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Abstract

On Particle Interaction Models

Sayan Banerjee

Chair of the Supervisory Committee:
Professor Krzysztof Burdzy
UW Mathematics

This dissertation deals with three problems in Stochastic Analysis which broadly involve
interactions, either between particles (Chapters 1 and 2), or between particles and the

boundary of a C? domain (Chapter 3).

e In Chapter 1, we introduce a new model called the Brownian Conga Line. It is a
random curve evolving in time, generated when a particle performing a two dimen-
sional Gaussian random walk leads a long chain of particles connected to each other
by cohesive forces. We approximate the discrete Conga line in some sense by a smooth

random curve and subsequently study the properties of this smooth curve.

e In Chapter 2 (joint work with Chris Hoffman), we investigate a Random Mass Split-
ting Model and the closely related random walk in a random environment (RWRE)
whose heat kernel at time t turns out to be the mass splitting distribution at t. We
prove a quenched invariance principle (QIP) and consequently a quenched central
limit theorem for this RWRE using techniques from Rassoul-Agha and Seppéalédinen

[12] which in turn was based on the work of Kipnis and Varadhan [7] and others.

e In Chapter 3, we deal with a particle performing a Brownian motion inside a bounded
C? domain with reflection and diffusion at the boundary. We call this model Brow-

nian Motion with Boundary diffusion following [1], and study its properties.
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Chapter 1

THE BROWNIAN CONGA LINE

1 Introduction

The Conga Line is a Cuban carnival march that has become popular in many cultures over
time. It consists of a queue of people, each one holding onto the person in front of him.
The person at the front of the line can move as he will, and the person holding onto him
from behind follows him. The third person in the queue follows the second, and so on.
Often people keep on joining the line over time by attaching themselves to the last person
in the line. As the Conga Line grows in time, it displays interesting motion patterns where
the randomness in the motion of the first person propagates down the line, diminishing in
influence as it moves further down. In this article, we devise a mathematical formulation of
the Conga Line and study its properties.

The formulation is as follows.

Let Z;, kK > 1, be ¢.i.d standard 2-dimensional normal random variables. Fix some
a € (0,1). Let X;(0) = 0 and Xi(n) = >, Z; for n > 1. This denotes the leading
particle, or the tip of the Conga line.

Now, we define processes X} inductively as follows. Suppose that {Xy(n), n > 0} have
already been defined for 1 < k < j. Then we let X;11(0) =0 and

Xjs1(n) = (1 - 0)Xj1(n — 1) + aX;(n — 1) (L.1)

for n > 1. Here, the process X} denotes the motion over time of the particle at distance k
from the leading particle. The relation (1.1) describes the manner in which a particle X4
follows the preceding particle X;. It is easy to check from (1.1) that X;(n) = 0 for all j > n.
These represent the particles at rest at the origin at time n. Note that the j-th particle X;
joins the Conga Line at time j. See Figure 1.1 for the construction of the Conga line for

n=1,2,3,4.



The Conga line at time 7 is defined as the collection of random variables { X(n), £ < n}.

One can also think of this model as a discrete version of a long string or molecule whose
tip is moving randomly under the effect of an erratic force and the rest of it performs a
constrained motion governed by the tip together with the cohesive forces. Burdzy and
Pal [8] performed some simulations (see Figure 1.2) which led them to make the following

observations:

1. For a fixed large n, the locations of the particles {Xx(n), & > 1} sufficiently away
from the tip look like a ‘smooth’ curve, and the smoothness increases as we move away

from the tip.

2. For k significantly larger than 1, there is very little variability in the location of the

particles over short periods of time.

3. The small loops in the curve tend to die out over time. Just before death, they look

‘elongated’ and their death site forms a cusp.

4. The particles near the origin seem to freeze showing very little movement over time.

All the above observations need precise mathematical formulations. Once the rigorous
foundations are established, we can ask the correct questions and try to answer them. This,

broadly, is the goal of the article.

We give a brief outline of the content of each section.



Figure 1.1: The Conga line for n = 1 (black), n = 2 (red), n = 3 (green) and n = 4 (blue) when a = 0.5.
(courtesy: Mary Solbrig)

In Section 2, we try to make mathematical sense of the statement ‘the process looks
like a smooth curve’. This is the toughest challenge as the Conga line, unlike most known
stochastic processes which can be approximated by continuous models, does not seem to
have an interesting scaling limit. This is because if we look at the Conga Line for any fixed
n, the distance between the particles decays exponentially as we move away from the tip,
i.e., increase k. But it is precisely why this is a novel model, which exhibits particles moving
in different scales ‘in the same picture’. The particles near the tip are wider spaced and
their paths mostly resemble a Gaussian random walk, but those for large k are more closely
packed and the Conga Line looks very smooth in this region (see Figure 1.2). To circumvent
this problem, we describe a coupling between our discrete process {Xy(n), k < n} and a
smooth random process {u(z,t) : (z,t) € R*2} such that, when observed sufficiently away
from the tip, more precisely for k > n€ for any fixed e > 0 and large n, the points Xj1(n)

are uniformly close to the points u(k,n). Thus, u serves as a smooth approzimation to the



discrete process X in a suitable sense. The x variable of u represents distance from the tip
and the t variable represents time. Future references to the Conga line refer to this smooth
version u. We close the section by presenting another smooth process w that also serves as
an approximation in the same sense, and is more intuitive when considering the motion of
individual particles, i.e. trajectories of the form {Xy(n) : n > k} for fixed k. It is also used
in Section 6 to study the phenomenon of freezing of the Conga line near the origin.

In Section 3, we study the properties of the continuous, one dimensional Conga line
u. First, we investigate the phenomenon of the particles at different distances from the tip
moving in ‘different scales’ suggested by their different order of variances. The particles near
the tip wiggle wildly indicated by their variance being O(t), while those far away from the
tip show very little movement, indicated by exponentially decaying variances. Furthermore,
there exists a cutoff near x = at, where the variance shows a sharp transition from ‘very
large to very small’. We identify this and study the fine changes in variance around this
point.

Next, using the scaling properties of Brownian motion, we show that for fixed t, the
Conga line can be scaled so that the space variable z runs in [0,1]. We call this scaled
version u; and study its analytical properties. Upper bounds on the growth rate of the
derivatives show that u; is real analytic. We also make a detailed study of the covariance
structure of the derivatives. This turns out to be a major tool in studying the subsequent
properties like critical points, length, loops, etc.

With the basic framework of the Conga line established, we set out to investigate its
finer properties. We investigate the distribution of critical points of u, i.e., points at which
the derivative vanishes. The number of critical points in an interval serves as a measure
of how wiggly the Conga line looks on that interval. The critical points are distributed
as a point process on the real line and we show using an expectation meta-theorem for
smooth Gaussian fields (see [1] p. 263) that its first intensity at x (for a large time ¢) is
approximately of the form +/tz~'/2. This shows that, though the typical number of these
points in a given interval is O(y/t) for large ¢, the proportion of critical points around z
decreases as 272 as we go farther away from the tip. We also show subsequently using

second moment estimates that the critical points are reasonably well-spaced and they do



not tend to crowd around any point. Furthermore, we show that the first intensity is a good

estimate of the point process itself as for a given interval I sufficiently away from the ends
Ni(I)
EN(I)
In Section 4 we study properties of the scaled two dimensional Conga line, like length

x =0 and x = 1, the ratio goes to one in probability as ¢ grows large.

and number of loops. We also investigate a strange phenomenon. Although the mechanism
of subsequent particles following the preceding ones and ‘cutting corners’ results in progres-
sively smoothing out the roughness of the Gaussian random walk of the tip, we see that as
t increases, the scaled Conga line looks more and more like Brownian motion in that the
sup-norm distance between them on [0,1] is roughly of order ¢t~*/4 (with a log correction
term). This can be explained by the fact that the noticeable smoothing of the paths of the
unscaled Conga line takes place in a window of width v/% around each point, which trans-

lates to a window of width ¢—1/2

as we scale space and time by ¢. Thus in the scaled version,
the smoothing window becomes smaller with time, resulting in this phenomenon. Thus, the
scaled Conga line u; for large ¢ serves as a smooth approximation to Brownian motion which
smooths out microscopic irregularities but retains its macroscopic characteristics.

In Section 5 we study the evolution of loops in the sequence of paths that the particles at
successively larger distances from the tip trace out. We study this evolution under a metric
similar to the Skorohod metric. It turns out that with probability one, every singularity, i.e
a point where the speed of the curve becomes zero, in a particle path is a cusp singularity
(looks like the graph of y = 22/3 in a local co-ordinate frame). Furthermore, there is a
bijection between dying loops and cusp singularities in the sense that small loops die (i.e.
the end points of the loop merge and loop shrinks to a point) creating cusp singularities,
and conversely, if such a singularity appears in the path of some particle, we can find a loop
in the path of the immediately preceding particles, and it dies creating the singularity.

Finally, in Section 6, we investigate the phenomenon of freezing near the origin. We work
with the smooth approximation u, and show that for an appropriate choice of a sequence
x; of distances from the tip such that the particles at these distances remain sufficiently

close to the origin, %(xy,t) converges almost surely and in L2, and find the limiting function.

Notation: Before we proceed, we clarify the notation that we will be using here:



(i)

(iv)

If g is a random function and V is a random variable with distribution function F

and independent of g, then

Eyg(V) = / 9(v)dF (v)

denotes the expectation with respect to V for a fixed realisation of g.
® denotes the normal distribution function and ® =1 — ®.

For any function f of several variables, 8’; f denotes the partial derivative of f with

respect to the variable x taken k times.

For functions f, g : [0,00 — RT, f(t) ~ g(t) means that there f and g have the same

growth rate in t, i.e., there exists a constant C' such that

~

(1)
t)

(t)
(t

Q

\% <C

~
N~—

)
—~

for all sufficiently large .

For a family of real-valued functions {f; : t € (0,00)} defined on a compact set I C R¥

and a function a : (0,00) — [0, 00), we say
fi = 0% (a(t)) on I
if

sup,cy | f1(2)]
sup <C
t€(0,00) a(t) N

for some constant C' < co. Sometimes, (by abuse of notation) we will write

fi(x) = 0% (a(t)) forx eI

to denote the same.



2 The discrete Conga line

We set out by finding a neater expression for Xj(n) in terms of X;(n).

Let T1,T5, ... be ii.d Geom(a) and let

j
Q; = Zn
=1

Then ©; ~ NB(j,1 — o), where NB(a,b) represents the Negative Binomial distribution
with parameters a and b. It is easy to see from the recursion relation (1.1) that one can
write

Xk(n) = ETle_l(’I’L —1- Tl)

By induction, we get

Xi(n) = EsXi(n—k+1-64_1) = > _

m=0

" k-2
m

> (1—a)maF 1 X (n—k+1—m). (1.2)

2.1 Approzimation by a smooth process

Here we show that for any fixed € > 0, the discrete one dimensional Conga line can be
approximated uniformly in k, for n® < k < n, for large n, by a smooth process that arises

as a smoothing kernel acting on Brownian motion.

Let B; ~ Bin(l,«). From (1.2) and the fact that

POp1<l—k+1)=P(B >k—1),

we get
n—k+1 n—k+1—j
Xi(n) = EXi(n—k+1-041)= > POr1=j) > Z
j=0 =0
n—k+1 n—k+1—1 n
= Z; Y P(Op1=j)= PO 1 <l—k+1)Z,
1=0 j=0 I=k—1



The next step is the key to the approximation. We obtain a coupling between a Brownian
motion and our process X. Let (2, F, P) be a probability space supporting a Brownian

motion W. Then

Xi(n)= > PBI=2k-1)(W(n—1)—-W(n-1-1))
l=k—1

gives the desired coupling on this space. Note that we can write

Xinr(n) = [ glh )
0

where

[-] being the greatest integer function, and W! = W (t) — W(t — z), 0 < z < t, is the time

reversed Brownian motion from time ¢.
Let 0 = \/a(l — «). Consider the “space-time” process
t
—(r—az
u(z,t) = / <I)< )de
0 0'\/2

_ /Ot W(t — 2)(v2r) ! (“a'z) exp (-“_O‘Z)Q) dz

2023/2 2022

(We obtain the second expression from the first by an application of the Stochastic Fubini

Theorem, see [7]).

We prove in what follows that for large n, and for n® < k < n for any fixed ¢ > 0, the
points Xj1(n) are “uniformly close” to the points u(k,n) (u evaluated at integer points)
for the given range of k. Our strategy is to first consider a discretized version of the process

u(x,t), given by

ik, n) = Z@(k_"‘l> (W(n—1)— W(n—1—-1))

oVl

In Lemma 1, we give a bound on the L? distance between X}, 1(n) and 4(k,n) for large n

when n¢ < k < n. In Lemma 2, a similar bound is achieved for the L? distance between



U(k,n) and u(k,n). In Theorem 1, we prove using a Borel Cantelli argument that for large n

the two processes X and u (evaluated at integer points) come uniformly close on n¢ < k < n.

In the following, Cy, Cs,... represent absolute constants, C., C! denote constants that
depend only on ¢, C}, denotes a constant depending only on p and Dy, Dt’g’p denote con-

stants depending upon both € and p.

Lemma 1. Fiz e > 0. For n® <k <n,

n

where 0 = y/a(l — a). Consequently,

E(Xk11(n) — a(k,n))* < C.

:

log

Vi

uniformly on n® < k <n.

Proof: Choose C' > 0 such that ¢(C — 1) > 2 and C > 3. Take Lj, = [a'/Cklogk],

where [-] represents the greatest integer function. Then, we can write

" E—al\]? g E—al\]?
P(B >k —® < PB >k —® ——
Slpmzn-w(CF)] < X pmzn-a (T )]
(E)+Ly I L

— -«
+ P(B, >k —®
> |pmzn-w(tF)
I=[3]-Lk
+ Zn: [P(B>k)—<1><k_al>r
: l oVl
l:[a]+Lk
= S 45 4 s

Here, SYC) and Sék) correspond to the tails of the distribution functions, and we shall show

that they are negligible compared to Sék). To this end, note that

5 oL
S < 2kat | PX(Biay 1, 2 k) + O‘\/’%
o1 /E
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Now, by Bernstein’s inequality,

2L2/2 042_[/2
P(B > k) < - k < - ’“)
R >—exp< a([%]- Lk>+aLk/3) o (-5

We also have

Therefore, for large k,

(k)

Similarly, for S3, we get

—al
s < 2n - [ka™]) (PZ(B[kHLk < k) + 32 ( a 2’;))
o «
a2L2
< 4(n— [ka~)exp (— 2;) < Cy(n — (ka1 k=92

Cs(n—[ka”']) _ C5
VEkneC-1/2  — \/g

Now, for Sék), we use the Berry Esseen Theorem (see [3]).

(E)+Ly
% 1 1
s < Lo g YClosk
- l VEk
I=[a]-Lk

The above yield the lemma.

Vlog k
Lemma 2. E(a(k,n) — u(k,n))* < C. \;% uniformly on n® <k < n.

Proof: Write u(k,n) :/ f(k,z)dW? and u(k,n) :/ f(k,z)dW} where
0 0

Z(I)( _O‘j> I(j<z<j+1)and f(k z) = @(k(;\gz).
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Then, we can decompose E(a(k,n) — u(k,n))? as in the proof of Lemma 1 as follows:

E(a(k,n) — u(k,n))? = /0n {Zn: <<1> <ka_\/‘;iz> -3 <k0_ ‘;“7>> I <z<j+1)

=0

2

dz

12

/O[z]—Lk z“: <¢) (kg—\gz> _@<k0—\/<;j>> I(j<z<j+1)| dz

J=0

IN

- S
G | &N/ (k- az —(k—aj

e () e (o)) o

[£1-Ls 2 oVz i ) )

a j=0

+
(E]+Ly

«

5 (o(22) o) o seeson]

J=0

S (L L

Now,

0z 2023/ 202z

(lf(ka) — (Vam)! (W> exp <_(k’o‘z)2> _ (1.4)

We can follow the same argument as in the proof of Lemma 1 and verify that I {k) and I?Ek)

are bounded above by C5(v/k)~!. To handle the second term, note that by (1.4), we have

af

0z (k 2)

< Cs(VE)™L.

This proves the lemma. 0

So, by the preceding lemmas, we have proved that

:

log

E(Xp41(n) — u(k,n))* < C; NG

uniformly on n¢ < k < n.
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Now, Xj1(n) — = /oy — f(k,z))dW}. Now, by the fact that this is a centred

Gaussian random variable,

ElXen() ~ubn)? < G| [ als) - 2]
< c,cr <1°I§k>p/2. (1.5)

We use this to obtain the following theorem.
Theorem 1. For any 6 > 0, e > 0 and n > 0, define the following events:
1
Apn = {\Xk+1(n) — u(k,n)| > 51:_(1_”)}
and
n
By = ] Akn
k=n¢

Then P(limsup,, B,) = 0.

Proof: By Chebychev type Inequality (for 2p-th moment) and (1.5), we get for any

p=>1,
P(Ap,) < (6k~G )" 2PE(X) 01 (n) — u(k,n))?
C,CP log &\ P/2 P
p/2—2np (2np—1)
< 52pk ( . > < Dep k .
Hence,
( ) D/ ( )
€ < 2np—1 < n=¢ 27]p—2'
P(B) D€p§ k™ Srp 3

k=n¢

Now, choose p large enough such that P(BS) < Cn~?2 for some constant C. The result now

follows by the Borel Cantelli lemma. O

Note: The above theorem suggests that the distance between the points X (n) and u(k, n)

decreases as we increase k. This is exactly what is suggested by .
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2.2 A related process

Here we give another smooth approximation u to X given by

a(z,t) = EzW (t - g - Z,,%), (1.6)

that proves to be more useful and intuitive while investigating the paths of individual
particles and study the phenomenon of freezing near the origin. Note that & has the following
properties:

e Increasing x (i.e. going away from the tip) results in the paths @(x, ) being progressively
smoother, indicated by the increasing variance of the Z variable.

e For fixed x, varying ¢ represents the path of the particle at distance x from the tip. As

successive particles ‘cut corners’, the paths become smoother.
Theorem 2. The result of Theorem 1 holds with u replaced by .

Proof: Let p =0/ a?/2. Consider another continuous process u* given by

u(z,t) = /th> (2\} ) dW?.

Rewrite u* as follows:

u*(z,t) =

//oo\/%p (Pf)ddet

[ e w2

= u(x,t) + +ei(x,t) + ez, t).
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Clearly,

a2p?n k
E(eg(k/‘a”))ﬁ Z exp{ 2 2}‘

So,onn® <k <n,

E(e2(k.n)) < a?p? 1
(ea( 771))_0‘/)”6’(1){ a2p?

Furthermore, it is easy to verify that

. oo _|_£
E(e?(z,t :t<I>2<\/E)—I—/ <I>2<8 a>ds.
(A1) S |5
So, on n < k <mn,

. €/2 oo s ne/2
E(e2(k < not (2 / 3 d
Gm) < 0 (m>+0 St as

2.2

ap n¢ 1 e
e exp{—oﬁpQ}+p\/ﬁ/né/2 ?e Ydy
po

2.2 € €
atp n p/n —n
el e )

pou

IA

Now, by calculations similar to those in the proof of Lemma 2,

st = ['[o(5) -5 ()
C(logk)%.
- vk

Now, the same proof as Theorem 1 yields the result. O

3 The continuous Conga Line

Here we investigate properties of the continuous one dimensional Conga line u obtained in

the previous section as an approximation to the discrete Conga line X.

3.1 Particles moving in different scales

It is not hard to observe by estimating

Var (u(x, 1)) = /th>2 (xa_ ‘;y) dy
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that particles at distances ct from the leading particle have variance O(t) if ¢ < o and o(1)
(in fact, the variance decays exponentially with t) if ¢ > . Also in a window of width v/t
about at, the variance is O(v/t). In particular, this indicates that there is a small window
somewhere between 0 and ot where the variance changes from being ’very small to very
large’, i.e., there is a cut-off below which the variance goes to zero with ¢, and above which

the variance grows to infinity.
Theorem 3.

(i) For A\ >0 and 1/2 < 8 < 1, Var(u(at — \tP,t)) ~ t9.

£1/2-2

(ii) Var(u(at + ov/Atlogt,t)) ~ Tog )"

Proof: (i) Take any ¢ > A/a. Then, decomposing the variance,

t_o fat— P — t=ct? ot — M5 —
Var(u(ot — M2, 1)) = / 3> <aay> dy = / 3> (0‘0‘y> dy
0 oY 0 o\/y

b fat —MP —
v [ ()
t—cth oy
The first integral satisfies

t—cth B t—ct? _ B — AP
/ 72 <at At ay> &y < Ctl/Q/ 52 <at Y ay> (at Y/ +ay> p
0 oy 0 oy 20y\/y

< o / T(2)dz

ac—Atﬁf%

o

Ctl/? exp <—

IA

(ae — )\)215251)
2 )

g

where the second step above follows from a change of variables.

It is easy to check that

b fat —MP —
/ 3 (a ay) dy ~ tP
t—ctB U\/@

proving part (i).
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(ii) We decompose the variance as

Var(u(at + o/ Atlogt,t)) = / 3 (at+0 At log ay> dy
0

N
t I _

+/ 5> <at—|—ax/)\t ogt ay) dy.
t/2 oy

The first integral decays like e~¢* for some constant C. For the second integral, we make a

change of variables similar to (i) and standard estimates for the normal c.d.f. to get

t I _ _ 0
/ 52 (at + o/ tlogt ay> dy ~ 751/2/ 32 () dx ~ t1/2/ 22 exp(—22)dz
/2 0\/@ Vlogt vAlogt
t1/2 e o] 9 tl/?*/\
—_— 2 —2%)dz ~ ———,
(10g t)3/2 /\/)\logt zexp( ¢ ) : (log t)3/2
proving (ii). O

Part (ii) of the above theorem has the following interesting consequence, demonstrating

/1
a cut-off phenomenon for the variance of u(x,t) in the vicinity of x = at 4+ o itlog t.

Corollary 3.1. Ast — oo
(1) Var(u(at + oy/Atlogt,t)) — 0 if A > 1/2.

(ii) Var(u(at + ov/Atlogt,t)) — oo if A < 1/2.

(#3i) For 0 < § < oo, Var(u(at + o+/t((1/2)logt — (3/2)loglogt — log d),t) ~ 6.

So, the variance exhibits a sharp jump around ot 4+ o+/t((1/2)logt — (3/2)loglogt).

The proof follows easily from part (ii) of Theorem 3.

8.2 Analyticity of the scaled Conga Line

For a fixed time t, the Conga line satisfies the following equality in distribution:

{/Ot¢(txa;;>z3)dW§30§$§1}i{\/%/()IQ(xU;\;‘ES)dWQ:Ongl}, (1.7)
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where o; = This can be checked from the fact that both are Gaussian processes with

o
i
covariance function K where

t_ (te) —as\ = [txg — as L_/z1—as\ =[x —as
K = P|——— || ———)ds=t 0] 0] ds.
ora) = [B (700 )8 (22 Jas =t [B (%80 )8 (*2080 s

So, to study the Conga line for fixed ¢, we study the scaled process

{ut(x) = /01<I> <$at_\/()§> AWl 0<z< 1}.

Now, we take a look at the derivatives of this process. It is easy to check that we can

differentiate under the integral. Thus,
| T —as
’ = — dw,
Opul2) /o Ut\/§¢< o1\/s ) .
| T —as
0> = — | ¢ dw}
() /o o2s” ( Ut\/E) ’
1
1 (z—as T —as
- — dw,.
/o 01:28<0t\/5>¢<0t\/§> °
In general, the (n + 1)th derivative takes the following form:

Iy (z) = /Ol(at\/g)_(n-‘rl)(_l)n-i-l He, <xa—\gs> 5 (:cat—\/ags> AWl

where He,, is the n-th Hermite polynomial (probabilist version) given by

2 d 2
H — (_1)"e® /2 &~z /2.
n(l‘) ( ) e dXe

In the following lemma, we give an upper bound on the growth rate of the derivatives.
Using this, we will prove that, for fixed t, u; is real analytic on the interval (0,1), and the
radius of convergence around z is comparable to |zg|. This is natural as the Conga line

gets smoother as we move away from the tip. We start off with the following lemma.

T
Lemma 3. For 0 <e< —,
«

n+1 n
(@) < (emY W] ( ﬁ) +i(xﬂa€> (n+1)

r — Qe

() e ) v

where ||W| = sup |Wg|.
0<s<1
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Proof:

In the proof, we consider C' as a generic positive constant whose value might
T —as
change in between steps. Let K}'(z,s) = (04/s)~ (nt+1) (—1)"*! He, <\[> < >
Ot\/ S

T — Qs
O't\/g

Then
n+1 _ (n+1) n+lg r—as T
o) = [ s ey e, (L) (L0 aw,
= / W(1 —s)0sK{(z,s)ds.
0
1
So, (z)] < HWH/ |0s K} (z, s)| ds. So, we have to estimate the integral/ |0s K} (x, 8)| ds
0
Now,
" _ {1\ n+1 T —as T — Qs
OREws) = () T e He”( G >¢< oi/s >
+ as T —as T —as
—yntt 2 ) He,, .
+(-1) 20}53/2(0“[) e+1<0t\/§>¢<gt\/§>
So,

o ()¢ G )
e () # (|

1
n+1 n T+ as
/\asKt"(a:,s)]ds < M /(Jt\f o
(nt1) Tt as

/ (Ut\[) W

From the above, it is clear that estimating the second integral suffices

ds < I} + J5.

(n41) T+ Qs

/ww> e

0

o () (o)
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where

+ as T — Qs T — Qs
o= (1) 2 Hepyr (—~ & (—~
‘ / (0/5) 20,592 | " < o/ > ¢< ow/s >

_ /e(x ~ ) (4D z—as\"" z+as
0 o1/s 205%/2

1
< (@ —ae)”FD /6 z—os\"" z+as
B 0 \ on/s 20,5%/2

= (@—ae D [ He, ()] 6(s)ds

Tr—Qe

otV
o 1/2 o 1/2
< (z—ae D ( / 82“+2¢<s>ds) ( / HeiH(s)czs(s)ds)
00 1/2
< (z—ae)” DY/ (n+1)! < / 32"+2¢(s)ds>
0

n+1
< (27r)1/4<\/§> (n+ 1)\

T — Qe
Here we use the facts that

/OO He? (s)¢(s)ds = n!

and
> 2n+2 _ (2n + 2)‘ n+1 |
/0 s o(s)ds = (0 1)1 < 2" (n+ 1)
Similarly,
1
v _ —(ny1) T T s H T —as Tr—as
o0
< @ [ Heun (9]0
< o 0 ([T o) ([ o)
= V(n+Dl(o/e)" .
The lemma follows from the above. O

From this lemma, it is not too hard to see that u; is real analytic on (0,1). Let zg be

any point in this interval. For 0 < § < xg, define

5n+1

A} (x9,0) = ( sup |8§+1ut(x)|> (

z€(zo—0,20+9) n+ 1)' .
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ot .
The n-th order Taylor polynomial based at x( is given by T}*(x Z ut (z0) —xp)".

=0
By Taylor’s Inequality,

sup  fuw(z) — T} (@) < Af (2o, 0).
z€(xo—09,20+9)

x
From the above lemma, we know that, for € < —0,
Q

n+1 n
Af(w0,0) < (mYAw| (Sm_ﬂ‘s) 0 ( V26 )

0 — e rog—0 \ ©g— 0 — cve
5\ +1)5 /1 \" 1
AWl (o) R (L) .
NG rog— 3 \op/e (n+1)!
26 —
The above error will go to zero only when L <l,ie,d< Yo —ae We can make

xo—0—ae 7 1++2

€ arbitrarily small to get the following:

Corollary 3.2. The scaled Conga line uy is real analytic on (0,1). The power series ex-

o
+v2 1}>

We are going to use this property of the Conga line multiple times in this article.

pansion of uy around xg € (0,1) converges in (1

3.8  Covariance structure of the derivatives

In the following sections, we will analyse the finer properties of the Conga line like distribu-
tion of critical points, length and shape and number of loops. For all of these, fine estimates
on the covariance structure of the derivatives are of utmost importance. This section is

devoted to finding these estimates.

The next lemma is about the covariance between the first derivatives at two points. In

what follows, we write L{ (M) = a4/ —M% log %

Lemma 4. For § < z,y < «, Cov(uj(z),u;(y)) > 0 and satisfies

2 2
Cov(ui(x),u;(y)) = exp _2;’5 \/m_x—l—y Vi
o 2 2 2242 1/4
2 /Tao (T)

o ().
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Consequently, the correlation function p,(x,y) = Corr(u}(z),u;(y)) is always non-negative

and has the following decay rate

pt(fn,y) > exp {—Clt(x — y)Q} M (1 + O < bgt)) ’

R 1/4 P
(=)
1/4 log {
p(@,y) < exp {—Czt(z — y)2} <(ii/)2)1/4 (1 + O < Of)) 7
7ry”
2

where constants C1, Co depend only on § and .

Proof: To prove this lemma, note that, by completing squares in the exponent, we get

Covtehat) = [ o (52) o () o

2 2
= ex _2a 1/"f'32+3/2_3H'y ligﬁ? H ds
P o? 2 2 0 O2s oi\/s )

1
1 T — Qs
Now we want to estimate the integral / —ng ( ) ds where § < x < a. By choosing
0

02s o1\

M large enough, we can ensure that

1 - atLi(M) 1
2 (o) L 7 (o) v (3).
0 ot\/s = re(M) OF ot\/s t

Notice that

TLLP(M) _ 1 [EHLE(M) 9 _ 2
/ ¢ L g (:L‘ as) ds — fc+?z NG exp 4 — (x as) s
%—Lf(M) oS O't\/g 27T 2 _1E(M) 2Jt5/ O't(ZL'+OéS) O't\/g
/r+LwM)a:+ozs z—as)?
= ———€exp{ — ds
27TO't\/Oé.T LI(M 20't53/2 O't\/g
+ 0% (V/log t)
1 e 2
— —S o 1
YrorJan /_Ooe ds + O%°(4/logt)

- 20\\[/; azx * 000(\/@),

Substituting 4/ ”ﬂzﬂ in place of x proves the lemma. O
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Lemma 5. Ford <z < a,
” Y t3/2 w [ [logt
Var(uy (x)) = 1/roi i 1+0 ]

Proof: Follows along the same lines as the proof of Lemma 4.
Lemma 6. For <z < q,

Cov(ui(x),u)(x)) = O®(\/tlogt).

Proof:
Cortio) @) = [ v o) # (o ) @

1 [atLi) T+ as 1 r — as r—as)?
= — 372 3 expqy — | —— ds
T Jz_re(M) 2045 o (x—l—as) O't\/g O't\/g

@

+0°°(t™h)

1 fatEEOM) g yas 1
— _ - 1 + ,
/ZL;”(M) 20t53/2 20’?1: ( ft(flf 3))

(i)l () o

@

+O>®(t7 1),

2z

where fi(z,s) = Tras 1.

o0
Using the fact that / sexp(—s®)ds = 0, we get

—00

1 [atLi) r+as 1 T — as r—as)?
- — ds =0t ! 1.8
W[”Lf(M) 20,5%/2 2070 ( e )exp ( —~r > E () (1.8)

o

choosing sufficiently large M.

Also note that
logt

fi(x,s) = O ( t)
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foro <z <a, 2-L{(M)<s<2Z+4 Li(M), which yields

z
a

1/2+L?(M) r+as ft($2,8) (xat;;s> exp{— <$Ut;§>2}d32000(\/@)' (1.9)

T Je_rz(m) 20¢5%/2 202w

(1.8) and (1.9) prove the lemma. O

Corr(uy(x), uf (z)) = O (\/ lo:;t) .

Proof: This follows from Lemmas 4, 5 and 6. (Il

Corollary 3.3.

Let ¥;(z,y) be the covariance matrix of (uj(x),u}(y)). We need the following lemma to

estimate the determinant of the matrix.

*

%7

Lemma 7. There exist constants C*,C1,Cy such that, for 6 < x,y < a with |z — y| <
Cit(y — x)? < det Zy(z,y) < Cot?(y — x)?

Proof: We fix = € [J,a] and COHSlder the function ¥ ,(y) = det ¥;(z,y). Consider
the function g;(y) = Varuy(y) = / ——? < ) ds. Let H,, denote the n-th Hermite
0 8

polynomial (physicist version) given by

ot/

e = 9n/? He,, (V2z).

Ha(e) = (-1 ©

Then we can write the n-th derivative of g; as

(@) = (-1 /o i (ogs ) (o)

Using the fact that ffooo H,(s)exp{—s2}ds = 0 and the same technique as the proof of

Lemma 6, one can show that, for n > 1,

gt () = 0=(t"/?/logt) (1.10)

Let

Era(y) = gt(x)g:(y) — g7 (n)
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and

Fra(y) = !1 — exp {—4;? (\/ xQ;LyQ - :E;y) H gz (n).

Then, writing down Cov(uy(z),u;(y)) as in the proof of Lemma 4, we get
Vi o(y) = Fra(y) + Era(y). (1.11)
It is easy to check that
Eyo(z) = Ef ,(z) = 0. (1.12)
The double derivative of E; , takes the form

E/(y) = g:(x)g) (y) = 2(91(m)* (0yn)* = 2(ge(m)) (97 () (Dyn)* = 2(ge(n)) (91(1)) (8m).-
Using (1.10) we deduce
Ei.(-) = 0> (t%/2\/1og t),
which, along with (1.12) yields

|Et 2 (y)| < Ct3/2\/logt (y — x)2 (1.13)

for some constant C' < oo.

Now, to estimate F} ;, note that in the region 6 < z,y < «,

at(y — x)? dat [ |22 +y? x+y tly — x)?
exp {_260'2 S exp —? B — B S exp —T . (114)

Using (1.14) along with the fact that e Pr<l—-e?<zon0<z<C,and Lemma 4, we

get
C*t*(y — 1)* < F.(y) < Ct(y — o), (1.15)

where C, C* are positive, finite constants.

(1.13) and (1.15) together prove the lemma. O
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3.4  Analyzing the distribution of critical points

Let N(I) denote the number of critical points of u; in an interval I € [§,«]. Then N;
defines a simple point process on [d, . Our first goal is to find out the first intensity of this
process. For this, we use the Expectation meta-theorem for smooth Gaussian fields (see [1]

p. 263), which implies the following:

E (N(I)) = / E (| (4)] [ui(y) = 0) ! (0)dy, (1.16)

where p{ is the density of u;(y). Before we go further, we remark that the meta-theorem
from [1] mentioned above is a very general theorem which holds in a much wider set-up
under a set of assumptions. In our case, it is easy to check that all the assumptions hold.
Now, we utilize (1.16) and the developments in subsection 3.3 to derive a nice expression

for the first intensity.

Lemma 8. The first intensity p; for Ny satisfies

pi(z) = ﬂ;/ozx (1 + 0~ <\/ lotgt>> (1.17)

foré <z <a.

Proof: By standard formulae for normal conditional densities and the lemmas proved

in Subsection 3.3, we manipulate (1.16) as follows:

_ 2 Var(u}(y)). Var(u (y)) — Cov?(u}(y), u/ (y)) : 1
B0 = |2 /1 Var (1) | S Var(a )

o> 101%t ar (u} 3
- ) s,

/I(1+Ooo< ltgt)> { ot ]%dy

T 202y

e ()
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Here, we use Corollary 3.3 for to get the second equality and the estimates proved in Lemma

4 and Lemma 5 to get the third equality. This proves the lemma. g
. vat . . . . .
Thus p(x) = 5 gives us the approximate first intensity for NV;. From this, we see that
Ty 2x

Vath

the expected number of critical points in a small interval [z, z+ h] is approximately 5
ToV2x

Now that we know the first intensity reasonably accurately, we can ask finer questions

about the distribution of critical points, such as

(i) What can we say about the spacings of the critical points? Are there points in [0, o]
around which there is a large concentration of critical points, or are they more or less well-

spaced?
(ii) Given an interval I € [§, o], how good is EN¢(I) as an estimate of Ny(I)?

The next lemma answers (i) by estimating the second intensity of N;. First we present

a formula for the second intensity of N; taken from [1].

E (Ni(I)? = Ne(1)) = /ME (la Wluf (2)] |ug(y) = 0,uy(2) = 0) " (0)dydz, ~ (1.18)

where p}”* is the joint density of (u}(y),u}(z)).

In the following, C* represents a positive constant.

4(1 2)2 C*
Lemma 9. Fort><+7\[), and § <y,z <« with |y — z| < —

262 N
E (Juf (y)|Juf ()] | ut(y) = 0,uf(2) = 0) < C(y — 2)*t>/

for some constant C' > 0.

Proof: The hypothesis of the lemma tells us that y and z lie in the region of analyticity

of each other, i.e. we can write

) = 05 U
n=0

n!
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and the same holds with y and z interchanged. If we know that u}(y) = 0 and uj(z) = 0,

the above equation becomes

n!

0=y ugnﬂ)(z)u_
n=1

From this, we can solve for u}(z) to get

e _ \n—1
W) = =3 ) U
n=2

n!

and the same holds with y and z interchanged. Thus, the conditional expectation in (1.18)

becomes
Ell— G u(n+2)(z)(y—z)" _iu(n-F?)( )(y_z)n u/( ):0 u'(z) —0
v t (n+ 1| = t Y (n+1)! iy o
_ — 43, = 2" | e~y W= o
= (y—2)E ”—nzout eI |—§:ju D)y | [ = 0.4 = o].

Now, by the Cauchy-Schwarz inequality and the fact that the conditional variance is bounded

above by the total variance, we have

B(|u™ )l ()] [uf(y) = 0,ui(=) = 0)

< B (™ 0 k) = 0.2) = 0), /2 (4 (92 fukts) = 0.4(2) = 0)

< B (@) B (o)

We know that

1
(m+3) _ —(m+3)(_1ym+3 y—as y—as 1
ug (y) = /0 (0¢V/'s) (—=1)™3 Hepyo ( — > ¢>< -~ > dw}.

. : : d :
So, using the same techniques as in the proof of Lemma 3, for 0 < € < %0’ we estimate the
o



28

variance as
1
(m+3) 2 _ —2(m+3) 102 Y — Qs o (Y —as
E<ut (y)> /O(Ut\/g) Cm+2 O_t\/g ¢ O't\/g ds
Cit < 9 +3 17,2 2
UQ(y_a€)2m+4/0 s €mi2(s)07(s)ds

C .
" W)/O He?, 5(s)¢*(s)ds.

IN

To estimate the first integral, we note that the function
gim(s) = 82+ exp{—s2/2)

is maximised at s = v/2m + 3. S0, gm(s) < (2m + 3)@™ /2 exp{—(2m + 3)/2}.

By Stirling’s Formula,

T(n) = ﬁ (2)" (1+0m™).

where I'(+) is the Gamma function. Using this, we get gn,(s) < Cv/m2™(m + 1)!. So,
/ s?M 3 HeZ, o ()¢ (s)ds < Cy/m2™(m + 1)! / He?, 5(s)p(s)ds < C2™{(m + 2)1}2.
0

—00

The second integral is easier to estimate. Finally, we get

E (uf" (y))2 <2 _C;i)2m+4 27 {(m +2)1}? + (Ut\%ﬁm{(m +2)1}.
Therefore,
J E (" ()"

IN

m
(m+2)! v ==

2m 4
o t(ﬁ!y—z!) < 1 >
Y — Qe Y — Qe

" <mi2>! <ﬁjfyﬁd>2m (f}ﬂ

< Ctan(t,y, 2),

1/2

o
where, by the assumptions of the lemma, Z am(t,y,z) < C, where C' is a constant that

m=0
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does not depend on t,y, z. Thus, we have

% \/ E (ugm%) (y)>2

B (W WIE) i) =0, =0) < =27 3 Iy ="
n+3 2
Ew)
i WA
o 2
< Oy - o) (Z ama,y,z)) ,
m=0
which proves the lemma. O
2 1 :
We know that p;*(0) = . Using Lemmas 7 and 9, we get
2m\/det X4 (y, z)
4(1+/2)?

Lemma 10. Fort > , and h < C*t~1/2,

262

E(N2([z, z + h]) — Ny([z, z 4 h])) < C(8)h3t%/2.
In particular, we get
E(Ni([z, z 4+ h))I(Ny([z, z + h]) > 2)) < C(6)h3t3/2.

Using this lemma, we can deduce that if we divide [0, a] into subintervals of sufficiently
small length, the number of critical points in any of these should not exceed one. The

following corollary makes this precise.

Corollary 3.4. Let {a;} be any sequence such that a; = o(t~*/*). Divide the interval [J, o]

into subintervals I, "'71[\/i/at]+1 of length at most at Then

Vit
P max  Ny(I;) > 2| < C(8)a2tt/? =0
1<j<[VE/a+1

ast — 00.

This follows easily from Lemma 10 using the union bound.
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Now, we answer (ii).

Note that for a Poisson point process, the first intensity determines the whole process.
The Conga line lacks the Markov property. We can think of it as a process that ‘gains
smoothness at the cost of Markov property’. But Lemma 4 tells us that there is exponential
decorrelation, i.e. pieces of the Conga line that are reasonably far apart are almost inde-
pendent. Thus, we expect that the first intensity of NV should give us a lot of information
about the process NV; itself. We conclude this section on critical points by giving basis to

this intuition by showing the following:

Lemma 11. Let I C [§, ] be an interval. Then

Ni(I) p
EN,(D)

ast — oo.

Proof: It suffices to prove the result for I = [§, a].

Consider a collection of intervals
C={I;:1<j<CWt/r]}

1
where each interval is of length — in [6, ], and d(I;, 1) > 2 for a sufficiently large

Vi Vi
r (which can be a function of ¢), whose optimal choice will be made later, and d(A, B)
represents the usual distance between sets A and B. Using the long range independence

of the Conga line (see Lemma 4), we will prove that Var (Nt (ch*:[\l/i/ Ty J)) is very small
2
compared to E (Nt (chz[\l/g/ "l Ij)> . The proof is completed by covering [J, «] with [r]

translates Cy,- -+, C} of such collections and an application of Chebychev Inequality.

Note that all the constants used in this proof depend on §.

We begin by computing E (Ny(11)Ny(I2)) using an analogue of the Expectation meta-

theorem (which can also be derived from the second intensity formula (1.18)) as follows:

E(Ni(I)Ni(L2)) = /M B (Juf () ()] | ut(y) = 0, u;(2) = 0)

dydz  (1.19)

1
X
2my/det Xy (y, z)
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where X¢(y, z) is the covariance matrix for (u}(y),u;(z)). We know that if

(uf (), uf (2), ui(y), ui(2)) ~ N(0,3),

then
(u (), ut (2) ug(y) = 0,ui(2) = 0) ~ N(0,%7),
Y1 X2 . _
where ¥ = and ¥* = 211 — 212222 221. Now
o1 Yoo

Cov (Juf ()], [uf (2)] |ui(y) = 0,uy(2) = 0)

2 * . * *
V01192 <P12 aresin pTp + /1 — piy* — 1)

2 .
< ;\/@ (p12 arcsin pi,)
< ol =012 — (21222_21221)12. (1.20)

Take (y, z) € Ij x I}, where I;, I}, € C with j # k.
The proof of Lemma 4 shows that for n = 4/ #,

Cov (up(y), ui(2)) < exp{~Ct(y — 2)*} Var(u; (1))

and

Var(uy (1)) < C1vt.

So, as |y — z| > L,
Vit
exp{—Crz} Var(uy(n))

C1Vtexp{—Cor®}. (1.21)

Cov (uy(y), ui(2))

IN

IN

Calculations similar to those in the proof of Lemma 4 show

ettt = [ o (e ) (o ) (5 )
_ _eXp{_i§< /1/2-;—22_y‘;z>}
St (e (Y )

o1y/s)3 \ o1/s o/
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and thus

Cov (b @)] < Cros{-Ca ([ 12-u

i (oge )
[ it (5t ) )
< Cpexp{—Car?}t3/2. (1.22)

Also, from Lemma 6,

|Cov (ui(y), uf (y))| < C/tlogt. (1.23)

VA2 s
2 2
vy - d
¢ ( O't\/g ) 5

Similar calculations also show

Y —as

O't\/g

Z— Qs

}COV (Ut (y), uy (Z))‘ otV/'s

IN

C exp{— Cgr2}/

O't\/>

< O exp{—Cyr®}t°/?, (1.24)

writing

y—as y— 7 + n—as and similarly for FTas Furthermore, we see that

O't\/g - Ut\/g Ut\/§ O't\/g
det Y9y = det Xy(y,2) = Var(uj(y)) Var(uj(z)) — Cov? (u;(y),ug(z))

> Var(uj(y)) Var(ui(2)) — exp{—Cr?} Var?(u;(n))
1
> Var(ul(y)) Var(u(2) (1.25)
for sufficiently large r. Using equations (1.21), ...,(1.25) to estimate the right side of

equation (1.20), we see that there is a K > 0 for which
Cov ([uf (v)|; [uf (2)] [ui(y) = 0,ui(z) = 0) < Crexp{—Car?}t".

Plugging this into the expression (1.19), we get

Crexp{—Cor’ 1K + 2 /Var(u (y))/Var(u]

+(11) Ny < C
E (Ni(I1)Ne(I2)) < Ll 27/ Var (u}(y ))Var(ut(z))

dydz.

(1.26)

We know from Lemma 5 that

Var(u} (y)) < Ct*/2.
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Thus

= \/Var \/Var "(2)) = O(t%?).

If we choose r = /M logt for a large enough M, then

Cexp{—Cor?}tf << = \/Var \/Var

Consequently, from (1.26),

o/ Var (W (y))/Var (W] ()
C dydz
fxty 72/ Var(ul () Var(u,(2))

<o i) (| L))
<1 10 (@)) E(N(1)E(Ni(12)).

where the last step above follows from (1.16) using Corollary 3.3 (see the proof of Lemma
8).
Thus,

E (Ni(11)Ni(I2))

IN

logt

Cov (Ny(11), Ny(I2)) = O ( ) (1.27)

t

for this choice of r.

WM,

Now, we have all we need to compute the variance of Ny (U =1

ClVE/r] CIVi/r]
VarN | | L] = Z Var Ny(I;) +2 ) _ Cov (Ny(T;), Ni(I))

j=1 i<j
Vi L
< 0174‘02(\/“08;07" )

where we used Lemma 10 crucially in putting the constant bound on Var N¢(I;).

With our choice of r = /M logt, the above becomes

CIVi/r] ;
varN, | | Li| <C v (1.28)

=1 &
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Finally, we have, for small € > 0,

(L) A I o . i
P(ENt([a,a]) 1’2 > P (INi([6, a]) — ENy([6, a])| = €EN([5, a]))
[v/HTog ]
< Zg Pliv{UL|-ev UL zeEN| UL
=1 Jj€C jeg, jee,

[VMlogt]  Var N, (UjGCz Ij)

< 5
= (BN (Ujee, 1) )
[ ¢
C Togt Clogt
< Sylogt——— = - ——
— 62 Og n 2 62 \/g ?
( logt)
which goes to zero as t — oo. O

4 The two dimensional Conga line

Here we study properties of the two dimensional continuous Conga line which is the ap-
proximation of our original discrete model in the plane.
4.1 Analyzing length

The length of the Conga line in the interval [, a] is given by [ = / |uy(x)|dz. In this
0

section, we give estimates for the expected length and its concentration about the mean.
Lemma 12. E(l;) ~ t'/4.

Proof: From Lemma 4, we see that
o 174 /
/ dz 4+ O ( logt>
5\ (m3ao?)/4 z1/4 t1/4

_ 44174 (a3/4_53/4)+0 logt
3 (m3ac?)t4 .

() = | " Eju}(«)|dz

But this gives us only a rough estimate of the behaviour of length for large t. To get a

better idea of how the length behaves for large time ¢, we need higher moments and, if
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possible, some form of concentration about the mean. The next lemma gives us an estimate

of the variance of [;.

Lemma 13.
Var(l;) = O(1).

Proof: From Lemma 4, we know that, for § < x,y < a,

0 < Cov(uy(x), uj(y)) < Crexp {—Cat(x —y)*} (332%1\/5)1/4 (1 + 0> ( logt>> .
-

Also, note that

Cov(lu()| Jug()l) = =/ Var(uj(x))yVar g (1) [pxx,y)arcsm(pt(x,y)w 1p%<x,y>1}

IN

Cov (ug(x), ut(y))-

Thus,

Var(ly) = /5 ) /5 " Cov(Ju} (@), ) () ) ddy

IN

/:/:Cexp{CQt(xy)?} (%{:)1/4 dxdy
= 0(1).

Thus, although the expected length grows like t1/4, the variance is bounded. This already

tells us that the actual length cannot deviate much from the expected length.

In what we do next, we get Gaussian concentration of length about the mean in a win-

dow of scale O(y/logt).

We know that for most useful concentration results, we need some ‘independence’ in our
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model. Our strategy here is to construct a new process 4; which is very ‘close’ to the original
process u; and is nicer to analyze as @;(x) and () are independent whenever x and 2’ are
sufficiently far apart. As this yields a useful tool which is going to be used in later sections,

we give a detailed construction.
Construction of

By Lemma 4, we see that the correlation between points x and y in the Conga line with

C\2

A
|z — y| = —= decays like e~ as A increases. We make use of this fact.

Vit

Divide the interval [(5 — 4/ Mltogt,a + 4/ Mltogt] into subintervals

t
I = [k, Y1), —1 < k< {(a — 5)\/%0{% +1

M1
of length at most 7og;t. Define the process u; as
Vit
T T —as
7 = Wl —s)—W(1 - d 1.29
) = [ e (S ) W - Wa—elas (129)

if © € [Yrt1, Yrt2)-

In the following, all constants C, C1,Co, ... depend only on ¢ and a.

Lemma 14. 4, satisfies the following properties:
(i) Uy is smooth everywhere except possibly at the points yy.
(11) {Ut(x) : @ € It} is independent of {tu(x) : x € Ixy3} for all k.

(iii) For x € T4,
(@) = wi(e) + W (1= )| < oy
(0%
and

(o) — )| < == (£) 7w
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Proof: Properties (i) and (ii) follow from the definition of .

To prove property (iii) notice that, for x € I,

w(@) — g(z) = / z+ s (x—as

(i /@, yr43/2]°N[0,1] 20,53/2 o1\

T+ as T — Qs
+ Wl —yi/a) = W(1l—y a/ qb( >ds.
( /) ( /) [Yr /., yr+3/]°N[0,00] 20153/2 ory/s

) W(1 - s)ds

From (??) and a similar equation for the derivatives of 4, we obtain

up(z) —ay(z) = 8SK?(30, )Wl —s)—W(1l—yg/a)lds

/[yk/avyk+3/a]cm[071]

-W(l - yk/a)/ s K (x, s)ds,
1

where K7 is defined as in (??). If & € Ijyq, then — — L¥(M) > 25 and & + L7 (M) < LE53,
« « (6] [0

So, the above differences yield part (iii). O

Consequently, if ; is the length of the curve 1, restricted to [0, a], then
P(ll; — | > r) < Cyexp {—cﬁt%*l} (1.30)

and

E(l,) = A (a3/4 - 53/4) +0 (‘/@> +0 <Ml> . (1.31)

3 (77'30[0'2)1/4 t1/4
So, to find the concentration of the length around the mean at time ¢, we look at the length

3 [Mlogt
of the curve u;. Let W} be the Brownian motion defined on I = [O, — tog ] by
o

Wk(s)=W<1—%—s)—W(1—%).

[0 (67

For each k, the Brownian motions W}, and Wy, 3 so defined are clearly independent.
As length is an additive functional, we can find the length on subintervals I, and add
them together. Heuristically, we can see that this gives us concentration as the length of

the curve on every third interval is independent of each other, and as these are summed up,
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the errors get averaged out.

Now, we give the rigorous arguments. In the following, we fix the probability space

Mlogt
(Q,B(2),P), where Q =C [0, é\/ tog ] denote the set of continuous complex valued
o

functions on I equipped with the sup-norm metric d, and P is the Wiener measure.
We need some concepts from Concentration of Measure Theory. See [5] for an excellent

survey of techniques in this area. We give a very brief outline of the concepts we need.

Transportation Cost Inequalities and Concentration: Let (x,d) be a complete
separable metric space equipped with the Borel sigma algebra B(x). Consider the p-th

Wasserstein distance between two probability measures P and ) on this space, defined as
Wp(Pu Q) = 1Df[Ed(X7 X/)p}l/p’

where the infimum is over all couplings 7 of a pair of random elements (X, X’) with the
marginal of X being P and that of X’ being Q.
Now, fix a probability measure P. Suppose there is a constant C' > 0 such that for all

probability measures () << P, we have

where H refers to the relative entropy H(Q | P) = EQlog(dQ/dP). Then we say that P
satisfies the LP Transportation Cost Inequality. In short, we write P € T,(C).
Now, we present one of the key results which connects Transportation Cost Inequalities

and Concentration of Measures.

Lemma 15. Suppose P is a probability measure on (x,B(x)). Suppose further that each P
is in T1(C). Then, for any 1-Lipschitz map F : x — R and any r > 0,

2
P(F—/FdP| >r> Sexp{—;c}.

It is easy to see that 72(C') implies 71(C'). But the main advantage in dealing with 7(C')

comes from its tensorization property described in the following lemma.
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Lemma 16. Suppose P;,i = 1,2,...n are probability measures on (x,B(x)). Suppose
further that each P; is in T2(C). On x™, define the distance between z™ = (z1,x2,...) and

y" = (y1,y2,...) by

Then ®P,- € T2(C) on (x™,d").
i=1

The following lemma, which follows from the developments in [6], is of key importance

to us.

Lemma 17. The Wiener measure on C'[0,T] satisfies the transportation inequality To(T)

with respect to the sup-norm metric.

These tools are all we need to establish a concentration result for [;.

Let us define the function TF : Q — R as follows:

Yk+3~ Yk

TE(f) = /yHQ / ’ s K? (3:,3 + yk) f(s)ds|dzx.

Yk+1 0 o

R Vit
Notice that Iy =} o 61"“ Ttk(Wk). Suppose we prove that Ttl€ is Lipschitz with respect to d

-0 |/ 1 i .
with Lipschitz constant Cy. Then, with N = [a 3 d 71 gt} , the functions {Tt( VooV SRii= 0,1,2}
0
defined by

where f = (f1,.., fv), is also Lipschitz with respect to d" with the same constant C;.

Lemma 18. For each k, Ttk is Lipschitz on (Q, d) with Lipschitz constant C'\/ M logt where

C is a constant depending only on § and «.

Proof: For fi, fo in §,

Yk+3~Yk

TF(f) = TF(f2)] < e :
’ t(fl) t(f2 ’ >
Yr+1 JO
Yh43 Yk

Yk+2 o
1f = fol / /
Yk+1 0

D5 K? (m,s + %)‘ |f1(s) — fa(s)|dsdx

IN

0K} (x, 5+ %) dsdz.
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By the estimates obtained in the proof of Lemma 3,

Yk+3~Yk

Yk+2 o Yk+2
/ / B, k" (a: s+ yi) ‘ dsdz < C\/i/ dz < C\/Mlogt.
Yer1 YO0 a Ykt1

This proves the lemma. O

Now, for any f € Q3N define the following functions in QY: f = (f1, fi..., fan—2),

f® = (fo, f5..., fan—1) and f@ = (f3, f..., fan). Notice that
i = VN (T ) + T (@) + 70 (7))

where W = (W, W1, ..., Wan_1) € Q3N. Using this fact and Lemmas 16 and 15, we get for

any r > 0,

P(|l; — El;| > r/Mlogt) < Cy exp {—C’QTQ}

This, along with (1.30) and (1.31) gives us our main conclusion:

Theorem 4. We have

P(|l; — El;| > ry/Mlogt) < Cy exp{—CQTQ} ,

where C1,Cy are constants depending only on § and «.

4.2 How close is the scaled Conga Line to Brownian motion?

Though the unscaled Conga line seen far away from the tip ‘smoothes out’ Brownian motion
more and more with increasing ¢, we see that in the simulations of the scaled Conga line,
making t larger actually makes the curve rougher and resemble Brownian motion more and
more. Closer analysis reveals that this in fact results from the scaling. Again, before we
supply the rigorous arguments, we give a heuristic reasoning. Looking at equation (1.7), we
see that although the scaling takes the Brownian motion W' on [0, ¢] to a Brownian motion
Wt on [0,1], the width of the window on which the smoothing takes place in the unscaled
Conga line, which is comparable to v/, is taken to O(tfl/ 2) in the scaled version, which

shrinks with time ¢.
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In the following, we consider the sequence of random curves w;(-) indexed by ¢, and L} =

a~t/—Moc}zlogoix.

Theorem 5. There exists a deterministic constant C1 such that, almost surely, there is

T =T (w) >0 for which

ey (1 2)| <y () e () I

for all z € (0,a] satisfying x > oLy for all t > T. In particular, for any fized 5 < 1, the

above holds almost surely for x € [t a] for all t > T.

Thus, the scaled Conga line is close to Brownian motion for large ¢ although the unscaled
one is not, as can be seen from the right side of equation (1.32). This subsection is devoted

to proving the above theorem.

For any continuous function f : [0,1] — C, define

lx—i—as r — Qs
Ptf(x) :/0 20t53/2¢< O't\/g > f(]_—S)dS

Note that the Conga line is given by u;(x) = P,W (z). P.f can be thought of as a smoothing

kernel acting on the function x — f(1 — z/a). The following lemma shows that if f is

Lipschitz, then for large ¢, P, f(z) is close to f(1 — z/a).

Lemma 19. If f is Lipschitz with constant C, then for large enough t and for x € (0, q]

satisfying x > oLy,

x
‘Ptf(x) -y (1 - 5)‘ < Cou\/z. (1.33)
Note that
1
x 1 T+ as T —as
_ _Z < _
’]th(x) f (1 Oé)‘ - COé /0 20’t83/2¢< O't\/g > ‘517 CYS|d3
= IF+J7+5¢
where

(z/a)—L¥ _ (z/o)—L§ _
- C’al/ ¢ x+a5¢<:p as> |x—as]ds§Ca1/ i x+as¢<az as
0 0

20't83/2 O't\/g

< Ca'®(y/—Mlogo?z) < Ca(op/z)M

20;53/2

O't\/g

) s
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and
min((z/a)+L{,1) _
JP = C’al/ :E +?Zq§ ($ as> |z — as|ds
(L’/Cl{ 20 S / Ut\/g
< Calo |2z /mm ((z/e)+Li,1) x+as¢ Toas\ |z —as|
2053/ o\/s o\/s
< Ca_loﬂ/x/ |s|o(s)ds
« —0o0
Similarly as I}, Sf is small compared to J}. O

Now, Brownian motion is not Lipschitz, but it can be uniformly approximated on [0, 1]
by piecewise linear random functions whose Lipschitz constants can be controlled using
Levy’s Construction of Brownian motion which we now briefly describe following [2]. De-
fine the n-th level dyadic partition D,, = {45 : 0 < k < 2"} and let D = U2 (D,,. Let
{Z, : n € N} be i.i.d standard normal random variables. Define the random piecewise
linear functions Fj, as follows:

n+1

272 Z, €Dy \ Dy
Fu(z)=14 0 z=0
linear in between

With this, Levy’s construction says that a Brownian motion W can be constructed via

= Z F,(x)
n=0

for x € [0,1].

Let Wi (z Z F,(z). This function serves as the piecewise linear (hence Lipschitz)

approximation to W From Lemma 19, for any N,

N 00
‘PtW(x) ~w(1- g)) < cza\/fup,gum +2 3 (| Fullee.
n=0 n=N

Fix ¢ > v/2log2. Let N* =inf{n :|Z4| < cy/nV d € D\ D,}.

fe'e) ~ L
ZP (there exists d € D,, with |Z4| < c\/ﬁ) < Z(zn +1)exp ( 02n> .
n=0 "o
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So, by Borel-Cantelli Lemma, P(N* < co) = 1.

2||F,
Now, for n > N*, [|Fy||eo < cv/n27"/? and ||F))||s < Hzfnuoo < 2¢v/n2"2. So, for | > N*,

we get

N* !
PG -w(1-2)] < C%a\/fHF/lHoonC 5 o—\/fcmznﬂ

n=N*

+2) " ey/n2 2, (1.34)
n=I[

1/2
Now, take t large enough that, for every x € (0, a], the first term is less than \/ (%) log (

and \/f e (27, 2‘“‘1] for some [ > N*. Plugging this [ into equation (1.34) and using the
fact that the last sum above is dominated by its leading term, we get the result of the

theorem.

4.8 Analyzing number of loops

A loop L in a continuous curve f : R — C is defined as a restriction of the form f ‘[a,b]
where f(a) = f(b) and f is injective on [a,b). Note that L divides the plane into a bounded

component and an unbounded component. Define the size of the loop
s(L) =max{R > 0:3 z € the bounded component B of L such that B(x, R) C B}.

It can be shown (the quick way is to look at the expectation meta-theorem from [1]) that
if f is a continuously differentiable Gaussian process, then with probability one, it has no
singularities (points where the first derivative of both Re f and Im f vanish). Using this
fact, it is easy to see that if I is a compact interval on which f is not injective, then f|;

has at least one loop L of positive size.

As the number of loops is bounded above by the number of critical points of Re f (equiv-
alently Im f), we see that by Lemma 11, for a large fixed ¢, the number of loops in the
Conga line is bounded above by C+/t with very high probability. This section is dedicated

to achieving a lower bound. The simulation (Figure 1.2) shows a number of loops, most of

T
t
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them being small. In the following, we obtain a lower bound for the number of small loops,
which differs from the upper bound by a logarithmic factor. For this, our main ingredient

is the Support Theorem for Brownian Motion which says the following:

Theorem 6. If f : [0,1] — C is continuous and W is a complex Brownian motion on [0, 1],

then for any € > 0,
P(I[W — [l <€) >0,

where ||g]| = SUPge(0,1] lg(x)].

We will not prove the theorem, but this can be proved either by approximating f by
piecewise linear functions and using Levy’s construction of Brownian motion, or by an ap-

plication of the Girsanov Theorem (see [7]).

We also need to exploit the exponentially decaying correlation between us(z) and u(x’)
as |z — 2'| increases (see Lemma 4) by bringing into play the approximation of u; by the
process i; introduced in Subsection 4.1.

Now, we state the main theorem of this section.

Theorem 7. Choose R > 6C7, where Ci is the constant in Theorem 5. Let Né be the
1/4
number of loops of size less than or equal to 2R (ngt) in the (scaled) Conga line u; in

[0, ] at time t. Then there exist constants C and C" such that

P<C,/t gNng’ﬁ) —1
logt

ast — 0o.

Proof: The upper bound follows from Lemma 11.
Proving the lower bound is more involved.

Our strategy is to choose a function f which has a loop and run the Brownian motion
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W in a narrow tube around f, which, by Theorem 6, we can do with positive probability.
Now by Theorem 5, we know that for large ¢, u; is ‘close’ to the Brownian motion W with
very high probability, and thus the curve wu; is forced to run in a narrow sausage around f

thereby inducing a loop.

Such a function is f(z) = C((4zx — 2)® — (4o — 2),1 — (4z — 2)?) for = € [0,1], where C
is a suitably chosen constant to make the size of the loop in f to be R. Let us denote the

continuous functions restricted to the e-sausage around f ’[a,b] as

S(f;€la,b]) = {g € Cla,b] : ||f — gll <€}

Fix o/ such that 6 < o/ < a. For z € [§, /], define

Mlogt\'* /1 7 Mlogt
) (o) — - - <s< :
fa7(s) < ¢ > oV gt ®—%)) vsssetoy—

Then for any continuously differentiable complex-valued Gaussian process g, defined on a

Mlogt
t

1/4
ges <c + fét); % <@) , [m, T+ ay/ Mltogt]> implies that g has a self-intersection on

{x,m + a\/MltOgt] and thus, due to absence of singularities with probability one, ¢ has a

subset of [0, 1] containing |z,z + « ] , and any complex number c,

loop of positive size on this interval.

We break up the proof into parts:

(i) In Lemma 20, we prove that the probability of wu; |{x7r+a \/@] having a loop of

1/4
size comparable to (lngt> is bounded below uniformly for all x € [§, /] by a fixed

positive constant p independent of z and ¢.

(ii) We use part (iii) of Lemma 14 and Lemma 20 to deduce that the probability of

logt

1/4
+ ) on each interval Iy is bounded below

having a loop of size comparable to (

by p/2.



46

(iii) We use the independence of 4|7, and @ for every k to deduce in Lemma 21 that

I3

the total number of such loops in 4; is bounded below by % [(o/ —0)4/ ﬁogt with
very high probability.

(iv) We finally use part (iii) of Lemma 14 again to translate the result of Lemma 21 to the
original process u; in Lemma 22.

Lemma 20. There is a constant p > 0 independent of x and t such that

R ( Mlogt Mlogt
(t) 08 T, T+ o o8 ]>>2p>0

1/4
P(“t'[x,x+a¢@fs<w(1‘2)+fw;2< 2 :

for all x € [0,d], for all sufficiently large t.

Proof: Choose and fix any x € [§,«/]. By Theorem 5 and by the translation and scaling
invariance of Brownian motion, we get for R > 6C; (here C is the constant in Theorem 5)

and large t,

_5) _ A N0 R(Mlogt>1/4
e[z,xf;l\l}@] ’W <1 a) W <1 a) fa (3)‘ < 3 ;
— R/ Mlogt\ /4
- se[x,z_itlpw] W<Sax> _fagt)(s) §3< tog >
-p sup ‘Ut(S) —W(1 _ i)‘ %) <Mltogt>1/4
=P sup !WO(t)(s) _ (gt)<s>‘ < g <M1togt>1/4
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>p>0.

Here we used Theorem 5 and Theorem 6 for the last step. By virtue of the second last
step above, we can choose p independent of z and t, and the above lower bound works

uniformly for all x € [, /]. O

Recall that by part (iii) of Lemma 14, we know that for x € Ij11,
‘ﬂt(x) —w(@)+ W (1 - %)‘ < OO M2 Wy,

Define the event

. R ([ Mlogt 1/4
A = {ut 1. € 5 (W(l —yrpr/) =W (L —y/a) + [P 3 < " ) Aps1 | -
If Ay holds, then 4; has a loop in Iy4q. Write

{(0‘1_‘5) M ltogt

Sy = > T4,

k=1

Then the following holds.

Lemma 21.

P <st < Z [(o/ —4) MfogtD < 3exp{—§ [(o/ - 5)\@}.

Proof: By Lemma 20, it is easy to see that

R Mlogt\ Y4
P(Ay) > P{Utlfkﬂ €5<W(1—yk+1/a)+fgfz)+1; <2—6>( tg ) ,Ik+1>

etM/2 ( Mlogt 1/4
<
o 1911 < Ty (45°)

v
[Nl
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3

t
for large enough ¢ and small enough e. Thus we see that ES; > = |(a/ — J) .
2 Mlogt

Now, as iy is independent on every third interval, so Ay is independent of Agy3 for ev-

ery k. The result now follows by Bernstein’s Inequality. O

i

t
The above implies that with very high probability Sy > = |:(CY/ —0)4/ Mlogt] .

Define the event

W

By, = {u; has a loop on Iy}

and the corresponding sum

[(O‘,_‘S) M ltogt

N} = > Ip,.

k=1

Our final lemma is the following.

Lemma 22.

7
P(N'>P /=5 1
( t= ] [(a ) MlogtD -

as t — oo.
Proof: Note that N} > N’
By part (iii) of Lemma 14, we note that for small enough ¢ > 0, the events A and

etM/2 [ Mlogt
C(0) t

1/4
{HWH < ) } imply that By holds. We see that, for large ¢,

—
Q\
|
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o
~
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I
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which goes to one as t — oo by Lemma 21. O

The proof of the lower bound in Theorem 7 follows from the above lemmas. ([l
5 Loops and singularities in particle paths

We start off this section by describing an interesting phenomenon that one notices in sim-
ulations of the paths of the individual particles in the discrete Conga line. The leading
particle (k = 1) performs an erratic Gaussian random walk. But as k increases, the succes-
sive particles are seen to cut corners in the paths of the preceding particles making them
smoother. This can be heuristically explained by the fact that a particle following another
one in front directs itself along the shortest path between itself and the preceding particle
(see equation (1.1)), and hence cuts corners. This phenomenon is captured by the process
u described in Subsection 2.2. So, we use the approximation of the discrete Conga line X

by the smooth process w in this section.

Recall that a singularity of a curve v : R — C is a point ¢ty at which its speed van-
ishes, i.e. |7/(to)] = 0. A singularity to of an analytic curve + is called a cusp singularity
if there exists a translation and rotation of co-ordinates taking v(¢y) to the origin, under

which, v has the representation v* = (77, ~5) with the following power series expansions:

0 .
WO =Y ait
1=2

30 =3 bt
=3

with ag # 0, b3 # 0, for ¢ in a neighborhood [ty — 0, %y + J] around ¢y for some 6 > 0.
Intuitively, this means that the graph of ~ locally around o looks like y = 22/3 under a

rigid motion of co-ordinates taking v(¢y) to the origin.

T

Making a change of variables p =t — = and 7 = p’x, we can rewrite u as

f(paT) = 'L_L(J?,t) = EZW(p - ZT)
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We restrict our attention to p > 0,7 > 0. Fixing 7 and varying p in the above expression
for f yields the path of the particle at distance z = 7/p? from the tip. Note that this
is precisely the solution to the heat equation with the initial function being the Brownian

motion W, the space variable represented by p and time by 7.

Another interesting observation, which was described briefly in the Introduction, is the
evolution of loops as we look at the paths of successive particles. If a particle in the (two
dimensional) Conga line goes through a loop, the particle following it, which cuts corners
and tries to “catch it”, will go through a smaller loop. This is suggested by the simulations,
where small loops are seen to die, and just before death, they look somewhat ‘elongated’,
and the death site looks like a cusp singularity. Other loops are seen to break after some
time, that is, their end points come apart. Figure 1.2, though not depicting the particle
paths, gives an idea of the loops in various stages of evolution. In this section, we investigate
evolving loops in the paths of successive particles, especially the relationship between dying

loops and formation of singularities.

Before we can start off, we give some definitions that will be useful in describing the evolu-

tion of loops.

We define a metric space (M, d), with a metric similar to the Skorohod metric on RCLL

paths, on which we want to study loop evolutions:

M={f:]a,b] > C;—0c0 < a<b< oo}

If f:]a1,b1] = C,g: [a2,ba] — C € M, define

d(f,g) =inf {||A1 = A2|| +|[foA1 —goXa]| | Ai:[0,1] = [a;,b;] is a homeomorphism }

where || - || denotes the sup-norm metric. It can be easily checked that (M, d) is a metric

space.
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Define the evolution of a loop L as a continuous function L. :[0,7) — M such that
Ly =L and Ly is a loop for every 0 <t < T. If f : R — C is a space-time process, and
Ly = f(-,t) |[at,bt} is a loop evolution, we say that L. is a loop evolution of f (starting
from L). Say that a loop L of f vanishes after time 7 if 7" is the maximal time such

that there exists a loop evolution L. : [0,T) — M of f starting from L.

Note: Although f has no singularities for a fixed time 7T, it can be easily verified by
an application of the expectation meta-theorem of [1] that the expected number of singu-
larities of f(-,7) for (p,7) lying in a compact set K = [a,b] X [c,d] is positive, and thus

singularities do occur with positive probability if we allow both space and time to vary.

It is easy to see that if a loop dies at a site (pg,79), then pg is a singularity for the curve
f(-,70). We prove in Lemma 23 that with probability one, any singularity looks is a cusp
singularity. In Lemma 24 we prove that for any (cusp) singularity in the Conga line at some

time 79, there exists a loop in some small time interval (19 — 9, 70).

Lemma 23. With probability one, any singularity po of the (analytic) curve f(-,70) is a

cusp singularity.

Proof: Write f = (f!, f?). It suffices to prove the lemma for (pg, 70) lying in a rectangle

K = [a,b] X [¢,d]. Our first step is showing the following:

P(3(po, 10) € K such that 9, f(po,70) = 0 and the vectors (8§f1(p0,70), 8;’f1(p0,70)) and
(8§f2(p0, 70), 82f2(p0, To)) are linearly dependent) = 0

(1.35)

To show this, define A,, to be the event which holds when all the following are satisfied:
(i) There exists (po,70) € K for which 0, f(po, 79) = 0 and

(82£%(po, 70), 02 f*(po, 70)) = A (05 £ (po, 70). Oy £ (po, 70))

for some A € [—n,n].
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(ii) The Lipschitz constants of the functions {Qf)fj (p,7): (p,7) € K;i=1,2,3;5 = 1,2}

are less than or equal to n.

We will show that P(A,) = 0 which will yield (1.35).

Partition the rectangle into a grid of sub-rectangles of side length < €, where € is small.
Call the set of grid points K.

Now, suppose A, holds. Let (po, 1) lie in a sub-rectangle R and let (p;, ;) € K be a grid
point adjacent to R. Note that as the Lipschitz constants of the above functions and X are

bounded by n, the following event holds:

A = {\6pf(pl-,7'j)| < v2ne and
| (a§f2(p177—])7 agf2(ph7—])) —A (8§fl(pla Tj)a agfl(pla T])) | S 4n2€
for some A € [—-n,n|}.
Thus we have
A, | JAY.
4,3
We show that there is a constant C' depending on n such that P (A%) < Ce.
To save us notation, call

X = (X1, Xa, X3) = (Opf (i 75), D2 f 03y 75), O £ (03, 7))

and similarly Y for f2. X and Y are independent and each follows a centred trivariate

normal distribution. Let us call the density function of X p;; and the distribution of Y as
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Q;j. Then, as X and Y have uniformly bounded densities,

P(4]) < / pij ()
2E€[—V/2ne,v/2ne] xR2
X Qij (]Yl\ < V2ne; (Ya,Y3) € the 4n2e neighbourhood of the linear span of (zs, x3)> .
< / p,-j(x)nggdx < C’Z-je?’,
2E[—v2ne,v/2ne] xR2
where C’Z(j, C;j depend on n. Note that the determinants of the covariance matrices of X

and Y are continuous and do not vanish at any point on the compact set K. Thus we can
bound Cj; by C' (which depends on n) uniformly over i, j, e. Using these facts, we get
P(An) <) P (AJ) < Ce.
i?j

As € is arbitrary, we get P(A,) = 0.

Now if pg is a singularity occurring at time g, i.e. 3 (po,70) € K for which 9, f(po, 70) =0,
we can apply a rigid motion of co-ordinates such that f(pg,70) is the new origin and the

rotation angle 6 is chosen to satisfy the equation

Xy X as a
Ay 2 3| _ |92 a3
Yo Y3 0 b3

where Ay is the rotation matrix corresponding to 6. By (1.35), we see that ay and bs are

non-zero. Then, the result follows by taking this new co-ordinate frame. O

Lemma 24. If (po,70) is a (cusp) singularity, then 3 6 > 0 such that f(-,7) has a loop on

some interval containing po for all T € [19 — 0, 7).

Proof: First we show that f is jointly analytic in (p, 7). For this, note that

°° - y—p y—p
oy f(p, T :/ —1)"r ("H)/QHen( >¢< )Wydy.
R = [ () 2o (2 ww
So, by using the fact that l'gn M = 0 almost surely, we get that with probability one,
y—oo

03 £(p. )] < g VIR + 7) (1.36)
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for some random constant C'. From this, we know that f(.,7p) has an analytic representation

in the space variable p as

oo
F(p,70) = ai(po, 70)(p — po)'. (1.37)
i=0
Now, we prove joint analyticity. Note that if we can prove
i .
S Ezlai(po, 1) [Ip — pol + 121" < o0 (1.39)
i=0

for p € R and 0 < § < € for some € > 0, then we can write

f(p7 7-) = Z]EZai(pO)TO) ((p - pO) - ZT—To)i (139)
=0

for p € R and 7 € [r9, 70 + €) and it follows that f is jointly analytic on R x |1, 79 + €).

Joint analyticity on R x R is immediate as a result.

From the bound (1.36) on 9, f(p, 7), we see that (1.38) holds when

Z T(p% + TO)2Z(|p_p0’l + 2z/2\/ﬁal/2) < 00
i=0 To Vil

which is satisfied for ¢ < % and all p € R.

Now, if f has a cusp singularity at (pg, 79), then by the rigid motion of co-ordinates used
in Lemma 23 and joint analyticity around (pg,79), we can write f = (f1, f2) in the new

co-ordinate frame, where

fl(vaO - S) = a2(p2 - 3) + El(p7 S)

FPpo—s) = by’ —3ps) + E*(p,s)
for small enough s. It can be checked that
95(p) = (a2(p? — 5),b3(»° — 3ps))

has a loop in [—+/3s,v/3s]. So, if we choose and fix M > /3, then we see that there is § > 0
such that for all s < §, and p € [-M /s, M /3],

B (p, s)| < Cs*?



95

and
|E*(p, )| < Cs”
for some random constant C. This, along with the fact that gs has a loop on [—M /s, M\/s]

forces f to have a loop on this interval. ([l

From Lemma 23 and Lemma 24, it is clear that there is a bijection between dying loops

and singularities in the particle path evolution.
Shape of a dying loop

To understand the limiting shape of the dying loop, we rescale the space co-ordinate p
as \/sP, and rescale f! by s, f? by $3/2. Tt can be easily checked that as s — 0, this new

scaled function
fo(P) = (s £ (V5P), 5732 F2(V5P))
converges uniformly on [—M, M] to the function
§(P) = (az(P? = 1), b3(P* = 3P))

which contains a loop ¢ V3.3 It is also not too hard to check that any loop in fs on

[—M, M| converges to the loop of ¢ in the topology on the space (M, d) described above.

This gives us the limiting shape of a dying loop. The difference in the scaling exponent

explains why the loops look elongated before death.

6 Freezing in the tail

This section addresses Observation 4 of Burdzy and Pal [8]. The tail of the Conga line

refers to the particles at distance x > at from the leading particle.
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So far, we have studied the behaviour for x < at. This part is more dynamic in time and
the particles in this region have variances going to infinity with time, indicating appreciable
motion. Also, a particle at any fized distance from the tip eventually steps into this regime.

The tail on the other hand seems to freeze in time and the angle at which the Conga
line comes out of the origin shows very little change with time after a while (see Figure 1.2).
Further, the very small variance of any particle in the tail region for large t indicates that
we indeed need to rescale the tail to study its properties. In other words, the tail behaves
in a very different manner compared to particles near the tip.

To study the phenomenon of ‘Freezing in the tail’, we use the continuous version uw
described in Subsection 2.2. For any fixed n > 0, we choose a sequence of distances from
the tip

xp=a(l+n)t

and study
Et(n) = ﬂ(l’t, t)
The distances xz; from the tip increasing with time ¢ ensures that these particles remain in

the tail region for all times. We rescale v, as

2
w() = v/2mPa(l ¥ )t exp {“}mm. (1.40)

2p%a(1 +n)t
Also define

v(n):/oooexp{ MHU}W (1.41)
(1.6).

where W is the driving Brownian motion in expression
Theorem 8. For any fized n > 0,

vi(n) = v(n)
almost surely and in L? as t — oo.

Proof: In the following, C1,Cs, ... represent finite, positive constants.

It follows from (1.6) that

(1 77) W 82 s1 d
v(n) = /0 (S)GXP{_Qtha(lJrn)_p204(1+77)} "
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Almost sure convergence follows from the fact that

/OOO W ()| exp {_M} ds < oo

and the Dominated Convergence Theorem.

To prove L? convergence, note that
o

(1=t
v(n) — () = /0 gu(s)W (s)ds + /(

1—

g(s) = eXP{—pza(iM} (1 —GXP{‘M}) '

It is easy to see that

__sn S\ds '
n)texp{_pga(1+n>}W( )ds, (1.42)

where

gi(s) < QClszeXp{—pgasn}I(s < Vt) +02exp{—3”+77)} I(s > /1.

p*a(l+n)t (L+mn) pra(l
(1.43)
Now, notice that the first term in (1.42) can be written as
(1=n)t (1—m)t
Ei(t) = / / gi(s)ds | dW (a).
0 a
From (1.43), we get
(1=m)t Cs n(vVtVa)
ds < —=1 t —— .
/a gi(s)ds < = (a<\/)+04exp{ p2a(1+n)}
Thus )
(1-m)t (1—m)t Cs
(B (1))? = / / a(s)ds | da< 2 (1.44)
0 a $3/2
Similarly, for the second term in (1.42), say FEs(t), we get
2n(1 —n)t
E(E»(t)? < Cgt — 1.4
(a0 < Catexp { - S0 = (1.45)

L? convergence follows from (1.44) and (1.45). O
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7 Simulations

Figure 1.2: 10000 steps (red) and 10000-100 steps (blue) of the discrete two dimensional Conga line.
(courtesy: Krzysztof Burdzy)
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Figure 1.3: 2000 steps of the discrete one dimensional Conga line with o = 0.5. (courtesy: Shirshendu
Ganguly)
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Figure 1.4: Near the tip of the Conga line. Showing the first twenty particles. (courtesy: Shirshendu
Ganguly)
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Chapter 2

RANDOM MASS SPLITTING AND A QUENCHED INVARIANCE
PRINCIPLE

(Joint work with Christopher Hoffman)

Imagine a one dimensional city (motivation from Abbott’s Flatland) on the Y-axis with
houses at the points (0,%). Suppose the city is stricken with an epidemic and things are
getting worse by the day. As the death toll rises, each house (0, k) has only a Poisson(1)
number of survivors v(0, k) when the long awaited medical breakthrough suddenly happens.
The surviving residents (assume at least one survives) of house (0, 0) are scientists who were
working on a cure for a while and they finally have an antidote! But the quantity that is
produced is limited (say has mass 1 unit). So, they get out of their house carrying an equal
proportion of the medicine (1/v(0,0)), and start performing simple random walks, with
time along the positive X-axis, to share it with the survivors. Meanwhile, the remaining
survivors decide that staying inside the house in unhygienic conditions is dangerous, and
they get out of their respective houses and start performing simple random walks at the
same time as the scientists. Whenever a group of people meet on the way, say at (¢, k), and
at least one person in the group has some medicine, it gets equally divided among all the
people in the group. This process continues. The question we ask in this article is: What
is the distribution of this mass for large times ¢?7

We call the above model the Random Mass Splitting model. In addition to the distri-
bution of the medicine at time ¢ we will study another property of the model. We use the
movement of the villagers over time to define a random environment. Then we study the

movement of a random walker in this random environment (RWRE). This defines a random
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walk in a random environment (which will be precisely defined in the next section). We are
interested in this random walk in a random environment because it turns out that the heat
kernel of the walk conditioned on the environment w at time t is precisely the distribution
of the medicine at time ¢ when the villagers are moving according to w. Random walk in
a random environment models have been studied by many authors. This can be a very
difficult field as even the simplest properties such as transience and recurrence are difficult
to establish [6]. But a theory of random walk in random environments has been developed.

We will harness that theory to find the asymptotic mass distribution.

In many examples, such as simple random walk on supercritical percolation clusters,
we get a quenched invariance principle (i.e. an almost sure convergence of the RWRE to
Brownian motion) [2] [13]. However in other examples we find behaviors that are very dif-
ferent from the usual diffusive behavior of simple random walk on Z? [14] [1]. Many of the
proofs of invariance principles for random walks in random environments have their origins
in the seminal work of Kipnis and Varadhan [7]. This paper laid down the foundation
for quenched invariance principles for reversible Markov chains. Maxwell and Woodroofe
[8] and Derriennic and Lin [4] subsequently extended their approach to the non-reversible
set-up. Rassoul-Agha and Seppéldinen [12] developed further on these techniques to give
a set of conditions under which a QIP holds for random walks in space-time random envi-
ronments. They verified these conditions to prove a QIP for i.i.d. environments (see [12]).
In this article, we follow the approach of [12]. Verifying their conditions for a QIP presents
significantly more complications in our situation than it does with their i.i.d. environments.

That these complications can be overcome demonstrates the robustness of the approach in

[12]

1 Description of the model

We now present a more rigorous mathematical description of our model. Consider i.i.d.
Poisson(1) random variables {v(0, k) : k € Z} representing particles at points (0, k) of the
Y-axis at time ¢ = 0. Each particle starts performing a simple random walk {S®9(.): 1 <

i <v(0,k),k € Z}, with S*9(0) = k and time represented along the positive X-axis. This
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gives a collection of random variables {e™(t,y),e™ (t,y),v(t,y)} where

et (t,y) = #{(k,) : STI(@) =y, ST +1) =y + 1}

() = #{(k, 1) : SEV(B) =y, B4+ 1) =y~ 1}

u(t,y) = #{(k,i) : STV () = y} = eT(t,y) + e (¢, y)

Note that

U(tvy) :6+(t_1ay_ 1)+6_(t_ 17y+1)

For technical convenience, we take the S*%) to be two-sided random walks and thus the

above random variables are defined for all (¢,7) € Z2.

Let p(t,y) denote the (random amount of) mass at (¢,y). Then, for each ¢,

t

> plty) =1

y=—1

Thus, p(0,0) = 1. At time 1, we have

p(l, 1) =

and p(1,—-1)= ev

Now, suppose e*(0,0) > 0. After the mass gets split equally among the particles at (1,1),
et (0,0)
v(0,0)v(1,1)

the mass distribution is

each one has mass . A similar statement holds if e~ (0,0) > 0. Thus at time 2,

PE2 = 0,00,
_e™(0,0)e7(1,1) e (0,0)et(1,—1)
P20 = =G0 T e 0pea - M
e (0,0)e(1,—1)
P22 = =0T
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Here we make a convention of taking any term in the above expression whose denominator
(and hence numerator) vanishes to be equal to zero.
To write down the explicit distribution of mass at time ¢, we define the environment to

be the collection of ‘random edge crossings’

w={(e"(t,y). e (t,y)) : (t,y) € Z°} € ((Z4 U onHH7

We call the space of environments Q = ((Zy U {0})2)%" = {(a(t,y), b(t,y)) € (Z, U {0})?
(t,y) € Z*?}. With these definitions we can inductively define the mass distribution with

the equation

e (t,y+1) et (t,y—1)
v(t,y+1) u(t,y — 1)

The space €2 is equipped with the canonical product sigma field G and the natural shift

p(t+1,y;w) = p(t,y + 1;w) +p(t,y — L w) (2.1)

transformation T(y ./ such that

(a(t,y),b(t,y)) (T yyw) = (alt +t,y+4), bt +t',y +3)) (w)
The random edge crossings induce a measure P on (£2,G) and it is easy to see that P is
invariant under the shift T(y /. It can be further proved that (Q, g, {T(t,,y/)} (1 4)ez2 ,IP’)
is ergodic. We leave this verification to the reader. We shall denote the corresponding

expectation by E.

Now fix an w. This generates a mass distribution at (¢,y) which we write as p(¢, y;w).
Let I'(0,y) denote the set of all paths v : Z — Z with y(0) = 0 and () = y. Then the
mass at (t,y) is given by

@+ =v@) (4, ~ (i
NOPTRNE ol | [kl C510) FyMHER

v€T(0,y) i=0 7))

where a product in the above sum is interpreted as zero if one of the terms in the product

vanishes.
Note that the mass remains 1 at (0,0) at all times when v(0,0) = 0. To avoid this, we

make a change of measure to P where
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for A € G. P is a probability measure as E(v(0,0)) = 1. This change of measure ensures
P(v(0,0) > 0) = 1. So from now on we only consider w with v(0,0) > 0.

Given any w and any (¢,y) we can define a random walk in a random environment which
is started at y at time ¢ and has transition probabilities generated by w. We write X, (t,y)

for the random variable that represents the location of the random walk after n steps (at

time ¢ + n). Its distribution is determined by IP’°(Jt Y) which is defined as follows.

PY ) (Xo = (t,y)) = L.

The X,, are a time inhomogeneous Markov chain with transition probabilities

et (t',y)

w oy ’ . -
P(t,y)(Xn—i—l ={t'+Ly +1)X,=(ty)) = W and (2.2)
w e (', y)
P(tyy) (XnJrl = (t/ + l,y’ _ 1)|Xn = (t’, y’)) = W (23)

Now we present the key observation that connects the random walk in a random envi-

ronment with the random mass splitting model.
Lemma 25. Fort e N andy € Z
p(t y;w) =P ) (Xe = (¢, ).

Proof. This follows by induction on t. Fix an environment w. Then we have

p(0,0:) = P ) (Xo = (0,0)) = 1
and

p(0,y;w) =P 5)(Xo = (0,y)) =0
for all y # 0. Now suppose the lemma is true for some ¢ and all y € Z. The transition

probabilities for X1 given in (2.2) and (2.3) and the mass splitting rule in (2.1) show that

for an arbitrary y

w w e (ty+1)
Plooy (X1 =+ 1,y) = Pio(Xe=(y+ 1))m
" et (t,y—1
+P 0,0y (Xt = (6,9 — 1))11(553/—1))
ei(t>y+l) €+(tay_ 1)
- L)Y T gy — 1) Y T )
p(t,y + Liw) oty D) +p(ty —Lw) oty —1)

= p(t+1,yw).
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Thus the induction hypothesis holds for ¢ + 1 and all y € Z. This completes the proof. [

This gives us a Markov chain X = (X,,)n>0 for a fixed environment w. P is called the

quenched law. The joint annealed law is given by
P1,y) (dX, dw) = P, (dX)P(dw)

The law If”(ty)(df(, Q) is called the marginal annealed law or just annealed law. Let

Xy — ([nt],0)
NG

The major features that make our model different from the models considered in literature

- (0, S (t)) (2.4)

so far are the following:

(i) Our model is not symmetric, even for fixed w, as the first co-ordinate (time) always
takes a deterministic step of 1 with each transition of the Markov chain X. This
makes it different from the random conductance model, see [3]. This environment
thus falls in the category of random walk in random space-time environments due to

the deterministic increase in the time at each step.

(ii) Our model is far from elliptic as there are points in space-time where the walker’s next
move is entirely determined by the environment. These points (¢,y) occurs where all

of the walkers in w moved in the same direction (e™(¢,y) > e~ (¢,y) = 0 or vice versa).

(iii) For space-time environments, the only models considered so far, as far as we know,
are the 4.i.d. product environment considered by [12]. Our model is far from i.i.d. in

that there are a lot of dependence between successive times.

These differences from the models in the literature present some technical challenges,
although we adapt the same rough outline as in [12] and to prove a quenched invariance

principle. Now we present the main theorem of this article:
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Theorem 9. For almost all w with respect to P, the process S converges weakly to a

standard Brownian motion B in the usual Skorohod topology under ]P"E’O 0)-

From this we deduce the answer to the question that was posed at the beginning of this
paper.

Corollary 9.1. Almost surely the mass distribution (scaled by \/t) converges weakly to the

standard normal distribution.

Proof. Fix an environment w. As we have shown in Lemma 25 p(t,y;w) = P¥(X; = (t,v))
for all t € N and all y € Z so the scaled mass distribution at time ¢ is given by S (t).

Then the Theorem follows directly from Theorem 9. O

Before we set off proving the theorem, we recall some of the machinery involved in

proving QIP in general space-time random environments, mostly taken from [12].

2 Quenched invariance principle in general space-time random environments

Let

) e"(0,0) — e (0,0
D(w) = (0,0)(X1) = (1’ ( U)(0,0) ( )>

For a bounded measurable function h on €2 define the operator

e (0,0)h(T(1 1w) + e~ (0,0)h(T(1,_1yw)

Th(w) = 2(0,0)

The operator h — I1h — h defines the generator of the Markov process of the environment

as ‘seen from the particle’ with transition probability
T(w, A) =P o) (Tx,w € A)

This Markov process, first conceived by [10] plays a key role in the arguments.

Now suppose that this Markov process has a stationary ergodic measure P*°. Then we
can extend the operator II to a contraction on LP(€Q,P*°) for any p € [1,o0]. Denote the

joint law of (w,Tx,w) by

15 (dwo, dwy) = m(wo, dwi )P (dwp)
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For a fixed w, define the filtration (F;),~o where 7)) = 0(Xo, X1, -+, Xp). The main idea
involved in proving QIP involves creating a martingale M with respect to (P%,O) , F) that is
‘close’ to the process X in some sense, and then applying martingale central limit theorems
to M and translate the results to X. The main challenge involved is in the last step: to
control the error involved in estimating X by M. To prove convergence of X to a Brownian
motion in the Skorohod topology, we need to show that the error is uniformly small along a
‘typical’ path of X. The way to do this, which we elaborate now, has its roots in the seminal
work of Kipnis and Varadhan, and subsequently extended to the non-reversible set-up by

Maxwell and Woodroofe [8] and Derriennic and Lin [4].

Towards this end, note that the process

n—1

Xn=X,-> D(Txw)
k=0

is a (P%,o) , F¥) martingale. So, if we can prove that 327~) D (Tx,w)—(n,0) can be expressed

as a (P¥

0 0),]:,‘;’ ) martingale plus some error that can be controlled, a quenched CLT can be

established for (X,,),>0. Now, a standard way to have this decomposition is to investigate

whether there exists a solution h to Poisson’s Equation
h =T1Ih+ D — (1,0)

If such a solution h did exist, we could write down

i
L

n—1
> D (Tx,w) = (n,0) = [h(Tx,,,w) — Th (Tx,w)] + [k (Tx,w) — TR (Tx,_,w)]
k=0 0

i

w

o 0),.7:,‘;’ ) martingale and the

Note that the first term in the above expression is a (PP
second term is L? bounded with respect to P> ®IF"(J0 0)° This would immediately give us the
result. But unfortunately, a solution to the Poisson equation might not exist. To see this,

note that if it did, then

2 2
E> |E ) (Xn — (n, 0))‘ — ’E7070)h (Txow) — Efy o TTh (TXnilw)’ —0(1)
but the above does not hold for the i.i.d. space-time product environment where [E>° E‘(*’O 0)

grows like \/n. Rassoul-Agha and Seppéléinen [12] follow an extension of this idea, first in-

2
(Xn - (nv 0))
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troduced by [7], and later extended by Toth [15] and subsequently Maxwell and Woodroofe
[8], to deal with the case where a solution to Poisson equation does not exist.

Let h. be a solution of
(1+e)h=IIh+ D —(1,0)
Call g = D — (1,0). Then, the solution of the above can be written as

S |
:Z(l

k=1

nlﬂkl

-y T 25)

which is in L?(Q,P>). Define
He(wo,wl) = he(wl) — Hhe(wo).
Then, as our random walk has bounded range, Theorem 2 of [12] says the following:

Theorem 10. Let P> be any stationary ergodic probability measure for the Markov process
on the environment Q generated by II — I. Also assume that there is o < 1 such that

E* |Ef) o) (Xn — (n,0)) 0w (2.6)

Then H = lim¢_,o H, exists in L?>(u$°) and for P* a.e. w, S converges weakly to a

Brownian motion with variance
0% = E*E{) ) (X1 — D(w) + H(w, Tx,w)) (2.7)

Proof. We outline the main steps of the proof from [12] (and some from [8]) for completeness.

Denote
n—1
M = H (Tx,w, Tx,,,w)
k=0
n—1
Sio= > he(Tx,w)
k=0
Ry, = he(w)—IIh (Tx,w)
Then,

Xn — (n,0) = X, + M + €SS + R,
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From the second equality in 2.5, by using 2.6 and comparing with fooo x*(14¢€)""dx, we get
E |he? = O(e>)

This, along with the fact that |[He — Hs||p2(u50) < (e +6) (EOO |he|? + E> ]ha‘Q) implies the
existence of the limit H = lim. ¢ H, in LQ(,uSO). It furthermore implies that for fixed n,

lime 0S¢ = 0 in L?, under the appropriate measure. Thus, we conclude

i
L

M, = H (Tx,w, Tx,.,,w)
0

B
Il

is P*° almost surely a (P‘E)o,o)’}-s ) square integrable martingale. Furthermore, by choosing

k, to be the unique k satisfying 2*~1 < n < 2¥ and €, = 2¥*, we conclude that the error

given by
R, =X, — (n,0) — X,, — M,, = M{ — M,, + €S5, + R,
satisfies
0 w 2 2a
E ’E(O’O)(Rn) = 0(n*) (2.8)
Let

2 (X g + Mipg) = (0, M;i(t))

Then, by martingale invariance principles, M* converges weakly to a Brownian motion with
the given variance under IP"("O 0) for P> almost sure w. Here, the assumption on the ergodic-
ity of Tx, is needed for the existence of the appropriate limits required for the Martingale

Functional CLT to hold (see Theorem 2.11 of [3]).

As we have

sup | S (t) — M (t) |[< n~Y? max | Ry| (2.9)
0<t<1 k<n

therefore, the QIP for S will follow if we can show that

—-1/2

n max |Rg| — 0
k<n
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in [P

0 0)—probability as n — oo P> almost every w. This follows from the theory of ‘fractional

coboundaries’ developed in Derriennic and Lin [4] and the estimate (2.8). il

So, to prove Theorem 9 with the aid of Theorem 10, we need to prove the existence
of a stationary distribution P*° for the Markov process of the environment as seen by the
particle (generated by II — I), the moment bound (2.6) and the ergodicity of the Markov

shift Ty, with respect to P>°. We prove these in the following section.

3 Proof of Theorem 9

PROOF OF THEOREM 9. We break this proof up into three parts corresponding to the three
conditions in Theorem 10. In Section 3.1, we show the existence of a stationary measure
P> for the Markov process of the environment with Lemma 26. In Section 3.2, we prove
Lemma 27 which gives a moment condition that verifies (2.6). In Section 3.3, we prove the
ergodicity of the Markov shift process {Tx, }n>1 with respect to the stationary measure P*>°.
This is in Lemma 37. These three lemmas verify the hypothesis of Theorem 10 thus we
prove the desired almost sure invariance principle. That the convergence is to a standard
Brownian motion can be seen by the calculation of the variance of o2 = 1 in the note in

Section 3.1. O

3.1 Stationarity

In Lemma 26, we show that the measure P is in fact a stationary measure for the Markov

process of the environment.

Lemma 26. The measure P is stationary for the Markov process on €1 as seen from the

particle, that is, the Markov process generated by the random shifts (T'x, )n>0-

Proof. Let E denote the corresponding expectation. Take 1 measurable with respect to G.
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It will suffice to show that E(IIy)) = E(¢)). Note that

E(Ily) = E(v(0,0)IIy)

= E(e"(0,0)¢(T11yw)) +E (7 (0,0)¢(T(1,_1yw))
= E(ef(-1,-1)¢(w)) +E (e (~1,1)¢(w)) (by translation invariance of P)
= E(v(0,0)¢(w)) (as et(—=1,—1) + e~ (=1,1) = v(0,0))
= E®¥)
This proves the lemma. O

Note: We claimed in Theorem 9 that the limit is a standard Brownian motion. But
Theorem 10 presents the diffusion coefficient of the Brownian motion in a more abstract
form. Here we show that the expression in (2.7) indeed reduces to one in our case.

o? = K |X1—Dw)+ H(w, Tx,w)|
= 1im Bl X1 — (1,0) ~ D) + he(Tx,w) ~ The(w)
— im _ _ 2
= 11_%E(070)‘X1 (1,0) ehe(w)|

= E(O,O)|X1 — (1,02  (asE|hl? = O(e2%))

B e+(0,0) + (0,0 _
= [Ev(0,0) < 2(0.0) > =1

where the limit in the second equality above follows from the L? convergence of H, to H

described in Theorem 10.

3.2 Moment condition

In this section we verify the moment condition by proving the following lemma.

. 2
Lemma 27. EE(, (X,) — (n,0)| = O(y/n(logn)?).

SKETCH OF PROOF OF LEMMA 27. Our strategy is as follows. Fix an environment w. Let
X and X be two independent copies of the random walk starting from (0,0) and running
in the same environment w. Also define Y; by (0,Y;) = X; — Xl- and let P* be the law of
the Markov process

(Xi7 XZ', 71)(1.(,;)7 T)ziw) .
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Finally let E* be its expectation.

Step 1

Step 2

Step 3

Step 4

Our first task is to establish

. 2

E |Ef),0) (Xa) — (n, 0)‘ < E* (#{i: Y, = 0}) (2.10)
Next we show that Y; behaves like (two times) a lazy random walk when Y; # 0. But

when Y; = 0 the distribution of Y;1 has a complicated dependence structure.

We use the sequence {Y;}I', to divide the interval [0,n] into excursions (maximal
connected intervals where Y; # 0) and holding times (maximal connected intervals
where Y; = 0). By the previous step we know the distribution of excursion lengths.
Much of the work of this proof is in estimating the distribution of the lengths of the

holding times.

We bound the right hand side of (2.10) by breaking it up into two parts. One is
when the longest holding time is at most klog®(n) and the other is when the longest
holding time is longer than klog3(n). Using the fact that excursions have the same
distribution as a lazy random walk we are able to show that for a typical sequence Y;
there are about y/n holds (and also about y/n excursions). So the first part contributes
approximately /7 log?(n) to the expectation. We show that the probability of a long
holding time is going to zero sufficiently quickly so the second part is contributing
very little to the expectation (provided that k is sufficiently large). Adding up these

two bounds completes the proof.

O

Lemma 28. Fiz an environment w. Let X and X being two independent copies of the

random walk starting from (0,0) and running in the environment w. Also define Y; by

0,;) = X; — X; and let P* be the law of the Markov process

(Xi; XZ‘, TXZ.LU, TXZ_w> .
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Finally let E* be its expectation. Then

n—1

~ 2 ~ ~
E ‘E%JO,O)(X”) — (n,O)’ < ZP*(YZ =0)=E* <#{Z S Y = 0}> (2.11)
i=0
Proof. We can write down
n—1
(0,0)(Xn) = [E{,0)(Xi+1) — Ep 0y (Xi)]
i=0
w €+ (XZ) e (Xz) w
n—1
= E{0,0D(Tx,w)
i=0
Recall that ¢ = D — (1,0). Therefore,
N 2 |t ?
E L(UO,O) (Xn) = (n, 0)) = E Ew(),o)g(TXiw)
i=0
n—1 2
= E|D D Pho(Xi = (0.9)9(Tiyw)
1=0 yeZ

(Xi = (1Y) 0) (X = (4, 2)9(T(i,4)w)-9(T(j.w)

I
&h
[ m—
ML
(]
=
)

where in the above sum, we take a term to be zero if P.0) (X; = (i,y)) =0or P.0) (X, =

(4,2)) = 0. Note that consequently, we only have terms with v(i,y) > 1 and v(j,2) > 1.

If ¢ > j, we can condition on
Fi=o{e"(ty)e (ty): t<i, yeZ} (2.12)

to get

E (]P“(“o,o) (X = (4, 9))P 0)(X; = (4, 2))9(T(s,4yw) -9 (T, )w)

=P ) (Xi = (6,9))B5 ) (Xi = (5, 2)9(T(j.2)w) B (9(T(i gyw) | Fi) =0
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using the fact that

€+(i7 y>|~’rz ~ Bin (U(ia y)? 1/2)
e (i,y)|Fi ~ Bin (v(i,y),1/2) (2.13)

Also, the terms in the above sum corresponding to i = j and y # z vanish as (e* (4, y), e (i,y))

and (et (i,2),e”(i,2)) are conditionally independent given F; implying

E (9(T(; 4yw)-9(T(i, o)) | Fi) = E (9(T @) Fi) E (9(T(s yw)| Fi) =

Thus the only terms in the above sum which do not vanish are those with ¢ = 5 and y = z.

For these terms, we see that

~ - [ (et(i —e (2 2
B (T PlF) = B (O I 5

v2(i,y)
- [ (e (i,y) — 3v(i,y))? A
4E ( v2(i, ) |]:Z> (i, y)

by (2.13). Thus we get

E [Ef0)(Xn) <n,o>\2 = E(Z;Z;[ 00)(X w»h&,y)
< &(E S o o]
=0 yeZ
n—1
- Z@*(Yi:o) (2.14)
=0

g

Also, notice that although the two walks X and X are conditionally independent given
w, the annealed joint law of (X, X) is far from being the product of the annealed marginal
laws of X and X, as the subsequent calculations will indicate. This is what creates a major

technical obstacle.
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Now we start to understand the annealed law of the process Y;. We will show that it
behaves like a lazy random walk provided that Y; # 0, but at 0 it behaves very differently.

Our first step in making that precise is the following.
Lemma 29. Let Y; be defined as in Lemma 28. If r # 0 then

if |s—r|=2

N

I@*(YnJrl =S | Y, = r, Y1 = Tn—1, ayl = 7’1) =
ifs=r

N[ —

Proof. Note that for r, s with  #% 0 and s —r = 0,42 or —2, we get

ED*(YHJrl = S,Yn =T, Y1 = Tn—1, ~--7Y1 = Tl)

= E ) Pho(Xi= (L), Xn = (,9)PG 0 (X1 = (1, 21), ., Xp = (n,2))

Yi—Zi=Ti,Yy—2=T

XE Z ]P)(E)n’y)(Xl - <17y/))IPc(un,z)(X1 = (172,))’fn

Y —2'=s
where the filtration {F,} is defined in (2.12). By (2.13),
- . - . 1/4  when |s—r| =2
Bl S e (X0 = (Ly)PE (X1 = (1, 2)F | =
y'—2'=s 1/2 whens=r
Thus we get
P*(Yos1=8,Y, =7, Y01 =Tp_1, ..., Y1 =11)

%I@*(Yn =rY,1=rp1,.,Y1=mr1) if|s—r| =2

P*(Yn =Y, 1="1,.., Y1 :T1> ifs=r

Therefore,

=

N[ =
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Thus we see that away from zero, the process Y behaves as a homogeneous Markov
process with the given transition probabilities. But at zero, things are not so nice. If
Y, = 0 and v(X,,) = 1 then Y;,11 = 0 as well. But we will now show that if Y,, = 0 and
v(Xp) > 1 then Y,41 # 0 with probability at least 1/4.

Lemma 30. Let Y; be defined as in Lemma 28. Then

P*(Yvﬂ»l = O,Yn = O,Yn,1 = Tn—-1, ,Yi = 7“1)

= E Z ‘E}O,O)(Xl = (1ay1)7 "aX'rl = (TL, y))]p%)(],o)(Xl = (1721)7 "aX'rl = (TL, y))

Yi—2i=ri,yEL
1 1
x=11
2 < " v(n,y)>

Proof. A simple calculation proves the lemma.

fP)*(Yn—i—l = O,Yn = O,Yn_l = Tn—1, ...,Y1 = 7“1)

= fE Z ]P)L(U(LO)(Xl = (]-7y1)7 "7Xn = (n7y))]P)(Z)()’0)(X1 = (1)Z1)7 "7Xn = (’I’Z,y))
Yi—2i="i,yEL

et (n,y)? + (e~ (n,y))?
XE[( ( ,y>32(:7;) (n,9)) m]

= fE Z ]P)L(U(LO)(Xl = (17y1)7 "7Xn = (n7y))]P)(Z)()’0)(X1 = (1)21)7 "7Xn = (’I’Z,y))

Yi—zi=ri,yEL
X 1 14+ 1
2 v(n,y)

Note that the presence of the term (1 +

O

) in the summand makes this process
v(n,y)

depend on its entire past while making transitions from zero, thus destroying its Markov
property. This is a major difference from its analogue in the i.i.d. case studied by [12], where

the process Y is a homogeneous Markov process perturbed at zero.
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To deal with this problem, we use {Y;} to decompose [0,n] into ezcursions away from

zero and holding times at zero. Let
{ej :1<j <a(n)}

be the excursions of Y away from zero on [0,n]. Let the time interval spanned by e; be
(), Bj], i-e., €j(0) = |Yo,| = 2 and B; = inf{k > a; : Y} = 0}. Let the first holding time at
0 be 70 = a1 — 1 and let 7; = aj41 — B — 1 be the holding time at zero between e; and

ej+1. With these defined, we can write down
n—1 a(n)
Sii=0) < Yo < (alw)+1) (sup w) (215)
i=0 i=0 jsn

Let the time duration of the j-th excursion be denoted by T; = 3; — «;.

Denote by R the homogeneous random walk starting from zero with transition probabilities

to 2,0, —2 being 1/4,1/2,1/4 respectively, and let

R} = sup Ry,
k<n

Denote the law of R by Pr and the corresponding expectation by Eg. Let
Ap=sup{k >0:T1 + ... + T <n}

It is easy to see that T7 + ... + T}, has the same distribution as the hitting time of level
2k by R. Thus {A, : n > 1} and {R}/2 : n > 1} have the same distribution. Note that
a(n) < A, + 1. Therefore,

E*a(n) < E*(A,+1)
— En(Ri/2+1)
< Cvn (2.16)
for some constant C' < oo.

The excursions away from zero have the same law as those of a lazy random walk R so

their distribution is well understood. Our main challenge is to provide an upper bound on



80

the supremum of the holding times v;. For a lazy random walk R, the holding times are
i.i.d. geometric random variables and we can derive an upper bound on the probability that
a holding time is at least logn. The «; are far from i.i.d. and they depend on the entire past
till that time. In spite of this dependence we will bound the probability that a holding time
7; is bigger than (log n)* for some positive number k. Our bound will be uniform in j and
independent of all previous holding times. Using these bounds we will be able to bound the
probability that the supremum of the holding times is large.

To do this we note that if ¥; = 0 and v(X;) > 2 then there is at least a probability of
1/4 that Y;11 # 0, independent of anything in the process or the environment up to time i.
We now define a set of stopping times to indicate when these times occur. These stopping
times will give us our bound on the holding times.

We now define some stopping times for the Markov process (X;, X, Tx,, T ). For each

i

j > 1, define:
Il(j) = BjiAn
](j)l B inf{k > [z(J) : 'U(Xk) > 2} An if X]i(j)_’_l = XIZ_(j)+1,
i+ - .
Ii(j) otherwise.

Thus we get a bi-indexed family {I, Z.(j )1 < i < oo} which is well defined with probability

one. Note that for each j, the sequence indexed by ¢ eventually becomes constant.

For j > 1 with 3; < n, these stopping times indexed by ¢ represent the times ¢ €
[Bj,aj41 — 1] N [0,n] (the portion of the holding time at zero between e; and ej;y; lying
in [0,n]) where there are at least two particles at X; (= X;) and the sequence becomes

constant if either time n or time ;1 — 1 is reached.

Call the corresponding stopped sigma fields {.7-";(].) :1 < i < oo}. Let kj = sup{i >
1: Ifj) < Iéj) < e < Ii(j)} with k; = 1 for a constant sequence. With this notation,

v=1) -1,
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Control over the holding times «y; is obtained through the following two lemmas.

Lemma 31.

P*(k; > k) < (i)k_l

(2.17)

Proof. Note that, by the strong Markov property applied at these stopping times,

B*(k; > k) =

IN

- BV < 1Y) <

_ ) <19 <

< B <1 <

where the last step follows by induction. (I
Lemma 32. For sufficiently large M > 0,
ok ) 2 2
P U & - ) > M2log?n} | < T (2.18)
0<¢,7<n

Proof. For each u < n, let

B < 19 <

fE*l(Il(j) < Iéj) <

< 19

- << I]g‘]Jl < n) E* <1 <XI(J) 11 XI(]) +1>‘ I(J) >

2 2
~ e+ (Xll(cj)l> + e (Xl;ij)1>
E* — — T

<I()1<n)

j 1 1
- < 1,9_)1 <n).- |1+

2
v <Xf,ij)1)

@) 3\
< ij—l) < <4>

Ty = inf{k > u:v(Xy) > 2}

Note that by the stationarity of T'x, under P*,

P* (7, > M?log?n)

Under P*, v(0, k) ~

N =

N =

= P* (19 > M?%log?n)

Poi(1) for k # 0 and v(0,0) has a size-biased Poi(1) distribution. Let

#{(k,i) : k> 1,5%) 1) < 0}
#{(k,i) : k < —1,8%(t) > 0}

2 XI](CJ')1
v <Xl(j) )
k—1

(by (2.13))
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Then, it is easy to check that N;7, N, ~ Poi(y;) where
o0
pe=Y P(S; > k) =ES;

where S is a simple random walk starting from zero. Note that if both N;" and N, are
non-zero, then Xy, starting from (0,0) must intersect at least one random walk not starting

from the origin before time ¢, and at the time of intersection, say k, v(Xj) > 2. Thus,

P*(ro>t) < P*(N;" =0or N =0)
< e Ht
< 26_0‘/z

as ES;” = (1/2)E|S;| > Cv/t. Thus,

~ 2

P(ro > M?log?n) < 2¢7M1%8" =
Consequently,

P* U {IZ(_]H >M210g n} < P* (Elugnwith Tu2M2log2n)
0<7,5<n
2
nM—1

by a simple union bound. O

Lemmas 31 and 32 yield the following corollary:

Corollary 10.1. There exists a constant C' that does not depend on n such that for any
M > 0, we can choose M' (depending on M ) satisfying

P*(supy; > M'log®n) < Cn~M (2.19)
i<n

for all n.
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Proof. For sufficiently large M and any j,k > 1, we have:

}IND*('yj > M?klog®n) = If”*(vj > M?klog? n,I,gj) — Iy) < M*klog®n)

+ 1@*(% > M?klog?n, I(j) —Iy) > M>klog®n)
k

P* (’yj >I,gj) )—HP’* (Z( a1 ) > M?klog? n)

=0

IN

IN

Pk > k) + B | | (1) 17 > M2 log?n}

0<7,7<n
3\ 2
()

where the last step follows from Lemmas 31 and 32.

The assertion then follows by taking &k = M logn and the union bound. (Il

supw) sup'y] < M'log? n)>

Now, to prove Lemma 27, notice that by (2.15),

n—1
E* (Z 1(Y; = 0)) < E* ((a(n) +1) (supw
1=0

e
—i—IE( (sup’yj
(n)

1<n

supfyj > M'log3 n)>

1<n
< (M'log®n)E*(a(n) + 1) +n2IP’*(sup73 > M'log®n)
i<n
< Civnlog®n+Cn~M=2) (by (2.16))
< Cyy/nlog®n
choosing M > 2.
This, together with (2.14), gives Lemma 27. O

3.3 FErgodicity of the Markov Shift

In this section we prove the ergodicity of the shift from the point of view of a tagged particle.
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Lemma 33. The vertical shift (0, T 1), P) is strong mizing and thus totally ergodic. In
particular (Q,T(O,g),IP) is ergodic.

Proof. For any cylinder set R C {2 which is defined by the values in a finite rectangle we
have that for any sufficiently large M the sets T(o 7 (R) and R are independent. As these
cylinder sets generate the o-algebra, the shift 7, ;) is mixing and totally ergodic. Thus
T\o,2) is ergodic. A (very slightly) more involved analysis shows that To,1) is weak Bernoulli

and isomorphic to the shift on an infinite entropy i.i.d. measure. O

Now we want to define a new transformation built from (€2, T{g2),[P). This transfor-
mation is constructed from (€2, 7T(g 2),P) by inducing on the subset {v(0,0) > 0} and then
building a “Kakutani skyscraper” of height v(0,0). The techniques of inducing and build-
ing skyscrapers are standard in ergodic theory and have been well studied in the theory of
Kakutani equivalence [9] [5] [11]. We start be describing the state space and the measure.

Let © € © x N consist of points of the form (w,y) with y < v(0,0). Let P be a measure
on €2 defined as follows. Fix any A C Q and i € N. Then

~

P(A,i) = P(AN{i <(0,0)}).

Let 7 : Q — Q be the projection map, m(x,y) = z. For any A C Q, let A € Q be defined
by A = n71(A). Also, recall that P is an invariant measure for our process {Tx, : n € N}.

These definitions give us the following lemma.

Lemma 34. For any A C Q

as both are the size biased version of the measure P.
Now we define the new transformation. For w € Q let
n(w) =inf{m >0:2|m, v(0,m) >0} and @ = Tgu) W)
Next we define 7': 2 — by

T(w’y) _ (w,y+1) ify <v(0,0)
(@,1) if y =v(0,0)
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Lemma 35. The transformation (Q,T,I@’) is measure preserving and ergodic.

Proof. The first half of the lemma is standard in ergodic theory (see Chapter 2.3 of [11]) so

we only check the second half. Suppose A is invariant under T. Set

U T(o,2)(m

m=—0o0

N {v(0,0) = 0}.

If w € 7(A)UA’ then either v(0,0) > 0 and there exists y such that (w,y) € A or v(0,0) =0
and there exists w’ and 3’ and m’ such that (w',y') € A and T 2)( w') = w. It is easy to
check that in either case we have T(gow € m(A) U A" and 7(A) U A’ is invariant.

Also note that as every point in 7~ (7(A)) is in the T-orbit of a point in A we have

Acar(A) c G T™(A)

m=—0Q

(2.20)

where the last containment is by the invariance of A.
Now assume that 0 < P(A). Then 0 < P(r(A4)). So by the ergodicity of T(0,2) and the

invariance of w(A) U A" we have that
P(r(A)u A") = 1.
Then
P{v(0,0) > 0} = P(7(4))

and by (2.20)
1= B{r L (n(4))} = B(4)

so P(A) =1 and T is ergodic. O
Now we show that ergodicity of ({2, 7', P) implies the ergodicity of T, .
Lemma 36. If an event A is invariant for Tx,, then A is invariant for T.

Proof. Let A be an invariant set for T, with P(4) > 0. Then for every n, P¥(Tx, € A) = 1
for P a.e. w € A and P¥(Tx, € A) = 0 for P a.e. w & A. Note that for P a.e. w € A with
v(0,0) > 0, there exist paths {y1(k) € Z : k < N} and {y2(k) € Z : k < N}, with 1,72, N
depending on w, such that v1(0) = 0, 72(0) = n(w), 71 (V) = y2(N) and

e(,yi(j+1)—7i(j)) (], ’)/z(])) >0
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fori=1,2, j < N—1. Let X and X denote two random walks on the same environment
w starting from (0,0) and (0,n(w)) respectively. This gives, for a given such w, a natural

coupling A\ between the laws of (T, (w)) and (T, (©)) such that

A (TXN (W) =Ty, (a;)) >0
Thus, a.s. w € A, P°(Tx, € A) > 0 implying & € A. Now by the definition of A and T we
have that A is a.s. invariant under 7. U
Lemma 37. P is ergodic for the Markov shift process (Tx, ) n>0-

Proof. Let A C € be an invariant set for (Tx,,),>o- Then by Lemma 36 then A is invariant
for T. As (Q,T,P) is ergodic we have that P(A) = 0 or 1. By Lemma 34, P(A) is also equal
to 0 or 1. g
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Chapter 3

BROWNIAN MOTION WITH BOUNDARY DIFFUSION

There has been a prolific amount of work in the past fifty years regarding reflected
Brownian motion on general domains. The most general form of reflected Brownian motion
is Obliquely Reflected Brownian motion(ORBM), which involves reflection at a boundary
point = along the vector vy(z) = n(z) + tanf(x)t(x) and has the following Skorohod rep-

resentation on a C2 domain:
t
X, = Xo+ B + / vo(X,)dL,
0

Brownian motion with Boundary diffusion (BMBD) is a similar process but with diffusion
on the boundary. Intuitively, it can be thought about as a deterministic reflection at the
boundary accompanied by a Gaussian noise. It has the Skorohod representation on a C?

domain D:

t t
0 ° 0

—+ ;/0(1+042(Xs)/€<Xs))n(Xs)dL§ (3'1)

where B* is a one dimensional Brownian motion independent of B, L;* is the boundary local
time of X on D and x : 0D — R is the curvature of 0D. Here a : 9D — R is called the
(boundary) diffusion and 8 : 9D — R is called the (boundary) drift. From here onwards,
we denote this process by BM BD(«a, [3).

Unlike ORBM, BMBD is trickier to handle as it is not conformally invariant in the sense
that the diffusion and drift terms change, but it still remains a BMBD with these changed
diffusion and drift functions. Ryan Card [1], in his thesis, showed that if f : D — D is

a conformal map between C? domains, then the process defined by Y; = X(c71(¢)), for
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c(t) = [§|f'(Xs)[?ds, is a BMBD with diffusion function:

6(/(x)) = afa) [ (3:2)
and drift function:
B ) = (o) + 5 () o (33

for x € D, where Agp f = (OgsRef, Ot Imf) represents the Laplacian of f along the bound-
ary of D and t represents the unit tangent at f(z) € oD.

1 Stationary Distribution

As BMBD on a bounded domain is a compactly supported measure, there exists a stationary
distribution on D. Furthermore, it can be shown that it is unique. In this section, we
investigate the stationary distribution of BMBD and see that the stationary density is the

solution of a specific boundary value problem.

Theorem 11. The (unique) stationary distribution of BM BD(c, 3) on a bounded C? do-
main D with B € CY(D) and o € C*(D) has a density in C%(D) iff there exists a non-

negative function h € C?(D) with ||h||y = 1 which solves the boundary value problem

Ah = 0 on D

Onh + O (a?h) —20¢(Bh) = 0 on OD (3.4)
In this case, the solution is unique and gives the stationary density.
Proof: Let f be any C? function on D. Then by the Ito Formula,
¢ t
FOX) = X0+ [ VIX)dB+ [ a(X)VF(X) (X
0 0

+ /tB(XS)Vf(XS).t(XS)de + % /t(1 + 02(X,) k(X)) V F(X,).n(X,)dLY
0 0

1/t 1/t
- 2/0 Af(XS)ds+2/0 o?(Xs)Aop f(X,)dLE
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Now, choosing f in C2(D), and taking expectation under the stationary distribution, we

see that the boundary terms and martingale terms disappear and we get

/DhAfzo

By Green’s second identity, this yields us that / fAh =0 for all such f and consequently,
D
Ah=0on D.

Now, for any f € C?(D), we compute the expectation under the stationary measure Q.
Q _ g@ t
EXf(X:) = E¥ f(Xo) + 5 Af(z)h(z)ds
D
1 t t
+59[5 [ eI + [ BEIVAC) AL (35)
0 0
t
+ ;/ a2(XS)Aan(XS)dL§]
0

By stationarity, E9f(X;) = EQf(Xo). By Green’s second identity and the fact that h is

harmonic in D,

/ Af(x)h(z)dr = f(z)Onh(x)dx — / h(z)Onf(x)dx
D

oD oD

Recall that the Revuz measure of L¥X is a measure v that satisfies

1
Q X _ x)viax
E / F(X,)dL —/wf( v(dz)

Following the recent work of Burdzy, Chen, Marshall and Ramanan [2], we know that the
Revuz measure of LX is h(x)dx restricted to dD. We give an outline of the proof. Let g
is continuous on dD. Its harmonic extension to D (also denoted by g) is continuous on D.
Now, for any € € (0,1),

1
EQ/ 11— € < |Xs| < 1)g(X,)ds = EQ/ 11— e < |2] < 1)g(2)h(2)d=
0 oD

and therefore,

' 1
EQ/ -1(1 —e < |X5] < 1)g(Xs)ds = EQ/ -1(1 —e < |z] < 1)g(2)h(2)dz
0o € oD €
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Now, by the continuity and boundedness of g and h, the limit on the right hand side exists
1
1
and equals/ g(x)h(z)dz. Now, by the definition of local time, / —1(1 —e < | X5 < 1)g(Xs)ds
oD o €

1
converges to / g9(X S)de . Now, one can refer to the the aforementioned paper for an ar-
0

gument of the fact that the family

{/01 %1(1 — € < |Xs| < 1g(X)ds, € € (0, ;>}

is uniformly integrable. The result then follows by standard arguments. This result yields

us the following:

1t 1 Lo
EQ {2/0 (1+a2(Xs)n(Xs))8nf(Xs)dL§+/0 ﬁ(XS)Vf(XS).t(XS)dL§+2/O 02(X) Aop (X)L
= ;/ (1+ o?(z)k(x))Onf (z)h(z)dx + ()84 f (2)h(z)dz
oD oD

1
+§ /E)D o (x)Agp f(x)h(z)dx

Now, we want to compute the quantity Agp f(x). note that we can locally parametrize the
boundary in a small neighbourhood of a boundary point = by a curve v : (—¢,e) — 90D
such that v(0) = z such that t(vy(s)) = +/(s) (parametrized by arclength). Then it is easy
to check that v"(s) = k(v(s))n(vy(s)). Thus,

Aap f((s)) = <(ZW('¥(8))> A (8) = S — V(7(5) A" (5) = Bee f(7(5)) — K(7(5))Ouf (7(s5))

Putting s = 0, we get
Aopf(x) = O f(x) — k(x)0nf(x) (3.6)

With all these in hand, we rewrite 3.5 as follows:

0 = f(x)anh(x)d:z—/

oD oD

h(z)Onf(x)dz + / (1 + &*(x)k(x))Onf (z)h(x)dx

oD

+ 2 ()0 f (x)h(z)dx + /8D o?(x) (Op f(2) — K(x)Onf(2)) hz)da

oD

= [ f(2)0uh(x)dz + 2 /d B h(z)da + /d o (2)ee f (2)h () da

oD D

Now by applying integration by parts on the third term, we get the following:

f(z)Onh(x)dx — 2 ()0 (Bh)(x)dx + (2)04t(a*h) (x)dx = 0
oD oD oD
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for all f in C?(D) which in turn yields the result.
The uniqueness of the solution follows from the uniqueness of the stationary distribution. [

The above theorem yields the following facts:

Corollary 11.1. (i) If 8 = 0, then the stationary distribution is uniform if and only if «
18 a constant.
(13) For any diffusion function «, then the stationary distribution is uniform if and only if

B = c+ adga for some constant c.

Proof: (i) We plug in f =0 and h = W(D) in (3.4), we see that « satisfies 9o = 0.

So, 0ya® = ¢ for some constant c¢. As Oya? is conservative (its integral on closed loops is
zero), so ¢ = 0. Thus « is a constant.

(77) Plugging in h = Arall(D) in (3.4), we get

8tta2 — 28tﬂ =0

This gives the result.

Example: The stationary distribution of BM BD(sin?#,sin?#sin26) on the unit disk

D is uniform.

In what follows, we apply a sequence of conformal maps to map the unit disk I onto
different domains. This is helpful because the stationary distribution remains invariant un-
der conformal maps in the sense that if f : D — D is a conformal map and h and &’ be the
densities corresponding to the stationary distributions of X; and Y,-1(;), then h(z) = h(f(2))
for all z € D. This can be easily seen from the fact that if we take a small ball around z
in D, its image in D is dilated approximately by a factor of |f’(z)[? (the Jacobian). Also
the time change happens by the same factor. So they cancel out each other in the expected

average time spent in the respective (infinitesimal) sets. Before we proceed, we would like
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to point out a special case of the formulas (3.2) and (3.3) which we would use time and

again.

Lemma 38. (i) Assume « is never 0. If f : HH — D is a conformal map that satis-
fies f(x) = 0427(33) for x € OH, and X is a BMBD («,3) on H, then the process Y; =
f(X(c7Y(t)) is a BMBD(1,5) on D, where § satisfies (3.3).

(ii) If f : H — D is the conformal map f(z) = €*, and X is a BMBD(a o f,5 0 f),
then the process Y; = f(X(c™1(t)) is a BMBD(a, 3) on D.
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BMBD on the disk D: An inversion formula

We consider BMBD(a,0) on the disk D, where o : 9D — R* is a C? function. In po-

lar co-ordinates (r, @), the boundary condition in (3.4) takes the following form:

2
gﬁ = 8802(0[211) on 0D

We know that if we can solve (3.4) for a non-negative function h € C?(D) with ||h|; = 1,
we have a stationary density. Now we ask about the inverse problem, that is, given such a
function h, can we solve for a. It turns out that for any such positive function h, we can
solve for function «, but not uniquely. What we need in addition for the uniqueness is a
real number og which has the following interpretation:

L[ 2 0yn(0)d6

oy = —
27 0

(Here and in what follows, by abuse of notation, we denote the boundary values h(1,6) by

h(6)). We make this precise in the following theorem:

Theorem 12. For every positive function h € C*(D) with ||h||1 = 1 satisfying (3.4) and

any real number

1

1

o> sup / L (h(s,0) — h(0))ds
0<o<2rJo S

there exists a unique choice of a« € C*(OD) for which BMBD(«,0) has a stationary distri-

bution whose density is given by h, and it is given by

1 3
a(0) = <ao— 0 ;(h(s,e)—h(()))ds> 37

For this a and h,

1 2m 5
o9 = — a”(0)h(0)do (3.8)
2 0

Note: The constraint in the range of values of o( is only to assure that the quantity

under the square root in (3.7) is positive. Also note that the fact ||h||; = 1 forces h(0) = L.
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Proof. Let h be a harmonic conjugate of h. As h € C?(D), the Cauchy-Riemann equations
remain valid at the boundary. Using them, we get
oh 8, ,
— h oD
o~ g™ °n

Thus,there is a choice of h (uniquely given by A(0) = 0) such that

)
h = 89( o?h) on oD (3.9)
holds. Let
1 1+ e 1 1-—r?
P(r,0) = 5, Re <1—ei9> T 211 —2rcosf + 12

represent the Poisson kernel on the disk D and let
1 14 e?
Q) = 5 (175

Taking harmonic extensions of both sides of (3.9) onto the disk D, we get
2w

h(r,0) = P(r,0 —n) 0

0 ’ % (Oth) (77) dT]

Thus

Wr.6) = Qr.0—n) i( h) ()

(r,0 — n)(e*h)(n)dn

CA
0+ 50
= 10 [ 6wy
h(O)—/O
0

< P(r,0 — 1)(0?h) (r)dn

2m
= o) =rg [P0 =)y

0P

where ® is the harmonic extension of a?h onto the disk I. Thus, we get

% _ Linir6) - (o))

ar T
Integrating both sides, we get

®(r,0) — (0) = — /0 L (h(s,0) = h(0))ds

S
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As oh is continuous on D, we can take a limit as » — 1 to get

1
a2(0)h(8) = B(0) — / L (h(s,0) — h(0))ds
0

S
which proves the result upon noting that, by harmonicity of ®,

1
Cor

B(0) /0 7 2(0)h(6)d6 = o

Another proof: Let us consider the Fourier series
oo
h(0) = Zanemg
n=0

and
a?(O)h(0) = bue™
n=0

Then h can be represented as

h(r,8) = Zan'rm'eme
n=0

and (3.4) yields
an + |n|b, =0

for every n # 0, which yields us the result upon noting that og = by = % fo% o?(0)h(6)do

by definition of Fourier coefficients.
4 0
Example: If h(r,0) = %, then we can check that h satisfies all the conditions
T

of the previous theorem. For this h and any oo > 1/(47), the inversion formula yields

~ Jog —cosf
a(6) = V 4+ cosf

Relation to Obliquely Reflected Brownian motion

Consider BM BD(1, 3) on the half plane given by the Skorohod equations:

A

t
Xy = Xo+B+B; + / B(X,)dL, (3.10)
0

A

N ~ 1-
Y, = Yo+Bt(2)+§Lt. (3.11)
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Note that the pair (Y, f/) are independent of 8 and they are determined by the Brownian
motion B by the Skorohod map. Let G : H — D be the conformal map G(z) = ¢’*. Let
Zi = G(X(cM (1)) + iV (¢ (1)) where e(t) = [ |G'(X(s) + iV (s))|%ds = [} e~2¥+ds. Then
we know by Lemma 38 that Z; is BMBD(1, 8) on D with local time given by L(t) = L(c(t)).

This representation yields us the following interesting facts:

(i) When f is a constant, then we get Z; = Zteith, where Z is an ORBM with con-
stant reflection angle § = arctan 8. Note that this clarifies our intuition that the boundary

diffusion smooths things out near the boundary.
A special choice of filtrations

Note that in the Skorohod representation of BM BD in the half plane, the y coordinate
is just a reflected Brownian motion and the x coordinate depends on Y, only through its
local time, so a valid construction of the process is to run the entire process Y and construct
the process X conditioned on the process Y. The filtration which makes this possible is the

following:
Fo=0(B?): F,=0(B®: B 0<s<t;B*0<s5< L) (3.12)

for ¢t > 0. We will be working with this filtration in what follows.
Investigating Polarity of Points

We know that for RBM in the half plane, and a large class of ORBMs, the points are
polar sets. There is a vast literature on ORBM’s, see [3], that deals with the relationship
between the angle of reflection § and polarity of points. [3] devise an integral test towards
this end. We show here that for BM BD, under very general conditions, any given point is
visited with positive probability by the process. This is a stark difference from ORBM.

First we deal with BMBD(1,0). Let S(t) = t + L;. With respect to the filtration F
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described above and G generated by B2, we can write the co-ordinate processes as follows

(here we suppress the hats for notational convenience):

X, = Xo+Wir, (3.13)

1
Y, = Yo+B?+ L (3.14)

where (Wi, Fg-1(;)) is a Brownian motion and is independent of B® as Go, = Fp. So, if we
consider the time change, t — S~1(¢), then X, = Xg-1(1y = Xo + Wy is a Brownian motion
and Y; = Yg-1(4) is a sticky Brownian motion independent of X. Let 7 = inf{t > 1: X; = 0}.
Then 7 is a stopping time with respect to the filtration F and is independent of Y. Now,
for a sticky Brownian motion, it is known that P(Y; = 0) > 0 for every ¢ (look at Theorem

18 for example). Thus
P((X:,Y:) = (0,0) for some t > 0) > P(Y; =0) = / P(Y; = 0)g(t)dt > 0
1

where g is the density corresponding to the distribution of 7. Another way to see this could
be using the fact that g is strictly poistive on (1,00) and flM P(Y; = 0)g(t)dt > 0 for any

M > 1 from the definition of sticky Brownian motion.

Now we turn to BM BD(1, ). Our strategy is to kill the drift by devising a version of the

Girsanov Theorem. We recall that B} is a (time-changed) Brownian motion under the de-

t 1 t
scribed filtration F. Define the random function Z; = exp {—/ B(Xs)dBy, — B / B2 (Xs)dLS}.
0 0
Then under very general conditions, Z is a martingale with respect to the filtration F. Then
we can define an absolutely continuous change of measure on Fr for any 0 < T < oo defined

by
PT(A) = E(lAZT) Ae Fr. (3.15)

Our main tool is the following theorem whose proof is a slight modification of the proof

found in Karatzas and Shreve:

Theorem 13. Fiz 0 < T < oo and assume that Z is a martingale. If M is a continuous

local martingale on 0 <T' < oo under P, then the process

t
M, = M, +/ B(X)d(M,BE)s 0<T < oo
0



100

is a continuous local martingale under the changed measure Pr, and if N is another con-

tinuous local martingale on 0 < T < oo under P and
¢
Ny =N, —l—/ B(Xs)d(N.,Bf )s 0<T < oo
0

then (M,N); = (M,N); 0 < T < oo a.s. P and Pr. (Here the cross variations are

computed under the appropriate measures).

Applying the theorem, we see that under this changed measure Pr, B; = B}, +
fOtB(XS)dLS is a local martingale and (B); = (B*)r, = L;. Also, as (B@,B}f)t =
(BW B); = 0 (the cross variations being computed under P and Pp respectively) for
all ¢, so by Knight’s Theorem, the processes Wt(l) = B,, and Bt(l) are independent Brow-
nian motions under Pr (here o. denotes the inverse local time). By the given SDE for B,

)

we can write B; = Wél . Also note that as G., = JFy, so each of these changed measures
t
leaves the measure of sets in G, unchanged. So, B® remains a Brownian motion under

this changed measure. Thus, under Py,

X, = Xo+ w4+ BY (3.16)

Y, = Yo+B%+ %Lt. (3.17)
Thus carrying on exactly the same argument, under Pr, X; = X 5-1(z) 1s a Brownian motion
and Y; = Ys-1(;) is a sticky Brownian motion independent of X. As the change of measure
holds upto every fixed T', we now work with the stopping time 7 A 2 where 7 is the first
hitting time of 0 after time 1 of the process X. Note that as S~1(t) < t for every t, therefore
Fg-1(2) € Fa. Thus the event of hitting (0,0) of the process (X,Y)in0<t<2isinFp

and we show that its probability under Ps is positive.
2
Po((Xt,Y:) = (0,0) for some 0 <t <2) > Py(Yrpo =0,7A2<2) = / Py(Y; = 0)g(t)dt > 0,
1

where we use Po(Y; = 0) > 0 for t € [1,2] as the change of measure restricted to F is

absolutely continuous. Again, by absolute continuity, we conclude that
P((X;,Y;) = (0,0) for some 0 < t < 2) > 0.

Thus, we have the following theorem:
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Theorem 14. Consider a BM BD(1,3) on the half plane, where (3 is such that the process
Z defined by

t t
Zt:exp{—/o B(X,)dB;, _;/0 52(Xs)dLs}

is a martingale with respect to the filtration F given in (3.12). Then any given boundary

point is visited with positive probability.

Intuitively, the above result can be interpreted as follows. The trace process for the
ORBM is the Cauchy process with drift and this is a 1-stable process. When we add a
boundary diffusion term, we add a Brownian motion (which is a 2-stable process) to the
trace process. Thus on a small time scale, the properties of the Brownian motion part are
more prominent, which is indicated by the positive hitting probability of boundary points.
But on a larger time scale, the properties of the Cauchy process with drift are more preva-
lent, which is indicated by part (i) and (ii) of the following theorem, closely following [2].
Part (iii) yields a physical interpretation to the constant oy appearing in theorem 12. Before

we present the theorem, we briefly describe some quantities needed to state it.

Let Z be a BMBD(«, 3) on the disk. Let & be the collection of all excursions e; with
s < t. We say that e, belongs to the family £ of excursions with large winding number if
|arg Zs — arg Zgy¢(e,)—| > 27 and s < t. Here X, denotes the left-hand limit and ((e;)

denotes the lifetime of the excursion e;. Define

arg* Z; = arg Zy — Z (arg Zgy ¢(ey)— — arg Zs). (3.18)

s:es E(S'tL

Now, we are ready to state the theorem.

Theorem 15. Let Z be a BMBD(«, 3) on the disk D and let h denote its stationary den-

sity on D, assuming h € C*(D), and § parametrize its boundary. Then,

(i) For any z € D, the distribution of

arg Zy
t

— Ho
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converges the Cauchy distribution under P,.

(ii) For any z € D, P, almost surely

* 27
lim 2t _ [ 5(0)n(0)do = po (say). (3.19)

t—00 t 0

(i1i) For each t, denoting a partition of [0,t] by m = {m(0),--- ,7(n)} and its mesh by

||7]|, the following limit exists in probability

n

Qi(arg” Z) = H}jﬁOZ(arg Zo(n(it1)) = A8 Zo(n(i))?
=0

where o represents the inverse local time at the boundary. Furthermore, P, almost surely

lim 7Qt (arg” Z)

t—o00 t

=4+ /27r o (0)h(6)db. (3.20)
0

Proof: The proofs of (i) and (ii) are very similar to that Theorem 3.2 (ii) and (iii) in [2]

with the presence of an extra diffusion term. We briefly outline them.

(i) Let f(z) = e”*. Let Z = X 4+ iY be a BMBD(a o f,f o f) on the half plane H.
Then by Lemma 38 Z; = f(Z(c¢™'(t))) is a BMBD(a, 3) on D with local time given by
L, = [A/c—l(t) for all ¢. From this we see that the processes A; = arg Z,(;) and Ay = X&(t) are

indistinguishable processes. Here ¢ and & denote the respective inverse local times.

Note that Z; = Z; — fg ﬁ(f( L fo dB* is a normally reflected Brown-

ian motion. Thus the process

_ 6(t) . .
X / BUENIL ~ [ (s,

is a Cauchy process C;. Thus

o(t) (1) .
= C+ / B(Zs)dL, + / a(Z.)dB;, (3.21)
0 0
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Define random times 7; = sup{u < t : Z, € 0D} (with convention T; = 0 if Z, ¢ 0D

for every u <t) and S = inf{u > 0: Z, € OD}. Then we can write

1 1 I 1 1 I ~u
Zarth—,uo = tCLt+<t/ B(ZS)dLS,uo)th(arthargZTt)+targZ5+t/ a(Zs)dBy
0 0
1 1 1 [ 1 1
= ;Ct_’_Z(Ct_CLt)"_ n B(Zs)dLs — o +;(arth—argZTt)+¥argZ5
0
1 -
+ / a(Zs)dBy .
tJo

Now, the distribution of (|Z], L) is independent of (a, 3). This is because in the half plane
representation, the distribution of ¥ is independent of («, ) and |Z;| = e~Yt. Thus, using

the limit-quotient theorem for additive functionals, we get that for every z, P, almost surely,

t—o00

.1t Ly

lim t/o B(Zs)dLs = po andtlggoT =1 (3.22)
Fix any small € > 0 and any z € D and let

p(t) = P.(|arg Z; — arg Z1,| > €t).

Let T} = inf{t > u : Z; € 0D}. Then by the Markov property applied at time t and

symmetry of Brownian motion
P.(|arg Zr,, — arg Zr,| > et) > p1(t)/2.

Now, using the fact that for every fixed u, the Cauchy process is a.s. continuous at time u,

and by scaling, we get a § > 0 such that

P sup |Cy — Cy| > €et/2 ] <e.
(1-8)t<u,v<(146)¢

Also, by (3.22), for sufficiently large ¢,
P (L€ (1=t (1+)t) >1—e.

As the last two integrals in (3.21) are continuous in ¢, the jumps of A and C' occur simul-

taneously. Using this fact and the above, one can show that p(t) < 4e. Thus we have

1
P, <t|arth —arg Zg,| > e) < 4de
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and similarly
1
P, (t’CLt —Cy| > e> < 2¢

for sufficiently large ¢.

Trivially we have a.s.
o1
lim —arg Zg = 0.
t—oo t
Next, to handle the diffusion term, note that we can get a Brownian motion W such that

t
/0 (Zs)ABL, =Wt o2(z,)a1.

As by the limit-quotient theorem again

t 21
1/0 a2(ZS)dLs:/O a2 (0)h(6)db.

W,
Thus assuming « is bounded, we get by an argument similar to showing tlim Tt =0 a.s.,
—00
we get, P, a.s.
1 t
lim — [ a(Z)dB}, =0.

Cy R . : .
As n follows Cauchy distribution and the remaining terms go to zero in probability, we

get (i).

(ii) If we remove the jumps of size greater than 27 from the Cauchy process C, we get
a process C* which is a zero mean martingale and a Levy process. Hence, by the law of

large numbers, almost surely
lim =% =0 (3.23)
Thus

1 1 [o@® 1 1 [o@®
Z arg* ZO'(t) = *Ct* + — B(Zs)dLs + E arg ZS —+ t/o Oé(Zs)des
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As from (3.22), P, almost surely,

t—oo
so, the second term above approaches g and the fourth term approaches 0 almost surely
and by (3.23), the first term approaches 0 and trivially, the third term approaches 0. So,

P, almost surely,
N S
tlg})lo 7 arg” Zy(1) = [o-
Now using excursion theory and the exit system formulas, the same computation of [2] show

that almost surely, there exists a t; such that for all £ > ¢; there is no excursion e; such

that ((et) > /L. This, and (3.22) imply that almost surely
and thus

Finally, to prove the result, again by the computation in the paper mentioned, if F;, de-
notes the family of excursions with the property that |arge(0) — arge(¢(—)| < 27 and
SUPieo,c(e)) | arge(0) — arge(t)| > a, then for every o > 0, with probability 1, there is a
Sq < o0 such that there are no excursions e; € Fyr, with Ly > s,. Now, fix an arbi-
trarily small o > 0 and ¢; large enough so that %arg* Zr, < o+ « and % < 2 for all
t>t. If %arg* Zy > po + ba for some u > ty then |arg* Z,, — arg™ Zr,| > 4dau > 2aL,.
This means that there is an excursion starting at 7; belongs to Faar, = Foary, - Since
there are no such excursions beyond t > (1/2)s2,, it follows that lim, % arg* Z,, < po

a.s. (varying « over all rationals > 0). A similar argument yields lim,, % arg® Z,, > pg a.s.

(iii) To prove (iii), note that

o(t) o(t)
arg* Zyu) = Cf +/0 o(Z,)dBr, +/0 B(Zs)dLs.

So, the given limit exists and

a(-)
Qi(arg* Z) = (C* +/0 a(Zs)dB] )¢
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Now, we note that C* is a pure jump Levy process which, by an application of the Ito

formula for Levy processes, satisfies the following:

t t
cy? :2/ c*_dc;+/ /sz*(ds,da:)
0 0 JR

where N* is a Poisson random measure with intensity given by
dt ® ! 1(|z] < 2m)d
—1(|z m)dz.
T2 -

Thus,
t
(€Y, = / / P2N*(ds, da).
0 JR

Also, by standard stochastic calculus,
o(-) o(t)
( / o(Z,)dB ) = / o2(Z,)dL,.
0 0

o(-)
As the Cauchy process is a pure jump process and / a(Zs)dBj , is a continuous martin-
0
gale, we get
o()
<C,*,/ a(Zs)dBr,) =0
0
Thus, we get

t o(t)
Qi(arg™ Z) :/ /sz*(dS,dl') —|—/ o?(Zs)dLs.
0 JR 0

By the strong law applied to the first term and the limit-quotient theorem applied to the

o(t)

second, along with the fact that — — 1 almost surely, we get the result. O

rg" Zy

Note: If § is constant, then the asymptotic rotation rate lim is same as that

t—o00

of ORBM with drift 8, and thus is unchanged by the addition of the boundary diffusion

term.
2 A quantity conserved under conformal maps

We know that BMBD is not conformally invariant in the sense that the drift and diffusion
functions change, though the process still remains a BMBD. If f : D — D is a conformal

map between C? domains and the ‘tilde’s represent the corresponding quantities of the
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mapped (appropriately time-changed) process in the new domain, then the new drift and
diffusion functions are given by (3.3) and (3.2) respectively. So, a natural question to ask
can be: Is there a quantity ) that is conserved under conformal maps in the sense that

Q(f(x)) = Q(z)? In the next theorem, we answer this question in the affirmative.

Theorem 16. Let f : D — D is a conformal map between C? domains, which maps
a BMBD(a, ) process X onto a BMBD(&, ) process Y defined on D given by Y; =
F(X(c™(t)) where c(t fo |f/(Xs)|2ds and &, B are given by (3.2) and (3.3) respectively.
Define

Proof: Taking tangential derivatives with respect to D at x on both sides of the equation

(@0 f)*(z) = a®()|f ()]

we get

2(G o f)(2)0(a o f)(2) = 2a(z)da(@)|f ()] + a?(2) 0| ()]

Dividing both sides by 2|f'(x)|, we get

a(f(2))0ga(f(2)) = a(z)da(w) + a®(2) 5 — Ol (2)]

2If’( )|

where t represents the unit tangent to oD at f(x). Now, it can be checked (for example

see calculations in [1]) that
8t|f’(a:)] = EAan(JZ)

Plugging this in, and using (3.2), we get

a(f(2))0ga(f(2)) = a(z)da(w) + &*(f(2)) 55 —~pt-Bopf (2).

2If’( )P
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Using this and (3.3), we get

which proves the theorem. O

3 A closer look at the trace process

We now focus on BM BD(1,0) on the upper half plane H. We see that the trace process
)

Ay = Cy + B; is the sum of an independent Cauchy process C' given by C; = Bg and a
Brownian motion B*. This is an example of a Levy Process with Levy-Khintchine exponent
given by

92

v(O) =5 + /R(1 — %% izl (|z| < 1)II(dx) (3.24)

where the jump measure II(dz) = 7(z)dx is given by w(z) = % for  # 0. Note that
the trace process can also be written down as By, ¢ where o is the inverse local time of
B® and B is a Brownian motion independent of B(?). The time process of this Brownian
motion, v, = oy + t is a subordinator with drift 1, and there are lots of facts known about
this, most of which we take from [6]. Note that we can write down the exponent in the
Laplace transform of this as

®(0) = —log E(e™") =0+ /( . )(1 — e "V (z)da (3.25)

,00

where 7(x) = %x_?’/Q on (0,00).

It is known that the Cauchy process almost surely does not hit a given boundary point.
But by what we saw for our process, it hits any boundary point almost surely. We try to
have a closer look at this phenomenon. The main essence of this result is carried by the
properties of the time variable ~;. Before we can proceed, we define the Potential measure

of a process X by
U(dx) = / P(X; € dx)dt. (3.26)
0

This measure is pivotal in questions of transience and recurrence because it gives an estimate

of how long a process spends in different regions of space. Define 7,7 = inf{t > 0: X; > z}
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to be the first passage time above level x. We now define the phenomenon of creeping. A
process X is said to creep above a level z if P(X = x) > 0. The following theorem is

taken from [6].

Theorem 17. (i) Let X be a (killed) subordinator with I1(0,00) = co. Then for all x > 0

we have
P(XT;- =T, T — XT;-_ >0)=0, (3.27)

that s, with probability one, the process cannot jump to the level x on its first passage.

(7i) If X as above has drift 0, then for all x > 0,
P(X_+=x)=0. (3.28)

(131) If X as above has drift d > 0, then U has a strictly positive and continuous density u

on (0,00) and

P(X_+ =) = du(zx). (3.29)

x

Let p, = P(X_+ =x). Then if p, > 0 for some x > 0,

Tx

li —1 3.30
i pe (3.30)

and the mapping x v« p,, is strictly positive and continuous on [0,00).

In our case, it is easy to check that

t ¢

P(% € dCL‘) = Weiﬂzfﬂ dl‘, x > t. (331)
X —

z T —y _ (@—y)?
So, u(z) = / ————e 2z dy which satisfies the condition (ii¢) of the above theorem.
@=| Z—n y (i)
So

T x—y _ (z—y)?

o VRt T

It can also be checked that the above quantity goes to one as z | 0. The above theorem

P(y,+ =2) (3.32)

then yields us the following useful corollary.
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Corollary 17.1. Consider the process B(y¢) where B is a standard Brownian motion start-
ing from 0 and B and v are independent. Then with probability one, the process wvisits 0

infinitely often in any arbitrarily small time interval.

Proof: We swill show that conditionally on the Brownian motion B, the probability that
the process vy visits the zero set of B infinitely often in any small interval [0, €) is one. (Note

that we heavily make use of the fact that B and «y are independent).

We know that with probability one the Brownian motion path has infinitely many zeros
in any arbitrarily small time interval starting at 0. Now, by part (ii¢) of the above theorem,
there exist zeros {z;} such that p,, > 1 —27%. Then by Borel-Cantelli lemma, ~ visits all

but finitely many of the z;’s with probability one yielding the lemma. O

As o is an additive functional (i.e., oy = 05 + G4—s o 05 where 6 is the shift operator),

so an analogous property as that of the above corollary holds at any stopping time.

Note that this is another indication of the trace process behaving on a small time scale

similar to Brownian motion.

Recall that after the time chance t — S~!(t), we obtained new co-ordinate processes X and
Y which are independent and the former is a Brownian motion and the latter is a Sticky
Brownian motion. Now we study some properties of Sticky Brownian motion (SBM), taken
from [4]. Formally, it is defined to be a continuous process adapted to the filtration F taking

values in [0, 0c0) which satisfies the following SDE:

~ t ¢
Yi=y+ 0/ I; :Ods + / Iy >0dWS, (3.33)
0 S 0 S

where W is a standard Brownian motion adapted to the same filtration F. It is an important
process as it arises as the limit of storage processes and some random walks. Ikeda and
Watanabe [7] showed that the above SDE admits a weak solution and enjoys a uniqueness
in law property. But although the joint law of (Y, W) is unique, Y is not measurable with

respect to W, and thus the above equation does not have a strong solution. Thus the
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filtration F cannot be the augmented natural filtration of W and the process Y always

contains some extra randomness. The following remarkable theorem is taken from [4]:

Theorem 18. Let Y be a SBM starting from 0 and W be its driving Weiner process, also
starting from 0. Letting L)V = supgs<i(—W5s), the conditional law of X given W satisfies

P(Y; < z|o(W)) = exp(—20(W; + L}V —z)) a.s. (3.34)
for x € [0,W; + LWV]. In particular, Y; € [0,W; + L}V] a.s.

Now, we study the process Z; = B(v(t)) where v(t) = oy + t. This process a particular
case of a wide class of processes called subordinate Brownian motions. It has seen significant
development in recent years, some of which we are going to enlist now. Its characteristic

exponent is ¥(f) = 6 + 02 and its Levy measure has density is given by

22

* 1 w1 1
= dt = 3.35
) /0 Vart 21372 Vra? (3.35)

for x > 0 and n(z) = 7(—=x) for z < 0. This is expected as this is the Levy measure of a

Cauchy process. Let Z; = SUps<¢ Zs be the running supremum process and 7 — Z denote
the process reflected at its running supremum. As the process is of unbounded variation,
there exists a continuous version of the local time at zero of the process Z — Z and we denote
it by L. And the inverse local time by L~!. The inverse local time is a subordinator. The
ascending ladder height process H is defined as Hy = Z (L, 1), and this is also a subordinator

with Laplace exponent x given by

B 1 [ log(A20% + \0)
X(A) = exp <7T/0 1+92d0> : (3.36)
xX(N)

From [5], it follows that the ladder process H has drift 1 as )\lim N = 1. This yields
—00

another proof of the fact that the process creeps, though it does not yield the result of

infinitely many returns to the starting point which we proved earlier. Also, it follows from

the paper that the Levy measure of (0,00) of the ladder height process is infinite.

Define the potential measure (or occupation measure) of the subordinator H as

V(A) = /O T IH, € At (3.37)
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for A € B[0,00), and V(x) = V[0, z] for z > 0. V is invariant, and hence harmonic for Z in
(0,00). From this we get that if 1 is the time spent by Z (starting from a positive point)
before it hits (—oo, 0] and T is the hitting time of [r, 00), then

V(z) = V(r)Pe(T: <n) (3.38)

for 0 <z < r < oo. [5] establishes the following sharp bounds on the Green’s function of

the process Z killed on exiting (0, c0):

z(y~V2 A1), 0<z<l,
GO (z,y) < { log (%72_3’;/2) , 1<z<y< 2, (3.39)

:z:l/2y_1/2, 1< <2z <y.
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