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Robert Bolles and Yasuko Endo Professor J. Nathan Kutz

Applied Mathematics

Dynamical systems play an integral role in the continued success of scientific theories in

describing and predicting the world around us. They are at the heart of countless scien-

tific models, including electromagnetic theory (Maxwell’s equations and Lorenz’s force law),

general relativity (the Einstein field equations), and quantum mechanics (the Schrödinger

equation). This thesis considers three problems related to the practical use of dynamical

systems in scientific inquiry: identifying a system, leveraging predictions from dynamical

systems in applications, and efficiently solving a class of dynamical systems. We begin by

applying the sparse identification of nonlinear dynamical systems (SINDy) technique for sys-

tem identification to the canonical problem of falling bodies. Using an experimental dataset

consisting of noisy measurements of sports balls dropped from a tall bridge, we highlight

challenges faced by practitioners attempting to perform system identification when working

with real-world datasets and provide strategies for overcoming them. We briefly present

PySINDy, an open source software package in Python designed for the sparse identification

of nonlinear dynamical systems. Next we turn to the problem of detecting sensor faults

in airplane flight data. We propose a simple physics-based approach which learns a model

for the underlying relationships between sensors. Online, the method predicts future sensor

readings from current ones, flagging potential sensor failures when incoming measurements

disagree with predictions. The overall model is a hybrid of ideas and methods from dynamic



mode decomposition, Kalman filters, and machine learning. Its performance is demonstrated

on two artificial, but realistic, flight datasets, and one real-world one. Finally, we introduce a

numerical method for the efficient solution of parametrized elliptic partial differential equa-

tions (PDEs) on component-based domains. The method takes advantage of analytical

properties of the differential operator defining the PDE, the component-based nature of the

domain, and empirically-discovered structure in solutions of the PDE. The result is a com-

pact reduced-order model which can be efficiently evaluated to approximate solutions to the

PDE in a many-query setting.
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Kármán vortex street; (3) separated unsteady flow with a chaotic turbulent
wake downstream and a laminar boundary layer upstream; (4) post-critical
separated flow with turbulent boundary layer. . . . . . . . . . . . . . . . . . 11

2.2 The balls that were dropped from the bridge, with the volleyball omitted.
From left to right: Golf Ball, Tennis Ball, Whiffle Ball 1, Whiffle Ball 2,
Baseball, Yellow Whiffle Ball, Orange Whiffle Ball, Green Basketball, and
Blue Basketball. The two colored whiffle balls have circular openings and are
structurally identical. The two white whiffle balls have elongated slits and are
also identical. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

2.3 Visualizations of the ball trajectories for the second drop. Top: Subsampled
raw drop data for each ball. Bottom left: Height for each ball as a function
of time. We also include the simulated trajectories of idealized balls with
differing levels of drag (black and blue) and a ball with constant acceleration
(red). Bottom right: A log-log plot of the displacement of each ball from its
original position atop the bridge. Note that we have shifted the curves verti-
cally and zoomed in on the later segments of the time series to enable easier
comparison. In this plot a ball falling at a constant rate (zero acceleration)
will have a trajectory represented by a line with slope one. A ball falling with
constant acceleration will have a trajectory represented by a line with slope
two. A ball with drag will have a trajectory which begins with slope two and
asymptotically approaches a line with slope one. . . . . . . . . . . . . . . . . 15

2.4 The amount of time taken by each ball to travel a fixed distance as a function
of ball density. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

iii



2.5 Visualizations of nonlinear library functions corresponding to the second green
basketball drop. If the motion of the balls is described by Newton’s second
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Chapter 1

INTRODUCTION

Since its inception the scientific process has been remarkably successful at explaining

physical phenomena. From planetary motion down to quantum mechanics, from ecology

down to cellular biology, from climate science down to fluid dynamics, scientific theories have

made vast contributions to our understanding of nearly every aspect of the natural world.

A hallmark of scientific theories is their ability to produce accurate predictions. Neptune

was discovered after it was observed that the positions of Uranus’ orbit differed from those

Newton’s laws of motion and gravitation predicted. Many scientific theories capable of

making quantitative predictions have, as one of their core components, a model, often in

the form of a set of governing equations. Maxwell’s equations, along with Lorenz’s force

law are the basis for classical electromagnetic theory; the Einstein field equations lie at the

heart of general relativity, which itself supplanted Newton’s law of universal gravitation; and

the Navier-Stokes equations provide a mathematical model of viscous fluid flow. Wherever

one looks in the natural sciences, one is sure to find laws, equations, or quantitative models

of some sort. One of the most widespread and accomplished classes of such models are

dynamical systems: systems of differential equations that govern the evolution of a set of

variables in time. Part of what makes dynamical systems so powerful is that they often

allow one to extrapolate to new sets of initial conditions, a task at which machine learning

algorithms tend to struggle.

Once identified, the natural next step is to attempt to solve the dynamical system to

make predictions about the behavior of the system of interest under different conditions.

Given measurements from earthquake occurring in Japan, for example, one might use a fluid



2

dynamics model to evolve a resulting ocean wave forward in time and predict which areas

along the west coast of the United States are most likely to be struck with a tsunami. Note

that this forecast is made possible by both a fluid model and a method of quickly obtaining

solutions to the model. A simulation taking longer to complete than the wave takes to reach

the west coast is of little use in this instance.

Historically, governing equations or laws were derived by hand; either from first princi-

ples or by meticulously extracting patterns from measurement data. For example, Kepler

famously formulated his first two laws of planetary motion after poring over Brahe’s measure-

ments of planetary motion. More recently data-driven methods for extracting physical laws

from datasets have begun occupying increasingly prominent positions in scientists’ toolkits.

Such techniques boast the ability to allow scientists to extract simple, interpretable rules

from huge, complicated datasets. They are often capable of detecting nuanced or hidden re-

lationships between variables that would be impossible for a human to pick out (simply due

to the staggering size of modern datasets). These methods can viewed as complementary to

analytical techniques: once posited, dynamical systems and their solutions lend themselves

to myriad tools for theoretical study.

After governing equations are known, they can be leveraged to make predictions about

the world, assuming they can be solved. Model forecasts are use to anticipate things like

the paths of hurricanes, the spread of infectious diseases, how chemicals will react with

one another, the weather, how pollutants will dissipate in different mediums, which protein

structures will prove useful for some task, or the proliferation of invasive species. They can

also be used to detect when a system starts to behave in unexpected ways, enabling the

automatic monitoring of systems of interest for anomalous activity.

An already sizable and ever-growing set of techniques has been proposed for solving dy-

namical systems. Initially the steps of these algorithms were carried out by hand, but in

the modern era these calculations are typically delegated to computers, enabling problems of

increasing size and complexity to be tackled. Numerical methods can be separated into two

broad categories: general purpose and specialized methods. General purpose algorithms,
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such as Runge-Kutta methods in numerical analysis or gradient descent in optimization,

tend to be suitable for large classes of problems. They are easy to apply, but may not give

the best performance. Specialized techniques, on the other hand, are as their name suggests;

specialized to particular types of equations or domains. They often exploit theoretical prop-

erties of the equations they attempt to solve in order to improve accuracy, speed, or both.

Typically the more that is known about the equations, the more performance gains one can

expect to achieve. General methods are often preferable if one needs to solve a problem only

a small number of times. A specialized method shines when the problem must be solved

many times, or if other properties of the problem make it difficult for a general method to

handle. It is not uncommon to encounter an application in which hundreds, thousands, or

millions of conditions need to be modeled.

In this thesis we touch on three problems related to mathematical models: discover-

ing them, efficiently solving them, and leveraging their predictions. We work with both

artificially generated and experimentally collected datasets, using the artificial datasets to

validate our methods and the experimental ones to demonstrate that they work in real-world

applications.

1.1 Organization

In Chapter 2 we take a data-driven approach to a classical problem in mechanics: falling

bodies. Equipped with noisy measurement data of various sports balls dropped from a tall

bridge, we use the Sparse Identification of Nonlinear Dynamical systems method (SINDy)

to identify viable dynamical systems to model the balls’ trajectories. A group sparsity

regularization is used to temper the effects of noise on the model discovery process, finding

that this regularized version of SINDy is able to detect constant gravitational acceleration

and a drag term that is linear in velocity. We use this simple problem to highlight some of

the issues that can arise when machine learning methods are used for system identification

and suggest strategies for overcoming such obstacles.

Chapter 3 introduces PySINDy, an open source software package in Python for the discov-
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ery of nonlinear dynamical systems from data. This package was written to be the de facto

standard implementation of the SINDy algorithm in Python and will hopefully empower

other scientists with the ability to quickly and easily bring model discovery to their research.

This chapter discusses the rationale behind design decisions and provides an overview of

features implemented in PySINDy along with examples.

In Chapter 4 we propose a simple physics-based approach for sensor fault detection in

airplane flight tests. The goal in this application is to determine when a sensor or group

of sensors has stopped giving accurate readings. Given “healthy” measurements from an

array of sensors, a linear time-invariant (LTI) model for the interactions between sensors

is learned using the dynamic mode decomposition for control (DMDc) method with time-

delays. Having learned the interactions between sensors, this model is then used to predict

future states of sensor outputs, given current measurements. A sensor fault is presumed to

have occurred when readings from the next time step disagree with their predicted values

by too large a margin. We benchmark our method on two simulated, but realistic, flight-

related datasets and one real-world flight test dataset. The method exhibits satisfactory

performance in all cases.

Chapter 5 concerns the efficient solution of a known differential equation. We intro-

duce a method suitable for a parametrized elliptic partial differential equation (PDE) on a

component-based domain which needs to be solved numerous times with different parame-

ter values. Our method is an extension of one introduced by Eftang and Patera [37] in a

more general case when different components of the domain intersect at corners, leading to

singularities in the solution of the PDE for some parameter configurations. The algorithm

exploits analytic properties of the parametrized PDE, the component-based layout of the

domain, and structure empirically discovered in numerically computed solutions to achieve

considerable computational speedups.
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Chapter 2

DISCOVERY OF PHYSICS FROM DATA: DISAMBIGUATING
FLUID FORCES ON FALLING BODIES

This chapter is based on joint work with David Higdon, Steve Brunton, and Nathan Kutz

[35].

2.1 Introduction

The ability to derive governing equations and physical principles has been a hallmark feature

of scientific discovery and technological progress throughout human history. Even before

the scientific revolution, the Ptolemaic doctrine of the perfect circle [86, 84] provided a

principled decomposition of planetary motion into a hierarchy of circles, i.e. a bona fide

theory for planetary motion. The scientific revolution and the resulting development of

calculus provided the mathematical framework and language to precisely describe scientific

principles, including gravitation, fluid dynamics, electromagnetism, quantum mechanics, etc.

With advances in data science over the past few decades, principled methods are emerging for

such scientific discovery from time-series measurements alone. Indeed, across the engineering,

physical and biological sciences, significant advances in sensor and measurement technologies

have afforded unprecedented new opportunities for scientific exploration. Despite its rapid

advancements and wide-spread deployment, machine learning (ML) and artificial intelligence

(AI) algorithms for scientific discovery face significant challenges and limitations, including

noisy and corrupt data, latent variables, multiscale physics, and the tendency for overfitting.

In this chapter, we revisit one of the classic problems of physics considered by Galileo and

Newton, that of falling objects and gravitation. We demonstrate that a sparse regression

framework is well-suited for physics discovery, while highlighting both the need for principled
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methods to extract parsimonious physics models and the challenges associated with the naive

application of ML/AI techniques. Even this simplest of physical examples demonstrates

critical principles that must be considered in order to make data-driven discovery viable

across the sciences.

Measurements have long provided the basis for the discovery of governing equations.

Through empirical observations of planetary motion, the Ptolemaic theory of motion was

developed [86, 84]. This was followed by Kepler’s laws of planetary motion and the elliptical

courses of planets in a heliocentric coordinate system [55]. By hand calculation, he was able

to regress Brahe’s state-of-the-art data on planetary motion to the minimally parametrized

elliptical orbits which described planetary orbits with a terseness the Ptolemaic system had

never managed to achieve. Such models led to the development of Newton’s F = ma [80],

which provided a universal, generalizable, interpretable, and succinct description of physical

dynamics. Parsimonious models are critical in the philosophy of Occam’s razor: the simplest

set of explanatory variables is often the best [12, 36, 13, 104]. It is through such models that

many technological and scientific advancements have been made or envisioned. To highlight

this point, consider any textbook in the sciences and note that the vast majority of governing

equations offered on any subject have only a small number of terms to model the dynamics.

What is largely unacknowledged in the scientific discovery process is the intuitive leap

required to formulate physics principles and governing equations. Consider the example of

falling objects. According to physics folklore, Galileo discovered, through experimentation,

that objects fall with the same constant acceleration, thus disproving Aristotle’s theory of

gravity, which stated that objects fall at different speeds depending on their mass. The lean-

ing tower of Pisa is often the setting for this famous stunt, although there is little evidence

such an experiment actually took place [32, 3, 106]. Indeed, many historians consider it to

have been a thought experiment rather than an actual physical test. Many of us have been

to the top of the leaning tower and have longed to drop a bowling ball from the top, perhaps

along with a golf ball and soccer ball, in order to replicate this experiment. If we were to

perform such a test, here is what we would likely find: Aristotle was correct. Balls of differ-
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ent masses and sizes do reach the ground at different times. As we will show from our own

data on falling objects, (noisy) experimental measurements may be insufficient for discover-

ing a constant gravitational acceleration, especially when the objects experience Reynolds

numbers varying by orders of magnitudes over the course of their trajectories. But what is

beyond dispute is that Galileo did indeed posit the idea of a fixed acceleration, a conclusion

that would have been exceptionally difficult to come to from such measurement data alone.

Gravitation is only one example of the intuitive leap required for a paradigm shifting physics

discovery. Maxwell’s equations [69] have a similar story arc revolving around Coulomb’s

inverse square law. Maxwell cited Coulomb’s torsion balance experiment as establishing the

inverse square law while dismissing it only a few pages later as an approximation [39, 8].

Maxwell concluded that Faraday’s observation that an electrified body, touched to the inside

of a conducting vessel, transfers all its electricity to the outside surface as much more direct

proof of the square law. In the end, both would have been approximations, with Maxwell

taking the intuitive leap that exactly a power of negative two was needed when formulating

Maxwell’s equations. Such examples abound across the sciences, where intuitive leaps are

made and seminal theories result.

One challenge facing ML and AI methods is their inability to take such leaps. At their

core, many ML and AI algorithms involve regressions based on data, and are statistical in na-

ture [16, 132, 11, 76]. Thus by construction, a model based on measurement data would not

produce an exact inverse square law, but rather a slightly different estimate of the exponent.

In the case of falling objects, ML and AI would yield an Aristotelian theory of gravitation,

whereby the data would suggest that objects fall at a speed related to their mass. As we

will show, the trajectories of such falling objects are quite similar, although the differences

are statistically sufficient to support such a hypothesis. Of course, even Galileo intuitively

understood that air resistance plays a significant role in the physics of falling objects, which

is likely the reason he conducted controlled experiments on inclined ramps. Although we un-

derstand that air resistance, which is governed by latent fluid dynamic variables, explains the

discrepancy between the data and a constant gravity model, our algorithms do not. Without
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modeling these small disparities (e.g., due to friction, heat dissipation, air resistance, etc.),

it is almost impossible to uncover universal laws such as gravitation. Differences between

theory and data have played a foundational role in physics, with general relativity arising

from inconsistencies between gravitational theory and observations, and quantum mechanics

arising from our inability to explain the photoelectric effect with Maxwell’s equations.

Our goal in this chapter is to highlight the many subtle and nuanced concerns related

to data-driven discovery using modern ML and AI methods. Specifically, we highlight these

issues on the most elementary of problems: modeling the motion of falling objects. Given

our ground-truth knowledge of the physics, this example provides a convenient testbed for

different physics discovery techniques. It is important that one clearly understands the

potential pitfalls in such methods before applying them to more sophisticated problems

which may arise in fields like biology, neuroscience, and climate modeling. Notably, it serves

as a cautionary tale about what can actually be concluded about physics principles and

governing equations from measurement data. Our physics discovery method is rooted in the

sparse identification for nonlinear dynamics (SINDy) algorithm, which has been shown to

extract parsimonious governing equations in a broad range of physical sciences [21]. SINDy

has been widely applied to identify models for fluid flows [62, 63], optical systems [109],

chemical reaction dynamics [47], convection in a plasma [34], structural modeling [58], and

for model predictive control [53]. There are also a number of theoretical extensions to

the SINDy framework, including for identifying partial differential equations [96, 100], and

models with rational function nonlinearities [67]. It can also incorporate partially known

physics and constraints [62]. The algorithm can be reformulated to include integral terms for

noisy data [101] or handle incomplete or limited data [120, 102]. These diverse mathematical

developments provide a mature framework for broadening the applicability of the model

discovery method. In this chapter we show that group sparsity [95] may be used to enforce

that the same model terms explain all of the observed trajectories, which is essential in

identifying the correct model terms without overfitting.

SINDy is by no means the only attempt that has been made at using machine learn-
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ing to infer physical models from data. Gaussian processes have been employed to learn

conservation laws described by parametric linear equations [89]. Symbolic regression has

been successfully applied to the problem of inferring dynamics from data [13, 104]. Another

closely related set of approaches are process-based models [116, 19, 117] which, similarly to

SINDy, allow one to specify a library of relationships or functions between variables based on

domain knowledge and produce an interpretable set of governing equations. The principal

difference between process-based models and SINDy is that SINDy employs sparse regression

techniques to perform function selection which allows a larger class of library functions to

be considered than is tractable for process-based models. Deep learning methods have been

proposed for accomplishing a variety of related tasks such as predicting physical dynam-

ics directly [75], building neural networks that respect given physical laws [90], discovering

parameters in nonlinear partial differential equations with limited measurement data [91],

and simultaneously approximating the solution and nonlinear dynamics of nonlinear par-

tial differential equations [88]. Graph neural networks [10], a specialized class of neural

networks that operate on graphs, have been shown to be effective at learning basic physics

simulators from measurement data [9, 29] and directly from videos [127]. It should be noted

that the aforementioned neural network approaches either require detailed prior knowledge

of the form of the underlying differential equations or fail to yield simple sets of interpretable

governing equations.

2.2 Materials

2.2.1 Fluid forces on a sphere: A brief history

It must have been immediately clear to Galileo and Newton that committing to a gravita-

tional constant created an inconsistency with experimental data. Specifically, one had to

explain why objects of different sizes and shapes fall at different speeds (e.g. a feather ver-

sus a cannon ball). Wind resistance was an immediate candidate to explain the discrepancy

between a universal gravitational constant and measurement data. The fact that Galileo per-
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formed experiments where he rolled balls down inclines seems to suggest that he was keenly

aware of the need to isolate and disambiguate the effects of gravitational forces from fluid

drag forces. Discrepancies between the Newtonian theory of gravitation and observational

data of Mercury’s orbit led to Einstein’s development of general relativity. Similarly, the

photoelectric effect was a discrepancy in Maxwell’s equations which led to the development

of quantum mechanics.

Discrepancy modeling is therefore a critical aspect of building and discovering physical

models. Consider the motion of falling spheres as a prototypical example. In addition to the

force of gravity, a falling sphere encounters a fluid drag force as it passes through the air. A

simple model of the drag force FD is given by:

FD =
1

2
ρv2ACD, (2.1)

where ρ is the fluid density, v is the velocity of the sphere with respect to the fluid, A =

πD2/4 is the cross-sectional area of the sphere, D is the diameter of the sphere, and CD is

the dimensionless drag coefficient. As the sphere accelerates through the fluid, its velocity

increases, exciting various unsteady aerodynamic effects, such as laminar boundary layer

separation, vortex shedding, and eventually a turbulent boundary layer and wake [74, 66,

26, 1, 2, 108]. Thus, the drag coefficient is a function of the sphere’s velocity, and this

coefficient generally decreases for increasing velocity. Figure 2.1 shows the drag coefficient

CD for a sphere as a function of the Reynolds number Re = ρvD/µ, where µ is the dynamic

viscosity of the fluid; for a constant diameter and viscosity, the Reynolds number is directly

proportional to the velocity. Note that the drag coefficient of a smooth sphere will differ

from that of a rough sphere. The flow over a rough sphere will become turbulent at lower

velocities, causing less flow separation and a more streamlined, lower-drag wake; this explains

why golf balls are dimpled, so that they will travel farther [108]. Thus, (2.1) states that drag

is related to the square of the velocity, although CD has a weak dependence on velocity.

When Re is small, CD is proportional to 1/v, resulting in a drag force that is linear in v. For

larger values of Re, CD is approximately constant (away from the steep drop), leading to a
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Figure 2.1: The drag coefficient for a sphere as a function of Reynolds number, Re. The
dark curve shows the coefficient for a sphere with a smooth surface and the light curve a
sphere with a rough surface. The numbers highlight different flow regimes. (1) attached
flow and steady separated flow; (2) separated unsteady flow, with laminar flow boundary
layer upstream of separation, producing a Kármán vortex street; (3) separated unsteady
flow with a chaotic turbulent wake downstream and a laminar boundary layer upstream; (4)
post-critical separated flow with turbulent boundary layer.

quadratic drag force. Eventually, the drag force will balance the force of gravity, resulting in

the sphere reaching its terminal velocity. In addition, as the fluid wake becomes unsteady,

the drag force will also vary in time, although these variations are typically fast and may be

time-averaged. Finally, objects accelerating in a fluid will also accelerate the fluid out of the

way, resulting in an effective mass that includes the mass of the body and an added mass of

accelerated fluid [79]; however, this added mass force will typically be quite small in air.

In addition to the theoretical study of fluid forces on an idealized sphere, there is a rich

history of scientific inquiry into the aerodynamics of sports balls [108, 42, 72, 71]. Apart

from gravity and drag, a ball’s trajectory can be influenced by the spin of the ball via the

Magnus force or lift force which acts in a direction orthogonal to the drag. Other factors that
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can affect the forces experienced by a falling ball include air temperature, wind, elevation,

and ball surface shape.

2.2.2 Data set

The data considered in this chapter are height measurements of balls falling through air.

These measurements originate from two sources: physical experiments and simulations. Such

experiments are popular in undergraduate physics classes where they are used to explore

linear versus quadratic drag [82, 52, 33, 31] and scaling laws [114]. In June 2013 a collection

of balls, pictured in Figure 2.2, were dropped, twice each, from the Alex Fraser Bridge in

Vancouver, BC from a height of about 35 meters above the landing site. In total 11 balls

were dropped: a golf ball, a baseball, two whiffle balls with elongated holes, two whiffle balls

with circular holes, two basketballs, a bowling ball, and a volleyball (not pictured). More

information about the balls is given in Table 2.1. The air temperature at the time of the

drops was 65 degrees Fahrenheit (18◦ Celsius). A hand held iPad was used to record video

of the drops at a rate of 15 frames per second. The height of the falling objects was then

estimated by tracking the balls in the resulting videos. Figure 2.3 visualizes the second set

of ball drops. As one might expect, the whiffle balls all reach the ground later than the

other balls. This is to be expected since the openings in their faces increase the drag they

experience. Even so, all the balls reach the ground within a second of each other. We also

plot the simulated trajectories of two spheres falling with constant linear (in v) drag and

the trajectory predicted by constant acceleration. Note that, based on the log-log plot of

displacement, none of the balls appears to have reached terminal velocity by the time they

hit the ground. This may increase the difficulty of accurately inferring the balls’ governing

equations. Given only measurements from one regime of falling ball dynamics, it may prove

difficult to infer models that generalize to other regimes.

Drawing inspiration from Aristotle, one might form the hypothesis that the amount of

time taken by spheres to reach the ground should be a function of the density of the spheres.

Density takes into account both information about the mass of an object and its volume,
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Ball Radius Mass Density Max vel. Max Re

Golf Ball 0.02196 0.0454 1022.07 26.63 1.75× 105

Baseball 0.03541 0.1417 762.04 26.61 2.83× 105

Tennis Ball 0.03303 0.0567 375.81 21.95 2.18× 105

Volleyball 0.105* NA NA 22.09 6.96× 105

Blue Basketball 0.11937 0.5103 71.63 24.80 8.88× 105

Green Basketball 0.11658 0.4536 68.34 25.06 8.77× 105

Whiffle Ball 1 0.03629 0.0283 141.64 16.91 1.84× 105

Whiffle Ball 2 0.03629 0.0283 141.64 16.35 1.78× 105

Yellow Whiffle Ball 0.04616 0.0425 103.25 15.30 2.12× 105

Orange Whiffle Ball 0.04616 0.0425 103.25 15.77 2.18× 105

Table 2.1: Physical measurements, maximum velocities across the two drops, and maximum
Reynolds numbers for the dropped balls. Radius is measured in meters, mass in kilograms,
density in kilograms per meter and maximum velocity in meters per second. *We do not
have measurement data for the volleyball, but obtained an estimate for its radius based on
other volleyballs in order to approximate its maximum Reynolds number.

which might be thought to affect the air resistance it encounters. We plot the landing time

of each ball as a function of its density for both drops in Figure 2.4. To be more precise,

because some balls were dropped from slightly different heights, we measure the amount of

time it takes each ball to travel a fixed distance after being dropped, not the amount of time

it takes the ball to reach the ground. There is a general trend across the tests for the denser

balls to travel faster. However, the basketballs defy this trend and complete their journeys

about as quickly as the densest ball. This shows there must be more factors at play than just

density. There is also variability in the land time of the balls across drops. While most of the

balls have very consistent fall times across drops, the blue basketball, golf ball, and orange

whiffle ball reach the finish line faster in the first trial than the second one. These differences

could be due to a variety of factors, including the balls being released with different initial
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Figure 2.2: The balls that were dropped from the bridge, with the volleyball omitted. From
left to right: Golf Ball, Tennis Ball, Whiffle Ball 1, Whiffle Ball 2, Baseball, Yellow Whiffle
Ball, Orange Whiffle Ball, Green Basketball, and Blue Basketball. The two colored whiffle
balls have circular openings and are structurally identical. The two white whiffle balls have
elongated slits and are also identical.

velocities, or errors in measuring the balls’ heights.

There are multiple known sources of error in the measurement data. The relatively

low resolution of the videos means that the inferred ball heights are only approximate. In

Section 2.5.5 we attempt to infer the level of noise introduced by our use of heights derived

from imperfect video data. Furthermore, the camera was held by a person, not mounted

on a tripod, leading to shaky footage. The true bridge height is uncertain because it was

measured with a laser range finder claiming to be accurate to within 0.5 meters. Because the

experiments were executed outside, it is possible for any given drop to have been affected

by wind. Detecting exactly when each ball was dropped, at what velocity it was dropped,

and when it hit the ground using only videos is certain to introduce further error. Finally,

treating these balls as perfect spheres is an approximation whose accuracy depends on the

nature of the balls. This idealization seems least appropriate for the whiffle balls, which

are sure to exhibit much more complicated aerodynamic effects than, say, the baseball. The

bowling ball was excluded from consideration because of corrupted measurements from its

first drop.

The situation we strive to mimic with this experiment is one in which the researcher is

in a position of ignorance about the system being studied. In order to design an experiment

which eliminates the effects of confounding factors such as air resistance one must already
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Figure 2.3: Visualizations of the ball trajectories for the second drop. Top: Subsampled
raw drop data for each ball. Bottom left: Height for each ball as a function of time. We
also include the simulated trajectories of idealized balls with differing levels of drag (black
and blue) and a ball with constant acceleration (red). Bottom right: A log-log plot of the
displacement of each ball from its original position atop the bridge. Note that we have
shifted the curves vertically and zoomed in on the later segments of the time series to enable
easier comparison. In this plot a ball falling at a constant rate (zero acceleration) will have
a trajectory represented by a line with slope one. A ball falling with constant acceleration
will have a trajectory represented by a line with slope two. A ball with drag will have a
trajectory which begins with slope two and asymptotically approaches a line with slope one.
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have an appreciation for which factors are worth controlling; one leverages prior knowledge

as Galileo did when he employed ramps in his study of falling objects to mitigate the effect

of air resistance. In the early stages of investigation of a physical phenomenon, one must

often perform poorly-controlled experiments to help identify these factors. We view the ball

drop trials as this type of experiment.

In addition to the measurement data just described, we construct a synthetic data set

by simulating falling objects with masses of 1 kg and different (linear) drag coefficients. In

particular, for each digital ball, we simulate two drops of the same length as the real data

and collect height measurements at a rate of 15 measurements per second. The balls fall

according to the equation ẍ(t) = −9.8 +Dẋ(t), with each ball having its own constant drag

coefficient, D < 0. We simulate five balls in total, with respective drag coefficients −0.1,

−0.3, −0.3, −0.5, and −0.7. These coefficients are all within the plausible range suggested

by the simulated trajectories shown in Figure 2.3. Each object is “dropped” with an initial

velocity of 0. Varying amounts of Gaussian noise are added to the height data so that we

may better explore the noise tolerance of the proposed model discovery approaches:

x̃i = xi + ηεi.
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where η ≥ 0 and εi ∼ N(0, 1); that is to say εi is normally distributed with unit variance.

2.3 Methods

In this section we describe the model discovery methods we employ to infer governing equa-

tions from noisy data. We first give the mathematical background necessary for learning

dynamics via sparse regression and provide a brief overview of the SINDy method in Section

2.3.1. In Section 2.3.2 we propose a group sparsity regularization strategy for improving

the robustness and generalizability of SINDy. We briefly discuss the setup of the model

discovery problem we are attempting to solve in Section 2.3.3. Finally, we discuss numerical

differentiation, a subroutine critical to effective model discovery, in Section 2.3.4.

2.3.1 Sparse identification of nonlinear dynamical systems

Consider the nonlinear dynamical system for the state vector x(t) = [x1(t), x2(t), . . . , xn(t)]> ∈

Rn defined by

ẋ = f(x(t)).

Given a set of noisy measurements of x(t), the sparse identification of nonlinear dynamics

(SINDy) method, introduced in [21], seeks to identify f : Rn → Rn. In this section we give

an overview of the steps involved in the SINDy method and the assumptions upon which

it relies. Throughout this chapter we refer to this algorithm as the unregularized SINDy

method, not because it involves no regularization, but because its regularization is not as

closely tailored to the problem at hand as the method proposed in Section 2.3.2.

For many dynamical systems of interest, the function specifying the dynamics, f , consists

of only a few terms. That is to say, when represented in the appropriate basis, there is a sense

in which it is sparse. The key idea behind the SINDy method is that if one supplies a rich

enough set of candidate functions for representing f , then the correct terms can be identified

using sparse regression techniques. The explicit steps are as follows. First we collect a set

of (possibly noisy) measurements of the state x(t) and its derivative ẋ(t) at a sequence of
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points in time, t1, t2, . . . , tm. These measurements are concatenated into two matrices, the

columns of which correspond to different state variables and the rows of which correspond

to points in time.

X =


x(t1)>

x(t2)>

...

x(tm)>

 =


x1(t1) x2(t1) . . . xn(t1)

x1(t2) x2(t2) . . . xn(t2)
...

...
. . .

...

x1(tm) x2(tm) . . . xn(tm)

 ,

Ẋ =


ẋ(t1)>

ẋ(t2)>

...

ẋ(tm)>

 =


ẋ1(t1) ẋ2(t1) . . . ẋn(t1)

ẋ1(t2) ẋ2(t2) . . . ẋn(t2)
...

...
. . .

...

ẋ1(tm) ẋ2(tm) . . . ẋn(tm)

 .

Next we specify a set of candidate functions, {φi(x) : i = 1, 2, . . . , p}, with which to

represent f . Examples of candidate functions include monomials up to some finite degree,

trigonometric functions, and rational functions. In practice the selection of these functions

can be informed by the practitioner’s prior knowledge about the system being measured.

The candidate functions are evaluated on X to construct a library matrix

Φ(X) =

φ1(X) φ2(X) . . . φp(X)

 .
Note that each column of Φ(X) corresponds to a single candidate function. Here we have

overloaded notation and interpret φ(X) as the column vector obtained by applying φi to

each row of X. It is assumed that each component of f can be represented as a sparse linear

combination of such functions. This allows us to pose a regression problem to be solved for

the coefficients used in these linear combinations:

Ẋ = Φ(X)Ξ. (2.2)

We adopt MATLAB-style notation and use Ξ(:,j) to denote the j-th column of Ξ. The
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coefficients specifying the dynamical system obeyed by xj are stored in Ξ(:,j):

ẋj = fj(x) = Φ
(
x>
)

Ξ(:,j),

where Φ
(
x>
)

is to be interpreted as a (row) vector of symbolic functions of components of

x. The full system of differential equations is then given by

ẋ = f(x) = Ξ>
(
Φ
(
x>
))>

.

For concreteness we supply the following example. With the candidate functions {1, x1,

x2, x1x2, x
2
1, x

2
2} the Lotka-Volterra equationsẋ1 = αx1 − βx1x2,

ẋ2 = δx1x2 − γx2

can be expressed as

ẋ =

ẋ1

ẋ2

 = Ξ>
(
Φ
(
x>
))>

=

0 α 0 −β 0 0

0 0 −γ δ 0 0





1

x1

x2

x1x2

x2
1

x2
2


Were we to obtain pristine samples of x(t) and ẋ(t) we could solve (2.2) exactly for

Ξ. Furthermore, assuming we chose linearly independent candidate functions and avoided

collecting redundant measurements, Ξ would be unique and would exhibit the correct sparsity

pattern. In practice, however, measurements are contaminated by noise and we actually

observe a perturbed version of x(t). In many cases ẋ(t) is not observed directly and must

instead be approximated from x(t), establishing another source of error. The previously

exact equation, (2.2), to be solved for Ξ is supplanted by the approximation problem

Ẋ ≈ Φ(X)Ξ.
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To find Ξ we solve the more concrete optimization problem

min
Ξ

1

2

∥∥∥Ẋ−Φ(X)Ξ
∥∥∥2

F
+ Ω(Ξ), (2.3)

where Ω(·) is a regularization term chosen to promote sparse solutions and ‖ · ‖F is the

Frobenius norm. Note that because any given column of Ξ encodes a differential equation

for a single component of x, each column generates a problem that is decoupled from the

problems associated with the other columns. Thus, solving (2.3) consists of solving n separate

regularized least squares problems. Row i of Ξ contains the coefficients of library function

φi for each governing equation.

The most direct way to enforce sparsity is to choose Ω to be the `0 penalty, defined

as ‖M‖0 =
∑

i,j |sign(Mij)|. This penalty simply counts the number of nonzero entries in a

matrix or vector. However, using the `0 penalty makes (2.3) difficult to optimize because ‖·‖0

is nonsmooth and nonconvex. Another common choice is the `1 penalty defined by ‖M‖1 =∑
i,j |Mij|. This function is the convex relaxation of the `0 penalty. The LASSO, proposed

in [119], with coordinate descent is typically employed to solve (2.3) with Ω(·) = ‖ · ‖1,

but this method can become computationally expensive for large data sets and often leads

to incorrect sparsity patterns [111]. Hence we solve (2.3) using the sequential thresholded

least-squares algorithm proposed in [21], and studied in further detail in [134]. In essence,

the algorithm alternates between (a) successively solving the unregularized least-squares

problem for each column of Ξ and (b) removing candidate functions from consideration

whose corresponding components in Ξ are below some threshold. This threshold or sparsity

parameter, is straightforward to interpret: no governing equations are allowed to have any

terms with coefficients of magnitude smaller than the threshold. Crucially, it should be

noted that just because a candidate function is discarded for one column of Ξ (i.e. for

one component’s governing equation) does not mean it is removed from contention for the

other columns. A simple Python implementation of sequentially thresholded least-squares is

provided in Section 2.5.1.

We note that if we simulate falling objects with constant acceleration, ẍ(t) = −9.8, or
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linear drag, ẍ(t) = −9.8 +Dẋ(t), and add no noise, then there is almost perfect agreement

between the true governing equations and the models learned by SINDy. Section 2.5 contains

a more thorough discussion of such numerical experiments and another example application

of SINDy.

SINDy has a number of well-known limitations. The biggest of these is the effect of

noise on the learned equations. If one does not have direct measurements of derivatives

of state variables, then these derivatives must be computed numerically. Any noise that is

present in the measurement data is amplified when it is numerically differentiated, leading to

noise in both Ẋ and Φ(X) in (2.3). In its original formulation, SINDy often exhibits erratic

performance in the face of such noise, but extensions have been developed which handle noise

more gracefully [101, 120]. We discuss numerical differentiation further in Section 2.3.4. As

with other methods, each degree of freedom supplied to the practitioner presents a potential

source of difficulty. To use SINDy one must select a set of candidate functions, a sparse

regularization function, and a parameter weighing the relative importance of the sparseness

of the solution against accuracy. An improper choice of any one of these can lead to poor

performance. The set of possible candidate functions is infinite, but SINDy requires one to

specify a finite number of them. If one has any prior knowledge of the dynamics of the system

being modeled, it can be leveraged here. If not, it is typically recommended to choose a class

of functions general enough to encapsulate a wide variety of behaviors (e.g. polynomials

or trigonometric functions). In theory, sparse regression techniques should allow one to

specify a sizable library of functions, selecting only the relevant ones. However, in practice,

the underlying regression problem becomes increasingly ill-conditioned as more functions are

added. If one wishes to explore an especially large space of possible library functions it may be

better to use other approaches such as symbolic regression with genetic algorithms [13, 104].

A full discussion of how to pick a sparsity-promoting regularizer is beyond the scope of

this work. We do note that there have been recent efforts to explore different methods for

obtaining sparse solutions when using SINDy [28]. An appropriate value for the sparsity

hyperparameter can be obtained using cross-validation. We note that the need to perform
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hyperparameter tuning is by no means unique to SINDy. Virtually all machine learning

methods require some amount of hyperparameter tuning. There are two natural options for

target metrics during cross-validation. The derivatives directly predicted by the linear model

can be compared against the measured (or numerically computed) derivatives. Alternatively,

the model can be fed into a numerical integrator along with initial conditions to obtain

predicted future values for the state variables. These forecasts can then be judged against

the measured values. To achieve a balance between model sparsity and accuracy, information

theoretic criteria such as the Akaike information criteria (AIC) or Bayes information criteria

(BIC) can be applied [68].

2.3.2 Group sparsity regularization

The standard, unregularized SINDy approach attempts to learn the dynamics governing

each state variable independently. It does not take into account prior information one may

possess regarding relationships between state variables. Intuitively speaking, the balls in

our data set (whiffle balls, perhaps, excluded) are similar enough objects that the equations

governing their trajectories should include similar terms. In this subsection we propose a

group sparsity method which can be interpreted as enforcing this hypothesis when seeking

predictive models for the balls.

We draw inspiration for our approach from the group LASSO of [133], which extends the

LASSO. The classic LASSO method solves the `1 regularization problem

β = arg min
β

1

2
‖Xβ −Y‖2

2 + λ ‖β‖1 . (2.4)

which penalizes the magnitude of each component of β individually. The group LASSO

approach modifies (2.4) by bundling sets of related entries of β together when computing

the penalty term. Let the entries of β be partitioned into G disjoint blocks {β1, β2, . . . , βG},

which can be treated as vectors. The group LASSO then solves the following optimization

problem

β = arg min
β

1

2
‖Xβ −Y‖2

2 + λ
G∑
i=1

‖βi‖2 . (2.5)
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In the case that the groups each consist of exactly one entry of β, (2.5) reduces to (2.4).

When blocks contain multiple entries, the group LASSO penalty encourages them to be

retained or eliminated as a group. Furthermore, it drives sets of unimportant variables to

truly vanish, unlike the `2 regularization function which merely assigns small but nonzero

values to insignificant variables.

We apply similar ideas in our group sparsity method for the SINDy framework and force

the models learned for each ball to select the same library functions. Recall that the model

variables are contained in Ξ. To enforce the condition that each governing equation should

involve the same terms, we identify rows of Ξ as sets of variables to be grouped together.

Borrowing MATLAB notation again, we let Ξ(i,:) denote row i of Ξ. To perform sequential

thresholded least squares with the group sparsity constraint we repeatedly apply the following

steps until convergence: (a) solve the least-squares problem (2.3) without a regularization

term for each column of Ξ (i.e. for each ball), (b) prune the library, Φ(X), of functions

which have low relevance across most or all of the balls. This procedure is summarized in

Algorithm 1.
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Algorithm 1: A group sparsity algorithm for the sequential thresholded least

squares method

Data: Ẋ ∈ Rm×d, Φ(X) ∈ Rm×p, and δ > 0

Result: coefficient matrix Ξ ∈ Rp×d

1 while not converged do

// Solve a least squares problem for each state variable

2 for j ← 1 to d do

3 Ξ(:,j) ← arg minξ
1
2

∥∥∥Ẋ−Φ(X)ξ
∥∥∥2

2
;

4 end

// Remove library functions with low salience

5 for i← 1 to p do

6 if R(Ξ(i,:)) < δ then

7 Delete Ξ(i,:) and Φ(X)(:,i);

8 end

9 end

10 end

11 Replace deleted rows of Ξ and deleted columns of Φ(X) with 0’s;

Here R is a function measuring the importance of a row of coefficients. Possible choices

for R include the `1 or `2 norm of the input, the mean or median of the absolute values of

the entries of the input, or another statistical property of the input entries such as the lower

25% quantile. In this work we use the `1 norm. Convergence is attained when no rows of Ξ

are removed. Note that while all the models are constrained to be generated by the same

library functions, the coefficients in front of each can differ from one model to the next. The

hyperparameter δ controls the sparsity of Ξ, though not as directly as the sparsity parameter

for SINDy. Increasing it will result in models with fewer terms and decreasing it will have

the opposite effect. Since we use the `1 norm and there are 10 balls in our primary data set,

rows of Ξ whose average magnitude is less than δ
10

are removed.



25

Because the time series are all noisy, it is likely that some the differential equations

returned by the unregularized SINDy algorithm will acquire spurious terms. Insisting that

only terms which most of the models find useful are kept, as with our group sparsity method,

should help to mitigate this issue. In this way we are able to leverage the fact that we have

multiple trials involving similar objects to improve the robustness of the learned models to

noise. Even if some of the unregularized models from a given drop involve erroneous library

functions, we might still hope that, on average, the models will pick the correct terms. Our

approach can also be viewed as a type of ensemble method wherein a set of models is formed

from the time series of a given drop, they are allowed to vote on which terms are important,

then the models are retrained using the constrained set of library functions agreed upon in

the previous step.

2.3.3 Equations of motion

Even the simplest model for the height, x(t), of a falling object involves an acceleration term.

Consequently, we impose the restriction that our model be a second order (autonomous)

differential equation:

ẍ = f(x, ẋ). (2.6)

The SINDy framework is designed to work with first order systems of differential equations,

so we convert (2.6) into such a system:ẋ = v

v̇ = g(x, v).

We then apply SINDy, with x =
[
x v

]>
and f(x) =

[
v g(x)

]>
, and attempt to learn the

function g. In fact, because we already know the correct right-hand side function for ẋ, we

need only concern ourselves with finding an expression for v̇.

Our nonlinear library consists of polynomials in x and v up to degree three, visualized in
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1 x v xv x2 v2 x2v xv2 x3 v3

Figure 2.5: Visualizations of nonlinear library functions corresponding to the second green
basketball drop. If the motion of the balls is described by Newton’s second law, F = mẍ,
then these functions can be interpreted as possible forcing terms constituting F .

Figure 2.5:

Φ(X) =

1 x(t) v(t) x(t)v(t) x(t)2 v(t)2 . . . v(t)3

 . (2.7)

Assuming that the motion of the balls is completely determined by Newton’s second law,

F = ma = mẍ, we may interpret the SINDy algorithm as trying to discover the force (after

dividing by mass) that explains the observed acceleration.

Though we know now that the acceleration of a ball should not depend on its height, we

seek to place ourselves in a position of ignorance analogous to the position scientists would

have found themselves in centuries ago. We leave it to our algorithm to sort out which terms

are appropriate. In practice one might selectively choose which functions to include in the

library based on domain knowledge, or known properties of the system being modeled.

2.3.4 Numerical differentiation

In order to form the nonlinear library (2.7) and the derivative matrix, Ẋ, we must ap-

proximate the first two derivatives of the height data from each drop. Applying standard

numerical differentiation techniques to a signal amplifies any noise that is present. This

poses a serious problem since we aim to fit a model to the second derivative of the height

measurements. Because the amount of noise in our data set is nontrivial, two iterations of

numerical differentiation will create an intolerable noise level. To mitigate this issue we apply

a Savitzky-Golay filter from [99] to smooth the data before differentiating via second order
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centered finite differences. Points in a noisy data set are replaced by points lying on low-

degree polynomials which are fit to localized patches of the original data with a least-squares

method. Other available approaches include using a total variation regularized derivative

as in [21] or working with an integral formulation of the governing equations as described

in [101]. We perform a detailed analysis of the error introduced by smoothing and numerical

differentiation in Section 2.5.4.

2.4 Results

2.4.1 Learned terms

In this section we compare the terms present in the governing equations identified using

the unregularized SINDy approach with those present when the group sparsity constraint

is imposed. We train separate models on the two drops. The two algorithms are given one

sparsity hyperparameter each to be applied for all balls in both drops. The group sparsity

method used a value of 1.5 and the other method used a value of 0.04. These parameters were

chosen by hand to balance allowing the algorithms enough expressiveness to model the data,

while being restrictive enough to prevent widespread overfitting; increasing them produces

models with one or no terms and decreasing them results in models with large numbers of

terms. See Section 2.5.6 for a more detailed discussion of our choice of sparsity parameter

values.

Figure 2.6 summarizes the results of this experiment. Learning a separate model for each

ball independent of the others allows many models to fall prey to overfitting. Note how

most of the governing equations incorporate an extraneous height term. On the other hand,

two of the learned models involve only constant acceleration and fail to identify any effect

resembling air resistance.

The method leveraging group sparsity is more effective at eliminating extraneous terms

and selecting only those which are useful across most balls. Moreover, only the constant

and velocity terms are active, matching our intuition that the dominant forces at work are
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Figure 2.6: Magnitudes of the coefficients learned for each ball by models trained on one
drop either with or without the proposed group sparsity approach. The unregularized ap-
proach used a sparsity parameter of 0.04 and the group sparsity method used a value of 1.5.
Increasing this parameter slightly in the unregularized case serves to push many models to
use only a constant function.
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gravity and drag due to air resistance. Interestingly, the method prefers a linear drag term,

one proportional to v, to model the discrepancy between measured trajectories and constant

acceleration. Even the balls which don’t include a velocity term in the unregularized model

have this term when group sparsity regularization is employed. This shows that group penalty

can simultaneously help to dismiss distracting candidate functions and promote correct terms

that may have been overlooked. Is is also reassuring to see that, compared to the other balls,

the whiffle ball models have larger coefficients on the v terms. Their accelerations slow at a

faster rate as a function of their velocities than do the other balls.

The actual governing equations learned with the group sparsity method are provided

in Table 2.2. Every equation has a constant acceleration term within a few meters per

second squared of −9.8, but few are quite as close as one might expect. Thus even with a

stable method of inferring governing equations, based on this data one would not necessarily

conclude that all balls experience the same (mass-divided) force due to gravity. Note also that

some of the balls mistakenly adopt positive coefficients multiplying v. The balls for which

this occurs tend to be those whose motion is well-approximated by constant acceleration.

Because the size of the discrepancy between a constant acceleration model and these balls’

measured trajectories is not much larger than the amount of error suspected to be present

in the data, SINDy has a difficult time choosing an appropriate value for the v terms. One

would likely need higher resolution, higher accuracy measurement data in order to obtain

reasonable approximations of the drag coefficients or v2 terms.

At 65 degrees Fahrenheit, the density of air ρ at sea level is 1.211kg/m3 [128] and its

dynamic viscosity µ is 1.82× 10−5kg/(m s). The Reynolds number for a ball with diameter

D and velocity v will then be

Re = 0.667Dv × 105.

Table 2.1 gives the maximum velocities of each ball over the two drops and the corresponding

Reynolds numbers. Note that these are the maximum Reynolds numbers, not the Reynolds

numbers over the entire trajectories. With velocities under 30m/s and diameters from 0.04m

to 0.22m we should expect Reynolds numbers with magnitudes ranging from 104 to 105 over
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Ball First drop Second drop

Golf Ball ẍ = −9.34 + 0.05v ẍ = −9.44− 0.03v

Baseball ẍ = −8.51 + 0.14v ẍ = −7.56 + 0.14v

Tennis Ball ẍ = −9.08− 0.13v ẍ = −8.64− 0.12v

Volleyball ẍ = −8.11− 0.08v ẍ = −9.64− 0.23v

Blue Basketball ẍ = −6.71 + 0.15v ẍ = −7.50 + 0.07v

Green Basketball ẍ = −7.36 + 0.10v ẍ = −8.05 + 0.02v

Whiffle Ball 1 ẍ = −8.24− 0.34v ẍ = −9.44− 0.43v

Whiffle Ball 2 ẍ = −9.81− 0.56v ẍ = −9.79− 0.48v

Yellow Whiffle Ball ẍ = −8.50− 0.47v ẍ = −8.45− 0.46v

Orange Whiffle Ball ẍ = −7.83− 0.35v ẍ = −8.03− 0.42v

Table 2.2: Models learned by applying SINDy with group sparsity regularization (sparsity
parameter δ = 1.5) to each of the two ball drops.

the course of the balls’ trajectories (apart from the very beginnings of each drop). The

average trajectory consists of about 49 measurements, just over one of which corresponds

to a Reynolds number that is O (103). About 13 of these measurements are associated with

Reynolds numbers on the order of 104 and roughly 33 with Reynolds numbers of magnitude

105. Note that this means the majority of data points were collected when the balls were in

the quadratic drag regime. Based on Figure 2.1 we should expect balls with Reynolds num-

bers less than 105 to have drag coefficients of magnitude about 0.5. Figure 2.1 suggests that

balls experiencing higher Reynolds numbers such as the volleyball and basketballs should

have smaller drag coefficients varying between 0.05 and 0.3 depending on their smoothness.

The predicted (linear) drag coefficients for the volleyball lie in this range while the basket-

balls’ learned drag coefficients are erroneously positive. If the basketballs are treated as

being smooth, their drag coefficients predicted by Figure 2.1 may be too small for SINDy to

identify given the noisy measurement data. A similar effect seems to occur for the golf ball.
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Though it experiences a lower Reynolds number, its dimples induce a turbulent flow over its

surface, granting it a small drag coefficient at a lower Reynolds number. Overall, the linear

drag coefficients predicted by the model are at least within a physically reasonable range,

with some outliers having incorrect signs.

Next we turn to the simulated data set. We perform the same experiment as with the

real world data: we apply both versions of SINDy to a series of simulated ball drops and then

note the models that are inferred. Our findings are shown in Figure 2.7. We need not say

much about the standard approach: it does a poor job of identifying coherent models for all

levels of noise. The group sparsity regularization is much more robust to noise, identifying

the correct terms and their magnitudes for noise levels up to half a meter (in standard

deviation). For more significant amounts of noise, even this method is unable to decide

between adopting x or v into its models. Perhaps surprisingly, if a v2 term with coefficient ∼

0.1 is added to the simulated model1, the learned coefficients look nearly identical. Although

this additional term visibly alters the trajectory (before it is corrupted by noise), none of

the learned equations capture it, even in the absence of noise. One reason for this is because

the coefficient multiplying v2 is too small to be retained during the sequential thresholding

least squares procedure. If we decrease the sparsity parameter enough to accommodate it,

the models also acquire spurious higher order terms. To infer the v2 term using the approach

outlined here, one would need to design and carry out additional experiments which better

isolate this effect, perhaps by using a denser fluid or by dropping a ball with a larger diameter

of relatively small mass, thereby increasing the constant multiplying v2CD in (2.1). A much

more realistic drag force based on (2.1) can be used to simulate falling balls. Such a drag

force will shift from being linear to quadratic in v over the course of a ball’s trajectory. In

this scenario neither version of SINDy identifies a v2 term, regardless of how much many

measurements are collected, but both detect linear drag, exhibiting similar performance as

1It should be noted that, based on the balls’ approximated velocities, the largest coefficient multiplying
v2 (i.e. 1

2mρACD from (2.1), where m is the mass of a ball), is less than 0.08 in magnitude, across all the
trials.
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is shown here. A more detailed discussion can be found in Section 2.5.7.

2.4.2 Model error

We now turn to the problem of testing the predictive performance of models learned from

the data. We benchmark four models of increasing complexity on the drop data. The model

templates are as follows:

1. Constant acceleration: ẍ = α

2. Constant acceleration with linear drag: ẍ = α + βv

3. Constant acceleration with linear and quadratic drag: ẍ = α + βv + γv2

4. Overfit model: Set a low sparsity threshold and allow SINDy to fit a more complicated

model to the data

The model parameters α, β, and γ are learned using the SINDy algorithm using libraries

consisting of just the terms required by the templates. The testing procedure consists of

constructing a total of 80 models (4 templates × 10 balls × 2 drops) and then using them to

predict a quantity of interest. First a template model is selected then it is trained using one

ball’s trajectory from one drop. Once trained, the model is given the initial conditions (initial

height and velocity) from the same ball’s other drop and tasked with predicting the ball’s

height after 2.8 seconds have passed2. Recall from Figure 2.4 that the same ball dropped twice

from the same height by the same person on the same day can hit the ground at substantially

different times. In the absence of any confounding factors, the time it takes a sphere to reach

the ground after being released will vary significantly based on its initial velocity. Since there

is sure to be some error in estimating the initial height and velocity of the balls, we should

expect only modest accuracy in predicting their landing times. We summarize the outcome

2This number corresponds to the shortest set of measurement data across all the trials. All models are
evaluated at 2.8 seconds to allow for meaningful comparison of error rates between models.
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Figure 2.7: A comparison of coefficients of the models inferred from the simulated falling
balls. The top row shows the coefficients learned with the standard SINDy algorithm and the
bottom row the coefficients learned with the group sparsity method. η indicates the amount
of noise added to the simulated ball drops. The standard approach used a sparsity parameter
of 0.05 and the group sparsity method used a value of 1.5. The balls were simulated using
constant acceleration and the following respective coefficients multiplying v: −0.1, −0.3,
−0.3, −0.5, −0.7.
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Figure 2.8: The error in landing time predictions for the four models. The results for the
models trained on drops one and two are shown on the left and right, respectively. We
have intentionally jittered the horizontal positions of the data points to facilitate easier
comparison.

of this experiment in Figure 2.8. The error tends to decrease significantly between model

one and model two, marking a large step in explaining the discrepancy between a constant

acceleration model and observation. There does not appear to be a large difference between

the predictive powers of models two and three as both seem to provide similar levels of

accuracy. Occam’s razor might be invoked here to motivate a preference for model two over

model three since it is simpler and has the same accuracy. This provides further evidence

that the level of noise and error in the data set is too large to allow one to accurately infer

the dynamics due to v2. Adding additional terms to the equations seems to weaken their

generalizability somewhat, as indicated by the slight increase in errors for model four.

Figure 2.9 visualizes the forecasts of the learned equations for two of the balls along with

their deviation from the true measurements. The models are first trained on data from drop

2, then they are given initial conditions from the same drop and made to predict the full

trajectories. There are a few observations to be made. The constant acceleration models

(model one) are clearly inadequate, especially for the whiffle ball. Their error is much higher

than that of the other models indicating that they are underfitting the data, though constant

acceleration appears to be a reasonable approximation for a falling golf ball. Models two
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Figure 2.9: Predicted trajectories and error for the Golf Ball (top) and Whiffle Ball 2 (bot-
tom). On the left we compare the predicted trajectories against the true path and on the
right we show the absolute error for the predictions. The ’Observed’ lines in the error plots
show the difference between the original height measurements and the smoothed versions
used for differentiation. They give an idea of the amount of intrinsic measurement noise. All
models plotted were trained and evaluated on drop 2.

through four all seem to be imitating the trajectories to about the level of the measurement

noise, which is about the most we could hope of them. It is difficult to say which model is

best by looking at these plots alone. To break the tie we can observe what happens if we

evaluate the models in “unfamiliar” circumstances and force them to extrapolate.

Supplying the same initial conditions as before, with initial height shifted up to avoid

negative heights, we task the models with predicting the trajectories out to 15 seconds. The

results are shown in Figure 2.10. All four models fit the observed data itself fairly well.

However, six or seven seconds after the balls are released, a significant degree of separation

has started to emerge between the trajectories. The divergence of the model four instances

is the most abrupt and the most pronounced. The golf ball’s model grows without bound

after seven seconds. It is here that the danger of overfit, high-order models becomes obvious.
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Figure 2.10: 15 second forecasted trajectories for the Golf Ball (left) and Whiffle Ball 2
(right) based on the second drop. Part of the graph of Model 4 (red) is omitted in the Golf
Ball plot because it diverged to −∞.

In contrast, the other models are better behaved. For the golf ball models one through three

agree relatively well, perhaps showing that it is easier to predict the path of a falling golf

ball than a falling whiffle ball. That model two is so similar to the constant acceleration of

model one also suggests that the golf ball experiences very little drag. The v2 term for model

three has a coefficient which is erroneously positive and essentially cancels out the speed

dampening effects of the drag term, leading to an overly rapid predicted descent. Models

two and three agree extremely well for the whiffle ball as the learned v2 coefficient is very

small in magnitude.

2.5 Supplementary experiments

2.5.1 Sparse Identification of Nonlinear Dynamical systems: further details

In this section we provide some additional information concerning the Sparse Identification of

Nonlinear Dynamical systems (SINDy) method. We first give a simplified implementation of

the sequentially thresholded least-squares algorithm, implemented in Python, before showing

examples of SINDy applied to two test problems: a nonlinear oscillator (Section 2.5.2) and

a simulated falling body with different types of drag (Section 2.5.3).

Recall that to construct a set of governing equations, SINDy seeks to solve the following
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optimization problem

min
Ξ

1

2

∥∥∥Ẋ−Φ(X)Ξ
∥∥∥2

F
+ Ω(Ξ), (2.8)

where X is a matrix of measurements, Ẋ is a matrix of derivatives of X, Φ(X) is a li-

brary matrix whose columns consist of potential right-hand side functions evaluated on the

measurement data, Ξ is a coefficient matrix, and Ω(·) is a regularization term encouraging

sparsity. A one-dimensional version of the sequentially thresholded least-squares algorithm,

which we use to solve (2.8) in this work3, can be implemented in Python as� �
1 xi = least_squares ( theta , x_dot ) # Initial guess

2

3 # delta is our sparsity parameter

4 for k in range ( iterations ) :

5 small_indices = abs ( xi ) < delta

6 big_indices = ˜small_indices

7

8 xi [ small_indices ] = 0 # Threshold small coefficients

9 xi [ big_indices ] = least_squares ( x [ : , big_indices ] , x_dot )

10� �
Here we use least squares to denote a black-box least-squares solver. This implementation

only solves for one column of the coefficients of Ξ, yielding the governing equation for only

one measurement variable. In practice one runs this routine for each variable.

2.5.2 A brief example

Here we give an example of a dynamical system SINDy is easily able to identify: a first order

nonlinear oscillator. The system is described by

ẋ = − 1

10
x3 + 2y3

ẏ = −2x3 − 1

10
y3.

(2.9)

3In actuality we use a custom implementation of sequentially thresholded least-squares for the major-
ity of the results in this chapter and a recently developed package, PySINDy (https://github.com/
dynamicslab/pysindy), for the examples in this section.
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To construct training data for a SINDy model we simulate a trajectory under these dynamics

starting from (2, 0) for t ∈ [0, 5] with a time step of 0.01. Using a threshold of 0.05 and a

library consisting of polynomials terms of degree up to five, SINDy recovers the following

model

ẋ = −0.100x3 + 1.999y3

ẏ = −1.999x3 − 0.100y3.

We plot the trajectories simulated from the actual model and the SINDy model for t ∈ [0, 25]

in Figure 2.11. Note the close agreement between the two trajectories.

2.5.3 Learning equations of motion

In this section we demonstrate that SINDy can readily learn simplified versions of the equa-

tions of motion, but struggles to identify dynamics containing terms not representable as

linear combinations of the library terms. We simulate a ball of unit mass falling with con-

stant acceleration and no drag

v̇ = −9.8, v(0) = 0

and with constant acceleration and linear drag

v̇ = −9.8− 0.5v v(0) = 0.

Each simulation consists of 50 height measurements taken every fifteenth of a second. We

numerically differentiate the height data, then feed the velocity profiles to SINDy models

with thresholds of 0.1. SINDy learns the following governing equations:

v̇ = −9.8000 (drag-free simulation),

v̇ = −9.786− 0.499v (linear drag simulation).

Multiple factors contribute to the accuracy of the learned models for these two test cases.

The effects of the constant acceleration and drag on the ball trajectories are relatively large,
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Figure 2.11: Dynamics of the nonlinear oscillator described by (2.9). The true trajectory,
computed using (2.9) is plotted as a solid line, with red denoting the training data fed to the
SINDy model and blue denoting the portion of the trajectory unseen by SINDy. The dashed
line shows the dynamics predicted by the model discovered by the SINDy model starting at
initial condition (2, 0).
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the data lacks noise, and the appropriate terms are present in the trial libraries used by the

SINDy models.

On the other hand, when a higher fidelity drag model is used—one which contains terms

missing from and poorly approximated by the library functions—SINDy struggles to identify

coherent dynamics. Using the drag model given in (2.10) and (2.11) (see Section 2.5.7) to

simulate a falling ball, SINDy learns the governing equation

v̇ = −6.345

for a “large” threshold value (0.1). The constant acceleration term is shifted away from the

true value to compensate for the drag. For a small “threshold” (0.004), SINDy learns the

following model

v̇ = −9.810− 0.005v + 0.17v2.

The constant acceleration is very close to the true value, but there is also a nonphysical

positive quadratic term. Without including rational and other more complicated nonlinear

functions in the library4, SINDy lacks the proper building blocks to perfectly reconstruct the

behavior of the system. Poor performance can be a signal that some information is not being

captured by the library, which is typically chosen based on one’s underlying assumptions

about the dynamics being studied. In this way SINDy can help reveal discrepancies between

the assumed form of the governing equations and reality without necessarily exposing the

precise nature of the discrepancy. If one finds that SINDy is producing unreliable models, a

possible remedy is to enrich the library of candidate right-hand side functions.

2.5.4 Numerical differentiation

In this section we explore the error introduced by smoothing and numerical differentiation.

More specifically in Section 2.5.4 we compare the performance of a few methods of numerical

differentiation, in Section 2.5.4 we examine the effects of smoothing on noisy data, and in

4Including rational functions in the library introduces additional complications to the SINDy algo-
rithm [67].
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Section 2.5.5 we approximate the level of noise present in the actual ball drop data set and

use the results of the previous sections to derive estimates for the error in the numerical

derivatives used in the main results.

Unless otherwise noted, we worked with a single synthetic trajectory consisting of height

measurements generated from an idealized falling object obeying

v̇ = −9.8− 0.5v, v(0) = 0, x(0) = 40.

This particular model was chosen because it is qualitatively similar to the actual trajectories.

The measurements are taken at a rate of 15 per second to further imitate the experimental

setup. We then add various amounts of Gaussian noise to the measurements. In the plots

that follow “noise level” refers to the standard deviation of the noise added. Figure 2.12

shows the trajectory with various amounts of noise. Note that even a noise level of 0.1 is

almost indistinguishable from the true trajectory.

Differentiation method comparison

We evaluate four numerical differentiation variants: two (first order) forward difference meth-

ods and two (second order) centered difference methods. For one method of each order we

apply Savitzgy-Golay smoothing before performing computing the derivative. For the re-

maining two methods (one first order and one second order) we do not smooth the data

before taking the derivative. We use a window size of 35 when performing smoothing. We

compute both the first derivative (velocity) and second derivative (acceleration) of the sim-

ulated trajectory since the associated differential equation is second order.

Figure 2.13 summarizes our results. There are a few observations to be made:

• The smoothed versions of the methods exhibit much better performance than the

unsmoothed variants as the noise level increases.

• Once enough noise is introduced, all the methods considered see their accuracy de-

graded roughly linearly with the noise level.
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Figure 2.12: The simulated trajectory used for our numerical differentiation and smoothing
experiments with varying amounts of noise added.
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• The error levels are higher for the approximate acceleration than for the velocity. This

makes sense since some error is introduced in computing the velocity and the velocity

is needed to compute the acceleration.

• At a low enough noise level there tends to be little difference between the smoothed

and unsmoothed versions of each method. The unsmoothed centered difference method

outperforms its smoothed counterpart in computing the velocity of relatively clean

data.

A conclusion we can draw from this analysis is that the smoothed centered difference

method provides the best performance over most levels of noise for both the first and second

derivatives.

Smoothing

In the previous experiment we used a fixed window length without justifying our choice. In

this section we fix the differentiation method used — centered difference with smoothing —

and vary the window length. A larger window means that more points are considered when

performing smoothing. The window length roughly translates to smoothness; the larger the

window the smoother the result.

Figure 2.14 plots how the error in numerically computed derivatives is affected by the size

of the smoothing window used as a function of noise. For small noise levels, larger smoothing

windows hurt the method; overly aggressive smoothing throws out some useful information.

As the noise levels increase the opposite is true; larger amounts of smoothing are needed to

keep the excessive noise at bay. Which window length we should actually use will depend

on the noise level we suspect is present in the real-world data set.

2.5.5 Estimating noise in measurement data

In order to infer the amount of noise in the measured ball trajectories it will prove useful

to know roughly how much the act of smoothing a trajectory changes the underlying data.
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Figure 2.14: The effects of the size of the smoothing window on derivative approximation
error. Left: Relative error in the first derivative of the trajectory computed using a smoothed
centered difference method with different smoothing window sizes. Right: Relative error in
the second derivative of the trajectory computed using a smoothed centered difference method
with different smoothing window sizes.

To this end we perform a similar experiment as in the previous section, but with the height

data itself. That is to say we apply the same smoothing operation used before to the

height data and measure the relative difference between the smoothed and original data. For

completeness, we carry out this experiment for multiple window lengths.

Our results are shown in Figure 2.15. As one would expect, smaller windows produce

smoothed trajectories that are closer to their unsmoothed counterparts, but only slightly so.

Large smoothing windows have the most pronounced effects when the noise levels are very

small and smoothing is unnecessary. For higher noise levels, changes in window size affect

the relative difference very little.

Based on these results we elect to use the largest window size tested in our experiments

for the results of Section 2.4. SINDy depends heavily on accurate numerical derivatives. For

large amounts of noise, a larger window size is necessary for numerical differentiation to work

well. We are only penalized for using a large window (in the sense that we greatly modify

the original data when we perform smoothing) if the underlying noise level is below about
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Figure 2.16: Left: Relative difference between the smoothed and unsmoothed falling ball
trajectories for both drops (window length = 35). Right: Approximate noise levels present
in the ball drop measurements.

10−2.

Next we turn to the task of actually estimating the noise present in the drop data. To

accomplish this we apply smoothing with a window length of 35 to each falling ball trajectory,

then measure the relative difference between the smoothed and unsmoothed versions. Finally

we compare this relative difference with Figure 2.15 to obtain an approximation to the noise

level. Figure 2.16 visualizes the relative differences along with the inferred noise levels for

each ball drop. The estimated noise levels are all between 0.035 and 0.065. Comparing

these results with Figure 2.13, we can deduce that the numerically computed velocity and

acceleration vectors have relative errors of order 10−3 and 10−2, respectively. It should be

noted that we use the `2 norm when computing relative error. If the `∞ norm is used instead,

the relative errors increase marginally.

2.5.6 Effect of varying sparsity parameter

In this section we provide a representative example of the that are produced when the

sparsity threshold parameter is varied. We consider both the regularized and unregularized
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SINDy variants. The effect of varying the sparsity parameter is similar In both cases. For

large values of the parameter (reflecting a strong preference toward a very sparse solution),

no terms are deemed “important” enough to be retained and the trivial model is returned.

As the threshold is continuously decreased, a small number of terms will be selected for a

range of threshold values. Eventually, when the threshold becomes small enough, suddenly

there will be a noticeable jump in the number of terms in the models returned by SINDy.

This is typically when one can assume that the sparsity parameter has been made too small.

We demonstrate this pattern in Tables 2.3 and 2.4, which give the learned equations for

unregularized and unregularized SINDy, respectively, for a variety of sparsity thresholds.

The parameter values were chosen to be close to values at which the number of terms in the

resulting models changed. For the experiments carried out in Section 2.4 we chose thresholds

which were slightly larger than the values at which the jumps in numbers of model terms

occurred.

Threshold Equation

10 v′ = 0

2 v′ = −7.6344

0.1 v′ = −14.865 + 0.1084x− 0.2914v

0.005 v′ = −6.1068− 0.0717x+ 0.0880v − 0.0059xv

0.0045 v′ = −2.9116− 0.1388x+ 0.0861v − 0.0061xv − 0.0048v2

0.0035 v′ = 14.7998− 0.6964x+ 0.7036v − 0.0182xv + 0.0039x2 − 0.0065v2

0.002
v′ = 45.4998− 1.4749x+ 2.4829v − 0.0559xv + 0.0067x2 − 0.0393v2

− 0.0021v3

Table 2.3: Models learned by unregularized SINDy for different threshold parameters (tennis
ball, drop one).

In cases where one wishes to perform automatic parameter tuning, cross-validation should

allow for one to choose an appropriate sparsity parameter value. Models that are overly sparse
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Threshold Equation

70 v′ = 0

65 v′ = −6.9

2 v′ = −8.3− 0.1v

0.2 v′ = −15.6 + 0.1x− 0.3v

0.14 v′ = −2.0− 0.1x+ 0.4v − 0.01xv

0.1 v′ = 1.5− 0.2x+ 0.4v − 0.01xv + 0.001v2

0.05 v′ = −13.1 + 0.2x− 0.6v + 0.008xv − 0.003x2 − 0.009v2

0.02 v′ = 21.7− 0.7x+ 1.7v − 0.04xv + 0.002x2 − 0.05v2 − 0.003v3

0.01
v′ = −35.2 + 1.1x− 4.7v + 0.13xv − 0.01x2 − 0.2v2 − 0.0009x2v + 0.003xv2

− 0.001v3

0.005
v′ = 9.9− 0.8x− 0.8v − 0.04xv + 0.02x2 − 0.005v2 + 0.0004x2v − 0.0004xv2

− 0.0002x3 − 0.0003v3

Table 2.4: Models learned by regularized SINDy for different threshold parameters (all balls,
drop one).

(those which have too large a sparsity parameter) will be too simple to accurately predict

unseen data and models that are not sparse enough (those which have too small a sparsity

parameter) will overfit the training data and will generalize poorly. Poor performance on

the holdout/validation/test set should catch both overfit and underfit models.

One troublesome case that is possible with SINDy is when the model jumps directly from

underfitting to overfitting as the sparsity parameter is varied. This could occur for a number

of reasons, but the primary suspects are typically:

• The library is not rich enough to properly capture the dynamics (i.e. one or more of

the terms in the “true” underlying dynamical system are not present in the library

being used by SINDy).
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• The library is too rich. If too many functions are included in the library then the

system solved by SINDy can become ill-conditioned, leading to unpredictable results.

• The data are not described by a dynamical system. If this is the case then SINDy is

not an appropriate tool.

• Data are too noisy. Recovering a sparse solution from extremely noisy data may not

be possible.

2.5.7 Realistic falling ball simulations

In the main work we simulate falling balls with constant drag proportional to the balls’

velocities. However, in reality, the drag varies nonlinearly with Reynolds number, which

it itself a function of velocity. In this section we discuss what the two SINDy models are

able to learn when a more complicated, but physically accurate model is used to construct

the synthetic ball drops. Specifically, to simulate falling spheres, we numerically solve the

following initial value problem for 49 time steps of length 1/15 seconds (to mimic the real-

world experiments)

mv̇ = mg +
1

2
ρv2ACD, v(0) = 0 (2.10)

where m is the mass of the ball, ρ is the density of air, A = πr2 is the cross-sectional area

of the sphere, r is the radius of the sphere, and CD is the Reynolds number dependent drag

coefficient. We use ρ = 1.211 kg/m3 (the density of air at sea level with a temperature

of 65 degrees Fahrenheit). For CD we use the following approximation which is based on

experimental measurements, recommended in [20]:

24

Re

(
1 + 0.150Re0.681

)
+

0.407

1 + 8710
Re

. (2.11)

This approximation is valid for Re < 2 × 105, just before the so-called “drag crisis” when

CD drops suddenly. We do not attempt to reproduce the behavior of the drag coefficient

during and after the drag crisis, only before it. This model also assumes that the spheres
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Figure 2.17: A comparison of the simulated trajectories of a tennis ball using a Reynolds
number-dependent drag force from (2.10) and (2.11) (solid) and two different constant lin-
ear drags (dashed and dotted). On the left we show a short drop similar to the physical
experiments and on the right we have simulated a longer drop lasting a full 60 seconds. For
the Reynolds number-dependent drag model we used the mass and diameter of the actual
tennis ball. For the first linear drag model we used constant gravitational acceleration and
a drag coefficient of −0.125 (the average of the two drag coefficients selected by SINDy in
the real-world experiments). The modified linear drag model involved constant acceleration
of −12.7 m/s2 and a drag coefficient of −0.53. No noise was added.

are smooth. In Figure 2.17 we compare the simulated trajectories for a tennis ball using

both the drag force from (2.10) and (2.11) and the linear drag model presented in the main

work. Note that the trajectories initially agree, but as the ball reaches higher velocities and

Reynolds numbers, the more complicated Re-dependent model predicts a larger drag force.

The difference between these two models becomes clear when the simulations are run for

longer amounts of time (900 time steps). The ball effected by linear drag reaches a much

faster terminal velocity compared with the other ball. Figure 2.17 also shows how a linear

drag model with a larger drag coefficient (and larger constant acceleration) can mimic the

Re-dependent model.

As before we simulate five hypothetical balls falling for 49 time steps of duration 1/15

seconds, each with a different mass and radius. The masses and radii were selected to match

a subset of the balls in the real-world data set. Table 2.5 gives the characteristics of each
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simulated ball. Varying amounts of noise are then added to the artificial measurement data.

Finally, we apply the unregularized and group variants of SINDy. The coefficients learned

by the two methods are shown in Figure 2.18.

Simulated ball Real ball Radius (m) Mass (kg)

Ball 1 Golf Ball 0.022 0.0454

Ball 2 Tennis Ball 0.033 0.0567

Ball 3 Whiffle Ball 1 0.036 0.0283

Ball 4 Baseball 0.035 0.1417

Ball 5 Blue Basketball 0.119 0.5103

Table 2.5: Properties of the simulated balls and the real balls after which they were modeled.

The unregularized SINDy models exhibit better performance here than in the linear drag

case in the sense that they tend not to pick up extraneous terms such as x until relatively

high noise levels are present. Notably, many of the models include constant acceleration and

linear drag terms. The group sparsity methods perform similarly as before. For low noise

levels it detects constant acceleration and linear, but not quadratic drag. As additional noise

is introduced, the models erroneously adopt a term proportional to ball height. It should

be noted that, in these simulations, the factor multiplying v2 in 2.10, namely 1
2m
ρACD,

does not exceed 0.08, except very early in the balls’ trajectories when v is small and v2

even smaller. The consequence of this observation is that even if this factor were constant

with respect to velocity, SINDy and other model discovery methods would have a difficult

time accurately detecting it because it is so small relative to the other effects present in the

experiment. It should be noted that even if the number of measurements is expanded by

increasing the duration of the simulations, SINDy tends to adjust the constant acceleration

and linear drag coefficients to match the data rather than adopting a quadratic drag term.

Figure 2.17 demonstrates just how closely linear drag can mimic quadratic drag as a ball

approaches terminal velocity. If the amount of data is increased by instead collecting more
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Figure 2.18: A comparison of coefficients of the models inferred from the simulated falling
balls. The top row shows the coefficients learned with the standard SINDy algorithm and
the bottom row the coefficients learned with the group sparsity method. η indicates the
amount of noise added to the simulated ball drops. The standard approach used a sparsity
parameter of 0.05 and the group sparsity method used a value of 0.3. The balls’ trajectories
were simulated using equation (2.10).
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measurements over a shorter time span5 we saw no improvements in the ability of the model

to detect a quadratic drag term. Similarly, SINDy accounted for increases in the density of

the fluid through which the balls fall by adjusting the gravitational constant and linear drag

term.

2.6 Discussion and Conclusions

In this work, we have revisited the classic problem of modeling the motion of falling objects

in the context of modern machine learning, sparse optimization, and model selection. In

particular, we develop data-driven models from experimental position measurements for

several falling spheres of different size, mass, roughness, and porosity. Based on this data,

a hierarchy of models are selected via sparse regression in a library of candidate functions

that may explain the observed acceleration behavior. We find that models developed for

individual ball-drop trajectories tend to overfit the data, with all models including a spurious

height-dependent force and lower-density balls resulting in additional spurious terms. Next,

we impose the assumption that all balls must be governed by the same basic model terms,

perhaps with different coefficients, by considering all trajectories simultaneously and selecting

models via group sparsity. These models are all parsimonious, with only two dominant terms,

and they tend to generalize without overfitting.

Although we often view the motion of falling spheres as a solved problem, the observed

data is quite rich, exhibiting a range of behaviors. In fact, a constant gravitational accel-

eration is not immediately obvious, as the falling motion is strongly affected by complex

unsteady fluid drag forces; the data alone would suggest that each ball has its own slightly

different gravity constant. It is interesting to note that our group sparsity models include a

drag force that is proportional to the velocity, as opposed to the textbook model that includes

the square of velocity that is predicted for a constant drag coefficient. However, in reality

the drag coefficient decreases with velocity, as shown in Fig. 2.1, which may contribute to

5We experimented with increasing the sampling rate to 60 measurements per second over 3.33 seconds.
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the force being proportional to velocity. Even when a higher fidelity drag model is used—a

model containing rational terms missing from and poorly approximated by the polynomial

library functions—to collect measurements uncorrupted by noise, SINDy struggles to identify

coherent dynamics. In general SINDy may not exhibit optimal performance if not equipped

with a library of functions in which dynamics can be represented sparsely. We emphasize

that although the learned models tend to fit the data relatively well, it would be a mistake

to assume that they would retain their accuracy for Reynolds numbers larger than those

present in the training data. In particular we should expect the models to have trouble ex-

trapolating beyond the drag crisis where the dynamics change considerably. This weakness

is inherent in virtually all machine learning models; their performance is best when they are

applied to data similar to what they have already seen and dubious when applied in novel

contexts. That is to say they excel at interpolation, but are often poor extrapolators.

Collecting a richer set of data should enable the development of refined models with

more accurate drag physics6, and this is the subject of future work. In particular, it would

be interesting to collect data for spheres falling from greater heights, so that they reach

terminal velocity. It would also be interesting to systematically vary the radius, mass, surface

roughness, and porosity, for example to determine non-dimensional parameters. Finally,

performing similar tests in other fluids, such as water, may also enable the discovery of

added mass forces, which are quite small in air. Such a dataset would provide a challenging

motivation for future machine learning techniques.

We were able to draw upon previous fluid dynamics research to establish a “ground

truth” model against which to compare the models proposed by SINDy. However, in less

mature application areas one may not be fortunate enough to have a theory-backed set of

reference equations, making it challenging to assess the quality of learned models. Many

methods in numerical analysis come equipped with a priori or a posteriori error estimators

or convergence results to give one an idea of the size of approximation errors. Similarly,

6We note that in order to properly resolve these more complex drag dynamics with SINDy the candidate
library would likely need to be enriched.
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in statistics goodness of fit estimators exist to help guide practitioners about what type of

performance they should expect from various models. A comprehensive study into whether

similar techniques could be adopted for application to SINDy would be an interesting topic

for future research efforts.

We believe that it is important to draw a parallel between great historical scientific break-

throughs, such as the discovery of a universal gravitational constant, and modern approaches

in machine learning. Although computational learning algorithms are becoming increasingly

powerful, they face many of the same challenges that human scientists have faced for cen-

turies. These challenges include trade offs between model fidelity and the quality and quan-

tity of data, with inaccurate measurements degrading our ability to disambiguate various

physical effects. With noisy data, one can only expect model identification techniques to

uncover the dominant, leading-order effects, such as gravity and simple drag; for subtler ef-

fects, more accurate measurement data is required. Modern learning architectures are often

also prone to overfitting without careful cross-validation and regularization, and models that

are both interpretable and generalizable come at a premium. Typically the regularization

encodes some basic human assumption, such as sparse regularization, which promotes par-

simony in models. More fundamentally, it is not always clear what should be measured,

what terms should be modeled, and what parameters should be varied to isolate the effect

one wishes to study. Historically, this type of scientific inquiry has been driven by human

curiosity and intuition, which will be critical elements if machine intelligence is to advance

scientific discovery.
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Chapter 3

PYSINDY

This chapter is based on joint work with Kathleen Champion and Markus Quade.

Scientists have long quantified empirical observations by developing mathematical models

that characterize the observations, have some measure of interpretability, and are capable

of making predictions. Dynamical systems models in particular have been widely used to

study, explain, and predict system behavior in a wide range of application areas, with ex-

amples ranging from Newton’s laws of classical mechanics to the Michaelis-Menten kinetics

for modeling enzyme kinetics. While governing laws and equations were traditionally de-

rived by hand, the current growth of available measurement data and resulting emphasis on

data-driven modeling motivates algorithmic approaches for model discovery. A number of

such approaches have been developed in recent years and have generated widespread interest,

including Eureqa [104], sure independence screening and sparsifying operator (SISSO) [81],

and the sparse identification of nonlinear dynamics (SINDy) [21]. Maximizing the impact of

these model discovery methods requires tools to make them widely accessible to scientists

across domains and at various levels of mathematical expertise.

PySINDy is a Python package for the discovery of governing dynamical systems models

from data. In particular, PySINDy provides tools for applying the sparse identification of

nonlinear dynamical systems (SINDy) approach to model discovery [21]. SINDy poses model

discovery as a sparse regression problem, where relevant terms in the governing equations

are selected from a library of candidate functions. This approach is straightforward to

understand and can be readily customized using different sparse regression algorithms or

library functions.

The PySINDy package is aimed at researchers and practitioners alike, enabling anyone
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with access to measurement data to engage in scientific model discovery. The package is

designed to be accessible to inexperienced practitioners, while also including options that

allow more advanced users to customize it to their needs. A number of popular SINDy

variants are implemented, but PySINDy is also designed to enable further extensions for

research and experimentation.

3.1 Background

PySINDy provides an implementation of the SINDy method for discovering governing dy-

namical systems models. Given data in the form of state measurements x(t) ∈ Rn, SINDy

seeks a function f such that
d

dt
x(t) = f(x(t)). (3.1)

Thus f is a function that describes how the states of the system evolve in time. SINDy

sets up the model discovery problem as a sparse regression problem: given some library of

candidate basis functions [θ1(x), θ2(x), . . . , θ`(x)], the regression seeks the relevant terms in

f .

To set up the regression problem, state measurements x and their time derivatives ẋ are

stacked into matrices

X =


x1(t1) x2(t1) · · · xn(t1)

x1(t2) x2(t2) · · · xn(t2)
...

...
. . .

...

x1(tm) x2(tm) · · · xn(tm)

 , Ẋ =


ẋ1(t1) ẋ2(t1) · · · ẋn(t1)

ẋ1(t2) ẋ2(t2) · · · ẋn(t2)
...

...
. . .

...

ẋ1(tm) ẋ2(tm) · · · ẋn(tm)

 .

A library matrix Θ(X) = [θ1(x), θ2(x), . . . , θ`(x)] is formed from the candidate functions,

and sparse regression is performed to approximately solve

Ẋ ≈ Θ(X)Ξ, (3.2)

where Ξ is a set of coefficients that determines the terms in f . While the original SINDy

formulation solves (3.2) using a sequentially thresholded least squares algorithm [21], this
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problem can be solved using any sparse regression algorithm, such as lasso [119] or sparse

relaxed regularized regression (SR3) [134].

As we mentioned before, the SINDy method has been widely applied for model iden-

tification in applications such as chemical reaction dynamics [47], nonlinear optics [109],

thermal fluids [64], plasma convection [34], numerical algorithms [118], and structural mod-

eling [58]. It has also been extended to handle more complex modeling scenarios such as

partial differential equations [100, 96], systems with inputs or control [53], corrupt or lim-

ited data [120, 102], integral formulations [101, 93], physical constraints [62], tensor rep-

resentations [40], and stochastic systems [14]. However, there is not a definitive standard

implementation or package for applying SINDy. Versions of SINDy have been implemented

within larger projects such as sparsereg [87], but no specific implementation has emerged

as the most widely adopted and most versions implement only a limited set of features.

Researchers have thus typically written their own implementations, resulting in duplicated

effort and a lack of standardization. This not only makes it more difficult to apply SINDy

to scientific data sets, but also makes it more challenging to benchmark extensions to the

method against the original and makes such extensions less accessible to end users. This

motivates the creation of a dedicated package for SINDy. The PySINDy package provides a

central codebase where many of the basic SINDy features are implemented, allowing for easy

use and standardization. In addition, this makes it straightforward for users to extend the

package in a way such that new developments are available to a wider user base.

3.2 Features

The core object in the PySINDy package is the SINDy model class, which is implemented as

a scikit-learn estimator. This design choice was made to to ensure the package is simple

to use for a wide user base, as many potential users will be familiar with scikit-learn. It

also expresses the SINDy model object at the appropriate level of abstraction so that users

can embed it into more complicated pipelines in scikit-learn, such as tools for parameter

tuning and model selection.
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Our implementation of SINDy involves three major steps, and, therefore, three primary

modeling decisions, namely:

1. which numerical differentiation method is used to approximate Ẋ from X,

2. which functions make up the feature library Θ,

3. and which sparse regression algorithm is applied to solve (3.2) (i.e. to find Ξ).

The core SINDy object was designed to make these three steps as modular as possible.

PySINDy provides some standard options for each step, while making it easy to swap out one

or more for alternate “third-party” algorithms. In particular, at the time of writing, we have

implemented the following methods

• Numerical differentiation

– Finite difference

– Smoothed finite difference

• Feature library

– Multivariable polynomials

– Fourier modes (i.e. trigonometric functions)
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– Custom library (defined by user-supplied functions)

– Identity library (in case users want to compute Θ themselves)

• Optimizer

– Sequentially thresholded least-squares [21]

– Sparse relaxed regularized regression (SR3) [134]

The GitHub repository housing PySINDy includes tutorials in the form of Jupyter note-

books. These tutorials demonstrate the usage of various features of the package and repro-

duce the examples from the original SINDy paper [21]. We walk through a few examples

showing how to use these options in the following section and give tips for choosing among

them in Section 3.4.

3.3 Examples

Throughout this section we will use the Lorenz equations (3.3) as the dynamical system we

would like to discover.


ẋ = −10x− 10y

ẏ = x(28− z)− y

ż = xy − 8

3
z

(3.3)

In Python, the right-hand side of (3.3) can be expressed as follows.� �
1 def lorenz (z , t ) :

2 return [

3 10 ∗ ( z [ 1 ] - z [ 0 ] ) ,

4 z [ 0 ] ∗ (28 - z [ 2 ] ) - z [ 1 ] ,

5 z [ 0 ] ∗ z [ 1 ] - (8 / 3) ∗ z [ 2 ]

6 ]� �
To construct training data to feed into a SINDy model, we integrate (3.3) by running the

following Python commands.
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Figure 3.1: Measurement data simulated using the Lorenz equations (3.3).

� �
1 import numpy as np

2 from scipy . integrate import odeint

3

4 dt = 0.002

5 t = np . arange (0 , 10 , dt )

6 x0 = [ - 8 , 8 , 27 ]

7 x = odeint ( lorenz , x0 , t )� �
We plot x in Figure 3.1. It is important to note that each column of x corresponds to a

variable and each row to a point in time. All PySINDy objects that handle data assume the

data is structured this way.

3.3.1 Basic usage

The pysindy package is built around the SINDy class, which encapsulates all the steps

necessary to learn a dynamical system with SINDy and the model itself. To create a SINDy

object, fit it to the data (i.e. to infer a dynamical system from the data), and print the
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Figure 3.2: Derivatives of variables from the Lorenz equation via numerical differentiation
and using a learned SINDy model.

resulting model, we invoke the SINDy constructor, the fit method, and custom print()

functions� �
1 model = ps . SINDy ( )

2 model . fit (x , t=dt )

3 model . print ( )� �
which generates the following output.

x0’ = -9.999 x0 + 9.999 x1

x1’ = 27.992 x0 + -0.999 x1 + -1.000 x0 x2

x2’ = -2.666 x2 + 1.000 x0 x1

Once the SINDy object has been fit we can feed in new data and use the learned model to

predict the derivatives for each measurement (recall that measurements correspond to rows).� �
1 t_test = np . arange (0 , 15 , dt )

2 x0_test = np . array ( [ 8 , 7 , 1 5 ] )

3 x_test = odeint ( lorenz , x0_test , t_test )

4

5 x_dot_test_computed = model . differentiate ( x_test , t=dt )

6 x_dot_test_predicted = model . predict ( x_test )� �
The call SINDy.differentiate(x test, t=dt) applies a numerical differentiation method

to x test with time steps of length dt. In Figure 3.2 we plot each dimension of x dot test computed

and x dot test predicted.
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Figure 3.3: Two trajectories starting at the same position evolved forward in time with the
exact Lorenz equations (black, solid) and the learned SINDy model (red, dashed).

Rather than predicting derivatives, we will often be interested in using our learned model

to evolve initial conditions forward in time using the learned model. The simulate function

does just that.� �
1 x_test_sim = model . simulate ( x0_test , t_test )� �

Plotting this simulated trajectory against the true trajectory x test yields Figure 3.3. The

trajectories agree initially, but because of the chaotic nature of the Lorenz equations, even-

tually they diverge.

3.3.2 Custom features

Thus far we have relied on the default options of the SINDy object, but PySINDy comes

equipped with multiple alternative built-in methods for differentiation, library building,

and optimization. These options are selected by passing corresponding PySINDy objects to

the SINDy constructor via the differentiation method, feature library, and optimizer

arguments, respectively. Parameters for the differentiation, library, and optimization al-

gorithms are supplied to the objects’ constructors. We demonstrate the syntax with the

following example

� �
1 differentiation_method = ps . FiniteDifference ( order=1)

2 feature_library = ps . PolynomialLibrary ( degree=3 , include_bias=False )

3 optimizer=ps . SR3 ( threshold=0 . 1 , nu=1 , tol=1e - 6)

4
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5 model = ps . SINDy (

6 differentiation_method=differentiation_method ,

7 feature_library=feature_library ,

8 optimizer=optimizer ,

9 feature_names=[ "x" , "y" , "z" ]

10 )

11

12 model . fit (x , t=dt )

13 model . print ( )� �
which prints

x’ = -10.021 x + 9.993 y

y’ = 28.431 x + -1.212 y + -1.008 x z

z’ = -2.675 z + 1.000 x y.

A number of other built-in options are available. The official documentation1 and exam-

ples2 provide an exhaustive list.

3.4 Practical tips

In this section we provide pragmatic advice for using PySINDy effectively. We discuss poten-

tial pitfalls and strategies for overcoming them. We also specify how to incorporate custom

methods not implemented natively in PySINDy, where applicable. The information presented

here is derived from a combination of experience and theoretical considerations.

3.4.1 Numerical differentiation

Numerical differentiation is one of the core components of the SINDy method. Derivatives of

measurement variables provide the targets for the sparse regression problem (3.2). If care is

not taken in computing these derivatives, the quality of the learned model is likely to suffer.

1https://pysindy.readthedocs.io/en/latest/index.html

2https://github.com/dynamicslab/pysindy/tree/master/example
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Figure 3.4: A toy example illustrating the effect of noise on derivatives computed with
a second order finite difference method. Left: The data to be differentiated; y = sin(x)
with and without a small amount of additive noise (normally distributed with mean 0 and
standard deviation 0.01). Right: Derivatives of the data; the exact derivative cos(x) (blue),
the finite difference derivative of the exact data (black, dashed), and the finite difference
derivative of the noisy data.

By default, a second order finite difference method is used to differentiate input data.

Finite difference methods tend to amplify noise in data. If the data are smooth (at least

twice differentiable), then finite difference methods give accurate derivative approximations.

When the data are noisy, they give derivative estimates with more noise than the original

data. Figure 3.4 visualizes the impact of noise on numerical derivatives. Note that even a

small amount of noise in the data can produce noticeable degradation in the quality of the

numerical derivative.

One way to mitigate the effects of noise is to smooth the measurements before computing

derivatives. The SmoothedFiniteDifference method can be used for this purpose. A nu-

merical differentiation scheme with total variation regularization has also been proposed [30]

and recommended for use in SINDy [21].

Users wishing to employ their own numerical differentiation schemes have two ways of

doing so. Derivatives of input measurements can be computed externally with the method

of choice then passed directly into the SINDy.fit method via the x dot keyword argument.
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Alternatively, users can implement their own differentiation methods and pass them into the

SINDy constructor using the differentiation method argument. In this case, the supplied

class need only have implemented a call method taking two arguments, x and t.

3.4.2 Library selection

The SINDy method assumes dynamics can be represented as a sparse linear combination

of library functions. If this assumption is violated, the method is likely to exhibit poor

performance. This issue tends to manifest itself as numerous library terms being active,

often with weights of vastly different magnitudes.

Typically, prior knowledge of the system of interest and its dynamics should be used to

make a judicious choice of basis functions. When such information is unavailable, the default

class of library functions, polynomials, are a good place to start as smooth functions have

rapidly converging Taylor series. Brunton et al. showed that, equipped with a polynomial

library, SINDy can recover the first few terms of the (zero-centered) Taylor series of the

true right-hand side function f(x) [21]. If one has reason to believe the dynamics can be

sparsely represented in terms of Chebyshev polynomials rather than monomials, then the

library should include Chebyshev polynomials.

PySINDy includes the CustomLibrary and IdentityLibrary objects to allow for flexibil-

ity in library functions. When the library should consist of a set of functions that should

be applied to each measurement variable (or pair, triplet, etc. of measurement variables)

in turn, the CustomLibrary class should be used. The IdentityLibrary class is the most

customizable, but transfers the work of computing library functions over to the user. It

expects that all the features one wishes to include in the library have already been computed

and are present in X before SINDy.fit is called. It simply applies the identity map to each

variable it is passed It is best suited for situations in which one has very specific instructions

for how to apply library functions (e.g. if some of the functions should be applied to only

some of the input variables).

As terms are added to the library, the underlying sparse regression problem becomes
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increasingly ill-conditioned. Therefore it is recommended to start with a small library whose

size is gradually expanded until the desired level of performance is achieved. For the best

results, the strength of regularization applied should be increased in proportion to the size

of the library to account for the worsening condition number of the resulting linear system.

Users may also choose to implement library classes tailored to their applications. To

do so one should have the new class inherit from our BaseFeatureLibrary class. See the

documentation for which functions the new class is expected to implement.

3.4.3 Optimization

PySINDy uses various optimizers to solve a sparse regression problem. For a fixed differ-

entiation method, set of inputs, and candidate library, there is still some variance in the

dynamical system identified by SINDY, depending on which optimizer is employed.

The default optimizer in PySINDy is the sequentially-thresholded least-squares algorithm

(STLSQ). In addition to being the method originally proposed for use with SINDy, it involves

just one (easily interpretable) hyperparameter and it exhibits good performance across a

variety of problems.

The sparse relaxed regularized regression (SR3) algorithm can be used when the results

of STLSQ are unsatisfactory. It involves a few more hyperparameters which can all be tuned

for improved accuracy. In particular, the thresholder parameter controls the type of regu-

larization that is applied. For optimal results, one may find it useful to experiment with L0,

L1, and clipped absolute deviation (CAD) regularization. The other hyperparameters can

be tuned with cross-validation.

Custom or third party sparse regression methods are also supported. Simply instantiate

an instance of the custom object and pass it to the SINDy constructor using the optimizer

keyword. Our implementation is compatible with any of the linear models from Scikit-

learn (e.g. RidgeRegression, Lasso, and ElasticNet). See the documentation for a list of

methods and attributes a custom optimizer is expected to implement. There you will also

find an example where the Scikit-learn Lasso object is used to perform sparse regression.
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3.4.4 Regularization

Regularization, in this context, is a technique for improving the conditioning of ill-posed

problems. Without it, one often obtains highly unstable results with learned parameter

values differing substantially for slightly different inputs. SINDy seeks weights that express

dynamics as a sparse linear combination of library functions. When measurement data is

statistically correlated or large libraries are used, this problem can quickly become ill-posed.

Though the sparsity constraint is a type of regularization in and of itself, for many problems

another form of regularization is needed for SINDy to learn a robust dynamical model.

In some cases regularization can be interpreted as enforcing a prior distribution on the

model parameters [11]. Applying strong regularization biases the learned weights away from

the values that would allow them to best fit the data and toward the values preferred by the

prior distribution (e.g. L2 regularization corresponds to a Gaussian prior). Therefore once

a sparse set of nonzero coefficients is discovered, our methods apply an extra “unbiasing”

step where unregularized least-squares is used to find the values of the identified nonzero

coefficients. All of our built-in methods use regularization by default.

Some general best practices regarding regularization follow. Most problems will ben-

efit from some amount of regularization. Regularization strength should be increased as

the size of the candidate right-hand side library grows. If warnings about ill-conditioned

matrices are generated when SINDy.fit is called, more regularization may help. We also

recommend setting unbias to True when invoking the SINDy.fit method, especially when

large amounts of regularization are being applied. Cross-validation can be used to select

appropriate regularization parameters for a given problem.

3.5 Extensions

In this section we list potential extensions and enhancements to our SINDy implementa-

tion. We provide references for the improvements that are inspired by previously conducted

research and the rationale behind the other potential changes.
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• Integral formulation: We previously discussed how measurement data with too much

noise can disrupt the model discovery process and offered smoothing as one possible

solution. Another is to work with an integral version of (3.1), as proposed by Schaeffer

and McCalla [101]. Where numerical differentiation tends to amplify noise, numerical

integration tends to smooth it out. This formulation has been shown to improve the

robustness of SINDy to noise.

• Partial differential equations (PDEs): While the flexibility of dynamical sys-

tems for modeling physical systems is great, there are other types of governing equa-

tions which are not currently discoverable using PySINDy. Partial differential equations

(PDEs) are one such class of models. Multiple approaches for the data-driven discovery

of PDEs have been proposed [96, 97, 100], some being direct descendants of SINDy.

• Ensembles: Ensembles are a proven class of methods in machine learning for variance

reduction (improved model generalizability) at the cost of extra computation. Rather

than training a single model, multiple high-variance models are trained and their pre-

dictions are averaged together. We think that ideas from ensemble learning could be

adapted to improve the performance of SINDy models. Recent work has given hints

about possible approaches [98].

• Constraints: SINDy has been extended to enforce physical constraints during the

sparse regression step [62]. When working with physical systems with known conserved

quantities, for example, such a method allows one to automatically incorporate this

prior information into the model discovery process.

• Extended libraries: Choosing the appropriate basis in which to represent dynamics

is of critical importance for the successful application of SINDy. Although we currently

provide methods allowing users the flexibility to input their own library functions, we

aim to make the library construction process even easier by providing a common suite
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of tools for the creation and combination of sets of candidate functions. More basis

functions could be supported natively, such as nonautonomous terms (those depending

explicitly on the dependent variable, time). Taking this idea a step further, specific

variables (columns of X) which should not appear on the left-hand side of (3.2) could be

identified by the user. This would enable SINDy to include inputs and control variables

[53]. Operations acting on one or more libraries could also be implemented. For exam-

ple, combining libraries via union, intersection, composition, or tensor product could

enable the expression of complicated nonlinear dynamics. The ability to apply libraries

to only subsets of state variables could help cut down on the computational cost and

improve the conditioning of the sparse regression problem solved within SINDy.
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Chapter 4

PHYSICS-INFORMED MACHINE LEARNING FOR SENSOR
FAULT DETECTION WITH FLIGHT TEST DATA

This chapter is based on joint work with Jared Callahan, Jonathan Jonker, and Sasha

Aravkin.

In this chapter we describe a simple fully automated approach to sensor fault detection

in systems with underlying physics. The proposed method identifies an approximation to a

linear time-invariant system describing the evolution of measurements of interest from a time

series of “typical” behavior. Given additional data from related sensors, a Kalman observer

is used to maintain a separate real-time estimate of the measurement of interest. Sustained

deviation between the measurements and estimate indicates anomalous behavior. A decision

tree, informed by other sensor values, is used to determine the amount of deviation required

to constitute a sensor fault. We study the efficacy of the method by applying it to three test

systems exhibiting various types of sensor faults: commercial flight test data, an unsteady

aerodynamics model, and a model for longitudinal flight dynamics forced by atmospheric

turbulence. In the latter two cases we explore fault detection for several prototypical failure

modes. The combination of a learned dynamical model with the automated decision tree

accurately detects sensor faults in each case.

Sensor fault detection and isolation is an important problem in many fields of engineer-

ing. Although catastrophic failures may be obvious, more insidious fault modes such as slow

drift and low-frequency oscillations tend to be much more difficult to detect; in practice

anomaly identification often relies on engineer expertise. In the context of aircraft dynamics,

redundant measurements are typically taken for critical quantities; a degree of robustness

to faults is therefore built in via a voting or weighted averaging sensor fusion scheme [4].
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This is not always the case in flight test scenarios, where enough data is collected that it

is impractical to either automatically detect faults via redundancy or to manually monitor

for them. Fast, automatic anomaly detection therefore stands to reduced flight test time,

resulting in significant cost savings. Even normal service with redundant sensing currently

requires structural designs that can withstand flight control signals based on faulty measure-

ments. Robust and guaranteed fault detection/isolation could lead to designs with improved

performance and reduced environmental impact [44].

Automated model-based fault detection has been well-studied for linear systems [70, 131,

124], but the general problem remains open for nonlinear dynamics [113]. One approach

when a nonlinear model is available is to estimate the state with an extended Kalman filter;

consistent discrepancies between the model and estimates that fall outside of the range of

process noise may indicate anomalous sensor behavior [60, 125, 41]. This has been applied

to flight dynamics models for identification [45] and automatic isolation [38] of anomalous

sensors.

If a physics-based model is unavailable, data-driven methods offer an attractive alterna-

tive to detect faults, for example by training neural networks [78, 92, 77]. Although in recent

years neural networks have had impressive successes in fields such as image recognition, their

behavior tends to be unpredictable outside of training conditions: the regime that is arguably

most important for investigating anomalous behavior. For this reason we opt for methods

which are more amenable to interpretation and analysis, and which offer the possibility of

theoretical guarantees (under assumptions on the dynamics, process noise distribution, etc.).

An alternative is data-driven system identification [50, 51, 105, 103, 121, 23]. These methods

can identify a dynamical model that is suitable for filter-based state estimation and fault

detection [112, 113].

In this chapter we build on previous work in data-driven model identification and anomaly

detection, in particular [38] and [113], by combining optimal estimation and system identi-

fication with modern machine learning methods. We verify that the proposed approach is

applicable to both strongly nonlinear dynamics and correlated, non-Gaussian process noise,
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and demonstrate fault detection on data from flight tests. A core component of the algorithm

is a simple Kalman observer which is used to predict future sensor values based on current

measurements. When the difference between this prediction and the observed values differs

by enough over a period of time, a sensor fault is flagged. The Kalman filter requires a model

of the underlying dynamics from which to estimate future states. This model is learned from

data via the dynamic mode decomposition with time-delays. A decision tree is then used

to determine the threshold for what constitutes “too big” of a gap between prediction and

observation. The model is fully automatic; one need only specify a set of labeled training

data and it will learn both a model for the dynamics present in the data and a set of rules

for detecting sensor failures.

The key advantages of this approach are that it is fully data-driven (no model is needed for

the dynamics underlying the system being monitored, only measurements) and automated,

and it can readily support a large number of measurements/features. In our view, its primary

disadvantage is that it is a supervised method, meaning that one must supply labeled data

to train the model. The techniques out of which the model is built are all fairly general,

granting it a large amount of flexibility while simultaneously restricting its accuracy for some

specific applications. In domains in which underlying physical dynamics are well-understood,

one may get more mileage from a more specialized method.

The chapter is structured as follows. In Section 4.1 we give an overview of the mathe-

matical background underlying our approach before describing the proposed method itself

in Section 4.2. Section 4.3 discusses three example flight applications: one real-world flight

test dataset and two simulated examples. We conclude with Section 4.4 which provides some

final thoughts.

4.1 Background

Here we provide a mathematical foundation for the proposed method. Sections 4.1.1 and

4.1.2 describe Kalman filters and their application to anomaly detection. A method for

constructing a linear time invariant (LTI) model for use in a Kalman filter is discussed in



74

Sections 4.1.3 and 4.1.4. Section 4.2.1 explains how the LTI model can be combined with a

Kalman filter to build a robust detection algorithm. A brief discussion of decision trees, the

final ingredient in our method, is given in Section 4.1.6.

4.1.1 System identification and Kalman filtering

Since their development in the 1960’s [54], various forms of Kalman filters have proven useful

in fields ranging from robotics to weather prediction. The filter described in this section is

a simple form of this powerful tool, but is nonetheless effective in many test problems. The

method is essentially a simplification of those proposed in [41, 45, 38, 113], and references

therein. It is thus potentially extensible to more complex detection and estimation problems,

including those with underlying physical systems exhibiting strongly nonlinear dynamics.

Although application of Kalman filters to fault detection has been proposed since the

1970’s, until recently an existing model was necessary for the method. Considering the

scale of sensing in flight test applications, developing independent predictive models for

the various sensors could be prohibitive. However, a recent development suggested in [113]

was to identify a linear time-invariant (LTI) model that estimates the relationship between

measurements using the dynamic mode decomposition (DMD) algorithm. DMD is a powerful

method originally developed in the fluids community to study spatio-temporal coherence in

high-dimensional numerical and experimental fluid flow data [103, 94, 121]. It has since

found applications ranging from neuroscience to epidemiology [56]. The method is designed

to efficiently extract dominant patterns from very large data sets and automatically uses

correlations in the data for improved robustness.

A simple linear model identified with this algorithm may not be accurate enough to

account for the complex interactions in the aircraft system. However, although Kalman

filters are often used in full-state estimation, if the goal is not estimation but fault detection,

the dynamic model does not need to be particularly accurate in order to capture anomalous

behavior, as the results below demonstrate. The first step of the procedure is therefore to

identify a linear predictive model from a time series of “typical” measurements. Online, this
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DMD model is used to maintain a Kalman filtered estimate of the measurement of interest.

The variance between the estimate and the actual measurement is monitored, and persistent

deviations signal anomalous behavior.

4.1.2 Anomaly detection with Kalman filters

The following method of Section 4.2.1 is a simplified version of proposed fault detection

algorithms. See for example [41, 45, 38, 113] for descriptions of more sophisticated methods.

Let the vector of measurements we wish to monitor at discrete time step k be denoted by

xk ∈ Rn. If we have access to a set of related (but not necessarily redundant) measurements,

denote these by yk ∈ Rp. For the sensor fault detection examples, x, a scalar, is the sensor

measurement, and y is a vector of other relevant measurements. Assume we have an LTI

model (identified either by dynamic mode decomposition or some other procedure) that

predicts the next measurement xk+1, given current information xk and yk:

xk+1 = Axk + Byk

In other words, we treat the related measurements as exogenous inputs in the model.

There does not need to be a direct causal relationship in the sense that actuation is usually

taken in control theory; these measurements should just help to predict the next measurement

of interest. Again, this model may be fairly inaccurate. The use of exogenous inputs is

designed to stabilize the model and help to detect drift, high frequency noise, etc. This

model may alternately be viewed as a linear regression predicting the next measurement.

The simplest Kalman filter is a separate LTI “observer” system that maintains an estimate

x̂ of the measurement of interest:

x̂k+1 = Ax̂k + Byk + K(xk − x̂k) (4.1)

The new term in this equation is the innovation (x−x̂) which acts as feedback to stabilize

the estimate. In general the Kalman gain K is a matrix, which can be chosen for optimal
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convergence of the estimate to the true state, given knowledge of the sensor and process

noise covariances. In this case K is a scalar which only acts to smooth the estimated state.

The method is relatively insensitive to the choice of Kalman gain, and values from 0.1 to

0.001 were tested with similar performance.

As suggested in for instance [70, 45], a moving average of the innovation covariance can

be used to identify anomalous behavior:

Vk =
1

N

k∑
i=k−N

(xi − x̂i)(xi − x̂i)
> (4.2)

Intuitively, provided the LTI model captures the important correlations between sensors,

when a measurement persistently yields anomalous behavior this term will remain large.

Even if the model is not particularly accurate, exogenous inputs can still lead to an estimate

that reflects anomalous behavior. It is worth emphasizing, however, that without signifi-

cant additional validation there is no reason to believe that the Kalman filtered estimate is

accurate.

For example, Figure 4.1 demonstrates the Kalman filter-based detection of a sensor fail-

ure in the real world data set (see Section 4.3.1). An anomaly can be flagged when the

innovation covariance exceeds some threshold, which may itself be selected in an automated

fashion. Although the filtered estimate is often inconsistent with both the faulty sensor and a

redundant, working sensor, before and after the faulty sensor fails, the innovation covariance

only grows significantly after the failure. In other words, the filtered estimate does not need

to be accurate in order to be an accurate predictor of sensor faults.

4.1.3 Identifying a linear time-invariant model

The method described above requires a reasonably accurate model of the dynamics of the

measurement of interest, possibly including the relationship between this measurement and

the output of related sensors. In the simplest case (presented here) this could be a linear

time-invariant (LTI) system, although application to a nonlinear model is possible using
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Figure 4.1: Anomaly detection for the flight test dataset of Section 4.3.1 with the Kalman
filter. Top: measurements from two redundant sensors. Just before 2500 seconds, sensor
2 breaks and begins giving erratic readings. Bottom: a moving average, Vk, of the covari-
ance term (see 4.2). Note that Vk remains negligible until the sensor failure event leads to
persistent anomalous measurements relative to the Kalman filter.

an Extended Kalman Filter (EKF) [41, 45, 38] or optimization-based nonlinear Kalman

smoothing approaches [5, 6].

Although obtaining a model in general can be a labor-intensive and problem-specific task,

recent developments in system identification have enabled a range of straightforward, efficient

model estimation tools. The method presented here uses one such system identification

algorithm, called dynamic mode decomposition (DMD). DMD was originally developed in

the fluid dynamics community as a method to extract coherent spatio-temporal structures

from complex, high-dimensional data [94, 103, 121]. As such, it is designed to take advantage

of correlations in the data and reduce the underlying dimensionality of the model. Although

there have been many theoretical and numerical refinements of DMD proposed (see e.g. [57,

85, 49, 129, 130]), a simple formulation of the method is as follows:

Suppose we have a series of measurements {x1,x2, . . . ,xm+1} and we assume that these
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are related by approximately linear dynamics, i.e.

xk+1 ≈ Axk.

If we arrange the measurements in a time-shifted pair of matrices X and X′ so that

X =

x1 x2 · · · xm

 , X′ =

x2 x3 · · · xm+1

 ,
these matrices are related by

X′ ≈ AX.

Then denoting by X† the pseudoinverse of X, the least-squares estimate of A would be

given by

A ≈ X′X†. (4.3)

The spectral properties of the system are then estimated as usual by the eigendecomposition

of A.

For the case of high-dimensional systems, significant computational gains can be realized

by reducing the dimensionality of the problem. The rank of A is limited by the minimum

dimension of X,X′. Instead of studying the spectral properties of the full-state system,

we can project the high-dimensional state onto the leading principal components of X and

approximate the spectrum of A by the spectrum of the matrix that steps this low-dimensional

approximation forward in time. That is, if the singular value decomposition of X is given by

X = ΨΣV∗,

then the projection of an arbitrary snapshot xk onto the leading r principal components is

αk = Ψ∗rxk,

where Ψr consists of the first r columns of Ψ. The spectrum of A can be approximated by

the spectrum of Ã, where

αk+1 ≈ Ãαk.
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After some linear algebra, we find that a least-squares estimate for Ã is given by

Ã = Ψ∗rX
′VrΣ

−1
r Ψr. (4.4)

For this anomaly detection application, the system dimensionality n will typically be

much less than the number of available time steps m, so the computation in equation (4.3)

is tractable. However, we still employ the dimensionality reduction approach, partly to take

advantage of correlations in the time series and partly to make the method scalable to larger

problems. To estimate the full system matrix A would be only a slight modification to

equation (4.4):

A = X′VrΣ
−1
r Ψr.

4.1.4 Dynamic Mode Decomposition with Control (DMDc)

The Kalman filter-based anomaly detection method described in Sec. 4.2.1 can be applied to

all available sensors simultaneously. The diagonals of the innovation covariance matrix can

then be monitored to identify faults in the corresponding sensors. However, each decision

tree is trained to output a binary result for a single sensor, although extension to parallel

detection is straightforward with multiple decision trees. In this work we therefore restrict

our attention to models for a single scalar state x. We can then search for a model as

described in section 4.1.2, where related measurements are assumed to be predictors of x.

These are treated as “actuation” in the Kalman filter model, but are more accurately taken

to be simply exogenous predictors of the sensor measurements.

The full LTI system (A,B) can now be estimated via a slight modification to the DMD

procedure developed by Proctor, et al. called Dynamic Mode Decomposition with control

(DMDc)[85]. We now split the full state vector into measurements of interest, x, and exoge-

nous “inputs” y. As with the state vectors, the input vectors can be compiled into a single
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matrix Υ. The estimation then proceeds similarly (as explained in detail in [85]):

X =

x1 x2 · · · xm

 , X′ =

x2 x3 · · · xm+1

 , Υ =

y1 y2 · · · ym


X′ ≈ AX + BΥ

[
A B

]
= X′

X

Υ

† .
With the singular value decompositionX

Υ

 =

Ψ1

Ψ2

ΣV ∗,

the matrices Ψ1 and Ψ2 now give the principal components of the state and input subspaces,

respectively. Dimensionality reduction based on the singular values Σ is also possible at this

stage.

The system (A,B) is finally estimated by

A = X′V Σ−1Ψ∗1

B = X′V Σ−1Ψ∗2.

4.1.5 Time delays: Hankel-DMD

For complex dynamics, a standard linear system may not have enough descriptive ability to

serve as a model for the Kalman filter fault detection method. One approach to enriching the

library is to include nonlinear observable functions of the state, leading to “Extended DMD”

or “Koopman Mode Decomposition” [129]. EDMD/KMD has been demonstrated to yield

models that are predictive enough for accurate full-state estimation with Kalman filters [112],

and for sensor fault detection in a power grid model [113]. In the latter work, anomalies

were detected using hypothesis testing for the distribution of normalized innovation squared

in the Kalman filter under the assumption of Gaussian white noise for process disturbances.
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However, accurate EDMD/KMD models rely on a judicious choice of observable functions,

which can be challenging in practice; the data matrices quickly become ill-conditioned as the

number of observables is increased.

For systems that cannot be accurately represented with standard DMD, we instead aug-

ment the library with time-delayed measurements. The use of time-delays in system identi-

fication has a long history, including the successful Eigensystem Realization Algorithm and

Observer Kalman Identification [50, 51], and deep connections to dynamical systems the-

ory [115, 22]. Augmenting the state vector with time-delays allows the model to capture

some of the effects of latent variables. For example, consider a simple harmonic oscillator

in periodic sinusoidal motion. A first-order one-dimensional linear model is only capable of

expressing exponential growth and decay, not oscillatory dynamics. However, if the state is

augmented by a time delay of 1/4 period, a linear model can effectively capture the second-

order dynamics (or the latent, imaginary component of motion). Applying DMD to a time-

delay-augmented vector can therefore give highly accurate representations of quasiperiodic

dynamics [27].

The modeling and estimation procedure is effectively the same, except that a scalar

measurement xk at time tk is replaced by a vector xk =
[
xk xk−d xk−2d · · · xk−ndd

]>
,

where d is the length of each delay and nd is the number of delays. For anomaly detection

applications, only the innovation corresponding to the current time step is tracked.

4.1.6 Decision trees

Decision trees are a popular machine learning method for both classification and regression

problems. We are interested in classification: for each set of measurements at a given time

point we want to determine whether or not a particular sensor has failed. A decision tree

is a trainable series of conditional expressions used to arrive at a decision. For example,

Figure 4.2 shows a simple decision tree for helping one decide whether or not to pack an

umbrella. To answer the question “Do I need an umbrella?” the tree asks whether it is

currently raining outside. If so, an umbrella is certainly needed. If not, it asks whether or
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Raining outside?

Chance of rain >50%? Yes

No Yes

No Yes

YesNo

Do I need an umbrella?

Figure 4.2: A decision tree for deciding whether or not to bring an umbrella when leaving
the house.

not the chance of rain exceeds 50%. If so, one should bring an umbrella. If not, the tree

suggests leaving the umbrella behind.

Applied to the problem of classifying sensor failure events, the information given to the

tree will generally be numeric, so all of its decision rules will resemble the “Chance of rain

>50%?” node. Each node in the tree will have associated with it a particular feature and a

threshold. When tasked with making a decision about a particular data point, the node will

make its choice based on whether the feature value for the data point lies above or below

its threshold value. Figure 4.3 shows an example of a decision tree with the same general

structure as that of Figure 4.2, but with features relevant to detecting anomalous sensor

events. This tree first checks whether the sensor exhibits oscillations (this is replaced by

some feature summarizing the oscillatory behavior of the sensor data in the true model),

then whether or not the angle of attack is larger than six.

To train a decision tree one must specify a training set

Dtrain = {(xk, yk) : k = 1, 2, . . . , Ntrain} ,

where (xk, yk) ∈ Dtrain, consists of a feature vector xk ∈ RNfeat and a label yk ∈ {0, 1}. In

our case each point corresponds to the sensor measurements at a point in time. Note that
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Sensor 1 <0.5?

Sensor 2 <6? No

No Yes

No Yes

YesNo

Sensor failed?

Figure 4.3: A simple decision tree for detecting sensor failure events. Note that the model
only flags data points if Sensor 1 has a value less than 0.5 and Sensor 2 is large enough.

the data from a single flight test typically yields hundreds of thousands of data points. The

entries of xk are either direct sensor data or features derived from sensor data (e.g. the median

of the previous three measurements). The label yk is 0 if the sensor is behaving normally

and 1 after it has been compromised. The tree is trained with the CART algorithm [17],

which recursively adds nodes with corresponding feature thresholds which best split the data

points based on their labels. We use the Scikit-learn decision tree implementation [83].

Once a decision tree is trained, it can be used to make predictions on unseen data. If one

used custom features to train the model, the same features will also need to be computed for

each data point upon which the model is to be used. As we will see in Section 4.3, all of the

features we use can be readily computed online, that is, in a regime where the algorithm is

used to detect anomalies with real-time data and without any additional pretraining.

The depth of a decision tree pertains to the maximum number of questions that must be

answered before a classification is made. Figures 4.2 and 4.3 both show trees with depths of

two.

Deeper trees can better model interactions between features and are better at classifying

data from Dtrain. However, excessively deep decision trees are more likely to overfit, gener-

alize poorly, and exhibit poor performance on the validation or test sets. Tree depth is a



84

hyperparameter that can be tuned with cross-validation.

The number of features, Nfeat, can impact the performance of the model in two ways. If

it is excessively large, the decision tree will take much longer to train and it may become

prone to overfitting. If it is too small, or if the features provided are only very weakly

correlated with the labels, the decision tree may be unable to learn enough to make accurate

predictions. For this application, Ntrain � Nfeat, so it is very unlikely that a large number

of features would cause the decision tree to overfit the training data.

Pros and cons

Decision trees have many positive qualities, but for this application the following are the

most relevant.

Pros:

• Interpretable decision mechanism: to determine how a decision tree is classifying points,

one can simply inspect the rules it uses to perform the classifications.

• Extensible: It is trivial to add new features to a decision tree. If a flight test engineer

were to tell us that they thought the cube-root of the aircraft velocity should have

predictive power, it would be extremely easy to train and test a new decision tree

using this extra feature.

• Fast to train and evaluate. Decision trees are extremely compact in terms of the number

of parameters needed to specify a given tree. As a result, they take very little time to

train, even on vast quantities of training data, and they can be evaluated exceptionally

quickly on unseen data.

• Automatically identifies best features: The decision tree implementation we use can,

upon being trained, tell the user which features were most useful to it. Since decision

trees are so fast to train and evaluate, this allows one to perform rapid iterations of
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testing lots of features, identifying the most salient among them, and pruning the least

informative.

• No need to scale or normalize features: Decision trees perform just as well with or

without scaled and/or normalized data.

Cons:

• Requires good features to perform well: Decision trees are only as good as the features

fed to them. Moreover, their decision boundaries are always orthogonal to the features

given to them. This is because they always make decisions using threshold values. If it

turned out that the sum of two measurements was the best predictor of sensor failure,

the decision tree would only be able to make use of that information if the user were

to create a new feature for the sum.

• Prone to overfitting: Without regularization, a decision tree will tend to overfit the

training data. We have chosen to go the route of employing strong regularization by

limiting our decision trees to be relatively shallow.

4.2 The proposed method

A high level overview of the method follows. We break the process into an offline phase

wherein the model is calibrated using training data, and an online phase where the model is

deployed to detect sensor fault events in real time.

1. Offline phase: Given a training setDtrain consisting of sensor measurements at various

time points and corresponding labels,

(a) Compute the DMDc system (A,B) as in Section 4.1.4 using time-delayed mea-

surements described in Section 4.1.5;
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(b) Derive any desired features from Dtrain to be used in conjunction with the de-

cision tree. This includes the average innovation covariance (4.2), which can be

computed using A and B;

(c) Train the decision tree using the derived and raw features.

2. Online phase: Given a series of measurements x1,x2, . . .

(a) Compute any features expected by the decision tree, using the previously con-

structed A and B to compute the average innovation covariance;

(b) Pass the features into the decision tree to obtain a class prediction (either that

the sensor has failed or continues to function properly).

4.2.1 Computing the average innovation covariance

Combining the previous discussions, the steps necessary for forming the DMDc and Kalman

filter and computing the innovation covariance are as follows:

1. Split the time series of available sensor data into measurements of interest x ∈ Rn

and (presumably correlated) “inputs” y ∈ Rp. The state x and input y may include

time-delayed values for richer descriptive capability, as detailed in Sec. 4.1.5. We will

seek a system that predicts the next measurement of interest as

xk+1 ≈ Axk + Byk

2. Form time-stepped matrices X,X′, and Υ :

X =

x1 x2 · · · xm

 , X′ =

x2 x3 · · · xm+1

 , Υ =

y1 y2 · · · ym


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3. Compute the singular value decompositionX

Υ

 =

Ψ1

Ψ2

ΣV ∗,

where Ψ1 contains the first n rows of the full SVD, and Ψ2 contains the remaining p.

These represent the principal axes of state space and input space, respectively.

4. Examine the singular value spectrum (diagonal elements of Σ). These represent the

relative variance of the data explained by each of the principal components. A sharp

drop off in the singular value spectrum indicates large correlations within the measure-

ments or inputs, and rank-truncating the SVD may be helpful to stabilize the system

(or reduce the dimensionality, for large systems). This is done to rank r by retaining

only the first r columns of Ψ1,Ψ2, and V, and the first r diagonals of Σ.

5. Estimate the LTI system (A,B) by

A = X′V Σ−1Ψ∗1

B = X′V Σ−1Ψ∗2.

6. Online, maintain a Kalman filtered estimate of the measurements of interest by updat-

ing the observer system

x̂k+1 = Ax̂k + Byk + K(xk − x̂k).

The Kalman gain K can either be optimally estimated by solving a Riccati equation,

or chosen by hand if the model is simple enough. If the filter is developed as a feature

for a decision tree, K is a scalar and is related to the time sensitivity of the feature.

7. Track a moving average of the innovation covariance

Vk =
1

N

k∑
i=k−N

(xi − x̂i)(xi − x̂i)
>.
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Figure 4.4: A plot of data from a subset of the sensors for test flight 1. Measurements from
the faulty sensor (Sensor 2) are shown in red. The sensor fails just before second 2500, where
there is a short drop followed by erratic, noisy measurements. We chose which features to
plot based on the feature importances returned by a decision tree trained on raw sensor data
to predict failure events.

Persistently large values indicate an anomaly. These are detected in an automated

fashion by then feeding the innovation covariance to a decision tree as a feature, along

with other sensor measurements.

4.3 Three example applications

4.3.1 Real-world dataset

We first consider detecting sensor failure using anonymized (scaled to lie in [−1, 1]) measure-

ments from aircraft sensors collected during flight tests. We focus on detecting failure in a

given sensor that has a high failure rate (sensor 2) using the data from 25 other on-board

sensors. Quite a few of the sensors capture similar or redundant information which the DMD

model will exploit. In total there are 21 flights, each roughly seven hours in length, with

measurements recorded at a frequency of 20 Hz. The sensor in question fails in 14 of the

test flights. There is one time series in which the sensor failure was detected, the sensor was

fixed, then the sensor broke again. This case was split into two separate time series. When

sensor 2 fails there is typically a small constant shift in the data followed by increased noise

for the duration of the flight. Such a failure is shown along with anonymized data from some

of the more relevant sensors in Figure 4.4.
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With this dataset we are interested in answering the following questions:

1. How soon can the model detect sensor faults? How many examples were misclassified?

Were positive or negative examples more likely to be misclassified?

2. Can we distinguish sensor failure events from other events, such as anomalous mea-

surements resulting from special test conditions or maneuvers?

As the data is collected from actual flights the sensor failure time is generally evident,

but is not precisely defined. We have hand-labeled estimated time of failure in each case;

reported time to detection is based on these estimates. Systematic error in the absolute

detection time is therefore possible, but comparisons between flight tests should be reliable.

In order to train the decision tree the flights are divided into a training and testing set

(no validation step is used as all parameters are determined with cross-validation using the

training data). The training set consists of data from six test flights, flights 0 through 5,

four of which contain a sensor failure.

The DMD model is calibrated using flight 3, which contains no failure events. Notably,

the model learns to predict future values of Sensor 2 by averaging together the current

measurement from Sensor 2 with those of three other sensors with redundant signals (Sensors

0, 1, and 10). Each is given roughly equal weight. This is reminiscent of a weighted-mean

method for consolidating redundant measurements into one fault tolerant estimate [4]. From

Figure 4.1 it is easy to see that something like the difference between sensors 2 and 10 would

be a good proxy for when sensor 2 is behaving properly, but we stress that the model figures

this out automatically.

A decision tree is then trained to predict sensor faults with its hyperparameters being

selected using five-fold cross validation. Examples are reweighted before being fed to the

tree in order to mitigate the effects of class imbalance. The top ten signals along with their

feature importances (with respect to the decision tree) are given in Table 4.1.
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Feature Importance

Vk 0.7514

Sensor 25 0.1985

Sensor 4 0.0261

Sensor 5 0.0095

Sensor 9 0.0057

Sensor 14 0.0056

Sensor 17 0.0012

Sensor 22 0.0008

Sensor 13 0.0005

Sensor 7 0.0002

Table 4.1: Feature importance for the decision tree trained using the flight test dataset.

As seen in Table 4.1 most of the importance is concentrated in just two of the features,

with the majority of the weight going to the window-averaged innovation covariance. The

second-ranked feature, Sensor 25, turns out to be an almost binary signal indicating when

measurements should be collected from the sensor of interest.

The results of the detection of sensor failures on the flights in the test data set is sum-

marized in table 4.2. The results are presented for each individual flight so that poor results

can be more easily investigated. As there are so many data points for each flight, standard

performance metrics such as precision (the proportion of flagged examples that were actually

true positives) and recall (the proportion of true positives we were able to detect) are not

particularly helpful here1. Instead we focus on the number of false positives and false nega-

1True positives and true negatives are positive (failed sensor) and negative (working sensor) examples
correctly classified by the model. False positives are negative examples the model classified as belonging
to the positive class, i.e. instances where the sensors are working properly, but the model erroneously
predicts a sensor has failed. Similarly, false negatives are positive examples the model thought were
negative examples.



91

Flight Total examples False positives False negatives Accuracy Lag Time (s)

6 175,162 708 0 0.995958 N/A

7 213,964 0 22 0.999897 1.1

8 143,140 0 4,663 0.967424 10.1

9 121,413 0 412 0.996607 1.35

10 368,140 0 0 1.000000 N/A

11 152,146 0 130 0.999146 6.5

12 278,465 50 0 0.999820 N/A

13 372,950 3 0 0.999992 N/A

14 124,570 2,617 0 0.978992 N/A

15 166,880 0 0 1.000000 0

16 302,550 0 11,690 0.961362 ∞

17 295,680 0 63 0.999787 2.9

18 64,700 0 9 0.999861 0.45

19 472,090 5,9809 157 0.872978 7.85

20 117,650 0 229 0.998054 11.45

Table 4.2: Prediction results on test flights

tives along with lag time (time from actual sensor failure to detection). Overall accuracy is

also included to give more context to the number of false positives and negatives reported.

With the exception of two flights, 16 and 19, the results are promising if the goal is

to alert a human of a potential sensor failure during a flight test within a few seconds of

occurrence. There is some fluctuation in lag time, most likely due to circumstances that

affect flight dynamics. The false negatives are almost entirely due to lag time. The false

positives tend to persist briefly (about two seconds) before automatically correcting. For

example for flight 8 we observe four different short periods when the model thinks a sensor
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failure has occurred. These correspond to abrupt changes in flight conditions as the pilot(s)

carry out different test maneuvers.

Now we turn our attention to the two flights with poor results. In flight 16 there are a

large number of false negatives (and a lag time of ∞) as the model completely misses an

actual sensor failure. This is because sensor 25, which is normally active during the tests,

was completely inactive during this flight. If one wished to learn to predict regardless of

whether or not this sensor was in use, one may need to resort to training a separate model

using only data where the sensor was inactive because it is used in all the other flights.

In flight 19 we see a large number of false positives. This is caused by persistent dis-

crepancies between sensor 2 and its redundant sibling, sensor 10. We suspect that sensor

10 temporarily malfunctioned. Whether or not it is desirable for the algorithm to flag these

anomalous measurements depends on the application. After the abnormal behavior of sensor

10 the model detects the failure of sensor 2 almost perfectly.

The final model is able to reliably detect true sensor failure events within 12 seconds

(with most occurring in under five). There are infrequent false positives detected with a

brief persistence of about two seconds. In some cases the measurements taken by the faulty

sensor drift close to the values of the reliable redundant sensors, leading to false negatives.

4.3.2 Synthetic datasets

In order to better understand the capabilities of our proposed approach we apply it to two

sensor failure tasks derived from simulated datasets. In both instances we use a dynamical

model to generate realistic sensor data, which we then augment in various ways to mimic

common sensor failure modes. Specifically, we simulate the faults shown in Figure 4.5,

similar to those studied by Eykeren and Chu [38]: catastrophic failure (multiplicative), slow

oscillation (additive), increased noise (additive), and slow drift (additive). In every case we

add a small amount of white noise (mean 0, standard deviation 5× 10−3) to the underlying

sensor measurement of interest after incorporating the fault.
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Figure 4.5: The sensor faults applied to the simulated datasets. In particular, the faults used
for the dataset of Section 4.3.2 are shown here. Those used for the dataset of Section 4.3.2
are the same up to rescaling.
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Goman-Khrabrov model

A long-standing challenge in aerodynamic modeling was capturing the effect of a separated

flow on aerodynamic moments. This arises for example in high angle-of-attack maneuvers,

when an airfoil wake can detach, leading to much more complex physical behavior such as

dynamic stall [59]. The aerodynamic moments in this case depend not only on the airfoil

configuration, as in standard linearized approaches based on stability and control derivatives,

but also on the state of the separated flow.

Goman and Khrabrov proposed a mathematical model that treats the flow state as a

dynamic internal system variable [43]. For the case of a high angle-of-attack airfoil this is a

scalar variable x ∈ (0, 1) representing the separation point normalized by the chord length, so

that fully attached flow corresponds to x = 1. The internal flow field dynamics are modeled

with a simple time-delay model:

τ2ẋ+ x = x0 (α− τ1α̇) .

The function x0(α) defines the empirical steady separation point as a function of angle of

attack α. Quasisteady effects are expressed through the time-delay shift τ1α̇ The overall

model dynamics are a relaxation towards the quasisteady separation point on a timescale

τ2. The moments are then algebraic functions of the aerodynamic state, for example CL =

CL(α, x). These are derived with standard modeling methods. For a high angle-of-attack

airfoil,

CL(α, x) =
π

2
sin
[
α(1 +

√
x)2
]
.

This model was shown to accurately describe experimental data for a NACA 0015 airfoil [43].

For our synthetic data, we use a simple model for the steady separation point:

x0(α) =
1− tanh [20(α− 0.25)]

2
.

The time constants τ1 and τ2 in the model can be obtained in general by fitting to experi-

mental data. We use the reported values τ1 ≈ 0.5 and τ2 ≈ 4.5, nondimensionalized by chord
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Figure 4.6: Hysteresis in flow separation (top) and lift coefficient (bottom) in the Goman-
Khrabrov model for an airfoil undergoing sinusoidal pitching motion at nondimensional fre-
quency ω = 0.05. Stall is delayed relative to the steady value for pitch-up motions with
attached flow (upper curves on both plots).

length and free stream velocity.

The separation point and lift coefficient for a sinusoidal pitching motion at nondimen-

sional frequency ω = 0.05 is shown in figure 4.6, along with the steady values as a function

of angle of attack. The effect of the model is to capture observed hysteresis in the curves;

the flow remains attached to higher angle-of-attack on pitch-up motions and stall is delayed.

Conversely, when the flow is separated during a pitch-down maneuver it remains so for longer,

resulting in reduced lift relative to the steady value.

Our experimental dataset consists of measurements of CL, α, and α̇ taken five times per

second for 2000 seconds. The DMDc model is trained using the full time-series. We then

simulate failure of a hypothetical CL sensor at t = 1000 using each of the fault modes shown
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Figure 4.7: Visualizations of the different lift coefficient (CL) sensor failure modes for the
Goman-Khrabrov model. Sensor failure occurs at t = 1000. Note that we omit from this
plot measurements taken with t < 750.
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Figure 4.8: Moving average of the innovation covariance for each sensor fault type using data
generated with the Goman-Khrabrov model. Sensor failure occurs at t = 1000.

in Figure 4.5, which results in the time series given in Figure 4.7. We then precompute

the innovation covariance, Vk, for each sensor failure type, with the Kalman filter (4.1)

constructed using DMDc. Note that the scale of Vk differers between the modes so only

training on one type of sensor failure may lead to poor results when trying to detect different

failure types. We plot the moving average of the covariance for the different failure modes

in Figure 4.8. Note the differences in scale between the modes. A threshold for Vk, above

which a sensor failure is deemed to have occurred, which is chosen based on only one type

of fault, may be inappropriate for the others.

Finally, we train a decision tree to predict when the a sensor failure has occurred. The

tree is given access to α, α̇, the corrupted CL measurements, and Vk as features. At each
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Model Fault types seen Acc. Precision Recall In-group acc. Depth

1 Catastrophic failure 0.9732 0.9980 0.9483 0.9343 5

2 Slow oscillation 0.9672 0.9629 0.9718 0.9351 2

3 Increased noise 0.9730 0.9993 0.9467 0.9482 2

4 Slow drift 0.9784 0.9707 0.9867 0.8678 3

5 All 0.9818 0.9996 0.9642 0.9823 5

Table 4.3: Performance metrics for models trained on different subsets of sensor fault types
with data generated with the Golman-Khrabrov model. “Depth” refers to the depth of the
decision tree chosen during cross-validation. The best values for each column are shown in
bold.

time point the model must attempt to predict whether the given CL measurement has been

corrupted or not (whether the sensor has failed). We use five-fold cross-validation to select

model parameters. We construct two types of training and testing data; the first involves

incorporating random examples from all four failure types into the training set and the

second sources its training data from just one sensor fault and attempts to predict when the

others have occurred. Note that all training and test sets were constructed to be of equal

size (in every case the training set consists of 30000 examples and the testing set of 10000

examples).

Model performance is summarized in Table 4.3.“In-group accuracy” refers to the accuracy

of the model on a holdout set during cross-validation. For models 1-4 this number gives an

estimate of the models’ accuracies on the same fault type on which they were trained. The

best accuracy and precision scores are both achieved by the model with training data from

all four fault types. However, model 4 has the best recall, meaning that it misses the fewest

sensor failure events. This is likely due to the fact that model 4 must choose a very small

threshold for Vk at which to separate the negative and positive class instances. Choosing a

threshold of 0 would result in a recall of 1, but a precision of 0.5 as all examples would be

classified as sensor failures.
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The proposed method is able to reliably detect sensor faults for data generated from the

Goman-Khrabrov model, even on unseen fault types. However, we note that if either the

amplitude or frequency of the forcing term changes after the DMD model has already been

trained, the DMD model becomes too inaccurate to be useful and the predictive performance

of the overall model suffers considerably. This is a general drawback of data-driven models:

when training and testing sets are different enough in distribution, models learned on one

set have a hard time generalizing to the other.

Flight dynamics model

Motivated by anomaly detection in a flight test setting, we also consider a longitudinal flight

dynamics model for a business jet in atmospheric turbulence [110]. The equations of motion

for the longitudinal model capture motions in the forward and vertical directions, including

pitch for a total of three degrees of freedom. Flight controls are included for elevator, thrust,

flaps, and stabilator; these are trimmed for steady, level flight. The aerodynamic model

includes a realistic geometric configuration, stability and control derivatives, US standard

atmospheric conditions interpolation, and a Mach number correction. The dynamics are

forced by atmospheric turbulence generated to approximate the von Kàrmàn spectrum by

filtering band-limited white noise [73, 126].

From this system we can measure not only the dynamic variables for inertial velocity

and pitch, but also lift, drag, pitching moment, true airspeed, angle of attack, and Mach

number. We consider measurements of the true airspeed (TAS), informed also by angle of

attack, inertial airspeed, pitch, lift, and thrust. Note that the flight controls are constant,

but the model includes an altitude correction for effective thrust. We generate samples for

each variable over t ∈ [0, 600] at a rate of 10 samples per second. Next we build a Kalman

filter from a DMDc model trained on the TAS data. Various faults are then introduced

starting at t = 300 in the TAS sensor to obtain the time series shown in Figure 4.9. Note

that these measurements are much noisier than those from the previous section due to the

turbulence-based forcing.
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Figure 4.9: Visualizations of the different lift coefficient (CL) sensor failure modes for the
longitudinal flight model. Sensor failure occurs at t = 300. Note that we omit from this plot
measurements taken with t < 250.
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Figure 4.10: Moving average of the innovation covariance for each sensor fault type using
data generated from the the flight dynamics model. Sensor failure occurs at t = 300.

Again we precompute the innovation covariance, Vk, for each fault type. The results are

shown in Figure 4.10. It is evident from this plot that all faults but the catastrophic failure

will be difficult to detect. None of the other covariance time series admit a single threshold

that distinguishes bad readings from good ones. As before we study the behavior of decision

trees trained on a data from all four failure modes or from just one mode. The trees are

given measurements of TAS, angle of attack, inertial air speed, pitch, lift, thrust, and Vk.

Training and testing sets are of equal size, with each training set constituting 75% of the

data. Since the dataset is more complex we allow our cross-validation procedure to select

trees of depth up to seven.

Table 4.4 details the results of these experiments. Model 5 outperforms all the others by
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Model Fault types seen Acc. Precision Recall In-group acc. Depth

1 Catastrophic failure 0.5002 0 0 1.0 2

2 Slow oscillation 0.9549 0.9230 0.9926 0.8412 3

3 Increased noise 0.8974 0.9915 0.8016 0.8878 2

4 Slow drift 0.9572 0.9659 0.9478 0.8190 4

5 All 0.9867 0.9961 0.9767 0.9859 7

Table 4.4: Performance metrics for models trained on different subsets of sensor fault types
with data generated with the flight dynamics model. “Depth” refers to the depth of the
decision tree chosen during cross-validation. The best values for each column are shown in
bold.

a considerable margin, though it is also the most complicated of the models tested. Notably,

model 1 adopts a classification rule allowing it to predict catastrophic sensor failures with

perfect accuracy (its in-group accuracy is 1), but for all other failure types it is no better

than a coin toss. The threshold it selects for Vk is much too large for the other fault types

and so it almost always predicts that no sensor failure has occurred. In this case model 2 has

the highest recall, but also a low precision, for the same reason as model 4 did previously:

its threshold for Vk is set lower than the others, reducing the number of false negatives at

the cost of more false positives.

The effectiveness of our procedure at identifying sensor faults in simulated flight test

data is satisfactory, but there is still a noticeable degradation in performance relative to

data simulated with the Goman-Khrabrov model. This is due in part to the complexity

of the simulated dynamics as well as the erratic atmospheric forcing. We observe that for

this more challenging dataset, it is increasingly important that the model be trained using

examples from multiple different types of failure modes. Should this prove to be impossible

(e.g. if data for some failure types is unobtainable), then the model should be trained using

fault types that are most difficult to detect. Failure modes which can be detected trivially,

such as catastrophic sensor failure, may prove insufficient to train a robust detector.
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4.4 Conclusions

An automatic algorithm for sensor fault detection in systems with various types of sensor

failures was presented. The method first uses the dynamic mode decomposition for control

with time-delay measurements to learn a simple linear time-invariant model for the evolution

of a sensor of interest in time. This model is embedded in a Kalman observer which is then

used to predict future measurements. A potential sensor fault is detected when the predicted

and measured sensor values disagree by too large a margin, with the ruling ultimately being

made by a decision tree. Each component of the proposed method can be trained in an

automated fashion. The performance of the proposed method was demonstrated on three

test datasets; one consisting of measurements from a series of flight tests and and two of

simulated data from the Goman-Khrabrov and a realistic flight dynamics model. In each

case the difference between the true and Kalman-observer-predicted values of the sensor of

interest provided an accurate proxy for when sensor failure had occurred.

There are numerous extensions that could be explored for improving upon the results

obtained here. Any of the components of the algorithm could be replaced with more sophis-

ticated variants. For example, advances in Koopman theory could be leveraged to enrich the

linear time invariant physics model. A nonlinear model such as an extended Kalman filter or

a model learned via some other model discovery framework [24, 104] could be used in place

of the Kalman filter. Such generalizations would allow for the application of the proposed

method to systems exhibiting strongly nonlinear dynamics. The performance of the decision

tree could be enhanced by employing an ensemble [61], a cost-sensitive training algorithm

[65], or by better utilizing class probabilities output by the tree.
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Chapter 5

PORT APPROXIMATION FOR PARAMETRIZED
COMPONENT-BASED STATIC CONDENSATION:

INTERSECTING PORTS IN 2D

This chapter is based on joint work with Ulrich Hetmaniuk.

5.1 Introduction

Structures built from a set of similar components arise naturally in a variety of engineering

and design applications. For instance, buildings may consist of many nearly identical beams,

walls, and studs. Furthermore, the physical properties of these components can often be

represented as parameters. Specialized computational tools have been developed for the

efficient numerical simulation PDEs modeling such component-based structures. The way

many of these methods take advantage of the component-based architecture is by performing

some form of dimension reduction once for a representative from each component class, then

re-using the resulting models for all similar components present in the structure. An early

technique for doing so is component mode synthesis, which focuses on capturing the degrees

of freedom on the interface between components using an eigenmode expansion [15]. For

parametrized PDEs one popular approach is the static condensation reduced basis element

(SCRBE) method, introduced in [37]. This algorithm employs reduced basis approximations

in the interiors of the components to handle the parameter dependence, while also making

use of a static condensation procedure to reduce the degrees of freedom of the system to those

on the interface between components. Finally, it reduces the size of the problem further with

a port approximation step. The SCRBE method admits a decomposition into an expensive

offline phase, and a rapid online phase.
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Multiple generalizations of SCRBE have been proposed. An extension of the method to

complex parametrized Helmholtz equations is presented in [48], wherein Huynh et al. model

acoustic problems in mufflers and horns. In [122], Vallaghé shows how to apply the SCRBE

method to a class of parabolic problems. A procedure for solving symmetric eigenvalue

problems using the SCRBE method is given in [123]. A generalization of the method to

domains with a checkerboard pattern of components, similar to the one presented here, is

given in [7].

Recently, work has been done to improve the original SCRBE method. Smetana and

Patera describe the port approximation spaces that are optimal in the sense of Kolmogorov

in [107]. They also detail a way of computing them. [25] offer a cheaper method for obtaining

a close approximation to the optimal modes of [107] using techniques from randomized

numerical linear algebra.

The remainder of this chapter is organized as follows. In Section 5.2, we introduce the

problem to be solved, notational conventions, and assumptions we make. Section 5.3 presents

the main ideas behind our method: port reduction, the static condensation reduced basis

element method, and our modifications to it. The section culminates with a summary of the

offline-online decomposition for our method. Finally, we describe our numerical experiments

and their outcomes in Section 5.4.

5.2 Notation and assumptions

In this section we lay notational and theoretical groundwork for the work presented in this

Chapter.

5.2.1 Problem statement

Let Ω be a two- or three-dimensional domain with Lipschitz boundary ∂Ω. Let ΓD and ΓN

be disjoint parts of the boundary such that ∂Ω = ΓD ∪ ΓN .

The problem considered in this work is a second-order differential equation in weak form

with homogeneous Dirichlet boundary conditions on ΓD and Neumann boundary conditions
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on ΓN . The associated bilinear form is

a(v, w) =

∫
Ω

p (x)∇v (x) · ∇w (x) dx, (5.1)

for all functions v and w in the Hilbert space

X =
{
v ∈ H1 (Ω) : v = 0 on ΓD

}
.

We suppose that a(·, ·) is coercive,

∃α > 0, α

(∫
Ω

(
v2 + |∇v|2

))
≤ a(v, v), ∀v ∈ X

and continuous,

∃γ > 0, a(v, w) ≤ γ ‖v‖H1 ‖w‖H1 ∀v, w ∈ X

The Lax-Milgram theorem [18, p. 62] states under these conditions that the variational

problem

Find u ∈ X, a(u, v) =

∫
ΓN

gv = f(v), ∀v ∈ X

admits a unique solution u ∈ X.

We shall assume that the functions p and g can be parametrized in terms of a finite

number of parameters, µ1, µ2, · · · , µP ∈ R, collected into a vector µ ∈ RP . This assumption

enables us to write a(·, ·;µ) and f(·;µ) in place of (2) and (3), respectively. The parameters µ

are assumed to lie in a bounded set D ⊂ RP , determined for example by physical or practical

considerations. Denoting a(·, ·;µ) and f(·;µ)1, there exists a unique solution, u(µ) ∈ X,

satisfying

a(u(µ), v;µ) = f(v;µ), ∀v ∈ X.

For the sake of computational efficiency we impose a further assumption on p and g.

1The linear form f corresponds to integration along ΓN , for the sake of description. Our work applies
to any continuous linear function, defined on X.
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Assumption 1. p and g are such that the bilinear and linear forms can be expressed as

a(v, w;µ) =

Qa∑
q=1

θqa(µ)aq(w, v)

and

f(v;µ) =

Qf∑
q=1

θqf (µ)fq(v),

where aq(·, ·) and fq(·) are bilinear and linear forms independent of µ, and θqa(µ) and θqf (µ)

are scalars which depend on µ.

5.2.2 Domain decomposition

Our method relies on the partition of Ω into disjoint components. For the remainder of this

section, we assume that Ω is two-dimensional.

Ω1

Ω4

Ω7

Ω2

Ω5

Ω8

Ω3

Ω6

Ω9

Ω
Figure 5.1: The checkerboard domain, Ω

Consider the checkerboard style domain2, Ω ⊂ R2, shown in Figure 5.1 and decomposed

into a set of nine components, Ωi, satisfying

Ω = ∪9
i=1Ωi and Ωi ∩ Ωj = ∅ if i 6= j.

2Note that, while we have chosen for the sake of convenience to work with a square domain and square
components, one could, in principle, apply the method described in this chapter to polygonal or polyhedral
domains.
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Figure 5.2: Labeling of the edge ports of Ω

We refer to the subdomains, Ωi, as components and to the subsets of the interfaces between

components as ports, following the nomenclature of Eftang and Patera [37]. We distinguish

between two different types of ports: edge ports and corner ports. An edge port consists of

the intersection between the closures of two adjacent components, minus the endpoints. The

domain Ω has a total of 24 edge ports which we label EP1, EP2, . . . , EP24. Figure 5.2 shows

the orientation of each edge port. An edge port may be adjacent to one or two components.

A corner port occurs at a single point wherever two edge ports meet. This means that a

corner port can be adjacent to one, two, or four components simultaneously. The locations

of the 16 corner ports for Ω, CP1, CP2, . . . , CP16, are shown in Figure 5.3. Note that

for any two adjacent components, Ωi and Ωj, the intersection between the closure of the

two components is the disjoint union of two corner ports and one edge port. For example,

Ω5 ∩ Ω6 = EP7 ∪ CP7 ∪ CP11. We shall sometimes refer to the union of all ports as the

interface Σ.

Before discussing the discretized formulation, we assume one additional property for the

coefficient function, p, namely:

Assumption 2. The function p is generated by a function p0 defined on [0, 1]2, i.e. ∀i,
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Figure 5.3: Labeling of the corner points of Ω

∀x ∈ Ωi,

∀µ ∈ D,

p (x;µ) = p0 (ξ, η; µ̃) for (ξ, η) ∈ [0, 1]2 and µ̃ ∈ D

5.2.3 Discrete finite element formulation

We introduce a piecewise linear conforming finite element space, Xh ⊂ X, of (typically large)

dimension, N . The finite element approximation, uh(µ) ∈ Xh, to u(µ) is the solution to

a
(
uh(µ), v;µ

)
= f(v;µ), ∀v ∈ Xh. (5.2)

Assumption 3. The finite element space Xh is rich enough to ensure a given level of

accuracy for any µ ∈ D. That is to say, for any ε > 0 and any µ ∈ D, we can choose h small

enough so that √
a(u(µ)− uh(µ), u(µ)− uh(µ);µ) ≤ ε.

We assume that the mesh associated with the finite element space, Xh, conforms with

the components of Ω. To simplify matters, but without loss of generality, we use a mesh

based on rectangular elements.
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5.3 Approximation method

Here we describe the proposed method. Our algorithm extends the works of Eftang and

Patera [37] to the case where corner ports are present. It differs from the work of Bader et

al. [7] in that it employs a different set of edge ports.

A key result, driving the discretization method, is

Xh =

[
9⊕
i=1

(
Xh ∩ H̃1

0 (Ωi)
)]
⊕ V c = V ⊕ V c

where functions in H̃1
0 (Ωi) are understood to be trivially extended from Ωi to Ω. Note that

functions in V vanish on the ports and that V c denotes the algebraic complement to V .

The objective is to build a subspace, Xh
R ⊂ Xh consistent with the decomposition (5.3),

such that the discrete solution uhR(µ) ∈ Xh
R, satisfying

a
(
uhR(µ), vhR;µ

)
= f

(
vhR;µ

)
, ∀vhR ∈ Xh

R,

closely approximates the finite element solution uh(µ) for any parameter µ ∈ D.

5.3.1 Port reduction

To reduce the degrees of freedom on the interface, we shall construct a basis for edge port

EPj wherein the ne � Ne functions can replicate “most” of the behavior exhibited by uh(µ)

along EPj for “most” values µ ∈ D.

The basis is generated by an offline training procedure inspired by the one used in [37].

Our training domain, T = (0, 2) × (0, 2), consists of four components which can each be

identified with (0, 1)× (0, 1), see Figure 5.4. On T , we solve

Find z ∈ H1(T ),

∫
T

p (x;µ)∇z(x) · ∇w(x)dx = 0 ∀w ∈ H1
0 (T )

where z satisfies inhomogeneous Dirichlet conditions on ∂T , for a large number of random

values of µ ∈ D and for a large number of arbitrary Dirichlet conditions. Note that we can

train on T without any loss of generality, thanks to Assumption 2.
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(0,0)
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Figure 5.4: The domain, T , used in our training procedure

Next we extract the trace of each solution along the ports separating components (the

blue lines, E1, E2, E3, and E4) and remove the values of each snapshot at the two endpoints

by subtracting a linear function. The result is a set of modified one-dimensional snapshots

which are zero at both endpoints. The proper orthogonal decomposition (POD) is applied to

these modified snapshots to produce a set of orthonormal functions which are zero at both

endpoints. We refer to these functions as port modes, {χk}Ne

k=1.

For each edge port, EPj, we first interpolate χk on the edge, denoted as Ij (χk). Then

we lift the interpolant onto the interior of the adjacent components via harmonic extension.

These extensions are denoted ΨEPj ,k and are supported on, at most, two components. If Ωi

is adjacent to EPj then the restriction of ΨEPj ,k to Ωi solves∫
Ωi

∇ΨEPj ,k · ∇v dx = 0, ∀v ∈ H1
0 (Ωi)

ΨEPj ,k = Ij(χk), on EPj

ΨEPj ,k = 0, on ∂Ωi \ EPj.

Note that when EPj is adjacent to two components, though the two parts of ΨEPj ,k are

defined separately, ΨEPj ,k retains continuity due to the Dirichlet boundary condition along

EPj.

We define the harmonic extensions for corner port modes similarly. We may define the
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extensions for the corner ports directly as the usual finite element piecewise linear “hat”

functions, with each component being treated as an element. Thus ΨCPj ,1 is 1 at CPj and

decreases linearly along each adjacent edge port before reaching the value of 0 at the adjacent

corner ports. Indeed, the restriction of ΨCPj ,1 to a single adjacent component is the harmonic

extension of a simple linear function onto the component. Because of the way it is defined,

ΨCPj ,1 will be supported only on the components adjacent to CPj. We include the subscript

“1” in the interest of consistency with the notation used for the extensions of edge ports.

The inspiration for the corner ports and their extensions comes from [46].

Our approximation subspace, V c
R ⊂ V c, is defined as

V c
R =

(
16⊕
j=1

span
{

ΨCPj ,1

})
⊕

(
24⊕
j=1

span
{

ΨEPj ,1, . . . ,ΨEPj ,ne

})
with ne modes for each port.

Detailed training algorithm to generate {χk}ne
k=1

This subsection provides additional details for generating the trace snapshots. On the first

reading the reader may wish to skip this section or to skim Algorithm 2 and then move on

to the next section.

Let `(a, b) be a linear function which evaluates to a and b at the left and right endpoints,

respectively, of the domain over which it is defined. Given a random variable, r, uniformly

distributed on [−1, 1], our training procedure is summarized in Algorithm 2.

A few remarks need to be made about our training procedure. First, C̃
(α)
k refers to the

degree k Gegenbauer polynomial with parameter α, multiplied by (1−x2) and then mapped

to the interval corresponding to the appropriate port. The polynomials C̃
(α)
k were chosen

because they evaluate to zero at x = ±1 and are orthogonal with respect to the L2 inner

product

(f, g) =

∫ 1

−1

f(x)g(x) dx.

Since they vanish at their intervals of definition we have the freedom to select the values

uh must take at the points where ports along the boundary meet. To this end we select
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Algorithm 2: Four-component port mode training

1 portSnapshots = ∅

2 for n = 1, 2, . . . , Nsamples do

3 Generate random parameters µ ∈ D

4 for i = 1, 2, . . . , 8 do

5 Assign random boundary conditions along γi:

zh
∣∣
γi

= `(ai, bi) +

Ndeg∑
k=0

r
1

(k + 1)2
C̃

(2.5)
k

6 end

7 Solve (5.2) on T

8 for j = 1, 2, 3, 4 do

9 portSnapshots← portSnapshots ∪ zh
∣∣
Ej

10 end

11 end
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some of these values, ai and bi, randomly, and choose the others to ensure that the boundary

conditions are continuous. Our training procedure departs from the one of Eftang and

Patera in that we use a four-component domain for training rather than one consisting of

two-components.

Because we allow up to four components to meet at a single point and because of the

way we will define p(µ) in our numerical experiments, it is possible for singularities to

arise that are avoided when at most two components meet at a port. In order to induce

such singularities and capture their behavior in our snapshots we require a four-component

training domain. Depending on the nature of the coefficient function, p, it may be prudent

to separate the snapshots from ports E1 and E3 from those from E2 and E4. It may not

even be possible to concatenate all the snapshots together if there are different numbers of

degrees of freedom associated with vertical and horizontal ports (e.g. if the mesh spacing is

different in the x and y directions).

Once the solution trace snapshots have been collected in Algorithm 2 we perform one

extra preprocessing step: we remove the values of each snapshot at the two endpoints by

subtracting a linear function. The result is a set of modified 1D snapshots which are zero at

both endpoints. To these modified snapshots we apply the POD, which produces a set of Ne

L2-orthonormal functions which are zero at both endpoints and which form a basis for each

edge port, EPj. We refer to these functions as port modes. From this point forward when

we shall assume that the basis defined on EPj, {Ij(χk)}Ne
k=1 consists of port modes obtained

through this process. In some instances we will use other bases for EPj than those obtained

via the POD. In such cases we will refer to the POD modes as empirical port modes, as they

are computed as the result of a training process.

Finally we truncate the edge port bases and retain ne port modes, according to the

following criterion on singular values

σk
σ1

≥ TOL,

where TOL is a small parameter. In the experiments of Section 5.4 we take TOL = 3×10−15.
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5.3.2 Static condensation reduced basis element method

Here we build a subspace of Xh ∩ H̃1
0 (Ωi). We will refer to

Xh ∩ H̃1
0 (Ωi) =

{
v ∈ Xh; v|Ω\Ωi

= 0
}

as the bubble space associated with Ωi. The bubble functions in these spaces will encapsulate

the degrees of freedom in the interior of the components.

To simplify the upcoming discussion, we impose a global ordering on all the ports by

concatenating them together. Let P1, P2, . . . , P40 be the set of all the ports of Ω

(Pi = CPi for i = 1, 2, . . . , 16 and Pi+16 = EPi for i = 1, 2, . . . , 24). Similarly to Eftang and

Patera [37, p. 6], we define the energy-minimizing extension3 ΦPj ,k(µ) ∈ Xh as

a
(
ΦPj ,k (µ) , vh;µ

)
= 0, ∀

vh ∈
9⊕
i=1

Xh ∩ H̃1
0 (Ωi)

ΦPj ,k (µ) = Ij(χk), on Pj

ΦPj ,k (µ) = 0, elsewhere on Σ.

(5.3)

On each component Ωi, we define the bubble function, bj,i,k, such that

bj,i,k(µ) ∈ Xh ∩ H̃1
0 (Ωi) and ΦPj ,k (µ) = bj,i,k(µ) + ΨPj ,k in Ωi (5.4)

(namely, the bubble function bj,i,k is the difference between the energy-minimizing extension

and the harmonic extension).

In order to find each bubble function, bj,i,k(µ), we must solve a problem of size O (h−2)

during the online phase, since µ is not known in advance. To reduce this online cost, we

replace the bubble functions with a POD-based approximation,

bj,i,k(µ) ≈ b̃j,i,k(µ) ∈ VR,i

3We caution the reader that a distinction is drawn between the harmonic extension, which is specific
to the Laplace equation, and the energy-minimizing extension, which is specific to the bilinear form, a in
(5.1).
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where VR,i is a subspace of Xh ∩ H̃1
0 (Ωi) that does not depend on µ.

The resulting approximation subspace in Xh is[
9⊕
i=1

VR,i

]
⊕ V c

R (5.5)

Detailed training algorithm to generate VR,i

This subsection describes in detail how a basis for VR,i is computed. To simplify the discus-

sion, we introduce a set of local indices for the ports of Ωi, see Figure 5.5.

Ωi

CP i
1 CP i

2

CP i
3 CP i

4

EP i
1

EP i
2

EP i
3

EP i
4

Figure 5.5: The local labeling of the ports for component Ωi

The basis for VR,i is constructed from four PODs; one corresponding to each edge port.

Observe that any interface function induced by an edge port adjacent to the component,

ΦEP i
j ,k

, j = 1, 2, 3, 4, has nonzero trace along exactly one port, namely EP i
j . As a result,

we expect that the excitation for the corresponding bubble function will be localized near

this port. Therefore we expect a bubble function associated with port EP i
j to be more

economically represented by POD modes specific to port EP i
j than more general POD modes

associated with the entire component.

For now we group the bubble functions corresponding to each of the corner ports with

one of the sets of edge port bubble functions. We suspect that treating the corner points

separately may result in an improvement in performance, but have yet to implement such a
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change.

To compute the necessary PODs we require snapshots of bubble functions. These snap-

shots are obtained with another training procedure using a single-component domain B =

(0, 1)× (0, 1), with ports as in Figure 5.5. We denote the restriction of ΨPj ,k to an adjacent

component, Ωi, as ψPj ,i,k. Given a set of parameter values, µ, and a harmonic extension

ψPj ,1,k of port mode IPj
(χk), we compute a snapshot, b, by solving the following problem:

Find bPj ,k(µ) ∈ Xh ∩ H̃1
0 (B) such that

a(bPj ,k(µ), v;µ) = −a(ψPj ,1,k, v;µ) ∀v ∈ Xh ∩ H̃1
0 (B)

bPj ,k(µ) = 0 on ∂B
(5.6)

Note that one of the indices of the local harmonic extension is fixed at 1. This is because

B consists of only one component. We drop this index when describing the resulting bubble

function. We provide an overview of our training process in Algorithm 3

Algorithm 3: One-component bubble function training

1 bubbleSnapshots = ∅

2 for n = 1, 2, . . . , NbubbleSamples do

3 Generate a set of parameter values µ

4 for j = 1, 2, 3, 4 do

5 Solve (5.6) using ψCPj ,1,1 to obtain bCPj ,1

6 bubbleSnapshots← bubbleSnapshots ∪ bCPj ,1

7 for k = 1, 2, . . . , ne do

8 Solve (5.6) using ψEPj ,1,k to obtain bEPj ,k

9 bubbleSnapshots← bubbleSnapshots ∪ bEPj ,k

10 end

11 end

12 end

We have a choice of how to generate parameter values for each iteration of the outermost
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loop. The values could be drawn from some distribution on D or decided deterministically.

We have found that, for the problems we consider in Section 5.4, the practice producing the

best results is to take regularly spaced points in each dimension of D.

Upon successful collection of the snapshots we perform four PODs and select a number

of modes after which to truncate the POD bases using the criteria

σk
σ1

≥ TOL.

The union of these four POD bases forms the basis for VR,i. Since each component may be

identified with (0, 1)× (0, 1), we may re-use this basis for each VR,i, with i = 1, 2, . . . , 9.

5.3.3 Summary

Here we introduce the discrete system that is solved to compute our approximation and give

a high-level overview of the steps taken in the offline and online phases of our method.

Let K(µ) ∈ RN×N and f(µ) ∈ RN be the finite element stiffness matrix and right-hand

side vector associated with (5.2). It follows that uh(µ) is obtained as the solution to

K(µ)uh(µ) = f(µ). (5.7)

Recall that there are 16 corner ports and 24 edge ports. Since each corner port is associ-

ated with one energy-minimizing extension and each edge port has ne corresponding energy-

minimizing extensions, the total number of such extensions is NR = 16 + 24ne. Presumably,

NR � N . Let Φ(µ) ∈ RN×NR be the matrix obtained by expressing each energy-minimizing

extension, ΦPj ,k(µ), as a (size N ) column vector of its pointwise values and concatenating

them together. To compute the function in (5.5) approximating uh(µ), we solve the following

linear system

Φ(µ)>K(µ)Φ(µ)UR(µ) = Φ(µ)>f(µ). (5.8)

The pointwise values of the approximation are then given by uhR(µ) = Φ(µ)UR(µ). uhR(µ)

itself is a piecewise linear function. We refer to

KR(µ) = Φ(µ)>K(µ)Φ(µ)
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as the global projected stiffness matrix and

fR(µ) = Φ(µ)>f(µ)

as the global projected right-hand side vector. Note that the system (5.8) is of size NR×NR,

which has much smaller dimension than system (5.7).

KR(µ) can be efficiently assembled from one-component projected stiffness matrices,

Ki
R(µ),

i = 1, 2, . . . , 9, corresponding to the local bilinear forms. These matrices may, in turn,

be constructed as sums of what we call local projected stiffness matrices, which come from

exploiting the bilinearity of the local forms, the representation of the energy minimizing

extensions (5.4), and the affine parameter dependence of Assumption 1. We precompute

the local projected stiffness matrices in the offline phase. We can perform similar steps to

compute fR(µ) efficiently.

Given D and h, the offline phase is summarized in Algorithm 4. The online phase,

outlined in Algorithm 5, is designed to run in a much smaller amount of time than the offline

phase. It requires as input a set of parameters µ ∈ D. Note that all but the last step of the

online phase depend on NR rather than N .

Algorithm 4: Offline phase

1 Carry out the port reduction process of Section 5.3.1 to obtain a set of port mode

2 Lift the port modes to adjacent components via (5.3)

3 Execute the training procedure of Algorithm 3 to construct POD modes for the

bubble functions

4 Compute the local projected stiffness matrices and local projected right-hand side

vectors
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Algorithm 5: Online phase

1 for i = 1, . . . , 9 do

2 Compute the approximations for all the bubble functions in Ωi

3 Form Ki
R(µ) and f iR(µ)

4 end

5 Assemble KR(µ) and fR

6 Solve the global projected system KR(µ)UR(µ) = fR(µ)

7 If the pointwise values of uhR(µ) are needed, compute them using UR(µ)

5.4 Numerical experiments

In this section we present the outcomes of a number of numerical experiments. To simplify

the implementation of this method we work with square components (the components may

be identified with (0, 1)× (0, 1)) and with square linear elements (Q1 elements). The finite

element parameter, h, is the width of a single element. For each experiment we set Nsamples =

200 in Algorithm 2 and, unless otherwise noted, h = 1
72

.

5.4.1 Piecewise constant coefficient function

Our first examples are similar to Examples 1 and 2 of [37]. We take the coefficient function,

p, to be constant on each component

p(x;µ) = µi x ∈ Ωi.

In terms of Assumption 2, p0 is a constant function, µi. Note that when p is constant in a

component, the energy-minimizing extension is identical to the harmonic extension (i.e. for

the Laplace equation). So, for this case, our method does not require any bubble functions.

Example 5.4.1 (Square domain). For this experiment we let Ω = (0, 3)× (0, 3), see Figure

5.6. Each component, Ωi, is easily identified with (0, 1)×(0, 1). Nine parameters, µi, are used
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and are chosen from the set D = [0.1, 10]9. Furthermore, this coefficient function permits us

to decompose (5.2) in a simple manner: for any w, v ∈ Xh

a(w, v;µ) =
9∑
i=1

ai(w|Ωi
, v|Ωi

;µ) =
9∑
i=1

µi

∫
Ωi

∇w · ∇v dx.

This decomposition is exploited to speed up the construction of the projected stiffness matrix.

Ω1

Ω4

Ω7

Ω2

Ω5

Ω8

Ω3

Ω6

Ω9

(0,0)

(3,3)

Ω
Figure 5.6: The domain, Ω, for Experiments 5.4.1, 5.4.3, and 5.4.4.

We choose ΓD = [0, 3]× {0} and ΓN = ∂Ω \ ΓD and set

g(x, y;µ) =

µ7 (x, y) ∈ [0, 1]× {3}

0 otherwise

,

which corresponds to homogeneous Dirichlet boundary conditions along ΓD, and Neumann

boundary conditions along ΓN .

Before we discuss the results of our numerical experiments, some remarks are in order.

First, our choice of coefficient function departs from the one considered in [37]. Eftang

and Patera worked with components which were cross-shaped (see Figure 5.7) to prevent

more than two components from sharing a port. They used a coefficient function which was

equal to one near the ports and µi in the interior of component Ωi. This choice moves the
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discontinuities of p away from the ports and into the components. Our function is defined

in such a way that its discontinuities occur precisely along the ports.

p = µi

p = 1

Figure 5.7: A cross-shaped component used by Eftang and Patera in [37]. In the blue region
the coefficient function is identically µi and in the white region it is unity. The four ports
are shown in red.

First we solve (5.2) with the particular parameter values used in Example 1 of [37],

µ = (0.1, 0.2, 0.4, 0.8, 1.6, 3.2, 6.4, 0.1, 0.2). The solution is visualized in Figure 5.8. Note that

singularities may occur at the corner ports of four adjacent components (see, for instance,

the corner CP10 = (1, 2)). These singularities are more pronounced when large and small

parameter values are arranged in a checkerboard pattern.

We apply our approximation method to this problem and compute the relative error in

the infinity norm ∥∥uh(µ)− uhR(µ)
∥∥
∞

‖uh(µ)‖∞
(5.9)

as we vary the number of port modes used. We also test the relative error (5.9) for two

other possible choices of port modes: sinusoidal functions {sin(kπx)}Ne
k=1 and polynomials{

C̃
(2.5)
k

}Ne

k=1
. Figure 5.9 summarizes our results.

The empirical modes (circles) are much more economical for approximating the behavior

of the solution along the edge ports than the sinusoidal or polynomial modes (squares and

crosses, respectively). Roughly speaking, the relative error in our approximation decays at

the same rate as the singular values from the POD. Data points with 0 port modes used

refer to the relative error when only the corner port functions are employed.



123

Figure 5.8: Example 5.4.1. The finite element solution for parameters µ = (0.1, 0.2, 0.4, 0.8,
1.6, 3.2, 6.4, 0.1, 0.2).
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Figure 5.9: Example 5.4.1. A comparison of the relative error in the infinity norm for different
choices of port modes (with µ = (0.1, 0.2, 0.4, 0.8, 1.6, 3.2, 6.4, 0.1, 0.2)) as the number of port
modes, k, is varied. Rescaled singular values for the empirical port modes are also plotted.
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This experiment only demonstrates the efficacy of our method for one particular set of

parameters. We would also like to measure the robustness of our training procedure and

port modes by computing the error for a variety of parameter values (in D). To this end we

generate 200 sets of random parameters and find the relative error in our approximation. The

results of this test are plotted in Figure 5.10. The figure shows that for a fixed number of port

modes (25) the performance of the method is fairly consistent across a range of parameter

values. The median error was about 1.1 × 10−12. Many of the parameter combinations

generated during this test bring about singularities of the type pictured in Figure 5.8. Figure

5.10 suggests that the empirical port modes suggested in this work are well-equipped to deal

with such singularities.
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Figure 5.10: Example 5.4.1. The relative error in the infinity norm for 200 sets of random
parameter samples using 25 port modes.

Example 5.4.2 (Horseshoe domain). Next we consider a seven-component horseshoe-shaped

domain, Ω ⊂ (0, 3) × (0, 3), shown in Figure 5.11. Though the domain has changed, the

individual components may still be identified with (0, 1)× (0, 1). The parameter set is now

D = [0.1, 10]7. As in the previous example we may take advantage of the component-based
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structure of Ω and p to break up the variational problem and reduce the complexity of

forming the projected stiffness matrix.

We again take ΓD = [0, 3]× {0} and ΓN = ∂Ω \ ΓD. For this experiment we take

g(x, y;µ) =

µ5 (x, y) ∈ [0, 1]× {3}

0 otherwise

,

corresponding to homogeneous Dirichlet boundary conditions along ΓD, ∂u
∂n

= 1 along [0, 1]×

{3} ⊂ ΓN , and homogeneous Neumann boundary conditions along the remainder of ΓN .

Ω1 Ω2 Ω3

Ω4

Ω5 Ω6 Ω7

(0,0)

(3,3)g = µ5

ΓD

Figure 5.11: The horseshoe domain of Example 5.4.2

Letting µ = (0.1, 0.2, 0.4, 3.2, 6.4, 0.1, 0.2) as in [37, Example 2] we compute the finite

element solution, shown in Figure 5.12.

In Figure 5.13 we show the decay of the relative error as the number of port modes used

in our method is allowed to grow. This curve can be compared to the rescaled singular

values. As in the previous example we are able to obtain a reasonable accuracy using 25

port modes. Figure 5.14 plots the relative error in our method for 200 sets of randomly

sampled parameters. Overall the performance of our method for this problem is similar to

that seen in Example 5.4.1, albeit marginally worse. The median relative error across the

random parameter test was about 6.2× 10−12.



127

Figure 5.12: Example 5.4.2. The finite element solution for parameters µ = (0.1, 0.2, 0.4,
3.2, 6.4, 0.1, 0.2).
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Figure 5.13: Example 5.4.2. The relative error in the infinity norm as the number of port
modes, k, is varied for parameters µ = (0.1, 0.2, 0.4, 3.2, 6.4, 0.1, 0.2).
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Figure 5.14: Example 5.4.2. The relative error in the infinity norm for 200 sets of random
parameter samples using 25 port modes.

5.4.2 Cubic coefficient function

Next we consider two examples inspired by the problem studied in [7]. The domain will

again be Ω = (0, 3)× (0, 3). The coefficient function is chosen to be piecewise cubic (in x):

pi0(ξ, η; µ̃) = (µ2i−1 + ξµ2i)
3.

We also enforce that p be continuous due to its interpretation in [7] as being an interpolant

of a function that is continuous along the interface, Σ. Since each component has two

parameters, it follows that µ ∈ R18, though we could reduce the dimension of µ by noting

that components with the same left and right endpoints share the same parameters and that

the continuity condition on p imposes extra constraints. If we wished to be parsimonious we

could take µ ∈ R4. We define D so that ∀i,

1× 10−5 ≤ µ2i−1 ≤ 5× 10−5 and − 4× 10−5 ≤ µ2i ≤ 4× 10−5.

This choice of p satisfies Assumption 1 which greatly reduces the cost of assembling the

linear system.
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In the absence of further specification, the reader may assume that we set

p(x, y) =

(
5− 4

3
x

)3

× 10−5

in the following experiments and that the POD approximation for the bubble functions is

robust and accurate enough so that the error it introduces may be safely ignored. The

examples differ from one another only in the boundary conditions that are imposed.

Example 5.4.3 (Singularity induced by boundary conditions). First we let ΓN = {3}× [0, 1]

and ΓD = ∂Ω \ ΓN . To obtain unit Neumann boundary conditions along ΓN , we set

g = (µ5 + 3µ6)3 (i.e.g = p(3, y)).

We plot the finite element solution to this problem in Figure 5.15 (note the rotated perspec-

tive). Here a singularity is introduced due to the collision of homogeneous Dirichlet and unit

Neumann boundary conditions at (x, y) = (3, 1). We shall see that this anomaly is not so

easily handled by our method.

In Figure 5.16 we have the relative error as a function of the number of port modes used

along with the singular values. The decay of the relative error does not match that of the

singular values for this example. Rather, it is slower. This is due to the port modes facing

difficulties resolving the solution along the ports adjacent to the singularity. Figure 5.17

visualizes the error in component three when 34 port modes are used on each edge port.

Increasing the number of port modes, ne, even further fails to improve the accuracy by a

meaningful amount. We will need to make modifications to our method in order to improve

its robustness in the presence of such difficulties.

As before, we benchmark our procedure by testing its accuracy for a large set of random

parameters. Figure 5.18 plots the results of this test. Observe that in most cases the relative

error is very close to the median, which is about 5.5×10−13. However, there are some instances

where the error is an order of magnitude or two worse. The unusually high inaccuracy in

these cases can be attributed to deficiencies in the POD for the bubble functions. We

were able to reduce the variance in relative error between tests by increasing the number of
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Figure 5.15: Example 5.4.3. The finite element solution. Note that the plot has been rotated
so that the singularity at (x, y) = (3, 1) is more visible.
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Figure 5.16: Example 5.4.3. The relative error in the infinity norm as the number of port
modes, k, is varied and the scaled singular values associated with the port modes. The

sequence
(
σk
σ1

)q
matches the relative error for q ≈ 0.816
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Figure 5.17: Example 5.4.3. A spatial plot of the difference between the finite element solu-
tion and our approximation (using 34 port modes) over Ω3. Recall that Ω3 is the component
in the bottom-left of the square domain pictured in Figure 5.6, i.e. Ω3 = (2, 3)× (0, 1).

POD modes used in the bubble function approximation at the cost of a slower online phase.

However, we are reasonably confident that we have a way to solve this problem by forming

separate PODs for the bubble functions corresponding to interface functions for corner ports.

Whereas we had previously included snapshots from the corner port interface functions in

the bubble function POD, we would instead perform separate PODs on the edge and corner

interface function snapshots. Assuming that we use one of these two strategies to improve

the bubble function approximation, the limiting factor in terms of accuracy becomes the

selection of an appropriate approximate basis for the edge ports. This problem is especially

challenging when singularities in the solution appear due to boundary conditions, as this

example illustrates.

Example 5.4.4 (Inhomogeneous Dirichlet boundary conditions). For our last experiment

we set unit Neumann boundary conditions along the entire right side of Ω by letting ΓN =

{3} × [0, 3] and taking g = (µ5 + 3µ6)3 (recall that components 3, 6, and 9 all share the
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Figure 5.18: Example 5.4.3. The relative error in the infinity norm for 200 sets of random
parameter samples using 34 port modes.

same parameter values). We introduce inhomogeneous Dirichlet boundary conditions along

the top of Ω, [0, 3] × {3}, and retain homogeneous Dirichlet boundary conditions along the

rest of ∂Ω, ({0} × [0, 3]) ∪ ([0, 3]× {0}). Along [0, 3]× {3} we set

u(x, y) =
(
3x+ sin

(
π2x
))

(3− x)/3. (5.10)

A plot of the finite element solution is shown in Figure 5.19 (left).

Figure 5.20 plots the infinity norm relative error in our approximation as a function of

the number of port modes along with the (scaled) singular values. Though the first few

(low frequency) modes are unable to capture the oscillatory behavior of the sine function,

eventually the error begins to decay at a similar rate to the singular values. However, if

we were to continue the plot beyond 34 port modes we would witness a sudden plateau

in both the relative error and the singular values. This plateau is due to the inability of

the empirical port modes to mimic the trace of the solution along ΓD, as can be seen in

Figure 5.19 (right), which shows the difference between the finite element solution and our

approximation. The error is completely localized along ΓD. Indeed, if we ignore the entire
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Figure 5.19: Example 5.4.4. Left: The finite element solution. Right: A spatial plot of the
difference between the finite element solution and our approximation (using 34 port modes).

variational problem and simply compute the (infinity norm) relative error in the projection

of the Dirichlet boundary condition, (5.10), onto the port modes, we obtain the piecewise

linear curve in Figure 5.20. The curve matches up almost exactly with the relative error for

the approximate solution.

A natural idea would be to use a different approximate basis for the edge ports which

is better able to resolve the Dirichlet boundary condition. However, there is a tradeoff to

be taken into consideration. The better a set of modes is at representing a general class

of functions, the worse it may become at mimicking the specific behavior of the solution

along the edge ports that are not a part of ΓD. The empirical port modes are all taken

directly from the solution manifold of the trace of the solution along an edge port, while

functions chosen a priori are not likely to be members of this set. Therefore, upon replacing

the empirical port modes with functions well-suited to approximate the Dirichlet boundary

conditions, we would expect a degradation in the quality of the final approximation in the

interior of Ω. Figure 5.21 provides some evidence in favor of our suspicion. For three sets

of port modes (empirical, polynomial, and sinusoidal) it shows both the relative error in the

infinity norm of the overall approximation and the relative error in the projection of (5.10)
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Figure 5.20: Example 5.4.4. The relative error in the infinity norm (circles), the scaled singu-
lar values associated with the port modes (squares), and the relative error in the projection
of the Dirichlet boundary condition onto the port modes (line) as the number of port modes
is varied.
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onto the modes themselves. The projection error for the polynomial basis (downward-facing

triangles) decays rapidly to machine precision, but its overall relative error (upward-facing

triangles) decreases slowly. This shows that while this basis is adroit at replicating the

Dirichlet boundary condition, it does a poor job of mirroring the solution along edge ports

in the interior of Ω. The sinusoidal basis exhibits underwhelming performance in both cases.

0 5 10 15 20 25 30 35

Port modes per port (k)

10 -20
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10 -10
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Empirical relative error
Polynomial relative error
Sine relative error
Empirical projection error
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C<

k
/<

1

Figure 5.21: Example 5.4.4. A comparison of the relative error and relative error in the
projection of the Dirichlet boundary condition onto the port modes for different choices
of port modes as the number of port modes is varied. The scaled singular values for the
empirical modes are also plotted.

The last two examples show that while the empirical port modes are adept at capturing

the solution behavior along ports in the interior of Ω, more work is needed to enable them

to accurately approximate the solution along the boundaries when challenging boundary

conditions are imposed.
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