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This dissertation is divided into two parts. In the first part, we study minimax estimation of
functions and functionals in nonparametric regression models. The investigation of statisti-
cal limits in such models deepens theoretical understanding in related problems and leads to
new probabilistic tools and methodologies of broader interest. In the second part, we study
the asymptotics in some high dimensional testing problems involving the Gaussian distribu-
tion, such as the Gaussian sequence model with convex constraint and testing of covariance
matrices. A general framework is developed to analyze the power behavior of test statistics

via accurate non-asymptotic expansions.
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Chapter 1

INTRODUCTION

This dissertation is mainly divided into two parts. The first part, to be detailed in Chap-
ters 2 and 3, focuses on minimax estimation of functions and functionals in nonparametric
regression models. The investigation of statistical limits in such models deepens theoretical
understanding in related problems and leads to new probabilistic tools and methodologies
of broader interest. This part is further divided into two sub-parts. In Chapter 2, we study
the optimal estimation of quadratic-type functionals in the nonparametric regression model,
which are considered to be fundamental objects in nonparametric minimax theory. We de-
rive a variety of minimax rates and elaborate their detailed connections with existing results.
These results help unify the minimax rates of estimating quadratic-type functionals under
the nonparametric regression model with the other two benchmark models in nonparametric

statistics - the density model and the white noise model.

In Chapter 3, we study the fundamental limit of general order spline estimation, both
with and without shape constraints. These results significantly broaden and unify previous
attempts and results in the literature focused on the special case of piecewise constant signals.
They also provide theoretical support for developing fy-penalized spline regression as a useful

alternative to /1- and f»>-penalized ones.

The second part of the dissertation, to be detailed in Chapters 4 and 5, aims at develop-
ing a relatively general framework for power analysis in high dimensional testing problems

involving the Gaussian distribution. We start in Chapter 4, where we study the high di-



mensional asymptotics of likelihood ratio tests in the Gaussian sequence model with convex
constraint. Some general theory is developed, followed by detailed applications in the cases
of orthant/circular cone, isotonic regression, Lasso, etc.

In Chapter 5, we move on to the study of covariance tests related to the high dimensional
Gaussian distribution. We develop a general method for analyzing the power behavior of
covariance test statistics via accurate non-asymptotic power expansions. These results apply
to arbitrary alternative hypotheses under mild growth conditions on the dimension-to-sample
ratio.

The main contents of this thesis are drawn, with minor modification, from the following
four manuscripts: Chapter 2 is from “Optimal estimation of variance in nonparametric
regression with random design”, co-authored with Chao Gao, Daniela Witten, and Fang
Han; Chapter 3 is from “A general method for power analysis in testing high dimensional
covariance matrices”, co-authored with Qiyang Han and Fang Han; Chapter 4 is from “High
dimensional asymptotics of likelihood ratio tests in Gaussian sequence model under convex
constraint” | co-authored with Qiyang Han and Bodhisattva Sen; Chapter 5 is from “A general
method for power analysis in testing high dimensional covariance matrices”, co-authored with

Qiyang Han and Tiefeng Jiang.



Chapter 2
VARIANCE ESTIMATION IN NONPARAMETRIC
REGRESSION
2.1 Introduction
Consider the model
Y, = f(Xi)+ VY3 X))e, i=1,2,...,n, (2.1)

where {X;}" | are independent and identically distributed (i.i.d.) univariate random design
points, and {g;}! ; are i.i.d. with zero mean, unit variance, and are independent of {X;}7 .
In this paper, we study the optimal estimation of V() under both local and global squared
risks. Variance estimation is a fundamental statistical problem (Von Neumann, 1941, 1942;
Rice, 1984; Hall et al., 1990) with wide applications. It is useful in, for example, construction
of confidence bands for the mean function, estimation of the signal-to-noise ratio (Verzelen
and Gassiat, 2018), and selection of the optimal kernel bandwidth (Fan, 1992).

When {X;}, are fixed, estimation of V'(-) in (2.1) has been studied extensively in the
literature via residual-based methods (Hall and Carroll, 1989; Ruppert et al., 1997; Hardle
and Tsybakov, 1997; Fan and Yao, 1998) and difference-based methods (Muller and Stadt-
muller, 1987; Miiller et al., 2003; Brown and Levine, 2007; Wang et al., 2008). One important
heuristic from previous studies is that, compared to residual-based methods, difference-based
methods are able to achiever a smaller bias and subsequently a smaller mean squared error by
avoiding direct estimation of the mean function. More precisely, when X; =i/n,i=1,...,n
and f(-) and V(-) in (2.1) are a- and [-Holder smooth, respectively, Wang et al. (2008)

__28
proposed a difference estimator which achieved the optimal rate of the order n=4* Vv n~ 25+



under both local and global squared risks.
In contrast, our study focuses on the case where {X;} , are i.i.d. random design points
on the real line. For this, we show that when f(-) and V(-) in (2.1) are - and p-Hdélder
26

___8aB 28
smooth, respectively, the minimax rate of estimating V'(-) is of the order n™ 15 +2a+8 \/ = 2547

under both local and global squared risks. This result has several noteworthy implications:

e The minimax rates in random and fixed design settings share a common component,

nfﬁ%, as well as the same transition boundary a = /(45 + 2).
e For a < B/(46 + 2), a faster rate is achievable with a random design.

e Unlike the fixed design setting, for a < $/(483 + 2), a and /3 are now both present in

the first term of the minimax rate in the random design case.

We now discuss in more detail this minimax rate. The upper bound of the minimax rate
is achieved by smoothing pairwise differences via local polynomial regression, the former of
which is formulated via U-statistics. Our analysis of this estimator hence relies on the four-
term Bernstein inequality in Giné et al. (2000), and unlike classic kernel methods, requires
no smoothness assumption on the design density.

For the lower bound, due to the appearances of both a and 3 in the non-trivial nfﬁ
part of the minimax rate and the additional randomness of {X;}! ,, the derivation is much
more involved than its counterpart in the fixed design setting. We tackle the first difficulty
of entangled v and [ via a proper localization technique in the construction of the mean
function f(-), depicted in Figure 2.2 in Section 2.3.2. The second difficulty caused by the
randomness of {X;}? , is resolved with a new trapezoid-shaped construction of the mean
f(+), aided by a result due to Kolchin et al. (1978) on the sparse multinomial distribution.
This result helps characterize the asymptotic behavior of the locations of { X}, and plays
a key role in our proof, but to our knowledge has not been well used in the nonparametric

statistics literature.



In the special case of constant variance, (2.1) is reduced to
Yi=f(X;)+oe, 1=12...,n, (2.2)

and the goal becomes estimation of ¢2. In this case, the problem is linked to estimation
of a quadratic functional, which has been studied in depth in the other two benchmark
nonparametric models, the density model (Bickel and Ritov, 1988; Laurent, 1996; Giné and
Nickl, 2008) and the white noise model (Donoho and Nussbaum, 1990; Fan, 1991; Laurent
and Massart, 2000). In the density model, one observes an i.i.d. univariate sequence {X;},
from some unknown density f(-), and the goal is to estimate [ f?(x)dz. In the white noise
model, one observes a continuous-time process from dY; = f(t)dt+n~""/2dW, for t € [0,1] with
W, a standard Wiener process. The goal is to estimate fol f2(t)dt. Under an a-smoothness
condition on f(-), the minimax rate in both of the aforementioned two cases is n=8%/(4a+1) v
n~! (cf. Theorem 1(ii) and 2(ii) in Bickel and Ritov (1988), Theorem 4 in Fan (1991)).
Following Doksum and Samarov (1995), a quadratic functional of interest under (2.2)

with random design is

Q= /fQ(x)pX(x)w(x)dx, (2.3)
where px(-) is the unknown design density and w(-) > 0 is some known weight function.
Assuming in (2.2) that f is a-Hélder smooth, we show that the minimax rate of estimating

—8a/(dat1) \/ n=1 thereby unifying the minimax rate of

0? and @ (when o? is unknown) is n
quadratic functional estimation in all three benchmark nonparametric models.
In this paper, we also provide extensions of (2.2) to multivariate cases, with a focus on

the multivariate nonparametric regression model
}/;:f<Xz)—|—O'€Z, 1= 1,2,...,n, (24)

and the nonparametric additive model

d
Y;:ka(Xi,k)vLm?u i=1,2,...,n, (2:5)

k=1



in both fixed and random designs. Here, X; := (X;1,...,X;4)",i=1,...,n, for some fixed
positive integer d. Regarding the fixed design, we consider two types, namely, the grid design
(GD) and the diagonal design (DD). With a total of n design points, the former places them
on a regular grid in the d-dimensional cube [0, 1]¢ while the latter only places design points

on the diagonal. Details are given in Sections 2.4.1 and 2.4.2.
We summarize the minimax rates in all of the aforementioned models in Table 2.1.

The rest of the paper is organized as follows. Section 2.2 presents the simple model (2.2)
with constant variance. Section 2.3 discusses its heteroscedastic extension (2.1). Section 2.4
discusses the multivariate nonparametric regression model (2.4), the additive model (2.5),
and several other extensions of our main results. The essential lower bound proof of the
minimax rate n =8¢/t v =1 under model (2.2) is presented in Section A.1, with the rest

of the proofs given in a supplement.

The notation used throughout the paper is as follows. For any positive integer n, [n]
denotes the set {1,2,...,n}. For any real number a, we use [a] to denote the smallest
integer greater than or equal to a, and |a] the largest integer strictly smaller than a. For
any positive integer d, 04 denotes the zero vector of dimension d and I; denotes the identity
matrix of dimension d. For a real vector z, ||z| and ||z||s denote its Euclidean and infinity
norms, respectively. For a real matrix A, we use |A||, ||A|/r, and |A| to denote its spectral
norm, Frobenius norm, and determinant, respectively. For an m-times differentiable function
f : R — R with some positive integer m, we use f*) to denote its kth derivative for k =
1,2,...,m. For identically distributed random variables X; and X, we use Px,(-) and px, (-)
to denote the distribution and density of X;, )?ij to denote X; — X, and p;(ij(~) to denote
the density of X; — Xj;. Similar notation Pxi(-),pxi(-),)ﬁ(/ij,pzj(-) applies to identically
distributed random vectors X; and X;. For a positive integer d and p € R ¥ € R4,
Na(p, X) stands for the d-dimensional normal distribution with mean g and covariance X.

We will drop the subscript d for simplicity when d = 1. ®(-) and ¢(-) represent the standard



Table 2.1: Summary of minimax rates in (2.1), (2.2), (2.4) and (2.5). The two types of fixed
design considered, (GD) and (DD), are defined in (2.20) and (2.21), respectively. For a d-
dimensional smoothness index & = (o, ..., aq)", a == d/(ZZ:1 1/ o), Qumin = Ming<p<q O,
and oyax = Maxj<i<q . The respective sections contain the definition of the distribution
class of {(Xj,&;)}", in the random design setting and distribution class of {g;}I, in the
fixed design setting. Our results include all of the random design rates and fixed design rates
in (2.4) and (2.5). Note results for (2.4) and (2.5) have additional requirements; see Sections
2.4.1 and 2.4.2 for details.

stated in minimax rate boundary
(2.1), fixed Wang et al. (2008) | n~4@ v n=28/(25+1)
(2.1), random Theorems 3, 4, 5 " TeBtATER \/ 2 a=b/4f+2)
(2.2), fixed Wang et al. (2008) n~tevn!
(2.2), random Theorems 1, 2 p~8e/(tatl) \/ p=t a=1/1
(2.4), fixed (GD) Proposition 3 p4omax/d \/ =1 Omax = d/4
(2.4), fixed (DD) Proposition 4 p~Aomin \/ =1 Opin = 1/4
(2.4), random Propositions 1, 2 n~8a/(atd) \/ =1 a=d/4
(2.5), fixed (GD) Proposition 5 n~t \
(2.5), fixed (DD) Proposition 6 pdemin \/ 1
(2.5), random Propositions 7, 8 | n=8@min/(Aemint1) \/ =1 Comin = 1/4

normal distribution and density. More generally, we will write ¢, ,2(-) as the density for

2

the normal distribution with mean p and variance . For two probability measures P, Q

defined on a common space (€2,.4), TV(P,Q) denotes their total variation distance, that
is, TV(P, Q) := sup e 4|*|P(A) — Q(A). For two real sequences {a,} and {b,}, a, < b, if

~Y

la,,| < Clb,]| for some positive absolute constant C. We say a,, < b, if a, < b, and b, < a,.



2.2 Homoscedastic case

To illustrate some of the main ideas developed in this paper, we begin with a discussion of

the elementary univariate homoscedastic nonparametric regression model (2.2):
Y, = f(X))+oe, i=1,2,...,n.

Here, { X;}, are i.i.d. copies of a univariate random variable X, f(-) belongs to an a-Hélder
class that will be specified soon, and {e;}!" ; are i.i.d. copies of a variable ¢ with zero mean
and unit variance and are independent of {X;}? ;. Both the mean function f(-) and the
distribution of {X;} , are assumed unknown.

Model (2.2) has been extensively studied using residual-based and difference-based meth-
ods; see, among many others, Von Neumann (1941), Von Neumann (1942), Rice (1984),
Gasser et al. (1986), Hall et al. (1990), Hall and Marron (1990), Thompson et al. (1991),
Miiller et al. (2003), Wang et al. (2008). A related functional estimation problem has also
been studied in semiparametric models (Robins et al., 2008, 2009). Most of the previous
studies focus on the case of fixed design, especially the equidistant design with X; = i/n,
i € [n], for which the minimax rate of estimating o under an a-Holder smoothness constraint
on f(-) is known to be n™4% Vv n=! (cf. Theorems 1 and 2 in Wang et al. (2008)).

In detail, let I be a fixed (possibly infinite) interval on the real line. Define the Holder

class A 1(Cr) on I as follows:

Nos(Cr):={f:forallz,y € [ and k=0,...,|a], (26)
2.6
¥ f*(2) < Cr and [+ f1D (@) = F19D(y) < Crle —y|*'},
where o/ := a — |a|. Denote the support of X as supp(X).

Define the joint distribution class Pey,(x.e) (where “cv” stands for “constant variance”)

with the following conditions:

(a) X satisfies supp(X) C I.



(b) X has density px(-) and there exists a fixed positive constant C such that

sup px (z) < Co.
z€R

(c¢) There exist two fixed constants ¢y > 0 and ¢y > 0 such that for any 0 < § < Jy, there

exists a set Us C [—1, 1] such that

MUs) 2 o and  inf pg (ud) > c,
uels v

where A(+) represents the Lebesgue measure on the real line, and )?ij = X; — Xj.

(d) Ee* < C. for some fixed positive constant C..

Note that no smoothness condition is placed on the density of X. Condition (c) essentially
requires the density Px, to be “dense” around 0, and is strictly weaker than a uniform
lower bound of Px,, over a fixed neighborhood of 0. It also follows from the following
sufficient condition on the marginal density px(:) (see Lemma 11 in the supplement for the

justification):

() X is compactly supported (taken to be [0, 1] without loss of generality). There exists
some positive constant ¢y and subset S C [—1, 1] with Lebesgue measure A(S) > 3/4

such that px(t) > ¢ uniformly over ¢t € S.

In particular, (¢’) covers the uniform distribution on [0, 1] and the distribution of X in the
lower bound construction in the proof of Theorem 2.

The rest of the section is devoted to proving, for any fixed positive constants C'r and C,,
the following minimax rate:

, - 2 _ _
inf sup  sup sup E(c®—0%)" =n Sa/(datl) /=1 (2.7)
a2 fEAa,I(C}—) O'QSCO' I[D(X,<€)€7)<:\/,(X,5)

where P(x ) denotes the joint distribution of (X, ¢), and o ranges over all estimators of o2,
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2.2.1  Upper bound

The upper bound is achieved by a difference estimator based on U-statistics (with convention

0/0 = 0):

52 = (3)  Dlicy Kn(Xi = X5)(Vi — Yj)2/2. (2.8)

(g)_l Zi<j Kh(Xi - Xj)

Here, K(-) := K(-/h)/h, where h = h,, is a bandwidth parameter satisfying h, | 0 as

n — oo, and K (-) is a symmetric density kernel supported on [—1, 1] that satisfies

My < inf K(u) < sup K(u) < Mg (2.9)

- Jul< lu|<1

for two fixed constants My and M ,; one example is the box kernel K (u) = 1{|u| < 1}/2
which satisfies (2.9) with My = M, = 1/2.
The following error bound is derived via the exponential inequality for degenerate U-

statistics due to Giné et al. (2000).

Theorem 1. Suppose the kernel K(-) in 6% is chosen such that (2.9) is satisfied with con-
stants M i and M, and the bandwidth h,, is chosen as

n~2etl) 0 <o < 1/4,
hyn < (2.10)

n1, a>1/4.
Then, under (2.2) with random design, it holds that

~ 2 _ _
sup  sup sup E(c*—0%)" < C(n AV
feAa,I(Cf) 02<Cy ]P(X,E) e,Pcv,(X,a)

where C is some fized positive constant that only depends on My, M, o,Cr,C, and

COu Co, CE mn PC’U,(X,E) .
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Remark 1. The error rate in Theorem 1 is achieved by choosing the optimal bandwidth h,

to balance the “bias-variance” decomposition:

R 1/2 1

{E(a2 - 02)2} < p2eAD 4 — 75 (2.11)
~ ’n /2

nhy
where a A'b := min{a, b} for any two real numbers a,b. The bias term hi(a/\l) reflects the
second-order effect of the unknown mean on variance estimation, which has been noted by
Hall and Carroll (1989) and Wang et al. (2008). The variance part follows from the fact
that there is an average number of n*h,, pairs of (i,j) such that |X; — X;| < h,. We note
that the same “bias-variance” decomposition has appeared in quadratic functional estimation

in the density model and Gaussian sequence model (Bickel and Ritov, 1988; Fan, 1991; Giné
and Nickl, 2008). See Section 2.4.3 for a more detailed discussion.

Remark 2. While most of the previous works are in the context of fixed design, Muiller
et al. (2003) considered constant variance estimation with random design, and their esti-
mator (formula (1.4) therein) is almost identical to our 0. Under certain assumptions
(Assumptions 1 and 2 and (2.4) - (2.7) therein), they show that their estimator is root-n
consistent and asymptotically normal. However, as commented in the first paragraph on p.
18/ of their paper, their condition (2.7) is only satisfied when the mean function smoothness
a 1s strictly larger than 1/4, and no analysis is provided below this threshold. Our minimazx

dat1) v =1 therefore confirms that o > 1/4 is indeed the minimal requirement for

rate n~=8/(
any variance estimator to be root-n consistent and we also demonstrate the optimality of &>

for 0 < a < 1/4.

Finally, in (2.2), we have assumed that the smoothness index « is known. If it is un-
known, then the variance can be estimated adaptively via Lepski-type methods (Lepski,

1991; Lepskii, 1991). This is discussed in more detail in Section 2.4.5.
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2.2.2  Lower bound

The derivation of the lower bound in (2.7) is much more involved. In particular, the construc-
tion in the fixed design setting (cf. Theorem 2 in Wang et al. (2008)) cannot be extended
to the random design case, since the spike-type construction of f(-) located at each deter-
ministic design point leads to a sub-optimal rate in the random design setting. To achieve a
sharp rate, we have to exploit the randomness of { X} ;; this requires us to handle a highly
convoluted alternative hypothesis that no longer leads to a product measure of {Y;}; given
each realization of {X;}; in LeCam’s two-point method. This calls for a careful analysis
of the locations of {X;} .

We now sketch a proof of the n=8¢/(4+1) component in (2.7) for 0 < a < 1/4, with a
particular emphasis on where the difference arises with the fixed design setting. The proof
can be roughly divided into two steps. In the first step, we construct a two-point testing
problem with the null being a Gaussian (Hy) and the alternative a Gaussian location mixture
(H,). In the second step, we approximate the Gaussian location mixture (H;) by a location
mixture with compact support (H;), which, unlike the alternative in the first step, belongs
to the considered model class.

We start by introducing the construction of f(+), o2, &, and X under the null Hy and the

alternative H; in the first step. For each n, let
hy = n 2/t g2 —p2e - and N :=1/(6hy),

and divide the unit interval [0, 1] into N intervals of length 6h,,, with n large enough and h,,

chosen such that NN is a positive integer.

Choice of f(-): Under Hy, let f = 0. Under Hy, let f(-) be a piccewise trapezoidal
function on the N intervals. That is, for each i € [N], f takes on a value of hi7; on
the intervals [(6i — 5)h,, (60 — 1)h,] and then linearly decreases to zero on the two

endpoints 6(i — 1)h,, and 6ih,,, with {7;}¥, i.i.d. standard normal variables.
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Figure 2.1: The black solid line represents the construction of f(-) under the alternative
hypothesis H 1. The thick red segments indicate the support of X under both Hy and H 1, on
which X is uniformly distributed. Here, h,, =< n~2/(4*+1) and is chosen such that N := 1/(6h,,)

is a positive integer. {r;}Y, are N i.i.d. standard normal variables.

Choice of o2: Under Hy, let 02 = 14 62. Under Hy, let 02 = 1.
Choice of e: Under both Hy and Hy, let £ ~ N(0,1).

Choice of X: Under both Hy and Hy, let {X;}™, be uniformly distributed over the
union of the upper bases of the trapezoids, that is, over [N, [(6i — 5)hy, (6i — 1)h,].

See Figure 2.1 for an illustration of the construction.
In contrast to the spike-type construction of f(-) in the fixed design setting, our construc-

tion is trapezoid-shaped, which guarantees a maximal variation in the mean to compensate
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for the difference in the variance under the null and alternative. This is unnecessary in the
fixed design setting since the point of maximal variation in the mean (center of each spike)
can be directly placed at each fixed X; = i/n, resulting in n evenly spaced spikes in f(-).
Denote the joint distribution of {(Xj;,Y;)}"; under Hy and H, by Py and P, with respec-
tive density py and p;. Under the above construction, conditional on {X;}* ,, {Y;}*, are

distributed as
Hy : po({Yi}iey | {Xi}y) = [ woasez (Vi)
i=1

and

s (i L) =T [ | TT a9 | oto)ae

{i:b;=5}

where {b;}"_, is the location index sequence of {X;}" ; defined as
bi:=j if Xi€[(6] —5)hn, (6] — 1)ha],

which characterizes which trapezoid each X, falls into. Using Lemma 6 that will be stated

in Section A.1, one can then upper bound
TV(Po, P1) = ETV(Ro({Yi}i, [ {Xi}in), Pu{Yadi, [{Xi}i)) S anhl/?,

which can be made smaller than a sufficiently small constant ¢ by choosing h,, sufficiently

small.
The second step of the proof aims to find a sequence of bounded random variables {r;},

to replace the standard normal sequence {7;}¥, in Py, so that for each realization of {r;}\¥,,
the corresponding f(-) in the alternative is a-Holder smooth with a fixed constant. Then,

denoting the distribution of {r;} | as G, one wishes to approximate the conditional distri-

bution Py ({Y;}™, | {X:}7,) in Hy by Pi({Y;}™, | {X;}™,) with density

pu( | ) =TT [ | T e | Sl

{ibi=5}
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in H;. Even with the aid of moment matching techniques already established in the literature,
upper bounding TV (P, ITDl) is still nontrivial. Specifically, unlike in the fixed design setting,
now with high probability the conditional distribution of {Y;}" ; given {X;}! is no longer
a product measure. This is because multiple X;’s could fall into the same trapezoid in the
construction of f(-). This can be handled relatively easily in the first step since there we
only have to analyze the pairwise correlation of Y; | X; and Y; | X; depending on whether X;
and X fall into the same trapezoid, but it is much less tractable in the second step. More
specifically, in order to match moments, we now have to divide the X;’s into groups based on
their memberships among the trapezoids, which naturally requires us to monitor the locations
of {X;},, and in particular the number of X;’s that fall into the same trapezoid. This is
possible by observing that the memberships of {X;}? ; now follow a sparse multinomial
distribution (n?/(“e*1) hins, n balls) so that a result in Kolchin et al. (1978) can be applied.
This allows us to show that with high probability the maximum number of X;’s in each
trapezoid is bounded by a fixed constant, which, along with Lemma 5 in Section A.1, allows
us to calculate

TV(Py, Py) < nb?
for p := 1+ [1/4«]. This indicates that TV(Py, fﬁ’l) is smaller than some sufficiently small
constant c¢. Then, by the triangle inequality,

TV(Py, Py) < TV(Po, Py) + TV(P, Py) < 2c.

Details of the above derivation will be given in Section A.1. The resulting lower bound

is as follows.
Theorem 2. Under (2.2) with random design, it holds that

, ~ 2 _ _
inf  sup sup sup ]E(02 — 02) > c(n Sa/(datl) \/ py 1),
a2 fEAa,I(C}-) 0—2SCO' IP(X,s) e73(:11,(X,5)

where ¢ is some fixed positive constant that only depends on «o,Cr,C, and Cy,cy, Ce in

Pev(x,e), and a2 ranges over all estimators of o2,
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Remark 3. It remains an open problem to prove a lower bound rate that is strictly slower

than n=!

over the sub-class of Pey,(x,) with more reqular designs, which includes in particular
the uniform design on [0,1]. We conjecture that in this case, n=8¢/(e+D) v n=1 s still the
minimaz rate in view of analogous results in quadratic functional estimation (Bickel and

Ritov, 1988; Fan, 1991).
2.3 Heteroscedastic case
We now study the heteroscedastic model (2.1),
Vi=f(X)) + VYA X)ey, i=1,2,...,n,

where {X;} , are i.i.d. copies of X on the real line, f(-) and V() are a- and S-Holder
smooth on the fixed (possibly infinite) interval I, respectively, and {e;}! , are i.i.d. copies
of € with zero mean and unit variance and are independent of {X;} ;. As in Section 2.2,
smoothness indices o and [ are assumed known, while f(-),V(-), and the distribution of X

are unknown. For any estimator \7(), the estimation accuracy is measured both locally via

~ 2
R(V,V;a%) = (V) = V(a")) (2.12)
at a point z* in the support of X, supp(X), and globally via

Ro(V,V) 1= / (Vi) - V(x))ZIP’X(dx) (2.13)

with Px the distribution of X.

Model (2.1) has been studied in, for example, Muller and Stadtmuller (1987), Hall and
Carroll (1989), Ruppert et al. (1997), Héardle and Tsybakov (1997), Fan and Yao (1998),
Munk and Ruymgaart (2002), Brown and Levine (2007), Wang et al. (2008), with a focus
mainly on the fixed design case. An exception is Munk and Ruymgaart (2002), with which

we draw a detailed comparison in Remark 8 below. Theorems 1 and 2 in Wang et al. (2008)
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established a minimax rate of the order n=4*vn=26/28+1) under equidistance design X; = i/n,
i € [n] when f(-) and V() are a- and S-Hélder smooth on [0,1].

Define Py (x,¢) (where “vf” stands for “variance function”) as follows:

(a) X satisfies supp(X) C I.

(b) X has density px(-), and there exists a fixed positive constant C such that

sup px (z) < Cp.
z€R

(c) There exist fixed positive constants ¢y and dy such that

inf  px(z*) >¢ and
z*€supp(X)

inf inf A —1,1]}: 2"+ 9 X)) >
O<lz151<50:0*631gp(X) ({UE[ ’ ] T+ uEsupp( )}) = Co,

where A(-) is the Lebesgue measure on the real line.

(d) Ee* < C. for some fixed positive constant C..

One can readily verify that Py (x ) C Pev,(x,e), With the latter defined in the beginning of
Section 2.2. Compared to Py (x,), Condition (c) in Py, x ) is posed on the marginal density
and support of X, since in the variance function case we require a sufficient number of close
pairs (X;, X;) around each target z*. We also note that, as in Pev,(x,e), no smoothness
assumption is posed on the design density in Py (x,e)-

The rest of the section is devoted to proving, for any fixed positive constants C'r and Cy,,

the following minimax rates

. = ___8aB 28
inf sup sup sup sup ER((V,V;x*)=xn™ fas+20+8\/n 2541
V €M 1(Cr)VEAs 1(CV)P(x ) EPyt, (X ) 2*Esupp(X) (2.14)
=~ ___8aB __28 )
inf  sup sup sup ERy(V,V)xn™ ap+2a$s Vn~ 2541

1% fEAa’[(C]:) VEAB’[(C\;) P(X,a)epvf,(X,s)
where P(x .y denotes the joint distribution of (X, ¢), and V(-) ranges over all estimators of

V().
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2.3.1 Upper bound

We now propose an estimator of V(z*) for some fixed z* € supp(X) by combining pairwise
differences with local polynomial regression. We first introduce some notation. Let ¢ be the

largest integer strictly smaller than g and
q(u) == (1,u,u?/2!, ... u' /o)’
For any 1 <1 < j < n, define
Dy = (Yi = Y;)?/2, Xij = (Xi + X;)/2, and Ky; := Kp, (X; — X;) K, (X5 — 27,

where hy, hy are two bandwidths. Define an (¢ 4 1) x (¢ + 1) matrix

-1
L n Xij —z* T Xl —x*
Bn := (2) ;q( I )q ( hy )K”

and B as its adjugate such that B, B = B:B,, = |B,|I;;;. For example, when ¢ = 1, we

have

S0 S1 S22 =S8
# 2
B, = , B = , and |B,| = sos2 — s,

81 So —S1 So
where
-1 k
n X —a*
Sk = (2> Z(T) Kij7 k= O, 1, 2.
1<J
Following Fan (1993), we propose a robust local polynomial estimator:
= n\ X —a*
Vip(z") == > Dii(IBul +7.) 'q" (0)Brg( —-—— | Ky, (2.15)
2 i<j ha
where 7, is some sufficiently small positive constant that decays to 0 polynomially with n.

Let

~1
n . [ Xij—xF ~
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Then, it holds that ‘//\LP(ZL'*) =2 ic;j WijDij, 35 wij = |Byl, and

1<j 1<J
The last property (2.16) is referred to as the reproducing property of local polynomial esti-
mators (cf. Proposition 1.12 in Tsybakov (2009a)).

Theorem 3. Suppose the kernel K(-) in Vi,p is chosen such that (2.9) holds with constants
My and My, 7, < n™" for some fized constant k > 1, and the bandwidths hy, he are chosen

as

_ 23 _ 4o B
n 4aB+p+2a , dapf+p+2a , 0 <a< m’

(hl, hg) = ) (217)
(71’1,717%?)7 a > 45%.
Then, under (2.1) with random design, it holds that
=5 _ 8af _ 2B
sup sup sup sup ERy(Vip, V;z¥) §C’<n TaftB+2a \/ 2B+1>
FEAa,1(CFI)VEAZ 1(Cv)P(x,6) EPus, (x,)x* Esupp(X)
and
= __ 8B _ 28
sup sup sup ERy(Vip, V) < C(n faftpi2a \/ n 25“),

fEAa,1(CFr)VENs 1(Cv) Pix o) EPys(X,e)

where C' is some fived positive constant that only depends on M, My, o, B3,Cr,Cy and

Co, co, Ce in Puyp(x,e)-

Remark 4. Variance function estimation in (2.1) with fized design X; = i/n, i € [n], has
been studied in Wang et al. (2008). There the minimaz rate is

inf sup sup sup  sup ERl(V, Vix*) xn iy n 28/ (2B+1)

|4 fGA%[O,l](C]:) VGA/:;,[O’I](C\;) Eet<C. z*€[0,1]

inf  sup sup sup ERy(V,V) = n% v n=28/(26+1),
Vv feAa,[O,l] (C}‘) VGA@[OJ] (Cv) Ee4<C,
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with the integral in Ry under the Lebesgue measure on [0,1]. Comparing the above result
with the error rate in Theorem 3, we see that the transition boundary in both the fixed and
random design settings is a« = B/(48+2). When a > /(45+2), V(-) under both Ry and Ry
can be estimated at the classic nonparametric rate n=2%/%Y) as if the mean function f(-)
were known. When a < /(48 +2), a faster rate can be achieved in the random design case.
This can be intuitively understood by the fact that, by constrast to the fixed design case, a

significant portion of pairs have distance smaller than 1/n in the random design setting.

Remark 5. As has been noted in Wang et al. (2008), in the fixved design setting, estimating
the variance (function) by smoothing the squared residuals obtained from pre-estimation of
the mean function f(-) is sub-optimal. The same conclusion also applies to the random design
setting. Since the design being fixed or random has no first-order effect on the estimation of

L in variance estimation

the mean, the above method only achieves the rates n=*/2e+1) v/ p—
and =4/ Qe )y n=28/CBHD) in wariance function estimation, neither of which is minimaz

optimal.

Remark 6. Unlike in the fized design case, once below the threshold o = B/(46 +2), a and
B are now both present in the minimaz rate in the random design case, suggesting that the
smoothness of V(+) always has an effect on its estimation. This is because variance function
estimation in the random design setting is essentially a “two-dimensional” problem, where
we have to jointly choose two optimal neighborhood sizes to characterize the closeness between
(1) each X; and X;; and (i) every pair (X;, X;) and each target point x*. By contrast, in
the fized design setting, the distance between X; and X; is constrained to be no smaller than

1/n, and thus cannot be jointly optimized with the distance between (X;, X;) and x*.

Remark 7. One might wonder whether the following Nadaraya-Watson type estimator can
be used to establish the upper bound in Theorem 3:

Vww(a®) == iy Ko (Xi = X5) Ko, (XG5 — 27) Dy

D iy Ko (X = X5) Ky (X5 — )

(2.18)
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where K (-) is now chosen to be a higher-order kernel to further reduce bias when B > 1. It
turns out that the analysis of VNW requires an extra assumption on the smoothness of the
density px(+) which can be completely avoided with ‘/}Lp. Moreover, it is well-known that local
polynomial estimators have good finite sample properties and boundary performances when

X is compactly supported (Fan and Gigbels, 1995).

Remark 8. Munk and Ruymgaart (2002) considered minimax estimation of the variance
function (and more generally, its derivatives) in the context of nonparametric regression with
random design. We focus on the comparison of their results on variance function estimation
with ours. Their lower bound (Theorem 1 therein) is proved independent of the smoothness
level of the mean function and upper bound (Theorem 4 therein) is proved under sufficient
smoothness on the mean function. Therefore their minimaz rate is only comparable to the
n=28/C8+Y) component in ours. In this case, their lower bound of the order n=(28=1/(28) g

proved over the following class of variance function:

Sp = {1 +Z5k€k o] S k’_ﬁ}

k=1

for any B > 1, where {ex}32, is an arbitrary basis on L*([—m,7]). Moreover, continu-
ous differentiability of the error density is required in their paper. In contrast, we pose no
smoothness conditions on the error density, and neither Sg nor Sg11/2 can be embedded in the
B-Hélder class Ag considered in our setting (e.g., f(x) = |x| with domain [—m, ] belongs to
Sy but is not 1.5- or 2-Hdlder smooth since it is not differentiable at the origin). In summary,
the results in Munk and Ruymgaart (2002) neither imply nor contradict the n=28/(28+1) part
i our minimax rate, and our results are more refined since they characterize the exact elbow

a = [B/(46 + 2) and also the minimazx rate below this threshold.

2.8.2 Lower bound

The following are matching lower bounds to Theorem 3.
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Theorem 4. Under (2.1) with random design, for any x* € supp(X),
: ~ . ___Sap 28
inf  sup sup sup ER(V,V;z*) > c(n 1aptp+2a \V n 23+1>,
V' €M, 1(CF) VEAS 1(Cy) Px,e)€EPup (x,e)
where ¢ is some fized positive constant that only depends on «, 3,Cr, C) and Cy,co, Cs in

Por(x,e), and 1% ranges over all estimators of V.

Theorem 5. Under (2.1) with random design,
. ~ ___8aB _ _ 28
inf  sup sup sup ERy(V,V) > c(n faftst2a \/ 2ﬂ+1),
V. feAqa,1(Cr) VGA@J(C\)) IED()(,<s)€,/)1;f,(X,<5)
where ¢ is some fized positive constant that only depends on o, 3, Cr, C) and Cy, co, Cs in

Por(x,e), and 1% ranges over all estimators of V.

Due to the appearances of both a and S in the nontrivial n_% part of the minimax
rate, proving the above two results is more involved than proving Theorem 2. In particu-
lar, it takes an extra step of localization in the construction of the mean function f(-) as
well as V(). More precisely, for the lower bound at a target point z* in Theorem 4, our
construction of both f(-) and V(-) only has variation within a small neighborhood of x*.
Such localized construction is not necessary in the fixed design setting, since when proving
the n=** component therein (see Remark 4), the variance function can simply be taken as a
constant.

In what follows, we give a proof sketch of the nontrivial n=8¢#/(4a8+5+2%) component of
the lower bound in Theorem 4 for a < /(48 + 2); the proof of Theorem 5 can be seen as
an extension of Theorem 4 via a standard construction of multiple hypotheses. We assume
the support of X is contained in I = [0, 1], and for clarity of illustration, here we present
the construction for an interior point z* € (0,1)()supp(X). The proof works for boundary
points as well.

We continue to adopt the two-step approach introduced in the proof sketch of Theorem

2 in Section 2.2.2. The second step is very similar with the help of Lemmas 5 and 7, so we
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ho ho hs ha

x
dhy
2]11 2hl 2h1

Figure 2.2: The black solid line on the top represents the variance function V(-) in the
alternative H;, and the black solid line on the bottom represents the mean function f (+).
The thick red segments mark the support of X under both Hy and ?[1. Here, hy < n_ﬁ,
hy =< n”aﬂi%, and are chosen such that both M := hy/(4hy) —1/2 and N :=2M + 1 are

positive integers. {r;}~, are N i.i.d. standard normal variables.

will focus on the construction under the null H, and alternative H 1 in the first step. Choose

the parameters
28 4o
hy < n Tastersa | hy < n testerza, and 02 = b2 = b
so that hy/h; — 00 as n — o0.

Choice of V(-): Under Hy let V = 1. Under Hy, let V() be one minus a smooth bump
function around z* with width h, and height hj so that V(z*) = 1 — 62.
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Choice of f(-): Under Hy let f = 0. Under Hy, let f(-) be a “local” version of the
design in Theorem 2. That is, f takes on a value of 0 outside of [z* — hy, x* + hy], and
inside that he-neighborhood of z*, f is piecewise trapezoidal with upper base length
N

i=1

2hy, lower base length 4h; and height {h$7;}Y, for a standard normal sequence {7;}

with NV := hy/(2h1) a positive integer.
Choice of e: Under both Hy and Hy, let & ~ N(0,1).

Choice of X: Under both Hy and H 1, let X be uniformly distributed on the union of
[0, 1]\ [x* — hq, 2" + ho] and the upper bases of all the trapezoids inside [z* — hg, x* 4 hy].

See Figure 2.2 for an illustration of H 1
Under the above construction, the squared distance between the null and alternative
—__8aB | . .. .
hypotheses (1 — (1 — 62?))? = ! < n~7ps2a is the desired minimax rate. Using Lemma 6,

we can show that
TV(Py,Py) < 62nh?hY? < ¢

for some sufficiently small ¢, where Py and P; represent the joint distribution of {(X;, Y;)}™,

under Hy and H 1, respectively. The detailed proof is presented in the supplement.

2.4 Discussion

The two univariate models (2.1) and (2.2) discussed in the previous two sections raise natu-
ral questions about possible extensions to the multivariate setting. In what follows, we first
present some partial results in this direction in the sense of (2.4) and (2.5). We then establish
some connections between our study and quadratic functional estimation and variance esti-
mation in the linear model. Lastly, we discuss two more extensions of (2.2) in the direction
of adaptive estimation and mean function with inhomogeneous smoothness. Throughout,

consider C'r, C,,, Cy, cg, C: to be fixed positive constants.
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2.4.1 Multivariate nonparametric regression

Consider the following multivariate version of (2.2):
Y;:f(Xl)—i—O'gl, 1:21,2,...,71,

where { X}, = {(X;1,..., X;q) "}, areii.d. copies of X = (X,...,Xy) " in R? for some
fixed positive integer d, {e;}, are i.i.d. copies of ¢ with zero mean and unit variance and
are independent of {X;}",, and f : R? — R belongs to a d-dimensional anisotropic Holder
class with smoothness index o = (o, ..., aq)" defined below. The goal is to estimate o>
with f(-) and the distribution of X as nuisance parameters. This problem has been studied
in Spokoiny (2002), Munk et al. (2005), Cai et al. (2009), to name a few, again with a focus
on the fixed design setting.

Let Iy,...,I; be d fixed (possibly infinite) intervals on R and let I be their Cartesian
product I; x ... x I; C R% Following Barron et al. (1999) and Bhattacharya et al. (2014),
we define an anisotropic Holder class Aq 1(Cx) on I as follows. For any @ € I and k € [d],
let fi(- | £_x) denote the univariate function y — f(x1,...,Tk-1,Y, Ths1,- .., Za), With x_4
defined as & without the kth component. Then, Ay 1(Cr) is defined as all f : I — R such
that

max max sup
1Sk<d0<j<|ax] zeI

‘féj)(' | w—k)H < Cr

o0

and

(la]) _ p(lew])
o sy sup A L 2) = A s | 2)

o S Cfv
1<k<d geT yy,y.€1y |y1 - y2| k

where again |y ] is the largest integer strictly smaller than oy and o = ag — |y |. Let
supp(X) be the support of X.
Define P,..,(xe) (where “mcv” stands for “multivariate constant variance”) as the mul-

tivariate counterpart of Pey,(x,e):
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(a) X satisfies supp(X) C I.

(b) X has density px(-) and there exists a fixed positive constant Cj such that

sup px (u) < Cp.
u€cRd

(c) There exist two fixed constants §y > 0 and ¢y > 0 such that for any § € R? that
satisfies ||6]|s < do, there exists a set U := Us C [—1,1]? such that

AUs) > ¢ and ing Px. (U161, ..., ugbq) > co,
ASZE v

where A(-) represents the Lebesgue measure on R?.

(d) Ee* < C. for some fixed positive constant C..

For an upper bound on the minimax risk, we propose the following multivariate extension

of (2.8) via a product kernel (again with convention 0/0 = 0):

O S (T B (X = X)) (Vi = )22
G = - , (2.19)
(Z)_ Zz’<j (HZ:l th (Xi,k - Xij))

where K(-) is a kernel chosen to satisfy (2.9), and {h;}¢_, is a kernel bandwidth sequence.

In the following results, we will use o to denote the harmonic mean of the d-dimensional
smoothness index o, ie. « = d/(ZZ:1 1/ag). This quantity is known as the effective
smoothness in classical problems such as anisotropic density estimation (Ibragimov and Khas-
minski, 1981; Birgé, 1986) and anisotropic function estimation (Nussbaum, 1986; Hoffman

and Lepski, 2002).

Proposition 1. Suppose 0 < ay < 1, k € [d]. Suppose the kernel K(-) in 62 is chosen such
that (2.9) is satisfied with constants Mg and M, and the bandwidth sequence is chosen as

hy, < n=2/(eklatd) for qll k € [d]. Then, under (2.4) with random design, it holds that

~ 2 _ _
sup  sup sup E(c;—o0%)" <C(n 8a/(datd) \/ Y,
feAa,I(C]:) 02<Cs IP)(X,ss) 673'mcv,(X,s)
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where C'is some fized positive constant that only depends on Mg, M ;., o, Cx, C, and Cy, cg, C-
Zn Pmcv,(X,E) .
Proposition 2. Under (2.4) with random design, it holds that
inf  sup sup sup ]E(52 — 02)2 > c(n_gg/myrd) \% n_l),
e fEAa,I(C]:) UQSCU P(X,E) epmev,(x,s)
where ¢ is some fized positive constant that only depends on a,Cr,C, and Cy,co, Ce in

Pren(x,e), and 02 ranges over all estimators of o*.

We note that Proposition 1 is only proved for oy, € (0, 1], k& € [d]. The general case when
ay is possibly larger than 1 is much more involved due to the difficulty in the random design
analysis. Propositions 1 and 2, combined, imply that the minimax rate is n—8¢/(4a+d) \/ =1
for ay € (0,1], k € [d]. In particular, when f is in an isotropic a-Holder class (0 < oo < 1),
this rate becomes n~8¢/(4o+d) v =1 We also remark that a different estimator achieving the
rate n~—8/(4atd) v n=1 over an isotropic a-Hélder class has been briefly sketched in Robins
et al. (2008).

For completeness, we also state without proof some results for model (2.4) in the fixed
design setting. In particular, we consider the following two types of fixed designs in the

d-dimensional unit cube [0, 1]¢, namely, the grid design (GD):

(X(iyoin) s - s Xiroig.a) = (/M g /m?), (2.20)

(i1, ...,iq) € M9 x ... x [n"9)]
assuming n'/¢ is an integer, and the diagonal design (DD):
(Xins -, Xig) = (i/n,...,i/n), 1€]n]. (2.21)

Here for any positive integer n, [n] denotes the set {1,2,...,n}. Let apax := maxe(q oy and
Qmin := Mingelg 0. The first result for (GD) is a simple modification of the isotropic result

in Cai et al. (2009) by taking differences along the smoothest direction with index amay. The
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second result can be readily deduced from the fact that Y; = f(i/n) 4 oe;, i € [n], where

f(z):= f(z,...,x) is amin-Holder smooth.

Proposition 3. Under (2.4) with fized design (GD), it holds that
inf sup sup sup E(52 — 02)2 = pAomax/d \/ 1
0—2 feAOL’[O’l]d(C]:) UQSCU ]E54§CE

up to some fized positive constant that only depends on o, Cr,C,,C., where 62 ranges over

all estimators of o2.

Proposition 4. Under (2.4) with fized design (DD), it holds that
inf sup sup sup E(52 — 02)2 = pdomin \/ =1
G €A 4 10.14(CF) 72<Co BeA<Ce

up to some fized positive constant that only depends on o, Cr, Cy, C., where 62 ranges over

all estimators of o2.

When f(-) belongs to an isotropic a-Holder class, Proposition 3 implies the minimax
rate n4/? v n=! derived in Cai et al. (2009). Comparison with the random design rate
p8e/atd) vy =1 thus shows that, for 0 < a < 1, a faster rate is again achievable in the

random design setting for o < d/4.

2.4.2  Nonparametric additive model

Consider variance estimation in the additive model (2.5):

M=

Y=Y fulXip) +oe, i=1,2,...,n,

k=1
for some fixed integer d > 2, where {e;}!, are i.i.d. with zero mean and unit variance
and are independent from {X;}", = {(X;1,...,Xiq)" }7; in the random design setting.
Unlike Section 2.4.1, we specify d > 2, since the minimax rate in the fixed design (GD) has

completely different behavior for d =1 and d > 2 (see Proposition 5 below).
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Fized design

We first consider the two fixed designs (GD) and (DD) defined in (2.20) and (2.21). For both
designs, we consider an error distribution class with only a finite fourth moment condition.
We start with (GD), where by iteratively taking pairwise differences, one is able to estimate

the variance at the parametric rate n=*

without any smoothness assumption on the additive
components {f;}¢_,. For simplicity, we illustrate this idea with d = 2 with two additive

components f(-) and g(-), and assume that y/n is an even number. In this case,

Y., = f<%> +g(%) o (i) € WAl x [VAl

where {€;;}; jeqym are i.i.d. with zero mean and unit variance. By taking the pairwise

difference in the first dimension, we have

l 1
Yiirin)g = Yirg = Yioy = f(\/—%) - f(\/—%) +0(Cij = €ing)
for all j € [/n] and (i1,i2) € [\/n] x [v/n] such that i; # iy. Taking again the pairwise

difference in the second dimension, we have
Y(i17i2),(j1,j2) = Y(h,iz),jl - Y(ihiz),jz = O-(Eilvjl = €igj1 ~ Eirgo T 51’2,]'2)

for all (il,ig,jl,jz) S [\/ﬁ] X [\/ﬁ] X [\/ﬁ] X [\/ﬁ] such that 11 7é 19 and jl 7é jQ. Clearly,
we have EY(;, i) (iijo) = 0 and Var(Y(, i), (1)) = 402, Let m := /n/2 and define 7 :=

{(1,2),(3,4),...,(2m—1,2m)} with cardinality m. Then, for the set of data points {Y{i, i),(j1.j2) } i1,i2),(1.72)¢
with cardinality m? = n/4, it can be readily verified that they are i.i.d. with mean 0 and
variance 402, Therefore, with Y defined as the sample average of {Y(;, is).(j1.j2) }(iri2).(j1.j2) €T
the sample variance estimator,
~2 1 =\ 2
Oadd, GD -= n Z (Y(z‘l,m),(jhh) - Y) 5
(i1,i2),(j1,j2)€I

achieves the parametric rate n='. A similar derivation holds for general d.
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Proposition 5. Suppose d > 2. Under (2.5) with fized design (GD), it holds that

inf sup sup sup E(52 — 02)2 =n!

G2 fr.keld) 02<Cy Ee4<C.
up to some fized positive constant that only depends on C, and C., where 62 ranges over all

estimators of o2, and the first supremum is taken over all functions defined on [0, 1] for each

ke [d].

Now we move on to the design (DD), where we assume each additive component f; in
(2.5) is ay-Holder smooth on [0, 1] with some fixed constant C'z. In this case, the model can

equivalently be written as

Y; = f(i/n) + o, i=1,2,...,n,
where f = Zizl fx 1s apin-Holder smooth. Therefore, the univariate estimator and lower

bound in Wang et al. (2008) can be directly applied.

Proposition 6. Under (2.5) with fized design (DD), it holds that
inf sup sup sup ]E(52 — 02)2 = pdomin \/ 1
s fe€Ma, 10,1)(CF) kEld] 02<Co Ect<C:

2

up to some fixed positive constant that only depends on Cr,C,, C., where c* ranges over all

estimators of o2.

Comparison of Propositions 6 and 4 shows that, in contrast to grid design (GD) and
random design below, there is no gain from an additive structure in the mean function for

the diagonal design (DD).

Random design

We now discuss (2.5) with a random design for {X;}! , when fi is ay-Holder smooth on

some fixed set [ for each k € [d]. Since a shift in the mean does not affect the estimation
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of variance, we assume Efj (X ) = 0 for each k € [d] for simplicity. Recall the definition of
Pov,(x,e) in the beginning of Section 2.2. Define the joint distribution class P,aa,(x ) (Where

“add” stands for “additive”) as:

For each k € [d], the joint distribution of (X4, €) belongs to Pey,(x,¢) and the components

of X are mutually independent.

In view of Theorem 2, the following lower bound is immediate.

Proposition 7. Under (2.5) with random design, it holds that

8amin
inf sup sup sup E(52 —0 ) > c(n Lamin+1\/ n’l),
% fr€hay,1,(Cr)k€ld] 02<Co P(x £)EPadd, (X )

where c is a fived positive constant that only depends on o, Cx,C, and Cy, ¢y, Ce 11 Pyo(X e),

and 02 ranges over all estimators of o*.

We now describe a procedure that matches the lower bound in Proposition 7, but depends
crucially on mutual independence. For illustrative purposes, we again consider the case of
only two additive components f(-) and g(-), which are a- and S-Holder smooth, respectively.

Let X and W denote the two covariates. For each i € [n], define

e = f(Xy) +os; and g = g(W;) + o,

K3 2

and their corresponding variances
ox =Ef(X)+0®> and oy =Eg*(W) +0°

Clearly, we have EeX = 0 and Ee!V = 0, and X and &/ are independent of g(W;) and
f(X;), respectively. Now, notice that the additive model in (2.5) can be equivalently viewed
as Y; = f(X;) + €. Thus by applying the univariate kernel estimator defined in (2.8) to

{(Y;, X;)},, which we denote as 7%, one obtains

E(UIQ/V . UW) < C( —8a/(4a+1) v~ 1)
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for some fixed positive constant C. Similarly, defining 6% as 03, one has
E(c% — O'X) < O(n~8F/EBHY =y,

Lastly, under a finite fourth moment assumption on €, a sample variance estimator of {Y;} ,,

denoted as 0%, achieves the parametric rate n=!

in estimating the total variance Var(Y),
which can be decomposed as Ef?(X)+Eg*(W) + o2. Consequently, we have shown that the

method-of-moments estimator

~2 ~2 ~2 ~2
O—moment 2= 0x + OW Oy (222)

achieves the optimal rate in Proposition 7. We summarize the above derivation for the

natural extension 2_ . . to general d.

Proposition 8. Under (2.5) with random design, it holds that

_8amin
sup sup sup E (02 omentd — ) <C (n Tomin 1 \/ 1y 1) :
fr er‘kvlk (C;),ke[d} O'QSCO- [P)(X,g) EP(J,dd,(X,E)

where C' is some fized positive constant that only depends on o, Cr,C, and Cy,cy, C. in

Padd,(X,a) .

Propositions 7 and 8 together imply the minimax rate over P, (x.), which further
illustrates the fact that an additive structure in the mean function could possibly avoid
the “curse of dimensionality” in variance estimation. However, we note that our results
crucially rely on the mutual independence condition. It is still largely unclear if the same
minimax rate could apply to the general case without this condition, though a discussion
of an interesting connection to variance estimation under linear models shall be made in

Section 2.4.4.

2.4.3 Connection to quadratic functional estimation

We now formally state the connection between quadratic functional estimation and variance

estimation in (2.2), the first of which has been studied in, for example, Doksum and Samarov
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(1995), Ruppert et al. (1995), Huang and Fan (1999), and Robins et al. (2009).
Recall the definition of @) in (2.3) with some non-negative weight function w(-). Squaring

both sides of (2.2), multiplying by w(X;), and then taking the expectation, one has

E(Y w(X;)) = E(f*(X;)w(X))) + o’E(w(X;)e}) = Q + o’ Ew(X;).

7

Under a finite fourth moment assumption on &, both E(Y?w(X;)) and Ew(X;) can be esti-
mated at the parametric rate via the sample mean estimator, and o2 can be estimated via

52 in (2.8) with rate n=8/(e+1) v n =1 under the quadratic risk. Therefore, the estimator
G2 i Y2uw(X;) — (1 i w(XZ-)> .52
g g
achieves the same rate n=8¢/(4a+D) vy =1 In fact, it is not possible to improve upon this
rate since if there exists an estimator @ with a faster convergence rate, then the “conjugate”
estimator of 02 defined as

~2 . _ % Do Yiw(Xs) — Q 1 &
o= max{ TS (X)) ,0} E{EZM(XZ) >O}

i=1

will also converge to o2 at a faster rate, violating the lower bound in Theorem 2.
The following result summarizes the derivation. Recall the definition of Py (x ) in the

beginning of Section 2.2.

Proposition 9. Suppose the weight function w(-) in the definition of Q is uniformly bounded
on R. Then, it holds that

~ 2
inf  sup sup sup E(Q — Q) = p8a/atl) 1
Q feM,1(Cr) 02<Cs P(x,6)EPecv,(X,e)

up to some fized positive constant that only depends on w(-), a,Cx, Cy and Cy,co, Ce in

Pev(x,), where @ ranges over all estimators of ().
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2.4.4 Connection to the linear model

Throughout this paper, we have treated the distribution of X as a nuisance parameter.
Interestingly, when we do know the distribution of X, variance estimation in nonparametric
regression with random design becomes substantially easier with the aid of parallel work
in the high-dimensional linear model (Verzelen and Villers, 2010; Dicker, 2014; Kong and
Valiant, 2018; Verzelen and Gassiat, 2018). We first elaborate on this point using the simple
model (2.2), and then formulate corresponding results for (2.4) and (2.5).

By applying the inverse of the distribution function F' of X, (2.2) can be equivalently

written as
Y; = f(U) +oe, i=1,2,...,n,

where {U;}7, = {F(X;)}, are i.i.d. uniform on [0,1], and f(-) := fo F~(-) is still a-
Holder smooth under Lipschitz continuity on F~!'. Then, using a wavelet expansion for

Holder classes (cf. Proposition 2.5 in Meyer (1990)), one has

2J
Yi=fU)+ ) ¢(U) +oe, i=1,2,....n, (2.23)
j=1

where {1;}%2, is an Ly-orthonormal wavelet basis under the Lebesgue measure on [0, 1], and
f1(-) is the remainder term after truncation at resolution J = .J, which satisfies || f;[|oc =
O(272n). Let 4p := (11, ... ,1ys) and assume without loss of generality that Eap = 04, since
a mean shift does not affect the estimation of variance. Moreover, due to the orthonormality
of {1);}32,, we have Cov(ep) = E(¢p9p") = I,s. Following Verzelen and Gassiat (2018) and
Kong and Valiant (2018), the estimator

n —1
= g S =T () v e

=1
has a variance term of the order (27" 4+n)/n? and a bias term of the order 272¢/» Therefore,

by choosing the optimal truncation level 27/n = n?/(4e+h) 52  recovers the optimal rate

proj

n~8¢/(atl) \y =1 in Theorem 1.
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Define 7, ; (with tensor wavelet basis) and 77, .4q s the natural extensions of 7,;
under (2.4) and (2.5), respectively (see the proofs of Propositions 10 and 11 in the supplement
for exact definitions). In the wavelet expansion, we will use J; to denote the truncation level
for the kth component of f(-) in (2.4) and fi in (2.5), and we use Fj to denote the marginal

distribution of Xj ;. Recall that a = d/(ZZZl 1/ayg) for a = (g, ..., ) .

Proposition 10 (Multivariate nonparametric regression, design known). Suppose the distri-
bution of X is known with supp(X) C I for some fived set I C R, and F,'(+) is Lipschitz
continuous for all k € [d] with some fived positive constant. Then, when 27 is chosen to be

of the order n?/(xUetd) for | € [d] in 2, ,, it holds that

~ 2 _ B
sup  sup sup E(Gh.—0°) < C(n 8/0etdypml)
FE€Aa,1(CF) 02<Co Be4<C:

where C' is some fized positive constant that only depends on a, Cr,C,,C., and the distri-

bution of X.

Proposition 11 (Nonparametric additive model, design known). Suppose the distribution
of X is known with supp(X) C I) X ... X I for some fized intervals I, ..., 1, on the real

line, and F,;'(-) is Lipschitz continuous for all k € [d] with some fized positive constant.

Then, when 27 is chosen to be of the order n***/xtD) for k€ [d] in G2, ,4q. it holds that
8omin
sup sup sup E(ﬁimj’add — 02)2 < C(n_4anxin+1 \% n_1>,

fkeAak,Ik (C}')vke[d} UQSCU ]E54§Cs
where C' is some fized positive constant that only depends on a, Cr,C,,C., and the distri-

bution of X.

As in the classical setting of mean function estimation via orthogonal series, the difference
of the rates in Propositions 10 and 11 is clearly explained by the number of wavelet bases
used to approximate f in (2.4) and {f,}¢_, in (2.5). We also note that, quite interestingly,
Proposition 10 gives results beyond the case 0 < aq,...,aq < 1 considered in Proposition 1,

and Proposition 11 does not rely on the mutual independence of the components of X.
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2.4.5 Adaptive estimation of constant variance

In this subsection, we consider adaptive estimation of the variance o2 in model (2.2). This
is achieved by a Lepski-type procedure (Lepski, 1991; Lepskii, 1991). Let %(h) be the
estimator in (2.8) with an explicit dependence on the bandwidth parameter h. For any given
sample size n and fixed positive constant ¢, define two positive integers m, and msy such that

27 <t <27t gnd 272t < (279 < 272 and define the following dyadic grid
Hs = {Z_j:ml <j<ma,jJ GZ}.

Then, define the estimator 02, = := o2 (E;) with

adapt
hs = max{h € Hs : |*[*(h) — 5*(h') < T(logn)*n ™ ()2, VI € Hs, I < h}

for some sufficiently large positive constant 7. If the set being maximized is empty, we will
take hy = n—C=9).
To state the error bound of 52,,,,,, we need the following variant 2% ) of the distribution

class P, (x,) considered in Theorem 1, where we replace the finite fourth-moment assumption

(d) therein by the stronger sub-Gaussian tail condition:

(d') There exist some fixed positive constants C; . and Cy . such that Eexp(te) < Cy .exp(Cy ot?)

for any t € R.

A similar exponential moment assumption has been made in the context of adaptive estima-

tion under fixed design (cf. Theorems 1 and 2 in Cai and Wang (2008)).

Proposition 12. For any given sufficiently small fized o, > 0, fix some 6, € (0, 8w /(4o +
1)). Suppose the kernel K(-) in 02, , = 0° <E5*> is chosen such that (2.9) is satisfied with

adapt

constants Mg and M, and T in /ﬁg* is chosen to be sufficiently large (only depending on
0, C1c, Cy ). Then, under (2.2) with random design, it holds uniformly over all & > «, that

, log n\ 1/
sup  sup sup E(c?,,, —0°) <C < 2> vnty,

2 ada; n
fEAa’I(C]:) o°<Co P(Xaf)elpc;)i,(gé,a)
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where C is some fived positive constant that only depends on 6,, Mg, M, ,Cr,C,, and
007 Co, Cl,sa CY2,5 m P:th(’e) .

The following proposition shows that the extra poly-logarithmic term cannot be removed.

Proposition 13. Let ¢, = (logn/n?)?/Ua+) v =12 for any a > 0 and positive integer
n. Consider any fized positive o, and o, < ay < ag < 0o. Then, for any sufficiently large n
and sufficiently small fized positive constant c, any estimator o> will satisfy that, if

sup  sup  sup B((6% = 0%)/bna) <o

2 ada;
feAaz,I(C}_) g Sco' P(X7E)€Pci(z;7€)

then

sup sup sup E((52 — 02)/¢n7a1)2 > c.

2 d
fGAal,I(CT) o SCG P(X,s) GPSU,((LI;;E)

The above two results combined are in line with analogous adaptation results in quadratic

functional estimation (Efromovich and Low, 1996; Cai and Low, 2006).
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Chapter 3
GENERAL ORDER SPLINE ESTIMATION

3.1 Introduction

3.1.1 Qverview

Consider the regression model
K:fo(z/n)+€,, 2:1,,n, (31)

where fy : [0,1] — R is an unknown function and ¢;’s are independent normal random

variables with mean zero and variance o2

. Throughout the paper, we reserve the notation
0 for the truth in (3.1), i.e., (6y); = fo(i/n). The main goal of this paper is to study the
approximation of ¢y by splines with free knots.

Consider the (generalized) spline space with the following three parameters: d, the degree

of the spline; dy, the level of continuity; k£, the maximal number of pieces. More formally,

(d, dy, k)-splines are defined as (exact definition in Section 3.2):

{f :[0,1] = R : f has at most k + 1 knots, is a degree d polynomial (3.2)

between knots, and is dy-times differentiable at each inner knot}.
For any fixed degree d, dy takes value in {—1,0,...,d — 1}, with dy = d — 1 being the
smoothest case and dy = —1 allowing for discontinuity between pieces. To avoid degeneracy

to global polynomials, we only consider the case £ > 2 in this paper. The corresponding

sequence space is defined as

O(d, dy, k) = {9 € R": 0, = f(i/n) for some (d, dy, k)-spline f}. (3.3)
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Compared to splines in more classical settings de Boor (1978); Green and Silverman (1994);
Wahba (1990), the above parameter space does not fix the knots a priori and thus provides
more flexibility.

Splines of the forms (3.2) and (3.3) have frequently emerged in nonparametric curve
estimation problems. For example, the classical smoothing splines Wahba (1990) arise from
minimizing the least squares criterion with an ¢, roughness penalty. In the ¢; world, splines
are closely related to total variation regularization or denoising studied in, e.g., Rudin et al.
(1992); Mammen and van de Geer (1997); Chen et al. (2001); Davies and Kovac (2001);
Tibshirani et al. (2005); Steidl et al. (2006); Rinaldo (2009); Harchaoui and Lévy-Leduc
(2010); Hiitter and Rigollet (2016); Dalalyan et al. (2017). In recent years, these methods
with the spline space (3.3) received a revival of interest under the name trend filtering; cf.
Kim et al. (2009); Tibshirani (2014); Wang et al. (2014); Guntuboyina et al. (2020).

Despite the long history and large volume of works related to the spline spaces (3.2)-
(3.3), their fundamental statistical limits have remained largely unexplored. Our first main
result in this paper reveals the following intriguing phase transition in the minimax rate of

estimation error over O(d, dy, k):

o?kloglog(16n/k), 2 <k < ko,

inf  sup K0 — 0] =4 (3.4)
o 9eO(ddosk) o2k log(en/k), k> ko + 1.
Here, || - || denotes the Euclidean norm and =, denotes equivalence in order up to some

positive constant that only depends on d. The transition boundary kg, which takes the form
[(d+1)/(d—dy)] + 1 with |-| denoting the floor function, governs the maximal number
of pieces above which the optimal dependence of the estimation error on the sample size n
changes from the faster loglog(16n) rate to the slower log(en) rate. Notably, for any fixed
degree d, kg is an increasing function of the regularity parameter dy. In the two extreme
cases, we have ky = d + 2 if dy = d — 1 (smoothest) and ky = 2 if dy = —1 (roughest). In

other words, the driving factor behind the phase transition in (3.4) is the regularity due to
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the differentiability structure encoded in d, dy.

The minimax rate in (3.4) is achieved by the fy-constrained spline least squares estimator

(LSE) 0 = 0(0(d, do, k),Y), with Y = (Y;,...,Y,)T and
6(0,Y) = argmin||Y — |2 for any © C R™. (3.5)
0O

In fact, a more general oracle inequality allowing for arbitrary model mis-specification can
be proved for 9. Due to the non-convexity of O(d,dy, k), the solution to (3.5) with © =
©(d, dy, k) may not be unique and we choose any 0 that achieves the minimum. Among
the three parameters, we take d and dy to be fixed in advance and consider k£ as a tuning
parameter to balance the approximation error of 6y in (3.1) by ©(d, dy, k) and the complexity
of the latter space. The estimator in (3.5) with © = ©(d, dy, k) can therefore be viewed as a
class of fy-splines in their constrained form.

The minimax rate in (3.4) and the rate-optimality of fy-constrained spline LSE are in-
teresting from at least two very different angles. First, the minimax rate in (3.4) is partic-

ularly useful in penalty selection for the adaptive version of the ¢y-constrained spline LSE
5(@((1, do, k),Y). Specifically, suppose 6y € O(d, dy, k*) in (3.1) with d and dy fixed in ad-
vance and an unknown k£* on the number of pieces. Our aim is to find an adaptive version
of @ that does not require the knowledge of £* but remains minimax optimal in estimation.
Using the classical approach in Birgé and Massart (1993); Barron et al. (1999); Birgé and
Massart (2001); Massart (2007), this can be done by resorting to the penalized spline LSE

~

Oadapt, Where

~ ~ -~

eadapt = 9(@(d7 d07 k)? Y) (36)
with some data-driven 75:
% = argmin {||Y —9(0(d, o, k), Y)||2 + pen(k; d, do)} (3.7)
1<k<n
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for some penalty function pen(-; d, dy). The estimator é\adapt can thus be viewed as a class of
ly-penalized splines. Similar {yp-penalized procedures have previously been studied in Kohler
(1999); Boysen et al. (2009); Fan and Guan (2018); Jewell and Witten (2018). When the
penalty pen(-;d,dp) is chosen to be proportional to the minimax rate established in (3.4),
@\adapt is guaranteed to be adaptively minimax optimal over ©(d, dy, k) for all values of k.

Second, (3.4) suggests some interesting comparison between ;- and ¢;-regularizers in
spline regression. For expository purpose, let us consider the simplest piecewise constant
class ©(0,—1, k), where the transition boundary is given by ky = 2. There, while the /-
constrained spline LSE, as defined in (3.5) with © = ©(0, —1, 2), is able to achieve the faster
loglog(16n) rate with 2 pieces, the same rate has been proven to be un-attainable by the ¢;
trend filtering, even with an additional minimum spacing condition that could be substan-
tially improved with ¢5-splines van de Geer (2018); Fan and Guan (2018); Guntuboyina et al.
(2020). Computationally, unlike the context of sparse linear regression where the ¢, problem
of best-subset selection is provably NP-hard Natarajan (1995), efficient dynamic program-
ming algorithms do exist for implementing (3.5), at least in the discontinuous case (dy = —1)
Auger and Lawrence (1989); Winkler and Liebscher (2002); Jackson et al. (2005); Friedrich
et al. (2008) and the first-order continuous case (dy = 0) Fearnhead et al. (2019). Our results
hence suggest that the ¢y-constrained spline LSE could be an attractive alternative to its ¢4
counterparts in spline regressions.

To motivate the second main result of this paper, we recall the following minimax result

from Gao et al. (2019): for all k& > 2,

inf  sup Eg 0" — 0*|° < 0%k loglog(16n/k), (3.8)

0* 9*c0*(0,k)

where ©*(0, k) is the sub-class of ©(0, —1, k) with non-decreasing signals. Comparing (3.4)
with d = 0,dy = —1 and (3.8) above, we see that the phase transition from the faster rate
loglog(16n) to the slower rate log(en) in (3.4) is eliminated in (3.8) under the additional

monotonicity shape constraint. This raises the natural questions of whether a similar gain by
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shape constraints applies to higher-order splines, and if so, which type of shape constraints
should be encouraged. As shape-constrained models repeatedly prove their usefulness in var-
ious applications, answering the above questions is of both practical and theoretical interests.

To this end, following Balabdaoui and Wellner (2007); Chatterjee et al. (2015), we con-
sider the following sub-class of (d, dy, k)-splines with an additional ‘d-monotone’ shape con-

straint (exact definition in Section 3.3):

{f :[0,1] = R: fisa (d,d— 1, k)-spline with non-decreasing (3.9)

highest-order polynomial coefﬁcients}.

Two canonical examples are d = 0 and 1, with the former corresponding to non-decreasing
signals with at most £ constant pieces, and the latter corresponding to convex signals with
at most k linear pieces. Both classes have been extensively studied in the literature; cf.
Zhang (2002); Chatterjee et al. (2015); Bellec (2018); Gao et al. (2019) for the case d = 0
and Guntuboyina and Sen (2015); Chatterjee et al. (2015); Bellec (2018) for the case d = 1.
Define the sequence space corresponding to (3.9) as ©*(d, k).

As a special case of our second main result, we show an analogue of (3.8) under the

convexity (=1-monotone) shape constraint: for all & > 2,

0* — 0*|* < 0%k loglog(16n/k). (3.10)

inf sup [Eg-
6% 6+co*(1,k)

The same upper bound actually holds for the general d-monotone class ©*(d, k), with a
complementary lower bound showing that the loglog(16n) rate cannot be further improved
even with only two pieces. Comparing (3.4) and (3.10), it is hence clear that a higher-
order ‘d-monotonicity’ shape constraint eliminates the phase transition in (3.4) for general
d in that the faster kloglog(16n/k) rate can now be achieved for all k. The d-monotonicity
therefore offers an attractive non-parametric sub-class ©*(d, k) of the general ©(d,d — 1, k)

over which additional gain can be obtained in estimating the underlying signal.
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Finally, we remark on the technical challenges in proving (3.4) and (3.10). Unlike the
relatively straightforward proof of the log(en) part in (3.4), the derivation of the correct
transition boundary ko and the faster loglog(16n) rate requires non-trivial efforts from both
analytical and probabilistic angles. The analytic step is to derive sharp enough controls for
the magnitudes of the polynomial coefficients of signals in ©(d, dy, k) and ©*(d, k), which, in
a certain sense, need be ‘tied’ to either the left-most or the right-most knot of the signal. This
is possible either due to the strong regularity inherited in the differentiability structure of
O(d, dy, k) for k < ko, or to the global regularity within the d-monotonicity shape constraint.
Once the above controls are obtained, a generalized version of the law of iterated logarithm
(LIL), which we will develop in Section 3.4, can be applied to obtain the iterated logarithmic
rates in (3.4) and (3.10).

The rest of the paper is organized as follows. Sections 3.2 and 3.3 are devoted to the
study of unshaped splines ©(d, dy, k) and shaped splines ©*(d, k), respectively. A general
version of the LIL in expectation is developed in Section 3.4. Main proofs of the results
are presented in Sections B.1 and B.2, with the remaining technical lemmas collected in the

Appendix.

3.1.2 Notation

For any = € R, write (z); = max{z,0}. Let 1. denote the indicator function. For any
non-negative integers a, b, we use [a;b] to denote the set {a,...,b} and (a;b] to denote the
set {a +1,...,b}. For any two positive integers a, b, let Mod(a;b) be the remainder of a
divided by b. For any two real numbers a, b, define a V b = max{a, b} and a A b = min{a, b}.
For any positive integers m > n, let @(m;n) = m(m —1)...(m —n+ 1) and G(m;n) =
m(m+1)...(m+n —1). Let Z; denote the set of positive integers and Zy = Z, U {0}.
For any d € Z,, let S* C R**! stand for the unit sphere. We write Ey, as expectation under

the experiment (3.1) with truth 6.
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Let C™([0,1]) denote the set of all m-times differentiable functions on [0, 1]. For any
f € ¢™([0,1]) and integer 0 < £ < m, let fO(z) = f(z) and (DY f)(z) = fO(z) be the
(-th derivative of f at point z. For any function f defined on [0,1], 7 € [0,1], and real
number ¢, define the first-order integral (1%, f)(z) = [ f(y) dy + ¢ for z € [0,1], and the
m-th order integral iteratively as (172 . f)(z) = (I} (I77 . . f))(x) for any positive

----- Co;T\ €l yenn,y

integer m > 2 and real sequence {c,};!. For any real function f, let f(z_) and f(x)

denote the left and right limits at x, respectively.

For two non-negative sequences {a,} and {b,}, we write a, <4 b, (resp. a, =4 b,) if
a, < Cb, (resp. a, > cby,) for some C,c > 0 that only depend on d. We also write a,, =<4 b,
if both a,, <4 b, and a,, 24 b, hold. In the following, we will suppress d in <4, 24, and =<,

when no confusion is possible. For any given constants ay, as, ..., we write C'(ay, as, . ..) and

c(ay, ag, . ..) to denote positive constants that only depend on aq, as, .. ..

3.2 General-order spline regression

We start with an exact definition of the general-order spline space in (3.2):
Fold,dy, k) = {f :[0,1] — R : there exist 0 = ng < ... < ngy = n such that
no, ..., N € L>o, n; —ni—1 > (d+1)1y,5n, 1,
f is a d-degree polynomial on each interval (n;_1/n,n;/n], and
FO((nifn)_) = £9((ni/n).) for all i € [1;k — 1] and £ € [0; do]}.
For any fixed degree d > 0, the range of dy is [—1;d — 1], with dy = —1 allowing the spline

f to be completely discontinuous. The numbers ng/n, ..., n;/n are the knots of f, with the

middle (k — 1) ones as inner knots. Define the corresponding sequence space
On(d,dy, k) = {9 € R": 0, = f(i/n) for some f € F,(d, do,k)}; (3.11)

in what follows, we suppress the subscript n of 6,,(d, dy, k) when no confusion is possible

and name ny, ..., ng in its corresponding spline f € F,(d, dy, k) the knots of 6.
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Two remarks regarding the above spline class are in line.

(i) The function space F,(d, dy, k) enforces the inner knots of the spline to be positioned
among the design points. This is due to two reasons. First, it ensures the existence
of the LSE as defined in (3.5) with © = ©(d, dy, k). Indeed, the minimization can be
first taken over at most (n + 1)f7! configurations of the inner knots, after which the
problem becomes strictly convex with respect to the rest of the polynomial coefficients
and thus has a unique solution. Second, it facilitates fast computation of the LSE via
dynamic programming algorithms; see Fearnhead et al. (2019) for detailed illustration

of the piecewise linear case.

(ii) The gap d + 1 between n; and n,;_; in the above definition is necessary for the iden-
tifiability of f in the discontinuous case. This minimum spacing condition improves
substantially over existing ones made in a class of ¢; methods; see Remark 11 ahead

for more details.

For any fixed d € Z>q and dy € [—1;d — 1], let

d+1

Our first main result is the following oracle inequality. Recall that we only consider the
case k > 2 in this paper and the analysis of global polynomials (corresponding to k = 1) is

rather straightforward.

Theorem 1. Fiz any 6y € R". Let 6 = é\(@(d, do, k),Y') be the LSE as defined in (3.5) under
the experiment (3.1) with truth 0. Then, for any 6 > 0, there exists some C' = C(d, ) such
that the following statements hold for any n > n with some n = n(d). If 2 < k < ko,

0— 0,12 < ' BVRIE 2
Eg, |10 — 00| _(1—{_5)0691(220,@ 160 — 6o]|* + Co*kloglog(16n/k),
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and if k > ko + 1,

Egp 10— 00> < (1+0)_inf 10 = 6|I* + Co®klog(en/k).

The following lower bound result shows that Theorem 1 is optimal in the minimax sense.

Proposition 14. Under the experiment (3.1), there exists some ¢ = c(d) such that the

following statements hold for all n > n with some n = n(d). If 2 < k < ky,

inf  sup  Ey||d — 0]]> > cokloglog(16n/k),
0 0cO(d,do.k)

and if k > ko + 1,

inf sup Eol|6 — 0> > co’klog(en/k),
8 0cO(ddo.k)

where the infimum over 0 in both displays is taken over all measurable functions of Y.

The proof of Theorem 1 is presented in Section B.1, and the proof of Proposition 14 can

be found in Appendix B.3.1.

Remark 9. The above two results imply, in particular, the minimazx rates in (3.4). There,
the upper bound klog(en/k) above the transition boundary ko is not essentially new and can
be proved via straightforward modifications of the classical arguments in, e.g., Donoho and
Johnstone (1994); Birgé and Massart (2001). Rather, our main contribution lies in estab-
lishing the sharp transition boundary ko and the faster loglog(16n) rate below this boundary.

In practice when the number of pieces k is unknown, the minimaz rates in (3.4) provide
guidance for penalty selection in the adaptive version (3.6) of the ly-constrained spline LSE.

Precisely, one can choose k as in (3.7) with the penalty
pen(k;d, dy) = 70* |11 + kloglog(16n/k) - 1ocper, + klog(en/k) - 1psp,

for some sufficiently large universal T > 0. Then, standard arqguments Birgé and Massart
(1993); Barron et al. (1999); Birgé and Massart (2001); Massart (2007) guarantee that gadapt
is adaptively minimaz optimal over ©(d, dy, k) for all k € Z. . Details are accordingly skipped.
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Remark 10. It is important to mention here one crucial difference between our perspec-
tive for the phase transition results and the loglog(16n) rates and the one taken in Gao
et al. (2019). There, the faster loglog(16n) rate for ©(0,—1,2) follows immediately from
the general iterated logarithmic rates for ©*(0, k), the class of piecewise constant and non-
decreasing signals with at most k pieces (formally defined in Section 3.3). In other words,
the loglog(16n) rate for ©(0,—1,2) is perceived in Gao et al. (2019) as a consequence of
the monotonicity shape constraint. In contrast, the loglog(16n) rate for ©(d,do, k) in (5.4)
in the regime k < kg is inherited from the strong reqularity in the signal parametrized by
the degree d and the level of continuity dy, rather than any explicit shape constraint. In the
regime k > ko, the loglog(16n) rate is not possible due to insufficient reqularity in ©(d, dy, k),

unless additional shape constraints are enforced; see Section 3.3 ahead for more details.

Remark 11. Recently, Guntuboyina et al. (2020) studied the theoretical properties of trend
filtering (TF), a class of ¢y-reqularized discrete spline methods. More precisely, under the
experiment (3.1), the d-th order TF estimator is

O = min { [V = 0I1”+ A|D9] }. (3.13)
E n
where || - ||; denotes the vector {1 norm, A\ > 0 is a tuning parameter, and D@ : R® — R"~¢,

when applied to vectors, represents the d-th order discrete difference operator defined as
DY =0, DV = (0,—0,,...,0,—0,_1)", and DO = DD (DC=D0) for r > 2. Equation
(3.13) is a convex problem and can be solved efficiently via algorithms designed for lasso-type
problems Tibshirani (2014).

For any 0y € ©(d,d — 1,k) in (3.1), Corollary 2.11 in Guntuboyina et al. (2020) proved
that, upon choosing the tuning parameter \ properly and assuming a minimum spacing con-

dition to be detailed below,

By, 0251 — 6o1? < Co? <klog(en/k) + k2<d+1>1d>0). (3.14)
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for some C' = C(d). Comparing (3.14) with our Theorem 1 and Proposition 14, we see the

following distinctions between ly-reqularized splines and their £1 counterparts.

(i) The bound (3.14) requires a minimum spacing condition that regulates, for non-vanishing
pieces (ni;niyq] between knots with different signs (see Page 210 of Guntuboyina et al.
(2020) for their definition for the signs of knots), ni1 —n; > en/k for some ¢ = ¢(d).
This is stronger than the constant gap condition assumed in ©(d,dy, k). Moreover,
Theorem 4.2 in Fan and Guan (2018) suggests that this minimum spacing condition is
essential to the TF estimators, namely, the performance of (3.13) could deteriorate to

Vn (up to some polylogarithmic factors) without it.

(ii) Ower the class ©(d,d—1, k) with transition boundary ko = d+2, the {; TF estimator in
(3.13) is in general rate sub-optimal below the boundary, even with the additional mini-
mum spacing condition mentioned above. Specifically, in the constant space ©(0, —1, k),
the minimaz rate of estimation is loglog(16n) with k = 2 pieces, but the TF estimator
in (3.13) with d = 1 can only achieve the slower log(en) rate in view of Lemma 2.4 of

Guntuboyina et al. (2020).

Remark 12. For the computation of the {y-constrained spline LSE 0 and its adaptive ver-
sion (3.6), the major difficulty in the development of efficient algorithms is measured by the
reqularity parameter dy. For dy = —1, both estimators can be computed efficiently using
standard dynamic programming algorithms Auger and Lawrence (1989); Winkler and Lieb-
scher (2002); Jackson et al. (2005); Friedrich et al. (2008) along with more refined pruning
arguments Killick et al. (2012); Maidstone et al. (2017). For the first-order continuous case
(dy = 0), Fearnhead et al. (2019) recently introduced for the linear case (d = 1) a novel dy-
namic programming algorithm with linear to quadratic time complexity, which can be readily
extended to arbitrary order d € Z,. We expect that the above method could potentially be
extended to the case of general d and dy, but this will be left as the subject of future research.
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Lastly, we provide some intuition for the form of kq defined in (3.12). This will mostly be
clear from the perspective of minimax lower bounds in Proposition 14. There, the situation
is somewhat similar to the derivation of minimax lower bounds in the sparse linear regression
setting Donoho and Johnstone (1994); Ye and Zhang (2010); Raskutti et al. (2011), in that
we only have to find, for each fixed d and dy, the minimum value of £ such that a subset
S of 1-sparse vectors can be constructed in ©(d,dy, k) with cardinality |S| > cn for some
¢ = ¢(d). Heuristically, this value can be found via the following degree-of-freedom (DOF)

calculation:

(k—2)(d+1)> (k—1)(dy+1) + 1. (3.15)

Here, the left-hand side is the DOF for any 1-sparse 6 € O(d, dy, k) with the two end pieces
being constantly zero, as each of the middle (k — 2) pieces has (d + 1) DOF arising from the
d-degree polynomial. On the right-hand side, the first term (k — 1)(dy + 1) results from the
(dp + 1) continuity constraints at each of the (k — 1) inner knots, and the additional 1 DOF
excludes the possibility that § = 0. Solving (3.15) yields that k > 1+ [(d+2)/(d — dp)],
which indeed holds for k = ko + 1 as defined in (3.12), with equality when dy = d — 1.
Figure 3.1 demonstrates the minimum number k of pieces needed for d € [0;2] and
dy € [-1;d — 1] so that a l-sparse vector can be constructed in general position. The

minimum value of k in each scenario matches ko + 1 as defined in (3.12).

3.3 General-order splines with shape constraint

As mentioned in (3.8) in the introduction, in contrast to the phase transition in (3.4), the
faster loglog(16n) rate of estimation becomes universal in the class ©*(0, k) that contains
all piecewise constant non-decreasing signals. This section derives higher-order analogues of
this result. We start with the convexity constraint in the linear case in Section 3.3.1, and

then generalize to higher-order splines in Section 3.3.2.
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(d,do) = (0,-1) (d,do) = (1,-1) (d,do) = (1,0)
ko (0, —1) = 2 ko(1,—1) =2 ko(1,0) = 3
(d,do) = (2,—-1) (d,do) = (2,0) (d,do) = (2,1)

ko(2,—1) =2 k0(2,0):2/\ ko(2,1) =4 /L

Figure 3.1: Minimum number of k& = ky + 1 pieces required to construct 1-sparse vectors

with general position in O(d, dy, k) for d € [0;2] and dy € [-1;d — 1].

3.3.1 Convex piecewise linear regression

Convex regression is one of the central topics in shape constrained regression; see, e.g.,
Guntuboyina and Sen (2015); Chatterjee et al. (2015); Bellec (2018) for global risk bounds
and adaptation properties of the convex LSE.

We start by defining the function space of convex piecewise linear functions:
Fr(l k)= {f € F.(1,0,k) : f has non-decreasing slopes on [0, 1]}, (3.16)
and the space on the sequence level:
Or(1,k)={0" € R": 07 = f*(i/n) for some f* € Fr(1,k)}, (3.17)

with the subscript n in ©%(1, k) suppressed in the sequel. The following two results show

that the convexity shape constraint eliminates the phase transition in ©(1,0, k).

Proposition 15. Fiz any 6y € R". Let §* = 5(@*(1, k),Y) be the LSE as defined in (3.5)
under the experiment (3.1) with truth 6y. Then, for any § > 0, there exists some C' = C(J)
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such that for any n > n with some universal n and k > 2,

Eo, ||6* — 60> < (1 +6) G*Ei@l}‘{l Y 10 — 0o|* + Co?kloglog(16n/k). (3.18)

Proposition 16. Under the experiment (3.1), there exists some universal constant ¢ such

that for all n > n with some universal n and k > 2,

inf  sup Eg-||0* — 6> > co’kloglog(16n/k),
0= 0*€0%(Lk)

where the infimum over 0% is taken over all measurable functions of Y.

Proposition 15 follows from its more general version in Theorem 2 ahead. The proof of

Proposition 16 will be presented in Appedix B.3.2.

Remark 13. The in-ezpectation version of Theorem 4.3 in Bellec (2018) proved a similar

oracle inequality for the conver LSE:

B, 0067, Y) — 6> < it (116" = 6ol|* + Ch(6") log(en/k(6")) (3.19)

for some universal constant C' > 0, where ©* = ©*(1,n) is the larger class of equispaced
realizations of general convex functions on [0,1], and k(6*) is the number of linear pieces
of 0%, i.e., k(6*) = >, Logr<o; ,+07,,- Note that ©7, as opposed to ©*(1,k), is a closed
convex cone in R™. The bounds (3.18) and (3.19) are complementary in nature: the bound
(3.19) ezploits the convezity of ©F to obtain a sharp oracle inequality (in the sense of leading
constant 1 before infp«co~ ||0* — 6o]|?), but only achieves a slower worst-case klog(en/k) rate
over the smaller class ©*(1, k); the bound (3.18), or its adaptive version modified in a similar

way as (3.6), is minimax optimal over ©*(1,k) but loses the sharp leading constant 1.

3.3.2  General-order spline regression with shape constraint

Following Balabdaoui and Wellner (2007); Chatterjee et al. (2015), we consider the class of

d-monotone splines defined as follows. Let

Fr(0,k) = {f € F.(0,—1,k) : f is non-decreasing on [0, 1]}
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be the O-monotone class. Next, for any d € Z,, define

Fad k) ={f: 0,0 > R: f(@) = (I, ofo)@)

for some f, € F;(0, k) and real sequence {rg}g;é}.
Define the sequence version of the above space as
O (d, k) = {9* e R": 07 = f*(i/n) for some f* € F(d, k:)}, (3.20)

shorthanded as ©*(d, k). One can readily check that for d = 0, ©*(0, k) is the class of k-piece
isotonic signals studied in Gao et al. (2019); for d = 1, ©*(1, k) coincides with the convex
piecewise linear class in (3.17). Moreover, two facts follow immediately from the above
definitions: (i) For any d > 1, f* € Fi(d, k) € C*71(]0,1]) so that ©*(d, k) C ©(d,d — 1, k)
with the latter defined in (3.11); (ii) For any d > 1 and ¢ € [1;d], it holds that (f*)©® ¢
Fr(d— L k).

The following result, with Proposition 15 as a special case, shows that d-monotonicity
eliminates the phase transition in the general spline space ©(d,d — 1, k). Its proof is given

in Section B.2.

Theorem 2. Fiz any 0y € R". Let 6* = 6(0*(d, k),Y) be the LSE as defined in (3.5) under
the experiment (3.1) with truth 6y. Then, for any 6 > 0, there exists some C = C(d,d) such
that for any n > n with some n = n(d) and k > 2,

B, 10" — 6o||> < (1+6) inf  ||6" — 6> + Cokloglog(16n/k).

0% €O (d,k)

Moreover, there exists some ¢ = c¢(d) such that for alln > n and k > 2,

0* — 6*||> > cologlog(16n),

inf sup [Ep-
0% 6*co*(d,k)

where the infimum over 0* is taken over all measurable functions of Y.
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Remark 14. The essential technical difficulties in proving Theorem 2 and Proposition 16
over the oracle inequality version of (3.8) (cf. Theorem 2.1 of Gao et al. (2019)) rest in the
additional regularity of ©*(d, k) over ©%(0, k).

(i) For the upper bound, Gao et al. (2019) made essential use of the fact that 5(@*(0, k))
1s the sample average given the estimated knots; cf. Lemma 5.1 therein. The analogous
property is, unfortunately, not true even for 5(@*(1,]{)). Instead, we provide a com-
pletely different proof which is based on a new parametrization for general-order splines
with shape constraint (cf. Lemma 33 ahead). We further observe that this new proof
technique, when applied to the setting of Gao et al. (2019), significantly simplifies their

proof; see Section B.2.3 for details.

(11) For the lower bound in Proposition 106, the continuity constraint in ©*(1, k) requires a
much more delicate construction of least favorable signals that achieves the kloglog(16n/k)
rate, compared to ©*(0,k); see Appendiz B.3.2 for more details. This lower bound con-
struction can actually be extended to yield the optimal kloglog(16n/k) rate over the
quadratic class ©*(2, k), but a general lower bound of the order kloglog(16n/k) is still

lacking for higher-order d-monotone splines.

3.4 A generalized law of iterated logarithm

In this section, we present a generalized law of iterated logarithm (LIL) in expectation that
underlies the log log(16n) rates derived in Sections 3.2 and 3.3. Recall that a centered random

variable X is said to be sub-Gaussian with parameter 7, if there exists some K > 0 such

that Eexp(AX) < Kexp(\?72/2) for any \ € R.

Theorem 3. Flix positive integers d > 1 andn > 2. Let {¢;}; be a sequence of independent

and identically distributed centered sub-Gaussian random variables with parameter 1. Let



54

Ry — Ry be a strictly increasing continuous function with inverse 1~t. Let

. ’ Zie(nl;ng}(i - nl)dgi‘
Z = max .
1<m<na<n (ng — ny)4(ng A (n — ny))'/?

Then, provided that
/ e~ ) gt < o0 (3.21)
1

for some sufficiently small co = co(d), there exist some C; = C1(10,d) > 0 and Cy = Co(d) >
0 such that

Exp(Z) < C1[1((Co loglog(16n))'/?) v 1].

The proof of the above theorem can be found in Appendix B.4. Here are some choices of

1’s that will be relevant in the proofs of results in Sections 3.2 and 3.3.
Example 1. Let 1(t) = t* where a > 0. Then ¥~1(t) = /%, so clearly (3.21) holds.

Example 2. Let (t) = ¢ — 1 where o, ¢ > 0. Then ¢~ (t) = (log(1+1)/c)'*. So

/OO o~ (co/2/®)(log (1)« 1 <00, a€(0,2],c€(0,cola=z + 00lae(02))
1

= 00, otherwise.

Note that a law of iterated logarithm in expectation fails in general for the choice 1 (t) =
e’ — 1 whenever o > 2, as a = 2 corresponds to the maximal integrability of Gaussian

random variables.
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Chapter 4

ASYMPTOTICS OF LIKELTHOOD RATIO TESTS IN
GAUSSIAN SEQUENCE MODEL WITH CONVEX
CONSTRAINT

4.1 Introduction

4.1.1 The likelihood ratio test

Consider the Gaussian sequence model
Y=p+¢ (4.1)

where p € R™ is unknown and £ = (&,...,&,) is an n-dimensional standard Gaussian
vector. In a variety of applications, prior knowledge on the mean vector u can be naturally
translated into the constraint p € K, where K is a closed convex set in R". We refer the
readers to Chatterjee (2014a); Guntuboyina and Sen (2018) and many references therein for
a diverse list of concrete examples of K. In this paper, we will be interested in the following

‘goodness-of-fit” testing problem:
Hy:p= po Versus Hy:peK, (4.2)

where 10 € K C R”, and K is an arbitrary closed and convex subset of R™. Throughout

the manuscript, the asymptotics will take place as n — oo, and the explicit dependence of

1, 1o, K and related quantities on the dimension n will be suppressed for ease of notation.
Given observation Y generated from model (4.1), arguably the most natural and generic

test for (4.2) is the likelihood ratio test (LRT). Under the Gaussian model (4.1), the log-
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likelihood ratio statistic (LRS) for (4.2) takes the form
TY) =Y = poll* = Y = fix|)®
=+ &= poll* = llp+ & = Mx(u+&)* = 0. (4.3)

Here fixg = g (Y) = argmin,cx||Y — v||? is the metric projection of Y onto the constraint
set K with respect to the canonical Euclidean {5 norm || - || on R™. As K is both closed and
convex, I is well-defined, and the resulting fix is both the least squares estimator (LSE)
and the maximum likelihood estimator for the mean vector p under the Gaussian model
(4.1). The risk behavior of fix is completely characterized in the recent work Chatterjee
(2014a).

The LRT for (4.2) and its generalizations thereof have gained extensive attention in the
literature, see e.g. Chernoff (1954); Bartholomew (1959a,b, 1961a,b); Kudo6 (1963); Barlow
et al. (1972); Kudo and Choi (1975); Robertson and Wegman (1978); Warrack and Robertson
(1984); Shapiro (1985); Raubertas et al. (1986); Robertson et al. (1988); Shapiro (1988);
Menéndez and Salvador (1991); Menéndez et al. (1992a,b); Durot and Tocquet (2001); Meyer
(2003); Sen and Meyer (2017); Wei et al. (2019) for an incomplete list. In our setting, an
immediate way to use the LRS T'(Y") in (4.3) to form a test is to simulate the critical values of
T(Y) under Hy. More precisely, for any confidence level a € (0, 1), we may determine through
simulations an acceptance region Z, C R such that the LRS satisfies P(T(Y) € Z,) =1 — «
under Hy, and then formulate the LRT accordingly. In some special cases, including the
classical setting where K is a subspace, the distribution of 7'(Y') under the null is even
known in closed form, so the simulation step can be skipped.

Clearly, the almost effortless LRT as described above already gives an exact type I error
control at the prescribed level for a generic pair (19, K). The equally important question of
its power behavior, however, is more complicated and requires a much deeper level of inves-
tigation. In the classical setting of parametric models and certain semiparametric models,

the power behavior of the LRT can be precisely determined, at least asymptotically, for con-
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tiguous alternatives in the corresponding parameter spaces, cf. van der Vaart (1998, 2002).
An important and basic ingredient for the success of power analysis in these settings is the
existence of a limiting distribution of the LRT under H, that can be ‘perturbed’ in a large
number of directions of alternatives.

Unfortunately, the distribution of the LRS T'(Y) in (4.3) under the null, for both finite-
sample and asymptotic regimes, is only understood in very few cases. One such case is, as
mentioned above, the classical setting where K is a subspace of dimension dim(X). Then
the null distribution of T'(Y') is a chi-squared distribution with dim(K) degrees of freedom.
Another case is g = 0 and K is a closed convex cone. In this case, the null distribution
of T(Y) is the chi-bar squared distribution, cf. Bartholomew (1961a); Kudo (1963); Barlow
et al. (1972); Kudo6 and Choi (1975); Shapiro (1985); Robertson et al. (1988), which can be
expressed as a finite mixture of chi-squared distributions. Apart from these special cases,
little next to nothing is known about the distribution of the LRS T'(Y") for a general pair
of (ug, K) under the null Hy, owing in large part to the fact that the null distribution of
T(Y) highly depends on the exact location of 1y with respect to K and is thus intractable
in general. Consequently, the lack of such a general description of the limiting distribution
of T(Y)) causes a fundamental difficulty in obtaining precise characterizations of the power

behavior of the LRT for a general pair (ug, K).

4.1.2  Normal approximation and power characterization

The unifying theme of this paper starts from the simple observation that in the classical
setting where K is a subspace, as long as dim(K) diverges as n — oo, the distribution
of T(Y) has a progressively Gaussian shape, under proper normalization. Such a normal
approximation in ‘high dimensions’ also holds for the more complicated chi-bar squared
distribution; see Dykstra (1991); Goldstein et al. (2017) for a different set of conditions.

One may therefore hope that normal approximation of 7(Y") under the null would hold in
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a far more general context than just these cases. More importantly, such a distributional

approximation would ideally form the basis for power analysis of the LRT.

Normal approximation

The first main result of this paper (see Theorem 4) shows that, although the exact distribu-
tion of T(Y) under Hy is highly problem-specific and depends crucially on the pair (g, K)
as described above, Gaussian approximation of 7(Y") indeed holds in a fairly general context,

after proper normalization. More concretely, we show that under H,

T(Y) — My,

~ N(0,1) in total variation (4.4)
o

Ho

holds in the high dimensional regime where the estimation error E, ||fix — pol|* diverges
in some appropriate sense; see Theorem 4 and the discussion afterwards for an explana-
tion. Here and below, N(0, 1) denotes the standard normal distribution, and we reserve the

notation

m, =E,(T(Y)) and o, = Var,(T(Y)) (4.5)

for the mean and variance of the LRS T'(Y) under (4.1) with mean 4, so that m,,, and o},
in (4.4) are the corresponding quantities under Hy. In a similar spirit, we use the subscript
p in P, and other probabilistic notations to indicate that the evaluation is under (4.1) with
mean /.

When the normal approximation (4.4) holds, an asymptotically equivalent formulation
of the previously mentioned finite-sample LRT is the following LRT using acceptance region
determined by normal quantiles: For any o € (0, 1), let

T(Y) -
B = WY 0) = 1( L € A ), (46)
O o
where A, is a possibly unbounded interval in R such that P(N(0,1) € A,) = 1 — .

Common choices of A, include: (i) (—o0, z,] for the one-sided LRT, and (ii) [—za/2, Za/2]
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for the two-sided LRT, where z,, for any a € (0,1), is the normal quantile defined by
P(N(0,1) > z,) = a. In what follows, we will focus on the LRT given by (4.6), and in

particular its power behavior, when the normal approximation in (4.4) holds.

Power characterization

Using the normal approximation (4.4), our second main result (see Theorem 5) shows that
under mild regularity conditions,

c({w}) CAZB) & EU(Yimu,o.) — B €01]. (4.7)

O po

Here R = RU{+00}, and for a sequence {w,} C R, L({w,}) denotes the set of all limit points
of {w,} in R, and Ay, : R — [0,1] is defined in (4.16) below. In particular, A4, (0) = «
and Ay, (w) = 1 only if w € {£oo}. Hence the LRT is power consistent under g, i.e.,
E, V(Y;mu,,04) — 1, if and only if

z({w}) C AZ (1) € {#oo}. (4.8)

Opo

The asymptotically exact power characterization (4.7) for the LRT is rather rare beyond
the classical parametric and certain semiparametric settings under contiguous alternatives
(cf. van der Vaart (1998, 2002)). The setting in (4.7) can therefore be viewed as a general
nonparametric analogue of contiguous alternatives for the LRT in the Gaussian sequence
model (4.1).

A notable implication of (4.8) is that for any alternative u € K, the power characteriza-
tion of the LRT depends on the quantity m,, —m,,,, which cannot in general be equivalently
reduced to a usual lower bound condition on || — po]|. This indicates the non-uniform power
behavior of the LRT with respect to the Euclidean norm ||-||. As the LRT (with an optimal
calibration) is known to be minimax optimal in terms of uniform separation under ||-|| in

several examples (cf. Wei et al. (2019)), the non-uniform characterization (4.8) hints that
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the minimax optimality criteria can be too conservative and non-informative for evaluating
the power behavior of the LRT.

Another implication of (4.8) is that it is possible in certain cases that the one-sided LRT
(i.e., Ay, = (—00, z4]) has an asymptotically vanishing power, whereas the two-sided LRT
(i-e., Ao = [—Za/2, Zas2]) is power consistent. This phenomenon occurs when the limit point
—oo in (4.8) is achieved for certain alternatives p € K in the high dimensional limit. See

Remark 16 ahead for a detailed discussion.

4.1.8  Testing subspace versus closed convexr cone

A particularly important special setting for (4.2) is the case of testing Hy : = 0 versus
Hy : p e K, where K is assumed to be a closed convex cone in R". We perform a detailed

case study of the following slightly more general testing problem:
Hy:pe Ky Versus Hy :pekK, (4.9)

where Ky C K C R" is a subspace, and K is a closed convex cone. The primary motivation
to study (4.9) arises from the problem of testing a global polynomial structure versus its
shape-constrained generalization; concrete examples include constancy versus monotonicity,
linearity versus convexity, etc.; see Section 4.4.5 for details. The LRS for (4.9) takes the
slightly modified form:

T(Y)=Tw,(Y) = Y = fig,|* = IY — fike |

=+ €& =T, (u+ O = llp+ & = Tr(u+ . (4.10)

The dependence in the notation of the LRS T'(Y') on K will usually be suppressed when no
confusion could arise.
Specializing our first main result to this testing problem, we show in Theorem 6 that nor-

mal approximation of T'(Y") under Hy holds essentially under the minimal growth condition
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that 05 —dim(Ky) — oo, where g is the statistical dimension of K (formally defined in Def-
inition 1). Similar to (4.7), the normal approximation makes possible the following precise
characterization of the power behavior of the LRT under the prescribed growth condition

(see Theorem 7):
E({E”HK (1 — T, () + §) I — BTk (6]

00

}) C AZL(B) N[0, 400
& E,U(Y;mg,00) — B €[0,1]. (4.11)

As 02 = Var(T(§)) < dx — dim(Ky) (cf. Lemma 2) for the modified LRS T'(Y) in (4.10), the
LRT is power consistent under p if and only if
E||Tx (1 — i, (1) + €)|I” — BTk ()]
(5x — dim(K))"?

Compared to the uniform || - ||-separation rate derived in the recent work Wei et al. (2019)

— +o0. (4.12)

(cf. (4.33) below), (4.11)-(4.12) provide asymptotically precise power characterizations of
the LRT for a sequence of point alternatives. This difference is indeed crucial as (4.12),
similar to (4.8), cannot be equivalently inverted into a lower bound on ||y — g, (u)|| alone.
This illustrates that the non-uniform power behavior of the LRT is not an aberration in
certain artificial testing problems, but is rather a fundamental property of the LRT in the
high dimensional regime that already appears in the special yet important setting of testing

subspace VEersus a cone.

4.1.4  Ezramples

As an illustration of the scope of our theoretical results, we validate the normal approximation

of the LRT and exemplify its power behavior in two classes of problems:

1. Testing in orthant/circular cone, isotonic regression and Lasso;

2. Testing parametric assumptions versus shape-constrained alternatives, e.g., constancy

versus monotonicity, linearity versus convexity, and generalizations thereof.
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Non-uniform power of the LRT

Some of the above problems give clear examples of the aforementioned non-uniform power
behavior of the LRT: In the problem of testing 1 = 0 versus the orthant and (product)
circular cone, the LRT is indeed powerful against most alternatives in the region where the

uniform separation in ||| is not informative. More concretely:

e In the case of the orthant cone, the LRT is known to be minimax optimal (cf. Wei

et al. (2019)) in terms of the uniform || - ||-separation of the order n'/%.

Our results
show that the LRT is actually powerful for ‘most’ alternatives u with ||| = O(n'/4),
including some with || - ||-separation of the order n’ for any J > 0. This showcases the

conservative nature of the minimax optimality criteria. See Section 4.4.1 for details.

e In the case of (product) circular cone, the LRT is known to be minimax sub-optimal
(cf. Wei et al. (2019)) with ||-||-separation of the order n'/* while the minimax separation
rate is of the constant order. Our results show the minimax sub-optimality is witnessed
only by a few unfortunate alternatives and the LRT is powerful within a large cylindrical
set including many points of constant || - ||-separation order. This also identifies the
minimax framework as too pessimistic for the sub-optimality results of the LRT; see

Section 4.4.2 for details.

4.1.5  Organization

The rest of the paper is organized as follows. Section 4.2 reviews some basic facts on metric
projection and conic geometry. Section 4.3 studies normal approximation for the LRS T'(Y)
and the power characterizations of the LRT both in the general setting (4.2) and the more
structured setting (4.9). Applications of the abstract theory to the examples mentioned
above are detailed in Section 4.4. Proofs are collected in Sections C.1 and C.2 and the

appendix.
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4.1.6 Notation

For any positive integer n, let [1 : n| denote the set {1,...,n}. For a,b € R, aVb = max{a, b}
and a A b = min{a,b}. For a € R, let ay = (+a) V0. For z € R", let ||z, denote its p-norm
(0 < p < o0), and By(r;z) = {z € R" : ||z — 2|, < r}. We simply write ||z|| = ||z]|2,
B(r;z) = By(r;x), and B(r) = B(r;0) for notational convenience. By 1, we denote the
vector of all ones in R™. For a matrix M € R™", let |M|| and ||M||r denote the spectral
and Frobenius norms of M respectively.

For a multi-index k = (ki,...,k,) € Z%y, let |k| = > | k;. For f : R* - R, and k =
(koo k) € 22, let O f(2) = ka:-‘-—fa(:,)ﬂ for z € R™ whenever definable. A vector-valued
map f : R" — R™ is said to have sub-exponential growth at oo if limj e f(z)e"I#l]| = 0.

For f = (fi,..., fa) 1 R* = R" let Jp(2) = (0fi(2)/02;)} =, denote the Jacobian of f and

div f(z) = Z %fl(z) = Tr(Js(2))

for z € R™ whenever definable.

We use C, to denote a generic constant that depends only on z, whose numeric value
may change from line to line unless otherwise specified. a <, b and a =, b mean a < C,b
and a > C,b respectively, and a =<, b means a <, b and a 2, b (a < b means a < Cb for
some absolute constant C'). For two nonnegative sequences {a, } and {b,}, we write a,, < b,
(respectively a, > b,) if lim, o (a,/b,) = 0 (respectively lim, ., (a,/b,) = 00). We follow
the convention that 0/0 = 0. Op and op denote the usual big and small O notation in
probability.

We reserve the notation £ = (&1,...,&,) for an n-dimensional standard normal random
vector, and ¢, ® for the density and the cumulative distribution function of a standard
normal random variable. For any a € (0,1), let z, be the normal quantile defined by

P(N(0,1) > z,) = a. For two random variables X, Y on R, we use dry(X,Y) and dko(X,Y)



64

to denote their total variation distance and Kolmogorov distance defined respectively as
dry(X,Y)= sup |P(X € B)-P(Y € B)|,
BEB(R)

dkot(X,Y) = sup [P(X < t) = P(Y < t)].

teR

Here B(R) denotes all Borel measurable sets in R.

4.2 Preliminaries: metric projection and conic geometry

In this section, we review some basic facts on metric projection and conic geometry. For any
x € R™, the metric projection of x onto a closed convex set K C R™ is defined by
[k (z) = argmin||z — y||.
yeK
It is a standard fact that the map Il is well-defined, 1-Lipschitz and hence absolutely
continuous. The Jacobian Jy,. is therefore almost everywhere (a.e.) well-defined.

Let G : R™ — R be defined by
G(y) = ly — Ix)*
We summarize some useful properties of G and Jy,, in the following lemma.
Lemma 1. The following statements hold.

1. G is absolutely continuous and its gradient VG(y) = 2(y — Ik (y)) has sub-ezponential

growth at co.

2. Fora.e. y € R, ||, )| VI = Jn (W)l <1 and Ju, (y) "Mk (y) = Ju (v) "y

Proof. (1) follows from (Goldstein et al., 2017, Lemma 2.2) and the proof of (Goldstein
et al., 2017, Lemma A.2). The first claim of (2) is proved in (Goldstein et al., 2017, Lemma
2.1). For the second claim of (2), note that VG(y) = 2(I — Ju, (y)) " (v — Ik (y)). By (1),
VG(y) = 2(y — Tk (y)), so Jr (y) " (y — Mk (y)) = 0, proving the claim. O
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Recall that a closed and convex cone K C R” is polyhedral if it is a finite intersection
of closed half-spaces, and a face of K is a set of the form K N H, where H is a supporting
hyperplane of K in R™. Let lin(F') denote the linear span of F. The dimension of a face F'
is dim F' = dim(lin(F")), and the relative interior of F is the interior of F' in lin(F’).

The complexity of a closed convex cone K can be described by its statistical dimension

defined as follows.

Definition 1. The statistical dimension dx of a closed convex cone K is defined as dx =

E|[[Tx (&I

The statistical dimension dx has several equivalent definitions; see e.g. (Amelunxen et al.,
2014, Proposition 3.1). In particular, 0x = Esup,cpnpa)((#,€))?. For any polyhedral cone
K C R" and j € {0,...,n}, the j-th intrinsic volume of K is defined as

v;(K) = P(Ilx () € relative interior of a j-dimensional face of K). (4.13)

More generally, the intrinsic volumes {v;(K)}7_, for a closed convex cone K C R" are defined
as the limit of (4.13) using polyhedral approximation; see (McCoy and Tropp, 2014, Section
7.3). These quantities are well-defined and have been investigated in considerable depth; see

e.g., Amelunxen et al. (2014); McCoy and Tropp (2014); Goldstein et al. (2017).

Definition 2. For any closed conver cone K C R", let Vi be a random wvariable taking

values in {0,...,n} such that P(Vk = j) = v;(K).

We summarize some useful properties of 05 and Vi in the following lemma. An elemen-

tary and self-contained proof is given in Appendix C.3.1.

Lemma 2. Let K be a convex closed cone. Then

1. 0 = EVk;

2. Var(|Ug(&)|)*) = Var(Vi) + 20k ;
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8. 20 < Var(|Tx (%) < 20k + 2|[ETk (€] < 40k
For any closed convex cone K C R", its polar cone is defined as
K ={veR": (v,u) <0, forallue K}. (4.14)

With IIg« denoting the metric projection onto K*, Moreau’s theorem (Rockafellar, 1997,
Theorem 31.5) states that for any v € R”,

v =1g(v) + g« (v) with (IIx(v), g« (v)) = 0.
4.3 Theory

4.8.1 Normal approzimation for T(Y) and power characterizations

We start by presenting the normal approximation result for 7'(Y') in (4.3) under the null
hypothesis (4.2); see Section C.1.1 for a proof. This will serve as the basis for the size and
power analysis of the LRT (4.6) in the testing problem (4.2).

Theorem 4. Let K C R" be a closed convex set and pg € K. Then under Hy,

TY) — Sv/E,. |t — 2
dTV( ( ) m#O,N(O, 1)) S A\/ NOH:M;( /’LOH o (415)
O o QHEP«O/‘I’K - MOH + HE#OJﬁKHF

Here Jg,. = Ja, (&) = Juy (o + ), and my,,, 04, are as defined in (4.5).

The bound (4.15) is obtained by a generalization of (Goldstein et al., 2017, Theorem 2.1)

using the second-order Poincaré inequality Chatterjee (2009), together with a lower bound

2

., using Fourier analysis in the Gaussian space (Nourdin and Peccati, 2012, Section

for o
1.5). The Fourier expansion can be performed up to the second order thanks to the absolute
continuity of the first derivative of T'(Y) (cf. Lemma 1).

|? in the denom-

We now comment on the structure of (4.15). The first term ||E,,,fix — o

inator is the squared bias of the projection estimator fix, while the second term ||E,, Ja, |5,
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which depends on the magnitudes of the first-order partial derivatives of ix, can be roughly

understood as the ‘variance’ of ix. Consequently, one may expect that the denominator is

of the order E, ||7ix — 1o]|?, so the overall bound scales as O(1/y/E,|[fix — pol[?). As will
be clear in Section 4.4, this is indeed the case in all the examples worked out, and the ma-
jor step in applying (4.15) to concrete problems typically depends on obtaining sharp lower
bounds for the ‘variance’ term ||E,,J;, ||%, which may require non-trivial problem-specific
techniques.

Using Theorem 4, we may characterize the size and power behavior of the LRT. For a

possibly unbounded interval I C R, let A; : R — [0,1] be defined as follows: For w € R,
Aj(w)=1-PN(0,1) € [ —w) =P(N(0,1) € I° — w), (4.16)

and Ar(£oo) = limy 400 Ar(w), which is clearly well-defined. A is either monotonic or
unimodal, so A;l(ﬁ) contains at most two elements for any 8 € [0, 1]. Two primary examples
of I are AS® = (—00, 2] and AY = [—z4/2, 2a/2] — the acceptance regions for the one- and

two-sided LRTs respectively, where we have
A () = B(—z0 + W), Aap(w) = D(—zops + W) + B(—z0p —w).  (4.17)

It is clear that A4 (0) = A (0) = a, Ae(1) = {+o0}, and AL (1) = {#o0}. Recall the
definitions of m,, and o, for general ;1 € K in (4.5). The following result (see Section C.1.2

for a proof) characterizes the power behavior of the LRT.

Theorem 5. Consider testing (4.2) using the LRT as in (4.6). There ezists some constant
Cy, > 0 such that

EH\P(Y; Mpygs U,uo) - AAa (M) ‘

Opo

S 2'61‘1'“0 +C.Aa L(l/\ ‘m ||/‘L_N’0|| ) (418)
o

- m#0| v O o
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T _
err,,, = dKol( (110 + &) = o , N0, 1)> < right hand side of (4.15),

Opo

and L(z) = x+/1 Vlog(1l/x) for x > 0 and £(0) = 0. Consequently:

1.

2.

The LRT in (4.6) has size

‘ENO\II<Y; Mg, U,uo) - 06‘ <2 eI, -

Suppose the normal approzimation of T(Y') holds under Hy, i.e., err,, — 0. Then, for

any p € K such that

[ — poll < |mﬂ—mM0]\/au0, (4.19)

we have

E({w}) C AR (B) & B U(Yimy, 0u) — B € 0,1]. (4.20)

Opo

Hence under (4.19), the LRT is power consistent under i, i.e., E,¥(Y;m,, 04,) = 1,
if and only if

£({w}) C AZ (1) C {#o0}. (4.21)

UMO

Remark 15. The validity of the normal approximation in Theorem 5-(2) is imposed to

express the exact power behavior (4.20) with the normal quantile. More generally, as long

as the normalized LRS (T(Y) —my,) /0., has a distributional limit under Ho, (4.20) can be

obtained accordingly with the corresponding quantiles.

We now comment on conditions (4.19) and (4.21) in detail.
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e Condition (4.19) centers around the key deviation quantity

AT, (6) = T+ €) — Tlpio + ), (4.22)

which can be shown to satisfy
E(AT) ) = My — My, Var(AT), ) < [|p — ,u0||2.

Moreover, it can be shown that AT,

wpo concentrates around its mean m,, — m,,, with

sub-Gaussian tails (see Proposition 30). This concentration result allows us to connect
the normal approximation under the null in Theorem 4 to the power behavior of the

LRT under the alternative.

To further understand condition (4.19), note that in the small separation regime ||x —
tol| < 0,,, (4.19) is automatically fulfilled; in the large separation regime where
lle — poll > o0,,, (4.19) can typically be verified by establishing a quadratic lower
bound |m, — mu,| Z |1 — wol/*. In this sense (4.19) excludes possibly ill-behaved
alternatives that violate the prescribed quadratic lower bound in the critical regime
|t — pol] < 0,; see e.g., Example 4. Hence (4.19) cannot be removed in general for

the validity of the power characterization (4.20).

e To verify (4.21), some problem specific understanding for m, and o,, is needed. As

E, (¢, iik) = E, div [ig by Stein’s identity, we have
my, = || — pol® + 2K, div fig — E,|liix — pll?, (4.23)

hence the numerator of (4.21) requires sharp estimates of the expected ‘degrees of free-
dom’ E,, div jig (cf. Meyer and Woodroofe (2000)), and the estimation error E,, ||fix —
pll?. A (near) matching upper and lower bound for o, will also be required to obtain
necessary and sufficient characterizations. We mention that (4.21) cannot in general
be equivalently inverted into a lower bound on || — po|l only; see the remarks after

Theorem 7 for a more detailed discussion.
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Remark 16. The LRT defined in (4.6) depends on the choice of the acceptance region A,.

Two obvious choices are:

1. (One-sided LRT). Let A, = A = (—00,z,|. This leads to the following one-sided
LRT:
TY)—
ihdY)Eﬂ%JYﬂmWJW)El<—£j—;@@:>%>. (4.24)
O o
2. (Two-sided LRT). Let Ay = A% = [—2a/2, 2a/2]. This leads to the following two-sided
LRT:

T(Y> — My

Ui (V) = Uiu(Yimyg, 04) = 1(‘ .

> za/2> : (4.25)

1o
In the classical case where K is a subspace of fized dimension, the one-sided LRT is power
consistent (under p € K) if and only if the two-sided LRT is power consistent, so one can
simply use the standard one-sided LRT. The situation can be rather different for certain high
dimensional instances of K. Under the setting of Theorem 5-(2), as A;és(l) = {400} while
A;é?(l) = {£oo}, power consistency under p for the one-sided LRT implies that for the
two-sided LRT, but the converse fails when the —oo limit in (4.21) is achieved. See Example
5 ahead for a concrete example. However, in the special case where g = 0 and K is a closed
convex cone, (m,, —my,)/o,, can only diverge to +o00 under mild growth condition on K, so

in this case power consistency is equivalent for one- and two-sided LRTs. Also see Remark

17-(1).

As a simple toy example of Theorem 5, we consider the testing problem (4.2) in the linear
regression case, where K = Ky = {X60 : 6 € RP} for some fixed design matrix X € R™*P
with p < n. We will be interested in the high dimensional regime rank(X) — oo where the

normal approximation for the LRT holds under the null.

Proposition 17. Consider testing (4.2) with K = Kx. Suppose that rank(X) — oco. Let
U e {WUy, U}
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1. If po € Kx, then

drv (%ﬂ‘mm,/\/(o, 1)) < %(X) (4.26)

Consequently the LRT is asymptotically size o with E, ,V(Y) = a 4+ O(1/4/rank(X)).

2. For any u € Kx, m, — my, = ||t — wol|?, and the LRT is power consistent under p,
i.e., E,U(Y) — 1, if and only if ||u — pol| > (rank(X))Y4.

Proof. (1). Note that fig, = Ik, (V) = X(X"X)"X"Y = PY, where A~ denotes the

pseudo-inverse for A. Then E, firxy = Puo = po, Jp, = P and

Eyollfiney = toll* = By S, I = Tr(PP") = dim(Kx) = rank(X).

The claim (1) now follows from Theorem 4.

(2). By (4.23), for any p € Kx,

my = || — poll® + E[2(¢, PE) — || P¢|1?]

= |1 = poll* + E[IPEN?] = ll1 — poll* + rank(X),
and with pg € K,
JZO = Var (|| P¢|°) = rank(X).
As || —po|| < ||p—pol]*V/rank(X) always holds, the claim follows from Theorem 5-(2). [
More examples on testing in orthant/circular cone, isotonic regression and Lasso are
worked out in Section 4.4.
4.3.2  Subspace versus closed convex cone

In this subsection, we study in detail the testing problem (4.9) as an important special case

of (4.2). The additional subspace and cone structure will allow us to give more explicit
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characterizations of the size and the power of the LRT; note that here the LRS T'(Y') takes

the modified form (4.10). We start with the following simple observation.

Lemma 3. Let K be a closed convex set in R™. Then for p such that K — u C K, we have

Mg (p+8) = p+ Tk (), vEeR™

Consequently,

i+ € = Tk (e + OI* = 1€ — Tk (&)

Proof. By the definition of projection, we want to verify

(n+&—(p+1k(8)),v—(p+ k() <0, Vv €K.

This amounts to verifying that

(€ —Mx(&), (v —p) —k(£)) <0, Vve K.

As v — u € K by the condition K — pu C K, the above inequality holds by the projection
property for Tk (&). O

Recall the definition of the statistical dimension dg in Definition 1. The above lemma
provides us with simplifications of m,, and o7, as defined in (4.5): under the setting of (4.9),

for any p € Ko,
My =mo =0k 0. 0h =0} = Var(I(©I — e, (©7).  (4.27)

Moreover, as Ky is a subspace, we have dx, = dim(Kj). The following result (proved in

Section C.1.3) derives the normal approximation of T'(Y") with an explicit error bound.

Theorem 6. Suppose Ky C K C R"™ are such that Ky is a subspace and K is a closed convex

cone. Then for n € Ky,

drv (a—O’N(O’ 1)) < \/ﬁ
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It is easy to see from the above bound that under the growth condition dx — dx, — 00,
normal approximation of 7T(Y’) holds under the null. This growth condition cannot be
improved in general: for a subspace K, T'(Y") follows a chi-squared distribution with dx — 0,
degrees of freedom under the null, so normal approximation holds if and only if 6 x —dx, — oc.
The above theorem extends (Goldstein et al., 2017, Theorem 2.1) in which the case Ky, = {0}
is treated. Compared to classical results on the chi-bar squared distribution (Dykstra, 1991,
Corollary 2.2), the growth condition here does not require exact knowledge for the mixing
weights, and can be easily checked using Gaussian process techniques; see Section 4.4.5 for
examples.

Using Theorem 6, we can prove sharp size and power behavior of the LRT; see Theorem 7

below (proved in Section C.1.4). For p > 1, let
Prep(v) = B[k (v + &) I” — E[x ()", veR™

We simply shorthand 'k ; as I'x for notational convenience. Recall the definition of Vi in

Definition 2 and that of the polar cone K* in (4.14).

Theorem 7. Consider testing (4.9) using the LRT V(Y ';mg, 0¢) with the modified LRS T(Y")
in (4.10). There exist constants C4,,C’y > 0 such that

T2 (p — Tk, (M))) ‘

EH‘I/(Y, Mo, (70) — AAQ (

114 = Ty (1) |
§2-erro+CAa-£(1/\ ‘FKQ(M_HKo(M))’vO'[)) 42)
< Cly, - ( (0 = 01) 7). (4.29)

Here errg, £(-) are defined in Theorem 5. Consequently:
1. For p € Ky, the LRT has size EqV(Y;myg, 00), where

|EoW(Y;mo, 00) — oo < 10

T VoK =0k,
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2. Suppose further dx — 0k, — co. Then for n € K,

E({FKQOk;FKAu»}>(:AAHB)QKL+@4

s L ({ v +2;I;§,MK;)II¢[?) (_M)(S)KO/(SK }) C AZL(B) N[0, +o0]

& E,U(Y;mo,00) = 5 €10,1], (4.30)

where r(K, Ko) = Var(Vink:)/0knr; € [0,2]. Hence the LRT is power consistent
under p, i.e., E,U(Y;mg,00) = 1, if and only if

Trea(p — i, (1)) e e D (p— Ty (1))

(6x — 0xy) " V1= 6, 0K

Remark 17. 1. By the proof of (Wei et al., 2019, Lemma E.1), Tga(v) > ||v||* > 0

— fo00. (4.31)

for all v € K, so all the limit points in (4.30) are nonnegative. This leads to the

equivalence of the power consistency property for the one-sided LRT (4.24) and the
two-sided LRT (4.25).

2. With the help of Lemma 8 and (4.27), which holds for any u € Ky, some calculations
yield that

my —mo = Tea(p — Ty (1)) > i — ey (1) 1. (4.32)
Therefore, the counterpart of the generic condition (4.19) under (4.9)
[l = Ty () || << [ = mo| V o

is automatically satisfied due to the global quadratic lower bound (4.32). In particular,

(4.29) vanishes under the growth condition dx — dr, — 0.

The power behavior of the LRT is characterized using I'x 2 and I in Theorem 7. The

function I'k 5 is usually more amenable to explicit calculations in concrete examples, while
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the formulation using I'x allows us to recover the separation rate in ||-|| for the LRT derived
in Wei et al. (2019) in the setting (4.9). We formally state this result below; see Section C.1.5

for a proof.

Corollary 1. For U € {W, Wi}, (4.31) is satisfied for any p € K such that
» 512
—1I > 6 < : = ) 4.33
||/’L Ko(lu)H K /\ OvlnanKﬂB(l)<naEHK(€)> ( )

Below we give a detailed comparison of (4.31) and its sufficient condition (4.33) due to

Wei et al. (2019):

e (Optimality) By Wei et al. (2019), condition (4.33) cannot be further improved in the
worst case in the sense that for every fixed pair (Ky, K), there exists some p € K
violating (4.33) that invalidates (4.31). Furthermore, the same work also shows that
the uniform || - ||-separation rate in (4.33) is minimax optimal in many cone testing

problems.

o (Non-uniform power) On the other hand, it is important to mention that (4.31) is
not equivalent to (4.33). In fact, as we will see in the example of testing 0 versus the
orthant cone K and the product circular cone K, (to be detailed in Corollary 2
and Theorem 9), the worst case condition (4.33) in terms of a separation in ||-|| is too

conservative: condition (4.31) allows natural configurations of p € {K, K« o} whose

separation rate in ||| can be n? for any & € (0,1/4), while (4.33) necessarily requires a
separation rate in ||-|| of order at least n'/4. Therefore, although (4.33) gives the best
possible inversion of (4.31) in terms of uniform separation in |||, condition (4.31) can

be much weaker than (4.33), and characterizes the non-uniform power behavior of the

LRT.

To give a better sense of the results in Theorem 7, we consider a toy example where K

is also a subspace.
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Proposition 18. Let ¥ € { U, Vi }. Suppose 0 — O, — 00.

1. If p € Ky, the LRT is asymptotically size o with E,V(Y;mg,00) = a + (’)((51( —
~1/2
5ice) ).

2. For p € K, the LRT is power consistent under i, i.e., E,U(Y;mg,00) = 1, if and
. 1/4
only if | — T, ()] > (9 — 0,)"".

Proof. (1) is a direct consequence of Theorem 7-(1). (2) follows from Theorem 7-(2) upon

noting that
Lrca(p — iy (1)) = Bl (12— iy (1) + ) II* = Bl ()1 = [l — Ty ()%,
O'g = Var(HHKng(g)Hz) = 25[{0}(6# = 2((5[( — 5[{0).
The second line of the above display uses Lemma 2-(3). O]

More examples on testing parametric assumptions versus shape-constrained alternatives

will be detailed in Section 4.4.
4.4 Examples

This section is organized as follows. Sections 4.4.1-4.4.4 study the generic testing problem
(4.2) in the context of orthant/circular cones, isotonic regression, and Lasso, respectively.
Section 4.4.5 specializes the subspace versus cone testing problem (4.9) to the setting of
testing parametric assumptions versus shape-constrained alternatives. For simplicity of pre-
sentation, we will focus on the two-sided LRT (4.25), and simply call it the LRT unless

otherwise specified.

4.4.1 Testing in orthant cone

Consider the orthant cone

K. o={v=,....vn) eR":1; >0,i€[l:n]}.
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We are interested in the testing problem (4.2) with K = K,. Testing in the orthant cone
has previously been studied by Kudé (1963); Raubertas et al. (1986); Wei et al. (2019). The
following result (see Section C.2.1 for a proof) gives the limiting distribution of the LRS and

characterizes the power behavior of the LRT in this example.

Theorem 8. 1. There exists a universal constant C' > 0 such that for po € K.,
TY)— C
dTV (Mu'j\/’(()? 1)) < —.
Tpio vn

Consequently the LRT is asymptotically size o with B, Wi (Ym0, 0,0) = a+O(n~1/2).

2. For any pn € Ky, the LRT is power consistent under p, i.e., E,Uis(Y;my,,,0,,) = 1,
if and only if

n

ST (i) = S (o))} + e — ol ?| > /2.

=1

Here, S, is an increasing, concave and bounded function on [0, 00) with S, (0) = 0 and

defined as

_ 1
S, (r) = ®(x) + 2p(x) — 2*(1 — ®(2)) — 3 ¢ > 0. (4.34)

Let us further investigate the special case pg = 0 to illustrate the non-uniform power
behavior of the LRT mentioned after Theorem 7. In other words, we consider testing p = 0

versus the orthant cone K. Let

_ 1
Si(z) =S, (x) +2* = ®(x) + 2p(x) + 2°P() — 3 T > 0.
As 8, (z) = 2[p(z) + 2®(z)], S'.(0) = 2¢(0) > 0, and S (z) = 2®(z) > 0, Sy is a strictly
increasing and convex function on [0,00) with S;(0) = 0. Furthermore, it can be verified
via direct calculation that uniformly over x > 0, Sy (z) < x V x2. Theorem 8 immediately

yields the following corollary.
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Corollary 2. 1. For u = 0, the LRT is asymptotically size o with EqWs(Y;mo, 00) =
a+O(n~1?).

2. For € K, the LRT is power consistent under p, i.e., E,Vis(Y;mg, 00) — 1, if and
only if ||l v [|]]? > n'/2.

The results in (Wei et al., 2019, Section 3.1.5), or equivalently, condition (4.33) show that
the type II error of an optimally calibrated LRT vanishes uniformly for u € K, such that
||| > n!/4. Our results above indicate that the regime where the LRT has asymptotic power
1, for the orthant cone K, is actually characterized by the condition ||u||; V ||||> > n'/?

and is hence non-uniform with respect to ||-||. We give two concrete examples below.

Example 3. Let ¢ € (0,1/2) and 74,5 > 0 be two fixed positive constants. Consider the
following alternatives: (1) p = (mn 91, € Ky, and (2) p = (72¢79)7_, € K. In both cases,

1=2¢ " The above corollary then yields that the LRT is power

lully < n'~* and [|ul* < n
consistent under p if and only if ¢ € (0,1/2), while the characterization of Wei et al. (2019)
guarantees power consistency of the LRT only for ¢ € (0,1/4). In particular, as ¢ — 1/2, the
LRT is power consistent for certain alternative p with ||p|| < n? for any § > 0. See Section

4.4.1 ahead for some simulation evidence.

One may further wonder whether the above examples only highlight ‘exceptional’ al-
ternatives in the regime where the uniform separation in ||-|| fails to be informative, i.e.,
with M, = {u € K, : ||p||*> < Cn'/?} for some large enough absolute constant C' > 0,
whether the above examples only constitute a small fraction of M,. To this end, let
A, = {p € M, : ||uli Vv [|u]|> > Cn'/?} be the region in M, in which the LRT is in-
deed powerful. By a standard volumetric calculation, it is easy to see that A, /M, — 1.
In other words, the LRT is indeed powerful for ‘most’ alternatives in the region where the

uniform separation in ||-|| is not informative as n — oo. Hence the non-uniform characteri-
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Figure 4.1: The power curves for the alternatives pu = (2n=%)"; (in the left panel) and
p = (i~9)™_, (in the right panel) as ¢ varies, for sample sizes n € {2¢, ¢ € [1 : 20]}. The plots
illustrate that the LRT has power in the range g € (0,1/2) in both the examples.

zation in Corollary 2-(2) is essential for determining whether the LRT is powerful for a given
alternative 4 € K, in the regime [|u|| = O(n'/4).

As the separation rate n'/# in ||-|| is minimax optimal for testing 0 versus K, (cf. (Wei
et al., 2019, Proposition 1)), the discussion above also illustrates the conservative nature of

the minimax formulation in this testing problem.

An illustrative simulation study

Below we present simulation results under the two settings considered in Example 3. The
confidence level will be taken as v = 0.05. The power of the LRT in both the simulations

below is calculated using an average of 2000 replications.

e In Figure 4.1, we take 7 = 2,75 = 1 and examine the sharpness of the power char-
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Figure 4.2: Fixed ¢ = 0.3 and n = 20000. The alternatives are u = (1n
and p = (72¢7%3) in the right panel with 7,75 € {0.01,0.02,...,1}. The red line denotes the
power curve of LRT, i.e., {E, ¥ (Y;mo, 00) : 71}, while the blue line denotes the theoretical

power curve via normal approximation, i.e., {Ay4, (F r2(p)/ ao) ST}

acterization ¢ € (0,1/2) predicted by Corollary 2-(2). Clearly, Figure 4.1 shows that
q € (0,1/2) is the correct range where the LRT is powerful in both the settings of
Example 3, rather than ¢ € (0,1/4) as predicted by Wei et al. (2019).

e In Figure 4.2, we fix ¢ = 0.3, n = 20000, and examine the validity of the normal power
expansion (4.28) in Theorem 7 along the alternatives considered in Example 3 with
11,72 € {0.01,0.02,...,1}. Formally, we consider two power curves: (i) the power of the

LRT, i.e., E, U (Y;mg, 00), (ii) theoretical power given by the normal approximation,

Oy and = (i 0);

i.e., Au, (Px2(p)/00), for alternatives of the form p = (rin A

with the prescribed 71, 75’s. Figure 4.2 clearly shows that the two power curves are very
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close to each other.

Counter-examples

Let pp =1, € K, and p = c1,, for some fixed ¢ > 0 to be determined. As long as ¢ # 1, we
have [|pi—piol|* = n(c—1)? < n. We also have o2 = n-Var[(c+& —1)*—(c+£&)? | = np?(c) =< n,

and

My =gy = = ol + 3 (S(e) = 5(1) = nf(e — 1> +5,() ~ 5, (1)},
i=1
where S, is defined in (4.34). Let F(c) = (¢ — 1)2 + S;(c) — S;(1). Then F(1) = 0,
F(0) = 0.5753..., and F'(1) = S, (1) = 0.1666... > 0.
We first present a choice of ¢ that leads to an example showing the necessity of (4.19) for

the power characterization (4.20).

Example 4. By the previous discussion, F' must admit a zero in the open interval (0, 1),
which we denote as c¢y. With ¢ = ¢y, we then have m, = m,,. Moreover, as JZ = np2(co) #*

np*(1) = o, so by Theorem 8-(1),

T+ —my T+ —my ou %dN(O pQ(CO)) 4 N(0,1).
T g Tu Tpo () ’

This means (4.20) fails.

Next we present a choice of ¢ that leads to an example showing the necessity of considering

two-sided LRT.

Example 5. By the previous discussion, F'(¢) < 0 for ¢ € (0,1) near 1. Pick any ¢; € (0,1)
such that F(c;) < 0 and consider ¢ = ¢;. Let u = ¢11,. As 0,y < n'2, (m, —my,)/0u, <

—n'/2, so by Theorem 8-(1),

T(N"f'g)_muo :T(N"f’é)_m,u_&_i_mu_muo oo

1o Ou O o Opo

g
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in probability. This means that the two-sided LRT in (4.25) is powerful under p = ¢11,,
ie., E,W(Y;my,,04) — 1, but the one-sided LRT in (4.24) is not powerful under , i.e.,
E, Vos(Y;my,, 04,) = 0.

4.4.2  Testing in circular cone

For any « € (0,7/2), let the a-circular cone be defined by
Ko={veR" "1 > |y cos(a)},

and let Ky, = K, x R C R". Consider the testing problem (4.2) with py = 0 and
K € {K,, K« o}. The circular cone has recently been used in modeling by Besson (2006);
Greco et al. (2008). The following result (see Section C.2.2 for a proof) gives the limiting
distribution of the LRS and characterizes the power behavior of the LRT in this example.

Theorem 9. 1. Let K € {K,, Ky o}. There ezists some universal constant C > 0 such
that,

dry (M,N(o, 1)) < %

0o

Consequently the LRT is asymptotically size a with E, V. (Y;mg, 09) = a+ O(n1/2).

2. (a) Forany pu € K,, the LRT is power consistent under p, i.e., E, V(Y mo, 00) = 1,
if and only if ||p|| > 1.

(b) For any p € Ky o, the LRT is power consistent under pu, i.e., E, ¥ (Y;mg, 00) —
1, if and only if ||pt| > 1 or |u?| > n'/*.

Here for any p € R", u = (u*, p?) € R x R with u* € R"™ denoting the first n — 1
components of i and p? € R denoting the last.

Regarding the two cones {K,, Ky« o}, Wei et al. (2019) showed the following:
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e For K,, an optimally calibrated LRT is powerful for u € K, such that ||u|| > 1. The
minimax || - ||-separation rate is of the same constant order, so the LRT is minimax

optimal.

e For K, ,, an optimally calibrated LRT is powerful for y € K ,, such that ||u|| > n'/4,
while the minimax || - ||-separation rate is of constant order, so the LRT is strictly

minimax sub-optimal.
Theorem 9-(2) is rather interesting compared to the above results of Wei et al. (2019):

e For K,, Theorem 9-(2)(a) shows that the power behavior of LRT is uniform with
respect to ||-|| for K,. In other words, for any u € K, with [|u]| = O(1) the LRT is

necessarily not powerful.

e For K ,, Theorem 9-(2)(b) shows that the only bad alternatives that drive the uniform
separation rate n'/* in ||-|| are those u = (', u?) € K, lying in the narrow cylinder
|| = O(1) and |p?| = O(n'/*), and the LRT will be powerful for points of the form,
e.g. (u*,0) as soon as ||u'|| > 1. This is in line with the result of Theorem 9-(2)(a),
and provides another example where the LRT exhibits non-uniform power behavior

with respect to ||-||.

Similar to the LRT in the orthant cone, one may easily see that the conservative uniform
separation rate (i.e., ||u|| > n'/4) in ||-|| for K , fails to detect ‘most’ alternatives where the
LRT is powerful, as n — co. In this sense, the minimax sub-optimality of LRT for testing 0
versus K , is also conservative as the LRT behaves badly for only a few alternatives with
large separation rate in ||-||.

The phenomenon observed above for the product circular cone can be easily extended as

follows. For some positive integer m and generic closed convex cones K; C R i =1,...,m,
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let K, = x™,K; C RE=1" be the associated product cone. Then the LRT for testing 0
versus K, is power consistent under p = ('), € x", K; = K if and only if

Zin;l Fsz? (qu)

( 221 5K¢) v

The proof is largely similar to Theorem 9-(2)(b) so we omit the details.

4.4.3 Testing in isotonic regression
Let the monotone cone be defined by
Ki=Kio={v=(n,...,vn) eR" 11y <... <y}

We consider the testing problem (4.2) with K = K using the two-sided LRT (as in (4.25)).
The following result (see Section C.2.3 for a proof) gives the limiting distribution of the LRS

and characterizes the power behavior of the LRT in this example.

Theorem 10. 1. Suppose g € Ky, and for a universal constant L > 1,

1

7= 1;2,?,1”((“0)"“ — (ko)) < 1§I?Saiiln((ﬂo)i+l — (ko)i) < L. (4.35)

Then

dry (M,N(OJ)) < ¢

Ouo nl/6’
Here C > 0 is a constant depending on L only. Consequently the LRT is asymptotically
size o with B Ui (Ym0, 0,0) = a + O(n=Y0).

2. Let py = (fo(i/n)):;1 and p = (f(i/n))?zl, where f, fo : [0,1] — R are C? monotone
functions related by fo = f+ pnd for some C* function 6 : [0,1] — R with [ 6% =1 and
8" is bounded away from 0 and co. Suppose the first derivatives f', | are bounded away
from 0 and oo and second derivatives ", fi are bounded away from oco. Then the LRT
is power consistent under p, i.e., B, Wi(Y;m,,0.,) — 1, if and only if p, > n=>/12

if and only if || — pol| > n'/12.
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A few remarks are in order.

e (Normal approzimation) The normal approximation in Theorem 10-(1) settles the prob-
lem of the limiting distribution for the LRT used in the simulation in (Durot and Toc-
quet, 2001, Section 4). There the LRT is compared to a goodness-of-fit test based on
the central limit theorem (CLT') for the ¢; estimation error of isotonic LSE (cf. Groene-
boom (1985); Groeneboom et al. (1999); Durot (2007)). We note that condition (4.35)
on the sequence g is equivalent to a bounded first derivative away from 0 and oo at the
function level. This condition is commonly adopted in global CLTs for ¢, type losses
of isotonic LSEs, cf. Durot (2007). In fact, the condition in Durot (2007) is stronger

than (4.35) to guarantee a CLT for ¢, estimation error of the isotonic LSE.

e (Rate of normal approrimation) We conjecture that the error rate O(n~'/%) in the
above normal approximation is optimal based on the following heuristics. Writing 1

as a shorthand for Jif,, the LRS T'(Y) can be written, under Hy, as
T(Y) =21 — po) — |lr = NOHZ
= > (26— (o)) = (s = (10):)?)
i=1

Under the regularity condition (4.35), the isotonic LSE fi is localized in the sense
that each p1; roughly depends on iy and £ only via indices in a local neighborhood
of i that contains O(n?3) many points. So one may naturally view T(Y) as roughly
a summation of O(n'/?) ‘independent’ blocks, each of which roughly has variance of
constant order. This naturally leads to the O(1/v/n1/3) = O(n~'/6) rate in the Berry-
Esseen bound of Theorem 10-(1). Our Theorem 10-(1) formalizes this intuition, but

the proof is along a completely different line.

o (Local power analysis) The ‘local alternative’ setting in Theorem 10-(2) follows that

of Durot and Tocquet (2001). In particular, the separation rate in Theorem 10-(2) is
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reminiscent of (Durot and Tocquet, 2001, Theorem 3.1). Durot and Tocquet (2001)
obtained, under similar configurations and regularity conditions, a separation rate for a
goodness-of-fit test based on the CLT for the ¢; estimation error of the isotonic LSE of
order p, > n=°/12v n*1/2551/2, where ¢, is the length of the support of the function 9.
Our results here show that the LRT has a sharp separation rate p,, > n~°/12 under the
prescribed configuration, which is no worse than the one derived in Durot and Tocquet

(2001) based on ¢, estimation error.

In the isotonic regression example above, the main challenge in deriving the normal
approximation for 7'(Y) is to lower bound the quantity ||E,, S, |% in (4.15). We detail this
intermediate result in the following proposition, which may be of independent interest (see

Section C.2.3 for a proof).

Proposition 19. Under the setting of Theorem 10-(1), there exists a small enough constant

k > 0, depending on L only, such that
(EHO JﬁKT)ij Z ,{n_Q/S
for {(i,7) : |i — 7| < wkn?3,0.1n < 4,5 <0.9n} for n large enough.

The above proposition is proved via exploiting the min-max representation of the isotonic
LSE, a property not shared by general shape-constrained LSEs. We conjecture that results
analogous to Theorem 10 hold for the general k-monotone cone Kj i, to be formally defined

in Section 4.4.5, but an analogue to Proposition 19 above is not yet available for general

Ktk

4.4.4  Testing in Lasso
Consider the linear regression model

Y =p+&=X0+€,
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where X € R™ is a fixed design matrix with p < n and full column rank. Let ¥ = X" X/n
be the Gram matrix. Let 8° = (X'X)"'XTY be the ordinary LSE, § = 6()\) be the

constrained Lasso solution defined as

~ 1
O(A\) = argmin = ||Y — X0||* st [|0]1 < A, (4.36)
ferr 2

~

and 1 = 11(\) = X0(A). The setting here fits into our general framework by letting

and [ix = 1. We are be interested in the testing problem (4.2), i.e., Hy : u = po versus H; :
€ Kx a, where g = X6y € Kx \ with [|6p]]1 < A. Such a goodness-of-fit test and the related
problem of constructing confidence sets for the Lasso estimator has previously been studied
in Verzelen and Villers (2010); Chatterjee and Lahiri (2011); Nickl and van de Geer (2013);
Shah and Biithlmann (2018). In the following, we use the two-sided LRT W (Y';mg, 0¢) (as
in (4.25)) to test (4.2) and study its power characterization (see Section C.2.4 for a proof).

Theorem 11. Suppose p — oo. For pn € Kx , let
Pau EPH(H@)HI > /\)‘

1. There exists a universal constant C' > 0 such that, for o € Kx x,

_ Cr/p + np?
dTv<—T(Y> m“O,N<0,1)>§ ( DT oo

p - C(npA7NO)2)+ .

O o
Consequently the LRT is asymptotically size o with B, Wis(Y;m,0, 0,,) = a+O(p~1/?),
provided that npi{jo =o0(1).

/2, . 1/2

2. Suppose n - (py vV p) ) =0(1). For any p € Kx , the LRT is power consistent, i.e.,

B Wis(Y; My, 040) — 1, if and only if || — pol| > p'/*.

A few remarks are in order.
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e (Choice of A) To apply Theorem 11, we need to control the probability term p, , for
a generic i = X0 € Kx . This can be done via the following exponential inequality

(see Lemma 48): for any t > 1,

Py (160 > (0] +t, |~ ) < e2/C.
(1802 o+ e[ ) <

Here C' > 0 is a universal constant and Ay, (2) is the smallest eigenvalue of ¥. There-

fore, for any A > ||6p||y + r, with r, = C\/plogn/(n)\min(Z)) for a large enough

1/2

constant C' > 0, n - (P,\,H v

\/ pAvNO

) = o(1) uniformly in p € Kx x_,, and hence the LRT
is asymptotically size o and power consistent for all such prescribed p’s if and only if

|1 = pol| > p"/4.

e (Lasso in penalized form) Theorem 11 is applicable for Lasso in its constrained form
as defined in (4.36). We note here that this result does not yet extend to Lasso in the
penalized form (cf. Tibshirani (1996); Chen et al. (2001)) as the equivalence between

the two forms is random in nature.

The proof of Theorem 11 relies on the following proposition, which may be of independent

interest (see Section C.2.4 for a proof).

Proposition 20. The following hold:

2
1. ||]EMOJﬁKX’>\ ||%‘ > p/2 - 4(”]3)\7“0) :

2. For any p € Kxx, |E,div g, , —p‘ <2p-Pap-

Eullfikys — pll® —p| < Cnpy2.

3. For any p € Kx »,

Here C > 0 is an absolute constant.

The proof of the above proposition makes essential use of an explicit representation of
the Jacobian Jz, - derived in Kato (2009), which complements its analogues for Lasso in

the penalized form derived in Zou et al. (2007); Tibshirani and Taylor (2012).
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4.4.5 Testing parametric assumptions versus shape-constrained alternatives
For fixed k € Z>p and n > k + 2, and consider the testing problem
Hy:pe Koy versus Hy:pe Ky, (4.37)

Here Ky = {p € R" : V**y > 0} and Ko = {p € R" : VA1 =0}, with V : R"* — R"!
denoting the difference operator defined by V(1;); = (piv1—p:)=, and VA1 = Vo.. .0V :
R" — R %1 with k + 1 compositions. It can be readily verified that K is a subspace of
dimension k + 1, Ky is a closed and convex cone, and Ky, C K4 C R™. Hence (4.37) is a
special case of the general testing problem (4.9).

Testing a parametric model against a nonparametric alternative has previously been
studied in Cox et al. (1988); Eubank and Spiegelman (1990); Azzalini and Bowman (1993);
Hérdle and Mammen (1993); Stute (1997); Fan and Huang (2001); Guerre and Lavergne
(2005); Christensen and Sun (2010); Neumeyer and Van Keilegom (2010); Sen and Meyer
(2017) among which the shape-constrained alternatives in (4.37) are sometimes preferred
since the model fits therein usually do not involve the choice of tuning parameters. In

particular:
1. When k = 0, (4.37) becomes:

Hy : i is ‘constant’, Versus Hy : p is ‘monotone’.

2. When k =1, (4.37) becomes:
Hy @ is ‘linear’, Versus H, : pis ‘convex’.
The above two settings have previously been considered in Bartholomew (1959a,b); Robert-
son et al. (1988); Sen and Meyer (2017).

Theorem 12. Fiz k € Z~o. Consider testing (4.37) using the two-sided LRT V(Y'; mg, 0¢),
as in (4.25).
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1. There exists a constant C > 0, depending on k only, such that for p € Ko,

e (P w01 ) < ¢ .
00 7 7 "~ 1g—o/log(en) + 1x>14/loglog(16n)

Consequently for p € Koy, the LRT is asymptotically size o with E,W(Y';mg, 00) =
o+ O(lk:o(log(en))*lﬂ + 1k21(10g 10g(16n))*1/2).

2. For p € Ky with ||p — g, , ()] > log'4(en), the LRT is power consistent under yu,
i.e., E, U (Y;mg,00) = 1.

The key step in the proof of Theorem 12 (proved in Section C.2.5) is to obtain the correct
order of the statistical dimension dg, ,. The discrepancy between k = 0 and k£ > 1 in claim
(1) is due to the fact that while a universal upper bound of the order log(en) can be proved
for any fixed k > 0, only a lower bound of the order loglog(16n) can be proved for k > 1.
We conjecture that the correct order of dx. , should be log(en) for all fixed k > 0.

The above theorem can be easily extended to the multi-dimensional analogue of (4.37) in
the context of, e.g., testing constancy versus coordinate-wise monotonicity, linearity versus
multi-dimensional convexity, by using results of Han et al. (2019); Kur et al. (2020); we omit

the details here.
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Chapter 5

HIGH DIMENSIONAL TESTING OF COVARIANCE
MATRICES

5.1 Introduction

5.1.1 Problem setup

Let Xi,...,X, be iid. samples from a p-variate normal distribution N,(u,>). We are

interested in the following general testing problem:
Hy: (p,2) € Hy versus Hp : Hy does not hold (5.1)

for certain classes Hy to be specified in later sections. For the most of the paper, we will
focus on the marginal testing of the covariance matrix .

Covariance matrix testing is a fundamental problem in multivariate statistical analysis.
Departing from the classical low-dimensional setting where the dimension p is fixed, e.g.
Anderson (1958); Muirhead (1982); Eaton (1983), the majority of recent works have been
devoted to (5.1) in the high-dimensional setting where p is allowed to grow proportionally
or even polynomially with n; see e.g., Ledoit and Wolf (2002); Birke and Dette (2005); Bai
et al. (2009); Jiang et al. (2012); Cai and Ma (2013); Jiang and Yang (2013); Jiang and
Qi (2015); Chen and Jiang (2018), for an incomplete list. To facilitate discussions below,
let X = [X1,...,X,]" € R be the data matrix, and let T'(X) be a generic test statistic
whose distribution is invariant under Hy, i.e., the law of T'(X) remains the same for any

(1, ) € Hp in (5.1). Denote (throughout the paper we use the symbol = for definition)

My = Eqn)T(X), 0,5 = Vargs) (T(X)) (5.2)
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for the mean and variance of T'(X) under N,(u,X), respectively. We always assume that
the two quantities in (5.2) are finite. In a similar spirit, we use the subscript (¢, X) in E, )
and other probabilistic notations to indicate that the evaluation is under measure N,(u, X).

Due to the distributional invariance of T'(X), its mean and variance under the null

mHO = m(M0120)7 O-%‘Io = 0-(2/L0,Eo) (53)

are well-defined for any specification of (ug, Xo) € Ho.
A common theme of the aforementioned works is a central limit theorem (CLT) for the
normalized test statistic T'(X) under the null Hy: under the assumption min{n,p} — oo

along with some other case-specific growth conditions on (n, p), it holds that

T(X)—
TX) = mam converges in distribution to N'(0, 1) under Hy. (5.4)
O H,

Hereafter AV(0, 1) denotes the standard normal distribution.

The persistence of the universal CLT (5.4) in a wide class of covariance test statistics
T(X) in the high-dimensional regime, as cited above, is not a mere coincidence: it is known
that Gaussian approximation holds when T'(X') depends on ‘sufficient average’ of eigenvalues
of the sample covariance matrix, for instance when 7'(X) can be written as its linear spectral
statistic Bai and Silverstein (2004). From a statistical point of view, the validity of CLT (5.4)
immediately leads to the construction of an asymptotically exact test: for any prescribed
size a € (0, 1),

U(X) = U(X;my,, om,) = 1(@ > za>. (5.5)

Here z, is the normal quantile such that P(N(0,1) > z,) = . The quantities mpy, and o,
are usually known in closed forms, at least asymptotically, in the above cited works to carry
out the tests. Even not amenable to exact expression, these quantities can be simulated

easily as well.
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To assess the quality of a generic test W(X) and facilitate comparison between different
tests, a more subtle and difficult question is to study the power behavior, ideally asymptot-
ically exact, for each and every test. Although of fundamental importance, existing tech-
nical devices for asymptotically exact power analysis of covariance tests are rather limited.

Roughly speaking, these techniques fall into the following two main categories:

1. Establish directly a central limit theorem for T'(X) under the alternative Wang and
Yao (2013); Cai and Ma (2013); Chen and Jiang (2018); Jiang (2019). A number of
case-specific techniques, e.g., random matrix theory Wang and Yao (2013), moment
calculations Chen and Jiang (2018), martingale theory Cai and Ma (2013), have been

used along this line for different tests.

2. Use contiguity theory in conjunction with Le Cam’s third lemma. This program is
carried in Onatski et al. (2013, 2014) in the spiked covariance alternative with a fixed

number of spikes.

In addition to the case-specific nature of the techniques involved, a common downside of
these methods lies in the imposition of rather restrictive conditions on both the growth of
(n,p) and the alternative ¥ under which the power analysis is valid. These restrictions may
sometimes be more fundamental than technical. For instance, the method (2) works only for
spiked alternatives in the sub-critical regime below the Baik-Ben Arous-Péché (BBP) phase
transition Baik et al. (2005), as the log likelihood ratio process could become singular in the
super-critical regime above the BBP phase transition. See Section 5.5 for a detailed technical

comparison.

5.1.2 A new method of power analysis

In this paper, we develop a general method for analyzing the power behavior of a generic

test statistic 7'(X) when the CLT (5.4) under the null holds. For the test U(X) in (5.5)
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built from a generic test statistic 7'(X) whose distribution remains invariant under Hy, the
general power formula (see Theorem 13) takes the following form: for any (p, X) € RP x M,,

where M, is the set of all p X p covariance matrices,

m(“az) B mHO

‘E(#,Z)W(X) - [1 - @(za - )} ' <erry, + err(,x). (5.6)

g Hy
Here m, ) is defined in (5.2), erry, is the normal approximation error of 7'(X') under H, in
Kolmogorov distance [formally defined in (5.13) ahead], and

v 2/3
CIT () = ( (%) }> (5.7)

max {|m(u72) —muy,l|, oH,

characterizes the departure of (u, ¥) from the null (so err(,, s, = 0 for any (o, o) € Ho).
The ‘variance’ parameter V(i,E)’ formally defined in (5.12) ahead, characterizes the order
of stochastic fluctuation of the test statistic 7'(X) under the alternative compared to that
under the null.

From (5.6), it is clear that when the CLT (5.4) under the null holds, the power of
U(X) under the alternative (i, ) has an asymptotically exact expression via the parameter
(m(“’g) —mHO)/aHO, provided that err(, s) — 0. Consequently, the key step in applying (5.6)
rests in the validation of the condition err(, sy — 0. Informally, this condition is satisfied
as long as the distribution of 7'(X) ‘stabilizes’ under the prescribed alternative in an appro-
priate sense. More precisely, err(, sy vanishes as long as the order of stochastic fluctuation
Vs is smaller compared either to the mean difference |m, sy — mpy,|, or to the standard
deviation op, of the test statistic 7(X) under the null. In typical applications that will be
detailed below, the former case corresponds to the large departure regime of the alternative
from the null, i.e., (u, X)) is sufficiently away from Hy, while the latter to the small departure
regime, so usually the validity of the power expansion (5.6) holds for the entire regime of
alternatives.

From a different angle, our theory (5.6) is reminiscent of the classical Le Cam’s contiguity

theory in parametric LAN models. There if an estimator sequence is asymptotically normally
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distributed under the null, then it is again asymptotically normal under the alternative, but
with a mean shift whose exact value depends on the magnitude of the local alternative,
cf. van der Vaart (1998). Therefore the power of the corresponding test based on such an
estimator sequence is determined completely by this mean shift parameter. Our theory (5.6)
suggests a similar paradigm in the context of high-dimensional covariance testing (5.1), in
that the power of a test statistic with a null CLT (5.4) is determined by the (normalized)

mean shift parameter (m,s) — muy,) /0w,

5.1.3 Two testing cases: testing identity and sphericity

To demonstrate the versatility of the general principle described above, we apply it to a
number of test statistics in two benchmark special cases of (5.1).

The first application is the test for identity > = I. In the growing p setting, this problem
has been extensively studied in the literature, see e.g., Ledoit and Wolf (2002); Srivastava
(2005); Bai et al. (2009); Chen et al. (2010); Jiang et al. (2012); Cai and Ma (2013); Jiang
and Yang (2013); Zheng et al. (2015); Chen and Jiang (2018). Among the tests studied
in the above works, we apply our general theory (5.6) to the following three tests: Likeli-
hood Ratio Test (LRT) (see Section 5.3.1), Ledoit-Nagao-Wolf’s test Nagao (1973); Ledoit
and Wolf (2002) (see Section 5.3.3), and Cai-Ma’s test Cai and Ma (2013) (see Section
5.3.4). Compared to previous results where power analysis is either missing or requires re-
strictive conditions on the alternative, our results pose no assumptions on the alternative
Y. and only mild conditions on the growth of (n,p). As an example, the LRT, denoted
by Wirr(X), is shown to admit the following asymptotic power formula (see Theorem 15):

under min{n, p} — oo with limsup(p/n) < 1,

(5.8)

dg(2, 1
E(u,z)‘I’LRT(X) ~1- (I)(Z s ) )

T2 e (1)

Here a ~ b stands for a/b — 1 under the prescribed asymptotics.
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To give a flavor of how (5.8) follows from our general theory (5.6), recall that the key
step in applying (5.6) is to establish that err(, sy — 0. In the LRT setting, a much stronger
estimate can be proved in that err(,sy < Cp~/ holds for some absolute constant C' >
0. This key estimate follows by a series of algebraic manipulations, upon calculating that
Visy = (n=DIZ=I3 ms) —mu, = [(n—1)/2]ds(3, 1), and 0%, > cp* for some absolute
constant ¢ > 0'. See Proposition 21 and its proof for more details.

The second application is the sphericity test ¥ = AI for some unspecified A > 0. In
the growing p setting, this problem has previously been studied in Ledoit and Wolf (2002);
Srivastava (2005); Chen et al. (2010); Jiang et al. (2012); Jiang and Yang (2013); Jiang and
Qi (2015). We study in this paper the following two widely-used tests: LRT for sphericity
(Section 5.4.1), John’s test John (1971) (Section 5.4.2), both invariant under Hy. Similar to
the previous case, our results on the power behavior of these tests do not pose any assumption
on the alternative X. As an example, the LRT for sphericity, denoted by Wiy (X), is shown

to admit the following asymptotic power formula (see Theorem 23): under min{n,p} — oo

with limsup(p/n) < 1,

(5.9)

—logdet(Z - b~ 1(Z
EqsVirrs(X) ~ 1 — (I)<z g det( (%)) )

L2 (1 2)

Here det(-) is the matrix determinant and b(X) = Tr(X)/p with Tr(-) denoting the trace. To
the best of our knowledge, the above power formula for the LRT in the sphericity is new in
the literature.

It should be mentioned that although we state (5.8)-(5.9) in asymptotic formulae for
simplicity of representation in the introduction, these results actually hold with explicit non-
asymptotic error bounds due to the intrinsic finite-sample nature of our theory (5.6). The

non-asymptotic error bounds of the power expansion of all the aforementioned tests require

Here ||-|| is the matrix Frobenius norm and dg(,-) is the matrix Stein loss to be defined in (5.20)
ahead.
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quantitative normal approximation error bounds erry, for the corresponding test statistics,
whose proofs depend on several spectral estimates for a class of special high dimensional
matrices that will be detailed in Section D.1. These results, proved using techniques from
(second-order) Poincaré inequalities, random matrices and zonal polynomials, are new and of
independent interest (and sometimes even improve significantly known asymptotic results).

We conclude this introduction by noting that in contrast to (5.1) which targets at general
alternatives, several previous works Onatski et al. (2013); Wang and Yao (2013); Onatski
et al. (2014) obtained power expansions similar to (5.6) within a special class of alternatives
known as the spiked covariance model Johnstone (2001). We draw detailed comparisons
with these results in Section 5.5. In particular, as will be clear in Section 5.5, although
Onatski et al. (2013); Wang and Yao (2013); Onatski et al. (2014) showed that some of
the aforementioned tests have asymptotically equivalent power behavior under the spiked
covariance alternative with a fixed number of spikes, our new power characterizations indicate

that such equivalence in general fails when many spikes exist.

5.1.4  Organization

The rest of the paper is organized as follows. We detail the general principle described above
in Section 5.2. Sections 5.3 and 5.4 are devoted to testing > = I and ¥ = AI respectively.
Section 5.5 focuses on the case study of spike alternatives. Some concluding remarks are
in Section 5.6 followed by some key spectral estimates in Section D.1. Sections D.2 - D.7
contain the main proofs of results in Sections 5.3 and 5.4, with the rest of technical details

deferred to the appendices.

5.1.5 Notation

For any positive integer n, let [n] denote the set {1,...,n}. For a,b € R, a V b = max{a,b}
and a A b = min{a,b}. For a € R, let a;, = aV 0 and a_ = (—a) V0. For z € R",
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let ||z[|, = ||z||¢,®n) denote its p-norm (0 < p < oo) with [|z||; abbreviated as ||z||. Let
B,(r;z) = {z € R? : ||z —xz|| < r} be the unit ¢, ball in RP. By 1,, we denote the vector of all
ones in R™. For a matrix M € R™" let ||M||op and ||M || r denote the spectral and Frobenius
norms of M respectively. We use {e;} to denote the canonical basis, whose dimension should
be self-clear from the context.

We use C, to denote a generic constant that depends only on z, whose numeric value may
change from line to line unless otherwise specified. Notations a <, band a 2, b mean a < C.b
and a > C,b respectively, and a <, b means a <, b and a 2, b. The symbol a < b means
a < Cb for some absolute constant C'. For two nonnegative sequences {a, } and {b, }, we write
a, < b, (respectively a, > b,) if lim,_,o(a,/b,) = 0 (respectively lim,, . (a,/b,) = o0).
We write a,, ~ b, if lim,_,(a,/b,) = 1. We follow the convention that 0/0 = 0.

Let ¢, ® be the density and the cumulative distribution function of a standard normal
random variable. For any « € (0,1), let 2z, be the normal quantile defined by P(N(0,1) >
2o) = a. For two random variables X, Y on R, we use dry(X,Y) and dk(X,Y) to denote
their total variation distance and Kolmogorov distance defined respectively by

drv(X,Y)= sup |P(X € B) —P(Y € B)|,
BEB(R)

dkol(X,Y) =sup |[P(X <t) —P(Y < 1) (5.10)

teR

Here B(R) denotes the Borel o-algebra of R.
Let 4 be the standard Gaussian measure on R? and for r > 1 let W"%(y,) be the
completion of C5°(R?), the space of smooth and compactly supported functions in R?, with

respect to the norm
1/2

1l = [ > [ @) )| (5.11)

loe|<r

In other words, W7"?2(v,4) is the Sobolev space with respect to the Gaussian measure 7.
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5.2 A general principle

Consider a generic test statistic T : R"*? — R whose law is invariant under Hy, i.e., for
any (1, %) € Hop, the law of T(X) remains the same. For any (u,X) € RP x M, let
Ty : RP — R™ P be defined by

T (2) = VT (227 + 1,7 )82, 2 e RV,

Here 1,, is the n-vector of all ones, and VT : R"*? — R"*P is the map with (VT(Z))Z.]. =
0T (z)/0z;j. Recall that Z,...,Z, are ii.d. random variables with a standard p-variate

normal distribution N (0,1,). For any (i, X) € RP x M, define the quantity

1% inf B[ T)(2) = Tposo) ()| (5.12)

wE) = (k0,20)€Ho
The infimum in the above definition is usually dummy as in many cases T itself is invariant
over Hy in the sense that for any (10, Xo), (p1, 21) € Hp and any z € R™*P, T(zZé/Z—I—lnug) =
T(z5)? + Loty )y 80 Tiuo.50)(2) = T 5y (2)-
Equipped with the above definitions, the following result provides a general recipe of an-
alyzing the behavior of the statistic 7'(X) whenever normal approximation under the null is
possible; its proof is presented later in this section. Recall the quantities m, ), mm,, 0'(2“72), a?{O

defined in (5.2)-(5.3) and that 7,, denotes the standard Gaussian measure in R™*?.

Theorem 13. Suppose that T : R™? — R is an element of W2 (y,x,), and the law of T(X)
is invariant under Hy. Then for any (1, X) € RP x M, and t € R,

T(X)—m m —-m
’P(M,Z) (—( <)7H o t) —]P’(N(—(“’E;H H°,1> > t)‘
0 0

(1+ 1) Vi) v(u,m)”?

’m(l%z) - mH0| O Hy

gerrH0+C-(

Here C' > 0 is a universal constant, and

M,N(O, 1)) under Hy (5.13)

OH,

eIry, = dKol(
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is the normal approximation error of T(X) under Hy in Kolmogorov distance as defined in

(5.10).

Remark 18. The comparison with normal distributions in the above theorem could be ex-
tended to more general distributions. We refrain from such extensions because all of the tests
statistics considered in this paper (see Sections 5.3 and 5.4 ahead) have a normal limit under

the null.

Theorem 13 unifies and broadens substantially the scope of power analysis in the current
covariance testing literature. In particular, it poses no apriori assumptions on the alter-
native and applies to both contiguous and non-contiguous one, while most of the current
literature focus on the behavior of the statistic under contiguous alternatives (with only
known exceptions in Chen and Jiang (2018) for the LRT).

Recall the generic test U(X) defined in (5.5). The following result is an immediate

consequence of Theorem 13.

Corollary 3. Suppose that T : R™? — R is an element of W"?(vux,) and the law of T(X)
is invariant under Hy. For any a € (0, 1), there exists some C, > 0 such that

‘Ew)‘I’(X) - [1 - @(za - w)} ‘

OH,

2/3
V(H»E) ) /

[Mus) — M|V on,

<erry, + C’a<
holds for any (1, ¥) € RP x M,,. Here erry, is defined in (5.13).

The above result reduces the analysis of the power behavior of U(X) in (5.5) into essen-

tially the following two steps:

1. (Normal approzimation under Hy) Show that

T(X) —mpy,

OH,

erry, = dKol( ) — 0, under Hy.
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Asymptotic normality has been derived for a variety of statistics in the high dimensional
covariance testing literature, using mostly case-specific techniques; see e.g., Ledoit and
Wolf (2002); Birke and Dette (2005); Bai et al. (2009); Jiang et al. (2012); Cai and
Ma (2013); Jiang and Yang (2013); Jiang and Qi (2015); Chen and Jiang (2018) for
an incomplete list. In this paper, we show erry, — 0 and recover many of the re-
sults cited above in a unified manner via Chatterjee’s second-order Poincaré inequality
Chatterjee (2009). This approach has two advantages: (i) it allows us to derive a rate
of convergence of the normal approximation, which is conjectured to be optimal in
many examples (see Sections 5.3 and 5.4 ahead for details); (ii) in a similar spirit to its
application in the original work Chatterjee (2009), it only requires good enough esti-
mates of the gradient and Hessian of T'(X), as opposed to the rather “hard” calculation

techniques adopted in previous literature.

2. (Ratio control) Show that

Vius)
|m(M:E) - mHo| Vom,

— 0. (5.14)

This requires upper bounds on V{, sy and lower bounds for |m, sy — mmu,| and og,.
The general strategy for these bounds are: (i) the term V{, 5 defined in (5.12) can be
evaluated by computing the gradient of 7', (ii) the null variance op, has asymptotically
exact formula for many test statistics in the literature, and can sometimes be directly
evaluated via Fourier expansion in the Gaussian space; (iii) the mean difference term
|myu,s) — Map,| requires a near closed-form formula for the mean of 7" under the alter-
native. As will be seen in the examples in Sections 5.3 and 5.4, evaluation of these

quantities typically requires certain case-specific techniques.

The remainder of this section is devoted to the proof of Theorem 13, which utilizes the

following lemma.
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Lemma 4. For anyt € R and u € R,
[PV (u,1) < t) = PN ((1+m)u, 1) < t)| <201+ [t]) - [nl.

Proof. This result strengthens (Han et al., 2020, Lemma 5.4). We assume without loss
generality n € [—1/2,1/2] because otherwise the right hand side of the desired display is
greater than or equal to 1. Note that the left hand side is bounded by

t—(14+n)u
/ p(z)dz
t

—Uu

<hl-| s ] =l )

ve[(t—u)=|nul,(t—u)+|nu]]

Here (+) is the normal density. First consider u > 0. Then M;(u) < Sup,ep_sy/2,—u/2 P(V)U-
o Ift —u/2 <0, then

Mi(u) = 90<t— g)u = w(t— g)(u—Qt) +2w<t_ g)

< 2suplz|p(z)

2 2 2
+ t) = + .
z€R \/27T| | v 2me \/27r| |

Here we used the readily verified fact that sup,cp|z|p(z) = 1/v2me.

o If t —3u/2 >0, then

i < o= u=ot=5) (0= ) 5ol 5)
FEE )
NOor

e Otherwise (2/3)t < u < 2t, so M;(u) < |u| < 2]t|.
The case u < 0 can be handled similarly, so we have sup,, M;(u) < 2(1 + [¢]). O

Proof of Theorem 13. Let Z € R™*P be a matrix generated by n i.i.d. samples from N(0, I,).
Let X»®) = 71241, 7. Without loss of generality, let (119, o) € H, be the pair achieving
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the infimum in (5.12). Then,

T(X) —my, ¢ T(X®S) = T(XE020) (X E020) —my

= +
OH, O Hy 0H,
_ M =iy W(Z) DX =y (5.15)
O H, O H, O H,

Here W(Z) is the centered variable defined by
W(Z)=T(Z8Y2 + 1,u7) = T(Z2* + Loy ) — (mgusy — ma, ).

Using the chain rule,

iy W(Z)
(%) (10,20)
— 0 (1,2) aX(i/j/) _ 0 (10,%0) 8X(i'j')
o Z (ME)T<X ) . (Ko EO)T(X ) ’

= [<VT<x<mE>>)i, H(E2) 55 = T(XWoR))) (2(1)/2%";}

I
RS

VT(X(M,E)) /2 VT(X(“O’ZO)) 2(1)/2>

ij

= (Two)(Z) = Tuo0)(2)),.-

)

By the Gaussian-Poincaré inequality (Boucheron et al., 2013, Theorem 3.20),

Var(W(Z)) <E {Z (%’)W(Z))Q} =E[|T0.5)(2) = Thos)(2)|[ 2 = Viis)-
)

This means for any u > 0, on an event E with probability at least 1 — u =2,

‘W(Z>‘ S - ‘/(M,E)'

Hence for any ¢ € R, the decomposition (5.15) entails that [recall the definition of errpy, in
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(5.13)]
T(XwE)) =
IP’( ( ) = > t>
O'HO
_ IP’(m(“ 5 =g, +W(Z)  T(X#0™)) —my, S t>
O_H() O—H()
< P(m(ﬂz) M, +u- Viyy | TX™) — m, >t) "‘iz
o, O Hy u

m M, +u -V 1

< IP’( (%) — :0 (1,%) +N(0,1) > t) + o + erry, = p(u) + erry,.

Ho

Next we bound p(+) using two different ways. First by Lemma 45, we have

inf p(u) < P(w+/\/(0, 1) > t)

u>0 O'HO
v, 1
+ inf {2(1 + |t - W 4 —2}
u>0 ’m(lhz) - mHo‘ U

— 1+ [thV, 2/3
Sp(mw) MH, +/\/'(0,1)>t> +O(( + [t]) (m)) '

O Hy Im(U7E) - mH0|

On the other hand, by anti-concentration of the standard normal distribution, i.e., |]P’(N (0,1) <
a) —P(N(0,1) <b)| < |a —b| for any a,b € R,

inf p(u )<P<M+N(O,l)>t>+inf [M—i——?]
u>0 OH, u>0 OH, u
M(px) — MH T) 28
< p(ML Ty w0 > 1) + 02
O-HO UHO

Collecting the bounds completes the proof for one direction. For the other direction, we have

P(T(x(u,z)) — My t>

_ ]P)(m mHo _|_W(Z) n T(X(lmvzo)) — Mp, N t)
UHO
T (X (Ho:Z0)) —
ot ) )
O'HO u
-V 1
> ]P)(m mHo U V) +N(0,1) > t> — —5 —erTy,.
U
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The rest of the proof follows from similar arguments as in the previous direction by invoking

the two different bounds. O
5.3 Testing identity > =1

We introduce some additional notation. Based on i.i.d. samples Xi,..., X, from N (u,>),

the sample covariance matrix and its unbiased modification are given by

So=n3 (X - X)(X - X)) with X=n") X,

N
_ngoal T
S = NS* =N E (X — ) (X — ) (5.16)
Here
N=n-1 (5.17)

and the equal in distribution in (5.16) follows from (Muirhead, 1982, Theorem 3.1.2). Through-
out the rest of the paper, we will mainly work with S for mathematical simplicity (unless
otherwise specified), and adopt the right most expression of (5.16) as its definition whenever

no confusion could arise.

5.3.1 LRT

Consider the testing problem:
Hy:YX =1 versus H;: H, does not hold. (5.18)

This is a special case of (5.1) by taking Hy = R? x {I}, and has been extensively studied in
the literature; see Ledoit and Wolf (2002); Srivastava (2005); Bai et al. (2009); Chen et al.
(2010); Jiang et al. (2012); Cai and Ma (2013); Jiang and Yang (2013); Zheng et al. (2015);
Chen and Jiang (2018) for an incomplete list.
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This subsection studies the behavior of the LRT for testing (5.18). The modified log-
likelihood ratio statistic Tirr : RY*? — R (cf. (Muirhead, 1982, Theorem 8.4.2)) is defined

as

Tirr(X) = —[Tr(S) — logdet S — p]. (5.19)

al
2
Trivially, the law of Tyrr(X) is invariant under Hy. The general principle in Theorem 13
thereby applies in view of the regularity of Tirr (see Appendix D.9). We will use the set
of notation (mg;LRT, OS.LRT, VE;LRT) to represent their generic versions defined in (5.2) and
(5.12).

Following the discussion after Corollary 3, we start by establishing a quantitative CLT

for Ty rr(X) under Hy; its proof is presented in Section D.2.2.

Theorem 14. Suppose p/N < 1 — e for some ¢ € (0,1). Then there exists some constant
C =C(e) >0, such that under Hy,

dry (TLRT(X) — mI;LRT7 N, 1>> < %

OI.LRT

Below we make some comments on Theorem 14:

e ((n,p)-condition) It is clear from the definition of Ty rr(X) that if p > n then S is
singular and the log-likelihood ratio statistic T rr = —o0 is degenerate. The CLT for
the log-likelihood ratio statistic Ty rr(X) under H, was first derived in Bai et al. (2009)
using random matrix theory under the assumption that p/n — y for some y € (0, 1).
This result was then improved in Jiang et al. (2012) and Chen and Jiang (2018) to
hold under the condition n > p+ 1 and p — oo, and in Zheng et al. (2015) to relax
the Gaussian assumption. The condition p/N < 1 — ¢ in Theorem 14 is used to derive
the stable estimate E||S™!||,, < C for some constant C' = C'(g) > 0; see Lemma 50 for

details.
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e (Rate of normal approximation) As introduced in Section 5.2, Theorem 14 and other
CLT’s to follow are proved via Chatterjee’s second-order Poincaré inequality Chatterjee
(2009), which provides the rate p~* of normal approximation. As for fixed p, 2Ty rr(X)
converges weakly under Hy to a chi-squared distribution with p(p 4+ 1)/2 degrees of
freedom (cf. (Muirhead, 1982, Theorem 8.4.9)), we conjecture that the rate p~* cannot

be further improved.

The following result establishes the ratio control (5.14) for the log-likelihood ratio statistic
Tirr(X); its proof is presented in Section D.2.3. For p.s.d. ¥; and p.d. 3, let

ds(Z1,50) = Tr(E,5; ") — logdet ($1%51) — p (5.20)
be the Stein loss with the convention that dg(X;,3s) = oo if ¥ is singular.
Proposition 21. Suppose X is non-singular. The following hold:
1 VZZ;LRT = NHZ - IH%
2. my.rr — Mrrr = (N/2)ds(X,1).
3. In the asymptotic regime N > p+ 1 with p — oo,

N[ p p
U?;LRT”?{_N—I()Q; <1_N>]

In particular, 0% gy > cp? for some universal constant ¢ > 0.

4. There exists some universal constant C > 0 such that

Vs.LrT C
12"

|ms.Lrr — Mrrr| V Orierr TP

The above proposition gives a prototypical example of how to proceed with the ratio

control (5.14). For the log-likelihood ratio statistic Ty rr(X) defined in (5.19), both Vs.irr
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and the mean difference my. rr — mrrr admit easy-to-handle closed-form formulae. To
give some insights for the bound obtained in Proposition 21-(4), let us consider the ‘local
regime’ of alternatives in which dg(3,I) =~ || — I||%. Then (5.14) can be bounded, up to a
constant, by

NIPEIE x 1 1

< Ssu = —
N|Z 1|}V orirr — @Ig 2?2 Vorirr  infyso (z Vv 2L 12

O[,LRT

in the prescribed local regime of alternatives. The above simple reasoning exemplifies the
essential reason why the ratio (5.14) must be small: if ¥ is sufficiently away from I, then the
mean difference ms,rr — Mgy is substantially larger than Vs.prr, but would otherwise be
compensated by the diverging nature of or.1rr.

Let Wirr(X) be the LRT built from the generic test (5.1) and the log-likelihood ratio
statistic T rr(X). Combining the above results with the generic Theorem 13, we obtain
the following asymptotic formula for the power behavior of Wprr(X). Recall that z, is the

normal quantile defined under (5.5).

Theorem 15. Suppose p/N < 1 — ¢ for some ¢ € (0,1). Then there exists some constant
C =C(eg,a) > 0 such that

EsWUppr(X) — P(N(w, 1) > za> ’ <C.-p 3 (5.21)

20’[

Consequently, in the asymptotic regime N A p — oo with limsup(p/N) < 1,

ol ds(E, 1) .
ExVrrr(X) ~1 (I)(a \/2(_%—10g(1—%>))

Remark 19. Note that the right hand side of the above asymptotic expression is bounded
below by 1 — ®(z,) = a > 0, hence (5.21) along with p — oo suffice for the above asymptotic

equivalence to hold.

Below we make some comments on Theorem 15:
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e (Case of singular ¥) Rigorously speaking, Theorem 13 only holds for the case where
my, is finite, which excludes the case of singular ¥. However, in the latter case, there
exists some a € RP such that a'X; = 0 a.s., and hence S is necessarily singular as

well, thus rendering the test Uprr(X) always rejecting the null.

o (Power comparison) To the best of our knowledge, Chen and Jiang (2018) is the only
work that contains a formal theory on the power behavior of the LRT Wygr(X) tar-
geting at general alternatives. A related but different LRT was considered in Onatski
et al. (2013, 2014) which was targeted at the special class of spike alternatives; see more
details in Section 5.5. Comparing to (Chen and Jiang, 2018, Theorem 1), Theorem 15

removes their condition sup,||X||o, < oo and applies to arbitrary alternatives 3.

o (Minimax optimality) It was established in (Cai and Ma, 2013, Theorem 1) that when
limsup(p/n) < oo, the minimax rate of testing (5.18) is \/p/n under the ||-|| norm.
Using the relation [recall (5.20)] ds(X, 1) = 375 (Aj — 1 —log ;) 2 >0 (N — 1)* A
[A; — 1] with {);}}_; > 0 being the eigenvalues of ¥, it is easy to deduce from Theorem
15 that over the class of non-singular ¥, the LRT W gr(X) is minimax rate optimal in
the asymptotic regime N A p — oo with limsup(p/N) < 1; see Sections 5.3.4 and 5.5

for more refined comparison.

5.83.2 LRT: simultaneous testing of mean and covariance

Consider the following variant of (5.18):
Hy:p=0,2=1 versus H;: Hy does not hold. (5.22)

This is a special case of (5.1) by taking Hy = {0} x {/}, and has previously been studied in
Jiang and Yang (2013); Jiang and Qi (2015); Chen and Jiang (2018).
We will study the behavior of the LRT for (5.22). Using the vanilla version S, of the sam-

ple covariance [recall (5.16)], the log-likelihood ratio statistic takes the form (cf. (Muirhead,
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1982, Theorem 8.5.1))
n —T—
Tus)Ler(X) = §(Tr(S*) —logdet S, —p+ X X). (5.23)

We will use (m(ug);LRT, O (u,5)LRT, V(MZ);LRT) to represent their generic versions defined in
(5.2) and (5.12).
The next theorem establishes a quantitative CLT for T{,, s).Lrr(X); its proof is given in

Section D.3.2.

Theorem 16. Suppose p/n < 1 — ¢ for some € € (0,1). Then there exists some constant

C =C(e) >0, such that under Hy,

oy (T(M,E);LRT<X) - m(o,I);LRT7 N(0> 1)) < 9
0(0,I);LRT p

The following result establishes the ratio control in (5.14) for T{, s),Lrr(X); its proof is
presented in Section D.3.3. Recall that dg(X;, ¥2) is the Stein loss defined in (5.20).

Proposition 22. Suppose X is non-singular. The following hold:
1. V(i,E);LRT = ”(HE —I||% + MTZN)'
2. M(u,5);LRT — M(0,I);LRT = (n/2) (ds(z7 I)+ ||M||2)
3. In the asymptotic regime n > p + 2 with p — 0o,
2
2 n p D
. ~—-——1 1——1.
T(0,niLRT ~ [ n_1 o8 ( n— 1)]
In particular, 0(20, DLRT = cp? for some universal constant ¢ > 0.

4. There exists some universal constant C' > 0 such that

Vius)LRT C

|musyLrr — Mo,n| V oo nrr — pY?2
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The above proposition is similar to Proposition 21. It should however be mentioned that
the neat closed-form formula in (2) is available due to the fact we use the vanilla version S,
in (5.23).

Let Upgr.m(X) be the LRT built from the generic test (5.1) and the log-likelihood ratio
statistic Trr,. Combining the above results with the generic Theorem 13, we obtain the

following asymptotic power formula for Wigr.,,(X).

Theorem 17. Suppose p/n < 1 — ¢ for some € € (0,1). Then there exists some constant

C = C(e,a) >0 such that

By, o () —P(N(”' (ds(D, 1) + \Iu!\Z)J) N za)

20’(0’])

S C . pil/g

Consequently, in the asymptotic regime n A\ p — oo with limsup(p/n) < 1,

B0

T2 (1)

The law of T{,, v;)..rr(X) under the alternative is previously derived in (Chen and Jiang,

B2 Virrm (X) ~ 1 — @ (2

2018, Theorem 2) under several regularity conditions on (u, ). We remove those conditions

completely in Theorem 17.

5.3.83  Ledoit-Nagao-Wolf’s test

This subsection studies testing (5.18) using the (rescaled) modified Nagao’s trace statistic

Nagao (1973) by Ledoit and Wolf Ledoit and Wolf (2002):

T (X) = g Te(s - 1)° — %Trz(S) | (5.24)

An asymptotically equivalent statistic as an unbiased estimator of ||X — I]|% has also been
studied in Srivastava (2005). One advantage of using (5.24) is that it applies to the case

p > n where the LRT in Section 5.3.1 becomes degenerate.
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We will use (mz;LNw, OS:LNW VZ;LNW) to represent their generic versions defined in (5.2)
and (5.12). The next theorem establishes a quantitative CLT for Tynw(X) under Hy; its

proof is presented in Section D.4.2.

Theorem 18. There exists an absolute constant C' > 0 such that under Hy,

Tinw(X) — mrinw C
d : 0,1 < —
TV( OILNW 7N( ) ) — N/\p

The CLT for Tinw(X) was first derived in (Ledoit and Wolf, 2002, Proposition 7) under
the condition that p/N — y € (0, 00), which was later improved in (Birke and Dette, 2005,
Theorem 3.6) to include the case y € {0,00}. Here we give explicit error bounds in the
normal approximation.

The following result establishes the ratio control (5.14) for Tinw; its proof is presented

in Section D.4.3.

Proposition 23. Suppose p/N < M for some M > 0. Then the following hold:
1. Viiaw S CIN([|Z12, V1) I = I||% for some constant Cy = Cy(M) > 0.
2. With QLNW(Z) = (Nil — 2N72) T’I"(E2 — I),

N
MSINW — M(o,1) = (12 = 17 + Quaw ()]

3. In the asymptotic regime N A p — o0,

p2

2
o7 ~—.
I, LNW 1

4. There exists some constant Cy = Co(M) > 0 such that

Vaionw Cy

Imsinw — mrinw| vV orsw — pY/?
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There are two significant structural differences in the above proposition compared to
Proposition 21. First, compared to Vs.prr, Vsnw comes with an additional multiplicative
factor ||3]|2,V1. Second, although a closed-form formula is available for my,Lxw, a somewhat
undesirable ‘residual term’ Qpaw (X)) exists. Removing the effect of these terms in the ratio
control (4) requires additional technicalities that will be detailed in Section D.4.3.

We note that the variance formula for aiLNW in the above proposition is particularly easy
to derive from scratch due to the polynomial structure of Tinw(X) in (5.24). This result
will also be useful in the variance formula for John’s test to be studied in Section 5.4.2.

Let ¥ nw(X) be the test built from (5.1) and the statistic in (5.24). Combining the above
results with Theorem 13 and some additional efforts to remove the residual term Qpyw(2) in
the mean difference formula (2) in the above proposition, we have the following asymptotic

power formula for Wy nw(X); see Section D.4.4 for its proof.

Theorem 19. Suppose p/N < M for some M > 0. Then there exists some constant
C =C(a,M) >0 such that
N-||Z—I|?
EE\IJLNW(X) — P(N(M, 1) > Za) ‘ <C .p—1/3.
doriNw

Consequently, in the asymptotic regime N A p — oo with limsup(p/N) < oo,

1% — 1115
EE\IJLNW X))~ 1—@(2a— — |-
) 2/N)
The asymptotic behavior of Tinw under the alternative is previously only known in
(Srivastava, 2005, Theorem 4.1) under rather restrictive conditions on both ¥ and growth of

p. Theorem 19 only requires p/N to be bounded and makes no assumptions on .

5.8.4 Cai-Ma’s test

In this subsection, we assume additionally that the data matrix X is centered, i.e., Xy,..., X,

are i.i.d. from N(0,X). Consider testing (5.18) using the (rescaled) U-statistic by Cai and
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Ma Cai and Ma (2013):

Tem(X) = 1 > (X X)), (5.25)

(n—1) 1<i<j<n

Here h : RP x RP — R is the symmetric kernel defined by
h(X1, Xs) = (X X0)? — (X X1 + X X,) +p.

Some direct calculation yields the mean and variance of Ty (X) (cf. (Cai and Ma, 2013,

Equation (8), (9))):

n
my,cMm = §||E - ]H%»
0Zon = % [Tr?(52) + Tr(SY)] + 20Te(S2(S — 1)?). (5.26)

A closely related statistic built from a higher order U-statistic was first studied in Chen et al.

(2010). Similar to (5.24) in the previous subsection, (5.25) is applicable in the case p > n.
We will use (mg;CM, Os:CM, VE;CM) to represent their generic versions defined in (5.2) and

(5.12). The next theorem establishes a quantitative CLT for Tey(X) under Hy; its proof is

given in Section D.5.2.

Theorem 20. There exists some absolute constant C' > 0 such that under Hy,

dTV(TCM<X)7N(O71)> <C. (logn\/l).

Jr,cM n b

The above theorem improves (Cai and Ma, 2013, Proposition 3) under the null in two
directions: (1) the above Berry-Esseen bound holds in the stronger total variation distance,

and (2) the normal approximation rate is improved from (n A p)~'/° to (n A p)~*

(ignoring
the logarithmic factor).
The following result establishes the ratio control (5.14) for Ty its proof is given in

Section D.5.3.

Proposition 24. Let y = p/n. Then the following hold:
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1. There exists some absolute constant C; > 0 such that
Vien < CL{(LVY) + (v vy log*n] - n (|23, v 1)IZ — 1|7
2. myom — mrem = (n/2)[|5 = 1|7
8. ofcn = (0> +p)-n/(n—1), soin the asymptotic regime n A p — 0o,
0?;01\4 ~ P’

4. There exists some absolute constant Cy > 0 such that

Vs.om < Co[(1Vy)¥2 + y(1 Vv y)/?logn]

|my.om — mrem| Vorem (n Ap)i/?

Remark 20. We keep the ratio term y = p/n in the above result (in particular (4)) to cope

with the additional logn factor, so we may remove lower bound conditions for p.

Let Wepm(X) be the test built from (5.1) and the statistic in (5.25). Combining the above
results with the generic Theorem 13, we obtain the following asymptotic power formula for

U (X); some details are provided in Section D.5.4.

Theorem 21. Suppose p/n < M for some M > 0. Then there exists some constant C' =
C(a, M) > 0 such that

n||x — 1% log?3 n 1
Ezq’CM(X) - ]P)(N(—7 1 > Za S C n1/3 \/ p1/3 :

201.cM

Consequently, in the asymptotic regime n A\ p — oo with limsup(p/n) < oo,
o E-T ||%>

2(p/n)

(Cai and Ma, 2013, Equation (27)) proved that the exact power expansion above holds
uniformly for all alternatives 3 such that by/p/n < |X — I||r < By/p/n for some fixed

EE\I’CM(X) ~1-— (I)(Za
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0 < b < B < oo. Their proof is based on a Berry-Esseen bound (cf. (Cai and Ma, 2013,
Proposition 3)) for the CLT of Toum(X) under general alternatives using the test-specific
martingale difference representation. Theorem 21 holds uniformly for all possible alternatives

Y. when additionally p/n < M, using the general method of Theorem 13.
5.4 Testing sphericity > = \I

5.4.1 Likelihood ratio test

Consider the testing problem:
Hy: X =Xl versus H;: Hy does not hold (5.27)

for some un-specified A > 0. This is a special case of (5.1) by taking Hy = RP x {A\] : A > 0},
and has been extensively studied previously in Ledoit and Wolf (2002); Srivastava (2005);
Chen et al. (2010); Jiang et al. (2012); Jiang and Yang (2013).

This subsection studies the LRT for (5.27). The (re-scaled) log-likelihood ratio statistic
for (5.27) is defined by (cf. (Muirhead, 1982, Theorem 8.3.2)):

N

Tirrs(X) = 5} (plog Tr(S) — logdet S — plogp). (5.28)
Evidently, the law of Tirr s(X) does not depend on the A in (5.27) and hence is invariant
under Hy. Thus the general principle in Theorem 13 applies due to regularity of Tirr.s (see
Appendix D.9). We will use (mg;LRTﬁ, OS:LRT,s VZ;LRT,S) to represent their generic versions

defined in (5.2) and (5.12).

For a symmetric p X p matrix M, let
be(M) = p~'Tr(MY), b(M) = b (M). (5.29)

The next theorem establishes a quantitative CLT for Tigr s(X); its proof is presented in

Section D.6.2. Recall that Tigy s is only non-degenerate if p <n —1= N.
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Theorem 22. Suppose p/N < 1—¢ for some e € (0,1). Then there exists some C = C(e) >
0 such that under Hy,

Tirr.s(X) — mMpLRT.s C
(T sy 1)) < €

OT,LRT,s p
The CLT for Tirrs(X) was previously derived in (Jiang and Yang, 2013, Theorem 1)
under the asymptotics y € (0,1]. The quantitative CLT above does not require p to grow
proportionally to N but excludes the boundary case y = 1.
The following result establishes the ratio control (5.14) for Tirrs; see Section D.6.3 for

its proof.

Proposition 25. Suppose X is non-singular. The following hold:
1. There exists some absolute constant Cy > 0 such that
Virrrs SCIN[Z-07H(2) — 1|7
holds for N,p large enough.

2. The mean difference is given by

MS.LRT,s — MILRT,s = g[ — logdet(Z - b 1(2)) 4+ Quar,s(Z - b 1(X))].
Here
[Qurrs (Z- 071 (D)) < CNTB[(2-071(3)7] (5.30)

for some absolute constant Cy > 0.

3. In the asymptotic regime N A p — oo with limsup(p/N) < 1,

9 N[ p | p
UI;LRT,5N7 _N_Og 1_N .
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4. There exists some absolute constant C's > 0 such that

VE;LRT,S 03

|My.LRT.s — MILRT.s| V OL.LRT,s = (orLrTs A N)V/2

There is a genuine difference between the above ratio control result and the previ-
ous ones studied in Section 5.3, in that a closed-form formula for the mean difference
Ms.LRT,s — MI.LRT,s 15 No longer available. One therefore has to work with strong enough
upper bounds for the ‘residual term’ Qrrr (X0~ (X)), the removal of which constitutes the
main technicalities in the proofs; see Section D.6.3 for details.

Let Uigrs(X) be the test built from (5.1) and the statistic in (5.28). Combining the
above results with Theorem 13 and some additional efforts to remove the residual term
Qrrr.s(2-071(X)), we have the following asymptotic power formula for Wy gt (X); see Section

D.6.4 for its proof.

Theorem 23. Suppose p/N < 1 — ¢ for some € € (0,1). Then there exists some constant
C = C(e,a) >0 such that

Ex U rer o (X) — P(/\/( _ Nlogdet (Z-074(%)) | 1) N za)

20'[;5 o

Consequently, in the asymptotic regime N A p — oo with limsup(p/N) < 1,
—logdet (X -b71(%)) )
V2(= % —log (1- %))

To the best of our knowledge, in the high dimensional regime N A p — oo, the LRT for

EZ\IILRT,S<X) ~1-— (I)(Z

(5.27) was only studied in Jiang and Yang (2013); Jiang and Qi (2015), where formal theory

was missing on the power behavior of Wigy s. Theorem 23 fills this gap.

5.4.2 John's test

Consider testing (5.27) using the (rescaled) John’s trace statistic John (1971):

noo = Ynf( 2 a))] -



119

Clearly the law of T;(X) is invariant under Hy, and the above statistic is non-degenerate
for all configurations of (n,p). The general principle in Theorem 13 thereby applies in view
of the regularity of T (see Appendix D.9). We will use (mg; 3,053, Vs J) to represent their
generic versions defined in (5.2) and (5.12).

The next theorem establishes a quantitative CLT for T(X) under Hy; its proof is given
in Section D.7.2.

Theorem 24. There exists some absolute constant C' > 0, such that under Hy,

T3(X) — my. C
dTV(%JLJaN(Oal)> S N—/\p

Central limit theorems for 73(X) under Hy in high dimensions are first obtained in
Ledoit and Wolf (2002). We improve these results both in terms of non-asymptotic normal
approximation bound and the removal of the condition 0 < liminf(p/N) < limsup(p/N) <
0.

The following result establishes the ratio control (5.14) for Tj; its proof is presented in

Section D.7.3. Recall the definition of b(X) in (5.29).

Proposition 26. Suppose p/N < M for some M > 1. Then the following hold for N larger

than a big enough absolute constant:
1. There exists some constant Cy = C1(M) > 0 such that

V2, < G N(IZ -6 (©)2 v )12 -67(8) — I

[
2. The mean difference is given by
Mg,y — Mry = %[Hz DD I+ Qs(Z-07H(D)]
Here
Q(Z- 0 () [ < Co- N2 YIS 0 D) E + DX 07HE) — Ir

for some Cy = Co(M) > 0.
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3. In the asymptotic regime N A p — o0,

2 p
UI;JN o

4

4. There exists some C5 = C3(M) > 0 such that
|58 &

ms = mpal Vory — pt?

The proof of the above ratio control result is the most complicated among results of this
type studied in this paper. The main complication is due to the existence of the Tr(.S) term
in the denominator in (5.31), which leads to the complications both in the control of V3.,
and the ‘residual term’ Q;(X - b1(X)). On the other hand, similar to Proposition 25-(3),
the asymptotic formula for U% ; in the above proposition also removes the condition 0 <
liminf(p/N) < limsup(p/N) < oo that is required in (Ledoit and Wolf, 2002, Proposition
3), via a comparison to o7, gy studied in Proposition 23-(3).

Let U;(X) be the test built from (5.1) and the statistic in (5.31). Combining the above
results with Theorem 13 and some additional efforts to remove the residual term Q;(% -
b=1(X)), we have the following asymptotic power formula for ¥;(X); see Section D.7.4 for

its proof.

Theorem 25. Suppose p/N < M for some M > 1. Then there exists some constant
C =C(a,M) >0 such that

. k1 - 2
EE@J—P<N(N -7 () ]||F,1)>Za>’§0~pl/3.

4UI;J

Consequently, in the asymptotic regime N A p — oo with limsup(p/N) < oo,

1= -0 () - 113
EE%”“‘I’G“‘ 20/N) )

The power behavior for John’s test is previous studied in Onatski et al. (2013, 2014);

Wang and Yao (2013) for a special class of alternatives under the spiked covariance model
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with a fixed number of spikes; see Section 5.5 ahead for a detailed discussion. To the best
of our knowledge, the theorem above gives the first complete characterization of the power
behavior for John’s test for arbitrary alternatives in the high-dimensional regime N Ap — oo

with limsup(p/N) < co.

5.5 Spiked covariance models

In this section, we consider a special class of alternatives known as the spiked covariance

model Johnstone (2001):
S(a) = diag(1 + ar,...,1+a,), (5.32)

where a = (ay,...,a,) € (—1,00)P. Write a = ?:1 a;/p. Specializing the results obtained

in Sections 5.3 and 5.4, we have the following.
Corollary 4. The following hold.

1. The power for the likelihood ratio test of ¥ = I satisfies
>0 (a; —log(1 +ay))

T s p)

under N A\ p — oo with limsup(p/N) < 1.

Es@Yrrr ~ 1 — ‘D( ) = Brrr(a),

2. The powers for Ledoit-Nagao-Wolf and Cai-Ma’s tests of ¥ = I satisfy

p (12

Es)Pinw ~ Eg@Uoy ~ 1 — @[ 2 — =52 ) =
Y(a) ¥ LNW Y(a) ¥ CM <Z 2(p/N)) 6LNW,CM(Q)7

under N A\ p — oo with limsup(p/N) < oo.

3. The power for the likelihood ratio test of X = A\l satisfies

p 1+a
j=1108 735

UV 8)

under N A\ p — oo with limsup(p/N) < 1.

Es@¥Yirrs ~ 1 — CD( ) = frrris(a),
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4. The power for John’s test of 3 = Al satisfies

Iilag —a@)?/(1+a)*\
Es@W¥y~1— ¢<Za — 20/ ) = B;(a),

under N A\ p — oo with limsup(p/N) < oc.

(1), (2) and (4) above recover (Onatski et al., 2014, Proposition 8 (i)-(ii)), while (3)-(4)
above recover (Wang and Yao, 2013, Equations (4.5) and (4.8)). Both Onatski et al. (2013);
Wang and Yao (2013) considered the case where r = ||a||op and the non-zero elements of a are
fixed. The techniques in Onatski et al. (2014) work with a further restriction |jall < /¥
where y is the limiting value of the ratio p/N. This restriction coincides with the Baik-Ben
Arous-Péché (BBP) phase transition Baik et al. (2005), and is essential for the techniques
of Onatski et al. (2014), due to the singular nature of the likelihood ratio process when
llal|oo > 1/y already in the case r = 1, see (Onatski et al., 2013, Theorem 8). The restriction
llalloc < /vy is removed in Wang and Yao (2013) for the likelihood ratio test Wigrr,s and
John’s test Wj for sphericity, by variations of Bai-Silverstein techniques developed in Bai
and Silverstein (2004); Bai et al. (2009). Both results in Wang and Yao (2013) and Onatski
et al. (2014) also hold beyond Gaussian distributions.

It is easy to see that in the setting of Onatski et al. (2013); Wang and Yao (2013) with
a fixed number of spikes as described above, the asymptotic powers are the same for the

following two group of tests:

1. Likelihood ratio tests Urrr, Virrs: Surr = BLRT;s-

2. Ledoit-Nagao-Wolf, Cai-Ma and John’s tests: Spnw,.cm = G-

Clearly, neither group of tests universally dominates the other in terms of the power behavior.
For instance, the power of tests in (1) dominates that of (2) when some of a;’s are close to
—1 (i.e., ¥ is near singular), while the reversed phenomenon occurs when some of a;’s are

close to oco.
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In general, the asymptotic power equivalence of the above two groups may not hold when
the number of spikes are no longer fixed. Instead, we have the following power ordering

within each group.

Corollary 5. 1. Likelihood ratio tests Wigr, Yirr,s have the power ordering:

Brrr(a) > Brrrs(a).

2. Ledoit-Nagao-Wolf, Cai-Ma and John’s tests Vinw, Yem, Uy have the power ordering:

> By(a), a2(1—(1+47a)?) <a*

< Byla), a*(1-(1+a)?) >a’

ﬁLNw,CM (CL)

— _ <
Here a> =Y 7%_ a?/p.

Proof. (1) follows from the inequality » " log(1+a@) < >°%_ @ = >>"_, a;. (2) follows by

the following calculation:

Yy - (e - @) z LT (- (@) -

(1+a?2  (1+a)y? (1+7a)?

The proof is complete. O

Note that {@ > 0} € {a?(1—(1+a)?) < @a?} (the inclusion is in fact proper), so if @ > 0,
John’s test Wy will be less powerful than Ledoit-Nagao-Wolf and Cai-Ma’s tests Vinw, Youm.
Furthermore, both inequalities in the above corollary can be strict asymptotically, and similar
to the discussion above, there are no universal power dominance relationships between the

tests in the two groups.

5.5.1  An illustrative simulation study

Below we present some simulation results in the current spiked model setting to support the

findings of Corollary 4 and 5. The confidence level will be taken to be a = 0.05. The power
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of the considered tests in all the simulations below is calculated under the configuration
(n,p) = (300,200) using an average of 1000 replications. Theoretical normal power curves
predicted by Corollary 4 are plotted in solid lines and the empirical ones are plotted in dotted

lines.

o (Fized number of spikes, near singular ) In the top left panel of Figure 5.1, we
fix a number of r = 5 spikes with the same magnitude a; = —1 4+ 77! with 7 €
{1,2,...,10}. Note that 7 = 1 corresponds to the null hypothesis with no spikes,
and as 7 grows Y becomes increasingly singular. As predicted by Corollary 4 and the
discussion thereafter, in this case of near singular alternatives X, the power of the tests

in the first group {Vrgr, Vrgr,s } dominates that of the second group {¥ixw, Youm, Uy}

o (Fized number of spikes, non-singular ) In the top right panel of Figure 5.1, we
again fix a number of r = 5 spikes with the same magnitude a; = 0.3(7 — 1) with
T € {1,2,...,10}. Again 7 = 1 corresponds to the null case. Compared to the

previous case, we have the same power grouping effect but the dominance is reversed.

o (Growing number of spikes) In the bottom panel of Figure 5.1, we fix a number of r = 50
spikes with the same magnitude a; = 0.08(7 — 1) with 7 € [10]. This exemplifies the
case of a growing number of spikes where, as predicted by Corollary 5, we see: (i) The
power of LRT Wygrr for testing identity dominates its counterpart Wigrr.s for testing
sphericity; (ii) the powers of the {Upnw, Yom} and ¥y are no longer equivalent, with

the former having a strictly larger power as @ > 0.

5.6 Concluding remarks

In this paper, we develop a general method for power analysis in high dimensional covariance
testing problems when a CLT holds for the test statistic under the null. We apply the new

method to a number of tests in two prototypical problems of testing identity ¥ = I and
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sphericity ¥ = Al with unspecified A > 0. The key technical step is to control the ratio
(5.14) which typically requires case-specific techniques. A strong enough control of the ratio
(5.14), as demonstrated in many examples in the paper, leads to a sharp asymptotic power
expansion of the test that holds for arbitrary alternatives. If normal approximation of the
test statistic under the null can be quantified non-asymptotically, then the full finite-sample
strength of our method can be utilized. For the tests studied in this paper, this is achieved via
non-trivial applications of Chatterjee’s second-order Poincaré inequality Chatterjee (2009)
(see Lemma 58).

Below we sketch some directions for future research:

1. (Upper limit condition on (n,p)) Other than the minimal condition nAp — oo, two ad-
ditional conditions on (n, p) made in this paper are: (i) in results for the LRT (Sections
5.3.1,5.3.2, 5.4.1), we assume that lim sup(p/n) < 1 which precludes the boundary case
p/n — 1; (ii) for the asymptotic power formulae of all other test statistics (Theorems
19, 21, 25), we require that limsup(p/n) < oo. Some degree of relaxation is cer-
tainly possible, but it remains an open question to obtain the best possible upper limit

condition for p/n under which the power expansion of these tests is still valid.

2. (Gaussian assumption) Throughout the paper we have worked with Gaussian obser-
vations to obtain complete characterizations for the power behavior of various tests.
Gaussianity enters at a technical level via the Gaussian-Poincaré inequality, the second-
order Poincaré inequality Chatterjee (2009), Fourier expansion in the Gaussian space
Nourdin and Peccati (2012). It is of great interest to extend our results to non-Gaussian
observations. The main technical hurdles seem however to be sharp estimates for in-

termediate terms like V{,, ), |m(ux) — mp,|, and o .

3. (Other testing problems) The general method developed in Section 5.2 could potentially
be applied to other testing problems, including but not limited to, (block) independence
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test, two- and multi-sample (joint) testing of p and X, testing of regression coefficients
in multivariate linear regression. These problems require further technical works and

will therefore be pursued elsewhere.
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Figure 5.1: The power curves for the tests {Urrr, Vinw, Youm, VirT.s, Vst in the spiked co-

variance model (5.32). 7 on the z-axis indexes the spike magnitude, with 7 = 1 corresponding

to the null case > = I. The dashed horizontal line marks the prescribed size o = 0.05. Note

that the red solid line for Wynw is not visible as it coincides with the orange one for Wey

predicted by Corollary 4-(2).
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Appendix A
APPENDIX OF CHAPTER 2

A.1 Proof of Theorem 2

—8a/(a+1) ip the regime 0 < o < 1/4 since for a >

Proof. We will only prove the lower bound n
1/4, the rate reduces to the parametric rate n~! and the proof is straightforward. Throughout
the proof, C' represents a generic sufficiently large positive constant and c represents a generic
sufficiently small positive constant always taken to be smaller than 1/4. Both C and ¢ only
depend on «,Cr,C,,C., Cy, co and might have different values for each occurrence. By
appropriately rescaling the parameters in the lower bound construction, without loss of
generality, we assume that the sample size n and the constants C'r, C,, C, Cy are sufficiently
large, cq is sufficiently small, and [0,1] C .

We will make use of Le Cam’s two point method. Introduce the following constants:
0% .= b2 .= ep /Ut and N := N, :=1/(6h,), (A.1)

where we tune the constant ¢ in h, so that N is a positive integer. We now specify f(-),
distribution of X and distribution of ¢ in the null and alternative hypotheses, Hy and Hy,

respectively.
Choice of o*: Under Hy, let 0 =1+ 62. Under Hy, let 02 = 1.
Choice of e: Under both Hy and Hy, let e ~ N(0,1).

Choice of X: Under both Hy and Hy, let X be uniformly distributed on the union of
the intervals [(6i — 5)hy,, (6i — 1)h,] for i € [V].
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Choice of f(-): Under Hy, let f = 0. Under Hy, let f take the value h%r; on [(67 —
5)hn, (66 — 1)h,], where {r;}¥ | are N i.i.d. symmetric and bounded random variables
with distribution G satisfying

[%yG@m—/fx%@M% P )

where ¢ is some fixed odd integer strictly larger than 1+ 1/(2«a). Let f be 0 at points
6(i — 1)h, for i € [N], and then linearly interpolate f for the rest of the unspecified

points on [0, 1].

See Figure 2.1 for an illustration. In the definition of f(-) under H, the existence of the
distribution G is guaranteed by Lemma 5, and the range of {r;}Y,, which we denote as B,
only depends on «.

Clearly, 0% < C, under both Hy and H;. Moreover, f(-) under both Hy and H; belongs to
Aa0.11(Cx) due to the boundedness of {r;}Y; in H;. Next, we show that the joint distribution
of (X, ¢e) belongs to Pey,(x,). Condition (d) clearly holds and Condition (a) holds with I =
[0, 1]. Condition (b) holds as well by the fact that px(u) = 3/2 for u € [(6i —5)h,, (6 —1)h,]
for i € [N] and px(u) = 0 otherwise. Lastly, for Condition (c), it holds by the convolution

formula that for any 0 < u < 1/2
(6i—1)h
pg, (1) = / Ot — it >3 / (px(t — wt
6i—

1=[u/(6hn)]+1
N
>
i=[u/(6hn)]+1

3 3 1
22k, > 2 —Oh, >
2 =g

DO W
S

for sufficiently large n. Here, the second inequality follows from the fact that for any fixed
€ [(6i—5)hy,, (6i—1)h,], px(t) = 3/2 and px(t—u) = 0 on a subset with Lebesgue measure
at most 2h,,. By symmetry of )N(ij, Condition (c) also holds with g = 1/2 and Us = [—1,1].
Denote by o7, fi,Pi(x,e), ¢ = 0,1, the choice of o2, f, and P(x.) under Hy and Hj,

respectively. Let m be the distribution on A, ;(Cr) such that f; ~ w. Moreover, let E,2 PP
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represent the expectation with respect to the model (2.2) with parameters o2, f, P(x ). Then,

we have
inf sup  sup sup E(52 —02)2
7% fEha,1(CF) 02<Co P(x 0)EPey,(x.)
> inf{ O -0+ [E (3 — 0*)dn ()
—%12 2 o3.foPo,(x,e) \9 o 9 o3 fP1x,e \ 9 o T

2 1?;{51[3537]007]?0,()(,5) (a -0 ) + EEJ%JCLPI,(X,E) (0- -0 ) ’

where the first inequality follows by lower bounding the maximum risk with Bayes risk with
prior 7. In what follows, we will use Py and P; to denote the joint distribution of {Y;, X;},
under Hy and Hj, respectively. Note that the choice of 62 in (A.1) leads to the desired lower
bound under the quadratic loss. Therefore, adopting the standard reduction scheme with
Le Cam’s two point method (cf. Theorem 2.2 in Tsybakov (2009a)), it suffices to show that
TV(Py,P;) < ¢ < 1. To show this, let {7;}Y, be N ii.d. standard normal random variables,
and P, be the joint distributions of {X;,Y;}", under H; with {r;})¥, replaced by {7;}Y,.

Then, by triangle inequality, we have
TV(Py, Py) < TV(Bo, Py) + TV(Py, Py).

We will show TV(Py,P;) < ¢ and TV(Py,P;) < ¢ seperately.
For the first inequality, define « := (z1,...,x,), dr := dx; ... dz, and similarly for y and
dy. Denote pg, p1, and p; as the densities of Py, Py, and IF’l with respect to the Lebesgue

measure. Then, we have
~ 1 ~
TV(Py,Py) = 5//|*|p0(£l:,y) — pi(z, y)dzdy
1 -
= [vwrte{ [1mty |2) - ity | 2)iy (A3)

- /p(m)d:cTV(IP’g(y | @), Pi(y | @),

where p(x) := [[_, px(X;) stands for the common density of {X;}?, under Py and P,. Note
that under Py, y |  ~ N,(0,Xg), with 3¢ = (1 + 62)1,,. Define {b;}?; to be the location
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index sequence of { X}, taking values in [/V], that is,
b =7 if X;€[(65 —5)hy, (6] — 1)h,].

Then, due to the symmetry of {r;}, and design of the nonparametric component f, it holds
that under ]’1‘5)1’ Yy | xr ~ Nn<0, 21), with (21)” = ]_—f—h,?la = 1+07% and (El)ij = h%a]]_{bz = bj}
for i # j. Define No := >, 1{b; = b;}. Since 3 is positive definite (see Lemma 12 in the

supplement), we have by Lemma 6 that

~ 972L
TV(Po(y | @), Pi(y | @) < O "0 No* < COING

n

Note that Ny is a random variable that depends on {X;},, and by (A.3) and Jensen’s

inequality we have
TV(Py, P;) < CO2EN,? < CH2(EN,)"/>.

Some simple algebra shows that ENy < Cn?h,,, thus by choosing a sufficiently small ¢ in the
definition of h,, in (A.1), we have

TV(Py, Py) < CO2nhl/? < c.

To complete the proof, we now show that TV(]PH,E) < ¢. Consider an arbitrary re-
alization of {X;}" ;, and assume that based on their location indices {b;}"_;, { X}, is
partitioned into L clusters with corresponding cardinality s, so that the X;’s in the same
cluster have the same value b;. Apparently, we have the relations 1 < L < n and Zle S¢g =n.
Let muyax be the maximum cluster size, and define the “good event” Q, := {mp.x < K},

where K := [2/(1 — 4a))| 4+ 2. Then, it holds that

TV(Py,Py) = E(10, TV(Bi(y | 2). Pi(y | @) ) + E (L0, TV(Bi(y | 2). Pi(y | )

<E(10, V(P (y | @), Pi(y | @) ) +P(2%).
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Under the choice of h,, in (A.1), N is of the order n? e+ and

nK
AK _Jl—{goKlNK - =0.

Thus by Lemma 7 (and continuity), it holds that €2, has asymptotic probability 1 under

both P; and P;. As a result, it suffices to upper bound TV(Py(y | ),Pi(y | )) for each

realization @ in €2,,, where the maximum cluster size m., is bounded by a fixed constant.
Denoting p; », and p; , for each ¢ € [L] as the joint density of those y;’s in the /th cluster

7, conditioning on the given realization of {X;}"_, under P; and P;, we obtain that

pl(y’w) pl y‘m leﬂ’e leﬂ'g

The above inequality further implies by telescoping that

~

|*|p1(y ‘ .’L') pl y | fB Z |p1,7rg _ﬁl,ﬂ'g‘
/=1

For each ¢ € [L], |*|p1.r, — P1., only depends on the ¢th cluster through its cardinality, which
we now control for a general cluster size d > 1. Without loss of generality, we assume that
¢ = 1 and the y;’s in this cluster are {y1,...,yq} with common location index b; = 1 for
i € [d]. Then, under the choice of 6% in (A.1), we clearly have Y; = 0,7 + ¢; under P; and
Y; = 0,71 + &; under P, for i € [d], where the sequence {&;}9, follows the standard normal

distribution under both P; and I?P/’l. Therefore it holds that

P1,m (yh ce ;yd) = / (P(yl - an) s 90<yd - HTLU)G(dU)v
ﬁl,ﬂ'l (yh v ;yd) = / gp(yl - env) tee 90<yd - HnU)QO(U>dU7

where G is the distribution of {r;}Y, specified in (A.2). Using the well-known equality
o(t — 0,0) = @(t) (> pe o v O Hi(t)/K!) for any t,v, where Hj is the kth order Hermite
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polynomial, it holds that

oY1 — Onv) ... ©(Yya — Onv)

- . H, H
=) olya) Y v kg b CICOREND)

v il
ki,...,kq=0 kl' k'd.
3 Hy(y1)  Hiy(y

ORI S W e
k=0 ki+...+ka=k 1 d:

and therefore

p1,7r1 (y17 e 7yd) - ﬁl,ﬂ'l (yl; e 7yd>

=¢(y1).-.s0(yd)29ﬁ Z Hkl(yl) '”Hk’d(yd) /Uk(G—(I))(dU)

k! k!
k=0 ki+...+kq=k

(e 9]

_ Sp(yl) o So(yd) Zeik Z Hy, (yl) o de(yd) /U%(G _ @)(dv),

k! kq!
k=p  ki+..+kq=2k

where the second equality follows by the symmetry and moment matching property of G in

(A.2) and p := (¢ + 1)/2 is a positive integer. This further yields

|1 (Y1 ya) = Prm (1, -5 Ya)

o0

< @(y1)90(yd)292k Z ‘*|Hk1<y1) ‘*|de(yd> /’UQkG(d?))—i-

k! kg
k=p kit kg=2k

90(y1)90(yd)29,21k Z |*|Hk1(y1) |*|de(yd) /U%gO(U)dU

kq! kq!
k=p ki+...+kq=2k

=1+11.

For term I, since G is compactly supported on [—B, B], one clearly has

o0

x| Hy, (y | Hy, (y
k=p k1A ka=2k v <

For term I, using the equality [ p(v)v**dv = (2k — 1)!I, with (2k — 1)1 := (2k — 1)(2k —
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3)...1, we obtain

1= () plu) S 6@k - 3 EAnG) ()

| |
kit Akq=2k fnl kal

We now upper bound [ _|«|Hy(t)¢(t)dt for an arbitrary positive integer k. When k is even,
as has been calculated in Wang et al. (2008) (cf. chain of inequality after Equation (19) on
Page 662), [ [x|Hy(t)p(t)dt < 2%%(k —1)!Il. When k is odd, set k = 2k + 1, then we have

o) o) k mt2k+l 2m
| mr@ema = [ ety

0 —00 m=0 m' 2]{3 +1-— 2m)'2m

k
<

— ml(2k+1—2m)12m J

\[Z (2k + 1)!(2k — 2m)!!
ml(2k + 1 — 2m)12m
\/’Z (2K + 1)!(2m)!!
(k —m)! 2m—|—1)'2’f m
T ~
( )222m
Qk- H

m=0

k '15!

<@k+1DNY T ————
— ml(k—m)!

= (2 + 1)N2F,

where in the third line we use the fact that [*_[¢[**1o(t)dt = \/2/7(20)!! for any positive
integer ¢. Define for any positive integer k: [k]; := k — 1 if k is even and k if k is odd,
and [k]y := k/2 if k is even and (k — 1)/2 if k is odd. Then, the above calculation implies
that [ [«|Hy(t)p(t)dt < ([k];)!122 for any k, and moreover, it can be readily checked that
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([K])"/ (K = 1/(2W¥)2([k]5)!). Therefore, for term I = I(yy,...,yq), we have

/I(yl,---,yd)dyl---dyd
Rd

S Z 92“(82)’“ Z m([lﬁh)”z[lﬂb o ([kd]l)”2[kd]2
< 2k 2\ k 1
) kZp B k1+.§d2k ([Fal2)t - - ([Ra] )

Now note that the number of d-tuple (ki,...,kq) such that ky + ... + kg = 2k is upper
bounded by (Ck)4, which is further bounded by C* for every k > 0 with some sufficiently
large C' that only depends on d, and for each such tuple, it holds that

d d

d ki — ki
k—ézz 5 132[/%]2 25:/@,

i=1 =1 i=1

IN

thus we have
> Akt (k) < CF > {(B)!. . (k)3
ki+..+kqg=2k k—d/2<ki+..4+kq<k
For the latter quantity, we have by the multinomial identity

o B (! e d+1) =1

T1+...+x441=k

that

Y,
—
I
=
—
>
U
—
—~
o
] —
—~
B
—
_l’_
_l’_
-
U
—
=

k—d/2<ki+..+kq<k

() .2, wrw

k—d/2<ki+..+kqs<k

v
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This concludes that

— (CB*)F
/ Iy, ya)dy: - . dya < eipz (L < 6%eCP
d !
R —
Using a similar argument for 17 = I1(yy,...,yq), we obtain

k=p k=p

since 02 < 1/C for sufficiently large n.

Putting together the pieces, we have for every realization @ in €2,

L
_ ~ < _ -~ < 2p CB2 p
(w1 )~ Pilw | o)y <3 [ o = P, < L 632 + 07

< b (e“P 4 CP) < .

Here, the second inequality follows since every |#|p; ., — P1.r, depends on the (th cluster
only through its cardinality, the third inequality follows since L < n and K is a fixed
absolute constant that only depends on «a, and the last inequality follows due to the choice

02 = h2* = cp~4@/Ue+1) and the value of p. This completes the proof. O

Lemma 5 (Lemma 1, Wang et al. (2008)). For any fized positive integer q, there ezist a
B < oo and a symmetric distribution G on [—B, B| such that G and the standard normal
distribution have the same first ¢ moments, that is,

B )
/ ij(dx):/ o(r)dr, j=1,...,q.

B e
Lemma 6 (Theorem 1.1, Devroye et al. (2018)). If u € R? and ¥y and X are positive

definite d x d matrices, then

1 < TV(INg(p, 21), Na(p, 22))
100 = min{l, |27'%s — Li||#}

3
< -
-2
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For the following lemma, we first introduce some terminology regarding the multinomial
distribution. Let m, M be two positive integers, and the random vector (fi,..., far) be the
multinomial count with total count m and equal probability (1/M,1/M,...,1/M). Define
p := m/M. TFor any positive integer r > 2, define A\ := N\, := lim,,_ oo m"/(r!M"1).
Following Kolchin et al. (1978) (Chapter 2, Equation (11)), we will call the domain of

variation m, M — oo, in which
p—0, 0<)\ <0

the left-hand r-domain. The following lemma characterizes the asymptotic behavior of the

maximum frequency fuax defined as maxi<j<a f;.

Lemma 7 (Theorem 1 of Section 2.6, Kolchin et al. (1978)). Suppose the multinomial distri-
bution with total count m and equal probability (1/M,...,1/M) is in the left-hand r-domain

for some positive integer r > 2 with limit \,., then it holds that
P(foae=7—1) = e and P(fpa=1)—=1—e,
i.€., the maximum frequency converges asymptotically to a two-point distribution.

A.2 Proofs of results in Section 2.2

A.2.1 Proof of Theorem 1

Proof. Throughout the proof, we will use C, ¢ to denote two generic fixed positive constants
that only depend on My, M., o, Cr, C,,C., Cy,co. C and ¢ might have different values at
each occurrence. We also use the notation ﬁ//ij = W; — W; for a generic random variable W.

Denote the two U-statistics on the numerator and denominator of o2 respectively as

Uy, Us,, with corresponding mean values 6y, 6,. That is, with ¢ # 7,

91 = ]E{Kh(Xz—XJ>(}/Z—Y}>2/2} and 92 = EK}L(XZ—X])
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Define the “good” event £ := {U; > 05/2} and £° as its complement, then it holds that

E(32 - 0%)° = IE{ (Ul_TZJQUQ)Q]l{E}} + IE{ <U1_T2UQUQ)211{EC}}. (A.5)

By definition of &, the first term satisfies that

E{(Ul_TZJQUQ> 1{5}}< —E(U; — Upo?)’.

For 65, we have
1 v !
0, = EK,(X; — X;) = EK<E>p5Q-(U)dU = K(u)ps. (uh)du
J _1 )
> K(u )pX (uh)du > inf P, (uh) inf K(u)AUy) > Mca.
uh 'I.LGZ/{]—L E[—l,l]

Here, the third equality follows from the fact that K(-) is supported in [—1,1], and U,
starting from the first inequality is defined in Condition (c) in Py(x) (note that for any
fixed &g > 0 given therein, h < §, for sufficiently large n). Moreover, it holds that

E(U) - Uz0%)” < 3{E(Uy = 0.)° + 0"B(Uz — 02)" + (61 — 020%)" }.
By Lemmas 8 and 9 and the fact that o < C2, we have
E(Uy — 61)° + o'B(U, — 6,)° < C(n~t 4+ n7207Y).
For the third term (6; — 6502)*, we have
= E{Ky(X; — X;)(Yi - Y))*/2} = E{Ki(X; — X)) (f(X0) = f(X;))*/2} + Oz0°

and

E{ KX — X;)(f(X:) = f(X))*/2} < OE{%K (?) |*,)}fj<aA1>}

_C/ | ‘u aAle ( )du—C/K hQa/\l |’U’2M1]?X ( h)dv

< Ch2(a/\1 Supp )/K(U>|U|2 (anl) dU < ChQ (anl) )

u€eR
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Here, the first inequality follows since f € A,(Cx), and the last inequality follows from
Condition (b) in Put(x,e) and the convolution formula. Putting together the pieces, the

choice of A in (2.10) in the main paper yields

U1 — UQO’2 2 4(anl) -1 -2 —8a/(4a+1) 1
E — H{EY p < C(h +n '+ 02 < C(n V.
2

For the second term in (A.5), we have

E{ (“‘Tg?‘ﬁ)zn{m} < 20'P(E) + QE{ (%)21{56}}.

Direct calculation shows that
(Ul ) Siciores Kn (K (Ko ) (Vi = ¥, (Ve = Vi) /4
Uz Zi<j,i’<j’ Ky (Xm)Kh (‘)N(i’j’)

_ Sy (i) K (K ) {0X) — FOG)? + 2T (X0) = FOG)) +072

+ o%¢
Zz<]z<] (XZJ Kh( )
(anl (anl)
CZi<j,i'<j’K <X,]>Kh< ){| |X A)+0253J}{| |X ' +02g21"j’}
Zi<j,i’<] < >Kh (Xl’J’)

<C <h4(a’\1) + R M) max 7,

1<j 1<, <j’

~2 ~2
+ 0% max 6Zj€i/j/),

where the last inequality follows by the support of K(-). By the condition 0% < C, and the
independence of {¢;}!' ; and 1{€}, this implies that

1<) 1<g,4' <j’

Uy — UZO_Q ’ c c ~2 <2
E T, 1{&} » < CP(&E°) 1—|—Emaxew+E max ;€

Applying the first part of Lemma 9 with v = nf3/16, v = n?h63/16 with the condition
h = Q(n~?79) being satisfied with § = 8a/(4a+ 1) and 6 = 1 for a < 1/4 and o > 1/4
respectively, it holds that

P(£°) = P(|Us — 65| > 65/2) < C{exp(—63n/16) + exp(—65n°h/16)}.
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Moreover, by Condition (d) in Py, (x,), there exists some fixed positive constant 7 such that

1+Emaxe;, +E max &8, < Cn".
i<j i<j,i'<j’

Putting together the pieces and using the fact that n?h — oo as n — oo, it yields

_ 2\ 2
2

This completes the proof. O

A.2.2  Supporting lemmas

Lemma 8. Suppose f € A,(Cx) and 0% < C, for some fized constants Cx,Cy and the joint
distribution of (X, ¢) satisfies Conditions (a), (b) and (d) in P, (x.) with constants Cy, Ck.
Then, the U-statistic Uy defined in the proof of Theorem 1 satisfies

E(U, —6,)> < C(n' v 2™,
where C' is some fived positive constant that only depends on Mg, M, o, Cx, Cy, Ce, C.
Proof. Denote g as the kernel of Uy, that is,
9(Di, D)) = Ku(X; = X;)(Y; = Y3)?/2, D; = (Xi,e)".

Recall that 0, = Eg(D;, D,) for i # j. Then, it holds that

-2
n
(U, — 6,)° = (2> S E{(¢(D;, D;) — 0,)(g(Dy, Dy) — 1)} (A.6)
i<l <j!
When i, 5,4, 7' take four different values, the expectation is zero. When they take three

values, say, i =i’ < j < j’, by writing E. as the conditional expectation given {X;}" |, we
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s (T ) K (T 00 - 0P + P - FX + 0%

sul g (T ) K (B R (R + o) (T 4 o2 )}

< E{%K(XZ . Xj)K(Xi ;LXJ’) (191%™ + 20 (|1 20 4 | X750 ) + Bt 0—4)}
s (S5 (257

hw)dudvdw < 1.

In the last line, we invoke Conditions (b) and (d) in Pey,(x,s)- Moreover, it can be readily
calculated that 6, = O(1). This concludes that the summand in (A.6) is bounded by a fixed
constant when i, 7,7, j' take three different values. Lastly, performing a similar analysis, we
obtain that E{(¢(D;, D;) —61)(¢(Dy,Dj) —61)} = O(1/h) when i = i’ and j = j'. We
therefore conclude that

3 2h—1
Var(U;) < % =n '+ n2p7L
n
This completes the proof. O

Lemma 9. Suppose h, > n~=% for some 0 < 6 < 2. Then, assuming Condition (b) in
Pevx,e) with constant Cy, the U-statistic Uy defined in the proof of Theorem 1 satisfies

P(|«|Us — 0y > C(v"*n 2 + w20~ h712)) < C(exp(—u) + exp(—v))
for any u,v > 0, and
E(U; - 6,)* < C(n~' v ~2h7Y),

where C' is some fived positive constant that only depends on Mg, M, a, Cj.
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Proof. We first prove the concentration inequality by upper bounding the 5 quantities in

Lemma 13. Denote g as the kernel of U, and g; as its linear part, that is, for some i # 7,
91(Xi) == E(9(Xi, Xj) | Xi) == E(Kn(X; — Xj) | Xi).

For B;, we have

00 = [ 5“5 pxtdo = [ Kwpx(uh+ x)du s

due to Condition (b) in Pey,(x,¢). Thus it also holds v7 < 1. For B, we have

1 - X;
B =nsupE{¢*(X;, X;) | Xi} = nsup/—K2 l “ ) px (u)du
X; x; J h? h

< %sup/K(u)px(uh + X;)du < nh™,
X

where in the first inequality we use the condition that K(-) is bounded by M. Moreover,
we clearly have Bs < h™!. Lastly, for v2, it holds that

i = /ﬁKz(ﬂp% (u)du 5 E/K(U)p;aj (uh)du S 5.
where the last inequality follows by Condition (b) in P.y,(x ) and the convolution formula,

P, (u) = /px(t)px(t —u)dt < sup px(u) /px(t)dt = sup px (u).

u€eR u€eR

Therefore, Lemma 13 yields that
P(|Us — 65| > a10™? + agv + byu’? + byu + bsu®? + byu?) < Clexp(—v) + exp(—u)),

where a; <n Y2 ay <n7hby SnTthTY2 00y Snhby < n32p7Y2 by, < 2R Under

~Y

the condition that h > n~(=9 for some § > 0 and n is sufficiently large, the dominant terms

in the above inequality are a; and by, that is,
Y2\ p1p-1/2)

This proves the first part of the theorem. The expectation version follows by Lemma 10. [
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Lemma 10. Suppose a random variable X satisfies the tail condition P(|X| > a1t'/? + axt +
ast?’? 4 agt?) < Crexp(—Cat) for any t > 0 and some positive constants ay, as, as, ay, Oy, Cs.
Then, for any positive integer p, it holds that

E(|X[P)/? < Csp'/P(ar + as + as + as)
for some positive constant C3 that only depends on Cy, Cs.

Proof. We use ('3 to denote a positive constant that only depends on € and Cs, which might

have different values at each occurrence. The tail condition in the assumption is equivalent

to
P(‘X’ ) . . 2 t 252/3 t1/2
> 1) < Cyexpd —Cs[ Sn—nat_ |V
ai’ ap a§/3 a}l/z
Let I;-1, be a partition of (0, +o0c) such that for t € Iy, t?/a? = min{i—; A ;—2 A ;22//1 A 211//22 },
3 4

and similarly for I, I3, I. Then, we have
E(1X]")

_ / PP B(|X| > t)dt
0
t2 t ¢33
SC;;{ ptp_lexp(—03—2>dt+/ptp_lexp<—03—)dt~l—/ptp_lexp —032—/3 dt+
I ay I a2 I3 as
L t1/2
/ptp exXp —031—/2 dt}
Iy a,
§Cg{/ ptplexp(—03—2>dt+/ ptplexp(—Cg—)dt—i-/ pt?lexp —C3—5 |di+
0 ay 0 a2 0 a3/

(9] . t1/2
/ ptp exXp —Cgm dt}
0 ay
:Cgp{azf/ tp_lexp(—Cth)dt+a§/
0 0
aZ/ " Lexp (—Cyt'/?)dt }
0

< Csp(al + b + af + ab).

o0

"~ exp(—Cst)dt + df / P Lexp (—Cyt?/?) dt+
0
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This completes the proof. O

Lemma 11. Recall the Condition (c) in the definition of Pe,(x,) in the main paper, and

Condition (') in the subsequent paragraph. We have (¢') = (c).

Proof. Choose some §p < 1/8 and fix any 0 < dy and u € [—1, 1]. By the convolution formula,

we have

p)?ijw(s) = /SPX(S)pX(S —ud)ds > Co/SpX(S —ud)ds.

Therefore, it suffices to show that A\({S —ud}([0,1]()S) is lower bounded by some fixed

constant, say, 1/8. Assume this does not hold, then we have
1=([0,1]) > A({S —us} (0. 1]) FAS) —1/8 > A(S) — 6+ A(S) — 1/8 > 5/4,
which is a contradiction. O

Lemma 12. The covariance ¥, defined in the proof of Theorem 2 in the main paper is

positive definite.

Proof. We will prove that for any a € R" with ||a|| = 1, it holds that a"31a > 0. For
each realization of {X;}",, partition the set [n| into L clusters for some positive integer

1 < L < n such that the Y;’s in each cluster fall into the same trapezoid in the lower bound

construction. Denote these L clusters as My, ..., M. Then, it follows that
n L
Var <Z a;Y; | {Xi}?:1> = Z\@(Z a;Y; | {XZ-};;).
i=1 =1 iEMy
Since ||a]| = 1, there exists some £, € [L] such that A := >7,_,, i > 0. Partition
0

{i:1€ My} according to the sign:

Ay ={ie My :a, >0}, A :={ie My :a; <0}
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and define Sy = 3, 4 a; and Ay = Y0, a?, and S_ and A_ similarly. Then, A =
Ay + A_. Moreover, it holds that

Var| Y aYi | {Xi}i,

Z’GM[O
_ 2a 2 2c
—(1+hn)2ai+hn Z a;a; + Z a;a; + 2 g a;a;
€My, i,JEAL;iF] 1,JEAiF] €A jEA-

= AL+ h2*) +h2 (S — Ay + 87 — A_+25.5)
= A4+ h¥(S, +5 )P > A>0.

This completes the proof. O

Lemma 13 (Theorem 3.3, Giné et al. (2000)). Let Zy,...,Z,, Z € Z be i.i.d., and g :
Z? — R be a symmetric measurable function with B{g(Z1,Zy)} < oo. Write U,(g) =
2icj 9(Zi, Z;) and g1(z) := B{g(Z, z)}. Define

1/2
By = Sng{|*|g<Zl7ZQ) | Zo}, By = (nsng{QQ(ZhZﬂ | Zz}> , By =gl
2 2
and
1/12 = E{gf(Zg)}, y22 = ]E{g2(Zl,Z2)}.

Then, it holds that

P(|%|Un(g9) — E{Un(9)} >t + Cinvsu'’? + ConBiu + C3Bou®/? + CyBsu?)

< 2 —t2/n2
ex
= 2P 8nvi + 4By - t/n

) + C5€_u,

where C1-Cs are absolute constants.
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A.3 Proofs of results in Section 2.3

A.3.1 Proof of Theorem 3

Proof. Throughout the proof, C' and ¢ will denote two generic positive constants that do
not depend on n and might have different values at each occurrence. We only prove the
case for the pointwise error and the result for the integrated error will follow. Consider a
fixed z* € supp(X). We will continue to use the notation ¢, q(-), B,, X;;, K;; introduced
in Section 2.3.1 in the main paper. We will drop the subscript in Vip(z*) for notational
simplicity. Recall the choice of (hy, hg) in (2.17) in the main paper.

Define B := EB,, and the good event Q, := {||B,, — B < 1/(2||B7!||)}. Note that €,

is well-defined as we now prove B is indeed invertible. For any a € S, it holds that

//{ ( u—HJ?z/Q_x*>}2hilK(uh_lv>hi2K((u+vz/22_x*)])x(u)px(v)dudv
//{a q(v }K (v)px (™ + hov + hiu/2)px (2 + hov — hyu/2)dudv

_ / / {aTq(v — hyu/(2h2)) VK (@)K (v — by (2he))px (@ + hav)px (" + how — hyu)dudy

1+hiu/(2h2) hlu 2 h
= / / { q<v - ﬂ) } K(u)K(v — ﬁ)px(m‘ + hov)px (™ + hov — hyu)dvdu
1+hiu/(2h2) 2 2

14+hiu/(2h2) hou 9
= M / / {aTq (” N _> } px (2" + hav)px (27 + hav — hyu)dudu,

1-+h1u/(2hs) 2hs
where in the last inequality we use the lower bound M, on K(-). Note that the first term
of the integrand {aTq(v — %) }2 is a polynomial of variables u, v and thus only takes zero
value with Lebesgue measure at most 0. By the second part of Condition (¢) in Pyt (x,e) With
d = hs (note that hy < §y for any fixed g > 0 and sufficiently large n), for the given x*,

there exists a set A,« C [—1, 1] with Lebesgue measure at least ¢y such that for all v € A,

x* + hyv € supp(X), and moreover, for each v € A+, the second part of Condition (¢) with
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d = hy again implies the existence of a set A+, C [—1, 1] with Lebesgue measure at least ¢
such that for all u € A, ,, it holds that x* + hov — hyu € supp(X). Therefore, by the first
part of Condition (c¢) and the fact that hy/he — 0, there exists a fixed positive constant ¢

such that

Ain = inf @' Ba > ¢ > 0.
acSt

This concludes that €2, is well-defined. By triangle inequality, we have
~ 2
E(V() - V("))

< E(f/(a:*)]lgn - V(x*)>2 + E(‘A/(x*)ﬂ%)Q (A7)

~

< {E((V(x*) - V(x*))]lgn> }2 + E(?(x*)ngn - ]E(\A/(x*)ﬂgn>)2+
E((VQ(x*) + x72(x*)) 192).
By Lemma 14, we have for the first term
{E((V() - V(@")1a,) }2 < C(R £ + W7 4 72).

By Lemma 15 with conditions nhy — oo and n?hihy — oo satisfied with the choices of

(h1, he) in (2.17), we have for the second term
N ~ 2
E(V(ZE*)]lQn — E(V(Qf*)ﬂgn>> S C’(n_lhgl + n_Q(hlhg)_l + 7'3)

Plugging in the values of (hy, he) as in (2.17) and choosing 7, < n™* for some fixed k > 1,

we obtain that

E(V(") - V(a:*)>2 < C(n w5 47 50) + E((VA(e") + V2(@") ) 1y ).

Lastly, note that ‘A/(x*) = _iej Dijwij /(D wij+7,) is a linear estimator with weight w;; =

(Z)_qu (0)B;q((X;; —2*)/hy)K;j. By definition of B}, w;; is thus a weighted polynomial of

K;;(X;; — x*)/hy up to some order that only depends on ¢. Therefore, in view of the choice
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of 7, (decaying to 0 polynomially with n), hy, he, there exists some sufficiently large constant

n (only depending on «, 3, k) such that

E(]E(f}?(x*) | {Xi}?:1))2 <,

and thus by Cauchy-Schwarz and the exponential inequality in Lemma 17, it holds that

E((VQ(:L**) + 172@*)> I[Q%) = E((Ef}%x*) Fe et VZ(ZU*))ILQ%>
S (BEV? () [{Xi}1)? + V(@) /P V2(0)

af
— 0<n74aﬁ+2a+6 +n 2/J‘+1 ) .

This completes the proof. O

A.3.2  Proof of Theorem 4

Proof. Note that the boundary of n=8#/(4af+8+20) anq p=28/CF+1) lies at o = B/(48 +
2). When a > /(45 + 2), the statement can be proved using a slight variation of the
proof of Theorem 4.2 in Brown and Levine (2007), and we omit the details here. Next,
we will focus on the case where a < /(48 + 2). Consider a fixed point z* € supp(X).
Throughout the proof, C' and ¢ represent two generic positive constants which only depend
on «, 8,Cr, Cy, C,, Cy, cg, C. and might have different values at each occurrence, but like in
the proof of Theorem 2, let ¢ be always smaller than 1/4. Also, without loss of generality,
assume that the sample size n and Cz, Cy, C,, C., Cy are sufficiently large, ¢ is sufficiently
small, and [0,1] C I.

We will make use of Le Cam’s two point method. Introduce the constants

02 = 12 = b = en W, M o= hy/(4hy) — 1/2, N :=2M +1 = hy/(2h1), (A.8)

n

where we tune the constant ¢ in 62 so that M is a positive integer. Note that under the above
choice, hy/hy — 00 as n — 0o. We now specify f(-), V(+), distribution of X and distribution

of € in the null and alternative hypotheses, Hy and Hy, respectively.
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Choice of e: Under both Hy and Hy, let e ~ N(0,1).

Choice of V(+): Under Hy, let V =1. Under Hy, let V =1—02H((x — 2*)/hs), where
H(-) is p-Hoélder smooth, infinitely differentiable, compactly supported on [—2,2], and

takes value 1 on [—1,1].

Choice of f(-): Under Hy, let f = 0. Under Hy, let f be zero outside [z* — hy, x* + hs],
and inside this interval, the linear interpolant of the function that takes value r; on
[2* — hg + (4i — 3)hy, 2" — hy + (40 — 1)hy] and zero at z* — hy + 4(i — 1)hy for all
i € [N], where {r;}¥, is an ii.d. sequence of symmetric and compactly supported
random variables with distribution G satisfying

/ ij(dx):/ do(x)dr, j=1,...,q,

[e.e] [e.e]

where ¢ is some fixed odd integer strictly larger than 1 + (8 + 2a)/(2a/3).

Choice of X: Under both Hy and Hy, let X be uniformly distributed on the union of

the intervals

0,11 ([O,x* — 2ho] | Jla* + 200, 1] [* — ha + (4 — B)hy, 2" — hy + (4i — 1)h1]>.

See Figure 2.2 for an illustration. We now make a few remarks about the above construction.
For the design of V(-) under Hy, one example of the smooth bump function H () is (1[_3/2,3/9*
©1/2)(+), where ¢ () := @(x/c)/e with p(z) := exp(—1/(1 — 2?))1{|z| < 1} being a smooth
and compactly supported mollifier. The design of f(-) under H; is a “localized” version of
f(+) in the proof of Theorem 2. The existence of {r;}Y, is again guaranteed by Lemma 5,
and their range, which we denote as B, only depends on « and 3 and is thus fixed. Lastly, we
indeed have z* € supp(X) since it is in the (M + 1)th interval in the N intervals specified in
the support of X. Moreover, under Hj, conditioning on the event that X; € [x* — hg, 2™ + hy)

and any realization of {r;}Y f(X;) is uniformly distributed over {hSry, ..., hSrx}.
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Clearly, under both the null and the alternative hypotheses, V(-) is S-Holder smooth,
and under Hy, f(-) is a-Hélder smooth for each realization of {r;}¥, due to their compact
support. Next, we show that the joint distribution of (X, ¢) satisfies the three conditions in
Put,x,e).- Condition (d) clearly holds and Condition (a) holds with I = [0, 1]. Condition (b)
holds as well since for any w in the support of X, px(u) = 1/(1 — 3hs) for z* € (0,1) and
px(u) = 2/(2 — 3hy) for z* € {0, 1}, both of which are smaller than 2 for sufficiently large
n. Lastly, for Condition (c), the first part clearly holds since inf,cqupp(x) Px (u) > 1. For the
second part, define A, s := {u € [-1,1] :  + du € supp(X)}. Then, for any 2* € (0,1) and
any 0 < 6 <1/2, we have \(A,5) > 1/2if x € (0,2* — 2ho] J[z* + 2ho, 1) and (A, ) > 1/4
if o € UM, [2* —ho+ (4i—3)hy, 2% —hy+(4i—1)hy]. A similar statement holds for z* € {0, 1}.
We therefore conclude that Condition (c) also holds.

Denote Py and Py to be the joint distributions of {X;,Y;}?; under Hy and H;, then
the pointwise squared distance between Py and Py (Vo(2*) — ‘/'1(3:*))2 = 0} is the desired
minimax rate. Further define P; as the corresponding joint distributions of {X;, Y;}” ; under
Hy with {r;}¥, replaced by an i.i.d. standard normal sequence {7}~ ,. Then, following the
same line of proof of Theorem 2, it suffices to show that TV (PP, IF’l) < cand TV(Py, IF’l) <ec.

For the first inequality, in view of (A.3) in the proof of Theorem 2, it suffices to upper
bound TV(Py(y | ), Pi(y | @) for each realization {z;}",. Note that under Py, y |
x ~ N,(0,%), with X9 = I,,. Denote {b;}I, as the location index sequence of {X;}",
taking values in {0,1,..., N}, that is, b; = 0 if X; ¢ [¢* — ho,x" + hy] and b; = j if
X; € [2* — ho + (47 — 3)hy, 2" — hy + (47 — 1)hy] for j € [N]. Then, due to the symmetry of
{r;}X,, the design of the nonparametric component f, and the fact that H(-) takes value 1

on [—1,1], it holds that under Py, y | & ~ N, (0, %;), with

and (El)ij = h%aiﬂ_{bl = bj,bi Z 1,bj 2 1} for i 7é j Define No = 217&] ]]_{bz = bj,bi Z
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1,b; > 1}. Then, we have by Lemma 6 that

1/2

TV(Po(y | ), By(y | ©)) < C(h1*Ny)"* = Co2 Ny

Note that Ny is a random variable that depends on {X;}” ;, and by (A.3) in the proof of

Theorem 2,
TV(P,, Py) < COPE(N,?) < CO2(ENy)'/2.

Since direct calculation implies that E(Ng) < CnNh2 = Cn2hyhy, we have TV(By,P;) < 1
under the given choice of hq, hy and 6,,.

Using a conditioning argument, the second part of proving TV(IF’l, P;) < 1 follows sim-
ilarly from that of Theorem 2 by noting that n?h; — oo and nh; — 0 as n — oo under
the constraint @ < /(45 + 2) so that Lemma 7 can be similarly applied. The proof is
complete. O

A.3.83 Proof of Theorem 5

Proof. As in the proof of Theorem 4, we focus on the regime o < /(45 +2). We will couple
the proof of Theorem 4 with a standard technique via multiple hypotheses in the classic
setting of mean function estimation.

Introduce the following notation:

2._ 12 ._ 1B ._ ol - -
0s = hl = h2 = cn Aeftbt2a Ny = 1/(4h2), Ny = hg/(Zhl),

n

and  x] :=2hy + (i — 1)4dhe, @ € [Ny,

where we tune the constant ¢ in 62 so that N; and N, are both positive integers. Note
that under the above choice, hy/h; — oo as n — oo. By the renowned Varshamov-Gilbert
bound (cf. Lemma 2.8 in Tsybakov (2009a)), there exists a set of length- Ny binary sequences
{Aj}jj‘io with M > 2M2/% such that Ay = Oy, and for any 0 < k < £ < M, it holds that
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p(Ay, Ay) > Ny/8, where p is the Hamming distance. We now choose a number of M + 1
hypotheses with {Aj}j”io satisfying the above property, which we denote as Py, Py, ..., [Py,.
We now specify f(-), V(-), distribution of X and distribution of € under each hypothesis.

Choice of e: Under Py and P; for all j € [M], let € ~ N(0,1).

Choice of V(-): Under Py, let Vo = 1. Under P;, let Vj(z) := 1=3"02% A, .02 H((z — 2¥) /hy),
where H () is infinitely differentiable, compactly supported on [—2,2] and takes value
1on [—1,1].

Choice of f(-): Under Py, let fo = 0. Under P;, for all i € [Ny] such that A;; = 1,

(4)

let f be the linear interpolation of the function that takes value rié on the interval

[F — ho + (4k — 3)hy, xF — ho + (4k — 1) hy] and value zero at x} — hy +4(k — 1)h; for all

k € [N;], where by denoting m; := ||A,||o, {7“57]2}je[M},ie[mj],ke[Nl} is an i.i.d. sequence of

symmetric and compactly supported random variables with distribution G satisfying
/ 2/ G(dx) :/ vo(x)dr, j=1,...,q,

where ¢ is some fixed odd integer that only depends on « and £.

Choice of X: Under Py and IP; for all j € [M], let X be uniformly distributed on the

union of the disjoint intervals
Ny Ny
U U} = ha + (4k = 3)hy, 2} — by + (4k — 1)hy].
i=1k=1
The existence of H(-) in the design of V(-) and variables {Tg;]g}jE[M]7ie[mj]7kE[N1] is as argued
in the proof of Theorem 4. Moreover, one can readily check that for each 0 < k < ¢ < M,

the integrated squared distance between each P, and P, satisfies

PR = [((e) = Vi) Poxla)de 2 1 = -,
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which is the desired lower bound.

Clearly, under each P;, 0 < 5 < M and for each realization of {rgg}je[M],iE[mije[Nl],
fi(-) and Vj(-) are a- and B-Holder smooth, respectively, due to the compact support of
{Tz(,jé)}jE[MLiE[mijE[Nﬂ- Moreover, the joint distribution of (X,e) (same in all hypothese)

satisfies the conditions in Py (x ) with a similar argument as in Theorem 4.

We now proceed with the proof. Note that under the above design, the support of X is
segmented into N3 := N; X Nj intervals, and we let {b;}!_; be the location index of {X;}I |,
taking values in [No] X [IV1], that is, b; = (k, £) if X; € [2;—ha+(40—3)hy, xf—ho+(40—1)hy].
As in the proof of Theorem 2, define the event €, := {max(u)ep[NQ]X[Nl] #{b; = (k,0)} <
K }, where K is the smallest integer strictly larger than 28 /(5 —4a/ —2a). Then, by Lemma
7, it holds that €2,, has asymptotic probability 1 under all of P; and ﬁj for 0 < j < M. Now,
by a standard reduction scheme with multiple hypotheses (cf. Chapter 2.2 in Tsybakov
(2009a)) and Lemma 19, it suffices to show that

= |

M
Z (P,,Po; Q) < clog(M) (A.9)

for some 0 < ¢ < 1/8, where K (P, Q;2,) is the “conditional” Kullback divergence between
probability measures P and Q defined as K (P, Q; &) := |, ¢ log(dP/dQ)dP for any measurable
set £. In order to show (A.9), it further suffices to show that K(PP;,Py;2,) < log(M) for
all j € [M]. We now focus on a particular j € [M]. For notational brevity, we will drop
the superscript () in the sequence of variables {Tgﬁg}ie[mj],ke[m] for this particular j. Note
that No/8 < m; < N, by the property that p(Ag, A;) > No/8. Moreover, by the design of
f, there are a total of m;N; trapezoids in the union of the intervals [z} — ho,z] + ho| for
those 4 such that A;; = 1. Define IP’ as the joint distribution of {(X;,Y;)}, under P; but

with {7 }icim,),ke(v,) Teplaced by a sequence of i.i.d. standard normal variables denoted as
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{74k Yicim,),ke(nvy)- By definition, it holds that

K(P;,Py: 0) = / p;log
n Po

p; D S
—/ pjlogr”r/ leog—‘“r/ (pj — p;)log =
Qn P Qn Po Qn Po

~ ~ N Di
:K(]P)],P],Qn)+K(P],P0,Qn)+/ (p]—pj)logp—z

n

for density functions with respect to some common dominating measure. Next, we will show
respectively that, by matching the moments of {7;x }icm,) ke(v,] and the standard Gaussian

random variable up to some sufficiently high order, it holds that

K(P] ]P)j;Qn) 5 17 K(ijaPO;Qn) S log(M)7 and / (pj _5]) log(ﬁ]/pO) 5 L.

First note that, by denoting « := (z1,...,x,), de := dz; ...dz, and similarly for y and

dy, we have

@)
dP;(y | x)

= E{1{2.}K (F,(y | 2). B,y | @) |

< E{1{.)1* (B(y | 2). B(y | @)

= X2<Pj>]§j39n>a

KB, Bi) = [ 1 )p(a)do [ 1%%) P, (dy | =)

where the inequality follows by Lemma 2.7 in Tsybakov (2009a). Therefore the first inequal-
ity K(Pj,@j; 2,,) < 1 holds by Lemma 18.

Next we prove K (fbj, Py; Q) < log(M). Again, it suffices to prove that for any realization
of {X;}, in Q,, it holds that K(I@j(y | ), Po(y | ) < log(M) < Ny. Note that under
Po, y |  ~ N,(0,%), with 3¢9 = I,. Recall that the location index sequence {b;}!, =
{(ki, 0;) }1—, takes the value (k;, ¢;) = (k,0) if X; € [} — hg+ (40 —3)hy, 2§ — ho + (40 — 1) hy].

Then, due to the symmetry of {7 }icim,)ke(v,], the design of the nonparametric component
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f, and the fact that K (-) takes value 1 on [—1, 1], it holds that under ]?’j, y |z~ N, (0,%,),
with

()i =1 01{A; 5 =1} + hi*1{A;,, =1} =1
and (El)iliz = h%a:ﬂ_{A%kil = 1, (kilagil) = (kﬁiQ,EZ‘Q)} for il 7é ig. Define
N() = Z ]]'{Ajvkil = 1, (k’“,fil) = (kmyEm)}
i iz
Then, by the proof of Lemma 3.6 in Gao and Zhou (2016), it holds that

K(P(y | ), Po(y | ) < Chi*Ny = CO2N,.

Note that Nj is a random variable that depends on {X;}?,, and by direct calculation we

have
E(No) < n2m]~h2h1 = n2N2h1h2.

Putting together the pieces, we have K(I?P;j, Po; 2,) < 02n2hihyNy < Ny. This completes the
proof of the second inequality.

Lastly, we show that [, (p; — p;)log(p;/po) < 1. First note that

Aw—mm@m>

s/wm—mw%@m>
Qn

) (/‘2“|*|pj _@,)1/2 (/'*bﬁj —13}logQ(ﬁj/po))1/2
< (/in*lpj —1’5]-)1/2{ </pj logz(ﬁj/po))lﬂ . (/@bg%@/po))l/?}

By Lemmas 21 and 18, by matching moments up to some sufficiently high order, the first

term above can be upper bounded (up to some constant) by n=" for any n > 0, therefore
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it suffices to show that both [ p; log®(p;/po) and [ p; log?(p;/po) can be upper bounded by
some polynomial of n of fixed order. Consider any realization of {X;}” ; in €, and assume
that based on their location indices {b;}" ,, the n data points are partitioned into L; + Lo
clusters with cardinality s, such that the X;’s in the same cluster have the same value b;.
Moreover, for each data point in the first L; clusters, the location index b; = (k;, £;) satisfies
that A, = 1 while for the data points in the last Ly clusters, it holds that A;; = 0.
Apparently, we have the relations 1 < Ly + Ly < n, EL:TLz ss =nand 1 < s, < K for
¢ € [Ly + Ls]. Moreover, denoting f”jm and Po r, (resp. Djr, and pg r,) for each £ € [Ly + Lo
as the joint distribution (resp. density) of those Y;’s in the ¢th cluster conditioning on the
given realization {X;}" ; under @j and Py, we have

Li+Lo Li1+Lo

pj = H Pjx, and  po = H Do, -
=1 =1

Moreover, for any Ly +1 < ¢ < Ly + Lo, it holds that p; », = po.r,, therefore it holds that

~ L1 2 Ll
D) _ ~
10g2<p_;) - (Z l0g(Pjr,) — log(po,m,)) <nY 108 Bjm, /Pom,).
=1

=1
Now consider any ¢ € [L;] and assume that s, = d for some positive integer d. Without
loss of generality, assume the y;’s in this cluster are {yi,...,y4}, and they take the form
Y, =g+ (1 — RoY2g, = 0,711 + (1 — h2)1/2¢; under IF’]- and Y; = ¢; under Py. Define

o?:=(1- hg ) which is positive for large enough n. Then, the previous equalities imply that

Po,r, = o(yr) .. o(ya) = (271')7d/2€Xp (_ 21:21 Z/zg)

and

- 1 [y —0,v 1 Yqg — Opv
Dim = | —p| ——— | ... —p| =/ |p(v)dv
o o o o

Zjﬂ yi (Z?:l Yibn)*
o=1(dO2 + o)1/ eXp( 200 20°(d2 + 07 )

= (2m)~4?
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Putting together the pieces, we obtain that

d 2 d 4 d
108> (Bj.r,/Por,) S d”log®(1/) + <Z yf) + <Z yﬂn) S+ oyl

Therefore we have

Ly d L1 d
[oog@im nd" [pa+r Y uh <nd S [t <0
=1 i=1 (=1 i=1

where we use the fact that L; < n. Similarly, we have [ p;log®(p;/po) < n?. The proof is
thus complete. O

A.3.4 Supporting lemmas

Lemma 14. Suppose f € Ao (Cr), V € Ag(Cy), 0 < C, for some fized constants Cr, Cy, Cy,
and the joint distribution of (X, e) belongs to Py (x.). Then, with €, defined in the proof of
Theorem 3, it holds that

’*\E{ (17(95*) — V(;ﬁ)) ﬂﬂn} < C(hf(a/\l) n hg n h’f“ N Tn)
for some fized positive constant C' that only depends on o, 5, Cr, Cy, Cy, Cp, C-.

Proof. We adopt the notation ¢, q(-), B,, X;;, and K;; from the proof of Theorem 3. Also
recall the definition of B}, D;;, w;;, and w;; from the definition of V(:U*) Writing E. as the

conditional expectation given {X;}" ;, it holds that
HE{ (V(e*) = V(a")) 10, } = HE{10,E(V(2") = V(")) }.

Then ‘7(.1'*) = Zi<j ?IJ/iJDij and

+E{10,E. (V@) - V(@) }

< ]*\E{]lgn N @y(E.Dy; — V(a:*))} + V(@) ¥ E{ 1o, (|Bu] + 7)1}

i<j
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By definition, it holds on €2, that ||B,, — B|| < A\nin(B)/2, where A\yin(B) is the smallest
eigenvalue of B. Thus by Weyl’s inequality, it holds that A\yuin(B,) > Amin(B)/2 > ¢ for
some fixed positive constant ¢ due to the invertibility of B as proved in Theorem 3 under
Condition (c) in Py (x). Then, using the fact that |B,| > A’t!(B,) and the boundedness
of V(+), it holds that

|*]E{lgnE5<‘7(x*) . V(m*))} < |*|E{Ilgn S @,(EDy — V(a:*))} + O,

i<j
Direct calculation shows that E.D;; — V(a*) = (f(X;) — f(X;))?/2 + (V(X;) — V(z¥))/2 +
(V(X;) — V(z*))/2. Due to symmetry, we only need to control the first two terms. For the
first term, using the fact B = |B,,|B.! on ,, (B, invertible on €,,), we have

E{ﬂgn Z(|B”| + 1) " (F(XG) — f(Xj))z}

1<J

1<J

E

E{ﬂﬂn S(B.+7) g <o>B*q(X"jh—f*)Kij<f<Xi> - f<Xj>>2}

. [ Xij—a"
(.14 7) " OB (S ) Ky (X = ()71, |
[ 1 — * 2(anl ‘Bn’ —
< BYE{(IBa] + ) 7B Kyla, b = AT E{WIIBJIIKWIQR}
< R MEK < ORfet.

Here, the second inequality follows from the fact that ||B || = A\puin(B,)™! is bounded by
some fixed constant on §2,,, and in the last inequality we use the fact that EK;; is bounded

Condition (b) in Py (x,). For the second term, it holds that

#[E(1a, Y @(V(X:) = V("))

1<j

< [#[E(Ta, Y @i (V(Xiy) = V(@) + [*[E(Lg, > @i (V(X;) = V(X)) == T + 1.

1<J 1<j



179

For I, using the Holder property of V(:) and the reproducing property of local polynomial
estimators (see (2.16) in the main paper), that is,

S wi(Xy— 2 = @(Xy -2 =0, k=1,2,....¢

i<j i<j
it holds that

|*|E{19 wa V(ﬁ*))}
(k) O(2* + 7(Xy; —
Hm{ﬂ §:ww< v ( %Xﬁ—xﬂh*v ( +gg% )&Xw—fﬂﬁ}
1<J k=1 ! ’
{ﬂﬂn wa [ ) (V(Z)(x* +7(Xyy —2")) — v (x*))}

(Xij —
0!

X — a*
— E{ 10, (B4 +Tn>-1qT<o>B;:q( =)k,
2

SE{lg,|Xi — = “1°(IBy| 4 ) Y| BE || K. i)

D (VO + (X — 7)) — v<f><x*))}

< WE(Lg, ||B, Y| Kiy) < hb,

where in the second line we use the Taylor expansion of V(-) around x* with some 7 € [0, 1],
in the fifth line we use the fact that g((X;; —x*)/h2) has bounded ¢, norm due to the compact
support of K(-), and in the last inequality we use again the fact that ||B || is bounded by
some fixed constant on €2,,. With a similar calculation and the fact that S-smooth functions

are Lipschitz for § > 1, we have I < hf M Therefore, putting together the pieces, we obtain
y*yE{ <‘7(w*) - V(x*)) 11Qn} < c(hf(“” SRS RN Tn).
This completes the proof. O

Lemma 15. Suppose f € Ao (Cx), V € Ag(Cy), 0 < C, for some fized constants Cr,Cy, Cy,
and the joint distribution of (X, ) belongs to Py (x ). Assume that nhy — oo and n*hihy —

oo as n — oo. Then, with €, defined in the proof of Theorem 3, it holds that

Var(‘A/(x*)]lQn> <C(n'hyt +n 7 (hhe) ™t + 77)
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for some fixed positive constant C' that only depends on «, 3, Cr,Cy, C,, Cy, C..

Proof. We adopt the notation ¢, q(-), B,,, X;;, and K;; from the proof of Theorem 3. Also
recall the definition of B} and D;; from the definition of V(z*). Define the vector-valued
U-statistic
n\ n\ X —a*
U, = (2) 9(Xi, X;) = (2) ZDsz<”h—)Km’
i<j 2

and let 8 := Eg(X;, X;) € R, Then, for each j € [¢ + 1], writing E. as the conditional
expectation given {X;}" ;, we have

6, E(DU (X5 —jif*)/hz)j Kij) _ E<((Xij —jif*)/hz)j KianDij)

<1’

~Y

_ E<<<XU —t P2 () — FOG) + V(X)) + V(Xm) SEK;

where we have used Condition (b) in Py (x ), boundedness of V(-) and compact support of

K(-). Therefore we have ||@]] = O(1). With the above notation, and using the fact that B,

is invertible and satisfies B} = |B,,|B.! on €,,, we have

B,
Bn| + 7

Tn

Ve o, = B+

q'(0)B;'U,lg, =q' (0)B,'U,1q, — q' (0)B;'U,1q,.

Thus in order to upper bound Var (YA/(x*)]lgn>, it suffices to upper bound the variances of
the two terms in the above display. For the second term, using the fact that |B,,| is bounded
away from zero on €2, under Condition (c) in Py (x ), we have

Tn _ _ 2 _
VaT(WqT(O)BnIUnﬂQn) ST E(q"(0)B,'U,lg,)” S 72E(||B;, ' 1o, |?I|U.I1°) S 72,

where the last inequality follows since ||@|| = O(1) and U,, concentrates to 6 by Lemma 16

since nhy — 0o and n?hihy — co. The first term can be decomposed as

q"(0)B;'U,1q, =q' (0)(B;! =B YU, 1g, +q" (0)B™'U,1q, :=1+II.

n
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For the first term, it holds on the event (2,, that
B, =B~ = B7'IB, B, — Bl < IB[[(IB;" = B~'|| + B™'[)[IB, — B

Thus on the event €2,,, it holds that | B! —B~!|| < [|B7'||?||B,—BJ|/(1—|B7!||||B,—B||) <
2||B71?||B,, — BJ|. This implies that

Var(I) <E(g(0)(B,' = B)U,l0,)" <E(|(B;" = B 1o, |P(|U.[%)

<E
SE(IB, — BIP(|U.)%) < (E[B, — B|[Y)2(E|U,[")"*.

Clearly, (E||U,||*)"/? = O(1) since U,, concentrates to 8 and ||@|] = O(1), and by Lemmas
17 and 10, it holds that (E||B,, — B|*)*/? <n~'hy' +n~2h;*hy'. This concludes that

Var(I) <n thyt +n 2k hy !
Lastly, for I1, writing Z := qT(O)B_l(g)_1 > ie; 9(Xi, Xj), we have
Var(I1) = E(Z1q, — E(Z1q,)) =E(Z —EZ) + E(Z1ac) — Z1g:)? < Var(Z) + E(Z1ge )*.
By Lemma 16, it holds that
Var(Z) <nthy' +n 2k hyt.
Lastly, by Cauchy’s inequality and Lemma 17,
E(Z1g;)* < (EZY)Y2PV2(Q5) < (IB7Y1'E|ULY)*PY2(95) = o(n~'hy " +n~2h 1y ).
Thus we conclude that
Var(I1) <n thyt +n2hthy
Putting together the pieces, we have proved
E(V(w*)lgn . E(V(l‘*)ﬂgn>>2 < n Uyt 4 2 (hyhe) " 4 T2,

This completes the proof. n
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Lemma 16. Consider the term Z defined in the proof of Lemma 15:

- rom () a5

Then, under the same conditions of Lemma 15, it holds that
Var(Z) < C(n~'hy' +n~?hi hyt)

for some fixed positive constant C' that only depends on «a, 3, Cy.

Proof. Denote g(X;, X;) := qu< Lt >K and 6 := Eg(X;, X;). Then, it holds that

Var(Z) = ( BI(Z> > Xi,Xj)—9)>2

2
<51 (5 ) 9(X,, X,) — 0)
1<J
§n_4 Z g(XZaX ) O)T(Q(XZ’7X]/) _0)}7
1<j,4' <j’

where the last inequality follows since B™! is invertible under Condition (c) in Pyt (x,) as
proved in Theorem 3. Apparently, when i, j,4’, j' are all different, the summand equals to

zero. When i, j, 7', j' take three different values, say, i =i’ < j < j’, we have

E{(g(X;, X;) — 0)"(g(X;, X;) — 0)}

Xy —a*\ 1 Xy — "
— E{DijDz'j’qT <jh—2) q’ (]h—g) Kz‘sz‘j’} — 6.

Let Z, := g(X;, X;) and Z, := g(X;, Xj). Then, for any k € [¢ + 1], it holds that |x|Z; ; <
D Ky, (X; — X;)Kp,(X;; — «*) and similarly for Z, ;. Therefore, using the finite fourth
moment of ¢ in Condition (d) of Py (x, in the calculation of E.(D;;D;;) and the fact that
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both f(-) and V(-) are bounded, we have
E(|Z11Z2xl)
S B{ Dy Kn, (Xi = Xj) K, (Xij — 27) Dijr K, (X — X ) K,y (X — 27) }
S E{ K, (Xs = X5) K, (X — 27) K, (X — Xjo) Ky (Xijr — 27) )

1 v—u g w—u utw g
= K K| -2 K K| -2 dudvd

1 e thy + hy(w —)/2
h_2 K(u)K(v)K(w)K( )

5 l/hQ’

px(s1)px (S2)px (s3)dudvdw
2

where we again invoke Condition (b) in Py (x,) and the compact support of K(-), and

h,v hiv vh
s1 = whe +x* —%U, So = Uhy + +%U, s3 = why + x* +wh1—%

This, along with the fact that ||@|| = O(1), concludes that
E{(g9(X:, X;) — 0)"(9(Xs, X;1) = 0)} < 3

when 1, j,4', j take three different values. Similarly, one can prove that when i, j, 7, j' take

two different values, that is i = ¢’ and j = j,
E{(g(Xi,Xj) - H)T(Q(Xi',Xj/) - 9)} S (}l1h2)71

Putting together the pieces, we obtain that
n*hy '+ n(hihy) ™!

n

Var(Z) < =n"thy' 4+ n2h thy

This completes the proof. O

Lemma 17. Suppose Condition (b) in Py (x,e) holds. Assume n*hihy — 0o, nhy — 00, and
hi/hy — 0. Then, for any u,v > 0, the matrices B,, and B defined in the proof of Theorem
3 satisfy

]P’(HBn—BH > C(0" 020y P oy 1/2)) < C(exp(—u) + exp(—v))

for some fixed positive constant C.
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Proof. Using a standard entropy argument (see, for example, Lemma 5.3 in Vershynin

(2012)), it holds that for any ¢ > 0,

P(|B, — B| >t) < N max IP>(| la; (B, — B)a; >t/2),

1<i<

where N := 5! and {a;}Y, is a 1/2-net on the unit sphere S*. We now upper bound
P(|*|la’ (B, — B)a > t/2) for an arbitrary a € S* with the help of Lemma 13. For this, we
upper bound the five quantities By, By, Bz, 2, v2 therein. Denote the kernel of a'B,a as g

and its linear part as g1, that is,
(X =2\
Then, we have

0 o) (B

X, + hy@i/2 — z* o
< /K ( /2 — )pX(XZ-—i—uhl)dug hy,
h2 h2

where in the first inequality we use the fact that q(%) has bounded ¢, norm due to
the compact support of K(-), and in the last inequality we apply Condition (b) in Py (x,e).
Therefore B; < h;' and one can similarly show that v? < hy ',

For B,, we have

X — 2 \\'1 X, —X;\ 1 X, —a*
B2 = E Tl 22— R ) R (2 )X
S {(aq( hs >) hi ( h )h% ( ha )l Z}
n 1 Xi—X;
E K X;
Nhlh 2y {hl ( hy )' }

2 sup/K 0x (X + uhy)du < nhythy?
1

T k2

This concludes that By < n'/2h;/*h;'. Moreover, one can easily show that v2 < (hihs)~!

and Bs < (hyhy)~t. Putting together the pieces and applying Lemma 13, we obtain that for
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any u,v > 0,
P(|«|a" (B, — B)a > a10"? 4 agv + byu'’? 4 byu + bsu®/? + bau®) < C(exp(—v) + exp(—u)),

where a1 < n= V21 4y <n~thytand by < nthy PRy YR by < nihyt by < n 2R PRy by <
n~2h;'hy'. Under the conditions n?hihy — o0, nhy — 0o and hy/hy — 0 as n — oo, the

dominant terms are a; and by, that is,
n V20 Py e g 2
This completes the proof. O

Lemma 18. Under the setting and conditions of Theorem &, for any positive n > 0, there
exists an i.i.d. sequence {7 }icim,) ke[, (with mj, N1 defined in Theorem 5) with range
contained in [— B, B] for some B only depending on «, 3,1, such that the probability measures

P; and EN”j defined therein satisfy that
X2 (Pjv jIVDj; Qn) 5 n‘ﬁ)

where, for any measurable subset € and two probability measures P and Q, x*(P,Q; £) is the
conditional x?-distance defined as
2
pP—q
X2(P,@;8) e / (—>
£ q

with p, q being the densities of P and Q with respect to some common dominating measure.

Proof. Without loss of generality, let 5 = 1. First note that the conditional y?-distance can

be written as

C(rFen) - [siog BEDHED

_ /ﬂ () p(@)de / iyl -ply|=)

pi(y|x)

_ E{H{Qn}XQ (IPﬁ(y ). Pi(y | “’>>}
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where we have used p(-) to represent the density of {X;} , under both P; and P;.

Recall the definition of the location index sequence {b;}? ; in Theorem 5. Consider any
realization of { X;}" ; in €, and assume that based on their location indices {b;}"_;, { X},
is partitioned into L; + Lo clusters with cardinality s, such that the X;’s in the same cluster
have the same value b;. Moreover, for those data points in the first L; clusters, the location
index b; = (ki, ¢;) satisfies that Ay, = 1 while for the data points in the last Lo clusters,
it holds that Ay, = 0 (recall the definition of Ay = (Ay1,...,A1n,) in the lower bound

Li+Lo o
el P sp=mnand

design of Theorem 5. Apparently, we have the relations 1 < L;+ Ly < n,
1 <s; <K for £ € [L; + Lo] (recall the definition of K in Theorem 5). Moreover, denoting
Py ., and ﬁ’lw (resp. p1x, and pi ) for each ¢ € [Ly + Lo] as the joint distribution (resp.
density) of those Y;’s in the (th cluster conditioning on the given realization {X;}" , under

P; and f”l, we have

X’ (Pl(y | m)vﬁnl(y | 33)) = Lﬁ2<1 +x? <IP’1W,IF)1W>) -1

/=1

Ly

= H(l + X2 (]P)l,ﬂ'g7]:f§1,ﬂ'g>) - 1

/=1
Ly B
S eXP{Z X2 (Pl,mga Pl,mg) } -1
/=1

where the first equality follows by mutual independence of data points in each cluster, the
second inequality follows from the fact that for those data points Y;’s in the latter Ly clusters,
each Y; | X; ~ N(0,1) under both P; and ﬁ’l. Since L, < n, it suffices to show that for any
realization of {X;}", in ,, by matching enough moments, we have x* (Pl,ww f”l7ﬂe> <n"
for any n > 0.

For each ¢ € [Li], |*|p1x, — P1.r, only depends on the ¢th cluster via its cardinality,
which we now control for a general cluster size 1 < d < K. Without loss of generality, we
assume that ¢ = 1 and the y;’s in this cluster are {y,...,yq} with common location index

b; = (1,1). In this case, under the choice of #% and hy given in Theorem 5, we clearly have
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Yi=0,r11+(1— hg)l/%i under Py and Y; = 6,711+ (1 — h§)1/25i under I?’l for ¢ € [d], where
the sequence {g;}¢, follows the standard normal distribution under both P; and P;. Define

02 :=1—hl =1—62. Then, it holds that

>~ 1 —0,v 1 —0,v
Prm (W1, -5 a) = / —p (—yl ) ---—w(—yd >G(dv),
0 O o o o
_ 1 [y —6v 1 (ys—0,v
pl,ﬁe(yh oo 7yd) = / —¥ (1—) s —QO( a >g0(v)dv,
o o o o

—00

where G is the distribution of {r;}icfm,reinv,). Using the well-known equality o(t — 0,v) =
o(t) (D e vk Hy(t)/K!) for any ¢, v, where Hy, is the kth order Hermite polynomial, it holds

(yl - env) (yd - env)
g 2

290(@)...90(@) i (Gn_v) T Hy, (/o) Hiy(ya/0)

o o o k1! kg!

() () (B) | 3 () el A

and therefore by the symmetry of G and by matching the moments of G and the standard

that

AS

normal distribution up to order 2p for some positive integer p to be chosen later, we obtain

pl,ﬂg(yh B 7yd) _ﬁlﬂw(yl’ s 7yd)

o) o) (%) 3 A ) [ e
)

—e3)- DY) % B e ma

Define g1, := [v**(G — ®)(dv). Then, the above inequality further implies that

(pl,ﬂg(yb s 7yd) - ﬁl,ﬂg(yla o 7yd))2

:902(%)“.@2(@)%(%) Yy Hulnfo) Hubno) | Hilu/o) Heyalo)

o o o k! /! o kg! 121
kf=p kit tkg=2k 1 1 d d

O+ +Lg=20
(A.10)
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On the other hand, letting Z ~ G, we have

g
- o) oo (W25 <A-n>

where the last inequality follows from Jensen’s inequality and the fact EZ = 0, EZ? = 1
from moment matching. Combining (A.10) and (A.11), we obtain that

) ~ (Prome (W15 - - -, Ya) = Prome (W1, - -+ %a))’
X (]P)l,ﬂg; ]P)l,frg) = dyl R dyd

ﬁl,ﬂg(y17 .o ;Z/d)

0 2k+2¢ d
H H
S O_d 2 52k52£ E : ( TL) / yJ k; y]/0> £; (yj/a> dyj

o k;! ;!
k.=p ki14...+kq=2k
Ot A lg=20
[e%¢} 2k+20 d H
_ 2 Z Z On k (y5) H (Z/J)
k,l=p ki14...+kq=2k
l1+...+Lq=20
00 4k
0, 1 1
< — 2 —_— .
- Z ( g 52k Z k’ll kd' ’
k=p k1+...+kd=2k

where the last inequality follows from the fact that o < 1 and [ ¢(¢)Hg(t)H,(t)dt =
k!l1(k = ¢). Now, using the multinomial identity

3 (2k)! (1>2k »
| ] =1,
k1+...4+kg=2k kil kgl \d
we obtain that Zk1+...+kdz2k 1/(k!. . kg)) = d2k/(2k>!7 therefore it holds that

4k
~ > (6.Vd 1
2 n 2
X (P, Prgy) < kp( - ) (2k)!52k.
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Now, by Lemma 5, for any positive integer p, we can find a symmetric distribution G
that has the same first p moments as the standard normal distribution and is compactly
supported on [—B, B] for some B that only depends on p. This combined with the fact that
[t**o(t)dt = (2k — 1)!! implies that 03, < B* + (2k)!. We therefore obtain

4k
™ > en\/a _
XQ(IPLW’ Pl,w) 5 Z( o ) 5 n"

k=p

by choosing a sufficiently large p that only depends on «, # and 7, where we also use the fact
that d is bounded by an absolute constant and for sufficiently large n, it holds that o > 1/2.

This completes the proof. O

Lemma 19. For some M > 2, let Py, Py, ..., Py be M + 1 hypotheses on some measurable
space (X, A) such that for each 0 < i # j < M, P; and P; are mutually absolutely continuous.
Let Q2 be a measurable subset of X such that P;(Q) is identical for all 0 < j < M. Define

the “conditional” version of Kullback divergence as

K(P,Q:Q) = /Q 1og(;%>dp. (A.12)

Then, if
M
Z (P;,Py; ) < ¢*log(M)

for some 0 < ¢* < 1/8, the followmg statement holds

. VM N 2c*
Hdljfpe,M(i/J) > m (PO(Q) —2c" — log(M)> )

where the infimum ranges over all tests taking values in {0,1,..., M} and pep(¢) =
maxo<;<m Pj(¢ # j).

Proof. This is exactly the conditional version of Theorem 2.5 in Tsybakov (2009a). We first

show that subject to the condition

1 M
— ) K(P;,P;Q) <c
M
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for some ¢ > 0, for all 0 < 7 < 1, it holds that

%i (_ > 7> > Py(Q) — &, (A.13)
where ¢ := —(c+ +/c/2)/log(7). For this, we have for each j € [M]
w2 7) -*(w =3)
- {n({m =2 pne) s ({Fm = 2N}
SORI(E00

= Py(Q) _PJ<{1Og(d]P’o) (i)} )

> Po(®) — (og(1/7) B, (1og ) 1491).

-

where in the third line we use the fact that P;(©2) = Py(f2), and for a real number a,
ay = max{0,a}. Let py and p; be the densities of Py and PP; with respect to some common
dominating measure. Then, by definition of the conditional Kullback divergence, Lemma 20,

and Lemma 21, it holds that

Ep. <log(d j) 11{9}) /ij(logg—é)+
— K(Pj,IPmQ)_'—/ij (logz]j_g)_

< K(Pjapo;g) _'_TV(PijEDO;Q)

< K(B;, Po: Q) + /K (P;, Po; ) /2.

Now, by the condition Zj\il K(P;,Py; Q) /M < ¢ and Cauchy’s inequality, it holds that

M 1/2
1
MZ\/K P;, Po; 2 { ZK P],PO,Q} < Ve
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We therefore conclude that (A.13) is true. Next, by Proposition 2.2 in Tsybakov (2009a),

we obtain that

M
. ™M1 dP, M c+ /2
fpe i (1) > 15 (@os YU Py(Q) + —YL2 ).
nf pe,pr (¢) 0§g<1TM+1{MZ J(dpj —T>}—Oi3121¢M+1< o)+ 5,7 )

Lastly, by choosing ¢ = ¢*log M and 7 = 1/v/ M, we obtain

M
[ dly
nfp, > P. >
in Pem (V) oi171<1 TM+1{M - J(dIPj —T>}

j=

This completes the proof. O

Lemma 20. Let P and Q be two probability measures on a measurable space (X,A) such
that P < Q, and €2 be a measurable subset of X. Define the conditional version of the total

variation distance as follows
TV(P, Q; Q) := sup|«[P(A( Q) — QA Q). (A.14)
AcA
Then, it holds that
dP
log| — < TV(P,Q; ),
/Q( g(d@»_ = VIR QS
where a_ := max{0, —a}.

Proof. Let p and g be the densities of P and @Q with respect to some common dominating

measure, and define A := {g > p > 0}. Then, it holds that

AP
/(log< )) dP:/ p(logg) :/ ploggg/ g—p < TV(P,Q;Q).
dQ 2 N{pya>0} q/)_ Japne P Jape

This completes the proof. n
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Lemma 21. Let P and Q be two probability measures on a measurable space (X, A) such
that P < Q, and 2 be a measurable subset of X such that P(2) = Q(2). For the conditional
version of the Kullback divergence (defined in (A.12)) and total variation distance (defined
n (A.14)), it holds that

TV(P,Q; Q) < VK(P,Q; Q)/2.

Proof. Firstly, using the condition P(Q2) = Q(f2), it can be readily verified that the condi-

tional total variation distance can be equivalently written as

V(P,Q; Q) = ‘/@ al,

where p and g are the densities of P and Q with respect to some common dominating measure
(cf. Lemma 2.1 in Tsybakov (2009a)). Then, following the proof of the first Pinsker’s
inequality in Lemma 2.5 in Tsybakov (2009a), it holds that

V(P.Q; Q) = /l p—q
P
5L B
"2 Qnfg>0r 4
1 4 2p P
S—/) q <—+—)¢F)
2 Janie>0) 3 3q q
1 4 9 1/2 1/2
< LG 5)} {Lo(Gest -2 )]

= ggb@WRQﬁ)

<VE(P,Q;0)/2,

where 1(z) := xzlogz — x + 1. This completes the proof. ]

A.4 Proofs of results in Section 2.4

We only provide the proofs for Propositions 1, 2, 5, 8, 11-13. The proofs of Propositions 4, 6,

7, and 9 are straightforward, and the proof of Proposition 10 is similar to that of Proposition
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11.

A.J.1 Proof of Proposition 1

Proof. Given the proof of Theorem 1 and its supporting lemmas, the proof here is relatively
straightforward. We only provide here a sketched version for completeness. For simplicity,
we only prove the case with d = 2, and we will show that the desired upper bound can be

achieved with the bandwidths choices

hl — n—2a2/(4a1a2+a1+a2) and h2 — n—2a1/(4a1a2+a1+a2)

C and c still represent two generic fixed positive constants whose values may change at each
occurrence.
Define Uy, Us, 61, 05 and the “good” event £ the same way as in Theorem 1. Following its

proof, we now lower bound 0, and upper bound the term |x|0; — 6,02, For 6,, we have

Oy = E{Kn, (Xing — Xj1) Kny(Xi2 — Xj2)}

1 U v
= K| — K| — |p% (u,v)dudv
/RQ hihs <h1> <h2)pr( )

= | K(u)K(v)pg (uhi,vhy)dudv
2 g

R
1

:/ / K(u)K(v)pzj(uhl,th)dudv
—1J-1

2/ K(u)K (v)px, (uhy, vhe)dudv
Uhy .hg) ’

> XUhy p)) e inf Px,; (urhy, ugho) M g

(h1,h2)

> chK-

Here, the fourth equality follows from the kernel condition that K(-) is supported in [—1, 1],
and the set U, n,) starting from the first inequality follows from Condition (b) in P, x )
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since for any fixed g > 0 chosen therein, ||d||o := ||(h1, h2)|le < do for sufficiently large n.
For |%|0; — 002, using the condition a; € (0,1], ¢ = 1,2, it holds that

|>I<|(91 — 020’2

= E{Khl (Xij1) Ky (Xij2) (F(X5) — f(Xj))Z/Q}

1 X X; . .
E{hﬂmK< 11>K( ]2>O M%f**|xﬁf>}
(hi) ( > | |u2°‘1 + |*|v2°‘2)pzj (u, v)dudv

N

= /K ) ul** px (uhl,vhg)dudv—l—
h2o‘2/K |2a2p~__(uh1,vh2)dudv
< Cy (h2a1/K )|u|2a1dudv+h2a2/K (U)|v|2a2dudv>

< C(M™ +hy™),

where we have applied Condition (a) in P, (x,) and the compact support of K(-). There-

fore, Lemmas 22 and 23 and the above estimates imply that

8aqag

Ul — U20-2 ? 4oq 4og —1 —92 —1\ __ sajaz 1
E U ]l{g} S (hl + hz +n " +n (hth) ) = (n dajagtartay L n )
2

Moreover, using the same argument as in the proof of Theorem 1, it holds that

— 2\ 2 -
E{ () W}} ol )
2

This completes the proof for d = 2. In the case of general dimension d with heterogeneous

smoothness index o = (ay, ..., aq) ", the upper bound takes the form

d - d
E(o; — o )2§n1+n2<Hhk> —I—Zhia’“
k=1 k=1

and we choose hy, =< n—2¢/(ax(4e+d) This completes the proof. O
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A.4.2  Proof of Proposition 2

Proof. Given the proof of Theorem 2, the proof here is relatively straightforward. We will
thus only present the construction of the hardest sub-problem. For simplicity, we will only
prove the case for d = 2. We also only consider the regime of (a1, as) in which the lower
bound is sub-parametric: 4oy < a3 + as. Throughout the proof, C' represents some
generic positive constant and does not depend on n, and c¢ represents a generic sufficiently
small positive constant which also does not depend on n. In particular, c is always taken to
be smaller than 1. Both C' and ¢ might have different values for each occurrence.

Introduce the following constants:

daqag

02 .= hi™ = h3** := cn Fereateiter . Np = 1/(6hy), Ny:=1/(6hy), (A.15)

n

where we tune the constant ¢ in 62 so that N; and N, are both positive integers. We now
specify f(-), distribution of X, 02 and distribution of & in the null and alternative hypotheses,

Hy and Hy, respectively.
Choice of *: Under Hy, let 0 =1+ 62. Under Hy, let 0 = 1.
Choice of e: Under both Hy and Hy, let e ~ N(0,1).

Choice of X: Under both Hy and Hp, let X be uniformly distributed on the union
of the rectangles [(6iy — 5)hq, (6i1 — 1)hy] x [(6ig — 5)ha, (6iy — 1)hs] for iy € [Ny] and
ig € [No].

Choice of f(+): Under Hy, let f = 0. Under Hy, let f be a smooth bump function that
takes value 6,,r;, ;, on the rectangle [(6i;—5)hy, (6i1—1)hq] % [(6i3—5)ha, (6ia—1)hs], and
then smoothly decays to 0 on the union of the segments {z; = 6(i; —1)h;,0 < 2o < 1}
for iy € [Ny] and {0 < 2y < 1,29 = 6(ia — 1)hs} for io € [Ny]. Here, the double indexed
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sequence {7, i, tiie[Ni]isc[No] are Ny X Ny iid. symmetric and compactly supported
random variables with distribution G satisfying

/ij(dx):/ vo(x)dr, j=1,...,q,

oo oo

where ¢ is some odd integer strictly larger than 1 + (o + ag)/(2a103).

In the definition of f(-) under Hy, the existence of the distribution G is guaranteed by Lemma
5 and its range only depends on ay and ap. The smoothness property of f(-) can be achieved
by mollifying an indicator function.

We only verify Condition (c) in P, (x,), which holds by the convolution formula that
forany 0 <wu<1/2and 0 <v <1/2

1 1
pyij(U, v) = / / px (t1,t2)px (t1 — u, ta — v)dt dty

Ny

(621 1 612 1
=3 Z / / (b, ta)px (t — u, b — v)dtydty
61

i1=[u/(6h1)]+1 iz= (u/ 6ho)]+1 7 (6i1=5)h is—5)h

Al 9 9
> ) § (2h)(2hs) - S -
in=[u/(6h1)]+1 ia=[v/(6ha)]+1
9
>_
= 956

for sufficiently large n. A similar calculation holds for all |u| < 1/2 and |v| < 1/2. Therefore,
Condition (c) holds with g = 1/2 and Us = [-1, 1]%. O

A.4.8 Proof of Proposition 5

Proof. We employ an iterative usage of pairwise difference. Under the regular design, we

L for (iy,...,ig) € [PV9 x ... x [n'4], where we

7777777777

assume without loss of generality that n'/¢ is an even integer. Let m := n'/?/2 and define

7:={(1,2),...,(2m—1,2m)} with cardinality m. For all index pairs (1,(c ) i )) €T, keld,
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we have

= > (L) S =i
Y0 i), i) = Y1 ga (1) 2=t TR

jrelil i} keld]

— o Sy k=i
- Z O, g (—1)5k=t TR
jrefiM i} keld)

Clearly, we have E(Y.(1) .(2) (1) .(2) ) = 0 and Val“(Y.(1) (2) (1) .(2) ) = 2d0'2. More im-
(Zl B! )7""(111 ity ) (11 3 )""7(Zd slq )

portantly, the newly formed data sequence {Y(i“) @ with cardinality
1 "1

>,...,<z';”,z'32>>}a;”,z?)ez,ke[d]
m? = n/2%isi.i.d. with mean 0 and variance 2%02. Therefore, by defining Y to be the average
of this newly formed data sequence and &2 to be

1 2
/\2 o
g = — E Y (2 (1) (2)y — Y)
n ( (Z§1)715 )),...,(l((i )’Zfi >) !

(M) e keld]

we clearly have E(c2 — 02)2 < n~! for some absolute positive constant C' under a finite fourth

moment assumption, which is clearly not improvable. Thus the proof is complete. O]

A.4.4  Proof of Proposition 8

Proof. Throughout the proof, C represents a positive constant that only depends a and C.

Following the argument before the statement of Proposition 8, define
85[) = Z fk(Xz,k> + &
ke(d) k£
and its variance
O'(Qé) = Z ]Eflz(Xz,k) + 0'2
ked) k4

for all ¢ € [d]. Clearly, under the mutual independence of the components of (X1, ..., X, 4),
it holds that ]Egge) =0 and 52@ is independent of fy(X;,). For each ¢ € [d], by viewing the

model equivalently as Y; = f,(X;,) + 52@ for i € [n] and then applying the univariate kernel
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smoother defined in (2.8), which renders an estimator which we denote as 3(25), we obtain by
Theorem 1

2
S8a

~ 2 ~ _ 8oy
E(Ué) — 0(2@) =E 0(2@ — Z Eff(Wig) —o? | < Cn ot
keld] k£
Moreover, letting Y be the average of {Y;}"_, and 5% be the sample variance estimator, that

is, 0% :==Y_" (Y; = Y)?/n, it holds that
2

E(63 — Var(Y))’ =E| 6% — Y EfA(Xip) —0* | <Cnl.

ke[d]
Since 0% = Y0, iy — (d—1)Var(Y'), thus by defining 5% := S iy — (d—1)3%, we obtain
that

B(6* = o%)" = B{(68) — ofy) + .. + (3 — olg) + (= 1(5F — Var(¥)}
< C(n_‘*agfnlinniil + n_l)‘

This completes the proof. O

A.4.5 Proof of Proposition 11

Proof. For simplicity, we only prove the case with two additive components f(X) and g(W)
which are a- and (-Holder smooth, respectively. Throughout the proof, C' represents a
generic fixed positive constant that only depends on «, 3,y and the joint distribution of
(X, W). Denote the marginal distribution of X and W as Fx and Fy . Since the transition
boundary for both « and 3 is 1/4, we may assume without of loss of generality that 0 <
o, < 1. As a result, since F )}1 and Fv}l are both Lipschitz with fixed positive constants,
fi=fo F);l and g:=go Fv{,l are still a- and S-Holder smooth. With a standard wavelet

expansion (cf. Proposition 2.5 in Meyer (1990)), we can write the model equivalently as

271 272

Yi= F1iUn) + )00y + 31(Us) + ) 0i(Uai)ra + o,

Jj=1 J=1
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where {1;}32, and {¢;}32, are two sets of orthonormal wavelet basis (with respect to the
Lebesgue measure on [0,1]), {Uy;}, = {Fx (X))}, and {Us;}! _, = {Fw(W;)}, are
two uniform [0, 1] sequences, and ||f, e < C(27%1) and ||, [l < C(277%2). Define U; :=
(V1(U14), -+ s on (Ur), 01(Usi), - - -y 0902 (Usy)) as the new feature vector of length 27t +
272 Without loss of generality, we assume EU; = 0 (a mean shift does not affect the
estimation of variance) and let ¥ := Cov(U;). Without loss of generality, we can assume X
is strictly positive definite (otherwise we can orthogonalize with respect to the linear span

of (V1(Urs)s - s¥an (Uzs), 01(Uii)s - - ., 990, (Uszy)) in (A.16) below), and thus it holds that
Yi = V' y + F1(U1) + 31(Us2) + o, (A.16)

where v := 32 (v 1, ... Y90, V2s - - - Yagis), and V= ETV2U
defined as

We now calculate the bias and variance of the estimator &73,; .44

1 — n -1
~9 9 -
OprOJ add ° n 1 Z(Y; - Y) - (2) ZY;YV]‘/; ‘/;

i=1 1<J

Direct calculation shows that

462105 a0d — 0% = FEFL(U1) + Eg2(Us) + 2E(F (U1)g, (Uz)) — ||E((FL(U1) — W),
SEF{TY) + B2 (1) + |E(FL OOV} + [EG (0) V)
< 27200 4 972 IR (F(U)V)|[2 + [|E (7, (U2) V)2

Moreover, we have

||E(71(U1)V>H§ = Sup (]E(Tl(Ul)VTa,))2 < E?f(Uﬁ - sup {CLTE(VVT>G,} 5 272%]17

al<1 al<1
where the last inequality again follows by the identity covariance of V. Similarly, it holds

that |E(g, (U2) V)2 < 272872, We therefore conclude that the bias of 52, ,4q is smaller than

proj,ad
the order 27201 4 272072,

Next, we calculate the variance of &2 For this, it suffices to upper bound the

proj,add*

variance of .1 (V; — Y)?/(n — 1) and (2) dici Y;Y;V."V;. The first variance is clearly
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of the order n~! under the boundedness of f(-) and g(-) and the fact that Ee! < C., so we
focus on the second variance. Direct calculation shows that
Var (Z m@VM)
i<j
= Y EEYYY(VIV)VIV) - EVY VI V)EY Y VIV)). (A7)
i<ji' <j'

When i, 5,7, 7’ take four different values, the above summand is clearly 0. When they take
3 values (i =4 < j < j'), denoting z; := f,(U1;) +3,(Us,), i € [n], we have
E(Y?Y Y (V' V)(V.' V)
= E((Zz + V;T'V + ‘751) (2 + VT'Y + 0g;)(zj + V’ Y +ogy )(VTV)O/;TV;/))
Next, we expand the above display and upper bound each term individually. For simplicity,
we only show the calculation for the following dominating term and the other terms follow
similarly.
E((V;" (VI N(VI NV V) (VT Vi)
=E((V;' )V, (V;"9)*ViV.") Vi (Vi 7))
=E(y' V;V; )E((V' 2W‘€T)E(V}f‘677)

where in the second equality we use the independence of V;, V;, V;» and in the third equality
we use the fact that E(V,'V;) = Cov(V;) = I since EV; = X72EU; = 0, where L :=
271 4+ 272 Moreover, by definition, it holds that |*|V;T~ = |*|f(X;) + g(Ws) — zi < || f]leo +
llgllc + |2i] < C due to the boundedness of f(-),g(-) and |z;]. This concludes that when
i,7,4, 7 take three different values, the summand in (A.17) can be upper bounded by a fixed

constant. When they take two different values (i = ¢, j = j'), we have

E(YV?Y(V:'V))?) = E((zi + Vi'y +0ei)*(2 + V' vy + 0¢)*(V; V))?).

7
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We again upper bound the dominating term in the expansion of the above display.
E((V;"9)*(V;"v)*(V;"V;)?) < CE(V;"V))* = CTx(L;) = CL,

where we again use the fact that (V;"+) and (V;"+) are bounded by a fixed constant. Putting
together the pieces, we obtain that

n+ 271 4 2%
- :

Var (52 ) <Cn ' +nt(n®+n’L))=C

dd
prOJ a n

Optimal choice of 271 =< p?/(4a+) and 272 < n?(4A+1) then gives the desired error bound. [

A./.6  Proof of Proposition 12
Proof. We use H, as a shorthand for Hs«. Fix any a > «,. Define the oracle bandwidth

. nt, a>1/4,
max{h EH.:h**<c logn/(nzh)}, 0<a<1/4,
for some positive constant ¢ to be specified later. When 0 < o < 1/4, h* is taken to
be n~?{e+D) if the set being maximized is empty. If not, then it holds that (2n*)%** >
logn/(2n2h*), and thus (R*)?* < /logn/(n2h*), or h* < (logn/n?)t/ e+,
We first prove that with high probability, we have /f;(s* > h*. For this, we have

P(ﬁg* < h*> < P(Hh € Mo h < h*, |%[32(h) — G2(h*) > 7 10gn/(n2h)>

< ¥ IP’(]*\GQ(h)—GQ(h*)ZT 1ogn/(n2h))

h€H . ,h<h*

< Z P(]*\&Q(h)— 2> g logn/(th)>+|*]H*-P<|*\82(h*)— 2> %\/logn/(n?h*

heH..,h<h*
We now upper bound each probability in the above summation for any A < h*. As in the
proof of Theorem 1, denote the two U-statistics on the numerator and denominator of 5%(h)

as Uy,Uy, with corresponding mean values 61, 0. That is,

01 = E{K),(X; — X;)(Yi = Y))*/2} and 6, := EK,(X; — X;).
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Define the “good” event £ := {U; > 05/2} and £° as its complement, then it holds that

]P’(|*|a2 \/Wﬂ8>

P( |x|U; — Uyo? >0— logn/(n%))

IN

(
IP’(|*| Up = 601) + (01 — 00%) + (Us — 0) > 01 1ogn/(n2h)>

<| (U — 6,) > E 1ogn/(n2h)> +IP(| (Us — 6,) > E 1ogn/(n2h))

where the last inequality follows from the fact h < h* and the bound ||6; — 0,02 < A2
calculated in the proof Theorem 1. By choose u =< logn and v < logn/(nh) in Lemma 9 and

7 to be sufficiently large, it holds that

]P><|*|U2 Oy > E logn/(n? )> <n¢

for arbitrarily large C'. Furthermore, for sufficiently large 7 and 7 in Lemma 24 below,

choosing the same u and v yields that

P(\*]Ul 0, > @ logn/(n%)) n~¢
for arbitrarily large C'. This, combined with the calculation

P(£°) < exp(—035n/16) + exp(—0sn>h/16)

in the proof of Theorem 1, concludes that IP’(EC) < n~Y where £ = {/};5* < h*}. Therefore,

we have
(0 S 5{ (A {0 (5] B0 o)
5 nfC + 1102% + (nfl + (h*)4(a/\1) + (th*)fl)
da/(4a+1)
S (log2n> +nt
n

This completes the proof. n
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A.4.7 Proof of Proposition 13

Proof. Note that the desired result is equivalent to the following statement:

ipzf max sup E((52 - 02)/¢n,a1)27 sup E((&Q — 02)/%,&2)2 > c
g fEAal(C]:) f€Aa2 (Cr)
02<Co P(x,0)E P (%) 02<Co P(x,0)EPor (%)

for sufficiently large n and sufficiently small ¢. By applying Lemma 25 with A = {ay, as}
with a, < a3 < ag, it suffices to lower bound the adaptive minimax rate under measure P

defined therein. More precisely, we will prove that for n > ng with some sufficiently large

No,
: ~ 2 ~ 2
inf max sup Ez((6% — 0%)/bnar) s sup Es((6% — 0°)/bnas)” ¢ >
g fEAal (CJ:) fEAa2 (C]-')
0?<Co P(x,0)EPov(X.c) 02 <00 P(x,0)EPon (X )

for some sufficiently small positive c¢. In order to show this, we will prove that, for any n > ng

and any estimator o2, if

sup  sup sup Ez((0? — 02)/@,@2)2 <e, (A.18)
02<Cy fEAay (CF) P(X,E)GP:\?T;’E)
then it holds that
sup  sup sup Es((6% — 02)/¢n,a1)2 > c. (A.19)

o2 SCO feAal (C]_.) P Padapt

(X,9)€P ey (x,e)
If ay > 1/4, then ¢4, < n~'/2, and we can choose a sufficiently small ¢ such that (A.18)
never holds. Therefore, in what follows, we will assume o, < a3 < ap < 1/4, in which case
Gn.o; < (logn/n?)2ei/Gaitd) for j = 1,2.

We will now apply Lemma 26. To this end, we adopt a two-point method and introduce
the two probability measures Py and P; (conditioning on a fixed realization of m ~ Poi(2n))

as follows. Introduce

n? n

1/(da1+1)
h, = c(log”) and N = N, := b~
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where c¢ is some sufficiently small constant tuned such that N is a positive integer. Let ) be
a discrete distribution that takes value 0 with probability 1/2, —1 with probability 1/4 and
1 with probability 1/4. It then can be readily checked that m;(Q) = 0 and my(Q) = 1/2.

Choice of e: Under Hy, let ¢ ~ (1 + h2*1/2)72((he1Q) * N'(0,1)). Under Hy, let
e ~N(0,1).

Choice of o: Under Hy, let 02 = 1+ h2*1/2. Under Hy, let 02 = 1.

Choice of X: Under both Hy and Hy, let X be uniformly distributed on the union of
the intervals [(6¢ — 5)h,, (6i — 1)h,] for i € [N].

Choice of f(-): Under Hy, let f = 0. Under Hy, let f take the value hi'r; on [(67 —
5)hn, (66 — 1)hy,], where {r;}Y, are N i.i.d. variables with law Q.

Clearly, by the boundedness of ), Hy belongs to the model class indexed by the smoothness
index ap, and H; belongs to the model class indexed by «;. Moreover, the absolute difference
in 0 under Hy and H, is lower bounded by the order h?*t < (logn/n?)21/(der+1),

Denote py and p; as the densities of IAFT’O and I?’l. Define frax == [2/(1 — 4a;)] + 1 and let
d; be the number of X’s that fall into [(6i — 5)h,,, (6i — 1)h,] for each ¢ € [N]. Consider the

following event
&= {{m < 3n} ﬂ{g;gv d; < fmax}}-

Note that under both Py and Py, the sequence {d;}, are i.i.d. Poisson variables with mean
2n/N. Thus, a standard Poisson tail estimate and Lemma 27 imply that the event £ has
asymptotic probability 1 under both @0 and P;. Next, we calculate the x? distance between
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]?’0 and P, conditioning on the event £. First, we have

/%1{5}:/19(7%)19(331,---, H{S}/Hiij
:/p(m) (@1, Tm ]1{5}/]—[ L+ X2 (p1, Pog))

where p(m) and p(z1, ..., x,) are the pmf and pdf of m and {X;}™, under both Py and Py,
and py ; is the conditional density of all those Y;’s with corresponding X; € [(65 — 5)hn, (65 —
1)h,] and similarly for p ;.

We now upper bound each x*(poj,p1;), where we assume that there are d; X;’s that
belong to [(6j — 5)hn, (6§ — 1)h,]. Write d instead of d; for short. Here, d is a random
variable that only depends on m and {X;}7,, and on the event £, we have d < fiax.
Clearly, if d = 0 or 1, then x*(po;,p1;) = 0. Assume d > 2. Assume for simplicity that the
d data points are yq, ...,y Then, by definition of ITDO, we have

Pog = (1/2)7=p(11) .. o(ya) > co(yr) - 0(ya)-

On the other hand, we have by direct calculation

d
/ Poi/ (W) - ¢(ya)) = Esy....sumhorgexp (Z s’§>

81,.,8a4~h1Q

/ 5/ (o) - () = Ey zpen gexp(dth),

d
/ﬁoz.]ﬁlzj/<(p<y1) A ()O(yd)) = Et,sl ..... sdwho‘lQeXp (Z t82> .

=1

We therefore conclude that

=1
*(po.jy p1j) SZ— Z (E,,..., sthalQ(Sil---Sik)_Etwhathk)z

?T
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For any k > 1,if (iy,...,i) are all identical, then A;, _,; = 0. More generally, if (i1, ..., i)

-----

take ¢ different values, where ¢ < d < f.x on the event &, there are (‘Z) ways of choosing

¢ different values among [d], and there are a total of ( "~1) ways to distribute ¢ values in

(41,...,1x), thus we obtain the estimate
o0 o0 k
1 5 1 sk (AN (k—1
Z‘u 2. M SZHZh 1 (é (-1
k= 1<iy,..,ix<d k=2 (=2
fmax oo
d I
()T (i)
=2 k=0

For each 2 < ¢ < fax, by the Stirling’s formula, we have
oo h2a1k ek o0 <€2h2a1)k
2a1k k 2a1 4
Ezm (%ﬁ) E:M“ﬂ4’£)§z:kmﬂ S

Next, using the trivial bound (Z) < d?fE-2 we obtain that x2(poj, p1;) S d*h* if d > 2.

max’

This implies that

ﬁz N
/ﬁuﬂg/mm plas, . xn) [T+ X)),
7j=1

where X =0 for d; = 0,1 and X2 < d2h4°‘1 for d; > 2. Next,

N

N
[Ja+x) =1+) X+ > xIxG+ XL X

j=1 j=1 1<i<j<N 1<i1<..<in<N
Consider the kth term in the above display. Note that on the event £, we have Zjvzl d; < 3n,
thus there are at most (3n/2) j’s with d; > 2. Then, using the estimate (}) < n*/kl, we
have
2 2 (31/2) ) skay 2 C*n* hen 2 2
Z Xi1"'Xik§< i h*Eed; ...dk_ 7 ——herg 2
1<i1 <...<ip <N
We therefore conclude that
N ko kpdonk oo
P CFnfhi (clogn) .
/pl I]_{g} < ]Edl ..... dNNPOI(Qn/N) (]_ + Z Td% e di) S 1 —f- Z T =N

k=1
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for some sufficiently small constant c. Then, by Lemma 26 and the calculation

c/2 2\4o/(4az+1)
eVle _n (log n/n*)*e2/ {402
A ~ (log n/n2)4a1/(4a1+1)

— 0,

where A, I, ¢ are defined as in Lemma 26, we conclude that for sufficiently large n and any
considered estimator &2, if (A.18) holds, then (A.19) will follow. This shows that, even over

two smooth classes o € {aq, a2}, the adaptive minimax rate can be no faster than ¢, ,. O

A.4.8 Supporting Lemmas

Lemma 22. Suppose f € Ao(Cx) and 0* < C,for some fived constants Cr,C,, and the
joint distribution of (X, ¢) satisfies the conditions in P,..x.e). Then, the U-statistic Uy

defined in the proof of Proposition 1 satisfies
E(Ul — 91)2 S C(n_l V n_Q(hlhg)_l)
for some positive constant C' that only depends on My, M, o, Cr, C,, Cy, C..

Proof. Denote g as the kernel of Uy, that is,
9(Di, Dy) := Kp, (Xig = Xj0) Kny (Xip — X;2) (Vi = Y5)?/2, Dii= (Xi,) "

Then, it holds that

n

2) Z E{(¢(D;, Dj) — 61)(9(Dy, Dj) — 61)}.

i< il <j’

Var(U;) = (

When i, j,4, j' take four different values, the expectation is zero. Using a similar argument

as in the proof of Lemma 8, when 1, j, 4, j’ take three different values, it holds that
E{(9(D;, D;) = 61)(9(Dy, Djr) — 61)} = O(1).
When they take two different values,

E{(9(Di, D;) = 61)(9(Dir, D) — 1)} = O((h1h) ™).
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We therefore conclude that

3 2 hih -1
Var(Uy) < 20 Uihs) =n" 4 n"2(hhy) L.

nt

This completes the proof. O

Lemma 23. Suppose hihy 2 n~%79 for some 0 < 6 < 2, and the joint distribution of (X, ¢)
satisfies the conditions in P, (x¢ Then, for any u,v > 0, the U-statistic Uy defined in the

proof of Theorem 1 satisfies
P(|«|Us — 0y > C(0"*n 2 + w207t (hyhy) 71/2)) < Clexp(—u) + exp(—v))
for sufficiently large n and
E(Uy — 05)> < C(n~' vV 2(hihy)™h),
where C' is some positive constant that only depends on My, M., o, Cy.

Proof. The proof is similar to that of Lemma 9. In the application of Lemma 13, the
five quantities are of the order By < 1, By < (hiho)™Y, Bs < n'/2(hihy)™ V2, v < 1,

v3 < (hihg)™!. Therefore, for any u,v > 0, it holds that
P(|Us — 65| > a10™? + agv + byu’? + byu + bsu®? + byu?) < Clexp(—v) + exp(—u)),

where a1 < n7V2 ay; < nhb S nt(hihe) V2 by < onhbs < nT2(hihy) V2 by S
n~2(hihy)~'. Under the condition that hihy = Q(n~2=9) for some § > 0 and n is suffi-

ciently large, the dominant terms in the above inequality are a; and b, that is,
nil/Q V nil(hlhg)il/z.

This proves the first part of the theorem. The expectation version follows by Lemma 10. [
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Lemma 24. Suppose the conditions of Proposition 12 hold. For the U-statistic U, defined

(2—5

therein, suppose h > n~2=9 for some 0 < § < 2. Then, for any n > 0, there exists some

positive constant C = C(M g, My, o, 1) such that
P(|x|U; — 6, > C(w'"?n=12 4 ul/zn_lh_l/z)) < C(exp(—u) + exp(—v)) +n~".

Proof. Denote g; as the kernel of Uy, and consider its truncated version of defined as

1 Xij

7.(Di, D;) = %K( - >{<f<xi> — J) + Bl < R L{le] < ma),

where D; = (X;,¢&;) and K, is some truncation parameter satisfying x,, T 0o as n — oo to
be specified later. We first consider the concentration of g, around its mean value 6, :=
E{g(D;, D;)}. For this, we will make use of Lemma 13 by upper bounding the 5 quantities
By, Bo, B3, v?, V3 therein.

For By, denoting ¢,(D) = E{g,(D, D;) | D}, it holds that

§(Dy) = E{iK@) ((F(X0) = FX) +E il < mab{le] < | D@}

1 (X
< E{EK (Tj) (1X: = X5 + 8)1{|ed| < mn}1{le;] <k} | Dz}

1 [ X\ = 1 (X,
<m) i 29 ) 1% x, - ) 21010 < b
N]E{hK( h )’XZ]‘ ‘XZ}+E{hK< h/ )87,] {|€74’—’K”'7L}‘X2781}

For the first term, we have

1 )?l ~ o 1 'LL—XZ o
E{EK< h3>|X,~j|2 |XZ} :/EK( - )|u—X,~|2 px(u)du

= /K(v)|vh|2apX(Xi +vh)dv < supr(u)h2a/K(v)|v|2“dv < p*.

u€R

For the second term, we obtain similarly that

1 [ X,
E{5K< h]>g%“'€i’ = find| X} S (24 o) {jeil < mak SR+ 0%
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Putting together the pieces and using the fact that x, T co as n — oo, we obtain that
By = g1l S K-

Moreover, with similar analysis, it can be readily checked that v < 1.

For B,, it holds that

_ L[ Xy
#17(D; D)) S 5K ,;) {(F(X0) = £O0)? + 831 {l=i] < ma} 1 {5 < i}
< 1 Xij Y. .20 4 =2
S K52 N IXl +2 p1dlel < mdifle) < m)
~ ~ 2a ~
1 (X, Xi 1 (X 1
< K| 2V oop2a L 2} 2 < 22

We therefore conclude that By = [|7;[lee S h71K2.

For Bs, we have
B = nsng{gf(Di, D;) | D;}

= nsmplﬁi{%ff2 <&> (f(X0) = F(X;) + &) 1{|*[e; < rn}1]{|*]e; < K} | Xiagi}
e h

S nMKE{1K<Xi‘> {(F(X0) = ) + & JH{[*lei < R} 1{[*]e; < wa} | szffz}

h h h
nMg 1 X'z Sdo nMpg 1 551 ~

Now, using similar calculation in the analysis of By, it holds that

1 ‘SZZ via 4o
]E{EK< h])|*|XZJ X“E-:Z} Sh s

1 (X,
]E{EK< hj)g?j]_ﬂ*lffl S I{n}:ﬂ_{|*|€j S Kln} | Xi75i} 5 :‘ii.

Putting together the pieces, we conclude that By < kinh™t.
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Lastly, for v, we have

vy =E{gi(Di, D))} < E{%KQ (ﬁ”) (f(Xi) = f(X;) + %)4}

S hE{%K(ﬁ) 1 X) - f(Xj)4} . %E{%K(ﬁ)”}

ShH R +E(E) Shh

Define U, to be the U-statistic generated by the kernel g,, that is, U; := (g) - ZKJ. 9,(D;, D;),

and define 0, to be the mean value E{g, (D;, D;)}. Define the event € := {|*|e; < k,, for all i € [n]}.

Then, we have for any ¢ > 0,

P(|+|U, — 6, > t) = ]P’(MUl 9 > tﬂg) +P(£°)

For the first term, we have by Lemma 13 that, for any given u,v > 0, it holds that
]P’(]*\Ul — 0, > a10? + agv + biut? + bou + byu’/? + b4u2) < C(exp(—u) + exp(—v)),

where a; <n7Y2 ay < K2 /n,by SnThTY2 by SnTik2 by < K2nTI2RTY2 by < n2hTlR2.
Choosing x,, = k+/logn for some sufficiently large constant x, then as long as h = Q(n=(2=9)

for some 0 > 0, then the dominant terms in the above inequality are a; and by, that is,
n~V2 v T2,
Therefore, Lemma 10 implies that

E(|x|U; —6;) < C(n Y2 v n th=1/2),
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Now we calculate the difference between 6; and 6;. By definition, we have

_ 1. (X, N
|0 — 0, = |*|E{ﬁK h] (f(Xi) — [(X;) + 5ij>21{|5i| > KnU lej] = ’fn}}
< B Ti [ 20 (X)) — F(X) 30?1 > Ka}
~ h h 2 J 1) 1| Z— 'vn
< |*!E{5K ) (X)) = FX)PIe] nn}} + !*\E{3K< I )%?jﬂ{\a\ > m}
S h2PP(es| > ) + E{e21(|si] 2 k) }
< R @) | o2y (an2)

where the second line is by symmetry, and in the last line we use the sub-Gaussianity of ¢;.
Therefore, as long as h = Q(n~?79) for some 6 > 0, by choosing & large enough (depending

only on 9, k., u,v), it holds that
|01 — 01 = o(ayv"? + agv 4 biu'’? + byu + bgu®? 4 byu?).
Lastly, by the sub-Gaussanity of ¢;, it holds that
P(E°) < nP(les] = kn) S 07"

for sufficiently large n by choosing x correspondingly large enough. This completes the

proof. O

The following Poissonization lemma reduces the original problem of Proposition 13 into
the case with a random sample size, which facilitates the calculation of y? distance. We
introduce some notation. Consider the following experiment: for any given positive integer

n, f(-), o, distribution px(-) of X, and distribution p.(-) of ¢,

e generate m ~ Poi(2n);

e generate Xy, ..., X,, ~px and €1,...,5, ~ Ds;
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e generate V; = f(X;) + og; for each i € [m)].

Denote the original experiment and the above experiment as P and IAEB, respectively, where

we omit the dependence on n, f(+), o, distribution px(-) of X, and distribution p.(-) of .

Lemma 25 (Poissonization). Let ¢, be defined as in Proposition 13. For any fized a,, > 0

and set A C |a, 00), the following inequality holds:

infsup sup  sup sup Ep((52 — %)/ gbn,a)Q
7% a€A 02<Cy fEMG(CF) P(x,0)EPeu,(X,0)
> infsup sup  sup sup Ez((6% — 02)/¢n,a)2 — 4nC2exp(—n/6).

a2 acA UQSCU fGAa (C]—‘) P(X,E) EP()U,(X,E)
Proof. Define the event £ := {m > n}, where m ~ Poi(2n). Then, a standard tail estimate
has P(€) > 1 — e~"/%. For the adaptive minimax rate under P, we have

infsup sup sup Ez((c®—o” /¢na)
7 a€AG2<Cy f(),P(x.0)

= inf sup sup sup EP{ 72— o /cbna) (1{5}+1{5C})}

72 a€A02<Co () P(x.c)

= inf sup sup sup EP{ 0% —0%)/Pna) (1{5}+1{5c})}

72<Co a€A 62<Cy f()P(x.0)

< inf sup sup sup E~{ 72 —o? /¢na) ]1{5}}4—47102 sup  sup IF’(&)
72<C5 acA 52<C, f( ]P(Xs) 02<Cy f(')vP(X,s)

<infsup sup sup E~{((a —0%)/bna) ]1{5}}+4nCQeXp( n/6)
7% a€A02<Cy f(),P(x,c)

< inf sup sup  sup E@{((Gz — 02)/¢n,a)2]l{8}} + 4nC2%exp(—n/6)
F2=52({(Xi,Yi) Yoy ) «€A 02<Co F(),P(x )

<infsup sup sup EP{((U —0%)/bna) }+4nC§exp(—n/6).
e a€A o2<C, f()PXs)

This completes the proof. O

The following lemma will also be used in the proof of Proposition 13, and is a slight

variation of the constrained risk inequality derived in Brown and Low (1996) (see Theorem 1
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therein). We first introduce some notation. Consider some measurable space equipped with
a class of probability measures {Py}gco, where (O, d) is a metric space. For each 0 € O, let
fo be the density of Py with respect to some common dominating measure v, and denote by

Ey the expectation under the measure Py. For any estimator T of 8, define its risk as
Rp = R(0,T) :==Eo(T — 0)* = /(T(x) —0)%fy(z)v(dx).
Now, fix two measures [Py, and Py,, and let £ be a measurable set. Define
Ie := 101,05, &) = By, (¢*(X)1{X € £}),

where q(z) := fo,(x)/ fo, ().

Lemma 26. Let A := d(6,,05) and assume that, for certain estimator T, R(0;,T) < & and
0<e< APy, (E)/VIg) N1). Then,

R(65,T) 2‘A2P%(5)2<1- 2evle ).

Py, (E)A
Proof. We follow the proof of Theorem 1 in Brown and Low (1996) by considering the same
estimator T' therein which minimizes R(6,T) subject to the condition R(6;,T) < €?. Then,

with p defined therein, we have

~ pAg(x)
T@)_1+pﬂ@

and R(0;,T) = €2, so that (see Equation (2.6) in the proof of Theorem 1 in Brown and Low

(1996))
g2 = A2/<%>2fﬁ(w)y(d:€)

under the condition € < A. Then, by Cauchy-Schwarz,

eI = A ( / (L”)f <x>v<daz>) N ([ #@mtonsm) "

1+ pq(z)

pq(x)
> A/meQ({L‘)ﬂg(CE)I/(dI'>.



215

Then, under the condition ey/Iz < APy, (), we have

(806~ VE) < 22(Pu®) ~ [ 1 @tetomtan))

=A2(/1+p et
(e
<at [ (m)zm(ww(dw)

= R927

where the last equality is true due to Equation (2.5) in the proof of Theorem 1 in Brown

and Low (1996). The statement then follows from (a — b)? > a?(1 — 2b/a) for a,b > 0. [

Lemma 27. Suppose Xi,...,Xn are i.i.d. Poisson variables with mean value n/N, where
N = N, > Cn'*® for some positive constant § and absolute constant C'. Then, there exists

some positive integer fmax that only depends on ¢ such that
<
P(fgi}z{vX fmax) -1
as n — 0o.

Proof. Let X\ :=n/N. We will show that the above statement holds for f.x = [(146)/d].

For each variable X; and positive integer k, we have
k k
P(X; <k)=) Zer=e 1+ (n/N)/0).
’ =1
Therefore, it holds that

P(max X; < k) = exp(—

1<i<N
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The exponent in the above display is a polynomial function of (n/N), and clearly the coefhi-
cient for (n/N)! is 1. Next, we will show next that the coefficients corresponding to (n/N)*
for ¢ = 2,...,k are all zero. For simplicity, we will show this for / = k. By Lemma 28, the
coefficient for (n/N)*

%mé(—nml% e ()= 4 z_i(_l)% mZ (720) =% e_i(—m%’“ (7) -0

where the first identity is by direct calculation, the second is the Hockey-Stick identity, and
the third is proved in Ruiz (1996).

Next, we consider the coefficient of (n/N)? for some general p > k + 1, which takes the

form
Yo Y eyl ¥ ey
m A m Ol m p!
m=1 1<ty o <k m=1 1<ty b <k m=1
£1+..A+£m=p £1+..‘+5m=p
< 1])_13 < p_3/2‘
p p!
Thus, in view of the fact that N > Cn'*®. we have
AT DT LRI DR B ¢ AR
m I L/ N ~ ’
p=k+1 m=1 1<ly,... <k p=k+1

€1++€m=p
By definition of fiay, we have (n/N)/==F1 — 0 asn — oo, thus P(max;<;cy X; < fax) — 1

as n — oo. O

Lemma 28. Fix any positive integer k. Then, for any positive integer 1 < m < k, the

following identity holds:

1 — -
A B “(7)
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Proof. We will prove by induction. Denote the LHS by C(m). Suppose the statement holds

up to m. Using the identity

! )
> e mtl f=1

0<ly e ilim1<k
£1+~--+£rn+1:k

we obtain the recursive equation

Cim+1)+ (m+1>C’(m)+...+ <m+1>C(1) :W.

1 m

Therefore, plugging in the equation for C'(¢), £ =1,...,m, we obtain that

Clm+1) = w -2 (m,f! ) S (- 31y (£>

=1 J=0 g
e £ ()
S ()1

Thus it suffices to show that

= 0\ (m+1 mfm+1
> G (") - (")
— j j
This is indeed true since the LHS equals

0 DIl EE o (e [ [T

e (E () - (7 e

which completes the proof. O
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Appendix B
APPENDIX OF CHAPTER 3

B.1 Proof of Theorem 1

Starting from this section, unless otherwise specified, we will focus on the case 02 = 1; the
extension to an arbitrary o2 > 0 is straightforward and hence not recorded here. We will
also omit the proof for the klog(en/k) part of Theorem 1 as it follows essentially from the
classical arguments in Donoho and Johnstone (1994); Birgé and Massart (2001) by completely
ignoring the regularity constraints. For the rest of the section, we focus on illustrating the
form of ky in (3.12) from the upper bound perspective and proving the faster loglog(16n)
rate below the transition boundary. Section B.1.1 provides a proof outline with illustrative
simple cases discussed at first. Section B.1.2 reduces the proof of Theorem 1 to the bound
of complexity width in Proposition 28. The key ingredients to the proof of this proposition
will be presented in Sections B.1.3 and B.1.4, followed by the main proof in Section B.1.5.

B.1.1  Proof outline
Piecewise linear case

We first consider the piecewise linear case d = 1,dy € {—1,0}, and assume 6, = 0 in (3.1)
for simplicity of discussion. Here, the transition boundary in (3.12) is kg = 2 for dy = —1
and ky = 3 for dy = 0, beyond which the loglog(16n) rate cannot be attained. We focus
on the case of k = 3 pieces and illustrate the difference between dy = —1 and dy = 0. To

start, a standard reduction to complexity width in Proposition 27 ahead yields that for some
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universal constant C' > 0,

EGOHé\_ 90||2_C||90racle_90”2 S C-E sup (E'0)2 EC']EZQ,

6e0(1,d,3):[6]| <1

where Oopacle is any oracle in ©(1,dy, 3) such that infoeo(,go3 |0 — 6ol|* is achieved, and
EZ? is termed the ‘complexity width’ of ©(1,dy,3). To bound EZ?, we use the following
parametrization for any given f € F,(1,dp,3) with knots 0 = ng/n < ny/n < ng/n <
ns/n = 1: for i € {0, 1, 2},

f(z) =a; +bj(xr —n;/n), z¢€ (@,niﬂ]. (B.1)
n’' n
Under the additional continuity constraint when dy = 0, one has

a; = ag+bo(ny —ng)/n  and  ay = a; + by (ny — ny)/n. (B.2)

Under the parametrization (B.1), the supremum within the complexity width can be bounded

)

The magnitudes of {a;} and {b;} can be drastically different for dy = —1 and dy = 0. We

bi

n

2. &

JEMisnita]

+

Z (J —ni)ej

JEMmisnita]

2
Z < sup Z (|ai|

0€0(1,do,3):]1011<1 ;2

illustrate this on the middle piece (ny;ns.

o (dy = —1). The constraint 1 > ||0]| > ||0]|(n,;n.) directly yields the following estimates

for a; and b; with some universal C' > 0:

la1| < C(ng —ny)™Y?  and  |b1/n| < C(ng —ny) %2 (B.3)

Such estimates cannot be improved for, e.g., f(x) = ¢(L™Y2—nL=32(2—=1/2))11/2.1 /2 1/n) (T)

for small ¢ > 0 and L > 2.
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e (dy = 0). With the additional continuity constraint in (B.2), refined estimates can be

obtained:
la| < Cny ™ and  |bi/n| < C(no A (n—ny)) /2. (B.4)

These estimates only hold up to & = 3 pieces. For k > 4, the best possible estimates are
of type (B.3) by considering, e.g., f(z) = c(nL“Q’/2 (z = (1/2 = L/n)) L1 o—r1/m1/2)(x) —
nL3/? (x —(1/2+ L/n))1(1/27L/n+1/2] (x)) for small ¢ > 0 and L > 2.

The crucial difference here is that estimates of type (B.4) enable a law of iterated logarithm
(cf. Theorem 3) with EZ? < loglog(16n), while those of (B.3) correspond to the maxima of

O(n) independent Gaussian random variables with EZ? < log(en).

General case
Similar to the linear case discussed above, the key step is to prove

E sup (e-6)* < C'loglog(16n), (B.5)
0€0(d,do,ko),||0]|<1
and we need to obtain estimates of type (B.4). For simplicity, we consider the smoothest
case dg = d — 1 so that kg = d + 2.
Fix a degree d, and any f € F,(d,d — 1,d + 2) along with the corresponding 6 €
O(d,d — 1,d + 2) of unit norm and knots 0 = nyg < ny < ... < ngis = n. We use the
following parametrization of f:

_d+1 T -1 n M
f(x)—ZaEx - A Ui B (B.6)

(=1

and focus on a generic piece (n;;n;41] at the sequence level. Here the superscript ¢ represents
‘the (i + 1)-th piece (n;;ni1]” and the subscript ¢ represents ‘the (-th coefficient’ in the

polynomial. We aim at obtaining the following estimates:

1> ¢ (ap)*((niss = 1) /m)* Y nigs A (n—na)), L€ [Lid+1], (B.7)
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with some ¢ = ¢(d). Once these estimates are obtained, one can immediately apply Theorem
3 to obtain a loglog(16n) bound on the complexity width on (n;;n;41].

In (B.7), the (d — 1)-th order differentiability at each inner knot naturally divides the
coefficients into two groups, the ‘shared coefficients’ {a} }sep,q and the ‘nuisance coefficient’

al +1- This suggests the following two-step proof strategy:

(i) First, we show that the estimate for the second group, a} 11, follows from that of the

first group; cf. Lemma 31 ahead.

(ii) Second, we obtain estimates in (B.7) for ¢ € [1;d] with the choice kg = d + 2; cf.

Lemma 32 ahead.

In the proof below, we will see clearly why ky = d 4+ 2 is the maximal number of pieces
where the estimates in (B.7) are achievable. At a high level, the coefficient estimates {a'}
on the piece (n;;n;y1] necessarily depend on coefficient estimates at locations to the both
sides of 7. The passage of such information, for example from the rightmost knot, is precisely
characterized in Lemma 30 ahead through a set of quadratic forms, which are obtained via
‘iterative cancellation’ to be detailed in Section B.1.3. The transition boundary ky is then
determined via ‘counting of quadratic forms’ (cf. (B.15) in the main proof ahead) that
mirrors the DOF calculation in (3.15), thereby unifying the heuristics in the upper and lower

bounds.

B.1.2  Reduction to complexity width

We first introduce some notation. For any fixed 6y € R™, let Ooracte = Goracle(6o) € O(d, do, k)
be an oracle such that infycg(a,dok)||0 —0ol| is achieved, with knots 0 =ng <ny < ... <ny =
n. For each § € R", define 0}; as the sub-vector (0;)ic(n;:n,;.,) and v;(0) = v;(0; Ooracte) =
(0 = Ooracte) 11/ 1 (0 — Boracte) |-
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The following result is a standard reduction principle for the LSE tailored to the class of

splines. Its proof can be found in Appendix B.5.

~

Proposition 27. Fiz any 6, € R™. Let 0 = (©(d,do, k),Y) be the LSE as defined in
(3.5) under the experiment (3.1) with truth 6y. Then, for any § > 0, there exists some
C = C(9) > 0 such that

k—1
By 16— 6ol* < (1+ 0)[oracte = bol> + C- B sup > (e v5(6))”.

6€0(d.do.k)

Now, note that each v;(#) is also a spline with unit norm and the same parameters
(d,dy, k) (rigorously speaking, the two end pieces of v;(f) may have length smaller than
d + 1, but these pieces are negligible since there are at most 2k of them and each only
contributes a constant (up to d) factor to the complexity width). Therefore, in view of
Proposition 27, the loglog(16n) part of Theorem 1 for k < k¢ is immediately implied by the
following result by noticing that ©(d, do, k) C ©(d, dy, ko) for all k < k.

Proposition 28. There exists some C' = C(d) such that

E sup (- 6)* < Cloglog(16n).
06®(d7d07k0)7”9”§1

The following two subsections present the main ingredients to the proof of Proposition

28, whose details will be presented in Section B.1.5.

B.1.3  Groundwork

Fix any f € F,.(d,dy, ko) with knots 0 = ng/n < ny/n < ... < ng,/n = 1 and recall

the parametrization (B.6). Due to the regularity constraints, similar relations as the linear

equations of the type (B.2) exist between adjacent knots. We use the notation Coef [a;; aé‘l]
i1

to denote the coefficient of a; ' in the linear equation of aj,, i.e., aj, = >_ Coef[ay; alal
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The following lemma makes explicit this dependence. Its proof and proofs for other lemmas

in this subsection are contained in Appendix B.5. We write
ni.; = (n; —nj)/n. (B.8)
Lemma 29. For any i € [1;ky— 1], p € [1;do + 1], and q € [1;d + 1],
i i q—1 -
Coeflay;al™'] = <p B 1) ni 1 1gsp.

The next Lemma 30 provides, as described in the proof outline in Section B.1.1, the exact
forms of the quadratic forms obtained by ‘iterative cancellation’ from right. These quadratic
forms lay the foundation for coefficient estimates of type (B.7). For the rest of this section,
we reserve the notation s for the number of ‘iterative cancellation’ performed.

Before stating the general formulation in Lemma 30, we first present the illustrative case
of cubic spline (d = 3,ky = 5) in the sequence space with unit norm. We detail below the
starting point (s = 0) and the first two steps of cancellation (s € {1,2}). Following the

proof outline in Section B.1.1, we separate the quadratic forms that only involve the ‘shared

coefficients’ {a} }sep1.3) and those that also involve the ‘nuisance coefficient’ a).

e (s = 0). The /; constraint on (n4;ns] for the signal (||0]|(nyms < ||0]] = 1) provides

control on the following 4 quadratic forms of length 1:

(n —mny)? (n —ny)® (n — ng)7
1>c- |:{(n - n4>(a111)2 + T(ag)2 + T(a§)2} + T(ai)2 :
e (s =1). For the first cancellation, we have, by Lemma 29,

4 2 3 ay
aq I ngys nis Ny P

ay | = [0 1 2043 3ni, a% : (B.9)
CL% 0 0 1 37’L4;3 g
4

The identity (B.9) enables us to first find a linear combination of (a3, a3) to cancel a3,

and then to find another linear combination of (af, a3, a3) to cancel both a3 and a3.
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These, along with direct expansion of the term (a3)?(n —ny)®/n* using (B.9), leave us
with 3 quadratic forms of length 2:
(n —ny)? (n —ny)®

1 >c- |:{(n — TL4) (3@? -+ 714;3613)2 + T (Clg + n4;3a§)2} + T (ag + 3714;3@2)2

e (s =2). For the second cancellation, we have, by Lemma 29 again,

a2

CZ:I) 1 132 n?’);? ng;Q CL%
ay | = [0 1 2ngo 3n3, &3
ag 0 0 1 3’/13;2 %
4

Then, finding a linear combination of (a$, a3, a3) to cancel a? and directly expanding

(a3 + n4;3a§)2(n —ny4)3/n?, we obtain 2 quadratic forms of length 3:

2
1 2 C: {(n — TL4) (3@% + (2n3;2 + 714;3)663 + (ng;z + 713;2”4;3)@%)

(n— n4)3 2 2 2 2 ?
(@ + (2n32 + nuz)az + (3nz, + 3ngonas)ay | |

To state the above cancellation scheme for general d and dy, some further notation is
introduced. Fix d,dy, and the resulting ky as defined in (3.12). Define the sequence {Bj},
s € [0;|(dy+ 1)/(d — dy)]] recursively as follows. Let B = 1,

=3 (T (B.10)
=0
for j € [1;s(d — dp)], and Bj = 0 for j > s(d — dy). Further define, for every i € [1;(s +
1)dy — sd + 1] and j € [0; s(d — dy)],

o(i; )

o(d+1—i;j)

D(i,0)=1, D(i,j) for j > 1.

Lastly, let Bf] = D(iaj)gj'

We work under the extra condition that

ni1.0 VAN Nkoiko—1 Z max{ng;l, R ,nkofl;]%,g}. (Bll)
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We remark that condition (B.11) is made merely for presentational simplicity; see the com-

ments after Lemma 32 ahead for detailed discussion of this condition.

Lemma 30. Suppose (B.11) holds. Fiz d, dy, and ko as defined in (3.12), and any 0 €
O(d, do, ko) such that ||0|| < 1. Then, there exists some ¢ = c(d) such that, for any s €
[0; [(do +1)/(d = do) ],

(s+1)dp—sd+1 sdo—(s—1)d+1 s(d—do)

d Y ey Jemet Z Tan). mo

=1 i:(s+1)d078d+2

Remark 21. Several remarks for the quadratic forms above are in order.

(i) The quadratic forms in (B.12) are obtained via iterative cancellation from knot ng,—1.

(i1) In a generic B;j, the superscript s marks the counts of cancellations already performed,
1 indicates the i-th quadratic form, and j indicates the coefficient for the j-th component

in this quadratic form.

(i11) In (B.12), we intentionally separate the indices i € [1;(s + 1)dyg — sd + 1] and i €
[(s+1)do — sd+2; sdy — (s — 1)d+ 1] since the first set of quadratic forms only involves
the ‘shared coefficients” a; with j € [1;dy + 1].

(iv) Every time s grows by 1, the first summand of (B.12) has (d — dy) fewer quadratic

forms with each one comprising of (d — dy) more components.

B.1.4 Key estimates

Recall the coefficient sequence {a}}ic(o.k0—1],¢e1;:0+1) defined in (B.6). As described in Section

B.1.1, we aim to obtain sharp estimates of type (B.7). For any a,b € [1;n], define

M(a,b) = (a A (n —b))2.
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The first result below reduces the task of obtaining (B.7) for all the coefficients down to
estimating only the ‘shared coefficients’ {a;}¢c(1;4,+1], from which the estimates for ‘nuisance

coeflicients’ {a;}scfa,+2:4+1] can be derived. Its proof can be found in Appendix B.5.

Lemma 31. Fiz any i € [1; ko — 2]. Suppose there exists some ¢ = ¢(d) such that for every
¢ € [1;dy + 1], it holds that 1 > c(aé)2nffiil)M2(ni+1, n;). Then, there exists some ¢ = c(d)
such that

1> (ah)*n ) M2 (i, i)

for every € € [dy + 2;d + 1].

Following the preceding lemma, the next result, which builds on the groundwork derived
in Lemma 30, makes use of an inductive argument to derive sharp estimates of the type (B.7)
for {aé+1}fe[1;d0+1] on a fixed target piece (n;y1;m:42]. To make the notation more accessible,
we present here the special case dg = d — 1 (so that kg = d+ 2) and defer the case of general

dy to Appendix B.5.5.
Lemma 32. Suppose dy =d—1 and (B.11) holds. Fizi € [0;d—1]. For some ¢ = ¢(d), the
following estimates hold for all locations 1 < j <1+ 1:

(d—j3+2)N0
) ARty

; 2{(d—i)A(E—1
1 > ¢ max {(aﬂ)2 . niig;j IMED ( H n?l+3—k;j

2(e=(d—j+2))+ 2
n - M (nj+1,nj) .
1<e<d
k=d—i+2

Here Hzikl =1 for ky < ky. In particular, for j =i+ 1:

1 > ¢ max {(%“)2 ' n?—&-g_zl-zl ’ MQ(ni+2,nz‘+1)}- (B.13)

1<¢<d

The proof of the above lemma is presented in the next subsection. We emphasize that
the condition (B.11) is made only for presentational simplicity, as we explain below. If it
does not hold, we can adopt the following partition of the pieces {(ng;n1], ..., (Nay1;Nat2) }

via general length constraints. Fix a target piece (n;.1;n;1e] with i € [0;d — 1].



227

S1. First locate among all pieces the longest one denoted as (n;;; n: 1] with 77 € [0;d + 1].
If this is the target piece, then we can directly apply Lemma 37 in Appendix B.7 to
this piece to obtain the desired estimates in (B.13).

S2. If not, assume without loss of generality that the target piece is to the left of this longest
piece, i.e., i+1 < i]. Then, we can locate the longest piece among { (ng; 1], . . ., (s —1; n3z] },
which we denote as (ng;ngy1] with @ € [0;i] — 1]. If the target piece is among
{(ngg; iz 1], - - -, (ner—1;m4] b, we can then make the following two modifications of Lem-
mas 30 and 32: (i) choose location n;: (instead of the current ngi;) as the starting
point for the cancellation of the quadratic forms; (ii) choose location i5 + 1 (instead of
the current location 1) as the starting point for the induction in Lemma 32. These two

modifications will yield the desired estimates for {a}*'} in (B.13).

S3. If this is not the case, i.e., (niy1;niva) € {(n1;n2], ..., (n_1;n45]}, we can then iterate

52 with 5 in place of ¢§. This partitioning will terminate in a finite number of steps.

Condition (B.11) (with n1,0 < ngy2.4+1), along with the current versions of Lemmas 30 and
32, correspond to the above partitioning scheme with an early stop at S2 with if = d + 1
and 5 = 0. On the other hand, condition (B.11) represents the most difficult case in the
sense that the maximal gap ] — 75 = d + 1 activates the condition k£ < ky = d + 2 as seen in

(B.15) in the proof ahead.

B.1.5 Main proof

The main step in the proof of Proposition 28 is the set of coefficient estimates in Lemma 32,
with its more general version stated in Appendix B.5.5. We present the proof of this lemma

in the special case dy = d — 1; the proof for the general case is completely analogous.
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Proof of Lemma 32. Let

(d—j+2)ne
2{(d—i)A(¢—1 20— (d—j+2
Q) =t (L gy )
k=d—i+2

For the rest of the proof, empty [] is to be understood as 1 and empty \/ is to be understood
as 0. We will prove (a slightly stronger version with M (ny,ng) instead of M (n;11,n;))

1 > max {(ay 3(6)} - M?(ny,mng) (B.14)

™~ 1<u<d

by induction on j € [1;7 + 1]. The baseline case j = 1 clearly holds by the condition (B.11)
and application of Lemma 37 to the piece (ng;n;]. Now, suppose the induction holds up to
some location j € [1;1], and we will prove the iteration at location j + 1.

(Part T). We deal with {a}""}/=/*" in this part. For this, we first obtain estimates for a/ 1

and then use triangle inequality. Applying Lemma 30 with dy = d — 1 and s = d — j, the
j-th term in the first summand therein yields that

1 >(7’L - nd+1 Z/Bd Jaj—I—l
~ n2(G-1) Jib i+t

_ d—j+1 . 2
(n—mngp)¥ 1 — k+7—1\ v 0
- n2(@-1) Zﬁ Z (+j5—1 nJ‘HJalH-J
k=t
. d—j+1
_ (n=ng)¥! i —d—j+1 j ’
- n2(-1) Vik Tktj ) o

k=0

YN A
where we used Lemma 29 and W?kﬁl = Zg’ioﬁ/\k /Bj’qj (Si;_i)nfﬂ ;- Note that for a generic

number of k pieces, when j = 1, we need to take dy =d—1and s=(k—1)—(j+1)=k—3
in Lemma 30, in which case the first summand is non-void if and only if

d—s=d—k+3>1 < k<d+2. (B.15)

This explains the transition boundary ko = d 4 2 as in (3.12).
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Combining the above estimate with the estimates for {ai}d: ; from the induction assump-

tion, and using Lemma 38 to cancel everything but aé 41, we have

> (n = nap)?! din—dfjH j PN 32 . )2 2
12 =i Tl al )+ | (al)? - Q3(k) - MP(ny, no)
k=0 k=j

—d—j+1

2 (n—na)¥T 1(7dd]+}r1 : 2 2 (Vjal541)?
2 (al) { 5D e /\/\ Q3 (k)M (nl,no)(jd,—ji”
k=j

Vjk=—j )
d
= (aZl—H)Q{Aj AN Bj,k}-
k=

As Aj/(ﬁjdj;ril)z ndSEQ ?H( — Ngy1) 2 Bjj/(ﬁjd]j}rl) by the assumption that the two
end pieces are longer than any middle pieces, we only need to bound from below /\g:ij,k.

By definition of 7. and non-negativity of B, for any 7 < k < d,

—d 2d=J  (d—j+1)—q\2
(Vi) _ (ZestBia Hﬁ] )
—d—j+1\o d 7 k 2
W]Jﬂ —J ) (Z 5 J+LJ )

d J 2{(d—j+1)—(p+9)}
q= o(ﬁ ,p+q)2 j+1;jj e

(by definition)

(by rearranging the numerator)

349\2, 2(k—j—q)
V(B
=k ki 3l N2
2(d—k+1-p) Jpta
= {nj+1;j (T_]> } (by Lemma 38)
=0 =0\ Big
=k k—j ptq
2(d—k+1—p)
e { Mt /\ H nd+2 7“]+1} (by Lemma 43)
=0 q=0 r=1+¢q
d—k ptk—j
2(d—k+1-p) o ‘
p=0 r=1+k—j

Hence

d—k ptk—j
2dfk+17
2wt A @OV (55 T st} 4200

r=14+k—j
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This implies that for 1 < ¢ < d, by taking p = (¢ — k), above and Lemma 29,
My, o) ™| S M) [Znﬁlﬂm + nimazﬂq
1 k 04+(0—k)+
~ ZnJHJ + \/ { Mj+1;5 H nd+2+j k— mH}
@Vj k
- k—t
- Z”JHJ )+ \/ { H nd+2+3 k— m+1} + \/ {Qj1(k)”j+1;j}'

j<k<evj ovi<k<d

Using that k — nJH ]Q_l(k:) is non-increasing, the first and third terms in the above display
are on the same order as Q;'(£) + Q; ' (¢ V j )nf\fl_f = Q;'(£). Hence we only need to verify

forall 1 </<d—j+41,1<j<u,

Z\/] k
Qi1(0) + Q2(0) = Q7 (O + \/ { H Mo ik T,JH} SQin(0).  (B16)

J<k<tVj

(Case 1). If 1 <0 <d—i+1,Q;'(0) =n 5" and Q;1(0) = n 5V, so:

o (first term) Q;,(¢) = n,jﬁj” < H(ﬁ;i)l = Qi ().

e (second term) without loss of generality we assume ¢ > j (otherwise this term does not

exist):

—k
_ —(k-1) -1
Q;ja(f) = \/ {ni+2;j Mot j—k—rij+1
j<k<t

I<k< r=1
—(k—1) —(t—k)
< \/ {ni+2;j Naty24j—tj+1
j<k<t

—(k—1) —(t—k) —(t-1 -1
< \/ {ni+(2;j+1ni+(2;j+1} - n“r(2,3+)1 Qj+1 (@’
j 4

where the first equality follows since k < £ < d —i+ 1 so that Q;'(k) = n,, g;l), and
the second inequality follows by noting that { < d —i+ 1 impliesd+2+j—{¢ > i+ 2.
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. . _ —(d—1i — _
(Case 2). Ifd—i+2<0<d—j+1, Q7 () =n 5" TI'usienuis_y,; and Q71 (0) =

—(d—i) ¢ 1 .
Niyo541 Hs:d—i+2 Ngt3—s;5+15 SO

e (first term) similarly as above,

) _ —(d —(d 1) -1
Q;j1(0) = Nito:j H nd+3 s = Mo H nd+3 s+l = Qj+1(€)'
s=d—1+2 s=d—1+2

e (second term) similarly as above we assume ¢ > j, then

Qja(0) = \/ { z+2,]l) H nd+3 sij Hnd+2+1 k— m+1}

j<k<t s=d—i+2
il d+1+j—k
—(d—i —1
S”z+2,y+1 \/ H Mujst H Mujvr (-
i<k<t ™ u=d+3—k u=d+2+j5—¢

d+14j—k -1 d+1+j—k—(j—-1) -1 _ yrd+2-k -1
Note that [T,Zq15.5 ¢ My < Tlutararj—cgon) Mgt = [liZars— M1, where the
inequality follows by 7 > 1 and ¢ < d — j + 1, so the above display can be further
bounded by

i+1

Qia(0) < mifsth I1 migin = QL0
u=d+3—(
Hence (B.16) is verified and we have finished the proof for Part I.
(Part IT). We deal with {CL]+1}Z:d_j+2 in this step. Applying Lemma 30 with dy = d — 1

and s = d — j, the last (j — 1) terms in the first summand therein take the form

(n — nd+1) 24-J j+1 j 1 )2
12 n—<520 att .+ 52d ]a?i+]+2> (R.2)
(n — nd+1)5 29=J j+1 1)’
+ T( 3,0 AR I B:’)d jail+g+3> (R.3)
(n —nge)? " (2 L g+1 2 »
+ n2G-1) (610 a; +Bjd j > . (R.j)
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Combining (R.2) with the estimates for {aJ™'}9-J™" obtained in Part I, and using Lemma

39 iteratively to cancel everything but afit; 42, We obtain
TL n e 2 d—j+1
— d+1 —J j+1 1
12— (ZB ?;‘2) > {wﬁ i §+1<k>-M2<m,no>]
k=2
2 d—j+1 —d=J 9
41 3\2 (n — ngg)? 5261 j (B2,d7j)
2 (aiz ]+2) { 2 N /\ g+1 (nhno)m
2,k—2
d—j+1
— (L 2] 42 ©)
= (@455 12) {Aj A A Bj,k}-
k=2
d—j —d—j

Similar to Part I, we only need to get a lower bound for A5 Bj(k) As (32;1;].)2/(52;6;2)2 2

1= n2, rj+1 by Lemma 43, it follows that

d—j+1 d—j
1 N2
12 (a{;ﬂ?) /\ { J+1 H ”d+2 m+1} 2(”1;”0)-

k=2

d— . . . .

As k= Q5 (k)T o oni, i1 = Qi (d —j + 1)nf,5 4., is non-increasing on k €
2;d — j + 1], the minimum is taken at k = d — j + 1 in the above display. Since Q]H(
JH N3 g0 = Q51 (d— j +2), we arrive at

2 .
1 Z (a.(]i+;+2) ?+1 (d —J + 2)M2(n17 n0)7

which is the desired estimate for ;" " +2 Now iterate along (R.3)-(R.j) to complete the proof
for Part II. This completes the proof. O

Proof of Proposition 28. We shorthand ©(d, dy, ko) as ©, and the sample points will be in-
dexed using ¢. For any 6 € O, let {nj};?ozo be its knots: 0 =ny < ny; < ... <mng, =n. The
overall complexity width can then be bounded piece by piece:

ko 2
Esup(e - 0)2 = Esup (Z(s . 9)(7”1;””) < CZEsup - 8)(n il

9o 00 \ ‘5 ‘—  oeo
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We will prove that each summand in the above display can be bounded by a constant multiple
of loglog(16n).

We start with the first piece (ng;nq1]. Let f € F,(d, dy, k) be a generating spline of 0, i.e.,
0, = f(t/n) for ¢« € [1;n]. For this piece, we use the following parametrization of f(-) slightly
different from (B.6): for any = € (0,n1/n],

do+1 n -1 d+1 n -1
~1 1 0 1
= - — - — . B.1
f(x) E:ag(x n) + E:ag(w n) (B.17)
(=1 {=dp+2
Then, the complexity width in question can be written as

do+1 L—n /—1 d+1 L—n /-1
Doy = > > a;( nl) VeSS Y ( 1) .

=1 1€(ng;n1] L=do+2 1€(no;ni]

Applying Lemma 37 to the piece (ng;n;], we have

do+1 n%g 1 d+1 Qg 1

~1\2
Z(a —en T Z 2@ 5 Sl (B.18)
/=1 = do+2

Thus the complexity width over the first piece (ng;n1| can be bounded by

Esup(e - 6)?
0€6

@ (

(no;n1]

< E sup sup

=1 ay)? 2(5 =1 Elnoim]
d+1 012 2
a
(a7) -1
+ E E sup sup 20T E (t—mn1)" g,
1<ni<n 0 22 1 n

t=do+2 (ag)? 2(2 sl 1€ noim]

< C'loglog(16n),

where the second inequality is due to Theorem 3 with v (z) = x? therein. The complexity

width over the last piece (ng,_1;nk,] can be handled similarly.
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Starting from the second until the second last piece, we use the parametrization (B.6) on

the piece (n;11;niyo], yielding

d+1 . n /—1
Z Z i+1 — Tl
(E 9 nz+17nz+2] af ( n ) e

(=1 LG(TL'H»l 1n2+2}

Thus the complexity width in question can be bounded by

d+1 (al+1) . 2
E sup(e - 0) g Esup ——~ ( E (L —nip) e )
T 1 v Y +1 L
9cO (nisrinival ~ L0 28 n2(6-1) :
=1 LE(Mi415Mi42]
d+1 ( z+1) 2
a
I4 -1
5 E E sSup 2(4—1) ( E (l’ - ni+1) €L>
=1 2 /n7(1+1<n2+2’ " LE(TL‘+1'TL‘+2]
(a 2+1)2n1-5_2 M (nipanip)<1 ’

< C'loglog(16n),

where the second inequality is by plugging in the estimates a’le ¢ € [1;d + 1] from Lemma
35 (the general version of Lemma 32 with general dy € [—1;d — 1]), and the third inequality
is by applying Theorem 3 with 1(z) = 22 therein. The proof is thus complete. O]

B.2 Proof of Theorem 2, upper bound

B.2.1  Proof outline

For expository purpose, we focus on the convex linear case ©*(1, k) with truth 6y = 0 in

(3.1). Using the reduction Proposition 27, the key ingredient is to show

E sup (e- 9*)2 < C'loglog(16n). (B.19)
0+ €O+ (1,k):|0*]| <1

To control the complexity width, we may parametrize any 6* € ©*(1, k) by

j* . k—1 .
n; —1 17— "N
:c0+zaj( - ) +ij( n]) , (B.20)
j=1 + j=j* +

where



235

e j*is the index of the knot where the slope of the underlying convex function f* crosses

zero if it does, and is otherwise set to be k;

e {a;} and {b;} are two non-negative real sequences parametrizing the change of slope,

in the two regions where f* has negative and positive slopes, respectively.

With the parametrization (B.20), proving (B.19) then reduces to obtaining sharp esti-

mates for {a;}, {b;}, and cy. These estimates are obtained in rather different ways:

e For the coefficients {a;}, {b;}, the non-negativity property turns out to be the key in
obtaining sharp estimates for their magnitudes. Combined with the LIL (cf. Theorem
3), these coefficients contribute the desired loglog(16n) factor to the complexity width
(B.19).

e For the coefficient ¢y, an a priori estimate |co| < C//n is obtained (cf. Lemma 34)
under the assumed (convexity) shape constraint and the ¢ constraint on the signal.

This means that the coefficient ¢y only contributes a constant factor to the complexity

width (B.19).

It should be noted that for the larger class ©(1,0, k) without the convexity shape con-
straint, a parametrization in the form of (B.20) still holds but without the non-negativity
constraint on {a;},{b;}. The lack of such sign constraints unfortunately makes this repre-
sentation not quite useful in obtaining LIL for ©(1,0,3), so a different representation (cf.

(B.1)) and a different proof strategy (cf. Section B.1.1) are adopted for ©(1,0, 3).

B.2.2  Groundwork

The first result establishes a canonical parametrization for general-order d-monotone splines.

By definition, the polynomial coefficient of the highest order for a d-monotone spline is
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increasing and thus crosses zero at most once. In the following parametrization, we choose

this cross point as the pivot.

Lemma 33. For any f* € F(d, k), there exists some integer 7* € [0; k] and real sequences
{aj}j:*zl, {b; } ML, and {ci}4=5 such that a;(—1)¥' >0, b; >0, and

:Jzaj(__x) +zb<x__) s

7=1 12

QL
—_

¢ (B.21)

I
=[0
)

for x € (0,1], where {nj/n}?zo are the knots of f*. On the sequence level, we have for every
6 € ©*(d, k):

. d d—1

)+ + ; %(i/ny. (B.22)

The next result generalizes the bound |¢y| < C/y/n in the previous proof outline, indicat-

Q;Ziaj< 1 )d+Zb(

=1

ing that all lower-order polynomial coefficients of a d-monotone spline can be well-controlled.

Lemma 34. For any 0* € ©*(d, k) with ||6*||* < 1, there exists some C = C(d) such that,
in its canonical form (B.22), |c/| < C/+/n for every € € [0;d — 1].

The proof of the above lemmas can be found in Appendix B.6.

B.2.3  Main proof

Proof of Theorem 2 (upper bound). Throughout the proof, we will shorthand ©*(d, k) as ©*.
We start with a slight modification of the reduction principle in Proposition 27.

Let Ly = n/k be an integer without loss of generality. Let 0 be an oracle in ©* that

oracle

achieves the infimum. Let n; = n;(0},4.), 0 < j < k be the knots of 0’

oracle

:0=mnp <

oracle*
ny < ... <ng=mn. Foreach j € [0;k — 1], let m; = m;(0%.,..) = [(nj41 —nj)/Lol, njp =

n;p(0;

tacle) = N+ - Lo for p € [0;m; — 1] so that n;o = n; and Njm; = N, mj(G;racle) =nji1.

Lastly, for any 0* € O, let s;, = s;,(0", 0 ,...) be the number of knots of §* — 6% . on the

» Yoracle oracle
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segment (n;,, njp+1], so that Z Zp n s]p < k. Under the above notation, define, for
each 0 € R", (0)};, as the sub-vector (6;);¢(

nj,p:np+1]*
Following the same line of proof as Proposition 27 on this finer resolution {n;,}, we have,

for any 0 > 0 and then some C' = C(J),

k—1 mj;—1

Eo, /18 — 6012 < (1 + 0)|18acte — b0l +C - E sup S 3" (e - 03(67)°,

0c0" =5 150

where Uj,p<0*) =y, p(9*7 ;racle) = (9* - ezracle)[jm]/’Ke* - egracle)[jyp] H

We now prove that the second term on the right side can be bounded by a constant
multiple of kloglog(16n/k). Some extra notation is hence needed. For any 6* € ©*, denote

* — *
the set of s;, knots of v;,(6%) as njp1,. .., Njps,; - Also define n;, 0 = n;p,0(0

oracle) =Njp and

Njip,s; 1 = Mips; 41 (Oneacte) = Mjp+1. Moreover, in view of the canonical parametrization
of shape-constrained splines in Lemma 33, let for each fixed j € [0;k — 1] and p € [0;m;]
the index ¢ = (0%, 6%,,...) € [0; s;,] be such that, on (1, 7jpt1], (1) p.gr—1,Mjpg+] 1S the last

*

piece on which the sign of the highest order polynomial component of 8* — 6% _

is negative.

Under the above notation, we have v;,(6*) € ©; . (d,s;, + 1) (here we assume

*

without loss of generality that the two end pieces of 6* — 6% ..

adjacent to n;, and n; 1 also
have length at least d 4+ 1 since there are at most 2k such pieces and each only contributes
a constant factor to the complexity width). Thus Lemma 33 entails that there exist real

Oracle)}, and some ¢* € [1;s;,] along with sequences of equal

. *
s1gn {aj,p,q}gzl = {aj,p,q(9*7 éracle) q=1> {b JspP; q}zj I:]* - {b]',ILQ(Q*? ;racle)};7 IZJ* such that

sequences {¢;j ¢} = {cjpe(0*, 6%

*

q

; d S4,p d
* Njpqg — L+ 1y i+n n
(0, = Y (MY 45 ()
+  q=¢

q= +

1

d—1 ¢
+Z ,pf( ”J,p)

—

0

(v],(0), + (v7,(67).. (B.23)
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where (v5,(6%)); = a- écjpg((i - nj,p)/n)e/ﬂ. Therefore, we have
k—1 m;—
)\ 2
E sup ZZ €l Ujpe))
A
k—1 mj;—1 k—1 mj;—1
< 2<E sup Z Z Elipl * )) +E sup (e[j,p] ~v]2-7p((9 )) >
9*cO* =0 =0 0*cO* j=0 p=0
We first upper bound (/I). Since for each j, p and 6" € ©%, v;,(0*) € ©F, ., (d,s;p+ 1)

and has unit norm, Lemma 34 entails that there exists some C' = C(d) such that |c;, | <

C/\/Mjpr1 — nj, for j € [0;k — 1], p € [0;my], and £ € [0;d — 1]. Let Anj, = nj,401 — 0y

Then, we have

k—1m;—1 d—1

2

C £ .
IETE SN 3 3D 3= 1 (D SR ETIN oy
|C]pi|<C/\/ An]@] 0 p=0 (=0 ie(nj,pinj,p+1]
k—1m;—1d—1 E[

—n, Ve, ]?
9353 )yl

Next, we bound (/). Some extra notation is needed. Define the following partition of

(1j,p; jpt1] With intervals
e = ("j,p + (=27 Ang [y + [(1 = 27) Anyy | }
for ¢ € [1;¢;,] and t;, = [log, An;, |, and similarly,

= (mige = 0= 29800 imgps = [(1- 202 ] |

From this definition, we immediately have (with analogous conclusions for I, ,): (i) [I7 | <
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[27¢An;,]; (i) 203 sty 70l +1) = sy 117 ] for any £y € [1;t;,]. Then, let

S4,p

0" 0* _
BJ'J%Z - 7107 ( ) oracle) - E :ijpaf]‘nj’p,qelfp’za
*

5 30l — 5]p€<9*7 ;racle> = max {q* <q= Sjp - 1n]pq€I pé}'

equals to 1 if and only if among the knots {n;,,}:2"., there is at least one

In words, 62 S

Jp,t

that lies in the interval I and if such is the case, B, , ¢ returns the block sum. We omit the

)
similar definitions for A;,, and 5J . By definition, we immediately have ZZ 1 ] vt < Sip:

In the parametrization (B.23), using the constraint ||v;,(6*)|| < 1 and the bounds |¢; | <
C/\/Mjps1 — nyp for £ € [0;d — 1], we have [lv; (%) < C (recall the definition of v}, in
(B.23)) for some C' = C(d). Hence for some sufficiently small ¢ = ¢(d),

ra N iy d S3,p i — dq2
1 > C- Q. 7,04 + b . 71,04
- § : § : 7:P>4 n § : 2:P-4 n

i€(njpinjpt1] ~a=1 T +

e Y Zam< = )} rib“( njﬁpq)dr’

i€(nj,ping,p+1] -

where the second inequality follows from the fact that the interaction term between the two

summands in the first inequality is O for each .

Now, starting from the constraint 1 > ¢33, . [Zsj:’p* bjm,q(i*"g””q)if, we will

obtain estimates for B;,,. Fix j,p. By the disjointness of I p , and the non-negativeness of
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- lip Sip —n d2
35054
1>c § §:§:b,pq njp,g€IF, ( >]
i€(ng pingp+1] - €=1 q=q* +
- tip Sip dq2
9p’
>c E, E:E:bqu njp,g €15, ( ) ]
i€(njpinjp+1] - =1 ¢=q¢* +
- tip
i — ([j,p,€)+
=cC- g g ij | ———
b) bl n
ie(nj piMjp+1] - =1 +
B 2d
([ 75Ds Z)
> ZB D D e
7 n +
i€(nj,piny pt1]
tj.p B 2d+1 ti.p B 2d+1
> .. Z B (nj,p+1 - (Ij,p,z)+) > B2 (”j,p+1 - (Ij,p,z)—) (B.24)
- ¢ j7p7£ n2d - j7p7€ n2d ’ :
/=1 /=1

where (17 )4 ((I7,,)-) is defined to be the right (left) endpoint of I” ,, and the last in-

Jp

equality follows from property (ii) of the partition I fp,z

We are now ready to bound the term (7). First by the vanishing of interaction terms, we

have (I) = (1) + (1), where

Jsp,q
([1) =E sup Z 3P4 Z < n ) 51)} ’
9* * .
€0 j=0 p=0 " ¢=0 i€(nj,pi15,p,q] +
k—1mj—1 - sjp i—n d 2
— 'Y
(I,) =E sup E bj,p,q< Z < ) 51)} '
6*co* n +

j=0 p=0 *g=q* 1€(Nj,p,qinj,p+1]
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Due to symmetry, we only bound (/3) as follows:
r Sip i — . d 2
RS 91D v SN (D VN Gy

Jp Sg=q* £=1 1€(Nj,p,q375,p+1]
r tip 54,p : d
1—T
<Esup) Z{Zlm,p,qaﬁﬂbﬁm,q} max | Y ( - ) Z
1€(Timy,p41]

- B
ip —4=1 ™ q=q* T<pe

- tip . d 2
1—T
= Esup E E B: 7p7g max E €
o < er? | n
Jp - A=1 IPE T ie(Ting, py]

2
k—1 m;— (ZG . (i—T)d€')
1€(T5my,p41] ?
= E{ésm?fgﬂ Z Z Ot i — (1B )_)2+1

3.p:L j=0 p= Jpt (nj’p""l Jspl/) —

Here, the first inequality follows from the non-negativity of {b;,,}, the second equality
follows from the definition of B, ,,, and the last inequality follows from Cauchy-Schwarz

along with the estimates for B;,, in (B.24). Furthermore, we define

AP = {{ 58 o8 € 0,1}, Z%i%e }

7j=1 p=1 (=1
to be the admissible set for the sequence {67 ,}. As Z; D = z] L0y [logy (nper —
Ck [logy(n/k)], a combinatorial estimate yields that |AZ| < (Ckﬂog]i(”/k) ) < (Ce[logy(n/k)])".
Now, using the basic inequality (a + b)? < 2(a® + b?), it suffices to bound by the order

kloglog(16n/k) the following two terms:

2
k—1m;—1 tj, (ZZ (1B (Z — T)d5i>
E X Z Z 2531‘?17, m%x O] 2d+1 (B.25)
105,687 520 000 =1 Tl Njp+1 — ([]Bpe)*)
and
k— 1t Z ( )d 2

1mij—1 15p < ie((If n =T €i>

E max 5,p, max ] (B.26)

2d+1
{5B Z}E AB _ TGIB ¢ B
P j=0 p=0 (=1 P Njp+1 — <[j,p,f)*

njp)] <

<
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From here on, in view of Theorem 3, the proof is essentially the same as that of Lemma 5.2
in Gao et al. (2019) (our (B.25) and (B.26) correspond to their (42) and (43)). For the sake
of completeness, we will present the proof for the bound of (B.25); the bound for (B.26)
follows from essentially the proof of (43) in Gao et al. (2019).

Denote the variable in (B.25) as Z, i.e.,

2
k—1mj—1 tjp (Zie(ﬂ(ffp,g)Jr](i — T)d5i>

E max (5- max
2d+1
Z}EAB — — — TEIB ’ ' _ B
%, j=0 p=0 (=1 3P, N pi1 (Ijm?e),

3
o

We bound the tail probability of Z as follows. For any v > 0 and small enough ¢ > 0,

2
1l s <Zz (1B, (1 — T)d5i>

B 2d+1
AB i=0 p=0 )El'p[ [B
) te J =1 e (nj,p+1 ( j,p,f)*

2
(Zie(r;(zfp’m](z - T)d5i> ]

B 2d+1
{6fp,£}€AB 3:p:t it <nj7p+1 - (Iﬁp,[)*)
k—1m;—1 t;p
<Y e exp(z >3 8 loglog (160n1 - nj,p>))

< exp(log|A”| — cu + Ckloglog(16n/k)) < exp(—cu + Ckloglog(16n/k)).

> U

Here, the second inequality follows from the independence of the partial sum processes over
the partition {7 ,}, the third inequality follows by choosing ¢ to be sufficiently small and
then applying Theorem 3 with ¢(x) = exp(cxz®) — 1 therein, and the fourth inequality

follows from the fact that n;,.1 —n;, < n/k and that Z ij_l S o8

e < K for any

{07, ,} € AP. The proof is now complete by integrating the tail estimate. O
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B.3 Proof of lower bounds

B.3.1 Lower bound in Section 3.2

Proof of Proposition 14. We start with the first claim. In view of the fact that minimax rate
over O(d, dy, k) is non-decreasing in k and ©(d,d—1,k) C ©(d, dy, k) for any dy € [—1;d—1],
it suffices to show that

inf  sup  [Eol|f — 0]]> > cloglog(16n).
§ 0co(dd—1.2)

For this, we will apply a standard reduction argument to multiple hypothesis testing (cf.
Theorem 2.5 of Tsybakov (2009b)). Define the following series of splines. Let M =
[logy(n/(d+1))], and for each £ € [1; M], 7, = [(1 — 27%)n| and f(z) = ay(z — 7¢/n)? with
ap = (254172, /loglog(16n)/n for some sufficiently small c¢. Further define fO(z) = 0
on [0,1], and the induced vectors 6% = f(i/n) for i € [1;n] and ¢ € [0; M]. Denote the

corresponding joint distribution of {Y;}* , under the experiment (3.1) with truth 6° as P,
¢ € [0; M]. Tt can be readily verified that 6 € O(d,d — 1,2), and the Kullback-Leibler
divergence between P, and each Py, denoted as KL(Fy, P,), satisfies

KL(Py, P,) = ||60° — 6°]|?/2 = ||6*||*/2 < loglog(16n)

for every ¢ € [1; M]. Moreover, for any 1 < j < k < M, it holds by direct calculation that

- )2d+1
R S e
Pk = = i i) n2d
’L'E(Tj,‘rk}
0 — )24+ 9—i(2d+1)
= aﬁ% = a?—n = loglog(16n).

Theorem 2.5 in Tsybakov (2009b) therefore entails the desired lower bound.
Next, we prove the second claim. By following the same reduction as in the previous claim,

it suffices to show that for any k& > ko + 1, there exists some nonzero f € F,(d, dy, ko + 1)
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such that f(z) =0 for x € [0,c] U [l — ¢, 1] with some universal ¢. Take ¢ =1/3. Let 70 = 0,
7, =1/3+(j —1)/(3(ko — 1)) for j € [1; ko], and 7,41 = 1. Define

ko—1
E <Z Z 67 ) 1[1/32/3}( ) T € [0,1].
7=1 f=dp+1

By definition, f vanishes on [0,1/3] U [2/3,1]. Moreover, it can be readily checked that,
for any real sequence {c)}jeqik_11.celdo 1y fO(T5)-) = FO((7;)4) for j € [1;k — 1] and
¢ € [0;dp]. Therefore, in order to show that f € F,(d,do, ko + 1) and is non-zero, it suffices
to show that there exists a non-zero realization of the sequence {Cg}je[l;ko_l]yge[do_i_l;d} such
that fO((749))-) = fO((74)+) = 0 for all £ € [0;dy]. This is equivalent to finding a non-
zero solution for the homogeneous linear system Ac = b, where ¢ = {Cz}je[l;ko,l],ge[do+1;d] €

R(Fo—1)(d=do) p = O(ko—1)(d—do), and

A= [Al AQ . Ako—l}

with
o(do + 1; O)ngjl O(do +2; O)Tg(?jj o Od;0)T
A= Oldo+ L 1)1 Odo + 2 1m0t . o(d; )7
Q(do + 1, dO)Tko,j Q(do + 2, do)T]?O’j R Q(d7 d0>7—lgo Jdo

and 7;, j, = T;, — Tj,- Note that the coeflicient matrix A has dy + 1 rows and (ko — 1)(d — do)

columns, where, by definition of kg,

! 2
(ko —1)(d—dy) > dy+2 V+ J+1 dt

d — dy “d—dy
The above equivalence indeed holds since if (d 4 1)/(d — dp) is an integer, then

d _
FL| iAoy d+2
d—dy d— dy d— do

and if not

d+1 IR d+1 >d—|—2'
d —dy T ld—=dy| T d—dp
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This entails that the solution space of the linear system Ac = b is of dimension at least
one and thus the system is guaranteed to have a non-trivial solution. The proof is thus

complete. O

B.3.2 Lower bound in Section 3.3

Proof of Proposition 16. We will continue to adopt the standard reduction to multiple testing
(cf. Theorem 2.5 of Tsybakov (2009b)) as in the proof of Proposition 14. We first introduce
a set of basis functions. Let k = k/3 which we assume without loss of generality to be
an integer, {y = {logz(n/(Qfl;))J, and 7, = (1 — 27D /k for ¢ € [1:4y + 1]. Next, for
x € [0,1/k], let fo(z) = (267132 loglog(16n/k) /n(z — 1), for £ € [1;4o] and fre(z) =
c(2%)%/2, /loglog(16n/k) /n(x — 74,+1)+ (here the subscript “ref” stands for “reference” and

fret Will be pieced together later to be the true signal underlying the distribution Fy in
Theorem 2.5 of Tsybakov (2009b)). Then let fy(z) = fo(z) V fet(2), and it can be verified
that fy(z) = fo(z) on [0, 741]. The above set of functions resembles those constructed in
the proof of Proposition 14, and satisfies the similar properties

So (fulifn) = fuli/m)* = cloglog(16n/k) (B.27)

i:(i/n)€(0,1/k]
for any 1 < £ # ¢/ < {y, and

ST (filifn) = fretli/m))* < (fe(i/n))®

i:(i/n)€(0,1/k] i:(i/n)€(0,1/k]
r R 2 . 2
<of Glim)*+ 3 (fuli/m)?)
i:(i/n)€(0,1/k] i:(i/n)€(0,1/k]
< C'loglog(16n/k). (B.28)

We now construct the hypotheses in the multiple testing framework. For j € [1;75], let
F1(), £2:(-) be a set of functions defined on [(j — 1)/k,j/k] as follows. Let fi(z) = fo(z)

» J ref

and fL(z) = fus(z) as defined above. Next, for j € [2;k], we define inductively f7.(z) =

ref ref
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PN @) + fetl@ — (5 — 1)/k), where (@) for z € [(§ — 1)/k, j/k] is to be understood as

ref

the extension from [(j — 2)/k, (j — 1)/k]. Also define f(z) = fL(z) + folx — (j — 1)/k).

ref

Lastly, we piece them together as

k

folx) = Z fiaf(x)l((jq)/z,j/z] (z)

j=1

and

k
fi () = Z féjj (37)1((3-71)/E,j/'15] (@),
j=1
where £ = ((1,....4;)" € [1; 0o]F. One can readily verify that all of the f© and f* belong to
the class F;(1,k). Indeed, continuity follows directly from the construction and since there
are at most 3 pieces on each of [(j — 1) Jk,j /%], there will be at most 3k = k pieces in total.
Therefore, the sequence counterparts 0° = (f°(i/n)); and 8¢ = (f*(i/n)); belong to ©*(1, k).
Let p(+,-) denote the Hamming distance. Then, the Gilbert-Varshamov bound (cf. Theo-
rems 5.1.7 and 5.1.9 in van Lint (1999)) entails that with some small ¢ > 0, there exists a sub-
set S C [1; EO]E with cardinality |S| < ESE such that p(£,€) > ck for any £ # £ € S. Adopting
those in S as the truth in the experiment (3.1), we obtain a total of M =1+ |S| < KSE hy-
potheses, which we denote as P° and P¢, £ € S.
It remains to verify: (i) [|#¢ — 6¢|]> > ckloglog(16n/k) for any £ # £ € S; (ii)
KL(P° P*) < Clog|S| for any £ € S. We first verify (i). By definition of §¢ and 6,
on each [(j — 1)/k, j/k] such that {; # {;, we have by (B.27),

£ u-re 5 (- el )]

(R g FEeCE A

S {f@, (%) ~ f (%)r > cloglog(16n/k).

'e(o,%]

it
n

This entails that

16¢ — 6|12 > p(£,£)cloglog(16n/k) > ckloglog(16n/k).
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Similarly, for (ii), we have by (B.28)

KL(P°, P*) = [|0° — 0*|?/2 < Ck - > [f% (%) N fref(%)r

. 1

< Ckloglog(16n/k) < log|S|.

Application of Theorem 2.5 in Tsybakov (2009b) then completes the proof. ]

Proof of Theorem 2 (lower bound). This is immediate by realizing that ©*(d,2) C ©*(d, k)
for £ > 2 and the lower bound construction in the first part of the proof of Proposition 14
can be directly applied to establish a lower bound for ©*(d, 2). ]

B.4 Proof of Theorem 3

Proof of Theorem 3. We first claim that there exists some ¢ = ¢(d) such that for any ¢ > 0,

the event

Z (Z — nl)dsi

(n1;n2]

= { max__(ng — 1) “(ny A (n —ny))

1<ni<n2<n

)

is contained in the event

P

(n1;m2]

& = { max  (ng A (n —nq)) "2

1<ni<n2<n

> ct}.
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On &5, for any 1 < ny < ng < n, it holds that | Z( }si‘ < ¢(ng A (n —nq))Y/?t. Then,

nin2

i—n1

=1 Y > (*-G-1%

i€(nyne]  J=1
no—n1

(jd - (- 1)d) Z €

Z €z(Z — nl)d
]

(n1;n2

Jj=1 i€[n1+7;n2]
d—1 d ng—ni
¢
() Tu-v] ¥ -
=0 j=1 i€[n1+j7;nz2)
d—1 d ng—ni
. ) — g — — y J—
<ct ;Q) ; (G—1) (\/n_zA Vn—ny — (j 1))
1 o -1
< QCt-Z (g) / xé(\/n_g/\\/n—nl —x)da: (B.29)
=0 0

< et 3 () tne = ) e (= ) (B.30)

=0

< 242t . (ng — n1)d(n2 A(n— nl))l/Q:

where the inequality (B.29) follows from the fact that the map = +— 2*(\/ng A v/n — ny — )
first increases and then decreases on [0,n — ny], and the inequality (B.30) follows from

a separate discussion of no < n — ny; and ny > n — ny; and the following two bounds:

Jo2 M at de = (€ + 1) (ng — ny) and

n2—mni n2
/ n—n; —xdr< (ng—nl)‘e/ vn—z do
0 n

1

= (nz — nl)e o Va do = (ng — nl)e ' ;((n — n1)3/2 —(n— n2)3/2)
= (o —ny)"- Z(nZ —n) [(” —n1)?+(n—n1)(n—ng)+ (n— n2)2]
2 1 3 (n — n1)3/2 i (n _ n2)3/2

< 2(ng —ny)*(n —ny) 2
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Therefore the claim holds by choosing ¢ = 272 This entails that, for any ¢ > 0,

d el > ct)

(n1;n2]

gP(maxwzct) —i—]P(maxMth)

ni1<ng (n - n1)1/2 n1<ng n;/2

P(Z >t) < IP’( max  (ng A (n —ny)) Y2

1<ni<na<n

=(I)+ (I1).

Due to symmetry, we only bound (/). By the triangle inequality,

‘ Z?:n1+l gi‘ ‘ Z:'L:n2+1 81“

By Lévy’s maximal inequality (cf. Theorem 1.1.5 of de la Pena and Giné (1999)), the first
probability is bounded by

[logy 7]
Z ]P’( sup 9~-(r=1)/2

—1 2r=1<(n—ny)<2"

n

> -

1=n1+1

> ct/2) < 9[logyn]e ",

Similarly, the second inequality is bounded by

[logy n]
Z IP’( sup (n —ny)~ 12
27‘—1S

(n—n1)<2"

n

> -

> ct/2)

r=1 1<) <na<n i=ng+1
[logs 1] n ,
< P sup o~ (r=1)/2 gil > ¢t 2) < 9[log, n e <t
> p( sw S & = et/2) <9108,

r=1 1=no+1

Putting together the pieces, it holds that P(Z > t) < 18 [log, n] e~"**, where we take ¢’ < ¢,
without loss of generality. Now, if ¢(-) is bounded on [0, c0) by some C, then the result holds

trivially. Otherwise, ¥(z) T 0o as © — 00, and integration by parts yields that for any zq > 0,
Bi(Z) = [ B2z di= [ PEZz ) d
0 0
< / {1 A [Clog(l(in) . e_cu(’”l(t))Q]} dt
0

<zy+C- / log(16m) - <" gy,

Zo
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By monotonicity of ¢~ for any t > xg, 71 (t) > ¥ 71(t)/2 + 7 (xg)/2, so the integral
above can be further bounded by

/ h [log(16n) - =W @0)*]~(/H™0) gp < / T @7 gy
1

o

provided that zo > 1 and log(16n)-e~(¢"/Y@ ™ @0)* < 1 or equivalently, o > 1Vip(1/(4/¢") loglog(16n)).

The claim now follows from the condition (3.21). O

B.5 Proofs for technical results in Section B.1

B.5.1  Proof of Proposition 27

Proof of Proposition 27. The basic inequality [|Y — 5”2 < ||Y = Ooracie]|* entails that
”é\_ 00||2 S ||00racle - 00||2 + 2¢e - (é\_ 00racle>~

Then we have, for any n > 0,

k—1 k—1
€ (9 - Qoracle) = (g[ﬂ ’ (9 - Oracle Z — Horacle)[j] ||
j=0 7=0
k—1 k—
S 77_1 ) (5[ﬂ Z - oracle []]H
=0 =0
k—1
- 77_1 (8[]] ( )) ||€ 00racle||2
7=0

Applying the inequality [|6 — foracte]|> < 2(]|8 — bo]|2 + |foracte — 6o|?) then yields that

k—1
142
HQ QOHQ 2ZHeomcle - 6)0||2 Z €[J]
]:0

For any given § > 0, choosing n = 0/(26 + 4), upper bounding the right-hand side by
the supremum over ©(d, dy, k), and then taking expectation on both sides yield the desired
result. O]
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B.5.2  Proof of Lemma 29

Proof of Lemma 29. On the pieces (n;_1/n,n;/n] and (n;/n,n;1/n|, the function f can be
parametrized as
dt1 - G dt1 i 0!
fica( Za < ) , fi(:z:)zqzzlaq<:c—g) .
By the fact that 0 < p — 1 < dy and thus the continuity of the (p — 1)th derivative at knot
ni/n, it holds that f7" (n;/n) = f*(n;/n). But

p—1 i\ i—1 = o N i
() = R e (e )| - et e v,
q=1 =5 q=p
d+1 p—1 q—1
(p—1) 1y _ 7 d L% _ i
fz (E) = Zaqup_l (.T — g) ) = (p — 1)'&
g=1 =
This entails that
( 1 | %@ 1: 1) i—1 q D — ( B 1)' i—1, q—p
p—= a— (g—Lp— N1 = 1% M-t
q=p q=p (¢ —p)!
This lmphes that Coef[ p7 q ] (q - 1>‘/((q - ) (p - 1) ) zz 1 = (Z }) 'Lz—l if q > p;
otherwise it is 0. ]

B.5.3  Proof of Lemma 30

Proof of Lemma 30. The baseline case s = 0 follows from the condition ||6|| < 1 and appli-
cation of Lemma 37 to the piece (ng,_1;nk,|. The iteration from s to s+ 1 then follows from
Lemma 41, which is to be stated and proved in Appendix B.7 with its conditions satisfied

since Nkgiko—1 > max{nz;l, nz.2,... ,nko,l;ko,g} by (Bll) ]

B.5.4 Proof of Lemma 31

Proof of Lemma 31. Fix i < kg—2 as in the lemma statement. For simplicity, we again work

under the condition ngyx,—1 = max{na.y,..., Ngk—1}. We will prove by induction: suppose
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the desired estimates hold for a}, ¢ € [dy + 1;£] for some ¢y € [dy + 1;d] and we will prove
that the estimate also holds for aj ;. The condition of the lemma serves as the baseline
ly = do + 1. For the general induction from ¢y to ¢y + 1, let L = 1 + (d — do)(ko — 1 — 7).
Then, Lemma 30 entails that

2(0o+1—L)+ fo+1 2
1> (n_nko—)(oJr Bko 1—i i
~ n2(o+1-L) Lo+2—L—(Lo+2—L)%¢ | -

(=lo+2—L
On the other hand, we have
lo+1
2(0—-1 2 i\ 2
1 > Z z—%—l 2 )M nl+17 ”z)(az) )
(=lp+2—L

where the summands with ¢ € [¢y + 2 — L;dy + 1] are from the condition of the lemma and
those with ¢ € [dy+ 2; ¢y + 1] are from the induction assumption. Now, combining the above

two estimates and applying Lemma 39 iteratively to cancel every a), ¢ € [y + 2 — L; {y], we

have
12 (ag,)*((1) A (IT)),
where
I e T e I 9
(I) = ng(g0+1_L) (6€0+2 L,L— 1) )
» 2(6-1) (5IZO+21 zL 1)
(I]> = /\ Tty M(ni-‘rl?ni) —ko— 10 3 5
{=lp+2—L f0+2—L,f—(€0+2—L))
By Lemma 43 and the condition ny,x,—1 = max{na.1,...,Nkyky—1}, We obtain that (I) 2

fﬁole (ni41,n;). Similarly, by Lemma 43, as the factors n..’s in the lower bound of
(ﬁlzs+21 zL )2 /(,BZ?JF; j:e (to+2-1))° can all be further bounded below by 741, we obtain

by direct calculation that (/1) 2 nfﬁol M (n;11,n;). Putting together the lower bounds for

(I), (II) completes the induction. O
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B.5.5 General statement of Lemma 32

We restate here Lemma 32 for the case of general dy € [—1;d — 1]. Introduce the following

notation:

— . C c Mod(bsc)
On.ila,b,c) =mng; ng 1y Ny e

for positive integers a,b,c. Fix i > 2. Recall the definition M(a,b) = (a A (n — b))"/? for
a,b € [1;n] and the condition (B.11).

Lemma 35. The following estimates hold for all locations 1 < j <14 1:

20v2(d—do) (ko—i—2
12> max ni+2.»( 0)(ko=t=2)
1<b<do+1 iJ

x@nij(¢+1,{£—(d—do)(ko—z'—2)—1}A{(d—do)(z’ﬂ—j)},d—do)

2(0—1—(d—dp)(ko—j—1
x e )>+} - M?(njia,m;).

In particular, for j =i+ 1:

i 2(£-1) 2
1 >C max a74+1 2.n' B .M o n: )
T 1<t<dg+1 ( ¢ ) i+2;i+1 ( i+2) z+1)

The proof for this general case is completely analogous to the one presented in Section

B.1.5.

B.6 Proofs for technical results in Section B.2

B.6.1 Proof of Lemma 33

Proof of Lemma 33. For any f € Fi(d, k), let fo = fo(f) € F:(0,k) be such that f =

1

(I¢ .. .0fo) for some real sequence {r¢}/—;, with corresponding knots {n; }f;ll = {n;(f.) iz}

j=1
and magnitudes {y; ;?:1 = {u;(fo) ;?:1 between (n;_1/n,n;/n|, ie., fo(x) = Zle 15 n; s ) (2)
for x € (0,1]. Then p; < ... < . Let

J*=0°(f) = max{l < j <k ps; <0},
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Define two sequences {Zij}g*zl and {g]}f;]l* as follows: a;» = p;» <0 and a; = p; — pjr1 <0
for j € [1;5* = 1], bjs = ptjo41 > 0 and b; = pj4q — p; > 0 for j € [j* + 1;k — 1]. Then,

letting 7; = n;/n, fo can be re-parametrized as

Jj* k—1
fo@) =) @l () + Y bl (z), x € (0,1].
Jj=1 J=J*

Define the function g, (z;7) = (7 — )%, with any parameter 7 € [0, 1]. Then, direct calcula-

tion shows that

T TAT T
/ g, (u; ) du —/ (1 —u)’ du = / u du
0 0 T—XNT

pas (r — x)ﬁ:‘rl pas! N (-1)  _ ( )
= — = . T T).
(+1 (+1 (+1 041 J\®

Similarly, with g/ (z;7) = (¢ — 7)%, it holds that [ g,/ (u;7) du = ffw(u —7)f du =
[T uf du = g/, (v;7) /(£ + 1). This entails that
& a — b;
(i o) @) = D (=17 —2)h + 3 il = )8 + Paa (@),
j=1 ‘ =3

where P;_;(z) is some polynomial of order d — 1. The proof is then complete by noting that

{(—1)%a;/d!}’_; has sign (—1)**! and {gj/d'}f;; is non-negative. O

B.6.2  Proof of Lemma 34

We need the following simple fact that translates the ¢y constraint on 6* at the sequence
level to an integral L, constraint on f* at the underlying function level. Its proof can be

found after the proof of Lemma 34.

Lemma 36. Let f* € F'(d, k) and (6*); = (f*(i/n));. Then, if ||0*||* < 1, there exists
some ¢ = ¢(d) such that 1 > c- nfol(f*)Q(x) dz. Actually, this inequality holds for the larger
unshaped spline space F,(d, dy, k).
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Proof of Lemma 34. Fix any 0 € ©*(d, k) and its generating spline f € F}(d,k). Then,
under the condition [|#]|> < 1, Lemma 36 entails that there exists some K = K(d) > 0 such
that fol f2(z) dz < K/n. Due to scale invariance, it suffices to prove that |c,(f)| < C for
¢ € 10;d — 1] for some C' = C(d) under the condition || f||3 = fol f2(z) dz < 1.

For f € Fi(d, k), let {n; = n;(f)} e be its knots and j* = j*(f) be as in its canonical
form in Lemma 33. Let 7; = 7;(f) = n;(f)/n for j € [1;k] and 7" = 7°(f) = 7;-(5)(f). We
will prove that for some K = K(d) > 0,

/1 fA(x) de > K- max ci(f), forany f € Fr(d k).
0

0<e<d—-1

We focus on the case 7%(f) € [0,1/2] and prove that
1

2 > . 2 >k
-, fAz)de > K oJax c;(f), forany f e F:(d k).
We present the proof for c;_(f) whenever ¢4 (f) # 0; the bounds for {c/(f)}¢c(0,a—2 follow
from completely analogous arguments. Below we omit notational dependence on f if no

confusion could arise. On [7%,1], f has the canonical form

k—1 d—1
Cy
fl@)=> bile—m)t+> ] E$Z~
=5 =0

This can be alternatively parametrized as f(z) = Z;é coext /0 + (](C)l...0~7*(f)f°)<x)7 where

folz) = Z?;;*(bj ~d)1ysr, € Fr(0,k), and 7(f) = 7°(f5). Therefore, we have

1 d—1 )
1= / (ZCZ[L‘E/E! + (I(C]l ..... O;T*(f)fo)(x)> dz
™) =0
! 2 ¢ d—1 )
_ 2 Cy T ( J fo ) }
- o T senlca- + T T dx
d 1/T*<fo> LZO e @ o) Gt Bt

_.
T
_

.

~

o 2
chx ~
> 2 inf ¢ I¢ ~ f )z dx
Z Cg—1 oy, CR, E{£1) /T*(fo) Z /) +( 0,..., O;T*(fo)f)( )}
Jo€UnF(0.k),7*(fo)<1/2

[ [Sler @ g

=i, inf ;
/! /! /! ~
CQyenCh_o€RCl e{£1} “(Jo) L0 1

ﬁeuﬂf;(ovk)vT* (fz)gl/Q
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where in the third line we use the fact that f, = f./|ca1| € F=(0, k) and satisfies 7*(f,) =
7*(fs) < 1/2. Thus, to prove the desired result, it suffices to show that there exists some
K = K(d) > 0 such that

M

! (= T )‘] ~ 2
inf /(f { el + (I Of(fo)f)(x)] dz > K. (B.31)

C0,--,Cd—2€R,Cq1€{£1} —0
Jo€UnF 5 (0,k),7*(fo)<1/2,kE€Z+ B

Suppose this is not true, then there exist a function sequence {fn,o}n C Up i Fl(0, k') with
75 =7(fno) C [0,1/2] and real sequences {Gn¢tne With a1 € {1}, such that

QL
—_

1 2
C?’L,f * rs
/O Loz () | D0 @ =) 4+ (L Fue)(@)] da = 0.
2.

Il
o

Since Lo convergence implies almost everywhere (a.e.) convergence, it follows that

U
—_

,,,,,

~
Il

0
Since the sequence {7} C [0,1/2] is bounded, 77 — 7* along some subsequence for some
7 € [0,1/2], and we work with this subsequence below. As 1. () — 1 for any fixed
x € (7*,1], the sequence of functions in the brackets in the above display converges a.e. to

0 on (7%,1]. In other words,

d—1
Zzn,g(x — e+ (IE O;T;};,O)(x) 0, ae. on (7%, 1], (B.32)

We first prove that under (B.32), {¢, ¢}, is necessarily bounded for each ¢ € [0;d — 1]. Since
{¢na-1}n C {—1,+1} is already bounded, it suffices to prove the claim for ¢ € [0;d — 2].
If this is not the case, then there exists some nonempty subset £ C [0;d — 2| such that for
every { € L, {¢n}n is divergent, i.e., limsup, |¢,¢| = +00. As 77 — 7%, we may find some
slowly decaying &, | 0 such that (i) &, > (7% — 7), (i) {Cnse’ }n is still divergent for every
¢ € L, and (B.32) holds with z,, = 7f + &, > 7". Now, by definition of ]7,10() there exist

some ky, ji € [1;k,], 0 = 70 < ... < Tpx, = 1, and non-negative sequence {,un]}] s ! such
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that 77 = 7,,;: < 1/2 and for x € [7}, 1], fno(x) = Zf“yl,umlxy . Thus by a direct

calculation, we have for = € [7}, 1]

(0 gm Frc)@) = D Erd (e = 7).

So by (B.32) and definition of {z,},
d—1 ~ kn—1

Cné e_i_Zﬂ’n,] d

Let ¢y € L be the index such that {¢, e’ },, has the fastest divergence rate, i.e., lim sup,, |Cn. )% /(|Cnel€b) >
« for some positive o and every ¢ € £. Without loss of generality, we further choose {&,}
such that the maximal divergence rate and the index that achieves this rate are unique, i.e.,
(o is unique and satisfies lim sup,, |C,.4,|€%/(|Cnelel) = oo for every £ € £\ {fo}. This then

entails that
kn—1
B, = ”;"j e > [Cuple® (B.33)
J=in
and is positive and divergent. Next, for the chosen sequence {¢,}, choose {n,} C [1,00) as
some slowly growing sequence such that (B.32) holds with the sequence z/, = 7,5 4+ €,,m, >

* *
T, T &n>T,16€.,

d—1 ~ kn—1
Cn,€ ,un,
v (1nen) ‘4 § L (nen)® — 0, (B.34)

and that {e,7,} | 0 and {¢, 4, (7.6,)"} remains to be the fastest divergent sequence among
L, i.e., imsup,, [Cneol(€nmn)?/([Cns(€nnn)) = oo for every £ € L\ {{y}. Similar to (B.33),
we have Zkij*l Lo i (Mn€n)?/dl 2 |Crte| (Mnen)® and is positive and divergent. But this is

impossible since
fen—1

> ) = ()7 B 2 (1) (o))

J=in
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where the first inequality is by (B.33) and the last relation is by the maximal divergence rate
of {40 (Mmen)®}, and thus

a1~ kn—1
i (men)’ + Z E0 ()
(=0 j
Z )d b — chg Nnen)t /0| > [ — 1} Zgn,g(nnsn)g/ﬁl — 00,

=0
a contradiction to (B.34). This concludes that {¢,}, are necessarily bounded for every
¢ € [0;d—1]. Thus there exists a real sequence {c;}—; with ¢, , € {&1} such that ¢,, — ¢}
along some subsequence for each ¢ € [0;d — 1]. Coming back to (B.32) and noting that

T, — 7" along some subsequence, we then conclude that

U

—_
*

7 (x — 1) = h*(z) (B.35)

hn(f[‘) = (‘[(C]l ..... O;Tﬁﬁl@)(x) —

~
Il
o

a.e. on (7%,1] as n — co. We will now prove that {c}}{_} are necessarily non-positive. Fix
some positive integer m > d and define a regular grid on (7%, 1]: t;, = 7" +i(1 —7%)/m for i €
[0; m]. Without loss of generality, assume that {t;}7, belongs to the set with full Lebesgue
measure such that (B.35) holds. Define (&), = (hn(t:)), (resp. (), = (h*(t:)),)
to be the realization of h,(-) (resp. h*(-)) on this grid. Define V to be the finite difference
operator that maps (y1,...,%m) € R™ to (Y2 — Y1, -+, Ym — Ym_1)' € R™L. Then, since
lim,, mingepoq hg)(x) > 0 for # € (7%, 1], it holds that for each fixed m > d+ 1, V¥, € R’Z”O’Z
holds for all ¢ € [0;d] for n large enough. On the other hand, for each ¢ € [0;d — 1] and

p € [(;d — 1] , there exists some positive constant L,, > 0 for such that
A1 _ m d—1
(Vzg*% = (Vz( . p_!p(tj - T*)p) )1 = z; —C;Lp,g((l — T*)/m)p.
p= p=

Since for each fixed m > d + 1, V%, — V** as n — oo by (B.35) and V%, € ]Rgo’g for n
large enough, it holds that (v%*)l > 0 for each fixed m > d+ 1. Multiplying by m’ on both
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sides of the above equation and letting m — oo we conclude that ¢; < 0 for ¢ € [0;d — 2]
and ¢;_; = —1.

With {¢;}¢=; € ]R‘éo, h., h* have the property that their derivatives up to order d — 1 are
all convex functions, so on arbitrary compact interval contained in (7*,1), D“~Vh,, converges
uniformly to D@ Yh* =1 (cf. Theorem 25.7 of Rockafellar (1997) and the remark after its
proof). This cannot happen as D@ Vh, (1) =0, 7* — 7* and D@Vh,, is convex. We have

therefore established the contradiction and proved (B.31). [

Proof of Lemma 36. By Lemma 33, any f € F(d, k) has the canonical parametrization
k—1 d—1
@) =3 ai(n —2)p+ 3 bl =)L+ e,
j=1 j=j* £=0
h k-1 — . k-1 o : L g2 _
where {7;};2] = {n;/n};=; C [0,1]. Let 7* = 7. Then, it holds that [ f*(z) dz =
(I)+ (II), where

g d—1
(I) E/ (Zaj(Tj x)i—irZCga:) dz,
0 . —
1 k—ll 2—2 9
(I1) = / ( bl — )t + Y Cga;f> da.
T =g =0

We now upper bound (/) by its sequence counterpart; the bound for (/) is similar. Since

k=1 iy kel d—1 )
(IT) = / ( PCEEAAEY c@xg) dz
m=j* ¥ Tm J=5* =0
k-1 Tl m d—1 9
- / < Z bi(x — 1)+ ng‘/> dz,
m:]* Tm J:j* =0

we may bound the integral piece by piece. More generally, we show that there exists some
K = K(d) > 0 such that for any a,b € [0;n] with b —a > d + 1 and d-degree polynomial
P(z) = Zj:o cort,
b/n
/ Pz)de <K -0t S P2i/n). (B.36)

/n 1€(a;b)
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The above display holds because

/a ZHPQ(JZ) do = / Zn( ) : / Z"x% dw
SPIGIEE WC ( et s (5o

i€(a;b] ™ £=0

where the last inequality is due to Lemma 37 and the condition b —a > (d + 1). Then for
every 0 € O(d, dy, k) with unit norm constraint and the corresponding f € F,(d,dy, k), by
(B.36) we have

1> [l0]* > [I6][¢, n]—ZHQH (rmsnms1] = Z Y. Fi/n)

m=j* i€ (nm;nm-+1]

>n X_: /Tm+1 fA(z) do = n/T f(z) dz

The bound for (I7) is thus complete. O

B.7 Auxiliary lemmas

Lemma 37. Fiz any positive integer d. There exists some ¢ = ¢(d) such that for any integers
n >0, m>d+1, and real sequence {a,}"1,
m . .\ dq2 d+1 201
i 0 5 m
Z;[al—i—@(ﬁ)—l—...—l—adﬂ(g) :| ZC;(IZW.

Proof of Lemma 37. As the left hand side of the above inequality equals

Zn:(diiaé (i/n)"~ ): > awé,i(i/n)éu/z

i=1 1<,/ <d+1 i=1

_ Z ag(m/n)£_1m1/2 - ap (m/n)f’—lmlﬂ . |:m—(€+£’—1) Z ié-i—é’—?} ,
=1

1<e,0/<d+1

using matrix notation, it can be written as z" Az, where x = (a,(m/n)tm'/?)* € R

and the matrix (A);; = (A(m, d))y; = (m~ DS EHI72), ¢ RUEFDX(dHD),
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We first show that A is strictly positive-definite for the fixed d and any m > d + 1. Note
that A is actually a moment matrix and can be written as A;; = E(X"~1- X771), where X is
uniformly distributed on the set {1/m,...,m/m}. Therefore, for any ¢ € S, writing, with
a slight abuse of notation, Z = Zjill ¢; X1, it holds that

d+1 2
CTAC = Z CiCinj = Z Cl‘CjE(Xl_l . Xj_l) = E(Z Cz‘XZ_1>
1<i,j<d+1 1<i,j<d+1 i=1

=EZ? = (EZ)* + Var(Z).

If Var(Z) = 0, then Z = « almost surely for some constant «, which is equivalent to that

the polynomial
T(z)=(co—a)+cx+...+cgpia”

having distinct roots {1/m,...,m/m}. If ¢, = ... = c441 = 0, then ¢y = %1 since ||c|| = 1,
which implies that Z = 41, and thus ¢" Ac > (EZ)? = 1. Otherwise, we have ¢; # 0 for some
i € [1;d], and hence T'(x) is not a constant and thus has at most d roots, which contradicts
the condition that m > d 4+ 1. So we conclude that ¢" Ac > 0 for any ¢ € S? and thus A is
strictly positive-definite.

Next, we show that for any ¢ € [1;d + 1], the (—i, —i)-minor of A (i.e. A minus the
ith row and column) is also strictly positive-definite. For this, define @); as the permutation
matrix that switches row ¢ with row ¢ + 1, and define P, = Q;Q;11... Q4 for i < d and
Pyi1 = Iy, the (d + 1)-dimensional identity matrix. Further define B = P,' AP;. Then,
the (—i, —i)-minor of A is the (—(d + 1), —(d + 1))-minor of B. By Sylvester’s criterion, it
suffices to show that B is strictly positive-definite, but for any ¢ € S?, it holds that

c'Bc=c"P'APc=7¢" A¢ > 0,
where in the last inequality we have used the fact that

c'e= cTPiTPic =c"Qy...QiQi...Quc=c"c=1.
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Next, we show that " Az > caZm??*! /n?® for some ¢ = ¢(d); bounds involving ay, . . ., ag_1
can be similarly obtained. For this, write A in the block form [A1;, A19; A1, Aga], where Ajp €
R Writing y as the first d components of z, i.e. y = (agm!/?,aym?®?/n, ... ag_ym24=1/2 /pd=1)T

we have

All A12
A21 A22

_ yTAlly + QyTA21adm(2d+l)/2/nd + A22(adm(2d+l)/2/nd)2‘

T Az = (g, agm /2 )T [ } (4, agm /2 )

This is a quadratic form in y and achieves its minimum at y* = — A Ajpagm24D/2 /nd
(note that Ay, the (—(d + 1), —(d + 1))-minor of A, is indeed invertible as proved before),
which implies that
m2d+1
' Ax > ai—— — (A — Ao AT Ar).
Therefore if we can show that Agy > (1 4+ ) Ay A} Ajo for some positive € = £(d), then we
have

2d+1 2d+ m
£ m € m
v’ Ax > afl—dAQQ = ——a2———m D E k2
14+¢ % n? 14+¢e @ n2 —

e om*t! (2d+1) " ad € 2
> & e - dr =
=1 retdea M /0 T Rdr D)™

Using the block matrix inverse formula (A™Y) 411401 = (Age — Ay A A1)~ and the fact

2d+1

that (A )gy1.am1 < [|A7 2 = At (A) (Amin takes the smallest eigenvalue), we have

Ay > (1 +e)An A Ay <= (1+¢)(Ax — Ay A Apy) > €Ay

1+¢ 1+e
-1 < 1 < 1
= (A gpan < ——A = 21 (A) < . 1<r;r1<1crll+1 Al

min

which is further implied by

/\min (A) >

1+ ¢ 19j9041 Ajse (B.37)
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For this, we have, for every j € [1;d + 1],

m m+1
A, = @D § g2 < = (2i-1) / 222 qy
> 1

k=1

2j—1
< .1 (1 + l) < 9%+l
27 —1 m

[t remains to show that there exists some sufficiently small ¢* = ¢*(d) such that Ay, (A) >

¢* > 0, then we can take e = ¢*/(224*1 — ¢*) in (B.37). For this, let U be a random variable
uniformly distributed on [0,1] and define matrix A as A;; = E(U"!- U/71). Then, since
d is fixed, it holds by the definition of A, A, and the Portmanteau theorem that A — A
in the matrix spectral norm as m — oo. By Weyl’s inequality, there exists some positive
integer N = N(d) such that for m > N, Apin(A) > Anin(A)/2. On the other hand, a similar
argument that establishes the positive definiteness of A yields that Ay, (A) > ¢ > 0 for
some ¢ = ¢(d). Therefore we can take ¢* = ¢*(d) = mingy1<m<n Amin(A(m, d)) A (¢/2). This

completes the proof. O

Lemma 38. Let {a;}7, {b:}7, be two non-negative sequences. Then, it holds that (\;", a;)-

(V2 b)) > N2 aib;.

Proof of Lemma 38. Without loss of generality, let a; be the smallest value among {a;}™;.

Then, it holds that (A%, a;) - (Vit, b)) = a1+ (V% bi) > arby > (AL, aibs). O
Lemma 39. Let a1, a5 > 0 and (1, P2 be real numbers. Then, for any x € R, it holds that
ay(z + 1) + as(z + B2)? > (a1 A o) (b1 — Fa2)?/2.

Proof of Lemma 39. At z* = —(aq /(o1 + ag) - B1 + as/(ag + a3) - B2), the quadratic form

achieves it minimum value 2:22-(53; — $1)?, which is further lower bounded by (a3 Aaw) (81 —

ﬁ2)2/2- ]
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Lemma 40. Let n be any positive integer. Then, for any polynomial P(-) of degree strictly
smaller than n, it holds that
n n . .
> (M)ewi- =0
=0
Proof of Lemma 40. We prove by induction. The claim clearly holds for n = 1. Suppose the
claim holds for some n, we will prove that it also holds for n+1. Let d be the degree of P(-).
We will prove that the claim holds for all monomials P(z) = % where 0 < d < n = (n+1)—1.
The case d = 0 follows from the binomial identity:
n+1
1 }
> (") - as o -o
=0 N/
Next, for any 1 < d < n, it holds that
n+1 n+1 n+l
n+1Y\. A n+1Y\. , n e ;
2 ( ; )ﬂ(—w = ( ; )ﬂ(—l)ﬂ =(n+1)3" (j . 1>ﬂ -1y
j=1

=0 j=1
n

o0y (M)t o

Jj=0

where the last identity follows from the claim for n and the fact that 0 < d—1 <n—1<n. O

For the following lemma, recall the definition of the sequence {B} defined before Lemma

30.

Lemma 41. Fiz d,dy, ko as defined in (3.12), and any s € [0; |(do+1)/(d —dp)] — 1].
Suppose there exists some ¢; = ¢1(d) such that

(S+1)d078d+1 d do

1> (n = i) i) B.38
— Z n2(k—1) Z Br N, : (B.38)

k=1

Furthermore, assume that ng,.gy—1 > Nky—1—s:ke—2—s- 1 hen, there exists some positive constant
¢y = co(d) such that
(s+1)do—sd+1

(n ~ 1)2,?7 (s+1)(d—do) ao, 2
0— % s
1>c )] 206—1) ( E : Pre it )

k=1
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Note that in the above lemma the hypothesis involves only quadratic forms with ‘shared
coeflicients’ {a'e}ge[l;doﬂ], while the conclusion involves the ones with both ‘shared coefli-
cients’ {a;}rei;a041) and ‘nuisance coefficients’ {a; }rejdy+2;a-+1]-

Before the proof of Lemma 41, we need one further result. For this, some extra notation

is needed:

- O(i +d —dy — j); s(d — dp)) j
S = - —1)n?
U= ot d—doys(d—dg)) ) Mhoskoios

X ﬁ (d—(i+(d—1—do))—s(d—dg)+m>,

_ ko 1—s
Tk = § /Bkz k+¢ :

Lemma 42. Fiz d, dy, and s. It holds for i € [1;(s + 1)dy — sd + 1] that

(s+1)dp—sd+1 (d—do)(s+1)
— —s+1 o5t kO 2—s
M= > Tl Ti= Z Bik @l
k=i

Proof. In order to prove the desired result, we need to show the following two claims:

e The coeflicient of af?r]_-z_s in M equals 0 for (s+1)(d—dp) +1<j<d—i+1;

ko—2—s

e The coefficient of ;""" in M equals Bj;l for 0 <j < (s+1)(d—dp).

Let

io = io(d,dy, s,7) = (s+ 1)dyg — sd + 1 — i,
i =1i(d,dy,s,i) = (s+2)do— (s +1)d+2—i=1ip— (d—1—dy),

An = Nky—1—s3ko—2—s5-
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By definition of M and Lemma 29, we have
(s+1)do—sd+1

ko—2—s1 __ —s+1 . ko—2—s
Coef[M;a;) ;7" = g vmiiCoef[Tk,aiﬂ ]
k=i

(s4+1)do—sd+1

- ¥ O(i +d—dy — (k— 1)) (s + 1)(d — do))(=1)**(An)*
- (k= )06 +d —do; (s + 1)(d — do))

i s(d—dp)
X H (d—io— (s+1)(d—do) +m) - Coef{ Z Bratie % aisy ™
=0

m=1

_ io O(ig+1—k; (s +1)(d — do))(=1)*(An)F _
= k(o + 1; (s + 1)(d — dy)) (i k)

e itj—1
: - J—k—t
s(d—do)

Z (An)’ =B, - Ay,

io RO +1— k(s +1)(d—dp))—, .
=> (1) K'®(io + 15 (s + 1)(d—d0>) S
g (z+k+€—1> (d+1_z_k b

and we used B:Jrkg = D(i+k,0)B, = %6[, with 5, defined in (B.10). Let C(i, j,0) =

(sz) - ®(i;¢). Then C(i, 4, ¢) (] f) =0o(i; k) (ij_j;ieil)_(z + k; 0)/Kk!. So A, equals

. J =0\ Olig+1—k; (s +1)(d - dy)) k 1
C(W’@;( K ) Dot L+ Dd—d) ) ad—i— kT 50

TR (= N\ Blio+1 - k(s + D(d—do)) 1
( k ) Oip+ 1; (s + 1)(d — dp)) (=1) od—i—k+1;0)

=C(i,4,0)

k=

it J—K (ip+1—Fk;(s+1)(d—dyp)) k 1
et Z( ) STy T

_ C(i,j, 1) (i
= ST T s i A=) 2;( ) Fo(d—i—k+1—0(s+1)(d—do) — 0),




267

where the first identity follows from the fact that ®(ig + 1 — k; (s + 1)(d — dy)) = 0 for
any iop + 1 < k < ig+ (s + 1)(d — dp), the second identity follows from the fact that
io+ (s+1)(d—dy) =d—1i+1>j>j—{ the third identity follows from the fact that
(< s(d—dy) < (s+1)(d— dy).

For the first claim, as ©(d—i—k+1—/; (s+1)(d—dp)—¥) is a polynomial of degree at most
(s+1)(d—dy)—¢ < j—¥, Lemma 40 entails that A, = 0 for all 0 < ¢ < s(d—dp), thus proving
the first claim. We now prove the second claim under the condition j < (s+ 1)(d — dy). By

definition of the {B} sequence, we have

5 D6 B = D) { i: ((s + 1)§d_—£do) —~ e) (An)a‘—%i}.

=0

Therefore, to prove the claim, it suffices to match the coefficients of BZ for 0 < ¢ < s(d—dy),
as B, = 0 for ¢ > s(d — dy) from the definition of 3°, and A, = 0 for £ > j. In other
words, we only need to show A, = D(i, j)((erl)gd edO) f). By using iteratively the identity

(Z) = (k:) + (k 1) one has

(d—i—k+1—=04(s+1)(d—dy) —¥0)

©

S (e
« _f (‘j_Ii_l)(—l)’“g(d—z’—k—&(er1)(d—do)—1—6)

=0((s+1)(d —do) — ;5 — £ = 1)

xi() (d—i—k+2—j;(s+1)(d—do) +1— j)

O((s +1)(d = do) = £ = O)O(d =i+ 1 =i (s +1)(d = do) = J).
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Lastly, by direct calculation, we have

Ci,35,0)
Oio+ 1; (s + 1)(d — dp))

x O(d —i+1—j;(s+1)(d—do) — j)

_ D) ((s + 1)§d_ gdo) - e)

Ay = -O((s+1)(d—do) — ;5 — 1)

The proof is complete. O

Proof of Lemma 41. Define for ¢ € [1; (s + 1)dy — sd + 1]

R.

(s+1)dp—sd+1 )2k—1

(n — ngy—1
20— 1)

M; T2,

>
Il

)

Inequality (B.38) entails that 1 > cz (stl)do=sd+1 p 1 for some ¢ = ¢(d). We have for i €
[1; (s + 1)dy — sd + 1],

2
_ —st1
21 (s+1)do—sd+1 ok—1 (DT . T,
M, — (n — nge—1)* T Z (n — 1y—1) ih—i k
L n2@E-1) @ n2(k=1) (—s+1 )2
k=i+1 i,k—1i

(s+1)dop—sd+1

1—
k=i+1
1 (s+1)do—sd+1 2k—1 (d—do)(s+1) 2
n — nko ]_ v /\ A (n - nk-o ]_) BS-}—lakO_Q_S
n2(i—1) n2(k— 1)(@s+1 )2 2: ik itk

n = ng 1)1 (s4+1)do—sd+1 (n — ng,_ )%
- 0— 1 - 0o—1 2 —=s+1 2
= < n2G-1) A /\ n2(k=1) (gt )2 > (Ti * Z (vi,k—i ) >
k=i+1 i,k—i k=i+1
2 1 (s+1)do—sd+1 2k—1 (s+1)do—sd+1
N — Ngy—1) (n — Ngy—1) _ 2
> 0— 0— A s+1 |
~ < n2G-1) A /\ n2(k— 1)(—s+1 )2 ) <TZ + Z Vi k—i T"?)
J—i k=i+1
( )2

k=i+1 Jk—1

2%—1 (d—do)(s+1) 2
> (n _ nko—l) . E : BS+1 ko—2—s
~ n2@i-1) itk

Here, the second identity follows from Lemma 42, and the last inequality follows, by definition
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of {v._} and the condition ng,x,—1 > Mky—1-sk—2-s, from the calculation:

i (s+1)do—sd+1 _
(n - nk0*1>2 ! A /0\ (TL - nk()*l)% !
n2G—1) n2(h=1) (51 )2

k=i+1 i,k—i
(s+1)dop—sd+1

_ /\ (77, — nk0*1>

—~

2k_1(nkz07173 - nk0727s)—2(k—i) _ (n - nk071)2z‘—1

n2(k=1) - n2(-1)

k=i

Putting together the lower bounds for M;, i € [1; (s + 1)dy — sd + 1] yields the result. O

Lemma 43. Fiz any 1 < s < [(do+1)/(d —dp)] and 1 <i < sdy— (s —1)d+ 1. For any
0 < j1 < jo < s(d—dy), define the following two quantities:

Lj1/(d—do)] irid—do)
d—d, Mod(j1;d—d
H nkofg;koflfs X nkoflﬁtj1/(odfd0)J;koflfs’
/=1
SN Ty d—d, Mod(—j2;d—d
S(j2) = S(ja; d, do, 8) H My —bikg—1—s X nko*((*iijz/(?l)fdo)j);kofl—s'
l=—|—j2/(d—do)]+1

S(j) = S(j1;d, do, s)

Then, there ezists some positive constant ¢ = c¢(d) such that

s s d—dy
Bz’,jg > cnezl Ny —tikg—1—s

Biy S(71)S(j2)

When j1 = 72, the product on the right hand side is to be understood as 1.

Proof. We only prove the special case dy = d —1 (the proof for the general case is completely

analogous). Then ky = d + 2, and

J1 S
S() = [ nare—sarizs. SG2) = J[ naro-sari—s,
=1 l=72+1

so we only need to prove for s € [1;d],i € [1;d+1—s|, and 0 < j; < jp < s,

Bs 4 J2

1,72

- =>c | | Ndy2 fdil—s-
4,1 k=j1+1

We prove this by induction on s.



270

First consider s = 1. Then le = nzlﬂ;d, and B:j = D(i,j)B; = néﬂ;d. The only
non-trivial case is j; = 0, jo = 1, so the claim follows.

Suppose the claim holds up to s — 1. Fix any 1 < j; < j5 < s. The claim clearly holds
for 51 = jo = s. If jo = s and j; < s —1, then it holds by the recursion formula of {B;}jzo in
(B.10) that st/ﬁfﬁ = nd+2_s;d+1_352_1/321, and we can reduce to the following case with

1 < j; <jo <s—1. For this case, note that

J2 J2
H Nd+2—kid+1—s = H (Nd+2—kid+2—s + Ndt2—sdr1—s)
k=j1+1 k=j1+1
Je—J1
_ k
- nd+2—s;d+1—s Nd+4+2—my;d+2—s - - - d+2—my;d+2—s
k=0 JH1<ma FEmyy gk <j2

Je—J1 Je—n—k
- k
- \/ {nd+2—s;d+1—s | | nd+2j1+m;d+25}-

k=0 m=1
Treating the above display as a polynomial of n4io_s.a+1-s, it suffices to match the corre-

sponding coefficients of nfj,, ,,.,_, for k € [0;j2 — j1] in ijz/Bfﬂ To this end, we have

ns J2 Jja—4 —s—1 Jo—j1 \ JJ1 G1+k—0 —s—1
6i,j2 — V=0 nd+273;d+1—56£ - \/ =0 nd+275;d+1755]‘2_j1_k+g
oS i s—1 7 ; ) —s—1
.. J1 J1 J1 71
52791 £=0 nd+2—s;d+1—sﬁé k=0 /=0 nd+2_s;d+1_sﬁg
J2—Jj1 71 Bsfl
k Jjo—g1—k+¢
> \/ {nd+25;d+1s /\ T } (by Lemma 38)
k=0 =0 6[
J2—i1 j1 ja—j1—k+e
k . .
Z \/ {nd+2—s;d+1—s /\ H nd+2—m;d+2_5} (by induction)
k=0 =0 m=(+1
J2—Jj1 ja—k
- Ng+2—sid+1—s Nd4-2—m;d+2—s (mlnlmum a = ]1),

matching the calculation in the previous display, completing the proof. O]
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Appendix C
APPENDIX OF CHAPTER 4

C.1 Proofs of results in Section 4.3

C.1.1 Proof of Theorem 4

We need the following proposition, which can be proved using techniques similar to (Goldstein
et al., 2017, Theorem 2.1). We provide the details of its proof in Appendix C.3.2 for the

convenience of the reader.

Proposition 29. Suppose Ky, K are two non-empty closed convex sets in R™. Let

Trox(y) = lly — i, W11 = [ly — M ()1

Then for any p € R™, under the model (4.1),

Tro (V) = E Ty x(Y) 16\/Eu ik — i, |?
( V Var, (T, k(Y)) N, 1)) : Var,(Ti, x(Y))

The next lemma provides a lower bound for the variance of F({), where the absolute

continuity of F' : R” — R is valid up to its first derivatives. The proof is based on Fourier

analysis in the Gaussian space in the spirit of (Nourdin and Peccati, 2012, Proposition 1.5.1).

Lemma 44. Let F : R — R be such that {OxF : |k| < 1} are absolutely continuous and
{0k F : |k| < 2} have sub-exponential growth at oo. Then
2 2 1 2
Var(F(§)) = 3 (BOF(§))" + ; (B;F ()" + 5 > (BuF (&))"
) 1#] i
Proof. We only need to verify the above claimed inequality for EF () = 0. Let Hy(z) =

(—1)ker*/2 & e=2*/2 he the Hermite polynomial of order k. For a multi-index k = (ky,. .., k)
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and y € R", let Hy(y) = [[_, Hi,(yi). Then {H}, : k € Z%} is a complete orthogonal basis
of La(7,), where =, is the standard Gaussian measure on R". On the other hand, the
absolute continuity and growth condition on F' ensures the validity of the following Gaussian

integration-by-parts: For all multi-indices k such that |k| < 2,

E[F(§)Hk(&)] = EdF(£).

As E|Hy(€)|> = k!, it follows by Plancherel’s theorem that

EF(§)Hx(S))’

Var(F(£)) = EF%(¢) > ( ,

FEOV=EFO 2 3 S

which equals the right hand side of the claimed inequality. O]

Proof of Theorem 4. Let
F(&) =T(po+&) = lluo + € — poll® = llmo + & — T (o + )|
By Lemma 1-(1),
VF(€) = V(1o + €) = 2(T (ptg + €) — o).
Hence
03 F (&) = 05T (110 + &) = 2(Jric (ko + §))ji-

We verify that F' satisfies the condition of Lemma 44. By the above closed-form expression
of F and VF, the absolute continuity for {0 F : |k| < 1} holds by noting that VF' is
2-Lipschitz. On the other hand, as

[FE)] = [lIEI* = lmo + € = (o + O] < C - (I€1*V lmoll?),
IVE@ON < C - (lmoll V1IN, IV*FOI =2l Jn (o + ) Tl < 2,
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it follows that {OpF : |k| < 2} have sub-exponential growth at co. Now we may apply

Lemma 44 to see that

o, = Var(T(Y)) > Z (E&iF(g))Q + % Z (EaijF(é))z

1]

— 4T (10 + &) = po” +2 Y (B (o + €))7

i3

as desired. The claim of the theorem now follows from Proposition 29. O]

C.1.2  Proof of Theorem 5

A simple but important observation in the proof of Theorem 5 is the following.

Proposition 30. Let

Z(M> NO) = ATu,uo (f) - E<ATu7uo)

= T(NJ + 5) - T(MO + 5) - (mu - m,uo)-

Then for any t > 0,

P(Z(, o) > t) VIP(Z (1, o) < —t) < 6XP< - 8||Mi—ll0||2)

Proof. As
VI(y) = V(ly = noll* = lly = Lx (y)[*) = 2(Ix (y) — po)
by Lemma 1-(1), it follows that

IVeZ (1, o) || = 2[[Mk (g + €) = T (o + )| < 2l = puoll-

The claim now follows by Gaussian concentration inequality for Lipschitz functions, cf.

(Bousquet, 2003, Theorem 5.6). ]
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Lemma 45. For anyt € R, there exists some Cy > 0 such that for allu € Ryn € [-1/2,1/2],
IP(N(u,1) <t) =PN((1+n)u, 1) <t)| < Cp - [n).
Furthermore, sup,c,, Cy < oo for any compact subset M of R.

Proof. We assume n > 0 without loss of generality. Note that with ¢ denoting the d.f. for

standard normal,

P(N(0,1) <t —(1+nu) <PWN(O,1)<t—u)+n- sup o)yl

ve[(t—u)En|ul]
<PWN(0,1) <t —u)+n-C,
where Cy = sup,, SUPe((t—u)(jul/2)] P(V)|u| < 0o depends on ¢ only. O

Proof of Theorem 5. First note that under the model (4.1), the normalized LRS T'(Y') sat-

isfies the decomposition

T() = myy _ T(p+8 = Tlto+8)  TlHto+8) = my, (C.1)

O o O o O o
Using Proposition 30, on an event E, with P(E,) > 1—2e~%", we have | Z (1, o) < 3ul|p—pio||
with Z(p, po) defined therein. Then for any ¢ € R,

IED(T(u 8~ My t>

_P(mu muo +Z(N to) 1 T(po + &) —my, St)
O o
sP(m” m“° Su”“ foll | wrgo, 1) §t> 207 e, (C2)
m# —u?
—P (L4 n(w)) +N(0,1) <t ) 427 + erry,

where

e — ol
My, — My

n(u) = —3u
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By choosing u < |m,, — my,|/(6][1 — p0]|), we have |n(u)| < 1/2, so we may apply Lemma
45 to see that,

A* EP(T(‘HQ — Mo t) —P(w +N(0,1) < t>

U#U U#o
G =0l

< 27" +

Optimizing u < |my,, — my,|/ (6] — wol|), the first two terms in the error bound above can

be bounded, up to an absolute constant, by

1ve) e(IApE=L)

Next we will obtain a similar upper bound for A*, but replacing |m, — m,,| in the above

display by o,,. To see this, (C.2) along with

UMO

_ 3 _
< B(E T N (0,1) <) 4 el - 200
Ou g

0 Ho

yields that

A" < inf {26_“2 + 3u - M} +err,, <C-L (1/\ M) +erry,.
o

u>0 U,uo Mo

Similar lower bounds can be derived. Applying the above arguments to the (at most 2) end
point(s) of A, proves the inequality (4.18). Now (1) is a direct consequence of (4.18), while
(2) follows by further noting Ay, (w,) — B if and only if all limit points of the sequence
{w,} are contained in A}’ (). O

C.1.8  Proof of Theorem 6

By Lemma 3, we only need to consider u = 0. Note that: (i) ||E—TIx:(£)]|* = [|€]1*—||Tx (£)||?

for K’ € {Ky, K}, (ii) (Ko, K) is a non-oblique pair of closed convex cones in that [Ig, =
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Uy, o g, so HK(f) = HKo(g) + HKHK{;(g) with <HK0(€)aHKmK5(€)> =0 (Cf' (Wei et al.,
2019, Equation (25))), and hence || (€)||* = [Tk, (€)]]* + Mgz (€)]]?. Thus,

0

E|Tk (&) — Mo (§)1* = El M grr; (€)1
= B[ Tk (&I — [Tk, (O)I?] = 6 — Ik,

and

o = Var (|, ()I” — [Tk (£))

Q
= Var ([ Mxnws (7)) > 20xnx; = 2(0x — 0x,)-

Here the inequality (%) follows by Lemma 2-(2). The claim now follows from Proposition

29. [l

C.1.4 Proof of Theorem 7

First note that we have the decomposition

T(p+€)—m _ T(p+8 =T T -mo

my = E[[lp+ & =T (e + €7 = lu+ & = Tk (e + )]

_ E[unmwa = 206, Ty (1 + €)) + €]
. (HHKW €)= P — 206 i+ €)) + ngz)}

- {Hu Ly ()2 + 26, T (s + €)) — B[ L+ €) — uuz} .
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we have (as b = E|Tic(€) | = (€, T ()
= i = B |26, i+ €0~ [+ €) = P = (6. (&) + 1 — T ()P
~ B [2(6, Ml T 4+ €)
Wil = T +:€) = (= i )] = . T
+ o — T ()] (by Lemma 3)
= E{Q(u — ey (1) + & M (0 — iy (1) + €))
i = Ty 1) + )1 = T ) = . 1)

+ || — Ty ()12

= B[k (1 — o (1) + &) I* = BTk ()] = Trea (e — Ty ().

Here in the last line of the above display we used that

By — T, (1) + & T (1 — iy (1) + €)) = BT (10 — T, (1) + ) 117,
E(€, Tk (6)) = El|Tx (6)]*.

Let
Zo(p) =T(p+ &) = T(§) — (my — my).
As VT'(y) = V(|ly — Ui, ()1 = lly — Tx(y)[|?) = 21k (y) — g, (y)) by Lemma 1-(1),

VeZo(n) = 2(Ik (1 + &) = Tk (§)) — 2(Mry (1 + €) — My (§))
= 2(Tlg (1 — Ty (1) + &) — T (€))

2(HKO (:U' HKO (,U,) + g) HKO (5)) (by Lemma 3)

and hence

IVeZo(p)ll < 4llp — Ty () [I-
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Now using the Gaussian concentration inequality for Lipschitz functions, cf. (Boucheron

et al., 2013, Theorem 5.6), it holds for any ¢ > 0 that

P(Zo(p) > t) VP(Zo(p) < —t) < exp( e _i_[K (#)HQ)

From here we may conclude (4.28) by using similar arguments as in the proof of Theorem
5. Furthermore, by the proof of (Wei et al., 2019, Lemma E.1), Txo(v) > ||v||* > 0 for any

vekK,so

_1I (%) 1 () 1
A V] I B 7 .

< .
Tro(p— i, (0)| Voo ~ vex Tra(v) Voo ~ ver VIV (a0/llvI]) — 03/2

The inequality (*) follows as p — I, (1) € K for p € K, and (sx) follows as inf,ex {||v|| V
(oo/llv[])} > infiso {t V (00/t)} = 03/2. As 02 =< 0 — 0k,, the second inequality (4.29)
follows by the bound erry < 8((5K -0 Ko)fl/ ? via Theorem 6.

Note that (1) is a direct consequence of (4.28) (as erry can be bounded above by Theorem 6

and £(0) = 0) so we prove (2) below. To see the claimed power characterization, note that

|k (0 — T (1) + €)I° — E[TIk ()]

0o

(B (1~ T ) + 1) ~ (BIT @)

= (Bl (1 — i, (1) + €)1l — BTk ()]])
o {QEHHK(S)H . || Tk (4 — e, (1) + €)1 — B[k (6)

0o 0o

(00"

1+ o6

) 5k + O(1)
=Ig (M — HKO(M)) [2\/2(51( — 5K0) + Var(Vng)

+ FK (,u _O_HKO (:u))

) i 1+ 05"
= T (= iy () {2\/(2 + Var (Vinig ) /Oxnrcs) - (1= 00 /0xc)

FK (,U’ - HKO (:U’))

] + O(oyh)

+ ] + O(ay ).
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Under the growth condition oy — oo, direct calculation now entails that

Bk (g — i, (1) + ) [I> — E[[Tx ()1
2Tk (1 — Iy (1))

\/2 + Var(VKﬂK()*)/éKﬂKa‘ V1 =0k, /0K

The proof is now complete. n

— w* € [0, +o0]

=

— w* € [0, +o00].

C.1.5 Proof of Corollary 1

We will prove a slightly stronger (than (4.31)) claim that condition (4.33) implies

T (p— gy (1)) — oc. (CA4)

Suppose || — Hg, ()] is greater or equal than L, times the right hand side of (4.33) for
some slowly growing sequence L, 1 oo. Then either (i) ||p — g, (p)]| > Ln5}</4, or (ii)
| — Mg, ()| < Lné}(/4 and (1 — g, (1), Ell(£)) > Ln5}</2. In both cases, we have ||u —
Ik, (1)]| = oo as there exists some universal constant ¢y > 0 such that the right hand side
of (4.33) is bounded below by c¢y. In case (i), using (Wei et al., 2019, (74a)),

I

[[1 = Mgy (1) 9/ /e
M~ T ()] + SEM @]~ Ve

> (1/16) s = T, ()| A\ (Il = Ty ()16 — 2/

> (1/16) |5 = Mo ()l \ L7, = 2/v/e = o0 (C.5)

FK(/L - HKO (;L)) >

as n — 00, so (C.4) is verified. In case (ii), we may assume without loss of generality that
I — g, ()| < LY 45%4 because otherwise we can follow the same arguments as in the
previous case. Then using (Wei et al., 2019, (74b)) with

o = i — T () = 1 — ¢l BN (@Sl ()

1/2
21—6’5K /3 1,
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we have
(1 = ey (1), BIIE) — [l — T, () [[* 2
I (p =1 () = a- - =
e~ Mo (1) ol — T + 2EIR ) Ve
(L — L1/2)51/2
2 1/4 <1/4 /2 O(1) = o0
Ly 6" + 0y
as n — 00, so (C.4) is verified. The proof is complete. O

C.2 Proofs of results in Section 4.4

C.2.1  Proof of Theorem 8

Lemma 46. Let & be a standard normal random variable. Then for x > 0,

El6i1es0] = o), El€1es.] = zp(z) + / " oy)dy.

Proof. The first equality follows as E[§11¢,>,] = fxoo yp(y)dy = gp(x) The second equality
follows as E[§71¢,>.] = [ y20(y) dy = — [~y (y) dy = zp(x) + [~ ¢ O

Proof of Theorem 8. Note that fix, = (1t +&)+). For po € K, so

B . —poll = SB[ ((h0) +6), — ()]

=1
- Z [Eg?l&iz—(uo)i + (MO)?P(fi < _(N0>i)]-
i=1

As (p10); > 0 for 1 < i < n, and sup,.,2*P({ < —z) < 00, it follows that

EMO||ﬁK+ - MOH2 =Mn.

On the other hand, as under the null Jz, = (1,-:]-1&2,(%)1.)2.].,

n

BT N5 =D (Buo i, );, = DO (P& > —(0)i))” = . (C.6)

(2] =1
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The claim (1) now follows from Theorem 4.

For (2), let for z > 0

Q(ﬂ?) = Eg%lglz_x + ZIEé—llng_gj — JIQIP)(gl < —$)

=1— Ef%lglzx + 2£L‘E€11£12z — iL‘QP(fl Z Z’)

— /ac o(y)dy + zp(x) — xQ(l — (P(m))

—00

The last equality follows from Lemma 46. Hence for all z > 0,

Q'(x) = 2p(x) + 2y (x) — [22(1 — B(x)) — 2%p(z)]
=2¢(z) — 2z(1 — ®(x)),
Q" (z) = 2[90'(:5) 14 D)+ :w(x)] =2(—1+d(x)) <0.

This means that ()" is nonnegative, decreasing with @’(0) = 2¢(0) = 2/v/27 and @’ (c0) = 0,
and (@ is strictly increasing, concave and bounded on [0, 00) with Q(0) = 1/2.
Now note that for any pu € K,

my, — || — poll®

= B[2(6, Mg, (1 +€) — i) — [Tk, (11 + &) — p]|?]

=> [2E§?1§i>ui + 20 B L >y, — <E§?15i>m + P (& < —Mi)))]

i=1
= Z |:E€i21€i2—m + 2B e >y — M?IED(& < _,ui)):| = Z Q(Mz)
i=1 =1

Using the lower bound (C.6) for aio, and an easy matching upper bound (by e.g. triangle

inequality), we have o7 =< n. The condition (4.19) reduces to

n

D A5 () = S (o))} + = pol?

=1

I = o]l <

\/n'2. (C.7)

(C.7) clearly holds for || — uol| < n'/2. For || — pol| > n'/?, as

n

NEATD —§+<<uo>i>}\ < @/VER) 1t — pollr S Vil — ol

=1
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the right hand side of (C.7) is bounded from below by

(I = poll> = O/l = poll), v % = 1 = ol > Il — ol

so (C.7) holds. Hence in these two regimes, the claim follows from Theorem 5-(2). For

|t — poll =< n'/2, by the decomposition (C.1), the LRT is powerful if and only if |m, —

Myl [T — 00, 1, | S0 {95 (1) — S ((0)i) } + |l — pol|?| > n'/2. The proof is now

complete. O

C.2.2  Proof of Theorem 9

We write K , for K in the proof for notational convenience.

(1). This claim follows from the fact that oq < 6}(/3 = (5}(/3 = n/2 (cf. (McCoy and Tropp,
2014, Section 6.3)) and Theorem 7-(1).

(2)(a). We only need to prove that the LRT is not powerful for u € K, such that ||u|| = O(1).
Using the decomposition (C.3), it suffices to show T'(+ &) — T(€) = Op(n'/?). This follows

T(p+¢) —T()
= [l €l = i+ & = T, (e + O = (€N = NI€ — Tk, ()]7)
= [lpll* + 2{u, &) — Mk, (&) — e, (e + &) + pil®

= 2(¢ — Mg, (§) 1k, (&) — Uk, (1 + &) + )

o (w il + 1T, () — T, (g + O + [l
1€ = e, (€)1 [T (€) — T, 1+ )] v Huu])
= 0p<n1/2).

(2)(b). By (2)(a) and Theorem 7-(2), we have ||u}|| > 1 if and only if

E 1 02 _ 1y([2
M, (' + €97 = BT, (€I
nl/2
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Now using Theorem 7-(2) again for K to conclude by noting that

E|| Tk, (1 + &I — Ellk, (&)

= B[k, (1" +&DII* — B[k, (€ + (1)

This completes the proof. O

C.2.3 Proof of Theorem 10

We first prove Proposition 19. The following lemma will be used. We present its proof at

the end of this subsection.

Lemma 47. Fiz 0.1n < ¢ < 0.9n. Let u* < i and hi > 0 be defined through the following
max-min formula for the isotonic LSE:
i = IZI%ZXI{E?Y| ] = mln Y|[u o] = }ILI11>I(1)Y| —Rin2/3 it hgn?/3]- (C.8)
Then there ezists some C = C(L) > 0 such that for any t >0
P(|7: — pa| > n’l/g’t) VP(hi >t) < Cexp(—t*/C).

Proof of Proposition 19. We write in the proof i = Jig, and 1 = pi for simplicity of notation.
Note that (J5)i; = 15,5, (1/[{k : lix = f2:}|). Note that

. 1 .
Pk = 1) = E{lﬁi:ﬁj T =y [ =

< /)y - VEIR  Fir = )]

This implies that

Bl = El]fk(ﬁ;tk ﬁjﬁ)i}y' (©9)

We will bound the denominator from above and the numerator from below in the above
display separately in the regime {(,7) : |i — j| < kn?3,0.1n < 4,7 < 0.9n}, where x =

k(L) > 0 is a constant to be specified below.
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Fix 0.1n < i < 0.9n. First we provide an upper bound for the denominator in (C.9). By
Lemma 47 and using the notation defined therein, there exists some large ¢ = ¢(L,e) > 1

such that on an event Ejy with probability 1 — ¢,
i — i < en™?, (C.10)
and
P(E1 = {hi >c}) < Ce=/¢,

where C' = C'(L) > 0 is a constant depending on L only. Hence integrating the tail leads to
the following: for some constant C' = C'(L) > 0,

E[{k <i:fi=f}| < Cn*?.
Similarly we can handle the case k£ > ¢, so we arrive at
E|{k : fix = fis}| < C"n?/? (C.11)

for some constant C” = C"(L) > 0.
Next we provide a lower bound for the numerator of (C.9). On the event Fy = {1V (i —
c10002/3) < u* < i} (there is nothing special about the constant 100—a large enough value

suffices), we have

R

[u*w] — M _'_E [u*,v])

< min n1/3 o [l i+_ w*r v

B i<v<nA(i+c—10n2/3) ('u [u* 0] 12 f [u*, ])

< min nl/3¢ wol max nl/3 (g e — s
T i<v<nA(i+c—10n2/3) €l ol i<o<nA (it o 10n2/3) (,U [ux ] — M )

< min W(=hy) + W(hy) + R,
0<ha<c=10  hi + hg + |O(n=2/3)|

+ O(e),
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where R, = O, (logn/n'/3) comes from Kolmés-Major-Tusnady strong embedding, and W
denotes a standard two-sided Brownian motion starting from 0. The bound O(c) for the bias

term follows as

1/3 (+ . V3 (=l  — 4.
e ™ (Aluray =) < max ) n (il i) — 112)
< n'/? ZZe[z‘,z‘+h2n2/3]nZ(N€ — i)
= _gRax hon2/3

n—2/3<hs<c L 21 J+ 1
nl/B(L/”) Ze 2317, ¢

< C0hn 0% 7 _ (). C.12
- n*QI/glgi(Qgc Lh2n2/3j + 1 (C) ( )

Now on the event FEj,

W(=hi) < sup W(-=h) L0 sup W(t)=c2Z.

0<h1<c~100 0<t<1

By reflection principle for Brownian motion, for any u > 0,
P({W(=h}) > ¢ u} N By) <P(Z > u) = 2P(W(1) > u) < 272
Let hg be such that

W)=  inf W(hy)Z¢® inf W(t) =—c°Z

0<hg<c—10 0<t<1

So for u > 0,
P(W(h3) < —c’u) =P(Z > u) =1-P(IN(0,1)] <u) >1—2u.

Hence on the event Fs intersected with an event with probability at least 1 — 4¢,
g V() + Wihs) + Ry W(=hi) + W(h3) + R,
ostize 0 b+ ha + [O@F] = K+ hg +10(n27)

- ™50y /2log(1/e) — ¢ e + R, P

=T it ngjomE S

where the last inequality follows by choosing for ¢ = ¢(¢) large enough followed by n large

enough, and ki + hg < ¢ 190 + 710 < 2¢719 on F,. Combining the above estimates, we see
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that
n'/? (1t — ) < =CL-¢&

on the event Fs intersected with an event with probability at least 1 — 4e, when ¢ and
n are chosen large enough, depending on L,c. This event must occur with small enough
probability for ¢ large in view of (C.10), so we have proved that P(E;) < 5¢ for large
enough ¢ = ¢(L,e) > 1 and n = n(L,e) € N. This means that P(z; = fi;) > 1 — 5¢ for
1V (i — ¢ 1002/3) < j < i for large enough ¢ = ¢(L,e) > 1 and n = n(L,e) € N. Similarly
one can handle the regime i < j < (i + ¢ '%n%/3) v n. In summary, we have proved there

exists some k = k(L) > 0 such that
P(: = i) > 1/2 (C.13)

holds for {(,7) : |i — j| < kn*?,0.1n < 4,5 < 0.9n} for n large enough. The claim of the

proposition now follows by plugging (C.11) and (C.13) into (C.9). O
Now we are in position to prove Theorem 10.

Proof of Theorem 10-(1). We write in the proof i = fix and pu = po for simplicity of
notation. P,,[E, are shorthanded to P,[E if no confusion could arise. For x > 0, let
Iy = I(k) = {i : 0.In+ (€ — 1) - k0?3 < i < (0.1n+ € - kn*?) A 0.9n} and £, be the
maximum integer for which I, C [0.1n,0.9n]. Clearly |I,| < xn*? for all 1 < ¢ < £y and
o < n'/3/k. Using the & specified in Proposition 19, we have

mw%{jww_z >

,J /=1 Z])E[gXI@

2Y D>, n=als (C.14)

Lo
/=1 (i,j)E[gXIg

On the other hand, by e.g., Zhang (2002), under the condition of Theorem 10, we have

Bl - pl* S n'”
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The claim now follows by applying Theorem 4 (by ignoring the bias term in the denominator)

with the above two displays. O]

Proof of Theorem 10-(2). Following the notation used in Meyer and Woodroofe (2000), let
W be the greatest convex minorant of ¢ W(t) +t*/2,t € R, and a = —E[W(O)] > 0,b=
E[W’(0)] > 0. Using the same techniques as in (Meyer and Woodroofe, 2000, Theorem 2,
Corollary 4) but by performing Taylor expansion to the second order, it can be shown that
for all C? monotone functions f : [0,1] — R with bounded first derivative f’ away from 0

and oo, and bounded second derivative f” away from oo,

1
By div i, = (a1 -0 [ (7)) at +0(0),

1
B s, sl = b’ [ (£0F dt+ O (C.15)
0

Here pp = (f(i/n))i-, for a generic f : [0,1] — R, and the O(1) term in the above display
depends only on the upper and lower bounds for f’ and the upper bound of f”. Hence for
the prescribed f,

My, — Ny = pg |1 = 2By div fire, — By, [fine, — gy

= (2a +b) - n'/? /1(f’(t))2/3 dt + O(1).

On the other hand, for the prescribed f, (C.14) provides a lower bound for O'if, while the

Gaussian-Poincaré inequality yields a matching upper bound:

n S 0%, < AR, ik, — psll? S '



Now with [|§]|z; = [ &', condition (4.19) reduces to

g — pg |l < ’mﬂf - muf0| V oy,

s ¢¢/U—hP+0m

< '<2a +b)n'/? / {0 = ()} + 0(1) +n / (f = fo)?
\/nl/G’

o mﬁ+ouw<ywoGWN%me+ourmwi

where in the last equivalence we used that

J e = e} = [{uee - o+ s} =06 [ 0.

By Theorem 5-(2), under (C.16) the LRT is power consistent if and only if

| = lOM)[n'p, 1611y + npl]
/6

— 0

We have two cases:

L If npl 3> 02|l ] & pu > n7?3[|6] ], then (C.17) requires p, > n=/12.

\/nl/ﬁ
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(C.16)

(C.17)

2. If np2 < n'p,||10|lny] < pn < n=23||0|| 1], then (C.17) requires p, > n=Y6/|[|§]|xy]-

This is not feasible as |||d||p| = | [ &' = O(1).

To summarize, (C.17) is equivalent to requiring p, > n~>12. In this regime (C.16) also

holds. The proof is complete.

Proof of Lemma 47. By the monotonicity of u, we have

o~

i — i = ?;%Yl[ifhfn2/3,i+h2n2/3} — M < Y‘[ifhfn2/3,i+n2/3} — M
22

= (ﬂ’[i—h{n2/3,i+n2/3] - ﬂl) + E’[i—h{n2/3,i+n2/3]
< (,u [i+n2/3—‘ - Mz‘) + IhT}EZD(;( |E|[i—h1n2/3,i+n2/3}|

-1/3 z
<Cin 3+ I}}}g}é|€|[ifh1n2/3,i+n2/3]’7

]
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where the last inequality follows by (4.35). Note for any ¢ > 0, a standard blocking argument
(cf. (Han and Zhang, 2019, Lemma 2)) yields

P(%g}é |E|[i—h1n2/3,i+n2/3]| > tn_1/3> < Ce_t2/0~ (018)

This concludes the one-sided estimate P(fi; — j1; > n~'/3t). The other side is similar.

Now consider P(h] > t). On the event {h} > t}, we have

i — Hi = ]Iglz%y‘[ifhfnw?’,wrhznz/?’}

< (ﬁ‘[i—hfn2/3,i+n2/3] - ,Ui) + 5‘[i—h{n2/3,i+n2/3]

< (Blji—tn2/s jynzrs) — i) + max |Elfi—hn2/3 i 4m23)|

IN

Y

4 —1/3 n—1/3 z
Csy-tn —|—03 n +g}%}g}§|[i—h1n2/3,i+n2/3]

where the last inequality follows from calculations similar to (C.12), but now using both the
upper and lower bound parts of (4.35). Choosing t > 2C5/C5, and replacing t in (C.18) by
Cyt/4, we see that

P(ht > 1) <P(fi: — i < —(Co/A)tn~3) + Che/%.

The claim follows by adjusting constants. O]

C.2.4 Proof of Theorem 11

We first prove Proposition 20. The following lemma will be useful to control the term py ,,

therein. We present its proof at the end of this subsection.

Lemma 48. For any 6 € RP with ||0]|; < A, let p = X0 € Kx . There exists some universal
constant C' > 0 such that fort > 1,

Py (180 > (0] +t, |~ ) < e/C.
(1812 o+ e[ <
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Proof of Proposition 20. (1). We will derive an explicit formula for J; using the results of
Kato (2009). First note by the chain rule that
i Of 06 o 0
) = BB 0B
9 90 960 08 90°
Let K = Ky = {0 € R? : ||0]]; < A}. For each m € {1,...,p}, suppose there are N,, faces
of K of dimension m, denoted as {ij}é\[:"i. Then we can partition OK, as {Finetme Let
{EO, {Emj}mj} be a partition of R? defined as Ey = l?,\, Eni={yeRP: Iz, (y) € Fu}-
Let Eg, E,, , be the interiors of Ejy, Ey, ¢, respectively. Since Ky is a polyhedron, it follows
by (Kato, 2009, Equation (3.6) and Remark 3.3) that when P e E

00
Pl Bu(Bp, X XBn,) 'B,, XX,
where By, s = [b1g, .., bp_mye] € RP*(P=m) whose columns are linearly independent and span

the tangent space at any point in £}, ,. Hence on the event {50 €kt
Jﬁ(&) = XBm,Z(B;,ZXTXBm,Z)il(Br—rrl,fXT%

which is a projection matrix onto the column space of X B,, . In other words, a.e. on R",

Ja(§) = 1§OeEg " Zo + zp: %"j 150615;;17@ "Lty
m=1 ¢=1
where
Zo=X(X"X)'XT", Zpy = XBy(By X T XBg) (B X ).
Hence,

P Nm

By Ja(€) = Zo - Puo (0" € E§) + 3D P (° € ESy) - Zone,

m=1 ¢{=1
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and therefore

n

1B all} = > (Buodi),

ij=1
n 2
= [(Zo)z‘jp(éb €EG)+> P e E%,e)(Zm,z)ij}
i,7=1 m,l
Jn )
> Y [(20sP (P € B5) ~ B (B ¢ 5) mael 20,01
i,j=1 ' +
(*) — 2
> 3 [(Z0)Bu (0" € E5) = B, (8" ¢ E5) |
3,0=1
(%)
> Z |:<ZO)U - 2Pno (@) 52 ES)}
ij=1
() n
> > (Z0)5/2 — 7, (6 ¢ Ej)
ij=1

— p/2 — 4n®P,, (" ¢ E3)°.
Here we have used the following:
e In (x), we apply the estimate
+7;; = +e] Ze; < sup  u' Zv=|Z| <1, Z€{Zy, Zmi}-

wvi||uf =(lv]|=1

This means max; ;| Z;;| < 1 for Z € {Zy, Zm .}
e In (sx) we use the estimate (a — b)3 > a?/2 — b*.

e In the last equality we use Y-, .(Z0);; = Tr(ZoZ, ) = p.

Thus, claim (1) follows.
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(2). Note that

E, divi = E,Tr(J5)

P Nm

=P, (0" € E)Te(Zo) + Y > Pu(0° € B2, ) Tr(Zine)
m=1 (=1
P Nm

=p—pP (0 ¢ E3) + > > P (0" € B, ) (p—m).
m=1 ¢=1

Hence
E, divji—p| < 2pP,(0° ¢ EY),

proving claim (2).
(3). When &° € ES, 6 = 6 as 6 is the projection of #° onto K with respect to || - ||x =
(T XTX )2 ot (Kato, 2009, Equation (1.6)). This means

Bl = pll* = Eu (I8 — pl*Lgepe) + B (17 — 1" 15045 )
7o ~
=E, ([ X0" - X9||21§06E3) +E, (12 - :”||21§0¢E3)

= E,|| X6 — X0|> + Ry = p + Rop,
where
Ry = By (10 = P10 ) — B (1 Z0€ 110 ) -

As [10lly < A I — pl® < 201Y = 77 + 2[I¢]1* < 4)1€11* by using [[Y =7l < [V = ul* = [[£]?

via the definition of projection, we have

B, (I = P Lgog ) < 4VEIENT B (60 ¢ E5) < Ony/B, (60 ¢ E).

On the other hand, a similar estimate yields

EM(||ZO£||21§0¢E8) < Cpy Pu(é\o ¢ E5) < Cn V Pu(é\o ¢ E).
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Hence

[Eulf = ull” = p| < Cny/P,(0° ¢ E).

This completes the proof of claim (3). O

Proof of Theorem 11. The first claim follows from Proposition 20-(1)(3) and Theorem 4 (by

ignoring the bias term in the denominator). For the second claim, by Proposition 20-(2)(3),

my = (Il = poll” +p) = 2B, div fircy., = Eullfincys — ull* = p = O(n-py).

1/2

This entails that m,, —my, = ||p — poll* +n - Op), vV py/?

X uo)' Furthermore, using Gaussian-

Poincaré inequality along with Proposition 20-(1)(3), we have

02 <A, |7 — poll® < 4p + C(np)2) = O(p),

where the last inequality follows from the condition npi/ 50 = 0(1). This, along with lower

2 . . .o, . . 2 —
bound for o, ~derived in Proposition 20-(1), yields that 0,, = p. Therefore, under the

condition 7 - (pi/ j \/pi{jo) =o0(1), (4.19) is satisfied automatically, and (4.21) is equivalent to
n - O3V PXn) + e = ol
e 00 llu— ol > p
The proof is complete. n

Proof of Lemma 48. Recall that ¥ = X T X/n. Note that
P =(XTX)'XTY =04+ (X"X)'X¢ Lo+ (XTX) V27

with Z ~ N(0,1,). For any b € RP, let f, : R? — R be defined as fy(y) = fi(y; X) =
((XTX)~1/2y b). Then |||, = SUDy b <1 [f5(Z) +bT0]. Hence by Gaussian concentration
(cf. (Boucheron et al., 2013, Theorem 5.8)), for any ¢ > 0,

p(u@oul R > t) < exp(— 2/20), (C.19)
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where 0% = supy, ;<1 Var(f,(Z)). Next we bound IE||§0||1 and 2. For ¢, note that

o= sup E(XTX)"V2Zb2=n"1 sup b'27'

b:{[b]| oo <1 b:[|b]| o <1

< (p/n)- sup B'ETb=p/(nAnin()).

be||bll2<1

For the mean term, we have E[|6°[|, < [|0]l, +E[|(XTX)"2¢|l, = ||6]x +E supy, .. <1 fo(2).
Note that the natural metric d induced by the Gaussian process ( f(Z):be ]Rp) takes the

form

(b1, bs) = E(fu,(2) — Jun(2))"
= (b1 = bo) " (nX) (b1 — b2) < nTIALL(Z)[[by — o,
and a simple volume estimate yields that

NeAb: [Ibllee < 1}, d) S [(nAuin(2)) 72 /€]

Hence by Dudley’s entropy integral (cf. (Giné and Nickl, 2016, Theorem 2.3.6)),

BICTX) 26 S [ flow (1V (e, (b bl < 11,0) e

S P/ (Amin(X))

The claim now follows from (C.19). O

C.2.5 Proof of Theorem 12
By definition of Ko, we have g, , = dim(Kox) = k + 1. We will now show that
L (131 loglog(16n) + 14— log(en)) < 0k, , < Ly log(en), (C.20)

where Ly > 0 only depends on k.
We first prove the upper bound in (C.20) by induction. The baseline case k = 0 follows
by (Amelunxen et al., 2014, Equation (D.12)). Suppose the claim holds for some k € Z>y.
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For k + 1, note that K4 11 = U} K4 g1 where K 410 contains all v € K4 ;1 such that
—V|[1.g is k-monotone, and v|(py is k-monotone. Hence for any ¢ € [1 : n], it follows by

(Amelunxen et al., 2014, Proposition 3.1) that
Okt prre < Li(log(el) 4 log(e(n — €))) < 2L log(en),

where the second inequality follows by induction. On the other hand, let Z;, = sup, . Ky xNB(1) (v, &) =
Ik, ()], then Gaussian concentration (cf. (Boucheron et al., 2013, Theorem 5.8)) entails

that for any ¢ > 0,
P(Z, > EZy +t) < exp(—t*/2).

Hence, using the induction hypothesis EZ;, < (]EZ,%)I/ 2 < L,lc/ ?/log(en) and the union
bound, it holds w.p. at least 1 — exp(—t) that

_ 1/2
Zkr1 = sup <V’ €> < 1@?} 5KT,k+1;é
veKs k+1NB(1) ==

< (2L log(en))1/2 + 1/ 2(t + log(en)).

Now the bound for ik, ,,, = EZ; , follows by integrating the tail.

+ v/ 2(t + log(en))

Next we prove the lower bound in (C.20) for £ > 1. By Sudakov’s minorization (cf. (Giné
and Nickl, 2016, Theorem 2.4.12)), we have

034t s 2 B 2 swpey[log N, Kria 1 B |- )
e>
> supey/log D(2e. Ky 0 B, | - ),
>

where D(g, T, d) is the maximal e-packing number of set 7" with respect to the metric d. By
taking e to be small enough, the construction in (Shen et al., 2020, Theorem 3.4) yields an
(2¢)-packing set of cardinality of the order log(en). This completes the lower bound proof.
Now the claim (1) follows from Theorem 7-(1) and the lower bound in (C.20). (2) follows
from the upper bound in (C.20) and Theorem 7-(2). O
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C.3 Additional proofs

C.3.1 Proof of Lemma 2

We provide the proof for (1)-(2) assuming K is a polyhedral cone. The claim for a general
convex cone K follows from polyhedral approximation (McCoy and Tropp, 2014, Section
7.3).
(1) As Vg £ divIIg(€) = Tr(Jug(€)), we have EVi = EdivIIg(E) = E(E Tg(€)) =
Bl (€)1 = b
(2) The claim is proved in (McCoy and Tropp, 2014, Proposition 4.4) using the ‘Master
Steiner formula’, cf. (McCoy and Tropp, 2014, Theorem 3.1), which is a restatement of the
chi-bar squared distribution. Below we provide a simple alternative proof of this claim using
Gaussian integration-by-parts only.

By expanding Vic < (€, T (€)) — ((€, Tk (€)) — div Tk (€)) and noting that E(E, Tk (€)) =
EdivIIg(§),

Var(Vi) = Var (¢, Tk (€)) — divTTx(€)) + Var((¢, Tk (€)))
— 2E[((€, Tk (€)) — div Ik (€)) (€, Tk (€))]
=ETrJ3, (&) + BTk (€)1 + Var (€, Tk (€)))
— 2B [(Ix (€), V(& Tk (£)))].
The last equality follows from Gaussian integration-by-parts: (i) Var((¢, f(£)) — div f(¢)) =

ETrJJ%(ﬁ)—FEHf(f)HQ (see e.g., (Stein, 1981, Theorem 3), or (Bellec and Zhang, 2018, Theorem

2.1)) and (ii) E[((¢, f(£)) —div f(£))g(§)] = E[(f(£), Vg(£))] (Bellec and Zhang, 2018, Equa-
tion (2.4)). Note that (i) V(£,IIx(€)) = V[[Ix(&[* = V[|{ — M« (OI* = 2(§ — Mg+ (§)) =
2[1 (§) using the fact K is a cone and Lemma 1-(1), and (ii) ETrJg, (§) = ETrJi, (§) =
EdivIlg(§) using the fact that when K is polyhedral, Jp, is a.e. a projection matrix
(cf. (Kato, 2009, Remark 3.3)). Finally using that Ediv g (&) = E(, Mk (€)) = E|[Tx(£)]?

to conclude.
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(3) The right inequality follows by an application of the improved Gaussian-Poincaré in-
equality stated in (Goldstein et al., 2017, Theorem A.2) as follows: By Lemma 1-(1) again,
V|Tg©)|? = V|[¢ — Tg-(§)]* = 2(€ — Hg-(£)) = 2Ik(€), so (Goldstein et al., 2017,
Theorem A.2) yields that

Var([ILx (€)[?) < SB[V ILe(@)I°]° + £ |V L) ]

= 2E||TIx (§)[|* + 2/[Elk (§)*.

The left inequality is an immediately consequence of (2). O

C.3.2  Proof of Proposition 29

Recall the following second-order Poincaré inequality due to Chatterjee (2009).

Lemma 49 (Second-order Poincaré inequality). Let & be an n-dimensional standard normal
random vector. Let F': R™ — R be absolute continuous such that F' and its derivatives have

sub-exponential growth at oo. Let & be an independent copy of £&. Define T : R™ — R by

T(y) = /O %\/#VF(y), BV F(Viy + VI—i¢)) dt.
Then with W = F(¢&),
W —EW 2/ Var(T(€))
TV( Var(W) 7/\/’( ’ 1)) - Var(W)

Proof. Let W' = (F(§) — EF(£))/+/Var(F(€)), and T" = T/Var(F(£)). Then (Chatterjee,
2009, Lemma 5.3) says that

dry (W', N(0,1)) < 2y/Var(T7(€)) = 2/ Var(T'(§))/ Var(F(€))-

The claim follows by the invariance of the total variation metric by translation and scaling.

]
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Proof of Proposition 29. For any fixed p € R, let F(§) = F,(§) = [|[p+ & — Uk, (1 +O)|? -
|+ & — Mg (p+€)]|*. By Lemma 1-(1), we have

VE(E) =2(p+& —Hg,(n+ &) —2(n + & — g (p+§))

= 2(Ilg (pu+ &) — g, (1 +&)).

To use the second-order Poincaré inequality, let &’ be an independent copy of £ and & =

VEE+ /1 —t€, and let

T(E) = / %ﬂwF(&)?EwF@»dt
= 4E¢ /0 %ﬂmK(u + &) — gy (1 + &), e (p 4 &) — Ui (10 4 &) dt.

Hence

VT(§) = 4Eg / 2%/% [(JHK — Jie ) (4 &) T (Mx (4 &) — iy (1 + &)

+ \/¥('JHK - JHK())(:M + gt)T(HK(:u + ’f) - HK0<,u + f)) dt.

The terms involved in the integral in T are all absolute continuous, so we may continue to

use Gaussian-Poincaré inequality:

Var(T(€)) < E|VT(&)|?

<16 [ 528 Ui = g )+ €07 (Ml +€0 T 1+ 60)

2

Ve — ) (4 &) T (Mg (p+ &) — gy (u+€)) || dt

(by Jensen’s inequality applied to the measure dt/2v/t)

L
<16 8/0 Q—ﬁ(EHHKw L&) — Ty (u+ &)

FE (a4 €) — Mg+ 5>|!2) dt.
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Here in the last inequality we used that || /i, — Jrg, || < [[Jngll + [, [| < 2. Now using

that & has the same distribution as £ for each ¢ € [0, 1], we arrive at
Var(T'(€)) < 16°E||fix — fix, [|*.

The claim now follows from the second-order Poincaré inequality in Lemma 58. O]



300

Appendix D
APPENDIX OF CHAPTER 5

D.1 Some spectral estimates

First we introduce some convention on notation: Let Z;, Z, be finite index sets. For A =
(AL, ) ety mer, € RP*22 ] its operator norm is defined as

[Allop = sup || Av]ly,@z).- (D.1)

vEBz, (1)

It can be readily verified that [[Allep = suPyuep, wvep,, (v, Av)z,, and for a symmetric matrix
Ae R A|lop = SUDyep,, |(u, Au)z,|. Here (-,-)z, is the standard inner product on R%!.
Clearly, the definition of the operator norm does not depend on the choice of the ordering
of the index sets.

Under this notational convention, with the index set A = {(ij) : i € [N],j € [p|},
we present below two results on the spectral norm of some special A x A matrices that
are crucial to the proof of the quantitative central limit theorems. We do not specify a
particular ordering on A as we will be only interested in the operator norm as defined above.
In the following we use N to denote the set of natural numbers. Recall the data matrix

X =[Xy,...,Xy]" € R¥*? and the definition of S in (5.16).

Proposition 31. 1. Suppose p/N < 1 — ¢ for some e > 0. For {,m € N such that
(+m>1, let Uy, € RN be defined by

Uem) gy iy = N7 XS X0 (S7™)50- (D.2)

Then for any q € N, there exists some C = C(e,£,m,q) > 0 such that E||U,,[|Z, < C
forp>C.
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2. When X;, S and N is replaced by X; — X, S, and n, the conclusion of (1) still holds.

When the inverse S~1 in (D.2) is replaced by S, the condition on p/N can be substantially

relaxed.

Proposition 32. Let y = p/N. For {,m € N, let Uy .. € RN be defined by
(Uit )iy vy = N 71X S X0 (S™) 50 (D.3)

Then for any q € N, there exists some C = C({,m,q) > 0 such that E||Upm ||, < C(\/yV

y) q(é+m+1)

The proof of Proposition 31 relies crucially on the following stable moment estimate for
S~ ||lop- Its proof utilizes two main technical tools: (i) rigidity estimates on the eigenvalues
of the sample covariance matrix (cf. Pillai and Yin (2014)); (ii) closed form distributional
formula of sample eigenvalues via zonal polynomials (Muirhead, 1982, Chapter 9.7). Details

are presented in Appendix D.10.

Lemma 50. Let Sy = N-'S°N 7,27 where Z;’s are i.i.d. N'(0,1) in R?. Suppose p/N <
1—¢ for some fivred e > 0 and every N,p > 2. Then for any positive integer ¢ < (N—p—1)/8,
we have EHS;HgP < C for some positive C' = C(g, q).

The following corollary of the Koltchinskii-Lounici theorem Koltchinskii and Lounici

(2017) will also be repeatedly used.

Lemma 51. Let S; = N~! Zfil Z.Z1 where Z;’s are i.i.d. N(0,I) in RP. Then for any

positive integer q, there exists some positive C' = C(q) such that

E|S; — ||, < C- ,/ \/

Proof. This is a direct consequence of (Koltchinskii and Lounici, 2017, Corollary 2). ]

Now we prove Propositions 31 and 32.
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Proof of Proposition 31. We only prove (1); claim (2) follows from completely same argu-
ments by noting that (D.4) and (D.6) below still hold with the prescribed substitution.
Note that Uy, is symmetric in that (Usm) iy = (Uem) @) aj), and satisfies that for any
non-negative integers (¢1,my) and (¢, ms) such that (¢; +mq) A ({3 +mg) > 1,

(Uermy ~ Uty ) (i), (0157)
TS5 5

(i)
_ N_QX;FS—fl <Z XZXZT) S_Zin' : ( Z(S_ml )jj(s_mQ)jj’>
= j

= N (g,

= Uty 2 —1,ma-+ms ) (i), (157) (D.4)
Consequently the above argument entails that for any ¢ € N, (Uy,,)? = Up ,y with
=0 =ql-1)+1, m' =m'(q) =qm. (D.5)

Using that [|Ugmllop = SUPuepy,, (1)1 22 i) cirn) Wi (Uem) i), vy |, we have

||Ué,m||0p = sup N_l Z X;S_eXz’(S_m)J]/UZ]UZ/j/
ueBnxp(1) L.
=Nt osup |y XTSIy e (ST
UEBNXp(l) .,, —
i ji
=N sup ZX;S’EXi/- [u~5’m-uT]”
uEBNXp(l) 0! 2!

As the (i,7)-th entry of XTSX is X;"S~*X; and that Tr(AB) = Zfi,:l Ay By for two
symmetric matrices in RV*V | we have
HUE,mHop - N_l sup ‘TI' [XS_KXT . uS_muT} ‘
UEBpr(l)

=N"' sup |Tr[(u'X)S™(XTu) S]]

’I.LGBNXP(I)
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Further using twice the fact that Tr(AB) < Tr(A)||B||sp for any two p.s.d. and symmetric

matrices A, B, we arrive at

“UZ,mHOp S N_IHS_mHopHS_ZHop . sup |TI'(XXTUUT)|

uEBNXp(l)
<187 lop - NTHXX lop - sup  Tr(uu’)
UEBNXp(]-)
= 1S lop - 1S [lop = 1S~ IG5 (D.6)

Hence for any ¢ € N, equations (D.4)-(D.6) and Lemma 50 entail that

E[|Umll% = ENUZ llop = EllUpmllop < EJ S5

=E[[S7HEH" < Crmgs
completing the proof. O

Proof of Proposition 32. The proof largely follows that of Proposition 31 with modifications.

We sketch the difference below. Using the same calculations as in (D.4), we have

(Uzl,mu—i- ) ng,m%-&-)(ij)v(i/j')
= N7 XIS XG(S™) 5 X S X (S5,
(i)
— N2X, g4 ( e od ) S X, - < > osm >jj<5m2)jj/)
7 J

_ -1 v T qgli+42+1 mi+ma _
=N"X; 8 Xy (S )it = Uty ea41,my £mast ) (i), (57) -

Hence for any ¢ € N, (Upm.+)? = Up y.+ with ¢/ now defined by ¢ = ¢'(q) =+ (¢—1)({+1)
and m’ = ¢gm remains the same as in (D.5).
Then using the same arguments as in (D.6), we have ||Upmt|lop < [|S]|55™, hence for

any q € N,

E[[ Ut 18 < ENSIIGT™ ! St (VI V)10,
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where the last inequality follows by Lemma 51 and the fact that ¢/ +m'+1 =0+ (¢—1)({+
1)+ gn+1=q(l+m+1). O

D.2 Proofs for Section 5.3.1

Recall A = {(ij) : « € [N],j € [p]}. In the following sections, for a sufficiently smooth
function 7 : R* — R, its gradient VT : R* — R* and Hessian V27 : R* — R4 are
defined respectively by

@30 Qw350 (30 jry

oT
(VT(x))(ij) = %(a:) and (V2T(x)) (z),
with z = (z;;)) € R*. Slightly abusing notation, we using ||VT(z)|r = [|[VT(2)||s,@a). The

operator norm ||V2T(z)]|p is defined in (D.1).

D.2.1 FEvaluation of derivatives

In the following, we use {e;}}_, to represent the canonical basis in R?. Let d;; be the

Kronecker delta.

Lemma 52. Recall the form of Tyrr(X) in (5.19). We assume without loss of generality
that = 0. Then for any (i,7),(,j") € [N] x [p],

1. (VTirr(X)) =e/(I-SX,.

= (XTI =57)

(7)

2. (V2TLRT(X)) = NﬁlX;rsfl(@j/Xi—lr + Xi/GI)Silej + 5uzeJT(I — Sfl)ej/.

(2),(#5")

Proof. We use T' as a shorthand for T gr.

(1). By definition, we have

Xip T(X) =
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For the first partial derivative, using d;; Xy = dire;, we have

_ 0
k Y

— N! Z 5 Tr[e; X, + Xie] ]
k

=N 62Xy = 2N X;. (D.7)
k

For the second partial derivative, using the well-known fact that Vlogdet A = A~! for any
invertible and symmetric matrix A (see e.g., (Boyd and Vandenberghe, 2004, Section A.4.1)),

we have

0logdet S Sk
iy log det S =Y 5 OX,
k¢ K

DS ey 05X+ e Xa)

et
1 _ _ 2 _
=~ %:(5 e Xie + Xk:(s Y Xie = N(XS Digs (D.8)
where in (x), we use
S 1 0 1
8XM = Vo, (Kew Xeo) = (0 Xa + 050 Xan). (D.9)
i v}

Combining (D.7) and (D.8) yields the first claim.

(2). Again by definition, we have

N
OupinT(X) = 5

(a(ij)(i/j’)Tr(S) — Oj)rjy log det S).

For the first derivative, it follows from (D.7) that



For the second derivative, it follows from (D.8) that

8(ij)(i’j’) log det S

2 0 0X; ' 957!
—— P9 le 4 XT >
7 N(@Xi,j, ER

2 = (Gwehshe; = NTUXT S ey X[+ Xie])S 76 ),

N

where in (xx) we use the following calculation with the help of (D.9):

5! o8 . T 08k \ o
x-S x5 =S 1(%;% o )5
= —%S_ (Z ereq (851 Xie + 670X %))S_l

= —%Sl (ej/X; + Xi/ejT,)Sfl.

We obtain the second claim by combining (D.10) and (D.11).

D.2.2  Normal approximation

Proof of Theorem 14. We again shorthand Tigr.x; by 7. By Lemma 52,

INTXOIIE = (9upT(X ZII (1 = 87X
1,J
< IS7HIS I = SIIE ZIIX I*.

Using Lemma 50 and Lemma 51,

2
E[VT(X)[: < E(Hsluzpru - S!IipZ\le-H2>
“Y°E [ns-ln;‘pw _ sufﬁpnxz»nﬂmu?]

<D EVIS o BV = Sliep - EVYIXG)P - BV X1

i

< N2. 24.. — pt
S N p-p=p.
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(D.11)

(D.12)

(D.13)
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Again by Lemma 52, the second derivatives are

Oigy,inT(X) = N7IX[ ey Xy S e,

+ N_IXZTS_IXZ-/(S_l)jj/ + Oz (] - S_l)

33’
= (N + T+ T5) ) 00y
Recall the definition of Uy, in Proposition 31-(1). Then

(T]_Z)(,L])’(lel) = N72 Z X;Silejf- * X;Silej * X;Silej/ . lesilej
(i5)

=N ( Z e;rS_lXiXiTS_lej/) : <Z XiTS_lejejTS_lXi/>
i j
= N7HS™) - X1 S72 Xy = (Uza) gy (57 (D.14)
and Ty = Uy ;. Proposition 31-(1) entails that
E[T:5, V E[ T2l = O(1). (D.15)

On the other hand, T3 has a block diagonal structure with respect to the index (4,4), so its

spectral norm equals that of (I —S™') € RP*P| and hence
E|| T35, = ElL — S7H5, S E[IST sl = Slisp) = O(1). (D.16)
Combining all the estimates above, we find that
E|V*T(X)l, S EIT1]5, +ElT2]l5, +ElTs]5, = O(1). (D.17)

Let X’ be an independent copy of X and let X| = tX + /1 —tX’' € RV*?. Let E’ denote

expectation only with respect to X’ and

_ ! 1 / /
(X):/O 2—\/%<VT(X),IEVT(X75)> dt.
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Then by the Gaussian-Poincaré inequality

Var(T(X)) < E[VT(X)[3 < /EIV2T(0)[4,/EIVT(X)
The claim now follows from the second-order Poincaré inequality in Lemma 58 and Propo-
sition 21-(4). O
D.2.3  Ratio control

Proof of Proposition 21. We shorthand (Tyrr, ms.LrT, OsiLrTs Vairr) by (T, ms, ox, V).
(1). Recall that Zy,...,Z, are i.i.d. samples from N(0,I,). By Lemma 52, with S; =
NN 77T, we have

T5(Z) = ZSY2 (1 — £71V28, 87282 = Z(2 — S1).
Hence with {\;}}_; denoting the eigenvalues of ¥, we have
Ve =E|T=(2) - Ti(2)|F = E|Z(Z - D)7

=ET((S-0NZ"Z(2 - 1)) = Te(EZTZ(2 — 1)?)
= NS -1} =N (A —1)?

J

(2). Note that
my = (N/2)E [Tr(zl/QSZEI/Q) — log det (X125, %1/2) —
= (N/2)[Tr(S) — logdet & — p| — (N/2)Elogdet Sy,
SO

msy —Mmy = (N/Q)dg(z,f)

= (V/2)" (O —Tog A — 1) 2 NS [ — 1A (- 12

j=1 j=1
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(3). It is shown by the proof of (Chen and Jiang, 2018, Theorem 1) that with /i, 0, 07 ; defined
in (Chen and Jiang, 2018, Corollary 1), and Y, = (T(X) — pinp)/(noy), for s € (—so, so)

for some sq > 0,

lim My, (s) = MN(OJ)(S) = 682/2,

nAp—00,n>p+2
where My (s) = Ee®Y denotes the moment generating function of a generic random variable

Y. Now using that for any s € (0, s),

EY,! = 4/ PP(Y, > t)dt < 4/ e My, (s)dt = (6/5°) My, (s),
0

0
it follows that sup, EY;} < oo, and hence convergence of moments yields that EY, —

0,EY;? — 1. This implies 07/(n’0}, o) = Var(Y,) = EY,;?—(EY;)*> — 1. Hence the asymptotic
formula for o2 holds. In particular, this means that there exists some sufficiently large M

such that for n Ap > M,n > p+ 2,

J?EM1-7120270:—-nﬂ—%—log(l—%)] > —n2-p—2p—,

where in (%) we used the inequality —z — log(1 — x) > x?/2 that holds for = € (0, 1).
(4). Recall that {);}¥_, are eigenvalues of ¥.. By (1)-(3), we only need to show that for some

universal C' > 0,

NADMHCYEIE c

< . (D.18)
NS, (% =1 A =)V o1~ (g a W)
To see this, let v; = |A\; — 1], and J = {j € [p] : v; < 1}, it suffices to prove
NZ 2 \/ NZ . V2
N Soer 5V N S < ¢ (D.19)

(N2 e VIV (N Ejerevi) Vor = (o AN
This follows as

2
LHS of (D.19) < Noests VN Y jere v

SINS, Vo (NS Vo

1 _ —-1/2
N2 < N .
~ inf,>o (a: v %) + ~ (UI A )

The proof is complete. n
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D.3 Proofs for Section 5.3.2

D.3.1 Ewvaluation of derivatives

Lemma 53. Recall the form of T(, sy..rr(X) in (5.23). Then for any (1, 7), (¢, j') € [n] x [p],
T

L (VIuswer(X)) ) = (XU =S +1,X S7Y) ) = e/ (T = 870X + 871X).

2. (VT (X)) iy = 7 (X = X) TS (e (X = X)T + (Ko — X)ejr) S ey +

j
dive) (I — S ey +n~te, S e

Proof. We shorthand T, s).Lrr as T'.
(1). By definition, we have

n — T

For the first term, using 9(;;) Xy = dixe; and 8(ij)7 =n"tY", 0, X, =n"'ej, we have

0 TH(5.(X)) =™ 3 5= Te(( = (X = X))

=n"'> Tr[(Gwe; —ney) (X — X) T+ (X — X)(0ue; —n'e;) ]

=n7" Y - 2(Xp — X); =207 (X — X)) (D.20)
k
For the second term, using the well-known fact that V logdet A = A~ for any invertible and
symmetric matrix A (see e.g., (Boyd and Vandenberghe, 2004, Section A.4.1)), we have

0 log det S* 6(5*)kg

iy log det S, =
a(l]) Og € S a(s*>k£ aXZ

k.t

* 1 — —
= Z(S;l)ké : E(éjk(Xié — X0) + 6;0( X — X))

kL

= %Z(S*_l)jé(Xiﬂ — X)) = %((X ~L,X)S), (D.21)
L

ij
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where in (x), we use

IS 1 0 & —T -
= — Xm—X Xm—X
0X,; n 0X,; — (< ) ek) (( ) ef)
1 — —
Lastly, for the third term, we have
o —— 2
We combine (D.20)-(D.23) to obtain the first claim.
(2). Again by definition, we have
n —_— T
i (irin T(X) = 5 [pain Tr(Ss) = Bigyiary) log det S + ijyrin X~ X].
For the first term, it follows from (D.20) that
8(ij)(i/j/)Tr(S*) = 2n*1(9(i/j/)(Xij — 7]) = 277,71 ((5“/ — nil)éjj/. (D24)
For the second term, it follows from (D.21) that

Oijyirin log det S, = 29 (X; — X)"S e

(i5)(@'5") A 0X s i « €j
T
210X, —X) 4 —. 7 051
_2[O - X) gy -y ]
n [ aXi/j/ S* “ + ( ) 8Xi/j, €

kk 2
(:) — |:(5“/ — nil)ejT,S**lej
- nil(Xi - 7)T5;1 (ej/<Xi’ — Y)T + (Xl/ — 7)6;)3}:163'], (D25)



312

where in (%) we use the following calculation with the help of (D.22):

as*_l — _S—l 85* S—l
0Xyrjr 0Xyp T
_ 8(5*)k€ —_
_ o1 T 1
=% [Zeke@ Xy }S*
ki,
1 — —
— s [Z exed (0m(Xoe — Xo) + 0o (X — Xk))] 5t
k.t
1 — —
= _ES*_l [ej(Xi — X)T + (X — X)ej ] S
Lastly
e 2. _ 9
We combine (D.24)-(D.26) to obtain the second claim. O

D.3.2  Normal approximation

Proof of Theorem 16. We again shorthand T(, 5. .rr as T'. First we bound the norm for the
gradient: by Lemma 53-(1),

2 _ T ~—1\2
IVTCOIE = 3 (X0 - 57+ 1% 57),
2y

<23 NI - sHX P+ 23 (X5 )
[ %,]
=23 |1 - STHX|P + 20X 572X = (1) + (11).

By essentially the same arguments as in (D.13) in the proof of Theorem 14, we have E(I)? <

p*, so we only need to handle (I7):

E(I1)? = 4n* - E(X ' S72XX ' S.2X) < 4n® - E(|S7 YL 1X]1Y)

. . (k) 2
2 4S5, BIX|* S n?- L = p
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Here (%) follows from the fact that S, is independent of X, and (%) follows from Lemma
50. Combining the bounds we have E||VT(X)|% < p*.
Next we bound the spectral norm for the Hessian. By Lemma 53-(2),
Ay winT(X) =nH (X — X) TS ey (Xy — X) TS ey
+n7H (X = X)) TSN - XS
+ (51'1'/ (I — S*_l)jj, -+ n_l(S*_l)jj/
= (T1 + T2 + T3 + T4)(ij),(i’j’)'

Using the same calculation as in (D.14), we have

(TP gy =1 (X = X) TS X — X) (8715

* )j] :
Proposition 31-(2) entails that E[|T1[|3, V E[|T3[|5, = O(1). Similar to (D.16), E||Ts||5, =
O(1). For T}, note that

uy S g
1<k<n

||T4||0p =n"' sup
u=(U1,...,un ) ER™"*P
e llugl?<1

<n’ sup > lunltliael - 15 op < 1152 lops
u= (U, un ) ER™P g gy
Shopllukl?<t T
where in the last inequality we use the Cauchy-Schwarz inequality that >, o, o, [[ug| [l =
(Zzzlﬂukﬂ)z <n Yy lluel* < n. Hence E||Ty]|5, = O(1). Combining the bounds we arrive

at E||V?*T(X)[|3, = O(1). The rest of the proof proceeds along the lines in the proof of

Theorem 14, with the help of the variance formula in Proposition 22-(3). [

D.3.8 Ratio control

PT’OOf Of P’I"OpOS’L'tZ'O’I’l 29. We shorthand (T(,U,,E);LRT7 m(u,g);LRT, U(u,Z‘);LRT; ‘/(M,Z);LRT) by (T, m(uyg), 0(14,2)7 ‘/(“71
(1). Recall that Z, ..., Z, are i.i.d. samples from N(0, I,). Let

S*,Z = ’I’L_1 (Zz — ?)(Zz - 7)T

i=1



By Lemma 53,
Tus) = ((221/2 + L) (I = 57128, g5 1)
N 1n(7T21/2 +u7) _21/25*7221/2> /2
= Z(2 = Suz) + 1nZ Suy+ Lo B2,
Hence with [|p|3, = " S and {N/_;}7_, denoting the eigenvalues of X,
V(i,E) = E|| T (2) - 7(0,1)(2)”? =E[Z(S - 1)+ 1,u" 52|}
=12 = 1+ 075k) = 3 0 - 17+ el
J
(2). Note that
M) = gIE [Tr(S1728, ,512) —log det(SY/28, ,51?) — p+ X X]

- g[Tr(E) —logdet X — p + ||M||2} — g -Elogdet S, 4,

where the second equality follows as

ETr(S, ;) = %ETr(N‘l > (2 - Z)(Z) - E)T)
k=1

N
1 1
0 ETr<N—1§ Zkz,j) =TT (),
=1

and
EX' Y — ”_2E<2Xk>T<ZX€> — 2 [(Z+Z)EX;X4:|
k ¢ kA0 k=
— 2 [n(n = Dl + n(lll? + Te()] = [l + 0" Te(5).
Hence

n
Mu,x) — M,1) = §(dS(27[) + ”N||2)

314
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(3). The proof is the same as Proposition 21-(3) by invoking (Chen and Jiang, 2018, Theorem

2).

(4). By (1)-(3), we only need to show that for some universal constant C' > 0,

V(05 = 102V |jul2) . <
(s (N = 1A Gy = D)V el Vown — (oon An)”

holds. In view of (D.18), we only need to prove that

N o
(n > (I =UA G =D2)V (2llell?) Voo — (o0, A n)1/2

As [y = llpl? + 1" = D < (lpll? + [lul? - max;[A; = 1], with vy = |5 -
J={j € [p]:v; <1}, we only need to prove
ol o
(N> e i)V (n 22 )V (nllel?) V e
n2.ijer?; N2 jereVi e o0.0 oy
Vnllpl? - max; v < C
(n 2jes VJQ) V (n > jere vi) V (nllell?) Voo ~ (00,0 A n)1/2

To see (D.28), note that

2
LHS of (D.28) < — Y Pel? L <

(nHIU/HZ) \/O'(O,I) - lnfxzo (x \V 0’(;_,]) — 0'(1]7/12'

To see (D.29), using that ab < (a® + b%)/2, we have
2| ]| n'/? max; v;

llP) (150 )V (05 e 77) Vo0

1/2 1/2
n!/?(max; v;) - loaxv>1 . 1 2(max; v;) - Linax; v;<1

LHS of (D.29) <

S n—1/2 4

(n > jere Vi) (nmax; vi ) Voo
<on Y24 ' <nV2\/ o M2
= ~ (0,1) ’

infxz(] (nx \ @)

as desired.

(D.27)

1] and

(D.28)

(D.29)
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D.4 Proofs for Section 5.3.3

D.j.1 FEvaluation of derivatives

Lemma 54. Recall the form of Tinw(X) in (5.24). We assume without loss of generality
that = 0. Then for any (i,7), (i',7') € [N] x [p],

1. (VTiaw (X)), = (X(S = T) = (TH(S)/N)X). = e] (S — )X, — (Tr(S)/N)X;;.

(i7) ij

2
2 (V¥Tiw (X))
(Tr(S)/N)diir 8-

) = N_1§jj/XiTXi' + N_lxi/inj/ + 6”/(5 — I)jj’ — (2/N2)Xini/j/ —

Furthermore, for any (i, jo) € [N] x [p],£ =1,2,3,4,

Ofirjr) ingo) i) iaga) TLnw (X))

= N7 (0i1is0i2i4 051 12 0jgja + 014 Oizia 01 2 0
+ 0i1iaOiniz 013 Osaja + Oiria0inia051ja0jaga
+ 0iyin 045405135 Ojoja + 5i1i25i3i45j1j45j2j3)

- 2N72 (5i1i35i2i4 6j1j35j2j4 + 52’11'4 5i2i3 5j1]'4 6j2js + §i1i2 6i3i4 6j1j2 5j3]'4)'

Proof. We shorthand Tinw as T. As 0;;S(X) = N7'(e;X;" + Xie/), for the first-order

derivatives we have

XinT(X) = %(TY [0y (S = 1)?] — % - 2Tr(S)Tr [(9(,-]-)S}>

= STR[(S — D(e, X[ + Xie])] - %
= (X(S _ ]>)ij . Tr]£78>Xij
B e]T(S B I)X’ o %‘S)XU
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For the second-order derivatives we have

X (i) T(X) = Oy (€ (S = 1) Xi) = N 710y (Tr(S) Xiy)
= N_le;r(Gj/Xi—/r + Xi/e;:) . XZ + 5”/6;(5 - I)@j/
- Nt ((2/N)Xin¢/j/ -+ 5,;i/5jj/Tr(S))
— Nﬁlé‘”/XlTXll —|— NilXi/inj/ + 5%1 (S - [>J]/

— 2N_2Xini/j’ — N_lTI'<S)6ii/6jj/.
For the third-order derivatives we have

Oi131) (i22) (i23) T (X))
= Nﬁléjljza(%js)(XiTXiz) + Nfla(isja)(XiQﬁanz)
-+ N_l(SiliQe;rl (ej3Xi3 + Xi3€;'|;)€j2

— 2N "2 i) (Xinjs Xingn) = 2N 261,150, o X
=N! ((52'11‘3(5]'1]‘2)(2'2]'3 + 5z‘2i35j1j2Xi1j3)

N7 By 0o Xinjo + Oigis0inis Xy )

N7 (002055 Xiggo + 01112025 X )

— 2N (841450 15 Xinja + 0inisOjags Xir sy + OiriaOjujaXijs ) -
For the fourth-order derivatives we have
Oirjn) iz (iaga) i) T (X)
= N7 (0iis02i4 051 j2Ojgja + Oi1ia Oizia 01 g2 0
+ 0i1i40izi 0513 Ojna T 0irisOizia 01 js Ojog
+ 031in0igis 051 j50jajs T 5i1i25i3i45j1j45j2j3)
— 2N 728110301214 051j3 0jnga + Oiria Oinis 0jajaOsngs + 0irinizia 0o o Ojsia ) -

The proof is complete. O
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D.4.2  Normal approximation

Proof of Theorem 18. Let y = p/N. We start by showing that

E(|V2T(X)|2 < C(1Vy)* (D.30)

4
lop
for some absolute constant C' > 0. Reorganizing the terms in Lemma 54, we have

(V’T(X)) = N'X Xudjp + N ' X3y Xyj — 2N 2 X0 X5

(i9),(35")
+ bive), (S — 1 — N~'Tx(S)1)e;

= (Tog + Top — Toz + Tou)ij), i) -
Recall the definition of Uy, from Proposition 32. As T = Up .4+ and
(T3a)aiywin = N2 D X XXXy = N2 ( > X”'Xij') ( 2 Xini’j)
(i7) i J
= N1 X Xir = (Uous+) i),y
Proposition 32 entails that E[| Ty, V E[|T2|ls, = O((1V y)*). For Ty, as

I Tosllop = (2/N?)  sup = (2/N")|| X[I%-

u,VEBN xp

E Uinini’j’Ui’j’
(5),(#'3")

Hence E||Ty3(l5, = O(y*) = O((1V y)*). For Ty, it holds by the block diagonal structure
that

[ Toallop = IS = I = N7 Te(S)[lop < || — Illop + N7 Tx(S).
Hence it holds by Lemma 51 that
E[Toallsy < (v v vH) + N NTEIX|E S (1vy)”

By collecting the estimates of T ;-T5 4, we complete the proof of (D.30).
Next we show that E||VT(X)||% < p*. This will be done by two estimates below.
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(Estimate 1) By Lemma 54-(1),
IVT (XI5 < ZII(S — DXilI* + N ()| X |17
< (I8 = 115, + N72Te(8)) I X,
so by Lemma 51 and Proposition 32, Z
EIVTOOIE SE[(1S - 113, + N212(5) YIKP]
S SCE[(IS ~ 2l + N TS I X

<3 (ELIS — 115, + NTET(S) ) - BV BV X

<N [(B) + (B) B pop S50+ 00)
(Estimate 2) Note that
VI(X)=X(S—N"Tx(S)]) - X =T + Tho.
It is clear that E||T2||% < Np. To handle T; ;, note that
1Tl = NTe((8 = N'Tx()1)°S)
- NTr<S3 T NT2TH(S)S — 2N—1Tr(5)52)
- N [Tr(s?’) + N2TH(S) — 2N*1Tr(S)Tr(SQ)} .

Then using Lemma 64, we have under the prescribed asymptotics that

E|Ti.ll7 = N {py2 +3py+p+3y° + 3y +4N "y + N72(p* + 6py + 8N 'y)

— 2N PPy +p* +py + 47 +y) + 4N1y)}

=p’[1+O(N Ap)~h)] + pN.
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Hence we have

E|[VT(X)|} = (EIVT(X)|})* + Var(|[VT(X)|)
=O0(p'(L+y %) + Var([VT(X)|7). (D.31)

By the Gaussian-Poincaré inequality, we have

.
Var([VT(X)|[7) < E|VIVT(X)|[ElF = 4E[(V*T (X)) VT (X)]E
< ARV VAT (X) gy - EVZ(IVT (X)) -

Combining the above display with (D.31) yields that
E[[VT(X)|F < O (1 +y2) + 4BV V2T (X)|3, - EVIVT(X) | 5
Solving the quadratic inequality above and using (D.30), we arrive at
E[[VT(X)|p = O(p' (1 +y7?) VE[VT(X)[5,) = O (1 +y72).
Combining the above two estimates, we have
E[IVT(X)l7 < p* maxmin {(1+4°), (1+y7)} =< p'.

The rest of the proof proceeds along the lines in the proof of Theorem 14, with the help of

the variance formula in Proposition 23-(3). O

D.4.3 Ratio control

Proof of Proposition 23. (1). Recall that Zy,...,Z, are i.i.d. samples from N(0,1,). By
Lemma 54, with Sy = N~ 7,77,

Toanw(Z) = | 2812 (825,52 — 1) — N1 Te(85,) 2512 | £Y/2

= Z%8;% — 7% — N'Tr(£82)Z%
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SO

Tsinw(Z) = Trnw(2)
- [ZE(SZE 1) - Z(Sy - ])} . % [Tr(zsz)zz - Tr(SZ)Z}
— [ZZ(SZE D)= Z(Sy2 — 1)+ Z(SyE — 1) — Z(Sy — I)]
- % [Tr(ZSZ)ZE ~TH(28,)Z + Te(SS,)Z — Tr(sz)z}
= Z(S—1)(Sz5 — I) + ZSz(X — 1)
- %Tr(ESZ)Z(E - %Tr((E —1)S,)Z
— Vi(Z) + Va(Z) + Vil Z) + Vi(2).

Note that

IVU(Z)IE < 11825 = TIe 1 2(2 = DIlE < 1525 = T3, 1211515 — 1%
IVa(2)[F < 128206,11Z = 1115 < 11 Z15, 152115115 = 1[5
IVa(Z)|IF < N7 (852)I12(2 = DI
<P NEGI821512 (5 = DI,
IVa(Z)|lF < N*Tr* (S = 1)Sz) 1 2%

< NS ZIEIE = TE < pNT2 S22 12172 — 1117
Under p/N < M, we have

Vainw Sur N (I8, v 1) 112 = 1]
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(2). By Lemma 63, with dy = N~! — 2N 2

N [ 2 1 2
ms = _ETI“(S —1)" — N]ETT (S)}
NT 9 1 2
=7 _ETr(S ) = 2ETr(S) + p— ETr (S)]
_ g (14 N"DTe(S?) + NI (S) — 2Te(E) 4+ p — NT3(8) — 2N 2 Tr(3?)
= 0+ ) TH(E?) — 2TH(S) + ).
Hence

my —my =

[(1 4N TE(S2 — 1) — 2Te (S — 1)]

N
4
N 2 2

S [IZ = 11+ 63 Te(2? = 1)].

(3). By the Plancherel’s theorem (i.e., (Chatterjee, 2014b, formula (6.2))), we have

1
oFnw =) [EdyT(X)]” + 5 > (B, 1) i) T (X))

(i5) (i191)(i232)

1
+ 5 Z [Ea(iljl)(i2j2)(i3j3)T(X)} ’

" (i141) (i252) (i343)

1 2
T 41 Z [Ea(iljl)(i2j2)(isj3)(i4j4)T(X)}

(i171)(i252)(373) (iaja)
=)+ {I)+ 1)+ V).
Terms (I) - (IV') are handled as follows:
e To handle (I), note that
EdijT(X) = Ee] (S — I)X; — E[(Tr(S)/N)X;].
The first term satisfies
Ee, (S —I)X; = Ee/ (% f: X,J(,I) Xi = N""e]E(X; - || X:]]”)
k=1

X;
X

X
= v (1) = TR ) B o

1]
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A similar identity holds for the second term, so (1) = 0.

[ ] (I]) S p/N = 0(]92) by IlOtiIlg that Eﬁ(iljl)(izjz)T(X) = (N_l — 2N_2) . 52'11'253'

1j2°
e (I1I) =0 by direct calculation.
e (IV) =6p*(1+0(1)) by direct calculation.

The proof is now complete by collecting all of the estimates.
(4). By (1)-(3), [|X]lop < |IX — I||r + 1 and the condition p/N < M, we only need to show
that

(NHE - IH% — N(SN‘TI'(22 - I)|)+VUI;LNW B (UI;LNW A N)l/Q'

Note that with {);},_; denoting the eigenvalues of ¥,

p p
TH(s? - D) = | 302 - 1>\ <max(y+1)- Sy - 1
=1 ’ j=1
< VB[S lop + DIS — Illr Sar VIS — Illp v DS — ] (D.33)

so for N large enough, (D.32) is satisfied provided that

VN|E - 1]3V /NIZ 1]} < Cu (D.34)
(NIIZ =11} = CyVNIE = Ille) . Voriww — (@risw A N2

To see this, note that the left hand side of the above display is bounded, up to a constant
that may depend on M, by

1 VNS — 113V VNS - 111

LNis-rir<acy, 5+ LNis-1ir>20, NIZ = IV oronw

1 N2 — I N||X — I
. _VEIE-1lp  /NIE-T

~ornw  NI|Z =% Vorsw  NIZ =13 Voraw

1 1
T + < RHS of (D.34).
T | N i, (o ey S RS of (D3

<

This completes the proof. n
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D.4.4 Completing the proof for power expansion

Proof of Theorem 19. Abbreviate ynw by W. By Theorem 18 and Proposition 23, we have
N-(|2-1)%+ by
(5 Q=) ) )

doriNnw

Ex¥(X) —IP<N<

We only need to remove the residual term Qpnw(X). To see this, note that by (D.33),
|Quw(E)| < CuN 2| = I|p V DIIZ — ]| .

So using Lemma 45 we have

Cant(IZ = Il v 1)
AP < ’
STNAE I

where

APE]P)(_/\/’(N. (HE—[H%JFQLNW(E))J) - za)

doriNw

N -||X = I]?
—P(N(M,l) >za).
dor.inw

On the other hand, by anti-concentration of normal random variable,

NS = Illp v DIIE — 1|lr

AP < Cy
OI,LLNW
Hence
ap <.y UE=TIr V1) o NYIS — T v D)|E — 1]
7 Nl/QHZ_I”F O, LNW
1 1 NS — I||p
< 1ys_ 1y
= HE=Llr>1 N7 T him-tir< [NUQHE —I||r OI,LNW 1
1 1 1

< + > = .

- N1/2 infazo (l’ V %) (UI;LNW N N)1/2
Similarly we may get a lower bound for AP. The proof is complete. O]

D.5 Proofs for Section 5.3.4

In the proof of this subsection, we write S, = n~* Y7 X X,|, where X;’s are i.i.d. N(0,%).
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Lemma 55. Recall the form of Tom(X) in (5.25). Then for any (i,7), (¢,7") € [n] x [p],

1. 9 Tem(X) = 25X (S, — Dej — 25 (| XG> — 1) X35

n—

2. a(z]),(z’]/)TCM(X) = % [611’(Sn — I)]]/ + nilX;Xi/(Sjj/ + nile‘j/XZ‘/j}
Proof. (1). Note that for any 1 < k < ¢ <n, we have
Oy h (X, Xe) = 0y (Xy Xo)? = 0y (X X + X[ Xo)

= Q(X];FXE)((SkiXEj + 00 Xk;) — (25ikXij + 25&Xij)

= 261 [(X Xo) Xoj — Xij] + 200 [(X)) Xo) Xo; — Xi5].

The above display entails that

-1
n(n
OipTem(X) = 5 (2) > 0aph( X, Xo)
k<t
n(n\ " - .
=25 ) D2 2]d (O X0 Xes = Xiy) + 0 (X Xe) Xy — Xiy) |
k<t
2
= > [ XX, - X
ke[n]:k#i
2
T - 1XiT[ Z (X Xy _I)]ej
ke[n]:k#£i
n 1 2
= 1% (Sh—D)ej - m(HXiHQ — 1) X;.
(2). By (1),
2n T 2 )
gy, Tem(X) = — 18(i/j/) (X, (S, — D)ej] — ﬁaﬁ’j’) [(||Xz|| _ 1)Xij]
2
= n ifl]_ |:6’L’L/(Sn - ‘[)J]/ + n_lXiTXZ'/(Sjj, + n_lXij’Xi/j]
2
-1 [zéii’Xij’Xij + (HXzHQ - 1)5@/5]']'/]

The proof is then completed.
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D.5.2  Normal approximation

Proof of Theorem 20. We abbreviate Tcy as T. We first bound the operator norm of the

Hessian. By Lemma 55-(2), we have

2n 2 2
a(ij)v(i'j')T(X) = N — 161'1"(‘971 - [)jj’ + ijXi/(Sjj/ + EXZ i Xy
4 2
— —— 0w Xij Xijp — ——
J J n — 1

n—1
= (Tog +Top+ Toz — Tog — To5)35),5)-

(1XGI1* = 1)iird5

In view of the proof of Theorem 18, we have E||Ty1 |3, V E[|Tool3, VE|To 5|5, = O((1Vy)?).
To handle T3 4, note that

||T274||0p S Tl_l . sup Z uijui’j’éii’Xinij’

uEBnxp(1) (29),3'5")

= 7171 . sup E uijuij/Xinij/

u€Bnxp() 1551

=nt s (S (S ulee i) - (Y wl e Xs)
UEanp(l) i ] j/

= n_l . sup Z (u;er)z = ’[’L_l . sup Z (GZTUXTBZ‘)Z
u€Bnxp(1) uE€Bnxp(l)

=n'- sup Tr(UX'XU')

u€Bnxp(1)

=n"t- sup [ XUTE <o X5, = [1Snllop:
UEBnxp(1)
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Hence by Lemma 51, we have E||Ty4/l5, < (v V »)* = O((1Vy)*). To handle Ty, note
that

HT2 5H0p ~ 1' sup Z Uy Uyt 51 ||X ”2 ) 11’53]
ueBror M i), (1057)

s SR - )

UEB, xp(1)

=t s | IE 1)\

uGanp(l)

<n ™t osup Y flul PGP 40

UEByxp(1) i

=n"' - max|| X[ +n?
i€[n]
This entails that, with || X;]|? following x*(p),
E|| T2, < 4E(néz[n}<\|XiH8) +n* < (ytlog' n) Vv 1.
By putting together the estimates for 75 1-15 5, we have that
EHva( )Hop ~ y IOg n \/ 1 (D35)

Next we bound the norm of the gradient. By Lemma 55-(1), we have

2n
n_

2
1XiT(Sn —1I)ej — m(HXiHQ - 1)Xj

IipT(X) =

= (T1,1 - Tl,?)(ij)-
Then

E|VT(X)|% = E|Ti1|7 + E|T12]F — 2H'ETF(TLT1,2)
= (1) + (I1) — 2(I11).
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For (I), we have by Lemmas 63 and 64,

)Q-n.ETr[(sn - 1)°S,|

)2 .n - [ETe(S?) — 2ETx(S2) + ETr(S,)]

2n 2 2 2 -1
:( ) n-(py” +py+3y° +y+4dyn)

b a1 00

1) P +4p*[1+O0(nAp)'].

For (I7), we have

n—1

(I1) = ( ’ >2EZ (11:]% = 1)°x,
<

2
)" n - E(1]° - 20X + 1)
4dn _
= op? T OwTP),

For (1I1), we have

2n 2
n—1 n-—1
4n?

— s (X SN X(N - ) - B+ B
J

(I11) = - EXT (S, — DX (]| X]° 1)

4n? B
BECESE {” HEIX - B+ (- DEIXGI - (0 - DE|X )

_E||Xy +E||X1||2]

4n

= e EIX — 2B+ B R)
4n _

= P> +O(n1p?).

(n—1)
Combine the estimates for (I)-(I11) to yield that E||VT(X)||% = 4p*(1+ O(nAp)~'). Then

by following the same argument as in the proof of Theorem 18 and using (D.35), we again
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arrive at

E|VT(X)|} = (BIVT(X)|})” + O(EVT(X)]|3,)
=16p*(1+O(nAp)~").

The rest of the proof follows from the same lines in the proof of Theorem 14, with the help
of the variance formula in Proposition 24-(3). The normal approximation error bound then
becomes a constant multiple of

(ylognVv1)-p plo%\/l 7logn\/1
p? p n Vop

as desired. 0

D.5.8 Ratio control

Proof of Proposition 24. (1). Recall that Zi,...,Z, are i.i.d. samples from N (0, I,). Let
Sx=8,=n'>" X, X;" and Sy =n"'>" | Z,Z". Then for any (i, j) € [n] x [p], Lemma
55-(1) implies that
(TE(Z))m) =2 (VT(0) (5
J

= ZXT Sx — Dejel £M%e; — — (X 12 -1 ZXTe el X 2e;
n ——
J

2n 2
= 0 1X1T(5 — )T, — m(HXiH2 — )X 52,

2
= 7] (25,5~ D)e; - —= (= Z” - 1)Z] Se;.

n—1

This entails that

I195(2) ~ Tu2)E $ 3 [47 (9525 ~ £ = Sz + ey |

i,J
2
+ 07232207 = )27 5e; — (1207 = 1) 2] e
1,J

=V + W.
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To handle V;, note that

V= nTr[(ZSZE Y-S, I)QSZ]
<nlSzllop - (X =1)Sz8+ Sz(X - 1) — (X = 1)|%

S nllS = I - 1Sz llp (15216, v 1) - (1215, V' 1)-

Hence by Lemma 51, we have EV; < n(1V y®)(|[Z)2, vV 1)[|Z — I]|7.
To handle V5, note that

2
D [(DIAERA SR (FARESIFAS

1,J

2
+ 2 (1202 = (2T e, = ZTe))| = Vas + Vo

i?j

To handle V3 ;, we have
Var = (2] (S = 1)Z:)" - (2] 5e;)?
1,3
=N (@ (=-nz) 2] 522
= Z T (X -1)Z2z (£ 12,23 Z,Z])
< iTr((E - NZZ] (2 -1)) - g%§\|ZiZTEQZiZTI|op
<n-|S=1)F - 1S2llop - 1213, - gé%HZill“,

where in the above we repeatedly use the fact that Tr(AB) < Tr(A)|B||op for any p.s.d.

matrices A, B. Hence by Lemma 51, we have

EVaq <n- |2 =I5 1805, - EY21 S0, - EV2 gg%\!%l\g

< np(1V y)(logn)* - [|Z[I5, 15 — 1117
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To handle V35, we have

Vao = S (127 — 1°Z] (2 - 17z,

2

S 2 = 11 Szl - (max 2211 v ).
Hence the same bound as above implies that BV < np*(1Vy)(logn)? (|22, vV 1)|1Z - I]3.
Combining the estimates of EV;; and EV; 5 completes the proof of claim (1).
(2) and (3). These follow directly from the mean and variance formula (5.26).

(4). By (1)-(3), it remains to prove that

Vel v IS -1l ¢
nl|S—1I[Evp ~ (nAp)t?

holds for some universal constant C' > 0. Using ||X|lop < |E = I|jop + 1 < |2 = I||p + 1, it

suffices to prove

VAIS -~ 1BV AlE =T _

nl|S—1I)%Vp T (nAp)t
This is weaker than the proven inequality (D.34). O]
D.5.4 Completing the proof for power expansion

Proof of Theorem 21. By Corollary 3 and Proposition 24, the error of power expansion is

bounded by a constant multiple of

<lognv1> ( 1Vy ) <y2/3(1\/y)1/3(logn)2/3>
(

noop n A p)t/s (n A p)t/s
_ (logn 1
:( - v];>+(l)v(n).

Using the condition p/n < M, we have (1) <y p~ /3. For (II), we have (II) < p'/*n=2/3(logn)?/? <
n~3(logn)?? when p < n and (I1) <pr n~'/3(logn)?? otherwise. The proof is com-

plete. O
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D.6 Proofs for Section 5.4.1

D.6.1 Fvaluation of derivatives

Lemma 56. Recall the form of Tirrs(X) in (5.28) and the definition of b(S) in (5.29).
Then for any (i,7),(i',j") € [N] x [p],

1. 9ij)Tirrs(X) = (X(I=571))  +(1/6(S) = 1) Xi; = ] [(1 =S~ Xi+(1/b(S) —1) Xi.

2. iy Turr o (X) = NTX[ S ey Xy + Xpe))S™ e+ dwe] (I =57 ey + (1/b(S) —
1) i85 — (2/Np) Xij Xy [b(S).

Proof. (1). We shorthand Tyrr s(X) as 7. By definition, (D.7) and (D.9), we have

N
iy T(X) = 5 (p - 0y log Tr(S) — 0;5log det S)

N 9upTe(S) i@logdetS@Skg
2 \Tms) 0Sw  0X;

k(=1

N [2p X
2 | N Tr(S)

P
o
- Tr(9) X” Z

= (X(I - S‘l)];iler (% - 1)Xij-

(2). By the previous part, we have

1
(S_l)k:e : N((Sijw + 5£ink):|

k@l

— ) — -1 oy L — .=
iy (inT(X) = Oy (X (I = 871)) ;5 + Oargr (Tr(s) 1) Xig = (1) + (1D).
The first term above is already calculated in Lemma 52-(2):

(I) = NilXiTSil(ej/XJ + Xi/ejT,)S’Iej + (511/(2;(] — Sil)ejf.
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So we only need to evaluate the second term:

_ p
([I) =p- 8(i,j,)Tr 1(5) . Xij + (m - 1)8(1/]/))(@
_ -2 p
=—p- a(i/j/)Tl"(S) . Xij -Tr (S) + <m - 1>5ii’5jj’
_ Wy x Ty P \ss
= — U X Xay - T(S) + (Tr 5 1)5”,5”.
The proof is complete. O

D.6.2 Normal approximation

Proof of Theorem 22. We abbreviate Tirr(X) as T. First we bound the norm for the

gradient. Comparing Lemmas 52-(1) and 56-(1), we only need to control

E[(b7(S) - 1) X1 = E(N(671(S) — 1)"Tx(S))’

< N2%p? - EV2H(S) - EV2(b71(S) - 1)°

< N2 2.<£>2_ 4

The inequality in the final line of the above display follows as

Eb'(S) < E[S[ls, S 1, (D.36)
E(b-1(S) - 1)° = EY271%(5) - EV2(b(S) — 1) "° (5) (pN~1). (D.37)

Here (x) follows from Lemma 63-(3). Now by combining with (D.13) derived in the proof of
Theorem 14, we see that E||VT(X)||% < p.
Next we bound the spectral norm of the Hessian. Comparing Lemmas 52-(1) and 56-(1),

we only need to control the spectral norms of T, and 75, where

(Ta) iy = (07H(S) = 1) 8y,

2 _
(T5) (i), (1) = —N—pXinz"j’ b73(9).
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For Ty, clearly ||Ty|lop = |1/6(S) — 1], so IE||T4||§p = ]E(l/b(S) — 1)4 < (p/N)? by (D.36). For
Ts, note that

2
T5llop = =55  sup Ui X35 X jr Vit jr
ITsller = N 57 (U%jl) X35 Xy
2 2
So E||T5||5, S Eb~*(S) = O(1) by Lemma 63-(3). By combining with (D.17) derived in the

proof of Theorem 14, we see that E||V*T'(X)||5, = O(1). The rest of the proof proceeds along
the lines in the proof of Theorem 14, with the help of the variance formula in Proposition

25-(3). 0

D.6.3 Ratio control

Proof of Proposition 25. We abbreviate (T rr s, Ms:LRT,ss OS:LRT,s, Vo.LRT,s S (T, Myys, x5, Vans ),
and assume without loss of generality that b(X) = Tr(X)/p = 1 (otherwise we may replace

Y by X-b671(D)).

(1). By Lemma 56, with S; = N"' 32N Z,ZT we have

1
_ 1/2/7 _ yv—1/2¢0-151—1/2 B 1/2 | s1/2
‘IE;S_[ZE (I -x7125,'% )+(—b(21/28221/2) 1)22 }2
1
_ g1 _
—Z(2-S, )+(b(21/25221/2) 1)22
7y .
Hence
7y Z |

V2, = El|Tgn - Trall% = EH

b(SI25,512)  b(Sy)

fi?{E{(b@ﬁﬂézzv%‘_lm;a>2“zz“%]

+E@%&mm2—0%ﬁ

F

=2E((I) + (I1)).
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We bound (/) and (II) separately:
(I) = b 2(SY28,2 207 2(S2)0* (£ — 1)S2) |28 %
< b 2(EV28 A0 (S2)19215 - (IZIR/D) IZIIENE — T11E:
(1) <b7%(Sz) - 12118112 — 11l
Using Lemmas 61 and 51, we have
Ve S 07HE 1l + DNI(E = D

On the other hand, a trivial bound for Vg, is

7y 7 |?

$1/28,51/2)  b(Sy)
SEVA(EV2S,EV) ZE|F + Eb3(S2)1 2|17

Ve = EHb(

F

SN(IE - 1E V).
Collecting the two bounds, we have
Ve, S LTI = 1R+ DN = DIF] ANIE - 1IF V)
= N[|(2 = DIl
(2). As
N
Mys = — [p -Elog Tr(3Sz) — logdet(X) — plogp — Elog det(SZ)},

2

by Lemma 62 we have

[~ log det(2) + Q4(2)],

N
Mmy;,s — Mps = 5
where
1Q:(2)| = [p(Elog Tr(XS7) — Elog Tr(Sz))|
SN+ + eV 02 (52)] |

SN 14b(mY)] S N2,
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where the last inequality follows as b(X?) = p~' 30 | A\ > p (30 Aj)* = 1.
(3). Recall Ty rr defined in (5.19). Define

A(X) = Tore(X) — Tinr.s (X).

Then for any ¢ > 0, there exists some C. > 0 such that under the null (i.e., X3,..., X, are
Lid. N(0,1,)),

[(1 - 5)0%;LRT - C’EVarf(A)]+ = U%;LRT,S <(1+ 5)0%;LRT + C.Var(A). (D.38)
We will now bound Var;(A). By Lemmas 52-(1) and 56-(1), we have for any 7,5 € [N] x [p]
Ain A(X) = 9uijyTirr(X) — Oujy Tirr,s (X) = X5 [b71(S) — 1].
By the Gaussian-Poincaré inequality (Boucheron et al., 2013, Theorem 3.20),
Var;A(X) < E[b71(S) = 1|1 X |} = NpE[b(S) - 1]57(S)

< Np-EYV2(b(S) —1)" - EV27%(S)

*)
S Np-(Np)™'=1.

Here (x) follows from Lemma 63-(3). Hence by choosing ¢ in (D.38) to be decaying to 0
slowly enough, a%;LRT and O'%;LRT’S share the same asymptotic formula in Proposition 21-(3).
(4). By (1)-(2), and using that b(X?) = ||X||%/p, we only need to prove that for a given
constant Cy > 0, there exists some constant C' = C'(Cp) > 0 such that
NIE - 11
(—Nlogdet(E)—C’(l—l— Iy — Cpemen (L2le )) \ 01
C
(UI;S A N)l/Q.

Equivalently, with A = (Ay,...,A,) € (0,00)? and A = p~! Zj A; =1, we only need to show

LDV

(sz —log(1+ (A; — 1)) — Cy — Co

A2 A2)1/2
ng J) — Cye~ cN(ZJl/J2 ) VUIS
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is at most a multiple of (O’];S/\N)_l/2. Let J={j:|\j—1] <1}and J*={j: |\;—1] > 1}.
As |A; — 1] < p, so the first term in the denominator becomes

LN e ()
p

— Cpe
p! T2

NZ —log(1+ (N — 1)+ (N —1)] = Co— Cy

Z NZ()\j —D2AN =1 =Cip Y (1) =G,
j j

Next, by breaking the summation in ) j()‘j —1)? into J and J¢, the above display equals

NZ )\ _1 +NZ|)\ _1‘ CIZ]EJ( ) +Z]eJc( o )2 _o

jeJ jeJ p
>(N=Cip )Y =1+ (N=01) ) N1 -C
jeJ jeJge
N 2
> 5;(/\j—1) AN — 1] = Cy
for N and p large enough. Hence with v; = |\; — 1|, we only need to show that for given

Co>0,

\/N ZJEJ J \/ \/N ZyeJc j < C
< 5
(NZ]EJ j+NZJ€JCV] 0>+\/O-I;S (U[;s/\N)
Equivalently, we only need to show

VN 2ies s ¢ (D.39)

2 < 1/2°
(NZjGJVj_CO)+\/UI?S Oris

VN Lty < (D.40)
(szeJc Vj_CO)JrvUI;S TNV ‘
To see these inequalities, note that the left side of (D.39) is bounded by

1 aoy SIS,
N¥jesvi<s2Co oy + Njes J>2CO(N/2)ZEJ ]\/O'[
S i 3S
1 1 < 172

+ or.
ors infy>o (1’ Vv UIS) ~oE

S
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Also, the left side of (D.40) is bounded by
\/NZJGJC vj
(NZjEJC v; — C ) Vors
<INy ev<200—F=— (2C) T INy, o200 \/_ZJEJC €l
’ \/_CfIs e NZQJCVJ\/UIS
< 1 n 1 < 1
~ \/NUI;S VN ~ N2

proving the claim. O]

D.6.4 Completing the proof for power expansion

Proof of Theorem 23. The proof is similar to that of Theorem 19, we provide some details
for the convenience of the reader. Without loss of generality we assume b(3) = 1. Abbreviate

Urrrs by U and Qrrrs(X) by Q(X). By Theorem 22 and Proposition 25, we have
N - ( —logdet (X b

<C-p A
20[;5 N b

We only need to remove the residual term Q(Z) To this end, we claim that

IAP| < C, [ (D.41)

()
Ors /\ |logdet( )|]

where

APEP(N(N' (—logdet (X) +Q(Z))71) N Za)

20’[;5

_P(N(—Nlogdet (2)’1) N Za).

201;5

Here the first bound in (D.41) is by anti-concentration of the normal distribution, and the
second bound in (D.41) follows from Lemma 45.
Let {\;}/_; be the eigenvalues of ¥ so that >>7_; A\; = p. Then by (5.30), Q(¥) <

2(Np)~t A2, Hence using the bound o > cp, (D.41) entails that

JIJ
)\2

AP| < " . =1 = N D.42
|AP| < C, /\Z A_logA_l (D.42)
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If max; A; < 10, we use the first bound in (D.42) to conclude that AP <, p~'. Otherwise,
by writing J = {j € [p] : |\; — 1] > 1} and J° = [p]\J, the second bound in (D.42) yields
that

(Np)~! ?:1 A?
T N = Ay = 1)?
< W) 35,y = D7+ (Np) N (] + 90

|AP| Sa

~ ZjeJ |>‘j - 1|
SO P RN

N ZjeJ |)‘j - 1| ZjeJ |/\j - 1|
= (I)+ (I1).

Now (IT) < N7t as max; A\; > 10, and () satisfies
(I) < (Np) 'max |\ — 1| SN
jed

by using the trivial bound that max; A\; < p due to the normalization b(X) = 1. The proof

is complete. O

D.7 Proofs for Section 5.4.2

D.7.1 FEvaluation of derivatives

Lemma 57. Recall the form of T;(X) in (5.31) and the definition of by(S) in (5.29). Then
the following hold:

1. For the first-order partial derivatives: for any (i,7) € [N] X [p],

ij

0y Ty (X) = <b2(5) - '53(5) —b2(9) B ijWS)
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2. For the second-order partial derivatives: for any (i,7), (', j") € [N] X [p],

Wiy, (irin T (X)

b
=b(S) (N '0; X Xy + N7'Xi; Xijo + 6,0Sjy) — 5ii,5jj,%

[stej - Xy + Xy Sey - Xij] :

6bs(S) 4
T XX SNy T RS Np

Proof. We abbreviate T;(X) by T'(X) and write b = b(S) in the proof if no confusion could

arise.

(1). Note that 9;;S(X) = N~ (e; X;" + Xze] ), 0y Tr(S) = 2N~ X;; and

9ij)b(S) N_pXija
2 4
For the first-order derivatives we have
N S S
a(”)T(X) = ZTI" |:2 (3 — I) 8(”) b ):|
N S Nﬁl(eriT +X16T)b— 2(Np)*1SXU
= ETI' E — [ JbQ

1 X;i
= @Tr[(S —bI)(e; X, + Xse])]| — bT;Tr[(S — bI)S]
(XS)i; Xy [Xyby Xy
b2 b b3 b
X9); b
(X5 - Xi '_QZTI(U)(X)_T?(W)(X)
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(2). For the second-order derivatives,

Oirj (X, Se;)b? — (X, Se;) 0 b

iy Th i) (X) =

X
_ divejSe; + N7\ X (ey Xy + Xuej)e; 4 X[ Se; - Xoy
b? pN b3
. N_léjj/XZTXZ/ + N_lXi/inj/ + 5%“37]’ 4 XZTSQJ . Xi’j/
B b2 pN b ’
by by
8(Z/j/)T27(U) (X) - 611’5]] b3 ij ‘ 3 ZJ b3
by 4X ] Ses  6by Xy
= 001 = + Xij - R
b3 b3Np b*Np
bs 6 T 1
= 5“/(5” b3 X Xl] b4N 4X1/ Sej/ : ijm
Combining the above two displays, we have
_ _ _ by
a(w%(llj/)T(X) — b 2(N 15]J/XZTXZ/ + N 1Xi’inj’ —|— 5”18‘”/) - 6”/6]] b3

RN T PN

The proof is complete. 0

7

6b 4
|:X-TS€J' : X’i/j’ + Xi’ Sej/ : XZ]:| .

D.7.2  Normal approximation

Proof of Theorem 24. We abbreviate Ty by T and write b = b(S) in the proof if no confusion
could arise. First we bound the operator norm of the Hessian. By Lemma 57-(2),

iy inT(X) =02 (N1, X, Xor + N7 Xy; Xijr + 0S50

by 602 4
- (Suléjj b3 + Xz_]Xij m - m XZTSGJ . Xi’j’ + XZ-—/FSGJ'/ . XZ]:|

= (T1 — TQ + T3 - T4)(ij),(i’j’)‘
Following the proof of Theorem 18 along with Lemma 61, we have E[|T1[|2, < (1Vy)*. Next
for T3, we have by Lemma 61 and Lemma 51 that

E|T3llsp S E(b - 07%) <EY?b3 - EV207> SEV2|S|IG, < (1vy)".

op ~
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The operator norm of T3 can be similarly bounded by

64 b\ 4 _ _
BTl = Bl (57) IXIE] 5 (V) Y205 Bt/ x 2
S (Np) T EVh - (Np)t S (L V)t
Lastly,
-
||T4||op 5 —ngp . uvesBljlvp " Z X SGJ i ’uijvi’j’
’ *PA (i), (i'5")
1 T
= o sup < X Se iUW; i ) < Xi’ i1Uqr /)‘
ngp u,VEBNxp(1) Z I ; ! /
1 1 )
< o ISl X1 < o ISl XIE-
Hence by Lemma 51 and Lemma 61, E||T4(X)[|3, < (1V y)*. Putting together the bounds
for Ty - T, yields that E||[V*T(X)||5, < (1Vy)*

Next we bound the norm of the gradient. We will show that E||VT(X)||% < p? by
considering the two cases p/N < 1 and p/N > 1 separately.
(Case p/N < 1) By Lemma 57-(1), we may write
VT(X)=b"'X(b7'S 1) =07 X -b(b~S - 1)°,
SO
IVT(X)Ip S b IXNENS = b llg, + b~ X |58 — bI1I5,
SAXNEQ@NS = Tllgp + 0756 — 1 + 6728 = I]I5, + b~ 2[b — 1]).

By Lemma 51 and Lemma 63, it holds under the condition p/N < 1 that

E|T(X)|lr S (Np)*(N~'p)* + (N7'p)*) Sp"

(Case p/N > 1) By Lemma 57-(1), we have

XS|IP | Xba|* XS Xb bbs — b3
evreolz —e||52| + |52 -202 5] - v [P

— Np-E(bby — b2) + Np - E(bbs — b2)(b™° — 1) = (I) + (I1).

F



To handle (7), it holds by Lemma 64-(4)(5) that under p > N,

N

(1) = YE[Tr(S)TH(S%) - THX(5?)] = LN HONE) = 0),

p p

To handle (1), it holds by Lemmas 61, 63-(3), and 64-(6) that under p > N,

(I1) = Np - E(bbs — b2)b~5(1 — b°) < Np - EY2(bbg — b2)’EY4p~PEV4(5° — 1)*
< Np- (|E(bb3 — B2)| + Var'/2(bbs — bg)) CEVAOEVAp — 1)t

= Np-O(N~'p)- O(1) - O((Np)~'/?) = o(p?).

343

Putting together the estimates for (I) and (I7) yield that E|VT(X)|% = O(p?) under the

considered case p > N. The rest of the proof proceeds along the lines in the proof of Theorem

18, with the help of the variance formula in Proposition 26-(3). The normal approximation

error bound becomes a constant multiple of

(Ivy) -p BVl 1

p? P nAp

as desired.

D.7.83 Ratio control

Proof of Proposition 26. We assume without loss of generality that b(X) = Tr(X)/p = 1

(otherwise we replace X by ¥ - b~ 1(%)).
(1). By Lemma 57, with S; = N"' 32N Z,ZT | we have

g [ZEPEPEE L ba(5285) | e
x;J p2($1/25,5172) b3 (1/25,51/2)
Z¥Sy% by(21/28,51/2)

V2($1/25,5172) o b3 ($1/25,51/2)’
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SO

I —Trg
:{ Z%SzY  ZSy }_ {ZZbQ(zl/Qszzl/Q) _ZbQ(SZ)}
B2(X1/25,51/2)  B2(Sy) B3 (X1/25,51/2) b3(Sz)
Z¥NS ¥ ZSy bo(B1/28,51/2)  by(Sy)
- {bQ(El/ZSZZI/Z) - bQ(SZ)} - {53(21/25221/2) - 63(52)}
1/2 1/2
—(Z2 - Z)- 2;%1/2?2;/% =Vi(Z) +Va(Z) + V3(2).

We will handle the Frobenius norms of Vi (Z),V2(Z), V5(Z) separately below. For V;(Z),

2 2

W22 < 78878 7Sy N 7Sy _ ZS8y
1 F o~ b2(21/25221/2) b2(21/25221/2) - b2(21/25221/2) b2(5Z> »
1

_ 2

= | 22828 — ZSz|% - TS

b2(21/2SZEI/2) _ bQ(SZ) 2
2 _
+ ||ZSZ||F : |: 62(21/25221/2)b2(5,z) :| - ‘/1,1 + VYI,Q-
Note that

Via SEHEYV2828Y2) (12882(S - DIF + 12( - 1)Sz|3)
S bS8 813, - (1212, v 1) - 121,05 - 113
Vig < [IS2]12, 1 Z )| 50452821 2)b~4(S2)
x (Tr((Z — 1)Sz)/p)° (BP(SV25,52) v 12(Sy))
S |IS718,67 (5128751 2)b7(87) (B (SV/25,51/2) v B4(S)|

< p |1 ZIFE — 117
So under p/N < M, by Lemma 61 and Lemma 51, we have

E[Vi(2)[F Sar N(IZI15, v D) IIE = )%



For V4(Z),

by (128, 512)  by(S4)\2
2 2 2 7 . 2 Z
1) = 121 (G g s~ )

D ]
~ F 53(21/25221/2) 53(21/25221/2)

by(Sz) by(S2)\?\ _
N (b3(21/25Z21/2) a b3(SZ)) = Va1t Veo

Note that
(b2(SY25,512) — by(S7))* = p2Tv? (S, 55,% — 52)
< p*Q{TrQ(sZ(z — 1)84%) + Te? (S3(S — 1))}
S Szl (I2NE /2 + D)I1E ~ 1)1
S ISzl6p (IE13, V D)IIZ — 11f%,
SO
Var S [0 (SY28 2 ISz 08| - (1202, v 1) - (7 121 - 15 = 11
Voo < || Z|3078 (82528 2)b75(S2)b3(S2) (b(SY/257512) — b(Sz))’
< (P(S725,542) + (225,58 )h(S7) + bZ(SZ)>2
S PO RS (S ) (6 (SY25,512) v B4(S7)) 15715,
xp N Z|EIZ - 17
Hence under p/N < M, by Lemma 61 and Lemma 51, we have

E|[Va(Z2)l[7 Sar N(IZI1E, v D) I% = ]

345

(D.44)

Lastly, recall that Tr(X) = p so using trace Holder inequality we have Tr(SzXSz¥) <

Tr(2)[9255zllep < pISzZIE % lop, s0 Va(Z) satisfies
IVa(2)F < p72II8 = 115 - 12115, - b=°(2S2) - Tr*(SzE52%)

< [b’6(21/2522”2)HSzH§p AIHE, - 1216, 1% = 1117
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Hence under p/N < M, by Lemma 61 and Lemma 51, we have
E[[V3(Z)IlF Su N(I1Z115, v 1) IZ — 17

Combining the estimates proves the claim.
(2). Recall the normalization b(¥) = 1. Note that

52(21/25221/2)
52(21/25221/2)

Eby(X1/28,51/2 1 1
- §< 1/2 4 1 2> +E 62(21/2SZE1/2) 2(3'1/2 1/2)  TWh2(31/2 1/2
Eb(E/SZZ/) b(Z/SZE/) Eb(E/SZZ/)

2(2)
*) (1+N" ) ® T (21/25 21/2) 1 _ 1
1 + 2Tr(22 J(Np ) R(D125,512) B (S125,51/2)

X { {ba =552 s — e
LN KHzTr(z?l) V)T ‘1) N 23}
= E) +—+R( )-

Here we use Lemma 63-(1) in (%) and

1 1
R(X)=E {62(21/25221/2) (b2(21/25221/2) - E62(21/25221/2))]

-1 b2(2) p 1 -1 b2<2)
* {“ BRRETS ﬂ <1 TR (V) 1) A

As
N EI/ZSZ21/2 2
e = ZETr<b(21/2SZzl/2) a )
_ Mg by (2128, 31/2) .
4 b2(LSy) ’
we have

N
ms =iy = = (p7 |2 = 1} + R(Z) = R(D)
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Now we handle Ry(X) — Ry(I) for £ = 1,2, 3.

For ¢/ =1,

|Ry(%) — Ra(1)]

- ‘E{bg(zlﬂsleﬂ) (b2<21/215221/2) N ]EbQ(ZI/iSZEm))
0459 (5~ )|

< ’E {(bQ(zWSZzW) — by(S2)) (b2<21/2gZ21/2) - EbQ(Zl/iSzgl/z))] ‘
i ‘E{WZ)(( bz(zl/;gzzl/?) - b2(152)>

1 1
B (EbZ(El/ZSZEU?) - Ebz(SZ))ﬂ ‘ = Rig + Ry

The term R;; can be handled as follows: by (D.44) Lemmas 51, 61, and 63, under p/N < M,

Rl,l 5 E1/4 (bQ(El/QSZEI/Z) o bQ(SZ))4 . E1/4b_8<21/2521/2)
. varl/Q(bQ(Zl/Qszzl/Z)) . (Eb2(21/2521/2))_1
<yp 2 [p—1/2 (p*1/2]|EHF + 1) |2 — IHF] - Var!/? (TrQ(ZSZ))

~Y

Su (NYV2p) " (7 ISI5 + D) IZ — 1|
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For R, 5, we have by Lemmas 51 and 63 that, under p/N < M,

V?(Sy) — b (X128,512)  Eb*(Sy) — Eb?(XY/25,51/2)
Ry = |E|by(Sz) 2(31/2 1/2\52 - 2(31/2 12\ A2
b2(X1/28,512)6%(S,) Eb? (X125, 512 EB?(Sy)

< Eby(S)b2(2Y25,5Y2)p72(Sy)
X [b2(Sz) = b*(B125,51%) — E(b*(Sz) — b*(SY/25,517))|
+ |E(b*(Sz) — b*(5125,5%)) | - Ebs(Sy)

1 1
D2(S125,512)02(S,)  Eb2(S125,51/2)E(Sy)

S Var'? (b2(Sy) — b (S125,512))

X

+ [E(0°(Sz) — b (SV28,52)) | - (Var' 2 (b (525, 51%)) v Var'/2(6°(S2)))

*)
S (NP NS —I||p +p2E = I - (NY2p)TH(|Z]F v p?)

S (NY2p) (ISl + IS — Tl
Here in (x) we use the fact that

IE(V*(S7) — b*(E125,512)| < p 'EV2TY? (S — 1)Sy)

<p PSS = 1I||p - EV2S2I2, Sacp S = I
Hence
|Ri(2) — Ri(D)| S (NY2p) (07 MISIE + DS = 1|

For ¢ = 2, with a(X) = 1/(142Tr(X%)/(Np?)) —1 (then |a(X)| < 2/N and |a(I)| < 2/(Np)),

we have
Ry(Z) = (14 N Hba(D)a(X) + N 'pa(D),

|R2(2) — Ro(D)| Swr |b2(D)a(E) — be(D)a(I)| + [a(X) — a(l)| = Roy + Rap.
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The two terms Ry, Re» can be handled as follows: using Tr(X?) < p? under b(X) = 1, we

have
R S ba(X)|a(X) — a(l)| + |a(l)|[b2(X) — ba(1)]
Sp Te(32)(Np?) T (22 = 1)+ (Np) ' -p ' - | Te (5% — 1)
SN2 p RIS F 4 D)IE = Il Fy
Roo S (NP2 (7 V2180 F + )1 — 1|,
SO
|Ro(2) = Ro(1)| Sar (NP2)H(IS) /0 + )IS = 1[5
For ¢ = 3,

|R5(2) = By(1)| = N1 [02(%) — ba(D)] S (Np2) " (p™ 2|8l + )IIZ — I .
Now with Q;(X) = p(R(X) — R(I)), we have

|Qs(3)] Sar pmax{(N'2p)~" (Np'2) "} (7 IE 5 + 1) 1% — 11|

Su NP YS)E+ DS = 1ls,
and

TR = 113+ Q).

My, —Mry =
(3). Recall Tinw defined in (5.24). Let

Then for any ¢ > 0, there exists some C. > 0 such that under the null (i.e., X;,..., X, are
Lid. N(0,1,)),

[(1—¢&)oFonw — C’E\/arl(A)]Jr <oty < (1+¢)ofonw + CeVar(A). (D.45)
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We will now bound Var;(A). By Lemmas 54-(1) and 57-(1), we have for any i,j € [N] x [p]
i) A(X) = Opij) Tinw (X) — i) T (X)

= (X(S—=1) = N"'Tx(5)X),, — [%(% _I> N b();) 'b(<bé> —1)2)]

+ s - usi07) ) - )

ij
+ |:X<b2(5)—b2<S)—N_1TI'(S)>:| = (A1+A2+A3)U
ij
We now handle A;-Aj separately below. For Ay, by Lemmas 51, 61, and 63, we have
E[A7 SEV(1 =0 X(S — DF +Eb(1 - b)*| X S| %
< NEb (1 = 0)*[|S||opllS — I||% + NEb*(b — 1)*Tr(S?)

SN (pN)™H - (1Vy)(N~'p?) + NEVA BV (b — 1)°EV*Tr(S%)

—

*

So(p’)+N-O(1)- (Np)~"- O(N?p* Vv p?) = o(p?).

=

Here in (%) the first bound follows by direct calculation and the second bound follows as: by

Lemma 64-(7),
ETe*(S%) < ETe*(S%)|S])3, < EY*Tr'(S%) - EV2|S];,
Sp (v =0t v ph).
For Ay, using b((S — b(S)1)?) < |(S = b(S)I)?||lop S [1S12, V D*(S), we have

El|Asl7 SEC(B V2 v 1)(b—1)(IS]2, v 0*) | X |7
S (pN)T (pN) -EY2(||S]la, V V) < (1V y)? = o(p?).

For Az, let h(S) = by(S) — b*(S) — N~'Tr(S), we have
E[|As|l7: < EIIX|FA%(S) < NEV2Ti*(S) - EV2h'(S)

S Np- | (BA(S))" + Var (h(S)) + EIVA(S)|I}
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where the last inequality follows since

Eh*(S) = [ER*(S)]* + Var(h*(S)) < 2[Eh(S))* 4+ 2Var?(h(S)) + Var(h*(S)]
< 2(Eh(S))* 4 2Var?(h(S)) + 4ER*(S)||VR(S) |5
< 2(ER(9))* + 2Var®(h(S)) + 47ER*(S) + C.E||VA(S) ||

and choosing, say, 7 = 1/8. For EA(S), Lemma 63 yields the direct evaluation

1 Nfl N712 2 2N71
Eh(S):(+ )+ p_p+2 P D
p P N
_ p 2 p 1 2 _
=(1+N"! ——(1 _>__:___: NTY).
(1+ >+N +Np N N Np of )

For Var(h(S)), the Gaussian-Poincaré inequality (Boucheron et al., 2013, Theorem 3.20)
yields that

Var(h(S)) < EZ (3(¢j)h(5))2 = ZE< Np - ]<7p< - NQJ)
ij

(
(

S (NP T'EVPTYA(SHEV?|S )2, 4+ (Np) ™ + pN~*
(

Np*) ™ p* - (IVy) + (Np) ™+ pN ™% = o(N"'p).

Here (xx) follows from (D.43). Lastly E||VA(S)||% can be bounded similarly:
E[[VA(S)|F S (Np) " (EIXS||% + Eb (S)IX|I7) + NE[IX |7 = o(N~p?).

Now by the Gaussian-Poincaré inequality (Boucheron et al., 2013, Theorem 3.20),

2
Vary(A) SEY (9 AX))" SE[AE +E Aol + Ell A% = o(p?).
ij

As ofpnw ~ P°/4 — oo whenever N A p — oo, by taking € in (D.45) slowly decaying to 0

2 2
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(4). By (1)-(2), as [|Z]I/p S 12— I|%E/p+1 S B = I]lr V1 [where we use |2 — I|[p <
|1Z]|Fr + /P < p+ /p under Tr(X) = p], we only need to prove that given Cy, we may find

some constant C > 0,

VNS = r(1V IS - 1) e D)
(NIIZ = 1)|F = N2 = Ip(LV I = 1llF)) Vors ~ (o ANV ‘
Write aw = |2 — I||p, we only need to prove that
2
2\/NOJ Vl\iﬁOé S Cl - (D47)
(Na2 — CoNY/ oz)+\/am (or3 AN)
This follows as
1 VNa\/ VNo?
LHS Of (D47) S 1a§200N71/2;;J -+ 1a>200N*1/2 NO(2 \/ U];J
1 1 1
S + +
~ or,Jg N1/2 infazo (Oé vV %) N1/2
1 n 1 n I 1
~ong o o2 NY2T (opy ANV
The proof is complete. O

D.7.4 Completing of the proof for power expansion

Proof of Theorem 25. The proof essentially follows that of Theorem 19 by noting that the
key property used therein is |Qiaw(3)| < Cy N~V2(||S = I||p V 1)||X — I||, while here we
have |Q(2 - 071 ()] < Cu NS -071(8) — Illp < NV -b71(2) = I]lp V1)[IZ -
b=H(E) — I||F. [

D.8 Second-order Poincaré inequality

The main tool used for proving normal approximations is the following second-order Poincaré
inequality due to Chatterjee (2009). Recall that W12(v,) is the Gaussian Sobolev space
defined in (5.11).
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Lemma 58 (Second-order Poincaré inequality). Let & be an n-dimensional standard normal
random vector. Let F : R" — R be an element of W'2(v,). Let & be an independent copy
of €. Define T : R" — R by

T(y) = /0 QL\/%<VF(y),E£,VF(\/Zy+\/1—tg')>dt.

Then with W = F(¢&),

drv (M /\/’(0,1)) < Q—W

Var(W)’ Var(W)
D.9 Sobolev regularity of matrix functionals
Lemma 59. The following hold:

1. Let f : RM*P — R be defined by f(X) = logdet(X"X). If N > p+1, then f €
Wh2(ynxp) provided itself and its pointwise first derivatives live in Lo(ynxp), f €
W22(yYnxp) provided itself, its pointwise first, and second derivatives live in La(Ynxp)-

In particular, if N,p are large enough with p/N < 1 — ¢ for some ¢ € (0,1), then
f € WQ,z(VNXp)-

2. Let go : RN*? — R be defined by go(X) = Tr (X TX) for £ € N. Then go € W"2(ynxp)
provided itself and its pointwise first derivatives live in La(Ynxp), 9¢ € W (Ynxp)
provided itself, its pointwise first, and second derivatives live in La(ynxp). In particular,

there exists some Ny € N such that for N > Ny, g0 € W% (Ynxp)-

Proof. (1). We first prove the claim involving f € W' (yxy,). Let W™P(RY) be the standard
Sobolev class on R? (cf. (Bogachev, 1998, Chapter 1.5)) and recall that C§°(R?) is the class of
smooth functions on R? with compact support. By (Bogachev, 1998, Proposition 1.5.2), we
only need to verify that (f € WH2(RN*P) ie., (f € Lo(RV*P) and its first partial derivatives
(in the sense of distributions) live in Ly(RY*P) for every ¢ € CP(RV*P). (f € Lo(RN*P)
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follows from N > p+ 1 > p. Using the absolute continuity on line characterization of
the space W12(RV*P) (cf. (Maz'ya, 2011, Section 1.1.3)), we only need to show that (f is
absolutely continuous on almost all straight lines that are parallel to coordinate axes and the
first pointwise derivatives of ¢ f belong to Lo(RY*P). As ¢ has compact support, the latter
requirement is satisfied by the assumption that f and its first pointwise derivatives live in
Loy(ynxp)- To show the almost absolute continuity, we only need to do so for f on a compact
subset of RV*P. Identify X € R¥*? in the matrix form X = [X;--- X,] where X; € RY
for 1 < j <p, and in the coordinate form X = (X,..., X,J). Let L; = {(X],..., X)) €
RY*P - X, € lin(Xy, ..., X010, Xj1, ..., Xp)}, and 75« RVP — RY*P~1 be the natural
projection that excludes (X;);. Then m_;)(L;) is a subset of R¥*?~! of Lebesgue measure
0 for each (i,7) € [N] x [p], 7’ € [p] under the condition p < N — 1, as we may write

Ly = {(Xf,...,X;_l,zfijj,xjﬂ,...,xj) X, €RY 7, €R,j ¢j’}.

J#7

Hence with L = U;L;, m_¢;(L) is a subset of RV*P~1 of Lebesgue measure 0 for every
(i,7) € [N] x [p]. In particular, this means that for any X_ ;) ¢ 7_(;)(L), the map f along
the line z¢;) — (@), X—@;)) does not touch {X € RV*P : det(X"X) = 0}, and hence is
locally Lipschitz as Vf(X) = 2X(XTX)"!. This verifies the almost absolute continuity
property, and hence f € W12(yyy,) provided itself and its first pointwise derivatives live in
Lz(’YN Xp)'

The verification of f € W%?(yyy,) under Ly integrability of the pointwise derivatives
up to the second order is the same, upon noting the derivatives have singularities only at
{X € RV*P: det(X " X) =0} (the precise derivative formula is given in Lemma 52).

The last assertion follows from Lemma 50 and (D.17) that establishes the Ls integrability
of the pointwise first and second derivatives, and the straightforward verification of the Lo
integrability of f itself.

(2). The singularity of g, occurs only at Tr(X T X) = >, I1X51? =0, ie., X = 0. The almost

absolute continuity on line characterization is therefore easily verified. The Lo integrability
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of the derivatives up to the second order follows from Lemma 61. O

D.10 Proof of Lemma 50

Proof of Lemma 50. Write Sz for S in the proof for simplicity. Let A be the smallest eigen-
value of S, and y = (p—1)/N < 1 —¢. By (Rudelson and Vershynin, 2009, Theorem 1.1), on
an event £ with probability at least 1 —e~N0=%) )\ > c(1— \/§)2 for some absolute constant
¢ > 0. A similar estimate can be obtained using rigidity estimate for the eigenvalues of the

sample covariance matrix, e.g., (Pillai and Yin, 2014, Theorem 3.1(iii)). Hence

E[IS 14, = EIS 4 1e + E[IS 2,16

O

<11 = ) T B2 STY L e NO-w)/2, (D.48)

Now we give an upper bound for E|[S~!||2¢. Let r = (N —p —1)/2 assumed to be a positive
integer. For any non-negative integer k, we write x - k if K = (kq, ks, ...), with convention
ki > ko > ..., is a partition of k, ie., > . ki = k. Let C, denote the zonal polynomial
(cf. (Muirhead, 1982, Chapter 7)) with respect to the partition x. Then it follows from
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(Muirhead, 1982, Corollary 9.7.4) that, for any = > 0,

P(|S lop > ) = 1 - m > 1/z)

NI (2x
—1—e" 212 Z / ))

k=0 kkk: k1<r

:e_%[ > (Np/ 2w Z Z N[/ 23;))}

[zwz{( P -2, Gl
@e-ﬁf[i”p““’ S ¥ @ <>]
“ﬁk—zz.f:%w.

k=r+1
Here (x) follows from (Muirhead, 1982, Definition 7.2.1, (iii)): for any & > 0 and ¢ > 0,
k k

> Cult- 1) = [Tr(t- D))" = (tp)*; (D.49)

kkHk
(%) follows from the fact that for each k and partition x of k, C} is a homogeneous polynomial
of order k; (x x *) follows from the non-negativity of zonal polynomial for I (cf. (Muirhead,
1982, Corollary 7.2.4)) and an application of (D.49) with ¢ = 1:

> G <Y -
kbk:k1>r kEk

Hence by using the fact that for any k£ > 2¢ + 1,

0o N N 29 roo
/ o e ( p) Cp201 Qg — (_p) / e—yyk—2q—1 dy
0 2z 2 0

_ (%)ZQ(/{ g 1),
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we have for every r > 4q

BS 2 =2q | RIS o > ) d
0

P\ & 1

_) k;ﬁ(k—l)---(k—%)
=1
>

< (5
N (%)QQ +12_q'{(k—1).-1-(k—2q)_k-..(k;izq—m}
(e

) and (D

2q 2
1 1 (Np)™
< : D.
) 2r(r—1)---(r—2q+1)~" 12 (D-50)
Combining (D.48 50), as p/N <1 —¢,
EJIS5, < CF + CNte™N <, 1 (D.51)

with r = (N —p — 1)/2 being a positive integer. If r is not an integer, write S = %S’ +
XN Xy, where S’ = ZN " X;X. Then using Sherman-Morrison formula,

- N 1
g N gl N () XX
- (V=D T+ 75 X5 (5)

=

_ N N —1
=Sy R (D.52)
As X3(S) Xy > || X |2/ Amax(S7), we have

N ¢ " Amax (57)%
BIRlL < (o) B[S xR s) g, e

Amax(S')*
~q E( )\min(S/)Qq

The claim for r not being an integer follows from the decomposition (D.51) and the estimate

op NqE

) SEV2|S'|i BV () S

above. O

D.11 Moment and concentration (in)equalities for trace functionals

Lemma 60. Let Z € RY*P be a random matriz whose entries are i.i.d. N(0,1), and

A € RP*P. Then

E|ZA|p < AN[ATAllE + N2 Allr < 5N?||All%.
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Proof. As ||ZA||% = Te(ZAATZT) =Tr(ATZTZA), we have

E|ZA||L = ETr*(ATZT ZA) = Var(Te(AT ZT ZA)) + (ETr(AT 27 24))
= Var(Tr(ATZTZA)) + N*Tr* (AT A).

Further note that for any (i, 7) € [N] x [p],
QipTr(ATZT ZA) = Tr(AT(eiejT)TZA) + Tr(ATZTeiejTA)
= (ZAAT);;+ (AATZT);; = 2(ZAAT);,
so by Gaussian-Poincaré inequality,

Var(Tr(ATZ7ZA)) <EY . (94 Te(ATZT ZA))°
i,J
—AR||ZAAT||% = AETr(ZAATAATZT) = ANTr(AATAAT).
Finally note that
THAATAAT) = AT AR = S ) < (3 A?<A>)2 ~ S = T (AT A),
The claim follows. [

Lemma 61. Let Sy = NS0 Z, 2] where Z;’s are i.i.d. N'(0,1) in RP. Then there exists
some universal constant C' > 0 such that for any non-negative definite matriz ¥ and any

t>0,

p(N\(Tr(ZSz) - ()| > t) = 2eXp< - C(NHEH;JF ||E||opt>>'

Consequently, P(Tr(XS5z) < Tr(X)/2) < =N for some universal ¢ > 0. Furthermore, for

any { € 7 such that £ > —N/2, there exists some Cy > 0 such that [recall (5.29)]

Eb (225,52 < ¢, - bY(%).



359

Proof. Let X; = ¥Y2Z, Then Tr(8Sz) = NSV 72757, = N'N |X,]]%, and
ETr(XSz) = E||X;||*> = Tr(X). By Hanson-Wright inequality (cf. (Boucheron et al., 2013,

pp-39)),
N

X2 N|IZ|2
Eexp(A <||X¢||2—E||Xi||2)) < exp(— |
2 = 2N

so by (Boucheron et al., 2013, Theorem 2.3), we have

]P’(N‘(Tr(ESZ) — Tr(E)H > t) < Qexp( - C(N||2||%f+ quopt))'

In particular, with ¢ = NTr(X)/2, we have

P(Tr(XSz) < Tr(%)/2) < eXp( -G N2Tr?(X) ) < eV,

(NIZ]E + NIl Tr(3))
For the expectation bound, let {);};_; be the eigenvalues of ¥ and assume without loss of

generality that > %, A; = 1. Then

N N
ET(S,3) = ]E(% Z:; ZZ.TEZi> - E(% ; ZT diag(\i, . .., )\p)Ziy

N p 14 P L
= NZIE(ZZAjij) = N‘E(ZAﬁg)
j=1

i=1 j=1
SRR PN ¢
SNE) NY S NG NN =1
j=1 j=1
Here (*) follows as the map x +— ¢ is convex on (0, 00) for ¢ € Z, and () follows from the

following calculations:

o If { € Zoy, EYY = E(2(N))" </ N°.

o If /e Zg_l and ¢ Z —N/Q, then

_ 272 1
EYY =E(x *(N)) Ez/ﬂ "y ¥ lewda

T(N/2+ ()

=2 T(N/2)

<, N*.
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The proof is complete. O

Lemma 62. Let Sy = N-' SN 2,727 where Z;’s are i.i.d. N(0,1), and ¥ € RP*? be a non-
negative definite matriz. Recall the definition of by(X) in (5.29). Then for some universal

constants C,c > 0,

|Elog Tr{(3S7) — log Tr(%)|

2b[(3 - b1(%))?] o (DR TH(D))?
= Np e (Np)'7 V).

Proof. Let E = {Tr(X(Sz — 1))/Tr(X) > —1/2}. By Lemma 61, P(E¢) < e~V for some
)

universal constant ¢ > 0. As [log(1 + z) — z| < 42? for x > —1/2,

Tr(%(Sz — 1))
|Elog Tr(XS7) — log Tr(X)| = ‘Elog (1 + ) ) (15 + 1)

Tr(2(Sy — 1) Tr(2(S; — 1))\ ? (2S5
S'E (Tr(Z) )1, +4E< (Tr(E) )> —i—E[log(—TTf(:g)))lEc]
o [TE(E(Sz =) 1, Tr(S(Sz — 1)) \?
< e (PO pee e (FUE )

TI(ZSZ)

E1/21 2
+EV log? ( (%)

) PY2(E°) = (1) + (IT) + (II1).

To handle (), note that by Gaussian-Poincaré inequality (Boucheron et al., 2013, Theorem
3.20),

ETe*(3(S7 1) <E_ [0y Tr(2(57 n)J°

_EZ{ 1Tr( Z((sikejz,jwikzke;))r

k
4Tr(X?)
N Y

= IEZ N7 (Se; 2] + 2] )] % Y RBZSeje] 57 =
0,J

SO

Qe—cN/2Tr1/2(E2) — bl/Z[(E.b—l(E))Q}
= z€

D =""FNrnm)  — ' (Np)1/2
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The second term has closed-form expression: by Lemma 63-(1),

2Tr(X%?)

1D = NTA(D)

To handle (I11), by using 0 <logx <z —1forz > 1 and —2~! <logx < 0 for z € (0, 1),

we have

Elog? (%) = E[bgz <Tff(rz(g)z)>1{Tfr<§g)z> > 1}}

#8 1oe” (sr)  ey < )
Tr(2(S, — 1))]? r(x) 1° r(X?)
( Tr(%) )] +E[T;F(ESZ)} S ]\?TrQ(Z)

<x| 1,

where in the last inequality we apply Lemma 61. Hence

Trl/2(22) ]

117) < —ﬂ[—
( ) Se e N1/2Tr(2)

The proof is complete by collecting the bounds. O]

Lemma 63. Let S; = NSV 2,27 where Z;’s are i.i.d. N'(0,1) in R, and X € RPP be

a non-negative definite matri.

1. There exists some absolute C > 0 such that

ETr[(ZY25,5Y%)°] = (1+ N7V TH(S?) + N (D),
ET?(2Y25,5Y%) = T(%) + 2N 1 Tr(%?),
ET?[(5Y25,512)] < C[N*1(1 V (p/N)PTrH(EY) + T(22) + N2 T (D).



2. There exists some absolute C' > 0 such that

Var(Tr(3Sz)) < AN'|Z|3,
Var(Ti*(SY25,51%)) < C(NT2T*(2)) - N||Z|I3,
Var(Ti?(SY25,512) — Tr?(Sy))

S (NTEPTAE 1)) - NIENE + (N7p)* - NS = IE,

(v
Var( Tr[(ZV25,5Y2)°]) < N7 1V (N~'p)]° TH(EY).

3. Recall that b(X) = Tr(X)/p from (5.29). For any ¢ € N,
E[b(3'/28,51%) = ()| < Oy (|2)eN-2p )

for some constant Cy = Cy({).

Proof. Let X;’s be i.i.d. N(0,%). We write S = %'/29,%1/2 in the proof for simplicity.

(1). Note that

ETr(S%) = N 2ETr [ e odod }

i?j

{Z]ETr XX X;X]) + ) E(XX;) }

i#] i=j

= N2 [N(N - )Tr(2?) + NE(Z] 22,)?]
© y-2 [N(N +1)Tr(2%) + N TI“Q(E)}

= (1 M) £ NI,

362
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and
N 2
ETi?(S) = E(N—l > ox! X¢> =N7) EX/ XX/ X;
i=1 1,J
[ZEHX I+ 3BT X }
i#]

= N2 [N(N ~1)(EZ]x2)% + N]E(Zfzzl)z]
() N2 [N(N — DTE(D) + N (T3 () + 2Tr(22))]
= Tr*(Z) + 2N "Tr(Z?).

Here (x), (xx) follow by the following calculations:

EZ/ %7, = E(Z Ajzfj) = Tr (%),
E(Z]$7,)? = (ZAZ) _3ZA2+ZM

J#3’
=23 A+ (ZA ) = Tv*(3) + 2Tx(3?%),
J
where A\q, ..., A\, are the eigenvalues of ¥. The final one follows as

ETr[(3Y25,52)%] = Var(Te[(£Y25,512)7]) + (ETr[(Zl/QSZZl/2)2D2
SNV (NT)) () + Te3(52) + N 2T (%).

The last inequality used (2) to be proved below.
(2). For the first variance bound, note that

82 Tr(XSz) = N ' Te(S(e; 2 + Zie] ) = 2N~ H(Z%)s,
ij

so Gaussian-Poincaré inequality yields that

2
Var (Tr(X57)) < E Tr2 YS,) | =ANTZE|ZZ|% = 4aN7Y|IZ|A.
a 3

’LJ
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For the second variance bound, note that

0
0Z;;

Tr*(ESz) = 2Te(SSz) - N ' T (S(e; 2 + Zie]))
= 4N"'Te(2S2)(Z2%),

so Gaussian-Poincaré inequality yields that

Var(Tr?(2Sz)) < EZ {82

2
TrQ(ESZ)} = 16N ETr*(XS2)|| 225
ij

) (+5)
N7 (R) - BV 28] S (NPT%() - N|Zf7

Here in () we use Lemma 61, and in (%) we use Lemma 60.

For the third variance bound, note that

0
8Z,~j

(Tr*(BSz) — Tr*(Sz)) = AN~ (Tr(252)(Z2%); — Tr(S2) Zij) -
Hence
Var (Tr?(£S7) — Tr*(Sz))
SNPETY (S — 1)Sz) |1 2315 + N2ETe*(S2)12(S — D7
S[INTPT*(E - 1)) - N[Z)F + (N 'p)* - N||E — I3

For the fourth variance bound, note that

0

ij’

TE(SS7%87) = 2N T [SS75(e5 2] + Zie] )| = AN (235,%)
so by Gaussian-Poincaré inequality and Lemma 51,

Var (Tr(X5,557)) < 16N °E| 225,37
= 16N ’ETr(Z5S,558S8,52") = 16N 'ETr(2S,555,557)
< 16N R[Sz |2, Tr(2Y) < N7H(1V (N~1p)) (2.
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(3). This follows by integrating the tail of |b(X'/25,%1/2) — ()| in Lemma 61:
E|b(2Y25,5Y2) — b(D)|¢ = / IP(|b(S2S,5Y2) — b(Z)| > t) dt
0
o _Lp2t2 o0 Np
54/ tle IPIE dt+/ e lon " dt
0 0
Se (121N 2p) + (12N 1971 = (ISl N 27

The proof is complete. O

Lemma 64. Let Sy = N™' SN 2,727 where Z;’s are i.i.d. N'(0,1) in RP. With y = p/N
the following hold:

1. ETr(S3) = py* + 3py + p + 3y* + 3y + 4y/N.
2. ET(Sz) = p* + 6py + Sy/N.
3. ETr(Sz)Tr(S%) = p*y + p* + py + 4(v* + y) + 4y/N.

4. ET*(S%) equals

N4 [Np(p+2)(p+4)(p+6) + N(N = 1) (p(p +2))
+2N(N = 1)3p(p +2) +AN(N — L)p(p + 2)(p + 4)
+AN(N = 1)(N = 2)p(p +2) + 2N (N = 1)(N — 2)p*(p + 2)

+ N(N = 1)(N = 2)(N = 3)p°].

5. BTr(Sz) Tr(S3) equals

N7 Np(p+2)(p +4)(p +6) + N(N = 1)p*(p +2)(p + 4)
+3N(N = 1)p(p+2)* +3N(N — 1)p(p + 2)(p +4)
+3N(N — 1)(N —2)p(p+2) + 3N(N — 1)(N — 2)p*(p + 2)
+N(N = 1)(N = 2)(N = 3)p?].
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6. Var(b(Sz)bs(Sz) — b3(Sz)) = O(®?*/N?) in the asymptotic regime p > N — oo.
7. For any k,0 € N, ETY*(S%) < Cp* for some constant C = C(k,£) > 0

Proof. Write S5 for S in the proof for simplicity. Recall that if R follows a chi-squared

distribution with an integer v degrees of freedom, then
ER* =1 +2v, ER*=1*+61°+8y, ER'=v(v+2)(v+4)(v+6).
Hence (1)-(3) follows from the following calculations: We have

ETr($*) =N*-E Y (Z Zi N2 Z:,)

11,12,13

N2 ElAlf+ Y Elalt+ Y Bz

|(i1,02,i3) =1 ((i1,i2,i3) | =2 |(i1,02,i3) | =3
=N [N-E(x2)*+ (BN*=3N)E(x2)* + N(N — 1)(N = 2) - p|

=N [N(p® + 6p® + 8p) + (3N? = 3N)(p* +2p) + N(N — 1)(N — 2)p]
= N7 [(Np® + 3N?p* + N°p) 4+ 3(Np> + N?p) + 4Np]

=N+ 33N> +p+ 3(N_lp)2 + 3N p+4N"2p

= py® + 3py +p+3y* + 3y + 4Ny,
and

BT 3E<ZI!ZH2) = NUE(G,)

= N3(N?p® + 6N?p* + 8Np) = p* + 6N 'p*> + 8N ?p

= p® + 6py + SN 1y,
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and

ETr(S)Tr(S?) = N‘3E( ﬁ:HZil ||2> ( (Z;Zi3)2>

11=1 19,i3=1

N
=NTE Y 22 2 )

i1,i2,83=1

=N Y ElAIF B %)+ Y B2 ElA)
[(1,92,i3)|=3 (i2=i3)Fi1
+ Y EZPE 2P+ Y Bl
[(i2,i3)|=|(i1,i2,i3)|=2 |(i1,i2,i3)|=1

= N [N(N —=1)(N —2)p* + (N* = N)(p* +2p°)
+2(N* = N)(p* +2p) + N (p” + 6p° + 8p) ]
= N7 [(N°p* + N?p®) + N*p* + 4(N°p + Np®) + ANp]

=p’y+p° +py+4y° +y) +4N "y

(4). By definition, we have

N

2
ETr?(S?) = N—4E< Z (XZTX%)2>
i1 =1
N
=N E(X X (XX (D.53)

L
11,87 ,02,05=1

The right hand side of (D.53) breaks into ZZ:1 A;, where Ay, Ar-Ay, As-Ag, and Ay corre-

spond to the cases where (i1,14),12,15) take 1,2, 3,4 distinct values, respectively:

o (Ay) When (iy,1),19,15) take 1 value, there are N such summands each of which take

the value E|| X1||® = p(p + 2)(p + 4)(p + 6).

o (Ay) When (iy,1),19,1,) take 2 values with (i; = }) # (iy = i}), there are N(N — 1)
such summands each of which takes the value E|| X, [|4|| X2||* = (IE‘E||X1||4‘)2 = p*(p+2)>.
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o (As) When (iy, 4}, i, 1) take 2 values with (iy = ia) # (i} = i5) or (iy = i) # (ia = 7)),

there are 2N (N — 1) such summands each of which takes the value

P 4
E(X] X2 (X] Xo)? = E(X] %) = B( )0 X1,
j=1

p

= Z (EX1,j1X1,j2X1,j3X1J4)2

J1,J2,J3,94=1
= EX, i X0 X1 . X15,)°
- ( 1,j131,j2<} 1,53 1J4)
[(J1,J2,J3,J4)|=1
+ (EXy 5, X1, X155 X1 5,)°
17]1 11.]2 17]3 1).]4

|(41,72,33,J4)|=2

=p-3+3p(p—1)-1=3p(p+2).

Ay) When (41,1, 19,1,) take 2 values of the form (i; = iy = 7/ 14, or its variants,
1 2 1 2

there are 4N (N — 1) such summands each of which takes the value

E[IX1*(X) X2)? = ETe(| X" X0 X, XXy ) = E[ X4 [° = p(p + 2)(p + 4).

(As) When (iq,1),12,15) take 3 values of the form (i = i) # i} # i, or its vari-
ants, there are 4AN(N — 1)(N — 2) such summands each of which takes the value
E(X) X0)*(X[ X5)* = Bl Xa[|* = p(p+ 2).

(Ag) When (iy,1],19,7,) take 3 values of the form (i; = ¢}) # iy # i, or its vari-
ants, there are 2N(N — 1)(N — 2) such summands each of which takes the value
E(X) X1)*(X; X3)* = p-E[Xq|* = p*(p + 2).

(A7) When (iy, 4}, i, 15) take 4 values, there are N(N —1)(N —2)(N —3) such summands
each of which takes the value E(X| X5)?(XJ X,)? = p?.
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(5). By definition, we have

N

E[Tr(S)Tr(S3)]=N‘4E(§:||Xill2>( >0 (KX) (XX) ()5

J1,J2,J3=1
N

=N E[INGIPO0X) (X XG) (XX (D54)
i7j1’j27j3:1
The right hand side of (D.54) breaks into 2;1 B;, where B;, By-B,, Bs-Bg, and By corre-

spond to the cases where (i, j1, jo, j3) take 1,2, 3,4 distinct values, respectively:

e (B;) When (i, 71, j2, j3) takes 1 value, there are N such summands in (D.54), each of
which takes the value E|| X1||® = p(p +2)(p + 4)(p + 6).

e (B3) When (i, j1, Jo, j3) take 2 values with i # (j; = jo = j3), there are N(N — 1) such
summands each of which takes the value E|| X1||?[| X3|® = p*(p + 2)(p + 4).

e (Bs) When (i, j1, j2, j3) take 2 values of the form (i = j1) # (j2 = j3) and its variants,

there are 3N (NN — 1) such summands each of which takes the value

12X X2) [ 02X X0) = ETr (1160 12X X - 122X,

2 *
=T (B 12X X ) @ T [(p+ 2)L,]° = plp +2)%

Here in (*) we use the following fact by direct calculation

p
(BIXIEXXT) =E[(D X2, XikXis] = (0 +2)0u
m=1

e (By) When (4,71, 72, 73) take 2 values of the form (i = j; = js) # jo or its variants,
there are 3N (N — 1) such summands each of which takes the value E|| X [|*(X, X5)? =
E[|X1]|° = p(p +2)(p+4).
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e (Bs) When (4,71, 72,73) take 3 values of the form (i = j;) # jo # j3 or its vari-
ants, there are 3N(N — 1)(N — 2) such summands each of which takes the value
E[| X [|*(X{ X2) (X5 X5) (X3 X1) = B[IX[|* = p(p + 2).

e (Bg) When (i, 1, j2,j3) take 3 values of the form i # (j; = j2) # 7j3 or its vari-
ants, there are 3N(N — 1)(N — 2) such summands each of which takes the value
B[|X0 ||| X2 (X, X5)* = E[[ X)) - B[l X1 = p*(p + 2).

e (B7) When (i, j1, jo2, j3) take 4 values, there are N(N —1)(/N —2)(N —3) such summands
cach of which takes the value E[|| X1 |2(X] X3)(Xy X4)
(X X)) = p.

(6). Let F(X) =b(S)bs(S) — b3(S). Then using for any (4, j) € [N] x [p]
&-jb = Q(Np)ilXij, &-jbg = 4(Np)71XZ-TS€j, 8Z‘jb3 = 6<Np>71XiT52€j,
we have

0i;F(X) = 2(Np) ™' X;; - bs + 6(Np) "' X, S%e; - b — 8(Np) ' X,  Se; - by

— (Np)~! <2b3X X S? — 8b2XS> "

Hence by the Gaussian-Poincaré inequality, we have by direct calculation
Var(F(X)) < E[VF(X)|7
= (Np)~"E(28bb3 + 36b°b5 + 32b3b5 — 96bbaby)
= (NpH™'E [28Tr(S)Tr2(S?’) + 36Tr*(S?)Tr(S%) + 32Tr?(S?) Tr(S?)
- 96Tr(S)Tr(S2)Tr(S4)] .

The rest of the proof follows from similar arguments as in (4) and (5) by explicit calculation

and cancellation of higher order terms; we omit the details.
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(7). This follows directly from the property of the chi-squared distribution:

N
k
IETr’“(Sé):N*ME[ 3 (XJXZ-Q)-.-(X;lXi)(XZ.IXH)}
i1yeyip=1
—kt & 2 2 K —kt ~ 2 ke
SNHE( D X 1K) = NHE( DD IX?)
11 ,eeytp=1 i=1

_ k¢
= N"ME(x*(Np))" Swep*™.

The proof is complete. O
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