC, the plasma produced in
the open field line region will not effectively penetrate the FRC to sustain it. The reason for
the improved particle confinement for the static fill cases is due to the increased population
of the plasma near the separatrix (in the scrape-off-layer) that reduces the particle diffusion

from the FRC.
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Figure 3.57: The ionization fraction at 15 ps from the start of the simulation for the case
with 30% initial ionization in a static fill condition. An ionization layer forms upstream to
the FRC, and near the FRC and in its wake, the gas is fully ionized.

The lack of background neutral penetration into the FRC is also evident from the time
evolution of FRC electron temperature in Fig. 3.55. If there are significant population of
neutrals penetrating into the FRC and then ionizing, the volume averaged FRC electron
temperature will be rapidly decreasing in the translation section due to the energy loss asso-
ciated with the effective ionization potential. However, in Fig. 3.55, the electron temperature
for both the static and dynamic fill cases are largely equivalent. Thus, this further confirms

inability for the background neutrals to penetrate into translating FRCs.
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3.4 Concluding Remarks for Sample Problems

This chapter explored the change in behaviors of the FRC when the initial ionization condi-
tion and transport coefficients are modified. In general, good understanding of the initial con-
dition and transport coefficients are crucial in optimizing the simulation results to agree with
the experimental measurements. It is shown that various combination of input parameters
can lead to similar modifications in the experimental excluded flux and NDL measurements.
Thus, unless a good understanding of the initial condition and expected transport scaling is
known a priori, it is easy to misinterpret the experimental results from the standard diagnos-
tics available in FRC experiments. Nevertheless, qualitative experimental observations can
often help determine the initial condition and transport setting that allow simulated results

to agree with experimental measurements.
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Chapter 4

SIMULATING VENTI-FORMATION EXPERIMENTAL
CONDITIONS

The Cygnus code with the two-fluid plasma-neutral model of Meier and Shumlak is used
to model FRC formation conditions encountered in the Venti-Formation experiment. The
results from Cygnus are compared to the experimental results from the Venti-Formation
device to determine whether the Cygnus model is suitable for capturing additional physics
associated with the plasma-neutral interaction processes.

For this study, three experimental shots are selected for comparison with the simulated
results: shot 938, 974, and 3275. These three shots are selected, because they were deter-
mined to be “good shots” during the experiment, meaning that the experiment proceeded
without any anomalies and the result indicated production of a well behaving FRC.

In addition, the selected shots are associated with distinct operating conditions for FRC
formation. This allows testing the robustness of Cygnus at capturing the plasma-neutral
interaction physics that are important in FRC formation. Besides the differences in the initial
gas fill and the external circuits configuration, the biggest difference between the selected
shots is the preionization technique used for the experiment. Shot 938 uses a ringing theta-
pinch ionization; shot 974 uses a multistage ringing barrier ionization method; shot 3275

uses an unassisted ringing barrier ionization method.

4.1 Initial Plasma and Neutral Fill Condition

In the Venti Formation device, pulsed gas-puffs are used to inject the diatomic deuterium
gas into the formation chamber. A sample geometry of the Venti Formation device used for

Cygnus calculations are shown in Fig. 4.1, with the location of the gas-puffs and formation
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coils shown. Since the experiment is performed using the dynamic fill process, where the
formation processes are started before the injected gas reaches static equilibrium in the
chamber, the understanding of the initial neutral gas distribution in the chamber is crucial
for generating the initial condition in the simulation that closely mimic the experimental

initial conditions.

15T FPlug 2 Plug 1 4
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D 1 1 1 1 1 1 1 1
1] 2 4 6 8 10 12 14 16 18
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Figure 4.1: Truncated and simplified geometry of the Venti Formation device used for sim-
ulations. The length are normalized with respect to the chamber wall radius.

In order to configure the initial plasma and neutral conditions for Cygnus simulations,
prior pressure measurements from the Venti Formation experiment using Fast Ion Gauge
(FIG) and static pressure probe are used to reconstruct the approximate Cygnus initial
condition that agrees with the measured data. The static pressure probe gives an abso-
lute pressure measurement of the Venti Formation chamber long after the initially injected
gas comes to an approximate equilibrium. On the other hand, the FIG provides pressure
measurements on a short time scale, but it is typically influenced by a signal drift with shot-
to-shot variations. Thus, the FIG data obtained from the Venti Formation device is only a
relative pressure measurement for a specific shot [65]. The typical results obtained from the

static pressure gauge are shown in Fig. 4.2, while the results obtained from FIG are shown
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in Fig. 4.3.
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Figure 4.2: Static pressure measurements from the Venti Formation device for gas-puff valves
fired with 400 ps opening and 30 psig upstream line pressure [65].
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Figure 4.3: FIG measurements from the Venti Formation device for gas-puff valves fired with
400 ps opening. The measurements are taken at five axial positions spaced approximately
1.5 times the chamber radius [65]. The time of the measurement is normalized with a sound
velocity of a room temperature molecular deuterium gas and the chamber radius.
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From the static pressure measurement, an approximate equilibrium gas density in the
chamber can be calculated. Given the measured pressure, the number density of the injected

molecular deuterium gas can be calculated using the ideal gas law as:

Npy, = 777 (41)

where p is the measured pressure and 7Tj is the equilibrium gas temperature that can be
approximated to be the room temperature. For the case shown in Fig. 4.2, the measured
chamber pressure is 5.5 mTorr. Thus, the equilibrium number density of the diatomic deu-
terium is approximately 1.83 x 10** m—3. For Cygnus, since atomic species are assumed in
the plasma-neutral model, the reference number density for the simulation is approximately
np ~ 3.66 x 102°m~3, which is the equivalent atomic deuterium number density in the

chamber.

From the FIG data, the approximate velocity of the injected gas from the puff valves can
be estimated. Let the time at which the magnitude of the FIG signal reaches half of its peak
value as a reasonable reference time at which the bulk of the injected gas from the puff valves
arrives to the FIG probe location. Using this data, an approximate velocity of the injected
gas can be obtained by performing a linear fit. The estimated time of arrival measured at
each testing location in the Venti Formation device is shown in Fig. 4.4 together with a best
fit to the given data. A Mach number of 1.07+0.06 is obtained from the linear fit, where the
Mach number is referenced to the sound speed of the room temperature deuterium molecule.
This result is reasonable, as one generally expects the gas ejected from the gas-puffs into a
low-pressure background to be approximately equal to its sonic velocity. Thus, based on the

FIG data, the gas Mach number of 1.07 is assumed for calculation purposes.

Because the radial variations of the injected gas were not measured in the experiment,
only the axial density variations are considered. In order to obtain the axial density profile
for Cygnus simulations, consider the results from the FIG measurements. Since the main

formation coils are fired before one expects gas reflection from the cone section at the end of
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Figure 4.4: Time of arrival of the injected gas at various position in the Venti Formation
Chamber estimated from the FIG measurement [65]. The units are normalized with a sound
velocity of a room temperature molecular deuterium gas and the chamber radius.

the formation section based on the device size and the computed gas Mach number, the gas
build-up near the end of the formation section can be neglected. As such, if one assumes that
a wave pulse generated by the puff valves simply translates through the formation chamber

at a constant speed, then the axial density distribution can be approximated as

n(z) &~ n(zo + vot)

where 2z is a reference position and vy is the bulk gas velocity.

With this assumption, one can transform the time axis of the FIG data by scaling it
with the bulk gas velocity and translating the result to the correct spatial position that
the FIG probes are located to obtain relative pressure data as a function of the spatial
position in the formation chamber. To account for the voltage drifts in the FIG signals, the
signals are normalized with respect to its plateau region of the FIG signal. This is a crude
approximation, but a reasonable profile that matches the local FIG measurement can be
generated.

Based on the long time FIG measurement taken in the experiment, the plateau region of
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the early time FIG data approximately corresponds to 120% of the equilibrium pressure value
measured by the static pressure probe [65]. Thus, the axial distribution obtained using the
FIG measurements can be scaled with the measurement from the pressure probe to obtain a
density distribution suitable for each simulation. Since a relative voltage drift of a factor of
two was observed in the FIG data, the error from this analysis can be as large as this value.
Since no radial sweep of the FIG measurements were taken in the experiment, the error in

the initial density profile computed from this analysis could be even larger.

4.2 Shot 938: Ringing Theta-Pinch Ionization

Shot 938 from the Venti Formation experiment was a static FRC formation test using a
ringing theta-pinch ionization. The geometry of the Venti Formation device with a coil
system suitable for shot 938 condition is shown in Fig. 4.1. Total of seven formation coils are
used for the programed formation of the FRCs. The two plug coils are used to produce the
initial cusp field during the formation process. Excluded flux probes are positioned under
each formation coil and few plug coils. No interferometer was present for this shot, but
a single unfiltered visual light diagnostic was present to measure the light intensity from
the formation process. The excluded flux results are vacuum referenced to shot 936. The

summary of the diagnostic results from this experiment is shown in Fig. 4.5.

Since the external coil geometry is represented internally with segments in Cygnus, in
order to account for the proper geometry of the coils, each coil is given a sufficient number
of segments to capture the magnetic field profile during the simulation. Since the pulse
time of the experiment is short compared with the magnetic field diffusion timescale of the
solid coils, the seven formation coils are represented as a series of segments surrounding the
perimeter of the coils. For the plug coils, since the thickness of the coils is sufficiently small,
segments are placed at the center of the plug coil geometry in the vertical direction. For
the divertor coils, since these coils are highly inductive and slow, segments are placed at the

center of the divertor coil geometry in a horizontal direction.
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Figure 4.5: The summary of the diagnostic results from Venti Formation shot 938 [65];
(top) magnetic flux; (middle) excluded flux (vacuum referenced to shot 936); and (bottom)
unfiltered visual light intensity.

4.2.1  Clircuit Configuration for Shot 938

Since the vacuum reference shot associated with shot 938 is shot 936, the circuit model in
Cygnus is constructed to best match the flux probe measurements from shot 936 and the
measured circuit values from the experiment [65]. The circuit models used in Cygnus for the
formation and plug coils for shot 936 are shown in Fig. 4.6 and Fig. 4.7, respectively. For
the divertor coils, a constant current carrying coil is assumed in the Cygnus model.

Each formation coil is driven by an independent circuit. The three coils associated with
the plug 1 coil are driven in parallel by a common circuit. For the plug 2 coil, the first
five coils closest to the formation coils are driven in parallel by a common circuit, and the
remaining coils are open and not powered.

The flux probe measurements for the vacuum shot 936 from the experiment and Cygnus
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Figure 4.6: Cygnus circuit model for the formation coils in shot 936. Circuit segment 2
corresponds to the main formation bank, segment 3 corresponds to the ringing theta bank,
segment 4 corresponds to the formation bias bank, and segment 1 is for numerical stabiliza-
tion.

Figure 4.7: Cygnus circuit model for the plug coils in shot 936. Circuit segment 2 corresponds
to the plug bank, and segment 1 is for numerical stabilization.
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simulation are shown in Fig. 4.8 and Fig. 4.9. A reasonable agreement between the measured
and simulated values is obtained. Care is made to ensure good agreement in the flux data
for the formation coils during the initial bias, ringer ring down, and up to the first peak of

the main bank firing, as these are the times when the neutral effects are important.
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Figure 4.8: Magnetic flux measured under each formation coils from Venti Formation shot
936 [65] and Cygnus simulation.

4.2.2  Simulation Setup for Shot 938

From Fig. 4.5, it can be seen that the ringing theta-pinch starts at -14 s. Since no ionization
occurs until the ringing theta-pinch begins, there are no interaction between the magnetic
field and the injected gas in the fluid domain. Thus, the fluid simulation is started at -14 ps.
It can be seen from the experimental visual light diagnostic that a blip of light is first observed
near -11 to -10 ps, slightly after the first magnetic zero-crossing. A significant light signal

begins near -5 ps, and the excluded flux signal also begins to show plasma diamagnetism;
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Figure 4.9: Magnetic flux measured under plug and divertor coils from Venti Formation shot
936 [65] and Cygnus simulation.

this approximately corresponds to the second magnetic zero-crossing, suggesting significant
ionization occurring at this time.

The initial density profile used in the Cygnus simulation is computed using the procedure
discussed in Section 4.1. Based on the static pressure probe measurement, an equilibrium
chamber density of 1.83 x 102°m™ for diatomic deuterium is computed assuming room
temperature; this leads to an effective atomic deuterium density of 3.66 x 102°m=3. Using
this equilibrium chamber density value, the density scaling factor computed from the FIG
data is used to obtain the axial density variation of the injected neutral density. The density
profile is then discretized into a finite number of constant density blocks for Cygnus input.
The resulting axial density profile used for the simulation is shown in Fig. 4.10.

In the real experiment, the breakdown process in the ringing theta-pinch ionization
method is initialized by the local high electric field generated due to the edge fields. Since
this effect cannot be modeled, the simulation is initialized with a small but finite initial ion-
ization. The initial gas in the chamber is initialized with an ionization fraction of 0.1%. The

ion and electron temperatures are both initialized to 0.5 eV, while the neutral temperature
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Figure 4.10: Axial density profiled used for shot 938. The best fit curve is obtained by fitting
an 8th order polynomial using the weighted reconstructed FIG signal [65]. The discretized
fit is based on a discrete volume averaged best fit curve data.

is initialized to 0.025 eV. The neutral species is initialized with an initial axial velocity of
1.07 times the sonic speed of the room temperature diatomic deuterium towards the cone

section.

For both electrons and ions, the Braginskii thermal conductivities are used with the
parallel diffusivity capped from 10? to 10°m?/s and the perpendicular diffusivity capped
from 1 to 10°m?/s. The neutral thermal conductivity is based on the hard sphere collision
model for atomic deuterium, and it is capped from 103 to 10° m?/s. The limits on the thermal
conductivities are placed to ensure a reasonable behavior of the fluid dynamics during the
radial implosion process. Without the limits, unphysical temperature spike may form, which
results in a generation of large pressure gradients that evacuate the formation chamber prior

to the main formation coil firing.

Both Spitzer and the electron-neutral collision resistivities are used by default. The

anomalous resistivities are tuned to match the experimental results. Similarly, the isotropic
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viscosities are tuned. In general, the anomalous resistivities and isotropic viscosities are
used to match the experimental results. Since the anomalous transport is expected to be
vastly different before and after the main bank firing, separate transport settings are used
during the ringing theta-pinch preionization and FRC formation. Based on the results from
parametric sweeps in Chapter 3, the values of the anomalous transport coefficients are chosen
to best match the experimental data. The process is iterated until a reasonable agreement
is obtained.

After the iteration process, for the ringing theta-pinch preionization phase, anomalous
Chodura resistivity with C. = 0.6 and f. = 3 is chosen to be reasonable for the flux loss in
the ringing process. Since in the real experiment, the initial ionization level is far below 0.1%
(as the experiment starts with a fully neutral gas), the anomalous Bohm resistivity is used
to reduce the plasma-field interaction. A Bohm multiplier of 50 gives reasonable suppression
of the excluded flux signal during the preionization. For isotropic viscosity, value of 200 m? /s
is used for both plasma and neutrals. This allows the plasma diamagnetism observed in the
excluded flux signal caused by the ringing field to be captured.

During the FRC formation phase, the anomalous Chodura resistivity with C. = 0.5 and
f. = 3 is used. This value of Chodura resistivity gives reasonable agreement with the lift-off
flux seen in the excluded flux signal. The Bohm resistivity is disabled during the formation
phase, as rapid ionization is expected to occur once the main bank is fired and the plasma
confinement in the reversed field region is expected to be good (i.e., not neutral transport
dominant). In order to match the post implosion oscillation in the excluded flux signal,

isotropic viscosity of 2000 m? /s is used for both plasma and neutrals.

4.2.8  Simulation Results for Shot 938

The resulting excluded flux signal from shot 938 and from Cygnus simulation is shown in
Fig. 4.11. The dynamic temperature dependent effective ionization potential is used in the
simulation. A reasonable agreement with the experimental results can be observed in the

ringing theta-pinch. The simulation computed lift-off flux are in reasonable agreement except
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under formation coil 4 and 7. At the time of the maximum radial implosion, the simulation

generated excluded flux are generally lower than experimental measurements. This is caused

by the lower density of initial gas in the downstream region of the formation chamber. As a

result, shorter FRC is produced with the centroid located towards the upstream section.
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Figure 4.11: The experimental [65] and the simulation generated excluded flux signal under
the formation coils for Venti Formation shot 938.

After the first radial implosion, the agreement between the experiment and simulation

is quite poor. This is due to the axial drift of the formed FRC in the simulation towards
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the upstream divertor section of the device. Since there were no mirror fields applied in the
experiment for this shot, the formed FRC is neutrally stable in the formation chamber. In
series of simulations with varying initial conditions, it was seen that the formed FRC always
had a tendency to drift axially, and it was not possible to stabilize the formed FRC with
much success. Thus, while the late time behavior could not be modeled, the simulation with
the most agreement early in time is selected as the best numerical solution for this shot.

The FRC dynamics in the experiment and simulation can be compared with more clarity
by comparing the snapshot of the excluded flux radius at various time in the FRC formation
process. Fig. 4.12 shows a plot of the excluded flux radii overlaid on the Venti Formation
geometry at various point in time during the FRC formation process. As it can be seen,
during the ringing theta-pinch ionization (up to 0 ps), the disagreement in the excluded flux
radii between the experiment and simulation is small. The slight difference at -1.5 ps is due
to a minor phase difference in the radial dynamics. In general, the plasma diamagnetism is
being captured reasonably well by the simulation, where the anomalous Bohm resistivity is
used to enhance the local resistivity of the preionized plasma.

During the radial implosion (1.5 ps), it can be seen that the simulation and the experi-
mental results begin to diverge. Due to the high concentration of the density upstream in
the formation chamber, as suggested by the FIG measurements, the simulation generated
excluded flux radii in the upstream formation coils (coils 1-3) lag behind the experimental
values. On the other hand, since the downstream density is low in the simulation, the sim-
ulation excluded flux radii in the downstream region implode faster than the experimental
values. As a result, the formed FRC in the simulation is shorter with the centroid located
further upstream compared with the experiment, as it can be seen at 3 ps.

For the simulation generated FRC, it gains axial velocity towards the upstream divertor
section. As it can be seen from time 4.5-10.5 ps, the simulation formed FRC slowly drifts
upstream with negligible flux decay. On the other hand, the experimental excluded flux radii
suggest a stationary FRC with flattening profile as time passes. Due to the difference in the

axial dynamics, the simulation diverges from the experiment late in time. Eventually the
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Figure 4.12: The experimental [65] and the simulation generated excluded flux radii for Venti
Formation shot 938. The coils geometry is also shown in the same figure.

FRC in the simulation collides with the upstream wall and decays away.

Since there are no mirror fields applied for shot 938, minor errors in the circuit config-
urations and couplings can bias the FRC upstream or downstream of the device. In other
words, small errors in the circuit are amplified as the neutrally stable FRC is given a finite

axial velocity with no mechanism to dampen its axial motion. Since the magnetic topology is
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in an anti-mirror magnetic configuration at the ends, once the FRC is displaced sufficiently
from the center of the formation chamber where the magnetic field is roughly uniform, the
tail of the FRC finds the lower magnetic field region in the divertor or the cone section and
the drifting FRC is accelerated towards the lower field.

Since the vacuum magnetic flux signals from both the experiment and simulation agree
with each other and the circuit values used in the simulation agree with the expected values
measured from the experiment, the Cygnus circuit is already tuned as best as possible to the
experimental circuit values. Since there are minor shot-to-shot variation in the experimental
circuits and some components have non-linear impedance values, disagreements caused by
the axial translation of the FRC is not surprising for shot 938, given its neutrally stable
magnetic topology.

What is more concerning is the disagreement between the experimental and the simulation
results during the radial implosion (1.5 ps). The experimental excluded flux radii suggest
that there may be more gas downstream in the device, which disagrees with the neutral gas
density measured using FIGs. One possibility is that the FIG measurement is inaccurate
near the downstream region and lower gas density were being measured. Considering the
factor of two error in the FIG data, it is possible that the disagreement is caused by the
use of the incorrect initial density profile. However, based on the excluded flux signal, no
significant plasma diamagnetism is observed for the downstream probes during the ringing
theta-pinch. Thus, it is hard to imagine a higher gas density downstream in the device, as
that should result in a stronger diamagnetism signal similar to the upstream coils.

Another possibility is the radial dependence of the initial gas profile in the formation
chamber that was neglected in the simulation. Depending on the radial density profile, it is
possible that more gas exists downstream, but it does not show up in a plasma diamagnetic
signal during the preionization. Since the FIG measurements were only taken near the axis
of the device, there are no experimental measurements to support or deny the radial profile
of the initial gas fill. Thus, more experimental measurements are required before this effect

can be explored methodically.
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Finally, it is possible that there are insufficient ionization occurring in the simulation
during the preionization and radial implosion processes. If insufficient neutrals are ionized in
the reverse field region, the particle inventory of the resulting FRC will be low. As a result,
a smaller and shorter FRC is produced. Based on the simulation results, roughly half of the
particles originally inside the bias field region are lost after the formation. The particle loss is
not caused by the ringing theta-pinch, as the particle inventory after the ringing theta-pinch
at 0 ps is largely same as the original value before the ringer activation. Thus, roughly half
of the particles are lost in radial implosion.

To test this hypothesis, the Cygnus simulation is repeated with a more optimistic estimate
for the effective ionization potential. As it was shown in Section 3.2.1, since the ionization
is driven by the electron temperature, if one reduces the losses associated with electron
temperature, the ionization process is enhanced. Note that the dynamic effective ionization
potential case behaves similar to the constant effective ionization potential of 150 €V, as
shown in Section 3.2.1. Thus, two additional simulations with a constant effective ionization
potential of 13.6 eV (theoretical minimum) and 100 eV are performed, and the results are
compared to the case with a dynamic effective ionization potential.

The resulting excluded flux radii are shown in Fig. 4.13. For both the 13.6 eV and 100 eV
case, a larger FRC is generated at 3 ps, as expected. For 13.6 eV, the produced FRC is larger
than what is suggested based on the experimental results. Again, all cases diverge from the
experimental result later in time due to the axial drift towards the divertor section. It can
be seen that when a more optimistic value of the effective ionization potential is used, the
produced FRC is much longer, and there are sufficient ionization in the downstream low-
density region. However, there are too much diamagnetism during the ringing theta-pinch,
and the agreement before 0 ps is made worse.

To compare the efficiency of the ionization process for the varying level of the effective
ionization potential in the simulation, the particle inventory in the reversed field region is
tracked during the ringing theta-pinch ionization and FRC formation processes. The result

is shown in Fig. 4.14. As it can be seen, when the effective ionization potential is reduced to
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Figure 4.13: The experimental [65] and the simulation generated excluded flux radii for
Venti Formation shot 938. Three simulations are performed with different effective ionization
potentials.

13.6 eV, the ringing theta-pinch completely ionizes the gas in the reversed field region. Thus,
ionization is negligible during the radial implosion. On the other hand, for the dynamic
and 100 eV case, only a partial ionization of the gas is achieved with the ringing field, and

there are ionization taking placing during the radial implosion. A volume averaged ionization
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fraction of 40% and 12% is obtained for the 100 eV and dynamic effective ionization potential

case, respectively.
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Figure 4.14: The number of particles trapped in the reversed field region during the ringing
theta-pinch ionization and FRC formation for Venti Formation shot 938 simulation.

Since there were no NDL measurements for this shot, the density data is not available
to judge whether the enhanced ionization is the cause of the disagreement. Based on the
visual light diagnostic shown in Fig. 4.5, most signal is obtained after -6 ps. Thus, there
should not be significant ionization occurring prior to this point. Thus, at least early in
time, the ionization potential must be higher than the theoretical minimum value of 13.6 eV.
Additional experimental measurements are required to fully answer this issue.

The simulation generated trapped flux and volume averaged FRC temperatures are shown
in Fig. 4.15. Based on the simulation results from the three cases, once the formation process
is complete and the ionization process is completed within the FRC (at roughly 5 ps), roughly
5.1-6.2 mWb of flux is trapped in the FRC; the electron temperature is roughly 60-90 eV,
and the ion temperature is roughly 150-200 eV. Since the experimental excluded flux result

lies within the three simulation results, the FRC trapped flux and temperatures are expected
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to lie within these ranges. The particle inventory has significant variation between the three
simulated cases, so more experimental diagnostics are required before useful estimate can be

made, as discussed previously.
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Figure 4.15: The time evolution of the FRC (top left) trapped flux, (bottom left) volume
averaged electron temperature, and (bottom right) volume averaged ion temperature for
Venti Formation shot 938 simulation.

4.3 Shot 974: Multistage Ringing Barrier Ionization

Shot 974 from the Venti Formation experiment was a static FRC formation test using a
multistage ringing barrier ionization. The geometry of the Venti Formation device with the
coil system suitable for shot 974 is the same as shot 938 and it is shown in Fig. 4.1. A total of
seven formation coils are used for the programed formation of the FRCs. For this shot, the
first and the last formation coils are used as the trigger coils to produce the initial cusp field
during the formation process. They also serve as mirror coils to center the formed FRC. A
HeNe two-pass interferometer system was active in the experiment with the laser positioned
between the formation coil 4 and 5. There were no active visual light diagnostics for this

shot. The excluded flux results are vacuum referenced to shot 973. The summary of the
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diagnostic results from this experiment is shown in Fig. 4.16.
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Figure 4.16: Summary of the diagnostic result from shot 974 [65]; (top) magnetic flux;
(middle top) excluded flux (vacuum referenced to shot 973); (middle bottom) normalized
current in the barrier coils and (bottom) NDL normalized by the path length through the
chamber.

The geometry of the Venti Formation device was not modified from shot 938 to shot 974.
Only modifications to the diagnostic system and operational circuit conditions were changed.
Thus, the same geometry used in the Cygnus simulation for shot 938 can be used for this

case.
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4.3.1  Circuit Configuration for Shot 97/

Since the vacuum reference shot associated with shot 974 is shot 973, the circuit model in
Cygnus is constructed to best match the flux probe measurements from shot 973 and the
measured circuit values from the experiment [65]. Since the circuit system was not changed
from shot 936 to 973, the circuit models shown in Fig. 4.6 and Fig. 4.7 are also used for this
shot. The general circuit setup in Cygnus is the same as what is discussed in Section 4.2.1,
except with the capacitor voltages and coil firing timings modified. The resulting measured
values from the flux probes from the vacuum shot 973 and those calculated from Cygnus
are shown in Fig. 4.17 and Fig. 4.18. A reasonable agreement between the experimentally

measured and simulated values is obtained.

4.3.2  Simulation Setup for Shot 974

From Fig. 4.16, it can be seen that while the ringing barrier field is initialized at -18 ps that
is before the ringing theta-pinch at -14 ps, there are no evidence to suggest ionization from
the ringing barrier field until the magnetic zero-crossing of the ringing theta-pinch occurs
near -11 ps. This can be verified in both the excluded flux and NDL signals. This is a
well-known feature of the ringing barrier field ionization process, where the ringing barrier
field cannot ionize gas in the formation chamber when there are significant bias magnetic
field as discussed in Section 1.2.3. Thus, a rapid ionization from the ringing barrier field
only occurs near the magnetic zero-crossing where the bias field is nullified by the ringing
theta-pinch.

Since the ionization due to the ringing barrier field is azimuthally dependent and local-
ized near the formation chamber wall due to its multi-pole field characteristics, it cannot
be modeled precisely in an axisymmetric model. However, since the resulting FRC gen-
erally does not exhibit azimuthally dependent characteristics, the azimuthal variation can
be neglected by assuming that it is smoothed out in the formation process. Furthermore,

since the ionization from the ringing barrier field only occurs when the bias magnetic field is
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Figure 4.17: Flux measured under each formation coils from shot 973 [65] and Cygnus
calculation.
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small, the ionization contribution from the ringing barrier field is quenched when the ring-
ing theta-pinch reverses direction after the magnetic zero-crossing. Thus, the effect of the
ringing barrier field is to introduce a layer of an ionized plasma near the formation chamber
wall during the time of magnetic zero-crossing.

The initial density profile used in the Cygnus simulation is computed using the procedure
discussed in Section 4.1. Based on the static pressure probe measurement, an equilibrium
chamber density of 1.16 x 10 m—3 for the diatomic deuterium is computed; this leads to

an effective atomic deuterium density of 2.32 x 10*°m™—3

. Using this equilibrium chamber
density value, the density scaling factor computed from the FIG data is used to obtain the
axial density variation of the injected neutral density. The density profile is then discretized
into a finite number of constant density blocks for Cygnus input. The resulting axial density

profile used for the simulation is shown in Fig. 4.19.
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Figure 4.19: The axial density profile used for shot 974.

In order to model the initial ionization due to the barrier field, consider initializing the
gas density with an ionization layer at time -11 ps. The simulation is started at -11 ps where
the excluded flux and NDL signal first shows sign of plasma. While the NDL data is quite

noisy, an approximate chord averaged plasma density of 6.044.5 x 10 m~3 can be estimated
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at -11 ps with an error bar confidence level of 70%.

Using this knowledge, the radial density profile for this case is modeled similar to the wall
localized preionization from previous chapter (Section 3.1.2). For this simulation, the plasma
layer is initialized with a 99% ionization while the rest of the gas is initialized with a 1%
ionization. A plasma layer with a thickness of 12% chamber wall radius is found to produce

a reasonable chord averaged plasma density of 4.6 x 10! m~3,

Considering the multipole
nature of the ringing barrier field, this plasma layer thickness is reasonable considering the
radial decay of the local magnetic field magnitude from the multipole coils.

Since the ringing barrier field enhances the electron temperature in the plasma layer,
the electron temperature of 10 eV is used in the plasma layer as an estimate for this effect.
Elsewhere in the chamber, the electron temperature of 0.5 €V is used. The ion temperature
is initialized everywhere to 0.5 €V, as the ringing barrier field is too fast to impart significant
momentum to ions. The neutral temperature is initialized to 0.025 €V, close to the room
temperature. The neutral species is initialized with an initial axial velocity of 1.07 times the
sonic speed of the room temperature diatomic deuterium towards the cone section.

For both electrons and ions, the Braginskii thermal conductivities are used with the
parallel diffusivity capped from 10? to 10°m?/s and the perpendicular diffusivity capped
from 1 to 102m?/s. The neutral thermal conductivity is based on the hard sphere collision
model for atomic deuterium, and it is capped from 103 to 10° m?/s. The limits on the thermal
conductivities are placed to ensure a reasonable behavior of the fluid dynamics during the
radial implosion process.

Both Spitzer and the electron-neutral collision resistivities are used by default. Both
the anomalous resistivities and isotropic viscosities are tuned to match the experimental
results. Since the anomalous transport is expected to be different before and after the main
bank firing, separate transport settings are used during the ringing theta-pinch and FRC
formation. The values of the anomalous transport coefficients are chosen to best match the

experimental data, and it is iterated until a reasonable convergence is reached.

After the iteration process, the final transport setting for this simulation is obtained. For
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the ringing theta-pinch phase, the anomalous Chodura resistivity with C., = 2 and f. = 3
is chosen to obtain reasonable losses in the ringing process. Since in the real experiment,
there are azimuthal variations in the ionized plasma layer, the flux penetration rate in the
chamber is higher than the penetration rate through the azimuthally symmetric layer. Thus,
an anomalous Bohm resistivity with Bohm multiplier of 30 is used to improve the flux
penetration into the gas in order to match the experimental excluded flux signals. For
isotropic viscosity, a value of 1000m? /s is used for both plasma and neutrals. This allows
the plasma dynamics to be captured during the ringing theta-pinch.

During the FRC formation phase, the anomalous Chodura resistivity with C. = 0.5 and
fe = 3 is used. This is the value of the Chodura resistivity that was found to produce a
reasonable match in the past with the fully ionized MHD version of Cygnus [26]. Bohm
resistivity is disabled during the formation phase, as the azimuthal variation in the plasma
layer is expected to be smoothened by the time the main banks are fired. In order to match
the implosion dynamics of the produced FRC, the isotropic viscosity of 100m?/s is used
until 3.6 ps. After this point, the isotropic viscosity is increased to 2000 m?/s to match the

post-implosion damping of the FRC dynamics observed in the excluded flux signal.

4.3.8  Simulation Results for Shot 97/

The resulting excluded flux signal from shot 974 and Cygnus simulation is shown in Fig. 4.20.
The results calculated using both the dynamic temperature dependent effective ionization
potential and the constant effective ionization potential of 13.6 eV are shown in the figure.
A reasonable agreement with the experimental results can be observed for both cases. The
agreement in the ringing theta-pinch phase is similar for both cases. Post FRC formation, the
13.6 €V case shows better agreement under most coils. For the temperature dependent case,
the simulation generated excluded flux signal is lower than the experimental measurement
in general.

In order to compare the shape of the FRC between the experiment and simulation,

excluded flux radii at various times in the FRC formation process are compared. Fig. 4.21
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Figure 4.20: The experimental [65] and the simulation generated excluded flux signal under
the formation coils for Venti Formation shot 974.

shows a plot of the excluded flux radii overlaid on the Venti Formation geometry at various

point in time during the FRC formation process. In general, decent agreements are seen

between the experimental and simulation results for all times. The simulation case with the

dynamic effective ionization potential tends to form a shorter and smaller FRC compared

with the experiment. The case with the optimistic 13.6 eV effective ionization potential has

an FRC shape that better agrees with the experiment.
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Figure 4.21: The experimental [65] and the simulation generated excluded flux radii for Venti
Formation shot 974. The coils geometry is also shown in the same figure.

Since there are electron energy loss associated with electron impact excitation of neutrals
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for the case of the dynamic effective ionization potential, the ionization efficiency is lower
than the case of 13.6 €V where there are no such loss. Thus, one can conclude that in the
experiment, more ionization is occurring than expected, which lowers the effective ionization
potential down close to the theoretical minimum. As a result, when the electron impact
excitation losses are neglected, better agreements are obtained in the excluded flux results.

In order to verify that a lack of ionization is the cause of the disagreement for the case
of the dynamic effective ionization potential, the resulting NDL signal can be compared.
Fig. 4.22 shows a plot of the NDL signal measured from the experiment and that calculated
from the simulation. At the start of the simulation at -11 ps, the simulation agrees reasonably
with the experiment. As it can be seen, for the case with the dynamic effective ionization
potential, the measured NDL prior to the main bank firing at 0 ps is far lower than what
is suggested from the experimental measurement. On the other hand, for the 13.6 eV case,
the computed NDL signal matches the experiment well from -5 to 0 ps; from -11 to -5 ps,
the computed NDL signal is too large, suggesting that there are too much ionization occur-
ring during this time for the 13.6 eV case. Nevertheless, the 13.6 eV case produces initial
conditions before the main bank firing that agrees with the experimental measurement.

After the main bank firing, the agreement of the simulated to experimental result is
not as conclusive. Since there is large noise at about 1 ps and another around 3 to 4 ps,
the experimental results during these times are not reliable. It can be seen that in the
late time after 10 ps, the 13.6 eV case agrees well with the experiment measurement. On
the other hand, the dynamic effective ionization potential case disagrees due to its smaller
volume. Again, the 13.6 eV case agrees better with the experiment, though it has too much
ionization from -11 to 5 ps.

The particle inventory in the reversed field region computed from the simulation is shown
in Fig. 4.23. It can be seen that for the 13.6 eV case, significantly more ionization occurs
during the ringing theta-pinch. By -5 ps, the ionization is complete, and remaining simulation
behaves as the fully ionized case. On the other hand, the case with the dynamic effective

ionization potential has neutrals left over after the ringing theta-pinch, and rapid ionization
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Figure 4.22: The experimental [65] and the simulation generated NDL signal for Venti For-
mation shot 974. The NDL signal is normalized by the path length through the chamber.

occurs during the radial implosion process. The volume averaged ionization level in the
reversed field region is roughly 50%. It is interesting to note, however, that the resulting

particle inventory in the FRC is similar for both cases.

The simulation generated trapped flux and volume averaged FRC temperatures are shown
in Fig. 4.24. Since the dynamic effective ionization potential case gives less ideal estimate for
the FRC condition than the 13.6 €V case, the expected trapped flux, particle inventory, and
temperatures can be bounded and estimated. Consider the time when the formation and
ionization process is completed within the FRC at roughly 5 ps. At this time, roughly 4—
4.5 mWb of flux is trapped with a particle inventory of roughly 1.4 x 10* atomic deuterium
ions. The electron temperature is roughly 60-90 eV, with ion temperature ranging from

150-180 eV.
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Figure 4.23: The number of particles trapped in the reversed field region during the ringing
theta-pinch ionization and FRC formation for Venti Formation shot 974 simulation.
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Figure 4.24: The time evolution of the FRC (top left) trapped flux, (bottom left) volume

averaged electron temperature, and (bottom right) volume averaged ion temperature for
Venti Formation shot 974 simulation.
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4.4 Shot 3275: Unassisted Ringing Barrier Ionization

Shot 3725 from Venti Formation experiment was a dynamic FRC formation test using an
unassisted ringing barrier ionization. The geometry of the Venti Formation device for shot
3275 was modified from that for Shot 938, with the addition of nine coils in the cone section
to imitate the accelerator coils for the Venti device. The plug 2 coil was also be modified
by removing all but the first two upstream coils from the assembly. The remaining coils
geometry is the same as shot 938. The geometry of the Venti Formation device suitable for

shot 3275 is shown in Fig. 4.25

15k Plug 2 Plug 1 T
Formation
TES543 21
- 1 i ‘ |
il Acceleration _ = Gas Puff-3»
E - "
= Divertor
0.5} = |
0 1 i i i 1 1 L L
0 2 4 6 a 10 12 14 16 18
ZIR

W

Figure 4.25: Truncated and simplified geometry of Venti Formation device for shot 3275.
The length are normalized with respect to the chamber radius.

The seven formation coils are used for the dynamic formation of the FRC with the firing
time staggered to gently push the formed FRC into the cone section. The nine accelerator
coils are driven together in parallel to act as a flux conserver to hinder the translated FRC
from contacting the cone wall. An infrared two-pass interferometer system was active in
the experiment with the laser positioned between the formation coil 5 and 6. Multiple

visual light diagnostics were present for this shot, but the signals were all filtered to measure
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Bremsstrahlung emissions, so no useful data were collected for ionization. The excluded flux
results are vacuum referenced to shot 3274. A summary of the diagnostic results from this

experiment is shown in Fig. 4.26.
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Figure 4.26: Summary of diagnostic result from shot 3275 [65]; (top) magnetic flux; (middle
top) excluded flux (vacuum referenced to shot 3274); (middle bottom) barrier coil normalized
current and (bottom) NDL normalized by the path length through the chamber.

4.4.1  Circuit Configuration for Shot 3275

Since the vacuum reference shot associated with shot 3275 is shot 3274, the circuit model

in Cygnus is constructed to best match the measurements from the flux probes in shot 3275
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and from circuit values measured a priori from the experiment [65]. For the formation coils
and plug coils, the general circuit structures were not changed from shot 936 to this shot.
Thus, the circuit models shown in Fig. 4.6 and Fig. 4.7 are also used for this shot. However,
additional accelerator coils were added for this shot. The circuit model used in Cygnus for
the accelerator coils is shown in Fig. 4.27. All nine accelerator coils are connected in parallel

and driven by a single circuit.

Figure 4.27: Cygnus circuit model for the accelerator coils in shot 3274. Circuit segment 4
corresponds to acceleration bias capacitor and segment 1 is for numerical stabilization

The resulting measured values from the flux probes from the vacuum shot 3274 and those
calculated from Cygnus is shown in Fig. 4.28. Note that plug 2 coils were not fired in this
shot, and the excluded flux probes for the plug and divertor coils were not active for this
shot. For the accelerator coil, since all nine coils are driven together, only one flux loop is
used to measure the flux on the coil. A reasonable agreement between the measured and

simulated value is obtained.
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Figure 4.28: Flux measured under each formation coils from shot 3274 [65] and Cygnus
calculation.

4.4.2  Simulation Setup for Shot 3275

From Fig. 4.26, it can be seen that the ringing barrier field is started at approximately -23 ps,
which is 2 ps before the formation bias firing. Thus, it allows few oscillations of the barrier
field for ionization before the bias field becomes too large and hinders the ionization from
the ringing barrier coils. Based on the excluded flux signal, there are enhanced noise from
-23 to -16 ps, suggesting either ionization events or noise pickups from the barrier coils. The
NDL from the interferometer does not begin to show signal from the preionized plasma until
after -14 ps.

Similar to the multistage ringing barrier ionization case, the effect of the ringing barrier
field is to introduce an ionized plasma layer near the formation chamber wall. For the
unassisted case, the plasma layer is produced before the bias field injection, and the additional

ionization is quenched when the local bias field becomes larger. Again, the azimuthal profile
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of the ringing barrier ionization is neglected, and an axisymmetric plasma layer is assumed.
Thus, the initial ionization due to the barrier field can be modeled by initializing a gas
density with an ionization layer at time -21 ps, which is the time when the bias flux injection
begins. Similar to the multistage ringing barrier ionization case, a layer thickness of 12%
formation chamber wall radius is a reasonable approximation for the multipole system used
in the device.

For shot 3275, because the time delay between the gas-puff firing and the experimental
start times was increased, one can no longer neglect the gas reflection effects from the end of
the formation and cone section. As such, the simple density reconstruction method discussed
in Section 4.1 is no longer applicable. The effect of the gas reflection is to smoothen the
density profile within the formation chamber, as the distinct pulse like dynamic profiles is
reduced. For this reason, the gas density is assumed to be constant in the formation section
as a simple approximation from this smoothening effect.

Based on the static pressure probe measurement, an equilibrium chamber density of
1.66 x 10** m~3 for the diatomic deuterium is computed; this leads to an effective atomic
deuterium density of 3.32 x 102 m~3. Since the chamber does not reach complete equilibrium
at the time when the coils are fired, the gas density at the start of the formation process
is larger than this value in the formation section. Based on the FIG measurement, the
formation section effective atomic deuterium density can be as high as 6.64 x 102** m~3, but
the averaged value is closer to 4.85 x 102°m~3.

Based on the FIG data average, the atomic deuterium total density of 4.85 x 10** m—3
is used in the simulation. The radial density profile is modeled similar to the wall localized
preionization from the previous chapter (Section 3.1.2). Early in the bias field injection
phase, the infrared interferometer is unable to pick up any signal due to insufficient signal
strength. Thus, the initial ionization in the plasma layer is configured to gives a reasonable
agreement with the NDL signal at time 0 ps right before the main formation banks are fired;
a reasonable agreement is obtained with the initial ionization fraction of 50%. The remaining

gas is initialized with 1% ionization.
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Based on the initial ionization fraction, initial electron temperature of 1.5 eV is used [66].
The ion temperature is initialized everywhere to 0.5 €V, as the ringing barrier field is too
fast to impart significant momentum to ions. The neutral temperature is initialized to 0.025
eV. Since the gas is now assumed to be reflected from the end of the formation chamber, the
initial neutral velocity is set to zero.

For both electrons and ions, the Braginskii thermal conductivities are used with the
parallel diffusivity capped from 10? to 10°m?/s and the perpendicular diffusivity capped
from 1 to 10°m?/s. The neutral thermal conductivity is based on the hard sphere collision
model for atomic deuterium, and it is capped from 10° to 10°m?/s. The limits on the
thermal conductivities are placed to ensure reasonable fluid dynamics behavior during the
radial implosion process.

Both Spitzer and the electron-neutral collision resistivities are used by default. Both the
anomalous resistivities and isotropic viscosities are tuned to match the experimental results.
Again, separate anomalous transport values are used before and after the main bank firing.
The values of the anomalous transport coefficients are chosen to best match the experimental
data, and it is iterated until a reasonable convergence is reached.

After the iteration process, prior to the main coil firing, the anomalous Chodura resistivity
with C. = 2 and f. = 3 is used as a reasonable value for bias flux injection. Similar to the
multistage ringing barrier case, an anomalous Bohm resistivity with a Bohm multiplier of
30 is used to improve the flux penetration into the plasma layer to account for the enhanced
transport due to azimuthal variation in the ionization plasma layer. For isotropic viscosity,
the value of 4000 m? /s is used for both plasma and neutrals to account for negligible excluded
flux dynamics in the bias injection phase.

During the FRC formation phase, the anomalous Chodura resistivity with C. = 2 and
f. = 3, and isotropic plasma and neutral viscosity of 200 m? /s is used until 2.2 s where the
initial radial implosion occurs. After this time, the anomalous Chodura resistivity is reduced
to C. = 0.5 and f. = 3, and the isotropic viscosity is increased to 2000 m?/s for the plasma

in the closed field line region. The neutral and open field plasma viscosities are reduced to
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20m?/s. The neutral and open field plasma viscosities are reduced to assist the translation

of the FRC into the cone section.

4.4.8  Simulation Results for Shot 3275

The resulting excluded flux signal from shot 3275 and Cygnus simulation is shown in Fig. 4.29.
The result calculated using both the dynamic temperature dependent effective ionization
potential and the 13.6 €V constant ionization potential are shown in the figure. A reasonable
agreement is seen with the experimental results, but neither cases are perfect. In general,
the 13.6 eV cases matches better but not conclusively. Both cases has issue later in time due
to disagreement in the FRC size and translation velocity.

In order to compare the shape of the FRC between the experiment and simulation,
excluded flux radii at various times in the FRC formation process are compared. Fig. 4.30
shows a plot of the excluded flux radii overlaid on the Venti Formation geometry at various
point in time during the FRC formation. The agreement with the experiment is not terrible,
but some noticeable disagreements can be seen. In general, the simulation generated FRCs
are shorter and smaller. This is especially true for the dynamic effective ionization potential
case. The general translation behavior of the FRC from the simulation has reasonable
agreement with the behavior observed in the experiment.

The NDL signal from the experiment and simulation is shown in Fig. 4.31. A reasonable
agreement in the NDL signal can be seen prior to the main bank firing for both calcula-
tions, though the 13.6 eV case has slightly higher plasma density than what the experiment
suggests. Both simulation cases agree decently during the first radial implosion; however,
the experimental density increases more rapidly compared with the two simulations. The
agreement beyond the first radial implosion is poor. For the dynamic effective ionization
potential case, the NDL signal is far wider compared with the experiment. The 13.6 eV case
captures the basic shape of the experimental signal, but it does not capture the magnitude
of the second NDL peak. For both cases, the signal in the plateau regions of the NDL signal

does not agree well.
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Figure 4.29: The experimental [65] and the simulation generated excluded flux signal under
the formation coils for Venti Formation shot 3275.

The disagreement in the rate of the NDL increase during the radial implosion suggests
that more ionization is occurring in the experiment. The disagreements beyond the first peak
are influenced by many factors. One, because the FRC is translating into the cone section
of the device, slight disagreement in the translation speed leads to large change in the NDL
signal. The late time disagreement in the NDL signal is most likely caused by the smaller

FRC computed from the simulation.
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Figure 4.30: The experimental [65] and the simulation generated excluded flux radii for Venti
Formation shot 3275. The coils geometry is also shown in the same figure.

The particle inventory in the reversed field region computed from the simulation is shown
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Figure 4.31: The experimental [65] and the simulation generated NDL signal for Venti For-
mation shot 3275. The NDL signal is normalized by the path length through the chamber.

in Fig. 4.32. Tt can be seen that slightly more ionization occurs during the bias flux injection
in the 13.6 eV case. Right before the main bank is fired, the volume averaged ionization level
in the reversed field region is roughly 13% for the dynamic effective ionization potential case
and 24% for the 13.6 ¢V case. Furthermore, during the radial implosion, the 13.6 eV case is
able to ionize the remaining gas more rapidly than the dynamic effective ionization potential

case, leading to a higher particle inventory at the end of the formation process.

The simulation generated trapped flux and volume averaged FRC temperatures are shown
in Fig. 4.33. Since the dynamic effective ionization potential case gives less ideal estimate for
the FRC condition than the 13.6 eV case, the expected trapped flux, particle inventory, and
temperatures can be estimated. Consider 10 ps when the formation and ionization process is
completed and FRC is moving towards the cone section. At this time, roughly 2.2-3.1 mWb
of flux is trapped with a particle inventory of roughly 2.3-2.8x10' atomic deuterium ions.
The electron temperature is roughly 30-70 eV, with the ion temperature ranging from 30—
80 eV. For both cases, the peak translational velocity is roughly 0.28 chamber wall radii per

microsecond.
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Figure 4.32: The number of particles trapped in the reversed field region during the ringing
theta-pinch ionization and FRC formation for Venti Formation shot 3275 simulation.
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Figure 4.33: The time evolution of the FRC (top left) trapped flux, (bottom left) volume
averaged electron temperature, and (bottom right) volume averaged ion temperature for
Venti Formation shot 3275 simulation.
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4.5 Concluding Remarks for Venti Formation Simulations

Using the plasma-neutral model implemented in the Cygnus code, it is seen that a reason-
able agreement between the experimental and simulation results is obtained after sufficient
tuning is performed to set reasonable anomalous transport coefficients. From the three cases
tested, using temperature dependent dynamic effective ionization potential based on Lieber-
man and Lichtenberg [58] resulted in poorer agreement with the experiment. Using the
theoretical minimum value of 13.6 €V generally resulted in better agreement, through too
much ionization were seen early in the simulation during the preionization phase. In general,
significant iterations were necessary for tuning the simulation results to the experimental
one. Improvements in the experimental diagnostics as well as better knowledge of the exact
initial condition in the formation chamber are expected to accelerate the tuning process in

the future.
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Chapter 5

DISCUSSION OF POSSIBLE SOURCES OF DISCREPANCY
WITH THE EXPERIMENT

In the previous chapter, the results from the experiment and simulation were compared.
The simulated results showed reasonable match with the experimental measurements, but it
was observed that the match is not perfect or that the match required significant tuning of
the transport variables and initial conditions.

In this chapter, possible sources of the disagreement for the simulated results and ex-
perimental measurements are considered. In the previous chapter, some experiment specific
reason for the disagreement were already discussed, e.g., lack of good understanding of the
initial condition of the preionized gas in the formation chamber and lack of diagnostic to
obtain data that are useful for monitoring ionization level in the formation process. Here, the
attention is paid to the possible source of discrepancy due to missing physics in the model.
In particular, following four effects are considered: 1) three-dimensional effects, 2) multi-step

ionization processes, 3) molecular species effects, and 4) kinetic effects.

5.1 Three-Dimensional Effects

The ionization process is a complex three-dimensional phenomena, especially when a ringing
barrier field is used. Due to the azimuthal dependence of the ringing multi-pole barrier
field, the ionization events occur locally near the wall with a spatial azimuthal mode of the
multipole. Thus, it is possible that azimuthal magnetic islands and local plasma filamentation
can occur during the preionization process, which leads to plasma production, but with no
pickup in the excluded flux arrays due to the fact that it cannot conduct any azimuthal

current. This effect may also not be picked up by a single-chord interferometer, as the laser
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may miss the local region where it occurs. It is also possible that the feature of interests is
too close to the wall such that the pickup by the interferometer is small.

The ringing barrier field also opens the closed field-line structure generated by the bias
field and the cusp fields. As such, the outer magnetic field layer of the initial imbedded mag-
netic field has a complex three-dimensional structure that is not captured by a axisymmetric
model. This three-dimensional structure of the magnetic field may lead to modifications in
the plasma transport process, especially that of the electrons that are energized by the ring-
ing barrier field to enhance electron impact ionization processes. In order to capture these
effects, a three-dimensional model with a complete description of the external conductors

including the barrier coils are necessary.

5.2 Multi-Step Ionization

In the previous chapter, it was observed that the agreement with the experiment was im-
proved when the effective ionization potential was reduced and the ideal optimum value
was used for the simulation. In particular, using the dynamic temperature dependent effec-
tive ionization potential with a form suggested by Lieberman and Lichtenberg resulted in
too much electron cooling, that significantly reduced the efficiency of the ionization process
during the radial implosion. This suggests that not all energy that is spent exciting neutral
atoms is lost through the radiation. As such, the excited state neutrals can be further ionized
with a multi-step ionization process.

The multi-step ionization process occurs in the FRC formation due to the time scale of
the formation and implosion processes. If the ionization time scale of the excited states are
much shorter than the time scale of the radiative decay back down to a deexcited state, then
the energy absorbed by the neutrals cannot be lost from the system through the radiative
deexcitation process. As such, it remains as excited neutrals that have much lower threshold
energy for ionization. In addition, if the initial neutral gas density is sufficiently dense such
that it is optically thick to the radiation produced by the decay, then the energy loss through

the radiative deexcitation process is prevented indefinitely.



183

The importance of the multi-step ionization process was known in the past for the numer-
ical modeling of theta-pinches. For example, Duchs and Griem developed a multi-component
fluid model with the excited neutral states tracked [67]. The gas state is characterized with
three states: ground state, excited state, and continuum (ion) state. In the excited state,
the n = 2 state of the hydrogen is tracked. For states with n > 3, it is treated as being an
ion, since the collisional transition to a true continuum state has large cross sections with
small energy gaps. The metastable 2s state is not distinguished from the excited 2p state, as
the hydrogen in 2s states are excited to 2p state very effectively. With this, fluid equations
for three gas states and electrons can be derived; given appropriate reaction rates and cross
sections, the ionization process can be modeled numerically with Duchs and Griem’s model.

Significantly simplified version of the Duchs and Griem’s model was developed by Sgro,
which is applicable to many cases where a sufficiently high electron temperature exists to
maintain an efficient ionization process during the radial implosion [32]. Sgro’s simplification
removes the requirement to keep track of the excited neutral states separately, and instead,
treats the effect of the excited state neutrals by using a modified ionization rate that includes
contributions from the multi-step ionization processes. Sgro argues that for typical condition
encountered in the implosion of high voltage theta-pinches, the rate of ionization of the
excited state species are very rapid compared with the implosion time scale, such that it can
be considered as a single step process to greatly simplify the numerical model.

In both models, the reason for the inclusion of the first excited state (n = 2) hydrogen
is due to the excitation cross section that is comparable to the ionization. In addition, the
n = 2 state does not radiatively decay back down to the ground state in the time scale of
the implosion process, as the Ly-a from the decay process is strongly re-absorbed. This
condition is met as long as the neutral gas is optically thick to Ly-a. Based on Sgro, the
neutral gas will remain optically thick to Ly-a in a machine with a 0.1 m radius as long
as n, 2 2% 1087*m=3 where T. is in €V [32]. Thus, for many FRC formation problems,
Sgro’s condition is met, and multi-step ionization processes must be included.

The use of the optimistic value of the effective ionization potential in the simulation is thus
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justified by the presence of the multi-step ionization process. As a future work, the effective
ionization potential model based on Lieberman and Lichtenberg should be replaced with
the Sgro’s model. Similar to the theta-pinches modeled by Sgro, for typical FRC formation
problems, radiative recombination processes are negligible in the time scale of the formation
process. Thus, the ionization model of Sgro is more appropriate for FRC modelings than
that of Lieberman and Lichtenberg. For now, optimistic value of the effective ionization
potential is used to account for the reduced energy loss in the excitation process due to the

multi-step ionization process.
5.3 Molecular Effects

In many experiments for fusion energy, the starting gas species is diatomic deuterium that is
stable and storable. In many cases for FRC formation, the diatomic deuterium gas is injected
directly into the formation chamber and the preionization process is started. In some devices,
the gas may be assisted with a pre-preionization step that breaks down the gas prior to the
preionization process, but for the Venti Formation device, no pre-preionization step exists so
the gas starts as a molecular species. Thus, depending on the formation method used, the
preionization and bias flux injection phase may be affected by the molecular species.

Since the initial gas fill is diatomic neutrals, the modification in the neutral gas behav-
ior due to the presence of the diatomic molecules must be considered. For one, there are
additional energy expended in ionizing the neutrals. For example, for diatomic hydrogen
molecule, the dissociation reaction begins at the threshold energy of 8.8 ¢V as the repul-
sive *¥F state is excited and two fast atomic hydrogen fragments each carrying 2.2 ¢V are
produced [58|. Thus, additional electron energy loss is required in addition to the required
ionization potential. At higher threshold energy, dissociative ionizations to atomic ions and
neutrals and ionizations to molecular ions are possible. In addition, due to the complexity of
the molecular species, additional excited states are possible, which results in modified cross
sections for ionizations, dissociations, and recombinations.

Second major change to plasma-neutral interactions when the molecular species are
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present is the development of the non-resonant charge-exchange processes. When there are
multiple species of ions and neutrals present, depending on the ground state energy of the
interacting neutral and ion species, energy deficit that hinders the charge-exchange process
is present [68]. For the non-resonant (asymmetric) charge exchange between the two gas

species, the charge exchange reaction is given as
A*+B— A+ BT+ AF (5.1)

where the energy deficit AE = ¢ — 2 is the difference in the ionization potentials of gas
species A and B. When the energy deficit is positive, then the reaction is exothermic, and the
reaction is quasi-resonant where the reaction rates are similar to the resonant cases. When the
energy deficit is negative, then the reaction is endothermic, and the reaction is non-resonant.
For the non-resonant case, when the impact energy is low, the charge exchange cross section
is significantly reduced from the resonant value as computed by Rapp and Francis [68]. For
high impact energy, the non-resonant case generally converges to the resonant value.

Due to the modification in the ionization and charge exchange process when the molecular
species are considered, when a device with a non-negligible initial molecular neutral fill
is modeled, effects of molecular species must be included in the model. Since the Venti
Formation device had no pre-preionization system installed, the weakly ionized gas fill in the
formation chamber during the preionization and radial implosion contained non-negligible
population of molecular neutrals. Thus, to improve the modeling of the FRC formation
process in the Venti Formation device, effects of molecular deuterium species should be

added to the numerical model.

5.4 Kinetic Effects

The preionization and formation phase of the FRC are violent and turbulent phenomena,
and the detailed physics of the preionization and formation is not well understood both

theoretically and experimentally. It is possible that there are formation of both global and
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micro turbulences that cause instabilities in the mixed partially ionized gas in the formation
chamber. As a result, the local distribution function for ions, electrons, and neutrals may
be far removed from the Maxwellian distribution on which the collision and reaction terms
are based. In this section, the term kinetic effects is used to refer to all phenomena that are
caused by the non-Maxwellian nature of the local distribution function, irrespective of the

source of such non-Maxwellian development.

The plasma-neutral fluid model is more susceptible to the non-Maxwellian effect com-
pared with the typical fully ionized MHD model. In the model, all reactions assume Max-
wellian distribution, but some reaction cross sections (e.g., ionization) are sharply peaked
at a specific impact energy. Thus, if the local distribution is removed from the Maxwellian
distribution, the reaction rate will not be computed accurately for reactions with sharply

peaked cross sections.

To see this more clearly, consider a kinetic description of the species governed by the

Boltzmann equation. The Boltzmann equation for species « is given to be

Ofa Ca ~0fa
E"’VQ'foa—{_ m_a(E+VaXB) 'vaa_ﬁ

where e, and m, are the species charge and mass, respectively, E and B are the electric
and magnetic field, respectively, that depends only on the spatial coordinates, and the right-
hand-side term is associated with the time change of the species distribution function due

to collision and reaction processes.

To obtain the fluid description, moments of the Boltzmann equation are taken, and
the infinite chain of the moment equations is obtained. The infinite chain of the moment
equation fully captures the original Boltzmann equation as the distribution function can be

reconstructed from the tensorial series sum of the moment variables given as

fawv,t) = fO (v, )Y > opnaly, . (e t) HI . (€)

n=0 m=0
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/

where & = ’yé ®C, is the normalized random velocity, ¢, = v — u, is the random velocity,

mn

ey, ATE the moment variables,

Yo = Ma/kT, is the inverse of the thermal speed squared, a

and H'" is the irreducible tensorial Hermite polynomials [57].

Q,T1 " Tm
Consider the zeroth, first, and the second order moment of the Boltzmann equation that

are typically considered for the fluid models. They are given to be as follows:

Ong ON,
8t +V~(naua)—w
0 o o oM,
gn (Mmanauy) + V- (manauaua +pa I + Ha> —ngeo (E+u, x B) = 5
OPpa 2 © _ 0E,
W—FV'(paua)—'—g <pocv'ua+navua+v'qa> - St

where ny, Us, Pa, ﬁa, and q, are the moment variables, where ﬁa and q, are the higher
order moment terms. The right-hand-side term represents the moment of the §f,/dt term.
Since the J f,,/dt term is a function of the local distribution function itself, the right-hand-side

terms in the fluid equation are functions of all of the moment variables in general.

5.4.1 Special Case for Single Species Fully Ionized Plasma

Consider the special case of the fully ionized fluid with a single ion species with no internal
states and no reactions. In this special case, a series of physics-based argument can be made
to simplify the right-hand-side collision terms in the fluid equation without assuming the
form of the local distribution function itself. First, consider the continuity equation. Since
the system is assumed to be fully ionized with no reactions, there will be no production or
destruction of ions or electrons from the system. As such, since the collision processes cannot
modify the local number density due to the conservation of mass, the right-hand-side of the
continuity equation for both ions and electrons is exactly equal to zero, irrespective of the

number of particles participating in such a collision process. Thus, the continuity equation
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becomes

From the above form of the continuity equations, one can obtain two equations in the

center-of-mass of the two fluid to bring it to the form similar to the MHD.

Opm B
W—i—v-(pmu)—o
0pe
V-J=0
o

where p,, = m;n; + men, is the center-of-mass mass density, u = p,-! (m;n;u; + men.u,) is
the center-of-mass velocity, p. = Zen; — en, is the charge density, J = Zn;u; — en.u,. is the

current density, and Z is the ionization number of the ions.

Next, consider the momentum equation. Again, since there are no reactions, there are
no momentum production due to creation or destruction of the particles. Since there are
two species (ions and electrons), they can now exchange momentum with each other through
the collision process. However, regardless of the number of ion and electron particles that
interacted within the collision event, the total momentum of the system will be conserved.
Thus, the right-hand-side term in the ion and electron momentum equation will be equal

and opposite to each other. The momentum equation becomes

o o oM
a (mmzul) + V- <mmiuiui + pll + H1> —n;Ze (E +u; X B) - W
o o o ‘M
5 (meneue) + V- (meneueue +pel + He) —nee (E+u, xB) = 5

Using the center-of-mass fluid variables, the momentum equation for the combined system
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becomes the following:

8 <> <>
a(pmu)%—v-(pmuu%—pl%—ﬂ*)—pCE—JxB:0

where
o o 4 _ 2
fe oy M JJ — p. (I + Ju) + pouu
Ze%py, (L+rpre) (1 —re)

Tm = Zme/my, 1o = mype/ (Zepm), P = pi + e is the total pressure, and M= ﬁz + ﬁe is the
total viscous stress tensor. The equation for the advance of the current density is given to

be the following:

1-r.(1-rm)]E+uxB=R"+ ij(l—rm)JxB
where
R' =R (14+7,) V- (p.T+1)
Zepm
;’:277;; {aa—i+V~ {Ju—l—uJ — (mli/_ZiCpm)JJ—pcuu +TZn—i (pT—l—ﬁ*)]}
and )
i M
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is the term associated with collisions between ions and electrons.

Finally, consider the pressure equation. Since the species is assumed to have no internal
states, the species pressure equation can be written as an energy equation with the total
energy density of the species defined to be €, = manau?/2+ 3p,/2. Since the system is fully
ionized, there are no energy production due to creation or destruction of the particles from
reactions. Since there are two species (ions and electrons), the two species can now exchange
energy with each other through the collision process. However, regardless of the number

of ion and electron particles that interacted within the collision event, the total energy of
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the system will be conserved, although the partition of the energy in the two fluid will be
modified. Thus, the right-hand-side term in the ion and electron energy equation will be

equal and opposite to each other. The energy equation becomes

Oe; o o oF
agt—i—V[&tzuﬁ—ul(pZI+Hz>+qZ]—nzZeuZE:E
Oe. o o SE
ot + V. |:6eue + u - <peI + He> + qei| + Nneele - E = —E

Using the center-of-mass fluid variables, the energy equation for the combined system

becomes the following:

J—pcu
(L+7mre) (1 —1)
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where q = q; + q. and

. 1 2 3 N 1 m;m. |J — ,ocu]2
e mu —_— —
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Note that in general, one must still advance electron pressure equation together with the
total energy equation to fully reproduce the original set of continuity, momentum, and the
energy equations for the ion and electron species. The electron pressure advance is given to

be
Ope
ot

2 < 2
+V-(peue)+§ peV-ue+H€:Vue+V-qe] :—g(Q—l—neue-R)

where Q = JF /it is the energy transferred from electrons to ions due to the collision pro-

cesses.

From what has been shown up to this point, one can see that the right-hand-side col-
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lision and reaction contribution to the center-of-mass continuity, momentum, and energy
equation are exactly equal to zero from physical arguments alone, and the detail of the local
distribution function is not required. For the higher order moment terms and the remaining
collision terms, there are no conservation law that allows further simplification. Thus, the
explicit dependence on the local distribution function is contained in those transport terms
that has well understood physical meaning. These transport terms are viscosities, thermal

conductivity, electrical resistivity, and heat transfer.

To obtain MHD equations, further assumptions can be made, that are applicable in many
physically relevant cases. First, one can assume quasi-neutrality and set p. ~ 0. Unless very
strong external electric or magnetic field is applied in the plasma system, the assumptions
of quasi-neutrality is generally valid due to large Coulomb forces between ions and electrons.
Second, for typical fusion experiments, one can assumes hydrogenic species, and set Z = 1.
Third, since the electron inertia is much smaller than the ion inertia, the terms multiplied
by the electron inertia can be neglected. Finally, the electromagnetic radiation effects can be
largely neglected for typical conditions. With these assumptions, the fluid equations reduces

to the following:
on
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where

J H o o
qg=q——- (—peIJrHe)
en 2
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Q=Q+V-.q+V- [ﬁe.(u_i)]

ne
and € = mnu®/2 + 3p/2 is the total energy density for the plasma. It can be seen that
there are four transport related terms that are dependent on the local distribution function
(i.e. dependent on all of the moment variables). They are the viscous stress tensor for the
combined fluid ﬁ, the effective heat flow vector for the combined fluid q*, the dissipative
decay of the magnetic field R* and the effective heat generation for the electron fluid Q*.

As it can be seen, all transport variables have well understood physical meanings.

Fundamentally, one only needs to know the exact form of these four transport variables to
obtain solutions from the above equation that agrees with that computed from the Boltzmann
equation. Note that in the above form of equations, quasi-neutrality is assumed so the spatial
length scale must be larger than the Debye length, and a negligible electron inertia is assumed
so the high frequency effects on electron inertial time scale are not captured. However,
no assumption was made on the exact form of the local distribution function. Thus, the
assumption of the locally Maxwellian distribution function is not required to generate the
above form of the fluid equation, and rather, such assumptions are typically used to generate

a closure for the transport terms.

Historically, MHD model has been shown to be applicable to surprisingly wide range
of applications, one of which is FRC modeling, where based on the traditional criteria is
outside the region of validity for the MHD model. As shown in this derivation, the key to
the success of the MHD based model is that the basic equations of MHD are applicable to the
system that is far from equilibrium as long as reasonable form of the transport coefficient is
used to capture the non-Maxwellian feature of the local distribution function. This does not

mean that the solution from the MHD equation captures the full form of the local distribution
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function. Rather, it simply ensures that the fluid variables computed by advancing the MHD
equation with an exact and accurate transport terms will exactly match the fluid variables

computed by directly advancing the Boltzmann equation and taking fluid moments.

In the MHD modeling of the FRCs, typically, following anomalous corrections are made
to the transport variables to obtain result that matches the experimental results. In order to
obtain a correct magnetic flux decay profile that matches experimental measurements, em-
pirically tunable Chodura resistivity is employed (e.g. to capture the effect of microturbulent
electron dynamics [54]). To match the radial implosion and axial contraction dynamic in the
FRC formation with the experiment, viscosity is modified. The heat flow is limited to ensure
that the heat flow rate from the separatrix is reasonable compared with the experimental
observation (e.g. as discussed by Steinhauer, the electron thermal loss along the field line
is limited to its convective rates and not the larger parallel thermal conduction rates [12]).
Furthermore, the heat generation for electrons is often adjusted to obtain FRC temperature
that matches experimental results (e.g. anomalous resistive heating due to microinstabilities
typically goes into the ion heating rather than the electron heating, as discussed by Milroy
and Brackbill [53]). In essence, by tuning these simulation parameters to match experimental
results, one implicitly add kinetic corrections (corrections due to non-Maxwellian features
of the local distribution function) to the MHD equation, allowing the MHD equation to
capture phenomena that cannot be explained by assuming a locally Maxwellian distribution

functions.

Note that the form of the closure must be known a priori, either theoretically or through
experimental observations. Thus, the MHD model with the transport terms modified to
match experimental results does not result in a predictive simulation from fundamental
physics. Rather, one generally hopes that the set of the modified transport terms have
correct scaling characteristics such that the transport that was applicable to one experimental
condition are applicable to other similar experiments. In order to capture physics from the
kinetic effect based on fundamental physics, one must resort to a numerical model that solves

the kinetic Boltzmann equation directly, such as the Particle-in-Cell method.
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5.4.2  Meier-Shumlak Two-Fluid Model

Now consider the two-fluid plasma-neutral model of Meier and Shumlak. In the Meier and
Shumlak’s two-fluid model, the quasi-neutral plasma species of ions and electrons and the
neutral fluid is included. Due to the presence of the neutral fluid, species conversion due to
reactions is now allowed in addition to the collision interactions. Assuming quasi-neutrality,
negligible electron inertia, and negligible electromagnetic radiation from the beginning, the

continuity equation for the three-species model is given to be
on
— + V. (nu)=5"

ot
ony, e
BT + V- (nyu,) = -5

where S* is the species conversion rate from neutrals to ions. Due to conservation of mass,
the rate of ion generation is equal to the rate of neutral destruction.

Already from the continuity equation, one can observe the weakness of the two-fluid
plasma-neutral model. Due to the fact reactions are allowed, the right-hand-side of the
continuity equation is no longer equal to zero as it was the case for the two species fully
ionized model. While the total number density of the combined species is still conserved, the
partition between the two species is dependent on the right-hand-side collision and reaction
term. As such, a term that has coupling to every other moments of the distribution function
is introduced in the continuity equation. A transport coefficient must be introduced into the
continuity equation that depends on the local distribution function.

For the remaining equations, the details of the derivations are skipped, but similar argu-
ment based on the global macroscopic conservation laws can be used alongside the moment

equation to obtain the results presented. The remaining equations are the followings:

0 o
a(mnu)—kV-(mnuu)—i—Vp—J><B=—V-H+M*

% (mnyu,) +V - (mn,u,u,) + Vp, = -V - ﬁn — M*
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where ﬁn is the viscous stress tensor for the neutral species, q,, is the heat flow vector for
the neutral species, and M* and W* are the momentum transfer rate and energy transfer
rate, respectively, from the neutral species to the combined ion and electron center-of-mass
plasma species that account for both collision and reaction contributions. Note that the
dissipative decay of the magnetic field R* and the effective heat generation for the electron

fluid Q* now include effects of the neutral species.

It can be seen that five additional unique transport terms are required to describe the
plasma-neutral system: the neutral viscous stress tensor ﬁn and the neutral heat flow vector
q. that are the transport coefficients associated with the neutral species; the particle transfer
rate S*, the momentum transfer rate M*, and the energy transfer rate W* between the two

fluids that describe the interaction of the plasma and neutral species.

In essence, one can view the two-fluid model of Meier and Shumlak as a closure relation
for the additional transport variables introduced when neutral fluid are considered with
three common reactions: ionization, recombination, and charge exchange. Unfortunately,
since the closure by Meier and Shumlak assumes locally Maxwellian distribution function for
the plasma-neutral interaction involving reactions, their model is only applicable to systems

where the deviation of the local distribution function from the Maxwellian is negligible.

Since in the typical FRC modeling, anomalous modification to the transports is necessary
to match experimental results, local distribution function is non-Maxwellian. As a result, in
order to capture FRC dynamics well, one must come up with a suitable anomalous correction

to the transport variables introduced when the neutral species are considered. In order to
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obtain such anomalous correction, either more experimental data involving plasma-neutral
interaction or a kinetic model that includes the necessary physics for reactions are required
to obtain scaling for the anomalous terms.

This conclusion suggests that unless suitable forms of closures that resolve kinetic effects
can be determined a priori, kinetic simulations are required to capture behavior of the FRC
when neutral effects are considered. In order to capture reactions accurately, all three species
(ions, electrons, and neutrals) must be treated kinetically. In particular, electron species
cannot be treated as a fluid as commonly done in hybrid simulations of FRCs, as details of the
electron distribution function are crucial for obtaining correct ionization and recombination

reaction rates.
5.5 Summary of Possible Source of Discrepancy with the Experiment

In this chapter few missing physics in the present implementation of Cygnus were discussed.
While neglecting three-dimensional and kinetic effects are likely big sources of solution dis-
agreements, these two effects cannot be tested easily using the framework of the Cygnus code
and require complete re-writing of Cygnus or development of a new code. Thus, exploration
of these two effects is outside the scope of this project.

On the other hand, molecular and multi-step ionization effects can be tested within the
existing framework of Cygnus if certain simplifications are made to the multi-fluid model.
For example, the simple ionization model by Sgro can be included trivially in the plasma-
neutral model [32]. In order to quantify the potential significance of molecular effects in the
FRC formation process, a simplified molecular model was developed and implemented in
Cygnus. Effects of the multi-step ionization process are neglected for now in the model to
allow independent testing of the molecular effects. Details of the molecular extension of the

Meier and Shumlak’s plasma-neutral model are discussed in the next chapter.
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Chapter 6

FLUID MODEL FOR FRC FORMATION WITH DIATOMIC
DEUTERIUM NEUTRAL

6.1 Introduction

In the FRC formation processes for fusion applications, the most commonly used gas species
is deuterium. In the pulsed dynamic formation of the FRCs, one often injects molecular
deuterium gas into the formation chamber using an array of gas-puffs. The preionization
process is initialized after some time to allow the gas to populate the formation chamber.
Then, the bias magnetic field is injected into the weakly ionized plasma. The main formation
bank is subsequently fired, which causes rapid ionization of any remaining neutral species in
the formation chamber while producing an FRC.

As discussed in the previous section, one possible source of the disagreement with the
experimental results is the presence of molecular deuterium species. When molecular species
are present, the charge exchange process is no longer resonant due to the existence of energy
deficits [68], and the charge exchange rate computed by the model of Meier and Shumlak
will be too excessive. In the preionization phase, since the ionization fraction is sufficiently
weak, the resonant charge exchange frequency dominates over all other scattering or reaction
processes. Because of this, if there are significant population of molecular neutrals hindering
charge exchange processes, the physics of the preionization process can be significantly altered
by allowing other reaction processes to play a more dominant role. In this case, the prediction
based on the Meier and Shumlak’s model will be incorrect due to the assumption of resonant
charge exchange.

Rates of molecular dissociation and ionization govern whether the resonant or non-

resonant charge exchange processes occur in the preionization process. Since the injected
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deuterium gas is initially a diatomic molecule, if the gas is incompletely dissociated before it
is ionized, non-negligible population of the diatomic neutrals can exist during the preioniza-
tion and formation processes. Thus, to explore this effect, a simple extension to the Meier
and Shumlak’s model that includes molecular deuterium effects is developed to test for the

influence of molecular species on the FRC formation process.

It should be noted that there exists a more general model developed by Zhdanov and
Stepanenko for a partially ionized reactive plasma, which account for internal degrees of
freedom of species with arbitrary reactions [69]. In their model, the binary collision integral
is written in the Wang-Chang and Uhlenbeck form [70], and the chemical collision integral
is defined for the bimolecular and trimolecular reactions. The generalized chemical collision
integral of Giovangigli and Graille allows inclusion of any arbitrary reactions in the model [71].
Details of the transport due to binary collisions are given in great details by Zhdanov [57].
However, one issue with this model is its complexity. As such, in order to obtain a simple
extension to the plasma-neutral model, a derivation using the classical collision model is used

here.

6.2 DModel Assumptions and Fluid Equations

In order to develop a simple extension to the two-fluid plasma-neutral model of Meier and
Shumlak, first, a minimum number of the fluid species that must be included to capture
the effects of the diatomic deuterium molecules is considered. Initially, when the deuterium
gas is injected into the formation chamber, one can assume that the molecular deuterium is
largely in its ground state. While it is possible for the higher order vibrational modes to be
populated at the room temperature, because the injected gas is expanded into a low pressure
formation chamber, it can be assumed that the adiabatic expansion process sufficiently cools

the gas and brings it to a vibrational and rotational ground state [58|.

Following Lieberman and Lichtenberg, consider the following time scale ordering for the
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electron-molecule collision processes:

tar ~ e < Tyiy ~ Tdis K Trad <K Te

where t,; is a time scale for the electron motion in the molecule, £, is the collisional interaction
time for the electron with the molecule, 7, is the vibration time for the molecule, 74, is the
dissociation time for the molecule, 7,.4 is the transition time for electric dipole radiations,
and 7. is the mean free time between collision for the electron and molecule [58]. Similarly,

the heavy particle collision time scale can be ordered as the following:

tat < tcp ~ Tyib K Trad K Te

where t,, is the interaction time for collision between two heavy particles [58].

With the assumed time scale ordering, the ground state condition for all species can be
assumed in the fluid collision time scale. As such the collisional excitation process can be
modeled with a simple energy loss mechanism. In essence, any collisional excitation reaction
of the form

A+B - A+ B*

is assumed to be immediately followed by a deexcitation reaction

B* — B+ hv

such that only ground state species are present. Note that the species with the superscript,
x, denotes excited states. While this assumption can be poor for molecular species due to
the existence of the meta-stable electronic states, vibrational states, and rotation states, it

significantly simplifies the modeling of the species in the fluid model.

During the FRC preionization process, electrons are generated to enhance the electron

impact ionization process. For a diatomic deuterium molecule in the ground state, following
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interaction paths with an electron are possible:

e+ Dy(X 12;) — Momentum Transfer (Elastic Scattering)
— Tonization (D)
— Dissociative Ionization (D" + D)
— Dissociation (D + D)

— Excitation (D3)

Thus, by adding the diatomic deuterium species in the model, following species must be
tracked: atomic deuterium neutrals (D), diatomic deuterium neutrals (D), atomic deu-
terium ions (D7), diatomic deuterium ions (DJ), and electrons (). In addition, the low
energy heavy particle collision process between the diatomic deuterium ions and diatomic
deuterium neutrals has a potential path for the formation of the stable triatomic deuterium
ions (DF). In the typical energy range encountered in the FRC formation process, the for-
mation of the negative ions are largely negligible. Thus, if the diatomic deuterium neutrals
are included in the fluid model, following six species must be tracked: e, D, Dy, D*, Dy,

and Dy .

The reactions that are included in the model is selected based on the strength of their
reaction cross-sections in typical FRC formation conditions. The reactions involving excited
species states are neglected due to the assumption of the ground state dominance. The

following reactions are included in the model:

Electron Impact ITonization:

e+D—e+ D" +e (EL 1)

e+Dy e+ D +e (EL 2)



Electron Impact Dissociative lonization:
e+ Dy —>e+D"+D+e

e+Df we+D"+ D" +e

Electron Impact Dissociation:

€+D2—>€—|—D+D

Electron Impact Dissociative Excitation:
e+Df -e+D"+D

e+Df »e+D"+D+D

Electron Impact Dissociative Recombination:

e+Dy - D+D
€+D§_—)D2+D

e+Df = D+D+D

Electron Impact Radiative Recombination:

e+ D" — D+ hv

Charge FExchange:

D"+D—- D+ D"
DY + Dy — D + Dy
Df + D — Dy + D™

D;+D2—>D2+D§_

201

(EL 3)

(EL 4)

(EL 5)

(EL 6)

(EL 7)

(EL 8)
(EL 9)

(EL 10)

(EL 11)

(HP 1)
(HP 2)
(HP 3)

(HP 4)
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Triatomic Deuterium Ion Production
Dj + Dy — D + D (HP 5)

In addition to the above reactions, the elastic scattering collisions between all species are
also included.

For simplicity, cross sections for hydrogens are used to judge the dominant reaction
processes, since significantly more theoretical and experimental data exist in literature for
hydrogens compared with deuteriums. Note that the elastic cross section of deuterium and
hydrogen is equivalent. The cross sections with greatest disagreement between the deuterium
and hydrogen are those associated with the excited states. This is due to the difference in
the vibrational and rotational states of the deuterium and hydrogen molecule. The isotope
effects are especially important in the low energy regime where the internal state of the
molecule is more important [72]. Since the ground state is assumed for all species and the
species temperatures during the FRC formation process are generally above 1 €V, errors due
to using the hydrogen reaction cross sections for deuterium should be small.

If the derivation of the multi-fluid model used by Meier and Shumlak is followed to
generate fluid equations for all six species, the model will become far too complex and
intractable for practical problems involving FRCs. As such, in order to simplify the model
and reduce the required number of the fluid equations, several simplifying assumptions are
made to reduce the model to a form similar to the Meier and Shumlak’s two-fluid model.

First, the temperatures of all neutral species (D and D,) are assumed to be equal to
each other such that only a single neutral temperature 7,, has to be tracked. Similarly,
the temperatures of all ions (DT, D, and DJ) are assumed to be equal to each other
such that only a single ion temperature 7; has to be tracked. The use of the ion and neutral
temperatures in the model implicitly assumes that the thermal equilibration time for neutrals
and that for ions are sufficiently short compared with the time scale of the problem. Single
temperature model for heavy particles is a common assumption made in a typical multi-

component plasma-neutral model (e.g. Zhdanov [57]), so this assumption is reasonable. The
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distinction between the ion and neutral temperatures is made here to retain the structure of
the Meier-Shumlak model and also to account for the difference in the thermal equilibration
time scale between the Coulomb collisions for the ions and the hard sphere collisions for the
neutrals.

Second, the diffusion velocities of each neutral species with respect to the center of mass
neutral fluid velocity and the diffusion velocities of each ion species with respect to the
center of mass ion fluid velocity are assumed to be negligible and equal to zero. In essence,
all neutrals have a fluid velocity equal to the neutral center of the mass velocity, and all
ions have a fluid velocity equal to the ion center of the mass velocity. Thus, neutrals and
ions behave as a single independent fluid when in motion. A relative motion is only allowed
between the neutral and ion fluids. This simplification assumes that the momentum transfer
collision process amongst neutral species and amongst ion species dominates, leading to a
bulk fluid motion. It is assumed that the species are sufficiently collisional such that the
error introduced by this assumption is not the dominant error in the system.

Finally, the typical MHD assumptions of negligible electron inertia, negligible displace-
ment current, quasi-neutrality, and Maxwellian distribution function for all species are as-
sumed. With these assumptions, one obtains a quasi-two-fluid model of the six species

mixture given with a following set of equations:

Continuity:
on onp+ Onpy  Onpy
T + V- (nu) = 5t 5 + 50 (6.1)
ann (SHD (571D2
. = 2
5 TV (nauy) 5t T o (6.2)
Species Partition:
O fai 1 5nD2+ onp+ 5"D3+
R e (R (6:3)
Oi y gy = M= gy 20t g, (B0, 0 (6.4)
ot " st "\ ot ot
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8an -V fan = nln {(1 — fun) =22 5"”? fdn(;”D} (6.5)
Momentum:

5 (mau) + V- (mﬁuu +pl + ﬁ) JxB= 5(1;:1 (6.6)

% (M) + V - (mnnunun ype T 410 ) 51; (6.7)
Generalized Ohm:

E+u><B—nie(J><B Vp. — V- ﬁe):nie&gfe (6.8)

Energy:

Ip E J e &

{aﬁv (p )} +pVut Vgl Vu= - = [V-<p€I+He>} (6.9)
3 [ Opn P oFE,
= = . . IL, : = — 1
5 {at + V- (pnun)} +p,V-u,+V.q,+IL,: Vu, 5t (6.10)

e = 5Ee

3 [8811 +V. (peue)} +p.V-u.+V-q.+1.:Vu, = 5 (6.11)

where n = np+ +n pi T7pt is the plasma number density, n = (14 fg4; +2f;;)n is the modified
plasma number density, n, = np + np, is the neutral number density, n,, = (1 + fg,)n, is
the modified neutral number density, fz; =n D} /n is the fraction of the diatomic ion number
density with respect to the plasma number density, f; = n Df /n is the fraction of the
triatomic ion number density with respect to the plasma number density, fg, = np,/n, is the
fraction of the diatomic neutral number density with respect to the neutral number density,
p = nk(T; + T.) is the plasma pressure, p. = nkT, is the electron temperature, p, = n, kT,
is the neutral pressure, M= ﬁD+ + 10 py t i py T ﬁe is the plasma viscous stress tensor,
ﬁn = ﬁD+ﬁD2 is the neutral viscous stress tensor, q = qp+ +dpy+dps +9e— %(gpeTqLﬁe)

is the plasma heat flow vector, q, = qp + qp, is the neutral heat flow vector, and m is the
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mass of the deuterium atom. The collision and the reaction related terms are defined as
Me / 1) fa
ot ot
oM, / ) fa
5 = M | VoA

a 1 /| u |2 5.fa
=— vV — U,
2
where =

= 1s the collisional and reaction right-hand-side contribution in the Boltzmann equa-

tion. Note that in the above equation, following definition are made for the sum of the

collision reaction terms

OM _ 6Mp+ 5MD; +6MD; M,

5t 5t 5t 5t
dM,  6Mp N SMp,
ot Ot ot
OE _ 0Ep: 0Epy N 0Ly , 9E.
ot ot ot ot ot

0E, _0Ep  8Ep,

ot ot ot

na:/fad%
1
ua:—/vfad?’v
N
_1 2 3
My | |V —u,| foad’v

ﬁa:ma/(v—ua) (v—ua)fad%—paT

The fluid variables are defined as

1
Qo = 5moé/|v — ua|2 (Vv —uy) fod®v
for o = D, Dy, D™, DS, DI and e.
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Because of the simplifying assumptions, there are only three additional equations intro-
duced to the original set of the fluid equations from the Meier and Shumlak’s model. These
three equations correspond to the partition of the species in the neutral and the ion fluid.
The above set of equation has been written in a form where the left-hand-side closely mimics
the original form of the plasma-neutral model for single atomic species neutrals and ions.
This allows the additional species contributions to be treated as a right-hand-side source

term in the preexisting implementation of the plasma-neutral model in Cygnus.

With the above form of the fluid equations defined, what is required next is the specific

form of the right-hand-side collision and reaction terms 5:;—;, 6%‘*, and 66%. In addition,

closures for transport variables ﬁ, ﬁn, ﬁe, d, 9., and q. are also required.

Note that the collision contribution to the energy equation is written in a non-conservative
form using the moment with respect to the random velocity. To obtain the conservative form

of the collision contribution to the energy equation defined to be

E, 1
) « Ema/UQ%dS’U

ot ot
it can be related to the non-conservative form as

0E, OFE, M, 1 5 0N

5t or et Tg T gMatlaTys

The conservative form of the energy equation can then be written as the followings:

g—f+V-[éu%—u-(pT%—ﬁ)-l-Q]—J'E:éé—f (6.12)
%-FV' [énun+un~ (pnTJrﬁn) +qn} = 55“ (6.13)

minu? + %p is the plasma energy density and &, = %mﬁnui + gpn is the neutral

where € ~ %
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energy density. The collision contributions are given as the followings:

0E _JE L ML (e 25%; +35nD;
5t ot ot 2\ ot 5t 5t
6E, OE, oM, 1, (dnp _dnp,
5t e M Ty _§mu"<7+2 5t )

In the subsequent sections, the form of the right-hand-side collision contributions to the

fluid equations is discussed.
6.3 Elastic Collision Integral

In this section, collision contributions to the fluid equations due to the elastic scattering are
considered. Contributions due to reactions are discussed in the next section.

For the elastic scattering collisions, assume that the collision is a hard sphere collision
when it is between neutral species or when it is between the neutral species and the ion
species; assume that the collision is a Coulomb collision when it is between the charged
species. Assuming Maxwellian distribution for all species, the collision contributions to the

fluid equations can be expressed as the followings as shown by Schunk and Nagy:

Ong,

5t

oM,

5 Znamauaﬁ (ug —u,) Pup
B

0FE, NaMaVag 2
=y T8k (Ts —T,) Yy, o= P,
5 Zmaerg[ (Ts ) Wap +mg [ug — ugl” ®op)

where v,5 = ngmpgKag/(ma + mg) is the momentum transfer collision frequency, K,z is the
effective reaction rate, and ®,5 and U,z are the velocity correction factor that is different
for the type of the collision processes [50]. For the Coulomb collision process,

3VT | _3/2 12y 3\-1 -
oy = = Ao Perf (A7) — SAap e
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Wap = e

167 o = =32 [ eats \°
Ka,@: 3 <2k‘Ta5) (m) lnAaﬁ

and for the hard sphere collision process,

3VT 32 1/2 3. _ -
Do = gka/ (4025 + s — D) erf V) + Tghap (Rhag 1) e

. 1
Vs = \/TEAQ;/Q (2hap + 1) erf (\J) + Se

8 7 1/2 2
Kocﬁ = ﬁ(QkTaﬁ) / (WTO‘B)

where \og = uiﬁ / (ZkT aﬁ) is the ratio of the reduced relative kinetic energy divided by the
reduced thermal energy, u,s = U, — ug is the relative velocity, T = Tn/ma + T/ mg is the
reduced temperature divided by the reduced mass, png = mamg/(mq + mg) is the reduced

mass, and 7,4 is the sum of the radii of the colliding particles [50].

The elastic scattering collision contribution to the species number density is all equal to
zero. For the collisions involving electrons, due to the small electron inertia, A,z is small, and
V,s ~ ¥, ~ 1. Note that because of the assumption of a single velocity and temperature
for the ions, the Coulomb collisions between the ions have no influence in the fluid equation
(they are assumed to be large such that temperature and velocity difference for different ion
species are kept low). Likewise, the hard sphere collisions between two neutral species have
no influence in the fluid equations for the same reason. Note that for Coulomb collisions
involving electrons, the Coulomb logarithm is largely independent of the species masses for

the typical FRC conditions and the species mass dependence can be neglected.

Applying all of the assumptions made thus far, after some simplifications, the momentum
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contributions are given to be the followings:

oM

5 —mnnnum{(l — fai — fu) [ (1 — fan) Kpp+@pp+ + fdnKD2D+®D2D+1

2

+ fai [—

3(1 — Jan)Kppy ®ppy + fdnKDQD;(I)DQD;]

3 6
+ fu [1(1 - fdn)KDD;r(I)DD; + gfdnKDzD;(I)Dw;] } (6.14)

oM, /M
- 1
ot ot (6.15)
1 (5Me Me
o1 {Ksp'] + =1 = fan)Kep + fanKep,] (I — neuin)} (6.16)

where u;, = u — u,, and

427 €52 In(A) (kTe)_3/2

T3 (4meg)? mi? \ e

is the Coulomb collision reaction rate. The energy contributions are given to be the follow-

ings:
oE 3
e §nnnk(Tn —Ti)q (1 = fai — fui) (1 — fan)Kpp+V¥pp+ + fdnKD2D+‘1’D2D+

4 1
+ fai { (1= fan) Kppg ¥ ppy + §fdnKD2D;r\IJD2D2+:|
12
+ fui ( — Jan) Kppt ¥ppt + _fdnKDQD;f‘I’Dgpg+

1
+ annnufn{(l - fdz fn) [ (1 - fdn)KDD+(I)DD+ + fdnKD2D+®D2D+]

4

+ fai [—

9(1 - fdn)KDD;CI)DDQ+ + fdnKDgD;(I)DgD;':|

3 24
+ fui {g(l = Jan) K ppsr ®ppy + 2_5fdnKD2D3+CI)D2D3+} } (6.17)
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0E, 3

5 §nnnk(Tz — Tn){<1 — fai — fu) [ (1 — fan)Kpp+Vpp+ + fdnKD2D+‘I’D2D+]

1

+ fai {—( — Jan) Kppt Vppy + §fdnKD2D;'\IJD2D;':|
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+ Ju (1 — Jan) Kpp ¥ ppt + _fdnKDgD;'\IngD;

1
+ 2m7mn {( — fai — fu) { (1 = fan) Kpp+®pp+ + fdnKD2D+(I>D2D+:|
8
+ Jai { (L = fan) Kpps ®pps + fdnKDQD;(I)DQD;]

9 36
+ ftz { (1 - fdn) DD;q)DD;j + 2_5fdnKD2D;(I)D2D§L:| } (6-18)

0E,
ot

Me 3
= 3n? k:(T T)(S—ifdz thz) sp
Me 1 Me
+ gnnnﬁk (Tn - Te) |:(1 - fdn) KeD + §fdnKeD2:| + €_2KspJ2

+ nn,me W, — J/ne|2 (1= fan) Kep + fanKep,] (6.19)
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In addition, the energy conservative form of the energy transfer term is given as the following:

SE 3 1 4
5= §nnnk (T, — Ty) {(1 — fai — fu) {5 (1~ fan) Kpp+¥pp+ + §fdnKD2D+‘I’D2D+}
4 1
+ fai 9 (1= fan) Kpps Yppy + §fdnKD2D;\I’D2D2+

3 12
+ fui [g (1= fan) KDD;\I/DD; + %fdnKDngq/DzDg} }

+ %mnnn{(l — fai — fui) E (1= fan) (Ui - UQ) Kpp+®pp+

2
—+ §fdn <2Ui — U2 —u- un) KD2D+(I)D2D+:|
2 2 2
+ fu §(1——ﬁm)ﬁ%—%u-un—#hL)KngéDD;
1
+ §fdn (UZ - Uz) KDZD;q)DQDgl

3
+ fu [1—6 (1= fan) (u + 2u - u, — 3u?) Kpp:®ppt
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SF, oF
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6.4 Derivation of the Reaction Collision Integral

In this section, collision contributions to the fluid equations due to the reactions are consid-

ered. For reaction processes, a general form of the reaction can be given by

A+B—C+---+AFE

where in the above, AF represents energy released by the reaction (positive for exothermic
reactions and negative for endothermic reactions). For the reaction given above, in order

to generalize the form of the collision operator used by Meier and Shumlak [11], consider a
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general collision operator of the form

CP = fo(v) / go(g) fa(v') A’ (6.22)

which represents the collision operator for species d due to a bimolecular reaction involving
species « and 3 with species d as the product. In the above collision operator, g = v — v/
is the relative collisional velocity of the two species, f,(v) and fs(v') are assumed to be a

Maxwellian distribution of form

m; \ 2 m;c?
fi(v) =n,; (27rk:Ti> exp <_WTZ) (6.23)

for i = o, 8, ¢; = v — u; is the random velocity of species 7, and u; is the bulk fluid velocity

of species 1.

With the general collision operator defined in Eq. 6.22, the collision operator for the

product C' from a bimolecular reaction with reactants A and B can be expressed as
m ACéB +m BOg A

Co = 6.24
© ma+mpg ( a)

and that for the reactant A and B can be expressed as

Ca = —C45 (6.24b)

Cp = —C5A (6.24c)

Note that the above form of the collision integral ensures the conservation of mass, momen-

tum, and energy after the reaction process.

In a fluid model for species A, B, and C, one typically needs moments of the collision
operator with respect to its species random velocity. Consider the general collision integral

that was given before. The resulting collision integral given for the m-th order moment can
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be expressed as

6,71 Tm

ROS™ / (€2 C5F AP0 (6.25)

where [c]'],,....,, is a tensor of the order m produced by a dyadic product of m number of
cs, and Rf{ T’ff‘,rm is a tensor collision integral of order m. Note that cs can be expressed as
Cs = C, + Uug, Where u,y = u, — us. With this substitution, the collision integral can be

expressed as

Rebm / / [(Ca 4 Uas) ™o fulca) fo(cs)go(8) dPe dPes (6.26)

To make progress, consider the conversion of the six-dimensional space defined by c, and

cs to a new coordinate space defined by c, and g, which is defined to be
Ci :Vc_uc_ﬁuaﬁ—i_ﬁg

g«=—8+ U

where
Mo Vo + MgVvg

Ve =
Mo + Mg

MaUgq + mpgug

My + Mg

U, =

5 _ Hap TB - Ta
Mo +mg  Tap

meaqimg

Hap = Mo + Mg

maTg + mﬂTa

T3 =
o My + Mg

From this coordinate transformation, one can obtain

Co = Cx — %ﬁg*
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cﬁ =C, + (1 - ¢O¢ﬁ)g*

where
m ﬁTa
m gTa + maTg

,lvboaﬁ -

and the product of the two Maxwellian distribution is simplified to the following:

3/2
YaB )3/2 Yo T V5 1 2 1 2
« — Iy a5 S\« x o la * 2
falea) fo(ea) = nams (22 ) e =50 ) Sasgl|  (6:27)

where v; = m;/kT; and Yap = YaV8/(Va + 73). Note that V.s = Yap/Va- The details of
the process of conversion to the six-dimensional space defined by c, and g, can be found

in standard textbooks covering transport derivations such as Schunk and Nagy [50] and

Zhdanov [57].

After the coordinate transformation, the collision integral in Eq. 6.26 becomes

af, m o 3/2 +
Ré,i;~~~rm = NaNg (%) (’y 75) // C, + waﬂg + uA) ]7“1 T

1
< o(g)exp |~ (i +90) ] exp |~ 30l = wanf| e e (629

where up = u,5 — Yapuas. To make additional progress and to simplify the tensor product,

define

m—

(co+tapg+ua)"], . =33 ur, [cgmug =]

r=0 s=0

<

all

1 Tm

(6.29)

where [amb”cl”]‘erH is defined to be the sum of all possible and unique (m + n + p) order tensor
that is constructed from the dyadic products of m number of vector a, n number of vector

b, and p number of vector c. For example
[a?b?c”]™ = aabb + abab + abba + baab + baba + bbaa

where the dyadic product is assumed for all vector products. With this notation, the collision
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integral can be expressed as

aB,m Y08\ (Yo + 798\ o= = 1 2
1, = nans (52 (T2 ) S S vt [ wo)enn |~ gous e - wasl

r=0 s=0

s m—s—r]al 1
X {/ [c*g Up Ll,..rm exp [—5(% +%3)Cz] dgc*} d*g  (6.30)

First, consider the inner integral over c,. The integral over c, has an analytical solution

of the following form:

3/2 (Yo + )73/2 6/ if s is even
(%QJF 75) /Ci exp (_% JQF 75‘63> d’c, = ’ (6.31)
T 0 if s is odd

where 8™ is defined to be the symmetric sum of the m number of Kronecker delta dyadic
products following the convention of Grad; e.g., 6% = 6,50y + 6,05 + 0,105, Where 0;j is the
Kronecker delta [49]. Due to the inner integral, all contributions from the odd s vanish, and

the above collision integral simplifies to the following:

m [% (mfr)] ;

;ﬁ Sym S T
O (L) SRLE ) LV R

3/2
RS = mans (52)
r=0 s=0 (’Ya ™ 8
(6.32)

8,711

where t = m — 2s — r and [%p} s is defined to be the largest integer not exceeding %p as

defined by Grad [49]. The tensor function Gﬁ?.” is defined as

m m 1
637 = [ 218", 000 (sl — wal?) (6:33
The tensor operator T, {As s, Bsiowsys Ciyt, } is defined to be equal to the (m +

all

S by replacing the m order tensor

n+ p) order tensor that is generated from [X"X"x7]

formed by the dyadic product of the m number of x, (i.e. X, ---X,, ) with the m order
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tensor A,,...,,, the n order tensor formed by the dyadic product of the n number of X, (i.e.
X+ Xg, ) with the n order tensor By,..s,, and the p order tensor formed by the dyadic

product of the p number of X; (i.e. Xy, ---X¢,) with the p order tensor Cy,....,. For example:

Tzsjykr?{za E, 1} = AijBiu + A Bji + AuBji + Aji By + AjiBix + A Bij

Next, consider the integral over g. In order to solve for Gm.).rm, transform into a spherical

coordinate system with the vector u,g taken along the polar axis. Then,
g = sinf cos ¢ X; + sin # sin ¢ X + cos 0 X3

where g = g/g and X3 = uas/uas. Then, the expression for Ggff.).rm simplifies to the

following:
G(m) 1 2 OO m+3 (m) 1 2
o = exp —Eyaguaﬁ g™ o(g)0,, exp —§7a5g dg (6.34)
0
where
T 2
@mm = / sin 6 exp (Yo plapg cos b) {/ &™), dqb] dé (6.35)
0 0

To simplify the angular integral terms, note that from the orthogonality of the trigono-

metric function, one has the following relationship:

27 m! n!

27
[ s @)ooy a9 = | T
0 0 otherwise

if n and m are even

Thus, all terms that contain odd tensorial product of X; and X, are zero. This result is

simply a consequence of the the azimuthal invariance of the collision integral. Using the
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above result, the integral over the azimuthal coordinate is given to be

2 p o
" do = — o™ 2PT(9) sin?P)(f
[ €103 (6) sin®? 7))

—r =)' (2s)! 1o, C2(p-r—s) gm—2p+2r] !
X Z T _tsl % %3 ]rl o (6:36)

where p = [2m)];.

Using the result from above, the polar integration can now be applied. Defining a =

YapUapg, the angular integral term becomes

o) 87r 87 (p+1)! ZP:PZ (2r)! —7’—5)]' (2s)!

1 Tm p+ 1 | S)!S!

r=0 s=0 (6.37a)
225 o 2(p—r—s) 520 ]!
x Frp(a) |x7° X5 X
1 Tm
for even m and
om) _87r (p+1)! = —T—s)]! (2s)!
T Tm | —r—g)lgl!
2(p+1)] r=0 s=0 r—s)ls! (6.37b)
27’ 2r+1 A(p—r—s all
T [Fringla) = Flo)] [ 51]
for odd m. In the above equation,
EFopla) =1F (3 +71; %, 2 +p; 1a?)
where ,Fy(ai,...,ap; by,...,b,; x) is the generalized hypergeometric function.

From the recursion relationship for the generalized hypergeometric function, | F» , there

exists a recursion relationship of the form

Ey(a) = oF (; 2 +p; 1d?)
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and

(12

Flp(“) - Fp<a) = meH(a‘)

where Fj(a) = Fop(a) and oF} is the confluent hypergeometric limit function. Thus, using
the recursion relationship and the knowledge of the F}, function at the r = 0, one can express
solution to the polar integral as a sum of the confluent hypergeometric limit functions. First

few values of F}, are given as the following:

Fy(a) = ésinh(a)

Fi(a) = % lacosh(a) — sinh(a)]

Fy(a) = i—i (34 o) sinh(a) — 3acosh(a)]

Fy(a) = — [a (15 + a?) cosh(a) — 3 (5 + 24”) sinh(a)]

Fya) = % (105 + 45a® + a*) sinh(a) — 5a (21 + 2a*) cosh(a)]

Fs(a) = [a (945 + 105a” + a*) cosh(a) — 15 (63 + 28a” + a*) sinh(a)]

While it is not obvious at the first glance, due to the symmetry of the tensor g™, the
resulting solution from the angular integral will result in a tensor with the same symme-
try characteristics. From these observations, one can construct an ansatz that the tensor

structure of O™, s of form

P
(m) o Z p—1 A m—2p+2r]Sym
67"1“'7’777, - ar [6 uaﬁ :|r1---rm
r=0
where a, is some constant and [a™b"]" represents a symmetric sum of the dyadic
1 Tm+n

products of m number of a and n number of b. Since § is an isotropic tensor and u,s has
been written in a general vector form without any specified coordinate system, the solution
for @%-)-rm is coordinate invariant, even though a specific spherical coordinate system was

chosen to carry out the integration. Note that in the spherical coordinate system chosen for



219

~

the integration, § = X;X; + XoXo + X3X3 and U,3 = X3

To construct the coordinate invariant form of the angular integral, first consider the case

of the even m as expressed before. First note that

all

t t
6P ta2] " pz:pzr @r+2t) 2(p—t—1—s)]! (25)! 228 g2p—t=r—s) L2(r+1)

0‘5 1Tm 20—t 2)r! (p—t—1r —s)!s! 12 3 1T

where 0 < ¢ < p. One can see that the tensorial contribution to the solution of the angular
integral for the even m case can be isolated into a sum of the coordinate invariant tensorial

contributions through the tedious series manipulation,

ZF ZGT+Z (a)]a,

r=0

which can be recursively applied to isolate the coordinate invariant tensorial contribution.

After the recursive application of the above series manipulation, one obtains a coordinate

invariant solution for the angular integral for the even m case is given to be

8t (p+1)120 & (2r)! .
(m) — p—r 27 1sym
O = i 2 7 IO

where «, is defined with a recursive relationship of the form

and

for » > 1. The recursive relationship given above for «, can be greatly simplified using the
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recursion relationship for F,,. After some simplification, one obtains

T (5 +7)
2T (3 +p+n) e

o =

(a)

where I'(z) is the gamma function. With this simplification, the coordinate invariant form

of the angular integral for the even m case becomes the following:

2p+’r p—|—T—|—1) sym
@(m — 87 QTF 8P Y
e Zo Sl @l

For the odd m, first note that

p—t p—t—r

2 2t - t - - 2 —t—7r—s8) ~ r
Z Z ;+ 2 (p r—s)]!(2s)! 2 5 2o—t=7=5) L2r+0)

=t (2t)r! (p—t—1r —s)!s! Lo LT

all

[510 [ 2t+1 Sym

7’1 ‘Tm
r=0 s=0

where 0 < ¢t < p. One can carry out an equivalent procedure as done before for the even m
to manipulate the series solution to obtain a coordinate invariant solution for the angular

integral of the odd m case as

@(m 8’/T (p—i— 1)'21’ p (27’+ 1) /87,. [517 T,AQT_,_I}sym

TLTm a [2 (p‘l—l)]' —0 2 ’8 1 Tm

where 3, is defined with a recursive relationship of the form

Bo = Flp(a) - Fp(a>
B = [Fy(a) — Fipla)] — [Fip(a) — Fy(a)]

and

e = A{Frel0) = Fip(a)] ~ [Fiple) — Fyla)]} - Z oy

for r > 1. Similar to the even m case, the recursive relationship given above for 3, can be
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greatly simplified using the recursion relationship for F,(a). After some simplification, one

obtains
2T ( % + p)

2 2r+DIT (5 +p+n)

67":

p+r+1 (a)

With this simplification, the coordinate invariant form of the angular integral for the odd m

case becomes the following:

p
. 00 (p 4 4 2) rg2r1]m
o, =8r E (o ) a® U, +r+1(a) [Jp Zﬂﬂ} !

m T Rt ’ e

Finally, after some additional simplifications, the angular integral term that is applicable

for all m becomes the following:

m—p+r

)2r+m72p
St (m — p+7“+1)]

(r}/ozﬁg

X Frpir (Yaptiapg) [67 02217 (6.41)

T1Tm

With the coordinate invariant form of the angular integral defined, after further simpli-

fication, the expression, GﬁT.).Tm, simplifies to the following:

21 \ Y% G At o+ D) i wym
G7(n71n)r — 16 <_7T> (m +r—p+ ) Q m+ D) [(sp—rui%—i-m—%} y (642)
m 70[6 r—0 ,yOlﬁ [2 (m + T — p + ]_)] 1 Tm
where Qg’ ﬁ), is a generalized collision integral defined to be
p+3/2 ) 0o 1
0 o —Lrapu? 1 2
T T L / g 30(2)Fy(Yaptiasg)e 175" dg  (6.43)

The generalized collision integral Qgpg can also be expressed as an infinite series of the

Chapman-Cowling collision integral as

+1+1)! (1 L ob) 1 a2
Q(p (p — 2 Q(p+ ) Vaguaﬁ 644
Z l' (p—i-l-'- )] (27 ,Buaﬂ) af e 2 ( )
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where Q) op 18 the Chapman-Cowling collision integral defined as the following [52]:

p+3/2

») op T 243\ Lyasg?
Q45 = W/o gr o(g)e 278 dg (6.45)

The above series expression for the collision integral may sometimes be more useful, as one
can separate the contribution due to the species temperature (7,3) and the contribution due
to the relative velocity of the reacting fluids (uqp). This allows one to obtain the Chapman-
Cowling collision integrals for the specified reaction as a function of the 7,3, and use this

result to obtain the approximation of Qgp 5) for the specified fluid relative velocity.

The final expression for the collision integral simplifies to the following:

4P (r+q—p+1)! V5 = (r+q—p)
R(Saé?jl-r 16nanl3 — s rQar or
o Z;Z;(; 2+ g—p+ DI 455" (va+ 7)Y

oy L1, [ ] (6

Note that ua = (YU + v8ug)/(Ya + 78) — Us, n = [5(m — 1)]y, and p = [37];. As soon
as the cross section for the reaction is defined, the generalized collision integral Q for the
reaction can be determined, and the above expression can be used to derive the collision and

reaction contribution to the fluid equations.

6.4.1 FElectron Impact Reaction Process

Consider the special case of the electron impact reaction process given as
e+ A= B+ +AFE

where the reactant species A is assumed to be a heavy species with a significant mass dif-
ference compared with the electrons, i.e. m4 > m,. For this case, additional simplifications

can be made due to the small electron inertia compared with the heavier species. Assuming
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that m./ma < T./T4, where m, is the electron inertia, my4 is the reactant heavy particle
inertia, T, is the electron temperature, and T4 is the reactant heavy particle temperature,
one obtains following approximations:

ma

%H—Vﬁ%mzm

Me .
kKT,

Yap ~ Ve

Note that in the above approximation, it has not been specified to which of the two species, «
and [, the electron species corresponds. The requirement is that it is a bimolecular reaction

involving an electron and heavy species.

Next, assume that ;! > |u, — u A|2, where v, ! is the electron thermal velocity squared,
U, is the electron velocity, and u, is the reactant heavy species velocity. This assumption
is generally valid, since the reduced impact kinetic energy is generally small compared with
the electron thermal energy due to the small electron inertia. Then, the generalized collision

integral can be greatly simplified as

() ~~ o)
apf ~ Qaﬂ

<

as all of the high order term in v,5u? 5 vanishes in the series expansion. Thus, the generalized
collision integral reduces to the Chapman-Cowling collision integral. The Chapman-Cowling

collision integral can further be simplified as

00 +1
(®) ~ kT 1 / E N\’ —E/kT.
e\ am ), \am) B &

where F = %meg2 is the electron impact energy. In addition, following approximation can

(6.47)

be made:

UaA = Uy — U5 = Uy

For a typical 5-moment fluid model, zeroth, first, and second order moments are of
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importance. For the zeroth order moment, one obtains the following result:
R0 ~ 8n,n Q) (6.48)

For the first order moment, one obtains the following result:

o1 (0) 2mg Of})
R(; ~ 8nenAQeA Ugs + gm_AQ(O) Uqnp (649)
eA

Finally, for the second order moment case, one obtains the following result:

<> k?T h=d 16 mg T kT h=g
af,2 0 A B LA~ «a
R(Sﬁ ~ 8nenAQ£/2 (uA5UA5 + m—A I) + EnenAm—AT—BQ;z (uaﬂuAd + UysUag + — I)

€

32 Ta\’
+ —Nena (%—A> Q(a}ueAueA (650)

As it can be seen from the above result, for the 5-moment fluid model, zeroth, first, and second
order Chapman-Cowling collision integrals for the electron impact reactions are required.
In practice, only the zeroth and the first order Chapman-Cowling collision integrals are
needed due to the fact that the term associated with the second order Chapman-Cowling
collision integral vanishes due to the small electron inertia assumption once the species

specific collision integrals for the fluid equations are constructed.

6.4.2 Heavy Species Collision Reaction Processes

For the heavy species collisional reaction processes, the simplifications that were possible for
the electron impact collision processes are not possible. However, the collision integral can

be simplified to some degree for the case of the first three moments.

First, note that in general, the heavy species collisional reaction cross section is defined as

a function of the specific impact energy (generally in units of €V /amu). Thus, the generalized



225

collision integral may be written in terms of the specific energy as the following:

'e) kT& 1 > E Pt - E)\a B /LT —
U =22 | = / (_ ) d(E)E, | 24/ =22 | e B/ Tastras) 4
8T kTa/j 0 k’Tag kTaB

where E is the specific impact energy, Taﬁ = To/mq + T3/mg is the specific reduced tem-

(6.51)

perature (the reduced temperature divided by the reduced mass), and Aos = u2;/(2kTqp)
is the specific impact kinetic energy divided by the specific reduced temperature. In a series

form, the generalized collision integral can be expressed as

'(p+1+1)!
2(p+ 1+ 1))

4 2(p+1)
!

o®) —
W (p+ D

A s Qe os (6.52)

where the Chapman-Cowling collision integral is defined as

v =/ Mos | 1 / ( b ) o(B)eF/Hes dF
8T 0

s Jo \iTos
Thus, the collision integral is parametrized by two independent variables for a given collision

(6.53)

cross section: Taﬁ and A.p.

For a typical 5-moment fluid model, zeroth, first, and second order moments are impor-

tant. For the zeroth order moment, one obtains the following result:
af,0 (0
Ry™° = 8n,nsQly) (6.54)

For the first order moment, one obtains the following result:

aB, 1 5(0) 2 %08 QSﬁ)
R5 = 8nan59aﬁ upa + gW—WuOﬁ (655)
a 3,3
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Finally, for the second order moment case, one obtains the following result:

. _ S\ 16 o8 ¢
RYP? = 8nan59g]ﬁ) (uAUA 1 1o I) + ?“a”ﬂMQSﬁ)f (uaﬁuA +uauag 7, I)
Va8 Ta

32 o
+ Bnang (%) Q( Buaguag (656)

As it can be seen from the above result, for the 5-moment fluid model, zeroth, first, and second

order generalized collision integral for the heavy species collisional reactions are required.

6.4.3 Special Case for a Constant Cross Section

For the special case when the cross section is a constant value given as oy, there is a closed

form analytical solution for the generalized collision integral given to be the following:

™

BT\ 2
Q%) = a(p +1)! (8—“5> o) (6.57)
where g is a velocity correction function defined to be
V) = 1Fy (=15 3+ py —Aag) (6.58)

where | F} is the confluent hypergometric function of the first kind. First few values of the

velocity correction function are given to be the followings:

1 _ -
(I)&O/; =1 [26 Aap 4 \/%)\aéﬂ (2Xap + 1) erf <)\1/52>}
3

L _ Ao ~1/2 _ 1/2
o = 3o [2 (2Xap + 1) €77 + /A" (4N25 + 4hag — 1) et </\ )}
5 —_ f—
P03 = 12802, [2 (4725 + 4has = 3) €70 + VA S/2 (8L + 12025 — 6Aas + 3) ent (M) ]
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6.4.4 Special Case for Mazwell Molecule Cross Section

Consider the special case of the Maxwell molecules discussed in Schunk and Nagy, which

1/2

has a cross section that scales as 0 = o(Ey/E)"/? where 0y and E are some constants [50].

For this case, there is a simple closed form analytical solution for the generalized collision

integral given to be the following:

_ E
QP — g, T(2 + —0 6.60
aB o)) (2 p) kTaﬁ ( )

Thus, the dependence on the impact velocity vanishes for the special case of the Maxwell

molecules.

6.4.5 Special Case for the Inverse-Power Inter-particle Force Law Cross Section

Consider the special case of the cross section governed by an inverse-power inter-particle
force law of the form F' = K,5/r®. As discussed in Schunk and Nagy, there exists a closed

form solution for the Chapman-Cowling collision integral of the following form:

Ko\YeD " 9
Q) _ VT, (u 5) (2KT ) /200 <p+2 - E) (6.61)

where 4; = [;* bo(1 — cos(8)) dby, 0 is the scattering angle, and by is the non-dimensional

impact parameter [50]. The generalized collision integral then becomes

~ Ko\ 9
qtn _ VT A (u 5) (2KT o5)@ )/ 2la- DI T (p +2- F) oY) (6.62)

where (p(ap ,5)> is a velocity correction function defined to be

2 3
(I);pg = e M8 (p +2-— m; 5 + p; )‘aﬁ*) (6.63)

where | F} is the confluent hypergometric function of the first kind.
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For the special case of the Coulomb potential which corresponds to a = 2 and K.g =

eqes/(4meg), the generalized collision integral simplifies to the following:

2 A

Q) — — )2k T ) ¥ (22 ) L) 64
ap = VT(p — 1)1 (2kT up) Treoes) 2 (6.64)

where
cpgg = F (35 24 M) (6.65)

For the special case when [ = 1, which corresponds to the momentum transfer cross section,
A; =21In A, and the generalized collision integral for the Coulomb collision simplifies to the

following;:

2
Qw — (2T 5) 32 [ =229 ) n(A) o) 6.66
of VT (p N 5) AT Eottas n(A) af ( )

where A is the Coulomb logarithm. The first few values of the velocity correction function

are given to be the followings:

aB
1) 1/2 A2 A
@aﬁ 4)\%8 [\/—)\ erf( a,B) — 2 ﬁ}
15 _
q)a2ﬂ) - 16/\2,8 [\/E)\oz;/2 (2>‘a5 - 3) erf <A1/2> + 667/\0‘5]

6.4.6  Application to the Boltzmann Collision Integral

The collision integrals derived for the reactions are quite general, and the formalism of
the generalized collision integral can be applied to the Boltzmann collision integral that is

typically used for elastic collision processes. For the Boltzmann collision integral of form

07, '
oo // 5005 (8,0) (Ff) — fufs) dQd%
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the collision contribution to the fluid equation for the 5-moment Maxwellian distribution

function can be expressed as the following as given by Schunk and Nagy [50]:

0Ny,

)
5t

oM,
5; = Has //gfafﬁ [gQSﬂ d*c, d’cs

E,
5; = Hes / / gfafp [g' (Ve —ua) QS}] d’cq d’cs

J

where

QS/; = /%5 (g,0) (1 —cosf) dQ

is the momentum transfer cross section.

Carrying out the coordinate transformation to the c, and g, space as done before and
integrating, the collision contribution to the momentum and the energy equation can be

expressed as the following:

(SM ")/ 8 3/2
= aflla - G(l)
ot HapTiallp ( 27T>
5Ea o 7&[3)3/2 > o YapB
— i (B2) 7 KT = T)vas (12 G2) + (ma 198 (- GO
5 ma—i-mgnnﬂ(%r (Ts )Yas + (Ma + mg) . (Uag )

where Gﬁ@.rm is the same as what was defined previously with the cross section o replaced

with the momentum transfer cross section QS@.

After some algebra, it can be shown that the collision contribution to the momentum

and energy equations simplifies to the followings:

oM, 16 mamg
5t 3 ma+mg

a5 QU (6.68)
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0E, 16 memg 2 =(1) =(2)
= — 2 7 nng3k(Ts—To) [ [ 1—=Xas | © a2
ot 3 (ma+mg)2n nﬂ{ (Ts ) [( 3 5) o8 T 1570 b

It can be verified after some simple algebra that for the special case of the hard sphere
and Coulomb collision processes, the above expression reduces to the result shown in the
previous section for the elastic collision integral. The energy conservative form of the collision
contribution to the energy equation can be expressed as

5Ea 16 mymg 4

2 =) )

+ [(ma — mp)u, - ug + mauf — maul K_Z((Xlﬂ)} (6.70)

6.5 Specific Form of the Collision Integral for the Electron Impact Reactions

Specific form of the collision integral for the electron impact reactions considered in this model
is covered in this section. The collision integrals for the heavy species impact reactions are
considered in the next section.

In what follows the contribution to the fluid equation due to the electron impact ionization

ona M M, M. OE
5t 7 ot ot 0 ot 0 ot

required for the model is given. In particular, the contribution to

0En
ot !

0Fe

and 5

are given. Note that the electron inertia is assumed to be negligible in all

Y

5,- term where the first dominant

collision contribution to the fluid equations except for the

contribution term is of order m..

The required Chapman-Cowling collision integrals for each reaction are numerically in-
tegrated using the cross sections for each reactions tabulated in literatures. The resulting
Chapman-Cowling collision integrals are shown for each reaction in their respective sections.

Note that Qg term is directly associated with the reaction rate parameter (o.4v.) commonly



tabulated for electron impact reaction process through the relationship
(geave) = B

6.5.1 (EL 1) Electron Impact Ionization: e+ D — e+ DT + e

The electron impact ionization of the deuterium atom is given as

e+D—e+ D" +e—opp

231

(6.71)

where ¢ is the effective ionization potential that includes the ionization threshold energy

of 13.6 eV and additional energy losses due to excitations and radiations from the electron

impact process. For this reaction, the collision operators for e, D, and D" can be represented

as

m.CHe +mpCpHs

Cry —
br Me +Mp
meCeD m CDe
C, = oM TMOTe e
Me + Mp
Cp = —CB

The collision terms required for the fluid equation can be expressed as follows:

Continuity:

eD,0 De, 0
5nD+ o meRD+ +mDRD+

ot me +mp
One _ 2meRSD’O —|—mDReDe’O _ peD.0
ot Me +mp ¢
on
D — _Rge,o

ot



232

Momentum:
‘M e (ReD%l * R%li’oum) Tmp (Rgi’l + Rgi’oum) oM,
W = Mp+ e i =
51\/16 Me ReD:1 + ReD,Ou6 +m RDe:1 + RDe’Oue
= me [2 ( € e ) D ( e e ) _ (RgD,l + RED’OUE)
ot Me + Mp
oM, . .
= —mp <Rg '+ RD ’OuD>
ot
Energy:
OF 1 meﬁ%%Q + mDﬁgi’2 T n 5Ee
. —_m :
UL T Pl Ly X
ot 2 Me +Mp
0FE, -

After neglecting electron inertia and simplifying, the collision terms required for the fluid

equations from this reaction are obtained to be the followings:

Continuity:
onp+  One onp 0
=t = =~ S (1 Fan) ) (6.76)
Momentum:
oM oM, 0
ST T 8nn, (1 — fdn)QSE)leun (6.77a)
1 6M. 16 Ny Me (1) 3%,
— ~—(1— ——0 J— n— = — 77
— 3 (1 — fan) P AL ne | u;, ZQSEI)Llun (6.77b)
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Energy:

oF 1 3
SF, )
~ —8nmp (1 — f4.)Q0 | ¢ppy + —ZLLET, (6.78b)
ot Q(O)
FL1
5E,
5~ Sy (1 - F)Q0) (ngn) (6.78¢)

For the Chapman-Cowling collision integral required for this reaction, the recommended
cross section data from Janev and Smith for hydrogen is used [73]. No low energy ex-
trapolation is necessary due to the existence of the threshold energy at 13.6 eV. The high
energy extrapolation is made by fitting a linear line at the tail of the cross-section in the
log-space. The resulting Chapman-Cowling collision integral after the numerical integration

of the cross-section data is shown in Fig. 6.1.
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Figure 6.1: Chapman-Cowling collision integral for electron impact ionization of D (EL 1).
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6.5.2 (EL 2) Electron Impact Ionization: e + Dy — e+ Dy +e

The electron impact ionization of the deuterium molecule is given as
€+D2—)€+D§_—|—6—¢EL2 (679)

where ¢grs is the effective ionization potential that includes the ionization threshold energy
of 15.4 eV and additional energy losses due to excitations and radiations from the electron
impact process. For this reaction, the collision operators for e, Dy, and Dy can be represented

as

eDo Doe
meCD+ + mDQC’D+
2 2

CD+ -
2 Me + Mp,
D D
- mecg 2 + mD2Ce 2€ 6D2
C, =2 — ("
me + mp,
Dse
CDQ = _CD22

A similar procedure as done before for reaction EL 1 can be used to obtain the collision
terms for the fluid equations for this reaction. After some simplification, the collision terms

required for the fluid equations are the followings:

Continuity:
on p+ on onp
2 — ¢ = — 2 ~ 8 n nQ(O) 681
5t 5t 5t nitn fanflpLs (6.81)
Momentum:
oM oM,, 0
5T T 16nn, f,Q9) ymu,, (6.82a)

2 0
ne ot 3 e 2 Q%}j

1 6M, 16, mume 3
— e g el [J —ne (um - -, (6.82b)
n
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Energy:

SE 3
0E. ) 091,
5t ~ _8nnnfanEL2 ¢EL2 + WkTe (683b)
QEL2
§E,
="~ —8nn, Fan ) (;an) (6.83c)

For the Chapman-Cowling collision integral required for this reaction, the recommended
cross section data from Yoon et al. for hydrogen is used [74]. No low energy extrapolation is
necessary due to the existence of the threshold energy at 15.4 eV. The high energy extrap-
olation is made by fitting a linear line at the tail of the cross-section in the log-space. The
resulting Chapman-Cowling collision integral after the numerical integration of the cross-

section data is shown in Fig. 6.2.
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Figure 6.2: Chapman-Cowling collision integral for electron impact ionization of Dy (EL 2).
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6.5.3 (EL 8) Electron Impact Dissociative Ionization: e+ Dy — e+ DT+ D +e

The electron impact dissociative ionization of the deuterium molecule is given as

€+D2—>€+D++D+€—¢EL3 (684)

where ¢gr3 is the effective dissociative ionization potential of 28.0 eV. For this reaction, the

collision operators for e, D, D5, and D" can be represented as

Cp+ = meC;[j_? + szOgie
Me + Mp,
Ce _ 2m€C:D2 + szceDQe o CeDg
me + mp, €
ChH = meol%[b + mD2Og2e
b= Me + Mp,
Cp, = —Cp*

A similar procedure as done before for reaction EL 1 can be used to obtain the collision
terms for the fluid equations for this reaction. After some simplification, the collision terms

required for the fluid equations are the followings:

Continuity:
(STLD+ 5716 571[) §nD2 (0)
ot 5t ot St nitn fanSlpLs (6.86)
Momentum:
oM oM,, 0
— =~ g, Fn2%) mu, (6.87a)

1 6M, 16, n,me 30\
QEL3
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Energy:
SE _ o (1 o, 3 100,
E ~ 87’L7’LnfanEL3 Emum —+ Zan — ¢EL3 — 59(0) k’Te (688&)
EL3
SE, Q')
~ 8nn fan Qs | —bprs + —ZL3ET, (6.88D)
ot 0
EL3
SE, o (3 100,
5t ~ —8nnnfanEL3 Zan - 5@]{37—; (688C)

For the Chapman-Cowling collision integral required for this reaction, the recommended
cross section data from Yoon et al. for hydrogen is used [74]. No low energy extrapolation is
necessary due to the existence of the threshold energy at 28.0 eV. The high energy extrap-
olation is made by fitting a linear line at the tail of the cross-section in the log-space. The
resulting Chapman-Cowling collision integral after the numerical integration of the cross-

section data is shown in Fig. 6.3.
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Figure 6.3: Chapman-Cowling collision integral for electron impact dissociative ionization of

D, (EL 3).
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6.5.4 (EL 4) Electron Impact Dissociative lonization: e + Df — e+ Dt + DT +e¢

The electron impact dissociative ionization of the molecular deuterium ion is given as
€+D;—>€+D++D++€—¢EL4 (689)

where ¢4 is the effective dissociative ionization potential of 14.7 eV. For this reaction, the

collision operators for e, DT, and D can be represented as

eDF D e
meC 2 +mD+CD+

Cp+ =2
Me + mps
eD} Die
meCe 2 + mD;Ce 2 6D+
Ce=2 — C’e 2
Me + Mp+
D;re

A similar procedure as done before for reaction EL 1 can be used to obtain the collision
terms for the fluid equations for this reaction. After some simplification, the collision terms

required for the fluid equations are the followings:

Continuity:
onpr _ o 0ne _ _25%2 16070 (6.91)
st ot or ool Pl ‘
Momentum:
oM &M,
_ = frd . 2
50 50 0 (6.92a)

1 0M, . 30
fd, 524"2 <J+— ELLpen (6.92b)

ne ot 2 Qgh
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Energy:

Wy

S —8n? £ Q) 0L (6.93a)
SE, )
2 —8n2fdi§2g%4 OELa — 5)]):4 kT, (6.93b)
ot Qpra
0F
no_ 6.93
5 =0 (6.93¢)

For the Chapman-Cowling collision integral required for this reaction, the cross section
data compiled by Janev et al. for hydrogen is used [60]. No low energy extrapolation is nec-
essary due to the existence of the threshold energy at 14.7 eV. The high energy extrapolation
is made by fitting a linear line at the tail of the cross-section in the log-space. The resulting
Chapman-Cowling collision integral after the numerical integration of the cross-section data

is shown in Fig. 6.4.
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Figure 6.4: Chapman-Cowling collision integral for electron impact dissociative ionization of

Dy (EL 4).



6.5.5 (EL 5) Electron Impact Dissociation: e + Dy — e+ D + D

The electron impact dissociation of the deuterium molecule is given as

6+D2—)6+D—|—D—¢EL5

240

(6.94)

where ¢gr5 is the effective dissociation potential of 8.8 eV. For this reaction, the collision

operators for e, D, and D, can be represented as

D D
m CeP2 4 mp,CD¢

Cp=2
me + mp,
D D
C. — meCee *+ mDQCe 2 OCDQ
e — - Ve
me + mDQ
Doe
ODz - _CDgz

A similar procedure as done before for reaction EL 1 can be used to obtain the collision

terms for the fluid equations for this reaction. After some simplification, the collision terms

required for the fluid equations are the followings:

Continuity:
(5nD (STLDQ 0
S =2, ~ 16mm, Fan 20
0N,
=0
ot
Momentum:
oM oM, 0
5t ot
1 M, N 16 . n, m,

1
ne ot~ 3y o Yiald —neua)

(6.96a)

(6.96b)

(6.97a)

(6.97b)
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Energy:

SE Q)

— ~ =8 fun V)5 | i + —E2KT, (6.98a)
6t QEL5

0, (0) 05

5t QEL5
SE,

s~ S, Fan05) KT, (6.98¢)

For the Chapman-Cowling collision integral required for this reaction, the recommended
cross section data from Yoon et al. for hydrogen is used [74]. No low energy extrapolation
is necessary due to the existence of the threshold energy at 8.8 eV. The high energy extrap-
olation is made by fitting a linear line at the tail of the cross-section in the log-space. The
resulting Chapman-Cowling collision integral after the numerical integration of the cross-

section data is shown in Fig. 6.5.

e+ Dzﬁ'e+ D+D+e

i

—_—

107 F iy | 3

=
&
e
i

_.

=
s
T

=
L
=]
T

Reaction Rate (cm 3!5}

101E

10_12- P | e | N e e
107! in° 10" 102 10° 104 10°
Te (eV)

Figure 6.5: Chapman-Cowling collision integral for electron impact dissociation of Dy (EL 5).



242

6.5.6 (EL 6) Electron Impact Dissociative Excitation: e + Df — e+ DT + D

The electron impact dissociative excitation of the molecular deuterium ion is given as
€+D;——>€+D++D—¢EL6 (699)

where ¢pr¢ is the effective dissociative excitation potential of 2.4 eV. For this reaction, the

collision operators for e, D, D™, and D, can be represented as

eD} Dte
meCp? +mpyCp?

Cp =
Me + Mp+
eD} Die
mEC’e 2 ‘I’mD;*Oe 2 6D+
C, = — D3
Me + Mmp#
eD;r D;re
meCD+ + ng-CD+
Cp+ =
D;re

A similar procedure as done before for reaction EL 1 can be used to obtain the collision
terms for the fluid equations for this reaction. After some simplification, the collision terms

required for the fluid equations are the followings:

Continuity:
onp+ 5nD;' onp 5 (0)
5t 5t 5t 8 allpLs (6.101a)
on
=0 6.101b
5 ( )
Momentum:
oM oM,,
- — ~ —8n? £ ) mu (6.102a)

5t ot
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16M, 16, me g
S gfdiGTQiE)LGJ (6.102b)
Energy:
2 2, 00 (3 20l
T —4n” falp g §kTi + dpre + —G ke (6.103a)
QELG
OE, 2 00 Qle
~ —8n” faillpre | PEL6 + kT, (6.103b)
Z 05,
5Er g pas, (i, + 347+ 25
5 ~ AN [ Qpre | mus, + §kTZ + N0 kT. (6.103c)
EL6

For the Chapman-Cowling collision integral required for this reaction, the cross section
data compiled by Janev et al. for hydrogen is used [60]. No low energy extrapolation is nec-
essary due to the existence of the threshold energy at 2.4 eV. The high energy extrapolation
is made by fitting a linear line at the tail of the cross-section in the log-space. The resulting
Chapman-Cowling collision integral after the numerical integration of the cross-section data

is shown in Fig. 6.6.

6.5.7 (EL 7) Electron Impact Dissociative Excitation: e + Df — e+ DT+ D+ D

The electron impact dissociative excitation of the molecular deuterium ion is given as
e+Df we+D"+D+D—dprr (6.104)

where ¢gr7 is the effective dissociative excitation potential of 15 eV. For this reaction, the

collision operators for e, D, D™, and DJ can be represented as

eDY Die
meCly s +mps O’

Cp=2

Me + Mpi

eDT Die
mec’e 3 ‘I’ mD;’Ce 3 8D+
C.= — Ce 3

me+mD3+
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Figure 6.6: Chapman-Cowling collision integral for electron impact dissociative excitation of
Dy (EL 6).

eD; D;e
mECD+ + mDéFOD+

Cp+ =
mMe + mD3+
D;'e

A similar procedure as done before for reaction EL 1 can be used to obtain the collision
terms for the fluid equations for this reaction. After some simplification, the collision terms

required for the fluid equations are the followings:

Continuity:

5TLD+ 6”D+ (5nD 0
=2t = o~ s Fi00) (6.106a)
0N,

pr— -1 b
s =0 (6.106D)
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Momentum:
oM oM, 0
1 6M, 16 , m.
s __jﬁ 25)EL7 (6.107b)
Energy:
SE 2 Q')
— ~ =802, Q0 | kT, + dprr + = —ELLET, (6.108a)
ot 3 Q(EO)M
SE, © Q)
~ —8n* Q1. | dprr + —2LK T, (6.108b)
5 Qptr
S, 20
5tw8ﬁﬁmgi< m+kT+§QMMT> (6.108¢)
EL7

For the Chapman-Cowling collision integral required for this reaction, the cross section
data measured by Peart and Dolder [75,76] as recommended by Tawara et al. [72] for hydrogen
is used. No low energy extrapolation is necessary due to the existence of the threshold energy
at 15 eV. The high energy extrapolation is made by fitting a linear line at the tail of the
cross-section in the log-space. The resulting Chapman-Cowling collision integral after the

numerical integration of the cross-section data is shown in Fig. 6.7.

6.5.8 (EL 8) Electron Impact Dissociative Recombination: e + D — e+ D + D

The electron impact dissociative recombination of the molecular deuterium ion is given as

e+Df - D+D (6.109)

Note that there is no energy loss potential for this reaction due to the fact that there are

no threshold energy. For this reaction, the collision operators for e, D, and Dy can be
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Figure 6.7: Chapman-Cowling collision integral for electron impact dissociative excitation of
Di (EL 7).

represented as

eDS Dfe
meCD 2 +mD;—CD2

Cp =2 n
Me + Myt
e D2
+
O, = —CeP3
D;'e

A similar procedure as done before for reaction EL 1 can be used to obtain the collision
terms for the fluid equations for this reaction. After some simplification, the collision terms

required for the fluid equations are the followings:

Continuity:

onp+ ) )
D 9% — D 160 £, (6.111)

2575 Y, ot
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Momentum:
SM  6M,
TR —16n2fd¢9§§}8mu (6.112a)
1 oM., oW Me 3QSEO)LS
fdz Fls (J — —=—neu (6.112b)
ne ot €2 2 QSE)L8
Energy:
08 _sn? fu00) <3kT + Uity k;T) (6.113a)
~ - istprs | 5 o Fle .
i 2 g,
5B,
=~ 80 fai Q) kT (6.113b)
OB, 3 ol
=~ 8n F100) <mu§n + SKT+ Qgﬁg kT, (6.113¢)
EL8

For the Chapman-Cowling collision integral required for this reaction, the cross-section
data compiled by Janev et al. for hydrogen is used [60]. The cross-section data is fit reason-
ably well by the following fit:

o(E)=o00(E/Ey)™™

where 0y = 7.64 x 107 cm?, E, = 1eV, and m = 1.1046. Note that the cross section as
expressed above can be integrated exactly for the Chapman-Cowling collision integral. The

resulting Chapman-Cowling collision integral is given in the following form:

KT\ ™ kT, \ /2
QP = = N2+p— <
00<E0) 2+p=—m) (87rme>

The resulting Chapman-Cowling collision integral is shown in Fig. 6.8.
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Figure 6.8: Chapman-Cowling collision integral for electron impact dissociative recombina-
tion of Dy (EL 8).
6.5.9 (EL 9) Electron Impact Dissociative Recombination: e + D3 — e + Dy + D

The electron impact dissociative recombination of the molecular deuterium ion is given as
e+Df = Dy+D (6.114)

Note that there is no energy loss potential for this reaction due to the fact there are no
threshold energy. For this reaction, the collision operators for e, D, Dy, and D5 can be

represented as

eDF Die
(o ymeCh F mpCp’
D =
Me +M D
eD;' D;'e
meCD2 —'I_ mD;’ CDQ
Cp, = 2

Me +mD;r

eDT
C, = —CPs



249

_ _(Pse

A similar procedure as done before for reaction EL1 can be used to obtain the collision
terms for the fluid equations for this reaction. After some simplification, the collision terms

required for the fluid equations are the followings:

Continuity:
(SnD"' (5ne (STLD 5TLD 0
T A S L E (6.116)
Momentum:
oM oM,
5T T —24n2fti§22929mu (6.117a)
16M, 16 . m. 300
e ?fm’e—QQSZ)Lg (J — 5?—15911 (6.117b)
Qpro
Energy:
oF 2 0 (3 QSEl)Lg
E ~ —8TL ftiQELQ 5]{57—; + (O) kTe (6118&)
QgL
OE,
s~ 8’ FuQ0) KT, (6.118b)
SE, 3 3 o)
— 8n2 ;00 (§mu§n + kT + ﬁkﬂ (6.118c)
EL9Y

For the Chapman-Cowling collision integral required for this reaction, the cross-section
data compiled by Janev et al. for hydrogen is used [60]. Unfortunately, the cross-section
data by Janev does not distinguish between the contribution of the two channels of the

dissociative recombination of triatomic hydrogen ions, given as

€—|—H§_—>H2+H (a)
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and

e+Hf wH+H+H (b)

Based on Janev et al., the cross section for the total dissociative recombination for the two

channels (a and b) are given well by the following fit [60]:

o(E) = oo(E/Ey)™™

where 0y = 6.47 x 107 cm?, Ey = 1eV, and m = 0.905.

The relative dominance of the two dissociative recombination reaction channels are de-
pendent on the impact electron energy. In general, for the low temperature regime, the first
channel (a) is more dominant, while for the high temperature regime, the second channel
(b) dominates. According to Janev et al., the first channel is favored by roughly 2.5:1 for
temperature from 0.1 to 1 eV, while above 1 €V, the theoretical calculations indicates that

the second channel is dominant [6].

To obtain a simple partitioning of the reaction path for the dissociative recombination,
following simple model is used: for the electron impact energy below 1 eV, it is assumed
that the reaction follows the first channel, while for the electron impact energy above 1 eV,
it is assumed that all reaction follows the second channel. With this simple model, the cross
section for the total electron impact dissociative recombination can be integrated analytically,

and one obtains following results for the reaction rates:

KT\ ™ KT\
0P ~ o, (EO> T(2+p—m)—T2+p—m, Eo/kTe)]( m@)
KT\ 7" KT\
Ql(jp) ~ 0y ( E, ) F<2 +p—m, EO/kT€> (87Tme>

where I'(s,z) is the upper incomplete gamma function. The resulting Chapman-Cowling
collision integral for this reaction (channel b) is shown in Fig. 6.9. The resulting Chapman-

Cowling collision integral for channel a is given in next sub-section.
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Figure 6.9: Chapman-Cowling collision integral for electron impact dissociative recombina-
tion of D (EL 9).

6.5.10 (EL 10) Electron Impact Dissociative Recombination: e + D — e+ D + D + D

The electron impact dissociative recombination of the molecular deuterium ion is given as
e+Df - D+D+D (6.120)

Note that there is no energy loss potential for this reaction due to the fact there are no thresh-
old energy. For this reaction, the collision operators for e, D, and DJ can be represented

as

eDT Die
meCD 3 +ng—CD3

Cp = .
m m o+
e D3
+
C, = —CePi
Dfe
CD+ - _C 3

= +
3 Dy
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A similar procedure as done before for reaction EL 1 can be used to obtain the collision
terms for the fluid equations for this reaction. After some simplification, the collision terms

required for the fluid equations are the followings:

Continuity:
onp+ One 5n
B =3t = — 2~ 2’ [ (6.122)
Momentum:
oM oM,
W = 5t ~ —24n 2ftlQEL10mu (6123&)
— N——ftl Qe QQ() neu — J (6.123b)
EL10
Energy:
O : 3.5 . Lo
— & —8n £.00 R e (6.124a)
QpL10
OE,
5~ s’ FiQ0) KT, (6.124D)
OB, 3 3 04
5 ~ 8n2 Q0 (2mu + kT + G kT, (6.124c)
QEL10

The discussion of the Chapman-Cowling collision integral for this reaction has been cov-
ered in the previous sub-section (for reaction EL 9). The resulting Chapman-Cowling colli-

sion integral is shown in Fig. 6.10.

6.5.11 (EL 11) Electron Impact Radiative Recombination: e + D — D + hv

The electron impact dissociative recombination of the atomic deuterium ion is given as

e+ D" — D+ hv (6.125)
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Figure 6.10: Chapman-Cowling collision integral for electron impact dissociative recombina-
tion of D (EL 10).

Note that there is no energy loss potential for this reaction due to the fact there are no thresh-
old energy. For this reaction, the collision operators for e, D, and D can be represented

as

+ +
SmeC’%D + mD+C’B ¢

Cp=
Me + Mp+
+
C,=—CP
D+
C1D+ - - D+e

A similar procedure as done before for reaction EL1 can be used to obtain the collision
terms for the fluid equations for this reaction. After some simplification, the collision terms

required for the fluid equations are the followings:
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Continuity:
onp+  One onp
5t - 5t - ot —8n*(1 — fui — fu)Ughy (6.127)
Momentum:
oM oM,
= = —8n*(1 — fgi — fu)S ELHmu (6.128a)
1 oM, 16 a®) 39(&11
E ot ~ §<1 — fdz ftl) ELll J— 5@71611 (6128}3)
Energy:
SE 3 Q;PLH
~ —8n*(1 — fai — fm) EL11 —kT; + kT, (6.129a)
5t 2 0
EL11
0E,
ey —8n%(1 — fu — fu)QU0) (KT, (6.129b)
SE, 1 3 o)
~ 8n2(1 — fu — f)Q0) [ =ma2, + ST+ o KT (6.129¢)
ot 2 QELH

For the Chapman-Cowling collision integral required for this reaction, the analytic for-
mula for the reaction rate of the radiative recombination by Sobelman is used [77|. The

analytical formula by Sobelman is of form

1/2 53/2
B+ x

Eqo

(o,ve) = 10711 AQ, R—” (cm?®/s)

where the parameters A and x are the fit parameter that depends on the atom and the
final recombined state, § = |E,o| /kT., E, is the energy of the final recombined energy
level, and @, is the factor that depends on quantum numbers of angular momenta; for
hydrogen recombining to 1s final state, @, = 1, A = 3.92, x = 0.35, and |E,| = Ry
[13]. Using the relationship between the reaction rate and the Chapman-Cowling collision

integral, (o,v,) = 80, the zeroth Chapman-Cowling collision integral for this reaction can
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be expressed as the following

53/2

0 _
Q9= (0.49 x 10 14)5 0

(em®/s)
For the first Chapman-Cowling collision integral, one can consider the analytical form of

the cross section for radiative recombination given by Sobelman of the form

d
o, = 10_67m(2)Qr _(u)
U

where u = E//|E,l|, E is the initial energy of the electron, ag is the Bohr radius, and ®(u) is
a correction factor that depends on the atom, final energy level, and initial electron energy
[13]. The tabulated values of ®(u) for hydrogen atom with the final recombined state of 1s
can be found in Sobelman [77]. A more general form of the radiative recombination cross
section based on quantum mechanics and be found in the text of Sobelman |77] and Sobelman
et al. [78], but a simpler form of the effective radiative recombination cross section is used
here.

By using the tabulated values of ®(u) and interpolating, the cross section can be numeri-
cally integrated to obtain the first Chapman-Cowling collision integral for this reaction. The

resulting Chapman-Cowling collision integral is shown in Fig. 6.11.

6.5.12 (EL 12) Electron Elastic Scattering with Atomic Deuterium Neutral

While not technically a reaction, electron impact scattering processes with the atomic deu-
terium neutrals is not well approximated by the hard sphere collision process. Instead, the
electron impact momentum transfer cross section recommended by Itikawa |79] for hydrogen
is used to approximate the electron elastic scattering cross section. For the elastic scattering
of electrons with neutrals, the required collision integral is that of the momentum transfer
that corresponds to the first Chapman-Cowling collision integral. The high energy extrap-

olation is made by fitting a linear line at the tail of the cross-section in the log-space. The
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Figure 6.11: Chapman-Cowling collision integral for electron impact radiative recombination
of DT (EL 11).

resulting Chapman-Cowling collision integral after numerical integration of the cross-section

data is shown in Fig. 6.12.

6.5.13 (EL 13) Electron FElastic Scattering with Molecular Deuterium Neutral

While not technically a reaction, the electron impact scattering process with the diatomic
deuterium neutrals is not well approximated by the hard sphere collision process. Instead,
the electron impact momentum transfer cross section recommended by Yoon et al. [74] for
hydrogen molecule is used to approximate the electron elastic scattering cross section. For
the elastic scattering of electrons with neutrals, the required collision integral is that of the
momentum transfer that corresponds to the first Chapman-Cowling collision integral. The
high energy extrapolation is made by fitting a linear line at the tail of the cross-section in
the log-space. The resulting Chapman-Cowling collision integral after numerical integration

of the cross-section data is shown in Fig. 6.13.
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Figure 6.12: Chapman-Cowling collision integral for electron elastic scattering for D (EL 12).
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Figure 6.13: Chapman-Cowling collision integral for electron elastic scattering for D,
(EL 13).
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6.6 Specific Form of the Collision Integral for the Heavy Particle Impact Re-
actions

A specific form of the collision integrals for the heavy particle reactions considered in this

model is covered in this section.

6.6.1 (HP 1) Heavy Particle Charge Exchange: DT + D — D + D+

The resonant charge exchange between atomic deuterium ions and atomic deuterium neutrals
is given as

DY +D— D+ Dt (6.130)

For this reaction, the collision operators for D, and D' can be represented as

DD DD+
Mp+ OD+ + mDCD+ D+D
CD+ - — D+
mp+ +Mmp
DD DD+
mp+ CD + mDCD DD+
CD - - D

mp+ + mp

After some simplification, the collision term required for the fluid equations from this

reaction are the following:

Continuity:

dnp+  Onp

St 6t

—0 (6.132)

Momentum:

oM SM,, ] 3
= s~ 5 (U= fa = Ja) (L= fan)nna Qg (6.133)
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Energy:
oFE 4 2 _
— = 30— fa— Ju)(1 - fdn>nnn{3k<Tn ~T) [(1 - g)\DD+> Dirpy
(6.134a)
o (N I 0
15 DD+ p n"“HP1
oF 4 2 —
2 30— fa= (1 = e {3(T, - T (1= Do ) 2, o
6.134b
4 _ _
1500+ B | e, |

For the generalized collision integral required for this reaction, the analytical fit for the
cross section from Ito et al. [80] for hydrogen is used. Because the fit function behaves
normally in both the low energy region and high energy tail, the fit function is used to ex-
trapolate in both low energy and high energy region for numerical integration. The resulting
generalized collision integral after the numerical integration of the cross-section data is shown

in Fig. 6.14-6.16 for the zeroth, first, and second collision integral.

6.6.2 (HP 2) Heavy Particle Charge Exchange: D" + Dy — D + D5

The non-resonant charge exchange between atomic deuterium ions and diatomic deuterium
neutrals is given as

where ¢y ps is the effective threshold potential for the non-resonant charge exchange process
that includes both the threshold energy of 2.5 eV as well as additional losses from excitation

reaction from atomic deuterium ions colliding with diatomic deuterium neutrals. For this
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Figure 6.16: Second generalized collision integral Q® for resonant charge exchange of Dt
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reaction, the collision operators for D, Dy, Dt and D5 can be represented as

Dt Dy
CD+ - - D+
DtD DoDt
mpeC2 P 4 mp, 022
2 2
CD+ =
2 Mmp+ + Mp,
DtD DoDt
C mD+CD 2 —I'_ mDQCD2
D =
mp+ —+ sz
DyDt

After some simplification, the collision term required for the fluid equations from this

reaction are the following:

Continuity:

Onp+ 0N px

(SHD_(STLDZ
o0 ot 6t ot
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Momentum:

oM oM,, 8 —
5L e © §(1 — fai = fu) a5 pym(du, — u)
32 3¢ T, + 27T,
— 5(1 — fdz fm)fdnnnn <QE‘{P2 — QQHO ) Wmum (6138)
Energy:
E KTT, — -
L= (- fu- fm>fdnmn{uﬂ 0 — A0 e
16 2 T2 —
16 T; + T, — 4
+ 5o MT =T [(1 - gAD2D+> Oy + EQ%QADQM} }
5En kz—;Tn ~ 0 A
5 —(1 = fai — fti)fdnnnn{12mQ(H}32 + 408,01
4 2 4 T2

16 T, + T, 9 150
t 3o T Kl - ?Dw*) Vi + EQ%AD“’D*} |

For the generalized collision integral required for this reaction, the analytical fit for the
cross section from Tabata and Shirai [81] for hydrogen is used. No low energy extrapolation
is required for this reaction due to presence of the threshold energy at 2.5 eV. The high
energy extrapolation is made by fitting a linear line at the tail of the cross-section tail in
the log-space. The resulting generalized collision integral after numerical integration of the

cross-section data is shown in Fig. 6.17-6.19 for the zeroth, first, and second collision integral.
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Figure 6.17: Zeroth generalized collision integral Q) for non-resonant charge exchange of
D* (HP 2).
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(HP 2).
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D* (HP 2).

6.6.3 (HP 3) Heavy Particle Charge Exchange: Df + D — Dy + D+

The quasi-resonant charge exchange between diatomic deuterium ions and atomic deuterium
neutrals is given as

where ¢pps = —2.5 €V is the exothermic energy release from the reaction. For this reaction,

the collision operators for D, Dy, DT and D can be represented as

DD DDF
mD;rC'D+ + mDC’D+
Cp+ =
DI D
DDf
CD - _CD 2
DI D DDy
Cp, =
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After some simplification, the collision term required for the fluid equations from this

reaction are the following:

Continuity:
57;1;+ = _57;?; = 5:;;7 = 67;?2 = 8fau(1l — fdn)n”nﬁggﬁ:s (6.142)
Momentum:
55—1\;[ = 51:;;” ~ _gfdi<1 — fan)nn,m [62;3(4‘1 —u,)
+ 3 (9 - 20 ) 22 ] G
Energy:
N = a1 = fonaf 12 4 ) G
gt [ 300y — o (300, — 20| (6.144a)
- ?%k(ﬂz - T;) {(1 - §>\D2D+> Qg}Dg + %QgL:s)‘DzD*] }
O _ fai(1— fdn)nnn{mTkJTrgT by — 40 pybrps
+ ?muf [29%3 + —(T f;T ) <SQHP3 26%%3)] (6.144b)
16 T; + 1,

(2 n o
St == Al ((RHIV RS L)

For the generalized collision integral required for this reaction, the analytical fit for the
cross section from Ito et al. [80] for hydrogen is used. Because the fit function behaves
normally in both the low energy region and high energy tail, the fit function is used to ex-
trapolate in both low energy and high energy region for numerical integration. The resulting

generalized collision integral after numerical integration of the cross-section data is shown in
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Fig. 6.20-6.22 for the zeroth, first, and second collision integral.
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Figure 6.20: Zeroth generalized collision integral Q) for quasi-resonant charge exchange of
Df (HP 3).

6.6.4 (HP }) Heavy Particle Charge Exchange: Dy + Dy — Dy + Dy

The resonant charge exchange between diatomic deuterium ions and diatomic deuterium
neutrals is given as

D} + Dy — Dy + D (6.145)

For this reaction, the collision operators for Dy, and D3 can be represented as

D Dy Dy DF
/'TLD+ OD+ + mD2 CD+ +
C = 2 2 2 o CD2 D2
Dy — +
2 mps + mp, D;
D Do DyDF
c B mD;rC'D2 +mD2C’D2 D2D§r
Dz - - D2

mD;r + mp,

After some simplification, the collision term required for the fluid equations from this
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Figure 6.21: First generalized collision integral Q) for quasi-resonant charge exchange of
Df (HP 3).
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Figure 6.22: Second generalized collision integral Q®) for quasi-resonant charge exchange of
Df (HP 3).

reaction are the following:
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Continuity:
6”D+ 5’]’LD2
e =0 6.147
ot ot ( )
Momentum:
oM oM, 16 —1
e R Fannnn Q5 miy, (6.148)
Energy:

oF 4 2 — 4 _
E = gfdzfdnnnn{Bk’(Tn - 7—‘2) |:(1 — g)\DQD;) ngf’l + E)\DQD;QSL?ED1:|

(6.149a)
ot
2 7 |
oFE 4 2 — 4 _
ot _gfdifdnn”n{3k(Tn - T3) {(1 - §)‘D2D;) QS}H + 1_5/\D2D§'Qg}31}
(6.149b)
. el
- 2 1) |

For the generalized collision integral required for this reaction, the analytical fit for the
cross section from Tabata and Shirai [81] for hydrogen is used. Because the fit function
behaves normally in the low energy region, the fit function is used to extrapolate in the
low energy region for numerical integration. For the high energy tail, while the fit function
behaves normally, the resulting cross section begins to diverge from the theoretically expected
cross section for resonant charge exchange. As such, the tail is approximated by cutting off
the fit function and transitioning to a linear fit in the log-space. The resulting generalized
collision integral after numerical integration of the cross-section data is shown in Fig. 6.23—

6.25 for the zeroth, first, and second collision integral.
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Figure 6.23: Zeroth generalized collision integral Q) for resonant charge exchange of Dy
(HP 4).
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Figure 6.24: First generalized collision integral Q) for resonant charge exchange of Dy
(HP 4).
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Figure 6.25: Second generalized collision integral Q) for resonant charge exchange of Dy
(HP 4).

6.6.5 (HP 5) Triatomic Deuterium Production: Dy + Dy — D3 + D

The triatomic deuterium ion production due to interaction between diatomic deuterium ions

and diatomic deuterium neutrals is given as
DY + Dy — Df + D — ¢pps (6.150)

where ¢gps = 1.17 €V is the exothermic energy release from the reaction. For this reaction,

the collision operators for D, Dy, D3, and D can be represented as

DI Dy
Cpe =—C2
D2 D;"
DI Dy Dy DY
mD+O i +mD2O + 2
C _ 2~ Dj Dj
Df —
: Mp# + mp,
D Dy Dy DY

Cp =

mD; + mp,
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_munt
CD2 - _CD2

After some simplification, the collision term required for the fluid equations from this

reaction are the following:

Continuity:
5TLD+ 5TZD+ (SnD 6nD —(0
Momentum:
oM oM, _
- = 5 & faifannn,m 4Q§33D5(3un —u)
8 (=1 3= T; + 3T,
=5 (B0 = 50000 ) 50| 0153)
Energy:
oE kT, T, — _
5 fdifdnnnn{6T T 953335 - 49533:5@{135
4 o) 7 © o5
+ 3mu 3QHP5 + W <SQHP5 QQHP5> (6154&)
k P . 4
b2t (8T - 1) [(1 ~ Houot ) Btk + 158 oo |
(5En kTT
St fdzfdnnnn{ HP5 + 4QHP5¢HP5
1ol (39 20V ) (6.154b)
HP5 — T + T ) HP5 — “3pgps .
2 — 4 —p
+ 2T- 7 (372 — T?) [(1 3>\D2D2+> O+ EQSLI},E)ADQD;} }

For the generalized collision integral required for this reaction, the analytical fit for the
cross section from Tabata and Shirai [81] for hydrogen is used. Because the fit function

behaves normally in both the low energy region and high energy tail, the fit function is used
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to extrapolate in both low energy and high energy region for numerical integration. The
resulting generalized collision integral after numerical integration of the cross-section data is
shown in Fig. 6.26-6.28 for the zeroth, first, and second collision integral.
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Figure 6.26: Zeroth generalized collision integral Q) for Dy production (HP 5).

6.7 Implementation in Cygnus

No major modifications to the time step algorithm implemented in Cygnus are necessary to
implement the molecular model. This is due to the fact that the velocity and temperature
advance are not modified significantly in this model other than the source terms. The only
change in the velocity and energy advance is the use of the modified density (7 and 7,,) in the
definition of momentum and kinetic energy; this is a trivial change that requires negligible
modifications.

The split-step density advance algorithm in Cygnus allows inclusion of additional species
trivially. This is due to the fact that the ideal advance of the density given in Eq. 1.6 can be

performed to each species independent of each other. Thus, instead of advancing the species
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Figure 6.27: First generalized collision integral Q) for D3 production (HP 5).
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Figure 6.28: Second generalized collision integral Q?) for D production (HP 5).

partition equations (Eq. 6.3-6.5) directly, the species number densities are advanced directly

for D, Df, and D, in the ideal advance, and the updated fg;, fi, and fz, are computed
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from the resulting densities.

The implicit reaction advance is where the most change is made to support the molecular
model. Again, since there are no advective contributions, the species number density at
each computation node can be updated independent of each other. At each node, the time
discretized equation that is solved is of the following form:

nt 32 — At (L) —ny =0 (6.155)

ot

where the *x state corresponds to the densities after the ideal density advance. The reaction
source terms are all function of the density products n,ns at the updated time step. To
solve the implicit non-linear Eq. 6.155, the iterative Newton’s method is applied.

The magnetic field advance is unmodified by the changes made with the molecular model.
Again, for the collisional electron momentum transfer term, similar assumptions made in
Section 2.2.2 is used. In particular, only the terms corresponding to the current density J
is kept, giving an isotropic formulation of the plasma resistivity. One modification that is
made here is the inclusion of the reaction frequencies in the resistivity formulation.

Due to the complexity in defining effective threshold potentials (and similarly effective
ionization potentials) to account for all possible molecular excitation reactions, the energy
loss associated with the molecular and atomic excitations are neglected in the current im-
plementation. Thus, the ideal values of the associated threshold potential energy are used

for all reactions.
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Chapter 7

SIMULATION OF VENTI-FORMATION EXPERIMENT USING
DIATOMIC DEUTERIUM MODEL

In this chapter, the simulations for the Venti Formation shots 938, 974, and 3275 discussed

in Chapter 4 are repeated using the molecular model discussed in the previous chapter.

7.1 Shot 938: Ringing Theta-Pinch Ionization

The descriptions of shot 938 conditions are given in Section 4.2.3, so they are not repeated
here. In order to test the change to the preionization and FRC formation behavior due to
the inclusion of the molecular species, the previous simulation in Section 4.2.3 is repeated
with the initial neutral atomic species replaced with the molecular species. It is assumed
that initially, all ions are atomic deuterium ions and all neutrals are diatomic deuterium
neutrals. The mass densities of the ion and neutral species are configured to be the same as
the previous calculation in Section 4.2.3. Thus, the initial neutral number density is cut in

half to account for the diatomic molecules.

The resulting snapshots of the excluded flux radii at various times in the formation process
calculated using the molecular model are shown in Fig. 7.1 together with the experimental
and the simulation generated results from Section 4.2.3. The resulting agreement is mixed.
A larger FRC is produced using the molecular model, but the FRC still drifts axially so the
late time agreement with the experiment is still quite poor. It is hard to conclude whether
the addition of the molecular physics improved the agreement of the simulation results to

the experiment.
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Figure 7.1: The experimental and the simulation generated excluded flux radii for Venti
Formation shot 938 simulation. The coils geometry is also shown in the same figure.

The particle inventory in the reversed field region computed using both the atomic and
the molecular model is shown in Fig. 7.2. In order to simplify the comparison with the
atomic model, instead of the actual number of the neutral and the ion particles in the FRC,

the atomic equivalent particle inventory is shown by normalizing the volume integration of



277

the mass density in the reversed field region with the atomic deuterium mass. It can be
seen that with the molecular model, there is more ionization during the ringing theta-pinch.

Furthermore, number of the trapped particles in the FRC is larger.
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Figure 7.2: The total mass in the reversed field region normalized by the atomic deuterium
mass during the ringing theta-pinch ionization and FRC formation for Venti Formation shot
938 simulation using the atomic and molecular model.

The increase in the ionization during the ringing theta-pinch can be attributed to the
fact that there are no electron impact excitation loss in the current implementation of the
molecular model. Nevertheless, unlike the case when the atomic model is run with the
effective ionization potential of 13.6 eV, the ionization does not begin to increase until about
-6 ps. Thus, the additional reactions that are required to ionize diatomic deuterium neutrals
are sufficient to hinder the early ionization reactions. The start of the ionization process in
the molecular model matches better with the results from the visual light diagnostic shown
in Fig. 4.5.

The mass fraction of the tracked species in the reversed field region is shown in Fig. 7.3.
As it can be seen, early in the ringing theta-pinch ionization, the dissociation of the di-

atomic deuterium is the dominant reaction. Because the threshold energy of the dissociation
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reaction is lower than that of the atomic deuterium ionization, early in time, the electron
temperature is capped near the dissociation threshold energy, reducing the efficiency of the
atomic deuterium ionization. Thus, the second zero-crossing of the ringing field is required

to increase the electron temperature to allow ionization to take off in the formation chamber.
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Figure 7.3: The mass fraction of tracked species in the reversed field region for Venti For-
mation shot 938 simulation using the molecular model.

For the entire simulation, the contribution from the molecular ion species are negligible
inside the reversed field regions. The diatomic deuterium ions are no more than 2% of the
total mass in the reversed field region, and the triatomic deuterium ions are no more than
0.2% of the total mass in the reversed field region. Thus, the preferential reaction path for
the diatomic deuterium neutrals is to either dissociate or dissociatively ionize into atomic
species. This suggests that the error in neglecting the molecular ion species are small for a
typical FRC formation simulation using ringing theta-pinch ionization.

The simulation generated trapped flux and volume averaged FRC temperatures are shown
in Fig. 4.15. It can be seen that the trapped flux is largely the same for both the atomic and
molecular model. The molecular model starts with a higher electron temperature after the
ringing theta-pinch ionization. In general, the molecular model has a higher temperature

due to the lower electron energy loss and a more violent formation process with a higher



279

implosion kinetic energy.
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Figure 7.4: The time evolution of the FRC (top left) trapped flux, (bottom left) volume
averaged electron temperature, and (bottom right) volume averaged ion temperature for
Venti Formation shot 938 simulation using the atomic and molecular model.

7.2 Shot 974: Multistage Ringing Barrier Ionization

The descriptions of shot 974 are given in Section 4.3, so no additional details are given here.
In order to test the change to the preionization and FRC formation behavior due to the
inclusion of the molecular species, the previous simulation in Section 4.3 is repeated with the
initial neutral atomic species replaced with the molecular species. Similar to the calculation
for shot 938, all ions are initially atomic while the neutrals are diatomic. The mass densities
of the ion and neutral species are configured to be the same as the previous calculation in
Section 4.3, thus the initial neutral number density is cut in half to account for the diatomic
molecules.

The resulting snapshots of the excluded flux radii at various times in the formation
process calculated using the molecular model are shown in Fig. 7.5. The experimental data

and the results from the atomic models are also shown in the same figure. In general, the
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results from the molecular model are close to the results from the atomic model using the
effective ionization potential of 13.6 €V, especially in the late time behavior. For the ringing
theta-pinch phase, the solution from the molecular model is between the 13.6 eV and the
dynamic case, and the agreement with the experimental result is improved. In general, the
use of the molecular model improved the agreement with the experimental excluded flux
radii.

The resulting NDL signal from the molecular model is shown in Fig. 7.6, together with the
experimental and the atomic model results. Again, the late time behavior of the molecular
model agrees with the 13.6 €V case from the atomic model and the experiment. During the
ringing theta-pinch, similar to the 13.6 eV case using the atomic model, from -5 to 0 ps,
the NDL from the molecular model agrees reasonably with the experimental measurement.
The computed value is smaller than the 13.6 eV case, but the result is still within the noise
in the experimentally measured signal. The computed value from -11 to -5 ps from the
molecular model is much lower than the 13.6 €V case, and it is much more reasonable based
on the noisy experimental measurement. Thus, the molecular model also improved density
agreement with the experiment.

The particle inventory in the reversed field region computed using both the atomic and
the molecular model is shown in Fig. 7.7. In order to simplify the comparison with the atomic
model, instead of the actual number of the neutral and the ion particles in the FRC, the
atomic equivalent particle inventory is shown by normalizing the total mass in the reversed
field region with the atomic deuterium mass. From the atomic model, both the result using
dynamic and constant 13.6 eV effective ionization potential are shown.

With the molecular model, it can be seen that the ionization is improved in the ringing
theta-pinch region compared with the atomic model with the dynamic effective ionization,
but is less rapid as the 13.6 eV case. Due to the additional dissociation process that occurs
before the neutrals can be ionized, it slows down the initial ionization process. It can be
seen on Fig. 7.7 that the neutral inventory remains relatively flat from -11 to -8 ps before

it rapidly begins decaying. With the molecular model, the neutrals are not fully ionized
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Figure 7.5: The experimental and the simulation generated excluded flux radii for Venti
Formation shot 974 simulation. The coils geometry is also shown in the same figure.

by the ringing theta-pinch, and the initial ionization fraction before the main coil firing is
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87%. Note that after the dissociation, since the molecular model does not have any electron
impact excitation losses, it behaves similar to the 13.6 eV case. Again, the resulting particle

inventory in the FRC is similar for all simulated cases.
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Figure 7.6: The experimental [65] and the simulation generated NDL signal for Venti For-
mation shot 974. The NDL signal is normalized by the path length through the chamber.

The mass fraction in the reversed field region of the tracked species in the molecular
model is shown in Fig. 7.8. As expected, early in the ringing theta-pinch (before -7 ps),
the dissociation is the most dominant process as the fraction of the diatomic deuterium is
rapidly decreasing while the mass fraction of the atomic neutrals increases. Since the system
starts with a significant population of the atomic deuterium ions due to the ringing barrier
ionization, there are ionization occurring during the dissociation process. In fact, the rate
of mass fraction increase for both atomic ions and neutrals are similar, suggesting that for
each diatomic neutral, a pair of ion and neutral is produced. This can be caused by either
the dissociative ionization processes, or through the two-step process involving deuterium
dissociation followed by atomic deuterium ionization.

After -7 ps, the mass fraction of both the diatomic and atomic deuterium neutrals are

decaying, suggesting that the ionization is the most dominant reaction at this time. After
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Figure 7.7: The averaged mass density in the reversed field region normalized by the atomic
deuterium mass during the ringing theta-pinch ionization and FRC formation for Venti
Formation shot 974 simulation using the atomic and molecular model.
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Figure 7.8: The mass fraction of tracked species in the reversed field region for Venti For-
mation shot 974 simulation using the molecular model.

about -5 11s, mass fraction of both neutral species decays at about same constant rate. During

the radial implosion, the remaining atomic neutrals are rapidly ionized to form a fully ionized
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FRC. For the entire simulation, the contributions from the molecular ion species are negligible
inside the reversed field regions. The diatomic deuterium ions are no more than 1.4% of the
total mass in the reversed field region, and the triatomic deuterium ions are no more than
0.042% of the total mass in the reversed field region. The contributions from the molecular

ions are smaller for this simulation case than for shot 938 from the previous section.

The simulation generated trapped flux and volume averaged FRC temperatures are shown
in Fig. 7.9. Again, the trapped flux is similar for all cases. It can be seen that the tem-
perature results from the molecular model is largely the same as the 13.6 ¢V case using the
atomic model. This is due to the fact that after the ringing theta-pinch ionization, since the
diatomic neutral fraction is not large, the dominant reaction is the atomic deuterium ion-
ization. Since no electron impact excitation processes are included in the molecular model,
the resulting atomic deuterium ionization physics is equivalent to that when the effective

ionization potential is set to 13.6 eV.
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Figure 7.9: The time evolution of the FRC (top left) trapped flux, (bottom left) volume
averaged electron temperature, and (bottom right) volume averaged ion temperature for
Venti Formation shot 974 simulation using the atomic and molecular model.
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7.3 Shot 3275: Unassisted Ringing Barrier Ionization

The description of shot 3275 are given in Section 4.4, so no additional details are given
here. In order to test the change to the FRC formation and translation behavior due to the
inclusion of the molecular species, the previous simulation in Section 4.4 is repeated with the
initial neutral atomic species replaced with the molecular species. Similar to the calculation
for shot 938, all ions are initially atomic while the neutrals are diatomic. The mass densities
of the ion and neutral species are configured to be the same as the previous calculations in

Section 4.4, thus the initial neutral number density is cut in half for the diatomic molecules.

The resulting snapshots of the excluded flux radii at various times in the formation
process calculated using the molecular model are shown in Fig. 7.10. The experimental data
and the results from the atomic models are also shown in the same figure. For this case, it
is seen that there are no significant change to the agreement in the excluded flux signal by
using the molecular model. In fact, for the excluded flux signal, the agreement is worse, and

the 13.6 eV case using the atomic model matches better.

The resulting NDL signal from the molecular model is shown in Fig. 7.11, together with
the experimental and atomic model results. The molecular model improves agreement prior
to the main bank firing compared with the 13.6 eV case. The initial NDL signal for the
molecular signal is similar to the dynamic effective ionization potential case. The late time
behavior, on the other hand, follows similar to the 13.6 eV case. Again, similar to the
atomic model, the late time agreement with the experiment is quite poor. Because the
simulation generated FRC is smaller, the resulting late time NDL signal is small due to the

interferometer chord missing the core of the generated FRC.

The particle inventory in the reversed field region computed using both the atomic and the
molecular model is shown in Fig. 7.12. In order to simplify the comparison with the atomic
model, the atomic deuterium mass normalized total mass is used. As it can be seen, prior to
the main bank firing, the total ions in the reversed field region computed from the molecular

model is similar to the atomic case with the dynamic effective ionization potential. Thus,
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Figure 7.10: The experimental and the simulation generated excluded flux radii for Venti
Formation shot 3275 simulation. The coils geometry is also shown in the same figure.

due to the additional energy required to dissociate the diatomic deuterium, the ionization
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due to bias field injection is limited.
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Figure 7.11: The experimental [65] and the simulation generated NDL signal for Venti For-
mation shot 3275. The NDL signal is normalized by the path length through the chamber.

After the main bank firing, the ionization in the molecular model is more rapid compared
with the dynamic effective ionization potential case, as there are no losses associated with
the electron impact excitation process. It is interesting to note, however, that there is still
significant population of diatomic deuterium in the reversed field region at the time of main
bank firing. This can be seen in Fig. 7.13, where the mass fraction of the tracked species
in the molecular model are shown as a function of time. It can be seen that during the
radial implosion, rapid ionization occurs, as both neutral species are rapidly converted to
atomic ions. While there is additional energy loss from the dissociation, it can be seen that
this energy loss is still smaller than what is computed by the dynamic effective ionization
potential. Thus, the resulting particle inventory for the molecular model is similar to the
13.6 eV case.

Note that while there are some formation of the molecular ions during the radial implo-
sion process, it can be seen that the contribution from the molecular ion species are largely

negligible. The diatomic deuterium ions are no more than 1.8% of the total mass in the
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Figure 7.12: The averaged mass density in the reversed field region normalized by the atomic
deuterium mass during the ringing theta-pinch ionization and FRC formation for Venti

Formation shot 3275 simulation using the atomic and molecular model.
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Figure 7.13: The mass fraction of tracked species in the reversed field region for Venti

Formation shot 3275 simulation using the molecular model.

reversed field region, and the triatomic deuterium ions are no more than 0.05% of the total

mass in the reversed field region. Thus, the preferred reaction path for the diatomic deu-
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terium neutrals is dissociation and ionization, and the error in neglecting the molecular ion
species are most likely small for a typical FRC formation simulations.

The simulation generated trapped flux and volume averaged FRC temperatures are shown
in Fig. 7.14. The trapped flux for the molecular case lies in between the two atomic model
cases. Similarly, the electron temperature for the molecular case lies in between the two
atomic model cases, due to the additional energy loss associated with the diatomic deuterium
dissociation. The ion temperature for the molecular case is largely the same as the 13.6 eV
atomic case, since it is largely unaffected by the electron energy loss. The translational

velocity of the FRC is slightly slower than the 13.6 eV case, but for the most part, it is

equivalent.
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Figure 7.14: The time evolution of the FRC (top left) trapped flux, (bottom left) volume
averaged electron temperature, and (bottom right) volume averaged ion temperature for
Venti Formation shot 3275 simulation using the atomic and molecular model.

7.4 Discussion of Molecular Effects in FRC Formation

Based on the simulation results using the molecular model, improvements were seen in the

agreement between the experimental and the simulation results. While the molecular model
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did not resolve all of the disagreements seen with the original atomic model, it is useful
in shedding some light on the ionization process occurring in the reversed field region of
the formation chamber. It is seen that initially, dissociation reaction dominates during the
preionization process. The ionization of the atomic deuterium does not take off until suffi-
cient inventory of the atomic deuterium neutrals are produced from the diatomic deuterium
neutrals. As such, the resonant charge exchange does not dominate until later in the preion-
ization process.

For all cases tested, the fraction of the molecular ion species in the system are small, and
they can be neglected from the model with little harm. The formation of the diatomic ions
were no more than few percent for all cases and that of the triatomic ions were smaller than a
percent. Thus, the molecular model can be simplified further by removing these two species
and the associated reaction from the model. In most cases, tracking excited neutral states
are most likely more important than the production of the molecular ions, as the ionization
process is modified through the multi-step ionization process. In addition, the energy loss
associated with the neutral excitations are important for electron temperature evolution.
Future improvements to the model should make the addition of the excited neutral effects
the number one priority.

One of the limitations of the present molecular model is the neglecting of the species
specific temperatures and velocities. Since the effect from the molecular ions were negligible,
only that of the diatomic neutrals are required to improve this model for FRC applications.
Nevertheless, since anomalous transports are required to make the simulations match the
experimental conditions, the error introduced from assuming single temperature and veloc-
ity is expected to be small compared with the uncertainty introduced from the anomalous
transport. Rather, phenomena that directly affects the electron temperature, such as radia-
tion, are more important, as it can change the preferred reaction path in the preionization

and formation processes.
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Chapter 8

CONCLUSION

The plasma-neutral interaction modeling capability was added to the Cygnus code and
it was used to study effects of neutrals in FRC preionization and formation processes. The
implementation details of the Meier and Shumlak’s plasma-neutral model were discussed in
Chapter 2. The algorithm that retains the original structure of the Cygnus code with the
additional neutral and anisotropic viscosity transport models was presented. The original
features of the Cygnus code, such as support for arbitrary axisymmetric geometry, both
static and dynamic external circuits, capturing both boundary eddy and far field effects,
and others were not compromised as a part of the upgrade process. Thus, the same FRC
simulation capability as the original Hall MHD version of the code is retained but with
additional neutral simulation options that allows study of neutral effects in FRC formation

processes.

The influence of the plasma-neutral model on FRC formation and translation processes
was studied in a controlled manner in Chapter 3. Simple but experimentally reasonable
simulation conditions were used to simulate programmed and dynamic formations of FRCs.
Various parametric sweeps of the initial ionization levels, initial ionization structures, and
transport settings were performed to understand the behavior of the simulation results due
to neutral physics. Data similar to experimental measurements were generated to study the

response of the experimental output caused by the parametric sweeps.

When the initial ionization level in the preionized gas was reduced, a smaller FRC with
lower trapped flux and particles was produced. The resulting FRC ion temperature was
largely unaffected by the initial ionization. On the other hand, the electron temperature was

lower due to increased ionization events. When the initial ionization level was insufficient,
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the electron Joule heating during the radial implosion was not sufficient to maintain a rapid
ionization during the radial implosion. When this occurred, the produced FRC was signifi-
cantly smaller with poorer trapped flux and particles compared with the fully ionized case.
In the cases tested, this effect was seen for the 10% ionization case. As such, the 10% case
did not follow the general trend of other cases tested.

When the initial ionization was concentrated in the outer layer of the gas column, trapped
flux and particles were increased compared to the equivalent uniform ionization cases. This
was caused by the improved radial bucking of the magnetic field. Due to the skin depth
effect, the rapidly increasing axial field during the radial implosion cannot penetrate far into
a highly conductive plasma layer that has a thickness greater than the local skin depth.
For the 10% ionization case, no improvements were seen because of its small plasma layer
thickness. For all cases tested, the FRC length was shorter compared to the equivalent
uniform ionization case. This was caused by the increased axial diffusion of the magnetic
field into the gas column due to the concentration of the initial ionization in the outer radius
shell.

When the initial ionization was radially imploded before firing the main formation bank,
the FRC trapped flux was severely reduced. This was caused by the loss of all bias fields
outside of the imploded plasma column during the field reversal process. Because the plasma
column is conductive, the magnetic field outside of the plasma column cannot diffuse into
the column during the implosion process. As such only the bias field trapped by the reduced
radius plasma column is retained during the formation. On the other hand, particle inventory
did not change significantly for this case. As such, more elongated FRC with lower trapped
flux and higher trapped particles was produced. Due to the reduced implosion radius, both
ion and electron temperatures were reduced.

For all cases tested, the excluded flux and NDL signals were inadequate to definitively
conclude the initial ionization state of the injected gas. The excluded flux signals were in-
sensitive to the small change in the FRC geometry caused by the initial ionization state.

Furthermore, it was easy to misinterpret the change in the excluded flux signal as being
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caused by additional anomalous resistivity effects; it was difficult to isolate neutral effects
from other anomalous effects commonly expected in the FRC formation process. The NDL
signals were better at indicating the initial ionization level in the chamber; however, unless
the radial profile of the initial gas state was accurately known, it was easy to misinterpret the
NDL results. Multi-chord measurements of the line integrated density is required to remove
ambiguities caused by the radial density dependence. Additional electron temperature mea-
surements in the experiment can significantly improve the understanding of the ionization
process in FRC formations, as the final FRC electron temperature is strongly influenced by

the number of ionization events that occurred during the FRC formation.

Since the effective ionization potential is the amount of energy lost by electrons for each
ionization event, when the effective ionization potential was increased, the resulting electron
temperature decreased. Due to the lower electron temperature, the ionization rates were
reduced during the radial implosion for the case with higher effective ionization potentials;
this resulted in a lower trapped flux for those cases. However, the FRC particle inventory in
the quiescent state was largely the same for all cases tested. Thus, the amount of the final
ions trapped in the FRC is only a weak function of the effective ionization potential. The
results from the case using the electron temperature dependent dynamic effective ionization
potential lined up with the 100 eV and 150 eV static effective ionization potential cases.
This suggests that there are significant ionization events occurring in the 2 to 3 eV electron

temperature regime.

When anomalous resistivities (Chodura and Bohm) were added to the simulation, trapped
flux and particles were reduced. Only minor changes to the electron and ion temperatures
were observed for increased anomalous resistivities. Compared with the Chodura resistivity,
Bohm resistivity produced shorter and more elliptic FRCs. For Chodura resistivity, flux
and particle losses were tightly coupled, and FRC volume averaged density remained mostly
constant for a wide range of Chodura C-factors. On the other hand, FRC volume averaged
density decreased when the magnitude of Bohm resistivity was increased. For both anoma-

lous resistivities, when the resistivity was increased, both excluded flux and NDL signals
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were reduced because a smaller FRC with lower particle inventory was produced.

Both isotropic and anisotropic viscosities gave ability to dampen the post-implosion os-
cillatory dynamics of the FRC in the simulation. Besides the ion temperature, the remaining
FRC parameters were not influenced on average. In general, while the anisotropic viscosity
offers finer control of the post-implosion FRC dynamics, for matching experimental results,
the isotropic viscosity is more useful, because its effect on the FRC dynamics is better un-
derstood. The anisotropic Braginskii viscosity resulted in too much post-implosion radial
and axial dynamics, suggesting presence of a larger anomalous viscosity for FRCs.

When a dynamically formed FRC was translated through a flux conserver filled with a
neutral background, the particle sustainment in the translating FRC was improved. This
improvement was caused by the enhanced plasma population in the FRC scrape-off layer
due to the upstream neutral ionization layer in front of the translating FRC. The enhanced
scrape-off layer plasma population reduced the cross-field diffusion of the plasma from the
FRC, resulting in a lower particle loss rate. Due to the presence of the upstream ionization
layer, background neutrals could not penetrate into the FRC core and then ionize. As such,
the background neutrals did not have a strong effect on the FRC electron temperature.

In Chapter 4, the plasma-neutral model was used to simulate three experimental shots
from the Venti Formation experiment that used different preionization methods: ringing
theta-pinch (shot 938), multistage ringing barrier (shot 974), and unassisted ringing barrier
ionization (shot 3275). For all simulated cases, the initial axial density profile was con-
figured based on the prior neutral pressure measurements using fast ion gauge and static
pressure probe. The transport coefficients for the simulation were configured to match the
experimental results.

For all three simulations, significant amounts of transport coefficients tunings were re-
quired before reasonable agreements with the experiment were obtained. Furthermore, the
electron temperature dependent effective ionization potential based on Lieberman and Licht-
enberg produced FRCs that were smaller and lower density than what the experimental ex-

cluded flux and NDL suggested. Improved post-implosion agreements with the experiment
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were seen when the theoretical minimum ionization potential for deuterium (13.6 eV) was
used. However, when the theoretical minimum value of the ionization potential was used,
the ionization during the preionization phase was excessive; the simulation results did not
agree with the experimental NDL and visual light measurements during the preionization.

The difficulty in obtaining agreements with the experimental results suggests that the
derivation of the neutral-plasma model based on a locally Maxwellian distribution function
is inadequate for modeling FRCs. Thus, anomalous corrections to the plasma and neutral
transports were required to match the experiment. This is not a surprising conclusion,
as typical MHD simulation of an FRC requires tuning of anomalous transports before a
reasonable match with the experiment can be obtained.

Once reasonable values of transport coefficients were determined, for shot 938, the simu-
lation generated excluded radii that matched well with the experiment until 6 pus. The late
time divergence of the results was blamed on the neutrally stable magnetic configuration
used in the experiment. Since there were no mirror fields centering the FRC, a slight error in
matching experimental circuit and field conditions resulted in a translating FRC out of the
formation chamber in the simulation. Based on simulation results prior to the divergence,
the trapped flux was estimated to be 5-6 mWb. The electron and ion temperatures were
estimated to be 60-90 eV and 150-200 eV, respectively. The particle inventory from the
simulation varied widely depending on the input, so no reasonable estimate could be made;
the experiment lacked NDL measurements to help improve the simulation output.

For shot 974, good agreements with the experimental excluded flux measurements were
obtained for the entire simulation. The simulation generated NDL signal matched the ex-
perimental one within the noise of the experimental signal except for early times in the
simulation during the preionization phase. The simulation generated too much ionization
during the first cycle of the ringing theta-pinch. However, this did not strongly influence
the final particle inventory. Based on the simulation results, the trapped flux was estimated
to be 4-4.5 mWb. The particle inventory was estimated to be 1.4 x 10! atomic deuterium

ions. The electron and ion temperatures were estimated to be 60-90 eV and 150-180 eV,
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respectively.

The shot 3275 was the most difficult experiment to match with the simulation. There
were reasonable agreements in the FRC locations estimated from the excluded flux radius
signals; however, the shape of the FRC did not agree well, as the simulation calculated FRC
was shorter. The agreement in the NDL was worse, most likely caused by the disagreement
in the FRC shape. A reasonable agreement is obtained up to the first radial implosion, but
the rate of ionization during the radial implosion is slower in the simulation compared with
the experiment. This suggests enhanced ionization during the radial implosion, most likely
caused by the multi-step ionization process.

For both shot 974 and shot 3275, the ringing barrier ionization could not be modeled
with fidelity, since it has strong azimuthal dependence. To simulate the ionization produced
by the ringing barrier, the simulation was initialized with a plasma layer with a thickness of
12% chamber wall radius to mimic the ionization produced by the ringing barrier. In order
to account for the enhanced field diffusion due to the azimuthal dependence of the barrier
field, the anomalous Bohm resistivity was used. In order to improve the modeling of the
barrier field ionization process, a three-dimensional model is required.

In Chapter 5, possible sources of the simulation disagreement with the experiment were
explored. In particular, four important effects that are missing in the plasma-neutral model
were considered: 1) three-dimensional effects, 2) multi-step ionization processes, 3) molecular
species effects, and 4) kinetic effects. The three-dimensional effects are concerned with
the inability to model azimuthal dependencies in the axisymmetric model. The multi-step
ionization processes concerns the presence of excited neutral species that can be ionized with
a lower threshold potential. The molecular species effects are due to the use of deuterium
that are diatomic gas in its stable neutral state. The kinetic effects are due to the local
distribution function being non-Maxwellian during the FRC formation process. These are all
physics missing in the plasma-neutral model that were identified to be potentially important
during the simulation of the Venti Formation shots.

In order to test the importance of the molecular effects in the FRC formation process,
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an extension to the two-fluid plasma-neutral model of Meier and Shumlak was derived in
Chapter 6 to include diatomic deuterium neutrals. A simple two-fluid model that includes
effects from D, Dy, D, DS, D5, and e is derived. The details of the necessary reaction
collision terms were also given. The extended molecular model retains the simplicity of the
Meier and Shumlak’s model by tracking only a single temperature and velocity for ions and
neutrals, respectively; all ions have equal fluid velocity and temperature, and all neutrals
have equal fluid velocity and temperature. Only the partitions of the individual species are
tracked. Thus, the molecular model is still computationally tractable, and only a minor

modification to the code is necessary to implement this extension.

The simulations of the Venti Formation shots were repeated using the extended molecular
model in Chapter 7 to determine effects of the molecular species in the FRC formation
process. While the molecular model did not resolve all of the disagreements seen with the
original atomic model, new understanding of diatomic neutral effects in the FRC formation
process was obtained. For all simulated shots, the population of the diatomic deuterium
neutrals was not negligible after the pre-ionization process. At the start of the field reversal,
the mass fraction of the diatomic deuterium neutrals in the reversed field region was 37.9%
for shot 938, 3.9% for shot 974, and 63.3% for shot 3275. In comparison, the mass fraction of
the atomic deuterium neutrals in the reversed field region was 20.3% for shot 938, 9.1% for
shot 974, and 23.2% for shot 3275. Thus, with the exception of shot 974, molecular neutrals
must be accounted during the radial implosion process, as the mass fraction of the diatomic

neutrals is larger than that of the atomic neutrals.

Based on the neutral population prior to the field reversal, one can see that the multistage
ringing barrier ionization method used for shot 974 is most effective at dissociating and
ionizing neutrals. The mass fraction of the atomic deuterium ions before the field reversal
is 87.0%. The ringing theta-pinch method used for shot 938 is the second-best method for
dissociating and ionizing neutrals. The mass fraction of the atomic deuterium ions before
the field reversal is 41.5%. The unassisted ringing barrier ionization method was worst at

dissociating and ionizing neutrals. The mass fraction of the atomic deuterium ions before
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the field reversal is 13.5%.

For all cases simulated, the fraction of the molecular ion species in the system was small.
The mass fraction of the diatomic ions was no more than few percent at all times for all
simulations. The mass fraction of the triatomic ions was no more than a fraction of a
percent at all times for all simulations. Thus, the influence from the molecular ions is largely
negligible in the FRC formation process. Thus, the molecular model can be simplified further
by removing the molecular ion species from the model.

The agreement of the excluded flux signals with the experiment for the molecular model
was largely the same as the atomic plasma-neutral model. No drastic change in the excluded
flux radii were seen. For the NDL signal, better agreement with the experimental results
were obtained in the early time preionization phase. Due to the additional dissociation
process for the diatomic neutrals, the start of the ionization process is delayed in time, and
the NDL signal is reduced to the level suggested by the experimental measurements. After
the field reversal, the agreement of the NDL signal is largely the same as the atomic plasma-
neutral model. The improvement in the agreement of the early NDL signal suggests that
the inclusion of the molecular species is a step in the right direction. However, the lack of
significant improvement in the agreement of the excluded flux radii suggests that there are
additional physics missing in the model.

In the future, the multi-step ionization physics should be added to the molecular model by
either adding excited state neutral species or implementing the Sgro’s model. The addition of
the multi-step ionization physics should improve the agreement in the NDL signal during and
after the radial implosion by increasing the ionization rate at these times. This is expected
to improve the simulation of the ringing theta-pinch and unassisted ringing barrier ionization
method, where there were significant neutral population at the start of the field reversal that
needs to be rapidly ionized during the radial implosion.

As discussed previously, the kinetic and three-dimensional effects are the biggest missing
physics in the present model. In order to simulate the FRC formation process reasonably

using a fundamental physics model, a fully kinetic model is most likely necessary; the hybrid
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models commonly used for FRC stability studies are insufficient, as the details of the local
electron distribution function are important to obtain correct reaction rates for reactions
with a threshold potential. Since such advanced model is expected to be computationally
intractable for most experimental conditions, instead, better understandings of the anoma-
lous transport effects should be studied experimentally in the future to increase fidelity in
the anomalous transport model used in the simulation. The improved anomalous transport
model is expected to reduce the time spent optimizing the transport parameters to match the

experimental conditions and improve scalability of the fluid model for future experiments.
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