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Frequency comb generation has been at the scientific forefront for several decades because
of its potential applications in fundamental and applied physics, including chemical sens-
ing, optical atomic clocks and low-phase-noise microwave radiation. Still, the generation of
stable frequency combs is often hand-tuned in experiments and the dynamics are sensitive
to perturbations of the system. Therefore we wish to find a theoretical characterization of
how the perturbations deform the frequency combs. We derive a micro-comb perturbation
theory that allows one to consider the effects of higher-order terms in the microresonator for
frequency comb generation, including Raman scattering, spontaneous emission noises and
enforcing pump noises. To generate frequency combs at a preferable parameter regime in a
semiconductor diode laser, we introduce the waveguide arrays for its temporal shaping ef-
fects to provide intensity discrimination and controllable loss by mode-coupling. The stable
and efficient numerical scheme of this model is demonstrated, followed by a von-Neumann
analysis. In addition, we develop a fast, reliable self-tuning controller with deep reinforce-
ment learning to obtain the high-energy, single-pulse state in a passive mode-locked fiber
laser. The self-tuning strategy allows the optical system to recognize bi-stable structures

and navigate to optimally performing solutions via trajectory planning.
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Chapter 1

INTRODUCTION

The invention of the laser in 1960 is a pivotal moment in scientific innovation and fun-
damental physics [99]. The laser has become ubiquitous in academic, medical and industrial
research and applications in the past few decades because of its reliability, capacity and com-
paction. For instance, the laser is a key instrument for research in spectroscopy, fluorescence
microscopy and laser interferometry. It’s also used in revolutionary medical devices such as
dentistry and microsurgery. Some applications, for instance, multi-heterodyne spectroscopy,
optical atomic clocks, and high-speed fiber-optic communication systems, require sequence of
ultrashort pulses that are nearly uniform in amplitudes. Over the decades, the generation of
such soliton pulses has been attractive to academic arenas due to its great impact on ultrafast
and nonlinear optics [85], and a variety of physically realizable laser cavity configurations
have been presented both theoretically and experimentally. In this thesis, we focus on the
formation of frequency combs and therefore the generation of a single-peaked cavity soliton.
A frequency comb is a sequence of equidistant frequency lines in a spectrum that forms as
a short-pulse laser in time. Frequency combs can be formed by different mechanisms, here
we focus on frequency combs generated in passive microresonators due to the Kerr nonlin-
earity, as well as the mode-locking of fiber lasers. The latter mechanism has been the most
attractive in the past decades, and has led to one half of the Nobel Prize in Physics in
2005. Generally, intensity discrimination and a bandwidth limited gain are essential for the
generation of mode-locking. The intensity discrimination preferentially selects high intensity
and attenuates weaker intensity portions of individual pulses, whereas this attenuation is
compensated by the bandwidth limited gain to preserve the total energy inside cavity. The

pulse shaping occurs consequently as the high intensity portion experiences a net gain while



the low intensity tails have a net loss.

In a dispersive medium, the propagation of an optical field is given by Maxwell’s equations

0B

E=—— 1.1

V x ETe (1.1a)
oD

H = - 1.1b
V x Irt+ 50 (1.1b)
VD = py, (1.1c)
V.-B=0, (1.1d)

where the electric field, the magnetic field, the corresponding electric displacement field
and the magnetic flux density are denoted by E(z,y, z,t), H(z,y,2,t), D(x,y, z,t) and
B(z,y, z,t) respectively. Jy is the free current density and py denotes the free electric charge
density. In a given medium, the flux densities D and B are related to the electric and

magnetic fields as:

D= €0E+P, (12&)

B = uoH + M, (1.2b)

where €y and p are the permittivity and permeability of free space respectively. The
magnetization field M is absent at optical frequencies. P is the induced polarization field,
it characterizes the nonlinear response of the medium to the electric field. Rearranging

equations (1.1)-(1.2) gives the electric field evolution equation

1 0°E  0°P(E)

’E — ‘E)-S—> = 1.3
V V(V ) 62 8t2 Mo 8t2 J ( )
which reduces in the one-dimensional case to

O’FE 1 0%F 82P(E)

a2 2o M o (14)

For a nonlinear media, the electric polarization field P takes the form

P =cXVE+ e x?E-E +ex®(E-EE + .., (1.5)



where y(I) is the linear response of the polarization to the electric field. As we assume the
propagation in a centrosymmetric medium, y®) = 0 due to the inversion symmetry. y® is
the nonlinear (cubic) susceptibility, it is significant in materials exhibiting a non-negligible
Kerr effect. We consider a governing equation with linear propagation and an instantaneous

Kerr effect:

R2E  10*°E 192 [t
or2 2 o2 ?@(/ XYt - 1)E(r,2)dr + x® E?), (1.6)

where ¢ = y/1/(€ofio) is the speed of light. Note that Eq. (1.6) yields waves propagating in
both directions in the medium, but we are interested in propagation along a single direction

in the waveguide. Following the center-frequency asymptotic [91], we assume
E(x,t) = u(x, t)e'™* Y 4 cc. (1.7)

where k is the wavenumber, w is the optical frequency and c.c. denotes complex conjugate.
Note that we assume k, w > 1, and a slowly-varying envelop compared to the carrier
dynamics exp(ikx — iwt). Eq. (1.7) reduces to a plane wave solution when u is constant.

Inserting Eq. (1.7) into Eq. (1.6) and letting o =t — 7, we obtain

1

gilka—wt) (Uge + 2iku, — k*u) — —Qei(k:"“""t) (uy — 2iwu, — w?u)
c
10 e ‘ 2 (1.8)
= g@el( x”t)(/o xW(o)u(t — o,x)e do + ¥ |ul*u).
Taking Taylor expansion for u(t — o, x)
1,
u(t —o,z) = u(t,r) — oug(x,t) + 3¢ u(x,t) + ... (1.9)

and inserting into Eq. (1.8) we obtain

(U + 20k, — k) + w0 (14 X)) u+3 (W) + 2w — 1/2[(W* R ) + 21+ Ju)?u+... = 0,
(1.10)
where y = fooo xW(0)e™?do is the Fourier transform of the linear susceptibility. Assume

W is real. A complex linear susceptibility is considered in the following sections, with its



imaginary part leading to an attenuation inside the laser cavity. Assume k, w > 1, the

leading order of Eq. (1.10) balances so that

w A
k* = §(1+X). (1.11)

Taking derivatives of Eq. (1.11) we obtain

2¢°kK = (W), + 2w, (1.12a)

22 (kK" + (K)?) = (0*X)ww + 2, (1.12b)

where k' = dk/dw is the inverse of the group velocity v,. Inserting Eq. (1.12) into Eq.

(1.10) and transforming into the moving reference frame by defining

t=t—Fkuz, (1.13a)

r=u, (1.13b)

we obtain the governing equation, i.e., the nonlinear Schrédinger equation (NLSE)

]{?” oo "
Wy = 5ty ;@L@é Ju+ alul?u =0, (1.14)

where o = w?x® /2kc?, B, (n > 2) are the coefficients of the higher-order dispersion. In
the standard NLSE, higher order terms of chromatic dispersion are neglected and we obtain

with appropriate normalization:

1

iy — S+ lu|?u = 0. (1.15)

In Eq. (1.15), the chromatic dispersion and Kerr nonlinearity are dominant and need
to be balanced for the generation and stabilization of frequency combs. Once the intra-
cavity pulse is shaped, Kerr nonlinearity leads to the nonlinear self-phase modulation, which
balances the chromatic dispersion and nonlinearly locks the phase of different axial modes
inside the cavity, and forms the stable trains of solitons.

In this thesis, three different models for the generation of frequency combs are presented,

newly developed and discussed in details. The thesis outline is as follows: three different



models are briefly summarized in Chapter 1, followed by a more thorough discussion in
Chapter 2-5 for each model respectively. Chapter 2 focuses on the model built with the
Lugiato-Lefever equation (LLE), the governing equation characterizing the frequency comb
generation in microresonators. We extend the soliton perturbation theory and derive a new
micro-comb perturbation theory, with which a new class of periodic solutions to LLE is
formed to interpret the microresonator dynamics and effects of perturbations on the comb
line stability. A theoretical model describing the lasing dynamics of a semiconductor diode
laser based on quantum wells is presented in Chapter 3. A waveguide array is highlighted
for providing the essential intensity discrimination and controllable loss for mode-locking.
The stable and efficient numerical scheme used for this traveling wave model is demon-
strated in Chapter 4, followed by a von-Neumann analysis showing that the combination of
a predictor-corrector scheme with an operator-splitting strategy efficiently provides a stable
scheme to characterize the nonlinear dispersive cavity dynamics with counter propagating
waves and complex semiconductor gain dynamics. In Chapter 5, we focus on the control and
self-tuning of mode-locked lasers, and demonstrate an effective strategy for the control with
deep reinforcement learning. A well-established computational model is used to characterize
the intra-cavity dynamics, which treats the cavity in a component by component manner
by separately applying the nonlinear optical propagation to the laser dynamics with discrete
waveplates and polarizer in each round trip. The propagation of intra-cavity fields is mod-
eled by the modified coupled nonlinear Schrédinger equations (CNLS), whereas the effect of
the waveplates and polarizer is modeled by the discrete application of Jones matrices. By
interacting with the environment, a deep reinforcement learning controller can automatically
achieve and stabilize around the desired mode-locking state through its access to the wave-
plates and polarizer. Furthermore, we show that deep reinforcement learning enables the
laser system to recognize bi-stable structures and achieve the global optimal states. With
transfer learning, the deep reinforcement learning controller can rapidly generalize its control

authority to new environments and can provide an effective control to the laser system.



Models of frequency comb generation

A high-level summary of the three different models discussed in this thesis to achieve fre-

quency combs is presented in this section.

Lugiato-Lefever Equation

The Lugiato-Lefever equation (LLE) was originally formulated by Luigi Lugiato and Rene
Lefever in 1987 in the context of detuned cavity resonators [98]. It has been demonstrated
to describe the interaction of a coherent field with a Kerr medium, as well as the evolution
of the electric fields in microresonators [23]. As a modification of the nonlinear Schrodinger

equation (NLSE), the dimensionless LLE, a partial differential equation (PDE),

0 o
8_:: = —(1+2’0¢)u+i|u!2u—i§a—;+F, (1.16)

includes the damping, detuning, dispersion and a pumping term. wu(x,t) represents the
complex envelope of the total intra-cavity electric field, ¢ is the time normalized by half-
linewidth, = is transformed to remove the group velocity motion and we have x € [—m, )
since the microresonator enforces periodic boundary conditions [23]. « is the cavity detuning
parameter, and [ determines the microring dispersion, where a positive value stands for
normal group-velocity dispersion and § < 0 represents anomalous group-velocity dispersion.
The pumping term F' characterizes the external cavity excitation.

We follow the standard convention of the Lugiato-Lefever equation in Eq. (1.16) where

the group velocity motion is removed by the transformation

T =x — vy, (1.17a)
t=t. (1.17b)
This convention is followed in Chapter 2 in the development of the micro-comb perturbation

theory of LLE, whereas the models in Chapter 3-5 of this thesis follow the convention in the
form of the standard NLSE Eq. (1.15).



Waveguide Array Mode-Locking

The waveguide array (WGA) architecture is a pulse shaping strategy that promotes stable
waveforms with intensity discrimination. More specifically, it contributes to the pulse for-
mation and stabilization in a laser system by providing the linear, evanescent mode coupling

as saturable absorption.

Numerical studies and stability analyses [5] show that to form the waveguide array, three
or more waveguides should be included to produce robust pulse shaping and intensity dis-
crimination. Moreover, early WGA experiments [112] show that a three waveguide structure
has almost identical properties to the 41 waveguides. Therefore, we consider a WGA archi-
tecture with three waveguides here. The leading-order equation describing the intra-cavity

dynamics with linear, evanescent mode coupling to the neighboring waveguides is given as

duy,
Z% + C((un—l + un-i—l) + 6’“71’2“71 = O, (118)

where u,, represents the electric field envelope in the n-th waveguide in the waveguide array, x
represents the normalized distance in the waveguide array, C' is the linear coupling coefficient,
and (3 represents the nonlinear self-phase modulation parameter [5, 26, 112]. The electric
field propagating in the first waveguide is shaped by coupling out low-intensity portion to
the neighboring waveguides. The mode coupling provides a controllable loss mechanism
to filter out the high order longitudinal modes, and contributes to the necessary intensity

discrimination to achieve stable mode-locked pulses in a laser cavity [22, 114, 89)].

Coupled Nonlinear Schrodinger Equation with Jones Matrices

The schematic of the mode-locked laser with passive nonlinear polarization rotation is shown
in Fig. 1.1, where the intra-cavity dynamic is modeled in a component by component manner
by separating the nonlinear optical propagation from the discrete waveplates and polarizer

applied in each round trip through the cavity [40, 39, 82]. The propagation of the intra-cavity



Mode Locked
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Birefringence K

Figure 1.1: Schematic of the mode-locked laser with passive nonlinear polarization rotation
(NPR). oy and o, are the quarter-waveplates, as is the half-waveplate, and «, is the polarizer.
K is the fiber birefringence that is sensitive to thermal fluctuations.



fields is modeled by the coupled nonlinear Schrodinger equations (CNLS) as

8u D82U 2 2 2 % .
Z&‘F?W—KU%—“M +A|U| )u—f—BU u" = 1Ru, (1.19)
,81) D32v 2 2 2, .
Z%"‘?W*‘KU"‘(!‘HM + ’U| )U+Bu v* = 1R, (120)

where u(x,t) and v(z,t) are the two orthogonally polarized intra-cavity electric field en-
velopes that are often referred as the fast and slow components respectively. x is the propa-
gation distance normalized by the cavity length, and the dimensionless time ¢ is normalized
by the full width at half maximum of the pulse. D is the average group velocity dispersion,
and K is the fiber birefringence that is sensitive to thermal fluctuations. A and B are the
nonlinear coupling parameters characterizing the cross-phase modulation and the four-wave
mixing. In a silica fiber we have A =2/3 and B = 1/3. R is the dissipative term character-
izing the bandwidth-limited gain and attenuation arising from the Yb-doped amplification,

and is defined as
B 2g0(1 + 70?) T
L+ (1/eo) [ (Jul? +[v2)dt

(1.21)

where gy and eq are the dimensionless pumping strength and saturating energy of the gain
medium, respectively. The pump bandwidth is 7 and I' characterizes losses caused by output
coupling and fiber attenuation.

The waveplates and polarizer are applied in each round trip of the propagation through
the cavity for generation of mode-locking, and their effect is modeled by the discrete appli-

cation of Jones matrices:

‘ 10
WA/4 = . ,W)\/Q = W, = ) (1.22)

0 e 0 i 00
In our model, we have two quarter-waveplates (o and ay) characterized by Wy 4, one
half-waveplate (as3) characterized by W) /o, and one polarizer () characterized by W,. A
rotation matrix R(«) is necessary for characterizing the offset between the direction of the

intra-cavity field and the principal axes of the waveplates and polarizer, and the effect of the
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waveplates and polarizer during each round trip is eventually modeled as
Jj = R(a;)W;R(—ay), (1.23)

where
cos(a;) —sin(a;
R(oy) = | () () (j=1,2,3,p). (1.24)
sin(aj)  cos(a;j)
Note that the waveplate and polarizer angles a; (j = 1,2, 3, p) can be easily manipulated
via electronic control [126], therefore are considered as the control variables to establish

robust self-tuning and control of the mode-locking laser system here. This component-by-

component model illustrates a variety of rich, intra-cavity laser dynamics [130, 88, 86].
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Chapter 2

ELLIPTIC FUNCTION SOLUTIONS OF LUGIATO-LEFEVER
EQUATION

In this chapter!, the model built with the Lugiato-Lefever equation (LLE) is discussed,
and a new class of periodic solutions to the LLE is demonstrated to characterize the prop-
agation of intra-cavity fields in a microresonator cavity. Specifically, a new micro-comb
perturbation theory is derived by extending the soliton perturbation theory, with Jacobi
elliptic functions as the leading order solutions to the LLE. Stability analysis shows that the
Jacobi elliptic dn is the only stable solution stabilized by the pumping of the microresonator.
It’s also demonstrated that the new micro-comb perturbation theory is able to characterize
the effects of physically realizable perturbations on the combline stability, including effects
of Raman scattering and stimulated emission. The new micro-comb perturbation theory,
verified through full numerical simulations of the LLE, serves as an analytic platform for

discovering new methods of achieving mode-locking and engineering new resonator designs.

2.1 Introduction

As a critical technology applied in metrology, high-resolution spectroscopy and microwave
photonics [31, 80, 36, 110, 45, 113, 95, 133, frequency comb generation in microresonators is
often achieved by the generation of a single soliton in a high-Q microresonator cavity [59, 151].
However in analogy with the multi-pulsing instability (MPI) in mode-locked laser cavities [3,
149, 93], the performance of the frequency comb generation in such microresonators is limited
as the microresonators tend to generate multiple pulses in the cavity [60, 55]. Though solitons

have been broadly observed in experiments, it only becomes possible recently to manipulate

!Content of this chapter is published in journal article [134].
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states with multiple solitons deterministically in microresonators with the goal of prediction
and control [60]. Consequently we are interested in providing a theoretical complement to the
recent experimental observations for characterizing the dynamics and stability of frequency
comb generation in the microresonators, especially the transitions between N to N + 1 (or
vice versa) pulses in a microresonator.

Enlightened by the soliton perturbation theory, a theory well-known for its success in
characterizing the underlying physics in optical communication systems [72, 81, 77, 43] and
mode-locked lasers [75, 70, 71, 4], we derive a micro-comb perturbation theory and analyti-
cally explore the solutions to the Lugiato-Lefever equation (LLE) [98], the governing equation
of the microresonator dynamics [23], for a better interpretation of the intra-cavity dynamics
in this chapter. Note that the theory relies on an analytic solution, the Galilean invariant
one-soliton solution, of the nonlinear Schrodinger equation. Given the LLE as the governing
equation, we analytically characterize the intra-cavity dynamics with Jacobi elliptic function
as the leading order solution, which is a generalization of soliton solutions of the LLE and
has the form of either a single localized pulse or a periodic pulse train.

Furthermore, we demonstrate the effects of including cavity perturbations, for instance,
the Raman effect or spontaneous emission noise, to the combline stability and robustness with
the perturbation theory. Much like solitons, the Jacobi elliptic solutions are determined by a
number of parameters of which the slow evolution characterizes the stability of the solutions.
Such parameters, however, are constrained by the cavity perturbations. We demonstrate
in this chapter a linear stability analysis of the Jacobi elliptic solutions to characterize the
key combline properties under perturbation. Notice that similar to MPI in mode-locked
lasers [3, 149, 93], the cavity tends to jump to the most energetically favorable configuration
when initially started. Our analysis characterizes the stability of N pulses per round trip in
the laser cavity, and demonstrate, in consistency with the experimental findings, that one
can change the microresonator detuning to manipulate the number of pulses per round trip

as desired.

In Section 2.2, we first briefly give an overview of the perturbation theory and the soliton
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perturbation theory. The LLE is then introduced with the specific scalings as used here to
model the microresonator. Section 2.3 presents the Jacobi elliptic function solutions that sat-
isfy the LLE as the leading order solutions in our scalings and Section 2.4 shows in detail the
linear stability analysis of the Jacobi elliptic function solutions. Raman effect, spontaneous
emission noises and enforcing pump noises are considered in section 2.5 as three canonical
perturbations to the intra-cavity dynamics in our scalings. Section 2.6 briefly summarizes the
theoretical method demonstrated and its potential applications in engineering new resonator

designs.

2.2 Background: perturbation theory and Lugiato-Lefever equation (LLE)

2.2.1 Perturbation Theory

We start with an introduction to perturbation theory, which solves the problems with no
analytic solutions by breaking them into solvable and perturbation parts. For instance, in
the most general form, we consider the one dimensional PDE as

ou

5 = N(u, Uy, Uy, -+ 1) + €G(u, z,t) , (2.1)
where N (-) represents some analytically solvable nonlinear dynamics, and p is a (bifurcation)
parameter. €G(u,x,t) is a small term treated as a perturbation to the solvable dynamics.

Perturbation theory leads to a solution in the form of a multi-scale perturbation expansion [8,

78]. Specifically, the solution is given as

u(z,t) = ug(x,t,7) + euy (v, 1) + Sug(w, t) + -+, (2.2)

where 7 = €t corresponds to a slow variable dependence [81, 148]. Note that the deviation
from the exactly solvable problem is characterized in the higher order terms of e.
We break the unsolvable problem by collecting terms at each order of e. The leading

order terms form the analytically solvable problem with nonlinear dynamics, whereas forced,
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linear dynamics is given by all other orders, i.e.

ou
a_to = N(“O,“Oxau[)x:m"' Mu) ) (23&)
ou
a_tl = Ll(UQ)Ul + Fl(UO) s (23b)
ou
a_tz = LQ(U[))UQ + FQ(Uo, Ul) s (23C)

where the first equation is the O(1) balance, the second equation is the O(e) balance and
the third equations is the O(€?) balance. As in the approach of Weinstein [148], we consider

a solution of the leading order problem with slow-time modulation. Let uy(x,t) be given by
uo(x,t) = Oz, t, Ay, Agy -+ ) (2.4)

where the parameters A; are functions of the slow time scale 7 as A; = A;(7). Following the
Fredholm alternative, the forcing term F} in the forced, linear PDE of w; is required to be
orthogonal to the generalized null space of the adjoint operator LI, ie. if (Li)mv = 0 for
some m > 0, then

(v, F1) =0, (2.5)

where (u,v) = f puv* dx is the inner product over the domain D. This applies constraints

to the evolution of the parameters A; on the slow time scale 7 in the form as

0A;
or

Importantly, Weinstein’s analysis of the NLSE [148] demonstrates that these constraints

= fi(Ay, Ag,--+) . (2.6)

are all that needs to be satisfied for eu; to be small when € is small. In the following
sections, we demonstrate similar results in the configuration of our LLE perturbation theory.
Specifically, we show that the additional terms in LLE can be treated as a perturbation
to the NLSE, and stabilize the parameters of the Jacobi elliptic dn solutions. We further
demonstrate that these orthogonal constraints lead to evolution of the parameters A; when

Raman effect, spontaneous emission noises and enforcing pump noises are included.
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Soliton Perturbation Theory

We demonstrate here, as comparison to our LLE perturbation theory, a brief introduc-
tion to soliton perturbation theory first. As an example, consider the perturbed nonlinear
Schrodinger equation (NLSE)

Ou  10%u

— 2 =
zat+2a2+\ulu eG(u, z,t), (2.7)

where €G(u, x,t) is a small term representing the perturbation to NLSE. The leading-order,

Galilean invariant one-soliton solution is given by
uo(z, t) =nsech[n(z — o) e lE@ ool — 17 exp™¥ (2.8)

where dzy/dt =& and d¢/dt = (£2+n*) /2. Note that this one-soliton solution is parameterized
by n, g, & and ¢ as functions of the slow time-scale 7.

We collect the terms at order O(e) for the forced, linear dynamics as defined in Eq. (3.3b).
Computing the linearized operator L(ug) allows us to compute the solvability conditions
associated with the perturbed problem at O(e). This enforces the following constraints on

the slow evolution of the parameters:

dn

N = L sechC, S (exp(~it) o)) (2.92)
2 {Gsecht. S (exp(—it)G(u) (2.9)
Zf n(tanh {sech(, R (exp(—i))G(up))) (2.9¢)
d% + g% = (Gtanh¢sechC, R (exp(—it))G(uo))) (2.9d)

where ¢ = n(x — zg). The four inner products represented are the enforced orthogonality

conditions with respect to the null space of the linearized operator

L=-n (2.10)
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where
d2
L = proh 2sech*( — 1, (2.11a)
d2
L, = e + 6sech®¢ — 1. (2.11b)

2.2.2  Lugiato-Lefever equation

The Lugiato-Lefever equation (LLE), a modification of the nonlinear Schrédinger equation
(NLSE), was originally derived in detuned cavity resonators [98] to describe the evolution
of the electromagnetic field in microresonators [23]. As introduced in Chapter 1, the LLE
includes damping, detuning and a driving/pumping term, and is given in the dimensionless

form as

ou : e B0%u
5 = —(e +ia)u +ilul*u — 592 T eF + eG(u, 2,1), (2.12)

where u(z,t) represents the complex envelope of the total intra-cavity electric field, ¢ is the
time normalized by half mode bandwidth. « characterizes the cavity detuning, and S deter-
mines the microring dispersion, where a positive value quantifies the normal group-velocity
dispersion and # < 0 is anomalous group-velocity dispersion. The pumping term F' charac-
terizes the external cavity excitation, x is transformed to remove the group velocity motion
and we have © € [—m, 7) since the microresonator enforces periodic boundary conditions [23].

Note that in our specific scaling, we rearrange the LLE as a perturbed version of the

detuned NLSE:
Ou  BoO%u ) ,
-tz = - = je(F — 2.1
o T 35w + |ul*u — au = ie( u+ G(u,z,t)), (2.13)

where we treat dispersion, Kerr self-phase modulation, and detuning as the dominant dy-
namics inside the microresonator. The effects of pumping, linear cavity attenuation and
small perturbations G(u,z,t) are modeled by the parameter ¢ < 1. Taking the limit of
¢ = 1 recovers the original LLE derived in [98].

This scaling allows us to develop a systematic perturbation analysis of previously uncon-

sidered, periodic Jacobi elliptic solutions of the LLE. This complements the detailed stability
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analysis of Godey et al. [51] which details the onset of a myriad of spatio-temporal patterns
in the LLE model. Specifically, they show that the steady-state solutions of the LLE (with
all temporal and spatial derivatives set to zero) lead to a host of pattern-forming instabil-
ities [30] that are ultimately responsible for the generation of strongly nonlinear periodic
waveforms. In our analysis, we consider the stability of Jacobi elliptic solutions which are
strongly nonlinear solutions whose dominant balance includes temporal and spatial derivative

terms [21, 13, 14, 12].
2.3 Jacobi Elliptic Functions for the LLE

The Jacobi elliptic functions are periodic wavefunctions that satisfy the NLSE with detun-
ing [21, 13, 14, 12]. Specifically, sn(z|k), en(x|k), and dn(z|k) are three basic types of
the Jacobi elliptic functions, and they are the solutions to the following three differential

equations respectively:

sn(x|k):

'y K2y — 2k%y® = 2.14

@JF(“L )y —2k7y” =0, (2.14)
en(z|k): ,

d

a_xg + (1 — 2%y + 2k%° = 0, (2.15)
dn(x|k):

PY oy 2P =0 2.16

@—(—)?WLZU—- (2.16)

These solutions are parameterized by the elliptic modulus &, which is constrained in [0, 1),
as shown in Fig. 2.1. In software for evaluating the Jacobi elliptic functions, the parameter
m = k? is more commonly used. Note that the period of sn(z|k) and cn(z|k) is 4K, but
dn(x|k) is 2K periodic, where K is the complete elliptic integral of the first kind depending
on k.

As described by Eq. (2.13), we write the LLE in the form as a perturbed NLSE with
detuning, and the Jacobi elliptic functions are solutions to its leading order dynamics. Specif-

ically, expand the full LLE solution u into u = ug(x,t,7)+euy(z,t, 7), where 7 = ext denotes
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Figure 2.1: Three basic types of the Jacobi elliptic functions sn(x|k), cn(z|k), and dn(z|k)
that are parameterized by the elliptic modulus k.
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the slow time dependency, and collect the terms at order O(1) and O(¢) separately, we obtain

the leading order equation:
. > B
LUt — QU + |U0‘ Uy — Eonm = O, (217)

and find the Jacobi elliptic functions sn(z|k), en(x|k) and dn(z|k) as solutions to Eq. (2.17).

The stability of these solutions to NLSE is well-studied. The Jacobi elliptic sn is the
solution to the defocusing NLSE with § > 0 as denoted in Eq. (2.13), and is known to be
modulationally stable [11]. The Jacobi elliptic cn and dn, on the other hand, are known
as solutions to the focusing NLSE with # < 0, and are shown modulationally unstable
[34]. Recent research [56] further demonstrates that the dn solution is spectrally stable only
under perturbations with a period equal to the fundamental period, but not a multiple of the
fundamental period. The Jacobi elliptic cn, as shown similarly by spectral stability analysis,
is only stable when k € (0, k.) (k. ~ 0.908) under perturbations with a period equal to the
fundamental period [56]. In-depth discussion of the stability properties of Jacobi elliptic
function solutions of the NLSE can be found in [11, 34, 56].

Furthermore, we demonstrate that the damping and pumping terms of the microresonator
in LLE destabilize the cn and sn solutions in their respective regimes. Figure 2.2 shows a
numerical simulation of the LLE with damping and pumping terms that starts with a four-
pulse wave in the form of cn and sn. The sn wave form quickly decays to the constant
solution, and the cn wave form evolves into a form of the dn type that has two pulses
instead of four. It appears that the wave forms with pulses separated by a node, i.e., with
a m phase change between neighboring pulses, are not supported by the LLE albeit their
spectral stability as a solution to the NLSE. The dn type solutions, however, are in fact
stable solutions to LLE with the damping and pumping terms, even with multiple pulses in
the cavity. In Bose-Einstein condensates, the addition of a Hamiltonian term, i.e. a periodic
potential generated by the interference of lasers, can stabilize the elliptic function solutions
[13, 14, 12]. In the LLE, the perturbations considered to Eq. (2.13) are dissipative in nature,

modeling the damping and forcing on the microresonator. As we demonstrate in the following
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section, the dissipative terms can stabilize the dn(x|k) solutions in the anomalous regime,

and we focus on the dn type solutions in the remainder of this chapter.

Solutions of dn type: anomalous dispersion

As mentioned previously, the dn solution is the only stable solution to the LLE with damping
and external forcing/pumping terms in the anomalous dispersion regime (5 < 0). More dis-
cussion about the dn solution are provided in details as it is of the most practical importance.

We assume the general form for this solution as
up(z,t) = e’ = Adn(B(x — z)|k)e!ls@-m0)to—ool (2.18)

of which the constraints on parameters A, B, £, o, xo and o( are required to satisfy Eq.

(2.17). Since the second derivative of ug is given

Uoee = AB%dn"e™ + 2i ABtppdn/e™ — A?dne™ + i Arpgadne™, (2.19)
and
. . dxg, ; i - dro  dog
= iA[Bdn/(——=)e™ Wi(—t—= 4+ — 2.2
iugs = 1A[Bdn/( dt)e + dne™i( £dt+dt)]’ (2.20)
collecting terms of dn, dn® and dn’ separately, we obtain
dn :
dry do B 2 B 2
—A(—{—+ —)dn — aAdn=AB*(2 — k°)d —A&%dn =0 2.21
dn? :
BAB*dn® 4+ A*dn® = 0, (2.22)
dn’ :
. d$o ’ . ’
—ZAB(E)dn —ifAB&dn" = 0. (2.23)

To have Eq. (2.17) satisfied for any x, we obtain A? = —3B?, and

dZEQ

= —B¢, (2.24a)
Z_j —a- §B2(2 — k%) - gg? (2.24b)
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Figure 2.2: Numerical simulation of the (a) ¢n and (b) sn solutions of Eq. (2.13) with
18] = 0.01, e = 0.1, G = 0, and the detuning « set to (a) a = 1.8732 and (b) o = 3.7464
(these values of the detuning are chosen so that k* = 1 — 107!2 ~ 1 in the analog of Eq.
(2.26) for these solutions). The solutions were seeded with a white noise perturbation to
induce instability in the evolution. Both solutions are unstable, even in the limit £ — 1
where the linear stability analysis shows the eigenvalues to shrink to the real axis. Note that
the cn solution collapses from an N = 4 solution to a stable N = 2 dn solution.



22

Since we are characterizing the intra-cavity dynamics of a microresonator with enforced
periodic boundary conditions, the leading order solution wg(z,t) should be 27w /N periodic,
where N is a positive integer representing the number of localized pulses per round trip in
the microresonator. Considering that the period of the Jacobi elliptic dn is modulated by k,
the value of B determines the value of k£ and vice-versa. Specifically, the period of the Jacobi
elliptic function y = dn(x|k) is 2K (k), where K (k), as a function of k, is the elliptic integral
of the first kind. For 4y = dn(Bz|k) given in Eq. (2.13), we have its period as T' = 2K /B.
To satisfy the periodic boundary condition, we have 2K /B = 2x /N, thus B = KN /7.

(b)

Figure 2.3: The dn-type solutions for (a) k* = 0.9 and (b) k* =1 — 10712 ~ 1 with N = 4.
The two panels demonstrate that the elliptic modulus & € [0, 1) can produce solutions which
resemble a modulated CW beam or highly localized, hyperbolic secant pulses. Note that the
dn solution has no nodal points where the solution is zero.

The dn-type solutions for two values of the parameter k are shown in Fig. 2.3, where
k € [0,1). In the limit £ — 0, the function dn(z|k) — 1, i.e., a continuous wave solution of
the LLE. When k£ — 1, the function dn(z|k) — sech(x), which is the standard hyperbolic
secant soliton solution generated by the dominant NLSE terms. Fig. 2.3 shows the k% = 0.9
and k2 = 1 — 107!? =~ 1 solutions of the LLE. Note that these figures are illustrated with
four localized pulses per round trip in the microresonator (N = 4). Figure 2.4 shows the dn
solutions with the number of localized pulses N increased from one to four. As IV increases,
the pulses are narrowed down in width but increased in height.

Here we consider leading order solutions about the center frequency with a fixed phase
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Figure 2.4: The dn solution for N = 1,2,3 and 4. Here we plot dn solutions with the same
modulus, k¥ = 1—-107"? = 1, as functions on a circle (to emphasize their periodicity). As the
number of pulses IV increases, the width of the each pulse narrows and the height increases.
These four solution branches co-exist for a fixed value of the detuning a. The stability of
each solution branch depends upon the detuning parameter as shown in Fig. 2.5.
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term, given the observed solutions of LLE in numerical simulations. Thus the parameters of

the leading order solution Eq. (2.18) are constrained by setting
£=0, (2.25)

o= —BB%*2 - k?)/2. (2.26)

These constrains require the detuning « to increase in order to accommodate more pulses
per round trip, which is consistent with experimental findings.
Furthermore, we can characterize the dependence of the cavity energy e. on the detuning

frequency a. Given

eCZ/ \uOIde:—BBQ/ dn*(By|k)dy, (2.27)

—T

we demonstrate the energy of each solution branch with different values of N in Fig. 2.5.
The stability of each branch will be discussed in what follows, but the energy versus detuning
shows the important trends to be considered. For k — 1, the function dn(z|k) — sech(x) so
that the energy integral can be approximated explicitly

Br
e N —ﬁB/ sech’zdz = —28B . (2.28)

Bm
Given that a ~ —3B?/2, we can then simplify the relationship between the detuning and
cavity energy, i.e. |e./B| ~ 2v/2+/|a/B]. This value is for only a single pulse. If there are N

pulses, we obtain
lee/Bl = 2V2N/|a/ . (2:29)

This gives a simple quantization of the energy as a function of the number of pulses in the
limit £ — 1. We will show in what follows that the & — 1 limit is where solutions to the
LLE are stable, thus the energy quantization formula is a good approximation for the LLE
microresonator dynamics.

Note that in Fig. 2.5, since |a/| = B?/2, we have |a/| — oo when k — 1 and |a/3] — 0

when k£ — 0.
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Figure 2.5: The solution branches of the dn solution as a function of energy (|e./3|) versus
detuning (|a/B|). Plotted are the solution branches from N =1 to N = 10. The instability
of each branch can be computed from the linearized operator Eq. 2.33. Specifically, if the
real part of any eigenvalue crosses the threshold of 5 x 1074, then the branch is considered
unstable (dashed red lines) for that value of detuning. For candidate branches that are
potentially stable (black lines), further analysis is required to confirm the stability of the
dn solution branches. This figure matches recent experimental findings of [55] and confirms
that the specific number of pulses in the microresonator can be controlled by manipulation
of the detuning.



26

2.4 Stability Analysis of the LLE

The stability of the Jacobi elliptic function solutions to the LLE can be characterized using
a linear stability analysis. Note that parameters A, B, xg, £ and oy all vary slowly on 7 = et,

the contribution of iug to the equation of O(e) is
i[Ardn + A(B(x — x0))dn’ + iAdn(&(z — 10) — Exor — 00r)]e™. (2.30)

Let u; = e™wy, following the perturbation expansion of Eq. (2.2), we find the linearized

evolution in the order O(e):

0w,y 2 582101
iy — oW + 2|ug| wy — 5 I

+ |uo|*wt = F, (2.31)

where F' = i(e ™ F + e ™G (ug, x,t) — tig — e “ug,).
We can decompose the linearized evolution into real and imaginary components by letting

wy = R+1il, (wj = R —iI) so that in matrix notation it takes the form

Ri|_ 0 b2 —a2+al||R . %F | (232)
L | |-502+3a2—a 0 I| |RF
where 97 denotes the second order derivative. The eigenvalue spectrum of the matrix in Eq.
(2.32) yields the spectral stability of dn solutions, generally. Note that for u, given by the
dn solution, a = —3B%*(2 — k%) /2.

Figure 2.6 shows the computed spectrum of the linearized operator in Eq. (2.32) for the
dn solution with N = 4. The operator was numerically evaluated using a spectrally accurate
method with 1024 grid points (a fast Fourier transform was used to evaluate the second
derivatives) and a standard matrix eigenvalue solver. The eigenvalues corresponding to both
k* =0.9 and k? =1 — 1072 =~ 1 are evaluated. Note for the case N = 4, the fundamental
period T = 7 /2, thus [, 7) is a multiple of the fundamental period, so we expect instability
[56]. For k? = 0.9, the dn solution clearly has unstable eigenvalues, i.e. eigenvalues with
large positive real part. As k — 1, the real part of the eigenvalues of dn shrink to the

imaginary axis, suggesting that the £ — 1 solutions will be better behaved, even if they are
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Figure 2.6: Eigenvalue spectrum of the matrix L defined in Eq. (2.32) for the dn solution with
(a) k* = 0.9 and (b) k& =1 — 1072 ~ 1. Although the eigenvalues shrink to the imaginary
axis as k — 1, the solutions are known to be unstable under generic perturbations.
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technically unstable [56]. Thus a critical part of the analysis is to determine if the addition
of the LLE term F stabilizes such microresonator solutions subject to slow-time modulation

of the parameters.

2.4.1 Discrete Spectrum of dn Solutions

As with soliton perturbation theory, the generalized null space of the adjoint of the linearized
operator is critical for determining stability. Specifically, the Fredholm-alternative theorem
stated in Eq. (2.5) requires that perturbations be orthogonal to the null space of the adjoint
linear operator (this removes so-called “secular” modes which have polynomial growth in

time [148]). For the dn solution, the linear operator reduces to

0 L_
L= —EBQ : (2.33)
2 —L, 0
with the self-adjoint operators
’ 2 2
L_ = —@ —2dn°z — k -+ 2 s (234&)
d’ 2 2

where a change of variables to z = B(z — z) has been made and the dependence of dn on
k has been dropped for notational convenience.

In the following, we will denote the generalized nullspace of a linear operator L by ker, (L),
ie.

ker,(L) = G ker(L™) . (2.35)

We also require the space H] [a,b), which denotes a periodic Sobolev space on [a,b).
This space may be characterized by the Fourier coefficients of a given function. Let f be a

function defined on [a,b) = [, m) and let ¢; defined by

¢j = % /_: f(x)e " dx . (2.36)
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Then the H! [—7,7) norm is defined by

per
1 W, = D les P+ 1P+ 1) (2.37)
J

Note that if || f|zm, < oo, then the Fourier coefficients of the (m — 1)st derivative of f
are absolutely summable so that f(™~Y is continuous as a periodic function on [—7, 7). The
space H can be defined for other intervals by appropriate scaling.

per

Let w; = R+l as above. As in [148], we define the space

M =HL, x HY, () (ker, (LN) (2.38)

per per

which is where we will constrain the evolution of (R, I)”. Note that the domain for z is

[—-NK(k), NK(k)). We also define the periodic functions ¢(z) and ¢(z) to be

(2) = (K(k)E(z, k) — E(k)2)dnz — k*K (k)snzcnz, (2.39a)
©(z) = k*cnzsnz(K(k)E(z, k) — E(k)z2)
+(E(k) — K(k))dnz + k*K (k)en*zdnz | (2.39b)

where E(z, k)= [ dn®ydy is the incomplete elliptic integral of the second kind, E(k) =
E(K(k), k) is the complete elliptic integral of the second kind, and K (k) is as above. For the
sake of compactness, we will often drop the dependence of E(k) and K (k) on the modulus
k in the following. Note that F(z, k) is odd, ¢(2) is odd, and ¢(z) is even — the parity of
functions simplifies much of the following analysis. A set of eigenfunctions that span ker, (L)

can then be computed from the following observations

L_[dnz] =0, (2.40a)
Li[snzenz] =0, (2.40b)
LyL_[¢(2)] = Ly[-2k*Esnzenz] = 0, (2.40¢)

L L. [p(2)] = L_[2((K* — 2)E — 2(k* — 1)K)dnz] = 0.
(2.40d)



30

These results are used to derive some important properties of the operators L, L., and

L_, which are summarized in propositions 1 and 2.

Proposition 1 Assume N € N and 0 < k < 1. The operator L_ is non-negative and
self-adjoint, with ker(L_) = span{dnz}. The operator L, is self-adjoint, with ker(L ) =

span{snzcnz}.

Proof

One can directly verify that L_[dnz] = 0. Because dnz has no zeros, A = 0 is the first
eigenvalue (listed in increasing order).

Again, one can verify that L[snzcnz] = 0. There is at most one function (up to a
constant multiple) in ker(L.) which is linearly independent of w(z) = snzcnz. Note that
the natural domain for L, is H2,.[0,2NK) and recall that functions in HZ,, are determined
by their values on [0,2NK) and periodicity. For integer j, we have that w(jK) = 0 and
w'(jK) = (—1)7. Suppose that v is another solution of L, [v] = 0. We have that w(z)v'(z) —
w'(2)v(z) is constant, so that (v/w)" = d/w? for some constant d on any interval where
w # 0. Consider an interval of the form (jK,(j + 1)K) and let z; = (j + 1/2)K. For
JK <z < (j+ 1)K, we have
dy
S wi(y)

(2.41)

Let

wi(z) = w(2) /Z ay (2.42)

, wi(y)
be defined on each interval (jK, (j + 1)K). It can be verified that the limit of w;(z) exists
as you approach either endpoint. In particular, we have
e (@) = i W) =1

1
I Poi(z) = lim gy (2) = ——e—
@R 5(2) @R Wy (2) N
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Because w is zero at all of these endpoints, we see that for v to be continuous, the d; should

all be equal. Without loss of generality, we set d; = 1 for all j.

While the derivatives are still defined at the endpoints, they are not so well behaved. We
have that

T =1 B | ol
J1 = zlgﬁ( | Wo;(2) ZJIQ?}{_ Wa;1(2)
2

= s (1= B2 = 14 = B)B(K/2,k) - (1 - F)K) |
_— . ~/ - : ol
B Ta() - fim @y(2)

22— k)E —4(1 — K
—\/1—k2(j1_ ( >1_k2< ) )

Note that, for 0 < k < 1, j; # 7. To enforce that v has continuous derivatives, we then

obtain the following system of equations

cL—C=—N
Cy — C1 = Jo

3 — Co = —J1

CoaN—1 — CaN—2 = —J1

Co — CaN—1 = J2 -

By summing all of the equations, we obtain that 0 = N(js — 71) # 0, so that the equations
are inconsistent. Therefore, there is no such v with a continuous derivative, i.e. there is no
such v in H2,[0,2NK). Note that for the case k = 0, we see that j; = j, so that such a v

per

does exist, as expected.

Proposition 2 Assume N € N and 0 < k < 1 and let (f,g)" € H'., x H... If the following

per per®



orthogonality relations hold

(frdnz) =0,
(f.0(2)) =0,
(g,snzenz) =0,
(9.0(2)) =0,

then (f,9)" € M.

Proof

From Proposition 1, we have that
ker(L") = span{(dnz,0)", (0, snzcnz)"} .
Recall the definitions of ¢ and ¢:

$(2) = (KE(z,k) — Ez) dnz — k*snzenz,
©(2) = k*cnzsnz(KE(z, k) — E2) + (E — K)dnz

+k2Ken?zdnz.
It can be verified that

L. L_[¢(z)] = Ly [-2k*Esnzcnz| = 0,

L _Li[p(2)] =L_[2(k* —2)E — 2(k* — 1)K)dnz] = 0.

Therefore,

ker((L1)?) = span{(dnz,0)T, (0, snzenz)", (¢(2),0)7, (0, 0(2))"} .

Suppose that (f,g)” € ker((L")3). Then, formally,

f=c L o(2) + capp(2) + esdnz

g =caL ' ¢(2) + esp(z) + cgsnzenz

32

(2.44)

(2.45a)

(2.45Db)

(2.46a)

(2.46D)

(2.47)

(2.48)

(2.49)
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where the inverses above denote a particular solution of the corresponding inhomogeneous

ODE. Consider LZ'¢(z). Note that the Fredholm alternative implies that

0 = (K*cnzsnz(KE(z,k) — Ez) + (E — K)dnz, dnz) + (k*Ken?zdnz, dnz) (2.50)

= N(E* + (K* - 1)K?). (2.51)

For 0 < k < 1, the expression E? + (k* — 1)K? > 0, a contradiction. Therefore, there is no

such particular solution. Similarly, consider Lf(ﬁ(z). The Fredholm alternative implies that

0= ((KE(z,k) — Ez)dnz — k*K snzcnz, snzenz) (2.52)
N
-0 (E*+ (K - 1)K?) | (2.53)

again, a contradiction. Therefore,

ker, (L") = ker((L")?) . (2.54)

2.4.2  Bounding the evolution of w; (N =1)

Following the analysis of Weinstein [148], the evolution of the term w; = R + i/ is bounded

by considering the function

QU.9) = S BLof, )+ {L-9,0)], (2.55)

which is a conserved quantity along the solution trajectory for wy, i.e. dQ(R,I)/dt = 0. For
(R, I)T € M, we have the following bound.

Proposition 3 Assume N = 1. Let w = R+ il € M. Then there exist constants Cy and
Cy such that
¢ (IRl +I1Ml3,) < QBRI (2.56)
Co (IR, + 1113, = QR.I). (2.57)

This proposition is the primary result needed in our analysis: if the slow evolution of the

parameters B, §, o, and o is such that (R(t), I(t))" € M, then for any Ty we have supy<,<7, /e
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lew (E)||z,, — 0 as e — 0. See [148] for details. A proof of Proposition 3 based on a
variational formulation can be found in [56]. A more classical proof modeled after [148] is

provided as follows.

Proof

The existence of (5 is simple to establish. To establish the existence of C;, we require the
following two lemmas. Note that for the remainder of these statements, we assume that

N =1.

Lemma 1 Suppose that (f,dnz) = 0 and (f,¢(2)). Then there exists a positive constant
C{ such that

(Lif, f) = CY NI - (2.58)

Lemma 2 Suppose that (g,snzenz) = 0 and (g,p(z)) = 0. Then there exists a positive

constant C| such that

(L_g,9) > Cy llgll72 - (2.59)

Suppose that (f,dnz) =0, (f,¢(2)), (g, snzenz) =0, and (g, ¢(z)) = 0. Let C; and C}

be as in Lemmas 1 and 2, respectively. Then

(Lo f )+ 61 fllx + (L-g.9) + 2glo (2.60)
= 14 flls 4+ 6((1 = dn®2) ) + (2~ B2l (2.61)
Il + 21— dn*2)g,6) + (2 K) gl (2.62)

> [ fllmp,, + gl (2.63)

per per

Therefore, the proposition holds with

. 1 1
Cl_mln(l—l—i’l—l—l)' (2.64)

cr o
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Proof of Lemma 1

In the following, we repeat the argument of [148], making appropriate changes to handle
the periodic case. First, we note that by Theorem 3.1 of Chapter 8 in [28], L, has one
negative eigenvalue (when N = 1) with a corresponding eigenfunction fy, which we take to

be nonnegative without loss of generality. Define
T = mfin<L+f, f), where ||flla=1, (f,dnz) =0. (2.65)
Then, by Lemma E.1 of [148], we have that v; > 0 if
(LT'dnz,dnz) <0, (2.66)

which is straightforward to verify using arguments similar to those in the proof of Proposi-
tion 2. Therefore, 43 > 0. The lemma is then proved if we can show that vo = inf¢ (L f, f)
with f restricted such that ||f|;z2 = 1, (f,dnz) = 0, and (f,#(z)) = 0 is non-zero, as
Y2 =7 2 0.

Suppose that 75 = 0. Let f,,, be a minimizing sequence of (L, f, f) satisfying || fu|lzz = 1,
(fm,dnz) =0, and (f,, ¢(z)) = 0. Given § > 0, there exists a M () such that

K(k) 2 K(k)
0< /_ (d%fm> dz+ (2 — kZ)/_ f2dz (2.67)

K (k) K (k)
K (k)

< 6/ dn’zf% dz+ 9 , (2.68)
—K(k)

for all m > M (§). In particular, the sequence f,, is uniformly bounded in the H;er norm.

Therefore, there is a subsequence of f,, which converges weakly to an H;er function f,.

This function satisfies the constraints (f.,dnz) = 0 and (f,, #(z)) = 0 by weak convergence.

Because Hécr is compactly embedded in L?, there exists a further subsequence, which we

denote by f,, that converges in the L? norm (to f,). Therefore, ||f.|[z2 = 1.
Let h be such that [[h|2 = 1. Note that (h, f;) = lim(h, f;, ) < Lminf|[|f}, [[z2 by

weak convergence in H},. Taking the maximum over all such h implies that || fl||;> <

liminf || f}, ||2. Combining this with the L? convergence of f,, gives that (L, f., f.) <

j —

liminf(Ly fo;, fm;) = 0, so that (L, f., f.) = 0.



36

Because f, attains the minimum and is admissible, there exists a critical point of the

problem
(Ly — M) f = adnz + A30(2) (2.69)
[flla=1, (2.70)
(f.dnz) =0, (2.71)
(f,0(2)) =0, (2.72)

of the form (fi, A1, Ao, A3). Taking the inner product of f, with Eq. (2.69), we obtain that
A1 = (Ly fy, f«) = 0. This implies that

Ly f. = Xadnz + A3¢(2) . (2.73)

Taking the inner product of snzcnz with Eq. (2.73), we obtain that A3 = 0. Following the

arguments in the proof of Proposition 2, this implies that

Ao
2((k2 — 2)E — 2(k2 — 1)K)

fo= ©(z) + A\gsnzenz (2.74)

for some 4. The constraint (f., ¢(z)) = 0 implies that Ay, = 0 and the constraint (f.,dnz) =
0 implies that Ay = 0. We have that f, = 0, a contradiction. Therefore, v, > 0, proving the

lemma.

Proof of Lemma 2

This lemma can be proved using arguments similar to the above.

2.4.3 Modulation equations for the dn solution (N =1)

For the dn solution,

0- (tp) = \/—BBrdnz + A;Z—ZBTdnkz

+ A[B;(x — zg) — Bxg,]dn,z . (2.75)
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We consider solutions with & — 1, so that dk/dB =~ 0. Using this approximation, the above

reduces to

B;
O (tig) = \/—PBrdnz — Ak*snzenz (EZ - Bx07> :

so that

. . B,
O- (ug) = €"'\/—BBrdnz — " Ak*snzenz <§Z — BxOT)

+ 1 (57% —&xor — 00T> e™ Adnz.

This gives the following expression for the forcing term

S(F) = Fcostp + R(e™™G) — \/— BB dnz — Adnz
B
+ AK? (ETZ — Bx0T> snzenz,

R(F) = Fsintg — (e ™G) + /=B zdnz

— (€xor + 007 )Adnz .

(2.76)

(2.77)

(2.78)

(2.79)

To constrain the forcing term (S(F), R(F))” to be in M, Proposition 2 implies the following

constraints

,snzenz) = 0,
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These constraints require the slow evolution of the parameters to satisfy the following system

of differential equations

dB  (R(e™™G) + Fcos,dnz) — /|B|B{dnz, dnz)

2 : (2.81a)
dr |B|({dnz,dnz) — k*(zsnzcenz, dnz))

dzy  (Feost + R(eG),8(2)

dr VIBIB2k2 (snzenz, ¢(2)) (2810)
¢ (F'sing — S(e™™@), snzenz) (2.81)
dr |B|(zdnz, snzenz) ’ '
doo _dve  {(Fsing — (e ™G), p(2))

& T BB ) .

where ¢ = £z/B 4+ 0 — 0¢. We can further simplify the equations above by applying trigono-

metric identities, we have

dB  (R(e"™G),dnz) + F cos(o — ao)p1(€) B V/|B1B{dnz, dnz)

- , (2.82a
dr 81(q1 (k) — k?q2(k)) 181(q1 (k) — K?q2(k) (252
drg  (R(e™@), d(z)) — Fsin(o — 09)p2(€)
- Ve | o
dg _ (S(e”™ @), snzenz) — F cos(o — ag)ps(€) .
= qu(k) , (2.82¢)
doy drg  Fsin(o — oo)pa(§) — (S(e™G), p(2))
T T NEET | 282
where
p1(§) = (cos(z/B),dnz) | (2.83a)
p2(§) = (sin(€2/B), ¢(2)) , (2.83b)
p3(§) = (sin(éz/B), snzenz) | (2.83¢)
pa(§) = (cos(§z/B), ¢(2)) (2.83d)
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and

q1(k) = (dnz,dnz) (2.84a)
q2(k) = (zdnz, snzenz) (2.84b)
q3(k) = (snzcnz, ¢(z)) (2.84c)
qa(k) = (dnz, p(2)) - (2.84d)

In addition to these constraints, £ should be an integer so that ug remains in Hll)er. Therefore
the analysis is only rigorous when applied to perturbations for which d¢/dr = 0, but we have

found that the analysis provides insight in other cases.

Consider the stability of this system of differential equations around the center frequency;,
ie. £ =0, s0 that ¥ = 0 — gp and po(§) = p3(§) = 0. For k ~ 1, we can approximate many
of the inner products in the above expressions using the limiting forms of the Jacobi elliptic
functions. We obtain the approximations p;(0) ~ m, ps(0) =~ 0, q1(k) = 2, ¢2(k) ~ 1,
q3(k) = —1, and q4(k) = 1. With these approximations, the evolution equations simplify to

% _ ﬁ(@%(ein), dnz) + Frcos(o — o)) — 2B, (2.85a)
drg _ (R(e™G) 6(2)) (2.85b)
dr 8|z '

% = ﬁ(%(e‘in), snzenz) (2.85¢)
dog dro — (3(e7G), 0(2))

P = T (2.85d)

These slow evolution equations approximate the effect of a perturbation G on the microres-

onator comb.
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2.4.4  Stability of dn solutions of the LLE (N =1)

When the perturbation G = 0, the parameter evolution constraints Eq. (2.85) yield the

following set of equations

dB  Frcos(o — 0y)

- = = — 2B, (2.86a)
% ~0, (2.86b)
% ~0, (2.86¢)
% + g% o, (2.86d)

which gives the solution with B = Frcos(o —09)/(2+/]5]) as a steady-state attractor to the
dynamics. Specifically, values of B larger and smaller than this exponentially decay back to

the steady-state value. In addition, the fast time scale dynamics give

dl’o o
- — B¢, (2.87a)
do _ o é 2060 1.2\ _ é 2

Integrating the constant oy into the second equation and setting & = 0, i.e. we are working

around the center frequency, then

d(U—Uo)_ B e 2
T__04_513 (2 —k?). (2.88)

Since the first solvability condition gives the steady-state B = F'w cos(o — ) /(2v/—0), then

d(o — F?r%(2 — k?
% = —Oé—f—%COS%O'—UO), (2.89)

and
2B\/—[
Fr 7

which gives the time-independent phase of the microresonator comb. Specifically, the real

(2.90)

cos(o — ag) =

part of the solution is ug = Adn(B(x — xq), k) cos(c — 0p) and the imaginary part is ug =

Adn(B(z — x¢), k) sin(o — 0p).
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These asymptotic results show that B # 0 provided F > 0. Moreover, the stable mi-
croresonator solution has a fixed phase relation which does not evolve in time. Simulations
show that these two predictions are accurate representations of the dynamics. More than
that, the prediction here shows them to be attractors for general initial conditions, which is

again borne out by simulation.

2.4.5 The case N > 1 in practice

Proposition 1 states that the nullspaces of L, and L_ are each spanned by one function,
for any positive number of pulses N. However, in simulations of finite precision, this math-
ematical truth is not observed for £ ~ 1. Indeed, the discretizations of these operators are
observed to have N eigenfunctions corresponding to a zero (to numerical precision) eigen-
value when £ ~ 1. Intuitively, this results from the fact that the dn function is nearly
zero between pulses for k£ ~ 1 so that the pulses are essentially decoupled. Indeed, the
set of N shifted copies of the eigenfunctions for N = 1, i.e. individual pulses in each of
—K,K),[K,3K),...,[(2N —3)K, (2N — 1)K), is seen to give a basis for these nullspaces,
again to numerical precision.

Counterintuitively, it is this failure of Proposition 1 in practice which explains the predic-
tive power of the modulation equations of the previous sections — which hold mathematically
only when N =1 — for numerical simulations with N > 1. In particular, for the LLE type
perturbation alone (G = 0), we observe that the stabilizing effect on the amplitude of the
comb as predicted by Eq.(2.86a) and the generation of a time independent phase as predicted
by Eq.(2.90) for the N = 1 case also hold for N > 1 when k ~ 1. See Figures 2.7 and 2.8
for a comparison of the stability of a dn initial condition with and without the LLE terms,
which we discuss in more detail in the next section. For nonzero GG perturbations, as in the
Raman effect and spontaneous emission noise examples below, the more qualitative N = 1
predictions are also observed numerically when N > 1. The fact that the behaviors of the
pulses have decoupled is only apparent for the spontaneous emission noise example, as the

perturbations acting on each pulse are identical in the other examples.
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Figure 2.7: Numerical simulation of the (N = 4) dn solution of Eq.(2.13) with ¢ = 0.1,
G = 0, and the detuning « set to (a) a = 0.0593 and (b) o = 1.8732 so that the appropriate
parameter for the initial waveform is (a) k% = 0.9 and (b) k> =1 — 107!? ~ 1, according to
Eq.(2.26). The initial waveform was corrupted with white noises to induce instability in the
evolution. The k2 = 0.9 solution is shown to be unstable whereas the k? = 1 — 1072 solution
is stable. This is consistent with our linear stability analysis and Fig. 2.5.
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Figure 2.8: Numerical simulation of the (N = 4) dn solution of Eq.(2.13) with e = 0, G = 0,
and the detuning « set to (a) o = 0.0593 and (b) o = 1.8732 so that the appropriate
parameter for the initial waveform is (a) k? = 0.9 and (b) k> = 1 — 107!2 ~ 1, according
to Eq.(2.26). The initial waveform was corrupted with the same white noises as Fig. 2.7
to induce instability in the evolution. Both the k* = 0.9 solution and the k2 = 1 — 107!2
solution are unstable. Comparing with Fig. 2.7, we observe that the k% = 1 — 1072 solution
is stabilized by the LLE type perturbation.
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Figure 2.9: Stable numerical solutions of Eq.(2.13) with G = 0 and a = 1.7793 for various
values of €. The initial waveform was set as a (N = 3) dn solution with k> =1 — 10716, As
€ is increased from € < 1, the solutions deform from the asymptotic dn form to a localized
structure that sits atop a shelf. Importantly, like the dn solution, the resulting evolution
produces solutions which have no nodal separation between neighboring pulses.
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Figure 2.10: Evolution of the real and imaginary parts of a (N = 3) dn solution of Eq.(2.13)
evaluated at z = 0, with G = 0, o = 1.7793 (so that the initial waveform has k? = 1—1071°),
and € set to (a) € = 0.1 and (b) ¢ = 1. The dotted lines are the theoretically calculated
real and imaginary parts that result from our perturbation theory, whereas the solid lines
are from the direct LLE simulation. The perturbation theory holds remarkably well even at
e=1.

2.5 Numerical Simulations

In this section, we compare numerical simulations of Eq. (2.13) with predictions made by
the theory outlined above. In all simulations the value of g is fixed, with § = —0.01. When
e # 0, we set F' = (p(1+ (p— a)?))/? with p = 0.95 to remain in the right parameter
space for the generation of frequency combs. The initial waveforms (u at time zero) are
set according to Eq. (2.18) with £ = 0 = 09 = 29 = 0 and the value of k determined by
the detuning « as in Eq. (2.26). First, we simulate the LLE to show that the dn solution
is stable, as opposed to the observed instability of the ¢n and sn solutions in Figure 2.2.
Figure 2.7 shows the evolution of the dn solution for e = 0.1 and the detuning « chosen so
that k2 = 0.9 and k* = 1 — 10712 &~ 1. Recall that for k? = 0.9 the linear stability analysis
showed strong instability and for k> = 1 — 10712 the analysis showed weaker instability,

see Figure 2.6. Further, recall that for both values of the parameter, the solution should be
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unstable for generic perturbations of the equation. In both simulations, the initial waveforms
are corrupted with white noises in order to induce instability if it exists. For k? = 1 — 10712,
the pumping and damping terms of the LLE, i.e. the LLE-specific perturbations, have
stabilized the dn solution. The k% = 0.9 solution is still unstable with this perturbation. In
Fig. 2.8, we repeat these calculations without the LLE perturbation, i.e. setting ¢ = 0. The
k* =1 — 107!2 solution is seen to be less stable than that in Fig. 2.7.

In Fig. 2.9, we plot equilibrated solutions of Eq. (2.13) as € is increased. In this example,
the (N = 3) dn-type solutions for k? = 1 — 107! remain stable, even for large values of e.
Note that the solutions deform away from the original dn waveform and develop a pedestal
as € is increased. Finally, Fig. 2.10 contains plots of the predicted time-independent phase,
determined by Eq. (2.90), and the phase of a simulated microresonator solution with a dn

initial waveform, showing good agreement between theory and simulation.

2.5.1 Raman term

An important modification to the LLE equation is the addition of the Raman effect which
is known to induce a self-frequency shift in the microresonator [74, 105]. The Raman effect
is included in the LLE as part of the perturbation term G(u,x,t) in Eq. (2.13). Letting U
denote the waveform and G(U) denote the Raman perturbation in physical units, we have

[74]

: 2 2 : o
GU) =i |~ frlUP + frhr @) U] } Ur —i {fRTR o ]U, (2.91)

where the constants fr and 7z are the Raman fraction and the Raman shock time, respec-
tively, and @) denotes a convolution. In simulations, the Raman response function hg is
typically chosen to be [9]

2 2
ha(z) = %er/m sin(z/n), (2.92)
2

where 71 = 12.2fs and 7, = 32fs. In our numerical simulation of the dimensionless LLE,

Eq. (2.13), the Raman term becomes G(u) = —iC’agfu, where C' = 0.001.

The effect of the Raman perturbation of Eq. (2.91) can be substituted into the modula-



47

2000

1500

+ 1000

500

- -m/2 0 /2 T

2000
1500
+ 1000 |

500 =

-7 -1/2 0 /2 T
X

Figure 2.11:  Top view of a numerical simulation of Eq.(2.13) with a = 1.8732 and the
addition of the Raman effect of Eq. (2.91). The perturbation parameter € is set to (a) € = 0.1
and (b) e = 1. As predicted and quantified by our perturbation theory, the dn solution
remains stable despite the induced drift of the solution. The drift velocity is compared
with that computed from our theory using self-frequency shift in both cases. The dotted
lines represent the theoretically calculated trajectories of the drift of the solutions. The
perturbation theory holds well when € is small.
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tion constraints of Eq. (2.85) to evaluate the impact on the comb dynamics. The symmetry
properties of the perturbation play a large role in determining the resulting behavior. Specif-

ically, symmetry considerations yield

dl‘o
— =0 2.93
0y, (2930)
dO'()
— =0 2.93b
70—, (2930)
with the additional constraints that
dB F —
_ fmeoslo—o0) op (2.94a)

dr =P
ds _ (2CBA3k*dn*zsnzenz, snzenz) 40, (2.94b)
dr vV—_

This determines the self-frequency shift induced by the Raman term since the value of £ gives

the shift from the center frequency used to derive the LLE. In addition to the self-frequency

shift, it should be recalled that
d.ﬁlﬁo

dt

As the term £ is slowly evolving, it can be thought of as a constant over short time intervals

= —B¢. (2.95)

so that the self-frequency shift generates a linear translation of the solution with a group
velocity determined by the Raman term. Importantly, the Raman term does not destabilize
the comb, rather it simply shifts it in frequency and forces a translation.

In Fig. 2.11, we plot simulations of the LLE with the addition of the Raman effect, i.e.

G(u) = —iC’agfu, for both € = 0.1 and ¢ = 1. The comb quickly forms and the induced

translation is readily apparent. We also plot a line corresponding to the predicted drift
velocity dzg/dt = —f¢. As noted above, only integer values of £ are allowed by the model.
Nonetheless, the frequency shift that & represents can be estimated from the simulation, and
need not be integer valued. In particular, we take the empirical value of £ to be the center of
mass of the Fourier coefficients of the simulated waveform (computed using the FFT). After
the first few time steps, this value holds steady at approximately & = 0.3890 for the e = 0.1

simulation and ¢ = 0.2608 for the ¢ = 1 simulation. The theoretical drift velocity matches
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well with the observed drift velocity of the simulation when € = 0.1, whereas, for € = 1, the
prediction is not quantitatively satisfactory but corresponds to the qualitative behavior of

the simulation (note that e = 1 is far from the asymptotic regime).

2.5.2  Spontaneous emission noise

Spontaneous emission noise from pumping/amplification has always been a significant source
of performance limitations in optical systems. For instance, in optical communication sys-
tems, the noise from amplification results in the Gordon-Haus timing jitter [54] which imposes
a fundamental limit on transmission lengths for a given bit-error-rate constraint in lightwave
communication systems. Soliton perturbation theory provided the fundamental calculation
of this limitation. It also provided a number of engineering design strategies for trying to
overcome the Gordon-Haus limitations, including sliding filters [102, 107] and dispersion
management [140, 129, 90].

The LLE perturbation theory developed here can also be used to evaluate the effects of
spontaneous emission noises in the microresonator, something that has only recently been
studied experimentally [62, 96]. Specifically, for this case the perturbation in Eq. (2.13)
takes the form

G(u,x,t) = S(x,t), (2.96)

where S(z,t) is a white noise process modeling the spontaneous emission [148]. In this case,
for a specific realization of noise, the effects on the LLE comb parameters can be evaluated
using Eq. (2.85). Generically, the noise generates amplitude, phase, center-position and
center-frequency jitter. But the most pronounced effect comes from the fast scale dependency
of the center position on the center frequency. Thus the evolution
d_ 1
dr /=3

produces a center frequency with mean (£) and variance (£2) which then drives the center

(R(e™™S(x, 1)), snzenz)) (2.97)

position through the relation dxo/dt = —5¢. As with the Gordon-Haus jitter, this produces

a jitter in the pulse position, leading to a degradation in performance. Figure 2.12 provides
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Figure 2.12: (a) Top view of a numerical simulation of Eq.(2.13) with € = 0.1, a = 1.8732,
and the addition of spontaneous emission noises as defined in Eq.(2.96). As predicted and
quantified by our perturbation theory, the dn solution remains stable despite the induced
random walk (drift) of the individual pulse solutions. Much like the Gordon-Haus jitter,
our perturbation theory captures the effect of the timing variance of individual pulses. To
highlight the random walk of each pulse, panels (b) and (c) show a detail of the pulses near
x = —m/2 and x = 7/2 respectively.
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a simulation of the LLE under the influence of white noise perturbations Eq. (2.96). Note
that the comb is stable, with fluctuations induced in the various solution parameters. Most
notably, the zoom in of the individual pulses shows the random-walk generated as a result of
the noise. As with Gordon-Haus jitter, the statistics of this random walk could be evaluated

with the LLE perturbation theory we have developed.

2.5.3  Gaussian noises in the pump

The LLE perturbation theory developed here can also characterize the intra-cavity dynamics
when the enforcing pump is corrupted by Gaussian shaped nosies in spectrum, which has

been recently observed experimentally.
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Figure 2.13: Noise-corrupted pump F in (a) time domain and (b) spectrum domain.

To be consistent with the experimental observations, we model the noises in the form of

G(u,x,t) as follows. The enforcing pump F is corrupted by white noises in spectrum. A
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Gaussian filter is then applied to the noise-corrupted pump spectrum in the log scale, with
controllable amplitude and width, to get the noise-corrupted pump F , as shown in Fig. 2.13.
The perturbation in Eq. (2.13) thus takes the form

G(u,z,t) = F(x,t) — F. (2.98)

Considering both fast and slow time-dependence, the intra-cavity dynamic is character-
ized by a combination of Eq. (2.85) and Eq. (2.24). The intra-cavity fields can be recon-
structed using the leading order solution Eq. (2.18), with A, B, 0, 00,£ and xy propagating
accordingly. To accommodate time-dependence in difference scales, Eq. (2.85) is modified

and the governing equations are given:

dB _ (R(e™™@G),dnz) + F cos(o — ag)p1(€) B V/|B|B{dnz, dnz)

a Al (h) — K IR
% _ et €<%<e’wG),¢(T;TB—2 ;;:zg —q)p(8) (2.99b)
% _ (8ea), snzc:;% ;;; ;:os(a _ o—o)ég(g) | 2990
% N f% _ EF sin(o — ag)i);%B—qu()e_wG), ©(2)) | (2.99d)
‘fi_‘z =—a- §B2(2 — k?) - gg? (2.99)

In the case of ¢ < 1, we set € = 0.1 in our simulations. With a clean pump, we observe a
stable soliton in time and clean comblines in the spectrum of the intra-cavity field, as shown
in Fig. 2.14.

When the forcing term is corrupted by a Gaussian shaped noise as defined, numerical
simulations of the LLE confirm the existence of noises around each comb line in the intra-
cavity field spectrum, as shown in Fig. 2.15. Furthermore, we find both amplitude and width
of the output noises are determined by the input Gaussian noises.

With LLE perturbation theory, we embed the full intra-cavity dynamics into the coupled
ordinary differential equations Eq. (2.99), which model the time-dependence of the five

parameters (B, xg, £, 09 and o) in the leading order solution of Eq. (2.13). We demonstrate
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Figure 2.14: Numerical simulation of Eq.(2.13) with a clean pump (¢ = 0.1) in (a) time
domain and (b) spectrum domain.
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Figure 2.15: (a) Numerical simulation of Eq.(2.13) (e = 0.1) with a pump corrupted by Gaus-
sian shaped noises (amplitude=1, width=0.05). (b) When zoomed in, we observe Gaussian
shaped noises around each comb line in the intra-cavity field spectrum.
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that this significantly reduced model can correctly recover the intra-cavity dynamics with
Gaussian shaped noises in the pump, thus serves as an efficient tool for characterizing the

intra-cavity dynamics.
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Figure 2.16: (a) Spectrum of the reconstructed intra-cavity field with pump corrupted by
Gaussian shaped noises (amplitude=1, width=0.05, ¢ = 0.1). (b) We observe Gaussian
shaped noises around each comb line in the intra-cavity field spectrum when zoomed in.
This spectrum given by the reduced model matches with the simulation of Eq.(2.13), showing
that our LLE perturbation theory correctly characterizes the intra-cavity dynamics with a
significantly reduced model.

When input pumps are corrupted by weak noises, the reduced model provided by LLE
perturbation theory correctly captures the Gaussian shaped noises around each comb line
in the intra-cavity field spectrum, as shown in Fig. 2.16. Compared to the simulation of
Eq. (2.13), noises around each comb line in Fig. 2.16 is narrowed and slightly decreased in
amplitude when same noises are added to the enforcing pump. This is expected as the reduced
model neglects not only the modes at higher orders, but also their energies. Regardless, the
reduced model captures the majority of the noise energy, and successfully characterizes the
noises in the intra-cavity fields when the input noises change. Note that the reduced model
fails to restore the overall noise level in the spectrum, as compared in Fig. 2.15 (a) and Fig.

2.16 (a), confirming that LLE perturbation theory only specializes in characterizing the local
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intra-cavity dynamics.
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Figure 2.17: (a) Numerical simulation of Eq.(2.13) (e = 0.1) with a pump corrupted by Gaus-
sian shaped noises (amplitude=50, width=0.05). (b) We observe similar Gaussian shaped
noises around each comb line in the intra-cavity field spectrum when reconstructed with LLE
perturbation theory.

When the enforcing pump is corrupted by a stronger noise, similarities are spotted as the
noises around each comb line are narrowed and slightly decreased in amplitude, as shown in
Fig. 2.17. Furthermore, simulations show LLE perturbation theory holds well in the large
limit of €. As shown in Fig. 2.18, the limit of € = 1 is taken to recover the regular LLE in our
scaling. Notice that as € is increased, the intra-cavity field deforms from the leading order
solution dn and forms to sit atop a shelf [134]. In the spectrum, this is characterized by the
increased strength of the central frequency and its surrounding plateau. This shelf, however,
is the second order correction in the LLE perturbation theory, and is excluded from the
leading order reconstruction in the following simulations. Similarly when the input pumps
are corrupted by weak noises, LLE perturbation theory correctly captures the output noises
in the intra-cavity field spectrum, as shown in Fig. 2.19. As expected, LLE perturbation
theory fails to capture the enhanced central frequency in the spectrum, but it successfully

recovers the Gaussian shaped noises around each comb line, albeit in a slightly narrowed and



56

weakened form.
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Figure 2.18: Numerical simulation of Eq.(2.13) with a clean pump (e = 1) in (a) time domain
and (b) spectrum domain.

When the enforcing pump is corrupted by strengthened noises, simulations of Eq. (2.13)
show increased number of localized pulses per round trip, as shown in Fig. 2.20. Con-
sequently LLE perturbation theory fails to recover the intra-cavity dynamics with a fixed
number of localized pulses in the leading order approximation.

In the form of Jacobi elliptic function dn, LLE perturbation theory provides a reduced
model to characterize the intra-cavity dynamics with only five parameters. This significantly
reduced model not only captures the noises in the spectrum of the intra-cavity fields, but
serves as an efficient tool to quantify the impacts of the input noises on the intra-cavity
fields. Fig. 2.21 describes how the amplitude of the output noise changes when the input
Gaussian shaped noises change in both amplitude and width. As expected, the amplitude of
output noise is increased when the input noise is stronger in amplitude, as shown in Fig. 2.21
(a). More interestingly, Fig. 2.21 (b) shows that the width of the input noise contributes
to the amplitude variation of output noises as well. Nevertheless, the amplitude or width

changes of the input noise barely have impacts on the width of the output noises, and we only



57

6 6
(a) (b)
—~ 4 —~ 4
/M M
= =
&2 a2t
= =
3 3
= 0 m Or
2 ‘ ‘ : 2 ‘ ‘ ‘
4 2 0 2 4 4 2 0 2 4
Eigennumber Eigennumber

Figure 2.19: (a) Numerical simulation of Eq.(2.13) (¢ = 1) with a pump corrupted by
Gaussian shaped noises (amplitude=1, width=0.05). (b) We observe similar Gaussian shaped
noises around each comb line in the intra-cavity field spectrum when reconstructed with LLE
perturbation theory.
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Figure 2.20: (a) Numerical simulation of Eq.(2.13) (¢ = 1) with a pump corrupted by
Gaussian shaped noises (amplitude=50, width=0.05). (b) Top view of the simulation shows
that the number of localized pulses per round trip increases with a stronger noise in the
enforcing pump.
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observe random fluctuations in the width of the output noises, as shown in Fig. 2.22. Notice

that simulations are repeated for six times at each point, with both average and standard

deviation shown in Fig. 2.21 and Fig. 2.22.
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Figure 2.21: Dependence of the amplitude of noises in intra-cavity field spectrums on (a)
amplitude and (b) width of the input noises. The amplitude of output noises increases with
stronger and broader Gaussian shaped noises in the enforcing pumps.

2.6 Conclusion

In this chapter, we have shown that the LLE equation supports stable solutions of the Jacobi
elliptic type. These solutions model periodic pulse trains of soliton-like solutions for which the
pumping F'is critical for stabilization. Our rigorous stability analysis also results in a pertur-
bation theory for characterizing the effects of higher-order terms in the microresonator, such
as may arise from Raman scattering, higher-order dispersion, spontaneous emission noise and
enforcing pump noise. The historical success of soliton perturbation theory in describing,
for instance, Gordon-Haus timing jitter and/or the soliton self-frequency shifts, was critical
in characterizing lightwave transmission systems and mode-locked lasers. Similarly, the LLE

perturbation theory presented here can be a critically enabling tool for characterizing a host
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Figure 2.22: Dependence of the width of noises in intra-cavity field spectrums on (a) ampli-
tude and (b) width of the input noises. The width of output noises is barely impacted by
the amplitude or width of the Gaussian shaped noises in the enforcing pumps.

of additional microresonator phenomenon and potentially engineering new resonator designs
with improved performance metrics.

Our stability analysis helps confirm several experimental observations. Most notably, it
supports the recent observations that soliton states in the microresonator are not detuning
degenerate, and can be individually addressed by laser detuning. Indeed, the theory rig-
orously confirms that the detuning can be used to lock the microresonator to any target
multiple-pulse state, where the stability of each multiple-pulse state is explicitly computed
and its minimum detuning assessed. The theory additionally shows that the phase-locking
of the dn comb solution is an attractor to the resonator. Moreover, only solutions with no
nodal separation (a zero separating pulses) are stabilized. Finally, the application of our
theory to Raman scattering and stimulated emission perturbations show that neither effects
destabilizes the comb. Rather, they both generate a drift in the pulse train, one which is

deterministic in nature (Raman) and one which produces a random walk (noise).
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Chapter 3

FREQUENCY COMB GENERATION AT 800NM IN
WAVEGUIDE ARRAY QUANTUM WELL DIODE LASERS

In this chapter!, we present a quantum well based traveling wave model for a semiconduc-
tor diode laser, and demonstrate a comprehensive theoretical model of the laser systems with
intensity discrimination and controllable loss based on mode-coupling in a waveguide array.
Specifically, we characterize the temporal shaping effects of the nonlinear mode-coupling in-
duced by the waveguide arrays with a model developed for the detailed semiconductor gain
dynamics. The waveguide array provides an enhanced pulse shaping and loss to generate
stable frequency combs at a wavelength of 800 nm in a GaAs device. Within this parameter
regime, a single waveguide is not capable of achieving stable and broad comb generation,
whereas stable waveform could be generated and optimized by a waveguide array designed
with appropriate parameters. Extensive numerical simulations show that the quantum well
depth, the linear waveguide coupling coefficient, and the input currents to the first and second
waveguides are significantly important to design an effective waveguide array for producing

a compact, efficient and robust on-chip comb source in GaAs.
3.1 Introduction

Optical frequency comb generation on chip scale devices are critical for practical engineering
design and commercial applications ranging from frequency metrology and optical spec-
troscopy (33, 143], multi-heterodyne spectroscopy [29], optical atomic clocks [38], and ar-
bitrary waveform synthesis [32]. However, reduction to chip scale diode lasers remains an

important technological challenge due to practical physics considerations such as the non-

!Content of this chapter is published in journal article [135].
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linear phase shifts that occur from the fast carrier dynamics [35], and limit the pulse width
within the cavity. A recent work [42] has theoretically developed a quantum wells based
traveling wave model for a semiconductor diode laser in detail. This work leveraged well
known results that single-section diode lasers without saturable absorbers can also generate
frequency-modulated (FM) mode locking [141]. Numerical simulations demonstrated the
generation of frequency modulated comb and provided potential for a compact, chip-scale
comb source without additional external components at wavelength of 1550 nm. However,
the generation of a broad, stable comb was difficult at the modified parameter settings of
800 nm where many engineering applications are relevant. In this chapter, we modify the de-
tailed physics model introduced in the recent work [42] and include coupled waveguide arrays
(WGASs) for the generation of stable frequency combs at 800nm. Considering WGAs have
been demonstrated to enhance the necessary nonlinear pulse shaping effects for mode-locking
generation [152], they are introduced in our model to promote stable waveform generation
at 800nm. Indeed, we demonstrate the generation of stable waveforms in a diode laser con-
figuration with the addition of the WGAs, providing the possibility of chip scale frequency

comb generation at 800nm.

Optical frequency comb generation can be accomplished in a diverse number of laser
settings. For instance, they can be generated in now standard mode-locked lasers such as
Ti:Sapphire [138] and fiber lasers [46]. Generation in passive microresonators due to Kerr
nonlinearity is also reported [61] as well as others based on microcavities, gain-switching
lasers and phase modulators [142, 111, 10]. These standard and successful methods require
a number of optical and fiber components that must be carefully aligned. They further often
require bulky pump lasers and amplifiers for operation. So although they are ideally suited for
laboratory experiments, they are difficult to implement outside of such laboratory settings.
Diode lasers, in contract, provide direct frequency comb generation, are portable and efficient
from a chip-scale device and have been reduced to practice in numerous technologies [108,
119]. Two competing dynamics are at work in a typical laser of this type: a gain dynamic and

a reverse-biased saturable absorber dynamic. A periodic train of short pulses is formed as a
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consequence of competition between these two effects, and its Fourier transform results in an
optical frequency comb generation. It turns out that the stabilization of such pulses is limited
by the nonlinear phase shifts that occur due to fast carrier dynamics [35]. However, as noted
earlier, the FM mode-locked state in a single-section diode laser results in a continuous wave
in time but a fixed, non-zero phase difference between comb lines because of the frequency

modulation.

Quantum dot (QD) [50, 118] and quantum lasers (QDash) [120] have been an ideal source
for studying FM mode-locking operation, with quantum well (QW) [122, 20] and bulk semi-
conductor lasers [141] also exhibiting this phenomenon. Given their practical importance,
computational and theoretical models of semiconductor quantum well lasers have been ex-
tensively developed. Models can be fairly simple, including only a single rate equation and
photon density variable [63, 2]. More complex models include multiple rate equations and
material polarization [6, 76, 101, 69, 145, 53, 92, 68, 131] with various phenomenological
parameters inserted. Existing models have failed to explain consistently the origin of the
FM comb generation. This is, in part, due to the diverse and numerous nonlinear effects
in the laser cavity. Following on previous QD single-section laser models [25, 50], Dong et
al [42] developed a more comprehensive detailed model for the QW diode laser dynamics.
At 1550 nm, this model was able to produce stable waveforms and excellent performance
characteristics. But in the application important 800 nm parameter regime, the model did

not produce broad, stable combs.

The difficulty of generating combs at the shorter wavelength has been ascribed to the ab-
sence of spatial hole burning on the scale of a half-wavelength owing to carrier diffusion [41].
In the absence of the "fast” spatial holes due to standing waves, the "slow” spatial holes
on the length scale of the cavity length yield multiple longitudinal modes that exchange
energy in a periodic or chaotic manner, resulting in an unstable spectrum [124]. The diffi-
culty in producing FM combs in such a detailed QW diode laser model at 800 nm motivates
our exploration of using WGAs to enhance nonlinear pulse shaping for mode-locking and

stabilize wave generation. Mode-coupling in WGAs has been shown to produce the inten-
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sity discrimination necessary to produce mode-locking [114, 89, 22]. Indeed, semiconductor
WGAs studied for CW lasing [117, 116] motivated a recent phenomenological model for
mode-locking on a chip [152]. Here, we integrate the detailed semiconductor physics model
of Dong et al. [42] into a WGA in order to achieve stable waveform generation at 800 nm.
Indeed, we show that the extra pulse shaping and controllable loss induced by the WGAs is
capable of producing frequency combs in this important parameter regime.

As for the integrated device structure, a dispersion-compensating fiber is not necessary.
Specifically, an OFC generator does not have to produce a train of short pulses. The inte-
grated device described here operates in a frequency-modulated (FM) mode and produces
coherent comb lines that have a deterministic quadratic phase relationship. A dispersion-
compensating fiber is used here only to demonstrate the coherent nature of the comb. It is
not required for any applications of frequency combs.

The chapter is outlined as follows: Sec. 3.2 details the theoretical model constructed for
characterizing the electric field evolution dynamics and complex semiconductor gain physics.
Section 3.3 shows detailed simulations of the full model and the resulting wave form gener-

ation, followed by Sec. 3.4 which briefly summarizes our results.
3.2 Theoretical models

In the following subsections we present the key modeling components in details to charac-
terize the laser cavity dynamics, of which the interplay results in the generation of stable

waveforms at 800nm.

3.2.1 Waveguide Arrays

A quantum well based traveling wave model of a semiconductor diode laser for the gen-
eration of stable frequency combs at 1550nm has been well studied [42]. The model was
introduced in a single waveguide built with InGaAs. Here we extend this model to the GaAs
device, which has a higher central transition energy and typically operates at around 800

nm. However, numerical simulations show no generation of stable waveforms in this new
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parameter regime with the single waveguide model. We generalize the model by including
WGASs considering their effects in pulse shaping by introducing the intensity discrimination,
to help promote stable waveform generation at the desired parameter regime. The schematic
of a waveguide array mode-locked laser is shown in Figure 3.1. With the low-intensity light
coupled out to the neighboring waveguides, the electric field propagating in the first waveg-
uide is shaped according to the interplay of intensity, dispersion and gain dynamics. This
intensity discrimination introduced by WGASs is necessary for stable waveform generation in
a mode-locked laser cavity [114, 89, 22]. Moreover, the coupled waveguides in WGAs provide
a controllable loss mechanism to filter out very high order longitudinal modes and tailor the
output spectrum into an improved form.

The leading-order equations governing the electric field dynamics and the linear, evanes-
cent electric field coupling to the neighboring waveguides are given by

AL,

? dx + C<En71 + En+1) + ByEnPEn = 0, (31)

where F,, represents the electric field envelope in the nth waveguide in the array, C' represents
the linear coupling coefficient, x represents the normalized distance in the waveguide array
and [ the nonlinear self-phase modulation parameter [26, 112, 5].

Though the waveguide array can be formed with different numbers of waveguides, nu-
merical studies and stability analysis show that robust pulse shaping and intensity discrim-
ination can be produced with three or more waveguides [5]. Furthermore, early WGA ex-
periments [112] show that a three waveguide structure has almost identical properties to the
41 waveguides. Consequently, we consider a WGA architecture with three waveguides here.
More specifically, in the waveguide array, the first waveguide is designed as forward biased
and gets a net gain from the pump. The second waveguide is close to transparency with zero
net gain. Waveguide three is engineered to attenuate the electromagnetic energy that enters
it. Specifically, it is reversely biased and sweeps out optically generated carriers to increase
the linear loss and shorten the recovery lifetime. It should be noted that there are many

other mechanisms that can produce saturable absorption in a laser cavity, with a diverse set
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Input Current

Waveguides

Figure 3.1: Schematic of a waveguide array diode laser. The input current on the first waveg-
uide provides with the saturable absorption and amplification while the following waveguides
two and three are for intensity discrimination and pulse shaping. Only waveguide one has
net gain, the following waveguides two and three experience net losses.
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of quantitative and qualitative models for characterizing its physical effects [85]. Here, we
have chosen a quantitative model that can be engineered within the laser chip structure, i.e.

we forego as much as possible any empirical or generic models.

3.2.2  Gain model and governing equations

Here we briefly describe the non-trivial gain model [42], and extend it to the three waveguide
array structure. Relaxation of the electrons from N-side to the separate confinement het-
erostructure (SCH) layer traps carriers inside the quantum well, as shown in Figure 3.2. In
addition to the discretization and propagation of the wave equations, the carrier equations
in the energy space are discretized as well in the gain model [42]. Despite the increased
calculation expenses of the carrier equations, this model successfully captures the detailed
cavity dynamics [42].

For the carriers trapped in the quantum well, light emitted is centered around different
central frequencies because of the varied transverse energy F;. As opposed to the confined z
direction, carriers in the quantum well have transverse momenta in the unconfined directions
of y and z. Specifically, the transverse energy E; is derived from the joint density of states as
an integrated combination of carrier transverse energies, and contributes to light generation
and recombination. Experimentally by changing the depth of the quantum well, we can
constrain the carrier energy otherwise the carriers would easily escape. That is, the maximum
transverse energy max(FE;) can be equivalently adjusted by varying the quantum well depth.

In this non-trivial gain model, all carrier Lorentzians are integrated in energy space [42].

The electric field, including forward and backward propagation is given by

E(x,t) = Ey(z,t)e™* + E_(z,t)e 0", (3.2)

Deriving from the slowly-varying envelope equation of E.(x,t), combined with semiconduc-

tor Bloch equations of the total material polarization, and the carrier grating effects, the
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GaAs Quantum Well

Figure 3.2: Schematic of a quantum well laser diode. FElectrons can be trapped into the
quantum well from the input current injection, and they have a probability of escaping from
the quantum well as well.
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model [42] obtains

8Ei 1 8Ei ‘k// (92Ei (0% g .
St e e~ 3l (i) (B - 2B £ 5
dE,
+nqw hwt< gw,Et + pgw Ey - 1)F:|:(Et’ x7 t) (33)
dE; (.

where k" is the dispersion coefficient, « is the linear waveguide loss, ag the two-photon
absorption and (s the Kerr nonlinear coefficients. Electron (e) or hole (h) occupation prob-
abilities are notated as p*". ,O%t is the grating term and Sy, and F (E;, x,t) are respectively
the spontaneous emission term and the filtered field derived in ref. [42].

The coupled carrier rate equations are given [42]

e,h
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1
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where R and R, are the recombination rates of population decay for stimulated emission
and carrier grating, N, s and N, are the effective 3-D and 2-D density of states. The

parameter go is the gain coefficient defined as

Pyznqqumr |é . p|2

90 = (3.5)

127hcegmonol hgy

where m, = 1/(1/Me g+ 1/Mp q0) is the reduced effective mass. Other parameters are listed

in Table 3.1 in details.
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For simplicity, we rewrite the complicated gain term as a function of GL(EL) so that

Eq. (3.3) is more compactly represented

oE 1 OF k" 0°FE
£, 298 o _%p, (%54 z’ﬁs) (IBL” + 2| Ex ) B+ + Sop + G2 (E2).

= 3 (
or v, 0t 2 op 2 2

(3.6)

These field equations are coupled with the carrier rate equations for the SCH and QW
sections, of which the complete forms are shown in Dong et al. [42].

We extend this gain model to the waveguide array structure with three waveguides. By
coupling out low-intensity components of the electric field to the neighboring waveguides, we
can effectively shape the electric field propagating in the first waveguide through controllable
loss and intensity discrimination, thus achieving highly robust stable waveform generation
in the laser cavity.

The resulting equations describing the approximate dynamics of waveguide array mode-

locking are thus given by

OEL 10E. k' O?El

+ +i1=
= —5BL — (5 +i8s) (BLP + 2/ELP)EL + S, + G +iCEL,

OE: 1 0EF k' O*E}
i I
or v, Ot 2 ot

(3.8)
(8% « . .
= —SE2— (5 +iBs) (BLP +2BLP)EL + S, + G +iC(EL + BY),
OF% 10B} K OB}
[— S — /l/_

- _%Ei - (% + ZﬂS) (IEL)? + 2|E3*) EL + Sop + G2 + iCEL.

For simplicity, the dimensionless coupling factor C' is maintained the same in our simulation
between different waveguides. C' is determined by the designed parameters of the WGA,
such as the waveguide separation along with its width and depth [150]. Specifically, with
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the linear coupling coefficient ¢ (m~!) and waveguide length L (m), C'= cL. Thus it can be
adjusted via designing the waveguide array to realize optimal mode-locking of the output.
The carrier rate equations are also modified to simulate the weakly forward biased state
and reverse biased state in the second and third waveguides. We simply set J;;, = 0 in the
rate equations for the second waveguide to get zero net gain. For the third waveguide, we
simulate the voltage driven bias with an equivalent carrier drift with lifetime T;’h and replace

the gain term as

e,h _ . &h e,h e,h
apsch =n § psch) _ eh (1 pquEt) psch psch (3 10)
qu pqw Et e,h sch T€7h Te h T : :
Te c d sp

3.3 Numerical Results for Stable Waveform generation

We solve the forward and backward wave equations (Egs. (3.7)-(3.9)), coupled with the carrier
rate equations [42] numerically using a robust predictor-corrector scheme which generically
improves stability properties compared to the Euler algorithm [137]. We simulate 100 ns of
operation of the waveguide array starting from noise with a time step of At = 30 fs. Our full
model takes approximately 4 hours to run parallelized on x2 6-Core Intel Xeon CPU. The
full simulation parameters are listed in Table 3.1. Note that the major difference between
GaAs and the previous material considered, InGaAsP, is that GaAs has a larger central
transition frequency Ey = hwy and diffusion coefficient D while the two-photon absorption
a is significantly decreased. These changes of parameters affect the formation of stable
combs in the single waveguide model. Given the large parameter space to be explored using
WGAS for optimal design, we focus on (i) the linear waveguide coupling coefficient C' between
the three waveguides, (ii) the input pump to the waveguide array, and (iii) the depth of the
quantum well. The third waveguide is set to be reversed biased and maintains the same
setup in the following experiments, while the first two waveguides have varied input pumps
in different experiments. The other parameters are chosen to be the feasible parameters for
an experimental design [42].

Similar to the single waveguide model, we specify the limits of F;, that is, max(F;), and



Table 3.1: Simulation parameters for the GaAs system.

Symbol  Description Value

L Length of device 500 pm

w Width of waveguide 4 pm

Rsen Height of SCH layer 50 nm

P Height of quantum well 5 nm

no Group refractive index 3.5

Nqw Number of quantum wells 2

a Intrinsic waveguide loss 5 cm™!

ry. Optical confinement factor 0.02

ag Two-photon absorption 580 W—im™!
Bs Kerr coefficient 430 W—im=!
hwy Central transition energy 1.55 eV
|&-p|> Momentum matrix element 25 meVximg /6
r Homogenous half linewidth 11 meV/h
my ., Effective electron mass in SCH layer 0.125 my
mj, s, Effective mass of holes in SCH layer 0.703 myg

mg .,  Effective electron mass in GaAs QW 0.093 my
my, .o Effective mass of holes in GaAs QW 0.53 mg
Téhaw  Electron, hole capture time 1, 10 ps

T;’h Electron, hole drift time 0.1, 0.3 ps
0FE, Conduction band quantum well barrier 50 meV

ok, Valence band quantum well barrier 25 meV

Bsp Spontaneous emission coupling factor 1x107*

Top Spontaneous emission lifetime 1 ns

D Ambipolar diffusion coefficient 20 cm?s7!

71
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the number of energy bins. As discussed previously, max(FE;) can be adjusted by varying the
quantum well depth, and thus is experimentally controllable with appropriate fabrication de-
sign. The size of the energy bin (dF}) is the energy discretization for numerical computation.
It is chosen to be small relative to the homogeneous linewidth for numerical convergence of
the gain integral. Smaller size of energy bins will greatly increase computation time. Note
that our simulations also suggested that higher energy carriers can contribute to the total
gain and thus affect the generation of the lasing dynamics. We choose max(E;) = 50 meV,

with 25 energy bins to guarantee a small energy step for an accurate gain integral.
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Figure 3.3: Evolution of output power P (mW) and power spectral density |F|? (dBm/Hz)
in the first waveguide with I;;, = 100 mA and the coupling factor C=0. (a) The temporal
output and (b) the power spectral density of the temporal output in log scale. (c) (d) The
zoomed power spectral density and temporal output of the first waveguide. The output
electric field is quasiperiodic and takes more than 200 ns to reach steady state.

We first solved a single waveguide model by setting the coupling factor of C' = 0 so there is

no coupling between waveguide. The input currents to the first two waveguides are set to be
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Figure 3.4: Evolution of output power P (mW) and power spectral density |E|? (dBm/Hz)
in the first waveguide with Iy;, = 100 mA, Iy;,, = 0 and the coupling factor C=1. (a) The
temporal output inside waveguide 1. A stable state is achieved for ¢ > 30 ns. (b) A broad
comb is shown in the power spectral density of the temporal output in log scale. (c) (d)
The zoomed power spectral density and temporal output of the first waveguide. The output
includes a periodic short burst on top of a continuous wave. Although it narrows down in
the power spectral density, the spectrum is of higher intensity and a flatter plateau.

90.19



—~
&
~—

5 290 - - - — 10
I —— Power Spectrum
= — Spectral Phase
£ 200 | 8
>
= 16
C 150
[
- 14
% 100 )
12
2 A
D 50t A {
o 10
=
o u ‘ l .I |
(a 0 1 A L. -2
375 376 377 378 379
Frequency (THz)
(b)
— Original Field
8000 f —— Dispersion Compensated Field ||
§6000 - “ .
S
2 4000 1
O
o
2000 f .
e | e
90 90.01 90.02 90.03 90.04 90.05

Time (ns)

74

Spectral Phase (rad/2)



75

500 ' '

150 ' ' '
375 380 f(THz) 385

370
| mw | | | 200t
{ P
.nl” HHHMIM.. | | 180¢
374 376 378

380 382 90.17 90.18 90.19
f (THz) t (ns)

Figure 3.6: Evolution of output power P (mW) and power spectral density |F|? (dBm/Hz)
in the first waveguide with Iy, = 100 mA, I5;, = 0 and the coupling factor C=2. (a) The
temporal output and (b) power spectral density of the temporal output in log scale of the first
waveguide. Longer time is needed to reach a steady state (¢ > 60 ns). (c¢) (d) The zoomed
power spectral density and temporal output of the first waveguide. The output power is
further lowered and the spectral density is narrowed down as well. Note that simulations of
the laser evolution for much longer times confirm that it stabilizes to the dynamics shown

in (c) and (d).
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Figure 3.7: Evolution of output power P (mW) and power spectral density |E|? (dBm/Hz)
in the first waveguide with Iy;, = 100 mA, Iy;,, = 0 and the coupling factor C=3. (a) The
temporal output and (b) power spectral density of the temporal output in log scale of the
first waveguide. The output power quickly dies to a low value. (c¢) (d) The zoomed power
spectral density and temporal output of the first waveguide. The gain is insufficient to pump
the wave compared to the energy loss and we are left with the low-power white noises in the
cavity.
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Figure 3.8: Evolution of output power P (mW) and power spectral density |E|? (dBm/Hz)
in the first waveguide with Iy;, = 350 mA, Iy;,, = 0 and the coupling factor C=3. (a) The
temporal output and (b) power spectral density of the temporal output in log scale of the
first waveguide. (c) (d) The zoomed power spectral density and temporal output of the first
waveguide. With increased input current to the first waveguide, the gain is sufficient to
pump the wave compared to the energy loss. Interestingly, a second peak in the spectrum is
generated, suggesting that the second waveguide is lasing as well.
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Figure 3.9: Evolution of output power P (mW) and power spectral density | E|? (dBm/Hz) in
the first waveguide with [1;, = 100 mA, I5;, = 0 and the coupling factor C=1. The maximum
of E; is increased from 50meV to 100meV in this case. (a) (b) The temporal output and
the power spectral density of the temporal output in log scale of the first waveguide. (c) (d)
The zoomed power spectral density and temporal output of the first waveguide. Increased
quantum well depth in the simulation contributes to the gain and causes a split in the
spectrum. The mode-locked state falls to chaos in the cavity.
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L1, = 100 mA and I, = 0 for the following experiments studying the impact of varying the
coupling factor C'. The quantum well depth max(FE;) is set to be 50 meV. As shown in Fig.
3.3, it took nearly 200 ns for the output to reach a quasi-periodic steady state with very high
frequency oscillations and a spectrum indicating the presence of mode competition. Turning
on the coupling factor with a small value, e.g. C' = 0.5, does not stabilize the chaotic electric
field in the cavity. When the coupling factor C' is increased to unity, the electric field inside
the cavity rapidly stabilizes to a mode-locked periodic state, see Fig. 3.4 in less than 50 ns
and the spectrum exhibits a frequency comb with lines spaced by the round-trip frequency
of 85.7 GHz. To show the periodic and coherent output is mode-locked, the spectrum and
spectral phase are plotted on a linear scale, as shown in Fig. 3.5(a). The quadratic spectral
phase shows that the frequency comb from this chip-scale device is coherent and can thus
be used in applications such as spectroscopy and metrology. If one desires short pulses the
quadratic phase can be compensated by propagating through another waveguide or fiber
with anomalous dispersion, resulting in the output shown in Fig. 3.5(b). The required
group delay dispersion is calculated to be 0.52 ps®. If we increase the value of the coupling
factor C' from 1 to 2 (Fig. 3.6), the mode-locked state still holds in the cavity, and the
distance between comb lines is not changed. However, the output power of the electric field
in the first waveguide is decreased. This is reasonable since more energy gets coupled to the
neighboring waveguides and dissipated in the 3rd waveguide. If the coupling factor gets too
large, for example, C' = 3 in this case (Fig. 3.7), a large amount of energy gets coupled to the
neighboring waveguides and we are no longer able to get to an equilibrium, or balance, of the
gain and the loss dynamics, thus the mode locked state disappears. Interestingly, if the input
current to the first waveguide is increased to I1;, = 350 mA with C=3, the output power of
the first waveguide is prevented from dying. Instead, we are left with a two-peak spectrum,
as shown in Fig. 3.8. This suggests that the second waveguide is also lasing. Considering
the second waveguide has no input current, the lasing is likely pumped by increased energy
coupled out from the first waveguide with a larger coupling factor C=3, and it equivalently

balances the energy loss of cavity.
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In the simulations above, the input current to the first waveguide is set to be I;,=100
mA. There is no energy pumping (gain from current injection) applied to the second and
third waveguides in the array. Waveguide two experiences a net intrinsic loss with a = 5
cm™!, whereas an extra electron and hole sweep out with lifetime 0.1 ps and 0.3 ps exists in
waveguide three as it is reverse biased.

With the energy step remaining as 2 meV but the quantum well depth max(E;) increased
to 100 meV, the mode-locked state does not hold with the coupling factor C' = 1 and the
electric field inside waveguide one falls back to the chaotic state, as shown in Fig. 3.9. Since
the limit of E; equivalently contributes to the gain, we test another case when max(E})
remains 50 meV but the input pump on the first waveguide is increased to 200 mA. Neither
of these parameter regimes are capable of producing a repeatable waveform.

An extra gain to the second waveguide is added to make it nearly neutral from a gain-
loss perspective in order to better shape the frequency combs. The results are shown in Fig.
3.10-3.13, where the input current to the first waveguide is maintained as 100 mA and the
coupling factor C is set to be 1. Meanwhile, the input current to the second waveguide is
increased from 10 mA to 100 mA. Applying low input current, e.g. current less than 30
mA, to the second waveguide can slightly increase the output power but does not affect the
results significantly, as shown in Fig. 3.10. In contrast, when the input current is increased
to 50 mA, the distance between each comb line is increased to about 1 THz and the electric
field oscillates in a shorter period in the time domain, perhaps indicating a harmonically
mode-locked state. When the input current is increased to 80 mA, secondary comb lines
appear around the central ones in the power spectral density but the electric field remains
in the periodic state in the time domain. Increasing the input current to 100 mA destroys

the balance between the loss and gain and the system falls into the chaotic state.
3.4 Conclusion

In this chapter, we have presented computational evidence that a traveling wave model for

a quantum well and the mode-coupling in a waveguide array can generate frequency combs
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Figure 3.10: Evolution of output power P (mW) and power spectral density | E[? (dBm/Hz)
in the first waveguide with I;,=100 mA, I5;,=30 mA and the coupling factor C=1. (a) The
temporal output and (b) the power spectral density of the temporal output in log scale of
the first waveguide. (¢) (d) The zoomed power spectral density and temporal output of the
first waveguide. Compared to Fig. 3.6, the electric output still remains in a similar shape
with a higher output power in the time domain.
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Figure 3.11: Evolution of output power P (mW) and power spectral density |E[? (dBm/Hz)
in the first waveguide with I;,=100 mA, I5;,=50 mA and the coupling factor C=1. (a) The
temporal output and (b) the power spectral density of the temporal output in log scale of
the first waveguide. (c¢) (d) The zoomed power spectral density and temporal output of the
first waveguide. The increased input pump to the second waveguide has a significant impact
on the output of the waveguide array. The period of the electric output in the time domain
is largely decreased while the power spectral density has a wider separation between each
comb line.
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Figure 3.12: Evolution of output power P (mW) and power spectral density |E[? (dBm/Hz)
in the first waveguide with [;,=100 mA, I5;,=80 mA and the coupling factor C=1. (a) The
temporal output and (b) the power spectral density of the temporal output in log scale of
the first waveguide. (¢) (d) The zoomed power spectral density and temporal output of the
first waveguide. Compared to Fig. 3.11, extra comb lines arise around the central lines due
to a higher input pump.
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Figure 3.13: Evolution of output power P (mW) and power spectral density |E[? (dBm/Hz)
in the first waveguide with I1;,=100 mA, I5;,=100 mA and the coupling factor C=1. (a)
The temporal output and (b) the power spectral density of the temporal output in log scale
of the first waveguide. (c¢) (d) The zoomed power spectral density and temporal output of
the first waveguide. The input pump to the second waveguide is sufficiently strong to break
the balance between the gain and loss in the waveguide array, thus the mode-locked state is
destroyed in this case.
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at 800 nm. The mode coupling of the waveguide array provides the necessary intensity
discrimination and controllable loss for pulse shaping stabilizing the generation of a repeat-
able waveform and frequency comb in the cavity. To experimentally realize stable, robust
comblines, the coupling factor between waveguides in the array must be optimized.

We explored the parameter space of WGA coupling factor C', input currents to the
waveguides, waveguide biases, energy steps and energy limits, to understand the different
performance characteristics of the waveguide array model and its dependency on the WGA
parameters. The mode-locking behavior is sensitive to certain directions of the parameter
space. In particular, if the coupling factor C is too large, the excess coupling loss can lead to
quenching of laser action. For properly chosen parameters the numerical results demonstrate
the generation of frequency combs at 800 nm with the coupled waveguide array for a quantum
well. This combined model of diode lasers can serve as an excellent candidate for compact,

efficient and robust comb sources experimentally.
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Chapter 4

STABLE NUMERICAL SCHEMES FOR NONLINEAR
DISPERSIVE EQUATIONS WITH COUNTER-PROPAGATION
AND GAIN DYNAMICS

This chapter! provides details of the numerical realization of the model discussed in
Chapter 3. We develop a stable and efficient numerical scheme for modeling the optical
field evolution in a nonlinear dispersive cavity with counter propagating waves and complex,
semiconductor physics gain dynamics that are expensive to evaluate. Our stability analysis
is characterized by a von-Neumann analysis which shows that many standard numerical
schemes are unstable due to competing physical effects in the propagation equations. We
show that the combination of a predictor-corrector scheme with an operator-splitting not
only results in a stable scheme, but provides a highly efficient, single-stage evaluation of the
gain dynamics. Given that the gain dynamics are the rate-limiting step of the algorithm,
our method circumvents the numerical instability induced by the other cavity physics when

evaluating the gain in an efficient manner.

4.1 Introduction

Computational methods play a fundamental role in scientific exploration and model develop-
ment across the physical and engineering sciences. Simulations help provide critical under-
standing of physical processes and their interactions in complex systems. Further, they can
provide proof-of-concept engineering designs before expensive manufacturing and/or exper-
iments are performed. From the aerospace industry to optical laser physics, initial designs

are now often simulated with physics-based models in order to achieve a qualitative under-

!Content of this chapter is published in journal article [137].
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standing of the physical interactions, good parameter regimes, and robustness of a physical
design. Critical in this process is the construction of stable numerical schemes that provides
both accuracy and stability for modeling the underlying physics. Here we develop a robust
and stable time-stepping algorithm for modeling counter-propagating waves in a diode laser
subject to gain and loss dynamics. Specifically, we show that an operator splitting scheme
with predictor-corrector time-stepping can circumvent the numerical instabilities generated
by standard algorithms that are typically used for either counter-propagating waves or for
modeling the complex gain dynamics, but not both. Moreover, the proposed method allows
for computational efficiency when modeling the complex semiconductor gain dynamics, thus
leading to a robust, stable, and computationally efficient numerical scheme. The analysis
also shows that the scheme can be more broadly applied to nonlinear dispersive wave equa-
tions that include competing instability effects from counter-propagating waves and gain
dynamics.

Diode lasers are a ubiquitous technology that have been well developed in theory and
experiment. Emerging research efforts aim to exploit diode lasers in order to generate repeat-
able waveforms, or mode-locked diode lasers (MLDL), that can be used for robust frequency
combs [42]. As previously stated, while theoretical comb generation in a QD single-section
laser [50] has been reported, only recently has a detailed model for the FM comb genera-
tion in the QW diode laser been developed [42]. To properly account for how FM combs
are formed in QW lasers, the electric field modulation of multiple cavity modes, cavity dis-
persion, carrier induced refractive index shift, spectral and spatial hole burning and some
intraband carrier dynamics are considered in this model. The gain model builds on recent

semiconductor gain models [25, 50], but is tailored to quantum well nanostructures [42].

Robust and efficient simulations of the detailed governing equations of the diode laser
physics are critical [42]. Not only must a time-stepper be developed that is stable, but the
complexity of the semiconductor physics requires the implementation of an efficient scheme.
Typically the gain dynamics is modeled with a simple Euler method [25, 50, 42] since this

requires only a single stage and can greatly reduce the computational costs. However, such
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Euler schemes generate numerical instabilities when the effects of counter-propagating waves
and chromatic dispersion are included in the cavity. Leap-frog schemes, which are at the
core of FDTD (finite-difference, time-domain) methods, are quite effective in handling the
counter-propagating waves, but they generate numerical instability when modeling the gain
dynamics. Thus the standard schemes produce competing instabilities. The stability of a
numerical scheme is typically evaluated using a von-Neumann analysis [84], where conditions
for stability, such as constraints on the CFL (Courant-Frederiks-Lewy) number can be ex-
plicitly evaluated. Here we show that an operator splitting technique and predictor-corrector
structure allows us to posit a stable and robust scheme for nonlinear, dispersive optical field
propagation that is computationally efficient and accurate. We explicitly demonstrate the
instability mechanisms present in the various physics of our model and motivate the devel-
opment of our stable method.

This chapter is outlined as follows: In Sec. 2, we briefly restate the governing equations
for the diode laser physics. Section 3 evaluates the numerical stability of a variety of time-
stepping schemes, showing that the various physical effects in our model produce competing
instabilities that require the development of our method. The numerical stability analysis is
performed using a standard von-Neumann analysis. Section 4 develops the numerical scheme
for the application of the diode laser physics of interest. Numerical results of our simulation

are shown in Sec. 5, with concluding comments in Sec. 6.
4.2 Governing Equations

The diode laser model captures the physics of counter-propagating of the electric fields
E*(x,t). For the specific application where mode-locking is of interest, the standard CW
dynamics models must be modified to include chromatic dispersion. Thus a variety of
dominant physical effects are present in the laser: counter-propagating waves, dispersion,
self-phase modulation due to the Kerr effect, dissipation due to cavity losses, and semi-
conductor gain dynamics. Aside from the gain dynamics, which is extremely detailed and

complex [25, 50, 42], the remaining physical effects can be easily incorporated into a simple
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model with distinct interacting terms. With the four-wave-mixing cross terms neglected, the

governing propagation equations for the electric field are

OEY 10E* K OPE*

«
= = (2 i) ET+2|EP)ET

+GH(BY) — %E+ + 57, (4.1a)
0B~ 10E- K'OE- a . T
- + U_g 5 —i—z? 5 = —(7 +iBs)(|[E~ "+ 2|ET|F)E
+G(B*) - %E+ + 5, (4.1b)

where k" measures the chromatic dispersion in the waveguide [66, 65], v, = ¢/ny is the group
velocity, ay is the two-photon absorption and 3, is the Kerr nonlinear coefficient. « is the
linear waveguide loss, and S, is a spontanecous emission term derived in [42]. The interplay
of nonlinearity with dispersion is typically critical for stabilizing a waveform once energy
balance is achieved between cavity losses and gain saturation [85].

The complex, semiconductor gain physics is included in the term G*. This term is
discussed in more detail in Sec. 3. The gain dynamics is computationally expensive to evalu-
ate [42], thus a numerical scheme that can efficiently evaluate the G* is required. Specifically,
a standard scheme such as 4th-order Runge-Kutta requires a four-stage evaluation process
that would require evaluating G* four times before updating the solution in the time-stepper.
While the Runge-Kutta scheme has superior stability properties, the four state evaluation
would render an already expensive computation significantly longer.

To simulate the governing equations, appropriate numerical schemes must be considered.
In addition to speed and accuracy, the stability of the underlying scheme is of paramount
importance. As will be shown in the next section, the simple structure of the linear terms
gives rise to competing numerical instabilities. Thus a scheme that is ideal for handling
counter-propagation, generates an instability due to the presence of the dispersion. And
conversely, a scheme that is well suited for the dispersion easily leads to an instability from the
counter-propagation. These competing instabilities must be circumvented while maintaining

a simple evaluation (one-stage) of G*.
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4.3 Stability of Time-Stepping Schemes and von-Neumann Analysis

We consider the numerical stability properties with standard finite difference discretization
schemes. Although an Euler stepping scheme appears to work for the cavity dynamics
without dispersion [42], the introduction of dispersion guarantees the solution technique is
unstable. We consider a subset of the terms in Eqs. (4.1), the interaction of propagation and

dispersion:
OF 10F D 0’FE
— = —— +iD—.
or v, Ot ot?

This describes the interaction of one-way wave propagation with speed v, and chromatic

(4.2)

dispersion with strength D. A von-Neumann analysis provides the stability of different
numerical discretization schemes of the electric field. A von-Neumann analysis proceeds by
letting [84]

E(zp,t,) = E" = g™exp(i&,h), (4.3)

where h is the fundamental frequency, &, = n& with & defining the numerical step size
taken in the propagation direction ¢. The index n denotes the discretization of the field in
time, while m denotes the discretization along the propagation direction x. Substituting £
into the discretized equations associated with Eq. (4.2) yields an iterative equation for g.
Importantly, the norm of |g| determines the stability of the time stepping scheme. If |g| > 1
the iteration scheme is unstable, while |g| < 1 ensures linear stability. A von-Neumann

analysis determines |g| to evaluate stability.

4.3.1 FEuler time-stepping scheme

Defining Az and At as the discretization in x and ¢ respectively, and implementing Euler

time-stepping scheme [84] of Eq. (4.2) results in

gl pm o Emo—E™, D
L L= = e E", —2E"+ E" ). 4.4
Azr 2U9At + AtQ( n+1 n + nfl) ( )
Substituting the von-Neumann decomposition, Eq. (4.3), into Eq. (4.4) and simplifying yields
A DA h
g=1+ i(”gAt‘” sinéh — 4 Atf SmQ%). (4.5)
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We find

A2 sSin ?

which ensures that |g| > 1 for all Az and At. Therefore, the Euler time-stepping scheme in

2
bax 2£h> >1, (4.6)

Ax
21 ] —4
lg| + (%Atsmfh

this case is guaranteed to produce numerical instability. Thus the inclusion of these terms in
the full model of Eq. (4.1) makes an Euler scheme unstable. Note that without the dispersion

and counter-propagation, the Euler method was exactly what was used previously [25, 50].

4.3.2  Backward Euler time-stepping scheme

A standard way to stabilize the Euler scheme is implicit formulation [84]. Indeed, implicit
methods are generally more favorable when the algorithm stability is considered. However,
the implicit formulation comes at a price as will be shown. Specifically, applying the back-
ward Euler scheme on the wave equation with both propagation and chromatic dispersion,

we obtain

Ertt— g ERY - EPY iDAx . -
AT T aAr T ap B S 2ETT BT, (4.7)
g

This can be compared with the standard Euler time-stepping algorithm to see that the future
state of the system is required to evaluate the time-step. For linear equations, this is not
necessarily problematic, but it is often difficult to accomplish for nonlinear schemes.

Again substituting the von-Neumann decomposition Eq. (4.3) into the above and simpli-

tying yields
1

9l =
\/1 + (ngZt sinéh + 257 (cos Eh — 1))?

<1. (4.8)

Consequently the backward Euler stepping scheme is more robust than the forward Euler
scheme since |g| < 1 is satisfied with no constrains on the discretization size Az and At. In
fact, implicit stepping schemes are known to be exceptionally stable but are less used since it
is more expensive than the explicit stepping schemes. Specifically, to obtain information of
the future steps, the predictor-corrector scheme is consequently used, which can be extremely

time-consuming when it is applied to the full wave equation with the existence of the gain
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term. We are thus interested in developing a less time-consuming but more generally robust

stepping scheme.

4.8.3  Leap-frog (2,2) time-stepping scheme
The discretized form of the equation including propagation and dispersion with a leap-frog
(2,2) method [84] is

Emtl _ pm—l R . iD Em

2Ax 20,At At? ( ntl

—2E™ 4+ E™ ). (4.9)

Again substituting the von-Neumann decomposition Eq. (4.3) into the above and simplifying

yields
1
9= (M =VI=1P), (4.10)
where
Az | DAx
M = QUQAt sinh + 4 AP (cos€h —1). (4.11)

Depending on whether 4 — M? > 0, we have

+ivA— M2 +idl 4 - M >0,

g=9 ° (4.12)
LM EVM?—14), 4— M? <0,
For 4 — M? < 0,
lgI* = }L(MiM)Qz %(MQ—QiM\/W). (4.13)
In this case M? > 4 which gives
o = 2O — 2 MVAF=), (4.14)

so that |g|?> > 1 and the leap-frog (2,2) time-stepping scheme is unstable.

For 4 — M? > 0,
1 M2
P = (4= M%)+ = =1, (4.15)
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thus the algorithm is at the stability boundary |g| = 1. For this case, we obtain the con-

straints on M as —2 < M < 2, that is,

DA
Y sin€h + 2222 (cosch — 1) < 1. (4.16)

-1<
— v, At At?

This constraint can be satisfied by selecting the discretization sizes Ax and At as shown in
Fig. 4.1. The associated simulation results are shown in Fig. 4.2. Without the constraint
of stability satisfied, the propagation along direction of x grows unexpectedly whereas within
the stable region, this propagation is smooth and constrained. However, the inclusion of the
gain terms into the leap-frog (2,2) scheme generates instability, thus we need a more robust

numerical scheme for the more general case.

stable

unstable

-2
_3L..

2DAzx
At?
Figure 4.1: Regions for stable stepping of the wave equation with propagation and chromatic

dispersion using the leap-frog (2,2) scheme.

|
W
W
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Figure 4.2: Associated numerical results of the unstable and stable region using leap frog
(2,2). (a) The numerical solution quickly blows up without satisfying the constraints on the
discretized steps Az and At. (b) Numerical result consistently demonstrates the stability
within the shaded region in Fig. 4.1.
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4.3.4  Predictor-corrector time-stepping scheme

Considering the more general case that includes propagation, chromatic dispersion and gain,
the predictor-corrector scheme provides an appropriate stable implementation that makes
use of both forward and backward Euler time-stepping due to their speed and stability

respectively. Consider the more general equation

OE 10E . _0°E
% = U_QE + ZDW + f(E), (417)

where gain terms are now included as the function f(F). Euler time-stepping of the full

equations is used in the predictor step and estimates the propagated electric field as

Eﬁred:E;n_l_Axng—&—l _E;:L—l 1D Em

—2E7+E E)|- 4.1
| 2v,At +At2( nt1 nHER )+ ( n)} (4.18)

Substituting EPr*? into the backward Euler time-stepping scheme yields

Epred _Ep'red iD
BBV D et ey ey

EpT=E"+A
" nt | 20, Taet

. (4.19)

This numerical scheme is stable without constraints on the discretized steps of Az and
At, as shown in Fig. 4.3. Separate stability analysis of the forward and backward Euler
methods baed on Von Neumann analysis has been discussed previously. Full stability analysis
would require the specific gain terms. The equation with both propagation and dispersion
is evaluated with the predictor-corrector scheme along the characteristic of % = v, and is
compared to the case in which the identical equation is evaluated by the spectral method
FFT [84]. The consistency shows the reliability of this predictor-corrector scheme. Note
that the predictor-corrector scheme works with non-periodic boundary conditions, while the
spectral schemes are only capable of dealing with specific types of boundary conditions. For
modeling of diode lasers, the boundary conditions do not allow us to use spectral methods.

This time-stepping scheme gives a robust numerical implementation for the full wave
equation including the gain term, propagation and dispersion. However, the algorithm also

forces one to evaluate the gain term two time per numerical step: once for the prediction
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Figure 4.3: Numerical results of the wave equation with propagation and dispersion. (a)
Predictor-corrector efficiently prevents the solution from explosion without constraints on
the size of discretization. (b) Numerical simulation using FFT shows consistency with the
predictor corrector scheme.
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step, and once for the corrector step. But the evaluation of the semiconductor gain dynamics
is extremely expensive and time-consuming [25, 50, 42]. We will use operator splitting

techniques to reduce evaluation of the gain dynamics to once per time step.

4.3.5  Operator splitting techniques

Linearly coupled physical effects can be decoupled from each other, thus the partial differen-
tial equation of propagating, dispersion and complex gain terms can be discretized separately
[84]. We asusme the wave propagation and dispersion act approximately independently of
the gain over short time steps, and vice versa for the gain. By defining the gain term to be
f(E), we can consequently split the equation into two pieces as below:

E 10E 2p
0L _19E 0

% — U—gg +1 W7 (4.20)
and
oF
- = f(B). (4.21)

The first equation is on the stability boundary of the leap-frog (2,2) scheme, while the second
equation can be stably solved with Euler time stepping as already demonstrated in previous
work [25, 50, 42]. This numerical scheme with the operator-splitting technique is stable and
efficient for solving the full wave equation with all terms included. Note that leap-frog (2,2)
is only capable of pushing g to the stability boundary of |g| = 1 with M? < 4 satisfied as
shown in Eq. (4.14), while |g| < 1 can be satisfied without constraints using the backward
Euler scheme. A new time stepping method making use of both operator-splitting techniques
and predictor-corrector is preferable. Specifically, we make use of the Euler method for the
propagation of the gain term while applying the predictor-corrector to the propagation and
chromatic dispersion terms:

Az(Em, — E™ )  iDAx

EPred=pm E™, —2E"+ E" 4.22
n n + QUgAt + At2 ( n+1 n + n—l)’ ( )
and
m m Az red red iDAx red Te red
En i :En +2’U At(ETIZ—‘rl _E£—1)+A—t2(E'rIZ+1 _2ETI; d+Eg—1)' (423)
g
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By combing predictor-corrector and operator-splitting, we are capable of evaluating the gain
term more effectively (at half the computational cost) while maintaining stability of the

entire numerical scheme.
4.4 Numerical scheme for the laser cavity

To stably and efficiently incorporate the dispersion, wave propagation and gain into the
numerical scheme, we employ the advocated combination of predictor-corrector and operator
splitting methods. To write Eq. (4.1) more compactly, the semiconductor dynamics are
grouped into f, and fy:

Jo(BYE7) = —(as + iﬁs)(|E+l2 +2|E7 )BT
(4.24)

' r, Pt — E+ ST
207)60 2 O

(BT E7) = —(as + iﬁs)(!E’F +2|EF)ET
(4.25)

o

' ry.P~——-E +5_.

267]60 2 P

Making these substitutions into the governing equations and rearranging we construct our

system of equations

OE+ 1 OE* k:” OPET

B T oot oam THELED (4.26)
g

OE~ 1 0E~- K'O*E- _

“or = o o ioam THELED (427)
g

4.4.1  Operator-splitting technique and predictor-corrector scheme

We separate the dispersion and propagation from the gain dynamics so that the it can be

discretized using a simple forward Fuler scheme. Thus we can propagate along the = direction
Ent—&—ln = E+ —{—Al’fp( mn’E;L,n% (428)

Emiin = Egp — Axfy(Ef 0 ). (4.29)

m,n
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We now consider the remaining terms in the governing equation which include the prop-

agation and dispersion,
OET  10E* k' OPE*

oo = _rEo- 4.
ox v, Ot 2 o’ (4.30)
0E-  10E- K'OE-

e o 2 Rl - 4.31

ox v, Ot 2 o (4:31)

Leap-frog (2,2) is used as the predictor step:

72Ax - = _21} At (ETJYFL:”JFl o E:;yn*1> + @(Ent,rﬂrl T 2En+1,n + E;rz,nfl% (432)
g
E;L—l,n - E77_1+1,n i 1 1D

Er?z,n—l) + _(En:,,n—i-l - 2Enia,n + EnQ,n—l)’ (433)

-~ (E- _
2Az ZUgAt( mn+l At?

from which we obtain the predicted E* as

Ax 2iDAx
+ o + +
Epre,n - Em—l,n + UgAt(Em’n_l - Em,n—i—l) + A—t2(

E;L,n—i-l - 2E7;:,,n + E?jl,n—l)? (434)

3 _ Ar _ 2iDAx , _ _
Epre,n = Em—l,n - m(Em,n—l - Em,n—i—l) - A—tQ(Em,n—i-l - 2Em,n + Em,n—l)‘ (435)

Substituting £, and E_ . into the backward Euler scheme shown in Eq. (4.7) we

pre,n pre,n
obtain
Ax 1DAx
Er—;—&—l,n = E’;—L,TL + QUgAt (E;;"e,n—l - Eg—;em—i-l) + A—tQ<E;;e,n+l - 2E]j;‘e,n + E;;e,n—l)7
(4.36)
3 _ Az _ 1DAx _ _
Em+1,n = Em,n - M( pren—1 pre,nJrl) - F(Epre,rwrl - 2Epr6,n + Epre,n71>‘
(4.37)

Note that for the last two time steps, E7;  and Efm_l must both be saved. Further note
that leap-frog (2,2) can be employed directly without the corrector step if the discretization
sizes Ax and At are elaborately selected for |g| to be on the stability boundary. But with
the backward Euler stepping as a corrector, we are capable of achieving a more robust time-

stepping algorithm without constraints on Az and At.
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4.4.2  Propagation along the direction of time

The algorithm presented in the previous section advanced the solution along the propagation
direction z in increments of Axz. This follows the traditional time-stepping schemes of the
nonlinear Schrédinger (NLS) based on a moving reference frame. Alternatively, one can
discretize in both space and time, but advance the solution in ¢ in increments of At. In this

case, we re-arrange the governing equations as follows:

10BT 9B KB .
o ot~ ar tzoae THELED (4.38)

| 0E- OE- k' O°E-
Lobr _ob M EYE). L
o 0~ or g THELET (4.39)

We then can time-step by evaluating the electric field time derivatives along characteristics.
This is equivalent to discretizing each time and spatial step so that % = v,. This is highly
stable for the traveling wave equations, allowing large time steps. Neglecting the dispersion

term for the moment, and discretizing the rest of the equations we obtain

E+ n E+ n E+ n_E+n
I +1At I :Ug( HA—Uﬁ‘fp(E—FaE_))» (4-40)
E'_n _E'_n E; n_E'_n _
P =y (R (BT E)). (4.41)

The indices 7 and n, indicate spatial discretization and temporal discretization respectively.
Note that the temporal discretization for the forward wave, ET, is at spatial index j while

the backward wave, £~ is at j + 1. Rearranging the equations

Ef i1 = B, + Az fy (BT, E7), (4.42)
E]n—H _Ej_—i—ln_}_AIfb(E—i_aE_)‘ (443)

To incorporate the dispersion term, we use a predictor-corrector method in the time-stepping

approximation for the dispersion using a second-order accurate scheme,

o At2 ' '
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The predictor step calculates E* without dispersion as

E;_Jrl,pred = Ej,_n + A‘Tfp(E;:n7 Ej_,n)’ (445)
Ej_,pred = Ej_Jrl,n + Al‘fb(‘Ej—'i—Jrl,n? Ej_Jrl,n)' (446)

Then the corrector step calculates E* with dispersion, using the predicted values as

+ + +
.k/,A(E Ej,pred - 2Ejn + E

’ ',nfl —
Efpn=FE, —i 5 N 2+ Anf,(ESL B, (4.47)

- — ,]C”AQ? E; 1,pred — 2E'f+1,n + Ei—&-l,n—l _
Ejm—i—l = Ej+1,n —1 5 J+1lp Ajt2 J + Al’fb(E;’:-l,n? Ej-i—l,n)' (448)

Note that in the last two time steps, it is also required that Efn_l and Ejin must both be
saved. This algorithm can be further accelerated when combined with the operator-splitting
technique. Specifically, we can propagate the gain terms f, and f, separately using Euler
stepping, whereas the chromatic dispersion and wave propagation are evaluated using the
predictor-corrector. We can consequently obtain a second robust and efficient numerical
method of the full wave equation.

Notice that this algorithm is capable of numerically evaluating the wave equations with
unconventional boundary conditions. For example, the dynamics inside a cavity may require

the reflecting boundary conditions

+ . —
Eo,n+1 = _TEO,n7

(4.49)

- +
Ln+1 — _TEL,TH

where L is the left most spatial index, and r is the reflection coefficient. Other applications
may have a filter at the boundary. A filter may be modeled by multiplying the electric field

at the edge in frequency domain by a Lorentzian:
E~(x=L,w)=rE"(z = L,w)L(w), (4.50)

L) = — . (4.51)
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The filter function is dimensionless and has a maximum of L(w = wy) = 1. Transforming

this back into time domain, we find
t

E (x=1L,t) = TF/ dt' et "TE gt = [ 1), (4.52)
Spectral methods are not appropriate for implementing systems with these boundary con-
ditions. For example, Fourier based methods require periodic boundary conditions while
Chebychev polynomials require either Dirichlet or Neumann condition [84]. With a filter
on one side of the cavity and a reflector on the other side we cannot use these fast spec-
tral methods. In contrast, the standard finite difference discretization schemes requires no

assumption on the boundary conditions. In this case, the boundary filter integral can be

discretized in time and the resulting sum performed at each time step of the simulation [42].

4.5 Numerical Simulations

The numerical scheme is demonstrated by simulation of the model developed in Chapter 3,
which characterizes the optical field evolution in a nonlinear dispersive cavity with counter
propagating waves and complex gain dynamics for a quantum well based semiconductor
laser [42].

Following Chapter 3 the governing equations are given

i@Ei 10E. K'O°E.

or Tu, ot 2 on

«Q (07 .
— SBe — (5 +i8s) (1Bx? + 21B< ) Ex + S,y + G (B,

(4.53)

where « is the linear waveguide loss, k” is the dispersion coefficient, ag represents the two-
photon absorption coefficient and (s is Kerr nonlinear coefficient. Spontaneous emission
term represented by Sy, is derived in the [42], and the complicated gains are combined as
a function of G4(Fy). These field equations describing the cavity dynamics are combined
with the carrier rate equations modeling the separate confinement heterostructure (SCH) and
quantum well (QW), of which the complete form is shown in [42]. Briefly, the complicated

carrier dynamics comprise a set of coupled partial differential equations characterizing the
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electron and hole occupation probability of SCH and QW, which result in high computational
expenses solving numerically.

As stated in Chapter 3, implementation of this model developed [42] on materials with
higher central emission frequency requires including multiple waveguides for enhancing non-
linear pulse shaping and mode-locking [152]. By coupling out low-intensity components to
the neighboring waveguides, we can effectively shape the electric field propagating in the first
waveguide and achieve highly performed mode-locked pulses in the laser cavity [114, 89, 22].
For nearest neighbor coupling, the equations describing the waveguide array mode-locking

are given by

OFL 10EL K'O*EL

+ + +i1—
— SEL— (5 +iBs) (ELP +2[ELP)EL + S, + GL +iCEL,
OFE% 1 OFE% k" O*E?
+ 8i+_ ai+i_ a2i _
x v, Ot 2 ot (4.55)
(0% « . .
— SEL— (5 +iBs) (ELP +2[BLP)ES + S, + G +iC(EL + EY),
OE3 1 OFE% k" 0*E3
+ 8i+_ ai+i_ a;:
r v, Ot 2 ot (4.56)
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Here the dimensionless coupling factor C' is determined by the design parameters and spacing
of the waveguide array. Thus it can be easily adjusted via designing the waveguide array to
realize optimal mode-locking of the output.

With both propagating and counter propagating waves in the cavity, as well as the exis-
tence of chromatic dispersion and complex gain dynamics, we consider using the predictor-
corrector scheme with transmission and reflection at the boundary and propagate in the
direction of time. For our simulation, we use material parameters of GaAs for a higher

central transition energy, the full material parameters are listed in table 3.1 in Chapter 3.
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Figure 4.4: Evolution of output power P (mW) and power spectral density |E|? (dBm/Hz)
of the full propagating model evaluated with the predictor corrector scheme. (a) (b) The
temporal output and the power spectral density of the temporal output in log scale of the
first waveguide at I1;,=100 mA with the coupling factor C=1. (c) (d) The zoomed power
spectral density and temporal output of the first waveguide. The predictor corrector scheme
shows robust stability numerically with At = 30fs.
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To numerically demonstrate the stability of the predictor-corrector scheme developed in Sec.
4.4, the waveguide array governing equations are simulated over a large number of round trips
in the cavity. The propagating and counter propagating waves in the first waveguide stably
evolve as shown in Fig. 4.4. Here we use the method of characteristics with Az /At = vy, and
At = 30fs. The output power and spectral density show a repeatable waveform and broad
spectral lines consistent with a mode-locked state over a long simulation time. Moreover,
the predictor-corrector scheme shows robust stability compared to other methods with both
wave propagation and chromatic dispersion included. It can become unstable if the time
step is taken to be too large as shown in Fig. 4.5, where the time step size is increased from
30fs to 50fs in the simulation. The predictor-corrector scheme is unstable with increased

stepping size and generates numerical blowup quickly at around ¢ = 0.5ns.
4.6 Conclusion

In this chapter, we have explored the stability of a number of numerical time-stepping
schemes including Euler stepping, backward Euler, leap frog (2,2), predictor-corrector, and
two new numerical schemes that integrate predictor-corrector and operator-splitting strate-
gies. Given the diversity of physics for our models of interest, including nonlinear dispersive
wave equations with counter propagating waves and complex gain dynamics (semiconductor
physics), these new schemes provide viable strategies that are not only stable, but com-
putationally efficient when evaluating the semiconductor physics. The predictor-corrector
scheme shows reliable stability with a properly chosen step size. Operator splitting allows
us to maintain stability and reduce expensive computation of the gain model. The combi-
nation of the operator-splitting scheme with the predictor-corrector provides both stability
and efficiency.

We have numerically validated the reliability of the predictor-corrector scheme with
operator-splitting by applying it to the model developed in Chapter 3, which is a com-
prehensive traveling wave model for a quantum well and the mode-coupling in a waveguide

array. The propagating and counter propagating waves are stably evolved by the predictor-
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Figure 4.5: Evolution of output power P (mW) of the full propagating model in the first
waveguide evaluated with the predictor corrector scheme. Discretized time step is set to be
At = 50fs while all the other parameters maintain the same as previously. The numerical
solution becomes unstable with an increased time step size and eventually explodes at around
t = 0.5ns.
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corrector scheme with time stepping size near At = 30fs. For larger step sizes, the stability
of the predictor-corrector is compromised. Thus much like a CFL requirement, our pro-
posed method requires a sufficiently small stepping size to balance and ensure stability of
the scheme. Regardless, the stable numerical results characterize the generation of frequency
combs in the coupled waveguide array diode laser. The predictor-corrector scheme along with

the operator-splitting can be broadly applied to more complicated wave propagation models.
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Chapter 5

DEEP REINFORCEMENT LEARNING FOR SELF-TUNING
MODE-LOCKED LASERS

In this chapter!, we develop a self-tuning control strategy with deep reinforcement learn-
ing (deep RL) to obtain high-energy, single-pulse state in a passive mode-locked fiber laser.
Deep RL integrates the two leading machine learning architectures of deep neural networks
and reinforcement learning to produce robust and stable learning for control. A multi-
parameter deep RL control algorithm is developed and applied to a nonlinear polarization ro-
tation (NPR) based laser, with waveplate and polarizer orientations as controllers to achieve
a global optimal performance of mode-locking. Via interactions with the environment, the
deep RL controller allows the mode-locked fiber laser to recognize bi-stable structures and
navigate, via trajectory planning, to optimally performing solutions and maximize the im-
mediate or delayed rewards. We further integrate transfer learning to help the deep RL agent
rapidly learn new parameter regimes and generalize its control authority. Additionally, the
deep RL learning can be easily integrated with other control paradigms to provide a broad

framework to control any optical system.

5.1 Introduction

Machine learning and artificial intelligence have grown rapidly in recent decades, transform-
ing landscapes of science, technology and lifestyles. For control applications, a variety of
ML strategies have been developed for stabilizing optical systems such as mode-locked lasers
[17, 47, 87]. From genetic algorithms to deep neural networks, these studies provide a broad

perspective on how a diverse set of optimization algorithms can be used to automate the

!Content of this chapter is published in journal article [136].
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control and self-tuning of a given optical device. However, as a rapidly growing branch of
machine learning, reinforcement learning (RL) has been rarely applied for controls in optical
systems. RL algorithms are goal-oriented strategies based upon the trial-and-error search.
An RL agent learns from interactions with the environment and takes actions adaptively
with goal-oriented objectives. Recent works on games like chess and Go [128] have demon-
strate the efficacy of RL algorithms combined with deep neural networks, i.e. the deep RL
algorithms. Given its leading status as a control and goal-oriented strategy, we show that
deep RL can be integrated with the mode-locked lasers to produce an architecture for in-
telligent and stable self-tuning operation. In this chapter, we show that the deep RL agent
can search for the highest-energy mode-locked pulse in the high-dimensional space gener-
ated by the waveplates and polarizer, and stabilize a mode-locked laser in a robust manner.
More than that, it can learn pathways to circumvent regions in parameter space where bi-
stabilities exist. The delayed reward structure of the RL agent allows the system to learn
how to maneuver around bi-stabilities in order to achieve optimal mode-locking performance.
Furthermore, we demonstrate that transfer learning enables the deep RL controller to adapt
rapidly when the interactive environment varies. The schematic of the self-tuning fiber laser
built with the deep RL algorithm is shown in Fig. 5.1, with details of the optical system and
the deep RL controller provided in the following sections of this chapter.

5.2 Background: reinforcement learning

As noted earlier, the power of RL lies in its ability to learn from interactions with the envi-
ronment with goal-oriented objectives. This is unlike the two other dominant ML paradigms
of supervised and unsupervised learning [18, 52|. Balancing between exploration and ex-
ploitation, an RL agent learns to sense the state of its environment and perform actions
accordingly to proceed into the next state, with positive or negative rewards earned for
learning. Importantly, the RL agent is capable of learning delayed rewards, which is critical
for many optical systems since a trajectory to the optimal solution must be learned. This is

equivalent to mapping out a set of moves, or long term strategy, to win a chess game. RL



Mode Locked
Fiber Laser

Birefringence K
n -~

110

Target network =

-

Reward
aupdate =a+Aa
A
\ 4
A [ Loss function |

Sy

Action network [e————

Deep reinforcement learning controller

Figure 5.1: Schematic of the self-tuning fiber laser. The mode-locked fiber laser, including
the laser cavity and optical components, is discussed in details in Section 5.3.1. The deep
reinforcement learning controller is discussed in Section 5.3.2.
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targets optimal policies for reinforcement learners to maximize the total reward across an
episode. Each state follows a Markov property by assumption, i.e., each state is determined
only by the previous state and the transition taken to the current state. Thus a large number
of trials must be evaluated in order to determine an optimal policy. This is accomplished in
chess and Go by self-play [128], which is exactly what the mode-locked laser is allowed to do

to learn an optimal policy.

5.2.1 @ learning

We leverage deep Q-learning, specifically the deep off-policy temporal difference control
algorithm [147, 106], which approximates the current estimations based on the previously
learned estimations. In reinforcement learning algorithms, the state-action value function,
or QQ function, is defined as the expected discounted return of rewards starting from the state
s with the action a according to policy m. The Q) function specifies the agent’s performance
taking a particular action and transit from the current state to the next with the policy we
choose. During training the reinforcement learning agent learns and converges to the optimal
policy that maximizes the total reward across an episode.

Q-learning [146] is a particular approach to learn optimal actions in such sequential
decision problems and has been recognized as a form of temporal difference learning [139].

Suppose we take action a in the current state s and arrive at state s’, Q learning obtains

Q(s,a) =r(s,a) + ymazryQ(s',a’), (5.1)

where (s, a) is the reward collected performing action a to move from state s to s, v € [0, 1]
is the discount factor that controls the contribution of the rewards collected in the future to
the total reward after the episode is finished. During an episode, the agent proceeds by either
choosing the action with the highest @ value (exploitation), or selecting randomly an action
to explore other possible states which may return higher delayed rewards (exploration). The
agent moves forward to the next state s’ with the selected action a and collects the associated

reward r. (Q-learning updates the current () value of the experienced state-action pair with
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the collected reward after transitioning to s’ and the possible future rewards taking the

optimal action thereafter:

Q(Sa CL) = Q(S> a) + a(r + ’Vmaxa’Q(SI’ CLI) - Q(S> a))’ (52)

where o € [0,1] is the learning rate. Note that the difference between the actual reward
r 4+ ymax Q(s',a’) and the expected reward Q(s,a) is taken to update the value of Q(s,a).
The parameter « is important for convergence since it determines to what extent the current
@ function is updated by the newly explored information. The () function is arbitrarily

initialized and updated following Eq. (5.2) until the @-learning algorithm has converged.

5.2.2  Deep @ neural networks (DQN)

In discrete environments represented by a finite number of possible states and actions, we
often search through all possible state-action pairs exhaustively to find the optimal Q(s,a)
values and the associated policy. However, this is computationally expensive and becomes
infeasible with more than a small number of state-actions pairs. In continuous environments,
it is impossible to list and search through each state with different actions. In contrast, deep
@ learning [106] allows one to approximate the tabular @) function Q(s, a) as a parameterized
function Q(s,a;#). Considering that neural networks can provide good approximations to
possibly very complex functions, we utilize here deep neural networks as the estimator of the
@ value function. In particular, Q(s, a;#) is modeled as a multi-layered neural network with
parameters 6 that takes a given state s as input and yields a vector of values Q(s, -; ), each
associated with a particular action a.

Following the -learning updating rule defined in Eq. (5.2), we refer to r+vymax Q(s’, a’; 0)
as the target value, Q(s,a;#) as the predicted value, and the difference between the target
and prediction is minimized when the current policy converges to the optimum. In deep @)
learning, we can define analogously the loss function as the squared difference between the

target and predicted value:

L= (r+ymaxQ(s',a’;0) — Q(s,a;0))*. (5.3)
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The loss is minimized by learning updates to the deep neural network parameters 6 that
converge to the optimal policy. In summary, we use neural networks for the approximation
of the @ function in deep () learning, and converge to the optimal policy by minimizing the
loss.

In particular, we employ as deep reinforcement learning agent an adaptation of the double
deep @ neural network (DDQN) [57, 144] to the self-tuning laser control problem. The
architecture of DDQNs is shown in Fig. 5.2, where the inputs fed into the action network
describe the current state that the deep RL agent is in, and the output of the action network
is the approximated () function, specifically the ) values for all possible actions given the
current state. Following the loss function defined in Eq. (5.3), we would observe strong
divergence during training since the same neural network with parameters 6 calculates both
the predicted value and target value. To diminish the divergence, two separate networks
are employed, one for selecting an action and the other for evaluating the selected action.
Specifically, the target network with parameters ¢ is used to calculate the target value,
while the action network with parameters 0 yields the predicted Q values associated with

each action. The new loss function is defined as:
L= (r+ymaxQ(s',a;0") — Q(s, q; 0))?, (5.4)

where ¢’ and 6 stand for the different set of parameters of the target network and the
action network, respectively. The parameters of the target network are periodically frozen
for several episode during training before being updated by copying the parameters from
the action network, or partially updated with parameters from the action network in each
episode to stabilize the training.

To stabilize the training and reduce the overfitting caused by correlation between the
deep RL agent’s experiences, we train the DDQN with an experience replay buffer [97],
which is usually defined as a queue that saves a fixed number of the recent experiences.
The experience < s,a,r, s’ > of the deep RL agent is defined as the concatenation of the

current state s, the action selected a, the next state s’ after performing the action, and
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the associated reward r received in this transition. During training, rather than directly
train with the newest experiences collected, we sample a random batch of the experiences
< s,a,r, s > from the replay buffer and feed the sampled batch to the neural network for
parameter updates. The deep RL agent benefits from the replay buffers by learning from an

enlarged range of random and less correlated experiences.

5.3 Deep reinforcement learning for self-tuning fiber lasers

5.83.1 Mode-locked fiber laser model

As noted earlier in Chapter 1, here our model of the laser cavity dynamics is a well-established
computational model which treats the cavity in a component by component manner by
separately applying the nonlinear optical propagation to the laser dynamics with discrete
waveplates and polarizer in each round trip. This model produces a rich set of dynamics
that we wish to control [130]. We model the propagation of intra-cavity fields with the
coupled nonlinear Schrodinger equation with modifications to account for the bandwidth

limited gain and cavity losses [40, 39, 82]:

ou D&
¢G—Z+5a—;j—Ku+(|u|2+A|v|2)u+Bv2u* — iRu, (5.5a)
dv D&
i£+5a—t;}+l{v+(/1]u|2+|v|2)v—|—Bu21)* — iR, (5.5b)

where u(z,t) and v(zx, t) are often referred to as the fast and slow components of the two intra-
cavity electric field envelopes, which are orthogonally polarized. The propagation distance x
is non-dimensionalized by the cavity length, and the dimensionless time ¢ is normalized by
the full width at half maximum of the pulse. D is the average group velocity dispersion, A
and B, determined by physical properties of the laser fiber, are the nonlinear coupling pa-
rameters characterizing the cross-phase modulation and the four-wave mixing, respectively.
Here we consider a silica fiber with A = 2/3 and B = 1/3. The fiber birefringence, quan-
tified by K, represents a major disturbance to the laser dynamics due to its sensitivity to

thermal fluctuations. The dissipative term R, characterizing the bandwidth-limited gain and
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attenuation arising from the Yb-doped amplification, is defined as

2g0(1 + 70?)

B T Weo) (P + oy

(5.6)

where g is the dimensionless pumping strength, and e, is the dimensionless saturation energy
of the gain medium. The pump bandwidth is 7 and losses caused by output coupling and
fiber attenuation are characterized by I'.

The effect of the waveplates and polarizer during each round trip is modeled by the

discrete application of Jones matrices:

W efiw/ll 0 (7 1)
A= 0 i/ ’ :
—1 0 10
W)\/Q == ) ,Wp == . (72)
0 =2 0 0

Note that W) ,4 characterizes the effects of quarter-waveplates oy and ay, W)y is for the
half-waveplate as, and W), is for the polarizer a,. An additional rotation matrix R(«) is
necessary to account for the offset between the direction of the intra-cavity fast field and the

principal axes of the waveplates and polarizer, and we define
Jj = R(a;)W;R(—ay), (8.1)

Ra,) = C?S(O{j) —sin(a) | 82)

sin(ay)  cos(oy)
where «o; (j = 1,2,3,p) is a waveplate or polarizer angle. These rotation angles are easily
manipulated via electronic control [126], and are considered as the control variables of the
deep reinforcement learning agent for driving the laser dynamics to mode-locking here. Typ-
ical parameters used in these simulations are given in Table 5.1. The round-trip length is
1.5 dimensionless units. The non-dimensional scalings can be found in Refs. [40, 39, 82].

Such lasers typically produce pulse widths on the order of hundreds of femtoseconds with

repetition rates in the tens of megahertz.
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Figure 5.3: Schematic of the self-tuning mode-locked laser with deep reinforcement learning
control. The input to the deep RL controller describes the current state that the controller
is in, and is defined as the concatenated electric fields u, v and waveplate orientations ayq,
a, a3, ap. The control inputs to the laser cavity are then updated by the selected action
of the deep RL controller, which result in changes of the laser cavity dynamics and returns
new electric fields u, v, and reward r as defined in Eq. (5.7) to the deep RL agent. Given
the updated inputs and the associated reward r, the deep RL controller adjusts its strategy
accordingly to select the next action and optimize the control inputs to the laser cavity.
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Table 5.1: CNLS simulation parameters

| T Al B|D|K| g | e |L | N,
0.1]01(2/3|1/3[-04]0.1|1.73|4.23 60 | 256

5.3.2  Deep reinforcement learning control

A schematic of the self-tuning mode-locked laser with deep reinforcement learning control is
shown in Fig. 5.3, highlighted with a deep RL controller and a mode locked fiber laser cavity
of passive nonlinear polarization rotation (NPR). The mode-locking laser cavity, which is
discussed in details in the previous section, is interpreted as the interactive environment in the
reinforcement learning framework, and the waveplate angles aq, ap, i3 and polarizer angle oy,
are considered as the controllable actions of the deep reinforcement learning agent. We take
concatenated components of the electric fields u, v, and the current waveplate orientations
aq, o, a3 and «y, as the input to the deep reinforcement learning agent. Specifically, the deep
reinforcement learning controller, built with TensorFlow 1.10.0, contains three alternatively
stacked convolutional layers and max pooling layers, followed by six fully connected layers
with leaky-ReLLU as activation functions. The convolutional layers extract features from the
input state by identifying the solitons inside the electric fields u and v, and the max pooling
layers detect existence of the solitons and reduce the input dimensionality before feeding
into the fully connected layers. Note that we demonstrate here the efficacy of the deep RL
architecture in a numerical simulation of the laser cavity, but it is possible to train the deep
RL controller directly in an experiment, as the controller only relies on information that is

readily available in experiments.

The performance of the deep reinforcement learning controller is evaluated in terms of
a reward r. In particular, we seek to steer the system to high-energy mode-locked states.

However, the reward/cost landscape is very complex and exhibits many local optima. In
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addition, evaluating energy is not sufficient, as there are many chaotic solutions which have
significantly higher energy than mode-locked states [16]. To define the reward r, we consider
including the fourth-moment (kurtosis) M of the Fourier spectrum of the waveform, which
is large for chaotic solutions but relatively small for the desired mode-locked states. To have
a large reward r only for tightly confined temporal wave packets with relatively large energy,
we define [16]

r=FE/M. (5.7)
To penalize the ineffective actions more efficiently during training, we rescale the reward
to be centered around zero, so that the desired actions result in positive rewards while the
ineffective ones return negative rewards. We rescale it back as defined in Eq. (5.7) after
training for consistency and interpretability.

Our deep RL agent uses an e-greedy policy to balance between exploration and exploita-
tion, and parameters 6’ of the target network are partially updated in each training step to
improve stability. Note that the deep RL agent spans a large action space in the multiple-
input single-output (MISO) case, when the three waveplates and polarizer orientations a;,
a, ag, and «,, are considered as controllers. Thus we observe convergence difficulty in train-
ing the model directly with randomly initialized neural network parameters. To deal with
this problem, we start training our deep RL agent with a single controller a;, and gradu-
ally increase the number of controllers by initializing with previously trained parameters for
the current model of increased number of controllers. Such parameter initialization strategy
efficiently prevents the model from diverging, especially at the early stages of training.

The deep RL agent takes as input the electric fields and waveplate orientations, and the
output yields () values associated with all possible actions given the current state that the
deep RL agent is in. Following the e-greedy policy, our RL agent either randomly selects an
action for exploration, or greedily selects the action with the highest Q value for exploitation
and moves to the next state accordingly. Specifically, parameters a;, as, as, and «a, are
adjusted according to the action selected, and consequently we observe changes of electric

fields u and v in the fiber laser cavity. The reward r of this transition, as defined in Eq. (5.7),
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Figure 5.5: The deep reinforcement learning controller effectively drives the laser dynam-
ics to mode-locked solutions with «; starting from [—40°, —10°]. Left panel demonstrates
the change of rewards in each episode starting with different initial values of a;. The deep
reinforcement learning controller adaptively selects actions to continue with the current wave-
plate orientation, or increase/decrease a; by 2°. Control results for experiments starting with
a; = —36°, —28°, and —12° are shown in detail in figures (i)-(iii). Note that the intra-cavity
electric fields u and v start as hyperbolic secant pulses in each experiment. Further note
that the colormap (which contains a colorbar), used here and in future figures, denotes the
reward value.

is taken of the new intra-cavity fields v and v after transition. The procedure is repeated until
the completion of the entire episode, and then a new episode is started with the same initial
conditions of the electric fields and waveplate/polarizer orientations to collect more samples.
Thus, the deep RL agent learns from different trials using exploration and exploitation, and
eventually converges to the optimal policy that leads to the highest total reward across the
entire episode. Note that after the training stage, the learned policy of the deep RL agent is
evaluated by greedily selecting the action with the highest @) value.
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5.4 Performance of deep reinforcement learning control

In this section we demonstrate the efficacy of deep RL control in the mode-locked fiber
lasers. We first demonstrate the deep RL strategy for a single-input control (c;). The
deep RL controller is then applied in a multi-input control to find the optimal orientation
of the waveplates (aq, s, a3) and polarizer (). Finally, the controller is generalized to
find optimal solutions with varying values of the fiber birefringence, which is an unmeasured
latent variable that dictates the performance of the laser cavity. RL is shown to be a robust

and stable way to enact control.

5.4.1 Single-input control for fixved birefringence K

Figure 5.4 shows the variation of rewards and loss function during training process of the deep
reinforcement learning controller for a single-input, single-output (SISO) case. The quarter-
waveplate angle a; is the control variable, which can be varied in 2° steps. The search starts
with an initial value of a; = 15°, and all other angles are held fixed at pre-determined,
locally maximizing values. The deep reinforcement learning agent takes an action from a
state using epsilon-greedy policy and the exploration rate € is exponentially decayed during
training. We observe an increase of the total reward over a complete episode as the training
proceeds, as shown in Fig. 5.4 (a). Note that the deep RL agent adapts to a new policy
when the loss rises as shown in Fig. 5.4 (b).

Extending the initial values of «y from 15° during training enables us to train a model
that drives the laser dynamics to mode-locking with different initial values of oy, as shown in
Fig. 5.5. With fixed birefringence parameter K, the deep reinforcement learning controller
correctly interprets and extracts features from the input states, and takes the action to effi-
ciently drive the laser dynamics to mode-locked solutions with «y starting from [—40°, —10°].
For example, with the initial value of a; = —12°, the reward of each step continues increasing
from the initial value as the deep RL controller drives the intra-cavity dynamics to mode-

locking, as shown in Fig. 5.5 (iii). Interestingly, we observe hysteresis in the corresponding
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Figure 5.6: (a) The deep reinforcement learning controller for a single-input, single-output
(SISO) case. The reward r rises from the initial value as the controller drives the intra-cavity
dynamics to mode-locking and we observe hysteresis in the corresponding change of a; while
the reward r is consistently increasing. (b) The deep reinforcement learning control for two
controllers a;; and ap. Start with a; = —15° and ay = —3°, the laser dynamics successfully
arrives at the mode-locked solution with r = 0.2062 following the path (i) selected by the deep
reinforcement learning controller, whereas we observe the plane wave solution (r = 0.0066)
following path (ii) as comparison.
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Figure 5.7: The deep reinforcement learning controller for the multiple-input, single-output
(MISO) case where we are controlling all four waveplate orientations simultaneously (K = 0).
The experiment starts with hyperbolic secant pulses u and v in cavity, which are promptly
attenuated to constant waveforms with initial values of oy = 15°,ap = —5°, a3 = 20°, and
o, = 84°. The four controllers oy, as, a3, and ay either hold on to the current orientations
or increase/decrease by 0.5° in each step.
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change of a; while the reward is consistently increasing, as shown in Fig. 5.6 (a). The
deep reinforcement learning controller correctly identifies the bi-stability of the intra-cavity
dynamics and arrives eventually at the globally maximizing solution in this case. No other
ML architecture to date has been able to identify bistability. RL achieves this due to its
deferred reward structure which allows it to plan a path around the instability. Figure 5.6
(b) describes the system bi-stability with two controllers oy and as. Our deep RL agent
successfully discovers the path to drive the laser dynamics to mode-locking, marked as path
(i) in Fig. 5.6 (b). The corresponding final states of the electric fields v and v are also
pictured in Fig. 5.6 (b), with a high reward r = 0.2062. We compare this path selected by
our deep RL agent to the direct connection of the start and end points, which is marked as
path (i) in Fig. 5.6 (b). The corresponding final states of the electric fields u and v are
also pictured, of which we observe constant waveforms (plane waves) with r = 0.0066. Note
that here we only extend the initial values of oy to be in the range of [-40°, —10°] during
training, but the deep RL agent has the ability to be generalized and further expanded to a

larger range of initial values of .

5.4.2  Multi-input control for fixved birefringence K

Figure 5.7 shows the deep reinforcement learning controller for the multiple-input, single-
output (MISO) case where we control all four waveplate orientations simultaneously. This
multi-input control is more complicated than the single-input case as the number of possible
actions is significantly larger. Thus transfer learning is leveraged to prevent the model from
diverging at the early stage of training. The number of controllers is gradually increased until
the desired performance is achieved. The search starts with initial values of ay = 15°, ap =
—5%, a3 = 20°, and oy, = 84°. With fixed fiber birefringence, the deep reinforcement learning
controller takes the correct actions to drive the laser dynamics from constant waveforms
(plane waves) to the mode-locked solutions, as shown in Fig. 5.7. After the mode-locked state
is achieved, the deep reinforcement learning agent continues searching through the action

space with the reward oscillating near the optimal performance. Because the waveplate
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orientations are varied simultaneously, the large action space results in a slow search for
the deep RL agent, and we find it difficult to eliminate such oscillations. Other adaptive
controllers, for example, extremum seeking control [16], can be combined to stabilize and

attenuate such oscillations for better performance.

5.4.83  Multi-input control for varying birefringence K

We find the neural network parameters of the deep RL controller trained with birefringence
K = 0.1 can be generalized to control the mode-locking dynamics at different values of K.
Except for a few cases, the deep reinforcement learning controller successfully drives the
laser dynamics to mode-locking with different values of birefringence K from —0.2 to 0.4, as
shown in Fig. 5.8 (a). Note that in such generalized cases, the deep RL controller takes more
steps on average to drive the laser dynamics to mode-locking, and in some cases the mode-
locked solutions achieved are not tightly-confined as shown previously. Moreover, among a
few cases, the deep reinforcement learning controller successfully achieves mode-locking but
gradually wanders afterwards.

One feasible solution to improve the control performance in such cases is to retrain
the model completely for different values of birefringence K. However, we find the neural
network parameters of our deep RL agent adapt well and quickly with transfer learning [109]
to different values of the birefringence K. In other words, there is no need to retrain the
model completely with varying K, but instead we can slightly increase the exploration rate
of the current model and collect more experiences by interacting with the new environment
of changed birefringence K. These newly collected experiences enable the model to quickly
update and adapt to the new environment. Thus it provides the possibility of building
an online model for what is typically a stochastic and slowly-varying birefringence. In our
experiments, training the neural network parameters with the birefringence K = 0.1 takes at
least 2000 episodes for the deep RL controller to converge to the optimal policy, whereas the
transfer learning takes only 300 episodes on average to adapt to environments with varying

birefringence K. With fined-tuned parameters for K € {—0.2,0,0.2,0.4}, we improve the
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Figure 5.8: (a) Neural network parameters of the deep RL controller trained with birefrin-
gence K = 0.1 can be generalized to environments with different values of K. (b) With
transfer learning, neural network parameters of the deep RL controller can be rapidly fine-
tuned with a small amount of newly collected experiences and updated to control effectively
in the new environments with different values of K.
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performance of the deep reinforcement learning controller to drive the laser dynamics to
mode-locking with other values of the birefringence K ranging from —0.2 to 0.4, as shown
in Fig. 5.8 (b). Note only four sets of neural network parameters are used to generalize the
controller to a range of K values.

As previously noted, we find in some cases that the deep RL controller successfully
achieves mode-locking, but gradually walks apart from the desired solution. In such cases
we can rely on extremum seeking controller [16] or other adaptive controllers for better per-
formance. Extremum-seeking control, for example, is a form of perturb-and-observe control
that estimates the gradient of an objective function by injecting an additional sinusoidal
signal as input. The signal converges more rapidly when the objective function has a large
gradient. Extremum-seeking control can lock the system to the local maximum and reacts
rapidly to moderate changes of intra-cavity dynamics [83]. However, it relies on initial con-
ditions of the parameters and state of the system since it only finds local maxima. Moreover,
extremum-seeking control cannot recover in cases when the system is knocked far from the
desired local maximum with drastic perturbations. Therefore, a combination of the deep RL
agent with the extremum-seeking controller is a viable integrative strategy since it can evade
the poor local maximum, and stabilize the intra-cavity dynamics around the mode-locked
solution. To implement this integrated strategy, the deep RL controller is first executed in
order to find a good mode-locked solution in a rapid manner. Indeed, deep RL can find
near optimal stable mode-locking with several steps of propagation. The extremum-seeking

controller is then turned on to stabilize the system. The schematic is shown in Fig. 5.9.
5.5 Conclusion

In this chapter we demonstrate a fast, reliable self-tuning controller for the passive mode-
locked fiber laser with deep reinforcement learning. The controller varies all four waveplate
orientations simultaneously to achieve a tightly-confined, high-energy mode-locked state.
Interestingly, the control paths selected by the deep RL controller reflect the bi-stability of

the laser dynamics, and demonstrate the efficacy of the deep RL control to correctly sense
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controller stabilizes the intra-cavity dynamics and achieves mode-locking with varying bire-
fringence K.
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the state of the environment in a bistable system. Deep reinforcement learning is a learning
paradigm that integrates the power of reinforcement learning and deep neural networks.
It is an ideal ML paradigm for complex dynamical systems where the learning agent is
allowed to explore the system and for which trajectory planning is critical for success: both
aspects typically manifest in optical systems. The passive mode-locked fiber laser system also
manifests one of the key physics features that required the RL agent: bi-stability. Previous
self-tuning algorithms take advantage of parameter sweeps and extremum seeking to find
optimal solutions. However, these sweeps miss critical bistable structures which must be
navigated around in order to achieve ideal model-locking. Indeed, the best solutions are
achieved by taking specific trajectories in parameter space, something that the path planning

aspects of RL can easily find.

The deep RL controller architecture provided here can be easily integrated and generalized
to experimental environments and other optical systems, including for instance, managing
instabilities from dispersion management [15], controlling pulse compression [94], and/or cir-
cumventing Q-switching instabilities [115]. Importantly, given a well-defined reward criteria
and state-space, the deep RL architecture generates experiences with its environment in

order to train the deep RL controller.

The deep RL framework demonstrated here can be combined and integrated with other
control paradigms, for example, the extremum-seeking controller, for a better control perfor-
mance. Since the deep RL controller continues searching the entire space even with a good
mode-locked solution already found, it is difficult to eliminate the oscillation, and in some
cases the controller eventually walks apart from the mode-locked solutions. An integration
with the extremum-seeking controller stabilizes the control performance around the optimal
solution discovered, even with slowly varying birefringence. With drastic perturbations to
the birefringence, our deep RL controller can be promptly fine-tuned to adapt to the new
environments using transfer learning. Once a new mode-locked solution is found by the deep
RL controller, the extremum-seeking controller is turned on instead to stabilize the system.

This hybrid approach marries the ability of deep reinforcement learning to search globally



131

in a large control space with the increased stability provided by extremum-seeking control
via local optimization. Future work looks also to consider emerging methods for producing

certifiable RL strategies which can guarantee control performance [44].
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