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This dissertation is divided into two parts. In the first part, we study minimax estimation of

functions and functionals in nonparametric regression models. The investigation of statisti-

cal limits in such models deepens theoretical understanding in related problems and leads to

new probabilistic tools and methodologies of broader interest. In the second part, we study

the asymptotics in some high dimensional testing problems involving the Gaussian distribu-

tion, such as the Gaussian sequence model with convex constraint and testing of covariance

matrices. A general framework is developed to analyze the power behavior of test statistics

via accurate non-asymptotic expansions.
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Chapter 1

INTRODUCTION

This dissertation is mainly divided into two parts. The first part, to be detailed in Chap-

ters 2 and 3, focuses on minimax estimation of functions and functionals in nonparametric

regression models. The investigation of statistical limits in such models deepens theoretical

understanding in related problems and leads to new probabilistic tools and methodologies

of broader interest. This part is further divided into two sub-parts. In Chapter 2, we study

the optimal estimation of quadratic-type functionals in the nonparametric regression model,

which are considered to be fundamental objects in nonparametric minimax theory. We de-

rive a variety of minimax rates and elaborate their detailed connections with existing results.

These results help unify the minimax rates of estimating quadratic-type functionals under

the nonparametric regression model with the other two benchmark models in nonparametric

statistics - the density model and the white noise model.

In Chapter 3, we study the fundamental limit of general order spline estimation, both

with and without shape constraints. These results significantly broaden and unify previous

attempts and results in the literature focused on the special case of piecewise constant signals.

They also provide theoretical support for developing `0-penalized spline regression as a useful

alternative to `1- and `2-penalized ones.

The second part of the dissertation, to be detailed in Chapters 4 and 5, aims at develop-

ing a relatively general framework for power analysis in high dimensional testing problems

involving the Gaussian distribution. We start in Chapter 4, where we study the high di-
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mensional asymptotics of likelihood ratio tests in the Gaussian sequence model with convex

constraint. Some general theory is developed, followed by detailed applications in the cases

of orthant/circular cone, isotonic regression, Lasso, etc.

In Chapter 5, we move on to the study of covariance tests related to the high dimensional

Gaussian distribution. We develop a general method for analyzing the power behavior of

covariance test statistics via accurate non-asymptotic power expansions. These results apply

to arbitrary alternative hypotheses under mild growth conditions on the dimension-to-sample

ratio.

The main contents of this thesis are drawn, with minor modification, from the following

four manuscripts: Chapter 2 is from “Optimal estimation of variance in nonparametric

regression with random design”, co-authored with Chao Gao, Daniela Witten, and Fang

Han; Chapter 3 is from “A general method for power analysis in testing high dimensional

covariance matrices”, co-authored with Qiyang Han and Fang Han; Chapter 4 is from “High

dimensional asymptotics of likelihood ratio tests in Gaussian sequence model under convex

constraint”, co-authored with Qiyang Han and Bodhisattva Sen; Chapter 5 is from “A general

method for power analysis in testing high dimensional covariance matrices”, co-authored with

Qiyang Han and Tiefeng Jiang.
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Chapter 2

VARIANCE ESTIMATION IN NONPARAMETRIC
REGRESSION

2.1 Introduction

Consider the model

Yi = f(Xi) + V 1/2(Xi)εi, i = 1, 2, . . . , n, (2.1)

where {Xi}ni=1 are independent and identically distributed (i.i.d.) univariate random design

points, and {εi}ni=1 are i.i.d. with zero mean, unit variance, and are independent of {Xi}ni=1.

In this paper, we study the optimal estimation of V (·) under both local and global squared

risks. Variance estimation is a fundamental statistical problem (Von Neumann, 1941, 1942;

Rice, 1984; Hall et al., 1990) with wide applications. It is useful in, for example, construction

of confidence bands for the mean function, estimation of the signal-to-noise ratio (Verzelen

and Gassiat, 2018), and selection of the optimal kernel bandwidth (Fan, 1992).

When {Xi}ni=1 are fixed, estimation of V (·) in (2.1) has been studied extensively in the

literature via residual-based methods (Hall and Carroll, 1989; Ruppert et al., 1997; Härdle

and Tsybakov, 1997; Fan and Yao, 1998) and difference-based methods (Muller and Stadt-

muller, 1987; Müller et al., 2003; Brown and Levine, 2007; Wang et al., 2008). One important

heuristic from previous studies is that, compared to residual-based methods, difference-based

methods are able to achiever a smaller bias and subsequently a smaller mean squared error by

avoiding direct estimation of the mean function. More precisely, when Xi = i/n, i = 1, . . . , n

and f(·) and V (·) in (2.1) are α- and β-Hölder smooth, respectively, Wang et al. (2008)

proposed a difference estimator which achieved the optimal rate of the order n−4α ∨ n−
2β

2β+1
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under both local and global squared risks.

In contrast, our study focuses on the case where {Xi}ni=1 are i.i.d. random design points

on the real line. For this, we show that when f(·) and V (·) in (2.1) are α- and β-Hölder

smooth, respectively, the minimax rate of estimating V (·) is of the order n−
8αβ

4αβ+2α+β ∨n−
2β

2β+1

under both local and global squared risks. This result has several noteworthy implications:

• The minimax rates in random and fixed design settings share a common component,

n−
2β

2β+1 , as well as the same transition boundary α = β/(4β + 2).

• For α < β/(4β + 2), a faster rate is achievable with a random design.

• Unlike the fixed design setting, for α < β/(4β + 2), α and β are now both present in

the first term of the minimax rate in the random design case.

We now discuss in more detail this minimax rate. The upper bound of the minimax rate

is achieved by smoothing pairwise differences via local polynomial regression, the former of

which is formulated via U-statistics. Our analysis of this estimator hence relies on the four-

term Bernstein inequality in Giné et al. (2000), and unlike classic kernel methods, requires

no smoothness assumption on the design density.

For the lower bound, due to the appearances of both α and β in the non-trivial n−
8αβ

4αβ+2α+β

part of the minimax rate and the additional randomness of {Xi}ni=1, the derivation is much

more involved than its counterpart in the fixed design setting. We tackle the first difficulty

of entangled α and β via a proper localization technique in the construction of the mean

function f(·), depicted in Figure 2.2 in Section 2.3.2. The second difficulty caused by the

randomness of {Xi}ni=1 is resolved with a new trapezoid-shaped construction of the mean

f(·), aided by a result due to Kolchin et al. (1978) on the sparse multinomial distribution.

This result helps characterize the asymptotic behavior of the locations of {Xi}ni=1 and plays

a key role in our proof, but to our knowledge has not been well used in the nonparametric

statistics literature.
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In the special case of constant variance, (2.1) is reduced to

Yi = f(Xi) + σεi, i = 1, 2, . . . , n, (2.2)

and the goal becomes estimation of σ2. In this case, the problem is linked to estimation

of a quadratic functional, which has been studied in depth in the other two benchmark

nonparametric models, the density model (Bickel and Ritov, 1988; Laurent, 1996; Giné and

Nickl, 2008) and the white noise model (Donoho and Nussbaum, 1990; Fan, 1991; Laurent

and Massart, 2000). In the density model, one observes an i.i.d. univariate sequence {Xi}ni=1

from some unknown density f(·), and the goal is to estimate
∫
f 2(x)dx. In the white noise

model, one observes a continuous-time process from dYt = f(t)dt+n−1/2dWt for t ∈ [0, 1] with

Wt a standard Wiener process. The goal is to estimate
∫ 1

0
f 2(t)dt. Under an α-smoothness

condition on f(·), the minimax rate in both of the aforementioned two cases is n−8α/(4α+1) ∨
n−1 (cf. Theorem 1(ii) and 2(ii) in Bickel and Ritov (1988), Theorem 4 in Fan (1991)).

Following Doksum and Samarov (1995), a quadratic functional of interest under (2.2)

with random design is

Q :=

∫
f 2(x)pX(x)w(x)dx, (2.3)

where pX(·) is the unknown design density and w(·) ≥ 0 is some known weight function.

Assuming in (2.2) that f is α-Hölder smooth, we show that the minimax rate of estimating

σ2 and Q (when σ2 is unknown) is n−8α/(4α+1) ∨ n−1, thereby unifying the minimax rate of

quadratic functional estimation in all three benchmark nonparametric models.

In this paper, we also provide extensions of (2.2) to multivariate cases, with a focus on

the multivariate nonparametric regression model

Yi = f(Xi) + σεi, i = 1, 2, . . . , n, (2.4)

and the nonparametric additive model

Yi =
d∑

k=1

fk(Xi,k) + σεi, i = 1, 2, . . . , n, (2.5)
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in both fixed and random designs. Here, Xi := (Xi,1, . . . , Xi,d)
>, i = 1, . . . , n, for some fixed

positive integer d. Regarding the fixed design, we consider two types, namely, the grid design

(GD) and the diagonal design (DD). With a total of n design points, the former places them

on a regular grid in the d-dimensional cube [0, 1]d while the latter only places design points

on the diagonal. Details are given in Sections 2.4.1 and 2.4.2.

We summarize the minimax rates in all of the aforementioned models in Table 2.1.

The rest of the paper is organized as follows. Section 2.2 presents the simple model (2.2)

with constant variance. Section 2.3 discusses its heteroscedastic extension (2.1). Section 2.4

discusses the multivariate nonparametric regression model (2.4), the additive model (2.5),

and several other extensions of our main results. The essential lower bound proof of the

minimax rate n−8α/(4α+1) ∨ n−1 under model (2.2) is presented in Section A.1, with the rest

of the proofs given in a supplement.

The notation used throughout the paper is as follows. For any positive integer n, [n]

denotes the set {1, 2, . . . , n}. For any real number a, we use dae to denote the smallest

integer greater than or equal to a, and bac the largest integer strictly smaller than a. For

any positive integer d, 0d denotes the zero vector of dimension d and Id denotes the identity

matrix of dimension d. For a real vector x, ‖x‖ and ‖x‖∞ denote its Euclidean and infinity

norms, respectively. For a real matrix A, we use ‖A‖, ‖A‖F , and |A| to denote its spectral

norm, Frobenius norm, and determinant, respectively. For an m-times differentiable function

f : R → R with some positive integer m, we use f (k) to denote its kth derivative for k =

1, 2, . . . ,m. For identically distributed random variables Xi and Xj, we use PXi(·) and pXi(·)
to denote the distribution and density of Xi, X̃ij to denote Xi − Xj, and pX̃ij(·) to denote

the density of Xi − Xj. Similar notation PXi
(·), pXi

(·), X̃ij, pX̃ij
(·) applies to identically

distributed random vectors Xi and Xj. For a positive integer d and µ ∈ Rd,Σ ∈ Rd×d,

Nd(µ,Σ) stands for the d-dimensional normal distribution with mean µ and covariance Σ.

We will drop the subscript d for simplicity when d = 1. Φ(·) and ϕ(·) represent the standard
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Table 2.1: Summary of minimax rates in (2.1), (2.2), (2.4) and (2.5). The two types of fixed

design considered, (GD) and (DD), are defined in (2.20) and (2.21), respectively. For a d-

dimensional smoothness index α = (α1, . . . , αd)
>, α := d/(

∑d
k=1 1/αk), αmin := min1≤k≤d αk,

and αmax := max1≤k≤d αk. The respective sections contain the definition of the distribution

class of {(Xi, εi)}ni=1 in the random design setting and distribution class of {εi}ni=1 in the

fixed design setting. Our results include all of the random design rates and fixed design rates

in (2.4) and (2.5). Note results for (2.4) and (2.5) have additional requirements; see Sections

2.4.1 and 2.4.2 for details.

stated in minimax rate boundary

(2.1), fixed Wang et al. (2008) n−4α ∨ n−2β/(2β+1)

α = β/(4β + 2)
(2.1), random Theorems 3, 4, 5 n−

8αβ
4αβ+β+2α ∨ n−

2β
2β+1

(2.2), fixed Wang et al. (2008) n−4α ∨ n−1

α = 1/4
(2.2), random Theorems 1, 2 n−8α/(4α+1) ∨ n−1

(2.4), fixed (GD) Proposition 3 n−4αmax/d ∨ n−1 αmax = d/4

(2.4), fixed (DD) Proposition 4 n−4αmin ∨ n−1 αmin = 1/4

(2.4), random Propositions 1, 2 n−8α/(4α+d) ∨ n−1 α = d/4

(2.5), fixed (GD) Proposition 5 n−1

(2.5), fixed (DD) Proposition 6 n−4αmin ∨ n−1

αmin = 1/4
(2.5), random Propositions 7, 8 n−8αmin/(4αmin+1) ∨ n−1

normal distribution and density. More generally, we will write ϕµ,σ2(·) as the density for

the normal distribution with mean µ and variance σ2. For two probability measures P,Q

defined on a common space (Ω,A), TV(P,Q) denotes their total variation distance, that

is, TV(P,Q) := supA∈A|∗|P(A)−Q(A). For two real sequences {an} and {bn}, an . bn if

|an| ≤ C|bn| for some positive absolute constant C. We say an � bn if an . bn and bn . an.
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2.2 Homoscedastic case

To illustrate some of the main ideas developed in this paper, we begin with a discussion of

the elementary univariate homoscedastic nonparametric regression model (2.2):

Yi = f(Xi) + σεi, i = 1, 2, . . . , n.

Here, {Xi}ni=1 are i.i.d. copies of a univariate random variable X, f(·) belongs to an α-Hölder

class that will be specified soon, and {εi}ni=1 are i.i.d. copies of a variable ε with zero mean

and unit variance and are independent of {Xi}ni=1. Both the mean function f(·) and the

distribution of {Xi}ni=1 are assumed unknown.

Model (2.2) has been extensively studied using residual-based and difference-based meth-

ods; see, among many others, Von Neumann (1941), Von Neumann (1942), Rice (1984),

Gasser et al. (1986), Hall et al. (1990), Hall and Marron (1990), Thompson et al. (1991),

Müller et al. (2003), Wang et al. (2008). A related functional estimation problem has also

been studied in semiparametric models (Robins et al., 2008, 2009). Most of the previous

studies focus on the case of fixed design, especially the equidistant design with Xi = i/n,

i ∈ [n], for which the minimax rate of estimating σ2 under an α-Hölder smoothness constraint

on f(·) is known to be n−4α ∨ n−1 (cf. Theorems 1 and 2 in Wang et al. (2008)).

In detail, let I be a fixed (possibly infinite) interval on the real line. Define the Hölder

class Λα,I(CF) on I as follows:

Λα,I(CF) :=
{
f : for all x, y ∈ I and k = 0, . . . , bαc ,

|∗|f (k)(x) ≤ CF and |∗|f (bαc)(x)− f (bαc)(y) ≤ CF |x− y|α
′}
,

(2.6)

where α′ := α− bαc. Denote the support of X as supp(X).

Define the joint distribution class Pcv,(X,ε) (where “cv” stands for “constant variance”)

with the following conditions:

(a) X satisfies supp(X) ⊂ I.



9

(b) X has density pX(·) and there exists a fixed positive constant C0 such that

sup
x∈R

pX(x) ≤ C0.

(c) There exist two fixed constants δ0 > 0 and c0 > 0 such that for any 0 < δ < δ0, there

exists a set Uδ ⊂ [−1, 1] such that

λ(Uδ) ≥ c0 and inf
u∈Uδ

pX̃ij(uδ) ≥ c0,

where λ(·) represents the Lebesgue measure on the real line, and X̃ij = Xi −Xj.

(d) Eε4 ≤ Cε for some fixed positive constant Cε.

Note that no smoothness condition is placed on the density of X. Condition (c) essentially

requires the density pX̃ij to be “dense” around 0, and is strictly weaker than a uniform

lower bound of pX̃ij over a fixed neighborhood of 0. It also follows from the following

sufficient condition on the marginal density pX(·) (see Lemma 11 in the supplement for the

justification):

(c′) X is compactly supported (taken to be [0, 1] without loss of generality). There exists

some positive constant c0 and subset S ⊂ [−1, 1] with Lebesgue measure λ(S) ≥ 3/4

such that pX(t) ≥ c0 uniformly over t ∈ S.

In particular, (c′) covers the uniform distribution on [0, 1] and the distribution of X in the

lower bound construction in the proof of Theorem 2.

The rest of the section is devoted to proving, for any fixed positive constants CF and Cσ,

the following minimax rate:

inf
σ̃2

sup
f∈Λα,I(CF )

sup
σ2≤Cσ

sup
P(X,ε)∈Pcv,(X,ε)

E
(
σ̃2 − σ2

)2 � n−8α/(4α+1) ∨ n−1, (2.7)

where P(X,ε) denotes the joint distribution of (X, ε), and σ̃2 ranges over all estimators of σ2.
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2.2.1 Upper bound

The upper bound is achieved by a difference estimator based on U-statistics (with convention

0/0 = 0):

σ̂2 :=

(
n
2

)−1∑
i<jKh(Xi −Xj)(Yi − Yj)2/2

(
n
2

)−1∑
i<jKh(Xi −Xj)

. (2.8)

Here, Kh(·) := K(·/h)/h, where h = hn is a bandwidth parameter satisfying hn ↓ 0 as

n→∞, and K(·) is a symmetric density kernel supported on [−1, 1] that satisfies

MK ≤ inf
|u|≤1

K(u) ≤ sup
|u|≤1

K(u) ≤MK (2.9)

for two fixed constants MK and MK ; one example is the box kernel K(u) = 1{|u| ≤ 1}/2
which satisfies (2.9) with MK = MK = 1/2.

The following error bound is derived via the exponential inequality for degenerate U-

statistics due to Giné et al. (2000).

Theorem 1. Suppose the kernel K(·) in σ̂2 is chosen such that (2.9) is satisfied with con-

stants MK and MK, and the bandwidth hn is chosen as

hn �




n−2/(4α+1), 0 < α < 1/4,

n−1, α ≥ 1/4.

(2.10)

Then, under (2.2) with random design, it holds that

sup
f∈Λα,I(CF )

sup
σ2≤Cσ

sup
P(X,ε)∈Pcv,(X,ε)

E
(
σ̂2 − σ2

)2 ≤ C
(
n−8α/(4α+1) ∨ n−1

)
,

where C is some fixed positive constant that only depends on MK ,MK, α,CF , Cσ and

C0, c0, Cε in Pcv,(X,ε).
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Remark 1. The error rate in Theorem 1 is achieved by choosing the optimal bandwidth hn

to balance the “bias-variance” decomposition:

{
E
(
σ̂2 − σ2

)2
}1/2

. h2(α∧1)
n +

1

nh
1/2
n

, (2.11)

where a ∧ b := min{a, b} for any two real numbers a, b. The bias term h
2(α∧1)
n reflects the

second-order effect of the unknown mean on variance estimation, which has been noted by

Hall and Carroll (1989) and Wang et al. (2008). The variance part follows from the fact

that there is an average number of n2hn pairs of (i, j) such that |Xi − Xj| ≤ hn. We note

that the same “bias-variance” decomposition has appeared in quadratic functional estimation

in the density model and Gaussian sequence model (Bickel and Ritov, 1988; Fan, 1991; Giné

and Nickl, 2008). See Section 2.4.3 for a more detailed discussion.

Remark 2. While most of the previous works are in the context of fixed design, Müller

et al. (2003) considered constant variance estimation with random design, and their esti-

mator (formula (1.4) therein) is almost identical to our σ̂2. Under certain assumptions

(Assumptions 1 and 2 and (2.4) - (2.7) therein), they show that their estimator is root-n

consistent and asymptotically normal. However, as commented in the first paragraph on p.

184 of their paper, their condition (2.7) is only satisfied when the mean function smoothness

α is strictly larger than 1/4, and no analysis is provided below this threshold. Our minimax

rate n−8α/(4α+1) ∨ n−1 therefore confirms that α ≥ 1/4 is indeed the minimal requirement for

any variance estimator to be root-n consistent and we also demonstrate the optimality of σ̂2

for 0 < α < 1/4.

Finally, in (2.2), we have assumed that the smoothness index α is known. If it is un-

known, then the variance can be estimated adaptively via Lepski-type methods (Lepski,

1991; Lepskĭı, 1991). This is discussed in more detail in Section 2.4.5.
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2.2.2 Lower bound

The derivation of the lower bound in (2.7) is much more involved. In particular, the construc-

tion in the fixed design setting (cf. Theorem 2 in Wang et al. (2008)) cannot be extended

to the random design case, since the spike-type construction of f(·) located at each deter-

ministic design point leads to a sub-optimal rate in the random design setting. To achieve a

sharp rate, we have to exploit the randomness of {Xi}ni=1; this requires us to handle a highly

convoluted alternative hypothesis that no longer leads to a product measure of {Yi}ni=1 given

each realization of {Xi}ni=1 in LeCam’s two-point method. This calls for a careful analysis

of the locations of {Xi}ni=1.

We now sketch a proof of the n−8α/(4α+1) component in (2.7) for 0 < α < 1/4, with a

particular emphasis on where the difference arises with the fixed design setting. The proof

can be roughly divided into two steps. In the first step, we construct a two-point testing

problem with the null being a Gaussian (H0) and the alternative a Gaussian location mixture

(H̃1). In the second step, we approximate the Gaussian location mixture (H̃1) by a location

mixture with compact support (H1), which, unlike the alternative in the first step, belongs

to the considered model class.

We start by introducing the construction of f(·), σ2, ε, and X under the null H0 and the

alternative H̃1 in the first step. For each n, let

hn � n−2/(4α+1), θ2
n � h2α

n , and N := 1/(6hn),

and divide the unit interval [0, 1] into N intervals of length 6hn, with n large enough and hn

chosen such that N is a positive integer.

Choice of f(·): Under H0, let f ≡ 0. Under H̃1, let f(·) be a piecewise trapezoidal

function on the N intervals. That is, for each i ∈ [N ], f takes on a value of hαn r̃i on

the intervals [(6i − 5)hn, (6i − 1)hn] and then linearly decreases to zero on the two

endpoints 6(i− 1)hn and 6ihn, with {r̃i}Ni=1 i.i.d. standard normal variables.
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(N � 1)6hn
<latexit sha1_base64="hNz4AUZQXViOH7aN2JDacLzeT88=">AAAB8XicbVBNSwMxEJ31s9avqkcvwSLUg2VXRD0WvXiSCvYD26Vk02wbmmSXJCuUpf/CiwdFvPpvvPlvzLZ70NYHA4/3ZpiZF8ScaeO6387S8srq2npho7i5tb2zW9rbb+ooUYQ2SMQj1Q6wppxJ2jDMcNqOFcUi4LQVjG4yv/VElWaRfDDjmPoCDyQLGcHGSo+Vu1Pv5GLYk8VeqexW3SnQIvFyUoYc9V7pq9uPSCKoNIRjrTueGxs/xcowwumk2E00jTEZ4QHtWCqxoNpPpxdP0LFV+iiMlC1p0FT9PZFiofVYBLZTYDPU814m/ud1EhNe+SmTcWKoJLNFYcKRiVD2PuozRYnhY0swUczeisgQK0yMDSkLwZt/eZE0z6qeW/Xuz8u16zyOAhzCEVTAg0uowS3UoQEEJDzDK7w52nlx3p2PWeuSk88cwB84nz87+o9Q</latexit><latexit sha1_base64="hNz4AUZQXViOH7aN2JDacLzeT88=">AAAB8XicbVBNSwMxEJ31s9avqkcvwSLUg2VXRD0WvXiSCvYD26Vk02wbmmSXJCuUpf/CiwdFvPpvvPlvzLZ70NYHA4/3ZpiZF8ScaeO6387S8srq2npho7i5tb2zW9rbb+ooUYQ2SMQj1Q6wppxJ2jDMcNqOFcUi4LQVjG4yv/VElWaRfDDjmPoCDyQLGcHGSo+Vu1Pv5GLYk8VeqexW3SnQIvFyUoYc9V7pq9uPSCKoNIRjrTueGxs/xcowwumk2E00jTEZ4QHtWCqxoNpPpxdP0LFV+iiMlC1p0FT9PZFiofVYBLZTYDPU814m/ud1EhNe+SmTcWKoJLNFYcKRiVD2PuozRYnhY0swUczeisgQK0yMDSkLwZt/eZE0z6qeW/Xuz8u16zyOAhzCEVTAg0uowS3UoQEEJDzDK7w52nlx3p2PWeuSk88cwB84nz87+o9Q</latexit><latexit sha1_base64="hNz4AUZQXViOH7aN2JDacLzeT88=">AAAB8XicbVBNSwMxEJ31s9avqkcvwSLUg2VXRD0WvXiSCvYD26Vk02wbmmSXJCuUpf/CiwdFvPpvvPlvzLZ70NYHA4/3ZpiZF8ScaeO6387S8srq2npho7i5tb2zW9rbb+ooUYQ2SMQj1Q6wppxJ2jDMcNqOFcUi4LQVjG4yv/VElWaRfDDjmPoCDyQLGcHGSo+Vu1Pv5GLYk8VeqexW3SnQIvFyUoYc9V7pq9uPSCKoNIRjrTueGxs/xcowwumk2E00jTEZ4QHtWCqxoNpPpxdP0LFV+iiMlC1p0FT9PZFiofVYBLZTYDPU814m/ud1EhNe+SmTcWKoJLNFYcKRiVD2PuozRYnhY0swUczeisgQK0yMDSkLwZt/eZE0z6qeW/Xuz8u16zyOAhzCEVTAg0uowS3UoQEEJDzDK7w52nlx3p2PWeuSk88cwB84nz87+o9Q</latexit><latexit sha1_base64="hNz4AUZQXViOH7aN2JDacLzeT88=">AAAB8XicbVBNSwMxEJ31s9avqkcvwSLUg2VXRD0WvXiSCvYD26Vk02wbmmSXJCuUpf/CiwdFvPpvvPlvzLZ70NYHA4/3ZpiZF8ScaeO6387S8srq2npho7i5tb2zW9rbb+ooUYQ2SMQj1Q6wppxJ2jDMcNqOFcUi4LQVjG4yv/VElWaRfDDjmPoCDyQLGcHGSo+Vu1Pv5GLYk8VeqexW3SnQIvFyUoYc9V7pq9uPSCKoNIRjrTueGxs/xcowwumk2E00jTEZ4QHtWCqxoNpPpxdP0LFV+iiMlC1p0FT9PZFiofVYBLZTYDPU814m/ud1EhNe+SmTcWKoJLNFYcKRiVD2PuozRYnhY0swUczeisgQK0yMDSkLwZt/eZE0z6qeW/Xuz8u16zyOAhzCEVTAg0uowS3UoQEEJDzDK7w52nlx3p2PWeuSk88cwB84nz87+o9Q</latexit>

. . . . . .
<latexit sha1_base64="ZfBvQmB5QjfqRKcpVzbmvs9V6bs=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthaaUDabTbt0swm7E6GE/g0vHhTx6p/x5r9x2+agrQ9meLw3w86+MJPCoOt+O5W19Y3Nrep2bWd3b/+gfnjUNWmuGe+wVKa6F1LDpVC8gwIl72Wa0ySU/DEc3878xyeujUjVA04yHiR0qEQsGEUr+b6MUjSLPqg33KY7B1klXkkaUKI9qH/5UcryhCtkkhrT99wMg4JqFEzyac3PDc8oG9Mh71uqaMJNUMxvnpIzq0QkTrUthWSu/t4oaGLMJAntZEJxZJa9mfif188xvg4KobIcuWKLh+JcEkzJLAASCc0ZyokllGlhbyVsRDVlaGOq2RC85S+vku5F03Ob3v1lo3VTxlGFEziFc/DgClpwB23oAIMMnuEV3pzceXHenY/FaMUpd47hD5zPH3wqkfY=</latexit><latexit sha1_base64="ZfBvQmB5QjfqRKcpVzbmvs9V6bs=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthaaUDabTbt0swm7E6GE/g0vHhTx6p/x5r9x2+agrQ9meLw3w86+MJPCoOt+O5W19Y3Nrep2bWd3b/+gfnjUNWmuGe+wVKa6F1LDpVC8gwIl72Wa0ySU/DEc3878xyeujUjVA04yHiR0qEQsGEUr+b6MUjSLPqg33KY7B1klXkkaUKI9qH/5UcryhCtkkhrT99wMg4JqFEzyac3PDc8oG9Mh71uqaMJNUMxvnpIzq0QkTrUthWSu/t4oaGLMJAntZEJxZJa9mfif188xvg4KobIcuWKLh+JcEkzJLAASCc0ZyokllGlhbyVsRDVlaGOq2RC85S+vku5F03Ob3v1lo3VTxlGFEziFc/DgClpwB23oAIMMnuEV3pzceXHenY/FaMUpd47hD5zPH3wqkfY=</latexit><latexit sha1_base64="ZfBvQmB5QjfqRKcpVzbmvs9V6bs=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthaaUDabTbt0swm7E6GE/g0vHhTx6p/x5r9x2+agrQ9meLw3w86+MJPCoOt+O5W19Y3Nrep2bWd3b/+gfnjUNWmuGe+wVKa6F1LDpVC8gwIl72Wa0ySU/DEc3878xyeujUjVA04yHiR0qEQsGEUr+b6MUjSLPqg33KY7B1klXkkaUKI9qH/5UcryhCtkkhrT99wMg4JqFEzyac3PDc8oG9Mh71uqaMJNUMxvnpIzq0QkTrUthWSu/t4oaGLMJAntZEJxZJa9mfif188xvg4KobIcuWKLh+JcEkzJLAASCc0ZyokllGlhbyVsRDVlaGOq2RC85S+vku5F03Ob3v1lo3VTxlGFEziFc/DgClpwB23oAIMMnuEV3pzceXHenY/FaMUpd47hD5zPH3wqkfY=</latexit><latexit sha1_base64="ZfBvQmB5QjfqRKcpVzbmvs9V6bs=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthaaUDabTbt0swm7E6GE/g0vHhTx6p/x5r9x2+agrQ9meLw3w86+MJPCoOt+O5W19Y3Nrep2bWd3b/+gfnjUNWmuGe+wVKa6F1LDpVC8gwIl72Wa0ySU/DEc3878xyeujUjVA04yHiR0qEQsGEUr+b6MUjSLPqg33KY7B1klXkkaUKI9qH/5UcryhCtkkhrT99wMg4JqFEzyac3PDc8oG9Mh71uqaMJNUMxvnpIzq0QkTrUthWSu/t4oaGLMJAntZEJxZJa9mfif188xvg4KobIcuWKLh+JcEkzJLAASCc0ZyokllGlhbyVsRDVlaGOq2RC85S+vku5F03Ob3v1lo3VTxlGFEziFc/DgClpwB23oAIMMnuEV3pzceXHenY/FaMUpd47hD5zPH3wqkfY=</latexit>�

<latexit sha1_base64="TTGPhLskvxA7obg3CyikF/hi+ro=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOyS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHfFKWfG+v63V1pb39jcKm9Xdnb39g+qh0dtozJNaIsornQ3xoZyJmnLMstpN9UUi5jTTjy+nfmdJ6oNU/LBTlIaCTyULGEEWye1w5gNw7xfrfl1fw60SoKC1KBAs1/9CgeKZIJKSzg2phf4qY1yrC0jnE4rYWZoiskYD2nPUYkFNVE+v3aKzpwyQInSrqRFc/X3RI6FMRMRu06B7cgsezPxP6+X2eQ6yplMM0slWSxKMo6sQrPX0YBpSiyfOIKJZu5WREZYY2JdQBUXQrD88ippX9QDvx7cX9YaN0UcZTiBUziHAK6gAXfQhBYQeIRneIU3T3kv3rv3sWgtecXMMfyB9/kDj+qPGw==</latexit><latexit sha1_base64="TTGPhLskvxA7obg3CyikF/hi+ro=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOyS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHfFKWfG+v63V1pb39jcKm9Xdnb39g+qh0dtozJNaIsornQ3xoZyJmnLMstpN9UUi5jTTjy+nfmdJ6oNU/LBTlIaCTyULGEEWye1w5gNw7xfrfl1fw60SoKC1KBAs1/9CgeKZIJKSzg2phf4qY1yrC0jnE4rYWZoiskYD2nPUYkFNVE+v3aKzpwyQInSrqRFc/X3RI6FMRMRu06B7cgsezPxP6+X2eQ6yplMM0slWSxKMo6sQrPX0YBpSiyfOIKJZu5WREZYY2JdQBUXQrD88ippX9QDvx7cX9YaN0UcZTiBUziHAK6gAXfQhBYQeIRneIU3T3kv3rv3sWgtecXMMfyB9/kDj+qPGw==</latexit><latexit sha1_base64="TTGPhLskvxA7obg3CyikF/hi+ro=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOyS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHfFKWfG+v63V1pb39jcKm9Xdnb39g+qh0dtozJNaIsornQ3xoZyJmnLMstpN9UUi5jTTjy+nfmdJ6oNU/LBTlIaCTyULGEEWye1w5gNw7xfrfl1fw60SoKC1KBAs1/9CgeKZIJKSzg2phf4qY1yrC0jnE4rYWZoiskYD2nPUYkFNVE+v3aKzpwyQInSrqRFc/X3RI6FMRMRu06B7cgsezPxP6+X2eQ6yplMM0slWSxKMo6sQrPX0YBpSiyfOIKJZu5WREZYY2JdQBUXQrD88ippX9QDvx7cX9YaN0UcZTiBUziHAK6gAXfQhBYQeIRneIU3T3kv3rv3sWgtecXMMfyB9/kDj+qPGw==</latexit><latexit sha1_base64="TTGPhLskvxA7obg3CyikF/hi+ro=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOyS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHfFKWfG+v63V1pb39jcKm9Xdnb39g+qh0dtozJNaIsornQ3xoZyJmnLMstpN9UUi5jTTjy+nfmdJ6oNU/LBTlIaCTyULGEEWye1w5gNw7xfrfl1fw60SoKC1KBAs1/9CgeKZIJKSzg2phf4qY1yrC0jnE4rYWZoiskYD2nPUYkFNVE+v3aKzpwyQInSrqRFc/X3RI6FMRMRu06B7cgsezPxP6+X2eQ6yplMM0slWSxKMo6sQrPX0YBpSiyfOIKJZu5WREZYY2JdQBUXQrD88ippX9QDvx7cX9YaN0UcZTiBUziHAK6gAXfQhBYQeIRneIU3T3kv3rv3sWgtecXMMfyB9/kDj+qPGw==</latexit>

�
<latexit sha1_base64="TTGPhLskvxA7obg3CyikF/hi+ro=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOyS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHfFKWfG+v63V1pb39jcKm9Xdnb39g+qh0dtozJNaIsornQ3xoZyJmnLMstpN9UUi5jTTjy+nfmdJ6oNU/LBTlIaCTyULGEEWye1w5gNw7xfrfl1fw60SoKC1KBAs1/9CgeKZIJKSzg2phf4qY1yrC0jnE4rYWZoiskYD2nPUYkFNVE+v3aKzpwyQInSrqRFc/X3RI6FMRMRu06B7cgsezPxP6+X2eQ6yplMM0slWSxKMo6sQrPX0YBpSiyfOIKJZu5WREZYY2JdQBUXQrD88ippX9QDvx7cX9YaN0UcZTiBUziHAK6gAXfQhBYQeIRneIU3T3kv3rv3sWgtecXMMfyB9/kDj+qPGw==</latexit><latexit sha1_base64="TTGPhLskvxA7obg3CyikF/hi+ro=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOyS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHfFKWfG+v63V1pb39jcKm9Xdnb39g+qh0dtozJNaIsornQ3xoZyJmnLMstpN9UUi5jTTjy+nfmdJ6oNU/LBTlIaCTyULGEEWye1w5gNw7xfrfl1fw60SoKC1KBAs1/9CgeKZIJKSzg2phf4qY1yrC0jnE4rYWZoiskYD2nPUYkFNVE+v3aKzpwyQInSrqRFc/X3RI6FMRMRu06B7cgsezPxP6+X2eQ6yplMM0slWSxKMo6sQrPX0YBpSiyfOIKJZu5WREZYY2JdQBUXQrD88ippX9QDvx7cX9YaN0UcZTiBUziHAK6gAXfQhBYQeIRneIU3T3kv3rv3sWgtecXMMfyB9/kDj+qPGw==</latexit><latexit sha1_base64="TTGPhLskvxA7obg3CyikF/hi+ro=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOyS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHfFKWfG+v63V1pb39jcKm9Xdnb39g+qh0dtozJNaIsornQ3xoZyJmnLMstpN9UUi5jTTjy+nfmdJ6oNU/LBTlIaCTyULGEEWye1w5gNw7xfrfl1fw60SoKC1KBAs1/9CgeKZIJKSzg2phf4qY1yrC0jnE4rYWZoiskYD2nPUYkFNVE+v3aKzpwyQInSrqRFc/X3RI6FMRMRu06B7cgsezPxP6+X2eQ6yplMM0slWSxKMo6sQrPX0YBpSiyfOIKJZu5WREZYY2JdQBUXQrD88ippX9QDvx7cX9YaN0UcZTiBUziHAK6gAXfQhBYQeIRneIU3T3kv3rv3sWgtecXMMfyB9/kDj+qPGw==</latexit><latexit sha1_base64="TTGPhLskvxA7obg3CyikF/hi+ro=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOyS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHfFKWfG+v63V1pb39jcKm9Xdnb39g+qh0dtozJNaIsornQ3xoZyJmnLMstpN9UUi5jTTjy+nfmdJ6oNU/LBTlIaCTyULGEEWye1w5gNw7xfrfl1fw60SoKC1KBAs1/9CgeKZIJKSzg2phf4qY1yrC0jnE4rYWZoiskYD2nPUYkFNVE+v3aKzpwyQInSrqRFc/X3RI6FMRMRu06B7cgsezPxP6+X2eQ6yplMM0slWSxKMo6sQrPX0YBpSiyfOIKJZu5WREZYY2JdQBUXQrD88ippX9QDvx7cX9YaN0UcZTiBUziHAK6gAXfQhBYQeIRneIU3T3kv3rv3sWgtecXMMfyB9/kDj+qPGw==</latexit>

�
<latexit sha1_base64="TTGPhLskvxA7obg3CyikF/hi+ro=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOyS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHfFKWfG+v63V1pb39jcKm9Xdnb39g+qh0dtozJNaIsornQ3xoZyJmnLMstpN9UUi5jTTjy+nfmdJ6oNU/LBTlIaCTyULGEEWye1w5gNw7xfrfl1fw60SoKC1KBAs1/9CgeKZIJKSzg2phf4qY1yrC0jnE4rYWZoiskYD2nPUYkFNVE+v3aKzpwyQInSrqRFc/X3RI6FMRMRu06B7cgsezPxP6+X2eQ6yplMM0slWSxKMo6sQrPX0YBpSiyfOIKJZu5WREZYY2JdQBUXQrD88ippX9QDvx7cX9YaN0UcZTiBUziHAK6gAXfQhBYQeIRneIU3T3kv3rv3sWgtecXMMfyB9/kDj+qPGw==</latexit><latexit sha1_base64="TTGPhLskvxA7obg3CyikF/hi+ro=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOyS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHfFKWfG+v63V1pb39jcKm9Xdnb39g+qh0dtozJNaIsornQ3xoZyJmnLMstpN9UUi5jTTjy+nfmdJ6oNU/LBTlIaCTyULGEEWye1w5gNw7xfrfl1fw60SoKC1KBAs1/9CgeKZIJKSzg2phf4qY1yrC0jnE4rYWZoiskYD2nPUYkFNVE+v3aKzpwyQInSrqRFc/X3RI6FMRMRu06B7cgsezPxP6+X2eQ6yplMM0slWSxKMo6sQrPX0YBpSiyfOIKJZu5WREZYY2JdQBUXQrD88ippX9QDvx7cX9YaN0UcZTiBUziHAK6gAXfQhBYQeIRneIU3T3kv3rv3sWgtecXMMfyB9/kDj+qPGw==</latexit><latexit sha1_base64="TTGPhLskvxA7obg3CyikF/hi+ro=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOyS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHfFKWfG+v63V1pb39jcKm9Xdnb39g+qh0dtozJNaIsornQ3xoZyJmnLMstpN9UUi5jTTjy+nfmdJ6oNU/LBTlIaCTyULGEEWye1w5gNw7xfrfl1fw60SoKC1KBAs1/9CgeKZIJKSzg2phf4qY1yrC0jnE4rYWZoiskYD2nPUYkFNVE+v3aKzpwyQInSrqRFc/X3RI6FMRMRu06B7cgsezPxP6+X2eQ6yplMM0slWSxKMo6sQrPX0YBpSiyfOIKJZu5WREZYY2JdQBUXQrD88ippX9QDvx7cX9YaN0UcZTiBUziHAK6gAXfQhBYQeIRneIU3T3kv3rv3sWgtecXMMfyB9/kDj+qPGw==</latexit><latexit sha1_base64="TTGPhLskvxA7obg3CyikF/hi+ro=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOyS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHfFKWfG+v63V1pb39jcKm9Xdnb39g+qh0dtozJNaIsornQ3xoZyJmnLMstpN9UUi5jTTjy+nfmdJ6oNU/LBTlIaCTyULGEEWye1w5gNw7xfrfl1fw60SoKC1KBAs1/9CgeKZIJKSzg2phf4qY1yrC0jnE4rYWZoiskYD2nPUYkFNVE+v3aKzpwyQInSrqRFc/X3RI6FMRMRu06B7cgsezPxP6+X2eQ6yplMM0slWSxKMo6sQrPX0YBpSiyfOIKJZu5WREZYY2JdQBUXQrD88ippX9QDvx7cX9YaN0UcZTiBUziHAK6gAXfQhBYQeIRneIU3T3kv3rv3sWgtecXMMfyB9/kDj+qPGw==</latexit>

4hn
<latexit sha1_base64="ybnL6984hSca2LeqP0mpCy0JxVU=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF48V7Ae0oWy2m2bp7ibsboQS+he8eFDEq3/Im//GTZqDtj4YeLw3w8y8IOFMG9f9diobm1vbO9Xd2t7+weFR/fikp+NUEdolMY/VIMCaciZp1zDD6SBRFIuA034wu8v9/hNVmsXy0cwT6gs8lSxkBJtcakVjOa433KZbAK0TryQNKNEZ179Gk5ikgkpDONZ66LmJ8TOsDCOcLmqjVNMEkxme0qGlEguq/ay4dYEurDJBYaxsSYMK9fdEhoXWcxHYToFNpFe9XPzPG6YmvPEzJpPUUEmWi8KUIxOj/HE0YYoSw+eWYKKYvRWRCCtMjI2nZkPwVl9eJ72rpuc2vYdWo31bxlGFMziHS/DgGtpwDx3oAoEInuEV3hzhvDjvzseyteKUM6fwB87nD8QYjgs=</latexit><latexit sha1_base64="ybnL6984hSca2LeqP0mpCy0JxVU=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF48V7Ae0oWy2m2bp7ibsboQS+he8eFDEq3/Im//GTZqDtj4YeLw3w8y8IOFMG9f9diobm1vbO9Xd2t7+weFR/fikp+NUEdolMY/VIMCaciZp1zDD6SBRFIuA034wu8v9/hNVmsXy0cwT6gs8lSxkBJtcakVjOa433KZbAK0TryQNKNEZ179Gk5ikgkpDONZ66LmJ8TOsDCOcLmqjVNMEkxme0qGlEguq/ay4dYEurDJBYaxsSYMK9fdEhoXWcxHYToFNpFe9XPzPG6YmvPEzJpPUUEmWi8KUIxOj/HE0YYoSw+eWYKKYvRWRCCtMjI2nZkPwVl9eJ72rpuc2vYdWo31bxlGFMziHS/DgGtpwDx3oAoEInuEV3hzhvDjvzseyteKUM6fwB87nD8QYjgs=</latexit><latexit sha1_base64="ybnL6984hSca2LeqP0mpCy0JxVU=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF48V7Ae0oWy2m2bp7ibsboQS+he8eFDEq3/Im//GTZqDtj4YeLw3w8y8IOFMG9f9diobm1vbO9Xd2t7+weFR/fikp+NUEdolMY/VIMCaciZp1zDD6SBRFIuA034wu8v9/hNVmsXy0cwT6gs8lSxkBJtcakVjOa433KZbAK0TryQNKNEZ179Gk5ikgkpDONZ66LmJ8TOsDCOcLmqjVNMEkxme0qGlEguq/ay4dYEurDJBYaxsSYMK9fdEhoXWcxHYToFNpFe9XPzPG6YmvPEzJpPUUEmWi8KUIxOj/HE0YYoSw+eWYKKYvRWRCCtMjI2nZkPwVl9eJ72rpuc2vYdWo31bxlGFMziHS/DgGtpwDx3oAoEInuEV3hzhvDjvzseyteKUM6fwB87nD8QYjgs=</latexit><latexit sha1_base64="ybnL6984hSca2LeqP0mpCy0JxVU=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF48V7Ae0oWy2m2bp7ibsboQS+he8eFDEq3/Im//GTZqDtj4YeLw3w8y8IOFMG9f9diobm1vbO9Xd2t7+weFR/fikp+NUEdolMY/VIMCaciZp1zDD6SBRFIuA034wu8v9/hNVmsXy0cwT6gs8lSxkBJtcakVjOa433KZbAK0TryQNKNEZ179Gk5ikgkpDONZ66LmJ8TOsDCOcLmqjVNMEkxme0qGlEguq/ay4dYEurDJBYaxsSYMK9fdEhoXWcxHYToFNpFe9XPzPG6YmvPEzJpPUUEmWi8KUIxOj/HE0YYoSw+eWYKKYvRWRCCtMjI2nZkPwVl9eJ72rpuc2vYdWo31bxlGFMziHS/DgGtpwDx3oAoEInuEV3hzhvDjvzseyteKUM6fwB87nD8QYjgs=</latexit>

4hn
<latexit sha1_base64="ybnL6984hSca2LeqP0mpCy0JxVU=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF48V7Ae0oWy2m2bp7ibsboQS+he8eFDEq3/Im//GTZqDtj4YeLw3w8y8IOFMG9f9diobm1vbO9Xd2t7+weFR/fikp+NUEdolMY/VIMCaciZp1zDD6SBRFIuA034wu8v9/hNVmsXy0cwT6gs8lSxkBJtcakVjOa433KZbAK0TryQNKNEZ179Gk5ikgkpDONZ66LmJ8TOsDCOcLmqjVNMEkxme0qGlEguq/ay4dYEurDJBYaxsSYMK9fdEhoXWcxHYToFNpFe9XPzPG6YmvPEzJpPUUEmWi8KUIxOj/HE0YYoSw+eWYKKYvRWRCCtMjI2nZkPwVl9eJ72rpuc2vYdWo31bxlGFMziHS/DgGtpwDx3oAoEInuEV3hzhvDjvzseyteKUM6fwB87nD8QYjgs=</latexit><latexit sha1_base64="ybnL6984hSca2LeqP0mpCy0JxVU=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF48V7Ae0oWy2m2bp7ibsboQS+he8eFDEq3/Im//GTZqDtj4YeLw3w8y8IOFMG9f9diobm1vbO9Xd2t7+weFR/fikp+NUEdolMY/VIMCaciZp1zDD6SBRFIuA034wu8v9/hNVmsXy0cwT6gs8lSxkBJtcakVjOa433KZbAK0TryQNKNEZ179Gk5ikgkpDONZ66LmJ8TOsDCOcLmqjVNMEkxme0qGlEguq/ay4dYEurDJBYaxsSYMK9fdEhoXWcxHYToFNpFe9XPzPG6YmvPEzJpPUUEmWi8KUIxOj/HE0YYoSw+eWYKKYvRWRCCtMjI2nZkPwVl9eJ72rpuc2vYdWo31bxlGFMziHS/DgGtpwDx3oAoEInuEV3hzhvDjvzseyteKUM6fwB87nD8QYjgs=</latexit><latexit sha1_base64="ybnL6984hSca2LeqP0mpCy0JxVU=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF48V7Ae0oWy2m2bp7ibsboQS+he8eFDEq3/Im//GTZqDtj4YeLw3w8y8IOFMG9f9diobm1vbO9Xd2t7+weFR/fikp+NUEdolMY/VIMCaciZp1zDD6SBRFIuA034wu8v9/hNVmsXy0cwT6gs8lSxkBJtcakVjOa433KZbAK0TryQNKNEZ179Gk5ikgkpDONZ66LmJ8TOsDCOcLmqjVNMEkxme0qGlEguq/ay4dYEurDJBYaxsSYMK9fdEhoXWcxHYToFNpFe9XPzPG6YmvPEzJpPUUEmWi8KUIxOj/HE0YYoSw+eWYKKYvRWRCCtMjI2nZkPwVl9eJ72rpuc2vYdWo31bxlGFMziHS/DgGtpwDx3oAoEInuEV3hzhvDjvzseyteKUM6fwB87nD8QYjgs=</latexit><latexit sha1_base64="ybnL6984hSca2LeqP0mpCy0JxVU=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF48V7Ae0oWy2m2bp7ibsboQS+he8eFDEq3/Im//GTZqDtj4YeLw3w8y8IOFMG9f9diobm1vbO9Xd2t7+weFR/fikp+NUEdolMY/VIMCaciZp1zDD6SBRFIuA034wu8v9/hNVmsXy0cwT6gs8lSxkBJtcakVjOa433KZbAK0TryQNKNEZ179Gk5ikgkpDONZ66LmJ8TOsDCOcLmqjVNMEkxme0qGlEguq/ay4dYEurDJBYaxsSYMK9fdEhoXWcxHYToFNpFe9XPzPG6YmvPEzJpPUUEmWi8KUIxOj/HE0YYoSw+eWYKKYvRWRCCtMjI2nZkPwVl9eJ72rpuc2vYdWo31bxlGFMziHS/DgGtpwDx3oAoEInuEV3hzhvDjvzseyteKUM6fwB87nD8QYjgs=</latexit>

4hn
<latexit sha1_base64="ybnL6984hSca2LeqP0mpCy0JxVU=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF48V7Ae0oWy2m2bp7ibsboQS+he8eFDEq3/Im//GTZqDtj4YeLw3w8y8IOFMG9f9diobm1vbO9Xd2t7+weFR/fikp+NUEdolMY/VIMCaciZp1zDD6SBRFIuA034wu8v9/hNVmsXy0cwT6gs8lSxkBJtcakVjOa433KZbAK0TryQNKNEZ179Gk5ikgkpDONZ66LmJ8TOsDCOcLmqjVNMEkxme0qGlEguq/ay4dYEurDJBYaxsSYMK9fdEhoXWcxHYToFNpFe9XPzPG6YmvPEzJpPUUEmWi8KUIxOj/HE0YYoSw+eWYKKYvRWRCCtMjI2nZkPwVl9eJ72rpuc2vYdWo31bxlGFMziHS/DgGtpwDx3oAoEInuEV3hzhvDjvzseyteKUM6fwB87nD8QYjgs=</latexit><latexit sha1_base64="ybnL6984hSca2LeqP0mpCy0JxVU=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF48V7Ae0oWy2m2bp7ibsboQS+he8eFDEq3/Im//GTZqDtj4YeLw3w8y8IOFMG9f9diobm1vbO9Xd2t7+weFR/fikp+NUEdolMY/VIMCaciZp1zDD6SBRFIuA034wu8v9/hNVmsXy0cwT6gs8lSxkBJtcakVjOa433KZbAK0TryQNKNEZ179Gk5ikgkpDONZ66LmJ8TOsDCOcLmqjVNMEkxme0qGlEguq/ay4dYEurDJBYaxsSYMK9fdEhoXWcxHYToFNpFe9XPzPG6YmvPEzJpPUUEmWi8KUIxOj/HE0YYoSw+eWYKKYvRWRCCtMjI2nZkPwVl9eJ72rpuc2vYdWo31bxlGFMziHS/DgGtpwDx3oAoEInuEV3hzhvDjvzseyteKUM6fwB87nD8QYjgs=</latexit><latexit sha1_base64="ybnL6984hSca2LeqP0mpCy0JxVU=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF48V7Ae0oWy2m2bp7ibsboQS+he8eFDEq3/Im//GTZqDtj4YeLw3w8y8IOFMG9f9diobm1vbO9Xd2t7+weFR/fikp+NUEdolMY/VIMCaciZp1zDD6SBRFIuA034wu8v9/hNVmsXy0cwT6gs8lSxkBJtcakVjOa433KZbAK0TryQNKNEZ179Gk5ikgkpDONZ66LmJ8TOsDCOcLmqjVNMEkxme0qGlEguq/ay4dYEurDJBYaxsSYMK9fdEhoXWcxHYToFNpFe9XPzPG6YmvPEzJpPUUEmWi8KUIxOj/HE0YYoSw+eWYKKYvRWRCCtMjI2nZkPwVl9eJ72rpuc2vYdWo31bxlGFMziHS/DgGtpwDx3oAoEInuEV3hzhvDjvzseyteKUM6fwB87nD8QYjgs=</latexit><latexit sha1_base64="ybnL6984hSca2LeqP0mpCy0JxVU=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF48V7Ae0oWy2m2bp7ibsboQS+he8eFDEq3/Im//GTZqDtj4YeLw3w8y8IOFMG9f9diobm1vbO9Xd2t7+weFR/fikp+NUEdolMY/VIMCaciZp1zDD6SBRFIuA034wu8v9/hNVmsXy0cwT6gs8lSxkBJtcakVjOa433KZbAK0TryQNKNEZ179Gk5ikgkpDONZ66LmJ8TOsDCOcLmqjVNMEkxme0qGlEguq/ay4dYEurDJBYaxsSYMK9fdEhoXWcxHYToFNpFe9XPzPG6YmvPEzJpPUUEmWi8KUIxOj/HE0YYoSw+eWYKKYvRWRCCtMjI2nZkPwVl9eJ72rpuc2vYdWo31bxlGFMziHS/DgGtpwDx3oAoEInuEV3hzhvDjvzseyteKUM6fwB87nD8QYjgs=</latexit>

h↵
nerN

<latexit sha1_base64="P8aFBj+kwJjUpG26qXi/WMZ+3+U=">AAACAnicbVA9SwNBEJ2LXzF+Ra3E5kgQUoU7Gy2DNlYSwXxAEo+9vUmyZG/v2N1TwhFs/Cs2ForY+ivsBAt/ipuPQhMfDDzem2Fmnh9zprTjfFqZpeWV1bXsem5jc2t7J7+7V1dRIinWaMQj2fSJQs4E1jTTHJuxRBL6HBv+4HzsN25RKhaJaz2MsROSnmBdRok2kpc/6Hvipk143CftOxagZjzAVI68Sy9fdMrOBPYicWekWCmUvr4BoOrlP9pBRJMQhaacKNVynVh3UiI1oxxHuXaiMCZ0QHrYMlSQEFUnnbwwso+MEtjdSJoS2p6ovydSEio1DH3TGRLdV/PeWPzPayW6e9pJmYgTjYJOF3UTbuvIHudhB0wi1XxoCKGSmVtt2ieSUG1Sy5kQ3PmXF0n9uOw6ZffKpHEGU2ThEApQAhdOoAIXUIUaULiHR3iGF+vBerJerbdpa8aazezDH1jvPwcZmgo=</latexit><latexit sha1_base64="fseEkL9YksLl1JIIf5vaB577Li0=">AAACAnicbVDLSsNAFJ34rPUVdSVuQovQVUnc1GXRjSupYB/Q1DCZ3DZDJ5MwM1FKKG78C9duXCji1h9w6070Y5w+Ftp64MLhnHu59x4/YVQq2/40FhaXlldWc2v59Y3NrW1zZ7ch41QQqJOYxaLlYwmMcqgrqhi0EgE48hk0/f7pyG9eg5A05pdqkEAnwj1Ou5RgpSXP3A89fuViloTYvaEBKMoCyMTQO/fMol22x7DmiTMlxWqh9P1Veb+veeaHG8QkjYArwrCUbcdOVCfDQlHCYJh3UwkJJn3cg7amHEcgO9n4haF1qJXA6sZCF1fWWP09keFIykHk684Iq1DOeiPxP6+dqu5xJ6M8SRVwMlnUTZmlYmuUhxVQAUSxgSaYCKpvtUiIBSZKp5bXITizL8+TxlHZscvOhU7jBE2QQweogErIQRVURWeohuqIoFv0gJ7Qs3FnPBovxuukdcGYzuyhPzDefgAlLZug</latexit><latexit sha1_base64="fseEkL9YksLl1JIIf5vaB577Li0=">AAACAnicbVDLSsNAFJ34rPUVdSVuQovQVUnc1GXRjSupYB/Q1DCZ3DZDJ5MwM1FKKG78C9duXCji1h9w6070Y5w+Ftp64MLhnHu59x4/YVQq2/40FhaXlldWc2v59Y3NrW1zZ7ch41QQqJOYxaLlYwmMcqgrqhi0EgE48hk0/f7pyG9eg5A05pdqkEAnwj1Ou5RgpSXP3A89fuViloTYvaEBKMoCyMTQO/fMol22x7DmiTMlxWqh9P1Veb+veeaHG8QkjYArwrCUbcdOVCfDQlHCYJh3UwkJJn3cg7amHEcgO9n4haF1qJXA6sZCF1fWWP09keFIykHk684Iq1DOeiPxP6+dqu5xJ6M8SRVwMlnUTZmlYmuUhxVQAUSxgSaYCKpvtUiIBSZKp5bXITizL8+TxlHZscvOhU7jBE2QQweogErIQRVURWeohuqIoFv0gJ7Qs3FnPBovxuukdcGYzuyhPzDefgAlLZug</latexit><latexit sha1_base64="1ADh7HsoSFdSrPvb1R0Zc9cmDH0=">AAACAnicbVBNS8NAEN3Ur1q/op7ES7AInkriRY9FL56kgv2AJobNZtIs3WzC7kYpoXjxr3jxoIhXf4U3/43bNgdtfTDweG+GmXlBxqhUtv1tVJaWV1bXquu1jc2t7R1zd68j01wQaJOUpaIXYAmMcmgrqhj0MgE4CRh0g+HlxO/eg5A05bdqlIGX4AGnESVYack3D2Kf37mYZTF2H2gIirIQCjH2r32zbjfsKaxF4pSkjkq0fPPLDVOSJ8AVYVjKvmNnyiuwUJQwGNfcXEKGyRAPoK8pxwlIr5i+MLaOtRJaUSp0cWVN1d8TBU6kHCWB7kywiuW8NxH/8/q5is69gvIsV8DJbFGUM0ul1iQPK6QCiGIjTTARVN9qkRgLTJROraZDcOZfXiSd04ZjN5wbu968KOOookN0hE6Qg85QE12hFmojgh7RM3pFb8aT8WK8Gx+z1opRzuyjPzA+fwD2O5fE</latexit>

f(·)
<latexit sha1_base64="CjK5saAseRcZqQQzrwfSQe6I+Xw=">AAAB73icbVDLSgNBEOyNrxhfUY9ehgQhIoRdL3oMevEYwTwgu4TZ2dlkyOzMOjMrhCU/4cWDIrn6O978GyePgyYWNBRV3XR3hSln2rjut1PY2Nza3inulvb2Dw6PyscnbS0zRWiLSC5VN8SaciZoyzDDaTdVFCchp51wdDfzO89UaSbFoxmnNEjwQLCYEWys1I1rPomkueiXq27dnQOtE29Jqo2KfzkFgGa//OVHkmQJFYZwrHXPc1MT5FgZRjidlPxM0xSTER7QnqUCJ1QH+fzeCTq3SoRiqWwJg+bq74kcJ1qPk9B2JtgM9ao3E//zepmJb4KciTQzVJDFojjjyEg0ex5FTFFi+NgSTBSztyIyxAoTYyMq2RC81ZfXSfuq7rl178GmcQsLFOEMKlADD66hAffQhBYQ4PACb/DuPDmvzoczXbQWnOXMKfyB8/kDdE2RDA==</latexit><latexit sha1_base64="KduT8kPh1VXEHv5gEBPkQ7z8ULY=">AAAB73icbVDLSgNBEJz1GeMr6tHLkCBEhLDrRY9BLx4jmAckS5idnU2GzM6sM73CsuQnRPCgiFd/x1v+xsnjoIkFDUVVN91dQSK4AdedOGvrG5tb24Wd4u7e/sFh6ei4ZVSqKWtSJZTuBMQwwSVrAgfBOolmJA4Eawej26nffmLacCUfIEuYH5OB5BGnBKzUiao9Gio475cqbs2dAa8Sb0Eq9XLv4mVSzxr90ncvVDSNmQQqiDFdz03Az4kGTgUbF3upYQmhIzJgXUsliZnx89m9Y3xmlRBHStuSgGfq74mcxMZkcWA7YwJDs+xNxf+8bgrRtZ9zmaTAJJ0vilKBQeHp8zjkmlEQmSWEam5vxXRINKFgIyraELzll1dJ67LmuTXv3qZxg+YooFNURlXkoStUR3eogZqIIoGe0Rt6dx6dV+fD+Zy3rjmLmRP0B87XD323kpI=</latexit><latexit sha1_base64="KduT8kPh1VXEHv5gEBPkQ7z8ULY=">AAAB73icbVDLSgNBEJz1GeMr6tHLkCBEhLDrRY9BLx4jmAckS5idnU2GzM6sM73CsuQnRPCgiFd/x1v+xsnjoIkFDUVVN91dQSK4AdedOGvrG5tb24Wd4u7e/sFh6ei4ZVSqKWtSJZTuBMQwwSVrAgfBOolmJA4Eawej26nffmLacCUfIEuYH5OB5BGnBKzUiao9Gio475cqbs2dAa8Sb0Eq9XLv4mVSzxr90ncvVDSNmQQqiDFdz03Az4kGTgUbF3upYQmhIzJgXUsliZnx89m9Y3xmlRBHStuSgGfq74mcxMZkcWA7YwJDs+xNxf+8bgrRtZ9zmaTAJJ0vilKBQeHp8zjkmlEQmSWEam5vxXRINKFgIyraELzll1dJ67LmuTXv3qZxg+YooFNURlXkoStUR3eogZqIIoGe0Rt6dx6dV+fD+Zy3rjmLmRP0B87XD323kpI=</latexit><latexit sha1_base64="6iYIxes/MnLRymB6mlJy2AYjuAM=">AAAB73icbVBNS8NAEJ34WetX1aOXYBHqpSRe9Fj04rGC/YA2lM1m0y7d7MbdiVBC/4QXD4p49e9489+4bXPQ1gcDj/dmmJkXpoIb9LxvZ219Y3Nru7RT3t3bPzisHB23jco0ZS2qhNLdkBgmuGQt5ChYN9WMJKFgnXB8O/M7T0wbruQDTlIWJGQoecwpQSt141qfRgovBpWqV/fmcFeJX5AqFGgOKl/9SNEsYRKpIMb0fC/FICcaORVsWu5nhqWEjsmQ9SyVJGEmyOf3Tt1zq0RurLQtie5c/T2Rk8SYSRLazoTgyCx7M/E/r5dhfB3kXKYZMkkXi+JMuKjc2fNuxDWjKCaWEKq5vdWlI6IJRRtR2YbgL7+8StqXdd+r+/detXFTxFGCUziDGvhwBQ24gya0gIKAZ3iFN+fReXHenY9F65pTzJzAHzifP2HOj4M=</latexit>

h↵
ner1

<latexit sha1_base64="E6DD+RjLZ3ghoFVMAhxZn+CL2TM=">AAACAnicbVA9SwNBEJ3zM8avUyuxORKEVOHORsugjWUE8wFJPPb2JsmSvb1jd08JR7Dxr9hYKGLrr7ATLPwpbj4KTXww8Hhvhpl5QcKZ0q77aS0tr6yurec28ptb2zu79t5+XcWppFijMY9lMyAKORNY00xzbCYSSRRwbASDi7HfuEWpWCyu9TDBTkR6gnUZJdpIvn3Y98VNm/CkT9p3LETNeIiZHPmebxfdsjuBs0i8GSlWCqWvbwCo+vZHO4xpGqHQlBOlWp6b6E5GpGaU4yjfThUmhA5ID1uGChKh6mSTF0bOsVFCpxtLU0I7E/X3REYipYZRYDojovtq3huL/3mtVHfPOhkTSapR0OmibsodHTvjPJyQSaSaDw0hVDJzq0P7RBKqTWp5E4I3//IiqZ+UPbfsXZk0zmGKHBxBAUrgwSlU4BKqUAMK9/AIz/BiPVhP1qv1Nm1dsmYzB/AH1vsP2xaZ7Q==</latexit><latexit sha1_base64="moa/BoUCArR1E6KJYBhKHiJ055s=">AAACAnicbVC7TsNAEDyHVwgvAxWisRIhpYpsmlBG0FAGiTyk2Fjn8yY55Xy27s6gyIpo+AtqGgoQouUHaOkQfAyXRwEJI600mtnV7k6QMCqVbX8auaXlldW1/HphY3Nre8fc3WvKOBUEGiRmsWgHWAKjHBqKKgbtRACOAgatYHA29lvXICSN+aUaJuBFuMdplxKstOSbB32fX7mYJX3s3tAQFGUhZGLkO75Zsiv2BNYicWakVCuWv7+q7/d13/xww5ikEXBFGJay49iJ8jIsFCUMRgU3lZBgMsA96GjKcQTSyyYvjKwjrYRWNxa6uLIm6u+JDEdSDqNAd0ZY9eW8Nxb/8zqp6p54GeVJqoCT6aJuyiwVW+M8rJAKIIoNNcFEUH2rRfpYYKJ0agUdgjP/8iJpHlccu+Jc6DRO0RR5dIiKqIwcVEU1dI7qqIEIukUP6Ak9G3fGo/FivE5bc8ZsZh/9gfH2A/kqm4M=</latexit><latexit sha1_base64="moa/BoUCArR1E6KJYBhKHiJ055s=">AAACAnicbVC7TsNAEDyHVwgvAxWisRIhpYpsmlBG0FAGiTyk2Fjn8yY55Xy27s6gyIpo+AtqGgoQouUHaOkQfAyXRwEJI600mtnV7k6QMCqVbX8auaXlldW1/HphY3Nre8fc3WvKOBUEGiRmsWgHWAKjHBqKKgbtRACOAgatYHA29lvXICSN+aUaJuBFuMdplxKstOSbB32fX7mYJX3s3tAQFGUhZGLkO75Zsiv2BNYicWakVCuWv7+q7/d13/xww5ikEXBFGJay49iJ8jIsFCUMRgU3lZBgMsA96GjKcQTSyyYvjKwjrYRWNxa6uLIm6u+JDEdSDqNAd0ZY9eW8Nxb/8zqp6p54GeVJqoCT6aJuyiwVW+M8rJAKIIoNNcFEUH2rRfpYYKJ0agUdgjP/8iJpHlccu+Jc6DRO0RR5dIiKqIwcVEU1dI7qqIEIukUP6Ak9G3fGo/FivE5bc8ZsZh/9gfH2A/kqm4M=</latexit><latexit sha1_base64="utcq1yZsXv8dBldU3veQfFQ4gUU=">AAACAnicbVBNS8NAEN34WetX1JN4WSyCp5J40WPRi8cK9gOaGDabSbt0swm7G6WE4sW/4sWDIl79Fd78N27bHLT1wcDjvRlm5oUZZ0o7zre1tLyyurZe2ahubm3v7Np7+22V5pJCi6Y8ld2QKOBMQEszzaGbSSBJyKETDq8mfucepGKpuNWjDPyE9AWLGSXaSIF9OAjEnUd4NiDeA4tAMx5BIceBG9g1p+5MgReJW5IaKtEM7C8vSmmegNCUE6V6rpNpvyBSM8phXPVyBRmhQ9KHnqGCJKD8YvrCGJ8YJcJxKk0Jjafq74mCJEqNktB0JkQP1Lw3Ef/zermOL/yCiSzXIOhsUZxzrFM8yQNHTALVfGQIoZKZWzEdEEmoNqlVTQju/MuLpH1Wd526e+PUGpdlHBV0hI7RKXLROWqga9RELUTRI3pGr+jNerJerHfrY9a6ZJUzB+gPrM8fykeXpw==</latexit>
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Figure 2.1: The black solid line represents the construction of f(·) under the alternative

hypothesis H̃1. The thick red segments indicate the support of X under both H0 and H̃1, on

whichX is uniformly distributed. Here, hn � n−2/(4α+1) and is chosen such thatN := 1/(6hn)

is a positive integer. {r̃i}Ni=1 are N i.i.d. standard normal variables.

Choice of σ2: Under H0, let σ2 = 1 + θ2
n. Under H̃1, let σ2 = 1.

Choice of ε: Under both H0 and H̃1, let ε ∼ N (0, 1).

Choice of X: Under both H0 and H̃1, let {Xi}ni=1 be uniformly distributed over the

union of the upper bases of the trapezoids, that is, over
⋃N
i=1[(6i− 5)hn, (6i− 1)hn].

See Figure 2.1 for an illustration of the construction.

In contrast to the spike-type construction of f(·) in the fixed design setting, our construc-

tion is trapezoid-shaped, which guarantees a maximal variation in the mean to compensate
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for the difference in the variance under the null and alternative. This is unnecessary in the

fixed design setting since the point of maximal variation in the mean (center of each spike)

can be directly placed at each fixed Xi = i/n, resulting in n evenly spaced spikes in f(·).
Denote the joint distribution of {(Xi, Yi)}ni=1 under H0 and H̃1 by P0 and P̃1 with respec-

tive density p0 and p̃1. Under the above construction, conditional on {Xi}ni=1, {Yi}ni=1 are

distributed as

H0 : p0({Yi}ni=1 | {Xi}ni=1) =
n∏

i=1

ϕ0,1+θ2
n
(Yi)

and

H̃1 : p̃1({Yi}ni=1 | {Xi}ni=1) =
N∏

j=1

∫ 
 ∏

{i:bi=j}

ϕhαnv,1(Yi)


ϕ(v)dv,

where {bi}ni=1 is the location index sequence of {Xi}ni=1 defined as

bi := j if Xi ∈ [(6j − 5)hn, (6j − 1)hn],

which characterizes which trapezoid each Xi falls into. Using Lemma 6 that will be stated

in Section A.1, one can then upper bound

TV(P0, P̃1) = ETV(P0({Yi}ni=1 | {Xi}ni=1), P̃1({Yi}ni=1 | {Xi}ni=1)) . θ2
nnh

1/2
n ,

which can be made smaller than a sufficiently small constant c by choosing hn sufficiently

small.

The second step of the proof aims to find a sequence of bounded random variables {ri}Ni=1

to replace the standard normal sequence {r̃i}Ni=1 in P̃1, so that for each realization of {ri}Ni=1,

the corresponding f(·) in the alternative is α-Hölder smooth with a fixed constant. Then,

denoting the distribution of {ri}Ni=1 as G, one wishes to approximate the conditional distri-

bution P̃1({Yi}ni=1 | {Xi}ni=1) in H̃1 by P1({Yi}ni=1 | {Xi}ni=1) with density

p1({Yi}ni=1 | {Xi}ni=1) =
N∏

j=1

∫ 
 ∏

{i:bi=j}

ϕhαnv,1(Yi)


G(dv)
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inH1. Even with the aid of moment matching techniques already established in the literature,

upper bounding TV(P1, P̃1) is still nontrivial. Specifically, unlike in the fixed design setting,

now with high probability the conditional distribution of {Yi}ni=1 given {Xi}ni=1 is no longer

a product measure. This is because multiple Xi’s could fall into the same trapezoid in the

construction of f(·). This can be handled relatively easily in the first step since there we

only have to analyze the pairwise correlation of Yi | Xi and Yj | Xj depending on whether Xi

and Xj fall into the same trapezoid, but it is much less tractable in the second step. More

specifically, in order to match moments, we now have to divide the Xi’s into groups based on

their memberships among the trapezoids, which naturally requires us to monitor the locations

of {Xi}ni=1, and in particular the number of Xi’s that fall into the same trapezoid. This is

possible by observing that the memberships of {Xi}ni=1 now follow a sparse multinomial

distribution (n2/(4α+1) bins, n balls) so that a result in Kolchin et al. (1978) can be applied.

This allows us to show that with high probability the maximum number of Xi’s in each

trapezoid is bounded by a fixed constant, which, along with Lemma 5 in Section A.1, allows

us to calculate

TV(P1, P̃1) . nθ2p
n

for p := 1 + d1/4αe. This indicates that TV(P1, P̃1) is smaller than some sufficiently small

constant c. Then, by the triangle inequality,

TV(P0,P1) ≤ TV(P0, P̃1) + TV(P1, P̃1) ≤ 2c.

Details of the above derivation will be given in Section A.1. The resulting lower bound

is as follows.

Theorem 2. Under (2.2) with random design, it holds that

inf
σ̃2

sup
f∈Λα,I(CF )

sup
σ2≤Cσ

sup
P(X,ε)∈Pcv,(X,ε)

E
(
σ̃2 − σ2

)2 ≥ c
(
n−8α/(4α+1) ∨ n−1

)
,

where c is some fixed positive constant that only depends on α,CF , Cσ and C0, c0, Cε in

Pcv,(X,ε), and σ̃2 ranges over all estimators of σ2.
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Remark 3. It remains an open problem to prove a lower bound rate that is strictly slower

than n−1 over the sub-class of Pcv,(X,ε) with more regular designs, which includes in particular

the uniform design on [0, 1]. We conjecture that in this case, n−8α/(4α+1) ∨ n−1 is still the

minimax rate in view of analogous results in quadratic functional estimation (Bickel and

Ritov, 1988; Fan, 1991).

2.3 Heteroscedastic case

We now study the heteroscedastic model (2.1),

Yi = f(Xi) + V 1/2(Xi)εi, i = 1, 2, . . . , n,

where {Xi}ni=1 are i.i.d. copies of X on the real line, f(·) and V (·) are α- and β-Hölder

smooth on the fixed (possibly infinite) interval I, respectively, and {εi}ni=1 are i.i.d. copies

of ε with zero mean and unit variance and are independent of {Xi}ni=1. As in Section 2.2,

smoothness indices α and β are assumed known, while f(·), V (·), and the distribution of X

are unknown. For any estimator Ṽ (·), the estimation accuracy is measured both locally via

R1(Ṽ , V ;x∗) :=
(
Ṽ (x∗)− V (x∗)

)2

(2.12)

at a point x∗ in the support of X, supp(X), and globally via

R2(Ṽ , V ) :=

∫ (
Ṽ (x)− V (x)

)2

PX(dx) (2.13)

with PX the distribution of X.

Model (2.1) has been studied in, for example, Muller and Stadtmuller (1987), Hall and

Carroll (1989), Ruppert et al. (1997), Härdle and Tsybakov (1997), Fan and Yao (1998),

Munk and Ruymgaart (2002), Brown and Levine (2007), Wang et al. (2008), with a focus

mainly on the fixed design case. An exception is Munk and Ruymgaart (2002), with which

we draw a detailed comparison in Remark 8 below. Theorems 1 and 2 in Wang et al. (2008)
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established a minimax rate of the order n−4α∨n−2β/(2β+1) under equidistance designXi = i/n,

i ∈ [n] when f(·) and V (·) are α- and β-Hölder smooth on [0,1].

Define Pvf,(X,ε) (where “vf” stands for “variance function”) as follows:

(a) X satisfies supp(X) ⊂ I.

(b) X has density pX(·), and there exists a fixed positive constant C0 such that

sup
x∈R

pX(x) ≤ C0.

(c) There exist fixed positive constants c0 and δ0 such that

inf
x∗∈supp(X)

pX(x∗) ≥ c0 and

inf
0<δ<δ0

inf
x∗∈supp(X)

λ({u ∈ [−1, 1] : x∗ + δu ∈ supp(X)}) ≥ c0,

where λ(·) is the Lebesgue measure on the real line.

(d) Eε4 ≤ Cε for some fixed positive constant Cε.

One can readily verify that Pvf,(X,ε) ⊂ Pcv,(X,ε), with the latter defined in the beginning of

Section 2.2. Compared to Pcv,(X,ε), Condition (c) in Pvf,(X,ε) is posed on the marginal density

and support of X, since in the variance function case we require a sufficient number of close

pairs (Xi, Xj) around each target x∗. We also note that, as in Pcv,(X,ε), no smoothness

assumption is posed on the design density in Pvf,(X,ε).

The rest of the section is devoted to proving, for any fixed positive constants CF and CV ,

the following minimax rates

inf
Ṽ

sup
f∈Λα,I(CF )

sup
V ∈Λβ,I(CV )

sup
P(X,ε)∈Pvf,(X,ε)

sup
x∗∈supp(X)

ER1(Ṽ , V ;x∗)�n−
8αβ

4αβ+2α+β ∨n−
2β

2β+1 ,

inf
Ṽ

sup
f∈Λα,I(CF )

sup
V ∈Λβ,I(CV )

sup
P(X,ε)∈Pvf,(X,ε)

ER2(Ṽ , V )�n−
8αβ

4αβ+2α+β ∨n−
2β

2β+1 ,
(2.14)

where P(X,ε) denotes the joint distribution of (X, ε), and Ṽ (·) ranges over all estimators of

V (·).
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2.3.1 Upper bound

We now propose an estimator of V (x∗) for some fixed x∗ ∈ supp(X) by combining pairwise

differences with local polynomial regression. We first introduce some notation. Let ` be the

largest integer strictly smaller than β and

q(u) := (1, u, u2/2!, . . . , u`/`!)>.

For any 1 ≤ i < j ≤ n, define

Dij := (Yi − Yj)2/2, Xij := (Xi +Xj)/2, and Kij := Kh1(Xi −Xj)Kh2(Xij − x∗),

where h1, h2 are two bandwidths. Define an (`+ 1)× (`+ 1) matrix

Bn :=

(
n

2

)−1∑

i<j

q

(
Xij − x∗

h2

)
q>
(
Xij − x∗

h2

)
Kij

and B∗n as its adjugate such that BnB
∗
n = B∗nBn = |Bn|I`+1. For example, when ` = 1, we

have

Bn =


s0 s1

s1 s2


 , B∗n =


 s2 −s1

−s1 s0


 , and |Bn| = s0s2 − s2

1,

where

sk :=

(
n

2

)−1∑

i<j

(
Xij − x∗

h2

)k
Kij, k = 0, 1, 2.

Following Fan (1993), we propose a robust local polynomial estimator:

V̂LP(x∗) :=

(
n

2

)−1∑

i<j

Dij(|Bn|+ τn)−1q>(0)B∗nq

(
Xij − x∗

h2

)
Kij, (2.15)

where τn is some sufficiently small positive constant that decays to 0 polynomially with n.

Let

wij :=

(
n

2

)−1

q>(0)B∗nq

(
Xij − x∗

h2

)
Kij and w̃ij := wij/(|Bn|+ τn).
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Then, it holds that V̂LP(x∗) =
∑

i<j w̃ijDij,
∑

i<j wij = |Bn|, and

∑

i<j

wij(Xij − x∗)k =
∑

i<j

w̃ij(Xij − x∗)k = 0, k = 1, 2, . . . , `. (2.16)

The last property (2.16) is referred to as the reproducing property of local polynomial esti-

mators (cf. Proposition 1.12 in Tsybakov (2009a)).

Theorem 3. Suppose the kernel K(·) in V̂LP is chosen such that (2.9) holds with constants

MK and MK, τn � n−κ for some fixed constant κ ≥ 1, and the bandwidths h1, h2 are chosen

as

(h1, h2) �





(
n−

2β
4αβ+β+2α , n−

4α
4αβ+β+2α

)
, 0 < α < β

4β+2
,

(
n−1, n−

1
2β+1

)
, α ≥ β

4β+2
.

(2.17)

Then, under (2.1) with random design, it holds that

sup
f∈Λα,I(CF )

sup
V ∈Λβ,I(CV )

sup
P(X,ε)∈Pvf,(X,ε)

sup
x∗∈supp(X)

ER1(V̂LP, V ;x∗)≤C
(
n−

8αβ
4αβ+β+2α∨n−

2β
2β+1

)

and

sup
f∈Λα,I(CF )

sup
V ∈Λβ,I(CV )

sup
P(X,ε)∈Pvf,(X,ε)

ER2(V̂LP, V ) ≤ C
(
n−

8αβ
4αβ+β+2α ∨ n−

2β
2β+1

)
,

where C is some fixed positive constant that only depends on MK ,MK , α, β, CF , CV and

C0, c0, Cε in Pvf,(X,ε).

Remark 4. Variance function estimation in (2.1) with fixed design Xi = i/n, i ∈ [n], has

been studied in Wang et al. (2008). There the minimax rate is

inf
Ṽ

sup
f∈Λα,[0,1](CF )

sup
V ∈Λβ,[0,1](CV )

sup
Eε4≤Cε

sup
x∗∈[0,1]

ER1(Ṽ , V ;x∗) � n−4α ∨ n−2β/(2β+1),

inf
Ṽ

sup
f∈Λα,[0,1](CF )

sup
V ∈Λβ,[0,1](CV )

sup
Eε4≤Cε

ER2(Ṽ , V ) � n−4α ∨ n−2β/(2β+1),
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with the integral in R2 under the Lebesgue measure on [0, 1]. Comparing the above result

with the error rate in Theorem 3, we see that the transition boundary in both the fixed and

random design settings is α = β/(4β+2). When α ≥ β/(4β+2), V (·) under both R1 and R2

can be estimated at the classic nonparametric rate n−2β/(2β+1) as if the mean function f(·)
were known. When α < β/(4β+ 2), a faster rate can be achieved in the random design case.

This can be intuitively understood by the fact that, by constrast to the fixed design case, a

significant portion of pairs have distance smaller than 1/n in the random design setting.

Remark 5. As has been noted in Wang et al. (2008), in the fixed design setting, estimating

the variance (function) by smoothing the squared residuals obtained from pre-estimation of

the mean function f(·) is sub-optimal. The same conclusion also applies to the random design

setting. Since the design being fixed or random has no first-order effect on the estimation of

the mean, the above method only achieves the rates n−4α/(2α+1) ∨ n−1 in variance estimation

and n−4α/(2α+1) ∨ n−2β/(2β+1) in variance function estimation, neither of which is minimax

optimal.

Remark 6. Unlike in the fixed design case, once below the threshold α = β/(4β + 2), α and

β are now both present in the minimax rate in the random design case, suggesting that the

smoothness of V (·) always has an effect on its estimation. This is because variance function

estimation in the random design setting is essentially a “two-dimensional” problem, where

we have to jointly choose two optimal neighborhood sizes to characterize the closeness between

(i) each Xi and Xj; and (ii) every pair (Xi, Xj) and each target point x∗. By contrast, in

the fixed design setting, the distance between Xi and Xj is constrained to be no smaller than

1/n, and thus cannot be jointly optimized with the distance between (Xi, Xj) and x∗.

Remark 7. One might wonder whether the following Nadaraya-Watson type estimator can

be used to establish the upper bound in Theorem 3:

V̂NW(x∗) :=

∑
i<jKh1(Xi −Xj)Kh2(Xij − x∗)Dij∑
i<jKh1(Xi −Xj)Kh2(Xij − x∗)

, (2.18)
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where K(·) is now chosen to be a higher-order kernel to further reduce bias when β > 1. It

turns out that the analysis of V̂NW requires an extra assumption on the smoothness of the

density pX(·) which can be completely avoided with V̂LP. Moreover, it is well-known that local

polynomial estimators have good finite sample properties and boundary performances when

X is compactly supported (Fan and Gijbels, 1995).

Remark 8. Munk and Ruymgaart (2002) considered minimax estimation of the variance

function (and more generally, its derivatives) in the context of nonparametric regression with

random design. We focus on the comparison of their results on variance function estimation

with ours. Their lower bound (Theorem 1 therein) is proved independent of the smoothness

level of the mean function and upper bound (Theorem 4 therein) is proved under sufficient

smoothness on the mean function. Therefore their minimax rate is only comparable to the

n−2β/(2β+1) component in ours. In this case, their lower bound of the order n−(2β−1)/(2β) is

proved over the following class of variance function:

Sβ :=

{
1 +

∞∑

k=1

δkek : |δk| . k−β

}

for any β > 1, where {ek}∞k=1 is an arbitrary basis on L2([−π, π]). Moreover, continu-

ous differentiability of the error density is required in their paper. In contrast, we pose no

smoothness conditions on the error density, and neither Sβ nor Sβ+1/2 can be embedded in the

β-Hölder class Λβ considered in our setting (e.g., f(x) = |x| with domain [−π, π] belongs to

S2 but is not 1.5- or 2-Hölder smooth since it is not differentiable at the origin). In summary,

the results in Munk and Ruymgaart (2002) neither imply nor contradict the n−2β/(2β+1) part

in our minimax rate, and our results are more refined since they characterize the exact elbow

α = β/(4β + 2) and also the minimax rate below this threshold.

2.3.2 Lower bound

The following are matching lower bounds to Theorem 3.
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Theorem 4. Under (2.1) with random design, for any x∗ ∈ supp(X),

inf
Ṽ

sup
f∈Λα,I(CF )

sup
V ∈Λβ,I(CV )

sup
P(X,ε)∈Pvf,(X,ε)

ER1(Ṽ , V ;x∗) ≥ c
(
n−

8αβ
4αβ+β+2α ∨ n−

2β
2β+1

)
,

where c is some fixed positive constant that only depends on α, β, CF , CV and C0, c0, Cε in

Pvf,(X,ε), and Ṽ ranges over all estimators of V .

Theorem 5. Under (2.1) with random design,

inf
Ṽ

sup
f∈Λα,I(CF )

sup
V ∈Λβ,I(CV )

sup
P(X,ε)∈Pvf,(X,ε)

ER2(Ṽ , V ) ≥ c
(
n−

8αβ
4αβ+β+2α ∨ n−

2β
2β+1

)
,

where c is some fixed positive constant that only depends on α, β, CF , CV and C0, c0, Cε in

Pvf,(X,ε), and Ṽ ranges over all estimators of V .

Due to the appearances of both α and β in the nontrivial n−
8αβ

4αβ+β+2α part of the minimax

rate, proving the above two results is more involved than proving Theorem 2. In particu-

lar, it takes an extra step of localization in the construction of the mean function f(·) as

well as V (·). More precisely, for the lower bound at a target point x∗ in Theorem 4, our

construction of both f(·) and V (·) only has variation within a small neighborhood of x∗.

Such localized construction is not necessary in the fixed design setting, since when proving

the n−4α component therein (see Remark 4), the variance function can simply be taken as a

constant.

In what follows, we give a proof sketch of the nontrivial n−8αβ/(4αβ+β+2α) component of

the lower bound in Theorem 4 for α < β/(4β + 2); the proof of Theorem 5 can be seen as

an extension of Theorem 4 via a standard construction of multiple hypotheses. We assume

the support of X is contained in I = [0, 1], and for clarity of illustration, here we present

the construction for an interior point x∗ ∈ (0, 1)
⋂

supp(X). The proof works for boundary

points as well.

We continue to adopt the two-step approach introduced in the proof sketch of Theorem

2 in Section 2.2.2. The second step is very similar with the help of Lemmas 5 and 7, so we
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<latexit sha1_base64="ESYMlDUFtX2Yccw6xjMz4FqBjdE=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/QhrLZbNqlm03cnQil9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSqFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZZJMM95kiUx0J6CGS6F4EwVK3kk1p3EgeTsY3c789hPXRiTqAccp92M6UCISjKKVOq1qj4UJnvfLFbfmzkFWiZeTCuRo9MtfvTBhWcwVMkmN6Xpuiv6EahRM8mmplxmeUjaiA961VNGYG38yv3dKzqwSkijRthSSufp7YkJjY8ZxYDtjikOz7M3E/7xuhtG1PxEqzZArtlgUZZJgQmbPk1BozlCOLaFMC3srYUOqKUMbUcmG4C2/vEpaFzXPrXn3l5X6TR5HEU7gFKrgwRXU4Q4a0AQGEp7hFd6cR+fFeXc+Fq0FJ585hj9wPn8ASl6Pdw==</latexit><latexit sha1_base64="ESYMlDUFtX2Yccw6xjMz4FqBjdE=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/QhrLZbNqlm03cnQil9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSqFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZZJMM95kiUx0J6CGS6F4EwVK3kk1p3EgeTsY3c789hPXRiTqAccp92M6UCISjKKVOq1qj4UJnvfLFbfmzkFWiZeTCuRo9MtfvTBhWcwVMkmN6Xpuiv6EahRM8mmplxmeUjaiA961VNGYG38yv3dKzqwSkijRthSSufp7YkJjY8ZxYDtjikOz7M3E/7xuhtG1PxEqzZArtlgUZZJgQmbPk1BozlCOLaFMC3srYUOqKUMbUcmG4C2/vEpaFzXPrXn3l5X6TR5HEU7gFKrgwRXU4Q4a0AQGEp7hFd6cR+fFeXc+Fq0FJ585hj9wPn8ASl6Pdw==</latexit><latexit sha1_base64="ESYMlDUFtX2Yccw6xjMz4FqBjdE=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/QhrLZbNqlm03cnQil9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSqFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZZJMM95kiUx0J6CGS6F4EwVK3kk1p3EgeTsY3c789hPXRiTqAccp92M6UCISjKKVOq1qj4UJnvfLFbfmzkFWiZeTCuRo9MtfvTBhWcwVMkmN6Xpuiv6EahRM8mmplxmeUjaiA961VNGYG38yv3dKzqwSkijRthSSufp7YkJjY8ZxYDtjikOz7M3E/7xuhtG1PxEqzZArtlgUZZJgQmbPk1BozlCOLaFMC3srYUOqKUMbUcmG4C2/vEpaFzXPrXn3l5X6TR5HEU7gFKrgwRXU4Q4a0AQGEp7hFd6cR+fFeXc+Fq0FJ585hj9wPn8ASl6Pdw==</latexit><latexit sha1_base64="ESYMlDUFtX2Yccw6xjMz4FqBjdE=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/QhrLZbNqlm03cnQil9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSqFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZZJMM95kiUx0J6CGS6F4EwVK3kk1p3EgeTsY3c789hPXRiTqAccp92M6UCISjKKVOq1qj4UJnvfLFbfmzkFWiZeTCuRo9MtfvTBhWcwVMkmN6Xpuiv6EahRM8mmplxmeUjaiA961VNGYG38yv3dKzqwSkijRthSSufp7YkJjY8ZxYDtjikOz7M3E/7xuhtG1PxEqzZArtlgUZZJgQmbPk1BozlCOLaFMC3srYUOqKUMbUcmG4C2/vEpaFzXPrXn3l5X6TR5HEU7gFKrgwRXU4Q4a0AQGEp7hFd6cR+fFeXc+Fq0FJ585hj9wPn8ASl6Pdw==</latexit>

�
<latexit sha1_base64="TTGPhLskvxA7obg3CyikF/hi+ro=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOyS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHfFKWfG+v63V1pb39jcKm9Xdnb39g+qh0dtozJNaIsornQ3xoZyJmnLMstpN9UUi5jTTjy+nfmdJ6oNU/LBTlIaCTyULGEEWye1w5gNw7xfrfl1fw60SoKC1KBAs1/9CgeKZIJKSzg2phf4qY1yrC0jnE4rYWZoiskYD2nPUYkFNVE+v3aKzpwyQInSrqRFc/X3RI6FMRMRu06B7cgsezPxP6+X2eQ6yplMM0slWSxKMo6sQrPX0YBpSiyfOIKJZu5WREZYY2JdQBUXQrD88ippX9QDvx7cX9YaN0UcZTiBUziHAK6gAXfQhBYQeIRneIU3T3kv3rv3sWgtecXMMfyB9/kDj+qPGw==</latexit><latexit sha1_base64="TTGPhLskvxA7obg3CyikF/hi+ro=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOyS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHfFKWfG+v63V1pb39jcKm9Xdnb39g+qh0dtozJNaIsornQ3xoZyJmnLMstpN9UUi5jTTjy+nfmdJ6oNU/LBTlIaCTyULGEEWye1w5gNw7xfrfl1fw60SoKC1KBAs1/9CgeKZIJKSzg2phf4qY1yrC0jnE4rYWZoiskYD2nPUYkFNVE+v3aKzpwyQInSrqRFc/X3RI6FMRMRu06B7cgsezPxP6+X2eQ6yplMM0slWSxKMo6sQrPX0YBpSiyfOIKJZu5WREZYY2JdQBUXQrD88ippX9QDvx7cX9YaN0UcZTiBUziHAK6gAXfQhBYQeIRneIU3T3kv3rv3sWgtecXMMfyB9/kDj+qPGw==</latexit><latexit sha1_base64="TTGPhLskvxA7obg3CyikF/hi+ro=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOyS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHfFKWfG+v63V1pb39jcKm9Xdnb39g+qh0dtozJNaIsornQ3xoZyJmnLMstpN9UUi5jTTjy+nfmdJ6oNU/LBTlIaCTyULGEEWye1w5gNw7xfrfl1fw60SoKC1KBAs1/9CgeKZIJKSzg2phf4qY1yrC0jnE4rYWZoiskYD2nPUYkFNVE+v3aKzpwyQInSrqRFc/X3RI6FMRMRu06B7cgsezPxP6+X2eQ6yplMM0slWSxKMo6sQrPX0YBpSiyfOIKJZu5WREZYY2JdQBUXQrD88ippX9QDvx7cX9YaN0UcZTiBUziHAK6gAXfQhBYQeIRneIU3T3kv3rv3sWgtecXMMfyB9/kDj+qPGw==</latexit><latexit sha1_base64="TTGPhLskvxA7obg3CyikF/hi+ro=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOyS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHfFKWfG+v63V1pb39jcKm9Xdnb39g+qh0dtozJNaIsornQ3xoZyJmnLMstpN9UUi5jTTjy+nfmdJ6oNU/LBTlIaCTyULGEEWye1w5gNw7xfrfl1fw60SoKC1KBAs1/9CgeKZIJKSzg2phf4qY1yrC0jnE4rYWZoiskYD2nPUYkFNVE+v3aKzpwyQInSrqRFc/X3RI6FMRMRu06B7cgsezPxP6+X2eQ6yplMM0slWSxKMo6sQrPX0YBpSiyfOIKJZu5WREZYY2JdQBUXQrD88ippX9QDvx7cX9YaN0UcZTiBUziHAK6gAXfQhBYQeIRneIU3T3kv3rv3sWgtecXMMfyB9/kDj+qPGw==</latexit>

�
<latexit sha1_base64="TTGPhLskvxA7obg3CyikF/hi+ro=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOyS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHfFKWfG+v63V1pb39jcKm9Xdnb39g+qh0dtozJNaIsornQ3xoZyJmnLMstpN9UUi5jTTjy+nfmdJ6oNU/LBTlIaCTyULGEEWye1w5gNw7xfrfl1fw60SoKC1KBAs1/9CgeKZIJKSzg2phf4qY1yrC0jnE4rYWZoiskYD2nPUYkFNVE+v3aKzpwyQInSrqRFc/X3RI6FMRMRu06B7cgsezPxP6+X2eQ6yplMM0slWSxKMo6sQrPX0YBpSiyfOIKJZu5WREZYY2JdQBUXQrD88ippX9QDvx7cX9YaN0UcZTiBUziHAK6gAXfQhBYQeIRneIU3T3kv3rv3sWgtecXMMfyB9/kDj+qPGw==</latexit><latexit sha1_base64="TTGPhLskvxA7obg3CyikF/hi+ro=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOyS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHfFKWfG+v63V1pb39jcKm9Xdnb39g+qh0dtozJNaIsornQ3xoZyJmnLMstpN9UUi5jTTjy+nfmdJ6oNU/LBTlIaCTyULGEEWye1w5gNw7xfrfl1fw60SoKC1KBAs1/9CgeKZIJKSzg2phf4qY1yrC0jnE4rYWZoiskYD2nPUYkFNVE+v3aKzpwyQInSrqRFc/X3RI6FMRMRu06B7cgsezPxP6+X2eQ6yplMM0slWSxKMo6sQrPX0YBpSiyfOIKJZu5WREZYY2JdQBUXQrD88ippX9QDvx7cX9YaN0UcZTiBUziHAK6gAXfQhBYQeIRneIU3T3kv3rv3sWgtecXMMfyB9/kDj+qPGw==</latexit><latexit sha1_base64="TTGPhLskvxA7obg3CyikF/hi+ro=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOyS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHfFKWfG+v63V1pb39jcKm9Xdnb39g+qh0dtozJNaIsornQ3xoZyJmnLMstpN9UUi5jTTjy+nfmdJ6oNU/LBTlIaCTyULGEEWye1w5gNw7xfrfl1fw60SoKC1KBAs1/9CgeKZIJKSzg2phf4qY1yrC0jnE4rYWZoiskYD2nPUYkFNVE+v3aKzpwyQInSrqRFc/X3RI6FMRMRu06B7cgsezPxP6+X2eQ6yplMM0slWSxKMo6sQrPX0YBpSiyfOIKJZu5WREZYY2JdQBUXQrD88ippX9QDvx7cX9YaN0UcZTiBUziHAK6gAXfQhBYQeIRneIU3T3kv3rv3sWgtecXMMfyB9/kDj+qPGw==</latexit><latexit sha1_base64="TTGPhLskvxA7obg3CyikF/hi+ro=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOyS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHfFKWfG+v63V1pb39jcKm9Xdnb39g+qh0dtozJNaIsornQ3xoZyJmnLMstpN9UUi5jTTjy+nfmdJ6oNU/LBTlIaCTyULGEEWye1w5gNw7xfrfl1fw60SoKC1KBAs1/9CgeKZIJKSzg2phf4qY1yrC0jnE4rYWZoiskYD2nPUYkFNVE+v3aKzpwyQInSrqRFc/X3RI6FMRMRu06B7cgsezPxP6+X2eQ6yplMM0slWSxKMo6sQrPX0YBpSiyfOIKJZu5WREZYY2JdQBUXQrD88ippX9QDvx7cX9YaN0UcZTiBUziHAK6gAXfQhBYQeIRneIU3T3kv3rv3sWgtecXMMfyB9/kDj+qPGw==</latexit>

�
<latexit sha1_base64="TTGPhLskvxA7obg3CyikF/hi+ro=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOyS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHfFKWfG+v63V1pb39jcKm9Xdnb39g+qh0dtozJNaIsornQ3xoZyJmnLMstpN9UUi5jTTjy+nfmdJ6oNU/LBTlIaCTyULGEEWye1w5gNw7xfrfl1fw60SoKC1KBAs1/9CgeKZIJKSzg2phf4qY1yrC0jnE4rYWZoiskYD2nPUYkFNVE+v3aKzpwyQInSrqRFc/X3RI6FMRMRu06B7cgsezPxP6+X2eQ6yplMM0slWSxKMo6sQrPX0YBpSiyfOIKJZu5WREZYY2JdQBUXQrD88ippX9QDvx7cX9YaN0UcZTiBUziHAK6gAXfQhBYQeIRneIU3T3kv3rv3sWgtecXMMfyB9/kDj+qPGw==</latexit><latexit sha1_base64="TTGPhLskvxA7obg3CyikF/hi+ro=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOyS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHfFKWfG+v63V1pb39jcKm9Xdnb39g+qh0dtozJNaIsornQ3xoZyJmnLMstpN9UUi5jTTjy+nfmdJ6oNU/LBTlIaCTyULGEEWye1w5gNw7xfrfl1fw60SoKC1KBAs1/9CgeKZIJKSzg2phf4qY1yrC0jnE4rYWZoiskYD2nPUYkFNVE+v3aKzpwyQInSrqRFc/X3RI6FMRMRu06B7cgsezPxP6+X2eQ6yplMM0slWSxKMo6sQrPX0YBpSiyfOIKJZu5WREZYY2JdQBUXQrD88ippX9QDvx7cX9YaN0UcZTiBUziHAK6gAXfQhBYQeIRneIU3T3kv3rv3sWgtecXMMfyB9/kDj+qPGw==</latexit><latexit sha1_base64="TTGPhLskvxA7obg3CyikF/hi+ro=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOyS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHfFKWfG+v63V1pb39jcKm9Xdnb39g+qh0dtozJNaIsornQ3xoZyJmnLMstpN9UUi5jTTjy+nfmdJ6oNU/LBTlIaCTyULGEEWye1w5gNw7xfrfl1fw60SoKC1KBAs1/9CgeKZIJKSzg2phf4qY1yrC0jnE4rYWZoiskYD2nPUYkFNVE+v3aKzpwyQInSrqRFc/X3RI6FMRMRu06B7cgsezPxP6+X2eQ6yplMM0slWSxKMo6sQrPX0YBpSiyfOIKJZu5WREZYY2JdQBUXQrD88ippX9QDvx7cX9YaN0UcZTiBUziHAK6gAXfQhBYQeIRneIU3T3kv3rv3sWgtecXMMfyB9/kDj+qPGw==</latexit><latexit sha1_base64="TTGPhLskvxA7obg3CyikF/hi+ro=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOyS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHfFKWfG+v63V1pb39jcKm9Xdnb39g+qh0dtozJNaIsornQ3xoZyJmnLMstpN9UUi5jTTjy+nfmdJ6oNU/LBTlIaCTyULGEEWye1w5gNw7xfrfl1fw60SoKC1KBAs1/9CgeKZIJKSzg2phf4qY1yrC0jnE4rYWZoiskYD2nPUYkFNVE+v3aKzpwyQInSrqRFc/X3RI6FMRMRu06B7cgsezPxP6+X2eQ6yplMM0slWSxKMo6sQrPX0YBpSiyfOIKJZu5WREZYY2JdQBUXQrD88ippX9QDvx7cX9YaN0UcZTiBUziHAK6gAXfQhBYQeIRneIU3T3kv3rv3sWgtecXMMfyB9/kDj+qPGw==</latexit>

. . .
<latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit><latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit><latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit><latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit>

. . .
<latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit><latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit><latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit><latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit>
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<latexit sha1_base64="PclO0MjwIYphBJXVYBoUQzaRS1s=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF48V7Ae0oWy2m2bp7ibsboQS+he8eFDEq3/Im//GTZqDtj4YeLw3w8y8IOFMG9f9diobm1vbO9Xd2t7+weFR/fikp+NUEdolMY/VIMCaciZp1zDD6SBRFIuA034wu8v9/hNVmsXy0cwT6gs8lSxkBJtcakVjb1xvuE23AFonXkkaUKIzrn+NJjFJBZWGcKz10HMT42dYGUY4XdRGqaYJJjM8pUNLJRZU+1lx6wJdWGWCwljZkgYV6u+JDAut5yKwnQKbSK96ufifN0xNeONnTCapoZIsF4UpRyZG+eNowhQlhs8twUQxeysiEVaYGBtPzYbgrb68TnpXTc9teg+tRvu2jKMKZ3AOl+DBNbThHjrQBQIRPMMrvDnCeXHenY9la8UpZ07hD5zPH2ekjc4=</latexit><latexit sha1_base64="PclO0MjwIYphBJXVYBoUQzaRS1s=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF48V7Ae0oWy2m2bp7ibsboQS+he8eFDEq3/Im//GTZqDtj4YeLw3w8y8IOFMG9f9diobm1vbO9Xd2t7+weFR/fikp+NUEdolMY/VIMCaciZp1zDD6SBRFIuA034wu8v9/hNVmsXy0cwT6gs8lSxkBJtcakVjb1xvuE23AFonXkkaUKIzrn+NJjFJBZWGcKz10HMT42dYGUY4XdRGqaYJJjM8pUNLJRZU+1lx6wJdWGWCwljZkgYV6u+JDAut5yKwnQKbSK96ufifN0xNeONnTCapoZIsF4UpRyZG+eNowhQlhs8twUQxeysiEVaYGBtPzYbgrb68TnpXTc9teg+tRvu2jKMKZ3AOl+DBNbThHjrQBQIRPMMrvDnCeXHenY9la8UpZ07hD5zPH2ekjc4=</latexit><latexit sha1_base64="PclO0MjwIYphBJXVYBoUQzaRS1s=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF48V7Ae0oWy2m2bp7ibsboQS+he8eFDEq3/Im//GTZqDtj4YeLw3w8y8IOFMG9f9diobm1vbO9Xd2t7+weFR/fikp+NUEdolMY/VIMCaciZp1zDD6SBRFIuA034wu8v9/hNVmsXy0cwT6gs8lSxkBJtcakVjb1xvuE23AFonXkkaUKIzrn+NJjFJBZWGcKz10HMT42dYGUY4XdRGqaYJJjM8pUNLJRZU+1lx6wJdWGWCwljZkgYV6u+JDAut5yKwnQKbSK96ufifN0xNeONnTCapoZIsF4UpRyZG+eNowhQlhs8twUQxeysiEVaYGBtPzYbgrb68TnpXTc9teg+tRvu2jKMKZ3AOl+DBNbThHjrQBQIRPMMrvDnCeXHenY9la8UpZ07hD5zPH2ekjc4=</latexit><latexit sha1_base64="PclO0MjwIYphBJXVYBoUQzaRS1s=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF48V7Ae0oWy2m2bp7ibsboQS+he8eFDEq3/Im//GTZqDtj4YeLw3w8y8IOFMG9f9diobm1vbO9Xd2t7+weFR/fikp+NUEdolMY/VIMCaciZp1zDD6SBRFIuA034wu8v9/hNVmsXy0cwT6gs8lSxkBJtcakVjb1xvuE23AFonXkkaUKIzrn+NJjFJBZWGcKz10HMT42dYGUY4XdRGqaYJJjM8pUNLJRZU+1lx6wJdWGWCwljZkgYV6u+JDAut5yKwnQKbSK96ufifN0xNeONnTCapoZIsF4UpRyZG+eNowhQlhs8twUQxeysiEVaYGBtPzYbgrb68TnpXTc9teg+tRvu2jKMKZ3AOl+DBNbThHjrQBQIRPMMrvDnCeXHenY9la8UpZ07hD5zPH2ekjc4=</latexit>

f(·)
<latexit sha1_base64="cWAGMnA2ALH7TlO/Q711xNpKEjA=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/QhrLZbNqlm03cnQil9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSqFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZZJMM95kiUx0J6CGS6F4EwVK3kk1p3EgeTsY3c789hPXRiTqAccp92M6UCISjKKVOlG1x8IEz/vliltz5yCrxMtJBXI0+uWvXpiwLOYKmaTGdD03RX9CNQom+bTUywxPKRvRAe9aqmjMjT+Z3zslZ1YJSZRoWwrJXP09MaGxMeM4sJ0xxaFZ9mbif143w+janwiVZsgVWyyKMkkwIbPnSSg0ZyjHllCmhb2VsCHVlKGNqGRD8JZfXiWti5rn1rz7y0r9Jo+jCCdwClXw4ArqcAcNaAIDCc/wCm/Oo/PivDsfi9aCk88cwx84nz9jDo+H</latexit><latexit sha1_base64="cWAGMnA2ALH7TlO/Q711xNpKEjA=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/QhrLZbNqlm03cnQil9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSqFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZZJMM95kiUx0J6CGS6F4EwVK3kk1p3EgeTsY3c789hPXRiTqAccp92M6UCISjKKVOlG1x8IEz/vliltz5yCrxMtJBXI0+uWvXpiwLOYKmaTGdD03RX9CNQom+bTUywxPKRvRAe9aqmjMjT+Z3zslZ1YJSZRoWwrJXP09MaGxMeM4sJ0xxaFZ9mbif143w+janwiVZsgVWyyKMkkwIbPnSSg0ZyjHllCmhb2VsCHVlKGNqGRD8JZfXiWti5rn1rz7y0r9Jo+jCCdwClXw4ArqcAcNaAIDCc/wCm/Oo/PivDsfi9aCk88cwx84nz9jDo+H</latexit><latexit sha1_base64="cWAGMnA2ALH7TlO/Q711xNpKEjA=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/QhrLZbNqlm03cnQil9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSqFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZZJMM95kiUx0J6CGS6F4EwVK3kk1p3EgeTsY3c789hPXRiTqAccp92M6UCISjKKVOlG1x8IEz/vliltz5yCrxMtJBXI0+uWvXpiwLOYKmaTGdD03RX9CNQom+bTUywxPKRvRAe9aqmjMjT+Z3zslZ1YJSZRoWwrJXP09MaGxMeM4sJ0xxaFZ9mbif143w+janwiVZsgVWyyKMkkwIbPnSSg0ZyjHllCmhb2VsCHVlKGNqGRD8JZfXiWti5rn1rz7y0r9Jo+jCCdwClXw4ArqcAcNaAIDCc/wCm/Oo/PivDsfi9aCk88cwx84nz9jDo+H</latexit><latexit sha1_base64="cWAGMnA2ALH7TlO/Q711xNpKEjA=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/QhrLZbNqlm03cnQil9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSqFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZZJMM95kiUx0J6CGS6F4EwVK3kk1p3EgeTsY3c789hPXRiTqAccp92M6UCISjKKVOlG1x8IEz/vliltz5yCrxMtJBXI0+uWvXpiwLOYKmaTGdD03RX9CNQom+bTUywxPKRvRAe9aqmjMjT+Z3zslZ1YJSZRoWwrJXP09MaGxMeM4sJ0xxaFZ9mbif143w+janwiVZsgVWyyKMkkwIbPnSSg0ZyjHllCmhb2VsCHVlKGNqGRD8JZfXiWti5rn1rz7y0r9Jo+jCCdwClXw4ArqcAcNaAIDCc/wCm/Oo/PivDsfi9aCk88cwx84nz9jDo+H</latexit>

�<latexit sha1_base64="TTGPhLskvxA7obg3CyikF/hi+ro=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOyS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHfFKWfG+v63V1pb39jcKm9Xdnb39g+qh0dtozJNaIsornQ3xoZyJmnLMstpN9UUi5jTTjy+nfmdJ6oNU/LBTlIaCTyULGEEWye1w5gNw7xfrfl1fw60SoKC1KBAs1/9CgeKZIJKSzg2phf4qY1yrC0jnE4rYWZoiskYD2nPUYkFNVE+v3aKzpwyQInSrqRFc/X3RI6FMRMRu06B7cgsezPxP6+X2eQ6yplMM0slWSxKMo6sQrPX0YBpSiyfOIKJZu5WREZYY2JdQBUXQrD88ippX9QDvx7cX9YaN0UcZTiBUziHAK6gAXfQhBYQeIRneIU3T3kv3rv3sWgtecXMMfyB9/kDj+qPGw==</latexit><latexit sha1_base64="TTGPhLskvxA7obg3CyikF/hi+ro=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOyS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHfFKWfG+v63V1pb39jcKm9Xdnb39g+qh0dtozJNaIsornQ3xoZyJmnLMstpN9UUi5jTTjy+nfmdJ6oNU/LBTlIaCTyULGEEWye1w5gNw7xfrfl1fw60SoKC1KBAs1/9CgeKZIJKSzg2phf4qY1yrC0jnE4rYWZoiskYD2nPUYkFNVE+v3aKzpwyQInSrqRFc/X3RI6FMRMRu06B7cgsezPxP6+X2eQ6yplMM0slWSxKMo6sQrPX0YBpSiyfOIKJZu5WREZYY2JdQBUXQrD88ippX9QDvx7cX9YaN0UcZTiBUziHAK6gAXfQhBYQeIRneIU3T3kv3rv3sWgtecXMMfyB9/kDj+qPGw==</latexit><latexit sha1_base64="TTGPhLskvxA7obg3CyikF/hi+ro=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOyS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHfFKWfG+v63V1pb39jcKm9Xdnb39g+qh0dtozJNaIsornQ3xoZyJmnLMstpN9UUi5jTTjy+nfmdJ6oNU/LBTlIaCTyULGEEWye1w5gNw7xfrfl1fw60SoKC1KBAs1/9CgeKZIJKSzg2phf4qY1yrC0jnE4rYWZoiskYD2nPUYkFNVE+v3aKzpwyQInSrqRFc/X3RI6FMRMRu06B7cgsezPxP6+X2eQ6yplMM0slWSxKMo6sQrPX0YBpSiyfOIKJZu5WREZYY2JdQBUXQrD88ippX9QDvx7cX9YaN0UcZTiBUziHAK6gAXfQhBYQeIRneIU3T3kv3rv3sWgtecXMMfyB9/kDj+qPGw==</latexit><latexit sha1_base64="TTGPhLskvxA7obg3CyikF/hi+ro=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOyS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHfFKWfG+v63V1pb39jcKm9Xdnb39g+qh0dtozJNaIsornQ3xoZyJmnLMstpN9UUi5jTTjy+nfmdJ6oNU/LBTlIaCTyULGEEWye1w5gNw7xfrfl1fw60SoKC1KBAs1/9CgeKZIJKSzg2phf4qY1yrC0jnE4rYWZoiskYD2nPUYkFNVE+v3aKzpwyQInSrqRFc/X3RI6FMRMRu06B7cgsezPxP6+X2eQ6yplMM0slWSxKMo6sQrPX0YBpSiyfOIKJZu5WREZYY2JdQBUXQrD88ippX9QDvx7cX9YaN0UcZTiBUziHAK6gAXfQhBYQeIRneIU3T3kv3rv3sWgtecXMMfyB9/kDj+qPGw==</latexit> �<latexit sha1_base64="TTGPhLskvxA7obg3CyikF/hi+ro=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOyS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHfFKWfG+v63V1pb39jcKm9Xdnb39g+qh0dtozJNaIsornQ3xoZyJmnLMstpN9UUi5jTTjy+nfmdJ6oNU/LBTlIaCTyULGEEWye1w5gNw7xfrfl1fw60SoKC1KBAs1/9CgeKZIJKSzg2phf4qY1yrC0jnE4rYWZoiskYD2nPUYkFNVE+v3aKzpwyQInSrqRFc/X3RI6FMRMRu06B7cgsezPxP6+X2eQ6yplMM0slWSxKMo6sQrPX0YBpSiyfOIKJZu5WREZYY2JdQBUXQrD88ippX9QDvx7cX9YaN0UcZTiBUziHAK6gAXfQhBYQeIRneIU3T3kv3rv3sWgtecXMMfyB9/kDj+qPGw==</latexit><latexit sha1_base64="TTGPhLskvxA7obg3CyikF/hi+ro=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOyS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHfFKWfG+v63V1pb39jcKm9Xdnb39g+qh0dtozJNaIsornQ3xoZyJmnLMstpN9UUi5jTTjy+nfmdJ6oNU/LBTlIaCTyULGEEWye1w5gNw7xfrfl1fw60SoKC1KBAs1/9CgeKZIJKSzg2phf4qY1yrC0jnE4rYWZoiskYD2nPUYkFNVE+v3aKzpwyQInSrqRFc/X3RI6FMRMRu06B7cgsezPxP6+X2eQ6yplMM0slWSxKMo6sQrPX0YBpSiyfOIKJZu5WREZYY2JdQBUXQrD88ippX9QDvx7cX9YaN0UcZTiBUziHAK6gAXfQhBYQeIRneIU3T3kv3rv3sWgtecXMMfyB9/kDj+qPGw==</latexit><latexit sha1_base64="TTGPhLskvxA7obg3CyikF/hi+ro=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOyS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHfFKWfG+v63V1pb39jcKm9Xdnb39g+qh0dtozJNaIsornQ3xoZyJmnLMstpN9UUi5jTTjy+nfmdJ6oNU/LBTlIaCTyULGEEWye1w5gNw7xfrfl1fw60SoKC1KBAs1/9CgeKZIJKSzg2phf4qY1yrC0jnE4rYWZoiskYD2nPUYkFNVE+v3aKzpwyQInSrqRFc/X3RI6FMRMRu06B7cgsezPxP6+X2eQ6yplMM0slWSxKMo6sQrPX0YBpSiyfOIKJZu5WREZYY2JdQBUXQrD88ippX9QDvx7cX9YaN0UcZTiBUziHAK6gAXfQhBYQeIRneIU3T3kv3rv3sWgtecXMMfyB9/kDj+qPGw==</latexit><latexit sha1_base64="TTGPhLskvxA7obg3CyikF/hi+ro=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOyS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHfFKWfG+v63V1pb39jcKm9Xdnb39g+qh0dtozJNaIsornQ3xoZyJmnLMstpN9UUi5jTTjy+nfmdJ6oNU/LBTlIaCTyULGEEWye1w5gNw7xfrfl1fw60SoKC1KBAs1/9CgeKZIJKSzg2phf4qY1yrC0jnE4rYWZoiskYD2nPUYkFNVE+v3aKzpwyQInSrqRFc/X3RI6FMRMRu06B7cgsezPxP6+X2eQ6yplMM0slWSxKMo6sQrPX0YBpSiyfOIKJZu5WREZYY2JdQBUXQrD88ippX9QDvx7cX9YaN0UcZTiBUziHAK6gAXfQhBYQeIRneIU3T3kv3rv3sWgtecXMMfyB9/kDj+qPGw==</latexit>

�<latexit sha1_base64="TTGPhLskvxA7obg3CyikF/hi+ro=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOyS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHfFKWfG+v63V1pb39jcKm9Xdnb39g+qh0dtozJNaIsornQ3xoZyJmnLMstpN9UUi5jTTjy+nfmdJ6oNU/LBTlIaCTyULGEEWye1w5gNw7xfrfl1fw60SoKC1KBAs1/9CgeKZIJKSzg2phf4qY1yrC0jnE4rYWZoiskYD2nPUYkFNVE+v3aKzpwyQInSrqRFc/X3RI6FMRMRu06B7cgsezPxP6+X2eQ6yplMM0slWSxKMo6sQrPX0YBpSiyfOIKJZu5WREZYY2JdQBUXQrD88ippX9QDvx7cX9YaN0UcZTiBUziHAK6gAXfQhBYQeIRneIU3T3kv3rv3sWgtecXMMfyB9/kDj+qPGw==</latexit><latexit sha1_base64="TTGPhLskvxA7obg3CyikF/hi+ro=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOyS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHfFKWfG+v63V1pb39jcKm9Xdnb39g+qh0dtozJNaIsornQ3xoZyJmnLMstpN9UUi5jTTjy+nfmdJ6oNU/LBTlIaCTyULGEEWye1w5gNw7xfrfl1fw60SoKC1KBAs1/9CgeKZIJKSzg2phf4qY1yrC0jnE4rYWZoiskYD2nPUYkFNVE+v3aKzpwyQInSrqRFc/X3RI6FMRMRu06B7cgsezPxP6+X2eQ6yplMM0slWSxKMo6sQrPX0YBpSiyfOIKJZu5WREZYY2JdQBUXQrD88ippX9QDvx7cX9YaN0UcZTiBUziHAK6gAXfQhBYQeIRneIU3T3kv3rv3sWgtecXMMfyB9/kDj+qPGw==</latexit><latexit sha1_base64="TTGPhLskvxA7obg3CyikF/hi+ro=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOyS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHfFKWfG+v63V1pb39jcKm9Xdnb39g+qh0dtozJNaIsornQ3xoZyJmnLMstpN9UUi5jTTjy+nfmdJ6oNU/LBTlIaCTyULGEEWye1w5gNw7xfrfl1fw60SoKC1KBAs1/9CgeKZIJKSzg2phf4qY1yrC0jnE4rYWZoiskYD2nPUYkFNVE+v3aKzpwyQInSrqRFc/X3RI6FMRMRu06B7cgsezPxP6+X2eQ6yplMM0slWSxKMo6sQrPX0YBpSiyfOIKJZu5WREZYY2JdQBUXQrD88ippX9QDvx7cX9YaN0UcZTiBUziHAK6gAXfQhBYQeIRneIU3T3kv3rv3sWgtecXMMfyB9/kDj+qPGw==</latexit><latexit sha1_base64="TTGPhLskvxA7obg3CyikF/hi+ro=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOyS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHfFKWfG+v63V1pb39jcKm9Xdnb39g+qh0dtozJNaIsornQ3xoZyJmnLMstpN9UUi5jTTjy+nfmdJ6oNU/LBTlIaCTyULGEEWye1w5gNw7xfrfl1fw60SoKC1KBAs1/9CgeKZIJKSzg2phf4qY1yrC0jnE4rYWZoiskYD2nPUYkFNVE+v3aKzpwyQInSrqRFc/X3RI6FMRMRu06B7cgsezPxP6+X2eQ6yplMM0slWSxKMo6sQrPX0YBpSiyfOIKJZu5WREZYY2JdQBUXQrD88ippX9QDvx7cX9YaN0UcZTiBUziHAK6gAXfQhBYQeIRneIU3T3kv3rv3sWgtecXMMfyB9/kDj+qPGw==</latexit>

2h1
<latexit sha1_base64="nMNnRwdbuE4FWCGO0367gT7nNjs=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Ae0oWy2m2bp7ibsboQS+he8eFDEq3/Im//GTZqDtj4YeLw3w8y8IOFMG9f9diobm1vbO9Xd2t7+weFR/fikp+NUEdolMY/VIMCaciZp1zDD6SBRFIuA034wu8v9/hNVmsXy0cwT6gs8lSxkBJtcakVjb1xvuE23AFonXkkaUKIzrn+NJjFJBZWGcKz10HMT42dYGUY4XdRGqaYJJjM8pUNLJRZU+1lx6wJdWGWCwljZkgYV6u+JDAut5yKwnQKbSK96ufifN0xNeONnTCapoZIsF4UpRyZG+eNowhQlhs8twUQxeysiEVaYGBtPzYbgrb68Tnqtpuc2vYerRvu2jKMKZ3AOl+DBNbThHjrQBQIRPMMrvDnCeXHenY9la8UpZ07hD5zPH2SWjcw=</latexit><latexit sha1_base64="nMNnRwdbuE4FWCGO0367gT7nNjs=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Ae0oWy2m2bp7ibsboQS+he8eFDEq3/Im//GTZqDtj4YeLw3w8y8IOFMG9f9diobm1vbO9Xd2t7+weFR/fikp+NUEdolMY/VIMCaciZp1zDD6SBRFIuA034wu8v9/hNVmsXy0cwT6gs8lSxkBJtcakVjb1xvuE23AFonXkkaUKIzrn+NJjFJBZWGcKz10HMT42dYGUY4XdRGqaYJJjM8pUNLJRZU+1lx6wJdWGWCwljZkgYV6u+JDAut5yKwnQKbSK96ufifN0xNeONnTCapoZIsF4UpRyZG+eNowhQlhs8twUQxeysiEVaYGBtPzYbgrb68Tnqtpuc2vYerRvu2jKMKZ3AOl+DBNbThHjrQBQIRPMMrvDnCeXHenY9la8UpZ07hD5zPH2SWjcw=</latexit><latexit sha1_base64="nMNnRwdbuE4FWCGO0367gT7nNjs=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Ae0oWy2m2bp7ibsboQS+he8eFDEq3/Im//GTZqDtj4YeLw3w8y8IOFMG9f9diobm1vbO9Xd2t7+weFR/fikp+NUEdolMY/VIMCaciZp1zDD6SBRFIuA034wu8v9/hNVmsXy0cwT6gs8lSxkBJtcakVjb1xvuE23AFonXkkaUKIzrn+NJjFJBZWGcKz10HMT42dYGUY4XdRGqaYJJjM8pUNLJRZU+1lx6wJdWGWCwljZkgYV6u+JDAut5yKwnQKbSK96ufifN0xNeONnTCapoZIsF4UpRyZG+eNowhQlhs8twUQxeysiEVaYGBtPzYbgrb68Tnqtpuc2vYerRvu2jKMKZ3AOl+DBNbThHjrQBQIRPMMrvDnCeXHenY9la8UpZ07hD5zPH2SWjcw=</latexit><latexit sha1_base64="nMNnRwdbuE4FWCGO0367gT7nNjs=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Ae0oWy2m2bp7ibsboQS+he8eFDEq3/Im//GTZqDtj4YeLw3w8y8IOFMG9f9diobm1vbO9Xd2t7+weFR/fikp+NUEdolMY/VIMCaciZp1zDD6SBRFIuA034wu8v9/hNVmsXy0cwT6gs8lSxkBJtcakVjb1xvuE23AFonXkkaUKIzrn+NJjFJBZWGcKz10HMT42dYGUY4XdRGqaYJJjM8pUNLJRZU+1lx6wJdWGWCwljZkgYV6u+JDAut5yKwnQKbSK96ufifN0xNeONnTCapoZIsF4UpRyZG+eNowhQlhs8twUQxeysiEVaYGBtPzYbgrb68Tnqtpuc2vYerRvu2jKMKZ3AOl+DBNbThHjrQBQIRPMMrvDnCeXHenY9la8UpZ07hD5zPH2SWjcw=</latexit>

2h1
<latexit sha1_base64="nMNnRwdbuE4FWCGO0367gT7nNjs=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Ae0oWy2m2bp7ibsboQS+he8eFDEq3/Im//GTZqDtj4YeLw3w8y8IOFMG9f9diobm1vbO9Xd2t7+weFR/fikp+NUEdolMY/VIMCaciZp1zDD6SBRFIuA034wu8v9/hNVmsXy0cwT6gs8lSxkBJtcakVjb1xvuE23AFonXkkaUKIzrn+NJjFJBZWGcKz10HMT42dYGUY4XdRGqaYJJjM8pUNLJRZU+1lx6wJdWGWCwljZkgYV6u+JDAut5yKwnQKbSK96ufifN0xNeONnTCapoZIsF4UpRyZG+eNowhQlhs8twUQxeysiEVaYGBtPzYbgrb68Tnqtpuc2vYerRvu2jKMKZ3AOl+DBNbThHjrQBQIRPMMrvDnCeXHenY9la8UpZ07hD5zPH2SWjcw=</latexit><latexit sha1_base64="nMNnRwdbuE4FWCGO0367gT7nNjs=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Ae0oWy2m2bp7ibsboQS+he8eFDEq3/Im//GTZqDtj4YeLw3w8y8IOFMG9f9diobm1vbO9Xd2t7+weFR/fikp+NUEdolMY/VIMCaciZp1zDD6SBRFIuA034wu8v9/hNVmsXy0cwT6gs8lSxkBJtcakVjb1xvuE23AFonXkkaUKIzrn+NJjFJBZWGcKz10HMT42dYGUY4XdRGqaYJJjM8pUNLJRZU+1lx6wJdWGWCwljZkgYV6u+JDAut5yKwnQKbSK96ufifN0xNeONnTCapoZIsF4UpRyZG+eNowhQlhs8twUQxeysiEVaYGBtPzYbgrb68Tnqtpuc2vYerRvu2jKMKZ3AOl+DBNbThHjrQBQIRPMMrvDnCeXHenY9la8UpZ07hD5zPH2SWjcw=</latexit><latexit sha1_base64="nMNnRwdbuE4FWCGO0367gT7nNjs=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Ae0oWy2m2bp7ibsboQS+he8eFDEq3/Im//GTZqDtj4YeLw3w8y8IOFMG9f9diobm1vbO9Xd2t7+weFR/fikp+NUEdolMY/VIMCaciZp1zDD6SBRFIuA034wu8v9/hNVmsXy0cwT6gs8lSxkBJtcakVjb1xvuE23AFonXkkaUKIzrn+NJjFJBZWGcKz10HMT42dYGUY4XdRGqaYJJjM8pUNLJRZU+1lx6wJdWGWCwljZkgYV6u+JDAut5yKwnQKbSK96ufifN0xNeONnTCapoZIsF4UpRyZG+eNowhQlhs8twUQxeysiEVaYGBtPzYbgrb68Tnqtpuc2vYerRvu2jKMKZ3AOl+DBNbThHjrQBQIRPMMrvDnCeXHenY9la8UpZ07hD5zPH2SWjcw=</latexit><latexit sha1_base64="nMNnRwdbuE4FWCGO0367gT7nNjs=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Ae0oWy2m2bp7ibsboQS+he8eFDEq3/Im//GTZqDtj4YeLw3w8y8IOFMG9f9diobm1vbO9Xd2t7+weFR/fikp+NUEdolMY/VIMCaciZp1zDD6SBRFIuA034wu8v9/hNVmsXy0cwT6gs8lSxkBJtcakVjb1xvuE23AFonXkkaUKIzrn+NJjFJBZWGcKz10HMT42dYGUY4XdRGqaYJJjM8pUNLJRZU+1lx6wJdWGWCwljZkgYV6u+JDAut5yKwnQKbSK96ufifN0xNeONnTCapoZIsF4UpRyZG+eNowhQlhs8twUQxeysiEVaYGBtPzYbgrb68Tnqtpuc2vYerRvu2jKMKZ3AOl+DBNbThHjrQBQIRPMMrvDnCeXHenY9la8UpZ07hD5zPH2SWjcw=</latexit>

2h1
<latexit sha1_base64="nMNnRwdbuE4FWCGO0367gT7nNjs=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Ae0oWy2m2bp7ibsboQS+he8eFDEq3/Im//GTZqDtj4YeLw3w8y8IOFMG9f9diobm1vbO9Xd2t7+weFR/fikp+NUEdolMY/VIMCaciZp1zDD6SBRFIuA034wu8v9/hNVmsXy0cwT6gs8lSxkBJtcakVjb1xvuE23AFonXkkaUKIzrn+NJjFJBZWGcKz10HMT42dYGUY4XdRGqaYJJjM8pUNLJRZU+1lx6wJdWGWCwljZkgYV6u+JDAut5yKwnQKbSK96ufifN0xNeONnTCapoZIsF4UpRyZG+eNowhQlhs8twUQxeysiEVaYGBtPzYbgrb68Tnqtpuc2vYerRvu2jKMKZ3AOl+DBNbThHjrQBQIRPMMrvDnCeXHenY9la8UpZ07hD5zPH2SWjcw=</latexit><latexit sha1_base64="nMNnRwdbuE4FWCGO0367gT7nNjs=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Ae0oWy2m2bp7ibsboQS+he8eFDEq3/Im//GTZqDtj4YeLw3w8y8IOFMG9f9diobm1vbO9Xd2t7+weFR/fikp+NUEdolMY/VIMCaciZp1zDD6SBRFIuA034wu8v9/hNVmsXy0cwT6gs8lSxkBJtcakVjb1xvuE23AFonXkkaUKIzrn+NJjFJBZWGcKz10HMT42dYGUY4XdRGqaYJJjM8pUNLJRZU+1lx6wJdWGWCwljZkgYV6u+JDAut5yKwnQKbSK96ufifN0xNeONnTCapoZIsF4UpRyZG+eNowhQlhs8twUQxeysiEVaYGBtPzYbgrb68Tnqtpuc2vYerRvu2jKMKZ3AOl+DBNbThHjrQBQIRPMMrvDnCeXHenY9la8UpZ07hD5zPH2SWjcw=</latexit><latexit sha1_base64="nMNnRwdbuE4FWCGO0367gT7nNjs=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Ae0oWy2m2bp7ibsboQS+he8eFDEq3/Im//GTZqDtj4YeLw3w8y8IOFMG9f9diobm1vbO9Xd2t7+weFR/fikp+NUEdolMY/VIMCaciZp1zDD6SBRFIuA034wu8v9/hNVmsXy0cwT6gs8lSxkBJtcakVjb1xvuE23AFonXkkaUKIzrn+NJjFJBZWGcKz10HMT42dYGUY4XdRGqaYJJjM8pUNLJRZU+1lx6wJdWGWCwljZkgYV6u+JDAut5yKwnQKbSK96ufifN0xNeONnTCapoZIsF4UpRyZG+eNowhQlhs8twUQxeysiEVaYGBtPzYbgrb68Tnqtpuc2vYerRvu2jKMKZ3AOl+DBNbThHjrQBQIRPMMrvDnCeXHenY9la8UpZ07hD5zPH2SWjcw=</latexit><latexit sha1_base64="nMNnRwdbuE4FWCGO0367gT7nNjs=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Ae0oWy2m2bp7ibsboQS+he8eFDEq3/Im//GTZqDtj4YeLw3w8y8IOFMG9f9diobm1vbO9Xd2t7+weFR/fikp+NUEdolMY/VIMCaciZp1zDD6SBRFIuA034wu8v9/hNVmsXy0cwT6gs8lSxkBJtcakVjb1xvuE23AFonXkkaUKIzrn+NJjFJBZWGcKz10HMT42dYGUY4XdRGqaYJJjM8pUNLJRZU+1lx6wJdWGWCwljZkgYV6u+JDAut5yKwnQKbSK96ufifN0xNeONnTCapoZIsF4UpRyZG+eNowhQlhs8twUQxeysiEVaYGBtPzYbgrb68Tnqtpuc2vYerRvu2jKMKZ3AOl+DBNbThHjrQBQIRPMMrvDnCeXHenY9la8UpZ07hD5zPH2SWjcw=</latexit>

h↵
1 er1

<latexit sha1_base64="qspp1tIU5BppxPga2FRQZNoEsoA=">AAACAnicbVC7SgNBFL3rM8bXqpXYLAlCqrBro2XQxjKCeUCyLrOzd5Mhsw9mZpWwBBt/xcZCEVu/wk6w8FOcPApNPHDhcM693HuPn3ImlW1/GkvLK6tr64WN4ubW9s6uubfflEkmKDZowhPR9olEzmJsKKY4tlOBJPI5tvzBxdhv3aKQLImv1TBFNyK9mIWMEqUlzzzse85Nl/C0T7p3LEDFeIC5GHmOZ5btqj2BtUicGSnXSpWvbwCoe+ZHN0hoFmGsKCdSdhw7VW5OhGKU46jYzSSmhA5IDzuaxiRC6eaTF0bWsVYCK0yErlhZE/X3RE4iKYeRrzsjovpy3huL/3mdTIVnbs7iNFMY0+miMOOWSqxxHlbABFLFh5oQKpi+1aJ9IghVOrWiDsGZf3mRNE+qjl11rnQa5zBFAY6gBBVw4BRqcAl1aACFe3iEZ3gxHown49V4m7YuGbOZA/gD4/0HeWSZsA==</latexit><latexit sha1_base64="fddEHwggh7UVjS6bZVGg2plQpN0=">AAACAnicbVC5TsNAEF2HK4TLQIVorERIqSKbJpQRNJRBIocUG2u9HserrA/trkGRFdHwF9Q0FCBEyw/Q0iH4GDZHAQlPGunpvRnNzPNSRoU0zU+tsLS8srpWXC9tbG5t7+i7e22RZJxAiyQs4V0PC2A0hpakkkE35YAjj0HHG5yN/c41cEGT+FIOU3Ai3I9pQAmWSnL1g9C1rmzM0hDbN9QHSZkPOR+5lqtXzJo5gbFIrBmpNMrV76/6+33T1T9sPyFZBLEkDAvRs8xUOjnmkhIGo5KdCUgxGeA+9BSNcQTCyScvjIwjpfhGkHBVsTQm6u+JHEdCDCNPdUZYhmLeG4v/eb1MBidOTuM0kxCT6aIgY4ZMjHEehk85EMmGimDCqbrVICHmmEiVWkmFYM2/vEjaxzXLrFkXKo1TNEURHaIyqiIL1VEDnaMmaiGCbtEDekLP2p32qL1or9PWgjab2Ud/oL39AJd4m0Y=</latexit><latexit sha1_base64="fddEHwggh7UVjS6bZVGg2plQpN0=">AAACAnicbVC5TsNAEF2HK4TLQIVorERIqSKbJpQRNJRBIocUG2u9HserrA/trkGRFdHwF9Q0FCBEyw/Q0iH4GDZHAQlPGunpvRnNzPNSRoU0zU+tsLS8srpWXC9tbG5t7+i7e22RZJxAiyQs4V0PC2A0hpakkkE35YAjj0HHG5yN/c41cEGT+FIOU3Ai3I9pQAmWSnL1g9C1rmzM0hDbN9QHSZkPOR+5lqtXzJo5gbFIrBmpNMrV76/6+33T1T9sPyFZBLEkDAvRs8xUOjnmkhIGo5KdCUgxGeA+9BSNcQTCyScvjIwjpfhGkHBVsTQm6u+JHEdCDCNPdUZYhmLeG4v/eb1MBidOTuM0kxCT6aIgY4ZMjHEehk85EMmGimDCqbrVICHmmEiVWkmFYM2/vEjaxzXLrFkXKo1TNEURHaIyqiIL1VEDnaMmaiGCbtEDekLP2p32qL1or9PWgjab2Ud/oL39AJd4m0Y=</latexit><latexit sha1_base64="9B3NmTXAz11XsFw9rAPoT5jxOqM=">AAACAnicbVDLSsNAFJ34rPUVdSVuBovgqmTc6LLoxmUF+4Amhsnkph06eTAzUUoobvwVNy4UcetXuPNvnLZZaOuBC4dz7uXee4JMcKUd59taWl5ZXVuvbFQ3t7Z3du29/bZKc8mgxVKRym5AFQieQEtzLaCbSaBxIKATDK8mfucepOJpcqtHGXgx7Sc84oxqI/n24cAndy4V2YC6DzwEzUUIhRz7xLdrTt2ZAi8SUpIaKtH07S83TFkeQ6KZoEr1iJNpr6BScyZgXHVzBRllQ9qHnqEJjUF5xfSFMT4xSoijVJpKNJ6qvycKGis1igPTGVM9UPPeRPzP6+U6uvAKnmS5hoTNFkW5wDrFkzxwyCUwLUaGUCa5uRWzAZWUaZNa1YRA5l9eJO2zOnHq5MapNS7LOCroCB2jU0TQOWqga9RELcTQI3pGr+jNerJerHfrY9a6ZJUzB+gPrM8faJWXag==</latexit>

h↵
1 erM+1

<latexit sha1_base64="dqDz5LSb7lYlZPI7STM/LLKRw5c=">AAACBnicbVDJSgNBEK1xjXGLehRhSBACQpjxosegFy9CBLNAJg49PTVJk56F7h4lDDl58Ve8eFDEq9/gTfDgp9hZDpr4oODxXhVV9byEM6ks69NYWFxaXlnNreXXNza3tgs7uw0Zp4JincY8Fi2PSOQswrpiimMrEUhCj2PT65+P/OYtCsni6FoNEuyEpBuxgFGitOQWDnqufeMQnvSIc8d8VIz7mImhm10e2UO3ULIq1hjmPLGnpFQtlr++AaDmFj4cP6ZpiJGinEjZtq1EdTIiFKMch3knlZgQ2iddbGsakRBlJxu/MTQPteKbQSx0Rcocq78nMhJKOQg93RkS1ZOz3kj8z2unKjjtZCxKUoURnSwKUm6q2BxlYvpMIFV8oAmhgulbTdojglClk8vrEOzZl+dJ47hiWxX7SqdxBhPkYB+KUAYbTqAKF1CDOlC4h0d4hhfjwXgyXo23SeuCMZ3Zgz8w3n8AZeObSA==</latexit><latexit sha1_base64="OSjgZLkAkL5AbouNRkP19d7FF2E=">AAACBnicbVDLSsNAFJ3UV62vqksRQotQEEripi6LbtwIFewDmhgmk5tm6OTBzEQpoSs3/oNf4MaFIm7dunUn+jFOHwttPXDhcM693HuPmzAqpGF8armFxaXllfxqYW19Y3OruL3TEnHKCTRJzGLecbEARiNoSioZdBIOOHQZtN3+6chvXwMXNI4u5SABO8S9iPqUYKkkp7gfOOaVhVkSYOuGeiAp8yDjQyc7PzSHTrFsVI0x9HliTkm5Xqp8f9Xe7xtO8cPyYpKGEEnCsBBd00iknWEuKWEwLFipgASTPu5BV9EIhyDsbPzGUD9Qiqf7MVcVSX2s/p7IcCjEIHRVZ4hlIGa9kfif102lf2xnNEpSCRGZLPJTpstYH2Wie5QDkWygCCacqlt1EmCOiVTJFVQI5uzL86R1VDWNqnmh0jhBE+TRHiqhCjJRDdXRGWqgJiLoFj2gJ/Ss3WmP2ov2OmnNadOZXfQH2tsPg/ec3g==</latexit><latexit sha1_base64="OSjgZLkAkL5AbouNRkP19d7FF2E=">AAACBnicbVDLSsNAFJ3UV62vqksRQotQEEripi6LbtwIFewDmhgmk5tm6OTBzEQpoSs3/oNf4MaFIm7dunUn+jFOHwttPXDhcM693HuPmzAqpGF8armFxaXllfxqYW19Y3OruL3TEnHKCTRJzGLecbEARiNoSioZdBIOOHQZtN3+6chvXwMXNI4u5SABO8S9iPqUYKkkp7gfOOaVhVkSYOuGeiAp8yDjQyc7PzSHTrFsVI0x9HliTkm5Xqp8f9Xe7xtO8cPyYpKGEEnCsBBd00iknWEuKWEwLFipgASTPu5BV9EIhyDsbPzGUD9Qiqf7MVcVSX2s/p7IcCjEIHRVZ4hlIGa9kfif102lf2xnNEpSCRGZLPJTpstYH2Wie5QDkWygCCacqlt1EmCOiVTJFVQI5uzL86R1VDWNqnmh0jhBE+TRHiqhCjJRDdXRGWqgJiLoFj2gJ/Ss3WmP2ov2OmnNadOZXfQH2tsPg/ec3g==</latexit><latexit sha1_base64="OGAI5vhgLD3lCP3PpS8q1smwKMI=">AAACBnicbVDLSsNAFJ34rPUVdSlCsAiCUDJudFl040aoYB/QxDCZ3DRDJw9mJkoJWbnxV9y4UMSt3+DOv3H6WGjrgQuHc+7l3nv8jDOpbPvbWFhcWl5ZraxV1zc2t7bNnd22THNBoUVTnoquTyRwlkBLMcWhmwkgsc+h4w8uR37nHoRkaXKrhhm4MeknLGSUKC155kHk4TuH8CwizgMLQDEeQCFKr7g+waVn1uy6PYY1T/CU1NAUTc/8coKU5jEkinIiZQ/bmXILIhSjHMqqk0vICB2QPvQ0TUgM0i3Gb5TWkVYCK0yFrkRZY/X3REFiKYexrztjoiI5643E/7xersJzt2BJlitI6GRRmHNLpdYoEytgAqjiQ00IFUzfatGICEKVTq6qQ8CzL8+T9mkd23V8Y9caF9M4KmgfHaJjhNEZaqAr1EQtRNEjekav6M14Ml6Md+Nj0rpgTGf20B8Ynz9VFJkC</latexit>

h↵
1 erN

<latexit sha1_base64="udhGs3V4/IXLISAuqiUva/ebJu8=">AAACBHicbVC7SgNBFL0bXzG+opZplgQhVdi10TJoYyURzAOSuMzO3mSHzD6YmVXCsoWNv2JjoYitH2EnWPgpTh6FJh64cDjnXu69x405k8qyPo3cyura+kZ+s7C1vbO7V9w/aMkoERSbNOKR6LhEImchNhVTHDuxQBK4HNvu6Hzit29RSBaF12ocYz8gw5ANGCVKS06x5Dv2TY/w2Ce9O+ahYtzDVGROepk5xYpVs6Ywl4k9J5V6ufr1DQANp/jR8yKaBBgqyomUXduKVT8lQjHKMSv0EokxoSMyxK6mIQlQ9tPpE5l5pBXPHERCV6jMqfp7IiWBlOPA1Z0BUb5c9Cbif143UYPTfsrCOFEY0tmiQcJNFZmTREyPCaSKjzUhVDB9q0l9IghVOreCDsFefHmZtI5rtlWzr3QaZzBDHkpQhirYcAJ1uIAGNIHCPTzCM7wYD8aT8Wq8zVpzxnzmEP7AeP8BfDKa2Q==</latexit><latexit sha1_base64="gk4Ydi2Hqp6lfhOLgedLAu+0hVc=">AAACBHicbVC5TsNAEF2HK4TLQJnGSoSUKrJpoIygoUJBIocUG2u9HierrA/trkGR5YKGn+ADaChAiJaelg7Bx7A5Ckh40khP781oZp6XMCqkaX5qhaXlldW14nppY3Nre0ff3WuLOOUEWiRmMe96WACjEbQklQy6CQccegw63vB07HeugQsaR5dylIAT4n5EA0qwVJKrlweudWVjlgywfUN9kJT5kPHczc5zV6+adXMCY5FYM1JtVGrfX0fv901X/7D9mKQhRJIwLETPMhPpZJhLShjkJTsVkGAyxH3oKRrhEISTTZ7IjQOl+EYQc1WRNCbq74kMh0KMQk91hlgOxLw3Fv/zeqkMjp2MRkkqISLTRUHKDBkb40QMn3Igko0UwYRTdatBBphjIlVuJRWCNf/yImkf1i2zbl2oNE7QFEVURhVUQxY6Qg10hpqohQi6RQ/oCT1rd9qj9qK9TlsL2mxmH/2B9vYDmkacbw==</latexit><latexit sha1_base64="gk4Ydi2Hqp6lfhOLgedLAu+0hVc=">AAACBHicbVC5TsNAEF2HK4TLQJnGSoSUKrJpoIygoUJBIocUG2u9HierrA/trkGR5YKGn+ADaChAiJaelg7Bx7A5Ckh40khP781oZp6XMCqkaX5qhaXlldW14nppY3Nre0ff3WuLOOUEWiRmMe96WACjEbQklQy6CQccegw63vB07HeugQsaR5dylIAT4n5EA0qwVJKrlweudWVjlgywfUN9kJT5kPHczc5zV6+adXMCY5FYM1JtVGrfX0fv901X/7D9mKQhRJIwLETPMhPpZJhLShjkJTsVkGAyxH3oKRrhEISTTZ7IjQOl+EYQc1WRNCbq74kMh0KMQk91hlgOxLw3Fv/zeqkMjp2MRkkqISLTRUHKDBkb40QMn3Igko0UwYRTdatBBphjIlVuJRWCNf/yImkf1i2zbl2oNE7QFEVURhVUQxY6Qg10hpqohQi6RQ/oCT1rd9qj9qK9TlsL2mxmH/2B9vYDmkacbw==</latexit><latexit sha1_base64="SXGTqjkp+GSA5I/cQ0SISGWrAh4=">AAACBHicbVC7TsNAEDyHVwgvA2UaiwiJKrJpoIygoUJBIg8pDtb5vI5POZ+tuzMoslzQ8Cs0FCBEy0fQ8TdcEheQMNJKo5ld7e74KaNS2fa3UVlZXVvfqG7WtrZ3dvfM/YOuTDJBoEMSloi+jyUwyqGjqGLQTwXg2GfQ88eXU793D0LShN+qSQrDGI84DSnBSkueWY88587FLI2w+0ADUJQFkIvCy68Lz2zYTXsGa5k4JWmgEm3P/HKDhGQxcEUYlnLg2Kka5lgoShgUNTeTkGIyxiMYaMpxDHKYz54orGOtBFaYCF1cWTP190SOYyknsa87Y6wiuehNxf+8QabC82FOeZop4GS+KMyYpRJrmogVUAFEsYkmmAiqb7VIhAUmSudW0yE4iy8vk+5p07Gbzo3daF2UcVRRHR2hE+SgM9RCV6iNOoigR/SMXtGb8WS8GO/Gx7y1YpQzh+gPjM8fa2OYkw==</latexit>

Figure 2.2: The black solid line on the top represents the variance function V (·) in the

alternative H̃1, and the black solid line on the bottom represents the mean function f(·).
The thick red segments mark the support of X under both H0 and H̃1. Here, h1 � n−

2β
4αβ+β+2α ,

h2 � n−
4α

4αβ+β+2α , and are chosen such that both M := h2/(4h1)− 1/2 and N := 2M + 1 are

positive integers. {r̃i}Ni=1 are N i.i.d. standard normal variables.

will focus on the construction under the null H0 and alternative H̃1 in the first step. Choose

the parameters

h1 � n−
2β

4αβ+β+2α , h2 � n−
4α

4αβ+β+2α , and θ2
n = h2α

1 = hβ2

so that h2/h1 →∞ as n→∞.

Choice of V (·): Under H0 let V ≡ 1. Under H̃1, let V (·) be one minus a smooth bump

function around x∗ with width h2 and height hβ2 so that V (x∗) = 1− θ2
n.
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Choice of f(·): Under H0 let f ≡ 0. Under H̃1, let f(·) be a “local” version of the

design in Theorem 2. That is, f takes on a value of 0 outside of [x∗− h2, x
∗ + h2], and

inside that h2-neighborhood of x∗, f is piecewise trapezoidal with upper base length

2h1, lower base length 4h1 and height {hα1 r̃i}Ni=1 for a standard normal sequence {r̃i}Ni=1

with N := h2/(2h1) a positive integer.

Choice of ε: Under both H0 and H̃1, let ε ∼ N (0, 1).

Choice of X: Under both H0 and H̃1, let X be uniformly distributed on the union of

[0, 1]\[x∗−h2, x
∗+h2] and the upper bases of all the trapezoids inside [x∗−h2, x

∗+h2].

See Figure 2.2 for an illustration of H̃1.

Under the above construction, the squared distance between the null and alternative

hypotheses (1− (1− θ2
n))2 = θ4

n � n−
8αβ

4αβ+β+2α is the desired minimax rate. Using Lemma 6,

we can show that

TV(P0, P̃1) . θ2
nnh

1/2
1 h

1/2
2 ≤ c

for some sufficiently small c, where P0 and P̃1 represent the joint distribution of {(Xi, Yi)}ni=1

under H0 and H̃1, respectively. The detailed proof is presented in the supplement.

2.4 Discussion

The two univariate models (2.1) and (2.2) discussed in the previous two sections raise natu-

ral questions about possible extensions to the multivariate setting. In what follows, we first

present some partial results in this direction in the sense of (2.4) and (2.5). We then establish

some connections between our study and quadratic functional estimation and variance esti-

mation in the linear model. Lastly, we discuss two more extensions of (2.2) in the direction

of adaptive estimation and mean function with inhomogeneous smoothness. Throughout,

consider CF , Cσ, C0, c0, Cε to be fixed positive constants.
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2.4.1 Multivariate nonparametric regression

Consider the following multivariate version of (2.2):

Yi = f(Xi) + σεi, i = 1, 2, . . . , n,

where {Xi}ni=1 = {(Xi,1, . . . , Xi,d)
>}ni=1 are i.i.d. copies of X = (X1, . . . , Xd)

> in Rd for some

fixed positive integer d, {εi}ni=1 are i.i.d. copies of ε with zero mean and unit variance and

are independent of {Xi}ni=1, and f : Rd → R belongs to a d-dimensional anisotropic Hölder

class with smoothness index α = (α1, . . . , αd)
> defined below. The goal is to estimate σ2

with f(·) and the distribution of X as nuisance parameters. This problem has been studied

in Spokoiny (2002), Munk et al. (2005), Cai et al. (2009), to name a few, again with a focus

on the fixed design setting.

Let I1, . . . , Id be d fixed (possibly infinite) intervals on R and let I be their Cartesian

product I1 × . . . × Id ⊂ Rd. Following Barron et al. (1999) and Bhattacharya et al. (2014),

we define an anisotropic Hölder class Λα,I(CF) on I as follows. For any x ∈ I and k ∈ [d],

let fk(· | x−k) denote the univariate function y 7→ f(x1, . . . , xk−1, y, xk+1, . . . , xd), with x−k

defined as x without the kth component. Then, Λα,I(CF) is defined as all f : I 7→ R such

that

max
1≤k≤d

max
0≤j≤bαkc

sup
x∈I

∥∥∥f (j)
k (· | x−k)

∥∥∥
∞
≤ CF

and

max
1≤k≤d

sup
x∈I

sup
y1,y2∈Ik

|∗|f (bαkc)
k (y1 | x−k)− f (bαkc)

k (y2 | x−k)
|y1 − y2|α′k

≤ CF ,

where again bαkc is the largest integer strictly smaller than αk and α′k := αk − bαkc. Let

supp(X) be the support of X.

Define Pmcv,(X,ε) (where “mcv” stands for “multivariate constant variance”) as the mul-

tivariate counterpart of Pcv,(X,ε):
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(a) X satisfies supp(X) ⊂ I.

(b) X has density pX(·) and there exists a fixed positive constant C0 such that

sup
u∈Rd

pX(u) ≤ C0.

(c) There exist two fixed constants δ0 > 0 and c0 > 0 such that for any δ ∈ Rd that

satisfies ‖δ‖∞ < δ0, there exists a set U := Uδ ⊂ [−1, 1]d such that

λ(Uδ) ≥ c0 and inf
u∈Uδ

pX̃ij
(u1δ1, . . . , udδd) ≥ c0,

where λ(·) represents the Lebesgue measure on Rd.

(d) Eε4 ≤ Cε for some fixed positive constant Cε.

For an upper bound on the minimax risk, we propose the following multivariate extension

of (2.8) via a product kernel (again with convention 0/0 = 0):

σ̂2
d :=

(
n
2

)−1∑
i<j

(∏d
k=1Khk(Xi,k −Xj,k)

)
(Yi − Yj)2/2

(
n
2

)−1∑
i<j

(∏d
k=1Khk(Xi,k −Xj,k)

) , (2.19)

where K(·) is a kernel chosen to satisfy (2.9), and {hk}dk=1 is a kernel bandwidth sequence.

In the following results, we will use α to denote the harmonic mean of the d-dimensional

smoothness index α, i.e. α := d/(
∑d

k=1 1/αk). This quantity is known as the effective

smoothness in classical problems such as anisotropic density estimation (Ibragimov and Khas-

minski, 1981; Birgé, 1986) and anisotropic function estimation (Nussbaum, 1986; Hoffman

and Lepski, 2002).

Proposition 1. Suppose 0 < αk ≤ 1, k ∈ [d]. Suppose the kernel K(·) in σ̂2
d is chosen such

that (2.9) is satisfied with constants MK and MK, and the bandwidth sequence is chosen as

hk � n−2α/(αk(4α+d)) for all k ∈ [d]. Then, under (2.4) with random design, it holds that

sup
f∈Λα,I(CF )

sup
σ2≤Cσ

sup
P(X,ε)∈Pmcv,(X,ε)

E
(
σ̂2
d − σ2

)2 ≤ C
(
n−8α/(4α+d) ∨ n−1

)
,
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where C is some fixed positive constant that only depends on MK ,MK ,α, CF , Cσ and C0, c0, Cε

in Pmcv,(X,ε).

Proposition 2. Under (2.4) with random design, it holds that

inf
σ̃2

sup
f∈Λα,I(CF )

sup
σ2≤Cσ

sup
P(X,ε)∈Pmcv,(X,ε)

E
(
σ̃2 − σ2

)2 ≥ c
(
n−8α/(4α+d) ∨ n−1

)
,

where c is some fixed positive constant that only depends on α, CF , Cσ and C0, c0, Cε in

Pmcv,(X,ε), and σ̃2 ranges over all estimators of σ2.

We note that Proposition 1 is only proved for αk ∈ (0, 1], k ∈ [d]. The general case when

αk is possibly larger than 1 is much more involved due to the difficulty in the random design

analysis. Propositions 1 and 2, combined, imply that the minimax rate is n−8α/(4α+d) ∨ n−1

for αk ∈ (0, 1], k ∈ [d]. In particular, when f is in an isotropic α-Hölder class (0 < α ≤ 1),

this rate becomes n−8α/(4α+d) ∨n−1. We also remark that a different estimator achieving the

rate n−8α/(4α+d) ∨ n−1 over an isotropic α-Hölder class has been briefly sketched in Robins

et al. (2008).

For completeness, we also state without proof some results for model (2.4) in the fixed

design setting. In particular, we consider the following two types of fixed designs in the

d-dimensional unit cube [0, 1]d, namely, the grid design (GD):

(X(i1,...,id),1, . . . , X(i1,...,id),d) = (i1/n
1/d, . . . , id/n

1/d), (2.20)

(i1, . . . , id) ∈ [n1/d]× . . .× [n1/d]

assuming n1/d is an integer, and the diagonal design (DD):

(Xi,1, . . . , Xi,d) = (i/n, . . . , i/n), i ∈ [n]. (2.21)

Here for any positive integer n, [n] denotes the set {1, 2, . . . , n}. Let αmax := maxk∈[d] αk and

αmin := mink∈[d] αk. The first result for (GD) is a simple modification of the isotropic result

in Cai et al. (2009) by taking differences along the smoothest direction with index αmax. The
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second result can be readily deduced from the fact that Yi = f̃(i/n) + σεi, i ∈ [n], where

f̃(x) := f(x, . . . , x) is αmin-Hölder smooth.

Proposition 3. Under (2.4) with fixed design (GD), it holds that

inf
σ̃2

sup
f∈Λ

α,[0,1]d
(CF )

sup
σ2≤Cσ

sup
Eε4≤Cε

E
(
σ̃2 − σ2

)2 � n−4αmax/d ∨ n−1

up to some fixed positive constant that only depends on α, CF , Cσ, Cε, where σ̃2 ranges over

all estimators of σ2.

Proposition 4. Under (2.4) with fixed design (DD), it holds that

inf
σ̃2

sup
f∈Λ

α,[0,1]d
(CF )

sup
σ2≤Cσ

sup
Eε4≤Cε

E
(
σ̃2 − σ2

)2 � n−4αmin ∨ n−1

up to some fixed positive constant that only depends on α, CF , Cσ, Cε, where σ̃2 ranges over

all estimators of σ2.

When f(·) belongs to an isotropic α-Hölder class, Proposition 3 implies the minimax

rate n−4α/d ∨ n−1 derived in Cai et al. (2009). Comparison with the random design rate

n−8α/(4α+d) ∨ n−1 thus shows that, for 0 < α ≤ 1, a faster rate is again achievable in the

random design setting for α < d/4.

2.4.2 Nonparametric additive model

Consider variance estimation in the additive model (2.5):

Yi =
d∑

k=1

fk(Xi,k) + σεi, i = 1, 2, . . . , n,

for some fixed integer d ≥ 2, where {εi}ni=1 are i.i.d. with zero mean and unit variance

and are independent from {Xi}ni=1 = {(Xi,1, . . . , Xi,d)
>}ni=1 in the random design setting.

Unlike Section 2.4.1, we specify d ≥ 2, since the minimax rate in the fixed design (GD) has

completely different behavior for d = 1 and d ≥ 2 (see Proposition 5 below).
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Fixed design

We first consider the two fixed designs (GD) and (DD) defined in (2.20) and (2.21). For both

designs, we consider an error distribution class with only a finite fourth moment condition.

We start with (GD), where by iteratively taking pairwise differences, one is able to estimate

the variance at the parametric rate n−1 without any smoothness assumption on the additive

components {fk}dk=1. For simplicity, we illustrate this idea with d = 2 with two additive

components f(·) and g(·), and assume that
√
n is an even number. In this case,

Yi,j = f

(
i√
n

)
+ g

(
j√
n

)
+ σεi,j, (i, j) ∈ [

√
n]× [

√
n],

where {εi,j}i,j∈[
√
n] are i.i.d. with zero mean and unit variance. By taking the pairwise

difference in the first dimension, we have

Y(i1,i2),j := Yi1,j − Yi2,j = f

(
i1√
n

)
− f

(
i2√
n

)
+ σ(εi1,j − εi2,j)

for all j ∈ [
√
n] and (i1, i2) ∈ [

√
n] × [

√
n] such that i1 6= i2. Taking again the pairwise

difference in the second dimension, we have

Y(i1,i2),(j1,j2) := Y(i1,i2),j1 − Y(i1,i2),j2 = σ(εi1,j1 − εi2,j1 − εi1,j2 + εi2,j2)

for all (i1, i2, j1, j2) ∈ [
√
n] × [

√
n] × [

√
n] × [

√
n] such that i1 6= i2 and j1 6= j2. Clearly,

we have EY(i1,i2),(j1,j2) = 0 and Var(Y(i1,i2),(j1,j2)) = 4σ2. Let m :=
√
n/2 and define I :=

{(1, 2), (3, 4), . . . , (2m−1, 2m)} with cardinalitym. Then, for the set of data points {Y(i1,i2),(j1,j2)}(i1,i2),(j1,j2)∈I

with cardinality m2 = n/4, it can be readily verified that they are i.i.d. with mean 0 and

variance 4σ2. Therefore, with Y defined as the sample average of {Y(i1,i2),(j1,j2)}(i1,i2),(j1,j2)∈I ,

the sample variance estimator,

σ̂2
add, GD :=

1

n

∑

(i1,i2),(j1,j2)∈I

(
Y(i1,i2),(j1,j2) − Y

)2
,

achieves the parametric rate n−1. A similar derivation holds for general d.
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Proposition 5. Suppose d ≥ 2. Under (2.5) with fixed design (GD), it holds that

inf
σ̃2

sup
fk,k∈[d]

sup
σ2≤Cσ

sup
Eε4≤Cε

E
(
σ̃2 − σ2

)2 � n−1

up to some fixed positive constant that only depends on Cσ and Cε, where σ̃2 ranges over all

estimators of σ2, and the first supremum is taken over all functions defined on [0, 1] for each

k ∈ [d].

Now we move on to the design (DD), where we assume each additive component fk in

(2.5) is αk-Hölder smooth on [0, 1] with some fixed constant CF . In this case, the model can

equivalently be written as

Yi = f̃(i/n) + σεi, i = 1, 2, . . . , n,

where f̃ :=
∑d

k=1 fk is αmin-Hölder smooth. Therefore, the univariate estimator and lower

bound in Wang et al. (2008) can be directly applied.

Proposition 6. Under (2.5) with fixed design (DD), it holds that

inf
σ̃2

sup
fk∈Λαk,[0,1](CF ),k∈[d]

sup
σ2≤Cσ

sup
Eε4≤Cε

E
(
σ̃2 − σ2

)2 � n−4αmin ∨ n−1

up to some fixed positive constant that only depends on CF , Cσ, Cε, where σ̃2 ranges over all

estimators of σ2.

Comparison of Propositions 6 and 4 shows that, in contrast to grid design (GD) and

random design below, there is no gain from an additive structure in the mean function for

the diagonal design (DD).

Random design

We now discuss (2.5) with a random design for {Xi}ni=1 when fk is αk-Hölder smooth on

some fixed set Ik for each k ∈ [d]. Since a shift in the mean does not affect the estimation
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of variance, we assume Efk(X1,k) = 0 for each k ∈ [d] for simplicity. Recall the definition of

Pcv,(X,ε) in the beginning of Section 2.2. Define the joint distribution class Padd,(X,ε) (where

“add” stands for “additive”) as:

For each k ∈ [d], the joint distribution of (Xk, ε) belongs to Pcv,(X,ε) and the components

of X are mutually independent.

In view of Theorem 2, the following lower bound is immediate.

Proposition 7. Under (2.5) with random design, it holds that

inf
σ̃2

sup
fk∈Λαk,Ik (CF ),k∈[d]

sup
σ2≤Cσ

sup
P(X,ε)∈Padd,(X,ε)

E
(
σ̃2 − σ2

)2 ≥ c
(
n
− 8αmin

4αmin+1 ∨ n−1
)
,

where c is a fixed positive constant that only depends on α, CF , Cσ and C0, c0, Cε in Padd,(X,ε),

and σ̃2 ranges over all estimators of σ2.

We now describe a procedure that matches the lower bound in Proposition 7, but depends

crucially on mutual independence. For illustrative purposes, we again consider the case of

only two additive components f(·) and g(·), which are α- and β-Hölder smooth, respectively.

Let X and W denote the two covariates. For each i ∈ [n], define

εXi := f(Xi) + σεi and εWi := g(Wi) + σεi,

and their corresponding variances

σ2
X := Ef 2(X) + σ2 and σ2

W := Eg2(W ) + σ2.

Clearly, we have EεXi = 0 and EεWi = 0, and εXi and εWi are independent of g(Wi) and

f(Xi), respectively. Now, notice that the additive model in (2.5) can be equivalently viewed

as Yi = f(Xi) + εWi . Thus by applying the univariate kernel estimator defined in (2.8) to

{(Yi, Xi)}ni=1, which we denote as σ̂2
W , one obtains

E
(
σ̂2
W − σ2

W

)2 ≤ C(n−8α/(4α+1) ∨ n−1)
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for some fixed positive constant C. Similarly, defining σ̂2
X as σ̂2

W , one has

E
(
σ̂2
X − σ2

X

)2 ≤ C(n−8β/(4β+1) ∨ n−1).

Lastly, under a finite fourth moment assumption on ε, a sample variance estimator of {Yi}ni=1,

denoted as σ̂2
Y , achieves the parametric rate n−1 in estimating the total variance Var(Y ),

which can be decomposed as Ef 2(X) +Eg2(W ) +σ2. Consequently, we have shown that the

method-of-moments estimator

σ̂2
moment,2 := σ̂2

X + σ̂2
W − σ̂2

Y (2.22)

achieves the optimal rate in Proposition 7. We summarize the above derivation for the

natural extension σ̂2
moment,d to general d.

Proposition 8. Under (2.5) with random design, it holds that

sup
fk∈Λαk,Ik (CF ),k∈[d]

sup
σ2≤Cσ

sup
P(X,ε)∈Padd,(X,ε)

E
(
σ̂2
moment,d − σ2

)2 ≤ C
(
n
− 8αmin

4αmin+1 ∨ n−1
)
,

where C is some fixed positive constant that only depends on α, CF , Cσ and C0, c0, Cε in

Padd,(X,ε).

Propositions 7 and 8 together imply the minimax rate over Padd,(X,ε), which further

illustrates the fact that an additive structure in the mean function could possibly avoid

the “curse of dimensionality” in variance estimation. However, we note that our results

crucially rely on the mutual independence condition. It is still largely unclear if the same

minimax rate could apply to the general case without this condition, though a discussion

of an interesting connection to variance estimation under linear models shall be made in

Section 2.4.4.

2.4.3 Connection to quadratic functional estimation

We now formally state the connection between quadratic functional estimation and variance

estimation in (2.2), the first of which has been studied in, for example, Doksum and Samarov



33

(1995), Ruppert et al. (1995), Huang and Fan (1999), and Robins et al. (2009).

Recall the definition of Q in (2.3) with some non-negative weight function w(·). Squaring

both sides of (2.2), multiplying by w(Xi), and then taking the expectation, one has

E
(
Y 2
i w(Xi)

)
= E

(
f 2(Xi)w(Xi)

)
+ σ2E(w(Xi)ε

2
i ) = Q+ σ2Ew(Xi).

Under a finite fourth moment assumption on ε, both E(Y 2
i w(Xi)) and Ew(Xi) can be esti-

mated at the parametric rate via the sample mean estimator, and σ2 can be estimated via

σ̂2 in (2.8) with rate n−8α/(4α+1) ∨ n−1 under the quadratic risk. Therefore, the estimator

Q̂ :=
1

n

n∑

i=1

Y 2
i w(Xi)−

(
1

n

n∑

i=1

w(Xi)

)
· σ̂2

achieves the same rate n−8α/(4α+1) ∨ n−1. In fact, it is not possible to improve upon this

rate since if there exists an estimator Q̃ with a faster convergence rate, then the “conjugate”

estimator of σ2 defined as

σ̃2 := max

{
1
n

∑n
i=1 Y

2
i w(Xi)− Q̃

1
n

∑n
i=1 w(Xi)

, 0

}
· 1
{

1

n

n∑

i=1

w(Xi) > 0

}

will also converge to σ2 at a faster rate, violating the lower bound in Theorem 2.

The following result summarizes the derivation. Recall the definition of Pcv,(X,ε) in the

beginning of Section 2.2.

Proposition 9. Suppose the weight function w(·) in the definition of Q is uniformly bounded

on R. Then, it holds that

inf
Q̃

sup
f∈Λα,I(CF )

sup
σ2≤Cσ

sup
P(X,ε)∈Pcv,(X,ε)

E
(
Q̃−Q

)2

� n−8α/(4α+1) ∨ n−1

up to some fixed positive constant that only depends on w(·), α,CF , Cσ and C0, c0, Cε in

Pcv,(X,ε), where Q̃ ranges over all estimators of Q.
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2.4.4 Connection to the linear model

Throughout this paper, we have treated the distribution of X as a nuisance parameter.

Interestingly, when we do know the distribution of X, variance estimation in nonparametric

regression with random design becomes substantially easier with the aid of parallel work

in the high-dimensional linear model (Verzelen and Villers, 2010; Dicker, 2014; Kong and

Valiant, 2018; Verzelen and Gassiat, 2018). We first elaborate on this point using the simple

model (2.2), and then formulate corresponding results for (2.4) and (2.5).

By applying the inverse of the distribution function F of X, (2.2) can be equivalently

written as

Yi = f(Ui) + σεi, i = 1, 2, . . . , n,

where {Ui}ni=1 = {F (Xi)}ni=1 are i.i.d. uniform on [0, 1], and f(·) := f ◦ F−1(·) is still α-

Hölder smooth under Lipschitz continuity on F−1. Then, using a wavelet expansion for

Hölder classes (cf. Proposition 2.5 in Meyer (1990)), one has

Yi = f 1(Ui) +
2J∑

j=1

ψj(Ui) + σεi, i = 1, 2, . . . , n, (2.23)

where {ψj}∞j=1 is an L2-orthonormal wavelet basis under the Lebesgue measure on [0, 1], and

f 1(·) is the remainder term after truncation at resolution J = Jn which satisfies ‖f 1‖∞ =

O(2−αJn). Let ψ := (ψ1, . . . , ψ2J ) and assume without loss of generality that Eψ = 02J , since

a mean shift does not affect the estimation of variance. Moreover, due to the orthonormality

of {ψj}∞j=1, we have Cov(ψ) = E(ψψ>) = I2J . Following Verzelen and Gassiat (2018) and

Kong and Valiant (2018), the estimator

σ̂2
proj :=

1

n− 1

n∑

i=1

(Yi − Y )2 −
(
n

2

)−1∑

i<j

YiYjψ
>(Ui)ψ(Uj)

has a variance term of the order (2Jn +n)/n2 and a bias term of the order 2−2αJn . Therefore,

by choosing the optimal truncation level 2Jn � n2/(4α+1), σ̂2
proj recovers the optimal rate

n−8α/(4α+1) ∨ n−1 in Theorem 1.
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Define σ̂2
proj,d (with tensor wavelet basis) and σ̂2

proj,add as the natural extensions of σ̂2
proj

under (2.4) and (2.5), respectively (see the proofs of Propositions 10 and 11 in the supplement

for exact definitions). In the wavelet expansion, we will use Jk to denote the truncation level

for the kth component of f(·) in (2.4) and fk in (2.5), and we use Fk to denote the marginal

distribution of X1,k. Recall that α = d/(
∑d

k=1 1/αk) for α = (α1, . . . , αd)
>.

Proposition 10 (Multivariate nonparametric regression, design known). Suppose the distri-

bution of X is known with supp(X) ⊂ I for some fixed set I ⊂ Rd, and F−1
k (·) is Lipschitz

continuous for all k ∈ [d] with some fixed positive constant. Then, when 2Jk is chosen to be

of the order n2α/(αk(4α+d)) for k ∈ [d] in σ̂2
proj,d, it holds that

sup
f∈Λα,I(CF )

sup
σ2≤Cσ

sup
Eε4≤Cε

E
(
σ̂2
proj,d − σ2

)2 ≤ C
(
n−8α/(4α+d) ∨ n−1

)
,

where C is some fixed positive constant that only depends on α, CF , Cσ, Cε, and the distri-

bution of X.

Proposition 11 (Nonparametric additive model, design known). Suppose the distribution

of X is known with supp(X) ⊂ I1 × . . . × Id for some fixed intervals I1, . . . , Id on the real

line, and F−1
k (·) is Lipschitz continuous for all k ∈ [d] with some fixed positive constant.

Then, when 2Jk is chosen to be of the order n2αk/(4αk+1) for k ∈ [d] in σ̂2
proj,add, it holds that

sup
fk∈Λαk,Ik (CF ),k∈[d]

sup
σ2≤Cσ

sup
Eε4≤Cε

E
(
σ̂2
proj,add − σ2

)2 ≤ C
(
n
− 8αmin

4αmin+1 ∨ n−1
)
,

where C is some fixed positive constant that only depends on α, CF , Cσ, Cε, and the distri-

bution of X.

As in the classical setting of mean function estimation via orthogonal series, the difference

of the rates in Propositions 10 and 11 is clearly explained by the number of wavelet bases

used to approximate f in (2.4) and {fk}dk=1 in (2.5). We also note that, quite interestingly,

Proposition 10 gives results beyond the case 0 < α1, . . . , αd ≤ 1 considered in Proposition 1,

and Proposition 11 does not rely on the mutual independence of the components of X.
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2.4.5 Adaptive estimation of constant variance

In this subsection, we consider adaptive estimation of the variance σ2 in model (2.2). This

is achieved by a Lepski-type procedure (Lepski, 1991; Lepskĭı, 1991). Let σ̂2(h) be the

estimator in (2.8) with an explicit dependence on the bandwidth parameter h. For any given

sample size n and fixed positive constant δ, define two positive integers m1 and m2 such that

2−m1 ≤ n−1 ≤ 2−m1+1 and 2−m2−1 ≤ n−(2−δ) ≤ 2−m2 , and define the following dyadic grid

Hδ :=
{

2−j : m1 ≤ j ≤ m2, j ∈ Z
}
.

Then, define the estimator σ̂2
adapt := σ̂2

(
ĥδ

)
with

ĥδ := max
{
h ∈ Hδ : |∗|σ̂2(h)− σ̂2(h′) ≤ τ(log n)1/2n−1(h′)−1/2,∀h′ ∈ Hδ, h

′ < h
}

for some sufficiently large positive constant τ . If the set being maximized is empty, we will

take ĥδ = n−(2−δ).

To state the error bound of σ̂2
adapt, we need the following variant Padapt

cv,(X,ε) of the distribution

class Pcv,(X,ε) considered in Theorem 1, where we replace the finite fourth-moment assumption

(d) therein by the stronger sub-Gaussian tail condition:

(d′) There exist some fixed positive constants C1,ε and C2,ε such that Eexp(tε) ≤ C1,εexp(C2,εt
2)

for any t ∈ R.

A similar exponential moment assumption has been made in the context of adaptive estima-

tion under fixed design (cf. Theorems 1 and 2 in Cai and Wang (2008)).

Proposition 12. For any given sufficiently small fixed α∗ > 0, fix some δ∗ ∈ (0, 8α∗/(4α∗+

1)). Suppose the kernel K(·) in σ̂2
adapt = σ̂2

(
ĥδ∗

)
is chosen such that (2.9) is satisfied with

constants MK and MK, and τ in ĥδ∗ is chosen to be sufficiently large (only depending on

δ∗, C1,ε, C2,ε). Then, under (2.2) with random design, it holds uniformly over all α ≥ α∗ that

sup
f∈Λα,I(CF )

sup
σ2≤Cσ

sup
P(X,ε)∈P

adapt
cv,(X,ε)

E
(
σ̂2

adapt − σ2
)2 ≤ C

{(
log n

n2

)4α/(4α+1)

∨ n−1

}
,
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where C is some fixed positive constant that only depends on δ∗,MK ,MK , CF , Cσ, and

C0, c0, C1,ε, C2,ε in Padapt

cv,(X,ε).

The following proposition shows that the extra poly-logarithmic term cannot be removed.

Proposition 13. Let φn,α := (log n/n2)2α/(4α+1) ∨ n−1/2 for any α > 0 and positive integer

n. Consider any fixed positive α∗ and α∗ ≤ α1 < α2 <∞. Then, for any sufficiently large n

and sufficiently small fixed positive constant c, any estimator σ̃2 will satisfy that, if

sup
f∈Λα2,I

(CF )

sup
σ2≤Cσ

sup
P(X,ε)∈P

adapt
cv,(X,ε)

E
(
(σ̃2 − σ2)/φn,α2

)2 ≤ c,

then

sup
f∈Λα1,I

(CF )

sup
σ2≤Cσ

sup
P(X,ε)∈P

adapt
cv,(X,ε)

E
(
(σ̃2 − σ2)/φn,α1

)2 ≥ c.

The above two results combined are in line with analogous adaptation results in quadratic

functional estimation (Efromovich and Low, 1996; Cai and Low, 2006).
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Chapter 3

GENERAL ORDER SPLINE ESTIMATION

3.1 Introduction

3.1.1 Overview

Consider the regression model

Yi = f0(i/n) + εi, i = 1, . . . , n, (3.1)

where f0 : [0, 1] → R is an unknown function and εi’s are independent normal random

variables with mean zero and variance σ2. Throughout the paper, we reserve the notation

θ0 for the truth in (3.1), i.e., (θ0)i ≡ f0(i/n). The main goal of this paper is to study the

approximation of θ0 by splines with free knots.

Consider the (generalized) spline space with the following three parameters: d, the degree

of the spline; d0, the level of continuity; k, the maximal number of pieces. More formally,

(d, d0, k)-splines are defined as (exact definition in Section 3.2):

{
f : [0, 1]→ R : f has at most k + 1 knots, is a degree d polynomial (3.2)

between knots, and is d0-times differentiable at each inner knot
}
.

For any fixed degree d, d0 takes value in {−1, 0, . . . , d − 1}, with d0 = d − 1 being the

smoothest case and d0 = −1 allowing for discontinuity between pieces. To avoid degeneracy

to global polynomials, we only consider the case k ≥ 2 in this paper. The corresponding

sequence space is defined as

Θ(d, d0, k) ≡
{
θ ∈ Rn : θi = f(i/n) for some (d, d0, k)-spline f

}
. (3.3)
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Compared to splines in more classical settings de Boor (1978); Green and Silverman (1994);

Wahba (1990), the above parameter space does not fix the knots a priori and thus provides

more flexibility.

Splines of the forms (3.2) and (3.3) have frequently emerged in nonparametric curve

estimation problems. For example, the classical smoothing splines Wahba (1990) arise from

minimizing the least squares criterion with an `2 roughness penalty. In the `1 world, splines

are closely related to total variation regularization or denoising studied in, e.g., Rudin et al.

(1992); Mammen and van de Geer (1997); Chen et al. (2001); Davies and Kovac (2001);

Tibshirani et al. (2005); Steidl et al. (2006); Rinaldo (2009); Harchaoui and Lévy-Leduc

(2010); Hütter and Rigollet (2016); Dalalyan et al. (2017). In recent years, these methods

with the spline space (3.3) received a revival of interest under the name trend filtering ; cf.

Kim et al. (2009); Tibshirani (2014); Wang et al. (2014); Guntuboyina et al. (2020).

Despite the long history and large volume of works related to the spline spaces (3.2)-

(3.3), their fundamental statistical limits have remained largely unexplored. Our first main

result in this paper reveals the following intriguing phase transition in the minimax rate of

estimation error over Θ(d, d0, k):

inf
θ̃

sup
θ∈Θ(d,d0,k)

Eθ‖θ̃ − θ‖2 �d




σ2k log log(16n/k), 2 ≤ k ≤ k0,

σ2k log(en/k), k ≥ k0 + 1.

(3.4)

Here, ‖ · ‖ denotes the Euclidean norm and �d denotes equivalence in order up to some

positive constant that only depends on d. The transition boundary k0, which takes the form

b(d+ 1)/(d− d0)c + 1 with b·c denoting the floor function, governs the maximal number

of pieces above which the optimal dependence of the estimation error on the sample size n

changes from the faster log log(16n) rate to the slower log(en) rate. Notably, for any fixed

degree d, k0 is an increasing function of the regularity parameter d0. In the two extreme

cases, we have k0 = d + 2 if d0 = d − 1 (smoothest) and k0 = 2 if d0 = −1 (roughest). In

other words, the driving factor behind the phase transition in (3.4) is the regularity due to
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the differentiability structure encoded in d, d0.

The minimax rate in (3.4) is achieved by the `0-constrained spline least squares estimator

(LSE) θ̂ ≡ θ̂(Θ(d, d0, k), Y ), with Y ≡ (Y1, . . . , Yn)> and

θ̂(Θ, Y ) ≡ argmin
θ∈Θ

‖Y − θ‖2
2 for any Θ ⊂ Rn. (3.5)

In fact, a more general oracle inequality allowing for arbitrary model mis-specification can

be proved for θ̂. Due to the non-convexity of Θ(d, d0, k), the solution to (3.5) with Θ =

Θ(d, d0, k) may not be unique and we choose any θ̂ that achieves the minimum. Among

the three parameters, we take d and d0 to be fixed in advance and consider k as a tuning

parameter to balance the approximation error of θ0 in (3.1) by Θ(d, d0, k) and the complexity

of the latter space. The estimator in (3.5) with Θ = Θ(d, d0, k) can therefore be viewed as a

class of `0-splines in their constrained form.

The minimax rate in (3.4) and the rate-optimality of `0-constrained spline LSE are in-

teresting from at least two very different angles. First, the minimax rate in (3.4) is partic-

ularly useful in penalty selection for the adaptive version of the `0-constrained spline LSE

θ̂(Θ(d, d0, k), Y ). Specifically, suppose θ0 ∈ Θ(d, d0, k
∗) in (3.1) with d and d0 fixed in ad-

vance and an unknown k∗ on the number of pieces. Our aim is to find an adaptive version

of θ̂ that does not require the knowledge of k∗ but remains minimax optimal in estimation.

Using the classical approach in Birgé and Massart (1993); Barron et al. (1999); Birgé and

Massart (2001); Massart (2007), this can be done by resorting to the penalized spline LSE

θ̂adapt, where

θ̂adapt ≡ θ̂(Θ(d, d0, k̂), Y ) (3.6)

with some data-driven k̂:

k̂ ≡ argmin
1≤k≤n

{
‖Y − θ̂(Θ(d, d0, k), Y )‖2 + pen(k; d, d0)

}
(3.7)
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for some penalty function pen(·; d, d0). The estimator θ̂adapt can thus be viewed as a class of

`0-penalized splines. Similar `0-penalized procedures have previously been studied in Kohler

(1999); Boysen et al. (2009); Fan and Guan (2018); Jewell and Witten (2018). When the

penalty pen(·; d, d0) is chosen to be proportional to the minimax rate established in (3.4),

θ̂adapt is guaranteed to be adaptively minimax optimal over Θ(d, d0, k) for all values of k.

Second, (3.4) suggests some interesting comparison between `0- and `1-regularizers in

spline regression. For expository purpose, let us consider the simplest piecewise constant

class Θ(0,−1, k), where the transition boundary is given by k0 = 2. There, while the `0-

constrained spline LSE, as defined in (3.5) with Θ = Θ(0,−1, 2), is able to achieve the faster

log log(16n) rate with 2 pieces, the same rate has been proven to be un-attainable by the `1

trend filtering, even with an additional minimum spacing condition that could be substan-

tially improved with `0-splines van de Geer (2018); Fan and Guan (2018); Guntuboyina et al.

(2020). Computationally, unlike the context of sparse linear regression where the `0 problem

of best-subset selection is provably NP-hard Natarajan (1995), efficient dynamic program-

ming algorithms do exist for implementing (3.5), at least in the discontinuous case (d0 = −1)

Auger and Lawrence (1989); Winkler and Liebscher (2002); Jackson et al. (2005); Friedrich

et al. (2008) and the first-order continuous case (d0 = 0) Fearnhead et al. (2019). Our results

hence suggest that the `0-constrained spline LSE could be an attractive alternative to its `1

counterparts in spline regressions.

To motivate the second main result of this paper, we recall the following minimax result

from Gao et al. (2019): for all k ≥ 2,

inf
θ̃∗

sup
θ∗∈Θ∗(0,k)

Eθ∗‖θ̃∗ − θ∗‖2 � σ2k log log(16n/k), (3.8)

where Θ∗(0, k) is the sub-class of Θ(0,−1, k) with non-decreasing signals. Comparing (3.4)

with d = 0, d0 = −1 and (3.8) above, we see that the phase transition from the faster rate

log log(16n) to the slower rate log(en) in (3.4) is eliminated in (3.8) under the additional

monotonicity shape constraint. This raises the natural questions of whether a similar gain by
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shape constraints applies to higher-order splines, and if so, which type of shape constraints

should be encouraged. As shape-constrained models repeatedly prove their usefulness in var-

ious applications, answering the above questions is of both practical and theoretical interests.

To this end, following Balabdaoui and Wellner (2007); Chatterjee et al. (2015), we con-

sider the following sub-class of (d, d0, k)-splines with an additional ‘d-monotone’ shape con-

straint (exact definition in Section 3.3):

{
f : [0, 1]→ R : f is a (d, d− 1, k)-spline with non-decreasing (3.9)

highest-order polynomial coefficients
}
.

Two canonical examples are d = 0 and 1, with the former corresponding to non-decreasing

signals with at most k constant pieces, and the latter corresponding to convex signals with

at most k linear pieces. Both classes have been extensively studied in the literature; cf.

Zhang (2002); Chatterjee et al. (2015); Bellec (2018); Gao et al. (2019) for the case d = 0

and Guntuboyina and Sen (2015); Chatterjee et al. (2015); Bellec (2018) for the case d = 1.

Define the sequence space corresponding to (3.9) as Θ∗(d, k).

As a special case of our second main result, we show an analogue of (3.8) under the

convexity (=1-monotone) shape constraint: for all k ≥ 2,

inf
θ̃∗

sup
θ∗∈Θ∗(1,k)

Eθ∗‖θ̃∗ − θ∗‖2 � σ2k log log(16n/k). (3.10)

The same upper bound actually holds for the general d-monotone class Θ∗(d, k), with a

complementary lower bound showing that the log log(16n) rate cannot be further improved

even with only two pieces. Comparing (3.4) and (3.10), it is hence clear that a higher-

order ‘d-monotonicity’ shape constraint eliminates the phase transition in (3.4) for general

d in that the faster k log log(16n/k) rate can now be achieved for all k. The d-monotonicity

therefore offers an attractive non-parametric sub-class Θ∗(d, k) of the general Θ(d, d− 1, k)

over which additional gain can be obtained in estimating the underlying signal.
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Finally, we remark on the technical challenges in proving (3.4) and (3.10). Unlike the

relatively straightforward proof of the log(en) part in (3.4), the derivation of the correct

transition boundary k0 and the faster log log(16n) rate requires non-trivial efforts from both

analytical and probabilistic angles. The analytic step is to derive sharp enough controls for

the magnitudes of the polynomial coefficients of signals in Θ(d, d0, k) and Θ∗(d, k), which, in

a certain sense, need be ‘tied’ to either the left-most or the right-most knot of the signal. This

is possible either due to the strong regularity inherited in the differentiability structure of

Θ(d, d0, k) for k ≤ k0, or to the global regularity within the d-monotonicity shape constraint.

Once the above controls are obtained, a generalized version of the law of iterated logarithm

(LIL), which we will develop in Section 3.4, can be applied to obtain the iterated logarithmic

rates in (3.4) and (3.10).

The rest of the paper is organized as follows. Sections 3.2 and 3.3 are devoted to the

study of unshaped splines Θ(d, d0, k) and shaped splines Θ∗(d, k), respectively. A general

version of the LIL in expectation is developed in Section 3.4. Main proofs of the results

are presented in Sections B.1 and B.2, with the remaining technical lemmas collected in the

Appendix.

3.1.2 Notation

For any x ∈ R, write (x)+ ≡ max{x, 0}. Let 1· denote the indicator function. For any

non-negative integers a, b, we use [a; b] to denote the set {a, . . . , b} and (a; b] to denote the

set {a + 1, . . . , b}. For any two positive integers a, b, let Mod(a; b) be the remainder of a

divided by b. For any two real numbers a, b, define a∨ b ≡ max{a, b} and a∧ b ≡ min{a, b}.
For any positive integers m ≥ n, let �(m;n) ≡ m(m − 1) . . . (m − n + 1) and �(m;n) ≡
m(m + 1) . . . (m + n − 1). Let Z+ denote the set of positive integers and Z≥0 ≡ Z+ ∪ {0}.
For any d ∈ Z+, let Sd ⊂ Rd+1 stand for the unit sphere. We write Eθ0 as expectation under

the experiment (3.1) with truth θ0.
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Let Cm([0, 1]) denote the set of all m-times differentiable functions on [0, 1]. For any

f ∈ Cm([0, 1]) and integer 0 ≤ ` ≤ m, let f (0)(x) ≡ f(x) and (D(`)f)(x) ≡ f (`)(x) be the

`-th derivative of f at point x. For any function f defined on [0, 1], τ ∈ [0, 1], and real

number c, define the first-order integral (I1
c;τf)(x) ≡

∫ x
τ
f(y) dy + c for x ∈ [0, 1], and the

m-th order integral iteratively as (Imc0,...,cm−1;τf)(x) ≡
(
I1
c0;τ (I

m−1
c1,...,cm−1;τf)

)
(x) for any positive

integer m ≥ 2 and real sequence {c`}m−1
`=0 . For any real function f , let f(x−) and f(x+)

denote the left and right limits at x, respectively.

For two non-negative sequences {an} and {bn}, we write an .d bn (resp. an &d bn) if

an ≤ Cbn (resp. an ≥ cbn) for some C, c > 0 that only depend on d. We also write an �d bn
if both an .d bn and an &d bn hold. In the following, we will suppress d in .d, &d, and �d
when no confusion is possible. For any given constants a1, a2, . . ., we write C(a1, a2, . . .) and

c(a1, a2, . . .) to denote positive constants that only depend on a1, a2, . . ..

3.2 General-order spline regression

We start with an exact definition of the general-order spline space in (3.2):

Fn(d, d0, k) ≡
{
f : [0, 1]→ R : there exist 0 ≡ n0 ≤ . . . ≤ nk ≡ n such that

n0, . . . , nk ∈ Z≥0, ni − ni−1 ≥ (d+ 1)1ni>ni−1
,

f is a d-degree polynomial on each interval (ni−1/n, ni/n], and

f (`)
(
(ni/n)−

)
= f (`)

(
(ni/n)+

)
for all i ∈ [1; k − 1] and ` ∈ [0; d0]

}
.

For any fixed degree d ≥ 0, the range of d0 is [−1; d − 1], with d0 = −1 allowing the spline

f to be completely discontinuous. The numbers n0/n, . . . , nk/n are the knots of f , with the

middle (k − 1) ones as inner knots. Define the corresponding sequence space

Θn(d, d0, k) ≡
{
θ ∈ Rn : θi = f(i/n) for some f ∈ Fn(d, d0, k)

}
; (3.11)

in what follows, we suppress the subscript n of Θn(d, d0, k) when no confusion is possible

and name n0, . . . , nk in its corresponding spline f ∈ Fn(d, d0, k) the knots of θ.
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Two remarks regarding the above spline class are in line.

(i) The function space Fn(d, d0, k) enforces the inner knots of the spline to be positioned

among the design points. This is due to two reasons. First, it ensures the existence

of the LSE as defined in (3.5) with Θ = Θ(d, d0, k). Indeed, the minimization can be

first taken over at most (n + 1)k−1 configurations of the inner knots, after which the

problem becomes strictly convex with respect to the rest of the polynomial coefficients

and thus has a unique solution. Second, it facilitates fast computation of the LSE via

dynamic programming algorithms; see Fearnhead et al. (2019) for detailed illustration

of the piecewise linear case.

(ii) The gap d + 1 between ni and ni−1 in the above definition is necessary for the iden-

tifiability of f in the discontinuous case. This minimum spacing condition improves

substantially over existing ones made in a class of `1 methods; see Remark 11 ahead

for more details.

For any fixed d ∈ Z≥0 and d0 ∈ [−1; d− 1], let

k0 ≡ k0(d, d0) ≡
⌊
d+ 1

d− d0

⌋
+ 1. (3.12)

Our first main result is the following oracle inequality. Recall that we only consider the

case k ≥ 2 in this paper and the analysis of global polynomials (corresponding to k = 1) is

rather straightforward.

Theorem 1. Fix any θ0 ∈ Rn. Let θ̂ ≡ θ̂(Θ(d, d0, k), Y ) be the LSE as defined in (3.5) under

the experiment (3.1) with truth θ0. Then, for any δ > 0, there exists some C = C(d, δ) such

that the following statements hold for any n ≥ n with some n = n(d). If 2 ≤ k ≤ k0,

Eθ0‖θ̂ − θ0‖2 ≤ (1 + δ) inf
θ∈Θ(d,d0,k)

‖θ − θ0‖2 + Cσ2k log log(16n/k),
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and if k ≥ k0 + 1,

Eθ0‖θ̂ − θ0‖2 ≤ (1 + δ) inf
θ∈Θ(d,d0,k)

‖θ − θ0‖2 + Cσ2k log(en/k).

The following lower bound result shows that Theorem 1 is optimal in the minimax sense.

Proposition 14. Under the experiment (3.1), there exists some c = c(d) such that the

following statements hold for all n ≥ n with some n = n(d). If 2 ≤ k ≤ k0,

inf
θ̃

sup
θ∈Θ(d,d0,k)

Eθ‖θ̃ − θ‖2 ≥ cσ2k log log(16n/k),

and if k ≥ k0 + 1,

inf
θ̃

sup
θ∈Θ(d,d0,k)

Eθ‖θ̃ − θ‖2 ≥ cσ2k log(en/k),

where the infimum over θ̃ in both displays is taken over all measurable functions of Y .

The proof of Theorem 1 is presented in Section B.1, and the proof of Proposition 14 can

be found in Appendix B.3.1.

Remark 9. The above two results imply, in particular, the minimax rates in (3.4). There,

the upper bound k log(en/k) above the transition boundary k0 is not essentially new and can

be proved via straightforward modifications of the classical arguments in, e.g., Donoho and

Johnstone (1994); Birgé and Massart (2001). Rather, our main contribution lies in estab-

lishing the sharp transition boundary k0 and the faster log log(16n) rate below this boundary.

In practice when the number of pieces k is unknown, the minimax rates in (3.4) provide

guidance for penalty selection in the adaptive version (3.6) of the `0-constrained spline LSE.

Precisely, one can choose k̂ as in (3.7) with the penalty

pen(k; d, d0) ≡ τσ2

[
1k=1 + k log log(16n/k) · 12≤k≤k0 + k log(en/k) · 1k>k0

]

for some sufficiently large universal τ > 0. Then, standard arguments Birgé and Massart

(1993); Barron et al. (1999); Birgé and Massart (2001); Massart (2007) guarantee that θ̂adapt

is adaptively minimax optimal over Θ(d, d0, k) for all k ∈ Z+. Details are accordingly skipped.
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Remark 10. It is important to mention here one crucial difference between our perspec-

tive for the phase transition results and the log log(16n) rates and the one taken in Gao

et al. (2019). There, the faster log log(16n) rate for Θ(0,−1, 2) follows immediately from

the general iterated logarithmic rates for Θ∗(0, k), the class of piecewise constant and non-

decreasing signals with at most k pieces (formally defined in Section 3.3). In other words,

the log log(16n) rate for Θ(0,−1, 2) is perceived in Gao et al. (2019) as a consequence of

the monotonicity shape constraint. In contrast, the log log(16n) rate for Θ(d, d0, k) in (3.4)

in the regime k ≤ k0 is inherited from the strong regularity in the signal parametrized by

the degree d and the level of continuity d0, rather than any explicit shape constraint. In the

regime k > k0, the log log(16n) rate is not possible due to insufficient regularity in Θ(d, d0, k),

unless additional shape constraints are enforced; see Section 3.3 ahead for more details.

Remark 11. Recently, Guntuboyina et al. (2020) studied the theoretical properties of trend

filtering (TF), a class of `1-regularized discrete spline methods. More precisely, under the

experiment (3.1), the d-th order TF estimator is

θ̂dTF ≡ min
θ∈Rn

{
‖Y − θ‖2 + λ‖D(d)θ‖1

}
, (3.13)

where ‖ · ‖1 denotes the vector `1 norm, λ > 0 is a tuning parameter, and D(d) : Rn → Rn−d,

when applied to vectors, represents the d-th order discrete difference operator defined as

D(0)θ ≡ θ, D(1)θ ≡ (θ2− θ1, . . . , θn− θn−1)>, and D(r)θ ≡ D(1)(D(r−1)θ) for r ≥ 2. Equation

(3.13) is a convex problem and can be solved efficiently via algorithms designed for lasso-type

problems Tibshirani (2014).

For any θ0 ∈ Θ(d, d− 1, k) in (3.1), Corollary 2.11 in Guntuboyina et al. (2020) proved

that, upon choosing the tuning parameter λ properly and assuming a minimum spacing con-

dition to be detailed below,

Eθ0‖θ̂d+1
TF − θ0‖2 ≤ Cσ2

(
k log(en/k) + k2(d+1)1d>0

)
. (3.14)
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for some C = C(d). Comparing (3.14) with our Theorem 1 and Proposition 14, we see the

following distinctions between `0-regularized splines and their `1 counterparts.

(i) The bound (3.14) requires a minimum spacing condition that regulates, for non-vanishing

pieces (ni;ni+1] between knots with different signs (see Page 210 of Guntuboyina et al.

(2020) for their definition for the signs of knots), ni+1 − ni ≥ cn/k for some c = c(d).

This is stronger than the constant gap condition assumed in Θ(d, d0, k). Moreover,

Theorem 4.2 in Fan and Guan (2018) suggests that this minimum spacing condition is

essential to the TF estimators, namely, the performance of (3.13) could deteriorate to
√
n (up to some polylogarithmic factors) without it.

(ii) Over the class Θ(d, d−1, k) with transition boundary k0 = d+2, the `1 TF estimator in

(3.13) is in general rate sub-optimal below the boundary, even with the additional mini-

mum spacing condition mentioned above. Specifically, in the constant space Θ(0,−1, k),

the minimax rate of estimation is log log(16n) with k = 2 pieces, but the TF estimator

in (3.13) with d = 1 can only achieve the slower log(en) rate in view of Lemma 2.4 of

Guntuboyina et al. (2020).

Remark 12. For the computation of the `0-constrained spline LSE θ̂ and its adaptive ver-

sion (3.6), the major difficulty in the development of efficient algorithms is measured by the

regularity parameter d0. For d0 = −1, both estimators can be computed efficiently using

standard dynamic programming algorithms Auger and Lawrence (1989); Winkler and Lieb-

scher (2002); Jackson et al. (2005); Friedrich et al. (2008) along with more refined pruning

arguments Killick et al. (2012); Maidstone et al. (2017). For the first-order continuous case

(d0 = 0), Fearnhead et al. (2019) recently introduced for the linear case (d = 1) a novel dy-

namic programming algorithm with linear to quadratic time complexity, which can be readily

extended to arbitrary order d ∈ Z+. We expect that the above method could potentially be

extended to the case of general d and d0, but this will be left as the subject of future research.
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Lastly, we provide some intuition for the form of k0 defined in (3.12). This will mostly be

clear from the perspective of minimax lower bounds in Proposition 14. There, the situation

is somewhat similar to the derivation of minimax lower bounds in the sparse linear regression

setting Donoho and Johnstone (1994); Ye and Zhang (2010); Raskutti et al. (2011), in that

we only have to find, for each fixed d and d0, the minimum value of k such that a subset

S of 1-sparse vectors can be constructed in Θ(d, d0, k) with cardinality |S| ≥ cn for some

c = c(d). Heuristically, this value can be found via the following degree-of-freedom (DOF)

calculation:

(k − 2)(d+ 1) ≥ (k − 1)(d0 + 1) + 1. (3.15)

Here, the left-hand side is the DOF for any 1-sparse θ ∈ Θ(d, d0, k) with the two end pieces

being constantly zero, as each of the middle (k− 2) pieces has (d+ 1) DOF arising from the

d-degree polynomial. On the right-hand side, the first term (k − 1)(d0 + 1) results from the

(d0 + 1) continuity constraints at each of the (k− 1) inner knots, and the additional 1 DOF

excludes the possibility that θ ≡ 0. Solving (3.15) yields that k ≥ 1 + d(d+ 2)/(d− d0)e,
which indeed holds for k = k0 + 1 as defined in (3.12), with equality when d0 = d− 1.

Figure 3.1 demonstrates the minimum number k of pieces needed for d ∈ [0; 2] and

d0 ∈ [−1; d − 1] so that a 1-sparse vector can be constructed in general position. The

minimum value of k in each scenario matches k0 + 1 as defined in (3.12).

3.3 General-order splines with shape constraint

As mentioned in (3.8) in the introduction, in contrast to the phase transition in (3.4), the

faster log log(16n) rate of estimation becomes universal in the class Θ∗(0, k) that contains

all piecewise constant non-decreasing signals. This section derives higher-order analogues of

this result. We start with the convexity constraint in the linear case in Section 3.3.1, and

then generalize to higher-order splines in Section 3.3.2.
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k0(0,�1) = 2
<latexit sha1_base64="6MeL8abfg5qWxGZfhGXRZUjj6co="></latexit>
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<latexit sha1_base64="DoQK/GvBBVsf7IKbuWDjnOJdnB8="></latexit>

k0(1, 0) = 3
<latexit sha1_base64="vIIrgHCxkgsaz2cBF6v7gIsR2g8="></latexit>

k0(2,�1) = 2
<latexit sha1_base64="x1KbgDRKLu31CLabWP8lfGpD/6A="></latexit>

k0(2, 0) = 2
<latexit sha1_base64="tW75+PqCkh+OaAxldPGwOdgO2lM="></latexit>

k0(2, 1) = 4
<latexit sha1_base64="y6rcpoDzopCGBAqgfOggCdN/tOU="></latexit>

(d, d0) = (0,�1)
<latexit sha1_base64="SvdhB8d2vqSxns7/PfUj7U2WZ4Y="></latexit>

(d, d0) = (1,�1)
<latexit sha1_base64="1k+c1eZKLUxkjCZagRUbQJmJDpI="></latexit>

(d, d0) = (1, 0)
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(d, d0) = (2,�1)
<latexit sha1_base64="7jcqiYF0Xgh6/6RHLBy68fI+Us0="></latexit>

(d, d0) = (2, 0)
<latexit sha1_base64="vvKt0RrGUgQ4lT7m0VQ9+49x4lE="></latexit>

(d, d0) = (2, 1)
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Figure 3.1: Minimum number of k = k0 + 1 pieces required to construct 1-sparse vectors

with general position in Θ(d, d0, k) for d ∈ [0; 2] and d0 ∈ [−1; d− 1].

3.3.1 Convex piecewise linear regression

Convex regression is one of the central topics in shape constrained regression; see, e.g.,

Guntuboyina and Sen (2015); Chatterjee et al. (2015); Bellec (2018) for global risk bounds

and adaptation properties of the convex LSE.

We start by defining the function space of convex piecewise linear functions:

F∗n(1, k) ≡
{
f ∈ Fn(1, 0, k) : f has non-decreasing slopes on [0, 1]

}
, (3.16)

and the space on the sequence level:

Θ∗n(1, k) ≡ {θ∗ ∈ Rn : θ∗i = f ∗(i/n) for some f ∗ ∈ F∗n(1, k)}, (3.17)

with the subscript n in Θ∗n(1, k) suppressed in the sequel. The following two results show

that the convexity shape constraint eliminates the phase transition in Θ(1, 0, k).

Proposition 15. Fix any θ0 ∈ Rn. Let θ̂∗ ≡ θ̂(Θ∗(1, k), Y ) be the LSE as defined in (3.5)

under the experiment (3.1) with truth θ0. Then, for any δ > 0, there exists some C = C(δ)
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such that for any n ≥ n with some universal n and k ≥ 2,

Eθ0‖θ̂∗ − θ0‖2 ≤ (1 + δ) inf
θ∗∈Θ∗(1,k)

‖θ∗ − θ0‖2 + Cσ2k log log(16n/k). (3.18)

Proposition 16. Under the experiment (3.1), there exists some universal constant c such

that for all n ≥ n with some universal n and k ≥ 2,

inf
θ̃∗

sup
θ∗∈Θ∗(1,k)

Eθ∗‖θ̃∗ − θ∗‖2 ≥ cσ2k log log(16n/k),

where the infimum over θ̃∗ is taken over all measurable functions of Y .

Proposition 15 follows from its more general version in Theorem 2 ahead. The proof of

Proposition 16 will be presented in Appedix B.3.2.

Remark 13. The in-expectation version of Theorem 4.3 in Bellec (2018) proved a similar

oracle inequality for the convex LSE:

Eθ0‖θ̂(Θ∗, Y )− θ0‖2 ≤ inf
θ∗∈Θ∗

(
‖θ∗ − θ0‖2 + Ck(θ∗) log(en/k(θ∗))

)
(3.19)

for some universal constant C > 0, where Θ∗ ≡ Θ∗(1, n) is the larger class of equispaced

realizations of general convex functions on [0, 1], and k(θ∗) is the number of linear pieces

of θ∗, i.e., k(θ∗) ≡ ∑n
i=2 12θ∗i<θ

∗
i−1+θ∗i+1

. Note that Θ∗, as opposed to Θ∗(1, k), is a closed

convex cone in Rn. The bounds (3.18) and (3.19) are complementary in nature: the bound

(3.19) exploits the convexity of Θ∗ to obtain a sharp oracle inequality (in the sense of leading

constant 1 before infθ∗∈Θ∗ ‖θ∗− θ0‖2), but only achieves a slower worst-case k log(en/k) rate

over the smaller class Θ∗(1, k); the bound (3.18), or its adaptive version modified in a similar

way as (3.6), is minimax optimal over Θ∗(1, k) but loses the sharp leading constant 1.

3.3.2 General-order spline regression with shape constraint

Following Balabdaoui and Wellner (2007); Chatterjee et al. (2015), we consider the class of

d-monotone splines defined as follows. Let

F∗n(0, k) ≡
{
f ∈ Fn(0,−1, k) : f is non-decreasing on [0, 1]

}
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be the 0-monotone class. Next, for any d ∈ Z+, define

F∗n(d, k) ≡
{
f : [0, 1]→ R : f(x) = (Idr0,...,rd−1;0f◦)(x)

for some f◦ ∈ F∗n(0, k) and real sequence {r`}d−1
`=0

}
.

Define the sequence version of the above space as

Θ∗n(d, k) ≡
{
θ∗ ∈ Rn : θ∗i = f ∗(i/n) for some f ∗ ∈ F∗n(d, k)

}
, (3.20)

shorthanded as Θ∗(d, k). One can readily check that for d = 0, Θ∗(0, k) is the class of k-piece

isotonic signals studied in Gao et al. (2019); for d = 1, Θ∗(1, k) coincides with the convex

piecewise linear class in (3.17). Moreover, two facts follow immediately from the above

definitions: (i) For any d ≥ 1, f ∗ ∈ F∗n(d, k) ⊂ Cd−1([0, 1]) so that Θ∗(d, k) ⊂ Θ(d, d− 1, k)

with the latter defined in (3.11); (ii) For any d ≥ 1 and ` ∈ [1; d], it holds that (f ∗)(`) ∈
F∗n(d− `, k).

The following result, with Proposition 15 as a special case, shows that d-monotonicity

eliminates the phase transition in the general spline space Θ(d, d − 1, k). Its proof is given

in Section B.2.

Theorem 2. Fix any θ0 ∈ Rn. Let θ̂∗ ≡ θ̂(Θ∗(d, k), Y ) be the LSE as defined in (3.5) under

the experiment (3.1) with truth θ0. Then, for any δ > 0, there exists some C = C(d, δ) such

that for any n ≥ n with some n = n(d) and k ≥ 2,

Eθ0‖θ̂∗ − θ0‖2 ≤ (1 + δ) inf
θ∗∈Θ∗(d,k)

‖θ∗ − θ0‖2 + Cσ2k log log(16n/k).

Moreover, there exists some c = c(d) such that for all n ≥ n and k ≥ 2,

inf
θ̃∗

sup
θ∗∈Θ∗(d,k)

Eθ∗‖θ̃∗ − θ∗‖2 ≥ cσ2 log log(16n),

where the infimum over θ̃∗ is taken over all measurable functions of Y .
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Remark 14. The essential technical difficulties in proving Theorem 2 and Proposition 16

over the oracle inequality version of (3.8) (cf. Theorem 2.1 of Gao et al. (2019)) rest in the

additional regularity of Θ∗(d, k) over Θ∗(0, k).

(i) For the upper bound, Gao et al. (2019) made essential use of the fact that θ̂(Θ∗(0, k))

is the sample average given the estimated knots; cf. Lemma 5.1 therein. The analogous

property is, unfortunately, not true even for θ̂(Θ∗(1, k)). Instead, we provide a com-

pletely different proof which is based on a new parametrization for general-order splines

with shape constraint (cf. Lemma 33 ahead). We further observe that this new proof

technique, when applied to the setting of Gao et al. (2019), significantly simplifies their

proof; see Section B.2.3 for details.

(ii) For the lower bound in Proposition 16, the continuity constraint in Θ∗(1, k) requires a

much more delicate construction of least favorable signals that achieves the k log log(16n/k)

rate, compared to Θ∗(0, k); see Appendix B.3.2 for more details. This lower bound con-

struction can actually be extended to yield the optimal k log log(16n/k) rate over the

quadratic class Θ∗(2, k), but a general lower bound of the order k log log(16n/k) is still

lacking for higher-order d-monotone splines.

3.4 A generalized law of iterated logarithm

In this section, we present a generalized law of iterated logarithm (LIL) in expectation that

underlies the log log(16n) rates derived in Sections 3.2 and 3.3. Recall that a centered random

variable X is said to be sub-Gaussian with parameter τ , if there exists some K > 0 such

that Eexp(λX) ≤ Kexp(λ2τ 2/2) for any λ ∈ R.

Theorem 3. Fix positive integers d ≥ 1 and n ≥ 2. Let {εi}ni=1 be a sequence of independent

and identically distributed centered sub-Gaussian random variables with parameter 1. Let
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ψ : R+ → R+ be a strictly increasing continuous function with inverse ψ−1. Let

Z ≡ max
1≤n1<n2≤n

∣∣∑
i∈(n1;n2](i− n1)dεi

∣∣
(n2 − n1)d(n2 ∧ (n− n1))1/2

.

Then, provided that

∫ ∞

1

e−c0(ψ−1(t))2

dt <∞ (3.21)

for some sufficiently small c0 = c0(d), there exist some C1 = C1(ψ, d) > 0 and C2 = C2(d) >

0 such that

Eψ(Z) ≤ C1

[
ψ
(
(C2 log log(16n))1/2

)
∨ 1
]
.

The proof of the above theorem can be found in Appendix B.4. Here are some choices of

ψ’s that will be relevant in the proofs of results in Sections 3.2 and 3.3.

Example 1. Let ψ(t) = tα where α > 0. Then ψ−1(t) = t1/α, so clearly (3.21) holds.

Example 2. Let ψ(t) = ect
α − 1 where α, c > 0. Then ψ−1(t) =

(
log(1 + t)/c

)1/α
. So

∫ ∞

1

e−(c0/c2/α)(log(1+t))2/α

dt




<∞, α ∈ (0, 2], c ∈ (0, c01α=2 +∞1α∈(0,2)),

=∞, otherwise.

Note that a law of iterated logarithm in expectation fails in general for the choice ψ(t) =

ect
α − 1 whenever α > 2, as α = 2 corresponds to the maximal integrability of Gaussian

random variables.
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Chapter 4

ASYMPTOTICS OF LIKELIHOOD RATIO TESTS IN
GAUSSIAN SEQUENCE MODEL WITH CONVEX

CONSTRAINT

4.1 Introduction

4.1.1 The likelihood ratio test

Consider the Gaussian sequence model

Y = µ+ ξ, (4.1)

where µ ∈ Rn is unknown and ξ = (ξ1, . . . , ξn) is an n-dimensional standard Gaussian

vector. In a variety of applications, prior knowledge on the mean vector µ can be naturally

translated into the constraint µ ∈ K, where K is a closed convex set in Rn. We refer the

readers to Chatterjee (2014a); Guntuboyina and Sen (2018) and many references therein for

a diverse list of concrete examples of K. In this paper, we will be interested in the following

‘goodness-of-fit’ testing problem:

H0 : µ = µ0 versus H1 : µ ∈ K, (4.2)

where µ0 ∈ K ⊂ Rn, and K is an arbitrary closed and convex subset of Rn. Throughout

the manuscript, the asymptotics will take place as n → ∞, and the explicit dependence of

µ, µ0, K and related quantities on the dimension n will be suppressed for ease of notation.

Given observation Y generated from model (4.1), arguably the most natural and generic

test for (4.2) is the likelihood ratio test (LRT). Under the Gaussian model (4.1), the log-
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likelihood ratio statistic (LRS) for (4.2) takes the form

T (Y ) ≡ ‖Y − µ0‖2 − ‖Y − µ̂K‖2

= ‖µ+ ξ − µ0‖2 − ‖µ+ ξ − ΠK(µ+ ξ)‖2 ≥ 0. (4.3)

Here µ̂K ≡ ΠK(Y ) ≡ arg minν∈K‖Y − ν‖2 is the metric projection of Y onto the constraint

set K with respect to the canonical Euclidean `2 norm ‖ · ‖ on Rn. As K is both closed and

convex, ΠK is well-defined, and the resulting µ̂K is both the least squares estimator (LSE)

and the maximum likelihood estimator for the mean vector µ under the Gaussian model

(4.1). The risk behavior of µ̂K is completely characterized in the recent work Chatterjee

(2014a).

The LRT for (4.2) and its generalizations thereof have gained extensive attention in the

literature, see e.g. Chernoff (1954); Bartholomew (1959a,b, 1961a,b); Kudô (1963); Barlow

et al. (1972); Kudô and Choi (1975); Robertson and Wegman (1978); Warrack and Robertson

(1984); Shapiro (1985); Raubertas et al. (1986); Robertson et al. (1988); Shapiro (1988);

Menéndez and Salvador (1991); Menéndez et al. (1992a,b); Durot and Tocquet (2001); Meyer

(2003); Sen and Meyer (2017); Wei et al. (2019) for an incomplete list. In our setting, an

immediate way to use the LRS T (Y ) in (4.3) to form a test is to simulate the critical values of

T (Y ) underH0. More precisely, for any confidence level α ∈ (0, 1), we may determine through

simulations an acceptance region Iα ⊂ R such that the LRS satisfies P
(
T (Y ) ∈ Iα

)
= 1− α

under H0, and then formulate the LRT accordingly. In some special cases, including the

classical setting where K is a subspace, the distribution of T (Y ) under the null is even

known in closed form, so the simulation step can be skipped.

Clearly, the almost effortless LRT as described above already gives an exact type I error

control at the prescribed level for a generic pair (µ0, K). The equally important question of

its power behavior, however, is more complicated and requires a much deeper level of inves-

tigation. In the classical setting of parametric models and certain semiparametric models,

the power behavior of the LRT can be precisely determined, at least asymptotically, for con-
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tiguous alternatives in the corresponding parameter spaces, cf. van der Vaart (1998, 2002).

An important and basic ingredient for the success of power analysis in these settings is the

existence of a limiting distribution of the LRT under H0 that can be ‘perturbed’ in a large

number of directions of alternatives.

Unfortunately, the distribution of the LRS T (Y ) in (4.3) under the null, for both finite-

sample and asymptotic regimes, is only understood in very few cases. One such case is, as

mentioned above, the classical setting where K is a subspace of dimension dim(K). Then

the null distribution of T (Y ) is a chi-squared distribution with dim(K) degrees of freedom.

Another case is µ0 = 0 and K is a closed convex cone. In this case, the null distribution

of T (Y ) is the chi-bar squared distribution, cf. Bartholomew (1961a); Kudô (1963); Barlow

et al. (1972); Kudô and Choi (1975); Shapiro (1985); Robertson et al. (1988), which can be

expressed as a finite mixture of chi-squared distributions. Apart from these special cases,

little next to nothing is known about the distribution of the LRS T (Y ) for a general pair

of (µ0, K) under the null H0, owing in large part to the fact that the null distribution of

T (Y ) highly depends on the exact location of µ0 with respect to K and is thus intractable

in general. Consequently, the lack of such a general description of the limiting distribution

of T (Y ) causes a fundamental difficulty in obtaining precise characterizations of the power

behavior of the LRT for a general pair (µ0, K).

4.1.2 Normal approximation and power characterization

The unifying theme of this paper starts from the simple observation that in the classical

setting where K is a subspace, as long as dim(K) diverges as n → ∞, the distribution

of T (Y ) has a progressively Gaussian shape, under proper normalization. Such a normal

approximation in ‘high dimensions’ also holds for the more complicated chi-bar squared

distribution; see Dykstra (1991); Goldstein et al. (2017) for a different set of conditions.

One may therefore hope that normal approximation of T (Y ) under the null would hold in
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a far more general context than just these cases. More importantly, such a distributional

approximation would ideally form the basis for power analysis of the LRT.

Normal approximation

The first main result of this paper (see Theorem 4) shows that, although the exact distribu-

tion of T (Y ) under H0 is highly problem-specific and depends crucially on the pair (µ0, K)

as described above, Gaussian approximation of T (Y ) indeed holds in a fairly general context,

after proper normalization. More concretely, we show that under H0,

T (Y )−mµ0

σµ0

≈ N (0, 1) in total variation (4.4)

holds in the high dimensional regime where the estimation error Eµ0‖µ̂K − µ0‖2 diverges

in some appropriate sense; see Theorem 4 and the discussion afterwards for an explana-

tion. Here and below, N (0, 1) denotes the standard normal distribution, and we reserve the

notation

mµ ≡ Eµ(T (Y )) and σ2
µ ≡ Varµ(T (Y )) (4.5)

for the mean and variance of the LRS T (Y ) under (4.1) with mean µ, so that mµ0 and σ2
µ0

in (4.4) are the corresponding quantities under H0. In a similar spirit, we use the subscript

µ in Pµ and other probabilistic notations to indicate that the evaluation is under (4.1) with

mean µ.

When the normal approximation (4.4) holds, an asymptotically equivalent formulation

of the previously mentioned finite-sample LRT is the following LRT using acceptance region

determined by normal quantiles: For any α ∈ (0, 1), let

Ψ(Y ) ≡ Ψ(Y ;mµ0 , σµ0) ≡ 1

(
T (Y )−mµ0

σµ0

∈ Acα
)
, (4.6)

where Aα is a possibly unbounded interval in R such that P(N (0, 1) ∈ Aα) = 1 − α.

Common choices of Aα include: (i) (−∞, zα] for the one-sided LRT, and (ii) [−zα/2, zα/2]
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for the two-sided LRT, where zα, for any α ∈ (0, 1), is the normal quantile defined by

P(N (0, 1) ≥ zα) = α. In what follows, we will focus on the LRT given by (4.6), and in

particular its power behavior, when the normal approximation in (4.4) holds.

Power characterization

Using the normal approximation (4.4), our second main result (see Theorem 5) shows that

under mild regularity conditions,

L
({

mµ −mµ0

σµ0

})
⊂ ∆−1

Aα(β) ⇔ EµΨ(Y ;mµ0 , σµ0)→ β ∈ [0, 1]. (4.7)

Here R ≡ R∪{±∞}, and for a sequence {wn} ⊂ R, L({wn}) denotes the set of all limit points

of {wn} in R, and ∆Aα : R → [0, 1] is defined in (4.16) below. In particular, ∆Aα(0) = α

and ∆Aα(w) = 1 only if w ∈ {±∞}. Hence the LRT is power consistent under µ, i.e.,

EµΨ(Y ;mµ0 , σµ0)→ 1, if and only if

L
({

mµ −mµ0

σµ0

})
⊂ ∆−1

Aα(1) ⊂ {±∞}. (4.8)

The asymptotically exact power characterization (4.7) for the LRT is rather rare beyond

the classical parametric and certain semiparametric settings under contiguous alternatives

(cf. van der Vaart (1998, 2002)). The setting in (4.7) can therefore be viewed as a general

nonparametric analogue of contiguous alternatives for the LRT in the Gaussian sequence

model (4.1).

A notable implication of (4.8) is that for any alternative µ ∈ K, the power characteriza-

tion of the LRT depends on the quantity mµ−mµ0 , which cannot in general be equivalently

reduced to a usual lower bound condition on ‖µ−µ0‖. This indicates the non-uniform power

behavior of the LRT with respect to the Euclidean norm ‖·‖. As the LRT (with an optimal

calibration) is known to be minimax optimal in terms of uniform separation under ‖·‖ in

several examples (cf. Wei et al. (2019)), the non-uniform characterization (4.8) hints that
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the minimax optimality criteria can be too conservative and non-informative for evaluating

the power behavior of the LRT.

Another implication of (4.8) is that it is possible in certain cases that the one-sided LRT

(i.e., Aα = (−∞, zα]) has an asymptotically vanishing power, whereas the two-sided LRT

(i.e., Aα = [−zα/2, zα/2]) is power consistent. This phenomenon occurs when the limit point

−∞ in (4.8) is achieved for certain alternatives µ ∈ K in the high dimensional limit. See

Remark 16 ahead for a detailed discussion.

4.1.3 Testing subspace versus closed convex cone

A particularly important special setting for (4.2) is the case of testing H0 : µ = 0 versus

H1 : µ ∈ K, where K is assumed to be a closed convex cone in Rn. We perform a detailed

case study of the following slightly more general testing problem:

H0 : µ ∈ K0 versus H1 : µ ∈ K, (4.9)

where K0 ⊂ K ⊂ Rn is a subspace, and K is a closed convex cone. The primary motivation

to study (4.9) arises from the problem of testing a global polynomial structure versus its

shape-constrained generalization; concrete examples include constancy versus monotonicity,

linearity versus convexity, etc.; see Section 4.4.5 for details. The LRS for (4.9) takes the

slightly modified form:

T (Y ) ≡ TK0(Y ) ≡ ‖Y − µ̂K0‖2 − ‖Y − µ̂K‖2

= ‖µ+ ξ − ΠK0(µ+ ξ)‖2 − ‖µ+ ξ − ΠK(µ+ ξ)‖2. (4.10)

The dependence in the notation of the LRS T (Y ) on K0 will usually be suppressed when no

confusion could arise.

Specializing our first main result to this testing problem, we show in Theorem 6 that nor-

mal approximation of T (Y ) under H0 holds essentially under the minimal growth condition
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that δK−dim(K0)→∞, where δK is the statistical dimension of K (formally defined in Def-

inition 1). Similar to (4.7), the normal approximation makes possible the following precise

characterization of the power behavior of the LRT under the prescribed growth condition

(see Theorem 7):

L
({

E‖ΠK

(
µ− ΠK0(µ) + ξ

)
‖2 − E‖ΠK(ξ)‖2

σ0

})
⊂ ∆−1

Aα(β) ∩ [0,+∞]

⇔ EµΨ(Y ;m0, σ0)→ β ∈ [0, 1]. (4.11)

As σ2
0 = Var(T (ξ)) � δK −dim(K0) (cf. Lemma 2) for the modified LRS T (Y ) in (4.10), the

LRT is power consistent under µ if and only if

E‖ΠK

(
µ− ΠK0(µ) + ξ

)
‖2 − E‖ΠK(ξ)‖2

(
δK − dim(K0)

)1/2
→ +∞. (4.12)

Compared to the uniform ‖ · ‖-separation rate derived in the recent work Wei et al. (2019)

(cf. (4.33) below), (4.11)-(4.12) provide asymptotically precise power characterizations of

the LRT for a sequence of point alternatives. This difference is indeed crucial as (4.12),

similar to (4.8), cannot be equivalently inverted into a lower bound on ‖µ−ΠK0(µ)‖ alone.

This illustrates that the non-uniform power behavior of the LRT is not an aberration in

certain artificial testing problems, but is rather a fundamental property of the LRT in the

high dimensional regime that already appears in the special yet important setting of testing

subspace versus a cone.

4.1.4 Examples

As an illustration of the scope of our theoretical results, we validate the normal approximation

of the LRT and exemplify its power behavior in two classes of problems:

1. Testing in orthant/circular cone, isotonic regression and Lasso;

2. Testing parametric assumptions versus shape-constrained alternatives, e.g., constancy

versus monotonicity, linearity versus convexity, and generalizations thereof.
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Non-uniform power of the LRT

Some of the above problems give clear examples of the aforementioned non-uniform power

behavior of the LRT: In the problem of testing µ = 0 versus the orthant and (product)

circular cone, the LRT is indeed powerful against most alternatives in the region where the

uniform separation in ‖·‖ is not informative. More concretely:

• In the case of the orthant cone, the LRT is known to be minimax optimal (cf. Wei

et al. (2019)) in terms of the uniform ‖ · ‖-separation of the order n1/4. Our results

show that the LRT is actually powerful for ‘most’ alternatives µ with ‖µ‖ = O(n1/4),

including some with ‖ · ‖-separation of the order nδ for any δ > 0. This showcases the

conservative nature of the minimax optimality criteria. See Section 4.4.1 for details.

• In the case of (product) circular cone, the LRT is known to be minimax sub-optimal

(cf. Wei et al. (2019)) with ‖·‖-separation of the order n1/4 while the minimax separation

rate is of the constant order. Our results show the minimax sub-optimality is witnessed

only by a few unfortunate alternatives and the LRT is powerful within a large cylindrical

set including many points of constant ‖ · ‖-separation order. This also identifies the

minimax framework as too pessimistic for the sub-optimality results of the LRT; see

Section 4.4.2 for details.

4.1.5 Organization

The rest of the paper is organized as follows. Section 4.2 reviews some basic facts on metric

projection and conic geometry. Section 4.3 studies normal approximation for the LRS T (Y )

and the power characterizations of the LRT both in the general setting (4.2) and the more

structured setting (4.9). Applications of the abstract theory to the examples mentioned

above are detailed in Section 4.4. Proofs are collected in Sections C.1 and C.2 and the

appendix.
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4.1.6 Notation

For any positive integer n, let [1 : n] denote the set {1, . . . , n}. For a, b ∈ R, a∨b ≡ max{a, b}
and a∧ b ≡ min{a, b}. For a ∈ R, let a± ≡ (±a)∨ 0. For x ∈ Rn, let ‖x‖p denote its p-norm

(0 ≤ p ≤ ∞), and Bp(r;x) ≡ {z ∈ Rn : ‖z − x‖p ≤ r}. We simply write ‖x‖ ≡ ‖x‖2,

B(r;x) ≡ B2(r;x), and B(r) ≡ B(r; 0) for notational convenience. By 1n we denote the

vector of all ones in Rn. For a matrix M ∈ Rn×n, let ‖M‖ and ‖M‖F denote the spectral

and Frobenius norms of M respectively.

For a multi-index k = (k1, . . . , kn) ∈ Zn≥0, let |k| ≡ ∑n
i=1 ki. For f : Rn → R, and k =

(k1, . . . , kn) ∈ Zn≥0, let ∂kf(z) ≡ ∂|k|f(z)
∂k1

z1···∂knzn
for z ∈ Rn whenever definable. A vector-valued

map f : Rn → Rm is said to have sub-exponential growth at ∞ if lim‖x‖→∞‖f(x)e−‖x‖‖ = 0.

For f = (f1, . . . , fn) : Rn → Rn, let Jf (z) ≡ (∂fi(z)/∂zj)
n
i,j=1 denote the Jacobian of f and

div f(z) ≡
n∑

i=1

∂

∂zi
fi(z) = Tr(Jf (z))

for z ∈ Rn whenever definable.

We use Cx to denote a generic constant that depends only on x, whose numeric value

may change from line to line unless otherwise specified. a .x b and a &x b mean a ≤ Cxb

and a ≥ Cxb respectively, and a �x b means a .x b and a &x b (a . b means a ≤ Cb for

some absolute constant C). For two nonnegative sequences {an} and {bn}, we write an � bn

(respectively an � bn) if limn→∞(an/bn) = 0 (respectively limn→∞(an/bn) = ∞). We follow

the convention that 0/0 = 0. OP and oP denote the usual big and small O notation in

probability.

We reserve the notation ξ = (ξ1, . . . , ξn) for an n-dimensional standard normal random

vector, and ϕ,Φ for the density and the cumulative distribution function of a standard

normal random variable. For any α ∈ (0, 1), let zα be the normal quantile defined by

P(N (0, 1) ≥ zα) = α. For two random variables X, Y on R, we use dTV(X, Y ) and dKol(X, Y )
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to denote their total variation distance and Kolmogorov distance defined respectively as

dTV(X, Y ) ≡ sup
B∈B(R)

∣∣P
(
X ∈ B

)
− P

(
Y ∈ B

)∣∣,

dKol(X, Y ) ≡ sup
t∈R

∣∣P
(
X ≤ t

)
− P

(
Y ≤ t

)∣∣.

Here B(R) denotes all Borel measurable sets in R.

4.2 Preliminaries: metric projection and conic geometry

In this section, we review some basic facts on metric projection and conic geometry. For any

x ∈ Rn, the metric projection of x onto a closed convex set K ⊂ Rn is defined by

ΠK(x) ≡ argmin
y∈K

‖x− y‖2.

It is a standard fact that the map ΠK is well-defined, 1-Lipschitz and hence absolutely

continuous. The Jacobian JΠK is therefore almost everywhere (a.e.) well-defined.

Let G : Rn → R be defined by

G(y) ≡ ‖y − ΠK(y)‖2.

We summarize some useful properties of G and JΠK in the following lemma.

Lemma 1. The following statements hold.

1. G is absolutely continuous and its gradient ∇G(y) = 2(y−ΠK(y)) has sub-exponential

growth at ∞.

2. For a.e. y ∈ Rn, ‖JΠK (y)‖ ∨ ‖I − JΠK (y)‖ ≤ 1 and JΠK (y)>ΠK(y) = JΠK (y)>y.

Proof. (1) follows from (Goldstein et al., 2017, Lemma 2.2) and the proof of (Goldstein

et al., 2017, Lemma A.2). The first claim of (2) is proved in (Goldstein et al., 2017, Lemma

2.1). For the second claim of (2), note that ∇G(y) = 2(I − JΠK (y))>(y − ΠK(y)). By (1),

∇G(y) = 2(y − ΠK(y)), so JΠK (y)>(y − ΠK(y)) = 0, proving the claim.
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Recall that a closed and convex cone K ⊂ Rn is polyhedral if it is a finite intersection

of closed half-spaces, and a face of K is a set of the form K ∩H, where H is a supporting

hyperplane of K in Rn. Let lin(F ) denote the linear span of F . The dimension of a face F

is dimF ≡ dim(lin(F )), and the relative interior of F is the interior of F in lin(F ).

The complexity of a closed convex cone K can be described by its statistical dimension

defined as follows.

Definition 1. The statistical dimension δK of a closed convex cone K is defined as δK ≡
E‖ΠK(ξ)‖2.

The statistical dimension δK has several equivalent definitions; see e.g. (Amelunxen et al.,

2014, Proposition 3.1). In particular, δK = E supν∈K∩B(1)(〈ν, ξ〉)2. For any polyhedral cone

K ⊂ Rn and j ∈ {0, . . . , n}, the j-th intrinsic volume of K is defined as

vj(K) ≡ P
(
ΠK(ξ) ∈ relative interior of a j-dimensional face of K

)
. (4.13)

More generally, the intrinsic volumes {vj(K)}nj=0 for a closed convex cone K ⊂ Rn are defined

as the limit of (4.13) using polyhedral approximation; see (McCoy and Tropp, 2014, Section

7.3). These quantities are well-defined and have been investigated in considerable depth; see

e.g., Amelunxen et al. (2014); McCoy and Tropp (2014); Goldstein et al. (2017).

Definition 2. For any closed convex cone K ⊂ Rn, let VK be a random variable taking

values in {0, . . . , n} such that P(VK = j) = vj(K).

We summarize some useful properties of δK and VK in the following lemma. An elemen-

tary and self-contained proof is given in Appendix C.3.1.

Lemma 2. Let K be a convex closed cone. Then

1. δK = EVK;

2. Var(‖ΠK(ξ)‖2) = Var(VK) + 2δK;
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3. 2δK ≤ Var(‖ΠK(ξ)‖2) ≤ 2δK + 2‖EΠK(ξ)‖2 ≤ 4δK.

For any closed convex cone K ⊂ Rn, its polar cone is defined as

K∗ ≡ {v ∈ Rn : 〈v, u〉 ≤ 0, for all u ∈ K} . (4.14)

With ΠK∗ denoting the metric projection onto K∗, Moreau’s theorem (Rockafellar, 1997,

Theorem 31.5) states that for any v ∈ Rn,

v = ΠK(v) + ΠK∗(v) with 〈ΠK(v),ΠK∗(v)〉 = 0.

4.3 Theory

4.3.1 Normal approximation for T (Y ) and power characterizations

We start by presenting the normal approximation result for T (Y ) in (4.3) under the null

hypothesis (4.2); see Section C.1.1 for a proof. This will serve as the basis for the size and

power analysis of the LRT (4.6) in the testing problem (4.2).

Theorem 4. Let K ⊂ Rn be a closed convex set and µ0 ∈ K. Then under H0,

dTV

(
T (Y )−mµ0

σµ0

,N (0, 1)

)
≤ 8

√
Eµ0‖µ̂K − µ0‖2

2‖Eµ0µ̂K − µ0‖2 + ‖Eµ0Jµ̂K‖2
F

. (4.15)

Here Jµ̂K ≡ Jµ̂K (ξ) ≡ JΠK (µ0 + ξ), and mµ0 , σµ0 are as defined in (4.5).

The bound (4.15) is obtained by a generalization of (Goldstein et al., 2017, Theorem 2.1)

using the second-order Poincaré inequality Chatterjee (2009), together with a lower bound

for σ2
µ0

using Fourier analysis in the Gaussian space (Nourdin and Peccati, 2012, Section

1.5). The Fourier expansion can be performed up to the second order thanks to the absolute

continuity of the first derivative of T (Y ) (cf. Lemma 1).

We now comment on the structure of (4.15). The first term ‖Eµ0µ̂K−µ0‖2 in the denom-

inator is the squared bias of the projection estimator µ̂K , while the second term ‖Eµ0Jµ̂K‖2
F ,
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which depends on the magnitudes of the first-order partial derivatives of µ̂K , can be roughly

understood as the ‘variance’ of µ̂K . Consequently, one may expect that the denominator is

of the order Eµ0‖µ̂K − µ0‖2, so the overall bound scales as O
(
1/
√

Eµ0‖µ̂K − µ0‖2
)
. As will

be clear in Section 4.4, this is indeed the case in all the examples worked out, and the ma-

jor step in applying (4.15) to concrete problems typically depends on obtaining sharp lower

bounds for the ‘variance’ term ‖Eµ0Jµ̂K‖2
F , which may require non-trivial problem-specific

techniques.

Using Theorem 4, we may characterize the size and power behavior of the LRT. For a

possibly unbounded interval I ⊂ R, let ∆I : R→ [0, 1] be defined as follows: For w ∈ R,

∆I(w) ≡ 1− P
(
N (0, 1) ∈ I − w

)
= P

(
N (0, 1) ∈ Ic − w

)
, (4.16)

and ∆I(±∞) ≡ limw→±∞∆I(w), which is clearly well-defined. ∆I is either monotonic or

unimodal, so ∆−1
I (β) contains at most two elements for any β ∈ [0, 1]. Two primary examples

of I are Aos
α ≡ (−∞, zα] and Ats

α ≡ [−zα/2, zα/2] — the acceptance regions for the one- and

two-sided LRTs respectively, where we have

∆Aos
α

(w) = Φ(−zα + w), ∆Ats
α

(w) = Φ(−zα/2 + w) + Φ(−zα/2 − w). (4.17)

It is clear that ∆Aos
α

(0) = ∆Ats
α

(0) = α, ∆−1
Aos
α

(1) = {+∞}, and ∆−1
Ats
α

(1) = {±∞}. Recall the

definitions of mµ and σ2
µ for general µ ∈ K in (4.5). The following result (see Section C.1.2

for a proof) characterizes the power behavior of the LRT.

Theorem 5. Consider testing (4.2) using the LRT as in (4.6). There exists some constant

CAα > 0 such that

∣∣∣∣EµΨ(Y ;mµ0 , σµ0)−∆Aα

(
mµ −mµ0

σµ0

)∣∣∣∣

≤ 2 · errµ0 + CAα · L
(

1
∧ ‖µ− µ0‖
|mµ −mµ0| ∨ σµ0

)
. (4.18)
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Here

errµ0 ≡ dKol

(
T (µ0 + ξ)−mµ0

σµ0

,N (0, 1)

)
≤ right hand side of (4.15),

and L(x) ≡ x
√

1 ∨ log(1/x) for x > 0 and L(0) ≡ 0. Consequently:

1. The LRT in (4.6) has size

∣∣Eµ0Ψ(Y ;mµ0 , σµ0)− α
∣∣ ≤ 2 · errµ0 .

2. Suppose the normal approximation of T (Y ) holds under H0, i.e., errµ0 → 0. Then, for

any µ ∈ K such that

‖µ− µ0‖ � |mµ −mµ0| ∨ σµ0 , (4.19)

we have

L
({

mµ −mµ0

σµ0

})
⊂ ∆−1

Aα(β) ⇔ EµΨ(Y ;mµ0 , σµ0)→ β ∈ [0, 1]. (4.20)

Hence under (4.19), the LRT is power consistent under µ, i.e., EµΨ(Y ;mµ0 , σµ0)→ 1,

if and only if

L
({

mµ −mµ0

σµ0

})
⊂ ∆−1

Aα(1) ⊂ {±∞}. (4.21)

Remark 15. The validity of the normal approximation in Theorem 5-(2) is imposed to

express the exact power behavior (4.20) with the normal quantile. More generally, as long

as the normalized LRS
(
T (Y )−mµ0

)
/σµ0 has a distributional limit under H0, (4.20) can be

obtained accordingly with the corresponding quantiles.

We now comment on conditions (4.19) and (4.21) in detail.
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• Condition (4.19) centers around the key deviation quantity

∆Tµ,µ0(ξ) ≡ T (µ+ ξ)− T (µ0 + ξ), (4.22)

which can be shown to satisfy

E(∆Tµ,µ0) = mµ −mµ0 , Var(∆Tµ,µ0) ≤ ‖µ− µ0‖2.

Moreover, it can be shown that ∆Tµ,µ0 concentrates around its mean mµ −mµ0 with

sub-Gaussian tails (see Proposition 30). This concentration result allows us to connect

the normal approximation under the null in Theorem 4 to the power behavior of the

LRT under the alternative.

To further understand condition (4.19), note that in the small separation regime ‖µ−
µ0‖ � σµ0 , (4.19) is automatically fulfilled; in the large separation regime where

‖µ − µ0‖ � σµ0 , (4.19) can typically be verified by establishing a quadratic lower

bound |mµ − mµ0| & ‖µ − µ0‖2. In this sense (4.19) excludes possibly ill-behaved

alternatives that violate the prescribed quadratic lower bound in the critical regime

‖µ − µ0‖ � σµ0 ; see e.g., Example 4. Hence (4.19) cannot be removed in general for

the validity of the power characterization (4.20).

• To verify (4.21), some problem specific understanding for mµ and σµ0 is needed. As

Eµ〈ξ, µ̂K〉 = Eµ div µ̂K by Stein’s identity, we have

mµ = ‖µ− µ0‖2 + 2Eµ div µ̂K − Eµ‖µ̂K − µ‖2, (4.23)

hence the numerator of (4.21) requires sharp estimates of the expected ‘degrees of free-

dom’ Eµ div µ̂K (cf. Meyer and Woodroofe (2000)), and the estimation error Eµ‖µ̂K −
µ‖2. A (near) matching upper and lower bound for σµ0 will also be required to obtain

necessary and sufficient characterizations. We mention that (4.21) cannot in general

be equivalently inverted into a lower bound on ‖µ − µ0‖ only; see the remarks after

Theorem 7 for a more detailed discussion.
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Remark 16. The LRT defined in (4.6) depends on the choice of the acceptance region Aα.

Two obvious choices are:

1. ( One-sided LRT). Let Aα ≡ Aos
α = (−∞, zα]. This leads to the following one-sided

LRT:

Ψos(Y ) ≡ Ψos(Y ;mµ0 , σµ0) ≡ 1

(
T (Y )−mµ0

σµ0

> zα

)
. (4.24)

2. ( Two-sided LRT). Let Aα ≡ Ats
α = [−zα/2, zα/2]. This leads to the following two-sided

LRT:

Ψts(Y ) ≡ Ψts(Y ;mµ0 , σµ0) ≡ 1

(∣∣∣∣
T (Y )−mµ0

σµ0

∣∣∣∣ > zα/2

)
. (4.25)

In the classical case where K is a subspace of fixed dimension, the one-sided LRT is power

consistent (under µ ∈ K) if and only if the two-sided LRT is power consistent, so one can

simply use the standard one-sided LRT. The situation can be rather different for certain high

dimensional instances of K. Under the setting of Theorem 5-(2), as ∆−1
Aos
α

(1) = {+∞} while

∆−1
Ats
α
(1) = {±∞}, power consistency under µ for the one-sided LRT implies that for the

two-sided LRT, but the converse fails when the −∞ limit in (4.21) is achieved. See Example

5 ahead for a concrete example. However, in the special case where µ0 = 0 and K is a closed

convex cone, (mµ−mµ0)/σµ0 can only diverge to +∞ under mild growth condition on K, so

in this case power consistency is equivalent for one- and two-sided LRTs. Also see Remark

17-(1).

As a simple toy example of Theorem 5, we consider the testing problem (4.2) in the linear

regression case, where K ≡ KX ≡ {Xθ : θ ∈ Rp} for some fixed design matrix X ∈ Rn×p,

with p ≤ n. We will be interested in the high dimensional regime rank(X) → ∞ where the

normal approximation for the LRT holds under the null.

Proposition 17. Consider testing (4.2) with K = KX . Suppose that rank(X) → ∞. Let

Ψ ∈ {Ψos,Ψts}.



71

1. If µ0 ∈ KX , then

dTV

(
T (Y )−mµ0

σµ0

,N (0, 1)

)
≤ 8√

rank(X)
. (4.26)

Consequently the LRT is asymptotically size α with Eµ0Ψ(Y ) = α +O(1/
√
rank(X)).

2. For any µ ∈ KX , mµ −mµ0 = ‖µ − µ0‖2, and the LRT is power consistent under µ,

i.e., EµΨ(Y )→ 1, if and only if ‖µ− µ0‖ � (rank(X))1/4.

Proof. (1). Note that µ̂KX = ΠKX (Y ) = X(X>X)−X>Y ≡ PY , where A− denotes the

pseudo-inverse for A. Then Eµ0µ̂KX = Pµ0 = µ0, Jµ̂KX = P and

Eµ0‖µ̂KX − µ0‖2 = ‖Eµ0Jµ̂KX ‖
2
F = Tr(PP>) = dim(KX) = rank(X).

The claim (1) now follows from Theorem 4.

(2). By (4.23), for any µ ∈ KX ,

mµ = ‖µ− µ0‖2 + E
[
2〈ξ, Pξ〉 − ‖Pξ‖2

]

= ‖µ− µ0‖2 + E[‖Pξ‖2] = ‖µ− µ0‖2 + rank(X),

and with µ0 ∈ KX ,

σ2
µ0

= Var
(
‖Pξ‖2

)
= rank(X).

As ‖µ−µ0‖ � ‖µ−µ0‖2∨
√

rank(X) always holds, the claim follows from Theorem 5-(2).

More examples on testing in orthant/circular cone, isotonic regression and Lasso are

worked out in Section 4.4.

4.3.2 Subspace versus closed convex cone

In this subsection, we study in detail the testing problem (4.9) as an important special case

of (4.2). The additional subspace and cone structure will allow us to give more explicit
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characterizations of the size and the power of the LRT; note that here the LRS T (Y ) takes

the modified form (4.10). We start with the following simple observation.

Lemma 3. Let K be a closed convex set in Rn. Then for µ such that K − µ ⊂ K, we have

ΠK(µ+ ξ) = µ+ ΠK(ξ), ∀ξ ∈ Rn.

Consequently,

‖µ+ ξ − ΠK(µ+ ξ)‖2 = ‖ξ − ΠK(ξ)‖2.

Proof. By the definition of projection, we want to verify

〈µ+ ξ − (µ+ ΠK(ξ)), ν − (µ+ ΠK(ξ))〉 ≤ 0, ∀ν ∈ K.

This amounts to verifying that

〈ξ − ΠK(ξ), (ν − µ)− ΠK(ξ)〉 ≤ 0, ∀ν ∈ K.

As ν − µ ∈ K by the condition K − µ ⊂ K, the above inequality holds by the projection

property for ΠK(ξ).

Recall the definition of the statistical dimension δK in Definition 1. The above lemma

provides us with simplifications of mµ and σ2
µ as defined in (4.5): under the setting of (4.9),

for any µ ∈ K0,

mµ ≡ m0 = δK − δK0 , σ2
µ ≡ σ2

0 = Var
(
‖ΠK(ξ)‖2 − ‖ΠK0(ξ)‖2

)
. (4.27)

Moreover, as K0 is a subspace, we have δK0 = dim(K0). The following result (proved in

Section C.1.3) derives the normal approximation of T (Y ) with an explicit error bound.

Theorem 6. Suppose K0 ⊂ K ⊂ Rn are such that K0 is a subspace and K is a closed convex

cone. Then for µ ∈ K0,

dTV

(
T (Y )−m0

σ0

,N (0, 1)

)
≤ 8√

δK − δK0

.
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It is easy to see from the above bound that under the growth condition δK − δK0 →∞,

normal approximation of T (Y ) holds under the null. This growth condition cannot be

improved in general: for a subspace K, T (Y ) follows a chi-squared distribution with δK−δK0

degrees of freedom under the null, so normal approximation holds if and only if δK−δK0 →∞.

The above theorem extends (Goldstein et al., 2017, Theorem 2.1) in which the case K0 = {0}
is treated. Compared to classical results on the chi-bar squared distribution (Dykstra, 1991,

Corollary 2.2), the growth condition here does not require exact knowledge for the mixing

weights, and can be easily checked using Gaussian process techniques; see Section 4.4.5 for

examples.

Using Theorem 6, we can prove sharp size and power behavior of the LRT; see Theorem 7

below (proved in Section C.1.4). For p ≥ 1, let

ΓK,p(ν) ≡ E‖ΠK

(
ν + ξ

)
‖p − E‖ΠK(ξ)‖p, ν ∈ Rn.

We simply shorthand ΓK,1 as ΓK for notational convenience. Recall the definition of VK in

Definition 2 and that of the polar cone K∗ in (4.14).

Theorem 7. Consider testing (4.9) using the LRT Ψ(Y ;m0, σ0) with the modified LRS T (Y )

in (4.10). There exist constants CAα , C
′
Aα > 0 such that

∣∣∣∣EµΨ(Y ;m0, σ0)−∆Aα

(
ΓK,2

(
µ− ΠK0(µ)

)

σ0

)∣∣∣∣

≤ 2 · err0 + CAα · L
(

1
∧ ‖µ− ΠK0(µ)‖∣∣ΓK,2

(
µ− ΠK0(µ)

)∣∣ ∨ σ0

)
(4.28)

≤ C ′Aα · L
((
δK − δK0

)−1/4
)
. (4.29)

Here err0,L(·) are defined in Theorem 5. Consequently:

1. For µ ∈ K0, the LRT has size E0Ψ(Y ;m0, σ0), where

∣∣E0Ψ(Y ;m0, σ0)− α
∣∣ ≤ 16√

δK − δK0

.
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2. Suppose further δK − δK0 →∞. Then for µ ∈ K,

L
({

ΓK,2
(
µ− ΠK0(µ)

)

σ0

})
⊂ ∆−1

Aα(β) ∩ [0,+∞]

⇔ L
({

2ΓK
(
µ− ΠK0(µ)

)
√

2 + r(K,K0)
√

1− δK0/δK

})
⊂ ∆−1

Aα(β) ∩ [0,+∞]

⇔ EµΨ(Y ;m0, σ0)→ β ∈ [0, 1], (4.30)

where r(K,K0) ≡ Var(VK∩K∗0 )/δK∩K∗0 ∈ [0, 2]. Hence the LRT is power consistent

under µ, i.e., EµΨ(Y ;m0, σ0)→ 1, if and only if

ΓK,2
(
µ− ΠK0(µ)

)
(
δK − δK0

)1/2
→ +∞ ⇔ ΓK

(
µ− ΠK0(µ)

)
√

1− δK0/δK
→ +∞. (4.31)

Remark 17. 1. By the proof of (Wei et al., 2019, Lemma E.1), ΓK,2(ν) ≥ ‖ν‖2 ≥ 0

for all ν ∈ K, so all the limit points in (4.30) are nonnegative. This leads to the

equivalence of the power consistency property for the one-sided LRT (4.24) and the

two-sided LRT (4.25).

2. With the help of Lemma 3 and (4.27), which holds for any µ ∈ K0, some calculations

yield that

mµ −m0 = ΓK,2(µ− ΠK0(µ)) ≥ ‖µ− ΠK0(µ)‖2. (4.32)

Therefore, the counterpart of the generic condition (4.19) under (4.9)

‖µ− ΠK0(µ)‖ � |mµ −m0| ∨ σ0

is automatically satisfied due to the global quadratic lower bound (4.32). In particular,

(4.29) vanishes under the growth condition δK − δK0 →∞.

The power behavior of the LRT is characterized using ΓK,2 and ΓK in Theorem 7. The

function ΓK,2 is usually more amenable to explicit calculations in concrete examples, while
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the formulation using ΓK allows us to recover the separation rate in ‖·‖ for the LRT derived

in Wei et al. (2019) in the setting (4.9). We formally state this result below; see Section C.1.5

for a proof.

Corollary 1. For Ψ ∈ {Ψos,Ψts}, (4.31) is satisfied for any µ ∈ K such that

‖µ− ΠK0(µ)‖ � δ
1/4
K

∧(
δ

1/2
K

0
∨

infη∈K∩B(1)〈η,EΠK(ξ)〉

)
. (4.33)

Below we give a detailed comparison of (4.31) and its sufficient condition (4.33) due to

Wei et al. (2019):

• (Optimality) By Wei et al. (2019), condition (4.33) cannot be further improved in the

worst case in the sense that for every fixed pair (K0, K), there exists some µ ∈ K

violating (4.33) that invalidates (4.31). Furthermore, the same work also shows that

the uniform ‖ · ‖-separation rate in (4.33) is minimax optimal in many cone testing

problems.

• (Non-uniform power) On the other hand, it is important to mention that (4.31) is

not equivalent to (4.33). In fact, as we will see in the example of testing 0 versus the

orthant cone K+ and the product circular cone K×,α (to be detailed in Corollary 2

and Theorem 9), the worst case condition (4.33) in terms of a separation in ‖·‖ is too

conservative: condition (4.31) allows natural configurations of µ ∈ {K+, K×,α} whose

separation rate in ‖·‖ can be nδ for any δ ∈ (0, 1/4), while (4.33) necessarily requires a

separation rate in ‖·‖ of order at least n1/4. Therefore, although (4.33) gives the best

possible inversion of (4.31) in terms of uniform separation in ‖·‖, condition (4.31) can

be much weaker than (4.33), and characterizes the non-uniform power behavior of the

LRT.

To give a better sense of the results in Theorem 7, we consider a toy example where K

is also a subspace.
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Proposition 18. Let Ψ ∈ {Ψos,Ψts}. Suppose δK − δK0 →∞.

1. If µ ∈ K0, the LRT is asymptotically size α with EµΨ(Y ;m0, σ0) = α + O
((
δK −

δK0

)−1/2)
.

2. For µ ∈ K, the LRT is power consistent under µ, i.e., EµΨ(Y ;m0, σ0) → 1, if and

only if ‖µ− ΠK0(µ)‖ �
(
δK − δK0

)1/4
.

Proof. (1) is a direct consequence of Theorem 7-(1). (2) follows from Theorem 7-(2) upon

noting that

ΓK,2(µ− ΠK0(µ)) = E‖ΠK

(
µ− ΠK0(µ) + ξ

)
‖2 − E‖ΠK(ξ)‖2 = ‖µ− ΠK0(µ)‖2,

σ2
0 = Var

(
‖ΠK∩K∗0 (ξ)‖2

)
= 2δK∩K∗0 = 2(δK − δK0).

The second line of the above display uses Lemma 2-(3).

More examples on testing parametric assumptions versus shape-constrained alternatives

will be detailed in Section 4.4.

4.4 Examples

This section is organized as follows. Sections 4.4.1-4.4.4 study the generic testing problem

(4.2) in the context of orthant/circular cones, isotonic regression, and Lasso, respectively.

Section 4.4.5 specializes the subspace versus cone testing problem (4.9) to the setting of

testing parametric assumptions versus shape-constrained alternatives. For simplicity of pre-

sentation, we will focus on the two-sided LRT (4.25), and simply call it the LRT unless

otherwise specified.

4.4.1 Testing in orthant cone

Consider the orthant cone

K+ ≡ {ν = (ν1, . . . , νn) ∈ Rn : νi ≥ 0, i ∈ [1 : n]} .
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We are interested in the testing problem (4.2) with K = K+. Testing in the orthant cone

has previously been studied by Kudô (1963); Raubertas et al. (1986); Wei et al. (2019). The

following result (see Section C.2.1 for a proof) gives the limiting distribution of the LRS and

characterizes the power behavior of the LRT in this example.

Theorem 8. 1. There exists a universal constant C > 0 such that for µ0 ∈ K+,

dTV

(
T (Y )−mµ0

σµ0

,N (0, 1)

)
≤ C√

n
.

Consequently the LRT is asymptotically size α with Eµ0Ψts(Y ;mµ0 , σµ0) = α+O(n−1/2).

2. For any µ ∈ K+, the LRT is power consistent under µ, i.e., EµΨts(Y ;mµ0 , σµ0) → 1,

if and only if

∣∣∣∣
n∑

i=1

{
S+(µi)− S+((µ0)i)

}
+ ‖µ− µ0‖2

∣∣∣∣� n1/2.

Here, S+ is an increasing, concave and bounded function on [0,∞) with S+(0) = 0 and

defined as

S+(x) ≡ Φ(x) + xϕ(x)− x2(1− Φ(x))− 1

2
, x ≥ 0. (4.34)

Let us further investigate the special case µ0 = 0 to illustrate the non-uniform power

behavior of the LRT mentioned after Theorem 7. In other words, we consider testing µ = 0

versus the orthant cone K+. Let

S+(x) ≡ S+(x) + x2 = Φ(x) + xϕ(x) + x2Φ(x)− 1

2
, x ≥ 0.

As S ′+(x) = 2
[
ϕ(x) + xΦ(x)

]
, S ′+(0) = 2ϕ(0) > 0, and S ′′+(x) = 2Φ(x) ≥ 0, S+ is a strictly

increasing and convex function on [0,∞) with S+(0) = 0. Furthermore, it can be verified

via direct calculation that uniformly over x ≥ 0, S+(x) � x ∨ x2. Theorem 8 immediately

yields the following corollary.
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Corollary 2. 1. For µ = 0, the LRT is asymptotically size α with E0Ψts(Y ;m0, σ0) =

α +O(n−1/2).

2. For µ ∈ K+, the LRT is power consistent under µ, i.e., EµΨts(Y ;m0, σ0) → 1, if and

only if ‖µ‖1 ∨ ‖µ‖2 � n1/2.

The results in (Wei et al., 2019, Section 3.1.5), or equivalently, condition (4.33) show that

the type II error of an optimally calibrated LRT vanishes uniformly for µ ∈ K+ such that

‖µ‖ � n1/4. Our results above indicate that the regime where the LRT has asymptotic power

1, for the orthant cone K+, is actually characterized by the condition ‖µ‖1 ∨ ‖µ‖2 � n1/2

and is hence non-uniform with respect to ‖·‖. We give two concrete examples below.

Example 3. Let q ∈ (0, 1/2) and τ1, τ2 > 0 be two fixed positive constants. Consider the

following alternatives: (1) µ = (τ1n
−q)1n ∈ K+, and (2) µ = (τ2i

−q)ni=1 ∈ K+. In both cases,

‖µ‖1 � n1−q and ‖µ‖2 � n1−2q. The above corollary then yields that the LRT is power

consistent under µ if and only if q ∈ (0, 1/2), while the characterization of Wei et al. (2019)

guarantees power consistency of the LRT only for q ∈ (0, 1/4). In particular, as q → 1/2, the

LRT is power consistent for certain alternative µ with ‖µ‖ � nδ for any δ > 0. See Section

4.4.1 ahead for some simulation evidence.

One may further wonder whether the above examples only highlight ‘exceptional’ al-

ternatives in the regime where the uniform separation in ‖·‖ fails to be informative, i.e.,

with Mn ≡ {µ ∈ K+ : ‖µ‖2 ≤ Cn1/2} for some large enough absolute constant C > 0,

whether the above examples only constitute a small fraction of Mn. To this end, let

An ≡ {µ ∈ Mn : ‖µ‖1 ∨ ‖µ‖2 ≥ Cn1/2} be the region in Mn in which the LRT is in-

deed powerful. By a standard volumetric calculation, it is easy to see that An/Mn → 1.

In other words, the LRT is indeed powerful for ‘most’ alternatives in the region where the

uniform separation in ‖·‖ is not informative as n → ∞. Hence the non-uniform characteri-
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Figure 4.1: The power curves for the alternatives µ = (2n−q)ni=1 (in the left panel) and

µ = (i−q)ni=1 (in the right panel) as q varies, for sample sizes n ∈ {2`, ` ∈ [1 : 20]}. The plots

illustrate that the LRT has power in the range q ∈ (0, 1/2) in both the examples.

zation in Corollary 2-(2) is essential for determining whether the LRT is powerful for a given

alternative µ ∈ K+ in the regime ‖µ‖ = O(n1/4).

As the separation rate n1/4 in ‖·‖ is minimax optimal for testing 0 versus K+ (cf. (Wei

et al., 2019, Proposition 1)), the discussion above also illustrates the conservative nature of

the minimax formulation in this testing problem.

An illustrative simulation study

Below we present simulation results under the two settings considered in Example 3. The

confidence level will be taken as α = 0.05. The power of the LRT in both the simulations

below is calculated using an average of 2000 replications.

• In Figure 4.1, we take τ1 = 2, τ2 = 1 and examine the sharpness of the power char-
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Figure 4.2: Fixed q = 0.3 and n = 20000. The alternatives are µ = (τ1n
−0.3) in left panel

and µ = (τ2i
−0.3) in the right panel with τ1, τ2 ∈ {0.01, 0.02, . . . , 1}. The red line denotes the

power curve of LRT, i.e., {EµΨts(Y ;m0, σ0) : τ1}, while the blue line denotes the theoretical

power curve via normal approximation, i.e., {∆Aα
(
ΓK,2(µ)/σ0

)
: τ2}.

acterization q ∈ (0, 1/2) predicted by Corollary 2-(2). Clearly, Figure 4.1 shows that

q ∈ (0, 1/2) is the correct range where the LRT is powerful in both the settings of

Example 3, rather than q ∈ (0, 1/4) as predicted by Wei et al. (2019).

• In Figure 4.2, we fix q = 0.3, n = 20000, and examine the validity of the normal power

expansion (4.28) in Theorem 7 along the alternatives considered in Example 3 with

τ1, τ2 ∈ {0.01, 0.02, . . . , 1}. Formally, we consider two power curves: (i) the power of the

LRT, i.e., EµΨts(Y ;m0, σ0), (ii) theoretical power given by the normal approximation,

i.e., ∆Aα
(
ΓK,2(µ)/σ0

)
, for alternatives of the form µ = (τ1n

−0.3)ni=1 and µ = (τ2i
−0.3)ni=1

with the prescribed τ1, τ2’s. Figure 4.2 clearly shows that the two power curves are very
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close to each other.

Counter-examples

Let µ0 = 1n ∈ K+, and µ = c1n for some fixed c > 0 to be determined. As long as c 6= 1, we

have ‖µ−µ0‖2 = n(c−1)2 � n. We also have σ2
µ = n·Var

[
(c+ξ1−1)2−(c+ξ1)2

−
]
≡ nρ2(c) � n,

and

mµ −mµ0 = ‖µ− µ0‖2 +
n∑

i=1

(
S+(c)− S+(1)

)
= n

{
(c− 1)2 + S+(c)− S+(1)

}
,

where S+ is defined in (4.34). Let F (c) ≡ (c − 1)2 + S+(c) − S+(1). Then F (1) = 0,

F (0) = 0.5753..., and F ′(1) = S
′
+(1) = 0.1666... > 0.

We first present a choice of c that leads to an example showing the necessity of (4.19) for

the power characterization (4.20).

Example 4. By the previous discussion, F must admit a zero in the open interval (0, 1),

which we denote as c0. With c = c0, we then have mµ = mµ0 . Moreover, as σ2
µ = nρ2(c0) 6=

nρ2(1) = σ2
µ0

, so by Theorem 8-(1),

T (µ+ ξ)−mµ0

σµ0

=
T (µ+ ξ)−mµ

σµ
· σµ
σµ0

→d N
(

0,
ρ2(c0)

ρ2(1)

)
6=d N (0, 1).

This means (4.20) fails.

Next we present a choice of c that leads to an example showing the necessity of considering

two-sided LRT.

Example 5. By the previous discussion, F (c) < 0 for c ∈ (0, 1) near 1. Pick any c1 ∈ (0, 1)

such that F (c1) < 0 and consider c = c1. Let µ = c11n. As σµ0 � n1/2, (mµ −mµ0)/σµ0 �
−n1/2, so by Theorem 8-(1),

T (µ+ ξ)−mµ0

σµ0

=
T (µ+ ξ)−mµ

σµ
· σµ
σµ0

+
mµ −mµ0

σµ0

→ −∞
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in probability. This means that the two-sided LRT in (4.25) is powerful under µ = c11n,

i.e., EµΨts(Y ;mµ0 , σµ0) → 1, but the one-sided LRT in (4.24) is not powerful under µ, i.e.,

EµΨos(Y ;mµ0 , σµ0)→ 0.

4.4.2 Testing in circular cone

For any α ∈ (0, π/2), let the α-circular cone be defined by

Kα ≡
{
ν ∈ Rn−1 : ν1 ≥ ‖ν‖ cos(α)

}
,

and let K×,α ≡ Kα × R ⊂ Rn. Consider the testing problem (4.2) with µ0 = 0 and

K ∈ {Kα, K×,α}. The circular cone has recently been used in modeling by Besson (2006);

Greco et al. (2008). The following result (see Section C.2.2 for a proof) gives the limiting

distribution of the LRS and characterizes the power behavior of the LRT in this example.

Theorem 9. 1. Let K ∈ {Kα, K×,α}. There exists some universal constant C > 0 such

that,

dTV

(
T (Y )−m0

σ0

,N (0, 1)

)
≤ C√

n
.

Consequently the LRT is asymptotically size α with Eµ0Ψts(Y ;m0, σ0) = α+O(n−1/2).

2. (a) For any µ ∈ Kα, the LRT is power consistent under µ, i.e., EµΨts(Y ;m0, σ0)→ 1,

if and only if ‖µ‖ � 1.

(b) For any µ ∈ K×,α, the LRT is power consistent under µ, i.e., EµΨts(Y ;m0, σ0)→
1, if and only if ‖µ1‖ � 1 or |µ2| � n1/4.

Here for any µ ∈ Rn, µ = (µ1, µ2) ∈ Rn−1 ×R with µ1 ∈ Rn−1 denoting the first n− 1

components of µ and µ2 ∈ R denoting the last.

Regarding the two cones {Kα, K×,α}, Wei et al. (2019) showed the following:
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• For Kα, an optimally calibrated LRT is powerful for µ ∈ Kα such that ‖µ‖ � 1. The

minimax ‖ · ‖-separation rate is of the same constant order, so the LRT is minimax

optimal.

• For K×,α, an optimally calibrated LRT is powerful for µ ∈ K×,α such that ‖µ‖ � n1/4,

while the minimax ‖ · ‖-separation rate is of constant order, so the LRT is strictly

minimax sub-optimal.

Theorem 9-(2) is rather interesting compared to the above results of Wei et al. (2019):

• For Kα, Theorem 9-(2)(a) shows that the power behavior of LRT is uniform with

respect to ‖·‖ for Kα. In other words, for any µ ∈ Kα with ‖µ‖ = O(1) the LRT is

necessarily not powerful.

• For K×,α, Theorem 9-(2)(b) shows that the only bad alternatives that drive the uniform

separation rate n1/4 in ‖·‖ are those µ = (µ1, µ2) ∈ K×,α lying in the narrow cylinder

‖µ1‖ = O(1) and |µ2| = O(n1/4), and the LRT will be powerful for points of the form,

e.g. (µ1, 0) as soon as ‖µ1‖ � 1. This is in line with the result of Theorem 9-(2)(a),

and provides another example where the LRT exhibits non-uniform power behavior

with respect to ‖·‖.

Similar to the LRT in the orthant cone, one may easily see that the conservative uniform

separation rate (i.e., ‖µ‖ � n1/4) in ‖·‖ for K×,α fails to detect ‘most’ alternatives where the

LRT is powerful, as n→∞. In this sense, the minimax sub-optimality of LRT for testing 0

versus K×,α is also conservative as the LRT behaves badly for only a few alternatives with

large separation rate in ‖·‖.
The phenomenon observed above for the product circular cone can be easily extended as

follows. For some positive integer m and generic closed convex cones Ki ⊂ Rni , i = 1, . . . ,m,
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let K× ≡ ×mi=1Ki ⊂ R
∑m
i=1 ni be the associated product cone. Then the LRT for testing 0

versus K× is power consistent under µ = (µi)mi=1 ∈ ×mi=1Ki = K if and only if
∑m

i=1 ΓKi,2
(
µi
)

(∑m
i=1 δKi

)1/2
→∞.

The proof is largely similar to Theorem 9-(2)(b) so we omit the details.

4.4.3 Testing in isotonic regression

Let the monotone cone be defined by

K↑ ≡ K↑,0 = {ν = (ν1, . . . , νn) ∈ Rn : ν1 ≤ . . . ≤ νn}.

We consider the testing problem (4.2) with K = K↑ using the two-sided LRT (as in (4.25)).

The following result (see Section C.2.3 for a proof) gives the limiting distribution of the LRS

and characterizes the power behavior of the LRT in this example.

Theorem 10. 1. Suppose µ0 ∈ K↑, and for a universal constant L > 1,

1

L
≤ min

1≤i≤n−1
n
(
(µ0)i+1 − (µ0)i

)
≤ max

1≤i≤n−1
n
(
(µ0)i+1 − (µ0)i

)
≤ L. (4.35)

Then

dTV

(
T (Y )−mµ0

σµ0

,N (0, 1)

)
≤ C

n1/6
.

Here C > 0 is a constant depending on L only. Consequently the LRT is asymptotically

size α with Eµ0Ψts(Y ;mµ0 , σµ0) = α +O(n−1/6).

2. Let µ0 =
(
f0(i/n)

)n
i=1

and µ =
(
f(i/n)

)n
i=1

, where f, f0 : [0, 1] → R are C2 monotone

functions related by f0 = f +ρnδ for some C1 function δ : [0, 1]→ R with
∫
δ2 = 1 and

δ′ is bounded away from 0 and ∞. Suppose the first derivatives f ′, f ′0 are bounded away

from 0 and ∞ and second derivatives f ′′, f ′′0 are bounded away from ∞. Then the LRT

is power consistent under µ, i.e., EµΨts(Y ;mµ0 , σµ0) → 1, if and only if ρn � n−5/12,

if and only if ‖µ− µ0‖ � n1/12.
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A few remarks are in order.

• (Normal approximation) The normal approximation in Theorem 10-(1) settles the prob-

lem of the limiting distribution for the LRT used in the simulation in (Durot and Toc-

quet, 2001, Section 4). There the LRT is compared to a goodness-of-fit test based on

the central limit theorem (CLT) for the `1 estimation error of isotonic LSE (cf. Groene-

boom (1985); Groeneboom et al. (1999); Durot (2007)). We note that condition (4.35)

on the sequence µ0 is equivalent to a bounded first derivative away from 0 and∞ at the

function level. This condition is commonly adopted in global CLTs for `p type losses

of isotonic LSEs, cf. Durot (2007). In fact, the condition in Durot (2007) is stronger

than (4.35) to guarantee a CLT for `p estimation error of the isotonic LSE.

• (Rate of normal approximation) We conjecture that the error rate O(n−1/6) in the

above normal approximation is optimal based on the following heuristics. Writing µ̂

as a shorthand for µ̂K↑ , the LRS T (Y ) can be written, under H0, as

T (Y ) = 2〈ξ, µ̂− µ0〉 − ‖µ̂− µ0‖2

=
n∑

i=1

(
2ξi(µ̂i − (µ0)i)− (µ̂i − (µ0)i)

2
)
.

Under the regularity condition (4.35), the isotonic LSE µ̂ is localized in the sense

that each µ̂i roughly depends on µ0 and ξ only via indices in a local neighborhood

of i that contains O(n2/3) many points. So one may naturally view T (Y ) as roughly

a summation of O(n1/3) ‘independent’ blocks, each of which roughly has variance of

constant order. This naturally leads to the O(1/
√
n1/3) = O(n−1/6) rate in the Berry-

Esseen bound of Theorem 10-(1). Our Theorem 10-(1) formalizes this intuition, but

the proof is along a completely different line.

• (Local power analysis) The ‘local alternative’ setting in Theorem 10-(2) follows that

of Durot and Tocquet (2001). In particular, the separation rate in Theorem 10-(2) is
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reminiscent of (Durot and Tocquet, 2001, Theorem 3.1). Durot and Tocquet (2001)

obtained, under similar configurations and regularity conditions, a separation rate for a

goodness-of-fit test based on the CLT for the `1 estimation error of the isotonic LSE of

order ρn � n−5/12∨n−1/2δ
−1/2
n , where δn is the length of the support of the function δ.

Our results here show that the LRT has a sharp separation rate ρn � n−5/12 under the

prescribed configuration, which is no worse than the one derived in Durot and Tocquet

(2001) based on `1 estimation error.

In the isotonic regression example above, the main challenge in deriving the normal

approximation for T (Y ) is to lower bound the quantity ‖Eµ0Jµ̂K↑‖
2
F in (4.15). We detail this

intermediate result in the following proposition, which may be of independent interest (see

Section C.2.3 for a proof).

Proposition 19. Under the setting of Theorem 10-(1), there exists a small enough constant

κ > 0, depending on L only, such that

(
Eµ0Jµ̂K↑

)
ij
≥ κn−2/3

for {(i, j) : |i− j| ≤ κn2/3, 0.1n ≤ i, j ≤ 0.9n} for n large enough.

The above proposition is proved via exploiting the min-max representation of the isotonic

LSE, a property not shared by general shape-constrained LSEs. We conjecture that results

analogous to Theorem 10 hold for the general k-monotone cone K↑,k, to be formally defined

in Section 4.4.5, but an analogue to Proposition 19 above is not yet available for general

K↑,k.

4.4.4 Testing in Lasso

Consider the linear regression model

Y = µ+ ξ ≡ Xθ + ξ,
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where X ∈ Rn×p is a fixed design matrix with p ≤ n and full column rank. Let Σ ≡ X>X/n

be the Gram matrix. Let θ̂0 ≡ (X>X)−1X>Y be the ordinary LSE, θ̂ ≡ θ̂(λ) be the

constrained Lasso solution defined as

θ̂(λ) ≡ argmin
θ∈Rp

1

2
‖Y −Xθ‖2 s.t. ‖θ‖1 ≤ λ, (4.36)

and µ̂ ≡ µ̂(λ) ≡ Xθ̂(λ). The setting here fits into our general framework by letting

K ≡ KX,λ ≡ {µ = Xθ : ‖θ‖1 ≤ λ}

and µ̂K ≡ µ̂. We are be interested in the testing problem (4.2), i.e., H0 : µ = µ0 versus H1 :

µ ∈ KX,λ, where µ0 = Xθ0 ∈ KX,λ with ‖θ0‖1 ≤ λ. Such a goodness-of-fit test and the related

problem of constructing confidence sets for the Lasso estimator has previously been studied

in Verzelen and Villers (2010); Chatterjee and Lahiri (2011); Nickl and van de Geer (2013);

Shah and Bühlmann (2018). In the following, we use the two-sided LRT Ψts(Y ;m0, σ0) (as

in (4.25)) to test (4.2) and study its power characterization (see Section C.2.4 for a proof).

Theorem 11. Suppose p→∞. For µ ∈ KX,λ, let

pλ,µ ≡ Pµ
(
‖θ̂0‖1 ≥ λ

)
.

1. There exists a universal constant C > 0 such that, for µ0 ∈ KX,λ,

dTV

(
T (Y )−mµ0

σµ0

,N (0, 1)

)
≤

C
√
p+ np

1/2
λ,µ0(

p− C(npλ,µ0)2
)

+

.

Consequently the LRT is asymptotically size α with Eµ0Ψts(Y ;mµ0 , σµ0) = α+O(p−1/2),

provided that np
1/2
λ,µ0

= o(1).

2. Suppose n · (p1/2
λ,µ ∨ p

1/2
λ,µ0

) = o(1). For any µ ∈ KX,λ, the LRT is power consistent, i.e.,

EµΨts(Y ;mµ0 , σµ0)→ 1, if and only if ‖µ− µ0‖ � p1/4.

A few remarks are in order.
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• (Choice of λ) To apply Theorem 11, we need to control the probability term pλ,µ for

a generic µ = Xθ ∈ KX,λ. This can be done via the following exponential inequality

(see Lemma 48): for any t ≥ 1,

Pµ
(
‖θ̂0‖1 ≥ ‖θ‖1 + t

√
p

nλmin(Σ)

)
≤ e−t

2/C .

Here C > 0 is a universal constant and λmin(Σ) is the smallest eigenvalue of Σ. There-

fore, for any λ ≥ ‖θ0‖1 + rn with rn ≡ C
√
p log n/

(
nλmin(Σ)

)
for a large enough

constant C > 0, n · (p1/2
λ,µ ∨ p

1/2
λ,µ0

) = o(1) uniformly in µ ∈ KX,λ−rn , and hence the LRT

is asymptotically size α and power consistent for all such prescribed µ’s if and only if

‖µ− µ0‖ � p1/4.

• (Lasso in penalized form) Theorem 11 is applicable for Lasso in its constrained form

as defined in (4.36). We note here that this result does not yet extend to Lasso in the

penalized form (cf. Tibshirani (1996); Chen et al. (2001)) as the equivalence between

the two forms is random in nature.

The proof of Theorem 11 relies on the following proposition, which may be of independent

interest (see Section C.2.4 for a proof).

Proposition 20. The following hold:

1. ‖Eµ0Jµ̂KX,λ‖
2
F ≥ p/2− 4

(
npλ,µ0

)2
.

2. For any µ ∈ KX,λ,
∣∣Eµ div µ̂KX,λ − p

∣∣ ≤ 2p · pλ,µ.

3. For any µ ∈ KX,λ,
∣∣Eµ‖µ̂KX,λ − µ‖2 − p

∣∣ ≤ Cnp
1/2
λ,µ.

Here C > 0 is an absolute constant.

The proof of the above proposition makes essential use of an explicit representation of

the Jacobian Jµ̂KX,λ derived in Kato (2009), which complements its analogues for Lasso in

the penalized form derived in Zou et al. (2007); Tibshirani and Taylor (2012).
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4.4.5 Testing parametric assumptions versus shape-constrained alternatives

For fixed k ∈ Z≥0 and n ≥ k + 2, and consider the testing problem

H0 : µ ∈ K0,k versus H1 : µ ∈ K↑,k. (4.37)

Here K↑,k ≡ {µ ∈ Rn : ∇k+1µ ≥ 0} and K0,k ≡ {µ ∈ Rn : ∇k+1µ = 0}, with ∇ : Rn → Rn−1

denoting the difference operator defined by∇(µi)
n
i=1 ≡ (µi+1−µi)n−1

i=1 , and∇k+1 ≡ ∇◦· · ·◦∇ :

Rn → Rn−k−1 with k + 1 compositions. It can be readily verified that K0,k is a subspace of

dimension k + 1, K↑,k is a closed and convex cone, and K0,k ⊂ K↑,k ⊂ Rn. Hence (4.37) is a

special case of the general testing problem (4.9).

Testing a parametric model against a nonparametric alternative has previously been

studied in Cox et al. (1988); Eubank and Spiegelman (1990); Azzalini and Bowman (1993);

Härdle and Mammen (1993); Stute (1997); Fan and Huang (2001); Guerre and Lavergne

(2005); Christensen and Sun (2010); Neumeyer and Van Keilegom (2010); Sen and Meyer

(2017) among which the shape-constrained alternatives in (4.37) are sometimes preferred

since the model fits therein usually do not involve the choice of tuning parameters. In

particular:

1. When k = 0, (4.37) becomes:

H0 : µ is ‘constant’, versus H1 : µ is ‘monotone’.

2. When k = 1, (4.37) becomes:

H0 : µ is ‘linear’, versus H1 : µ is ‘convex’.

The above two settings have previously been considered in Bartholomew (1959a,b); Robert-

son et al. (1988); Sen and Meyer (2017).

Theorem 12. Fix k ∈ Z≥0. Consider testing (4.37) using the two-sided LRT Ψts(Y ;m0, σ0),

as in (4.25).
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1. There exists a constant C > 0, depending on k only, such that for µ ∈ K0,k,

dTV

(
T (Y )−m0

σ0

,N (0, 1)

)
≤ C

1k=0

√
log(en) + 1k≥1

√
log log(16n)

.

Consequently for µ ∈ K0,k, the LRT is asymptotically size α with EµΨts(Y ;m0, σ0) =

α +O
(
1k=0(log(en))−1/2 + 1k≥1(log log(16n))−1/2

)
.

2. For µ ∈ K↑,k with ‖µ−ΠK0,k
(µ)‖ � log1/4(en), the LRT is power consistent under µ,

i.e., EµΨts(Y ;m0, σ0)→ 1.

The key step in the proof of Theorem 12 (proved in Section C.2.5) is to obtain the correct

order of the statistical dimension δK↑,k . The discrepancy between k = 0 and k ≥ 1 in claim

(1) is due to the fact that while a universal upper bound of the order log(en) can be proved

for any fixed k ≥ 0, only a lower bound of the order log log(16n) can be proved for k ≥ 1.

We conjecture that the correct order of δK↑,k should be log(en) for all fixed k ≥ 0.

The above theorem can be easily extended to the multi-dimensional analogue of (4.37) in

the context of, e.g., testing constancy versus coordinate-wise monotonicity, linearity versus

multi-dimensional convexity, by using results of Han et al. (2019); Kur et al. (2020); we omit

the details here.
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Chapter 5

HIGH DIMENSIONAL TESTING OF COVARIANCE
MATRICES

5.1 Introduction

5.1.1 Problem setup

Let X1, . . . , Xn be i.i.d. samples from a p-variate normal distribution Np(µ,Σ). We are

interested in the following general testing problem:

H0 : (µ,Σ) ∈ H0 versus H1 : H0 does not hold (5.1)

for certain classes H0 to be specified in later sections. For the most of the paper, we will

focus on the marginal testing of the covariance matrix Σ.

Covariance matrix testing is a fundamental problem in multivariate statistical analysis.

Departing from the classical low-dimensional setting where the dimension p is fixed, e.g.

Anderson (1958); Muirhead (1982); Eaton (1983), the majority of recent works have been

devoted to (5.1) in the high-dimensional setting where p is allowed to grow proportionally

or even polynomially with n; see e.g., Ledoit and Wolf (2002); Birke and Dette (2005); Bai

et al. (2009); Jiang et al. (2012); Cai and Ma (2013); Jiang and Yang (2013); Jiang and

Qi (2015); Chen and Jiang (2018), for an incomplete list. To facilitate discussions below,

let X = [X1, . . . , Xn]> ∈ Rn×p be the data matrix, and let T (X) be a generic test statistic

whose distribution is invariant under H0, i.e., the law of T (X) remains the same for any

(µ,Σ) ∈ H0 in (5.1). Denote (throughout the paper we use the symbol ≡ for definition)

m(µ,Σ) ≡ E(µ,Σ)T (X), σ2
(µ,Σ) ≡ Var(µ,Σ)

(
T (X)

)
(5.2)
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for the mean and variance of T (X) under Np(µ,Σ), respectively. We always assume that

the two quantities in (5.2) are finite. In a similar spirit, we use the subscript (µ,Σ) in E(µ,Σ)

and other probabilistic notations to indicate that the evaluation is under measure Np(µ,Σ).

Due to the distributional invariance of T (X), its mean and variance under the null

mH0 ≡ m(µ0,Σ0), σ2
H0
≡ σ2

(µ0,Σ0) (5.3)

are well-defined for any specification of (µ0,Σ0) ∈ H0.

A common theme of the aforementioned works is a central limit theorem (CLT) for the

normalized test statistic T (X) under the null H0: under the assumption min{n, p} → ∞
along with some other case-specific growth conditions on (n, p), it holds that

T (X)−mH0

σH0

converges in distribution to N (0, 1) under H0. (5.4)

Hereafter N (0, 1) denotes the standard normal distribution.

The persistence of the universal CLT (5.4) in a wide class of covariance test statistics

T (X) in the high-dimensional regime, as cited above, is not a mere coincidence: it is known

that Gaussian approximation holds when T (X) depends on ‘sufficient average’ of eigenvalues

of the sample covariance matrix, for instance when T (X) can be written as its linear spectral

statistic Bai and Silverstein (2004). From a statistical point of view, the validity of CLT (5.4)

immediately leads to the construction of an asymptotically exact test: for any prescribed

size α ∈ (0, 1),

Ψ(X) ≡ Ψ(X;mH0 , σH0) ≡ 1
(T (X)−mH0

σH0

> zα

)
. (5.5)

Here zα is the normal quantile such that P(N (0, 1) > zα) = α. The quantities mH0 and σ2
H0

are usually known in closed forms, at least asymptotically, in the above cited works to carry

out the tests. Even not amenable to exact expression, these quantities can be simulated

easily as well.
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To assess the quality of a generic test Ψ(X) and facilitate comparison between different

tests, a more subtle and difficult question is to study the power behavior, ideally asymptot-

ically exact, for each and every test. Although of fundamental importance, existing tech-

nical devices for asymptotically exact power analysis of covariance tests are rather limited.

Roughly speaking, these techniques fall into the following two main categories:

1. Establish directly a central limit theorem for T (X) under the alternative Wang and

Yao (2013); Cai and Ma (2013); Chen and Jiang (2018); Jiang (2019). A number of

case-specific techniques, e.g., random matrix theory Wang and Yao (2013), moment

calculations Chen and Jiang (2018), martingale theory Cai and Ma (2013), have been

used along this line for different tests.

2. Use contiguity theory in conjunction with Le Cam’s third lemma. This program is

carried in Onatski et al. (2013, 2014) in the spiked covariance alternative with a fixed

number of spikes.

In addition to the case-specific nature of the techniques involved, a common downside of

these methods lies in the imposition of rather restrictive conditions on both the growth of

(n, p) and the alternative Σ under which the power analysis is valid. These restrictions may

sometimes be more fundamental than technical. For instance, the method (2) works only for

spiked alternatives in the sub-critical regime below the Baik-Ben Arous-Péché (BBP) phase

transition Baik et al. (2005), as the log likelihood ratio process could become singular in the

super-critical regime above the BBP phase transition. See Section 5.5 for a detailed technical

comparison.

5.1.2 A new method of power analysis

In this paper, we develop a general method for analyzing the power behavior of a generic

test statistic T (X) when the CLT (5.4) under the null holds. For the test Ψ(X) in (5.5)
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built from a generic test statistic T (X) whose distribution remains invariant under H0, the

general power formula (see Theorem 13) takes the following form: for any (µ,Σ) ∈ Rp×Mp,

where Mp is the set of all p× p covariance matrices,
∣∣∣∣E(µ,Σ)Ψ(X)−

[
1− Φ

(
zα −

m(µ,Σ) −mH0

σH0

)]∣∣∣∣ ≤ errH0 + err(µ,Σ). (5.6)

Here m(µ,Σ) is defined in (5.2), errH0 is the normal approximation error of T (X) under H0 in

Kolmogorov distance [formally defined in (5.13) ahead], and

err(µ,Σ) =
( V(µ,Σ)

max
{
|m(µ,Σ) −mH0|, σH0

}
)2/3

(5.7)

characterizes the departure of (µ,Σ) from the null (so err(µ0,Σ0) = 0 for any (µ0,Σ0) ∈ H0).

The ‘variance’ parameter V 2
(µ,Σ), formally defined in (5.12) ahead, characterizes the order

of stochastic fluctuation of the test statistic T (X) under the alternative compared to that

under the null.

From (5.6), it is clear that when the CLT (5.4) under the null holds, the power of

Ψ(X) under the alternative (µ,Σ) has an asymptotically exact expression via the parameter
(
m(µ,Σ)−mH0

)
/σH0 , provided that err(µ,Σ) → 0. Consequently, the key step in applying (5.6)

rests in the validation of the condition err(µ,Σ) → 0. Informally, this condition is satisfied

as long as the distribution of T (X) ‘stabilizes’ under the prescribed alternative in an appro-

priate sense. More precisely, err(µ,Σ) vanishes as long as the order of stochastic fluctuation

Vµ,Σ is smaller compared either to the mean difference |m(µ,Σ) − mH0|, or to the standard

deviation σH0 of the test statistic T (X) under the null. In typical applications that will be

detailed below, the former case corresponds to the large departure regime of the alternative

from the null, i.e., (µ,Σ) is sufficiently away from H0, while the latter to the small departure

regime, so usually the validity of the power expansion (5.6) holds for the entire regime of

alternatives.

From a different angle, our theory (5.6) is reminiscent of the classical Le Cam’s contiguity

theory in parametric LAN models. There if an estimator sequence is asymptotically normally
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distributed under the null, then it is again asymptotically normal under the alternative, but

with a mean shift whose exact value depends on the magnitude of the local alternative,

cf. van der Vaart (1998). Therefore the power of the corresponding test based on such an

estimator sequence is determined completely by this mean shift parameter. Our theory (5.6)

suggests a similar paradigm in the context of high-dimensional covariance testing (5.1), in

that the power of a test statistic with a null CLT (5.4) is determined by the (normalized)

mean shift parameter
(
m(µ,Σ) −mH0

)
/σH0 .

5.1.3 Two testing cases: testing identity and sphericity

To demonstrate the versatility of the general principle described above, we apply it to a

number of test statistics in two benchmark special cases of (5.1).

The first application is the test for identity Σ = I. In the growing p setting, this problem

has been extensively studied in the literature, see e.g., Ledoit and Wolf (2002); Srivastava

(2005); Bai et al. (2009); Chen et al. (2010); Jiang et al. (2012); Cai and Ma (2013); Jiang

and Yang (2013); Zheng et al. (2015); Chen and Jiang (2018). Among the tests studied

in the above works, we apply our general theory (5.6) to the following three tests: Likeli-

hood Ratio Test (LRT) (see Section 5.3.1), Ledoit-Nagao-Wolf’s test Nagao (1973); Ledoit

and Wolf (2002) (see Section 5.3.3), and Cai-Ma’s test Cai and Ma (2013) (see Section

5.3.4). Compared to previous results where power analysis is either missing or requires re-

strictive conditions on the alternative, our results pose no assumptions on the alternative

Σ and only mild conditions on the growth of (n, p). As an example, the LRT, denoted

by ΨLRT(X), is shown to admit the following asymptotic power formula (see Theorem 15):

under min{n, p} → ∞ with lim sup(p/n) < 1,

E(µ,Σ)ΨLRT(X) ∼ 1− Φ

(
zα −

dS(Σ, I)√
2
(
− p

n−1
− log

(
1− p

n−1

))
)
. (5.8)

Here a ∼ b stands for a/b→ 1 under the prescribed asymptotics.
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To give a flavor of how (5.8) follows from our general theory (5.6), recall that the key

step in applying (5.6) is to establish that err(µ,Σ) → 0. In the LRT setting, a much stronger

estimate can be proved in that err(µ,Σ) ≤ Cp−1/3 holds for some absolute constant C >

0. This key estimate follows by a series of algebraic manipulations, upon calculating that

V 2
(µ,Σ) = (n−1)‖Σ−I‖2

F , m(µ,Σ)−mH0 = [(n−1)/2]dS(Σ, I), and σ2
H0
≥ cp2 for some absolute

constant c > 01. See Proposition 21 and its proof for more details.

The second application is the sphericity test Σ = λI for some unspecified λ > 0. In

the growing p setting, this problem has previously been studied in Ledoit and Wolf (2002);

Srivastava (2005); Chen et al. (2010); Jiang et al. (2012); Jiang and Yang (2013); Jiang and

Qi (2015). We study in this paper the following two widely-used tests: LRT for sphericity

(Section 5.4.1), John’s test John (1971) (Section 5.4.2), both invariant under H0. Similar to

the previous case, our results on the power behavior of these tests do not pose any assumption

on the alternative Σ. As an example, the LRT for sphericity, denoted by ΨLRT,s(X), is shown

to admit the following asymptotic power formula (see Theorem 23): under min{n, p} → ∞
with lim sup(p/n) < 1,

E(µ,Σ)ΨLRT,s(X) ∼ 1− Φ

(
zα −

− log det(Σ · b−1(Σ))√
2
(
− p

n−1
− log

(
1− p

n−1

))
)
. (5.9)

Here det(·) is the matrix determinant and b(Σ) ≡ Tr(Σ)/p with Tr(·) denoting the trace. To

the best of our knowledge, the above power formula for the LRT in the sphericity is new in

the literature.

It should be mentioned that although we state (5.8)-(5.9) in asymptotic formulae for

simplicity of representation in the introduction, these results actually hold with explicit non-

asymptotic error bounds due to the intrinsic finite-sample nature of our theory (5.6). The

non-asymptotic error bounds of the power expansion of all the aforementioned tests require

1Here ‖·‖F is the matrix Frobenius norm and dS(·, ·) is the matrix Stein loss to be defined in (5.20)
ahead.
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quantitative normal approximation error bounds errH0 for the corresponding test statistics,

whose proofs depend on several spectral estimates for a class of special high dimensional

matrices that will be detailed in Section D.1. These results, proved using techniques from

(second-order) Poincaré inequalities, random matrices and zonal polynomials, are new and of

independent interest (and sometimes even improve significantly known asymptotic results).

We conclude this introduction by noting that in contrast to (5.1) which targets at general

alternatives, several previous works Onatski et al. (2013); Wang and Yao (2013); Onatski

et al. (2014) obtained power expansions similar to (5.6) within a special class of alternatives

known as the spiked covariance model Johnstone (2001). We draw detailed comparisons

with these results in Section 5.5. In particular, as will be clear in Section 5.5, although

Onatski et al. (2013); Wang and Yao (2013); Onatski et al. (2014) showed that some of

the aforementioned tests have asymptotically equivalent power behavior under the spiked

covariance alternative with a fixed number of spikes, our new power characterizations indicate

that such equivalence in general fails when many spikes exist.

5.1.4 Organization

The rest of the paper is organized as follows. We detail the general principle described above

in Section 5.2. Sections 5.3 and 5.4 are devoted to testing Σ = I and Σ = λI respectively.

Section 5.5 focuses on the case study of spike alternatives. Some concluding remarks are

in Section 5.6 followed by some key spectral estimates in Section D.1. Sections D.2 - D.7

contain the main proofs of results in Sections 5.3 and 5.4, with the rest of technical details

deferred to the appendices.

5.1.5 Notation

For any positive integer n, let [n] denote the set {1, . . . , n}. For a, b ∈ R, a ∨ b ≡ max{a, b}
and a ∧ b ≡ min{a, b}. For a ∈ R, let a+ ≡ a ∨ 0 and a− ≡ (−a) ∨ 0. For x ∈ Rn,
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let ‖x‖p = ‖x‖`p(Rn) denote its p-norm (0 ≤ p ≤ ∞) with ‖x‖2 abbreviated as ‖x‖. Let

Bp(r;x) ≡ {z ∈ Rp : ‖z−x‖ ≤ r} be the unit `2 ball in Rp. By 1n we denote the vector of all

ones in Rn. For a matrix M ∈ Rn×n, let ‖M‖op and ‖M‖F denote the spectral and Frobenius

norms of M respectively. We use {ej} to denote the canonical basis, whose dimension should

be self-clear from the context.

We use Cx to denote a generic constant that depends only on x, whose numeric value may

change from line to line unless otherwise specified. Notations a .x b and a &x bmean a ≤ Cxb

and a ≥ Cxb respectively, and a �x b means a .x b and a &x b. The symbol a . b means

a ≤ Cb for some absolute constant C. For two nonnegative sequences {an} and {bn}, we write

an � bn (respectively an � bn) if limn→∞(an/bn) = 0 (respectively limn→∞(an/bn) = ∞).

We write an ∼ bn if limn→∞(an/bn) = 1. We follow the convention that 0/0 = 0.

Let ϕ,Φ be the density and the cumulative distribution function of a standard normal

random variable. For any α ∈ (0, 1), let zα be the normal quantile defined by P(N (0, 1) >

zα) = α. For two random variables X, Y on R, we use dTV(X, Y ) and dKol(X, Y ) to denote

their total variation distance and Kolmogorov distance defined respectively by

dTV(X, Y ) ≡ sup
B∈B(R)

∣∣P
(
X ∈ B

)
− P

(
Y ∈ B

)∣∣,

dKol(X, Y ) ≡ sup
t∈R

∣∣P
(
X ≤ t

)
− P

(
Y ≤ t

)∣∣. (5.10)

Here B(R) denotes the Borel σ-algebra of R.

Let γd be the standard Gaussian measure on Rd, and for r ≥ 1 let W r,2(γd) be the

completion of C∞0 (Rd), the space of smooth and compactly supported functions in Rd, with

respect to the norm

‖f‖r ≡
[ ∑

|α|≤r

∫ (
∂αf(x)

)2
γd(dx)

]1/2

. (5.11)

In other words, W r,2(γd) is the Sobolev space with respect to the Gaussian measure γd.
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5.2 A general principle

Consider a generic test statistic T : Rn×p → R whose law is invariant under H0, i.e., for

any (µ,Σ) ∈ H0, the law of T (X) remains the same. For any (µ,Σ) ∈ Rp × Mp, let

T(µ,Σ) : Rn×p → Rn×p be defined by

T(µ,Σ)(z) ≡ ∇T
(
zΣ1/2 + 1nµ

>)Σ1/2, z ∈ Rn×p.

Here 1n is the n-vector of all ones, and ∇T : Rn×p → Rn×p is the map with
(
∇T (z)

)
ij

=

∂T (z)/∂zij. Recall that Z1, . . . , Zn are i.i.d. random variables with a standard p-variate

normal distribution N (0, Ip). For any (µ,Σ) ∈ Rp ×Mp, define the quantity

V 2
(µ,Σ) ≡ inf

(µ0,Σ0)∈H0

E
∥∥T(µ,Σ)(Z)− T(µ0,Σ0)(Z)

∥∥2

F
. (5.12)

The infimum in the above definition is usually dummy as in many cases T itself is invariant

over H0 in the sense that for any (µ0,Σ0), (µ1,Σ1) ∈ H0 and any z ∈ Rn×p, T (zΣ
1/2
0 +1nµ

>
0 ) =

T (zΣ
1/2
1 + 1nµ

>
1 ), so T(µ0,Σ0)(z) = T(µ1,Σ1)(z).

Equipped with the above definitions, the following result provides a general recipe of an-

alyzing the behavior of the statistic T (X) whenever normal approximation under the null is

possible; its proof is presented later in this section. Recall the quantitiesm(µ,Σ),mH0 , σ
2
(µ,Σ), σ

2
H0

defined in (5.2)-(5.3) and that γn×p denotes the standard Gaussian measure in Rn×p.

Theorem 13. Suppose that T : Rn×p → R is an element of W 1,2(γn×p), and the law of T (X)

is invariant under H0. Then for any (µ,Σ) ∈ Rp ×Mp and t ∈ R,
∣∣∣∣P(µ,Σ)

(
T
(
X
)
−mH0

σH0

> t

)
− P

(
N
(
m(µ,Σ) −mH0

σH0

, 1

)
> t

)∣∣∣∣

≤ errH0 + C ·
(

(1 + |t|)V(µ,Σ)

|m(µ,Σ) −mH0|
∧ V(µ,Σ)

σH0

)2/3

.

Here C > 0 is a universal constant, and

errH0 ≡ dKol

(
T
(
X
)
−mH0

σH0

,N (0, 1)

)
under H0 (5.13)
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is the normal approximation error of T (X) under H0 in Kolmogorov distance as defined in

(5.10).

Remark 18. The comparison with normal distributions in the above theorem could be ex-

tended to more general distributions. We refrain from such extensions because all of the tests

statistics considered in this paper (see Sections 5.3 and 5.4 ahead) have a normal limit under

the null.

Theorem 13 unifies and broadens substantially the scope of power analysis in the current

covariance testing literature. In particular, it poses no apriori assumptions on the alter-

native and applies to both contiguous and non-contiguous one, while most of the current

literature focus on the behavior of the statistic under contiguous alternatives (with only

known exceptions in Chen and Jiang (2018) for the LRT).

Recall the generic test Ψ(X) defined in (5.5). The following result is an immediate

consequence of Theorem 13.

Corollary 3. Suppose that T : Rn×p → R is an element of W 1,2(γn×p) and the law of T (X)

is invariant under H0. For any α ∈ (0, 1), there exists some Cα > 0 such that
∣∣∣∣E(µ,Σ)Ψ(X)−

[
1− Φ

(
zα −

m(µ,Σ) −mH0

σH0

)]∣∣∣∣

≤ errH0 + Cα

(
V(µ,Σ)

|m(µ,Σ) −mH0| ∨ σH0

)2/3

holds for any (µ,Σ) ∈ Rp ×Mp. Here errH0 is defined in (5.13).

The above result reduces the analysis of the power behavior of Ψ(X) in (5.5) into essen-

tially the following two steps:

1. (Normal approximation under H0) Show that

errH0 = dKol

(
T
(
X
)
−mH0

σH0

)
→ 0, under H0.
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Asymptotic normality has been derived for a variety of statistics in the high dimensional

covariance testing literature, using mostly case-specific techniques; see e.g., Ledoit and

Wolf (2002); Birke and Dette (2005); Bai et al. (2009); Jiang et al. (2012); Cai and

Ma (2013); Jiang and Yang (2013); Jiang and Qi (2015); Chen and Jiang (2018) for

an incomplete list. In this paper, we show errH0 → 0 and recover many of the re-

sults cited above in a unified manner via Chatterjee’s second-order Poincaré inequality

Chatterjee (2009). This approach has two advantages: (i) it allows us to derive a rate

of convergence of the normal approximation, which is conjectured to be optimal in

many examples (see Sections 5.3 and 5.4 ahead for details); (ii) in a similar spirit to its

application in the original work Chatterjee (2009), it only requires good enough esti-

mates of the gradient and Hessian of T (X), as opposed to the rather “hard” calculation

techniques adopted in previous literature.

2. (Ratio control) Show that

V(µ,Σ)

|m(µ,Σ) −mH0| ∨ σH0

→ 0. (5.14)

This requires upper bounds on V(µ,Σ) and lower bounds for |m(µ,Σ) − mH0| and σH0 .

The general strategy for these bounds are: (i) the term V(µ,Σ) defined in (5.12) can be

evaluated by computing the gradient of T , (ii) the null variance σH0 has asymptotically

exact formula for many test statistics in the literature, and can sometimes be directly

evaluated via Fourier expansion in the Gaussian space; (iii) the mean difference term

|m(µ,Σ) −mH0| requires a near closed-form formula for the mean of T under the alter-

native. As will be seen in the examples in Sections 5.3 and 5.4, evaluation of these

quantities typically requires certain case-specific techniques.

The remainder of this section is devoted to the proof of Theorem 13, which utilizes the

following lemma.
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Lemma 4. For any t ∈ R and u ∈ R,

∣∣P
(
N (u, 1) ≤ t

)
− P

(
N ((1 + η)u, 1) ≤ t

)∣∣ ≤ 2(1 + |t|) · |η|.

Proof. This result strengthens (Han et al., 2020, Lemma 5.4). We assume without loss

generality η ∈ [−1/2, 1/2] because otherwise the right hand side of the desired display is

greater than or equal to 1. Note that the left hand side is bounded by

∣∣∣∣
∫ t−(1+η)u

t−u
ϕ(z) dz

∣∣∣∣ ≤ |η| ·
[

sup
v∈[(t−u)−|ηu|,(t−u)+|ηu|]

ϕ(v)|u|
]
≡ |η| ·Mt(u).

Here ϕ(·) is the normal density. First consider u ≥ 0. Then Mt(u) ≤ supv∈[t−3u/2,t−u/2] ϕ(v)u.

• If t− u/2 ≤ 0, then

Mt(u) ≤ ϕ
(
t− u

2

)
u = ϕ

(
t− u

2

)
(u− 2t) + 2tϕ

(
t− u

2

)

≤ 2 sup
x∈R
|x|ϕ(x) +

2√
2π
|t| = 2√

2πe
+

2√
2π
|t|.

Here we used the readily verified fact that supx∈R|x|ϕ(x) = 1/
√

2πe.

• If t− 3u/2 ≥ 0, then

Mt(u) ≤ ϕ
(
t− 3u

2

)
u = ϕ

(
t− 3u

2

)(
u− 2t

3

)
+

2

3
tϕ
(
t− 3u

2

)

≤ 2

3

( 1√
e

+
1√
2π
|t|
)
.

• Otherwise (2/3)t ≤ u ≤ 2t, so Mt(u) ≤ |u| ≤ 2|t|.

The case u < 0 can be handled similarly, so we have supuMt(u) ≤ 2(1 + |t|).

Proof of Theorem 13. Let Z ∈ Rn×p be a matrix generated by n i.i.d. samples from N (0, Ip).

Let X(µ,Σ) ≡ ZΣ1/2+1nµ
>. Without loss of generality, let (µ0,Σ0) ∈ H0 be the pair achieving
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the infimum in (5.12). Then,

T (X)−mH0

σH0

d
=
T
(
X(µ,Σ)

)
− T

(
X(µ0,Σ0)

)

σH0

+
T
(
X(µ0,Σ0)

)
−mH0

σH0

=
m(µ,Σ) −mH0

σH0

+
W (Z)

σH0

+
T
(
X(µ0,Σ0)

)
−mH0

σH0

. (5.15)

Here W (Z) is the centered variable defined by

W (Z) ≡ T
(
ZΣ1/2 + 1nµ

>)− T
(
ZΣ

1/2
0 + 1nµ

>
0

)
−
(
m(µ,Σ) −mH0

)
.

Using the chain rule,

∂(ij)W (Z)

=
∑

(i′j′)

[
∂

∂X
(µ,Σ)
(i′j′)

T
(
X(µ,Σ)

)
·
∂X

(µ,Σ)
(i′j′)

∂Z(ij)

− ∂

∂X
(µ0,Σ0)
(i′j′)

T
(
X(µ0,Σ0)

)
·
∂X

(µ0,Σ0)
(i′j′)

∂Z(ij)

]

=
∑

j′

[(
∇T (X(µ,Σ))

)
ij′
· (Σ1/2)j′j − T (X(µ0,Σ0))

)
ij′
· (Σ1/2

0 )j′j

]

=
(
∇T
(
X(µ,Σ)

)
Σ1/2 −∇T

(
X(µ0,Σ0)

)
Σ

1/2
0

)
ij

=
(
T(µ,Σ)(Z)− T(µ0,Σ0)(Z)

)
ij
.

By the Gaussian-Poincaré inequality (Boucheron et al., 2013, Theorem 3.20),

Var
(
W (Z)

)
≤ E

[∑

(ij)

(
∂(ij)W (Z)

)2
]

= E
∥∥T(µ,Σ)(Z)− T(µ0,Σ0)(Z)

∥∥2

F
= V 2

(µ,Σ).

This means for any u > 0, on an event E with probability at least 1− u−2,

∣∣W (Z)
∣∣ ≤ u · V(µ,Σ).

Hence for any t ∈ R, the decomposition (5.15) entails that [recall the definition of errH0 in
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(5.13)]

P
(
T
(
X(µ,Σ)

)
−mH0

σH0

> t

)

= P
(
m(µ,Σ) −mH0 +W (Z)

σH0

+
T
(
X(µ0,Σ0)

)
−mH0

σH0

> t

)

≤ P
(
m(µ,Σ) −mH0 + u · V(µ,Σ)

σH0

+
T
(
X(µ0,Σ0)

)
−mH0

σH0

> t

)
+

1

u2

≤ P
(
m(µ,Σ) −mH0 + u · V(µ,Σ)

σH0

+N (0, 1) > t

)
+

1

u2
+ errH0 ≡ p(u) + errH0 .

Next we bound p(·) using two different ways. First by Lemma 45, we have

inf
u>0

p(u) ≤ P
(
m(µ,Σ) −mH0

σH0

+N (0, 1) > t

)

+ inf
u>0

[
2(1 + |t|)u · V(µ,Σ)

|m(µ,Σ) −mH0|
+

1

u2

]

≤ P
(
m(µ,Σ) −mH0

σH0

+N (0, 1) > t

)
+ C

(
(1 + |t|)V(µ,Σ)

|m(µ,Σ) −mH0|

)2/3

.

On the other hand, by anti-concentration of the standard normal distribution, i.e., |P
(
N (0, 1) ≤

a
)
− P

(
N (0, 1) ≤ b

)
| ≤ |a− b| for any a, b ∈ R,

inf
u>0

p(u) ≤ P
(
m(µ,Σ) −mH0

σH0

+N (0, 1) > t

)
+ inf

u>0

[
u · V(µ,Σ)

σH0

+
1

u2

]

≤ P
(
m(µ,Σ) −mH0

σH0

+N (0, 1) > t

)
+ C

(
V(µ,Σ)

σH0

)2/3

.

Collecting the bounds completes the proof for one direction. For the other direction, we have

P
(
T
(
X(µ,Σ)

)
−mH0

σH0

> t

)

= P
(
m(µ,Σ) −mH0 +W (Z)

σH0

+
T
(
X(µ0,Σ0)

)
−mH0

σH0

> t

)

≥ P
(
m(µ,Σ) −mH0 − u · V(µ,Σ)

σH0

+
T
(
X(µ0,Σ0)

)
−mH0

σH0

> t

)
− 1

u2

≥ P
(
m(µ,Σ) −mH0 − u · V(µ,Σ)

σH0

+N (0, 1) > t

)
− 1

u2
− errH0 .
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The rest of the proof follows from similar arguments as in the previous direction by invoking

the two different bounds.

5.3 Testing identity Σ = I

We introduce some additional notation. Based on i.i.d. samples X1, . . . , Xn from N (µ,Σ),

the sample covariance matrix and its unbiased modification are given by

S∗ ≡ n−1

n∑

k=1

(
Xk −X

)(
Xk −X

)>
with X ≡ n−1

n∑

i=1

Xi,

S ≡ n

N
S∗

d
=

1

N

N∑

k=1

(Xk − µ)>(Xk − µ). (5.16)

Here

N = n− 1 (5.17)

and the equal in distribution in (5.16) follows from (Muirhead, 1982, Theorem 3.1.2). Through-

out the rest of the paper, we will mainly work with S for mathematical simplicity (unless

otherwise specified), and adopt the right most expression of (5.16) as its definition whenever

no confusion could arise.

5.3.1 LRT

Consider the testing problem:

H0 : Σ = I versus H1 : H0 does not hold. (5.18)

This is a special case of (5.1) by taking H0 = Rp × {I}, and has been extensively studied in

the literature; see Ledoit and Wolf (2002); Srivastava (2005); Bai et al. (2009); Chen et al.

(2010); Jiang et al. (2012); Cai and Ma (2013); Jiang and Yang (2013); Zheng et al. (2015);

Chen and Jiang (2018) for an incomplete list.
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This subsection studies the behavior of the LRT for testing (5.18). The modified log-

likelihood ratio statistic TLRT : RN×p → R (cf. (Muirhead, 1982, Theorem 8.4.2)) is defined

as

TLRT(X) ≡ N

2

[
Tr(S)− log detS − p

]
. (5.19)

Trivially, the law of TLRT(X) is invariant under H0. The general principle in Theorem 13

thereby applies in view of the regularity of TLRT (see Appendix D.9). We will use the set

of notation
(
mΣ;LRT, σΣ;LRT, VΣ;LRT

)
to represent their generic versions defined in (5.2) and

(5.12).

Following the discussion after Corollary 3, we start by establishing a quantitative CLT

for TLRT(X) under H0; its proof is presented in Section D.2.2.

Theorem 14. Suppose p/N ≤ 1 − ε for some ε ∈ (0, 1). Then there exists some constant

C = C(ε) > 0, such that under H0,

dTV

(
TLRT(X)−mI;LRT

σI;LRT

, N (0, 1)

)
≤ C

p
.

Below we make some comments on Theorem 14:

• ((n, p)-condition) It is clear from the definition of TLRT(X) that if p ≥ n then S is

singular and the log-likelihood ratio statistic TLRT ≡ −∞ is degenerate. The CLT for

the log-likelihood ratio statistic TLRT(X) under H0 was first derived in Bai et al. (2009)

using random matrix theory under the assumption that p/n → y for some y ∈ (0, 1).

This result was then improved in Jiang et al. (2012) and Chen and Jiang (2018) to

hold under the condition n > p + 1 and p → ∞, and in Zheng et al. (2015) to relax

the Gaussian assumption. The condition p/N ≤ 1− ε in Theorem 14 is used to derive

the stable estimate E‖S−1‖op ≤ C for some constant C = C(ε) > 0; see Lemma 50 for

details.
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• (Rate of normal approximation) As introduced in Section 5.2, Theorem 14 and other

CLT’s to follow are proved via Chatterjee’s second-order Poincaré inequality Chatterjee

(2009), which provides the rate p−1 of normal approximation. As for fixed p, 2TLRT(X)

converges weakly under H0 to a chi-squared distribution with p(p + 1)/2 degrees of

freedom (cf. (Muirhead, 1982, Theorem 8.4.9)), we conjecture that the rate p−1 cannot

be further improved.

The following result establishes the ratio control (5.14) for the log-likelihood ratio statistic

TLRT(X); its proof is presented in Section D.2.3. For p.s.d. Σ1 and p.d. Σ2, let

dS(Σ1,Σ2) ≡ Tr(Σ1Σ−1
2 )− log det

(
Σ1Σ−1

2 )− p (5.20)

be the Stein loss with the convention that dS(Σ1,Σ2) ≡ ∞ if Σ1 is singular.

Proposition 21. Suppose Σ is non-singular. The following hold:

1. V 2
Σ;LRT = N‖Σ− I‖2

F .

2. mΣ;LRT −mI;LRT = (N/2)dS(Σ, I).

3. In the asymptotic regime N ≥ p+ 1 with p→∞,

σ2
I;LRT ∼

N2

2

[
− p

N
− log

(
1− p

N

)]
.

In particular, σ2
I;LRT ≥ cp2 for some universal constant c > 0.

4. There exists some universal constant C > 0 such that

VΣ;LRT

|mΣ;LRT −mI;LRT| ∨ σI;LRT

≤ C

p1/2
.

The above proposition gives a prototypical example of how to proceed with the ratio

control (5.14). For the log-likelihood ratio statistic TLRT(X) defined in (5.19), both VΣ;LRT
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and the mean difference mΣ;LRT − mI;LRT admit easy-to-handle closed-form formulae. To

give some insights for the bound obtained in Proposition 21-(4), let us consider the ‘local

regime’ of alternatives in which dS(Σ, I) ≈ ‖Σ− I‖2
F . Then (5.14) can be bounded, up to a

constant, by

√
N‖Σ− I‖2

F

N‖Σ− I‖2
F ∨ σI;LRT

≤ sup
x≥0

x

x2 ∨ σI;LRT

=
1

infx≥0

(
x ∨ σI;LRT

x

) =
1

σ
1/2
I;LRT

,

in the prescribed local regime of alternatives. The above simple reasoning exemplifies the

essential reason why the ratio (5.14) must be small: if Σ is sufficiently away from I, then the

mean difference mΣ;LRT−mI;LRT is substantially larger than VΣ;LRT, but would otherwise be

compensated by the diverging nature of σI;LRT.

Let ΨLRT(X) be the LRT built from the generic test (5.1) and the log-likelihood ratio

statistic TLRT(X). Combining the above results with the generic Theorem 13, we obtain

the following asymptotic formula for the power behavior of ΨLRT(X). Recall that zα is the

normal quantile defined under (5.5).

Theorem 15. Suppose p/N ≤ 1 − ε for some ε ∈ (0, 1). Then there exists some constant

C = C(ε, α) > 0 such that

∣∣∣∣EΣΨLRT(X)− P
(
N
(
N · dS(Σ, I)

2σI
, 1

)
> zα

)∣∣∣∣ ≤ C · p−1/3. (5.21)

Consequently, in the asymptotic regime N ∧ p→∞ with lim sup(p/N) < 1,

EΣΨLRT(X) ∼ 1− Φ

(
zα −

dS(Σ, I)√
2
(
− p

N
− log

(
1− p

N

))
)
.

Remark 19. Note that the right hand side of the above asymptotic expression is bounded

below by 1−Φ(zα) = α > 0, hence (5.21) along with p→∞ suffice for the above asymptotic

equivalence to hold.

Below we make some comments on Theorem 15:
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• (Case of singular Σ) Rigorously speaking, Theorem 13 only holds for the case where

mΣ is finite, which excludes the case of singular Σ. However, in the latter case, there

exists some a ∈ Rp such that a>X1 ≡ 0 a.s., and hence S is necessarily singular as

well, thus rendering the test ΨLRT(X) always rejecting the null.

• (Power comparison) To the best of our knowledge, Chen and Jiang (2018) is the only

work that contains a formal theory on the power behavior of the LRT ΨLRT(X) tar-

geting at general alternatives. A related but different LRT was considered in Onatski

et al. (2013, 2014) which was targeted at the special class of spike alternatives; see more

details in Section 5.5. Comparing to (Chen and Jiang, 2018, Theorem 1), Theorem 15

removes their condition supn‖Σ‖op <∞ and applies to arbitrary alternatives Σ.

• (Minimax optimality) It was established in (Cai and Ma, 2013, Theorem 1) that when

lim sup(p/n) < ∞, the minimax rate of testing (5.18) is
√
p/n under the ‖·‖F norm.

Using the relation [recall (5.20)] dS(Σ, I) =
∑p

j=1(λj − 1 − log λj) &
∑p

j=1(λj − 1)2 ∧
|λj−1| with {λj}pj=1 ≥ 0 being the eigenvalues of Σ, it is easy to deduce from Theorem

15 that over the class of non-singular Σ, the LRT ΨLRT(X) is minimax rate optimal in

the asymptotic regime N ∧ p → ∞ with lim sup(p/N) < 1; see Sections 5.3.4 and 5.5

for more refined comparison.

5.3.2 LRT: simultaneous testing of mean and covariance

Consider the following variant of (5.18):

H0 : µ = 0,Σ = I versus H1 : H0 does not hold. (5.22)

This is a special case of (5.1) by taking H0 = {0} × {I}, and has previously been studied in

Jiang and Yang (2013); Jiang and Qi (2015); Chen and Jiang (2018).

We will study the behavior of the LRT for (5.22). Using the vanilla version S∗ of the sam-

ple covariance [recall (5.16)], the log-likelihood ratio statistic takes the form (cf. (Muirhead,
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1982, Theorem 8.5.1))

T(µ,Σ);LRT(X) ≡ n

2

(
Tr(S∗)− log detS∗ − p+X

>
X
)
. (5.23)

We will use
(
m(µ,Σ);LRT, σ(µ,Σ);LRT, V(µ,Σ);LRT

)
to represent their generic versions defined in

(5.2) and (5.12).

The next theorem establishes a quantitative CLT for T(µ,Σ);LRT(X); its proof is given in

Section D.3.2.

Theorem 16. Suppose p/n ≤ 1 − ε for some ε ∈ (0, 1). Then there exists some constant

C = C(ε) > 0, such that under H0,

dTV

(
T(µ,Σ);LRT(X)−m(0,I);LRT

σ(0,I);LRT

, N (0, 1)

)
≤ C

p
.

The following result establishes the ratio control in (5.14) for T(µ,Σ);LRT(X); its proof is

presented in Section D.3.3. Recall that dS(Σ1,Σ2) is the Stein loss defined in (5.20).

Proposition 22. Suppose Σ is non-singular. The following hold:

1. V 2
(µ,Σ);LRT = n

(
‖Σ− I‖2

F + µ>Σµ
)
.

2. m(µ,Σ);LRT −m(0,I);LRT = (n/2)
(
dS(Σ, I) + ‖µ‖2

)
.

3. In the asymptotic regime n ≥ p+ 2 with p→∞,

σ2
(0,I);LRT ∼

n2

2

[
− p

n− 1
− log

(
1− p

n− 1

)]
.

In particular, σ2
(0,I);LRT ≥ cp2 for some universal constant c > 0.

4. There exists some universal constant C > 0 such that

V(µ,Σ);LRT

|m(µ,Σ);LRT −m(0,I)| ∨ σ(0,I);LRT

≤ C

p1/2
.
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The above proposition is similar to Proposition 21. It should however be mentioned that

the neat closed-form formula in (2) is available due to the fact we use the vanilla version S∗

in (5.23).

Let ΨLRT;m(X) be the LRT built from the generic test (5.1) and the log-likelihood ratio

statistic TLRT;m. Combining the above results with the generic Theorem 13, we obtain the

following asymptotic power formula for ΨLRT;m(X).

Theorem 17. Suppose p/n ≤ 1 − ε for some ε ∈ (0, 1). Then there exists some constant

C = C(ε, α) > 0 such that

∣∣∣∣E(µ,Σ)ΨLRT;m(X)− P
(
N
(
n ·
(
dS(Σ, I) + ‖µ‖2

)

2σ(0,I)

, 1

)
> zα

)∣∣∣∣ ≤ C · p−1/3.

Consequently, in the asymptotic regime n ∧ p→∞ with lim sup(p/n) < 1,

E(µ,Σ)ΨLRT;m(X) ∼ 1− Φ

(
zα −

dS(Σ, I) + ‖µ‖2

√
2
(
− p

n−1
− log

(
1− p

n−1

))
)
.

The law of T(µ,Σ);LRT(X) under the alternative is previously derived in (Chen and Jiang,

2018, Theorem 2) under several regularity conditions on (µ,Σ). We remove those conditions

completely in Theorem 17.

5.3.3 Ledoit-Nagao-Wolf ’s test

This subsection studies testing (5.18) using the (rescaled) modified Nagao’s trace statistic

Nagao (1973) by Ledoit and Wolf Ledoit and Wolf (2002):

TLNW(X) ≡ N

4

[
Tr
(
S − I

)2 − 1

N
Tr2(S)

]
. (5.24)

An asymptotically equivalent statistic as an unbiased estimator of ‖Σ − I‖2
F has also been

studied in Srivastava (2005). One advantage of using (5.24) is that it applies to the case

p > n where the LRT in Section 5.3.1 becomes degenerate.
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We will use
(
mΣ;LNW, σΣ;LNW, VΣ;LNW

)
to represent their generic versions defined in (5.2)

and (5.12). The next theorem establishes a quantitative CLT for TLNW(X) under H0; its

proof is presented in Section D.4.2.

Theorem 18. There exists an absolute constant C > 0 such that under H0,

dTV

(
TLNW(X)−mI;LNW

σI;LNW

, N (0, 1)

)
≤ C

N ∧ p.

The CLT for TLNW(X) was first derived in (Ledoit and Wolf, 2002, Proposition 7) under

the condition that p/N → y ∈ (0,∞), which was later improved in (Birke and Dette, 2005,

Theorem 3.6) to include the case y ∈ {0,∞}. Here we give explicit error bounds in the

normal approximation.

The following result establishes the ratio control (5.14) for TLNW; its proof is presented

in Section D.4.3.

Proposition 23. Suppose p/N ≤M for some M > 0. Then the following hold:

1. V 2
Σ;LNW ≤ C1N

(
‖Σ‖2

op ∨ 1
)
‖Σ− I‖2

F for some constant C1 = C1(M) > 0.

2. With QLNW(Σ) ≡ (N−1 − 2N−2)Tr(Σ2 − I),

mΣ;LNW −m(0,I) =
N

4

[
‖Σ− I‖2

F +QLNW(Σ)
]
.

3. In the asymptotic regime N ∧ p→∞,

σ2
I;LNW ∼

p2

4
.

4. There exists some constant C2 = C2(M) > 0 such that

VΣ;LNW

|mΣ;LNW −mI;LNW| ∨ σI;LNW

≤ C2

p1/2
.
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There are two significant structural differences in the above proposition compared to

Proposition 21. First, compared to VΣ;LRT, VΣ;LNW comes with an additional multiplicative

factor ‖Σ‖2
op∨1. Second, although a closed-form formula is available for mΣ;LNW, a somewhat

undesirable ‘residual term’ QLNW(Σ) exists. Removing the effect of these terms in the ratio

control (4) requires additional technicalities that will be detailed in Section D.4.3.

We note that the variance formula for σ2
I;LNW in the above proposition is particularly easy

to derive from scratch due to the polynomial structure of TLNW(X) in (5.24). This result

will also be useful in the variance formula for John’s test to be studied in Section 5.4.2.

Let ΨLNW(X) be the test built from (5.1) and the statistic in (5.24). Combining the above

results with Theorem 13 and some additional efforts to remove the residual term QLNW(Σ) in

the mean difference formula (2) in the above proposition, we have the following asymptotic

power formula for ΨLNW(X); see Section D.4.4 for its proof.

Theorem 19. Suppose p/N ≤ M for some M > 0. Then there exists some constant

C = C(α,M) > 0 such that

∣∣∣∣EΣΨLNW(X)− P
(
N
(
N · ‖Σ− I‖2

F

4σI;LNW

, 1

)
> zα

)∣∣∣∣ ≤ C · p−1/3.

Consequently, in the asymptotic regime N ∧ p→∞ with lim sup(p/N) <∞,

EΣΨLNW(X) ∼ 1− Φ

(
zα −

‖Σ− I‖2
F

2(p/N)

)
.

The asymptotic behavior of TLNW under the alternative is previously only known in

(Srivastava, 2005, Theorem 4.1) under rather restrictive conditions on both Σ and growth of

p. Theorem 19 only requires p/N to be bounded and makes no assumptions on Σ.

5.3.4 Cai-Ma’s test

In this subsection, we assume additionally that the data matrix X is centered, i.e., X1, . . . , Xn

are i.i.d. from N (0,Σ). Consider testing (5.18) using the (rescaled) U-statistic by Cai and
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Ma Cai and Ma (2013):

TCM(X) ≡ 1

(n− 1)

∑

1≤i<j≤n

h(Xi, Xj). (5.25)

Here h : Rp × Rp → R is the symmetric kernel defined by

h(X1, X2) ≡ (X>1 X2)2 − (X>1 X1 +X>2 X2) + p.

Some direct calculation yields the mean and variance of TCM(X) (cf. (Cai and Ma, 2013,

Equation (8), (9))):

mΣ;CM =
n

2
‖Σ− I‖2

F ,

σ2
Σ;CM =

n

n− 1

[
Tr2(Σ2) + Tr(Σ4)

]
+ 2nTr

(
Σ2(Σ− I)2

)
. (5.26)

A closely related statistic built from a higher order U-statistic was first studied in Chen et al.

(2010). Similar to (5.24) in the previous subsection, (5.25) is applicable in the case p > n.

We will use
(
mΣ;CM, σΣ;CM, VΣ;CM

)
to represent their generic versions defined in (5.2) and

(5.12). The next theorem establishes a quantitative CLT for TCM(X) under H0; its proof is

given in Section D.5.2.

Theorem 20. There exists some absolute constant C > 0 such that under H0,

dTV

(
TCM(X)

σI;CM

, N (0, 1)

)
≤ C ·

(
log n

n

∨ 1

p

)
.

The above theorem improves (Cai and Ma, 2013, Proposition 3) under the null in two

directions: (1) the above Berry-Esseen bound holds in the stronger total variation distance,

and (2) the normal approximation rate is improved from (n ∧ p)−1/5 to (n ∧ p)−1 (ignoring

the logarithmic factor).

The following result establishes the ratio control (5.14) for TCM; its proof is given in

Section D.5.3.

Proposition 24. Let y = p/n. Then the following hold:



115

1. There exists some absolute constant C1 > 0 such that

V 2
Σ;CM ≤ C1

[
(1 ∨ y3) + (y2 ∨ y3) log2 n

]
· n
(
‖Σ‖2

op ∨ 1
)
‖Σ− I‖2

F .

2. mΣ;CM −mI;CM = (n/2)‖Σ− I‖2
F .

3. σ2
I;CM = (p2 + p) · n/(n− 1), so in the asymptotic regime n ∧ p→∞,

σ2
I;CM ∼ p2.

4. There exists some absolute constant C2 > 0 such that

VΣ;CM

|mΣ;CM −mI;CM| ∨ σI;CM

≤ C2

[
(1 ∨ y)3/2 + y(1 ∨ y)1/2 log n

]

(n ∧ p)1/2
.

Remark 20. We keep the ratio term y = p/n in the above result (in particular (4)) to cope

with the additional log n factor, so we may remove lower bound conditions for p.

Let ΨCM(X) be the test built from (5.1) and the statistic in (5.25). Combining the above

results with the generic Theorem 13, we obtain the following asymptotic power formula for

ΨCM(X); some details are provided in Section D.5.4.

Theorem 21. Suppose p/n ≤ M for some M > 0. Then there exists some constant C =

C(α,M) > 0 such that

∣∣∣∣EΣΨCM(X)− P
(
N
(
n‖Σ− I‖2

F

2σI;CM

, 1

)
> zα

)∣∣∣∣ ≤ C

(
log2/3 n

n1/3

∨ 1

p1/3

)
.

Consequently, in the asymptotic regime n ∧ p→∞ with lim sup(p/n) <∞,

EΣΨCM(X) ∼ 1− Φ

(
zα −

‖Σ− I‖2
F

2(p/n)

)
.

(Cai and Ma, 2013, Equation (27)) proved that the exact power expansion above holds

uniformly for all alternatives Σ such that b
√
p/n ≤ ‖Σ − I‖F ≤ B

√
p/n for some fixed
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0 < b ≤ B < ∞. Their proof is based on a Berry-Esseen bound (cf. (Cai and Ma, 2013,

Proposition 3)) for the CLT of TCM(X) under general alternatives using the test-specific

martingale difference representation. Theorem 21 holds uniformly for all possible alternatives

Σ when additionally p/n ≤M , using the general method of Theorem 13.

5.4 Testing sphericity Σ = λI

5.4.1 Likelihood ratio test

Consider the testing problem:

H0 : Σ = λI versus H1 : H0 does not hold (5.27)

for some un-specified λ > 0. This is a special case of (5.1) by taking H0 = Rp×{λI : λ > 0},
and has been extensively studied previously in Ledoit and Wolf (2002); Srivastava (2005);

Chen et al. (2010); Jiang et al. (2012); Jiang and Yang (2013).

This subsection studies the LRT for (5.27). The (re-scaled) log-likelihood ratio statistic

for (5.27) is defined by (cf. (Muirhead, 1982, Theorem 8.3.2)):

TLRT,s(X) ≡ N

2

(
p log Tr(S)− log detS − p log p

)
. (5.28)

Evidently, the law of TLRT,s(X) does not depend on the λ in (5.27) and hence is invariant

under H0. Thus the general principle in Theorem 13 applies due to regularity of TLRT;s (see

Appendix D.9). We will use
(
mΣ;LRT,s, σΣ;LRT,s, VΣ;LRT,s

)
to represent their generic versions

defined in (5.2) and (5.12).

For a symmetric p× p matrix M , let

b`(M) ≡ p−1Tr(M `), b(M) ≡ b1(M). (5.29)

The next theorem establishes a quantitative CLT for TLRT,s(X); its proof is presented in

Section D.6.2. Recall that TLRT,s is only non-degenerate if p ≤ n− 1 = N .
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Theorem 22. Suppose p/N ≤ 1−ε for some ε ∈ (0, 1). Then there exists some C = C(ε) >

0 such that under H0,

dTV

(
TLRT,s(X)−mI;LRT,s

σI;LRT,s

, N (0, 1)

)
≤ C

p
.

The CLT for TLRT,s(X) was previously derived in (Jiang and Yang, 2013, Theorem 1)

under the asymptotics y ∈ (0, 1]. The quantitative CLT above does not require p to grow

proportionally to N but excludes the boundary case y = 1.

The following result establishes the ratio control (5.14) for TLRT,s; see Section D.6.3 for

its proof.

Proposition 25. Suppose Σ is non-singular. The following hold:

1. There exists some absolute constant C1 > 0 such that

V 2
Σ;LRT,s ≤ C1N‖Σ · b−1(Σ)− I‖2

F

holds for N, p large enough.

2. The mean difference is given by

mΣ;LRT,s −mI;LRT,s =
N

2

[
− log det(Σ · b−1(Σ)) +QLRT,s(Σ · b−1(Σ))

]
.

Here

∣∣QLRT,s

(
Σ · b−1(Σ)

)∣∣ ≤ C2N
−1b
[(

Σ · b−1(Σ)
)2]

(5.30)

for some absolute constant C2 > 0.

3. In the asymptotic regime N ∧ p→∞ with lim sup(p/N) < 1,

σ2
I;LRT,s ∼

N2

2

[
− p

N
− log

(
1− p

N

)]
.
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4. There exists some absolute constant C3 > 0 such that

VΣ;LRT,s

|mΣ;LRT,s −mI;LRT,s| ∨ σI;LRT,s

≤ C3

(σI;LRT,s ∧N)1/2
.

There is a genuine difference between the above ratio control result and the previ-

ous ones studied in Section 5.3, in that a closed-form formula for the mean difference

mΣ;LRT,s − mI;LRT,s is no longer available. One therefore has to work with strong enough

upper bounds for the ‘residual term’ QLRT,s(Σ · b−1(Σ)), the removal of which constitutes the

main technicalities in the proofs; see Section D.6.3 for details.

Let ΨLRT,s(X) be the test built from (5.1) and the statistic in (5.28). Combining the

above results with Theorem 13 and some additional efforts to remove the residual term

QLRT,s(Σ·b−1(Σ)), we have the following asymptotic power formula for ΨLRT,s(X); see Section

D.6.4 for its proof.

Theorem 23. Suppose p/N ≤ 1 − ε for some ε ∈ (0, 1). Then there exists some constant

C = C(ε, α) > 0 such that
∣∣∣∣EΣΨLRT,s(X)− P

(
N
(
− N log det

(
Σ · b−1(Σ)

)

2σI;s
, 1

)
> zα

)∣∣∣∣ ≤ C · p−1/3.

Consequently, in the asymptotic regime N ∧ p→∞ with lim sup(p/N) < 1,

EΣΨLRT,s(X) ∼ 1− Φ

(
zα −

− log det
(
Σ · b−1(Σ)

)
√

2
(
− p

N
− log

(
1− p

N

))
)
.

To the best of our knowledge, in the high dimensional regime N ∧ p → ∞, the LRT for

(5.27) was only studied in Jiang and Yang (2013); Jiang and Qi (2015), where formal theory

was missing on the power behavior of ΨLRT,s. Theorem 23 fills this gap.

5.4.2 John’s test

Consider testing (5.27) using the (rescaled) John’s trace statistic John (1971):

TJ(X) ≡ N

4
Tr

[(
S

p−1Tr(S)
− I
)2]

. (5.31)
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Clearly the law of TJ(X) is invariant under H0, and the above statistic is non-degenerate

for all configurations of (n, p). The general principle in Theorem 13 thereby applies in view

of the regularity of TJ (see Appendix D.9). We will use
(
mΣ;J, σΣ;J, VΣ;J

)
to represent their

generic versions defined in (5.2) and (5.12).

The next theorem establishes a quantitative CLT for TJ(X) under H0; its proof is given

in Section D.7.2.

Theorem 24. There exists some absolute constant C > 0, such that under H0,

dTV

(
TJ(X)−mI;J

σI;J
, N (0, 1)

)
≤ C

N ∧ p.

Central limit theorems for TJ(X) under H0 in high dimensions are first obtained in

Ledoit and Wolf (2002). We improve these results both in terms of non-asymptotic normal

approximation bound and the removal of the condition 0 < lim inf(p/N) ≤ lim sup(p/N) <

∞.

The following result establishes the ratio control (5.14) for TJ; its proof is presented in

Section D.7.3. Recall the definition of b(Σ) in (5.29).

Proposition 26. Suppose p/N ≤M for some M > 1. Then the following hold for N larger

than a big enough absolute constant:

1. There exists some constant C1 = C1(M) > 0 such that

V 2
Σ;J ≤ C1 ·N

(
‖Σ · b−1(Σ)‖2

op ∨ 1
)
‖Σ · b−1(Σ)− I‖2

F .

2. The mean difference is given by

mΣ;J −mI;J =
N

4

[
‖Σ · b−1(Σ)− I‖2

F +QJ

(
Σ · b−1(Σ)

)]
.

Here

∣∣QJ

(
Σ · b−1(Σ)

)∣∣ ≤ C2 ·N−1/2
(
p−1‖Σ · b−1(Σ)‖2

F + 1
)
‖Σ · b−1(Σ)− I‖F

for some C2 = C2(M) > 0.
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3. In the asymptotic regime N ∧ p→∞,

σ2
I;J ∼

p2

4
.

4. There exists some C3 = C3(M) > 0 such that

VΣ;J

|mΣ;J −mI;J| ∨ σI;J
≤ C3

p1/2
.

The proof of the above ratio control result is the most complicated among results of this

type studied in this paper. The main complication is due to the existence of the Tr(S) term

in the denominator in (5.31), which leads to the complications both in the control of V 2
Σ;J

and the ‘residual term’ QJ(Σ · b−1(Σ)). On the other hand, similar to Proposition 25-(3),

the asymptotic formula for σ2
I;J in the above proposition also removes the condition 0 <

lim inf(p/N) ≤ lim sup(p/N) < ∞ that is required in (Ledoit and Wolf, 2002, Proposition

3), via a comparison to σ2
I;LNW studied in Proposition 23-(3).

Let ΨJ(X) be the test built from (5.1) and the statistic in (5.31). Combining the above

results with Theorem 13 and some additional efforts to remove the residual term QJ(Σ ·
b−1(Σ)), we have the following asymptotic power formula for ΨJ(X); see Section D.7.4 for

its proof.

Theorem 25. Suppose p/N ≤ M for some M > 1. Then there exists some constant

C = C(α,M) > 0 such that
∣∣∣∣EΣΨJ − P

(
N
(
N · ‖Σ · b−1(Σ)− I‖2

F

4σI;J
, 1

)
> zα

)∣∣∣∣ ≤ C · p−1/3.

Consequently, in the asymptotic regime N ∧ p→∞ with lim sup(p/N) <∞,

EΣΨJ ∼ 1− Φ

(
zα −

‖Σ · b−1(Σ)− I‖2
F

2(p/N)

)
.

The power behavior for John’s test is previous studied in Onatski et al. (2013, 2014);

Wang and Yao (2013) for a special class of alternatives under the spiked covariance model
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with a fixed number of spikes; see Section 5.5 ahead for a detailed discussion. To the best

of our knowledge, the theorem above gives the first complete characterization of the power

behavior for John’s test for arbitrary alternatives in the high-dimensional regime N ∧p→∞
with lim sup(p/N) <∞.

5.5 Spiked covariance models

In this section, we consider a special class of alternatives known as the spiked covariance

model Johnstone (2001):

Σ(a) = diag
(
1 + a1, . . . , 1 + ap

)
, (5.32)

where a = (a1, . . . , ap) ∈ (−1,∞)p. Write a =
∑p

j=1 aj/p. Specializing the results obtained

in Sections 5.3 and 5.4, we have the following.

Corollary 4. The following hold.

1. The power for the likelihood ratio test of Σ = I satisfies

EΣ(a)ΨLRT ∼ 1− Φ

(
zα −

∑p
j=1

(
aj − log(1 + aj)

)
√

2
(
− p

N
− log

(
1− p

N

))
)
≡ βLRT(a),

under N ∧ p→∞ with lim sup(p/N) < 1.

2. The powers for Ledoit-Nagao-Wolf and Cai-Ma’s tests of Σ = I satisfy

EΣ(a)ΨLNW ∼ EΣ(a)ΨCM ∼ 1− Φ

(
zα −

∑p
j=1 a

2
j

2(p/N)

)
≡ βLNW,CM(a),

under N ∧ p→∞ with lim sup(p/N) <∞.

3. The power for the likelihood ratio test of Σ = λI satisfies

EΣ(a)ΨLRT;s ∼ 1− Φ

(
zα −

∑p
j=1 log 1+a

1+aj√
2
(
− p

N
− log

(
1− p

N

))
)
≡ βLRT;s(a),

under N ∧ p→∞ with lim sup(p/N) < 1.
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4. The power for John’s test of Σ = λI satisfies

EΣ(a)ΨJ ∼ 1− Φ

(
zα −

∑p
j=1(aj − a)2/(1 + a)2

2(p/N)

)
≡ βJ(a),

under N ∧ p→∞ with lim sup(p/N) <∞.

(1), (2) and (4) above recover (Onatski et al., 2014, Proposition 8 (i)-(ii)), while (3)-(4)

above recover (Wang and Yao, 2013, Equations (4.5) and (4.8)). Both Onatski et al. (2013);

Wang and Yao (2013) considered the case where r ≡ ‖a‖0 and the non-zero elements of a are

fixed. The techniques in Onatski et al. (2014) work with a further restriction ‖a‖∞ <
√
y

where y is the limiting value of the ratio p/N . This restriction coincides with the Baik-Ben

Arous-Péché (BBP) phase transition Baik et al. (2005), and is essential for the techniques

of Onatski et al. (2014), due to the singular nature of the likelihood ratio process when

‖a‖∞ >
√
y already in the case r = 1, see (Onatski et al., 2013, Theorem 8). The restriction

‖a‖∞ <
√
y is removed in Wang and Yao (2013) for the likelihood ratio test ΨLRT;s and

John’s test ΨJ for sphericity, by variations of Bai-Silverstein techniques developed in Bai

and Silverstein (2004); Bai et al. (2009). Both results in Wang and Yao (2013) and Onatski

et al. (2014) also hold beyond Gaussian distributions.

It is easy to see that in the setting of Onatski et al. (2013); Wang and Yao (2013) with

a fixed number of spikes as described above, the asymptotic powers are the same for the

following two group of tests:

1. Likelihood ratio tests ΨLRT,ΨLRT;s: βLRT = βLRT;s.

2. Ledoit-Nagao-Wolf, Cai-Ma and John’s tests: βLNW,CM = βJ.

Clearly, neither group of tests universally dominates the other in terms of the power behavior.

For instance, the power of tests in (1) dominates that of (2) when some of aj’s are close to

−1 (i.e., Σ is near singular), while the reversed phenomenon occurs when some of aj’s are

close to ∞.
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In general, the asymptotic power equivalence of the above two groups may not hold when

the number of spikes are no longer fixed. Instead, we have the following power ordering

within each group.

Corollary 5. 1. Likelihood ratio tests ΨLRT,ΨLRT;s have the power ordering:

βLRT(a) ≥ βLRT;s(a).

2. Ledoit-Nagao-Wolf, Cai-Ma and John’s tests ΨLNW,ΨCM,ΨJ have the power ordering:

βLNW,CM(a)




≥ βJ(a), a2

(
1− (1 + a)2

)
≤ a2;

< βJ(a), a2
(
1− (1 + a)2

)
> a2.

Here a2 ≡∑p
j=1 a

2
j/p.

Proof. (1) follows from the inequality
∑p

j=1 log(1 + a) ≤ ∑p
j=1 a =

∑p
j=1 aj. (2) follows by

the following calculation:
∑p

j=1(aj − a)2

(1 + a)2
=

∑p
j=1(a2

j − a2)

(1 + a)2
=

p∑

j=1

a2
j +

∑p
j=1 a

2
j ·
(
1− (1 + a)2

)
− pa2

(1 + a)2
.

The proof is complete.

Note that {a ≥ 0} ( {a2
(
1− (1 + a)2

)
≤ a2} (the inclusion is in fact proper), so if a ≥ 0,

John’s test ΨJ will be less powerful than Ledoit-Nagao-Wolf and Cai-Ma’s tests ΨLNW,ΨCM.

Furthermore, both inequalities in the above corollary can be strict asymptotically, and similar

to the discussion above, there are no universal power dominance relationships between the

tests in the two groups.

5.5.1 An illustrative simulation study

Below we present some simulation results in the current spiked model setting to support the

findings of Corollary 4 and 5. The confidence level will be taken to be α = 0.05. The power
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of the considered tests in all the simulations below is calculated under the configuration

(n, p) = (300, 200) using an average of 1000 replications. Theoretical normal power curves

predicted by Corollary 4 are plotted in solid lines and the empirical ones are plotted in dotted

lines.

• (Fixed number of spikes, near singular Σ) In the top left panel of Figure 5.1, we

fix a number of r = 5 spikes with the same magnitude aj = −1 + τ−1 with τ ∈
{1, 2, . . . , 10}. Note that τ = 1 corresponds to the null hypothesis with no spikes,

and as τ grows Σ becomes increasingly singular. As predicted by Corollary 4 and the

discussion thereafter, in this case of near singular alternatives Σ, the power of the tests

in the first group {ΨLRT,ΨLRT;s} dominates that of the second group {ΨLNW,ΨCM,ΨJ}.

• (Fixed number of spikes, non-singular Σ) In the top right panel of Figure 5.1, we

again fix a number of r = 5 spikes with the same magnitude aj = 0.3(τ − 1) with

τ ∈ {1, 2, . . . , 10}. Again τ = 1 corresponds to the null case. Compared to the

previous case, we have the same power grouping effect but the dominance is reversed.

• (Growing number of spikes) In the bottom panel of Figure 5.1, we fix a number of r = 50

spikes with the same magnitude aj = 0.08(τ − 1) with τ ∈ [10]. This exemplifies the

case of a growing number of spikes where, as predicted by Corollary 5, we see: (i) The

power of LRT ΨLRT for testing identity dominates its counterpart ΨLRT;s for testing

sphericity; (ii) the powers of the {ΨLNW,ΨCM} and ΨJ are no longer equivalent, with

the former having a strictly larger power as a > 0.

5.6 Concluding remarks

In this paper, we develop a general method for power analysis in high dimensional covariance

testing problems when a CLT holds for the test statistic under the null. We apply the new

method to a number of tests in two prototypical problems of testing identity Σ = I and
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sphericity Σ = λI with unspecified λ > 0. The key technical step is to control the ratio

(5.14) which typically requires case-specific techniques. A strong enough control of the ratio

(5.14), as demonstrated in many examples in the paper, leads to a sharp asymptotic power

expansion of the test that holds for arbitrary alternatives. If normal approximation of the

test statistic under the null can be quantified non-asymptotically, then the full finite-sample

strength of our method can be utilized. For the tests studied in this paper, this is achieved via

non-trivial applications of Chatterjee’s second-order Poincaré inequality Chatterjee (2009)

(see Lemma 58).

Below we sketch some directions for future research:

1. (Upper limit condition on (n, p)) Other than the minimal condition n∧p→∞, two ad-

ditional conditions on (n, p) made in this paper are: (i) in results for the LRT (Sections

5.3.1, 5.3.2, 5.4.1), we assume that lim sup(p/n) < 1 which precludes the boundary case

p/n→ 1; (ii) for the asymptotic power formulae of all other test statistics (Theorems

19, 21, 25), we require that lim sup(p/n) < ∞. Some degree of relaxation is cer-

tainly possible, but it remains an open question to obtain the best possible upper limit

condition for p/n under which the power expansion of these tests is still valid.

2. (Gaussian assumption) Throughout the paper we have worked with Gaussian obser-

vations to obtain complete characterizations for the power behavior of various tests.

Gaussianity enters at a technical level via the Gaussian-Poincaré inequality, the second-

order Poincaré inequality Chatterjee (2009), Fourier expansion in the Gaussian space

Nourdin and Peccati (2012). It is of great interest to extend our results to non-Gaussian

observations. The main technical hurdles seem however to be sharp estimates for in-

termediate terms like V(µ,Σ), |m(µ,Σ) −mH0|, and σ2
H0

.

3. (Other testing problems) The general method developed in Section 5.2 could potentially

be applied to other testing problems, including but not limited to, (block) independence
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test, two- and multi-sample (joint) testing of µ and Σ, testing of regression coefficients

in multivariate linear regression. These problems require further technical works and

will therefore be pursued elsewhere.
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Figure 5.1: The power curves for the tests {ΨLRT,ΨLNW,ΨCM,ΨLRT;s,ΨJ} in the spiked co-

variance model (5.32). τ on the x-axis indexes the spike magnitude, with τ = 1 corresponding

to the null case Σ = I. The dashed horizontal line marks the prescribed size α = 0.05. Note

that the red solid line for ΨLNW is not visible as it coincides with the orange one for ΨCM

predicted by Corollary 4-(2).
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Appendix A

APPENDIX OF CHAPTER 2

A.1 Proof of Theorem 2

Proof. We will only prove the lower bound n−8α/(4α+1) in the regime 0 < α < 1/4 since for α ≥
1/4, the rate reduces to the parametric rate n−1 and the proof is straightforward. Throughout

the proof, C represents a generic sufficiently large positive constant and c represents a generic

sufficiently small positive constant always taken to be smaller than 1/4. Both C and c only

depend on α,CF , Cσ, Cε, C0, c0 and might have different values for each occurrence. By

appropriately rescaling the parameters in the lower bound construction, without loss of

generality, we assume that the sample size n and the constants CF , Cσ, Cε, C0 are sufficiently

large, c0 is sufficiently small, and [0, 1] ⊂ I.

We will make use of Le Cam’s two point method. Introduce the following constants:

θ2
n := h2α

n := cn−4α/(4α+1) and N := Nn := 1/(6hn), (A.1)

where we tune the constant c in hn so that N is a positive integer. We now specify f(·),
distribution of X and distribution of ε in the null and alternative hypotheses, H0 and H1,

respectively.

Choice of σ2: Under H0, let σ2 = 1 + θ2
n. Under H1, let σ2 = 1.

Choice of ε: Under both H0 and H1, let ε ∼ N (0, 1).

Choice of X: Under both H0 and H1, let X be uniformly distributed on the union of

the intervals [(6i− 5)hn, (6i− 1)hn] for i ∈ [N ].
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Choice of f(·): Under H0, let f ≡ 0. Under H1, let f take the value hαnri on [(6i −
5)hn, (6i− 1)hn], where {ri}Ni=1 are N i.i.d. symmetric and bounded random variables

with distribution G satisfying

∫ ∞

−∞
xjG(dx) =

∫ ∞

−∞
xjϕ(x)dx, j = 1, . . . , q, (A.2)

where q is some fixed odd integer strictly larger than 1 + 1/(2α). Let f be 0 at points

6(i − 1)hn for i ∈ [N ], and then linearly interpolate f for the rest of the unspecified

points on [0, 1].

See Figure 2.1 for an illustration. In the definition of f(·) under H1, the existence of the

distribution G is guaranteed by Lemma 5, and the range of {ri}Ni=1, which we denote as B,

only depends on α.

Clearly, σ2 ≤ Cσ under both H0 and H1. Moreover, f(·) under both H0 and H1 belongs to

Λα,[0,1](CF) due to the boundedness of {ri}Ni=1 inH1. Next, we show that the joint distribution

of (X, ε) belongs to Pcv,(X,ε). Condition (d) clearly holds and Condition (a) holds with I =

[0, 1]. Condition (b) holds as well by the fact that pX(u) = 3/2 for u ∈ [(6i−5)hn, (6i−1)hn]

for i ∈ [N ] and pX(u) = 0 otherwise. Lastly, for Condition (c), it holds by the convolution

formula that for any 0 < u < 1/2

pX̃ij(u) =

∫ 1

u

pX(t)pX(t− u)dt ≥
N∑

i=du/(6hn)e+1

∫ (6i−1)hn

(6i−5)hn

pX(t)pX(t− u)dt

≥
N∑

i=du/(6hn)e+1

3

2
· 3

2
· 2hn ≥

3

8
− 9hn ≥

1

4

for sufficiently large n. Here, the second inequality follows from the fact that for any fixed

t ∈ [(6i−5)hn, (6i−1)hn], pX(t) = 3/2 and pX(t−u) = 0 on a subset with Lebesgue measure

at most 2hn. By symmetry of X̃ij, Condition (c) also holds with δ0 = 1/2 and Uδ ≡ [−1, 1].

Denote by σ2
i , fi,Pi,(X,ε), i = 0, 1, the choice of σ2, f , and P(X,ε) under H0 and H1,

respectively. Let π be the distribution on Λα,I(CF) such that f1 ∼ π. Moreover, let Eσ2,f,P(X,ε)
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represent the expectation with respect to the model (2.2) with parameters σ2, f,P(X,ε). Then,

we have

inf
σ̃2

sup
f∈Λα,I(CF )

sup
σ2≤Cσ

sup
P(X,ε)∈Pcv,(X,ε)

E
(
σ̃2 − σ2

)2

≥ inf
σ̃2

{
1

2
Eσ2

0 ,f0,P0,(X,ε)

(
σ̃2 − σ2

)2
+

1

2

∫
Eσ2

1 ,f,P1,(X,ε)

(
σ̃2 − σ2

)2
dπ(f)

}

≥ inf
σ̃2

{
1

2
Eσ2

0 ,f0,P0,(X,ε)

(
σ̃2 − σ2

)2
+

1

2
Eσ2

1 ,f1,P1,(X,ε)

(
σ̃2 − σ2

)2
}
,

where the first inequality follows by lower bounding the maximum risk with Bayes risk with

prior π. In what follows, we will use P0 and P1 to denote the joint distribution of {Yi, Xi}ni=1

under H0 and H1, respectively. Note that the choice of θ2
n in (A.1) leads to the desired lower

bound under the quadratic loss. Therefore, adopting the standard reduction scheme with

Le Cam’s two point method (cf. Theorem 2.2 in Tsybakov (2009a)), it suffices to show that

TV(P0,P1) ≤ c < 1. To show this, let {r̃i}Ni=1 be N i.i.d. standard normal random variables,

and P̃1 be the joint distributions of {Xi, Yi}ni=1 under H1 with {ri}Ni=1 replaced by {r̃i}Ni=1.

Then, by triangle inequality, we have

TV(P0,P1) ≤ TV(P0, P̃1) + TV(P1, P̃1).

We will show TV(P0, P̃1) ≤ c and TV(P1, P̃1) ≤ c seperately.

For the first inequality, define x := (x1, . . . , xn), dx := dx1 . . . dxn and similarly for y and

dy. Denote p0, p1, and p̃1 as the densities of P0, P1, and P̃1 with respect to the Lebesgue

measure. Then, we have

TV(P0, P̃1) =
1

2

∫ ∫
|∗|p0(x,y)− p̃1(x,y)dxdy

=

∫
p(x)dx

{
1

2

∫
|∗|p0(y | x)− p̃1(y | x)dy

}

=

∫
p(x)dxTV(P0(y | x), P̃1(y | x)),

(A.3)

where p(x) :=
∏n

i=1 pX(Xi) stands for the common density of {Xi}ni=1 under P0 and P̃1. Note

that under P0, y | x ∼ Nn(0,Σ0), with Σ0 = (1 + θ2
n)In. Define {bi}ni=1 to be the location
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index sequence of {Xi}ni=1 taking values in [N ], that is,

bi = j if Xi ∈ [(6j − 5)hn, (6j − 1)hn].

Then, due to the symmetry of {ri}Ni=1 and design of the nonparametric component f , it holds

that under P̃1, y | x ∼ Nn(0,Σ1), with (Σ1)ii = 1+h2α
n = 1+θ2

n and (Σ1)ij = h2α
n 1{bi = bj}

for i 6= j. Define N0 :=
∑

i 6=j 1{bi = bj}. Since Σ1 is positive definite (see Lemma 12 in the

supplement), we have by Lemma 6 that

TV(P0(y | x), P̃1(y | x)) ≤ C
θ2
n

1 + θ2
n

N
1/2
0 ≤ Cθ2

nN
1/2
0 .

Note that N0 is a random variable that depends on {Xi}ni=1, and by (A.3) and Jensen’s

inequality we have

TV(P0, P̃1) ≤ Cθ2
nEN

1/2
0 ≤ Cθ2

n(EN0)1/2.

Some simple algebra shows that EN0 ≤ Cn2hn, thus by choosing a sufficiently small c in the

definition of hn in (A.1), we have

TV(P0, P̃1) ≤ Cθ2
nnh

1/2
n ≤ c.

To complete the proof, we now show that TV(P1, P̃1) ≤ c. Consider an arbitrary re-

alization of {Xi}ni=1, and assume that based on their location indices {bi}ni=1, {Xi}ni=1 is

partitioned into L clusters with corresponding cardinality s` so that the Xi’s in the same

cluster have the same value bi. Apparently, we have the relations 1 ≤ L ≤ n and
∑L

`=1 s` = n.

Let mmax be the maximum cluster size, and define the “good event” Ωn := {mmax ≤ K},
where K := b2/(1− 4α))c+ 2. Then, it holds that

TV(P1, P̃1) = E
(
1ΩnTV(P1(y | x), P̃1(y | x)

)
+ E

(
1ΩcnTV(P1(y | x), P̃1(y | x))

)

≤ E
(
1ΩnTV(P1(y | x), P̃1(y | x)

)
+ P(Ωc

n).
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Under the choice of hn in (A.1), N is of the order n2/(4α+1), and

λK := lim
n→∞

nK

K!NK−1
= 0.

Thus by Lemma 7 (and continuity), it holds that Ωn has asymptotic probability 1 under

both P1 and P̃1. As a result, it suffices to upper bound TV(P1(y | x), P̃1(y | x)) for each

realization x in Ωn, where the maximum cluster size mmax is bounded by a fixed constant.

Denoting p1,π` and p̃1,π` for each ` ∈ [L] as the joint density of those yi’s in the `th cluster

π` conditioning on the given realization of {Xi}ni=1 under P1 and P̃1, we obtain that

p1(y | x)− p̃1(y | x) =
L∏

`=1

p1,π` −
L∏

`=1

p̃1,π` .

The above inequality further implies by telescoping that

|∗|p1(y | x)− p̃1(y | x) ≤
L∑

`=1

|∗|p1,π` − p̃1,π` .

For each ` ∈ [L], |∗|p1,π` − p̃1,π` only depends on the `th cluster through its cardinality, which

we now control for a general cluster size d ≥ 1. Without loss of generality, we assume that

` = 1 and the yi’s in this cluster are {y1, . . . , yd} with common location index bi = 1 for

i ∈ [d]. Then, under the choice of θ2
n in (A.1), we clearly have Yi = θnr1 + εi under P1 and

Yi = θnr̃1 + εi under P̃1 for i ∈ [d], where the sequence {εi}di=1 follows the standard normal

distribution under both P1 and P̃1. Therefore it holds that

p1,π1(y1, . . . , yd) =

∫ ∞

−∞
ϕ(y1 − θnv) . . . ϕ(yd − θnv)G(dv),

p̃1,π1(y1, . . . , yd) =

∫ ∞

−∞
ϕ(y1 − θnv) . . . ϕ(yd − θnv)ϕ(v)dv,

where G is the distribution of {ri}Ni=1 specified in (A.2). Using the well-known equality

ϕ(t − θnv) = ϕ(t)(
∑∞

k=0 v
kθknHk(t)/k!) for any t, v, where Hk is the kth order Hermite
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polynomial, it holds that

ϕ(y1 − θnv) . . . ϕ(yd − θnv)

= ϕ(y1) . . . ϕ(yd)
∞∑

k1,...,kd=0

v
∑d
i=1 kiθ

∑d
i=1 ki

n

Hk1(y1)

k1!
. . .

Hkd(yd)

kd!

= ϕ(y1) . . . ϕ(yd)
∞∑

k=0

vkθkn
∑

k1+...+kd=k

Hk1(y1)

k1!
. . .

Hkd(yd)

kd!

and therefore

p1,π1(y1, . . . , yd)− p̃1,π1(y1, . . . , yd)

= ϕ(y1) . . . ϕ(yd)
∞∑

k=0

θkn
∑

k1+...+kd=k

Hk1(y1)

k1!
. . .

Hkd(yd)

kd!

∫
vk(G− Φ)(dv)

= ϕ(y1) . . . ϕ(yd)
∞∑

k=p

θ2k
n

∑

k1+...+kd=2k

Hk1(y1)

k1!
. . .

Hkd(yd)

kd!

∫
v2k(G− Φ)(dv),

where the second equality follows by the symmetry and moment matching property of G in

(A.2) and p := (q + 1)/2 is a positive integer. This further yields

|∗|p1,π1(y1, . . . , yd)− p̃1,π1(y1, . . . , yd)

≤ ϕ(y1) . . . ϕ(yd)
∞∑

k=p

θ2k
n

∑

k1+...+kd=2k

|∗|Hk1(y1)

k1!
. . .
|∗|Hkd(yd)

kd!

∫
v2kG(dv)+

ϕ(y1) . . . ϕ(yd)
∞∑

k=p

θ2k
n

∑

k1+...+kd=2k

|∗|Hk1(y1)

k1!
. . .
|∗|Hkd(yd)

kd!

∫
v2kϕ(v)dv

:= I + II.

For term I, since G is compactly supported on [−B,B], one clearly has

I ≤ ϕ(y1) . . . ϕ(yd)
∞∑

k=p

θ2k
n B

2k
∑

k1+...+kd=2k

|∗|Hk1(y1)

k1!
. . .
|∗|Hkd(yd)

kd!
.

For term II, using the equality
∫
ϕ(v)v2kdv = (2k − 1)!!, with (2k − 1)!! := (2k − 1)(2k −
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3) . . . 1, we obtain

II = ϕ(y1) . . . ϕ(yd)
∞∑

k=p

θ2k
n (2k − 1)!!

∑

k1+...+kd=2k

|∗|Hk1(y1)

k1!
. . .
|∗|Hkd(yd)

kd!
.

We now upper bound
∫∞
−∞|∗|Hk(t)ϕ(t)dt for an arbitrary positive integer k. When k is even,

as has been calculated in Wang et al. (2008) (cf. chain of inequality after Equation (19) on

Page 662),
∫∞
−∞|∗|Hk(t)ϕ(t)dt ≤ 2k/2(k − 1)!!. When k is odd, set k = 2k̃ + 1, then we have

∫ ∞

−∞
|∗|Hk(t)ϕ(t)dt =

∫ ∞

−∞
ϕ(t)|∗|(2k̃ + 1)!

k̃∑

m=0

(−1)mt2k̃+1−2m

m!(2k̃ + 1− 2m)!2m
dt

≤
k̃∑

m=0

(2k̃ + 1)!

m!(2k̃ + 1− 2m)!2m

∫ ∞

−∞
|t|2k̃+1−2mϕ(t)dt

=

√
2

π

k̃∑

m=0

(2k̃ + 1)!(2k̃ − 2m)!!

m!(2k̃ + 1− 2m)!2m

=

√
2

π

k̃∑

m=0

(2k̃ + 1)!(2m)!!

(k̃ −m)!(2m+ 1)!2k̃−m

=

√
2

π
(2k̃ + 1)!!

k̃∑

m=0

k̃!

m!(k̃ −m)!

(m!)222m

(2m+ 1)!

≤ (2k̃ + 1)!!
k̃∑

m=0

k̃!

m!(k̃ −m)!

= (2k̃ + 1)!!2k̃,

where in the third line we use the fact that
∫∞
−∞ |t|2`+1ϕ(t)dt =

√
2/π(2`)!! for any positive

integer `. Define for any positive integer k: [k]1 := k − 1 if k is even and k if k is odd,

and [k]2 := k/2 if k is even and (k − 1)/2 if k is odd. Then, the above calculation implies

that
∫∞
−∞|∗|Hk(t)ϕ(t)dt ≤ ([k]1)!!2[k]2 for any k, and moreover, it can be readily checked that
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([k]1)!!/(k!) = 1/(2[k]2([k]2)!). Therefore, for term I = I(y1, . . . , yd), we have
∫

Rd
I(y1, . . . , yd)dy1 . . . dyd

≤
∞∑

k=p

θ2k
n (B2)k

∑

k1+...+kd=2k

1

(k1)! . . . (kd)!
([k1]1)!!2[k1]2 . . . ([kd]1)!!2[kd]2

=
∞∑

k=p

θ2k
n (B2)k

∑

k1+...+kd=2k

1

([k1]2)! . . . ([kd]2)!
.

Now note that the number of d-tuple (k1, . . . , kd) such that k1 + . . . + kd = 2k is upper

bounded by (Ck)d, which is further bounded by Ck for every k ≥ 0 with some sufficiently

large C that only depends on d, and for each such tuple, it holds that

k − d

2
=

d∑

i=1

ki − 1

2
≤

d∑

i=1

[ki]2 ≤
d∑

i=1

ki
2

= k,

thus we have

∑

k1+...+kd=2k

{([k1]2)! . . . ([kd]2)!}−1 ≤ Ck
∑

k−d/2≤k1+...+kd≤k

{(k1)! . . . (kd)!}−1.

For the latter quantity, we have by the multinomial identity

∑

x1+...+xd+1=k

k!/(x1! . . . xd+1!)(d+ 1)−k = 1

that

(d+ 1)k

k!
=

∑

k1+...+kd+1=k

1

(k1)! . . . (kd+1)!

=
∑

k1+...+kd≤k

1

(k1)! . . . (kd)!(k − (k1 + . . .+ kd))!

≥
∑

k−d/2≤k1+...+kd≤k

1

(k1)! . . . (kd)!(k − (k1 + . . .+ kd))!

≥
((

d

2

)
!

)−1 ∑

k−d/2≤k1+...+kd≤k

1

(k1)! . . . (kd)!
.
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This concludes that

∫

Rd
I(y1, . . . , yd)dy1 . . . dyd ≤ θ2p

n

∞∑

k=p

(CB2)k

k!
≤ θ2p

n e
CB2

.

Using a similar argument for II = II(y1, . . . , yd), we obtain

∫

Rd
II(y1, . . . , yd)dy1 . . . dyd ≤

∞∑

k=p

(2k − 1)!!

k!
θ2k
n C

k =
∞∑

k=p

(2k − 1)!!

(2k)!!
θ2k
n (2C)k ≤ θ2p

n C
p (A.4)

since θ2
n < 1/C for sufficiently large n.

Putting together the pieces, we have for every realization x in Ωn

∫

Rn
|∗|p1(y | x)− p̃1(y | x)dy ≤

L∑

`=1

∫

R|π`|
|∗|p1,π` − p̃1,π` ≤ L max

1≤d≤K
θ2p
n (eCB

2

+ Cp)

≤ nθ2p
n (eCB

2

+ Cp) ≤ c.

Here, the second inequality follows since every |∗|p1,π` − p̃1,π` depends on the `th cluster

only through its cardinality, the third inequality follows since L ≤ n and K is a fixed

absolute constant that only depends on α, and the last inequality follows due to the choice

θ2
n = h2α

n = cn−4α/(4α+1) and the value of p. This completes the proof.

Lemma 5 (Lemma 1, Wang et al. (2008)). For any fixed positive integer q, there exist a

B < ∞ and a symmetric distribution G on [−B,B] such that G and the standard normal

distribution have the same first q moments, that is,

∫ B

−B
xjG(dx) =

∫ ∞

−∞
xjϕ(x)dx, j = 1, . . . , q.

Lemma 6 (Theorem 1.1, Devroye et al. (2018)). If µ ∈ Rd and Σ1 and Σ2 are positive

definite d× d matrices, then

1

100
≤ TV(Nd(µ,Σ1),Nd(µ,Σ2))

min{1, ‖Σ−1
1 Σ2 − Id‖F}

≤ 3

2
.
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For the following lemma, we first introduce some terminology regarding the multinomial

distribution. Let m,M be two positive integers, and the random vector (f1, . . . , fM) be the

multinomial count with total count m and equal probability (1/M, 1/M, . . . , 1/M). Define

ρ := m/M . For any positive integer r ≥ 2, define λ := λr := limm→∞m
r/(r!M r−1).

Following Kolchin et al. (1978) (Chapter 2, Equation (11)), we will call the domain of

variation m,M →∞, in which

ρ→ 0, 0 < λr <∞

the left-hand r-domain. The following lemma characterizes the asymptotic behavior of the

maximum frequency fmax defined as max1≤j≤M fj.

Lemma 7 (Theorem 1 of Section 2.6, Kolchin et al. (1978)). Suppose the multinomial distri-

bution with total count m and equal probability (1/M, . . . , 1/M) is in the left-hand r-domain

for some positive integer r ≥ 2 with limit λr, then it holds that

P(fmax = r − 1)→ e−λr and P(fmax = r)→ 1− e−λr ,

i.e., the maximum frequency converges asymptotically to a two-point distribution.

A.2 Proofs of results in Section 2.2

A.2.1 Proof of Theorem 1

Proof. Throughout the proof, we will use C, c to denote two generic fixed positive constants

that only depend on MK ,MK , α, CF , Cσ, Cε, C0, c0. C and c might have different values at

each occurrence. We also use the notation W̃ij := Wi−Wj for a generic random variable W .

Denote the two U-statistics on the numerator and denominator of σ̂2 respectively as

U1, U2, with corresponding mean values θ1, θ2. That is, with i 6= j,

θ1 := E
{
Kh(Xi −Xj)(Yi − Yj)2/2

}
and θ2 := EKh(Xi −Xj).
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Define the “good” event E := {U2 ≥ θ2/2} and Ec as its complement, then it holds that

E
(
σ̂2 − σ2

)2
= E

{(
U1 − U2σ

2

U2

)2

1{E}
}

+ E

{(
U1 − U2σ

2

U2

)2

1{Ec}
}
. (A.5)

By definition of E , the first term satisfies that

E

{(
U1 − U2σ

2

U2

)2

1{E}
}
≤ 4

θ2
2

E
(
U1 − U2σ

2
)2
.

For θ2, we have

θ2 = EKh(Xi −Xj) =

∫
1

h
K
(v
h

)
pX̃ij(v)dv =

∫ 1

−1

K(u)pX̃ij(uh)du

≥
∫

Uh
K(u)pX̃ij(uh)du ≥ inf

u∈Uh
pX̃ij(uh) inf

u∈[−1,1]
K(u)λ(Uh) ≥MKc

2
0.

Here, the third equality follows from the fact that K(·) is supported in [−1, 1], and Uh
starting from the first inequality is defined in Condition (c) in Pvf,(X,ε) (note that for any

fixed δ0 > 0 given therein, h ≤ δ0 for sufficiently large n). Moreover, it holds that

E
(
U1 − U2σ

2
)2 ≤ 3

{
E(U1 − θ1)2 + σ4E(U2 − θ2)2 +

(
θ1 − θ2σ

2
)2
}
.

By Lemmas 8 and 9 and the fact that σ4 ≤ C2
σ, we have

E(U1 − θ1)2 + σ4E(U2 − θ2)2 ≤ C(n−1 + n−2h−1).

For the third term (θ1 − θ2σ
2)

2
, we have

θ1 = E
{
Kh(Xi −Xj)(Yi − Yj)2/2

}
= E

{
Kh(Xi −Xj)(f(Xi)− f(Xj))

2/2
}

+ θ2σ
2

and

E
{
Kh(Xi −Xj)(f(Xi)− f(Xj))

2/2
}
≤ CE

{
1

h
K

(
X̃ij

h

)
|∗|X̃2(α∧1)

ij

}

= C

∫
1

h
K
(u
h

)
|∗|u2(α∧1)pX̃ij(u)du = C

∫
K(v)h2(α∧1)|v|2(α∧1)pX̃ij(vh)dv

≤ Ch2(α∧1) sup
u∈R

pX̃ij(u)

∫
K(v)|v|2(α∧1)dv ≤ Ch2(α∧1).
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Here, the first inequality follows since f ∈ Λα(CF), and the last inequality follows from

Condition (b) in Pvf,(X,ε) and the convolution formula. Putting together the pieces, the

choice of h in (2.10) in the main paper yields

E

{(
U1 − U2σ

2

U2

)2

1{E}
}
≤ C(h4(α∧1) + n−1 + n−2h−1) ≤ C(n−8α/(4α+1) ∨ n−1).

For the second term in (A.5), we have

E

{(
U1 − U2σ

2

U2

)2

1{Ec}
}
≤ 2σ4P(Ec) + 2E

{(
U1

U2

)2

1{Ec}
}
.

Direct calculation shows that

(
U1

U2

)2

=

∑
i<j,i′<j′ Kh

(
X̃ij

)
Kh

(
X̃i′j′

)
(Yi − Yj)2(Yi′ − Yj′)2/4

∑
i<j,i′<j′ Kh

(
X̃ij

)
Kh

(
X̃i′j′

)

≤
∑

i<j,i′<j′ Kh

(
X̃ij

)
Kh

(
X̃i′j′

){
(f(Xi)− f(Xj))

2 + σ2ε̃2
ij

}{
(f(Xi′)− f(Xj′))

2 + σ2ε̃2
i′j′

}

∑
i<j,i′<j′ Kh

(
X̃ij

)
Kh

(
X̃i′j′

)

≤ C

∑
i<j,i′<j′ Kh

(
X̃ij

)
Kh

(
X̃i′j′

){
|∗|X̃2(α∧1)

ij + σ2ε̃2
ij

}{
|∗|X̃2(α∧1)

i′j′ + σ2ε̃2
i′j′

}

∑
i<j,i′<j′ Kh

(
X̃ij

)
Kh

(
X̃i′j′

)

≤ C

(
h4(α∧1) + σ2h2(α∧1) max

i<j
ε̃2
ij + σ4 max

i<j,i′<j′
ε̃2
ij ε̃

2
i′j′

)
,

where the last inequality follows by the support of K(·). By the condition σ2 ≤ Cσ and the

independence of {εi}ni=1 and 1{E}, this implies that

E

{(
U1 − U2σ

2

U2

)2

1{Ec}
}
≤ CP(Ec)

{
1 + Emax

i<j
ε̃2
ij + E max

i<j,i′<j′
ε̃2
ij ε̃

2
i′j′

}
.

Applying the first part of Lemma 9 with v = nθ2
2/16, u = n2hθ2

2/16 with the condition

h = Ω(n−(2−δ)) being satisfied with δ = 8α/(4α + 1) and δ = 1 for α ≤ 1/4 and α > 1/4

respectively, it holds that

P(Ec) = P(|U2 − θ2| ≥ θ2/2) ≤ C
{

exp(−θ2
2n/16) + exp(−θ2

2n
2h/16)

}
.
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Moreover, by Condition (d) in Pvf,(X,ε), there exists some fixed positive constant η such that

1 + Emax
i<j

ε̃2
ij + E max

i<j,i′<j′
ε̃2
ij ε̃

2
i′j′ ≤ Cnη.

Putting together the pieces and using the fact that n2h→∞ as n→∞, it yields

E

{(
U1 − U2σ

2

U2

)2

1{Ec}
}

= o(n−8α/(4α+1) ∨ n−1).

This completes the proof.

A.2.2 Supporting lemmas

Lemma 8. Suppose f ∈ Λα(CF) and σ2 ≤ Cσ for some fixed constants CF , Cσ and the joint

distribution of (X, ε) satisfies Conditions (a), (b) and (d) in Pcv,(X,ε) with constants C0, Cε.

Then, the U-statistic U1 defined in the proof of Theorem 1 satisfies

E(U1 − θ1)2 ≤ C
(
n−1 ∨ n−2h−1

)
,

where C is some fixed positive constant that only depends on MK ,MK , α, CF , Cσ, Cε, C0.

Proof. Denote g as the kernel of U1, that is,

g(Di,Dj) := Kh(Xi −Xj)(Yi − Yj)2/2, Di := (Xi, εi)
>.

Recall that θ1 = Eg(Di,Dj) for i 6= j. Then, it holds that

E(U1 − θ1)2 =

(
n

2

)−2 ∑

i<j,i′<j′

E{(g(Di,Dj)− θ1)(g(Di′ ,Dj′)− θ1)}. (A.6)

When i, j, i′, j′ take four different values, the expectation is zero. When they take three

values, say, i = i′ < j < j′, by writing Eε as the conditional expectation given {Xi}ni=1, we
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have

E(g(Di,Dj)g(Di,Dj′))

=
1

4
E
{

1

h2
K

(
Xi −Xj

h

)
K

(
Xi −Xj′

h

)
(Yi − Yj)2(Yi − Yj′)2

}

. E
{

1

h2
K

(
Xi −Xj

h

)
K

(
Xi −Xj′

h

)
((f(Xi)− f(Xj))

2 + σ2ε̃2
ij)((f(Xi)− f(Xj′))

2 + σ2ε̃2
ij′)

}

. E
{

1

h2
K

(
Xi −Xj

h

)
K

(
Xi −Xj′

h

)
Eε
{(
|∗|X̃2(α∧1)

ij + σ2ε̃2
ij

)(
|∗|X̃2(α∧1)

ij′ + σ2ε̃2
ij′

)}}

. E
{

1

h2
K

(
Xi −Xj

h

)
K

(
Xi −Xj′

h

)(
|∗|X̃ijX̃ij′

2(α∧1)
+ 2σ2

(
|∗|X̃2(α∧1)

ij + |∗|X̃2(α∧1)
ij′

)
+ Eε4 · σ4

)}

. E
{

1

h2
K

(
Xi −Xj

h

)
K

(
Xi −Xj′

h

)}

=

∫
K(v)K(w)pX(u)pX(u+ hv)pX(u+ hw)dudvdw . 1.

In the last line, we invoke Conditions (b) and (d) in Pcv,(X,ε). Moreover, it can be readily

calculated that θ1 = O(1). This concludes that the summand in (A.6) is bounded by a fixed

constant when i, j, i′, j′ take three different values. Lastly, performing a similar analysis, we

obtain that E{(g(Di,Dj)− θ1)(g(Di′ ,Dj′)− θ1)} = O(1/h) when i = i′ and j = j′. We

therefore conclude that

Var(U1) .
n3 + n2h−1

n4
� n−1 + n−2h−1.

This completes the proof.

Lemma 9. Suppose hn & n−(2−δ) for some 0 < δ < 2. Then, assuming Condition (b) in

Pcv,(X,ε) with constant C0, the U-statistic U2 defined in the proof of Theorem 1 satisfies

P
(
|∗|U2 − θ2 ≥ C(v1/2n−1/2 + u1/2n−1h−1/2)

)
≤ C(exp(−u) + exp(−v))

for any u, v > 0, and

E(U2 − θ2)2 ≤ C(n−1 ∨ n−2h−1),

where C is some fixed positive constant that only depends on MK ,MK , α, C0.
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Proof. We first prove the concentration inequality by upper bounding the 5 quantities in

Lemma 13. Denote g as the kernel of U2 and g1 as its linear part, that is, for some i 6= j,

g1(Xi) := E(g(Xi, Xj) | Xi) := E(Kh(Xi −Xj) | Xi).

For B1, we have

g1(Xi) =

∫
1

h
K

(
u−Xi

h

)
pX(u)du =

∫
K(u)pX(uh+Xi)du . 1

due to Condition (b) in Pcv,(X,ε). Thus it also holds ν2
1 . 1. For B2, we have

B2
2 = n sup

Xi

E
{
g2(Xi, Xj) | Xi

}
= n sup

Xi

∫
1

h2
K2

(
u−Xi

h

)
pX(u)du

.
n

h
sup
Xi

∫
K(u)pX(uh+Xi)du . nh−1,

where in the first inequality we use the condition that K(·) is bounded by MK . Moreover,

we clearly have B3 . h−1. Lastly, for ν2
2 , it holds that

ν2
2 =

∫
1

h2
K2
(u
h

)
pX̃ij(u)du .

1

h

∫
K(u)pX̃ij(uh)du .

1

h
,

where the last inequality follows by Condition (b) in Pcv,(X,ε) and the convolution formula

pX̃ij(u) =

∫
pX(t)pX(t− u)dt ≤ sup

u∈R
pX(u)

∫
pX(t)dt = sup

u∈R
pX(u).

Therefore, Lemma 13 yields that

P(|U2 − θ2| ≥ a1v
1/2 + a2v + b1u

1/2 + b2u+ b3u
3/2 + b4u

2) ≤ C(exp(−v) + exp(−u)),

where a1 . n−1/2, a2 . n−1, b1 . n−1h−1/2, b2 . n−1, b3 . n−3/2h−1/2, b4 . n−2h−1. Under

the condition that h & n−(2−δ) for some δ > 0 and n is sufficiently large, the dominant terms

in the above inequality are a1 and b1, that is,

n−1/2 ∨ n−1h−1/2.

This proves the first part of the theorem. The expectation version follows by Lemma 10.
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Lemma 10. Suppose a random variable X satisfies the tail condition P(|X| ≥ a1t
1/2 +a2t+

a3t
3/2 + a4t

2) ≤ C1exp(−C2t) for any t > 0 and some positive constants a1, a2, a3, a4, C1, C2.

Then, for any positive integer p, it holds that

E(|X|p)1/p ≤ C3p
1/p(a1 + a2 + a3 + a4)

for some positive constant C3 that only depends on C1, C2.

Proof. We use C3 to denote a positive constant that only depends on C1 and C2, which might

have different values at each occurrence. The tail condition in the assumption is equivalent

to

P(|X| ≥ t) ≤ C3exp

{
−C3

(
t2

a2
1

∧ t

a2

∧ t2/3

a
2/3
3

∧ t1/2

a
1/2
4

)}
.

Let I1-I4 be a partition of (0,+∞) such that for t ∈ I1, t2/a2
1 = min

{
t2

a2
1
∧ t

a2
∧ t2/3

a
2/3
3

∧ t1/2

a
1/2
4

}
,

and similarly for I2, I3, I4. Then, we have

E(|X|p)

=

∫ ∞

0

ptp−1P(|X| ≥ t)dt

≤ C3

{∫

I1

ptp−1exp

(
−C3

t2

a2
1

)
dt+

∫

I2

ptp−1exp

(
−C3

t

a2

)
dt+

∫

I3

ptp−1exp

(
−C3

t2/3

a
2/3
3

)
dt+

∫

I4

ptp−1exp

(
−C3

t1/2

a
1/2
4

)
dt
}

≤ C3

{∫ ∞

0

ptp−1exp

(
−C3

t2

a2
1

)
dt+

∫ ∞

0

ptp−1exp

(
−C3

t

a2

)
dt+

∫ ∞

0

ptp−1exp

(
−C3

t2/3

a
2/3
3

)
dt+

∫ ∞

0

ptp−1exp

(
−C3

t1/2

a
1/2
4

)
dt
}

= C3p
{
ap1

∫ ∞

0

tp−1exp
(
−C3t

2
)
dt+ ap2

∫ ∞

0

tp−1exp(−C3t)dt+ ap3

∫ ∞

0

tp−1exp
(
−C3t

2/3
)
dt+

ap4

∫ ∞

0

tp−1exp
(
−C3t

1/2
)
dt
}

≤ C3p(a
p
1 + ap2 + ap3 + ap4).



164

This completes the proof.

Lemma 11. Recall the Condition (c) in the definition of Pcv,(X,ε) in the main paper, and

Condition (c′) in the subsequent paragraph. We have (c′)⇒ (c).

Proof. Choose some δ0 < 1/8 and fix any δ ≤ δ0 and u ∈ [−1, 1]. By the convolution formula,

we have

pX̃ij(uδ) =

∫

S

pX(s)pX(s− uδ)ds ≥ c0

∫

S

pX(s− uδ)ds.

Therefore, it suffices to show that λ({S − uδ}⋂[0, 1]
⋂
S) is lower bounded by some fixed

constant, say, 1/8. Assume this does not hold, then we have

1 = λ([0, 1]) ≥ λ
(
{S − uδ}

⋂
[0, 1]

)
+ λ(S)− 1/8 ≥ λ(S)− δ + λ(S)− 1/8 ≥ 5/4,

which is a contradiction.

Lemma 12. The covariance Σ1 defined in the proof of Theorem 2 in the main paper is

positive definite.

Proof. We will prove that for any a ∈ Rn with ‖a‖ = 1, it holds that a>Σ1a > 0. For

each realization of {Xi}ni=1, partition the set [n] into L clusters for some positive integer

1 ≤ L ≤ n such that the Yi’s in each cluster fall into the same trapezoid in the lower bound

construction. Denote these L clusters as M1, . . . ,ML. Then, it follows that

Var

(
n∑

i=1

aiYi | {Xi}ni=1

)
=

L∑

`=1

Var

(∑

i∈M`

aiYi | {Xi}ni=1

)
.

Since ‖a‖ = 1, there exists some `0 ∈ [L] such that A :=
∑

i∈M`0
a2
i > 0. Partition

{i : i ∈M`0} according to the sign:

A+ := {i ∈M`0 : ai ≥ 0}, A− := {i ∈M`0 : ai < 0}
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and define S+ :=
∑

i∈A+
ai and A+ :=

∑
i∈A+

a2
i , and S− and A− similarly. Then, A =

A+ + A−. Moreover, it holds that

Var


 ∑

i∈M`0

aiYi | {Xi}ni=1




= (1 + h2α
n )

∑

i∈M`0

a2
i + h2α

n


 ∑

i,j∈A+;i 6=j

aiaj +
∑

i,j∈A−;i 6=j

aiaj + 2
∑

i∈A+,j∈A−

aiaj




= A(1 + h2α
n ) + h2α

n

(
S2

+ − A+ + S2
− − A− + 2S+S−

)

= A+ h2α
n (S+ + S−)2 ≥ A > 0.

This completes the proof.

Lemma 13 (Theorem 3.3, Giné et al. (2000)). Let Z1, . . . , Zn, Z ∈ Z be i.i.d., and g :

Z2 → R be a symmetric measurable function with E{g(Z1, Z2)} < ∞. Write Un(g) :=
∑

i<j g(Zi, Zj) and g1(z) := E{g(Z, z)}. Define

B1 := sup
Z2

E{|∗|g(Z1, Z2) | Z2}, B2 :=

(
n sup

Z2

E
{
g2(Z1, Z2) | Z2

})1/2

, B3 := ‖g‖∞

and

ν2
1 := E

{
g2

1(Z2)
}
, ν2

2 := E
{
g2(Z1, Z2)

}
.

Then, it holds that

P
(
|∗|Un(g)− E{Un(g)} ≥ t+ C1nν2u

1/2 + C2nB1u+ C3B2u
3/2 + C4B3u

2
)

≤ 2exp

( −t2/n2

8nν2
1 + 4B1 · t/n

)
+ C5e

−u,

where C1-C5 are absolute constants.
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A.3 Proofs of results in Section 2.3

A.3.1 Proof of Theorem 3

Proof. Throughout the proof, C and c will denote two generic positive constants that do

not depend on n and might have different values at each occurrence. We only prove the

case for the pointwise error and the result for the integrated error will follow. Consider a

fixed x∗ ∈ supp(X). We will continue to use the notation `, q(·),Bn, Xij, Kij introduced

in Section 2.3.1 in the main paper. We will drop the subscript in V̂LP(x∗) for notational

simplicity. Recall the choice of (h1, h2) in (2.17) in the main paper.

Define B := EBn and the good event Ωn := {‖Bn −B‖ ≤ 1/(2‖B−1‖)}. Note that Ωn

is well-defined as we now prove B is indeed invertible. For any a ∈ S`, it holds that

a>Ba

=

∫ ∫ {
a>q

(
(u+ v)/2− x∗

h2

)}2
1

h1

K

(
u− v
h1

)
1

h2

K

(
(u+ v)/2− x∗

h2

)
pX(u)pX(v)dudv

=

∫ ∫ {
a>q(v)

}2
K(u)K(v)pX(x∗ + h2v + h1u/2)pX(x∗ + h2v − h1u/2)dudv

=

∫ ∫ {
a>q(v − h1u/(2h2))

}2
K(u)K(v − h1u/(2h2))pX(x∗ + h2v)pX(x∗ + h2v − h1u)dudv

=

∫ 1

−1

∫ 1+h1u/(2h2)

−1+h1u/(2h2)

{
a>q

(
v − h1u

2h2

)}2

K(u)K

(
v − h1u

2h2

)
pX(x∗ + h2v)pX(x∗ + h2v − h1u)dvdu

≥M2
K

∫ 1

−1

∫ 1+h1u/(2h2)

−1+h1u/(2h2)

{
a>q

(
v − h1u

2h2

)}2

pX(x∗ + h2v)pX(x∗ + h2v − h1u)dvdu,

where in the last inequality we use the lower bound MK on K(·). Note that the first term

of the integrand
{
a>q

(
v − h1u

2h2

)}2

is a polynomial of variables u, v and thus only takes zero

value with Lebesgue measure at most 0. By the second part of Condition (c) in Pvf,(X,ε) with

δ = h2 (note that h2 ≤ δ0 for any fixed δ0 > 0 and sufficiently large n), for the given x∗,

there exists a set Ax∗ ⊂ [−1, 1] with Lebesgue measure at least c0 such that for all v ∈ Ax∗ ,
x∗ + h2v ∈ supp(X), and moreover, for each v ∈ Ax∗ , the second part of Condition (c) with
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δ = h1 again implies the existence of a set Ax∗,v ⊂ [−1, 1] with Lebesgue measure at least c0

such that for all u ∈ Ax∗,v, it holds that x∗ + h2v − h1u ∈ supp(X). Therefore, by the first

part of Condition (c) and the fact that h1/h2 → 0, there exists a fixed positive constant c

such that

λmin := inf
a∈S`

a>Ba ≥ c > 0.

This concludes that Ωn is well-defined. By triangle inequality, we have

E
(
V̂ (x∗)− V (x∗)

)2

. E
(
V̂ (x∗)1Ωn − V (x∗)

)2

+ E
(
V̂ (x∗)1Ωcn

)2

.
{
E
(

(V̂ (x∗)− V (x∗))1Ωn

)}2

+ E
(
V̂ (x∗)1Ωn − E

(
V̂ (x∗)1Ωn

))2

+

E
((
V 2(x∗) + V̂ 2(x∗)

)
1Ωcn

)
.

(A.7)

By Lemma 14, we have for the first term

{
E
(

(V̂ (x∗)− V (x∗))1Ωn

)}2

≤ C
(
h

4(α∧1)
1 + h2β

2 + h
2(β∧1)
1 + τ 2

n

)
.

By Lemma 15 with conditions nh2 → ∞ and n2h1h2 → ∞ satisfied with the choices of

(h1, h2) in (2.17), we have for the second term

E
(
V̂ (x∗)1Ωn − E

(
V̂ (x∗)1Ωn

))2

≤ C
(
n−1h−1

2 + n−2(h1h2)−1 + τ 2
n

)
.

Plugging in the values of (h1, h2) as in (2.17) and choosing τn � n−κ for some fixed κ ≥ 1,

we obtain that

E
(
V̂ (x∗)− V (x∗)

)2

≤ C(n−
8αβ

4αβ+2α+β + n−
2β

2β+1 ) + E
((
V 2(x∗) + V̂ 2(x∗)

)
1Ωcn

)
.

Lastly, note that V̂ (x∗) =
∑

i<j Dijwij/(
∑

i<j wij+τn) is a linear estimator with weight wij =
(
n
2

)−1
q>(0)B∗nq((Xij −x∗)/h2)Kij. By definition of B∗n, wij is thus a weighted polynomial of

Kij(Xij − x∗)/h2 up to some order that only depends on `. Therefore, in view of the choice
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of τn (decaying to 0 polynomially with n), h1, h2, there exists some sufficiently large constant

η (only depending on α, β, κ) such that

E
(
E
(
V̂ 2(x∗) | {Xi}ni=1

))2

. nη,

and thus by Cauchy-Schwarz and the exponential inequality in Lemma 17, it holds that

E
((
V 2(x∗) + V̂ 2(x∗)

)
1Ωcn

)
= E

(
(EV̂ 2(x∗) | {Xi}ni=1 + V 2(x∗))1Ωcn

)

. (E(EV̂ 2(x∗) | {Xi}ni=1)2 + V 4(x∗))1/2P1/2(Ωc
n)

= o
(
n−

8αβ
4αβ+2α+β + n−

2β
2β+1

)
.

This completes the proof.

A.3.2 Proof of Theorem 4

Proof. Note that the boundary of n−8αβ/(4αβ+β+2α) and n−2β/(2β+1) lies at α = β/(4β +

2). When α ≥ β/(4β + 2), the statement can be proved using a slight variation of the

proof of Theorem 4.2 in Brown and Levine (2007), and we omit the details here. Next,

we will focus on the case where α < β/(4β + 2). Consider a fixed point x∗ ∈ supp(X).

Throughout the proof, C and c represent two generic positive constants which only depend

on α, β, CF , CV , Cσ, C0, c0, Cε and might have different values at each occurrence, but like in

the proof of Theorem 2, let c be always smaller than 1/4. Also, without loss of generality,

assume that the sample size n and CF , CV , Cσ, Cε, C0 are sufficiently large, c0 is sufficiently

small, and [0, 1] ⊂ I.

We will make use of Le Cam’s two point method. Introduce the constants

θ2
n := h2α

1 := hβ2 := cn−
4αβ

4αβ+β+2α , M := h2/(4h1)− 1/2, N := 2M + 1 = h2/(2h1), (A.8)

where we tune the constant c in θ2
n so that M is a positive integer. Note that under the above

choice, h2/h1 →∞ as n→∞. We now specify f(·), V (·), distribution of X and distribution

of ε in the null and alternative hypotheses, H0 and H1, respectively.
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Choice of ε: Under both H0 and H1, let ε ∼ N (0, 1).

Choice of V (·): Under H0, let V ≡ 1. Under H1, let V = 1− θ2
nH((x− x∗)/h2), where

H(·) is β-Hölder smooth, infinitely differentiable, compactly supported on [−2, 2], and

takes value 1 on [−1, 1].

Choice of f(·): Under H0, let f ≡ 0. Under H1, let f be zero outside [x∗−h2, x
∗+h2],

and inside this interval, the linear interpolant of the function that takes value ri on

[x∗ − h2 + (4i − 3)h1, x
∗ − h2 + (4i − 1)h1] and zero at x∗ − h2 + 4(i − 1)h1 for all

i ∈ [N ], where {ri}Ni=1 is an i.i.d. sequence of symmetric and compactly supported

random variables with distribution G satisfying
∫ ∞

−∞
xjG(dx) =

∫ ∞

−∞
xjϕ(x)dx, j = 1, . . . , q,

where q is some fixed odd integer strictly larger than 1 + (β + 2α)/(2αβ).

Choice of X: Under both H0 and H1, let X be uniformly distributed on the union of

the intervals

[0, 1]
⋂(

[0, x∗ − 2h2]
⋃

[x∗ + 2h2, 1]
N⋃

i=1

[x∗ − h2 + (4i− 3)h1, x
∗ − h2 + (4i− 1)h1]

)
.

See Figure 2.2 for an illustration. We now make a few remarks about the above construction.

For the design of V (·) underH1, one example of the smooth bump functionH(·) is (1[−3/2,3/2]∗
ϕ1/2)(·), where ϕε(x) := ϕ(x/ε)/ε with ϕ(x) := exp(−1/(1− x2))1{|x| ≤ 1} being a smooth

and compactly supported mollifier. The design of f(·) under H1 is a “localized” version of

f(·) in the proof of Theorem 2. The existence of {ri}Ni=1 is again guaranteed by Lemma 5,

and their range, which we denote as B, only depends on α and β and is thus fixed. Lastly, we

indeed have x∗ ∈ supp(X) since it is in the (M + 1)th interval in the N intervals specified in

the support of X. Moreover, under H1, conditioning on the event that Xi ∈ [x∗−h2, x
∗+h2]

and any realization of {ri}Ni=1, f(Xi) is uniformly distributed over {hα1 r1, . . . , h
α
1 rN}.
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Clearly, under both the null and the alternative hypotheses, V (·) is β-Hölder smooth,

and under H1, f(·) is α-Hölder smooth for each realization of {ri}Ni=1 due to their compact

support. Next, we show that the joint distribution of (X, ε) satisfies the three conditions in

Pvf,(X,ε). Condition (d) clearly holds and Condition (a) holds with I = [0, 1]. Condition (b)

holds as well since for any u in the support of X, pX(u) = 1/(1 − 3h2) for x∗ ∈ (0, 1) and

pX(u) = 2/(2 − 3h2) for x∗ ∈ {0, 1}, both of which are smaller than 2 for sufficiently large

n. Lastly, for Condition (c), the first part clearly holds since infu∈supp(X) pX(u) ≥ 1. For the

second part, define Ax,δ := {u ∈ [−1, 1] : x + δu ∈ supp(X)}. Then, for any x∗ ∈ (0, 1) and

any 0 < δ ≤ 1/2, we have λ(Ax,δ) ≥ 1/2 if x ∈ (0, x∗− 2h2]
⋃

[x∗+ 2h2, 1) and λ(Ax,δ) ≥ 1/4

if x ∈ ⋃N
i=1[x∗−h2 +(4i−3)h1, x

∗−h2 +(4i−1)h1]. A similar statement holds for x∗ ∈ {0, 1}.
We therefore conclude that Condition (c) also holds.

Denote P0 and P1 to be the joint distributions of {Xi, Yi}ni=1 under H0 and H1, then

the pointwise squared distance between P0 and P1 (V0(x∗)− V1(x∗))2 � θ4
n is the desired

minimax rate. Further define P̃1 as the corresponding joint distributions of {Xi, Yi}ni=1 under

H1 with {ri}Ni=1 replaced by an i.i.d. standard normal sequence {r̃i}Ni=1. Then, following the

same line of proof of Theorem 2, it suffices to show that TV(P0, P̃1) ≤ c and TV(P1, P̃1) ≤ c.

For the first inequality, in view of (A.3) in the proof of Theorem 2, it suffices to upper

bound TV(P0(y | x), P̃1(y | x)) for each realization {xi}ni=1. Note that under P0, y |
x ∼ Nn(0,Σ0), with Σ0 = In. Denote {bi}ni=1 as the location index sequence of {Xi}ni=1

taking values in {0, 1, . . . , N}, that is, bi = 0 if Xi /∈ [x∗ − h2, x
∗ + h2] and bi = j if

Xi ∈ [x∗ − h2 + (4j − 3)h1, x
∗ − h2 + (4j − 1)h1] for j ∈ [N ]. Then, due to the symmetry of

{ri}Ni=1, the design of the nonparametric component f , and the fact that H(·) takes value 1

on [−1, 1], it holds that under P̃1, y | x ∼ Nn(0,Σ1), with

(Σ1)ii = 1− θ2
n1{|∗|Xi − x∗ ≤ h2}+ h2α

1 1{|∗|Xi − x∗ ≤ h2} = 1

and (Σ1)ij = h2α
1 1{bi = bj, bi ≥ 1, bj ≥ 1} for i 6= j. Define N0 :=

∑
i 6=j 1{bi = bj, bi ≥
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1, bj ≥ 1}. Then, we have by Lemma 6 that

TV(P0(y | x), P̃1(y | x)) ≤ C
(
h4α

1 N0

)1/2
= Cθ2

nN
1/2
0 .

Note that N0 is a random variable that depends on {Xi}ni=1, and by (A.3) in the proof of

Theorem 2,

TV(P0, P̃1) ≤ Cθ2
nE(N

1/2
0 ) ≤ Cθ2

n(EN0)1/2.

Since direct calculation implies that E(N0) ≤ Cn2Nh2
1 = Cn2h1h2, we have TV(P0, P̃1) . 1

under the given choice of h1, h2 and θn.

Using a conditioning argument, the second part of proving TV(P̃1,P1) . 1 follows sim-

ilarly from that of Theorem 2 by noting that n2h1 → ∞ and nh1 → 0 as n → ∞ under

the constraint α < β/(4β + 2) so that Lemma 7 can be similarly applied. The proof is

complete.

A.3.3 Proof of Theorem 5

Proof. As in the proof of Theorem 4, we focus on the regime α < β/(4β+ 2). We will couple

the proof of Theorem 4 with a standard technique via multiple hypotheses in the classic

setting of mean function estimation.

Introduce the following notation:

θ2
n := h2α

1 := hβ2 := cn−
4αβ

4αβ+β+2α , N2 := 1/(4h2), N1 := h2/(2h1),

and x∗i := 2h2 + (i− 1)4h2, i ∈ [N2],

where we tune the constant c in θ2
n so that N1 and N2 are both positive integers. Note

that under the above choice, h2/h1 → ∞ as n → ∞. By the renowned Varshamov-Gilbert

bound (cf. Lemma 2.8 in Tsybakov (2009a)), there exists a set of length-N2 binary sequences

{∆j}Mj=0 with M ≥ 2N2/8 such that ∆0 = 0N2 and for any 0 ≤ k < ` ≤ M , it holds that
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ρ(∆k,∆`) ≥ N2/8, where ρ is the Hamming distance. We now choose a number of M + 1

hypotheses with {∆j}Mj=0 satisfying the above property, which we denote as P0,P1, . . . ,PM .

We now specify f(·), V (·), distribution of X and distribution of ε under each hypothesis.

Choice of ε: Under P0 and Pj for all j ∈ [M ], let ε ∼ N (0, 1).

Choice of V (·): Under P0, let V0 ≡ 1. Under Pj, let Vj(x) := 1−∑N2

i=1 ∆j,iθ
2
nH((x− x∗i )/h2),

where H(·) is infinitely differentiable, compactly supported on [−2, 2] and takes value

1 on [−1, 1].

Choice of f(·): Under P0, let f0 ≡ 0. Under Pj, for all i ∈ [N2] such that ∆j,i = 1,

let f be the linear interpolation of the function that takes value r
(j)
i,k on the interval

[x∗i −h2 + (4k− 3)h1, x
∗
i −h2 + (4k− 1)h1] and value zero at x∗i −h2 + 4(k− 1)h1 for all

k ∈ [N1], where by denoting mj := ‖∆j‖0, {r(j)
i,k}j∈[M ],i∈[mj ],k∈[N1] is an i.i.d. sequence of

symmetric and compactly supported random variables with distribution G satisfying
∫ ∞

−∞
xjG(dx) =

∫ ∞

−∞
xjϕ(x)dx, j = 1, . . . , q,

where q is some fixed odd integer that only depends on α and β.

Choice of X: Under P0 and Pj for all j ∈ [M ], let X be uniformly distributed on the

union of the disjoint intervals

N2⋃

i=1

N1⋃

k=1

[x∗i − h2 + (4k − 3)h1, x
∗
i − h2 + (4k − 1)h1].

The existence of H(·) in the design of V (·) and variables {r(j)
i,k}j∈[M ],i∈[mj ],k∈[N1] is as argued

in the proof of Theorem 4. Moreover, one can readily check that for each 0 ≤ k < ` ≤ M ,

the integrated squared distance between each Pk and P` satisfies

d(Pk,P`) :=

∫
(Vk(x)− V`(x))2pX(x)dx & h2β

2 � n−
8αβ

4αβ+β+2α ,
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which is the desired lower bound.

Clearly, under each Pj, 0 ≤ j ≤ M and for each realization of {r(j)
i,k}j∈[M ],i∈[mj ],k∈[N1],

fj(·) and Vj(·) are α- and β-Hölder smooth, respectively, due to the compact support of

{r(j)
i,k}j∈[M ],i∈[mj ],k∈[N1]. Moreover, the joint distribution of (X, ε) (same in all hypothese)

satisfies the conditions in Pvf,(X,ε) with a similar argument as in Theorem 4.

We now proceed with the proof. Note that under the above design, the support of X is

segmented into N3 := N1×N2 intervals, and we let {bi}ni=1 be the location index of {Xi}ni=1,

taking values in [N2]×[N1], that is, bi = (k, `) if Xi ∈ [x∗k−h2+(4`−3)h1, x
∗
k−h2+(4`−1)h1].

As in the proof of Theorem 2, define the event Ωn :=
{

max(k,`)∈P[N2]×[N1] #{bi = (k, `)} ≤
K
}

, where K is the smallest integer strictly larger than 2β/(β−4αβ−2α). Then, by Lemma

7, it holds that Ωn has asymptotic probability 1 under all of Pj and P̃j for 0 ≤ j ≤M . Now,

by a standard reduction scheme with multiple hypotheses (cf. Chapter 2.2 in Tsybakov

(2009a)) and Lemma 19, it suffices to show that

1

M

M∑

j=1

K(Pj,P0; Ωn) ≤ c log(M) (A.9)

for some 0 < c < 1/8, where K(P,Q; Ωn) is the “conditional” Kullback divergence between

probability measures P and Q defined as K(P,Q; E) :=
∫
E log(dP/dQ)dP for any measurable

set E . In order to show (A.9), it further suffices to show that K(Pj,P0; Ωn) ≤ log(M) for

all j ∈ [M ]. We now focus on a particular j ∈ [M ]. For notational brevity, we will drop

the superscript (j) in the sequence of variables {r(j)
i,k}i∈[mj ],k∈[N1] for this particular j. Note

that N2/8 ≤ mj ≤ N2 by the property that ρ(∆0,∆j) ≥ N2/8. Moreover, by the design of

f , there are a total of mjN1 trapezoids in the union of the intervals [x∗i − h2, x
∗
i + h2] for

those i such that ∆j,i = 1. Define P̃j as the joint distribution of {(Xi, Yi)}ni=1 under Pj but

with {ri,k}i∈[mj ],k∈[N1] replaced by a sequence of i.i.d. standard normal variables denoted as
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{r̃i,k}i∈[mj ],k∈[N1]. By definition, it holds that

K(Pj,P0; Ωn) =

∫

Ωn

pj log
pj
p0

=

∫

Ωn

pj log
pj
p̃j

+

∫

Ωn

p̃j log
p̃j
p0

+

∫

Ωn

(pj − p̃j) log
p̃j
p0

= K(Pj, P̃j; Ωn) +K(P̃j,P0; Ωn) +

∫

Ωn

(pj − p̃j) log
p̃j
p0

for density functions with respect to some common dominating measure. Next, we will show

respectively that, by matching the moments of {ri,k}i∈[mj ],k∈[N1] and the standard Gaussian

random variable up to some sufficiently high order, it holds that

K(Pj, P̃j; Ωn) . 1, K(P̃j,P0; Ωn) . log(M), and

∫

Ωn

(pj − p̃j) log(p̃j/p0) . 1.

First note that, by denoting x := (x1, . . . , xn), dx := dx1 . . . dxn and similarly for y and

dy, we have

K(Pj, P̃j; Ωn) =

∫
1{Ωn}p(x)dx

∫
log

(
dPj(y | x)

dP̃j(y | x)

)
Pj(dy | x)

= E
{
1{Ωn}K

(
Pj(y | x), P̃j(y | x)

)}

≤ E
{
1{Ωn}χ2

(
Pj(y | x), P̃j(y | x)

)}

:= χ2
(
Pj, P̃j; Ωn

)
,

where the inequality follows by Lemma 2.7 in Tsybakov (2009a). Therefore the first inequal-

ity K(Pj, P̃j; Ωn) . 1 holds by Lemma 18.

Next we prove K(P̃j,P0; Ωn) . log(M). Again, it suffices to prove that for any realization

of {Xi}ni=1 in Ωn, it holds that K(P̃j(y | x),P0(y | x)) . log(M) � N2. Note that under

P0, y | x ∼ Nn(0,Σ0), with Σ0 = In. Recall that the location index sequence {bi}ni=1 =

{(ki, `i)}ni=1 takes the value (ki, `i) = (k, `) if Xi ∈ [x∗k−h2 + (4`− 3)h1, x
∗
k−h2 + (4`− 1)h1].

Then, due to the symmetry of {ri,k}i∈[mj ],k∈[N1], the design of the nonparametric component
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f , and the fact that K(·) takes value 1 on [−1, 1], it holds that under P̃j, y | x ∼ Nn(0,Σ1),

with

(Σ1)ii = 1− θ2
n1{∆j,ki = 1}+ h2α

1 1{∆j,ki = 1} = 1

and (Σ1)i1i2 = h2α
1 1
{

∆j,ki1
= 1, (ki1 , `i1) = (ki2 , `i2)

}
for i1 6= i2. Define

N0 :=
∑

i1 6=i2

1
{

∆j,ki1
= 1, (ki1 , `i1) = (ki2 , `i2)

}
.

Then, by the proof of Lemma 3.6 in Gao and Zhou (2016), it holds that

K(P̃j(y | x),P0(y | x)) ≤ Ch4α
1 N0 = Cθ4

nN0.

Note that N0 is a random variable that depends on {Xi}ni=1, and by direct calculation we

have

E(N0) ≤ n2mjh2h1 � n2N2h1h2.

Putting together the pieces, we have K(P̃j,P0; Ωn) ≤ θ4
nn

2h1h2N2 . N2. This completes the

proof of the second inequality.

Lastly, we show that
∫

Ωn
(pj − p̃j) log(p̃j/p0) . 1. First note that

∫

Ωn

(pj − p̃j) log(p̃j/p0)

≤
∫

Ωn

|∗|pj − p̃j|∗|log(p̃j/p0)

≤
(∫

Ωn

|∗|pj − p̃j
)1/2(∫

|∗|pj − p̃j log2(p̃j/p0)

)1/2

≤
(∫

Ωn

|∗|pj − p̃j
)1/2

{(∫
pj log2(p̃j/p0)

)1/2

+

(∫
p̃j log2(p̃j/p0)

)1/2
}
.

By Lemmas 21 and 18, by matching moments up to some sufficiently high order, the first

term above can be upper bounded (up to some constant) by n−η for any η > 0, therefore
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it suffices to show that both
∫
pj log2(p̃j/p0) and

∫
p̃j log2(p̃j/p0) can be upper bounded by

some polynomial of n of fixed order. Consider any realization of {Xi}ni=1 in Ωn, and assume

that based on their location indices {bi}ni=1, the n data points are partitioned into L1 + L2

clusters with cardinality s` such that the Xi’s in the same cluster have the same value bi.

Moreover, for each data point in the first L1 clusters, the location index bi = (ki, `i) satisfies

that ∆j,ki = 1 while for the data points in the last L2 clusters, it holds that ∆j,ki = 0.

Apparently, we have the relations 1 ≤ L1 + L2 ≤ n,
∑L1+L2

`=1 s` = n and 1 ≤ s` ≤ K for

` ∈ [L1 +L2]. Moreover, denoting P̃j,π` and P0,π` (resp. p̃j,π` and p0,π`) for each ` ∈ [L1 +L2]

as the joint distribution (resp. density) of those Yi’s in the `th cluster conditioning on the

given realization {Xi}ni=1 under P̃j and P0, we have

p̃j =

L1+L2∏

`=1

p̃j,π` and p0 =

L1+L2∏

`=1

p0,π` .

Moreover, for any L1 + 1 ≤ ` ≤ L1 + L2, it holds that p̃j,π` = p0,π` , therefore it holds that

log2

(
p̃j
p0

)
=

(
L1∑

`=1

log(p̃j,π`)− log(p0,π`)

)2

. n

L1∑

`=1

log2(p̃j,π`/p0,π`).

Now consider any ` ∈ [L1] and assume that s` = d for some positive integer d. Without

loss of generality, assume the yi’s in this cluster are {y1, . . . , yd}, and they take the form

Yi = hα1 r̃1,1 + (1 − hβ2 )1/2εi = θnr̃1,1 + (1 − hβ2 )1/2εi under P̃j and Yi = εi under P0. Define

σ2 := (1−hβ2 ) which is positive for large enough n. Then, the previous equalities imply that

p0,π` = ϕ(y1) . . . ϕ(yd) = (2π)−d/2exp

(
−
∑d

i=1 y
2
i

2

)

and

p̃j,π` =

∫
1

σ
ϕ

(
y1 − θnv

σ

)
. . .

1

σ
ϕ

(
yd − θnv

σ

)
ϕ(v)dv

= (2π)−d/2
1

σd−1(dθ2
n + σ2)1/2

exp

(
−
∑d

i=1 y
2
i

2σ2
+

(
∑d

i=1 yiθn)2

2σ2(dθ2
n + σ2)2

)
.
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Putting together the pieces, we obtain that

log2(p̃j,π`/p0,π`) . d2 log2(1/σ) +

(
d∑

i=1

y2
i

)2

+

(
d∑

i=1

yiθn

)4

. 1 +
d∑

i=1

y4
i .

Therefore we have

∫
pj log2(p̃j/p0) . n

L1∑

`=1

∫
pj(1 +

d∑

i=1

y4
i ) . n

L1∑

`=1

d∑

i=1

∫
y4
i Pj(dyi) . n2,

where we use the fact that L1 ≤ n. Similarly, we have
∫
p̃j log2(p̃j/p0) . n2. The proof is

thus complete.

A.3.4 Supporting lemmas

Lemma 14. Suppose f ∈ Λα(CF), V ∈ Λβ(CV), σ2 ≤ Cσ for some fixed constants CF , CV , Cσ,

and the joint distribution of (X, ε) belongs to Pvf,(X,ε). Then, with Ωn defined in the proof of

Theorem 3, it holds that

|∗|E
{(
V̂ (x∗)− V (x∗)

)
1Ωn

}
≤ C

(
h

2(α∧1)
1 + hβ2 + hβ∧1

1 + τn

)

for some fixed positive constant C that only depends on α, β, CF , CV , Cσ, C0, Cε.

Proof. We adopt the notation `, q(·),Bn, Xij, and Kij from the proof of Theorem 3. Also

recall the definition of B∗n, Dij, wij, and w̃ij from the definition of V̂ (x∗). Writing Eε as the

conditional expectation given {Xi}ni=1, it holds that

|∗|E
{(
V̂ (x∗)− V (x∗)

)
1Ωn

}
= |∗|E

{
1ΩnEε

(
V̂ (x∗)− V (x∗)

)}
.

Then V̂ (x∗) =
∑

i<j w̃ijDij and

|∗|E
{
1ΩnEε

(
V̂ (x∗)− V (x∗)

)}

≤ |∗|E
{
1Ωn

∑

i<j

w̃ij(EεDij − V (x∗))

}
+ V (x∗)τn|∗|E

{
1Ωn(|Bn|+ τn)−1

}
.
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By definition, it holds on Ωn that ‖Bn − B‖ ≤ λmin(B)/2, where λmin(B) is the smallest

eigenvalue of B. Thus by Weyl’s inequality, it holds that λmin(Bn) ≥ λmin(B)/2 ≥ c for

some fixed positive constant c due to the invertibility of B as proved in Theorem 3 under

Condition (c) in Pvf,(X,ε). Then, using the fact that |Bn| ≥ λ`+1
min(Bn) and the boundedness

of V (·), it holds that

|∗|E
{
1ΩnEε

(
V̂ (x∗)− V (x∗)

)}
≤ |∗|E

{
1Ωn

∑

i<j

w̃ij(EεDij − V (x∗))

}
+ Cτn.

Direct calculation shows that EεDij − V (x∗) = (f(Xi)− f(Xj))
2/2 + (V (Xi)− V (x∗))/2 +

(V (Xj)− V (x∗))/2. Due to symmetry, we only need to control the first two terms. For the

first term, using the fact B∗n = |Bn|B−1
n on Ωn (Bn invertible on Ωn), we have

E

{
1Ωn

∑

i<j

(|Bn|+ τn)−1wij(f(Xi)− f(Xj))
2

}

= E

{
1Ωn

(
n

2

)−1∑

i<j

(|Bn|+ τn)−1q>(0)B∗nq

(
Xij − x∗

h2

)
Kij(f(Xi)− f(Xj))

2

}

= E
{

(|Bn|+ τn)−1q>(0)B∗nq

(
Xij − x∗

h2

)
Kij(f(Xi)− f(Xj))

2
1Ωn

}

. h
2(α∧1)
1 E

{
(|Bn|+ τn)−1‖B∗n‖Kij1Ωn

}
= h

2(α∧1)
1 E

{ |Bn|
|Bn|+ τn

‖B−1
n ‖Kij1Ωn

}

. Ch
2(α∧1)
1 EKij . Ch

2(α∧1)
1 .

Here, the second inequality follows from the fact that ‖B−1
n ‖ = λmin(Bn)−1 is bounded by

some fixed constant on Ωn, and in the last inequality we use the fact that EKij is bounded

Condition (b) in Pvf,(X,ε). For the second term, it holds that

|∗|E(1Ωn

∑

i<j

w̃ij(V (Xi)− V (x∗)))

≤ |∗|E(1Ωn

∑

i<j

w̃ij(V (Xij)− V (x∗))) + |∗|E(1Ωn

∑

i<j

w̃ij(V (Xi)− V (Xij))) := I + II.
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For I, using the Hölder property of V (·) and the reproducing property of local polynomial

estimators (see (2.16) in the main paper), that is,

∑

i<j

wij(Xij − x∗)k =
∑

i<j

w̃ij(Xij − x∗)k = 0, k = 1, 2, . . . , `,

it holds that

|∗|E
{
1Ωn

∑

i<j

w̃ij(V (Xij)− V (x∗))

}

= |∗|E
{
1Ωn

∑

i<j

w̃ij

(
`−1∑

k=1

V (k)(x∗)

k!
(Xij − x∗)k +

V (`)(x∗ + τ(Xij − x∗))
`!

(Xij − x∗)`
)}

= |∗|E
{
1Ωn

∑

i<j

w̃ij
(Xij − x∗)`

`!

(
V (`)(x∗ + τ(Xij − x∗))− V (`)(x∗)

)
}

= |∗|E
{
1Ωn(|Bn|+ τn)−1q>(0)B∗nq

(
Xij − x∗

h2

)
Kij

(Xij − x∗)`
`!

(
V (`)(x∗ + τ(Xij − x∗))− V (`)(x∗)

)}

. E
{
1Ωn|Xij − x∗|β(|Bn|+ τn)−1‖B∗n‖Kij

}

. hβ2E
(
1Ωn‖B−1

n ‖Kij

)
. hβ2 ,

where in the second line we use the Taylor expansion of V (·) around x∗ with some τ ∈ [0, 1],

in the fifth line we use the fact that q((Xij−x∗)/h2) has bounded `2 norm due to the compact

support of K(·), and in the last inequality we use again the fact that ‖B−1
n ‖ is bounded by

some fixed constant on Ωn. With a similar calculation and the fact that β-smooth functions

are Lipschitz for β ≥ 1, we have II . hβ∧1
1 . Therefore, putting together the pieces, we obtain

|∗|E
{(
V̂ (x∗)− V (x∗)

)
1Ωn

}
≤ C

(
h

2(α∧1)
1 + hβ2 + hβ∧1

1 + τn

)
.

This completes the proof.

Lemma 15. Suppose f ∈ Λα(CF), V ∈ Λβ(CV), σ2 ≤ Cσ for some fixed constants CF , CV , Cσ,

and the joint distribution of (X, ε) belongs to Pvf,(X,ε). Assume that nh2 →∞ and n2h1h2 →
∞ as n→∞. Then, with Ωn defined in the proof of Theorem 3, it holds that

Var
(
V̂ (x∗)1Ωn

)
≤ C

(
n−1h−1

2 + n−2(h1h2)−1 + τ 2
n

)
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for some fixed positive constant C that only depends on α, β, CF , CV , Cσ, C0, Cε.

Proof. We adopt the notation `, q(·),Bn, Xij, and Kij from the proof of Theorem 3. Also

recall the definition of B∗n and Dij from the definition of V̂ (x∗). Define the vector-valued

U-statistic

Un :=

(
n

2

)−1

g(Xi, Xj) :=

(
n

2

)−1∑

i<j

Dijq

(
Xij − x∗

h2

)
Kij

and let θ := Eg(Xi, Xj) ∈ R`+1. Then, for each j ∈ [` + 1], writing Eε as the conditional

expectation given {Xi}ni=1, we have

θj = E
(
Dij

((Xij − x∗)/h2)j

j!
Kij

)
= E

(
((Xij − x∗)/h2)j

j!
KijEεDij

)

= E
(

((Xij − x∗)/h2)j

2j!
Kij((f(Xi)− f(Xj))

2 + V (Xi) + V (Xj))

)
. EKij . 1,

where we have used Condition (b) in Pvf,(X,ε), boundedness of V (·) and compact support of

K(·). Therefore we have ‖θ‖ = O(1). With the above notation, and using the fact that Bn

is invertible and satisfies B∗n = |Bn|B−1
n on Ωn, we have

V̂ (x∗)1Ωn =
|Bn|

|Bn|+ τn
q>(0)B−1

n Un1Ωn = q>(0)B−1
n Un1Ωn −

τn
|Bn|+ τn

q>(0)B−1
n Un1Ωn .

Thus in order to upper bound Var
(
V̂ (x∗)1Ωn

)
, it suffices to upper bound the variances of

the two terms in the above display. For the second term, using the fact that |Bn| is bounded

away from zero on Ωn under Condition (c) in Pvf,(X,ε), we have

Var

(
τn

|Bn|+ τn
q>(0)B−1

n Un1Ωn

)
. τ 2

nE
(
q>(0)B−1

n Un1Ωn

)2
. τ 2

nE
(
‖B−1

n 1Ωn‖2‖Un‖2
)
. τ 2

n,

where the last inequality follows since ‖θ‖ = O(1) and Un concentrates to θ by Lemma 16

since nh2 →∞ and n2h1h2 →∞. The first term can be decomposed as

q>(0)B−1
n Un1Ωn = q>(0)(B−1

n −B−1)Un1Ωn + q>(0)B−1Un1Ωn := I + II.
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For the first term, it holds on the event Ωn that

‖B−1
n −B−1‖ = ‖B−1‖‖B−1

n ‖‖Bn −B‖ ≤ ‖B−1‖(‖B−1
n −B−1‖+ ‖B−1‖)‖Bn −B‖.

Thus on the event Ωn, it holds that ‖B−1
n −B−1‖ ≤ ‖B−1‖2‖Bn−B‖/(1−‖B−1‖‖Bn−B‖) ≤

2‖B−1‖2‖Bn −B‖. This implies that

Var(I) ≤ E
(
q>(0)(B−1

n −B−1)Un1Ωn

)2 ≤ E
(
‖(B−1

n −B−1)1Ωn‖2‖Un‖2
)

. E
(
‖Bn −B‖2‖Un‖2

)
≤ (E‖Bn −B‖4)1/2(E‖Un‖4)1/2.

Clearly, (E‖Un‖4)1/2 = O(1) since Un concentrates to θ and ‖θ‖ = O(1), and by Lemmas

17 and 10, it holds that (E‖Bn −B‖4)1/2 . n−1h−1
2 + n−2h−1

1 h−1
2 . This concludes that

Var(I) . n−1h−1
2 + n−2h−1

1 h−1
2 .

Lastly, for II, writing Z := q>(0)B−1
(
n
2

)−1∑
i<j g(Xi, Xj), we have

Var(II) = E(Z1Ωn − E(Z1Ωn))2 = E((Z − EZ) + E(Z1Ωcn)− Z1Ωcn)2 . Var(Z) + E(Z1Ωcn)2.

By Lemma 16, it holds that

Var(Z) . n−1h−1
2 + n−2h−1

1 h−1
2 .

Lastly, by Cauchy’s inequality and Lemma 17,

E(Z1Ωcn)2 ≤ (EZ4)1/2P1/2(Ωc
n) .

(
‖B−1‖4E‖Un‖4

)1/2P1/2(Ωc
n) = o(n−1h−1

2 + n−2h−1
1 h−1

2 ).

Thus we conclude that

Var(II) . n−1h−1
2 + n−2h−1

1 h−1
2 .

Putting together the pieces, we have proved

E
(
V̂ (x∗)1Ωn − E

(
V̂ (x∗)1Ωn

))2

. n−1h−1
2 + n−2(h1h2)−1 + τ 2

n.

This completes the proof.
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Lemma 16. Consider the term Z defined in the proof of Lemma 15:

Z = q>(0)B−1

(
n

2

)−1∑

i<j

Dijq

(
Xij − x∗

h2

)
Kij.

Then, under the same conditions of Lemma 15, it holds that

Var(Z) ≤ C
(
n−1h−1

2 + n−2h−1
1 h−1

2

)

for some fixed positive constant C that only depends on α, β, C0.

Proof. Denote g(Xi, Xj) := Dijq
(
Xij−x∗
h2

)
Kij and θ := Eg(Xi, Xj). Then, it holds that

Var(Z) = E

(
q>(0)B−1

(
n

2

)−1∑

i<j

(g(Xi, Xj)− θ)

)2

≤ ‖B−1‖2E

∥∥∥∥∥

(
n

2

)−1∑

i<j

(g(Xi, Xj)− θ)

∥∥∥∥∥

2

. n−4
∑

i<j,i′<j′

E
{

(g(Xi, Xj)− θ)>(g(Xi′ , Xj′)− θ)
}
,

where the last inequality follows since B−1 is invertible under Condition (c) in Pvf,(X,ε) as

proved in Theorem 3. Apparently, when i, j, i′, j′ are all different, the summand equals to

zero. When i, j, i′, j′ take three different values, say, i = i′ < j < j′, we have

E
{

(g(Xi, Xj)− θ)>(g(Xi, Xj′)− θ)
}

= E
{
DijDij′q

>
(
Xij − x∗

h2

)
q>
(
Xij′ − x∗

h2

)
KijKij′

}
− ‖θ‖2.

Let Z1 := g(Xi, Xj) and Z2 := g(Xi, Xj′). Then, for any k ∈ [`+ 1], it holds that |∗|Z1,k .

DijKh1(Xi − Xj)Kh2(Xij − x∗) and similarly for Z2,k. Therefore, using the finite fourth

moment of ε in Condition (d) of Pvf,(X,ε) in the calculation of Eε(DijDij′) and the fact that
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both f(·) and V (·) are bounded, we have

E(|Z1,kZ2,k|)

. E{DijKh1(Xi −Xj)Kh2(Xij − x∗)Dij′Kh1(Xi −Xj′)Kh2(Xij′ − x∗)}

. E{Kh1(Xi −Xj)Kh2(Xij − x∗)Kh1(Xi −Xj′)Kh2(Xij′ − x∗)}

=

∫

R3

1

h2
1h

2
2

K

(
v − u
h1

)
K

( u+v
2
− x∗
h2

)
K

(
w − u
h1

)
K

( u+w
2
− x∗
h2

)
pX(u)pX(v)pX(w)dudvdw

=
1

h2

∫

R3

K(ũ)K(ṽ)K(w̃)K

(
ũh2 + h1(w̃ − ṽ)/2

h2

)
pX(s1)pX(s2)pX(s3)dũdṽdw̃

. 1/h2,

where we again invoke Condition (b) in Pvf,(X,ε) and the compact support of K(·), and

s1 = ũh2 + x∗ − h1ṽ

2
, s2 = ũh2 + x∗ +

h1ṽ

2
, s3 = ũh2 + x∗ + w̃h1 −

ṽh1

2
.

This, along with the fact that ‖θ‖ = O(1), concludes that

E
{

(g(Xi, Xj)− θ)>(g(Xi′ , Xj′)− θ)
}
. h−1

2

when i, j, i′, j′ take three different values. Similarly, one can prove that when i, j, i′, j′ take

two different values, that is i = i′ and j = j′,

E
{

(g(Xi, Xj)− θ)>(g(Xi′ , Xj′)− θ)
}
. (h1h2)−1.

Putting together the pieces, we obtain that

Var(Z) .
n3h−1

2 + n2(h1h2)−1

n4
= n−1h−1

2 + n−2h−1
1 h−1

2 .

This completes the proof.

Lemma 17. Suppose Condition (b) in Pvf,(X,ε) holds. Assume n2h1h2 →∞, nh2 →∞, and

h1/h2 → 0. Then, for any u, v > 0, the matrices Bn and B defined in the proof of Theorem

3 satisfy

P
(
‖Bn −B‖ ≥ C(v1/2n−1/2h

−1/2
2 + u1/2n−1h

−1/2
1 h

−1/2
2 )

)
≤ C(exp(−u) + exp(−v))

for some fixed positive constant C.
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Proof. Using a standard entropy argument (see, for example, Lemma 5.3 in Vershynin

(2012)), it holds that for any t > 0,

P(‖Bn −B‖ ≥ t) ≤ N max
1≤i≤N

P
(
|∗|a>i (Bn −B)ai ≥ t/2

)
,

where N := 5`+1 and {ai}Ni=1 is a 1/2-net on the unit sphere S`. We now upper bound

P
(
|∗|a>(Bn −B)a ≥ t/2

)
for an arbitrary a ∈ S` with the help of Lemma 13. For this, we

upper bound the five quantities B1, B2, B3, ν
2
1 , ν

2
2 therein. Denote the kernel of a>Bna as g

and its linear part as g1, that is,

g(Xi, Xj) :=

(
a>q

(
Xij − x∗

h2

))2

Kij and g1(Xi) = E(g(Xi, Xj) | Xi).

Then, we have

g1(Xi) =

∫ (
a>q

(
(u+Xi)/2− x∗

h2

))2
1

h1

K

(
u−Xi

h1

)
1

h2

K

(
(u+Xi)/2− x∗

h2

)
pX(u)du

.
1

h2

∫
K(ũ)K

(
Xi + h1ũ/2− x∗

h2

)
pX(Xi + ũh1)dũ . h−1

2 ,

where in the first inequality we use the fact that q
(

(u+Xi)/2−x∗
h2

)
has bounded `2 norm due to

the compact support of K(·), and in the last inequality we apply Condition (b) in Pvf,(X,ε).

Therefore B1 . h−1
2 and one can similarly show that ν2

1 . h−1
2 .

For B2, we have

B2
2 = n sup

Xi

E

{(
a>q

(
Xij − x∗

h2

))4
1

h2
1

K2

(
Xi −Xj

h1

)
1

h2
2

K2

(
Xij − x∗

h2

)
| Xi

}

.
n

h1h2
2

sup
Xi

E
{

1

h1

K

(
Xi −Xj

h1

)
| Xi

}

=
n

h1h2
2

sup
Xi

∫
K(u)pX(Xi + uh1)du . nh−1

1 h−2
2 .

This concludes that B2 . n1/2h
−1/2
1 h−1

2 . Moreover, one can easily show that ν2
2 . (h1h2)−1

and B3 . (h1h2)−1. Putting together the pieces and applying Lemma 13, we obtain that for
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any u, v > 0,

P
(
|∗|a>(Bn −B)a ≥ a1v

1/2 + a2v + b1u
1/2 + b2u+ b3u

3/2 + b4u
2
)
≤ C(exp(−v) + exp(−u)),

where a1 . n−1/2h
−1/2
2 , a2 . n−1h−1

2 and b1 . n−1h
−1/2
1 h

−1/2
2 , b2 . n−1h−1

2 , b3 . n−3/2h
−1/2
1 h−1

2 , b4 .

n−2h−1
1 h−1

2 . Under the conditions n2h1h2 → ∞, nh2 → ∞ and h1/h2 → 0 as n → ∞, the

dominant terms are a1 and b1, that is,

n−1/2h
−1/2
2 ∨ n−1h

−1/2
1 h

−1/2
2 .

This completes the proof.

Lemma 18. Under the setting and conditions of Theorem 5, for any positive η > 0, there

exists an i.i.d. sequence {ri,k}i∈[mj ],k∈[N1] (with mj, N1 defined in Theorem 5) with range

contained in [−B,B] for some B only depending on α, β, η, such that the probability measures

Pj and P̃j defined therein satisfy that

χ2
(
Pj, P̃j; Ωn

)
. n−η,

where, for any measurable subset E and two probability measures P and Q, χ2(P,Q; E) is the

conditional χ2-distance defined as

χ2(P,Q; E) :=

∫

E

(p− q)2

q

with p, q being the densities of P and Q with respect to some common dominating measure.

Proof. Without loss of generality, let j = 1. First note that the conditional χ2-distance can

be written as

χ2
(
P1, P̃1; Ωn

)
=

∫
1{Ωn}

(p1(x,y)− p̃1(x,y))2

p̃1(x,y)
dxdy

=

∫
1{Ωn}p(x)dx

∫
(p1(y | x)− p̃1(y | x))2

p̃1(y | x)
dy

= E
{
1{Ωn}χ2

(
P1(y | x), P̃1(y | x)

)}
,
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where we have used p(·) to represent the density of {Xi}ni=1 under both P1 and P̃1.

Recall the definition of the location index sequence {bi}ni=1 in Theorem 5. Consider any

realization of {Xi}ni=1 in Ωn, and assume that based on their location indices {bi}ni=1, {Xi}ni=1

is partitioned into L1 +L2 clusters with cardinality s` such that the Xi’s in the same cluster

have the same value bi. Moreover, for those data points in the first L1 clusters, the location

index bi = (ki, `i) satisfies that ∆1,ki = 1 while for the data points in the last L2 clusters,

it holds that ∆1,ki = 0 (recall the definition of ∆1 = (∆1,1, . . . ,∆1,N2) in the lower bound

design of Theorem 5. Apparently, we have the relations 1 ≤ L1 +L2 ≤ n,
∑L1+L2

`=1 s` = n and

1 ≤ s` ≤ K for ` ∈ [L1 + L2] (recall the definition of K in Theorem 5). Moreover, denoting

P1,π` and P̃1,π` (resp. p1,π` and p̃1,π`) for each ` ∈ [L1 + L2] as the joint distribution (resp.

density) of those Yi’s in the `th cluster conditioning on the given realization {Xi}ni=1 under

P1 and P̃1, we have

χ2
(
P1(y | x), P̃1(y | x)

)
=

L1+L2∏

`=1

(
1 + χ2

(
P1,π` , P̃1,π`

))
− 1

=

L1∏

`=1

(
1 + χ2

(
P1,π` , P̃1,π`

))
− 1

≤ exp

{
L1∑

`=1

χ2
(
P1,π` , P̃1,π`

)}
− 1

where the first equality follows by mutual independence of data points in each cluster, the

second inequality follows from the fact that for those data points Yi’s in the latter L2 clusters,

each Yi | Xi ∼ N (0, 1) under both P1 and P̃1. Since L1 ≤ n, it suffices to show that for any

realization of {Xi}ni=1 in Ωn, by matching enough moments, we have χ2
(
P1,π` , P̃1,π`

)
≤ n−η

for any η > 0.

For each ` ∈ [L1], |∗|p1,π` − p̃1,π` only depends on the `th cluster via its cardinality,

which we now control for a general cluster size 1 ≤ d ≤ K. Without loss of generality, we

assume that ` = 1 and the yi’s in this cluster are {y1, . . . , yd} with common location index

bi = (1, 1). In this case, under the choice of θ2
n and h1 given in Theorem 5, we clearly have
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Yi = θnr1,1 + (1−hβ2 )1/2εi under P1 and Yi = θnr̃1,1 + (1−hβ2 )1/2εi under P̃1 for i ∈ [d], where

the sequence {εi}di=1 follows the standard normal distribution under both P1 and P̃1. Define

σ2 := 1− hβ2 = 1− θ2
n. Then, it holds that

p1,π`(y1, . . . , yd) =

∫ ∞

−∞

1

σ
ϕ

(
y1 − θnv

σ

)
. . .

1

σ
ϕ

(
yd − θnv

σ

)
G(dv),

p̃1,π`(y1, . . . , yd) =

∫ ∞

−∞

1

σ
ϕ

(
y1 − θnv

σ

)
. . .

1

σ
ϕ

(
yd − θnv

σ

)
ϕ(v)dv,

where G is the distribution of {ri,k}i∈[mj ],k∈[N1]. Using the well-known equality ϕ(t− θnv) =

ϕ(t)
(∑∞

k=0 v
kθknHk(t)/k!

)
for any t, v, where Hk is the kth order Hermite polynomial, it holds

that

ϕ

(
y1 − θnv

σ

)
. . . ϕ

(
yd − θnv

σ

)

= ϕ
(y1

σ

)
. . . ϕ

(yd
σ

) ∞∑

k1,...,kd=0

(
θnv

σ

)k1+...+kdHk1(y1/σ)

k1!
. . .

Hkd(yd/σ)

kd!

= ϕ
(y1

σ

)
. . . ϕ

(yd
σ

) ∞∑

k=0

(
θnv

σ

)k ∞∑

k1+...+kd=k

(
θnv

σ

)k
Hk1(y1/σ)

k1!
. . .

Hkd(yd/σ)

kd!
,

and therefore by the symmetry of G and by matching the moments of G and the standard

normal distribution up to order 2p for some positive integer p to be chosen later, we obtain

p1,π`(y1, . . . , yd)− p̃1,π`(y1, . . . , yd)

= ϕ
(y1

σ

)
. . . ϕ

(yd
σ

) ∞∑

k=0

(
θn
σ

)k ∑

k1+...+kd=k

Hk1(y1/σ)

k1!
. . .

Hkd(yd/σ)

kd!

∫
vk(G− Φ)(dv)

= ϕ
(y1

σ

)
. . . ϕ

(yd
σ

) ∞∑

k=p

(
θn
σ

)2k ∑

k1+...+kd=2k

Hk1(y1/σ)

k1!
. . .

Hkd(yd/σ)

kd!

∫
v2k(G− Φ)(dv).

Define δ2k :=
∫
v2k(G− Φ)(dv). Then, the above inequality further implies that

(p1,π`(y1, . . . , yd)− p̃1,π`(y1, . . . , yd))
2

= ϕ2
(y1

σ

)
. . . ϕ2

(yd
σ

) ∞∑

k,`=p

(
θn
σ

)2k+2` ∑

k1+...+kd=2k
`1+...+`d=2`

Hk1(y1/σ)

k1!

H`1(y1/σ)

`1!
. . .

Hkd(yd/σ)

kd!

H`d(yd/σ)

`d!

(A.10)



188

On the other hand, letting Z ∼ G, we have

p̃1,π`(y1, . . . , yd) =

∫
1

σ
ϕ

(
y1 − θnv

σ

)
. . .

1

σ
ϕ

(
yd − θnv

σ

)
G(dv)

=
1

σd
ϕ
(y1

σ

)
. . . ϕ

(yd
σ

)∫
exp

{
− d

2σ2
(θnv)2 +

∑d
i=1 yiθnv

σ2

}
G(dv)

=
1

σd
ϕ
(y1

σ

)
. . . ϕ

(yd
σ

)
E

{
exp

{
− d

2σ2
θ2
nZ

2 +

∑d
i=1 yiθn
σ2

Z

}}

≥ 1

σd
ϕ
(y1

σ

)
. . . ϕ

(yd
σ

)
exp

(
−dθ

2
n

2σ2

)
, (A.11)

where the last inequality follows from Jensen’s inequality and the fact EZ = 0, EZ2 = 1

from moment matching. Combining (A.10) and (A.11), we obtain that

χ2(P1,π` , P̃1,π`) =

∫
(p1,π`(y1, . . . , yd)− p̃1,π`(y1, . . . , yd))

2

p̃1,π`(y1, . . . , yd)
dy1 . . . dyd

≤ σd
∞∑

k,`=p

δ2kδ2`

∑

k1+...+kd=2k
`1+...+`d=2`

(
θn
σ

)2k+2` d∏

j=1

∫
ϕ
(yj
σ

)Hkj(yj/σ)

kj!

H`j(yj/σ)

`j!
dyj

= σ2d

∞∑

k,`=p

δ2kδ2`

∑

k1+...+kd=2k
`1+...+`d=2`

(
θn
σ

)2k+2` d∏

j=1

∫
ϕ(yj)

Hkj(yj)

kj!

H`j(yj)

`j!
dyj

≤
∞∑

k=p

(
θn
σ

)4k

δ2
2k

∑

k1+...+kd=2k

1

k1!
. . .

1

kd!
,

where the last inequality follows from the fact that σ ≤ 1 and
∫
ϕ(t)Hk(t)H`(t)dt =

k!1(k = `). Now, using the multinomial identity

∑

k1+...+kd=2k

(2k)!

k1! . . . kd!

(
1

d

)2k

= 1,

we obtain that
∑

k1+...+kd=2k 1/(k1! . . . kd!) = d2k/(2k)!, therefore it holds that

χ2(P1,π` , P̃1,π`) ≤
∞∑

k=p

(
θn
√
d

σ

)4k
1

(2k)!
δ2

2k.
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Now, by Lemma 5, for any positive integer p, we can find a symmetric distribution G

that has the same first p moments as the standard normal distribution and is compactly

supported on [−B,B] for some B that only depends on p. This combined with the fact that
∫
t2kϕ(t)dt = (2k − 1)!! implies that δ2

2k . B4k + (2k)!. We therefore obtain

χ2(P1,π` , P̃1,π`) .
∞∑

k=p

(
θn
√
d

σ

)4k

. n−η

by choosing a sufficiently large p that only depends on α, β and η, where we also use the fact

that d is bounded by an absolute constant and for sufficiently large n, it holds that σ > 1/2.

This completes the proof.

Lemma 19. For some M ≥ 2, let P0,P1, . . . ,PM be M + 1 hypotheses on some measurable

space (X ,A) such that for each 0 ≤ i 6= j ≤M , Pi and Pj are mutually absolutely continuous.

Let Ω be a measurable subset of X such that Pj(Ω) is identical for all 0 ≤ j ≤ M . Define

the “conditional” version of Kullback divergence as

K(P,Q; Ω) :=

∫

Ω

log

(
dP
dQ

)
dP. (A.12)

Then, if

1

M

M∑

j=1

K(Pj,P0; Ω) ≤ c∗ log(M)

for some 0 < c∗ < 1/8, the following statement holds

inf
ψ
pe,M(ψ) ≥

√
M

1 +
√
M

(
P0(Ω)− 2c∗ −

√
2c∗

log(M)

)
,

where the infimum ranges over all tests taking values in {0, 1, . . . ,M} and pe,M(ψ) :=

max0≤j≤M Pj(ψ 6= j).

Proof. This is exactly the conditional version of Theorem 2.5 in Tsybakov (2009a). We first

show that subject to the condition

1

M

M∑

j=1

K(Pj,P0; Ω) ≤ c
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for some c > 0, for all 0 < τ < 1, it holds that

1

M

M∑

j=1

Pj
(
dP0

dPj
≥ τ

)
≥ P0(Ω)− c′, (A.13)

where c′ := −(c+
√
c/2)/ log(τ). For this, we have for each j ∈ [M ]

Pj
(
dP0

dPj
≥ τ

)
= Pj

(
dPj
dP0

≤ 1

τ

)

= 1−
{
Pj
({

dPj
dP0

≥ 1

τ

}⋂
Ω

)
+ Pj

({
dPj
dP0

≥ 1

τ

}⋂
Ωc

)}

≥ P0(Ω)− Pj
({

dPj
dP0

≥ 1

τ

}⋂
Ω

)

= P0(Ω)− Pj
({

log

(
dPj
dP0

)
≥ log

(
1

τ

)}⋂
Ω

)

≥ P0(Ω)− (log(1/τ))−1EPj

(
log

(
dPj
dP0

)

+

1{Ω}
)
,

where in the third line we use the fact that Pj(Ω) = P0(Ω), and for a real number a,

a+ := max{0, a}. Let p0 and pj be the densities of P0 and Pj with respect to some common

dominating measure. Then, by definition of the conditional Kullback divergence, Lemma 20,

and Lemma 21, it holds that

EPj

(
log

(
dPj
dP0

)

+

1{Ω}
)

=

∫

Ω

pj

(
log

pj
p0

)

+

= K(Pj,P0; Ω) +

∫

Ω

pj

(
log

pj
p0

)

−

≤ K(Pj,P0; Ω) + TV(Pj,P0; Ω)

≤ K(Pj,P0; Ω) +
√
K(Pj,P0; Ω)/2.

Now, by the condition
∑M

j=1 K(Pj,P0; Ω)/M ≤ c and Cauchy’s inequality, it holds that

1

M

M∑

j=1

√
K(Pj,P0; Ω) ≤

{
1

M

M∑

j=1

K(Pj,P0; Ω)

}1/2

≤ √c.
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We therefore conclude that (A.13) is true. Next, by Proposition 2.2 in Tsybakov (2009a),

we obtain that

inf
ψ
pe,M(ψ) ≥ sup

0<τ<1

τM

τM + 1

{
1

M

M∑

j=1

Pj
(
dP0

dPj
≥ τ

)}
≥ sup

0<τ<1

τM

τM + 1

(
P0(Ω) +

c+
√
c/2

log τ

)
.

Lastly, by choosing c = c∗ logM and τ = 1/
√
M , we obtain

inf
ψ
pe,M(ψ) ≥ sup

0<τ<1

τM

τM + 1

{
1

M

M∑

j=1

Pj
(
dP0

dPj
≥ τ

)}

≥
√
M

1 +
√
M

(
P0(Ω)− 2c∗ −

√
2c∗

logM

)
.

This completes the proof.

Lemma 20. Let P and Q be two probability measures on a measurable space (X ,A) such

that P� Q, and Ω be a measurable subset of X . Define the conditional version of the total

variation distance as follows

TV(P,Q; Ω) := sup
A∈A
|∗|P(A

⋂
Ω)−Q(A

⋂
Ω). (A.14)

Then, it holds that

∫

Ω

(
log

(
dP
dQ

))

−
≤ TV(P,Q; Ω),

where a− := max{0,−a}.

Proof. Let p and q be the densities of P and Q with respect to some common dominating

measure, and define A := {q ≥ p > 0}. Then, it holds that

∫

Ω

(
log

(
dP
dQ

))

−
dP =

∫

Ω
⋂
{p,q>0}

p

(
log

p

q

)

−
=

∫

A
⋂

Ω

p log
q

p
≤
∫

A
⋂

Ω

q − p ≤ TV(P,Q; Ω).

This completes the proof.
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Lemma 21. Let P and Q be two probability measures on a measurable space (X ,A) such

that P� Q, and Ω be a measurable subset of X such that P(Ω) = Q(Ω). For the conditional

version of the Kullback divergence (defined in (A.12)) and total variation distance (defined

in (A.14)), it holds that

TV(P,Q; Ω) ≤
√
K(P,Q; Ω)/2.

Proof. Firstly, using the condition P(Ω) = Q(Ω), it can be readily verified that the condi-

tional total variation distance can be equivalently written as

TV(P,Q; Ω) =
1

2

∫

Ω

|p− q|,

where p and q are the densities of P and Q with respect to some common dominating measure

(cf. Lemma 2.1 in Tsybakov (2009a)). Then, following the proof of the first Pinsker’s

inequality in Lemma 2.5 in Tsybakov (2009a), it holds that

TV(P,Q; Ω) =
1

2

∫

Ω

|∗|p− q

=
1

2

∫

Ω
⋂
{q>0}
|∗|p
q
− 1q

≤ 1

2

∫

Ω
⋂
{q>0}

q

√(
4

3
+

2p

3q

)
ψ(
p

q
)

≤ 1

2

{∫

Ω

(
4q

3
+

2p

3

)}1/2{∫

Ω

q

(
p

q
log

p

q
− p

q
+ 1

)}1/2

=

√
P(Ω)

2
K1/2(P,Q; Ω)

≤
√
K(P,Q; Ω)/2,

where ψ(x) := x log x− x+ 1. This completes the proof.

A.4 Proofs of results in Section 2.4

We only provide the proofs for Propositions 1, 2, 5, 8, 11-13. The proofs of Propositions 4, 6,

7, and 9 are straightforward, and the proof of Proposition 10 is similar to that of Proposition
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11.

A.4.1 Proof of Proposition 1

Proof. Given the proof of Theorem 1 and its supporting lemmas, the proof here is relatively

straightforward. We only provide here a sketched version for completeness. For simplicity,

we only prove the case with d = 2, and we will show that the desired upper bound can be

achieved with the bandwidths choices

h1 � n−2α2/(4α1α2+α1+α2) and h2 � n−2α1/(4α1α2+α1+α2).

C and c still represent two generic fixed positive constants whose values may change at each

occurrence.

Define U1, U2, θ1, θ2 and the “good” event E the same way as in Theorem 1. Following its

proof, we now lower bound θ2 and upper bound the term |∗|θ1 − θ2σ
2. For θ2, we have

θ2 = E{Kh1(Xi,1 −Xj,1)Kh2(Xi,2 −Xj,2)}

=

∫

R2

1

h1h2

K

(
u

h1

)
K

(
v

h2

)
pX̃ij

(u, v)dudv

=

∫

R2

K(u)K(v)pX̃ij
(uh1, vh2)dudv

=

∫ 1

−1

∫ 1

−1

K(u)K(v)pX̃ij
(uh1, vh2)dudv

≥
∫

U(h1,h2)

K(u)K(v)pX̃ij
(uh1, vh2)dudv

≥ λ(U(h1,h2)) inf
u∈U(h1,h2)

pX̃ij (u1h1, u2h2)MK

≥ c2
0MK .

Here, the fourth equality follows from the kernel condition that K(·) is supported in [−1, 1],

and the set U(h1,h2) starting from the first inequality follows from Condition (b) in Pmcv,(X,ε)
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since for any fixed δ0 > 0 chosen therein, ‖δ‖∞ := ‖(h1, h2)‖∞ ≤ δ0 for sufficiently large n.

For |∗|θ1 − θ2σ
2, using the condition αi ∈ (0, 1], i = 1, 2, it holds that

|∗|θ1 − θ2σ
2

= E
{
Kh1(X̃ij,1)Kh2(X̃ij,2)(f(Xi)− f(Xj))

2/2
}

. E

{
1

h1h2

K

(
X̃ij,1

h1

)
K

(
X̃ij,2

h2

)(
|∗|X̃2α1

ij,1 + |∗|X̃2α2
ij,2

)}

=

∫
1

h1h2

K

(
u

h1

)
K

(
v

h1

)(
|∗|u2α1 + |∗|v2α2

)
pX̃ij

(u, v)dudv

= h2α1
1

∫
K(u)K(v)|u|2α1pX̃ij

(uh1, vh2)dudv+

h2α2
2

∫
K(u)K(v)|v|2α2pX̃ij

(uh1, vh2)dudv

≤ C0

(
h2α1

1

∫
K(u)K(v)|u|2α1dudv + h2α2

2

∫
K(u)K(v)|v|2α2dudv

)

≤ C(h2α1
1 + h2α2

2 ),

where we have applied Condition (a) in Pmcv,(X,ε) and the compact support of K(·). There-

fore, Lemmas 22 and 23 and the above estimates imply that

E

{(
U1 − U2σ

2

U2

)2

1{E}
}

. (h4α1
1 + h4α2

2 + n−1 + n−2(h1h2)−1) � (n
− 8α1α2

4α1α2+α1+α2 + n−1).

Moreover, using the same argument as in the proof of Theorem 1, it holds that

E

{(
U1 − U2σ

2

U2

)2

1{Ec}
}

= o(n
− 8α1α2

4α1α2+α1+α2 + n−1).

This completes the proof for d = 2. In the case of general dimension d with heterogeneous

smoothness index α = (α1, . . . , αd)
>, the upper bound takes the form

E
(
σ̂2
d − σ2

)2
. n−1 + n−2

(
d∏

k=1

hk

)−1

+
d∑

k=1

h4αk
k

and we choose hk � n−2α/(αk(4α+d)). This completes the proof.
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A.4.2 Proof of Proposition 2

Proof. Given the proof of Theorem 2, the proof here is relatively straightforward. We will

thus only present the construction of the hardest sub-problem. For simplicity, we will only

prove the case for d = 2. We also only consider the regime of (α1, α2) in which the lower

bound is sub-parametric: 4α1α2 < α1 + α2. Throughout the proof, C represents some

generic positive constant and does not depend on n, and c represents a generic sufficiently

small positive constant which also does not depend on n. In particular, c is always taken to

be smaller than 1. Both C and c might have different values for each occurrence.

Introduce the following constants:

θ2
n := h2α1

1 := h2α2
2 := cn

− 4α1α2
4α1α2+α1+α2 , N1 := 1/(6h1), N2 := 1/(6h2), (A.15)

where we tune the constant c in θ2
n so that N1 and N2 are both positive integers. We now

specify f(·), distribution ofX, σ2 and distribution of ε in the null and alternative hypotheses,

H0 and H1, respectively.

Choice of σ2: Under H0, let σ2 = 1 + θ2
n. Under H1, let σ2 = 1.

Choice of ε: Under both H0 and H1, let ε ∼ N (0, 1).

Choice of X: Under both H0 and H1, let X be uniformly distributed on the union

of the rectangles [(6i1 − 5)h1, (6i1 − 1)h1]× [(6i2 − 5)h2, (6i2 − 1)h2] for i1 ∈ [N1] and

i2 ∈ [N2].

Choice of f(·): Under H0, let f ≡ 0. Under H1, let f be a smooth bump function that

takes value θnri1,i2 on the rectangle [(6i1−5)h1, (6i1−1)h1]×[(6i2−5)h2, (6i2−1)h2], and

then smoothly decays to 0 on the union of the segments {x1 = 6(i1− 1)h1, 0 ≤ x2 ≤ 1}
for i1 ∈ [N1] and {0 ≤ x1 ≤ 1, x2 = 6(i2−1)h2} for i2 ∈ [N2]. Here, the double indexed
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sequence {ri1,i2}i1∈[N1],i2∈[N2] are N1 × N2 i.i.d. symmetric and compactly supported

random variables with distribution G satisfying

∫ ∞

−∞
xjG(dx) =

∫ ∞

−∞
xjϕ(x)dx, j = 1, . . . , q,

where q is some odd integer strictly larger than 1 + (α1 + α2)/(2α1α2).

In the definition of f(·) under H1, the existence of the distribution G is guaranteed by Lemma

5 and its range only depends on α1 and α2. The smoothness property of f(·) can be achieved

by mollifying an indicator function.

We only verify Condition (c) in Pmcv,(X,ε), which holds by the convolution formula that

for any 0 ≤ u ≤ 1/2 and 0 ≤ v ≤ 1/2

pX̃ij
(u, v) =

∫ 1

u

∫ 1

v

pX(t1, t2)pX(t1 − u, t2 − v)dt1dt2

≥
N1∑

i1=du/(6h1)e+1

N2∑

i2=dv/(6h2)e+1

∫ (6i1−1)h1

(6i1−5)h1

∫ (6i2−1)h2

(6i2−5)h2

pX(t1, t2)pX(t1 − u, t2 − v)dt1dt2

≥
N1∑

i1=du/(6h1)e+1

N2∑

i2=dv/(6h2)e+1

(2h1)(2h2) · 9

4
· 9

4

≥ 9
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for sufficiently large n. A similar calculation holds for all |u| ≤ 1/2 and |v| ≤ 1/2. Therefore,

Condition (c) holds with δ0 = 1/2 and Uδ ≡ [−1, 1]2.

A.4.3 Proof of Proposition 5

Proof. We employ an iterative usage of pairwise difference. Under the regular design, we

have Yi1,...,id =
∑d

k=1 fk(ik/n
1/d) + σεi1,...,id for (i1, . . . , id) ∈ [n1/d] × . . . × [n1/d], where we

assume without loss of generality that n1/d is an even integer. Let m := n1/d/2 and define

I := {(1, 2), . . . , (2m−1, 2m)} with cardinality m. For all index pairs (i
(1)
k , i

(2)
k ) ∈ I, k ∈ [d],
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we have

Y
(i

(1)
1 ,i

(2)
1 ),...,(i

(1)
d ,i

(2)
d )

:=
∑

jk∈{i
(1)
k ,i

(2)
k },k∈[d]

Yj1,...,jd(−1)
∑d
k=1 1{jk=i

(1)
k }

=
∑

jk∈{i
(1)
k ,i

(2)
k },k∈[d]

σεj1,...,jd(−1)
∑d
k=1 1{jk=i

(1)
k }.

Clearly, we have E
(
Y

(i
(1)
1 ,i

(2)
1 ),...,(i

(1)
d ,i

(2)
d )

)
= 0 and Var

(
Y

(i
(1)
1 ,i

(2)
1 ),...,(i

(1)
d ,i

(2)
d )

)
= 2dσ2. More im-

portantly, the newly formed data sequence {Y
(i

(1)
1 ,i

(2)
1 ),...,(i

(1)
d ,i

(2)
d )
}

(i
(1)
k ,i

(2)
k )∈I,k∈[d]

with cardinality

md = n/2d is i.i.d. with mean 0 and variance 2dσ2. Therefore, by defining Y to be the average

of this newly formed data sequence and σ̂2 to be

σ̂2 :=
1

n

∑

(i
(1)
k ,i

(2)
k )∈I,k∈[d]

(
Y

(i
(1)
1 ,i

(2)
1 ),...,(i

(1)
d ,i

(2)
d )
− Y

)2

,

we clearly have E(σ̂2 − σ2)
2 . n−1 for some absolute positive constant C under a finite fourth

moment assumption, which is clearly not improvable. Thus the proof is complete.

A.4.4 Proof of Proposition 8

Proof. Throughout the proof, C represents a positive constant that only depends α and C0.

Following the argument before the statement of Proposition 8, define

ε
(`)
i :=

∑

k∈[d],k 6=`

fk(Xi,k) + εi

and its variance

σ2
(`) :=

∑

k∈[d],k 6=`

Ef 2
k (Xi,k) + σ2

for all ` ∈ [d]. Clearly, under the mutual independence of the components of (Xi,1, . . . , Xi,d),

it holds that Eε(`)
i = 0 and ε

(`)
i is independent of f`(Xi,`). For each ` ∈ [d], by viewing the

model equivalently as Yi = f`(Xi,`) + ε
(`)
i for i ∈ [n] and then applying the univariate kernel
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smoother defined in (2.8), which renders an estimator which we denote as σ̂2
(`), we obtain by

Theorem 1

E
(
σ̂2

(`) − σ2
(`)

)2
= E


σ̂2

(`) −
∑

k∈[d],k 6=`

Ef 2
k (Wi,k)− σ2




2

≤ Cn
− 8α`

4α`+1 .

Moreover, letting Y be the average of {Yi}ni=1 and σ̂2
Y be the sample variance estimator, that

is, σ̂2
Y :=

∑n
i=1(Yi − Y )2/n, it holds that

E
(
σ̂2
Y − Var(Y )

)2
= E


σ̂2

Y −
∑

k∈[d]

Ef 2
k (Xi,k)− σ2




2

≤ Cn−1.

Since σ2 =
∑d

`=1 σ
2
(`)−(d−1)Var(Y ), thus by defining σ̂2 :=

∑d
`=1 σ̂

2
(`)−(d−1)σ̂2

Y , we obtain

that

E
(
σ̂2 − σ2

)2
= E

{(
σ̂2

(1) − σ2
(1)

)
+ . . .+

(
σ̂2

(d) − σ2
(d)

)
+ (d− 1)

(
σ̂2
Y − Var(Y )

)}2

≤ C
(
n
− 8αmin

4αmin+1 + n−1
)
.

This completes the proof.

A.4.5 Proof of Proposition 11

Proof. For simplicity, we only prove the case with two additive components f(X) and g(W )

which are α- and β-Hölder smooth, respectively. Throughout the proof, C represents a

generic fixed positive constant that only depends on α, β, C0 and the joint distribution of

(X,W ). Denote the marginal distribution of X and W as FX and FW . Since the transition

boundary for both α and β is 1/4, we may assume without of loss of generality that 0 <

α, β < 1. As a result, since F−1
X and F−1

W are both Lipschitz with fixed positive constants,

f := f ◦ F−1
X and g := g ◦ F−1

W are still α- and β-Hölder smooth. With a standard wavelet

expansion (cf. Proposition 2.5 in Meyer (1990)), we can write the model equivalently as

Yi = f 1(U1,i) +
2J1∑

j=1

ψj(U1,i)γ1,j + g1(U2,i) +
2J2∑

j=1

ϕj(U2,i)γ2,j + σεi,
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where {ψj}∞j=1 and {ϕj}∞j=1 are two sets of orthonormal wavelet basis (with respect to the

Lebesgue measure on [0, 1]), {U1,i}ni=1 = {FX(Xi)}ni=1 and {U2,i}ni−=1 = {FW (Wi)}ni=1 are

two uniform [0, 1] sequences, and ‖f 1‖∞ ≤ C(2−αJ1) and ‖g1‖∞ ≤ C(2−βJ2). Define Ui :=

(ψ1(U1,i), . . . , ψ2J1 (U1,i), ϕ1(U2,i), . . . , ϕ2J2 (U2,i)) as the new feature vector of length 2J1 +

2J2 . Without loss of generality, we assume EUi = 0 (a mean shift does not affect the

estimation of variance) and let Σ := Cov(Ui). Without loss of generality, we can assume Σ

is strictly positive definite (otherwise we can orthogonalize with respect to the linear span

of (ψ1(U1,i), . . . , ψ2J1 (U2,i), ϕ1(U1,i), . . . , ϕ2J2 (U2,i)) in (A.16) below), and thus it holds that

Yi = V >i γ + f 1(U1,i) + g1(U2,i) + σεi, (A.16)

where γ := Σ1/2(γ1,1, . . . , γ1,2J1 , γ2,1, . . . , γ2,2J2 ), and Vi := Σ−1/2Ui.

We now calculate the bias and variance of the estimator σ̂2
proj,add defined as

σ̂2
proj,add :=

1

n− 1

n∑

i=1

(Yi − Y )2 −
(
n

2

)−1∑

i<j

YiYjV
>
i Vi.

Direct calculation shows that

|∗|σ̂2
proj,add − σ2 = |∗|Ef 2

1(U1) + Eg2
1(U2) + 2E

(
f 1(U1)g1(U2)

)
−
∥∥E
(
(f 1(U1)− g1(U2))V

)∥∥2

2

. Ef 2

1(U1) + Eg2
1(U2) +

∥∥E
(
f 1(U1)V

)∥∥2

2
+ ‖E(g1(U2)V )‖2

2

. 2−2αJ1 + 2−2βJ2 +
∥∥E
(
f 1(U1)V

)∥∥2

2
+ ‖E(g1(U2)V )‖2

2.

Moreover, we have

∥∥E
(
f 1(U1)V

)∥∥2

2
= sup
‖a‖≤1

(
E
(
f 1(U1)V >a

))2 ≤ Ef 2

1(U1) · sup
‖a‖≤1

{
a>E(V V >)a

}
. 2−2αJ1 ,

where the last inequality again follows by the identity covariance of V . Similarly, it holds

that ‖E(g1(U2)V )‖2
2 . 2−2βJ2 . We therefore conclude that the bias of σ̂2

proj,add is smaller than

the order 2−2αJ1 + 2−2βJ2 .

Next, we calculate the variance of σ̂2
proj,add. For this, it suffices to upper bound the

variance of
∑n

i=1(Yi − Y )2/(n − 1) and
(
n
2

)−1∑
i<j YiYjV

>
i Vj. The first variance is clearly
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of the order n−1 under the boundedness of f(·) and g(·) and the fact that Eε4
i ≤ Cε, so we

focus on the second variance. Direct calculation shows that

Var

(∑

i<j

YiYjV
>
i Vj

)

=
∑

i<j,i′<j′

(
E
(
YiYjYi′Yj′(V

>
i Vj)(V

>
i′ Vj′)

)
− E

(
YiYjV

>
i Vj

)
E
(
Yi′Yj′V

>
i′ Vj′

))
. (A.17)

When i, j, i′, j′ take four different values, the above summand is clearly 0. When they take

3 values (i = i′ < j < j′), denoting zi := f 1(U1,i) + g1(U2,i), i ∈ [n], we have

E
(
Y 2
i YjYj′(V

>
i Vj)(V

>
i Vj′)

)

= E
(
(zi + V >i γ + σεi)

2(zj + V >j γ + σεj)(zj′ + V
>
j′ γ + σεj′)(V

>
i Vj)(V

>
i Vj′)

)
.

Next, we expand the above display and upper bound each term individually. For simplicity,

we only show the calculation for the following dominating term and the other terms follow

similarly.

E
(
(V >i γ)2(V >j γ)(V >j′ γ)(V >i Vj)(V

>
i Vj′)

)

= E
(
(V >j γ)V >j

(
(V >i γ)2ViV

>
i

)
Vj′(V

>
j′ γ)

)

= E
(
γ>VjV

>
j

)
E
(
(V >i γ)2ViV

>
i

)
E
(
Vj′V

>
j′ γ
)

= γ>E
(
(V >i γ)2ViV

>
i

)
γ

= E(V >i γ)4,

where in the second equality we use the independence of Vi,Vj,Vj′ and in the third equality

we use the fact that E(V >i Vi) = Cov(Vi) = IL since EVi = Σ−1/2EUi = 0, where L :=

2J1 + 2J2 . Moreover, by definition, it holds that |∗|V >i γ = |∗|f(Xi) + g(Wi)− zi ≤ ‖f‖∞ +

‖g‖∞ + |zi| ≤ C due to the boundedness of f(·), g(·) and |zi|. This concludes that when

i, j, i′, j′ take three different values, the summand in (A.17) can be upper bounded by a fixed

constant. When they take two different values (i = i′, j = j′), we have

E
(
Y 2
i Y

2
j (V >i Vj)

2
)

= E
(
(zi + V >i γ + σεi)

2(zj + V >j γ + σεj)
2(V >i Vj)

2
)
.
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We again upper bound the dominating term in the expansion of the above display.

E
(
(V >i γ)2(V >j γ)2(V >i Vj)

2
)
≤ CE(V >i Vj)

2 = CTr(IL) = CL,

where we again use the fact that (V >i γ) and (V >j γ) are bounded by a fixed constant. Putting

together the pieces, we obtain that

Var
(
σ̂2

proj,add

)
≤ C(n−1 + n−4(n3 + n2L)) = C

n+ 2J1 + 2J2

n2
.

Optimal choice of 2J1 � n2/(4α+1) and 2J2 � n2/(4β+1) then gives the desired error bound.

A.4.6 Proof of Proposition 12

Proof. We use H∗ as a shorthand for Hδ∗ . Fix any α ≥ α∗. Define the oracle bandwidth

h∗ :=




n−1, α > 1/4,

max
{
h ∈ H∗ : h2α ≤ c

√
log n/(n2h)

}
, 0 < α ≤ 1/4,

for some positive constant c to be specified later. When 0 < α ≤ 1/4, h∗ is taken to

be n−2/(4α+1) if the set being maximized is empty. If not, then it holds that (2h∗)2α >

c
√

log n/(2n2h∗), and thus (h∗)2α �
√

log n/(n2h∗), or h∗ � (log n/n2)1/(4α+1).

We first prove that with high probability, we have ĥδ∗ ≥ h∗. For this, we have

P
(
ĥδ∗ < h∗

)
≤ P

(
∃h ∈ H∗, h ≤ h∗, |∗|σ̂2(h)− σ̂2(h∗) ≥ τ

√
log n/(n2h)

)

≤
∑

h∈H∗,h≤h∗
P
(
|∗|σ̂2(h)− σ̂2(h∗) ≥ τ

√
log n/(n2h)

)

≤
∑

h∈H∗,h≤h∗
P
(
|∗|σ̂2(h)− σ2 ≥ τ

2

√
log n/(n2h)

)
+ |∗|H∗ · P

(
|∗|σ̂2(h∗)− σ2 ≥ τ

2

√
log n/(n2h∗)

)
.

We now upper bound each probability in the above summation for any h ≤ h∗. As in the

proof of Theorem 1, denote the two U-statistics on the numerator and denominator of σ̂2(h)

as U1,U2, with corresponding mean values θ1, θ2. That is,

θ1 := E
{
Kh(Xi −Xj)(Yi − Yj)2/2

}
and θ2 := EKh(Xi −Xj).
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Define the “good” event E := {U2 ≥ θ2/2} and Ec as its complement, then it holds that

P
(
|∗|σ̂2(h)− σ2 ≥ τ

2

√
log n/(n2h)

⋂
E
)

≤ P
(
|∗|U1 − U2σ

2 ≥ τ

θ2

√
log n/(n2h)

)

= P
(
|∗|(U1 − θ1) + (θ1 − θ2σ

2) + (U2 − θ2) ≥ τ

θ2

√
log n/(n2h)

)

≤ P
(
|∗|(U1 − θ1) ≥ τ

4θ2

√
log n/(n2h)

)
+ P

(
|∗|(U2 − θ2) ≥ τ

4θ2

√
log n/(n2h)

)
,

where the last inequality follows from the fact h ≤ h∗ and the bound |∗|θ1 − θ2σ
2 . h2(α∧1)

calculated in the proof Theorem 1. By choose u � log n and v � log n/(nh) in Lemma 9 and

τ to be sufficiently large, it holds that

P
(
|∗|U2 − θ2 ≥

τ

4θ2

√
log n/(n2h)

)
. n−C

for arbitrarily large C. Furthermore, for sufficiently large τ and η in Lemma 24 below,

choosing the same u and v yields that

P
(
|∗|U1 − θ1 ≥

τ

4θ2

√
log n/(n2h)

)
. n−C

for arbitrarily large C. This, combined with the calculation

P(Ec) . exp(−θ2
2n/16) + exp(−θ2

2n
2h/16)

in the proof of Theorem 1, concludes that P(Ẽc) . n−C , where Ẽ :=
{
ĥδ∗ < h∗

}
. Therefore,

we have

E
(
σ̂2

adapt − σ2
)2

. E
{(
σ̂2

adapt − σ2
)2
1

{
Ẽc
}}

+ E
{(
σ̂2

adapt − σ̂2(h∗)
)2
1

{
Ẽ
}}

+ E
{(
σ̂2(h∗)− σ2

)2
}

. n−C +
log n

n2h∗
+
(
n−1 + (h∗)4(α∧1) + (n2h∗)−1

)

.

(
log n

n2

)4α/(4α+1)

+ n−1.

This completes the proof.
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A.4.7 Proof of Proposition 13

Proof. Note that the desired result is equivalent to the following statement:

inf
σ̃2

max





sup
f∈Λα1 (CF )

σ2≤Cσ ,P(X,ε)∈P
adapt
cv,(X,ε)

E
(
(σ̃2 − σ2)/φn,α1

)2
, sup

f∈Λα2 (CF )

σ2≤Cσ ,P(X,ε)∈P
adapt
cv,(X,ε)

E
(
(σ̃2 − σ2)/φn,α2

)2




≥ c

for sufficiently large n and sufficiently small c. By applying Lemma 25 with A = {α1, α2}
with α∗ ≤ α1 < α2, it suffices to lower bound the adaptive minimax rate under measure P̃

defined therein. More precisely, we will prove that for n ≥ n0 with some sufficiently large

n0,

inf
σ̃2

max





sup
f∈Λα1 (CF )

σ2≤Cσ ,P(X,ε)∈P
adapt
cv,(X,ε)

EP̃

(
(σ̃2 − σ2)/φn,α1

)2
, sup

f∈Λα2 (CF )

σ2≤Cσ ,P(X,ε)∈P
adapt
cv,(X,ε)

EP̃

(
(σ̃2 − σ2)/φn,α2

)2




> c

for some sufficiently small positive c. In order to show this, we will prove that, for any n ≥ n0

and any estimator σ̃2, if

sup
σ2≤Cσ

sup
f∈Λα2 (CF )

sup
P(X,ε)∈P

adapt
cv,(X,ε)

EP̃

(
(σ̃2 − σ2)/φn,α2

)2 ≤ c, (A.18)

then it holds that

sup
σ2≤Cσ

sup
f∈Λα1 (CF )

sup
P(X,ε)∈P

adapt
cv,(X,ε)

EP̃

(
(σ̃2 − σ2)/φn,α1

)2
> c. (A.19)

If α2 > 1/4, then φn,α2 � n−1/2, and we can choose a sufficiently small c such that (A.18)

never holds. Therefore, in what follows, we will assume α∗ ≤ α1 < α2 ≤ 1/4, in which case

φn,αi � (log n/n2)2αi/(4αi+1) for i = 1, 2.

We will now apply Lemma 26. To this end, we adopt a two-point method and introduce

the two probability measures P̃0 and P̃1 (conditioning on a fixed realization of m ∼ Poi(2n))

as follows. Introduce

hn = c

(
log n

n2

)1/(4α1+1)

and N := Nn := h−1
n ,
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where c is some sufficiently small constant tuned such that N is a positive integer. Let Q be

a discrete distribution that takes value 0 with probability 1/2, −1 with probability 1/4 and

1 with probability 1/4. It then can be readily checked that m1(Q) = 0 and m2(Q) = 1/2.

Choice of ε: Under H0, let ε ∼ (1 + h2α1
n /2)−1/2((hα1

n Q) ∗ N (0, 1)). Under H1, let

ε ∼ N (0, 1).

Choice of σ2: Under H0, let σ2 = 1 + h2α1
n /2. Under H1, let σ2 = 1.

Choice of X: Under both H0 and H1, let X be uniformly distributed on the union of

the intervals [(6i− 5)hn, (6i− 1)hn] for i ∈ [N ].

Choice of f(·): Under H0, let f ≡ 0. Under H1, let f take the value hα1
n ri on [(6i −

5)hn, (6i− 1)hn], where {ri}Ni=1 are N i.i.d. variables with law Q.

Clearly, by the boundedness of Q, H0 belongs to the model class indexed by the smoothness

index α2, and H1 belongs to the model class indexed by α1. Moreover, the absolute difference

in σ2 under H0 and H1 is lower bounded by the order h2α1
n � (log n/n2)2α1/(4α1+1).

Denote p̃0 and p̃1 as the densities of P̃0 and P̃1. Define fmax := d2/(1− 4α1)e+ 1 and let

di be the number of X’s that fall into [(6i− 5)hn, (6i− 1)hn] for each i ∈ [N ]. Consider the

following event

E :=

{
{m ≤ 3n}

⋂
{ max

1≤i≤N
di ≤ fmax}

}
.

Note that under both P̃0 and P̃1, the sequence {di}Ni=1 are i.i.d. Poisson variables with mean

2n/N . Thus, a standard Poisson tail estimate and Lemma 27 imply that the event E has

asymptotic probability 1 under both P̃0 and P̃1. Next, we calculate the χ2 distance between
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P̃0 and P̃1 conditioning on the event E . First, we have

∫
p̃2

1

p̃0

1{E} =

∫
p(m)p(x1, . . . , xm)1{E}

∫ N∏

j=1

p2
1,j

p0,j

=

∫
p(m)p(x1, . . . , xm)1{E}

∫ N∏

j=1

(
1 + χ2(p1,j, p0,j)

)
,

where p(m) and p(x1, . . . , xm) are the pmf and pdf of m and {Xi}mi=1 under both P̃0 and P̃1,

and p0,j is the conditional density of all those Yi’s with corresponding Xi ∈ [(6j−5)hn, (6j−
1)hn] and similarly for p1,j.

We now upper bound each χ2(p0,j, p1,j), where we assume that there are dj Xi’s that

belong to [(6j − 5)hn, (6j − 1)hn]. Write d instead of dj for short. Here, d is a random

variable that only depends on m and {Xi}mi=1, and on the event E , we have d ≤ fmax.

Clearly, if d = 0 or 1, then χ2(p0,j, p1,j) = 0. Assume d ≥ 2. Assume for simplicity that the

d data points are y1, . . . , yd. Then, by definition of P̃0, we have

p̃0,j ≥ (1/2)fmaxϕ(y1) . . . ϕ(yd) ≥ cϕ(y1) . . . ϕ(yd).

On the other hand, we have by direct calculation

∫
p̃2

0,j/(ϕ(y1) . . . ϕ(yd)) = Es1,...,sd∼hα1Q
s̃1,...,s̃d∼hα1Q

exp

(
d∑

i=1

sis̃i

)
,

∫
p̃2

1,j/(ϕ(y1) . . . ϕ(yd)) = Et,t̃∼hα1Qexp(dtt̃),

∫
p̃0,j p̃1,j/(ϕ(y1) . . . ϕ(yd)) = Et,s1,...,sd∼hα1Qexp

(
d∑

i=1

tsi

)
.

We therefore conclude that

χ2(p0,j, p1,j) .
∞∑

k=1

1

k!

∑

1≤i1,...,ik≤d

(
Es1,...,sd∼hα1Q(si1 . . . sik)− Et∼hα1Qt

k
)2

:=
∞∑

k=1

1

k!

∑

1≤i1,...,ik≤d

∆2
i1,...,ik

.
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For any k ≥ 1, if (i1, . . . , ik) are all identical, then ∆i1,...,ik = 0. More generally, if (i1, . . . , ik)

take ` different values, where ` ≤ d ≤ fmax on the event E , there are
(
d
`

)
ways of choosing

` different values among [d], and there are a total of
(
k−1
`−1

)
ways to distribute ` values in

(i1, . . . , ik), thus we obtain the estimate

∞∑

k=1

1

k!

∑

1≤i1,...,ik≤d

∆2
i1,...,ik

≤
∞∑

k=2

1

k!

k∑

`=2

h2α1k

(
d

`

)(
k − 1

`− 1

)

=

fmax∑

`=2

(
d

`

) ∞∑

k=`

1

k!
h2α1k

(
k − 1

`− 1

)
.

For each 2 ≤ ` ≤ fmax, by the Stirling’s formula, we have

∞∑

k=`

1

k!
h2α1k

(
k − 1

`− 1

)
.

∞∑

k=`

h2α1k

kk+1/2e−k
(
ek

`
)k .

∞∑

k=`

(e2h2α1)k

k1/2`k
. h2α1`.

Next, using the trivial bound
(
d
`

)
≤ d2f `−2

max, we obtain that χ2(p̃0,j, p̃1,j) . d2h4α1 if d ≥ 2.

This implies that

∫
p̃2

1

p̃0

1{E} .
∫
p(m)p(x1, . . . , xm)

N∏

j=1

(
1 + χ2

j

)
,

where χ2
j = 0 for dj = 0, 1 and χ2

j ≤ d2
jh

4α1 for dj ≥ 2. Next,

N∏

j=1

(
1 + χ2

j

)
= 1 +

N∑

j=1

χ2
j +

∑

1≤i<j≤N

χ2
iχ

2
j + . . .+

∑

1≤i1<...<iN≤N

χ2
i1
. . . χ2

iN
.

Consider the kth term in the above display. Note that on the event E , we have
∑N

j=1 dj ≤ 3n,

thus there are at most (3n/2) j’s with dj ≥ 2. Then, using the estimate
(
n
k

)
≤ nk/k!, we

have

∑

1≤i1<...<ik≤N

χ2
i1
. . . χ2

ik
≤
(

(3n/2)

k

)
h4kα1d2

i1
. . . d2

ik
≤ Cknk

k!
h4kα1d2

i1
. . . d2

ik
.

We therefore conclude that
∫
p̃2

1

p̃0

1{E} ≤ Ed1,...,dN∼Poi(2n/N)

(
1 +

N∑

k=1

Cknkh4α1k

k!
d2

1 . . . d
2
k

)
≤ 1 +

∞∑

k=1

(c log n)k

k!
= nc
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for some sufficiently small constant c. Then, by Lemma 26 and the calculation

ε
√
IE

∆
.
nc/2(log n/n2)4α2/(4α2+1)

(log n/n2)4α1/(4α1+1)
→ 0,

where ∆, I, ε are defined as in Lemma 26, we conclude that for sufficiently large n and any

considered estimator σ̃2, if (A.18) holds, then (A.19) will follow. This shows that, even over

two smooth classes α ∈ {α1, α2}, the adaptive minimax rate can be no faster than φn,α.

A.4.8 Supporting Lemmas

Lemma 22. Suppose f ∈ Λα(CF) and σ2 ≤ Cσfor some fixed constants CF , Cσ, and the

joint distribution of (X, ε) satisfies the conditions in Pmcv,(X,ε). Then, the U-statistic U1

defined in the proof of Proposition 1 satisfies

E(U1 − θ1)2 ≤ C(n−1 ∨ n−2(h1h2)−1)

for some positive constant C that only depends on MK ,MK ,α, CF , Cσ, C0, Cε.

Proof. Denote g as the kernel of U1, that is,

g(Di,Dj) := Kh1(Xi,1 −Xj,1)Kh2(Xi,2 −Xj,2)(Yi − Yj)2/2, Di := (Xi, εi)
>.

Then, it holds that

Var(U1) =

(
n

2

)−1 ∑

i<j,i′<j′

E{(g(Di,Dj)− θ1)(g(Di′ ,Dj′)− θ1)}.

When i, j, i′, j′ take four different values, the expectation is zero. Using a similar argument

as in the proof of Lemma 8, when i, j, i′, j′ take three different values, it holds that

E{(g(Di,Dj)− θ1)(g(Di′ ,Dj′)− θ1)} = O(1).

When they take two different values,

E{(g(Di,Dj)− θ1)(g(Di′ ,Dj′)− θ1)} = O((h1h2)−1).
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We therefore conclude that

Var(U1) .
n3 + n2(h1h2)−1

n4
� n−1 + n−2(h1h2)−1.

This completes the proof.

Lemma 23. Suppose h1h2 & n−(2−δ) for some 0 < δ < 2, and the joint distribution of (X, ε)

satisfies the conditions in Pmcv,(X,ε) Then, for any u, v > 0, the U-statistic U2 defined in the

proof of Theorem 1 satisfies

P
(
|∗|U2 − θ2 ≥ C(v1/2n−1/2 + u1/2n−1(h1h2)−1/2)

)
≤ C(exp(−u) + exp(−v))

for sufficiently large n and

E(U2 − θ2)2 ≤ C(n−1 ∨ n−2(h1h2)−1),

where C is some positive constant that only depends on MK ,MK ,α, C0.

Proof. The proof is similar to that of Lemma 9. In the application of Lemma 13, the

five quantities are of the order B1 . 1, B2 . (h1h2)−1, B3 ≤ n1/2(h1h2)−1/2, ν2
1 . 1,

ν2
2 . (h1h2)−1. Therefore, for any u, v > 0, it holds that

P(|U2 − θ2| ≥ a1v
1/2 + a2v + b1u

1/2 + b2u+ b3u
3/2 + b4u

2) ≤ C(exp(−v) + exp(−u)),

where a1 . n−1/2, a2 . n−1, b1 . n−1(h1h2)−1/2, b2 . n−1, b3 . n−3/2(h1h2)−1/2, b4 .

n−2(h1h2)−1. Under the condition that h1h2 = Ω(n−(2−δ)) for some δ > 0 and n is suffi-

ciently large, the dominant terms in the above inequality are a1 and b1, that is,

n−1/2 ∨ n−1(h1h2)−1/2.

This proves the first part of the theorem. The expectation version follows by Lemma 10.
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Lemma 24. Suppose the conditions of Proposition 12 hold. For the U-statistic U1 defined

therein, suppose h & n−(2−δ) for some 0 ≤ δ ≤ 2. Then, for any η > 0, there exists some

positive constant C = C(MK ,MK , α, η) such that

P
(
|∗|U1 − θ1 ≥ C(v1/2n−1/2 + u1/2n−1h−1/2)

)
≤ C(exp(−u) + exp(−v)) + n−η.

Proof. Denote g1 as the kernel of U1, and consider its truncated version of defined as

g1(Di, Dj) :=
1

2h
K

(
X̃ij

h

)
{(f(Xi)− f(Xj)) + ε̃ij}2

1{|εi| ≤ κn}1{|εj| ≤ κn},

where Di = (Xi, εi) and κn is some truncation parameter satisfying κn ↑ ∞ as n → ∞ to

be specified later. We first consider the concentration of g1 around its mean value θ1 :=

E{g(Di, Dj)}. For this, we will make use of Lemma 13 by upper bounding the 5 quantities

B1, B2, B3, ν
2
1 , ν

2
2 therein.

For B1, denoting g̃1(D) = E{g1(D,Dj) | D}, it holds that

g̃1(Di) = E

{
1

2h
K

(
X̃ij

h

)
((f(Xi)− f(Xj)) + ε̃ij)

2
1{|εi| ≤ κn}1{|εj| ≤ κn} | Di

}

. E

{
1

h
K

(
X̃ij

h

)
(|Xi −Xj|2α + ε̃2

ij)1{|εi| ≤ κn}1{|εj| ≤ κn} | Di

}

. E

{
1

h
K

(
X̃ij

h

)
|X̃ij|2α | Xi

}
+ E

{
1

h
K

(
X̃ij

h

)
ε̃2
ij1{|εi| ≤ κn} | Xi, εi

}
.

For the first term, we have

E

{
1

h
K

(
X̃ij

h

)
|X̃ij|2α | Xi

}
=

∫
1

h
K

(
u−Xi

h

)
|u−Xi|2αpX(u)du

=

∫
K(v)|vh|2αpX(Xi + vh)dv ≤ sup

u∈R
pX(u)h2α

∫
K(v)|v|2αdv . h2α.

For the second term, we obtain similarly that

E

{
1

h
K

(
X̃ij

h

)
ε̃2
ij1{|εi| ≤ κn} | Xi, εi

}
. (ε2

i + σ2)1{|εi| ≤ κn} . κ2
n + σ2.
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Putting together the pieces and using the fact that κn ↑ ∞ as n→∞, we obtain that

B1 = ‖g̃1‖∞ . κ2
n.

Moreover, with similar analysis, it can be readily checked that ν2
1 . 1.

For B2, it holds that

|∗|g1(Di, Dj) .
1

h
K

(
X̃ij

h

)
{

(f(Xi)− f(Xj))
2 + ε̃2

ij

}
1{|εi| ≤ κn}1{|εj| ≤ κn}

.
1

h
K

(
X̃ij

h

){
|X̃ij|2α + ε̃2

ij

}
1{|εi| ≤ κn}1{|εj| ≤ κn}

.
1

h
K

(
X̃ij

h

)
|∗|X̃ij

h

2α

h2α +
1

h
K

(
X̃ij

h

)
κ2
n .

1

h
κ2
n.

We therefore conclude that B2 = ‖g1‖∞ . h−1κ2
n.

For B3, we have

B2
3 = n sup

Di

E
{
g2

1(Di, Dj) | Di

}

= n sup
Di

E

{
1

h2
K2

(
X̃ij

h

)
(f(Xi)− f(Xj) + ε̃ij)

4
1{|∗|εi ≤ κn}1{|∗|εj ≤ κn} | Xi, εi

}

.
nMK

h
E

{
1

h
K

(
X̃ij

h

)
{

(f(Xi)− f(Xj))
4 + ε̃4

ij

}
1{|∗|εi ≤ κn}1{|∗|εj ≤ κn} | Xi, εi

}

.
nMK

h
E

{
1

h
K

(
X̃ij

h

)
|∗|X̃4α

ij | Xi, εi

}
+
nMK

h
E

{
1

h
K

(
X̃ij

h

)
ε̃4
ij1{|∗|εi ≤ κn}1{|∗|εj ≤ κn} | Xi, εi

}
.

Now, using similar calculation in the analysis of B1, it holds that

E

{
1

h
K

(
X̃ij

h

)
|∗|X̃4α

ij | Xi, εi

}
. h4α,

E

{
1

h
K

(
X̃ij

h

)
ε̃4
ij1{|∗|εi ≤ κn}1{|∗|εj ≤ κn} | Xi, εi

}
. κ4

n.

Putting together the pieces, we conclude that B3 . κ4
nnh

−1.
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Lastly, for ν2
2 , we have

ν2
2 = E

{
g2

1(Di, Dj)
}
. E

{
1

h2
K2

(
X̃ij

h

)
(f(Xi)− f(Xj) + ε̃ij)

4

}

. h−1E

{
1

h
K

(
X̃ij

h

)
|∗|f(Xi)− f(Xj)

4

}
+
MK

h
E

{
1

h
K

(
X̃ij

h

)
ε̃4
ij

}

. h−1(h4α + E(ε4
i )) . h−1.

Define U1 to be the U-statistic generated by the kernel g1, that is, U1 :=
(
n
2

)−1∑
i<j g1(Di, Dj),

and define θ1 to be the mean value E{g1(Di, Dj)}. Define the event E := {|∗|εi ≤ κn for all i ∈ [n]}.
Then, we have for any t ≥ 0,

P(|∗|U1 − θ1 ≥ t) = P
(
|∗|U1 − θ1 ≥ t

⋂
E
)

+ P(Ec)

≤ P
(
|∗|U1 − θ1 ≥ t− |∗|θ1 − θ1

)
+ P(Ec).

For the first term, we have by Lemma 13 that, for any given u, v > 0, it holds that

P
(
|∗|U1 − θ1 ≥ a1v

1/2 + a2v + b1u
1/2 + b2u+ b3u

3/2 + b4u
2
)
≤ C(exp(−u) + exp(−v)),

where a1 . n−1/2, a2 . κ2
n/n, b1 . n−1h−1/2, b2 . n−1κ2

n, b3 . κ2
nn
−3/2h−1/2, b4 . n−2h−1κ2

n.

Choosing κn = κ
√

log n for some sufficiently large constant κ, then as long as h = Ω(n−(2−δ))

for some δ > 0, then the dominant terms in the above inequality are a1 and b1, that is,

n−1/2 ∨ n−1h−1/2.

Therefore, Lemma 10 implies that

E
(
|∗|U1 − θ1

)
≤ C(n−1/2 ∨ n−1h−1/2).
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Now we calculate the difference between θ1 and θ1. By definition, we have

|∗|θ1 − θ1 = |∗|E
{

1

h
K

(
X̃ij

h

)
(f(Xi)− f(Xj) + ε̃ij)

2
1

{
|εi| ≥ κn

⋃
|εj| ≥ κn

}}

. |∗|E
{

1

h
K

(
X̃ij

h

)
(f(Xi)− f(Xj) + ε̃ij)

2
1{|εi| ≥ κn}

}

. |∗|E
{

1

h
K

(
X̃ij

h

)
(f(Xi)− f(Xj))

2
1{|εi| ≥ κn}

}
+ |∗|E

{
1

h
K

(
X̃ij

h

)
ε̃2
ij1{|εi| ≥ κn}

}

. h2αP(|εi| ≥ κn) + E
{
ε2
i1(|εi| ≥ κn)

}

. h2αn−κ
2/(2κ2

ε) + κ2
εn
−κ2/(4κ2

ε),

where the second line is by symmetry, and in the last line we use the sub-Gaussianity of εi.

Therefore, as long as h = Ω(n−(2−δ)) for some δ > 0, by choosing κ large enough (depending

only on δ, κε, u, v), it holds that

|∗|θ1 − θ1 = o(a1v
1/2 + a2v + b1u

1/2 + b2u+ b3u
3/2 + b4u

2).

Lastly, by the sub-Gaussanity of εi, it holds that

P(Ec) ≤ nP(|εi| ≥ κn) . n−η

for sufficiently large η by choosing κ correspondingly large enough. This completes the

proof.

The following Poissonization lemma reduces the original problem of Proposition 13 into

the case with a random sample size, which facilitates the calculation of χ2 distance. We

introduce some notation. Consider the following experiment: for any given positive integer

n, f(·), σ, distribution pX(·) of X, and distribution pε(·) of ε,

• generate m ∼ Poi(2n);

• generate X1, . . . , Xm ∼ pX and ε1, . . . , εm ∼ pε;
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• generate Yi = f(Xi) + σεi for each i ∈ [m].

Denote the original experiment and the above experiment as P and P̃, respectively, where

we omit the dependence on n, f(·), σ, distribution pX(·) of X, and distribution pε(·) of ε.

Lemma 25 (Poissonization). Let φn,α be defined as in Proposition 13. For any fixed α∗ > 0

and set A ⊂ [α∗,∞), the following inequality holds:

inf
σ̃2

sup
α∈A

sup
σ2≤Cσ

sup
f∈Λα(CF )

sup
P(X,ε)∈Pcv,(X,ε)

EP
(
(σ̃2 − σ2)/φn,α

)2

≥ inf
σ̃2

sup
α∈A

sup
σ2≤Cσ

sup
f∈Λα(CF )

sup
P(X,ε)∈Pcv,(X,ε)

EP̃

(
(σ̃2 − σ2)/φn,α

)2 − 4nC2
σexp(−n/6).

Proof. Define the event E := {m ≥ n}, where m ∼ Poi(2n). Then, a standard tail estimate

has P(E) ≥ 1− e−n/6. For the adaptive minimax rate under P̃, we have

inf
σ̃2

sup
α∈A

sup
σ2≤Cσ

sup
f(·),P(X,ε)

EP̃

(
(σ̃2 − σ2)/φn,α

)2

= inf
σ̃2

sup
α∈A

sup
σ2≤Cσ

sup
f(·),P(X,ε)

EP̃

{(
(σ̃2 − σ2)/φn,α

)2
(1{E}+ 1{Ec})

}

= inf
σ̃2≤Cσ

sup
α∈A

sup
σ2≤Cσ

sup
f(·),P(X,ε)

EP̃

{(
(σ̃2 − σ2)/φn,α

)2
(1{E}+ 1{Ec})

}

≤ inf
σ̃2≤Cσ

sup
α∈A

sup
σ2≤Cσ

sup
f(·),P(X,ε)

EP̃

{(
(σ̃2 − σ2)/φn,α

)2
1{E}

}
+ 4nC2

σ · sup
σ2≤Cσ

sup
f(·),P(X,ε)

P̃(Ec)

≤ inf
σ̃2

sup
α∈A

sup
σ2≤Cσ

sup
f(·),P(X,ε)

EP̃

{(
(σ̃2 − σ2)/φn,α

)2
1{E}

}
+ 4nC2

σexp(−n/6)

≤ inf
σ̃2=σ̃2({(Xi,Yi)}ni=1)

sup
α∈A

sup
σ2≤Cσ

sup
f(·),P(X,ε)

EP̃

{(
(σ̃2 − σ2)/φn,α

)2
1{E}

}
+ 4nC2

σexp(−n/6)

≤ inf
σ̃2

sup
α∈A

sup
σ2≤Cσ

sup
f(·),P(X,ε)

EP

{(
(σ̃2 − σ2)/φn,α

)2
}

+ 4nC2
σexp(−n/6).

This completes the proof.

The following lemma will also be used in the proof of Proposition 13, and is a slight

variation of the constrained risk inequality derived in Brown and Low (1996) (see Theorem 1
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therein). We first introduce some notation. Consider some measurable space equipped with

a class of probability measures {Pθ}θ∈Θ, where (Θ, d) is a metric space. For each θ ∈ Θ, let

fθ be the density of Pθ with respect to some common dominating measure ν, and denote by

Eθ the expectation under the measure Pθ. For any estimator T of θ, define its risk as

Rθ := R(θ, T ) := Eθ(T − θ)2 =

∫
(T (x)− θ)2fθ(x)ν(dx).

Now, fix two measures Pθ1 and Pθ2 , and let E be a measurable set. Define

IE := I(θ1, θ2, E) = Eθ1(q2(X)1{X ∈ E}),

where q(x) := fθ2(x)/fθ1(x).

Lemma 26. Let ∆ := d(θ1, θ2) and assume that, for certain estimator T , R(θ1, T ) ≤ ε2 and

0 < ε < ∆((Pθ2(E)/
√
IE) ∧ 1). Then,

R(θ2, T ) ≥ ∆2Pθ2(E)2

(
1− 2ε

√
IE

Pθ2(E)∆

)
.

Proof. We follow the proof of Theorem 1 in Brown and Low (1996) by considering the same

estimator T therein which minimizes R(θ2, T ) subject to the condition R(θ1, T ) ≤ ε2. Then,

with ρ defined therein, we have

T (x) =
ρ∆q(x)

1 + ρq(x)

and R(θ1, T ) = ε2, so that (see Equation (2.6) in the proof of Theorem 1 in Brown and Low

(1996))

ε2 = ∆2

∫ (
ρq(x)

1 + ρq(x)

)2

fθ1(x)ν(dx)

under the condition ε < ∆. Then, by Cauchy-Schwarz,

ε
√
IE = ∆

(∫ (
ρq(x)

1 + ρq(x)

)2

fθ1(x)ν(dx)

)1/2(∫
q2(x)fθ1(x)1E(x)ν(dx)

)1/2

≥ ∆

∫
ρq(x)

1 + ρq(x)
fθ2(x)1E(x)ν(dx).
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Then, under the condition ε
√
IE ≤ ∆Pθ2(E), we have

(
∆Pθ2(E)− ε

√
IE

)2

≤ ∆2

(
Pθ2(E)−

∫
ρq(x)

1 + ρq(x)
fθ2(x)1E(x)ν(dx)

)2

= ∆2

(∫
1

1 + ρq(x)
fθ2(x)1E(x)ν(dx)

)2

≤ ∆2

(∫
1

1 + ρq(x)
fθ2(x)ν(dx)

)2

≤ ∆2

∫ (
1

1 + ρq(x)

)2

fθ2(x)ν(dx)

= Rθ2 ,

where the last equality is true due to Equation (2.5) in the proof of Theorem 1 in Brown

and Low (1996). The statement then follows from (a− b)2 ≥ a2(1− 2b/a) for a, b > 0.

Lemma 27. Suppose X1, . . . , XN are i.i.d. Poisson variables with mean value n/N , where

N = Nn ≥ Cn1+δ for some positive constant δ and absolute constant C. Then, there exists

some positive integer fmax that only depends on δ such that

P
(

max
1≤i≤N

Xi ≤ fmax

)
→ 1

as n→∞.

Proof. Let λ := n/N . We will show that the above statement holds for fmax = d(1 + δ)/δe.
For each variable Xi and positive integer k, we have

P(Xi ≤ k) =
k∑

`=0

λ`

`!
e−λ = e−λ(1 +

k∑

`=1

(n/N)`/`!).

Therefore, it holds that

P
(

max
1≤i≤N

Xi ≤ k

)
= exp(−n)exp

(
N log

(
1 +

k∑

`=1

(n/N)`/`!

))

= exp(−n)exp

(
N

∞∑

m=1

1

m
(−1)m−1

k∑

`1,...,`m=1

1

`1! . . . `m!
(n/N)`1+...+`m

)
.



216

The exponent in the above display is a polynomial function of (n/N), and clearly the coeffi-

cient for (n/N)1 is 1. Next, we will show next that the coefficients corresponding to (n/N)`

for ` = 2, . . . , k are all zero. For simplicity, we will show this for ` = k. By Lemma 28, the

coefficient for (n/N)k is

1

k!

k∑

m=1

(−1)m−1 1

m

m∑

`=1

`k(−1)m−`
(
m

`

)
=

1

k!

k∑

`=1

(−1)``k−1

k∑

m=`

(
m− 1

`− 1

)
=

1

k!

k∑

`=1

(−1)``k−1

(
m

`

)
= 0,

where the first identity is by direct calculation, the second is the Hockey-Stick identity, and

the third is proved in Ruiz (1996).

Next, we consider the coefficient of (n/N)p for some general p ≥ k + 1, which takes the

form

∞∑

m=1

1

m
(−1)m−1

∑

1≤`1,...,`m≤k
`1+...+`m=p

1

`1! . . . `m!
=

p∑

m=1

1

m
(−1)m−1

∑

1≤`1,...,`m≤k
`1+...+`m=p

1

`1! . . . `m!
≤

p∑

m=1

1

m

mp

p!

.
1

p

pp

p!
. epp−3/2.

Thus, in view of the fact that N ≥ Cn1+δ, we have

∞∑

p=k+1

(n/N)p
∞∑

m=1

1

m
(−1)m−1

∑

1≤`1,...,`m≤k
`1+...+`m=p

1

`1! . . . `m!
.

∞∑

p=k+1

(en
N

)p
p−3/2 . (en/N)k+1.

By definition of fmax, we have (n/N)fmax+1 → 0 as n→∞, thus P(max1≤i≤N Xi ≤ fmax)→ 1

as n→∞.

Lemma 28. Fix any positive integer k. Then, for any positive integer 1 ≤ m ≤ k, the

following identity holds:

∑

1≤`1,...,`m≤k
`1+...+`m=k

1

`1! . . . `m!
=

1

k!

m∑

`=1

(−1)m−``k
(
m

`

)
.
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Proof. We will prove by induction. Denote the LHS by C(m). Suppose the statement holds

up to m. Using the identity

∑

0≤`1,...,`m+1≤k
`1+...+`m+1=k

k!

`1! . . . `m+1!
(m+ 1)−k = 1,

we obtain the recursive equation

C(m+ 1) +

(
m+ 1

1

)
C(m) + . . .+

(
m+ 1

m

)
C(1) =

(m+ 1)k

k!
.

Therefore, plugging in the equation for C(`), ` = 1, . . . ,m, we obtain that

C(m+ 1) =
(m+ 1)k

k!
−

m∑

`=1

(
m+1
`

)

k!

`−1∑

j=0

(`− j)k(−1)j
(
`

j

)

=
1

k!

[
(m+ 1)k −

m∑

`=1

(
m+ 1

`

)∑̀

j=1

jk(−1)`−j
(
`

j

)]

=
1

k!

[
(m+ 1)k −

m∑

j=1

jk
m∑

`=j

(−1)`−j
(
`

j

)(
m+ 1

`

)]
.

Thus it suffices to show that

m∑

`=j

(−1)`
(
`

j

)(
m+ 1

`

)
= (−1)m

(
m+ 1

j

)
.

This is indeed true since the LHS equals

(
m+ 1

j

) m∑

`=j

(
m+ 1− j
`− j

)
(−1)` =

m−j∑

`=0

(
m+ 1

j

)(
m− j + 1

`

)
(−1)`+j

=

(
m+ 1

j

)
(−1)j

(
m−j+1∑

`=0

(
m− j + 1

`

)
(−1)` + (−1)m−j

)
=

(
m+ 1

j

)
(−1)m,

which completes the proof.
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Appendix B

APPENDIX OF CHAPTER 3

B.1 Proof of Theorem 1

Starting from this section, unless otherwise specified, we will focus on the case σ2 = 1; the

extension to an arbitrary σ2 > 0 is straightforward and hence not recorded here. We will

also omit the proof for the k log(en/k) part of Theorem 1 as it follows essentially from the

classical arguments in Donoho and Johnstone (1994); Birgé and Massart (2001) by completely

ignoring the regularity constraints. For the rest of the section, we focus on illustrating the

form of k0 in (3.12) from the upper bound perspective and proving the faster log log(16n)

rate below the transition boundary. Section B.1.1 provides a proof outline with illustrative

simple cases discussed at first. Section B.1.2 reduces the proof of Theorem 1 to the bound

of complexity width in Proposition 28. The key ingredients to the proof of this proposition

will be presented in Sections B.1.3 and B.1.4, followed by the main proof in Section B.1.5.

B.1.1 Proof outline

Piecewise linear case

We first consider the piecewise linear case d = 1, d0 ∈ {−1, 0}, and assume θ0 = 0 in (3.1)

for simplicity of discussion. Here, the transition boundary in (3.12) is k0 = 2 for d0 = −1

and k0 = 3 for d0 = 0, beyond which the log log(16n) rate cannot be attained. We focus

on the case of k = 3 pieces and illustrate the difference between d0 = −1 and d0 = 0. To

start, a standard reduction to complexity width in Proposition 27 ahead yields that for some
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universal constant C > 0,

Eθ0‖θ̂ − θ0‖2 − C‖θoracle − θ0‖2 ≤ C · E sup
θ∈Θ(1,d0,3):‖θ‖≤1

(
ε · θ

)2 ≡ C · EZ2,

where θoracle is any oracle in Θ(1, d0, 3) such that infθ∈Θ(1,d0,3)‖θ − θ0‖2 is achieved, and

EZ2 is termed the ‘complexity width’ of Θ(1, d0, 3). To bound EZ2, we use the following

parametrization for any given f ∈ Fn(1, d0, 3) with knots 0 = n0/n ≤ n1/n ≤ n2/n ≤
n3/n = 1: for i ∈ {0, 1, 2},

f(x) = ai + bi(x− ni/n), x ∈
(
ni
n
,
ni+1

n

]
. (B.1)

Under the additional continuity constraint when d0 = 0, one has

a1 = a0 + b0(n1 − n0)/n and a2 = a1 + b1(n2 − n1)/n. (B.2)

Under the parametrization (B.1), the supremum within the complexity width can be bounded

by

Z ≤ sup
θ∈Θ(1,d0,3):‖θ‖≤1

2∑

i=0

(
|ai|
∣∣∣∣

∑

j∈(ni;ni+1]

εj

∣∣∣∣+

∣∣∣∣
bi
n

∣∣∣∣
∣∣∣∣

∑

j∈(ni;ni+1]

(j − ni)εj
∣∣∣∣
)
.

The magnitudes of {ai} and {bi} can be drastically different for d0 = −1 and d0 = 0. We

illustrate this on the middle piece (n1;n2].

• (d0 = −1). The constraint 1 ≥ ‖θ‖ ≥ ‖θ‖(n1;n2] directly yields the following estimates

for a1 and b1 with some universal C > 0:

|a1| ≤ C(n2 − n1)−1/2 and |b1/n| ≤ C(n2 − n1)−3/2. (B.3)

Such estimates cannot be improved for, e.g., f(x) = c(L−1/2−nL−3/2(x−1/2))1(1/2,1/2+L/n](x)

for small c > 0 and L ≥ 2.
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• (d0 = 0). With the additional continuity constraint in (B.2), refined estimates can be

obtained:

|a1| ≤ Cn
−1/2
2 and |b1/n| ≤ C(n2 ∧ (n− n1))−3/2. (B.4)

These estimates only hold up to k = 3 pieces. For k ≥ 4, the best possible estimates are

of type (B.3) by considering, e.g., f(x) = c
(
nL3/2

(
x− (1/2− L/n)

)
1(1/2−L/n,1/2](x)−

nL3/2
(
x− (1/2 + L/n)

)
1(1/2,L/n+1/2](x)

)
for small c > 0 and L ≥ 2.

The crucial difference here is that estimates of type (B.4) enable a law of iterated logarithm

(cf. Theorem 3) with EZ2 . log log(16n), while those of (B.3) correspond to the maxima of

O(n) independent Gaussian random variables with EZ2 . log(en).

General case

Similar to the linear case discussed above, the key step is to prove

E sup
θ∈Θ(d,d0,k0),‖θ‖≤1

(ε · θ)2 ≤ C log log(16n), (B.5)

and we need to obtain estimates of type (B.4). For simplicity, we consider the smoothest

case d0 = d− 1 so that k0 = d+ 2.

Fix a degree d, and any f ∈ Fn(d, d − 1, d + 2) along with the corresponding θ ∈
Θ(d, d − 1, d + 2) of unit norm and knots 0 = n0 ≤ n1 ≤ . . . ≤ nd+2 = n. We use the

following parametrization of f :

f(x) =
d+1∑

`=1

ai`

(
x− ni

n

)`−1

, x ∈
(
ni
n
,
ni+1

n

]
, (B.6)

and focus on a generic piece (ni;ni+1] at the sequence level. Here the superscript i represents

‘the (i + 1)-th piece (ni;ni+1]’ and the subscript ` represents ‘the `-th coefficient’ in the

polynomial. We aim at obtaining the following estimates:

1 ≥ c · (ai`)2((ni+1 − ni)/n)2(`−1)(ni+1 ∧ (n− ni)), ` ∈ [1; d+ 1], (B.7)
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with some c = c(d). Once these estimates are obtained, one can immediately apply Theorem

3 to obtain a log log(16n) bound on the complexity width on (ni;ni+1].

In (B.7), the (d − 1)-th order differentiability at each inner knot naturally divides the

coefficients into two groups, the ‘shared coefficients’ {ai`}`∈[1;d] and the ‘nuisance coefficient’

aid+1. This suggests the following two-step proof strategy:

(i) First, we show that the estimate for the second group, aid+1, follows from that of the

first group; cf. Lemma 31 ahead.

(ii) Second, we obtain estimates in (B.7) for ` ∈ [1; d] with the choice k0 = d + 2; cf.

Lemma 32 ahead.

In the proof below, we will see clearly why k0 = d + 2 is the maximal number of pieces

where the estimates in (B.7) are achievable. At a high level, the coefficient estimates {ai·}
on the piece (ni;ni+1] necessarily depend on coefficient estimates at locations to the both

sides of i. The passage of such information, for example from the rightmost knot, is precisely

characterized in Lemma 30 ahead through a set of quadratic forms, which are obtained via

‘iterative cancellation’ to be detailed in Section B.1.3. The transition boundary k0 is then

determined via ‘counting of quadratic forms’ (cf. (B.15) in the main proof ahead) that

mirrors the DOF calculation in (3.15), thereby unifying the heuristics in the upper and lower

bounds.

B.1.2 Reduction to complexity width

We first introduce some notation. For any fixed θ0 ∈ Rn, let θoracle ≡ θoracle(θ0) ∈ Θ(d, d0, k)

be an oracle such that infθ∈Θ(d,d0,k)‖θ−θ0‖ is achieved, with knots 0 = n0 ≤ n1 ≤ . . . ≤ nk =

n. For each θ ∈ Rn, define θ[j] as the sub-vector (θi)i∈(nj ;nj+1] and vj(θ) ≡ vj(θ; θoracle) ≡
(θ − θoracle)[j]/‖(θ − θoracle)[j]‖.
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The following result is a standard reduction principle for the LSE tailored to the class of

splines. Its proof can be found in Appendix B.5.

Proposition 27. Fix any θ0 ∈ Rn. Let θ̂ ≡ θ̂(Θ(d, d0, k), Y ) be the LSE as defined in

(3.5) under the experiment (3.1) with truth θ0. Then, for any δ > 0, there exists some

C = C(δ) > 0 such that

Eθ0‖θ̂ − θ0‖2 ≤ (1 + δ)‖θoracle − θ0‖2 + C · E sup
θ∈Θ(d,d0,k)

k−1∑

j=0

(
ε[j] · vj(θ)

)2
.

Now, note that each vj(θ) is also a spline with unit norm and the same parameters

(d, d0, k) (rigorously speaking, the two end pieces of vj(θ) may have length smaller than

d + 1, but these pieces are negligible since there are at most 2k of them and each only

contributes a constant (up to d) factor to the complexity width). Therefore, in view of

Proposition 27, the log log(16n) part of Theorem 1 for k ≤ k0 is immediately implied by the

following result by noticing that Θ(d, d0, k) ⊂ Θ(d, d0, k0) for all k ≤ k0.

Proposition 28. There exists some C = C(d) such that

E sup
θ∈Θ(d,d0,k0),‖θ‖≤1

(ε · θ)2 ≤ C log log(16n).

The following two subsections present the main ingredients to the proof of Proposition

28, whose details will be presented in Section B.1.5.

B.1.3 Groundwork

Fix any f ∈ Fn(d, d0, k0) with knots 0 = n0/n ≤ n1/n ≤ . . . ≤ nk0/n = 1 and recall

the parametrization (B.6). Due to the regularity constraints, similar relations as the linear

equations of the type (B.2) exist between adjacent knots. We use the notation Coef[aip; a
i−1
q ]

to denote the coefficient of ai−1
q in the linear equation of aip, i.e., aip =

∑
qCoef[aip; a

i−1
q ]ai−1

q .
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The following lemma makes explicit this dependence. Its proof and proofs for other lemmas

in this subsection are contained in Appendix B.5. We write

ni;j ≡ (ni − nj)/n. (B.8)

Lemma 29. For any i ∈ [1; k0 − 1], p ∈ [1; d0 + 1], and q ∈ [1; d+ 1],

Coef[aip; a
i−1
q ] =

(
q − 1

p− 1

)
nq−pi;i−11q≥p.

The next Lemma 30 provides, as described in the proof outline in Section B.1.1, the exact

forms of the quadratic forms obtained by ‘iterative cancellation’ from right. These quadratic

forms lay the foundation for coefficient estimates of type (B.7). For the rest of this section,

we reserve the notation s for the number of ‘iterative cancellation’ performed.

Before stating the general formulation in Lemma 30, we first present the illustrative case

of cubic spline (d = 3, k0 = 5) in the sequence space with unit norm. We detail below the

starting point (s = 0) and the first two steps of cancellation (s ∈ {1, 2}). Following the

proof outline in Section B.1.1, we separate the quadratic forms that only involve the ‘shared

coefficients’ {ai`}`∈[1;3] and those that also involve the ‘nuisance coefficient’ ai4.

• (s = 0). The `2 constraint on (n4;n5] for the signal (‖θ‖(n4;n5] ≤ ‖θ‖ = 1) provides

control on the following 4 quadratic forms of length 1:

1 ≥ c ·
[{

(n− n4)(a4
1)2 +

(n− n4)3

n2
(a4

2)2 +
(n− n4)5

n4
(a4

3)2
}

+
(n− n4)7

n6
(a4

4)2

]
.

• (s = 1). For the first cancellation, we have, by Lemma 29,



a4

1

a4
2

a4
3


 =




1 n4;3 n2
4;3 n3

4;3

0 1 2n4;3 3n2
4;3

0 0 1 3n4;3







a3
1

a3
2

a3
3

a3
4


 . (B.9)

The identity (B.9) enables us to first find a linear combination of (a4
2, a

4
3) to cancel a3

4,

and then to find another linear combination of (a4
1, a

4
2, a

4
3) to cancel both a3

3 and a3
4.
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These, along with direct expansion of the term (a4
3)2(n− n4)5/n4 using (B.9), leave us

with 3 quadratic forms of length 2:

1 ≥ c ·
[{

(n− n4)
(
3a3

1 + n4;3a
3
2

)2
+

(n− n4)3

n2

(
a3

2 + n4;3a
3
3

)2
}

+
(n− n4)5

n4

(
a3

3 + 3n4;3a
3
4

)2
]
.

• (s = 2). For the second cancellation, we have, by Lemma 29 again,



a3

1

a3
2

a3
3


 =




1 n3;2 n2
3;2 n3

3;2

0 1 2n3;2 3n2
3;2

0 0 1 3n3;2







a2
1

a2
2

a2
3

a2
4


 .

Then, finding a linear combination of (a3
1, a

3
2, a

3
3) to cancel a2

4 and directly expanding
(
a3

2 + n4;3a
3
3

)2
(n− n4)3/n2, we obtain 2 quadratic forms of length 3:

1 ≥ c·
[
(n− n4)

(
3a2

1 + (2n3;2 + n4;3)a2
2 + (n2

3;2 + n3;2n4;3)a2
3

)2

+
(n− n4)3

n2

(
a2

2 + (2n3;2 + n4;3)a2
3 + (3n2

3;2 + 3n3;2n4;3)a2
4

)2]
.

To state the above cancellation scheme for general d and d0, some further notation is

introduced. Fix d, d0, and the resulting k0 as defined in (3.12). Define the sequence {βsj},
s ∈ [0; b(d0 + 1)/(d− d0)c] recursively as follows. Let β

s

0 ≡ 1,

β
s

j ≡
j∑

`=0

(
s(d− d0)− `

j − `

)
nj−`k0−s;k0−1−sβ

s−1

` (B.10)

for j ∈ [1; s(d − d0)], and β
s

j ≡ 0 for j > s(d − d0). Further define, for every i ∈ [1; (s +

1)d0 − sd+ 1] and j ∈ [0; s(d− d0)],

D(i, 0) ≡ 1, D(i, j) ≡ �(i; j)

�(d+ 1− i; j) for j ≥ 1.

Lastly, let β
s

i,j ≡ D(i, j)β
s

j .

We work under the extra condition that

n1;0 ∧ nk0;k0−1 ≥ max{n2;1, . . . , nk0−1;k0−2}. (B.11)
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We remark that condition (B.11) is made merely for presentational simplicity; see the com-

ments after Lemma 32 ahead for detailed discussion of this condition.

Lemma 30. Suppose (B.11) holds. Fix d, d0, and k0 as defined in (3.12), and any θ ∈
Θ(d, d0, k0) such that ‖θ‖ ≤ 1. Then, there exists some c = c(d) such that, for any s ∈
[0; b(d0 + 1)/(d− d0)c],

1 ≥ c

{ (s+1)d0−sd+1∑

i=1

+

sd0−(s−1)d+1∑

i=(s+1)d0−sd+2

}
(n− nk0−1)2i−1

n2(i−1)

( s(d−d0)∑

j=0

β
s

i,ja
k0−1−s
i+j

)2

. (B.12)

Remark 21. Several remarks for the quadratic forms above are in order.

(i) The quadratic forms in (B.12) are obtained via iterative cancellation from knot nk0−1.

(ii) In a generic β
s

i,j, the superscript s marks the counts of cancellations already performed,

i indicates the i-th quadratic form, and j indicates the coefficient for the j-th component

in this quadratic form.

(iii) In (B.12), we intentionally separate the indices i ∈ [1; (s + 1)d0 − sd + 1] and i ∈
[(s+ 1)d0− sd+ 2; sd0− (s−1)d+ 1] since the first set of quadratic forms only involves

the ‘shared coefficients’ a·j with j ∈ [1; d0 + 1].

(iv) Every time s grows by 1, the first summand of (B.12) has (d − d0) fewer quadratic

forms with each one comprising of (d− d0) more components.

B.1.4 Key estimates

Recall the coefficient sequence {ai`}i∈[0;k0−1],`∈[1;d+1] defined in (B.6). As described in Section

B.1.1, we aim to obtain sharp estimates of type (B.7). For any a, b ∈ [1;n], define

M(a, b) ≡ (a ∧ (n− b))1/2.
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The first result below reduces the task of obtaining (B.7) for all the coefficients down to

estimating only the ‘shared coefficients’ {a·`}`∈[1;d0+1], from which the estimates for ‘nuisance

coefficients’ {a·`}`∈[d0+2;d+1] can be derived. Its proof can be found in Appendix B.5.

Lemma 31. Fix any i ∈ [1; k0 − 2]. Suppose there exists some c = c(d) such that for every

` ∈ [1; d0 + 1], it holds that 1 ≥ c(ai`)
2n

2(`−1)
i+1,i M

2(ni+1, ni). Then, there exists some c′ = c′(d)

such that

1 ≥ c′(ai`)
2n

2(`−1)
i+1,i M

2(ni+1, ni)

for every ` ∈ [d0 + 2; d+ 1].

Following the preceding lemma, the next result, which builds on the groundwork derived

in Lemma 30, makes use of an inductive argument to derive sharp estimates of the type (B.7)

for {ai+1
` }`∈[1;d0+1] on a fixed target piece (ni+1;ni+2]. To make the notation more accessible,

we present here the special case d0 = d− 1 (so that k0 = d+ 2) and defer the case of general

d0 to Appendix B.5.5.

Lemma 32. Suppose d0 = d− 1 and (B.11) holds. Fix i ∈ [0; d− 1]. For some c = c(d), the

following estimates hold for all locations 1 ≤ j ≤ i+ 1:

1 ≥ c max
1≤`≤d

{
(aj`)

2 · n2{(d−i)∧(`−1)}
i+2;j ·

( (d−j+2)∧`∏

k=d−i+2

n2
d+3−k;j

)
· n2(`−(d−j+2))+

j+1;j ·M2(nj+1, nj)

}
.

Here
∏k2

k=k1
≡ 1 for k2 < k1. In particular, for j = i+ 1:

1 ≥ c max
1≤`≤d

{
(ai+1
` )2 · n2(`−1)

i+2;i+1 ·M2(ni+2, ni+1)

}
. (B.13)

The proof of the above lemma is presented in the next subsection. We emphasize that

the condition (B.11) is made only for presentational simplicity, as we explain below. If it

does not hold, we can adopt the following partition of the pieces {(n0;n1], . . . , (nd+1;nd+2]}
via general length constraints. Fix a target piece (ni+1;ni+2] with i ∈ [0; d− 1].
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S1. First locate among all pieces the longest one denoted as (ni∗1 ;ni∗1+1] with i∗1 ∈ [0; d+ 1].

If this is the target piece, then we can directly apply Lemma 37 in Appendix B.7 to

this piece to obtain the desired estimates in (B.13).

S2. If not, assume without loss of generality that the target piece is to the left of this longest

piece, i.e., i+1 < i∗1. Then, we can locate the longest piece among {(n0;n1], . . . , (ni∗1−1;ni∗1 ]},
which we denote as (ni∗2 ;ni∗2+1] with i∗2 ∈ [0; i∗1 − 1]. If the target piece is among

{(ni∗2 ;ni∗2+1], . . . , (ni∗1−1;ni∗1 ]}, we can then make the following two modifications of Lem-

mas 30 and 32: (i) choose location ni∗1 (instead of the current nd+1) as the starting

point for the cancellation of the quadratic forms; (ii) choose location i∗2 + 1 (instead of

the current location 1) as the starting point for the induction in Lemma 32. These two

modifications will yield the desired estimates for {ai+1
` } in (B.13).

S3. If this is not the case, i.e., (ni+1;ni+2] ∈ {(n1;n2], . . . , (ni∗2−1;ni∗2 ]}, we can then iterate

S2 with i∗2 in place of i∗1. This partitioning will terminate in a finite number of steps.

Condition (B.11) (with n1;0 ≤ nd+2;d+1), along with the current versions of Lemmas 30 and

32, correspond to the above partitioning scheme with an early stop at S2 with i∗1 = d + 1

and i∗2 = 0. On the other hand, condition (B.11) represents the most difficult case in the

sense that the maximal gap i∗1 − i∗2 = d+ 1 activates the condition k ≤ k0 = d+ 2 as seen in

(B.15) in the proof ahead.

B.1.5 Main proof

The main step in the proof of Proposition 28 is the set of coefficient estimates in Lemma 32,

with its more general version stated in Appendix B.5.5. We present the proof of this lemma

in the special case d0 = d− 1; the proof for the general case is completely analogous.
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Proof of Lemma 32. Let

Q2
j(`) = n

2{(d−i)∧(`−1)}
i+2;j ·

( (d−j+2)∧`∏

k=d−i+2

n2
d+3−k;j

)
· n2(`−(d−j+2))+

j+1;j .

For the rest of the proof, empty
∏

is to be understood as 1 and empty
∨

is to be understood

as 0. We will prove (a slightly stronger version with M(n1, n0) instead of M(nj+1, nj))

1 & max
1≤`≤d

{
(aj`)

2Q2
j(`)
}
·M2(n1, n0) (B.14)

by induction on j ∈ [1; i+ 1]. The baseline case j = 1 clearly holds by the condition (B.11)

and application of Lemma 37 to the piece (n0;n1]. Now, suppose the induction holds up to

some location j ∈ [1; i], and we will prove the iteration at location j + 1.

(Part I). We deal with {aj+1
` }d−j+1

`=1 in this part. For this, we first obtain estimates for ajd+1

and then use triangle inequality. Applying Lemma 30 with d0 = d − 1 and s = d − j, the

j-th term in the first summand therein yields that

1 &
(n− nd+1)2j−1

n2(j−1)

( d−j∑

`=0

β
d−j
j,` a

j+1
j+`

)2

=
(n− nd+1)2j−1

n2(j−1)

( d−j∑

`=0

β
d−j
j,`

d−j+1∑

k=`

(
k + j − 1

`+ j − 1

)
nk−`j+1;ja

j
k+j

)2

≡ (n− nd+1)2j−1

n2(j−1)

( d−j+1∑

k=0

γd−j+1
j,k ajk+j

)2

,

where we used Lemma 29 and γd−j+1
j,k ≡∑(d−j)∧k

q=0 β
d−j
j,q

(
k+j−1
q+j−1

)
nk−qj+1;j. Note that for a generic

number of k pieces, when j = 1, we need to take d0 = d− 1 and s = (k− 1)− (j+ 1) = k− 3

in Lemma 30, in which case the first summand is non-void if and only if

d− s = d− k + 3 ≥ 1 ⇐⇒ k ≤ d+ 2. (B.15)

This explains the transition boundary k0 = d+ 2 as in (3.12).
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Combining the above estimate with the estimates for {ajk}dk=j from the induction assump-

tion, and using Lemma 38 to cancel everything but ajd+1, we have

1 &
(n− nd+1)2j−1

n2(j−1)

( d−j+1∑

k=0

γd−j+1
j,k ajk+j

)2

+
d∑

k=j

[
(ajk)

2 ·Q2
j(k) ·M2(n1, n0)

]

&
(
ajd+1

)2
{

(n− nd+1)2j−1(γd−j+1
j,d−j+1)2

n2(j−1)
∧

d∧

k=j

[
Q2
j(k)M2(n1, n0)

(γd−j+1
j,d−j+1)2

(γd−j+1
j,k−j )2

]}

≡
(
ajd+1

)2
{
Aj ∧

d∧

k=j

Bj,k

}
.

As Aj/(γ
d−j+1
j,d−j+1)2 = n

2(j−1)
d+2;d+1(n − nd+1) & Bj,j/(γ

d−j+1
j,d−j+1)2 by the assumption that the two

end pieces are longer than any middle pieces, we only need to bound from below ∧dk=jBj,k.

By definition of γ··,· and non-negativity of β
·
·,·, for any j ≤ k ≤ d,

(γd−j+1
j,d−j+1)2

(γd−j+1
j,k−j )2

�
(∑d−j

q=0 β
d−j
j,q n

(d−j+1)−q
j+1;j

)2

(∑k−j
q=0 β

d−j
j,q n

k−j−q
j+1;j

)2
(by definition)

�
d−k∨

p=0

∨k−j
q=0(β

d−j
j,p+q)

2n
2{(d−j+1)−(p+q)}
j+1;j

∨k−j
q=0(β

d−j
j,q )2n

2(k−j−q)
j+1;j

(by rearranging the numerator)

≥
d−k∨

p=0

{
n

2(d−k+1−p)
j+1;j

k−j∧

q=0

(
β
d−j
j,p+q

β
d−j
j,q

)2}
(by Lemma 38)

&
d−k∨

p=0

{
n

2(d−k+1−p)
j+1;j

k−j∧

q=0

p+q∏

r=1+q

n2
d+2−r;j+1

}
(by Lemma 43)

=
d−k∨

p=0

{
n

2(d−k+1−p)
j+1;j

p+k−j∏

r=1+k−j

n2
d+2−r;j+1

}
(minimum at q = k − j).

Hence

1 & (ajd+1)2

[ d∧

k=j

Q2
j(k)

d−k∨

p=0

{
n

2(d−k+1−p)
j+1;j

p+k−j∏

r=1+k−j

n2
d+2−r;j+1

}]
M2(n1, n0).
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This implies that for 1 ≤ ` ≤ d, by taking p = (`− k)+ above and Lemma 29,

M(n1, n0)|aj+1
` | .M(n1, n0)

[ d∑

k=`

nk−`j+1;j|ajk|+ nd+1−`
j+1;j |ajd+1|

]

.
d∑

k=`

nk−`j+1;jQ
−1
j (k) +

d∨

k=j

{
Q−1
j (k)n

k−`+(`−k)+

j+1;j

(`−k)+∏

r=1

n−1
d+2+j−k−r;j+1

}

=
d∑

k=`

nk−`j+1;jQ
−1
j (k) +

∨

j≤k<`∨j

{
Q−1
j (k)

`∨j−k∏

r=1

n−1
d+2+j−k−r;j+1

}
+

∨

`∨j≤k≤d

{
Q−1
j (k)nk−`j+1;j

}
.

Using that k 7→ nk−`j+1;jQ
−1
j (k) is non-increasing, the first and third terms in the above display

are on the same order as Q−1
j (`) +Q−1

j (` ∨ j)n`∨j−`j+1;j � Q−1
j (`). Hence we only need to verify

for all 1 ≤ ` ≤ d− j + 1, 1 ≤ j ≤ i,

Qj,1(`) + Qj,2(`) ≡ Q−1
j (`) +

∨

j≤k<`∨j

{
Q−1
j (k)

`∨j−k∏

r=1

n−1
d+2+j−k−r;j+1

}
. Q−1

j+1(`). (B.16)

(Case 1). If 1 ≤ ` ≤ d− i+ 1, Q−1
j (`) = n

−(`−1)
i+2;j and Q−1

j (`) = n
−(`−1)
i+2;j+1, so:

• (first term) Qj,1(`) = n
−(`−1)
i+2;j ≤ n

−(`−1)
i+2;j+1 = Q−1

j+1(`).

• (second term) without loss of generality we assume ` > j (otherwise this term does not

exist):

Qj,2(`) =
∨

j≤k<`

{
n
−(k−1)
i+2;j

`−k∏

r=1

n−1
d+2+j−k−r;j+1

}

≤
∨

j≤k<`

{
n
−(k−1)
i+2;j n

−(`−k)
d+2+j−`;j+1

}

≤
∨

j≤k<`

{
n
−(k−1)
i+2;j+1n

−(`−k)
i+2;j+1

}
= n

−(`−1)
i+2;j+1 = Q−1

j+1(`),

where the first equality follows since k < ` ≤ d− i + 1 so that Q−1
j (k) = n

−(k−1)
i+2;j , and

the second inequality follows by noting that ` ≤ d− i+ 1 implies d+ 2 + j − ` ≥ i+ 2.
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(Case 2). If d − i + 2 ≤ ` ≤ d − j + 1, Q−1
j (`) = n

−(d−i)
i+2;j

∏`
s=d−i+2 n

−1
d+3−s;j and Q−1

j+1(`) =

n
−(d−i)
i+2;j+1

∏`
s=d−i+2 n

−1
d+3−s;j+1, so:

• (first term) similarly as above,

Qj,1(`) = n
−(d−i)
i+2;j

∏̀

s=d−i+2

n−1
d+3−s;j ≤ n

−(d−i)
i+2;j+1

∏̀

s=d−i+2

n−1
d+3−s;j+1 = Q−1

j+1(`).

• (second term) similarly as above we assume ` > j, then

Qj,2(`) =
∨

j≤k<`

{
n
−(d−i)
i+2;j

k∏

s=d−i+2

n−1
d+3−s;j

`−k∏

r=1

n−1
d+2+j−k−r;j+1

}

≤ n
−(d−i)
i+2;j+1

∨

j≤k<`

{ i+1∏

u=d+3−k

n−1
u;j+1

d+1+j−k∏

u=d+2+j−`

n−1
u;j+1

}
.

Note that
∏d+1+j−k

u=d+2+j−` n
−1
u;j+1 ≤

∏d+1+j−k−(j−1)
u=d+2+j−`−(j−1) n

−1
u;j+1 =

∏d+2−k
u=d+3−` n

−1
u;j+1, where the

inequality follows by j ≥ 1 and ` ≤ d − j + 1, so the above display can be further

bounded by

Qj,2(`) ≤ n
−(d−i)
i+2;j+1

i+1∏

u=d+3−`

n−1
u;j+1 = Q−1

j+1(`).

Hence (B.16) is verified and we have finished the proof for Part I.

(Part II). We deal with {aj+1
` }d`=d−j+2 in this step. Applying Lemma 30 with d0 = d − 1

and s = d− j, the last (j − 1) terms in the first summand therein take the form

1 &
(n− nd+1)3

n2

(
β
d−j
2,0 a

j+1
2 + . . .+ β

d−j
2,d−ja

j+1
d−j+2

)2

(R.2)

+
(n− nd+1)5

n4

(
β
d−j
3,0 a

j+1
3 + . . .+ β

d−j
3,d−ja

j+1
d−j+3

)2

(R.3)

. . .

+
(n− nd+1)2j−1

n2(j−1)

(
β
d−j
j,0 a

j+1
j + . . .+ β

d−j
j,d−ja

j+1
d

)2

. (R.j)
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Combining (R.2) with the estimates for {aj+1
` }d−j+1

`=2 obtained in Part I, and using Lemma

39 iteratively to cancel everything but aj+1
d−j+2, we obtain

1 &
(n− nd+1)3

n2

( d−j∑

k=0

β
d−j
2,k a

j+1
k+2

)2

+

d−j+1∑

k=2

[
(aj+1
k )2 ·Q2

j+1(k) ·M2(n1, n0)

]

&
(
aj+1
d−j+2

)2
{

(n− nd+1)3(β
d−j
2,d−j)

2

n2
∧
d−j+1∧

k=2

[
Q2
j+1(k)M2(n1, n0)

(β
d−j
2,d−j)

2

(β
d−j
2,k−2)2

]}

≡
(
aj+1
d−j+2

)2
{
A

(2)
j ∧

d−j+1∧

k=2

B
(2)
j,k

}
.

Similar to Part I, we only need to get a lower bound for
∧d−j+1
k=2 B

(2)
j,k . As (β

d−j
2,d−j)

2/(β
d−j
2,k−2)2 &

∏d−j
r=k−1 n

2
d+2−r;j+1 by Lemma 43, it follows that

1 &
(
aj+1
d−j+2

)2
d−j+1∧

k=2

[
Q2
j+1(k)

d−j∏

r=k−1

n2
d+2−r;j+1

]
M2(n1, n0).

As k 7→ Q2
j+1(k)

∏d−j
r=k−1 n

2
d+2−r;j+1 = Q2

j+1(d − j + 1)n2
d+3−k;j+1 is non-increasing on k ∈

[2; d − j + 1], the minimum is taken at k = d − j + 1 in the above display. Since Q2
j+1(d −

j + 1)n2
j+2;j+1 = Q2

j+1(d− j + 2), we arrive at

1 &
(
aj+1
d−j+2

)2
Q2
j+1(d− j + 2)M2(n1, n0),

which is the desired estimate for aj+1
d−j+2. Now iterate along (R.3)-(R.j) to complete the proof

for Part II. This completes the proof.

Proof of Proposition 28. We shorthand Θ(d, d0, k0) as Θ, and the sample points will be in-

dexed using ι. For any θ ∈ Θ, let {nj}k0
j=0 be its knots: 0 = n0 ≤ n1 ≤ . . . ≤ nk0 = n. The

overall complexity width can then be bounded piece by piece:

E sup
θ∈Θ

(ε · θ)2 = E sup
θ∈Θ

( k0∑

i=1

(ε · θ)(ni−1;ni]

)2

≤ C

k0∑

i=1

E sup
θ∈Θ

(ε · θ)2
(ni−1;ni]

.
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We will prove that each summand in the above display can be bounded by a constant multiple

of log log(16n).

We start with the first piece (n0;n1]. Let f ∈ Fn(d, d0, k) be a generating spline of θ, i.e.,

θι = f(ι/n) for ι ∈ [1;n]. For this piece, we use the following parametrization of f(·) slightly

different from (B.6): for any x ∈ (0, n1/n],

f(x) =

d0+1∑

`=1

ã1
`

(
x− n1

n

)`−1

+
d+1∑

`=d0+2

a0
`

(
x− n1

n

)`−1

. (B.17)

Then, the complexity width in question can be written as

(ε · θ)(n0;n1] =

d0+1∑

`=1

∑

ι∈(n0;n1]

ã1
`

(
ι− n1

n

)`−1

ει +
d+1∑

`=d0+2

∑

ι∈(n0;n1]

a0
`

(
ι− n1

n

)`−1

ει.

Applying Lemma 37 to the piece (n0;n1], we have

d0+1∑

`=1

(ã1
`)

2 n
2`−1
1

n2(`−1)
+

d+1∑

`=d0+2

(a0
`)

2 n
2`−1
1

n2(`−1)
. 1. (B.18)

Thus the complexity width over the first piece (n0;n1] can be bounded by

E sup
θ∈Θ

(ε · θ)2
(n0;n1]

.
d0+1∑

`=1

E sup
1≤n1≤n

sup

(ã1
` )

2
n2`−1

1

n2(`−1)
≤1

(ã1
`)

2

n2(`−1)

( ∑

ι∈(n0;n1]

(ι− n1)`−1ει

)2

+
d+1∑

`=d0+2

E sup
1≤n1≤n

sup

(a0
` )

2
n2`−1

1

n2(`−1)
≤1

(a0
`)

2

n2(`−1)

( ∑

ι∈(n0;n1]

(ι− n1)`−1ει

)2

≤ C log log(16n),

where the second inequality is due to Theorem 3 with ψ(x) = x2 therein. The complexity

width over the last piece (nk0−1;nk0 ] can be handled similarly.
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Starting from the second until the second last piece, we use the parametrization (B.6) on

the piece (ni+1;ni+2], yielding

(ε · θ)(ni+1;ni+2] =
d+1∑

`=1

∑

ι∈(ni+1;ni+2]

ai+1
`

(
ι− ni+1

n

)`−1

ει.

Thus the complexity width in question can be bounded by

E sup
θ∈Θ

(ε · θ)2
(ni+1;ni+2] .

d+1∑

`=1

E sup
θ∈Θ

(ai+1
` )2

n2(`−1)

( ∑

ι∈(ni+1;ni+2]

(ι− ni+1)`−1ει

)2

.
d+1∑

`=1

E sup
ni+1<ni+2,

(ai+1
` )2n

2(`−1)
i+2;i+1M

2(ni+2,ni+1)≤1

(
ai+1
`

)2

n2(`−1)

( ∑

ι∈(ni+1;ni+2]

(ι− ni+1)`−1ει

)2

≤ C log log(16n),

where the second inequality is by plugging in the estimates ai+1
` , ` ∈ [1; d+ 1] from Lemma

35 (the general version of Lemma 32 with general d0 ∈ [−1; d− 1]), and the third inequality

is by applying Theorem 3 with ψ(x) = x2 therein. The proof is thus complete.

B.2 Proof of Theorem 2, upper bound

B.2.1 Proof outline

For expository purpose, we focus on the convex linear case Θ∗(1, k) with truth θ0 = 0 in

(3.1). Using the reduction Proposition 27, the key ingredient is to show

E sup
θ∗∈Θ∗(1,k):‖θ∗‖≤1

(
ε · θ∗

)2 ≤ C log log(16n). (B.19)

To control the complexity width, we may parametrize any θ∗ ∈ Θ∗(1, k) by

θ∗i = c0 +

j∗∑

j=1

aj

(
nj − i
n

)

+

+
k−1∑

j=j∗

bj

(
i− nj
n

)

+

, (B.20)

where
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• j∗ is the index of the knot where the slope of the underlying convex function f ∗ crosses

zero if it does, and is otherwise set to be k;

• {aj} and {bj} are two non-negative real sequences parametrizing the change of slope,

in the two regions where f ∗ has negative and positive slopes, respectively.

With the parametrization (B.20), proving (B.19) then reduces to obtaining sharp esti-

mates for {aj}, {bj}, and c0. These estimates are obtained in rather different ways:

• For the coefficients {aj}, {bj}, the non-negativity property turns out to be the key in

obtaining sharp estimates for their magnitudes. Combined with the LIL (cf. Theorem

3), these coefficients contribute the desired log log(16n) factor to the complexity width

(B.19).

• For the coefficient c0, an a priori estimate |c0| ≤ C/
√
n is obtained (cf. Lemma 34)

under the assumed (convexity) shape constraint and the `2 constraint on the signal.

This means that the coefficient c0 only contributes a constant factor to the complexity

width (B.19).

It should be noted that for the larger class Θ(1, 0, k) without the convexity shape con-

straint, a parametrization in the form of (B.20) still holds but without the non-negativity

constraint on {aj}, {bj}. The lack of such sign constraints unfortunately makes this repre-

sentation not quite useful in obtaining LIL for Θ(1, 0, 3), so a different representation (cf.

(B.1)) and a different proof strategy (cf. Section B.1.1) are adopted for Θ(1, 0, 3).

B.2.2 Groundwork

The first result establishes a canonical parametrization for general-order d-monotone splines.

By definition, the polynomial coefficient of the highest order for a d-monotone spline is
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increasing and thus crosses zero at most once. In the following parametrization, we choose

this cross point as the pivot.

Lemma 33. For any f ∗ ∈ F∗n(d, k), there exists some integer j∗ ∈ [0; k] and real sequences

{aj}j
∗

j=1, {bj}k−1
j=j∗, and {c`}d−1

`=0 such that aj(−1)d+1 ≥ 0, bj ≥ 0, and

f ∗(x) =

j∗∑

j=1

aj

(nj
n
− x
)d

+
+

k−1∑

j=j∗

bj

(
x− nj

n

)d
+

+
d−1∑

`=0

c`
`!
x` (B.21)

for x ∈ (0, 1], where {nj/n}kj=0 are the knots of f ∗. On the sequence level, we have for every

θ∗ ∈ Θ∗(d, k):

θ∗i =

j∗∑

j=1

aj

(
nj − i
n

)d

+

+
k−1∑

j=j∗

bj

(
i− nj
n

)d

+

+
d−1∑

`=0

c`
`!

(i/n)`. (B.22)

The next result generalizes the bound |c0| ≤ C/
√
n in the previous proof outline, indicat-

ing that all lower-order polynomial coefficients of a d-monotone spline can be well-controlled.

Lemma 34. For any θ∗ ∈ Θ∗(d, k) with ‖θ∗‖2 ≤ 1, there exists some C = C(d) such that,

in its canonical form (B.22), |c`| ≤ C/
√
n for every ` ∈ [0; d− 1].

The proof of the above lemmas can be found in Appendix B.6.

B.2.3 Main proof

Proof of Theorem 2 (upper bound). Throughout the proof, we will shorthand Θ∗(d, k) as Θ∗.

We start with a slight modification of the reduction principle in Proposition 27.

Let L0 ≡ n/k be an integer without loss of generality. Let θ∗oracle be an oracle in Θ∗ that

achieves the infimum. Let nj ≡ nj(θ
∗
oracle), 0 ≤ j ≤ k be the knots of θ∗oracle: 0 = n0 ≤

n1 ≤ . . . ≤ nk = n. For each j ∈ [0; k − 1], let mj ≡ mj(θ
∗
oracle) ≡ d(nj+1 − nj)/L0e, nj,p ≡

nj,p(θ
∗
oracle) ≡ nj + p ·L0 for p ∈ [0;mj− 1] so that nj,0 = nj and nj,mj ≡ nj,mj(θ

∗
oracle) ≡ nj+1.

Lastly, for any θ∗ ∈ Θ∗, let sj,p ≡ sj,p(θ
∗, θ∗oracle) be the number of knots of θ∗ − θ∗oracle on the
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segment (nj,p, nj,p+1], so that
∑k−1

j=0

∑mj−1
p=0 sj,p ≤ k. Under the above notation, define, for

each θ ∈ Rn, (θ)[j,p] as the sub-vector (θi)i∈(nj,p,nj,p+1].

Following the same line of proof as Proposition 27 on this finer resolution {nj,p}, we have,

for any δ > 0 and then some C = C(δ),

Eθ0‖θ̂ − θ0‖2 ≤ (1 + δ)‖θ∗oracle − θ0‖2 + C · E sup
θ∗∈Θ∗

k−1∑

j=0

mj−1∑

p=0

(
ε[j,p] · vj,p(θ∗)

)2
,

where vj,p(θ
∗) ≡ vj,p(θ

∗; θ∗oracle) ≡ (θ∗ − θ∗oracle)[j,p]/‖(θ∗ − θ∗oracle)[j,p]‖.

We now prove that the second term on the right side can be bounded by a constant

multiple of k log log(16n/k). Some extra notation is hence needed. For any θ∗ ∈ Θ∗, denote

the set of sj,p knots of vj,p(θ
∗) as nj,p,1, . . . , nj,p,sj,p . Also define nj,p,0 ≡ nj,p,0(θ∗oracle) ≡ nj,p and

nj,p,sj,p+1 ≡ nj,p,sj,p+1(θ∗oracle) ≡ nj,p+1. Moreover, in view of the canonical parametrization

of shape-constrained splines in Lemma 33, let for each fixed j ∈ [0; k − 1] and p ∈ [0;mj]

the index q ≡ q(θ∗, θ∗oracle) ∈ [0; sj,p] be such that, on (nj,p, nj,p+1], (nj,p,q∗−1, nj,p,q∗ ] is the last

piece on which the sign of the highest order polynomial component of θ∗− θ∗oracle is negative.

Under the above notation, we have vj,p(θ
∗) ∈ Θ∗nj,p+1−nj,p(d, sj,p + 1) (here we assume

without loss of generality that the two end pieces of θ∗−θ∗oracle adjacent to nj,p and nj,p+1 also

have length at least d + 1 since there are at most 2k such pieces and each only contributes

a constant factor to the complexity width). Thus Lemma 33 entails that there exist real

sequences {cj,p,`} ≡ {cj,p,`(θ∗, θ∗oracle)}, and some q∗ ∈ [1; sj,p] along with sequences of equal

sign {aj,p,q}q
∗

q=1 ≡ {aj,p,q(θ∗, θ∗oracle)}q
∗

q=1, {bj,p,q}sj,pq=q∗ ≡ {bj,p,q(θ∗, θ∗oracle)}
sj,p
q=q∗ such that

(
vj,p(θ

∗)
)
i

=

q∗∑

q=1

aj,p,q

(
nj,p,q − (i+ nj,p)

n

)d

+

+

sj,p∑

q=q∗

bj,p,q

(
(i+ nj,p)− nj,p,q

n

)d

+

+
d−1∑

`=0

cj,p,`
`!

(
i− nj,p
n

)`
≡
(
v1
j,p(θ

∗)
)
i
+
(
v2
j,p(θ

∗)
)
i
, (B.23)
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where (v2
j,p(θ

∗))i ≡
∑d−1

`=0 cj,p,`
(
(i− nj,p)/n

)`
/`!. Therefore, we have

E sup
θ∗∈Θ∗

k−1∑

j=0

mj−1∑

p=0

(
ε[j,p] · vj,p(θ∗)

)2

≤ 2

(
E sup
θ∗∈Θ∗

k−1∑

j=0

mj−1∑

p=0

(
ε[j,p] · v1

j,p(θ
∗)
)2

+ E sup
θ∗∈Θ∗

k−1∑

j=0

mj−1∑

p=0

(
ε[j,p] · v2

j,p(θ
∗)
)2
)

≡ 2
(

(I) + (II)
)
.

We first upper bound (II). Since for each j, p and θ∗ ∈ Θ∗, vj,p(θ
∗) ∈ Θ∗nj,p+1−nj,p(d, sj,p + 1)

and has unit norm, Lemma 34 entails that there exists some C = C(d) such that |cj,p,`| ≤
C/
√
nj,p+1 − nj,p for j ∈ [0; k − 1], p ∈ [0;mj], and ` ∈ [0; d − 1]. Let ∆nj,p ≡ nj,p+1 − nj,p.

Then, we have

(II) ≤ C · E sup
|cj,p,`|≤C/

√
∆nj,p

k−1∑

j=0

mj−1∑

p=0

d−1∑

`=0

c2
j,p,`

n2`(`!)2

( ∑

i∈(nj,p;nj,p+1]

(i− nj,p)`εi
)2

≤ C ·
k−1∑

j=0

mj−1∑

p=0

d−1∑

`=0

(∆nj,p)
−1

E
[∑

i∈(nj,p;nj,p+1](i− nj,p)`εi
]2

n2`

≤ C ·
k−1∑

j=0

mj−1∑

p=0

1 = C ·
k−1∑

j=0

mj ≤ Ck.

Next, we bound (I). Some extra notation is needed. Define the following partition of

(nj,p;nj,p+1] with intervals

IBj,p,` ≡
(
nj,p +

⌈
(1− 2−(`−1))∆nj,p

⌉
;nj,p +

⌈
(1− 2−`)∆nj,p

⌉ ]

for ` ∈ [1; tj,p] and tj,p ≡ dlog2 ∆nj,pe, and similarly,

IAj,p,` ≡
(
nj,p+1 −

⌈
(1− 2−`)∆nj,p

⌉
;nj,p+1 −

⌈
(1− 2−(`−1))∆nj,p

⌉ ]
.

From this definition, we immediately have (with analogous conclusions for IAj,p,`): (i) |IBj,p,`| ≤
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⌈
2−`∆nj,p

⌉
; (ii) 2(

∑
`>`0
|IBj,p,`|+ 1) ≥∑`≥`0 |IBj,p,`| for any `0 ∈ [1; tj,p]. Then, let

Bj,p,` ≡ Bj,p,`(θ
∗, θ∗oracle) ≡

sj,p∑

q=q∗

bj,p,`1nj,p,q∈IBj,p,` ,

δBj,p,` ≡ δBj,p,`(θ
∗, θ∗oracle) ≡ max

{
q∗ ≤ q ≤ sj,p : 1nj,p,q∈IBj,p,`

}
.

In words, δBj,p,` equals to 1 if and only if among the knots {nj,p,q}sj,pq=q∗ , there is at least one

that lies in the interval IBj,p,`, and if such is the case, Bj,p,` returns the block sum. We omit the

similar definitions for Aj,p,` and δAj,p,`. By definition, we immediately have
∑tj,p

`=1 δ
B
j,p,` ≤ sj,p.

In the parametrization (B.23), using the constraint ‖vj,p(θ∗)‖ ≤ 1 and the bounds |cj,p,`| ≤
C/
√
nj,p+1 − nj,p for ` ∈ [0; d − 1], we have ‖v1

j,p(θ
∗)‖ ≤ C (recall the definition of v1

j,p in

(B.23)) for some C = C(d). Hence for some sufficiently small c = c(d),

1 ≥ c ·
∑

i∈(nj,p;nj,p+1]

[ q∗∑

q=1

aj,p,q

(
nj,p,q − i

n

)d

+

+

sj,p∑

q=q∗

bj,p,q

(
i− nj,p,q

n

)d

+

]2

≥ c ·
∑

i∈(nj,p;nj,p+1]

[ q∗∑

q=1

aj,p,q

(
nj,p,q − i

n

)d

+

]2

∨
[ sj,p∑

q=q∗

bj,p,q

(
i− nj,p,q

n

)d

+

]2

,

where the second inequality follows from the fact that the interaction term between the two

summands in the first inequality is 0 for each i.

Now, starting from the constraint 1 ≥ c ·∑i∈(nj,p;nj,p+1]

[∑sj,p
q=q∗ bj,p,q

( i−nj,p,q
n

)d
+

]2
, we will

obtain estimates for Bj,p,`. Fix j, p. By the disjointness of IBj,p,` and the non-negativeness of
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{bj,p,q}, we have

1 ≥ c ·
∑

i∈(nj,p;nj,p+1]

[ tj,p∑

`=1

sj,p∑

q=q∗

bj,p,q1nj,p,q∈IBj,p,`

(
i− nj,p,q

n

)d

+

]2

≥ c ·
∑

i∈(nj,p;nj,p+1]

[ tj,p∑

`=1

sj,p∑

q=q∗

bj,p,q1nj,p,q∈IBj,p,`

(
i− (IBj,p,`)+

n

)d

+

]2

= c ·
∑

i∈(nj,p;nj,p+1]

[ tj,p∑

`=1

Bj,p,`

(
i− (IBj,p,`)+

n

)d

+

]2

≥ c ·
tj,p∑

`=1

B2
j,p,`

∑

i∈(nj,p;nj,p+1]

(
i− (IBj,p,`)+

n

)2d

+

≥ c ·
tj,p∑

`=1

B2
j,p,`

(nj,p+1 − (IBj,p,`)+)2d+1

n2d
≥ c ·

tj,p∑

`=1

B2
j,p,`

(nj,p+1 − (IBj,p,`)−)2d+1

n2d
, (B.24)

where (IBj,p,`)+ ((IBj,p,`)−) is defined to be the right (left) endpoint of IBj,p,`, and the last in-

equality follows from property (ii) of the partition IBj,p,`.

We are now ready to bound the term (I). First by the vanishing of interaction terms, we

have (I) = (I1) + (I2), where

(I1) ≡ E sup
θ∗∈Θ∗

k−1∑

j=0

mj−1∑

p=0

[ q∗∑

q=0

aj,p,q

( ∑

i∈(nj,p;nj,p,q ]

(
nj,p,q − i

n

)d

+

εi

)]2

,

(I2) ≡ E sup
θ∗∈Θ∗

k−1∑

j=0

mj−1∑

p=0

[ sj,p∑

q=q∗

bj,p,q

( ∑

i∈(nj,p,q ;nj,p+1]

(
i− nj,p,q

n

)d

+

εi

)]2

.
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Due to symmetry, we only bound (I2) as follows:

(I2) = E sup
θ∗

∑

j,p

[ sj,p∑

q=q∗

tj,p∑

`=1

1nj,p,q∈IBj,p,`bj,p,q

( ∑

i∈(nj,p,q ;nj,p+1]

(
i− nj,p,q

n

)d
εi

)]2

≤ E sup
θ∗

∑

j,p

[ tj,p∑

`=1

{ sj,p∑

q=q∗

1nj,p,q∈IBj,p,`bj,p,q

}
max
τ∈IBj,p,`

∣∣∣∣
∑

i∈(τ ;nj,p+1]

(
i− τ
n

)d
εi

∣∣∣∣
]2

= E sup
θ∗

∑

j,p

[ tj,p∑

`=1

Bj,p,` max
τ∈IBj,p,`

∣∣∣∣
∑

i∈(τ ;nj,p+1]

(
i− τ
n

)d
εi

∣∣∣∣
]2

≤ E max
{δBj,p,`}∈∆B

k−1∑

j=0

mj−1∑

p=0

tj,p∑

`=1

δBj,p,` max
τ∈IBj,p,`

(∑
i∈(τ ;nj,p+1](i− τ)dεi

)2

(nj,p+1 − (IBj,p,`)−)2d+1
.

Here, the first inequality follows from the non-negativity of {bj,p,q}, the second equality

follows from the definition of Bj,p,`, and the last inequality follows from Cauchy-Schwarz

along with the estimates for Bj,p,` in (B.24). Furthermore, we define

∆B ≡
{
{δBj,p,`} : δBj,p,` ∈ {0, 1},

k∑

j=1

mj∑

p=1

tj,p∑

`=1

δBj,p,` ≤ k

}

to be the admissible set for the sequence {δBj,p,`}. As
∑k

j=1

∑mj
p=1

∑tj,p
`=1 1 =

∑k
j=1

∑mj
p=1 dlog2(nj,p+1 − nj,p)e ≤

Ck dlog2(n/k)e, a combinatorial estimate yields that |∆B| ≤
(
Ckdlog2(n/k)e

k

)
≤ (Ce dlog2(n/k)e)k.

Now, using the basic inequality (a + b)2 ≤ 2(a2 + b2), it suffices to bound by the order

k log log(16n/k) the following two terms:

E max
{δBj,p,`}∈∆B

k−1∑

j=0

mj−1∑

p=0

tj,p∑

`=1

δBj,p,` max
τ∈IBj,p,`

(∑
i∈(τ ;(IBj,p,`)+](i− τ)dεi

)2

(
nj,p+1 − (IBj,p,`)−

)2d+1
(B.25)

and

E max
{δBj,p,`}∈∆B

k−1∑

j=0

mj−1∑

p=0

tj,p∑

`=1

δBj,p,` max
τ∈IBj,p,`

(∑
i∈((IBj,p,`)+;nj,p+1](i− τ)dεi

)2

(
nj,p+1 − (IBj,p,`)−

)2d+1
. (B.26)
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From here on, in view of Theorem 3, the proof is essentially the same as that of Lemma 5.2

in Gao et al. (2019) (our (B.25) and (B.26) correspond to their (42) and (43)). For the sake

of completeness, we will present the proof for the bound of (B.25); the bound for (B.26)

follows from essentially the proof of (43) in Gao et al. (2019).

Denote the variable in (B.25) as Z, i.e.,

Z ≡ max
{δBj,p,`}∈∆B

k−1∑

j=0

mj−1∑

p=0

tj,p∑

`=1

δBj,p,` max
τ∈IBj,p,`

(∑
i∈(τ ;(IBj,p,`)+](i− τ)dεi

)2

(
nj,p+1 − (IBj,p,`)−

)2d+1
.

We bound the tail probability of Z as follows. For any u ≥ 0 and small enough c > 0,

P(Z > u)

≤
∑

{δBj,p,`}∈∆B

P
[ k−1∑

j=0

mj−1∑

p=0

tj,p∑

`=1

δBj,p,` max
τ∈IBj,p,`

(∑
i∈(τ ;(IBj,p,`)+](i− τ)dεi

)2

(
nj,p+1 − (IBj,p,`)−

)2d+1
> u

]

≤
∑

{δBj,p,`}∈∆B

e−cu
∏

j,p,`

Eexp

[
cδBj,p,` max

τ∈IBj,p,`

(∑
i∈(τ ;(IBj,p,`)+](i− τ)dεi

)2

(
nj,p+1 − (IBj,p,`)−

)2d+1

]

.
∑

{δBj,p,`}∈∆B

e−cu · exp

( k−1∑

j=0

mj−1∑

p=0

tj,p∑

`=1

CδBj,p,` log log
(
16(nj,p+1 − nj,p)

))

≤ exp
(

log|∆B| − cu+ Ck log log(16n/k)
)
≤ exp(−cu+ Ck log log(16n/k)

)
.

Here, the second inequality follows from the independence of the partial sum processes over

the partition {IBj,p,`}, the third inequality follows by choosing c to be sufficiently small and

then applying Theorem 3 with ψ(x) = exp(cx2) − 1 therein, and the fourth inequality

follows from the fact that nj,p+1 − nj,p ≤ n/k and that
∑k−1

j=0

∑mj−1
p=0

∑tj,p
`=1 δ

B
j,p,` ≤ k for any

{δBj,p,`} ∈ ∆B. The proof is now complete by integrating the tail estimate.
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B.3 Proof of lower bounds

B.3.1 Lower bound in Section 3.2

Proof of Proposition 14. We start with the first claim. In view of the fact that minimax rate

over Θ(d, d0, k) is non-decreasing in k and Θ(d, d−1, k) ⊂ Θ(d, d0, k) for any d0 ∈ [−1; d−1],

it suffices to show that

inf
θ̃

sup
θ∈Θ(d,d−1,2)

Eθ‖θ̃ − θ‖2 ≥ c log log(16n).

For this, we will apply a standard reduction argument to multiple hypothesis testing (cf.

Theorem 2.5 of Tsybakov (2009b)). Define the following series of splines. Let M ≡
blog2(n/(d+ 1))c, and for each ` ∈ [1;M ], τ` ≡

⌊
(1− 2−`)n

⌋
and f `(x) ≡ α`(x− τ`/n)d+ with

α` ≡ c(2`)(2d+1)/2
√

log log(16n)/n for some sufficiently small c. Further define f 0(x) ≡ 0

on [0, 1], and the induced vectors θ`i ≡ f `(i/n) for i ∈ [1;n] and ` ∈ [0;M ]. Denote the

corresponding joint distribution of {Yi}ni=1 under the experiment (3.1) with truth θ` as P`,

` ∈ [0;M ]. It can be readily verified that θ` ∈ Θ(d, d − 1, 2), and the Kullback-Leibler

divergence between P0 and each P`, denoted as KL(P0, P`), satisfies

KL(P0, P`) = ‖θ0 − θ`‖2/2 = ‖θ`‖2/2 � log log(16n)

for every ` ∈ [1;M ]. Moreover, for any 1 ≤ j < k ≤M , it holds by direct calculation that

d(Pj, Pk) ≡ ‖θj − θk‖2 ≥
∑

i∈(τj ,τk]

(θji − θki )2 � α2
j

(τk − τj)2d+1

n2d

� α2
j

(n− τj)2d+1

n2d
� α2

j

2−j(2d+1)

n
� log log(16n).

Theorem 2.5 in Tsybakov (2009b) therefore entails the desired lower bound.

Next, we prove the second claim. By following the same reduction as in the previous claim,

it suffices to show that for any k ≥ k0 + 1, there exists some nonzero f ∈ Fn(d, d0, k0 + 1)
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such that f(x) = 0 for x ∈ [0, c]∪ [1− c, 1] with some universal c. Take c = 1/3. Let τ0 ≡ 0,

τj ≡ 1/3 + (j − 1)/(3(k0 − 1)) for j ∈ [1; k0], and τk0+1 ≡ 1. Define

f(x) ≡
( k0−1∑

j=1

d∑

`=d0+1

cj`(x− τj)`+
)
· 1[1/3,2/3](x), x ∈ [0, 1].

By definition, f vanishes on [0, 1/3] ∪ [2/3, 1]. Moreover, it can be readily checked that,

for any real sequence {cj`}j∈[1;k0−1],`∈[d0+1;d], f
(`)((τj)−) = f (`)((τj)+) for j ∈ [1; k0 − 1] and

` ∈ [0; d0]. Therefore, in order to show that f ∈ Fn(d, d0, k0 + 1) and is non-zero, it suffices

to show that there exists a non-zero realization of the sequence {cj`}j∈[1;k0−1],`∈[d0+1;d] such

that f (`)((τk0))−) = f (`)((τk0)+) = 0 for all ` ∈ [0; d0]. This is equivalent to finding a non-

zero solution for the homogeneous linear system Ac = b, where c ≡ {cj`}j∈[1;k0−1],`∈[d0+1;d] ∈
R(k0−1)(d−d0), b ≡ 0(k0−1)(d−d0), and

A ≡
[
A1 A2 . . . Ak0−1

]

with

Aj ≡




�(d0 + 1; 0)τ d0+1
k0,j

�(d0 + 2; 0)τ d0+2
k0,j

. . . �(d; 0)τ dk0,j

�(d0 + 1; 1)τ d0
k0,j

�(d0 + 2; 1)τ d0+1
k0,j

. . . �(d; 1)τ d−1
k0,j

. . .

�(d0 + 1; d0)τk0,j �(d0 + 2; d0)τ 2
k0,j

. . . �(d; d0)τ d−d0
k0,j




and τj1,j2 ≡ τj1 − τj2 . Note that the coefficient matrix A has d0 + 1 rows and (k0− 1)(d− d0)

columns, where, by definition of k0,

(k0 − 1)(d− d0) ≥ d0 + 2 ⇐⇒
⌊
d+ 1

d− d0

⌋
+ 1 ≥ d+ 2

d− d0

.

The above equivalence indeed holds since if (d+ 1)/(d− d0) is an integer, then
⌊
d+ 1

d− d0

⌋
+ 1 =

d+ 1 + (d− d0)

d− d0

≥ d+ 2

d− d0

,

and if not
⌊
d+ 1

d− d0

⌋
+ 1 ≥

⌈
d+ 1

d− d0

⌉
≥ d+ 2

d− d0

.
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This entails that the solution space of the linear system Ac = b is of dimension at least

one and thus the system is guaranteed to have a non-trivial solution. The proof is thus

complete.

B.3.2 Lower bound in Section 3.3

Proof of Proposition 16. We will continue to adopt the standard reduction to multiple testing

(cf. Theorem 2.5 of Tsybakov (2009b)) as in the proof of Proposition 14. We first introduce

a set of basis functions. Let k̃ ≡ k/3 which we assume without loss of generality to be

an integer, `0 ≡
⌊
log2(n/(2k̃))

⌋
, and τ` ≡ (1 − 2−(`−1))/k̃ for ` ∈ [1; `0 + 1]. Next, for

x ∈ [0, 1/k̃], let f̃`(x) ≡ c(2`−1)3/2
√

log log(16n/k)/n(x − τ`)+ for ` ∈ [1; `0] and fref(x) ≡
c(2`0)3/2

√
log log(16n/k)/n(x− τ`0+1)+ (here the subscript “ref” stands for “reference” and

fref will be pieced together later to be the true signal underlying the distribution P0 in

Theorem 2.5 of Tsybakov (2009b)). Then let f`(x) ≡ f̃`(x) ∨ fref(x), and it can be verified

that f`(x) = f̃`(x) on [0, τ`0+1]. The above set of functions resembles those constructed in

the proof of Proposition 14, and satisfies the similar properties

∑

i:(i/n)∈(0,1/k̃]

(
f`(i/n)− f`′(i/n)

)2 ≥ c log log(16n/k) (B.27)

for any 1 ≤ ` 6= `′ ≤ `0, and

∑

i:(i/n)∈(0,1/k̃]

(
f`(i/n)− fref(i/n)

)2 ≤
∑

i:(i/n)∈(0,1/k̃]

(
f`(i/n)

)2

≤ 2

( ∑

i:(i/n)∈(0,1/k̃]

(
f̃`(i/n)

)2
+

∑

i:(i/n)∈(0,1/k̃]

(
fref(i/n)

)2
)

≤ C log log(16n/k). (B.28)

We now construct the hypotheses in the multiple testing framework. For j ∈ [1; k̃], let

f j` (·), f jref(·) be a set of functions defined on [(j − 1)/k̃, j/k̃] as follows. Let f 1
` (x) ≡ f`(x)

and f 1
ref(x) ≡ fref(x) as defined above. Next, for j ∈ [2; k], we define inductively f jref(x) ≡
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f j−1
ref (x) + fref(x − (j − 1)/k̃), where f j−1

ref (x) for x ∈ [(j − 1)/k̃, j/k̃] is to be understood as

the extension from [(j − 2)/k̃, (j − 1)/k̃]. Also define f j` (x) ≡ f jref(x) + f`(x − (j − 1)/k̃).

Lastly, we piece them together as

f 0(x) ≡
k̃∑

j=1

f jref(x)1((j−1)/k̃,j/k̃](x)

and

f `(x) ≡
k̃∑

j=1

f j`j(x)1((j−1)/k̃,j/k̃](x),

where ` = (`1, . . . , `k̃)
> ∈ [1; `0]k̃. One can readily verify that all of the f 0 and f ` belong to

the class F∗n(1, k). Indeed, continuity follows directly from the construction and since there

are at most 3 pieces on each of [(j − 1)/k̃, j/k̃], there will be at most 3k̃ = k pieces in total.

Therefore, the sequence counterparts θ0 ≡ (f 0(i/n))i and θ` ≡ (f `(i/n))i belong to Θ∗(1, k).

Let ρ(·, ·) denote the Hamming distance. Then, the Gilbert-Varshamov bound (cf. Theo-

rems 5.1.7 and 5.1.9 in van Lint (1999)) entails that with some small c > 0, there exists a sub-

set S ⊂ [1; `0]k̃ with cardinality |S| � `ck̃0 such that ρ(`, `′) ≥ ck̃ for any ` 6= `′ ∈ S. Adopting

those in S as the truth in the experiment (3.1), we obtain a total of M ≡ 1 + |S| � `ck̃0 hy-

potheses, which we denote as P 0 and P `, ` ∈ S.

It remains to verify: (i) ‖θ` − θ`
′‖2 ≥ ck log log(16n/k) for any ` 6= `′ ∈ S; (ii)

KL(P 0, P `) ≤ C log |S| for any ` ∈ S. We first verify (i). By definition of θ` and θ`
′
,

on each [(j − 1)/k̃, j/k̃] such that `j 6= `′j, we have by (B.27),

∑

i: i
n
∈( j−1

k̃
, j
k̃

]

(θ`i − θ`
′

i )2 =
∑

i: i
n
∈( j−1

k̃
, j
k̃

]

[
f`j

(
i

n
− j − 1

k̃

)
− f`′j

(
i

n
− j − 1

k̃

)]2

=
∑

i: i
n
∈(0, 1

k̃
]

[
f`j

(
i

n

)
− f`′j

(
i

n

)]2

≥ c log log(16n/k).

This entails that

‖θ` − θ`′‖2 ≥ ρ(`, `′)c log log(16n/k) ≥ ck log log(16n/k).
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Similarly, for (ii), we have by (B.28)

KL(P 0, P `) = ‖θ0 − θ`‖2/2 ≤ Ck̃ ·
∑

i: i
n
∈(0, 1

k̃
]

[
f`j

(
i

n

)
− fref

(
i

n

)]2

≤ Ck̃ log log(16n/k) � log |S|.

Application of Theorem 2.5 in Tsybakov (2009b) then completes the proof.

Proof of Theorem 2 (lower bound). This is immediate by realizing that Θ∗(d, 2) ⊂ Θ∗(d, k)

for k ≥ 2 and the lower bound construction in the first part of the proof of Proposition 14

can be directly applied to establish a lower bound for Θ∗(d, 2).

B.4 Proof of Theorem 3

Proof of Theorem 3. We first claim that there exists some c = c(d) such that for any t > 0,

the event

E1 ≡
{

max
1≤n1<n2≤n

(n2 − n1)−d(n2 ∧ (n− n1))−1/2

∣∣∣∣
∑

(n1;n2]

(i− n1)dεi

∣∣∣∣ ≥ t

}

is contained in the event

E2 ≡
{

max
1≤n1<n2≤n

(n2 ∧ (n− n1))−1/2

∣∣∣∣
∑

(n1;n2]

εi

∣∣∣∣ ≥ ct

}
.
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On Ec2 , for any 1 ≤ n1 < n2 ≤ n, it holds that
∣∣∑

(n1;n2] εi
∣∣ ≤ c(n2 ∧ (n− n1))1/2t. Then,

∣∣∣∣
∑

(n1;n2]

εi(i− n1)d
∣∣∣∣ =

∣∣∣∣
∑

i∈(n1;n2]

εi

i−n1∑

j=1

(
jd − (j − 1)d

)∣∣∣∣

=

∣∣∣∣
n2−n1∑

j=1

(
jd − (j − 1)d

) ∑

i∈[n1+j;n2]

εi

∣∣∣∣

≤
d−1∑

`=0

(
d

`

) n2−n1∑

j=1

(j − 1)`
∣∣∣∣

∑

i∈[n1+j;n2]

εi

∣∣∣∣

≤ ct ·
d−1∑

`=0

(
d

`

) n2−n1∑

j=1

(j − 1)`
(√

n2 ∧
√
n− n1 − (j − 1)

)

≤ 2ct ·
d−1∑

`=0

(
d

`

)∫ n2−n1

0

x`
(√

n2 ∧
√
n− n1 − x

)
dx (B.29)

≤ 4ct ·
d−1∑

`=0

(
d

`

)
(n2 − n1)`+1(n2 ∧ (n− n1))1/2 (B.30)

≤ c2d+2t · (n2 − n1)d(n2 ∧ (n− n1))1/2,

where the inequality (B.29) follows from the fact that the map x 7→ x`(
√
n2 ∧

√
n− n1 − x)

first increases and then decreases on [0, n − n1], and the inequality (B.30) follows from

a separate discussion of n2 ≤ n − n1 and n2 > n − n1 and the following two bounds:
∫ n2−n1

0
x` dx = (`+ 1)−1(n2 − n1)`+1 and

∫ n2−n1

0

x`
√
n− n1 − x dx ≤ (n2 − n1)`

∫ n2

n1

√
n− x dx

= (n2 − n1)`
∫ n−n1

n−n2

√
x dx = (n2 − n1)` · 2

3

(
(n− n1)3/2 − (n− n2)3/2

)

= (n2 − n1)` · 2

3

(n2 − n1)
[
(n− n1)2 + (n− n1)(n− n2) + (n− n2)2

]

(n− n1)3/2 + (n− n2)3/2

≤ 2(n2 − n1)`+1(n− n1)1/2.
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Therefore the claim holds by choosing c = 2−(d+2). This entails that, for any t > 0,

P(Z ≥ t) ≤ P
(

max
1≤n1<n2≤n

(n2 ∧ (n− n1))−1/2

∣∣∣∣
∑

(n1;n2]

εi

∣∣∣∣ ≥ ct

)

≤ P
(

max
n1<n2

∣∣∑
(n1;n2] εi

∣∣
(n− n1)1/2

≥ ct

)
+ P

(
max
n1<n2

∣∣∑
(n1;n2] εi

∣∣

n
1/2
2

≥ ct

)

≡ (I) + (II).

Due to symmetry, we only bound (I). By the triangle inequality,

(I) ≤ P
(

sup
n1<n2

∣∣∑n
i=n1+1 εi

∣∣
(n− n1)1/2

> ct/2

)
+ P

(
sup
n1<n2

∣∣∑n
i=n2+1 εi

∣∣
(n− n1)1/2

> ct/2

)
.

By Lévy’s maximal inequality (cf. Theorem 1.1.5 of de la Peña and Giné (1999)), the first

probability is bounded by

dlog2 ne∑

r=1

P
(

sup
2r−1≤(n−n1)<2r

2−(r−1)/2

∣∣∣∣
n∑

i=n1+1

εi

∣∣∣∣ ≥ ct/2

)
≤ 9 dlog2 ne e−c

′t2 .

Similarly, the second inequality is bounded by

dlog2 ne∑

r=1

P
(

sup
2r−1≤(n−n1)<2r

1≤n1<n2≤n

(n− n1)−1/2

∣∣∣∣
n∑

i=n2+1

εi

∣∣∣∣ ≥ ct/2

)

≤
dlog2 ne∑

r=1

P
(

sup
n−2r<n2≤n

2−(r−1)/2

∣∣∣∣
n∑

i=n2+1

εi

∣∣∣∣ ≥ ct/2

)
≤ 9 dlog2 ne e−c

′t2 .

Putting together the pieces, it holds that P(Z ≥ t) ≤ 18 dlog2 ne e−c
′′t2 , where we take c′′ < c0

without loss of generality. Now, if ψ(·) is bounded on [0,∞) by some C, then the result holds

trivially. Otherwise, ψ(x) ↑ ∞ as x→∞, and integration by parts yields that for any x0 ≥ 0,

Eψ(Z) =

∫ ∞

0

P(ψ(Z) ≥ t) dt =

∫ ∞

0

P(Z ≥ ψ−1(t)) dt

≤
∫ ∞

0

{
1 ∧

[
C log(16n) · e−c′′(ψ−1(t))2]}

dt

≤ x0 + C ·
∫ ∞

x0

log(16n) · e−c′′(ψ−1(t))2

dt.
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By monotonicity of ψ−1, for any t ≥ x0, ψ−1(t) ≥ ψ−1(t)/2 + ψ−1(x0)/2, so the integral

above can be further bounded by

∫ ∞

x0

[
log(16n) · e−(c′′/4)(ψ−1(x0))2]

e−(c′′/4)(ψ−1(t))2

dt ≤
∫ ∞

1

e−(c′′/4)(ψ−1(t))2

dt,

provided that x0 ≥ 1 and log(16n)·e−(c′′/4)(ψ−1(x0))2 ≤ 1, or equivalently, x0 ≥ 1∨ψ
(√

(4/c′′) log log(16n)
)
.

The claim now follows from the condition (3.21).

B.5 Proofs for technical results in Section B.1

B.5.1 Proof of Proposition 27

Proof of Proposition 27. The basic inequality ‖Y − θ̂‖2 ≤ ‖Y − θoracle‖2 entails that

‖θ̂ − θ0‖2 ≤ ‖θoracle − θ0‖2 + 2ε ·
(
θ̂ − θoracle

)
.

Then we have, for any η > 0,

ε ·
(
θ̂ − θoracle

)
=

k−1∑

j=0

(ε[j] · (θ̂ − θoracle)[j]) =
k−1∑

j=0

(ε[j] · vj(θ̂))‖(θ̂ − θoracle)[j]‖

≤ η−1 ·
k−1∑

j=0

(
ε[j] · vj(θ̂)

)2
+ η ·

k−1∑

j=0

‖(θ̂ − θoracle)[j]‖2

= η−1 ·
k−1∑

j=0

(
ε[j] · vj(θ̂)

)2
+ η · ‖θ̂ − θoracle‖2.

Applying the inequality ‖θ̂ − θoracle‖2 ≤ 2
(
‖θ̂ − θ0‖2 + ‖θoracle − θ0‖2

)
then yields that

‖θ̂ − θ0‖2 ≤ 1 + 2η

1− 2η
‖θoracle − θ0‖2 +

1

η(1− 2η)

k−1∑

j=0

(ε[j] · vj(θ̂))2.

For any given δ > 0, choosing η = δ/(2δ + 4), upper bounding the right-hand side by

the supremum over Θ(d, d0, k), and then taking expectation on both sides yield the desired

result.
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B.5.2 Proof of Lemma 29

Proof of Lemma 29. On the pieces (ni−1/n, ni/n] and (ni/n, ni+1/n], the function f can be

parametrized as

fi−1(x) ≡
d+1∑

q=1

ai−1
q

(
x− ni−1

n

)q−1

, fi(x) ≡
d+1∑

q=1

aiq

(
x− ni

n

)q−1

.

By the fact that 0 ≤ p− 1 ≤ d0 and thus the continuity of the (p− 1)th derivative at knot

ni/n, it holds that f
(p−1)
i−1 (ni/n) = f

(p−1)
i (ni/n). But

f
(p−1)
i−1

(
ni
n

)
=

d+1∑

q=1

ai−1
q

dp−1

dxp−1

(
x− ni−1

n

)q−1∣∣∣∣
x=

ni
n

=
d+1∑

q=p

ai−1
q �(q − 1; p− 1)nq−pi;i−1,

f
(p−1)
i

(
ni
n

)
=

d+1∑

q=1

aiq
dp−1

dxp−1

(
x− ni

n

)q−1∣∣∣∣
x=

ni
n

= (p− 1)!aip.

This entails that

(p− 1)!aip =
d+1∑

q=p

�(q − 1; p− 1)ai−1
q nq−pi;i−1 =

d+1∑

q=p

(q − 1)!

(q − p)!a
i−1
q nq−pi;i−1.

This implies that Coef[aip; a
i−1
q ] = (q − 1)!/((q − p)!(p − 1)!)nq−pi;i−1 =

(
q−1
p−1

)
nq−pi;i−1 if q ≥ p;

otherwise it is 0.

B.5.3 Proof of Lemma 30

Proof of Lemma 30. The baseline case s = 0 follows from the condition ‖θ‖ ≤ 1 and appli-

cation of Lemma 37 to the piece (nk0−1;nk0 ]. The iteration from s to s+ 1 then follows from

Lemma 41, which is to be stated and proved in Appendix B.7 with its conditions satisfied

since nk0;k0−1 ≥ max{n2;1, n3;2, . . . , nk0−1;k0−2} by (B.11).

B.5.4 Proof of Lemma 31

Proof of Lemma 31. Fix i ≤ k0−2 as in the lemma statement. For simplicity, we again work

under the condition nk0;k0−1 = max{n2;1, . . . , nk0;k0−1}. We will prove by induction: suppose
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the desired estimates hold for ai`, ` ∈ [d0 + 1; `0] for some `0 ∈ [d0 + 1; d] and we will prove

that the estimate also holds for ai`0+1. The condition of the lemma serves as the baseline

`0 = d0 + 1. For the general induction from `0 to `0 + 1, let L ≡ 1 + (d − d0)(k0 − 1 − i).
Then, Lemma 30 entails that

1 &
(n− nk0−1)2(`0+1−L)+1

n2(`0+1−L)

( `0+1∑

`=`0+2−L

β
k0−1−i
`0+2−L,`−(`0+2−L)a

i
`

)2

.

On the other hand, we have

1 &
`0+1∑

`=`0+2−L

n
2(`−1)
i+1;i M

2(ni+1, ni)(a
i
`)

2,

where the summands with ` ∈ [`0 + 2− L; d0 + 1] are from the condition of the lemma and

those with ` ∈ [d0 + 2; `0 + 1] are from the induction assumption. Now, combining the above

two estimates and applying Lemma 39 iteratively to cancel every ai`, ` ∈ [`0 + 2− L; `0], we

have

1 & (ai`0+1)2((I) ∧ (II)),

where

(I) ≡ (n− nk0−1)2(`0+1−L)+1

n2(`0+1−L)
(β

k0−1−i
`0+2−L,L−1)2,

(II) ≡
`0∧

`=`0+2−L

n
2(`−1)
i+1;i M(ni+1, ni)

(β
k0−1−i
`0+2−L,L−1)2

(β
k0−1−i
`0+2−L,`−(`0+2−L))

2
.

By Lemma 43 and the condition nk0;k0−1 = max{n2;1, . . . , nk0;k0−1}, we obtain that (I) &

n2`0
i+1;iM(ni+1, ni). Similarly, by Lemma 43, as the factors n·;·’s in the lower bound of

(β
k0−1−i
`0+2−L,L−1)2/(β

k0−1−i
`0+2−L,`−(`0+2−L))

2 can all be further bounded below by ni+1;i, we obtain

by direct calculation that (II) & n2`0
i+1;iM(ni+1, ni). Putting together the lower bounds for

(I), (II) completes the induction.
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B.5.5 General statement of Lemma 32

We restate here Lemma 32 for the case of general d0 ∈ [−1; d − 1]. Introduce the following

notation:

�n·;j(a, b, c) ≡ nca;j · nca−1;j . . . n
Mod(b;c)
a−bb/cc−1;j

for positive integers a, b, c. Fix i ≥ 2. Recall the definition M(a, b) = (a ∧ (n − b))1/2 for

a, b ∈ [1;n] and the condition (B.11).

Lemma 35. The following estimates hold for all locations 1 ≤ j ≤ i+ 1:

1 & max
1≤`≤d0+1

{
n

2`∨2(d−d0)(k0−i−2)
i+2;j

×�n2
·;j

(
i+ 1,

{
`− (d− d0)(k0 − i− 2)− 1

}
∧
{

(d− d0)(i+ 1− j)
}
, d− d0

)

× n2(`−1−(d−d0)(k0−j−1))+

j+1;j

}
·M2(nj+1, nj).

In particular, for j = i+ 1:

1 ≥ c max
1≤`≤d0+1

{
(ai+1
` )2 · n2(`−1)

i+2;i+1 ·M2(ni+2, ni+1)

}
.

The proof for this general case is completely analogous to the one presented in Section

B.1.5.

B.6 Proofs for technical results in Section B.2

B.6.1 Proof of Lemma 33

Proof of Lemma 33. For any f ∈ F∗n(d, k), let f◦ ≡ f◦(f) ∈ F∗n(0, k) be such that f =

(Idr0,...,rd−1;0f◦) for some real sequence {r`}d−1
`=0 , with corresponding knots {nj}k−1

j=1 = {nj(f◦)}k−1
j=1

and magnitudes {µj}kj=1 = {µj(f◦)}kj=1 between (nj−1/n, nj/n], i.e., f◦(x) =
∑k

j=1 µj1(nj−1/n,nj/n](x)

for x ∈ (0, 1]. Then µ1 ≤ . . . ≤ µk. Let

j∗ ≡ j∗(f◦) ≡ max{1 ≤ j ≤ k : µj ≤ 0}.
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Define two sequences {ãj}j
∗

j=1 and {b̃j}k−1
j=j∗ as follows: ãj∗ ≡ µj∗ ≤ 0 and ãj ≡ µj − µj+1 ≤ 0

for j ∈ [1; j∗ − 1], b̃j∗ ≡ µj∗+1 ≥ 0 and b̃j ≡ µj+1 − µj ≥ 0 for j ∈ [j∗ + 1; k − 1]. Then,

letting τj ≡ nj/n, f◦ can be re-parametrized as

f◦(x) =

j∗∑

j=1

ãj1(0,τj ](x) +
k−1∑

j=j∗

b̃j1(τj ,1](x), x ∈ (0, 1].

Define the function g−` (x; τ) ≡ (τ − x)`+ with any parameter τ ∈ [0, 1]. Then, direct calcula-

tion shows that

∫ x

0

g−` (u; τ) du =

∫ x∧τ

0

(τ − u)` du =

∫ τ

τ−x∧τ
u` du

=
τ `+1

`+ 1
− (τ − x)`+1

+

`+ 1
=

τ `+1

`+ 1
+

(−1)

`+ 1
· g−`+1(x; τ).

Similarly, with g+
` (x; τ) ≡ (x − τ)`+, it holds that

∫ x
0
g+
` (u; τ) du =

∫ x∨τ
τ

(u − τ)` du =
∫ x∨τ−τ

0
u` du = g+

`+1(x; τ)/(`+ 1). This entails that

(Idr0,...,rd−1;0f◦)(x) =

j∗∑

j=1

(−1)d
ãj
d!

(τj − x)d+ +
k−1∑

j=j∗

b̃j
d!

(x− τj)d+ + Pd−1(x),

where Pd−1(x) is some polynomial of order d− 1. The proof is then complete by noting that

{(−1)dãj/d!}j∗j=1 has sign (−1)d+1 and {b̃j/d!}k−1
j=j∗ is non-negative.

B.6.2 Proof of Lemma 34

We need the following simple fact that translates the `2 constraint on θ∗ at the sequence

level to an integral L2 constraint on f ∗ at the underlying function level. Its proof can be

found after the proof of Lemma 34.

Lemma 36. Let f ∗ ∈ F∗n(d, k) and (θ∗)i ≡ (f ∗(i/n))i. Then, if ‖θ∗‖2 ≤ 1, there exists

some c = c(d) such that 1 ≥ c · n
∫ 1

0
(f ∗)2(x) dx. Actually, this inequality holds for the larger

unshaped spline space Fn(d, d0, k).
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Proof of Lemma 34. Fix any θ ∈ Θ∗(d, k) and its generating spline f ∈ F∗n(d, k). Then,

under the condition ‖θ‖2 ≤ 1, Lemma 36 entails that there exists some K = K(d) > 0 such

that
∫ 1

0
f 2(x) dx ≤ K/n. Due to scale invariance, it suffices to prove that |c`(f)| ≤ C for

` ∈ [0; d− 1] for some C = C(d) under the condition ‖f‖2
2 =

∫ 1

0
f 2(x) dx ≤ 1.

For f ∈ F∗n(d, k), let {nj = nj(f)}j∈[0;k] be its knots and j∗ = j∗(f) be as in its canonical

form in Lemma 33. Let τj ≡ τj(f) ≡ nj(f)/n for j ∈ [1; k] and τ ∗ ≡ τ ∗(f) ≡ τj∗(f)(f). We

will prove that for some K = K(d) > 0,
∫ 1

0

f 2(x) dx ≥ K · max
0≤`≤d−1

c2
`(f), for any f ∈ F∗n(d, k).

We focus on the case τ ∗(f) ∈ [0, 1/2] and prove that
∫ 1

τ∗(f)

f 2(x) dx ≥ K · max
0≤`≤d−1

c2
`(f), for any f ∈ F∗n(d, k).

We present the proof for cd−1(f) whenever cd−1(f) 6= 0; the bounds for {c`(f)}`∈[0;d−2] follow

from completely analogous arguments. Below we omit notational dependence on f if no

confusion could arise. On [τ ∗, 1], f has the canonical form

f(x) =
k−1∑

j=j∗

bj(x− τj)d+ +
d−1∑

`=0

c`
`!
x`.

This can be alternatively parametrized as f(x) =
∑d−1

`=0 c`x
`/`! + (Id0,...,0;τ∗(f)f◦)(x), where

f◦(x) ≡∑k−1
j=j∗(bj · d!)1x>τj ∈ F∗n(0, k), and τ ∗(f) = τ ∗(f◦). Therefore, we have

1 ≥
∫ 1

τ∗(f)

( d−1∑

`=0

c`x
`/`! + (Id0,...,0;τ∗(f)f◦)(x)

)2

dx

= c2
d−1

∫ 1

τ∗(f◦)

[ d−2∑

`=0

c`
|cd−1|

x`

`!
+ sgn(cd−1)

xd−1

(d− 1)!
+
(
Id0,...,0;τ∗(f◦)

f◦
|cd−1|

)
(x)

]2

dx

≥ c2
d−1 inf

c′0,...,c
′
d−2∈R,c

′
d−1∈{±1}

f̃◦∈∪nF∗n(0,k),τ∗(f̃◦)≤1/2

∫ 1

τ∗(f̃◦)

[ d−1∑

`=0

c′`x
`

`!
+ (Id

0,...,0;τ∗(f̃◦)
f̃◦)(x)

]2

dx

= c2
d−1 inf

c′′0 ,...,c
′′
d−2∈R,c

′′
d−1∈{±1}

f̃◦∈∪nF∗n(0,k),τ∗(f̃◦)≤1/2

∫ 1

τ∗(f̃◦)

[ d−1∑

`=0

c′′` (x− τ ∗(f̃◦))`
`!

+ (Id
0,...,0;τ∗(f̃◦)

f̃◦)(x)

]2

dx,
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where in the third line we use the fact that f̃◦ = f◦/|cd−1| ∈ F∗n(0, k) and satisfies τ ∗(f̃◦) =

τ ∗(f◦) ≤ 1/2. Thus, to prove the desired result, it suffices to show that there exists some

K = K(d) > 0 such that

inf
c̃0,...,c̃d−2∈R,c̃d−1∈{±1}

f̃◦∈∪nF∗n(0,k),τ∗(f̃◦)≤1/2,k∈Z+

∫ 1

τ∗(f̃◦)

[ d−1∑

`=0

c̃`(x− τ ∗(f̃◦))`
`!

+ (Id
0,...,0;τ∗(f̃◦)

f̃◦)(x)

]2

dx ≥ K. (B.31)

Suppose this is not true, then there exist a function sequence {f̃n,◦}n ⊂ ∪n′,k′F∗n′(0, k′) with

τ ∗n ≡ τ ∗n(f̃n,◦) ⊂ [0, 1/2] and real sequences {c̃n,`}n,` with c̃n,d−1 ∈ {±1}, such that

∫ 1

0

1[τ∗n,1](x)
[ d−1∑

`=0

c̃n,`
`!

(x− τ ∗n)` + (Id0,...,0;τ∗n
f̃n,◦)(x)

]2

dx→ 0.

Since L2 convergence implies almost everywhere (a.e.) convergence, it follows that

1[τ∗n,1](x) ·
[ d−1∑

`=0

c̃n,`(x− τ ∗n)`/`! + (Id0,...,0;τ∗n
f̃n,◦)(x)

]
→ 0, a.e. on [0, 1].

Since the sequence {τ ∗n} ⊂ [0, 1/2] is bounded, τ ∗n → τ ∗ along some subsequence for some

τ ∗ ∈ [0, 1/2], and we work with this subsequence below. As 1[τ∗n,1](x) → 1 for any fixed

x ∈ (τ ∗, 1], the sequence of functions in the brackets in the above display converges a.e. to

0 on (τ ∗, 1]. In other words,

d−1∑

`=0

c̃n,`(x− τ ∗n)`/`! + (Id0,...,0;τ∗n
f̃n,◦)(x)→ 0, a.e. on (τ ∗, 1]. (B.32)

We first prove that under (B.32), {c̃n,`}n is necessarily bounded for each ` ∈ [0; d− 1]. Since

{c̃n,d−1}n ⊂ {−1,+1} is already bounded, it suffices to prove the claim for ` ∈ [0; d − 2].

If this is not the case, then there exists some nonempty subset L ⊂ [0; d − 2] such that for

every ` ∈ L, {c̃n,`}n is divergent, i.e., lim supn |c̃n,`| = +∞. As τ ∗n → τ ∗, we may find some

slowly decaying εn ↓ 0 such that (i) εn > (τ ∗ − τ ∗n)+, (ii) {c̃n,`ε`n}n is still divergent for every

` ∈ L, and (B.32) holds with xn ≡ τ ∗n + εn > τ ∗. Now, by definition of f̃n,◦(·), there exist

some kn, j∗n ∈ [1; kn], 0 ≡ τn,0 ≤ . . . ≤ τn,kn ≡ 1, and non-negative sequence {µn,j}kn−1
j=j∗n

such
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that τ ∗n ≡ τn,j∗n ≤ 1/2 and for x ∈ [τ ∗n, 1], f̃n,◦(x) =
∑kn−1

j=j∗n
µn,j1x>τn,j . Thus by a direct

calculation, we have for x ∈ [τ ∗n, 1]

(Id0,...,0;τ∗n
f̃n,◦)(x) =

kn−1∑

j=j∗n

µn,j
d!

(
x− τ ∗n

)d
+
.

So by (B.32) and definition of {xn},
d−1∑

`=0

c̃n,`
`!
ε`n +

kn−1∑

j=j∗n

µn,j
d!

εdn → 0.

Let `0 ∈ L be the index such that {c̃n,`ε`n}n has the fastest divergence rate, i.e., lim supn |c̃n,`0|ε`0n /(|c̃n,`|ε`n) ≥
α for some positive α and every ` ∈ L. Without loss of generality, we further choose {εn}
such that the maximal divergence rate and the index that achieves this rate are unique, i.e.,

`0 is unique and satisfies lim supn |c̃n,`0|ε`0n /(|c̃n,`|ε`n) = ∞ for every ` ∈ L \ {`0}. This then

entails that

Bn ≡
kn−1∑

j=j∗n

µn,j
d!

εdn & |c̃n,`0|ε`0n (B.33)

and is positive and divergent. Next, for the chosen sequence {εn}, choose {ηn} ⊂ [1,∞) as

some slowly growing sequence such that (B.32) holds with the sequence x′n ≡ τ ∗n + εnηn ≥
τ ∗n + εn > τ ∗, i.e.,

d−1∑

`=0

c̃n,`
`!

(ηnεn)` +
kn−1∑

j=j∗n

µn,j
d!

(ηnεn)d → 0, (B.34)

and that {εnηn} ↓ 0 and {c̃n,`0(ηnεn)`0} remains to be the fastest divergent sequence among

L, i.e., lim supn |c̃n,`0|(εnηn)`0/(|c̃n,`|(εnηn)`) = ∞ for every ` ∈ L \ {`0}. Similar to (B.33),

we have
∑kn−1

j=j∗n
µn,j(ηnεn)d/d! & |c̃n,`0|(ηnεn)`0 and is positive and divergent. But this is

impossible since

kn−1∑

j=j∗n

µn,j
d!

(ηnεn)d = (ηn)dBn & (ηn)d−`0(c̃n,`0(εnηn)`0)

� (ηn)d−`0
∣∣∣∣
d−1∑

`=0

c̃n,`(ηnεn)`/`!

∣∣∣∣,
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where the first inequality is by (B.33) and the last relation is by the maximal divergence rate

of {c̃n,`0(ηnεn)`0}, and thus

d−1∑

`=0

c̃n,`
`!

(ηnεn)` +
kn−1∑

j=j∗

µn,j
d!

(ηnεn)d

&
[
(ηn)d−`0 − 1

]∣∣∣∣
d−1∑

`=0

c̃n,`(ηnεn)`/`!

∣∣∣∣ ≥
[
ηn − 1

]∣∣∣∣
d−1∑

`=0

c̃n,`(ηnεn)`/`!

∣∣∣∣→∞,

a contradiction to (B.34). This concludes that {c̃n,`}n are necessarily bounded for every

` ∈ [0; d−1]. Thus there exists a real sequence {c∗`}d−1
`=0 with c∗d−1 ∈ {±1} such that c̃n,` → c∗`

along some subsequence for each ` ∈ [0; d − 1]. Coming back to (B.32) and noting that

τ ∗n → τ ∗ along some subsequence, we then conclude that

hn(x) ≡ (Id0,...,0;τ∗n
f̃n,◦)(x)→

d−1∑

`=0

−c∗`
`!

(x− τ ∗)` ≡ h∗(x) (B.35)

a.e. on (τ ∗, 1] as n → ∞. We will now prove that {c∗`}d−1
`=0 are necessarily non-positive. Fix

some positive integer m > d and define a regular grid on (τ ∗, 1]: ti ≡ τ ∗+ i(1− τ ∗)/m for i ∈
[0;m]. Without loss of generality, assume that {ti}mi=1 belongs to the set with full Lebesgue

measure such that (B.35) holds. Define (ξn,i)
m
i=1 ≡ (hn(ti))

m
i=1 (resp. (ξ∗i )

m
i=1 ≡ (h∗(ti))

m
i=1)

to be the realization of hn(·) (resp. h∗(·)) on this grid. Define ∇ to be the finite difference

operator that maps (y1, . . . , ym)> ∈ Rm to (y2 − y1, . . . , ym − ym−1)> ∈ Rm−1. Then, since

limn min`∈[0;d] h
(`)
n (x) ≥ 0 for x ∈ (τ ∗, 1], it holds that for each fixed m ≥ d+ 1, ∇`ξn ∈ Rm−`

≥0

holds for all ` ∈ [0; d] for n large enough. On the other hand, for each ` ∈ [0; d − 1] and

p ∈ [`; d− 1] , there exists some positive constant Lp,` > 0 for such that

(
∇`ξ∗

)
1

=

(
∇`

( d−1∑

p=0

−c∗p
p!

(tj − τ ∗)p
)m

j=1

)

1

=
d−1∑

p=`

−c∗pLp,`((1− τ ∗)/m)p.

Since for each fixed m ≥ d + 1, ∇`ξn → ∇`ξ∗ as n → ∞ by (B.35) and ∇`ξn ∈ Rm−`
≥0 for n

large enough, it holds that
(
∇`ξ∗

)
1
≥ 0 for each fixed m ≥ d+1. Multiplying by m` on both
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sides of the above equation and letting m → ∞ we conclude that c∗` ≤ 0 for ` ∈ [0; d − 2]

and c∗d−1 = −1.

With {c∗`}d−1
`=0 ∈ Rd

≤0, hn, h
∗ have the property that their derivatives up to order d− 1 are

all convex functions, so on arbitrary compact interval contained in (τ ∗, 1), D(d−1)hn converges

uniformly to D(d−1)h∗ ≡ 1 (cf. Theorem 25.7 of Rockafellar (1997) and the remark after its

proof). This cannot happen as D(d−1)hn(τ ∗n) = 0, τ ∗n → τ ∗ and D(d−1)hn is convex. We have

therefore established the contradiction and proved (B.31).

Proof of Lemma 36. By Lemma 33, any f ∈ F∗n(d, k) has the canonical parametrization

f(x) =

j∗∑

j=1

aj(τj − x)d+ +
k−1∑

j=j∗

bj(x− τj)d+ +
d−1∑

`=0

c`x
`,

where {τj}k−1
j=1 ≡ {nj/n}k−1

j=1 ⊂ [0, 1]. Let τ ∗ ≡ τj∗ . Then, it holds that
∫ 1

0
f 2(x) dx =

(I) + (II), where

(I) ≡
∫ τ∗

0

( j∗∑

j=1

aj(τj − x)d+ +
d−1∑

`=0

c`x
`
)2

dx,

(II) ≡
∫ 1

τ∗

( k−1∑

j=j∗

bj(x− τj)d+ +
d−1∑

`=0

c`x
`
)2

dx.

We now upper bound (II) by its sequence counterpart; the bound for (I) is similar. Since

(II) =
k−1∑

m=j∗

∫ τm+1

τm

( k−1∑

j=j∗

bj(x− τj)d+ +
d−1∑

`=0

c`x
`
)2

dx

=
k−1∑

m=j∗

∫ τm+1

τm

( m∑

j=j∗

bj(x− τj)d +
d−1∑

`=0

c`x
`
)2

dx,

we may bound the integral piece by piece. More generally, we show that there exists some

K = K(d) > 0 such that for any a, b ∈ [0;n] with b − a ≥ d + 1 and d-degree polynomial

P (x) ≡∑d
`=0 c`x

`,
∫ b/n

a/n

P 2(x) dx ≤ K · n−1
∑

i∈(a;b]

P 2(i/n). (B.36)
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The above display holds because

∫ b/n

a/n

P 2(x) dx =

∫ b/n

a/n

( d∑

`=0

c`x
`
)2

dx .d

d∑

`=0

c2
` ·
∫ b/n

a/n

x2` dx

≤
d∑

`=0

c2
`

n

∑

i∈(a;b]

( i
n

)2`

=
1

n

∑

i∈(a;b]

d∑

`=0

(
c`

(
i

n

)`)2

.d
1

n

∑

i∈(a;b]

( d∑

`=0

c`

(
i

n

)`)2

,

where the last inequality is due to Lemma 37 and the condition b − a ≥ (d + 1). Then for

every θ ∈ Θ(d, d0, k) with unit norm constraint and the corresponding f ∈ Fn(d, d0, k), by

(B.36) we have

1 ≥ ‖θ‖2 ≥ ‖θ‖2
(nj∗ ;n] =

k−1∑

m=j∗

‖θ‖2
(nm;nm+1] =

k−1∑

m=j∗

∑

i∈(nm;nm+1]

f 2(i/n)

& n
k−1∑

m=j∗

∫ τm+1

τm

f 2(x) dx = n

∫ 1

τ∗
f 2(x) dx.

The bound for (II) is thus complete.

B.7 Auxiliary lemmas

Lemma 37. Fix any positive integer d. There exists some c = c(d) such that for any integers

n ≥ 0, m ≥ d+ 1, and real sequence {a`}d+1
`=1 ,

m∑

i=1

[
a1 + a2

(
i

n

)
+ . . .+ ad+1

(
i

n

)d]2

≥ c
d+1∑

`=1

a2
`

m2`−1

n2(`−1)
.

Proof of Lemma 37. As the left hand side of the above inequality equals

n∑

i=1

( d+1∑

`=1

a`(i/n)`−1

)2

=
∑

1≤`,`′≤d+1

a`a`′
m∑

i=1

(i/n)`+`
′−2

=
∑

1≤`,`′≤d+1

a`(m/n)`−1m1/2 · a`′(m/n)`
′−1m1/2 ·

[
m−(`+`′−1)

m∑

i=1

i`+`
′−2

]
,

using matrix notation, it can be written as x>Ax, where x ≡ (a`(m/n)`−1m1/2)d+1
`=1 ∈ Rd+1,

and the matrix (A)ij ≡ (A(m, d))ij ≡ (m−(i+j−1)
∑m

k=1 k
i+j−2)ij ∈ R(d+1)×(d+1).



261

We first show that A is strictly positive-definite for the fixed d and any m ≥ d+ 1. Note

that A is actually a moment matrix and can be written as Aij = E(X i−1 ·Xj−1), where X is

uniformly distributed on the set {1/m, . . . ,m/m}. Therefore, for any c ∈ Sd, writing, with

a slight abuse of notation, Z ≡∑d+1
i=1 ciX

i−1, it holds that

c>Ac =
∑

1≤i,j≤d+1

cicjAij =
∑

1≤i,j≤d+1

cicjE(X i−1 ·Xj−1) = E
( d+1∑

i=1

ciX
i−1

)2

= EZ2 = (EZ)2 + Var(Z).

If Var(Z) = 0, then Z ≡ α almost surely for some constant α, which is equivalent to that

the polynomial

T (x) ≡ (c0 − α) + c1x+ . . .+ cd+1x
d

having distinct roots {1/m, . . . ,m/m}. If c1 = . . . = cd+1 = 0, then c0 = ±1 since ‖c‖ = 1,

which implies that Z = ±1, and thus c>Ac ≥ (EZ)2 = 1. Otherwise, we have ci 6= 0 for some

i ∈ [1; d], and hence T (x) is not a constant and thus has at most d roots, which contradicts

the condition that m ≥ d + 1. So we conclude that c>Ac > 0 for any c ∈ Sd and thus A is

strictly positive-definite.

Next, we show that for any i ∈ [1; d + 1], the (−i,−i)-minor of A (i.e. A minus the

ith row and column) is also strictly positive-definite. For this, define Qi as the permutation

matrix that switches row i with row i + 1, and define Pi ≡ QiQi+1 . . . Qd for i ≤ d and

Pd+1 ≡ Id+1, the (d + 1)-dimensional identity matrix. Further define B ≡ P>i APi. Then,

the (−i,−i)-minor of A is the (−(d + 1),−(d + 1))-minor of B. By Sylvester’s criterion, it

suffices to show that B is strictly positive-definite, but for any c ∈ Sd, it holds that

c>Bc = c>P>i APic ≡ c̃>Ac̃ > 0,

where in the last inequality we have used the fact that

c̃>c̃ = c>P>i Pic = c>Qd . . . QiQi . . . Qdc = c>c = 1.
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Next, we show that x>Ax ≥ ca2
dm

2d+1/n2d for some c = c(d); bounds involving a0, . . . , ad−1

can be similarly obtained. For this, write A in the block form [A11, A12;A21, A22], where A12 ∈
Rd×1. Writing y as the first d components of x, i.e. y ≡ (a0m

1/2, a1m
3/2/n, . . . , ad−1m

(2d−1)/2/nd−1)>,

we have

x>Ax = (y, adm
(2d+1)/2/nd)>

[
A11 A12

A21 A22

]
(y, adm

(2d+1)/2/nd)

= y>A11y + 2y>A21adm
(2d+1)/2/nd + A22(adm

(2d+1)/2/nd)2.

This is a quadratic form in y and achieves its minimum at y∗ = −A−1
11 A12adm

(2d+1)/2/nd

(note that A11, the (−(d + 1),−(d + 1))-minor of A, is indeed invertible as proved before),

which implies that

x>Ax ≥ a2
d

m2d+1

n2d
(A22 − A21A

−1
11 A12).

Therefore if we can show that A22 ≥ (1 + ε)A21A
−1
11 A12 for some positive ε = ε(d), then we

have

x>Ax ≥ ε

1 + ε
a2
d

m2d+1

n2d
A22 =

ε

1 + ε
a2
d

m2d+1

n2d
m−(2d+1)

m∑

k=1

k2d

≥ ε

1 + ε
a2
d

m2d+1

n2d
m−(2d+1)

∫ m

0

x2d dx =
ε

(2d+ 1)(1 + ε)
a2
d

m2d+1

n2d
.

Using the block matrix inverse formula (A−1)d+1,d+1 = (A22 − A21A
−1
11 A12)−1 and the fact

that (A−1)d+1,d+1 ≤ ‖A−1‖2 = λ−1
min(A) (λmin takes the smallest eigenvalue), we have

A22 ≥ (1 + ε)A21A
−1
11 A12 ⇐⇒ (1 + ε)(A22 − A21A

−1
11 A12) ≥ εA22

⇐⇒ (A−1)d+1,d+1 ≤
1 + ε

ε
A−1

22 ⇐ λ−1
min(A) ≤ 1 + ε

ε
min

1≤j≤d+1
A−1
jj ,

which is further implied by

λmin(A) ≥ ε

1 + ε
max

1≤j≤d+1
Ajj. (B.37)
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For this, we have, for every j ∈ [1; d+ 1],

Ajj = m−(2j−1)

m∑

k=1

k2j−2 ≤ m−(2j−1)

∫ m+1

1

x2j−2 dx

≤ 1

2j − 1

(
1 +

1

m

)2j−1

≤ 22d+1.

It remains to show that there exists some sufficiently small c∗ = c∗(d) such that λmin(A) ≥
c∗ > 0, then we can take ε = c∗/(22d+1 − c∗) in (B.37). For this, let U be a random variable

uniformly distributed on [0, 1] and define matrix A as Ai,j ≡ E(U i−1 · U j−1). Then, since

d is fixed, it holds by the definition of A,A, and the Portmanteau theorem that A → A

in the matrix spectral norm as m → ∞. By Weyl’s inequality, there exists some positive

integer N = N(d) such that for m ≥ N , λmin(A) ≥ λmin(A)/2. On the other hand, a similar

argument that establishes the positive definiteness of A yields that λmin(A) ≥ c > 0 for

some c = c(d). Therefore we can take c∗ = c∗(d) = mind+1≤m≤N λmin(A(m, d)) ∧ (c/2). This

completes the proof.

Lemma 38. Let {ai}mi=1, {bi}mi=1 be two non-negative sequences. Then, it holds that (
∧m
i=1 ai)·

(
∨m
i=1 bi) ≥

∧m
i=1 aibi.

Proof of Lemma 38. Without loss of generality, let a1 be the smallest value among {ai}mi=1.

Then, it holds that
(∧m

i=1 ai
)
·
(∨m

i=1 bi
)

= a1 ·
(∨m

i=1 bi
)
≥ a1b1 ≥

(∧m
i=1 aibi

)
.

Lemma 39. Let α1, α2 > 0 and β1, β2 be real numbers. Then, for any x ∈ R, it holds that

α1(x+ β1)2 + α2(x+ β2)2 ≥ (α1 ∧ α2)(β1 − β2)2/2.

Proof of Lemma 39. At x∗ ≡ −(α1/(α1 + α2) · β1 + α2/(α1 + α2) · β2), the quadratic form

achieves it minimum value α1α2

α1+α2
(β1−β1)2, which is further lower bounded by (α1∧α2)(β1−

β2)2/2.



264

Lemma 40. Let n be any positive integer. Then, for any polynomial P (·) of degree strictly

smaller than n, it holds that

n∑

j=0

(
n

j

)
P (j)(−1)j = 0.

Proof of Lemma 40. We prove by induction. The claim clearly holds for n = 1. Suppose the

claim holds for some n, we will prove that it also holds for n+1. Let d be the degree of P (·).
We will prove that the claim holds for all monomials P (x) ≡ xd where 0 ≤ d ≤ n = (n+1)−1.

The case d = 0 follows from the binomial identity:

n+1∑

j=0

(
n+ 1

j

)
(−1)j = (1 + (−1))n+1 = 0.

Next, for any 1 ≤ d ≤ n, it holds that

n+1∑

j=0

(
n+ 1

j

)
jd(−1)j =

n+1∑

j=1

(
n+ 1

j

)
jd(−1)j = (n+ 1)

n+1∑

j=1

(
n

j − 1

)
jd−1(−1)j

= (n+ 1)
n∑

j=0

(
n

j

)
(j + 1)d−1(−1)j = 0,

where the last identity follows from the claim for n and the fact that 0 ≤ d−1 ≤ n−1 < n.

For the following lemma, recall the definition of the sequence {β··,·} defined before Lemma

30.

Lemma 41. Fix d, d0, k0 as defined in (3.12), and any s ∈ [0; b(d0 + 1)/(d− d0)c − 1].

Suppose there exists some c1 = c1(d) such that

1 ≥ c1 ·
(s+1)d0−sd+1∑

k=1

(n− nk0−1)2k−1

n2(k−1)

( s(d−d0)∑

`=0

β
s

k,`a
k0−1−s
k+`

)2

. (B.38)

Furthermore, assume that nk0;k0−1 ≥ nk0−1−s;k0−2−s. Then, there exists some positive constant

c2 = c2(d) such that

1 ≥ c2 ·
(s+1)d0−sd+1∑

k=1

(n− nk0−1)2k−1

n2(k−1)

( (s+1)(d−d0)∑

`=0

β
s+1

k,` a
k0−2−s
k+`

)2

.
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Note that in the above lemma the hypothesis involves only quadratic forms with ‘shared

coefficients’ {a·`}`∈[1;d0+1], while the conclusion involves the ones with both ‘shared coeffi-

cients’ {a·`}`∈[1;d0+1] and ‘nuisance coefficients’ {a·`}`∈[d0+2;d+1].

Before the proof of Lemma 41, we need one further result. For this, some extra notation

is needed:

vsi,j ≡
�(i+ d− d0 − j); s(d− d0))

j!�(i+ d− d0; s(d− d0))
(−1)jnjk0−s;k0−1−s

×
j∏

m=1

(
d−

(
i+ (d− 1− d0)

)
− s(d− d0) +m

)
,

Tk ≡
s(d−d0)∑

`=0

β
s

k,`a
k0−1−s
k+` .

Lemma 42. Fix d, d0, and s. It holds for i ∈ [1; (s+ 1)d0 − sd+ 1] that

M ≡
(s+1)d0−sd+1∑

k=i

vs+1
i,k−i · Tk =

(d−d0)(s+1)∑

k=0

β
s+1

i,k a
k0−2−s
i+k .

Proof. In order to prove the desired result, we need to show the following two claims:

• The coefficient of ak0−2−s
i+j in M equals 0 for (s+ 1)(d− d0) + 1 ≤ j ≤ d− i+ 1;

• The coefficient of ak0−2−s
i+j in M equals β

s+1

i,j for 0 ≤ j ≤ (s+ 1)(d− d0).

Let

i0 ≡ i0(d, d0, s, i) ≡ (s+ 1)d0 − sd+ 1− i,

i ≡ i(d, d0, s, i) ≡ (s+ 2)d0 − (s+ 1)d+ 2− i = i0 − (d− 1− d0),

∆n ≡ nk0−1−s;k0−2−s.
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By definition of M and Lemma 29, we have

Coef[M ; ak0−2−s
i+j ] =

(s+1)d0−sd+1∑

k=i

vs+1
i,k−iCoef[Tk; a

k0−2−s
i+j ]

=

(s+1)d0−sd+1∑

k=i

�(i+ d− d0 − (k − i)); (s+ 1)(d− d0))(−1)k−i(∆n)k−i

(k − i)!�(i+ d− d0; (s+ 1)(d− d0))

×
k−i∏

m=1

(d− i0 − (s+ 1)(d− d0) +m) · Coef

[ s(d−d0)∑

`=0

β
s

k,`a
k0−1−s
k+` ; ak0−2−s

i+j

]

=

i0∑

k=0

�(i0 + 1− k; (s+ 1)(d− d0))(−1)k(∆n)k

k!�(i0 + 1; (s+ 1)(d− d0))
�(i; k)

×
( s(d−d0)∑

`=0

β
s

i+k,`

(
i+ j − 1

i+ k + `− 1

)
(∆n)j−k−`

)

≡
s(d−d0)∑

`=0

(∆n)j−`β
s

` · A`,

where

A` ≡
i0∑

k=0

(−1)k
�(i0 + 1− k; (s+ 1)(d− d0))

k!�(i0 + 1; (s+ 1)(d− d0))
�(i; k)

×
(

i+ j − 1

i+ k + `− 1

) �(i+ k; `)

�(d+ 1− i− k; `)
,

and we used β
s

i+k,` = D(i+k, `)β
s

` = �(i+k;`)
�(d+1−i−k;`)

β
s

`, with β
s

` defined in (B.10). Let C(i, j, `) ≡
(
i+j−1
i+`−1

)
· �(i; `). Then C(i, j, `)

(
j−`
k

)
= �(i; k)

(
i+j−1
i+k+`−1

)
�(i+ k; `)/k!. So A` equals

C(i, j, `)

i0∑

k=0

(
j − `
k

)�(i0 + 1− k; (s+ 1)(d− d0))

�(i0 + 1; (s+ 1)(d− d0))
(−1)k

1

�(d− i− k + 1; `)

= C(i, j, `)

i0+(s+1)(d−d0)∑

k=0

(
j − `
k

)�(i0 + 1− k; (s+ 1)(d− d0))

�(i0 + 1; (s+ 1)(d− d0))
(−1)k

1

�(d− i− k + 1; `)

= C(i, j, `)

j−`∑

k=0

(
j − `
k

)�(i0 + 1− k; (s+ 1)(d− d0))

�(i0 + 1; (s+ 1)(d− d0))
(−1)k

1

�(d− i− k + 1; `)

=
C(i, j, `)

�(i0 + 1; (s+ 1)(d− d0))

j−`∑

k=0

(
j − `
k

)
(−1)k�(d− i− k + 1− `; (s+ 1)(d− d0)− `),
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where the first identity follows from the fact that �(i0 + 1 − k; (s + 1)(d − d0)) = 0 for

any i0 + 1 ≤ k ≤ i0 + (s + 1)(d − d0), the second identity follows from the fact that

i0 + (s + 1)(d − d0) = d − i + 1 ≥ j ≥ j − `, the third identity follows from the fact that

` ≤ s(d− d0) < (s+ 1)(d− d0).

For the first claim, as �(d−i−k+1−`; (s+1)(d−d0)−`) is a polynomial of degree at most

(s+1)(d−d0)−` < j−`, Lemma 40 entails that A` = 0 for all 0 ≤ ` ≤ s(d−d0), thus proving

the first claim. We now prove the second claim under the condition j ≤ (s+ 1)(d− d0). By

definition of the {β··,·} sequence, we have

β
s+1

i,j = D(i, j)β
s+1

j = D(i, j)

{ j∑

`=0

(
(s+ 1)(d− d0)− `

j − `

)
(∆n)j−`β

s

`

}
.

Therefore, to prove the claim, it suffices to match the coefficients of β
s

` for 0 ≤ ` ≤ s(d−d0),

as β
s

` = 0 for ` > s(d − d0) from the definition of β
s

· , and A` = 0 for ` ≥ j. In other

words, we only need to show A` = D(i, j)
(

(s+1)(d−d0)−`
j−`

)
. By using iteratively the identity

(
n
k

)
=
(
n
k−1

)
+
(
n−1
k−1

)
, one has

j−`∑

k=0

(
j − `
k

)
(−1)k�(d− i− k + 1− `; (s+ 1)(d− d0)− `)

= �((s+ 1)(d− d0)− `; 1)

×
j−`−1∑

k=0

(
j − `− 1

k

)
(−1)k�(d− i− k − `; (s+ 1)(d− d0)− 1− `)

. . .

= �((s+ 1)(d− d0)− `; j − `− 1)

×
1∑

k=0

(
1

k

)
(−1)k�(d− i− k + 2− j; (s+ 1)(d− d0) + 1− j)

= �((s+ 1)(d− d0)− `; j − `)�(d− i+ 1− j; (s+ 1)(d− d0)− j).
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Lastly, by direct calculation, we have

A` =
C(i, j, `)

�(i0 + 1; (s+ 1)(d− d0))
· �((s+ 1)(d− d0)− `; j − `)

×�(d− i+ 1− j; (s+ 1)(d− d0)− j)

= D(i, j)

(
(s+ 1)(d− d0)− `

j − `

)
.

The proof is complete.

Proof of Lemma 41. Define for i ∈ [1; (s+ 1)d0 − sd+ 1]

Mi ≡
(s+1)d0−sd+1∑

k=i

(n− nk0−1)2k−1

n2(k−1)
T 2
k .

Inequality (B.38) entails that 1 & c
∑(s+1)d0−sd+1

i=1 Mi for some c = c(d). We have for i ∈
[1; (s+ 1)d0 − sd+ 1],

Mi =
(n− nk0−1)2i−1

n2(i−1)
T 2
i +

(s+1)d0−sd+1∑

k=i+1

(n− nk0−1)2k−1

n2(k−1)

(
vs+1
i,k−i · Tk

)2

(vs+1
i,k−i)

2

≥
(

(n− nk0−1)2i−1

n2(i−1)
∧

(s+1)d0−sd+1∧

k=i+1

(n− nk0−1)2k−1

n2(k−1)(vs+1
i,k−i)

2

)(
T 2
i +

(s+1)d0−sd+1∑

k=i+1

(vs+1
i,k−i · Tk)

2
)

&

(
(n− nk0−1)2i−1

n2(i−1)
∧

(s+1)d0−sd+1∧

k=i+1

(n− nk0−1)2k−1

n2(k−1)(vs+1
i,k−i)

2

)(
Ti +

(s+1)d0−sd+1∑

k=i+1

vs+1
i,k−i · Tk

)2

=

(
(n− nk0−1)2i−1

n2(i−1)
∧

(s+1)d0−sd+1∧

k=i+1

(n− nk0−1)2k−1

n2(k−1)(vs+1
i,k−i)

2

)( (d−d0)(s+1)∑

k=0

β
s+1

i,k a
k0−2−s
i+k

)2

&
(n− nk0−1)2i−1

n2(i−1)
·
( (d−d0)(s+1)∑

k=0

β
s+1

i,k a
k0−2−s
i+k

)2

.

Here, the second identity follows from Lemma 42, and the last inequality follows, by definition
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of {v··,·} and the condition nk0;k0−1 ≥ nk0−1−s;k0−2−s, from the calculation:

(n− nk0−1)2i−1

n2(i−1)
∧

(s+1)d0−sd+1∧

k=i+1

(n− nk0−1)2k−1

n2(k−1)(vs+1
i,k−i)

2

�
(s+1)d0−sd+1∧

k=i

(n− nk0−1)2k−1(nk0−1−s − nk0−2−s)
−2(k−i)

n2(k−1)
� (n− nk0−1)2i−1

n2(i−1)
.

Putting together the lower bounds for Mi, i ∈ [1; (s+ 1)d0 − sd+ 1] yields the result.

Lemma 43. Fix any 1 ≤ s ≤ b(d0 + 1)/(d− d0)c and 1 ≤ i ≤ sd0 − (s− 1)d + 1. For any

0 ≤ j1 ≤ j2 ≤ s(d− d0), define the following two quantities:

S(j1) ≡ S(j1; d, d0, s) ≡
bj1/(d−d0)c∏

`=1

nd−d0
k0−`;k0−1−s × n

Mod(j1;d−d0)
k0−1−bj1/(d−d0)c;k0−1−s,

S(j2) ≡ S(j2; d, d0, s) ≡
s∏

`=−b−j2/(d−d0)c+1

nd−d0
k0−`;k0−1−s × n

Mod(−j2;d−d0)
k0−(−b−j2/(d−d0)c);k0−1−s.

Then, there exists some positive constant c = c(d) such that

β
s

i,j2

β
s

i,j1

≥ c

∏s
`=1 n

d−d0
k0−`;k0−1−s

S(j1)S(j2)
.

When j1 = j2, the product on the right hand side is to be understood as 1.

Proof. We only prove the special case d0 = d−1 (the proof for the general case is completely

analogous). Then k0 = d+ 2, and

S(j1) =

j1∏

`=1

nd+2−`;d+1−s, S(j2) =
s∏

`=j2+1

nd+2−`;d+1−s,

so we only need to prove for s ∈ [1; d], i ∈ [1; d+ 1− s], and 0 ≤ j1 ≤ j2 ≤ s,

β
s

i,j2

β
s

i,j1

≥ c

j2∏

k=j1+1

nd+2−k;d+1−s.

We prove this by induction on s.
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First consider s = 1. Then β
1

j = njd+1;d, and β
1

i,j = D(i, j)β
1

j � njd+1;d. The only

non-trivial case is j1 = 0, j2 = 1, so the claim follows.

Suppose the claim holds up to s − 1. Fix any 1 ≤ j1 ≤ j2 ≤ s. The claim clearly holds

for j1 = j2 = s. If j2 = s and j1 ≤ s− 1, then it holds by the recursion formula of {βsj}sj=0 in

(B.10) that β
s

i,s/β
s

i,j1
� nd+2−s;d+1−sβ

s

s−1/β
s

j1
, and we can reduce to the following case with

1 ≤ j1 ≤ j2 ≤ s− 1. For this case, note that

j2∏

k=j1+1

nd+2−k;d+1−s =

j2∏

k=j1+1

(nd+2−k;d+2−s + nd+2−s;d+1−s)

=

j2−j1∑

k=0

nkd+2−s;d+1−s

∑

j1+1≤m1 6=... 6=mj2−j1−k≤j2

nd+2−m1;d+2−s . . . nd+2−mk;d+2−s

�
j2−j1∨

k=0

{
nkd+2−s;d+1−s

j2−j1−k∏

m=1

nd+2−j1+m;d+2−s

}
.

Treating the above display as a polynomial of nd+2−s;d+1−s, it suffices to match the corre-

sponding coefficients of nkd+2−s;d+1−s for k ∈ [0; j2 − j1] in β
s

i,j2
/β

s

i,j1
. To this end, we have

β
s

i,j2

β
s

i,j1

�
∨j2
`=0 n

j2−`
d+2−s;d+1−sβ

s−1

`∨j1
`=0 n

j1
d+2−s;d+1−sβ

s−1

`

�
j2−j1∨

k=0

∨j1
`=0 n

j1+k−`
d+2−s;d+1−sβ

s−1

j2−j1−k+`∨j1
`=0 n

j1−`
d+2−s;d+1−sβ

s−1

`

≥
j2−j1∨

k=0

{
nkd+2−s;d+1−s

j1∧

`=0

β
s−1

j2−j1−k+`

β
s−1

`

}
(by Lemma 38)

&
j2−j1∨

k=0

{
nkd+2−s;d+1−s

j1∧

`=0

j2−j1−k+`∏

m=`+1

nd+2−m;d+2−s

}
(by induction)

=

j2−j1∨

k=0

{
nkd+2−s;d+1−s

j2−k∏

m=j1+1

nd+2−m;d+2−s

}
(minimum at ` = j1),

matching the calculation in the previous display, completing the proof.
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Appendix C

APPENDIX OF CHAPTER 4

C.1 Proofs of results in Section 4.3

C.1.1 Proof of Theorem 4

We need the following proposition, which can be proved using techniques similar to (Goldstein

et al., 2017, Theorem 2.1). We provide the details of its proof in Appendix C.3.2 for the

convenience of the reader.

Proposition 29. Suppose K0, K are two non-empty closed convex sets in Rn. Let

TK0,K(y) ≡ ‖y − ΠK0(y)‖2 − ‖y − ΠK(y)‖2.

Then for any µ ∈ Rn, under the model (4.1),

dTV

(
TK0,K(Y )− EµTK0,K(Y )√

Varµ(TK0,K(Y ))
,N (0, 1)

)
≤ 16

√
Eµ‖µ̂K − µ̂K0‖2

Varµ(TK0,K(Y ))
.

The next lemma provides a lower bound for the variance of F (ξ), where the absolute

continuity of F : Rn → R is valid up to its first derivatives. The proof is based on Fourier

analysis in the Gaussian space in the spirit of (Nourdin and Peccati, 2012, Proposition 1.5.1).

Lemma 44. Let F : Rn → R be such that {∂kF : |k| ≤ 1} are absolutely continuous and

{∂kF : |k| ≤ 2} have sub-exponential growth at ∞. Then

Var(F (ξ)) ≥
∑

i

(
E∂iF (ξ)

)2
+
∑

i 6=j

(
E∂ijF (ξ)

)2
+

1

2

∑

i

(
E∂iiF (ξ)

)2
.

Proof. We only need to verify the above claimed inequality for EF (ξ) = 0. Let Hk(x) =

(−1)kex
2/2 dk

dxk
e−x

2/2 be the Hermite polynomial of order k. For a multi-index k = (k1, . . . , kn)
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and y ∈ Rn, let Hk(y) ≡∏n
i=1 Hki(yi). Then {Hk : k ∈ Zn≥0} is a complete orthogonal basis

of L2(γn), where γn is the standard Gaussian measure on Rn. On the other hand, the

absolute continuity and growth condition on F ensures the validity of the following Gaussian

integration-by-parts: For all multi-indices k such that |k| ≤ 2,

E
[
F (ξ)Hk(ξ)

]
= E∂kF (ξ).

As E|Hk(ξ)|2 = k!, it follows by Plancherel’s theorem that

Var(F (ξ)) = EF 2(ξ) ≥
∑

k:|k|≤2

(
EF (ξ)Hk(ξ)

)2

E|Hk(ξ)|2 ,

which equals the right hand side of the claimed inequality.

Proof of Theorem 4. Let

F (ξ) ≡ T (µ0 + ξ) = ‖µ0 + ξ − µ0‖2 − ‖µ0 + ξ − ΠK(µ0 + ξ)‖2.

By Lemma 1-(1),

∇F (ξ) = ∇T (µ0 + ξ) = 2
(
ΠK(µ0 + ξ)− µ0

)
.

Hence

∂ijF (ξ) = ∂ijT (µ0 + ξ) = 2(JΠK (µ0 + ξ))ji.

We verify that F satisfies the condition of Lemma 44. By the above closed-form expression

of F and ∇F , the absolute continuity for {∂kF : |k| ≤ 1} holds by noting that ∇F is

2-Lipschitz. On the other hand, as

|F (ξ)| =
∣∣‖ξ‖2 − ‖µ0 + ξ − ΠK(µ0 + ξ)‖2

∣∣ ≤ C ·
(
‖ξ‖2 ∨ ‖µ0‖2

)
,

‖∇F (ξ)‖ ≤ C ·
(
‖µ0‖ ∨ ‖ξ‖

)
, ‖∇2F (ξ)‖ = 2‖JΠK (µ0 + ξ)>‖ ≤ 2,
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it follows that {∂kF : |k| ≤ 2} have sub-exponential growth at ∞. Now we may apply

Lemma 44 to see that

σ2
µ0

= Var(T (Y )) ≥
∑

i

(
E∂iF (ξ)

)2
+

1

2

∑

i,j

(
E∂ijF (ξ)

)2

= 4‖EΠK(µ0 + ξ)− µ0‖2 + 2
∑

i,j

(
EJΠK (µ0 + ξ)

)2

ij
,

as desired. The claim of the theorem now follows from Proposition 29.

C.1.2 Proof of Theorem 5

A simple but important observation in the proof of Theorem 5 is the following.

Proposition 30. Let

Z(µ, µ0) ≡ ∆Tµ,µ0(ξ)− E(∆Tµ,µ0)

= T (µ+ ξ)− T (µ0 + ξ)− (mµ −mµ0).

Then for any t ≥ 0,

P
(
Z(µ, µ0) > t

)
∨ P
(
Z(µ, µ0) < −t

)
≤ exp

(
− t2

8‖µ− µ0‖2

)
.

Proof. As

∇T (y) = ∇
(
‖y − µ0‖2 − ‖y − ΠK(y)‖2

)
= 2(ΠK(y)− µ0)

by Lemma 1-(1), it follows that

‖∇ξZ(µ, µ0)‖ = 2‖ΠK(µ+ ξ)− ΠK(µ0 + ξ)‖ ≤ 2‖µ− µ0‖.

The claim now follows by Gaussian concentration inequality for Lipschitz functions, cf.

(Bousquet, 2003, Theorem 5.6).
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Lemma 45. For any t ∈ R, there exists some Ct > 0 such that for all u ∈ R, η ∈ [−1/2, 1/2],

∣∣P
(
N (u, 1) ≤ t

)
− P

(
N ((1 + η)u, 1) ≤ t

)∣∣ ≤ Ct · |η|.

Furthermore, supt∈M Ct <∞ for any compact subset M of R.

Proof. We assume η ≥ 0 without loss of generality. Note that with ϕ denoting the d.f. for

standard normal,

P
(
N (0, 1) ≤ t− (1 + η)u

)
≤ P

(
N (0, 1) ≤ t− u

)
+ η · sup

v∈[(t−u)±η|u|]
ϕ(v)|u|

≤ P
(
N (0, 1) ≤ t− u

)
+ η · Ct,

where Ct ≡ supu supv∈[(t−u)±(|u|/2)] ϕ(v)|u| <∞ depends on t only.

Proof of Theorem 5. First note that under the model (4.1), the normalized LRS T (Y ) sat-

isfies the decomposition

T (Y )−mµ0

σµ0

=
T (µ+ ξ)− T (µ0 + ξ)

σµ0

+
T (µ0 + ξ)−mµ0

σµ0

. (C.1)

Using Proposition 30, on an event Eu with P(Eu) ≥ 1−2e−u
2
, we have |Z(µ, µ0)| ≤ 3u‖µ−µ0‖

with Z(µ, µ0) defined therein. Then for any t ∈ R,

P
(
T (µ+ ξ)−mµ0

σµ0

≤ t

)

= P
(
mµ −mµ0 + Z(µ, µ0)

σµ0

+
T (µ0 + ξ)−mµ0

σµ0

≤ t

)

≤ P
(
mµ −mµ0 − 3u‖µ− µ0‖

σµ0

+N (0, 1) ≤ t

)
+ 2e−u

2

+ errµ0 (C.2)

= P
(
mµ −mµ0

σµ0

(
1 + η(u)

)
+N (0, 1) ≤ t

)
+ 2e−u

2

+ errµ0 ,

where

η(u) ≡ −3u · ‖µ− µ0‖
mµ −mµ0

.
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By choosing u ≤ |mµ −mµ0|/
(
6‖µ − µ0‖

)
, we have |η(u)| ≤ 1/2, so we may apply Lemma

45 to see that,

∆∗ ≡ P
(
T (µ+ ξ)−mµ0

σµ0

≤ t

)
− P

(
mµ −mµ0

σµ0

+N (0, 1) ≤ t

)

≤ 2e−u
2

+ Ctu ·
‖µ− µ0‖
|mµ −mµ0|

+ errµ0 .

Optimizing u ≤ |mµ −mµ0|/
(
6‖µ − µ0‖), the first two terms in the error bound above can

be bounded, up to an absolute constant, by

(1 ∨ Ct) · L
(

1
∧ ‖µ− µ0‖
|mµ −mµ0|

)
.

Next we will obtain a similar upper bound for ∆∗, but replacing |mµ − mµ0| in the above

display by σµ0 . To see this, (C.2) along with

P
(
mµ −mµ0 − 3u‖µ− µ0‖

σµ0

+N (0, 1) ≤ t

)

≤ P
(
mµ −mµ0

σµ0

+N (0, 1) ≤ t

)
+ ‖ϕ‖∞ ·

3u‖µ− µ0‖
σµ0

yields that

∆∗ ≤ inf
u>0

{
2e−u

2

+ 3u · ‖µ− µ0‖
σµ0

}
+ errµ0 ≤ C · L

(
1
∧ ‖µ− µ0‖

σµ0

)
+ errµ0 .

Similar lower bounds can be derived. Applying the above arguments to the (at most 2) end

point(s) of Aα proves the inequality (4.18). Now (1) is a direct consequence of (4.18), while

(2) follows by further noting ∆Aα(wn) → β if and only if all limit points of the sequence

{wn} are contained in ∆−1
Aα

(β).

C.1.3 Proof of Theorem 6

By Lemma 3, we only need to consider µ = 0. Note that: (i) ‖ξ−ΠK′(ξ)‖2 = ‖ξ‖2−‖ΠK′(ξ)‖2

for K ′ ∈ {K0, K}, (ii) (K0, K) is a non-oblique pair of closed convex cones in that ΠK0 =
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ΠK0 ◦ ΠK , so ΠK(ξ) = ΠK0(ξ) + ΠK∩K∗0 (ξ) with 〈ΠK0(ξ),ΠK∩K∗0 (ξ)〉 = 0 (cf. (Wei et al.,

2019, Equation (25))), and hence ‖ΠK(ξ)‖2 = ‖ΠK0(ξ)‖2 + ‖ΠK∩K∗0 (ξ)‖2. Thus,

E‖ΠK(ξ)− ΠK0(ξ)‖2 = E‖ΠK∩K∗0 (ξ)‖2

= E
[
‖ΠK(ξ)‖2 − ‖ΠK0(ξ)‖2

]
= δK − δK0 ,

and

σ2
0 = Var

(
‖ΠK0(ξ)‖2 − ‖ΠK(ξ)‖2

)

= Var
(
‖ΠK∩K∗0 (ξ)‖2

) (∗)
≥ 2δK∩K∗0 = 2

(
δK − δK0

)
.

Here the inequality (∗) follows by Lemma 2-(2). The claim now follows from Proposition

29.

C.1.4 Proof of Theorem 7

First note that we have the decomposition

T (µ+ ξ)−m0

σ0

=
T (µ+ ξ)− T (ξ)

σ0

+
T (ξ)−m0

σ0

. (C.3)

As

mµ = E
[
‖µ+ ξ − ΠK0(µ+ ξ)‖2 − ‖µ+ ξ − ΠK(µ+ ξ)‖2

]

= E
[
‖ΠK0(µ+ ξ)− µ‖2 − 2〈ξ,ΠK0(µ+ ξ)〉+ ‖ξ‖2

−
(
‖ΠK(µ+ ξ)− µ‖2 − 2〈ξ,ΠK(µ+ ξ)〉+ ‖ξ‖2

)]

=

{
‖µ− ΠK0(µ)‖2 + 2E〈ξ,ΠK(µ+ ξ)〉 − E‖ΠK(µ+ ξ)− µ‖2

}
− δK0 ,
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we have (as δK = E‖ΠK(ξ)‖2 = E〈ξ,ΠK(ξ)〉)

mµ −m0 = E
[
2〈ξ,ΠK(µ+ ξ)〉 − ‖ΠK(µ+ ξ)− µ‖2 − 〈ξ,ΠK(ξ)〉

]
+ ‖µ− ΠK0(µ)‖2

= E
[
2〈ξ,ΠK(µ− ΠK0(µ) + ξ)〉

− ‖ΠK(µ− ΠK0(µ) + ξ)−
(
µ− ΠK0(µ)

)
‖2 − 〈ξ,ΠK(ξ)〉

]

+ ‖µ− ΠK0(µ)‖2 (by Lemma 3)

= E
[
2〈µ− ΠK0(µ) + ξ,ΠK(µ− ΠK0(µ) + ξ)〉

− ‖ΠK

(
µ− ΠK0(µ) + ξ

)
‖2 − ‖µ− ΠK0(µ)‖2 − 〈ξ,ΠK(ξ)〉

]

+ ‖µ− ΠK0(µ)‖2

= E‖ΠK

(
µ− ΠK0(µ) + ξ

)
‖2 − E‖ΠK(ξ)‖2 = ΓK,2(µ− ΠK0(µ)).

Here in the last line of the above display we used that

E〈µ− ΠK0(µ) + ξ,ΠK(µ− ΠK0(µ) + ξ)〉 = E‖ΠK

(
µ− ΠK0(µ) + ξ

)
‖2,

E〈ξ,ΠK(ξ)〉 = E‖ΠK(ξ)‖2.

Let

Z0(µ) ≡ T (µ+ ξ)− T (ξ)− (mµ −m0).

As ∇T (y) = ∇
(
‖y − ΠK0(y)‖2 − ‖y − ΠK(y)‖2

)
= 2(ΠK(y)− ΠK0(y)) by Lemma 1-(1),

∇ξZ0(µ) = 2
(
ΠK(µ+ ξ)− ΠK(ξ)

)
− 2
(
ΠK0(µ+ ξ)− ΠK0(ξ)

)

= 2
(
ΠK(µ− ΠK0(µ) + ξ)− ΠK(ξ)

)

− 2
(
ΠK0(µ− ΠK0(µ) + ξ)− ΠK0(ξ)

)
, (by Lemma 3)

and hence

‖∇ξZ0(µ)‖ ≤ 4‖µ− ΠK0(µ)‖.
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Now using the Gaussian concentration inequality for Lipschitz functions, cf. (Boucheron

et al., 2013, Theorem 5.6), it holds for any t > 0 that

P
(
Z0(µ) > t

)
∨ P
(
Z0(µ) < −t

)
≤ exp

(
− t2

32‖µ− ΠK0(µ)‖2

)
.

From here we may conclude (4.28) by using similar arguments as in the proof of Theorem

5. Furthermore, by the proof of (Wei et al., 2019, Lemma E.1), ΓK,2(ν) ≥ ‖ν‖2 ≥ 0 for any

ν ∈ K, so

‖µ− ΠK0(µ)‖∣∣ΓK,2
(
µ− ΠK0(µ)

)∣∣ ∨ σ0

(∗)
≤ sup

ν∈K

‖ν‖
ΓK,2(ν) ∨ σ0

≤ sup
ν∈K

1

‖ν‖ ∨ (σ0/‖ν‖)
(∗∗)
≤ 1

σ
1/2
0

.

The inequality (∗) follows as µ− ΠK0(µ) ∈ K for µ ∈ K, and (∗∗) follows as infν∈K
{
‖ν‖ ∨

(σ0/‖ν‖)
}
≥ inft≥0

{
t ∨ (σ0/t)} = σ

1/2
0 . As σ2

0 � δK − δK0 , the second inequality (4.29)

follows by the bound err0 ≤ 8
(
δK − δK0

)−1/2
via Theorem 6.

Note that (1) is a direct consequence of (4.28) (as err0 can be bounded above by Theorem 6

and L(0) = 0) so we prove (2) below. To see the claimed power characterization, note that

E‖ΠK

(
µ− ΠK0(µ) + ξ

)
‖2 − E‖ΠK(ξ)‖2

σ0

=

(
E‖ΠK

(
µ− ΠK0(µ) + ξ

)
‖
)2 −

(
E‖ΠK(ξ)‖

)2

σ0

+O(σ−1
0 )

=
(
E‖ΠK

(
µ− ΠK0(µ) + ξ

)
‖ − E‖ΠK(ξ)‖

)

×
[

2E‖ΠK(ξ)‖
σ0

+
E‖ΠK

(
µ− ΠK0(µ) + ξ

)
‖ − E‖ΠK(ξ)‖

σ0

]
+O(σ−1

0 )

= ΓK
(
µ− ΠK0(µ)

)[
2

√
δK +O(1)

2
(
δK − δK0

)
+ Var

(
VK∩K∗0

)

+
ΓK
(
µ− ΠK0(µ)

)

σ0

]
+O(σ−1

0 )

= ΓK
(
µ− ΠK0(µ)

)[
2

√
1 +O(δ−1

K )(
2 + Var

(
VK∩K∗0

)
/δK∩K∗0

)
·
(
1− δK0/δK

)

+
ΓK
(
µ− ΠK0(µ)

)

σ0

]
+O(σ−1

0 ).
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Under the growth condition σ0 →∞, direct calculation now entails that

E‖ΠK

(
µ− ΠK0(µ) + ξ

)
‖2 − E‖ΠK(ξ)‖2

σ0

→ w∗ ∈ [0,+∞]

⇔ 2ΓK
(
µ− ΠK0(µ)

)
√

2 + Var(VK∩K∗0 )/δK∩K∗0
√

1− δK0/δK
→ w∗ ∈ [0,+∞].

The proof is now complete.

C.1.5 Proof of Corollary 1

We will prove a slightly stronger (than (4.31)) claim that condition (4.33) implies

ΓK
(
µ− ΠK0(µ)

)
→∞. (C.4)

Suppose ‖µ − ΠK0(µ)‖ is greater or equal than Ln times the right hand side of (4.33) for

some slowly growing sequence Ln ↑ ∞. Then either (i) ‖µ − ΠK0(µ)‖ ≥ Lnδ
1/4
K , or (ii)

‖µ − ΠK0(µ)‖ < Lnδ
1/4
K and 〈µ − ΠK0(µ),EΠK(ξ)〉 ≥ Lnδ

1/2
K . In both cases, we have ‖µ −

ΠK0(µ)‖ → ∞ as there exists some universal constant c0 > 0 such that the right hand side

of (4.33) is bounded below by c0. In case (i), using (Wei et al., 2019, (74a)),

ΓK
(
µ− ΠK0(µ)

)
≥ ‖µ− ΠK0(µ)‖2

2‖µ− ΠK0(µ)‖ + 8E‖ΠK(ξ)‖ − 2/
√
e

≥ (1/16)‖µ− ΠK0(µ)‖
∧(
‖µ− ΠK0(µ)‖2/δ

1/2
K

)
− 2/
√
e

≥ (1/16)‖µ− ΠK0(µ)‖
∧

L2
n − 2/

√
e→∞ (C.5)

as n → ∞, so (C.4) is verified. In case (ii), we may assume without loss of generality that

‖µ − ΠK0(µ)‖ ≤ L
1/4
n δ

1/4
K because otherwise we can follow the same arguments as in the

previous case. Then using (Wei et al., 2019, (74b)) with

α ≡ α
(
µ− ΠK0(µ)

)
= 1− e−〈µ−ΠK0

(µ),EΠK(ξ)〉2/8‖µ−ΠK0
(µ)‖2

≥ 1− e−δ1/2
K /8 → 1,
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we have

ΓK
(
µ− ΠK0(µ)

)
≥ α · 〈µ− ΠK0(µ),EΠKξ〉 − ‖µ− ΠK0(µ)‖2

α‖µ− ΠK0(µ)‖+ 2E‖ΠK(ξ)‖2

− 2√
e

&
(Ln − L1/2

n )δ
1/2
K

L
1/4
n δ

1/4
K + δ

1/2
K

−O(1)→∞

as n→∞, so (C.4) is verified. The proof is complete.

C.2 Proofs of results in Section 4.4

C.2.1 Proof of Theorem 8

Lemma 46. Let ξ1 be a standard normal random variable. Then for x > 0,

E[ξ11ξ1≥x] = ϕ(x), E[ξ2
11ξ1≥x] = xϕ(x) +

∫ ∞

x

ϕ(y) dy.

Proof. The first equality follows as E[ξ11ξ1≥x] =
∫∞
x
yϕ(y) dy = ϕ(x). The second equality

follows as E[ξ2
11ξ1≥x] =

∫∞
x
y2ϕ(y) dy = −

∫∞
x
yϕ′(y) dy = xϕ(x) +

∫∞
x
ϕ(y) dy.

Proof of Theorem 8. Note that µ̂K+ =
(
(µi + ξi)+

)
. For µ0 ∈ K+, so

Eµ0‖µ̂K+ − µ0‖2 =
n∑

i=1

E
[(

(µ0)i + ξi
)

+
− (µ0)i

]2

=
n∑

i=1

[
Eξ2

i 1ξi≥−(µ0)i + (µ0)2
iP
(
ξi < −(µ0)i

)]
.

As (µ0)i ≥ 0 for 1 ≤ i ≤ n, and supx>0 x
2P(ξ < −x) <∞, it follows that

Eµ0‖µ̂K+ − µ0‖2 � n.

On the other hand, as under the null Jµ̂K+
=
(
1i=j1ξi≥−(µ0)i

)
ij

,

‖Eµ0Jµ̂K+
‖2
F =

∑

i,j

(
Eµ0Jµ̂K+

)2

ij
=

n∑

i=1

(
P(ξi ≥ −(µ0)i)

)2 � n. (C.6)
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The claim (1) now follows from Theorem 4.

For (2), let for x ≥ 0

Q(x) ≡ Eξ2
11ξ1≥−x + 2xEξ11ξ1≥−x − x2P

(
ξ1 < −x)

= 1− Eξ2
11ξ1≥x + 2xEξ11ξ1≥x − x2P

(
ξ1 ≥ x

)

=

∫ x

−∞
ϕ(y) dy + xϕ(x)− x2

(
1− Φ(x)

)
.

The last equality follows from Lemma 46. Hence for all x ≥ 0,

Q′(x) = 2ϕ(x) + xϕ′(x)−
[
2x(1− Φ(x))− x2ϕ(x)

]

= 2ϕ(x)− 2x
(
1− Φ(x)

)
,

Q′′(x) = 2
[
ϕ′(x)− 1 + Φ(x) + xϕ(x)

]
= 2
(
− 1 + Φ(x)

)
< 0.

This means that Q′ is nonnegative, decreasing with Q′(0) = 2ϕ(0) = 2/
√

2π and Q′(∞) = 0,

and Q is strictly increasing, concave and bounded on [0,∞) with Q(0) = 1/2.

Now note that for any µ ∈ K+,

mµ − ‖µ− µ0‖2

= E
[
2〈ξ,ΠK+(µ+ ξ)− µ〉 − ‖ΠK+(µ+ ξ)− µ‖2

]

=
n∑

i=1

[
2Eξ2

i 1ξi≥−µi + 2µiEξi1ξi≥−µi −
(
Eξ2

i 1ξi≥−µi + µ2
iP
(
ξi < −µi)

))]

=
n∑

i=1

[
Eξ2

i 1ξi≥−µi + 2µiEξi1ξi≥−µi − µ2
iP
(
ξi < −µi)

)]
=

n∑

i=1

Q(µi).

Using the lower bound (C.6) for σ2
µ0

, and an easy matching upper bound (by e.g. triangle

inequality), we have σ2
µ0
� n. The condition (4.19) reduces to

‖µ− µ0‖ �
∣∣∣∣

n∑

i=1

{
S+(µi)− S+((µ0)i)

}
+ ‖µ− µ0‖2

∣∣∣∣
∨

n1/2. (C.7)

(C.7) clearly holds for ‖µ− µ0‖ � n1/2. For ‖µ− µ0‖ � n1/2, as
∣∣∣∣

n∑

i=1

{
S+(µi)− S+((µ0)i)

}∣∣∣∣ ≤ (2/
√

2π)‖µ− µ0‖1 .
√
n‖µ− µ0‖,
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the right hand side of (C.7) is bounded from below by

(
‖µ− µ0‖2 − C√n‖µ− µ0‖

)
+
∨ n1/2 � ‖µ− µ0‖2 � ‖µ− µ0‖,

so (C.7) holds. Hence in these two regimes, the claim follows from Theorem 5-(2). For

‖µ − µ0‖ � n1/2, by the decomposition (C.1), the LRT is powerful if and only if |mµ −
mµ0|/σµ0 → ∞, i.e.,

∣∣∑n
i=1

{
S+(µi) − S+((µ0)i)

}
+ ‖µ − µ0‖2

∣∣ � n1/2. The proof is now

complete.

C.2.2 Proof of Theorem 9

We write K×,α for K× in the proof for notational convenience.

(1). This claim follows from the fact that σ0 � δ
1/2
K×
� δ

1/2
Kα
� n1/2 (cf. (McCoy and Tropp,

2014, Section 6.3)) and Theorem 7-(1).

(2)(a). We only need to prove that the LRT is not powerful for µ ∈ Kα such that ‖µ‖ = O(1).

Using the decomposition (C.3), it suffices to show T (µ+ ξ)− T (ξ) = OP(n1/2). This follows

as

T (µ+ ξ)− T (ξ)

= ‖µ+ ξ‖2 − ‖µ+ ξ − ΠKα(µ+ ξ)‖2 −
(
‖ξ‖2 − ‖ξ − ΠKα(ξ)‖2

)

= ‖µ‖2 + 2〈µ, ξ〉 − ‖ΠKα(ξ)− ΠKα(µ+ ξ) + µ‖2

− 2〈ξ − ΠKα(ξ),ΠKα(ξ)− ΠKα(µ+ ξ) + µ〉

= OP

(
‖µ‖2 + ‖µ‖ + ‖ΠKα(ξ)− ΠKα(µ+ ξ)‖2 + ‖µ‖2

+ ‖ξ − ΠKα(ξ)‖
[
‖ΠKα(ξ)− ΠKα(µ+ ξ)‖ ∨ ‖µ‖

])

= OP(n1/2).

(2)(b). By (2)(a) and Theorem 7-(2), we have ‖µ1‖ � 1 if and only if

E‖ΠKα(µ1 + ξ1)‖2 − E‖ΠKα(ξ1)‖2

n1/2
→∞.
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Now using Theorem 7-(2) again for K× to conclude by noting that

E‖ΠK×(µ+ ξ)‖2 − E‖ΠK×(ξ)‖2

= E‖ΠKα(µ1 + ξ1)‖2 − E‖ΠKα(ξ1)‖2 + (µ2)2.

This completes the proof.

C.2.3 Proof of Theorem 10

We first prove Proposition 19. The following lemma will be used. We present its proof at

the end of this subsection.

Lemma 47. Fix 0.1n ≤ i ≤ 0.9n. Let u∗ ≤ i and h∗1 ≥ 0 be defined through the following

max-min formula for the isotonic LSE:

µ̂i = max
u≤i

min
v≥i

Y |[u,v] ≡ min
v≥i

Y |[u∗,v] ≡ min
h2≥0

Y |[i−h∗1n2/3,i+h2n2/3]. (C.8)

Then there exists some C = C(L) > 0 such that for any t > 0

P
(
|µ̂i − µi| > n−1/3t

)
∨ P(h∗1 > t) ≤ Cexp(−t2/C).

Proof of Proposition 19. We write in the proof µ̂ = µ̂K↑ and µ = µ0 for simplicity of notation.

Note that (Jµ̂)ij = 1µ̂i=µ̂j(1/|{k : µ̂k = µ̂i}|). Note that

P(µ̂i = µ̂j) = E
[
1µ̂i=µ̂j ·

1

|{k : µ̂k = µ̂i}|1/2
· |{k : µ̂k = µ̂i}|1/2

]

≤
√

(EJµ̂)ij ·
√
E|{k : µ̂k = µ̂i}|.

This implies that

(EJµ̂)ij ≥
P2(µ̂i = µ̂j)

E|{k : µ̂k = µ̂i}|
. (C.9)

We will bound the denominator from above and the numerator from below in the above

display separately in the regime {(i, j) : |i − j| ≤ κn2/3, 0.1n ≤ i, j ≤ 0.9n}, where κ =

κ(L) > 0 is a constant to be specified below.
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Fix 0.1n ≤ i ≤ 0.9n. First we provide an upper bound for the denominator in (C.9). By

Lemma 47 and using the notation defined therein, there exists some large c = c(L, ε) > 1

such that on an event E0 with probability 1− ε,

|µ̂i − µi| ≤ cn−1/3, (C.10)

and

P
(
E1 ≡

{
h∗1 ≥ c

})
≤ Ce−c

2/C ,

where C = C(L) > 0 is a constant depending on L only. Hence integrating the tail leads to

the following: for some constant C ′ = C ′(L) > 0,

E|{k ≤ i : µ̂k = µ̂i}| ≤ C ′n2/3.

Similarly we can handle the case k ≥ i, so we arrive at

E|{k : µ̂k = µ̂i}| ≤ C ′′n2/3 (C.11)

for some constant C ′′ = C ′′(L) > 0.

Next we provide a lower bound for the numerator of (C.9). On the event E2 = {1 ∨ (i−
c−100n2/3) ≤ u∗ ≤ i} (there is nothing special about the constant 100—a large enough value

suffices), we have

n1/3
(
µ̂i − µi

)
= min

v≥i
n1/3

(
µ|[u∗,v] − µi + ξ|[u∗,v]

)

≤ min
i≤v≤n∧(i+c−10n2/3)

n1/3
(
µ|[u∗,v] − µi + ξ|[u∗,v]

)

≤ min
i≤v≤n∧(i+c−10n2/3)

n1/3ξ|[u∗,v] + max
i≤v≤n∧(i+c−10n2/3)

n1/3
(
µ|[u∗,v] − µi

)

≤ min
0≤h2≤c−10

W (−h∗1) +W (h2) +Rn

h∗1 + h2 + |O(n−2/3)| +O(c),
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where Rn = Oa.s.(log n/n1/3) comes from Kolmós-Major-Tusnády strong embedding, and W

denotes a standard two-sided Brownian motion starting from 0. The bound O(c) for the bias

term follows as

max
i≤v≤n∧(i+c−10n2/3)

n1/3
(
µ|[u∗,v] − µi

)
≤ max

i≤v≤n∧(i+cn2/3)
n1/3

(
µ|[i,v] − µi

)

≤ max
n−2/3≤h2≤c

n1/3
∑

`∈[i,i+h2n2/3]∩Z(µ` − µi)
bh2n2/3c+ 1

≤ max
n−2/3≤h2≤c

n1/3(L/n)
∑

`∈[0,h2n2/3]∩Z `

bh2n2/3c+ 1
= O(c). (C.12)

Now on the event E2,

W (−h∗1) ≤ sup
0≤h1≤c−100

W (−h1)
d
= c−50 sup

0≤t≤1
W (t) ≡ c−50Z.

By reflection principle for Brownian motion, for any u > 0,

P
(
{W (−h∗1) > c−50u} ∩ E2

)
≤ P

(
Z > u) = 2P

(
W (1) > u

)
≤ 2e−u

2/2.

Let h◦2 be such that

W (h◦2) ≡ inf
0≤h2≤c−10

W (h2)
d
= c−5 inf

0≤t≤1
W (t) = −c−5Z.

So for u > 0,

P(W (h◦2) < −c−5u) = P(Z > u) = 1− P
(
|N (0, 1)| ≤ u

)
≥ 1− 2u.

Hence on the event E2 intersected with an event with probability at least 1− 4ε,

min
0≤h2≤c−10

W (−h∗1) +W (h2) +Rn

h∗1 + h2 + |O(n−2/3)| ≤
W (−h∗1) +W (h◦2) +Rn

h∗1 + h◦2 + |O(n−2/3)|

≤ c−50
√

2 log(1/ε)− c−5ε+Rn

h∗1 + h◦2 + |O(n−2/3)| ≤ −Cε · c5.

where the last inequality follows by choosing for c = c(ε) large enough followed by n large

enough, and h∗1 + h◦2 ≤ c−100 + c−10 ≤ 2c−10 on E2. Combining the above estimates, we see
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that

n1/3
(
µ̂i − µi

)
≤ −C ′ε · c5

on the event E2 intersected with an event with probability at least 1 − 4ε, when c and

n are chosen large enough, depending on L, ε. This event must occur with small enough

probability for c large in view of (C.10), so we have proved that P(E2) ≤ 5ε for large

enough c = c(L, ε) > 1 and n = n(L, ε) ∈ N. This means that P(µ̂i = µ̂j) ≥ 1 − 5ε for

1 ∨ (i − c−100n2/3) ≤ j ≤ i for large enough c = c(L, ε) > 1 and n = n(L, ε) ∈ N. Similarly

one can handle the regime i ≤ j ≤ (i + c−100n2/3) ∨ n. In summary, we have proved there

exists some κ = κ(L) > 0 such that

P(µ̂i = µ̂j) ≥ 1/2 (C.13)

holds for {(i, j) : |i − j| ≤ κn2/3, 0.1n ≤ i, j ≤ 0.9n} for n large enough. The claim of the

proposition now follows by plugging (C.11) and (C.13) into (C.9).

Now we are in position to prove Theorem 10.

Proof of Theorem 10-(1). We write in the proof µ̂ = µ̂K and µ = µ0 for simplicity of

notation. Pµ,Eµ are shorthanded to P,E if no confusion could arise. For κ > 0, let

I` ≡ I`(κ) ≡ {i : 0.1n + (` − 1) · κn2/3 ≤ i ≤
(
0.1n + ` · κn2/3

)
∧ 0.9n} and `0 be the

maximum integer for which I`0 ⊂ [0.1n, 0.9n]. Clearly |I`| � κn2/3 for all 1 ≤ ` ≤ `0 and

`0 � n1/3/κ. Using the κ specified in Proposition 19, we have

‖EJµ̂‖2
F =

∑

i,j

(
EJµ̂

)2

ij
≥

`0∑

`=1

∑

(i,j)∈I`×I`

(E(Jµ̂)ij
)2

&
`0∑

`=1

∑

(i,j)∈I`×I`

n−4/3 � n1/3. (C.14)

On the other hand, by e.g., Zhang (2002), under the condition of Theorem 10, we have

E‖µ̂− µ‖2 . n1/3.
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The claim now follows by applying Theorem 4 (by ignoring the bias term in the denominator)

with the above two displays.

Proof of Theorem 10-(2). Following the notation used in Meyer and Woodroofe (2000), let

W̃ be the greatest convex minorant of t 7→ W (t) + t2/2, t ∈ R, and a = −E[W̃ (0)] > 0, b =

E[W̃ ′(0)2] > 0. Using the same techniques as in (Meyer and Woodroofe, 2000, Theorem 2,

Corollary 4) but by performing Taylor expansion to the second order, it can be shown that

for all C2 monotone functions f : [0, 1] → R with bounded first derivative f ′ away from 0

and ∞, and bounded second derivative f ′′ away from ∞,

Eµf div µ̂K↑ = (a+ b) · n1/3

∫ 1

0

(f ′(t))2/3 dt+O(1),

Eµf‖µ̂K↑ − µf‖2 = b · n1/3

∫ 1

0

(f ′(t))2/3 dt+O(1). (C.15)

Here µf = (f(i/n))ni=1 for a generic f : [0, 1] → R, and the O(1) term in the above display

depends only on the upper and lower bounds for f ′ and the upper bound of f ′′. Hence for

the prescribed f ,

mµf − ‖µf − µf0‖2 = 2Eµf div µ̂K↑ − Eµf‖µ̂K↑ − µf‖2

= (2a+ b) · n1/3

∫ 1

0

(f ′(t))2/3 dt+O(1).

On the other hand, for the prescribed f , (C.14) provides a lower bound for σ2
µf

, while the

Gaussian-Poincaré inequality yields a matching upper bound:

n1/3 . σ2
µf
≤ 4Eµf‖µ̂K↑ − µf‖2 . n1/3.
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Now with ‖δ‖[1] ≡
∫
δ′, condition (4.19) reduces to

‖µf − µf0‖ �
∣∣mµf −mµf0

∣∣ ∨ σµf

⇔
√
n

∫
(f − f0)2 +O(1)

�
∣∣∣∣(2a+ b)n1/3

∫ {
(f ′)2/3 − (f ′0)2/3

}
+O(1) + n

∫
(f − f0)2

∣∣∣∣
∨

n1/6

⇔
√
nρ2

n +O(1)�
∣∣∣∣− |O(1)|n1/3ρn‖δ‖[1] +O(1) + nρ2

n

∣∣∣∣
∨

n1/6, (C.16)

where in the last equivalence we used that
∫ {

(f ′)2/3 − (f ′0)2/3
}

=

∫ {
(f ′)2/3 − (f ′ + ρnδ

′)2/3
}

= −O(ρn)

∫
δ′.

By Theorem 5-(2), under (C.16) the LRT is power consistent if and only if
∣∣− |O(1)|n1/3ρn‖δ‖[1] + nρ2

n

∣∣
n1/6

→∞. (C.17)

We have two cases:

1. If nρ2
n � n1/3ρn|‖δ‖[1]| ⇔ ρn � n−2/3|‖δ‖[1]|, then (C.17) requires ρn � n−5/12.

2. If nρ2
n � n1/3ρn|‖δ‖[1]| ⇔ ρn � n−2/3|‖δ‖[1]|, then (C.17) requires ρn � n−1/6/|‖δ‖[1]|.

This is not feasible as |‖δ‖[1]| = |
∫
δ′| = O(1).

To summarize, (C.17) is equivalent to requiring ρn � n−5/12. In this regime (C.16) also

holds. The proof is complete.

Proof of Lemma 47. By the monotonicity of µ, we have

µ̂i − µi = min
h2≥0

Y |[i−h∗1n2/3,i+h2n2/3] − µi ≤ Y |[i−h∗1n2/3,i+n2/3] − µi

=
(
µ|[i−h∗1n2/3,i+n2/3] − µi

)
+ ξ|[i−h∗1n2/3,i+n2/3]

≤
(
µdi+n2/3e − µi

)
+ max

h1≥0
|ξ|[i−h1n2/3,i+n2/3]|

≤ C1n
−1/3 + max

h1≥0
|ξ|[i−h1n2/3,i+n2/3]|,
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where the last inequality follows by (4.35). Note for any t > 0, a standard blocking argument

(cf. (Han and Zhang, 2019, Lemma 2)) yields

P
(

max
h1≥0
|ξ|[i−h1n2/3,i+n2/3]| > tn−1/3

)
≤ Ce−t

2/C . (C.18)

This concludes the one-sided estimate P(µ̂i − µi > n−1/3t). The other side is similar.

Now consider P(h∗1 > t). On the event {h∗1 > t}, we have

µ̂i − µi = min
h2≥0

Y |[i−h∗1n2/3,i+h2n2/3]

≤
(
µ|[i−h∗1n2/3,i+n2/3] − µi

)
+ ξ|[i−h∗1n2/3,i+n2/3]

≤
(
µ|[i−tn2/3,i+n2/3] − µi

)
+ max

h1≥0

∣∣ξ|[i−h1n2/3,i+n2/3]

∣∣

≤ −C2 · tn−1/3 + C3 · n−1/3 + max
h1≥0

∣∣ξ|[i−h1n2/3,i+n2/3]

∣∣,

where the last inequality follows from calculations similar to (C.12), but now using both the

upper and lower bound parts of (4.35). Choosing t ≥ 2C3/C2, and replacing t in (C.18) by

C2t/4, we see that

P
(
h∗1 > t

)
≤ P

(
µ̂i − µi ≤ −(C2/4)tn−1/3

)
+ C4e

−t2/C4 .

The claim follows by adjusting constants.

C.2.4 Proof of Theorem 11

We first prove Proposition 20. The following lemma will be useful to control the term pλ,µ0

therein. We present its proof at the end of this subsection.

Lemma 48. For any θ ∈ Rp with ‖θ‖1 ≤ λ, let µ ≡ Xθ ∈ KX,λ. There exists some universal

constant C > 0 such that for t ≥ 1,

Pµ
(
‖θ̂0‖1 ≥ ‖θ‖1 + t

√
p

nλmin(Σ)

)
≤ e−t

2/C .
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Proof of Proposition 20. (1). We will derive an explicit formula for Jµ̂ using the results of

Kato (2009). First note by the chain rule that

Jµ̂(ξ) =
∂µ̂

∂ξ
=
∂µ̂

∂θ̂

∂θ̂

∂θ̂0

∂θ̂0

∂ξ
= X

∂θ̂

∂θ̂0
(X>X)−1X>.

Let K̃ ≡ K̃λ ≡ {θ ∈ Rp : ‖θ‖1 ≤ λ}. For each m ∈ {1, . . . , p}, suppose there are Nm faces

of K̃λ of dimension m, denoted as {Fm,`}Nm`=1. Then we can partition ∂K̃λ as {Fm,`}m,`. Let
{
E0, {Em,`}m,`

}
be a partition of Rp defined as E0 ≡ K̃λ, Em,` ≡ {y ∈ Rp : ΠK̃λ

(y) ∈ Fm,`}.
Let E◦0 , E

◦
m,` be the interiors of E0, Em,`, respectively. Since K̃λ is a polyhedron, it follows

by (Kato, 2009, Equation (3.6) and Remark 3.3) that when θ̂0 ∈ E◦m,`,

∂θ̂

∂θ̂0
= Bm,`(B

>
m,`X

>XBm,`)
−1B>m,`X

>X,

where Bm,` = [b1,`, . . . , bp−m,`] ∈ Rp×(p−m) whose columns are linearly independent and span

the tangent space at any point in Fm,`. Hence on the event {θ̂0 ∈ E◦m,`},

Jµ̂(ξ) = XBm,`(B
>
m,`X

>XBm,`)
−1(B>m,`X

>),

which is a projection matrix onto the column space of XBm,`. In other words, a.e. on Rn,

Jµ̂(ξ) = 1θ̂0∈E◦0
· Z0 +

p∑

m=1

Nm∑

`=1

1θ̂0∈E◦m,`
· Zm,`,

where

Z0 ≡ X(X>X)−1X>, Zm,` ≡ XBm,`(B
>
m,`X

>XBm,`)
−1(B>m,`X

>).

Hence,

Eµ0Jµ̂(ξ) = Z0 · Pµ0

(
θ̂0 ∈ E◦0

)
+

p∑

m=1

Nm∑

`=1

Pµ0

(
θ̂0 ∈ E◦m,`

)
· Zm,`,
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and therefore

‖Eµ0Jµ̂‖2
F =

n∑

i,j=1

(
Eµ0Jµ̂

)2

ij

=
n∑

i,j=1

[
(Z0)ijP

(
θ̂0 ∈ E◦0

)
+
∑

m,`

P
(
θ̂0 ∈ E◦m,`

)
(Zm,`)ij

]2

≥
n∑

i,j=1

[
(Z0)ijPµ0

(
θ̂0 ∈ E◦0

)
− Pµ0

(
θ̂0 /∈ E◦0

)
max
m,`
|(Zm,`)ij|

]2

+

(∗)
≥

n∑

i,j=1

[
(Z0)ijPµ0

(
θ̂0 ∈ E◦0

)
− Pµ0

(
θ̂0 /∈ E◦0

)]2

+

(∗)
≥

n∑

i,j=1

[
(Z0)ij − 2Pµ0

(
θ̂0 /∈ E◦0

)]2

+

(∗∗)
≥

n∑

i,j=1

(Z0)2
ij/2− 4n2Pµ0

(
θ̂0 /∈ E◦0

)2

= p/2− 4n2Pµ0

(
θ̂0 /∈ E◦0

)2
.

Here we have used the following:

• In (∗), we apply the estimate

±Zij = ±e>i Zej ≤ sup
u,v:‖u‖=‖v‖=1

u>Zv = ‖Z‖ ≤ 1, Z ∈ {Z0, Zm,`}.

This means maxi,j|Zij| ≤ 1 for Z ∈ {Z0, Zm,`}.

• In (∗∗) we use the estimate (a− b)2
+ ≥ a2/2− b2.

• In the last equality we use
∑

i,j(Z0)2
ij = Tr(Z0Z

>
0 ) = p.

Thus, claim (1) follows.
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(2). Note that

Eµ div µ̂ = EµTr(Jµ̂)

= Pµ
(
θ̂0 ∈ E◦0

)
Tr(Z0) +

p∑

m=1

Nm∑

`=1

Pµ
(
θ̂0 ∈ E◦m,`

)
Tr(Zm,`)

= p− pPµ
(
θ̂0 /∈ E◦0

)
+

p∑

m=1

Nm∑

`=1

Pµ
(
θ̂0 ∈ E◦m,`

)
(p−m).

Hence

∣∣Eµ div µ̂− p
∣∣ ≤ 2pPµ

(
θ̂0 /∈ E◦0

)
,

proving claim (2).

(3). When θ̂0 ∈ E◦0 , θ̂ = θ̂0 as θ̂ is the projection of θ̂0 onto K̃ with respect to ‖ · ‖X ≡
(
·> X>X ·

)1/2
, cf. (Kato, 2009, Equation (1.6)). This means

Eµ‖µ̂− µ‖2 = Eµ
(
‖µ̂− µ‖21θ̂0∈E◦0

)
+ Eµ

(
‖µ̂− µ‖21θ̂0 /∈E◦0

)

= Eµ
(
‖Xθ̂0 −Xθ‖21θ̂0∈E◦0

)
+ Eµ

(
‖µ̂− µ‖21θ̂0 /∈E◦0

)

= Eµ‖Xθ̂0 −Xθ‖2 +Rn,µ = p+Rn,µ,

where

Rn,µ ≡ Eµ
(
‖µ̂− µ‖21θ̂0 /∈E◦0

)
− Eµ

(
‖Z0ξ‖21θ̂0 /∈E◦0

)
.

As ‖θ‖1 ≤ λ, ‖µ̂− µ‖2 ≤ 2‖Y − µ̂‖2 + 2‖ξ‖2 ≤ 4‖ξ‖2 by using ‖Y − µ̂‖2 ≤ ‖Y − µ‖2 = ‖ξ‖2

via the definition of projection, we have

Eµ
(
‖µ̂− µ‖21θ̂0 /∈E◦0

)
≤ 4
√

E‖ξ‖4

√
Pµ
(
θ̂0 /∈ E◦0

)
≤ Cn

√
Pµ
(
θ̂0 /∈ E◦0

)
.

On the other hand, a similar estimate yields

Eµ
(
‖Z0ξ‖21θ̂0 /∈E◦0

)
≤ Cp

√
Pµ
(
θ̂0 /∈ E◦0

)
≤ Cn

√
Pµ
(
θ̂0 /∈ E◦0

)
.
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Hence

∣∣Eµ‖µ̂− µ‖2 − p
∣∣ ≤ Cn

√
Pµ
(
θ̂0 /∈ E◦0

)
.

This completes the proof of claim (3).

Proof of Theorem 11. The first claim follows from Proposition 20-(1)(3) and Theorem 4 (by

ignoring the bias term in the denominator). For the second claim, by Proposition 20-(2)(3),

mµ −
(
‖µ− µ0‖2 + p

)
= 2Eµ div µ̂KX,λ − Eµ‖µ̂KX,λ − µ‖2 − p = O(n · p1/2

λ,µ).

This entails that mµ −mµ0 = ‖µ− µ0‖2 + n · O(p
1/2
λ,µ ∨ p

1/2
λ,µ0

). Furthermore, using Gaussian-

Poincaré inequality along with Proposition 20-(1)(3), we have

σ2
µ0
≤ 4Eµ0‖µ̂− µ0‖2 ≤ 4p+ C(np

1/2
λ,µ0

) = O(p),

where the last inequality follows from the condition np
1/2
λ,µ0

= o(1). This, along with lower

bound for σ2
µ0

derived in Proposition 20-(1), yields that σ2
µ0
� p. Therefore, under the

condition n · (p1/2
λ,µ ∨p

1/2
λ,µ0

) = o(1), (4.19) is satisfied automatically, and (4.21) is equivalent to

∣∣∣∣
n · O

(
p

1/2
λ,µ ∨ p

1/2
λ,µ0

)
+ ‖µ− µ0‖2

p1/2

∣∣∣∣→∞⇔ ‖µ− µ0‖ � p1/4.

The proof is complete.

Proof of Lemma 48. Recall that Σ = X>X/n. Note that

θ̂0 = (X>X)−1X>Y = θ + (X>X)−1X>ξ
d
= θ + (X>X)−1/2Z

with Z ∼ N (0, Ip). For any b ∈ Rp, let fb : Rp → R be defined as fb(y) ≡ fb(y;X) ≡
〈(X>X)−1/2y, b〉. Then ‖θ̂0‖1 = supb:‖b‖∞≤1

[
fb(Z) + b>θ

]
. Hence by Gaussian concentration

(cf. (Boucheron et al., 2013, Theorem 5.8)), for any t > 0,

P
(
‖θ̂0‖1 − E‖θ̂0‖1 > t

)
≤ exp

(
− t2/2σ2

)
, (C.19)
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where σ2 = supb:‖b‖∞≤1 Var
(
fb(Z)

)
. Next we bound E‖θ̂0‖1 and σ2. For σ2, note that

σ2 = sup
b:‖b‖∞≤1

E〈(X>X)−1/2Z, b〉2 = n−1 sup
b:‖b‖∞≤1

b>Σ−1b

≤ (p/n) · sup
b:‖b‖2≤1

b>Σ−1b = p
/(
nλmin(Σ)

)
.

For the mean term, we have E‖θ̂0‖1 ≤ ‖θ‖1 +E‖(X>X)−1/2ξ‖1 = ‖θ‖1 +E supb:‖b‖∞≤1 fb(Z).

Note that the natural metric d induced by the Gaussian process
(
fb(Z) : b ∈ Rp

)
takes the

form

d2(b1, b2) ≡ E
(
fb1(Z)− fb2(Z)

)2

= (b1 − b2)>(nΣ)−1(b1 − b2) ≤ n−1λ−1
min(Σ)‖b1 − b2‖2,

and a simple volume estimate yields that

N (ε, {b : ‖b‖∞ ≤ 1}, d) .
[
(nλmin(Σ))−1/2/ε

]p
.

Hence by Dudley’s entropy integral (cf. (Giné and Nickl, 2016, Theorem 2.3.6)),

E‖(X>X)−1/2ξ‖1 .
∫ ∞

0

√
log
(
1 ∨N (ε, {b : ‖b‖∞ ≤ 1}, d)

)
dε

.
√
p
/(
nλmin(Σ)

)
.

The claim now follows from (C.19).

C.2.5 Proof of Theorem 12

By definition of K0,k, we have δK0,k
= dim(K0,k) = k + 1. We will now show that

L−1
k

(
1k≥1 log log(16n) + 1k=0 log(en)

)
≤ δK↑,k ≤ Lk log(en), (C.20)

where Lk > 0 only depends on k.

We first prove the upper bound in (C.20) by induction. The baseline case k = 0 follows

by (Amelunxen et al., 2014, Equation (D.12)). Suppose the claim holds for some k ∈ Z≥0.
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For k + 1, note that K↑,k+1 = ∪n`=1K↑,k+1;` where K↑,k+1;` contains all ν ∈ K↑,k+1 such that

−ν|[1:`] is k-monotone, and ν|(`:n] is k-monotone. Hence for any ` ∈ [1 : n], it follows by

(Amelunxen et al., 2014, Proposition 3.1) that

δK↑,k+1;`
≤ Lk

(
log(e`) + log(e(n− `))

)
≤ 2Lk log(en),

where the second inequality follows by induction. On the other hand, let Zk ≡ supν∈K↑,k∩B(1)〈ν, ξ〉 =

‖ΠK↑,k(ξ)‖, then Gaussian concentration (cf. (Boucheron et al., 2013, Theorem 5.8)) entails

that for any t > 0,

P(Zk ≥ EZk + t) ≤ exp(−t2/2).

Hence, using the induction hypothesis EZk ≤
(
EZ2

k

)1/2 ≤ L
1/2
k

√
log(en) and the union

bound, it holds w.p. at least 1− exp(−t) that

Zk+1 ≡ sup
ν∈K↑,k+1∩B(1)

〈ν, ξ〉 ≤ max
1≤`≤n

δ
1/2
K↑,k+1;`

+
√

2(t+ log(en))

≤
(
2Lk log(en)

)1/2
+
√

2(t+ log(en)).

Now the bound for δK↑,k+1
= EZ2

k+1 follows by integrating the tail.

Next we prove the lower bound in (C.20) for k ≥ 1. By Sudakov’s minorization (cf. (Giné

and Nickl, 2016, Theorem 2.4.12)), we have

δ
1/2
K↑,k+1

≥ EZk+1 & sup
ε>0

ε
√

logN (ε,K↑,k+1 ∩B(1), ‖ · ‖)

≥ sup
ε>0

ε
√

logD(2ε,K↑,k+1 ∩B(1), ‖ · ‖),

where D(ε, T, d) is the maximal ε-packing number of set T with respect to the metric d. By

taking ε to be small enough, the construction in (Shen et al., 2020, Theorem 3.4) yields an

(2ε)-packing set of cardinality of the order log(en). This completes the lower bound proof.

Now the claim (1) follows from Theorem 7-(1) and the lower bound in (C.20). (2) follows

from the upper bound in (C.20) and Theorem 7-(2).
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C.3 Additional proofs

C.3.1 Proof of Lemma 2

We provide the proof for (1)-(2) assuming K is a polyhedral cone. The claim for a general

convex cone K follows from polyhedral approximation (McCoy and Tropp, 2014, Section

7.3).

(1) As VK
d
= div ΠK(ξ) = Tr

(
JΠK (ξ)

)
, we have EVK = E div ΠK(ξ) = E〈ξ,ΠK(ξ)〉 =

E‖ΠK(ξ)‖2 = δK .

(2) The claim is proved in (McCoy and Tropp, 2014, Proposition 4.4) using the ‘Master

Steiner formula’, cf. (McCoy and Tropp, 2014, Theorem 3.1), which is a restatement of the

chi-bar squared distribution. Below we provide a simple alternative proof of this claim using

Gaussian integration-by-parts only.

By expanding VK
d
= 〈ξ,ΠK(ξ)〉−

(
〈ξ,ΠK(ξ)〉−div ΠK(ξ)

)
and noting that E〈ξ,ΠK(ξ)〉 =

E div ΠK(ξ),

Var(VK) = Var
(
〈ξ,ΠK(ξ)〉 − div ΠK(ξ)

)
+ Var

(
〈ξ,ΠK(ξ)〉

)

− 2E
[(
〈ξ,ΠK(ξ)〉 − div ΠK(ξ)

)
〈ξ,ΠK(ξ)〉

]

= ETrJ2
ΠK

(ξ) + E‖ΠK(ξ)‖2 + Var
(
〈ξ,ΠK(ξ)〉

)

− 2E
[
〈ΠK(ξ),∇〈ξ,ΠK(ξ)〉〉

]
.

The last equality follows from Gaussian integration-by-parts: (i) Var(〈ξ, f(ξ)〉 − div f(ξ)) =

ETrJ2
f (ξ)+E‖f(ξ)‖2 (see e.g., (Stein, 1981, Theorem 3), or (Bellec and Zhang, 2018, Theorem

2.1)) and (ii) E[(〈ξ, f(ξ)〉−div f(ξ))g(ξ)] = E[〈f(ξ),∇g(ξ)〉] (Bellec and Zhang, 2018, Equa-

tion (2.4)). Note that (i) ∇〈ξ,ΠK(ξ)〉 = ∇‖ΠK(ξ)‖2 = ∇‖ξ − ΠK∗(ξ)‖2 = 2(ξ − ΠK∗(ξ)) =

2ΠK(ξ) using the fact K is a cone and Lemma 1-(1), and (ii) ETrJ2
ΠK

(ξ) = ETrJΠK (ξ) =

E div ΠK(ξ) using the fact that when K is polyhedral, JΠK is a.e. a projection matrix

(cf. (Kato, 2009, Remark 3.3)). Finally using that E div ΠK(ξ) = E〈ξ,ΠK(ξ)〉 = E‖ΠK(ξ)‖2

to conclude.
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(3) The right inequality follows by an application of the improved Gaussian-Poincaré in-

equality stated in (Goldstein et al., 2017, Theorem A.2) as follows: By Lemma 1-(1) again,

∇‖ΠK(ξ)‖2 = ∇‖ξ − ΠK∗(ξ)‖2 = 2(ξ − ΠK∗(ξ)) = 2ΠK(ξ), so (Goldstein et al., 2017,

Theorem A.2) yields that

Var(‖ΠK(ξ)‖2) ≤ 1

2
E
∥∥∇‖ΠK(ξ)‖2

∥∥2
+

1

2

∥∥E∇‖ΠK(ξ)‖2
∥∥2

= 2E‖ΠK(ξ)‖2 + 2‖EΠK(ξ)‖2.

The left inequality is an immediately consequence of (2).

C.3.2 Proof of Proposition 29

Recall the following second-order Poincaré inequality due to Chatterjee (2009).

Lemma 49 (Second-order Poincaré inequality). Let ξ be an n-dimensional standard normal

random vector. Let F : Rn → R be absolute continuous such that F and its derivatives have

sub-exponential growth at ∞. Let ξ′ be an independent copy of ξ. Define T : Rn → R by

T (y) ≡
∫ 1

0

1

2
√
t
〈∇F (y),Eξ′∇F (

√
ty +

√
1− tξ′)〉 dt.

Then with W ≡ F (ξ),

dTV

(
W − EW√

Var(W )
,N (0, 1)

)
≤ 2

√
Var(T (ξ))

Var(W )
.

Proof. Let W ′ ≡
(
F (ξ) − EF (ξ)

)
/
√

Var(F (ξ)), and T ′ ≡ T/Var(F (ξ)). Then (Chatterjee,

2009, Lemma 5.3) says that

dTV(W ′,N (0, 1)) ≤ 2
√

Var(T ′(ξ)) = 2
√

Var(T (ξ))/Var(F (ξ)).

The claim follows by the invariance of the total variation metric by translation and scaling.
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Proof of Proposition 29. For any fixed µ ∈ Rn, let F (ξ) ≡ Fµ(ξ) ≡ ‖µ+ ξ −ΠK0(µ+ ξ)‖2 −
‖µ+ ξ − ΠK(µ+ ξ)‖2. By Lemma 1-(1), we have

∇F (ξ) = 2(µ+ ξ − ΠK0(µ+ ξ))− 2(µ+ ξ − ΠK(µ+ ξ))

= 2
(
ΠK(µ+ ξ)− ΠK0(µ+ ξ)

)
.

To use the second-order Poincaré inequality, let ξ′ be an independent copy of ξ and ξt ≡
√
tξ +

√
1− tξ′, and let

T (ξ) ≡
∫ 1

0

1

2
√
t
〈∇F (ξ),Eξ′∇F (ξt)〉 dt

= 4Eξ′
∫ 1

0

1

2
√
t
〈ΠK(µ+ ξ)− ΠK0(µ+ ξ),ΠK(µ+ ξt)− ΠK0(µ+ ξt)〉 dt.

Hence

∇T (ξ) = 4Eξ′
∫

1

2
√
t

[
(JΠK − JΠK0

)(µ+ ξ)>
(
ΠK(µ+ ξt)− ΠK0(µ+ ξt)

)

+
√
t(JΠK − JΠK0

)(µ+ ξt)
>(ΠK(µ+ ξ)− ΠK0(µ+ ξ)

)]
dt.

The terms involved in the integral in T are all absolute continuous, so we may continue to

use Gaussian-Poincaré inequality:

Var(T (ξ)) ≤ E‖∇T (ξ)‖2

≤ 16

∫ 1

0

1

2
√
t
E
∥∥∥∥(JΠK − JΠK0

)(µ+ ξ)>
(
ΠK(µ+ ξt)− ΠK0(µ+ ξt)

)

+
√
t(JΠK − JΠK0

)(µ+ ξt)
>(ΠK(µ+ ξ)− ΠK0(µ+ ξ)

)∥∥∥∥
2

dt

(by Jensen’s inequality applied to the measure dt/2
√
t)

≤ 16× 8

∫ 1

0

1

2
√
t

(
E‖ΠK(µ+ ξt)− ΠK0(µ+ ξt)‖2

+ E‖ΠK(µ+ ξ)− ΠK0(µ+ ξ)‖2

)
dt.
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Here in the last inequality we used that ‖JΠK − JΠK0
‖ ≤ ‖JΠK‖ + ‖JΠK0

‖ ≤ 2. Now using

that ξt has the same distribution as ξ for each t ∈ [0, 1], we arrive at

Var(T (ξ)) ≤ 162E‖µ̂K − µ̂K0‖2.

The claim now follows from the second-order Poincaré inequality in Lemma 58.
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Appendix D

APPENDIX OF CHAPTER 5

D.1 Some spectral estimates

First we introduce some convention on notation: Let I1, I2 be finite index sets. For A =

(Aι1,ι2)ι1∈I1,ι2∈I2 ∈ RI1×I2 , its operator norm is defined as

‖A‖op ≡ sup
v∈BI2 (1)

‖Av‖`2(RI2 ). (D.1)

It can be readily verified that ‖A‖op = supu∈BI1 ,v∈BI2 〈u,Av〉I1 , and for a symmetric matrix

A ∈ RI1×I1 , ‖A‖op = supu∈BI1 |〈u,Au〉I1|. Here 〈·, ·〉I1 is the standard inner product on RI1 .

Clearly, the definition of the operator norm does not depend on the choice of the ordering

of the index sets.

Under this notational convention, with the index set Λ ≡ {(ij) : i ∈ [N ], j ∈ [p]},
we present below two results on the spectral norm of some special Λ × Λ matrices that

are crucial to the proof of the quantitative central limit theorems. We do not specify a

particular ordering on Λ as we will be only interested in the operator norm as defined above.

In the following we use N to denote the set of natural numbers. Recall the data matrix

X = [X1, . . . , XN ]> ∈ RN×p and the definition of S in (5.16).

Proposition 31. 1. Suppose p/N ≤ 1 − ε for some ε > 0. For `,m ∈ N such that

`+m ≥ 1, let U`,m ∈ RΛ×Λ be defined by

(U`,m)(ij),(i′j′) ≡ N−1X>i S
−`Xi′(S

−m)jj′ . (D.2)

Then for any q ∈ N, there exists some C = C(ε, `,m, q) > 0 such that E‖U`,m‖qop ≤ C

for p ≥ C.
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2. When Xi, S and N is replaced by Xi −X, S∗ and n, the conclusion of (1) still holds.

When the inverse S−1 in (D.2) is replaced by S, the condition on p/N can be substantially

relaxed.

Proposition 32. Let y ≡ p/N . For `,m ∈ N, let U`,m;+ ∈ RΛ×Λ be defined by

(U`,m;+)(ij),(i′j′) ≡ N−1X>i S
`Xi′(S

m)jj′ . (D.3)

Then for any q ∈ N, there exists some C = C(`,m, q) > 0 such that E‖U`,m;+‖qop ≤ C(
√
y ∨

y)q(`+m+1).

The proof of Proposition 31 relies crucially on the following stable moment estimate for

‖S−1‖op. Its proof utilizes two main technical tools: (i) rigidity estimates on the eigenvalues

of the sample covariance matrix (cf. Pillai and Yin (2014)); (ii) closed form distributional

formula of sample eigenvalues via zonal polynomials (Muirhead, 1982, Chapter 9.7). Details

are presented in Appendix D.10.

Lemma 50. Let SZ ≡ N−1
∑N

i=1 ZiZ
>
i where Zi’s are i.i.d. N (0, I) in Rp. Suppose p/N ≤

1−ε for some fixed ε > 0 and every N, p ≥ 2. Then for any positive integer q ≤ (N−p−1)/8,

we have E‖S−1
Z ‖qop ≤ C for some positive C = C(ε, q).

The following corollary of the Koltchinskii-Lounici theorem Koltchinskii and Lounici

(2017) will also be repeatedly used.

Lemma 51. Let SZ ≡ N−1
∑N

i=1 ZiZ
>
i where Zi’s are i.i.d. N (0, I) in Rp. Then for any

positive integer q, there exists some positive C = C(q) such that

E‖SZ − I‖qop ≤ C ·
(√ p

N

∨ p

N

)q
.

Proof. This is a direct consequence of (Koltchinskii and Lounici, 2017, Corollary 2).

Now we prove Propositions 31 and 32.
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Proof of Proposition 31. We only prove (1); claim (2) follows from completely same argu-

ments by noting that (D.4) and (D.6) below still hold with the prescribed substitution.

Note that U`,m is symmetric in that (U`,m)(ij)(i′j′) = (U`,m)(i′j′)(ij), and satisfies that for any

non-negative integers (`1,m1) and (`2,m2) such that (`1 +m1) ∧ (`2 +m2) ≥ 1,

(U`1,m1 · U`2,m2)(ij),(i′j′)

= N−2
∑

(ij)

X>i S
−`1Xi(S

−m1)jjX
>
i
S−`2Xi′(S

−m2)jj′

= N−2X>i S
−`1
(∑

i

XiX
>
i

)
S−`2Xi′ ·

(∑

j

(S−m1)jj(S
−m2)jj′

)

= N−1X>i S
−(`1+`2−1)Xi′(S

−(m1+m2))jj′

= (U`1+`2−1,m1+m2)(ij),(i′j′). (D.4)

Consequently the above argument entails that for any q ∈ N, (U`,m)q = U`′,m′ with

`′ ≡ `′(q) ≡ q(`− 1) + 1, m′ ≡ m′(q) ≡ qm. (D.5)

Using that ‖U`,m‖op = supu∈BN×p(1)|
∑

(ij)(i′j′) uij(U`,m)(ij),(i′j′)ui′j′ |, we have

‖U`,m‖op = sup
u∈BN×p(1)

N−1

∣∣∣∣
∑

i,i′,j,j′

X>i S
−`Xi′(S

−m)jj′uijui′j′

∣∣∣∣

= N−1 sup
u∈BN×p(1)

∣∣∣∣
∑

i,i′

X>i S
−`Xi′ ·

∑

jj′

uij · (S−m)jj′ui′j′

∣∣∣∣

= N−1 sup
u∈BN×p(1)

∣∣∣∣
∑

i,i′

X>i S
−`Xi′ ·

[
u · S−m · u>

]
ii′

∣∣∣∣.

As the (i, i′)-th entry of X>S−`X is X>i S
−`Xi′ and that Tr(AB) =

∑N
i,i′=1Aii′Bii′ for two

symmetric matrices in RN×N , we have

‖U`,m‖op = N−1 sup
u∈BN×p(1)

∣∣Tr
[
XS−`X> · uS−mu>

]∣∣

= N−1 sup
u∈BN×p(1)

∣∣Tr
[
(u>X)S−`(X>u) · S−m

]∣∣.
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Further using twice the fact that Tr(AB) ≤ Tr(A)‖B‖op for any two p.s.d. and symmetric

matrices A,B, we arrive at

‖U`,m‖op ≤ N−1‖S−m‖op‖S−`‖op · sup
u∈BN×p(1)

∣∣Tr
(
XX>uu>

)∣∣

≤ ‖S−(`+m)‖op ·N−1‖XX>‖op · sup
u∈BN×p(1)

Tr(uu>)

= ‖S−(`+m)‖op · ‖S‖op = ‖S−1‖`+m−1
op . (D.6)

Hence for any q ∈ N, equations (D.4)-(D.6) and Lemma 50 entail that

E‖U`,m‖qop = E‖U q
`,m‖op = E‖U`′,m′‖op ≤ E‖S−1‖`′+m′−1

op

= E‖S−1‖q(`+m−1)
op ≤ C`,m,q,

completing the proof.

Proof of Proposition 32. The proof largely follows that of Proposition 31 with modifications.

We sketch the difference below. Using the same calculations as in (D.4), we have

(U`1,m1;+ · U`2,m2;+)(ij),(i′j′)

= N−2
∑

(ij)

X>i S
`1Xi(S

m1)jjX
>
i
S`2Xi′(S

m2)jj′

= N−2X>i S
`1

(∑

i

XiX
>
i

)
S`2Xi′ ·

(∑

j

(Sm1)jj(S
m2)jj′

)

= N−1X>i S
`1+`2+1Xi′(S

m1+m2)jj′ = (U`1+`2+1,m1+m2;+)(ij),(i′j′).

Hence for any q ∈ N, (U`,m;+)q = U`′,m′;+ with `′ now defined by `′ ≡ `′(q) ≡ `+(q−1)(`+1)

and m′ = qm remains the same as in (D.5).

Then using the same arguments as in (D.6), we have ‖U`,m;+‖op ≤ ‖S‖`+m+1
op , hence for

any q ∈ N,

E‖U`,m;+‖qop ≤ E‖S‖`′+m′+1
op .`,m,q (

√
y ∨ y)q(`+m+1),
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where the last inequality follows by Lemma 51 and the fact that `′+m′+ 1 = `+ (q− 1)(`+

1) + qm+ 1 = q(`+m+ 1).

D.2 Proofs for Section 5.3.1

Recall Λ = {(ij) : i ∈ [N ], j ∈ [p]}. In the following sections, for a sufficiently smooth

function T : RΛ → R, its gradient ∇T : RΛ → RΛ and Hessian ∇2T : RΛ → RΛ×Λ are

defined respectively by

(
∇T (x)

)
(ij)
≡ ∂T

∂x(ij)

(x) and
(
∇2T (x)

)
(ij),(i′j′)

≡ ∂2T

∂x(ij)∂x(i′j′)
(x),

with x = (x(ij)) ∈ RΛ. Slightly abusing notation, we using ‖∇T (x)‖F ≡ ‖∇T (x)‖`2(RΛ). The

operator norm ‖∇2T (x)‖op is defined in (D.1).

D.2.1 Evaluation of derivatives

In the following, we use {ej}pj=1 to represent the canonical basis in Rp. Let δij be the

Kronecker delta.

Lemma 52. Recall the form of TLRT(X) in (5.19). We assume without loss of generality

that µ = 0. Then for any (i, j), (i′, j′) ∈ [N ]× [p],

1.
(
∇TLRT(X)

)
(ij)

=
(
X(I − S−1)

)
(ij)

= e>j (I − S−1)Xi.

2.
(
∇2TLRT(X)

)
(ij),(i′j′)

= N−1X>i S
−1(ej′X

>
i′ +Xi′e

>
j′)S

−1ej + δii′e
>
j (I − S−1)ej′.

Proof. We use T as a shorthand for TLRT.

(1). By definition, we have

∂(ij)T (X) =
N

2

(
∂(ij)Tr(S)− ∂(ij) log detS

)
.
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For the first partial derivative, using ∂(ij)Xk = δikej, we have

∂(ij)Tr(S(X)) = N−1
∑

k

∂

∂Xij

Tr(XkX
>
k )

= N−1
∑

k

δikTr
[
ejX

>
k +Xke

>
j

]

= N−1
∑

k

δik · 2Xkj = 2N−1Xij. (D.7)

For the second partial derivative, using the well-known fact that ∇ log detA = A−1 for any

invertible and symmetric matrix A (see e.g., (Boyd and Vandenberghe, 2004, Section A.4.1)),

we have

∂(ij) log detS =
∑

k,`

∂ log detS

∂Sk`

∂Sk`
∂Xij

(∗)
=
∑

k,`

(S−1)k` ·
1

N
(δjkXi` + δj`Xik)

=
1

N

∑

`

(S−1)j`Xi` +
∑

k

(S−1)kjXik =
2

N
(XS−1)ij, (D.8)

where in (∗), we use

∂Sk`
∂Xij

=
1

N

∂

∂Xij

〈Xek, Xe`〉 =
1

N
(δjkXi` + δj`Xik). (D.9)

Combining (D.7) and (D.8) yields the first claim.

(2). Again by definition, we have

∂(ij)(i′j′)T (X) =
N

2

(
∂(ij)(i′j′)Tr(S)− ∂(ij)(i′j′) log detS

)
.

For the first derivative, it follows from (D.7) that

∂(ij)(i′j′)Tr(S) = 2N−1∂(i′j′)Xij = 2N−1δii′δjj′ . (D.10)
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For the second derivative, it follows from (D.8) that

∂(ij)(i′j′) log detS

=
2

N

∂

∂Xi′j′
X>i S

−1ej =
2

N

( ∂Xi

∂Xi′j′

>
S−1ej +X>i

∂S−1

∂Xi′j′
ej

)

(∗∗)
=

2

N

(
δii′e

>
j′S
−1ej −N−1X>i S

−1
(
ej′X

>
i′ +Xi′e

>
j′

)
S−1ej

)
, (D.11)

where in (∗∗) we use the following calculation with the help of (D.9):

∂S−1

∂Xi′j′
= −S−1 ∂S

∂Xi′j′
S−1 = −S−1

(∑

k`

eke
>
`

∂Sk`
∂Xi′j′

)
S−1

= − 1

N
S−1 ·

(∑

k`

eke
>
` (δj′kXi′` + δj′`Xi′k)

)
S−1

= − 1

N
S−1

(
ej′X

>
i′ +Xi′e

>
j′

)
S−1. (D.12)

We obtain the second claim by combining (D.10) and (D.11).

D.2.2 Normal approximation

Proof of Theorem 14. We again shorthand TLRT;Σ by T . By Lemma 52,

‖∇T (X)‖2
F =

∑

i,j

(
∂(ij)T (X)

)2
=
∑

i

‖(I − S−1)Xi‖2

≤ ‖S−1‖2
op‖I − S‖2

op

∑

i

‖Xi‖2.

Using Lemma 50 and Lemma 51,

E‖∇T (X)‖4
F . E

(
‖S−1‖2

op‖I − S‖2
op

∑

i

‖Xi‖2

)2

=
∑

i,i′

E
[
‖S−1‖4

op‖I − S‖4
op‖Xi‖2‖Xi′‖2

]

≤
∑

i,i′

E1/4‖S−1‖16
op · E1/4‖I − S‖16

op · E1/4‖Xi‖8 · E1/4‖Xi′‖8

. N2 ·
(√ p

N

)4

· p · p = p4. (D.13)
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Again by Lemma 52, the second derivatives are

∂(ij),(i′j′)T (X) = N−1X>i S
−1ej′X

>
i′ S
−1ej

+N−1X>i S
−1Xi′(S

−1)jj′ + δii′
(
I − S−1

)
jj′

≡
(
T1 + T2 + T3

)
(ij),(i′j′)

.

Recall the definition of U`,m in Proposition 31-(1). Then

(T 2
1 )(ij),(i′j′) = N−2

∑

(ij)

X>i S
−1ej ·X>i S−1ej ·X>i S−1ej′ ·X>i′ S−1ej

= N−2

(∑

i

e>j S
−1XiX

>
i
S−1ej′

)
·
(∑

j

X>i S
−1eje

>
j
S−1Xi′

)

= N−1(S−1)jj′ ·X>i S−2Xi′ = (U2,1)(ij),(i′j′), (D.14)

and T2 = U1,1. Proposition 31-(1) entails that

E‖T1‖4
op ∨ E‖T2‖4

op = O(1). (D.15)

On the other hand, T3 has a block diagonal structure with respect to the index (i, i′), so its

spectral norm equals that of (I − S−1) ∈ Rp×p, and hence

E‖T3‖4
op = E‖I − S−1‖4

op ≤ E
[
‖S−1‖4

op‖I − S‖4
op

]
= O(1). (D.16)

Combining all the estimates above, we find that

E‖∇2T (X)‖4
op . E‖T1‖4

op + E‖T2‖4
op + E‖T3‖4

op = O(1). (D.17)

Let X ′ be an independent copy of X and let X ′t ≡
√
tX +

√
1− tX ′ ∈ RN×p. Let E′ denote

expectation only with respect to X ′ and

T (X) ≡
∫ 1

0

1

2
√
t
〈∇T (X),E′∇T (X ′t)〉 dt.
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Then by the Gaussian-Poincaré inequality

Var
(
T (X)

)
≤ E‖∇T (X)‖2

F .
√

E‖∇2T (X)‖4
op

√
E‖∇T (X)‖4

F . p2.

The claim now follows from the second-order Poincaré inequality in Lemma 58 and Propo-

sition 21-(4).

D.2.3 Ratio control

Proof of Proposition 21. We shorthand (TLRT,mΣ;LRT, σΣ;LRT, VΣ;LRT) by (T,mΣ, σΣ, VΣ).

(1). Recall that Z1, . . . , Zn are i.i.d. samples from N (0, Ip). By Lemma 52, with SZ ≡
N−1

∑N
i=1 ZiZ

>
i , we have

TΣ(Z) = ZΣ1/2
(
I − Σ−1/2S−1

Z Σ−1/2
)
Σ1/2 = Z(Σ− S−1

Z ).

Hence with {λj}pj=1 denoting the eigenvalues of Σ, we have

V 2
Σ = E‖TΣ(Z)− TI(Z)‖2

F = E‖Z(Σ− I)‖2
F

= ETr
(
(Σ− I)Z>Z(Σ− I)

)
= Tr

(
EZ>Z(Σ− I)2

)

= N‖Σ− I‖2
F = N

∑

j

(λj − 1)2.

(2). Note that

mΣ = (N/2)E
[
Tr
(
Σ1/2SZΣ1/2

)
− log det(Σ1/2SZΣ1/2)− p

]

= (N/2)
[
Tr(Σ)− log det Σ− p

]
− (N/2)E log detSZ ,

so

mΣ −mI = (N/2)dS(Σ, I)

= (N/2)

p∑

j=1

(
λj − log λj − 1

)
& N

p∑

j=1

[
|λj − 1| ∧ (λj − 1)2

]
.
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(3). It is shown by the proof of (Chen and Jiang, 2018, Theorem 1) that with µn,0, σ
2
n,0 defined

in (Chen and Jiang, 2018, Corollary 1), and Yn ≡
(
T (X) − µn,0

)
/(nσn,0), for s ∈ (−s0, s0)

for some s0 > 0,

lim
n∧p→∞,n≥p+2

MYn(s) = MN (0,1)(s) = es
2/2,

where MY (s) ≡ EesY denotes the moment generating function of a generic random variable

Y . Now using that for any s ∈ (0, s0),

EY 4
n = 4

∫ ∞

0

t3P
(
Yn > t

)
dt ≤ 4

∫ ∞

0

t3e−stMYn(s) dt = (6/s3)MYn(s),

it follows that supn EY 4
n < ∞, and hence convergence of moments yields that EYn →

0,EY 2
n → 1. This implies σ2

I/(n
2σ2

n,0) = Var(Yn) = EY 2
n −(EYn)2 → 1. Hence the asymptotic

formula for σ2
I holds. In particular, this means that there exists some sufficiently large M

such that for n ∧ p ≥M,n ≥ p+ 2,

σ2
I ≥M−1 · n2σ2

n,0 =
1

2M
· n2

[
− p

N
− log

(
1− p

N

)]
(∗)
≥ 1

4M
n2 · p

2

N2
≥ p2

4M
,

where in (∗) we used the inequality −x− log(1− x) ≥ x2/2 that holds for x ∈ (0, 1).

(4). Recall that {λj}pj=1 are eigenvalues of Σ. By (1)-(3), we only need to show that for some

universal C > 0,
√
N
∑

j(λj − 1)2

(
N
∑

j

(
|λj − 1| ∧ (λj − 1)2

))∨
σI
≤ C
(
σI ∧N

)1/2
. (D.18)

To see this, let νj ≡ |λj − 1|, and J ≡ {j ∈ [p] : νj ≤ 1}, it suffices to prove
√
N
∑

j∈J ν
2
j

∨√
N
∑

j∈Jc ν
2
j(

N
∑

j∈J ν
2
j

)∨ (
N
∑

j∈Jc νj
)∨

σI
≤ C
(
σI ∧N

)1/2
. (D.19)

This follows as

LHS of (D.19) ≤

√
N
∑

j∈J ν
2
j(

N
∑

j∈J ν
2
j

)∨
σI

+

√
N
∑

j∈Jc νj(
N
∑

j∈Jc νj
)∨

σI

≤ 1

infx≥0

(
x ∨ σI

x

) +N−1/2 .
(
σI ∧N

)−1/2
.

The proof is complete.
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D.3 Proofs for Section 5.3.2

D.3.1 Evaluation of derivatives

Lemma 53. Recall the form of T(µ,Σ);LRT(X) in (5.23). Then for any (i, j), (i′, j′) ∈ [n]× [p],

1.
(
∇T(µ,Σ);LRT(X)

)
(ij)

=
(
X(I − S−1

∗ ) + 1nX
>
S−1
∗
)

(ij)
= e>j

(
(I − S−1

∗ )Xi + S−1
∗ X

)
.

2.
(
∇2T(µ,Σ);LRT(X)

)
(ij)(i′j′)

= n−1(Xi − X)>S−1
∗
(
ej′(Xi′ − X)> + (Xi′ − X)e>j′

)
S−1
∗ ej +

δii′e
>
j (I − S−1

∗ )ej′ + n−1e>j′S
−1
∗ ej.

Proof. We shorthand T(µ,Σ);LRT as T .

(1). By definition, we have

∂(ij)T (X) =
n

2

[
∂(ij)Tr(S∗)− ∂(ij) log detS∗ + ∂(ij)X

>
X
]
.

For the first term, using ∂(ij)Xk = δikej and ∂(ij)X = n−1
∑

k ∂ijXk = n−1ej, we have

∂(ij)Tr(S∗(X)) = n−1
∑

k

∂

∂Xij

Tr
(
(Xk −X)(Xk −X)>

)

= n−1
∑

k

Tr
[
(δikej − n−1ej)(Xk −X)> + (Xk −X)(δikej − n−1ej)

>]

= n−1
∑

k

δik · 2(Xk −X)j = 2n−1(Xij −Xj). (D.20)

For the second term, using the well-known fact that ∇ log detA = A−1 for any invertible and

symmetric matrix A (see e.g., (Boyd and Vandenberghe, 2004, Section A.4.1)), we have

∂(ij) log detS∗ =
∑

k,`

∂ log detS∗
∂(S∗)k`

∂(S∗)k`
∂Xij

(∗)
=
∑

k,`

(S−1
∗ )k` ·

1

n

(
δjk(Xi` −X`) + δj`(Xik −Xk)

)

=
2

n

∑

`

(S−1
∗ )j`(Xi` −X`) =

2

n

(
(X − 1nX

>
)S−1
∗
)
ij
, (D.21)
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where in (∗), we use

∂(S∗)k`
∂Xij

=
1

n

∂

∂Xij

n∑

m=1

(
(Xm −X)>ek

)(
(Xm −X)>e`

)

=
1

n

[
δjk(Xi` −X`) + δj`(Xik −Xk)

]
. (D.22)

Lastly, for the third term, we have

∂(ij)X
>
X = 2(∂(ij)X)>X =

2

n
Xj. (D.23)

We combine (D.20)-(D.23) to obtain the first claim.

(2). Again by definition, we have

∂(ij)(i′j′)T (X) =
n

2

[
∂(ij)(i′j′)Tr(S∗)− ∂(ij)(i′j′) log detS∗ + ∂(ij)(i′j′)X

>
X
]
.

For the first term, it follows from (D.20) that

∂(ij)(i′j′)Tr(S∗) = 2n−1∂(i′j′)(Xij −Xj) = 2n−1
(
δii′ − n−1

)
δjj′ . (D.24)

For the second term, it follows from (D.21) that

∂(ij)(i′j′) log detS∗ =
2

n

∂

∂Xi′j′
(Xi −X)>S−1

∗ ej

=
2

n

[∂(Xi −X)

∂Xi′j′

>

S−1
∗ ej + (Xi −X)>

∂S−1
∗

∂Xi′j′
ej

]

(∗∗)
=

2

n

[
(δii′ − n−1)e>j′S

−1
∗ ej

− n−1(Xi −X)>S−1
∗
(
ej′(Xi′ −X)> + (Xi′ −X)e>j′

)
S−1
∗ ej

]
, (D.25)
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where in (∗∗) we use the following calculation with the help of (D.22):

∂S−1
∗

∂Xi′j′
= −S−1

∗
∂S∗
∂Xi′j′

S−1
∗

= −S−1
∗

[∑

k,`

eke
>
`

∂(S∗)k`
∂Xi′j′

]
S−1
∗

= − 1

n
S−1
∗ ·

[∑

k,`

eke
>
`

(
δj′k(Xi′` −X`) + δj′`(Xi′k −Xk)

)]
S−1
∗

= − 1

n
S−1
∗
[
ej′(Xi′ −X)> + (Xi′ −X)e>j′

]
S−1
∗ .

Lastly

∂(ij),(i′j′)X
>
X =

2

n
∂(i′j′)Xj =

2

n2
δjj′ . (D.26)

We combine (D.24)-(D.26) to obtain the second claim.

D.3.2 Normal approximation

Proof of Theorem 16. We again shorthand T(µ,Σ);LRT as T . First we bound the norm for the

gradient: by Lemma 53-(1),

‖∇T (X)‖2
F =

∑

i,j

(
X(I − S−1

∗ ) + 1nX
>
S−1
∗
)2

ij

≤ 2
∑

i

‖(I − S−1
∗ )Xi‖2 + 2

∑

i,j

(
X
>
S−1
∗ ej

)2

= 2
∑

i

‖(I − S−1
∗ )Xi‖2 + 2nX

>
S−2
∗ X ≡ (I) + (II).

By essentially the same arguments as in (D.13) in the proof of Theorem 14, we have E(I)2 .

p4, so we only need to handle (II):

E(II)2 = 4n2 · E
(
X
>
S−2
∗ XX

>
S−2
∗ X

)
≤ 4n2 · E

(
‖S−1
∗ ‖4

op‖X‖4
)

(∗)
= 4n2E‖S−1

∗ ‖4
op · E‖X‖4

(∗∗)
. n2 · p

2

n2
= p2.
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Here (∗) follows from the fact that S∗ is independent of X, and (∗∗) follows from Lemma

50. Combining the bounds we have E‖∇T (X)‖4
F . p4.

Next we bound the spectral norm for the Hessian. By Lemma 53-(2),

∂(ij),(i′j′)T (X) = n−1(Xi −X)>S−1
∗ ej′(Xi′ −X)>S−1

∗ ej

+ n−1(Xi −X)>S−1
∗ (Xi′ −X)(S−1

∗ )jj′

+ δii′
(
I − S−1

∗
)
jj′

+ n−1(S−1
∗ )jj′

≡
(
T1 + T2 + T3 + T4

)
(ij),(i′j′)

.

Using the same calculation as in (D.14), we have

(T 2
1 )(ij),(i′j′) = n−1(Xi −X)>S−2

∗ (Xi′ −X)(S−1
∗ )jj′ .

Proposition 31-(2) entails that E‖T1‖4
op ∨ E‖T2‖4

op = O(1). Similar to (D.16), E‖T3‖4
op =

O(1). For T4, note that

‖T4‖op = n−1 sup
u=(u1,...,un)∈Rn×p∑n

k=1‖uk‖2≤1

∣∣∣∣
∑

1≤k,`≤n

u>k S
−1
∗ u`

∣∣∣∣

≤ n−1 sup
u=(u1,...,un)∈Rn×p∑n

k=1‖uk‖2≤1

∑

1≤k,`≤n

‖uk‖‖u`‖ · ‖S−1
∗ ‖op ≤ ‖S−1

∗ ‖op,

where in the last inequality we use the Cauchy-Schwarz inequality that
∑

1≤k,`≤n‖uk‖‖u`‖ =
(∑n

k=1‖uk‖
)2 ≤ n

∑
k‖uk‖2 ≤ n. Hence E‖T4‖4

op = O(1). Combining the bounds we arrive

at E‖∇2T (X)‖4
op = O(1). The rest of the proof proceeds along the lines in the proof of

Theorem 14, with the help of the variance formula in Proposition 22-(3).

D.3.3 Ratio control

Proof of Proposition 22. We shorthand (T(µ,Σ);LRT,m(µ,Σ);LRT, σ(µ,Σ);LRT, V(µ,Σ);LRT) by (T,m(µ,Σ), σ(µ,Σ), V(µ,Σ)).

(1). Recall that Z1, . . . , Zn are i.i.d. samples from N (0, Ip). Let

S∗,Z ≡ n−1

n∑

i=1

(Zi − Z)(Zi − Z)>.
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By Lemma 53,

T(µ,Σ) =

((
ZΣ1/2 + 1nµ

>)(I − Σ−1/2S∗,ZΣ−1/2
)

+ 1n
(
Z
>

Σ1/2 + µ>
)
· Σ−1/2S∗,ZΣ−1/2

)
Σ1/2

= Z(Σ− S∗,Z) + 1nZ
>
S∗,Z + 1nµ

>Σ1/2.

Hence with ‖µ‖2
Σ ≡ µ>Σµ and {λpj=1}pj=1 denoting the eigenvalues of Σ,

V 2
(µ,Σ) = E

∥∥T(µ,Σ)(Z)− T(0,I)(Z)
∥∥2

F
= E‖Z(Σ− I) + 1nµ

>Σ1/2‖2
F

= n
(
‖Σ− I‖2

F + µ>Σµ
)

= n

[∑

j

(
λj − 1

)2
+ ‖µ‖2

Σ

]
.

(2). Note that

m(µ,Σ) =
n

2
E
[
Tr
(
Σ1/2S∗,ZΣ1/2

)
− log det(Σ1/2S∗,ZΣ1/2)− p+X

>
X
]

=
n

2

[
Tr(Σ)− log det Σ− p+ ‖µ‖2

]
− n

2
· E log detS∗,Z ,

where the second equality follows as

ETr(S∗,Z) =
N

n
ETr

(
N−1

n∑

k=1

(Zk − Z)(Zk − Z)>
)

=
n− 1

n
ETr

(
N−1

N∑

i=1

ZkZ
>
k

)
=
n− 1

n
Tr(Σ),

and

EX>X = n−2E
(∑

k

Xk

)>(∑

`

X`

)
= n−2

[(∑

k 6=`

+
∑

k=`

)
EX>k X`

]

= n−2
[
n(n− 1)‖µ‖2 + n

(
‖µ‖2 + Tr(Σ)

)]
= ‖µ‖2 + n−1Tr(Σ).

Hence

m(µ,Σ) −m(0,I) =
n

2

(
dS(Σ, I) + ‖µ‖2

)
.
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(3). The proof is the same as Proposition 21-(3) by invoking (Chen and Jiang, 2018, Theorem

2).

(4). By (1)-(3), we only need to show that for some universal constant C > 0,

√
n
(∑

j(λj − 1)2 ∨ ‖µ‖2
Σ

)
(
n
∑

j

(
|λj − 1| ∧ (λj − 1)2

))∨ (
n‖µ‖2

)∨
σ(0,I)

≤ C
(
σ(0,I) ∧ n

)1/2
(D.27)

holds. In view of (D.18), we only need to prove that

√
n‖µ‖2

Σ(
n
∑

j

(
|λj − 1| ∧ (λj − 1)2

))∨ (
n‖µ‖2

)∨
σ(0,I)

≤ C
(
σ(0,I) ∧ n

)1/2
.

As ‖µ‖2
Σ = ‖µ‖2 + µ>(Σ − I)µ ≤ ‖µ‖2 + ‖µ‖2 · maxj|λj − 1|, with νj = |λj − 1| and

J = {j ∈ [p] : νj ≤ 1}, we only need to prove

√
n‖µ‖2

(
n
∑

j∈J ν
2
j

)∨ (
n
∑

j∈Jc νj
)∨ (

n‖µ‖2
)∨

σ(0,I)

≤ 1

σ
1/2
(0,I)

, (D.28)

√
n‖µ‖2 ·maxj νj(

n
∑

j∈J ν
2
j

)∨ (
n
∑

j∈Jc νj
)∨ (

n‖µ‖2
)∨

σ(0,I)

≤ C
(
σ(0,I) ∧ n

)1/2
. (D.29)

To see (D.28), note that

LHS of (D.28) ≤
√
n‖µ‖2

(
n‖µ‖2

)∨
σ(0,I)

≤ 1

infx≥0

(
x ∨ σ0,I

x

) ≤ 1

σ
1/2
0,I

.

To see (D.29), using that ab ≤ (a2 + b2)/2, we have

LHS of (D.29) .
n1/2‖µ‖2

(
n‖µ‖2

) +
n1/2 maxj νj(

n
∑

j∈J ν
2
j

)∨ (
n
∑

j∈Jc νj
)∨

σ(0,I)

≤ n−1/2 +
n1/2(maxj νj) · 1maxj νj>1(

n
∑

j∈Jc νj
) +

n1/2(maxj νj) · 1maxj νj≤1(
nmaxj ν2

j

)∨
σ(0,I)

≤ 2n−1/2 +
n1/2

infx≥0

(
nx ∨ σ(0,I)

x

) . n−1/2
∨

σ
−1/2
(0,I) ,

as desired.
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D.4 Proofs for Section 5.3.3

D.4.1 Evaluation of derivatives

Lemma 54. Recall the form of TLNW(X) in (5.24). We assume without loss of generality

that µ = 0. Then for any (i, j), (i′, j′) ∈ [N ]× [p],

1.
(
∇TLNW(X)

)
(ij)

=
(
X(S − I)− (Tr(S)/N)X

)
ij

= e>j (S − I)Xi − (Tr(S)/N)Xij.

2.
(
∇2TLNW(X)

)
(ij)(i′j′)

= N−1δjj′X
>
i Xi′ +N−1Xi′jXij′ + δii′(S− I)jj′− (2/N2)XijXi′j′−

(Tr(S)/N)δii′δjj′.

Furthermore, for any (i`, j`) ∈ [N ]× [p], ` = 1, 2, 3, 4,

∂(i1j1)(i2j2)(i3j3)(i4j4)TLNW(X)

= N−1
(
δi1i3δi2i4δj1j2δj3j4 + δi1i4δi2i3δj1j2δj3j4

+ δi1i4δi2i3δj1j3δj2j4 + δi1i3δi2i4δj1j4δj2j3

+ δi1i2δi3i4δj1j3δj2j4 + δi1i2δi3i4δj1j4δj2j3
)

− 2N−2
(
δi1i3δi2i4δj1j3δj2j4 + δi1i4δi2i3δj1j4δj2j3 + δi1i2δi3i4δj1j2δj3j4

)
.

Proof. We shorthand TLNW as T . As ∂ijS(X) = N−1(ejX
>
i + Xie

>
j ), for the first-order

derivatives we have

∂(ij)T (X) =
N

4

(
Tr
[
∂(ij)(S − I)2

]
− 1

N
· 2Tr(S)Tr

[
∂(ij)S

])

=
1

2
Tr
[
(S − I)(ejX

>
i +Xie

>
j )
]
− Tr(S)Xij

N

=
(
X(S − I)

)
ij
− Tr(S)

N
Xij

= e>j (S − I)Xi −
Tr(S)

N
Xij.
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For the second-order derivatives we have

∂(ij),(i′j′)T (X) = ∂(i′j′)

(
e>j (S − I)Xi

)
−N−1∂(i′j′)

(
Tr(S)Xij

)

= N−1e>j (ej′X
>
i′ +Xi′e

>
j′) ·Xi + δii′e

>
j (S − I)ej′

−N−1
(
(2/N)XijXi′j′ + δii′δjj′Tr(S)

)

= N−1δjj′X
>
i Xi′ +N−1Xi′jXij′ + δii′(S − I)jj′

− 2N−2XijXi′j′ −N−1Tr(S)δii′δjj′ .

For the third-order derivatives we have

∂(i1j1)(i2j2)(i3j3)T (X)

= N−1δj1j2∂(i3j3)(X
>
i1
Xi2) +N−1∂(i3j3)(Xi2j1Xi1j2)

+N−1δi1i2e
>
j1

(
ej3X

>
i3

+Xi3e
>
j3

)
ej2

− 2N−2∂(i3j3)

(
Xi1j1Xi2j2

)
− 2N−2δi1i2δj1j2Xi3j3

= N−1
(
δi1i3δj1j2Xi2j3 + δi2i3δj1j2Xi1j3

)

+N−1
(
δi2i3δj1j3Xi1j2 + δi1i3δj2j3Xi2j1

)

+N−1
(
δi1i2δj1j3Xi3j2 + δi1i2δj2j3Xi3j1

)

− 2N−2
(
δi1i3δj1j3Xi2j2 + δi2i3δj2j3Xi1j1 + δi1i2δj1j2Xi3j3

)
.

For the fourth-order derivatives we have

∂(i1j1)(i2j2)(i3j3)(i4j4)T (X)

= N−1
(
δi1i3δi2i4δj1j2δj3j4 + δi1i4δi2i3δj1j2δj3j4

+ δi1i4δi2i3δj1j3δj2j4 + δi1i3δi2i4δj1j4δj2j3

+ δi1i2δi3i4δj1j3δj2j4 + δi1i2δi3i4δj1j4δj2j3
)

− 2N−2
(
δi1i3δi2i4δj1j3δj2j4 + δi1i4δi2i3δj1j4δj2j3 + δi1i2δi3i4δj1j2δj3j4

)
.

The proof is complete.
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D.4.2 Normal approximation

Proof of Theorem 18. Let y ≡ p/N . We start by showing that

E‖∇2T (X)‖4
op ≤ C(1 ∨ y)4 (D.30)

for some absolute constant C > 0. Reorganizing the terms in Lemma 54, we have

(
∇2T (X)

)
(ij),(i′j′)

= N−1X>i Xi′δjj′ +N−1Xij′Xi′j − 2N−2Xi′j′Xij

+ δii′e
>
j′(S − I −N−1Tr(S)I)ej

≡ (T2,1 + T2,2 − T2,3 + T2,4)(ij),(i′j′).

Recall the definition of U`,m;+ from Proposition 32. As T2,1 = U0,0;+ and

(T 2
2,2)(ij),(i′j′) = N−2

∑

(ij)

XijXijXi′jXij′ = N−2

(∑

i

XijXij′

)(∑

j

XijXi′j

)

= N−1Sjj′X
>
i Xi′ = (U0,1;+)(ij),(i′j′),

Proposition 32 entails that E‖T2,1‖4
op ∨ E‖T2,2‖4

op = O((1 ∨ y)4). For T2,3, as

‖T2,3‖op = (2/N2) sup
u,v∈BN×p

∣∣∣∣
∑

(ij),(i′j′)

uijXijXi′j′vi′j′

∣∣∣∣ = (2/N2)‖X‖2
F .

Hence E‖T2,3‖4
op = O(y4) = O((1 ∨ y)4). For T2,4, it holds by the block diagonal structure

that

‖T2,4‖op = ‖S − I −N−1Tr(S)I‖op ≤ ‖S − I‖op +N−1Tr(S).

Hence it holds by Lemma 51 that

E‖T2,4‖4
op .

(
y ∨√y

)4
+N−4 ·N−4E‖X‖8

F . (1 ∨ y)4.

By collecting the estimates of T2,1-T2,4, we complete the proof of (D.30).

Next we show that E‖∇T (X)‖4
F . p4. This will be done by two estimates below.
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(Estimate 1) By Lemma 54-(1),

‖∇T (X)‖2
F .

∑

i

‖(S − I)Xi‖2 +N−2Tr2(S)‖X‖2
F

≤
(
‖S − I‖2

op +N−2Tr2(S)
)∑

i

‖Xi‖2,

so by Lemma 51 and Proposition 32,

E‖∇T (X)‖4
F . E

[(
‖S − I‖2

op +N−2Tr2(S)
)∑

i

‖Xi‖2
]2

.
∑

i,i′

E
[(
‖S − I‖4

op +N−4Tr4(S)
)
‖Xi‖2‖Xi′‖2

]

≤
∑

i,i′

(
E1/2‖S − I‖8

op +N−4E1/2Tr8(S)
)
· E1/4‖Xi‖8 · E1/4‖Xi′‖8

. N2 ·
[( p
N

)2

+
( p
N

)4

· E1/2‖S‖8
op

]
· p · p . p4(1 + y6).

(Estimate 2) Note that

∇T (X) = X
(
S −N−1Tr(S)I

)
−X ≡ T1,1 + T1,2.

It is clear that E‖T1,2‖2
F . Np. To handle T1,1, note that

‖T1,1‖2
F = NTr

((
S −N−1Tr(S)I

)2
S
)

= NTr
(
S3 +N−2Tr2(S)S − 2N−1Tr(S)S2

)

= N
[
Tr(S3) +N−2Tr3(S)− 2N−1Tr(S)Tr(S2)

]
.

Then using Lemma 64, we have under the prescribed asymptotics that

E‖T1,1‖2
F = N

[
py2 + 3py + p+ 3y2 + 3y + 4N−1y +N−2

(
p3 + 6py + 8N−1y

)

− 2N−1
(
p2y + p2 + py + 4(y2 + y) + 4N−1y

)]

= p2

(
1 +

N

p
+

1

N
+

3

p
− 4

Np
− 2

N2

)

= p2
[
1 +O((N ∧ p)−1)

]
+ pN.
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Hence we have

E‖∇T (X)‖4
F =

(
E‖∇T (X)‖2

F

)2
+ Var

(
‖∇T (X)‖2

F

)

= O(p4(1 + y−2)) + Var
(
‖∇T (X)‖2

F

)
. (D.31)

By the Gaussian-Poincaré inequality, we have

Var
(
‖∇T (X)‖2

F

)
≤ E‖∇‖∇T (X)‖2

F‖2
F = 4E‖

(
∇2T (X)

)>∇T (X)‖2
F

≤ 4E1/2‖∇2T (X)‖4
op · E1/2‖∇T (X)‖4

F .

Combining the above display with (D.31) yields that

E‖∇T (X)‖4
F ≤ O(p4(1 + y−2)) + 4E1/2‖∇2T (X)‖4

op · E1/2‖∇T (X)‖4
F .

Solving the quadratic inequality above and using (D.30), we arrive at

E‖∇T (X)‖4
F = O

(
p4(1 + y−2) ∨ E‖∇2T (X)‖4

op

)
= O(p4(1 + y−2)).

Combining the above two estimates, we have

E‖∇T (X)‖4
F . p4 max

y≥0
min

{
(1 + y6), (1 + y−2)} � p4.

The rest of the proof proceeds along the lines in the proof of Theorem 14, with the help of

the variance formula in Proposition 23-(3).

D.4.3 Ratio control

Proof of Proposition 23. (1). Recall that Z1, . . . , Zn are i.i.d. samples from N (0, Ip). By

Lemma 54, with SZ ≡ N−1
∑N

i=1 ZiZ
>
i ,

TΣ;LNW(Z) =

[
ZΣ1/2

(
Σ1/2SZΣ1/2 − I

)
−N−1Tr(ΣSZ)ZΣ1/2

]
Σ1/2

= ZΣSZΣ− ZΣ−N−1Tr(ΣSZ)ZΣ,
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so

TΣ;LNW(Z)− TI;LNW(Z)

=
[
ZΣ(SZΣ− I)− Z(SZ − I)

]
− 1

N

[
Tr(ΣSZ)ZΣ− Tr(SZ)Z

]

=
[
ZΣ(SZΣ− I)− Z(SZΣ− I) + Z(SZΣ− I)− Z(SZ − I)

]

− 1

N

[
Tr(ΣSZ)ZΣ− Tr(ΣSZ)Z + Tr(ΣSZ)Z − Tr(SZ)Z

]

= Z(Σ− I)(SZΣ− I) + ZSZ(Σ− I)

− 1

N
Tr(ΣSZ)Z(Σ− I)− 1

N
Tr
(
(Σ− I)SZ

)
Z

≡ V1(Z) + V2(Z) + V3(Z) + V4(Z).

Note that

‖V1(Z)‖2
F ≤ ‖SZΣ− I‖2

op‖Z(Σ− I)‖2
F ≤ ‖SZΣ− I‖2

op‖Z‖2
op‖Σ− I‖2

F ,

‖V2(Z)‖2
F ≤ ‖ZSZ‖2

op‖Σ− I‖2
F ≤ ‖Z‖2

op‖SZ‖2
op‖Σ− I‖2

F ,

‖V3(Z)‖2
F ≤ N−2Tr2(ΣSZ)‖Z(Σ− I)‖2

F

≤ p2N−2‖Σ‖2
op‖SZ‖2

op‖Z(Σ− I)‖2
F ,

‖V4(Z)‖2
F ≤ N−2Tr2

(
(Σ− I)SZ

)
‖Z‖2

F

≤ N−2‖SZ‖2
F‖Z‖2

F‖Σ− I‖2
F ≤ pN−2‖SZ‖2

op‖Z‖2
F‖Σ− I‖2

F .

Under p/N ≤M , we have

V 2
Σ;LNW .M N

(
‖Σ‖2

op ∨ 1
)
‖Σ− I‖2

F .
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(2). By Lemma 63, with δN ≡ N−1 − 2N−2,

mΣ =
N

4

[
ETr(S − I)2 − 1

N
ETr2(S)

]

=
N

4

[
ETr(S2)− 2ETr(S) + p− 1

N
ETr2(S)

]

=
N

4

[(
1 +N−1

)
Tr(Σ2) +N−1Tr2(Σ)− 2Tr(Σ) + p−N−1Tr2(Σ)− 2N−2Tr(Σ2)

]

=
N

4

[
(1 + δN)Tr(Σ2)− 2Tr(Σ) + p

]
.

Hence

mΣ −mI =
N

4

[
(1 + δN)Tr(Σ2 − I)− 2Tr(Σ− I)

]

=
N

4

[
‖Σ− I‖2

F + δNTr(Σ2 − I)
]
.

(3). By the Plancherel’s theorem (i.e., (Chatterjee, 2014b, formula (6.2))), we have

σ2
I;LNW =

∑

(ij)

[
E∂(ij)T (X)

]2
+

1

2!

∑

(i1j1)(i2j2)

[
E∂(i1j1)(i2j2)T (X)

]2

+
1

3!

∑

(i1j1)(i2j2)(i3j3)

[
E∂(i1j1)(i2j2)(i3j3)T (X)

]2

+
1

4!

∑

(i1j1)(i2j2)(i3j3)(i4j4)

[
E∂(i1j1)(i2j2)(i3j3)(i4j4)T (X)

]2

≡ (I) + (II) + (III) + (IV ).

Terms (I) - (IV ) are handled as follows:

• To handle (I), note that

E∂(ij)T (X) = Ee>j (S − I)Xi − E
[
(Tr(S)/N)Xij

]
.

The first term satisfies

Ee>j (S − I)Xi = Ee>j
(

1

N

N∑

k=1

XkX
>
k

)
Xi = N−1e>j E(Xi · ‖Xi‖2)

= N−1e>j E
(

Xi

‖Xi‖
· ‖Xi‖3

)
= N−1e>j E

(
Xi

‖Xi‖

)
· E‖Xi‖3 = 0.
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A similar identity holds for the second term, so (I) = 0.

• (II) . p/N = o(p2) by noting that E∂(i1j1)(i2j2)T (X) = (N−1 − 2N−2) · δi1i2δj1j2 .

• (III) = 0 by direct calculation.

• (IV ) = 6p2
(
1 + o(1)

)
by direct calculation.

The proof is now complete by collecting all of the estimates.

(4). By (1)-(3), ‖Σ‖op ≤ ‖Σ − I‖F + 1 and the condition p/N ≤ M , we only need to show

that
√
N‖Σ− I‖2

F

∨√
N‖Σ− I‖2

F(
N‖Σ− I‖2

F −NδN |Tr(Σ2 − I)|
)

+

∨
σI;LNW

≤ CM
(σI;LNW ∧N)1/2

. (D.32)

Note that with {λj}pj=1 denoting the eigenvalues of Σ,

|Tr(Σ2 − I)| =
∣∣∣∣

p∑

j=1

(λ2
j − 1)

∣∣∣∣ ≤ max
j

(λj + 1) ·
p∑

j=1

|λj − 1|

≤ √p(‖Σ‖op + 1)‖Σ− I‖F .M

√
N(‖Σ− I‖F ∨ 1)‖Σ− I‖F , (D.33)

so for N large enough, (D.32) is satisfied provided that
√
N‖Σ− I‖2

F

∨√
N‖Σ− I‖2

F(
N‖Σ− I‖2

F − C ′M
√
N‖Σ− I‖F

)
+

∨
σI;LNW

≤ CM
(σI;LNW ∧N)1/2

. (D.34)

To see this, note that the left hand side of the above display is bounded, up to a constant

that may depend on M , by

1√N‖Σ−I‖F≤2C′M

1

σI;LNW

+ 1√N‖Σ−I‖F>2C′M

√
N‖Σ− I‖2

F

∨√
N‖Σ− I‖2

F

N‖Σ− I‖2
F ∨ σI;LNW

.
1

σI;LNW

+

√
N‖Σ− I‖2

F

N‖Σ− I‖2
F ∨ σI;LNW

+

√
N‖Σ− I‖2

F

N‖Σ− I‖2
F ∨ σI;LNW

≤ 1

σI;LNW

+
1

N1/2
+

1

infx≥0

(
x ∨ σI;LNW

x

) ≤ RHS of (D.34).

This completes the proof.
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D.4.4 Completing the proof for power expansion

Proof of Theorem 19. Abbreviate ΨLNW by Ψ. By Theorem 18 and Proposition 23, we have
∣∣∣∣EΣΨ(X)− P

(
N
(
N ·

(
‖Σ− I‖2

F +QLNW(Σ)
)

4σI;LNW

, 1

)
> zα

)∣∣∣∣ ≤ C · p−1/3.

We only need to remove the residual term QLNW(Σ). To see this, note that by (D.33),

|QLNW(Σ)| ≤ CMN
−1/2(‖Σ− I‖F ∨ 1)‖Σ− I‖F .

So using Lemma 45 we have

∆P ≤ Cα,M(‖Σ− I‖F ∨ 1)

N1/2‖Σ− I‖F
,

where

∆P ≡ P
(
N
(
N ·

(
‖Σ− I‖2

F +QLNW(Σ)
)

4σI;LNW

, 1

)
> zα

)

− P
(
N
(
N · ‖Σ− I‖2

F

4σI;LNW

, 1

)
> zα

)
.

On the other hand, by anti-concentration of normal random variable,

∆P ≤ CM
N1/2(‖Σ− I‖F ∨ 1)‖Σ− I‖F

σI;LNW

.

Hence

∆P .α,M
(‖Σ− I‖F ∨ 1)

N1/2‖Σ− I‖F
∧ N1/2(‖Σ− I‖F ∨ 1)‖Σ− I‖F

σI;LNW

≤ 1‖Σ−I‖F>1
1

N1/2
+ 1‖Σ−I‖F≤1

[
1

N1/2‖Σ− I‖F
∧ N1/2‖Σ− I‖F

σI;LNW

]

≤ 1

N1/2
+

1

infα≥0

(
x ∨ σI;LNW

x

) � 1

(σI;LNW ∧N)1/2
.

Similarly we may get a lower bound for ∆P . The proof is complete.

D.5 Proofs for Section 5.3.4

In the proof of this subsection, we write Sn ≡ n−1
∑n

k=1XkX
>
k , where Xi’s are i.i.d. N (0,Σ).
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D.5.1 Evaluation of derivatives

Lemma 55. Recall the form of TCM(X) in (5.25). Then for any (i, j), (i′, j′) ∈ [n]× [p],

1. ∂(ij)TCM(X) = 2n
n−1

X>i (Sn − I)ej − 2
n−1

(‖Xi‖2 − 1)Xij.

2. ∂(ij),(i′j′)TCM(X) = 2n
n−1

[
δii′(Sn − I)jj′ + n−1X>i Xi′δjj′ + n−1Xij′Xi′j

]

− 2
n−1

[
2δii′Xij′Xij + (‖Xi‖2 − 1)δii′δjj′

]
.

Proof. (1). Note that for any 1 ≤ k < ` ≤ n, we have

∂(ij)h(Xk, X`) = ∂(ij)(X
>
k X`)

2 − ∂(ij)(X
>
k Xk +X>` X`)

= 2(X>k X`)(δkiX`j + δ`iXkj)−
(
2δikXij + 2δ`iXij

)

= 2δki
[
(X>k X`)X`j −Xij

]
+ 2δ`i

[
(X>k X`)Xkj −Xij

]
.

The above display entails that

∂(ij)TCM(X) =
n

2

(
n

2

)−1∑

k<`

∂(ij)h(Xk, X`)

=
n

2

(
n

2

)−1∑

k<`

2
[
δki
(
(X>k X`)X`j −Xij

)
+ δ`i

(
(X>k X`)Xkj −Xij

)]

=
2

n− 1

∑

k∈[n]:k 6=i

[
(X>i Xk)Xkj −Xij

]

=
2

n− 1
X>i

[ ∑

k∈[n]:k 6=i

(XkX
>
k − I)

]
ej

=
2n

n− 1
X>i (Sn − I)ej −

2

n− 1

(
‖Xi‖2 − 1

)
Xij.

(2). By (1),

∂(ij),(i′j′)TCM(X) =
2n

n− 1
∂(i′j′)

[
X>i (Sn − I)ej

]
− 2

n− 1
∂(i′j′)

[
(‖Xi‖2 − 1)Xij

]

=
2n

n− 1

[
δii′(Sn − I)jj′ + n−1X>i Xi′δjj′ + n−1Xij′Xi′j

]

− 2

n− 1

[
2δii′Xij′Xij + (‖Xi‖2 − 1)δii′δjj′

]
.

The proof is then completed.
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D.5.2 Normal approximation

Proof of Theorem 20. We abbreviate TCM as T . We first bound the operator norm of the

Hessian. By Lemma 55-(2), we have

∂(ij),(i′j′)T (X) =
2n

n− 1
δii′(Sn − I)jj′ +

2

n− 1
X>i Xi′δjj′ +

2

n− 1
Xij′Xi′j

− 4

n− 1
δii′XijXij′ −

2

n− 1
(‖Xi‖2 − 1)δii′δjj′

≡ (T2,1 + T2,2 + T2,3 − T2,4 − T2,5)(ij),(i′j′).

In view of the proof of Theorem 18, we have E‖T2,1‖4
op∨E‖T2,2‖4

op∨E‖T2,3‖4
op = O((1∨ y)4).

To handle T2,4, note that

‖T2,4‖op . n−1 · sup
u∈Bn×p(1)

∣∣∣∣
∑

(ij),(i′j′)

uijui′j′δii′XijXij′

∣∣∣∣

= n−1 · sup
u∈Bn×p(1)

∣∣∣∣
∑

i,j,j′

uijuij′XijXij′

∣∣∣∣

= n−1 · sup
u∈Bn×p(1)

∣∣∣∣
∑

i

(∑

j

u>i eje
>
j Xi

)
·
(∑

j′

u>i ej′e
>
j′Xi

)∣∣∣∣

= n−1 · sup
u∈Bn×p(1)

∑

i

(
u>i Xi

)2
= n−1 · sup

u∈Bn×p(1)

∑

i

(
e>i UX

>ei
)2

= n−1 · sup
u∈Bn×p(1)

Tr(UX>XU>)

= n−1 · sup
u∈Bn×p(1)

‖XU>‖2
F ≤ n−1‖X‖2

op = ‖Sn‖op.
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Hence by Lemma 51, we have E‖T2,4‖4
op . (y ∨ √y)4 = O((1 ∨ y)4). To handle T2,5, note

that

‖T2,5‖op . n−1 · sup
u∈Bn×p(1)

∣∣∣∣
∑

(ij),(i′j′)

uijui′j′(‖Xi‖2 − 1)δii′δjj′

∣∣∣∣

= n−1 · sup
u∈Bn×p(1)

∣∣∣∣
∑

ij

u2
ij(‖Xi‖2 − 1)

∣∣∣∣

= n−1 · sup
u∈Bn×p(1)

∣∣∣∣
∑

i

‖ui‖2(‖Xi‖2 − 1)

∣∣∣∣

≤ n−1 · sup
u∈Bn×p(1)

∑

i

‖ui‖2‖Xi‖2 + n−1

= n−1 ·max
i∈[n]
‖Xi‖2 + n−1.

This entails that, with ‖Xi‖2 following χ2(p),

E‖T2,5‖4
op . n−4E

(
max
i∈[n]
‖Xi‖8

)
+ n−4 . (y4 log4 n) ∨ 1.

By putting together the estimates for T2,1-T2,5, we have that

E‖∇2T (X)‖4
op . y4 log4 n ∨ 1. (D.35)

Next we bound the norm of the gradient. By Lemma 55-(1), we have

∂(ij)T (X) =
2n

n− 1
X>i (Sn − I)ej −

2

n− 1
(‖Xi‖2 − 1)Xij

≡ (T1,1 − T1,2)(ij).

Then

E‖∇T (X)‖2
F = E‖T1,1‖2

F + E‖T1,2‖2
F − 2ETr(T>1,1T1,2)

≡ (I) + (II)− 2(III).
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For (I), we have by Lemmas 63 and 64,

(I) =
( 2n

n− 1

)2

· n · ETr
[(
Sn − I

)2
Sn

]

=
( 2n

n− 1

)2

· n ·
[
ETr(S3

n)− 2ETr(S2
n) + ETr(Sn)

]

=
( 2n

n− 1

)2

· n · (py2 + py + 3y2 + y + 4yn−1)

=
( 2n

n− 1

)2

· n
[
n−2p3 + n−1p2(1 +O(n ∧ p)−1)

]

=
4n

(n− 1)2
p3 + 4p2

[
1 +O(n ∧ p)−1

]
.

For (II), we have

(II) =
( 2

n− 1

)2

E
∑

i,j

(
‖Xi‖2 − 1

)2
X2
i,j

=
( 2

n− 1

)2

· n · E
(
‖X1‖6 − 2‖X1‖4 + ‖X1‖2

)

=
4n

(n− 1)2
p3 +O(n−1p2).

For (III), we have

(III) =
2n

n− 1
· 2

n− 1
· n · EX>1 (Sn − I)X1(‖X1‖2 − 1)

=
4n2

(n− 1)2

[
n−1E

(
X>1

∑

j

XjX
>
j X1(‖X1‖2 − 1)

)
− E‖X1‖4 + E‖X1‖2

]

=
4n2

(n− 1)2

[
n−1
(
E‖X1‖6 − E‖X1‖4 + (n− 1)E‖X1‖4 − (n− 1)E‖X1‖2

)

− E‖X1‖4 + E‖X1‖2

]

=
4n

(n− 1)2

(
E‖X1‖6 − 2E‖X1‖4 + E‖X1‖2

)

=
4n

(n− 1)2
p3 +O(n−1p2).

Combine the estimates for (I)-(III) to yield that E‖∇T (X)‖2
F = 4p2(1 +O(n∧ p)−1). Then

by following the same argument as in the proof of Theorem 18 and using (D.35), we again
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arrive at

E‖∇T (X)‖4
F =

(
E‖∇T (X)‖2

F

)2
+O

(
E‖∇2T (X)‖4

op

)

= 16p4
(
1 +O(n ∧ p)−1

)
.

The rest of the proof follows from the same lines in the proof of Theorem 14, with the help

of the variance formula in Proposition 24-(3). The normal approximation error bound then

becomes a constant multiple of

(y log n ∨ 1) · p
p2

=
p logn
n
∨ 1

p
=

log n

n

∨ 1

p
,

as desired.

D.5.3 Ratio control

Proof of Proposition 24. (1). Recall that Z1, . . . , Zn are i.i.d. samples from N (0, Ip). Let

SX ≡ Sn = n−1
∑n

i=1XiX
>
i and SZ ≡ n−1

∑n
i=1 ZiZ

>
i . Then for any (i, j) ∈ [n]× [p], Lemma

55-(1) implies that

(
TΣ(Z)

)
(ij)

=
∑

j

(
∇T (X)

)
(ij)

(Σ1/2)jj

=
2n

n− 1

∑

j

X>i (SX − I)eje
>
j

Σ1/2ej −
2

n− 1
(‖Xi‖2 − 1)

∑

j

X>i eje
>
j

Σ1/2ej

=
2n

n− 1
X>i (SX − I)Σ1/2ej −

2

n− 1
(‖Xi‖2 − 1)X>i Σ1/2ej

=
2n

n− 1
Z>i (ΣSZΣ− Σ)ej −

2

n− 1
(‖Σ1/2Zi‖2 − 1)Z>i Σej.

This entails that

‖TΣ(Z)− TI(Z)‖2
F .

∑

i,j

[
Z>i (ΣSZΣ− Σ− SZ + I)ej

]2

+ n−2
∑

i,j

[
(‖Σ1/2Zi‖2 − 1)Z>i Σej − (‖Zi‖2 − 1)Z>i ej

]2

≡ V1 + V2.
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To handle V1, note that

V1 = nTr
[
(ΣSZΣ− Σ− SZ + I)2SZ

]

≤ n‖SZ‖op · ‖(Σ− I)SZΣ + SZ(Σ− I)− (Σ− I)‖2
F

. n‖Σ− I‖2
F · ‖SZ‖op

(
‖SZ‖2

op ∨ 1
)
·
(
‖Σ‖2

op ∨ 1
)
.

Hence by Lemma 51, we have EV1 . n(1 ∨ y3)
(
‖Σ‖2

op ∨ 1
)
‖Σ− I‖2

F .

To handle V2, note that

n2V2 .
∑

i,j

[
(‖Σ1/2Zi‖2 − 1)Z>i Σej − (‖Zi‖2 − 1)Z>i Σej

]2

+
∑

i,j

[
(‖Zi‖2 − 1)(Z>i Σej − Z>i ej)

]2

≡ V2,1 + V2,2.

To handle V2,1, we have

V2,1 =
∑

i,j

(
Z>i (Σ− I)Zi

)2 ·
(
Z>i Σej)

2

=
∑

i

(
Z>i (Σ− I)Zi

)2 · Z>i Σ2Zi

=
∑

i

Tr
(
(Σ− I)ZiZ

>
i (Σ− I)ZiZ

>
i Σ2ZiZ

>
i

)

≤
∑

i

Tr
(
(Σ− I)ZiZ

>
i (Σ− I)

)
·max
i∈[n]
‖ZiZ>i Σ2ZiZ

>
i ‖op

≤ n · ‖Σ− I‖2
F · ‖SZ‖op · ‖Σ‖2

op ·max
i∈[n]
‖Zi‖4,

where in the above we repeatedly use the fact that Tr(AB) ≤ Tr(A)‖B‖op for any p.s.d.

matrices A,B. Hence by Lemma 51, we have

EV2,1 ≤ n · ‖Σ− I‖2
F · ‖Σ‖2

op · E1/2‖SZ‖2
op · E1/2 max

i∈[n]
‖Zi‖8

. np2(1 ∨ y)(log n)2 · ‖Σ‖2
op‖Σ− I‖2

F .
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To handle V2,2, we have

V2,2 =
∑

i

(‖Zi‖2 − 1)2Z>i (Σ− I)2Zi

. n · ‖Σ− I‖2
F · ‖SZ‖op ·

(
max
i∈[n]
‖Zi‖4 ∨ 1

)
.

Hence the same bound as above implies that EV2,2 . np2(1∨ y)(log n)2
(
‖Σ‖2

op∨ 1
)
‖Σ− I‖2

F .

Combining the estimates of EV2,1 and EV2,2 completes the proof of claim (1).

(2) and (3). These follow directly from the mean and variance formula (5.26).

(4). By (1)-(3), it remains to prove that
√
n
(
‖Σ‖2

op ∨ 1
)
‖Σ− I‖2

F

n‖Σ− I‖2
F ∨ p

≤ C

(n ∧ p)1/2

holds for some universal constant C > 0. Using ‖Σ‖op ≤ ‖Σ − I‖op + 1 ≤ ‖Σ − I‖F + 1, it

suffices to prove

√
n‖Σ− I‖2

F

∨√
n‖Σ− I‖2

F

n‖Σ− I‖2
F ∨ p

≤ C

(n ∧ p)1/2
.

This is weaker than the proven inequality (D.34).

D.5.4 Completing the proof for power expansion

Proof of Theorem 21. By Corollary 3 and Proposition 24, the error of power expansion is

bounded by a constant multiple of

( log n

n
∨ 1

p

)
+
( 1 ∨ y

(n ∧ p)1/3

)∨(y2/3(1 ∨ y)1/3(log n)2/3

(n ∧ p)1/3

)

≡
( log n

n
∨ 1

p

)
+ (I) ∨ (II).

Using the condition p/n ≤M , we have (I) .M p−1/3. For (II), we have (II) ≤ p1/3n−2/3(log n)2/3 ≤
n−1/3(log n)2/3 when p ≤ n and (II) .M n−1/3(log n)2/3 otherwise. The proof is com-

plete.
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D.6 Proofs for Section 5.4.1

D.6.1 Evaluation of derivatives

Lemma 56. Recall the form of TLRT,s(X) in (5.28) and the definition of b(S) in (5.29).

Then for any (i, j), (i′, j′) ∈ [N ]× [p],

1. ∂(ij)TLRT,s(X) =
(
X(I−S−1)

)
(ij)

+
(
1/b(S)−1

)
Xij = e>j

[
(I−S−1)Xi+

(
1/b(S)−1

)
Xi

]
.

2. ∂(ij),(i′j′)TLRT,s(X) = N−1X>i S
−1(ej′X

>
i′ +Xi′e

>
j′)S

−1ej + δii′e
>
j (I −S−1)ej′ +

(
1/b(S)−

1
)
δii′δjj′ − (2/Np)XijXi′j′/b

2(S).

Proof. (1). We shorthand TLRT,s(X) as T . By definition, (D.7) and (D.9), we have

∂(ij)T (X) =
N

2

(
p · ∂(ij) log Tr(S)− ∂ij log detS

)

=
N

2

(
p
∂(ij)Tr(S)

Tr(S)
−

p∑

k,`=1

∂ log detS

∂Sk`

∂Sk`
∂Xij

)

=
N

2

[
2p

N

Xij

Tr(S)
−

p∑

k,`=1

(S−1)k` ·
1

N

(
δkjXi` + δ`jXik

)]

=
p

Tr(S)
Xij −

p∑

k=1

(S−1)kjXik

=
(
X(I − S−1)

)
ij

+

(
p

Tr(S)
− 1

)
Xij.

(2). By the previous part, we have

∂(ij),(i′j′)T (X) = ∂(i′j′)

(
X(I − S−1)

)
ij

+ ∂(i′j′)

(
p

Tr(S)
− 1

)
Xij ≡ (I) + (II).

The first term above is already calculated in Lemma 52-(2):

(I) = N−1X>i S
−1(ej′X

>
i′ +Xi′e

>
j′)S

−1ej + δii′e
>
j (I − S−1)ej′ .
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So we only need to evaluate the second term:

(II) = p · ∂(i′j′)Tr−1(S) ·Xij +
( p

Tr(S)
− 1
)
∂(i′j′)Xij

= −p · ∂(i′j′)Tr(S) ·Xij · Tr−2(S) +
( p

Tr(S)
− 1
)
δii′δjj′

= −2p

N
XijXi′j′ · Tr−2(S) +

( p

Tr(S)
− 1
)
δii′δjj′ .

The proof is complete.

D.6.2 Normal approximation

Proof of Theorem 22. We abbreviate TLRT,s(X) as T . First we bound the norm for the

gradient. Comparing Lemmas 52-(1) and 56-(1), we only need to control

E‖
(
b−1(S)− 1

)
X‖4

F = E
(
N
(
b−1(S)− 1

)2
Tr(S)

)2

≤ N2p2 · E1/2b4(S) · E1/2
(
b−1(S)− 1

)8

. N2p2 ·
( p
N

)2

= p4.

The inequality in the final line of the above display follows as

Eb4(S) ≤ E‖S‖4
op . 1, (D.36)

E
(
b−1(S)− 1

)8
= E1/2b−16(S) · E1/2

(
b(S)− 1

)16
(∗)
. (pN−1)4. (D.37)

Here (∗) follows from Lemma 63-(3). Now by combining with (D.13) derived in the proof of

Theorem 14, we see that E‖∇T (X)‖4
F . p4.

Next we bound the spectral norm of the Hessian. Comparing Lemmas 52-(1) and 56-(1),

we only need to control the spectral norms of T4 and T5, where

(T4)(ij),(i′j′) ≡
(
b−1(S)− 1

)
δii′δjj′ ,

(T5)(ij),(i′j′) ≡ −
2

Np
XijXi′j′ · b−2(S).
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For T4, clearly ‖T4‖op = |1/b(S)− 1|, so E‖T4‖4
op = E

(
1/b(S)− 1

)4
. (p/N)2 by (D.36). For

T5, note that

‖T5‖op =
2

Np · b2(S)
sup

u,v∈BN×p(1)

∣∣∣∣
∑

(ij),(i′j′)

uijXijXi′j′vi′j′

∣∣∣∣

=
2

Np · b2(S)
‖X‖2

F =
2

b(S)
.

So E‖T5‖4
op . Eb−4(S) = O(1) by Lemma 63-(3). By combining with (D.17) derived in the

proof of Theorem 14, we see that E‖∇2T (X)‖4
op = O(1). The rest of the proof proceeds along

the lines in the proof of Theorem 14, with the help of the variance formula in Proposition

25-(3).

D.6.3 Ratio control

Proof of Proposition 25. We abbreviate (TLRT,s,mΣ;LRT,s, σΣ;LRT,s, VΣ;LRT,s as (T,mΣ;s, σΣ;s, VΣ;s),

and assume without loss of generality that b(Σ) = Tr(Σ)/p = 1 (otherwise we may replace

Σ by Σ · b−1(Σ)).

(1). By Lemma 56, with SZ ≡ N−1
∑N

i=1 ZiZ
>
i , we have

TΣ;s =

[
ZΣ1/2(I − Σ−1/2S−1

Z Σ−1/2) +

(
1

b(Σ1/2SZΣ1/2)
− 1

)
ZΣ1/2

]
Σ1/2

= Z(Σ− S−1
Z ) +

(
1

b(Σ1/2SZΣ1/2)
− 1

)
ZΣ

=
ZΣ

b(Σ1/2SZΣ1/2)
− ZS−1

Z .

Hence

V 2
Σ;s = E‖TΣ;s − TI;s‖2

F = E
∥∥∥∥

ZΣ

b(Σ1/2SZΣ1/2)
− Z

b(SZ)

∥∥∥∥
2

F

≤ 2

{
E
[(

1

b(Σ1/2SZΣ1/2)
− 1

b(SZ)

)2

‖ZΣ‖2
F

]

+ E
[
b−2(SZ)‖Z(Σ− I)‖2

F

]}

≡ 2E
(
(I) + (II)

)
.
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We bound (I) and (II) separately:

(I) = b−2(Σ1/2SZΣ1/2)b−2(SZ)b2
(
(Σ− I)SZ

)
‖ZΣ‖2

F

≤ b−2(Σ1/2SZΣ1/2)b−2(SZ)‖SZ‖2
op ·
(
‖Σ‖2

F/p
)
‖Z‖2

op‖Σ− I‖2
F ;

(II) ≤ b−2(SZ) · ‖Z‖2
op‖Σ− I‖2

F .

Using Lemmas 61 and 51, we have

V 2
Σ;s . (p−1‖Σ− I‖2

F + 1)N‖(Σ− I)‖2
F .

On the other hand, a trivial bound for V 2
Σ;s is

V 2
Σ;s = E

∥∥∥∥
ZΣ

b(Σ1/2SZΣ1/2)
− Z

b(SZ)

∥∥∥∥
2

F

. Eb−2(Σ1/2SZΣ1/2)‖ZΣ‖2
F + Eb−2(SZ)‖Z‖2

F

. N
(
‖Σ− I‖2

F ∨ p
)
.

Collecting the two bounds, we have

V 2
Σ;s .

[(
p−1‖Σ− I‖2

F + 1
)
N‖(Σ− I)‖2

F

]∧
N
(
‖Σ− I‖2

F ∨ p
)

� N‖(Σ− I)‖2
F .

(2). As

mΣ;s =
N

2

[
p · E log Tr(ΣSZ)− log det(Σ)− p log p− E log det(SZ)

]
,

by Lemma 62 we have

mΣ;s −mI;s =
N

2

[
− log det(Σ) +Qs(Σ)

]
,

where

|Qs(Σ)| ≡ |p
(
E log Tr(ΣSZ)− E log Tr(SZ)

)
|

. N−1
{

1 + b(Σ2) + e−cN
[
1 + b1/2(Σ2)

]}

. N−1
[
1 + b(Σ2)

]
. N−1b(Σ2),
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where the last inequality follows as b(Σ2) = p−1
∑p

j=1 λ
2
j ≥ p−2(

∑p
j=1 λj)

2 = 1.

(3). Recall TLRT defined in (5.19). Define

∆(X) ≡ TLRT(X)− TLRT,s(X).

Then for any ε > 0, there exists some Cε > 0 such that under the null (i.e., X1, . . . , Xn are

i.i.d. N (0, Ip)),

[
(1− ε)σ2

I;LRT − CεVarI(∆)
]

+
≤ σ2

I;LRT,s ≤ (1 + ε)σ2
I;LRT + CεVarI(∆). (D.38)

We will now bound VarI(∆). By Lemmas 52-(1) and 56-(1), we have for any i, j ∈ [N ]× [p]

∂(ij)∆(X) = ∂(ij)TLRT(X)− ∂(ij)TLRT,s(X) = Xij

[
b−1(S)− 1

]
.

By the Gaussian-Poincaré inequality (Boucheron et al., 2013, Theorem 3.20),

VarI∆(X) ≤ E
[
b−1(S)− 1

]2‖X‖2
F = NpE

[
b(S)− 1

]2
b−1(S)

≤ Np · E1/2
(
b(S)− 1

)4 · E1/2b−2(S)

(∗)
. Np · (Np)−1 = 1.

Here (∗) follows from Lemma 63-(3). Hence by choosing ε in (D.38) to be decaying to 0

slowly enough, σ2
I;LRT and σ2

I;LRT,s share the same asymptotic formula in Proposition 21-(3).

(4). By (1)-(2), and using that b(Σ2) = ‖Σ‖2
F/p, we only need to prove that for a given

constant C0 > 0, there exists some constant C = C(C0) > 0 such that
√
N‖Σ− I‖2

F(
−N log det(Σ)− C0(1 +

‖Σ‖2F
p

)− C0e−cN
(‖Σ‖F
p1/2 + 1

))
+

∨
σI;s

≤ C
(
σI;s ∧N

)1/2
.

Equivalently, with λ = (λ1, . . . , λp) ∈ (0,∞)p and λ ≡ p−1
∑

j λj = 1, we only need to show
√
N
∑

j(λj − 1)2

(
N
∑

j − log(1 + (λj − 1))− C0 − C0

(∑
j λ

2
j

p

)
− C0e−cN

(
∑
j λ

2
j )

1/2

p1/2

)
+

∨
σI;s
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is at most a multiple of
(
σI;s∧N

)−1/2
. Let J ≡ {j : |λj−1| ≤ 1} and J c ≡ {j : |λj−1| > 1}.

As |λj − 1| . p, so the first term in the denominator becomes

N
∑

j

[
− log(1 + (λj − 1)) + (λj − 1)

]
− C0 − C0

∑
j λ

2
j

p
− C0e

−cN (
∑

j λ
2
j)

1/2

p1/2

& N
∑

j

(λj − 1)2 ∧ |λj − 1| − C1p
−1
∑

j

(λj − 1)2 − C2.

Next, by breaking the summation in
∑

j(λj − 1)2 into J and J c, the above display equals

N
∑

j∈J

(λj − 1)2 +N
∑

j∈J

|λj − 1| − C1

∑
j∈J(λj − 1)2 +

∑
j∈Jc(λj − 1)2

p
− C2

≥ (N − C1p
−1)
∑

j∈J

(λj − 1)2 + (N −O(1))
∑

j∈Jc
|λj − 1| − C2

≥ N

2

∑

j

(λj − 1)2 ∧ |λj − 1| − C2

for N and p large enough. Hence with νj ≡ |λj − 1|, we only need to show that for given

C0 > 0,
√
N
∑

j∈J ν
2
j

∨√
N
∑

j∈Jc ν
2
j(

N
∑

j∈J ν
2
j +N

∑
j∈Jc νj − C0

)
+

∨
σI;s
≤ C
(
σI;s ∧N

)1/2
.

Equivalently, we only need to show
√
N
∑

j∈J ν
2
j(

N
∑

j∈J ν
2
j − C0

)
+

∨
σI;s
≤ C

σ
1/2
I;s

, (D.39)

√
N
∑

j∈Jc ν
2
j(

N
∑

j∈Jc νj − C0

)
+

∨
σI;s
≤ C

N1/2
. (D.40)

To see these inequalities, note that the left side of (D.39) is bounded by

1N∑
j∈J ν

2
j≤2C0

(2C0)1/2

σI;s
+ 1N∑

j∈J ν
2
j>2C0

√
N
∑

j∈J ν
2
j

(N/2)
∑

j∈J ν
2
j

∨
σI;s

.
1

σI;s
+

1

infx≥0

(
x ∨ σI;s

x

) . σ
−1/2
I;s .
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Also, the left side of (D.40) is bounded by
√
N
∑

j∈Jc νj(
N
∑

j∈Jc νj − C0

)
+

∨
σI;s

≤ 1N∑
j∈Jc νj≤2C0

(2C0)1/2

√
NσI;s

+ 1N∑
j∈Jc νj>2C0

√
N
∑

j∈Jc νj

N
∑

j∈Jc νj
∨
σI;s

.
1√
NσI;s

+
1√
N

.
1

N1/2
,

proving the claim.

D.6.4 Completing the proof for power expansion

Proof of Theorem 23. The proof is similar to that of Theorem 19, we provide some details

for the convenience of the reader. Without loss of generality we assume b(Σ) = 1. Abbreviate

ΨLRT,s by Ψ and QLRT,s(Σ) by Q(Σ). By Theorem 22 and Proposition 25, we have
∣∣∣∣EΣΨ(X)− P

(
N
(
N ·

(
− log det

(
Σ
)

+Q(Σ)
)

2σI;s
, 1

)
> zα

)∣∣∣∣ ≤ C · p−1/3.

We only need to remove the residual term Q(Σ). To this end, we claim that

|∆P | ≤ Cα

[NQ(Σ)

σI;s

∧ Q(Σ)

| log det
(
Σ
)
|
]
. (D.41)

where

∆P ≡ P
(
N
(
N ·

(
− log det

(
Σ
)

+Q(Σ)
)

2σI;s
, 1

)
> zα

)

− P
(
N
(−N log det

(
Σ
)

2σI;s
, 1

)
> zα

)
.

Here the first bound in (D.41) is by anti-concentration of the normal distribution, and the

second bound in (D.41) follows from Lemma 45.

Let {λj}pj=1 be the eigenvalues of Σ so that
∑p

j=1 λj = p. Then by (5.30), Q(Σ) .

2(Np)−1
∑p

j=1 λ
2
j . Hence using the bound σI;s ≥ cp, (D.41) entails that

|∆P | ≤ C ′α ·
[p−1

∑p
j=1 λ

2
j

p

∧ (Np)−1
∑p

j=1 λ
2
j∑p

j=1 λj − log λj − 1

]
. (D.42)
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If maxj λj ≤ 10, we use the first bound in (D.42) to conclude that ∆P .α p
−1. Otherwise,

by writing J ≡ {j ∈ [p] : |λj − 1| ≥ 1} and J c ≡ [p]\J , the second bound in (D.42) yields

that

|∆P | .α

(Np)−1
∑p

j=1 λ
2
j∑p

j=1 |λj − 1| ∧ (λj − 1)2

.
(Np)−1

∑
j∈J(λj − 1)2 + (Np)−1(|J |+ |J c|)∑

j∈J |λj − 1|

≤
(Np)−1

∑
j∈J(λj − 1)2

∑
j∈J |λj − 1| +

N−1

∑
j∈J |λj − 1|

≡ (I) + (II).

Now (II) . N−1 as maxj λj > 10, and (I) satisfies

(I) ≤ (Np)−1 max
j∈J
|λj − 1| . N−1

by using the trivial bound that maxj λj ≤ p due to the normalization b(Σ) = 1. The proof

is complete.

D.7 Proofs for Section 5.4.2

D.7.1 Evaluation of derivatives

Lemma 57. Recall the form of TJ(X) in (5.31) and the definition of b`(S) in (5.29). Then

the following hold:

1. For the first-order partial derivatives: for any (i, j) ∈ [N ]× [p],

∂(ij)TJ(X) =
( XS

b2(S)
−X · b2(S)

b3(S)

)
ij

=
X>i Sej
b2(S)

−Xij
b2(S)

b3(S)
.
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2. For the second-order partial derivatives: for any (i, j), (i′, j′) ∈ [N ]× [p],

∂(ij),(i′j′)TJ(X)

= b(S)−2
(
N−1δjj′X

>
i Xi′ +N−1Xi′jXij′ + δii′Sjj′

)
− δii′δjj′

b2(S)

b3(S)

+XijXi′j′
6b2(S)

b4(S)Np
− 4

b3(S)Np

[
X>i Sej ·Xi′j′ +X>i′ Sej′ ·Xij

]
.

Proof. We abbreviate TJ(X) by T (X) and write b = b(S) in the proof if no confusion could

arise.

(1). Note that ∂ijS(X) = N−1(ejX
>
i +Xie

>
j ), ∂(ij)Tr(S) = 2N−1Xij and

∂(ij)b(S) =
2

Np
Xij,

∂(ij)b2(S) =
2

Np
Tr
(
S(ejX

>
i +Xie

>
j )
)

=
4

Np
X>i Sej. (D.43)

For the first-order derivatives we have

∂(ij)T (X) =
N

4
Tr

[
2

(
S

b
− I
)
∂(ij)

(
S

b

)]

=
N

2
Tr

[(
S

b
− I
)
· N

−1(ejX
>
i +Xie

>
j )b− 2(Np)−1SXij

b2

]

=
1

2b2
Tr
[
(S − bI)(ejX

>
i +Xie

>
j )
]
− Xij

b3p
Tr
[
(S − bI)S

]

=
(XS)ij
b2

− Xij

b
−
[
Xijb2

b3
− Xij

b

]

=
(XS)ij
b2

−Xij ·
b2

b3
≡ T1,(ij)(X)− T2,(ij)(X).
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(2). For the second-order derivatives,

∂(i′j′)T1,(ij)(X) =
∂(i′j′)(X

>
i Sej)b

2 − (X>i Sej)∂(i′j′)b
2

b4

=
δii′e

>
j′Sej +N−1X>i (ej′X

>
i′ +Xi′e

>
j′)ej

b2
− 4

pN

X>i Sej ·Xi′j′

b3

=
N−1δjj′X

>
i Xi′ +N−1Xi′jXij′ + δii′Sjj′

b2
− 4

pN

X>i Sej ·Xi′j′

b3
,

∂(i′j′)T2,(ij)(X) = δii′δjj′
b2

b3
+Xij · ∂(i′j′)

[
b2

b3

]

= δii′δjj′
b2

b3
+Xij ·

[
4X>i′ Sej′

b3Np
− 6b2Xi′j′

b4Np

]

= δii′δjj′
b2

b3
−XijXi′j′

6b2

b4Np
+ 4X>i′ Sej′ ·Xij

1

b3Np
.

Combining the above two displays, we have

∂(ij),(i′j′)T (X) = b−2
(
N−1δjj′X

>
i Xi′ +N−1Xi′jXij′ + δii′Sjj′

)
− δii′δjj′

b2

b3

+XijXi′j′
6b2

b4Np
− 4

b3Np

[
X>i Sej ·Xi′j′ +X>i′ Sej′ ·Xij

]
.

The proof is complete.

D.7.2 Normal approximation

Proof of Theorem 24. We abbreviate TJ by T and write b = b(S) in the proof if no confusion

could arise. First we bound the operator norm of the Hessian. By Lemma 57-(2),

∂(ij),(i′j′)T (X) = b−2
(
N−1δjj′X

>
i Xi′ +N−1Xi′jXij′ + δii′Sjj′

)

− δii′δjj′
b2

b3
+XijXi′j′

6b2

b4Np
− 4

b3Np

[
X>i Sej ·Xi′j′ +X>i′ Sej′ ·Xij

]

≡ (T1 − T2 + T3 − T4)(ij),(i′j′).

Following the proof of Theorem 18 along with Lemma 61, we have E‖T1‖4
op . (1∨ y)4. Next

for T2, we have by Lemma 61 and Lemma 51 that

E‖T2‖4
op . E(b4

2 · b−12) ≤ E1/2b8
2 · E1/2b−24 . E1/2‖S‖8

op . (1 ∨ y)4.
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The operator norm of T3 can be similarly bounded by

E‖T3‖4
op =

64

(Np)4
E
[(b2

b4

)4

‖X‖8
F

]
. (Np)−4E1/2b8

2 · E1/4b−64E1/4‖X‖32
F

. (Np)−4 · E1/2b8
2 · (Np)4 . (1 ∨ y)4.

Lastly,

‖T4‖op .
1

b3Np
· sup
u,v∈BN×p(1)

∣∣∣∣
∑

(ij),(i′j′)

X>i Sej ·Xi′j′uijvi′j′

∣∣∣∣

=
1

b3Np
· sup
u,v∈BN×p(1)

∣∣∣∣
(∑

i,j

X>i Sejuij

)(∑

i′j′

Xi′j′vi′j′
)∣∣∣∣

≤ 1

b3Np
· ‖XS‖F · ‖X‖F ≤

1

b3Np
· ‖S‖op‖X‖2

F .

Hence by Lemma 51 and Lemma 61, E‖T4(X)‖4
op . (1 ∨ y)4. Putting together the bounds

for T1 - T4 yields that E‖∇2T (X)‖4
op . (1 ∨ y)4.

Next we bound the norm of the gradient. We will show that E‖∇T (X)‖2
F . p2 by

considering the two cases p/N ≤ 1 and p/N > 1 separately.

(Case p/N ≤ 1) By Lemma 57-(1), we may write

∇T (X) = b−1X
(
b−1S − I

)
− b−1X · b

(
b−1S − I

)2
,

so

‖∇T (X)‖4
F . b−8‖X‖4

F‖S − bI‖4
op + b−12‖X‖4

F‖S − bI‖8
op

. ‖X‖4
F

(
b−8‖S − I‖4

op + b−8|b− 1|4 + b−12‖S − I‖8
op + b−12|b− 1|8

)
.

By Lemma 51 and Lemma 63, it holds under the condition p/N ≤ 1 that

E‖T (X)‖4
F . (Np)2

(
(N−1p)2 + (N−1p)4

)
. p4.

(Case p/N > 1) By Lemma 57-(1), we have

E‖∇T (X)‖2
F = E

[∥∥∥∥
XS

b2

∥∥∥∥
2

F

+

∥∥∥∥
Xb2

b3

∥∥∥∥
2

F

− 2〈XS
b2

,
Xb2

b3
〉
]

= Np · E
[
bb3 − b2

2

b5

]

= Np · E(bb3 − b2
2) +Np · E(bb3 − b2

2)(b−5 − 1) ≡ (I) + (II).
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To handle (I), it holds by Lemma 64-(4)(5) that under p > N ,

(I) =
N

p
E
[
Tr(S)Tr(S3)− Tr2(S2)

]
=
N

p
N−4O(N3p3) = O(p2).

To handle (II), it holds by Lemmas 61, 63-(3), and 64-(6) that under p > N ,

(II) = Np · E(bb3 − b2
2)b−5(1− b5) ≤ Np · E1/2(bb3 − b2

2)2E1/4b−20E1/4(b5 − 1)4

≤ Np ·
(
|E(bb3 − b2

2)|+ Var1/2(bb3 − b2
2)
)
· E1/4b−20E1/4(b5 − 1)4

= Np · O(N−1p) · O(1) · O((Np)−1/2) = o(p2).

Putting together the estimates for (I) and (II) yield that E‖∇T (X)‖2
F = O(p2) under the

considered case p > N . The rest of the proof proceeds along the lines in the proof of Theorem

18, with the help of the variance formula in Proposition 26-(3). The normal approximation

error bound becomes a constant multiple of

(1 ∨ y) · p
p2

=
p
n
∨ 1

p
=

1

n ∧ p,

as desired.

D.7.3 Ratio control

Proof of Proposition 26. We assume without loss of generality that b(Σ) = Tr(Σ)/p = 1

(otherwise we replace Σ by Σ · b−1(Σ)).

(1). By Lemma 57, with SZ ≡ N−1
∑N

i=1 ZiZ
>
i , we have

TΣ;J =

{
ZΣ1/2Σ1/2SZΣ1/2

b2(Σ1/2SZΣ1/2)
− ZΣ1/2 b2(Σ1/2SZΣ1/2)

b3(Σ1/2SZΣ1/2)

}
Σ1/2

=
ZΣSZΣ

b2(Σ1/2SZΣ1/2)
− ZΣ

b2(Σ1/2SZΣ1/2)

b3(Σ1/2SZΣ1/2)
,
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so

TΣ;J − TI;J

=

{
ZΣSZΣ

b2(Σ1/2SZΣ1/2)
− ZSZ
b2(SZ)

}
−
{
ZΣ

b2(Σ1/2SZΣ1/2)

b3(Σ1/2SZΣ1/2)
− Z b2(SZ)

b3(SZ)

}

=

{
ZΣSZΣ

b2(Σ1/2SZΣ1/2)
− ZSZ
b2(SZ)

}
− Z

{
b2(Σ1/2SZΣ1/2)

b3(Σ1/2SZΣ1/2)
− b2(SZ)

b3(SZ)

}

− (ZΣ− Z) · b2(Σ1/2SZΣ1/2)

b3(Σ1/2SZΣ1/2)
≡ V1(Z) + V2(Z) + V3(Z).

We will handle the Frobenius norms of V1(Z), V2(Z), V3(Z) separately below. For V1(Z),

‖V1(Z)‖2
F .

∥∥∥∥
ZΣSZΣ

b2(Σ1/2SZΣ1/2)
− ZSZ
b2(Σ1/2SZΣ1/2)

∥∥∥∥
2

F

+

∥∥∥∥
ZSZ

b2(Σ1/2SZΣ1/2)
− ZSZ
b2(SZ)

∥∥∥∥
2

F

= ‖ZΣSZΣ− ZSZ‖2
F ·

1

b4(Σ1/2SZΣ1/2)

+ ‖ZSZ‖2
F ·
[
b2(Σ1/2SZΣ1/2)− b2(SZ)

b2(Σ1/2SZΣ1/2)b2(SZ)

]2

≡ V1,1 + V1,2.

Note that

V1,1 . b−4(Σ1/2SZΣ1/2)
(
‖ZΣSZ(Σ− I)‖2

F + ‖Z(Σ− I)SZ‖2
F

)

.
[
b−4(Σ1/2SZΣ1/2) · ‖SZ‖2

op

]
·
(
‖Σ‖2

op ∨ 1
)
· ‖Z‖2

op‖Σ− I‖2
F ,

V1,2 ≤ ‖SZ‖2
op‖Z‖2

F b
−4(Σ1/2SZΣ1/2)b−4(SZ)

×
(
Tr((Σ− I)SZ)/p

)2(
b2(Σ1/2SZΣ1/2) ∨ b2(SZ)

)

.
[
‖SZ‖4

opb
−4(Σ1/2SZΣ1/2)b−4(SZ)

(
b2(Σ1/2SZΣ1/2) ∨ b2(SZ)

)]

× p−1‖Z‖2
F‖Σ− I‖2

F .

So under p/N ≤M , by Lemma 61 and Lemma 51, we have

E‖V1(Z)‖2
F .M N

(
‖Σ‖2

op ∨ 1
)
‖Σ− I‖2

F .
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For V2(Z),

‖V2(Z)‖2
F = ‖Z‖2

F

(b2(Σ1/2SZΣ1/2)

b3(Σ1/2SZΣ1/2)
− b2(SZ)

b3(SZ)

)2

. ‖Z‖2
F

{(b2(Σ1/2SZΣ1/2)

b3(Σ1/2SZΣ1/2)
− b2(SZ)

b3(Σ1/2SZΣ1/2)

)2

+
( b2(SZ)

b3(Σ1/2SZΣ1/2)
− b2(SZ)

b3(SZ)

)2
}
≡ V2,1 + V2,2.

Note that

(
b2(Σ1/2SZΣ1/2)− b2(SZ)

)2
= p−2Tr2

(
SZΣSZΣ− S2

Z

)

. p−2
{

Tr2
(
SZ(Σ− I)SZΣ

)
+ Tr2

(
S2
Z(Σ− I)

)}

. p−1‖SZ‖4
op

(
‖Σ‖2

F/p+ 1
)
‖Σ− I‖2

F (D.44)

. p−1‖SZ‖4
op

(
‖Σ‖2

op ∨ 1
)
‖Σ− I‖2

F ,

so

V2,1 .
[
b−6(Σ1/2SZΣ1/2)‖SZ‖4

op

]
·
(
‖Σ‖2

op ∨ 1
)
·
(
p−1‖Z‖2

F

)
· ‖Σ− I‖2

F ,

V2,2 ≤ ‖Z‖2
F b
−6(Σ1/2SZΣ1/2)b−6(SZ)b2

2(SZ)
(
b(Σ1/2SZΣ1/2)− b(SZ)

)2

×
(
b2(Σ1/2SZΣ1/2) + b(Σ1/2SZΣ1/2)b(SZ) + b2(SZ)

)2

.
[
b−6(Σ1/2SZΣ1/2)b−6(SZ)

(
b4(Σ1/2SZΣ1/2) ∨ b4(SZ)

)
‖SZ‖6

op

]

× p−1‖Z‖2
F‖Σ− I‖2

F .

Hence under p/N ≤M , by Lemma 61 and Lemma 51, we have

E‖V2(Z)‖2
F .M N

(
‖Σ‖2

op ∨ 1
)
‖Σ− I‖2

F .

Lastly, recall that Tr(Σ) = p so using trace Hölder inequality we have Tr(SZΣSZΣ) ≤
Tr(Σ)‖SZΣSZ‖op ≤ p‖SZ‖2

op‖Σ‖op, so V3(Z) satisfies

‖V3(Z)‖2
F ≤ p−2‖Σ− I‖2

F · ‖Z‖2
op · b−6(ΣSZ) · Tr2(SZΣSZΣ)

≤
[
b−6(Σ1/2SZΣ1/2)‖SZ‖4

op

]
· ‖Σ‖2

op · ‖Z‖2
op‖Σ− I‖2

F
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Hence under p/N ≤M , by Lemma 61 and Lemma 51, we have

E‖V3(Z)‖2
F .M N

(
‖Σ‖2

op ∨ 1
)
‖Σ− I‖2

F .

Combining the estimates proves the claim.

(2). Recall the normalization b(Σ) = 1. Note that

E
[
b2(Σ1/2SZΣ1/2)

b2(Σ1/2SZΣ1/2)

]

=
Eb2(Σ1/2SZΣ1/2)

Eb2(Σ1/2SZΣ1/2)
+ E

[
b2(Σ1/2SZΣ1/2)

(
1

b2(Σ1/2SZΣ1/2)
− 1

Eb2(Σ1/2SZΣ1/2)

)]

(∗)
=

(1 +N−1) b2(Σ)
b2(Σ)

+ p
N

1 + 2Tr(Σ2)/(Np2)
+ E

[
b2(Σ1/2SZΣ1/2)

(
1

b2(Σ1/2SZΣ1/2)
− 1

Eb2(Σ1/2SZΣ1/2)

)]

=
b2(Σ)

b2(Σ)
+

p

N
+

{
E
[
b2(Σ1/2SZΣ1/2)

(
1

b2(Σ1/2SZΣ1/2)
− 1

Eb2(Σ1/2SZΣ1/2)

)]

+

[
(1 +N−1)

b2(Σ)

b2(Σ)
+

p

N

](
1

1 + 2Tr(Σ2) · (Np2)−1
− 1

)
+N−1 b2(Σ)

b2(Σ)

}

≡ b2(Σ)

b2(Σ)
+

p

N
+R(Σ).

Here we use Lemma 63-(1) in (∗) and

R(Σ) = E
[
b2(Σ1/2SZΣ1/2)

(
1

b2(Σ1/2SZΣ1/2)
− 1

Eb2(Σ1/2SZΣ1/2)

)]

+

[
(1 +N−1)

b2(Σ)

b2(Σ)
+

p

N

](
1

1 + 2Tr(Σ2) · (Np2)−1
− 1

)
+N−1 b2(Σ)

b2(Σ)

≡ R1(Σ) +R2(Σ) +R3(Σ).

As

mΣ;J =
N

4
ETr

( Σ1/2SZΣ1/2

b(Σ1/2SZΣ1/2)
− I
)2

=
Np

4

{
E
[
b2(Σ1/2SZΣ1/2)

b2(ΣSZ)

]
− 1

}
,

we have

mΣ;J −mI;J =
Np

4

(
p−1‖Σ− I‖2

F +R(Σ)−R(I)
)
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Now we handle R`(Σ)−R`(I) for ` = 1, 2, 3.

For ` = 1,

∣∣R1(Σ)−R1(I)
∣∣

=

∣∣∣∣E
[
b2(Σ1/2SZΣ1/2)

(
1

b2(Σ1/2SZΣ1/2)
− 1

Eb2(Σ1/2SZΣ1/2)

)

− b2(SZ)

(
1

b2(SZ)
− 1

Eb2(SZ)

)]∣∣∣∣

≤
∣∣∣∣E
[(
b2(Σ1/2SZΣ1/2)− b2(SZ)

)( 1

b2(Σ1/2SZΣ1/2)
− 1

Eb2(Σ1/2SZΣ1/2)

)]∣∣∣∣

+

∣∣∣∣E
[
b2(SZ)

((
1

b2(Σ1/2SZΣ1/2)
− 1

b2(SZ)

)

−
(

1

Eb2(Σ1/2SZΣ1/2)
− 1

Eb2(SZ)

))]∣∣∣∣ ≡ R1,1 +R1,2.

The term R1,1 can be handled as follows: by (D.44) Lemmas 51, 61, and 63, under p/N ≤M ,

R1,1 . E1/4
(
b2(Σ1/2SZΣ1/2)− b2(SZ)

)4 · E1/4b−8(Σ1/2SΣ1/2)

· Var1/2
(
b2(Σ1/2SZΣ1/2)

)
·
(
Eb2(Σ1/2SΣ1/2)

)−1

.M p−2 ·
[
p−1/2

(
p−1/2‖Σ‖F + 1

)
‖Σ− I‖F

]
· Var1/2

(
Tr2(ΣSZ)

)

.M (N1/2p)−1
(
p−1‖Σ‖2

F + 1
)
‖Σ− I‖F .
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For R1,2, we have by Lemmas 51 and 63 that, under p/N ≤M ,

R1,2 =

∣∣∣∣E
[
b2(SZ)

(
b2(SZ)− b2(Σ1/2SZΣ1/2)

b2(Σ1/2SZΣ1/2)b2(SZ)
− Eb2(SZ)− Eb2(Σ1/2SZΣ1/2)

Eb2(Σ1/2SZΣ1/2)Eb2(SZ)

)]∣∣∣∣

≤ Eb2(SZ)b−2(Σ1/2SZΣ1/2)b−2(SZ)

×
∣∣b2(SZ)− b2(Σ1/2SZΣ1/2)− E

(
b2(SZ)− b2(Σ1/2SZΣ1/2)

)∣∣

+
∣∣E
(
b2(SZ)− b2(Σ1/2SZΣ1/2)

)∣∣ · Eb2(SZ)

×
∣∣∣∣

1

b2(Σ1/2SZΣ1/2)b2(SZ)
− 1

Eb2(Σ1/2SZΣ1/2)Eb2(SZ)

∣∣∣∣

.M Var1/2
(
b2(SZ)− b2(Σ1/2SZΣ1/2)

)

+
∣∣E
(
b2(SZ)− b2(Σ1/2SZΣ1/2)

)∣∣ ·
(
Var1/2(b2(Σ1/2SZΣ1/2)) ∨ Var1/2(b2(SZ))

)

(∗)
.M (N1/2p)−1‖Σ− I‖F + p−1/2‖Σ− I‖F · (N1/2p)−1(‖Σ‖F ∨ p1/2)

. (N1/2p)−1
(
p−1/2‖Σ‖F + 1

)
‖Σ− I‖F .

Here in (∗) we use the fact that

∣∣E
(
b2(SZ)− b2(Σ1/2SZΣ1/2)

)∣∣ . p−1E1/2Tr2
(
(Σ− I)SZ

)

≤ p−1/2‖Σ− I‖F · E1/2‖SZ‖2
op .M p−1/2‖Σ− I‖F .

Hence

|R1(Σ)−R1(I)| .M (N1/2p)−1
(
p−1‖Σ‖2

F + 1
)
‖Σ− I‖F .

For ` = 2, with a(Σ) ≡ 1/
(
1+2Tr(Σ2)/(Np2)

)
−1 (then |a(Σ)| ≤ 2/N and |a(I)| ≤ 2/(Np)),

we have

R2(Σ) = (1 +N−1)b2(Σ)a(Σ) +N−1pa(Σ),

so

∣∣R2(Σ)−R2(I)
∣∣ .M

∣∣b2(Σ)a(Σ)− b2(I)a(I)
∣∣+ |a(Σ)− a(I)| ≡ R2,1 +R2,2.
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The two terms R2,1, R2,2 can be handled as follows: using Tr(Σ2) ≤ p2 under b(Σ) = 1, we

have

R2,1 . b2(Σ)|a(Σ)− a(I)|+ |a(I)||b2(Σ)− b2(I)|

. p−1Tr(Σ2)(Np2)−1|Tr
(
Σ2 − I

)
|+ (Np)−1 · p−1 · |Tr(Σ2 − I)|

. (Np1/2)−1
(
p−1/2‖Σ‖F + 1

)
‖Σ− I‖F ,

R2,2 . (Np1/2)−1
(
p−1/2‖Σ‖F + 1

)
‖Σ− I‖F ,

so

∣∣R2(Σ)−R2(I)
∣∣ .M (Np1/2)−1

(
‖Σ‖F/p1/2 + 1

)
‖Σ− I‖F .

For ` = 3,

∣∣R3(Σ)−R3(I)
∣∣ = N−1

∣∣b2(Σ)− b2(I)
∣∣ . (Np1/2)−1

(
p−1/2‖Σ‖F + 1

)
‖Σ− I‖F .

Now with QJ(Σ) ≡ p
(
R(Σ)−R(I)

)
, we have

|QJ(Σ)| .M pmax{(N1/2p)−1, (Np1/2)−1}
(
p−1‖Σ‖2

F + 1
)
‖Σ− I‖F

.M N−1/2
(
p−1‖Σ‖2

F + 1
)
‖Σ− I‖F ,

and

mΣ;J −mI;J =
N

4

(
‖Σ− I‖2

F +QJ(Σ)
)
.

(3). Recall TLNW defined in (5.24). Let

∆(X) ≡ TLNW(X)− TJ(X).

Then for any ε > 0, there exists some Cε > 0 such that under the null (i.e., X1, . . . , Xn are

i.i.d. N (0, Ip)),

[
(1− ε)σ2

I;LNW − CεVarI(∆)
]

+
≤ σ2

I;J ≤ (1 + ε)σ2
I;LNW + CεVarI(∆). (D.45)
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We will now bound VarI(∆). By Lemmas 54-(1) and 57-(1), we have for any i, j ∈ [N ]× [p]

∂(ij)∆(X) = ∂(ij)TLNW(X)− ∂(ij)TJ(X)

=
(
X(S − I)−N−1Tr(S)X

)
ij
−
[
X

b

(S
b
− I
)
− X

b(S)
· b
(( S

b(S)
− I
)2)]

ij

=

[
X(S − I)− X

b

(S
b
− I
)]

ij

+

[
Xb
(
(S − b(S)I)2

)(
b−3(S)− 1

)]

ij

+

[
X
(
b2(S)− b2(S)−N−1Tr(S)

)]

ij

≡
(
∆1 + ∆2 + ∆3

)
ij
.

We now handle ∆1-∆3 separately below. For ∆1, by Lemmas 51, 61, and 63, we have

E‖∆1‖2
F . Eb−2(1− b)2‖X(S − I)‖2

F + Eb−4(1− b)2‖XS‖2
F

≤ NEb−2(1− b)2‖S‖op‖S − I‖2
F +NEb−4(b− 1)2Tr(S3)

. N · (pN)−1 · (1 ∨ y)(N−1p2) +NE1/4b−16E1/4(b− 1)8E1/2Tr2(S3)

(∗)
. o(p2) +N · O(1) · (Np)−1 · O(N−2p3 ∨ p2) = o(p2).

Here in (∗) the first bound follows by direct calculation and the second bound follows as: by

Lemma 64-(7),

ETr2(S3) ≤ ETr2(S2)‖S‖2
op ≤ E1/2Tr4(S2) · E1/2‖S‖4

op

. p4 · (y2 ∨ 1) = O(N−4p6 ∨ p4).

For ∆2, using b
(
(S − b(S)I)2

)
≤ ‖(S − b(S)I)2‖op . ‖S‖2

op ∨ b2(S), we have

E‖∆2‖2
F . Eb−6(b4 ∨ b2 ∨ 1)(b− 1)2

(
‖S‖2

op ∨ b2
)
‖X‖2

F

. (pN)−1 · (pN) · E1/2
(
‖S‖4

op ∨ b4
)
� (1 ∨ y)2 = o(p2).

For ∆3, let h(S) ≡ b2(S)− b2(S)−N−1Tr(S), we have

E‖∆3‖2
F . E‖X‖2

Fh
2(S) ≤ NE1/2Tr2(S) · E1/2h4(S)

. Np ·
[(
Eh(S)

)4
+ Var2

(
h(S)

)
+ E‖∇h(S)‖4

F

]1/2

,
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where the last inequality follows since

Eh4(S) = [Eh2(S)]2 + Var(h2(S)) ≤ 2
[
Eh(S))4 + 2Var2(h(S)) + Var(h2(S)

]

≤ 2(Eh(S))4 + 2Var2(h(S)) + 4Eh2(S)‖∇h(S)‖2
F

≤ 2(Eh(S))4 + 2Var2(h(S)) + 4τEh4(S) + CτE‖∇h(S)‖4
F

and choosing, say, τ = 1/8. For Eh(S), Lemma 63 yields the direct evaluation

Eh(S) =
(1 +N−1)p+N−1p2

p
− p2 + 2N−1p

p2
− p

N

= (1 +N−1) +
p

N
−
(

1 +
2

Np

)
− p

N
=

1

N
− 2

Np
= O(N−1).

For Var
(
h(S)

)
, the Gaussian-Poincaré inequality (Boucheron et al., 2013, Theorem 3.20)

yields that

Var
(
h(S)

)
≤ E

∑

ij

(
∂(ij)h(S)

)2 (∗∗)
=
∑

ij

E
(

4X>i Sej
Np

− 4Xijb(S)

Np
− 2Xij

N2

)2

. (Np)−2
(
E‖XS‖2

F + Eb2(S)‖X‖2
F

)
+N−4E‖X‖2

F

. (Np2)−1ETr(S2)‖S‖op + (Np)−2(Np) +N−4(Np)

. (Np2)−1E1/2Tr2(S2)E1/2‖S‖2
op + (Np)−1 + pN−3

. (Np2)−1 · p2 · (1 ∨ y) + (Np)−1 + pN−3 = o(N−1p).

Here (∗∗) follows from (D.43). Lastly E‖∇h(S)‖4
F can be bounded similarly:

E‖∇h(S)‖4
F . (Np)−4

(
E‖XS‖4

F + Eb4(S)‖X‖4
F

)
+N−8E‖X‖4

F = o(N−2p2).

Now by the Gaussian-Poincaré inequality (Boucheron et al., 2013, Theorem 3.20),

VarI(∆) ≤ E
∑

ij

(
∂(ij)∆(X)

)2
. E‖∆1‖2

F + E‖∆2‖2
F + E‖∆3‖2

F = o(p2).

As σ2
I;LNW ∼ p2/4 → ∞ whenever N ∧ p → ∞, by taking ε in (D.45) slowly decaying to 0

we conclude σ2
I;LNW ∼ σ2

I;J.
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(4). By (1)-(2), as ‖Σ‖2
F/p . ‖Σ − I‖2

F/p + 1 . ‖Σ − I‖F ∨ 1 [where we use ‖Σ − I‖F ≤
‖Σ‖F +

√
p ≤ p +

√
p under Tr(Σ) = p], we only need to prove that given C0, we may find

some constant C1 > 0,

√
N‖Σ− I‖F

(
1 ∨ ‖Σ− I‖F

)
(
N‖Σ− I‖2

F − C0N1/2‖Σ− I‖F
(
1 ∨ ‖Σ− I‖F

))
+

∨
σI;J
≤ C1

(σI;J ∧N)1/2
. (D.46)

Write α = ‖Σ− I‖F , we only need to prove that

√
Nα

∨√
Nα2

(
Nα2 − C0N1/2α

)
+

∨
σI;J
≤ C1

(σI;J ∧N)1/2
. (D.47)

This follows as

LHS of (D.47) . 1α≤2C0N−1/2

1

σI;J
+ 1α>2C0N−1/2

√
Nα

∨√
Nα2

Nα2
∨
σI;J

.
1

σI;J
+

1

N1/2 infα≥0

(
α ∨ σI;J/N

α

) +
1

N1/2

.
1

σI;J
+

1

σ
1/2
I;J

+
1

N1/2
� 1

(σI;J ∧N)1/2
.

The proof is complete.

D.7.4 Completing of the proof for power expansion

Proof of Theorem 25. The proof essentially follows that of Theorem 19 by noting that the

key property used therein is |QLNW(Σ)| ≤ CMN
−1/2(‖Σ− I‖F ∨ 1)‖Σ− I‖F , while here we

have |QJ(Σ · b−1(Σ))| ≤ CMN
−1/2‖Σ · b−1(Σ) − I‖F ≤ N−1/2(‖Σ · b−1(Σ) − I‖F ∨ 1)‖Σ ·

b−1(Σ)− I‖F .

D.8 Second-order Poincaré inequality

The main tool used for proving normal approximations is the following second-order Poincaré

inequality due to Chatterjee (2009). Recall that W 1,2(γn) is the Gaussian Sobolev space

defined in (5.11).
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Lemma 58 (Second-order Poincaré inequality). Let ξ be an n-dimensional standard normal

random vector. Let F : Rn → R be an element of W 1,2(γn). Let ξ′ be an independent copy

of ξ. Define T : Rn → R by

T (y) ≡
∫ 1

0

1

2
√
t
〈∇F (y),Eξ′∇F (

√
ty +

√
1− tξ′)〉 dt.

Then with W ≡ F (ξ),

dTV

(
W − EW√

Var(W )
, N (0, 1)

)
≤ 2

√
Var(T (ξ))

Var(W )
.

D.9 Sobolev regularity of matrix functionals

Lemma 59. The following hold:

1. Let f : RN×p → R be defined by f(X) = log det(X>X). If N ≥ p + 1, then f ∈
W 1,2(γN×p) provided itself and its pointwise first derivatives live in L2(γN×p), f ∈
W 2,2(γN×p) provided itself, its pointwise first, and second derivatives live in L2(γN×p).

In particular, if N, p are large enough with p/N ≤ 1 − ε for some ε ∈ (0, 1), then

f ∈ W 2,2(γN×p).

2. Let g` : RN×p → R be defined by g`(X) = Tr−`(X>X) for ` ∈ N. Then g` ∈ W 1,2(γN×p)

provided itself and its pointwise first derivatives live in L2(γN×p), g` ∈ W 2,2(γN×p)

provided itself, its pointwise first, and second derivatives live in L2(γN×p). In particular,

there exists some N` ∈ N such that for N ≥ N`, g` ∈ W 2,2(γN×p).

Proof. (1). We first prove the claim involving f ∈ W 1,2(γN×p). Let W r,p(Rd) be the standard

Sobolev class on Rd (cf. (Bogachev, 1998, Chapter 1.5)) and recall that C∞0 (Rd) is the class of

smooth functions on Rd with compact support. By (Bogachev, 1998, Proposition 1.5.2), we

only need to verify that ζf ∈ W 1,2(RN×p), i.e., ζf ∈ L2(RN×p) and its first partial derivatives

(in the sense of distributions) live in L2(RN×p) for every ζ ∈ C∞0 (RN×p). ζf ∈ L2(RN×p)
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follows from N ≥ p + 1 > p. Using the absolute continuity on line characterization of

the space W 1,2(RN×p) (cf. (Maz’ya, 2011, Section 1.1.3)), we only need to show that ζf is

absolutely continuous on almost all straight lines that are parallel to coordinate axes and the

first pointwise derivatives of ζf belong to L2(RN×p). As ζ has compact support, the latter

requirement is satisfied by the assumption that f and its first pointwise derivatives live in

L2(γN×p). To show the almost absolute continuity, we only need to do so for f on a compact

subset of RN×p. Identify X ∈ RN×p in the matrix form X = [X1 · · ·Xp] where Xj ∈ RN

for 1 ≤ j ≤ p, and in the coordinate form X = (X>1 , . . . , X
>
p ). Let Lj ≡ {(X>1 , . . . , X>p ) ∈

RN×p : Xj ∈ lin(X1, . . . , Xj−1, Xj+1, . . . , Xp)}, and π−(ij) : RN×p → RN×p−1 be the natural

projection that excludes (Xj)i. Then π−(ij)(Lj′) is a subset of RN×p−1 of Lebesgue measure

0 for each (i, j) ∈ [N ]× [p], j′ ∈ [p] under the condition p ≤ N − 1, as we may write

Lj′ =
{(
X>1 , . . . , X

>
j′−1,

∑

j 6=j′
γjX

>
j , X

>
j′+1, . . . , X

>
p

)
: Xj ∈ RN , γj ∈ R, j 6= j′

}
.

Hence with L ≡ ∪jLj, π−(ij)(L) is a subset of RN×p−1 of Lebesgue measure 0 for every

(i, j) ∈ [N ]× [p]. In particular, this means that for any X−(ij) /∈ π−(ij)(L), the map f along

the line x(ij) 7→ (x(ij), X−(ij)) does not touch {X ∈ RN×p : det(X>X) = 0}, and hence is

locally Lipschitz as ∇f(X) = 2X(X>X)−1. This verifies the almost absolute continuity

property, and hence f ∈ W 1,2(γN×p) provided itself and its first pointwise derivatives live in

L2(γN×p).

The verification of f ∈ W 2,2(γN×p) under L2 integrability of the pointwise derivatives

up to the second order is the same, upon noting the derivatives have singularities only at

{X ∈ RN×p : det(X>X) = 0} (the precise derivative formula is given in Lemma 52).

The last assertion follows from Lemma 50 and (D.17) that establishes the L2 integrability

of the pointwise first and second derivatives, and the straightforward verification of the L2

integrability of f itself.

(2). The singularity of g` occurs only at Tr(X>X) =
∑

j‖Xj‖2 = 0, i.e., X = 0. The almost

absolute continuity on line characterization is therefore easily verified. The L2 integrability
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of the derivatives up to the second order follows from Lemma 61.

D.10 Proof of Lemma 50

Proof of Lemma 50. Write SZ for S in the proof for simplicity. Let λ be the smallest eigen-

value of S, and y ≡ (p−1)/N < 1−ε. By (Rudelson and Vershynin, 2009, Theorem 1.1), on

an event E with probability at least 1−e−cN(1−y), λ ≥ c(1−√y)2 for some absolute constant

c > 0. A similar estimate can be obtained using rigidity estimate for the eigenvalues of the

sample covariance matrix, e.g., (Pillai and Yin, 2014, Theorem 3.1(iii)). Hence

E‖S−1‖qop = E‖S−1‖qop1E + E‖S−1‖qop1Ec

≤ c−q
(
1−√y

)−2q
+ E1/2‖S−1‖2q

op · e−cN(1−y)/2. (D.48)

Now we give an upper bound for E‖S−1‖2q
op. Let r ≡ (N − p− 1)/2 assumed to be a positive

integer. For any non-negative integer k, we write κ ` k if κ = (k1, k2, . . .), with convention

k1 ≥ k2 ≥ . . ., is a partition of k, i.e.,
∑

i ki = k. Let Cκ denote the zonal polynomial

(cf. (Muirhead, 1982, Chapter 7)) with respect to the partition κ. Then it follows from
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(Muirhead, 1982, Corollary 9.7.4) that, for any x > 0,

P(‖S−1‖op > x) = 1− P(λ > 1/x)

= 1− e−Np2x

pr∑

k=0

∑

κ`k:k1≤r

Cκ
(
NI/(2x)

)

k!

= e−
Np
2x

[ ∞∑

k=0

(
Np/(2x)

)k

k!
−

pr∑

k=0

∑

κ`k:k1≤r

Cκ
(
NI/(2x)

)

k!

]

= e−
Np
2x

[ ∞∑

k=pr+1

(
Np/(2x)

)k

k!
+

pr∑

k=0

1

k!

{(Np
2x

)k
−

∑

κ`k:k1≤r

Cκ

(NI
2x

)}]

(∗)
= e−

Np
2x

[ ∞∑

k=pr+1

(
Np/(2x)

)k

k!
+

pr∑

k=0

1

k!

∑

κ`k:k1>r

Cκ

(NI
2x

)]

(∗∗)
= e−

Np
2x

[ ∞∑

k=pr+1

(
Np/(2x)

)k

k!
+

pr∑

k=r+1

(
N/(2x)

)k

k!

∑

κ`k:k1>r

Cκ
(
I
))]

(∗∗∗)
≤ e−

Np
2x ·

∞∑

k=r+1

(
Np/(2x)

)k

k!
.

Here (∗) follows from (Muirhead, 1982, Definition 7.2.1, (iii)): for any k ≥ 0 and t > 0,

∑

κ`k

Cκ(t · I) =
[
Tr(t · I)

]k
= (tp)k; (D.49)

(∗∗) follows from the fact that for each k and partition κ of k, Cκ is a homogeneous polynomial

of order k; (∗ ∗ ∗) follows from the non-negativity of zonal polynomial for I (cf. (Muirhead,

1982, Corollary 7.2.4)) and an application of (D.49) with t = 1:

∑

κ`k:k1>r

Cκ
(
I
)
≤
∑

κ`k

Cκ
(
I
)

= pk.

Hence by using the fact that for any k ≥ 2q + 1,

∫ ∞

0

e−
Np
2x

(
Np

2x

)k
· x2q−1 dx =

(
Np

2

)2q ∫ ∞

0

e−yyk−2q−1 dy

=

(
Np

2

)2q

(k − 2q − 1)!,
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we have for every r ≥ 4q

E‖S−1‖2q
op = 2q

∫ ∞

0

x2q−1P(‖S−1‖op > x) dx

≤
(
Np

2

)2q ∞∑

k=r+1

1

k(k − 1) · · · (k − 2q)

=

(
Np

2

)2q ∞∑

k=r+1

1

2q
·
{ 1

(k − 1) · · · (k − 2q)
− 1

k · · · (k − 2q − 1)

}

=

(
Np

2

)2q
1

2q

1

r(r − 1) · · · (r − 2q + 1)
.q

(Np)2q

r2q
. (D.50)

Combining (D.48) and (D.50), as p/N ≤ 1− ε,

E‖S−1‖qop ≤ Cq
ε + CεN

qe−cεN .q,ε 1 (D.51)

with r = (N − p − 1)/2 being a positive integer. If r is not an integer, write S = N−1
N
S ′ +

1
N
XNX

>
N , where S ′ ≡ 1

N−1

∑N−1
i=1 XiX

>
i . Then using Sherman-Morrison formula,

S−1 =
N

N − 1
(S ′)−1 − N

(N − 1)2
· (S ′)−1XNX

>
N(S ′)−1

1 + 1
N−1

X>N(S ′)−1XN

≡ N

N − 1
(S ′)−1 −R. (D.52)

As X>N(S ′)−1XN ≥ ‖XN‖2/λmax(S ′), we have

E‖R‖qop ≤
( N

N − 1

)q
· E
[
‖(S ′)−1XNX

>
N(S ′)−1‖qop

λmax(S ′)2q

‖XN‖2q

]

.q E
(λmax(S ′)2q

λmin(S ′)2q

)
≤ E1/2‖S ′‖4q

op · E1/2‖(S ′)−1‖4q
op .q,ε 1.

The claim for r not being an integer follows from the decomposition (D.51) and the estimate

above.

D.11 Moment and concentration (in)equalities for trace functionals

Lemma 60. Let Z ∈ RN×p be a random matrix whose entries are i.i.d. N (0, 1), and

A ∈ Rp×p. Then

E‖ZA‖4
F ≤ 4N‖A>A‖2

F +N2‖A‖4
F ≤ 5N2‖A‖4

F .
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Proof. As ‖ZA‖2
F = Tr(ZAA>Z>) = Tr(A>Z>ZA), we have

E‖ZA‖4
F = ETr2(A>Z>ZA) = Var

(
Tr(A>Z>ZA)

)
+
(
ETr(A>Z>ZA)

)2

= Var
(
Tr(A>Z>ZA)

)
+N2Tr2(A>A).

Further note that for any (i, j) ∈ [N ]× [p],

∂(ij)Tr(A>Z>ZA) = Tr
(
A>(eie

>
j )>ZA

)
+ Tr

(
A>Z>eie

>
j A
)

= (ZAA>)ij + (AA>Z>)ji = 2(ZAA>)ij,

so by Gaussian-Poincaré inequality,

Var
(
Tr(A>Z>ZA)

)
≤ E

∑

i,j

(
∂(ij)Tr(A>Z>ZA)

)2

= 4E‖ZAA>‖2
F = 4ETr(ZAA>AA>Z>) = 4NTr(AA>AA>).

Finally note that

Tr(AA>AA>) = ‖A>A‖2
F =

∑

i

λ4
i (A) ≤

(∑

i

λ2
i (A)

)2

= ‖A‖4
F = Tr2(A>A).

The claim follows.

Lemma 61. Let SZ ≡ N−1
∑N

i=1 ZiZ
>
i where Zi’s are i.i.d. N (0, I) in Rp. Then there exists

some universal constant C > 0 such that for any non-negative definite matrix Σ and any

t > 0,

P
(
N
∣∣(Tr(ΣSZ)− Tr(Σ)

)∣∣ > t

)
≤ 2exp

(
− t2

C(N‖Σ‖2
F + ‖Σ‖opt)

)
.

Consequently, P
(
Tr(ΣSZ) < Tr(Σ)/2

)
≤ e−cN for some universal c > 0. Furthermore, for

any ` ∈ Z such that ` ≥ −N/2, there exists some C` > 0 such that [recall (5.29)]

Eb`(Σ1/2SZΣ1/2) ≤ C` · b`(Σ).
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Proof. Let Xi ≡ Σ1/2Zi. Then Tr(ΣSZ) = N−1
∑N

i=1 Z
>
i ΣZi = N−1

∑N
i=1‖Xi‖2, and

ETr(ΣSZ) = E‖Xi‖2 = Tr(Σ). By Hanson-Wright inequality (cf. (Boucheron et al., 2013,

pp.39)),

Eexp

(
λ

N∑

i=1

(‖Xi‖2 − E‖Xi‖2)

)
≤ exp

(
λ2 ·N‖Σ‖2

F

1− 2λ‖Σ‖op

)
,

so by (Boucheron et al., 2013, Theorem 2.3), we have

P
(
N
∣∣(Tr(ΣSZ)− Tr(Σ)

)∣∣ > t

)
≤ 2exp

(
− t2

C(N‖Σ‖2
F + ‖Σ‖opt)

)
.

In particular, with t ≡ NTr(Σ)/2, we have

P
(
Tr(ΣSZ) < Tr(Σ)/2

)
≤ exp

(
− N2Tr2(Σ)

C
(
N‖Σ‖2

F +N‖Σ‖opTr(Σ)
)
)
≤ e−cN .

For the expectation bound, let {λj}pj=1 be the eigenvalues of Σ and assume without loss of

generality that
∑p

j=1 λj = 1. Then

ETr`(SZΣ) = E
( 1

N

N∑

i=1

Z>i ΣZi

)
= E

( 1

N

N∑

i=1

Z>i diag(λ1, . . . , λp)Zi

)`

= N `E
( N∑

i=1

p∑

j=1

λjZ
2
ij

)`
≡ N `E

( p∑

j=1

λjYj

)`

(∗)
≤ N `E

p∑

j=1

λjY
`
j

(∗∗)
.` N

` ·
p∑

j=1

λjN
` = 1.

Here (∗) follows as the map x 7→ x` is convex on (0,∞) for ` ∈ Z, and (∗∗) follows from the

following calculations:

• If ` ∈ Z≥1, EY `
1 = E

(
χ2(N)

)`
.` N

`.

• If ` ∈ Z≤−1 and ` ≥ −N/2, then

EY `
1 = E

(
χ−2(N)

)−`
=

∫
x−`

2−
N
2

Γ(N/2)
x−

N
2
−1e−

1
2xdx

= 2`
Γ(N/2 + `)

Γ(N/2)
.` N

`.
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The proof is complete.

Lemma 62. Let SZ ≡ N−1
∑N

i=1 ZiZ
>
i where Zi’s are i.i.d. N (0, I), and Σ ∈ Rp×p be a non-

negative definite matrix. Recall the definition of b`(Σ) in (5.29). Then for some universal

constants C, c > 0,

∣∣E log Tr(ΣSZ)− log Tr(Σ)
∣∣

≤ 2b
[
(Σ · b−1(Σ))2

]

Np
+ Ce−cN

(b1/2
[
(Σ · b−1(Σ))2

]

(Np)1/2

∨
1
)
.

Proof. Let E ≡ {Tr(Σ(SZ − I))/Tr(Σ) ≥ −1/2}. By Lemma 61, P(Ec) ≤ e−cN for some

universal constant c > 0. As |log(1 + x)− x| ≤ 4x2 for x ≥ −1/2,

∣∣E log Tr(ΣSZ)− log Tr(Σ)
∣∣ =

∣∣∣∣E log

(
1 +

Tr
(
Σ(SZ − I)

)

Tr(Σ)

)(
1E + 1Ec

)∣∣∣∣

≤
∣∣∣∣E

Tr
(
Σ(SZ − I)

)

Tr(Σ)
1E

∣∣∣∣+ 4E
(

Tr
(
Σ(SZ − I)

)

Tr(Σ)

)2

+ E
[

log
(Tr(ΣSZ)

Tr(Σ)

)
1Ec

]

≤ E1/2

[
Tr
(
Σ(SZ − I)

)

Tr(Σ)

]2

P1/2(Ec) + 4E
(

Tr
(
Σ(SZ − I)

)

Tr(Σ)

)2

+ E1/2 log2
(Tr(ΣSZ)

Tr(Σ)

)
· P1/2(Ec) ≡ (I) + (II) + (III).

To handle (I), note that by Gaussian-Poincaré inequality (Boucheron et al., 2013, Theorem

3.20),

ETr2
(
Σ(SZ − I)

)
≤ E

∑

i,j

[
∂(ij)Tr

(
Σ(SZ − I)

)]2

= E
∑

i,j

[
N−1Tr

(
Σ
∑

k

(
δikejZ

>
k + δikZke

>
j

))]2

= E
∑

i,j

[
N−1Tr

(
ΣejZ

>
i + ΣZie

>
j

)]2
=

4

N2

∑

i,j

EZ>i Σeje
>
j ΣZi =

4Tr(Σ2)

N
,

so

(I) =
2e−cN/2Tr1/2(Σ2)

N1/2Tr(Σ)
= 2e−cN/2 · b

1/2
[
(Σ · b−1(Σ))2

]

(Np)1/2
.
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The second term has closed-form expression: by Lemma 63-(1),

(II) =
2Tr(Σ2)

NTr2(Σ)
.

To handle (III), by using 0 ≤ log x ≤ x− 1 for x ≥ 1 and −x−1 ≤ log x < 0 for x ∈ (0, 1),

we have

E log2
(Tr(ΣSZ)

Tr(Σ)

)
= E

[
log2

(Tr(ΣSZ)

Tr(Σ)

)
1
{Tr(ΣSZ)

Tr(Σ)
≥ 1
}]

+ E
[

log2
(Tr(ΣSZ)

Tr(Σ)

)
1
{Tr(ΣSZ)

Tr(Σ)
< 1
}]

≤ E
[

Tr
(
Σ(SZ − I)

)

Tr(Σ)

]2

+ E
[

Tr(Σ)

Tr(ΣSZ)

]2

.
Tr(Σ2)

NTr2(Σ)
+ 1,

where in the last inequality we apply Lemma 61. Hence

(III) . e−
cN
2

[ Tr1/2(Σ2)

N1/2Tr(Σ)

∨
1
]
.

The proof is complete by collecting the bounds.

Lemma 63. Let SZ ≡ N−1
∑N

i=1 ZiZ
>
i where Zi’s are i.i.d. N (0, I) in Rp, and Σ ∈ Rp×p be

a non-negative definite matrix.

1. There exists some absolute C > 0 such that

ETr
[(

Σ1/2SZΣ1/2
)2]

=
(
1 +N−1

)
Tr(Σ2) +N−1Tr2(Σ),

ETr2(Σ1/2SZΣ1/2) = Tr2(Σ) + 2N−1Tr(Σ2),

ETr2
[(

Σ1/2SZΣ1/2
)2] ≤ C

[
N−1(1 ∨ (p/N))3Tr(Σ4) + Tr2(Σ2) +N−2Tr4(Σ)

]
.
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2. There exists some absolute C > 0 such that

Var
(
Tr(ΣSZ)

)
≤ 4N−1‖Σ‖2

F ,

Var
(
Tr2(Σ1/2SZΣ1/2)

)
≤ C(N−2Tr2(Σ)) ·N‖Σ‖2

F ,

Var
(
Tr2(Σ1/2SZΣ1/2)− Tr2(SZ)

)

.
(
N−2Tr2(Σ− I)

)
·N‖Σ‖2

F + (N−1p)2 ·N‖Σ− I‖2
F ,

Var
(
Tr
[(

Σ1/2SZΣ1/2
)2]) ≤ CN−1

[
1 ∨ (N−1p)

]3
Tr(Σ4).

3. Recall that b(Σ) = Tr(Σ)/p from (5.29). For any ` ∈ N,

E|b(Σ1/2SZΣ1/2)− b(Σ)|` ≤ C1

(
‖Σ‖FN−1/2p−1

)`

for some constant C1 = C1(`).

Proof. Let Xi’s be i.i.d. N (0,Σ). We write S ≡ Σ1/2SZΣ1/2 in the proof for simplicity.

(1). Note that

ETr(S2) = N−2ETr

[∑

i,j

XiX
>
i XjX

>
j

]

= N−2

[∑

i 6=j

ETr
(
XiX

>
i XjX

>
j

)
+
∑

i=j

E(X>i Xj)
2

]

= N−2
[
N(N − 1)Tr(Σ2) +NE(Z>1 ΣZ1)2

]

(∗)
= N−2

[
N(N + 1)Tr(Σ2) +NTr2(Σ)

]

=
(
1 +N−1

)
Tr(Σ2) +N−1Tr2(Σ),
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and

ETr2(S) = E
(
N−1

N∑

i=1

X>i Xi

)2

= N−2
∑

i,j

EX>i XiX
>
j Xj

= N−2

[∑

i 6=j

E‖Xi‖2E‖Xj‖2 +
∑

i

E(X>i Xi)
2

]

= N−2

[
N(N − 1)

(
EZ>1 ΣZ1

)2
+NE

(
Z>1 ΣZ1

)2
]

(∗∗)
= N−2

[
N(N − 1)Tr2(Σ) +N

(
Tr2(Σ) + 2Tr(Σ2)

)]

= Tr2(Σ) + 2N−1Tr(Σ2).

Here (∗), (∗∗) follow by the following calculations:

EZ>1 ΣZ1 = E
(∑

j

λjZ
2
1j

)
= Tr(Σ),

E(Z>1 ΣZ1)2 = E
(∑

j

λjZ
2
1j

)2

= 3
∑

j

λ2
j +

∑

j 6=j′
λjλj′

= 2
∑

j

λ2
j +

(∑

j

λj

)2

= Tr2(Σ) + 2Tr(Σ2),

where λ1, . . . , λp are the eigenvalues of Σ. The final one follows as

ETr2
[(

Σ1/2SZΣ1/2
)2]

= Var
(
Tr
[(

Σ1/2SZΣ1/2
)2])

+
(
ETr

[(
Σ1/2SZΣ1/2

)2])2

. N−1
(
1 ∨ (N−1p)

)3
Tr(Σ4) + Tr2(Σ2) +N−2Tr4(Σ).

The last inequality used (2) to be proved below.

(2). For the first variance bound, note that

∂

∂Zij
Tr(ΣSZ) = N−1Tr

(
Σ(ejZ

>
i + Zie

>
j )
)

= 2N−1(ZΣ)ij,

so Gaussian-Poincaré inequality yields that

Var
(
Tr(ΣSZ)

)
≤ E

∑

i,j

[
∂

∂Zij
Tr2(ΣSZ)

]2

= 4N−2E‖ZΣ‖2
F = 4N−1‖Σ‖2

F .
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For the second variance bound, note that

∂

∂Zij
Tr2(ΣSZ) = 2Tr(ΣSZ) ·N−1Tr

(
Σ(ejZ

>
i + Zie

>
j )
)

= 4N−1Tr(ΣSZ)(ZΣ)ij,

so Gaussian-Poincaré inequality yields that

Var
(
Tr2(ΣSZ)

)
≤ E

∑

i,j

[
∂

∂Zij
Tr2(ΣSZ)

]2

= 16N−2ETr2(ΣSZ)‖ZΣ‖2
F

(∗)
≤ N−2Tr2(Σ) · E1/2‖ZΣ‖4

F

(∗∗)
. (N−2Tr2(Σ)) ·N‖Σ‖2

F .

Here in (∗) we use Lemma 61, and in (∗∗) we use Lemma 60.

For the third variance bound, note that

∂

∂Zij

(
Tr2(ΣSZ)− Tr2(SZ)

)
= 4N−1

(
Tr(ΣSZ)(ZΣ)ij − Tr(SZ)Zij

)
.

Hence

Var
(
Tr2(ΣSZ)− Tr2(SZ)

)

. N−2ETr2
(
(Σ− I)SZ

)
‖ZΣ‖2

F +N−2ETr2(SZ)‖Z(Σ− I)‖2
F

.
[
N−2Tr2(Σ− I)

]
·N‖Σ‖2

F + (N−1p)2 ·N‖Σ− I‖2
F .

For the fourth variance bound, note that

∂

∂Zij
Tr(ΣSZΣSZ) = 2N−1Tr

[
ΣSZΣ(ejZ

>
i + Zie

>
j )
]

= 4N−1
(
ZΣSZΣ

)
ij
,

so by Gaussian-Poincaré inequality and Lemma 51,

Var
(
Tr(ΣSZΣSZ)

)
≤ 16N−2E‖ZΣSZΣ‖2

F

= 16N−2ETr
(
ZΣSZΣΣSZΣZ>

)
= 16N−1ETr

(
ΣSZΣΣSZΣSZ

)

≤ 16N−1E‖SZ‖3
opTr(Σ4) . N−1

(
1 ∨ (N−1p)

)3
Tr(Σ4).
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(3). This follows by integrating the tail of |b(Σ1/2SZΣ1/2)− b(Σ)| in Lemma 61:

E|b(Σ1/2SZΣ1/2)− b(Σ)|` =

∫ ∞

0

`t`−1P
(
|b(Σ1/2SZΣ1/2)− b(Σ)| > t

)
dt

.`

∫ ∞

0

t`−1e
− Np2

‖Σ‖2
F

t2

dt+

∫ ∞

0

t`−1e
− Np
‖Σ‖op

t
dt

.`

(
‖Σ‖FN−1/2p−1

)`
+
(
‖Σ‖opN

−1p−1
)` �

(
‖Σ‖FN−1/2p−1

)`
.

The proof is complete.

Lemma 64. Let SZ ≡ N−1
∑N

i=1 ZiZ
>
i where Zi’s are i.i.d. N (0, I) in Rp. With y ≡ p/N

the following hold:

1. ETr(S3
Z) = py2 + 3py + p+ 3y2 + 3y + 4y/N .

2. ETr3(SZ) = p3 + 6py + 8y/N .

3. ETr(SZ)Tr(S2
Z) = p2y + p2 + py + 4(y2 + y) + 4y/N .

4. ETr2(S2
Z) equals

N−4
[
Np(p+ 2)(p+ 4)(p+ 6) +N(N − 1)

(
p(p+ 2)

)2

+ 2N(N − 1)3p(p+ 2) + 4N(N − 1)p(p+ 2)(p+ 4)

+ 4N(N − 1)(N − 2)p(p+ 2) + 2N(N − 1)(N − 2)p2(p+ 2)

+N(N − 1)(N − 2)(N − 3)p2
]
.

5. ETr(SZ)Tr(S3
Z) equals

N−4
[
Np(p+ 2)(p+ 4)(p+ 6) +N(N − 1)p2(p+ 2)(p+ 4)

+ 3N(N − 1)p(p+ 2)2 + 3N(N − 1)p(p+ 2)(p+ 4)

+ 3N(N − 1)(N − 2)p(p+ 2) + 3N(N − 1)(N − 2)p2(p+ 2)

+N(N − 1)(N − 2)(N − 3)p2
]
.
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6. Var
(
b(SZ)b3(SZ)− b2

2(SZ)
)

= O(p2/N2) in the asymptotic regime p > N →∞.

7. For any k, ` ∈ N, ETrk(S`Z) ≤ Cpk` for some constant C = C(k, `) > 0.

Proof. Write SZ for S in the proof for simplicity. Recall that if R follows a chi-squared

distribution with an integer ν degrees of freedom, then

ER2 = ν2 + 2ν, ER3 = ν3 + 6ν2 + 8ν, ER4 = ν(ν + 2)(ν + 4)(ν + 6).

Hence (1)-(3) follows from the following calculations: We have

ETr(S3) = N−3 · E
∑

i1,i2,i3

(Z>i1Zi2)(Z>i2Zi3)(Z>i3Zi1)

= N−3 ·
( ∑

|(i1,i2,i3)|=1

E‖Z1‖6 +
∑

|(i1,i2,i3)|=2

E‖Z1‖4 +
∑

|(i1,i2,i3)|=3

E‖Z1‖2
)

= N−3 ·
[
N · E(χ2

p)
3 + (3N2 − 3N)E(χ2

p)
2 +N(N − 1)(N − 2) · p

]

= N−3 ·
[
N(p3 + 6p2 + 8p) + (3N2 − 3N)(p2 + 2p) +N(N − 1)(N − 2)p

]

= N−3 ·
[
(Np3 + 3N2p2 +N3p) + 3(Np2 +N2p) + 4Np

]

= N−2p3 + 3N−1p2 + p+ 3(N−1p)2 + 3N−1p+ 4N−2p

= py2 + 3py + p+ 3y2 + 3y + 4N−1y,

and

ETr3(S) = N−3E
( N∑

i=1

‖Zi‖2

)3

= N−3E(χ2
Np)

3

= N−3(N3p3 + 6N2p2 + 8Np) = p3 + 6N−1p2 + 8N−2p

= p3 + 6py + 8N−1y,
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and

ETr(S)Tr(S2) = N−3E
( N∑

i1=1

‖Zi1‖2
)( N∑

i2,i3=1

(Z>i2Zi3)2
)

= N−3E
N∑

i1,i2,i3=1

‖Zi1‖2(Z>i2Zi3)2

= N−3
[ ∑

|(i1,i2,i3)|=3

E‖Z1‖2 · E(Z>2 Z3)2 +
∑

(i2=i3)6=i1

E‖Z1‖2 · E‖Z1‖4

+
∑

|(i2,i3)|=|(i1,i2,i3)|=2

E‖Z1‖2(Z>1 Z2)2 +
∑

|(i1,i2,i3)|=1

E‖Z1‖6
]

= N−3
[
N(N − 1)(N − 2)p2 + (N2 −N)(p3 + 2p2)

+ 2(N2 −N)
(
p2 + 2p

)
+N

(
p3 + 6p2 + 8p

)]

= N−3
[
(N3p2 +N2p3) +N2p2 + 4(N2p+Np2) + 4Np

]

= p2y + p2 + py + 4(y2 + y) + 4N−1y.

(4). By definition, we have

ETr2(S2) = N−4E
( N∑

i1,i′1=1

(X>i1Xi′1
)2
)2

= N−4

N∑

i1,i′1,i2,i
′
2=1

E(X>i1Xi′1
)2(X>i2Xi′2

)2. (D.53)

The right hand side of (D.53) breaks into
∑7

i=1Ai, where A1, A2-A4, A5-A6, and A7 corre-

spond to the cases where (i1, i
′
1, i2, i

′
2) take 1, 2, 3, 4 distinct values, respectively:

• (A1) When (i1, i
′
1, i2, i

′
2) take 1 value, there are N such summands each of which take

the value E‖X1‖8 = p(p+ 2)(p+ 4)(p+ 6).

• (A2) When (i1, i
′
1, i2, i

′
2) take 2 values with (i1 = i′1) 6= (i2 = i′2), there are N(N − 1)

such summands each of which takes the value E‖X1‖4‖X2‖4 =
(
E‖X1‖4

)2
= p2(p+2)2.
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• (A3) When (i1, i
′
1, i2, i

′
2) take 2 values with (i1 = i2) 6= (i′1 = i′2) or (i1 = i′2) 6= (i2 = i′1),

there are 2N(N − 1) such summands each of which takes the value

E(X>1 X2)2(X>1 X2)2 = E(X>1 X2)4 = E
( p∑

j=1

X1,jX2,j

)4

=

p∑

j1,j2,j3,j4=1

(
EX1,j1X1,j2X1,j3X1,j4

)2

=
∑

|(j1,j2,j3,j4)|=1

(
EX1,j1X1,j2X1,j3X1,j4

)2

+
∑

|(j1,j2,j3,j4)|=2

(
EX1,j1X1,j2X1,j3X1,j4

)2

= p · 32 + 3p(p− 1) · 1 = 3p(p+ 2).

• (A4) When (i1, i
′
1, i2, i

′
2) take 2 values of the form (i1 = i2 = i′1) 6= i′2 or its variants,

there are 4N(N − 1) such summands each of which takes the value

E‖X1‖4(X>1 X2)2 = ETr(‖X1‖4X1X
>
1 X2X

>
2 ) = E‖X1‖6 = p(p+ 2)(p+ 4).

• (A5) When (i1, i
′
1, i2, i

′
2) take 3 values of the form (i1 = i2) 6= i′1 6= i′2 or its vari-

ants, there are 4N(N − 1)(N − 2) such summands each of which takes the value

E(X>1 X2)2(X>1 X3)2 = E‖X1‖4 = p(p+ 2).

• (A6) When (i1, i
′
1, i2, i

′
2) take 3 values of the form (i1 = i′1) 6= i2 6= i′2 or its vari-

ants, there are 2N(N − 1)(N − 2) such summands each of which takes the value

E(X>1 X1)2(X>2 X3)2 = p · E‖X1‖4 = p2(p+ 2).

• (A7) When (i1, i
′
1, i2, i

′
2) take 4 values, there are N(N−1)(N−2)(N−3) such summands

each of which takes the value E(X>1 X2)2(X>3 X4)2 = p2.
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(5). By definition, we have

E
[
Tr(S)Tr(S3)

]
= N−4E

( N∑

i=1

‖Xi‖2
)( N∑

j1,j2,j3=1

(
X>j1Xj2

)(
X>j2Xj3

)(
X>j3Xj1

))

= N−4

N∑

i,j1,j2,j3=1

E
[
‖Xi‖2

(
X>j1Xj2

)(
X>j2Xj3

)(
X>j3Xj1

)]
. (D.54)

The right hand side of (D.54) breaks into
∑7

i=1 Bi, where B1, B2-B4, B5-B6, and B7 corre-

spond to the cases where (i, j1, j2, j3) take 1, 2, 3, 4 distinct values, respectively:

• (B1) When (i, j1, j2, j3) takes 1 value, there are N such summands in (D.54), each of

which takes the value E‖X1‖8 = p(p+ 2)(p+ 4)(p+ 6).

• (B2) When (i, j1, j2, j3) take 2 values with i 6= (j1 = j2 = j3), there are N(N − 1) such

summands each of which takes the value E‖X1‖2‖X2‖6 = p2(p+ 2)(p+ 4).

• (B3) When (i, j1, j2, j3) take 2 values of the form (i = j1) 6= (j2 = j3) and its variants,

there are 3N(N − 1) such summands each of which takes the value

E‖X1‖2(X>1 X2)‖X2‖2(X>2 X1) = ETr
(
‖X1‖2X1X

>
1 · ‖X2‖2X2X

>
2

)

= Tr
(
E‖X1‖2X1X

>
1

)2 (∗)
= Tr

[
(p+ 2)Ip

]2
= p(p+ 2)2.

Here in (∗) we use the following fact by direct calculation

(
E‖X1‖2X1X

>
1

)
k`

= E
[( p∑

m=1

X2
1,m

)
X1,kX1,`

]
= (p+ 2)δk`.

• (B4) When (i, j1, j2, j3) take 2 values of the form (i = j1 = j2) 6= j2 or its variants,

there are 3N(N − 1) such summands each of which takes the value E‖X1‖4(X>1 X2)2 =

E‖X1‖6 = p(p+ 2)(p+ 4).
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• (B5) When (i, j1, j2, j3) take 3 values of the form (i = j1) 6= j2 6= j3 or its vari-

ants, there are 3N(N − 1)(N − 2) such summands each of which takes the value

E‖X1‖2(X>1 X2)(X>2 X3)(X>3 X1) = E‖X1‖4 = p(p+ 2).

• (B6) When (i, j1, j2, j3) take 3 values of the form i 6= (j1 = j2) 6= j3 or its vari-

ants, there are 3N(N − 1)(N − 2) such summands each of which takes the value

E‖X1‖2‖X2‖2(X>2 X3)2 = E‖X1‖2 · E‖X2‖4 = p2(p+ 2).

• (B7) When (i, j1, j2, j3) take 4 values, there are N(N−1)(N−2)(N−3) such summands

each of which takes the value E
[
‖X1‖2(X>2 X3)(X>3 X4)

·(X>4 X2)
]

= p2.

(6). Let F (X) ≡ b(S)b3(S)− b2
2(S). Then using for any (i, j) ∈ [N ]× [p]

∂ijb = 2(Np)−1Xij, ∂ijb2 = 4(Np)−1X>i Sej, ∂ijb3 = 6(Np)−1X>i S
2ej,

we have

∂ijF (X) = 2(Np)−1Xij · b3 + 6(Np)−1X>i S
2ej · b− 8(Np)−1X>i Sej · b2

= (Np)−1
(

2b3X + 6bXS2 − 8b2XS
)

(ij)
.

Hence by the Gaussian-Poincaré inequality, we have by direct calculation

Var(F (X)) ≤ E‖∇F (X)‖2
F

= (Np)−1E
(
28bb2

3 + 36b2b5 + 32b2
2b3 − 96bb2b4

)

= (Np4)−1E
[
28Tr(S)Tr2(S3) + 36Tr2(S2)Tr(S5) + 32Tr2(S2)Tr(S3)

− 96Tr(S)Tr(S2)Tr(S4)
]
.

The rest of the proof follows from similar arguments as in (4) and (5) by explicit calculation

and cancellation of higher order terms; we omit the details.
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(7). This follows directly from the property of the chi-squared distribution:

ETrk(S`) = N−k`E
[ N∑

i1,...,i`=1

(X>i1Xi2) · · · (X>i`−1
Xi`)(X

>
i`
Xi1)

]k

≤ N−k`E
( N∑

i1,...,i`=1

‖Xi1‖2 · · · ‖Xi`‖2
)k

= N−k`E
( N∑

i=1

‖Xi‖2
)k`

= N−k`E
(
χ2(Np)

)k`
.k,` p

k`.

The proof is complete.
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