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A graphical design is a quadrature rule for a graph. That is, a graphical design is a subset

of graph vertices for which the global averages of certain Laplacian eigenvectors are equal

to weighted averages of these vectors over the design subset. This definition was inspired by

classical quadrature rules on the sphere. This thesis refines and extends the initial definition

of graphical designs, which was left with ambiguity, to graphs with positive edge weights.

Through Gale duality, we establish a bijection between graphical designs and the face

lattices of the eigenpolytopes of a graph. This connection proves the existence of positively

weighted graphical designs averaging any collection of eigenvectors of a graph, and provides

methods to compute, organize, and optimize graphical designs. These tools are then applied

to three families of graphs: cocktail party graphs, cycles, and cubes.

This thesis also considers complexity and algorithms for related computational questions.

We show the universality of eigenpolytopes for positively weighted graphs; that is, every

polytope up to affine equivalence appears as the eigenpolytope of a positively weighted

graph, and we provide a strongly polynomial time algorithm for this construction. As a

stepping stone, we show that given an appropriate orthogonal basis of Rn and a partition

of these basis vectors, there is a positively weighted graph which has Laplacian eigenspaces

specified by this basis and partition. These algorithms establish the first complexity results

for graphical designs, piggybacking off of complexity results for polytopes.
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Chapter 1

INTRODUCTION

A graphical design is a quadrature rule for a graph G = ([n], E, w), where [n] :=

{1, 2, . . . , n} is the set of vertices of the graph, E ⊆ [n]× [n] is the edge set, and w : E → R>0

defines positive edge weights. Generally, a quadrature rule is a numerical method to approx-

imate the global average of a function on a domain by sampling the function on a smaller,

finite subset. Graphical designs were first defined by Steinerberger in [96] for unweighted

graphs, drawing inspiration from numerical integration on the sphere. Part of my work has

refined and generalized the initial definition of graphical designs to the following.

Definition 1.0.1. Let L ∈ Rn×n be a symmetric operator on G = ([n], E, w), which has m

distinct eigenspaces arbitrarily ordered as Λ1 < . . . < Λm. A k-graphical design of G is a

subset S ⊆ [n] and real weights (as ̸= 0 : s ∈ S) such that for any φ ∈ Λ1, . . . ,Λk,∑
s∈S

asφ(s) =
1

n

n∑
i=1

φ(i) (1.1)

In [96], graphical designs were defined by averaging individual eigenvectors of AD−1−I in

a particular ordering, and it was left open how to resolve the issue of eigenvalue multiplicity.

In the continuous setting, eigenvalue multiplicity does not pose a major challenge. However,

for graphs, there may be large eigenspaces at any place in the spectrum. When this is the

case, it is unclear how to pick an eigenbasis or how to break ties among eigenvectors with the

same eigenvalue. Averaging entire eigenspaces avoids these issues. We have also extended

the scope of graphical designs to other graph operators and to arbitrary eigenspace orderings.

We consider three types of quadrature weights for graphical designs: arbitrary (as ∈ R∗),

positive (as > 0), and combinatorial (as = as′ for all s, s
′ ∈ S). The three types of weights

are illustrated in Fig. 1.1. Negative weights are typically undesirable for numerical reasons,
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as they can lead to unstable or divergent solutions [51]. Combinatorial weights are very

restrictive and may not always exist, hence we often focus on positive weights in this thesis.

We note that there are two types of weights at play in graphical designs – the graph edge

weights (w(ij) : ij ∈ E) and the quadrature weights (as : s ∈ S). We will at times refer to

graphical designs simply as designs for brevity.

(a) (b) (c)

Figure 1.1: Three graphical designs of the icosahedral graph in a fixed eigenspace ordering.

Lighter colors represent weights of smaller magnitude, red indicates positive and blue is neg-

ative. (A) shows an arbitrarily weighted 3-graphical design, (B) shows a positively weighted

3-graphical design, and (C) shows a combinatorial 2-graphical design.

Graphical designs provide a method for graph sampling. Modern data is often modeled by

graphs, such as online communities, power grids, and transit networks. As our data evolves,

so must our data processing tools. The relatively new field of graph signal processing [75, 76]

translates traditional signal processing techniques to graphs. Graph sampling is a major

challenge studied in this field – [97] is evidence that graphical designs sample effectively.

In [96], graphical designs were first defined for unweighted graphs by the low frequency

eigenvectors of L = AD−1 − I, a normalized graph Laplacian, using arbitrary weights. The

spectrum of AD−1−I is contained in [−2, 0]; high frequency eigenvectors have an eigenvalue

near −1, and low frequency eigenvectors have an eigenvalue near −2 or 0. This provides a

particular ordering of the eigenspaces. Exactly averaging low frequency eigenvectors mimics
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the construction of spherical t-designs [28], which are quadrature rules for the sphere that

exactly integrate low degree polynomials. Low degree polynomials are the low frequency

eigenfunctions of the Laplace-Beltrami operator on the sphere.

This thesis consists of two papers, which are each summarized in the rest of this chapter.

I also summarize [5] in 1.1, which served as my master’s thesis at the University of Washing-

ton. This paper investigates combinatorial designs in highly structured regular graphs, and

distinguishes combinatorial graphical designs in the frequency order from related combinato-

rial concepts. Chapter 2 establishes a bijection between positively weighted graphical designs

in regular graphs and the facial structure of certain polytopes arising from the eigenspaces of

a graph, known as eigenpolytopes. Chapter 3 shows that any polytope up to affine equiva-

lence appears as the eigenpolytope of a positively weighted graph. The proof is a constructive

algorithm, and moreover strongly polynomial time. We then extend the bijection from the

previous chapter to positively weighted graphs, and use these two results together to provide

the first complexity results for graphical designs: it is #P-complete to count the number

of support minimal graphical designs, it is NP-hard to find a minimum cardinality graphi-

cal design, and it is strongly NP-complete to determine if there is a graphical design with

support smaller than a bound arising from the eigenpolytope connection.

1.1 Previous Work: Codes, Cubes, and Graphical Designs

My master’s thesis [5] was published in the Journal of Fourier Analysis and Applications in

a special issue on harmonic analysis on graphs. This paper connects combinatorial graph-

ical designs on the cube graph to linear error correcting codes, distinguishes combinatorial

graphical designs in the frequency order from several related combinatorial concepts, and

resolves the issues posed by eigenspaces with multiplicity.

1.1.1 Background

This paper was primarily motivated by two observations:
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1. The computed examples of graphical designs with few vertices tended to be nicely

spaced out and symmetric on highly structured graphs [96, 43].

2. Graphical designs have an obvious similarity to t-designs in association schemes (see

[66, Chapter 21]).

Here, we focus only on graphical designs in the frequency order, which we recall orders the

eigenspaces of AD−1− I from the “outside in” on the interval [−2, 0]. We are also interested

in the concept of extremal designs [43], which are graphical designs that average all but

one eigenspace. To quantify how ‘good’ a graphical design is, we introduce the concept of

efficacy.

Definition 1.1.1. If S ⊂ [V ] is a k-graphical design but not a (k + 1)-graphical design in

the frequency order, its efficacy is

efficacy(S) =
|S|∑k

i=1 dimΛi

We say a graphical design with a lower efficacy is more effective.

1.1.2 Results

We start by resolving the open question of [96] about how to deal with eigenspace mul-

tiplicity. In the continuous setting, there are folklore heuristics which essentially imply an

eigenspace is never ‘too fat’ to be a problem. Thus in spherical designs or analogous sampling

problems on Riemannian manifolds [95], it is sufficient to define quadrature rules in terms

of individual eigenfunctions rather than entire eigenspaces. This is not true in the case of

graphs, where high frequency eigenspaces may have high dimension and lead to ambiguity.

Thus we reinterpret graphical designs in terms of averaging entire eigenspaces, rather than

eigenvector by eigenvector, and justify this choice.

We next consider combinatorial graphical designs in the edge graphs of hypercubes. Let

Qd denote the edge graph of the d-dimensional hypercube, which has vertices {0, 1}d and
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an edge between vertices which differ on exactly one coordinate. The spectral graph theory

of Qd is well studied. For each v ∈ {0, 1}d, there is an eigenvector φv ∈ {±1}{0,1}d whose

coordinates are given by φv(x) = (−1)v
⊤x for x ∈ {0, 1}d. We show that length d linear

error correcting codes provide combinatorial graphical designs on Qd. A length d linear error

correcting code C can be represented as the 0-1 kernel of a check matrix M ∈ {0, 1}k×d;

that is, C = {x ∈ {0, 1}d : Mx = 0}. We show that the eigenvectors which a linear code

M averages are entirely determined by its check matrix M . Using this result, we show that

the Hamming code [86] of length 2r − 1 is a particularly effective extremal design on Q2r−1.

Moreover, we can lift the Hamming code of length 2r − 1 to linear codes of length 2r and

2r + 1 which are also effective extremal designs on Q2r and Q2r+1, respectively. We can also

project the Hamming code down one dimension with only a slight loss of these properties.

The remainder of the paper is devoted to distinguishing graphical designs in the fre-

quency order from related combinatorial concepts. The extremal designs of [43] allow for

any eigenspace ordering. We dig a little deeper into the specific extremal constructions pre-

sented in [43] and show that they are typically incompatible with the frequency ordering on

the eigenspaces. The projected Hamming code from the previous section also shows that

there may be non-extremal graphical designs in the frequency ordering which are highly ef-

fective. We also provide several examples of effective and/or extremal graphical designs that

are not stable sets.

Lastly, we consider the notion of t-designs in association schemes (see [27, 66]). In broad

strokes, a (symmetric) s-class association scheme is a highly structured coloring of the edges

of the complete graph into s + 1 relationship classes. Taking the edges specified by any

subset of the relationship classes provides a graph. The graphs Qd and the Kneser graphs

KG(n, k) are examples of graphs that arise in this manner. Any graph arising from the

same association scheme has eigenspaces spanned by s + 1 common blocks of eigenvectors,

though some of these blocks may collapse together. For this summary, suppose each of these

blocks remains a distinct eigenspace of some graph arising from an association scheme. An

association scheme can further have the property of being q-polynomial, which provides a
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specific ordering on these eigenspaces. A t-design in a q-polynomial association scheme is a

combinatorial t-graphical design in this specific q-polynomial ordering. We show, however,

that this q-polynomial ordering is typically not the same as the frequency ordering. There

is a more general notion of T -designs in association schemes which do not require the extra

condition of being q-polynomial. These are exactly combinatorial |T |-graphical designs for

some choice of order on the eigenspaces. At the time, we were focused on the frequency

order and hence do not explicitly state this connection to T -designs.

1.2 Graphical Designs and Gale Duality

Chapter 2 is [6], which is joint work with Rekha Thomas. This paper was published in Math

Programming. We use the theory of Gale duality to establish a bijection between positively

weighted graphical designs on regular graphs and the faces of the eigenpolytopes associated

to a graph. This bijection provides a proof of the existence of positively weighted graphical

designs for every k, an upper bound on the cardinality of a positively weighted k-design,

and a method to organize, compute, and optimize graphical designs. These tools are then

applied to several families of Cayley graphs, including further work on the cube graphs Qd.

1.2.1 Background

This paper was sparked by the observation that the eigenspaces of AD−1 for a regular graph

G = (V,E) provide vector configurations which are dual as oriented matroids. Further, be-

cause the nontrivial eigenvectors of AD−1 are orthogonal to 1, the all-ones vector, a positively

weighted graphical design is really a linear dependence on one of the vector configurations

arising from the graph. Here, we broaden our scope to positive quadrature weights and

arbitrary orderings of the eigenspaces of AD−1. We now explain some of the background

and notation needed to state the results of this paper.

Let G = (V,E) have m eigenspaces, and let k ∈ {2, . . . ,m− 1}. Let U denote the matrix

whose rows are the eigenvectors of AD−1 arranged by eigenspace. We will split this matrix

into two chunks: Uk, which consists of the rows corresponding to Λ2, . . . ,Λk, and Uk̄, which



7

consists of all the other rows, namely the rows corresponding to Λ1,Λk+1, . . . ,Λm. Consider

the vector configurations given by the columns of these submatrices and call them Uk and

Uk̄ respectively. We illustrate this process in Figure 1.2. Note that the rows of Uk form a

basis for the nullspace of Uk̄ by orthogonality. This means that the vector configurations Uk

and Uk̄ are dual as oriented matroids.

Figure 1.2: A cartoon of the process for arriving at the dual vector configurations Uk and

Uk̄ from the matrix of eigenvectors U .

Because we further have that the first row of Uk̄ is 1, Pk̄ := conv(Uk̄) is a polytope lying

in the x1 = 1 hyperplane and 0 ∈ relint conv(Uk). In this situation, the vector configuration

Uk is called the Gale transform or Gale diagram of the polytope conv(Uk̄) ([35], see also

[45, 109]). A polytope of the form Pk̄ is called an eigenpolytope of the graph G, a notion first

proposed by Godsil [40, 42], and typically used to study the symmetries of a graph through

the symmetries of the eigenpolytopes. Gale duality [35] provides the following correspondence

between faces of Pk̄ and linear dependencies of Uk.

Theorem 1.2.1. For any I ⊆ [n], there is a positive linear dependence on the vectors in Uk

indexed by I if and only if there is a face of Pk̄ containing all the vectors in Uk̄ indexed by

[n] \ I.
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1.2.2 Results

Our main structure theorem relating graphical designs to eigenpolytopes is the following

consequence of Gale duality. Let G = ([n], E) be a graph with eigenspaces ordered as

Λ1 < . . . < Λm. A vertex subset S ⊆ [n] is a positively weighted k-graphical design if and only

if [n]\S indexes all the elements of Uk which lie on a face of the eigenpolytope Pk. This follows

because positively weighted k-graphical designs are exactly the positive linear dependences

on the vectors in Uk. This theorem has some variations, namely minimal positively weighted

k-graphical designs correspond to facets of the associated eigenpolytope, and arbitrarily

weighted k-graphical designs correspond to hyperplanes which may slice through the interior

of the associated eigenpolytope.

Since there is a polytope for every choice of k, which must have at least one face, there

are positively weighted k-graphical designs for every k. Moreover, we can upper bound the

size of a minimum cardinality graphical design, as a polytope must have at least one facet,

and the smallest possible facet by number of vertices is a simplex. Specifically, given an

eigenspace ordering Λ1 < · · · < Λm, for every k = 1, . . . ,m− 1 there is a positively weighted

k-design of size at most
∑k

i=1 dimΛi. The Gale duality bijection also provides a method to

organize graphical designs. Each support minimal design corresponds to a facet, and the

non-minimal designs on non-maximal faces correspond to the common coarsening of the

designs on all the adjacent facets.

We next apply this result to several families of Cayley graphs. We recall that for a group

H and (generating) set S ⊆ H which is closed under taking inverses, the (connected) Cayley

graph Γ(H,S) has vertex set H, and gh is an edge if g = sh for some s ∈ S. The spectrum of

Cayley graphs is well understood through the group characters of H, and this is particularly

nice when H is abelian. We first consider the cocktail party graphs Γ(Z2d, [2d − 2]), which

can also be defined as the edge graph of the d-dimensional cross polytope or the complete

multipartite graph K2,...,2. For any d, this graph has two eigenspaces. We note that the two

eigenpolytopes of Γ(Z2d, [2d − 2]) are the d-simplex and the d-dimensional cross polytope,
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and use this to fully classify all graphical designs of cocktail party graphs.

We next consider the cycle graphs Γ(Zn, {±1}). We show that the extremal eigenpolytope

in the frequency ordering depends on the congruence class of n mod 4 and compute the

minimal graphical designs in each case, using the fact that the extremal eigenpolytopes are

polygons with either 4, n/2, or n vertices. I believe these results would extend readily to

extremal designs in other orderings.

Lastly we consider the cube Qd = Γ(Zd
2, {ei}di=1) again. As previously mentioned, for

each v ∈ {0, 1}d, there is an eigenvector φv ∈ {±1}{0,1}d whose coordinates are given by

φv(x) = (−1)v
⊤x for x ∈ {0, 1}d. The eigenspaces of Qd are naturally indexed by 0, . . . , d,

where Λi = span{φv : 1
⊤v = i}. We note that this ordering is not the frequency order. The

eigenpolytope for Λ2 is the cut polytope CUT□
d [29, 77]. Using results about the triangular

facets of the cut polytope, we describe all minimum extremal designs with Λ2 ordered last,

which we note are combinatorial. We then consider extremal designs in the frequency order,

which essentially orders Λd/2 last. Like with the cycle, the exact situation depends on the

congruence class of d mod 4. When d ≡ 2 mod 4, we show that the associated extremal

eigenpolytope is centrally symmetric, which implies that the minimum extremal designs

consist of half the vertices. In the other cases, we provide bounds on the size of a minimum

design which are significantly better than the previously mentioned upper bound. We do this

by showing that Bonisoli’s maximum equidistant linear codes [16] provide small combinatorial

designs. We dedicate this result to David Shiroma and Chris Lee, undergraduates at the

University of Washington who independently discovered Bonisoli’s construction during a

research project through the Washington eXperimental Mathematics Lab, which I was a

graduate student mentor for.

1.3 Eigenpolytope Universality and Graphical Designs

Chapter 3 is [7], which is joint work with David Shiroma. This paper is under review. We

provide a strongly polynomial time algorithm to create a positively weighted graph which

has an eigenpolytope that is affinely equivalent to any given polytope. We also extend the
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Gale duality bijection between graphical designs and eigenpolytopes to graphs with positive

edge weights. Using these two tools, we establish the first complexity results for computing

graphical designs.

1.3.1 Background

Positively weighted graphs allow for much greater expressive power than regular, unweighted

graphs. However, the Gale duality story of regular graphs does not extend immediately, as

the operator AD−1 is not symmetric when the graph is irregular. Thus we no longer have a

guarantee of orthogonal eigenspaces. We fix this issue by considering graphical designs arising

from the eigenspaces of the combinatorial graph Laplacian D − A, which is symmetric and

positive semidefinite for any positively weighted graph. If the graph is connected, then the

eigenspace for λ = 0 of D−A is spanned by the all-ones vector 1. The background on Gale

duality developed in Section 1.2.1 then applies directly to the eigenspaces of D − A.

1.3.2 Results

We begin by showing that the eigenpolytopes of positively weighted graphs are universal, in

the sense that any polytope up to affine equivalence may appear as the eigenpolytope of a

positively weighted graph. We do this in two steps. We first show the following.

Lemma 1.3.1. Let B = {φ1 = 1, φ2, . . . , φn} be a rational, orthogonal basis of Rn, parti-

tioned as B = π1⊔ . . .⊔πm with at least two parts such that π1 = {1}. There is a connected,

positively weighted graph G = ([n], E, w), w ∈ QE
>0 withm Laplacian eigenspaces Λ1, . . . ,Λm

such that πi spans Λi. The graph G can be constructed in strongly polynomial time.

Our algorithm takes in a basis of Rn satisfying these properties, and perturbs the un-

weighted complete graph in a way that preserves the positive edge weights and separates

the eigenspaces according to the desired partition. The constructed graph is always dense.

The proof reveals a polyhedral structure underlying the eigenvalues which define a positively

weighted graph for a given basis. We then use this algorithm to show the following.
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Lemma 1.3.2. Let P be a d-dimensional polytope given as the convex hull of n rational

vertices. We can create a connected, positively weighted graph G = ([n], E, w), w ∈ QE
<0

which has an eigenpolytope that is affinely equivalent to P in strongly polynomial time.

We start with a polytope P = conv({v1, . . . , vn}). We first center this polytope at the

origin and perform Gram-Schmidt orthogonalization on the rows of the matrix 1
⊤

v1 . . . vn

 ∈ Q(d+1)×n.

We can find a rational, orthogonal basis of the null space of this matrix in strongly polynomial

time using Gaussian elimination. All together, these vectors are then a rational, orthogonal

basis of Rn which satisfies the hypothesis of Lemma 1.3.1 using a partition into three parts,

corresponding to the span of 1, the polytope P , and the ‘leftovers’ from the null space

calculation. Hence we can create a positively weighted graph with three eigenspaces, and

the eigenpolytope of the eigenspace created from P is affinely equivalent to P by construction.

We next extend the main structure theorem of [6] as follows. Let G = ([n], E, w) be a

positively weighted graph with the eigenspaces of D − A ordered as Λ1 < . . . < Λm. We let

U denote the matrix whose rows are the eigenvectors of D−A arranged by eigenspace, and

split U into two submatrices: Uk, which consists of the rows corresponding to Λ2, . . . ,Λk,

and U[m]\k, which consists of all the other rows. We denote the vector configurations arising

from the columns of these matrices by Uk and U[m]\k respectively, and let P[m]\k denote the

polytope which is conv(U[m]\k). A vertex subset S ⊂ [n] is a positively weighted k-graphical

design if and only if [n]\S indexes all the elements of U[m]\k which lie on a face of the

eigenpolytope P[m]\k.

The same consequences as in Chapter 2 hold. We have an immediate proof of the existence

of positively weighted k-designs for every k and an upper bound on the size of a support

minimum positively weighted k-graphical design from the geometry of polytopes. Specifically,

given an eigenspace ordering Λ1 < . . . < Λm of D − A, for every k = 1, . . . ,m− 1 there is a

positively weighted k-design of size at most
∑k

i=1 dimΛi.We can also organize the positively
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weighted k-graphical designs of a positively weighted graph on the facial structure of the

eigenpolytope in the same way as with regular graphs. We note that these results subsume

the case of regular, unweighted graphs; for a d-regular, unweighted graph, the operators

D −A = dI −A and AD−1 = (1/d)A differ only by an invertible affine transformation, and

hence have the same eigenspaces.

Lemma 1.3.2 shows that every polytope up to affine equivalence with n vertices appears as

the eigenpolytope of a positively weighted graph on n vertices. Furthermore, our algorithms

show that we can construct a graph with a given eigenpolytope in strongly polynomial

time, thus we can translate polytope complexity questions into graphical design complexity

questions through Gale duality. We recall that a polytope is simplicial if every facet is a

simplex. It was shown in the 1980’s that it is NP-complete to determine whether a polytope

described by its vertices is simplicial [23, 30, 33], and that it is #P-complete to count the

number of facets of a polytope described by its vertices [30, 62]. An immediate consequence

of the first result is that it is NP-hard to find the facet of a polytope containing the most

vertices of the original polytope, as such an algorithm would detect whether a polytope is

simplicial or not. Translating to graphical designs, we have the following three theorems.

Theorem 1.3.3. The following decision problem is strongly NP-complete.

Instance: A connected, positively weighted graph G = ([n], E, w), w ∈ QE
>0 with m

Laplacian eigenspaces Λ1 = span{1} < . . . < Λm, and k ∈ {2, . . . ,m− 1}.

Question: Is there a positively weighted k-graphical design consisting of fewer than∑k
i=1 dim(Λi) vertices?

Theorem 1.3.4. The following problem is NP-hard.

Input: A connected, positively weighted graph G = ([n], E, w), w ∈ QE
>0 with m Lapla-

cian eigenspaces Λ1 = span{1} < . . . < Λm, and k ∈ {2, . . . ,m− 1}.

Output: A minimum cardinality positively weighted k-graphical design.

Theorem 1.3.5. The following counting problem is #P-complete.
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Input: A connected, positively weighted graph G = ([n], E, w), w ∈ QE
>0 with m

eigenspaces Λ1 = span{1} < . . . < Λm, and an integer k ∈ {2, . . . ,m− 1}.

Output: The number of minimal positively weighted k-graphical designs of G.

Theorem 1.3.3 follows because this upper bound on the size of a design is tight if and

only if every facet of the eigenpolytope is a simplex, which is to say the eigenpolytope is

simplicial. We also provide a linear program that finds graphical designs with a guaranteed

sparseness.
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Chapter 2

GRAPHICAL DESIGNS AND GALE DUALITY

This chapter is the content of [6], written with Rekha Thomas.

2.1 Introduction

Graphical designs extend classical quadrature rules to the domain of graphs. Informally, a

quadrature rule is a set of points on a domain which represent that domain well in terms of

numerical integration. That is, the integral of a suitably smooth function over the domain

equals a weighted sum of the function values at the quadrature points. A graphical design is

a subset of vertices of a graph which approximates the graph in a similar sense; the average

of suitable functions over the whole graph agrees with the weighted sum of the function’s

values on the design.

In this chapter we consider graphical designs in connected regular graphs. A function on

a graph G = (V,E) is a map φ : V → R, which we identify with the vector (φ(v) : v ∈

V ) ∈ RV . The eigenvectors of the normalized adjacency matrix of a graph G = (V,E) form

a basis for all function on G. In this chapter, we often use the frequency order on eigenspaces

which is aligned with a notion of “smoothness” of functions on G. Given any ordering of

the eigenspaces, we define a subset of vertices W ⊆ V , with weights (aw : w ∈ W ), to be a

weighted k-design in G if for all vectors φ in the first k eigenspaces,

∑
w∈W

awφ(w) =
1

|V |
∑
v∈V

φ(v).

By imposing different requirements on the weights aw, we obtain different types of designs

— weighted (aw ∈ R), positively weighted (aw ≥ 0) or combinatorial (aw ∈ {0, 1}). A design

is extremal if it averages all eigenspaces except the last one in the given eigenspace ordering.
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(a) (b)

Figure 2.1: The Szekeres Snark has 50 vertices, 75 edges and 11 eigenspaces. (A) is a

positively weighted 8-design and (B) is a combinatorial 8-design. Lighter reds correspond to

smaller weights.

Figure 2.1 depicts positively weighted and combinatorial designs in the 3-regular Szekeres

Snark graph that average the first 8 eigenspaces of the normalized adjacency matrix of this

graph in frequency order.

In this chapter we show that Gale duality [35], from the theory of polytopes, creates a

bijection between the positively weighted k-designs in a graph and the faces of a generalized

eigenpolytope of the graph. Eigenpolytopes were defined by Godsil [40], and we extend their

definition for our purposes. This connection, and a more general connection to oriented

matroid duality, allows one to organize, compute and optimize graphical designs using the

combinatorics of the corresponding eigenpolytope. In Figure 2.2, we see an illustration of the

design-face correspondence for extremal designs on the octohedral graph with the eigenspace

for λ = −1/2 ordered last.

We use our main result to compute and/or bound the minimal positively weighted ex-

tremal designs in three well-known families of Cayley graphs. For cocktail party graphs,

which are the edge graphs of cross-polytopes, we show that every minimal weighted ex-



16

Figure 2.2: The eigenpolytope for λ = −1/2 of the octahedron is a triangle. The three facets

are in bijection with the three minimal positively weighted designs in the octahedron in the

eigenspace ordering that puts λ = −1/2 last. The vertices of the triangle correspond to

non-minimal designs given by the union of the two adjacent minimal designs.

tremal design (in any ordering) is combinatorial, and we describe them explicitly. For cycles,

we show that every minimal weighted extremal design in the frequency order is positively

weighted, and find their sizes. For the edge graph of a d-hypercube and frequency order,

we give a precise description of extremal designs for when d ≡ 2 mod 4. For the other

congruence classes, we bound the size of a minimal extremal design. The cube results rely

on the theory of linear codes.

Graphical designs were defined relatively recently, by Steinerberger in [96]. He was moti-

vated by spherical designs and more generally, designs in manifolds. The main result of [96]

is that if W is a “good” graphical design, then either |W | is large, or the j-neighborhoods

of W grow exponentially. In [61], Steinerberger and Linderman give bounds on the nu-

merical integration error for any quadrature rule on a graph. Golubev in [43] introduced

extremal designs and connected them to extremal combinatorics. Babecki in [5] refined the
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definition of graphical designs to make sense when the eigenvalues of a graph Laplacian

have multiplicity, connected linear codes in the Boolean cube to graphical designs in the

edge graphs of hypercubes, and distinguished graphical designs from a handful of related

concepts in the adjacent literature. She also hosts a database of examples and code at

https://sites.math.washington.edu/~GraphicalDesigns/.

Modern data is often best modeled through graphs, driving an increasingly important

need for new data processing tools in graphs. The relatively new field of graph signal pro-

cessing (see, for instance, [75, 76, 79, 3, 102, 100, 12, 24, 48, 67, 88]) seeks to extend classical

signal processing techniques to the domain of graphs. Graphical designs offer a framework for

graph sampling, a notoriously difficult problem in applied mathematics. A concrete connec-

tion between graphical designs and graph sampling was established recently in [97, Section

3]. Graphical designs also connect to pure mathematics and theoretical computer science

through combinatorics, spectral graph theory, error correcting codes, probability, Fourier

analysis, and representation theory.

This chapter is organized as follows. Section 2.2 states the formal definitions of de-

signs and illustrates their nuances through examples. Section 2.3 introduces the necessary

background on Gale duality and proves our main structure theorem connecting graphical

designs to the facial structure of eigenpolytopes. We then illustrate the subtleties and power

of this result through several further examples. Section 2.3 concludes with an overview of

the eigenpolytope literature and a rephrasing of the main results of Golubev [43] in terms

of eigenpolytopes. In Section 2.4, we use Gale duality to classify the minimal positively

weighted extremal designs in two families of graphs, the n-cycle and cocktail party graphs.

Section 2.5 considers edge graphs of d-dimensional hypercubes, which we denote by Qd. We

describe the eigenpolytopes of Qd, one of which is the cut polytope. Facets of the cut poly-

tope given by triangle inequalities can be used to find the minimum extremal designs in a

particular eigenspace ordering of Qd. Under frequency order, we prove upper bounds on the

size of a smallest positively weighted extremal design for Qd using Gale duality and linear

codes; these bounds are tight when d ≡ 2 mod 4.

https://sites.math.washington.edu/~GraphicalDesigns/
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2.2 Graphical Designs: Definitions and Examples

Let G = ([n], E) be a connected, simple, undirected graph with vertex set [n] := {1, . . . , n}

and edge set E. We will assume throughout that G is regular with the degree of every

vertex equal to δ. The adjacency matrix A ∈ Rn×n of G is defined by Aij = 1 if ij ∈ E

and Aij = 0 otherwise. Let D ∈ Rn×n be the diagonal matrix with Dii = deg(i) = δ, where

deg(i) is the degree of vertex i ∈ [n]. Then the spectrum of the normalized adjacency matrix

AD−1 = (1/δ)A is contained in the interval [−1, 1], and 1 is an eigenvalue of AD−1. We

denote the eigenspace of 1 by Λ1. In general, the dimension of Λ1 is the number of connected

components of G, and in our set up, Λ1 := span{1}, where 1 denotes the all-ones vector.

Throughout this chapter, we will refer to the spectral information of AD−1 as the spectral

information of G. We will use the eigenvalues and eigenspaces of AD−1 to define graphical

designs in G. We note that in [96], graphical designs were defined using the normalized

Laplacian matrix AD−1 − I. Since AD−1 − I and AD−1 have the same eigenspaces with

eigenvalues shifted by 1, we use the simpler AD−1 in this chapter. An eigenvector of AD−1

will be interpreted as a function φ : V → R, with the v-th coordinate denoted by φ(v). We

begin by defining what it means for a subset of vertices to average an eigenspace Λ of G.

Definition 2.2.1. Let G = ([n], E) be a graph. A subset of vertices W ⊆ [n] averages the

eigenspace Λ of G if there are weights (aw ∈ R : w ∈ W ) such that for every eigenvector φ

in a basis of Λ, ∑
w∈W

awφ(w) =
1

n

∑
v∈[n]

φ(v). (2.1)
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There are three types of weights of interest in this chapter: arbitrary (aw ∈ R), positive

(aw > 0), and uniform (aw = 1/|W |). In classical numerical integration, negative weights are

undesirable as they can lead to divergent solutions and numerical instability, see, for instance

[51]. The main results of this chapter are about positively weighted graphical designs.

If G is regular, then AD−1 is symmetric, so we can find a set of n orthogonal eigenvectors

that form a basis for Rn. It will be convenient to not assume that the eigenvectors have unit

length, allowing us to use 1 as the eigenvector spanning Λ1. The average of 1 over G is

1

n

∑
v∈[n]

1 = 1. (2.2)

If φ is an eigenvector of AD−1 with eigenvalue not equal to 1, then 1⊤φ = 0 by orthogonality.

Hence the average of φ over G is

1

n

∑
v∈[n]

φ(v) =
1

n
1
⊤φ = 0. (2.3)

Therefore, we may interpret the weights in (2.1) as a vector a orthogonal to φ with ai = 0

for all i ̸∈ W and ai = aw for all i = w ∈ W . Suppose G has m eigenspaces, and fix an

ordering with Λ1 = span{1} ordered first. A weighted k-graphical design is a subset of

vertices that averages the first k eigenspaces in this ordering.

Definition 2.2.2 (k-graphical designs). Suppose G = ([n], E) has m eigenspaces ordered as

span{1} = Λ1 < . . . < Λm.

1. A weighted k-graphical design of G is a subset W ⊆ [n] and weights (aw ∈ R : w ∈ W )

such that W averages the eigenspaces Λ1, . . . ,Λk.

2. If in addition, aw > 0 for all w ∈ W , we call W a positively weighted k-graphical design

of G, and

3. if aw = 1/|W |, then we call W a combinatorial k-graphical design of G.
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We often drop the word ‘graphical’ and refer to k-designs. The different types of weights

provide a hierarchy of k-designs: any combinatorial k-design is a positively weighted k-design,

and any positively weighted k-design is a weighted k-design. In general, the three types of

weights provide distinct designs as we will see shortly. For later use, it will be convenient

to characterize the different types of designs as follows. The support of a vector a ∈ Rn is

supp(a) := {i ∈ [n] : ai ̸= 0}. For a subset W ⊂ [n], define 1W by 1W (i) = 1 if i ∈ W and

0 otherwise.

Lemma 2.2.3. Suppose G = ([n], E) has m distinct eigenspaces ordered as

span{1} = Λ1 < ... < Λm.

1. W ⊆ [n] is a weighted k-design of G if and only if there is a non-zero vector a ∈ Rn

such that

W = supp(a), φ⊤a = 0 ∀φ ∈ Λ2, . . . ,Λk, 1
⊤a ̸= 0.

2. W ⊆ [n] is a positively weighted k-design of G if and only if there is a non-zero vector

a ∈ Rn, a ≥ 0 such that

W = supp(a) and φ⊤a = 0 ∀φ ∈ Λ2, . . . ,Λk.

3. W ⊆ [n] is a combinatorial k-design of G if and only if φ⊤
1W = 0 ∀φ ∈ Λ2, . . . ,Λk.

Proof. The proof of this lemma mostly follows from (2.3). The only extra piece is the

condition that 1⊤a ̸= 0 in (1). This is because W = supp(a) averages Λ1 = span{1} if

and only if 1⊤a = 1. If a is a non-zero vector orthogonal to all vectors in Λ2, . . . ,Λk for

which 1
⊤a ̸= 0, then we can scale it to get 1⊤a = 1 while preserving the orthogonality

requirements. This proves (1). The statements in (2) and (3) do not need this condition to

be stated explicitly since if a ̸= 0 and a ≥ 0 or a ∈ {0, 1}n then it follows that 1⊤a ̸= 0.

We note a quick fact about combinatorial designs.
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Lemma 2.2.4. If W ⊂ [n] is a combinatorial k-design, then so is [n] \W.

Proof. Let φ ∈
⋃k

i=2 Λi. If W is a combinatorial k-design, 1W ∈ {0, 1}n and φ⊤
1W = 0.

Since φ ⊥ 1, φ⊤
1[n]\W = φ⊤(1−1W ) = 0. Hence [n]\W is also a combinatorial k-design.

A natural quest at this point is to find the smallest graphical designs that can average

as many eigenspaces as possible, given a fixed eigenspace ordering. We first note that no

proper subset of [n] can average all eigenspaces of G.

Lemma 2.2.5. In a connected, regular graph G = (V,E), no proper subset W ⊂ V can

average all eigenspaces of G in any eigenspace ordering with any type of weights.

Proof. SupposeW ⊂ [n] averages every eigenspace of G. Let U be a matrix whose rows form

a basis for Λ2⊕· · ·⊕Λm. By (2.3), W = supp(a) for some a ∈ kerU , which is 1-dimensional

and spanned by 1. Therefore, a = 1/n and supp(W ) = V .

This brings us to the next two definitions.

Definition 2.2.6 (Maximal and Extremal Designs). Suppose G has m eigenspaces with

a fixed ordering span{1} = Λ1 < ... < Λm, and let kmax be maximal such that G has a

kmax-graphical design.

1. A maximal design in G is a kmax-graphical design.

2. An extremal design in G is an (m− 1)-graphical design.

Note that the maximal and extremal designs of a graph depend on the eigenspace ordering

chosen. We show in Section 2.3 that every graph has a positively weighted extremal design.

However, a graph may have no extremal combinatorial designs.

Example 2.2.7. Let G = ([12], E) be the edge graph of a regular icosahedron. We record

a basis for each eigenspace Λi of G (with eigenvalue λi) in Figure 2.3.
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λ1 = 1 1 1 1 1 1 1 1 1 1 1 1 1

ϕ −ϕ −ϕ ϕ −1 −1 1 1 0 0 0 0

λ2 = −.4472 −1 1 ϕ −ϕ 0 ϕ −ϕ 0 0 −1 1 0

ϕ −ϕ −1 1 0 −ϕ ϕ 0 −1 0 0 1

ψ −ψ −ψ ψ −1 −1 1 1 0 0 0 0

λ3 = .4472 −1 1 ψ −ψ 0 ψ −ψ 0 0 −1 1 0

ψ −ψ −1 1 0 −ψ ψ 0 −1 0 0 1

−1 −1 1 1 0 0 0 0 0 0 0 0

−1 −1 0 0 0 1 1 0 0 0 0 0

λ4 = −.2 −1 −1 0 0 1 0 0 1 0 0 0 0

−1 −1 0 0 0 0 0 0 0 1 1 0

−1 −1 0 0 0 0 0 0 1 0 0 1

Figure 2.3: The rows of this matrix form an eigenbasis of the icosahedral graph. The

horizontal lines divide the eigenspaces for the eigenvalues λ1, λ2, λ3, λ4. Here ϕ = (1+
√
5)/2

and ψ = (1−
√
5)/2.

Suppose we order the eigenspaces of G as Λ1 < Λ4 < Λ3 < Λ2. Then, G has no extremal

combinatorial designs; Figure 2.4 shows the minimum cardinality positively weighted 2-

designs for this ordering, which are also combinatorial. There are 12 minimum cardinality

arbitrarily weighted 3-designs, each consisting of 7 vertices. A minimum cardinality positively

weighted 3-design consists of 9 vertices, see Figures 2.5A,B. These computations were done

in Matlab [68].

However, in the ordering Λ1 < Λ2 < Λ3 ≤ Λ4, a minimum cardinality 3-design is combi-

natorial and consists of only 2 vertices. Every 2-vertex 3-design in this ordering consists of

a pair of antipodal points on the icosahedron (see Figure 2.5C).

Example 2.2.7 brings up the question of eigenspace ordering. Different orderings on
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Figure 2.4: The isomorphism classes of the minimum cardinality positively weighted 2-design

with eigenspace ordering Λ1 < Λ4 < Λ3 < Λ2. These are also combinatorial designs.

(a) (b) (c)

Figure 2.5: Three extremal designs of the icosahedral graph. Figures A and B show the

isomorphism classes of the minimum weighted and positively weighted designs respectively

for Λ1 < Λ4 < Λ3 < Λ2. Figure C shows the isomorphism class of the minimum weighted

design for Λ1 < Λ2 < Λ3 ≤ Λ4, which is combinatorial. Lighter colors correspond to weights

of smaller magnitude, red indicates positive and blue is negative.

the eigenspaces of G produce different graphical designs. A physically motivated ordering

on eigenspaces is the frequency ordering, first introduced in [96]. The distinct eigenvalues

λ1, . . . , λm of G are ordered by decreasing absolute value; i.e.,

1 = |λ1| ≥ |λ2| ≥ . . . ≥ |λn| ≥ 0.

This induces an ordering on the eigenspaces Λ1, . . . ,Λm of G, though there may be ties. In

particular, the spectrum of every bipartite graph is symmetric about 0, which leads to some

ambiguity. We denote Λi < Λj when |λi| > |λj|, and Λi ≤ Λj when we have chosen to break
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a tie by ordering Λi before Λj. In Figure 2.3, the eigenspaces are labeled by frequency.

The frequency ordering comes from an analogy to spherical harmonics. The matrix

AD−1 is a Laplacian-type operator, which for regular graphs is in many senses analogous to

the spherical Laplacian on Sn−1 (see [49, 20, 92], for instance). The frequency ordering on

the eigenspaces of AD−1 captures a similar notion of smoothness and symmetry that low

degree spherical harmonics capture for the sphere. In this sense, graphical designs with the

frequency ordering on eigenspaces extend spherical quadrature rules to the discrete domain

of graphs.

2.3 Oriented Matroids and Eigenpolytopes

In this section we establish our main structure theorem which shows that there is a bijection

between positively weighted k-designs in a graph and the faces of a generalized eigenpolytope

of the graph. This result bestows a great deal of combinatorial structure on k-designs,

allowing polyhedral methods to find, organize, and optimize them. The theorem is derived

viaGale duality from the theory of polytopes which lives under the bigger umbrella of oriented

matroid duality of vector configurations. We begin with some background.

2.3.1 Oriented matroid duality of vector configurations

We introduce vector configurations and their oriented matroid duality tailored to our needs,

along the lines of [109, Chapter 6]. Suppose U = {u1, . . . , un} ⊂ Rn−(d+1) is a collection of

vectors such that the matrix U =
[
u1 u2 · · · un

]
∈ R(n−(d+1))×n has rank n− (d+1). The

dual configuration to U is the collection U∗ = {u∗1, . . . , u∗n} ⊂ Rd+1 such that the rows of the

matrix

U∗ =
[
u∗1 u∗2 · · · u∗n

]
∈ R(d+1)×n

form a basis for the nullspace of U . Equivalently, U(U∗)⊤ = 0 and rank(U∗) = d+1. Assume

further that 1 is the first row of U∗. Then the following hold: (i) the convex hull of U∗,

denoted as conv(U∗), is a polytope of dimension d in Rd+1 lying in the hyperplane x1 = 1,
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and (ii) U satisfies the positive dependence relation
∑
ui = 0. A dependence on a set of

vectors is a linear combination of the vectors that equals 0, and the dependence is positive

if all coefficients in the combination are non-negative.

Definition 2.3.1. 1. A vector c ∈ Rn is a circuit of the configuration U (or the matrix

U) if c ̸= 0, Uc = 0 and supp(c) is inclusion minimal with these properties. A circuit

c of U is positive if c ≥ 0.

2. The cocircuits of U (or the matrix U) are the non-zero vectors v⊤U of minimal support.

A cocircuit v⊤U of U is positive if v⊤U ≥ 0.

The circuits of U are the minimal non-zero dependences of U , or equivalently, the min-

imally sparse non-zero vectors in the nullspace of U . Similarly, the cocircuits of U are the

minimally sparse non-zero vectors in the row space of U . Since the nullspace of U is the row

space of U∗, the circuits of U are precisely the cocircuits of U∗ and vice-versa. In this sense

the configurations U and U∗ are dual.

We refer to [45, 109] for the basics of polyhedral theory. Here are the basic definitions

that we will need. A polytope P in Rℓ is the convex hull of a finite set of points in Rℓ, and

its dimension is the dimension of the affine span of these points. A (proper) face of a full-

dimensional polytope P ⊂ Rℓ is the intersection P ∩ H ̸= ∅, where H ⊂ Rℓ is a hyperplane

that contains P in one of its closed halfspaces. A facet of P is a face of P of dimension

dim(P )− 1, and a vertex of P is a face of dimension 0. The proper faces of P along with P

and the empty set are all the faces of P , and all faces of a polytope are again polytopes. An

ℓ-dimensional polytope has at least ℓ+ 1 vertices.

There is a remarkable bijection between the positive dependences of U and the faces of

the polytope conv(U∗) as stated below, see [45, p. 88].

Theorem 2.3.2 (Gale Duality). For any I ⊆ [n], conv{u∗i : i ∈ [n] \ I} is a face of conv(U∗)

if and only if 0 is in the relative interior of conv{ui : i ∈ I}.
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For I ⊆ [n], 0 is in the relative interior of conv{ui : i ∈ I} if and only if there is a c ≥ 0

such that supp(c) = I and Uc = 0, which is if and only if c is a positive dependence of U

with supp(c) = I. This yields the following corollary.

Corollary 2.3.3. For any I ⊆ [n], conv{u∗i : i ∈ [n] \ I} is a face (facet) of conv(U∗) if and

only if I is the support of a positive dependence (circuit) of U .

It is customary to use the index set J ⊆ [n] to denote both the collection {uj : j ∈ J}

and the polytope conv{uj : i ∈ J}.

Example 2.3.4. A classic illustration of Theorem 2.3.2 is given by the dual configurations

U and U∗ shown in Figure 2.6, derived from

U =

1 1 −1 −1 0 0

0 0 −1 −1 1 1

 and U∗ =


1 1 1 1 1 1

1 −1 0 0 0 0

0 0 1 −1 0 0

0 0 0 0 1 −1


for which n = 6 and d = 3. Here conv(U∗) is an octahedron lying on the plane x1 = 1 in

(1,2)

(3,4)

(5,6) 5

6

3
4 1

2

Figure 2.6: The configuration U and the octahedron conv(U∗).

R4. The configuration U ⊂ R2 has 6 positive circuits. The complements of their supports

index the six facets of the octahedron. For example, {1, 3, 5} is a positive circuit of U and
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its complement {2, 4, 6} is a facet of conv(U∗). The vector (0, 0, 0, 0, 1,−1) is a circuit of

U but since it is not positive, its complement {1, 2, 3, 4} is not a face of the octahedron;

it is a cocircuit of U∗ and corresponds to a hyperplane slicing through the interior of the

octahedron.

2.3.2 Graphical designs and oriented matroid duality

We now connect graphical designs to oriented matroid and Gale duality. Assume that the m

eigenspaces of G have been ordered as Λ1 < · · · < Λm, with Λ1 = Span{1}, di := dim(Λi) and

sk :=
∑k

i=1 di. Let U ∈ Rn×n be a matrix whose rows are a set of n orthogonal eigenvectors

of G. For any collection of eigenvalues λ = {λi1 , . . . λij} of G, let Uλ denote the submatrix

of U whose rows (in order) are the eigenbases of Λi for i ∈ λ.

Suppose we are interested in the k-designs of G in this ordering for some k < m. Let k =

{λ2, . . . , λk} and k = {λ1, λk+1, . . . , λm}. Then Uk and Uk partition U into two submatrices,

each with n columns, and 1 is the first row of Uk. The configuration Uk ⊂ Rsk−1 is dual to

the configuration Uk ⊂ Rn−sk+1 in the sense of Section 2.3.1. Keep in mind that Uk and Uk

are ordered vector configurations and not sets, and hence allow for repeated elements.

Lemma 2.3.5. The following hold.

1. Pk := conv(Uk) is a (n−sk)-dimensional polytope in R(n−sk)+1 lying on the hyperplane

x1 = 1.

2. The circuits of Uk are in bijection with the cocircuits of Uk.

3. The positive circuits of Uk are in bijection with the facets of Pk.

The polytope Pk is a generalized version of an eigenpolytope of a graph, defined by Godsil

in [40].
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Definition 2.3.6. [40] Let λ be an eigenvalue of G, Uλ be a matrix whose rows form a

basis of the eigenspace Λλ, and Uλ be the collection of columns of Uλ. Then the polytope

Pλ := conv(Uλ) is the eigenpolytope of G with respect to λ.

Even though the definition of an eigenpolytope is dependent on the choice of a basis of

the eigenspace, eigenpolytopes are well defined up to combinatorial type, which is all that

matters here. Indeed, the eigenpolytopes defined from two different bases of an eigenspace

differ by an invertible linear transformation which preserves combinatorial structure. There

is a rich literature on eigenpolytopes which we will comment on at the end of this section.

The polytopes of interest to us are of the form Pk (as in Lemma 2.3.5) that correspond to

multiple eigenvalues of G including λ1 = 1. To address them, we generalize Definition 2.3.6

as follows.

Definition 2.3.7. Let λ = {λi1 , . . . , λil} be a set of eigenvalues ofG and Uλ be the submatrix

of U consisting of the eigenvectors associated to λ. Define Uλ to be the vector configuration

of the n columns of Uλ and Pλ := conv(Uλ). The polytope Pλ is an eigenpolytope of G

associated to λ.

We now have all the tools to state our main structure theorem.

Theorem 2.3.8. Let G = ([n], E) be a graph with eigenspaces ordered as Λ1 < . . . < Λm,

let W ⊆ [n] be a subset of the vertices of G, and let k < m. Consider the dual configurations

Uk and Uk as defined before. ThenW is a (minimal) positively weighted k-design of G if and

only if the convex hull of the subset of Uk indexed by [n]\W is a (facet) face of Pk = conv(Uk).

Proof. By Lemma 2.2.3 (2), W is a (minimal) positively weighted k-design of G if and only

if W = supp(a) for a positive (circuit) dependence a of Uk. The statement now follows from

Corollary 2.3.3.

Remark 2.3.9. The positively weighted k-designs of minimum cardinality correspond to

the facets of Pk that contain the maximum number of columns of Uk. If all columns of Uk
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are vertices of Pk, then the positively weighted k-designs of minimum cardinality correspond

to the facets of Pk with the maximum number of vertices.

Though it could be difficult to find the facet of a polytope containing the most vertices,

we will see that this strategy is successful in examples.

Example 2.3.10. The Petersen graph shown in Figure 2.7 has three eigenvalues λ1 =

1(1), λ2 = (−2/3)(4), and λ3 = (1/3)(5), listed in frequency order, with multiplicity recorded as

exponents. The eigenpolytopes of the Petersen graph for individual eigenvalues were studied

in [77] and [82].

1

2

3

4 5

6
7

8

9 10

U2 =



1 1 1 1 1 1 1 1 1 1

0 −1 0 1 1 0 −1 0 0 0

1 −1 −1 0 1 1 −1 0 0 0

0 0 1 0 0 0 −1 1 −1 0

0 −1 −1 0 0 1 0 0 1 0

0 −1 −1 0 1 0 0 0 0 1



Figure 2.7: The Petersen graph.

Suppose we want to know the minimal positively weighted extremal designs of G in

frequency order. By Theorem 2.3.8, we compute 2 = {1, 3} and the matrix U2 whose first

row is a basis for Λ1 and next 5 rows form a basis for Λ3. The eigenpolytope P2 is the

convex hull of U2. This is a 5-dimensional polytope with 10 vertices, 22 facets and face-

vector (10, 45, 90, 75, 22). The 22 facets come in two symmetry classes. There are 10 facets

with 6 vertices and 12 facets that are 4-simplices. Therefore, there are 10 minimal positively

weighted extremal designs with 4 = 10 − 6 elements and 12 minimal positively weighted

extremal designs with 5 = 10 − 5 elements. The two types of designs are shown in Figure

2.8.
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(a) (b)

Figure 2.8: The minimal positively weighted extremal designs on the Petersen graph with

Λ1 < Λ2 < Λ3 (up to isomorphism). Figure A gives the design from a simplicial facet of

P{1,3} and is combinatorial. Figure B gives the design from a 6-vertex facet and needs positive

weights of two different types.

Theorem 2.3.8 provides a natural adjacency structure on the minimal positively weighted

k-designs of G: two such designs are adjacent if the facets of Pk that index them meet

on a ridge (a face of codimension 2). Therefore, the adjacency graph of minimal positively

weighted k-designs is precisely the edge skeleton of the polytope polar to Pk. This observation

is subsumed by the general fact that the faces of Pk (and hence also the faces of the polar

polytope) index the positively weighted k-designs of G. Thus one can assign (non-minimal)

positively weighted k-designs to the edges of the adjacency graph which we can think of

as a common coarsening of the minimal designs on the two vertices of the edge. More

precisely, if there are two adjacent minimal positively weighted k-designs W = supp(a) and

W ′ = supp(a′), then so is W ∪W ′ since Uk(a + a′) = 0 and a + a′ ≥ 0. The non-minimal

design W ∪W ′ lives on the edge joining W and W ′.

Example 2.3.11. We zoom in on the adjacency graph of the minimal positively weighted

extremal designs of the Petersen graph. Figure 2.9 shows the neighborhood of the minimal

design W = {1, 2, 3, 4, 5}. On the edges one sees non-minimal designs as explained above.

Next we show an example in which the eigenpolytope Pλ can be much simpler than what
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Figure 2.9: The minimal extremal positively weighted designs of the Petersen graph adjacent

to {1, 2, 3, 4, 5}, and the non-minimal positively weighted extremal designs connecting them.

the size of Uλ predicts. This happens when Uλ has repeated columns which can dramatically

cut down the number of vertices of Pλ.

Example 2.3.12. Let G = ([12], E) be the truncated tetrahedral graph (see Figure

2.10). The eigenvalues of G in frequency order are

λ1 = 1(1), λ2 = 2/3(3), λ3 = −2/3(3), λ4 = −1/3(3), λ5 = 0(2).

We look again at minimal positively weighted extremal designs in this graph which are all

4-designs. Recall that 4 = {λ2, λ3, λ4} and 4 = {λ1, λ5}. We compute

U4̄ =


1 1 1 1 1 1 1 1 1 1 1 1

1 −1 0 0 −1 1 1 −1 0 −1 1 0

0 −1 1 1 −1 0 0 −1 1 −1 0 1

 .
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Since each column of U4̄ is repeated four times, P4̄ ≃ ∆2 is a triangle, shown in Figure 2.10,

with each vertex labeled by the indices of the four columns of U4̄ that coincide with that

vertex.

Consider the facet (edge) of P4̄ defined by the vertices with labels {3, 4, 9, 12} and

{1, 6, 7, 11}. The complimentary index set is {2, 5, 8, 10}. By Theorem 2.3.8,W = {2, 5, 8, 10}

is a minimal positively weighted 4-design on the truncated tetrahedral graph. Moreover, there

are exactly 3 such designs, one for each facet of P4̄.

2
8

5

10

{1,6,7,11}

{3,4,9,12}

{2,5,8,10}

Figure 2.10: A minimal positively weighted 4-design and the eigenpolytope P4̄ of the trun-

cated tetrahedral graph.

In this example,

U4 =



−1 −1.5 −0.5 1.5 2 1.5 −0.5 −1.5 −1 1 0 0

2 1.5 1.5 −0.5 −1 −1.5 −1.5 −0.5 −1 0 1 0

−1 −0.5 −1.5 −1.5 −1 −0.5 1.5 1.5 2 0 0 1

0 −1 1 −1 0 1 −1 1 0 0 0 0

−1 0 1 −1 1 0 0 0 0 −1 1 0

0 0 0 0 1 −1 1 0 −1 −1 0 1

−1 0 1 0 −1 0 1 0 −1 1 0 0

−1 0 0 1 −1 0 0 1 −1 0 1 0

−1 1 0 0 −1 1 0 0 −1 0 0 1



.
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The circuit associated with the design W = {2, 5, 8, 10} is e2 + e5 + e8 + e10, a 0/1 vector,

i.e., U41W = 0. Therefore, W is also combinatorial.

Gale duality has traditionally been used to understand the facial structure of a polytope

by analyzing the vector configuration dual to the vertices of the polytope. The dual con-

figuration is called the Gale dual of the polytope. This has been especially successful when

the Gale dual configuration lies in a low-dimensional space, and many surprising properties

of polytopes have been discovered through Gale duality (see [109, Chapter 6], [45]). In this

chapter we propose using Gale duality in the reverse direction, namely, use the combinatorics

of eigenpolytopes to understand positively weighted graphical designs. This is especially ef-

fective when the eigenpolytope is easy to understand. We already saw this in action in

Example 2.3.12 where the eigenpolytope was just a triangle. Here is a bigger example to

drive home this strategy of using polytopes to inform designs.

Example 2.3.13. Let G = ([48], E) be the truncated cuboctahedral graph shown in

Figure 2.11. This graph has 17 eigenvalues, listed below in frequency order, with exponents

showing their multiplicities:

1(1),−1(1), 0.9107(3),−0.9107(3), 0.7810(3),−0.7810(3), 2/3(2),−2/3(2), 0.6045(3),

− 0.6045(3), 1/3(4),−1/3(4), 0.2440(3),−0.2440(3), 0.1569(3),−0.1569(3), 0(4)

The matrix U16 is made up of 8 horizontally concatenated copies of

1 1 1 1 1 1

1 0 0 0 −1 0

0 1 0 0 0 −1

0 0 1 0 0 −1

0 0 0 1 −1 0


.

For an index set I ⊆ [6], let C(I) = {j ∈ [48] : j ≡ i mod 6 for some i ∈ I}, that is, all

vertices of G indexing the columns of U16 that correspond to columns indexed by I of the

above matrix. For example, C({1}) = {1, 7, 13, 19, 25, 31, 37, 43}.
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Using Polymake [38], we find that the four-dimensional polytope P16, which has only 6

vertices, has 8 facets indexed by the following collections of vertices:

C({3, 4, 5, 6}), C({2, 4, 5, 6}), C({2, 3, 4, 5}), C({1, 2, 3, 5}),

C({1, 2, 3, 4}), C({1, 3, 5, 6})C({1, 2, 4, 6}), C({1, 2, 5, 6}).

By Theorem 2.3.8, G has eight minimal positively weighted extremal designs which we

can read off from the complements of the vertex labels of a facet. For instance, the facet

C({3, 4, 5, 6}) is a certificate that

C({1, 2}) = {1, 2, 7, 8, 13, 14, 19, 20, 25, 26, 31, 32, 37, 38, 43, 44}

indexes a minimal positively weighted extremal design, which also happens to be a combi-

natorial design. We exhibit this graphical design in Figure 2.11.

Figure 2.11: A minimal extremal combinatorial design on the truncated cuboctohedral graph.

The facets of the polytope P16 are easy to list and analyze, whereas a brute force enu-

meration of the circuits of U16 is computationally taxing. Beginning at t = 8, it exceeds

MATLAB’s [68] preset size restrictions to check whether each t-element subset of [48] is a

circuit. Even if we knew to look only at 16-element subsets, there are roughly 2.255 · 1012 of

them.

Gale duality provides a simple upper bound on the size of positively weighted designs.

This answers an eigenspace version of open question #6 posed in [96].



35

Theorem 2.3.14. Let G be a graph with eigenspaces ordered as Λ1 < Λ2 < · · · < Λm,

dimΛi = di, and sk :=
∑k

i=1 di. Then for every k = 1, . . . ,m − 1 there is a positively

weighted k-design of size at most sk. In particular, there is a positively weighted extremal

design of size at most sm−1 = n− dm.

Proof. The eigenpolytope Pk̄ has dimension
∑m

i=k+1 di = n− sk. Therefore any facet has at

least n− sk distinct vertices and at most n− 1 vertices. By Theorem 2.3.8, the size of any

minimal positively weighted k-design lies between sk and 1.

Remark 2.3.15. The bijection between k-designs of G and the faces of the eigenpolytope

Pk̄ of G provides a cursory upper bound on the maximum number of minimal positively

weighted designs through the upper bound theorem for convex polytopes [70]. Specifically,

if Pk̄ is d-dimensional, then there are at most(
n− ⌊d+1

2
⌋

n− d

)
+

(
n− ⌊d+2

2
⌋

n− d

)
minimal positively weighted k-graphical designs of G.

In practice, there is often a preference for positive weights in quadrature rules. By

Caratheodory’s theorem [21], generically, the smallest (arbitrarily) weighted k-designs have

size sk. Theorem 2.3.14 shows that for each k, there are positively weighted k-designs of size

at most sk, illustrating that positive weights are not too restrictive. The short proof is an

immediate consequence of the Gale connection. There are graphs where the upper bound in

Theorem 2.3.14 is tight for every k.

Example 2.3.16. Consider again the icosahedral graph from Example 2.2.7 with Λ1 < Λ4 <

Λ3 < Λ2. In this ordering, s1 = 1, s2 = 6, s3 = 9. Any single vertex is a 1-design (in any

graph). We saw that a minimum cardinality positively weighted 2-design is combinatorial

and has s2 = 6 vertices, and a minimum cardinality positively weighted 3-design has s3 = 9

vertices.

Theorem 2.3.14 does not provide a general lower bound, as a facet may have n−1 vertices.

There are indeed single vertex k-graphical designs when k > 1.
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Example 2.3.17. Consider the second Loupekines Snark, pictured in Figure 2.12, and label

the distinguished red vertex as 1. The eigenspace Λ2 of this graph is 2-dimensional and is

contained in e⊥1 . Therefore, for W = {1} and φ ∈ Λ2, we have e⊤1 φ = 0 which means that

W = {1} averages Λ2.

Figure 2.12: A combinatorial 2-graphical design on the second Loupekines Snark.

We close this subsection by commenting on weighted designs that are not positively

weighted. Lemma 2.2.3 (1) says thatW is a weighted k-design ofG if and only ifW = supp(a)

for some dependence a of Uk with 1
⊤a ̸= 0. Recall that if Uka = 0, then a lies in the row

space of Uk and hence, a = v⊤a Uk for some va. We can think of a as the vector of values of

the linear functional v⊤a y on the elements of Uk (keeping repetitions) which contain among

them the vertices of Pk. Let Hva be the hyperplane

Hva := {y ∈ Rn−sk+1 : v⊤a y = 0}.

The weighted k-design given by a is W = supp(a), and i ∈ W if and only if the ith element

of Uk does not lie on Hva . If a ≥ 0 then all of Uk lies in one halfspace of Hva and therefore

also, the eigenpolytope Pk. If a is a non-positive dependence, then there are elements of Uk

in both open halfspaces of Hva and the hyperplane Hva intersects the interior of Pk. When

a is a circuit of Uk, the hyperplane Hva is a visualization of the corresponding cocircuit of

Uk. We illustrate on two graphs.
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Example 2.3.18. Consider again the icosahedral graph from Example 2.2.7 with Λ1 < Λ4 <

Λ3 < Λ2. By [42, Theorem 4.3], the eigenpolytope Pλ2 is the icosahedron again. Hyperplanes

defined by circuits corresponding to minimum cardinality weighted and positively weighted

3-designs with respect to Λ1 < Λ4 < Λ3 < Λ2 are shown in Figure 2.13. The first hyperplane

intersects Pλ2 in its interior.

Figure 2.13: Hyperplanes corresponding to circuits.

One has to be careful when dealing with non-positively weighted designs since in that

case, a dependence a gives rise to a graphical design if and only if 1⊤a ̸= 0. Consider the

graph of the regular octahedron in Figure 2.13. By [42, Theorem 4.3] again, the eigenspace

of λ = 0 is an octahedron. From Example 2.3.4, a = (0, 0, 0, 0, 1,−1) is a circuit and the

corresponding hyperplane bisects the octahedron as shown. However 1⊤a = 0, and so this

circuit a fails to average Λ1.

2.3.3 Eigenpolytope Literature

Eigenpolytopes of a graph G with respect to single eigenvalues were defined by Godsil in

[40]. He used the symmetries of eigenpolytopes to understand Aut(G), the automorphism

group of G. Our eigenpolytopes in Definition 2.3.7 are more general in that they involve sets

of eigenvalues, and using them to study graphical designs is new.
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Most of the existing work on eigenpolytopes focuses on the second largest eigenvalue of

the adjacency matrix A, which they term θ1. The eigenpolytope Pθ1 is often closely tied to

the structure and symmetry of G; most notably for distance regular graphs [42, 83]. We also

refer the reader to further work on symmetry and families of graphs in [22, 85, 82]. Padrol

and Pfeifle [77] translate graph operations to operations on eigenpolytopes arising from the

graph Laplacian D − A. They mention in passing that eigenpolytopes might connect to

oriented matroids and Gale duality. For regular graphs, the eigenspaces of A, AD−1, D−A,

and many other common graph matrices are equivalent.

The n columns of the matrix Uλ whose rows form a basis for the eigenspace of λ can be

thought of as an embedding of the n vertices of G. In some situations the edge graph of the

eigenpolytope Pλ = conv(Uλ) is isomorphic to G and provides a spectral drawing of G, see

[107, 108, 41, 84] for more on this connection. McConnell in [69] computes an extensive list of

spectral graph drawings of the graphs of uniform polyhedra. Eigenpolytopes corresponding

to multiple eigenvalues are, in spirit, analogous to spectral drawings using eigenvectors of

multiple eigenvalues.

2.3.4 Connections to Extremal Combinatorics

The extremal designs found by Golubev in [43] provide classes of faces of certain eigenpoly-

topes. We rephrase his results in our language. We first recall the Hoffman bound, which

does not actually appear in the standard reference [50]. The origins and generalizations of

this theorem are explained in [47]. If G is strongly regular, the linear programming bound

of [27] is the Hoffman bound.

Theorem 2.3.19. (Hoffman Bound [47]) Let G be a regular graph on n vertices, let λmin be

the least eigenvalue of AD−1, and let α(G) be the size of a maximum stable set of G. Then,

α(G)

n
≤ −λmin

1− λmin

.

The following theorem is a translation of [43, Theorem 2.2] to eigenpolytopes.
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Theorem 2.3.20. Let G be a regular graph for which the Hoffman bound is sharp. Then,

a maximum stable set and its complement each provide a face of Pλmin
.

Proof. Let G = (V,E) have the eigenspace of λmin ordered last. By [43, Theorem 2.2] and [5,

Theorem 5.6], a maximum stable setW ⊆ V is an extremal combinatorial design, and V \W

is an extremal combinatorial design as well by Lemma 2.2.4. By Gale duality, it follows that

W and V \W index faces of Pλmin
.

A cut in a connected graph G = (V,E) is a partition of the vertex set V into a setW ⊂ V

and its complement. An edge ij ∈ E is a cut edge in the cut induced by W if one endpoint is

in W and the other in V \W . We use E(W,V \W ) to denote the set of cut edges in the cut

induced by W . The second main result of [43] relies on the following variant of the Cheeger

bound.

Theorem 2.3.21. ([2, 101]) Let G be a connected δ-regular graph and θ1 be the second largest

eigenvalue of AD−1. Then

min
∅̸=W⊊V

|V ||E(W,V \W )|
δ|W ||V \W |

≥ 1− θ1.

Theorem 2.3.22. Let G be a graph for which the Cheeger bound is sharp. Then, a set

which realizes the Cheeger bound and its complement each provide a face of Pθ1 .

Proof. Let G = (V,E) have the eigenspace of θ1 ordered last. By [43, Theorem 2.4] and

[5, Theorem 5.11], a set W ⊂ V realizing the Cheeger bound is an extremal combinatorial

design, and hence so is V \W by Lemma 2.2.4. By Gale duality, it follows thatW and V \W

index faces of Pθ1 .

2.4 Cocktail Party Graphs and Cycles

We now use the power of Gale duality via Theorem 2.3.8 to investigate three families of

graphs. Since they are all Cayley graphs, we begin with general results about their spectrum

which is closely tied to the representation theory of finite groups ([90],[87, Chapter 1]).
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Given a group H and a generating set S ⊆ H such that s ∈ S =⇒ s−1 ∈ S, one

can construct the connected, |S|-regular Cayley graph Γ(H,S). The vertices are indexed by

H, and there is an edge between group elements g and h if g = sh for some s ∈ S. The

eigenvectors of Γ(H,S) are given by the group characters of H. When H is a finite abelian

group, this provides a simple method to compute the spectrum of Γ(H,S) since there are |H|

one-dimensional representations of H. The eigenvalue of an eigenvector φ (a group character

of H) can be computed from:

(AD−1φ)(g) =
1

|S|
∑
h∼g

φ(hg) =

(
1

|S|
∑
h∼g

φ(h)

)
φ(g).

The eigenvectors depend only on the group H, but the eigenvalues, and hence groupings of

eigenvectors into eigenspaces, depends on the generating set S as well.

2.4.1 The Cocktail Party Graph

We denote the regular cross-polytope in dimension d by ♢d = conv{± ei : i ∈ [d]}. Its edge

graph is commonly known as the cocktail party graph and is a regular graph with 2d vertices

and degree 2(d−1). This graph can also be defined as the complete multipartite graph K2,...,2,

the Cayley graph Γ(Z2d, [2d − 2]), and the complement of d disjoint copies of the path P2

with two vertices. In frequency order, the spectrum of the cocktail party graph is

1(1),

(
−1

d− 1

)(d−1)

, 0(d);

see [19] for a reference. It is quick to compute the matrix U ; we label columns by the vertices

of ♢d, and the row blocks by eigenvalues:

vertex

e1 −e1 · · · · · · · · · ed −ed

λ1 = 1 1
⊤

λ2 = −(d− 1)−1 e1 e1 · · · ed−1 ed−1 −1 −1

λ3 = 0 e1 −e1 · · · · · · · · · ed −ed
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Theorem 2.4.1. In frequency order, the graph of ♢d has 2d minimal positively weighted

extremal designs, each of which consists of d vertices and corresponds to a facet of ♢d. Each

of these designs is combinatorial.

Proof. By [42, Theorem 4.3], the eigenpolytope for λ = 0 is again the cross-polytope ♢d, and

hence the extremal eigenpolytope P2 is isomorphic to ♢d. The cross-polytope is simplicial,

which is to say that every facet is a d-simplex ∆d−1, which has exactly d vertices. Moreover,

a subset of d vertices is a facet of ♢d if and only if its complement is also a facet. Hence,

by Theorem 2.3.8, the minimal positively weighted extremal designs of the cocktail party

graph consist of 2d − d = d vertices, and correspond to the 2d facets of ♢d. Examining the

eigenspace Λ2, it is quick to see that the weight vector for each such design is a 0-1 vector,

hence these are combinatorial designs.

Theorem 2.4.2. With Λ2 ordered last, the graph of ♢d has d minimal positively weighted

extremal designs, each of which consists of 2 antipodal vertices of ♢d and is combinatorial.

Proof. The eigenpolytope Pλ2 is ∆d−1 with the antipodal vertices of ♢d collapsed into a

single vertex of ∆d−1. The complements of facets of ∆d−1 are exactly the vertices of ∆d−1. By

Theorem 2.3.8, there are dminimal positively weighted extremal designs of ♢d in this ordering

of eigenspaces, each of which is a pair of antipodal vertices. Examining the eigenspace Λ3,

it is clear that the weight vector for each such design is of the form ei + ei+1 ∈ R2d, hence

these are combinatorial designs.

Allowing arbitrary weights, the minimal extremal designs of the cocktail party graph are

combinatorial, and in particular, positively weighted.

Theorem 2.4.3. Every minimal weighted extremal design of the cocktail party graph is

combinatorial.

Proof. In frequency order, it follows from the structure of the eigenbasis of Λ2 that if we

allow arbitrary weights, then any circuit of U2 (up to sign) is of the form a ∈ RV (♢d) with
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aej = 1, a−ej = −1 for some j and 0 in all other coordinates. Therefore 1
⊤a = 0, and

supp(a) is not a graphical design by Lemma 2.2.3 (1). This generalizes the observation in

Example 2.3.18. For the other ordering, the hyperplanes H representing cocircuits of U2 are

precisely the spans of the facets of the eigenpolytope Pλ2 = ∆d which gives combinatorial

designs as in Theorem 2.4.2.

2.4.2 Cycles

We next consider the cycle graph Cn = Γ(Zn, {±1}). Let

φj :=



1

cos(2πj/n)

cos(2π2j/n)
...

cos(2π(n− 1)j/n)


, ψj :=



0

sin(2πj/n)

sin(2π2j/n)
...

sin(2π(n− 1)j/n)


.

For each j ∈ [⌊(n − 1)/2⌋], φj and ψj span a two-dimensional eigenspace Λj of Cn with

eigenvalue λj = cos(2πj/n). If n is even, then φn/2 and ψn/2 collapse into the one-dimensional

eigenspace Λn/2 = span{((−1)t) : t ∈ [n]}. Therefore, all eigenpolytopes of Cn corresponding

to a single eigenvalue (other than λ1 = 1) are either a polygon or a line segment. We

note that the above indexing of the eigenspaces is not compatible with frequency ordering.

In frequency order, the highest frequency eigenspace(s) will correspond to j ≈ n/4, since

cos(2πj/n) ≈ cos(π/2) = 0. We consider minimal extremal designs of Cn in frequency order

and will see that their structure depends on the congruence class of n mod 4.

Theorem 2.4.4. Let n ≡ 0 mod 4. In frequency ordering, Cn has four minimal positively

weighted extremal designs, each consisting of n/2 vertices. They are

{i, i+ 1 ∈ [n] : i ≡ j mod 4} for j ∈ [4].
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Proof. If n ≡ 0 mod 4, then the extremal eigenspace Λn/4 with eigenvalue 0 is spanned by

φn/4 =



1

cos(π/2)

cos(π)
...

cos(π(n− 1)/2)


and ψn/4 =



0

sin(π/2)

sin(π)
...

sin(π(n− 1)/2)


.

Each element of Un/4 is one of the following:1
0

 ,
0
1

 ,
−1

0

 ,
 0

−1

 .
Thus Pn/4 is the diamond ♢2 with n/4 graph vertices indexing each polytope vertex. Each

facet is indexed by the vertices {i, i + 1 ∈ [n] : i ≡ j mod 4}, and each facet is also the

complement of a facet, Thus there are 4 minimal positively weighted extremal designs of the

stated form.

Corollary 2.4.5. Every minimal extremal design of Cn, for n ≡ 0 mod 4, is positively

weighted.

Proof. The extremal eigenpolytope of Cn is ♢2. By Theorem 2.4.3, the only cocircuit hyper-

planes H that yield designs are the those that support facets of ♢2.

Figure 2.14: Minimal positively weighted extremal designs of C8, C9, C10.

For the remaining types of cycles, we need some short gcd calculations.
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Lemma 2.4.6. We have the following calculations.

1. If n ≡ 1 mod 4, then gcd(n, (n− 1)/4) = 1, gcd(2n, (n− 1)/2) = 2, and gcd(2n, (n+

1)/2) = 1.

2. If n ≡ 3 mod 4, then gcd(n, (n+ 1)/4) = 1, gcd(2n, (n+ 1)/2) = 2, and gcd(2n, (n−

1)/2) = 1.

Proof. 1. Let n = 4k + 1. Then, k = (n− 1)/4, so

gcd(n, (n− 1)/4) = gcd(k, 4k + 1) = gcd(k, 1) = 1.

Since (n+ 1)/2 = 2k + 1 is odd,

gcd(2n, (n+ 1)/2) = gcd(8k + 2, 2k + 1) = gcd(2k + 1, 2k − 1) = gcd(2, 2k − 1) = 1.

Similarly, (n− 1)/2 = 2k is even, so

gcd(2n, (n− 1)/2) = gcd(8k + 2, 2k) = gcd(2, 2k) = 2.

2. This follows similarly by writing n = 4k − 1.

Theorem 2.4.7. If n is odd, then every minimal positively weighted extremal design of Cn

consists of n− 2 vertices.

Proof. If n ≡ 1 mod 4, the extremal eigenspace Λ(n−1)/4 with eigenvalue cos(π(n − 1)/4n)

is spanned by

φ(n−1)/4(v) = cos(2πv(n− 1)/4n) and ψ(n−1)/4(v) = sin(2πv(n− 1)/4n).

By Lemma 2.4.6, gcd(n, (n− 1)/4) = 1. Thus the values cos(2πv(n− 1)/4n) are distinct and

∥(cos(2πv(n− 1)/4n), sin(2πv(n− 1)/4n))∥2 = 1 as v ranges over [n]. Therefore, P(n−1)/4

is an n-gon, and every facet contains exactly two vertices. The statement about graphical

designs then follows from Theorem 2.3.8. The case of n ≡ 3 mod 4 with extremal eigenspace

Λ(n+1)/4 follows similarly.
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Theorem 2.4.8. If n ≡ 2 mod 4, then every minimal extremal design of Cn consists of

n−4 or n−2 vertices depending on which of the eigenspaces indexed by (n±2)/4 is ordered

last.

Proof. Let n ≡ 2 mod 4. There is a tie for the final eigenspace of Cn in the frequency

order, so we consider both (n ± 2)/4. We claim that the extremal eigenpolytope Pm for

m = (n ± 2)/4 is the n-gon if m is odd, and is the (n/2)-gon doubled up if m is even. Let

n = 2j, where j is odd. Then m = (j ± 1)/2, and Λm is spanned by

φm(v) = cos(2πvm/n) = cos

(
2πv

j ± 1

2
/2j

)
and

ψm(v) = sin(2πvm/n) = sin

(
2πv

j ± 1

2
/2j

)
.

Suppose m is odd. Then by Lemma 2.4.6, gcd(m,n) = 1, and so the columns of Um are

distinct as v ranges over [n]. If m is even, then gcd(m,n) = 2 by Lemma 2.4.6. So, every

column of Um occurs with multiplicity 2, and regardless of the parity of m, every column lies

on the unit circle. This proves the claim about Pm.

The doubled (n/2)-gon has n/2 facets each containing 4 vertices, and the n-gon has

n facets each containing 2 vertices. By Theorem 2.3.8, every minimal positively weighted

extremal design of Cn then consist of n − 4 or n − 2 vertices depending on which of the

eigenspaces indexed by (n± 2)/4 is ordered last.

Theorem 2.4.9. The minimum cardinality of an arbitrarily weighted extremal design in Cn

is achieved by positively weighted extremal designs.

Proof. As noted in several proofs, the vertices of an extremal eigenpolytope Pm lie on the

unit circle, and so at most two distinct vertices can lie on a line. This is the same number

of distinct vertices on each facet of Pm.

2.5 Graphs of Hypercubes

As our final example, we consider extremal designs in the edge graphs of cubes. Let Qd =

Γ({0, 1}d, {e1, . . . ed}) denote the edge graph of the d-dimensional hypercube [0, 1]d, which is
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d-regular. The Hamming weight of a vector x ∈ {0, 1}d is |x| := 1
⊤x, the number of 1’s in

the coordinates of x. For i = 0, . . . , d, let

Jd,i = {x ∈ {0, 1}d : |x| = i}

be the collection of
(
d
i

)
vertices of Qd with Hamming weight i. We refer to Jd,i as the i-th

slice of the (Boolean) d-cube. It is convenient to index the spectrum of Qd by the slices of

the cube, which differs from frequency ordering.

• The eigenvalues of Qd are λi = 1− 2i/d for i = 0, . . . , d.

• The eigenvalue λi has multiplicity
(
d
i

)
= |Jd,i|.

• An eigenbasis of the eigenspace of λi = 1− 2i/d is given by the vectors{
φx(y) = ((−1)x

⊤y : y ∈ {0, 1}d)⊤ : x ∈ Jd,i

}
.

The last eigenvalue/eigenspace in frequency order corresponds to the middle level of the

cube, i ≈ d/2. Let Pi denote the eigenpolytope of λi.

2.5.1 Eigenpolytopes of the hypercube

For a fixed i ∈ {0, 1, . . . , d}, the matrix Ui has rows indexed by the
(
d
i

)
vectors x ∈ Jd,i,

columns by each y ∈ {0, 1}d, with (x, y)-entry equal to (−1)x
⊤y. Let the column indexed by

y be denoted as c(y). The eigenpolytope Pi is a full-dimensional polytope in R(
d
i), and every

element of Ui is a vertex of Pi since they are all ±1 vectors.

The matrices U0 and Ud have one row each. Since U0 = [1], P0 = (∆0)
2d is a 0-simplex,

i.e., a point, labeled by all elements of {0, 1}d. The exponent denotes the multiplicity of

labels on a vertex of the polytope. The unique row of Ud has entries c(y) = (−1)1
⊤y which

records the parity of |y|. Therefore Pd = (∆1)
2d−1

is a line segment with half the elements of

{0, 1}d labeling each endpoint. Leaving out these eigenpolytopes, we can describe the others.
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Lemma 2.5.1. Fix i ∈ {1, . . . , d− 1}.

1. If i is odd, then the columns of Ui come in pairs of oppositely signed vectors; c(y) =

−c(1− y) for all y ∈ {0, 1}d. The eigenpolytope Pi is a centrally symmetric polytope

of dimension
(
d
i

)
with 2d vertices.

2. If i is even, then the columns of Ui come in pairs of equal vectors; c(y) = c(1− y) for

all y ∈ {0, 1}d. The eigenpolytope Pi has dimension
(
d
i

)
and 2d−1 vertices. Each vertex

has two labels given by the two columns of Ui that give that vertex.

Proof. All of the columns of Ui are vertices of Pi since they are all ±1 vectors. However, it

could be that two or more columns correspond to the same vertex of Pi. Consider the pair

of vectors y ∈ {0, 1}d and 1−y ∈ {0, 1}d. For x ∈ Jd,i, if x
⊤y = α, then x⊤(1−y) = |x|−α.

Therefore, if i = |x| is odd then α and |x| − α have opposite parity and if i = |x| is even

then α and |x| − α have the same parity. So if i is even, c(y) = c(1 − y) and y and 1 − y

index the same vertex of Pi. If i is odd, c(y) = −c(1− y), and Pi is centrally symmetric.

To finish the proof, we need to argue that there are no further identifications of columns

in Ui. Consider the matrix

A =
[
x1 · · · x(di)

]⊤
whose rows are made up of the vectors xj ∈ Jd,i, and partition {0, 1}d as Y⊔Y ′ so that y ∈ Y ,

1 − y ∈ Y ′ and for any y ∈ Y , |y| ≤ d/2. By the above, c(Y) = ±c(Y ′) depending on the

parity of i. So, it suffices to show that the map φ : Y → {0, 1}(
d
i) given by φ(y) = Ay mod 2

is injective. That is, we want to show there are no linear dependences of A coming from

Y . Suppose Ay = 0 and |y| ≤ d/2. Let I = supp(y). If |I| ≥ 1, we can find xj so that

| supp(xj) ∩ I| is odd, since every vector with weight i appears as a row of A. Therefore

x⊤j y = 1, a contradiction, and φ is injective.
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Example 2.5.2. Consider Q3 the edge graph of the 3-cube. The matrix

U =



1 1 1 1 1 1 1 1

1 −1 1 1 −1 −1 1 −1

1 1 −1 1 −1 1 −1 −1

1 1 1 −1 1 −1 −1 −1

1 −1 −1 1 1 −1 −1 1

1 −1 1 −1 −1 1 −1 1

1 1 −1 −1 −1 −1 1 1

1 −1 −1 −1 1 1 1 −1


with successive blocks indexed by the eigenvalues ordered by Hamming weight:

(λ0 = 1)1,

(
λ1 =

1

3

)3

,

(
λ2 = −1

3

)3

, (λ3 = −1)1.

Here are the non-trivial eigenpolytopes of Q3:

• i = 1: P1 is a centrally symmetric 3-polytope with 8 vertices. It is in fact, a regu-

lar 3-cube by [42, Theorem 4.3], which has 6 facets with 4 vertices each. Therefore

the smallest positively weighted designs that average all eigenspaces, except the one

indexed by λ1, have size 4.

• i = 2: P2 = conv{(1, 1, 1), (−1,−1, 1), (−1, 1,−1), (1,−1,−1)} = (∆3)
2 is a tetrahe-

dron. Each vertex has two labels. Counting this multiplicity of labels, the maximum

number of vertices on a facet of P2 is 6 which implies that the smallest positively

weighted designs that average all eigenspaces, except the one indexed by λ2, have size

2.

2.5.2 The Cut Polytope

Consider the cut in a graph G = ([d], E) induced by a subset S of vertices (c.f. Sub-

section 2.3.4.) The incidence vector of the cut is χS ∈ {0, 1}E such that (χS)ij = 1 if
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ij ∈ E(S, [d] \ S), and 0 otherwise. Let Kd be the complete graph on d vertices. The cut

polytope of Kd, denoted CUT□
d , is the convex hull of all incidence vectors of cuts in Kd. The

following is possibly well-known and appears in [77] without proof.

Lemma 2.5.3. For the graph Qd, the eigenpolytope P2 is isomorphic to CUT□
d , the cut

polytope of the complete graph Kd on d vertices.

Proof. The (x, y)-entry of U2 is c(y)x = (−1)x
⊤y = (−1)| supp(x) ∩ supp(y)|, for x ∈ Jd,2, and

y ∈ {0, 1}d. The vectors x are precisely the incidence vectors of all edges in Kd, and the

vectors y ∈ {0, 1}d are the incidence vectors of all possible subsets of [d]. Every subset of [d]

induces a cut in Kd. We now show that c(y)ij = −1 if ij is in the cut induced by supp(y),

and c(y)x = 1 otherwise.

Let y ∈ {0, 1}d. If x is an edge of Kd in the cut induced by supp(y), then | supp(x) ∩

supp(y)| = 1, and so (−1)x
⊤y = −1. If x is not a cut edge, then either | supp(x)∩supp(y)| = 2

if x indexes an edge contained in supp(y), or | supp(x) ∩ supp(y)| = 0 if x indexes an edge

contained in the complement. Either way, (−1)x
⊤y = 1. Thus U2 consists of ±1 vectors

indexing cuts in Kd.

We have defined CUT□
d as the convex hull of 0/1 vectors indexing the cuts of Kd. Note

that P2 is the image of CUT□
d under the map x 7→ −2x+ 1.

Since χS = χ[d]\S, the columns of U2 come in pairs of identical vectors and P2 ≃ CUT□
d

has 2d−1 vertices, each corresponding to 2 vectors in U2. Although the facet structure of

CUT□
d is notoriously difficult to understand, its facets with the maximum number of vertices

are well understood.

Proposition 2.5.4 (Prop 26.3.12 of [29]). For any facet F of CUT□
d ,

|{χS ∈ F}| ≤ 3 · 2d−3,

with equality if and only if F is defined by a triangle inequality.
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The triangle inequalities are among the simplest facet inequalities of CUT□
d , each of the

form

xij − xik − xjk ≤ 0 or xij + xik + xjk ≤ 2

for distinct i, j, k ∈ [d]. By Theorem 2.3.8 and Proposition 2.5.4, the facets of CUT□
d from

triangle inequalities are in bijection with the minimum cardinality extremal designs of the

graph Qd with the eigenspace Λ2 ordered last.

Theorem 2.5.5. Suppose we order the eigenspaces of Qd, for d ≥ 3, so that Λ2 is last. Then

there are 4
(
d
3

)
minimum cardinality extremal designs of Qd, each consisting of 2d−2 vertices.

Proof. The extremal eigenpolytope in this situation is P2
∼= CUT□

d and hence it suffices to

reason about the facts of CUT□
d . Every CUT□

d vertex χS corresponds to the pair of Qd

vertices, 1S and 1[d]\S indexed by a subset S of [d]. There are 4
(
d
3

)
facets of CUT□

d described

by triangle inequalities. By Proposition 2.5.4, these are precisely the facets of CUT□
d with

the maximum number of 3 · 2d−3 vertices.

Fix three distinct indices i, j, k ∈ [d] and consider the set of vertices of Qd

W = {1S,1[d]\S : i, j, k ∈ S}.

Note that there are 2d−3 subsets of [d] containing i, j, k. For 1S ∈ W and a facet F of CUT□
d

defined by the triangle inequality

xij + xik + xjk ≤ 2,

χS ̸∈ F since none of the edges ij, ik, or jk are cut: (χS)ij + (χS)ik + (χS)jk = 0 < 2. Of

the 2d−1 vertices of CUT□
d , F contains 3 · 2d−3 vertices and W accounts for 2d−3 vertices not

on F . Therefore, 1S ∈ W with i, j, k ∈ S if and only if χS /∈ F . By Theorem 2.3.8, W is a

minimum extremal graphical design on Qd and it has cardinality 2 · 2d−3 = 2d−2.

Likewise, for a facet F defined by the triangle inequality

xij − xik − xjk ≤ 0,
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χS /∈ F if and only if i, j ∈ S and k ̸∈ S. By a similar argument to the one above, the design

corresponding to this facet has minimum cardinality and is

W ′ = {1S,1[d]\S : i, j ∈ S, k ̸∈ S}.

2.5.3 Qd and the Frequency Order

In the rest of this section we focus on the extremal eigenpolytope (and designs) of Qd in

frequency order. In this order, the last eigenvalue of Qd is λ d
2
= 0 when d is even and

λ d+1
2

= −1/d or λ d−1
2

= 1/d when d is odd. These correspond to the “middle” slice(s) of

the d-cube. Let m (for “middle”) denote the index of the last eigenspace of Qd in frequency

order. Lemma 2.5.1 says the following about Pm.

Lemma 2.5.6. Depending on the parity of d and further, the congruence class of d mod 4,

the extremal eigenpolytope of Qd in frequency order is the following:

1. d even: Then m = d/2 and Pm is a polytope of dimension
(
d
d
2

)
.

(a) d ≡ 0 mod 4: Then Pm is a polytope with 2d−1 vertices. Each vertex of Pm comes

from two identical columns of Um given by c(y) = c(1− y).

(b) d ≡ 2 mod 4: Then Pm is a centrally symmetric polytope with 2d vertices. For

each vertex c(y) of Pm, −c(y) = c(1− y) is also a vertex of Pm.

2. d odd: Then there are two possible indices m = (d + 1)/2 and m′ = (d− 1)/2 for the

extremal eigenpolytopes, and dim(Pm) =
(

d
d+1
2

)
=
(

d
d−1
2

)
= dim(Pm′).

(a) d ≡ 1 mod 4: In this case, m := (d + 1)/2 is odd while m′ := (d − 1)/2 is even.

Therefore, Pm is centrally symmetric with 2d vertices while Pm′ has 2d−1 vertices.
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(b) d ≡ 3 mod 4: In this case m := (d + 1)/2 is even while m′ := (d − 1)/2 is

odd. Therefore, Pm has 2d−1 vertices while Pm′ is centrally symmetric and has 2d

vertices.

Lemma 2.5.6 allows us to upper bound the size of a minimal positively weighted extremal

design in Qd using Theorem 2.3.8.

Corollary 2.5.7. Let W be a minimal positively weighted extremal design in Qd.

1. If d ≡ 0 mod 4, then |W | ≤ 2d − 2
(
d
d
2

)
.

2. If d ≡ 1 mod 4, then

|W | ≤ min

{
2d − 2

(
d

d−1
2

)
, 2d −

(
d

d+1
2

)}
= 2d − 2

(
d

d−1
2

)
.

3. If d ≡ 2 mod 4, then |W | ≤ 2d −
(
d
d
2

)
.

4. If d ≡ 3 mod 4, then

|W | ≤ min

{
2d − 2

(
d

d+1
2

)
, 2d −

(
d

d−1
2

)}
= 2d − 2

(
d

d+1
2

)
.

Except for d ≡ 2 mod 4, the upper bounds given in Corollary 2.5.7 are strictly better

than those in Theorem 2.3.14 because of the doubling of columns in the matrix Um. Even so,

the bounds in Corollary 2.5.7 are not tight, and we will improve them in the next subsection.

For example in Q5, Corollary 2.5.7 says that there is a positively weighted extremal design

of size at most 12 while in fact there is one of size 8. This is because the eigenpolytope P2 of

Q5 has facets with 12 vertices, each given by two columns of U2, and so there is an extremal

design of size 32 − 24 = 8. Since dim(P2) = 10, Corollary 2.5.7 assigns 10 vertices to each

facet, each one doubled, so computes 32 − 20 = 12 as the upper bound. The bound from

Theorem 2.3.14 is 22.
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2.5.4 Extremal designs and linear codes

By Theorem 2.3.8, the smallest cardinality positively weighted extremal designs in Qd come

from the facets of Pm with the maximum number of vertices. Note that all elements of

Um are vertices of Pm. Here we use the theory of linear codes to improve the bounds in

Corollary 2.5.7.

Definition 2.5.8. Consider the Boolean field Z2 = {0, 1} of integers mod 2 and the Z2-vector

space {0, 1}d.

1. A linear code C ⊆ {0, 1}d is a subspace of {0, 1}d. The length of the code C is d and

its dimension is the dimension of the subspace.

2. The parity check matrix of C is a matrix M ∈ {0, 1}t×d such that C = ker(M).

3. The dual code of C = ker(M) is the linear code C⊥ := rowspan(M).

We will rely heavily on the following result that connects linear codes to designs.

Lemma 2.5.9 (Theorem 4.8 of [5]). Let C = ker(M) be a linear code in {0, 1}d. Then

C averages the eigenvector φx, with φx(y) = (−1)x
⊤y, with equal weights if and only if

x /∈ C⊥ \ {0} = rowspan(M) \ {0}.

If the matrix M is chosen so that its row span is contained in the last eigenspace of Qd in

any ordering, then by Lemma 2.5.9, C = ker(M) would be a combinatorial extremal design

in Qd for that ordering. In fact, by Lemma 2.2.4, both C and its complement in {0, 1}d

would be combinatorial extremal designs in {0, 1}d. Equivalently, C partitions the vertices

of the extremal eigenpolytope into two faces.

Lemma 2.5.10. The graph Qd has combinatorial extremal designs for any ordering.

Proof. Let Λ be the last eigenspace of Qd in a given ordering. Then Λ = {φx : |x| = i} for

some i ∈ [d]. Choose any x ∈ Jd,i and considerW = ker([x⊤]). By Lemma 2.5.9, W averages

(with equal weights) all eigenspaces of Qd except Λ.
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This is essentially [43, Theorem 3.3], though that result emphasized that taking any vector

as a check matrix provides an extremal design in some ordering, and here we emphasize that

there is an extremal design for any ordering. Using Lemma 2.5.9 it is possible to prove that

the minimum cardinality extremal designs in Theorem 2.5.5 are combinatorial.

We now return to frequency ordering and will prove in Theorem 2.5.13 that when d ≡ 2

mod 4, there are positively weighted extremal designs of smallest size that are combinatorial.

In the other cases, it is not clear whether the smallest positively weighted extremal designs

in Qd are combinatorial.

Lemma 2.5.11. If i is odd, then the eigenpolytope Pi of Qd has at least 2
(
d
i

)
facets each

containing 2d−1 vertices. No facet of Pi has more than 2d−1 vertices.

Proof. By Lemma 2.5.1, Pi is centrally symmetric. Therefore, the maximum number of

vertices that can lie on a single facet of Pi is 2d/2 = 2d−1. We will use Gale duality and

coding theory to exhibit
(
d
i

)
facets which contain this many vertices. Let x ∈ Jd,i, and

consider the parity check matrix M = [x⊤]. By Lemma 2.5.9, the code C = ker(M) averages

all eigenspaces of Qd except for Λi. By Theorem 2.3.8, {0, 1}d \ C are the vertices on a

face of Pi. Since the design is combinatorial, C also indexes a face of Pi by Lemma 2.2.4.

Since |C| = 2d−1, |{0, 1}d \C| = 2d−1. Therefore, these faces contains the maximum possible

number of vertices, and hence must be a facets. There are
(
d
i

)
choices of the vector x. Each

provides two unique facets – {0, 1}d \ C is not a linear code since it does not contain 0.

The code ker(1⊤) is known as the single parity check code. Linear codes are said to

be equivalent if they only differ by a permutation of coordinates, so the codes ker(x⊤) are

equivalent for any x ∈ Jd,i. In a sense, these codes are generalizations of the single parity

check code, but they typically will have poor distance if x ̸= 1.

If the last eigenspace in frequency order is indexed by an even Hamming weight, then we

can always do better.

Lemma 2.5.12. If i is even, then Qd has a combinatorial design that averages all but Λi

with strictly fewer than 2d−1 vertices.
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Proof. Consider a 2×d check matrixM = [x1 x2]
⊤ with x1, x2 ∈ Jd,i and suppx1∩suppx2 =

i/2. This is always possible; here is an example for d = 9, i = 4:1 1 1 1 0 0 0 0 0

1 1 0 0 1 1 0 0 0


Then, the row span of M is contained in Jd,i. By Lemma 2.5.9, ker(M) averages all

eigenspaces of Qd other than Λi, and | ker(M)| = 2d−2.

We now use the tools we have built so far to find or bound the size of the smallest positively

weighted extremal designs in Qd. Our constructions yield combinatorial designs based on

linear codes. We begin by considering the case of d ≡ 2 mod 4 for which Theorem 2.5.13

provides an optimal answer.

Theorem 2.5.13. Let d ≡ 2 mod 4. A minimum cardinality positively weighted extremal

design of Qd in frequency order consists of 2d−1 vertices and is combinatorial. Any code

C = ker(x⊤) for x ∈ Jd,d/2 attains this minimum.

Proof. The last eigenspace of Qd by frequency is Λd/2, and d/2 is odd. By Lemma 2.5.11, the

extremal eigenpolytope Pd/2 has facets with 2d−1 vertices, the maximum possible, and these

vertices are all elements of Ud/2. Therefore, a minimum positively weighted extremal design

in Qd consists of 2
d−1 elements by Theorem 2.3.8. Every linear code of the form C = ker(x⊤)

where x ∈ Jd,d/2 is a combinatorial design that achieves this minimum by Lemma 2.5.9.

Next we consider d ̸≡ 2 mod 4. In these cases, it follows from Lemmas 2.5.11 and 2.5.12

that when there is a tie for the last eigenspace, the smallest extremal designs are going to

come from the extremal eigenpolytope with an even index. Let m be this index in the rest

of this section. Concretely,

m =


d/2 if d ≡ 0 mod 4

(d− 1)/2 if d ≡ 1 mod 4

(d+ 1)/2 if d ≡ 3 mod 4.

We formalize the comments stated after Lemma 2.5.9 for the index m.
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Corollary 2.5.14. If the non-zero vectors in the row span of M are entirely of weight m,

then the linear code C = ker(M) is an extremal combinatorial design in Qd.

Proof. By Lemma 2.5.9, the code C averages all eigenvectors of Qd except for those indexed

by non-zero elements in the row span of M . Since these elements are contained in Jd,m, the

corresponding eigenvectors all lie in Λm. Hence C is an extremal combinatorial design of

Qd.

Row spans as in Corollary 2.5.14, in which all non-zero elements have the same Hamming

weight, are called linear equidistant codes or constant weight linear codes [13]. These codes

have been completely classified by Bonisoli’s theorem [16]; we refer the reader also to [105].

We first recall some facts about linear codes. The binary Hamming code Hr ⊂ {0, 1}2r−1

[86] is the linear code whose check matrix Mr ∈ {0, 1}r×(2r−1) has columns consisting of the

binary expansions of the digits {1, . . . , 2r−1}. For instance, the check matrix of H3 ⊂ {0, 1}7

is

M3 =


1 0 1 0 1 0 1

0 1 1 0 0 1 1

0 0 0 1 1 1 1

 .
The dual of the Hamming code H⊥

r , i.e., the row span ofMr, is called the simplex code, so

named because its vectors form the vertex set of a regular (2r − 1)-simplex. Every non-zero

element in the simplex code H⊥
r has weight 2r−1.

Theorem 2.5.15 ([16]). If C is a r-dimensional linear equidistant code, then C is equivalent

to concatenated copies of the simplex code H⊥
r , possibly with additional zero coordinates.

This means that an r-dimensional linear equidistant code is equivalent to the row span

of a maximal concatenation of the check matrix Mr of Hr with possibly additional zero

columns. For instance, a 3-dimensional linear equidistant code in {0, 1}15 is equivalent to

the row span of [ M3 | M3 | 0⃗ ].
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Lemma 2.5.16. For d ≡ 3 mod 4, let d + 1 = 2t · b with t as big as possible. Then t is

the maximum dimension of a ((d+1)/2)-weight linear equidistant code in {0, 1}d, {0, 1}d+1,

and {0, 1}d+2.

Proof. We first show that there are t-dimensional linear equidistant codes of lengths d, d+1,

and d+ 2. Consider the matrix M given by concatenating b copies of the check matrix Mt.

Then M ∈ {0, 1}t×(b(2t−1)). Note that

b(2t − 1) = b2t − b = d+ 1− b.

Since every non-zero element in the row span of Mt has weight 2
t−1, every non-zero element

in the row span of M has weight

b2t−1 = (d+ 1)/2.

Thus by appending b− 1 columns of zeros to M , we arrive at a matrix in {0, 1}t×d in which

every non-zero element lies in Jd, d+1
2
. Appending one or two more zero columns creates

matrices for which all non-zero elements in their row spans are contained in Jd+1, d+1
2

or

Jd+2, d+1
2
, respectively. Note that if d ≡ 3 mod 4, then d+1

2
is even and indexes the extremal

eigenspace of interest in Qd, Qd+1 and Qd+2.

We claim that t is the maximum possible dimension of a ((d+1)/2)-weight linear equidis-

tant code in {0, 1}d, {0, 1}d+1, and {0, 1}d+2. Let T > t, and suppose there is a T -dimensional

linear equidistant code of length d and weight (d+1)/2. Then this code is the row span of q

copies of the Hamming check matrix MT , possibly padded with some columns of zeros. The

weight of each row is q2T−1, so (d + 1)/2 = q2T−1 implies that d = 2T q − 1. Since we also

know d = 2tb− 1, it follows that

2T q − 1 = d = 2t · b− 1 ⇐⇒ b = 2T−tq

Since T > t, this implies that b is even, which contradicts the definition of t. A similar

argument also works for d+ 1 and d+ 2.
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Theorem 2.5.17. For each triple (d,m, t) shown below, the smallest positively weighted

extremal designs of Qd have at most 2d−t elements and are obtained by choosing Λm to be

last in frequency order.

1. d ≡ 0 mod 4: m = d/2 and d = 2t · b with t maximal.

2. d ≡ 1 mod 4, m = (d− 1)/2 and d− 1 = 2t · b with t maximal.

3. d ≡ 3 mod 4, m = (d+ 1)/2 and d+ 1 = 2t · b with t maximal.

Proof. Note that for each d shown above, the corresponding m in the triple is even and

indexes the extremal eigenspace of Qd (if there is a tie) that can yield the smallest positively

weighted designs. This follows from Lemmas 2.5.11 and 2.5.12. By Lemma 2.5.16, there is

a maximum cardinality linear equidistant code C ⊂ {0, 1}d of dimension t and weight m. It

then follows by the strategy in Corollary 2.5.14 that the dual code C⊥ is then an extremal

combinatorial design in Qd, and |C⊥| = 2d−t.

We attribute Theorem 2.5.17 to Chris Lee and David Shiroma who discovered these

bounds in an undergraduate project supervised by the authors. Following the strategy

outlined in Corollary 2.5.14, they discovered the construction in Bonisoli’s theorem from

which the result follows. Table 2.1 computes the bounds in Theorems 2.5.13 and 2.5.17 for

small values of d.

Our main strategy in this chapter has been to use the facet combinatorics of extremal

eigenpolytopes to find the smallest positively weighted extremal designs in graphs. In the

case of hypercubes, this strategy worked for Qd when d ≡ 2 mod 4. In the other cases, it

was much harder to understand the facets of the extremal eigenpolytope Pm, and instead we

found small designs using the theory of linear codes. By Theorem 2.3.8, these small designs

correspond to some faces of the extremal eigenpolytope Pm.

Corollary 2.5.18. In each of the following situations, the extremal eigenpolytope Pm of Qd

has a face containing 2d − 2d−t vertices:
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d m dim(Pm) =
(
d
m

)
#V (Pm) |W ∗| ≤ #V (F ∗) ≥

2 1 2 4 2 2

3 2 3 4 · 2 2 6

4 2 6 8 · 2 4 12

5 2 10 16 · 2 8 24

6 3 20 64 32 32

7 4 35 64 · 2 16 112

8 4 70 128 · 2 32 224

9 4 126 256 · 2 64 448

10 5 252 1024 512 512

11 6 462 1024 · 2 512 1536

Table 2.1: Bounds from Theorems 2.5.13,2.5.17 for small values of d. W ∗ denotes a minimum

cardinality positively weighted extremal design, and F ∗ denotes a facet of Pm with the

maximum number of vertices including multiplicity. When Pm has N distinct vertices which

are doubled up, we write #V (Pm) = N · 2.

1. d ≡ 0 mod 4, m = d/2 d = 2t · b with t maximal.

2. d ≡ 1 mod 4, m = (d− 1)/2 and d− 1 = 2t · b with t maximal.

3. d ≡ 3 mod 4, m = (d+ 1)/2 and d+ 1 = 2t · b with t maximal.

Proof. Combinatorial designs are positively weighted designs. Thus the extremal designs of

Theorem 2.5.17 provide these faces by Gale duality.

We conjecture that the bounds in Theorem 2.5.17 are optimal.

Conjecture 2.5.19. The duals of the constant weight codes constructed in Lemma 2.5.16

are smallest cardinality positively weighted extremal designs in their Qd.
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To prove this conjecture, it would suffice to prove the the faces of Pm given by these dual

codes are (i) facets of Pm, and (ii) contain the most vertices among all facets of Pm. We note

these faces of Pm contain an enormous number of vertices.

We have relied on linear codes to find small designs in Qd when d ̸≡ 2 mod 4. However,

there is no reason to believe that the smallest, or all minimal, positively weighted extremal

designs in such Qd are codes. Indeed, when d ̸≡ 2 mod 4, there are minimal positively

weighted extremal designs of Qd that are not isomorphic to linear codes or their complements.

Example 2.5.20. The extremal eigenpolytope P2 of Q5 has dimension 10 =
(
5
2

)
. It has 16

vertices each labeled by two columns of U2 since c(y) = c(1 − y) for all y ∈ {0, 1}5. This

polytope has 56 facets that come in two symmetry classes; 16 of them are simplices (∆9)

each containing 20 = 2 · 10 columns of U2 as vertices, while the remaining 40 facets each

have 24 = 2 · 12 vertices. The minimal design complementary to a simplex facet contains

32 − 20 = 12 vertices of Q5. A linear code of length 5 must have size 2t for t ∈ [5]. Since

neither 12 nor 32 − 12 are powers of 2, such a design is not isomorphic to a linear code or

its complement.
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Chapter 3

EIGENPOLYTOPE UNIVERSALITY AND GRAPHICAL
DESIGNS

This chapter is the content of [7], written with David Shiroma, who a student at the

University of Washington doing undergraduate research with Rekha Thomas and myself.

3.1 Introduction

This chapter unites two combinatorial constructions arising from the combinatorial graph

Laplacian, namely eigenpolytopes [40] and graphical designs [96], through the theory of Gale

duality for polytopes [35]. An eigenpolytope is a polytope arising from the eigenspaces of

a graph Laplacian. The structure and symmetries of these polytopes provide information

about the structure and symmetries of the underlying graph, particularly when the underly-

ing graph is highly structured (see, for instance [42]). A graphical design is a quadrature rule

for a graph. Classical numerical quadrature allows one to compute or approximate definite

integrals of certain classes of functions on Rn by sampling at finitely many points. Analo-

gously, a graphical design is a rule to compute the average of certain Laplacian eigenvectors

by sampling on a subset of graph vertices. Previous work on graphical designs often focuses

on unweighted regular graphs (e.g. [43, 5, 6, 97]), where the eigenvectors of a graph are

independent of the choice of graph Laplacian. For regular graphs, the bijection between

graphical designs and eigenpolytopes we establish is precisely the one shown in [6]. For more

literature review and details on the connection between graphical designs and eigenpolytopes

through Gale duality, we refer to [6].

We summarize the main results of this chapter.

• The Laplacian eigenspaces of positively weighted graphs are general: for any collection
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of orthogonal subspaces which spans Rn and contains the span of the all-ones vector

as a subspace, there exists a connected, positively weighted graph on n vertices whose

Laplacian eigenspaces are precisely the given subspaces. The proof reveals a polyhedral

structure underlying the possible eigenvalues of a graph with a given eigenbasis. We

use this result to prove that every polytope up to affine equivalence appears as an

eigenpolytope of a positively weighted graph. Moreover, these algorithms are strongly

polynomial time.

• We establish a combinatorial bijection between graphical designs and faces of eigen-

polytopes using Gale duality. Polyhedral geometry then provides an upper bound on

the size of the support of minimal graphical designs. We note that this bijection holds

when the combinatorial Laplacian is replaced by any symmetric operator with the

all-ones vector as an eigenvector.

• Through Gale duality and our algorithms, we establish complexity results for graphical

designs as translations of polytope hardness results. We provide a linear program

which finds a graphical design in polynomial time with a guaranteed sparseness, though

minimality is not guaranteed.

We organize the chapter as follows. Section 3.2 introduces eigenpolytopes. Section 3.3

contains our algorithmic results showing the universality of Laplacian eigenspaces and eigen-

polytopes. Section 3.4 establishes definitions and notation for graphical designs on positively

weighted graphs. Section 3.5 briefly recounts the theory of Gale duality for polytopes and

uses this machinery to connect graphical designs to the eigenpolytopes of the graph, a key

structural result. This correspondence provides a proof of existence and an upper bound on

the size of a minimal graphical design. Using our strongly polynomial time algorithms to

create graphs with given eigenpolytopes, we establish the following complexity results in Sec-

tion 3.6 by translating established hardness results for polytopes. It is strongly NP-complete

to determine if there is a design smaller than the upper bound established in Section 3.5, it
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is NP-hard to find a smallest graphical design, and it is #P-complete to count the number

of support-minimal graphical designs.

Acknowledgments. We thank Timothy Duff, Shayan Oveis-Gharan, Stefan Steiner-

berger, and Rekha Thomas for their feedback and guidance, as well as the reviewers for

many helpful comments and suggestions.

3.2 Eigenpolytopes of Weighted Graphs

Let G = ([n], E, w) be a connected graph with vertex set [n] := {1, 2, . . . , n}, edge set E, and

positive edge weights w : E → R>0. Let A ∈ Rn×n be the weighted adjacency matrix of G,

with Aij = w(ij) if ij ∈ E and 0 otherwise, and D be the weighted (diagonal) degree matrix

of G, with Dii = deg i =
∑

ij∈E w(ij). The (combinatorial) Laplacian of G is the symmetric

matrix L = D − A. Since L is positive semidefinite, it has non-negative eigenvalues and an

orthogonal set of eigenvectors ϕ1, . . . , ϕn that form a basis of Rn.

Letting 1 denote the all-ones vector in Rn, we always have that L1 = 0, since the i-th

row of A sums to deg(i) =
∑

ij∈E w(ij). Therefore, 1 is an eigenvector of L with eigenvalue

0. Moreover, since G is connected, the eigenspace of 0 is spanned by 1; we denote this

eigenspace by Λ1. It is convenient to not normalize the eigenvectors ϕi so that we may take

φ1 = 1 as the basis vector for Λ1. We refer to the eigenspaces and eigenvalues of L as

the eigenspaces and eigenvalues of the graph G. We use the following running example to

illustrate many definitions and results. The circled numbers in a graph are a labeling of the

graph vertices.

Example 3.2.1. Consider the weighted graph in Figure 3.1. The weights are given by

w(ij) = 1/|N(i)|+ 1/|N(j)|, where |N(i)| is the number of edges incident to i.
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Figure 3.1: A weighted graph on nine vertices. Thicker edges indicate greater edge weights.

Its Laplacian L is

1/30



46 0 0 −15 0 −15 −16 0 0

0 46 0 −15 −15 0 0 −16 0

0 0 46 0 −15 −15 0 0 −16

−15 −15 0 72 −10 −10 −10 −10 0

0 −15 −15 −10 72 −10 0 −11 −11

−15 0 −15 −10 −10 72 −11 0 −11

−16 0 0 −11 0 −11 62 −12 −12

0 −16 0 −11 −11 0 −12 62 −12

0 0 −16 0 −11 −11 −12 −12 62



.

Table 3.1 shows the six distinct eigenvalues of L in the left column, each followed on the

right by a basis of orthogonal eigenvectors for that eigenspace. We note that λ2, λ4, λ6 are

the roots of 450x3 − 3030x2 + 6321x − 3844 and λ3, λ5 are the roots of 75x2 − 340x + 373.

We show decimal approximations for conciseness.

For a given graph G with m eigenspaces, we denote a fixed arbitrary ordering of the

eigenspaces as Λ1 = span{1} < . . . < Λm. Let U denote a matrix whose rows are an

eigenbasis of L, and let I ⊂ [m] index a proper subset of eigenspaces of G. We use UI to

denote the submatrix of U consisting of all rows corresponding to the eigenspaces Λi for i ∈ I.

Let UI denote the collection of columns of UI , which we note may occur with repetition.
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vertex 1 2 3 4 5 6 7 8 9

λ1 = 0 1 1 1 1 1 1 1 1 1

λ2 = 1.069 −.6262 .5616 .0646 −.0264 .256 −.2291 −.3059 .2744 .0316

−.2870 −.3988 .6858 −.2798 .1171 .1627 −.1402 −.1948 .3350

λ3 = 1.861 .3193 .3193 .3193 .1406 .1406 .1406 −.4600 −.4600 −.4600

λ4 = 2.661 .3248 −.4014 .0766 .0507 .2150 −.2658 −.4852 .5996 −.1144

.2760 .1433 −.4193 −.2776 .1827 .0949 −.4123 −.2141 .6263

λ5 = 2.672 .3468 .3458 .3468 −.4499 −.4499 −.4499 .1032 .1032 .1032

λ6 = 3.003 .0724 −.0995 .0271 .1880 .5015 −.6894 .2707 −.3721 .1015

.0731 .0261 −.0992 −.6876 .5066 .1810 .2734 .0977 −.3711

Table 3.1: The spectral information of the graph shown in Figure 3.1.

Definition 3.2.2. Let G = ([n], E, w) have m eigenspaces Λ1 < . . . < Λm, and let I ⊂ [m]

index a set of eigenvalues of G. The polytope PI = conv(UI) is a (Laplacian) eigenpolytope

of G for the eigenvalues indexed by I.

Example 3.2.3. Figure 3.2 shows the eigenpolytope P{5,6} of the graph G from Exam-

ple 3.2.1, using the same eigenspace ordering as in Table 3.1. Its vertices are given by

the columns of the following submatrix extracted from Table 3.1, where the horizontal line

separates Λ5 from Λ6.
.3468 .3458 .3468 −.4499 −.4499 −.4499 .1032 .1032 .1032

.0724 −.0995 .0271 .1880 .5015 −.6894 .2707 −.3721 .1015

.0731 .0261 −.0992 −.6876 .5066 .1810 .2734 .0977 −.3711


Eigenpolytopes were first defined by Godsil in [40] for single eigenspaces of the adjacency

matrix A. The eigenpolytopes PI are more general in the sense that they correspond to

multiple eigenvalues of L and allow for weighted graphs. Though the definition depends on

a choice of eigenbasis, eigenpolytopes of a graph are well defined up to affine equivalence,

which is sufficient for our purposes.
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Figure 3.2: The eigenpolytope P{5,6} of the running example

3.3 Weighted Graphs From Polytopes

In this section, we show that any polytope up to affine equivalence can appear as an eigen-

polytope of a positively weighted graph. We first show that any orthogonal basis for Rn

which includes 1 as a basis vector, and any partition of this basis with {1} as a part, give

rise to a positively weighted graph G = ([n], E, w) where each part of the partition spans a

distinct Laplacian eigenspace of G. Our proof reveals a polyhedral structure underlying the

valid choices of eigenvalues that define such graphs. These results are phrased in terms of

rational numbers for the purpose of time-complexity statements, but the same algorithms

are valid for real numbers.

The size of a rational number r = p/q in reduced form is

size(r) = 1 + ⌈log2(|p|+ 1)⌉+ ⌈log2(|q|+ 1)⌉,

and the size of a rational matrix B ∈ Qn×m is

size(B) = mn+
∑
i,j

size(Bij).

An algorithm is strongly polynomial time if its run time is polynomial in size of the input,

not just the dimension of the input.

We overload the notation Diag; for a vector v ∈ Rn, Diag(v) ∈ Rn×n is the diagonal

matrix with Diag(v)ii = vi, and for a matrix M ∈ Rn×n, Diag(M) ∈ Rn×n is the diagonal

matrix which forgets the off-diagonal entries of M .
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Lemma 3.3.1. Let B = {φ1 = 1, φ2, . . . , φn} be a rational orthogonal basis of Rn, parti-

tioned as B = π1⊔ . . .⊔πm with at least two parts such that π1 = {1}. There is a connected

graph G with positive rational edge weights and m Laplacian eigenspaces Λ1, . . . ,Λm such

that πi spans Λi. The graph G can be constructed in strongly polynomial time.

Proof. Let B ∈ Qn×n have i-th row φi. Then the rows of B̃ = Diag( 1
∥φ1∥ , . . . ,

1
∥φn∥)B form

an orthonormal basis of Rn. We seek a rational matrix M = Diag(0, λ2, . . . , λn) with λi > 0

and λi = λj if and only if φi and φj lie in the same part of the partition so that L = B̃⊤MB̃

is the Laplacian of a positively weighted graph.

Assuming such an M exists, A = Diag(B̃⊤MB̃)− B̃⊤MB̃ is then the adjacency matrix

of the desired graph G, which has Laplacian eigenspaces Λ1, . . . ,Λm where Λi is spanned by

πi. We first check several properties of this construction.

1. L is positive semidefinite: We see that L = (M1/2B̃)⊤(M1/2B̃).

2. D = Diag(B̃⊤MB̃) is the degree matrix of G: Since B̃⊤MB̃1 = 0, D satisfies Dii =

(B̃⊤MB̃)ii = −
∑

j ̸=i(B̃
⊤MB̃)ij =

∑
j ̸=iAij = deg(i).

3. G is connected: By construction, the multiplicity of 0 as an eigenvalue is 1.

4. G has rational weights. For i ̸= j,

wij = −Lij = −
n∑

k=2

φk(i)φk(j)λk
φ⊤
k φk

∈ Q

5. It is strongly polynomial time to compute A from B and M . The most expensive

operation is multiplication of n× n matrices.

It remains to show that we can find an M with the given properties so that A ≥ 0.

For the rest of this proof, let 1 ∈ Rn−1. We will prove that such an M exists by showing

that M = Diag(0,1⊤) lies in the interior of the constraints imposed by A ≥ 0, and can be
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perturbed to satisfy all the needed conditions. We note that M = Diag(0,1⊤) corresponds

to an equally weighted complete graph and solves the problem when m = 2. Since λ1 = 0,

L = B̃⊤MB̃ =
n∑

k=1

λk
∥φk∥2

φkφ
⊤
k =

n∑
k=2

λk
∥φk∥2

φkφ
⊤
k .

Since we require positive edge weights, we need that for i ̸= j,

Aij = −Lij = −
n∑

k=2

φk(i)φk(j)λk
∥φk∥2

≥ 0.

This provides a system of n(n− 1)/2 linear inequalities constraining the choice of eigen-

values. Represent this system as Cλ ≥ 0, where λ = (λ2, . . . , λn) ∈ Rn−1 and C ∈

Rn(n−1)/2×(n−1). We note that K = {λ ∈ Rn−1
+ : Cλ ≥ 0} is a polyhedral cone. For

some i ̸= j, let

c =

(
−φ2(i)φ2(j)

∥φ2∥2
, . . . ,

−φn(i)φn(j)

∥φn∥2

)⊤

be a row of C. Since B̃ is orthonormal, the columns of B̃ are orthogonal. Therefore,

0 =

(
1√
n
,
φ2(i)

∥φ2∥
, · · · , φn(i)

∥φn∥

)(
1√
n
,
φ2(j)

∥φ2∥
, · · · , φn(j)

∥φn∥

)⊤

=
1

n
+

n∑
k=2

φk(i)φk(j)

∥φk∥2
=

1

n
− c⊤1.

Hence c⊤1 = 1
n
> 0. Since c was an arbitrary row of C, we see that C1 > 0, implying

that the ray spanned by 1 lies in the interior of K. Thus there is an ε-neighborhood of 1

c⊤λ ≥ 0

c
1

dcθc
θc

Figure 3.3: Computing the distance from 1 to ∂K

contained in K. Let θc be the angle between 1 and c. Observe from Figure 3.3 that the
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distance between 1 and the hyperplane c⊤λ ≥ 0 is

dc = ∥1∥ cos θc = ∥1∥ · c⊤1

∥c∥∥1∥
=

1

n∥c∥
> 0.

Then such ε ∈ Q can be computed in strongly polynomial time by rounding down each dc

to two significant digits, taking the minimum over all possible dc’s, and multiplying by some

constant α < 1 (e.g. α = 0.99). For k = 2, . . . , n, if φj ∈ πk, define λj := 1 + δj, where

δj = k̃ε
n

and k̃ is a rational approximation of
√
k up to the precision needed to distinguish

√
m− 1 from

√
m. Finding such an approximation takes time O(log(m) + precision) using

binary search, and the precision depends polynomially on m < n. Note that
∑m

k=2 |πk| =

|B| − 1 = n− 1. Then,

∥λ− 1∥ ≤ ε

n

(
m∑
k=2

k|πk|

) 1
2

≤ ε

n

(
n

m∑
k=2

|πk|

) 1
2

=
ε

n
(n(n− 1))

1
2 < ε.

By construction, λ > 0 since it is in the ε-neighborhood of 1, and λ ∈ Qn−1 satisfies the

requirements imposed by the given eigenspace partition. Thus we have found the desired

matrix M = Diag(0, λ2, . . . , λn) ∈ Qn×n.

For a given orthogonal basis B, the cone

K = {λ = (λ2, . . . , λn) ≥ 0 : Cλ ≥ 0}

in the proof of Lemma 3.3.1 indexes all possible positively weighted graphs with B as its

eigenvectors. The graph defined by λ is missing edges if and only if λ is in the boundary of

K, and the facial structure of K indexes the possible sparsity patterns of positively weighted

graphs with these eigenvectors.

Furthermore, the braid arrangement partitions K into chambers corresponding to the

order of eigenvalues, which we depict for n = 4 in Figure 3.4. Using nonstandard notation

to be compatible with the notation of K, recall that the braid arrangement in Rn is the

collection of hyperplanes

An = {Hij = {λ = (λ2, . . . , λn+1) : λi = λj}}2=i<j≤n+1.
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Points lying on Hij correspond to graphs where the eigenspaces collapse into each other. As

more hyperplanes of An intersect, an eigenvalue has higher multiplicity.

λ2 = λ3
λ2 = λ4

λ3 = λ4

K

λ2 > λ3 > λ4

λ 3
>
λ 2

>
λ 4

λ 3
>
λ 4

>
λ 2

λ4 > λ3 > λ2

λ 4
>
λ 2

>
λ 3

λ 2
>
λ 4

>
λ 3

Figure 3.4: A cross-section of the braid arrangement A3 intersecting the cone K of eigenval-

ues. The center point corresponds to λ = 1, which defines the unweighted complete graph.

We now use Lemma 3.3.1 to show that given a polytope P , we can construct a positively

weighted graph in strongly polynomial time which has an eigenpolytope that is affinely

equivalent to P .

Theorem 3.3.2. Let V = {v1, . . . , vn} ⊂ Qd, and let P = conv(V) be full dimensional.

We can create a connected graph G = ([n], E, w) with w ∈ QE
>0 which has a Laplacian

eigenpolytope that is affinely equivalent to P in strongly polynomial time.

Proof. We may translate P so that its centroid lies at the origin by mapping vi 7→ vi −
1
n

∑n
i=1 vi. This is an affine transformation, and

n∑
i=1

(
vi −

1

n

n∑
i=1

vi

)
=

n∑
i=1

vi − n
1

n

n∑
i=1

vi = 0.

Thus, we may assume without loss of generality that
∑n

i=1 vi = 0, or equivalently, that the

rows of the matrix V = [v1 . . . vn] are orthogonal to 1. Let X = [x1 . . . xn] ∈ Q(n−d−1)×n have
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rows which form a basis for the kernel of the matrix [1 V ⊤]⊤. We can find X in strongly

polynomial time using Gaussian elimination (see [89, Theorem 23.3]). Let

B̂ =


1
⊤

V

X

 .
We will think of the rows of B̂ as the Laplacian eigenvectors of the graph we will construct.

Perform Gram-Schmidt orthogonalization on the rows of B̂ to obtain a rational orthogonal

matrix

B =
[
1 φ2 . . . φn

]⊤
.

Gram-Schmidt orthogonalization is a subroutine of the LLL algorithm [60] which is strongly

polynomial (see [89, Corollary 6.4a]), hence Gram-Schmidt is strongly polynomial. Note that

span{φ2, . . . , φd+1} = rowspanV because Gram-Schmidt sequentially preserves span. By

Lemma 3.3.1, we can construct a graph with rational, positive edge weights with the following

three eigenspaces in strongly polynomial time: Λ1 = span{1},Λ2 = span{φ2, . . . , φd+1},Λ3 =

span{φd+2, . . . , φn}. Because V and [φ2 . . . , φd+1]
⊤ differ only by a change of basis, the

eigenpolytope P{2} is affinely equivalent to P = conv(V).

Corollary 3.3.3. Up to affine equivalence, every polytope with n vertices appears as the

eigenpolytope of a positively weighted graph on n vertices.

Example 3.3.4. We illustrate Theorem 3.3.2 by embedding the 16-cell, also known as the

4-dimensional cross polytope, as the eigenpolytope of a connected, positively weighted graph.

A centered, orthogonal embedding of the 16-cell’s vertices is

V =


1 0 0 0 −1 0 0 0

0 1 0 0 0 −1 0 0

0 0 1 0 0 0 −1 0

0 0 0 1 0 0 0 −1

 .
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We next compute an orthogonal basis for the kernel of [1, V ⊤]⊤:

X =


−1 1 0 0 −1 1 0 0

−1 −1 2 0 −1 −1 2 0

−1 −1 −1 3 −1 −1 −1 3

 .
We set the eigenspace partition Λ1 = span{1},Λ2 = rowspanV,Λ3 = rowspanX. Following

the procedure in Lemma 3.3.1, we compute the following cone of eigenvalues for which the

resulting graph will be positively weighted.

K =

(λ2, λ3) :

 0 1/8

1/2 −3/8

λ2
λ3

 ≥ 0


A valid choice of eigenvalues is λ2 = 20, λ3 = 24. We depict the resulting complete weighted

graph in Figure 3.5.

1
2

3

4
5

6

7

8

Figure 3.5: A graph which has the 16-cell as an eigenpolytope. Solid edges have weight 3,

dashed edges have weight 1.

Our embedding of a polytope as an eigenpolytope uses eigenvalues from the interior of

the cone K, so the resulting graph will always be dense. To find a non-complete graph with

the given eigenpolytope, one needs to find eigenvalues lying in the boundary of the cone

K. We will use this idea to show that the edge graph of the 16-cell has the 16-cell as an

eigenpolytope, a result due to [42, Theorem 4.3]. The first inequality of K (λ3/8 ≥ 0) cannot

hold at equality without disconnecting the graph. However, λ2/2 − 3λ3/8 = 0 has positive
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1
2

3

4
5

6

7

8

Figure 3.6: The graph of the 16-cell, for which the 16-cell is an eigenpolytope.

solutions, and  0 1/8

1/2 −3/8

6
8

 =

1
0

 ,
shows that (6, 8) ∈ K. Thus the graph defined by the Laplacian

L =
[
1 V ⊤ X⊤

]
Diag(0, 6, 6, 6, 6, 8, 8, 8)


1
⊤

V

X


−1

is not dense and has the 16-cell as an eigenpolytope. Working out the computations shows

that this graph is truly the graph of the 16-cell, depicted in Figure 3.6.

We show in Example 3.3.5 that not every polytope may be embedded as the eigenpolytope

of an unweighted graph on n vertices. The flexibility to use positive edge weights is crucial

for this universality result.

Example 3.3.5. Up to affine equivalence, the quadrilateral

P = conv


0
0

 ,
0
1

 ,
1
0

 ,
1
2


is not an eigenpolytope of any unweighted graph with four vertices. Following the procedure

of Theorem 3.3.2, we find the following orthogonal basis of R4, where the middle two rows
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correspond to the polytope:

B =


1 1 1 1

−1 −1 1 1

−1 1 −2 2

2 −2 −1 1

 .
Following Lemma 3.3.1, any graph with this polytope as an eigenpolytope has

L = B⊤Diag(1/2, 1/2, 1/10, 1/10)Diag(0, a, b, c)B,

where a, b, c > 0 and a, b ̸= c, but we allow the possibility of a = b. Unraveling the

multiplication, four unique expressions describe the edge weights of this graph.

a/4− b/10− 2c/5 edge (1, 2)

−a/4 + b/5− c/5 edges (1, 3), (2, 4)

−a/4− b/5 + c/5 edges (1, 4), (2, 3)

a/4− 2b/5− c/10 edge (3, 4)

We check using MATLAB[68] that for each v ∈ {0,−1}4, the linear system
1/4 −1/10 −2/5

−1/4 1/5 −1/5

−1/4 −1/5 1/5

1/4 −2/5 −1/10



a

b

c

 = v

is either inconsistent or forces b = c. Thus no unweighted graph has an eigenpolytope which

is affinely equivalent to this polytope.

To end this section, we contrast Theorem 3.3.2 with related results on Colin de Verdière

matrices ([26], see also [104]). A Colin de Verdière matrix for an unweighted graph G =

([n], E) is any matrix of the form M = δ − Â, where

1. Â is the weighted adjacency matrix of a positively weighted graph Ĝ = ([n], E, w) on

the same edge set as G,
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2. δ is an arbitrary diagonal matrix, and

3. M has exactly one negative eigenvalue.

By definition, M is not positive semidefinite and need not have row sums equal to one. For

our purposes, we can think of these matrices as something like a Laplacian on a graph with

not only positive edge weights, but also (arbitrary) vertex weights. Lovász and Schrijver

show in [65] that any 3-dimensional polytope is an eigenpolytope of its edge graph for every

Colin de Verdière matrix with corank three. Izmestiev extends this construction in [52] to

show that every polytope is an eigenpolytope of its edge graph for a specifically constructed

Colin de Verdière matrix. These universality results for eigenpolytopes of Colin de Verdière

matrices guarantee a serious amount of sparsity in the graphs needed to represent a given

polytope as an eigenpolytope. We note, however, that M is not exactly a Laplacian, and

the underlying graph has arbitrary vertex weights. To find the specific Colin de Verdière

matrix in Izmestiev’s construction requires computing the volume of a polytope, which is a

#P-hard problem [31]. Our construction generally produces a dense graph, but we do not

require vertex weights, the matrix we use is the true combinatorial graph Laplacian, and the

algorithm is strongly polynomial time.

3.4 Graphical Designs

A graphical design on G = ([n], E, w) is a proper subset of graph vertices S ⊂ [n] on which

the global averages of certain graph eigenvectors agree with the weighted averages over just

the subset S. If φ is such an eigenvector, that means we seek S ⊂ [n] and quadrature weights

as ∈ R, s ∈ S such that

1

n

n∑
i=1

φ(i) =
∑
s∈S

asφ(s).

The support of a vector a ∈ Rn is supp(a) := {i ∈ [n] : ai ̸= 0}. A graphical design S

with weights as may be identified with the vector a ∈ Rn where S = supp(a). We gloss over

some motivation and explanation for the formal definition in Definition 3.4.1. We refer those
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seeking more detail to [6], where a nearly identical story is developed for regular unweighted

graphs using the Laplacian AD−1.

We recall our previous notation and establish some more. For a given graph G with m

eigenspaces, we denote a fixed arbitrary ordering of the eigenspaces as Λ1 = span{1} <

. . . < Λm. The rows of the matrix U form an eigenbasis of L, and for I ⊂ [m], we use UI

to denote the submatrix of U consisting of all rows corresponding to the eigenspaces Λi for

i ∈ I. Lastly, UI denotes the collection of columns of UI . We use k to denote the particular

index set {2, . . . , k} ⊂ [m]. For a subset S ⊂ [n], define 1S by 1S(i) = 1 if i ∈ S and 0

otherwise.

Definition 3.4.1 (k-graphical designs). Suppose G = ([n], E, w) has eigenspaces Λ1 =

span{1} < . . . < Λm.

1. A weighted k-graphical design of G is a subset S ⊂ [n] and real weights (as ̸= 0 : s ∈ S)

such that Uka = 0.

2. If additionally a ≥ 0, we call S a positively weighted k-graphical design.

3. If a = 1S then S is a combinatorial k-graphical design.

We only consider graphical designs up to scaling. If Uka = 0, then any scaling of a is also

in the kernel of Uk. For this reason we leave Λ1 out of the definition, as any vector a can

be scaled to average this eigenspace. We also note that no proper subset is an m-graphical

design – this follows by the same argument as in [6, Lemma 2.5]. Though 1 is always a k-

graphical design for all k ∈ [m], the purpose of a graphical design is, in a sense, to compress

data on a graph, so we restrict our attention to proper subsets of graph vertices.

We will often abbreviate k-graphical designs as k-designs. We note that there are two

kinds of weights at play in our setup: the edge weights w of the graph, and the quadrature

weights as which define the design. Here, we will only consider positively weighted or com-

binatorial designs. Quadrature rules with negative weights are typically undesirable, as they

can lead to nonconvergence and instability [51].
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Example 3.4.2. Consider the graph from Example 3.2.1 shown in Figure 3.1 with eigenspaces

ordered as labeled. The quadrature weights

a1 = a3 = .0342, a2 = .1111, a6 = .5328, a8 = .2876,

show that S = {1, 2, 3, 6, 8} averages the basis vectors given for Λ1,Λ2,Λ3,Λ4, which is to

say that U{2,3,4}a = 0. Thus these vertices with these weights form a positively weighted

4-graphical design, shown in Figure 3.7 along with the full matrix U{2,3,4}. In this ordering

of the eigenspaces, there are no combinatorial 4-designs.

1

2

3

4 5

6
7

8

9



−.6262 .5616 .0646 −.0264 .2560 −.2291 −.3059 .2744 .0316

−.2870 −.3988 .6858 −.2798 .1171 .1627 −.1402 −.1948 .3350

.3193 .3193 .3193 .1406 .1406 .1406 −.4600 −.4600 −.4600

.3248 −.4014 .0766 .0507 .2150 −.2658 −.4852 .5996 −.1144

.2760 .1433 −.4193 −.2776 .1827 .0949 −.4123 −.2141 .6263



Figure 3.7: A positively weighted 4-graphical design on a positively weighted graph. A more

saturated color on a vertex indicates a larger vertex weight in the design. The matrix U{2,3,4}

is also shown, with the relevant columns highlighted in cyan.

3.5 A Bijection through Gale Duality

We now use Gale duality to connect graphical designs and eigenpolytopes, extending the

results in [6] for unweighted regular graphs to positively weighted graphs without regularity

assumptions. We begin with a brief introduction to Gale duality, due to [35]; see [109, 45]

for more details.
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A vector configuration V = (v1, . . . , vn) is a collection of real vectors with possible repe-

titions. We denote the matrix [v1 . . . vn] by V . A dependence on V is a vector a ∈ Rn such

that V a = 0. A support-minimal dependence is called a circuit of V .

Theorem 3.5.1 (Gale Duality). Suppose

V = (v1, . . . , vn), vi ∈ Rn−d−1 and V∗ = (v∗1, . . . , v
∗
n), v

∗
i ∈ Rd+1

are vector configurations satisfying the following properties.

1. V and V ∗ are full rank matrices.

2. V (V ∗)⊤ = 0

3. 1 is the first row of V ∗.

Then, for any I ⊆ [n], conv{v∗i : i ∈ [n] \ I} is a face of P ∗ = conv(V∗) if and only if 0 is in

the relative interior of conv{vi : i ∈ I}.

For an index set I ⊆ [n], 0 is in the relative interior of conv{vi : i ∈ I} if and only if

there exists c ≥ 0 with supp(c) = I and V c = 0. Equivalently c is a positive dependence of

V with supp(c) = I. Therefore we have the following consequence.

Corollary 3.5.2. Let V and V∗ be as in Theorem 3.5.1. For any I ⊆ [n], conv{v∗i : i ∈ [n]\I}

is a face (facet) of P ∗ = conv(V∗) if and only if I is the support of a positive dependence

(circuit) of V .

We now have the tools to connect k-graphical designs to eigenpolytopes. Recall that G

has m eigenspaces, and k = {2, . . . , k} ⊂ [m].

Theorem 3.5.3. Let G = ([n], E, w) be a connected weighted graph with m eigenspaces

Λ1 < . . . < Λm. A set S ⊂ [n] is a (minimal) positively weighted k-graphical design of

G if and only if [n] \ S indexes the elements of U[m]\k which lie on a face (facet) of the

eigenpolytope P[m]\k.
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Proof. By definition, positively weighted k-graphical designs of G are positive dependences

on the matrix Uk. The matrices Uk and U[m]\k satisfy the hypotheses of Corollary 3.5.2:

they are full rank, the first row of U[m]\k is the eigenvector 1, and by the orthogonality of

eigenspaces, UkU
⊤
[m]\k = 0. Therefore the faces (facets) of P[m]\k are dual to the dependences

(circuits) of Uk in the sense of Gale duality: S indexes the elements of U[m]\k lying on a

face (facet) of P[m]\k if and only if [n] \ S indexes the support of a (minimal) dependence on

Uk.

If one allows negative quadrature weights, arbitrary graphical designs are (essentially)

in bijection with the complements of hyperplanes slicing through the interior of the corre-

sponding eigenpolytope. This broader story is briefly touched on in [6, Example 3.18] and

its preceding commentary.

Example 3.5.4. We illustrate the bijection established in Theorem 3.5.3. Figure 3.8 re-

exhibits the 4-graphical design, which is a circuit of U{2,3,4}, along with the Gale dual eigen-

polytope P{1,5,6} ≃ P{5,6}. The facet which corresponds to the design is highlighted in cyan.
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Figure 3.8: A positively weighted 4-graphical design and its corresponding facet on the

Gale dual eigenpolytope. A more saturated color on a graph vertex corresponds to a larger

quadrature weight.
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Remark 3.5.5. The bijection established in this section remains true if D − A is replaced

by any symmetric operator which has Λ1 = span{1} as an eigenspace; for instance, the

symmetric normalized adjacency matrix D−1/2AD−1/2. See [25] for more on various graph

Laplacians.

Remark 3.5.6. One could also define graphical designs for positively weighted graphs using

the eigenvectors of AD−1, however, the framework provided by Gale duality and eigenpoly-

topes does not immediately apply. If the graph is not regular, the eigenspaces of AD−1 need

not be orthogonal, hence the matrices Uk and U[m]\k need not satisfy the conditions of Theo-

rem 3.5.1. This can be worked around with some care if one considers the dual configurations

given by Uk and U[m]\kD
−1. There are many details to this, which we do not elaborate on

here.

Theorem 3.5.3 provides an upper bound to the size of a minimal k-graphical design,

similar to [6, Theorem 3.14].

Theorem 3.5.7. LetG = ([n], E, w) be a connected, positively weighted graph with eigenspaces

Λ1 < · · · < Λm. For every k ∈ [m− 1] there is a positively weighted k-graphical design with

at most
∑k

i=1 dimΛi vertices.

Proof. Because dim(P[m]\k) =
∑m

i=k+1 dimΛi, any facet of P[m]\k has at least
∑m

i=k+1 dimΛi

distinct vertices. By Theorem 3.5.3, any minimal positively weighted k-design then has at

most n−
∑n

i=k+1 dimΛi =
∑k

i=1 dimΛi vertices.

We note that this bound may be tight. The example of an unweighted regular graph and

an eigenspace ordering for which this bound is tight for every k given in [6, Example 3.16]

is also valid here.

Example 3.5.8. We return to our running example for the last time. In the ordering

specified in Example 3.4.2, Theorem 3.5.7 states that a minimal positively weighted 4-design

has at most 6 vertices and is dual to a triangular facet of P{1,5,6}. This eigenpolytope also

has quadrilateral facets, which correspond to designs with 5 < 6 vertices (see Figure 3.8).
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We conclude this section with a few structural remarks about graphical designs that

follow from the Gale duality bijection.

Remark 3.5.9. Fix an ordering Λ1 < . . . < Λm of a graph G = ([n], E, w). The i-th element

of U[m]\k lies in the interior of the eigenpolytope P[m]\k if and only if i is in the support of

every k-graphical design.

We recall a quick result about combinatorial designs.

Lemma 3.5.10 (Lemma 2.4 of [6]). If S ⊂ [n] is a combinatorial k-design, then so is [n] \S.

Proof. Because Uk ⊥ 1,

Uk1S = 0 ⇐⇒ Uk(1− 1S) = 0 ⇐⇒ Uk1[n]\S = 0

Remark 3.5.11. If S ⊂ [n] is a combinatorial k-design, then S and [n] \ S partition P[m]\k

into two disjoint faces. Therefore, if G has a combinatorial k-design, no vertices lie in the

interior of P[m]\k.

We speculate that the symmetry needed for a combinatorial design to exist prevents a

graph vertex from being ‘so important’ that it is in every design.

3.6 Complexity Results

The hardness of some algorithmic problems for graphical designs follows by uniting all of

the established theory. We first recall some basics of polytopes; see [45] or [109] for more.

We assume 0 is in the interior of every polytope. A polytope P can either be expressed

as the convex hull of finitely many points, known as a V-description, or as the bounded

intersection of finitely many half-spaces, known as an H-description. Because 0 is in the

interior of P = conv({v1, . . . , vn}), P ∗ =
⋂n

i=1{x : v⊤i x ≤ 1} is also a polytope, known as

the dual polytope to P . We note that (P ∗)∗ = P . A d-dimensional polytope is simple if
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every vertex is incident to exactly d edges, or equivalently, exactly d facets. We recall that

a polytope is simplicial if each of its facets is a simplex. Simplicial polytopes and simple

polytopes are dual in this sense: if P = conv({v1, . . . vn}) is simple (resp. simplicial), then

P ∗ =
⋂n

i=1{x : v⊤i x ≤ 1} is simplicial (resp. simple).

It was established independently in [23] and [30] that it is NP-complete to determine

whether an H-polytope is simple. The improvement to strong NP-completeness is due to

[33].

Lemma 3.6.1 ([23, 30, 33]). The following decision problem is strongly NP-complete.

Input: A polytope P given in H-description, where the hyperplanes are described by

rational data.

Question: Is P nondegenerate (simple)?

Passing to the dual polytope provides an immediate corollary.

Corollary 3.6.2. The following decision problem is strongly NP-complete.

Input: A polytope P given in V-description, where the vertices are rational.

Question: Is P simplicial?

We now use this corollary to show that it is strongly NP-complete to determine whether

a graph has a positively weighted k-design of size smaller than the facet bound shown in

Theorem 3.5.7.

Theorem 3.6.3. The following decision problem is strongly NP-complete.

Input: A connected, positively weighted graph G = ([n], E, w), w ∈ QE
>0 with m Lapla-

cian eigenspaces Λ1 = span{1} < Λ2 < . . . < Λm, and k ∈ {2, . . . ,m− 1}.

Question: Is there a positively weighted k-graphical design consisting of fewer than∑k
i=1 dim(Λi) vertices?

Proof. We first show that this problem is in NP. Given a weight vector a ≥ 0 with supp(a) =

S ⊂ [n], it is polynomial time in n to check whether a defines a k-graphical design by checking

if Uka = 0 and further whether |S| <
∑k

i=1 dim(Λi).
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To show strong NP-completeness, we will show that the decision problem in Corol-

lary 3.6.2 is a sub-problem of the decision problem in the theorem statement. Let P =

conv({v1, . . . , vn} ⊂ Qd) be a polytope given in V description with d ≤ n− 2. We note that

if d = n−1, then the polytope P must be a simplex and hence simplicial. By Theorem 3.3.2,

there is a strongly polynomial time algorithm to create a graph G = ([n], E, w) with rational

positive edge weights and eigenspaces Λ1 = span{1},Λ2,Λ3 for which P is affinely equivalent

to P{1,3} ≃ P{3}. Consider the eigenspace ordering Λ1 < Λ2 < Λ3. By Theorem 3.5.3, the

facets of P are in bijection with the minimal positively weighted 2-graphical designs. A

facet of P is a simplex if and only if it contains exactly d vertices. The polytope P is then

simplicial if and only if every minimal positively weighted 2-graphical design has exactly

n − d = 1 + dim(Λ2) vertices. Thus if we could determine whether a graph G = ([n], E, w)

has a 2-graphical design of size smaller than the bound in Theorem 3.5.7, we could determine

whether an arbitrary polytope P was simplicial. Any k-graphical design is also a k′-graphical

design for all k′ < k, so the case of general k-designs must also be hard.

We note a further straightforward consequence of Theorem 3.6.1 which we have not found

explicitly stated in the literature. We also credit Alexander E. Black for making the same

observation independently.

Corollary 3.6.4. The following problem is NP-hard.

Input: A polytope P = conv{v1, . . . , vn} given in V-description, where vi ∈ Qd.

Output: A facet F = conv{vi1 , . . . , vij} of P containing the maximum number of vertices

of P among all facets.

Proof. A solution to this problem implies a solution to Corollary 3.6.2. Suppose there was

an algorithm to find such a facet F = conv{vi1 , . . . , vij}. If j > d, then F is a non-simplex

facet of P , hence P is not simplicial. If j = d, then every facet of P has at most d vertices by

the maximality of F . Since a facet of a d-dimensional polytope must have at least d vertices,

it follows that every facet is the convex hull of exactly d vertices, i.e. is a simplex. Thus P

is simplicial.
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Thus we can make the following translation to graphical designs.

Theorem 3.6.5. The following problem is NP-hard.

Input: A connected, positively weighted graph G = ([n], E, w), w ∈ QE
>0 with m Lapla-

cian eigenspaces Λ1 = span{1} < Λ2 < . . . < Λm, and k ∈ {2, . . . ,m− 1}.

Output: A minimum cardinality positively weighted k-graphical design.

Proof. The proof is nearly identical to the proof of Theorem 3.6.3, so we will be brief. A mini-

mum cardinality positively weighted k-design is in bijection with a facet of the corresponding

eigenpolytope that contains a maximum number of vertices. In strongly polynomial time,

given any V-polytope P , we can create a positively weighted graph G for which P is affinely

equivalent to an eigenpolytope of G. Thus an algorithm for this problem would imply an

algorithm for Corollary 3.6.4.

Using a similar argument, we can show that it is #P-complete to count the number of

positively weighted k-designs of a graph. It was shown independently in [30] and [62] that

it is #P-complete to count the number of facets of a polytope given by its vertices.

Lemma 3.6.6 ([30, 62]). The following counting problem is #P-complete.

Input: A rational polytope P given in V-description.

Output: Number of facets of P.

We again use Theorem 3.3.2 to hide the facet-counting polytope problem in the problem

of counting graphical designs.

Theorem 3.6.7. The following counting problem is #P-complete.

Input: A connected, positively weighted graph G = ([n], E, w), w ∈ QE
>0 with m

eigenspaces Λ1 = span{1} < Λ2 . . . < Λm, and an integer k ∈ {2, . . . ,m− 1}.

Output: The number of minimal positively weighted k-graphical designs of G.

Proof. We will show that the counting problem in Lemma 3.6.6 is a sub-problem of this

counting problem. Let P = conv({v1, . . . , vn} ⊂ Qd) be a polytope with d ≤ n − 2. We
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note that if d = n − 1, then the polytope P must be a simplex and hence has n facets.

By Theorem 3.3.2, there is a (strongly) polynomial time algorithm to create a graph G =

([n], E, w ∈ QE
>0) with eigenspaces Λ1 = span{1},Λ2,Λ3 for which P is affinely equivalent

to P{1,3} ≃ P{3}. Consider the eigenspace ordering Λ1 < Λ2 < Λ3. By Theorem 3.5.3, the

facets of P are in bijection with the minimal positively weighted 2-graphical designs. Thus

any enumeration of the minimal positively weighted 2-graphical designs of G would count

the facets of P , hence this counting problem must be #P-complete. This problem must be

hard for any k because a k-graphical design is also a k′-graphical design for all k′ < k.

Many algorithmic polytope questions are open when the dimension is not fixed. In

particular, the complexity of listing all facets of a polytope given a vertex description is

unknown, though it is widely believed to be a difficult problem. Any complexity result for

the facet enumeration problem would provide a complexity result for the problem of listing

all minimal k-graphical design, using the same framework as in the proofs of this section.

Remark 3.6.8. We note that it is polynomial time to find a not necessarily minimal k-

graphical design. A solution to the linear program

min c⊤x s.t. Ukx = 0,1⊤x = 1, x ≥ 0 (3.1)

provides a positively weighted k-graphical design for any cost vector c ∈ Rn, though the

design need not be minimum or minimal. We recall that linear programming is polynomial

time by [56, 53], and moreover one can find an extreme point solution in polynomial time

[58, Theorem 2.1.6]. The Rank Lemma from linear programming guarantees some sparsity

of extreme point solutions.

Lemma 3.6.9. [58, Lemma 1.2.3] An extreme point solution x∗ of

min c⊤x s.t. Ax = b, x ≥ 0

is zero on corank(A) coordinates.
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Thus an extreme point solution of the LP in (3.1) has n − k zero coordinates, which is

to say the design contains k vertices. The one-norm is often used as a proxy for sparseness,

but the constraints 1⊤x = 1, x ≥ 0 imply that ∥x∥1 = 1 for all feasible x in (3.1). While it

theoretically makes no sense to minimize the one-norm, doing so in practice using MATLAB

and Gurobi [68, 46] has yielded very sparse graphical designs, often sparser than the guarantee

of the Rank Lemma.
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