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Feature selection and data compression are fundamental problems in dimension reduction

and representation learning. This dissertation develops a common variational framework for

these tasks, posing them as quadratic optimization over spaces of probability distributions.

The first substantive chapter introduces the local expected gradient outer product (local

EGOP) motivated by high-dimensional nonparametric regression. It is utilized in a recursive

feature-learning algorithm which yields an intrinsic learning rate for signals parameterized

by low-dimensional manifolds.

The second substantive chapter develops CO2 for selecting convexly weighted coresets

to approximate measures with respect to smooth divergences. Second-order Hadamard

differentiability turns a divergence’s Hessian into a loss-adapted kernel, reducing local

compression to maximum mean discrepancy minimization and kernel quadrature. For the

Sinkhorn divergence, this geometry is equivalent to a scaled Gaussian reproducing kernel

Hilbert space and supports coresets with poly-logarithmically many observations.

The final substantive chapter analyzes entropic self-transport as the regularization pa-

rameter ε tends to zero. A second-order expansion of the symmetric Schrödinger potential

makes explicit its relationship to Gaussian-kernel estimators of density, score, and diffusion.
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Chapter 1

INTRODUCTION

The problems of feature selection and data compression are intimately related, although

they are not always presented as such. Feature selection is most commonly thought of

in supervised contexts, including lasso penalization and other methods of model selection.

Data compression refers to unsupervised data sparsification, such as through clustering or

coreset selection. In statistical learning, however, both tasks ask a common question: which

directions or observations are essential for a specified objective, and which can be discarded

only to positive benefit?

We illustrate this with an example. Suppose one wished to select ten cafes from the many

thousands in Seattle to best represent the city’s coffee culture. Before selecting the cafes, one

would likely identify descriptors such as ambience or bean selection to compare the different

shops. The quality of the exemplars produced by this procedure would correspond to the

capacity of these features to detect meaningful differences between the coffee shops.

We frame this problem variationally, realizing these tasks as optimization problems over

probability distributions. For feature-learning we focus on Nadaraya-Watson style estimators

which locally pool data. In the compression setting, sparse probability distributions supported

on the observed samples. In both cases, the relevant loss is generally nonlinear in the measure.

The main analytical strategy is to expand that nonlinear loss locally and identify the quadratic

form that governs its leading behavior.

This quadratic perspective produces the main technical objects studied below: the

expected gradient outer product (EGOP), which measures local variation of a regression

target; the Hadamard operator, which is the Hessian of a smooth divergence on a space of

probability measures; and the Schrödinger potential, whose small-regularization expansion

exposes the local geometry of entropic optimal transport.
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1.1 Selection as an optimization over measures

Let P denote a population distribution and

Pn :=
1

n

n∑
i=1

δXi

its empirical distribution. A convexly weighted coreset of size m is a probability measure

Pm :=
m∑
j=1

wjδXij
, wj ≥ 0,

m∑
j=1

wj = 1,

supported on at mostm of the observed points. Given a discrepancyD(µ, ν), data compression

seeks a small Pm that is nearly indistinguishable from Pn in the geometry relevant to D. For

losses whose empirical fluctuation is of order n−1, the desired relation is

D(Pm, P ) = D(Pn, P ) + op(n
−1).

Throughout the dissertation we denote by P a population law, Pn its empirical law, and

Pm a coreset supported on at most m observations; µ and ν denote generic measures or

localizations.

Now consider supervised data (Xi, Yi) with

Yi = f(Xi) + ϵi, f(x) := E[Y | X = x].

At a query point x, an anisotropic kernel estimator averages observations according to a

positive-semidefinite metric M :

f̂M,h(x) :=

∑n
i=1 k

(
∥M1/2(x−Xi)∥/

√
2h
)
Yi∑n

i=1 k
(
∥M1/2(x−Xi)∥/

√
2h
) . (1.1)

For a Gaussian kernel, this estimator has a continuum analogue that averages f under the

localization

µx,M,h := N(x,Σ), Σ = hM−1.

Thus learning the metric M is equivalent to selecting a local probability measure. The

covariance Σ determines which directions and how large a region the estimator may pool.

Directions assigned large covariance are treated as locally redundant, while directions assigned

small covariance are retained at higher resolution.
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1.2 Quadratic Approximation

The recurring analytical step in this dissertation is to establish quadratic surrogates for the

desired learning tasks. Let J be a functional defined on probability measures and let γ be a

signed, zero-mass perturbation of P . Under an appropriate notion of differentiability,

J (P + tγ) = J (P ) + t J̇P (γ) + t2 J̈P (γ) + o(t2). (1.2)

For a divergence minimized at P , the first derivative vanishes. The leading local behavior

is therefore the quadratic form J̈P . When this form is positive semidefinite, it may be

represented by an operator GP and a kernel gP :

J̈P (γ) =
∫
(GPγ) dγ =

∫∫
gP (x, y) dγ(x)dγ(y) =: ∥γ∥2GP

. (1.3)

The operator GP is the Hadamard operator of the functional. It defines the tangent geometry

in which two nearby distributions should be compared. If gP is a reproducing kernel, then

the final expression in Equation (1.3) is a squared maximum mean discrepancy (MMD). A

nonlinear compression problem can consequently be reduced, locally, to kernel quadrature.

An analogous expansion governs local regression. If Z is centered with covariance Σ and

concentrated near x, then

f(x+ Z)− f(x) ≈ ∇f(x)⊤Z,

and hence

E
[
(f(x+ Z)− f(x))2

]
≈ ∇f(x)⊤Σ∇f(x) =

〈
∇f(x)∇f(x)⊤,Σ

〉
F
.

After averaging over a localization µ, the rank-one matrix ∇f(x)∇f(x)⊤ becomes the

expected gradient outer product

L(µ) :=
∫
∇f(z)∇f(z)⊤ dµ(z), (1.4)

and the corresponding quadratic variation is

W (µ) := ⟨L(µ),Σ(µ)⟩F =

∫
∇f(z)⊤Σ(µ)∇f(z) dµ(z). (1.5)

We call W the EGOP form. Equations (1.3) and (1.5) are the two principal quadratic forms

of the dissertation. The first measures a perturbation of a distribution in a loss-adapted
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tangent geometry, the second measures a perturbation of the input in a response-adapted

spatial geometry. Both identify directions in which variation is expensive and directions in

which averaging is safe.

In regression, a kernel determines the local measure over which observations are pooled.

In compression, a kernel embeds probability measures into a Hilbert space and determines

which distributional perturbations must be preserved. In the final chapter, a Gaussian kernel

is also the reference interaction in entropic transport, and its normalization produces a

Markov operator. Kernel learning, kernel quadrature, and kernel diffusion are all central to

this research, establishing geometry tailored to the estimation task at hand.

1.3 Dissertation outline

Below we detail the primary contributions of each of the main dissertation chapters.

1.3.1 Local Feature Learning as Distributional Optimization: Rates and Theoretical Foun-

dations

The first substantive chapter studies feature learning for nonparametric regression. In high-

dimensional problems, the ambient dimension D may substantially overstate the dimension

along which the regression target varies. The classical multi-index model assumes

f(x) = g(V x)

for a low-rank matrix V . The active directions are then globally fixed. We instead study

a nonlinear extension called continuous index learning (CIL). Let M ⊂ RD be a smooth

d-dimensional manifold and let

π(x) := argmin
q∈M

∥q − x∥

be the nearest-point projection within the reach ofM. The CIL model assumes

f(x) = g(π(x)). (1.6)

Thus f may vary along a curved collection of tangent spaces while remaining invariant to

normal displacement. A flat manifold recovers the multi-index model. This formulation
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captures the local, spatially varying feature structure that motivates manifold learning and

kernel steering.

The EGOP in (1.4) records that structure. Its leading eigenvectors identify directions in

which f varies most strongly, while its null or near-null directions identify directions along

which a local estimator may smooth aggressively. This suggests metrizing the kernel in

Equation (1.1) by a local estimate of L(µ). The empirical analogue is an average gradient

outer product (AGOP),

L̂(Q) :=

∫
∇f̂(z)∇f̂(z)⊤ dQ(z),

evaluated not over the entire empirical distribution, but over the same local kernel measure

used for prediction.

This local construction is closely related to recursive feature machines and other gradient-

based kernel-learning methods (Radhakrishnan, Beaglehole, et al., 2022; Beaglehole, Rad-

hakrishnan, et al., 2023), but the distributional formulation makes the associated risk tradeoff

explicit.

We formalize this geometric idea as follows. For µ = N(x,Σ), the Gaussian Poincaré

inequality connects the integrated squared bias of a local average to W (µ). The finite-sample

variance, in turn, is controlled by the volume of the smoothing region. At the level of rates,

the resulting local mean integrated squared error (MISE) obeys

E
[∫

(f̂M,h(x)− f(z))2 dµ(z)
]
= O

(
1

n
√
detΣ

+W (µ)

)
. (1.7)

The two terms expose the bias–variance tradeoff in distributional form. Making Σ small

controls the EGOP form but discards observations; making Σ large increases the effective

sample size but risks averaging across directions in which the target changes.

This tradeoff leads to a constrained maximum-entropy problem. For a prescribed bias

scale a > 0, one would like to solve

max
Σ⪰0

log detΣ subject to tr(L(µ)Σ) ≤ a. (1.8)

Freezing the EGOP at the current localization leads to the explicit solution Σ ∝ L(µ)−1.

Consequently, the Mahalanobis metric M ∝ Σ−1 is proportional to this matrix. Local EGOP
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Learning iterates this relation,

µt = N(x,Σt), Σt+1 = ht+1

[
βL(µt) + (1− β)L(µt−1)

]−1
, (1.9)

1.3.2 Coreset Selection for the Sinkhorn Divergence and Generic Smooth Divergences

Let

DP (Q) := D(Q,P )

be a divergence from the population P . The aim of this section is to approximate the empirical

distribution with a sparse coreset. Many non-MMD losses may be costly to optimize directly

over all sparse measures Pm ≪ Pn. The proposed method, CO2 (Coresets of Order 2), uses

the functional expansion (1.2) to construct a quadratic approximation tailored to D.

More precisely, suppose DP is second-order Hadamard differentiable at P relative to a

suitable tangent topology. Because DP (P ) = 0 and the first derivative vanishes at the null,

DP (P + tγ) = t2D̈P (γ) + o(t2). (1.10)

The Hadamard operator GP represents D̈P as in Equation (1.3). Compression under its

kernel therefore preserves the locally relevant part of the original divergence. In particular, if

MMDgP (Pn, Pm) = op(n
−1/2),

then the compression error is negligible at the quadratic statistical scale, and

DP (Pm) = DP (Pn) + op(n
−1).

Algorithmically, a low-rank approximation to the Hadamard kernel can be combined with

kernel recombination to construct a convexly weighted coreset. The required coreset size is

controlled by the residual spectrum of the normalized Gram matrix. When the loss-induced

kernel is well approximated at low rank, a small number of observations preserve the leading

statistical behavior of the full empirical distribution.

The main application is the Sinkhorn divergence. For ε > 0, define entropically regularized

quadratic transport by

OTε(µ, ν) := inf
π∈Π(µ,ν)

{∫
∥x− y∥2 dπ(x, y) + εKL(π∥µ⊗ ν)

}
, (1.11)
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and

Sε(µ, ν) := OTε(µ, ν)−
1

2
OTε(µ, µ)−

1

2
OTε(ν, ν). (1.12)

Let

kε(x, y) := exp

(
−∥x− y∥

2

ε

)
and let aP denote the positive self-transport scaling at P , characterized by

aP = Kε

(
dP

aP

)
, Kεγ :=

∫
kε( ·, y) dγ(y). (1.13)

The base-point-scaled Gaussian kernel is

k̃aP (x, y) :=
kε(x, y)

aP (x)aP (y)
. (1.14)

If JaP γ := Kε(dγ/aP ) and TP is the self-transport integral operator, the Sinkhorn Hessian

has the form

S̈ε,P (γ) =
ε

2

〈
JaP γ, (I − T2

P )
−1JaP γ

〉
H (1.15)

on the zero-mass tangent space. For distributions in Rd, the eigenvalues of this analytic

kernel decay sufficiently rapidly that taking

m = ω(logd n)

is enough to construct a lossless Sinkhorn coreset. This result is representative of a general

recipe for D-coreset construction. Differentiate the nonlinear loss, identify its local kernel

geometry, approximate that kernel at low rank, and preserve the resulting quadratic form

with a sparse measure.

1.3.3 Entropic Self-Transport in the Small-ε Limit: Scores, Densities, Diffusion Maps, and

Fast Coresets

The final substantive chapter studies the same entropic self-transport object in a different

asymptotic regime. The coreset chapter perturbs the marginal distribution while holding

ε > 0 fixed. The final chapter instead holds the distribution fixed and lets ε ↓ 0. We recover

asymptotic results that asymptotically link entropic optimal transport to natural diffusion

processes.
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For self-transport of a measure µ, the optimal coupling has density

ξε(x, y) :=
dπε

d(µ⊗ µ)
(x, y) = exp

(
fε(x) + fε(y)

ε

)
kε(x, y), (1.16)

where the symmetric Schrödinger potential fε solves

fε(x) = −ε log
∫

exp(fε(y)/ε) kε(x, y) dµ(y). (1.17)

Suppose µ has density p = h2 on Rd, with a sufficiently smooth log-density. The main

expansion is

fε = −ε
d

4
log(πε)− ε log h− ε2∆h

8h
+ o(ε2). (1.18)

To derive this, we reparameterize the Schrödinger equation using the heat semigroup

Pεu(x) := (πε)−d/2

∫
e−∥x−y∥2/εu(y) dy = e(ε/4)∆u(x)

and apply an implicit-function argument to the h-transformed equation.

A key implication of these results is that self-EOT and Gaussian kernel estimators of

density, score, and diffusion agree at leading order, and their first discrepancies can be written

explicitly.
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Chapter 2

LOCAL FEATURE LEARNING AS DISTRIBUTIONAL
OPTIMIZATION: RATES AND THEORETICAL FOUNDATIONS

Abstract. We consider the setting of Continuous Index Learning, in which a function

f of many variables varies only along a small number of directions at each point x. Any

sample-efficient predictor of f(x) must learn these directions, and a natural way to achieve

this is via kernel regression, where the kernel shape adapts to the local variation of f . In

our approach, we introduce the local Expected Gradient Outer Product (local EGOP), a

novel quantity that functions dually as an anisotropic metric and the inverse-covariance of

a Poincaré-constrained maximum entropy distribution centered at x. This leads to a new

framework connecting the Local Feature Learning, Recursive Feature Machine, and nonlinear

dimension reduction literatures. The resulting Local EGOP Learning algorithm is a recursive

kernel learning method that achieves a learning rate adaptive to the intrinsic regularity of

the target function. We demonstrate some of its properties through controlled experiments

and on real data.

2.1 Problem and approach

Learning representations adapted to structured data is a fundamental objective of modern

machine learning, underpinning the success of methods from neural network architectures to

manifold learning (Bengio et al., 2013; LeCun et al., 2015; Coifman and Lafon, 2006a; Meilă

and Zhang, 2024). In many high-dimensional settings, including speech, images, and scientific

measurements, data typically concentrates near a non-linear d-dimensional submanifold M

(Tenenbaum et al., 2000; Das, Moll, Stamati, L. E. Kavraki, et al., 2006; Pope et al., 2021).

Meaningful features are functions that capture variation alongM while remaining invariant

to orthogonal displacements. Classical techniques in image processing leverage differential

information including gradients and Hessians to learn such local structure, capturing fine
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details like edges and contours (Schmid and Mohr, 1997; Lowe, 1999; Wallraven et al., 2003;

Takeda et al., 2007). In the kernel literature, this is known as Local Feature Learning (LFL), a

problem setting where kernel regressors are augmented with derivatives of the target function

for the purpose of point estimation. The Recursive Feature Machine (RFM) algorithm is a

recent method that falls under this umbrella, being proposed for nonparametric regression

and as a theoretical model for neural network training dynamics (Radhakrishnan, Beaglehole,

et al., 2022; Beaglehole, Radhakrishnan, et al., 2023; Zhu et al., 2025).

The goal of this chapter is to develop theoretical foundations for such algorithms, linking

them directly to the optimization of certain regression related risk functionals such as

the Mean Integrated Squared Error (MISE). This leads us to (1) the development of a

new problem setting that generalizes multi-index learning, (2) a blueprint kernel learning

method that achieves adaptive rates for such data, and (3) a new framework which relates

these procedures to the optimization of Poincaré inequalities of central interest in nonlinear

dimension reduction. We briefly explain our approach here in light of these three interrelated

contributions.

Kernel learning problem Given n i.i.d. observations (Xi, Yi) ∈ RD × R, we focus on

the Nadaraya-Watson estimator of f(x) = E[Y |X = x] given by f̂(x) =
∑

iwiYi, with wi ∝

kh(x,Xi) (see (2.2)), with kernel k and bandwidth h. We focus on k Gaussian, with

modifications for other kernels presented in Appendix 2.C.1.4.

We aim to learn anisotropic kh, emulating the local structure of f through the Mahalanobis

metrization kh(x,Xi) := kh,M (x,Xi) = k(∥M1/2(x−Xi)∥/
√
2h). The goal is to learn an M

that penalizes displacement in directions where f most strongly varies, to reduce bias, but

remains wide in the directions where f is constant, to control variance.

(1) The data setting – Continuous Index Learning (CIL) This new setting is a

generalization of multi-index learning (MIL). MIL is the task of estimating a function that

only depends on x through composition with a low-rank matrix V , f(x) = g(V x). In CIL, we

generalize this to the compositional problem f(x) = g(π(x)) where π(x) := argminq∈M ∥q−x∥

denotes the nearest point projection onto a latent manifold M. MIL corresponds to the

specific subsetting whereM is a flat vector space. CIL is the natural setting for local kernel

adaptation problems, see Figure 2.2 for an example of continuous single-index data.
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Figure 2.1: Local EGOP Learning localizations (Algo-

rithm 1) on a grayscale mandrill image Bush (2021).

Inputs x are pixel locations; f(x) are grayscale val-

ues. We highlight the 125 highest-weight pixels (red)

around specific center points (early stopping applied).

Right: Magnified view of the boxed region.

Figure 2.2: Continuous single-index

data. Heatmap: a normally-

invariant function about a closed

curve (black). White lines indicate

normal spaces. Red vectors denote

sampled gradients (length ∝ mag-

nitude).

(2) Recursive kernel learning – our blueprint To this end, we develop a recursive

procedure we call Local EGOP Learning, which iteratively refines the metric M by pooling

coarse differential information estimated from the observed data around a target point x.

This procedure is intentionally similar to the Recursive Feature Machine (RFM) algorithm

proposed for kernel ridge regression. Central in this line of research is the expected gradient

outer product (EGOP), L(µ) :=
∫
∇f∇f⊤ dµ. Its empirical counterpart is the average

gradient outer product (AGOP) L̂(Pn) := Lf̂ (Pn) :=
1
n

∑n
i=1∇f̂(xi)∇f̂⊤(xi), with Pn the

empirical distribution.

Our key insight is to (iteratively) localize the EGOP (or AGOP) around the point of

interest x. At iteration t, let M̂t denote the normalized precision used by the kernel and set

w
(t)
i ∝ exp(−(xi − x)⊤M̂t(xi − x)). With f̂ given by (2.2), we consider

L̂t := L̂

(
n∑

i=1

w
(t)
i δxi

)
=

n∑
i=1

w
(t)
i ∇f̂(xi)∇f̂(xi)

⊤. (2.1)

That is, rather than averaging the gradient outer products over the full dataset, as has been

recently emphasized, we weigh them with respect to the same kernel we utilize for regression.

After two initialization updates without momentum, we set M̂t+1 = βL̂t + (1− β)L̂t−1,
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β ∈ (0, 1). Algorithm 1 normalizes M̂t+1 before rescaling by the bandwidth. Corollary 2.4

shows that the corresponding population trace converges to a positive constant, so this scalar

normalization does not affect the learning rate. Momentum improves stability, as discussed

in Appendix 2.A.4. In Figure 2.1 we visualize the resulting regression neighborhoods. This

method, described in Section 2.4, has close ties also to the heuristically motivated “kernel

steering” algorithm (Takeda et al., 2007; Takeda et al., 2008); therefore, by providing formal

guarantees for it, we illuminate the workings of these very successful precursors.

(3) Theoretical analysis framework We introduce a distributional interpretation of

this recursive procedure through the Gaussian localizations µt = N(x,Σt), where Σt ∝M−1
t

up to a covariance cap.
∫
f dµt is the population counterpart of f̂(x). Central to our

analysis is a new Dirichlet functional that we call the EGOP form, W (µt) := tr(L(µt)Σ(µt)),

which naturally bounds the bias of Mahalanobis metrized kernel regression. This leads to

an interpretation of Local EGOP Learning as a Poincaré constrained maximum entropy

estimator, which we show achieves an intrinsic learning rate for the CIL setting.

In Section 2.3, we develop a framework for the study of anisotropic kernel regression,

and an interpretation of EGOP metrization as greedy MISE optimization. In Section 2.4,

Algorithm 1, we introduce the Local EGOP Learning algorithm in detail. In Section 2.5, we

analyze this procedure as a matrix recurrence, demonstrating learning rates adaptive to the

regularity of the target function. In Section 2.6 we highlight connections to recent methods

in the compositional learning and nonlinear dimension reduction literature. In Section 2.7,

we illustrate several significant aspects of the theory via numerical experiments, while Section

2.8 indicates avenues for future work.

2.2 Background and Related Work

For extended background material, refer to Appendix 2.A.

Kernel Learning: Kernel selection is a central task in the analysis of specialized data

(Odone et al., 2005; Kondor and Jebara, 2003; Joachims, 1998; Chapelle et al., 1999; Barla

et al., 2002; Vishwanathan et al., 2010), statistical optimization (Genton, 2001; Schölkopf,

Simard, et al., 1997; Osborne, 2010), and distillation (Gong et al., 2024; Kokot and Luedtke,
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2025). This setting is of broad interest to the development of machine learning theory (Belkin

et al., 2018), and models like neural networks and random forests asymptotically correspond

to tailored kernels (Jacot et al., 2018; Scornet, 2016).

Learning with Gradients: Classically, Local Feature Learning (Schmid and Mohr, 1997;

Weickert, 1999; Lowe, 1999; Wallraven et al., 2003; Dalal and Triggs, 2005; Bay et al., 2006)

and recursive partitioning (Heise, 1971; Breiman and Meisel, 1976; Friedman, 1979) have

placed emphasis on leveraging information on the target function and its derivatives for

representation learning. Our approach provides a rigorous basis for related “kernel steering”

techniques in image processing (Takeda et al., 2007; Takeda et al., 2008). The EGOP has wide

statistical applications (Samarov, 1993; Hristache et al., 2001; Xia et al., 2002; Trivedi et al.,

2014; Yuan et al., 2023) and gradient metrizations appear in the setting of manifold learning

(Q. Wu et al., 2010; Mukherjee et al., 2010). For supervised noiseless manifolds, Aswani et al.

(2011) achieves intrinsic rates using isotropic kernels and sparse regression, penalizing normal

and tangent spaces differently. However, their method requires estimating the local dimension

d a priori and extends to infinite regressors, lacking our adaptive, local refinement. Recursive

Feature Machines (Radhakrishnan, Beaglehole, et al., 2022; Beaglehole, Radhakrishnan, et al.,

2023; Radhakrishnan, Belkin, et al., 2025; Zhu et al., 2025) is a recently proposed method

that highlights the LFL framework. Our analysis reveals a fundamental connection to recent

research in the nonlinear dimension reduction literature which approaches the problem of

compositional learning through the optimization of Poincaré inequalities (Bigoni et al., 2022;

Verdière et al., 2025; Nouy and Pasco, 2025).

Multi-Index Learning: Multi-index learning has frequently been studied through neural

network adaptation (Mousavi-Hosseini et al., 2022; Boix-Adsera et al., 2023; Damian et al.,

2023). In the single-index setting—where f(x) depends solely on v⊤x—two-layer networks

learn this dependence efficiently, rapidly improving prediction (Bietti et al., 2022; Abbe

et al., 2024; J. D. Lee et al., 2024), with recent results extending to multi-index frameworks

(Damian et al., 2023; Arnaboldi et al., 2024). The continuous index feature structure we

adopt is standard in manifold learning (Aamari and Levrard, 2018; Genovese et al., 2012;
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Kokot, Murad, et al., 2025). Continuous index models previously appeared as the “nonlinear

single-variable model” of Y. Wu and Maggioni (2024) for 1D manifolds. In that paper, broad

connections are made to compositional learning (Juditsky et al., 2009; Shen et al., 2021) and

nonlinear dimension reduction (Yeh et al., 2008; K.-Y. Lee et al., 2013).

2.3 A Framework for Recursive Kernel Learning

In this section we develop a framework that relates kernel Mahalanobis metrization Mt, the

covariance of the local sampling density µt, Σ(µt) := Covµt(X), and the EGOP L(µt) to

local Mean Integrated Squared Error (MISE) risk functionals. Central to this framework is

the EGOP form W (µ) = ⟨L(µ),Σ(µ)⟩F .

The idea is as follows. Since f̂(x) can be viewed as estimating the local average

EX∼µ[f(X)], its error can be bounded in terms of the variance of f(X) under µ. This

naturally ties the bias of this estimator to a Dirichlet form, and thus the local EGOP. We

will leverage this to connect metrization by the EGOP to a greedy MISE reduction strategy.

2.3.1 Assumptions and Notation

We refer to the population distribution of our feature vectors X ∈ RD as P , and its empirical

distribution as Pn. We assume P has a bounded C1 density p with respect to the Lebesgue

measure on RD, bounded away from 0 at x the query point. In CIL, we denote byM the

smooth base manifold of dimension d, by π the nearest point projection onto the manifold,

and by Tx and Nx the tangent and normal spaces at point π(x) ∈M. For π to be well-defined,

we further assume that X lies within the reach ofM (Federer, 1959) almost surely.

The labels Y are assumed to be of the form Yi = f(Xi) + εi for εi i.i.d., mean zero,

and finite 4th moment. We assume that f ∈ C4 and is bounded with uniformly bounded

derivatives. We reserve µ to refer to a localization or target distribution of data appropriately

concentrated about the point of interest x. We denote by Σ the covariance of µ, and

we enforce ∥Σ∥ ≤ ζ < ∞. We denote by ⟨·, ·⟩F the Frobenius inner product, and by

k a second-order kernel that satisfies typical assumptions in the nonparametric statistics

literature, as in Tsybakov, 2009[Chapter 1]. For convenience, we use a Gaussian kernel for k,

although modifications for the general setting are presented in Appendix 2.C.1.4. We assume



15

g = ∇f(x) ̸= 0. Finally, we define the empirical kernel estimator for predicting f at x and

its continuous counterpart by:

f̂(x) ≡ P̂Mt(f) :=
1

ĈMtn

n∑
i=1

kht,Mt(x,Xi)Yi, ĈMt :=
1

n

n∑
i=1

kht,Mt(x,Xi), (2.2)

PMt(f) :=
1

CMt

∫
kht,Mt(x, y)f(y) dP (y), CMt :=

∫
kht,Mt(x, y) dP (y). (2.3)

The bandwidth h is suppressed in our notation as it will be pre-set at each iteration of our

algorithm.

2.3.2 The EGOP and MISE

To assess the quality of predictor (2.3) on µ concentrated about a query point x, we introduce

a Dirichlet form we call the EGOP form W (µ).

W (µ) :=

∫
∇f⊤Σ(µ)∇f dµ = tr(L(µ)Σ(µ)) = ⟨L(µ),Σ(µ)⟩F . (2.4)

Identifying the EGOP form is a central contribution of this chapter, as we relate W (µ) to

the bias of Mahalanobis metrized kernel regressors relative to a local MISE functional.

Lemma 2.1 (Gaussian-smoother bias bound). Let ∥htM−1
t ∥ be uniformly bounded, and set

µt = N(x, htM
−1
t ). Then, there exists a universal constant C depending only on x, P, such

that ∫
(PMt(f)− f)2 dµt ≤ CW (µt). (2.5)

This bound follows from the Gaussian Poincaré inequality, and has the following natural

interpretation. The matrix L(µ) encodes the variation of f , and Σ(µ) the directions in

which data is pooled for our predictor. Thus, when L(µ) and Σ(µ) are misaligned, such that

⟨L(µ),Σ(µ)⟩F = W (µ) is small, then f is smooth with respect to µ. If data is pooled in

directions of minimal variation of f , then the squared residual from the average is reduced.

We note that this general structure, of metrizing by the inverse covariance, appears in

disparate literatures, from classical Local Feature estimators (Schmid and Mohr, 1997), to

VAEs (Chadebec and Allassonnière, 2022), and Langevin preconditioning (Cui et al., 2024).

We next seek to control the variance of the finite sample estimator P̂M of f at x.
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Lemma 2.2 (Kernel-regression variance bound). Let Mt ≻ 0, Σt = htM
−1
t , and ∥Σt∥ be uni-

formly bounded. Then, there exists a universal constant C depending only on x, P, ∥f∥∞,E[ε4]

such that

E
[
(P̂Mt(f)− PMt(f))

2
]
≤ C

n
√
detΣt

. (2.6)

Thus the discretization error is monotone in the entropy of the Gaussian smoother,

H(µt) = log det(Σt), encouraging averaging over larger pools of data. We build on this

perspective in Section 2.3.3. Combining these bounds yields our fundamental error rate.

Theorem 2.1 (Local MISE bound and dimension-adaptive rate). Let Mt ≻ 0, and set

Σt = htM
−1
t , µt = N(x,Σt), and ∥Σt∥ be uniformly bounded. Then,

E
[∫

(P̂Mt(f)− f)2 dµt
]
= O

(
1

n
√
detΣt

+W (µt)

)
. (2.7)

In particular, if W (µt) = O(ht) and detΣt = Ω(hqt ) then the asymptotic learning rate is

E
[∫

(P̂Mt(f)− f)2 dµt
]
= O

(
n
− 1

1+q/2

)
. (2.8)

2.3.3 Recursive Kernel Learning as Constrained Entropy Maximization

We now show how EGOP based recursive kernel learning, combined with our basic kernel

bounds, constitutes a greedy variance reduction strategy. Intuitively, the goal is to induce

anisotropy in the kernel, stretching or steering it to include additional low-bias points that

would otherwise be discarded with an isotropic metric. The inclusion of these additional

high-quality points is exactly a reduction of variance, as including more data results in tighter

concentration to the mean for a local averaging estimator.

To optimize the bound of Theorem 2.1, we would like to select µt such that W (µt)→ 0

with entropy log detΣ(µt) as large as possible. In other words, if we specify the rate

W (µt) = tr(L(µt)Σ(µt)) = ht → 0, it would be optimal to smooth over the largest possible

region that achieves this bias, meaning we would like to select

µt = argmaxtr(L(µt)Σ(µt))≤ht
log detΣ(µt). (2.9)

This, however, cannot be solved, as we lack precise knowledge of the target function f .

Moreover, tr(L(µt)Σ(µt)) ≤ ht presents a challenging feasible set, as it is posed over a space
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of probability distributions, thus making it non-Euclidean. Our Gaussian ansatz reduces the

problem to optimizing a finite parameterization, though the optimization is non-convex.

For A ≻ 0, the finite-dimensional maximum-entropy problem has solution

Σ◦
h(A) := argmaxΣ≻0, tr(AΣ)≤h log detΣ =

h

D
A−1. (2.10)

We impose the covariance cap only after this update. For B ⪰ 0 with eigendecomposition

B = U diag(b1, . . . , bD)U
⊤, define the spectral truncation

Capζ(B) := U diag(min{b1, ζ}, . . . ,min{bD, ζ})U⊤. (2.11)

For a possibly singular A ⪰ 0, define the truncated inverse map

Th,ζ(A) := lim
ε↓0

Capζ

(
h

D
(A+ εI)−1

)
. (2.12)

This operation is empirically similar to the numerically stabilized inversion (A+ ζI)−1 which

is common in the literature, although we elect for exact capping for theoretical convenience.

Proposition 2.1 (Truncated inverse-EGOP metric update). During initialization M̂t+1 = L̂t,

while after momentum is introduced M̂t+1 = βL̂t + (1− β)L̂t−1. The associated covariance is

Σt+1 = Tht+1,ζ(M̂t+1). (2.13)

If M̂t+1 = U diag(λ1, . . . , λD)U
⊤, then

Σt+1 = U diag(τ1, . . . , τD)U
⊤, τj =


min{ζ, ht+1/(Dλj)}, λj > 0,

ζ, λj = 0.

(2.14)

Hence the update agrees with ht+1M̂
−1
t+1/D on every untruncated spectral block, while null

and sufficiently small-EGOP directions are set to the cap.

When implemented in Algorithm 1, we use local linear regression to better fit into the

EGOP estimation loop, and we develop corresponding theory in Appendix 2.D.
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2.4 The Local EGOP Algorithm

In this section, we introduce Local EGOP Learning (Algorithm 1), which implements the

recursive inverse-EGOP metrization motivated by Section 2.3.3. We emphasize this method

for its simplicity, although it can be optimized, as discussed in Appendix 2.B.

The algorithm computes base weights with respect to the metric M̂t (Step 3) to sample

points where the gradient will be estimated (Step 4). For each selected point, new local weights

are computed to fit a Leave-One-Out (LOO) local linear regression, yielding a local gradient

and function estimate (Steps 5–6). The resulting gradient outer products are averaged to form

L̂t (Step 7). After two initialization updates we add momentum M̂t+1 = βL̂t + (1− β)L̂t−1,

β ∈ (0, 1) and rescale by the bandwidth. In practice, hyper-parameters α,m, β, T , and the

bandwidth schedule {ht} are chosen via cross-validation. While the theoretically optimal

iteration count is dimension-dependent (Theorems 2.2 and 2.3), Algorithm 1 incorporates the

LOO validation loop directly into its execution (Steps 7–9) to provide a purely data-driven

early stopping criterion. Further theoretical motivation is detailed in Section 2.3.3.

The time complexity of Algorithm 1 is O(TmnD2 + TmD3), with memory overhead

O(nD +D2).

2.5 Theoretical Analysis of Local EGOP Learning

For the two initialization steps, set µ0 = N(x∗, αI), M1 = L(µ0), and M2 = L(µ1). For

t ≥ 2, define the population momentum metric

Mt+1 := βL(µt) + (1− β)L(µt−1). (2.15)

The oracle covariance recurrence is

Σt+1 = Tht+1,ζ(Mt+1). (2.16)

On every spectral block where truncation is inactive,

Σt+1 =
ht+1

D
M−1

t+1. (2.17)

We absorb the fixed factor D−1 into the bandwidth notation in the rate analysis. The

following Taylor expansion identifies the gradient and Hessian components that determine

the covariance scales.



19

Lemma 2.3 (Local EGOP Expansion). Let µ = N(x∗,Σ), g = ∇f(x∗), and H = ∇2f(x∗).

There exist a linear map T : RD×D → RD and a map R : RD×D → RD×D such that, for

every A ⪰ 0,

∥T (A)∥ ≤ CT ∥A∥, ∥R(A)∥ ≤ CR∥A∥2, (2.18)

L(µ) = gg⊤ +HΣH + gT (Σ)⊤ + T (Σ)g⊤ +R(Σ). (2.19)

We next compile the following geometric facts key to realizing an intrinsic learning rate.

Lemma 2.4 (Invariant directions and projected Hessian structure in CIL). Let x∗ = p+ ν,

where p ∈M and ν ∈ Np, and set g = ∇f(x∗) and Q = π⊥g . Then

∇f(p+ ν) = (I − Sp(ν))−1∇f(p). (2.20)

There exists a subspace Null ⊆ g⊥ of dimension at least D − 2d along which the gradient is

constant and which the Hessian annihilates. If rank(QHQ) = 2d− 2, define

Ex = range(QHQ), Kx = ker
(
(QHQ)|g⊥

)
. (2.21)

Then dim(Ex) = 2d− 2, dim(Kx) = D − 2d+ 1, QHQ is invertible on Ex, and Null ⊆ Kx.

The space Kx contains at most one additional direction; along this full space the gradient may

change in magnitude but not direction. More precisely, for sufficiently local v ∈ Kx,

∇f(x∗ + v) ∈ span(g), Q∇2f(x∗ + v)πKx = 0. (2.22)

Theorem 2.2 (Dimension-adaptive Local EGOP rate). Let k := D − 2d+ 1. Assume that

D ≥ 2d, rank(π⊥g Hπ⊥g ) = 2d− 2, and the local CIL condition of Section 2.C.3.1. For n ≥ 3,

set

ζn :=
cζ

log n
, αn := cαζn, h1 := α2

n,
√
ht := αnr

t−1, t ≥ 1,

where 0 < r < 1, 0 < β < 1, and cζ , cα > 0 are sufficiently small constants. Define

bn :=
(
nζk/2n

)−2/(d+2)
, tn := min{t ≥ 2 : ht ≤ bn}.

Then htn ≍ bn, and, uniformly for 2 ≤ t ≤ tn,

g⊤Σtg = Θ(ht), v⊤Σtv = Θ(ζn) for unit v ∈ Kx,
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and

e⊤Σte = Θ(
√
ht) for unit e ∈ Ex.

Moreover, √
detΣt = Θ

(
h
d/2
t ζk/2n

)
, W (µt) = O(ht),

and

E
[∫

(P̂Mtn
(f)− f)2 dµtn

]
= O

(
n−2/(d+2)ζ−k/(d+2)

n

)
.

Consequently,

E
[∫

(P̂Mtn
(f)− f)2 dµtn

]
= O

(
n−2/(d+2)(log n)(D−2d+1)/(d+2)

)
.

The covariance therefore has one direction of order ht, 2d − 2 directions of order
√
ht,

and D− 2d+1 directions at the shrinking cap. The logarithmic factor is the variance cost of

forcing the Gaussian localization into the local CIL tube.

When data is not CIL, and the Hessian is full rank, our guarantee remains sharp.

Compared to an isotropic Nadaraya-Watson estimator, our method nearly squares the

asymptotic error of the local MISE, effectively cutting the effective dimension in half for D

large.

Theorem 2.3 (Full-rank projected-Hessian anisotropy and rate). Let rank(π⊥g Hπ⊥g ) = D−1

and Σt satisfy the recurrence in equation 2.16,
√
ht = αrt, 0 < r < 1, and β ∈ (0, 1). Then,

for α sufficiently small, g⊤Σtg = Θ(ht), and for v ⊥ g, v⊤Σtv = Θ(
√
ht). It follows that,

selecting tn = 2 logn
(D+5) log(1/r) ,

E
[∫

(P̂Mtn
(f)− f)2 dµtn

]
= O

(
n−

4
D+5

)
. (2.23)

2.6 Connection to the Nouy and Pasco (2025) Nonlinear Dimension Reduction

Our results connect LFL to methods in compositional learning and nonlinear dimension

reduction.

RFM procedures are similar to Algorithm 1, but typically use kernel ridge regression for

both the predictor f̂ = f̂ridge and the (global) AGOP; the latter is averaged uniformly over

the full dataset, yielding M = L̂f̂ridge
(Pn). Other minor implementation differences include a
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preference for Laplace kernels and, recently, adjustments to the metrization scheme (Zhu

et al., 2025).

Nouy and Pasco (2025) compose a class of predictors H with a non-linear mapping

g : RD → Rd. They bound the L2 bias of this estimator as a function of g, E(g) =

minh∈H E[|f(X)− h(g(X))|2], via a Poincaré inequality. Specifically, E(g) ≤ CJ (g), where

C depends on the data density and H, Π⊥
Dg(X) denotes the projection onto the orthogonal

complement of the Jacobian of g, and J (g) is the projected energy functional J (g) =

E
[
∥Π⊥

Dg(X)∇f(X)∥22
]
.

In Lemma 2.1 and Proposition 2.1 we formally linked EGOP metrization to MISE type

risk functionals via the optimization of Poincaré inequalities. We now make explicit the

connection to the regret optimization of Nouy and Pasco, 2025.

First, note that evaluating a Mahalanobis kernel k(∥M1/2(x − y)∥) is equivalent to

precomposing an isotropic kernel k with the linear map g(x) =M1/2x. Because the Jacobian

of this map is exactly M1/2, minimizing J (g) is achieved precisely when M spans the

principal directions of the EGOP L(P ). Thus, by performing kernel ridge regression on

these linearly transformed features, RFM implicitly seeks to construct an optimal Poincaré

dimension reduction.

Second, local EGOP naturally extends this linear optimization to a pointwise objective.

While our primary focus is local, we briefly explore global bounds. We recast the deterministic

map g(X) as a stochastic feature encoder, defined via the conditional Gaussian Z(X) | X ∼

N (X,Σ(X)). Under this formulation, the minimal L2 risk is the expected conditional variance

of the target function:

inf
h
EX,Z

[
(f(X)− h(Z(X)))2

]
= EZ [Var(f(X) | Z(X))] . (2.24)

This can be further upperbounded via Gaussian type Poincaré inequalities in settings where

∥Σ∥ → 0, or X is log-concave.

2.7 Experiments

The following experiments illustrate various aspects of our theoretical results. Details for

data generation, evaluation, and neural network training are provided in Appendix 2.B.
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The importance of intrinsic rates: We compare Local EGOP Learning with two-layer

neural networks on helical data; this data has a CIL structure with d = 1, but a global MIL

structure with d = 3 for D ≥ 3 odd, d = 2 for D even. This data closely approximates a

manifold structure, which is a standard setting for accelerated learning rates (Kiani et al.,

2024; Liu et al., 2021). Figure 2.4 (left) shows that many neural network architectures

efficiently recover the MIL structure (in dimension D = 5) but, unlike Local EGOP Learning,

they do not recover the CIL structure, being vastly outperformed in moderate sample settings.

This demonstrates the advantage of intrinsic rates in even the simplest toy problems.

Ambient Dimension (In)dependence: We further test Local EGOP Learning across

varying ambient dimensions D to isolate the impact of the ambient space on the algorithm’s

performance. As demonstrated in Figure 2.4 (right), the asymptotic learning rate is largely

independent of D. Some shifts in error scaling between even and odd D can be seen; they

are due purely to structural changes in the helix parameterization.

Feature Learning as a necessity: We compare the feature learning capabilities of Local

EGOP to a deep transformer (Gorishniy, Rubachev, and Babenko, 2023) on 1-sphere CIL

data. As visualized previously in Figure 2.3, both algorithms achieve similar and nearly

complete data denoising. This experiment illustrates a further aspect that we have omitted

for lack of space: irrespective of the representation and learning modality, some form of

“kernel adaptation” is necessary for statistically efficiency in the CIL setting. We discuss the

role of depth in Appendix 2.A.3, as well as unsupervised embeddings in Appendix 2.B.

Molecular Dynamics (MD), a high noise approximately CIL data set We apply

our method to molecular geometries, where interatomic interactions constrain atomic co-

ordinates near a low-dimensional manifold (Das, Moll, Stamati, L. Kavraki, et al., 2006).

For malonaldehyde, the manifold has a d = 2 torus topology, with backbone angles τ1,2

varying along it (see Figure 2.11b). The data distribution around the torus is anisotropic,

multiscale, and with significant variance. We take the target function to be τ1, which can be

computed for each configuration and is known to approximate the CIL assumption; we utilize
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n = 104 MD configurations from Chmiela et al. (2017), pre-processed to D = 50 dimensions

(Koelle et al., 2022). Evaluated on 500 hold-out points, Local EGOP Learning achieves an

MSE of 0.00043, significantly outperforming a Gaussian Nadaraya-Watson estimator with

cross-validated bandwidth (MSE 0.012).

2.8 Discussion, Limitations, and Future Work

High-dimensional nonparametric regression classically relies on strict global assumptions

including low-rank manifold and multi-index models. We relax these constraints by formalizing

Continuous Index Learning (CIL) and constructing an estimator that adapts to local function

regularity. Our approach mirrors existing empirical methods, grounding them in rigorous

theory. We establish a functional framework that links the EGOP directly to the MISE of

kernel regressors, and connects Local Feature Learning (LFL), Recursive Feature Machines

(RFM), and compositional learning. Our primary insight is that recursive EGOP metrization

acts as a greedy constrained entropy maximization on the Bures-Wasserstein manifold.

This provides a novel theoretical foundation for gradient and EGOP estimation techniques

used across image processing (Takeda et al., 2007; Takeda et al., 2008), machine learning

(Radhakrishnan, Beaglehole, et al., 2022; Beaglehole, Radhakrishnan, et al., 2023), and

dimension reduction (Mukherjee et al., 2010; Q. Wu et al., 2010; Trivedi et al., 2014; Yuan

et al., 2023; Radhakrishnan, Belkin, et al., 2025), yielding new efficiency guarantees for point

estimation and tractable access to local EGOP metrizations.

Local EGOP Learning achieves an intrinsic rate for CIL data without requiring a priori

knowledge of problem dimensionality, noise levels, or manifold regularity. However, for generic

manifolds, it does not completely denoise the covariate distribution: a small orthogonal

subspace contracts at the tangent rate, despite the invariance of f . This artifact arises

because our optimization scheme minimizes a bias upper bound rather than the exact bias,

leaving its refinement as an open challenge.

Algorithm 1 prioritizes clarity over efficiency; computational optimizations, such as

partitioning schemes (Beaglehole, Holzmüller, et al., 2025), are left for future work. Fur-

thermore, its derivation from an MSE formulation restricts it to ℓ2 loss, requiring structural

modifications for tasks like classification or image generation.
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Finally, our methodology relies on a second-order Gaussian relaxation. Improved guaran-

tees may be possible by treating W (µ) and log det(Σ(µ)) as functionals and optimizing the

MISE via alternative procedures such as Wasserstein gradient flows (Ambrosio et al., 2006).

This would enable non-ellipsoidal localizations to better accommodate curved level-sets,

provided the fundamental hurdle of the EGOP form acting only as a loose bias upper bound

can be overcome.
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Figure 2.3: Local features fit to annulus data: Local EGOP (top) vs. deep transformer

embedding (bottom). Heatmap: normally-invariant labels. About x = (1, 0), opacity

w ∝ exp(−d(x, xi)2) maps AGOP Mahalanobis and transformer embedding distances across

progressive iterations.

Figure 2.4: Test MSE on helical data. Left: Local EGOP vs. two-layer neural networks

in ambient dimension D = 5. Right: Local EGOP performance across varying ambient

dimensions D.
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Algorithm 1 Local EGOP Learning
Input: Data {(xi, yi)}ni=1, target x, subsample size m, iterations T , bandwidths {ht}, β, α >

0.

Output: Best estimate f̂best(x).

1: Initialize M̂0 ← I/α, {ht} ← {αht}, Ebest ←∞, f̂best(x)← ∅.

2: for t = 0 to T − 1 do

3: Compute base weights wi ∝ exp
(
−(xi − x)⊤M̂t(xi − x)

)
and normalize.

4: Sample I1, . . . , Im independently with P(Iℓ = i) = wi.

5: for ℓ = 1, . . . ,m, set i = Iℓ and compute Wij ∝ exp
(
−(xj − xi)⊤M̂t(xj − xi)

)
for all

j ̸= i, and normalize.

6: Fit local linear regression to obtain gradient ∇f̂ [i] and LOO estimate f̂ [i] =∑
j ̸=iWijyj .

7: L̂t ← 1
m

∑m
ℓ=1∇f̂ [Iℓ]∇f̂ [Iℓ]⊤, M̂SEt ← 1

m

∑m
ℓ=1(yIℓ − f̂ [Iℓ])2.

8: if M̂SEt < Ebest then

9: Ebest ← M̂SEt, f̂best(x)←
∑n

i=1wiyi

10: end if

11: if t < 2 then

12: M̂t+1 ← L̂t ▷ Initialize without momentum

13: else

14: M̂t+1 ← βL̂t + (1− β)L̂t−1

15: end if

16: M̂t+1 ← M̂t+1/[ht+1 tr(M̂t+1)] ▷ Normalize kernel precision

17: end for

18: return f̂best(x)
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2.A Extended Background and Problem Setting

In this section, we provide extended geometric intuition of the Local EGOP Learning

algorithm and other metrization schemes. In section 2.A.5, we display representative figures

of the learning dynamics of each algorithm.

2.A.1 Recursive Feature Machines (Radhakrishnan, Belkin, et al., 2025)

As a preliminary, we discuss the setting of multi-index learning and its relationship to the

Recursive Feature Machine algorithm.

The EGOP matrix L(P ) =
∫
∇f∇f⊤ dP has natural motivation. As a Mahalanobis

metric, of central interest is the quadratic form v⊤L(P )v = E[(∂vf)2], where ∂vf = ∇f⊤v

denotes the directional derivative. This matrix directly encodes the magnitude by which f

varies on the data distribution. When f is multi-index, meaning that there exists a vector

space U such that, for all x ∈ RD, all u ∈ U , f(x + u) = f(x), it follows that ∂uf ≡ 0

holds identically. Thus the nullspace of L(P ) are exactly these uninformative indices. When

we look at a kernel such as exp(−[x − y]⊤L(P )[x − y]), the metrization can be viewed as

the standard Gaussian kernel composed with the linear map L(P )1/2, hence this acts as an

implicit dimension reduction, stripping away those directions in which f does not vary.

In a real data setting we do not have access to the matrix L(P ), hence this metric

must be learned concurrently with our predictor f̂ . This motivates a recursive algorithm,

where an initial predictor is fit generically, and this baseline information is used to form

an estimate of the EGOP L̂(P ) =
∫
∇f̂∇f̂⊤ dP , or typically the empirical AGOP matrix

L̂(Pn) = 1
n

∑n
i=1∇f̂(Xi)∇f̂(Xi)

⊤. Then, this initial metric can be used to adapt the

regressor via Mahalanobis metrization, improving the prediction quality, and the accuracy

of the estimated gradients. This procedure is repeated iteratively, terminating either by a

convergence criterion or a cross-validation loop as suggested by our approach. We summarize

these steps in Figure 2.5.

Empirically, we can observe that this procedure is quite effective for this learning setting.

As illustrated in Figure 2.9a (provided in Section 2.A.5), we demonstrate a simple simulation

where data is generated in R2, depicting a heatmap of a single-index function that only
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1. Isotropic Initialization (t = 0)

k0(x, y) = exp

(
−∥x− y∥

2

2h0

)

2. Estimate EGOP

L̂t =
1

n

∑
i

∇f̂t(xi)∇f̂t(xi)⊤

Fi
t
f̂ 0

3. Metric Update

kt+1(x, y) = exp

(
−(x− y)⊤L̂t(x− y)

2ht+1

)

Fit f̂t+1 with kt+1

and Iterate

Figure 2.5: Flowchart demonstrating the primary steps of RFM adapted to Nadaraya-Watson

with a Gaussian kernel.

depends on the x variable. Very rapidly, within the first several iterations, a metric can be

learned that effectively removes the y variable, demonstrated by the elongation of the yellow

overlay which depicts a ball in the Mahalanobis metrization.

2.A.2 Local EGOP

A fundamental motivation for this research is to leverage this framework for nonlinear

dimension reduction tasks. RFM, being related to kernel ridge regression with a fixed

Mahalanobis metric, is naturally suited to detect global linear structure within data. When

the data is parameterized by a latent manifold with curvature, this procedure fails to capture

the desired adaptivity. To make this concrete, we modify the previous experimental setting,

wrapping the prescribed heatmap about the annulus in R2. The resulting data is multi-index

in polar coordinates, being parameterized by f(r, θ) = cos(θ).

There are several reasons why a simple RFM-like implementation is lacking for such

data. First, the direction of the gradient rotates with the angle θ, hence when the gradients

are averaged uniformly across the dataset, the resulting metric is isotropic and exhibits

a full-dimensional learning rate. Secondly, the direction of the manifold normal changes

depending on the query point, hence no single Mahalanobis metric is capable of smoothing
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the normal direction for each point simultaneously. These failure dynamics are visualized in

Figure 2.9b within Section 2.A.5.

The Nadaraya-Watson estimator, on the other hand, being a local averaging estimator, is

well-equipped to adapt to pointwise structures in the dataset. This weighting scheme naturally

motivates our local EGOP estimation procedure in Figure 2.6, with the primary difference from

the previous being the weighting of the averaged gradients. The intuition for this procedure

is that, while the EGOP cannot explicitly dimension reduce the dataset, it still detects

directions of principal variation of the target function f . This motivates a recursive procedure

where datapoints achieving the largest values of the quadratic form (xi − x)⊤L̂t(xi − x)

are dropped from the dataset, the EGOP is estimated on the remaining data, and these

values are computed again to reassess data-importance for the local regression problem. The

Local EGOP Learning algorithm constitutes a continuously weighted formalization of this

procedure, which we establish a rigorous basis for as an optimization of key functionals

related to regression risk.

1. Isotropic Initialization (t = 0)

k0(x, y) = exp

(
−∥x− y∥

2

2h0

)

2. Estimate EGOP

L̂t =
∑
i

w
(t)
i (x)∇f̂t(xi)∇f̂t(xi)⊤

w
(t)
i (x) ∝ kt(xi, x)

Fi
t
f̂ 0

3. Metric Update

kt+1(x, y) = exp

(
−(x− y)⊤L̂t(x− y)

2ht+1

)

Fit f̂t+1 with kt+1

and Iterate

Figure 2.6: Flowchart illustrating the Local EGOP Learning algorithm, with the local

weighting being highlighted in red.
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2.A.3 Connections to Deep Learning

The recent revitalization of the Local Feature Learning framework in the RFM algorithm is

primarily due to its strong empirical performance, and tentative connections to the training

dynamics of neural network architectures. Preliminary connections between these methods

have been a focus for much of the foundational research (Radhakrishnan, Beaglehole, et

al., 2022; Beaglehole, Radhakrishnan, et al., 2023). Our research highlights several new

connections, particularly regarding the role of depth in local feature learning. We consider

architectures with a linear head, of the form f̂NN = v⊤ϕ(x). Of primary interest to us

is the pullback Riemannian metric Gϕ := DϕDϕ⊤, Dϕ the Jacobian of ϕ. This metric

encodes the local displacement of ϕ, indicating the extent to which changes in x change

the resulting feature embedding. For a two-layer neural network with m hidden nodes,

ϕ(x) =
∑m

i=1 σ(w
⊤
i x+ ci), and for σ the ReLU activation, the pullback metric has the simple

form WactiveW
⊤
active. where Wactive is the matrix with columns the active weight vectors wi

such that w⊤
i x+ ci > 0.

When developing theory regarding the learning capabilities of neural network architectures,

two-layer neural networks are a typical tool, particularly for MIL feature learning as shown

in Figure 2.10a. However, the CIL setting is incompatible with these predictors, as we

demonstrate in Figure 2.10b, and has been previously observed in Nichani et al. (2023). As

shown in Figure 2.10b, Gϕ cannot adapt to nonlinear structures, being rendered effectively

isotropic for annular data. In Figure 2.10c we see that this is overcome for three-layer neural

networks. This is suggestive that global EGOP algorithms demonstrate similar adaptivity to

two-layer neural networks, whereas localization has a similar effect to increasing the depth

of the architecture. We leave it to future research to establish a formal connection between

these algorithms.

2.A.4 Special Cases and Further Theoretical Details

Example 2.1 (Multi-Index Learning). When the underlying manifoldM is flat, CIL reduces

to a multi-index setting. The key distinction is that displacement away from the manifold not

only preserves the function value, but also all higher order function derivatives. In particular,
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the Hessian has rank no more than d. When performing expansions such as Corollary 2.2,

the orthogonal has no contribution to the EGOP, yielding a local MISE learning rate of

(d+ 1)/2.

Example 2.2 (Continuous Single-Index). When the underlying manifold is 1-dimensional,

the tangent space coincides with the span of the gradient, hence πg⊥Hπg⊥ = 0, removing

the second order anisotropy. Thus no normal directions contract asymptotically, leading

to an effective dimension of 1 for the learning rate. This corroborates the result of Y. Wu

and Maggioni (2024). Note that despite this common objective, the method we propose

is very different than that of Y. Wu and Maggioni (2024). Their implementation requires

approximating the underlying manifold through local PCA. Our procedure, by iteratively

adapting the local metric, automatically detects implicit structure without this needing to

be specified algorithmically.

Example 2.3 (Scalar recurrence and its fixed point). Fix a schedule for ht → 0 such that

ht+1/ht is larger than a fixed threshold. Consider the one dimensional recurrences

at+1 =
ht+1

βat + (1− β)at−1
, bt+1 =

ht+1

c+ βbt + (1− β)bt−1
. (2.25)

It is easy to see that bt = O(ht), as if bt decays at all, then we have bt = ht+1/c+o(ht). Assume

that at = Θ(hζt ). The recurrence then gives at+1 = Θ(h1−ζ
t ), so a fixed rate requires ζ = 1/2.

Lemma 2.3 shows that the leading matrix recurrence consists of the rank-one constant term

gg⊤ and the homogeneous term HΣH. Appendix 2.C makes this correspondence precise: bt

models the gradient block of Σt, while at models the active block in g⊥.

Example 2.4 (Momentum). We now take a moment to highlight the necessity of the

momentum term β ∈ (0, 1). Consider, again, the sequence at from Example 2.3, and suppose

we set β = 1. For convenience, let us assume
√
ht+1 =

√
htr, an exact geometric schedule.

We reparameterize, writing

at+1 =
ht+1

at
⇐⇒ a′t+1 =

1

a′t

for a′i :=
ai√
hi

. Clearly, a′t has no limit, as it oscillates about 1. In the corresponding matrix

recurrence, the remainder terms, as well as the estimation error, make the
√
ht rate become
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unstable. Proposition 2.4 shows that every transverse linearized mode is strictly damped

when 0 < β < 1, while the endpoints retain undamped roots. We demonstrate the resulting

localizations with and without momentum in Figure 2.7.

Figure 2.7: Comparison of the eigenvalue decay of Σt for Local EGOP Learning with and

without momentum. On the left, we set β = 0.7, on the right β = 1 (no momentum).

Without momentum, the second order eigenvalues are prone to wild oscillations.

Example 2.5 (Spheres). Built into Theorem 2.2 are assumptions on the ambient dimension

and derivatives of f . The sphere SD−1 is a typical toy example, however D ≥ 2(D − 1) fails

for D ≥ 3. In these settings, the Hessian has the form

H =

 T b

b⊤ 0


in the T × N basis. Thus the CIL hypothesis only guarantees that a single entry of the

Hessian is 0. Hence, πg⊥Hπg⊥ is generically full rank, driving second order anisotropy along

the tangent and orthogonal, as demonstrated in Figure 2.8.

Example 2.6 (Pointwise MSE). In our analysis, we emphasize the local MISE due to its

direct correspondence to the EGOP and gradient based local feature algorithms. However,

our analysis is still applicable to other standard problems such as pointwise MSE. A standard

Taylor expansion adapted to our setting reveals the asymptotic rate

E[(f̂tn(x∗)− f(x∗))2] = O

(
∥πTx∗ΣtnπTx∗∥

2 +
1

n
√
detΣtn

)
= O

(
n−

2
d+2 ζ

−D−2d+1
d+2

n

)



34

Figure 2.8: Eigenvalue decay of Σt with Local EGOP Learning applied to CIL data about S2.

The orthogonal exhibits light decay, approaching second order anisotropy asymptotically.

for CIL data. This is intrinsic dimensional, and in future work it is of interest to develop

procedures toward the direct optimization of this regret.

Example 2.7 (Uniform-in-query extension). Suppose that the local CIL radius ρ, the

derivative bounds, and the smallest singular value of (π⊥gxHxπ
⊥
gx)|Ex are uniform over a

compact set of query points, and that ∥∇f(x)∥ is uniformly bounded away from zero

there. Then the Gaussian-tail, small-cap, and spectral-separation constants in the proof

of Theorem 2.2 can be chosen uniformly in x. Consequently, the shrinking-cap conclusion

extends uniformly over such regions. Points at which the gradient vanishes or the active rank

changes require a separate local analysis.

2.A.5 Empirical Visualizations of Metric Adaptation

The following figures display the primary algorithms studied in this chapter and the disparate

learning dynamics they encourage. The data setting is kept consistent across algorithms,

either displaying the single-index function f(x, y) = cos(x), or the continuous single-index

function in polar coordinates f(r, θ) = cos(θ). In each figure, a heatmap of these function

values is overlaid on the data, and a yellow ellipsoid is attached to points of interest indicating

the nearest points in the prescribed Mahalanobis metrization about each query point. In

EGOP related figures, gradients are indicated with red arrows. For neural networks, the
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displayed metric is the pullback metric as described in Section 2.A.3.

2.B Experiment Details

The simulations were run on a machine of Intel® Xeon® processors with 48 CPU cores, and

50GB of RAM.

2.B.1 General Set-up

The following simulations illustrate our theoretical results. First, expanding on the noisy

manifold setting, we show how the regression error rates of Local EGOP Learning remain

invariant to the injection of high-dimensional noise. We demonstrate that two-layer neural

networks are not able to efficiently learn in the CIL setting, with a sharp decrease in

performance compared to Local EGOP Learning. We next compare the performance of our

method to that of a deep neural network on toy data. In particular, we show how the feature

embeddings produced by transformers trained on a simple example are qualitatively similar

to the localizations generated by our procedure. Finally, we apply this procedure to estimate

backbone angles in Molecular Dynamics (MD) data, where we leverage the noisy manifold

structured data to improve prediction quality.

In our simulations, we consider helical data, parameterized by a curve θ(t) = (sin(t +

w1), cos(t+w1), sin(t+w2), cos(t+w2), . . . , g(t)), where g(t) = t is a linear term included if

D is odd dimensional, and the wi are constant offsets taken as a mesh from 0 to 2π. We

rescale this data by a constant τ , then contaminate it with uniform orthogonal noise of

radius r. In our simulations, we set τ = 0.8, r = 0.5, and sample t from 0 to 2π. See Figure

2.11a for a visualization. For the outcomes y, we generate a third-degree polynomial with

coefficients uniformly sampled from (−3, 3), then evaluate it at the projection point onto

θ(t).

In our synthetic experiments, to generate labeled data we randomly generated a homoge-

neous cubic polynomial

f(x) =
∑
|α|≤3

cαx
α,

where cα ∼ Uniform[−3, 3]. The resulting function f is then evaluated at the unperturbed
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(a) Nadaraya-Watson RFM applied to multi-index data.

(b) Nadaraya-Watson RFM applied to CIL data.

(c) Local EGOP Learning applied to CIL data.

Figure 2.9: EGOP Learning Algorithms. Comparison of algorithmic adaptations. The

left column displays the isotropic initialization, and the right column displays the final

estimated metric.
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(a) Pullback metric of a two-layer neural network for MIL data.

(b) Pullback metric of a two-layer neural network for CIL data.

(c) Pullback metric of a three-layer neural network for CIL data.

Figure 2.10: Neural Network Training Dynamics. Comparison of representation learning

over time. The left column displays the initialization, and the right column displays the final

iteration (1,000 or 10,000).
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(a) 3-dimensional Helical data.

(b) Coordinates of Malonaldehyde embed-

ded into 2 dimensions via Diffusion Maps

(Coifman and Lafon, 2006a) and colored

by the backbone angles τ1.

Figure 2.11: Visualizations of the experimental datasets.

datapoints before the features X were contaminated with noise orthogonal to the underlying

manifoldM. The coefficients cα are randomly sampled across each replicate of the experi-

ments. In our plots, confidence bands are displayed with a width of ±1 standard error. We

generically apply the below hyperparameters to the Local EGOP Learning algorithm in each

example.

• Number of EGOP iterations Ttest = 150,

• Monte Carlo sample size m = 300,

• Bandwidth decay ht = (1 + t)−1.2,

• Initialization scale α = 0.2,

• Exclusion radius ε = 1.6.
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2.B.2 Two-layer Neural Network

We train fully connected NNs with ReLU and GELU activations. All first layers use Kaiming

initialization, and output layers are initialized at variance 1/
√
m where m is hidden width.

All networks are trained with Adam.

For moderate-scale neural models, we conduct a grid search over hyperparameters. Widths

are selected from {128, 256, 512, 1024, 2048, 4096, 8192}, learning rates are selected from

{10−3, 3× 10−3}, weight decay from {0, 10−5, 10−4}, and batch size from {16, 32, 64}. The

default Adam momentum parameters are used. Early stopping is applied with patience 200

and improvement tolerance 10−4 monitored on a validation split. In each experiment, only

the optimal test error of these methods is aggregated into the “Small Tuned NN” plot.

We train overparameterized two-layer models with width 100,000, Adam with learning

rate 0.003, batch size 64, and fixed weight decay 10−4, applying early stopping with patience

300 and improvement tolerance 10−4.

We also consider multi-index models f(x) = g(Ux), g a two-layer NN, with width 256

and GELU activations, U a rank three projection matrix updated at each iteration.

2.B.3 Feature Learning

We generated n = 50,000 samples on a spherical cap in R2, restricted to an angular width

of 25◦. Each point xi, we evaluate f(xi) for f a cubic polynomial with Uniform[−1, 1]

coefficients. The features xi are then scaled radially by a random factor ri ∼ Uniform[r,R],

with r = 0.6 and R = 1.8. Additive Gaussian noise with standard deviation 0.05 was applied

to the labels. We set x∗ = (1, 0)⊤.

We trained an FTTransformer regression model (Gorishniy, Rubachev, Khrulkov, et al.,

2021) on this dataset using the rtdl and zero frameworks. The network was trained for 40

epochs with a batch size of 1024 and learning rate 2× 10−3. After every 50 training steps,

we computed weights:

wi =
exp(−∥zi − z∗∥2/8)∑
j exp(−∥zj − z∗∥2/8)

,

where zi denotes the learned feature representation of xi.
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Figure 2.12: Data sampled from an annulus, with red rings displaying uniform distances in

diffusion map embedding distance from the point (1, 0)⊤, for a 2-dimensional embedding.

2.B.4 Unsupervised Embedding

As noted in works such as (Coifman and Lafon, 2006a; El Karoui, 2010; Landa and Cheng,

2023b; Kokot, Murad, et al., 2025), unsupervised methods such as diffusion maps are robust

to noise. The resulting low-frequency eigenfunctions closely match those of the underlying

manifold. However, as demonstrated in Figure 2.12, they fail to capture this structure exactly,

and thus cannot match the metrization produced by Local EGOP Learning and deep learning

architectures in Figure 2.3.

2.B.5 Algorithmic Modifications

We chose to highlight the Local EGOP Learning Algorithm 1 presented in the text for its

simplicity. We now discuss several modifications that can be implemented for improved

numerical efficiency. To explain these, we walk through the algorithm’s basic steps.

Step 1: Compute weights wi ∝ exp(−(xi−x)⊤M̂t(xi−x)). Evaluating (xi−x)⊤M̂t(xi−x)

is D2, and thus the full weight vector results in O(nD2).

Step 2: Sample m points with respect to these weights, and recompute these weights at
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each of the new centers. This yields the dependence O(mnD2), and over the course of T

iterations O(TmnD2).

The evaluation of the quadratic form can be improved when D is very large. A random

projection (Johnson-Lindenstrauss) of dimension r ∝ log(n) reduces the overall complexity

to O(T (rD2 + nmrD)) with good approximation guarantees. Targeted dimension reductions

can be applied to similar effect, including local PCA as studied in Y. Wu and Maggioni

(2024), or Nyström approximations leveraging the spectral structure of the Mahalanobis

metric.

Step 3: Perform local linear regression at each of the m subsampled points. If the

linear fit is performed on the full dataset this is O(Tm(nD2 +D3)), however if the linear

regression is fit on m subsampled datapoints, this reduces to O(Tm(mD2 +D3)). Further,

if we approximate matrix inversion with τ conjugate gradient steps, this can be reduced to

O(Tm(mD2 + τD2)).

The resulting time complexity is O(T (nmrD + (m2 +mτ + r)D2)).

2.C Proofs

In our theory, we focus on the kernel k = exp(−∥x∥2). We discuss general kernels in Appendix

2.C.1.4. For notational clarity, we refer to the query point of our kernel predictor as x∗, and

when it is unambiguous we denote p = π(x∗) as the projection point onto the manifold.

2.C.1 Bias Control via EGOP

2.C.1.1 Bias Bound

To derive the upper bound from Lemma 2.1, we argue in stages. We first decompose the

kernel smoother into two parts. The first is given by a pure Gaussian convolution and a

density dependent covariance relating f and p. Both terms can readily be controlled via

the EGOP form, leading to our bound. In the following, we absorb the bandwidth into the

metric and covariance, suppressing h in the notation.

Define µM := N(x∗,M−1), EM [·] := EµM [·], CovM , VarM similarly.
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Lemma 2.5 (Density-weighted Gaussian smoother decomposition).

PMf = EMf +
CovM [f, p]

EMp
=: GMf +AMf

Proof. We can simply compute

PMf =
EM [fp]

EM [p]
=

EM [f ]EM [p]

EM [p]
+

CovM [f, p]

EM [p]

= EM [f ] +
CovM [f, p]

EM [p]
=: GM [f ] +AMf.

Lemma 2.6 (Gaussian mean-squared bias bound).∫
(EM [f ]− f)2 dµM ≤W (µM )

Proof. This is simply the Gaussian Poincaré inequality, see for instance Bakry et al.,

2013[Proposition 4.1.1].

Lemma 2.7 (Density-correction bias bound).

(AMf)
2 ≤W (µM )

VarM (p)

EM [p]2

Proof.

AMf
2 =

CovM [f, p]2

EM [p]2
≤ VarM (f)VarM (p)

EM [p]2
≤W (µM )

VarM (p)

EM [p]2
,

applying the Gaussian Poincaré inequality Bakry et al., 2013[Proposition 4.1.1] for the last

line.

Proof of Lemma 2.1. We can apply Lemmas 2.6 and 2.7 immediately to yield∫
(PM − f)2 dµM =

∫
(EM [f ]− f +AMf)

2 dµM =

∫
(EM [f ]− f)2 dµM +AMf

2

≤
(
1 +

VarM (p)

EM [p]2

)
W (µM ).

Note that the density dependent factor VarM (p)
EM [p]2

is bounded by the continuity of p and the

capped covariance assumptions.
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2.C.1.2 Variance Bound

We operate by a typical Nadaraya-Watson style argument. Our first steps are to show that

the denominator of our estimator concentrates, allowing us to treat it as a constant up to a

negligible residual. Let γM ∝ det(M)1/2 by the normalization factor of µM . Define

Ĉ ′
M := γM ĈM := γM

1

n

n∑
i=1

exp(−(Xi − x∗)⊤M(Xi − x∗)).

Lemma 2.8 (Kernel-denominator concentration).

P(|Ĉ ′
M − EM (p)| ≥ EM (p)/2) ≤ 2 exp

(
−nEM (p)

10γM

)
Proof. We prove this by applying Bernstein’s inequality. First, observe E[ĈM ] = GM (p).

Next, exp(−v⊤Mv) ∈ (0, 1] for any v, hence Ĉ ′
M = γM

n

∑n
i=1 exp(−(Xi − x)⊤M(Xi − x)) is

the sample mean of iid bounded random variables in (0, γM ]. Further, we can compute

Var[γM exp(−(Xi − x)⊤M(Xi − x))] ≤ γME[γM exp(−(Xi − x)⊤M(Xi − x))2]

≤ γME[exp(−(Xi − x)⊤M(Xi − x))] = γMGM (p).

Hence,

P(|Ĉ ′
M −GM (p)| ≥ GM (p)/2)

≤ 2 exp

(
− nGM (p)2

8Var(γM exp(−(Xi − x)⊤M(Xi − x))) + 4
3γMGM (p)2

)

≤ 2 exp

(
− nGM (p)2

8γMGM (p) + 4
3γMGM (p)

)

≤ 2 exp

(
−nGM (p)

10γM

)
.

Lemma 2.9 (Finite-sample kernel-regression variance decomposition). Assume that the

noise εi have finite fourth moments. Then, there exists a constant C > 0 such that

E[(P̂M (f)− PM (f))2] ≤ 2
E[γ2M exp(−(Xi − x)⊤M(Xi − x))2{Yi − PM (f)}2]

nGM (p)2

+ 2
E[{γM exp(−(Xi − x)⊤M(Xi − x))Yi}2]

nGM (p)2
+ C exp

(
−nGM (p)

10γM

)
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Proof. Let E be the event |Ĉ ′
M −GM (p)| ≤ GM (p)/2. We compute

P̂M (f)− PM (f) =
1
n

∑n
i=1 γM exp(−(Xi − x∗)⊤M(Xi − x))Yi

Ĉ ′
M

− GM (fp)

GM (p)

=
1
n

∑n
i=1[γM exp(−(Xi − x∗)⊤M(Xi − x∗)){Yi − PM (f)}]

GM (p)
1E

+
GM (p)− Ĉ ′

M

GM (p)Ĉ ′
M

1

n

n∑
i=1

[γM exp(−(Xi − x∗)⊤M(Xi − x∗))Yi]1E

+

{
1
n

∑n
i=1 γM exp(−(Xi − x∗)⊤M(Xi − x∗))Yi

Ĉ ′
M

− GM (fp)

GM (p)

}
1Ec .

Hence,

E[(P̂M (f)− PM (f))2] ≤ 2
E[γ2M exp(−(Xi − x∗)⊤M(Xi − x∗))2{Yi − PM (f)}2]

nPM (p)2

+ 2E

{GM (p)− Ĉ ′
M

GM (p)Ĉ ′
M

1

n

n∑
i=1

[γM exp(−(Xi − x∗)⊤M(Xi − x∗))Yi]

}2

1E


+ 2E

[{
P̂M (f)− PM (f)

}2
1Ec

]
.

The first term is as desired. Next, by definition of the event, we have

E

{GM (p)− Ĉ ′
M

GM (p)Ĉ ′
M

1

n

n∑
i=1

[γM exp(−(Xi − x∗)⊤M(Xi − x∗))Yi]

}2

1E


≤

E[
{
γM exp(−(Xi − x∗)⊤M(Xi − x∗))Yi

}2
]

nGM (p)2
.

For the remaining term, observe that

P̂M (f) =
n∑

i=1

wiYi

where wi are a convex combination. Hence,

E
[{
P̂M (f)− PM (f)

}2
1Ec

]
≤√

E
[{

2P̂M (f)2 + 2PM (f)2
}2
]
P[Ec] ≤ C exp

(
−nGM (p)

10γM

)
,

by Lemma 2.8 and the hypothesis on the moments of εi and the boundedness of f .

With this out of the way, we bound the two remaining expectations.
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Lemma 2.10 (Gaussian-kernel second-moment bounds). There exists a constant C > 0 such

that

E[γ2M exp(−(Xi − x∗)⊤M(Xi − x∗))2{Yi − PM (f)}2] ≤ CγMG2M (p),

E[{γM exp(−(Xi − x∗)⊤M(Xi − x∗))Yi}2] ≤ CγMG2M (p).

Proof. Notice that γM/γ4M = C for some constant. Let ε ∼ ρ. Focusing on the first

expression,

E[γ2M exp(−(Xi − x∗)⊤M(Xi − x∗))2{Yi − PM (f)}2]

= CγM

∫
γ4M exp(−(z − x)⊤[2M ](z − x))p(y)(f(y) + ε− PM (f))2 dz dρ(ε)

= CγME2M [p(x+ Z)Eρ[(f(x+ Z) + E − PM (f)(x))2]] ≤ C ′γMG2M (p)(x),

using bounded moments and bounded f assumptions. Similarly,

E[{γM exp(−(Xi − x∗)⊤M(Xi − x∗))Yi}2] = CγME2M,ρ[p(Z)[f(Z) + E ]2] = CγMG2M (p).

Combining these yields the desired variance bound multiplied by density dependent

factors.

Proof of Lemma 2.2. By Lemmas 2.9 and 2.10, there exists a constant C > 0 such that

E[(P̂M (f)− PM (f))2] ≤ CγM
n

(
G2M (p)

GM (p)2

)
+ C exp

(
− n

γM

(
GM (p)

10

))
= O

(√
detM

n

)
.

2.C.1.3 Local MISE

We compile the results from the previous section to provide guarantees for the MISE against

Gaussians.
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Proof of Theorem 2.1. By adding and subtracting PM (f), then applying Lemmas 2.1 and

2.2,

E
[∫

(P̂M (f)− f)2 dµM
]
≤ 2E[(P̂M (f)− PM (f))2] + 2

∫
(PM (f)− f)2 dµM

= O

(√
detM

n
+W (µM )

)
.

Since Σ =M−1 after absorbing the bandwidth into M , this is the claimed bound.

2.C.1.4 General Kernels

In this section, we discuss which of results above are applicable to kernels of the form

k(M1/2x). We start with the following Poincaré inequality. Let µk,M denote the probability

distribution with density ∝ k(M1/2[x− x∗]).

Lemma 2.11 (Poincaré inequality under Mahalanobis rescaling). The measure µk,M has

covariance proportionate to M−1. If µk,I satisfies a Poincaré inequality with constant 1/CI ,

then

Varµk,M
(f) ≤ 1

CI

∫
∇f⊤M−1∇f dµk,M .

Proof. For convenience, we translate x∗ = 0 without loss of generality. For the first claim,

notice that when M = I, the density is symmetric about the origin, hence the covariance is

proportionate to the identity. Thus the claim follows as µk,M is the pushforward of µk,I by

M−1/2.

Further,

Varµk,M
(f) =

1√
detM

Varµk,I
(f ◦M−1/2) ≤ 1

CI

∫
1√

detM
∥∇f(M−1/2y)∥2dµk,I(y).

An application of the chain rule gives that

∇yf(M
−1/2y) =M−1/2∇f(M−1/2y).

Hence,

Varµk,M
(f) ≤ 1

CI

∫
1√

detM
∥M−1/2∇f(M−1/2y)∥2 µk,I(y).

Changing variable back to µk,M yields the desired result.
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With this in hand, the following is immediate for P̂M with k generic. The claim for

the covariance similarly follows by change of variables, after observing that µk,I is rotation

invariant, and therefore has isotropic covariance.

Corollary 2.1 (MSE bound for general radial kernels). Take k to be nonnegative, and

satisfying a Poincaré inequality for isotropic covariance. Assume that f is bounded and εi

has finite fourth moments. Then there exists an absolute constant C such that

E
[∫

(P̂M (f)− f)2 dµk,M
]
≤ C
√
detM

n

(
Eµk2,2M

[p]

Eµk,2M
[p]2

)

+ C exp

(
− n√

detM

(Eµk,2M
[p]

10

))
+ C

(
1 +

Varµk,M
(p)

Eµk,M
[p]2

)
W (µk,M ).

2.C.2 Recursive Kernel Learning as Variance Minimization

The proof of Proposition 2.1 is clear from the main text, but we fill in the missing details

here.

Proof of Proposition 2.1. For A ≻ 0, the Lagrangian of the uncapped entropy problem is

log detX − ν(tr(AX)− h).

The first-order condition gives X−1 = νA, and the active trace constraint gives ν = D/h.

Hence Σ◦
h(A) = hA−1/D. For A ⪰ 0, diagonalize A = U diag(λ1, . . . , λD)U

⊤. Then

Capζ

(
h

D
(A+ εI)−1

)
= U diag

(
min

{
ζ,

h

D(λj + ε)

})D

j=1

U⊤.

Taking ε ↓ 0 gives the stated eigenvalue formula. In particular, if λj = 0, the regularized

inverse diverges and the truncation maps that direction to ζ.

2.C.3 Guarantees

To derive the learning rate for the Local EGOP Learning algorithm, we mostly operate at

the level of matrices, studying the recurrence from Equation 2.16. To supplement this in the

CIL setting, we rely on critical geometric relations verified in Appendix 2.C.3.2.
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2.C.3.1 Local CIL Geometry and Shrinking-Cap Localization

We impose the CIL structure only locally. Fix ρ > 0 such that B(x∗, 2ρ) lies inside a tubular

neighborhood on which the nearest-point projection is unique and

f(x) = q(π(x)).

All geometric identities in Lemma 2.4 are assumed only on this neighborhood. Away from it,

we use only the global boundedness of f and its derivatives stated in Section 2.3.

The shrinking covariance cap makes this local formulation sufficient. The following bound

will be used repeatedly.

Lemma 2.12 (Gaussian localization under a shrinking cap). Let Z ∼ N(0,Σ) with 0 ⪯ Σ ⪯

ζID and 0 < ζ ≤ 1. For every fixed integer q ≥ 0, there are constants c, Cq > 0, depending

only on D, q, such that

P(∥Z∥ > ρ) + E [(1 + ∥Z∥q)1{∥Z∥ > ρ}] ≤ Cq exp

(
−cρ

2

ζ

)
.

Consequently, if ζn = cζ/ logn, then for any prescribed A > 0, choosing cζ sufficiently small

gives

εn := C exp

(
−cρ

2

ζn

)
≤ Cn−A.

Proof. Write Z = Σ1/2G with G ∼ N(0, ID). Since ∥Σ1/2∥op ≤
√
ζ,

{∥Z∥ > ρ} ⊆ {∥G∥ > ρ/
√
ζ}.

The standard finite-dimensional Gaussian tail bound gives P(∥G∥ > x) ≤ C exp(−cx2) for

all sufficiently large x. For the weighted bound, Cauchy–Schwarz yields

E [(1 + ∥Z∥q)1{∥Z∥ > ρ}] ≤
{
E(1 + ∥Z∥q)2

}1/2 P(∥Z∥ > ρ)1/2.

The first factor is uniformly bounded for ζ ≤ 1, and the second has the asserted exponential

decay. Substituting ζn = cζ/ logn proves the polynomial bound. Since cζ is a free sufficiently

small constant, its exponent can be made arbitrarily large.
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Because every covariance produced by the truncated update satisfies ∥Σt∥op ≤ ζn,

Lemma 2.12 applies at every iteration. The bounded derivatives of f imply that the contri-

bution to any EGOP or Taylor block from B(x∗, ρ)c is O(εn). In the proof of Theorem 2.2,

cζ is chosen so that, uniformly for t ≤ tn,

εn = o(htn),
tnεn√
htn

= o(1).

Thus all nonlocal contributions are smaller than the retained Taylor remainders and remain

negligible after normalization and iteration.

2.C.3.2 CIL Geometry

We collect the geometric facts used to identify the exact gradient-invariant and projected-null

subspaces in the CIL recurrence. We start with basic properties of our function of interest f .

Lemma 2.13 (Tangent-gradient and normal-Hessian identities). Suppose that f = f ◦ π.

Then ∇f(x) ∈ Tx and for any u, v ∈ Nx, u⊤∇2f(x)v = 0.

Proof. Let u, v ∈ Nx be arbitrary. Then,

∇f(x)⊤v = lim
t→0

[f(x+ tv)− f(x)]/t = lim
t→0

[f(π[x+ tv])− f(π[x])]/t

= lim
t→0

[f(π[x])− f(π[x])]/t = 0,

as for small t orthogonal perturbations do not change the nearest point onM. As this holds

for generic v the first claim follows. To simplify notation, define ∂ηh(x) := limt→0[h(x +

tη)− h(x)]/t. We can thus compute

u⊤∇2f(x)v = ∂u(∇f⊤v)(x) = 0

as ∇f⊤v is identically 0 along the path x+ tv, t ∈ [0, δ] for δ small enough. That is, as ∇f

remains tangent along this path, as verified above, it is always orthogonal to v.

The remaining CIL proof uses the explicit gradient formula in the tubular neighborhood,

from which the exact gradient-invariant and projected-null subspaces follow.
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2.C.3.3 Gradient Geometry and Projected Hessian Structure

Lemma 2.14 (Differential of the nearest-point projection). Let x ∈M and η ∈ Nx. Then

Dπx+η = (I − Sx(η))−1πTx .

Proof. Clearly, for any normal vector v ∈ Nx, Dπx+ηv = 0, as projection is invariant to normal

displacement. Thus it suffices to verify the formula for any tangent vector. Our proof has

two primary parts. First, we pass to normal coordinates, equating the tubular neighborhood

aboutM with the normal bundle, and compute the differential of the exponential map. From

this parameterization, we can then analyze the projection via the chain rule.

Starting from the normal bundle NM, for (x, v) ∈ NxM, the exponential map E(x, v) =

x + v is a diffeomorphism to the tube. Let γ(t) = (u(t), ξ(t)) ∈ NM, γ′(t) ∈ TNM. We

compute ξ′(0) = −Sx(v)u′(0) +∇⊥
u′(0)ξ(0), hence

DE(x,v)γ
′(0) = (I − Sx(v))u′(0) +∇⊥

u′(0)ξ(0).

Composing with the projection map, π ◦ E(x, v) = x, hence

Dπx+vDE(x,v)γ
′(0) = u′(0) ⇐⇒ Dπx+v(I − Sx(v))u′(0) = u′(0),

and inverting yields the claim, as Dπx+v is a linear operator.

Proof of the gradient-geometry assertions in Lemma 2.4. The first claim follows immediately

from Lemma 2.14 and the chain rule, indeed,

∇f(x+ v) = ∇g(π(x+ v)) = (I − Sx(v))−1∇g(x).

Let u = (I − Sx(v))
−1∇g(x). Applying linearity of the shape operator, observe that

(I − Sx(v + η))u = (I − Sx(v))u− Sx(η)(u) = ∇g(x)− Sx(η)u. Hence, if Sx(η)u = 0 then

u = ∇f(x+ v + η). Thus, the second claim follows if we can show that there is a D − 2d

dimensional subspace Null that annihilates the solution vector u. For w ∈ Tx,

⟨Sx(η)u,w⟩ = ⟨II(u,w), η⟩

for II the second fundamental form. This is a bilinear map, and the map defined by fixing the

u argument, ϕu(w) := II(u,w) is a linear map from Tx → Nx, and thus has image no larger

than d. Its complement ϕu(Tx)⊥ has dimension at least dim(Nx)− d = D − 2d, as desired.
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This proves the invariance of the gradient along a space of dimension at least D − 2d,

which immediately implies ∇2f(x+ v + η)z = ∂z∇f(x+ v) = 0.

Proof of the projected-Hessian assertions in Lemma 2.4. Write g⊥ = (Tp ∩ g⊥)⊕Np. In this

basis,

(QHQ)|g⊥ =

A B⊤

B 0

 ,
where B : Tp ∩ g⊥ → Np. Since the tangent block has dimension d− 1, rank 2d− 2 forces

B to have full column rank. Hence the kernel on g⊥ consists of normal vectors v satisfying

B⊤v = 0. For such v, QHv = 0, so Hv ∈ span(g). Symmetry implies that QHQ is invertible

on its range. Finally, H Null = 0 gives Null ⊆ Kx, and the dimension bound shows that Kx

contains at most one additional direction.

To obtain the local assertion along the full projected-null space, write Aν = I − Sp(ν)

and g0 = ∇f(p), so g = A−1
ν g0. For v ∈ Kx, differentiation in the normal direction gives

Hv = A−1
ν Sp(v)g = c(v)g

for a linear functional c on Kx. Thus Sp(v)g = c(v)g0 and

(Aν − Sp(v))g = (1− c(v))g0.

For sufficiently local v, the gradient formula therefore yields

∇f(x∗ + v) = (1− c(v))−1g ∈ span(g).

Applying the same calculation at x∗+ v in a direction w ∈ Kx gives ∇2f(x∗+ v)w ∈ span(g),

and hence Q∇2f(x∗ + v)πKx = 0.

2.C.3.4 Generic and Conditional Local EGOP Expansions

We first prove the Local EGOP Expansion stated in Lemma 2.3. We then condition on the

exact gradient-invariant block to obtain the conditional expansion used in the CIL argument.
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Proof of Lemma 2.3. We start by Taylor expanding the gradient. For a D tuple ξ, as

∂ξ∂if = ∂i∂ξf , for f sufficiently smooth we can express

∂if(x) =
∑
|ξ|≤q

1

q!
∂i[∂ξf ](x)

∏
qi∈ξ

xqii +O(∥x∥q+1).

In particular, we have

∂if(x) = ∂if(0) +
∑
j

∂i∂jf(0)xj +
1

2

∑
j,k

∂i∂j∂kf(0)xjxk +O(∥x∥3).

Working at the level of the gradient, this yields

∇f(x) = ∇f(0) +∇2f(0)x+ T (x, x) +O(∥X∥3)

where T is the bilinear for

[T [x, y]]i =
1

2

∑
j,k

∂i∂j∂kf(0)xjyk.

We use the first three terms of this Taylor expansion as a starting point. Set g := ∇f(0), H :=

∇2f(0).

The remainder of the Taylor expansion can be exactly expressed as

R̃(x) =
1

6

∫ 1

0
(1− s)2∇4f(sx)[x, x, x] ds, [∇4f(sx)[x, x, x]]i :=

∑
j,k,ℓ

∂i∂j∂k∂ℓf(sx)xixjxk.

Hence, under our uniform boundedness assumption, we have

∥T [x, x]∥ ≤ C∥x∥2, ∥R̃(x)∥ ≤ C∥x∥3

for some constant C. Throughout the argument, for convenience we will absorb constants

into C if necessary. Hence,

L(µ) =
∫
∇f∇f⊤ dµ = gg⊤ +HΣH + gT (Σ)⊤ + T (Σ)g⊤ +R(Σ),

for

T (Σ)i := Eµ[T (x, x)i] =
1

2

∑
j,k

∂i∂j∂kf(0)Σjk

R(Σ) := Eµ[T [Z,Z]T [Z,Z]
⊤ +HZR̃(Z)⊤ + R̃(Z)(HZ)⊤ + R̃(Z)R̃(Z)⊤].
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That T is continuous and linear in Σ is immediate. For the remainder, we have

∥R(Σ)∥ ≤ Eµ[∥T [Z,Z]T [Z,Z]⊤∥+ ∥HZR̃(Z)⊤∥+ ∥R̃(Z)(HZ)⊤∥+ ∥R̃(Z)R̃(Z)⊤∥]

≤ CE[∥Z∥4 + ∥Z∥6] ≤ CEµ[tr(Σ
2) + tr(Σ)2]

where we apply Isserlis’s Theorem Isserlis, 1918 which verifies the vanishing of third order

terms, and relates the higher moments to the norm of the covariance matrix. Our capped

covariance assumption is used to compress all higher order terms to quadratic order. Our

proof is completed upon observing

tr(Σ2) = ∥Σ∥2F , tr(Σ)2 =

(∑
i

λi

)2

≤ D
∑
i

λ2i = D∥Σ∥2F ,

and in finite dimensions the frobenius and operator norms are equivalent.

For the CIL and empirical arguments, we also record the expansion obtained by condi-

tioning on the exact gradient-invariant subspace from Lemma 2.4.

Corollary 2.2 (Conditional Local EGOP Expansion). Let x∗ = p+ η, v ∈ Nullp+η. Define

µv as the measure µ = N(x∗,Σ) conditioned on πNull[X − x∗] = v, i.e. the draws where the

Null component is fixed at v. Let Σv be the covariance of this distribution. Then,

L(µv) = gg⊤ +HvΣvHv + gTv(Σv)
⊤ + Tv(Σv)g

⊤ +Rv(Σv)

where Null ⊆ nullspace(Hv), supv∈Null ∥Rv(A)∥ ≤ CNull∥A∥2, Tv(A) ≤ CNull∥A∥ for a

uniform constant CNull, and Hv, Tv, Rv are continuous in v and Lipschitz in ∥A∥.

Proof. The basic claim is immediate from Lemma 2.3, and that the terms stemming from

higher order derivatives are uniformly bounded follows from the smoothness assumptions on

f . Further, the nullspace of the Hessian and the zeroth-order expansion being the gradient

g = ∇f(x∗) follow immediately from Lemma 2.4.

2.C.3.5 Rescaled Inverse Recurrences

The full-rank projected-Hessian argument reduces to the following fixed-congruence recurrence.

We rescale its active block by
√
ht, obtaining a fixed time-homogeneous inverse map plus a

summable perturbation.
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Homogeneous active block. We first study the signature-normalized recurrence

Ct+1 = ht+1J{βCt + (1− β)Ct−1 + Ft}−1J, (2.26)

where Ct ≻ 0, J = J⊤ = J−1, and
√
ht = αrt.

Proposition 2.2 (Rescaled Homogeneous Recurrence). Define

c(r, β) :=
1

β/r + (1− β)/r2
, η := c(r, β)

β

r
, (2.27)

Xt :=
Ct√

c(r, β)ht
, Rt :=

√
c(r, β)Ft√
ht+1

. (2.28)

Then η ∈ (0, 1), 1− η = c(r, β)(1− β)/r2, and

Xt+1 = J{ηXt + (1− η)Xt−1 +Rt}−1J. (2.29)

If ∥Ft∥ = O(ht), then ∥Rt∥ = O(
√
ht) = O(αrt), so the normalized recurrence is a summably

perturbed time-homogeneous system.

Proof. Substitute Cs =
√
c(r, β)hsXs into (2.26). Since

√
ht =

√
ht+1

r
,

√
ht−1 =

√
ht+1

r2
, (2.30)

the matrix inside the inverse becomes

√
c(r, β)ht+1

{
β

r
Xt +

1− β
r2

Xt−1 +
Ft√

c(r, β)ht+1

}
. (2.31)

After dividing the resulting identity by
√
c(r, β)ht+1, the choice of c(r, β) makes the first two

coefficients sum to one and gives (2.29). The bound on Rt follows from ht+1 = r2ht.

Lemma 2.15 (Spectral Stability of the Rescaled Recurrence). Suppose that C0/
√
h0 and

C1/
√
h1 have spectra bounded above and away from zero, and that

∑
t ∥Rt∥ is sufficiently

small. Then there are constants 0 < c < C <∞ such that

cI ⪯ Xt ⪯ CI (2.32)

for every t. Consequently, Ct = Θ(
√
ht).
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Proof. For positive-definite matrices, write the Thompson metric as

dT (A,B) :=
∥∥∥log (A−1/2BA−1/2

)∥∥∥
op
. (2.33)

It is invariant under inversion and congruence, and satisfies

dT (ηA+ (1− η)B, ηA′ + (1− η)B′) ≤ max{dT (A,A′), dT (B,B
′)}. (2.34)

Let

Lt := max{dT (Xt, I), dT (Xt−1, I)}. (2.35)

Then

e−LtI ⪯ Xt, Xt−1 ⪯ eLtI. (2.36)

Set Qt = ηXt + (1− η)Xt−1 and

ξt := ∥Q−1/2
t RtQ

−1/2
t ∥ ≤ eLt∥Rt∥. (2.37)

Whenever ξt < 1,

dT (Qt +Rt, Qt) ≤ log
1 + ξt
1− ξt

. (2.38)

Applying these two properties to (2.29) and then using the preceding perturbation bound

gives

Lt+1 ≤ Lt + log
1 + eLt∥Rt∥
1− eLt∥Rt∥

. (2.39)

Writing ρt = e−Lt gives

ρt+1 ≥ ρt
ρt − ∥Rt∥
ρt + ∥Rt∥

≥ ρt − 2∥Rt∥. (2.40)

Choose the total perturbation so that

2

∞∑
s=1

∥Rs∥ <
ρ1
2
. (2.41)
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We now close the estimate by induction. If ρj ≥ ρ1/2 through time t, then ∥Rt∥ < ρt, so

ξt < 1 and the preceding inequality is valid. It gives

ρt+1 ≥ ρ1 − 2
t∑

s=1

∥Rs∥ ≥
ρ1
2
. (2.42)

Thus ρt remains uniformly positive for every t, and hence Lt is uniformly bounded. This is

equivalent to a common spectral band cI ⪯ Xt ⪯ CI. Rescaling Xt yields Ct = Θ(
√
ht).

Proposition 2.3 (Active-space covariance recurrence and scaling). Let H0 be a fixed invertible

symmetric operator on a finite-dimensional active space. Suppose that Ct ≻ 0 satisfies

Ct+1 = ht+1 [H0{βCt + (1− β)Ct−1}H0 + Ft]
−1 , ∥Ft∥ = O(ht), (2.43)

where
√
ht = αrt. Assume that two consecutive normalized initial matrices have spectra

bounded above and away from zero, and take α small enough that the total normalized

perturbation is sufficiently small. After a fixed congruence by H0 and normalization by
√
ht,

the sequence satisfies

Xt+1 = J{ηXt + (1− η)Xt−1 +Rt}−1J, ∥Rt∥ = O(
√
ht), (2.44)

where J is a signature matrix and η ∈ (0, 1) is constant. Since
∑

t ∥Rt∥ <∞, the normalized

sequence remains bounded above and away from zero. Consequently, Ct = Θ(
√
ht).

Proof. Diagonalize H0 = UΛU⊤ and set

W = U |Λ|1/2, J = sign(Λ), Yt =W⊤CtW. (2.45)

Since H0 =WJW⊤, recurrence (2.43) becomes

Yt+1 = ht+1J{βYt + (1− β)Yt−1 + F̃t}−1J, (2.46)

where

F̃t = JW−1FtW
−TJ = O(ht). (2.47)

Proposition 2.2 reduces this to (2.29), whose unperturbed update is independent of t and

whose perturbation is summable of order O(
√
ht). Lemma 2.15 gives Yt = Θ(

√
ht). Because

W is fixed and invertible, the same order holds for Ct.
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2.C.3.6 Full-Rank Projected Hessian

Lemma 2.16 (Gradient-aligned Schur-complement decomposition). Let u = g/∥g∥, Q =

I − uu⊤, and write the momentum metric in the basis span(u)⊕ g⊥ as

Mt+1 =

at d⊤t

dt Dt

 , St := Dt −
dtd

⊤
t

at
. (2.48)

Whenever truncation is inactive on this block,

Σt+1 = ht+1

a−1
t + a−2

t d⊤t S
−1
t dt −a−1

t d⊤t S
−1
t

−S−1
t dta

−1
t S−1

t

 . (2.49)

Suppose that, for s = t, t − 1, u⊤Σsu = Θ(hs), QΣsQ = Θ(
√
hs), and ∥QΣsu∥ = O(

√
hs).

Then

at = ∥g∥2 +O(
√
ht), ∥dt∥ = O(

√
ht), (2.50)

St = HQ{βQΣtQ+ (1− β)QΣt−1Q}HQ + Ft, ∥Ft∥ = O(ht), (2.51)

where HQ = (QHQ)|g⊥ .

Proof. The inverse formula is the ordinary Schur complement with pivot at. For the block

estimates, apply Lemma 2.3 to µt and µt−1 and average with the momentum weights. The

rank-one term gg⊤ contributes ∥g∥2 only to at. Every remaining term containing the gradient

covariance or a Taylor remainder is O(
√
ht) in the gradient cross block and O(ht) after taking

the Schur complement. The only order-
√
ht contribution to St is the displayed homogeneous

Hessian term.

Corollary 2.3 (Full-Rank Initialization). Suppose that Σ0 = αI and h1 = α2. If HQ is

invertible, then

u⊤Σ1u =
α2

∥g∥2
+O(α3), QΣ1Q = α(QH2Q)−1 +O(α2), ∥QΣ1u∥ = O(α2), (2.52)

and the same three orders hold at the second initialization step.

Proof. At the isotropic initialization, a0 = ∥g∥2+O(α), d0 = O(α), and S0 = αQH2Q+O(α2).

Substituting these expressions into (2.49) gives the result. At the next step the same

calculation applies, with HQΣ1HQ as the leading projected term.
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Proof of Theorem 2.3. Corollary 2.3 supplies the initial orders. Assume that they hold

through iteration t. By Lemma 2.16, at remains bounded above and away from zero and the

gradient Schur complement satisfies

St = HQ{βCt + (1− β)Ct−1}HQ + Ft, Ct := QΣtQ, ∥Ft∥ = O(ht). (2.53)

Because HQ is invertible, Proposition 2.3 gives Ct+1 = Θ(
√
ht+1). These active covariance

eigenvalues and the gradient covariance eigenvalue tend to zero, so for α sufficiently small

they remain strictly below the fixed cap ζ. Thus truncation is inactive on the full-rank

spectral block throughout the induction. The upper-left entry of (2.49) is Θ(ht+1), since

d⊤t S
−1
t dt = O(

√
ht). The off-diagonal entry is

O
(
ht+1∥S−1

t ∥∥dt∥
)
= O(ht+1), (2.54)

which is smaller than the asserted O(
√
ht+1) induction bound. This closes the induction.

There is one covariance eigenvalue of order ht and D− 1 eigenvalues of order
√
ht. Hence√

detΣt = Θ
(
h
(D+1)/4
t

)
, W (µt) = O(ht), (2.55)

and Theorem 2.1 gives the stated learning rate.

2.C.3.7 CIL Momentum Analysis

Let u := g/∥g∥ and

A := span(u)⊕ Ex = K⊥
x .

For a symmetric matrix A, write its block decomposition on span(u)⊕ u⊥ as

A =

aA b⊤A

bA DA

 , Ā := DA −
bAb

⊤
A

aA

whenever aA > 0. Thus Ā is the Schur complement of the gradient block. We also set

Ct := πExΣtπEx .

For v ∈ Kx with ∥v∥ < ρ, define

HE(v) := πExQ∇2f(x∗ + v)QπEx
∣∣
Ex , H0 := HE(0).
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The maximal-rank hypothesis makes H0 invertible on Ex. Choose an even smooth cutoff χ

on Kx such that χ(v) = 1 for ∥v∥ ≤ ρ/4 and χ(v) = 0 for ∥v∥ ≥ ρ/2. For νζ = N(0, ζIKx),

define

Φζ(B) :=

∫
χ(v)HE(v)BHE(v) dνζ(v). (2.56)

The main idea of our argument is to sufficiently localize so that the fixed-congruence

dynamics dominate up to a negligible error.

Lemma 2.17 (Small-cap integrated-Hessian expansion). There are ζ0, C > 0 such that, for

0 < ζ ≤ ζ0 and every symmetric B on Ex,

Φζ(B) = H0BH0 +∆ζ(B), ∥∆ζ(B)∥ ≤ Cζ∥B∥.

Proof. On the support of χ, Taylor expansion gives

HE(v) = H0 + L(v) +R(v), ∥R(v)∥ ≤ C∥v∥2,

where L is linear. Since both χ and νζ are even, the two terms that are linear in L(v)

integrate to zero. Every remaining term contains either two factors of L(v) or at least

one factor of R(v), and hence is bounded by CE∥V ∥2∥B∥ = O(ζ∥B∥) for V ∼ νζ . Finally,∫
χdνζ = 1+O(exp(−cρ2/ζ)); this exponential term is also O(ζ) for sufficiently small ζ.

For

Bt := βCt + (1− β)Ct−1, Ct := πExΣtπEx ,

we first prove

πExM̄t+1πEx = H0BtH0 + Ft, ∥Ft∥ ≤ C{ζn
√
ht + ht + εn}. (2.57)

Here H0 = (QHQ)|Ex is invertible by the maximal-rank assumption, and εn is the nonlocal

Gaussian-tail bound from Lemma 2.12.

Write

qr,β :=
β

r
+

1− β
r2

, cD(r, β) :=
1

Dqr,β
, η :=

β/r

qr,β
=

βr

1− β + βr
.

If H0 = UΛU⊤, set

W := U |Λ|1/2, J := sign(Λ), Xt :=
W⊤CtW√
cD(r, β)ht

.
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We then derive

Xt+1 = J{ηXt + (1− η)Xt−1 +Rt}−1J (2.58)

with

∥Rt∥ ≤ C
{
ζn +

√
ht +

εn√
ht

}
. (2.59)

Once (2.58)– (2.59) are established, the bound

tn∑
t=2

∥Rt∥ < δ0

for the constant δ0 in Lemma 2.15 gives cI ⪯ Xt ⪯ CI for 2 ≤ t ≤ tn.

For s = t, t− 1, write the covariance in the decomposition A⊕Kx as

Σs =

ΣAA,s ΣAK,s

ΣKA,s Ks

 ,
where

Ks := πKxΣsπKx , ΣAK,s := πAΣsπKx .

Lemma 2.18 (Localized CIL Schur-complement expansion). Fix n and an integer T ≥ 2.

Write ζ = ζn and ε = εn as in Lemma 2.12. Suppose ε ≤ hT and, for s = t, t− 1 ≤ T ,

u⊤Σsu = Θ(hs), c
√
hsIEx ⪯ Cs ⪯ C

√
hsIEx , (2.60)

Ks = ζIKx +O(hs + ε), ∥ΣAK,s∥ ≤ C(ζ
√
hs + hs + ε),

∥πExΣsu∥ = O(hs + ε).

Assume also that hs ≤ c0ζ2. Then, uniformly for t < T ,

u⊤Mt+1u = Θ(1), ∥πu⊥Mt+1u∥ = O(
√
ht), (2.61)

πExM̄t+1πEx = H0BtH0 + Ft, ∥Ft∥ ≤ C(ζ
√
ht + ht + ε), (2.62)

∥πExM̄t+1πKx∥ ≤ C(ht + ε), 0 ⪯ πKxM̄t+1πKx ⪯ C(ht + ε)I, (2.63)

where

Bt := βCt + (1− β)Ct−1.
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Proof. For a single iteration s ∈ {t, t− 1}, set

Vs := πKx(X − x∗) ∼ N(0,Ks).

The conditional distribution of the A component is Gaussian with mean and covariance

ms(v) := E[πA(X − x∗) | Vs = v] = ΣAK,sK
−1
s v, (2.64)

ΣA|K,s := Cov(πA(X − x∗) | Vs = v)

= ΣAA,s − ΣAK,sK
−1
s ΣKA,s. (2.65)

Because hs ≤ c0ζ
2, ε ≤ hs, and Ks = ζI +O(hs + ε), the eigenvalues of Ks lie in [ζ/2, 2ζ]

for sufficiently small c0. Hence ∥K−1
s ∥ ≤ 2/ζ. Moreover,

∥ΣAK,s∥ ≤ C(ζ
√
hs + hs + ε) ≤ C ′ζ

√
hs,

where the final inequality again uses hs ≤ c0ζ2 and ε ≤ hs. It follows that∥∥ΣAK,sK
−1
s ΣKA,s

∥∥ ≤ ∥ΣAK,s∥2∥K−1
s ∥ = O(ζhs) = O(hs), (2.66)

E∥ms(Vs)∥2 = tr
(
ΣAK,sK

−1
s ΣKA,s

)
= O(hs). (2.67)

Thus

ΣA|K,s = ΣAA,s +O(hs).

Choose a smooth radial cutoff ψ on RD such that ψ(x) = 1 on B(x∗, ρ) and ψ(x) = 0

outside B(x∗, 3ρ/2). Split each conditional EGOP integral into its ψ-weighted part and its

complement. By Lemma 2.12, the probability and all polynomially weighted moments of

the complement are O(ε). Since f and its first four derivatives are globally bounded, every

EGOP or Taylor block contributed by this complement has operator norm O(ε).

On the support of ψ, the local CIL identities give

∇f(x∗ + v) = a(v)g, Q∇2f(x∗ + v)πKx = 0,

where a is bounded and a(0) = 1. Let Hv := ∇2f(x∗ + v) and let Ls|v denote the EGOP of

the conditional Gaussian, recentered at x∗ + v. In the decomposition span(u)⊕ u⊥, write

Ls|v =

ℓs(v) ds(v)
⊤

ds(v) Ds(v)

 .
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Applying Lemma 2.3, together with (2.66)– (2.67), gives uniformly on the localized region

ℓs(v) = a(v)2∥g∥2 +O(
√
hs), ∥ds(v)∥ = O(

√
hs), (2.68)

πExDs(v)πEx = HE(v)CsHE(v) +O(hs), ∥πExDs(v)πKx∥ = O(hs), (2.69)

0 ⪯ πKxDs(v)πKx ⪯ ChsI. (2.70)

The O(hs) terms in these displays contain the conditional-mean correction, the linear map

T , the gradient-row Schur correction, and the quadratic Taylor remainder. The identity

QHvπKx = 0 removes every leading Hessian contribution involving Kx.

Let

L(µs) =

as b⊤s

bs Ds

 , L̄s := Ds −
bsb

⊤
s

as
.

After integrating (2.68)– (2.70) over Vs ∼ N(0,Ks) and adding the O(ε) nonlocal term, we

obtain

as = Θ(1), ∥bs∥ = O(
√
hs), (2.71)

πExL̄sπEx =

∫
HE(v)CsHE(v) dνs(v) +O(hs + ε), (2.72)

∥πExL̄sπKx∥ ≤ C(hs + ε), 0 ⪯ πKxL̄sπKx ⪯ C(hs + ε)I, (2.73)

where νs = N(0,Ks). Notice that ∥bsb⊤s /as∥ = O(hs), so taking the gradient Schur comple-

ment does not alter the leading active term.

We next replace νs by νζ = N(0, ζI). Couple

Vs = K1/2
s Z, Vζ =

√
ζZ, Z ∼ N(0, IKx).

The square-root map is Lipschitz on matrices with spectra in [ζ/2, 2ζ], and therefore

∥K1/2
s −

√
ζI∥ ≤ Chs + ε√

ζ
, E∥Vs − Vζ∥ ≤ C

hs + ε√
ζ
.

The localized map v 7→ χ(v)HE(v)CsHE(v) is Lipschitz with constant O(∥Cs∥) = O(
√
hs).

Hence ∥∥∥∥∫ HE(v)CsHE(v) dνs(v)− Φζ(Cs)

∥∥∥∥
≤ C

√
hs
hs + ε√

ζ
= O(hs), (2.74)
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where the last equality uses hs ≤ c0ζ2 and ε ≤ hs. Lemma 2.17 now yields

πExL̄sπEx = H0CsH0 + Fs, ∥Fs∥ ≤ C(ζ
√
hs + hs + ε). (2.75)

Finally, write the momentum metric as

Mt+1 = βL(µt) + (1− β)L(µt−1) =

aMt (bMt )⊤

bMt DM
t

 .
Its gradient Schur complement satisfies

M̄t+1 = DM
t −

bMt (bMt )⊤

aMt

= βL̄t + (1− β)L̄t−1 +Rsc
t , (2.76)

where

Rsc
t = β

btb
⊤
t

at
+ (1− β)

bt−1b
⊤
t−1

at−1
− bMt (bMt )⊤

aMt
. (2.77)

Because the scalar blocks are bounded above and away from zero and all three gradient cross

blocks are O(
√
ht), ∥Rsc

t ∥ = O(ht). Combining this identity with (2.75) and ht−1 = ht/r
2

proves (2.61)– (2.63).

Corollary 2.4 (Scalar trace normalization). Under the assumptions of Lemma 2.18, define

τζ :=

∫
χ(v)∥∇f(x∗ + v)∥2 dνζ(v).

Then

τζ = ∥g∥2 +O(ζ), tr(Mt+1) = τζ +O(
√
ht + εn).

For each fixed n, the positive scalar τζn may therefore be absorbed into the bandwidth scale.

The remaining relative normalization error is O(
√
ht+ εn) and is included in the perturbation

of the autonomous recurrence.

Proof. For a single localization, the trace of the conditional rank-one term is∫
χ(v)∥∇f(x∗ + v)∥2 dνs(v).
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The same coupling used in (2.74) changes this integral by O(hs + εn). The Hessian and

Taylor terms have trace O(
√
hs) under the bounds in (2.60), while the nonlocal contribution

is O(εn). Taking the momentum average gives the asserted trace expansion. The identity

τζ = ∥g∥2 +O(ζ) follows by the even-cutoff Taylor argument used in Lemma 2.17.

Corollary 2.5 (Initialization at iterations 2 and 3). Fix n and write ζ := ζn. Suppose

Σ0 = αI, h1 = α2, the first two updates use β = 1, and α ≤ cαζ. If εn ≤ ch2, then, for ζ

and cα sufficiently small, the pair (Σ2,Σ3) satisfies (2.60), with constants independent of n.

Proof. At the isotropic initialization, Lemma 2.3 and the localization bound give

L(µ0) = gg⊤ + αH2 + gT (αI)⊤ + T (αI)g⊤ +O(α2 + εn).

The gradient eigenvalue is Θ(1). After taking its Schur complement, the active Ex block is

uniformly positive definite of order α: for every unit e ∈ Ex,

e⊤πExH
2πExe = ∥He∥2 ≥ ∥QHe∥2,

and QHQ is invertible on Ex. Thus the first update gives

u⊤Σ1u = Θ(h1), πExΣ1πEx = Θ

(
h1
α

)
= Θ(α) = Θ(

√
h1).

The true Null directions have metric eigenvalues O(α2 + εn) and are therefore capped

immediately.

Let

K◦
x := Kx ∩Null⊥,

which has dimension at most one. A direction v ∈ K◦
x may remain uncapped at the first

update, because Hv can be a nonzero multiple of g. At the next iteration, however,

(Hv)⊤Σ1(Hv) = O(g⊤Σ1g) = O(h1).

Consequently, after the gradient Schur complement, the full Kx ×Kx metric block of L(µ1)

is O(h1 + εn), and its Ex ×Kx block has the same order. The active block remains Θ(α) =

Θ(
√
h1).
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The threshold used to form Σ2 is

θ1 :=
h2
Dζ

=
r2α2

Dζ
.

Choose ζ sufficiently small and then cα sufficiently small. Since εn ≤ ch2, these choices

ensure

C(h1 + εn) < θ1 < cα.

Thus every eigenvalue associated with Kx lies below θ1, while every eigenvalue associated

with Ex lies above θ1. The gradient and active spectral gaps are fixed multiples of 1 and α,

respectively, so the two graph transforms have angles O(α) = O(
√
h1). Rotating back to the

fixed decomposition gives

u⊤Σ2u = Θ(h2), C2 = Θ(
√
h2),

K2 = ζI +O(h2 + εn), ∥πExΣ2u∥ = O(h2 + εn),

∥ΣAK,2∥ ≤ C(ζ
√
h2 + h2 + εn). (2.78)

It remains to check the first momentum update. In the decomposition span(u) ⊕ u⊥,

write

L(µs) =

as b⊤s

bs Ds

 , s = 1, 2.

Here as = Θ(1) and ∥bs∥ = O(
√
h1). Therefore

M̄3 = βL̄2 + (1− β)L̄1 +O(h1 + εn). (2.79)

The active Schur blocks of the two summands are respectively Θ(
√
h2) and Θ(

√
h1), which

have the same order because h2 = r2h1. Their positive weighted sum is therefore Θ(
√
h2).

The projected-null and active–projected-null blocks are O(h1 + εn) = O(h2 + εn). The same

threshold comparison and graph-transform argument used above gives the bounds in (2.60)

for Σ3. Hence (Σ2,Σ3) initializes the induction.

Lemma 2.19 (Spectral separation and truncation). Fix n and an integer T ≥ 2, and write

ζ := ζn. Suppose (2.60) holds at iterations t− 1, t ≤ T , and suppose εn ≤ hT . Let

m := dim(Ex) = 2d− 2, k := dim(Kx) = D − 2d+ 1, θt :=
ht+1

Dζ
.
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There exist constants

cg, Cg, cE , CE , CK > 0,

independent of n, t, T , such that, for ζ and α/ζ sufficiently small, Mt+1 has spectral projectors

Pg,t+1, PE,t+1, and PK,t+1 satisfying

Pg,t+1 + PE,t+1 + PK,t+1 = I,

rank(Pg,t+1) = 1, rank(PE,t+1) = m, rank(PK,t+1) = k,

and

σ
(
Mt+1

∣∣
range(Pg,t+1)

)
⊆ [cg, Cg], (2.80)

σ
(
Mt+1

∣∣
range(PE,t+1)

)
⊆ [cE

√
ht, CE

√
ht], (2.81)

σ
(
Mt+1

∣∣
range(PK,t+1)

)
⊆ [0, CK(ht + εn)]. (2.82)

Moreover,

∥Pg,t+1 − uu⊤∥ = O(
√
ht), (2.83)

∥PE,t+1 − πEx∥ = O(
√
ht), (2.84)

∥PK,t+1 − πKx∥ = O(
√
ht). (2.85)

The threshold satisfies CK(ht + εn) < θt < cE
√
ht, hence

PK,t+1 = 1[0,θt)(Mt+1).

Therefore the update Σt+1 = Tht+1,ζ(Mt+1) satisfies

u⊤Σt+1u = Θ(ht+1), c
√
ht+1IEx ⪯ Ct+1 ⪯ C

√
ht+1IEx , (2.86)

Kt+1 = ζIKx +O(ht+1 + εn), ∥πExΣt+1u∥ = O(ht+1 + εn),

∥ΣAK,t+1∥ ≤ C
{
ζ
√
ht+1 + ht+1 + εn

}
. (2.87)

In particular, (2.60) holds at iteration t+ 1.

Proof. Write the momentum metric in the decomposition span(u)⊕ u⊥ as

Mt+1 =

at b⊤t

bt Dt

 , M̄t+1 := Dt −
btb

⊤
t

at
.
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Lemma 2.18 gives

ca ≤ at ≤ Ca, ∥bt∥ = O(
√
ht), ∥Dt∥ = O(

√
ht).

We first separate the eigenvalue associated with the gradient direction. The invariant

subspace complementary to this eigenvalue is the graph of a map

Yt : u
⊥ −→ span(u)

satisfying

atYt − YtDt + b⊤t − YtbtYt = 0.

The linearized Sylvester operator

Y 7−→ atY − Y Dt

has a uniformly bounded inverse because at is bounded away from zero and ∥Dt∥ = o(1). Its

fixed-point equation is therefore a contraction on a ball of radius C
√
ht, yielding

∥Yt∥ = O(
√
ht), Yt = −a−1

t b⊤t +O(ht).

The associated orthogonal change of coordinates separates the gradient eigenvalue and reduces

the operator on u⊥ to

M̃t+1 = M̄t+1 + Eg,t, ∥Eg,t∥ = O(h
3/2
t ). (2.88)

Decompose u⊥ = Ex ⊕Kx and write

M̃t+1 =

At Ct

C⊤
t Kt

 .
Equations (2.62)– (2.63) and (2.88) imply

At = H0BtH0 + F̂t, ∥F̂t∥ ≤ C
{
ζ
√
ht + ht + εn

}
, (2.89)

∥Ct∥ ≤ C(ht + εn), 0 ⪯ Kt ⪯ C(ht + εn)I. (2.90)

Here

Bt := βCt + (1− β)Ct−1.
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The bounds in (2.60) and ht−1 = ht/r
2 give

cB
√
htIEx ⪯ Bt ⪯ CB

√
htIEx .

Since H0 is invertible, reducing ζ, α/ζ, and the tail level if necessary gives

cE
√
htIEx ⪯ At ⪯ CE

√
htIEx .

Because εn ≤ hT ≤ ht,

∥Ct∥ = O(ht), 0 ⪯ Kt ⪯ CKhtI.

The distance between the spectra of At and Kt is therefore at least c
√
ht. The invariant

subspace associated with the k smallest eigenvalues is the graph of a map

Zt : Kx −→ Ex

satisfying

AtZt − ZtKt + Ct − ZtC
⊤
t Zt = 0.

The inverse of the linearized Sylvester operator has norm O(h
−1/2
t ), and hence

∥Zt∥ = O(h
−1/2
t )O(ht) = O(

√
ht).

The corresponding orthogonal change of coordinates makes M̃t+1 block diagonal, changing

each diagonal block by

O(∥Ct∥ ∥Zt∥) = O(h
3/2
t ).

It follows that the non-gradient eigenvalues consist of m eigenvalues in [cE
√
ht, CE

√
ht] and

k eigenvalues in [0, CK(ht + εn)]. Combining the two changes of coordinates gives (2.85).

The truncation threshold is θt =
ht+1

Dζ . Since εn ≤ ht,

CK(ht + εn) ≤ 2CKht.

Choosing ζ so that 2CK < r2

Dζ gives

CK(ht + εn) < θt.



69

For the other inequality, θt < cE
√
ht is equivalent to

√
ht <

DcE
r2

ζ.

Since √
ht ≤

√
h1 = α,

this holds whenever α/ζ is sufficiently small. Thus

PK,t+1 = 1[0,θt)(Mt+1),

and the truncated inverse assigns covariance ζ exactly on range(PK,t+1). On the gradient

and active spectral subspaces, inversion gives covariance orders ht+1 and

ht+1√
ht

= r
√
ht+1,

respectively. Rotating these covariances back to

span(u)⊕ Ex ⊕Kx

using (2.85) yields (2.86) and (2.87). The term ζ
√
ht+1 in (2.87) is the first-order off-diagonal

contribution of the capped projector. Its contribution to either fixed diagonal block is

O(ζht+1) = O(ht+1),

because ζ ≤ 1.

Lemma 2.20 (Reduction to the normalized active recurrence). Under the hypotheses of

Lemma 2.19, there exist symmetric matrices F̂t and Gt such that

Ct+1 =
ht+1

D

[
H0BtH0 + F̂t

]−1
+Gt, (2.91)

where

∥F̂t∥ ≤ C
{
ζ
√
ht + ht + εn

}
, (2.92)

∥Gt∥ ≤ C
{
ζht + h

3/2
t + εn

}
. (2.93)



70

Let

H0 = UΛU⊤, W := U |Λ|1/2, J := sign(Λ),

and define

Xt :=
W⊤CtW√
cD(r, β)ht

.

Then there exists a symmetric matrix Rt such that

Xt+1 = J {ηXt + (1− η)Xt−1 +Rt}−1 J, (2.94)

and

∥Rt∥ ≤ C
{
ζ +

√
ht +

εn√
ht

}
. (2.95)

Proof. The spectral decomposition in Lemma 2.19 shows that the fixed-coordinate active

covariance differs from the inverse of its active metric block for two reasons.

First, the active spectral subspace differs from Ex by an angle O(
√
ht). Rotating a

covariance of order
√
ht+1 back to Ex produces an O(h

3/2
t ) correction to the active diagonal

block.

Second, the capped projector contributes

ζ πExPK,t+1πEx = O(ζht),

because

∥πExPK,t+1∥ = O(
√
ht).

The nonlocal metric contribution εn induces an O(εn) covariance correction. Combining

these terms with (2.89) gives (2.91)– (2.93).

Set

Yt :=W⊤CtW.

Since

H0 =WJW⊤,

equation (2.91) becomes

Yt+1 =
ht+1

D
J
[
βYt + (1− β)Yt−1 + F̃t

]−1
J + G̃t, (2.96)
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where

F̃t := JW−1F̂tW
−TJ, G̃t :=W⊤GtW.

Because W is fixed and invertible, F̃t and G̃t satisfy the same respective orders as F̂t and Gt.

Substitute

Ys =
√
cD(r, β)hsXs.

Using √
ht√
ht+1

=
1

r
,

√
ht−1√
ht+1

=
1

r2
,

and

D cD(r, β) qr,β = 1,

equation (2.96) gives

Xt+1 = J
[
ηXt + (1− η)Xt−1 +Rmet

t

]−1
J + Et, (2.97)

where

Rmet
t :=

F̃t

qr,β
√
cD(r, β)ht+1

, Et :=
G̃t√

cD(r, β)ht+1

.

Equations (2.92) and (2.93) imply

∥Rmet
t ∥ ≤ C

{
ζ +

√
ht +

εn√
ht

}
, (2.98)

∥Et∥ ≤ C
{
ζ
√
ht + ht +

εn√
ht

}
. (2.99)

Define

Qt := ηXt + (1− η)Xt−1, Rt := (JXt+1J)
−1 −Qt.

Then (2.94) holds by definition. To prove (2.95), let

X̂t+1 := J(Qt +Rmet
t )−1J.

By (2.60) and Lemma 2.19, there are constants 0 < c < C <∞ such that

cI ⪯ Xt+1, X̂t+1 ⪯ CI.
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Equation (2.97) gives Xt+1− X̂t+1 = Et. The inverse identity A−1−B−1 = A−1(B−A)B−1

therefore yields

∥Rt −Rmet
t ∥ =

∥∥∥(JXt+1J)
−1 − (JX̂t+1J)

−1
∥∥∥ (2.100)

≤ C∥Et∥. (2.101)

Combining this with (2.98) and (2.99) proves (2.95). The residual trace-normalization error

has the same or smaller order and is absorbed into Rt.

Corollary 2.6 (Cumulative normalized recurrence error). Under the hypotheses of Lemma 2.20,

for every integer S satisfying 2 ≤ S ≤ T ,

S∑
t=2

∥Rt∥ ≤ C
{
(S − 1)ζ +

√
h1

1− r
+

(S − 1)εn√
hS

}
. (2.102)

Proof. Equation (2.95) gives

S∑
t=2

∥Rt∥ ≤ C

{
(S − 1)ζ +

S∑
t=2

√
ht + εn

S∑
t=2

1√
ht

}
.

Since
√
ht =

√
h1 r

t−1, we have
S∑

t=2

√
ht ≤

√
h1

1− r
.

Moreover,
√
ht decreases in t, so

S∑
t=2

1√
ht
≤ S − 1√

hS
.

Substitution gives (2.102).

Proposition 2.4 (Linearization of the normalized recurrence). For the unperturbed au-

tonomous map in (2.94), linearization at I gives

Et+1 = −J{ηEt + (1− η)Et−1}, J (E) := JEJ.

On a mode satisfying J (E) = sE, s ∈ {1,−1}, the characteristic polynomials are

z2 + ηz + (1− η), s = 1,
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and

z2 − ηz − (1− η) = (z − 1)(z + 1− η), s = −1.

Every root transverse to the fixed-point manifold has modulus strictly below one for 0 < η < 1.

At either endpoint, undamped roots remain.

Proof. For s = 1, the Jury conditions for a monic quadratic z2+az+b are |b| < 1, 1+a+b > 0,

and 1− a+ b > 0. With a = η and b = 1− η, all three inequalities hold strictly for 0 < η < 1.

For s = −1, the roots are 1 and −(1− η). The root 1 is tangent to {X ≻ 0 : (XJ)2 = I},

while the transverse root has modulus 1− η < 1.

Lemma 2.21 (Consecutive covariance comparison and EGOP-form bound). Fix n and write

ζ := ζn. Under the conclusions of Lemma 2.19, there is a constant C <∞, independent of

t ≤ T , such that

Σt ⪯ CΣt+1.

Consequently,

W (µt) = tr{ΣtL(µt)} = O(ht).

Proof. Define

Ds := hsuu
⊤ +

√
hs πEx + ζπKx

and

Σ̂s := D−1/2
s ΣsD−1/2

s .

In the decomposition span(u)⊕ Ex ⊕Kx, the diagonal blocks satisfy

u⊤Σ̂su = Θ(1), (2.103)

cIEx ⪯ πExΣ̂sπEx ⪯ CIEx , (2.104)

πKxΣ̂sπKx = IKx +O

(
hs + εn

ζ

)
= IKx +O(ζ), (2.105)

where the last equality uses hs ≤ c0ζ2 and εn ≤ hs.
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The normalized off-diagonal blocks satisfy∥∥∥∥∥πExΣsu

h
3/4
s

∥∥∥∥∥ ≤ Chs + εn

h
3/4
s

= O(h1/4s ), (2.106)∥∥∥∥πKxΣsu√
hsζ

∥∥∥∥ ≤ C ζ√hs + hs + εn√
hsζ

= O(
√
ζ), (2.107)∥∥∥∥∥πExΣsπKx

h
1/4
s
√
ζ

∥∥∥∥∥ ≤ C ζ
√
hs + hs + εn

h
1/4
s
√
ζ

= O(ζ). (2.108)

Thus, after choosing c0 and ζ sufficiently small, there are constants 0 < c < C <∞ such that

cI ⪯ Σ̂s ⪯ CI.

Equivalently,

cDs ⪯ Σs ⪯ CDs. (2.109)

Since ht = r−2ht+1,

Dt = r−2ht+1uu
⊤ + r−1

√
ht+1 πEx + ζπKx ⪯ r−2Dt+1.

Applying (2.109) at times t and t+ 1 gives

Σt ⪯ CDt ⪯ Cr−2Dt+1 ⪯ C ′Σt+1.

Moreover, Mt+1 = βL(µt) + (1− β)L(µt−1) ⪰ βL(µt), yielding

βW (µt) ≤ tr(ΣtMt+1) ≤ C ′ tr(Σt+1Mt+1).

Let λ1, . . . , λD be the eigenvalues of Mt+1. The corresponding eigenvalues of Σt+1 =

Tht+1,ζ(Mt+1) are

τj =


min

{
ζ,
ht+1

Dλj

}
, λj > 0,

ζ, λj = 0.

Hence

0 ≤ λjτj ≤
ht+1

D

for every j, and

tr(Σt+1Mt+1) =

D∑
j=1

λjτj ≤ ht+1 = r2ht.

Thus W (µt) = O(ht).
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Proof of Theorem 2.2. Let

k := D − 2d+ 1, bn :=
(
nζk/2n

)−2/(d+2)
.

The stopping time tn is the smallest integer satisfying htn ≤ bn. Since ht+1 = r2ht,

r2bn < htn ≤ bn,

and hence

htn ≍ bn. (2.110)

Moreover,

ht = α2
nr

2(t−1), ζn =
cζ

logn
, αn = cαζn,

so there is a constant CT such that

tn ≤ CT logn (2.111)

for all sufficiently large n.

Let δ0 > 0 be a value for which Lemma 2.15 applies to the initial normalized matrices

supplied by Corollary 2.5. By Lemma 2.12, for every fixed A > 0, cζ can be chosen so that

εn ≤ Cn−A.

Choose A large enough that

εn
htn
−→ 0,

tnεn√
htn
−→ 0. (2.112)

This is possible because (2.110) is a negative power of n multiplied by a power of logn.

Applying (2.102) with S = tn gives

tn∑
t=2

∥Rt∥ ≤ C

{
(tn − 1)ζn +

αn

1− r
+

(tn − 1)εn√
htn

}
(2.113)

≤ C

{
CT cζ +

cαcζ
(1− r) logn

+
tnεn√
htn

}
. (2.114)

Choose cζ so that

CCT cζ <
δ0
3
,
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then choose cα so that
Ccαcζ
1− r

<
δ0
3
.

By (2.112), the last term in (2.114) is smaller than δ0/3 for all sufficiently large n. Therefore

tn∑
t=2

∥Rt∥ < δ0. (2.115)

Corollary 2.5 gives (2.60) at s = 2, 3. Let T ∗ be the largest integer in {3, . . . , tn} such

that (2.60) holds for every 2 ≤ s ≤ T ∗. Suppose T ∗ < tn.

For 2 ≤ t ≤ T ∗, Lemma 2.19 gives (2.94). Its partial error sum is at most the left side of

(2.115). Lemma 2.15 therefore gives constants 0 < cX < CX <∞, independent of n and T ∗,

such that

cXI ⪯ Xs ⪯ CXI, 2 ≤ s ≤ T ∗ + 1.

Applying Lemma 2.19 at t = T ∗ also gives all remaining inequalities in (2.60) at s = T ∗ + 1.

This contradicts the definition of T ∗. Hence

T ∗ = tn.

It follows that, for every 2 ≤ t ≤ tn,

cXI ⪯ Xt ⪯ CXI

and (2.60) holds. In particular, there are constants 0 < c < C <∞ such that

c
(
htuu

⊤ +
√
ht πEx + ζnπKx

)
⪯ Σt ⪯ C

(
htuu

⊤ +
√
ht πEx + ζnπKx

)
.

Therefore √
detΣt = Θ

(
h
d/2
t ζk/2n

)
.

Lemma 2.21 gives W (µt) = O(ht), hence

1

n
√
detΣt

+W (µt) = O

(
1

nh
d/2
t ζ

k/2
n

+ ht

)
.

By (2.110), the two terms have the same order at t = tn, and

E
[∫
{P̂Mtn

(f)− f}2 dµtn
]
= O

(
n−2/(d+2)ζ−k/(d+2)

n

)
.
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Since ζn = cζ/ logn,

E
[∫
{P̂Mtn

(f)− f}2 dµtn
]
= O

(
n−2/(d+2)(log n)(D−2d+1)/(d+2)

)
.

Finally, solving α2
nr

2(tn−1) ≍ bn yields

tn =
log n+ (k/2) log ζn + (d+ 2) logαn

(d+ 2) log(1/r)
+O(1).

2.D EGOP Approximation

In this section, we show that metric anisotropy not only improves point regression, but

accelerates the estimation of the EGOP matrix in our two model settings. We argue that the

smoothed gradients, while potentially biased estimators at individual points, in the aggregate

form a matrix that differs from the population quantity by a benign perturbation, leading to

an equivalent convergence analysis at adequate sample sizes.

Define the smoothed gradient and EGOP as

∇Σf(x) = argmin
v

min
a

∫
∥f(z)− a− v(z − x)∥2 dN(x,Σ), LΣ(µ) =

∫
∇Σf∇Σf

⊤ dµ.

Define the empirical momentum metric and covariance recurrence by

M̂t+1 := βL̂Σt(µt) + (1− β)L̂Σt−1(µt−1), (2.116)

Σt+1 := Tht+1,ζ(M̂t+1). (2.117)

Lemma 2.22 (Smoothed-gradient and EGOP expansion). There exists Tx, C, Tx(Σ) ≤ C∥Σ∥

such that, for µ = N(x∗,Σ),

∇Σf = ∇f + Tx(Σ), LΣ(µ) = L(µ) + Eµ[gTX(Σ)⊤ + TX(Σ)g⊤] +O(∥Σ∥2).

Proof. The standard OLS solution yields

∇Σf(x) = Σ−1CovN(x,Σ)(X, f(X)) = EN(x,Σ)[∇f(X)],

with the last equality following from Stein’s Identity (Stein, 1981). Applying a Taylor

expansion, we see that

EN(x,Σ)[∇f(X)] =

∫
∇f(x) +H(y − x) + Tx(y − x, y − x) dN(0,Σ) =: ∇f(x) + Tx(Σ),
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where Tx is a second order remainder. For the second claim, the proof follows by a simple

expansion,

LΣ(µ) =
∫
∇Σf∇Σf

⊤ dµ

=

∫
∇f∇f⊤ dµ+

∫
Tx(Σ)∇f⊤ +∇fTx(Σ) dµ

= L(µ) +
∫
Tx(Σ)g

⊤ + gTx(Σ) dµ+

∫
Tx(Σ)(∇f − g)⊤ + (∇f − g)Tx(Σ) dµ,

satisfying the claim, with full details being similar to those in the proof of Lemma 2.3.

The preceding expansions show that the empirical recurrence is controlled by the error

in the momentum metric itself. We therefore state the finite-sample guarantees under the

direct perturbation condition

∥M̂t+1 −Mt+1∥ ≤ Cht (2.118)

uniformly through the stopping time. Establishing (2.118) for a particular gradient estimator

is a separate nonparametric estimation problem.

Proposition 2.5 (Empirical full-rank Local EGOP rate). Let rank(π⊥g Hπ⊥g ) = D − 1 and

adopt the assumptions of Theorem 2.3. Suppose that the empirical recurrence (2.116) satisfies

(2.118) uniformly for t ≤ tn. Then, for

tn =
2 logn

(D + 5) log(1/r)
, (2.119)

E
[∫

(P̂
M̂tn

(f)− f)2 dµtn
]
= O

(
n−

4
D+5

)
. (2.120)

Proof. The perturbation in (2.118) enters the gradient Schur complement as an additional

O(ht) remainder. It is therefore absorbed into Ft in Lemma 2.16. Proposition 2.3 preserves

the ht gradient scale and the
√
ht scale on g⊥. The determinant and risk calculation is then

identical to the proof of Theorem 2.3.

Proposition 2.6 (Empirical Local EGOP rate for continuous-index learning). Let (X,Y )

be CIL, suppose that rank(π⊥g Hπ
⊥
g ) = 2d − 2, and adopt the assumptions and the choices
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ζn = cζ/ logn, αn = cαζn of Theorem 2.2. Suppose that the empirical recurrence (2.116)

satisfies (2.118) uniformly for t ≤ tn. Then

E
[∫

(P̂
M̂tn

(f)− f)2 dµtn
]
= O

(
n−2/(d+2)(logn)(D−2d+1)/(d+2)

)
.

Proof. Set

∆t+1 := M̂t+1 −Mt+1, ∥∆t+1∥ ≤ Cht.

Write Mt+1 and M̂t+1 in the decomposition span(u) ⊕ u⊥. Since the population gradient

block is Θ(1) and its cross block is O(
√
ht), the ordinary Schur-complement formula gives∥∥∥M̂ t+1 − M̄t+1

∥∥∥ ≤ C {∥∆t+1∥+
√
ht∥∆t+1∥+ ∥∆t+1∥2

}
= O(ht).

Hence the empirical active, active–projected-null, and projected-null Schur blocks satisfy the

same bounds as their population counterparts, with different constants:

πExM̂ t+1πEx = H0BtH0 +O
(
ζn
√
ht + ht + εn

)
, (2.121)∥∥∥πExM̂ t+1πKx

∥∥∥ = O(ht + εn), (2.122)

0 ⪯ πKxM̂ t+1πKx ⪯ C(ht + εn)I. (2.123)

The spectral-separation proof of Lemma 2.19 therefore applies without change. In

particular, the empirical active eigenvalues remain of order
√
ht, the projected-null eigenvalues

remain O(ht + εn), and

C(ht + εn) <
ht+1

Dζn
< c
√
ht.

Thus the empirical truncated update caps exactly the projected-null spectral subspace.

In the normalized active recurrence, the additional O(ht) metric error is divided by the

active scale
√
ht. Consequently, the empirical recurrence can be written as

Xt+1 = J {ηXt + (1− η)Xt−1 +Rt +Remp
t }−1

J, ∥Remp
t ∥ ≤ C

√
ht.

Since r ∈ (0, 1) is fixed independently of n,

tn∑
t=2

∥Remp
t ∥ ≤ C

tn∑
t=2

√
ht ≤

Cαn

1− r
= O

(
1

logn

)
= o(1).
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The population constants cζ and cα are chosen so that
∑tn

t=2 ∥Rt∥ is below the perturbation

threshold in Lemma 2.15. The preceding display shows that the empirical contribution is

eventually smaller than the remaining perturbation margin. Therefore the same common

spectral band holds for the empirical active covariance through tn.

It follows that, uniformly for 2 ≤ t ≤ tn, there is one covariance eigenvalue of order ht,

2d− 2 eigenvalues of order
√
ht, and k := D − 2d+ 1 eigenvalues of order ζn. Hence

√
detΣt = Θ

(
h
d/2
t ζk/2n

)
.

It remains to bound the population EGOP form. The covariance block bounds imply

Σt ⪯ CΣt+1.

Moreover,

Mt+1 ⪰ βL(µt),

so

βW (µt) ≤ C tr(Σt+1Mt+1).

Using Mt+1 = M̂t+1 −∆t+1 gives

tr(Σt+1Mt+1) ≤ tr(Σt+1M̂t+1) + ∥∆t+1∥ tr(Σt+1) (2.124)

≤ ht+1 + Chtζn = O(ht). (2.125)

Here the first inequality uses Σt+1 = Tht+1,ζn(M̂t+1), so every paired metric–covariance

eigenvalue product is at most ht+1/D. Therefore

W (µt) = O(ht).

The generic risk bound now gives

E
[∫
{P̂

M̂t
(f)− f}2 dµt

]
= O

(
1

nh
d/2
t ζ

k/2
n

+ ht

)
.

At t = tn,

htn ≍
(
nζk/2n

)−2/(d+2)
,
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so

E
[∫
{P̂

M̂tn
(f)− f}2 dµtn

]
= O

(
n−2/(d+2)ζ−k/(d+2)

n

)
.

Substituting ζn = cζ/ logn and k = D − 2d+ 1 proves the result.
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Chapter 3

CORESET SELECTION FOR THE SINKHORN DIVERGENCE AND
GENERIC SMOOTH DIVERGENCES

Abstract. We introduce CO2, an efficient algorithm to produce convexly-weighted coresets

with respect to generic smooth divergences. By employing a functional Taylor expansion, we

show a local equivalence between sufficiently regular losses and their second order approxima-

tions, reducing the coreset selection problem to maximum mean discrepancy minimization.

We apply CO2 to the Sinkhorn divergence, providing a novel sampling procedure that requires

poly-logarithmically many data points to match the approximation guarantees of random

sampling. Central to this result, we identify the Hessian of the Sinkhorn divergence and

establish second-order Hadamard differentiability in its induced topology, which is equivalent

to a scaled Gaussian RKHS topology. Our approach leads to a new perspective linking coreset

selection and kernel quadrature to classical statistical methods such as moment and score

matching. We showcase this method with a practical application of subsampling image data,

and highlight key directions to explore for improved algorithmic efficiency and theoretical

guarantees.

Keywords. coresets, kernel quadrature, Hadamard differentiability, entropic optimal trans-

port, Sinkhorn divergence

3.1 Introduction

We consider the problem of compressing a dataset by selecting a convexly weighted subset

of the observations, optimized for an error metric D. More concretely, given n independent

draws from a compactly supported P on X ⊆ Rd with empirical distribution Pn, we seek

to construct Pm supported on a ‘coreset’ of m of these observations such that D(Pn, Pm) is

on the order of D(Pn, P ) as m,n → ∞. We call such a weighted coreset (asymptotically)

lossless. A typical example of D is an integral probability metric (Sriperumbudur et al.,
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2012), D(Pn, Pm) = supf∈F |
∫
fd(Pn−Pm)|— when F is Donsker (A. W. v. d. Vaart, 2000),

we shall seek a Pm such that this quantity is Op(n
−1/2). Another example of interest is the

Sinkhorn divergence which we introduce in detail later (Ramdas et al., 2015). As we are

concerned with empirical approximation of the population distribution, we frequently adopt

the notation D(Q) := D(Q,P ).

Compression techniques are commonly employed in settings where it is costly to work with

a large sample. In computational cardiology, for each configuration x of a simulated heart,

thousands of machine hours must be used to evaluate a function f(x) that approximates the

mechanism for calcium signaling (Strocchi et al., 2020; Dwivedi and Mackey, 2023). This

precludes evaluating common statistics of interest, such as Pnf , if Pn is defined using a large

sample of heart configurations. However, if m configurations could be identified and weighted

so that Pmf ≈ Pnf , the computational task could be made tractable. If we had knowledge

that f belonged to a function class F , then this would be achieved by selecting Pm to make

the corresponding integral probability metric small.

The construction of such Pm has been well studied in the case where F is the unit ball of

a reproducing kernel Hilbert space (Schölkopf and Smola, 2002). An IPM in this setting is

referred to as maximum mean discrepancy (MMD) (Gretton et al., 2008). As these spaces

are Donsker, the optimal error rate is O(n−1/2).

Kernel herding was shown to achieve this error rate with m = O(n1/2) in the case where

the kernel is finite dimensional (Chen, Welling, et al., 2012). Kernel thinning subsequently

met this bound (up to logarithmic factors) in more general cases, depending on the kernel’s

tail behavior (Dwivedi and Mackey, 2023). An alternative approach based on quadrature was

developed in (Hayakawa et al., 2022) and refined in (Li et al., 2024a), leading to guarantees

controlled by low-rank approximation of the empirical kernel matrix. Key to our analysis is

a related kernel quadrature algorithm tailored to data-dependent kernels.

Often in unsupervised learning settings, data compression algorithms optimize for non-

MMD error metrics. For example, K-means forms clusters to minimize the average squared

deviation from the centroids (Steinley, 2006). This algorithm can be equivalently expressed in

terms of the 2-Wasserstein distance, W2(µ, ν) := infπ∈Π(µ,ν)

(∫
d(x, y)2π(x, y)

)1/2 (Pollard,

1982; Canas and Rosasco, 2012). In this framework, a distribution PK supported on K
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centroids is selected to minimize W2(Pn, PK). Works such as Claici et al., 2020 fit more

complex parametric distributions for the surrogate measure PK , with Gaussian mixtures

being a primary example. By considering compressed data, we make the more restrictive

assumption that PK ≪ Pn. This forces the support of PK to retain any structure enjoyed by

that of Pn—for example, if Pn is supported on images of faces, then so too is PK .

In practice, the Wasserstein distance is often too computationally expensive to be com-

puted on large datasets, but it can be approximated efficiently using its entropically regularized

counterpart (Cuturi, 2013). The Sinkhorn divergence similarly approximates the Wasserstein

loss, but with slight modifications to satisfy the properties of a statistical divergence (Ramdas

et al., 2015). Beyond their computational benefits, these quantities are also easier to estimate

than the Wasserstein distance, especially in high dimensions (Vacher et al., 2021), and are

more robust to noise (Rigollet and Weed, 2018; Bigot et al., 2019).

In this chapter, we explore whether divergences such as the Sinkhorn divergence can

also yield benefits over the Wasserstein distance for coreset selection. This problem is

important since, despite the Wasserstein distance’s appealing relationship to familiar clustering

algorithms, no compression algorithm can asymptotically improve on a random sample with

respect to this loss (Weed and Bach, 2019). Our approach culminates in a procedure

applicable to arbitrary divergences, where MMD compression algorithms can be applied to

analytically derived Taylor expansions of the functional of interest, a two-step procedure we

call CO2 (Coresets of Order 2).

Our main contributions are as follows:

1. We develop a framework for lossless data compression with respect to generic smooth

divergences.

2. We identify the Hadamard operator, or Hessian, of the Sinkhorn divergence and establish

second-order Hadamard differentiability in its induced topology. This requires first-

order Hadamard differentiability of the entropic optimal transport potentials in scaled

RKHS tangent spaces.

3. Using these results, we show that poly-logarithmically many data points m are sufficient
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to ensure D(Pm) = Op(n
−1) when D is the Sinkhorn divergence.

Precisely, we show m = ω(logd n) samples suffice for asymptotically lossless Sinkhorn

reconstruction. To our knowledge, ours is the first work in the literature to even consider

whether m = o(n) samples suffices. The recent work of Yin et al., 2025, which also developed

a method for constructing Sinkhorn coresets, instead focused on providing stability and

convergence guarantees for their proposed optimization scheme.

We highlight in our experiments how Sinkhorn-CO2 applied to MNIST data not only

improves performance with respect to the Sinkhorn divergence, but also better approximates

concrete quantities of interest, such as the proportions of each label present in the resulting

coreset. Other recent works have related coreset selection to improved efficiency in learning

downstream tasks (Xiong et al., 2024; Chen, Wang, et al., n.d.; Gong et al., 2024). This places

these methods under the umbrella of data distillation (Sachdeva and McAuley, 2023), the

study of compactly representing large datasets with the goal of improving algorithmic efficiency.

Our experiments demonstrate that Sinkhorn coresets provide a similar enhancement.

3.2 The General Case

3.2.1 Notation and definitions

Our results apply to sufficiently smooth divergences D, made precise by a second-order

Hadamard differentiability condition (Fernholz, 1983). Denote by P(X ) the space of probabil-

ity distributions supported on X . For an RKHS F on X with norm ∥ · ∥F , let F1 := {f ∈ F :

∥f∥F ≤ 1} denote the unit ball and ℓ∞(F1) be the space of distributions on X with pseudomet-

ric ∥µ∥ℓ∞(F1) := sup∥f∥F≤1 |
∫
fdµ|. We say that a functional D with Domain(D) ⊆ ℓ∞(F1)

is Hadamard differentiable at P (relative to ℓ∞(F1)) if there exists a continuous linear func-

tional Ḋ : ℓ∞(F1)→ R such that, for all {P + tht : t ∈ [−1, 1], ht ∈ ℓ∞(F1)} ⊆ Domain(D)

with ∥ht − h∥ℓ∞(F1) = o(1) for some h,

lim
t→0

D(P + tht)−D(P )

t
= Ḋ(h).

The functional D is second order Hadamard differentiable at P if there exists a continuous
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quadratic form D̈ : ℓ∞(F1)→ R such that

lim
t→0

D(P + tht)−D(P )− Ḋ(tht)

t2
= D̈(h).

As the dual RKHS topology ℓ∞(F1) will be central to our analysis, we introduce the

corresponding kernel function k and kernel embedding

Kh :=

∫
k(·, y) dh(y).

Depending on which is clearer in context, we denote the RKHS norm by either ∥ · ∥F or

∥ · ∥K . The dual norm has the quadratic representation

∥µ∥2ℓ∞(F1)
=

∫∫
k(x, y) dµ(x)dµ(y) =: QK(µ).

In particular, ∥µ− ν∥ℓ∞(F1) = MMDK(µ, ν).

The continuous quadratic form D̈ can be identified with a bounded positive self-adjoint

operator G̃:

D̈(h) = ⟨Kh, G̃Kh⟩F .

Equivalently, with

g(x, y) := ⟨k(·, x), G̃k(·, y)⟩F ,

we may write Gh =
∫
g(·, y) dh(y) and D̈(h) =

∫
Ghdh. We refer to G as the Hadamard

operator of D. See Appendix 3.A for further discussion of this quadratic expansion.

On the tangent space, the Hadamard operator induces the quadratic seminorm

∥h∥2G :=

∫
Ghdh = D̈(h).

This object is fundamental to our analysis, as we will show that, under appropriate regularity

conditions, data compression with respect to this quadratic form results in sharp compression

of D.

Much of our analysis centers on Pn and on coresets Pm supported on the observed sample.

For a possibly data-dependent positive-semidefinite kernel k̂n, let

K̂n :=
1

n

[
k̂n(Xi, Xj)

]n
i,j=1
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be its normalized Gram matrix. If λ1,n ≥ · · · ≥ λn,n ≥ 0 are its eigenvalues, define the rank-r

residual trace

Tailr(K̂n) :=
∑
j>r

λj,n.

Equivalently, this is the trace error of the best positive-semidefinite rank-r approximation to

K̂n.

When studying operators, A : F → G, we will denote ∥A∥F→G = sup∥f∥F≤1 ∥Af∥G, and

when F = G we shorten this to ∥A∥F . In technical arguments, we may often express a scalar

constant on each bound by C that may represent different values in different arguments. For

self-adjoint positive-semidefinite operators K1 and K2 on the same tangent space, we write

K1 ⪰ K2 if ∫
(K1 −K2)µdµ ≥ 0

for every admissible signed tangent µ.

3.2.2 Main results

The main idea of our method is that compression with respect to a carefully chosen MMD

leads to compression with respect to D. This leads to the CO2 Algorithm in 2. The

KernelSelection step associates the divergence and the observed empirical distribution with

a kernel for which MMD compression controls the loss of interest. We achieve this by

establishing second-order Hadamard differentiability at the population distribution in an

RKHS tangent topology. For computational efficiency, we reduce the rank of this objective

by utilizing a Nyström approximation (Tropp et al., 2017; Chen, Epperly, et al., 2025) up to

an appropriately negligible Schatten-1 error op(n−1). We then apply an MMD compression

method (Hayakawa et al., 2023; Li et al., 2024a) on the resulting quadratic form. Our analysis

centers on the recombination algorithm (Litterer and Lyons, 2012b), but this can be easily

modified to the user’s preferred choice.

We make this concrete in the following results, which establish a criteria for the selection

of D coresets, and a tractable algorithm for their computation.
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Algorithm 2 CO2-recombination
Input: D, Pn, target size m, oversampling parameter θ ≥ 2

1: K ← KernelSelection(D,Pn)

2: (·, U,Λ)← Nyström
(
K, θ(m− 1)

)
3: Pm ← Recombination

(
U [:, 1:m− 1], [k(Xi, Xi)]

n
i=1,Λ[1:m− 1]

)
4: return Pm

KernelCompress

Lemma 3.1 (Quadratic loss control from MMD compression). Let D be second order

Hadamard differentiable at P relative to ℓ∞(F1), where F1 is the unit ball in an RKHS with

characteristic kernel k. Then, MMDK(Pn, Pm) = op(n
−1/2) implies D(Pm) = Op(n

−1) and

D(Pm) = D̈(Pm − P ) + op(n
−1) = D(Pn) + op(n

−1).

Our proof of the above uses that D(P ) = 0 and Ḋ ≡ 0 for a divergence about the null.

Combining this with the fact that Pm = P + tHt when Ht := [Pm − P ]/t yields

D(Pm) = t2

[
D(P + tHt)−D(P )− tḊ(Ht)

t2

]
.

Taking t = n−1/2, using that MMDK(Pn, Pm) := ∥Pn − Pm∥ℓ∞(F1), and applying the second

order functional delta method yields Lemma 3.1.

Lemma 3.2 (MMD compression from a Gram-matrix tail bound). Let k̂n be any positive-

semidefinite kernel selected after observing X1, . . . , Xn, and let K̂n be its normalized Gram

matrix. Fix an integer r ≥ 1 and an oversampling parameter θ ≥ 2 such that r(θ − 1) > 1.

Conditionally on the observed sample and the selected kernel, a probability measure Pm

supported on no more than m ≤ r + 1 observations can be randomly constructed such that

E
[
MMD2

k̂n
(Pn, Pm)

∣∣∣X1, . . . , Xn, k̂n

]
≤ 4

(
1 +

r

r(θ − 1)− 1

)
Tailr(K̂n).

The construction has time complexity O(n2r + θ3r3 + r3 log(n/r)).

The oversampling parameter θ increases the quality of the approximation at the expense

of additional computational overhead.



89

A similar approach appears in a recent paper (Li et al., 2024a, Algorithm 4). The primary

difference in our algorithms is the choice of Nyström approximation, where they used the

randomly pivoted Cholesky (Chen, Epperly, et al., 2025) while we used one based on random

projections (Tropp et al., 2017). Comparing these two approximations, the method of Tropp

et al., 2017 yields a sharper low-rank approximation at the cost of increased memory and

time complexity, respectively at O(n2) and O(n2m). This discrepancy leads to improved

algorithmic efficiency in Li et al., 2024a, with O(nm) memory requirements and a Nyström

implementation with O(nm2) time complexity, in addition to the cost of evaluating mn

Gram-matrix entries. This makes their procedure particularly effective for standard MMD

coreset problems, where kernel entries can be evaluated on demand. In our applications, the

selected kernel may itself depend on the empirical distribution. For the Sinkhorn divergence,

computing the empirical scaling qn requires solving the empirical self-transport problem;

once qn is available, however, the scaled-kernel entries are explicit and no inversion of the

empirical Hessian is needed. In the dense implementation analyzed here, construction of the

empirical transport kernel already incurs quadratic cost, so the random-projection Nyström

approximation adds comparatively little overhead while providing the low-rank guarantee

used in our analysis. For additional state-of-the-art MMD compression algorithms, see

Dwivedi and Mackey, 2025 and Carrell et al., 2025.

These results combine to yield our main compression guarantee. In situations where the

Hadamard operator is data-dependent, we include additional details regarding the use of a

suitable estimator.

Theorem 3.1 (Lossless compression for smooth divergences). Fix an oversampling parameter

θ ≥ 2. Let k be a fixed characteristic population kernel with RKHS F , and suppose that

D is second-order Hadamard differentiable at P relative to ℓ∞(F1). Let k̂n be a possibly

data-dependent positive-semidefinite kernel selected from the observed sample, with normalized

Gram matrix K̂n. Let m = mn and put rn := mn − 1. Suppose rn(θ − 1) > 1 eventually and

Tailrn(K̂n) = op(n
−1),

and suppose that, for every possibly data-dependent coreset Qn ≪ Pn,

MMD
k̂n
(Qn, Pn) = op(n

−1/2) =⇒ MMDk(Qn, Pn) = op(n
−1/2).



90

Then Algorithm 2 constructs a coreset Pm such that

D(Pm) = D(Pn) + op(n
−1).

Its time complexity is O(n2m+m3 log(n/m)).

Proof. Apply Lemma 3.2 conditionally on the observed sample and the selected kernel, with

r = rn. Writing

Cr,θ := 4

(
1 +

r

r(θ − 1)− 1

)
,

the lemma gives

E
[
MMD2

k̂n
(Pn, Pm)

∣∣∣X1, . . . , Xn, k̂n

]
≤ Crn,θ Tailrn(K̂n).

Since θ is fixed and rn(θ − 1) > 1 eventually, Crn,θ is uniformly bounded.

Fix η > 0. Conditional Markov inequality therefore yields

P
(√

n MMD
k̂n
(Pn, Pm) > η

∣∣∣X1, . . . , Xn, k̂n

)
= P

(
MMD2

k̂n
(Pn, Pm) >

η2

n

∣∣∣∣X1, . . . , Xn, k̂n

)
≤ min

{
1,
Crn,θnTailrn(K̂n)

η2

}
.

By assumption,

nTailrn(K̂n) = op(1),

so the random upper bound on the right converges to zero in probability. It is also bounded

by one. Hence its expectation converges to zero. Taking expectations of the conditional

probability and using the tower property gives

P
(√

n MMD
k̂n
(Pn, Pm) > η

)
−→ 0.

Since this holds for every η > 0,

MMD
k̂n
(Pm, Pn) = op(n

−1/2).

Thus, by assumption

MMDk(Pm, Pn) = op(n
−1/2).

The result follows by Lemmas 3.1 and 3.2.
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Algorithm 3 m selection: recombination sweep
U ← mmax − 1 leading Nyström eigenvectors

K ← kernel matrix

V ← orthogonal complement of U ⊕ 1

τ ← specified tolerance

err ← 0, % initialized to 0

count ← 0, % initialized to 0

µ← initial empirical distribution

while err ≤ τ and count ≤ n−mmax + 1 do

µprev ← µ

count← count + 1

α← min dµ/V [:, count] % choose α so that next iterate has one less non-zero entry

µ← µ− αV [:, count]

err← (µ− Pn)
⊤K(µ− Pn)

end while

return µprev

3.2.3 Selecting m

Our theoretical results match earlier work in MMD compression and coreset selection, which

aims to make the coreset error negligible relative to the empirical sampling error. In practice,

rather than selectingm solely from an asymptotic rate, we favor direct evaluation ofD(Pn, Pm)

or, more efficiently, the compression error under the kernel returned by KernelSelection. Thus

we recommend choosing the smallest m for which

MMD2
k̂n
(Pn, Pm) ≤ τ,

or, when computationally feasible, D(Pn, Pm) ≤ τ .

There are several ways to determine this minimal m. Binary search is a simple strategy.

Algorithm 3 is more efficient when there is an upper bound mmax on the number of samples

the user is willing to retain. It performs one recombination sweep and returns the smallest
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available coreset for which

MMD2
k̂n
(Pn, Pm′) ≤ τ,

taking m = mmax if no smaller coreset meets the tolerance.

Theorem 3.1 suggests taking τ = o(n−1). For a fixed population kernel, the proof of

Lemma 3.1 gives the more informative comparison

|D(Pm)−D(Pn)| ≤ (R2
m,n + 2Rm,n)MMD2

k(Pn, P ) + op(n
−1),

where

Rm,n :=
MMDk(Pm, Pn)

MMDk(Pn, P )
.

Thus Rm,n = op(1) is sufficient. In practice, one may estimate the scale of the empirical

MMD from the eigenvalues of the selected normalized Gram matrix and choose τ as a small

multiple of n−1; a formal finite-sample calibration is beyond the asymptotic guarantees

developed here.

3.2.4 Hadamard operator and kernel selection

The Hadamard operator G is the canonical population target of KernelSelection because it

represents the local quadratic form and hence the tangent geometry relevant for compression.

A primary technical challenge is not just to compute G, but to verify that D is second-order

Hadamard differentiable in the topology it induces. The following lemma motivates this

selection.

Lemma 3.3 (Domination of the Hadamard form by the RKHS kernel). If k is a characteristic

kernel and D is second-order Hadamard differentiable at P relative to ℓ∞(F1), then there

exists a constant C > 0 such that CK ⪰ G.

Concretely, CK ⪰ G implies

∥h∥G ≤ C1/2∥h∥K .

Thus every RKHS topology where the second order expansion is valid is at least as strong as

the Hadamard topology, making Lemma 3.1 a strictly more stringent condition for a coreset

to satisfy. An equivalent kernel may still be preferable computationally when it is easier to

estimate or approximate at low rank.
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3.3 Illustration: Sinkhorn Coresets

3.3.1 Overview

As an illustration of our general framework, we consider compression with respect to the

Sinkhorn divergence (Ramdas et al., 2015)

S(µ, ν) := OTε(µ, ν)−
1

2
(OTε(µ, µ) + OTε(ν, ν)),

with the regularization parameter ε > 0 suppressed in the notation. Here, OTε denotes the

entropically regularized Wasserstein-2 distance

OTε(µ, ν) := min
π∈Π(µ,ν)

∫
∥x− y∥2dπ(x, y) + εKL(π ∥ µ⊗ ν), (3.1)

for Π(µ, ν) the set of joint distributions with marginals µ, ν.

In this section, we verify that lossless Sinkhorn compression requires m to grow only

slightly faster than logd n.

Theorem 3.2 (Polylogarithmic Sinkhorn compression). For m = ω(logd n), Pm can be

constructed in O(n2m + m3 log(n/m)) time by applying the compression routine to the

empirical scaled Gaussian kernel, such that

S(P, Pm) = S(P, Pn) + op(n
−1).

The main theoretical step is to verify second-order Hadamard differentiability in the

topology induced by the Sinkhorn Hessian. Section 3.3.2 establishes first-order differentiability

of the entropic transport potentials in a scaled Gaussian RKHS. Section 3.3.3 then identifies

the Sinkhorn Hadamard operator and proves that it induces this topology. Finally, we verify

that the empirical self-transport plan supplies a computable equivalent kernel, yielding the

desired sample complexity.

3.3.2 Entropic optimal transport potentials

The OTε functional also admits a representation in terms of the entropic optimal transport

potentials ϕµ,ν , ψµ,ν : X → R:

OTε(µ, ν) =

∫
ϕµ,ν dµ+

∫
ψµ,ν dν. (3.2)
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Thus, to study the differentiability of S, we first provide corresponding results for ϕµ,ν , ψµ,ν .

Equivalently, the optimal entropic transport plan πεµ,ν , which attains the minimum in (3.1),

has density

ξεµ,ν(x, y) :=
dπεµ,ν

d(µ⊗ ν)
(x, y) = exp

(
ϕµ,ν(x) + ψµ,ν(y)− ∥x− y∥2

ε

)
. (3.3)

This decomposition originates from Csiszár, 1975 and Rüschendorf and Thomsen, 1993, and

the functions ϕµ,ν and ψµ,ν are called the entropic optimal transport potentials. Recently,

asymptotic distributions of plug-in estimates of the potentials and related quantities have

been verified via the implicit function theorem (Goldfeld et al., 2022; Gonzalez-Sanz et al.,

2022). Specifically, evaluating the marginal constraints of πεµ,ν yields the Schrödinger system:

ϕµ,ν(x) = −ε log
∫

exp

(
ψµ,ν(y)− ∥x− y∥2

ε

)
dν(y),

ψµ,ν(x) = −ε log
∫

exp

(
ϕµ,ν(y)− ∥x− y∥2

ε

)
dµ(y).

Goldfeld et al. (2022) study this problem through Hadamard differentiability, while Gonzalez-

Sanz et al. (2022) provide a direct analytic expression for the limiting distribution. These

analyses establish regularity of the potentials in Sobolev-type topologies. We will see that the

second-order Sinkhorn expansion is governed by a finer P dependent tangent topology, thus

necessitating a tightened analysis. We reparameterize the equations in terms of the scalings

(uµ,ν , vµ,ν) :=
(
exp(−ϕµ,ν/ε), exp(−ψµ,ν/ε)

)
,

which satisfy

uµ,ν = K

(
dν

vµ,ν

)
:= Jvµ,ν (ν), vµ,ν = K

(
dµ

uµ,ν

)
:= Juµ,ν (µ), (3.4)

where Kγ :=
∫
k(·, y)dγ(y) and k(x, y) = exp(−∥x − y∥2/ε). Let u = uµ,ν and v = vµ,ν .

From this perspective, the operators Ju and Jv define the system, and thus induce a natural

topology for the verification of differentiability.

For a fixed strictly positive a ∈ H, define

k̃a(x, y) :=
k(x, y)

a(x)a(y)
, Jaγ := K

(
dγ

a

)
, ∥γ∥Ea := ∥Jaγ∥H.
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Let Ea be the completion of finite signed measures in this norm and let E0a := {γ ∈ Ea :

γ(1) = 0}. To enforce uniqueness of the solution to this system of equations we follow the

convention of Goldfeld et al. (2022), fixing x0 ∈ X and selecting the anchored representatives

satisfying uµ,ν(x0) = vµ,ν(x0). Define

Tνh := K

(
h
dν

v2

)
, Tµh := K

(
h
dµ

u2

)
.

Theorem 3.3 (Hadamard derivative of the EOT potentials). The map

η : (µ, ν) 7−→ (ϕµ,ν , ψµ,ν) =
(
−ε log uµ,ν ,−ε log vµ,ν

)
is Hadamard differentiable at (µ, ν), tangentially to E0u × E0v , as a map into C(X )× C(X ).

For (γ1, γ2) ∈ E0u × E0v , let (u̇, v̇) be the unique solution of

u̇+ Tν v̇ = Jvγ
2, (3.5)

Tµu̇+ v̇ = Juγ
1, (3.6)

u̇(x0)− v̇(x0) = 0. (3.7)

Then

η̇µ,ν [γ
1, γ2] =

(
−εu̇

u
,−ε v̇

v

)
.

At a diagonal base point µ = ν = P , the scalings also agree, setting u = v = q. This

leads to a common topology E0q on the product, and we will show it agrees with the topology

induced by the Sinkhorn Hessian.

3.3.3 Sinkhorn Hadamard operator and topology

At the diagonal, write

q := uP,P = vP,P , TPh := K

(
h
dP

q2

)
, RP := (I − T2

P )
−1
∣∣
q⊥
.

The operator TP is compact, positive, and self-adjoint; TP q = q, the eigenvalue 1 is simple,

and therefore ρ := ∥TP |q⊥∥ < 1. Let Πq⊥ : H → q⊥ denote the orthogonal projection.
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Theorem 3.4 (Sinkhorn Hessian and equivalent RKHS topology). Let D(ν) := S(P, ν).

Then D is second-order Hadamard differentiable at P , tangentially to E0q , and

D̈P (γ) =
ε

2
⟨Jqγ,RPJqγ⟩H . (3.8)

Equivalently, if

Φ0
q(x) := Πq⊥

[
k(·, x)
q(x)

]
,

the corresponding positive-definite Hadamard kernel is

gS,P (x, y) :=
ε

2

〈
R
1/2
P Φ0

q(x),R
1/2
P Φ0

q(y)
〉
H
.

Moreover, for every γ ∈ E0q ,

ε

2
∥γ∥2Eq ≤ D̈P (γ) ≤

ε

2(1− ρ2)
∥γ∥2Eq .

Consequently, on zero-mass tangents, the topology induced by the Sinkhorn Hadamard kernel

gS,P coincides with the base-point-scaled Gaussian topology E0q generated by k̃q.

For computation, we use the the empirical analogue of the Gaussian scaled kernel. Let

qn := uPn,Pn and define

k̃qn(x, y) :=
k(x, y)

qn(x)qn(y)
, Jqnγ := K

(
dγ

qn

)
.

Lemma 3.4 (Empirical-to-population Sinkhorn embedding). Let Pm = Pm,n be any possibly

data-dependent probability measure. If

∥Jqn(Pm − Pn)∥H = op(n
−1/2),

then

∥Jq(Pm − Pn)∥H = op(n
−1/2).

Theorem 3.5 (Compression with the empirical Sinkhorn kernel). If m = ω(logd n) and the

MMD-compression routine in Algorithm 2 is applied conditionally to the empirical scaled

kernel k̃qn, then

MMD
k̃qn

(Pm, Pn) = op(n
−1/2) and MMD

k̃q
(Pm, Pn) = op(n

−1/2).

Consequently, the population quadratic form in (3.8) is preserved up to op(n−1).
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The preceding results lead to the following implementation of Sinkhorn CO2. Let

Πε
n = [πij ]

denote the entropic self-transport plan πεPn,Pn
, and define

An := nΠε
n =

1

n
K̃qn , K̃qn :=

[
kε(Xi, Xj)

qn(Xi)qn(Xj)

]n
i,j=1

.

For a coreset Pm =
∑n

i=1wm,iδXi , write wm ∈ Rn for its weight vector and set dm :=

wm − 1
n1 ∈ 1⊥. The empirical Hessian quadratic form at Pn is

S̈Pn(dm) =
εn

2
d⊤mAn(I −A2

n)
−1dm. (3.9)

Here the inverse is taken on the zero-sum subspace 1⊥, where I−A2
n is invertible. Equivalently,

this is
ε

2
⟨Jqn(Pm − Pn),RPnJqn(Pm − Pn)⟩H , RPn = (I − T2

Pn
)−1
∣∣
q⊥n
.

Computing the resolvent (I−A2
n)

−1 is expensive, hence we propose using the substantially

simpler quadratic form

S̃n(Pn, Pm) :=
εn

2
d⊤mAndm (3.10)

=
ε

2
d⊤mK̃qndm =

ε

2
MMD2

k̃qn
(Pm, Pn).

The recombination algorithm applied to the eigenvectors of this kernel leads to the following

guarantee.

Lemma 3.5 (Sinkhorn fast computation). Let TPn be the empirical analogue of TP and

define

RPn := (I − T2
Pn

)−1
∣∣
q⊥n
.

For a zero-mass discrepancy ∆, set z = Jqn∆ ∈ q⊥n . If z is orthogonal to the first r

eigenvectors retained by the recombination step and λr+1,n < 1 is the next eigenvalue of

TPn |q⊥n , then ∣∣∣ε
2
⟨z,RPnz⟩H −

ε

2
∥z∥2H

∣∣∣ ≤ ε

2

λ2r+1,n

1− λ2r+1,n

∥z∥2H.



98

3.4 Numerical experiments

For efficient computation of the Sinkhorn divergence and entropic optimal transport potentials

we utilize the geomloss Python package (Feydy et al., 2019a). CO2 is performed with respect to

the empirical scaled kernel k̃qn . In our Nyström approximation, we select a θ = 3 oversampling

parameter except in our MNIST experiment in Section 3.4.5, where we set θ = 5. Code for

all simulations can be found at https://github.com/amkokot/sinkhorn_coresets.

3.4.1 Visualization

We first qualitatively demonstrate that our compression algorithm rapidly recovers key charac-

teristics of input datasets. We consider a Gaussian mixture generative model 1
K

∑K
i=1N(µi, I)

in two dimensions, which we approximate with Pn, n = 104. We consider a mixture of K = 8

Gaussians with means placed at [±3,±3], [0,±6], [±6, 0], which we compress to m = 16

points based on the Sinkhorn divergence with ε = 0.75. As seen in Figure 3.1, these coresets

typically recover the primary clusters of the dataset, with samples being reasonably spread

across each of the 8 clusters.

Figure 3.1: Eight repetitions of the simulation described in Section 3.4.1.

https://github.com/amkokot/sinkhorn_coresets
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Figure 3.2: The reconstruction error Sε(Pn, Pm) in various dimensions (left) and dataset

sizes n (right). In the first plot the sample size is fixed at n = 2.5× 104, for the latter the

dimension is fixed at d = 10.

3.4.2 Distribution recovery

We now demonstrate how our method quickly reduces the reconstruction error Sε(Pn, Pm).

Following Section 7.3 of (Dwivedi and Mackey, 2023), we take N(0, I) as our generative

distribution in dimensions d = 2, 5, 10, and we set the regularization parameter to be ε = 2d

in each setting. We then compare Sε(Pn, Pm) for Pm generated by Sinkhorn compression to

Pm generated by random sampling. We perform 40 trials for each configuration of m, d, n.

In Figure 3.2 we see a strong dependence on the dimension, and minimal dependence on n.

3.4.3 Quadratic approximation

A key element of our theory is that compression with respect to the second order expansion

of a divergence is sufficient for compression with respect to the actual divergence of interest.

We compute the relative error

|S(Pn, Pm)− S̃n(Pn, Pm)|
S(Pn, Pm)

.



100

For Pm generated via our recombination method, and samples Pn generated with respect to

the generative process in Section 3.4.2, with d = 10, n = 2.5× 104, we perform 80 trials for

each m. Figure 3.3 reports this relative error. Lemma 3.5 quantifies the difference between

this inexpensive form and the exact empirical Hessian on the recombination residual.

Figure 3.3: Percent relative error of the empirical scaled-kernel quadratic approximation

S̃n(Pn, Pm) compared to S(Pn, Pm), with Pm generated via recombination compression.

3.4.4 MMD Compression Algorithms

We demonstrate how a variety of MMD compression algorithms can be paired with CO2

to provide efficient coresets with respect to the Sinkhorn divergence. Our second order

approximation results allow one to reduce the coreset selection problem for smooth divergences

such as the Sinkhorn to a corresponding MMD, allowing practitioners to select an algorithm

of their preference at this step of our method. This is particularly useful as this is a growing

area of research, and we expect the development of algorithms that greatly improve our basic

recombination approach, particularly in terms of practical finite sample performance.

We draw n = 2.5 × 104 samples uniformly from the unit cube of dimension 10, and

compute the Sinkhorn divergence with regularization ε = 20. We compare 3 different coreset
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selection procedures. Two of these algorithms are aimed at directly optimizing the MMD

compression error, kernel herding and recombination, and we optimize the weights of the

selected samples post selection. Halton sampling is a more generic discrepancy minimization

procedure used in quasi-Monte Carlo (Jank, 2005). We compare these procedures to the

baseline random sampling, and perform 80 trials for each m and sampling algorithm.

As seen in Figure 3.4, procedures that directly targeted MMD minimization of the second

order term displayed the best performance. The recombination algorithm, our recommended

MMD compression procedure, performed near optimally in each setting, with particularly

impressive results for smaller targeted compression sizes.

Figure 3.4: MMD compression algorithms as well as other sampling methods employed at

the secondary stage of our Sinkhorn compression method and the resulting compression error

S(Pn, Pm) induced by these algorithms.

3.4.5 Image processing

We employ our algorithm on the entire 70,000 image MNIST dataset, where after standardizing

the raw features to have mean 0 and unit variance, we select a coreset of size m = 1000 for

the Sinkhorn divergence with regularization ε = 1.5× 104. This regularization is large, but

not atypical in this high-dimensional setting. As a point of comparison, a typical heuristic

for kernel bandwidth selection is to use the median squared distance between observations
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Figure 3.5: PCA coordinates of MNIST data with a Sinkhorn CO2 coreset overlaid on the

sample, with figure sizes proportional to the sample weights. For interpretability, only digits

1, 2, and 3 are displayed here.

(Garreau et al., 2018), and for our data this is ≈ 1000, and thus of a comparable magnitude.

We perform 500 trials of coreset generation. High dimensional image data is representative

of a particularly relevant setting for data compression. By enforcing that our coreset belongs

to the observed dataset, there is no ambiguity regarding which of the labels these datapoints

correspond to, as compared to a procedure that selects centroids from the ambient space. Our

selection thus respects the underlying structure of the data, which we expect to practically

be of a much lower intrinsic dimension.

As a visualization of the resulting weighted coreset, in Figure 3.5 we plot the first 2 PCA

coordinates of the MNIST dataset corresponding to a subset of the labels considered, {1, 2, 3},

in a scatter plot, and overlay the images corresponding to the selected datapoints with size

proportionate to their weights. This figure gives a sense of the geometry of the sample, as we



103

Figure 3.6: 1000 MNIST digits selected via Sinkhorn CO2, sorted by digit and with areas

proportional to their weights.

Note: the treemap software used to produce this visualization could not maintain the 1:1

aspect ratio of the original MNIST images.

see a tight cluster of 1s, compared to the 2 and 3 digits which have more significant overlap.

In Figure 3.6 we display a treemap of the 1000 selected digits realized by one trial of the

CO2 algorithm. This visualization reveals that each digit receives about 1/10 of the total

weight in the convexly weighted coreset.

The results of this experiment are shown in Figure 3.7, which displays Q-Q (quantile-

quantile) plots comparing the percentiles of compression error as compared to random

sampling, as well as the ℓ1 error of sampled label proportions relative to the population

values,
∑9

i=0 |P (label = i) −
∑n

j=1wj1{Yj = i}|. The Q-Q plots capture the variation

of both the random samples as well as the random projection employed in the Nyström

approximation in Algorithm 2. Due to the significant regularization level, it is unsurprising

that we see our compression scheme dramatically reduces the Sinkhorn error as compared
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Figure 3.7: Q-Q plots of the Sinkhorn reconstruction error (left) and ℓ1 error between the

label proportions (right) of the compressed data as compared to random samples.

to random subsampling. However, we additionally see that this compression adequately

encapsulates the dataset relative to the more concrete ℓ1 error on label proportions defined

above. This indicates that the quality of the approximation is meaningful beyond this

particular divergence.

3.5 Discussion

The CO2 algorithm attains rapid, asymptotically lossless compression by targeting the second

order expansion of a divergence of interest. This framework invites many natural follow-up

questions, and paths towards improved algorithmic efficiency.

One problem of interest is the development of finite sample guarantees for this procedure.

The second stage of the algorithm, MMD compression, depends on how accurately the

selected empirical kernel can be approximated at low rank, which is amenable to finite-sample

analysis; however, the relationship of these bounds to the performance of the coreset for the

desired divergence is not immediate. Key to our analysis were asymptotic properties of the

divergence of interest via a functional delta method. To achieve finite sample guarantees,

explicit bounds on the remainder of the divergence relative to its quadratic approximation

need to be developed.
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Our procedure can benefit from future developments in convex MMD compression. Our

current preferred instantiation of CO2 uses a recombination procedure. However, we anticipate

that this algorithm can be improved as the state-of-the-art in this domain improves. In

particular, the resulting rates may be suboptimal when the selected empirical kernel is

only slowly approximable at low rank. As methodology improves in this domain to achieve

minimax MMD compression guarantees, we believe pairing CO2 with such a procedure would

lead to asymptotically minimax compression for all sufficiently regular divergences. Likewise,

we speculate that in finite sample settings minimax MMD compression would lead to minimax

CO2 compression whenever the remainder term satisfies appropriate regularity conditions.

A drawback of CO2 is that it requires identifying a kernel that controls the second-order

expansion of the divergence. This may involve deriving the Hadamard operator itself or, as in

the Sinkhorn application, proving that a simpler computable kernel is equivalent to it on the

relevant tangent space. The guarantees also require second-order Hadamard differentiability

in the topology natural to the functional and, for data-dependent kernels, an empirical-to-

population transfer argument. It would therefore be useful to develop general conditions that

verify these steps for broad classes of divergences. On the computational side, automatic

differentiation may help approximate the required local quadratic form; related methods

have recently been used to estimate first-order derivatives of statistical functionals (Luedtke,

2024).
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3.A Functional Taylor expansion

Here we provide further details on the intuition of our method, linking compression with

respect to a smooth divergence D to a carefully chosen MMD.

As we are in the setting of coreset selection, we desire the size of our compressed dataset

m ≪ n. The condition D(Pm) = Op(n
−1) places a natural constraint on the class of

functionals of interest. Typically, such D are required to be sufficiently smooth, made precise

by the notion of Hadamard differentiability (Fernholz, 1983).

To understand how to minimize a Hadamard differentiable divergence, we first consider

minimizing a smooth function f . If we Taylor expand about a point x, then we get a local

expansion

f(y)− f(x) = ∇f(x)⊤(y − x) + 1
2(y − x)

⊤∇2f(x)(y − x) + o(∥y − x∥2).

If x was a minimizer of f , then the first order gradient would vanish, leaving a dominant

quadratic term from the Hessian. Now, suppose we generated a sequence {ym} such that
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∥(ym − x)⊤∇2f(x)(ym − x)∥ = O(n−1). If the Hessian were non-degenerate, this would

necessitate that the remainder term be o(n−1), hence the overall error would be |f(ym)−

f(x)| = O(n−1).

Second-order Hadamard differentiability gives the corresponding von Mises expansion

along admissible moving directions (A. W. v. d. Vaart, 2000, Chapter 9). In particular,

D(P + tht) = D(P ) + tḊP (ht) + t2D̈P (h) + o(t2)

whenever ht → h in the chosen tangent topology. At the minimum of a differentiable

divergence, the first derivative vanishes, so the leading term is the continuous quadratic form

D̈P . Lemma 3.1 uses precisely this expansion: if the coreset and empirical measure differ by

op(n
−1/2) in a fixed RKHS tangent norm, then they have the same first-order tangent limit

and their divergence values differ by op(n−1).

The topology is part of the regularity statement. The kernel representing the quadratic

form need not itself control the remainder unless second-order Hadamard differentiability holds

in that kernel topology, or in an equivalent stronger topology. This is why KernelSelection

may return a dominating or equivalent kernel rather than the exact Hadamard kernel. If

the selected kernel is estimated from the data, one must additionally transfer the empirical

compression error to the population topology before applying the expansion.

3.B Algorithms

In this section, we briefly present the internal algorithms used in our implementation of

Algorithm 2. Algorithm 4 presents a Nyström approximation algorithm. The recombination

step is the standard routine described in (Litterer and Lyons, 2012a). For a more detailed

and efficient implementation, see https://github.com/satoshi-hayakawa/kernel-quadrature.

3.C General facts

Where convenient, we denote kε(x, y) := exp
(
−∥x−y∥2

ε

)
, the kernel function of H.

https://github.com/satoshi-hayakawa/kernel-quadrature
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Algorithm 4 Nyström approximation (Tropp et al., 2017, Algorithm 3)
Input: matrix A, must be PSD; θ ∈ N, 2 ≤ θ ≤ n; rank parameter 1 ≤ r ≤ θ

Ω← randn(n, θ)

µ← small value to improve numerical stability

Ω,∼← QR(Ω)

Y ← AΩ

ν ← µnorm(Y )

Y ← Y + νΩ

B ← Ω∗Y

C ← chol ((B +B∗)/2) % Cholesky decomposition

(U,Σ,∼)← svd(Y/C, ’econ’) % thin SVD

U ← U(:, 1 : r), Σ← Σ(1 : r, 1 : r) % truncate to rank r

Λ← max
{
0,Σ2 − νI

}
return UΛU⊤, U,Λ

3.C.1 Entropic optimal transport

We briefly summarize key properties of entropic optimal transport used in our argument.

See Section 3.3.2 for basic definitions. The foundational results were established in (Csiszár,

1975; Rüschendorf and Thomsen, 1993).

Lemma 3.6 (EOT coupling and marginal identities).∫
f(x, y) dπεµ,ν(x, y) =

∫
exp

(
ϕµ,ν(x) + ψµ,ν(y)− ∥x− y∥2

ε

)
f(x, y) dµ(x)dν(y).

In particular, ∫
f(x)g(y) dπεµ,ν(x, y) =

∫
fA∗g dµ =

∫
gAf dν∫

f(x) + g(y) dπεµ,ν(x, y) =

∫
f dµ+

∫
g dν.

Proof. The first identity is definitional, and the second and third follow by integrating along

marginals.
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Corollary 3.1 (Schrödinger normalization identities).∫
exp

(
ϕµ,ν(x) + ψµ,ν(y)− ∥x− y∥2

ε

)
dµ(x)dν(y) = 1

In fact, we have,∫
exp

(
ϕµ,ν(x) + ψµ,ν(·)− ∥x− ·∥2

ε

)
dµ(x) ≡ 1 ≡

∫
exp

(
ϕµ,ν(·) + ψµ,ν(y)− ∥ · −y∥2

ε

)
dν(y)

Proof. The first identity is immediate, since∫
exp

(
ϕµ,ν(x) + ψµ,ν(y)− ∥x− y∥2

ε

)
dµ(x)dν(y) =

∫
dπεµ,ν = 1,

as πεµ,ν is a probability distribution. The second claim is a consequence of the Schrödinger

equations.

Proposition 3.1 (Dual-potential representation of entropic transport).

OTε(µ, ν) =

∫
ϕµ,νdµ+

∫
ψµ,νdν.

Proof.

OTε(µ, ν) =

∫
∥x− y∥2dπεµ,ν + ε

∫
log

(
dπεµ,ν
dµ⊗ dν

)
dπεµ,ν

=

∫
∥x− y∥2dπεµ,ν + ε

∫
log ◦ exp

(
ϕµ,ν(x) + ψµ,ν(y)− ∥x− y∥2

ε

)
dπεµ,ν

=

∫
ϕµ,ν(x) + ψµ,ν(y)dπ

ε
µ,ν

=

∫
ϕµ,νdµ+

∫
ψµ,νdν.

Lemma 3.7 (Symmetry and normalization of self-transport potentials). ϕµ,µ = ψµ,µ under

the constraint ϕµ,µ(x0) = ψµ,µ(x0).

Additionally, for µ, ν we have∫
exp

(
ϕµ,µ(x) + ψµ,µ(y)− ∥x− y∥2

ε

)
dµ(x)dν(y) = 1,∫

exp

(
ϕν,ν(x) + ψν,ν(y)− ∥x− y∥2

ε

)
dµ(x)dν(y) = 1.
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Proof. The first identity was observed in (Feydy et al., 2019a) and (Goldfeld et al., 2022).

The second comes from the Schrödinger equations, as∫
exp

(
ϕµ,µ(x) + ψµ,µ(y)− ∥x− y∥2

ε

)
dµ(x) = 1

holds identically for all y.

3.C.2 Reproducing kernel Hilbert space

Here we recall properties of the RKHS which will be essential for our analysis.

Lemma 3.8 (RKHS sup-norm bound). For h ∈ H,

∥h∥∞ ≤ ∥h∥H.

Proof.

∥h∥∞ = sup
y∈X
|h(y)| = sup

y∈X
⟨h, kε(y, ·)⟩H ≤ ∥h∥H sup

y∈X
∥kε(y, ·)∥H

= ∥h∥H sup
y∈X

√
kε(y, y) = ∥h∥H.

Lemma 3.9 (Kernel mean embedding bound). For µ ∈ P(X ) and f ∈ C(X ),

∥K(fdµ)∥H ≤ ∥f∥∞.

Proof. Using |kε(x, y)| ≤ 1,

∥K(fdµ)∥2H =

∫∫
kε(x, y)f(x)f(y) dµ(x)dµ(y)

≤
∫∫
|f(x)f(y)| dµ(x)dµ(y)

≤ ∥f∥2∞.

Lemma 3.10 (Scaled tangent space and exact isometry). Let a ∈ H satisfy infx∈X a(x) > 0,

and define

k̃a(x, y) :=
kε(x, y)

a(x)a(y)
.
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For a finite signed measure γ, put

Jaγ := K

(
dγ

a

)
, ∥γ∥Ea := ∥Jaγ∥H,

and let Ea be the completion of finite signed measures in this norm. Then k̃a is positive

definite, its RKHS is

H̃a =

{
h

a
: h ∈ H

}
,

∥∥∥∥ha
∥∥∥∥
H̃a

= ∥h∥H,

and Ja extends uniquely to an isometric isomorphism Ja : Ea → H. Moreover,

γ(1) = ⟨Jaγ, a⟩H,

so E0a := {γ : γ(1) = 0} is a closed subspace.

Proof. A convenient feature map for k̃a, taking values in the original RKHS H, is

Φa(x) :=
kε(·, x)
a(x)

.

Indeed,

⟨Φa(x),Φa(y)⟩H =
⟨kε(·, x), kε(·, y)⟩H

a(x)a(y)
=

kε(x, y)

a(x)a(y)
= k̃a(x, y).

To make the corresponding RKHS identification explicit, consider first a finite linear

combination of kernel sections,

f =
m∑
i=1

cik̃a(·, xi).

Using the definition of k̃a,

f(·) = 1

a(·)

m∑
i=1

ci
a(xi)

kε(·, xi).

Thus, if

h :=
m∑
i=1

(
ci

a(xi)

)
kε(·, xi) ∈ H,
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then f = h/a. Moreover,

∥f∥2H̃a
=

m∑
i,j=1

cicj k̃a(xi, xj)

=
m∑

i,j=1

cicj
a(xi)a(xj)

kε(xi, xj)

=

∥∥∥∥∥
m∑
i=1

ci
a(xi)

kε(·, xi)

∥∥∥∥∥
2

H

= ∥h∥2H.

This proves the first claim Now consider a finite signed measure γ. By definition,

Jaγ := K

(
dγ

a

)
=

∫
kε(·, x)
a(x)

dγ(x).

Hence

∥Jaγ∥2H =

〈∫
kε(·, x)
a(x)

dγ(x),

∫
kε(·, y)
a(y)

dγ(y)

〉
H

=

∫∫
kε(x, y)

a(x)a(y)
dγ(x) dγ(y)

= ∥γ∥2Ea .

Thus Ja is an isometry on finite signed measures and therefore extends uniquely by continuity

to an isometry

Ja : Ea −→ H.

For each x ∈ X ,

Jaδx =
kε(·, x)
a(x)

.

Consequently, the range of Ja contains

span

{
kε(·, x)
a(x)

: x ∈ X
}
.

Since a(x) > 0 for every x, this span is the same as span{kε(·, x) : x ∈ X}, which is dense in

H. The extension of Ja is an isometry from the complete space Ea, so its range is closed. Its

range is therefore both dense and closed in H, and hence Ja is onto.
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Finally, for a finite signed measure γ, the reproducing property gives

⟨Jaγ, a⟩H =

∫ 〈
kε(·, x)
a(x)

, a

〉
H
dγ(x) =

∫
a(x)

a(x)
dγ(x) = γ(1).

Since both sides are continuous with respect to the Ea norm, this identity extends to all

γ ∈ Ea.

Lemma 3.11 (Weak topology on probability measures). The scaled RKHS H̃a is universal

on compact X . Consequently, the MMD induced by k̃a metrizes weak convergence on P(X ).

Proof. For any f ∈ C(X ), the product af is continuous. Universality of the Gaussian RKHS

provides hj ∈ H with hj → af uniformly, and then hj/a→ f uniformly. Thus H̃a is universal.

A bounded continuous universal kernel on a compact space metrizes weak convergence of

probability measures through its MMD.

Lemma 3.12 (Compact RKHS test classes). The unit ball H1 is uniformly bounded and

equicontinuous in C(X ), hence relatively compact in the uniform norm. If a is continuous

and bounded away from zero, then each of the families{
h

a
: h ∈ H1

}
,

{
gh

a2
: g, h ∈ H1

}
is also relatively compact in C(X ).

Proof. The reproducing property gives ∥h∥∞ ≤ ∥h∥H and

|h(x)− h(y)| = |⟨h, kε(·, x)− kε(·, y)⟩H|. ≤ ∥h∥H∥kε(·, x)− kε(·, y)∥H.

Continuity of the kernel on compact X 2 makes the right-hand side uniformly small as y → x.

Arzelà–Ascoli gives relative compactness. Division by a fixed positive continuous function

and multiplication are continuous operations in the uniform norm, proving the remaining

assertions.

Corollary 3.2 (Uniform integration over compact classes). If ρn, ρ ∈ P(X ) and ρn ⇝ ρ,

while F ⊂ C(X ) is relatively compact in the uniform norm, then

sup
f∈F

∣∣∣∣∫ f d(ρn − ρ)
∣∣∣∣ −→ 0.

The same conclusion holds for ∆n = ρn − ηn whenever ∆n ⇝ 0 and ∥∆n∥tv ≤ 2.
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Proof. Fix δ > 0 and choose a finite δ-net f1, . . . , fN for the uniform closure of F . Since the

relevant signed differences have total variation at most two,

sup
f∈F
|(ρn − ρ)f | ≤ sup

f∈F
inf
j
|(ρn − ρ)fj |+ |(ρn − ρ)(f − fj)| ≤ max

1≤j≤N
|(ρn − ρ)fj |+ 2δ.

The maximum tends to zero by weak convergence. Letting δ ↓ 0 proves the claim; the proof

for ρn − ηn is identical.

3.D Functional compression

Lemma 3.13 (Vanishing derivative at a divergence minimum). If D is a divergence and

D(·) := D( · , P ) is Hadamard differentiable, then the Hadamard derivative vanishes at P .

Proof. This argument is analogous to the Euclidean case where the gradient of a differentiable

function vanishes at a local minimum. Indeed, observe for any t, ht → h, D(P+tht)−D(P ) ≥

0, and so

lim
t↑0

D(P + tht)−D(P )

t
≤ 0, lim

t↓0

D(P + tht)−D(P )

t
≥ 0.

The Hadamard differentiability of D implies the two limits above agree, and so

Ḋ(h) := lim
t→0

D(P + tht)−D(P )

t
= 0.

As h was arbitrary, Ḋ = 0.

Lemma 3.14 (Donsker property of a continuous-kernel RKHS ball). Suppose that F is a

RKHS with continuous kernel. Then F1, the unit ball of this space, is P -Donsker.

Proof. This is an immediate consequence of Mercer’s theorem (Berlinet and Thomas-Agnan,

2011, Theorem 40) in combination with A. v. d. Vaart and Wellner, 2023, Theorem 2.13.2.

Proof of Lemma 3.1. By Lemma 3.13, the first Hadamard derivative vanishes at P .
√
n(Pm−

P ) =
√
n(Pn − P ) +

√
n(Pm − Pn) =

√
n(Pn − P ) + op(1)⇝ G in ℓ∞(F1) by Lemma 3.14.

Hence, we can apply the second order functional delta method Goldfeld et al., 2022, Lemma 13

to get

nD(Pm) = n[D(Pm)−D(P )− Ḋ(Pm − P )]⇝ QG(G) = Op(1).
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To get sharper control, we can apply the second part of Römisch, 2004, Theorem 2 to get

n[D(Pm)−D(P )− D̈(Pm − P )] = op(1),

n[D(Pn)−D(P )− D̈(Pn − P )] = op(1).

Hence, by the continuous mapping theorem,

n[D(Pm)−D(Pn)− D̈(Pm − P ) + D̈(Pn − P )] = op(1),

and so

D(Pm)−D(Pn) = D̈(Pm − P )− D̈(Pn − P ) + op(1/n)

=

∫
G(Pm − P )d(Pm − P )−

∫
G(Pn − P )d(Pn − P ) + op(1/n)

=

∫
G(Pm − Pn)d(Pm − Pn) + 2

∫
G(Pm − Pn)d(Pn − P ) + op(1/n)

= MMD2
G(Pm, Pn) + 2

∫
G(Pm − Pn)d(Pn − P ) + op(1/n).

The second term above is an inner product in the RKHS with kernel g between the

differences of the g-kernel mean embeddings of Pm and Pn and Pn and P . Hence, applying

Cauchy-Schwarz yields

|D(Pm)−D(Pn)| ≤ MMD2
G(Pm, Pn) + 2MMDG(Pm, Pn)MMDG(Pn, P ) + op(1/n).

Since Pn is the empirical distribution of an iid sample from P , MMDG(Pn, P ) = Op(n
−1/2),

thus in combination with Lemma 3.3,

D(Pm) = D(Pn) + op(1/n).

Proof of Lemma 3.3. Since D̈ is a continuous quadratic form in the K-tangent there exists

C <∞ such that

|D̈(h)| ≤ C∥Kh∥2F

for every admissible signed tangent h. Since

D̈(h) =

∫
Ghdh, ∥Kh∥2F =

∫
Khdh,
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we obtain ∫
(CK −G)h dh ≥ 0.

Thus CK ⪰ G.

3.E Entropic optimal transport

3.E.1 Regularity of potentials

We now establish Hadamard differentiability of τ(µ, ν) := (uµ,ν , vµ,ν) at a fixed (µ, ν) ∈

P(X )2, tangentially to the scaled spaces E0u×E0v introduced in Appendix 3.C.2. The zero-mass

restriction is necessary because the two perturbed marginals remain probability measures.

Recall that

Kγ :=

∫
kε(·, y) dγ(y).

For any strictly positive a ∈ H and ρ ∈ P(X ), define

Ta,ρf := K

(
f dρ

a2

)
. (3.11)

Fix the anchored representative satisfying uµ,ν(x0) = vµ,ν(x0). For brevity, write u = uµ,ν

and v = vµ,ν , and abbreviate

Tν := Tv,ν , Tµ := Tu,µ, L :=

 I Tν

Tµ I

 .
(Af)(y) :=

∫
ξεµ,ν(x, y)f(x) dµ(x), (A∗g)(x) :=

∫
ξεµ,ν(x, y)g(y) dν(y).

Thus

L(h1, h2) = (h1 + Tνh2,Tµh1 + h2), Tνv = u, Tµu = v.

Lemma 3.6 gives

⟨Af, g⟩L2(ν) = ⟨f,A∗g⟩L2(µ).

They are contractions. For example, Jensen’s inequality and the first marginal constraint

give

|A∗g(x)|2 ≤
∫
ξεµ,ν(x, y)g(y)

2 dν(y),
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and integration with respect to µ yields ∥A∗g∥L2(µ) ≤ ∥g∥L2(ν); the argument for A is

symmetric. Finally,

Tν(vg) = uA∗g, Tµ(uf) = vAf.

Lemma 3.15 (Fredholm structure). The operators Tν and Tµ are compact, self-adjoint, and

positive on H. Moreover,

ker(L) = span{(u,−v)}, ker(L∗) = span{(v,−u)},

and

ran(L) = R :=
{
(r1, r2) ∈ H2 : ⟨r1, v⟩H = ⟨r2, u⟩H

}
. (3.12)

Proof. Self-adjointness and positivity follow from

⟨f,Tνg⟩H =

∫
fg

v2
dν, ⟨f,Tµg⟩H =

∫
fg

u2
dµ.

Compactness follows from the compact embedding of bounded subsets of H into C(X ) and

Lemma 3.9.

Suppose L(h1, h2) = 0. Write h2 = vg. The first equation gives

h1 = −Tν(vg) = −uA∗g.

Substituting this into the second equation and using the identities above gives

0 = Tµh1 + h2 = −vAA∗g + vg,

and hence

AA∗g = g.

Since A and A∗ are contractions,

∥g∥L2(ν) = ∥AA∗g∥L2(ν) ≤ ∥A∗g∥L2(µ) ≤ ∥g∥L2(ν),

so equality holds throughout. For fixed x, let

m(x) := (A∗g)(x), dνx(y) := ξεµ,ν(x, y)dν(y).
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Since νx is a probability measure,∫
(g(y)−m(x))2 dνx(y) =

∫
ξεµ,ν(x, y)g(y)

2 dν(y)− |A∗g(x)|2 ≥ 0.

Integrating this identity with respect to µ gives∫ [∫
(g(y)−m(x))2 dνx(y)

]
dµ(x)

=

∫∫
g(y)2ξεµ,ν(x, y) dν(y)dµ(x)−

∫
|A∗g(x)|2 dµ(x)

= ∥g∥2L2(ν) − ∥A
∗g∥2L2(µ) = 0,

where the second equality uses that the Y -marginal of πεµ,ν is ν, and the final equality follows

from equality in the contraction bound above. Since the inner integral is nonnegative, it

follows that ∫
(g(y)−m(x))2 dνx(y) = 0

for µ-almost every x. Therefore g(y) = m(x) νx-almost everywhere. Since ξεµ,ν(x, y) > 0,

νx is equivalent to ν, so g(y) = m(x) ν-almost everywhere. Thus g is constant ν-almost

everywhere. Hence g = c for some c ∈ R, so that

h2 = cv, h1 = −cu.

Therefore,

ker(L) = span{(u,−v)}.

Since Tν and Tµ are self-adjoint,

L∗ =

 I Tµ

Tν I

 .
The same argument with the roles of the two marginals interchanged yields

ker(L∗) = span{(v,−u)}.

Finally, L is the identity plus a compact operator, so it is Fredholm of index zero. The

Fredholm alternative gives

ran(L) = ker(L∗)⊥.
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Since

ker(L∗) = span{(v,−u)},

this is precisely

ran(L) =
{
(r1, r2) ∈ H2 : ⟨r1, v⟩H = ⟨r2, u⟩H

}
,

which is (3.12).

Lemma 3.16 (Anchored inverse). Let

D0 := {(h1, h2) ∈ H2 : h1(x0)− h2(x0) = 0}.

Then the restriction

L◦ := L|D0 : D0 −→ R

is a bounded bijection and has a bounded inverse.

Proof. By Lemma 3.15, the only null direction is (u,−v), which is not in D0 because

u(x0) = v(x0) > 0. Thus the restriction is injective. For r ∈ R, choose h with Lh = r and

add the unique multiple of (u,−v) that enforces the anchor. This proves surjectivity, and

the open mapping theorem gives boundedness of the inverse.

Lemma 3.17 (Uniform bounds and weak stability). Let κ := minx,y∈X kε(x, y) > 0. For

every α, β ∈ P(X ), the anchored scalings satisfy

κ2 ≤ uα,β(x), vα,β(x) ≤ κ−3/2, x ∈ X ,

and the family of all anchored scalings is equicontinuous. If αn ⇝ α and βn ⇝ β, then the

corresponding anchored scalings converge uniformly.

Proof. Writing

a := uα,β(x0) = vα,β(x0),

observe first that

κ ≤ kε(x, y)

kε(x0, y)
≤ κ−1,
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since κ ≤ kε ≤ 1. Hence

u(x) =

∫
kε(x, y)

kε(x0, y)

kε(x0, y)

v(y)
dβ(y)

∈
[
κ

∫
kε(x0, y)

v(y)
dβ(y), κ−1

∫
kε(x0, y)

v(y)
dβ(y)

]
= [κa, a/κ].

The same argument applied to the second scaling equation gives

κa ≤ v(x) ≤ a/κ.

Evaluating the first scaling equation at x0 and using these bounds,

a =

∫
kε(x0, y)

v(y)
dβ(y) ≥

∫
κ

a/κ
dβ(y) =

κ2

a
,

so a ≥ κ. Likewise,

a =

∫
kε(x0, y)

v(y)
dβ(y) ≤

∫
1

κa
dβ(y) =

1

κa
,

so a ≤ κ−1/2. Therefore

κ2 ≤ uα,β(x), vα,β(x) ≤ κ−3/2.

To establish equicontinuity, let

ωk(δ) := sup
x,x′,y∈X
∥x−x′∥≤δ

|kε(x, y)− kε(x′, y)|.

Since kε is uniformly continuous on the compact set X × X , ωk(δ)→ 0 as δ ↓ 0. Using the

uniform lower bound vα,β ≥ κ2, for any x, x′ ∈ X ,

|uα,β(x)− uα,β(x′)| =
∣∣∣∣∫ kε(x, y)− kε(x′, y)

vα,β(y)
dβ(y)

∣∣∣∣
≤ κ−2 sup

y∈X
|kε(x, y)− kε(x′, y)|

≤ κ−2ωk(∥x− x′∥).

The same calculation, using uα,β ≥ κ2, gives

|vα,β(x)− vα,β(x′)| ≤ κ−2ωk(∥x− x′∥).
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Thus the family of anchored scalings is uniformly bounded and equicontinuous.

Now suppose αn ⇝ α and βn ⇝ β, and write

un := uαn,βn , vn := vαn,βn .

By the uniform bounds and equicontinuity, Arzelà–Ascoli implies that every subsequence of

(un, vn) has a further subsequence, which we continue to index by n, such that

un → ū, vn → v̄

uniformly on X . The uniform lower bounds pass to the limit, so

ū, v̄ ≥ κ2.

We next identify the limiting pair. From the first scaling equation,

un = K

(
dβn
vn

)
.

Hence

un −K
(
dβ

v̄

)
= K

[(
1

vn
− 1

v̄

)
dβn

]
+K

(
dβn − dβ

v̄

)
.

For the first term, Lemma 3.9 gives∥∥∥∥K [( 1

vn
− 1

v̄

)
dβn

]∥∥∥∥
H
≤
∥∥∥∥ 1

vn
− 1

v̄

∥∥∥∥
∞
−→ 0,

because vn → v̄ uniformly and all these functions are uniformly bounded away from zero.

For the second term, using the reproducing property,∥∥∥∥K (dβn − dβv̄

)∥∥∥∥
H
= sup

∥h∥H≤1

∣∣∣∣∫ h

v̄
d(βn − β)

∣∣∣∣ .
By Lemma 3.12, the class {

h

v̄
: ∥h∥H ≤ 1

}
is relatively compact in C(X ). Since βn ⇝ β, Corollary 3.2 therefore implies∥∥∥∥K (dβn − dβv̄

)∥∥∥∥
H
−→ 0.
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Consequently,

un −→ K

(
dβ

v̄

)
in H,

and hence also uniformly by Lemma 3.8. Since we already know that un → ū uniformly,

uniqueness of the uniform limit gives

ū = K

(
dβ

v̄

)
.

The same argument applied to the second scaling equation yields

v̄ = K

(
dα

ū

)
.

Moreover, since un(x0) = vn(x0) for every n, uniform convergence gives

ū(x0) = v̄(x0).

Thus (ū, v̄) satisfies the Schrödinger scaling equations for (α, β) together with the anchoring

constraint. By uniqueness of the anchored solution,

(ū, v̄) = (uα,β, vα,β).

We have therefore shown that every subsequence of (un, vn) has a further subsequence

converging uniformly to (uα,β, vα,β). It follows that the full sequence converges:

uαn,βn → uα,β, vαn,βn → vα,β

uniformly on X .

Lemma 3.18 (H-stability along scaled paths). Suppose

µt = µ+ tγ1t , νt = ν + tγ2t

are probability measures with γ1t → γ1 in E0u and γ2t → γ2 in E0v . Then the corresponding

anchored scalings satisfy ut → u and vt → v in H.

Proof. Scaled-MMD convergence implies weak convergence of the probability paths by

Lemma 3.11, and Lemma 3.17 gives uniform convergence of the scalings. Using the scaling
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equations and inserting the intermediate term K(dνt/v),

ut − u = K

(
dνt
vt

)
−K

(
dν

v

)
= K

[(
1

vt
− 1

v

)
dνt

]
+K

(
dνt − dν

v

)
= K

[(
1

vt
− 1

v

)
dνt

]
+ tJvγ

2
t .

Therefore, by the triangle inequality,

∥ut − u∥H ≤
∥∥∥∥K [( 1

vt
− 1

v

)
dνt

]∥∥∥∥
H
+ |t|∥Jvγ2t ∥H.

Since νt is a probability measure, Lemma 3.9 gives∥∥∥∥K [( 1

vt
− 1

v

)
dνt

]∥∥∥∥
H
≤
∥∥∥∥ 1vt − 1

v

∥∥∥∥
∞
.

By the uniform lower bound from Lemma 3.17, vt, v ≥ κ2, and hence∥∥∥∥ 1vt − 1

v

∥∥∥∥
∞

=

∥∥∥∥v − vtvtv

∥∥∥∥
∞
≤ κ−4∥vt − v∥∞ −→ 0,

because vt → v uniformly.

For the second term, convergence γ2t → γ2 in Ev and the isometry of Jv : Ev → H imply

∥Jvγ2t − Jvγ2∥H = ∥γ2t − γ2∥Ev −→ 0.

In particular, ∥Jvγ2t ∥H = O(1), so

|t|∥Jvγ2t ∥H −→ 0.

Combining the two bounds yields

∥ut − u∥H −→ 0.

The argument for vt → v in H is identical.

Lemma 3.19 (Secant equations). Define

h1,t :=
ut − u
t

, h2,t :=
vt − v
t

,
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and

Tν,th := K

(
h
dνt
vvt

)
, Tµ,th := K

(
h
dµt
uut

)
.

Then the following identities are exact:

h1,t + Tν,th2,t = Jvγ
2
t , (3.13)

Tµ,th1,t + h2,t = Juγ
1
t , (3.14)

and (h1,t, h2,t) ∈ D0.

Proof. Subtract the first equations in (3.4) and insert the intermediate term K(dνt/v):

ut − u
t

= K

(
dνt

v − vt
tvvt

)
+K

(
dνt − dν

tv

)
.

This is the first identity; the second is symmetric. The anchor gives membership in D0.

Lemma 3.20 (Operator convergence of the secants). Under the assumptions of Lemma 3.18,

∥Tν,t − Tν∥H→H → 0, ∥Tµ,t − Tµ∥H→H → 0.

Proof. For ∥h∥H ≤ 1,

(Tν,t − Tν)h = K

[
h

(
1

vvt
− 1

v2

)
dνt

]
+K

(
h

v2
d(νt − ν)

)
.

The first term tends to zero uniformly in h by uniform convergence of vt. For the second,

sup
∥h∥H≤1

∥∥∥∥K ( h

v2
d(νt − ν)

)∥∥∥∥
H
= sup

∥g∥H≤1
∥h∥H≤1

∣∣∣∣∫ gh

v2
d(νt − ν)

∣∣∣∣ .
The test family is relatively compact by Lemma 3.12, so Corollary 3.2 proves convergence.

The proof for Tµ,t is identical.

Lemma 3.21 (Fixed-range perturbation). Let ΠR be the orthogonal projection onto R and

define

Lt :=

 I Tν,t

Tµ,t I

 , L◦t := ΠRLt
∣∣
D0

: D0 → R.

Then ∥L◦t −L◦∥ → 0. Hence, for all sufficiently small |t|, L◦t is invertible and (L◦t )
−1 → (L◦)−1

in operator norm.
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Proof. The convergence follows from Lemma 3.20. Since L◦ is boundedly invertible by

Lemma 3.16 and ∥L◦t − L◦∥ → 0, for all sufficiently small |t|,

∥(L◦)−1(L◦t − L◦)∥ < 1.

Hence L◦t is invertible by the Neumann-series perturbation argument, and

(L◦t )
−1 =

[
I + (L◦)−1(L◦t − L◦)

]−1
(L◦)−1.

It follows that

(L◦t )
−1 −→ (L◦)−1

in operator norm.

Lemma 3.22 (Compatibility of the secant right-hand side). For every t,

(Jvγ
2
t , Juγ

1
t ) ∈ R,

and

(Jvγ
2
t , Juγ

1
t ) −→ (Jvγ

2, Juγ
1) in H2.

Proof. Because µt = µ+ tγ1t and νt = ν + tγ2t are probability measures, while µ and ν are

also probability measures,

1 = µt(1) = 1 + tγ1t (1), 1 = νt(1) = 1 + tγ2t (1),

and hence

γ1t (1) = γ2t (1) = 0.

By Lemma 3.10,

⟨Jvγ2t , v⟩H = γ2t (1) = 0, ⟨Juγ1t , u⟩H = γ1t (1) = 0.

Therefore

⟨Jvγ2t , v⟩H = ⟨Juγ1t , u⟩H,

which is precisely the compatibility condition defining R. Thus

(Jvγ
2
t , Juγ

1
t ) ∈ R.
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Finally, since γ2t → γ2 in Ev and γ1t → γ1 in Eu, the isometry in Lemma 3.10 gives

∥Jv(γ2t − γ2)∥H = ∥γ2t − γ2∥Ev → 0,

and

∥Ju(γ1t − γ1)∥H = ∥γ1t − γ1∥Eu → 0.

Hence

(Jvγ
2
t , Juγ

1
t ) −→ (Jvγ

2, Juγ
1) in H2.

Lemma 3.23 (Convergence of the difference quotients). Under the assumptions of Lemma 3.18,

(h1,t, h2,t) −→ (L◦)−1(Jvγ
2, Juγ

1) in H2.

Proof. By Lemma 3.19, the difference quotients satisfy

(h1,t, h2,t) ∈ D0

and the secant system  I Tν,t

Tµ,t I

h1,t
h2,t

 =

Jvγ2t
Juγ

1
t

 .
By Lemma 3.22, the right-hand side belongs to R. Therefore applying the orthogonal

projection ΠR to both sides leaves the right-hand side unchanged. Since (h1,t, h2,t) ∈ D0,

the definition of L◦t gives

L◦t (h1,t, h2,t) = (Jvγ
2
t , Juγ

1
t ).

For all sufficiently small |t|, Lemma 3.21 shows that L◦t is invertible. Hence

(h1,t, h2,t) = (L◦t )
−1(Jvγ

2
t , Juγ

1
t ).

Set

rt := (Jvγ
2
t , Juγ

1
t ), r := (Jvγ

2, Juγ
1).

Then

rt → r in H2
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by Lemma 3.22, while

(L◦t )
−1 −→ (L◦)−1

in operator norm by Lemma 3.21. Consequently,

∥∥(h1,t, h2,t)− (L◦)−1r
∥∥
H2

≤
∥∥(L◦t )−1(rt − r)

∥∥
H2 +

∥∥[(L◦t )−1 − (L◦)−1
]
r
∥∥
H2

≤ ∥(L◦t )−1∥ ∥rt − r∥H2 +
∥∥(L◦t )−1 − (L◦)−1

∥∥ ∥r∥H2 −→ 0.

Here the inverse norms are uniformly bounded for small |t| because (L◦t )
−1 → (L◦)−1 in

operator norm. Therefore

(h1,t, h2,t) −→ (L◦)−1(Jvγ
2, Juγ

1) in H2.

Theorem 3.6 (Hadamard differentiability of the scalings). The map

τ : (µ, ν) 7−→ (uµ,ν , vµ,ν)

is Hadamard differentiable at (µ, ν), tangentially to E0u × E0v , as a map into H2.

More precisely, for (γ1, γ2) ∈ E0u × E0v , define

τ̇µ,ν [γ
1, γ2] := (u̇, v̇) := (L◦)−1

(
Jvγ

2, Juγ
1
)
.

Equivalently, (u̇, v̇) is the unique solution of

u̇+ Tν v̇ = Jvγ
2,

Tµu̇+ v̇ = Juγ
1,

u̇(x0)− v̇(x0) = 0.

(3.15)

In particular, if t→ 0 and

µt = µ+ tγ1t , νt = ν + tγ2t

are probability measures satisfying

γ1t → γ1 in E0u, γ2t → γ2 in E0v ,
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then ∥∥∥∥τ(µt, νt)− τ(µ, ν)t
− τ̇µ,ν [γ1, γ2]

∥∥∥∥
H2

−→ 0.

Proof. We first verify that the displayed derivative is well-defined. Since γ1 ∈ E0u and γ2 ∈ E0v ,

Lemma 3.10 gives

⟨Juγ1, u⟩H = γ1(1) = 0, ⟨Jvγ2, v⟩H = γ2(1) = 0.

Hence

⟨Jvγ2, v⟩H = ⟨Juγ1, u⟩H,

and therefore

(Jvγ
2, Juγ

1) ∈ R,

where R = ran(L) is the compatibility space in (3.12). By Lemma 3.16,

L◦ : D0 −→ R

is a bounded bijection with bounded inverse. Thus

(u̇, v̇) = (L◦)−1(Jvγ
2, Juγ

1)

exists uniquely and satisfies the anchoring constraint.

The derivative map is linear because Ju, Jv, and (L◦)−1 are linear. It is also bounded.

Indeed, using the product norm on H2 and the isometries from Lemma 3.10,

∥∥τ̇µ,ν [γ1, γ2]∥∥H2 ≤ ∥(L◦)−1∥
∥∥(Jvγ2, Juγ1)∥∥H2

= ∥(L◦)−1∥
(
∥γ2∥2Ev + ∥γ

1∥2Eu
)1/2

.

Thus τ̇µ,ν is a continuous linear map on E0u × E0v .

It remains to establish the Hadamard limit. Consider any admissible path

µt = µ+ tγ1t , νt = ν + tγ2t ,

with

γ1t → γ1 in E0u, γ2t → γ2 in E0v .
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Define

h1,t :=
uµt,νt − u

t
, h2,t :=

vµt,νt − v
t

.

By Lemma 3.23,

(h1,t, h2,t) −→ (L◦)−1(Jvγ
2, Juγ

1) in H2.

But, by definition of τ ,

(h1,t, h2,t) =
τ(µt, νt)− τ(µ, ν)

t
.

Consequently,
τ(µt, νt)− τ(µ, ν)

t
−→ τ̇µ,ν [γ

1, γ2] in H2.

Since this holds for every admissible probability path whose tangent directions converge

in E0u × E0v , and since the limiting map is continuous and linear, this is precisely Hadamard

differentiability of τ at (µ, ν) tangentially to E0u × E0v .

Corollary 3.3 (Diagonal derivative structure). At the diagonal base point (P, P ), write

q := uP,P = vP,P , TPh := K

(
h
dP

q2

)
.

Let γ1, γ2 ∈ E0q and define

zi := Jqγ
i, i = 1, 2.

Then

zi ∈ q⊥, i = 1, 2.

Let

a := u̇P,P [γ
1, γ2], b := v̇P,P [γ

1, γ2].

Then (a, b) is the unique anchored solution of

a+ TP b = z2,

TPa+ b = z1,

a(x0)− b(x0) = 0.

(3.16)

Consequently,

(I + TP )(a+ b) = z1 + z2, (3.17)

(I − TP )(a− b) = z2 − z1. (3.18)
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In particular, for a diagonal perturbation (γ, γ),

u̇P,P [γ, γ] = v̇P,P [γ, γ] = (I + TP )
−1Jqγ.

Thus, writing

si := u̇P,P [γ
i, γi] = v̇P,P [γ

i, γi],

we have

si = (I + TP )
−1zi, i = 1, 2.

Proof. Since γi ∈ E0q , Lemma 3.10 gives

⟨zi, q⟩H = ⟨Jqγi, q⟩H = γi(1) = 0,

so zi ∈ q⊥.

Specializing (3.15) to µ = ν = P and u = v = q gives (3.16), since in this case

Tµ = Tν = TP .

Uniqueness is inherited directly from Theorem 3.6.

Adding the first two equations in (3.16) gives

(I + TP )(a+ b) = z1 + z2,

while subtracting the second from the first gives

(I − TP )(a− b) = z2 − z1.

Now take a diagonal perturbation (γ1, γ2) = (γ, γ) and write

z := Jqγ.

Then (3.18) becomes

(I − TP )(a− b) = 0.

If TPh = h, then

L

 h

−h

 = 0.
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By Lemma 3.15, specialized to the diagonal,

ker(L) = span{(q,−q)},

and therefore

ker(I − TP ) = span{q}.

Hence

a− b = cq

for some c ∈ R. The anchoring condition gives

0 = a(x0)− b(x0) = cq(x0).

Since q(x0) > 0, c = 0, and therefore

a = b.

Writing their common value as s, either of the first two equations in (3.16) gives

(I + TP )s = z.

Because TP is positive and self-adjoint,

⟨h, (I + TP )h⟩H = ∥h∥2H + ⟨h,TPh⟩H ≥ ∥h∥2H.

Hence I + TP is boundedly invertible, and

s = (I + TP )
−1z = (I + TP )

−1Jqγ.

Taking γ = γi yields

si = (I + TP )
−1zi, i = 1, 2.

Lemma 3.24 (Differentiability of the logarithm). On any uniform neighborhood of a function

bounded away from zero, the map f 7→ log f from C(X ) to itself is continuously Fréchet

differentiable with derivative h 7→ h/f .
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Proof. Taylor’s theorem and a uniform lower bound give∥∥∥∥ log(f + tht)− log f

t
− h

f

∥∥∥∥
∞
→ 0

whenever ht → h uniformly.

Corollary 3.4 (Hadamard differentiability of the EOT potentials). The map

η : (µ, ν) 7−→ (ϕµ,ν , ψµ,ν) =
(
−ε log uµ,ν ,−ε log vµ,ν

)
is Hadamard differentiable at (µ, ν), tangentially to E0u × E0v , as a map into C(X )2. If (u̇, v̇)

is the solution of (3.15), then

η̇µ,ν [γ
1, γ2] =

(
−εu̇

u
,−ε v̇

v

)
.

Proof. Apply the Hadamard chain rule to Theorem 3.6 and Lemma 3.24.

3.E.2 Sinkhorn divergence

We follow the local-expansion strategy of Gonzalez-Sanz et al., 2022. Write ϕα := ϕα,α = ψα,α.

Lemma 3.25 (Local EOT expansion). Let f, g ∈ C(X ) satisfy∫∫
exp

(
f(x) + g(y)− ∥x− y∥2

ε

)
dµ(x)dν(y) = 1,

and put H(x, y) = f(x) + g(y)− ϕµ,ν(x)− ψµ,ν(y). Then∣∣∣∣OTε(µ, ν)−
∫
f dµ−

∫
g dν − 1

2ε

∫∫
H(x, y)2dπεµ,ν(x, y)

∣∣∣∣
≤ 1

6ε2
∥H∥3∞ exp

(
∥H∥∞
ε

)
. (3.19)

Proof. Set r = H/ε. The normalization condition and the density formula for πεµ,ν imply∫
(er − 1)dπεµ,ν = 0. The marginal constraints also give∫

f dµ+

∫
g dν −OTε(µ, ν) = ε

∫
r dπεµ,ν .

Therefore the expression in absolute value equals ε
∫
(er − 1− r − r2/2)dπεµ,ν . The pointwise

bound |es − 1− s− s2/2| ≤ |s|3e|s|/6 proves (3.19).
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For probability measures α, β, define

Sloc(α, β) :=
1

2

∫
(ϕα − ϕβ)d(β − α) (3.20)

+
1

4ε

∫∫ [
(ϕα,β − ϕβ)(x) + (ψα,β − ϕβ)(y)

]2
dπεα,β(x, y)

+
1

4ε

∫∫ [
(ϕα,β − ϕα)(x) + (ψα,β − ϕα)(y)

]2
dπεα,β(x, y).

Lemma 3.26 (Second-order accuracy of the local expansion). Let αt = P + tγ1t and

βt = P + tγ2t be probability measures with γit → γi in E0q , where q = uP,P . Then

S(αt, βt)− Sloc(αt, βt) = o(t2).

Proof. Write

ϕαt := ϕαt,αt = ψαt,αt , ϕβt := ϕβt,βt = ψβt,βt .

By Lemma 3.7, both pairs (ϕαt , ϕαt) and (ϕβt , ϕβt) satisfy the normalization condition in

Lemma 3.25 when integrated against αt ⊗ βt.

We first apply Lemma 3.25 to OTε(αt, βt) using the βt-self potentials. Define

Hβ,t(x, y) := ϕβt(x) + ϕβt(y)− ϕαt,βt(x)− ψαt,βt(y).

Then

OTε(αt, βt) =

∫
ϕβt dαt +

∫
ϕβt dβt

+
1

2ε

∫∫
Hβ,t(x, y)

2 dπεαt,βt
(x, y) +Rβ,t, (3.21)

where

|Rβ,t| ≤
1

6ε2
∥Hβ,t∥3∞ exp

(
∥Hβ,t∥∞

ε

)
.

Likewise, applying Lemma 3.25 using the αt-self potentials and defining

Hα,t(x, y) := ϕαt(x) + ϕαt(y)− ϕαt,βt(x)− ψαt,βt(y),

we obtain

OTε(αt, βt) =

∫
ϕαt dαt +

∫
ϕαt dβt

+
1

2ε

∫∫
Hα,t(x, y)

2 dπεαt,βt
(x, y) +Rα,t. (3.22)
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Averaging (3.21) and (3.22) gives

OTε(αt, βt) =
1

2

[∫
ϕβt dαt +

∫
ϕβt dβt +

∫
ϕαt dαt +

∫
ϕαt dβt

]
+

1

4ε

∫∫
H2

β,t dπ
ε
αt,βt

+
1

4ε

∫∫
H2

α,t dπ
ε
αt,βt

+
1

2
(Rα,t +Rβ,t).

On the diagonal, Proposition 3.1 gives

OTε(αt, αt) = 2

∫
ϕαt dαt, OTε(βt, βt) = 2

∫
ϕβt dβt.

Therefore, after subtracting the two self-costs in the definition of the Sinkhorn divergence,

S(αt, βt) =
1

2

[∫
ϕβt dαt −

∫
ϕβt dβt +

∫
ϕαt dβt −

∫
ϕαt dαt

]
+

1

4ε

∫∫
H2

β,t dπ
ε
αt,βt

+
1

4ε

∫∫
H2

α,t dπ
ε
αt,βt

+
1

2
(Rα,t +Rβ,t)

=
1

2

∫
(ϕαt − ϕβt) d(βt − αt)

+
1

4ε

∫∫ [
(ϕαt,βt − ϕβt)(x) + (ψαt,βt − ϕβt)(y)

]2
dπεαt,βt

+
1

4ε

∫∫ [
(ϕαt,βt − ϕαt)(x) + (ψαt,βt − ϕαt)(y)

]2
dπεαt,βt

+
1

2
(Rα,t +Rβ,t).

The first three terms are exactly Sloc(αt, βt) as defined in (3.20). Hence

S(αt, βt)− Sloc(αt, βt) =
1

2
(Rα,t +Rβ,t).

It remains only to control these two remainders. By Corollary 3.4, Hadamard differentia-

bility of the potentials along the paths (αt, βt), (αt, αt), and (βt, βt) implies

∥ϕαt,βt − ϕP,P ∥∞ = O(|t|), ∥ψαt,βt − ψP,P ∥∞ = O(|t|),

∥ϕαt − ϕP,P ∥∞ = O(|t|), ∥ϕβt − ϕP,P ∥∞ = O(|t|).

Consequently,

∥Hβ,t∥∞ ≤ ∥ϕβt − ϕαt,βt∥∞ + ∥ϕβt − ψαt,βt∥∞ = O(|t|),

∥Hα,t∥∞ ≤ ∥ϕαt − ϕαt,βt∥∞ + ∥ϕαt − ψαt,βt∥∞ = O(|t|).
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The remainder bound in Lemma 3.25 therefore gives

|Rα,t|+ |Rβ,t| = O(|t|3) = o(t2).

Thus

S(αt, βt)− Sloc(αt, βt) = o(t2),

as claimed.

Lemma 3.27 (Diagonal spectral gap). At the diagonal base point (P, P ), write

q := uP,P = vP,P , TPh := K

(
h
dP

q2

)
.

Then TP is compact, positive, and self-adjoint on H, and

TP q = q, ker(I − TP ) = span{q}.

Moreover, every eigenvalue of TP belongs to [0, 1]. Consequently, q⊥ is invariant under TP

and

ρ :=
∥∥∥TP

∣∣
q⊥

∥∥∥ < 1.

In particular,

RP := (I − T2
P )

−1
∣∣
q⊥

: q⊥ → q⊥

is a bounded positive self-adjoint operator, with

∥RP ∥ ≤
1

1− ρ2
.

Proof. Compactness, positivity, and self-adjointness follow from Lemma 3.15 specialized to

µ = ν = P and u = v = q. In particular,

⟨f,TP g⟩H =

∫
fg

q2
dP,

so

⟨f,TP f⟩H =

∫
f2

q2
dP ≥ 0.

The diagonal scaling equation is

q = K

(
dP

q

)
,
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and therefore

TP q = K

(
q
dP

q2

)
= K

(
dP

q

)
= q.

Thus q is an eigenfunction with eigenvalue 1.

We next verify that this eigenvalue is simple. If TPh = h, then

L(h,−h) =

 I TP

TP I

 h

−h

 =

h− TPh

TPh− h

 = 0.

By Lemma 3.15,

ker(L) = span{(q,−q)}.

Hence h = cq for some c ∈ R, and therefore

ker(I − TP ) = span{q}.

It remains to locate the rest of the spectrum. Recall the normalized transport operator

A defined by

(Af)(y) =
∫

kε(x, y)

q(x)q(y)
f(x) dP (x).

At the diagonal, by definition

Af =
1

q
TP (qf).

Suppose

TPh = λh, h ̸= 0, f :=
h

q
.

Then

Af =
1

q
TP (qf) =

1

q
TPh = λf.

Since A is an L2(P ) contraction,

|λ| ∥f∥L2(P ) = ∥Af∥L2(P ) ≤ ∥f∥L2(P ).

As f ̸= 0, this yields

|λ| ≤ 1.

On the other hand, positivity of TP implies

λ∥h∥2H = ⟨h,TPh⟩H ≥ 0,
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and hence λ ≥ 0. Thus every eigenvalue lies in [0, 1].

Since TP is self-adjoint and TP q = q, the subspace q⊥ is invariant: for h ∈ q⊥,

⟨TPh, q⟩H = ⟨h,TP q⟩H = ⟨h, q⟩H = 0.

The restriction TP |q⊥ is again compact, positive, and self-adjoint. If its norm were equal to

1, compact self-adjointness would imply the existence of an eigenvector in q⊥ with eigenvalue

1, contradicting

ker(I − TP ) = span{q}.

Therefore

ρ =
∥∥∥TP

∣∣
q⊥

∥∥∥ < 1.

Hence the Neumann series converges in operator norm on q⊥:

RP = (I − T2
P )

−1 =
∞∑
j=0

T2j
P .

Each term is positive and self-adjoint, so RP is positive and self-adjoint, and

∥RP ∥ ≤
∞∑
j=0

ρ2j =
1

1− ρ2
.

Lemma 3.28 (Limit for logarithmic difference quotients). Let at, bt be strictly positive

functions such that
at − q
t
→ a,

bt − q
t
→ b in H.

Let

αt = P + tγ1t , βt = P + tγ2t

be probability measures such that

γ1t → γ1, γ2t → γ2 in E0q .

Then ∫
log at − log bt

t
d(γ2t − γ1t ) −→

〈
a− b, Jq(γ2 − γ1)

〉
H .
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Proof. Set

dt :=
at − bt
t

, δt := γ2t − γ1t , δ := γ2 − γ1.

By the assumed first-order limits,

dt → a− b in H, Jqδt → Jqδ in H.

By the fundamental theorem of calculus,

log at − log bt
t

= ctdt, ct(x) =

∫ 1

0

ds

bt(x) + s(at(x)− bt(x))
.

Since at = q +O(t) and bt = q +O(t) uniformly, with q bounded away from zero,

ct =
1

q
+ trt,

where rt converges uniformly. Hence∫
log at − log bt

t
dδt =

∫
dt
q
dδt + t

∫
rtdt dδt

= ⟨dt, Jqδt⟩H +

∫
rtdt d(βt − αt).

The first term converges to

⟨a− b, Jqδ⟩H

by the two H-limits above. For the second term, rtdt converges uniformly, while αt ⇝ P and

βt ⇝ P ; hence ∫
rtdt d(βt − αt)→ 0.

Therefore ∫
log at − log bt

t
d(γ2t − γ1t ) −→

〈
a− b, Jq(γ2 − γ1)

〉
H .

Theorem 3.7 (Second-order Hadamard differentiability). Let

αt = P + tγ1t , βt = P + tγ2t

be probability measures with

γit → γi in E0q , i = 1, 2.
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Set

δ := γ2 − γ1, z := Jqδ ∈ q⊥.

Then

S(αt, βt)

t2
−→ ε

2
⟨z,RP z⟩H , RP := (I − T2

P )
−1
∣∣
q⊥
. (3.23)

Consequently, S is second-order Hadamard differentiable at (P, P ), tangentially to E0q × E0q ,

with zero first derivative and continuous quadratic form

S̈(P,P )(γ
1, γ2) =

ε

2

〈
Jq(γ

2 − γ1),RPJq(γ
2 − γ1)

〉
H .

Proof. By Lemma 3.26,

S(αt, βt) = Sloc(αt, βt) + o(t2),

so it suffices to evaluate Sloc(αt, βt)/t
2.

Write

zi := Jqγ
i, z = z2 − z1.

By Corollary 3.3, define

(a, b) := τ̇P,P [γ
1, γ2]

and, for i = 1, 2,

(si, si) := τ̇P,P [γ
i, γi].

Then
a+ TP b = z2, TPa+ b = z1,

(I + TP )si = zi, i = 1, 2.
(3.24)

In particular,

s2 − s1 = (I + TP )
−1z.

We evaluate the three terms in (3.20) separately.

Term 1. By Hadamard differentiability of the scalings,

uαt,αt − q
t

→ s1,
uβt,βt − q

t
→ s2 in H.
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Since

ϕαt = −ε log uαt,αt , ϕβt = −ε log uβt,βt ,

and

βt − αt = t(γ2t − γ1t ),

Lemma 3.28 gives

1

2t2

∫
(ϕαt − ϕβt) d(βt − αt)

= −ε
2

∫
log uαt,αt − log uβt,βt

t
d(γ2t − γ1t )

−→ −ε
2
⟨s1 − s2, z⟩H

=
ε

2

〈
z, (I + TP )

−1z
〉
H .

Term 2. Set

r := RP z, f :=
r

q
.

By Lemma 3.27, r ∈ q⊥ is the unique element of q⊥ satisfying

(I − T2
P )r = z.

Subtracting the derivative system corresponding to (γ2, γ2) from that corresponding to

(γ1, γ2) in (3.24) gives

(a− s2) + TP (b− s2) = 0, TP (a− s2) + (b− s2) = −z.

Hence

(I − T2
P )(b− s2) = −z.

Since

ker(I − T2
P ) = span{q},

there exists c2 ∈ R such that

a− s2 = TP r − c2q, b− s2 = −r + c2q. (3.25)
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Corollary 3.4 and (3.25) therefore give, uniformly on X 2,

1

t

[
(ϕαt,βt − ϕβt)(x) + (ψαt,βt − ϕβt)(y)

]
−→ −ε

[
a− s2
q

(x) +
b− s2
q

(y)

]
= ε

[
f(y)− TP r

q
(x)

]
.

The constants c2 cancel. By the identity above,

TP r

q
= Af,

where

(Af)(x) =
∫

kε(x, y)

q(x)q(y)
f(y) dP (y).

Thus the preceding limit is

ε
[
f(y)−Af(x)

]
.

Term 3. Similarly, subtracting the derivative system corresponding to (γ1, γ1) from that

corresponding to (γ1, γ2) gives

(a− s1) + TP (b− s1) = z, TP (a− s1) + (b− s1) = 0.

Consequently, for some c1 ∈ R,

a− s1 = r − c1q, b− s1 = −TP r + c1q.

Hence, again uniformly on X 2,

1

t

[
(ϕαt,βt − ϕαt)(x) + (ψαt,βt − ϕαt)(y)

]
−→ ε

[
Af(y)− f(x)

]
.

It remains to integrate these two uniform limits. Letπt := πεαt,βt
. Since αt ⇝ P and

βt ⇝ P , and since uαt,βt → q and vαt,βt → q uniformly, the densities

kε(x, y)

uαt,βt(x)vαt,βt(y)

converge uniformly to
kε(x, y)

q(x)q(y)
.
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Therefore πt ⇝ πεP,P . Together with the uniform limits above, this yields

1

t2

∫∫ [
(ϕαt,βt − ϕβt)(x) + (ψαt,βt − ϕβt)(y)

]2
dπt

−→ ε2
∫∫ [

f(y)−Af(x)
]2
dπεP,P (x, y), (3.26)

and

1

t2

∫∫ [
(ϕαt,βt − ϕαt)(x) + (ψαt,βt − ϕαt)(y)

]2
dπt

−→ ε2
∫∫ [

Af(y)− f(x)
]2
dπεP,P (x, y). (3.27)

The limiting plan is symmetric, so the two integrals on the right-hand sides are equal. To

evaluate the first one, write

dπεP,P (x, y) =
kε(x, y)

q(x)q(y)
dP (x)dP (y).

Using the marginal constraint and the definition of A,∫∫ [
f(y)−Af(x)

]2
dπεP,P (x, y)

= ∥f∥2L2(P ) − ∥Af∥
2
L2(P ).

Since r = qf and TP r = qAf ,

∥f∥2L2(P ) = ⟨r,TP r⟩H, ∥Af∥2L2(P ) = ⟨r,T
3
P r⟩H.

Hence

∥f∥2L2(P ) − ∥Af∥
2
L2(P ) =

〈
r,TP (I − T2

P )r
〉
H

= ⟨r,TP z⟩H

= ⟨z,TPRP z⟩H .

Each quadratic term in (3.20) has coefficient 1/(4ε). Therefore, by (3.26)–(3.27), their

combined contribution is
ε

2
⟨z,TPRP z⟩H .
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Together with the first term this gives

Sloc(αt, βt)

t2
−→ ε

2

〈
z, (I + TP )

−1z
〉
H

+
ε

2
⟨z,TPRP z⟩H .

On q⊥,

(I + TP )
−1 = (I − TP )(I − T2

P )
−1 = (I − TP )RP .

Thus

(I + TP )
−1 + TPRP = RP ,

and consequently
Sloc(αt, βt)

t2
−→ ε

2
⟨z,RP z⟩H.

Lemma 3.26 now yields (3.23).

Finally,

(γ1, γ2) 7−→ ε

2

〈
Jq(γ

2 − γ1),RPJq(γ
2 − γ1)

〉
H

is a continuous quadratic form because Jq is an isometry and RP is bounded. The expansion

above is O(t2), so the first derivative of S at (P, P ) is zero. This proves second-order

Hadamard differentiability.

3.E.3 Sinkhorn Kernel Estimation

Lemma 3.29 (Hilbert CLT and empirical scaling). The random element

√
nJq(Pn − P ) =

1√
n

n∑
i=1

(
kε(·, Xi)

q(Xi)
− E

kε(·, X)

q(X)

)
converges weakly in the separable Hilbert space H to a centered Gaussian element. Conse-

quently,
√
n(qn − q) is tight in H.

Proof. The summands are centered, iid, and uniformly bounded in H because q is bounded

away from zero. The Hilbert-space central limit theorem applies. The second assertion

follows from the functional delta method and Theorem 3.6; at the diagonal the derivative is

(I + TP )
−1 applied to the Gaussian limit.



144

Lemma 3.30 (Uniform low-rank approximation of the scaled Gaussian kernel). Let Q ∈ P(X )

and let qQ := uQ,Q = vQ,Q. Suppose

X ⊆ {x ∈ Rd : ∥x∥ ≤ R},

and put

κ := min
x,y∈X

kε(x, y) > 0.

For

k̃Q(x, y) :=
kε(x, y)

qQ(x)qQ(y)
,

and every integer s ≥ 0, there exists a positive-semidefinite kernel k̃(s)Q of rank at most

rs :=

(
s+ d

d

)
such that k̃Q − k̃(s)Q is positive semidefinite and

sup
x∈X

[
k̃Q(x, x)− k̃(s)Q (x, x)

]
≤ κ−4

∞∑
ℓ=s+1

(2R2/ε)ℓ

ℓ!
.

Consequently, for any sample x1, . . . , xn ∈ X , let

K̃Q,n :=
1

n

[
k̃Q(xi, xj)

]n
i,j=1

.

Then

Tailrs(K̃Q,n) ≤ κ−4
∞∑

ℓ=s+1

(2R2/ε)ℓ

ℓ!
, (3.28)

uniformly in Q, n, and the sample locations.

Proof. By Lemma 3.17,

qQ(x) ≥ κ2 uniformly in Q and x,

and therefore

|bQ(x)| :=
e−∥x∥2/ε

qQ(x)
≤ κ−2.

Since

kε(x, y) = e−∥x∥2/εe−∥y∥2/εe2x
⊤y/ε,
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we have

k̃Q(x, y) = bQ(x)bQ(y)
∑
α∈Nd

(2/ε)|α|

α!
xαyα.

Define

k̃
(s)
Q (x, y) := bQ(x)bQ(y)

∑
|α|≤s

(2/ε)|α|

α!
xαyα.

This is a positive-semidefinite feature kernel of rank at most

#{α ∈ Nd : |α| ≤ s} =
(
s+ d

d

)
= rs,

and the omitted feature sum k̃Q − k̃(s)Q is also positive semidefinite.

On the diagonal,

k̃Q(x, x)− k̃(s)Q (x, x) = bQ(x)
2

∞∑
ℓ=s+1

(
2

ε

)ℓ ∑
|α|=ℓ

x2α

α!

= bQ(x)
2

∞∑
ℓ=s+1

(2∥x∥2/ε)ℓ

ℓ!

≤ κ−4
∞∑

ℓ=s+1

(2R2/ε)ℓ

ℓ!
,

where the second equality follows from the multinomial theorem.

Now fix sample locations x1, . . . , xn, and let K̃Q,n and K̃
(s)
Q,n be the normalized Gram

matrices of k̃Q and k̃(s)Q , respectively. Put

E
(s)
Q,n := K̃Q,n − K̃

(s)
Q,n ⪰ 0.

Since rank(K̃
(s)
Q,n) ≤ rs, the variational characterization of the eigenvalue tail gives

Tailrs(K̃Q,n) ≤ tr
(
E

(s)
Q,n

)
.

Indeed, one may take the projection onto the range of K̃(s)
Q,n in the corresponding Ky Fan

variational formula. Finally,

tr
(
E

(s)
Q,n

)
=

1

n

n∑
i=1

[
k̃Q(xi, xi)− k̃(s)Q (xi, xi)

]
≤ κ−4

∞∑
ℓ=s+1

(2R2/ε)ℓ

ℓ!
.

This proves (3.28). The bound is uniform because κ and R do not depend on Q, n, or the

sample locations.
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Lemma 3.31 (Polylogarithmic empirical scaled compression). If m = ω(logd n) and Algo-

rithm 2 is applied conditionally to the empirical scaled kernel k̃qn, then

∥Jqn(Pm − Pn)∥H = op(n
−1/2).

Proof. Recall that

rs =

(
s+ d

d

)
≍ sd.

Since m/ logd n→∞, there exists a sequence sn such that

sn
log n

−→∞, rsn ≤ m− 1

for all sufficiently large n. Put Λ := 2R2/ε. For s sufficiently large,∑
ℓ>s

Λℓ

ℓ!
≤ Λs+1

(s+ 1)!

1

1− Λ/(s+ 2)
≤ 2

(
eΛ

s+ 1

)s+1

.

Since sn/ logn→∞, the right-hand side is o(n−1). Lemma 3.30, applied with Q = Pn, gives

Tailrsn (K̃qn,n) = o(n−1)

uniformly over the realized sample. Because rsn ≤ m− 1 and r 7→ Tailr is nonincreasing,

Tailm−1(K̃qn,n) = o(n−1).

Conditionally on X1, . . . , Xn, Lemma 3.2, with r = m− 1, now gives

E
[
MMD2

k̃qn
(Pm, Pn)

∣∣∣X1, . . . , Xn

]
= o(n−1),

where the expectation is over the internal randomness of the compression routine. Hence, for

every η > 0, conditional Markov inequality gives

P
(√

n MMD
k̃qn

(Pm, Pn) > η
∣∣∣X1, . . . , Xn

)
≤ n

η2
E
[
MMD2

k̃qn
(Pm, Pn)

∣∣∣X1, . . . , Xn

]
−→ 0.

The conditional probability is bounded uniformly over the realized sample by a determin-

istic o(1) sequence; taking expectations gives the same unconditional conclusion. Finally,

Lemma 3.10 gives

MMD
k̃qn

(Pm, Pn) = ∥Jqn(Pm − Pn)∥H,

which proves the result.
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Proof of Lemma 3.4. Put

∆n := Pm − Pn, tn := n−1/2.

By assumption, ∥Jqn∆n∥H = op(tn). Since ∥∆n∥tv ≤ 2,

∥Jq∆n∥H ≤ ∥Jqn∆n∥H +

∥∥∥∥K [(1

q
− 1

qn

)
d∆n

]∥∥∥∥
H

≤ op(tn) + 2∥q−1 − q−1
n ∥∞ = Op(tn),

where the last step follows from Lemma 3.29, the embedding H ↪→ C(X ), and the uniform

lower bounds on qn and q. Together with ∥Jq(Pn − P )∥H = Op(tn), this yields

∥Jq(Pm − P )∥H = op(1).

Since k̃q metrizes weak convergence on probability measures, Pm ⇝ P in probability. Thus∫
f d∆n −→ 0 in probability

for every fixed f ∈ C(X ).

The identity

t−1
n Jq∆n = t−1

n Jqn∆n +K(an d∆n), an :=
qn − q
tnqqn

, (3.29)

holds exactly. The first term on the right is op(1), while an is tight in C(X ) by Lemma 3.29

and the uniform lower bounds on the scalings.

Fix η > 0 and choose a compact set Aη ⊂ C(X ) such that P (an ∈ Aη) ≥ 1 − η for all

sufficiently large n. On this event,

∥K(an d∆n)∥H = sup
∥h∥H≤1

∣∣∣∣∫ anh d∆n

∣∣∣∣
≤ sup

f∈Fη

∣∣∣∣∫ f d∆n

∣∣∣∣ ,
where

Fη := {ah : a ∈ Aη, h ∈ H1}.
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The closure of Fη is compact in C(X ) because the closure of H1 is compact and multiplication

is continuous in the uniform norm. A finite-net argument, using ∥∆n∥tv ≤ 2 and the preceding

weak convergence, gives

sup
f∈Fη

∣∣∣∣∫ f d∆n

∣∣∣∣ = op(1).

Letting η ↓ 0 shows ∥K(an d∆n)∥H = op(1). Equation (3.29) therefore yields

∥Jq(Pm − Pn)∥H = op(n
−1/2).

Proof of Theorem 3.5. Lemma 3.31 gives

MMD
k̃qn

(Pm, Pn) = ∥Jqn(Pm − Pn)∥H = op(n
−1/2).

Applying Lemma 3.4 gives

MMD
k̃q
(Pm, Pn) = ∥Jq(Pm − Pn)∥H = op(n

−1/2).

For the final conclusion, put

Hn := Pn − P, ∆n := Pm − Pn.

Then ∥JqHn∥H = Op(n
−1/2) by Lemma 3.29, while ∥Jq∆n∥H = op(n

−1/2). Using (3.8) and

boundedness of RP , ∣∣∣D̈P (Hn +∆n)− D̈P (Hn)
∣∣∣

≤ ε∥RP ∥∥JqHn∥H∥Jq∆n∥H +
ε

2
∥RP ∥∥Jq∆n∥2H

= op(n
−1).

Since Hn +∆n = Pm − P , the population quadratic form is preserved up to op(n−1).

Proof of Lemma 3.5. Let {ej,n} be an orthonormal eigenbasis of q⊥n for TPn , with correspond-

ing eigenvalues 1 > λ1,n ≥ λ2,n ≥ · · · ≥ 0. Since z is orthogonal to the first r retained

eigenvectors, write

z =
∑
j>r

ajej,n.
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Then

〈
z, (I − T2

Pn
)−1z

〉
H − ∥z∥

2
H

=
∑
j>r

λ2j,n
1− λ2j,n

a2j

≤
λ2r+1,n

1− λ2r+1,n

∑
j>r

a2j ,

where the inequality follows from monotonicity of x2/(1−x2) on [0, 1). Since
∑

j>r a
2
j = ∥z∥2H,

multiplication by ε/2 gives the stated bound.

Proof of Theorem 3.4. Set γ1 = 0 and γ2 = γ in Theorem 3.7. Then

D̈P (γ) =
ε

2
⟨Jqγ,RPJqγ⟩H .

For a finite signed measure γ ∈ E0q ,∫
Φ0
q(x) dγ(x) = Πq⊥

∫
kε(·, x)
q(x)

dγ(x)

= Πq⊥Jqγ = Jqγ,

because ⟨Jqγ, q⟩H = γ(1) = 0. Consequently,∫∫
gS,P (x, y) dγ(x)dγ(y) =

ε

2

∥∥∥R1/2
P Jqγ

∥∥∥2
H

= D̈P (γ).

The identity extends to all of E0q by continuity and also shows that gS,P is positive definite.

By Lemma 3.27, on q⊥,

I ⪯ RP ⪯
1

1− ρ2
I.

Therefore
ε

2
∥Jqγ∥2H ≤ D̈P (γ) ≤

ε

2(1− ρ2)
∥Jqγ∥2H.

Lemma 3.10 gives ∥Jqγ∥H = ∥γ∥Eq , proving the claimed equivalence.

Proof of Theorem 3.2. Theorem 3.5 gives

√
n ∥Jq(Pm − Pn)∥H = op(1).
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Together with Lemma 3.29, this implies

√
n(Pm − P ) =

√
n(Pn − P ) + op(1)

in E0q . Applying the second-order functional delta method to Theorem 3.7, with the first

marginal fixed at P , gives

S(P, Pn) = D̈P (Pn − P ) + op(n
−1),

S(P, Pm) = D̈P (Pm − P ) + op(n
−1).

Theorem 3.5 shows that the two quadratic terms differ by op(n−1). Hence

S(P, Pm) = S(P, Pn) + op(n
−1).

Moreover, boundedness of RP and ∥Jq(Pn − P )∥H = Op(n
−1/2) give

S(P, Pn) = Op(n
−1), S(P, Pm) = Op(n

−1).

For fixed oversampling parameter θ, Lemma 3.2 gives computational complexity O(n2m+

m3 log(n/m)).

3.F Results for maximum mean discrepancy

In this subsection, we consider the “kernel thinning” problem as a special case of data

compression, where we seek to construct Pm such that QK(Pn − Pm) = O(n−1), for K :

P(X ) → F , Kµ =
∫
k(·, x) dµ(x), the kernel mean embedding associated with a generic

RKHS kernel k. Our analysis concerns the decomposition

QK(Pm − P ) ≤ 2QK(Pm − Pn) + 2QK(Pn − P ),

which follows from the basic inequality (a+ b)2 ≤ 2(a2 + b2). The latter term on the right is

Op(n
−1) by classical V-statistic theory.

Lemma 3.32 (Parametric empirical MMD rate). If k is continuous, QK(Pn−P ) = Op(n
−1).

Proof. Since k is continuous on the compact set X 2, it is bounded, and hence

E[k(X,Y )2] <∞, E[k(X,X)] <∞.
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The result follows from the limiting distribution of V-statistics Serfling, 1980, Chapter 6.4,

Theorem B.

Our main bound is taken with minor adjustments from (Hayakawa et al., 2022). In the

following, we decompose our kernel K = K0 +K1, hence we denote the corresponding RKHS

norms by ∥ · ∥K1 .

Lemma 3.33 (Residual-kernel bound for MMD compression). Let K = K0+K1, k, k0, k1 the

corresponding kernel functions, K,K0,K1 ⪰ 0, and assume Pm is such that K0(Pn−Pm) = 0

and
∫
k1(x, x)(dPn − dPm) ≥ 0. Then,

QK(Pm − Pn) ≤ 4 tr(K1/n).

Proof. Let f =
∑n

i=1 aik(Xi, ·) =: Ka. Plugging in definitions and using the assumption

that K0(Pm − Pn) = 0, we have∫
fdPm −

∫
fdPn = (Pm − Pn)Ka = (Pm − Pn)[K1 +K0]a = (Pm − Pn)K1a,

giving us a corresponding element f̃ of the RKHS corresponding to k1. Observe further that

∥f̃∥2K1
= a⊤K1a ≤ a⊤Ka = ∥f∥2K . Applying these observations,

(Pm − Pn)K(Pm − Pn) = sup
∥f∥K≤1

(∫
fdPm −

∫
fdPn

)2

≤ sup
∥f∥K1

≤1

(∫
fdPm −

∫
fdPn

)2

= sup
∥f∥K1

≤1

(∫
⟨f, k1(x, ·)⟩dPm −

∫
⟨f, k1(x, ·)⟩dPn

)2

≤
(∫ √

k1(x, x)dPm +

∫ √
k1(x, x)dPn

)2

(Cauchy-Schwarz)

≤ 2

∫
k1(x, x)dPm + 2

∫
k1(x, x)dPn

≤ 4

∫
k1(x, x)dPn =

4

n
tr(K1),

where the final inequality holds by an assumption of the lemma.

These requirements can be enforced by recombination once a rank-r positive-semidefinite

approximation has been obtained: the r retained features together with the constant function
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yield a probability measure supported on at most r + 1 observations. Combining this

observation with the random-projection Nyström approximation gives Lemma 3.2.

Proof of Lemma 3.2. Condition on the observed sample and selected kernel, and let

K̂n :=
[
k̂n(Xi, Xj)

]n
i,j=1

= nK̂n

be the unnormalized Gram matrix. Algorithm 3 and Theorem 4.1 of Tropp et al. (2017),

applied with target rank r and sketch size θr, produce a positive-semidefinite rank-r Nyström

approximation K0 ⪯ K̂n satisfying

E
[
∥K̂n −K0∥1 | X1, . . . , Xn, k̂n

]
≤
(
1 +

r

r(θ − 1)− 1

)
∥K̂n − K̂n,[r]∥1

= n

(
1 +

r

r(θ − 1)− 1

)
Tailr(K̂n),

where K̂n,[r] is the best rank-r approximation of K̂n. The recombination algorithm then

constructs a probability measure Pr+1 satisfying the conditions of Lemma 3.33 for the

decomposition K̂n = K0 + (K̂n − K0). Applying that lemma and taking the conditional

expectation gives

E
[
MMD2

k̂n
(Pn, Pr+1)

∣∣∣X1, . . . , Xn, k̂n

]
≤ 4

(
1 +

r

r(θ − 1)− 1

)
Tailr(K̂n).

The stated complexity is the combined cost of the Nyström and recombination steps.
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Chapter 4

ENTROPIC SELF-TRANSPORT IN THE SMALL-ε LIMIT: SCORES,
DENSITIES, DIFFUSION MAPS, AND FAST CORESETS

Abstract. Entropic optimal self-transport has recently been connected to the estimation

of scores, diffusion processes, and manifold learning. We analyze the small-ε symmetric

Schrödinger equation and derive a second-order expansion of the self-EOT potential under

smooth bounded-score conditions. The expansion makes precise the relationship between

self-EOT quantities and classical KDE estimators of density, score, and diffusion. A key ob-

servation is that an EOT regularization parameter ε naturally matches a Gaussian smoothing

parameter ε/2; at this scale the leading terms agree, while the first discrepancies are explicit.

These expressions yield examples in which KDEs outperform self-EOT and others in which

self-EOT performs better. They also give a converse computational perspective: self-EOT

quantities can themselves be approximated by simple Gaussian-smoothing expressions. In

particular, two symmetric Sinkhorn updates already recover the full first-order self-EOT

scaling, with o(ε) error relative to the converged scaling.

Keywords. Entropic Optimal Transport, Diffusion Maps, Score Estimation, Nyström

approximation

4.1 Introduction

4.1.1 Background

Entropic self-transport concerns the entropic optimal transport (EOT) map from a probability

distribution µ to itself, an object of much recent interest. Ramdas et al. (2015) and Genevay

et al. (2018) first highlighted this map, observing that standard EOT lacks the properties of a

statistical divergence. To address this, they motivated its centering, the Sinkhorn divergence,

which Feydy et al. (2019b) later studied in more depth.
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Although transporting a distribution to itself is trivial in the unregularized problem, recent

work has shown that its entropically regularized counterpart contains nontrivial geometric and

statistical information, with connections to diffusion processes, score estimation, and manifold

learning (Marshall and Coifman, 2019; Wormell and Reich, 2021; Cheng and Landa, 2024;

Mordant, 2024; Agarwal et al., 2025). We discuss the closest related work in Section 4.1.3.

Our goal is to give a direct small-ε analysis of the self-EOT Schrödinger equation and to use

the resulting expansion to clarify the relationship between these quantities and their classical

counterparts based on Gaussian smoothing (Davis et al., 2011; Parzen, 1962; Fukunaga and

Hostetler, 1975; Coifman and Lafon, 2006b).

4.1.2 Overview of Main Findings

More formally, the self-EOT problem we consider is

OTε(µ, µ) := min
π∈Π(µ,µ)

{∫
∥x− y∥2 dπ(x, y) + εKL(π ∥ µ⊗ µ)

}
, (4.1)

where Π(µ, µ) is the set of joint distributions with marginals µ. For ε > 0, the minimizer πε

has density

ξε(x, y) :=
dπε

d(µ⊗ µ)
(x, y) = exp

(
fε(x) + fε(y)

ε

)
kε(x, y), (4.2)

where

kε(x, y) := exp

(
−∥x− y∥

2

ε

)
is a Gaussian kernel and the potential fε solves the Schrödinger equation

fε(x) = −ε log
∫

exp[fε(y)/ε] kε(x, y) dµ(y). (4.3)

For the strictly positive Gaussian kernel, a symmetric solution is unique whenever it exists.

Theorem 4.1 constructs this solution for all sufficiently small ε under the assumptions used

below.

A main finding of this chapter is that, when µ has a Lebesgue density

h2 :=
dµ

dλ
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Figure 4.1: Data is sampled from a mixture of smoothed Laplace distributions, ∝

exp(−λ
√

1 + (x− c)2). In red, from left to right, we plot hε := c
1/2
ε e−fε/ε, log hε =

fε/ε − 1
2 log cε, and (log hε − log h)/ε, using their empirical analogues for N = 50,000

samples and ε = 0.1.

on Rd whose logarithm is sufficiently smooth, the potential satisfies the expansion

fε = −ε
d

4
log(πε)− ε log h− ε2∆h

8h
+ o(ε2). (4.4)

Here π is the mathematical constant, ∆ denotes the Laplace operator, and the little-oh term

converges to zero as ε→ 0 in the Cs
ub(Rd) norm introduced below. Figure 4.1 illustrates the

three levels of the expansion on a one-dimensional mixture of smoothed-Laplace components.

We compare the empirical self-EOT root scaling, its logarithm, and its rescaled first-order

residual with the corresponding population quantities. A formal statement is given in

Theorem 4.1. Our methodology stems from that developed in Goldfeld et al. (2022), Gonzalez-

Sanz et al. (2022), and Kokot and Luedtke (2025) to derive limiting results in the fixed ε > 0

case via linearization of the Schrödinger equations.

Our expansion, being explicit in terms of h, its derivatives, and the heat operator, can

be compared to classical estimators such as kernel density estimators (KDEs). A recurring

feature of these comparisons is a factor-of-two in the natural Gaussian scale. This can be

seen from the barycentric formulas:

−2∇fε
ε

=
4

ε

(
Eπε [Y | X]−X

)
, ∇ logPδ(h

2) =
2

δ

(
E[Y | Xδ]−Xδ

)
.
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Matching the displacement normalization gives

4

ε
=

2

δ
=⇒ δ = ε/2 .

This leads to the following results developed in Section 4.3:

1. Density estimation: As a first step, we highlight that cεe−2fε/ε = h2 + ε
4h∆h+ o(ε),

where cε = (πε)−d/2. We show that the kernel density estimator (KDE) Pε/2(h
2)

matches the self-EOT estimator up to an explicit O(ε) correction.

2. Score estimation: Since the leading constant in (4.4) vanishes under differentiation,

∇ log h = −∇fε/ε− ε∇
(
∆h
8h

)
+ o(ε), which gives a first-order characterization of the

score in terms of self-EOT. We give the corresponding first-order expansion for the

Gaussian KDE score and identify its explicit bias relative to self-EOT.

3. Langevin Diffusion: The bi-stochastic Laplacian Lε(f) =
1
ε [f−

∫
ξε(x, y)f(y) dµ(y)] =

1
4 (∆f + 2∇ log h · ∇f) + O(ε), matching the symmetric normalized Laplacian,

common in the Diffusion Maps literature, up to O(ε) terms.

These results make precise the extent to which the density, score, and diffusion objects

induced by self-EOT reproduce familiar Gaussian estimators, while also identifying the first

terms on which the constructions differ. Our potential expansion also recovers the small-ε

expansion of the entropic self-transport cost from (Conforti and Tamanini, 2021; Agarwal

et al., 2025). We record the calculation in Appendix 4.B.

Using these observations, in Section 4.4 we reverse this perspective and construct KDE-

based approximations to self-EOT quantities. We prove that two symmetric Sinkhorn

steps reproduce the first-order population scaling, and utilize this procedure for fast coreset

selection.

4.1.3 Related Work

Recent asymptotic work on entropic optimal transport has largely considered two regimes:

perturbations of the marginal distributions at fixed ε > 0, and the vanishing-regularization
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limit ε ↓ 0. For fixed ε, (Mena and Weed, 2019; Barrio et al., 2022) established sample-

complexity bounds and central limit theorems for entropic transport costs. Analogous results

for the potentials and other related quantities were developed in Goldfeld et al. (2022) and

Gonzalez-Sanz et al. (2022) via linearization of the Schrödinger system of equations.

In the vanishing-regularization setting, Mordant (2024) studies self-EOT with decreasing

regularization and shows that a rescaling of its barycentric projection yields a score estimator,

while also deriving limiting distributions for empirical potentials and plans. Agarwal et al.

(2025) connect the same-marginal Schrödinger bridge to Langevin diffusion, showing that the

derivative at zero of its conditional-expectation operators is the Langevin generator. Related

diffusion approximations for Schrödinger bridges are developed by Mulcahy and Pal (2025).

Our proof draws on perspectives from both the fixed and vanishing regularization literature.

We analyze the Schrödinger system directly, deriving limiting behavior as ε ↓ 0 via an implicit

function theorem.

Recent work in the diffusion-maps literature draws attention to these same self-EOT

quantities. Starting from the local-kernel construction of Coifman and Lafon (2006b),

Marshall and Coifman (2019) relate bi-stochastically normalized Gaussian kernels to heat

operators on manifolds. Wormell and Reich (2021) study a Sinkhorn normalization that

approximates Langevin diffusion, while Cheng and Landa (2024) establish convergence of

bi-stochastically normalized graph Laplacians to weighted manifold Laplacians and analyze

their robustness to high-dimensional noise.

A few further connections arise through the computational implications of our results.

Altschuler, Weed, et al. (2018) and Altschuler, Bach, et al. (2019) study finite Sinkhorn

iteration and Nyström approximations for scalable entropic OT, while related work uses

kernel discrepancies for distribution compression and coreset construction (Li et al., 2024b;

Kokot and Luedtke, 2025). Our two-step sinkhorn iteration and coreset selection guarantees

bring these ideas into the setting of vanishing regularization.
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4.2 Expansion via Implicit Function Theorem

4.2.1 Overview of Proof Strategy

For ε > 0, set

cε := (πε)−d/2, pε(z) := cεe
−|z|2/ε, Pεu(x) :=

∫
Rd

pε(x− y)u(y) dy. (4.5)

Thus Pε = e(ε/4)∆ and define P0 := I. The symbol cε will always denote the normalizing

constant in (4.5); in particular, uppercase C is reserved for unspecified bounds.

Writing dµ = h2 dx, the Schrödinger equation (4.3) becomes

fε
ε

+ log
[
c−1
ε Pε

(
efε/εh2

)]
= 0. (4.6)

Since Pε → I as ε→ 0, this parameterization suggests that

fε/ε ≈ −2 log
[
c−1/2
ε h

]
− fε/ε⇐⇒ fε/ε ≈ − log(c−1/2

ε h).

This motivates the study of the residual

ϕε :=
fε
ε

+ log
(
c−1/2
ε h

)
. (4.7)

For h appropriately regular, we will show that ϕε → 0, and derive an explicit O(ε) leading

term.

Define the h-transform

P h
ε u :=

Pε(hu)

h
. (4.8)

Our primary interest will be to study the 0s of the map ψ defined as follows:

ψ(ε, ϕ) := ϕ+ logP h
ε (e

ϕ), ψ(0, ϕ) := 2ϕ. (4.9)

A direct substitution in (4.6) shows that ψ(ε, ϕε) = 0. To study the roots of this map, we

analyze the fixed points of Tε:

Aε := Dϕψ(ε, 0), Tε(ϕ) := ϕ−A−1
ε ψ(ε, ϕ). (4.10)
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4.2.2 Warm-Up: Multivariate Gaussian

We illustrate our proof strategy for a multivariate Gaussian. We focus on µ = N(0, Id) for

notational simplicity—the analysis extends to any nondegenerate Gaussian with the obvious

modifications. We show that

fε(x) = −ε
d

4
log(πε)− ε log h(x)− ε2∆(h)(x)

8h(x)︸ ︷︷ ︸
dominant terms on RHS of (4.4)

+(1 + |x|2) o(ε2) (4.11)

with the o(ε2) a scalar that does not depend on x. Hence, (4.4) holds with the o(ε2) term

shrinking to 0 for all derivatives of any fixed order, both in Lp(µ) for p <∞ and uniformly

on compacts. This differs slightly from our main result to follow, where instead that term

shrinks to 0 in Cs
ub(Rd).

We use the search space Φ := {ϕa,b : a, b ∈ R} with ϕa,b(x) = a|x|2+ b. Working with this

search space is reasonable given that log h and ∆(h)/h both belong to Φ when µ = N(0d, Id),

and so (4.4) can only possibly hold if ϕε ∈ Φ. A direct calculation also establishes that

ψ(ε,Φ) ⊆ Φ. Indeed, in Appendix 4.A.1, we show that

ψ(ε, ϕa,b)(x) =: F (ε, a, b)⊤

|x|2
1

 (4.12)

for F : [0,∞)×R2 → R2 a smooth map. Thus, ψ(ε, ϕa,b) = 0 is equivalent to the root-finding

condition F (ε, a, b) = 0. While the full form of F is somewhat involved (Eq. S1), it admits a

smooth extension to negative ε whose behavior near ε = 0 is simple:

1. F (0, a, b) = (2a, 2b), and so the Jacobian of (a, b) 7→ F (0, a, b) has inverse 1
2I2;

2. ∂εF (ε, 0, 0)|ε=0 =
1
16(1,−2d).

Using the above facts, an implicit function theorem guarantees the existence of a

unique smooth solution curve (aε, bε) in a neighborhood of ε = 0 with (a0, b0) = (0, 0)

and F (ε, aε, bε) = 0. In light of (4.12), the latter of these properties is equivalent to

ψ(ε, ϕaε,bε) = 0, and so ϕε = ϕaε,bε . Beyond existence of the smooth curve (aε, bε), the implicit
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function theorem also shows its tangent satisfies (ȧ0, ḃ0) := ∂ε(aε, bε)|ε=0 = −1
2∂εF (ε, 0, 0)|ε=0,

yielding the Taylor approximation

(aε, bε) = (a0, b0) + ε(ȧ0, ḃ0) + o(ε) =
ε

32
(−1, 2d) + o(ε).

Hence, for ε small enough, ϕε(x) = ϕaε,bε = ε
32(−|x|

2 + 2d) + o(ε). Combining this with the

fact that log h(x) = −d
4 log(2π)−

|x|2
4 and ∆h(x)

h(x) = |x|2
4 −

d
2 yields (4.11).

Remark 4.1 (Exact expansion). Our implicit function theorem argument only characterizes

the potential fε in a neighborhood of 0, and only does so approximately. In Appendix 4.A.2,

we use the closed-form expression for Gaussian self-EOT plans from Bunne et al., 2023 to

provide a global characterization: fε = αε|x|2 + βε for all ε > 0, with the coefficients αε, βε

taking known closed forms. Taylor expanding those coefficients yields a strengthening of

(4.11), with the remainder replaced by (1+ |x|2)O(ε4). While this strengthening is interesting

in its own right, it heavily relies on the known form of Gaussian transport plans. It therefore

does not appear to help with the general sort of expansion that we consider.

4.2.3 Main Result: Distributions with Smooth Scores

For a nonnegative integer s, write

Cs
ub(Rd) :=

{
u ∈ Cs

b (Rd) : lim
z→0
∥u( ·+ z)− u∥Cs

b
= 0
}
, ∥u∥Cs

b
:=
∑
|α|≤s

∥∂αu∥∞. (4.13)

We denote by ∥ · ∥ the Cs
b norm unless stated otherwise, and | · | to denote the Euclidean

norm on Rd.

Lemma 4.1 (Regularity, marginal characterization, and uniqueness). Let h > 0,
∫
h2 = 1,

and suppose ∇ log h ∈ Cs+1
ub (Rd). For ε > 0 and ϕ ∈ Cs

ub(Rd), define

fε,ϕ := −ε log(c−1/2
ε h) + εϕ, dπε,ϕ(x, y) := pε(x− y)h(x)h(y)eϕ(x)+ϕ(y) dx dy.

Then ψ(ε, ϕ) = 0 is equivalent to πε,ϕ ∈ Π(µ, µ), dµ = h2 dx. For every ε > 0, the

equation ψ(ε, ·) = 0 has at most one root in Cs
ub(Rd). Moreover, there exists ε0 > 0 such

that, for every 0 < ε ≤ ε0, this root exists. Whenever the relevant entropy integrals are finite,

πε,ϕ is also the unique minimizer of the entropic transport objective over Π(µ, µ).
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Proof. We evaluate the marginal of dπε,ϕ to be

h(x)eϕ(x)Pε(he
ϕ)(x).

It equals the density h(x)2 precisely when

eϕ(x)
Pε(he

ϕ)(x)

h(x)
= 1,

which, by positivity, is equivalent to

ϕ+ log

(
Pε(he

ϕ)

h

)
= ψ(ε, ϕ) = 0.

Symmetry gives the second marginal. Existence of a root ϕε ∈ Cs
ub(Rd) for all sufficiently

small ε follows directly from Lemma S12; its hypotheses are verified by Lemmas S1, S3, S5,

S8, and S11.

To prove global uniqueness in Cs
ub, let ϕ0, ϕ1 be roots, set δ = ϕ0 − ϕ1, and denote the

corresponding couplings by π0, π1. Since they have the same marginals,

KL(π0∥π1) = 2

∫
δ dµ, KL(π1∥π0) = −2

∫
δ dµ.

As the KL divergence is nonnegative this implies δ = 0 hence π0 = π1. Finally, for every

γ ∈ Π(µ, µ) for which the objectives are finite,

Jε(γ)− Jε(πε,ϕ) = εKL(γ∥πε,ϕ) ≥ 0,

with equality only when γ = πε,ϕ.

Remark 4.2 (Choice of function space). The assumption on ∇ log h is tailored to the

h-transformed heat operator

P h
ε u(x) =

∫
pε(y)

h(x+ y)

h(x)
u(x+ y) dy.

Indeed, bounded and uniformly continuous derivatives of ∇ log h control the ratios h(x +

y)/h(x) = exp(log h(x+ y)− log h(x)), ensuring that P h
ε acts continuously on Cs

ub and tends

strongly to the identity as ε ↓ 0. This topology is also stable under multiplication and smooth

composition, which is needed for the logarithms and exponentials in the Schrödinger equation.

The extra derivative in ∇ log h ∈ Cs+1
ub is used to obtain the first-order Cs

ub expansion of P h
ε .
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Theorem 4.1 (Second-order expansion of the self-EOT potential). Let h > 0 satisfy
∫
h2 = 1,

put ℓ := log h, and suppose ∇ℓ ∈ Cs+1
ub (Rd) for some integer s ≥ 0. Then there is ε0 > 0

such that, for 0 < ε ≤ ε0, the symmetric Schrödinger equation has a unique potential fε, and∥∥∥∥fε + ε
d

4
log(πε) + ε log h+ ε2

∆h

8h

∥∥∥∥ = o(ε2). (4.14)

Equivalently, the residual in (4.7) satisfies

ϕε
ε
−→ −1

8

∆h

h
in Cs

ub(Rd). (4.15)

Proof. By Lemma S12, there are ε0, r > 0 and a unique ϕε ∈ Br(0) ⊂ Cs
ub(Rd), for every

0 ≤ ε ≤ ε0, such that

ψ(ε, ϕε) = 0. (1)

Moreover ε 7→ ϕε is continuous and ϕε → 0 in Cs
ub(Rd) as ε ↓ 0. By Lemma 4.1 this root

corresponds to a symmetric Schrödinger potential.

To obtain the expansion, apply the fundamental theorem of calculus to ϕ 7→ ψ(ε, ϕ):

0 = ψ(ε, 0) +

[∫ 1

0
Dϕψ(ε, tϕε) dt

]
ϕε. (2)

Denote the averaged differential in brackets by Aε. Thus we have ϕε = A
−1
ε ψ(ε, 0), and

we aim to convert this into a first order expansion. Indeed, Lemma S13 shows that Aε is

invertible for small ε, its inverse is uniformly bounded, and

A
−1
ε v −→ 1

2
v in Cs

ub(Rd) for each fixed v ∈ Cs
ub(Rd). (3)

At ϕ = 0,

ψ(ε, 0) = log

(
Pεh

h

)
.

Lemma S7, applied with u = 1, gives

Pεh

h
= 1 +

ε

4

∆h

h
+ o(ε).

Because Cs
ub(Rd) is a Banach algebra and the expression in parentheses is bounded away

from zero, the Taylor formula for the logarithm yields

ψ(ε, 0)

ε
−→ 1

4

∆h

h
in Cs

ub(Rd). (4)



163

Set

vε :=
ψ(ε, 0)

ε
, v :=

1

4

∆h

h
.

By (3)–(4) and the uniform inverse bound,∥∥∥∥A−1
ε vε −

1

2
v

∥∥∥∥ ≤ ∥A−1
ε ∥ ∥vε − v∥+

∥∥∥∥A−1
ε v − 1

2
v

∥∥∥∥
−→ 0.

Combining this with (2) gives

ϕε
ε

= −A−1
ε vε −→ −

1

8

∆h

h
, (5)

and

fε = −ε log(c−1/2
ε h) + εϕε = −ε log(c−1/2

ε h)− ε2

8

∆h

h
+ o(ε2).

An analogous expansion holds for smooth positive densities on compact Riemannian

manifolds embedded in Euclidean space; see Theorem S1 in Appendix 4.D. In that setting,

the Euclidean Laplacian is replaced by the Laplace–Beltrami operator, with an additional

explicit curvature correction arising from the ambient Gaussian kernel.

4.3 Connections to Classical Estimators

Theorem 4.1 expresses the small-ε behavior of the self-EOT potential in terms of the root

density h and the heat operator. We now use this expansion to compare the density factor,

score, and diffusion process estimators induced by self-EOT with their classical Gaussian-

kernel counterparts. The common pattern is that, after matching the Gaussian scales, the

leading terms agree and the first difference is explicit. Throughout this section, denote

qε := cεe
−2fε/ε.

All little-oh terms are taken in the indicated Cs
ub(Rd) norm, and the Gaussian normalization

is that of (4.5).
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Figure 4.2: Comparison of self-EOT and Gaussian KDE at the matched smoothing parameter

δ = ε/2. The left panels report score error and the right panels density error. The cosine-score

and tent-density examples are constructed so that the leading KDE bias vanishes on the

interior evaluation region, while the smoothed-Laplace examples provides a control.

4.3.1 Density estimation

Although qε is defined implicitly through the Schrödinger equation, its first-order expansion

can be simply expressed as the root density h multiplied by its convolution with a Gaussian.

Corollary 4.1 (First-order scaling and density expansion). Under the assumptions of

Theorem 4.1,

qε = hPεh+ o(ε) = h2 +
ε

4
h∆h+ o(ε). (4.16)

Proof. By the definition of the density factor and the normalization used in the theorem,

qε = cεe
−2fε/ε = h2e−2ϕε . (1)

Theorem 4.1 gives

−2ϕε =
ε

4

∆h

h
+ o(ε). (2)

The exponential map is twice continuously Fréchet differentiable on bounded subsets of the

Banach algebra Cs
ub(Rd). Hence

e−2ϕε = 1− 2ϕε +O(∥ϕε∥2) = 1 +
ε

4

∆h

h
+ o(ε),
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because ∥ϕε∥ = O(ε). Multiplying by h2 in (1) gives

qε = h2 +
ε

4
h∆h+ o(ε).

The same heat expansion gives hPεh = h2 + (ε/4)h∆h+ o(ε).

As motivated in Section 4.2.1, we compare self-EOT at regularization ε with Gaussian

smoothing at parameter δ = ε/2. The next result corroborates this scaling, as it also aligns

the common first-order density term.

Lemma 4.2 (KDE comparison). Under the assumptions of Theorem 4.1,

Pε/2(h
2) = h2 +

ε

8
∆(h2) + o(ε) = qε +

ε

4
|∇h|2 + o(ε). (4.17)

Proof. The heat-semigroup expansion at parameter ε/2 gives

Pε/2(h
2) = h2 +

ε

8
∆(h2) + o(ε). (1)

The product rule yields

∆(h2) = 2h∆h+ 2|∇h|2. (2)

Combining (1)–(2),

Pε/2(h
2) = h2 +

ε

4

(
h∆h+ |∇h|2

)
+ o(ε).

Subtracting Corollary 4.1 proves the claim.

The right panels of Figure 4.2 illustrate this comparison. The first example is deliberately

constructed to favor KDE. Let

w0(x) =



x/4, 0 ≤ x ≤ 2,

(4− x)/4, 2 < x ≤ 4,

0, otherwise,

be the tent density, and let

wε := w0 ∗ pε, ε = 0.01.
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The unsmoothed density p0 is linear on either side of its mode, so p′′0 = 0 away from the kink.

Hence the leading matched-KDE correction (ε/8)p′′ vanishes there, whereas the corresponding

self-EOT correction (ε/4)hh′′, with h =
√
p, need not. We use N = 100,000 observations

and evaluate the error only on an interior region away from the kink and boundary. For

comparison, the second density experiment uses

w(x) ∝ exp
(
−
√
1 + |x|2

)
, x ∈ R5,

for which neither first-order correction is forced to vanish. We use N = 100,000 training

observations and evaluate the squared error against the normalized population density on

5,000 independently drawn points with |x| < 6.

4.3.2 Score estimation

Differentiating the potential expansion allows us to compare self-EOT and Gaussian estimators

of the score. These correspond respectively to barycentric projection and mean shift/Gaussian

denoising (Fukunaga and Hostetler, 1975; Comaniciu and Meer, 2002; Vincent, 2011).

Corollary 4.2 (Self-EOT score expansion). Under the assumptions of Theorem 4.1,∥∥∥∥ϕε − 1

2
log

h

Pεh

∥∥∥∥ = o(ε). (4.18)

If s ≥ 1, then in Cs−1
ub (Rd),

2∇fε
ε

= −∇ log(hPεh) + o(ε), (4.19)

= −∇ log h2 − ε

4
∇
(
∆h

h

)
+ o(ε). (4.20)

Proof. Lemma S7 gives log(Pεh/h) = (ε/4)(∆h/h) + o(ε), while Theorem 4.1 gives ϕε =

−(ε/8)(∆h/h)+ o(ε). This proves (4.18). Differentiating (4.7) and using (4.18) yields (4.19);

expanding the logarithm of Pεh/h yields (4.20).

Lemma 4.3 (KDE score comparison). Under the assumptions of Theorem 4.1, if s ≥ 1,

then in Cs−1
ub (Rd),

∇ logPε(h
2) = ∇ log h2 +

ε

4
∇
(
∆(h2)

h2

)
+ o(ε). (4.21)
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At the matched parameter ε/2,

∇ logPε/2(h
2) = −2∇fε

ε
+
ε

4
∇|∇ log h|2 + o(ε). (4.22)

Proof. Set rε := Pε(h
2)/h2. Applying Lemma S7 with log-root 2ℓ gives

rε = 1 +
ε

4

∆(h2)

h2
+ o(ε).

Since logPε(h
2) = log h2 + log rε, composition with log near 1 and differentiation prove

(4.21). At parameter ε/2, subtract (4.20) and use

∆(h2)

h2
= 2

∆h

h
+ 2|∇ log h|2.

This proves (4.22).

Example 4.1 (Matched denoising representations). Let (X,Y ) ∼ πε. Barycentric projection

gives

∇fε(x) = 2
(
x− Eπε [Y | X = x]

)
,

and therefore

−2∇fε(x)
ε

=
4

ε

(
Eπε [Y | X = x]− x

)
. (4.23)

For Gaussian smoothing at parameter δ, let Y ∼ µ and Xδ | Y = y ∼ N(y, (δ/2)I). Then

∇ logPδ(h
2)(x) =

2

δ

(
E[Y | Xδ = x]− x

)
.

At the matched choice δ = ε/2, this becomes

∇ logPε/2(h
2)(x) =

4

ε

(
E[Y | Xε/2 = x]− x

)
. (4.24)

Thus the self-EOT and KDE scores use exactly the same displacement scaling, differing only

through the conditional law.

The left panels of Figure 4.2 give the analogous comparison for score estimation. The

first example is again chosen so that the leading KDE bias vanishes. We take

s(x) =
1

2
cosx, x ∈ [−π/2, π/2],
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whose score is

∇ log q(x) = − tanx.

On the interior of the support,

p′′

p
= −1, and hence

(
p′′

p

)′
= 0.

Thus the matched KDE score has zero first-order bias there, whereas the self-EOT correction

need not vanish. We draw N = 25,000 observations and report the error only on |x| ≤ 1,

away from the boundary singularities of the score. The second panel uses the five-dimensional

smoothed-Laplace density

p(x) ∝ exp
(
−
√
1 + |x|2

)
, ∇ log p(x) = − x√

1 + |x|2
,

as a control in which the leading terms are nonzero for both estimators. This experiment

demonstrates improved performance of the KDE in the former example, and self-EOT in the

latter where neither estimator vanishes at leading order.

4.3.3 Diffusion approximation

We next compare the associated Markov operators. Let

dε := Pε(h
2)

be the Gaussian KDE. The symmetrically normalized diffusion-map operator, followed by

row normalization, is

Dεu :=
d
−1/2
ε Pε

(
h2d

−1/2
ε u

)
d
−1/2
ε Pε

(
h2d

−1/2
ε

) . (4.25)

The self-EOT transition operator is

Tεu(x) :=

∫
ξε(x, y)u(y) dµ(y) = qε(x)

−1/2Pε

(
h2q−1/2

ε u
)
(x). (4.26)

Our diffusion calculation follows the general blueprint of Landa and Cheng (2023a) and

Cheng and Landa (2024), leveraging limiting behavior of the scalings to achieve the result.

In Landa and Cheng (2023a), the required first-order control is imposed as an additional
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assumption. Cheng and Landa (2024) instead analyzes a modified, approximately bi-stochastic

scaling problem with an additional uniform lower-bound constraint on the scaling factors.

Thus, their argument does not directly establish the expansion for the self-EOT solution.

We bridge this gap in Theorem 4.1.

Proposition 4.1 (Diffusion-map/self-EOT approximation). Fix an integer s ≥ 0 and assume

the hypotheses of Theorem 4.1 with s there replaced by s+ 2. Then, for every u ∈ Cs+2
ub (Rd),

Tεu = u+
ε

4
(∆u+ 2∇ log h · ∇u) + oCs

ub(Rd)(ε), (4.27)

Dεu = u+
ε

4
(∆u+ 2∇ log h · ∇u) + oCs

ub(Rd)(ε). (4.28)

In particular,

∥Dεu− Tεu∥ = o(ε), (4.29)

and the corresponding rescaled generators differ by o(1) on every fixed u ∈ Cs+2
ub (Rd).

Proof. We first record a calculation that applies to both normalizations. Suppose

ρε = 1 + εa+ oCs+2
ub

(ε), a ∈ Cs+2
ub (Rd),

and define

Kρ
εu := ρ−1/2

ε P h
ε

(
ρ−1/2
ε u

)
.

Smooth composition gives

ρ−1/2
ε = 1− ε

2
a+ oCs+2

ub
(ε).

Using linearity of P h
ε , the fixed-input expansion from Lemma S7, strong continuity on the

fixed function au, and uniform boundedness on the o(ε) remainder,

P h
ε

(
ρ−1/2
ε u

)
= u− ε

2
au+

ε

4
h−1∆(hu) + o(ε).

Multiplying by the outer factor yields

Kρ
εu = u+

ε

4
h−1∆(hu)− εau+ o(ε). (4.30)

Setting u = 1 gives

Kρ
ε1 = 1 + ε

(
1

4

∆h

h
− a
)
+ o(ε).
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Hence row normalization cancels the multiplication term:

Kρ
εu

Kρ
ε1

= u+
ε

4
(∆u+ 2∇ log h · ∇u) + o(ε), (4.31)

where we used

h−1∆(hu) = ∆u+ 2∇ log h · ∇u+
∆h

h
u.

For the self-EOT factor,

ρε :=
qε
h2

= e−2ϕε = 1 +
ε

4

∆h

h
+ oCs+2

ub
(ε).

Moreover,

Kρ
ε = Tε, Tε1 = 1

exactly, so (4.31) gives (4.27).

For the diffusion-map factor,

ρε :=
dε
h2

=
Pε(h

2)

h2
= 1 +

ε

4

∆(h2)

h2
+ oCs+2

ub
(ε).

By definition,

Dεu =
Kρ
εu

Kρ
ε1
,

so (4.31) gives (4.28). Subtracting the two expansions proves (4.29).

The common first-order generator is

Lhu :=
1

4

(
∆u+∇ log h2 · ∇u

)
,

the Langevin generator with invariant density h2 under the present time normalization. Thus

the two one-step population operators agree through the full first-order term.

4.4 Approximating Self-EOT

Most small-ε analyses are motivated by self-EOT approximations of population quantities

such as scores or diffusion processes. Our results reveal a useful converse: self-EOT quantities

can themselves be approximated by simple Gaussian-smoothing formulas. We show that at

the natural O(ε) scale, two symmetric updates already achieve o(ε) error.
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Figure 4.3: Approximation error of Gaussian KDE and two symmetric Sinkhorn updates

relative to the fully converged self-EOT scaling, as a function of the regularization parameter ε.

The two-step approximation substantially reduces the error of the initial KDE approximation,

consistent with the first-order guarantee of Lemma 4.4.

4.4.1 Two symmetric Sinkhorn updates

The factor qε satisfies the marginal equation

q1/2ε = Pε

(
h2q−1/2

ε

)
. (4.32)

We compute this fixed point using a population version of the symmetric Sinkhorn iteration

of Feydy et al. (2019b). In dual coordinates, their update averages the current potential with

its Sinkhorn update. Writing this iteration in terms of the factor qε,t gives

qε,0 := 1, qε,t+1 :=
√
qε,t Pε

(
h2
√
qε,t

)
. (4.33)

Its positive fixed points are exactly the solutions of (4.32). The first two iterates are

qε,1 = Pε(h
2), qε,2 =

√
Pε(h2)Pε

(
h2√
Pε(h2)

)
.

Thus the first iterate is exactly a Gaussian KDE, while the second uses this KDE to locally

reweight the density before applying Gaussian smoothing again.
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Lemma 4.4 (Two-step approximation). Under the assumptions of Theorem 4.1,

qε,2 = hPεh+ o(ε) = qε + o(ε). (4.34)

Proof. Set rε := Pε(h
2)/h2. Applying Lemma S7 with ℓ replaced by 2ℓ gives

rε = 1 +
ε

4

∆(h2)

h2
+ o(ε).

The smooth scalar maps z 7→ z±1/2 near 1 therefore yield

√
Pε(h2) = h+

ε

8

∆(h2)

h
+ o(ε),

h2√
Pε(h2)

= h− ε

8

∆(h2)

h
+ o(ε).

Using Pεh = h+(ε/4)∆h+o(ε) and strong continuity of Pε on the fixed first-order coefficient,

Pε

(
h2√
Pε(h2)

)
= h+

ε

4
∆h− ε

8

∆(h2)

h
+ o(ε).

Multiplication cancels the two ∆(h2) terms and gives qε,2 = h2 + (ε/4)h∆h + o(ε). The

conclusion follows from Corollary 4.1.

Lemma 4.4 shows that the complete first-order expansion of the converged factor is

already present after two updates. On compact sets, the approximation transfers directly to

the potential. Figure 4.3 illustrates this approximation numerically. We compare the fully

converged self-EOT scaling with (i) the matched Gaussian KDE and (ii) the scaling obtained

after two symmetric Sinkhorn updates. Across the displayed regularization parameters, the

two-step approximation is substantially closer to the fully converged scaling than the one-step

KDE approximation.

Corollary 4.3 (Two-step potential approximation on compact sets). Let K ⊂ Rd be compact

and define

fε,2 := −
ε

2
log
(
c−1
ε qε,2

)
.

Then

∥fε,2 − fε∥C(K) = o(ε2). (4.35)



173

Proof. By Lemma 4.4, qε,2 − qε = o(ε) uniformly on K. Both factors converge uniformly to

h2, which is bounded away from zero on K. The logarithm is therefore uniformly Lipschitz

on their common range, so

∥ log qε,2 − log qε∥C(K) = o(ε).

Since fε = −(ε/2) log(c−1
ε qε), multiplication by ε/2 proves the claim.

As a computational application, we follow Altschuler, Bach, et al. (2019) and use low-

rank Nyström approximations of the Gaussian kernel to accelerate the symmetric Sinkhorn

updates. Since our approximation result requires only two updates, we benchmark the

low-rank methods directly against the dense two-step potential. We draw Xi ∼ N(0, Id/d)

for d ∈ {1, 3, 5}, fix ε = 0.5, and vary n from 5,000 to 300,000. For each setting, adaptive RP-

Cholesky and uniform Nyström ranks are chosen to reproduce the dense two-step potential

to relative L2 error below 1%. The ratio decreases with n in each displayed dimension,

illustrating the increasing computational advantage of the low-rank approximation at larger

sample sizes.

4.4.2 Coreset approximation

The scaling approximation also transfers to the CO2 coreset objective of Kokot and Luedtke

(2025). A uniform approximation of the rescaled kernel controls the quadratic objective over

the entire sparse feasible set, so a minimizer based on the two-step kernel is asymptotically

near-optimal for the fully converged objective.

Given observations x1, . . . , xn with empirical measure µn = n−1
∑n

i=1 δxi , let

Wm,n :=
{
w ∈ [0, 1]n : 1⊤w = 1, ∥w∥0 ≤ m

}
.

Each w ∈ Wm,n determines the coreset measure νw :=
∑n

i=1wiδxi .

Recall

ξε(x, y) =
pε(x− y)√
qε(x)qε(y)

. (4.36)

Define the two-step kernel

ξε,2(x, y) :=
pε(x− y)√
qε,2(x)qε,2(y)

.
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Figure 4.4: Runtime ratio of the faster low-rank two-step approximation to the dense two-step

symmetric Sinkhorn computation, for d ∈ {1, 3, 5} and ε = 0.5. Both low-rank methods are

calibrated to relative L2 potential error below 1%. Circles denote settings in which adaptive

RP-Cholesky is faster and stars settings in which uniform Nyström is faster. The horizontal

line at one is the dense two-step baseline; shaded regions show one standard error across

runs.

Factoring out the common scaling cε, put

ξ̄ε := c−1
ε ξε =

kε√
qε ⊗ qε

, ξ̄ε,2 := c−1
ε ξε,2 =

kε√
qε,2 ⊗ qε,2

. (4.37)

Write

Ξ̄ε := [ξ̄ε(xi, xj)]
n
i,j=1, Ξ̄ε,2 := [ξ̄ε,2(xi, xj)]

n
i,j=1,

and, with a(w) := n−11− w, set

Jε(w) := a(w)⊤Ξ̄εa(w), Jε,2(w) := a(w)⊤Ξ̄ε,2a(w). (4.38)

Thus Jε(w) = c−1
ε MMD2

ξε(µn, νw), and analogously for the two-step kernel.

Corollary 4.4 (Transfer of the two-step coreset). Assume the hypotheses of Theorem 4.1.

Let all sample points belong to a fixed compact set K ⊂ Rd. Then

sup
w∈Wm,n

|Jε,2(w)− Jε(w)| = o(ε). (4.39)
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Consequently, if

ŵε,2 ∈ argmin
w∈Wm,n

Jε,2(w),

then

Jε(ŵε,2) ≤ inf
w∈Wm,n

Jε(w) + o(ε). (4.40)

Proof. Lemma 4.4 gives

∥qε,2 − qε∥C(K) = o(ε). (4.41)

The same lemma and Corollary 4.1 give qε,2 → h2 and qε → h2 uniformly on K. Since h is

strictly positive and K is compact,

mK := min
x∈K

h(x)2 > 0.

Thus, for all sufficiently small ε,

qε(x) ≥
mK

2
, qε,2(x) ≥

mK

2
, x ∈ K.

The map (r, s) 7→ (rs)−1/2 is continuously differentiable on every compact subset of (0,∞)2.

The mean-value theorem and (4.41) therefore imply

sup
x,y∈K

∣∣∣∣∣ 1√
qε,2(x)qε,2(y)

− 1√
qε(x)qε(y)

∣∣∣∣∣ = o(ε).

Since 0 < kε(x, y) ≤ 1, multiplication by the Gaussian factor preserves this bound. Hence,

with

δε := sup
x,y∈K

|ξ̄ε,2(x, y)− ξ̄ε(x, y)|,

we have δε = o(ε).

For any feasible w, both n−11 and w are probability vectors, so

∥a(w)∥1 = ∥n−11− w∥1 ≤ 2.

Consequently,

|Jε,2(w)− Jε(w)| =

∣∣∣∣∣∣
n∑

i,j=1

ai(w)aj(w)
(
Ξ̄ε,2 − Ξ̄ε

)
ij

∣∣∣∣∣∣
≤ δε

(
n∑

i=1

|ai(w)|

)2

≤ 4δε.
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The bound is independent of w, m, and n, proving (4.39).

The feasible set Wm,n is a finite union of compact simplices, so both minima are attained.

Let w⋆
ε minimize Jε. Then

Jε(ŵε,2) ≤ Jε,2(ŵε,2) + 4δε

≤ Jε,2(w⋆
ε) + 4δε

≤ Jε(w⋆
ε) + 8δε.

Since δε = o(ε), this is (4.40). Multiplying either objective by the common positive constant

cε does not alter its minimizers; the rescaling in (4.37) is used only to state the additive

approximation at its natural o(ε) scale.

Figure 4.5 gives a qualitative illustration of the resulting coreset selections. We represent

the 300× 300 astronaut image as 90,000 points in five-dimensional location–color space,

(y/H, x/W,R,G,B),

and construct weighted coresets of size 2,500. We compare coresets formed using diffusion-map

normalization, self-EOT scaling, and its two-step approximation. Marker color records the

original pixel color and marker size the selected coreset weight. In the resulting compressed

images, we see a stronger correspondence between the algorithms for smaller ε, aligning with

our approximation guarantees.

4.5 Discussion

Previous works demonstrate that self-EOT potentials, barycentric projections, and normal-

ized kernels contain meaningful score and diffusion information. Our results address the

complementary goal of assessing the difference between these quantities and classical Gaussian

estimators. Kernel density estimation and gradient-based mode estimation have long used

Gaussian smoothing to estimate densities and their scores (Davis et al., 2011; Parzen, 1962;

Fukunaga and Hostetler, 1975; Comaniciu and Meer, 2002). At the appropriate matched

Gaussian scale, we demonstrate that the leading behavior agrees, and the expansion identifies

the first term separating the two constructions. This interpretation is closely tied to the



177

Figure 4.5: Weighted coresets of size 2,500 for the 90,000-pixel astronaut image, represented

in five-dimensional location–RGB feature space. Columns compare diffusion-map scaling,

self-EOT scaling, and the two-step self-EOT approximation; rows correspond to two Gaussian

kernel scales. Candidate features are obtained from a rank-5,000 RP-Cholesky factorization

before weighted subset selection. Marker color is inherited from the original pixel and marker

size is proportional to its coreset weight.
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proof strategy. Working directly with the Schrödinger equation and its h-transformed heat

operator keeps the linearization in explicit form, allowing for a direct comparison to be made.

The results in this chapter concern population bias expansions, hence further research

is needed to analyze the variance of these estimators to establish empirical estimation

rates. Our comparisons should also not be interpreted as suggesting that either self-EOT or

Gaussian KDE is optimal from the standpoint of population bias. Under the present Gaussian

normalization, the spatial bandwidth is of order
√
ε, so the O(ε) bias terms identified above

correspond to the usual second-order smoothing bias. Higher-order local polynomial or bias

corrected kernel methods can eliminate these leading terms and, under sufficient smoothness,

achieve bias of smaller order than ε. The comparison here is instead between self-EOT and

its natural Gaussian-smoothing counterpart, with the goal of identifying where their leading

behavior agrees and differs. Natural next steps include joint (n, ε) asymptotics, data-driven

selection of ε, and extensions under weaker regularity or support conditions.
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4.A Derivations for the Multivariate Gaussian Case (Section 4.2.2)

4.A.1 Derivation of quadratic form in (4.12)

We will show that F (ε, a, b) = (F1(ε, a), F2(ε, a, b)) for appropriately specified coordinate

functions F1, F2. Recall that ψ(ε, ϕ) = ϕ+ log[h−1Pε(he
ϕ)]. With the Gaussian root-density

h(x) ∝ e−|x|2/4 and the ansatz ϕa,b(x) = a|x|2 + b, the input to the heat operator is a

Gaussian:

h(y)eϕa,b(y) ∝ eb exp
[
−
(
1
4 − a

)
|y|2
]
.
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Let γ := 1
4 − a. The heat operator Pε convolves this input with the kernel kε(x, y) ∝

exp(−∥x− y∥2/ε). Evaluating the Gaussian integral
∫
exp
(
−∥x−y∥2

ε − γ|y|2
)
dy via square

completion yields

Pε(he
ϕa,b)(x) ∝ eb (1 + εγ)−d/2 exp

(
− γ

1 + εγ
|x|2
)
.

Applying the h-transform multiplication by h−1(x) ∝ e|x|2/4 and taking the logarithm, we

obtain

logP h
ε (e

ϕa,b)(x) = b− d

2
log(1 + εγ) +

(
1

4
− γ

1 + εγ

)
|x|2

= b− d

2
log
(
1 + ε(14 − a)

)
+
a+ ε( 1

16 −
a
4 )

1 + ε(14 − a)
|x|2.

Finally, adding ϕa,b(x) = a|x|2 + b to this expression yields

ψ(ε, ϕa,b)(x) =

(
a+

a+ ε( 1
16 −

a
4 )

1 + ε(14 − a)

)
|x|2 +

(
2b− d

2
log
(
1 + ε(14 − a)

))
(S1)

=: F1(ε, a)|x|2 + F2(ε, a, b). (S2)

4.A.2 Derivations for Remark 4.1

Derivation of exact form of potentials for all ε > 0. We will show that

fε(x) = αε|x|2 + βε ∀ε > 0, (S3)

with αε := 1 − ρε and βε := − εd
4 log(1 − ρ2ε) for ρε := [(16 + ε2)1/2 − ε]/4. Using Eq. 3 in

Bunne et al., 2023, the self-EOT plan is

πε = N

0
0

 ,
 Id ρε Id

ρε Id Id

 for ρε :=

√
16 + ε2 − ε

4
. (S4)

The gradient of the potential is given by barycentric projection as ∇fε(x) = 2(x−Eπε [Y |X =

x]) = 2(1− ρε)x. Integrating this field yields

fε(x) = fε(0) +

∫ 1

0
⟨∇fε(tx), x⟩ dt = fε(0) + (1− ρε)|x|2,

solving for fε(0) by plugging (S4) into (4.2) with (x, y) = (0, 0) yields the exact potential:

fε(x) = (1− ρε)|x|2 − ε
d

4
log(1− ρ2ε) =: αε|x|2 + βε. (S5)
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Tightening the o(ε2) scalar term in (4.11) to O(ε4). We show that knowing the explicit

form of the potentials from (S5) makes it possible to tighten the expansion derived from the

implicit function theorem (Eq. 4.11). Concretely, we will show that

fε(x) = −ε
d

4
log(πε)− ε log h(x)− ε2∆(h)(x)

8h(x)︸ ︷︷ ︸
dominant terms on RHS of (4.4)

+(1 + |x|2)O(ε4), (S6)

To do this, we expand (S5) as ε → 0. Noting that ρε = 1 − ε/4 + ε2/32 + O(ε4), we find

(1−ρε) = ε/4−ε2/32+O(ε4). Similarly, expanding the intercept term yields − εd
4 log(1−ρ2ε) =

− εd
4 log(ε/2) + ε2d

16 +O(ε4). Plugging these coefficients back into (S5) recovers

fε(x) =

(
−εd

4
log
(ε
2

)
+
ε2d

16

)
+

(
ε

4
− ε2

32

)
|x|2 + (1 + |x|2)O(ε4).

Finally, since h is the root-density of µ = N(0d, Id), we have that log h(x) = −d
4 log(2π)−

|x|2
4

and ∆h(x)
h(x) = |x|2

4 −
d
2 . Plugging this in above yields (S6).

4.B Entropic Cost Expansion

As a brief aside, we demonstrate how our expansions recover the result of Conforti and

Tamanini (2021).

Corollary S1 (Self-EOT cost expansion). Assume the hypotheses of Theorem 4.1 with s = 0

and, in addition, log h ∈ L1(µ). Define

Ent(µ) := −
∫

log(h2) dµ, I(µ) :=
∫
|∇ log(h2)|2 dµ = 4

∫
|∇h|2 dx. (S7)

Then

OTε(µ, µ) = −ε
d

2
log(πε) + εEnt(µ) +

ε2

16
I(µ) + o(ε2). (S8)

Proof. At the optimum, (4.2) gives ∥x − y∥2 + ε log ξε(x, y) = fε(x) + fε(y). Integrating

against πε yields the exact identity OTε(µ, µ) = 2
∫
fε dµ. Integrating Theorem 4.1 gives

2

∫
fε dµ = −εd

2
log(πε)− 2ε

∫
log h dµ− ε2

4

∫
∆h

h
dµ+ o(ε2).

The assumptions give ∇h = h∇ log h ∈ L2 and ∆h = h(∆ log h + |∇ log h|2) ∈ L2. The

standard Sobolev integration-by-parts identity therefore yields∫
∆h

h
dµ =

∫
h∆h dx = −

∫
|∇h|2 dx = −1

4
I(µ).

Together with −2
∫
log h dµ = Ent(µ), this proves (S8).
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4.C Supporting Arguments for Theorem 4.1

Throughout this appendix, Cs
ub(Rd) and ∥ · ∥ are as in (4.13), ℓ := log h, Ma denotes

multiplication by a, and τyu(x) := u(x+ y). We set P0 = I and P h
0 = I. For ε > 0,

pε(y) = (πε)−d/2e−|y|2/ε, Pεu(x) =

∫
Rd

pε(y)u(x+ y) dy.

Lemma S1 (Elementary properties of Cs
ub(Rd)). For every integer s ≥ 0, translations act

isometrically on Cs
ub(Rd) and ∥τyu−u∥ → 0 as y → 0. Moreover, there is a constant Cs <∞

such that

∥uv∥ ≤ Cs∥u∥∥v∥, ∥Mu∥L(Cs
ub(Rd)) ≤ Cs∥u∥. (S9)

In particular, Cs
ub(Rd) is a Banach algebra.

Proof. Translations commute with every derivative and preserve the supremum norm, so

∥τyu∥ = ∥u∥. The convergence ∥τyu− u∥ → 0 is exactly the uniform-translation condition in

the definition of Cs
ub(Rd).

For a multi-index α, Leibniz’s rule gives

∂α(uv) =
∑
β≤α

(
α

β

)
(∂βu)(∂α−βv).

Taking supremum norms, summing over |α| ≤ s, and absorbing the finitely many binomial

coefficients into Cs proves the first estimate in (S9). It also proves the multiplier estimate.

Each term in the Leibniz formula is uniformly continuous because it is a product of bounded

uniformly continuous functions, so uv ∈ Cs
ub(Rd). Finally, Cs

ub(Rd) is closed in Cs
b under the

norm ∥ ·∥: if un → u in Cs
b , then ∥τyu−u∥ ≤ 2∥u−un∥+∥τyun−un∥. For any ε > 0, choose

n such that ∥u− un∥ ≤ ε/4, and then choose rn > 0 so that ∥τyun − un∥ ≤ ε/2 whenever

∥y∥ ≤ rn. This verifies that u ∈ Cs
ub(Rd). Since Cs

ub(Rd) is a closed subspace of the Banach

space Cs
b (Rd), it is complete.

Lemma S2 (Regularity inherited from the log-gradient). Let h > 0 satisfy h ∈ L2(Rd) and

put ℓ = log h. If ∇ℓ ∈ Cm
ub(Rd), then h ∈ Cm+1

ub (Rd). In particular, under the hypotheses of

Theorem 4.1,

h, h2 ∈ Cs+2
ub (Rd),

∆h

h
= ∆ℓ+ |∇ℓ|2 ∈ Cs

ub(Rd),
∆(h2)

h2
= 2∆ℓ+ 4|∇ℓ|2 ∈ Cs

ub(Rd).

(S10)
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Proof. Set L := ∥∇ℓ∥∞. For y ∈ B(x, 1), the mean-value theorem gives ℓ(y) ≥ ℓ(x)−L, and

hence

∥h∥2L2 ≥
∫
B(x,1)

h(y)2 dy ≥ |B(0, 1)|e−2Lh(x)2.

Thus h is bounded, with a bound depending only on L and ∥h∥L2 . In particular, ∇h = h∇ℓ

is bounded, so h is uniformly continuous.

For every nonzero multi-index α, repeated differentiation of h = eℓ gives

∂αh = hPα
(
(∂βℓ)0<|β|≤|α|

)
, (S11)

where Pα is a universal polynomial with no constant term. This is proved inductively:

differentiating the right side either produces ∂jh = h∂jℓ or differentiates one of the entries of

the polynomial. Since ∇ℓ ∈ Cm
ub(Rd), all derivatives of ℓ of orders 1, . . . ,m+ 1 are bounded

and uniformly continuous. This verifies h ∈ Cm+1
ub (Rd), and h2 ∈ Cm+1

ub (Rd) by Lemma S1.

More generally, (S11) implies that

∂αh

h
∈ Cm+1−|α|

ub (Rd), 1 ≤ |α| ≤ m+ 1.

Indeed, the ratio is a polynomial in derivatives of ℓ of orders at most |α|, and taking a further

k derivatives requires derivatives of ℓ only through order |α|+ k. In particular,

∇h
h

= ∇ℓ, ∆h

h
= ∆ℓ+ |∇ℓ|2.

Similarly, because h2 = e2ℓ,
∆(h2)

h2
= 2∆ℓ+ 4|∇ℓ|2.

If ∇ℓ ∈ Cs+1
ub (Rd), all derivatives appearing after applying up to s further derivatives to the

last two identities remain bounded and uniformly continuous.

4.C.1 Composition and heat-kernel estimates

Lemma S3 (Smooth composition on Cs
ub(Rd)). Let J ⊂ R be open and let F ∈ Cs+2(J). On

every bounded subset of Cs
ub(Rd) whose ranges lie in a fixed compact subset of J , composition

F◦(u) := F ◦ u is continuously Fréchet differentiable, with

D(F◦)(u)[v] = F ′(u)v.
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Its differential is locally Lipschitz in operator norm. In particular, this applies to F (z) = ez

on bounded sets and to F (z) = log z and F (z) = z−1 on sets bounded away from zero.

Proof. For |α| ≤ s, the multivariate chain rule expresses ∂α(F (u)) as a finite sum of terms

F (k)(u)

k∏
j=1

∂αju, α1 + · · ·+ αk = α, |αj | ≥ 1.

On the indicated set, every derivative of F through order s+ 2 is bounded on a common

compact interval. Lemma S1 therefore bounds ∥F (u)∥ uniformly on bounded sets. The same

formula, together with translation continuity of the factors, shows that F (u) ∈ Cs
ub(Rd).

The following Taylor identities are applied pointwise in the scalar target. For ∥v∥

sufficiently small, every pointwise segment u(x) + tv(x), 0 ≤ t ≤ 1, remains in one fixed

compact subset of J . Pointwise Taylor expansion with integral remainder gives

F (u+ v)− F (u)− F ′(u)v = v2
∫ 1

0
(1− t)F ′′(u+ tv) dt.

Since F ∈ Cs+2(J), the functions F ′′(u+ tv) are uniformly bounded in Cs
ub on this neighbor-

hood. Lemma S1 therefore gives

∥F (u+ v)− F (u)− F ′(u)v∥ ≤ C∥v∥2.

This proves Fréchet differentiability. We now seek to prove that the differential is locally

Lipschitz, i.e. that ∥MF ′(u+v)−MF ′(u)∥ ≤ C∥v∥, for all v in a neighborhood of u. By Lemma

S1, it again suffices to show ∥F ′(u+ v)− F ′(u)∥ ≤ C∥v∥. Similarly, Taylor expansion yields

F ′(u+ v)− F ′(u) = v

∫ 1

0
F ′′(u+ tv) dt.

and the claim follows similarly.

Lemma S4 (Heat semigroup on Cs
ub(Rd)). For every integer s ≥ 0 and every ε ≥ 0,

Pε : C
s
ub(Rd)→ Cs

ub(Rd) and

∥Pε∥L(Cs
ub(Rd)) ≤ 1. (S12)

The family is strongly continuous at zero and operator-norm continuous on (0,∞). If

u ∈ Cs+2
ub (Rd), then

Pεu− u
ε

−→ 1

4
∆u in Cs

ub(Rd). (S13)
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Proof. Differentiation under the integral gives ∂αPεu = Pε∂
αu for |α| ≤ s, hence differ-

entiation is given by convolution of derivatives against the Gaussian density pε, implying

contractivity in sup-norm. Moreover,

∥τzPεu− Pεu∥ ≤ ∥τzu− u∥,

so Pεu ∈ Cs
ub(Rd). We further have

|∂αPεu(x)− ∂αu(x)| =
∣∣∣∣∫ pε(y)∂

αu(x+ y)− ∂αu(x) dy
∣∣∣∣ ≤ ∫ pε(y)|∂ατyu(x)− ∂αu(x)| dy.

Hence, for ωu(r) := sup|y|≤r ∥τyu− u∥, we have

∥Pεu− u∥ ≤
∫
pε(y)∥τyu− u∥ dy ≤ ωu(r) +

∫
|y|>r

pε(y)∥τyu− u∥ dy

≤ ωu(r) + 2∥u∥
∫
|y|>r

pε(y) dy.

Hence,

lim sup
ε→0

∥Pεu− u∥ ≤ ωu(r)
r→0−→ 0.

If ε, δ > 0, then

|∂α(Pε − Pδ)u| =
∣∣∣∣∫ [pε(y)− pδ(y)]∂ατyu dy

∣∣∣∣ ≤ ∥∂αu∥∞ ∫ |pε(y)− pδ(y)| dy.
This yields

∥Pε − Pδ∥L(Cs
ub(Rd)) ≤ ∥pε − pδ∥L1 ,

and the right side tends to zero as ε→ δ, proving operator-norm continuity away from zero.

For the generator statement, fix |α| ≤ s and apply Taylor’s formula to v = ∂αu:

v(x+ y) = v(x) +∇v(x) · y + 1

2
y⊤D2v(x)y +Rv(x, y),

where

Rv(x, y) =

∫ 1

0
(1− t)y⊤

(
D2v(x+ ty)−D2v(x)

)
y dt.

Thus supx |Rv(x, y)| ≤ |y|2ωD2v(|y|), where the modulus tends to zero at the origin. The

Gaussian is centered and has covariance (ε/2)Id, so integration gives

∂α(Pεu− u) =
ε

4
∂α∆u+

∫
pε(y)Rv(·, y) dy.
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After the change of variables y =
√
εz, the last term divided by ε is bounded by∫
p1(z)|z|2ωD2v(

√
ε|z|) dz,

which tends to zero by dominated convergence. Summing over |α| ≤ s proves (S13).

4.C.2 The h-transform

Lemma S5 (Uniform h-transform bounds and operator approximation). Suppose ∇ℓ ∈

Cs
ub(Rd). For every ε0 > 0:

1. P h
ε : Cs

ub(Rd)→ Cs
ub(Rd) is bounded uniformly for 0 < ε ≤ ε0;

2. ηε := P h
ε 1 is bounded in Cs

ub(Rd) and there is cε0 > 0 such that infx ηε(x) ≥ cε0 for all

0 < ε ≤ ε0;

3.

∥P h
ε − Pε∥L(Cs

ub(Rd)) −→ 0 (ε ↓ 0). (S14)

Consequently, P h
ε u→ u in Cs

ub(Rd) for every fixed u ∈ Cs
ub(Rd), and ηε → 1 in Cs

ub(Rd).

Proof. For y ∈ Rd, put

Ry(x) :=
h(x+ y)

h(x)
= eℓ(x+y)−ℓ(x).

If L := ∥∇ℓ∥∞, the mean-value theorem gives

e−L|y| ≤ Ry(x) ≤ eL|y| (x, y ∈ Rd). (S15)

For every nonzero multi-index β, Faà di Bruno’s formula gives

∂βxRy(x) = Ry(x)Qβ

(
(∂γℓ(x+ y)− ∂γℓ(x))0<|γ|≤|β|

)
, (S16)

where Qβ is a universal polynomial with no constant term. Indeed, every positive-order

derivative of ℓ(x+ y)− ℓ(x) is exactly such a difference. Define

bs(y) := ∥Ry − 1∥ := ∥Ry − 1∥∞ +
∑

0<|β|≤s

∥∂βRy∥∞,



187

with the sum omitted when s = 0. Since the derivatives ∂γℓ, 1 ≤ |γ| ≤ s, are bounded and

uniformly continuous, it follows from (S16) that

∥∂βRy∥∞ ≤ Cβ∥Ry∥∞∥τy∇ℓ−∇ℓ∥ → 0.

In combination with (S15) we have

bs(y) −→ 0 (y → 0), bs(y) ≤ Cse
L|y| (y ∈ Rd), (S17)

where we bound the zeroth-order term by |Ry − 1| ≤ eL|y| − 1.

We now seek to translate these regularity properties of the ratio to the integral operator

P h
ε . We can express

P h
ε u(x) =

∫
pε(y)Ry(x)u(x+ y) dy. (S18)

Differentiating under the integral and applying Leibniz’s rule yields, for |α| ≤ s,

∂αP h
ε u(x) =

∑
β≤α

(
α

β

)∫
pε(y)∂

βRy(x)∂
α−βu(x+ y) dy. (S19)

The bounds above justify differentiation by dominated convergence. They also give

∥P h
ε u∥ ≤ Cs∥u∥

∫
pε(y)e

L|y| dy = Cs∥u∥
∫
p1(z)e

L
√
ε|z| dz ≤ Cs,L,ε0∥u∥.

It remains to verify uniform continuity of P h
ε u and its derivatives through order s. Define

Ωs(r) := max
1≤|γ|≤s+1

sup
|z|≤r
∥τz∂γℓ− ∂γℓ∥∞,

with only ∇ℓ used when s = 0. Then Ωs(r)→ 0 as r ↓ 0.

To control the zeroth-order ratio, put

A := ℓ(x+ y + z)− ℓ(x+ z), B := ℓ(x+ y)− ℓ(x).

Both |A| and |B| are bounded by L|y|, and

A−B =

∫ 1

0

[
∇ℓ(x+ z + ty)−∇ℓ(x+ ty)

]⊤
y dt.

Hence

∥τzRy −Ry∥∞ ≤ CeL|y||y|Ωs(|z|). (S20)
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For 0 < |β| ≤ s, write

Dγ(x, y) := ∂γℓ(x+ y)− ∂γℓ(x).

The vectors (Dγ)0<|γ|≤|β| range in a fixed bounded set. Since the polynomial Qβ is Lipschitz

on bounded sets and

∥τzDγ(·, y)−Dγ(·, y)∥∞ ≤ 2Ωs(|z|),

combining (S16) with (S20) gives, also for β = 0,

∥τz∂βRy − ∂βRy∥∞ ≤ CeL|y|(1 + |y|)Ωs(|z|), |β| ≤ s. (S21)

Applying this estimate in (S19), and also translating the factor ∂α−βu(x+ y), yields

∥τz∂αP h
ε u− ∂αP h

ε u∥∞ ≤ C
∫
pε(y)e

L|y|(1 + |y|) dy
[
Ωs(|z|)∥u∥+ ∥τzu− u∥

]
.

The Gaussian moment is finite and the bracket tends to zero as z → 0. Thus every derivative

in (S19) is uniformly continuous. Hence P h
ε : Cs

ub(Rd) → Cs
ub(Rd) and the first assertion

holds.

Similarly to (S19), we have

∥(P h
ε − Pε)u∥ =

∥∥∥∥∫ pε(y)(Ry(·)− 1)u(·+ y) dy

∥∥∥∥ ≤ Cs∥u∥
∫
pε(y)bs(y) dy. (1)

After the change of variables y =
√
εz, the integral in (1) becomes∫

p1(z)bs(
√
εz) dz.

It tends to zero by (S17) and dominated convergence, because p1(z)eL
√
ε0|z| is integrable.

This proves (S14).

Finally, (S15) gives the pointwise estimates∫
pε(y)e

−L|y| dy ≤ ηε(x) ≤
∫
pε(y)e

L|y| dy.

For 0 < ε ≤ ε0, the left side has a strictly positive uniform lower bound and the right side a

finite uniform upper bound. The Cs
ub(Rd) bound follows from the first assertion with u = 1.

Moreover, Pε1 = 1, so (1) with u = 1 gives ∥ηε − 1∥ → 0. Combining (S14) with strong

continuity of Pε proves P h
ε u→ u for each fixed u.
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Lemma S6 (Continuity in the heat parameter). Under the assumptions of Lemma S5, the

map ε 7→ P h
ε is operator-norm continuous on (0,∞). At 0 it is strongly continuous.

Proof. Fix 0 < a < b <∞. The map ε 7→ pε(y) is continuously differentiable, with

∂εpε(y) =

(
− d

2ε
+
|y|2

ε2

)
pε(y).

For ε ∈ [a, b],

|∂εpε(y)| ≤ Ca,b(1 + |y|2)pb(y).

Using (S19) and the bounds from Lemma S5,

∥P h
ε − P h

δ ∥L(Cs
ub)
≤ C

∫
Rd

|pε(y)− pδ(y)|eL|y| dy.

The fundamental theorem of calculus in ε therefore gives

∥P h
ε − P h

δ ∥L(Cs
ub)
≤ Ca,b|ε− δ|

∫
Rd

(1 + ∥y∥2)pb(y)eL∥y∥ dy.

The final integral is finite, proving operator-norm continuity on (0,∞). Strong continuity at

zero was proved in Lemma S5.

Lemma S7 (First-order h-transform expansion). Suppose ∇ℓ ∈ Cs+1
ub (Rd). For every

u ∈ Cs+2
ub (Rd),

P h
ε u− u
ε

−→ 1

4

∆(hu)

h
=

1

4

[
∆u+ 2∇ℓ · ∇u+ (∆ℓ+ |∇ℓ|2)u

]
in Cs

ub(Rd). (S22)

In particular,
ψ(ε, 0)

ε
=

log(Pεh/h)

ε
−→ 1

4

∆h

h
in Cs

ub(Rd). (S23)

Proof. Throughout the proof we will make use of many of the same bounds and arguments

as in Lemma S5. The goal of this argument is to convert a leading order Taylor expansion of

the integrand into the desired limiting result. Define

Fu(x, y) := Ry(x)u(x+ y) =
h(x+ y)u(x+ y)

h(x)
, Gα(x, y) := ∂αxFu(x, y), |α| ≤ s.

Then

P h
ε u(x) =

∫
Rd

pε(y)Fu(x, y) dy.



190

We first control the second y-derivatives of Gα. Repeated product and chain rules,

together with

∂xjRy(x) = Ry(x)
[
∂jℓ(x+ y)− ∂jℓ(x)

]
, ∂yjRy(x) = Ry(x)∂jℓ(x+ y),

show that, for multi-indices α, κ,

∂κy ∂
α
xFu(x, y) = Ry(x)Qα,κ


(∂γℓ(x))1≤|γ|≤|α|,

(∂γℓ(x+ y))1≤|γ|≤|α|+|κ|,

(∂νu(x+ y))|ν|≤|α|+|κ|

 . (S24)

where Qα,κ is a universal polynomial whose monomials are linear in the derivatives of u.

Let L := ∥∇ℓ∥∞. Since

|Ry(x)| ≤ eL|y|,

and all positive-order derivatives of ℓ through order s+ 2 are bounded, taking |κ| = 2 gives

sup
x
|D2

yGα(x, y)| ≤ C∥u∥Cs+2
ub

eL|y|. (S25)

Combining (S24) with uniform continuity of the derivatives of ℓ and u, and with ∥Ry−1∥∞ ≤

eL|y| − 1, implies that

ωα(r) := sup
x∈Rd

|y|≤r

|D2
yGα(x, y)−D2

yGα(x, 0)| −→ 0 (r ↓ 0). (S26)

Taylor’s formula in the y variable gives

Gα(x, y) = Gα(x, 0) +∇yGα(x, 0)
⊤y +

1

2
y⊤D2

yGα(x, 0)y +Rα(x, y),

where

Rα(x, y) =

∫ 1

0
(1− t)y⊤

[
D2

yGα(x, ty)−D2
yGα(x, 0)

]
y dt.

Consequently,

sup
x
|Rα(x, y)| ≤ min

{
1

2
|y|2ωα(|y|), C∥u∥Cs+2

ub
|y|2eL|y|

}
. (S27)

Differentiating under the integral,

∂αP h
ε u(x) =

∫
Rd

pε(y)Gα(x, y) dy.
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The Gaussian is centered and has covariance (ε/2)Id, so∫
y pε(y) dy = 0,

∫
yiyjpε(y) dy =

ε

2
δij .

Moreover, Gα(x, 0) = ∂αu(x), and, since

Fu(x, y) =
(hu)(x+ y)

h(x)
,

we have

∆yGα(x, 0) = ∂αx

(
∆(hu)

h

)
(x).

It follows that

∂α
[
P h
ε u− u−

ε

4

∆(hu)

h

]
(x) =

∫
Rd

pε(y)Rα(x, y) dy. (S28)

To control the remainder, set y =
√
ε z. Since pε(y) dy = p1(z) dz,

1

ε

∫
pε(y)Rα(x, y) dy =

∫
p1(z)

Rα(x,
√
εz)

ε
dz.

For each fixed z, the first estimate in (S27) gives

sup
x

|Rα(x,
√
εz)|

ε
≤ 1

2
|z|2ωα(

√
ε|z|) −→ 0.

For 0 < ε ≤ ε0, the second estimate gives

sup
x

|Rα(x,
√
εz)|

ε
≤ C∥u∥Cs+2

ub
|z|2eL

√
ε0|z|.

The resulting dominating function

p1(z)|z|2eL
√
ε0|z|

is integrable. Dominated convergence therefore shows that the right-hand side of (S28),

divided by ε, converges uniformly in x to zero. Summing over |α| ≤ s proves

P h
ε u− u
ε

−→ 1

4

∆(hu)

h
in Cs

ub(Rd).

Finally,
∆(hu)

h
= ∆u+ 2∇ℓ⊤∇u+

(
∆ℓ+ |∇ℓ|2

)
u,

which proves (S22).
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Taking u = 1 yields

ηε = 1 +
ε

4

∆h

h
+ oCs

ub
(ε).

Thus ∥ηε − 1∥Cs
ub

= O(ε), and ηε is bounded away from zero for sufficiently small ε. Lemma

S3 gives
log ηε
ε
−→ 1

4

∆h

h
in Cs

ub(Rd),

concluding the proof.

4.C.3 Properties of ψ

Lemma S8 (Differential of ψ and its near-origin form). For ε ≥ 0, the map ϕ 7→ ψ(ε, ϕ) is

continuously Fréchet differentiable on Cs
ub(Rd), with

Dϕψ(ε, ϕ)u = u+Kε,ϕu, Kε,ϕu :=
P h
ε (e

ϕu)

P h
ε (e

ϕ)
. (S29)

For every fixed ε0 > 0, there are r, C > 0 such that, whenever 0 ≤ ε ≤ ε0 and ∥ϕ∥, ∥ϕ̃∥ ≤ r,

∥Dϕψ(ε, ϕ)−Dϕψ(ε, ϕ̃)∥L(Cs
ub(Rd)) ≤ C∥ϕ− ϕ̃∥. (S30)

Moreover, there is a scalar function ω(ε) ↓ 0 such that

∥Dϕψ(ε, ϕ)− (I + Pε)∥L(Cs
ub(Rd)) ≤ ω(ε) + C∥ϕ∥, ∥ϕ∥ ≤ r. (S31)

Proof. For ε > 0, Lemmas S3 and S5, followed by the chain rule, give (S29). At ε = 0, the

definition ψ(0, ϕ) = 2ϕ gives the same formula with K0,ϕ = I.

Write

qε,ϕ := P h
ε (e

ϕ), ηε = qε,0.

If ∥ϕ∥ ≤ r, then eϕ ≥ e−r pointwise, and hence

qε,ϕ ≥ e−rηε.

Lemma S5 therefore gives a positive lower bound uniform in small ε and ϕ. The same lemmas

give uniform Cs
ub(Rd) bounds for eϕ, qε,ϕ, and their reciprocals. Furthermore,

∥eϕ − eϕ̃∥ ≤ C∥ϕ− ϕ̃∥, ∥qε,ϕ − qε,ϕ̃∥ ≤ C∥ϕ− ϕ̃∥,
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and local Lipschitz continuity of inversion yields

∥q−1
ε,ϕ − q

−1

ε,ϕ̃
∥ ≤ C∥ϕ− ϕ̃∥.

Now

Kε,ϕ =Mq−1
ε,ϕ
P h
ε Meϕ .

Adding and subtracting Mq−1
ε,ϕ
P h
ε Meϕ̃

and applying the multiplier and operator bounds proves

(S30).

At the origin,

Kε,0 − Pε =Mη−1
ε
(P h

ε − Pε) + (Mη−1
ε
− I)Pε. (1)

By Lemma S5, P h
ε − Pε → 0 in operator norm and ηε → 1 in Cs

ub(Rd). Smoothness of

inversion and the multiplier estimate therefore make the norm of (1) tend to zero. Combining

this with (S30) at ϕ̃ = 0 proves (S31).

4.C.4 Preconditioned Fixed Point Theorem

Set

ηε := P h
ε 1, Kε,0 :=Mη−1

ε
P h
ε , Aε := Dϕψ(ε, 0) = I +Kε,0, (S32)

with A0 = 2I.

Lemma S9 (Stable inversion under small perturbations). Let X be a Banach space. Suppose

that Aε, Eε ∈ L(X), that every Aε is invertible, and that

sup
ε
∥A−1

ε ∥ ≤ C0, ∥Eε∥ −→ 0.

Then Aε + Eε is invertible for all sufficiently small ε, its inverse is uniformly bounded, and

∥(Aε + Eε)
−1 −A−1

ε ∥ −→ 0.

Consequently, if A−1
ε v → Lv for every fixed v ∈ X, then

(Aε + Eε)
−1v −→ Lv

for every fixed v ∈ X.
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Proof. For sufficiently small ε, ∥A−1
ε Eε∥ ≤ 1/2, and

Aε + Eε = Aε(I +A−1
ε Eε).

The Neumann series gives

∥(Aε + Eε)
−1∥ ≤ 2C0.

The resolvent identity

(Aε + Eε)
−1 −A−1

ε = −(Aε + Eε)
−1EεA

−1
ε

then proves operator-norm convergence of the inverses. The final assertion follows by applying

this operator-norm convergence to each fixed v.

Lemma S10 (Uniform inverse for I + Pε). For every s ≥ 0,

sup
ε≥0
∥(I + Pε)

−1∥L(Cs
ub(Rd)) <∞. (S33)

Moreover, (I + Pε)
−1 → 1

2I strongly as ε ↓ 0.

Proof. For ε > 0, the Fourier multiplier of Pε is e−ε|ξ|2/4. Hence the multiplier of the inverse

is
1

1 + e−ε|ξ|2/4 = 1− a(
√
ε ξ), a(ξ) :=

1

1 + e|ξ|2/4
.

The function a is Schwartz. Let r = F−1a ∈ S and rε(x) = ε−d/2r(x/
√
ε). Then ∥rε∥L1 =

∥r∥L1 and

(I + Pε)
−1 = I − rε ∗ . (S34)

To justify the identity without taking Fourier transforms of an arbitrary bounded function,

note that the Fourier multiplier identity implies the corresponding equality between the

L1 convolution kernels. Fubini’s theorem then verifies (S34) on every bounded function.

Convolution commutes with derivatives, so

∥(I + Pε)
−1u∥ ≤ (1 + ∥r∥L1)∥u∥,

uniformly in ε > 0. At ε = 0 the inverse is 1
2I, proving (S33).
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Finally,

(I + Pε)
−1u− 1

2u = 1
2(I + Pε)

−1(I − Pε)u.

The inverse is uniformly bounded and Pεu → u in Cs
ub(Rd) by Lemma S4, which proves

strong convergence.

Lemma S11 (Uniform inversion at 0). There is ε0 > 0 such that Aε is invertible for

0 ≤ ε ≤ ε0 and

sup
0≤ε≤ε0

∥A−1
ε ∥L(Cs

ub(Rd)) <∞. (S35)

Furthermore, A−1
ε → 1

2I strongly.

Proof. Let Bε := I + Pε and Eε := Aε −Bε. Equation (S31) at ϕ = 0 gives

∥Eε∥L(Cs
ub(Rd)) −→ 0. (S36)

More explicitly, the error is exactly

Eε =Mη−1
ε
(P h

ε − Pε) + (Mη−1
ε
− I)Pε,

and each term tends to zero by Lemma S5 and smoothness of inversion in Cs
ub(Rd).

Lemma S10 gives a uniform bound for B−1
ε and the strong limit B−1

ε → 1
2I. Applying

Lemma S9 with base operator Bε and perturbation Eε proves that Aε is invertible for all

sufficiently small ε, that its inverse is uniformly bounded, and that

∥A−1
ε −B−1

ε ∥ −→ 0.

This proves (S35), including A−1
0 = 1

2I, and also gives A−1
ε → 1

2I strongly.

Lemma S12 (Preconditioned contraction and solution continuity). Suppose ∇ℓ ∈ Cs
ub(Rd).

There exist r > 0, ε0 > 0, and q ∈ (0, 1) such that, for 0 ≤ ε ≤ ε0, the map

Tε(ϕ) := ϕ−A−1
ε ψ(ε, ϕ) (S37)

is a contraction with constant q from Br(0) ⊂ Cs
ub(Rd) into itself. Its fixed point ϕε is the

unique root of ψ(ε, ·) in that ball, the path ε 7→ ϕε is continuous, and

∥ϕε∥ ≤
1

1− q
∥A−1

ε ψ(ε, 0)∥ −→ 0. (S38)
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Proof. Differentiating (S37) in ϕ gives

DTε(ϕ) = I −A−1
ε Dϕψ(ε, ϕ) = A−1

ε

(
Aε −Dϕψ(ε, ϕ)

)
. (S39)

In particular, DTε(0) = 0 for every ε. By Lemmas S11 and S8, there are constants M,C

independent of small ε such that

∥A−1
ε ∥ ≤M, ∥Dϕψ(ε, ϕ)−Aε∥ ≤ C∥ϕ∥ (∥ϕ∥ ≤ r0).

Choose 0 < r ≤ r0 so that q := MCr < 1. For ϕ, ϕ̃ ∈ Br, the line segment between them

lies in the ball, and the Banach-space mean-value formula together with (S39) gives

∥Tε(ϕ)− Tε(ϕ̃)∥ ≤ q∥ϕ− ϕ̃∥. (S40)

Next,

Tε(0) = −A−1
ε ψ(ε, 0).

By Lemma S5, ψ(ε, 0) = log ηε → 0 in Cs
ub(Rd), and the inverse family is uniformly bounded.

Hence ∥Tε(0)∥ → 0. Decrease ε0 so that ∥Tε(0)∥ ≤ (1− q)r. Then for ϕ ∈ Br,

∥Tε(ϕ)∥ ≤ q∥ϕ∥+ ∥Tε(0)∥ ≤ qr + (1− q)r = r.

Thus the ball is invariant. Banach’s fixed-point theorem supplies a unique fixed point ϕε

in the ball. Since Aε is invertible, the fixed-point equation is equivalent to ψ(ε, ϕε) = 0.

Applying (S40) with ϕ̃ = 0 gives

∥ϕε∥ ≤ q∥ϕε∥+ ∥Tε(0)∥,

which is exactly (S38).

It remains to prove continuity. At zero, it follows directly from (S38). Fix now ε∗ > 0.

By Lemma S6, P h
ε → P h

ε∗ in operator norm as ε → ε∗. The uniform composition and

lower-bound estimates in the proof of Lemma S8 then imply

sup
ϕ∈Br

∥ψ(ε, ϕ)− ψ(ε∗, ϕ)∥ → 0.
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The same operator-norm continuity gives Aε → Aε∗ ; the resolvent identity and uniform

inverse bounds give A−1
ε → A−1

ε∗ in operator norm. Consequently,

sup
ϕ∈Br

∥Tε(ϕ)− Tε∗(ϕ)∥ → 0.

Using the fixed-point equations and (S40),

(1− q)∥ϕε − ϕε∗∥ ≤ sup
ϕ∈Br

∥Tε(ϕ)− Tε∗(ϕ)∥,

which proves continuity at every positive ε∗.

Lemma S13 (Averaged differential). Let ϕε be the branch from Lemma S12 and define

Aε :=

∫ 1

0
Dϕψ(ε, tϕε) dt. (S41)

Then

∥Aε −Aε∥L(Cs
ub(Rd)) −→ 0. (S42)

For all sufficiently small ε, Aε is invertible, supε ∥A
−1
ε ∥ <∞, and A−1

ε → 1
2I strongly.

Proof. By (S30),

∥Aε −Aε∥ ≤
∫ 1

0
∥Dϕψ(ε, tϕε)−Dϕψ(ε, 0)∥ dt ≤

C

2
∥ϕε∥ −→ 0,

which proves (S42). Apply Lemma S9 with base operator Aε and perturbation Aε − Aε.

Lemma S11 then implies that Aε is invertible for all sufficiently small ε, its inverse is uniformly

bounded, and

∥A−1
ε −A−1

ε ∥ −→ 0.

Since A−1
ε → 1

2I strongly, the same is true of A−1
ε .

Finally, the fundamental theorem of calculus in the ϕ variable gives

0 = ψ(ε, ϕε) = ψ(ε, 0) +Aεϕε,

and hence the exact identity

ϕε = −A
−1
ε ψ(ε, 0).
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4.D Compact Manifolds with Ambient Gaussian Kernels

Let (M, g) be a closed, connected, smooth Riemannian manifold of dimension d, and let

ι :M ↪→ RD

be a smooth isometric embedding. Write dV for Riemannian volume and ∆M for the

Laplace–Beltrami operator, with −∆M nonnegative. For ε > 0, define

pamb
ε (x, y) := cε exp

(
−∥ι(x)− ι(y)∥

2

ε

)
, cε := (πε)−d/2, (S43)

and

PM
ε u(x) :=

∫
M
pamb
ε (x, y)u(y) dV (y), PM

0 := I. (S44)

The degree and the symmetric degree normalization are

mε := PM
ε 1, P̂M

ε :=M
m

−1/2
ε

PM
ε M

m
−1/2
ε

, m0 := 1, P̂M
0 := I, (S45)

where Ma denotes multiplication by a. Thus

p̂Mε (x, y) =
pamb
ε (x, y)√
mε(x)mε(y)

.

For comparison, write

HM
ε := e(ε/4)∆M , HM

0 := I. (S46)

For an integer s ≥ 0, put

Cs
ub(M) := Cs(M), ∥u∥s :=

s∑
j=0

∥∇ju∥∞.

The subscript “ub” is retained to match the Euclidean notation, although boundedness and

uniform continuity are automatic on the compact manifold M .

The argument separates into two parts. Lemmas S18–S22 contain all geometric and

heat-kernel input. The product-equation arguments in Sections 4.D.2 and 4.D.3 are then

standard Banach-space arguments of the same type as those used in Appendix B.
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4.D.1 Geometric Kernel Estimates

Lemma S14 (Bounded Cs calculus). For every integer s ≥ 0, Cs
ub(M) is a Banach algebra:

∥uv∥s ≤ Cs∥u∥s∥v∥s. (S47)

If J ⊂ R is open and F ∈ Cs+2(J), then composition u 7→ F ◦ u is continuously Fréchet

differentiable on every bounded set whose ranges lie in a fixed compact subset of J , with

D(F◦)(u)[v] = F ′(u)v.

Its differential is locally Lipschitz in operator norm.

Proof. The covariant Leibniz rule expresses ∇j(uv) as a finite sum of contractions of ∇ku

and ∇j−kv, proving (S47). Completeness follows from equivalence of ∥ · ∥s with the usual

chartwise Cs norms on a finite atlas. Repeated covariant differentiation of F (u) gives the

same finite Faà di Bruno sums as in Lemma S3. The identities below are applied pointwise

in the scalar target. After restricting to a sufficiently small Cs
ub(M) neighborhood, every

pointwise line segment remains in the same compact subset of J . The algebra bound and the

pointwise identities

F (u+ v)− F (u)− F ′(u)v = v2
∫ 1

0
(1− t)F ′′(u+ tv) dt

and

F ′(u)− F ′(ũ) = (u− ũ)
∫ 1

0
F ′′(ũ+ t(u− ũ)

)
dt

give the asserted differentiability and local Lipschitz estimates.

We next record the elementary mapping estimate that will be used to translate local

heat-kernel asymptotics into operator bounds.

Lemma S15 (Mapping estimate for heat-type kernels). Fix an integer s ≥ 0 and let ρ ≥ 0.

Let

Kε ∈ C∞(M ×M), 0 < ε ≤ ε0,

and define

Tεu(x) :=

∫
M
Kε(x, y)u(y) dV (y).

Assume that there is a neighborhood W of the diagonal ∆M ⊂M ×M such that:
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(i) For every 0 ≤ a ≤ s and every N <∞,

sup
(x,y)/∈W

|∇a
xKε(x, y)| ≤ Ca,Nε

N . (S48)

(ii) After a standard finite localization of W to product coordinate charts, each localized

coordinate kernel, including the Riemannian volume density, has the form

Aε,j(ξ, η) = ε−d/2+ρ/2aj

(√
ε,
ξ − η√

ε
, η

)
. (S49)

For every multi-index |β| ≤ s, there is gj,β ∈ L1(Rd) such that

sup
0<r≤√

ε0
η∈Rd

∣∣∣∂βη aj(r, z, η)∣∣∣ ≤ gj,β(z), z ∈ Rd. (S50)

Then

∥Tε∥L(Cs
ub(M)) ≤ Csε

ρ/2, 0 < ε ≤ ε0. (S51)

Proof. Choose product coordinate charts

κj : Uj −→ Vj ⊂ Rd

and functions

χj ∈ C∞
c (Uj × Uj), j = 1, . . . , J,

such that
J∑

j=1

χj = 1 on W.

Set

χ0 := 1−
J∑

j=1

χj

and decompose

Tε = Tε,0 +

J∑
j=1

Tε,j ,

where Tε,j has kernel χjKε.

For the off-diagonal term, χ0 vanishes on W . By the covariant Leibniz rule and (S48),

for every 0 ≤ a ≤ s and every N ,

sup
x,y

∣∣∇a
x

(
χ0Kε

)
(x, y)

∣∣ ≤ Ca,Nε
N .
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Since M has finite volume,

∥∇aTε,0u∥∞ ≤ Ca,Nε
N∥u∥∞.

Choosing N ≥ ρ/2 and summing over a ≤ s gives

∥Tε,0u∥Cs
ub(M) ≤ Csε

ρ/2∥u∥Cs
ub(M). (S52)

Fix one near-diagonal piece Tε,j . Write

ξ = κj(x), η = κj(y).

If

dV (y) = qj(η) dη,

then the localized coordinate kernel is

Aε,j(ξ, η) := χj(x, y)Kε(x, y)qj(η).

This is the quantity represented in (S49).

Multiplying u by a fixed cutoff equal to one on the second projection of suppχj , its

coordinate representative may be extended by zero to a function uj ∈ Cs(Rd) satisfying

∥uj∥Cs(Rd) ≤ Cj,s∥u∥Cs
ub(M). (S53)

Thus

(Tε,ju)(κ
−1
j (ξ)) =

∫
Rd

Aε,j(ξ, η)uj(η) dη.

Put

r :=
√
ε, z :=

ξ − η
r

.

Then η = ξ − rz and dη = rd dz. Substitution of (S49) gives

(Tε,ju)(κ
−1
j (ξ)) = ερ/2

∫
Rd

aj(r, z, ξ − rz)uj(ξ − rz) dz. (S54)

For a multi-index |α| ≤ s, differentiation in ξ gives

∂αξ (Tε,ju)(κ
−1
j (ξ))

= ερ/2
∑
β≤α

(
α

β

)∫
Rd

(∂βη aj)(r, z, ξ − rz) ∂α−βuj(ξ − rz) dz. (S55)
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This differentiation is justified by (S50), since the absolute value of each differentiated

integrand is bounded by

gj,β(z)∥uj∥Cs(Rd),

which is integrable in z.

Taking the supremum in ξ and using (S53),∥∥∥∂αξ [(Tε,ju) ◦ κ−1
j

]∥∥∥
∞
≤ Cαε

ρ/2∥uj∥Cs(Rd)

∑
β≤α

∥gj,β∥L1

≤ Cj,sε
ρ/2∥u∥Cs

ub(M).

Summing over |α| ≤ s, and using equivalence of coordinate and intrinsic Cs norms on the

fixed support of the localized term, gives

∥Tε,ju∥Cs
ub(M) ≤ Cj,sε

ρ/2∥u∥Cs
ub(M).

There are finitely many near-diagonal pieces. Summing their bounds and using (S52)

proves

∥Tεu∥Cs
ub(M) ≤ Csε

ρ/2∥u∥Cs
ub(M).

This lemma is the operator-norm consequence of the local kernel class used in the heat

calculus of Grieser (2004, Definition 2.1 and Lemma 2.3). We included the short proof to

make clear which part of that calculus is needed here.

Lemma S16 (Continuity and generator limit for the intrinsic heat semigroup). For every

integer s ≥ 0, the family

HM
ε := e(ε/4)∆M

is uniformly bounded and strongly continuous on Cs
ub(M), and is operator-norm continuous

for ε > 0. Moreover, for every u ∈ Cs+2
ub (M),

HM
ε u− u
ε

−→ 1

4
∆Mu in Cs

ub(M).

Proof. These are standard properties of the heat semigroup on a closed Riemannian manifold;

see, e.g., Grieser (2004, Theorem 1.1 and Section 2.4) for the heat-kernel construction and
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short-time convergence, and Engel and Nagel (2000, Theorem II.4.29) for positive-time norm

continuity of an immediately compact C0-semigroup. The heat semigroup is immediately

smoothing, and hence compact on Cs
ub(M) for every positive time.

Its generator on Cs
ub(M) contains Cs+2

ub (M) and acts there as ∆M . Thus, with the present

time normalization,
HM

ε u− u
ε

=
e(ε/4)∆Mu− u

ε
−→ 1

4
∆Mu.

Lemma S17 (Uniform inverse for intrinsic heat). For every integer s ≥ 0,

sup
0≤ε≤ε0

∥∥(I +HM
ε )−1

∥∥
L(Cs

ub(M))
<∞. (S56)

Moreover, for every fixed v ∈ Cs
ub(M),

(I +HM
ε )−1v −→ 1

2
v in Cs

ub(M). (S57)

Proof. Put A := −∆M/4, so that HM
ε = e−εA. Choose a ∈ S(R) such that

a(r) =
1

1 + er
, r ≥ 0,

and set Sε := I − a(εA). On a Laplace eigenfunction ej satisfying Aej = λjej , λj ≥ 0,

Sεej =
1

1 + e−ελj
ej , Sε(I +HM

ε )ej = ej .

The semiclassical functional calculus on a closed manifold, applied with h =
√
ε to a(h2A),

gives a uniformly controlled semiclassical smoothing family; see Küster (2017, Theorem 2.6).

Its localized kernels have the heat-scale form of Lemma S15 with ρ = 0. Hence

sup
0<ε≤ε0

∥a(εA)∥L(Cs
ub(M)) <∞,

and the same is true of Sε.

Finite linear combinations of Laplace eigenfunctions are dense in Cs
ub(M). Indeed, first

approximate v by HM
δ v in Cs. For fixed δ > 0, approximate HM

δ/2v in L2(M) by a finite

eigenfunction sum and apply the bounded smoothing map HM
δ/2 : L2(M)→ Cs

ub(M). Since Sε
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and I+HM
ε are bounded on Cs

ub(M), the two inverse identities verified on finite eigenfunction

sums extend by density. Thus

Sε = (I +HM
ε )−1,

and (S56) follows.

Finally,

(I +HM
ε )−1v − 1

2
v =

1

2
(I +HM

ε )−1(I −HM
ε )v.

The inverse family is uniformly bounded and HM
ε v → v strongly, proving (S57).

Let II denote the second fundamental form of the embedding and let

H := trg II

be its mean-curvature vector. Define

ωM :=
2∥II∥2 − ∥H∥2

16
. (S58)

Here H is the unnormalized mean-curvature vector, and all tensor norms are pointwise norms

induced by g and the Euclidean metric on the normal bundle.

Lemma S18 (Ambient Gaussian expansion). For every integer s ≥ 0, the family PM
ε is

uniformly bounded on Cs
ub(M) for small ε, strongly continuous at zero, and operator-norm

continuous for ε > 0. For every u ∈ Cs+2
ub (M),

PM
ε u− u
ε

−→ 1

4
∆Mu+ ωMu in Cs

ub(M). (S59)

In particular,

mε = 1 + εωM + oCs
ub(M)(ε). (S60)

Proof. We first prove the expansion. Choose

0 < ρ1 < ρ2 < inj(M)

small enough that

∥ι(expx v)− ι(x)∥2 ≥ c|v|2 (S61)
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uniformly for x ∈ M and |v| ≤ ρ2, for some c > 0. Such a choice is possible because ι is

isometric and M is compact.

Choose a smooth cutoff χ such that

χ(x, y) = 1 if dM (x, y) ≤ ρ1, χ(x, y) = 0 if dM (x, y) ≥ ρ2.

The cutoff may be chosen smooth because dM (x, y)2 is smooth on a neighborhood of the

diagonal of radius smaller than the injectivity radius. Write

PM
ε = PM

ε,loc + PM
ε,far

for the operators obtained by multiplying the kernel by χ and 1− χ, respectively.

The off-diagonal term. The support of 1− χ is a compact subset of M ×M disjoint from the

diagonal. Since ι is injective, there is c0 > 0 such that

∥ι(x)− ι(y)∥ ≥ c0

on this support. For every 0 ≤ a ≤ s, covariant differentiation in x gives a finite sum of

terms bounded by

Caε
−Na exp

(
−c

2
0

ε

)
for some Na <∞. Since

ε−Nae−c20/ε = O(εN ) for every N <∞,

we obtain

∥PM
ε,faru∥Cs(M) = O(εN )∥u∥∞ (S62)

for every N . Thus the off-diagonal part is negligible at order ε.

The local expansion. It suffices to work on one member of a finite cover on which TM admits

a smooth orthonormal frame. We identify TxM with Rd using this frame; all estimates below

are uniform over the finite cover.

Put

r :=
√
ε, y = expx(rz).
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Since

dM (x, expx(rz)) = r|z|

within the injectivity radius, the localized operator can be written as

PM
ε,locu(x) =

∫
Rd

π−d/2χr(z)e
−Qr(x,z)u(expx(rz))Jx(rz) dz, (S63)

where

χr(z) := χ(x, expx(rz)),

Qr(x, z) :=
∥ι(expx(rz))− ι(x)∥2

r2
,

and Jx(v) is the volume density in normal coordinates:

dV (expx v) = Jx(v) dv.

The integral in (S63) is extended by zero outside r|z| < ρ2.

The standard normal-coordinate expansions, uniformly in x, are

∥ι(expx v)− ι(x)∥2 = |v|2 −
1

12
∥IIx(v, v)∥2 +O(|v|5), (S64)

Jx(v) = 1− 1

6
Ricx(v, v) +O(|v|3). (S65)

The same expansions hold after taking any fixed number of derivatives in the base point x,

with uniform remainder bounds on the compact manifold.

After substituting v = rz, the first expansion gives

Qr(x, z) = |z|2 −
r2

12
∥IIx(z, z)∥2 +O(r3|z|5), (S66)

while

Jx(rz) = 1− r2

6
Ricx(z, z) +O(r3|z|3). (S67)

Taylor’s formula along the geodesic t 7→ expx(trz) gives

u(expx(rz)) = u(x) + r dux[z] +
r2

2
∇2ux[z, z] + r2Rr,u(x, z), (S68)

where, for every fixed z,

∥Rr,u(·, z)∥Cs −→ 0 (r ↓ 0). (S69)
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Moreover, repeated differentiation in x of the integral Taylor remainder gives, for some integer

Ns,

∥Rr,u(·, z)∥Cs ≤ Cs∥u∥Cs+2(M)(1 + |z|)Ns (S70)

whenever r|z| ≤ ρ2.

We now combine (S66)– (S68). The following form of the resulting expansion is what will

be used below:

χr(z)e
−Qr(x,z)u(expx(rz))Jx(rz)

= e−|z|2
[
u(x) + r dux[z] +

r2

2
∇2ux[z, z]−

r2

6
Ricx(z, z)u(x)

+
r2

12
∥IIx(z, z)∥2u(x)

]
+ r2Rr(x, z), (S71)

where

∥Rr(·, z)∥Cs −→ 0 for every fixed z, (S72)

and, for some c1 > 0 and some integer Ls,

∥Rr(·, z)∥Cs ≤ Cs∥u∥Cs+2(M)(1 + |z|)Lse−c1|z|2 . (S73)

For completeness, we justify these two remainder properties. After taking up to s derivatives

in the base point and dividing by r2, the finitely many omitted terms have the form

rκp(x, z), κ > 0,

where p(x, z) and its relevant base-point derivatives have polynomial growth in z. Choose

θs > 0 sufficiently small that every such term tends uniformly to zero on

|z| ≤ r−θs .

On this region r|z| → 0, so the remainders in (S66)– (S68), together with Taylor’s formula

ea = 1 + a+O(a2e|a|),

give (S72), uniformly after up to s base-point derivatives.
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For domination, (S61) gives

e−Qr(x,z) ≤ e−c|z|2

on the support of χr, while all differentiated geometric factors grow at most polynomially in

z. Hence the remainder on |z| ≤ r−θs is bounded by a polynomial times e−c1|z|2 .

On the complementary region |z| > r−θs , both the exact integrand and every retained

term satisfy the same Gaussian-polynomial bound. Any negative power of r produced by

division by r2 or by a fixed number of derivatives can be absorbed into a slightly weaker

Gaussian: for every N,m <∞ and 0 < c1 < c,

r−N (1 + |z|)me−c|z|2 ≤ CN,me
−c1|z|2 , |z| > r−θs ,

for sufficiently small r. This proves (S73).

Finally, the replacement of the cutoff χr by 1 in the explicit terms of (S71) introduces

only a rapidly small error. Indeed, χr(z) ̸= 1 implies

|z| ≥ ρ1
r
,

and therefore, for every polynomial p and every N <∞,∫
|z|≥ρ1/r

|p(z)|e−c|z|2 dz = O(rN ). (S74)

Substituting (S71) into (S63), using (S74), and applying dominated convergence to (S72)–

(S73), we obtain in Cs
ub(M)

PM
ε u =

∫
Rd

π−d/2e−|z|2
[
u+ r du[z] +

r2

2
∇2u[z, z]

− r2

6
Ric(z, z)u+

r2

12
∥II(z, z)∥2u

]
dz + o(r2). (S75)

It remains to evaluate the Gaussian moments. Under the probability density

π−d/2e−|z|2 ,

we have

E[zi] = 0, E[zizj ] =
1

2
δij , (S76)
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and

E[zizjzkzℓ] =
1

4
(δijδkℓ + δikδjℓ + δiℓδjk) .

Thus the linear term vanishes and

1

2
E[∇2u[z, z]] =

1

4
∆Mu.

Similarly,

−1

6
E[Ric(z, z)]u = − 1

12
Scal u.

Writing

IIij := II(ei, ej)

in an orthonormal basis,

E∥II(z, z)∥2 =
∑
i,j,k,ℓ

⟨IIij , IIkℓ⟩E[zizjzkzℓ]

=
1

4

(
∥H∥2 + 2∥II∥2

)
.

Hence the chordal correction is

1

48

(
∥H∥2 + 2∥II∥2

)
u.

By the Gauss identity,

Scal = ∥H∥2 − ∥II∥2.

Therefore

− 1

12
Scal+

1

48

(
∥H∥2 + 2∥II∥2

)
=

2∥II∥2 − ∥H∥2

16

= ωM .

Since r2 = ε, (S75) becomes

PM
ε u = u+ ε

(
1

4
∆Mu+ ωMu

)
+ oCs

ub(M)(ε),

which proves (S59).
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We next record the operator-continuity properties. The same near-diagonal rescaling and

(S61) show that the localized ambient kernel has the heat-type form of Lemma S15 with no

additional power of
√
ε. Together with (S62), that lemma gives

sup
0<ε≤ε0

∥PM
ε ∥L(Cs

ub(M)) <∞. (S77)

The expansion already shows that

PM
ε u −→ u

in Cs
ub(M) for u ∈ Cs+2

ub (M). Since C∞(M) is dense in Cs
ub(M), the uniform bound (S77)

extends this convergence to every u ∈ Cs
ub(M). Thus the family is strongly continuous at

zero.

Finally, fix 0 < a < b <∞. Put

Φ(x, y) := ∥ι(x)− ι(y)∥2.

For ε > 0,

∂εp
amb
ε (x, y) =

(
− d

2ε
+

Φ(x, y)

ε2

)
pamb
ε (x, y).

Since [a, b]×M ×M is compact, this kernel and all of its x-derivatives through order s are

uniformly bounded there. Consequently,

sup
ε∈[a,b]

∥∥∂εPM
ε

∥∥
L(Cs

ub(M))
<∞.

The fundamental theorem of calculus therefore gives

∥PM
ε − PM

δ ∥L(Cs
ub(M)) ≤ Ca,b,s|ε− δ|, ε, δ ∈ [a, b],

proving operator-norm continuity on (0,∞).

Taking u = 1 in (S59) and using ∆M1 = 0 gives

mε = PM
ε 1 = 1 + εωM + oCs

ub(M)(ε),

which proves (S60).
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Lemma S19 (Cancellation under symmetric degree normalization). For every integer s ≥ 0,

the family P̂M
ε is uniformly bounded on Cs

ub(M) for small ε, strongly continuous at zero, and

operator-norm continuous for ε > 0. For every u ∈ Cs+2
ub (M),

P̂M
ε u− u
ε

−→ 1

4
∆Mu in Cs

ub(M). (S78)

Proof. Recall that

P̂M
ε =MaεP

M
ε Maε , aε := m−1/2

ε .

We first derive the first-order expansion. Apply (S60) with s replaced by s+ 2:

mε = 1 + εωM + rε, ∥rε∥s+2 = o(ε).

Since mε → 1 in Cs+2(M), it is bounded away from zero for sufficiently small ε. Lemma

S14, applied to z 7→ z−1/2 in a fixed neighborhood of 1, therefore gives

aε = 1− ε

2
ωM + r̃ε, ∥r̃ε∥s+2 = o(ε). (S79)

Fix u ∈ Cs+2
ub (M) and put

b :=
1

2
ωMu.

By the Banach-algebra estimate,

aεu = u− εb+ qε, ∥qε∥s+2 = o(ε). (S80)

Applying PM
ε gives

PM
ε (aεu) = PM

ε u− εPM
ε b+ PM

ε qε.

The ambient expansion of Lemma S18 yields

PM
ε u = u+ ε

(
1

4
∆Mu+ ωMu

)
+ oCs

ub
(ε).

Moreover, b ∈ Cs
ub(M) is fixed, so strong continuity of PM

ε gives

PM
ε b = b+ oCs

ub
(1).

Finally, uniform boundedness of PM
ε on Cs

ub(M) and ∥qε∥s = o(ε) imply

∥PM
ε qε∥s = o(ε).
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Hence

PM
ε (aεu) = u+ ε

(
1

4
∆Mu+ ωMu− b

)
+ oCs

ub
(ε)

= u+ ε

(
1

4
∆Mu+

1

2
ωMu

)
+ oCs

ub
(ε). (S81)

Multiplying (S81) by the outer factor aε from (S79), and using the Banach-algebra

estimate once more, gives

P̂M
ε u =

(
1− ε

2
ωM + oCs

ub
(ε)
)[
u+ ε

(
1

4
∆Mu+

1

2
ωMu

)
+ oCs

ub
(ε)

]
= u+

ε

4
∆Mu+ oCs

ub
(ε).

The two multiplication terms involving ωMu/2 cancel. This proves (S78).

We next establish the operator properties. From mε → 1 in Cs
ub(M) and smooth

composition,

aε −→ 1 in Cs
ub(M). (S82)

In particular,

sup
0<ε≤ε0

∥aε∥s <∞.

The multiplier estimate and uniform boundedness of PM
ε therefore give

∥P̂M
ε u∥s = ∥aεPM

ε (aεu)∥s

≤ Cs∥aε∥s∥PM
ε ∥L(Cs

ub)
∥aεu∥s

≤ C ′
s∥u∥s,

uniformly for sufficiently small ε. Thus P̂M
ε is uniformly bounded.

For strong continuity at zero, write

P̂M
ε u− u = (aε − 1)PM

ε (aεu) + PM
ε

(
(aε − 1)u

)
+ (PM

ε u− u). (S83)

The first term tends to zero in Cs
ub(M) by (S82), the multiplier estimate, and the uniform

bounds on PM
ε and aε. The second tends to zero for the same reason, and the third tends to

zero by strong continuity of PM
ε . Hence

P̂M
ε u −→ u for every u ∈ Cs

ub(M).
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Finally, fix ε∗ > 0. By Lemma S18,

PM
ε −→ PM

ε∗ in L(Cs
ub(M))

as ε→ ε∗. Since

mε = PM
ε 1,

we also have

mε −→ mε∗ in Cs
ub(M).

The function mε∗ is strictly positive on compact M , because the ambient Gaussian kernel

is strictly positive. Therefore mε remains uniformly bounded away from zero for ε in a

sufficiently small neighborhood of ε∗, and smooth composition gives

aε −→ aε∗ in Cs
ub(M).

Equivalently,

Maε −→Maε∗ in L(Cs
ub(M)).

Using

P̂M
ε =MaεP

M
ε Maε ,

add and subtract

Maε∗P
M
ε Maε and Maε∗P

M
ε∗ Maε .

The resulting three terms converge to zero in operator norm by the preceding multiplier

convergence, operator-norm continuity of PM
ε , and local uniform boundedness of all three

families. Thus

P̂M
ε −→ P̂M

ε∗ in L(Cs
ub(M)),

which proves positive-time operator-norm continuity.

The preceding lemma identifies the infinitesimal generator on each fixed smooth input.

For the inverse argument below, we also need a zeroth-order comparison in operator norm.

Lemma S20 (Comparison of heat-type kernels). Let

A,B ∈ Ψ−1
H (M)
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in the notation of Grieser (2004, Definition 2.1), and let At, Bt denote the corresponding

integral operators,

Atu(x) :=

∫
M
A(t, x, y)u(y) dV (y), Btu(x) :=

∫
M
B(t, x, y)u(y) dV (y).

Suppose that their leading terms agree:

Φ−1(A) = Φ−1(B).

Then, for every integer s ≥ 0,

∥At −Bt∥L(Cs
ub(M)) ≤ Cs

√
t (S84)

for all sufficiently small t > 0.

Proof. Set

R := A−B.

Since Ψ−1
H (M) is a vector space,

R ∈ Ψ−1
H (M).

The leading-term map is linear, so the assumption gives

Φ−1(R) = Φ−1(A)− Φ−1(B) = 0.

By Grieser (2004, Lemma 2.4(a)),

R ∈ Ψ
−3/2
H (M). (S85)

We verify that this is precisely the additional
√
t factor needed to apply Lemma S15.

By Grieser (2004, Definition 2.1), membership R ∈ Ψα
H(M) means that, locally near the

diagonal,

R(t, x, y) = t−(d+2)/2−αR̃

(√
t,
ξ − η√

t
, η

)
,

where ξ, η are local coordinates and R̃ is smooth down to t = 0 and rapidly decreasing in the

rescaled variable, uniformly with all derivatives. The same definition also requires R and all

of its derivatives to be O(tN ) away from the diagonal for every N .
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Taking α = −3/2 in this formula gives

−d+ 2

2
− α = −d+ 2

2
+

3

2
= −d

2
+

1

2
.

Thus every localized piece of R has the form

R(t, x, y) = t−d/2+1/2R̃

(√
t,
ξ − η√

t
, η

)
. (S86)

After multiplication by the standard localization cutoffs and absorption of the smooth

Riemannian volume density, the rescaled amplitude still has the same uniform rapid-decay

bounds. Hence (S86), together with the off-diagonal decay above, verifies the hypotheses of

Lemma S15 with ρ = 1.

Applying that lemma to the integral operator with kernel R = A−B gives

∥At −Bt∥L(Cs
ub(M)) ≤ Cst

1/2,

which proves (S84).

Lemma S21 (Comparison with intrinsic heat). For every integer s ≥ 0,∥∥∥P̂M
ε −HM

ε

∥∥∥
L(Cs

ub(M))
= O(

√
ε). (S87)

In particular, ∥∥∥P̂M
ε −HM

ε

∥∥∥
L(Cs

ub(M))
−→ 0 (ε ↓ 0).

Proof. We first compare the raw ambient Gaussian with intrinsic heat. Put

t :=
ε

4
,

so that

HM
ε = et∆M

and

pamb
4t (x, y) = (4πt)−d/2 exp

(
−∥ι(x)− ι(y)∥

2

4t

)
. (S88)

We claim that

pamb
4t ∈ Ψ−1

H (M)
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and that its leading term is

Φ−1(p
amb)(X, y) = (4π)−d/2 exp

(
−
∥X∥2g(y)

4

)
. (S89)

The off-diagonal condition in Grieser (2004, Definition 2.1) follows immediately from

(S88). Indeed, outside any fixed neighborhood of the diagonal, compactness and injectivity

of ι give

∥ι(x)− ι(y)∥ ≥ c > 0.

Any fixed number of t-, x-, and y-derivatives of pamb
4t is therefore bounded by

Ct−N0e−c2/(4t) = O(tN )

for every N <∞.

It remains to verify the local heat-scale representation. Fix y0 ∈ M and choose a

coordinate chart

κ : U −→ V ⊂ Rd

around y0. Shrinking the chart if necessary, we may take V convex and work on a smaller

relatively compact coordinate neighborhood. Write

F := ι ◦ κ−1, η := κ(y), r :=
√
t.

For x near y, write

κ(x) = η + rX.

Then

F (η + rX)− F (η) = r

∫ 1

0
DFη+θrX [X] dθ.

Thus

G(r,X, η) :=
F (η + rX)− F (η)

r
=

∫ 1

0
DFη+θrX [X] dθ

extends smoothly to r = 0, with

G(0, X, η) = DFη[X]. (S90)

Consequently,

Q(r,X, η) := ∥G(r,X, η)∥2
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is smooth in (r,X, η) down to r = 0.

Choose a smooth cutoff in the coordinate neighborhood, equal to one on a smaller

neighborhood of y0. As in the coordinate-invariance argument of Grieser (2004, Lemma 2.3),

this allows the local rescaled amplitude to be extended smoothly to all X. On the region

where the cutoff is active,

pamb
4t (x, y) = t−d/2p̃(r,X, η),

where

p̃(r,X, η) = (4π)−d/2 exp

(
−1

4
Q(r,X, η)

)
(S91)

up to the fixed cutoff factor.

After shrinking the coordinate neighborhood once more if necessary, the smooth embedding

F is uniformly bi-Lipschitz there. Hence

∥F (ξ)− F (η)∥ ≥ c∥ξ − η∥

for some c > 0, and therefore

Q(r,X, η) =
∥F (η + rX)− F (η)∥2

r2
≥ c2∥X∥2.

Repeated differentiation of (S91) produces a polynomial in X and derivatives of Q, multiplied

by e−Q/4. Smoothness of F on the fixed compact coordinate neighborhood bounds those

derivatives by polynomials in ∥X∥. Thus, for every collection of derivatives and every N <∞,∣∣∣Dγ
r,X,ηp̃(r,X, η)

∣∣∣ ≤ Cγ,N (1 + ∥X∥)−N .

This is precisely the rapid-decay condition in Grieser (2004, Definition 2.1). Hence

pamb
4t ∈ Ψ−1

H (M).

By (S90) and the fact that ι is isometric,

Q(0, X, η) = ∥DFη[X]∥2RD = ∥X∥2g(y).

Evaluating the rescaled amplitude at r = 0 therefore gives (S89).
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On the other hand, the intrinsic heat kernel hMt (x, y) belongs to Ψ−1
H (M) and has leading

term

Φ−1(h
M )(X, y) = (4π)−d/2 exp

(
−
∥X∥2g(y)

4

)
; (S92)

see Grieser (2004, Section 2.4.1). Hence

Φ−1(p
amb) = Φ−1(h

M ).

Lemma S20 now yields

∥PM
4t − et∆M ∥L(Cs

ub(M)) ≤ Cs

√
t.

Since t = ε/4,

∥PM
ε −HM

ε ∥L(Cs
ub(M)) ≤ Cs

√
ε. (S93)

We next control the effect of degree normalization. Put

aε := m−1/2
ε .

By (S60) and Lemma S14,

aε = 1− ε

2
ωM + oCs

ub(M)(ε). (S94)

In particular,

∥aε − 1∥s = O(ε), sup
ε≤ε0

∥aε∥s <∞.

Using

P̂M
ε =MaεP

M
ε Maε ,

we have the exact decomposition

P̂M
ε − PM

ε = (Maε − I)PM
ε Maε + PM

ε (Maε − I).

The multiplier estimate from Lemma S14 gives

∥Maε − I∥L(Cs
ub)
≤ Cs∥aε − 1∥s = O(ε),

while Maε and PM
ε are uniformly bounded. Therefore

∥P̂M
ε − PM

ε ∥L(Cs
ub(M)) = O(ε). (S95)
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Combining (S93) and (S95),

∥P̂M
ε −HM

ε ∥ ≤ ∥P̂M
ε − PM

ε ∥+ ∥PM
ε −HM

ε ∥

= O(ε) +O(
√
ε) = O(

√
ε),

in L(Cs
ub(M)). This proves (S87).

Lemma S22 (Uniform inverse inherited by the normalized ambient kernel). For all sufficiently

small ε ≥ 0, I + P̂M
ε is invertible on Cs

ub(M), with

sup
0≤ε≤ε0

∥∥∥(I + P̂M
ε )−1

∥∥∥
L(Cs

ub(M))
<∞. (S96)

Moreover, for every fixed v ∈ Cs
ub(M),

(I + P̂M
ε )−1v −→ 1

2
v in Cs

ub(M). (S97)

Proof. Put

Rε := P̂M
ε −HM

ε .

Lemma S21 gives ∥Rε∥L(Cs
ub(M)) → 0. Apply Lemma S9 with

Aε := I +HM
ε , Eε := Rε.

The uniform inverse bound and strong inverse limit for Aε are provided by Lemma S17.

Hence I + P̂M
ε = Aε + Eε is invertible for all sufficiently small ε, its inverse is uniformly

bounded, and

∥(I + P̂M
ε )−1 − (I +HM

ε )−1∥L(Cs
ub(M)) −→ 0.

Combining this operator-norm convergence with

(I +HM
ε )−1v −→ 1

2
v

for each fixed v proves (S97). At ε = 0, P̂M
0 = I, so the inverse is 1

2I.

4.D.2 Product equations and the entropic coupling

Fix

h ∈ Cs+2
ub (M), h > 0,

∫
M
h2 dV = 1. (S98)
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Compactness implies that h is bounded away from zero and hence that h−1 ∈ Cs+2
ub (M).

Define

Grawε (g) := gPM
ε g − h2, (S99)

Gε(u) := uP̂M
ε u− h2. (S100)

Lemma S23 (Exact degree conjugacy and marginal equation). Let ε > 0, let g > 0, and put

u := m1/2
ε g.

Then

Grawε (g) = Gε(u). (S101)

Moreover, the measure

dπε,g(x, y) := pamb
ε (x, y)g(x)g(y) dV (x) dV (y) (S102)

can equivalently be written as

dπε,g(x, y) = p̂Mε (x, y)u(x)u(y) dV (x) dV (y).

The following are equivalent:

Grawε (g) = 0, Gε(u) = 0, πε,g ∈ Π(µ, µ), dµ := h2dV.

Proof. Since

P̂M
ε =M

m
−1/2
ε

PM
ε M

m
−1/2
ε

,

we have

uP̂M
ε u = m1/2

ε gm−1/2
ε PM

ε g = gPM
ε g,

which proves (S101). The kernel identity follows from u = m
1/2
ε g and the definition of p̂Mε .

Integrating (S102) in y gives first marginal density

g(x)PM
ε g(x).

Thus the first marginal equals h2dV exactly when Grawε (g) = 0. Symmetry of the kernel gives

the same condition for the second marginal. The equivalence with the normalized equation

follows from (S101).
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Lemma S24 (Uniqueness of a positive product root). For each ε > 0, the equation

uP̂M
ε u = h2

has at most one strictly positive continuous solution. Consequently, the raw equation

gPM
ε g = h2

also has at most one strictly positive continuous solution.

Proof. Suppose u, ũ > 0 are two normalized roots and set

r := log(u/ũ).

Dividing their equations gives

1 = er(x)
P̂M
ε (erũ)(x)

P̂M
ε ũ(x)

. (S103)

Let Mr := maxM r and mr := minM r. At a maximizer xM , the quotient in (S103) is a

weighted average of er with strictly positive weights, and is therefore at least emr . Hence

1 ≥ eMr+mr .

At a minimizer xm, the same weighted average is at most eMr , so

1 ≤ emr+Mr .

Thus Mr +mr = 0. Equality at xM forces a strictly positive weighted average of er to equal

its minimum. Since p̂Mε (xM , y) > 0 and ũ(y) > 0 for every y, this is possible only if er is

constant. Substitution into (S103) then shows that the constant is one. Therefore u = ũ.

Exact conjugacy gives uniqueness for the raw equation.

Lemma S25 (Gibbs potential and entropic optimality). Suppose gε > 0 solves the raw

product equation. Then the coupling πε,gε from (S102) is the unique minimizer of

γ 7−→
∫
M×M

∥ι(x)− ι(y)∥2 dγ(x, y) + εKL(γ∥µ⊗ µ)

over Π(µ, µ). Its symmetric potential is

fε = ε log

(
c
1/2
ε gε
h2

)
. (S104)
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Proof. By Lemma S23, πε,gε ∈ Π(µ, µ). Formula (S104) gives

dπε,gε
d(µ⊗ µ)

(x, y) = exp

(
fε(x) + fε(y)− ∥ι(x)− ι(y)∥2

ε

)
.

For any γ ∈ Π(µ, µ) with finite objective, expansion of the relative entropy with respect to

πε,gε cancels the two potential terms because the marginals agree, and gives

Jε(γ)− Jε(πε,gε) = εKL
(
γ∥πε,gε

)
≥ 0.

Equality holds only when the two couplings coincide. All quantities are finite for the candidate

coupling because M is compact and h, gε are strictly positive and continuous.

4.D.3 Functional analysis of the normalized product equation

In this subsection,

X := Cs
ub(M), Kε := P̂M

ε ,

and Gε is the normalized functional in (S100).

Lemma S26 (Differential of the product functional). For every ε ≥ 0, Gε : X → X is

continuously Fréchet differentiable, with

DGε(u)[v] = vKεu+ uKεv. (S105)

There is C <∞, independent of sufficiently small ε, such that

∥DGε(u)−DGε(ũ)∥L(X) ≤ C∥u− ũ∥s. (S106)

At the base point h, define

Bε := DGε(h) =MKεh +MhKε. (S107)

Then

Bε =Mh(I +Kε) +MKεh−h. (S108)

Proof. Recall that

X = Cs
ub(M)
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and, by definition,

Gε(u) = uKεu− h2.

By Lemma S14, X is a Banach algebra: there is Cs <∞ such that

∥fg∥s ≤ Cs∥f∥s∥g∥s, f, g ∈ X. (S109)

In particular, multiplication by f ∈ X defines a bounded operator on X, with

∥Mf∥L(X) ≤ Cs∥f∥s.

Moreover, by Lemma S19, Kε : X → X is bounded for every ε, and, for some ε0 > 0,

CK := sup
0≤ε≤ε0

∥Kε∥L(X) <∞. (S110)

Thus Gε(u) ∈ X whenever u ∈ X.

Fix ε ≥ 0 and u, v ∈ X. Since Kε is linear,

Gε(u+ v)− Gε(u) = (u+ v)Kε(u+ v)− uKεu

= vKεu+ uKεv + vKεv. (S111)

Define

Lε,uv := vKεu+ uKεv.

This map is linear in v. It is also bounded: by (S109),

∥Lε,uv∥s ≤ Cs∥v∥s∥Kεu∥s + Cs∥u∥s∥Kεv∥s

≤ 2Cs∥Kε∥L(X)∥u∥s∥v∥s.

Hence Lε,u ∈ L(X).

The final term in (S111) is quadratic in the increment. Indeed,

∥vKεv∥s ≤ Cs∥Kε∥L(X)∥v∥2s.

Therefore
∥Gε(u+ v)− Gε(u)− Lε,uv∥s

∥v∥s
≤ Cs∥Kε∥L(X)∥v∥s −→ 0
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as ∥v∥s → 0, proving (S105).

We next control the dependence of the differential on the base point. From (S105), for

any v ∈ X,

[DGε(u)−DGε(ũ)] v = vKε(u− ũ) + (u− ũ)Kεv.

Using again the algebra estimate gives

∥[DGε(u)−DGε(ũ)] v∥s ≤ 2Cs∥Kε∥L(X)∥u− ũ∥s∥v∥s.

Taking the supremum over ∥v∥s ≤ 1 yields

∥DGε(u)−DGε(ũ)∥L(X) ≤ 2Cs∥Kε∥L(X)∥u− ũ∥s. (S112)

For each fixed ε, this proves continuity of u 7→ DGε(u) and hence Gε ∈ C1(X;X). Using

the uniform bound (S110), the constant on the right-hand side of (S112) can be chosen

independently of 0 ≤ ε ≤ ε0, proving (S106).

Finally, setting u = h in (S105) gives

Bεv = vKεh+ hKεv =MKεhv +MhKεv,

so

Bε =MKεh +MhKε,

which proves (S107). Adding and subtracting Mh gives

Bε =Mh +MhKε +
(
MKεh −Mh

)
=Mh(I +Kε) +MKεh−h,

proving (S108).

Lemma S27 (Uniform inverse of the base differential). For all sufficiently small ε ≥ 0, Bε

is invertible on X, with

sup
ε
∥B−1

ε ∥L(X) <∞. (S113)

For every fixed v ∈ X,

B−1
ε v −→ v

2h
in X. (S114)
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Proof. Set

Lε :=Mh(I +Kε), Eε :=MKεh−h.

Then Bε = Lε + Eε. By Lemma S22,

L−1
ε = (I +Kε)

−1Mh−1

is uniformly bounded. Moreover, for each fixed v ∈ X,

L−1
ε v = (I +Kε)

−1(h−1v) −→ v

2h
.

Strong continuity of Kε at the fixed function h gives

∥Kεh− h∥s −→ 0,

and hence, by the multiplier estimate,

∥Eε∥L(X) −→ 0.

Lemma S9, applied with base operator Lε and perturbation Eε, now proves that Bε is

invertible for all sufficiently small ε, its inverse is uniformly bounded, and

B−1
ε v −→ v

2h

for every fixed v ∈ X.

Lemma S28 (Preconditioned contraction and solution branch). There exist r > 0, ε0 > 0,

and q ∈ (0, 1) such that

Tε(u) := u−B−1
ε Gε(u) (S115)

is a contraction with constant q from

Br(h) := {u ∈ X : ∥u− h∥s ≤ r}

into itself for every 0 ≤ ε ≤ ε0. Its fixed point uε is the unique positive solution of

uKεu = h2.

The path ε 7→ uε is continuous in X, and

∥uε − h∥s ≤
1

1− q
∥∥B−1

ε Gε(h)
∥∥
s
−→ 0. (S116)
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Proof. By the preceding uniform-inverse lemma for Bε, there exists ε1 > 0 such that Bε is

invertible for 0 ≤ ε ≤ ε1 and

Cinv := sup
0≤ε≤ε1

∥B−1
ε ∥L(X) <∞. (S117)

For each such ε, B−1
ε is independent of the variable u. Since Gε is continuously Fréchet

differentiable by Lemma S26, differentiation of (S115) gives

DTε(u) = I −B−1
ε DGε(u)

= B−1
ε [Bε −DGε(u)] , (S118)

because Bε = DGε(h). In particular,

DTε(h) = 0

for every 0 ≤ ε ≤ ε1.

By (S106), there is a constant C, independent of sufficiently small ε, such that

∥Bε −DGε(u)∥L(X) = ∥DGε(h)−DGε(u)∥L(X) ≤ C∥u− h∥s.

Combining this with (S117) and (S118) gives

∥DTε(u)∥L(X) ≤ CinvC∥u− h∥s. (S119)

Since h > 0 and M is compact,

hmin := inf
x∈M

h(x) > 0.

Choose r > 0 sufficiently small that

q := CinvCr < 1, r <
1

2
hmin.

Because the Cs
ub norm controls the supremum norm, every u ∈ Br(h) satisfies

u(x) ≥ h(x)− ∥u− h∥∞ ≥ hmin − r >
1

2
hmin > 0.

Thus every function in Br(h) is strictly positive.
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Moreover, Br(h) is convex. Hence for u, ũ ∈ Br(h), the segment

ut := ũ+ t(u− ũ), 0 ≤ t ≤ 1,

also lies in Br(h). The Banach-space fundamental theorem of calculus gives

Tε(u)− Tε(ũ) =
∫ 1

0
DTε(ut)[u− ũ] dt.

By (S119), ∥DTε(ut)∥ ≤ CinvCr = q, and therefore

∥Tε(u)− Tε(ũ)∥s ≤ q∥u− ũ∥s. (S120)

Thus Tε has a common contraction constant q < 1 on Br(h).

It remains to show that this ball is invariant. At its center,

Tε(h)− h = −B−1
ε Gε(h).

Since

Gε(h) = hKεh− h2 = h(Kεh− h),

strong continuity of Kε at zero on the fixed function h, together with the Banach-algebra

estimate, gives

∥Gε(h)∥s −→ 0.

The uniform inverse bound (S117) therefore implies

∥Tε(h)− h∥s = ∥B−1
ε Gε(h)∥s −→ 0. (S121)

Decrease ε1, if necessary, and denote the resulting upper bound by ε0, so that

∥Tε(h)− h∥s ≤ (1− q)r, 0 ≤ ε ≤ ε0.

Then for u ∈ Br(h),

∥Tε(u)− h∥s ≤ ∥Tε(u)− Tε(h)∥s + ∥Tε(h)− h∥s

≤ q∥u− h∥s + (1− q)r

≤ qr + (1− q)r = r.
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Thus

Tε(Br(h)) ⊆ Br(h).

By Lemma S14, X is a Banach space, so the closed ball Br(h) is complete. Banach’s

fixed-point theorem therefore gives a unique uε ∈ Br(h) satisfying

Tε(uε) = uε.

Because Bε is invertible,

Tε(uε) = uε ⇐⇒ Gε(uε) = 0,

and hence

uεKεuε = h2.

The choice of r implies uε > 0. For ε > 0, Lemma S24 shows that this is the unique positive

root of the product equation. At ε = 0, K0 = I, so the equation becomes

u2 = h2,

whose unique positive solution is u = h. In particular, u0 = h.

Applying (S120) to uε and h gives

∥uε − h∥s = ∥Tε(uε)− h∥s

≤ ∥Tε(uε)− Tε(h)∥s + ∥Tε(h)− h∥s

≤ q∥uε − h∥s + ∥B−1
ε Gε(h)∥s.

Therefore

(1− q)∥uε − h∥s ≤ ∥B−1
ε Gε(h)∥s,

which proves (S116). Its right-hand side tends to zero by (S121). Since u0 = h, this also

proves continuity of ε 7→ uε at ε = 0.

It remains to prove continuity at positive ε. Fix ε∗ ∈ (0, ε0]. By the previously established

operator-norm continuity of Kε for positive ε,

∥Kε −Kε∗∥L(X) −→ 0 (ε→ ε∗).
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For u ∈ Br(h),

Gε(u)− Gε∗(u) = u(Kε −Kε∗)u.

Since

sup
u∈Br(h)

∥u∥s ≤ ∥h∥s + r,

the Banach-algebra estimate gives

sup
u∈Br(h)

∥Gε(u)− Gε∗(u)∥s −→ 0. (S122)

Similarly, from

Bε =MKεh +MhKε,

the multiplier estimate gives

∥Bε −Bε∗∥L(X) −→ 0.

Since the inverses are uniformly bounded, the resolvent identity

B−1
ε −B−1

ε∗ = B−1
ε (Bε∗ −Bε)B

−1
ε∗

implies

∥B−1
ε −B−1

ε∗ ∥L(X) −→ 0. (S123)

Finally,

Tε(u)− Tε∗(u) = −
(
B−1

ε −B−1
ε∗

)
Gε(u)

−B−1
ε∗

(
Gε(u)− Gε∗(u)

)
.

The family Gε(u) is uniformly bounded for u ∈ Br(h) and ε near ε∗, by the uniform bound

for Kε and the Banach-algebra estimate. Therefore (S122) and (S123) imply

sup
u∈Br(h)

∥Tε(u)− Tε∗(u)∥s −→ 0.

Using the two fixed-point equations,

∥uε − uε∗∥s = ∥Tε(uε)− Tε∗(uε∗)∥s

≤ ∥Tε(uε)− Tε(uε∗)∥s

+ ∥Tε(uε∗)− Tε∗(uε∗)∥s

≤ q∥uε − uε∗∥s + sup
u∈Br(h)

∥Tε(u)− Tε∗(u)∥s.
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Hence

(1− q)∥uε − uε∗∥s ≤ sup
u∈Br(h)

∥Tε(u)− Tε∗(u)∥s −→ 0.

Thus ε 7→ uε is continuous at every positive ε∗, completing the proof.

Lemma S29 (Averaged differential). Let uε be the branch from Lemma S28, and define

Bε :=

∫ 1

0
DGε

(
h+ t(uε − h)

)
dt. (S124)

Then

∥Bε −Bε∥L(X) −→ 0. (S125)

For all sufficiently small ε, Bε is invertible with uniformly bounded inverse, and, for each

fixed v ∈ X,

B
−1
ε v −→ v

2h
in X. (S126)

Moreover,

uε − h = −B−1
ε Gε(h). (S127)

Proof. We first compare the averaged differential with the differential at the base point. Since

X is a Banach space, L(X) is also Banach. Moreover, Lemma S26 shows that u 7→ DGε(u)

is continuous in operator norm. Hence

t 7−→ DGε
(
h+ t(uε − h)

)
is continuous from [0, 1] into L(X), so the integral in (S124) is well defined as a Banach-

space-valued integral.

Recall that

Bε = DGε(h).

Therefore

Bε −Bε =

∫ 1

0

[
DGε

(
h+ t(uε − h)

)
−DGε(h)

]
dt. (S128)

By the uniform Lipschitz estimate (S106),

∥∥DGε(h+ t(uε − h)
)
−DGε(h)

∥∥
L(X)

≤ Ct∥uε − h∥s.
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Using the standard norm inequality for Banach-space-valued integrals in (S128) gives

∥Bε −Bε∥L(X) ≤
∫ 1

0
Ct∥uε − h∥s dt

=
C

2
∥uε − h∥s. (S129)

Lemma S28 gives uε → h in X, and therefore

∥Bε −Bε∥L(X) −→ 0,

proving (S125).

Set

Eε := Bε −Bε.

By (S125), ∥Eε∥L(X) → 0. Applying Lemma S9 with base operator Bε and perturbation Eε,

and using Lemma S27, shows that Bε is invertible for all sufficiently small ε, its inverse is

uniformly bounded, and

∥B−1
ε −B−1

ε ∥L(X) −→ 0.

Consequently, for each fixed v ∈ X,

B
−1
ε v −→ v

2h
,

which proves (S126). Here v/(2h) ∈ X because h is bounded away from zero and h−1 ∈ X

by Lemma S14.

Finally, we derive the exact root identity. Since Gε : X → X is continuously Fréchet

differentiable, the map

Fε(t) := Gε
(
h+ t(uε − h)

)
, 0 ≤ t ≤ 1,

is continuously differentiable as an X-valued map. By the chain rule,

F ′
ε(t) = DGε

(
h+ t(uε − h)

)
[uε − h].

The Banach-space fundamental theorem of calculus therefore gives

Gε(uε)− Gε(h) =
∫ 1

0
DGε

(
h+ t(uε − h)

)
[uε − h] dt

=

[∫ 1

0
DGε

(
h+ t(uε − h)

)
dt

]
(uε − h)

= Bε(uε − h).
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Since uε is a root, Gε(uε) = 0, so

−Gε(h) = Bε(uε − h).

For sufficiently small ε, Bε is invertible by the preceding argument. Applying its inverse

yields

uε − h = −B−1
ε Gε(h),

which is (S127).

4.D.4 Expansion and comparison with intrinsic heat

Theorem S1 (Ambient-Gaussian compact-manifold expansion). Assume (S98). Then there

exists ε0 > 0 such that, for every 0 ≤ ε ≤ ε0, there are unique positive functions

uε, gε ∈ Cs
ub(M)

satisfying

uεP̂
M
ε uε = h2, gεP

M
ε gε = h2, uε = m1/2

ε gε, (S130)

with u0 = g0 = h. Both branches are continuous in Cs
ub(M), and

uε − h
ε

−→ −1

8
∆Mh, (S131)

gε − h
ε
−→ −1

8
∆Mh−

1

2
ωMh (S132)

in Cs
ub(M).

Equivalently, if

ϕε := log
(uε
h

)
, (S133)

then
ϕε
ε
−→ −1

8

∆Mh

h
in Cs

ub(M). (S134)

For every sufficiently small ε > 0, the coupling πε,gε is the unique entropic self-transport

plan for µ = h2dV under the squared ambient cost. Its symmetric potential satisfies

fε = −
εd

4
log(πε)− ε log h− ε2

[
1

8

∆Mh

h
+

1

2
ωM

]
+ oCs

ub(M)(ε
2). (S135)
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Proof. We first construct the normalized and raw solution branches. Lemma S28 gives, for

all sufficiently small ε ≥ 0, a positive solution uε of

uεP̂
M
ε uε = h2,

with u0 = h, and shows that ε 7→ uε is continuous in Cs
ub(M). For ε > 0, Lemma S24 makes

this the unique positive solution; at ε = 0 the equation is u2 = h2, whose unique positive

solution is u = h.

By the exact conjugacy of the raw and normalized product equations,

gε := m−1/2
ε uε

is the unique positive solution of

gεP
M
ε gε = h2,

and

uε = m1/2
ε gε.

Since mε → 1 in Cs
ub(M) as ε ↓ 0, smooth composition gives m−1/2

ε → 1, so gε → h at zero.

Positive-time continuity follows similarly from the positive-time operator-norm continuity of

PM
ε , since mε = PM

ε 1. Thus both branches are continuous.

We next identify the first-order expansion of the normalized branch. Recall that

Gε(u) = uP̂M
ε u− h2.

At the base point h,

Gε(h) = h
(
P̂M
ε h− h

)
. (S136)

Since h ∈ Cs+2
ub (M), the normalized-generator expansion from Lemma S19 gives

P̂M
ε h− h
ε

−→ 1

4
∆Mh in Cs

ub(M).

Multiplication by the fixed function h is bounded on Cs
ub(M), and hence

vε :=
Gε(h)
ε
−→ v :=

1

4
h∆Mh in Cs

ub(M). (S137)
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Lemma S29 gives the exact identity

uε − h = −B−1
ε Gε(h).

Therefore
uε − h
ε

= −B−1
ε vε. (S138)

The averaged inverse family is uniformly bounded, and for each fixed w ∈ Cs
ub(M),

B
−1
ε w −→ w

2h
.

Although vε varies with ε, we may write∥∥∥B−1
ε vε −

v

2h

∥∥∥
s
≤ ∥B−1

ε ∥L(X)∥vε − v∥s

+
∥∥∥B−1

ε v − v

2h

∥∥∥
s
.

The first term tends to zero by (S137) and the uniform inverse bound, and the second by the

strong inverse limit. Thus

B
−1
ε vε −→

v

2h
=

1

8
∆Mh.

Combining this with (S138) proves (S131).

We now convert from the normalized branch to the raw branch. The degree expansion

and smooth composition give

m−1/2
ε = 1− ε

2
ωM + oCs

ub(M)(ε). (S139)

Since gε = m
−1/2
ε uε, the exact identity

gε − h
ε

= m−1/2
ε

uε − h
ε

+
m

−1/2
ε − 1

ε
h (S140)

holds. By (S131),

m−1/2
ε

uε − h
ε

−→ −1

8
∆Mh,

while (S139) gives
m

−1/2
ε − 1

ε
h −→ −1

2
ωMh.

Substitution into (S140) proves (S132).
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We next pass to the logarithmic variable. Since M is compact and h > 0, h is bounded

away from zero. By Lemma S14, h−1 ∈ Cs
ub(M). Set

wε :=
uε − h
h

.

Then (S131) implies
wε

ε
−→ −1

8

∆Mh

h
, ∥wε∥s = O(ε). (S141)

Moreover,
uε
h

= 1 + wε, ϕε = log(1 + wε).

For sufficiently small ε, 1+wε stays in a fixed compact subinterval of (0,∞). Taylor’s formula

in the Banach algebra therefore gives

∥ log(1 + wε)− wε∥s ≤ C∥wε∥2s = O(ε2).

Dividing by ε and using (S141) proves (S134).

Finally, consider the entropic self-transport potential. For ε > 0, Lemma S25 identifies

πε,gε as the unique entropic self-transport plan and gives

fε = ε log

(
c
1/2
ε gε
h2

)
.

Using

gε = m−1/2
ε uε = m−1/2

ε heϕε ,

we obtain the exact decomposition

fε = −ε log(c−1/2
ε h) + εϕε −

ε

2
logmε. (S142)

Since cε = (πε)−d/2,

−ε log(c−1/2
ε h) = −εd

4
log(πε)− ε log h.

Equation (S134) gives

εϕε = −
ε2

8

∆Mh

h
+ oCs

ub(M)(ε
2).

Also, from

mε = 1 + εωM + oCs
ub(M)(ε)
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and smooth composition of the logarithm near 1,

logmε = εωM + oCs
ub(M)(ε).

Hence

−ε
2
logmε = −

ε2

2
ωM + oCs

ub(M)(ε
2).

Substituting these three expansions into (S142) proves (S135).

Corollary S2 (First-order equivalence with the intrinsic heat problem). Let ũε denote the

local positive branch solving

ũεH
M
ε ũε = h2, ũ0 = h.

Then

∥uε − ũε∥s = o(ε). (S143)

Proof. Set

G̃ε(u) := uHM
ε u− h2.

The proofs of Lemmas S26– S29 use only uniform boundedness and continuity of the kernel

family, uniform invertibility and the strong inverse limit for I + Kε, and the fixed-input

generator expansion. These properties hold with Kε = HM
ε by Lemmas S16 and S17. Hence

there is a local positive branch ũε → h satisfying

ũε − h
ε

−→ −1

8
∆Mh in Cs

ub(M).

Theorem S1 gives the same limit for uε. Therefore

uε − ũε
ε

−→ 0

in Cs
ub(M), which is equivalent to (S143).
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