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In this thesis, two projects in inverse problems are described. The first concerns a simple

mathematical model of synthetic aperture radar with undirected beam, modeled as a 2D

circular Radon transform with centers restricted to a plane curve γ. From the work of

Stefanov and Uhlmann (2013), it is known that this operator is microlocally non-injective

locally, but microlocally injective globally if γ is closed. The problem for non-closed γ is

examined; it is shown that the Radon transform Rγ is microlocally non-injective to leading

order if a certain geometric condition is satisfied. Known examples where this condition

holds are given. Numerical simulations demonstrate Rγ’s microlocal non-injectivity for a

single curve, and for a four-curve setup satisfying the geometric condition.

The second project involves the implementation of an algorithm by de Hoop, Uhlmann,

Vasy, and Wendt (2013), with refinements, for computing generic Fourier integral opera-

tors (FIOs) associated with canonical graphs, possibly involving caustics. The algorithm

can be divided into two parts: a local component that approximately evaluates an FIO

A : C∞0 (X)→ D′(Y ) expressed in the oscillatory integral formAf(y) =
∫
eiφ(y,ξ)a(y, ξ) f̂(ξ) dξ,

modulo an error operator of order 1
2 less than the order of A, and a global component that

expresses an arbitrary FIO associated with a canonical graph as a finite sum of these local

oscillatory integrals composed with appropriate coordinate changes. A numerical imple-

mentation of their algorithm is demonstrated and successfully applied to a variety of FIOs



associated with canonical graphs. This algorithm is designed to be easy-to-use for future

researchers and the code is freely available from the author.
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Chapter 1

BACKGROUND

We will begin with some background material on microlocal analysis. The standard refer-

ences for this material is Hörmander’s books [2], and other references include Duistermaat [1]

and Trèves [4].

Before beginning, we recall some standard multi-index notation. If α = (α1, . . . , αn)

is a multi-index (a vector of nonnegative integers), then |α| = α1 + · · · + αn, and α! =

α1!α2! · · ·αn!. The derivative operator ∂αx , where x is an n-dimensional variable, means the

|α|-order operator ∂α1
x1 · · · ∂

αn
xn . Also, xα means the monomial xα1

1 · · ·xαnn , or if x = (x1, . . . , xn)

is a vector, the same product of its entries. Finally, for multi-indices α, β, let(
α

β

)
=
(
α1

β1

)
· · ·

(
αn
βn

)
. (1.0.1)

1.1 Wavefront Set

The basic idea of microlocal analysis is to study both the position and direction of the

singularities of a distribution1. This basic notion is captured by the wavefront set, which

is the microlocal analogue of the singular support. Given a distribution u ∈ D′(X), the

wavefront set WF(u) ⊆ T ∗X \ 0 is defined by

WF(u) = (T ∗X\0)\
{

(x0, ξ0)
∣∣∣∣∣ ∃ε, U 3 x : ∀ρ ∈ C∞0 (U), ρ̂u(tξ) = O(t−N)∀ξ :

∣∣∣∣∣ ξ|ξ| − ξ0

|ξ|0

∣∣∣∣∣ < ε∀N
}
.

In other words, (x, ξ) belongs to the wavefront set if after localizing u sufficiently close to x, its

Fourier transform decays superalgebraically (faster than any polynomial) in a neighborhood

of ξ. The basis of this definition is that the Fourier transform of a smooth function decays

1Here and throughout “singularity” refers to a distribution failing to be C∞.



2

superalgebraically, since derivatives in the spatial domain correspond to multiplication by

monomials in the Fourier domain (and a power of i). By extension, it is reasonable to think

of u as being smooth in a direction ξ if û(ξ) decays similarly in a conic neighborhood of that

direction; to provide spatial locality we multiply by a cutoff ρ.

It is easy to check that WF(u) projects to the singular support of u:

Proposition 1.1. Let π : T ∗X → X be the canonical projection. Then singsuppu =

π(WF(u)).

Proof. Let x ∈ X. First, suppose x /∈ π(WF(u)). Then for all ξ ∈ S∗X, there exist Uξ, εξ
satisfying the conditions in (1.1). Since S∗X is compact it can be covered by finitely many

of the sets {|ξ′ − ξ| < εξ, associated with ξ1, . . . , ξm, say. Taking U = Uξ1 ∩ · · · ∩ Uξm , we

have ρ̂u(tξ) = O(|ξ|−N) for all N for ρ ∈ C∞0 (U), implying x /∈ singsuppu.

Conversely, if x /∈ singsuppu, there exists ρ ∈ C∞0 (X) nonzero at x such that ρu ∈ C∞.

Then ρ̂u decays superalgebraically in all directions, implying that (x, ξ) /∈ WF(u) for all

ξ.

As an example of the directionality of the wavefront set, we can consider an indicator

function of a region Ω. Here the wavefront set consists of (x, ξ) which are conormal to the

boundary.

Example. Let Ω ⊆ Rn be a smooth submanifold, with defining function ρ (so Ω = {ρ ≤ 0},

dρ|∂Ω 6= 0). Let 1Ω be the corresponding indicator function. Then WF(1Ω) = {αdρ|Ω : α ∈

R \ 0}.

Proof. Since singsupp 1Ω = ∂Ω, we only need to consider WF(u) on the boundary of Ω. Fix

x ∈ Ω, and extend y1 = ρ to a local coordinate chart ψ = (y1, . . . , yn) on a neighborhood

U ⊆ Rn of x, in which x = (0, . . . , 0). In y coordinates, 1Ω is locally the indicator of the lower

half-plane, 1y1≤0, hence its wavefront set agrees with WF(1y1≤0) near 0. Directly computing

the Fourier transform of 1y1≤0 gives − 1
iη1
δ(η2,...,ηn), which certainly decays superalgebraically

if and only if η1 6= 0. Hence WF(1y1≤0) is nonempty and contained in Z = {(y, η) | y1 =



3

0, η2 = · · · = ηn = 0}. But, because of translational symmetry in the y1 = 0 hyperplane,

WF(1y1≤0) must be exactly Z.

Now, we will peek ahead and use results from section 1.3.2, where it is shown how the

wavefront set is modified when we change coordinates from y back to x. Pulling back by ψ

can be seen as an Fourier integral operator

ψ∗g(x) =
∫∫

ei(y−ψ(x))·ηg(y) dy dη (1.1.1)

with canonical relation (ψ−1(y), (dψ)>η; y, η). Applying this relation to WF(1y1≤0), we ob-

tain WF(ψ−11y1≤0) = {x, cdρ|x | c ∈ R, x ∈ ∂Ω}. Since ψ−11y1≤0 = 1Ω locally, the proof is

complete.

Since microlocal analysis studies the singularities of distributions, two distributions will

usually be considered equivalent if their difference is a C∞ function, while two operators will

be considered equivalent if their difference is a smoothing operator, meaning that its image

is in C∞.

Given a distribution u, there are a number of operations we can apply: e.g. coordinate

changes, pullbacks, pushforwards, and we would like to know how the distribution’s wavefront

set is modified.

1.2 Pseudodifferential Operators

A very common operator class in analysis of ODEs/PDEs are the pseudodifferential opera-

tors, which generalize the class of usual differential operators, and include parametrices for

elliptic differential operators and fractional derivative operators, among others.

Definition 1.1 (Pseudodifferential operators on Euclidean space). Let X ⊆ Rn. A pseu-

dodifferential operator P on X is an operator of the form

(Pu)(x) = 1
(2π)n

∫
Rn
ex·ξp(x, ξ)û(ξ) dξ, (1.2.1)
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where p(x, ξ) is a symbol satisfying the conditions

p ∈ C∞(X × (Rn \ 0)), (1.2.2)∣∣∣∂αx∂βξ p∣∣∣ = O
(
|ξ|m−|β|

)
, locally uniformly in X for some m ∈ R (1.2.3)

Here α and β are multi-indices. The second condition is a shorthand way of requiring that

for every α, β and every K ⊂⊂ X there exist constants Cα,β,K such that supx∈K |∂αx∂
β
ξ p| ≤

Cα,βK (1 + |ξ|)m−|β|.

The growth rate in ξ, m, is the order of P , and represents roughly “how many derivatives”

are taken by P . When P is an ordinary differential operator, m is equal to the usual order

of the operator.

Definition 1.2. We denote the vector space of all pseudodifferential operators of order m

on X by Ψm(X) and denote by Sm the class of symbols of order m. Also, define S−∞ =⋂
m∈R S

−m.

Note. An operator whose symbol p belongs to S−∞ is smoothing (by an integration by parts

argument which will appear later in the proof of Proposition 1.2), so typically we consider

any symbols equivalent if they are equal modulo S−∞.

1.2.1 Symbol Classes

The symbol class p given here is the most common symbol class, but others can be considered,

where the degree of decay in ξ depends on the order of the derivatives in x and ξ. If

|∂αx∂
β
ξ p| = O

(
|ξ|m+δ|α|−ρ|β|

)
locally uniformly in X, then we call p a symbol of type (ρ, δ).

As convenient notation, the operator corresponding to symbol p(x, ξ) is often denoted

p(x,D) in view of the fact that the symbol ξj corresponds to the pseudodifferential operator

Dj = −i∂j. In general, if p(x, ξ) has a separated representation p(x, ξ) = ∑
k αk(x)βk(ξ)

then p(x,D) = ∑
k αk(x)βk(D) where βk(D) is defined in the typical functional calculus way

via the Fourier transform. However, since the operators x and D do not commute, there
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is a not a single canonical definition of p(x,D); the map from the symbol to the operator

defined by (1.2.1) is known as left or Kohn-Nirenberg quantization of p. Other options are

right quantization:

Definition 1.3 (Right Quantization).

(PRu)(x) = 1
(2π)n

∫
Rn
e(x−y)·ξp(y, ξ)u(y) dy dξ (1.2.4)

In right quantization p(x,D) = ∑
k αk(x)βk(D) if p(x, ξ) = ∑

k αk(x)βk(ξ); this is adjoint

to left quantization. We also have Weyl quantization

Definition 1.4 (Weyl Quantization).

(PWu)(x) = 1
(2π)n

∫
Rn
e(x−y)·ξp

(
x+ y

2 , ξ
)
u(y) dy dξ (1.2.5)

These quantizations can be found in [27]. We could envelope all these cases into one

by allowing general amplitude a(x, ξ, y) in place of the symbol, where a satisfies the symbol

decay of (1.2.3), but where derivatives in both x and y are taken (not affecting the exponent

of |ξ| in the big-O notation). It turns out that these general amplitudes actually afford

no extra generality from a microlocal point of view, since for any amplitude there exists a

corresponding symbol p such that a(x,D, y) = p(x,D) modulo smoothing operators:

Proposition 1.2. For an amplitude a(x, ξ, y), define

a(x,D, y) = 1
(2π)n

∫
Rn
e(x−y)·ξa(x, ξ, y)u(y) dy dξ. (1.2.6)

Then there is a p(x, ξ) ∈ Sm (unique modulo S−∞) such that a(x,D, y)−p(x,D) is smoothing.

It can be defined by its asymptotic expansion

p(x, ξ) ∼
∑
α

1
i|α| · α!∂

α
y ∂

α
ξ a(x, ξ, y)

∣∣∣
y=x

. (1.2.7)
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To make sense of the last part, we need to define what an asymptotic expansions for

symbols is, as used in (1.2.7). Before changing gears, we note that this proposition reflects

a general theme of Fourier integral operators, of which pseudodifferential operators are a

specialization: the amplitude can be thought of in some sense as being defined on the La-

grangian associated with the operator, which for pseudodifferential operators is the diagonal

of (T ∗X\0)×(T ∗X\0), diffeomorphic to T ∗X\0. Modifying a(x, ξ, y) away from the diagonal

x = y perturbs a(x,D, y) by a smoothing operator, via a stationary phase argument.

1.2.2 Asymptotic Expansions

Oftentimes when dealing with pseudodifferential operators or Fourier integral operators it

is useful to be able to separate the symbol into homogeneous terms of different orders.

Often also, these forms arise from methods that do not guarantee convergent sums, but only

asymptotic expansions:

Definition 1.5 (Asymptotic Expansions). Let p ∈ Sm0 , and suppose pmj ∈ Smj , m0 >

m1 > m2 > · · · . Then

p ∼
∞∑
j=0

pmj (1.2.8)

if and only if p−∑J
j=0 pmj ∈ SmJ+1 for all j ∈ N.

Despite the lack of convergence, any given asymptotic expansion actually defines a unique

symbol p ∈ Sm0 (modulo S−∞).

Proposition 1.3 (Existence and Uniqueness for Asymptotic Expansions). Let pmj ∈ Smj ,

m0 > m1 > m2 > · · · be given. Then there exists a symbol p ∈ Sm such that p ∼ ∑∞
j=0 pmj ,

uniquely defined modulo S−∞.

Proof. Uniqueness is easy, since if p, q are two symbols (of any order) both asymptotic to∑∞
j=0 pmj , then for each J , p − q = ∑J

j=0 pmj −
∑J
j=0 pmj = 0, modulo SmJ+1 . Since this is

true for all J , p = q modulo S−∞.
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If ∑ pmj were a convergent series in C∞(X × (Rn \ {0})), we could simply define p to be

its sum. If not, it can be shown that we can cut off the pmj away from the origin, which

perturbs the pmj by a symbol in S−∞ to make the series summable. Having performed the

cutoffs, define p = ∑∞
j=0 p

′
mj

.

There is no homogeneity requirement for the pmj in an asymptotic expansion. Adding

this in leads to the polyhomogeneous symbols, which are those having asymptotic expansions

in homogeneous symbols with orders descending by 1:

Definition 1.6 (Polyhomogeneous Symbol). A homogeneous symbol p is one of the form

p(x, ξ) ∼
∞∑
j=0

pm−j(x, ξ) (1.2.9)

pm−j(x, ξ) ∈ Sm−j, positively homogeneous of degree m− j in ξ (1.2.10)

The class of polyhomogeneous symbols is denoted Smphg in Hörmander and is invariant un-

der addition, composition, and transposition. Returning to the general amplitudes discussed

earlier, for a homogeneous amplitude a(x, y, ξ), the corresponding symbol is polyhomoge-

neous.

With asymptotic expansions defined, we can prove Proposition 1.2. One corollary of this

proposition is that if a(x, y, ξ) is homogeneous in ξ, the corresponding symbol is polyhomo-

geneous.

Proof of Proposition 1.2. As mentioned earlier, the idea is that only the values of a(x, ξ, y)

and its derivatives along the diagonal x = y (the critical set for this oscillatory integral)

contribute to the operator, modulo smoothing operators. Let k be a positive integer. By

Taylor’s theorem with remainder, applied in the y variables and centered at y = x,

a(x, ξ, y) =
∑
|α|≤k

aα(x, ξ, y) +
∑

|β|=k+1
(y − x)βRβ, (1.2.11)
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where

aα(x, ξ, y) = 1
α! (y − x)α∂αy a(x, ξ, y)

∣∣∣∣
y=x

, (1.2.12)

Rβ(x, ξ, y) = |β|
β!

∫ 1

0
(1− t)k(∂βy a)(x, ξ, x+ t(y − x)) dt. (1.2.13)

The aα parts we will transform into the symbol, while the Rβ parts become the lowest-order

terms. Note that each aα satisfies the symbol decay conditions. First, we pin down the

contribution of the aα terms to the operator.

aα(x,D, y) = 1
(2π)n

∫∫ 1
α!e

i(x−y)·ξ(y − x)α∂αy a(x, ξ, y)
∣∣∣∣
y=x

f(x) dx dξ (1.2.14)

= 1
(2π)n

∫∫ 1
α!i
|α|∂αξ e

i(x−y)·ξ∂αy a(x, ξ, y)
∣∣∣∣
y=x

f(x) dx dξ, (1.2.15)

and applying integration by parts,

= 1
(2π)n

∫∫
ei(x−y)·ξ 1

i|α| · α!∂
α
ξ ∂

α
y a(x, ξ, y)

∣∣∣∣
y=x

f(x) dx dξ. (1.2.16)

The right-hand side is now a standard left-quantization-defined pseudodifferential operator.

Likewise,

(
(y − x)βRβ

)
(x,D, y) = (−1)|β||β|

(2π)nβ!

∫∫
ei(x−y)·ξ∂βξRβ(x, y, ξ) dx dξ. (1.2.17)

Now analyzing the Rβ in (1.2.13) shows that they are also amplitudes of the same order as

m. Therefore each
(
(y − x)βRβ

)
(x,D, y) is an amplitude of order m − |β| (and thus so is

the second sum in (1.2.11)).

Now, we compare a(x,D, y) with the operator whose symbol q(x, ξ) is defined by asymp-

totic expansion

q(x, ξ) ∼
∑
α

1
i|α| · α!∂

α
y ∂

α
ξ a(x, ξ, y)

∣∣∣
y=x

. (1.2.18)

By (1.2.16), a(x,D, y)− q(x,D) is a pseudodifferential operator defined by an amplitude of

order m− |β| for all β. This implies it is a smoothing operator: after taking k derivatives of

Af(x) =
∫
ei(x−y)·ξa(x, y, ξ)f(y) dy dξ (1.2.19)



9

we increase the growth order of the integrand in θ by k, but since a(x, y, ξ) decays faster

than any power of ξ, the integral is still convergent. This finishes the proof.

1.2.3 Symbol Calculus

One of the most convenient properties of pseudodifferential operators is their symbol calculus,

which allows us to compute symbols of the composition of two pseudodifferential operators,

the (microlocal) inverse of an operator, and more.

The transpose of a pseudodifferential operator is easily expressed as a general amplitude,

which leads us to a formula for its symbol via Proposition 1.2.

Proposition 1.4. For any p(x, ξ) ∈ Sm, the transpose of P = p(x,D) is a pseudodifferential

operator defined by amplitude a(x, ξ, y) = p(y,−ξ). Modulo smoothing operators, its (Kohn-

Nirenberg) symbol has asymptotic expansion

σP> ∼
∑
α

i|α|

α! (∂αx∂αξ p)(x,−ξ). (1.2.20)

Similarly, the adjoint P ∗ is defined by amplitude a(x, ξ, y) = p(y, ξ). Its symbol has the

asymptotic expansion

σP ∗ ∼
∑
α

(−i)|α|
α! (∂αx∂αξ p)(x, ξ). (1.2.21)

Proof. The transpose of P ’s kernel is formally

1
(2π)n

∫
ei(y−x)·ξp(y, ξ) dξ. (1.2.22)

Substituting ξ = −ξ yields a pseudodifferential operator defined by amplitude p(y,−ξ), and

applying Proposition 1.2 yields (1.2.20). Similarly, P ∗’s kernel is obtained by taking the

conjugate transpose of P ’s kernel, giving

1
(2π)n

∫
e−i(y−x)·ξp(y, ξ) dξ. (1.2.23)

This yields amplitude p(y, ξ), and Proposition 1.2 implies (1.2.21).
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Now that the transpose is defined, it is not hard to find the symbol of the composition

of two pseudodifferential operators, by expressing one in transpose form. The composition

is as elegant as can be hoped for:

Proposition 1.5. Let P = p(x,D) ∈ Ψm1(X), Q = q(x,D) ∈ Ψm2(X) be two pseudodif-

ferential operators on X. Then PQ is a pseudodifferential operator of order m1 + m2. Its

symbol has the asymptotic expansion

σPQ ∼
∑
α

1
α! (∂

α
ξ p)(∂αx q). (1.2.24)

The lower-order terms of the asymptotic expansion reflect the non-commutativity of x and

D.

Proof. Write q> for the symbol of Q>. Then

Pu(x) = 1
(2π)n

∫
eix·ξp(x, ξ)û(ξ) dξ, (1.2.25)

Q>u(z) = 1
(2π)n

∫∫
ei(z−y)·ξq>(z, ξ)u(y) dy dξ, (1.2.26)

Qu(y) = 1
(2π)n

∫∫
ei(y−z)·ξq>(z,−ξ)u(z) dz dξ, (1.2.27)

Q̂u(ξ) =
∫
e−iz·ξq>(z,−ξ)u(z) dz. (1.2.28)

Composing P and Q from the first and last equations gives

(PQu)(x) = 1
(2π)n

∫
ei(x−z)·ξ)p(x, ξ)q>(z,−ξ)u(z) dz dξ. (1.2.29)

The product of two symbols is again a symbol (simply by applying the product rule),

so (1.2.29) demonstrates that the PQ is a pseudodifferential operator, and its amplitude

has order m1 +m2. Now we can apply Proposition 1.2, gaining

σPQ ∼
∑
α

(−i)|α|
α! ∂αξ ∂

α
z (p(x, ξ)q>(z,−ξ))

∣∣∣∣
z=x

. (1.2.30)

Combining this with the asymptotic expansion for q>, ∑β
i|β|

β! (∂βz ∂
β
ξ q)(z,−ξ), we get

σPQ ∼
∑
α,β

(−i)|α|−|β|
α!β! ∂αξ ∂

α
z

(
p(x, ξ)(∂βz ∂

β
ξ q)(z, ξ)

) ∣∣∣∣
z=x

. (1.2.31)



11

Expanding the ∂αξ derivative with the product rule, we apply γ ≤ α of the derivatives on p;

the remaining on the derivative of q:

σPQ ∼
∑
α,β

∑
γ≤α

(−i)|α|−|β|
α!β!

(
α

γ

)
(∂γξ p)(∂α+β

x ∂α+β−γ
ξ q). (1.2.32)

Replacing α by α + γ, then by δ = α + β,

σPQ ∼
∑
α,β,γ

(−i)|α|−|β|+|γ|
α!β!γ! (∂γξ p)(∂α+β+γ

x ∂α+β
ξ q) (1.2.33)

∼
∑
δ,γ

∑
β≤δ

(−i)|δ|+|γ|
γ!δ! (−1)|β|

(
δ

β

)
(∂γξ p)(∂δ+γx ∂δξq). (1.2.34)

Unless |δ| = 0, the alternating sum ∑
β≤δ(−1)|β|

(
δ
β

)
is zero. For, choosing some i such

that βi 6= 0, and letting ε be the multi-index with εi = 1, εj = 0 for j 6= i we have(
δ
β

)
=
(
δ−ε
β−ε

)
+
(
δ−ε
β

)
, so each nonzero

(
δ−ε
ζ

)
appears twice in the sum, once with positive sign

and once with negative sign. Hence

σPQ ∼
∑
γ

(−i)|γ|
γ! (∂γξ p)(∂γxq). (1.2.35)

One of the major uses for pseudodifferential operators is providing approximate inverses

for elliptic differential operators. A pseudodifferential operator p(x,D) is said to be elliptic

if its symbol p is suitably bounded away from zero.

Definition 1.7. p(x,D) is elliptic if p(x, ξ) = ω(|ξ|m) locally uniformly in x, where m is the

order of p. In other words, for every K ⊂⊂ X there exist constants a, c > 0 such that

sup
x∈K
|p(x, ξ)| ≥ c |ξ|m if |ξ| ≥ a. (1.2.36)

We can now prove:

Proposition 1.6. For every elliptic P ∈ Ψm(X), there is a pseudodifferential parametrix

Q ∈ Ψ−m(X) satisfying PQ = Id modulo a smoothing operator.
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Proof. Let p(x, ξ) be the symbol of P . Let K = {K1 ⊂ K2 ⊂ · · · } be an exhaustion of X

by compact subsets. For each K ∈ K, let aK , cK > 0 be constants satisfying (1.2.36). Let

VK = {(x, ξ) : x ∈ K, |ξ| ≥ aK}.

Because p is elliptic, q̃ = 1
p

satisfies the symbol decay conditions on each VK : we can

check that ∂αx∂
β
ξ q̃ = sα,βp

−|α|−|β|, where sα,β is a symbol of order mα + (m− 1)β. Choose a

smooth cutoff χ(x, ξ) with 0 ≤ χ ≤ 1, such that χ is supported on ⋃K∈K VK and the support

of 1 − χ in ξ is bounded on each K. Then define q0 = χ/p. Since q0 = q̃ for sufficiently

large ξ, the symbol decay conditions are satisfied, while the cutoff χ ensures q0 ∈ C∞. Hence

q0 ∈ S−m. Let Q0 = q0(x,D).

Applying the composition formula, we find that while the symbol of PQ0 is not 1, its

principal symbol is, and so PQ0 = Id−P1 for some pseudodifferential operator P1 = p1(x,D)

of order −1. Having done so, we can repeat the argument with q1 = χp1/p to find Q1 =

q1(x,D) such that PQ1 = P1 − P2 for some pseudodifferential operator P2 = p2(x,D) of

order −2, and so on. Continuing similarly, we generate PN ∈ Ψ−N , QN ∈ Ψ−m−N such that

P (Q0 +Q1 +QN) = Id−PN+1 for each N . While the sum Q0 +Q1 + · · · may not converge,

there exists a Q ∈ Ψ−m whose symbol is asymptotic to ∑∞j=0 qj. Then for each N ,

PQ− Id = (PQ− P (Q0 + · · ·+QN)) + (P (Q0 + · · ·+QN)− Id) ∈ Ψ−N−1. (1.2.37)

Hence PQ = Id plus a smoothing operator.

1.3 Fourier Integral Operators

In microlocal analysis and inverse problems, many operators of study belong to the larger

class of Fourier integral operators, which are a wide generalization of pseudodifferential

operators. In essence, a Fourier integral operator, or FIO, is an integral operator with kernel

(locally) defined by an oscillatory integral. One of their most important and useful features

is that they move singularities (the wavefront set) in a prescribed manner. Fourier integral

operators include integral transforms such as the Radon transform and its generalizations,

and parametrices for hyperbolic equations, as well as pushforwards and pullbacks. As a
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result, they have found wide application to inverse problems in imaging. There is a well-

established calculus for FIOs, describing the circumstances under which the composition of

FIOs is itself an FIO. Like pseudodifferential operators, Fourier integral operators can be

described up to leading order by an appropriate principal symbol, although there is not

(to the author’s knowledge) an analogue to the full symbol possessed by pseudodifferential

operators.

1.3.1 Definition and Examples

The kernels of Fourier integral operators are known sometimes as Fourier integral distribu-

tions.

Definition 1.8. Let X ⊆ Rn be open. A local Fourier integral distribution u ∈ D′(X) is a

distribution defined by

〈u, f〉 = (2π)−(n+2N)/4
∫
RN
eiφ(x,θ)a(x, θ)f(x) dx dθ, f ∈ C∞0 (X). (1.3.1)

where a ∈ C∞(X ×RN) and φ ∈ C∞(X × (RN \ 0)) are known as the amplitude and phase

functions, respectively. The amplitude a must satisfy the symbol decay conditions

∂αx∂
β
θ a = O(|θ| µ−β). (1.3.2)

locally uniformly on X for some order µ ∈ R. The phase φ is required to be (positively)

homogeneous of degree 1, real-valued (although complex-phase FIOs can also be considered),

with dφ 6= 0. Typically, φ is also required to be nondegenerate, meaning that d(x,θ)dθφ has

full rank (this implies that the critical manifold, defined later, is a embedded submanifold).

When the order µ of the amplitude is less than −n, the integrand of (1.3.1) is absolutely

convergent (regardless of the symbol bounds given). To define (1.3.1) for µ ≥ −n, we must

use integration by parts and the symbol decay properties of a, as well as the condition dφ 6= 0.

Let L be the first-order operator on T ∗X \ 0:

L = −i
∂φ
∂x

∂
∂x

+ |θ|2 ∂φ
∂θ

∂
∂θ∣∣∣(∂φ

∂x
, |θ|∂φ

∂θ

)∣∣∣2 . (1.3.3)
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Since dφ 6= 0, L has finite coefficients, and by construction L(iφ) = 1, so L(eiφ) = eiφ.

Meanwhile, the coefficient of ∂
∂x

is homogeneous of order −1 in θ and the coefficient of ∂
∂θ

is

order 0, so the symbol conditions imply that Lka is O(θµ−k) locally uniformly in x. More

to the point here, the coefficients of L> are homogeneous of the same orders, although L>

also has a constant term that is homogeneous of order −1 in θ, so (L>)ka is O(θµ−k) locally

uniformly in x. Formally integrating (1.3.1) by parts

〈u, f〉 = (2π)−(n+2N)/4
∫
eiφ(x,θ)a(x, θ)f(x) dx dθ (1.3.4)

= (2π)−(n+2N)/4
∫
Lkeiφ(x,θ)a(x, θ)f(x) dx dθ (1.3.5)

= (2π)−(n+2N)/4
∫
eiφ(x,θ)(L>)ka(x, θ)f(x) dx dθ. (1.3.6)

By choosing k > µ+ n, the final integral (1.3.6) is absolutely convergent. By integration by

parts, it is also independent of k. We take this convergent integral as the definition of the

distribution u given by the oscillatory integral (1.3.1).

Definition 1.9. A local Fourier integral operator A : C∞0 (Y )→ D′(X) is a integral operator

whose Schwartz kernel is a Fourier integral distribution
∫
eiφ(x,y,θ)a(x, y, θ) dθ on X × Y .

The order of A is defined to be 1
4(− dimX − dim Y + 2 dim θ), and measures “how many

derivatives A takes”; this can be made precise, at least for FIOs associated with canonical

graphs, as will be discussed later.

Note. A priori, A maps C∞0 (Y ) to D′(X), since its Schwartz kernel is a distribution; however,

it turns out that after studying the effect of Fourier integral operators on the wavefront sets of

distributions more carefully, the domain of A can be extended to distributions with wavefront

sets outside a certain “bad set” which can be computed from φ.

Example. Any pseudodifferential operator p(x,D) is a Fourier integral operator whose order

is equal to the degree of the symbol p. The phase is φ(x, y, ξ) = (x − y) · ξ, which satisfies

the conditions for a nondegenerate phase function.
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Example. Pullbacks and pushforwards of distributions by smooth maps ψ : Y → X are

Fourier integral operators:

ψ∗f(y) = f(ψ(y)) =
∫
ei(ψ(y)−x)·ξf(x) dx dξ; (1.3.7)

ψ∗g(x) =
∫
ei(ψ(y)−x)·ξg(y) dy dξ. (1.3.8)

The phases are identical in both cases and nondegenerate.

Example. The solution operator for a constant-speed wave equation is a sum of two FIOs.

For simplicity taking wave speed 1, the solution to (∂2
t −∆2

x)u = 0 with initial data (ei〈·,ξ〉, 0),

fξ(x) = eix·ξ, is the sum u(t, x) = 1
2 [ei(x·ξ+t|ξ|)+ei(x·ξ−t|ξ|)]. For Cauchy data (f, 0) with general

f , we take the Fourier transform and use linearity to get

u(x) = 1
2

∫
ei[x·ξ+t|ξ|]f̂(ξ) dξ + 1

2

∫
ei[x·ξ−t|ξ|]f̂(ξ) dξ (1.3.9)

= 1
2

∫
ei[x·ξ+t|ξ|−y·ξ]f(y) dy dξ + 1

2

∫
ei[x·ξ−t|ξ|−y·ξ]f(y) dy dξ (1.3.10)

These two integrals are FIOs, as usual with nondegenerate phases (and amplitude 1).

Example. The Radon transform R : C∞0 (Rn) → C∞(R × Sn−1) integrates functions over

hyperplanes in Euclidean space:

Rf(s, ω) =
∫
x·ω=s

f(x) dS. (1.3.11)

The Fourier slice theorem implies that FsR(σ, ω) = f̂(σω), where Fs is the Fourier transform

of Rf in s. By the Fourier inversion formula,

Rf(s, ω) = 1
2π

∫
eisσf̂(σω) dσ (1.3.12)

= 1
2π

∫
ei[sσ−x·σω]f(x) dx dσ, (1.3.13)

which gives us an oscillatory integral with phase φ(x, s, ω) = σ(s − x · ω) and amplitude

1/2π. This is essentially a Dirac delta distribution on the manifold {s = x · ω}. Since the

codomain Y = R× Sn−1 is a manifold, this does not exactly fit the local definition of a FIO

given earlier, but we will shortly define FIOs on manifolds.
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We can also generalize the Radon transform, integrating over families of hypersurfaces

of a space X. If the hypersurfaces are level sets of a critical-point free smooth function

h : X × Ω→ R, then the associated Radon transform is

Rhf(s, ω) =
∫
h(x,ω)=s

f(x) dS (1.3.14)

Fixing ω, choose local coordinates x̃ in which h(·, ω) = x̃ · sω; then Rf(s, ω) is the standard

Radon transform so we find that Rf(s, ω) =
∫
eiσ(s−x̃·ω)f(x̃) dx̃ dω for f supported in the

coordinate patch. Changing coordinates back to x gives us

Rf(s, ω) =
∫
eiσ(s−h(x,ω))f(x) det ∂x̃

∂x
dx dω. (1.3.15)

We can check that det ∂x̃
∂x

= 1. This is true for all ω, so again we find an FIO.

1.3.2 FIOs and Wavefront Sets

One of the most salient and useful properties of FIOs is that they move singularities in a

prescribed way. To find out how WF(f) and WF(Af) are related for an FIO A, we need

to look at the wavefront set of the kernel of A. It turns out to be contained in a certain

Lagrangian submanifold Λφ ∈ T ∗X which is related to the critical points of the phase φ with

respect to the frequency variables θ. The wavefront set of the kernel comes from the method

of stationary phase, which will tell us that F(x,y)
∫
eiφ(x,y,θ)a(x, y, θ) dθ decays rapidly in |θ|

away from the critical points of its phase. Most of this section follows Duistermaat [18].

Before embarking on finding the wavefront set of A’s kernel, we find the accompanying

manifolds Cφ and Λφ. These are defined for any Fourier integral distribution:

Definition 1.10. Let φ(x, θ) be a phase function, u a Fourier integral distribution. The

critical manifold of φ is

Cφ = {(x, θ) | dθφ(x, θ) = 0} ⊆ X × RN . (1.3.16)

The Lagrangian manifold is

Λφ =
{

(x, ξ) ∈ T ∗X
∣∣∣ ∃θ ∈ RN : (x, θ) ∈ Cφ, ξ = dxφ(x, θ)

}
. (1.3.17)
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Λφ is said to be parameterized by φ. When u is the kernel of a Fourier integral operator A,

Λφ is said to be the canonical relation of A.

The nondegeneracy condition imposed earlier on the phase (d(x,θ)dθφ 6= 0) implies that Cφ
is an embedded submanifold of X×RN . Λφ is the image of Cφ under the map T : Cφ → T ∗X;

T (x, θ) 7→ (x, dxθ). A quick argument (see Duistermaat [1]) shows that dT is injective, so Λφ

is an immersed submanifold in T ∗X. The dimensions of Cφ and Λφ are both n. As its name

implies, Λ is a Lagrangian submanifold of T ∗X with respect to the canonical symplectic form

on T ∗X, ω = dxi ∧ dξi, meaning that ω|Λ = 0 and dim Λ = n.

For Fourier integral operators A : C∞(Y ) → D′(X), we have Cφ ⊂ X × Y × RN and

Λφ ⊆ T ∗X × T ∗Y .

Proposition 1.7. If u =
∫
eiφa dθ is any Fourier integral distribution, WF(u) ⊆ Λφ.

Proof. Let (x0, ξ0) ∈ (T ∗X \ 0) \ Λφ. We would like to show that ρ̂u(tξ) = O(t−N) for all

N when ξ in a conic neighborhood of ξ0, for some smooth cutoff ρ supported near x0. Note

that

(ρu)(x) =
∫
eiφ(x,θ)(ρa)(x, θ) dθ (1.3.18)

ρ̂u(t |ξ|) =
∫
eiφ(x,θ)−x·tξ(ρa)(x, θ) dθ dx (1.3.19)

and after substituting θ = tθ′ and using homogeneity,

ρ̂u(t |ξ|) = tN
∫
eit[φ(x,θ′)−x·ξ](ρa)(x, tθ′) dθ′ dx. (1.3.20)

We need to study the asymptotic behavior of this integral. It falls into the general class of

oscillatory integrals
∫
eitf(z,a)g(z, a, t) dz, where z ∈ Z ⊆ RNZ , and a ∈ A ⊆ NA are arbitrary

parameters. For f and g, suppose f ∈ C∞(Z × A) and g ∈ C∞(Z × A × R+), and g = 0

for z outside some K ⊂⊂ Z. Also, we need to assume that supz,a|∂jzg| = O(tm+jδ) for some

δ < −1
2 .

If (for each a), f has a unique nondegenerate critical point with respect to z, say z0(a),

and g(z0(a), a, t) is nonzero for all a, t, the method of stationary phase says that∫
eitf(z,a)g(z, a, t) dz = eitf(z0(a),a)g(z0(a), a, t)c(a)tNz/2 + o(tNz/2). (1.3.21)
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for c(a) a constant depending on the Hessian d2
zf at z0(a) (the critical point being nonde-

generate means that the Hessian is nonsingular for each a). But, the important part for

our original integral is that we would not get the rapid decay that indicates smoothness in

the ξ direction. On the other hand, if f has no critical points, then instead the integral

eitf(z,a)g(z, a, t) dz decays faster than any negative power of t.

Returning to our problem, f = φ(x, θ′) − x · ξ, and its derivatives are (dropping primes

from θ′):

dθ[φ(x, θ)− x · ξ] = dθφ, (1.3.22)

dξ[φ(x, θ)− x · ξ] = dxφ− ξ. (1.3.23)

So, the critical points of the phase f are exactly (x, θ) for which dθ(x, θ) = 0 ((x, θ) ∈ Cφ)

and ξ = dxφ(x, θ).

Choose neighborhoods U ⊆ U ⊆ U ′ ⊆ X of x0 and a conic neighborhood V ⊆ Rn \ {0}

of ξ0 such that (U ′×V )∩Λφ = ∅. Then choose ρ ∈ C∞0 (U) such that ρ(x0) 6= 0. Also choose

ρ̃ ∈ C∞0 (U ′) with ρ̃
∣∣∣
U

= 1. For any ξ ∈ V , the phase of ρ̂u(tξ) has no critical points on the

support of ρa. Hence we expect that (1.3.20) is rapidly decaying for ξ in the neighborhood

V .

To prove it [3], we introduce a particular first-order differential operator L (as in the

definition of oscillatory integrals) and apply integration by parts. Since df is nonzero on

U ′ × RN for ξ ∈ V , define

L = ρ̃(x)
i

∇̃f · ∇x,θ

∇̃f · ∇f
, ∇̃f =

(
∇xf, |θ| 2∇θf

)
. (1.3.24)

The cutoff ρ̃ ensures that L has C∞ coefficients everywhere; ∇̃f ·∇f 6= 0 on U ′ since df 6= 0.

By construction, Lf = 1
i
, so Leitf = teitf , and we can try using the same integration by



19

parts trick as before:

ρ̂u(tξ) =
∫
eitf(x,θ,ξ)(ρa)(x, tθ) dθ dx (1.3.25)

=
∫
t−kLkeitf(x,θ,ξ)(ρa)(x, tθ) dθ dx (1.3.26)

= t−k
∫
eitf(x,θ,ξ)(L>)k

[
(ρa)(x, tθ)

]
dθ dx. (1.3.27)

Now we look at L>, where the reason for using ∇̃f in (1.3.24) appears. The denominator

∇f · ∇̃f is just |∇xφ|2 + |θ|2|∇θφ|2, which is homogeneous of order 2 in θ, since ∇xφ, ∇θφ

are homogeneous of orders 1 and 0, respectively. If we write L = b · ∇x + c · ∇θ then, b and

c are homogeneous of orders −1 and 0, respectively. Taking the transpose,

L> = −b · ∇x − c · ∇θ + (∇x · b+∇θ · c). (1.3.28)

All the coefficients but c are homogeneous of order −1, and since ρa is a symbol, ∇θ(ρa) is

a symbol of degree one lower. Hence if a ∈ Sm then (L>)k(ρa) ∈ Sm−k. If m − k < −N ,

then the integrand in (1.3.27) is absolutely convergent (since (L>)ρa = o(|θ|−n) and it is

compactly supported in x), and bounded for ξ ∈ V , so we have ρ̂u(tξ) = O(t−k) uniformly

on V . This finishes the proof.

Now that we have the wavefront set of the kernel of A, we need to understand what

this tells us about the relationship between WF(f) and WF(Af). First, though, we need

to extend the domain of A beyond smooth functions. However, in general an FIO can-

not be extended to every distribution. Accordingly, we define some appropriate spaces of

distributions:

Definition 1.11. Let X ⊆ RnX be open, and let Γ be a closed conic subset of T ∗X \ 0.

Then

D′Γ(X) = {u ∈ D′(X) |WFu ⊆ Γ} . (1.3.29)

Next, we introduce a modified version the wavefront set of the kernel, the wavefront

relation, and we also introduce a few extra sets:
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Definition 1.12. Let A : C∞(Y ) → D′(X) be a linear operator with Schwartz kernel KA.

Then the wavefront relation is

WF′(KA) = {(x, ξ; y,−η) ∈ T ∗X × T ∗Y | (x, ξ; y, η) ∈WF(KA)} . (1.3.30)

Also, define the following sets:

WF′in(KA) =
{

(y, η) ∈ T ∗Y \ 0
∣∣∣ ∃x ∈ X : (x, 0, y, η) ∈WF′(KA)

}
, (1.3.31)

WF′out(KA) =
{

(x, ξ) ∈ T ∗X \ 0
∣∣∣ ∃y ∈ Y : (x, ξ, y, 0) ∈WF′(KA)

}
. (1.3.32)

Abusing notation as mathematicians are wont, we write WF′(A) = WF′(KA) and similarly

for WF′in, WF′out.

The name “wavefront relation” reflects the fact that WF′(A) can be thought of as a

relation from T ∗Y to T ∗X. It turns out, as we will see shortly, that this relation relates

WF(f) and WF(Af).

We have the following key facts (not proven here):

Theorem 1.8. Let X ⊆ RnX , Y ⊆ RnY . Let A : C∞(Y )→ D′(X) be a linear operator. Let

Γ be a closed conic set in T ∗X \ 0 disjoint from WFin(T ). Then A extends continuously to

a map A : D′Γ(X)→ D′(X).

Theorem 1.9. Let A : C∞(Y ) → D′(X) be a linear operator, and let u ∈ D′(X) with

WF(u) ∩WF′in(A) = ∅. Then

WF′(Au) ⊆
(

WF′(A) ◦WF(u)
)
∪WF′out(A). (1.3.33)

Looking over Theorem 1.9, we see that WF′in(A) can be thought of the set of “bad” singu-

larities which A cannot be applied to. On the other end, WF′out(A) are “extra” singularities

which A can create without any singularities present in the input.

Combining Theorem 1.9 with Proposition 1.7, we achieve our goal:
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Corollary 1.10. Let A : C∞(Y ) → D′(X) be a Fourier integral operator with phase φ,

and define Λ′φ, Λ′φ,in, Λ′φ,out analogously to (1.12). Then A extends continuously to a map

D′Γ(X)→ D′(X) for any closed conic Γ ⊆ T ∗X \ (Λ′φ,in ∪ 0) and

WF(Af) ⊆ (Λ′φ ◦WF(f)) ∪ Λ′φ,out. (1.3.34)

1.3.3 Composition

The natural question for a class of operators is whether it is closed under composition. A

priori, since an FIO maps C∞0 to D′, it is not clear whether we can compose two operators.

It turns out that under some geometric conditions on some manifolds associated to the FIOs,

this composition is indeed possible.

Theorem 1.11. Let X ⊆ RnX , Y ⊆ RnY , Z ⊆ RnZ . Let A : C∞(Y )→ D′(X), B : C∞(Z)→

D′(Y ) be local Fourier integral operators of orders m1, m2 respectively.

Af(x) = (2π)−(nX+nY +2N1)/4
∫
RN1

∫
Y
eiφ1(x,y,θ1)a(x, y, θ1)f(y) dθ1 (1.3.35)

Bf(y) = (2π)−(nY +nZ+2N2)/4
∫
RN2

∫
Z
eiφ2(y,z,θ2)b(y, z, θ2)g(z) dθ2. (1.3.36)

Let Λφ1, Λφ2 be the associated Lagrangian manifolds. Assume the following conditions hold:

(a) Λφ1,in = Λφ2,out = ∅.

(b) Λφ1,out ∩ Λφ2,in = ∅.

(c) Λφ1 ×Λφ2 intersects the diagonal T ∗X ×∆T ∗Y × T ∗Z transversally, where ∆T ∗Y is the

diagonal of T ∗Y × T ∗Y .

(d) Given compact KX ⊂⊂ X, KZ ⊂⊂ Z, the set of y for which a(x, y, θ1)b(y, z, θ2) 6= 0

for some (x, z, θ1, θ2) ∈ KX ×KZ × RN1 × RN2 is compact.

Then A ◦B is a Fourier integral operator of order m1 +m2 (with nondegenerate phase), and

its canonical relation is the composition of A and B’s canonical relations.
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Proof. The FIO composition theorem is a standard argument [1, 3]. We present part of it

here that will be useful later, only sketching the remaining details. We refer the reader to

the full proofs in the references.

First, it can be shown that conditions (a) and (d) imply the composition A ◦B is defined

as a linear operator AB : C∞(Z) → D′(X). If KA, KB are the kernels, the idea of the

proof is that the composition can be defined as an operator whose kernel is the restriction

of KA⊗KB to the diagonal T ∗X ×∆T ∗Y × T ∗Z, followed by pushforward by the projection

onto T ∗X × T ∗Z.

Now composing A and B, for f ∈ C∞0 (Z),

ABf(x) = c
∫

RN1

∫
Y

∫
RN2

∫
Z

ei[φ1(x,y,θ1)+φ2(y,z,θ2)]a(x, y, θ1)b(y, z, θ2)f(z) dz dθ2 dy dθ1. (1.3.37)

(we let c be the factors of 2π, which are not essential for the argument.) By condition (c),

the set of y for which ab 6= 0 for any θi and any z ∈ supp f is compact. Hence we can

continuously expand the integral in y to all of Rn by setting it to zero for y outside of Y ,

then substitute y = y/H, where H = |(θ1, θ2)|. This makes y a “frequency variable,” so that

the phase is homogeneous of degree 1 in (y, η, η′):

ABf(x) = c
∫

RN1

∫
RnY

∫
RN2

∫
Z

ei[φ1(x,y/H,θ1)+φ2(y/H,z,θ2)]a(x, y, θ1)b(y, z, θ2)f(z) dz dθ2 dy dθ1.

(1.3.38)

Letting φ = φ1(x, y
H
, θ1) + φ2( y

H
, z, θ2), and setting dy,η,η′φ = 0, we find the critical set for

the new phase is

Cφ = {(x, y, z, θ1, θ2) | dyφ1 = −dyφ2, dθiφi = 0} . (1.3.39)

As is, ab is not a symbol, since for instance ∂αy ∂
β
θ1a only decays as O((1 + |θ1|)m1−|β|) and

not as O((1 + |(θ1, θ2)|)m1−|β|). Similarly, φ may not be smooth near θ1 = 0 and θ2 = 0. To

handle both problems, we introduce a cutoff ρ(θ1, θ2), homogeneous of order 0 in (θ1, θ2),

such that ρ = 0 in a neighborhood of {θ1 = 0} ∪ {θ2 = 0}. Having done that, we write AB
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as a sum

ABf(z) = c
[∫

eiφabρ dx dθ1 dy dθ2 +
∫
eiφab(1− ρ) dx dθ1 dy dθ2

]
. (1.3.40)

We can check that abρ does define a symbol. The phase φ is real, smooth on the support of

abρ, and dφ 6= 0 as a result of condition (b). Finally, condition (c) is required to ensure that

the phase φ is nondegenerate. Hence, the first integral now defines an FIO.

Meanwhile, the kernel of the second integral can be shown to be C∞, by a variation

of the argument that an oscillatory integral is smooth if dφ 6= 0 on the support of the

amplitude (choosing a suitable first-order operator L such that Lφ = 1 and Lk(ab) is O((1 +

|(η1, η2)|)m1+m2−k)).

1.3.4 Fourier Integral Operators on Manifolds

So far we have defined and worked FIOs in local form, that is, as oscillatory integrals. It turns

out, however, that is more natural to think of FIOs not as local integrals with phase and

amplitude but as integral operators whose Schwartz kernels are distributions on a Lagrangian

manifold Λ′ ⊆ T ∗X.

The following proposition reinforces this point:

Proposition 1.12. Let φ1(x, θ1), φ2(x, θ2) be two nondegenerate phase functions parameter-

izing identical Lagrangians Λφ1 = Λφ2 ⊆ T ∗X. If u is a (local) Fourier integral distribution

associated with the phase φ1 and an amplitude a1, there exists an amplitude a2 such that

u(x) =
∫
eiφ2(x,θ2)a2(x, θ2) dθ2 mod C∞. (1.3.41)

Proof Idea. [3] Let ρ be a bump function and consider the Fourier transform of the distribu-

tions u = ρ
∫
eiφ1a1 dθ1, v = ρ

∫
eiφ2a2 dθ2, and apply the method of stationary phase to write

down an asymptotic development of ρ̂u and ρ̂v. Equating the top terms yields the leading

order term of a2 and the lower order terms are found subsequently.

As well, any Lagrangian submanifold of T ∗X can be parameterized locally by a phase

function:
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Proposition 1.13. Let X ⊆ Rn, and Λ ⊆ T ∗X. Then there exists a nondegenerate phase

function φ(x, θ) parameterizing Λ microlocally near any γ ∈ T ∗X.

Hence it makes sense to define a Fourier integral operator as associated with a Lagrangian

rather than a certain phase, which allows us to define global Fourier integral operators as

well as extending them to manifolds.

Definition 1.13. Let X be a manifold, and Λ a Lagrangian submanifold of T ∗X. Then a

Fourier integral operator A on X with canonical relation Λ′ is a locally finite sum of local

Fourier integral operators A = ∑
Aj whose Lagrangians Λj lie inside Λ.
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doi:10.1007/978-0-8176-8108-1 2
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Chapter 2

SYNTHETIC APERTURE RADAR AND SINGULARITIES

2.1 Introduction

In synthetic aperture radar (SAR), a radar apparatus attached to an airplane or satellite

travels along a given path, bouncing microwave radiation off the ground and measuring

the echos. The goal is to form an image of ground reflectivity. A simplified mathematical

model [26]1 for the measurements made in SAR, assuming an undirected beam and flat

terrain, is the circular Radon transform

(Rγf)(r, s) =
∫
{|x−γ(s)|=r}

f(x) d`(x). (2.1.1)

Here f is the ground reflectivity function (or distribution), γ(s) is the flight path, a smooth

curve in R2, and x ∈ R2; d` is the Euclidean measure on the circle {|x − γ(s)| = r}. In

other words, Rγf is the collection of line integrals of f over circles whose centers lie on γ.

For a more sophisticated model, effects such as the antenna beam pattern or varying ground

height can be included [12, 21, 23]. The inverse problem for SAR is recovering the image f

from the data Rγf , as much as is possible.

A simple example shows that this inverse problem cannot always be solved. Let γ be a

straight line, and let f be any function; then let g be the reflection of f across this line. If

1See also [21], p.2
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we look at the SAR data, then by symmetry Rγf and Rγg are identical:

γ
f

γ
g

So, if we are surveying the scene f and have the SAR data Rγf , we will not be able to

discern whether it came from f , or from g. In general, we cannot recover f from Rγf . This

leads to the question we want to address: for which γ can we recover f from Rγf?

When f is a continuous, compactly-supported function, this problem was solved by Agra-

novsky and Quinto in [4]. They proved Rγf is injective if and only if γ is not contained in a

straight line2. In other words, the inverse problem is only impossible for straight flight paths,

at least when f is a smooth, compactly supported function. The injectivity of the circular

Radon transform is a problem many authors have studied; a very small list of references

is [2, 3, 5, 13, 14, 15, 18, 25]; [17] has many more. Beyond SAR, the transform has applica-

tions to photoacoustic and thermoacoustic tomography [3, 15], and other imaging problems

([18] has more examples).

Instead of recovering a continuous function f , we could drop the assumption that f is

continuous and set ourselves the goal of recovering f ’s singularities. This is the problem

we will consider. To be more precise, we let γ(s) be a smooth curve, parameterized by arc

length, and let f be a distribution (with γ ∩ singsupp f = ∅). We are now interested in the

microlocal injectivity question: can we recover WF(f) from WF(Rγf)? This question was

taken up by Stefanov and Uhlmann in [26]. Following that paper, we will use the tools of

microlocal analysis, and view Rγ as a Fourier integral operator (FIO). Their paper is one of

quite a few, including [1, 12, 21, 23, 22, 27], which have taken a microlocal approach to SAR.

2Their result was actually more general; in their paper they consider general circular transforms where
the smooth curve γ is replaced by an arbitrary subset of R2.
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The canonical transformation, χ, of Rγ is a 2–1 map, which reflects the left-right ambi-

guity we saw earlier. Given (x, ξ), suppose the line through x in the direction ξ intersects

γ at γ(s) = x + tξ/|ξ|. Then χ sends (x, ξ) to a singularity at (r, s) = (|t|, s) with direction

(ρ, σ) = ((sgn t) |ξ|, γ̇(s) · ξ). Now, χ also sends the mirror image of (x, ξ) with respect to

the tangent line to γ at s to (r, s, ρ, σ) (figure 2.1).

γ

(x, ξ) (x′, ξ′)

γ(s)

Figure 2.1: Mirror image singularities.

With this in mind, let us take a look at what it takes for microlocal injectivity to be false

for γ, following [26]. Suppose we have an f that is singular, but Rγf is smooth. Choose

any (x0, ξ0) in WF(f), and suppose the line through (x0, ξ0) crosses γ at γ(s1). Now χ maps

(x0, ξ0) to some α ∈ T ∗(R+ × γ). But Rγf is smooth, and the only way Rγf can escape

having a singularity at α is for this singularity to be cancelled by an opposite singularity at

(x0, ξ0)’s mirror image. Call that mirror image (x1, ξ1). Now the line through (x1, ξ1) may

intersect γ at another point, say γ(s2), in which case it must be cancelled at the mirror point

(x2, ξ2), and so on (figure 2.2)3.

In other words, the presence of a singularity at (x0, ξ0) will force mirror image singularities

at other points. When γ is the boundary of a closed, strictly convex region, Stefanov and

Uhlmann showed that the mirror images ((xi, ξi), i = 0, 1, 2, . . . in our example) tend to

infinity. Using this, they were able to prove that all the singularities in WF(f) one could

3 Of course, the line through any of the (xi, ξi) could intersect γ at more than two points. In general, if
(x, ξ) ∈WF(f), then at each point of intersection between γ and the line through (x, ξ), there must be an
opposite singularity in f at the corresponding mirror image of (x, ξ).
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(x0, ξ0)

γ

(x2, ξ2)

(x1, ξ1)

Figure 2.2: One singularity necessitates a sequence of cancelling singularities.

hope to recover can in fact be recovered, under the assumption that singsupp f is compact [26,

thm. 2.3]. This compactness assumption they show is necessary as well as sufficient.

So we have a form of microlocal injectivity for closed γ bounding strictly convex regions.

What happens for more general γ? The key feature of closed convex γ is that mirror images

tend to infinity. If instead, the mirror images formed a loop, so at some point (xn, ξn)

returned to (x0, ξ0), we might be able to set up an f with compact singular support for

which the singularities at (x0, ξ0), . . . , (xn−1, ξn−1) all cancel. Working locally, we replace γ

by a sequence of curves γ1, . . . , γn, each representing γ near the points of intersection.

Then, we have two major questions we can ask about γ1, . . . , γn:

Discrete Question. Is there an open set of covectors (x, ξ) that is preserved after reflecting

across γ1, . . . , γn (consecutively)?

Continuous Question. Is there a distribution f that is singular, but whose SAR data

Rγ1f, . . . , Rγnf is smooth?

Let us say that the γj allow discrete cancellation if the answer to the first question

is true, and that they allow continuous cancellation if the answer to the second question

is true. (Here, “cancellation” is cancellation of singularities.) We investigate these two

questions further in the following sections.

First, section 2.2 addresses the continuous question. By the argument with mirror points

earlier, the γj must allow discrete cancellation if they allow continuous cancellation. The
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main result is that any set of γj that allows discrete cancellation also allows continuous

cancellation up to leading order, meaning Rγjf can be one order smoother than it would be

for arbitrary γj (corollary 2.3). In other words, if the γj allow discrete cancellation, there is

the potential that objects can be hidden when the flight path traverses the γj.

Next, section 2.3 discusses the discrete question, giving the (limited) examples of γj we

know of that allow discrete cancellation. In section 2.4, we take one of these example choices

of γj, and develop a function f numerically that illustrates continuous cancellation.

2.2 Continuous Cancellation

2.2.1 Terminology

Let γ1, . . . , γn be smooth plane curves, parameterized with unit speed by s1, . . . , sn, with

domains Ij ⊆ R. Let supp f ⊆ R2 \ γ. Define the SAR measurement operators

(Rγjf)(r, sj) =
∫

{|x−γj(sj)|=r}

f(x) d`(x) = 1
2π

∫∫
eiα(|x−γj(sj)|−r)f(x) dα dx. (2.2.1)

The domain of Rγjf is (0,∞)× Ij. The second form shows Rγj as an FIO; like the standard

2D Radon transform it has order −1
2 . The condition supp f ⊆ R2 \ γ is necessary to ensure

that the phase is smooth. Rγj ’s canonical relation can be written: [26]

Λ′ =
{(

r, sj, x, ± |ξ| , ξ · γ̇j(sj), ξ
)

: x = γj(sj)± r
ξ

|ξ|
, r > 0

}
. (2.2.2)

For (a, b) ∈ T̊ ∗R2 = T ∗R2 \ {0}, we will use “the line through (a, b)” to mean the line in R2

through a in direction b. Also, for a covector ξ = (ξ1, ξ2), let ξ⊥ = (−ξ2, ξ1) be its rotation

counterclockwise by 90°. We say that a line through (x, ξ) intersects γj at γj(sj) from the

left if γ̇j(sj)⊥ · ξ < 0, and from the right if γ̇j(sj)⊥ · ξ > 0. In both cases, (x, ξ) is said to

be visible from γj at γj(sj). Conversely, if the line through (x, ξ) does not intersect γj, or

intersects tangentially, (x, ξ) is not visible from γj.

Assume W0, . . . ,Wn ⊆ T̊ ∗R2 are conic open sets, such that for j = 1, . . . , n,

(a) For all (x, ξ) ∈ Wj−1, the line through (x, ξ) intersects γj exactly once from the left;
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(b) For all (x, ξ) ∈ Wj, the line through (x, ξ) intersects γj exactly once from the right.

With these assumptions, we can define discrete reflection maps Cj : Wj−1 → T̊ ∗R2,

which send a covector to its mirror image. Given (x, ξ) ∈ Wj−1, let γj(sj) be the point of

intersection of the line through (x, ξ) with γj, and let r = (x− γj(sj)) · ξ. The reflected ray

will have direction ξ′ = ξ − 2(ξ · γ̇j(sj)⊥)γ̇j(sj)⊥. Then set Cj(x, ξ) = (γj(sj)− rξ′/|ξ′|, ξ′).

Now (by shrinking the Wj if necessary) we can make one more assumption:

(c) Cj maps Wj−1 bijectively onto Wj.

By [26], theorem 2.1, for each j there exists a unitary FIO Uj
4, whose canonical relation is

the graph of Cj, such that

Rγj(fL − fR) ∈ C∞ ⇐⇒ fR − UjfL ∈ C∞ (2.2.3)

for any distributions fL ∈ D′(Wj−1), fR ∈ D′(W ). Here D′(W ), for W ⊆ T ∗X, represents

{u ∈ D′(X) | WF(u) ⊆ W}. Equation 2.2.3 uniquely identifies Uj modulo smoothing

operators; for, if Ũj also satisfies (2.2.3) then (Uj − Ũj)fL = (fR− ŨjfL)− (fR−UjfL) ∈ C∞

for all fL. Define U to be the composition Un ◦ Un−1 ◦ · · ·U1; the canonical relation of U is

given by C = Cn ◦ Cn−1 ◦ · · · ◦ C1.

2.2.2 Main Results

Theorem 2.1. If C is the identity, then U is a pseudodifferential operator with principal

symbol equal to 1 on W0.

Corollary 2.2. If C = Id, and f ∈ Hs(R2), WF(f) ⊆ W0, then Uf − f ∈ Hs+1(R2).

Corollary 2.3. Suppose C = Id and n is even. Let γ : I → R2 be a smooth curve containing

γ1, · · · , γn (meaning that I contains all the Ij and γj = γ
∣∣∣Ij). Assume the line through each

(x, ξ) ∈ W0∪· · ·∪Wn−1 intersects γ exactly twice. Then, if g ∈ Hs(R2), WF(g) ⊆ W0, there

4Note that this differs from the definition of Uj in [26] by a factor of −1.
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exists f ∈ Hs(R2) extending g such that Rγf ∈ Hs+3/2 and WF(f − g) ∩ (W0 \ (W1 ∪ · · · ∪

Wn−1)) = ∅.

Theorem 2.1 and corollary 2.2 imply that, as long as the canonical relation C preserves

an open conic set of singularities, reflecting across γ1, . . . , γn preserves the magnitude of

those singularities to leading order. In Section 2.3 we present several examples where C is

the identity on an open set, so theorem 2.1 implies that for those examples the continuous

reflection operator U is microlocally the identity, to leading order, as well. In fact, for all

examples of C = Id we know of, it is true that U = Id microlocally to all orders, which invites

the question of whether this is true in general.

Corollary 2.3 says that we have microlocal noninjectivity (to leading order at least) for

Rγf whenever C = Id. This is quite different from the result in [4], which implies Rγ is

noninjective on C∞0 (R2) only when γ is a straight line. Section 2.3 gives two examples of

four-curve systems γ1, . . . , γ4 for which C = Id (and we have microlocal noninjectivity) for

which Rγ is not injective on C∞0 .

2.2.3 Supporting Results

For proving the main results, we will make use of the supporting results in this section.

To start, let us make some further definitions. Let (x0, ξ0) ∈ W0, and for j = 1, . . . , n,

let (xj, ξj) = Cj ◦ Cj−1 · · · ◦ C1(x0, ξ0). Let zj = γj(sj) be the point where the line through

(xj−1, ξj−1) intersects γj; let cj be the curvature of γj at that zj, and θj the angle from

γ̇j(sj) clockwise to ξj−1. Let qj = −2cj csc θj. Also, define z0 = x0, zn+1 = xn, and let

wj = (zj+1 − zj) · ξj/|ξj| (0 ≤ j ≤ n). The zj, qj, cj, sj, wj, θj are functions of (x0, ξ0) but we

will usually write e.g. zj instead of zj(x0, ξ0).

Now, we will write down a formula for the Jacobian DC(x0, ξ0), but first we need to

settle coordinate systems. Let ξ = (R cosα,R sinα). Define coordinates (δu, δv, δR, δα) on

T(x,ξ)T̊
∗R2 as follows: for (δx, δR, δα) ∈ T(x,ξ)T̊

∗R2, let

δx = δu
ξ

|ξ|
+ δv

ξ⊥

|ξ⊥|
, (2.2.4)
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To be more down-to-earth, all we are doing here is rotating the x coordinate system, replacing

it by (u, v) coordinates, with the u coordinate parallel to ξ and the v coordinate perpendicular

to ξ.

Proposition 2.4 (Jacobian of C). In (δu, δv, δα, δR) coordinates, the Jacobian of C is

DC =



1

(−1)n

(−1)n

1


+ (−1)n



0 0 0 0

0 D E 0

0 C D̃ 0

0 0 0 0


. (2.2.5)

DC has determinant 1. Here E = E0,n, D = D0,n, D̃ = D̃0,n, C = C0,n, where

Ea,b = ∑
j0,...,j2l wj0qj1wj2qj3 · · · qj2l−1wj2l

Da,b = ∑
j1,...,j2l qj1wj2qj3 · · · qj2l−1wj2l

D̃a,b = ∑
j0,...,j2l−1 wj0qj1wj2 · · ·wj2l−2qj2l−1

Ca,b = ∑
j1,...,j2l−1 qj1wj2qj3 · · ·wj2l−2qj2l−1

(a ≤ j0 < j1 ≤ j2 < j3 ≤ · · · < j2l−1 ≤ j2l ≤ b, l ≥ 1) (2.2.6)

Proposition 2.4 can be proved by directly computing the Jacobians for each reflection, in

(uj, vj, αj, Rj) coordinates, and multiplying them together. The condition detDC = 1 follows

from C being a canonical transformation.

The symmetry in (2.2.5) and (2.2.6) is interesting in itself, but we can also connect

D = D0,n with the continuous reflection operator U , using the next proposition.

First, we define the following no caustics assumption. Let πx, πξ be the projections of

T̊ ∗R2 onto its first and second factors, respectively.

Assumption (No caustics). For all xj ∈ πx(Wj) and ξ0 ∈ πξ(W0), there is only one x0 such

that C(x0, ξ0) lies over xj (1 ≤ j ≤ n).

This assumption rules out cases such as the parabola with x1 at the focus and ξ0 per-

pendicular to the directrix, where the mirror image of (x, ξ0) is over x1 for all x on the

directrix.
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Proposition 2.5.

(a) U is an FIO of order 0 with canonical relation C and principal symbol 1, with respect

to trivialization of the half-density and Maslov bundles described in [19, after prop.

25.3.3].

(b) Furthermore, under the no-caustics assumption, U can be represented as

Uf(xn) = 1
(2π)2

∫
eiφn(xn,ξ0)a(xn, ξ0)f̂(ξ0) dξ0, (2.2.7)

with generating function

φn(xn, ξ0) = x0 · ξ0 + (w0 + · · ·+ wn) |ξ0| (2.2.8)

and a(xn, ξ0) ∼ ∑∞j=0 a−j is an amplitude whose terms satisfy the transport equations

∂a−j
∂wn

= −∆xnφn
2|ξ0|

a−j + i
2|ξ0|

∆xna−j+1 (j > 0). (2.2.9)

(∆xn is the Laplacian with respect to the xn variables.) The leading term a0 also

satisfies the transport equation if we define a1 = 0, and has the formula

a0(xn, ξ0) = (1 +D)−1/2 =
(

(−1)n∂vn
∂v0

)−1/2

(2.2.10)

D is defined in (2.2.6).

To construct the FIO representation of U , we will use a slightly different definition for

the reflection operator. First, we define the wave solution operator Λγ. Given g ∈ E ′(R2),

let u solve the constant-speed wave equation

(∂2
t −∆x)u(t, x) = 0, (t, x) ∈ R+ × R2,

u(0, x) = 0, x ∈ R2,

∂tu(0, x) = g, x ∈ R2.

(2.2.11)
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and define Λγg ∈ D′((0,∞) × γ) by the restriction (Λγg)(t, s) = u(t, γ(s)). In other words,

u is the solution to the wave equation with initial conditions (0, g), and Λγg is its values on

γ for all time.

By [26, thm. 2.1], we can write

Uj = Λ−1
j,RΛj,L, (2.2.12)

where Λj,L, Λj,R are the restrictions of Λγj to distributions whose singularities only intersect

γj from the left or right, respectively. The codomain of Λj,L and Λj,R is chosen so that the

wavefront relations of these operators are bijections; see [26] for the details.

We can equivalently characterize Uj as follows: for any fL ∈ D′(Wj−1), fR ∈ D′(Wj),

Λγj(fL − fR) ∈ C∞ ⇐⇒ fR − UjfL ∈ C∞. (2.2.13)

Sketch of Proof for Proposition 2.5.

Part (a). The Uj are FIOs of order 0 whose canonical relations are the graphs of Cj, so their

composition U = Un ◦ · · · ◦ U1 is a well-defined FIO of order 0 associated with the canonical

transformation Cn ◦ · · · ◦ C1.

To find the principal symbol, we first consider a single reflection Uj. Let E : D′(R2) →

D′(R×R2) be the solution operator to the wave equation (2.2.11); i.e., Eg is the solution to

the unit-speed wave equation with Cauchy data (0, g). E can be written as a sum of FIOs

E+, E−:

E = E+ + E− =
∫

ei(x·ξ+t|ξ|) f̂(ξ)
2i|ξ| dξ +

∫
ei(x·ξ−t|ξ|)−f̂(ξ)

2i|ξ| dξ. (2.2.14)

Write R for the FIO restricting R×R2 to (0,∞)×γ. Then Λ = Λ+ +Λ−, where Λ± = R◦E±.

Now σ0(E) is by symmetry independent of x and ξ/|ξ|, so it is a function of |ξ|, t, τ ; hence

σ0(Λ±) is a function of t, s, τ, σ. Let ΛL,±, ΛR,± be the restrictions of Λ± to D′(W0) and

D′(W1), respectively. Then ΛL = ΛL,+ + ΛL,−, ΛR = ΛR,+ + ΛR,−. Define sets Σ+, Σ− by

Σ± = {(x, ξ) | x± aξ ∈ γ for some a > 0} . (2.2.15)
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By (2.2.2), the images of the canonical relations of Λ+, Λ− are disjoint (ρ < 0 in the first;

ρ > 0 in the second). Hence Uj = Λ−1
R,+ΛL,+ on Σ+ and Uj = Λ−1

R,−ΛL,− on Σ− modulo

smoothing operators. As ΛR,+ is elliptic, σ0(Λ−1
R,+) = σ0(ΛR,+)−1. Both ΛL,+ and ΛR,+ are

restrictions of Λ+ so on Σ+

σ0(Uj) = σ0(Λ−1
R,+)σ0(ΛL,+) = σ0(ΛL,+)(t,s,τ,σ)

σ0(ΛR,+)(t,s,τ,σ)

= σ0(Λ+)(t,s,τ,σ)
σ0(Λ+)(t,s,τ,σ) = 1. (2.2.16)

For this step, it was important for σ0(Λ±) to be independent of x. The same holds on Σ−,

and hence each Uj has principal symbol 1. This implies U has principal symbol 1 too.

Part (b). First, assume n = 1, and let Λ = Λγ1 , U = U1, etc. The idea is to write U in terms

of the sum of two FIOs, then solve for the amplitudes and phases and verify this results in

the correct operator. To start, suppose (formally) that f = Fξ(x) = eix·ξ is a plane wave,

where ξ is fixed. We want to find Uf such that Λ(Uf) = Λf ; by (2.2.13), this characterizes

U .

The solution to the wave equation with Cauchy data (0, Fξ) is

u0(t, x) = EFξ(t, x) = 1
2i|ξ|e

i(x·ξ+t|ξ|) − 1
2i|ξ|e

i(x·ξ−t|ξ|). (2.2.17)

We then try to find a new solution of the wave equation with the form

u1(t, x) = ei(φ+(x,ξ)+t|ξ|)b+(t, x, ξ) + ei(φ−(x,ξ)−t|ξ|)b−(t, x, ξ), (2.2.18)

such that u1

∣∣∣t=0 = 0 and u0 = u1 for x ∈ γ1. Here φ+, φ− are phase functions, which we can

choose to be identical, and b+, b− are amplitudes.

Write out the amplitudes b+, b− in asymptotic expansions: b± ∼
∑∞
j=0 b±,−j, where

b±,−j = O(|ξ|−j). Requiring (2.2.18) to be a solution to the wave equation leads to an eikonal

equation for φ+ = φ− and transport equations for the amplitude terms similar to (2.2.9).

The eikonal equation has two solutions. One is the original, x·ξ, which would lead to U = Id;

this does satisfy UΛf = Λf , but is not the operator we want. Hence, the other solution,
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which turns out to be the phase function claimed in (2.2.8), must be correct. It also turns

out that b− = −b+, so we drop the signs and write b = b+.

To get our proposed UFξ we take a time derivative of (2.2.18) and set t = 0, yielding

UFξ = eiφ(x,ξ)2i|ξ|b(0, x, ξ). With this done, we can use linearity to write down Uf formally

as an FIO, as in (2.2.7):

Uf = 1
(2π)2

∫
f̂(ξ)UFξ dξ = 1

(2π)2

∫
eiφ(x,ξ)2i|ξ| b(0, x, ξ)f̂(ξ), dξ. (2.2.19)

Then we set a = 2i|ξ|b. By construction, Λ(Uf) = Λf , so to verify the validity of our

formula, all that is left to do is to check that WF(U) maps W0 to W1. We can do this by

computing the canonical relation of U and checking that it is equal to C.

For n > 1 we repeat this process with γ1, . . . , γn successively. Starting with f = Fξ and

u0 as before, we look for a solution u1 of the form (2.2.18) matching u0 on γ1, then look for u2

of the same form (2.2.18) matching u1 on γ2, and so on to un. At each step, we have to solve

an eikonal equation for the phase φj and we obtain transport equations for the amplitudes,

which lead to (2.2.9).

To obtain the amplitude formula (2.2.10) we start by deriving

∆xnφn = |ξ| · Cn
Cnwn − sin θn

. (2.2.20)

where the twist Cn is defined by Cn = (∂αn/∂v0)/(∂sn/∂v0) = C/(∂sn/∂v0). We solve the

transport equation for a0 exactly, then use a recursive formula for Cn and some algebra to

achieve (2.2.10). Note that we can compute that the principal symbol is 1 using this formula

for a0 and the principal symbol formulas in [19, after prop. 25.3.3].

2.2.4 Proofs of Main Results

Proof of theorem 2.1. This is a direct consequence of Proposition 2.5. As C is the identity

map, U is a ΨDO, so according to Proposition 2.5 it has principal symbol 1 with respect to the

trivialization of the half-density and Maslov bundles used for pseudodifferential operators.
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Proof of corollary 2.2. Let χ(x, ξ) be a C∞ bump function equal to 1 on WF(f) and 0 on

T̊ ∗R2\W0, and let P = χ(x,D) be the pseudodifferential operator with χ as its symbol. Then

(U − Id)f = (Id−P )(U − Id)f +P (U − Id)f . The first term is smooth, since WF(Uf −f) ⊆

WF(f) and Char(Id−P ) ∩WF(f) = ∅.

In the second term, the principal symbol of P (U − Id) is the product of χ and the

principal symbol a0 − 1 of U − Id. Since at each (x, ξ) ∈ T̊ ∗R2 either χ or a0 − 1 is zero,

P (U−Id) has zero principal symbol, so it is a pseudodifferential operator of order −1. Hence

P (U − Id)f ∈ Hs+1, which makes (U − Id)f ∈ Hs+1.

Proof of corollary 2.3. Define g0 = g, gj = UjUj−1 · · ·U1g for 1 ≤ j < n, then set f =

g0 − g1 + g2 − g3 + · · · − gn−1. Our goal is to show that Rγf ∈ Hs+3/2, which we will do

microlocally.

Let W̃0, . . . , W̃n−1 be the images of W0, . . . ,Wn−1 under the canonical relation ΛRγ of Rγ.

By assumption, the line through any (x, ξ) in any Wj intersects γ once from the left and

once from the right. Hence we can decompose each W̃j into a disjoint union W̃j,L ∪ W̃j,R,

where W̃j,L, W̃j,R are the images due to intersections from the left and right, respectively.

Assumption (c) on the Wj (page 30) states Cj maps Wj−1 bijectively onto Wj, and then

assumptions (a–b) imply that W̃j,L = W̃j+1,R, j = 0, . . . , n−1. Also, since C = Cn ◦ · · · ◦C1 =

Id, assumption (c) also implies Wn = W0, so Wn−1,L = W0,R.

Let Yj = W̃j,R, and let us agree to read all indices modulo n. Because W̃j,L, W̃j,R are

disjoint,

Yj ∩ Yj+1 = ∅, j = 1, . . . , n. (2.2.21)

Note that by assumption (b), Yj ⊆ T ∗(R+ × Ij), so Rγf = Rγjf on Yj.

Now, suppose α ∈ T ∗(R+ × I), and let J ⊆ {1, . . . , n} be the set of indices j such that

α ∈ Yj. By (2.2.21), j + 1, j − 1 are not in J if j ∈ J . We can write Rγf in the form

Rγf =
∑
j∈J

Rγ

(
(−1)j (gj − gj−1)

)
+

∑
{j: j, j+1/∈J}

(−1)jRγgj (2.2.22)

Near α, the second sum of (2.2.22) is smooth, since WF(Rγgj) is a closed subset of the open

set W̃j = Yj ∪ Yj+1, which does not contain α. We now turn to the first sum of (2.2.22). If
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j < n, then

Rγ (gj − gj−1) = Rγ (Ujgj−1 − gj−1) . (2.2.23)

By definition of Uj (2.2.3), the right hand side is smooth. On the other hand, if j = n, then

Rγ (gj − gj−1) = Rγ (g0 − gn−1)

= Rγ (g0 − Ungn−1) +Rγ (Ungn−1 − gn−1)

= Rγ (g0 − Ug0) +Rγn (Ungn−1 − gn−1) . (2.2.24)

The second term on the right-hand side is again smooth by (2.2.3). As for the first term,

corollary 2.2 implies that g0 − Ug0 ∈ Hs+1.

Now, Rγ is an FIO of order −1
2 and its canonical relation is locally a canonical graph, so

Rγ maps Hs+1(R2) to Hs+3/2(R+×I) [19, thm. 25.3.1]. So we have shown that Rγf ∈ Hs+3/2

in a neighborhood of α. Hence, any α ∈ T ∗(R+ × I) has a neighborhood on which Rγf is in

Hs+3/2, which implies Rγf ∈ Hs+3/2(R+ × I).

Finally, we observe that since WF(gi) ⊆ Wi, we know f − g = g1 + · · ·+ gn−1 is smooth

outside of W1∪ · · ·∪Wn−1, and in particular, WF(f − g)∩ (W0 \ (W1∪ · · ·∪Wn−1)) = ∅. We

also claimed f ∈ Hs: since the Ui are FIOs associated with canonical graphs, they map Hs

to Hs, and because g0 ∈ Hs, it follows all the gi are in Hs too, and therefore f is also.

2.2.5 Algebraic Cancellation Conditions

Before considering the discrete cancellation question, we have one more theorem, based on

the description of the Jacobian in Proposition 2.4. Recall from (2.2.6) that E is a polynomial

in the wj and qj, and recall qj depends on the curvature of γj and the angle of intersection

with γj, and that wj is the distance from one curve intersection point to the next, or to the

beginning and ending points.

Theorem 2.6. If E ≡ 0 on W0, then U is the pullback by some rigid motion x 7→Mx+ d,

modulo an FIO of order −1.
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Theorem 2.6 says that the pointwise algebraic condition E = 0 is enough to show that

Uf is to leading order the composition of a rotation and translation of f . This is an avenue

for potential work on the cancellation problem in the future..

Proof. First, we show that E ≡ 0 implies C is a rigid motion, a map of the form (x, ξ) 7→

(Mx + d,Mξ), where M ∈ O(2), d ∈ R2. This will imply Uf(Mx + d) = f(x) + Jf(x),

where J is some ΨDO of order −1.

C is a rigid motion. Let (x0, ξ0) ∈ W0. Suppose we perturb x0 by tξ0, where t is small;

this does not affect the intersection points z1, . . . , zn, nor w1, . . . , wn−1. On the other hand,

w0(x0 + tξ0, ξ0) = w0(x0, ξ0) − t, while wn(x0 + tξ0, ξ0) = wn(x0, ξ0) + t. Hence w0 + wn is

equal to a constant, say K.

Recall the definition of Ea,b from (2.2.6): Ea,b = ∑
wj0qj1wj2 · · ·wj2l−2qj2l−1wj2l , where the

sum is taken over a ≤ j0 < j1 ≤ j2 < · · · ≤ j2l−2 < j2l−1 ≤ j2l ≤ b. We can separate out

the sum E = E0,n into four parts, depending on whether j0 = 0 and whether j2l = n, and

similarly for D and D̃, to rewrite them as follows:

E = w0wnC + w0D0,n−1 + wnD̃1,n + E1,n−1

D = wnC +D0,n−1

D̃ = w0C + D̃1,n (2.2.25)

Substituting w0 = K − wn and rearranging gives

E = −w2
nC + wn

[
KC −D0,n−1 + D̃1,n

]
+
[
KD0,n−1 + E1,n−1

]
. (2.2.26)

By perturbing x0 in the direction ξ0 (while staying in W0), we vary wn while preserving the

other coefficients in E. Since E ≡ 0, the coefficients of w2
n and wn in E must be identically

zero as well. This gives C ≡ 0, and D0,n−1 ≡ D̃1,n. By (2.2.25), D = D̃.

Proposition 2.4 gives 1 = detDC = (1+D)(1+D̃)−CE, implying (1+D)2 = 1. Therefore

DC is diagonal with entries (1,±1,±1, 1); this holds for all (x0, ξ0) ∈ W0. Recalling the

(δu, δv, δα, δR) coordinates on T T̊ ∗R2 (see (2.2.4)), this implies C(x, ξ) = (Mx+ d,Mξ), for

some M ∈ O(2) and d ∈ R2.
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U is pullback by a rigid motion. We can write U in the standard form

Uf(xn) = 1
(2π)2

∫
eiφn(xn,ξ0)a(xn, ξ0)f̂(ξ0) dξ0, (2.2.27)

which has canonical relation{
(xn, ξn;x0, ξ0)

∣∣∣∣∣ x0 = ∂φn
∂ξ0

, ξn = ∂φn
∂xn

}
. (2.2.28)

This is the graph of C. If S(xn, ξ0) = M−1(xn − d) · ξ0, then ∂S/∂ξ0 = ∂φn/∂ξ0, ∂S/∂xn =

∂φn/∂xn. This implies φn − S is a constant, which must be zero since φn, S are both

homogeneous in ξ0. So S = φn and we have

Uf(Mx0 + d) = 1
(2π)2

∫
eiS(Mx0+d, ξ0)a(Mx0 + d, ξ0)f̂(ξ0) dξ0,

= 1
(2π)2

∫
eix0·ξ0a(Mx0 + d, ξ0)f̂(ξ0) dξ0. (2.2.29)

By proposition 2.5, U has principal symbol 1, which implies a = 1 modulo symbols of order

−1. Hence Uf(Mx0 + d) = Id modulo a ΨDO of order −1.

2.3 Discrete Cancellation

So far, we know of only two (easy) examples where discrete cancellation happens, that is,

where C = Id. In both cases, the reflection operator U is not only microlocally identity plus

a lower order error term, as theorem 2.1 implies, but in fact U = Id in a conic open set,

which invites the question of whether this is true in general.

n = 2: With two curves γ1, γ2, it is not hard to show that the only setup where singularities

cancel is the trivial one with γ1 = γ2. This is a result of a uniqueness lemma (Lemma 2.10).

n = 4: With four curves, we know of two families of non-trivial examples.

In the first family of examples (a, a′), γ2 and γ4 are segments lying along a common line,

and γ1 and γ3 are any curves that are mirror images with respect to this line. (Later, in

figure 2.7, we will see an example of a singularities cancelling for a set-up of this type.)
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In the second family (b, b′), γ1, . . . , γ4 are segments of lines that intersect in a common

point, and the angle from γ1 to γ2 must be identical to the angle from γ4 to γ3. The

intersection point may be infinite (γj parallel), in which angles are replaced by distances

between the γj.

The next proposition says that if one of the γj is a line segment, these configurations are

the only ones where C = Id. Recall that zj is the point where the line through (xj−1, ξj−1)

intersects γj.

Proposition 2.7. Assume γ1, . . . , γ4 do not intersect. If C = Id in a neighborhood W0 of

(x0, ξ0), and γ2 is a line segment, then γ4 is a line segment in a neighborhood of z4, and

locally near z1, z3 either

(a) γ2 and γ4 are collinear and γ1, γ3 are mirror image curves (as in figure 2.3a), or

(b) γ1, γ3 are also line segments (as in figure 2.3b), with the angle from γ1 to γ2 equal to

that from γ4 to γ3.

(c) γ1, γ3 are also line segments, the γj are parallel, and the distance from γ1 to γ2 is equal

to that from γ4 to γ3 (as in figure 2.3b, but with parallel lines).

The assumption that γ1, . . . , γ4 do not intersect rules out the trivial case where γ1 = γ4

and γ2 = γ3. Note that there may be other arrangements of four curves where singularities

cancel if none of the curves are straight, but so far we have not found any.

To prove Proposition 2.7, we will use the following lemmas:

Lemma 2.8. Let `1, . . . , `4 be four lines, and let C`j : T̊ ∗R2 → T̊ ∗R2 be the associated reflec-

tion maps. Then C` = C`4 ◦ · · · ◦ C`1 has a fixed point if and only if it is identity, and if and

only if `1, . . . , `4 have a common point of intersection p in RP2 (including R2 in RP2 in the

standard way, (x, y) 7→ (x : y : 1)), and

(a) if p is finite (p ∈ R2), the angle from `1 to `2 equals the angle from `4 to `3;
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(b) if p is infinite (p ∈ RP2 \ R2), the signed distance from `1 to `2 equals that from `4 to

`3.

Proof. Identify R2 as C and describe each line `i as a (non-unique) pair of complex numbers

(ai, vi), where `i = ai + Rvi and |vi| = 1. A quick calculation shows

C`i = T−1 ◦R ◦ T = (v2
i (z − ai) + ai, v

2
i ζ). (2.3.1)

Composing the C`i and simplifying gives

C` =
(
v2

4v
2
2

v2
3v

2
1
(z − a1) + v2

4v
2
2

v2
3

(a1 − a2) + v2
4
v2

3
(a2 − a3) + v2

4(a3 − a4) + a4,

v2
4v

2
2

v2
3v

2
1
ζ
)
. (2.3.2)

If C` fixes one (z, ζ), then (2.3.2) implies that v2
4v

2
2/v

2
3v

2
1 = 1, and C` is actually the identity.

This proves the lemma’s first “if and only if,” so we proceed to the second part.

For convenience, call v2
4v

2
2/v

2
3v

2
1 = 1 the angle condition; it states that the angle between

`1 and `2 equals that between `4 and `3, modulo π. Now, we address the second “only if”

and suppose C` = Id; there are two cases.

`1, `2 not parallel. If `1, `2 are not parallel, then by the angle condition neither are `3 and `4.

By changing coordinates, translate the intersection point of `1 and `2 to the origin, and rotate

so that v3 = 1. We can choose a1 = a2 = 0, and choose a3 = a4 to be the intersection point

of `3 and `4. Then (2.3.2) implies −v2
4a3 +a3 = 0, and therefore a3 = 0, since v4 6= ±v3 = ±1.

That says all `i pass through the origin, and we are in case (a).

`1, `2 parallel. On the other hand, if `1, `2 are parallel, (2.3.1) implies the composition

C`2 ◦ C`1 is a translation:

C`2 ◦ C`1(z, ζ) =
(
z + 2[iv2 Re(iv2(a2 − a1))], ζ

)
(2.3.3)

The term d(`1, `2) = Re(iv2(a2 − a1)) is the signed distance from a1 to a2. The angle condi-

tion implies `3 and `4 are likewise parallel, so we get an analogous formula to (2.3.3) for `3,
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`4. Combining all the reflections,

C`(z, ζ) =
(
z + 2iv2d(`1, `2) + 2iv4d(`3, `4), ζ

)
. (2.3.4)

If d(`1, `2) 6= 0, we must have v2 = ±v4, so the `i are all parallel, and v2d(`1, `2)+v4d(`3, `4) =

0. Hence, we are in case (b). On the other hand, if d(`1, `2) = 0 then d(`3, `4) = 0 also,

and `1 = `2, `3 = `4; the `i have a common point of intersection and case (a) holds. This

completes the “only if” direction.

“If” direction. For the “if” direction, when case (a) holds we can choose a1 = a2 = a3 = a4

and (2.3.2) together with the angle condition implies that C` = Id. If case (b) holds, (2.3.4)

implies C` = Id.

For the next lemma, recall that W0 is the domain of C, zi = γi(si) is the point where γi
and the line through (xi−1, ξi−1) intersect, θi is the angle of intersection, ci is the curvature

of γi there, qi = −2ci csc θi, and finally w0 = |z1 − x0|, w1 = |z2 − z1| (see figure 2.4).

Lemma 2.9. Let γ1, . . . , γ4 be smooth curves, and assume Cγ4 ◦ . . . ◦ Cγ1 = Id on W0. For

(x0, ξ0) ∈ W0, let `i = `i(x0, ξ0) be the tangent line to γi at zi. If the common point of

intersection of `1, . . . , `4 is p ∈ R2 (the `i do not intersect at infinity), and ui = |zi − p|,

q1u
2
1 = q3u

2
3, q2u

2
2 = q4u

2
4. (2.3.5)

Here W0, zi, and qi are defined as before.

Proof. We first focus on γ1, γ2. Consider perturbing (x0, ξ0) in order to vary θ1 while preserv-

ing z1. To be precise, define (x(α), ξ(α)) to be the point such that x(α) + w1(x0, ξ0)ξ(α) =

γ1(s1(x0, ξ0)) and θ1(x(α), ξ(α)) = α. For α sufficiently close to θ1(x0, ξ0), the `i(x(α), ξ(α))

will not be parallel and therefore have a common intersection point.

We will arrive at (2.3.5) by computing du1/dα in two different ways. By the law of sines,

u1/ sinα = w1/ sin(π − α− θ2). Using implicit differentiation, we compute

dw1

dα
= w1 cot θ2
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dθ2

dα
= c2w1 csc θ2 − 1 (2.3.6)

Differentiating u1, plugging in the derivatives (2.3.6) and simplifying gives

du1

dα
= c2w

2
1 csc2(θ2 + α) csc θ2 sinα. (2.3.7)

Using the law of sines again, we have

du1

dα
= c2u

2
2 cscα csc θ2. (2.3.8)

Now, we can do exactly the same with γ4 in place of γ2, so

c4u
2
4 cscα csc θ4 = du1

dα
= c2u

2
2 cscα csc θ2. (2.3.9)

Multiplying both sides by −2 sinα and recalling qi = −2ci csc θi, we have

q4u
2
4 = q2u

2
2. (2.3.10)

By symmetry, q1u
2
1 = q3u

2
3.

Finally, we have a small uniqueness lemma:

Lemma 2.10. Let B : W → T̊ ∗R2 be a continuous map, W ⊂ T̊ ∗R2. Suppose there are two

smooth curves γ and η such that B = Cγ
∣∣∣W = Cη

∣∣∣W (in particular Cγ, Cη must be defined

on W ). Suppose γ
∣∣∣J is a segment from γ such that each point of γ

∣∣∣J is on at least one line

through a covector (x, ξ) ∈ W . Then η also contains γ
∣∣∣J .

In other words, given B : W → T̊ ∗R2, there is essentially at most one curve γ for which

B = Cγ. Another curve η may differ from γ only where lines through covectors in W do not

intersect it. We will use this in the proof of Proposition 2.7 to show that if three of the γi
are known, the last one is determined as well.

Proof of Lemma 2.10. Let J be as in the lemma, and p ∈ γ
∣∣∣J . Choose (x, ξ) ∈ W such that

p is on the line m1 through (x, ξ), and let (x′, ξ′) = B(x, ξ). Let m2 be the line equidistant
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from x and x′, or if x = x′, the line through them x bisecting the angle from ξ to ξ′. Since

(x′, ξ′) is the reflection of (x, ξ), p must be on m2. By assumption (a) in the definition of C

(see page 30), m1 intersects m2 transversally, and p is their intersection point.

Now, since Cη is defined at (x, ξ) there is a unique p′ ∈ η on the line through (x, ξ), and

p′ ∈ m1 ∩m2 = {p}. Hence p = p′, finishing the lemma.

Proof of Proposition 2.7. Define `i = `i(x0, ξ0) to be the tangent line to γi at zi, as in lemma

10. For each (x0, ξ0) ∈ W0, since the reflection C`4(x0,ξ0) ◦ · · · ◦ C`1(x0,ξ0) fixes (x0, ξ0), the `i
have necessarily a common point of intersection p = p(x0, ξ0) ∈ RP2.

γ4 is locally a line segment. First, assume p is finite (p ∈ R2). Since γ2 is a line segment, we

have q2 = 0. By lemma 2.9, this implies that for any (x′0, ξ′0) ∈ W0, either q4 = 0 or u4 = 0.

By continuity, there is a neighborhood V ⊆ W0 of (x0, ξ0) on which either q4 = 0 or u4 = 0

identically.

We can think of s4 as a map s4 : W0 → I4, which sends a singularity to the s4 value at

the intersection point z4. It can be checked that ds4 has full rank, so s4 is an open map; in

particular, S4 = s4(V ) is open.

If q4 = 0 on V , then the curvature of γ4

∣∣∣S4 is identically zero, so γ4

∣∣∣S4 is a line segment.

Conversely, if u4 = 0 on V , then p(x′0, ξ′0) lies on γ4

∣∣∣S4 for all (x′0, ξ′0) ∈ V . However, p(x′0, ξ′0)

also lies on the tangent line `2(x′0, ξ′0) to γ2, and `2(x′0, ξ′0) does not depend on (x′0, ξ′0), since

γ2 is a line segment. Therefore γ4

∣∣∣S4 is contained in the line `2.

Pinning down γ1, γ3. We know γ2 and γ4 are locally line segments near z2 and z4. Since

we are working locally, we can restrict γ4 to a neighborhood of z4 where it is a line segment.

There are two options now.

First, suppose γ2 and γ4 lie on a common line `. Let γ̃3 be the reflection of γ3 across `.

Then Cγ̃3 = C` ◦ Cγ3 ◦ C`. But, since Cγ4 ◦ · · · ◦ Cγ1 is locally the identity, it is also true that

Cγ1 = C` ◦ Cγ3 ◦ C` (since Cγ2 = Cγ4 = C`). By the uniqueness lemma, γ1 coincides locally with

the reflection γ̃3 of γ3, and this is case (a).
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Now suppose γ2 and γ4 are not on a common line. Since p is finite, γ2 and γ4 cannot be

parallel, and `2, `4 have a single point of intersection p. Hence, near z1 every tangent line to

γ1 passes through the fixed point p, showing that γ1 is locally a straight line. Similarly for

γ3; so we are in case (b). The angle condition in Lemma 2.8 implies that the γi satisfy the

angle condition for case (b).

p infinite. Now, suppose p is infinite (p ∈ RP2 \ R2). Let t4 = (x0 − z4) · ξ0/|ξ0|. (Note

|t4| = |x0 − z4| and the sign of t4 is positive iff (x0, ξ0) points away from γ4.) Then we can

perturb (x0, ξ0) slightly; let ξ(t) be the rotation of ξ0 counterclockwise by t radians, and let

x(t) = z4 + t4ξ(t)/|ξ0|. Note that z4 = z4(x(t), ξ(t)) is unaffected by this perturbation. For

sufficiently small t, (x(t), ξ(t)) lies within W0. If p is finite for any such t, we can apply the

argument for finite p to show that γ4 is locally a line segment at z4. Otherwise, we have an

open set of t values for which p(x(t), ξ(t)) is infinite, so that the tangent lines `i(x(t), ξ(t))

are all parallel to `4(x(t), ξ(t)) = `4(x0, ξ0). Next, we can check the location of these tangent

lines. A calculation shows that ds1/dt and ds3/dt are given by:

ds1

dt
= − csc θ1 (z4 − z1) · ξ(t)

|ξ0|
,

ds3

dt
= − csc θ3 (z4 − z3) · ξr(t)

|ξ0|
, (2.3.11)

where ξr(t) is the reflection of ξ(t) across `4. Since the γj do not intersect, these derivatives

are nonzero, and s1, s3 change with t. Letting t vary, this shows the tangent lines to γ1 and

γ3 in some neighborhoods of s1 and s3 are all parallel to the fixed line `4(x0, ξ0). Therefore

γ1 and γ3 are locally line segments. Now, let γ̃4 be the line `4, parameterized as a smooth

curve. The composition C̃ = Cγ̃4 ◦ Cγ3 ◦ Cγ2 ◦ Cγ1 preserves (x0, ξ0). So, by Lemma 2.8 (used

locally), C̃ preserves a neighborhood of (x0, ξ0). Then the uniqueness Lemma 2.10 implies

that γ4 coincides with the line γ̃4 near z4, and we are in case (c). The distance condition in

Lemma 2.8 implies that the γi satisfy the distance condition of case (c).
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2.4 Numerical Experiments

Our goal in this section is to produce a numerical example of singularities cancelling, following

the results in section 2.2 and using one of the 4-curve setups in section 2.3. Specifically, we

want a singular image f such that Rγ1f, . . . , Rγ4f are smooth. Throughout this section,

“smooth” and “singular” are necessarily subjective terms.

The key algorithmic step is to compute the reflection operator U for a given curve γ

numerically. The basis for the approach described here is (2.2.12), which factors U as Λ−1
R ΛL.

Intuitively, this translates as solving the wave equation forward, restricting to γ, and then

running the process in reverse.

As a completely different approach to computing U , we could use a generic FIO-computing

algorithm such as those described in [8, 9, 10], applied to the representation of U in Propo-

sition 2.5. An upcoming paper will illustrate using the algorithm in [10].

2.4.1 Algorithm description

To implement (2.2.12), we need methods for computing ΛL and Λ−1
R .

Computing ΛL. Given input g, we solve the wave equation with initial conditions (0, g)

using a finite difference method, and restrict to a discretized version of γ to find ΛLg. A

spectral method with a sufficiently large spatial grid is another possibility for this step. The

only significant issue is the need to truncate the domain R+×R2 in space and time. To avoid

waves bouncing from the edges of the spatial grid, as would occur with Dirichlet or Neumann

boundary conditions, we use perfectly matched layers (PMLs), introduced by Bérenger [6].

We implement Grote and Sim’s algorithm [16] for the wave equation with PMLs. In the time

domain, we cut off the calculations at a finite time T , choosing T somewhat arbitrarily, but

large enough so that all the visible singularities of g have reached γ by time T .

Computing Λ−1
R . This is the trickier part. To compute Λ−1

R , we refer to Proposition 3.3

in [26], which says that if γ is a smooth curve and the boundary of an open set Ω ⊆ R2, the
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singular support of g is in a compact subset K ⊂ Ω, and T is large enough, then we can

form a left inverse for Λ by backprojecting the boundary data. Namely, let u be a solution

to the wave equation

(∂2
t −∆x)u = 0, (t, x) ∈ [0, T ]× Ω,

u(T, x) = 0, x ∈ Ω,

∂tu(T, x) = 0, x ∈ Ω,

u(t, γ(s)) = χ(t) · (Λg)(t, s), t ∈ [0, T ], ∀s.

(2.4.1)

Here χ(t) is a smooth cutoff function, equal to 0 for t > T and 1 for t less than some T0

satisfying T > T0 > max{|x− y| : x ∈ ∂Ω, y ∈ K}. As (Λg)(T, s) is nonzero in general, the

cutoff χ enforces compatibility between the boundary conditions and the final conditions.

With u defined this way, g − ∂tu
∣∣∣t=0 is smooth; so, the map taking Λg to ∂tu

∣∣∣t=0 is a

microlocal left inverse for Λ. Note that the visible singularities of g are all to one side of γ.

This method is only valid when γ is a closed curve but for arbitrary curves we have

Proposition 3.2 in [26], which says that for a distribution h(t, s) (with some restrictions on

WF(h)),

Λ−1
R h = 2 ∂tuR

∣∣∣ t=0, (2.4.2)

where uR is the “incoming” solution to the wave equation on R2 satisfying uR(t, γ(s)) =

h(t, s). Here, an incoming solution is one whose singularities lying on R+ × γ propagate to

the left of γ as t increases.

We can simulate finding Λ−1
R h numerically with a process similar in spirit to (2.4.1)

and (2.4.2) that gives reasonable results. First, we replace Ω in (2.4.1) by R2 and use a finite

difference method again to solve the wave equation, this time running time in reverse. Then,

we recover the reflection by taking a time derivative at t = 0, yielding the backprojection

operator M : h 7→ 2 ∂tu(0, x). MΛLg includes singularities on both sides of γ, so we finish

by multiplying by a spatial cutoff ψ(x) to restrict to the right side of γ.

Note that if γ were closed, our new algorithm reduces to the reconstruction in (2.4.1),

except for the factor of 2. The reason for the factor of 2 for non-closed curves is that singu-
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Reflection algorithm 1 Approximate Ug = Λ−1
R ΛLg

– Solve the wave equation (2.2.11) using a finite difference method and PMLs, yielding

h = ΛLg.

– Multiply h(t, s) by a smooth time cutoff χ(t).

– Solve the wave equation (2.4.1), with Ω = R2 and time running in reverse, again using

finite differences and PMLs, yielding u(t, x).

– Compute reconstructed image (Mh)(x) = 2 ∂tu(0, x).

– Multiply Mh by smooth spatial cutoff ψ(x) to restrict it to the right of γ.

larities from g propagate along rays in opposite directions and if WF(g) ⊂ W0 only one of

these rays encounters γ. Loosely then, half the magnitude of the singularity is reconstructed

and we compensate through multiplying by 2.

2.4.2 Example of reflection algorithm

Figure 2.5(a–e) illustrates the steps of the reflection algorithm, applied to an image g with

several circles, and the parabolic curve γ1. The final time is T = 2.

Let us denote by ḡ = ψMΛg the approximate reflection calculated by the algorithm. If ḡ

were the exact reflection of g across γ1 (that is, ḡ = U1g), then Rγ1(g− ḡ) should be smooth.

This is tested in figures 2.5g and 2.5h, which show the SAR measured data from γ1 for both

g− ḡ and the original image g. Rγ1(g− ḡ) is relatively smooth; the singularities in the SAR

data for g (2.5g) are largely canceled after subtracting the approximate reflection ḡ (2.5h).

The final image (2.5i) shows the results of backprojecting the boundary data of g − ḡ. The

singularities that were present in the original g are now mostly cancelled in the boundary

data, and the backprojection MΛ(g − ḡ) is much smoother than MΛg.
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2.4.3 Hiding singularities

Finally, we consider the four curve setup γ1, . . . , γ4 in figure 2.6 and attempt to construct a

singular f whose singularities are “hidden” from the γj, meaning all the Rγjf are smooth.

The four curves roughly divide the plane into four quadrants: I–IV. Suppose the γj are

each parameterized so that γ′j points inward, toward the origin, and that γ2, γ4 lie on the

y-axis. Let Uj be the reflection operator for γj, j = 1, . . . , 4.

Now, let f ∈ D′(R2), and let f1, . . . , f4 be the restrictions of this unknown f to quadrants

I–IV. Given f1, equation (2.2.3) implies that f4 = −U4f1, f3 = −U3f4, and f2 = −U2f3, in

order for all the SAR data Rγjf to be smooth. The reflection operator for the straight line

segments γ2, γ4 is just reflection about the y-axis, so an alternative method to generate f

is to let f4 = −U1f1 (performing a simple horizontal reflection), then reflect f1 + f4 across

γ1 ∪ γ3 using our reflection algorithm. This approach has the advantage of allowing f1 to

have singularities that intersect γ3 as well.

Figure 2.7a shows an f generated this way where f1 is the image with circles used earlier.

The simulated SAR measurements for f along two of the curves, γ1 and γ2, are shown in

figures 2.7b and 2.7c. Rγ1f is fairly smooth except near the ends of the curve (top and bottom

of figure 2.7b), and Rγ2f is essentially zero, unsurprisingly (2.7c). As another test, we apply

M (with the union of the γj) to the SAR data Λf in figure 2.7d. The magnitude of the

singularities are greatly reduced since the boundary data Λf is nearly smooth. Figure 2.7d

is an indication of the image that we would be able to reconstruct from the measured SAR

data if the ground reflectivity function were f . As promised, the circle pattern in quadrant

I is mostly hidden.
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γ3

γ2

γ1

(a) Two line segments, two mirror

curves

γ1

γ2 γ3

γ4

α
α

(b) Four line segments; the γj are the

dark segments within the gray lines.

γ4

γ3

γ2

γ1

(a′) Example set of cancelling singular-

ities

γ1

γ2 γ3

γ4

(b′) Example set of cancelling singulari-

ties

Figure 2.3: Four-curve set-ups where singularities can cancel.
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γ1

γ2

z1 = z1(x0, ξ0)

α = θ1

u1

θ2

w1

u2

π − θ2 − α
(x(α), ξ(α))

p

Figure 2.4: Setup for Lemma 2.9.
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γ
1

−1 1
−1

1

−1

−0.5

0

0.5

1

(f) Original minus reflection

r

s

 

 

0 1.1

−0.1

0

0.1

0.2

0.3

0.4

(g) SAR data for original, Rγ1g

r

s

 

 

0 1.1

−0.1

0

0.1

0.2

0.3

0.4

(h) SAR data for original minus

reflection

 

 

 

γ
1

−1 1
−1

1

−1

−0.5

0

0.5

1

(i) Backprojected image MΛG

Figure 2.5: Reflection algorithm in progress.

Original image (a). The wave equation is solved for t ∈ [0, 2] with Cauchy data (0, g); boundary

data is measured (b) and smoothly cut off (c). The wave equation is solved with time running in

reverse from t = 2 to t = 0 with the cut-off boundary data, generating (d). Multiplying by a cutoff

gives an approximate reflection (e). Subtracting the reflection from original (f); the singularities of

the original and reflection should cancel. Compared to SAR data for original (g), the SAR data for

new image is close to zero (h), showing the singularities in f nearly cancel. A second backprojection

step recovers little of the image (i).
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Figure 2.6: Four-curve setup.
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(d) Backprojected image, MΛf

Figure 2.7: Approximate cancellation of singularities with four-curve setup.

The function f in (a) was created by the backprojection algorithm applied to the circles in the top

half, reflecting across γ1∪γ3. The SAR data for f is close to smooth (b, c), showing the singularities

in f nearly cancel. The backprojected image (d) is also much smoother than the original.
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Chapter 3

COMPUTATION OF FOURIER INTEGRAL OPERATORS
WITH CAUSTICS

3.1 Introduction

Fourier integral operators have found use in representing solutions of PDEs and in inverse

problems. For instance, they model the solution operators of hyperbolic equations, and a va-

riety of integral transforms, such as the Radon transform and its generalizations. With these

applications in mind, generic algorithms for computing FIOs would be a useful computational

tool for researchers. Many FIOs of interest are associated with a canonical transformation

χ : (x, ξ) 7→ (y, η), and these will be the operators considered in this paper. For short, we

will call these operators graph FIOs.

A graph FIO can be represented locally as an oscillatory integral

(Af)(y) =
∫
Rn
eiφ(y,ξ)a(y, ξ)f̂(ξ) dξ. (3.1.1)

Direct integration of (3.1.1) is possible, but inefficient (O(N2n) time), and it ignores the

special structure of the operator. Recently, Candès, Demanet, and Ying have given several

new algorithms for efficiently computing graph FIOs in dimension 2: an O(N2.5 logN) al-

gorithm [11] based on dividing frequency space into properly-sized wedges, and in [10] an

intriguing O(N2 logN) algorithm with a butterfly structure.

Smith [31, 32] proved that FIOs associated with canonical transformations map a wave

packet concentrated in space and frequency at (x, ξ) to one centered at χ(x, ξ). This sparsity

was noted later also by Candès and Demanet [7, 8], who used curvelets and proved that graph

FIOs have essentially sparse representations with respect to the curvelet frame. Later, Guo

and Labate [19] showed sparsity for another time- and frequency-localized frame, shearlets,
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and Cordero, Gröchenig, and Nicola [13] showed sparsity for a class of tame graph FIOs with

respect to a Gabor frame.

These results all suggest that wave packets (and other time- and frequency-localized

frames) could provide a useful approach to computing graph FIOs. In [1], Andersson, de

Hoop, and Wendt designed a O(N (3n−1)/2 logN) wave packet-based algorithm for computing

graph FIOs, building on [14, 15].

These three algorithms have several common elements: each involves splitting the expo-

nential term of 3.1.1 into oscillatory and non-oscillatory parts and constructing a low-rank

approximation for the non-oscillatory parts separating the y and ξ variables. Each has a

different approach to constructing low-rank approximations: Andersson et al. use prolate

spheroidal wave functions (PSWFs). Candès et al. in [11] offer two approaches: a ran-

domized algorithm and a deterministic method using Taylor series. Finally, [10] employs a

polynomial approximation using Chebyshev grids.

All three algorithms also require the FIO to be represented in the form (3.1.1). Several

issues can occur when representing an FIO this way. In particular, there may be caustics,

points where Λ (the graph of χ) cannot be locally parameterized by (y, ξ). Even away from

caustics, parameterizing the Lagrangian Λ in (y, ξ) coordinates, instead of the natural (x, ξ)

coordinates, is messy for a practical implementation.

De Hoop et al. [16] describe how to extend Andersson et al.’s algorithm to overcome

caustics, using appropriate changes of coordinates (x, ξ) 7→ (x̃, ξ̃). In this paper, we describe

a modified version of de Hoop et al.’s algorithm for computing graph FIOs of arbitrary

dimension. The key features of the algorithm are its ease of use and automatic handling of

caustics. The user of the algorithm, armed only with an FIO’s canonical transformation and

principal symbol, can immediately compute the operator without performing any calculations

or writing extra code. The canonical transformation in many cases is much more natural

to work with than a specific phase function. The principal symbol, if unknown, can often

be taken as 1 without affecting the singularities of Af . As well, we present companion

algorithms for computing the inverse and transpose operators without inverting the canonical
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transformation explicitly.

§3.2 gives a mathematical description of the forward algorithm, which is split into lo-

cal and global components, and then describes how to compute the inverse and trans-

pose. §3.3 applies the algorithm to a variety of FIOs, including the Radon transform,

variable-speed wave propagation, and synthetic aperture radar ghost images. §3.4 de-

scribes some details of the numerical implementation. §3.5 collects some proofs of state-

ments from the body of the paper. Finally, §3.6 describes potential directions for future

research. Our MATLAB implementation, with documentation, is available from the author

at pcaday@math.washington.edu.

3.2 Mathematical Description

In this section, we describe the algorithm from a mathematician’s perspective.

Let X, Y be compact sets in Rn, n > 2. Our inputs are a distribution f ∈ D′(X) and a

graph FIO A : C∞(X)→ D′(Y ) of order m. We describe A by its canonical transformation

χ : T ∗X → T ∗Y and its principal symbol σ. These of course only characterize A modulo

operators of order m − 1, but as the algorithm we will develop computes A modulo an

FIO of order m − 1
2 , this is not a problem. Furthermore, we assume σ can be taken to be

homogeneous of order m in ξ, which covers a wide range of useful FIOs, such as the examples

given in section 3.3.

A can locally be described as an oscillatory integral, as in (3.1.1), and for graph FIOs

we have an especially convenient local representation, under a certain condition (lack of

caustics). We will present an algorithm for approximating such oscillatory integrals in sec-

tion 3.2.1. To extend this to a global algorithm for computing A, we then describe in 3.2.2

how A can be broken into a sum of integrals of this kind.

Notation. Let Im(χ) = Im(Y ×X,χ) denote the space of Fourier integral operators of order

m with canonical transformation χ : T ∗X → T ∗Y . Also, throughout sgnA will denote the

signature of A (the sum of the signs of its eigenvalues).
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3.2.1 Local Algorithm

Before describing the local algorithm, we recall the (micro)local representation for graph

FIOs, where “microlocal” means that it is valid for WF(f) supported near some γ0 ∈ Λ′.

Our goal is to write

(Af)(y) = 1
(2π)n

∫
eiS(y,ξ)a(y, ξ)f̂(ξ) dξ (3.2.1)

We suppose we are given local coordinates x, y on X and Y , inducing coordinates

(y, η, x, ξ) on T ∗Y × T ∗X ⊃ Λ′. Proposition 21.2.18 in Hörmander [20] states that if the

projection Λ′ → (y, ξ) is a local diffeomorphism, there is a generating function S(y, ξ) (ho-

mogeneous in ξ of order 1) such that S(y, ξ)− x · ξ is a phase function for Λ near γ0. Then,

by [20, proposition 25.1.5], if WF′(A) is supported in a sufficiently small neighborhood of γ0,

there is an amplitude a(y, ξ) so that (3.2.1) holds, modulo C∞.

The condition for the local algorithm to work, then, is that γ0 is not a caustic:

Definition 3.1. γ0 is a caustic if the projection π : Λ′ → (y, ξ) fails to be a local diffeomor-

phism at γ0. Equivalently, γ0 is a caustic if and only if det ∂y/∂x 6= 0.

The equivalence is true because (x, ξ) are global coordinates for Λ′. The good news is

that it is always possible to choose local coordinates for X in which γ0 is not a caustic [20,

proposition 25.3.3].

Note that S is uniquely defined by χ. If γ0 is not a caustic, (y, ξ) are local coordinates

for Λ′, so we can write x = x(y, ξ) and η = η(y, ξ). Since the Lagrangian associated with

S − x · ξ is {y, ∂S
∂y
, ∂S
∂ξ
,−ξ},

∂S

∂ξ
= x(y, ξ), ∂S

∂y
= η(y, ξ). (3.2.2)

We will also write y = y(x, ξ) for the y-component of χ, and write ∂y/∂x, ∂y/∂ξ for its first

derivatives.

With these preliminaries done, we now assume γ0 is not a caustic and A takes the

form (3.2.1). Our next task is to approximate this integral.
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Cone Decomposition

The idea for the algorithms by Andersson et al. and Candès et al. [1, 11] is to break up

our integral (3.2.1) as a sum of integrals over conical regions Ξ1, . . . ,Ξr in frequency space,

so that ξ/|ξ| is near a fixed νi on each. On each cone, we can split the exponential term

of the integrand into an oscillatory component, representing a change of coordinates, and

a nonoscillatory component, representing the application of a pseudodifferential operator.

Let’s see how this happens.

First, we must create the cones. Choose r approximately uniformly distributed unit

covectors ν1, . . . νr ∈ Sn−1, and let Ξi = {ξ ∈ Rn \ {0} : | ξ|ξ| − νi| < δ}, for some δ large

enough that the Ξi cover Rn \ {0}. We will see later how we should choose r. Then, let

{ρi(ξ)} be a partition of unity subordinate to the Ξi, and let fi = ρi(D)f be the result of

multiplying f by ρi in the frequency domain.

Focusing on a single cone, say cone i, we consider computing Afi. Since f̂i is supported

on the cone Ξi, we can assume ξ ∈ Ξi. Choose a rotated coordinate basis (ξ′, ξ′′1 , . . . , ξ′′n−1) in

which νi = (1, 0, . . . , 0). Then, expanding S(y, ξ) = ξ′S(y, 1, ξ′′/ξ′) in a Taylor series about

νi and using Euler’s theorem gives:

S(y, ξ) = ξ · ∂S
∂ξ

(y, νi) + 1
2
ξ′′> · ∂2S

∂ξ′′2
(y, νi) · ξ′′

ξ′
+O

(
|ξ′′|3

|ξ′|2

)
. (3.2.3)

Now, suppose the cones are thin enough that |ξ′′| = O(
√
|ξ′|). (This is the parabolic scaling

condition for wave packets). This is only possible in our numerical setting, where the max-

imum frequency is limited. If we have an N × · · · × N grid of fixed size, then |ξ| = O(N),

and in order to get |ξ′′| = O(
√
|ξ′|), we must have δ = O(N−1/2), requiring r = O(N (n−1)/2)

cones.

With this parabolic scaling assumption, the second and third terms of (3.2.3) are bounded,

so these parts of exp[iS(y, ξ)] do not oscillate. We can group them instead with the ampli-

tude a(y, ξ) in (3.2.1). The first term, however, is oscillatory, and it corresponds to a change

of coordinates x 7→ ∂S
∂ξ

(y, νi); for, if we were to remove the other terms and the amplitude
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(and integrate over all ξ), we would have

1
(2π)n

∫
eiξ·

∂S
∂ξ

(y,νi)f̂(ξ) dξ = f

(
∂S

∂ξ
(y, νi)

)
= f(x(y, νi)). (3.2.4)

Now, let us collect all the nonoscillatory terms and the frequency cutoff ρi in the symbol bi:

bi(y, ξ) = a(y, ξ)ei(S(y,ξ)−ξ·x(y,νi))ρi(ξ). (3.2.5)

Let Bi be the corresponding pseudodifferential operator

(Bif)(x′) =
∫
eix
′·ξ bi(y(x′, νi), ξ) f̂(ξ) dξ. (3.2.6)

Then Afi can be decomposed into a change of coordinates and the pseudodifferential operator

Bi:

Afi(y) =
∫
eiS(y,ξ)a(y, ξ)f̂i(ξ) dξ =

∫
eix(y,νi)·ξbi(y, ξ)f̂(ξ) dξ = (Bif)(x(y, νi)). (3.2.7)

Adding up the contributions from each cone, we have

A =
r∑
i=1

Bi ◦ Tνi , where Tνi(y) = x(y, νi). (3.2.8)

This is the first step in Candès et al.’s algorithm [11]. Andersson et al.’s algorithm is similar,

except that cones are replaced with boxes that divide frequency space both angularly and

radially (the dyadic parabolic decomposition). These boxes form the basis for Duchkov et

al.’s discrete almost-symmetric wave packets [14] and Candès and Donoho’s curvelets [12, 9].

Applying the pseudodifferential operator Bi

In equation (3.2.8), computing graph FIOs locally has been reduced to applying coordinate

changes and pseudodifferential operators. Numerically computing pseudodifferential opera-

tors is a research topic in its own right: see for example [4]. The usual approach to calculating

Bi is through low-rank separated representations of bi(x′, ξ), that is, expansions of the form

bi(x′, ξ) ≈
∑
k Fik(y)Gik(ξ). These representations are easy to compute numerically with the

DFT:

bi(x′, D)u ≈
∑
k

Fik(x′) IDFT[Gik(ξ) DFT[u]]. (3.2.9)



66

Since the DFT assumes periodicity of its input, appropriate zero-padding of u is necessary

before applying the DFT. [11] describes two algorithms for computing low-rank separated

representations of bi(x′, ξ), one deterministic and one randomized. Andersson et al. use a

deterministic approach to generate these separated representations, which we outline now.

Approximating Bi We start by neglecting the third-order and higher terms in (3.2.3).

This truncation is equivalent to making an error of order O(|ξ′′|3/|ξ′|2) = O(|ξ|−1/2) in the

generating function S. Since |exp[ix]− 1| ≤ x, we contribute an error of order m− 1
2 in ξ to

the amplitude b(x′, ξ), where m is the order of the FIO. Therefore, by truncating after the

second-order terms, we are perturbing A by an FIO which is half an order smoother, and

are replacing Bi by the simpler ΨDOḂi with symbol

ḃi(x′, ξ) = ρi(ξ)a(y(x′, νi), ξ)Ei(x′, ξ), Ei(x′, ξ) = exp
iξ′′> · d2S

dξ′′2
(x′, νi) · ξ′′

2ξ′

 .
(3.2.10)

Setting aside the amplitude term a(y, ξ) for now, we are faced with constructing a low-

rank separated representation of Ei, namely, functions Fik(x′), Gik(ξ) for the approximation

Ei(x′, ξ) ≈
∑
k

Fik(x′)Gik(ξ). (3.2.11)

Now, the exponent of Ei can be rewritten as a dot product of R(n−1)2-valued functions in x′

and ξ:

Ei(x′, ξ) = exp[iũ(x′) · ṽ(ξ)], ũst(x′) = ∂2S

∂ξ′′s ∂ξ
′′
t

(x′, ν), ṽst(ξ) = ξ′′s ξ
′′
t

2ξ′

(1 ≤ s, t ≤ n− 1).
(3.2.12)

Note that, for clarity, the index i is omitted from ũ and ṽ.

PSWFs So far, we do not seem to be much closer to our goal of constructing a represen-

tation like (3.2.11). However, the form (3.2.12) allows us to use the rich theory of prolate

spheroidal wave functions (PSWFs) as developed by Slepian, Pollak, and Landau [23, 24, 25,
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26]. PSWFs have important application to bandlimited functions (functions with compactly-

supported Fourier transform). For us, however, their most important characteristic is that

they are the eigenfunctions of the finite Fourier transform operator Ec : L2([−1, 1])→ L2([−1, 1])

with kernelKc(x, y) = exp(icxy). As eigenfunctions, they form a complete basis for L2([−1, 1])

and allow us to construct exactly the kind of separated representation (3.2.11)) for exp(icxy)

we wanted.

Theorem 3.1 (Slepian et al. [23]). For all c > 0, there is a complete orthonormal basis for

L2([−1, 1]) of real eigenfunctions {ψ(c)
j }∞j=1 of Ec. If λ(c)

j are the corresponding eigenvalues,

|λ(c)
1 | ≥ |λ

(c)
2 | ≥ · · · , then

exp(icxy) =
∞∑
j=0

λ
(c)
j ψ

(c)
j (x)ψ(c)

j (y), (3.2.13)

and convergence is uniform.

This gives us a separated representation for exp(icxy), but for computation we need a

good approximate representation, where the infinite sum of (3.2.13) is replaced by a finite

one. Fortunately, the λj decay very rapidly for large j, while the ψj grow slowly. This

allows us to achieve a very accurate approximation by truncating the infinite sum (3.2.13).

Specifically,

Theorem 3.2 (Landau and Widom [21]). Let Nλ(c, ε) be the number of λj greater than ε in

absolute value. Then

Nλ(c, ε) = 2c
π

+
( 1
π2 log 1− ε

ε

)
log c+ o(log c). (3.2.14)

Theorem 3.3 (Widom [34]). For fixed c, as j →∞

λ
(c)
j ∼

(
ec

4(j + 1
2)

)2j+1

. (3.2.15)
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Theorem 3.4 (Bonami and Karoui [5]). If j ≥ 2c/π, then

∥∥∥ψ(c)
j

∥∥∥
∞
≤ κ

√
j + 1, where κ = 5

4

√
π
√

5
2 . (3.2.16)

Theorem 3.2 shows that λ(c)
j is near 1 for j � 2c/π, passes through 1

2 for j ≈ 2c/π,

then rapidly approaches zero. Theorem 3.3 shows that the convergence is eventually super-

exponential. Hence for an accurate low-rank approximation choosing j = 2ck/π for a small

constant k is a good choice. Bonami and Karoui [6] have found a quantitative version of

theorem 3.3 that gives explicit bounds on λ
(c)
j . Combining theorems 3.3 and 3.4 gives

Corollary 3.5. For fixed c,∣∣∣∣∣∣exp(icxy)−
J∑
j=0

λ
(c)
j ψ

(c)
j (x)ψ(c)

j (y)

∣∣∣∣∣∣ = O

(
ec

4(J + 1
2)

)2J

. (3.2.17)

All that remains is to convert (3.2.12) into the proper form. Since the domain X is

compact, ũ(x′) is bounded. As for ṽ, it is bounded on Ξi by construction of Ξi. (see

section 3.2.1). Scaling ũ and ṽ by their largest infinity-norms, we get

Ei(x′, ξ) = exp[icu(x′) · v(ξ)],

u(x′) = ũ(x′)
supx′‖ũ(x′)‖∞

, v(ξ) = ṽ(ξ)
supξ‖ṽ(ξ)‖∞

, c = sup
x′
‖ũ(x′)‖∞ · sup

ξ
‖ṽ(ξ)‖∞.

(3.2.18)

Now, we need the multidimensional version of (3.2.13). Let j = (j1, . . . , jN) ∈ NN and

ψ
(c)
j (x) = ψ

(c)
j1 (x1) · · ·ψ(c)

jN
(xN). Then, if x, y ∈ L2([−1, 1]N),

exp[icx · y] =
∏

1≤`≤N
exp[icx`y`] =

∑
j∈NN

λ
(c)
j ψ

(c)
j (x)ψ(c)

j (y). (3.2.19)

Combining (3.2.19) with (3.2.13) gives

Ei(x′, ξ) =
∑

j∈NN
λ

(c)
j ψ

(c)
j (u(x′))ψ(c)

j (v(ξ)). (3.2.20)
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Letting J(c, ε) be the set of j = (ji) ∈ NN such that |j1 · · · jNλ(c)
j | ≤ ε, we have the low-rank

approximation ∣∣∣∣∣∣exp[icx · y]−
∑

j∈J(c,ε)
λ

(c)
j ψ

(c)
j (x)ψ(c)

j (y)

∣∣∣∣∣∣ = O(ε). (3.2.21)

For fixed c, |J(c, ε)| = o(logN ε) in view of Theorems 3.3 and 3.4, while for fixed ε, |J(c, ε)| =

O(cN) in view of Theorem 3.2.

Generalized Prolate Spheroidal Functions Note that [16] (as well as the current imple-

mentation of the algorithm) use the unit ball BN instead of the unit hypercube [−1, 1]N as the

domain for ũ, ṽ. This requires a new basis of eigenfunctions, those for the truncated Fourier

transform on L2(BN), which are Slepian’s generalized prolate spheroidal functions [26]. How-

ever, the rest of the algorithm is completely independent of the choice of domain for ũ and

ṽ. The unit hypercube is advantageous theoretically for establishing bounds on the eigen-

functions and eigenvalues of the truncated Fourier transform, since PSWFs have been better

studied than generalized PSWFs.

Amplitude Now that we have an effective algorithm for computing the Ei(x′, ξ) component

of the ΨDO, we turn to the a(y(x′, ν), ξ) term. Again, we can do a Taylor expansion around

the center of the cone. Given ξ, we let ξ0 = ν|ξ|; then

a(y, ξ) = a(y, ξ0) + (ξ − ξ0) · ∂a
∂ξ

(y, ξ0) + (ξ − ξ0)>∂
2a

∂ξ2 (y, ξ∗(y))(ξ − ξ0) (3.2.22)

for some ξ∗(y) on the line segment between ξ0 and ξ. The most basic possible approximation

is the zeroth-order approximation

a(y, ξ) ≈ a(y, ξ0) = |ξ|ma(y, νi). (3.2.23)

(Since the principal symbol is homogeneous by assumption, so is a.) Because |ξ − ξ0| =

O(|ξ|1/2) and ∂a
∂ξ

= O(|ξ|m−1), this approximation has O(|ξ|m−1/2) error, and therefore per-

turbs A by an FIO of order one-half lower. This is the same error we made with the
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approximation of S(y, ξ) earlier, so we consider this an acceptable approximation. Hence the

actual ΨDO we will approximate, B̈i, is the one with symbol

b̈i(x′, ξ) = ρi(ξ) |ξ|m a(y(x′, νi), νi)Ei(x′, ξ). (3.2.24)

Computation of B̈i is via the low-rank separated approximation B̈i,ε with symbol

b̈i,ε(x′, ξ) = ρi(ξ) |ξ|m a(y(x′, νi), νi)
∑

j∈J(c,ε)
λ

(c)
j ψ

(c)
j (u(x′))ψ(c)

j (v(ξ)). (3.2.25)

Before proceeding further we make a few notes on ũ and ṽ.

Notes.

1. Since ∂S/∂ξ = x(y, ξ) by (3.2.2) we can write

ũst(x′) = ν ′′s
>∂x(y, ξ)

∂ξ
ν ′′t , (3.2.26)

where ν ′′s is the unit vector in the ξ′′s direction. We can write ũ more directly in terms

of the canonical map χ = (y(x, ξ), η(x, ξ)) as:

ũst = −ν ′′s
>
(
∂y(x, ξ)
∂x

)−1(
∂y(x, ξ)
∂ξ

)
ν ′′t

∣∣∣∣∣
x=x(y,ξ).

(3.2.27)

2. Since ũst = ũts and ṽst = ṽts, we can restrict to s ≤ t in (3.2.12), and multiply one

of them (say ṽst) by 2 for s 6= t. This has the advantage of reducing the dimension

of ũ, ṽ to
(
n−1

2

)
, decreasing the number of terms needed in the low-rank approxima-

tion (3.2.21).

3. The supremum in the definition of u in (3.2.18) can be taken over the x-support of

a(y(x, ν), ν) instead of all X, in view of the amplitude approximation (3.2.23).

Local approximation formula

Now that we have reasonable approximations (3.2.20), (3.2.23) for the exponential and am-

plitude parts of Bi, we can substitute them into equation (3.2.8) for the original FIO A.
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Recalling that f̂i = ρif̂ and attaching i indices to c, u, and v, we have

Af(y) ≈
r∑
i=1

∑
j∈J(c,ε)

λ
(ci)
j ψ

(ci)
j (ui(x′))F−1

ξ→x′
[
ψ

(ci)
j (vi(ξ)) |ξ|mρi(ξ)f̂(ξ)

]
a(y, νi)

∣∣∣∣∣
x′=x(y,νi).

(3.2.28)

Here F−1
ξ→x′ represents the inverse Fourier transform.

Now the local approximation formula (3.2.28) is independent of γ0, depending only on χ

and a, which can be deduced from the principal symbol. Hence, while (3.2.1) was originally

valid only for WF′(A) in a small neighborhood of γ0, by a partition of unity the local

approximation formula is valid whenever WF′(A) lies entirely in an open subset U ⊆ Λ′ that

can be parameterized by (y, ξ).

We can go further and relax the assumption that U can be parameterized by (y, ξ).

First, replace the pullback in (3.2.28) with a pushforward (in the sense of distributions)

by the inverse map, x 7→ y(x, νi) and a Jacobian factor. Using the pushforward is also

advantageous practically, as it allows us to avoid inverting the canonical transformation.

Then, dropping the prime on x′,

Af(y) ≈ Aεf(y) =
r∑
i=1

(
y(·, νi)

)
∗

∣∣∣∣∣det ∂y
∂x

(x, νi)
∣∣∣∣∣ ·∑

j∈J(ci,ε)
λcij ψ

ci
j (ui(x))F−1

ξ→x

[
ψcij (vi(ξ)) |ξ|mρi(ξ)f̂(ξ)

]
a(x, νi). (3.2.29)

Note that we have abused notation and written a(x, νi) = a(y(x, νi), νi). This makes sense

if we think of a in connection with the principal symbol, which is defined on the Lagrangian

Λ′, for which (x, ξ) are global coordinates.

Next, drop the assumption that (y, ξ) parameterizes U and only assume U contains no

caustics; in other words, det ∂y/∂x 6= 0. Note that equation (3.2.29) still makes sense; it

only depends on Λ via u, which by (3.2.27) can be defined directly in terms of the canonical

transformation χ.

Now, det ∂y/∂x 6= 0 implies that U can locally be parameterized by (y, ξ). Covering U

by open sets that can be parameterized by (y, ξ) and taking a partition of unity, we find

that (3.2.29) is valid for all of U . Specifically, if 1 = ∑
αi is the partition of unity and Ui are
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the open sets, approximation (3.2.29) is valid with a replaced by aαi for each i. Summing

over i and using linearity implies the formula is valid for a also.

Summarizing, we have developed the following approximation.

Theorem 3.6 (Local approximation algorithm). Let A ∈ Im(Y ×X) be an FIO associated

with the canonical transformation χ : T ∗X → T ∗Y , such that det ∂y/∂x 6= 0 on WF′(A).

There exists an error operator K ∈ Im−1/2(Y ×X,χ) such that for small ε > 0,

‖Af −Kf −Aεf‖2

‖f‖Hm

= O(ε), (3.2.30)

where Aεf is the approximation defined in (3.2.29).

The error operator K, of course, corresponds to the higher-order terms in the Taylor

expansions of amplitude and phase that were neglected.

Proof. With Aε defined as in (3.2.29), and recalling (3.2.8), we have

Af(y) =
r∑
i=1

Tνi ◦Bi, (3.2.31)

A0f(y) =
r∑
i=1

Tνi ◦ B̈i, (3.2.32)

Aεf(y) =
r∑
i=1

Tνi ◦ B̈i,ε. (3.2.33)

As we noted earlier, the symbols bi and b̈i of Bi and B̈i, respectively, differ by a symbol of

order m− 1
2 , and K = A−A0 is an FIO of order m− 1

2 . All that remains for us is to estimate

A0 −Aε.

First, we estimate B̈i − B̈i,ε:

(B̈i − B̈i,ε)f(x′) =
∑

j/∈J(ci,ε)
λ

(ci)
j ψ

(ci)
j (u(x′))F−1

[
ψ

(ci)
j (v(ξ))ρi(ξ) |ξ|mf̂(ξ)

]
. (3.2.34)

Since ∥∥∥F−1
[
ψ

(ci)
j (v(ξ))ρi(ξ) |ξ|mf̂(ξ)

]∥∥∥
2

=
∥∥∥ψ(ci)

j (v(ξ))ρi(ξ) |ξ|mf̂(ξ)
∥∥∥

2

≤
∥∥∥ψ(ci)

j

∥∥∥
∞
‖ρi‖∞

∥∥∥|ξ|mf̂(ξ)
∥∥∥

2

≤
∥∥∥ψ(ci)

j

∥∥∥
∞
‖f‖Hm .

(3.2.35)
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we have

∥∥∥λ(ci)
j ψ

(ci)
j (u(x′))F−1

[
ψ

(ci)
j (v(ξ))ρi(ξ) |ξ|mf̂(ξ).

]∥∥∥
2
≤
∣∣∣λ(ci)

j

∣∣∣ ∥∥∥ψ(ci)
j

∥∥∥2

∞
‖f‖Hm . (3.2.36)

3.2.2 Global Algorithm

In the previous section, we derived a local approximation (3.2.29) for A, which is valid

as long as WF′(A) contains no caustics. Our goal in this section is to derive a global

approximation algorithm for A by expressing A as a sum of oscillatory integrals without

caustics to which (3.2.29) applies. To handle caustics, de Hoop et al. [16] use appropriate

changes of coordinates in X, which they call singularity-resolving diffeomorphisms. Note

that their approach could also be combined with Candès et al.’s wedge algorithm [11] and

potentially their butterfly algorithm [10].

Throughout, let x denote a fixed choice of coordinates on X, and x̃ another choice of

coordinates. Let (x, ξ) and (x̃, ξ̃) denote the associated coordinates on T ∗X.

First Draft

By proposition 25.3.3 in Hörmander [20], for each γ0 ∈ Λ′ there is always a local choice of

coordinates x̃ for X in which Λ′ does not have caustics in a neighborhood of γ0. This gives

us the following first draft of an algorithm for computing Af with caustics present.

For each γ ∈ Λ′ we get a neighborhood Uγ with associated caustic-free coordinates x̃(γ).

We cover Λ′ by the Ui, which we can assume to be conic (since ∂y/∂x is homogeneous in ξ).

Since X, Y are compact, the cosphere bundle S∗X×S∗Y is also compact, so Λ′∩(S∗X×S∗Y )

is compact, and we can choose a finite subcover Ui1 ∩ (S∗X × S∗Y ), . . . , Uir ∩ (S∗X × S∗Y ).

Then Ui1 , . . . , Uir covers Λ; choosing a partition of unity ρj subordinate to this subcover,

we can write Af = A1f + · · · + Arf , where Aj is an FIO with canonical transformation χ

associated with the principal symbol ρjσ. (Recall σ is the principal symbol of A.) Each Ajf

can be computed by theorem 3.6.
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Quadratic Coordinate Changes

While the first draft algorithm is valid, it does not specify how to find caustic-free coordinates.

However, this turns out to be an easy task: we can identify a specific finite family of simple

coordinate changes that are sufficient for all A. If ϕ : Rn → Rn is a diffeomorphism, and

x̃ = ϕ(x), then
∂y

∂x̃
= ∂y

∂x
(dϕ)−1 +

n∑
k=1

∂y

∂ξk

∂(dϕ)>
∂xk

ξ. (3.2.37)

The simplest possible useful diffeomorphisms are therefore those with quadratic terms:

Definition 3.2. Let t ∈ R \ {0} be a fixed constant and J ( {1, . . . , n}, i ∈ {1, . . . , n} \ J .

Define the diffeomorphisms βi,J : Rn → Rn as follows:

βi,J(x1, . . . , xn) =
(
x1, . . . , xi−1, xi −

t

2
∑
j∈J

x2
j , xi+1, . . . , xn

)
. (3.2.38)

It turns out that in all cases, at least one of these quadratic coordinate changes avoids a

caustic.

Proposition 3.7. For all γ0 ∈ Λ′, there exist J ( {1, . . . , n} and i ∈ {1, . . . , n} \ J such

that det ∂y/∂x̃(i,J)(γ0) 6= 0, where x̃(i,J) = βi,J(x).

Remark. There are 1 + n(2n−1 − 1) of these diffeomorphisms; so 3 in dimension 2 and 10 in

dimension 3.

A proof is given in §3.5. Note that while proposition 3.7 guarantees that the βi,J always

suffice for avoiding caustics, the choice of coordinates will affect the quality of the algorithm’s

output. With this in mind, we will from here on consider a generic set of coordinates

x̃(1), . . . , x̃(Q) such that no point on γ is simultaneously a caustic with respect to all x̃(j).

Proposition 3.7 gives us one such coordinate set.

With the coordinate set chosen, define Uk = {(x, ξ) ∈ T ∗X : det ∂y/∂x̃(k) 6= 0}, and

choose a partition of unity {αk}Qk=1 subordinate to the Uk. As before, A can be written as

A1 + · · · + Ar, where Ak is an FIO associated with the canonical transformation χ, with

principal symbol αkσ. Each Akf can then be approximated via theorem 3.6.
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Although it is only necessary that αk = 0 when det ∂y/∂x̃(k) = 0, it is advantageous

numerically for αk to be zero when ∂y/∂x̃(k) is close to singular. Equation (3.2.27) shows that

‖ũ‖ can be large when ∂y/∂x̃(k) is nearly singular. Large ũ, in turn, increase c (eq. (3.2.18)),

which increases the number of significant terms in the PSWF decompositions (eq. (3.2.15)).

By applying more restrictive cutoffs αk, we can potentially avoid cons Ξi where c may be

large, reducing computation time.

One way to choose the αk to achieve this goal is as follows: compute the minimum

singular values µk(x, ξ) of ∂y/∂x̃(k), and let µ(x, ξ) = maxk µk(x, ξ). Then, choose α̃k ∈ C∞

such that

α̃k(x, ξ) =


0, µk

µ
< 1− τw,

1, µk
µ
> 1− 1

10τw,

(3.2.39)

where τw ∈ (0, 1) is a parameter controlling the tightness of the partition. By forcing αk = 1

when µk
µ

lies in a neighborhood of 1, we are assured that α̃k is smooth. Finally, define

αk = α̃k/(α̃1 + · · ·+ α̃Q) to complete the partition of unity construction.

Amplitude Calculation

The last major ingredient for the algorithm we have neglected to discuss is how to construct

the amplitude a for (3.2.1) from the principal symbol. This is standard FIO theory, but

using the principal symbol in a numerical algorithm requires consideration. The principal

symbol is defined as a symbol on the half-density bundle on T ∗(X × Y ) tensored with the

Maslov line bundle. In order to use it in a practical algorithm we will need to trivialize these

two bundles in some way.

For graph FIOs, the half-density bundle has a natural global trivialization [20, following

(25.3.2)′] in which the pullback of |dy|1/2|dη|1/2 by the projection πY : Λ → T ∗Y is taken

as the unit section. This half-density is invariant under changes of coordinates, since the

Jacobian of any symplectomorphism (y, η) 7→ (y′, η′) has determinant 1. Equally, we could

have used |dx|1/2|dξ|1/2: since Λ is a Lagrangian submanifold of T ∗(X × Y ) with respect to

the sum of the symplectic forms on T ∗X and T ∗Y , it follows that ι∗σT ∗X = −ι∗σT ∗Y on Λ.
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But the volume forms on T ∗X and T ∗Y are σnT ∗X and σnT ∗Y , so after pulling them back to

Λ, the two volume densities are identical: |dx||dξ| = |dy||dη|.

It is also possible to globally trivialize the Maslov bundle [18, lemma 4.1.3], but there

is not a natural choice of unit section in general. Several special cases do have natural

unit sections, such as when the projection of Λ onto X × Y has constant rank [18, p. 96],

which for us is equivalent to ∂y/∂ξ having constant rank. Other cases having natural global

trivializations are when χ is homotopic to the identity [28, ex. 3.7] or when WF′(A) ⊆ T ∗X\0

is simply-connected [28, p.284]. One example of the latter case is the inversion of the circular

Radon transform, where WF′(A) = {(r, s, ρ, σ) | |σ| ≤ |ρ|, r > 0} is the disjoint union of two

simply-connected regions.

If we allow for discontinuous sections of the Maslov bundle, however, natural global

trivializations are possible. Following Hörmander [20, before (25.1.9)], suppose two local

representations of a Fourier integral distribution u in local coordinates x(1), x(2) ∈ Rn are

given,

u(x(1)) = (2π)−(n+2N1)/4
∫
RN1

eiφ1(x(1),θ1)a1(x(1), θ1) dθ1, (3.2.40)

u(x(2)) = (2π)−(n+2N2)/4
∫
RN2

eiφ2(x(2),θ2)a2(x(2), θ2) dθ2. (3.2.41)

If u has order m, Hörmander shows

a2d
1/2
C2 − e

πis/4a1d
1/2
C1 ∈ S

m−1(Λ,Ω1/2
Λ ), (3.2.42)

where

s = sgn d2
θ1φ1(x(1), θ1)− sgn d2

θ2φ2(x(2), θ2), (3.2.43)

and dCi is the quotient density on Ci = ker dθiφi defined by dθiφi with respect to the Euclidean

volume densities on Rd × RNi . Then, Ci can be identified with Λ via the isomorphism

Ti : Ci 3 (x, θi) 7→ (x, dxφ(x, θi)) ∈ Λ. Similarly, the signature terms of (3.2.43) can be

interpreted as functions on Λ by this isomorphism.
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Recalling our choice of unit section for the half-density bundle, |dx|1/2|dξ|1/2, and dividing

by it, we can get an expression for the principal symbol from (3.2.42):

σ = ai
d

1/2
Ci

|dx|1/2|dξ|1/2
exp

[
iπ

4 sgn d2
θi
φi

]
∈ Sm/Sm−1. (3.2.44)

In our situation, we have two local forms for graph FIOs in different coordinates. Here the

θi are the ξ(i) corresponding to different coordinates x(i), and φi(x, y, ξ) = Si(y, ξ) − x · ξ.

For graph FIOs, Hörmander shows

dCi = |dy| |dξ| =
∣∣∣∣∣det ∂y

∂x

∣∣∣∣∣ |dx| |dξ| .
Now, since we have a nice unit section |dx|1/2|dξ|1/2 for Λ, we can remove it, leaving

σ = ai

∣∣∣∣∣det ∂y

∂x(i)

∣∣∣∣∣
1/2

exp
[
iπ

4 sgn d2
ξi
φi

]
,

Finally, since dξφ = dξS − x = x(y, ξ)− x, we have d2
ξφ = ∂x

∂ξ
= −( ∂y

∂x
)−1(∂y

∂ξ
). Dropping the

subscripts,

σ = a

∣∣∣∣∣det ∂y
∂x

∣∣∣∣∣
1/2

exp
−iπ4 sgn

(
∂y

∂x

)−1(
∂y

∂ξ

) , (3.2.45)

Note that σ is discontinuous unless ∂y/∂ξ has constant rank. From a numerical standpoint,

this would indicate that care should be taken where ∂y/∂ξ drops rank. In practice, this

discontinuous trivialization appears to work satisfactorily. For pseudodifferential operators,

σ agrees with the usual principal symbol for pseudodifferential operators, pulled back from

T ∗X to Λ.

Safarov develops a slightly different discontinuous trivialization, the singular principal

symbol, in [28], and proves formulas for the singular principal symbols of products and

adjoints of graph FIOs. The current implementation of the algorithm supports both trivial-

izations.
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3.2.3 Final Algorithm

Combining everything so far, we can present the final approximation:

Af(y) ≈ Aεf(y) =
Q∑
k=1

rk∑
i=1

(
y◦β−1

k (·, ν̃i,k)
)
∗

 ∣∣∣∣∣det ∂y

∂x̃(k) (x̃(k), ν̃i,k)
∣∣∣∣∣· ∑

j∈J(ci,k,ε)
λ
ci,k
j ψ

ci,k
j (ui,k(x̃)) ·

F−1
ξ̃→x̃

[
ψ
ci,k
j (vi,k(ξ̃)) · |ξ̃|mρi,k(ξ̃)β̂∗kf(ξ̃)

]
· (ak ◦ β−1

k )(x̃(k), ν̃i,k)
, (3.2.46)

where

ak = αkσk

(
det ∂y

∂x

)−1/2

exp
iπ

4 sgn
(
∂y

∂x

)−1(
∂y

∂ξ

) . (3.2.47)

Here k indexes the choices of coordinates, i the cones, and j the PSWFs. As a more readable

form, the pseudocode listing 2 indicates how the global approximation formula translates to

an algorithm.

Theorem 3.8. Suppose the values f are given on an L× · · · × L grid in X, and the values

of Af are to be calculated on an M × · · · ×M grid in Y . Assume the bandwidths ci,k, the

PSWFs ψ(ci,k)
j , and eigenvalues λ(ci,k)

j are precomputed.

Computing Aεf using approximation (3.2.46) and DFTs requires worst-case time

O(L(3n−1)/2 logL logn(n−1)/2 ε+ L(n−1)/2Mn). (3.2.48)

Proof. After the precomputation steps, the global algorithm reduces to applying the lo-

cal algorithm Q = O(1) times. Assume each pullback β∗kf is computed on a grid of size

O(L). In the local algorithm, the bulk of the computational work comes from comput-

ing the PSWF contributions and the pushforwards. For each of the O(L(n−1)/2) cones,

there are J (c, ε) = O(logn(n−1)/2) significant PSWF terms, each requiring O(Ln logL) work

(pointwise multiplications and an inverse DFT). The pushforward step in each cone requires

O(Ln + κMn) time using the algorithm described in section 3.4.2, where κ is a constant

depending only on the FIO: κ is the maximum number of preimages of a point in Y under

x̃(i) 7→ y(x̃(i), ξ̃(i) for each i and all ξ̃(i).
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Pseudocode 2 Approximate Af
1: Precompute αk, ak, ci,k, ui,k, and PSWFs.

2: for each coordinate change k = 1 to Q do

3: Pull back f by βk.

4: Zero pad β∗kf , and apply DFT.

5: for each cone i = 1 to rk do

6: for each significant PSWF j ∈ Jc,e do

7: Multiply β̂∗kf by ρi,k|ξ̃|m and the PSWF ψ
ci,k
j (vi,k(ξ̃)).

8: Apply inverse DFT.

9: Multiply by λci,kj ψ
ci,k
j (ui,k).

10: Add to current sum.

11: end for

12: Apply pushforward (with Jacobian factor) by y ◦ β−1
k .

13: Add to current sum.

14: end for

15: end for

16: Add to current sum.

3.2.4 Inverse and Transpose

In this section, we develop algorithms parallel to the previous section for computing A>g and

A−1g (assuming A is elliptic) given the same information as before: the canonical transfor-

mation χ and the principal symbol σ of A. Theoretically these algorithms are superfluous,

of course, since A−1 and A> are graph FIOs associated with the inverse canonical transfor-

mation χ−1 (While χ may not be one-to-one, detχ = 1 since χ is a symplectomorphism, so

χ is locally invertible, and A>, A−1 can be represented as locally finite sums of graph FIOs).

However in practice, computing χ−1 may be difficult or inefficient, and if χ−1 is not a

graph, it must be decomposed as a union of graphs. Moreover, these algorithms come essen-
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tially for free: A−1 and A> can be computed with the same information and precomputation

steps used previously to compute A. Throughout A is as before, and g = g(y) an arbitrary

distribution on Y .

Transpose

Recall that the overall structure of the local algorithm for Af involved writing A as a sum of

ΨDO’s with coordinate changes. Originally, from (3.2.8) we haveAf(y) = ∑r
i=1(Bifi)(x(y, νi)).

Later, we approximated the ΨDO Bi by B̈i, which had a convenient separated representation,

and interpreted x(y, νi) as a pushforward by x 7→ y(x, νi) (along with a Jacobian factor).

Hence the local forward algorithm can be expressed as:

Af(y) ≈
r∑
i=1

y(·, νi)∗
[
(B̈ifi) · det ∂y

∂x

]
. (3.2.49)

The global algorithm is similar, but with coordinate changes βk : x 7→ x̃(k), and a microlocal

partition of unity αk : T ∗X → [0, 1]. We can express it as

Af(y) ≈
Q∑
k=1

rk∑
i=1

y ◦ β−1
k (·, ν̃i,k)∗

[
B̈i,k

(
(β−1

k )∗f
)
· det ∂y

∂x̃(k)

]
. (3.2.50)

where B̈i,k is the same as B̈i in (x̃(k), ξ̃(k)) coordinates, except that the symbol is multiplied

by the microlocal partition of unity, αk. Now we can take the transpose; if f ∈ C∞0 (X),

g ∈ C∞0 (Y ), then

〈Af, g〉 ≈
Q∑
k=1

rk∑
i=1

〈
y ◦ β−1

k (·, ν̃i,k)∗
[
B̈i,k

(
(β−1

k )∗f
)
· det ∂y

∂x̃(k)

]
, g

〉
(3.2.51)

=
Q∑
k=1

rk∑
i=1

〈
B̈i,k

(
(β−1

k )∗f
)
· det ∂y

∂x̃(k) , y ◦ β
−1
k (·, ν̃i,k)∗g

〉
(3.2.52)

=
Q∑
k=1

rk∑
i=1

〈
f, (β−1

k )∗B̈>i,k
(

det ∂y

∂x̃(k)

)
y ◦ β−1

k (·, ν̃i,k)∗g
〉
, (3.2.53)

so

A>g ≈
Q∑
k=1

rk∑
i=1

(β−1
k )∗B̈>i,k

(
det ∂y

∂x̃(k)

)
y ◦ β−1

k (·, ν̃i,k)∗g. (3.2.54)
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Recalling the separated representation of the symbol b̈i,k (the superscripts on x̃ and ξ̃ are

omitted for clarity),

b̈i,k =
∑

j∈NN
(ρi,kak)(x̃, ν̃i,k)λjψ

ci,k
j (u(x̃))ψci,kj (v(ξ̃)), (3.2.55)

we have

B̈i,k =
∑

j∈NN
(ρi,kak)(x̃, ν̃i,k)λjψ

ci,k
j (u(x̃(k))) ◦ F−1 ◦ ψci,kj (v(ξ̃(k))) ◦ F (3.2.56)

where the first and third operators in the composition are multiplication operators. Taking

the transpose,

B̈>i,k =
∑

j∈NN
F−1 ◦ ψci,kj (v(ξ̃(k))) ◦ F ◦ (ρi,kak)(x̃, ν̃i,k)λjψ

ci,k
j (u(x̃(k))) (3.2.57)

Finally, we can truncate the infinite sum in (3.2.57) as before, and equations (3.2.54)

and (3.2.57) then give us an formula for the transpose operator analogous to our earlier

formula (3.2.46) for A.

Remark. As an alternative approach, we can develop this representation by writing A>g

locally as an oscillatory integral, similar to (3.2.1) but with the roles of the domain and

codomain variables switched:

(A>g)(x) =
∫
ei(S(y,ξ)−x·ξ)a>(y, ξ)g(y) dy dξ. (3.2.58)

where a> is an amplitude function. Separating out the first term in the Taylor expansion of

the phase as before, we can write A∗ locally as a sum of changes of coordinates and pseu-

dodifferential operators, then perform a second-order Taylor approximation of the phase and

expand the exponential using PSWFs. This leads once more to formulas (3.2.54) and (3.2.57).

Inverse

The major application of the transpose algorithm is computing the inverse of an elliptic

Fourier integral operator. Since (A−1)> is an FIO with canonical transformation χ, all
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that is left is to compute its principal symbol. The rough intuition is that the principal

symbol of A−1 should be the reciprocal of that of A, and the principal symbols of (A−1)>

and A−1 coincide. With our (discontinuous) trivializations of the half-density and Maslov

bundles, this is exactly true. For F ∈ Im(χ), denote by σF the principal symbol of F defined

by (3.2.45).

Proposition 3.9. If A ∈ Im(χ) is elliptic, σA−1 = σ−1
A .

Lemma 3.10. For any A ∈ Im(χ), the principal symbols of A and A> are identical.

With these results, the inverse can be computed using the transpose algorithm applied

to (A−1)>.

3.3 Examples

In this section, we compute a variety of FIOs using the algorithm described in section 3.2.

All of these examples involve two-dimensional X and Y ; while the algorithm applies equally

well in higher dimensions, a few implementation details need to be worked out.

3.3.1 Radon transform (2D)

The 2D Radon transform is a prototypical FIO. In standard coordinates, every point is a

caustic, so the use of coordinate changes is essential to avoid caustics.

Let θ be the angular coordinate on S1, and let θ̂ = (cos θ, sin θ) ∈ R2. Then

Rf(s, θ) =
∫
x·θ̂=s

f(x) d`(x) = 1
2π

∫
R2

∫
eiς(x·θ̂−s)f(x) dς dx. (3.3.1)

Letting ς, ϑ, ξ be the dual variables to s, θ, x, the canonical relation of R is

Λ′ =
{

(s, θ, ς, ϑ;x, ξ)
∣∣∣∣∣ s = ±x · ξ

|ξ|
, θ̂ = ± ξ

|ξ|
, ς = ± |ξ| , ϑ = ∓x · ξ⊥

}
⊆ (T ∗Y × T ∗X) \ 0.

(3.3.2)

Λ′ is a 1–2 map, equal to the disjoint union of two canonical graphs Λ±, one for each choice

of sign in (3.3.2). Hence we can write R as a sum of two graph FIOs R± associated with
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their respective canonical graphs, with principal symbols equal to the restriction of σR to

Λ±.

From the canonical relation (3.3.2), we see that rank ∂(s, θ)/∂x = 1, so that every point

on Λ± is a caustic.

Principal Symbol Now let us return to the principal symbol of R. Writing R in the

standard form (3.2.41) with θ = σ, we have n = 4, N = 1, φ = ς(x · θ̂ − s), so

Rf(s, θ) = 1
2π

∫
R2

∫
R
eiς(x·θ̂−s)f(x) dς dx = 1

(2π)3/2

∫
R2

∫
R
eiς(x·θ̂−s)

√
2πf(x) dς dx (3.3.3)

The principal symbol is by (3.2.44)

σ =
√

2π
(

dC
|dx||dξ|

)1/2

exp
[
iπ

4 sgn d2
ςφ
]
. (3.3.4)

Since d2
ςφ = 0, the Maslov factor is 1. All that remains to compute dC , the quotient volume

form defined by dςφ. Now dςφ maps the vector field ∂
∂s

on X × Y × R = {(x, s, θ, ς)} to

a unit-volume basis in its image, so since |ds||dθ||dx||dς| is a volume form on C, we get

dC = |dθ||dx||dς|. Now we want to push dC forward to Λ′, where θ, ς form a polar coordinate

representation for ξ (up to sign). Hence |dξ| = |ς| · |dθ||dς|, giving us

dC = |dθ| |dx| |dς| = |dx||dξ|
|ξ|

, (3.3.5)

and finally

σR =
√

2π
(

dC
|dx||dξ|

)1/2

=
√

2π · |ξ| −1/2. (3.3.6)

As expected, σR is homogeneous of order −1/2, which is the order of R.

Example Output Figure 3.1 compares the Radon transform computed by the new algo-

rithm with a näıve O(N3) reference implementation. Note that the asymptotic runtime of

the new algorithm even with its greater complexity is O(N2.5 logN) (although O(N2 logN)

algorithms for computing the Radon transform are available).
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Figure 3.1: Comparison of generic FIO algorithm with reference Radon algorithm. θ and s

are displayed on the x and y axes, respectively, as usual.

To handle caustics in R = R+ + R−, two changes of coordinates, β1,(2) : x1 7→ x1 + t
2x

2
2

and β2,(1) : x2 7→ x2 + t
2x

2
1 are used (see (3.2.38)). Since dy

dx
is identically zero, the identity

coordinate change does not help here. Figure 3.2 shows the contributions to R+f and R−f

from each choice of coordinates.

Figures 3.3 and 3.4 shows the results of varying several parameters in the algorithm: the

zero-padding factor, the number of frequency cones, and the amount of distortion in the

coordinate changes (t in (3.2.38)). Increasing the zero-padding factor decreases periodicity

artifacts that arise from the DFT. In the current setup, these artifacts appear as smooth

errors outside the support of the true Rf . Increasing the number of frequency cones decreases

the error in the approximation of the amplitude and phase (in the limit as the number of

cones goes to infinity, the error ‖A−A‖ between the (ideal) computed operator A and the

actual operator A goes to zero).
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Figure 3.2: Contributions to Rf from each local integral representation: color represents the

phase and brightness the magnitude of these complex-valued functions. Since f is real, R+f

and R−f are complex conjugates.

3.3.2 Wave propagation

The initial value problem for the scalar wave equation with variable speed is a prime example

of caustic formation: 

(∂2
t − c2∆)u = 0, (x, t) ∈ X × R+,

u(x, 0) = g(x),

ut(x, 0) = h(x).

(3.3.7)

In this section, we will apply the algorithm to a propagator operator for a similar equation.

It is well-known that this solution operator is a sum of two FIOs (see for example [11]),

and that the singularities of the initial data f follow the bicharacteristics of the wave operator

�c = ∂2
t − c2∆. Furthermore, it is well-known that the bicharacteristics project to geodesics

in X, and that a singularity at (x, ξ) ∈ T ∗X in the Cauchy data (g, h) propagates to two

singularities in u(·, t) at
(
γ(x, ξ)(±t), γ′(x, ξ)(±t)

)
,where γ(x, ξ)(s) is the unit-speed geodesic

with γ(0) = x, γ′(0) = ξ.

Factoring (∂2
t − c2∆) as (∂t− iP )(∂t + iP ) [17], where P =

√
−c2∆ is a pseudodifferential

square root, allows us to write any solution to (3.3.7) as a sum of solutions to the two
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Figure 3.3: Adjusting algorithm parameters. Top row: zero-padding factor for DFT; middle

row: number of cones; bottom row: bending coefficient for diffeomorphisms. The base

parameters were a zero-padding factor of 2, t = 3, and 112 cones.
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Figure 3.4: Relative errors in Figure 3.3, compared to Aε computed for the base parameters:

a zero-padding factor of 2, 112 cones, and t = 3. Top row: zero-padding factor for DFT;

middle row: number of cones; bottom row: bending coefficient for diffeomorphisms.
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half-wave equations 
(∂t ± iP )u = 0, (x, t) ∈ X × R+,

u(x, 0) = f±(x).
(3.3.8)

for suitable f± depending on g, h. The solution operator for (3.3.8) can be written as S± =

e∓itP . Restricting to T gives the operator ST = eiTP ; this is what we will compute.

From the theory of propagation of singularities already mentioned, we know ST has

canonical relation

χ(x, ξ) =
(
γx,ξ(T ), γ′x,ξ(T )

)
. (3.3.9)

For the principal symbol, since P has a real symbol, it is self-adjoint, so ST is unitary:

S∗TST = e−iTP
∗
eiTP = Id. By the principal symbol calculus, σS∗TST = |σST |2, so |σST | =

1. When T is small enough that there are no caustics, we can solve (3.3.8) using a Lax

parametrix construction, taking S+ of the form

(S+f)(t, x) =
∫
eiφ(x,t,ξ)a(x, t, ξ)f̂(ξ) dξ. (3.3.10)

It is well known that φ satisfies an eikonal equation, and writing a in an asymptotic expansion

a ∼ ∑
a−j, where a−j ∈ S−j, and solving for S+ gives a transport equation for the leading

term a0. This equation ensures that a0 is real as long as φ is defined (i.e. before the formation

of caustics). Evaluating at t = T implies that the principal symbol of ST without the Maslov

factor, σ̃T = ad
1/2
C /(|dx|1/2|dξ|1/2), is real. Further, since |σST | = 1 and σ̃0 = 1, we must have

σ̃T = 1 for all T .

The Maslov factor arising from the Lax parametrix construction is− sgn(∂yT/∂x)−1(∂yT/∂ξ),

where yT (x, ξ) is the y-component of the canonical transformation at (x, ξ). For T small

enough (in particular before caustics have formed), sgn(∂yT/∂x)−1(∂yT/∂ξ) = sgn(∂y0/∂x)−1(∂y0/∂ξ) =

1 by continuity, giving a principal symbol of σST = exp[−iπ/4]. For larger T , we can find

the principal symbol using Proposition 3.13; however, this has not yet been implemented.

Results To implement ST , the canonical transformation χ was computed by solving the

geodesic equation with RK4 time stepping. The geodesic computation is done in Christoffel
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symbols allowing for anisotropic wave speeds.

Figures 3.6 to 3.10 compares the results of the algorithm with a standard reference algo-

rithm that computes ST,c using a spectral method in space and RK4 time stepping. In the

reference algorithm, P is approximated by its leading order term c|D|. The sound speed has

a Gaussian low-speed lens (as in [16]) centered at the origin (Figure 3.5)

In Figure 3.6, solutions are calculated at T = 0.3, where no caustics have yet formed.

The new algorithm compares quite favorably with the reference algorithm, without the high-

frequency artifacts which arise most likely from applying P in the domain; the complex

phases are correct.

It is worth noting that the FIO approach handles infinite domains naturally, without

the need for absorbing boundary conditions, as Figure 3.7 shows; the pushforwards by the

canonical transformation simply map escaping wavefronts outside the domain. Equally,

periodic domains can be obtained by treating the codomain of the pushforwards as periodic,

and performing no zero-padding, this is how Figure 3.6c is produced. Furthermore, Dirichlet

or Neumann boundary conditions on arbitrary domains are likewise possible; the canonical

transformation would then be modified so as to reflect wavefronts. This flexibility is one

major advantage of the FIO approach.

In Figure 3.8, solutions are calculated at T = 0.6, showing the formation of caustics.

Five coordinate choices were used here: x1 7→ x1 ± 1
2x

2
2 and x2 7→ x2 ± 1

2x
2
1, together with

the identity. Figure 3.9 shows the contributions to STf arising from each coordinate choice.

These contributions are computed automatically. An algorithm for finding the correct Maslov

factor is not yet implemented, so a phase difference is visible in the caustic in the error plot

(d). However, the wavefronts are reconstructed correctly. Figure 3.10 shows the results

when the coordinate changes are not sufficient to cover the caustics; in this figure, just two

coordinate changes were used: x1 7→ x1 + 1
2x

2
2 and x2 7→ x2 + 1

2x
2
1.
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Figure 3.6: Comparison of generic FIO algorithm with reference half-wave propagator al-

gorithm, no caustics. Color represents the phase and brightness the magnitude of these

complex-valued functions.
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Figure 3.8: Comparison of generic FIO algorithm with reference half-wave propagator algo-
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of Figure 3.8.
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Figure 3.10: Insufficient coordinate changes. (a) is computed with our algorithm with five

coordinate choices. (b) is computed with just two coordinate choices; parts of the wavefront

set are missing. (c) and (d) show the errors of each compared to the reference implementation.
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3.3.3 SAR Reflection Operator

In synthetic aperture radar (SAR) imaging, a plane or satellite flies along a path γ, emitting

radiation and measuring the echoes returned from the ground. Under a set of simplifying

assumptions (flat terrain and an undirected beam), the forward (imaging) operator can be

modeled by the circular Radon transform Rγ:

Rγf(r, s) =
∫
|x−γ(s)|=r

f(x) d`. (3.3.11)

Stefanov and Uhlmann [33] showed that Rγ is microlocally noninjective. After localizing γ

near a certain s0, and restricting to a sufficiently small set X ⊆ R2 \ γ, there is an FIO U

such that Rγ ◦ U = Rγ microlocally, modulo smoothing operators. U can be thought of as

reflection across the curve γ. The canonical relation of U is

Λ′ =
{

(x′, ξ′, x, ξ)
∣∣∣ ∃s, t : x+ tξ = γ(s) = x′ + tξ′, γ̇(s) · ξ = γ̇(s) · ξ′, γ̇(s)⊥ · ξ = −γ̇(s)⊥ · ξ′

}
.

(3.3.12)

Λ′ is the graph of the map which sends singularities (x, ξ) to their mirror images (about the

tangent line to γ) on the opposite side of γ:

γ

x
ξ

x′
ξ′

γ(s)

γ′(s)

t

In section 2.4, an algorithm for approximating the action of U was given, based on solving

the wave equation forwards then backwards in time. In section 2.2, the principal symbol

of U is shown to be 1, modulo a Maslov factor. Of course, for computational purposes, we

require the precise Maslov factor:
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Proposition 3.11. The principal symbols of Rγ and U are:

σRγ =
√

2πr
|ξ||sin θ| , (3.3.13)

σU = exp
[
−iπ4 sgn (ξ · γ′′(s))

]
, (3.3.14)

where θ is the angle between ξ and γ′(s), as defined in section 2.2.3. Geometrically, the

Maslov factor in σU indicates whether γ is concave toward or away from x at γ(s).

The proof is given in section 3.5.

We now demonstrate the results of computing U with the current algorithm, compared to

the reference wave-based algorithm described earlier in section 2.4. To compute the canonical

transformation of U , we must locate the intersection points for the ray through (x, ξ) with

γ. To do so, γ is represented as the zeros of a defining function Γ(x), and then intersection

points are found using an efficient recursive subdivision algorithm.

Figure 3.11 shows a simple example where γ is a parabola. The support of f is in

the caustic-free region of ΛU , so no coordinate changes are required. The new algorithm

compares favorably to the reference wave-based algorithm visually, with much less high-

frequency artifacts and a clear wavefront set.

In Figure 3.12, we compare Rγf to the RγUf calculated by the new and reference algo-

rithms. By definition of U , Rγf = RγUf modulo C∞) for the exact operators. While the

new algorithm has more smooth error above the support of the true Rγf as compared to the

reference algorithm, the wavefront set is better preserved and there is less high-frequency

noise. A better wavefront set can, however, be obtained with the reference algorithm by

using a finer grid (Figure 3.12e); the current algorithm is independent of the codomain grid.

3.4 Implementation Details

In this section, we expand on some details of a freely-available implementation of the algo-

rithm1, which was implemented in object-oriented MATLAB with some C++ modules.

1Code is available by emailing the author at pcaday@math.washington.edu.
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3.4.1 PSWF Computation

As described in section 3.2.1, our current implementation uses generalized PSWFs to expand

the second-order approximated exponential functions exp[icu(x) · v(ξ)], where u, v ∈ BD. As

described in Slepian’s work [26], a basis for L2(BD) can be formed from generalized PSWFs,

which are products of radial parts φ(c)
N,n(|z|) and spherical harmonics YD,N,n(z/|z|). The radial

parts are also eigenfunctions of a second-order Sturm-Liouville operator LN,c.

Bases of spheroidal harmonics are computed following [2, (2.164)]. The radial functions

φ
(c)
N,n are computed using Shkolinsky’s algorithm [30], a variant of the algorithm described

in [26]. Both methods are based on expanding the φ(c)
N,n in a certain basis of polynomials

{T (c)
N,m}∞m=0. Using the fact that they are also eigenfunctions of a second-order Sturm-Liouville

operator L, it is shown that L is tridiagonal with respect to this basis. Truncating the expan-

sion to the first K basis polynomials truncates L to a K ×K matrix, giving K approximate

eigenfunctions φ(c,K)
N,1 , . . . , φ

(c,K)
N,K . Furthermore, the eigenvalues of the φ

(c)
N,n determine the

eigenvalues of the generalized PSWFs with respect to the truncated Fourier transform [26].

For small K, increasing K increases the accuracy of the computed φ(c,K)
N,n but for larger K

the method becomes unstable experimentally. Stability is improved (and the domain of φ(c)
N,n

extended to [0,∞)) by using the Bessel function expansion described in [26]. The error in

φ
(c,K)
N,n can be estimated by measuring ‖φ(c,2K)

N,n − φ(c,K)
N,n ‖, and K may be successively doubled

until this error estimate is satisfactory, subject to maintaining stability. As c increases,

so does the number of significant eigenvalues of the truncated Fourier transform, requiring

larger K.

3.4.2 Pushforwards

A key part of the practical implementation of the algorithm is the use of pushforwards to

perform computations in global (x, ξ) coordinates on Λ rather than the local (y, ξ) coordi-

nates. Suppose we are given a function f represented by its values at (regularly-spaced) grid

points (xi) = (xi1,...,in)1≤ik≤Mk
, and a local diffeomorphism T : X → Rn. For each grid point
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xi, i = (i1, . . . , in), let Ni be the neighboring half-grid points xi1±1/2,...,in±1/2. Let Qi be the

box spanned by Ni and 1Qi its indicator function. Now we push forward the half-grid points⋃
iNi by T , and choose basis elements Ui ∈ L∞(Y ) such that Ri ≈ T∗(|DT |1Qi).

Since T is locally a diffeomorphism, if Qi is sufficiently small (i.e., the grid is sufficiently

fine), T∗(|DT |1Qi) = (T−1)∗1Qi = 1(T−1)∗Qi . Hence we can attempt to approximate this

indicator function 1(T−1)∗Qi by indicator functions of simpler polyhedra.

For n = 2, if the quadrilateral described by the corners T (Ni) is not self-intersecting,

we may take Ri to be the indicator function of this quadrilateral. In the self-intersecting

case, the quadrilateral describes a union of two triangles, and we may take Ri to be the

sum of their indicator functions. However, since dχ is everywhere nonsingular, each image

quadrilateral is non self-intersecting for sufficiently fine grids.

For n > 2 dimensions, the situation is more complex, as vertices of Ni lying on a common

face are not in general coplanar after applying T . One solution is to break each box Ni into

simplices and let Ri be the indicator function of the union of the corresponding simplices

spanned by the images T (Ni). In order to ensure that there are no overlaps or gaps between

adjacent Ri, adjoining faces of neighboring boxes must have compatible decompositions into

simplices. Another, more symmetric, solution is to fix a single simplex decomposition D

(represented as an collection of simplices on an abstract set of points) and its images under

the symmetry group Kn of the n-cube. Then, take Ri to be the average of the indicator

functions corresponding to each image decomposition. In general, either choice of Ri is only

a reasonable approximation to T∗(|DT |1Qi) if the distorted hypercube with corners T (Ni) is

non-self-intersecting.

After choosing the Ri, we apply a filter φS and sample at the codomain grid points:

T∗f(yi) ≈
∑

i
(Ri ∗ φS)(yi). (3.4.1)

In the current 2D implementation, an elliptical filter φS was used: φS is the indicator of the

ellipse E = {(y1/∆y1)2 + (y2/∆y2)2 ≤ 1}, where ∆yi is the grid spacing in each coordinate.

With this filter, (Ri ∗ φS)(yi) is the area of the intersection of the polygon(s) suppRi with
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the ellipse centered at yi.

The runtime of this algorithm is O(` + m′), where ` is the number of grid points in the

domain, and m′ the sum of the grid points covered by each Ri ∗ φS. If κ = supy∈Y |T−1(y)|

is the maximum number of preimages of points in Y under T , then m′ = O(` + κm),

where m is the number of codomain grid points: the ith box in the domain grid maps to

O(1 + vi/∆y) points, where vi is the volume of the image of the box (assuming the box is

non-self-intersecting), inside the codomain grid, and ∆y the volume of a box in the codomain

grid. The O(1) factor comes from the support of the filter φS. Summing over all domain

boxes, the total volume of box images is at most κ vol(Y ), and κ vol(Y )/∆y = κm. The total

runtime is on the order of the number of points in the codomain (counted with multiplicity),

O(`+ κm).

3.4.3 Low Frequencies

As has already been mentioned, the leading-term approximations make the current algorithm

effectively a high-frequency algorithm. In particular, near the origin, the low angular resolu-

tion of the Cartesian DFT becomes problematic, especially for FIOs of nonpositive degree.

If only the high frequencies of the output are desired, a high-pass cutoff can be applied to

the input f prior to the algorithm; but, as the cutoff is not coordinate-invariant, it must

be applied after pulling back to x̃(i) coordinates. This is a rather unsatisfactory solution,

however.

Another option is the use a nonuniform discrete Fourier transform to sample lower fre-

quencies more densely. While there are good general-purpose nonuniform DFT algorithms

available, we employ the pseudopolar FFT of [3], which computes f̂(ξ) on a pseudopolar grid.

The pseudopolar grid is similar to a regular polar grid except with concentric squares in place

of circles, and constant spacing of slopes instead of angles. The runtime for the pseudopolar

FFT is O(N2 logN) time with a small constant, and O(N2 logN) time to invert using an

iterative least-squares method (with the constant depending on the desired accuracy ε). As

well, Levi [22] alludes to an O(N2 logN) direct inversion method.
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In our current implementation, the pseudopolar FFT is available as an option, but is

relatively slow, and an optimized implementation of the pseudopolar FFT is needed.

A third possibility is to apply a high-pass filter ρ(ξ) as before, then approximate the low-

frequency component (1−ρ(D))f of the input as a sum of plane waves whose frequencies lie

on a pseudopolar grid, and apply the FIO to each directly. This approach is successful with

some simple FIOs, but not in general.

3.5 Proofs

3.5.1 Sufficiency of Quadratic Coordinate Changes

Proposition 3.7. For all γ0 ∈ Λ′, there exist J ( {1, . . . , n} and i ∈ {1, . . . , n} \ J such

that det ∂y/∂x̃(i,J)(γ0) 6= 0, where x̃(i,J) = βi,J(x).

For the proof of proposition 3.7, we use the following lemma:

Lemma 3.12. Let E = Tγ0(T ∗X×T ∗Y ), and let L = Tγ0Λ′. There is a Lagrangian subspace

M ⊆ E with L ∩M = {0} of the form

MJ = span


{
∂

∂xi

∣∣∣∣∣ i /∈ J
}
∪
{
∂

∂ξj

∣∣∣∣∣ j ∈ J
}
∪
{
∂

∂η1
, . . . ,

∂

∂ηn

}, J ( {1, . . . , n}.

(3.5.1)

Proof. Let σ be the symplectic form on E, and let M = span{∂/∂η1, . . . , ∂/∂ηn}. Since Λ′ is

the graph of χ, the projection π : Λ′ → T ∗X is a diffeomorphism, which implies L∩M = {0}.

Now let us enlarge M in two ways: M1 = span{M, ∂
∂x1} and M2 = span{M, ∂

∂ξ1
}. Both are

isotropic. Suppose L ∩M1, L ∩M2 are both nontrivial, and pick nonzero v1 = m1 + a ∂
∂x1 ,

v2 = m2 + b ∂
∂ξ1

in L ∩M1, L ∩M2, respectively. Then

σ(v1, v2) = σ(m1,m2) + aσ( ∂
∂x1 ,m2) + bσ(m1,

∂
∂ξ1

) + abσ( ∂
∂x1 ,

∂
∂ξ1

) = ab. (3.5.2)

Since L is Lagrangian, σ(v1, v2) = 0, so one of a, b is zero, and therefore one of v1, v2 lies in

L ∩M , a contradiction. Hence at least one of L ∩M1, L ∩M2 is {0}. Replace M by one
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of the Mi for which is true. Repeating the process with ∂
∂xk

, ∂
∂ξk

for k = 2, . . . , n, we obtain

the M described in (3.5.1). There is one point to verify: that J 6= {1, . . . , n}. Because Λ′ is

conic, the radial vector ∑( ∂
∂ξk

(ξ0)k + ∂
∂ηk

(η0)k) lies in L = Tγ0Λ′, where γ0 = (x0, ξ0, y0, η0).

Hence M cannot contain all the ∂
∂ξk

, and J 6= {1, . . . , n}.

Proof of Proposition 3.7. By lemma 3.12, there is some M of the form (3.5.1) transversal

to L. Of all these, choose one where J is minimal; i.e. no MJ ′ with J ′ ( J is transversal

to L. Let I = {1, . . . , n} \ J . Now MJ is the kernel of dπJ , where πJ is the projection of

T ∗X × T ∗Y onto (xJ , ξI , y). L∩MJ = ∅ is equivalent to dπJ |Λ′ being bijective; so (xJ , ξI , y)

are local coordinates for Λ′. Since (x, ξ) are also local coordinates, this is equivalent to the

non-singularity of [ ∂y
∂xI

∂y
∂ξJ

] at γ0.

Now we turn to ∂y
∂x̃

for the βi,J map (where i is to be determined). Applying (3.2.37) to

the βi,J ,

∂y

∂x̃k
=


∂y
∂xk

, k ∈ J

∂y
∂xk

+ ξi
∂y
∂ξk
, k /∈ J.

(3.5.3)

Choose some i ∈ I such that (ξ0)i 6= 0. Such an i exists because otherwise the radial vector

ρ = ∑( ∂
∂ξk

(ξ0)k + ∂
∂ηk

(η0)k) of Tγ0Λ′ would lie in MJ . Since J is minimal, for j ∈ J , ∂y
∂xj

is

a linear combination of { ∂y
∂xk

: k ∈ I}. Hence, because [ ∂y
∂xI

∂y
∂ξJ

] is nonsingular at γ0, so is
∂y
∂x̃

.

3.5.2 Principal Symbol Calculus

It is well-known that the principal symbol of the composition of graph FIOs is given intu-

itively by multiplying them (up to factors coming from the Maslov and half-density bundle).

The following proposition states how composition works with the trivialization of these bun-

dles we are using.

Proposition 3.13. Let A ∈ Im1(χ1), B ∈ Im2(χ2) be graph FIOs associated with canonical

transformations χ1 : T ∗X → T ∗Y , χ2 : T ∗Y → T ∗Z. Then the principal symbol of the
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composition BA is

σBA = σAσB exp
[
iπ

4 (sgn(QA +QB)− sgnQA − sgnQB)
]
, (3.5.4)

where QA = −∂y(x, η)/∂η and QB = ∂y(z, η)/∂η for any choice of local coordinates y on Y

such that (x, η), resp. (z, η) are local coordinates on the graph of χ1, resp. χ2.

Proof. Our starting point is the standard proof of FIO composition, Theorem 1.11. Working

microlocally near some γ ∈ T ∗X, we can write the composition BA as an FIO plus a

smoothing operator (which we disregard as usual), after performing a change of coordinates

y 7→ y/H, H = |(θ1, θ2)|, where the θi are the frequency variables for the phases of A and B.

To simplify matters, we have restricted our attention to graph FIOs. Choose local coor-

dinates x, y, z on X, Y, Z respectively, and write (x(y, η), ξ(y, η)) and (z(y, η), ζ(y, η)) for the

coordinate functions of χ−1
1 (defined locally near χ1(x0, ξ0)) and χ2 respectively. Assuming

that det ∂x/∂y(χ1(γ)) 6= 0, we have that (x, η) are local coordinates on Λ1 near γ. Simi-

larly, if det ∂z/∂y(χ1(γ)) 6= 0 then (z, η) are local coordinates on Λ2 near χ1(γ). Given the

choice of x, z coordinates, we can always choose y generically so that both determinants are

nonzero.

Let S1(x, η) = η · y(1)(x, η), S2(z, η) = η · y(2)(z, η). Then φ1(x, y, η) = y · η−S1(x, η) is a

phase function parameterizing Λ1, and likewise φ2(y, z, η) = S2(z, η)−y ·η parameterizes Λ2.

Hence there exist amplitudes a ∈ Sm1 , b ∈ Sm2 such that A and B can be written modulo

smoothing operators as

(Af)(y) = (2π)−n
∫∫

ei[y·η−S1(x,η)]a(y, η)f(x) dx dη (3.5.5)

(Bg)(z) = (2π)−n
∫∫

ei[S2(z,η)−y·η]b(y, η)g(y) dy dη (3.5.6)

for WF(f), WF(g) supported in small neighborhoods of γ0 and χ1(γ0), respectively. Formally

composing A and B, we proceed as in the proof of Theorem 1.11, substituting y = y/H and

multiplying the amplitude by a cutoff ρ(η1, η2) near {η1 = 0} ∪ {η2 = 0}, yielding

BAf(z) = (2π)−2n
∫∫∫∫

ei[S2(z,η2)−S1(x,η1)+y·(η1−η2)/H]a
(
y

H
, η1

)
b
(
y

H
, η2

)
H−nf(x) dx dη1 dy dη2.

(3.5.7)
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The critical set of the phase is

Cφ = {(x, z, y, η1, η2) | η1 = η2, y/H = ∂η1S1 = ∂η2S2} . (3.5.8)

On Cφ, we write η = η1 = η2. To compute the half-density and Maslov factor components

of the principal symbol, we need the second derivative matrix d(y,θ1,θ2)dφ on Cφ. Using

Lemma 3.14, we find

d(y,η1,η2)d(x,z,y,η1,η2)φ =


0 0 0 I

H
− I
H

−∂x∂η1S1 0 I
H

QA − 1
H2 (yη> + ηy>) 0

0 ∂z∂η2S2 − I
H

0 QB + 1
H2 (yη> + ηy>)


(3.5.9)

where QA = −∂y(z, η)/∂η, QB = ∂y(x, η)/∂η.

Half-density factor: To find the half-density factor, we need the quotient volume dC on

Cφ. Since d(y,η1,η2) maps ( ∂
∂x
, ∂
∂z
, ∂
∂η2

) to a basis in R3n with volume H−n|∂x∂η1S1||∂x∂η2S2|,

dC = |dY | |dη1| |H| n |∂x∂η1S1| |∂x∂η2S2| (3.5.10)

= |dy| |dη1| |H| 2n |∂x∂η1S1| |∂x∂η2S2| (3.5.11)

= |dx| |dξ| |H| 2n |∂x∂η1S1| |∂x∂η2S2| . (3.5.12)

Similarly, we can find from (3.5.6) the half-density terms in the principal symbols of A and B.

Denoting them dC1 , dC2 respectively, we have dC1 = |dx||dξ||∂x∂η1S1|, dC2 = |dy||dη||∂x∂η2S2|.

Maslov factor: Denoting similarity by ∼, starting from Lemma 3.14

d2
(y,η1,η2)φ ∼


0 I −I

I QA 0

−I 0 QB

 ∼


0 I −I

I QA − εI 0

−I 0 QB + εI

 (3.5.13)

for any ε. Choosing ε so that QA − εI is nonsingular, we apply further similarity transforms

to achieve

d2
(y,η1,η2)φ ∼


−QA + εI 0 0

0 QA − εI 0

0 0 QA +QB

 (3.5.14)
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Hence sgn d2
(y,η1,η2)φ = sgn(QA + QB); by comparison, the signatures in the Maslov factors

for A and B are just QA and QB. Combining this with (3.5.12) and the amplitude of (3.5.7),

we have the following principal symbol for BA:

σBA = |H| −nabρ
√
|H| 2n |∂x∂η1S1| |∂x∂η2S2| exp

[
πi

4 sgn(QA +QB)
]
. (3.5.15)

No powers of 2π occur in (3.5.15) as the power of 2π occurring in (3.5.7) is exactly the right

one for 3n frequency variables in n dimensions. We can also drop ρ from (3.5.15) since this

modifies σBA only by a term in S−∞. Since

σA = a
√
|∂x∂η1S1| exp

[
−πi4 sgnQA

]
, σB = b

√
|∂x∂η1S1| exp

[
πi

4 sgnQB

]
, (3.5.16)

this establishes the formula for the principal symbol microlocally near γ. Since γ was arbi-

trary, we are done.

In the proof, we needed a computational lemma that we will use again later on for

computing the Maslov factor for the SAR reflection operator:

Lemma 3.14. Let φ1(x, y, θ1), φ2(y, z, θ2) be phase functions, and φ(x, y, z, θ1, θ2) = φ1(x, y/H, θ1)+

φ2(y/H, z, θ2), where H = |(θ1, θ2)|. Let d2
y,θi
φi =

[
Ai B

>
i

Bi Ci

]
, let A = H−2(A1 + A2), and let

Mi = H−1θiy
>. Then

d2
(y,θ1,θ2)φ =


A ∗ ∗

B1
H
−M1A C1 − B1M>1 +M1B>1

H
+M1AM

>
1 ∗

B2
H
−M2A − B2M>1 +M1B>2

H
+M2AM

>
1 C2 − B2M>2 +M2B>2

H
+M2AM

>
2

 ,
(3.5.17)

where the ∗ entries are given by symmetry. Furthermore, letting ∼ denote similarity,

d2
(y,θ1,θ2)φ ∼


A1 + A2 B>1 B>2

B1 C1 0

B2 0 C2

 . (3.5.18)
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Proof. The Hessian (3.5.17) is by direct computation. Applying the similarity transform

V d2
(y,θ1,θ2)V

> gives (3.5.18), where

V =


H

M1 I

M2 I

 . (3.5.19)

Note that Proposition 3.13 holds for any FIOs A and B whose canonical relations are

locally canonical graphs. An easy corollary (and the application here) is the principal symbol

of the inverse:

Proposition 3.9. If A ∈ Im(χ) is elliptic, σA−1 = σ−1
A .

Proof. Let γ ∈ T ∗X. Since χ is a symplectomorphism, it is a local diffeomorphism and

therefore χ−1 is locally a graph. Now, apply Proposition 3.13 to the composition Id = A−1A.

The principal symbol of the identity is 1 (equal to its principal symbol as a pseudodifferential

operator), so

1 = σAσA−1 exp πi4 [sgn(QA−1 +QA)− sgn(QA−1)− sgn(QA)] . (3.5.20)

Since A−1 is associated with the canonical relation χ−1, we have QA−1 = −QA (y(x, η) =

y(z, η) in the terminology of the proof of Proposition 3.13). Hence σAσA−1 = 1.

Lemma 3.10. For any A ∈ Im(χ), the principal symbols of A and A> are identical.

Proof. This is immediate since the kernels differ only in the ordering of x and y, which does

not affect the value of the principal symbol.

3.5.3 SAR Reflection Operator Principal Symbol

Proposition 3.11. The principal symbols of Rγ and U are:

σRγ =
√

2πr
|ξ||sin θ| , (3.3.13)

σU = exp
[
−iπ4 sgn (ξ · γ′′(s))

]
, (3.3.14)
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where θ is the angle between ξ and γ′(s), as defined in section 2.2.3. Geometrically, the

Maslov factor in σU indicates whether γ is concave toward or away from x at γ(s).

Proof of formula for σRγ . For θ ∈ R, define θ̂ = (cos θ, sin θ). First, define

Rf(r, p) =
∫ 2π

0
rf(p+ rθ̂) dθ. (3.5.21)

Applying the inverse Fourier transform in r and its inverse, FrF−1
r , inside the integral,

Rf(r, p) = 1
2π

∫ 2π

0

∫
R

∫
R
eiρ(r′−r)r′f(p+ r′θ̂) dρ dr′ dθ. (3.5.22)

Changing from polar coordinates,

Rf(r, p) = 1
2π

∫
R

∫
R2
eiρ(|x−p|−r)f(x) dρ dx. (3.5.23)

Restricting to γ gives us

Rγf(r, s) = (2π)−3/2
∫
R

∫
R2
eiρ(|x−γ(s)|−r)√2πf(x) dρ dx. (3.5.24)

φ is a phase function (in particular, smooth) for x restricted to R2 \ γ, and

ddρφ =
[
1 x−γ(s)

|x−γ(s)| · γ
′(s) − x−γ(s)

|x−γ(s)| 0
]
. (3.5.25)

Hence φ is also nondegenerate. So dρ maps ∂
∂r

to a unit volume basis, implying dC =

|dρ||ds||dx|. Letting ξ = dxφ, we can compute∣∣∣∣∣ ∂ξ

∂(ρ, s)

∣∣∣∣∣ =
∣∣∣∣∣det

[
ξ

|ξ|
ργ′(s)
|x− γ(s)|

]∣∣∣∣∣ =
∣∣∣∣∣ρr ξ

|ξ|
· γ′(s)

∣∣∣∣∣ = |ξ|
r
|sin θ.| (3.5.26)

Hence dC = |ρr−1 sin θ||dx||dξ|, and the Maslov factor is 1 since d2
ρφ = 0. Therefore, the

principal symbol of Rγ is
√

2πr/|ξ||sin θ|, as claimed. As expected, it has degree −1/2.

Proof of formula for σU . Let Σ′L,Σ′R be open sets in T ∗(R2 \ γ) (chosen as the Wj in 2.2.1)

such that rays through elements (x, ξ) ∈ Σ′L, resp. Σ′R intersect γ exactly once from the left,

resp. right, and Σ′R = C(Σ′L). Choose a subset ΣL ⊂ ΣL ⊂ Σ′L and let ΣR = C(ΣL). Let αL,

αR be bump functions on T ∗R2 supported in Σ′L, Σ′R respectively, and equal to 1 on ΣL and

ΣR respectively. Define Rγ,L = RγαL(x,D) and similarly for Rγ,R.
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By Proposition 3.13, the principal symbol of Rγ,R is equal to σRγ on ΣR, which is bounded

away from zero. Therefore Rγ,R is elliptic on ΣR and hence has a microlocal inverse R−1
γ,R

such that R−1
γ,RRγ,R = Id microlocally on ΣR. By Proposition 3.9, the symbol of R−1

γ,R

is the reciprocal of that of Rγ,R. For f with WF(f) ⊆ ΣL, we have Rγf = Rγ,Lf =

Rγ,RR
−1
γ,RRγ,Lf modulo C∞, hence by the definition of the reflection operator (2.2.3), U =

R−1
γ,RRγ,L microlocally.

With this in hand, we can compute the principal symbol of U via Proposition 3.13. Since

the principal symbols of Rγ,L and R−1
γ,R are reciprocals, all that remains is the Maslov factor.

Instead of computing it from Proposition 3.13, we express Rγ,L, R−1
γ,R in a different form,

using 3.5.24 to write Rγ,� (� indicating L or R) to leading order as

Rγ,�f(r, s) = (2π)−3/2
∫
R

∫
R2
eiρ(|x−γ(s)|−r)√2πα̃�(x, r, s, ρ)f(x) dρ dx

mod I−3/2(R+ × I × R2). (3.5.27)

where α̃� are some order zero amplitudes. (Specifically, choose α̃� so that the restriction of α̃

to the critical set Cφ is equal to α� after both are pulled back to Λ′; then the principal symbols

of both sides of (3.5.27) are identical.) Now, composing R−1
γ,R ◦Rγ,L and proceeding as in the

proof of Proposition 3.13, we obtain a Maslov factor exp[ iπ4 sgnQ] where Q = d2
y,ρL,ρR

φ (the

subscripts on ρ and other variables indicate the FIOs R−1
γ,R or Rγ,L they originate from). The

signature of Q can be obtained from Lemma 3.14; if ϕ�(r, s, ρ�, x) is the phase in (3.5.27),

then we can compute

d2
r,s,ρϕ� =


0 0 1

0 (†�) −ξ� · γ′(s)

1 −ξ� · γ′(s) 0

 , (†�) = −ξ�·γ′′(s)−ρ�
( ξ�
|ξ�|
· γ′⊥(s))2

|ξ|
. (3.5.28)

Applying Lemma 3.14, we have

d2
y,ρL,ρR

∼



0 0 1 1

0 (†L) + (†R) −σL
ρL
−σR
ρR

1 −σL
ρL

0 0

1 −σR
ρR

0 0


(3.5.29)
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Applying similarity transformations we can reduce the matrix to

d2
y,ρL,ρR

∼



0 0 1 0

0 (†L) + (†R) 0 0

1 0 0 0

0 0 0 0


, (3.5.30)

which has signature equal to sgn[(†L) + (†R)]. On the critical set of the phase of composition

R−1
γR
RγL , ρL = −ρR. Also, γ′′(s) is perpendicular to γ′(s), and ξL

|ξL|
· γ′⊥(s) = − ξR

|ξR|
· γ′⊥(s).

Hence the second terms in (†L), (†R) cancel, while the first terms are identical, leaving

(†L+†R) = −2ξL ·γ′′(s). Hence we have a Maslov factor of exp[−πi
4 sgn(ξL ·γ′′(s))]. Dropping

the L gives us the formula for σU .

3.6 Future work

In this section we cover a few of the many avenues for future work on this problem. On the

implementation side, the current program could be extended to handle 3D Fourier integral

operators. We would like to apply the program to further graph FIOs, particularly general-

ized Radon transforms, including the geodesic X-ray transform. As well, the implementation

of the pseudopolar FFT algorithm is currently a major bottleneck, and should be replaced

by a C implementation, possibly incorporating the direct inversion algorithm alluded to by

Levi [22].

On the algorithmic side, the precomputed data requires a substantial amount of memory,

O(L(3n−1)/2). It would be desirable to reduce the storage requirements. One possibility would

be to leverage the known sparsity results for FIOs with respect to wave packet frames, by

computing the wave packet coefficients of the FIO applied to a single wave packet (or group

of wave packets) and compressing them, calculating only the most significant coefficients.

With the coefficient matrix, applying an FIO in the local form (3.2.1) reduces to a wave

packet transform, a sparse matrix-vector multiplication, and then the inverse wave packet

transform.
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As well, we would like to calculate the original operator A rather than the approximation

Aε, which is approximate only to leading order. Aε is an FIO associated with the same

canonical transformation as A, so if A is elliptic, then A = A(Id−A−1Aε), and Id−A−1Aε
is a pseudodifferential operator, which could potentially be inverted by a Neumann series or

other methods.
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Figure 3.11: Comparison of the new algorithm with a reference algorithm for computing the

reflection operator U .
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Figure 3.12: Applying the operator Rγ to each function in Figure 3.11, for points on γ with

|x| ≤ 1.5. For the exact reflection operator U , we would have Rγf = RγUf mod C∞. In

(e), Uf is computed using the reference algorithm on a grid half the size and spacing of that

used for (c).
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