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Feature selection and data compression are fundamental problems in dimension reduction
and representation learning. This dissertation develops a common variational framework for
these tasks, posing them as quadratic optimization over spaces of probability distributions.

The first substantive chapter introduces the local expected gradient outer product (local
EGOP) motivated by high-dimensional nonparametric regression. It is utilized in a recursive
feature-learning algorithm which yields an intrinsic learning rate for signals parameterized
by low-dimensional manifolds.

The second substantive chapter develops CO2 for selecting convexly weighted coresets
to approximate measures with respect to smooth divergences. Second-order Hadamard
differentiability turns a divergence’s Hessian into a loss-adapted kernel, reducing local
compression to maximum mean discrepancy minimization and kernel quadrature. For the
Sinkhorn divergence, this geometry is equivalent to a scaled Gaussian reproducing kernel
Hilbert space and supports coresets with poly-logarithmically many observations.

The final substantive chapter analyzes entropic self-transport as the regularization pa-
rameter € tends to zero. A second-order expansion of the symmetric Schrédinger potential

makes explicit its relationship to Gaussian-kernel estimators of density, score, and diffusion.
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Chapter 1

INTRODUCTION

The problems of feature selection and data compression are intimately related, although
they are not always presented as such. Feature selection is most commonly thought of
in supervised contexts, including lasso penalization and other methods of model selection.
Data compression refers to unsupervised data sparsification, such as through clustering or
coreset selection. In statistical learning, however, both tasks ask a common question: which
directions or observations are essential for a specified objective, and which can be discarded

only to positive benefit?

We illustrate this with an example. Suppose one wished to select ten cafes from the many
thousands in Seattle to best represent the city’s coffee culture. Before selecting the cafes, one
would likely identify descriptors such as ambience or bean selection to compare the different
shops. The quality of the exemplars produced by this procedure would correspond to the

capacity of these features to detect meaningful differences between the coffee shops.

We frame this problem variationally, realizing these tasks as optimization problems over
probability distributions. For feature-learning we focus on Nadaraya-Watson style estimators
which locally pool data. In the compression setting, sparse probability distributions supported
on the observed samples. In both cases, the relevant loss is generally nonlinear in the measure.
The main analytical strategy is to expand that nonlinear loss locally and identify the quadratic

form that governs its leading behavior.

This quadratic perspective produces the main technical objects studied below: the
expected gradient outer product (EGOP), which measures local variation of a regression
target; the Hadamard operator, which is the Hessian of a smooth divergence on a space of
probability measures; and the Schréodinger potential, whose small-regularization expansion

exposes the local geometry of entropic optimal transport.



1.1 Selection as an optimization over measures

Let P denote a population distribution and

1 n
1=

its empirical distribution. A convexly weighted coreset of size m is a probability measure

m m
P, = ijéxij, w; > 0, ij =1,
=1 =1

supported on at most m of the observed points. Given a discrepancy D(u,v), data compression
seeks a small P, that is nearly indistinguishable from P, in the geometry relevant to D. For

losses whose empirical fluctuation is of order n!, the desired relation is
D(P,,, P) = D(P,, P) 4+ op(n™1).

Throughout the dissertation we denote by P a population law, P, its empirical law, and
P,, a coreset supported on at most m observations; u and v denote generic measures or
localizations.

Now consider supervised data (X;,Y;) with
Y, = f(Xi)+e,  f(z)=E[Y|X =zl

At a query point z, an anisotropic kernel estimator averages observations according to a

positive-semidefinite metric M:

Ao Sy k(12 @ = X)/V/2R) Vi -
M,p\T) = ) .
Sy k(M2 (@ - X))l /v2R)

For a Gaussian kernel, this estimator has a continuum analogue that averages f under the

localization

perini=N(z,%), S=hrM"

Thus learning the metric M is equivalent to selecting a local probability measure. The
covariance ¥ determines which directions and how large a region the estimator may pool.
Directions assigned large covariance are treated as locally redundant, while directions assigned

small covariance are retained at higher resolution.



1.2 Quadratic Approximation

The recurring analytical step in this dissertation is to establish quadratic surrogates for the
desired learning tasks. Let J be a functional defined on probability measures and let v be a

signed, zero-mass perturbation of P. Under an appropriate notion of differentiability,
T (P +1ty) = J(P) +tJp(v) + 1> Tp(7) + o(t?). (1.2)

For a divergence minimized at P, the first derivative vanishes. The leading local behavior
is therefore the quadratic form Jp. When this form is positive semidefinite, it may be

represented by an operator Gp and a kernel gp:

Go(y) = / (Gpr) dy = / / gp () dy(@)dy(y) = |12, (1.3)

The operator G p is the Hadamard operator of the functional. It defines the tangent geometry
in which two nearby distributions should be compared. If gp is a reproducing kernel, then
the final expression in Equation (1.3) is a squared maximum mean discrepancy (MMD). A
nonlinear compression problem can consequently be reduced, locally, to kernel quadrature.

An analogous expansion governs local regression. If Z is centered with covariance ¥ and
concentrated near x, then

fla+2)— flx) = Vi)' 2,

and hence

E[(f(x +2) = f@))] ~ Vf(2) £V (@) = (V@) V@) 5)

After averaging over a localization p, the rank-one matrix Vf(z)Vf(z)" becomes the

expected gradient outer product
L) = [ VIRV du(o), (1.4)
and the corresponding quadratic variation is
W) = (L0 S0 = [ VIS0V HE) du(a) (15)

We call W the EGOP form. Equations (1.3) and (1.5) are the two principal quadratic forms

of the dissertation. The first measures a perturbation of a distribution in a loss-adapted



tangent geometry, the second measures a perturbation of the input in a response-adapted
spatial geometry. Both identify directions in which variation is expensive and directions in
which averaging is safe.

In regression, a kernel determines the local measure over which observations are pooled.
In compression, a kernel embeds probability measures into a Hilbert space and determines
which distributional perturbations must be preserved. In the final chapter, a Gaussian kernel
is also the reference interaction in entropic transport, and its normalization produces a
Markov operator. Kernel learning, kernel quadrature, and kernel diffusion are all central to

this research, establishing geometry tailored to the estimation task at hand.

1.3 Dissertation outline

Below we detail the primary contributions of each of the main dissertation chapters.

1.3.1 Local Feature Learning as Distributional Optimization: Rates and Theoretical Foun-

dations

The first substantive chapter studies feature learning for nonparametric regression. In high-
dimensional problems, the ambient dimension D may substantially overstate the dimension

along which the regression target varies. The classical multi-index model assumes

f(z) = g(Vi)

for a low-rank matrix V. The active directions are then globally fixed. We instead study
a nonlinear extension called continuous index learning (CIL). Let M C RP be a smooth
d-dimensional manifold and let
7(z) := argminl||q¢ — z||
q€

be the nearest-point projection within the reach of M. The CIL model assumes

f(x) = g(m(x)). (1.6)

Thus f may vary along a curved collection of tangent spaces while remaining invariant to

normal displacement. A flat manifold recovers the multi-index model. This formulation



captures the local, spatially varying feature structure that motivates manifold learning and
kernel steering.

The EGOP in (1.4) records that structure. Its leading eigenvectors identify directions in
which f varies most strongly, while its null or near-null directions identify directions along
which a local estimator may smooth aggressively. This suggests metrizing the kernel in
Equation (1.1) by a local estimate of £(u). The empirical analogue is an average gradient

outer product (AGOP),
£Q) = [ VFVIE)T Q).

evaluated not over the entire empirical distribution, but over the same local kernel measure
used for prediction.

This local construction is closely related to recursive feature machines and other gradient-
based kernel-learning methods (Radhakrishnan, Beaglehole, et al., 2022; Beaglehole, Rad-
hakrishnan, et al., 2023), but the distributional formulation makes the associated risk tradeoff
explicit.

We formalize this geometric idea as follows. For y = N(z,X), the Gaussian Poincaré
inequality connects the integrated squared bias of a local average to W (u). The finite-sample
variance, in turn, is controlled by the volume of the smoothing region. At the level of rates,

the resulting local mean integrated squared error (MISE) obeys

1
nvdet X

The two terms expose the bias—variance tradeoff in distributional form. Making ¥ small

£ | [(Gunto) ~ 1 duta)| = o L) (17)

controls the EGOP form but discards observations; making ¥ large increases the effective
sample size but risks averaging across directions in which the target changes.
This tradeoff leads to a constrained maximum-entropy problem. For a prescribed bias

scale a > 0, one would like to solve

max log det 2 subject to tr(L(pn)X) < a. (1.8)

Freezing the EGOP at the current localization leads to the explicit solution ¥ oc £(u) L.
Consequently, the Mahalanobis metric M o ¥~! is proportional to this matrix. Local EGOP



Learning iterates this relation,

pe=N(z,%), S = he [BL(w) + (1= B)L(pe1)] (1.9)

1.3.2  Coreset Selection for the Sinkhorn Divergence and Generic Smooth Divergences

Let
Dp(Q) :=D(Q, P)

be a divergence from the population P. The aim of this section is to approximate the empirical
distribution with a sparse coreset. Many non-MMD losses may be costly to optimize directly
over all sparse measures P,,, < P,. The proposed method, CO2 (Coresets of Order 2), uses
the functional expansion (1.2) to construct a quadratic approximation tailored to D.

More precisely, suppose Dp is second-order Hadamard differentiable at P relative to a

suitable tangent topology. Because Dp(P) = 0 and the first derivative vanishes at the null,
Dp(P +ty) = t2Dp(y) + o(t?). (1.10)

The Hadamard operator Gp represents Dp as in Equation (1.3). Compression under its

kernel therefore preserves the locally relevant part of the original divergence. In particular, if
MMDy,. (P, Pn) = 01)(”_1/2)7

then the compression error is negligible at the quadratic statistical scale, and
Dp(Py) = Dp(P,) +op(n1).

Algorithmically, a low-rank approximation to the Hadamard kernel can be combined with
kernel recombination to construct a convexly weighted coreset. The required coreset size is
controlled by the residual spectrum of the normalized Gram matrix. When the loss-induced
kernel is well approximated at low rank, a small number of observations preserve the leading
statistical behavior of the full empirical distribution.

The main application is the Sinkhorn divergence. For € > 0, define entropically regularized

quadratic transport by

OT.(p,v) := Weinx%ﬁ ) {/Hg; —y|*dn(z,y) + e KL(r|p ® u)} , (1.11)



and

Se(p,v) := OTe(p,v) — % OT:(p, ) — %OTE(V, v). (1.12)
Let

3

ke(a,y) = eXp(—Hx_yH2>

and let ap denote the positive self-transport scaling at P, characterized by
dP
w=r(07). Ko (LD, (113)

The base-point-scaled Gaussian kernel is

7 ka(xv y)

kaop(x,y) == ap@)ar() (1.14)

If Jop.7v := K:(dvy/ap) and Tp is the self-transport integral operator, the Sinkhorn Hessian

has the form
.o g _
Sep(1) = 5 (Japy: (T = TE) " ap)y, (1.15)

on the zero-mass tangent space. For distributions in R?, the eigenvalues of this analytic

kernel decay sufficiently rapidly that taking
m = w(log?n)

is enough to construct a lossless Sinkhorn coreset. This result is representative of a general
recipe for D-coreset construction. Differentiate the nonlinear loss, identify its local kernel
geometry, approximate that kernel at low rank, and preserve the resulting quadratic form

with a sparse measure.

1.3.3  Entropic Self-Transport in the Small-e Limit: Scores, Densities, Diffusion Maps, and

Fast Coresets

The final substantive chapter studies the same entropic self-transport object in a different
asymptotic regime. The coreset chapter perturbs the marginal distribution while holding
€ > 0 fixed. The final chapter instead holds the distribution fixed and lets € | 0. We recover
asymptotic results that asymptotically link entropic optimal transport to natural diffusion

processes.



For self-transport of a measure i, the optimal coupling has density

L SR § O R £ O]
&) = (o) = e HOEEOD ) oy, (1.16)
where the symmetric Schréodinger potential f. solves
fule) = ~<log [ exp(f-(u)/2) kel v) duy). (117

Suppose p has density p = h% on R?, with a sufficiently smooth log-density. The main
expansion is

d Ah
fe= —€ log(me) — elogh — 628—h + o(e?). (1.18)

To derive this, we reparameterize the Schrodinger equation using the heat semigroup
P.u(z) := (wa)d/2/eftyll2/€u(y) dy = /DBy (z)

and apply an implicit-function argument to the h-transformed equation.
A key implication of these results is that self-EOT and Gaussian kernel estimators of
density, score, and diffusion agree at leading order, and their first discrepancies can be written

explicitly.



Chapter 2

LOCAL FEATURE LEARNING AS DISTRIBUTIONAL
OPTIMIZATION: RATES AND THEORETICAL FOUNDATIONS

Abstract. We consider the setting of Continuous Index Learning, in which a function
f of many variables varies only along a small number of directions at each point z. Any
sample-efficient predictor of f(x) must learn these directions, and a natural way to achieve
this is via kernel regression, where the kernel shape adapts to the local variation of f. In
our approach, we introduce the local Ezpected Gradient Outer Product (local EGOP), a
novel quantity that functions dually as an anisotropic metric and the inverse-covariance of
a Poincaré-constrained maximum entropy distribution centered at x. This leads to a new
framework connecting the Local Feature Learning, Recursive Feature Machine, and nonlinear
dimension reduction literatures. The resulting Local EGOP Learning algorithm is a recursive
kernel learning method that achieves a learning rate adaptive to the intrinsic regularity of
the target function. We demonstrate some of its properties through controlled experiments

and on real data.

2.1 Problem and approach

Learning representations adapted to structured data is a fundamental objective of modern
machine learning, underpinning the success of methods from neural network architectures to
manifold learning (Bengio et al., 2013; LeCun et al., 2015; Coifman and Lafon, 2006a; Meila
and Zhang, 2024). In many high-dimensional settings, including speech, images, and scientific
measurements, data typically concentrates near a non-linear d-dimensional submanifold M
(Tenenbaum et al., 2000; Das, Moll, Stamati, L. E. Kavraki, et al., 2006; Pope et al., 2021).
Meaningful features are functions that capture variation along M while remaining invariant
to orthogonal displacements. Classical techniques in image processing leverage differential

information including gradients and Hessians to learn such local structure, capturing fine
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details like edges and contours (Schmid and Mohr, 1997; Lowe, 1999; Wallraven et al., 2003;
Takeda et al., 2007). In the kernel literature, this is known as Local Feature Learning (LFL), a
problem setting where kernel regressors are augmented with derivatives of the target function
for the purpose of point estimation. The Recursive Feature Machine (RFM) algorithm is a
recent method that falls under this umbrella, being proposed for nonparametric regression
and as a theoretical model for neural network training dynamics (Radhakrishnan, Beaglehole,
et al., 2022; Beaglehole, Radhakrishnan, et al., 2023; Zhu et al., 2025).

The goal of this chapter is to develop theoretical foundations for such algorithms, linking
them directly to the optimization of certain regression related risk functionals such as
the Mean Integrated Squared Error (MISE). This leads us to (1) the development of a
new problem setting that generalizes multi-index learning, (2) a blueprint kernel learning
method that achieves adaptive rates for such data, and (3) a new framework which relates
these procedures to the optimization of Poincaré inequalities of central interest in nonlinear
dimension reduction. We briefly explain our approach here in light of these three interrelated
contributions.

Kernel learning problem Given n i.i.d. observations (X;,Y;) € RP x R, we focus on
the Nadaraya-Watson estimator of f(z) = E[Y|X = z] given by f(z) = 3, w;Vi, with w; o
kn(z, X;) (see (2.2)), with kernel k and bandwidth h. We focus on k Gaussian, with
modifications for other kernels presented in Appendix 2.C.1.4.

We aim to learn anisotropic kp,, emulating the local structure of f through the Mahalanobis
metrization ky,(x, X;) := kpar(x, X;) = k(|| MY/?(x — X;)||/v/2h). The goal is to learn an M
that penalizes displacement in directions where f most strongly varies, to reduce bias, but
remains wide in the directions where f is constant, to control variance.

(1) The data setting — Continuous Index Learning (CIL) This new setting is a
generalization of multi-index learning (MIL). MIL is the task of estimating a function that
only depends on z through composition with a low-rank matrix V, f(z) = g(Vx). In CIL, we
generalize this to the compositional problem f(x) = g(m(z)) where 7(z) := argmin, ¢ v [[g—2|
denotes the nearest point projection onto a latent manifold M. MIL corresponds to the
specific subsetting where M is a flat vector space. CIL is the natural setting for local kernel

adaptation problems, see Figure 2.2 for an example of continuous single-index data.
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Figure 2.2: Continuous single-index
Figure 2.1: Local EGOP Learning localizations (Algo-  data. Heatmap: a normally-
rithm 1) on a grayscale mandrill image Bush (2021).  invariant function about a closed
Inputs x are pixel locations; f(z) are grayscale val-  curve (black). White lines indicate
ues. We highlight the 125 highest-weight pixels (red)  normal spaces. Red vectors denote
around specific center points (early stopping applied). sampled gradients (length oc mag-

Right: Magnified view of the boxed region. nitude).

(2) Recursive kernel learning — our blueprint To this end, we develop a recursive
procedure we call Local EGOP Learning, which iteratively refines the metric M by pooling
coarse differential information estimated from the observed data around a target point x.
This procedure is intentionally similar to the Recursive Feature Machine (RFM) algorithm
proposed for kernel ridge regression. Central in this line of research is the expected gradient
outer product (EGOP), L(u) := [VfV fTdu. TIts empirical counterpart is the average
gradient outer product (AGOP) L(P,) := Ef(Pn) =150 Vf(z)VfT(x;), with P, the
empirical distribution.

Our key insight is to (iteratively) localize the EGOP (or AGOP) around the point of
interest x. At iteration ¢, let ]\//.Tt denote the normalized precision used by the kernel and set

wgt) ox exp(—(z; — a:)T]\/It(:r:Z — ). With f given by (2.2), we consider

Ly=L (Z wgﬂ%) = WV i)V i) (2.1)
=1 =1

That is, rather than averaging the gradient outer products over the full dataset, as has been
recently emphasized, we weigh them with respect to the same kernel we utilize for regression.

After two initialization updates without momentum, we set ]\ZH = BZt +(1- 6)2,5_1,
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B € (0,1). Algorithm 1 normalizes ]\ZH before rescaling by the bandwidth. Corollary 2.4
shows that the corresponding population trace converges to a positive constant, so this scalar
normalization does not affect the learning rate. Momentum improves stability, as discussed
in Appendix 2.A.4. In Figure 2.1 we visualize the resulting regression neighborhoods. This
method, described in Section 2.4, has close ties also to the heuristically motivated “kernel
steering” algorithm (Takeda et al., 2007; Takeda et al., 2008); therefore, by providing formal
guarantees for it, we illuminate the workings of these very successful precursors.

(3) Theoretical analysis framework We introduce a distributional interpretation of
this recursive procedure through the Gaussian localizations y; = N(z, %), where Xy oc M, !
up to a covariance cap. [ fdu is the population counterpart of f (). Central to our
analysis is a new Dirichlet functional that we call the EGOP form, W () := tr(L(ue) X (pe)),
which naturally bounds the bias of Mahalanobis metrized kernel regression. This leads to
an interpretation of Local EGOP Learning as a Poincaré constrained maximum entropy
estimator, which we show achieves an intrinsic learning rate for the CIL setting.

In Section 2.3, we develop a framework for the study of anisotropic kernel regression,
and an interpretation of EGOP metrization as greedy MISE optimization. In Section 2.4,
Algorithm 1, we introduce the Local EGOP Learning algorithm in detail. In Section 2.5, we
analyze this procedure as a matrix recurrence, demonstrating learning rates adaptive to the
regularity of the target function. In Section 2.6 we highlight connections to recent methods
in the compositional learning and nonlinear dimension reduction literature. In Section 2.7,
we illustrate several significant aspects of the theory via numerical experiments, while Section

2.8 indicates avenues for future work.
2.2 Background and Related Work

For extended background material, refer to Appendix 2.A.

Kernel Learning: Kernel selection is a central task in the analysis of specialized data
(Odone et al., 2005; Kondor and Jebara, 2003; Joachims, 1998; Chapelle et al., 1999; Barla
et al., 2002; Vishwanathan et al., 2010), statistical optimization (Genton, 2001; Scholkopf,
Simard, et al., 1997; Osborne, 2010), and distillation (Gong et al., 2024; Kokot and Luedtke,
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2025). This setting is of broad interest to the development of machine learning theory (Belkin
et al., 2018), and models like neural networks and random forests asymptotically correspond

to tailored kernels (Jacot et al., 2018; Scornet, 2016).

Learning with Gradients: Classically, Local Feature Learning (Schmid and Mohr, 1997;
Weickert, 1999; Lowe, 1999; Wallraven et al., 2003; Dalal and Triggs, 2005; Bay et al., 2006)
and recursive partitioning (Heise, 1971; Breiman and Meisel, 1976; Friedman, 1979) have
placed emphasis on leveraging information on the target function and its derivatives for
representation learning. Our approach provides a rigorous basis for related “kernel steering”
techniques in image processing (Takeda et al., 2007; Takeda et al., 2008). The EGOP has wide
statistical applications (Samarov, 1993; Hristache et al., 2001; Xia et al., 2002; Trivedi et al.,
2014; Yuan et al., 2023) and gradient metrizations appear in the setting of manifold learning
(Q. Wu et al., 2010; Mukherjee et al., 2010). For supervised noiseless manifolds, Aswani et al.
(2011) achieves intrinsic rates using isotropic kernels and sparse regression, penalizing normal
and tangent spaces differently. However, their method requires estimating the local dimension
d a priori and extends to infinite regressors, lacking our adaptive, local refinement. Recursive
Feature Machines (Radhakrishnan, Beaglehole, et al., 2022; Beaglehole, Radhakrishnan, et al.,
2023; Radhakrishnan, Belkin, et al., 2025; Zhu et al., 2025) is a recently proposed method
that highlights the LFL framework. Our analysis reveals a fundamental connection to recent
research in the nonlinear dimension reduction literature which approaches the problem of
compositional learning through the optimization of Poincaré inequalities (Bigoni et al., 2022;

Verdiére et al., 2025; Nouy and Pasco, 2025).

Multi-Index Learning: Multi-index learning has frequently been studied through neural
network adaptation (Mousavi-Hosseini et al., 2022; Boix-Adsera et al., 2023; Damian et al.,

2023). In the single-index setting—where f(z) depends solely on v

r—two-layer networks
learn this dependence efficiently, rapidly improving prediction (Bietti et al., 2022; Abbe
et al., 2024; J. D. Lee et al., 2024), with recent results extending to multi-index frameworks
(Damian et al., 2023; Arnaboldi et al., 2024). The continuous index feature structure we

adopt is standard in manifold learning (Aamari and Levrard, 2018; Genovese et al., 2012;
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Kokot, Murad, et al., 2025). Continuous index models previously appeared as the “nonlinear
single-variable model” of Y. Wu and Maggioni (2024) for 1D manifolds. In that paper, broad
connections are made to compositional learning (Juditsky et al., 2009; Shen et al., 2021) and

nonlinear dimension reduction (Yeh et al., 2008; K.-Y. Lee et al., 2013).

2.3 A Framework for Recursive Kernel Learning

In this section we develop a framework that relates kernel Mahalanobis metrization M, the
covariance of the local sampling density p, 3(u¢) := Cov,, (X), and the EGOP L(1) to
local Mean Integrated Squared Error (MISE) risk functionals. Central to this framework is
the EGOP form W (u) = (L(u), (1)) F-

The idea is as follows. Since f (z) can be viewed as estimating the local average
Ex~u[f(X)], its error can be bounded in terms of the variance of f(X) under p. This
naturally ties the bias of this estimator to a Dirichlet form, and thus the local EGOP. We

will leverage this to connect metrization by the EGOP to a greedy MISE reduction strategy.

2.8.1 Assumptions and Notation

We refer to the population distribution of our feature vectors X € R” as P, and its empirical
distribution as P,. We assume P has a bounded C'! density p with respect to the Lebesgue
measure on R”, bounded away from 0 at x the query point. In CIL, we denote by M the
smooth base manifold of dimension d, by 7 the nearest point projection onto the manifold,
and by T, and N, the tangent and normal spaces at point 7(z) € M. For 7 to be well-defined,
we further assume that X lies within the reach of M (Federer, 1959) almost surely.

The labels Y are assumed to be of the form Y; = f(X;) + ¢; for ¢; i.i.d., mean zero,
and finite 4th moment. We assume that f € C* and is bounded with uniformly bounded
derivatives. We reserve p to refer to a localization or target distribution of data appropriately
concentrated about the point of interest . We denote by ¥ the covariance of u, and
we enforce ||X]| < ¢ < oco. We denote by (-,-)p the Frobenius inner product, and by
k a second-order kernel that satisfies typical assumptions in the nonparametric statistics
literature, as in Tsybakov, 2009|Chapter 1]. For convenience, we use a Gaussian kernel for k,

although modifications for the general setting are presented in Appendix 2.C.1.4. We assume
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g = Vf(x) # 0. Finally, we define the empirical kernel estimator for predicting f at = and

its continuous counterpart by:

. R 1 n . 1
f(:B) = PMt (f) == Z kht,Mt ($7 Z)YYM CMt = Z kht,Mt <$7Xi)7 (22)
G YA e i3
1

Puf) = g [ non( i@ dPW. Cui= [ B dP@). (23)

=
The bandwidth A is suppressed in our notation as it will be pre-set at each iteration of our

algorithm.

2.3.2 The EGOP and MISE

To assess the quality of predictor (2.3) on p concentrated about a query point x, we introduce

a Dirichlet form we call the EGOP form W (u).

Wp) = /VfTZ(u)Vf dp = tr(L(p)X(p)) = (L(p), E(p)) P (2.4)

Identifying the EGOP form is a central contribution of this chapter, as we relate W(u) to

the bias of Mahalanobis metrized kernel regressors relative to a local MISE functional.

Lemma 2.1 (Gaussian-smoother bias bound). Let ||hyM; || be uniformly bounded, and set
pe = Nz, htMt_l). Then, there exists a universal constant C depending only on x, P, such

that

[Pu0) = 02 ds < W ). (25)

This bound follows from the Gaussian Poincaré inequality, and has the following natural
interpretation. The matrix £(u) encodes the variation of f, and ¥(u) the directions in
which data is pooled for our predictor. Thus, when £(u) and ¥(p) are misaligned, such that
(L(p),X(pn))r = W(p) is small, then f is smooth with respect to u. If data is pooled in
directions of minimal variation of f, then the squared residual from the average is reduced.
We note that this general structure, of metrizing by the inverse covariance, appears in
disparate literatures, from classical Local Feature estimators (Schmid and Mohr, 1997), to
VAEs (Chadebec and Allassonniére, 2022), and Langevin preconditioning (Cui et al., 2024).

We next seek to control the variance of the finite sample estimator Py of f at z.
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Lemma 2.2 (Kernel-regression variance bound). Let M; = 0, %y = hy M, ", and ||| be uni-
formly bounded. Then, there exists a universal constant C' depending only on x, P, || f|| o, E[¢*]
such that

< C

T ny/det Sy

Thus the discretization error is monotone in the entropy of the Gaussian smoother,

E |(Pa,(f) — Pag, (f))? (2.6)

H(ut) = logdet(X;), encouraging averaging over larger pools of data. We build on this

perspective in Section 2.3.3. Combining these bounds yields our fundamental error rate.

Theorem 2.1 (Local MISE bound and dimension-adaptive rate). Let M; = 0, and set
Y = heM[ Y, e = N(z,%y), and ||S¢]| be uniformly bounded. Then,

B | [P = D] =0 (e 4 W) 2.7)

In particular, if W(ue) = O(ht) and det 3y = Q(h]) then the asymptotic learning rate is
B[ [(Puh) - 1P du] = 0 (w7 752). 28)

2.8.83 Recursive Kernel Learning as Constrained Entropy Mazimization

We now show how EGOP based recursive kernel learning, combined with our basic kernel
bounds, constitutes a greedy variance reduction strategy. Intuitively, the goal is to induce
anisotropy in the kernel, stretching or steering it to include additional low-bias points that
would otherwise be discarded with an isotropic metric. The inclusion of these additional
high-quality points is exactly a reduction of variance, as including more data results in tighter
concentration to the mean for a local averaging estimator.

To optimize the bound of Theorem 2.1, we would like to select p such that W(u) — 0
with entropy logdet ¥(u;) as large as possible. In other words, if we specify the rate
W (pe) = tr(L(pe)3(1e)) = he — 0, it would be optimal to smooth over the largest possible

region that achieves this bias, meaning we would like to select

Ut = argmaxtr(ﬁ(m)z(m))ght IOg det Z(,ut) (29)

This, however, cannot be solved, as we lack precise knowledge of the target function f.

Moreover, tr(L(pu:)X(ue)) < hy presents a challenging feasible set, as it is posed over a space
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of probability distributions, thus making it non-Euclidean. Our Gaussian ansatz reduces the
problem to optimizing a finite parameterization, though the optimization is non-convex.

For A > 0, the finite-dimensional maximum-entropy problem has solution
o h —1
Yh(A) := argmaxy, o tr(ax)<p logdet X = BA . (2.10)

We impose the covariance cap only after this update. For B > 0 with eigendecomposition

B = U diag(by,...,bp)U", define the spectral truncation
Cap,(B) := U diag(min{by, ¢}, ..., min{bp, (U . (2.11)
For a possibly singular A > 0, define the truncated inverse map
Th.c(A) :=lim Ca ﬁ(A +ent (2.12)
S R A D) ' '

This operation is empirically similar to the numerically stabilized inversion (A + ¢I)~! which

is common in the literature, although we elect for exact capping for theoretical convenience.

Proposition 2.1 (Truncated inverse-EGOP metric update). During initialization ]\/4\t+1 = Zt,

while after momentum s introduced J\//EH = ﬁEt +(1- ,B)Et,l. The associated covariance is
Yip1 = 771t+1,C(Mt+1)' (2'13)
If Myoq = Udiag(M, ..., Ap)UT, then

min{¢, hy1/(DAj)},  Aj >0,
Y41 = U diag(my,...,p)U ", T = Gl Db % (2.14)

Hence the update agrees with ht+1Z\/thrll /D on every untruncated spectral block, while null

and sufficiently small-EGOP directions are set to the cap.

When implemented in Algorithm 1, we use local linear regression to better fit into the

EGOP estimation loop, and we develop corresponding theory in Appendix 2.D.
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2.4 The Local EGOP Algorithm

In this section, we introduce Local EGOP Learning (Algorithm 1), which implements the
recursive inverse-EGOP metrization motivated by Section 2.3.3. We emphasize this method
for its simplicity, although it can be optimized, as discussed in Appendix 2.B.

The algorithm computes base weights with respect to the metric ]\/Zt (Step 3) to sample
points where the gradient will be estimated (Step 4). For each selected point, new local weights
are computed to fit a Leave-One-Out (LOO) local linear regression, yielding a local gradient
and function estimate (Steps 5-6). The resulting gradient outer products are averaged to form
Et (Step 7). After two initialization updates we add momentum ]\/Ztﬂ = ﬁEAt + (11— B)Zt_l,
B € (0,1) and rescale by the bandwidth. In practice, hyper-parameters o, m, 3, T, and the
bandwidth schedule {h;} are chosen via cross-validation. While the theoretically optimal
iteration count is dimension-dependent (Theorems 2.2 and 2.3), Algorithm 1 incorporates the
LOO validation loop directly into its execution (Steps 7-9) to provide a purely data-driven
early stopping criterion. Further theoretical motivation is detailed in Section 2.3.3.

The time complexity of Algorithm 1 is O(TmnD? + TmD3?), with memory overhead
O(nD + D?).

2.5 Theoretical Analysis of Local EGOP Learning

For the two initialization steps, set puo = N(z*,al), M; = L(po), and My = L(u1). For
t > 2, define the population momentum metric
Mys 1= BL(u) + (1 — B)L(u1). (2.15)

The oracle covariance recurrence is

Yir1 = Thypr,c (Mig1). (2.16)

On every spectral block where truncation is inactive,

h -
Yip1 = %Mt+11- (2.17)

We absorb the fixed factor D~! into the bandwidth notation in the rate analysis. The
following Taylor expansion identifies the gradient and Hessian components that determine

the covariance scales.
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Lemma 2.3 (Local EGOP Expansion). Let u = N(z*,%), g = Vf(x*), and H = V2 f(z*).
There exist a linear map T : RP*P — RP and a map R : RP*P — RPXD sych that, for

every A > 0,

1T < CrlAll, IR < CrllAl%, (2.18)

L(p)=gg" +HSH + gT(2)" +T(2)g" + R(D). (2.19)
We next compile the following geometric facts key to realizing an intrinsic learning rate.

Lemma 2.4 (Invariant directions and projected Hessian structure in CIL). Let * =p+ v,

where p € M and v € Ny, and set g =V f(z*) and Q = 7rgL. Then

Vip+v)=1—=S,)"'Vip). (2.20)

There exists a subspace Null C g of dimension at least D — 2d along which the gradient is

constant and which the Hessian annihilates. If rank(QHQ) = 2d — 2, define

&, =range(QHQ), Ke =ker((QHQ)|,-). (2.21)

Then dim(&;) = 2d — 2, dim(K,) = D — 2d + 1, QHQ is invertible on &, and Null C IC,.
The space K, contains at most one additional direction; along this full space the gradient may

change in magnitude but not direction. More precisely, for sufficiently local v € K,
Vf(xz*+v) € span(g), QV2f(z* +v)mi, = 0. (2.22)

Theorem 2.2 (Dimension-adaptive Local EGOP rate). Let k:= D — 2d + 1. Assume that
D > 2d, rank(ﬂ'jﬂwgl) = 2d — 2, and the local CIL condition of Section 2.C.3.1. Forn > 3,

set

C —
Cn = @7 ap = Caln, hy = 047217 Vi = apr! Lot>1,

where 0 <r <1,0< B <1, and c¢,co > 0 are sufficiently small constants. Define

by, = (ncg/2>—2/(d+2)

, typ = min{t > 2: hy < b,}.
Then hy, < by, and, uniformly for 2 <t <t,,

g 39 = O(hy), v S = 0(¢)  for unit v € Ky,
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and
e'Sie = O(\/hy) for unit e € &,.
Moreover,
\/m:@<h§/2§]f/2)’ W(/J/t) :O(ht),
and
E [ / (Par,,, (F) = f)? dutn} -0 (n—2/<d+2>gk/(d+2>) .
Consequently,

E [ / (P, () — 1) dutn] = 0 (n2/(# (1o m) P2/ (02))

The covariance therefore has one direction of order h;, 2d — 2 directions of order v/hy,
and D — 2d + 1 directions at the shrinking cap. The logarithmic factor is the variance cost of
forcing the Gaussian localization into the local CIL tube.

When data is not CIL, and the Hessian is full rank, our guarantee remains sharp.
Compared to an isotropic Nadaraya-Watson estimator, our method nearly squares the
asymptotic error of the local MISE, effectively cutting the effective dimension in half for D

large.

Theorem 2.3 (Full-rank projected-Hessian anisotropy and rate). Let rank(ngH ﬂj) =D-1
and X satisfy the recurrence in equation 2.16, \/hy = art, 0 <r <1, and 8 € (0,1). Then,

for o sufficiently small, " Xig = O(hy), and for v L g, v' 5w = O(vV/hy). It follows that,

) o 2logn
selecting t, = (D+5) log(1/r)’

A _4
E [/(PMtn(f) - f)2dﬂtn:| =0 (n D+5> : (2.23)
2.6 Connection to the Nouy and Pasco (2025) Nonlinear Dimension Reduction

Our results connect LFL to methods in compositional learning and nonlinear dimension
reduction.

RFM procedures are similar to Algorithm 1, but typically use kernel ridge regression for
both the predictor f = fridge and the (global) AGOP; the latter is averaged uniformly over

the full dataset, yielding M = L Fa (P,). Other minor implementation differences include a
ridge
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preference for Laplace kernels and, recently, adjustments to the metrization scheme (Zhu
et al., 2025).

Nouy and Pasco (2025) compose a class of predictors H with a non-linear mapping
g : RP — RY They bound the L? bias of this estimator as a function of g, £(g) =
mingey E[| f(X) — h(g(X))|?], via a Poincaré inequality. Specifically, £(g) < CJ(g), where
C depends on the data density and H, Hﬁg( X) denotes the projection onto the orthogonal
complement of the Jacobian of g, and J(g) is the projected energy functional J(g) =
E T, VA(X)13].

In Lemma 2.1 and Proposition 2.1 we formally linked EGOP metrization to MISE type
risk functionals via the optimization of Poincaré inequalities. We now make explicit the
connection to the regret optimization of Nouy and Pasco, 2025.

First, note that evaluating a Mahalanobis kernel k(||MY/?(z — y)||) is equivalent to
precomposing an isotropic kernel k& with the linear map g(x) = M 1/24:. Because the Jacobian
of this map is exactly M2, minimizing J(g) is achieved precisely when M spans the
principal directions of the EGOP L(P). Thus, by performing kernel ridge regression on
these linearly transformed features, RFM implicitly seeks to construct an optimal Poincaré
dimension reduction.

Second, local EGOP naturally extends this linear optimization to a pointwise objective.
While our primary focus is local, we briefly explore global bounds. We recast the deterministic
map g(X) as a stochastic feature encoder, defined via the conditional Gaussian Z(X) | X ~
N(X,%(X)). Under this formulation, the minimal L? risk is the expected conditional variance

of the target function:
inf Ex 7 [(£(X) ~ h(Z(X)))?] = Ez [Var(£(X) | Z(X))]. (2.24)

This can be further upperbounded via Gaussian type Poincaré inequalities in settings where

|I2]] = 0, or X is log-concave.
2.7 Experiments

The following experiments illustrate various aspects of our theoretical results. Details for

data generation, evaluation, and neural network training are provided in Appendix 2.B.
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The importance of intrinsic rates: We compare Local EGOP Learning with two-layer
neural networks on helical data; this data has a CIL structure with d = 1, but a global MIL
structure with d = 3 for D > 3 odd, d = 2 for D even. This data closely approximates a
manifold structure, which is a standard setting for accelerated learning rates (Kiani et al.,
2024; Liu et al., 2021). Figure 2.4 (left) shows that many neural network architectures
efficiently recover the MIL structure (in dimension D = 5) but, unlike Local EGOP Learning,
they do not recover the CIL structure, being vastly outperformed in moderate sample settings.

This demonstrates the advantage of intrinsic rates in even the simplest toy problems.

Ambient Dimension (In)dependence: We further test Local EGOP Learning across
varying ambient dimensions D to isolate the impact of the ambient space on the algorithm’s
performance. As demonstrated in Figure 2.4 (right), the asymptotic learning rate is largely
independent of D. Some shifts in error scaling between even and odd D can be seen; they

are due purely to structural changes in the helix parameterization.

Feature Learning as a necessity: We compare the feature learning capabilities of Local
EGOP to a deep transformer (Gorishniy, Rubachev, and Babenko, 2023) on 1-sphere CIL
data. As visualized previously in Figure 2.3, both algorithms achieve similar and nearly
complete data denoising. This experiment illustrates a further aspect that we have omitted
for lack of space: irrespective of the representation and learning modality, some form of
“kernel adaptation” is necessary for statistically efficiency in the CIL setting. We discuss the

role of depth in Appendix 2.A.3, as well as unsupervised embeddings in Appendix 2.B.

Molecular Dynamics (MD), a high noise approximately CIL data set We apply
our method to molecular geometries, where interatomic interactions constrain atomic co-
ordinates near a low-dimensional manifold (Das, Moll, Stamati, L. Kavraki, et al., 2006).
For malonaldehyde, the manifold has a d = 2 torus topology, with backbone angles 112
varying along it (see Figure 2.11b). The data distribution around the torus is anisotropic,
multiscale, and with significant variance. We take the target function to be 71, which can be

computed for each configuration and is known to approximate the CIL assumption; we utilize



23

n = 10* MD configurations from Chmiela et al. (2017), pre-processed to D = 50 dimensions
(Koelle et al., 2022). Evaluated on 500 hold-out points, Local EGOP Learning achieves an
MSE of 0.00043, significantly outperforming a Gaussian Nadaraya-Watson estimator with
cross-validated bandwidth (MSE 0.012).

2.8 Discussion, Limitations, and Future Work

High-dimensional nonparametric regression classically relies on strict global assumptions
including low-rank manifold and multi-index models. We relax these constraints by formalizing
Continuous Index Learning (CIL) and constructing an estimator that adapts to local function
regularity. Our approach mirrors existing empirical methods, grounding them in rigorous
theory. We establish a functional framework that links the EGOP directly to the MISE of
kernel regressors, and connects Local Feature Learning (LFL), Recursive Feature Machines
(RFM), and compositional learning. Our primary insight is that recursive EGOP metrization
acts as a greedy constrained entropy maximization on the Bures-Wasserstein manifold.
This provides a novel theoretical foundation for gradient and EGOP estimation techniques
used across image processing (Takeda et al., 2007; Takeda et al., 2008), machine learning
(Radhakrishnan, Beaglehole, et al., 2022; Beaglehole, Radhakrishnan, et al., 2023), and
dimension reduction (Mukherjee et al., 2010; Q. Wu et al., 2010; Trivedi et al., 2014; Yuan
et al., 2023; Radhakrishnan, Belkin, et al., 2025), yielding new efficiency guarantees for point
estimation and tractable access to local EGOP metrizations.

Local EGOP Learning achieves an intrinsic rate for CIL data without requiring a priori
knowledge of problem dimensionality, noise levels, or manifold regularity. However, for generic
manifolds, it does not completely denoise the covariate distribution: a small orthogonal
subspace contracts at the tangent rate, despite the invariance of f. This artifact arises
because our optimization scheme minimizes a bias upper bound rather than the exact bias,
leaving its refinement as an open challenge.

Algorithm 1 prioritizes clarity over efficiency; computational optimizations, such as
partitioning schemes (Beaglehole, Holzmiiller, et al., 2025), are left for future work. Fur-
thermore, its derivation from an MSE formulation restricts it to £ loss, requiring structural

modifications for tasks like classification or image generation.
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Finally, our methodology relies on a second-order Gaussian relaxation. Improved guaran-
tees may be possible by treating W (u) and logdet(X(u)) as functionals and optimizing the
MISE via alternative procedures such as Wasserstein gradient flows (Ambrosio et al., 2006).
This would enable non-ellipsoidal localizations to better accommodate curved level-sets,

provided the fundamental hurdle of the EGOP form acting only as a loose bias upper bound

can be overcome.
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Figure 2.3: Local features fit to annulus data: Local EGOP (top) vs. deep transformer
embedding (bottom). Heatmap: normally-invariant labels. About z = (1,0), opacity
w o exp(—d(x,z;)?) maps AGOP Mahalanobis and transformer embedding distances across

progressive iterations.
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Algorithm 1 Local EGOP Learning
Input: Data {(z;,v;)}},, target z, subsample size m, iterations 7", bandwidths {h:}, 8, >

0.

Output: Best estimate fbest(x).
1: Initialize ]\70 —I/a, {h} < {ah}, Epest + 00, fbest(ﬂ?) — 9.
2: fort=0toT —1do
3: Compute base weights w; oc exp(—(z; — x)T]\/it(xl — )) and normalize.
4: Sample I, ..., I, independently with P(I, = i) = w;.
5: for £ =1,...,m, set i = I; and compute W;; exp(—(:vj — xi)T]\/jt(xj - xz)) for all

J # i, and normalize.

6: Fit local linear regression to obtain gradient Vf[i] and LOO estimate f[i] =
Zj;éi Wijyj'
T Lo+ S VILIVALT,  MSE + 230 (s, — flI)%

8  if MSE; < Fie then
9: Ebest <~ MSEt; fbest (1’) — Z?zl W;Yi
10: end if

11: if t < 2 then

12: ]\//EH +— Zt > Initialize without momentum
13: else

14: ]\ZH — BLi+ (1= B)Li

15: end if

16: J\ZH — ]/\4\,5+1/[ht+1 tr(]\//ftﬂ)] > Normalize kernel precision
17: end for

18: return fbest (x)




27

Local Feature Learning as Distributional Optimization: Rates

and Theoretical Foundations

Supplementary Material

Appendix Table of Contents

2.A Extended Background and Problem Setting . . . .. ... ... ........ 28
2.A.1 Recursive Feature Machines (Radhakrishnan, Belkin, et al., 2025) . . . 28
2.A.2 Local EGOP . . . . . . .. . 29
2.A.3 Connections to Deep Learning . . . . . . . ... ... .. ... .. ... 31
2.A.4 Special Cases and Further Theoretical Details . . . . . . . ... .. .. 31
2.A.5 Empirical Visualizations of Metric Adaptation . . . . . . .. .. .. .. 34

2.B Experiment Details . . . . . . . . ... o 35
2.B.1 General Set-up . . . . . ... 35
2.B.2 Two-layer Neural Network . . . . . . ... .. ... ... ... ..... 39
2.B.3 Feature Learning . . . . . . . . . .. . Lo 39
2.B.4 Unsupervised Embedding . . . . . . . .. ... .. ... ... .. ... 40
2.B.5 Algorithmic Modifications . . . . . . . . ... ... ... ... ..... 40

2.C Proofs . . . . . e 41
2.C.1 Bias Control via EGOP . . . . .. ... ... .. ... ... ... 41
2.C.2 Recursive Kernel Learning as Variance Minimization . . . . . . .. .. 47
2.C.3 Guarantees . . . . . . . . .. 47

2.D EGOP Approximation . . . . . . . .. . ... 7




28

2.A Extended Background and Problem Setting

In this section, we provide extended geometric intuition of the Local EGOP Learning
algorithm and other metrization schemes. In section 2.A.5, we display representative figures

of the learning dynamics of each algorithm.

2.A.1 Recursive Feature Machines (Radhakrishnan, Belkin, et al., 2025)

As a preliminary, we discuss the setting of multi-index learning and its relationship to the
Recursive Feature Machine algorithm.

The EGOP matrix L(P) = [VfVfT dP has natural motivation. As a Mahalanobis
metric, of central interest is the quadratic form v’ L(P)v = E[(9,f)?], where 0, f = VfTv
denotes the directional derivative. This matrix directly encodes the magnitude by which f
varies on the data distribution. When f is multi-index, meaning that there exists a vector
space U such that, for all z € RP, all u € U, f(x +u) = f(x), it follows that 9,f = 0
holds identically. Thus the nullspace of £L(P) are exactly these uninformative indices. When
we look at a kernel such as exp(—[z — 3] " £(P)[z — 3]), the metrization can be viewed as
the standard Gaussian kernel composed with the linear map E(P)l/ 2 hence this acts as an
implicit dimension reduction, stripping away those directions in which f does not vary.

In a real data setting we do not have access to the matrix £(P), hence this metric
must be learned concurrently with our predictor f . This motivates a recursive algorithm,
where an initial predictor is fit generically, and this baseline information is used to form
an estimate of the EGOP Z(P) =/ VfVfTdP, or typically the empirical AGOP matrix
L(P,) = LS, Vf(X;)Vf(X;)T. Then, this initial metric can be used to adapt the
regressor via Mahalanobis metrization, improving the prediction quality, and the accuracy
of the estimated gradients. This procedure is repeated iteratively, terminating either by a
convergence criterion or a cross-validation loop as suggested by our approach. We summarize
these steps in Figure 2.5.

Empirically, we can observe that this procedure is quite effective for this learning setting.
As illustrated in Figure 2.9a (provided in Section 2.A.5), we demonstrate a simple simulation

where data is generated in R2, depicting a heatmap of a single-index function that only
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2. Estimate EGOP

L= =Y Via) Vi)

1. Isotropic Initialization (¢ = 0)

z—y|?
ko(z,y) = exp (*%)

Fit fr41 with keyy

and Iterate

3. Metric Update

e N Pl — 1
kry1(z,y) = exp (77“ y;}ﬁt('L y)>
U+1

Figure 2.5: Flowchart demonstrating the primary steps of RFM adapted to Nadaraya-Watson

with a Gaussian kernel.

depends on the x variable. Very rapidly, within the first several iterations, a metric can be
learned that effectively removes the y variable, demonstrated by the elongation of the yellow

overlay which depicts a ball in the Mahalanobis metrization.

2.A.2 Local EGOP

A fundamental motivation for this research is to leverage this framework for nonlinear
dimension reduction tasks. RFM, being related to kernel ridge regression with a fixed
Mahalanobis metric, is naturally suited to detect global linear structure within data. When
the data is parameterized by a latent manifold with curvature, this procedure fails to capture
the desired adaptivity. To make this concrete, we modify the previous experimental setting,
wrapping the prescribed heatmap about the annulus in R?. The resulting data is multi-index
in polar coordinates, being parameterized by f(r,0) = cos(6).

There are several reasons why a simple RFM-like implementation is lacking for such
data. First, the direction of the gradient rotates with the angle 6, hence when the gradients
are averaged uniformly across the dataset, the resulting metric is isotropic and exhibits
a full-dimensional learning rate. Secondly, the direction of the manifold normal changes

depending on the query point, hence no single Mahalanobis metric is capable of smoothing
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the normal direction for each point simultaneously. These failure dynamics are visualized in

Figure 2.9b within Section 2.A.5.

The Nadaraya-Watson estimator, on the other hand, being a local averaging estimator, is
well-equipped to adapt to pointwise structures in the dataset. This weighting scheme naturally
motivates our local EGOP estimation procedure in Figure 2.6, with the primary difference from
the previous being the weighting of the averaged gradients. The intuition for this procedure
is that, while the EGOP cannot explicitly dimension reduce the dataset, it still detects
directions of principal variation of the target function f. This motivates a recursive procedure
where datapoints achieving the largest values of the quadratic form (2; — )T Ly(z; — z)
are dropped from the dataset, the EGOP is estimated on the remaining data, and these
values are computed again to reassess data-importance for the local regression problem. The
Local EGOP Learning algorithm constitutes a continuously weighted formalization of this
procedure, which we establish a rigorous basis for as an optimization of key functionals

related to regression risk.

2. Estimate EGOP
Li=>"w @)V fule)V fulz) T

'11'1(1')(;1‘) o ki(zi, )

1. Isotropic Initialization (¢t = 0)

xz —yl?
ko(z,y) = exp <*%)

Fit fip1 with ko

and Iterate

3. Metric Update

z—T Tf T —

Figure 2.6: Flowchart illustrating the Local EGOP Learning algorithm, with the local

weighting being highlighted in red.
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2.A.3 Connections to Deep Learning

The recent revitalization of the Local Feature Learning framework in the RFM algorithm is
primarily due to its strong empirical performance, and tentative connections to the training
dynamics of neural network architectures. Preliminary connections between these methods
have been a focus for much of the foundational research (Radhakrishnan, Beaglehole, et
al., 2022; Beaglehole, Radhakrishnan, et al., 2023). Our research highlights several new
connections, particularly regarding the role of depth in local feature learning. We consider
architectures with a linear head, of the form fNN = v'¢(x). Of primary interest to us
is the pullback Riemannian metric Gy := D¢D¢", D¢ the Jacobian of ¢. This metric
encodes the local displacement of ¢, indicating the extent to which changes in z change
the resulting feature embedding. For a two-layer neural network with m hidden nodes,
o(x) =Y o(w] x +¢;), and for o the ReLU activation, the pullback metric has the simple
form WaCtiVGWz;Etive' where Wactive 1S the matrix with columns the active weight vectors w;
such that w;rx +c; > 0.

When developing theory regarding the learning capabilities of neural network architectures,
two-layer neural networks are a typical tool, particularly for MIL feature learning as shown
in Figure 2.10a. However, the CIL setting is incompatible with these predictors, as we
demonstrate in Figure 2.10b, and has been previously observed in Nichani et al. (2023). As
shown in Figure 2.10b, G cannot adapt to nonlinear structures, being rendered effectively
isotropic for annular data. In Figure 2.10c we see that this is overcome for three-layer neural
networks. This is suggestive that global EGOP algorithms demonstrate similar adaptivity to
two-layer neural networks, whereas localization has a similar effect to increasing the depth
of the architecture. We leave it to future research to establish a formal connection between

these algorithms.

2.A.4 Special Cases and Further Theoretical Details

Example 2.1 (Multi-Index Learning). When the underlying manifold M is flat, CIL reduces
to a multi-index setting. The key distinction is that displacement away from the manifold not

only preserves the function value, but also all higher order function derivatives. In particular,
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the Hessian has rank no more than d. When performing expansions such as Corollary 2.2,

the orthogonal has no contribution to the EGOP, yielding a local MISE learning rate of
(d+1)/2.

Example 2.2 (Continuous Single-Index). When the underlying manifold is 1-dimensional,
the tangent space coincides with the span of the gradient, hence m . Hm 1 = 0, removing
the second order anisotropy. Thus no normal directions contract asymptotically, leading
to an effective dimension of 1 for the learning rate. This corroborates the result of Y. Wu
and Maggioni (2024). Note that despite this common objective, the method we propose
is very different than that of Y. Wu and Maggioni (2024). Their implementation requires
approximating the underlying manifold through local PCA. Our procedure, by iteratively
adapting the local metric, automatically detects implicit structure without this needing to

be specified algorithmically.

Example 2.3 (Scalar recurrence and its fixed point). Fix a schedule for h; — 0 such that

hit1/hy is larger than a fixed threshold. Consider the one dimensional recurrences

et = hiy1 byt = hiy1
T Bay+ (1— Bar—1 T e B+ (1= By

(2.25)

It is easy to see that by = O(hy), as if by decays at all, then we have by = hyy1/c+o(ht). Assume
that a; = @(hg ). The recurrence then gives a;11 = @(h} =), so a fixed rate requires ¢ = 1 /2.
Lemma 2.3 shows that the leading matrix recurrence consists of the rank-one constant term
gg" and the homogeneous term HXH. Appendix 2.C makes this correspondence precise: by

models the gradient block of ¥4, while a; models the active block in gJ-.

Example 2.4 (Momentum). We now take a moment to highlight the necessity of the
momentum term 3 € (0,1). Consider, again, the sequence a; from Example 2.3, and suppose
we set f = 1. For convenience, let us assume \/m = /7, an exact geometric schedule.
We reparameterize, writing

b1
/
41 = —— &> A1 = —
Q¢ a;

\‘/1;7 Clearly, a; has no limit, as it oscillates about 1. In the corresponding matrix

recurrence, the remainder terms, as well as the estimation error, make the y/h; rate become

for af :=
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unstable. Proposition 2.4 shows that every transverse linearized mode is strictly damped
when 0 < 8 < 1, while the endpoints retain undamped roots. We demonstrate the resulting

localizations with and without momentum in Figure 2.7.

Momentum = 0.7 Momentum = 1.0

2

18 ST .
217170 ‘

\HHHHM}“‘j |

‘Wi

Eigenvalues of 3;

2

1/hy 1/

Figure 2.7: Comparison of the eigenvalue decay of >; for Local EGOP Learning with and
without momentum. On the left, we set § = 0.7, on the right § = 1 (no momentum).

Without momentum, the second order eigenvalues are prone to wild oscillations.

Example 2.5 (Spheres). Built into Theorem 2.2 are assumptions on the ambient dimension
and derivatives of f. The sphere SP~! is a typical toy example, however D > 2(D — 1) fails

for D > 3. In these settings, the Hessian has the form

T b
bT 0

H:

in the 7 x N basis. Thus the CIL hypothesis only guarantees that a single entry of the
Hessian is 0. Hence, w0 Hmg1 is generically full rank, driving second order anisotropy along

the tangent and orthogonal, as demonstrated in Figure 2.8.

Example 2.6 (Pointwise MSE). In our analysis, we emphasize the local MISE due to its
direct correspondence to the EGOP and gradient based local feature algorithms. However,
our analysis is still applicable to other standard problems such as pointwise MSE. A standard

Taylor expansion adapted to our setting reveals the asymptotic rate

1 5 _D-2d+1
B{(fo, (o) ~ fa)) = O (\mztm* 2+ W) — 0w, )
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Figure 2.8: Eigenvalue decay of ¥; with Local EGOP Learning applied to CIL data about S2.

The orthogonal exhibits light decay, approaching second order anisotropy asymptotically.

for CIL data. This is intrinsic dimensional, and in future work it is of interest to develop

procedures toward the direct optimization of this regret.

Example 2.7 (Uniform-in-query extension). Suppose that the local CIL radius p, the
derivative bounds, and the smallest singular value of (. H,m,.)|g, are uniform over a
compact set of query points, and that ||V f(z)| is uniformly bounded away from zero
there. Then the Gaussian-tail, small-cap, and spectral-separation constants in the proof
of Theorem 2.2 can be chosen uniformly in . Consequently, the shrinking-cap conclusion
extends uniformly over such regions. Points at which the gradient vanishes or the active rank

changes require a separate local analysis.

2.A.5 Empirical Visualizations of Metric Adaptation

The following figures display the primary algorithms studied in this chapter and the disparate
learning dynamics they encourage. The data setting is kept consistent across algorithms,
either displaying the single-index function f(z,y) = cos(z), or the continuous single-index
function in polar coordinates f(r,6) = cos(f). In each figure, a heatmap of these function
values is overlaid on the data, and a yellow ellipsoid is attached to points of interest indicating
the nearest points in the prescribed Mahalanobis metrization about each query point. In

EGOP related figures, gradients are indicated with red arrows. For neural networks, the
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displayed metric is the pullback metric as described in Section 2.A.3.
2.B Experiment Details

The simulations were run on a machine of Intel® Xeon® processors with 48 CPU cores, and

50GB of RAM.

2.B.1 General Set-up

The following simulations illustrate our theoretical results. First, expanding on the noisy
manifold setting, we show how the regression error rates of Local EGOP Learning remain
invariant to the injection of high-dimensional noise. We demonstrate that two-layer neural
networks are not able to efficiently learn in the CIL setting, with a sharp decrease in
performance compared to Local EGOP Learning. We next compare the performance of our
method to that of a deep neural network on toy data. In particular, we show how the feature
embeddings produced by transformers trained on a simple example are qualitatively similar
to the localizations generated by our procedure. Finally, we apply this procedure to estimate
backbone angles in Molecular Dynamics (MD) data, where we leverage the noisy manifold
structured data to improve prediction quality.

In our simulations, we consider helical data, parameterized by a curve 0(t) = (sin(t +
w1), cos(t + wy), sin(t + we), cos(t + wa), ..., g(t)), where g(t) =t is a linear term included if
D is odd dimensional, and the w; are constant offsets taken as a mesh from 0 to 2w. We
rescale this data by a constant 7, then contaminate it with uniform orthogonal noise of
radius r. In our simulations, we set 7 = 0.8, r = 0.5, and sample ¢ from 0 to 27. See Figure
2.11a for a visualization. For the outcomes y, we generate a third-degree polynomial with
coefficients uniformly sampled from (—3,3), then evaluate it at the projection point onto
0(t).

In our synthetic experiments, to generate labeled data we randomly generated a homoge-

neous cubic polynomial

flx) = Z cax®,

laf<3

where ¢, ~ Uniform[—3, 3]. The resulting function f is then evaluated at the unperturbed
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Initial Metric Global EGOP: Step 2

~

—»— Gradient (Vf) Adapted Metric —»— Gradient (Vf) Adapted Metric

(a) Nadaraya-Watson RFM applied to multi-index data.

Initial Metric Global EGOP: Step 10

—»— Gradient (V) Adapted Metric —»— Gradient (V/) Adapted Metric

(b) Nadaraya-Watson RFM applied to CIL data.

Local EGOP: Step 1 Local EGOP: Step 20

—»— Gradient (Vf) Local Metric —»— Gradient (V) Local Metric

(c) Local EGOP Learning applied to CIL data.

Figure 2.9: EGOP Learning Algorithms. Comparison of algorithmic adaptations. The
left column displays the isotropic initialization, and the right column displays the final

estimated metric.
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Learned Metric | Initialization Learned Metric | Batch 1000

Adapted Metric Adapted Metric

(a) Pullback metric of a two-layer neural network for MIL data.

Learned Metric | Initialization Learned Metric | Batch 10000

/| o
W W

(b) Pullback metric of a two-layer neural network for CIL data.

Three-Layer Learned Metric | Initialization =~ Three-Layer Learned Metric | Batch 10000

(¢) Pullback metric of a three-layer neural network for CIL data.

Figure 2.10: Neural Network Training Dynamics. Comparison of representation learning
over time. The left column displays the initialization, and the right column displays the final

iteration (1,000 or 10,000).
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(b) Coordinates of Malonaldehyde embed-

ded into 2 dimensions via Diffusion Maps

(a) 3-dimensional Helical data.

(Coifman and Lafon, 2006a) and colored
by the backbone angles 7.

Figure 2.11: Visualizations of the experimental datasets.

datapoints before the features X were contaminated with noise orthogonal to the underlying
manifold M. The coefficients ¢, are randomly sampled across each replicate of the experi-
ments. In our plots, confidence bands are displayed with a width of +1 standard error. We
generically apply the below hyperparameters to the Local EGOP Learning algorithm in each

example.

Number of EGOP iterations Tiest = 150,

Monte Carlo sample size m = 300,

Bandwidth decay hy = (1 +t)~ 12,

Initialization scale a = 0.2,

Exclusion radius € = 1.6.
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2.B.2 Two-layer Neural Network

We train fully connected NNs with ReLU and GELU activations. All first layers use Kaiming
initialization, and output layers are initialized at variance 1//m where m is hidden width.
All networks are trained with Adam.

For moderate-scale neural models, we conduct a grid search over hyperparameters. Widths
are selected from {128,256,512,1024, 2048, 4096, 8192}, learning rates are selected from
{1073,3 x 1073}, weight decay from {0,107%,10~%}, and batch size from {16,32,64}. The
default Adam momentum parameters are used. Early stopping is applied with patience 200
and improvement tolerance 10~% monitored on a validation split. In each experiment, only
the optimal test error of these methods is aggregated into the “Small Tuned NN” plot.

We train overparameterized two-layer models with width 100,000, Adam with learning
rate 0.003, batch size 64, and fixed weight decay 10~%, applying early stopping with patience
300 and improvement tolerance 10~

We also consider multi-index models f(x) = g(Ux), g a two-layer NN, with width 256

and GELU activations, U a rank three projection matrix updated at each iteration.

2.B.3 Feature Learning

We generated n = 50,000 samples on a spherical cap in R?, restricted to an angular width
of 25°. Each point x;, we evaluate f(z;) for f a cubic polynomial with Uniform[—1, 1]
coefficients. The features z; are then scaled radially by a random factor r; ~ Uniform|r, R],
with r = 0.6 and R = 1.8. Additive Gaussian noise with standard deviation 0.05 was applied
to the labels. We set 2* = (1,0) .

We trained an FTTransformer regression model (Gorishniy, Rubachev, Khrulkov, et al.,
2021) on this dataset using the rtdl and zero frameworks. The network was trained for 40
epochs with a batch size of 1024 and learning rate 2 x 1073, After every 50 training steps,

we computed weights:
I E )
1 * )
2 exp(=llz — 2*[*/8)

where z; denotes the learned feature representation of z;.
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Figure 2.12: Data sampled from an annulus, with red rings displaying uniform distances in

diffusion map embedding distance from the point (1,0)", for a 2-dimensional embedding.

2.B.4 Unsupervised Embedding

As noted in works such as (Coifman and Lafon, 2006a; El Karoui, 2010; Landa and Cheng,
2023b; Kokot, Murad, et al., 2025), unsupervised methods such as diffusion maps are robust
to noise. The resulting low-frequency eigenfunctions closely match those of the underlying
manifold. However, as demonstrated in Figure 2.12, they fail to capture this structure exactly,
and thus cannot match the metrization produced by Local EGOP Learning and deep learning

architectures in Figure 2.3.

2.B.5 Algorithmic Modifications

We chose to highlight the Local EGOP Learning Algorithm 1 presented in the text for its
simplicity. We now discuss several modifications that can be implemented for improved
numerical efficiency. To explain these, we walk through the algorithm’s basic steps.

Step 1: Compute weights w; exp(—(mi—x)Ti\Z(xi—x)). Evaluating (aci—x)T]\/it(:ci—w)
is D2, and thus the full weight vector results in O(nD?).

Step 2: Sample m points with respect to these weights, and recompute these weights at
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each of the new centers. This yields the dependence O(mnD?), and over the course of T
iterations O(T'mnD?).

The evaluation of the quadratic form can be improved when D is very large. A random
projection (Johnson-Lindenstrauss) of dimension 7 o log(n) reduces the overall complexity
to O(T(rD? +nmrD)) with good approximation guarantees. Targeted dimension reductions
can be applied to similar effect, including local PCA as studied in Y. Wu and Maggioni
(2024), or Nystrom approximations leveraging the spectral structure of the Mahalanobis
metric.

Step 3: Perform local linear regression at each of the m subsampled points. If the
linear fit is performed on the full dataset this is O(Tm(nD? + D?)), however if the linear
regression is fit on m subsampled datapoints, this reduces to O(T'm(mD? + D?)). Further,
if we approximate matrix inversion with 7 conjugate gradient steps, this can be reduced to
O(Tm(mD?* + 7D?)).

The resulting time complexity is O(T(nmrD + (m? + mt + r)D?)).

2.C Proofs

In our theory, we focus on the kernel k = exp(—||x||?). We discuss general kernels in Appendix
2.C.1.4. For notational clarity, we refer to the query point of our kernel predictor as x*, and

when it is unambiguous we denote p = 7(x*) as the projection point onto the manifold.

2.C.1 Bias Control via EGOP
2.C.1.1 Bias Bound

To derive the upper bound from Lemma 2.1, we argue in stages. We first decompose the
kernel smoother into two parts. The first is given by a pure Gaussian convolution and a
density dependent covariance relating f and p. Both terms can readily be controlled via
the EGOP form, leading to our bound. In the following, we absorb the bandwidth into the
metric and covariance, suppressing h in the notation.

Define pp := N(z*, M~1), Ep[] := E,, [[], Covay, Vary similarly.
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Lemma 2.5 (Density-weighted Gaussian smoother decomposition).

COVM [f: p]

Pyuf=Emf+ T
MDP

= Guf+Auf

Proof. We can simply compute

Pyf = EM[fp] _ EM[f]EM[p] I COVM[f7p]

En[p] En[p] En[pl
= 5ulf) + “GHE = Gl + A,

Lemma 2.6 (Gaussian mean-squared bias bound).

/ Erlf] — ) dyias < W(jia)

Proof. This is simply the Gaussian Poincaré inequality, see for instance Bakry et al.,

2013[Proposition 4.1.1]. O

Lemma 2.7 (Density-correction bias bound).

(A < Wloar) i)
Proof.
2 Covrlf,p)> _ Varp(f) Vary(p) Varys(p)
S 7 VI S VR

applying the Gaussian Poincaré inequality Bakry et al., 2013[Proposition 4.1.1] for the last
line. ]

Proof of Lemma 2.1. We can apply Lemmas 2.6 and 2.7 immediately to yield

/ (Pas — 1) dpas = / Enrlf] - f + Aar ) dpng = / Entlf] — )2 dyuas + Aps f?

Vars(p)
< (1+ ) W

Note that the density dependent factor \EE‘[IP (]72’) is bounded by the continuity of p and the

capped covariance assumptions. ]
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2.C.1.2 Variance Bound

We operate by a typical Nadaraya-Watson style argument. Our first steps are to show that

the denominator of our estimator concentrates, allowing us to treat it as a constant up to a

negligible residual. Let v oc det(M)'/2 by the normalization factor of jups. Define

. . 1 —
Chri=vmuCy = ™ E exp(—(X; — %) T M(X; — z*)).
i=1

Lemma 2.8 (Kernel-denominator concentration).

nE (p) )

P(IChy — Eu(p)] > Ear(p)/2) < 2exp (‘ 1071

Proof. We prove this by applying Bernstein’s inequality. First, observe E[C’M] = Gu(p).
Next, exp(—v' Mv) € (0,1] for any v, hence C, = W 5 exp(— (X — @) T M(X; — ) is

the sample mean of iid bounded random variables in (0,vas]. Further, we can compute

Var[yar exp(—(X; — 2) ' M(X; — x))] < yuElyas exp(—(X; — 2) T M(X; — 2))?]

< yuE[exp(—(X; — 2) " M(X; — 2))] = ymuGm (D).
Hence,

P(|Chy — Gu(p)l = Gu(p)/2)

<2exp | — nGM(p)2
- 8 Var(vyas exp(—(X; — ) TM(X; — z))) + %”y]\/[GM(p)2
_ nGu(p)®
< 2exp < 8vm G (p) + %’YMGM(p))
nGu(p)
<o (50

O

Lemma 2.9 (Finite-sample kernel-regression variance decomposition). Assume that the

noise €; have finite fourth moments. Then, there exists a constant C' > 0 such that

. E[v2, exp(—(X; — ) " M(X; — 2))*{Y; — P 2
El(Pur() - P (1)) < 2 =) o) = ulDE]

Ly exp(= (X — ) MG =)V (-Gt

nGy(p)? B 10yas

_'_
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Proof. Let E be the event |C, — Gpr(p)] < Gar(p)/2. We compute

b oF) i mexp(=(X; —af) TM(X; — @)Y Gu(fp)
Pu(f) = Pu(f) = o ar o)

_ w2 exp(—(Xi — o) TM(X; — a*)){Yi — Pu(f)}] 1y

Gu(p)
Ml - exn(— gt T ot :
Gu(p)Cyy n ;[VM p(= (X ) M(X; )Yi]lg
AT (=X =) MG = )Y Gun))
Cl Gulp) [

5 2 Elyi; exp(—(X; — 2*) "M (X; — 2*){Yi — Pu(f)}?]
B nPy(p)?

A n 2
{Ml > v exp(—(X; — %) TM(X; — 30*))3/1']} 1E]

GM(P)CM n i=1

R [{PMU) ~Pulh) 1Ec} |

The first term is as desired. Next, by definition of the event, we have

2
GM ) M R T g -
{ ) 7 Z v exp(— )TM(X; m} 1E]
E[{ya exp(—(X; — %) TM(X; — 2*))Y;}]
- nGu(p)?

For the remaining term, observe that

n
= E w;Y;
i—1

where w; are a convex combination. Hence,
. 2
B [{Puh) - ()} 1] <

\/IE {{2151\4(1”)2 +2PM(f)2}2]]P>[Ec] < Coxp <_nGM(m> |

10vamr

by Lemma 2.8 and the hypothesis on the moments of ¢; and the boundedness of f.

With this out of the way, we bound the two remaining expectations.

O]
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Lemma 2.10 (Gaussian-kernel second-moment bounds). There ezists a constant C > 0 such

that

E[yir exp(—(X; —a*) " M(X; — 2){Y; = Par(f)}*] < CyarGana (p),

El{var exp(—(X; — 2*) " M(X; — 2%))Yi}?] < CyarGan(p).

Proof. Notice that ypr/vap = C for some constant. Let & ~ p. Focusing on the first

expression,

El7; exp(—(Xi — 2*)TM(X; — 2%)2{¥; — Pu(f)}?]
— Oy / it exp(—(z — ) T[2M](z — 2))p() (f(y) + € — Par(£))? dz dp(e)

= CymEam[p(e + 2)E,[(f(x + Z) + € — Pur(f)(2))?]] < C'ymGanmr (p) (),
using bounded moments and bounded f assumptions. Similarly,
E[{~ar exp(—(X; — 2*) " M(X; — 2))Y;}?] = CymBan p[p(2)[f(Z) + €] = CrarGonr (p).-
O

Combining these yields the desired variance bound multiplied by density dependent

factors.

Proof of Lemma 2.2. By Lemmas 2.9 and 2.10, there exists a constant C' > 0 such that

E[(Par(f) — Pu(f))?] < C (GZM(p)> +Cexp (‘n (GM(p)>>

n \Gu(p)? Yar 10
_0 <\/detM
- .

2.C.1.3 Local MISE

We compile the results from the previous section to provide guarantees for the MISE against

Gaussians.
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Proof of Theorem 2.1. By adding and subtracting Pys(f), then applying Lemmas 2.1 and

9.2,
| [(Pur) = 17 duaa| < 20Pw(0) - PO 42 [ Putr) = 172
=0 <\/di:7M + W(MM)) :
Since ¥ = M ™! after absorbing the bandwidth into M, this is the claimed bound. O

2.C.1.4 General Kernels

In this section, we discuss which of results above are applicable to kernels of the form
k(M 1/ 2x). We start with the following Poincaré inequality. Let ik, v denote the probability
distribution with density oc k(M'/?[x — 2*]).

Lemma 2.11 (Poincaré inequality under Mahalanobis rescaling). The measure py pr has
covariance proportionate to M. If L1 satisfies a Poincaré inequality with constant 1/C7,

then

1 _
Vary, ,,(f) < C,I/VfTM ' f dpgar-

Proof. For convenience, we translate z* = 0 without loss of generality. For the first claim,
notice that when M = I, the density is symmetric about the origin, hence the covariance is
proportionate to the identity. Thus the claim follows as py ar is the pushforward of ju ; by
M2,

Further,
V() = e Var, (f 0 M7Y2) < 2 [ IV A2y 2 (y)
Mk, M = \/m HE, T = \/m Yy M1 Y)-

An application of the chain rule gives that
Vyf (M) = MTYEVF(M 7 2y).
Hence,

Var#k,M ||M_1/2vf(M_1/2y)”2Mk,l(y)'

1 1
(f)= Cz/ Vdet M

Changing variable back to py as yields the desired result. O
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With this in hand, the following is immediate for Py with k generic. The claim for
the covariance similarly follows by change of variables, after observing that py ; is rotation

invariant, and therefore has isotropic covariance.

Corollary 2.1 (MSE bound for general radial kernels). Take k to be nonnegative, and
satisfying a Poincaré inequality for isotropic covariance. Assume that f is bounded and g;

has finite fourth moments. Then there exists an absolute constant C' such that

Vdet M (EukmM [p] )
E

n

B | [(Puth) = 17 | < € e

n E#k,zM [p] Var#k,M (p)
+ Cexp <—m < 10 +C 1+ E,, [P W (e nr)-

2.C.2 Recursive Kernel Learning as Variance Minimization

The proof of Proposition 2.1 is clear from the main text, but we fill in the missing details

here.

Proof of Proposition 2.1. For A = 0, the Lagrangian of the uncapped entropy problem is
logdet X — v(tr(AX) — h).

The first-order condition gives X! = v A, and the active trace constraint gives v = D/h.

Hence Y9 (A) = hA~!/D. For A = 0, diagonalize A = U diag(\1,...,Ap)U". Then

Ca ﬁ(A—G—e[)_l = U diag | min CL 7 U’
P\ D B & "D(X\j +e¢) '

j=1
Taking € | 0 gives the stated eigenvalue formula. In particular, if A\; = 0, the regularized

inverse diverges and the truncation maps that direction to (. O

2.C.3 Guarantees

To derive the learning rate for the Local EGOP Learning algorithm, we mostly operate at
the level of matrices, studying the recurrence from Equation 2.16. To supplement this in the

CIL setting, we rely on critical geometric relations verified in Appendix 2.C.3.2.
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2.C.3.1 Local CIL Geometry and Shrinking-Cap Localization

We impose the CIL structure only locally. Fix p > 0 such that B(z*,2p) lies inside a tubular

neighborhood on which the nearest-point projection is unique and

All geometric identities in Lemma 2.4 are assumed only on this neighborhood. Away from it,
we use only the global boundedness of f and its derivatives stated in Section 2.3.
The shrinking covariance cap makes this local formulation sufficient. The following bound

will be used repeatedly.

Lemma 2.12 (Gaussian localization under a shrinking cap). Let Z ~ N(0,%) with 0 < ¥ =<
¢Ip and 0 < ¢ < 1. For every fized integer ¢ > 0, there are constants c,Cq > 0, depending
only on D, q, such that

cp2
P(|Z]| > p) + E[(1+ 1 Z|)1{]1Z]| > p}] < Cyexp <_C> |

Consequently, if ¢, = c¢/logn, then for any prescribed A > 0, choosing c¢ sufficiently small

gives
2
en = Cexp (_c<p> < Cn~ A,

n

Proof. Write Z = $1/2G with G ~ N(0,Ip). Since ||[ZY2|op < V<,

{12]l > p} S{IGI > p/V/C}-

The standard finite-dimensional Gaussian tail bound gives P(||G|| > z) < C exp(—cz?) for

all sufficiently large x. For the weighted bound, Cauchy—Schwarz yields
1/2
E[(1+Z|01{|1 2] > p}] < {E(1+ 129} B(|Z|| > p)"/2.

The first factor is uniformly bounded for ¢ < 1, and the second has the asserted exponential
decay. Substituting ¢, = c¢/logn proves the polynomial bound. Since ¢, is a free sufficiently

small constant, its exponent can be made arbitrarily large. O
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Because every covariance produced by the truncated update satisfies ||X¢]lop < G,
Lemma 2.12 applies at every iteration. The bounded derivatives of f imply that the contri-
bution to any EGOP or Taylor block from B(z*, p)¢ is O(e,,). In the proof of Theorem 2.2,

c¢ is chosen so that, uniformly for ¢ < ¢,

Thus all nonlocal contributions are smaller than the retained Taylor remainders and remain

negligible after normalization and iteration.

2.C.8.2 CIL Geometry

We collect the geometric facts used to identify the exact gradient-invariant and projected-null

subspaces in the CIL recurrence. We start with basic properties of our function of interest f.

Lemma 2.13 (Tangent-gradient and normal-Hessian identities). Suppose that f = fom.

Then Vf(x) € T, and for any u,v € Ny, u' V2 f(x)v = 0.

Proof. Let u,v € N be arbitrary. Then,

Vf(x) v =lm(f(z +tv) = f(2)]/t = lm(f (x[z + to]) - f(x[z])]/t

t—0 t—0

= lim[f(w[x]) — f(x[2])]/t = 0,

t—0

as for small ¢ orthogonal perturbations do not change the nearest point on M. As this holds
for generic v the first claim follows. To simplify notation, define d,h(x) := limy_o[h(z +

tn) — h(x)]/t. We can thus compute
u' V2f(z)v = 0,(Vf v)(z) =0

as Vf v is identically 0 along the path = + tv, ¢t € [0,] for § small enough. That is, as V f

remains tangent along this path, as verified above, it is always orthogonal to v. OJ

The remaining CIL proof uses the explicit gradient formula in the tubular neighborhood,

from which the exact gradient-invariant and projected-null subspaces follow.
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2.C.3.83 Gradient Geometry and Projected Hessian Structure

Lemma 2.14 (Differential of the nearest-point projection). Let x € M and n € N,. Then
Dtyiy = (I = Sulm)) o7,

Proof. Clearly, for any normal vector v € N, Dy v = 0, as projection is invariant to normal
displacement. Thus it suffices to verify the formula for any tangent vector. Our proof has
two primary parts. First, we pass to normal coordinates, equating the tubular neighborhood
about M with the normal bundle, and compute the differential of the exponential map. From
this parameterization, we can then analyze the projection via the chain rule.

Starting from the normal bundle N M, for (z,v) € N, M, the exponential map E(z,v) =
x + v is a diffeomorphism to the tube. Let v(t) = (u(t),&(t)) € NM, +'(t) € TNM. We
compute £'(0) = —S,(v)u/(0) + Vi,(o)ﬁ(O), hence

DE(4)7'(0) = (I = 5x(v))u'(0) + V0)£(0).
Composing with the projection map, m o E(z,v) = x, hence
D7r$+UDE(x,U)’y’(O) =4'(0) <= Drgyp(I — Sz(v))u'(0) = u/(0),
and inverting yields the claim, as Dm4, is a linear operator. O

Proof of the gradient-geometry assertions in Lemma 2.4. The first claim follows immediately

from Lemma 2.14 and the chain rule, indeed,
V(@ +v) = Vglr(a+v)) = (I - Su(v)) " Vg(a).

Let u = (I — S;(v))"'Vg(x). Applying linearity of the shape operator, observe that
(I —=Sz(v+n)u=(I—Sz(v)u—Sy(n)(u) =Vg(x) — Sz(n)u. Hence, if S;(n)u = 0 then
u = Vf(x+wv+mn). Thus, the second claim follows if we can show that there is a D — 2d

dimensional subspace Null that annihilates the solution vector u. For w € Ty,

(S (n)u, w) = (L(u, w), n)

for I the second fundamental form. This is a bilinear map, and the map defined by fixing the
w argument, ¢, (w) := I(u,w) is a linear map from T, — N, and thus has image no larger

than d. Its complement ¢, (7;)" has dimension at least dim(N;) —d = D — 2d, as desired.
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This proves the invariance of the gradient along a space of dimension at least D — 2d,

which immediately implies V2f(z + v+ 1)z = 0,V f(x + v) = 0. O

Proof of the projected-Hessian assertions in Lemma 2.4. Write g~ = (Tp Ngt) ®N,. In this
basis,
BT

A
(QHQ)|, = ,
B 0

where B : 7, N gt — N,. Since the tangent block has dimension d — 1, rank 2d — 2 forces
B to have full column rank. Hence the kernel on g consists of normal vectors v satisfying
BTy =0. For such v, QHv = 0, so Hv € span(g). Symmetry implies that QH(Q is invertible
on its range. Finally, H Null = 0 gives Null C I, and the dimension bound shows that K,

contains at most one additional direction.
To obtain the local assertion along the full projected-null space, write A, =1 — S,(v)

and go = Vf(p), so g = A, 1go. For v € K, differentiation in the normal direction gives
Ho = A;18,(v)g = c(v)g

for a linear functional ¢ on ;. Thus Sy(v)g = ¢(v)go and

(Ay = Sp(v))g = (1 — c(v))go-
For sufficiently local v, the gradient formula therefore yields

Vf(z* +v) = (1 —c(v)) g € span(g).

Applying the same calculation at z* + v in a direction w € K, gives V2 f(z* 4+ v)w € span(g),
and hence QV?2f(z* + v)mi, = 0. O
2.C0.8.4 Generic and Conditional Local EGOP Expansions

We first prove the Local EGOP Expansion stated in Lemma 2.3. We then condition on the

exact gradient-invariant block to obtain the conditional expansion used in the CIL argument.
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Proof of Lemma 2.3. We start by Taylor expanding the gradient. For a D tuple &, as
0¢0; f = 0;0¢ f, for f sufficiently smooth we can express

@ﬂ@:EZ 0i10ef)(x) [ [ % + o(l|=[|"*).

|‘£|<q ;€€
In particular, we have
dif(x) = +Zaaf )a; + Zaaakf( )iz + O(||z]%).
gk

Working at the level of the gradient, this yields
V(@) =V(0)+Vf(0)z + T(x,x) + O(|X|)
where T is the bilinear for

[T, yli Za 001 £ (0)jys.

]7
We use the first three terms of this Taylor expansion as a starting point. Set g := V f(0), H :=
V2£(0).
The remainder of the Taylor expansion can be exactly expressed as
- 1 1
R(z) = 6/ (1= s)>°Vif(sx)[x, xz, 2] ds, [Vif(sx)x,x, z]]; = Z 0;0;0k0¢ f (sx)xiz .
0 ,
gkt

Hence, under our uniform boundedness assumption, we have
T [z, ]| < Clle)?, | R(x)| < Cll|®

for some constant C'. Throughout the argument, for convenience we will absorb constants

into C' if necessary. Hence,
= /VfoT dp=gg' + HSH + gT(2)T +T(2)g" + R(X),
for
1
T(X); =Eu[T(z,2)] = 3 Zaiajakf(o)zjk

R(X):=E,T(Z,2)TZ,2)" + HZR(Z)" + R(Z)(HZ)" + R(Z)R(Z)"].
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That T is continuous and linear in ¥ is immediate. For the remainder, we have

IR < BuIT(2, Z21T(Z, Z) || + | HZR(Z) || + | R(Z)(HZ) || + | R(Z)R(Z) ]
< CE[|Z||* + [1Z]|°] < CE,[tx(S?) + tx()?]
where we apply Isserlis’s Theorem Isserlis, 1918 which verifies the vanishing of third order
terms, and relates the higher moments to the norm of the covariance matrix. Our capped

covariance assumption is used to compress all higher order terms to quadratic order. Our

proof is completed upon observing

2
tr(2%) = [Z]F w(X)? = <Z Ai) < DY X =D},
i i
and in finite dimensions the frobenius and operator norms are equivalent. O

For the CIL and empirical arguments, we also record the expansion obtained by condi-

tioning on the exact gradient-invariant subspace from Lemma 2.4.

Corollary 2.2 (Conditional Local EGOP Expansion). Let * =p+ 1, v € Nullp4,. Define
Wy as the measure u = N(z*, %) conditioned on mNui[X — x*] = v, i.e. the draws where the

Null component is fixed at v. Let X, be the covariance of this distribution. Then,
L) = ggT + HyYHy + gTv(Ev>T + TU(EU)QT + Ry (%)

where Null C nullspace(Hy), supyenu ||[Ro(4)]| < Crxull|Al|?, To(A) < OxalllA| for a

uniform constant Cxyn, and Hy, Ty, Ry are continuous in v and Lipschitz in || Al|.

Proof. The basic claim is immediate from Lemma 2.3, and that the terms stemming from
higher order derivatives are uniformly bounded follows from the smoothness assumptions on
f. Further, the nullspace of the Hessian and the zeroth-order expansion being the gradient

g = Vf(z*) follow immediately from Lemma 2.4. O

2.C.3.5 Rescaled Inverse Recurrences

The full-rank projected-Hessian argument reduces to the following fixed-congruence recurrence.
We rescale its active block by /hs, obtaining a fixed time-homogeneous inverse map plus a

summable perturbation.
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Homogeneous active block. We first study the signature-normalized recurrence
Ct+1 = ht+1J{,30t + (1 — ﬁ)Ct_l + Ft}_lj, (2.26)
where C; = 0, J =J =J 1, and vkt = art.

Proposition 2.2 (Rescaled Homogeneous Recurrence). Define

c(r, B) := 5 (11_ B2 n = c(r, ﬁ)g, (2.27)

L Ct — C(r76)Ft
X, = oY Ry : 7V\/T+1 . (2.28)

Then ne (07 1)7 1- n= C(T,ﬁ)(l - 5)/7’27 and
X1 =J{nX, + (1 —n) X1 + R} U (2.29)

If |Fy|| = O(hy), then ||R¢|| = O(v/ht) = O(art), so the normalized recurrence is a summably

perturbed time-homogeneous system.
Proof. Substitute Cs = +/c(r, 5)hs X5 into (2.26). Since

S = V. f;t+1 . Vhit1 (2.30)

)

the matrix inside the inverse becomes

B, 1-8 F }

o(r, B)his {TX,: + X1 + (2.31)

r c(r, B)his1

After dividing the resulting identity by +/c(r, 8)hi41, the choice of ¢(r, 8) makes the first two

coefficients sum to one and gives (2.29). The bound on R; follows from hsy1 = 72hy. O

Lemma 2.15 (Spectral Stability of the Rescaled Recurrence). Suppose that Cy/+/ho and
C1/Vh1 have spectra bounded above and away from zero, and that )", ||R¢|| is sufficiently

small. Then there are constants 0 < ¢ < C < 0o such that
cd XX, <XCI (2.32)

for every t. Consequently, Cy = O(v/hy).
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Proof. For positive-definite matrices, write the Thompson metric as

dr(A, B) = Hlog (A—1/2BA—1/2) . (2.33)
It is invariant under inversion and congruence, and satisfies
dr(nA+ (1 —n)B,nA" + (1 —n)B') < max{dr(A, A"),dr(B,B")}. (2.34)
Let
Ly := max{dp(Xy, I),dr(Xe—1,1)}. (2.35)
Then
e ltr < X, X, < eI (2.36)
Set Qr = nX; + (1 —n)Xy—1 and
&= QP RQT| < R (2:37)
Whenever & < 1,
dr(Qt + Rt, Qt) < log s (2.38)

1-&

Applying these two properties to (2.29) and then using the preceding perturbation bound

gives
1+ elt|| Ryl
Ly < Ly +log ——F———. 2.39
t+1 > t+ Ogl—eLtHRtH ( )
Writing p; = e~ gives
pr — || Rel
pe1 = pr——m = Pt — 2| Rell. (2.40)
pr+ || Bl

Choose the total perturbation so that

2> ||IR| < 5 (2.41)
s=1
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We now close the estimate by induction. If p; > p1/2 through time ¢, then ||R|| < py, so

& < 1 and the preceding inequality is valid. It gives

t
pron=p =2y R = 5. (2.42)

s=1
Thus p; remains uniformly positive for every ¢, and hence L; is uniformly bounded. This is

equivalent to a common spectral band ¢l < X; < CI. Rescaling X; yields C; = ©(v/h;). O

Proposition 2.3 (Active-space covariance recurrence and scaling). Let Hy be a fized invertible

symmetric operator on a finite-dimensional active space. Suppose that Cy > 0 satisfies
Cis1 = het1 [Ho{BCy + (1 — B)Cy1 YHo + Fi] ' [F¢]| = O(hy), (2.43)

where vVhy = art. Assume that two consecutive normalized initial matrices have spectra
bounded above and away from zero, and take o small enough that the total normalized
perturbation is sufficiently small. After a fixred congruence by Hy and normalization by /hy,

the sequence satisfies
X =JnXe+ (=X + R}, R = O0(Vh), (2.44)

where J is a signature matriz and n € (0,1) is constant. Since Y, || R¢|| < oo, the normalized

sequence remains bounded above and away from zero. Consequently, Cy = O(\/hy).

Proof. Diagonalize Hy = UAU " and set
W =UAY?,  J=sign(d), Yi=W'CW. (2.45)
Since Hy = WJW T, recurrence (2.43) becomes
Yir1 = e J{BY: + (1 — B)Yi1 + F} 71, (2.46)
where
F,=JW ' EWTJ =0(h). (2.47)

Proposition 2.2 reduces this to (2.29), whose unperturbed update is independent of ¢ and
whose perturbation is summable of order O(v/h). Lemma 2.15 gives Y; = ©(y/h;). Because
W is fixed and invertible, the same order holds for C;. O
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2.C.8.6 Full-Rank Projected Hessian

Lemma 2.16 (Gradient-aligned Schur-complement decomposition). Let u = g/||gl|, @ =

I —uu', and write the momentum metric in the basis span(u) © g as
ar df dpd,
Myqa=|" ""|, S:=D, 2%, (2.48)
dt _Dt a

Whenever truncation is inactive on this block,

-1 -2 5T o—1 -1 4T qg—1
a,  +a; “d, S; "dy —a;"d,S
See1 = heyr | tl ' I ' ' tl . (2.49)
S e S

Suppose that, for s = t,t — 1, u! Zgu = O(hs), Q¥:Q = O(Vhy), and ||Qsul = O(v/hs).
Then

ar = gl + O(V ), lde]| = O(v/he), (2.50)
Sy = Ho{BQ%Q + (1 — B)Q¥:—1Q}Hg + Fy, [ Fill = O(h), (2.51)

where Hg = (QHQ)| 1.

Proof. The inverse formula is the ordinary Schur complement with pivot a;. For the block
estimates, apply Lemma 2.3 to u; and p;—1 and average with the momentum weights. The
rank-one term gg' contributes ||g||? only to a;. Every remaining term containing the gradient
covariance or a Taylor remainder is O(y/h;) in the gradient cross block and O(h;) after taking
the Schur complement. The only order-v/h; contribution to S; is the displayed homogeneous

Hessian term. O

Corollary 2.3 (Full-Rank Initialization). Suppose that o = ol and hy = o?. If Hg is

invertible, then
2
Q _
w B = +0(@), QRiQ =a(QE'Q)T +0(®),  [|Q%wu] =0(e?),  (252)
and the same three orders hold at the second initialization step.

Proof. At the isotropic initialization, ag = ||g|*+O(a), dy = O(a), and Sy = aQH?*Q+0(a?).
Substituting these expressions into (2.49) gives the result. At the next step the same

calculation applies, with HpX1Hg as the leading projected term. O
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Proof of Theorem 2.3. Corollary 2.3 supplies the initial orders. Assume that they hold
through iteration ¢. By Lemma 2.16, a; remains bounded above and away from zero and the

gradient Schur complement satisfies
St == HQ{/BCt + (1 - /B)Ct—l}HQ + Ft, Ct = QZtQ, HFt” == O(ht) (253)

Because Hg is invertible, Proposition 2.3 gives Ci41 = @(\/m ). These active covariance
eigenvalues and the gradient covariance eigenvalue tend to zero, so for a sufficiently small
they remain strictly below the fixed cap ¢. Thus truncation is inactive on the full-rank
spectral block throughout the induction. The upper-left entry of (2.49) is O(h¢41), since
df S;'d; = O(V/hy). The off-diagonal entry is

O (hea |5 ldel)) = Olhe). (2.54)

which is smaller than the asserted O(y/h¢+1) induction bound. This closes the induction.

There is one covariance eigenvalue of order h; and D — 1 eigenvalues of order v/h;. Hence

VdetS, = © (h(D“ /4) W (1) = O(he), (2.55)

and Theorem 2.1 gives the stated learning rate. O

2.C.8.7 CIL Momentum Analysis

Let u := g/||¢g|| and
A :=span(u) @ &, = K.

For a symmetric matrix A, write its block decomposition on span(u) @ u' as

» .
A=|" Al A—p,-

ba Da aA

whenever a4 > 0. Thus A is the Schur complement of the gradient block. We also set
Cy = mg, Xy7s,.
For v € K, with ||v]| < p, define

Hg(v) := me,QV2f(¢* +v)Qmg,|, ,  Ho:= Hg(0).
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The maximal-rank hypothesis makes Hy invertible on &£,. Choose an even smooth cutoff y

on K, such that x(v) =1 for ||v|| < p/4 and x(v) = 0 for |jv|| > p/2. For v = N(0,(Ik,),
define

B(B) i= [ x(0)He(0)BHs (0) dv(0) (2.56)

The main idea of our argument is to sufficiently localize so that the fixed-congruence

dynamics dominate up to a negligible error.

Lemma 2.17 (Small-cap integrated-Hessian expansion). There are (o, C' > 0 such that, for

0 < ¢ < (o and every symmetric B on &,

®¢(B) = HoBHo + A¢(B),  [|A¢(B)]| < C¢||B]|.
Proof. On the support of x, Taylor expansion gives

He(v) = Ho + L(v) + R(v),  [R()| < Cllv|?,

where L is linear. Since both x and v are even, the two terms that are linear in L(v)
integrate to zero. Every remaining term contains either two factors of L(v) or at least
one factor of R(v), and hence is bounded by CE||V||?||B|| = O(¢||B||) for V ~ v;. Finally,
[ xdve =14 O(exp(—cp?/()); this exponential term is also O(¢) for sufficiently small ¢. O

For
B, := pC+ (1 = B)Cy—1, Cy := g, Y4Te,,

we first prove
Wgth+17ng = HyByHy + F3, ||Ft” < C{(n\/ hy + hy + 5n}- (257)

Here Hy = (QHQ)|g, is invertible by the maximal-rank assumption, and ¢, is the nonlocal
Gaussian-tail bound from Lemma 2.12.

Write

_B 1-p 1 _B/r_ B
QT,B T r + TQ ’ CD(T’ B) T qu,ﬁ’ 77 T qr7ﬁ - 1 _B‘i_/BT

If Hy=UAU", set
wTow

Vep(r, B)ht'

W :=UAY2,  J:=sign(A), X, :=
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We then derive

X =JnX;+ A —n)X;1+ R} 4T

with
En
R < C G hy + —¢.
Once (2.58)— (2.59) are established, the bound

tn
Z [ Re|| < o
=2

for the constant g in Lemma 2.15 gives c¢f < Xy < CI for 2 <t < t,,.

For s = t,t — 1, write the covariance in the decomposition A ® K, as

Yads VAKs
Es - )
EIC.A,S Ks
where
K i= 7, 2XsTic, YAK,s = TAXSTI, -

(2.58)

(2.59)

Lemma 2.18 (Localized CIL Schur-complement expansion). Fiz n and an integer T > 2.

Write ( = ¢, and € = €, as in Lemma 2.12. Suppose € < hp and, for s =t,t —1<T,

u' You = O(hy), evVhsle, < Cs < C\/hslg,,
Ky = (I, + O(hs + ), IS axcsll < C(CVhs + hs + ),

|me, Xsul| = O(hs + €).

Assume also that hg < coC?. Then, uniformly fort < T,

u! Mypu = ©(1), [yt Misaull = O(V ),
ngMt—i-lWSm = HyB:Hy + F3, HFt” < C(C\/ ht—l-ht—i-s),
|, Myamic, || < C(he +€), 0 < m, My, = C(he +e)l,

where

B, :=pC+ (1 — B)Cy—1.

(2.60)

(2.61)
(2.62)

(2.63)
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Proof. For a single iteration s € {t,t — 1}, set
Vs =i, (X —2%) ~ N(0, Ky).

The conditional distribution of the A component is Gaussian with mean and covariance
ms(v) = Elra(X — 2%) | Vs = v] = Sax K, o, (2.64)
ks = Cov(ma(X —z%) | Vs =v)

= S ads — Sars Ky i (2.65)

Because hs < co(?, € < hg, and Ky = (I + O(hs + €), the eigenvalues of K lie in [(/2,2(]

for sufficiently small ¢g. Hence | K || < 2/¢. Moreover,

||E.A’C,S|| < C(C\/ hs + hs + 5) < Cl{\/ hs,

where the final inequality again uses hy < co¢? and € < h,. It follows that

1Sk, K5 ' Sreas| < 18ax,sl IS = O(Chs) = O(hs), (2.66)

Ellms(Ve)|? = tr (Saxs K5 ' Skas) = O(hs). (2.67)

Thus
Yaks = Bads + O(hs).

Choose a smooth radial cutoff ) on RP such that (x) = 1 on B(z*,p) and ¥ (x) = 0
outside B(z*,3p/2). Split each conditional EGOP integral into its ¢-weighted part and its
complement. By Lemma 2.12, the probability and all polynomially weighted moments of
the complement are O(e). Since f and its first four derivatives are globally bounded, every
EGOP or Taylor block contributed by this complement has operator norm O(g).

On the support of 1, the local CIL identities give

Vi@ +v)=alv)g,  QV*f(z"+v)mc, =0,
where a is bounded and a(0) = 1. Let H, := V*f(2* +v) and let L, denote the EGOP of
the conditional Gaussian, recentered at z* + v. In the decomposition span(u) @ u*, write

o ls(v) ds(v)—r
T d@w) Da(w)
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Applying Lemma 2.3, together with (2.66)— (2.67), gives uniformly on the localized region

ls(v) = a(®)?[lg]l* + O(V/hs), |ds(v)]| = O(V/hs),  (2.68)
e, Ds(v)me, = He(v)CsHe (v) + O(hs),  |lme, Ds(v)mic, || = O(hs), (2.69)
0= 7TICxDs('U)7TICx =< Chgl. (2.70)

The O(hs) terms in these displays contain the conditional-mean correction, the linear map
T, the gradient-row Schur correction, and the quadratic Taylor remainder. The identity
QH,mc, = 0 removes every leading Hessian contribution involving C,.

Let

as by _ bsb!
E(MS) = > Ls:=Ds— =,
bS DS as

After integrating (2.68)— (2.70) over V5 ~ N(0, K;) and adding the O(e) nonlocal term, we

obtain
as = ©(1), Ibs[l = O(V/hs),  (2.71)
e Lome, — / He (0)Cy He (v) dvs(v) + O(hy + <), (2.72)
Ime, Lsmic, | < Chs + ), 0 =< 7, Lami, = C(hs + )1, (2.73)

where v; = N(0, K;). Notice that ||bsb] /as| = O(hs), so taking the gradient Schur comple-
ment does not alter the leading active term.

We next replace v by v = N(0,¢I). Couple
Vi=KY%7z,  Vi=\/(Z,  Z~N(0,I,).

The square-root map is Lipschitz on matrices with spectra in [(/2,2(], and therefore
hs + ¢ hs +¢
VG v/
The localized map v — x(v)Hg(v)CsHg(v) is Lipschitz with constant O(||Cs||) = O(v/hs).

IKY? =T < c

E[Vs =Vl <C

Hence

H/mw@mwwmw@&w

s0¢mﬁE€=mmx (2.74)
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where the last equality uses hs < ¢o¢? and € < h,. Lemma 2.17 now yields
me, Lsme, = HoCsHo + Fs, | Fs|l < C(Cvhs + hs + €). (2.75)

Finally, write the momentum metric as

M bM T
a;’  (b")
M1 = BL(e) + (1 = B)L(pe—1) =
A
Its gradient Schur complement satisfies
_ bM bM T
Mt+1:Di\/l— t (]\Z)
ag
=BLi+ (1 —B) L1 + RS, (2.76)
where
beby| bi—tbl_y b} (0})T
RE=0—+4+(1-— — . 2.77
e () S (277)

Because the scalar blocks are bounded above and away from zero and all three gradient cross
blocks are O(v/hy), || R¢|| = O(hy). Combining this identity with (2.75) and hy_1 = hy/r?
proves (2.61)— (2.63). O

Corollary 2.4 (Scalar trace normalization). Under the assumptions of Lemma 2.18, define

.- / NIV £+ 0)| du (o).

Then
e = |lg|* + 0(¢), tr(Mii1) :TC+O(m+5n)-

For each fized n, the positive scalar 7¢, may therefore be absorbed into the bandwidth scale.
The remaining relative normalization error is O(\/hy +€y) and is included in the perturbation

of the autonomous recurrence.

Proof. For a single localization, the trace of the conditional rank-one term is

/ @)V £ +0) |2 dv ().
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The same coupling used in (2.74) changes this integral by O(hs + €,). The Hessian and
Taylor terms have trace O(v/hs) under the bounds in (2.60), while the nonlocal contribution
is O(ey,). Taking the momentum average gives the asserted trace expansion. The identity

e = ||g||* + O(¢) follows by the even-cutoff Taylor argument used in Lemma 2.17. O

Corollary 2.5 (Initialization at iterations 2 and 3). Fiz n and write ( := (,. Suppose
Yo = al, hy = o2, the first two updates use B =1, and o < coC. If €, < cha, then, for ¢

and cq sufficiently small, the pair (X9, 33) satisfies (2.60), with constants independent of n.

Proof. At the isotropic initialization, Lemma 2.3 and the localization bound give
L(po) = gg" +aH?+gT(al)" +T(al)g" + O(a® + ep).

The gradient eigenvalue is ©(1). After taking its Schur complement, the active &, block is

uniformly positive definite of order a: for every unit e € &,
¢ e, Hmg,e = |Hel® > |QHe|?,

and QHQ is invertible on &,. Thus the first update gives

h
u'Siu=0(hy), 7 Time, =0O <1> =0(a) = 0(Vh).
a
The true Null directions have metric eigenvalues O(a? + ¢,) and are therefore capped
immediately.
Let
K2 := K, N Nullt,

which has dimension at most one. A direction v € K may remain uncapped at the first
update, because Hv can be a nonzero multiple of g. At the next iteration, however,

(Hv)'Z1(Hv) = O(g' $19) = O(ha).

Consequently, after the gradient Schur complement, the full K, x IC; metric block of £(u)
is O(h1 +€,), and its &, x K, block has the same order. The active block remains O(«) =

O(Vh).



65

The threshold used to form > is

ho r2a?
91 == = .
D¢ D¢

Choose ( sufficiently small and then ¢, sufficiently small. Since e, < cho, these choices
ensure

C(h1+¢en) < by < ca.

Thus every eigenvalue associated with IC, lies below 61, while every eigenvalue associated
with &£, lies above #;. The gradient and active spectral gaps are fixed multiples of 1 and «,
respectively, so the two graph transforms have angles O(a) = O(v/h1). Rotating back to the

fixed decomposition gives

u' You = O(hy), Co = O(v/ha),
Ko :CI+O(h2+€n)7 HT['gIEQUH :O(hg—{—é‘n),
| a2l < C(CVha+ ha+ep). (2.78)
It remains to check the first momentum update. In the decomposition span(u) @ u™,
write
as bl
Lps) = , s=1,2

bS DS

Here as = O(1) and ||bs|| = O(v/h1). Therefore
Mz = Ly + (1 — B)L1 + O(h1 + &y). (2.79)

The active Schur blocks of the two summands are respectively ©(y/hs) and ©(y/hy), which
have the same order because hy = 72h;. Their positive weighted sum is therefore ©(y/hz).
The projected-null and active—projected-null blocks are O(hy + &5,) = O(hg + &;,). The same
threshold comparison and graph-transform argument used above gives the bounds in (2.60)

for ¥3. Hence (X9, ¥3) initializes the induction. a

Lemma 2.19 (Spectral separation and truncation). Fiz n and an integer T' > 2, and write

¢ := (pn. Suppose (2.60) holds at iterations t — 1,t < T, and suppose €, < hp. Let

m = dim(&,) = 2d — 2, =dim(Ky) =D —2d+1, 06 := f;t;g}.
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There exist constants

cg,Cy,cp,Cp,Ck >0,

independent of n,t, T, such that, for ¢ and o/ sufficiently small, My+1 has spectral projectors

Pyiv1, Peiv1, and Py satisfying
Pyii1+ Ppiv1 + P = 1,

rank(Py41) =1, rank(Pg¢11) = m, rank(Px +41) = k,

and
o (Mt—i-l‘range(pg’tﬂ)) < [Cgv Cg]’
7 (Mei1hangeqr 1)) € eV e Co/)
g (Mt+1 |rango(PKyt+l)) < [0’ CK(ht + En)]
Moreover,

[ Pyis1 —uu' || = O(Vhy),
|PE1 — me, || = O(Vhe),
| Pic,ir1 — i, | = O(VIy).

The threshold satisfies C(hy + €n) < 0y < cev/hy, hence

P41 = 1j9,9,)(Mi41)-

Therefore the update ¥y11 = T, ¢c(Miy1) satisfies

u' Sip1u = O(hyy1), cvhipls, 2 Cipr 2 C/hygle,,
Kiy1 = (I, + O(ht1 + €n), e, Brull = O(hit1 + €n),

|Xak 1] < C {C\/ hiv1 4+ hey1 + En} .
In particular, (2.60) holds at iteration t + 1.
Proof. Write the momentum metric in the decomposition span(u) @ ut as

ar bl _ beb]
My = “l, My i= Dy — 4.
by Dy at

(2.80)
(2.81)

(2.82)

(2.83)
(2.84)

(2.85)

(2.86)

(2.87)



Lemma 2.18 gives

ca<ar<Co ol =0Wh),  |Dill = O(Wh).
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We first separate the eigenvalue associated with the gradient direction. The invariant

subspace complementary to this eigenvalue is the graph of a map
Y; - ut — span(u)

satisfying
aY; — YDy + b/ — YibY; = 0.

The linearized Sylvester operator

Y — CLtY — YDt

has a uniformly bounded inverse because a; is bounded away from zero and ||Dy|| = o(1). Its

fixed-point equation is therefore a contraction on a ball of radius C'v/h¢, yielding

Vi = O(Vhe),  Yi=—a;'b] +O(hy).

The associated orthogonal change of coordinates separates the gradient eigenvalue and reduces

the operator on u'’ to
— _ 3/2
M1 = M1 + Egyg, [ Eg,tll = O(hy"").

Decompose ul =&, ® K, and write

— At Ct
M1 =
C/ Ky
Equations (2.62)— (2.63) and (2.88) imply
Ac = HoB,Ho + i, I SC{C\/ ht+ht+5n}7
||CtH SC(ht—FEn), 0= KtjC(ht—FEn)I

Here

B, := pCy + (1 — B)Cy_1.

(2.88)

(2.89)

(2.90)
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The bounds in (2.60) and hy_1 = h;/r? give

cgvVhilg, = B, < Cp\/hls,.

Since Hy is invertible, reducing ¢, «/(, and the tail level if necessary gives

ceVhidg, XAy 2 Cpy/hilg,.
Because ¢, < hp < hy,
ICe|l = O(hy), 0=<XK; X Cxhyl.

The distance between the spectra of A; and K; is therefore at least c¢y/h;. The invariant

subspace associated with the k£ smallest eigenvalues is the graph of a map
Ly /Cx — gx
satisfying
AZy — ZKy + Co — Z,C] Z, = 0.

The inverse of the linearized Sylvester operator has norm O(h, 1/2

), and hence
124l = O(hy ') O(hs) = O(v/ ).

The corresponding orthogonal change of coordinates makes ]\ZH block diagonal, changing
each diagonal block by
3/2
o(IC 1 zll) = O;").

It follows that the non-gradient eigenvalues consist of m eigenvalues in [cgv/hi, Cgv/hy] and

k eigenvalues in [0, Ck (ht + €5,)]. Combining the two changes of coordinates gives (2.85).

The truncation threshold is 8; = hgcl. Since ¢, < hy,
Ck(ht +¢en) < 2Ckhy.

Choosing ¢ so that 2Ck < ]'5—24 gives

Cic(he + £n) < 0.
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For the other inequality, 6; < cgv/h; is equivalent to

Dc
Vhe < T2EC.

Since
\/htS \/h1:a7
this holds whenever «/( is sufficiently small. Thus

P11 = 1,9, (Mit1),

and the truncated inverse assigns covariance ¢ exactly on range(Pi ¢+1). On the gradient

and active spectral subspaces, inversion gives covariance orders hyy; and

h
t%hi =Ty ht+17

respectively. Rotating these covariances back to
span(u) ® &, © Ky

using (2.85) yields (2.86) and (2.87). The term (/h¢41 in (2.87) is the first-order off-diagonal

contribution of the capped projector. Its contribution to either fixed diagonal block is
O(Chi41) = O(he11),
because ¢ < 1. O

Lemma 2.20 (Reduction to the normalized active recurrence). Under the hypotheses of

Lemma 2.19, there exist symmetric matrices ﬁt and Gy such that
hit1
Cur =2 [HOBtHO + Ft} e (2.91)
where

IFt|<C{ \f+ht+sn}, (2.92)
IGell < & {che+hy/* +20} (2.99)
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Let
Hy=UAUT,  W:=UAY?  J:=sign(A),

and define
wTe,w

Vep(r, ﬁ)ht.

Then there exists a symmetric matriz Ry such that

Xt =

X1 =T {(nXe + (L= n)Xemr + R},

and

€n
| Re| §0{<+\/i7t+ Jhi}

(2.94)

(2.95)

Proof. The spectral decomposition in Lemma 2.19 shows that the fixed-coordinate active

covariance differs from the inverse of its active metric block for two reasons.

First, the active spectral subspace differs from &, by an angle O(y/hy).

Rotating a

covariance of order \/hsy1 back to £, produces an O(hf/ 2) correction to the active diagonal

block.

Second, the capped projector contributes

¢ e, Peiy1me, = O(Chy),

because

Ime, Pl = O(V/he).

The nonlocal metric contribution &, induces an O(e,) covariance correction. Combining

these terms with (2.89) gives (2.91)— (2.93).
Set
Y, = WTCW.

Since

Hy=WJWT',

equation (2.91) becomes

h -1 -
Yin = =21 [8Y+ (1= B)Yi + B J+G

(2.96)



where

E=JWiEW-Ty G, = W' GW.
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Because W is fixed and invertible, ﬁt and CNJt satisfy the same respective orders as ﬁt and Gy

Substitute
Y, = CD(Ta B)ths
Using
Vhy _ 1 he1
Vi T Vhi ¥
and

equation (2.96) gives

Xt+1 =J [T]Xt + (1 — T])Xt_l + R]{net] ! J+ Et,

where

Rt .= i ) E; = Gt
ar,3\/ cp(r, B)hit
Equations (2.92) and (2.93) imply

|Rpe) < o{c+¢h7+ en }

Vhi
12 < C{g\/E+ he + j%t}

Define
Qi =X+ (1 —n) X1, Ry = (JXi 1) — Q.

Then (2.94) holds by definition. To prove (2.95), let
Xiy1 = J(Qr + RPH L.
By (2.60) and Lemma 2.19, there are constants 0 < ¢ < C' < oo such that

el = Xyi1, X401 < CI.

Vep(r, B)hii1

(2.97)

(2.98)

(2.99)
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Equation (2.97) gives X;41 — X¢+1 = FE;. The inverse identity A~* — B~' = A~}(B— A)B~!
therefore yields
IR, — R™t|| = H(J)QHJ)—1 - (J)?Hlj)_lH (2.100)

< C||Ey|. (2.101)

Combining this with (2.98) and (2.99) proves (2.95). The residual trace-normalization error

has the same or smaller order and is absorbed into R;. ]

Corollary 2.6 (Cumulative normalized recurrence error). Under the hypotheses of Lemma 2.20,

for every integer S satisfying 2 < S < T,

S
Vhi | (S - 1)€n}
R <C(S—1(+ + . 2.102
Sl < e (s -1+ 7+ P (2102
Proof. Equation (2.95) gives
S S S 1
R SC(S—=1)C+ he +en — .
>l < {( Ve ;W,}
Since vhy = vh1 71, we have
S
h
> Vi< 2
=2 "
Moreover, \/h; decreases in t, so
XS: L < S—1
“— Vh ~ Vhs
Substitution gives (2.102). O

Proposition 2.4 (Linearization of the normalized recurrence). For the unperturbed au-

tonomous map in (2.94), linearization at I gives
By = =TI {nE+ (1 —n)Ei1}, J(E) = JEJ.
On a mode satisfying J(E) = sE, s € {1,—1}, the characteristic polynomials are

2 4nz+(1—n), s=1,
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and
Znz—(l-n)=0E-1E+1-19), s=-L

Every root transverse to the fived-point manifold has modulus strictly below one for 0 < n < 1.

At either endpoint, undamped roots remain.

Proof. For s = 1, the Jury conditions for a monic quadratic 22+ az+b are |b| < 1, 14+a+b > 0,
and 1 —a+b>0. With a =n and b =1 — 5, all three inequalities hold strictly for 0 < n < 1.
For s = —1, the roots are 1 and —(1 — 7). The root 1 is tangent to {X = 0: (XJ)? = I},

while the transverse root has modulus 1 —n < 1. O

Lemma 2.21 (Consecutive covariance comparison and EGOP-form bound). Fiz n and write
¢ := (. Under the conclusions of Lemma 2.19, there is a constant C' < oo, independent of

t < T, such that

Y 2Oy,

Consequently,

W(ut) = tr{Etﬁ(,ut)} = O(ht)

Proof. Define

Dy = hsuuT + vV hsme, + (e,

and

S, =D, /2%, D712,

In the decomposition span(u) @ &, @ K4, the diagonal blocks satisfy

u' Seu = 6(1), (2.103)
cle, = me,Syme, = Cle, (2.104)

S h
T, BsTh, = I, + O ( : JCFE"> = Ix, + O(0), (2.105)

where the last equality uses hy < co¢? and €, < hs.
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The normalized off-diagonal blocks satisfy

ngzsu h’S + ETL . 1/4
i <C 7 = O(hM/*Y), (2.106)
s hs +hs +en
me R oOhathe e o /) (2.107)
hsC hsC
ES hS hS n
Rl gcﬁfll e _ o). (2.108)
hs' /¢ hs'“\/C
Thus, after choosing ¢y and ( sufficiently small, there are constants 0 < ¢ < C' < oo such that
el =<5, <CI.
Equivalently,
cDs X ¥ X CD;. (2.109)

Since hy = 1 2hyy1,
D; = r_zhtﬂuuT + r_l\/Eng + (i, = r_ZDHl.
Applying (2.109) at times ¢ and ¢ + 1 gives
2t X CDy 2 Or™*Dyyy < O’
Moreover, Myy1 = BL(1t) + (1 — B)L(pe—1) = BL(1t), yielding
BW () < tr(BeMyy1) < CMtr(Sip1 Mipa).

Let A1,...,Ap be the eigenvalues of M;;;. The corresponding eigenvalues of ;11 =

T ¢ (Miy1) are

. hiiq }
ming ¢, ——r, Aj>0,

¢, A = 0.

Hence

for every j, and

Thus W (ut) = O(hy). O
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Proof of Theorem 2.2. Let
—2/(d+2)
ki=D—2d+1, b, := (ng,’j/Q) .

The stopping time ¢, is the smallest integer satisfying h;, < b,. Since hy11 = r2hy,

72b,, < hy, < b,

and hence
ht, =< by. (2.110)
Moreover,
hy = a%TQ(t_l)a Cn = % ) ay = Caln,
logn
so there is a constant C'7 such that
t, < Crlogn (2.111)

for all sufficiently large n.
Let dg > 0 be a value for which Lemma 2.15 applies to the initial normalized matrices

supplied by Corollary 2.5. By Lemma 2.12, for every fixed A > 0, ¢ can be chosen so that
en < Cn~ 4.

Choose A large enough that

En thEn
— — 0,
htn \/ htn

This is possible because (2.110) is a negative power of n multiplied by a power of log n.

— 0. (2.112)

Applying (2.102) with S = ¢,, gives

o an (tn—1)e
Y R < CS (o= 1) + = + n (2.113)
t=2 L—r h,,
CaC¢ tnen
< . 2.114
C{CTCC+(1—T)10gn+ ﬁhtn} ( )

Choose c¢ so that
1)
CCTCC < 30,
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then choose ¢, so that
CCQCC < (50

1—7r 3
By (2.112), the last term in (2.114) is smaller than dy/3 for all sufficiently large n. Therefore

tn
> IRl < do. (2.115)
t=2

Corollary 2.5 gives (2.60) at s = 2,3. Let 7™ be the largest integer in {3,...,¢,} such
that (2.60) holds for every 2 < s < T*. Suppose T* < t,,.

For 2 <t < T*, Lemma 2.19 gives (2.94). Its partial error sum is at most the left side of
(2.115). Lemma 2.15 therefore gives constants 0 < cx < Cx < oo, independent of n and T,
such that

ex] X X X CxlI, 2<s<T*+1.

Applying Lemma 2.19 at t = T also gives all remaining inequalities in (2.60) at s = T + 1.
This contradicts the definition of 7. Hence

T =t,,.
It follows that, for every 2 <t < t,,
exI 2 Xy X CxI
and (2.60) holds. In particular, there are constants 0 < ¢ < C' < oo such that

c (htuuT + \/ETFgm + Cnmcx) <3 =C (htUUT + \/h>t775m + CnWKm) .

Therefore
Vdet s, = 0 (hf” ’:/2) .
Lemma 2.21 gives W (u:) = O(hy), hence

1 1
e W) =0 — et h ).
ey, k) <nhg/2 w7z 'f)

By (2.110), the two terms have the same order at ¢ = ¢, and

E [/{ﬁMtn(f) — f}2 dutn} =0 (n—Q/(d+2)CEk/(d+2)) '
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Since ¢, = ¢¢/logn,

[ / {Par,, (f) — 1} dutn] = 0 (n~2/442) log m) P24+ 1/442)).

2tn—1)

Finally, solving a2r = by, yields

_ logn + (k/2)log C, + (d + 2) log vy
" (d+2)log(1/r)

+0(1).

2.D EGOP Approximation

In this section, we show that metric anisotropy not only improves point regression, but
accelerates the estimation of the EGOP matrix in our two model settings. We argue that the
smoothed gradients, while potentially biased estimators at individual points, in the aggregate
form a matrix that differs from the population quantity by a benign perturbation, leading to
an equivalent convergence analysis at adequate sample sizes.

Define the smoothed gradient and EGOP as

Vs f(z )—argmlnmln/”f )—a—v(z—2)|?dN(z,%), Ls(u /ngng djs.

Define the empirical momentum metric and covariance recurrence by

M1 = BLs, () + (1 = B)Lx,_, (1), (2.116)
Sei1 = Thepr ¢ (Miga). (2.117)

Lemma 2.22 (Smoothed-gradient and EGOP expansion). There exists T, C, T,(X) < C||X]
such that, for u = N(z*,%),

Vsf =Vi+Tu(S), Ls(u)=L(1) +Eu[gTx(2)" +Tx(X)g"] + O(IZ[).
Proof. The standard OLS solution yields
Vef(z) = s COVN(Z‘,E)(X7 f(X)) = EN(m,E) V(X))

with the last equality following from Stein’s Identity (Stein, 1981). Applying a Taylor

expansion, we see that

s [V X /Vf )+ H(y —2) 4 Toly — 2y — ) dN(0,5) = V f(z) + To(3),
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where T is a second order remainder. For the second claim, the proof follows by a simple

expansion,

Ls(p) :/ngngT dp
_ / VYT dp+ / T(2)VST + VT(3) dp

L0+ [ Tu(S)g" + TS dut [ TNV~ 9)T + (VS - 9)To(E) d,
satisfying the claim, with full details being similar to those in the proof of Lemma 2.3. [

The preceding expansions show that the empirical recurrence is controlled by the error
in the momentum metric itself. We therefore state the finite-sample guarantees under the

direct perturbation condition
|Myy1 — Mygq] < Chy (2.118)

uniformly through the stopping time. Establishing (2.118) for a particular gradient estimator

is a separate nonparametric estimation problem.

Proposition 2.5 (Empirical full-rank Local EGOP rate). Let rank(ﬂgLHng) =D -1 and
adopt the assumptions of Theorem 2.3. Suppose that the empirical recurrence (2.116) satisfies
(2.118) uniformly for t <t,. Then, for

2logn

= D) 10s(1/r)

(2.119)

E [/(P@n(f) - f)Qdutn} 0 (mﬁs) . (2.120)

Proof. The perturbation in (2.118) enters the gradient Schur complement as an additional
O(ht) remainder. It is therefore absorbed into F} in Lemma 2.16. Proposition 2.3 preserves
the h; gradient scale and the v/ scale on g. The determinant and risk calculation is then

identical to the proof of Theorem 2.3. O

Proposition 2.6 (Empirical Local EGOP rate for continuous-index learning). Let (X,Y)
be CIL, suppose that I"ank(’ﬂ;‘Hﬂ';‘) = 2d — 2, and adopt the assumptions and the choices
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Cn = c¢/logn, an = caGn of Theorem 2.2. Suppose that the empirical recurrence (2.116)
satisfies (2.118) uniformly for t <t,. Then

E [/(Pﬂtn(f) — 1) dutn} =0 (n72/(d+2) (log n)(D*Qd“)/(d”)) :

Proof. Set
Apr1 = Mysy — Myy1, [Ap1]|| < Chy.

Write My41 and ]\/4\t+1 in the decomposition span(u) @ u'. Since the population gradient

block is ©(1) and its cross block is O(v/h¢), the ordinary Schur-complement formula gives

|Meir = Wt | < € {Aciall + VAl Arall + 180} = OCh).

Hence the empirical active, active—projected-null, and projected-null Schur blocks satisfy the

same bounds as their population counterparts, with different constants:

re, Mysime, = HoBHo + O (gm/ht YR+ €n> , (2.121)
Hmﬁtﬂw@ — O(hy + &), (2.122)
0 < 7, Mesrmic, =< Clhy +en)l. (2.123)

The spectral-separation proof of Lemma 2.19 therefore applies without change. In
particular, the empirical active eigenvalues remain of order /h¢, the projected-null eigenvalues
remain O(h; + €5,), and

h
C(ht+¢e,) < thl < ev/ha

Thus the empirical truncated update caps exactly the projected-null spectral subspace.

In the normalized active recurrence, the additional O(h;) metric error is divided by the

active scale v/hs. Consequently, the empirical recurrence can be written as
Xepr =T {nXe + (1= )Xot + R+ RE™Y T, ||RS™|| < Oy

Since r € (0, 1) is fixed independently of n,

tn tn
SR <0 Vi< Lo o o( ! ) — o(1).
t=2 t=2

1—7r logn
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The population constants c¢ and ¢, are chosen so that Ziig | R¢|| is below the perturbation
threshold in Lemma 2.15. The preceding display shows that the empirical contribution is
eventually smaller than the remaining perturbation margin. Therefore the same common
spectral band holds for the empirical active covariance through ,,.

It follows that, uniformly for 2 <t < t,,, there is one covariance eigenvalue of order hy,

2d — 2 eigenvalues of order v/hs, and k := D — 2d + 1 eigenvalues of order (,,. Hence

Vet 3, = © (hf/QC,’j/Z) .

It remains to bound the population EGOP form. The covariance block bounds imply
Y 2Oy,

Moreover,

M1 = BL(pe),

SO

BW () < Ctr(Bp1 Mit1).

Using My = ]\/Ztﬂ — Ay41 gives

(B4 Mig1) < tr(Seq1 Myir) + [ Ap ]| t(Se1) (2.124)

< hyst + ChyCn = O(hy). (2.125)

Here the first inequality uses Y11 = Th, ¢, (]\//EH), so every paired metric—covariance

eigenvalue product is at most hy41/D. Therefore
W () = O(hy).

The generic risk bound now gives

~ 1
E{/{P@(f)_fpd/it} :O<W+ht>-

At t=t,,

ht, = (nC,’i/ 2) _2/(d+2)7



SO
E {/{ﬁmn(f) — )2 dﬂtn] =0 (n72/(d+2)C;k/(d+2)) .

Substituting ¢, = ¢¢/logn and k = D — 2d + 1 proves the result.
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Chapter 3

CORESET SELECTION FOR THE SINKHORN DIVERGENCE AND
GENERIC SMOOTH DIVERGENCES

Abstract. We introduce CO2, an efficient algorithm to produce convexly-weighted coresets
with respect to generic smooth divergences. By employing a functional Taylor expansion, we
show a local equivalence between sufficiently regular losses and their second order approxima-
tions, reducing the coreset selection problem to maximum mean discrepancy minimization.
We apply CO2 to the Sinkhorn divergence, providing a novel sampling procedure that requires
poly-logarithmically many data points to match the approximation guarantees of random
sampling. Central to this result, we identify the Hessian of the Sinkhorn divergence and
establish second-order Hadamard differentiability in its induced topology, which is equivalent
to a scaled Gaussian RKHS topology. Our approach leads to a new perspective linking coreset
selection and kernel quadrature to classical statistical methods such as moment and score
matching. We showcase this method with a practical application of subsampling image data,
and highlight key directions to explore for improved algorithmic efficiency and theoretical

guarantees.

Keywords. coresets, kernel quadrature, Hadamard differentiability, entropic optimal trans-

port, Sinkhorn divergence

3.1 Introduction

We consider the problem of compressing a dataset by selecting a convexly weighted subset
of the observations, optimized for an error metric D. More concretely, given n independent
draws from a compactly supported P on X C R? with empirical distribution P,, we seek
to construct P, supported on a ‘coreset’ of m of these observations such that D(P,, P,,) is
on the order of D(P,, P) as m,n — co. We call such a weighted coreset (asymptotically)

lossless. A typical example of D is an integral probability metric (Sriperumbudur et al.,
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2012), D(Py, Pry) = supger | [ fd(Pn— Pp)| — when F is Donsker (A. W. v. d. Vaart, 2000),
we shall seek a Py, such that this quantity is Op(n~/2). Another example of interest is the
Sinkhorn divergence which we introduce in detail later (Ramdas et al., 2015). As we are
concerned with empirical approximation of the population distribution, we frequently adopt
the notation D(Q) := D(Q, P).

Compression techniques are commonly employed in settings where it is costly to work with
a large sample. In computational cardiology, for each configuration x of a simulated heart,
thousands of machine hours must be used to evaluate a function f(z) that approximates the
mechanism for calcium signaling (Strocchi et al., 2020; Dwivedi and Mackey, 2023). This
precludes evaluating common statistics of interest, such as P, f, if P, is defined using a large
sample of heart configurations. However, if m configurations could be identified and weighted
so that P, f ~ P, f, the computational task could be made tractable. If we had knowledge
that f belonged to a function class F, then this would be achieved by selecting P, to make
the corresponding integral probability metric small.

The construction of such P, has been well studied in the case where F is the unit ball of
a reproducing kernel Hilbert space (Scholkopf and Smola, 2002). An IPM in this setting is
referred to as maximum mean discrepancy (MMD) (Gretton et al., 2008). As these spaces
are Donsker, the optimal error rate is O(n~1/2).

Kernel herding was shown to achieve this error rate with m = O(n!/ 2) in the case where
the kernel is finite dimensional (Chen, Welling, et al., 2012). Kernel thinning subsequently
met this bound (up to logarithmic factors) in more general cases, depending on the kernel’s
tail behavior (Dwivedi and Mackey, 2023). An alternative approach based on quadrature was
developed in (Hayakawa et al., 2022) and refined in (Li et al., 2024a), leading to guarantees
controlled by low-rank approximation of the empirical kernel matrix. Key to our analysis is
a related kernel quadrature algorithm tailored to data-dependent kernels.

Often in unsupervised learning settings, data compression algorithms optimize for non-
MMD error metrics. For example, K-means forms clusters to minimize the average squared
deviation from the centroids (Steinley, 2006). This algorithm can be equivalently expressed in
terms of the 2-Wasserstein distance, Wa(p, v) := inf ey, ([ d(z, y)27r(x,y))1/2 (Pollard,

1982; Canas and Rosasco, 2012). In this framework, a distribution Pk supported on K
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centroids is selected to minimize Wo(P,, Px). Works such as Claici et al., 2020 fit more
complex parametric distributions for the surrogate measure Py, with Gaussian mixtures
being a primary example. By considering compressed data, we make the more restrictive
assumption that Px < P,. This forces the support of Px to retain any structure enjoyed by
that of P,—for example, if P, is supported on images of faces, then so too is Pk.

In practice, the Wasserstein distance is often too computationally expensive to be com-
puted on large datasets, but it can be approximated efficiently using its entropically regularized
counterpart (Cuturi, 2013). The Sinkhorn divergence similarly approximates the Wasserstein
loss, but with slight modifications to satisfy the properties of a statistical divergence (Ramdas
et al., 2015). Beyond their computational benefits, these quantities are also easier to estimate
than the Wasserstein distance, especially in high dimensions (Vacher et al., 2021), and are
more robust to noise (Rigollet and Weed, 2018; Bigot et al., 2019).

In this chapter, we explore whether divergences such as the Sinkhorn divergence can
also yield benefits over the Wasserstein distance for coreset selection. This problem is
important since, despite the Wasserstein distance’s appealing relationship to familiar clustering
algorithms, no compression algorithm can asymptotically improve on a random sample with
respect to this loss (Weed and Bach, 2019). Our approach culminates in a procedure
applicable to arbitrary divergences, where MMD compression algorithms can be applied to
analytically derived Taylor expansions of the functional of interest, a two-step procedure we
call CO2 (Coresets of Order 2).

Our main contributions are as follows:

1. We develop a framework for lossless data compression with respect to generic smooth

divergences.

2. We identify the Hadamard operator, or Hessian, of the Sinkhorn divergence and establish
second-order Hadamard differentiability in its induced topology. This requires first-
order Hadamard differentiability of the entropic optimal transport potentials in scaled

RKHS tangent spaces.

3. Using these results, we show that poly-logarithmically many data points m are sufficient
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to ensure D(P,,) = Op(n~1) when D is the Sinkhorn divergence.

Precisely, we show m = w(logd n) samples suffice for asymptotically lossless Sinkhorn
reconstruction. To our knowledge, ours is the first work in the literature to even consider
whether m = o(n) samples suffices. The recent work of Yin et al., 2025, which also developed
a method for constructing Sinkhorn coresets, instead focused on providing stability and
convergence guarantees for their proposed optimization scheme.

We highlight in our experiments how Sinkhorn-CO2 applied to MNIST data not only
improves performance with respect to the Sinkhorn divergence, but also better approximates
concrete quantities of interest, such as the proportions of each label present in the resulting
coreset. Other recent works have related coreset selection to improved efficiency in learning
downstream tasks (Xiong et al., 2024; Chen, Wang, et al., n.d.; Gong et al., 2024). This places
these methods under the umbrella of data distillation (Sachdeva and McAuley, 2023), the
study of compactly representing large datasets with the goal of improving algorithmic efficiency.

Our experiments demonstrate that Sinkhorn coresets provide a similar enhancement.
3.2 The General Case

3.2.1 Notation and definitions

Our results apply to sufficiently smooth divergences D, made precise by a second-order
Hadamard differentiability condition (Fernholz, 1983). Denote by P(X) the space of probabil-
ity distributions supported on X. For an RKHS F on X with norm || - || 7, let F; :={f € F:
Il fll= < 1} denote the unit ball and ¢>°(F;) be the space of distributions on X with pseudomet-
vic || gl g () 7= supy gy <1 | [ fdul. We say that a functional D with Domain(D) C £>°(Fy)
is Hadamard differentiable at P (relative to ¢>°(F7)) if there exists a continuous linear func-
tional D : £>°(F;) — R such that, for all {P +th; : t € [-1,1], hs € £2°(F})} C Domain(D)
with || — hl|geo(7,) = o(1) for some h,
D(P + thy) — D(P)

i t = Dih).

The functional D is second order Hadamard differentiable at P if there exists a continuous
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quadratic form D : £*°(F;) — R such that

iy PP +the) = D(P) — D(thy) _ b,
t—0 t2

As the dual RKHS topology ¢°°(F;) will be central to our analysis, we introduce the

corresponding kernel function & and kernel embedding

Kh::/k‘(',y) dh(y).

Depending on which is clearer in context, we denote the RKHS norm by either || - || 7 or

| - |x. The dual norm has the quadratic representation

Ilery = [ [ ko) duta)duty) = Quc(o)

In particular, || — v||geo(5,) = MMDg (p1, v).
The continuous quadratic form D can be identified with a bounded positive self-adjoint
operator G:

D(h) = (Kh,GKh)F.

Equivalently, with
g(l'a y) = <k(a ZL‘), ék(a y))]'—a

we may write Gh = [ g(-,y) dh(y) and D(h) = [ Ghdh. We refer to G as the Hadamard
operator of D. See Appendix 3.A for further discussion of this quadratic expansion.

On the tangent space, the Hadamard operator induces the quadratic seminorm
|h]|Z = /Gh dh = D(h).

This object is fundamental to our analysis, as we will show that, under appropriate regularity
conditions, data compression with respect to this quadratic form results in sharp compression
of D.

Much of our analysis centers on P, and on coresets Py, supported on the observed sample.

For a possibly data-dependent positive-semidefinite kernel En, let

=)

[7{\71 (XZ7 X])] Zj:l

S|

n::
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be its normalized Gram matrix. If Ay, > --- > A, , > 0 are its eigenvalues, define the rank-r
residual trace
Tail, (Kp) = Y Ajn-
j>r

Equivalently, this is the trace error of the best positive-semidefinite rank-r approximation to
K.,

When studying operators, A : F' — G, we will denote |[A| r—c = sup| sy ,.<1 [[Af|lc, and
when F' = G we shorten this to ||A||r. In technical arguments, we may often express a scalar
constant on each bound by C' that may represent different values in different arguments. For

self-adjoint positive-semidefinite operators K; and K5 on the same tangent space, we write

K = Ky if

/(K1 ~ Ko)udu >0

for every admissible signed tangent pu.

3.2.2 Main results

The main idea of our method is that compression with respect to a carefully chosen MMD
leads to compression with respect to D. This leads to the CO2 Algorithm in 2. The
KernelSelection step associates the divergence and the observed empirical distribution with
a kernel for which MMD compression controls the loss of interest. We achieve this by
establishing second-order Hadamard differentiability at the population distribution in an
RKHS tangent topology. For computational efficiency, we reduce the rank of this objective
by utilizing a Nystrom approximation (Tropp et al., 2017; Chen, Epperly, et al., 2025) up to
an appropriately negligible Schatten-1 error op(n_l). We then apply an MMD compression
method (Hayakawa et al., 2023; Li et al., 2024a) on the resulting quadratic form. Our analysis
centers on the recombination algorithm (Litterer and Lyons, 2012b), but this can be easily

modified to the user’s preferred choice.

We make this concrete in the following results, which establish a criteria for the selection

of D coresets, and a tractable algorithm for their computation.
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Algorithm 2 CO2-recombination

Input: D, P,, target size m, oversampling parameter 6 > 2
1: K < KernelSelection(D, P,,)
2: (,U,A) < Nystrom (K, 0(m — 1))
3: Py, + Recombination(U[:, 1:m — 1], [k(X;, X;)]7_y, A[l:m — 1])

{ KernelCompress

4: return P,

Lemma 3.1 (Quadratic loss control from MMD compression). Let D be second order
Hadamard differentiable at P relative to (°°(F1), where Fy is the unit ball in an RKHS with
characteristic kernel k. Then, MMD g (Py, P,,) = 0,(n~Y/2) implies D(Py,) = Op(n™!) and

D(Pp) = D(Pn — P) 4+ 0p(n™") = D(P,) + 0p(n71).
Our proof of the above uses that D(P) =0 and D = 0 for a divergence about the null.
Combining this with the fact that P,, = P 4+ tH; when H; := [P,, — P]/t yields

5 | D(P +tH,;) — D(P) — tD(H,)

D(P,) =t 2

Taking t = n~'/2, using that MMD (P, P,,) := || Pn — Pl (7, and applying the second

order functional delta method yields Lemma 3.1.

Lemma 3.2 (MMD compression from a Gram-matrix tail bound). Let %n be any positive-
semidefinite kernel selected after observing Xy, ..., X,, and let Rn be its normalized Gram
matriz. Fix an integer r > 1 and an oversampling parameter 0 > 2 such that r(6 — 1) > 1.
Conditionally on the observed sample and the selected kernel, a probability measure Py,

supported on no more than m < r + 1 observations can be randomly constructed such that
~ r . ~
E [MMD2 (P, Pn)| X1, . .,Xn,kn} <4 (1 n r(e—1)—1> Tail, (K.,).
The construction has time complezity O(nr + 03r3 + r3log(n/r)).

The oversampling parameter 6 increases the quality of the approximation at the expense

of additional computational overhead.
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A similar approach appears in a recent paper (Li et al., 2024a, Algorithm 4). The primary
difference in our algorithms is the choice of Nystréom approximation, where they used the
randomly pivoted Cholesky (Chen, Epperly, et al., 2025) while we used one based on random
projections (Tropp et al., 2017). Comparing these two approximations, the method of Tropp
et al., 2017 yields a sharper low-rank approximation at the cost of increased memory and
time complexity, respectively at O(n?) and O(n?m). This discrepancy leads to improved
algorithmic efficiency in Li et al., 2024a, with O(nm) memory requirements and a Nystrom
implementation with O(nm?) time complexity, in addition to the cost of evaluating mn
Gram-matrix entries. This makes their procedure particularly effective for standard MMD
coreset problems, where kernel entries can be evaluated on demand. In our applications, the
selected kernel may itself depend on the empirical distribution. For the Sinkhorn divergence,
computing the empirical scaling ¢, requires solving the empirical self-transport problem;
once ¢, is available, however, the scaled-kernel entries are explicit and no inversion of the
empirical Hessian is needed. In the dense implementation analyzed here, construction of the
empirical transport kernel already incurs quadratic cost, so the random-projection Nystrom
approximation adds comparatively little overhead while providing the low-rank guarantee
used in our analysis. For additional state-of-the-art MMD compression algorithms, see
Dwivedi and Mackey, 2025 and Carrell et al., 2025.

These results combine to yield our main compression guarantee. In situations where the
Hadamard operator is data-dependent, we include additional details regarding the use of a

suitable estimator.

Theorem 3.1 (Lossless compression for smooth divergences). Fiz an oversampling parameter
0 > 2. Let k be a fized characteristic population kernel with RKHS F, and suppose that
D is second-order Hadamard differentiable at P relative to *°(F1). Let ky be a possibly
data-dependent positive-semidefinite kernel selected from the observed sample, with normalized

Gram matriz K,,. Let m = m,, and put Ty, :=my, — 1. Suppose r,(0 — 1) > 1 eventually and
Tail,, (K,,) = op(n 1),
and suppose that, for every possibly data-dependent coreset Q,, < Py,

MMD;, (Qn, Pn) = op(n—l/Q) =  MMDy(Qn, P,) = Op(n_1/2),
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Then Algorithm 2 constructs a coreset Py, such that
D(P,,) = D(P,) + op(n™1).
Its time complexity is O(n*m + m3log(n/m)).

Proof. Apply Lemma 3.2 conditionally on the observed sample and the selected kernel, with
r = ry. Writing

,
o= (14 )

the lemma gives
E [MMD%H(PW Pn) ‘ X1, Xn, kn} < C,. o Tail,, (K,).

Since 6 is fixed and r,(0 — 1) > 1 eventually, C,,, ¢ is uniformly bounded.

Fix n > 0. Conditional Markov inequality therefore yields

P (ﬁ MMD; (Py, P) > 1 ‘ X, ... ,Xn,%n>

2 o~
_p (MMD%n(Pn,Pm) > % Xi,... ,Xn,kn>
oy Conm ]
1

By assumption,

n Tail,, (K,) = 0,(1),

so the random upper bound on the right converges to zero in probability. It is also bounded
by one. Hence its expectation converges to zero. Taking expectations of the conditional

probability and using the tower property gives
P (ﬁ MMD;. (Po, Pr) > 77) 0.
Since this holds for every n > 0,
MMD;, (Pyn, Pu) = 0p(n~/?).

Thus, by assumption

MMDy (P, P,) = 0,(n"/?).

The result follows by Lemmas 3.1 and 3.2. O
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Algorithm 3 m selection: recombination sweep

U < mmax — 1 leading Nystrom eigenvectors
K < kernel matrix
V <« orthogonal complement of U & 1
T < specified tolerance
err < 0, % initialized to 0
count < 0, % initialized to 0
1 < initial empirical distribution
while err < 7 and count < n — mpax + 1 do
Mprev < [
count<— count + 1
a < mindp/V[:, count] % choose « so that next iterate has one less non-zero entry
p < p— aV[:, count]
err < (u— Pp) T K(u — P,)
end while

return fiprey

3.2.8 Selecting m

Our theoretical results match earlier work in MMD compression and coreset selection, which
aims to make the coreset error negligible relative to the empirical sampling error. In practice,
rather than selecting m solely from an asymptotic rate, we favor direct evaluation of D(P,, P,,)
or, more efficiently, the compression error under the kernel returned by KernelSelection. Thus

we recommend choosing the smallest m for which
MMDZ (Py, Pn) < 7,

or, when computationally feasible, D(P,, P,,) < 7.
There are several ways to determine this minimal m. Binary search is a simple strategy.
Algorithm 3 is more efficient when there is an upper bound mmax on the number of samples

the user is willing to retain. It performs one recombination sweep and returns the smallest
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available coreset for which

MMD% (Pn, Ppy) <7,

taking m = mmax if no smaller coreset meets the tolerance.
Theorem 3.1 suggests taking 7 = o(n™!). For a fixed population kernel, the proof of

Lemma 3.1 gives the more informative comparison
|D(Pr) = D(Py)| < (Ry, j, + 2Rin) MMDG (Pr, P) + 0p(n 1),

where
R o MMDy (P, Pr)
e MMDy (P, P)

Thus Ry, = o0p(1) is sufficient. In practice, one may estimate the scale of the empirical

MMD from the eigenvalues of the selected normalized Gram matrix and choose 7 as a small
multiple of n~!; a formal finite-sample calibration is beyond the asymptotic guarantees

developed here.

8.2.4 Hadamard operator and kernel selection

The Hadamard operator G is the canonical population target of KernelSelection because it
represents the local quadratic form and hence the tangent geometry relevant for compression.
A primary technical challenge is not just to compute G, but to verify that D is second-order
Hadamard differentiable in the topology it induces. The following lemma motivates this

selection.

Lemma 3.3 (Domination of the Hadamard form by the RKHS kernel). Ifk is a characteristic
kernel and D is second-order Hadamard differentiable at P relative to (*°(Fy), then there

exists a constant C > 0 such that CK = G.
Concretely, CK = G implies
bl < CH2|hl| k.

Thus every RKHS topology where the second order expansion is valid is at least as strong as
the Hadamard topology, making Lemma 3.1 a strictly more stringent condition for a coreset
to satisfy. An equivalent kernel may still be preferable computationally when it is easier to

estimate or approximate at low rank.
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3.3 Illustration: Sinkhorn Coresets

3.3.1 Owerview

As an illustration of our general framework, we consider compression with respect to the

Sinkhorn divergence (Ramdas et al., 2015)
1
Sk, v) = OTe(p, v) = 5(OTe(p, p) + OTe(v,v)),

with the regularization parameter € > 0 suppressed in the notation. Here, OT. denotes the

entropically regularized Wasserstein-2 distance

OTe(p,v) = Wergggy) / |2 = yl|*dm(z,y) + e KL(x || p @ v), (3.1)

for TI(u, v) the set of joint distributions with marginals u, v.
In this section, we verify that lossless Sinkhorn compression requires m to grow only

slightly faster than log?n.

Theorem 3.2 (Polylogarithmic Sinkhorn compression). For m = w(log?n), P,, can be
constructed in O(n*m + m3log(n/m)) time by applying the compression routine to the

empirical scaled Gaussian kernel, such that
S(P,Py,) = S(P, P,) +o,(n1).

The main theoretical step is to verify second-order Hadamard differentiability in the
topology induced by the Sinkhorn Hessian. Section 3.3.2 establishes first-order differentiability
of the entropic transport potentials in a scaled Gaussian RKHS. Section 3.3.3 then identifies
the Sinkhorn Hadamard operator and proves that it induces this topology. Finally, we verify
that the empirical self-transport plan supplies a computable equivalent kernel, yielding the

desired sample complexity.

3.3.2  Entropic optimal transport potentials

The OT, functional also admits a representation in terms of the entropic optimal transport

potentials ¢, ., Y, : X — R:

OT.(p,v) = /QSW, d,u—|—/¢u7,, dv. (3.2)
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Thus, to study the differentiability of S, we first provide corresponding results for ¢, ., ¥, ..

Equivalently, the optimal entropic transport plan #¢ ,,, which attains the minimum in (3.1),

Te%
has density
dm,y Guw () + Y (y) — [l —y|?
fi,u(l’,y) = d(ngw)(x’y) = exp < L L - ) . (3.3)

This decomposition originates from Csiszar, 1975 and Riischendorf and Thomsen, 1993, and
the functions ¢, and v, are called the entropic optimal transport potentials. Recently,
asymptotic distributions of plug-in estimates of the potentials and related quantities have
been verified via the implicit function theorem (Goldfeld et al., 2022; Gonzalez-Sanz et al.,
2022). Specifically, evaluating the marginal constraints of T, yields the Schrodinger system:

() = _Elog/exp <¢u,y(y) — |z — yH2> y).

9

() = _dog/exp <¢u,u(y) — |z - yll2) ().

€

Goldfeld et al. (2022) study this problem through Hadamard differentiability, while Gonzalez-
Sanz et al. (2022) provide a direct analytic expression for the limiting distribution. These
analyses establish regularity of the potentials in Sobolev-type topologies. We will see that the
second-order Sinkhorn expansion is governed by a finer P dependent tangent topology, thus

necessitating a tightened analysis. We reparameterize the equations in terms of the scalings

(uu,m Uu,l/) = (exp(—¢u,y/€), eXp(—Wv/E)),

which satisfy

dv du
Uy = K <v,“,> = Jvu,l,(l/), vy =K <ul“,> = Juw,(,u), (3.4)

where K := [k(-,y)dy(y) and k(z,y) = exp(—|lz — y||*/e). Let u = u,, and v = v,,.
From this perspective, the operators J, and J,, define the system, and thus induce a natural
topology for the verification of differentiability.

For a fixed strictly positive a € H, define

T k($7y)

._ dy
%al(2:9) = Cyay)

a

| m:zK( ) e, = 17l
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Let &, be the completion of finite signed measures in this norm and let &0 := {y € &, :
~v(1) = 0}. To enforce uniqueness of the solution to this system of equations we follow the
convention of Goldfeld et al. (2022), fixing zo € X and selecting the anchored representatives

satisfying w, . (o) = vy (20). Define

dv dup
T,h:=K (hv?) , Tuh =K (hu2> :

Theorem 3.3 (Hadamard derivative of the EOT potentials). The map

n:(pu,v) — (Puws Yup) = (—Elog Uy, —€log UWJ)

is Hadamard differentiable at (u,v), tangentially to EO x €Y

v’

as a map into C(X) x C(X).

For (v1,4%) € E9 x &9, let (11,%) be the unique solution of

w+ T, = J° (3.5)
T+ 9= JA" (3.6)
u(aco) — 1'1(:6'0) =0. (3.7)

Then

: 1,2 u v
V)= —e—,—e— .
N (Y577 ( ” U)

At a diagonal base point © = v = P, the scalings also agree, setting u = v = ¢. This
leads to a common topology SS on the product, and we will show it agrees with the topology

induced by the Sinkhorn Hessian.

3.8.8 Sinkhorn Hadamard operator and topology

At the diagonal, write

dP _
q:=upp =vpp, Tph :K<hq2> s RP = (]_T%') 1‘

gt

The operator Tp is compact, positive, and self-adjoint; T pq = ¢, the eigenvalue 1 is simple,

and therefore p := || Tp|,u|| < 1. Let Il : H — g denote the orthogonal projection.
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Theorem 3.4 (Sinkhorn Hessian and equivalent RKHS topology). Let D(v) := S(P,v).

Then D is second-order Hadamard differentiable at P, tangentially to Eg, and

Dp(y) = 5 (g Rediby, (38)

Equivalently, if

o n, 4]

the corresponding positive-definite Hadamard kernel is

9
gs.p(e,y) = 5 (RE*@)() R*@)()) .

Moreover, for every v € 58,

Ev 1o .. €
— <D < ————
2”7”811 = P(’Y) = 2(1 — pg)

Consequently, on zero-mass tangents, the topology induced by the Sinkhorn Hadamard kernel

7112,

gs,p coincides with the base-point-scaled Gaussian topology 52 generated by %q.

For computation, we use the the empirical analogue of the Gaussian scaled kernel. Let

qn = up,,p, and define

7 L k(xvy) - dl
kg, (x,y) := 7%(30)%@)’ Jg v =K (%) )

Lemma 3.4 (Empirical-to-population Sinkhorn embedding). Let P, = Py, be any possibly
data-dependent probability measure. If

1T (P = Po) e = 0p(n™?),

then
(P — Po)lla = 0p(n~'/?).

Theorem 3.5 (Compression with the empirical Sinkhorn kernel). If m = w(log?n) and the
MMD-compression routine in Algorithm 2 is applied conditionally to the empirical scaled

kernel %qn, then
MMD};q (P, Pp) = Op(n*1/2) and MMD%q(Pm7Pn) - Op(n71/2)'

Consequently, the population quadratic form in (3.8) is preserved up to op,(n™1).
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The preceding results lead to the following implementation of Sinkhorn CO2. Let
II5, = [mij]
denote the entropic self-transport plan Tp, p,» and define

1~ ~ ke(Xi, X5) 1"
Ay, =nll, = Ean, K, = [EX ! ]

Qn( iQn(Xj) i,j=1

For a coreset P,, = Z?:l Wp,i0x,, Write w,, € R™ for its weight vector and set d,, :=

Wy — %1 € 11, The empirical Hessian quadratic form at P, is
. £n _
Sp (dp) = ?d;An(I — A%)7d,,. (3.9)

Here the inverse is taken on the zero-sum subspace 1+, where I — A2 is invertible. Equivalently,
this is

<an(Pm - F), RPann(Pm - Pn)>7-p Rp, = (I - Tzn)il}q# :

| ™

Computing the resolvent (I — A2)~! is expensive, hence we propose using the substantially

simpler quadratic form

S0 (Po, Py = %”d;Andm (3.10)

e ~ e
= §d;andm =5 MMD%qn(Pm, Py).

The recombination algorithm applied to the eigenvectors of this kernel leads to the following

guarantee.

Lemma 3.5 (Sinkhorn fast computation). Let Tp,  be the empirical analogue of Tp and
define
Rp, = (I_T%n)_l‘qj_'

n

For a zero-mass discrepancy A, set z = Jg, A € q-. If z is orthogonal to the first r
eigenvectors retained by the recombination step and A\ry1, < 1 is the next eigenvalue of

Tp,

g s then

2
£ )‘r+1,n

21— )‘72“+17n

€ €
5{Re 2w = Szl < 1213
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3.4 Numerical experiments

For efficient computation of the Sinkhorn divergence and entropic optimal transport potentials
we utilize the geomloss Python package (Feydy et al., 2019a). CO2 is performed with respect to
the empirical scaled kernel Eqn. In our Nystréom approximation, we select a § = 3 oversampling
parameter except in our MNIST experiment in Section 3.4.5, where we set § = 5. Code for

all simulations can be found at https://github.com/amkokot /sinkhorn_coresets.

3.4.1 Visualization

We first qualitatively demonstrate that our compression algorithm rapidly recovers key charac-
teristics of input datasets. We consider a Gaussian mixture generative model % Efi L N (s, I)
in two dimensions, which we approximate with P,, n = 10*. We consider a mixture of K = 8
Gaussians with means placed at [£3,+3],[0,+6], [£6,0], which we compress to m = 16
points based on the Sinkhorn divergence with € = 0.75. As seen in Figure 3.1, these coresets
typically recover the primary clusters of the dataset, with samples being reasonably spread

across each of the 8 clusters.

.. - v .
. » s o W .. &

’ " e { A ™ AR ..
. P LI . -
» P . »

B . . . .

s & . ® o =&
¢ . ¥ . Y B -
. . " . » . S

va' - a -

Figure 3.1: Eight repetitions of the simulation described in Section 3.4.1.


https://github.com/amkokot/sinkhorn_coresets
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Figure 3.2: The reconstruction error Sg(P,, P,,) in various dimensions (left) and dataset
sizes n (right). In the first plot the sample size is fixed at n = 2.5 x 10%, for the latter the

dimension is fixed at d = 10.

3.4.2  Distribution recovery

We now demonstrate how our method quickly reduces the reconstruction error S.(P,, Pp,).
Following Section 7.3 of (Dwivedi and Mackey, 2023), we take N(0,I) as our generative
distribution in dimensions d = 2,5, 10, and we set the regularization parameter to be € = 2d
in each setting. We then compare S.(P,, P,,) for P,, generated by Sinkhorn compression to
P, generated by random sampling. We perform 40 trials for each configuration of m, d,n.

In Figure 3.2 we see a strong dependence on the dimension, and minimal dependence on n.

3.4.8 Quadratic approximation

A key element of our theory is that compression with respect to the second order expansion
of a divergence is sufficient for compression with respect to the actual divergence of interest.

We compute the relative error

’S(anpm) - Sn(Pum)|
S(Pn, Pn) '
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For P, generated via our recombination method, and samples P,, generated with respect to
the generative process in Section 3.4.2, with d = 10, n = 2.5 x 10, we perform 80 trials for
each m. Figure 3.3 reports this relative error. Lemma 3.5 quantifies the difference between

this inexpensive form and the exact empirical Hessian on the recombination residual.

10! 1

109

2nd Ord. Aprroximation Percent Error

10! 102 103
Coreset Size

Figure 3.3: Percent relative error of the empirical scaled-kernel quadratic approximation

Sn(Pp, Py,) compared to S(P,, Py,), with P, generated via recombination compression.

3.4.4 MMD Compression Algorithms

We demonstrate how a variety of MMD compression algorithms can be paired with CO2
to provide efficient coresets with respect to the Sinkhorn divergence. Our second order
approximation results allow one to reduce the coreset selection problem for smooth divergences
such as the Sinkhorn to a corresponding MMD), allowing practitioners to select an algorithm
of their preference at this step of our method. This is particularly useful as this is a growing
area of research, and we expect the development of algorithms that greatly improve our basic
recombination approach, particularly in terms of practical finite sample performance.

We draw n = 2.5 x 10% samples uniformly from the unit cube of dimension 10, and

compute the Sinkhorn divergence with regularization € = 20. We compare 3 different coreset
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selection procedures. Two of these algorithms are aimed at directly optimizing the MMD
compression error, kernel herding and recombination, and we optimize the weights of the
selected samples post selection. Halton sampling is a more generic discrepancy minimization
procedure used in quasi-Monte Carlo (Jank, 2005). We compare these procedures to the
baseline random sampling, and perform 80 trials for each m and sampling algorithm.

As seen in Figure 3.4, procedures that directly targeted MMD minimization of the second
order term displayed the best performance. The recombination algorithm, our recommended
MMD compression procedure, performed near optimally in each setting, with particularly

impressive results for smaller targeted compression sizes.

107t 5 —e— (CO2 - Recomb.

CO2 - Herding
—e— Random
—e— Halton

1072 §

1073 4

1074 §

S¢ error

105 4

s ] \‘\

10-7 -

10! 10? 10%
Coreset Size

Figure 3.4: MMD compression algorithms as well as other sampling methods employed at
the secondary stage of our Sinkhorn compression method and the resulting compression error

S(P, Py) induced by these algorithms.

3.4.5 Image processing

We employ our algorithm on the entire 70,000 image MNIST dataset, where after standardizing
the raw features to have mean 0 and unit variance, we select a coreset of size m = 1000 for
the Sinkhorn divergence with regularization e = 1.5 x 10%. This regularization is large, but
not atypical in this high-dimensional setting. As a point of comparison, a typical heuristic

for kernel bandwidth selection is to use the median squared distance between observations
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Figure 3.5: PCA coordinates of MNIST data with a Sinkhorn CO2 coreset overlaid on the
sample, with figure sizes proportional to the sample weights. For interpretability, only digits

1, 2, and 3 are displayed here.

(Garreau et al., 2018), and for our data this is ~ 1000, and thus of a comparable magnitude.
We perform 500 trials of coreset generation. High dimensional image data is representative
of a particularly relevant setting for data compression. By enforcing that our coreset belongs
to the observed dataset, there is no ambiguity regarding which of the labels these datapoints
correspond to, as compared to a procedure that selects centroids from the ambient space. Our
selection thus respects the underlying structure of the data, which we expect to practically

be of a much lower intrinsic dimension.

As a visualization of the resulting weighted coreset, in Figure 3.5 we plot the first 2 PCA
coordinates of the MNIST dataset corresponding to a subset of the labels considered, {1, 2, 3},
in a scatter plot, and overlay the images corresponding to the selected datapoints with size

proportionate to their weights. This figure gives a sense of the geometry of the sample, as we
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Figure 3.6: 1000 MNIST digits selected via Sinkhorn CO2, sorted by digit and with areas
proportional to their weights.
Note: the treemap software used to produce this visualization could not maintain the 1:1

aspect ratio of the original MNIST images.

see a tight cluster of 1s, compared to the 2 and 3 digits which have more significant overlap.
In Figure 3.6 we display a treemap of the 1000 selected digits realized by one trial of the
CO2 algorithm. This visualization reveals that each digit receives about 1/10 of the total

weight in the convexly weighted coreset.

The results of this experiment are shown in Figure 3.7, which displays Q-Q (quantile-
quantile) plots comparing the percentiles of compression error as compared to random
sampling, as well as the ¢ error of sampled label proportions relative to the population
values, 37 |P(label = i) — > =i w;H{Y; = d}|. The Q-Q plots capture the variation
of both the random samples as well as the random projection employed in the Nystrom
approximation in Algorithm 2. Due to the significant regularization level, it is unsurprising

that we see our compression scheme dramatically reduces the Sinkhorn error as compared
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Figure 3.7: Q-Q plots of the Sinkhorn reconstruction error (left) and ¢; error between the

label proportions (right) of the compressed data as compared to random samples.

to random subsampling. However, we additionally see that this compression adequately
encapsulates the dataset relative to the more concrete £1 error on label proportions defined
above. This indicates that the quality of the approximation is meaningful beyond this

particular divergence.

3.5 Discussion

The CO2 algorithm attains rapid, asymptotically lossless compression by targeting the second
order expansion of a divergence of interest. This framework invites many natural follow-up
questions, and paths towards improved algorithmic efficiency.

One problem of interest is the development of finite sample guarantees for this procedure.
The second stage of the algorithm, MMD compression, depends on how accurately the
selected empirical kernel can be approximated at low rank, which is amenable to finite-sample
analysis; however, the relationship of these bounds to the performance of the coreset for the
desired divergence is not immediate. Key to our analysis were asymptotic properties of the
divergence of interest via a functional delta method. To achieve finite sample guarantees,
explicit bounds on the remainder of the divergence relative to its quadratic approximation

need to be developed.
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Our procedure can benefit from future developments in convex MMD compression. Our
current preferred instantiation of CO2 uses a recombination procedure. However, we anticipate
that this algorithm can be improved as the state-of-the-art in this domain improves. In
particular, the resulting rates may be suboptimal when the selected empirical kernel is
only slowly approximable at low rank. As methodology improves in this domain to achieve
minimax MMD compression guarantees, we believe pairing CO2 with such a procedure would
lead to asymptotically minimax compression for all sufficiently regular divergences. Likewise,
we speculate that in finite sample settings minimax MMD compression would lead to minimax
CO2 compression whenever the remainder term satisfies appropriate regularity conditions.

A drawback of CO2 is that it requires identifying a kernel that controls the second-order
expansion of the divergence. This may involve deriving the Hadamard operator itself or, as in
the Sinkhorn application, proving that a simpler computable kernel is equivalent to it on the
relevant tangent space. The guarantees also require second-order Hadamard differentiability
in the topology natural to the functional and, for data-dependent kernels, an empirical-to-
population transfer argument. It would therefore be useful to develop general conditions that
verify these steps for broad classes of divergences. On the computational side, automatic
differentiation may help approximate the required local quadratic form; related methods
have recently been used to estimate first-order derivatives of statistical functionals (Luedtke,

2024).
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3.A Functional Taylor expansion

Here we provide further details on the intuition of our method, linking compression with
respect to a smooth divergence D to a carefully chosen MMD.

As we are in the setting of coreset selection, we desire the size of our compressed dataset
m < n. The condition D(Py,) = O,(n~!) places a natural constraint on the class of
functionals of interest. Typically, such D are required to be sufficiently smooth, made precise
by the notion of Hadamard differentiability (Fernholz, 1983).

To understand how to minimize a Hadamard differentiable divergence, we first consider
minimizing a smooth function f. If we Taylor expand about a point z, then we get a local

expansion

fy) = f(2) =V @) (y —2) + 5y — 2) 'V f(2)(y —2) + o(||ly — z[?).

If £ was a minimizer of f, then the first order gradient would vanish, leaving a dominant

quadratic term from the Hessian. Now, suppose we generated a sequence {y,,} such that
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| (ym — ) TV2f(2)(ym — 2)|| = O(n~1). If the Hessian were non-degenerate, this would
necessitate that the remainder term be o(n™!), hence the overall error would be |f(ym) —
f@)|=0m™).

Second-order Hadamard differentiability gives the corresponding von Mises expansion

along admissible moving directions (A. W. v. d. Vaart, 2000, Chapter 9). In particular,
D(P +th;) = D(P) 4+ tDp(hy) + t*Dp(h) + o(t?)

whenever h; — h in the chosen tangent topology. At the minimum of a differentiable
divergence, the first derivative vanishes, so the leading term is the continuous quadratic form
Dp. Lemma 3.1 uses precisely this expansion: if the coreset and empirical measure differ by
op(n_l/ 2) in a fixed RKHS tangent norm, then they have the same first-order tangent limit

and their divergence values differ by o,(n™1).

The topology is part of the regularity statement. The kernel representing the quadratic
form need not itself control the remainder unless second-order Hadamard differentiability holds
in that kernel topology, or in an equivalent stronger topology. This is why KernelSelection
may return a dominating or equivalent kernel rather than the exact Hadamard kernel. If
the selected kernel is estimated from the data, one must additionally transfer the empirical

compression error to the population topology before applying the expansion.

3.B Algorithms

In this section, we briefly present the internal algorithms used in our implementation of
Algorithm 2. Algorithm 4 presents a Nystrom approximation algorithm. The recombination
step is the standard routine described in (Litterer and Lyons, 2012a). For a more detailed

and efficient implementation, see https://github.com/satoshi-hayakawa/kernel-quadrature.

3.C General facts

Where convenient, we denote k.(x,y) := exp (M) , the kernel function of H.


https://github.com/satoshi-hayakawa/kernel-quadrature
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Algorithm 4 Nystrom approximation (Tropp et al., 2017, Algorithm 3)
Input: matrix A, must be PSD; § € N, 2 < 0 < n; rank parameter 1 <r <6

Q < randn(n, 0)

< small value to improve numerical stability

0, ~ <« QR(2)

Y + AQ

v <— pnorm(Y)

Y <Y +0vQ

B+ Q'Y

C < chol ((B + B*)/2) % Cholesky decomposition
(U, 3, ~) + svd(Y/C, econ’) % thin SVD

U« U(G1:7r), X« X(1:7r1:7) % truncate to rank r
A+ rnax{O,Z]2 — VI}

return UAU ", U, A

3.C.1 Entropic optimal transport

We briefly summarize key properties of entropic optimal transport used in our argument.
See Section 3.3.2 for basic definitions. The foundational results were established in (Csiszar,

1975; Riischendorf and Thomsen, 1993).

Lemma 3.6 (EOT coupling and marginal identities).

x — ||z —yl?
[ ) ini o) = [ e (%’"( ) ¥ ¥uny) = Iz =] )f(w,y) dy(x)dv(y).

3

In particular,

[ 1@ @) = [ FAgdu= [ gasa
/f(ﬂf)Jrg(y)dﬂi,y(x,y) :/fd,u—l—/gdu.

Proof. The first identity is definitional, and the second and third follow by integrating along

marginals. O
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Corollary 3.1 (Schrédinger normalization identities).

fexp (S22t )~ yu2> il — 1

€

In fact, we have,

/exp ((bw,(x) () — |z — -|y2> due) = 1 = /eXp <¢u,u(') + Yuw(y) — |- —yH2> ()

3 3

Proof. The first identity is immediate, since

e (S22 4 sl o~ y||2> et = [ ar, =1

e

as m;, , is a probability distribution. The second claim is a consequence of the Schrédinger

equations. [l

Proposition 3.1 (Dual-potential representation of entropic transport).

OT.(psv) = [ o+ [ i

Proof.

OT. (1, v) = 24t tog (27 Y g
5(:“71/) - HJI - y” 7T,u,u +e 0g dﬂ® dv 7r,u,1/

_ _ 2
— / Hx —yH2d7TZ7,, +€/10goexp (¢H,l/(x> +¢H,V(y) Hx yH ) dﬂ’}iu

3

- / b (@) + By (W),

— [ Guait [ b

O

Lemma 3.7 (Symmetry and normalization of self-transport potentials). ¢, ,, = v, , under
the constraint ¢, (o) = Yy u(x0).
Additionally, for u,v we have

X —||T — 2
/exp <¢H7H( ) + ¢#7#(y) || y” > du(x)du(y) —_ 1’

e

| exp (Bl be) e - y||2> eyl — 1.
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Proof. The first identity was observed in (Feydy et al., 2019a) and (Goldfeld et al., 2022).

The second comes from the Schrodinger equations, as

| e (St dnat) = oY )

3

holds identically for all y. d

3.C.2 Reproducing kernel Hilbert space
Here we recall properties of the RKHS which will be essential for our analysis.
Lemma 3.8 (RKHS sup-norm bound). For h € H,

[17lloo < [IRf|9¢-

Proof.

[7]loe = sup [h(y)| = Sup<h ke(y, ) < ||hllae sup [[k=(y, )l
yeX yeXx yeX

= [|h]ln sup VEke(y,y) = ||h|ln.
ye

OJ
Lemma 3.9 (Kernel mean embedding bound). For yu € P(X) and f € C(X),
VK (fdgo)lae < 1 F e
Proof. Using |k.(z,y)| < 1,
1K (i)l = [ [ helo) f@11 ) dute)dty)
< [[ i@ 1wl duta)dnty
<IfIE.
O]

Lemma 3.10 (Scaled tangent space and exact isometry). Let a € H satisfy inf cx a(z) > 0,
and define
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For a finite signed measure vy, put

d
sr= K (D) e = 1l

and let £, be the completion of finite signed measures in this norm. Then Ea 1S positive

definite, its RKHS is

_ = [l

poeftonen). Y
aHa

a

and J, extends uniquely to an isometric isomorphism J, : E, — H. Moreover,
(1) = (Jav, a)n,
50 Y :={y:~v(1) =0} is a closed subspace.

Proof. A convenient feature map for Ea, taking values in the original RKHS H, is

z) = ]{?5(',([')
D, (2) (@)
Indeed,
_ <k5('7$),k6('ay)>ﬂ o k&(x’y) _ 7 x
<(I)a($)a(1)a(y)>7{ - CL({L‘)CL y - (I(:L')a/(y) - k;d( 7y)

To make the corresponding RKHS identification explicit, consider first a finite linear

combination of kernel sections,

Using the definition of %a,

Thus, if
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then f = h/a. Moreover,

m ~
Hf||§qa = Z cicika(zi, ;)
ij=1
- cicj
iCj
ij=1 a(zi)a(z;) =

m 2
o
= Zizke(vxl)
= al@i) n
= ||hlf3.

This proves the first claim Now consider a finite signed measure . By definition,

Joy =K <d’y) = / Fe(s ) 1),

a

Hence

I
™
s

U
2
—~

8
:—/

7

Q™
—~|
< (-
~ |

U
2
—~~
<
—

~_—
x

= { [ 2
_ [ ky)
- [ ety e mw)
SRR

Thus J, is an isometry on finite signed measures and therefore extends uniquely by continuity

to an isometry

Jo 1 €L — H.

For each x € X,

Consequently, the range of J, contains
ke(-x
span{ :(,2) :xeé’(}.

Since a(z) > 0 for every z, this span is the same as span{k.(-,z) : z € X'}, which is dense in

‘H. The extension of J, is an isometry from the complete space &, so its range is closed. Its

range is therefore both dense and closed in H, and hence J, is onto.



113

Finally, for a finite signed measure -, the reproducing property gives

o= [ (Sha) o) = [ 550100 =5(0)

Since both sides are continuous with respect to the &, norm, this identity extends to all

v € &, O

Lemma 3.11 (Weak topology on probability measures). The scaled RKHS H, is universal

on compact X. Consequently, the MMD induced by Ea metrizes weak convergence on P(X).

Proof. For any f € C(X), the product af is continuous. Universality of the Gaussian RKHS
provides h; € ‘H with h; — af uniformly, and then h;/a — f uniformly. Thus H, is universal.
A bounded continuous universal kernel on a compact space metrizes weak convergence of

probability measures through its MMD. O

Lemma 3.12 (Compact RKHS test classes). The unit ball Hi is uniformly bounded and
equicontinuous in C(X), hence relatively compact in the uniform norm. If a is continuous

and bounded away from zero, then each of the families

h h
{:he?—h}, {‘%:g,hé?ﬁ}
a a

is also relatively compact in C(X).

Proof. The reproducing property gives ||h|loo < |||l and

[h(@) = h(y)] = [(hy ke 2) = ke (5 9)hnl- < [[Pllallke (s 2) = e, )l

Continuity of the kernel on compact X2 makes the right-hand side uniformly small as y — .
Arzela—Ascoli gives relative compactness. Division by a fixed positive continuous function
and multiplication are continuous operations in the uniform norm, proving the remaining

assertions. O

Corollary 3.2 (Uniform integration over compact classes). If pp,p € P(X) and py ~ p,
while F C C(X) is relatively compact in the uniform norm, then

Sup‘/fd(pn—p)‘ — 0.

ferF

The same conclusion holds for A, = p, — n, whenever Ay, ~ 0 and | Ay]|v < 2.
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Proof. Fix § > 0 and choose a finite d-net fi,..., fy for the uniform closure of F. Since the
relevant signed differences have total variation at most two,
sup |(pn — p)f| < sup inf |(pn — ) f3 + [(pn — p)(f = fj)| < max |(pn — p)f| + 20.
fer fer J 1<j<N
The maximum tends to zero by weak convergence. Letting § | 0 proves the claim; the proof

for p, — 1y is identical. O
3.D Functional compression

Lemma 3.13 (Vanishing derivative at a divergence minimum). If D is a divergence and

D(-):= D(-,P) is Hadamard differentiable, then the Hadamard derivative vanishes at P.

Proof. This argument is analogous to the Euclidean case where the gradient of a differentiable
function vanishes at a local minimum. Indeed, observe for any ¢, hy — h, D(P+thy)—D(P) >

0, and so
D(P — D(P D(P — D(P
10 t t}0 t

The Hadamard differentiability of D implies the two limits above agree, and so

=0.

D) = I D(P + th;) - D(P)

As h was arbitrary, D = 0. O

Lemma 3.14 (Donsker property of a continuous-kernel RKHS ball). Suppose that F is a
RKHS with continuous kernel. Then Fi, the unit ball of this space, is P-Donsker.

Proof. This is an immediate consequence of Mercer’s theorem (Berlinet and Thomas-Agnan,

2011, Theorem 40) in combination with A. v. d. Vaart and Wellner, 2023, Theorem 2.13.2. []

Proof of Lemma 3.1. By Lemma 3.13, the first Hadamard derivative vanishes at P. \/n(P,, —
P) =/n(P, — P) + /n(Py, — P,) = /n(P, — P) 4+ 05(1) ~» G in £>*°(F;) by Lemma 3.14.
Hence, we can apply the second order functional delta method Goldfeld et al., 2022, Lemma 13

to get
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To get sharper control, we can apply the second part of Romisch, 2004, Theorem 2 to get

n[D(Pp) — D(P) — D(Pr, — P)] = 0p(1),

n[D(P,) — D(P) — D(P, — P)] = 0,(1).
Hence, by the continuous mapping theorem,
n[D(Py) — D(P,) — D(P,, — P) + D(P, — P)] = 0,(1),
(P,) = D(Py, — P) — D(P, — P) + 0,(1/n)
_ /G(pm — P)d(P,, — P) — /G(Pn ~ P)d(P, — P) + 0p(1/n)
_ / G(Py — P)d(Py — Py) +2 / G Py — P)d(Py — P) + 0p(1/n)
= MMDZ (P, Pn) + 2 / G(Py, — Pn)d(P, — P) + 0p(1/n).

The second term above is an inner product in the RKHS with kernel g between the
differences of the g-kernel mean embeddings of P, and P, and P, and P. Hence, applying

Cauchy-Schwarz yields
|D(P,,) — D(P,)| < MMDZ(P,,, P,,) + 2 MMDg(Pp,, P,) MMDg (P, P) + op(1/n).

Since P, is the empirical distribution of an iid sample from P, MMD¢(P,, P) = Op(n_l/ 9,

thus in combination with Lemma 3.3,
D(Py,) = D(P,) + 0p(1/n).
O

Proof of Lemma 3.3. Since D is a continuous quadratic form in the K-tangent there exists
C < oo such that
|D(h)| < C||Khl|5

for every admissible signed tangent h. Since

D(h):/Ghdh, ”Kh@:/Khdh,
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we obtain

/(CK — G)hdh > 0.

Thus CK » G. OJ
3.E Entropic optimal transport

3.E.1  Regularity of potentials

We now establish Hadamard differentiability of 7(u,v) = (uu,vu,) at a fixed (p,v) €
P(X)?, tangentially to the scaled spaces £Q x £2 introduced in Appendix 3.C.2. The zero-mass
restriction is necessary because the two perturbed marginals remain probability measures.

Recall that
K~ :=/k5(‘,y)d'v(y)-

For any strictly positive a € H and p € P(X), define

To,f = K <fdp) . (3.11)

a2
Fix the anchored representative satisfying w, ., (xo) = vy, (20). For brevity, write u =,

and v = v, ,, and abbreviate
Ty =Ty, Ty =Tuu, L:=

/f,iy z,y) f(z) du(z), /ﬁw z,y)g(y) dv(y).

Thus
L(hl, h2) = (hl + T,/hg, Tyhl + h2), T,v= u, T#u = .

Lemma 3.6 gives

(Afs 9 20y = (F A 9) 12
They are contractions. For example, Jensen’s inequality and the first marginal constraint
give

Ag(a)? < / €. (@, v)g(y)? dv(y),
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and integration with respect to p yields [|[A*g[|z2(,) < llgllz2(); the argument for A is

symmetric. Finally,

T, (vg) = uAd®y, Tu(uf) =vAf.

Lemma 3.15 (Fredholm structure). The operators T, and T, are compact, self-adjoint, and

positive on H. Moreover,
ker(L) = span{(u, —v)}, ker(L*) = span{(v, —u)},
and
ran(L) = R := {(r1,72) € HE: (r,v) = (ro,u)p} . (3.12)
Proof. Self-adjointness and positivity follow from
(£, Tug)n = / %d% (fs Tughn = / %du-

Compactness follows from the compact embedding of bounded subsets of H into C'(X) and
Lemma 3.9.

Suppose L(h1,h2) = 0. Write ho = vg. The first equation gives
hi = -T,(vg) = —uA*g.
Substituting this into the second equation and using the identities above gives
0=Tuhi+ hy = —vAA g + vg,

and hence
AA g = g.
Since A and A* are contractions,
l9ll 2y = AA Gl L2y < A gl 2200) < M9l 22005

so equality holds throughout. For fixed z, let

m(x) = (A%g)(x),  dva(y) =&, (2, y)dv(y).
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Since v, is a probability measure,

/ (9(y) = m())* dva(y / & (@, 9)g(y)” du(y) — A g ()] > 0.

Integrating this identity with respect to p gives

/ [/(g(y) —m())* dl/x(y)] dp(z)
// @ny)dy /A* (@) dus(z)

= HQHL2(V) - HA*QH%%M) =0,

where the second equality uses that the Y-marginal of 77, , is v, and the final equality follows

from equality in the contraction bound above. Since the inner integral is nonnegative, it

follows that
/(g(y) —m(z))?dvg(y) =0

for p-almost every z. Therefore g(y) = m(x) v,-almost everywhere. Since & ,(z,y) > 0,
vy is equivalent to v, so g(y) = m(x) v-almost everywhere. Thus ¢ is constant v-almost

everywhere. Hence g = ¢ for some ¢ € R, so that
ha = cv, hy = —cu.

Therefore,
ker(L) = span{(u,—v)}.

Since T, and T, are self-adjoint,

The same argument with the roles of the two marginals interchanged yields
ker(L*) = span{(v, —u)}.

Finally, L is the identity plus a compact operator, so it is Fredholm of index zero. The

Fredholm alternative gives

ran(L) = ker(L*)*.
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Since

ker(L*) = span{ (v, —u)},
this is precisely

ran(L) = {(7'1,7"2) € HZ : <T’17'U>’H = <T27U>H} )
which is (3.12). O
Lemma 3.16 (Anchored inverse). Let

Dy := {(hl, hg) S Hz : hl(.r()) — hg(xo) = 0}
Then the restriction

L°:=Llp, : Do — R

1s a bounded bijection and has a bounded inverse.

Proof. By Lemma 3.15, the only null direction is (u, —v), which is not in Dy because
u(xg) = v(xo) > 0. Thus the restriction is injective. For r € R, choose h with Lh = r and
add the unique multiple of (u, —v) that enforces the anchor. This proves surjectivity, and

the open mapping theorem gives boundedness of the inverse. O

Lemma 3.17 (Uniform bounds and weak stability). Let x := min, yex ke(x,y) > 0. For

every «, B € P(X), the anchored scalings satisfy
K2 < ua,ﬁ(x)ﬂ]a,ﬁ(x) < 5_3/27 reX,

and the family of all anchored scalings is equicontinuous. If ay ~» o and B, ~ 3, then the

corresponding anchored scalings converge uniformly.

Proof. Writing

@ := g 5(%0) = va,p(20),

observe first that

l‘fS ]{Ig(ﬂf,y) S:‘iil
ke(x()ay)

)
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since k < k. < 1. Hence

1»‘0, y)
/ xo’ e asty)

e | [0 agy), ot [EE0I 450,

= [ka,a/ /-c]
The same argument applied to the second scaling equation gives
rka <v(x) < a/k.

Evaluating the first scaling equation at xy and using these bounds,
ke(xzo,y K2
o= [EERD 4y s [ g -
v(y a’

o= [ Elf) (70:9) 451y) < [ s =~

o(y) ra

so a > k. Likewise,

so a < k12, Therefore

K2 < tia,p(2), va,p(r) < K22

To establish equicontinuity, let

wk(é) = SupX ‘ka(l"y) - ka(xla y)|
2z’ ye

z—2'|| <6

Since k. is uniformly continuous on the compact set X x X', wi(d) — 0 as 0 | 0. Using the

uniform lower bound v, 5 > k2, for any z,2’ € X,

(«',y)

i (0) = (0] = | [ #4° a8(y)

< k2 sup |k (, y) k-(2',y)|
yeX

va?ﬁ

<k 2wp(fle = 2'|)).
The same calculation, using uq g > K2, gives

[va,6(2) = va,p(2')| < K 2wk (l|lz — 2'])).
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Thus the family of anchored scalings is uniformly bounded and equicontinuous.

Now suppose «,, ~ « and 3, ~ (3, and write
Unp = Uay, B Un := Vay,,Bn-

By the uniform bounds and equicontinuity, Arzela—Ascoli implies that every subsequence of

(tn, vy) has a further subsequence, which we continue to index by n, such that
Up — U, Up — U
uniformly on X. The uniform lower bounds pass to the limit, so
u, v > K2,

We next identify the limiting pair. From the first scaling equation,

Un
v v, U v

For the first term, Lemma 3.9 gives

e[ 5) o)

because v, — ¥ uniformly and all these functions are uniformly bounded away from zero.

Hence

1 1
e
Un Ul

<
H

For the second term, using the reproducing property,

dﬁn_d/@ h
K|—— - —d n .
[ (5| = o | o)

By Lemma 3.12, the class
h
{2+ 1nl <1}
v

is relatively compact in C'(X’). Since 3, ~» (3, Corollary 3.2 therefore implies

< (252)], —o
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Consequently,

u, — K <d_) in H,
v

and hence also uniformly by Lemma 3.8. Since we already know that u,, — @ uniformly,

(%)

The same argument applied to the second scaling equation yields

(%)

Moreover, since uy,(xg) = v, (xg) for every n, uniform convergence gives

uniqueness of the uniform limit gives

ﬁ(xo) = Q_}(wo).

Thus (u,v) satisfies the Schrodinger scaling equations for (o, 3) together with the anchoring

constraint. By uniqueness of the anchored solution,

(@, 0) = (Ua,p;Va,p)-

We have therefore shown that every subsequence of (u,,v,) has a further subsequence

converging uniformly to (uqa,g,va,g). It follows that the full sequence converges:

Ugy B — Ua,B Van Bn — Va8
uniformly on X. O
Lemma 3.18 (H-stability along scaled paths). Suppose
pe=ptty,  ve=v+ty

are probability measures with v} — ' in EY and v} — +? in EO. Then the corresponding

anchored scalings satisfy uy — u and vy — v in H.

Proof. Scaled-MMD convergence implies weak convergence of the probability paths by

Lemma 3.11, and Lemma 3.17 gives uniform convergence of the scalings. Using the scaling
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equations and inserting the intermediate term K (dv;/v),

erees(2) 1 (2
(e a(252)
_ K K _ i) dz/t] IR,

Therefore, by the triangle inequality,

1 1
o=l < [ 1| (&= ) an] |+ 112l
V¢ v H
Since 14 is a probability measure, Lemma 3.9 gives
1 1 1 1
el ol
V¢ v H V¢ CRIPSS

By the uniform lower bound from Lemma 3.17, v;,v > &2, and hence

1 1

V¢ v

UV — V¢

< H_4HUt —V|loo — 0,

00 VU loo

because v; — v uniformly.

For the second term, convergence v — v2 in &, and the isometry of J, : & — H imply
1677 = Jov?ll2e = 17 = +?lle, — 0.
In particular, ||J,7Z ||z = O(1), so
[tl[1 T3¢l — 0.
Combining the two bounds yields
|lug — u|l — 0.
The argument for vy — v in H is identical. O

Lemma 3.19 (Secant equations). Define
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and

d d
T, ih:=K (h”’*) . Tuhi=K (h’“) .

VU uug

Then the following identities are exact:

his+ Tyihay = Jo2, (3.13)

Tuihie+hae = Juy, (3.14)
and (hit,hat) € Dy.
Proof. Subtract the first equations in (3.4) and insert the intermediate term K (dv;/v):
ot :K(dut”_”t> +K(d”t_d”>.
t tovy tv

This is the first identity; the second is symmetric. The anchor gives membership in Dy. [

Lemma 3.20 (Operator convergence of the secants). Under the assumptions of Lemma 3.18,
IToe = Tullsn =0, N Tue = Tullwsn — 0.

Proof. For |||y <1,

(Tt —To)h =K [h (1 -~ 1) dut} +K <:2d(ut - y)> :

vup V2

The first term tends to zero uniformly in A by uniform convergence of v;. For the second,

K <h2d(1/t - 1/)) H = sup / %d(ut - V)
v Ho fglnst 1)V

Alln<1
The test family is relatively compact by Lemma 3.12, so Corollary 3.2 proves convergence.

sup
A% <1

The proof for T, ; is identical. O

Lemma 3.21 (Fixed-range perturbation). Let Ilg be the orthogonal projection onto R and

define

I Tu i
Lt = ; Lt = HRLt
Tue 1

"Do IDO — R.

Then ||Lg —L°|| — 0. Hence, for all sufficiently small |t|, L is invertible and (LY)~t — (L°)~!

m operator norm.
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Proof. The convergence follows from Lemma 3.20. Since L° is boundedly invertible by

Lemma 3.16 and ||L{ — L°|| — 0, for all sufficiently small |¢|,
L)L — L)) < L.
Hence L7 is invertible by the Neumann-series perturbation argument, and
(L) =T+ -] )

It follows that
(L) — ()"

in operator norm. O

Lemma 3.22 (Compatibility of the secant right-hand side). For every t,
(‘]’U’Vz?a Ju’Ytl) € Rv

and

(J”U’yt27 Ju'}/tl) — (JU'YQ, Ju’}/l) m HQ.

Proof. Because ju; = pi + ty} and vy = v + t72 are probability measures, while 4 and v are

also probability measures,
L=m(1) =1+1%(1), 1=wnl)=1+0ni1),

and hence
(1) =17(1) =0.
By Lemma 3.10,

(Jovp,v)n =7(1) =0,  (Juy,upn =7 (1) =0.

Therefore
<Jv7t2a V) = (JU'Ytla u),

which is precisely the compatibility condition defining R. Thus

(Jo2, Jui) € R.
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Finally, since 72 — 4% in &, and v} — ~! in &,, the isometry in Lemma 3.10 gives

1Jo(v% = V) = 17 — ¥*lle, = O,

and
1 Ju(v¢ =¥ = 7 =7 e, — 0.
Hence
(Jo3is Jurd) — (S Juy')  in M

O]

Lemma 3.23 (Convergence of the difference quotients). Under the assumptions of Lemma 3.18,
(hit, hog) — (L) H(Juy? Juyt)  in H2
Proof. By Lemma 3.19, the difference quotients satisfy
(hit,hoy) € Do

and the secant system
I Tu| |hig JoV?

Tue I | |hos Juvt

)

By Lemma 3.22, the right-hand side belongs to R. Therefore applying the orthogonal
projection Il to both sides leaves the right-hand side unchanged. Since (hy 4, hoy) € Dy,
the definition of L gives

Ly (h1g, hoy) = (Jo¥7, Jut)-
For all sufficiently small |¢|, Lemma 3.21 shows that L{ is invertible. Hence
(Pt hae) = (L) ™ (Jon?s Jur)-

Set,
Ty = (Jv'yf, Juytl), ro= (Jvny, Juyl).

Then

e — T in H?
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by Lemma 3.22, while
L)t — 1)

in operator norm by Lemma 3.21. Consequently,

[ g hz) = (L) 717
< | W) e = )l + 1D = ) o[l

<) T e = 7llage + (|17 = (L) 7] Hlrllye — 0.

Here the inverse norms are uniformly bounded for small |¢t| because (L§)~! — (L°)~! in

operator norm. Therefore

(h1g, hayt) — (L) (T2, Jurt) in H2.

Theorem 3.6 (Hadamard differentiability of the scalings). The map
T () — (Upws V)

is Hadamard differentiable at (u,v), tangentially to EQ x €Y, as a map into H?.

More precisely, for (v',7%) € £2 x £°, define
Tl 77 = (@,0) = (L) (D2, Jun).
Equivalently, (u,v) is the unique solution of
W+ Ty = Jy,
Tt +9 = JA", (3.15)
U(IEQ) - U(a?o) =0.
In particular, if t — 0 and
p=ptty,  w=v+iy
are probability measures satisfying

1 1 : 0 2 2 ; 0
M"Y mn gua e mn gvv
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then
7 (ks ) — 7, v)
t

- mmlﬂH 0
”LLQ

Proof. We first verify that the displayed derivative is well-defined. Since v! € £2 and 2 € &7,

Lemma 3.10 gives
(ot wyu=~'1)=0, (L% 0)u=7*1) =0

Hence
<JU727 U>H = <']u’717 u>’H7

and therefore

(S Jur') R,
where R = ran(L) is the compatibility space in (3.12). By Lemma 3.16,
L°: Dy — R
is a bounded bijection with bounded inverse. Thus
(@,0) = (L) (Jor?, Jur')

exists uniquely and satisfies the anchoring constraint.
The derivative map is linear because J,, J,,, and (L°)~! are linear. It is also bounded.

Indeed, using the product norm on H? and the isometries from Lemma 3.10,

707 e < N THHI (o, Ty [l5ee

or— 1/2
= 1L (2112, + 12 ) 2

. . . . 0 0
Thus 7, , is a continuous linear map on &; x &;.

It remains to establish the Hadamard limit. Consider any admissible path
/’Lt:M—i_tfytla Vt:V+t7t27

with

oyt &, A=t i€
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Define

I/t_u

u — v
L Bt vt
hl,t = : n )

v
. Lt
h27t =
t

By Lemma 3.23,
(h1, hog) — (L) H(Jy% vt in HE

But, by definition of 7,
7(pe, i) — 7(p, v)

(hit, hoy) = ;

Consequently,
(pt, ) — (1, v)

t — bt H

Since this holds for every admissible probability path whose tangent directions converge
in £2 x €9 and since the limiting map is continuous and linear, this is precisely Hadamard

differentiability of 7 at (u,v) tangentially to £0 x &Y. O

Corollary 3.3 (Diagonal derivative structure). At the diagonal base point (P, P), write

dP
q = uP7p:vp7p, Tph ::K<hg72> .

Let y1,72 € 52 and define
Zi = qvi, 1 =1,2.
Then
weqt, i=1,2
Let
a=upp',7?,  b=dipp[, 7]
Then (a,b) is the unique anchored solution of
a+ Tpb= 2z,
Tpa+b =z, (3.16)
a(zp) — b(zg) = 0.
Consequently,
(I+Tp)a+b) =2+ 2, (3.17)

(I -=Tp)(a—>b) =2 — 2. (3.18)
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In particular, for a diagonal perturbation (vy,7),

apply,y] = opply,al = I+ Te) gy

Thus, writing
§i = ﬂP,PW”Yi] = @P,P[Wiﬁi]v

we have

si= I +Tp) Lz, i=1,2.
Proof. Since 7' € Eg , Lemma 3.10 gives
(zi@n = (I a)m = 7' (1) = 0,

S0 z; € qL.

Specializing (3.15) to u = v = P and u = v = ¢ gives (3.16), since in this case

Uniqueness is inherited directly from Theorem 3.6.

Adding the first two equations in (3.16) gives
(I+Tp)(la+0b) =2z + 29,
while subtracting the second from the first gives
(I —Tp)(a—>b) =2y — 21.
Now take a diagonal perturbation (y!,v2) = (v, ) and write
z = Jg.

Then (3.18) becomes
(I-Tp)(a—0>)=0.

If Tph = h, then
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By Lemma 3.15, specialized to the diagonal,

ker(L) = span{(q, —q)},

and therefore

ker(I — Tp) = span{q}.

Hence

a—b=cq
for some ¢ € R. The anchoring condition gives
0 = a(zo) — b(xo) = cq(xo).

Since q(zp) > 0, ¢ = 0, and therefore

a=h.
Writing their common value as s, either of the first two equations in (3.16) gives
(I+Tp)s=-z
Because Tp is positive and self-adjoint,
(hy (I +Tp)hyw = ||hlI3, + (b, Tph)w > [|h|f3,.
Hence I + Tp is boundedly invertible, and
s=I+Tp) la=(T+Tp) .

Taking v = 7 yields

O

Lemma 3.24 (Differentiability of the logarithm). On any uniform neighborhood of a function
bounded away from zero, the map f — log f from C(X) to itself is continuously Fréchet

differentiable with derivative h s h/f.



132

Proof. Taylor’s theorem and a uniform lower bound give

log(f + thy) —log f
t

e

whenever hy — h uniformly. O

Corollary 3.4 (Hadamard differentiability of the EOT potentials). The map

n: (:U’a V) — (¢u,ua @Z)u,u) = (_5 1Og Up,py —€ log 'U,u,zz)

is Hadamard differentiable at (u,v), tangentially to E2 x EY, as a map into C(X)?%. If (u,7)
is the solution of (3.15), then

. U 0
nu,y['}/l,’}/g] = <_€7 _‘5> .

u v

Proof. Apply the Hadamard chain rule to Theorem 3.6 and Lemma 3.24. O

3.E.2  Sinkhorn divergence

We follow the local-expansion strategy of Gonzalez-Sanz et al., 2022. Write ¢q := ¢a,0 = Va,a-

Lemma 3.25 (Local EOT expansion). Let f,g € C(X) satisfy

// exp (f(w) + g(y)g— |z — y||2> du()dv(y) = 1.

and put H(z,y) = f(x) + 9(y) = u(x) = up(y). Then

‘ /fdu /gdv— i//H(x,y)QdWZ,y(x,y)‘

|H|2, ex (”HE”“’> . (3.19)

Proof. Set r = H/e. The normalization condition and the density formula for 77, , imply

- 652’

J(e" = 1)dnt, , = 0. The marginal constraints also give
/fd,u+ /gdv - 0T (p,v) = 5/rd7rfw.
Therefore the expression in absolute value equals ¢ [(e” — 1 —r — r?/2)dn¢ . The pointwise

bound |e® — 1 — s — 52/2| < |s|?¢/*l /6 proves (3.19). O
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For probability measures «, £, define

2 &
+ 4% / / (@05 — 06)(@) + (o — d5) ()] “dr, g(x,y)

b ] s = 00)) + (0 = ) ) .0

Ewwwfﬂ%—mww> (3.20)

Lemma 3.26 (Second-order accuracy of the local expansion). Let oy = P + tvy} and

By = P +ty? be probability measures with ~i — v in 58, where ¢ = upp. Then

S(a, Bt) — 8o, Br) = o(t?).

Proof. Write
Pay = bar,ar = Yag,ais Pp, = 8,8, = VB,,8:-

By Lemma 3.7, both pairs (¢q,, ¢a,) and (¢g,, ¢g,) satisfy the normalization condition in
Lemma 3.25 when integrated against oy ® .

We first apply Lemma 3.25 to OT.(cy, 8;) using the S-self potentials. Define

Hﬁﬂf(x?y) = ¢ﬂt ('r) + ¢Bt(y) - (z)at,ﬂt (x) - wat,ﬁt(y)'
Then
OTe(ou, Br) = /¢6t doy + /¢Bt dpy

1
+ 278 // Hﬁ,t(%y)2 dﬂ-gz,ﬁt(x7y) —+ Rl&t’ (321)

where
L ey (1l
Radl < gl e enp (172212,

Likewise, applying Lemma 3.25 using the a;-self potentials and defining

Ha,t(xv y) = gbat (.T) + ¢, (y) - ¢@t7ﬂt ($) - Qpat,ﬁt (y)v

we obtain

OT-(a1,50) = [ 6odar + [ 0u, B

1
* 2% // Ha’t(m’ y)2 dﬂ-ztht (z,y) + Ra - (3.22)
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Averaging (3.21) and (3.22) gives

OT.(a, By) = [ / 65, dov + / o5, dbs + / G devt + / b dﬂt]
+46//H§,td7rzt,ﬁt +4€//H2 dﬂ-at Bt

1
+ E(Ra,t + Rﬁﬂf)'

On the diagonal, Proposition 3.1 gives

OTE(at’at) = 2/¢at doy, OTe(/Btaﬁt) = 2/¢,3t dp.

Therefore, after subtracting the two self-costs in the definition of the Sinkhorn divergence,

S(an, Br) = [ [ osidas [ o5,d50+ [ b0,dsi [ 00, dat}
+4€//H§’td7rztﬁt +4€//H2 drs, 5,

1
+ §(Ra,t + Rgy)

=5 [ o = 03 d(5: ~ )
+ 4%2 // [(¢at,ﬁt - ¢/Bt)(x> + (wat,,ﬁt - ¢ﬁt)( )] dﬁatﬂt
+ 4%5 // [(¢at,ﬁz — ¢a,) () + (¢at75t — ¢a,) (Y )] dﬂ-at,ﬂt

1
+ §(Ra,t + Rﬁ’t).

The first three terms are exactly S'°°(ay, 5;) as defined in (3.20). Hence

1
*(Ra,t + R,B,t)'

S(Oétﬂt) - Sloc(%ﬁt) = 9

It remains only to control these two remainders. By Corollary 3.4, Hadamard differentia-

bility of the potentials along the paths (a4, 8;), (au, oy), and (5, B;) implies

||¢Oét,,8t - ¢P,P||oo = O(|t|)v Hwoét,ﬁt - wP,PHoo = O(|t|)a
[¢a; — ¢p.Plloc = O(It]), 98, — dp,plloc = O(|t]).

Consequently,

[Hg tloo < 08, = barpilloo + (108, = oy pillco = O(JE]),

[Haotlloo < l$ar = bau pilloo + [[dar = Yarp.lloo = O(J2])-
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The remainder bound in Lemma 3.25 therefore gives

|Rat| + Rl = O(|tf°) = o(t?).
Thus

S(a, Br) — S°(ay, Br) = o(t?),

as claimed. O
Lemma 3.27 (Diagonal spectral gap). At the diagonal base point (P, P), write

q = upp = Vpp, Tph ::K<hi§> .
Then Tp is compact, positive, and self-adjoint on H, and

Tpqg =g, ker(I — Tp) = span{q}.

L is invariant under Tp

Moreover, every eigenvalue of Tp belongs to [0,1]. Consequently, q
and

<1

pi= HTP‘Q n
In particular,
Rpo= (I=Tp) ! L:am —a"
18 a bounded positive self-adjoint operator, with

1
1—p2

IRp[l <

Proof. Compactness, positivity, and self-adjointness follow from Lemma 3.15 specialized to

p=v =P and u =v = ¢q. In particular,

. Tpg)n = / J;é’dP,

SO

2
o Trf)s = / 22 P > 0.

q=K<dP>,
q

The diagonal scaling equation is
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and therefore

dP dP
Ty =k (o) =5 () =a

Thus ¢ is an eigenfunction with eigenvalue 1.

We next verify that this eigenvalue is simple. If Tph = A, then

I Tp|l | h h—Tph
L(h, —h) = P _ PR
Tp I||=h Tph—h

By Lemma 3.15,

ker(L) = span{(g, —¢q)}

Hence h = cq for some ¢ € R, and therefore
ker(I — Tp) = span{q}.

It remains to locate the rest of the spectrum. Recall the normalized transport operator

A defined by

AN = [ 150 j@)ap)
At the diagonal, by definition
Af = STp(af)
Suppose
Tph=Ah,  h#0, f :Z.
Then

1 1
Af==Tp(af) = -Tph=Af.
q q
Since A is an L?(P) contraction,
M fllz2py = 1A l2py < N1 fllL2(p)-

As f # 0, this yields
Al < 1.

On the other hand, positivity of Tp implies

AAl3, = (h, Tph)z >0,
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and hence A > 0. Thus every eigenvalue lies in [0, 1].

Since Tp is self-adjoint and Tpg = ¢, the subspace ¢ is invariant: for h € ¢*,

(Tph,@)n = (h, Tpg)p = (h,q)» = 0.

The restriction T p| ¢ 1s again compact, positive, and self-adjoint. If its norm were equal to
1, compact self-adjointness would imply the existence of an eigenvector in g with eigenvalue
1, contradicting

ker(I — Tp) = span{q}.

Therefore

<1

p= HTP}qJ_

Hence the Neumann series converges in operator norm on ¢=:
o0
_ 2 \—1 _ 2j
Rp=(UI-Tp) = E TS,
j=0

Each term is positive and self-adjoint, so Rp is positive and self-adjoint, and

IRell <35 = 7=
j=0
O

Lemma 3.28 (Limit for logarithmic difference quotients). Let ay, by be strictly positive

functions such that
at —q by —q
t ¢

; , —b inH.

Let
ar=P+ty,  Pr=P+ty}

be probability measures such that
=yt =y i
Then

/ log a; — log by

. d(vF = 7)) — (a = b, Jg(v* = 71)),, -
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Proof. Set

ar—b
dt:: tt ta 6t::71‘,2_7t17 5::72_71'

By the assumed first-order limits,
di—a—b inH, Jqbp — Jg0 in H.

By the fundamental theorem of calculus,

log a; — log b, ~ed c(m)—/l ds
t o t 0 be(x) + s(ag(x) — be(x))

Since a; = ¢ + O(t) and by = ¢ + O(t) uniformly, with ¢ bounded away from zero,

1
cp = — +try,
q

where r; converges uniformly. Hence
1 —logb d
/Og‘“ogtdat :/td6t+t/rtdtd5t
t q
= <dt, Jq5t>7-[ + /’l“tdt d(,@t — Ozt).
The first term converges to
(@ —b,Jg6)y
by the two H-limits above. For the second term, rid; converges uniformly, while oy ~~ P and
B¢ ~» P; hence
/T’tdt d(ﬁt — Oét) — 0.

Therefore
/ log a; — log b,

- d(vF =) — (a = b, Jy(v* = 71)),, -

Theorem 3.7 (Second-order Hadamard differentiability). Let
m=P+ty, fi=P+trf
be probability measures with

'7% —>wi in EY

v =12
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Set
§ =72 -~ z = Jqéeql.

Then

S(os, )
(O‘tgﬁt)_>§<z, Rpz)y.  Rpo=(I-ThH)7 .. (3.23)

Consequently, S is second-order Hadamard differentiable at (P, P), tangentially to 5(9 X Sg,

with zero first derivative and continuous quadratic form

. 8
Se.py (17 = 5 (Ja(r* =71 ReJa(v* = 11))y,

Proof. By Lemma 3.26,
S(au, By) = S°(au, Br) + o(t?),

so it suffices to evaluate S'¢(ay, B;)/t2.

Write
zi == Jgv", z =29 — 2].
By Corollary 3.3, define
(a,b) == 7p,p[y', 7]
and, for i = 1,2,
(si,51) = Tp.p[Y',7']-

Then
a+Tpb=2z, Tpa+b= 2z,
(3.24)
(I+TP)SZ':Z¢, 1 =1,2.

In particular,

sy —s1=I+Tp) Ltz
We evaluate the three terms in (3.20) separately.
Term 1. By Hadamard differentiability of the scalings,

Uays,ar — 4 5 Ug,,pe — 4 N
b

so in H.
' ' 2
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Since

oy = —c€logua, oy, ¢, = —€logug, g,
and
B — ar =t(7¢ — 1),
Lemma 3.28 gives

iz [[ o =63 (65— )

= _8/10g Uary,on — log Up; By d(
2 t

% =)
&
— —§<81 — 82, 2)H

<z, (I + Tp)_lz>H .

| ™

Term 2. Set

r:=Rpz, f=-.
By Lemma 3.27, r € ¢ is the unique element of ¢+ satisfying
(I-T%)r =z

Subtracting the derivative system corresponding to (72,~4?) from that corresponding to

(71, ~4?) in (3.24) gives
(a=s2) +Tp(b—s2) =0, Tp(a—s2)+ (b—s2) = —=.

Hence

(I =T%)(b—s2) = —2.

Since

ker(I — T%) = span{q},

there exists co € R such that

a— sy = Tpr—caq, b— s9 = —1 + aq. (3.25)
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Corollary 3.4 and (3.25) therefore give, uniformly on X2,

%[(¢O&t7ﬁt - ¢ﬁt)(x) + (¢at,,8t - (bﬁt)(y)]
. [a —52 0y 4 2 :182 (y)}
_ _Ter,
=c [f(y) . ( )]

where

Thus the preceding limit is
e[f(y) — Af(2)].

Term 3. Similarly, subtracting the derivative system corresponding to (y!,4!') from that

corresponding to (y!,~?) gives
(a—s1)+Tpb—s1) =z, Tp(a—s1)+ (b—s1)=0.
Consequently, for some ¢ € R,
a— sy =r—cgq, b—s1=—-Tpr+cgq.

Hence, again uniformly on X2,

| =

[(¢at,5t - ¢at)(w) + (watﬁt - ¢at)(y)] — a[Af(y) - f(.’L')] .

It remains to integrate these two uniform limits. Letw; := W;t B, Since ay ~ P and
Bt ~ P, and since uq, g, — q and v,, g, — ¢ uniformly, the densities

ke(x,y)
Uary, By (x)”at,ﬁt (y)

converge uniformly to
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Therefore m; ~» 7% p. Together with the uniform limits above, this yields

tlg// [(‘batﬁt - (bﬁt)(x) + (wat,ﬁt - ¢ﬁt)(y)]2 dmy
e / / [£(y) — Af(@)]? drp(z, ), (3.26)

and

tlg// |:(¢Oét7ﬁt - ¢Oét)(x) + (djat,ﬁt - ¢at)(y)]2 dmy
e / / [Af(y) — (@))% drh,p(z, ). (3.27)

The limiting plan is symmetric, so the two integrals on the right-hand sides are equal. To

evaluate the first one, write

: _ ke@y) o
dnp p(z,y) = a(z)a(y) dP(z)dP(y).

Using the marginal constraint and the definition of A,
2 .
[ 11w - as@)? amip(a)
= HfH%Q(P) - ”AfH%?(Py
Since r = qf and Tpr = ¢Af,

1122y = (0 Tordses IAFIRap) = (n Thrhe.

Hence

1F72p) = IAfIZ2(p) = (. T = Th)r),,
=(r,Tpz)n

= <Z, TPRPZ>’H .

Each quadratic term in (3.20) has coefficient 1/(4¢). Therefore, by (3.26)—(3.27), their

combined contribution is

€
3 (2, TPRpz)y -
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Together with the first term this gives

loc
(s, i) — g<z, (I+Tp)_1z>H

t2
19
+ 5 <Z, Tpsz>H .
On ¢,
(I4+Tp) t=I-Tp)I-T%) =T -Tp)Rp.
Thus

(I+Tp)"'+TpRp =Rp,

and consequently

Sloc(at, 51&)

2 — 2<z Rpz)y.

Lemma 3.26 now yields (3.23).

Finally,
v',7%) <J =), RpJy(v* = 1)y,

is a continuous quadratic form because J, is an isometry and Rp is bounded. The expansion
above is O(t?), so the first derivative of S at (P, P) is zero. This proves second-order

Hadamard differentiability. O

3.E.3 Sinkhorn Kernel Estimation

Lemma 3.29 (Hilbert CLT and empirical scaling). The random element
k: (-, X)
Vn Jy(P, — P) ( £ )
f Z B
converges weakly in the separable Hilbert space H to a centered Gaussian element. Conse-

quently, \/n(q, — q) is tight in H.

Proof. The summands are centered, iid, and uniformly bounded in H because ¢ is bounded
away from zero. The Hilbert-space central limit theorem applies. The second assertion
follows from the functional delta method and Theorem 3.6; at the diagonal the derivative is

(I +Tp)~! applied to the Gaussian limit. O
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Lemma 3.30 (Uniform low-rank approximation of the scaled Gaussian kernel). Let Q € P(X)

and let qg = uQ,Q = vQ,g- Suppose

X C{zeR%: |z| <R},

and put
k= min k.(x,y) > 0.
z,yeX
For
= ke(z, y)
ko(z,y) = — :
N 9Q(2)aq(y)

and every integer s > 0, there exists a positive-semidefinite kernel %S) of rank at most

. s+d
S d

such that %Q — ES) 1s positive semidefinite and

~ - 0 2
sup |kg(z,x) —k‘g)(x 1‘} <r? Z (2R /6

TEX {=s5+1
Consequently, for any sample x1,...,x, € X, let

Qn - n Q\Li, Ly ij=1"

Then
0 2
Tail,,(Kg.n) < 4 Z (2R /5 , (3.28)

l=s+1

uniformly in Q, n, and the sample locations.

Proof. By Lemma 3.17,

qo(z) > K? uniformly in @ and x
and therefore
bo(@)| e—lzl?/e
T)| = <K~
¢ qQ(x)

Since

ke(z,y) = e_”33”2/56—|Iy||2/ae2xTy/g’
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we have
2/¢)lal
/) oo

al

kq(z,y) = bo(x)bg(y) >

aeNd

Define ol
B () = bo()bo(e) 3 N e,

la|<s

This is a positive-semidefinite feature kernel of rank at most

#{aeNl: o <s} = (8;d> =rs,

and the omitted feature sum %Q — %S) is also positive semidefinite.

On the diagonal,

N B 9] y4 x2a
ko(x,x) — kg)(w,w) = bQ(l‘)2 Z <z> Z ol

t=s+1 lal=¢
o (2lfz[*/e)
=bo()* D
l=s5+1 ’
> R2/5
oy
{=s+1

where the second equality follows from the multinomial theorem.

Now fix sample locations x1,...,x,, and let I~{Q7n and Ks)n be the normalized Gram

matrices of EQ and ES ), respectively. Put

E(S)

Qn ‘= IN{QJL (8) = 0.

Qn

Since rank(ﬁg)n) < rs, the variational characterization of the eigenvalue tail gives

Tail,, (Kq.) < tr(ES),).

Indeed, one may take the projection onto the range of Rg)n in the corresponding Ky Fan

variational formula. Finally,
s 1 o T(s
w(BGh) = 3, 2 [Falw z0) = RG]

=1
00

_4 Z R2/€

l=s+1

This proves (3.28). The bound is uniform because x and R do not depend on @, n, or the

sample locations. O
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Lemma 3.31 (Polylogarithmic empirical scaled compression). If m = w(log?n) and Algo-

rithm 2 1s applied conditionally to the empirical scaled kernel %qn, then

1 g, (P = Pa)ll3 = 0p(n~"7?).

d
TS:<S_C: )Xsd.

Since m/ logd n — 0o, there exists a sequence s, such that

Proof. Recall that

Sn

— 00, rs, <m—1
logn

for all sufficiently large n. Put A := 2R?/s. For s sufficiently large,

Al ASTE 1 eA \
— < <2 .
o0~ (s+D)1-A/(s+2) — <8+1>

I>s

Since s,/ logn — 0o, the right-hand side is o(n~!). Lemma 3.30, applied with Q = P,, gives
Tail,., (Kgpn) = o(n™h)

uniformly over the realized sample. Because rs, < m — 1 and r — Tail, is nonincreasing,
Taily,_1(Ky, ) = o(n™).

Conditionally on X1,...,X,, Lemma 3.2, with r = m — 1, now gives

E [MMD%% (Pon, P)

Xq,... ,Xn} = o(nh),

where the expectation is over the internal randomness of the compression routine. Hence, for

every n > 0, conditional Markov inequality gives

P (\/ﬁ MMD; (P, Pa) > 7 ) Xy, ... ,Xn>

n
< B [MMD%%(PWP”)

Xl,...,Xn} 0.

The conditional probability is bounded uniformly over the realized sample by a determin-
istic o(1) sequence; taking expectations gives the same unconditional conclusion. Finally,
Lemma 3.10 gives

MMDE% (Pmapn) = HJ n(Pm - Pn)”?—l»

which proves the result. O
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Proof of Lemma 3.4. Put
A, =P, — Py, ty = n~1/2,
By assumption, ||Jg, Ay |3 = 0p(tn). Since ||Aylliy < 2,

|G

< Op(tn) + 2”(1_1 - qglnoo = Op(tn)v

1o llse < a0 Al + ‘

‘H

where the last step follows from Lemma 3.29, the embedding H — C(X), and the uniform
lower bounds on ¢, and g. Together with ||J,(P, — P)|l = Op(ty), this yields

1Tq(Pr = P)ln = 0p(1).
Since %q metrizes weak convergence on probability measures, P, ~» P in probability. Thus
/ fdA, — 0 in probability

for every fixed f € C(X).

The identity

G T A = 1 g Ap + K(andAy),  ay =1, (3.29)
tnqqn

holds exactly. The first term on the right is o,(1), while a,, is tight in C(X’) by Lemma 3.29
and the uniform lower bounds on the scalings.
Fix n > 0 and choose a compact set A, C C'(X) such that P(a, € Ay,) > 1 —n for all

sufficiently large n. On this event,

| K (an dAy)||3 = sup

where

Fpi={ah:aec A, heHi}
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The closure of F;, is compact in C'(X) because the closure of H; is compact and multiplication

is continuous in the uniform norm. A finite-net argument, using ||A,||+v < 2 and the preceding
weak convergence, gives
sup

[ taa,
fe}—n
Letting 7 | 0 shows || K (a, dAy)|n = 0p(1). Equation (3.29) therefore yields

= op(1).
| Jq(Pr — Po) 2 = Op(nil/Q)-

Proof of Theorem 3.5. Lemma 3.31 gives

MMD (P, Pa) = g, (P~ o)l = 0(n ™).
Applying Lemma 3.4 gives

MMDy, (Pos, Pa) = [Ja(Pr = Pl = 0,(n™12).

For the final conclusion, put

Then ||J,Hp,|l3 = Op(n~/?) by Lemma 3.29, while || J,A, ||y = op(n~1/?). Using (3.8) and
boundedness of Rp,
Dp(H, + A,) — Dp(H,)
g
< elRpllll g Hnll2l[JgAnll2 + gllRplllquAnH%

-1
=op(n”").
Since H, + A,, = P,, — P, the population quadratic form is preserved up to op(nfl). ]

Proof of Lemma 3.5. Let {e;,} be an orthonormal eigenbasis of ;- for Tp,, with correspond-
ing eigenvalues 1 > A1, > A2, > --- > 0. Since z is orthogonal to the first r retained

eigenvectors, write

z = E Aj€jn-

j>r
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Then

(2 (I =Th) " 2),, — =13
:Z 1 j;? a?

J>r i

7‘+1n
>4

r+1 noj>rp

where the inequality follows from monotonicity of 22/(1—x2) on [0,1). Since o J = ||z]|%,

multiplication by €/2 gives the stated bound. O

Proof of Theorem 3.4. Set v' = 0 and 72 = v in Theorem 3.7. Then

DP('V) =z

9 <Jq’77 RPJq7>H

For a finite signed measure v € 6'(9 )

= U Jyy = Jg7,
because (Jgv,q)n = 7(1) = 0. Consequently,
//gsp ,y) dy(x)dy(y) HRUQJ vHi
= Dp(y).

The identity extends to all of Sg by continuity and also shows that gg p is positive definite.

By Lemma 3.27, on ¢,

1
I XRp = I
R
Therefore
€ 2
HJq’YHH < DP( ) < WHJ{YH%
Lemma 3.10 gives [|.J;v[|3 = [|7]le,, proving the claimed equivalence. O

Proof of Theorem 3.2. Theorem 3.5 gives

V[ Jg(Prn = Po)ll = 0p(1).
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Together with Lemma 3.29, this implies

V(P — P) = /(P — P) + 0,(1)

in Eg. Applying the second-order functional delta method to Theorem 3.7, with the first

marginal fixed at P, gives

S(P,P,) = Dp(P,, — P) + 0,(n" 1),

S(P, Py,) = Dp(Py, — P) + op(n™h).
Theorem 3.5 shows that the two quadratic terms differ by o,(n~!). Hence
S(P,Py) = S(P,P,) 4+ op(n™").
Moreover, boundedness of Rp and ||J,(P, — P)|j3 = Op(n~Y/?) give
S(P,Py) =O0p(n™"),  S(P,Pn)=0p(n"").

For fixed oversampling parameter #, Lemma 3.2 gives computational complexity O(n?m +

m3log(n/m)). O
3.F Results for maximum mean discrepancy

In this subsection, we consider the “kernel thinning” problem as a special case of data
compression, where we seek to construct P, such that Qx (P, — P,) = O(n™1), for K :
P(X) = F, Kp = [k(-,x)du(z), the kernel mean embedding associated with a generic

RKHS kernel k. Our analysis concerns the decomposition
QK(Pm_P) S2QK(Pm_Pn)+2QK(Pn_P)u

which follows from the basic inequality (a + b)? < 2(a? + b?). The latter term on the right is

Op(n~1) by classical V-statistic theory.
Lemma 3.32 (Parametric empirical MMD rate). If k is continuous, Q (P, —P) = Op(n™1).

Proof. Since k is continuous on the compact set X2, it is bounded, and hence

E[k(X,Y)}] <00,  E[k(X,X)] < cc.
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The result follows from the limiting distribution of V-statistics Serfling, 1980, Chapter 6.4,
Theorem B. [

Our main bound is taken with minor adjustments from (Hayakawa et al., 2022). In the
following, we decompose our kernel K = Ky + K1, hence we denote the corresponding RKHS

norms by || - ||x;-

Lemma 3.33 (Residual-kernel bound for MMD compression). Let K = Ko+ K7, k, ko, k1 the
corresponding kernel functions, K, Ko, K1 = 0, and assume Py, is such that Ko(P, — Py,) =0
and [ ki(z,x)(dP, — dP,) > 0. Then,

Qi (Pn — P,) < 4tr(Ki/n).

Proof. Let f = >7" | a;k(X;,+) =: Ka. Plugging in definitions and using the assumption
that Ko(Py, — P,) = 0, we have

/ fdPy, - / FdPy = (P, — Py)Ka = (P — Pa)[K1 + Kola = (P — Py)K1a,

giving us a corresponding element f of the RKHS corresponding to k;. Observe further that

||f||%<1 =a'Kja<a'Ka=|f|%. Applying these observations,

(P — P))K(Py, — P,) = sup </fdP /fdP>

Ifllx<1

T (/fdp /fdp)
il <t </<f’ 1(@, )} AP —/<f, kl(a:,‘)>dpn>2

2
< (/ Vki(x,z)dP, + / V. kl(x,x)dPn> (Cauchy-Schwarz)
Q/kl(aij)de + 2/k:1(95,a:)dPn
4
< 4/k1(:c,a:)dPn = Etr(Kl),
where the final inequality holds by an assumption of the lemma. O

These requirements can be enforced by recombination once a rank-r positive-semidefinite

approximation has been obtained: the r retained features together with the constant function
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yield a probability measure supported on at most r + 1 observations. Combining this

observation with the random-projection Nystrom approximation gives Lemma 3.2.

Proof of Lemma 3.2. Condition on the observed sample and selected kernel, and let

I?n = [En(Xian)}ijl = an

be the unnormalized Gram matrix. Algorithm 3 and Theorem 4.1 of Tropp et al. (2017),
applied with target rank r and sketch size r, produce a positive-semidefinite rank-r Nystrom

approximation Ky < I?n satisfying

where I?n,m is the best rank-r approximation of I?n The recombination algorithm then
constructs a probability measure P,y; satisfying the conditions of Lemma 3.33 for the
decomposition [/(\'n = Ko+ (I?n — Kp). Applying that lemma and taking the conditional

expectation gives

E [MMD2 (P, Pri1) | Xi, ... ,Xn,En} <4 <1 + ) Tail, (K,).

r(@—1)—1

The stated complexity is the combined cost of the Nystréom and recombination steps. O
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Chapter 4

ENTROPIC SELF-TRANSPORT IN THE SMALL-¢ LIMIT: SCORES,
DENSITIES, DIFFUSION MAPS, AND FAST CORESETS

Abstract. Entropic optimal self-transport has recently been connected to the estimation
of scores, diffusion processes, and manifold learning. We analyze the small-¢ symmetric
Schrédinger equation and derive a second-order expansion of the self-EOT potential under
smooth bounded-score conditions. The expansion makes precise the relationship between
self-EOT quantities and classical KDE estimators of density, score, and diffusion. A key ob-
servation is that an EOT regularization parameter € naturally matches a Gaussian smoothing
parameter £/2; at this scale the leading terms agree, while the first discrepancies are explicit.
These expressions yield examples in which KDEs outperform self-EOT and others in which
self-EOT performs better. They also give a converse computational perspective: self-EOT
quantities can themselves be approximated by simple Gaussian-smoothing expressions. In
particular, two symmetric Sinkhorn updates already recover the full first-order self-EOT

scaling, with o(e) error relative to the converged scaling.

Keywords. Entropic Optimal Transport, Diffusion Maps, Score Estimation, Nystrom

approximation

4.1 Introduction

4.1.1  Background

Entropic self-transport concerns the entropic optimal transport (EOT) map from a probability
distribution p to itself, an object of much recent interest. Ramdas et al. (2015) and Genevay
et al. (2018) first highlighted this map, observing that standard EOT lacks the properties of a
statistical divergence. To address this, they motivated its centering, the Sinkhorn divergence,

which Feydy et al. (2019b) later studied in more depth.
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Although transporting a distribution to itself is trivial in the unregularized problem, recent
work has shown that its entropically regularized counterpart contains nontrivial geometric and
statistical information, with connections to diffusion processes, score estimation, and manifold
learning (Marshall and Coifman, 2019; Wormell and Reich, 2021; Cheng and Landa, 2024;
Mordant, 2024; Agarwal et al., 2025). We discuss the closest related work in Section 4.1.3.
Our goal is to give a direct small-¢ analysis of the self-EOT Schrédinger equation and to use
the resulting expansion to clarify the relationship between these quantities and their classical
counterparts based on Gaussian smoothing (Davis et al., 2011; Parzen, 1962; Fukunaga and

Hostetler, 1975; Coifman and Lafon, 2006b).

4.1.2  Overview of Main Findings

More formally, the self-EOT problem we consider is

Ot = _min { [ o= ylPar(e.p) +KLtr | wep ). (1)

where II(u, pt) is the set of joint distributions with marginals p. For ¢ > 0, the minimizer 7.
has density

fe(x) + fe(y)

dne j(@,y) = exp ( .

Eelx,y) = FPEYD)

o )it (42)

where

ko(x,y) == exp (_Hx_yHQ>

e

is a Gaussian kernel and the potential f. solves the Schrédinger equation

fo(x) = —clog / explf-(y)/e] ke, y) du(y). (4.3)

For the strictly positive Gaussian kernel, a symmetric solution is unique whenever it exists.
Theorem 4.1 constructs this solution for all sufficiently small ¢ under the assumptions used
below.

A main finding of this chapter is that, when p has a Lebesgue density

du
2.
h* = 0
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Figure 4.1: Data is sampled from a mixture of smoothed Laplace distributions, o
exp(—Ay/1+ (z —¢)?). In red, from left to right, we plot h. := c;/2e*ff/5, logh, =
fe/e — %log ce, and (logh. — logh)/e, using their empirical analogues for N = 50,000

samples and € = 0.1.

on R? whose logarithm is sufficiently smooth, the potential satisfies the expansion

d Ah
fe= —£ log(me) — elogh — 5287 + o(?). (4.4)

Here 7 is the mathematical constant, A denotes the Laplace operator, and the little-oh term
converges to zero as € — 0 in the C’flb(Rd) norm introduced below. Figure 4.1 illustrates the
three levels of the expansion on a one-dimensional mixture of smoothed-Laplace components.
We compare the empirical self-EOT root scaling, its logarithm, and its rescaled first-order
residual with the corresponding population quantities. A formal statement is given in
Theorem 4.1. Our methodology stems from that developed in Goldfeld et al. (2022), Gonzalez-
Sanz et al. (2022), and Kokot and Luedtke (2025) to derive limiting results in the fixed € > 0
case via linearization of the Schrédinger equations.

Our expansion, being explicit in terms of h, its derivatives, and the heat operator, can
be compared to classical estimators such as kernel density estimators (KDEs). A recurring
feature of these comparisons is a factor-of-two in the natural Gaussian scale. This can be
seen from the barycentric formulas:

—QZfE = g(EﬂE[Y | X] - X), V log Ps(h?) =

(E[Y | X5] — X5).

[STIR )



156

Matching the displacement normalization gives

=5 = [

This leads to the following results developed in Section 4.3:

1. Density estimation: As a first step, we highlight that c.e~2/</¢ = p2 + ThAh 4 o(¢),
where c. = (m€)~%2. We show that the kernel density estimator (KDE) P. /5(h?)

matches the self-EOT estimator up to an explicit O(e) correction.

2. Score estimation: Since the leading constant in (4.4) vanishes under differentiation,
Viegh = -V f./e —eV (%) + o(e), which gives a first-order characterization of the
score in terms of self-EOT. We give the corresponding first-order expansion for the

Gaussian KDE score and identify its explicit bias relative to self-EOT.

3. Langevin Diffusion: The bi-stochastic Laplacian L.(f) = %[f—f &z, y) f(y) du(y)] =
i (Af+2Vlogh-Vf)+ O(e), matching the symmetric normalized Laplacian,

common in the Diffusion Maps literature, up to O(e) terms.

These results make precise the extent to which the density, score, and diffusion objects
induced by self-EOT reproduce familiar Gaussian estimators, while also identifying the first
terms on which the constructions differ. Our potential expansion also recovers the small-&
expansion of the entropic self-transport cost from (Conforti and Tamanini, 2021; Agarwal
et al., 2025). We record the calculation in Appendix 4.B.

Using these observations, in Section 4.4 we reverse this perspective and construct KDE-
based approximations to self-EOT quantities. We prove that two symmetric Sinkhorn
steps reproduce the first-order population scaling, and utilize this procedure for fast coreset

selection.

4.1.8  Related Work

Recent asymptotic work on entropic optimal transport has largely considered two regimes:

perturbations of the marginal distributions at fixed € > 0, and the vanishing-regularization
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limit € | 0. For fixed €, (Mena and Weed, 2019; Barrio et al., 2022) established sample-
complexity bounds and central limit theorems for entropic transport costs. Analogous results
for the potentials and other related quantities were developed in Goldfeld et al. (2022) and

Gonzalez-Sanz et al. (2022) via linearization of the Schrodinger system of equations.

In the vanishing-regularization setting, Mordant (2024) studies self-EOT with decreasing
regularization and shows that a rescaling of its barycentric projection yields a score estimator,
while also deriving limiting distributions for empirical potentials and plans. Agarwal et al.
(2025) connect the same-marginal Schrodinger bridge to Langevin diffusion, showing that the
derivative at zero of its conditional-expectation operators is the Langevin generator. Related

diffusion approximations for Schrodinger bridges are developed by Mulcahy and Pal (2025).

Our proof draws on perspectives from both the fixed and vanishing regularization literature.
We analyze the Schrodinger system directly, deriving limiting behavior as € | 0 via an implicit

function theorem.

Recent work in the diffusion-maps literature draws attention to these same self-EOT
quantities. Starting from the local-kernel construction of Coifman and Lafon (2006b),
Marshall and Coifman (2019) relate bi-stochastically normalized Gaussian kernels to heat
operators on manifolds. Wormell and Reich (2021) study a Sinkhorn normalization that
approximates Langevin diffusion, while Cheng and Landa (2024) establish convergence of
bi-stochastically normalized graph Laplacians to weighted manifold Laplacians and analyze

their robustness to high-dimensional noise.

A few further connections arise through the computational implications of our results.
Altschuler, Weed, et al. (2018) and Altschuler, Bach, et al. (2019) study finite Sinkhorn
iteration and Nystrém approximations for scalable entropic OT, while related work uses
kernel discrepancies for distribution compression and coreset construction (Li et al., 2024b;
Kokot and Luedtke, 2025). Our two-step sinkhorn iteration and coreset selection guarantees

bring these ideas into the setting of vanishing regularization.
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4.2 Expansion via Implicit Function Theorem

4.2.1 Overview of Proof Strategy

For € > 0, set

Ce 1= (WE)_d/Qa pe(2) = Cse_‘z|2/8> Pou(x) := / pe( — y)u(y) dy. (4.5)
R

Thus P. = el&/Y2 and define Py := I. The symbol ¢, will always denote the normalizing
constant in (4.5); in particular, uppercase C' is reserved for unspecified bounds.

Writing du = h? dz, the Schrédinger equation (4.3) becomes

% + log [cs_lps (6f5/6h2>] = 0. (4.6)

Since P. — I as € — 0, this parameterization suggests that
fofe ~ —2log[c1?h] = [./z = [.[e ~ ~log(c;V/2h).
This motivates the study of the residual

Ge = % + log (c;1/2h> . (4.7)

For h appropriately regular, we will show that ¢. — 0, and derive an explicit O(e) leading
term.

Define the h-transform

Py = ; (4.8)
Our primary interest will be to study the Os of the map 1 defined as follows:
Y(e,0) == +1og P(e”),  ¥(0,¢) :=2¢. (4.9)

A direct substitution in (4.6) shows that 9 (e, ¢.) = 0. To study the roots of this map, we

analyze the fixed points of 7;:

Ao = Dyib(e,0),  Ti(e) := ¢ — AZNb(e, ¢). (4.10)
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4.2.2  Warm-Up: Multivariate Gaussian

We illustrate our proof strategy for a multivariate Gaussian. We focus on p = N (0, 1) for

notational simplicity—the analysis extends to any nondegenerate Gaussian with the obvious

modifications. We show that

A(h)(z)
8h(x)

dominant terms on RHS of (4.4)

fe(z) = —sg log(me) — elog h(x) — &2 +(1 4 |z|?) o(e?) (4.11)

with the o(g?) a scalar that does not depend on x. Hence, (4.4) holds with the o(e?) term
shrinking to 0 for all derivatives of any fixed order, both in LP(u) for p < oo and uniformly
on compacts. This differs slightly from our main result to follow, where instead that term
shrinks to 0 in C%, (R?).

We use the search space ® := {¢,p : a,b € R} with ¢,(2) = alz|? +b. Working with this
search space is reasonable given that log h and A(h)/h both belong to ® when p = N (04, 14),
and so (4.4) can only possibly hold if ¢, € ®. A direct calculation also establishes that
(e, ®) C ®. Indeed, in Appendix 4.A.1, we show that

T+ |l=l?
Y(e, dap)(x) =: F(e,a,b) : (4.12)
for F': [0, 00) X R? — R? a smooth map. Thus, (€, pap) = 0 is equivalent to the root-finding
condition F(e,a,b) = 0. While the full form of F' is somewhat involved (Eq. S1), it admits a

smooth extension to negative € whose behavior near € = 0 is simple:
1. F(0,a,b) = (2a,2b), and so the Jacobian of (a,b) — F(0,a,b) has inverse 3 Is;
2. 0:F(e,0,0)]c=0 = 15(1,—2d).

Using the above facts, an implicit function theorem guarantees the existence of a
unique smooth solution curve (ag,b:) in a neighborhood of ¢ = 0 with (ag,by) = (0,0)
and F(g,ac,b:) = 0. In light of (4.12), the latter of these properties is equivalent to

(e, Pa.p.) = 0, and so ¢ = P, p.. Beyond existence of the smooth curve (a, b:), the implicit
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function theorem also shows its tangent satisfies (ao, 130) = 0:(ae, bs)|c=0 = —%E)EF(S, 0,0)|c=0,

yielding the Taylor approximation
. €
(ae,be) = (ap,bo) + £(Go,bo) + o(e) = ﬁ(_l’ 2d) + o(e).

Hence, for € small enough, ¢-(z) = ¢q.p. = 55 (—|z|* + 2d) + o(¢). Combining this with the
|2

fact that log h(z) = —4 log(27) — |xT and Ah}(bg) = @ — 4 yields (4.11).

Remark 4.1 (Exact expansion). Our implicit function theorem argument only characterizes
the potential f. in a neighborhood of 0, and only does so approximately. In Appendix 4.A.2,
we use the closed-form expression for Gaussian self-EOQT plans from Bunne et al., 2023 to
provide a global characterization: f. = a.|z|? + . for all € > 0, with the coefficients a., 3
taking known closed forms. Taylor expanding those coefficients yields a strengthening of
(4.11), with the remainder replaced by (1+ |x|*)O(¢*). While this strengthening is interesting
in its own right, it heavily relies on the known form of Gaussian transport plans. It therefore

does not appear to help with the general sort of expansion that we consider.

4.2.83 Main Result: Distributions with Smooth Scores

For a nonnegative integer s, write

@) = {ue RN : im u(-+2) —ully =0f . Juley = Y 10%ulloe. (4.13)
|o|<s
We denote by || - || the C; norm unless stated otherwise, and | - | to denote the Euclidean

norm on R<.

Lemma 4.1 (Regularity, marginal characterization, and uniqueness). Let h >0, [ h? =1,

and suppose V logh € ng’l (RY). Fore >0 and ¢ € C3(RY), define
fep = —clog(cz?h) + e,  dmeg(w,y) == pe(x — y)h(@)h(y)e? W) du dy.

Then ¢(g,¢) = 0 is equivalent to . s € I(pu,p), du = h*dx. For every ¢ > 0, the
equation ¥ (e,-) = 0 has at most one root in C* (R?). Moreover, there exists ¢g > 0 such
that, for every 0 < & < g, this root exists. Whenever the relevant entropy integrals are finite,

Tep 05 also the unique minimizer of the entropic transport objective over II(p, p).
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Proof. We evaluate the marginal of dm. 4 to be
h(z)e?® P.(he?)(x).

It equals the density h(z)? precisely when

e P (he?)()

hz) L

which, by positivity, is equivalent to

é + log (PE(ZG¢)> = 1(e,¢) = 0.

Symmetry gives the second marginal. Existence of a root ¢. € C’jb(Rd) for all sufficiently
small ¢ follows directly from Lemma S12; its hypotheses are verified by Lemmas S1, S3, S5,
S8, and S11.

To prove global uniqueness in C,, let ¢g, ¢1 be roots, set § = ¢g — ¢1, and denote the

corresponding couplings by 7y, 1. Since they have the same marginals,

KL(m||m1) = 2/(5du, KL(m1||mo) = —2/(5d,u.

As the KL divergence is nonnegative this implies § = 0 hence my = m1. Finally, for every

v € II(u, 1) for which the objectives are finite,
Je(v) — Ja(ﬂ'e,¢) = EKL(’.YHW&,(b) >0,

with equality only when v = 7. 4.
O

Remark 4.2 (Choice of function space). The assumption on Vlogh is tailored to the

h-transformed heat operator

Plu(z) = /pe(y)WU(w +y) dy.

Indeed, bounded and uniformly continuous derivatives of Vlogh control the ratios h(x +
y)/h(z) = exp(log h(z + y) — log h(z)), ensuring that P acts continuously on C%, and tends
strongly to the identity as € | 0. This topology is also stable under multiplication and smooth
composition, which is needed for the logarithms and exponentials in the Schrédinger equation.

The extra derivative in Vlogh € C’jg is used to obtain the first-order C;,, expansion of Pl
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Theorem 4.1 (Second-order expansion of the self- EOT potential). Let h > 0 satisfy [ h? =1,
put £ := logh, and suppose VI € Cflf;l(Rd) for some integer s > 0. Then there is gy > 0

such that, for 0 < e < gqg, the symmetric Schridinger equation has a unique potential f., and

d Ah
fe +5zlog(7rs) +z—:logh+€28hH = o(e?). (4.14)
Equivalently, the residual in (4.7) satisfies
Oe 1AhR s md
5 — S in Cpp(RY). (4.15)

Proof. By Lemma S12, there are 9,7 > 0 and a unique ¢. € B,(0) C C%, (R?), for every
0 < e < g, such that

Y(e, ¢e) = 0. (1)
Moreover € + ¢, is continuous and ¢. — 0 in C} (R%) as € | 0. By Lemma 4.1 this root

corresponds to a symmetric Schrédinger potential.

To obtain the expansion, apply the fundamental theorem of calculus to ¢ — ¥ (g, ¢):

0=ve.0)+ | [ Dot to ] .. B

Denote the averaged differential in brackets by A.. Thus we have ¢, = Zglgb(s, 0), and
we aim to convert this into a first order expansion. Indeed, Lemma S13 shows that A, is

invertible for small ¢, its inverse is uniformly bounded, and

— 1
Aty — v in C5,(RY)  for each fixed v € C% (RY). (3)

)

At ¢ =0,

¥(e,0) = log(P;h> .

Lemma S7, applied with u = 1, gives

P.h e Ah
=14+-=" .
. +4 . + o(e)

Because Cjb(Rd) is a Banach algebra and the expression in parentheses is bounded away

from zero, the Taylor formula for the logarithm yields

$(e,0) | 1Ak

22 1S in O (RY. @)
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Set

By (3)—(4) and the uniform inverse bound,

— 1 — — 1
[0 = o] < WA e = o+ A0 - o
— 0.
Combining this with (2) gives
Pe —1 1A
B ®)
and
2 Ah
fo = —clog(cZY?h) + ep. = —clog(cZ/?h) — %T + o(e?).

O

An analogous expansion holds for smooth positive densities on compact Riemannian
manifolds embedded in Euclidean space; see Theorem S1 in Appendix 4.D. In that setting,
the Euclidean Laplacian is replaced by the Laplace—Beltrami operator, with an additional

explicit curvature correction arising from the ambient Gaussian kernel.
4.3 Connections to Classical Estimators

Theorem 4.1 expresses the small-€ behavior of the self-EOT potential in terms of the root
density h and the heat operator. We now use this expansion to compare the density factor,
score, and diffusion process estimators induced by self-EOT with their classical Gaussian-
kernel counterparts. The common pattern is that, after matching the Gaussian scales, the

leading terms agree and the first difference is explicit. Throughout this section, denote
e = cee el

All little-oh terms are taken in the indicated Cjb(Rd) norm, and the Gaussian normalization

is that of (4.5).
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Figure 4.2: Comparison of self-EOT and Gaussian KDE at the matched smoothing parameter
d = €/2. The left panels report score error and the right panels density error. The cosine-score
and tent-density examples are constructed so that the leading KDE bias vanishes on the

interior evaluation region, while the smoothed-Laplace examples provides a control.

4.8.1 Density estimation

Although ¢, is defined implicitly through the Schrédinger equation, its first-order expansion

can be simply expressed as the root density h multiplied by its convolution with a Gaussian.

Corollary 4.1 (First-order scaling and density expansion). Under the assumptions of
Theorem 4.1,
e = hP.h + o(e) = h2 + ZhAh +o(e). (4.16)

Proof. By the definition of the density factor and the normalization used in the theorem,

G = coe 2e/e = p2e— 20 (1)
Theorem 4.1 gives
e Ah
920, = ——— . 2

The exponential map is twice continuously Fréchet differentiable on bounded subsets of the
Banach algebra C%, (RY). Hence

Ah
€72 =120, 4+ O(|l¢c|) = 1+ 5=~ + o),
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because ||¢.|| = O(g). Multiplying by h? in (1) gives
g =h?+ ZhAh + o(¢).
The same heat expansion gives hP.h = h? + (¢/4)hAh + o(e). O

As motivated in Section 4.2.1, we compare self-EOT at regularization € with Gaussian
smoothing at parameter § = £/2. The next result corroborates this scaling, as it also aligns

the common first-order density term.

Lemma 4.2 (KDE comparison). Under the assumptions of Theorem 4.1,
P.yp(?) = b+ ZA(W?) + 0(e) = g + | Vh* + o(e). (417)

Proof. The heat-semigroup expansion at parameter /2 gives

€
P.jo(h?) = h* + gA(hQ) + o(e). (1)
The product rule yields
A(h?) = 2hAh + 2|Vh|?. (2)

Combining (1)—(2),
P.jo(h2) = h2 + Z(hAh +|VA|?) + ofe).

Subtracting Corollary 4.1 proves the claim. O

The right panels of Figure 4.2 illustrate this comparison. The first example is deliberately
constructed to favor KDE. Let

¢

113/4, OSI‘SZ,

wo(z) =4 (4—x)/4, 2<xz<A4,

0, otherwise,
\

be the tent density, and let

We 1= W0 * Pe, e = 0.01.
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The unsmoothed density py is linear on either side of its mode, so pj = 0 away from the kink.
Hence the leading matched-KDE correction (/8)p” vanishes there, whereas the corresponding
self-EOT correction (¢/4)hh”, with h = /p, need not. We use N = 100,000 observations
and evaluate the error only on an interior region away from the kink and boundary. For

comparison, the second density experiment uses

w(x) o exp(—\/l + ]a:P) : r € R,

for which neither first-order correction is forced to vanish. We use N = 100,000 training
observations and evaluate the squared error against the normalized population density on

5,000 independently drawn points with |z| < 6.

4.8.2  Score estimation

Differentiating the potential expansion allows us to compare self-EOT and Gaussian estimators
of the score. These correspond respectively to barycentric projection and mean shift /Gaussian

denoising (Fukunaga and Hostetler, 1975; Comaniciu and Meer, 2002; Vincent, 2011).

Corollary 4.2 (Self-EOT score expansion). Under the assumptions of Theorem 4.1,

1
— 1 = . 4.1
o 3108 57| =0t (4.18)
If s > 1, then in O3, 1 (RY),
2
Zfa = —Vlog(hP.h) + o(e), (4.19)
A
= —Vlogh? — iV(;) + o(e). (4.20)

Proof. Lemma S7 gives log(P:h/h) = (¢/4)(Ah/h) + o(e), while Theorem 4.1 gives ¢ =
—(e/8)(Ah/h) + o(e). This proves (4.18). Differentiating (4.7) and using (4.18) yields (4.19);
expanding the logarithm of P.h/h yields (4.20). O

Lemma 4.3 (KDE score comparison). Under the assumptions of Theorem 4.1, if s > 1,
then in C5, ' (RY),

V log P.(h?) = Vlog h* + ZV<A$2)> + o(e). (4.21)
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At the matched parameter €/2,

2V
Vlog P, jo(h?) = —Tfs + ZV|Vlog h|? + o(e). (4.22)

Proof. Set 7. := P-(h?)/h%. Applying Lemma S7 with log-root 2/ gives

e A(h?
7’5:1—{'1 22)

+ o(e).
Since log P.(h?) = log h? + logr., composition with log near 1 and differentiation prove
(4.21). At parameter /2, subtract (4.20) and use

A(R?)  _Ah )
3 =2 +2[Viegh|”.

This proves (4.22). O

Example 4.1 (Matched denoising representations). Let (X,Y) ~ m.. Barycentric projection
gives
Vi(z) = 2(:U —E.[Y|X= x]),

and therefore

2V fo(x) _ 4 _
T = BV | X =] - a). (4.23)

For Gaussian smoothing at parameter 0, let Y ~ pand X5 | Y =y ~ N(y,(6/2)I). Then

Vlog Ps(h*)(z) = = (E[Y | X5 = 2] — z).

SN )

At the matched choice § = £/2, this becomes
2 4
Vlog P, jo(h*)(z) = g(H-z[y | X.pp = 2] —x). (4.24)

Thus the self-EOT and KDE scores use exactly the same displacement scaling, differing only

through the conditional law.

The left panels of Figure 4.2 give the analogous comparison for score estimation. The

first example is again chosen so that the leading KDE bias vanishes. We take

s(z) = %cosx, x € [-7m/2,m/2],
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whose score is

Vlogq(z) = —tanz.

On the interior of the support,
1" AN

b -1, and hence (p) =0.

p p
Thus the matched KDE score has zero first-order bias there, whereas the self-EOT correction
need not vanish. We draw N = 25,000 observations and report the error only on |z| < 1,
away from the boundary singularities of the score. The second panel uses the five-dimensional
smoothed-Laplace density

x
p(z) eXP(—\/ 1+ ’$‘2> , Vlegp(z) = —ma

as a control in which the leading terms are nonzero for both estimators. This experiment

demonstrates improved performance of the KDE in the former example, and self-EOT in the

latter where neither estimator vanishes at leading order.

4.8.8 Diffusion approzimation

We next compare the associated Markov operators. Let
d. := P-(h?)

be the Gaussian KDE. The symmetrically normalized diffusion-map operator, followed by

row normalization, is

U= . :
€ d€—1/2P€ <h2d§1/2>
The self-EOT transition operator is
Tea(e) = [ €(o.)uly) duty) = ac(o) 2P (g 20) (o). (4.26)

Our diffusion calculation follows the general blueprint of Landa and Cheng (2023a) and
Cheng and Landa (2024), leveraging limiting behavior of the scalings to achieve the result.

In Landa and Cheng (2023a), the required first-order control is imposed as an additional
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assumption. Cheng and Landa (2024) instead analyzes a modified, approximately bi-stochastic
scaling problem with an additional uniform lower-bound constraint on the scaling factors.
Thus, their argument does not directly establish the expansion for the self-EOT solution.

We bridge this gap in Theorem 4.1.

Proposition 4.1 (Diffusion-map/self-EOT approximation). Fiz an integer s > 0 and assume

the hypotheses of Theorem 4.1 with s there replaced by s + 2. Then, for every u € Cj{f?(]Rd),

Teu=u+ i (Au+2Vlogh - Vu) + ocs (ra)(€), (4.27)
Dou=u+ Z (Au+2Vlogh - Vu) + 0cs may(e). (4.28)

In particular,
IDzu — Teul| = o(e), (4.29)

and the corresponding rescaled generators differ by o(1) on every fized u € C’jgrQ(Rd).
Proof. We first record a calculation that applies to both normalizations. Suppose
pe=1+ca+ Ogst? (e), a€ ngrz(Rd),
and define
Keu = pz 2PE (p %)

Smooth composition gives

—-1/2

9
P = 1= Jatop(e)

Using linearity of P”, the fixed-input expansion from Lemma S7, strong continuity on the

fixed function au, and uniform boundedness on the o(e) remainder,
h{ —1/2 € €,-1
P (ps u) =u—jau + Zh A(hu) + o(e).
Multiplying by the outer factor yields
Klu = u + ZhilA(hu) —cau + o(e). (4.30)

Setting u = 1 gives
1 AR
Kg]. =1 + e <4h —CL> +0(€).
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Hence row normalization cancels the multiplication term:

Kfu €
gy =t (But2Vlogh- Vu) +o(e), (4.31)

where we used

A
A A(hu) = Au + 2V logh - Vu + Thu

For the self-EOT factor,

e Ah
pe = % —e 2 =14 1 + Ocif(g)'

Moreover,

exactly, so (4.31) gives (4.27).

For the diffusion-map factor,

d.:  P.(h?) e A(h?)
pE ::ﬁ: h2 :1—"—174_00‘??;2(5)
By definition,
Kfu
T ke
so (4.31) gives (4.28). Subtracting the two expansions proves (4.29). O

The common first-order generator is

(Au + Viegh?- Vu) ,

=

Lpu:=

the Langevin generator with invariant density h2 under the present time normalization. Thus

the two one-step population operators agree through the full first-order term.
4.4 Approximating Self~-EOT

Most small-e analyses are motivated by self-EOT approximations of population quantities
such as scores or diffusion processes. Our results reveal a useful converse: self-EOT quantities
can themselves be approximated by simple Gaussian-smoothing formulas. We show that at

the natural O(e) scale, two symmetric updates already achieve o(e) error.
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Figure 4.3: Approximation error of Gaussian KDE and two symmetric Sinkhorn updates
relative to the fully converged self-EOT scaling, as a function of the regularization parameter €.
The two-step approximation substantially reduces the error of the initial KDE approximation,

consistent with the first-order guarantee of Lemma 4.4.

4.4.1  Two symmetric Sinkhorn updates

The factor ¢. satisfies the marginal equation
quZI%OF%*”). (4.32)

We compute this fixed point using a population version of the symmetric Sinkhorn iteration
of Feydy et al. (2019b). In dual coordinates, their update averages the current potential with

its Sinkhorn update. Writing this iteration in terms of the factor ¢.; gives

h2
4e0 = 1, Qe t+1 ‘= \/Qet Pa( > . (4'33)

‘k,t

Its positive fixed points are exactly the solutions of (4.32). The first two iterates are

h2
Ge,1 = Ps(h2)7 Ge2 = Pe<h2) P, () .

VP (h?)

Thus the first iterate is exactly a Gaussian KDE, while the second uses this KDE to locally

reweight the density before applying Gaussian smoothing again.
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Lemma 4.4 (Two-step approximation). Under the assumptions of Theorem 4.1,
¢e2 = hP:h + o(e) = q- + o(e). (4.34)

Proof. Set 7. := P.(h?)/h%. Applying Lemma S7 with £ replaced by 2/ gives

e A(h?)

E_1+4 h2

+ o(e).

+1/2

The smooth scalar maps z — 2 near 1 therefore yield

VP:(h?) =h + = AR + o(e)
h 9

h? £ A(h?)
7P€(h2) =h-— s h + o(e).

Using P-h = h+ (e/4)Ah+ o(e) and strong continuity of P. on the fixed first-order coefficient,

h? B € e A(h?) o
g(ﬂ@%) h + A S h + o(e).

Multiplication cancels the two A(h?) terms and gives g.o = h% + (¢/4)hAh + o(¢). The

conclusion follows from Corollary 4.1. 0

Lemma 4.4 shows that the complete first-order expansion of the converged factor is
already present after two updates. On compact sets, the approximation transfers directly to
the potential. Figure 4.3 illustrates this approximation numerically. We compare the fully
converged self-EOT scaling with (i) the matched Gaussian KDE and (ii) the scaling obtained
after two symmetric Sinkhorn updates. Across the displayed regularization parameters, the
two-step approximation is substantially closer to the fully converged scaling than the one-step

KDE approximation.

Corollary 4.3 (Two-step potential approximation on compact sets). Let K C R? be compact
and define

€ _
f8,2 = _5 log(CE 1Q€,2)'
Then
1 fe2 = fllea) = o(€?). (4.35)
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Proof. By Lemma 4.4, g: 2 — ¢- = o(¢) uniformly on K. Both factors converge uniformly to
h?, which is bounded away from zero on K. The logarithm is therefore uniformly Lipschitz

on their common range, so

[10g g2 — log ge|c(x) = o(€).
Since f. = —(g/2)log(c-1q.), multiplication by /2 proves the claim. O

As a computational application, we follow Altschuler, Bach, et al. (2019) and use low-
rank Nystrom approximations of the Gaussian kernel to accelerate the symmetric Sinkhorn
updates. Since our approximation result requires only two updates, we benchmark the
low-rank methods directly against the dense two-step potential. We draw X; ~ N(0, I;/d)
for d € {1, 3,5}, fix e = 0.5, and vary n from 5,000 to 300,000. For each setting, adaptive RP-
Cholesky and uniform Nystrom ranks are chosen to reproduce the dense two-step potential
to relative L? error below 1%. The ratio decreases with n in each displayed dimension,
illustrating the increasing computational advantage of the low-rank approximation at larger

sample sizes.

4.4.2  Coreset approximation

The scaling approximation also transfers to the CO2 coreset objective of Kokot and Luedtke
(2025). A uniform approximation of the rescaled kernel controls the quadratic objective over
the entire sparse feasible set, so a minimizer based on the two-step kernel is asymptotically
near-optimal for the fully converged objective.

Given observations z1, ..., z, with empirical measure p, = n~" o Oy, let
Winm = {w cl0,1":1Tw=1, Julo < m} .

Each w € Wi, , determines the coreset measure vy, := Y\ | Wiy, .

Recall
x J—
ay) = LY (4.36)
V q=(2)qe ()
Define the two-step kernel
P\ — Y
56,2(:1:7 y) = ( )

G-2(2)q:2(y)
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Figure 4.4: Runtime ratio of the faster low-rank two-step approximation to the dense two-step

symmetric Sinkhorn computation, for d € {1,3,5} and € = 0.5. Both low-rank methods are

calibrated to relative L? potential error below 1%. Circles denote settings in which adaptive

RP-Cholesky is faster and stars settings in which uniform Nystrom is faster. The horizontal

line at one is the dense two-step baseline; shaded regions show one standard error across

runs.

Factoring out the common scaling c., put

_ ke
L=l = o
: = Qe ® Qe
Write
EE = [ge(xhxj)mj:lv

and, with a(w) :=n~11 — w, set

Te(w) := a(w)TEaa(w),

_ k
o=y 4.37
6 ,2 € 6 ,2 \/m ( )
Eeo = [Eol@i, o))} o1,
Tea(w) = a(w) " Zc 2a(w). (4.38)

Thus J-(w) = ¢! MMD?E (tn, ), and analogously for the two-step kernel.

Corollary 4.4 (Transfer of the two-step coreset). Assume the hypotheses of Theorem 4.1.

Let all sample points belong to a fized compact set K C R, Then

sup | Tz 2(w) — T-(w)| = o(e). (4.39)

’LUEWm,n
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Consequently, if

We 2 € argmin J; o(w),

WEWnm n
then
Te(We2) < weinfn ) Je(w) + o(e). (4.40)
Proof. Lemma 4.4 gives
lge2 = gellex) = ole). (4.41)

The same lemma and Corollary 4.1 give q. 2 — h? and g. — h? uniformly on K. Since h is

strictly positive and K is compact,

—mi 2
my = aIgIél[I{lh(l‘) > 0.

Thus, for all sufficiently small ¢,

, e K.

Mg mg
q=(7) > 5 QE,Q(ZE) > N

—-1/2

The map (r,s) — (rs) is continuously differentiable on every compact subset of (0, c0)?.

The mean-value theorem and (4.41) therefore imply

1 1
sup = o(e).

ewek | V2@ 2y) V(@) (y)

Since 0 < k.(z,y) < 1, multiplication by the Gaussian factor preserves this bound. Hence,

with
0c 1= sup ’ga,Q(xa y) - gé(x7y)’7
z,ye K
we have 0. = o(¢).

For any feasible w, both n~'1 and w are probability vectors, so
la(w)[li = [n™"1 —wlh <2.

Consequently,
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The bound is independent of w, m, and n, proving (4.39).
The feasible set W,y ,, is a finite union of compact simplices, so both minima are attained.

Let w} minimize J.. Then

js(ﬁ)\a,Q) S %,2(@5,2) + 455
< «75,2(102) + 456

< JTe(wf) + 80

Since . = o(e), this is (4.40). Multiplying either objective by the common positive constant
¢e does not alter its minimizers; the rescaling in (4.37) is used only to state the additive

approximation at its natural o(e) scale. O

Figure 4.5 gives a qualitative illustration of the resulting coreset selections. We represent

the 300 x 300 astronaut image as 90,000 points in five-dimensional location—color space,
(y/H,z/W,R,G, B),

and construct weighted coresets of size 2,500. We compare coresets formed using diffusion-map
normalization, self-EOT scaling, and its two-step approximation. Marker color records the
original pixel color and marker size the selected coreset weight. In the resulting compressed
images, we see a stronger correspondence between the algorithms for smaller ¢, aligning with

our approximation guarantees.
4.5 Discussion

Previous works demonstrate that self-EOT potentials, barycentric projections, and normal-
ized kernels contain meaningful score and diffusion information. Our results address the
complementary goal of assessing the difference between these quantities and classical Gaussian
estimators. Kernel density estimation and gradient-based mode estimation have long used
Gaussian smoothing to estimate densities and their scores (Davis et al., 2011; Parzen, 1962;
Fukunaga and Hostetler, 1975; Comaniciu and Meer, 2002). At the appropriate matched
Gaussian scale, we demonstrate that the leading behavior agrees, and the expansion identifies

the first term separating the two constructions. This interpretation is closely tied to the
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Original Diffusion Maps EOT EOT 2-steps

Figure 4.5: Weighted coresets of size 2,500 for the 90,000-pixel astronaut image, represented
in five-dimensional location-RGB feature space. Columns compare diffusion-map scaling,
self-EOT scaling, and the two-step self-EOT approximation; rows correspond to two Gaussian
kernel scales. Candidate features are obtained from a rank-5,000 RP-Cholesky factorization
before weighted subset selection. Marker color is inherited from the original pixel and marker

size is proportional to its coreset weight.
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proof strategy. Working directly with the Schrodinger equation and its h-transformed heat
operator keeps the linearization in explicit form, allowing for a direct comparison to be made.

The results in this chapter concern population bias expansions, hence further research
is needed to analyze the variance of these estimators to establish empirical estimation
rates. Our comparisons should also not be interpreted as suggesting that either self-EOT or
Gaussian KDE is optimal from the standpoint of population bias. Under the present Gaussian
normalization, the spatial bandwidth is of order /¢, so the O(e) bias terms identified above
correspond to the usual second-order smoothing bias. Higher-order local polynomial or bias
corrected kernel methods can eliminate these leading terms and, under sufficient smoothness,
achieve bias of smaller order than €. The comparison here is instead between self-EOT and
its natural Gaussian-smoothing counterpart, with the goal of identifying where their leading
behavior agrees and differs. Natural next steps include joint (n,e) asymptotics, data-driven

selection of €, and extensions under weaker regularity or support conditions.
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4.A Derivations for the Multivariate Gaussian Case (Section 4.2.2)

4.A.1 Derivation of quadratic form in (4.12)

We will show that F(e,a,b) = (Fi(e,a), Fa(e,a,b)) for appropriately specified coordinate
functions Fy, Fp. Recall that (e, ¢) = ¢ + log[h ™' P.(he?)]. With the Gaussian root-density

h(z) o e 1*/4 and the ansatz Gap(z) = alz|? + b, the input to the heat operator is a

Gaussian:

hly)e?er® o e exp [~ (4 — a) [yf"].
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Let v := i — a. The heat operator P. convolves this input with the kernel k.(x,y)
— 7lyl*)dy via square

_ Jlz—yl?
3

exp(—||z — y||*/¢). Evaluating the Gaussian integral [ exp(

completion yields

P.(he®?)(z) o €® (1 4 7)Y exp <—1 j€v|az|2> .

Applying the h-transform multiplication by h~!(z) o elzl*/4 and taking the logarithm, we

obtain

d Y
log Pah(e%b)(x) =bh— glog(l +evy) + <4 1T 57) \:U|2
d a+e(d—9)
=b— —log(l+e(}— 16 4 2
92 Og( E(4 (1)) 1 +€(i —CL) ’.T|

Finally, adding ¢, 5(7) = alz|> + b to this expression yields
_a d
4)> |z + <2b— —log(1+e(3 —a))> (S1)
—a) 2
(52)

5=

Y(e, bap) () = (a n al J; eg((l

=: Fi(g,a)|z]* + Fa(e, a,b).

=

4.A.2  Derivations for Remark 4.1
We will show that

Derivation of exact form of potentials for all ¢ > 0.
(S3)

fe(x) = ag\a:\2 + 8. Ve>0,

with oz :=1 — p, and f; : f%llog(l — p2) for p. = [(16 + £2)'/2 — ¢] /4. Using Eq. 3 in

Bunne et al., 2023, the self-EOT plan is
1, 1, V1 2 _
e =N , 4 peld for p.:= ¥ (S4)
O |pela Ia

The gradient of the potential is given by barycentric projection as V fe(x) = 2(z —E,_[V|X =

z]) = 2(1 — po)z. Integrating this field yields
1
fe(x) = f=(0) +/0 (Vfe(t),z) dt = fo(0) + (1 — pe) |z,

solving for f-(0) by plugging (S4) into (4.2) with (x,y) = (0,0) yields the exact potential:
(S5)

d
fe(x) = (1 - pa)‘f’3|2 - 51 log(1 — Pg) = aE]x|2 + Be.
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Tightening the o(c?) scalar term in (4.11) to O(¢*). We show that knowing the explicit
form of the potentials from (S5) makes it possible to tighten the expansion derived from the

implicit function theorem (Eq. 4.11). Concretely, we will show that
d A(h
fe(z) = —€7 log(me) — elog h(x) — 828(h()x()x) +(1 4+ |z|*) O(e"), (S6)
dominant terms on RHS of (4.4)

To do this, we expand (S5) as € — 0. Noting that p. = 1 —£/4 4+ £2/32 + O(e*), we find

(1—p.) =e/4—e?/32+0(e*). Similarly, expanding the intercept term yields — ¢ log(1—p2) =
—og(c/2) + 512—(;1 + O(g%). Plugging these coefficients back into (S5) recovers

o = (~Zog (5) + 50) + (5= 5 ) bl + 4+ PO,

Finally, since A is the root-density of u = N(0g, I4), we have that log h(z) = —% log(27) — %

and Ah}Eg) = % — 4. Plugging this in above yields (S6).

4.B Entropic Cost Expansion

As a brief aside, we demonstrate how our expansions recover the result of Conforti and

Tamanini (2021).
Corollary S1 (Self-EOT cost expansion). Assume the hypotheses of Theorem 4.1 with s =0
and, in addition, logh € L*(p). Define

Ent(p) := —/log(hQ)du, () :—/\Vlog(hQ)Zd,u—él/\Vh|2dx. (ST7)

Then
2

OT(p, ) = —5% log(me) + € Ent(p) + %I(u) + o(?). (S8)
Proof. At the optimum, (4.2) gives ||z — y||> + elogé.(z,y) = f-(z) + f-(y). Integrating
against 7. yields the exact identity OT¢(p, 1) =2 [ f- dp. Integrating Theorem 4.1 gives
Q/fgdu = —Eglog(ﬂa) - 2€/loghd,u — 22 / %du + o(e?).
The assumptions give VA = hVlogh € L? and Ah = h(Alogh + |[Vlogh|?) € L?. The

standard Sobolev integration-by-parts identity therefore yields

/Ahhdu—/hAhdx— —/Vh\de— —EI(,J).

Together with —2 [ log h dy = Ent(p), this proves (S8). O
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4.C Supporting Arguments for Theorem 4.1

Throughout this appendix, C¢ (R?) and | - || are as in (4.13), £ := logh, M, denotes

multiplication by a, and T,u(z) := u(z +y). We set Py =1 and P = I. For € > 0,

pely) = (re) V2 Pato) = [ pg)ute ) dy

Lemma S1 (Elementary properties of C3 (RY)). For every integer s > 0, translations act
isometrically on C3, (R?) and ||ryu—u| — 0 as y — 0. Moreover, there is a constant Cs < o0
such that

uo]l < Csllullllvll,  [[Mullges, way) < Csllull- (S9)

In particular, C%, (RY) is a Banach algebra.

Proof. Translations commute with every derivative and preserve the supremum norm, so
|7yl = [Ju||. The convergence ||7,u —u| — 0 is exactly the uniform-translation condition in
oy d
the definition of C3 (R?).
For a multi-index «, Leibniz’s rule gives

0*(w) =Y <g> (9Pu)(9°Pv).

BLa

Taking supremum norms, summing over |«| < s, and absorbing the finitely many binomial
coefficients into Cy proves the first estimate in (S9). It also proves the multiplier estimate.
Each term in the Leibniz formula is uniformly continuous because it is a product of bounded
uniformly continuous functions, so uv € C%, (RY). Finally, C%, (R?) is closed in C§ under the
norm || - [: if u,, = win C}, then ||Tyu —u|| < 2||u —uy, || +||7yun — up||. For any € > 0, choose
n such that ||u — u,|| < e/4, and then choose r,, > 0 so that |7 u, — u,|| < &/2 whenever
|yl < ryn. This verifies that u € C% (R?). Since C%, (R?) is a closed subspace of the Banach

space Cj(R?), it is complete. O

Lemma S2 (Regularity inherited from the log-gradient). Let h > 0 satisfy h € L?>(RY) and
put £ =logh. If VI € C&(Rd), then h € Cgﬁl(Rd). In particular, under the hypotheses of

Theorem 4.1,

2
h,h? € C5F3(RY), % = AL+ |VI)? € C5L(RY), AR _ AL+ 4|V € C5 (RY).

hr
(S10)
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Proof. Set L :=||V/{||~. For y € B(x,1), the mean-value theorem gives ¢(y) > ¢(x) — L, and

hence
1A]2, > / h(y) dy > [B(0, 1)|e~2Eh(x)?.
B(x,1)

Thus h is bounded, with a bound depending only on L and ||A||z2. In particular, VA = hV/
is bounded, so h is uniformly continuous.

For every nonzero multi-index «, repeated differentiation of h = e gives
0%h = hpa((aﬁ£)0<|ﬁ|§\oz|)v (Sll)

where P, is a universal polynomial with no constant term. This is proved inductively:
differentiating the right side either produces djh = h0;¢ or differentiates one of the entries of
the polynomial. Since V£ € Cgf)(Rd), all derivatives of £ of orders 1,...,m + 1 are bounded
and uniformly continuous. This verifies h € C"'T(R?), and h? € C"IHH(R?) by Lemma S1.

More generally, (S11) implies that

8°h N
—eCy

- lelrd) 1 <ol <m+ L

Indeed, the ratio is a polynomial in derivatives of ¢ of orders at most ||, and taking a further

k derivatives requires derivatives of ¢ only through order |a| + k. In particular,

Vh Ah
yh =T oA 2,
A Ve, . 0+ VY
Similarly, because h? = 2,
A(h?
](ﬁ ) _ 2AL 4 4|V 12

Ifvee Cj{f I(Rd), all derivatives appearing after applying up to s further derivatives to the

last two identities remain bounded and uniformly continuous. O

4.C.1  Composition and heat-kernel estimates

Lemma S3 (Smooth composition on C%, (R9)). Let J C R be open and let F € C*T2(J). On
every bounded subset of Cﬁb(Rd) whose ranges lie in a fized compact subset of J, composition

Fy(u) := F ou is continuously Fréchet differentiable, with

D(E>)(w)[v] = F'(u)o.
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Its differential is locally Lipschitz in operator norm. In particular, this applies to F(z) = €*

1

on bounded sets and to F(z) =logz and F(z) = 27+ on sets bounded away from zero.

Proof. For |a| < s, the multivariate chain rule expresses 0%(F'(u)) as a finite sum of terms

k
FO@) [[o%u, o1+ +ax=a, |o>1
j=1

On the indicated set, every derivative of F' through order s + 2 is bounded on a common
compact interval. Lemma S1 therefore bounds || F'(u)|| uniformly on bounded sets. The same
formula, together with translation continuity of the factors, shows that F(u) € C3, (R%).
The following Taylor identities are applied pointwise in the scalar target. For |[|v]|
sufficiently small, every pointwise segment u(x) + tv(z), 0 < t < 1, remains in one fixed

compact subset of J. Pointwise Taylor expansion with integral remainder gives
1
F(u+v) — F(u) — F'(u)v = v2/ (1 —t)F"(u+ tv) dt.
0

Since F' € C*72(.J), the functions F”(u + tv) are uniformly bounded in C%, on this neighbor-

hood. Lemma S1 therefore gives
| (u+v) = Fu) = F'(u)v]| < Clloff.

This proves Fréchet differentiability. We now seek to prove that the differential is locally
Lipschitz, i.e. that || Mg (yq) — Mpr(yll < Cllv]], for all v in a neighborhood of u. By Lemma
S1, it again suffices to show ||F'(u+v) — F'(u)|| < C||v||. Similarly, Taylor expansion yields
1
Fllu+v) — F'(u) = v/ F"(u + tv) dt.
0

and the claim follows similarly. O

Lemma S4 (Heat semigroup on C3, (R%)). For every integer s > 0 and every ¢ > 0,
P.: C5 (RY) — €3, (RY) and
1Pell 2, (rey) < 1- (S12)

The family is strongly continuous at zero and operator-norm continuous on (0,00). If

u € C5HA(RY), then
@ s %Au in O3, (RY). (S13)
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Proof. Differentiation under the integral gives 0“P.u = P.0% for |a| < s, hence differ-
entiation is given by convolution of derivatives against the Gaussian density p., implying

contractivity in sup-norm. Moreover,
I Peu — Peul| < 72w — ul],
so P.u € C3, (RY). We further have
|0% Peu(z) — 0%u(x)| = )/pg(y)(‘)au(x +y) — 0%u(x) dy’ < /pg(y)lﬁaTyu(a:) — 0%u(z)| dy.
Hence, for wy(r) := supjy|<, |7yu — ul|, we have

| P — ] < / pe(W)llmyu — ull dy < walr) + / pe(y) |y — ] dy

[y[>r

< wy(r) + 2|ul pe(y) dy.
ly[>r

Hence,

lim sup || Pou — ul| < wa(r) =5 0.

e—0

If £,0 > 0, then

0%(P: — Ps)u| = ‘/[Pa(y) —pa(y)]aaTyudy‘ < ||(9O‘UI|oo/|pa(y) —ps(y)| dy.
This yields
1P = Bsll (o, (ray) < llpe — psllze,s

and the right side tends to zero as € — §, proving operator-norm continuity away from zero.

For the generator statement, fix |o| < s and apply Taylor’s formula to v = 90%u:

1
v(w +y) =v(@) + Vo(@) -y + 5y D*o(@)y + Ru(z,y),
where
1
Ry(z,y) = / (1-— 1E)y—r (D20($ + ty) — D2v(x))y dt.
0

Thus sup, |Ry(7,9)| < |y|?wp2,(|y|), where the modulus tends to zero at the origin. The

Gaussian is centered and has covariance (£/2)I4, so integration gives

g
O (Peu — u) = 0% Au + /pg(y)RU(-, y) dy.
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After the change of variables y = \/ez, the last term divided by e is bounded by

[ i), (Velel =

which tends to zero by dominated convergence. Summing over |«| < s proves (S13). O

4.C.2 The h-transform

Lemma S5 (Uniform h-transform bounds and operator approximation). Suppose VI €

C4(RY). For every eg > 0:
1. Pl 3, (RY) — €3, (R?) is bounded uniformly for 0 < e < eo;

2. n. = P! is bounded in C3,(R?) and there is cc, > 0 such that inf, n.(z) > c., for all

0<e<Legy

IP! = Prllgies, iy — 0 (€40). (S14)

Consequently, Plu — u in C3, (R9) for every fized u € C3,(RY), and n. — 1 in C3, (R?).
Proof. For y € R?, put

hiz+y w0
Ry(x) = (h(@ ) _ ctori)—t)

If L :=||V{|| 0o, the mean-value theorem gives
et < Ry(z) < ety (z,y € RY). (S15)
For every nonzero multi-index £, Faa di Bruno’s formula gives
08 Ry(x) = Ry(x) Qs (07U + ) — D) )ocii<io))- (s16)

where Qg is a universal polynomial with no constant term. Indeed, every positive-order

derivative of (x4 y) — £(x) is exactly such a difference. Define

bs() = IRy = 1] := Ry = Lo+ D [0°Ryllcc,
0<|B|<s
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with the sum omitted when s = 0. Since the derivatives 97¢, 1 < |y| < s, are bounded and

uniformly continuous, it follows from (S16) that
107 Rylloe < Ol RylloolTy V€ — V]| — 0.
In combination with (S15) we have
bo(y) — 0 (y—0),  by(y) < Cee"M (ye R, (517)

where we bound the zeroth-order term by |R, — 1| < el¥l — 1.
We now seek to translate these regularity properties of the ratio to the integral operator

Pl We can express
Plu(z) = /pg(y)Ry(af)u(:x +y) dy. (S18)

Differentiating under the integral and applying Leibniz’s rule yields, for |a| <'s,

0 Plu(r) = ﬂz (g) [ -0 Ry @0t + y)dy. (519)

The bounds above justify differentiation by dominated convergence. They also give
PRl < Cullul [ powye dy = Culull [ p1(2)ePV dz < Cuy
It remains to verify uniform continuity of P/u and its derivatives through order s. Define
Qq(r):= max sup ||7,0"¢ — ||,
1<+ |z <r

with only V¢ used when s = 0. Then Q4(r) — 0 as r | 0.

To control the zeroth-order ratio, put
A=lz+y+z)—Llx+2), B :=tl(x+y)—Ll(x).
Both |A| and | B| are bounded by Lly|, and
! T
A—-B= / (Vl(z+ 2z +ty) — Vl(z + ty)] ydt.
0

Hence

IRy — Rylloo < Ce"¥|y|Q(|2]). (520)
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For 0 < |B] < s, write
D, (z,y) = 0"(x +y) — 0 (x).

The vectors (D-)o<|y|<| | range in a fixed bounded set. Since the polynomial Qg is Lipschitz

on bounded sets and
172D~ (s y) — Dy (- y) oo < 2€([21),

combining (S16) with (S20) gives, also for g =0,
Im:0°Ry = "Ryl < C"WI(1+ [y)Qu(|2]), 18] < s. (S21)
Applying this estimate in (S19), and also translating the factor 0% Pu(z + y), yields
|7:0% Plu — 9% Pl'u| oo < C/ps(y)eLw(l +1yl) dy[Qs (2D llull + [m2u — ul]].

The Gaussian moment is finite and the bracket tends to zero as z — 0. Thus every derivative
in (S19) is uniformly continuous. Hence P! : C% (R?) — C%, (R?) and the first assertion
holds.

Similarly to (S19), we have

|(P" — Poyu] = H [ )R, =t +3) dyH <ol [ptwbtyay. )

After the change of variables y = \/ez, the integral in (1) becomes

[ mve e

It tends to zero by (S17) and dominated convergence, because pi(z)e"vZ0l?l is integrable.
This proves (S14).

Finally, (S15) gives the pointwise estimates

/ pely)e M dy < ne(z) < / pe(y)et¥l dy.

For 0 < ¢ < gg, the left side has a strictly positive uniform lower bound and the right side a
finite uniform upper bound. The C%, (R?) bound follows from the first assertion with u = 1.
Moreover, P:1 = 1, so (1) with u = 1 gives |5 — 1|| — 0. Combining (S14) with strong

continuity of P. proves PMu — u for each fixed u. O
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Lemma S6 (Continuity in the heat parameter). Under the assumptions of Lemma S5, the

map ¢ > P! is operator-norm continuous on (0,00). At 0 it is strongly continuous.

Proof. Fix 0 < a < b < co. The map € — p-(y) is continuously differentiable, with

Depe(y) = ( R W) pe(y)-

2¢ &2

For ¢ € [a,b],
10=pe ()] < Cap(1+ |y[*)pp(y).

Using (S19) and the bounds from Lemma S5,

P = Pl < C [ 1p:(6) = pato e .

The fundamental theorem of calculus in € therefore gives

1P = Pfll(cs,) < Caple — 4| /Rdu FIlR)ps ()2 dy.

The final integral is finite, proving operator-norm continuity on (0, 00). Strong continuity at

zero was proved in Lemma S5. O

Lemma S7 (First-order h-transform expansion). Suppose V¢ € C51(RY). For every
u e CiH*(RY),

Phu —u R 1 A(hu)
€ 4 h

= i [Au+2VE-Vu+ (AL + |VE)u]  in O (RY). (S22)

In particular,
¥(e,0)  log(P:h/h) 1 Ah

-/ s d
5 5 — gy " Cip(RY). (S23)

Proof. Throughout the proof we will make use of many of the same bounds and arguments
as in Lemma S5. The goal of this argument is to convert a leading order Taylor expansion of

the integrand into the desired limiting result. Define

h(z + y)u(z +y)

Fu(xay) = Ry(x)u(x + y) = h(ﬂ?) >

Ga(fL‘,y) = 8§Fu(‘r7y>7 ‘a‘ S S.

Then
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We first control the second y-derivatives of G,. Repeated product and chain rules,

together with
0z, Ry(x) = Ry(2) [0;4(z +y) — 9jt(x)], 0y, Ry(x) = Ry(2)d;l(z +y),
show that, for multi-indices «a, ,

(07(2))1<py|<als
0y 07 Fu(z,y) = Ry(@) Qaw | (97(z + y)1<pyi<laltisls | - (S24)
(0"u(T + Y)) |<|al+|x|
where Q, . is a universal polynomial whose monomials are linear in the derivatives of w.
Let L := ||V{||s. Since

| Ry ()] < ",
and all positive-order derivatives of ¢ through order s + 2 are bounded, taking |x| = 2 gives
$Up [ D2Ga(r,9)] < Clufgssoe™. ($25)
x u

Combining (S24) with uniform continuity of the derivatives of £ and u, and with ||Ry — 1|/ <

eLlvl — 1, implies that

wa(r) := sup \D;Ga(x,y) - D;Ga(az,O)\ —0 (r40). (S26)
z€R?
lyl<r

Taylor’s formula in the y variable gives
Gaol(z,y) = Ga(,0) + V,Gq(z, O)Ty + %yTDgGa(a:, 0)y + Ral(z,y),
where
Ralz,y) = /01(1 —t)y" [D;Ga(x,ty) — D;Ga(x,())}ydt.
Consequently,

. 1
sup Ra )| < min { (), gl | (s27)

Differentiating under the integral,

@ ph = x .
0" Plulz) = | p)Gales)dy



The Gaussian is centered and has covariance (£/2)14, so

/ype(y) dy = 0, /yiyjpa(y) dy = 55@:

Moreover, G4 (z,0) = 0%u(x), and, since

Fy(z,y) =

we have

It follows that
e A(hu)

9 [Pghu—u T ](w)z/dea(y)Ra(x,y)dy-

To control the remainder, set y = /¢ z. Since p-(y) dy = p1(z) dz,

1/ps(y)7€a(x,y) dy = /pl(z)w ds.

e

For each fixed z, the first estimate in (S27) gives

Ralx,+/c2 1
sup Hg\[)' < §|z]2wa(\@|z]) — 0.

For 0 < € < g, the second estimate gives

sup
xr

R
‘ a(i\ﬁzﬂ < CHU||CS§2|Z|2€L\/5|Z‘.

The resulting dominating function

pi(2)|[Pet Vol
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(S28)

is integrable. Dominated convergence therefore shows that the right-hand side of (S28),

divided by €, converges uniformly in = to zero. Summing over |a| < s proves

Phu—u 1 A(hu)

5 — i in C%, (R%).

Finally,
A(hu)
h

= Au+ 2V Vu + (AL+ [VE*)u,

which proves (522).
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Taking u = 1 yields
Ah

£
Ne = 1+ ZT +chb(€).

Thus [|n. — 1l[¢s, = O(e), and 7 is bounded away from zero for sufficiently small . Lemma

S3 gives
log ne 1 Ah
H [
€ 4 h

in C%, (RY),

concluding the proof. O

4.C.8 Properties of ¢

Lemma S8 (Differential of ¢) and its near-origin form). For e > 0, the map ¢ — (e, @) is
continuously Fréchet differentiable on C%, (RY), with

Pf(e‘%)

D = ==
o¥(e, P)u = u+ K pu, K pu Ph(e?)

(S29)
For every fized eg > 0, there are r,C' > 0 such that, whenever 0 < e < ¢eg and ||¢||, ||$H <r,

1Dt (e, ¢) — Dytb(e, D)l (s, (ray) < Clig — Sll- (S30)

Moreover, there is a scalar function w(e) | 0 such that

[1Dyp(e, ¢) = (I + Po)ll g (e, rey) Swle) + Clloll, ol < (S31)

Proof. For € > 0, Lemmas S3 and S5, followed by the chain rule, give (529). At e = 0, the
definition (0, ¢) = 2¢ gives the same formula with Ky 4 = I.
Write
Qe = PL(e?), 1 =4e0.

If ||| < r, then e? > e~" pointwise, and hence

Gep > € M.

Lemma S5 therefore gives a positive lower bound uniform in small € and ¢. The same lemmas

give uniform C7 (R%) bounds for e?, qe,4, and their reciprocals. Furthermore,

le? =l < Cllp =l llges — a5l < Cllé— 4l
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and local Lipschitz continuity of inversion yields

lazy, — q;(%ll <Cllo -2l

Now

K.p= ng_;PehMﬁ,.

Adding and subtracting M ! P;‘Me&; and applying the multiplier and operator bounds proves
9
(S30).
At the origin,
Keo— Pe =M, 1(P — P.) + (M, -+ — I)P.. (1)
By Lemma S5, P* — P. — 0 in operator norm and 7. — 1 in Cﬁb(Rd). Smoothness of

inversion and the multiplier estimate therefore make the norm of (1) tend to zero. Combining

this with (S30) at ¢ = 0 proves (S31). O

4.C.4  Preconditioned Fixed Point Theorem

Set
ne == PM", Keo:= Mnglpgl, Ac == Dgtp(2,0) = I + Kep, (S32)

£

with AO = 21.

Lemma S9 (Stable inversion under small perturbations). Let X be a Banach space. Suppose

that A, E. € L(X), that every A is invertible, and that
sup A < Co, ||EL|l — 0.
Then A; 4+ E. is invertible for all sufficiently small €, its inverse is uniformly bounded, and
(A + E2)F = AZY — 0.
Consequently, if A-1v — Lv for every fivzed v € X, then
(Ac + B.) ' — Lv

for every fired v € X.
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Proof. For sufficiently small ¢, |A-1E.|| < 1/2, and
A.+E. = A (I + AZ'E.).

The Neumann series gives

I(A: + E.)7Y| < 2C.

The resolvent identity
(Ae+ E.) ' = A7l = —(A. + E.) 'E.ACY

then proves operator-norm convergence of the inverses. The final assertion follows by applying

this operator-norm convergence to each fixed v. ]
Lemma S10 (Uniform inverse for I + P;). For every s > 0,

Sl>1[5 H(I + P5)71H£(Csb(Rd)) < oQ. (833)
ez

Moreover, (I + P.)~! — %I strongly as € | 0.

Proof. For € > 0, the Fourier multiplier of P. is e™* €17/4 Hence the multiplier of the inverse
is
L =1 a(VED).  a(§) = ——
14 e—cler/a — -~ AveEsh )= T R

The function a is Schwartz. Let r = F~'a € S and r.(z) = e~ %?r(x/\/€). Then |jr.|/; =
7|z and

(I+P) ' =T—r.%. (S34)

To justify the identity without taking Fourier transforms of an arbitrary bounded function,
note that the Fourier multiplier identity implies the corresponding equality between the
L' convolution kernels. Fubini’s theorem then verifies (S34) on every bounded function.

Convolution commutes with derivatives, so
(I + Pe) ™ ull < (1 + [lrfl ) [l

uniformly in € > 0. At ¢ = 0 the inverse is %I , proving (S33).
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Finally,
(I+P) 'u—1tu

(I +P.) NI - P.)u.

The inverse is uniformly bounded and P.u — u in Cflb(Rd) by Lemma S4, which proves

strong convergence. O

Lemma S11 (Uniform inversion at 0). There is g > 0 such that A. is invertible for
0<e<egy and
sup || AZ | z(cs, may) < 00 (S35)
0<e<eg
Furthermore, AZ% — %I strongly.
Proof. Let B. :== I+ P. and E. := A. — B.. Equation (S31) at ¢ = 0 gives
1 Eell 2 s, (rayy — O (S36)

More explicitly, the error is exactly

E. = Mngl(Pf —Po)+ (M, -+ = P,

and each term tends to zero by Lemma S5 and smoothness of inversion in C%, (R?).
Lemma S10 gives a uniform bound for B-! and the strong limit B-1 — %I. Applying
Lemma S9 with base operator B. and perturbation E. proves that A. is invertible for all

sufficiently small €, that its inverse is uniformly bounded, and that
1At = B — 0.
This proves (S35), including Ay 1= %I , and also gives AZ1 — %I strongly. O

Lemma S12 (Preconditioned contraction and solution continuity). Suppose V¢ € C3, (R9).

There exist v > 0, €9 > 0, and q € (0,1) such that, for 0 < e < gg, the map

Te(9) = ¢ — A7 (e, ) (S37)

is a contraction with constant q from B,(0) C C3,(R%) into itself. Its fived point ¢ is the

unique oot of Y(e,-) in that ball, the path € — ¢, is continuous, and

1
Iell < 714" 9(, 0) — 0. (S38)
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Proof. Differentiating (S37) in ¢ gives
DT:(¢) = I = AZ'Dyip(e, ¢) = AZ' (Ae = Dy (e, 9)). (S39)

In particular, DT7:(0) = 0 for every . By Lemmas S11 and S8, there are constants M, C

independent of small € such that

1AM < M, IDgtb(e, ¢) — A < Cllgll - (ll¢ll < ro).

Choose 0 < r < rg so that ¢ := MCr < 1. For ¢, ¢~5 € B,, the line segment between them

lies in the ball, and the Banach-space mean-value formula together with (S39) gives
IT(6) = T(D)]| < alle — ¢l (540)

Next,
Te(0) = —AZ 4 (e, 0).

By Lemma S5, 9(¢,0) = log . — 0 in C% (R?), and the inverse family is uniformly bounded.
Hence || 7:(0)|| — 0. Decrease gy so that ||7:(0)]| < (1 — g)r. Then for ¢ € B,,

[T < gllell + [[T=(0) < gr+ (1 —g)r =

Thus the ball is invariant. Banach’s fixed-point theorem supplies a unique fixed point ¢,
in the ball. Since A. is invertible, the fixed-point equation is equivalent to ¥ (e, ¢.) = 0.
Applying (S40) with % =0 gives

16ell < gll¢=ll + 1 T=(0)]],

which is exactly (S38).

It remains to prove continuity. At zero, it follows directly from (S38). Fix now e, > 0.
By Lemma S6, Peh — Pg in operator norm as € — €,. The uniform composition and
lower-bound estimates in the proof of Lemma S8 then imply

sup [|v(e, &) = ¥ (ex, d)|| = 0.

$EB,
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The same operator-norm continuity gives A, — A.,; the resolvent identity and uniform

inverse bounds give AZ! — A;l in operator norm. Consequently,

sup [|7z(¢) — Te. ()|l = 0.

¢EB

Using the fixed-point equations and (S40),

(1 = @)llpe — e, [| < sup [|7e(¢) — T (D),

B

which proves continuity at every positive .. O

Lemma S13 (Averaged differential). Let ¢. be the branch from Lemma S12 and define

1
A, = / Dyip(e, tpe) dt. (S41)
0

Then
A = Acllz(es, mayy — O- (542)

1
|

For all sufficiently small e, A, is invertible, sup, || A, || < oo, and Z;l — %I strongly.

Proof. By (S30),

1
_ C
A= A0 < [ 1Dsv(ert00) = Do, 0 dt < Sl — 0,

which proves (S42). Apply Lemma S9 with base operator A. and perturbation A. — A..
Lemma S11 then implies that A, is invertible for all sufficiently small ¢, its inverse is uniformly
bounded, and

[ — A7V — 0.

Since AZ1 — %I strongly, the same is true of Z;l.

Finally, the fundamental theorem of calculus in the ¢ variable gives

0=1v(e, ¢c) = ¥(e,0) + A,

and hence the exact identity

Ge = _Z;1¢(5,0)'
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4.D Compact Manifolds with Ambient Gaussian Kernels

Let (M, g) be a closed, connected, smooth Riemannian manifold of dimension d, and let

L M < RP

be a smooth isometric embedding. Write dV for Riemannian volume and Ajs for the

Laplace—Beltrami operator, with —Aj; nonnegative. For € > 0, define

amb

L) —1L 2
) = vy (SO

€
and

PMuy(z) = / P (e pyu(y) dV(y), B =1,
M

The degree and the symmetric degree normalization are

me 1= Ple, PM .= M 71/2PEMMm;1/2, mg =1, ﬁdw =1,

£ me

where M, denotes multiplication by a. Thus
P (@, y)

M (x,y) = )
pe (z,y) @ me(a)

For comparison, write
HM .= (E/MAM HM =T

£

For an integer s > 0, put

W (M) == C*(M), lulls ==Y 1V ul|oo.
=0

(943)

(S44)

(S45)

(S46)

The subscript “ub” is retained to match the Fuclidean notation, although boundedness and

uniform continuity are automatic on the compact manifold M.

The argument separates into two parts. Lemmas S18-522 contain all geometric and

heat-kernel input. The product-equation arguments in Sections 4.D.2 and 4.D.3 are then

standard Banach-space arguments of the same type as those used in Appendix B.
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4.D.1  Geometric Kernel Estimates
Lemma S14 (Bounded C* calculus). For every integer s > 0, C5. (M) is a Banach algebra:
[uvls < Csllulls|v]]s- (547)

If J C R is open and F € C*t2(J), then composition u — F ow is continuously Fréchet

differentiable on every bounded set whose ranges lie in a fixred compact subset of J, with
D(F,)(u)[v] = F'(u)v.
Its differential is locally Lipschitz in operator norm.

Proof. The covariant Leibniz rule expresses V7 (uv) as a finite sum of contractions of V¥u
and V7 =%y, proving (S47). Completeness follows from equivalence of || - || with the usual
chartwise C'* norms on a finite atlas. Repeated covariant differentiation of F'(u) gives the
same finite Faa di Bruno sums as in Lemma S3. The identities below are applied pointwise
in the scalar target. After restricting to a sufficiently small C?, (M) neighborhood, every
pointwise line segment remains in the same compact subset of J. The algebra bound and the

pointwise identities
1
Fu+v) — F(u) — F'(u)v = 112/ (1 —t)F"(u+ tv) dt
0
and
1
F'lu) — F' (@) = (u— a)/ F (@ + t(u — 7)) dt
0

give the asserted differentiability and local Lipschitz estimates. O

We next record the elementary mapping estimate that will be used to translate local
heat-kernel asymptotics into operator bounds.

Lemma S15 (Mapping estimate for heat-type kernels). Fiz an integer s > 0 and let p > 0.
Let

K. € C*(M x M), 0 < e <eg,
and define

Toata) = [ Kela)un) dv (o),

Assume that there is a neighborhood W of the diagonal Ay C M x M such that:
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(i) For every 0 < a <s and every N < oo,

sup |VeK (x,y)| < Cone™. (S48)
(z,y)gW

(ii) After a standard finite localization of W to product coordinate charts, each localized

coordinate kernel, including the Riemannian volume density, has the form

jiaj(g’n):zzgfd/2+p/2aj <\/€’£;;;U’n> . (S49)

For every multi-index |8| < s, there is g; 5 € L*(RY) such that

sup affaj(r,z,n)‘ < g;8(%), 2 € R%. (S50)
0<r<y/eo
neR?
Then
ITellocs, any < Cse??, 0 <e <z (S51)

Proof. Choose product coordinate charts
wj: U — V; C R

and functions

Xj € Cﬁ”(&@ X LG), 7=1,...,J,

such that

J
ijzl on W.
j=1

Set
J
Xo:=1- ZX;’
j=1

and decompose
J

1; ::JEJ)+’§£:12J7
j=1

where T ; has kernel ;K.
For the off-diagonal term, x( vanishes on W. By the covariant Leibniz rule and (S48),

for every 0 < a < s and every N,

sup [V4 (xoK:) (@, 9)] < Cave™.
x?y
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Since M has finite volume,

IV Tz 0ulloo < Canve™[lulloo.

Choosing N > p/2 and summing over a < s gives
1Tz oullcs, () < CSEP/ZHUHCjb(M)' (552)

Fix one near-diagonal piece T; ;. Write

If
dV(y) = gq;(n) dn,

then the localized coordinate kernel is

A j(&m) = xj(z,y) Ke(,v)g5(n).

This is the quantity represented in (S49).
Multiplying u by a fixed cutoff equal to one on the second projection of supp yx;, its

coordinate representative may be extended by zero to a function u; € C*(R?) satisfying

lujllosmay < Cisllulles, (- (S53)
Thus
(P65 €) = [ Acy(€nus(a
Put
7= \/e, z = &= 77.

r

Then 1 = &€ — rz and dn = r?dz. Substitution of (S49) gives

(Togu)(5€) = [ ay(ri2€ = r2)uy(€ = r2) . (54)

For a multi-index || < s, differentiation in £ gives

O (T ju) (7 (€))

=y <g> /Rd@ﬁaj)(n 2,& —r2) 0° Pui(¢ —rz) dz. (555)
f<a
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This differentiation is justified by (S50), since the absolute value of each differentiated
integrand is bounded by
gjﬁ(z)HujHCS(Rd)a
which is integrable in z.
Taking the supremum in ¢ and using (S53),
o8 [Ty 0 51| < Caslusllcniany S lgislon
B
< Cj,s€p/2||uHC§b(M)-
Summing over |a| < s, and using equivalence of coordinate and intrinsic C* norms on the

fixed support of the localized term, gives

Iz julles, (ary < Cjse®ullcs, (-

There are finitely many near-diagonal pieces. Summing their bounds and using (S52)

proves
||T£U”Cflb(M) < Csep/ZHUHC‘ib(M)'

O

This lemma is the operator-norm consequence of the local kernel class used in the heat
calculus of Grieser (2004, Definition 2.1 and Lemma 2.3). We included the short proof to

make clear which part of that calculus is needed here.

Lemma S16 (Continuity and generator limit for the intrinsic heat semigroup). For every
integer s > 0, the family

Hé\/l — (E/DAM

is uniformly bounded and strongly continuous on C3, (M), and is operator-norm continuous

for e > 0. Moreover, for every u € C§§2(M),

HMy — 1
N T in Gy (M).
€

Proof. These are standard properties of the heat semigroup on a closed Riemannian manifold;

see, e.g., Grieser (2004, Theorem 1.1 and Section 2.4) for the heat-kernel construction and
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short-time convergence, and Engel and Nagel (2000, Theorem 11.4.29) for positive-time norm
continuity of an immediately compact Cy-semigroup. The heat semigroup is immediately
smoothing, and hence compact on C3 (M) for every positive time.

Its generator on C%, (M) contains C%?(M) and acts there as Ajs. Thus, with the present

time normalization,

HMy —u /D2y —q 1
£ = — *AMU.
€ € 4
O
Lemma S17 (Uniform inverse for intrinsic heat). For every integer s > 0,
My—1
Ogsggpeo H(I+ H) Hc(Cjb(M)) < 00. (S56)
Moreover, for every fized v € C) (M),
1
(I+HM Yy — v in Coy (M). (S57)

Proof. Put A := —Apr/4, so that HM = ¢=*4. Choose a € S(R) such that

1

‘=1

r>0

)

and set S; := I —a(eA). On a Laplace eigenfunction e; satisfying Ae; = \je;, A\j > 0,

1

Ssej = 71 n 6_5>‘j ej,

SE(I—F Hé\/l)ej = ej.

The semiclassical functional calculus on a closed manifold, applied with h = y/z to a(h2A),
gives a uniformly controlled semiclassical smoothing family; see Kiister (2017, Theorem 2.6).
Its localized kernels have the heat-scale form of Lemma S15 with p = 0. Hence

su a(eA s < 00,
0<€£€0 la(eA)|| zcs, (ary)

and the same is true of S;.

Finite linear combinations of Laplace eigenfunctions are dense in C%, (M). Indeed, first
approximate v by H é\/l v in C*. For fixed 6 > 0, approximate H é\;[zv in L2(M) by a finite
eigenfunction sum and apply the bounded smoothing map H é‘;fz : L2(M) — C3,(M). Since S.
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and I+ HM are bounded on C% (M), the two inverse identities verified on finite eigenfunction
sums extend by density. Thus
Se =T +HM,

and (S56) follows.
Finally,
1 1
(I +HM)y 1y - Sv =5+ HMY=Y 1 — HM ).
The inverse family is uniformly bounded and HMv — v strongly, proving (S57). O
Let IT denote the second fundamental form of the embedding and let

H :=tryII

be its mean-curvature vector. Define

_ 2()? — JH|?
M = .

T (S58)

Here H is the unnormalized mean-curvature vector, and all tensor norms are pointwise norms

induced by g and the Euclidean metric on the normal bundle.

Lemma S18 (Ambient Gaussian expansion). For every integer s > 0, the family PM is
uniformly bounded on C, (M) for small €, strongly continuous at zero, and operator-norm

continuous for € > 0. For every u € C5%(M),

PMy —u

1

In particular,

me = 1+ ewpr + Ocjb(M)(g)' (S60)
Proof. We first prove the expansion. Choose
0 < p1 < p2 <inj(M)

small enough that

le(expy v) = e(2)]* = clo]? (S61)
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uniformly for x € M and |v| < py, for some ¢ > 0. Such a choice is possible because ¢ is
isometric and M is compact.

Choose a smooth cutoff y such that

X(z,y) =1 ifdy(x,y) < p1, x(x,y) =0 ifdy(x,y) > p2.

The cutoff may be chosen smooth because dys(z,y)? is smooth on a neighborhood of the

diagonal of radius smaller than the injectivity radius. Write

PM = P, + P

5 e far

for the operators obtained by multiplying the kernel by x and 1 — ¥, respectively.

The off-diagonal term. The support of 1 — x is a compact subset of M x M disjoint from the

diagonal. Since ¢ is injective, there is ¢g > 0 such that

le(z) = vyl = co

on this support. For every 0 < a < s, covariant differentiation in x gives a finite sum of

2
C
C’aE*N“ exp <—0)

terms bounded by

€

for some N, < 0o. Since
g Nag=cd/e = O(M) for every N < oo,
we obtain
1Pl s ary = O(™) [l oo (562)
for every IN. Thus the off-diagonal part is negligible at order ¢.

The local expansion. It suffices to work on one member of a finite cover on which T'M admits
a smooth orthonormal frame. We identify T, M with R¢ using this frame; all estimates below
are uniform over the finite cover.

Put

ri=ve Yy =exp,(ra).
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Since

dyr(z, exp, (rz)) = r|2|

within the injectivity radius, the localized operator can be written as

Pleu(o) = [ w20 @ ufexp, (r2)) Jo(r2) dz,
Rd

g,loc

where

XT(Z) = X(xa epr(’l"Z)),
&

Qu(z,2) = |e(exp,(rz)) — ()

r2 ’

and J;(v) is the volume density in normal coordinates:
dV (exp, v) = Jz(v) dv.

The integral in (S63) is extended by zero outside r|z| < pa.

The standard normal-coordinate expansions, uniformly in z, are

1
l(exp, v) = o(@)|* = o] = 5 ITe(v, 0) 7 + O(0 ),

To(v) =1— éRicw(v, 0) + O(lu]).

(S63)

(S64)

(S65)

The same expansions hold after taking any fixed number of derivatives in the base point x,

with uniform remainder bounds on the compact manifold.

After substituting v = rz, the first expansion gives
oy 17 2 31,15
Qr(z,2) = |27 = 15 [a(2, 2)[I° + O(r7]2]),

while
2

Jo(rz) =1— % Ricy(z, 2) + O3] 2]3).
Taylor’s formula along the geodesic t — exp, (trz) gives
2
u(expy(rz)) = u(z) + r dug[z] + EVQUI [2,2] + R0z, 2),

where, for every fixed z,

[Rru(-,2)lcs — 0 (r]0).

(S66)

(S67)

(S68)

(S69)
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Moreover, repeated differentiation in = of the integral Taylor remainder gives, for some integer

N,

1Rru(-, 2)llos < Csllullgsraan (1 + [2)™ (S70)

whenever r|z| < pa.
We now combine (S66)— (S68). The following form of the resulting expansion is what will

be used below:
Xr(2)e” 92 (exp, (r2)) Jo (r2)

2 2
= e 1P lu(@) + rdug[2] + %VQuz[z, 2] — % Ricy (2, 2)u(z)

2
+ %HILB(Z’ z)HQU(x) + rQRT(:c, 2), (S71)

where

IR,(-s2)|lcs — O for every fixed z, (S72)

and, for some ¢; > 0 and some integer Ly,
—C 22
IR (- 2)lles < Csllullgssoany (1 + |2) e =, (S73)

For completeness, we justify these two remainder properties. After taking up to s derivatives

in the base point and dividing by r2, the finitely many omitted terms have the form
r"p(x, 2), Kk >0,

where p(z, z) and its relevant base-point derivatives have polynomial growth in z. Choose

05 > 0 sufficiently small that every such term tends uniformly to zero on
2| < r7%.
On this region r|z| — 0, so the remainders in (S66)— (S68), together with Taylor’s formula
e? =1+ a+ O(a?elly,

give (S72), uniformly after up to s base-point derivatives.
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For domination, (S61) gives

eer(a:,z) < efc\z|2

on the support of y,, while all differentiated geometric factors grow at most polynomially in

—0s —c1lz]?

z. Hence the remainder on |z| < r7% is bounded by a polynomial times e

On the complementary region |z| > 77% both the exact integrand and every retained
term satisfy the same Gaussian-polynomial bound. Any negative power of r produced by
division by 72 or by a fixed number of derivatives can be absorbed into a slightly weaker

Gaussian: for every N,m < oo and 0 < ¢1 < ¢,
2 2
rN( 4+ |2))me o < Oy et 2] > r%,

for sufficiently small r. This proves (S73).
Finally, the replacement of the cutoff x, by 1 in the explicit terms of (S71) introduces
only a rapidly small error. Indeed, x,(z) # 1 implies

and therefore, for every polynomial p and every N < oo,

/ p(2)le=F dz = OV, (S74)
|z|>p1/7

Substituting (S71) into (S63), using (S74), and applying dominated convergence to (S72)-
(S73), we obtain in C3) (M)

2
u+ rdulz] + %VQU[z, 2]

3

_ -2
PMu:/ 4214l
R4

2 2
- % Ric(z, 2)u + %uu(z, 2))2ul| dz + o(r?). (S75)

It remains to evaluate the Gaussian moments. Under the probability density

_ _ 2
a2l

we have

E[Zl] == 0, E[ZZ'ZJ'] == *51']', (876)
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and

E[ziz]-zkzd = % (5ij5k£ + 5ik5j£ + 5i€5jk) :

Thus the linear term vanishes and
1 1
iE[VQu[z,z]] = ZAMU.

Similarly,

1 1
_“E[Ri — —— Scal w.
G [Ric(z, z)]u D Scal u

Writing
Hz’j = II(ei, ej)

in an orthonormal basis,

E[|TI(z,2)|> = > (i, ko) El2i2;20.24]
Z’7j7k7e

= 1 (IH)? + 2m)).
Hence the chordal correction is

1 2 2

15 (HI? 4 201?)
By the Gauss identity,

Scal = || L[> — |11

Therefore
1 1 2 2y _ 2| — |E?
— 15 Seal+ (IH]]* + 2||1I]]*) = T
= WHr-
Since 1?2 = ¢, (S75) becomes

1
PgMU =u-+e <4AMU + WM“) + OCﬁb(M)(E)’

which proves (S59).
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We next record the operator-continuity properties. The same near-diagonal rescaling and
(S61) show that the localized ambient kernel has the heat-type form of Lemma S15 with no
additional power of y/z. Together with (S62), that lemma gives

sup [[PM | zcs, ar)) < oo (S77)
0<e<Leo

The expansion already shows that
PgM U—>u

in C2, (M) for u € C5*(M). Since C*°(M) is dense in C%, (M), the uniform bound (S77)
extends this convergence to every u € C;, (M). Thus the family is strongly continuous at
Zero.

Finally, fix 0 < a < b < co. Put

®(z,y) = [[u(x) — e(y)]*.

For e > 0,

m d Oz, -
0 e) = (5 + P50 ) i),

Since [a, b] x M x M is compact, this kernel and all of its z-derivatives through order s are

uniformly bounded there. Consequently,

sup H&;P

M
e€[a,b] € ”L(Cjb(M)) < 00.

The fundamental theorem of calculus therefore gives
IPM — Pl s, an)) < Capsle =6l &, € [a,b],

proving operator-norm continuity on (0, co).

Taking v = 1 in (S59) and using A1 = 0 gives
_ pMq _
me = P."1 =1+ ewn + ocs, () (€),

which proves (S60). O
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Lemma S19 (Cancellation under symmetric degree normalization). For every integer s > 0,
the family 13€M is uniformly bounded on C% (M) for small €, strongly continuous at zero, and

operator-norm continuous for € > 0. For every u € C’j#(M),

PMy —u

. — %AM’U, in Coy (M). (S78)

Proof. Recall that

PM =M, PMM,.,  a.:=m Y2
We first derive the first-order expansion. Apply (S60) with s replaced by s + 2:
me =1+ ewpr + 7, I7e]ls+2 = o(e).

Since m. — 1 in C**2(M), it is bounded away from zero for sufficiently small . Lemma

S14, applied to z — z~/2 in a fixed neighborhood of 1, therefore gives

€ ~ -
a.=1-— QWM + 7, I7e]|s+2 = o(e). (S79)
Fix u € C5/*(M) and put
b 1
SwMU
By the Banach-algebra estimate,
az:u = u — b+ ¢, lge||s+2 = o). (S80)

Applying PM gives
PM(a.u) = PMu—ePMp+ PMy..

The ambient expansion of Lemma S18 yields
PMy = A
u=u+e¢e ) MU+ Wiy —i—o(;jb(a).
Moreover, b € C;, (M) is fixed, so strong continuity of PM gives
PeMb =b+ Oc‘ib(l).
Finally, uniform boundedness of PM on C% (M) and ||¢.||s = o(e) imply

1P gells = o(e).
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Hence

1
PSM(aE’LL) =u-+e (4AMU + wpu — b) + OCib (6)

1 1
=u+e (4AMU + QWMU> + ocs, (8) (581)
Multiplying (S81) by the outer factor a. from (S79), and using the Banach-algebra

estimate once more, gives

_— - 1 1
Pru= (1 — WM +ocs, (€)> [u +e <4AMU + 2WMU> +ocs, (E)]

€
=u+ ZAMu—i- ocs, (€).

The two multiplication terms involving wpysu/2 cancel. This proves (S78).
We next establish the operator properties. From m. — 1 in C, (M) and smooth
composition,

a: — 1 in C5(M). (S82)

In particular,

sup |lag||s < oo.
0<e<eg

The multiplier estimate and uniform boundedness of PM therefore give
||P5MU||S = ”asPeM(asu)Hs
< CillacllsIl P Ml g, llasulls
< Cellulls,
uniformly for sufficiently small . Thus ]3€M is uniformly bounded.

For strong continuity at zero, write

~

PMy —u = (a. — 1)PM(acu) + PM((a: — L)u) + (PMu — u). (S83)

The first term tends to zero in C%, (M) by (S82), the multiplier estimate, and the uniform
bounds on PM and a.. The second tends to zero for the same reason, and the third tends to

zero by strong continuity of PM. Hence

~

PMy — for every u € Cjp(M).
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Finally, fix e, > 0. By Lemma S18,
PM — P in £(C3,(M))
as € — €,. Since
Me = PEMl,

we also have

Me — M, in Cy(M).

The function m., is strictly positive on compact M, because the ambient Gaussian kernel
is strictly positive. Therefore m. remains uniformly bounded away from zero for ¢ in a

sufficiently small neighborhood of ¢,, and smooth composition gives
Az — ag, in C5(M).
Equivalently,
Mo, — Mo, in L(CG,(M)).

Using
PM = M, P M,

add and subtract
M, PMM,.  and M, PMM,..

The resulting three terms converge to zero in operator norm by the preceding multiplier
convergence, operator-norm continuity of PM and local uniform boundedness of all three
families. Thus

PM — PMin £(C3,(M)),
which proves positive-time operator-norm continuity. O

The preceding lemma identifies the infinitesimal generator on each fixed smooth input.

For the inverse argument below, we also need a zeroth-order comparison in operator norm:.

Lemma S20 (Comparison of heat-type kernels). Let

A, B e U (M)
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in the notation of Grieser (2004, Definition 2.1), and let Ay, By denote the corresponding

integral operators,

Apu(z) = /M Atz y)u(y)dV(y),  Byu() = /MB@,x,y)u(y) av(y).

Suppose that their leading terms agree:

Then, for every integer s > 0,

1A = Billz(cs, () < CsVt (584)
for all sufficiently small t > 0.
Proof. Set
R:=A-B
Since ¥ ;' (M) is a vector space,
Re v (M).

The leading-term map is linear, so the assumption gives

By Grieser (2004, Lemma 2.4(a)),
Re 0% (M). (S85)

We verify that this is precisely the additional v/¢ factor needed to apply Lemma S15.
By Grieser (2004, Definition 2.1), membership R € W% (M) means that, locally near the

diagonal,

Rtz :t—(d+2)/2—a§( t’ﬁ—ﬂ’ )7
(t.z,y) Vit 7"

where &, 7 are local coordinates and R is smooth down to ¢ = 0 and rapidly decreasing in the
rescaled variable, uniformly with all derivatives. The same definition also requires R and all

of its derivatives to be O(t") away from the diagonal for every N.
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Taking o = —3/2 in this formula gives

Thus every localized piece of R has the form

Rlt,a,y) = =421/, (ﬁ, 5;{7 77) . (586)

After multiplication by the standard localization cutoffs and absorption of the smooth
Riemannian volume density, the rescaled amplitude still has the same uniform rapid-decay
bounds. Hence (S86), together with the off-diagonal decay above, verifies the hypotheses of
Lemma S15 with p = 1.

Applying that lemma to the integral operator with kernel R = A — B gives
1A: = Billzcs, (ary) < Cst'?,
which proves (S84). O

Lemma S21 (Comparison with intrinsic heat). For every integer s > 0,

pM _ gM - _
| =], = 00O (87)
In particular,

pM _ gM :

’ 15 5 ’L(Cﬁb(M)) —0 (E\LO)

Proof. We first compare the raw ambient Gaussian with intrinsic heat. Put

-
=7
so that
1M = ot
and
. 2
pizrfnb(xvy) _ (471'75)76[/2 exp (_ [e(z) 4tL(y)| > ) (S88)

We claim that
pir € Ui (M)
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and that its leading term is

2
Oy (pPP) (X, y) = (47)" Y exp <—HXL‘9(7”’)> - (S89)

The off-diagonal condition in Grieser (2004, Definition 2.1) follows immediately from
(S88). Indeed, outside any fixed neighborhood of the diagonal, compactness and injectivity
of ¢ give

le(2) = eyl = ¢ > 0.

Any fixed number of ¢-, z-, and y-derivatives of p3*® is therefore bounded by

CtNoeg=¢/(t) — O(V)

for every N < oo.
It remains to verify the local heat-scale representation. Fix yg € M and choose a
coordinate chart

k:U—V CR?

around gyg. Shrinking the chart if necessary, we may take V convex and work on a smaller

relatively compact coordinate neighborhood. Write

F:=10r 1, n = k(y), ri=t
For x near y, write
k(x) =n+rX.
Then
1
F(p+rX) — F(p) =r / DF, ., gr.x[X] do.
0
Thus
Fn+rX)—F !
Glr, X, ) = LU T) ) _ / DF,o,x[X]d0
0
extends smoothly to r = 0, with
G(0, X,) = DF[X]. (890)

Consequently,
Q(r, X,n) = |G(r, X, )|
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is smooth in (r, X,n) down to r = 0.

Choose a smooth cutoff in the coordinate neighborhood, equal to one on a smaller
neighborhood of yy. As in the coordinate-invariance argument of Grieser (2004, Lemma 2.3),
this allows the local rescaled amplitude to be extended smoothly to all X. On the region

where the cutoff is active,
i (w,y) = t2p(r, X, m),
where

B o) = (am) 2 exp (100 X, ) (s91)

up to the fixed cutoff factor.
After shrinking the coordinate neighborhood once more if necessary, the smooth embedding

F' is uniformly bi-Lipschitz there. Hence

1E(€) = F(n)ll = cll€ =l

for some ¢ > 0, and therefore

X) — 2
Q(T’, X, 77) _ HF(W"’_T Tg F(U)H > CZHX”Q.

Repeated differentiation of (S91) produces a polynomial in X and derivatives of @, multiplied
by e~9/%. Smoothness of F on the fixed compact coordinate neighborhood bounds those

derivatives by polynomials in || X||. Thus, for every collection of derivatives and every N < oo,
D} x b, X,m)| < Con (141 X[) 7.
This is precisely the rapid-decay condition in Grieser (2004, Definition 2.1). Hence
P € vy (M).
By (S90) and the fact that ¢ is isometric,
Q(0,X,n) = | DF[X][%o = 1X]15,-

Evaluating the rescaled amplitude at r = 0 therefore gives (S89).
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On the other hand, the intrinsic heat kernel h} (z,y) belongs to W},' (M) and has leading

term

2
D4 () (X.y) = (4m) 2 exp <_”X!<>> |

see Grieser (2004, Section 2.4.1). Hence
<I)fl(pamub) _ (I)fl(hM).

Lemma S20 now yields

Py — €M 2o

u

L)) < CV/t.
Since t = /4,

IPM — HM | 2, (ary) < CsVe.

We next control the effect of degree normalization. Put

By (S60) and Lemma S14,

In particular,

lac = 1]ls = O(e),  sup [lac|ls < oo

ESEO
Using
PM = M, PM MM,

we have the exact decomposition

ﬁEM - PEJW = (Mae - I)PEZMMG«S +PE]\4(MGE _I)

The multiplier estimate from Lemma S14 gives
[ Ma, — IHL‘,(Cjb) < Csllas — 1f|s = O(e),
while M,_ and PM are uniformly bounded. Therefore

|PM — PM s, ary) = O(e).

(S92)

(S93)

(S94)

(S95)
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Combining (S93) and (S95),
1M — HM| < |PM = PM|| + | PM — 1|
= 0(e) + O(Ve) = O(Ve),

in £(Cg, (M)). This proves (S87). O

Lemma S22 (Uniform inverse inherited by the normalized ambient kernel). For all sufficiently

smalle >0, I+ ﬁEM is invertible on C3y (M), with

(1+13;W)—1H < . (S96)

ot L(C, (M)

0<e<eg

Moreover, for every fixred v € C% (M),
~ 1
(I +P")y 1y — 50 O (M) (S97)
Proof. Put
R, = ﬁEM — HSM
Lemma S21 gives ”RE||£(CSb(M)) — 0. Apply Lemma S9 with

A =1+ HM, E.:=R..

The uniform inverse bound and strong inverse limit for A. are provided by Lemma S17.

Hence I + ﬁaM = A, + E. is invertible for all sufficiently small ¢, its inverse is uniformly
bounded, and
I+ P = (I + HY) 7 e

u

b(M)) — 0.
Combining this operator-norm convergence with
My—1 1
(I+H) 'v— 3V
for each fixed v proves (S97). At e =0, 13({‘4 =1, so the inverse is %I. O
4.D.2  Product equations and the entropic coupling

Fix
heCsA(M),  h>0, / h2dV = 1. (398)
M
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Compactness implies that A is bounded away from zero and hence that A~ € C{EQ(M ).

Define

G (g) == gPMg — h?, (S99)

G-(u) := uPMuy — h2. (S100)

Lemma S23 (Exact degree conjugacy and marginal equation). Let e > 0, let g > 0, and put

U= m;/Qg.
Then
G (9) = G=(u). (S101)
Moreover, the measure
deg(w,y) = P2 (2, y)g()g(y) dV (x) dV (y) (S102)

can equivalently be written as
dreg(z,y) = D2 (2, y)u(z)uly) dV (z) dV (y).
The following are equivalent:
G(g) =0,  Ge(u) =0,  mweg€(u,p), du:=h’dV.

Proof. Since

DM __ M

P; —]\4771571/2P6 Mmg1/2,
we have

uPMu=ml?gm2PMg = gPMg,

which proves (S101). The kernel identity follows from u = m;/ 2g and the definition of p.

Integrating (S102) in y gives first marginal density

g(x)PMg().

Thus the first marginal equals h2dV exactly when G*%(g) = 0. Symmetry of the kernel gives
the same condition for the second marginal. The equivalence with the normalized equation

follows from (S101). O
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Lemma S24 (Uniqueness of a positive product root). For each € > 0, the equation
uﬁsMu =h?

has at most one strictly positive continuous solution. Consequently, the raw equation
gPMg =1’

also has at most one strictly positive continuous solution.

Proof. Suppose u,u > 0 are two normalized roots and set

r:=log(u/u).
Dividing their equations gives
Y.
1= e“@w. (S103)
PMi(z)
Let M, := maxy;r and m, := miny;r. At a maximizer s, the quotient in (S103) is a

weighted average of e” with strictly positive weights, and is therefore at least e™. Hence

1 > eM'rJFm'r .

At a minimizer x,,, the same weighted average is at most e so

1< emrtMr

Thus M, + m, = 0. Equality at zas forces a strictly positive weighted average of e” to equal
its minimum. Since pM (za7,y) > 0 and %(y) > 0 for every y, this is possible only if e” is
constant. Substitution into (S103) then shows that the constant is one. Therefore u = 4.

Exact conjugacy gives uniqueness for the raw equation. O

Lemma S25 (Gibbs potential and entropic optimality). Suppose g. > 0 solves the raw

product equation. Then the coupling . 4, from (S102) is the unique minimizer of

v — () = v()|I” dy(2,y) + e KL(y||p ® p)
MxM

over I(p, u). Its symmetric potential is

/2
f. = clog ( Eh295> . (S104)
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Proof. By Lemma 523, 7. 4. € I(p, ). Formula (S104) gives

felw) + fe(y) — llu(z) — L(y)ll2> '

3

dﬂ-gvge <
(2, y) = exp
d(p® M)( )

For any ~ € II(u, 1) with finite objective, expansion of the relative entropy with respect to

Te,g. cancels the two potential terms because the marginals agree, and gives

JE(’Y) - Ja(ﬂ'a,ge) = 5KL('Y||7TE,gE) > 0.
Equality holds only when the two couplings coincide. All quantities are finite for the candidate
coupling because M is compact and h, g are strictly positive and continuous. O
4.D.8  Functional analysis of the normalized product equation

In this subsection,

X :=C5 (M), K.:=PM
and G. is the normalized functional in (S100).

Lemma S26 (Differential of the product functional). For every e > 0, G, : X — X is

continuously Fréchet differentiable, with
DG (u)[v] = vK.u+ uKv. (S105)

There is C' < o0, independent of sufficiently small €, such that

|DG-(u) ~ DG (i) ) < Cllu .. (3106)
At the base point h, define
B. := DG.(h) = Mg_p, + MpK-.. (S107)
Then
Be = Mp(I + Ke) + Mg p—p- (S108)

Proof. Recall that
X = O (M)
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and, by definition,
Ge(u) = uK.u — h2.

By Lemma S14, X is a Banach algebra: there is Cs < 0o such that

Ifglls < Csllfllsllglls, — fr9 € X. (5109)

In particular, multiplication by f € X defines a bounded operator on X, with

Mgl zixy < Cll fls-

Moreover, by Lemma S19, K. : X — X is bounded for every ¢, and, for some €9 > 0,

Ck = sup |[[Kcllzx) < oo. (S110)

0<e<eg
Thus G-(u) € X whenever u € X.

Fix ¢ > 0 and u,v € X. Since K, is linear,
Ge(u+v) — Ge(u) = (u+ v)Ke(u+v) — uK.u
=vK.u+ uK.v+vKw. (S111)
Define
Leyv i=vK.u+uKov.

This map is linear in v. It is also bounded: by (S109),

||Ls,uv”s < Csllv||sl|Keulls + Csl|ulls || Kev s

< 206 || Kl o) llulls ]l

Hence L., € L(X).

The final term in (S111) is quadratic in the increment. Indeed,

lvEev]ls < Csll Kell e lloll:-

Therefore
|G (u +v) — Ge(u)

[v]]s

—L..,v
callls < R 2o o]l — 0
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as ||v]|s — 0, proving (S105).
We next control the dependence of the differential on the base point. From (S105), for

any v € X,
DG (u) — DG ()] v = vK.(u — @) + (u — @) K.v.
Using again the algebra estimate gives
I[DGe(u) = DGe(w)] v]| < 2Cs || Kello(x) llu = alls[lv]ls-
Taking the supremum over |[v||s <1 yields
1DG.(4) = DG (@) ¢x) < 205 1Kell eyl — Tl (s112)

For each fixed ¢, this proves continuity of u + DG.(u) and hence G. € C'(X; X). Using
the uniform bound (S110), the constant on the right-hand side of (S112) can be chosen
independently of 0 < e < g, proving (S106).

Finally, setting u = h in (S105) gives

B.ov=vK.h+ hK.v = Mg_pv+ MyK.v,

&)
B. = Mg._n + MpKe,
which proves (S107). Adding and subtracting M, gives
B. = My + MpK. + (Mg_, — My)

= Mp(I + K:) + MK.p—n,
proving (S108). O

Lemma S27 (Uniform inverse of the base differential). For all sufficiently small € > 0, B,
18 invertible on X, with

sup | B 2x) < o (S113)
€

For every fired v € X,
B-'v — —  inX. (S114)
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Proof. Set
L. := Mh(I + Kg), E. = Mthfh-

Then B, = L. + E.. By Lemma S22,
L' =T +K) "M,
is uniformly bounded. Moreover, for each fixed v € X,
L= (I+K)'(h ) — %
Strong continuity of K. at the fixed function h gives
[Kch = hlls — 0,
and hence, by the multiplier estimate,

IE:|lzx) — O.

Lemma S9, applied with base operator L. and perturbation E., now proves that B. is

invertible for all sufficiently small ¢, its inverse is uniformly bounded, and

for every fixed v € X. O

Lemma S28 (Preconditioned contraction and solution branch). There ezist r > 0, ¢g > 0,
and q € (0,1) such that
T-(u) :=u — B-'G.(u) (S115)

1 a contraction with constant q from
B.(h) :={ue X :|u—nhls<r}
into itself for every 0 < e < egq. Its fived point u. is the unique positive solution of
uK.u = h?.
The path € — u. is continuous in X, and

1
|ue — ks < e | B='G-(h)||, — 0. (S116)
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Proof. By the preceding uniform-inverse lemma for B, there exists €; > 0 such that B is
invertible for 0 < e < &7 and
Ciny := sup ||Bgl|’L(X) < 00. (S117)

0<e<ey

For each such e, B-! is independent of the variable u. Since G. is continuously Fréchet

differentiable by Lemma S26, differentiation of (S115) gives

DT.(u) = I — B-'DG.(u)

= B [B: — DG.(u)], (S118)
because B: = DG (h). In particular,
DT.(h) =0

for every 0 < e < ¢;.

By (S106), there is a constant C, independent of sufficiently small €, such that
1Be = DGe(u)llz(x) = [[DGe(h) = DGe(u)llgx) < Cllu— hls.
Combining this with (S117) and (S118) gives
IDTe(u)l£(x) < CinvCllu — hlls. (S119)
Since h > 0 and M is compact,
hmin := inf h(z) > 0.
zeM
Choose r > 0 sufficiently small that
1
q = CinyCr < 1, r< thin'
Because the C3 norm controls the supremum norm, every u € B,.(h) satisfies

1
u(x) > h(z) — ||lu— hlloo = hmin — 7 > ihmin > 0.

Thus every function in B, (h) is strictly positive.
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Moreover, By.(h) is convex. Hence for u,u € B,(h), the segment
up = u+t(u —u), 0<t<1,
also lies in B, (h). The Banach-space fundamental theorem of calculus gives
1
Te(u) — Te(u) = / DT, (u)[u — u] dt.
0
By (S119), ||DT:(ut)|| < CinyCr = g, and therefore
1T (u) = Te(w)ls < gqllu —ulls. (S120)

Thus 7 has a common contraction constant ¢ < 1 on B,(h).

It remains to show that this ball is invariant. At its center,
T.(h) —h = —BZ'G.(h).

Since

Ge(h) = hK.h — h? = h(K.h — h),

strong continuity of K. at zero on the fixed function h, together with the Banach-algebra
estimate, gives

1Ge(P)]|s — 0.

The uniform inverse bound (S117) therefore implies
IT=(h) = hlls = | BZ'G-(h)ls — O. (S121)
Decrease e1, if necessary, and denote the resulting upper bound by &g, so that
ITo(h) = hlls < (1T =q)r,  0<e<e.
Then for u € B,.(h),

HT6<U) - hHs < ”Ts(u) - Ts(h)”s + HTe(h) - hHs
<qllu—nhls+ 1 =g

<qgr+(1—q)r=r.
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Thus
T:(B.(h)) C B.(h).

By Lemma S14, X is a Banach space, so the closed ball B,(h) is complete. Banach’s

fixed-point theorem therefore gives a unique u. € B,(h) satisfying
T-(u:) = ue.

Because B; is invertible,

and hence

uKou. = h2.

The choice of r implies u. > 0. For ¢ > 0, Lemma S24 shows that this is the unique positive

root of the product equation. At e =0, Ky = I, so the equation becomes

whose unique positive solution is v = h. In particular, ug = h.

Applying (S120) to u. and h gives

|ue — hlls = [ Te(ue) — hlls
< HTa(ua) - Te(h)Hs + HTe(h) - hHs

< qllue = hlls + 1B G () s-

Therefore

(1= @llue = hlls < 1BZ'G-(R)ls,

which proves (S116). Its right-hand side tends to zero by (S121). Since ug = h, this also
proves continuity of € — u. at € = 0.
It remains to prove continuity at positive €. Fix e, € (0,&¢]. By the previously established

operator-norm continuity of K, for positive ¢,

|K: — K-,

L(X) — 0 (€—>6*).
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For u € B,(h),
gS(u) - gé* (u) = U(Ks - Ka*)u-
Since

sup lulls < [Afls + 7,

u€By(h)

the Banach-algebra estimate gives

sup ||Ge(u) — Ge, (u)||ls — 0. (S122)
u€B;(h)

Similarly, from
Be = Mk p + MpKe,
the multiplier estimate gives
|Be — Be.llg(x) — 0.

Since the inverses are uniformly bounded, the resolvent identity

B - B = B.\(Be, - B:)B.]
implies
IB-' = B g (x) — 0. (S123)
Finally,
Te(u) = Te, (u) = — (B = BZ')Ge(u)
= B2 (Ge(w) = Ge. (w).
The family G.(u) is uniformly bounded for u € B,(h) and € near €., by the uniform bound

for K. and the Banach-algebra estimate. Therefore (S122) and (S123) imply

sup |T.u) — Too () s — .
u€By(h)

Using the two fixed-point equations,
Jue — e, |ls = |Te(ue) — T, (ue,)|ls
<[ Te(ue) — Te(ue,)|ls
+ HTE(UE*) - T, (us*)Hs

< qllue —ue, ||s + sup || T:(u) — T, (u)]]s.

uw€By.(h
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Hence
(1= q)ue —ue s < sup [|T:(u) = Tz, (uw)|[s — 0.
u€Br(h)
Thus € + u. is continuous at every positive e,, completing the proof. O

Lemma S29 (Averaged differential). Let u. be the branch from Lemma S28, and define
1
B, := / DG, (h + t(us — h)) dt. (S124)
0
Then
IBe — Bel|z(x) — 0. (S125)

For all sufficiently small e, B, is invertible with uniformly bounded inverse, and, for each

firted v € X,

Blv— 2 X (S126)

Moreover,

u. —h = —B. G.(h). (S127)

Proof. We first compare the averaged differential with the differential at the base point. Since
X is a Banach space, £(X) is also Banach. Moreover, Lemma S26 shows that u — DG (u)

is continuous in operator norm. Hence
t —> DG (h + t(us — h))

is continuous from [0, 1] into £(X), so the integral in (S124) is well defined as a Banach-
space-valued integral.
Recall that
B = DG, (h).
Therefore
1
B.—B. - /0 (DG (h + t(us — b)) — DG-(h)] dt. (S128)

By the uniform Lipschitz estimate (S106),

HDga(h + t(ua - h)) - Dg&(h)Hg(x) < Ct”us - h”s-
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Using the standard norm inequality for Banach-space-valued integrals in (S128) gives

1
IB. — Belloo < / Ctllue — bl dt
0

- %Hua . (S129)

Lemma S28 gives u. — h in X, and therefore
HEE - BEHE(X) — 0,

proving (S125).
Set
E. := B. — B..

By (5125), || Ec|lz(x) — 0. Applying Lemma S9 with base operator B. and perturbation E,
and using Lemma S27, shows that B. is invertible for all sufficiently small ¢, its inverse is
uniformly bounded, and
IB." = B |z — 0.
Consequently, for each fixed v € X,
B Yo — %,

which proves (S126). Here v/(2h) € X because h is bounded away from zero and h™1 € X
by Lemma S14.

Finally, we derive the exact root identity. Since G; : X — X is continuously Fréchet

differentiable, the map
F.(t):=G.(h+t(u-—h)), 0<t<1,
is continuously differentiable as an X-valued map. By the chain rule,
Fl(t) = DG.(h + t(ue — h))[ue — h].
The Banach-space fundamental theorem of calculus therefore gives

1
Ge(ue) — Ge(h) = /0 DG.(h+ t(us — h))[uc — h] dt

= UOnga(tht(ug —h))dt| (uc —h)

= Be(us — h).
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Since u. is a root, G.(ue) = 0, so
—G(h) = B:(u: — h).

For sufficiently small €, B, is invertible by the preceding argument. Applying its inverse
yields
—-1
ue —h=—B. G.(h),

which is (S127). 0

4.D.4  Ezpansion and comparison with intrinsic heat

Theorem S1 (Ambient-Gaussian compact-manifold expansion). Assume (S98). Then there

exists eg > 0 such that, for every 0 < e < gg, there are unique positive functions
Ug, Je € Cib(M)

satisfying
u:PMu, = h?, g-PMg. = n?, ue = m?g., (5130)
with ug = go = h. Both branches are continuous in C3, (M), and

Us — h 1

——Aph 131
c — ] M, (S )
ge—h 1 1
- — 8AMh 2th (8132)
in C2y (M).
Equivalently, if
— Ue
- = log ( . ) , (S133)
then
¢E 1 AMh .
_ S (M). 134
£ LS oy (M) (5134)

For every sufficiently small € > 0, the coupling m. 4. is the unique entropic self-transport

plan for u = h2dV under the squared ambient cost. Its symmetric potential satisfies

ed 1Ayh 1
fo = =5 oare) —clogh =<t | L0 4 S| ooy (@) (5139
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Proof. We first construct the normalized and raw solution branches. Lemma S28 gives, for

all sufficiently small € > 0, a positive solution u. of
usﬁgM ue = h?,

with ug = h, and shows that € — u, is continuous in C} (M). For € > 0, Lemma S24 makes
this the unique positive solution; at € = 0 the equation is u?> = h?, whose unique positive
solution is u = h.

By the exact conjugacy of the raw and normalized product equations,

1/2

ge := Mg ' Tug

is the unique positive solution of

gapsMga = hQa

and
1/2
Ue = ms/ Je-

vz _, 1, so g. — h at zero.

Since me — 1in C% (M) as € | 0, smooth composition gives m.
Positive-time continuity follows similarly from the positive-time operator-norm continuity of
PM since m. = PM1. Thus both branches are continuous.

We next identify the first-order expansion of the normalized branch. Recall that
G-(u) = uﬁgMu — h2.
At the base point h,
Ge(h) = h(PMh —h). (S136)
Since h € C’jf; (M), the normalized-generator expansion from Lemma S19 gives

PMp—h

1 o
- —>1AM}Z m Cub(M)

Multiplication by the fixed function & is bounded on C?, (M), and hence

Ve = gih) —v:= ihAMh in Cy(M). (S137)
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Lemma S29 gives the exact identity

Therefore

= -B. v.. (S138)

The averaged inverse family is uniformly bounded, and for each fixed w € C3, (M),

Although v, varies with €, we may write

—-1 v —-1
B0 = 52| < 1B e e = wll
——1 v
+HB€ U—% .

The first term tends to zero by (S137) and the uniform inverse bound, and the second by the
strong inverse limit. Thus
B, v. —

v 1
— = —Aph.
on 8~ M

Combining this with (S138) proves (S131).
We now convert from the normalized branch to the raw branch. The degree expansion

and smooth composition give
€
mil/? =1 - WM T ocs, () (€)- (S139)

Since g. = m. 1 2ug, the exact identity

—1/2
- - 1
9: =N _ me_l/QuE h + e h (S140)
€ € €
holds. By (S131),
1
S b, ~SAuh,
while (S139) gives
m'? 1 1

Substitution into (S140) proves (S132).
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We next pass to the logarithmic variable. Since M is compact and h > 0, h is bounded

away from zero. By Lemma S14, h=! € C% (M). Set

v us — h
ei=
Then (S131) implies
w 1 Aph
—— 5 lwela=00) (8141)

Moreover,

% =1+ w,, ¢ = log(1l + we).

For sufficiently small £, 1+w, stays in a fixed compact subinterval of (0, c0). Taylor’s formula

in the Banach algebra therefore gives
[og(1 + we) — wels < Cllwell2 = O(e?).

Dividing by € and using (S141) proves (S134).
Finally, consider the entropic self-transport potential. For ¢ > 0, Lemma S25 identifies

Te,g. as the unique entropic self-transport plan and gives

C1/2g
fe =¢€log < €h2 E) .

ge = m;l/QuE = m;1/2h6¢5,

Using

we obtain the exact decomposition
fo = —elog(cZV?h) + e¢. — %log M. (S142)
Since c. = (me)~ %2,
—elog(c'/?h) = —% log(me) — elog h.

Equation (S134) gives
g2 Ayrh

2
EQe = S + ocs, () (€7)-

Also, from

me = 1+ ewps + Oclslb(M)(E)
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and smooth composition of the logarithm near 1,

log me = ewnr + ocs, () (€)-

Hence
2
£ 5 9
—5 logm,. = — WM + ocs, () (€7).
Substituting these three expansions into (S142) proves (S135). O

Corollary S2 (First-order equivalence with the intrinsic heat problem). Let u. denote the
local positive branch solving

. HMu. = h? Uo = h.
£ 9

Then
|ue — Tells = o(e). (S143)

Proof. Set
G.(u) := uHMu — h2.

The proofs of Lemmas S26— S29 use only uniform boundedness and continuity of the kernel
family, uniform invertibility and the strong inverse limit for I + K., and the fixed-input
generator expansion. These properties hold with K. = H éw by Lemmas S16 and S17. Hence
there is a local positive branch u. — h satisfying

Us — h

3

1

Theorem S1 gives the same limit for w.. Therefore

Ue — U,
€ € 0

e

in C%, (M), which is equivalent to (S143). O
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