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In this thesis two problems in multivariate statistics will be studied.

In the first chaper, we treat the problem of testing independence between m continuous

observations when m can be larger than the available sample size n. We consider three types

of test statistics that are constructed as sums of many pairwise rank correlation signals.

In the asymptotic regime where both m and n converge to ∞, a martingale central limit

theorem is applied to show that the null distributions of these statistics converge to Gaussian

limits, which are valid with no specific distributional or moment assumptions on the data.

Using the framework of U-statistics, our result covers a variety of rank correlations including

Kendall’s tau and a dominating term of Spearman’s rank correlation coefficient (rho), but

also degenerate U-statistics such as Hoeffding’s D, or the τ ∗ of Bergsma and Dassios (2014).

Like the classical theory for U-statistics, the test statistics need to be scaled differently

when the rank correlations used to construct them are degenerate U-statistics. The power of

the considered tests is explored in rate-optimality theory under a Gaussian equicorrelation

alternative as well as in numerical experiments for specific cases of more general alternatives.

In the second chapter, we study parameter identifiability of directed Gaussian graphical

models with one latent variable. In the scenario we consider, the latent variable is a con-

founder that forms a source node of the graph and is a parent to all other nodes, which



correspond to the observed variables. We give a graphical condition that is sufficient for

the Jacobian matrix of the parametrization map to be full rank, which entails that the

parametrization is generically finite-to-one, a fact that is sometimes also referred to as local

identifiability. We also derive a graphical condition that is necessary for such identifiability.

Finally, we give a condition under which generic parameter identifiability can be determined

from identifiability of a model associated with a subgraph. The power of these criteria is

assessed via an exhaustive algebraic computational study for small models with 4, 5, and

6 observable variables, and a simulation study for large models with 25 or 35 observable

variables.
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Chapter 1

NON-PARAMETRIC TESTING OF INDEPENDENCE IN
HIGH DIMENSIONS

1.1 Introduction

This chapter is concerned with nonparametric tests of independence between the coordinates

of a continuous random vector X = (X(1), . . . , X(m)). Let X1, . . . ,Xn be an i.i.d. sample,

with each Xi = (X
(1)
i , . . . , X

(m)
i ) following the same distribution as X. We then wish to test

the null hypothesis

H0 : X(1), . . . , X(m) are independent. (1.1.1)

The natural approach is to form a test statistic that measures the dependence among

X(1), . . . , X(m) based on the sample, and reject H0 when its value is too large, where the

critical value of rejection is calibrated by the asymptotic distribution of the test statistic

under the null. Our focus is on the use of rank correlations in problems where the dimension

m can be of a larger order than the sample size n. Specifically, our testing procedures will be

studied under the asymptotic regime where m = m(n) grows as a function of n such that m

also tends to infinity. This regime will be denoted by m,n −→∞ throughout our chapter.

In the literature, one line of work uses the maximum of many pairwise dependency

measures to test for (1.1.1). For p = 1, . . . ,m, let X(p) = (X
(p)
1 , . . . , X

(p)
n ) be the sample of

observations for the p-th variable. For 1 ≤ p 6= q ≤ m, let r(pq) denote the sample Pearson

(product-moment) correlation of X(p) and X(q). Jiang (2004) proved that, after a squaring

transformation and suitable renormalization, the null distribution of the statistic

max
1≤p<q≤m

∣∣r(pq)
∣∣ (1.1.2)

converges to an extreme value distribution of type 1 when m/n converges to a constant
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γ ∈ (0,∞) as m,n −→∞ (abbreviated as m/n −→ γ ∈ (0,∞) below). He assumed higher-

order moment conditions that were weakened in subsequent work (Li et al., 2010, 2012, Liu

et al., 2008, Zhou, 2007). Cai and Jiang (2011) derived a similar asymptotic distribution for

the statistic from (1.1.2), allowing for subexponential growth in the dimension m. Further

weakening distributional assumptions, the recent work of Han and Liu (2014) treated maxima

of rank correlations, that is, the sample Pearson correlation in (1.1.2) is replaced by a rank

correlation measure such as Kendall’s tau. This maximum was shown to have a similar

extreme value type null distribution. Statistics such as (1.1.2) are of obvious appeal when

strong dependence is expected between some variables.

Our treatment, however, aligns with a more classical approach that is appealing when

moderate dependence is expected between many variables. Such works base their tests on

estimates of the sum of many pairwise dependency signals. Let Σ = (σ(pq)) and R = (ρ(pq))

be, respectively, the population covariance and correlation matrix of the random vector X.

Under Gaussian assumption for X, Schott (2005) proposed the use of the “plug-in” estimate

Sr :=
∑

1≤p<q≤m

(r(pq))2 (1.1.3)

for the overall dependency signal
∑

1≤p<q≤m(ρ(pq))2 and showed its asymptotic normality

when the null hypothesis (1.1.1) is true, for the regime m/n −→ γ ∈ (0,∞). Often not

mentioned in the literature, Sr is in fact the Rao score statistic in a multivariate normal

setting; see Appendix A.1. Mao (2014) suggested a related statistic, namely, the sum of

f(r(pq)) for f(x) = x2/(1−x2), and again the null distribution is shown to be asymptotically

normal. For the two related problems of testing the equality and the proportionality of Σ to

the identity matrix, similar “plug-in” statistics have been studied (John, 1972, Ledoit and

Wolf, 2002, Nagao, 1973). Motivated by this approach, we construct our first class of test

statistics by plugging in rank correlations to obtain nonparametric tests for (1.1.1). We will

illustrate it for Kendall’s tau. For 1 ≤ p 6= q ≤ m, let

τ (pq) =

(
n

2

)−1 ∑
1≤i<j≤n

sgn
(
X

(p)
i −X

(p)
j

)
sgn

(
X

(q)
i −X

(q)
j

)
(1.1.4)
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be the sample Kendall’s tau correlation coefficient for X(p) and X(q). A natural test is then

to reject H0 for large values of the statistic∑
1≤p<q≤m

(τ (pq))2. (1.1.5)

As an estimator of the dependency signal∑
1≤p<q≤m

(
E
[
τ (pq)

])2
, (1.1.6)

the “plug-in” statistic (1.1.5) is biased and hence needs to be recentered to obtain a mean

0 asymptotic null distribution under our considered regime m,n −→ ∞. As an alternative

we may attempt to form an unbiased estimator of (1.1.6) to serve as a test statistic instead.

As shown in Section 1.3, such an unbiased estimator is given by

1

4!
(
n
4

)∑ sgn
(
X

(p)
iπ(1)
−X(p)

iπ(2)

)
sgn

(
X

(p)
iπ(3)
−X(p)

iπ(4)

)
× sgn

(
X

(q)
iπ(1)
−X(q)

iπ(2)

)
sgn

(
X

(q)
iπ(3)
−X(q)

iπ(4)

)
, (1.1.7)

where the summation is over all variable pairs 1 ≤ p < q ≤ m, ordered 4-tuple of indices

1 ≤ i1 < i2 < i3 < i4 ≤ n and permutations π on four elements. This type of test statistics is

motivated by the work of Chen et al. (2010) and Cai and Ma (2013) who tested the equality

of Σ to the identity based on unbiased estimates of the squared Frobenius norm ‖Σ− Im‖2
F ,

where Im is the m-by-m identity matrix. Under a Gaussian assumption for X, Cai and

Ma (2013) showed their resulting test to be asymptotically minimax rate optimal. As a

last variant, when one is only interested in testing for positive associations between the m

variables, it may be of interest to consider the statistic∑
1≤p<q≤m

τ (pq) (1.1.8)

formed by a simple sum of all pairwise sample Kendall’s tau correlations to give a “one-

sided” test. This way of constructing a statistic also provides a “two-sided” test for H0 when

rank correlations like τ ∗ of Bergsma and Dassios (2014) are used instead, as seen below. In
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Section 1.4, we will show that all the statistics introduced above are asymptotically normal

under suitable recentering and rescaling.

Kendall’s tau is an example of a U-statistic whose values only depend on the data via

ranks (van der Vaart, 1998, Example 12.5). Indeed, the values of (1.1.4), (1.1.7) and (1.1.8)

remain unchanged if each observation X
(p)
i is replaced with its rank R

(p)
i . To be specific, for

each p = 1, . . . ,m, the rank R
(p)
i is the rank of X

(p)
i among X

(p)
1 , . . . , X

(p)
n . Other examples

of measures of association that are both U-statistics and rank correlations are the D of

Hoeffding (1948a) and the τ ∗ of Bergsma and Dassios (2014) mentioned. We note that for

a pair of continuous random variables both of these statistics lead to consistent tests of

independence, that is, their expectations are zero if and only if the two random variables are

independent. Another classical example is Spearman’s rho, which is not a U-statistic but

can be approximated by a rank-based U-statistic.

The above examples of U-statistics are reviewed in Section 1.2, which also introduces

a general framework of rank-based U-statistics that we adopt for a unified theory. In Sec-

tion 1.3 we will construct our classes of test statistics for the null hypothesis H0 (1.1.1). Their

asymptotic null distributions when m,n −→ ∞ are derived in Section 1.4. Our arguments

make use of a central limit theorem for martingale arrays and U-statistic theory. We empha-

size that all our statistics admit a normal limit after appropriate rescaling, but just as in the

classical theory for U-statistics, the scaling factors have a different order when degenerate

U-statistics are considered. In Section 1.5, we will explore aspects of power of our tests from

a minimax point of view. Simulation experiments will be presented in Section 1.6, which

also discusses computational considerations in the implementation of the tests. Through-

out, for our null distributional theory, we make no distributional or moment assumption on

(X(1), . . . , X(m)) other than that it is a continuous random vector. This assumption is needed

to avoid ties in observations and ranks. We conclude with a brief discussion in Section 1.7.
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1.1.1 Notational convention

For p ∈ {1, . . . ,m}, we let R(p) := (R
(p)
1 , . . . , R

(p)
n ) be the vector of ranks of X(p) =

(X
(p)
1 , . . . , X

(p)
n ). The symmetric group of order l is denoted by Sl. Depending on the

context, its elements will either be treated as permutation functions or ordered tuples of

the set {1, . . . , l}. For k ≤ n, P(n, k) denotes the set of k-tuples i = (i1, . . . , ik) with

1 ≤ i1 < · · · < ik ≤ n, and we will also identify the tuple i with its set of elements

{i1, . . . , ik}. Hence, for any two elements i, j ∈ P(n, k), the operations i ∪ j, i ∩ j, and i \ j

give the tuples with increasing components that, as sets, equal the union, intersection and

difference of i and j respectively. For i ∈ P(n, k), we let X
(p)
i := (X

(p)
i1
, . . . , X

(p)
ik

), and define

the rank vector

R
(p)
i :=

(
R

(p)
i,1 , . . . , R

(p)
i,k

)
,

where R
(p)
i,c is the rank of X

(p)
ic

among X
(p)
i1
, . . . , X

(p)
ik

.

Let p 6= q index two distinct variables. Then X
(pq)
c and R

(pq)
c denotes the pairs (X

(p)
c , X

(q)
c )

and (R
(p)
c , R

(q)
c ), respectively, for c = 1, . . . , n. Similarly, given i = (i1, . . . , ik) ∈ P(n, k), we

let X
(pq)
i,c := (X

(p)
ic
, X

(q)
ic

) and R
(pq)
i,c := (R

(p)
i,c , R

(q)
i,c ) for c ∈ {1, . . . , k}. We then define the

observation and rank vectors of pairs

R
(pq)
i :=

(
R

(pq)
i,1 , . . . ,R

(pq)
i,k

)
and X

(pq)
i :=

(
X

(pq)
i,1 , . . . ,X

(pq)
i,k

)
.

When taking expectations under the null hypothesis H0, we write E0[·], whereas E[·] is

the general expectation operator, possibly under alternative hypotheses. Similarly, we write

P0[·], P [·], Var0[·], Var[·], Cov0[·] and Cov[·] for the probability, variance and covariance

operator under H0 and possibly alternatives respectively. Finally, ‖ · ‖max and ‖ · ‖2 are

the max norm and Euclidean norm for vectors, respectively, and the Froebenius norm of a

matrix is written ‖ · ‖F . For two sequences (an) and (bn), an � bn is used to indicate that

there exist universal constants c, C > 0 such that can ≤ bn ≤ Can.
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1.2 Rank correlations as U-statistics

This section lays out a rank-based U-statistic framework that encompasses all rank correla-

tions we will use to construct specific test statistics for H0 in Section 1.3. Let

h :
(
R2
)k −→ R

be a symmetric function of k ≥ 2 arguments in R2, i.e., for all choices of xi = (x
(1)
i , x

(2)
i )′ ∈ R2,

i = 1, . . . , k, and any permutation π ∈ Sk, it holds that h (x1, . . . ,xk) = h
(
xπ(1), . . . ,xπ(k)

)
.

For any pair of variable indices p, q ∈ {1, . . . ,m}, the function h yields a U-statistic

U
(pq)
h =

1(
n
k

) ∑
i∈P(n,k)

h
(
X

(pq)
i,1 , . . . ,X

(pq)
i,k

)
=

1(
n
k

) ∑
i∈P(n,k)

h
(
X

(pq)
i

)
. (1.2.1)

In this context, h is termed the kernel of the U-statistics and is said to be of degree k.

We will always assume that the kernel h and the induced U-statistics from (1.2.1) are rank-

based, that is, the kernel has the property that h(x1, . . . ,xk) = h(r1, . . . , rk) for all arguments

x1, . . . ,xk ∈ R2. Here, for each argument xi = (x
(1)
i , x

(2)
i )′ ∈ R2, we let ri = (r

(1)
i , r

(2)
i )′ with

r
(j)
i being the rank of x

(j)
i among x

(j)
1 , . . . , x

(j)
k for j = 1, 2. If U

(pq)
h from (1.2.1) is rank-based,

then

U
(pq)
h =

1(
n
k

) ∑
i∈P(n,k)

h
(
R

(pq)
i,1 , . . . ,R

(pq)
i,k

)
=

1(
n
k

) ∑
i∈P(n,k)

h
(
R

(pq)
i

)
. (1.2.2)

Note that (R
(pq)
1 , . . . ,R

(pq)
n ) uniquely determines all k-tuples (R

(pq)
i,1 , . . . ,R

(pq)
i,k ).

The following lemma lists elementary properties of U
(pq)
h under H0. It relies on the fact

that under H0 the distribution of h(R
(pq)
i ) does not depend on the choice of i, p and q because

the rank vectors R(1), . . . ,R(m) are i.i.d. according to a uniform distribution on the symmetric

group Sn; recall that we assume the original observations to be continuous random vectors

such that ties among the ranks have probability zero.

Lemma 1.2.1. Suppose g(·) is a real-valued function defined on (R2)
n
, and for 1 ≤ p 6= q ≤

m,

g(pq) := g
(
R

(pq)
1 , . . . ,R(pq)

n

)
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is symmetric in the n arguments R
(pq)
1 , . . . ,R

(pq)
n . The random variables g(pq) satisfy the

following properties under H0:

i. If p 6= q, then g(pq) has the same distribution as g(12).

ii. If p 6= q, then g(pq) is independent of X(p) (and also independent of X(q)).

iii. For any fixed 1 ≤ l ≤ m, the m − 1 random variables g(pl), p 6= l, are mutually

independent.

iv. If p 6= q, r 6= s and {p, q} 6= {r, s}, then g(pq) and g(rs) are independent.

Proof of Lemma 1.2.1. Claim (i) holds because the independence of X(1), . . . ,X(m) implies

that the rank vectors R(1), . . . ,R(m) are i.i.d. For assertion (ii), note that, by the permutation

symmetry of g in its n arguments, g(pq) is a function of the antirank of X(q) in relation to

X(p) (Hájek et al., 1999, p. 63). These antiranks, which we denote by R(q)|(p), are uniformly

distributed on Sn for any fixed choice of X(p), which yields the independence of g(pq) and

X(p). Similarly, g(pq) is independent X(q). (Of course, X(p) and X(q) together determine g(pq).)

Claim (iii) holds since the independence of X(1), . . . ,X(m) implies that the m − 1 vectors

of antiranks R(l)|(p) for p 6= l are mutually independent. Finally, the pairwise independence

stated in (iv) is implied by the independence of X(1), . . . ,X(m) and (iii).

For simplicity we assume all kernel functions h to be bounded. Since h can be recentered

if needed, without loss of generality, we will further assume that E0[h(R
(pq)
i )] = 0, a property

exhibited by all the examples below.

Example 1.2.1 (Kendall’s tau). If we take h in (1.2.2) to be the kernel of degree k = 2 given

by

hτ (r1, r2) = sgn
((
r

(1)
1 − r

(1)
2

)(
r

(2)
1 − r

(2)
2

))
,

then τ (pq) := U
(pq)
hτ

is Kendall’s tau, which measures the association of X(p) and X(q) by

counting concordant versus disconcordant pairs of points.
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Example 1.2.2 (Spearman’s rho). Let

ρ(pq)
s = 1− 6

n(n2 − 1)

n∑
i=1

(
R

(p)
i −R

(q)
i

)2

. (1.2.3)

be the Spearman’s rank correlation coefficient (rho) between X(p) and X(p). Define ρ̂
(pq)
s :=

Uhρ̂s , where hρ̂s is the kernel function of degree 3 given by

hρ̂s (r1, r2, r3) =
1

2

∑
π∈S3

sgn
(
r(1)
π1
− r(1)

π2

)
sgn

(
r(2)
π1
− r(2)

π3

)
. (1.2.4)

Hoeffding (1948b, p.318) showed that

ρ(pq)
s =

n− 2

n+ 1
ρ̂(pq)
s +

3

n+ 1
τ (pq). (1.2.5)

Hence, the dominating term ρ̂s of Spearman’s rho is a U-statistic.

Example 1.2.3 (Hoeffding’s D statistic). Let

hD(r1, · · · , r5) =
1

5!

∑
π∈S5

φ
(
r

(1)
π1 , . . . , r

(1)
π5

)
φ
(
r

(2)
π1 , . . . , r

(2)
π5

)
4

,

where

φ (r1, . . . , r5) = (I (r1 ≥ r2)− I (r1 ≥ r3)) (I(r1 ≥ r4)− I(r1 ≥ r5))

and I(·) is the indicator function. Hoeffding (1948a) suggested the statistic D(pq) := U
(pq)
hD

to measure association between the vectors X(p) and X(q). When the joint distribution of

(X(p), X(q)) has continuous joint and marginal densities, the kernel expectation

E
[
hD(R

(pq)
i,1 , · · · ,R(pq)

i,5 )
]

equals zero if and only if X(p) and X(q) are independent (Hoeffding, 1948a, Theorem 3.1).

Example 1.2.4 (Bergsma and Dassios’ t∗). In a recent paper, Bergsma and Dassios (2014)

introduced t∗(pq) := U
(pq)
ht∗

, a U-statistic of degree 4 with the kernel

ht∗(r1, · · · , r4) =
1

4!

∑
π∈S4

φ
(
r

(1)
π(1), . . . , r

(1)
π(4)

)
φ
(
r

(2)
π(1), . . . , r

(2)
π(4)

)
,
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where now

φ(r1, . . . , r4) = I(r1, r3 < r2, r4) + I(r1, r3 > r2, r4)− I(r1, r2 < r3, r4)− I(r1, r2 > r3, r4).

According to Theorem 1 in Bergsma and Dassios (2014), t∗ is an improvement over Ho-

effding’s D in the sense that the vanishing of E[ht∗(R
(pq)
i,1 , · · · ,R(pq)

i,4 )] characterizes the in-

dependence of X(p) and X(q) under the weaker assumption that (X(p), X(q)) has a bivariate

distribution that is discrete or (absolutely) continuous, or a mixture of both.

Returning to our general setup, the variance and also the large-sample behavior of the

statistic U
(pq)
h is determined by the covariance quantities

ζhc := Cov
[
h
(
R

(pq)
i

)
h
(
R

(pq)
j

)]
, c = 0, . . . , k, (1.2.6)

where i, j ∈ P(n, k) are such that |i ∩ j| = c. When H0 is true,

ζhc = E0

[
h
(
R

(pq)
i

)
h
(
R

(pq)
j

)]
(1.2.7)

as we are assuming that E0[h(R
(pq)
i )] = 0. Furthermore, the value of ζhc does not depend on

the choice of (i, p, q) under H0. In the sequel it will be clear from the context whether ζhc is

defined under H0 or an alternative hypothesis.

It is well known that 0 = ζh0 ≤ ζh1 , . . . ,≤ ζhk , and the kernel h is said to have order of

degeneracy d if ζh0 = ζh1 = · · · = ζhd−1 = 0 and ζhd > 0 (Serfling, 1980, chapter 5). If d ≥ 2,

the kernel and the U-statistic it defines are referred to as degenerate. For any c = 1, . . . , k,

it holds under H0 that

ζhc = 0 ⇐⇒ E0

[
h
(
R

(pq)
i,1 , . . . ,R

(pq)
i,k

)∣∣∣X(pq)
i′

]
= 0, almost surely, (1.2.8)

as a function of X
(pq)
i′ , where i′ ⊂ i may be any subset with |i′| = c. In particular, for the

kernels hD and ht∗ , the right-hand side of (1.2.8) holds with c ≤ 1.

Similar to the classical distribution theory of U-statistics, ζhd will play a role in our

asymptotic results for the test statistics we construct from rank-based U-statistics whose

kernels have order of degeneracy d = 1 or d = 2 under H0 in the next section. However,
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in the latter case, in addition to ζh2 , we will also need another quantity to describe our

asymptotic results. For a symmetric kernel h : (R2)k −→ R with order of degeneracy d = 2

under H0, we define

ηh := E0

[
h
(
R

(pq)

i1

)
h
(
R

(pq)

i2

)
h
(
R

(pq)

i3

)
h
(
R

(pq)

i4

)]
, (1.2.9)

where i1, . . . i4 ∈ P(n, k) are any four tuples such that

i. | ∪4
ω=1 iω| = 4k − 4,

ii. |i1 ∩ i2| = |i2 ∩ i3| = |i3 ∩ i4| = |i4 ∩ i1| = 1, and

iii. no index i ∈ ∪4
ω=1i

ω is an element of more than two of the sets i1, . . . i4.

For our purpose we only need to define ηh under H0, and it is also easy to see that the choice

of p, q, iω, ω = 1, . . . , 4, does not matter in its definition. Table 1.1 collects the order of

degeneracy d under H0, and the quantities ζhd and ηh for the kernels in Example 1.2.1–1.2.4.

Finally, it is easy to check that all the kernels in Example 1.2.1–1.2.4 satisfy the property

below that will be assumed for our null asymptotic results.

Assumption 1.2.2. Let h : (R2)k −→ R be a symmetric kernel with order of degeneracy

d ≥ 1 under H0. Then given i = (i1, . . . , ik) ∈ P(n, k) and 1 ≤ p 6= q ≤ m,

E0

[
h
(
R

(pq)
i

)∣∣∣X(p)
j ,X

(q)
j′

]
= 0

for all j, j′ ⊂ i such that min(|j|, |j′|) < d.

1.3 Test statistics

We now proceed to construct test statistics for the independence hypothesis H0 (1.1.1).

Building on the pairwise rank correlations from Section 1.2, we introduce general classes of

statistics and derive their respective asymptotic null distributions when m,n −→∞.
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Table 1.1: Degree k, order of degeneracy d, covariance ζhd and fourth moment ηh for the

kernel functions in Example 1.2.1–1.2.4 when independence holds. The moment quantities

are found in Hoeffding (1948a,b), and by our own calculations.

Kernel hτ hρ̂s hD ht∗

k 2 3 5 4

d 1 1 2 2

ζhd 1/9 1/9 1/810000 1/225

ηh – – (7/864000)2 (2/525)2

1.3.1 Sum of squared sample rank correlations

Let U
(pq)
h be a rank-based U-statistic as defined in (1.2.2), with mean 0 when X(p) and

X(q) are independent. Suppose further that large absolute values of U
(pq)
h indicate strong

association (positive or negative) between X(p) and X(q). Following the approach of Schott

(2005), it is then natural to reject H0 for large values of the centered quantity

Sh :=
∑

1≤p<q≤m

(
U

(pq)
h

)2

−
(
m

2

)
µh. (1.3.1)

Here, µh := E0[(U
(pq)
h )2]. Note that, as indicated by our notation, this expectation does not

depend on the choice of p and q by Lemma 1.2.1(i). The following lemma specifies µh and

gives a result on other moments of U
(pq)
h that will be used later.

Lemma 1.3.1. Let n ≥ 2k ≥ 2, and suppose that U
(pq)
h from (1.2.2) has a kernel h with

order of degeneracy d under H0. Then given 1 ≤ p < q ≤ n and under H0,

i.

µh =

(
n

k

)−1 k∑
c=1

(
k

c

)(
n− k
k − c

)
ζc =

(
k

d

)2
d!ζd
nd

+O
(
n−d−1

)
ii. and for any r > 2,

E0

[(
U

(pq)
h

)r]
= O

(
n−b(rd+1)/2c) ,
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where b·c denotes the floor function.

iii. Moreover,

E0

[(
U

(pq)
h

)4
]

=


3k4(ζh1 )2

n2
+O

(
n−3
)

if d = 1,

(
k

2

)4
12

n4

(
(ζh2 )2 + 4ηh

)
+O

(
n−5
)

if d = 2.

For Lemma 1.3.1(i) and (ii), see Lemma 5.2.1A and 5.2.2B in Serfling (1980). The last

claim about the leading term of the fourth moment is proven in Appendix A.3. Let µτ , µρ̂s ,

µD and µt∗ be the values of µh when h is equal to hτ , hρ̂s , hD and ht∗ respectively. Then

µτ =
2(2n+ 5)

9n(n− 1)
, µρ̂s =

(n2 − 3)

n(n− 1)(n− 2)
,

µD =
2(n2 + 5n− 32)

9n(n− 1)(n− 3)(n− 4)
, µt∗ =

8

75

3n2 + 5n− 18

n(n− 1)(n− 2)(n− 3)
.

The first three quantities can be found in Hoeffding (1948a,b). The stated value of µt∗ is

based on our own calculations.

1.3.2 Unbiased estimator of the sum of squared population correlations

The kernel function h is central to the role of U
(pq)
h as a measure of association between the

vectors of observations X(p) and X(q). At the population level the association (positive or

negative) is captured by the expectation of U
(pq)
h , which is also equal to

E
[
h
(
R

(pq)
j,1 , . . . ,R

(pq)
j,k

)]
, (1.3.2)

where j may be any element in P(n, k). Hence,∑
1≤p<q≤m

(
E
[
h
(
R

(pq)
j,1 , . . . ,R

(pq)
j,k

)])2

(1.3.3)

is a population measure of overall dependency in the joint distribution of X(1), . . . , X(m). As

an alternative approach to Section 1.3.1, we now construct an unbiased estimator of (1.3.3),

targeting more directly the problem of global (in-)dependence.
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Recall that given i ∈ P(n, 2k) and j ∈ P(n, k) such that j ⊂ i as sets, i \ j is the k-tuple

in P(n, k) that is given by their set difference. The function

hW
(
R

(pq)
i,1 , . . . ,R

(pq)
i,2k

)
:=

(
2k

k

)−1 ∑
j⊂i
|j|=k

h
(
R

(pq)
j,1 , . . . ,R

(pq)
j,k

)
h
(
R

(pq)
i\j,1, . . . ,R

(pq)
i\j,k

)
(1.3.4)

can be seen to be symmetric in its 2k arguments R
(pq)
i,1 , . . . ,R

(pq)
i,2k , due to the symmetry of

h and the summation over all possible tuples j ∈ P(n, k) on the right hand side of (1.3.4).

Moreover, hW is an unbiased estimator of the square of the expectation in (1.3.2), since

each summand on the right hand side of (1.3.4) is a product of two independent unbiased

estimators of E[h(R
(pq)
j,1 , . . . ,R

(pq)
j,k )]. Therefore, defining the U-statistic

W
(pq)
h = W

(pq)
h

(
R

(pq)
1 , . . . ,R(pq)

n

)
=

(
n

2k

)−1 ∑
i∈P(n,2k)

hW
(
R

(pq)
i,1 , . . . ,R

(pq)
i,2k

)
, (1.3.5)

we have that the sum

Th :=
∑

1≤p<q≤m

W
(pq)
h (1.3.6)

is an unbiased estimator of (1.3.3). The statistic Th is a U-statistic itself and serves as a

natural test statistic for H0. Large values of Th indicate departures from H0. When h = hτ ,

i.e., the case of Kendall’s tau, Th equals the statistic displayed in (1.1.7) in the introduction.

Clearly, W
(pq)
h is a rank-based U-statistic with the kernel hW of degree 2k. The following

lemma summarizes the degeneracy properties of hW under H0.

Lemma 1.3.2. Suppose h : (R2)k −→ R is a symmetric kernel function of degree k with

order of degeneracy d ∈ {1, 2} under H0. So, ζhd > 0. Then, under H0, the induced symmetric

kernel function hW defined in (1.3.4) has order of degeneracy 2d and

ζh
W

2d := E0

[
hW
(
R

(pq)
i,1 , . . . ,R

(pq)
i,2k

)
hW
(
R

(pq)
j,1 , . . . ,R

(pq)
j,2k

)]

=


4

(
2k − 2

k − 1

)2(
2k

k

)−2 (
ζhd
)2

if d = 1,

12

(
2k − 4

k − 2

)2(
2k

k

)−2 {
(ζhd )2 + 2ηh

}
if d = 2,

where i, j ∈ P(n, 2k) and |i ∩ j| = 2d.
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The proof of the lemma is deferred to Appendix A.3.

1.3.3 Simple sum of sample rank correlations

It is also instructive to consider the simple sum

Zh :=
∑

1≤p<q≤m

U
(pq)
h (1.3.7)

for testing the null hypothesis H0. For the kernels hρ̂s and hτ , (1.3.7) makes sense as a

“one-sided” test when one is only interested in testing H0 against the alternative of pos-

itive associations among X(1), . . . , X(m). For the kernels hτ∗ and hD, (1.3.7) also forms a

legitimate “two-sided” test since, as noted in Bergsma and Dassios (2014), E[hτ∗(R
(pq)
i )]

and E[hD(R
(pq)
i )] are always non-negative and equal zero if and only if X(p) and X(q) are

independent, under weak distributional assumptions.

1.4 Asymptotic null distributions

We are now ready to state our results on the asymptotic distributions for the test statistics

introduced in Section 1.3. As mentioned in Section 1.2, we will focus on rank-based U-

statistics with a kernel h satisfying Assumption 1.2.2 and order of degeneracy d ∈ {1, 2}

under H0.

Theorem 1.4.1. Suppose the null hypothesis H0 from (1.1.1) is true. Let h be a symmetric

bounded kernel function of degree k satisfying Assumption 1.2.2, and consider the asymptotic

regime m,n −→ ∞. If d = 1, after suitable rescaling, Sh, Th and Zh are asymptotically

normal, namely,
nSh
k2mζh1

,
nTh
k2mζh1

,

√
2nZh

km
√
ζh1

=⇒ N (0, 1) .

If d = 2, then

n2
(
k
2

)−2
Sh

2m
√

(ζh2 )2 + 6ηh
,

n2
(
k
2

)−2
Th

2m
√

(ζh2 )2 + 2ηh
,
n
(
k
2

)−1
Zh

m
√
ζh2

=⇒ N (0, 1) .
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The theorem covers in particular the rank correlations from Examples 1.2.1–1.2.4. Upon

rescaling with appropriate multiplicative factors, the statistics Sh, Th and Zh for these four

choices of the kernel h converge to standard normal limits as m,n −→∞ under H0. A critical

value for an approximate α-size test can thus be calibrated based on normal quantiles. Just

like in the classical theory for U-statistics, these rescaling factors for the non-degenerate and

degenerate cases differ in order; for instance, we have to multiply Sh with a factor of order

O(n/m) when h has order of degeneracy d = 1, and with a factor of order O(n2/m) when

h has order of degeneracy d = 2. The ingredients needed to compute these rescaling factors

were given in Table 1.1. In slight abbreviation, we write Sτ , Sρ̂s , SD and St∗ for the four

versions of the statistic Sh from (1.3.1) with the different kernels reviewed in Section 1.2,

and analogously, Tτ , Tρ̂s , TD, Tt∗ and Zτ , Zρ̂s , ZD, Zt∗ for the versions of Th and Zh from

(1.3.6) and (1.3.7). Hence Sτ , Tτ and Zτ are the statistics in the displays (1.1.5), (1.1.7)

and (1.1.8), respectively.

We remark that while the classical Spearman’s rho is not a U-statistic one may of course

consider the centered test statistic

Sρs :=
∑

1≤p<q≤m

(
ρ(pq)
s

)2 −
(
m

2

)
µρs , (1.4.1)

where µρs := E0[(ρ
(pq)
s )2] = 1/(n−1); see Hoeffding (1948b, p.321). The convergence of n

m
Sρ̂s

to a standard normal distribution, as suggested by Theorem 1.4.1, implies the following

distributional convergence for Sρs . Its proof, given in Appendix A.4, makes use of the

decomposition from (1.2.5). The same result has been obtained by Zhou (2007) and Wang

et al. (2013) via different methods.

Corollary 1.4.2. Under H0, n
m
Sρs =⇒ N (0, 1) as m,n −→∞.

Our proof of Theorem 1.4.1 is based on a central limit theorem for martingale arrays

(Hall and Heyde, 1980, Corollary 3.1) that was also applied by Schott (2005). We outline

the approach here, postponing computations verifying the conditions of the martingale CLT

to Appendix A.4.
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Proof of Theorem 1.4.1. Fix a sample size n. For q = 1, . . . ,m, let Fnq be the σ-algebra

generated by X(1), . . . ,X(q) (or for our purposes, equivalently, R(1), . . . ,R(q)) under H0. For

convenience we will use the shorthand Ū
(pq)
h :=

(
U

(pq)
h

)2

− µh for 1 ≤ p < q ≤ m. Let

DS
nq :=

q−1∑
p=1

Ū
(pq)
h , DT

nq :=

q−1∑
p=1

W
(pq)
h and DZ

nq :=

q−1∑
p=1

U
(pq)
h (1.4.2)

and set DS
n1 = DT

n1 = DZ
n1 = 0. Writing Snq =

∑q
l=1D

S
nl, Tnq =

∑q
l=1D

T
nl and Znq =∑q

l=1D
Z
nl, we have that Sh = Snm, Th = Tnm and Zh = Znm.

We claim that, for each n, the sequences

{Snq,Fnq, 1 ≤ q ≤ m} , {Tnq,Fnq, 1 ≤ q ≤ m} and {Znq,Fnq, 1 ≤ q ≤ m} (1.4.3)

are martingales, i.e., E0 [Snq|Fn,q−1] = Sn,q−1, E0 [Tnq|Fn,q−1] = Tn,q−1 and E0 [Znq|Fn,q−1] =

Zn,q−1 for q = 2, . . . ,m. Given the way Snq, Tnq and Znq are defined as sums, it suffices to

show that

E0

[
Ū

(pq)
h

∣∣∣Fn,q−1

]
= E0

[
W

(pq)
h

∣∣∣Fn,q−1

]
= E0

[
U

(pq)
h

∣∣∣Fn,q−1

]
= 0 (1.4.4)

for all 1 ≤ p < q ≤ m. Since X(1), . . . ,X(m) are independent under H0, conditioning on

Fn,q−1 is the same as conditioning on X(p) alone in (1.4.4). As Ū
(pq)
h , W

(pq)
h and U

(pq)
h are all

symmetric functions of the n arguments R
(pq)
1 , . . . ,R

(pq)
n , (1.4.4) follows from Lemma 1.2.1(i)

and (ii).

By the boundedness of our kernel h, each of the martingales in (1.4.3) is trivially square-

integrable. As such, the central limit theorem for martingale arrays from Corollary 3.1 in

Hall and Heyde (1980) implies the assertion of Theorem 1.4.1 if we can show that the squares

of the martingale differences DS
nl, D

T
nl and DZ

nl each satisfy the following two conditions. The

first condition requires that as m,n −→∞,

n2

m2

m∑
l=2

E0

[
(DS

nl)
2
∣∣Fn,l−1

]
,

n2

m2

m∑
l=2

E0

[
(DT

nl)
2
∣∣Fn,l−1

]
−→
p

k4(ζh1 )2, (1.4.5)

n

m2

m∑
l=2

E0

[
(DZ

nl)
2
∣∣Fn,l−1

]
−→
p

2−1k2ζh1 , (1.4.6)
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for d = 1, and

n4

m2

m∑
l=2

E0

[
(DS

nl)
2
∣∣Fn,l−1

]
−→
p

4

(
k

2

)4 {
(ζh2 )2 + 6ηh

}
, (1.4.7)

n4

m2

m∑
l=2

E0

[
(DT

nl)
2
∣∣Fn,l−1

]
−→
p

4

(
k

2

)4 {
(ζh2 )2 + 2ηh

}
(1.4.8)

n2

m2

m∑
l=2

E0

[
(DZ

nl)
2
∣∣Fn,l−1

]
−→
p

(
k

2

)2

ζh2 (1.4.9)

for d = 2, where the convergence symbol stands for convergence in probability. The second

condition is a Lindeberg condition. In Lemma A.4.1 in the Appendix A.4, we show that, in

fact, (1.4.5)−(1.4.9) also hold in the stronger sense of L2 (or quadratic mean). Lemma A.4.2

proves a Lyapunov condition that implies the Lindeberg condition, which completes the proof

of Theorem 1.4.1.

1.5 Preliminary power analysis

In this section, we will conduct preliminary investigation into the power of our tests from

an asymptotic minimax perspective. While our null distributional results in Section 1.3 are

valid under the more general asymptotic regime m,n −→∞, in this section we will focus on

the particular regime m
n
−→ γ ∈ (0,∞) considered in works such as Ledoit and Wolf (2002).

For 1 ≤ p < q ≤ m, define

θ(pq) := E[h(R
(pq)
j,1 , . . . ,R

(pq)
j,k )],

which will generally be nonzero when X(p) and X(q) are dependent, and also let Θ =

(θ(pq))1≤p<q≤m be the
(
m
2

)
-vector comprising all these pairwise measures of association. Our

power analysis will focus on the two classes of statistics Sh and Th since for a general chioce

of h, they are motivated as estimates of the square of the undirectional dependency signal

‖Θ‖2 and thus define proper “two-sided” tests for the null hypothesis H0. For further sim-

plicity, we will focus on the statistics Sτ and Tτ constructed with the Kendall’s tau kernel

h = hτ . To indicate this restriction in our notation, we define θ
(pq)
τ := E[hτ (R

(pq)
i,1 ,R

(pq)
i,2 )] and
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Θτ = (θ
(pq)
τ )1≤p<q≤m. In light of our non-parametric approach to extend beyond the Gaus-

sian assumption, let Dm be a family of continuous joint distributions on Rm containing all

m-variate Gaussian distributions, to be considered as joint distributions for (X(1), . . . , X(m)).

For a given significance level α ∈ (0, 1), We will aim at studying what sequences of lower

bound εn on the dependency signal ‖Θτ‖2 allow our tests to uniformly achieve a fixed power

β > α over the subset of alternative distributions

Dm(‖Θτ‖2 ≥ εn) :=

{
D ∈ Dm : ‖Θτ‖2 ≥ εn

}
. (1.5.1)

As usual we take a test φ to be a function mapping the data into the unit interval [0, 1].

Given a test statistic S = S(X1, . . . ,Xn), we write φα(S) for the test that rejects for large

values of S and has (asymptotic) size α.

It is intuitive to use our statistics Sτ or Tτ when one is interested in detecting the

alternatives described by (1.5.1) because these statistics are natural estimates for the squared

Euclidean norm signal ‖Θτ‖2
2. The following theorem gives a rough lower bound on the signal

size ‖Θτ‖2 for detectability.

Theorem 1.5.1. Let 0 < α < β < 1. Under the asymptotic regime m/n −→ γ ∈ (0,∞),

there exist constants Ci = Ci(α, β, γ) > 0 for i = 1, 2, such that

i.

lim inf
n−→∞

inf
Dm(‖Θτ‖2≥εn)

E[φα(Sτ )] > β for εn = C1

√
n and

ii.

lim inf
n−→∞

inf
Dm(‖Θτ‖2≥εn)

E[φα(Tτ )] > β for εn = C2

√
n.

We would like to emphasize that our proof of Theorem 1.5.1 is based on rather general

concentration bounds. It should be possible to sharpen the analysis and show asymptotic

power for φα(Sτ ) and φα(Tτ ) under smaller signal strength. Indeed, based on the result from

the next subsection we conjecture that a test based on Tτ can asymptotically attain uniform

power β when the signal size ‖Θτ‖2 is of constant order O(1). This conjecture is partially

supported by Theorem 1.5.2 below, whose proof makes use of Theorem 1.5.1.
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1.5.1 Rate-optimality under equicorrelation

When the joint distribution of X(1), . . . , X(m) is a regular Gaussian distribution, then H0 is

equivalent to R− Im = 0, where R = (ρ(pq)) is the population Pearson correlation matrix of

(X(1), . . . , X(m)), and Im is the m-by-m identity matrix. For any ε > 0, define the alternative

Nm(‖R− Im‖F ≥ ε) (1.5.2)

as the family of regular m-variate Gaussian distributions whose correlation matrix R satisfies

‖R − Im‖F ≥ ε. A result of Cai and Ma (2013, Remark 1(a)) implies that in the regime

m/n −→ γ, for given 0 < α < β < 1, there exists a sufficiently small constant c = c(α, β, γ) >

0 such that

lim sup
n→∞

inf
Nm(‖R−Im‖F≥c)

E[φ] < β

for any α-level test φ. In other words, asymptotically, no α-level test can uniformly achieve

the desired power against the alternative (1.5.2) when the signal size ‖R − Im‖F is allowed

to be as small as c. An immediate consequence of this in our nonparametric setup is that

there also exists a constant c̃ = c̃(α, β, γ) > 0 such that

lim sup
n−→∞

inf
Dm(‖Θτ‖2>c̃)

E[φ] < β

for any α-level test φ. This is true because the nonparametric class Dm contains all m-variate

Gaussian distributions, and because θ
(pq)
τ � ρ(pq) when X(p) and X(q) are jointly Gaussian.

The latter fact follows from ρ(pq) = sin
(
π
2
θ

(pq)
τ

)
; see Kruskal (1958, p.823).

Given the observation just made, a α-level test φ that satisfies

lim inf
n−→∞

inf
Dm(‖Θτ‖2≥C̃)

E[φ] > β (1.5.3)

for a large enough constant C̃ = C̃(α, β, γ) > 0 would be rate-optimal. If the signal ‖Θτ‖2

is large, being an unbiased estimator of ‖Θτ‖2
2 our statistic Tτ always centers around the the

square of the same large value regardless of the true underlying distribution of X. It is hence

natural to conjecture that the optimality condition (1.5.3) is satisfied by the test φα(Tτ ), for
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a reasonable class of distributions Dm that extends beyond the Gaussians. Such a choice for

Dm could be a wide regular class of elliptical distributions (Anderson, 2003, p.47), which still

satisfy the property that θ
(pq)
τ � ρ(pq); see Lindskog et al. (2003). Our next result supports

the conjecture.

Let N equi
m (‖Θτ‖2 ≥ C̃) be the set of m-variate Gaussian distributions that have all

pairwise (Pearson and thus also Kendall) correlations equal to a common value such that

‖Θτ‖2 ≥ C̃. If θ
(pq)
τ = θ for all 1 ≤ p 6= q ≤ m, then ‖Θτ‖2

2 = θ2
(
m
2

)
.

Theorem 1.5.2. As m
n
−→ γ, there exists a constant C̃ = C̃(α, β, γ) > 0 such that

lim inf
n−→∞

inf
N equi
m (‖Θτ‖2≥C̃)

E[φα(Tτ )] > β.

The theorem is proven in Appendix A.5. Empirically, our simulation experiments on

power in the next section corroborate the conjecture made above. At this point we do not

yet have general results on asymptotic minimax optimality for the class of statistics Th with

h being a general kernel we considered. The result we have for Tτ in Theorem 1.5.2 is more

of a proof of concept with the simplest case of a non-degenerate kernel of degree 1 and a

particularly simple alternative.

1.6 Implementation and simulation experiments

We now compare several tests of H0 based on specific versions of the test statistics intro-

duced above. In our simulations we will explore the accuracy of the normal distribution

approximation, by exploring the sizes of the tests. We then compare their power. Before

turning to the simulations, however, we will discuss the computation of the involved test

statistics.

1.6.1 Implementation

Given a kernel function h, to compute the statistics Sh from (1.3.1) and Zh from (1.3.7) for

the m variables, one has to make
(
m
2

)
evaluations of the U-statistics U

(pq)
h . In general, for
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a U-statistic of degree k, a näıve calculation following the definition from (1.2.2) requires

O(nk) operations. Fortunately, more efficient algorithms have been developed for the specific

examples we have covered. For instance, Spearman’s ρ
(pq)
s from Example 1.2.2 can be com-

puted in O(n) operations. Kendall’s τ (pq) from Example 1.2.1 has kernel hτ of degree k = 2

but can again be computed in O(n log n) operations (Christensen, 2005). Similarly, Weihs

et al. (2015) devised a related algorithm to compute the Bergsma-Dassios sign covariance

t∗(pq) in O(n2 log n) operations despite the fact that its kernel has degree k = 4, as reviewed

in Example 1.2.4.

The situation with the class of statistics Th from (1.3.6) is more complicated. Since a

given kernel h of degree k gives rise to an induced kernel hW of degree 2k, the number of

operations equals O(n2k) if we compute W
(pq)
h by näıvely following its definition. This would

lead to a total of
(
m
2

)
O(n2k) operations to find all W

(pq)
h , 1 ≤ p < q ≤ m. A more efficient

way to compute each W
(pq)
h in O(nk) time proceeds as follows. Using (1.3.4) and (1.3.5),

W
(pq)
h can be seen to be equal to

1(
n
k

)(
n−k
k

) ∑
i∈P(n,k)

hihī, (1.6.1)

where for each i ∈ P(n, k) and suppressing the dependence on the pair (p, q), we define

hi := h(R
(pq)
i ) and hī :=

∑
j∈P(n,k):j∩i=∅

hj.

Hence, it suffices to calculate i. hi for all i ∈ P(n, k), ii. hī for all i ∈ P(n, k) and iii. the

summation in (1.6.1), in that order. Evidently, step (i) involves O(nk) operations. By the

inclusion-exclusion principle,

hī =
∑

j∈P(n,k)

hj +
∑

1≤`≤k

(−1)`
∑

j′∈P(n,`):
j′⊂i

hj′ , (1.6.2)

where hj′ :=
∑

j⊂P(n,k):j′⊂j hj for each 1 ≤ ` < k and j′ ⊂ P(n, `). Note that there are

O(n`) many j′ ∈ P(n, `), and each hj′ is a sum of O(nk−`) many terms. Finding hj′ for all

j′ ∈ P(n, `) and 1 ≤ ` < k thus requires O(nk) operations, and with these as ingredients, by
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(1.6.2), one can compute each hī in O(1) operations if
∑

j∈P(n,k) hj is already known. But

the quantity
∑

j∈P(n,k) hj only has to be computed once, with another O(nk) computations.

Consequently, step (ii) involves O(nk) operations, and so does the final summation in step

(iii).

1.6.2 Simulations

We first consider the sizes of tests based on our statistics Sτ , Sρs ,St∗ , Tτ , Tρ̂s and Zt∗ defined

in Section 1.4. For comparison, we also consider the sum of squared Pearson correlations Sr

from Schott (2005); recall (1.1.3). Each test proceeds by comparing its rescaled test statistic

to the limiting standard normal distribution as in Theorem 1.4.1 and Corollary 1.4.2. Here,

we would like to remark that by a proof similar to that of Theorem 1.4.1, one can show that

n

m
Sr =⇒ N (0, 1)

under H0 as m,n −→∞, whereas Schott (2005)’s original asymptotic result is based on the

more restrictive regime m
n
−→ γ ∈ (0,∞). Targeting a size of 5%, the null hypothesis H0

is rejected if the value of the rescaled statistic exceeds the 95th percentile of the standard

normal distribution. The finite-sample sizes are listed in Table 1.2. The data underlying

the table are i.i.d. noncentral t with ν = 3 degrees of freedom and noncentrality parameter

µ = 2. For each combination of m and n, the sample sizes of the tests are calculated from

5, 000 independently generated data sets. As expected, the sample sizes corresponding to

our rank-based statistics all get closer to 0.05 when m and n increase, but the test based

on Schott (2005)’s Sr rejects too often, reflecting the fact that his limit theorem involves a

Gaussian assumption.

Turning to an empirical study of the tests’ power, our results provide evidence for the

power analysis we did in Section 1.5. For different combinations of (m,n), we generate data

as n independent draws from three different m-variate elliptical distributions. These are

i. the m-variate normal distribution: Nm(0,Σ),
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ii. the m-variate t distribution: tν=20,m(µ = 2 · 1m,Σ) and

iii. the m-variate power exponential distribution: PE(µ = 0,Σ, ν = 20).

Here, 1m is the m-vector with all entries equal to 1, and the parameter specifications of these

distributions are in accordance with Oja (2010, pp. 8–10). For each distribution, the scatter

matrix Σ = (σij) is a matrix with 1’s on the diagonal and equal values for the off-diagonal

entries, picked so that Σ gives rise to the signal strengths ‖Θτ‖2
2 = 0.1, 0.3, and 0.7. We

refer again to Lindskog et al. (2003) for the relationship between Σ and ‖Θτ‖2
2. In the case

of multivariate normal distribution Σ is simply the covariance matrix of X. The empirical

power, computed based on 500 repetitions of experiments, for tests based on Sτ , Tτ , and

Han and Liu (2014)’s Smax
τ are compared in Tables 1.3 and 1.4. Smax

τ is, as mentioned in

Section 1.1, defined as the maximum of the absolute values of all pairwise sample Kendall’s

tau correlation,

max
1≤p<q≤m

|τ (pq)|.

A test based on Smax
τ is powerful in detecting alternatives that have strong dependence but

only among a few of the random variables X(1), . . . , X(m), since Smax
τ attempts to estimate

the largest pairwise (population) rank correlation. In fact Han and Liu (2014) showed that

Smax
τ is rate-optimal in detecting such alternatives that are measured in the max norm signal

‖Θτ‖∞. However, for alternatives that have small but non-zero dependence among many

pairs of random variables as in our simulation setups, the statistics Sτ and Tτ should be

more powerful since they estimate the squared Euclidean norm ‖Θτ‖2
2. As expected, since

Han and Liu (2014)’s Smax
τ is not well-adapted for detecting the alternatives we generated,

its power can hardly match the other statistics in almost all setups. On one hand, for each

(m,n) combination and a given value of ‖Θτ‖2
2, the power of the test based on Tτ is similar

across different data-generating distributions. On the other hand, Sτ tend to have more

power for t-distributed data, and less power for data with power exponential distribution.

The stability of the power rendered by Tτ points to our conjecture in Section 1.5 on the

minimax optimality of Tτ over a wide class of elliptical distributions.
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Our empirical power results deserve special comments when the data are generated from

multivariate normal distributions, in which case the power of two other statistics are also

compared in Table 1.3. Schott (2005)’s Sr (1.1.3) is a legitimate test in this case since it

has the right asymptotic size when the data are normally distributed. As seen in Table 1.3,

the three statistics, Sτ , Tτ and Schott (2005)’s Sr, have comparable power for different

combinations of (m,n) and signal strength ‖Θτ‖2
2. We have also experimented with the

statistic proposed in Cai and Ma (2013) which demonstrated similar power. We note that

as proved in Cai and Ma (2013), their statistic is minimax rate optimal in detecting the

Frobenius norm signal ‖Σ − Im‖2, but only for testing the different hypothesis of whether

the covariance matrix Σ is equal to the identitiy under Gaussian assumption on X. Hence,

in principle, Cai and Ma (2013)’s statistic should not be treated as a benchmark on the

best achievable power for testing the null hypothesis of independence in (1.1.1), which in

the multivariate normal setup is equivalent to the hypothesis that R = Im. However, the

comparable empirical power of Cai and Ma (2013)’s statistic still gives certain indication that

the three statistics Sτ , Tτ and Sr are all powerful in detecting the signal ‖R− Im‖2 � ‖Θτ‖2,

since our data-generating choice of Σ has 1’s on the diagonal which means ‖Σ − Im‖2 =

‖R−Im‖2. Lastly, we speculate that Sr is minimax optimal in detecting the signal ‖R−Im‖2

for the null hypothesis (1.1.1) under Gaussian assumption on X, although to our knowledge

there hasn’t been theoretical result on this in the literature; see also the last section of Cai

and Ma (2013) for other related open problems.

1.6.3 Choice of statistics in practice

As per our numerical study, if normality is a reasonable assumption for our data, the three

statistics Sr, Sτ , Tτ are all comparable choices in terms of test power, but Schott (2005)’s

Sr has its appeal since the computation of each r(pq) is linear in the sample size n. When

the Gaussian assumption is dubious, tests with our classes of rank-based statistics should be

employed to guaranteed reasonable test sizes. Generally speaking, the classes of statistics

Sh and Th are preferable to Zh since the former provide proper “two-sided” tests for the null
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hypothesis (1.1.1), unless one forms Zh with kernels such as ht∗ and hD which always have

non-negative expectation but are computationally more costly due to the higher degree of

these kernels. For a given kernel h, Th is generally more costly to compute than Sh, but it

has more robust power regardless of the distribution of X since it unbiasedly estimates the

dependency signal strength ‖Θ‖2
2.

1.7 Conclusion

This chapter treats nonparametric tests of independence using pairwise rank correlations

or, more precisely, rank correlations that are also U-statistics. As reviewed in Section 1.2,

the motivating examples are Kendall’s tau and Spearman’s rho but also Hoeffding’s D and

Bergsma and Dassios’ sign covariance t∗. The latter two correlations allow for consistent

assessment of pairwise independence but form degenerate U-statistics. With a view towards

alternatives in which pairwise dependence is “spread out over many coordinates”, we pro-

posed statistics that are formed as sums of many pairwise dependency signals as explained

in Section 1.3. In a high-dimensional regime in which both the number of variables m and

the sample size n tend to infinity, we derived normal limits for the null distribution of these

statistics (Section 1.4). Our framework allows for U-statistic degeneracy of order up to two.

Finally, we explored aspects of power theoretically and empirically (Sections 1.5 and 1.6).

Under the null hypothesis of independence, the m rank vectors are independent, each

following a uniform distribution on the symmetric group Sn. In small to moderate size

problems, we may thus implement exact tests using Monte Carlo simulation to compute

critical values. However, for large-scale problems and/or when using the computationally

more involved t∗ or D, the asymptotic normal distributions we derived furnish accurate

approximations and allow for great computational savings.

Our study of power has focused on the case of Kendall’s tau. In a minimax paradigm

and for Gaussian equicorrelation alternatives we showed rate-optimality for the test based

on Tτ , the unbiased estimator of the signal strength defined via (1.3.6) with kernel h = hτ . It

would be an interesting problem for future work to prove such rate-optimality more broadly,
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for more general alternatives as well as other kernels. In particular, for the kernel associated

to Kendall’s tau, we conjectured in Section 1.5.2 that rate-optimality holds for alternatives

from a wide class of elliptical distributions.
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Table 1.2: Simulated size of tests when X(1), . . . , X(m) are i.i.d. t3,2 data. For each combi-

nation of (m,n) and each test, the empirical sizes are computed from 5000 independently

generated datasets.

Statistics n\m 4 8 16 32 64 128 256

Sr

32

0.066 0.078 0.076 0.081 0.076 0.089 0.079

Sτ 0.059 0.069 0.067 0.077 0.073 0.071 0.070

Tτ 0.064 0.078 0.075 0.087 0.081 0.082 0.080

Sρ 0.047 0.054 0.052 0.061 0.056 0.053 0.056

Tρ̂s 0.062 0.075 0.072 0.082 0.080 0.079 0.072

St∗ 0.056 0.081 0.085 0.090 0.088 0.078 0.087

Zt∗ 0.062 0.069 0.067 0.081 0.077 0.077 0.079

Sr

64

0.073 0.083 0.095 0.095 0.102 0.097 0.096

Sτ 0.057 0.061 0.062 0.065 0.058 0.058 0.065

Tτ 0.058 0.064 0.066 0.069 0.061 0.064 0.067

Sρ 0.048 0.053 0.055 0.055 0.050 0.052 0.057

Tρ̂s 0.057 0.061 0.065 0.067 0.060 0.064 0.059

St∗ 0.045 0.074 0.064 0.070 0.068 0.070 0.069

Zt∗ 0.054 0.061 0.058 0.064 0.065 0.062 0.063

Sr

128

0.072 0.089 0.107 0.112 0.101 0.109 0.110

Sτ 0.047 0.061 0.053 0.061 0.052 0.056 0.053

Tτ 0.049 0.063 0.053 0.064 0.054 0.060 0.054

Sρ 0.043 0.059 0.049 0.056 0.048 0.052 0.048

Tρ̂s 0.048 0.062 0.052 0.060 0.055 0.057 0.058

St∗ 0.041 0.066 0.070 0.071 0.060 0.058 0.052

Zt∗ 0.050 0.055 0.058 0.062 0.053 0.056 0.055
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Table 1.3: Simulated power of different test statistics for data generated from the multivariate

normal distribution (MVN) with three different values for the dependency signal ‖Θτ‖2
2. All

pairwise (population) Kendall’s tau correlations θ
(pq)
τ , 1 ≤ p < q ≤ m are equal to the same

value θ so that ‖Θτ‖2
2 =

(
m
2

)
θ2. For each combination of (m,n) and each test, the empirical

power is calculated from 500 independently generated datasets.

‖Θτ‖2
2 = 0.1 ‖Θτ‖2

2 = 0.3 ‖Θτ‖2
2 = 0.7

Statistic n\m 64 128 256 64 128 256 64 128 256

MVN

Sτ

64

0.094 0.054 0.070 0.182 0.108 0.092 0.424 0.218 0.114

Tτ 0.100 0.068 0.078 0.194 0.110 0.090 0.426 0.228 0.134

Smax
τ 0.046 0.046 0.020 0.040 0.058 0.046 0.056 0.054 0.058

Sr 0.070 0.058 0.070 0.178 0.114 0.080 0.448 0.222 0.110

Cai & Ma 0.076 0.076 0.060 0.190 0.116 0.086 0.456 0.278 0.130

Sτ

128

0.130 0.086 0.056 0.342 0.164 0.080 0.794 0.444 0.176

Tτ 0.132 0.088 0.058 0.352 0.174 0.084 0.806 0.446 0.186

Smax
τ 0.062 0.064 0.052 0.046 0.058 0.060 0.094 0.058 0.060

Sr 0.142 0.072 0.066 0.378 0.172 0.084 0.832 0.514 0.198

Cai & Ma 0.134 0.064 0.068 0.386 0.172 0.096 0.834 0.520 0.204

Sτ

256

0.256 0.108 0.096 0.780 0.358 0.198 0.992 0.838 0.476

Tτ 0.262 0.114 0.094 0.782 0.364 0.200 0.992 0.830 0.470

Smax
τ 0.048 0.050 0.046 0.064 0.056 0.058 0.124 0.082 0.052

Sr 0.282 0.126 0.094 0.816 0.420 0.224 1.000 0.880 0.502

Cai & Ma 0.282 0.124 0.110 0.812 0.422 0.234 1.000 0.882 0.494
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Table 1.4: Simulated power of different test statistics for data generated from the multivariate

t (MVT) and multivariate power exponential (MVPE) distributions with three different

values for the dependency signal ‖Θτ‖2
2. All pairwise (population) Kendall’s tau correlations

θ
(pq)
τ , 1 ≤ p < q ≤ m are equal to the same value θ so that ‖Θτ‖2

2 =
(
m
2

)
θ2. For each

combination of (m,n) and each test, the empirical power is calculated from 500 independently

generated datasets.

‖Θτ‖2
2 = 0.1 ‖Θτ‖2

2 = 0.3 ‖Θτ‖2
2 = 0.7

Statistic n\m 64 128 256 64 128 256 64 128 256

MVT

Sτ

64

0.506 0.866 0.998 0.628 0.896 0.998 0.802 0.926 0.998

Tτ 0.130 0.080 0.078 0.232 0.128 0.096 0.488 0.234 0.114

Smax
τ 0.080 0.066 0.060 0.086 0.074 0.060 0.110 0.074 0.068

Sτ

128

0.554 0.912 0.998 0.806 0.948 1.000 0.962 0.990 1.000

Tτ 0.130 0.102 0.094 0.384 0.210 0.114 0.796 0.494 0.244

Smax
τ 0.064 0.060 0.054 0.080 0.064 0.066 0.114 0.074 0.076

Sτ

256

0.694 0.924 1.000 0.972 0.992 1.000 1.000 1.000 1.000

Tτ 0.268 0.130 0.084 0.740 0.348 0.188 0.998 0.832 0.456

Smax
τ 0.076 0.062 0.072 0.110 0.066 0.076 0.186 0.102 0.078

MVPE

Sτ

64

0.052 0.042 0.022 0.128 0.056 0.044 0.358 0.122 0.060

Tτ 0.114 0.076 0.076 0.222 0.110 0.082 0.462 0.216 0.134

Smax
τ 0.056 0.050 0.032 0.046 0.050 0.034 0.062 0.054 0.036

Sτ

128

0.074 0.038 0.028 0.274 0.094 0.036 0.744 0.314 0.112

Tτ 0.128 0.084 0.056 0.398 0.174 0.096 0.836 0.454 0.214

Smax
τ 0.038 0.054 0.050 0.050 0.056 0.044 0.084 0.060 0.046

Sτ

256

0.134 0.066 0.050 0.638 0.256 0.102 0.992 0.794 0.306

Tτ 0.232 0.152 0.100 0.768 0.370 0.184 0.998 0.862 0.450

Smax
τ 0.052 0.036 0.060 0.074 0.040 0.060 0.120 0.064 0.062
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Chapter 2

IDENTIFIABILITY OF DIRECTED GAUSSIAN GRAPHICAL
MODELS WITH ONE LATENT SOURCE VARIABLE

2.1 Introduction

In this chapter we study parameter identifiability in directed Gaussian graphical models

with a latent variable. Our work falls in a line of work where the graphical representation

of causally interpretable latent variable models is used to give tractable criteria to decide

whether parameters can be uniquely recovered from the joint distribution of the observed

variables (Pearl, 2009). Some examples of prior work in this context are Chen et al. (2014),

Drton et al. (2011), Foygel et al. (2012), Grzebyk et al. (2004), Kuroki and Miyakawa (2004),

Kuroki and Pearl (2014), Stanghellini and Wermuth (2005), Tian (2005), and Tian (2009).

The setup we consider has a single latent variable appearing as a source node in the

directed graph defining the Gaussian model. The resulting models can be described as

follows. Let X1, . . . , Xm be observable variables, and let L be a hidden variable, and suppose

the variables are related by linear equations as

Xv =
∑
w 6=v

λwvXw + δvL+ εv, v = 1, . . . ,m,

where λwv, δv are real coefficients quantifying linear relationships, and the εv are independent

mean zero Gaussian noise terms with variances ωv > 0. The latent variable L is assumed

to be standard normal and independent of the noise terms εv. Letting X = (X1, . . . , Xm)T ,

ε = (ε1, . . . , εm)T and δ = (δ1, . . . , δm)T , we may present the model in the vectorized form

X = ΛTX + δL+ ε, (2.1.1)

where Λ is the matrix (λwv) with λvv = 0 for all v = 1, . . . ,m. We are then interested in

specific models, in which for certain pairs of nodes w 6= v the coefficient λwv is constrained
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to zero. In particular, we are interested in recursive models, that is, models in which the

matrix Λ can be brought into strictly upper triangular form by permuting the indices of

the variables (and thus the rows and columns of Λ). This implies that Im − Λ is invertible,

where Im is the m×m identity matrix. It follows that the observable variate vector X has

a m-variate normal distribution Nm(0,Σ) with covariance matrix

Σ = (Im − ΛT )−1(Ω + δδT )(Im − Λ)−1, (2.1.2)

where Ω is the diagonal matrix with Ωvv = ωv. For additional background on graphical

models we refer the reader to Lauritzen (1996) and Pearl (2009). We note that the models

we consider also belong to the class of linear structural equation models (Bollen, 1989).

A Gaussian latent variable model postulating recursive zero structure in the matrix Λ

from (2.1.1) can be thought of as associated with a graph G = (V,E) whose vertex set

V = {1, . . . ,m} is the index set for the observable variables X1, . . . , Xm. For two distinct

nodes w, v ∈ V , the edge set E includes the directed edge (w, v), denoted as w → v if and

only if the model includes λwv as a free parameter. When the model is recursive, the directed

graph G is acyclic and following common terminology we refer to G as a DAG (for directed

acyclic graph). In this chapter, we will then always assume that the nodes are labeled in

topological order, that is, we have V = {1, . . . ,m} and w → v ∈ E only if w < v.

To emphasize the presence of the latent variable L, one could equivalently represent the

model by an extended DAG G = (V ,E) on m+ 1 nodes enumerated as V := {0, 1, . . . ,m},

where the node 0 corresponds to the latent variable L, and if G = (V,E) is the graph on m

nodes representing the model as in the preceding paragraph, then E = E ∪ {0 → v : v ∈

{1, . . . ,m}}. The edges 0→ v correspond to the coefficients δv.

For the DAG G = (V,E), let

RE := {Λ = (λwv) ∈ Rm×m : w → v 6∈ E ⇒ λwv = 0}

be the linear space of coefficient matrices, and let diag+
m be the set of all m × m diagonal

matrices with a positive diagonal.
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Definition 2.1.1. The Gaussian one latent source model associated with a given DAG

G = (V,E), denoted as N∗(G), is the family of all m-variate normal distributions Nm(0,Σ)

with a covariance matrix of the form

Σ = (Im − ΛT )−1(Ω + δδT )(Im − Λ)−1,

for Λ ∈ RE, Ω ∈ diag+
m and δ ∈ Rm.

The model N∗(G) has the parametrization map

φG : (Λ,Ω, δ) 7−→ (Im − ΛT )−1(Ω + δδT )(Im − Λ)−1 (2.1.3)

defined on the set Θ := RE × diag+
m×Rm, which we may also view as an open subset of

R2m+|E|, where |E| is the cardinality of the directed edge set E. Clearly, the image of φG is

in PDm, the cone of positive definite m×m matrices. Note that since G is acyclic, we have

(Im − Λ)−1 = Im + Λ + Λ2 + · · · + Λm−1 and thus the covariance parametrization φG is a

polynomial map.

In this chapter we will derive graphical conditions on G that are sufficient/necessary

for identifiability of the model N∗(G). We begin by clarifying what precisely we mean by

identifiability. The most stringent notion, namely that of global identifiability, requires φG

to be injective on all of Θ. While this notion is important (Drton et al., 2011), it is too

stringent for the setting we consider here. Indeed, for any triple (Λ,Ω, δ) ∈ Θ, φG(Λ,Ω, δ) =

φG(Λ,Ω,−δ), which implies that the fiber

{(Λ′,Ω′, δ′) ∈ Θ : φG(Λ,Ω, δ) = φG (Λ′,Ω′, δ′)}

always has cardinality ≥ 2. We may account for this symmetry by requiring φG to be 2-to-1

on all of Θ but this is not enough as there are always some fibers that are infinite. For

instance, it is easy to show that the fiber in the above display is infinite when δ = 0. As

such, it is natural to consider notions of generic identifiability. Specifically, our contributions

will pertain to the notion of generic finite identifiability, as defined below, that only requires

finite identification of parameters away from a fixed null set in Θ; here a null set is a set of
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Lebesgue measure zero. This notion is also referred to as local identifiability in other related

work such as Anderson and Rubin (1956).

Null sets appearing in our work are algebraic sets, where an algebraic set A ⊂ Rn is the

set of common zeros of a collection of multivariate polynomials, i.e.,

A = {a ∈ Rn : fi(a) = 0, i = 1, . . . , k},

for fi ∈ R[x1, . . . , xn], where R[x1, . . . , xn] is the ring of polynomials in n variables with

coefficients in R. If all polynomials fi are the zero polynomial then A = Rn. Otherwise, A

is a proper subset, A ( Rn, and its dimension is then less than n. In particular, a proper

algebraic subset of Rn has measure zero.

Definition 2.1.2. Let S be an open subset of Rn, and let f be a map defined on S. Then f

is said to be generically finite-to-one if there exists a proper algebraic set S̃ ⊂ Rn such that

the fiber of s, i.e. the set {s′ ∈ S : f(s′) = f(s)}, is finite for all s ∈ S \ S̃. Otherwise, f is

said to be generically infinite-to-one.

Definition 2.1.3. The model N∗(G) of a given DAG G = (V,E) is said to be generically

finitely identifiable if its parametrization φG defined on Θ is generically finite-to-one. We

also say the DAG G is generically finitely identifiable for short.

Hereafter for any map f defined on an open domain S ⊂ Rn, we will use

Ff (s) := {s′ ∈ S : f(s′) = f(s)} (2.1.4)

to denote the fiber of a point s ∈ S. If T is a subset of S, we will use f |T to denote the

restriction of f to T , in which case for any t ∈ T , we have the fiber

Ff |T (t) = {t′ ∈ T : f(t′) = f(t)}.

The term “generic point” will refer to any point in the domain S that lies outside a fixed

proper algebraic subset S̃, and a property is said to hold generically if it holds everywhere

on S \ S̃. The following well-known lemma is a main tool in this chapter, and its proof will
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be included in Appendix B.1 for completeness. It gives as an immediate corollary a trivial

necessary condition for generic finite identifiability.

Lemma 2.1.1. Suppose f : S → Rd is a polynomial map defined on an open set S ⊂ Rn.

The following statements are equivalent:

i. f is generically finite-to-one.

ii. There exists a proper algebraic subset S̃ ⊂ Rn such that the fibers of the restricted map

f |S\S̃ are all finite, i.e. |Ff |S\S̃(s)| <∞ for all s ∈ S \ S̃.

iii. The Jacobian matrix of f is generically of full column rank.

Corollary 2.1.2. Given a DAG G = (V,E), a necessary condition for generic finite identi-

fiability of its associated model N∗(G) is that
(
m+1

2

)
− 2m ≥ |E|.

Proof of Corollary 2.1.2. The Jacobian matrix of φG is of size
(
m+1

2

)
× (|E|+ 2m), and it is

necessary that
(
m+1

2

)
≥ |E|+ 2m for it to have full column rank.

Property (ii) is seemingly weaker than (i) in Lemma 2.1.1. It is useful in proving our

results in Section 2.5. In light of Corollary 2.1.2, for the rest of this chapter we will restrict

our attention to DAGs G = (V,E) with
(
m+1

2

)
− 2m ≥ |E|, in which case m must be at least

3.

One of our contributions is a sufficient graphical condition stated in Theorem 2.1.3 below.

For v 6= w ∈ V , we will use v — w or w — v to denote the edge (v, w) = (w, v) of an

undirected graph on V . With slight abuse of notation, we may also use v — w or w — v

to denote an edge v → w ∈ E when the directionality of edges in a DAG G = (V,E) is to

be ignored. For any directed/undirected graph G = (V,E), the complement of G, denoted

as Gc = (V,Ec), is the undirected graph on V with the edge set Ec = {v — w : (v, w) 6∈

E and (w, v) 6∈ E}.
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Figure 2.1: A DAG G that satisfies the sufficient condition in Theorem 2.1.3; its undirected

complement Gc is shown on the right.

Theorem 2.1.3 (Sufficient condition for generic finite identifiability). The model N∗(G)

given by a DAG G = (V,E) is generically finitely identifiable if every connected component

of Gc contains an odd cycle.

Figure 2.1 shows a DAG G that satisfies the sufficient condition in Theorem 2.1.3; its

undirected complement Gc is shown on the right of the figure. We will revisit this example

in Section 2.4, where we report on algebaric computations that show that for this graph G

the fibers of φG are generically of size 2 or 4.

Our approach to proving Theorem 2.1.3 also yields a necessary condition for generic

finite identifiability. This condition can be stated in terms of two undirected graphs on the

node set V , denoted G|L,cov = (V,E|L,cov) and Gcon = (V,Econ), where E|L,cov captures the

dependency of variable pairs after conditioning on the latent variable L, and Econ captures

the dependency of variable pairs after conditioning on all other variables. From (2.1.1) it

can be seen that Σ|L := (Im−ΛT )−1Ω(Im−Λ)−1 is the covariance matrix of X conditioning

on L, hence v — w ∈ E|L,cov if and only if (Σ|L)vw 6≡ 0, and analogously v — w ∈ Econ if

and only if (Σ−1
|L )vw 6≡ 0. It is well known that these two undirected graphs can be obtained

by using the d-separation criterion applied to the extended DAG G; see Drton et al. (2009,

p. 73) for example.

Theorem 2.1.4 (Necessary condition for generic finite identifiability). Given a DAG G =

(V,E), for the model N∗(G) to be generically finitely identifiable, it is necessary that the

following two conditions both hold:
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Figure 2.2: A graph G (left), Gcon (middle) and Gc
con (right). Since |Econ| − |E| = 1 < 2 =

dcon, the necessary condition in Thm. 2.1.4 does not hold.

i. |Econ| − |E| ≥ dcon, where dcon is the number of connected components in the graph

(Gcon)c that do not contain any odd cycle;

ii. |E|L,cov| − |E| ≥ dcov, where dcov is the number of connected components in the graph

(G|L,cov)
c that do not contain any odd cycle.

Figure 2.2 gives an example of a DAG that fails to satisfy our necessary condition,

specifically, condition (ii).

In addition to the closely related work of Stanghellini (1997) and Vicard (2000), identifi-

ability of directed Gaussian models with one latent variable has been studied by Stanghellini

and Wermuth (2005). The models we treat here are special cases with the latent node being

a common parent of all the observable nodes. As we review in more detail in Section 2.2, we

can readily adapt the sufficient graphical criteria given in Stanghellini and Wermuth (2005)

for certifying that the model N∗(G) of a given DAG G is generically finitely identifiable

with respect to Definition 2.1.3. Our own sufficient condition stated in Theorem 2.1.3 is

stronger, in the sense that every DAG G satisfying the sufficient conditions in Stanghellini

and Wermuth (2005) necessarily satisfies the condition in Theorem 2.1.3. However, when it

applies the result of Stanghellini and Wermuth (2005) yields a stronger conclusion than our

generic finiteness result. Indeed as we also emphasize in the discussion in Section 2.6, their

conditions imply that the parmetrization is generically 2-to-1.
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We will prove the above stated Theorems 2.1.3 and 2.1.4 in Section 2.3. Since the

parametrization map in (2.1.3) is polynomial, the generic finite identifiability of a given model

is decidable by algebraic techniques that involve Gröbner basis computations. In Section 2.4,

we will study the applicability of our graphical criteria via such algebraic computations for

all models N∗(G) of DAGs G with m = 4, 5, 6 nodes. Section 2.4 also contains simulation

experiments for larger graphs and a discussion of the computational complexity of checking

the graphical conditions. Section 2.5 will give results on situations where we can determine

generic finite identifiability of a model N∗(G) based on knowledge about the generic finite

identifiability of a model N∗(G′), where G′ is an induced subgraph of G.

Before ending this introduction, however, we comment on the role that Markov equiv-

alence plays in our problem. Recall that two DAGs defined on the same set of nodes are

Markov equivalent if they have the same d-separation relations. The following theorem,

which will be proved in Appendix B.1, says that generic finite identifiability is a property of

Markov equivalence classes of DAGs.

Theorem 2.1.5. Suppose G1 = (V,E1) and G2 = (V,E2) are two Markov equivalent DAGs

on the same set of nodes V . Then the model N∗(G1) is generically finitely identifiable if and

only if the same is true for N∗(G2).

2.2 Prior work

Stanghellini and Wermuth (2005) give sufficient graphical conditions for identifiability of

directed Gaussian graphical models with one latent variable that can be any node in the

DAG. We revisit their result in the context of the models from Definition 2.1.1 and formulate

it in terms of generic finite identifiability. (As was mentioned in the Introduction, their result

yields in fact the stronger conclusion of a generically 2-to-1 parametrization.) We begin by

stating a well-known fact about DAG models without latent variables.

Lemma 2.2.1. For any DAG G = (V,E) with m = |V | nodes, the map

(Λ,Ω) 7→ (Im − ΛT )−1Ω(Im − Λ)−1
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is injective on the domain RE × diag+
m and has a rational inverse.

Proof. For any (Λ,Ω) ∈ RE × diag+
m, let Σ = (σvw) = (Im − ΛT )−1Ω(Im − Λ)−1. Let

pa(v) = {w : w → v ∈ E} be the parent set of the node v. Then one can show, by induction

on m and considering a topological ordering of V , that

Λpa(v),v =
(
Σpa(v),pa(v)

)−1
Σpa(v),v

and

Ωvv = σvv − Σv,pa(v)

(
Σpa(v),pa(v)

)−1
Σpa(v),v;

compare, for instance, Richardson and Spirtes (2002, §8).

Let the random vector X and the latent variable L have their joint distribution specified

via the equation system from (2.1.1). Write Σ|L for the conditional covariance matrix of X

given L. Then it holds that

Σ|L = (Im − ΛT )−1Ω(Im − Λ)−1. (2.2.1)

Hence, by Lemma 2.2.1, when knowing Σ|L we can uniquely solve for the pair (Λ,Ω), which

are rational functions of Σ|L. Writing Σ for the (unconditional) covariance matrix of X, we

have from (2.1.2) that

Σ|L = Σ− (Im − ΛT )−1δδT (Im − Λ)−1.

Consequently, (Λ,Ω) can be recovered uniquely from Σ and (Im − ΛT )−1δ. The results of

Stanghellini and Wermuth (2005) then address identification of the vector (Im − ΛT )−1δ,

which holds the covariances between each coordinate of X and the latent variable L. We

obtain the following observation.

Proposition 2.2.2 (Adapted from Stanghellini and Wermuth, 2005). Let G = (V,E) be a

DAG. The model N∗(G) is generically finitely identifiable if

i. every connected component of Gc
|L,cov = (V,Ec

|L,cov) has an odd cycle, or
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Figure 2.3: A graph G (left) satisfying the sufficient condition in Proposition 2.2.2, with

Gcon (middle) and Gc
con (right).

ii. every connected component of Gc
con = (V,Ec

con) has an odd cycle.

Proof. Theorem 1 in Stanghellini and Wermuth (2005) gives (i) or (ii) as a sufficient condition

for identifying, up to sign, the m-vector (Im − ΛT )−1δ when Σ = φG(Λ,Ω, δ) for a generic

point (Λ,Ω, δ) in Θ. In this case, we can uniquely recover the conditional covariance matrix

Σ|L from (2.2.1) and also the pair (Λ,Ω) by Lemma 2.2.1. After identifying Λ, δ can be

solved for, up to sign, by the previous knowledge of (Im − ΛT )−1δ. Hence, (i) or (ii) is in

fact a sufficient condition for generic finite identifiability of N∗(G).

Figure 2.3 shows a DAG with m = 5 nodes that satisfies the condition of Proposi-

tion 2.2.2(ii).

We conclude this review of prior work by pointing out that any model N∗(G) that can be

determined to be generically finitely identifiable using Proposition 2.2.2 can also be found

to have this property using our new Theorem 2.1.3.

Proposition 2.2.3. A DAG G = (V,E) satisfying either one of the conditions in Proposi-

tion 2.2.2 necessarily satisfies the condition in Theorem 2.1.3.

Proof. Let G|L,cov = (V,E|L,cov) and Gcon = (V,Econ). An edge v → w ∈ E also presents

itself as an undirected edge in both E|L,cov and Econ. Hence, when ignoring the directionality

of its edges, G is a subgraph of both G|L,cov and Gcon and, thus, Gc is a supergraph of both

Gc
|L,cov and Gc

con. As such, if every connected component of Gc
|L,cov, or of Gc

con, contains an

odd cycle, the same is true of Gc.
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2.3 Criteria based on the Jacobian of parametrization maps

In this section, we prove Theorems 2.1.3 and 2.1.4. Let G = (V,E) be a fixed DAG with

m = |V | nodes, and let Θ := RE×diag+
m×Rm denote again the domain of the parametrization

φG : (Λ,Ω, δ) 7−→ (Im − ΛT )−1(Ω + δδT )(Im − Λ)−1

of the covariance matrix of the distributions in model N∗(G). We begin by introducing other

mappings that are generically finite-to-one if and only if φG is generically finite-to-one.

First, it will be helpful to study the map

φ̃G : (Λ,Ω, δ) 7−→ (Im − ΛT )−1Ω(Im − Λ)−1 + δδT , (2.3.1)

defined on Θ. Second, focusing on concentration instead of covariance matrices, we will also

consider the maps

ϕG : (Λ,Ψ, γ) 7−→ (Im − Λ)(Ψ− γγT )(Im − ΛT ), (2.3.2)

ϕ̃G : (Λ,Ψ, γ) 7−→ (Im − Λ)Ψ(Im − ΛT )− γγT . (2.3.3)

Lemma 2.3.1. The parametrization φG is generically finite-to-one if and only if any one of

the maps φ̃G, ϕG and ϕ̃G is generically finite-to-one.

Proof. Consider first the map φ̃G for which it holds that φG = φ̃G ◦ g, where

g : (Λ,Ω, δ) 7−→ (Λ,Ω, (Im − ΛT )−1δ)

is a diffeomorphism that maps Θ to itself. By the chain rule, the Jacobian of φG at (Λ,Ω, δ)

is the product of the Jacobian of φ̃G at g(Λ,Ω, δ) and the Jacobian of g at (Λ,Ω, δ). Now the

latter matrix is invertible on all of Θ since g is a diffeomorphism. It follows that there exists

a point in Θ at which the Jacobian of φG has full column rank if and only if the same is true

for φ̃G. For the Jacobian of a polynomial map such as φG and φ̃G, full column rank at a

single point implies generically full column rank; use the subdeterminants that characterize
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a drop in rank to define a proper algebraic subset of exceptions, see also Geiger et al. (2001,

Lemma 9). The claim about φG and φ̃G follows from Lemma 2.1.1.

Let h : (Λ,Ψ, γ) 7−→ (Λ,Ψ, (Im − Λ)γ). Since ϕG = ϕ̃G ◦ h, by the same argument as

above it also holds that ϕG is generically finite-to-one if and only if φ̃G has this property.

In order to complete the proof of the lemma it suffices to show that φG is generically

finite-to-one if and only if the same holds for ϕG. Define another diffeomorphism from Θ to

itself as

ρ : (Λ,Ω, δ) 7−→
(
Λ,Ω−1, (1 + δTΩ−1δ)−1/2Ω−1δ

)
.

Writing inv for matrix inversion, we then have that

inv ◦ φG = ϕG ◦ ρ (2.3.4)

because of the identity (Ω + δδT )−1 = (Ψ − γγT ) with Ψ = Ω−1 and γ = k−1/2Ψδ, where

k = 1 + δTΨδ > 0; see e.g. Rao (1973, p. 33). Using (2.3.4), the equivalence of being

generically finite-to-one for φG and ϕG may be argued similarly as for the maps considered

earlier.

Let J(ϕ̃G) be the Jacobian matrix of the map ϕ̃G from (2.3.3). It will be examined to

prove Theorem 2.1.3. In light of Lemmas 2.1.1 and 2.3.1, we will show that if G satisfies the

condition in Theorem 2.1.3, then J(ϕ̃G) is generically of full column rank, implying that φG

is generically finite-to-one. Our arguments will make use of the following lemma that rests

on observations made in Vicard (2000).

Lemma 2.3.2. Let G = (V,E) be an undirected graph, and let fG : RV → RE be the map

with coordinate functions

fG,vw(x) = xvxw, v — w ∈ E.

Then the Jacobian of fG has generic rank m− d, where m = |V | is the number of nodes and

d is the number of connected components of G that do not contain an odd cycle.
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Proof. For simpler notation, let f := fG. Let Jf be the Jacobian matrix of the polynomial

map f , and let ker(Jf ) be its kernel. By the rank theorem (Rudin, 1976, p. 229), the

dimension of ker(Jf ) is generically equal to the dimension of the fiber Ff ; recall (2.1.4).

Since rank(Jf ) = m− dim(ker(Jf )), it suffices to show that Ff has generic dimension d.

Since the claim is about a generic property, we may restrict the domain of f to the open

set X := (R\{0})m. This assumption is made so that Lemma 1 in Vicard (2000) is applicable

later without difficulty. Now, fix a point y ∈ f(X ) ⊂ RE. The elements of the fiber Ff (y)

are the vectors x ∈ Rm, or equivalently, x ∈ X , that are solutions to the system of equations

yvw = xvxw, v — w ∈ E. (2.3.5)

LetG1 = (V1, E1), . . . , Gk = (Vk, Ek) be the connected components ofG, so that V1, . . . , Vk

form a partition of V and E1, . . . , Ek partition E. Let k′ ≤ k be the number of connected

components containing two nodes at least. Without loss of generality, assume Gk′+1, . . . , Gk

are all the connected components with only a single node. Then the equations listed in

(2.3.5) can be arranged to form k′ disjoint subsystems indexed by i = 1, . . . , k′. The i-th

subsystem has the form

yvw = xvxw, v — w ∈ Ei (2.3.6)

and exclusively involves the variables {xv : v ∈ Vi}. By Lemma 1 in Vicard (2000) and

also the relevant discussion in the proof of Theorem 1 in the same paper, the solution set

to (2.3.6) either contains two points or can be parametrized by a single free variable in R.

The former case arises if and only if Gi contains an odd cycle. It follows that the dimension

of the solution set of (2.3.6) is zero when Gi contains an odd cycle, and it has dimension one

if Gi does not contain an odd cycle. In addition, each singleton component Gi = (Vi, ∅) for

i = k′+1, . . . , k provides one additional dimension to the fiber Ff (y), since the corresponding

variables in x are not restricted by any equations. We conclude that the dimension of Ff (y)

equals the number of connected components Gi that do not contain an odd cycle.

We return to the object of study, namely, the map ϕ̃G which sends the (2m + |E|)-

dimensional set Θ = RE × diag+
m×Rm to the

(
m+1

2

)
-dimensional space of symmetric m×m
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matrices. The Jacobian J(ϕ̃G) is of size
(
m+1

2

)
× (2m+ |E|), and we index its rows by pairs

(v, w) with 1 ≤ v < w ≤ m, whereas in Section 2.1 we assume the vertex set V = {1, . . . ,m}

to be topologically ordered. We now describe a particular way of arranging the rows and

columns of J(ϕ̃G).

Define the set of “non-edges” as N := {(v, w) : v < w and (v, w) 6∈ E}; we will also write

v 6→ w to express that (v, w) ∈ N . Also, define D := {(v, v) : v ∈ V }, so that D ∪ E ∪ N

indexes all entries in the upper triangular half of an m×m symmetric matrix. The rows of

J(ϕ̃G) are now arranged in the order D, E and N . The columns of J(ϕ̃G) are indexed such

that partial derivatives with respect to the free input variables in the triple (Λ,Ψ, γ) appear

from left to right, in the order Ψ, Λ and γ. In other words, we partition J(ϕ̃G) into 9 blocks

as follows:

J(ϕ̃G) =


Ψ Λ γ

D · · · · · · · · ·

E · · · · · · · · ·

N · · · · · · · · ·

. (2.3.7)

The following lemma is obtained by inspection of the partial derivatives of ϕ̃G. Its proof

appears in Appendix B.2.

Lemma 2.3.3. The Jacobian matrix J(ϕ̃G) is generically of full column rank provided that

the submatrix [J(ϕ̃G)]N,γ is so.

We now give the proof of Theorem 2.1.3.

Proof of Theorem 2.1.3. By Lemmas 2.1.1 and 2.3.3 , it suffices to show that [J(ϕ̃G)]N,γ is

generically of full column rank. For each v 6→ w ∈ N ,

[ϕ̃G(Λ,Ψ, γ)]vw =
[
(Im − Λ)Ψ(Im − ΛT )

]
vw
− γvγw. (2.3.8)

Note that only the right most term in (2.3.8) contributes to the partial derivatives of ϕ̃G

with respect to γ = (γv)v∈{1,...,m}.
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Ignoring the directionality of non-edges in N , define the undirected graph H = (V,N) to

which we associate a map fH as in Lemma 2.3.2. Then

[J(ϕ̃G)]N,γ = −JfH .

But JfH has generically full column rank by Lemma 2.3.2 because, in fact, H is equal to

the complementary graph Gc for which we assume that all connected components contain

an odd cycle.

We remark that Theorem 2.1.3 can also be proved by studying the Jacobian of the map

φ̃G from (2.3.1). We chose to work with ϕ̃G above since this allowed us to avoid consideration

of the inverse of the matrix Im − Λ. For Theorem 2.1.4, however, we consider both ϕ̃G and

φ̃G.

Proof of Theorem 2.1.4. We first prove the necessity of condition (i) by showing that if

|Econ|− |E| < dcon, then the Jacobian matrix J(ϕ̃G) always has row rank less than 2m+ |E|.

This implies that it cannot be of full column rank which implies the failure of generic finite

identifiability by Lemma 2.1.1.

As in the proof of Theorem 2.1.3, we consider the set of non-edges N , which we now

partition as N = N1∪̇N2, where N1 = {v 6→ w ∈ E : v — w ∈ Econ}, and N2 = N \ N1.

Accordingly, we can partition the submatrix [J(ϕ̃G)]N,{Ψ,Λ,γ} into two block of rows indexed

by N1 and N2 as

[J(ϕ̃G)]N,{Ψ,Λ,γ} =


Ψ Λ γ

N1 · · · · · · · · ·

N2 0 0 · · ·

. (2.3.9)

To see that the submatrix [J(ϕ̃G)]N2,{Ψ,Λ} = 0, observe first that an entry of (I−Λ)Ψ(I−ΛT )

is the zero polynomial if and only if the same is true for Σ−1
|L , where Σ|L is the matrix

from (2.2.1). Second, by definition of Econ and N2, if (v, w) ∈ N2 then (Σ−1
|L )vw = 0.

Next, observe that to prove the necessity of condition (i) it suffices to show that the rank

of [J(ϕ̃G)]N2,γ cannot be larger than m − dcon. Indeed, if this is true, then there exists a
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subset N ′2 ⊂ N2 with |N ′2| = m− dcon, such that the submatrix

[J(ϕ̃G)]{D,E,N1,N ′2},{Ψ,Λ,γ} (2.3.10)

has the same rank as the original Jacobian matrix J(ϕ̃G). However, the submatrix (2.3.10)

has 2m+ |Econ| − dcon rows, and thus its rank is less than 2m+ |E| because under condition

(i) we have |Econ| − |E| < dcon. As a result, J(ϕ̃G) cannot be of full column rank.

It now remains to show that [J(ϕ̃G)]N2,γ has rank at most m − dcon. Observe that the

undirected graph (V,N2) is equal to the complementary graph (Gcon)c. Moreover, [J(ϕ̃G)]N2,γ

is equal to the negative Jacobian of the map f(Gcon)c that we get by applying the construction

from Lemma 2.3.2 to (Gcon)c; recall the proof of Theorem 2.1.3. Applying Lemma 2.3.2,

we find that [J(ϕ̃G)]N2,γ has generic rank m − dcon, which is also the maximal rank that

[J(ϕ̃G)]N2,γ may have.

The proof of (ii) follows the exact same argument as that of (i), by replacing (a) Gcon

with G|L,cov, (b) dcon with dcov, (c) ϕ̃G with φ̃G, (d) Ψ with Ω, (e) γ with δ and (f) J(ϕ̃G)

with J(φ̃G), where J(φ̃G) is partitioned as

J(φ̃G) =


Ω Λ δ

D · · · · · · · · ·

E · · · · · · · · ·

N · · · · · · · · ·

, (2.3.11)

similarly to (2.3.7).

2.4 Computations and simulation experiments

According to Theorems 2.1.3 and 2.1.4 generic (non-)identifiability can be verified using

algorithms that determine the existence of odd cycles for each connected component of

a given graph. Efficient algorithms based on depth-first search techniques exist for that

purpose: Finding all connected components of a graph G = (V,E), directed or not, requires

O(|V |+ |E|) operations. If G is connected, determining the oddness of its cycles is equivalent
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to determining the oddness of the fundamental cycles with respect to a spanning tree of

G, which requires O(|V | + |E| + l) operations, where l is the sum of the lengths of these

fundamental cycles. The relevant algorithms are discussed in Reingold et al. (1977, Chapter

8).

To certify generic finite identifiability of a model N∗(G) for a DAG G based on The-

orem 2.1.3, its complement Gc has to be submitted as an input to the graph algorithms.

When G is sparse, one may want to avoid handling the dense complement Gc. The following

corollary gives two simple criteria.

Corollary 2.4.1. The model N∗(G) for a DAG G = (V,E) is generically finitely identifiable

if

i. G has two connected components, at least one of which is incomplete, or

ii. G has three connected components.

Proof. We will prove (i) here. Let G1 = (V1, E1) and G2 = (V2, E2) be the two connected

components of G such that V = V1∪V2 and E = E1∪E2. Clearly, any two nodes v ∈ V1 and

w ∈ V2 are adjacent in the complement Gc = (V,Ec). Moreover, two nodes v, w ∈ V1 are

connected in Gc as we may pick any u ∈ V2 to have v — u, u — w ∈ Ec. Similarly, any two

nodes in V2 are connected in Gc. Hence, Gc is a connected graph. The claim is then proven

if we can show that Gc contains an odd cycle. By assumption of incompleteness, without

loss of generality, there are v1, w1 ∈ V1 such that v1 → w1, w1 → v1 6∈ E1. This implies that

Gc contains the odd cycle v1 — u, u — w1, w1 — v1 for arbitrary u ∈ V2.

The proof of (ii) is similar and simpler, and we omit it.

2.4.1 Algebraic computations for small graphs

As explained in Drton (2006, §3) and Garcia-Puente et al. (2010), identifiability properties

of a model such as N∗(G) can be decided using Gröbner basis techniques from computational

algebraic geometry (Cox et al., 2007). While these techniques are tractable only for small to
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moderate size problems, we were able to perform an exhaustive algebraic study of all DAGs

G = (V,E) with m ≤ 6 nodes. Beyond a mere decision on whether the parametrization map

φG is generically 1-to-1, the algebraic methods also provide information about the generic

cardinality of the fibers of φG as a map defined on complex space.

Definition 2.4.1. For a DAG G = (V,E), let φC
G be the map obtained by extending φG to

the complex domain C2m+|E|. If the (complex) fibers of φC
G are generically of cardinality k,

then we say that φC
G is generically k-to-one.

The language of Definition 2.4.1 allows us to give a refined classification of DAGs G in

terms of the identifiability properties of the parametrization of model N∗(G). Indeed, N∗(G)

is generically finitely identifiable if and only if φC
G is generically k-to-one for some k <∞.

Remark 2.4.1. The generic size of the fibers of φC
G equals the generic size of the fibers of

the complex extensions of the three maps from Lemma 2.3.1. The map ϕ̃G has low degree

coordinates and tends to be the easiest to work with in algebraic computation. Another

approach that can be useful is to adapt the algorithm described in Section 8 of the supple-

mentary material for Foygel et al. (2012). To do this, note that for Λ ∈ C|E| there exist

complex choices of Ω and δ such that φG(Λ,Ω, δ) = Σ if and only if (I − ΛT )Σ(I − Λ) is

a matrix that is the sum of a diagonal matrix, namely, Ω, and a symmetric matrix of rank

1, namely, δδT . Whether a matrix is of the latter type can be tested using tetrads, that

is, 2 × 2 subdeterminants involving only off-diagonal entries of the matrix; see also (2.5.4)

below. The tetrads of a matrix form a Gröbner basis (de Loera et al., 1995, Drton et al.,

2007).

Table 2.1 lists out the counts of DAGs G = (V,E), with 4 ≤ m ≤ 6 nodes, that have

φC
G generically k-to-one, for all possible values of k. The table also gives the the counts of

DAGs satisfying the conditions in Theorems 2.1.3 and 2.1.4 as well as Proposition 2.2.2.

DAGs with
(
m+1

2

)
− 2m < |E|, which trivially give generically ∞-to-one maps φC

G in view of

Corollary 2.1.2, are excluded. We emphasize that the counts are with respect to unlabeled
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Table 2.1: Counts of unlabeled DAGs G with m nodes, at most
(
m+1

2

)
− 2m edges, and

complex parametrization φC
G generically k-to-one. Counts are also given for DAGs that

satisfy the sufficient conditions from Thm. 2.1.3 and Prop. 2.2.2, and DAGs that fail to

satisfy the necessary condition from Thm. 2.1.4.

m 4 5 6

k <∞ 5 95 3344

k = 2 5 87 2961

k = 4 0 8 345

k = 6 0 0 24

k = 8 0 0 14

Prop. 2.2.2 5 49 985

Thm. 2.1.3 5 88 2957

k =∞ 1 20 552

Thm. 2.1.4 1 20 361

Total # of DAGs 6 115 3896

DAGs, that is, all DAGs that are isomorphic with respect to relabeling of nodes are counted

as one unlabeled graph.

In the considered settings the condition in Theorem 2.1.3 is very successful in certifying

DAGs with a generically finitely identifiable model. For instance, when m = 6, it is able to

correctly identify 2957 out of 3344 such graphs. The previously known sufficient condition

of Stanghellini and Wermuth (2005) identifies 985 of them. Our necessary condition in

Theorem 2.1.4 is also useful in assessing graphs that give generically infinite-to-one models.

For instance, when m = 6, we find that 361 of 552 such graphs violate the condition; recall

the example from Figure 2.2.

While, by Proposition 2.2.3, our sufficient condition in Theorem 2.1.3 is stronger than that
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in Proposition 2.2.2 for generic finite identifiability, the latter condition, due to Stanghellini

and Wermuth (2005), in fact implies that φC
G is generically 2-to-one. For m = 5, there are

6 DAGs that satisfy the condition in Theorem 2.1.3 but give generically 4-to-one maps φC
G.

The graph from Figure 2.1 is an example. We note that for this DAG G the fibers of φC
G

intersect the statistically relevant set Θ in either 2 or 4 points, and both possibilities do

occur.

2.4.2 Simulation study for larger graphs

For DAGs with a large number of nodes m, using exhaustive algebraic computations to de-

termine their identifiability is not feasible. We instead assess the power of our graphical

conditions by simulations. For m = 25 and m = 35, we randomly generate 5000 labeled

DAGs with k edges, where k ranges from 226 to 275 when m = 25 and from 461 to 560

when m = 35. Note that for each m, the maximum number of edges in the DAGs we draw

equals
(
m+1

2

)
− 2m; over that limit the DAGs must give generically non-identifiable models

by Corollary 2.1.2. The number of graphs satisfying the conditions in Theorems 2.1.3 and

Theorems 2.1.4 are plotted in Figure 2.4. As the number of edges increases, our sufficient

condition in Theorems 2.1.3 certifies fewer of the randomly generated graphs to be identifi-

able. This agrees with the intuition that it is less likely to be a generically finitely identifiable

model as the number of edges increases, since there are more free parameters in the coeffi-

cient matrix Λ. Conversely, the necessary condition in Theorem 2.1.4 is not very helpful in

telling apart generically infinite-to-one models since almost all random graphs satisfy it.

2.5 Subgraph extension

This section concerns results on how we can extend knowledge about identifiability of an

induced subgraph to that of the original DAG. We recall standard terminology in graphical

modeling. For a given DAG G = (V,E), we write pa(v) = {w : w → v ∈ E} for the parent

set of the node v, and ch(v) = {w : v → w ∈ E} for the child set of v. If for some node

s ∈ V there does not exist a node s′ ∈ V with s → s′ ∈ E, then s is a sink node. If there
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Figure 2.4: For m = 25 and 35 and each fixed number of edges, the counts of 5000 randomly

drawn labeled DAGs satisfying the sufficient condition in Theorem 2.1.3 are plotted in black,

and the counts of labeled DAGs satisfying the necessary condition in Theorem 2.1.4 are

plotted in red.

is no other node s′ ∈ V with s′ → s ∈ E, then s is a source node. The following theorem is

the main result of this section.

Theorem 2.5.1. Given a DAG G = (V,E), if there exists

i. a sink node s ∈ V such that pa(s) 6= V \ {s} and the model N∗(G′) of the induced

subgraph G′ on V \ {s} is generically finitely identifiable, or

ii. a source node s ∈ V such that ch(s) 6= V \ {s} and the model N∗(G′) of the induced

subgraph G′ on V \ {s} is generically finitely identifiable,

then the model N∗(G) is generically finitely identifiable.

Recall that in Table 2.1 there are 3344 − 2957 = 387 DAGs with m = 6 nodes that are

generically finitely identifiable but do not satisfy our sufficient condition from Theorem 2.1.3.

The above Theorem 2.5.1 provides a way to certify identifiability of models falling within
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this “gap”, provided that we have knowledge of which DAGs on m = 5 nodes are generically

finitely identifiable. For instance, from our algebraic computations we know that there are

95 − 88 = 7 DAGs that are generically finitely identifiable but cannot be proven to be so

by Theorem 2.1.3. Of the 387 aforementioned DAGs on 6 nodes, 194 can be proven to be

generically finitely identifiable by using the knowledge about the 7 graphs onm = 5 nodes and

applying Theorem 2.5.1. We remark that if a DAG satisfies the condition in Theorem 2.1.3,

the resulting supergraph obtained by augmenting a sink (source) node that does not have

every other node as its parent (child) must also satisfy the condition in Theorem 2.1.3.

Hence, given current state-of-the-art, Theorem 2.5.1 is useful primarily as a tool to reduce the

identifiability problem to smaller subgraphs that may then be tackled by algebraic methods.

Theorem 2.5.1 is obtained by studying the maps φG and ϕG in (2.1.3) and (2.3.2). First

consider (2.1.3). In light of Lemma 2.1.1(ii), we can show that φG is generically finite-to-one

if there exists a proper algebraic subset Ξ ⊂ R2m+|E| such that |FφG|Θ\Ξ(θ0)| < ∞ for all

θ0 = (Λ0,Ω0, δ0) ∈ Θ \ Ξ, or equivalently,

(Im − ΛT )φG(θ0)(Im − Λ) = Ω + δδT , (2.5.1)

has finitely many solutions for (Λ,Ω, δ) in Θ \Ξ. Throughout this section, Ξ is taken so that

all points (Λ,Ω, δ) ∈ Θ \ Ξ have δi 6= 0 for all i = 1, . . . ,m. As such, the matrix Ω + δδT on

the right hand side of (2.5.1) has all entries nonzero and is known as a Spearman matrix.

Definition 2.5.1. A symmetric matrix Υ ∈ Rm×m of size m ≥ 3 is a Spearman matrix if

Υ = Ω + δδT for a diagonal matrix Ω with positive diagonal and a vector δ with no zero

elements.

Any Spearman matrix Υ is positive definite, and it is not difficult to show that if Υ =

Ω+δδT is Spearman with m ≥ 3 then the two summands Ω and δδT are uniquely determined

as rational functions of Υ. Moreover, δδT determines δ up to sign change. For these facts

see, for instance, Theorem 5.5 in Anderson and Rubin (1956). We term Ω the diagonal

component of Υ, and δδ′ the rank-1 component. The following theorem gives an implicit

characterization of Spearman matrices of size m ≥ 4.
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Theorem 2.5.2. A positive definite symmetric matrix Υ = (υij) ∈ Rm×m of size m ≥ 4 is

a Spearman matrix if and only if, after sign changes of rows and corresponding columns, all

its elements are positive and such that

υijυkl − υikυjl = υilυjk − υikυjl = υijυkl − υilυjk = 0 (2.5.2)

for i < j < k < l, and

υiiυjk − υikυji > 0 (2.5.3)

for i 6= j 6= k.

This is essentially the same as Theorem 1 in Bekker and de Leeuw (1987), which the reader

is referred to for a proof. Unlike Bekker and de Leeuw (1987), we have a strict inequality in

(2.5.3) since in Definition 2.5.1 we require the diagonal component of a Spearman matrix to

be strictly positive.

The three polynomial expressions in (2.5.2) are the 2×2 off-diagonal minors of the matrix

Υ, which are also known as tetrads in the literature. We call the quadruple i < j < k < l

the indices of the tetrad they define. Note that

υijυkl − υilυjk = (υijυkl − υikυjl)− (υilυjk − υikυjl)

so that the three tetrads in (2.5.2) are algebraically dependent. In general, a symmetric

m×m matrix Υ has 2
(
m
4

)
algebraically independent tetrads and we write TETRADS(Υ) to

denote a column vector comprising a choice of 2
(
m
4

)
algebraically independent tetrads.

For each triple (Λ,Ω, δ) ∈ Θ \ Ξ that solves (2.5.1), it must be true that

TETRADS
(
(Im − ΛT )φG(θ0)(Im − Λ)

)
= 0. (2.5.4)

Together with the uniqueness of the diagonal and rank-1 components for a Spearman matrix,

if we can show only finitely many Λ’s solve the system (2.5.4), then we have shown that the

model N∗(G) is generically finitely identifiable. Our proof for Theorem 2.5.1(i) follows this

approach.
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Alternatively, based on Lemma 2.3.1, we can also prove generic finite identifiability by

considering the map ϕG from (2.3.2). We then need to show that there exists a proper

algebraic subset Ξ ⊂ R2m+|E| so that |FϕG|Θ\Ξ(θ0)| < ∞ for all θ0 = (Λ0,Ψ0, γ0) ∈ Θ \ Ξ, or

equivalently,

(Im − Λ)−1ϕG (θ0) (Im − ΛT )−1 = Ψ− γγT (2.5.5)

has finitely many solutions for (Λ,Ψ, γ) in Θ\Ξ. Again we assume that Ξ is defined to avoid

issues due to zeros, that is, every triple (Λ,Ψ, γ) ∈ Θ \ Ξ has γi 6= 0 for all i = 1, . . . ,m.

We introduce the term coSpearman matrix to describe the matrix on the right hand side of

(2.5.5).

Definition 2.5.2. A symmetric matrix Υ ∈ Rm×m of size m ≥ 3 is a coSpearman matrix if

Υ = Ψ − γγT for a diagonal matrix Ψ with positive diagonal and a vector γ with no zero

elements.

Again, the diagonal component Ψ and the rank-1 component γγT are uniquely deter-

mined by Υ; compare Stanghellini (1997, p. 243). The following theorem is analogous to

Theorem 2.5.2.

Theorem 2.5.3. A positive definite symmetric matrix Υ = (υij) ∈ Rm×m of size m ≥ 4 is

a coSpearman matrix if and only if, after sign changes of rows and corresponding columns,

all its non-diagonal elements are negative and such that

υijυkl − υikυjl = υilυjk − υikυjl = υijυkl − υilυjk = 0 (2.5.6)

for i < j < k < l, and

υiiυjk − υikυji < 0 (2.5.7)

for i 6= j 6= k.

Using the tetrad characterizations (2.5.6) and the uniqueness of diagonal and rank-1

components, one can now demonstrate that the restricted map ϕG|Θ\Ξ has finite fibers by
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showing that the system of tetrad equations

TETRADS
(
(Im − Λ)−1ϕG (θ0) (Im − ΛT )−1

)
= 0 (2.5.8)

admits only finitely many solutions for Λ when θ0 ∈ Θ \ Ξ.

The finiteness of solutions in Λ for the system (2.5.4), or (2.5.8), is a sufficient condition for

the generic finite identifiability of N∗(G). It is, however, not obvious that these two systems

necessarily have finitely many solutions when N∗(G) is generically finitely identifiable. The

following lemma states that such a converse does hold for the following two types of DAGs,

whose generic finite identifiability can be easily checked by Theorem 2.1.3. Recall that the

notation “ ( ” means “being a proper subset of”.

Lemma 2.5.4. Let G = (V,E) be a DAG with vertex set V = {1, . . . ,m}.

i. If E ( {(k,m) : k ≤ m− 1}, then there exists a proper algebraic subset Ξ such that for

all θ0 = (Λ0,Ω0, δ0) ∈ Θ \ Ξ, the system

TETRADS
(
(Im − ΛT )φG (θ0) (Im − Λ)

)
= 0

is linear in the variable Λ ∈ RE and is solved uniquely by Λ = Λ0.

ii. If E ( {(1, k) : k ≥ 2}, then there exists a proper algebraic subset Ξ such that for all

θ0 = (Λ0,Ψ0, γ0) ∈ Θ \ Ξ, the system

TETRADS
(
(Im − Λ)−1ϕG (θ0) (Im − ΛT )−1

)
= 0

is linear in the variable Λ ∈ RE and is solved uniquely by Λ = Λ0.

The proof of Lemma 2.5.4 is deferred to Appendix B.3.

Proof of Theorem 2.5.1. We will first prove (i), which uses Lemma 2.5.4(i). The proof of

(ii) will follow from similar reasoning using Lemma 2.5.4(ii).

Without loss of generality, assume that the sink node s = m, by giving the nodes a new

topological order if necessary. Define two DAGs as follows. First, let G1 = (V1, E1) be the
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subgraph of G induced by the set V1 = V \ {m} = [m − 1], where we adopt the shorthand

[k] := {1, . . . , k}, k ∈ N. Second, let G2 = (V,E \ E1) be the graph on V obtained from

G by removing all edges that do not have the sink node m as their head. As before, let

Θ := RE × diag+
m×Rm. We will construct a proper algebraic subset Ξ, such that for any

θ ∈ Θ\Ξ, the fiber FφG|Θ\Ξ(θ) is finite. Then Lemma 2.1.1(ii) applies and yields the assertion

of Theorem 2.5.1(i).

Let Θ1 := RE1 × diag+
m−1×Rm−1 be the open set on which the parametrization φG1

of model N∗(G1) is defined. By assumption, there exists a proper algebraic subset Ξ′1 ⊂

R2(m−1)+|E1| such that the restricted map φG1|Θ1\Ξ′1 has finite fibers, by Lemma 2.1.1(ii).

Extend Ξ′1 to a proper algebraic subset of R2m+|E| by defining

Ξ1 := Ξ′1 × RE\E1 × R2,

where RE\E1 accommodates the additional free variables λvm with v ∈ pa(m), and R2 ac-

commodates the two variables Ωmm = ωm and δm.

Next, recall that for a given point θ′ = (Λ′,Ω′, δ′) ∈ Θ, any (Λ,Ω, δ) ∈ FφG(θ′) must

satisfy the tetrad equations

TETRADS
(
(Im − ΛT )φG(θ′)(Im − Λ)

)
= 0. (2.5.9)

Let λE1 := (λvw)T(v,w)∈E1
. Then any tetrad in (2.5.9) with indices i < j < k < m has the form∑

m′∈pa(m)

am′ (λE1 , φG(θ′))λm′m − b (λE1 , φG(θ′)) ,

where the am′ as well as b are polynomials with the entries of λE1 and the entries of a

symmetric m×m matrix being their variables. Let λpa(m),m be the vector with entries λvm

for v ∈ pa(m). Then the part of the system (2.5.9) involving the variables λv,m, v ∈ pa(m),

has the form

C (λE1 , φG(θ′))λpa(m),m = c (λE1 , φG(θ′)) , (2.5.10)

where C is a matrix of size 2
(
m−1

3

)
× |pa(m)|, and c is a vector of length 2

(
m−1

3

)
. Both C

and c are filled with polynomials in the entries of λE1 and a symmetric m×m matrix. Since
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(Λ,Ω, δ) ∈ FφG(θ′), we have φG(θ′) = φG(Λ,Ω, δ) and, thus,

C (λE1 , φG(Λ,Ω, δ))λpa(m),m = c (λE1 , φG(Λ,Ω, δ)) . (2.5.11)

As θ′ was an arbitrary point in Θ, (2.5.11) holds for all (Λ,Ω, δ) ∈ Θ. We claim that

C (λE1 , φG(Λ,Ω, δ)) is of full rank for generic choices of (Λ,Ω, δ). To see this, note that if

λE1 is set to 0, then (2.5.11) becomes the system of tetrad equations for the graph G2. Using

Lemma 2.5.4(i) and the assumption that pa(m) ( V \ {s}, we see that C (λE1 , φG(Λ,Ω, δ))

achieves full rank for λE1 = 0 and a generic choice of (λpa(m),m,Ω, δ). We deduce that the

rank is full generically.

Let Ξ2 be a proper algebraic subset such that C (λE1 , φG(Λ,Ω, δ)) is of full rank for any

(Λ,Ω, δ) ∈ Θ \ Ξ2. Let Ξ3 be the (algebraic) set comprising all triples (Λ,Ω, δ) with at least

one coordinate δi = 0, and define Ξ := Ξ1∪Ξ2∪Ξ3. Clearly, Ξ is a proper algebraic subset of

R2m+|E|. Take (Λ0,Ω0, δ0) to be a point in Θ \ Ξ and define Σ0 := φG(Λ0,Ω0, δ0). It remains

to show that the equation system

Σ0 = φG(Λ,Ω, δ) = (Im − ΛT )−1(Ω + δδT )(Im − Λ)−1 (2.5.12)

has only finitely many solutions in (Λ,Ω, δ) over the set Θ \ Ξ.

We begin by observing that because s = m is a sink node, by taking submatrices

in (2.5.12), we obtain the equation system

(Σ0)[m−1] = [(Im − ΛT )−1(Ω + δδT )(Im − Λ)−1][m−1]

= (Im−1 − ΛT
[m−1])

−1(Ω[m−1] + δ[m−1]δ
T
[m−1])(Im−1 − Λ[m−1])

−1

= φG1

(
Λ[m−1],Ω[m−1], δ[m−1]

)
.

Here, for an index set W ⊂ [m], we write xW to denote the subvector xW = (xv : v ∈ W )

of vector x = (x1, . . . , xm)T , and we similarly write AW for the W ×W principal submatrix

of a matrix A. Let S ⊂ Θ1 be the projection of the set of all triples (Λ,Ω, δ) ∈ Θ \ Ξ that

solve (2.5.12) onto their triple of submatrices/subvector (Λ[m−1],Ω[m−1], δ[m−1]). By choice

of Ξ, we have that S ⊂ Θ1 \ Ξ′1 and, since φG1|Θ1\Ξ′1 has finite fibers, we know that S is
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finite. However, a triple (Λ[m−1],Ω[m−1], δ[m−1]) ∈ S determines the matrix C and the vector

c in (2.5.11) and, by choice of Ξ, we may deduce that λpa(m),m is uniquely determined by

(Λ[m−1],Ω[m−1], δ[m−1]). It follows that the solutions to (2.5.12) that are in Θ\Ξ have their Λ

part equal to one of |S|/2 many choices; recall that if (Λ[m−1],Ω[m−1], δ[m−1]) is in S then so

is (Λ[m−1],Ω[m−1],−δ[m−1]). The proof is now complete because Λ determines the Spearman

matrix

(Im − ΛT )Σ0(Im − Λ) = Ω + δδT ,

for which the diagonal component Ω and the rank-1 component δδT are uniquely determined.

Given the fact that δδT determines δ only up to sign, (2.5.12) has |S| < ∞ solutions over

Θ \ Ξ, which concludes the proof of (i).

The proof of (ii) is analogous, and we only give a sketch. Instead of considering φG

we turn to ϕG, which also has domain Θ. Without loss of generality, we let the source

node be s = 1. We then define G1 = (V1, E1) to be the subgraph of G that is induced

by V1 = {2, . . . ,m}, and we let G2 = (V,E \ E1). We consider the parametrization ϕG1

with domain Θ1 = RE1 × diag+
m−1×Rm−1. By assumption, N∗(G1) is generically finitely

identifiable, so there exists a proper algebraic subset Ξ′1 such that ϕG1 |Θ\Ξ′1 has finite fibers,

by Lemma 2.1.1(ii).

On the other hand, for any (Λ,Ψ, γ) ∈ Θ, we have

TETRADS
(
(Im − Λ)−1ϕG(Λ,Ψ, γ)(Im − ΛT )−1

)
= 0.

Let λE1 := (λvw)T(v,w)∈E1
and λ1,ch(1) := (λ1v)

T
v∈ch(1). Then the tetrad equations with one

index equal to s = 1 yield the equation system

C (λE1 , ϕG(Λ,Ψ, γ))λ1,ch(1) = c (λE1 , ϕG (Λ,Ψ, γ)) ,

where part (ii) of Lemma 2.5.4 can be applied to show that C (λE1 , ϕG(Λ,Ψ, γ)) is of full rank

outside some proper algebraic subset Ξ2. We may then define a set Ξ as in the proof of part

(i) and use arguments similar to the ones above for a proof of part (ii) of our theorem.
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2.6 Discussion

In this chapter we studied identifiability of directed Gaussian graphical models with one

latent variable that is a common cause of all observed variables. To our knowledge, previously

the best criteria to decide on identifiability of such models are those given by Stanghellini

and Wermuth (2005) who consider a more general setup of Gaussian graphical models with

one latent variable. Their results provide a sufficient condition for the strictest notion of

identifiability that is meaningful is this context, namely, whether the parametrization map

is generically 2-to-one. Recall that the coefficients associated with the edges pointing from

the latent variable to the observables can only be recovered up to a common sign change.

In our work, we take a different approach and study the Jacobian matrix of the parametriza-

tion, which leads to graphical criteria to check whether the parametrization is finite-to-one.

Our sufficient condition covers all graphs that can be shown to have a 2-to-one parametriza-

tion by the conditions of Stanghellini and Wermuth (2005). However, our sufficient condition,

which is stated as Theorem 2.1.3, covers far more graphs as was shown in the computational

experiments in Section 2.4. Our Theorem 2.1.4 describes a complementary necessary condi-

tion.

By studying tetrad equations, we also give a criterion that allows one to deduce identi-

fiability of certain graphs from identifiability of subgraphs (Theorem 2.5.1). This result is

stated for generic finite identifiability but as is clear from the proof, the result would also

confirm that the parametrization of a graph is generically 2-to-one provided the involved

subgraph has a generically 2-to-one parametrization.

The extension result from Theorem 2.5.1 can be used in conjunction with the results

obtained by the algebraic computations in Section 2.4. These computations solve the identi-

fiability problem for graphs with up to 6 nodes. In particular, we confirm that the sufficient

conditions of Stanghellini and Wermuth (2005) are not necessary for the parametrization

map to be generically 2-to-one. We also provide examples of graphs that yield a generically

finite but not 2-to-one parametrization.
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As mentioned above, we studied models with one latent source 0 that is connected to all

nodes that represent observed variables. However, the graphical criteria in Theorems 2.1.3

and 2.1.4 can be readily extended to models with some of these factor loading edges missing.

Given the previously used notation, we describe such models as follows. Let G = (V,E)

be a DAG with vertex set of size m = |V |; these vertices index the observed variables. Let

V ′ ⊂ V be the nodes representing observed variables that do not directly depend on the

latent variable. Then only the edges 0 → v with v ∈ V \ V ′ are added when forming the

extended DAG G. The parametrization of the Gaussian graphical model determined by G

and V ′ is the restriction of φG from (2.1.3) to the domain

Θ(V ′) := {(Λ,Ω, δ) ∈ Θ : δv = 0 for all v ∈ V ′} .

When the parametrization maps φ̃G, ϕG and ϕ̃G are restricted to the same domain, the

assertion of Lemma 2.3.1 still holds. The corresponding identifiability results, which are in

the spirit of Corollary 1 in Grzebyk et al. (2004), are stated below. A brief outline of their

proofs is given in Appendix B.4.

Theorem 2.6.1 (Sufficient condition). Let G = (V,E) be a DAG, and let V ′ ⊂ V . If every

connected component of (Gc)V \V ′, the subgraph of Gc induced by V \ V ′, contains an odd

cycle, then the parametrization map φG is generically finite-to-one when restricted to the

domain Θ(V ′).

The necessary condition given next makes references to the graphs Gcon and G|L,cov that

were defined in the introduction.

Theorem 2.6.2 (Necessary condition). Let G = (V,E) be a DAG, and let V ′ ⊂ V . In order

for the restriction of φG to the domain Θ(V ′) to be generically finite-to-one, it is necessary

that the following two conditions both hold:

i. Let G̃c
con = (V \ V ′, Ẽcon) be the subgraph of Gc

con induced by V \ V ′. If dcon is the

number of connected components in the graph G̃c
con that do not contain any odd cycle,

then |Ẽcon| − |E| ≥ dcon.
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ii. Let G̃c
|L,cov = (V \ V ′, Ẽ|L,cov) be the subgraph of Gc

con induced by V \ V ′. If dcov is the

number of connected components in the graph G̃c
|L,cov that do not contain any odd cycle,

then |Ẽ|L,cov| − |E| ≥ dcov.

While Theorems 2.6.1 and 2.6.2 may be useful in some contexts, models in which latent

variables are parents to only some of the observables deserve a more in-depth treatment

in future work. In particular, it would be natural to seek ways to combine the results of

Stanghellini and Wermuth (2005) and the present chapter with the work of Foygel et al.

(2012) and Drton and Weihs (2015).
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Appendix A

PROOFS FOR CHAPTER 1

A.1 Motivation of Schott’s statistic as a Rao score

We show that, up to a rescaling by the squared sample size, the statistic Sr (1.1.3) is

Rao’s score statistic in the multivariate normal setting. Let X1, . . . ,Xn be i.i.d. m-variate

normal random vectors with mean vector µ and precision matrix K = (K(pq)), and define

X̄ := n−1
∑

i Xi, W = (W (pq)) := n−1
∑

i(Xi − X̄)(Xi − X̄)′. Recall that the score vector is

the first derivative of their joint likelihood

ln =
1

2

(
n log |K| −

∑
i

(Xi − µ)′K(Xi − µ)

)

with respect to θ = (µ, K) evaluated at the maximum likelihood estimate (µ̂H0
, K̂H0) =

(X̄, diag((W (11))−1, . . . , (W (mm))−1)) of θ under H0 (1.1.1). By routine calculations, it can

be shown that

∂ln
∂µ

∣∣∣∣∣
θ=(µ̂H0

,K̂H0
)

= 0,
∂ln

∂K(pq)

∣∣∣∣∣
θ=(µ̂H0

,K̂H0
)

=

0 if p = q

−nW (pq) if p < q

. (A.1.1)

Let I(θ) be the Fisher Information of X, and by the classical theory of Rao score test, one

reject H0 when (
∂ln
∂θ

)′
I(θ)−1

(
∂ln
∂θ

) ∣∣∣∣∣
θ=(µ̂H0

,K̂H0
)

(A.1.2)
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is large. For p < q and p′ < q′,

[I(µ̂H0
, K̂H0)]K(pq),K(p′q′)

= EN (µ̂H0
,K̂H0

)[(X
(p) − µ(p))(X(q) − µ(q))(X(p′) − µ(p′))(X(q′) − µ(q′))]

=

([K̂H0 ]pp[K̂H0 ]qq)
−1 if (p, q) = (p′, q′)

0 if (p, q) 6= (p′, q′)

, (A.1.3)

where EN (µ̂H0
,K̂H0

) means taking expectation with respect to X having a multivariate normal

distribution with mean µ̂H0
and precision matrix K̂H0 . In light of (A.1.1) and (A.1.3), one

obtains that the statistic from (A.1.2) is equal to n2 times Schott (2005)’s statistic Sr from

(1.1.3)

A.2 Technical lemmas

The following lemma will be used to prove both Lemmas A.2.2 and A.2.3 below, as well as

Lemmas 1.3.1 and 1.3.2. We make use of the following notion of multisets. For 1 ≤ k ≤ n,

if i1, . . . , ir are tuples in P(n, k), let the duple (∪rω=1i
ω, fm) be the multiset associated with

∪rω=1i
ω, where fm : ∪rω=1i

ω −→ N is the multiplicity function such that fm(i) is the number

of occurrences of index i in the sets i1, . . . , ir.

Lemma A.2.1. Let h : (N2)k −→ R be a kernel that is symmetric in its k arguments and

has order of degeneracy d under H0.

i. Suppose i1, . . . , i4 ∈ P(n, k). If | ∪4
ω=1 iω| > 4k − 2d, then

E0

[
4∏

ω=1

h
(
R

(pωqω)
iω

)]
= 0

for all 1 ≤ pω 6= qω ≤ m, ω = 1, . . . , 4. If |∪4
ω=1 iω| = 4k−2d, then E0[

∏4
ω=1 h(R

(pωqω)
iω )]

is nonzero only if |iω ∩ (∪ω′ 6=ωiω
′
)| = d for all ω = 1, . . . , 4, and in this case the

multiplicity function fm of the multiset (∪4
ω=1i

ω, fm) takes value either 1 or 2.
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ii. Suppose i1, . . . , i8 ∈ P(n, k). If | ∪8
ω=1 iω| > 8k − 4d, then

E0

[
8∏

ω=1

h
(
R

(pωqω)
iω

)]
= 0

for all 1 ≤ pω 6= qω ≤ m, ω = 1, . . . , 8. If |∪8
ω=1 iω| = 8k−4d, then E0[

∏8
ω=1 h(R

(pωqω)
iω )]

is nonzero only if |iω ∩ (∪ω′ 6=ωiω
′
)| = d for all ω = 1, . . . , 8, and in this case the

multiplicity function fm of the multiset (∪8
ω=1i

ω, fm) takes value either 1 or 2.

Proof. We consider the first claim (i). Since i1, . . . , i4 are tuples in P(n, k), the multiplicity

function fm of the multiset (∪4
ω=1i

ω, fm) is such that
∑

i∈∪4
ω=1i

ω fm(i) = 4k. If | ∪4
w=1 iω| >

4k − 2d, the cardinality of the set {i ∈ ∪8
w=1i

ω : fm(i) = 1} must be greater than 4k − 4d,

in which case there exists an ω′ so that c := |iω′ ∩ (∪ω 6=ω′iω)| < d. By symmetry, we may

assume w′ = 1 without loss of generality.

Let j = (j1, . . . , jc) = i1 ∩ (∪w 6=1i
ω) as sets. Then, conditional on X

(p1q1)
j , we have that

h(R
(p1q1)

i1 ) is independent of all other factors h(R
(pωqω)
iω ) for ω = 2, . . . , 4. Since h has order

of degeneracy d under H0, by the equivalence relation in (1.2.8), E0[h(R
(p1q1)

i1 )|X(p1q1)
j ] = 0,

and therefore by the aforementioned conditional independence

E0

[
4∏

ω=1

h
(
R

(pωqω)
iω

)∣∣∣∣∣X(p1q1)
j

]
≡ 0

as a function of X
(p1q1)
j , which in turn implies that E0[

∏4
ω=1 h(R

(pωqω)
iω )] = 0.

The necessary condition for E0[
∏4

ω=1 h(R
(pωqω)
iω )] to be nonzero when | ∪4

ω=1 iω| = 4k− 2d

can be argued similarly, and we omit the details.

The proof of (ii) is analogous to that of (i). Again, we omit the details.

The following three lemmas will be used to prove Lemma A.4.1. Recall the notational

shorthand Ū
(pq)
h :=

(
U

(pq)
h

)2 − µh for 1 ≤ p < q ≤ m, defined in the proof of Theorem 1.4.1.

Lemma A.2.2. Suppose 1 ≤ p, q, l, u ≤ m are four distinct indices, and h is a kernel of

order of degeneracy d satisfying Assumption 1.2.2 under H0. Then

E0

[
Ū

(pl)
h Ū

(ql)
h Ū

(pu)
h Ū

(qu)
h

]
= O(n−4d−1).
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Proof. Without loss of generality, we prove the result for (p, q, l, u) = (1, 2, 3, 4). Note that

for any four distinct indices 1 ≤ p1, p2, p3, p4 ≤ m, the antiranks R(p1)|(p2), R(p2)|(p3), R(p3)|(p4)

are independent. Since Ū (13), Ū (23), Ū (14), Ū (24) are functions of R(1)|(3), R(2)|(3), R(1)|(4),

R(2)|(4), respectively, on expansion,

E0

[
Ū (13)Ū (23)Ū (14)Ū (24)

]
= E0

[(
U

(13)
h

)2 (
U

(23)
h

)2 (
U

(14)
h

)2 (
U

(24)
h

)2
]
− µ4

h

= E0

[(
U

(13)
h

)2 (
U

(23)
h

)2 (
U

(14)
h

)2 (
U

(24)
h

)2
]
−
(
k

d

)8(
d!ζd
nd

)4

+O
(
n−4d−1

)
,

where the last equality follows from Lemma 1.3.1(i). The proof is completed if we are able

to show that

E0

[(
U

(13)
h

)2 (
U

(23)
h

)2 (
U

(14)
h

)2 (
U

(24)
h

)2
]

=

(
k

d

)8(
d!ζd
nd

)4

+O
(
n−4d−1

)
. (A.2.1)

For iω ∈ P(n, k), ω = 1, . . . , 8, we define

P (i1, . . . , i8) =

(
2∏

ω=1

h
(
R

(13)
iw

))( 4∏
ω=3

h
(
R

(23)
iw

))( 6∏
ω=5

h
(
R

(14)
iw

))( 8∏
ω=7

h
(
R

(24)
iw

))
.

(A.2.2)

Then on expansion,

E0

[(
U

(13)
h

)2 (
U

(23)
h

)2 (
U

(14)
h

)2 (
U

(24)
h

)2
]

=

(
n

k

)−8 ∑
iω∈P(n,k)

1≤ω≤8

E0

[
P (i1, . . . , i8)

]
. (A.2.3)

Each summand E0[P (i1, . . . , i8)] on the right hand side of (A.2.3) depends on the multiset

(∪8
w=1i

w, fm). If | ∪8
w=1 iω| > 8k − 4d, by Lemma A.2.1(ii), E0[P (i1, . . . , i8)] = 0.

If | ∪8
w=1 iω| = 8k − 4d, by Lemma A.2.1(ii), for E0[P (i1, . . . , i8)] to be non-zero it is

necessary that |iω′ ∩ (∪ω 6=ω′iω)| = d for all ω′ = 1, . . . , 8, in which case fm takes the value 1 or

2. Suppose this is true. Under H0, conditioning on X
(1)

i1∩(i2∪i5∪i6) and X
(3)

i1∩(i2∪i3∪i4), h(R
(1,3)

i1 )

is independent of all other multiplicative factors on the right hand side of (A.2.2). If i1

intersects with the set ∪8
ω=3i

ω \ i2, at least one of i1 ∩ (i2 ∪ i5 ∪ i6) and i1 ∩ (i2 ∪ i3 ∪ i4) has

cardinality less than d given that fm ≤ 2, and by Assumption 1.2.2

E0

[
h
(
R

(13)

i1

)∣∣∣X(1)

i1∩(i2∪i5∪i6),X
(2)

i1∩(i2∪i3∪i4)

]
= 0,
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Hence, E0[P (i1, . . . , i8)] = 0 by the aforementioned conditional independence. Similarly,

i3, i5, i7 can only intersect with i4, i6, i8, respectively, to ensure that E0[P (i1, . . . , i8)] does

not equal zero. When this is the case, |iω ∩ iw+1| = d for w = 1, 3, 5, 7, then the four sets

i1 ∩ i2, i3 ∩ i4, i5 ∩ i6, i7 ∩ i8 are disjoint and E0[P (i1, . . . , i8)] = (ζhd )4.

As a result, when | ∪8
w=1 iω| = 8k − 4d, E0[P (i1, . . . , i8)] is only nonzero with value (ζhd )4

for(
n

8k − 4d

)(
8k − 4d

2k − d, 2k − d, 2k − d, 2k − d

)(
2k − d
d

)4(
2k − 2d

k − d

)4

=

n!

(n− 8k + 4d)!((k − d)!)8(d!)4

choices of (i1, . . . , i8), which can be seen as follows. First, pick 8k − 4d indices from the

set {1, . . . , n}, and note that there are
(

8k−4d
2k−d,2k−d,2k−d,2k−d

)
ways of partitioning the 8k − 4d

indices into the four sets i1 ∩ i2, i3 ∩ i4, i5 ∩ i6, i7 ∩ i8. For each w ∈ 1, 3, 5, 7, there are(
2k−d
d

)
choices for the d shared common index in iw ∩ iw+1, and there are

(
2k−2d
k−d

)
ways of

distributing the remaining 2k− 2d indices to iω and iw+1. Since the count of the summands

E0[P (i1, . . . , i8)] with | ∪8
w=1 iω| < 8k − 4d is of the order O(n8k−4d−1), we find from (A.2.3)

that

E0

[(
U

(13)
h

)2 (
U

(23)
h

)2 (
U

(14)
h

)2 (
U

(24)
h

)2
]

=

(
n

k

)−8(
(ζhd )4n!

(n− 8k + 4d)!((k − d)!)8(d!)4
+O

(
n8k−4d−1

))
=

(
k

d

)8
(d!ζhd )4

n4d
+O

(
n−4d−1

)
,

and we are done proving (A.2.1).

Lemma A.2.3. Suppose 1 ≤ p, q, l, u ≤ m are four distinct indices, and h is a kernel of

order of degeneracy d satisfying Assumption 1.2.2 under H0. Then

E0

[
W

(pl)
h W

(ql)
h W

(pu)
h W

(qu)
h

]
= O(n−4d−1).
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Proof. Again, without loss of generality, we prove the result for (p, q, l, u) = (1, 2, 3, 4). Given

iω ∈ P(n, 2k), ω = 1, . . . , 4, we define

Q(i1, . . . , i4) = hW
(
R

(13)

i1

)
hW
(
R

(23)

i2

)
hW
(
R

(14)

i3

)
hW
(
R

(24)

i4

)
(A.2.4)

=

(
2k

k

)−4 ∑
ĩω⊂iω
|̃iω |=k

h
(13)

i1 ,̃i1
· h(23)

i2 ,̃i2
· h(14)

i3 ,̃i3
· h(24)

i4 ,̃i4
,

where h
(pq)

iw,ĩω
:= h

(
R

(pq)

ĩω

)
h
(
R

(pq)

iω \̃iω

)
. By the definition from (1.3.5), on expansion,

E0

[
W

(13)
h W

(23)
h W

(14)
h W

(24)
h

]
=

1(
n
2k

)4

∑
iw∈P(n,2k),

1≤w≤4

E0

[
Q
(
i1, i2, i3, i4

)]
=

1((
n
2k

)(
2k
k

))4

∑
iw∈P(n,2k),
ω=1,...,4

∑
ĩω⊂iω
|̃iω |=k

E0

[
h

(13)

i1 ,̃i1
· h(23)

i2 ,̃i2
· h(14)

i3 ,̃i3
· h(24)

i4 ,̃i4

]
.

(A.2.5)

It now suffices to show that

E0

[
h

(13)

i1 ,̃i1
· h(23)

i2 ,̃i2
· h(14)

i3 ,̃i3
· h(24)

i4 ,̃i4

]
= 0 (A.2.6)

whenever | ∪4
ω=1 iω| ≥ 8k − 4d, because then the right hand side of (A.2.5) is of the order(

n
2k

)−4( n
8k−4d−1

)
= O(n−4d−1).

The value of a term

h
(13)

i1 ,̃i1
· h(23)

i2 ,̃i2
· h(14)

i3 ,̃i3
· h(24)

i4 ,̃i4
= h

(
R

(13)

ĩ1

)
h
(
R

(13)

i1\̃i1

)
· · · · · ·h

(
R

(24)

ĩ4

)
h
(
R

(24)

i4\̃i4

)
, (A.2.7)

depends on the multi set (∪4
ω=1i

ω, fm), where fm : ∪4
ω=1i

ω −→ N is the multiplicity function

with f(i) equal to the occurrences of i among the eight tuples

ĩ1, i1 \ ĩ1, . . . , ĩ4, i4 \ ĩ4 ∈ P(n, k) (A.2.8)

and
∑

i∈∪4
ω=1i

ω f(i) = 8k. If |∪4
ω=1 iω| = |∪4

ω=1 (̃iω)∪ (iω \ ĩω)| > 8k−4d, by Lemma A.2.1(ii),

E0[h
(13)

i1 ,̃i1
· h(23)

i2 ,̃i2
· h(14)

i3 ,̃i3
· h(24)

i4 ,̃i4
] = 0. We are left with the case | ∪4

ω=1 iω| = 8k − 4d.
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If | ∪4
ω=1 iω| = 8k− 4d, by Lemma A.2.1(ii) for E0[h

(13)

i1 ,̃i1
·h(23)

i2 ,̃i2
·h(14)

i3 ,̃i3
·h(24)

i4 ,̃i4
] to be non-zero,

it is necessary (but not sufficient, as seen below) that each of the eight tuples in (A.2.8)

intersects with the union of the other seven at exactly d elements, with fm(i) ≤ 2 for all

i ∈ ∪4
ω=1i

ω. In particular, since ĩ1 is disjoint from i1 \ ĩ1, it is the case that

|̃i1 ∩ (∪4
ω=2i

ω)| = d. (A.2.9)

When conditioning on X
(3)

ĩ1∩i2 and X
(1)

ĩ1∩i3 , it is seen that h(R
(13)

ĩ1
) is independent of the other

multiplicative factors on the right hand side of (A.2.7). Note that since fm is always less

than or equal to 2, by (A.2.9) one of ĩ1 ∩ i2 and ĩ1 ∩ i3 must have cardinality less than d.

Hence, by Assumption 1.2.2 we have that

E0

[
h(R

(13)

ĩ1
)
∣∣∣X(3)

ĩ1∩i2 ,X
(1)

ĩ1∩i3

]
= 0,

and the aforementioned conditional independence yields the claim from (A.2.6).

Lemma A.2.4. Suppose 1 ≤ p, q, l, u ≤ m are four distinct indices, and h is a kernel of

order of degeneracy d satisfying Assumption 1.2.2 under H0. Then

E0

[
U

(pl)
h U

(ql)
h U

(pu)
h U

(qu)
h

]
= O(n−2d−1).

Proof. The proof uses similar counting techniques to that of Lemmas A.2.2 and A.2.3 and

is only simpler. We sketch it here and leave the reader to fill in the details. Likewise, let

(p, q, l, u) = (1, 2, 3, 4) without loss of generality. On expansion, by defining B(i1, . . . , i4) :=

h
(
R

(13)

i1

)
h
(
R

(23)

i2

)
h
(
R

(14)

i3

)
h
(
R

(24)

i4

)
,

E0

[
U

(13)
h U

(23)
h U

(14)
h U

(24)
h

]
=

(
n

k

)−4 ∑
iω∈P(n,k)

1≤ω≤4

E0

[
B(i1, . . . , i4)

]
. (A.2.10)

By Lemma A.2.1(i), E0 [B(i1, . . . , i4)] = 0 if | ∪4
ω=1 iω| > 4k− 2d. When | ∪4

ω=1 iω| = 4k− 2d,

one can also show E0 [P (i1, . . . , i4)] = 0 by using Lemma A.2.1(i) and the property of the

kernel given by Assumption 1.2.2. Hence, there are only at most O(n4k−2d−1) summands on

the right hand side of (A.2.10) and hence E0

[
U

(13)
h U

(23)
h U

(14)
h U

(24)
h

]
=
(
n
k

)−4
O(n4k−2d−1) =

O(n−2d−1).
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A.3 Proofs for Section 1.3

Proof of Lemma 1.3.1. It remains to prove claim (iii) about the fourth moment of U
(pq)
h

when the kernel h has its order of degeneracy d equal to 1 or 2 under H0. Without loss of

generality, we can assume (p, q) = (1, 2). The fourth moment can be written as

E0

[(
U

(12)
h

)4
]

=

(
n

k

)−4 ∑
i1,i2,i3,i4∈P(n,k)

E0

[
4∏

ω=1

h
(
R

(12)
iω ,1, . . . ,R

(12)
iω ,k

)]
. (A.3.1)

The value of each summand E0

[∏4
ω=1 h(R

(12)
iω )

]
in (A.3.1) depends on the multiset

(∪4
ω=1i

ω, fm) with ∑
i∈∪4

ω=1i
ω

fm(i) = 4k; (A.3.2)

we use the multiset notation introduced in the first paragraph of Appendix A.2.

By Lemma A.2.1(i), we have E0

[∏4
ω=1 h(R

(12)
iω )

]
= 0 if |∪4

ω=1i
ω| > 4k− 2d. If |∪4

ω=1i
ω| <

4k − 2d, there are at most
(

n
4k−2d−1

)
choices for the set ∪4

ω=1i
ω. Since h is bounded, it thus

holds that (
n

k

)−4 ∑
i1,i2,i3,i4∈P(n,k)
|∪4
ω=1i

ω |<4k−2d

E0

[
4∏

ω=1

h
(
R

(12)
iω

)]
= O(n−2d−1).

Therefore, to complete the proof, it suffices to show that

(
n

k

)−4 ∑
i1,i2,i3,i4∈P(n,k)
|∪4
ω=1i

ω |=4k−2d

E0

[
4∏

ω=1

h
(
R

(12)
iω

)]
=


3k4(ζh1 )2

n2 +O(n−3) if d = 1,(
k
2

)4 12
n4

(
(ζh2 )2 + 4ηh

)
+O(n−5) if d = 2.

(A.3.3)

By Lemma A.2.1(i), when | ∪4
ω=1 iω| = 4k − 2d, a summand E0

[∏4
ω=1 h(R

(12)
iω )

]
on the

left hand side of (A.3.3) is non-zero only if

|iω ∩ (∪ω′ 6=ωiω
′
)| = d for all ω = 1, . . . , 4. (A.3.4)

For both d = 1 and d = 2, (A.3.4) is true when the set {1, 2, 3, 4} can be partitioned into

two disjoint sets Ω1 and Ω2 such that

|Ω1| = |Ω2| = 2 and | ∩ω∈Ω1 iω| = | ∩ω∈Ω2 iω| = d, (A.3.5)
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in which case (∪ω∈Ω1i
ω) ∩ (∪ω∈Ω2i

ω) = ∅ and, by independence,

E0

[
4∏

ω=1

(
h
(
R

(12)
iω

))]
=

2∏
j=1

E0

∏
ω∈Ωj

(
h
(
R

(12)
iω

)) = (ζhd )2. (A.3.6)

Next, we count how many summands on the left hand side of (A.3.3) have their indices

i1, . . . , i4 satisfying the constellation in (A.3.5). There are
(

n
4k−2d

)
choices for the set ∪4

ω=1i
ω.

Then there are 1
2

(
4k−2d
2k−d

)
partitions of ∪4

ω=1i
ω into two subsets of equal cardinality. Each of

these subsets with cardinality 2k − d is to be split into two subsets that have d elements in

common. We have
(

2k−d
d

)
choices for this common element, and there are 1

2

(
2k−2d
k−d

)
ways of

partitioning the remaining elements to form the two subsets. In the above counting process,

no ordering is taken into account. Hence, the number of summands in (A.3.1) whose indices

i1, . . . , i4 satisfy (A.3.5) is

4!

(
n

4k − 2d

)
1

2

(
4k − 2d

2k − d

)[(
2k − d
d

)
1

2

(
2k − 2d

k − d

)]2

=
3n!

(n− 4k + 2d)!
[
d! ((k − d)!)2]2 .

(A.3.7)

When d = 1, for any four tuples i1, . . . , i4 ∈ P(n, k) with | ∪4
ω=1 iω| = 4k − 2d = 4k − 2,

(A.3.4) is only satisfied when they can be described by the constellation in (A.3.5). Since(
n

k

)−4
3n!

(n− 4k + 2d)!
[
d! ((k − d)!)2]2 =

(
k

d

)4
3(d!)2

n2d
+O

(
n−2d−1

)
, (A.3.8)

by (A.3.6) and (A.3.7), we have proved the equality in (A.3.3) for d = 1.

When d = 2, in addition to (A.3.5), there is another constellation for i1, . . . , i1 ∈ P(n, k)

that satisfies the condition in (A.3.4) subject to | ∪4
ω=1 iω| = 4k − 2d = 4k − 4. If, up to

relabeling of superscripts {1, . . . , 4} for i1, . . . , i4, the multiset (∪4
ω=1i

ω, fm) is such that

|i1 ∩ i2| = |i2 ∩ i3| = |i3 ∩ i4| = |i4 ∩ i1| = 1 and (A.3.9)

fm(i) =

2 if i belongs to any one of i1 ∩ i2, i2 ∩ i3, i3 ∩ i4 or i4 ∩ i1,

1 otherwise,

(A.3.10)
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then (A.3.4) is satisfied with

E0

[
4∏

ω=1

(
h
(
R

(12)
iω

))]
= ηh. (A.3.11)

We will conclude the proof of (A.3.3) for d = 2 by showing there are

3 · 4! ·
(

n

4k − 4

)(
4k − 4

4

)(
4k − 8

k − 2, k − 2, k − 2, k − 2

)
=

3n!

(n− 4k + 4)!((k − 2)!)4
(A.3.12)

choices of i1, . . . , i4 that satisfy (A.3.9) and (A.3.10), possibly after relabeling of their su-

perscripts. If so, since
(
n
4

)−4 3n!
(n−4k+4)!((k−2)!)4 =

(
k
2

)4 48
n4 + O(n−5), combining (A.3.8) with the

summand values (A.3.6) and (A.3.11), we have shown that for d = 2, the left hand side of

(A.3.3) equals(
k

2

)4
3(2!)2

n4
(ζhd )2 +

(
k

2

)4
48

n4
ηh +O(n−5) =

(
k

2

)4
12

n4

{
(ζh2 )2 + 4ηh

}
+O(n−5).

It remains to show the count in (A.3.12). First, we count how many such constellations

there are without any relabeling of superscripts. Given each of the
(

n
4k−4

)
choice for the set

∪4
ω=1i

ω, there are 4!
(

4k−4
4

)
ways of picking the disjoint singleton sets (i1∩ i2), (i2∩ i3), (i3∩ i4)

and (i4∩ i1). Now there are
(

4k−8
k−2,k−2,k−2,k−2

)
ways to partition the remaining 4k−8 elements

of the set ∪4
ω=1i

ω into the four sets i1 \ (i2 ∪ i4), i2 \ (i1 ∪ i3) , i3 \ (i2 ∪ i4) and i4 \ (i1 ∪ i3).

Hence, there are

4 ·
(

n

4k − 4

)(
4k − 4

4

)(
4k − 8

k − 2, k − 2, k − 2, k − 2

)
choices of i1, . . . , i4 that satisfy (A.3.9) and (A.3.10) without having to relabel their super-

scripts. To obtain the factor of 3 in (A.3.12), we note that the constellation of i1, . . . , i4

described by (A.3.9) and (A.3.10) is such that i1 intersects with i2 and i4. Alternatively,

i1 can intersect with i3 and i4, or i2 and i3, to give a constellation satisfying (A.3.9) and

(A.3.10) after relabeling of index superscripts.

Proof of Lemma 1.3.2. As in the proof of Lemma 1.3.1, without loss of generality, we assume
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(p, q) = (1, 2). For any given i, j ∈ P(n, 2k),

E0

[
hW
(
R

(12)
i

)
hW
(
R

(12)
j

)]
=

(
2k

k

)−2 ∑
i1⊂i
|i1|=k

∑
j1⊂j
|j1|=k

E0

[
h
(
R

(12)

i1

)
h
(
R

(12)

i\i1

)
h
(
R

(12)

j1

)
h
(
R

(12)

j\j1

)]
, (A.3.13)

Since i1, i\ i1, j1 and j\ j1 are tuples in P(n, k), if |i∩ j| < 2d, or equivalently |i∪ j| > 4k−2d,

by Lemma A.2.1(i), all summands on the right hand side of (A.3.13) equal zero, and thus

E0

[
hW
(
R

(pq)
i

)
hW
(
R

(pq)
j

)]
= 0.

Suppose |i∩ j| = 2d. If i1, j1 ∈ P(n, k) are such that i1 ⊂ i and j1 ⊂ j, we define i2 = i\ i1

and j2 = j \ j1 to simplify notation. If

|i1 ∩ j1| = d and |i2 ∩ j2| = d, (A.3.14)

then the necessary condition in Lemma A.2.1(i) is satisfied. Since i1 ∪ j1 and i2 ∪ j2 are

disjoint, independence gives

E0

[
h
(
R

(12)

i1

)
h
(
R

(12)

i2

)
h
(
R

(12)

j1

)
h
(
R

(12)

j2

)]
= (ζhd )2. (A.3.15)

Similarly, if

|i1 ∩ j2| = d and |i2 ∩ j1| = d, (A.3.16)

then (A.3.15) holds too.

Now we give the count for how many combinations of i1 and j1 satisfy (A.3.14). Since

|i ∩ j| = 2d, there are
(

2d
d

)
choices for the set i1 ∩ j1, which determines i2 ∩ j2. For each such

choice, there are then
(

2k−2d
k−d

)
choices for each of i1 \(i1∩ j1) and j2 \(i2∩ j2), which determine

i2 and j2. Hence, there are
(

2d
d

)(
2k−2d
k−d

)2
choices of (i1, j1) satisfying (A.3.14). Analogously,

there are also
(

2d
d

)(
2k−2d
k−d

)2
choices of (i1, j1) satisfying (A.3.16). In total, there are

2

(
2d

d

)(
2k − 2d

k − d

)2

(A.3.17)

summands in (A.3.13) with the value (ζhd )2.
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If d = 1, then no constellations for i1 and i2 other than the ones given by (A.3.14)

and (A.3.16) yield a non-zero value for E0[h(R
(12)

i1 )h(R
(12)

i2 )h(R
(12)

j1 )h(R
(12)

j2 )]. Therefore, we

deduce from (A.3.13) that, for d = 1,

ζh
W

2d = 2

(
2d

d

)(
2k − 2d

k − d

)2(
2k

k

)−2

(ζh1 )2 = 4

(
2k − 2

k − 1

)2(
2k

k

)−2

(ζh1 )2.

It remains to prove the formula for ζh
W

2d when d = 2. In this case, besides (A.3.14) and

(A.3.16), there is one other constellation for i1, i2, j1, j2 so that the necessary condition in

Lemma A.2.1(i) is satisfied. If the multiset (i1 ∪ j1 ∪ i2 ∪ j2, fm) is such that

|i1 ∩ j1| = |j1 ∩ i2| = |i2 ∩ j2| = |j2 ∩ i1| = 1 and (A.3.18)

fm(i) =

2 if i belongs to any one of i1 ∩ j1, j1 ∩ i2, i2 ∩ j2 or j2 ∩ i1,

1 otherwise,

(A.3.19)

then

E0

[
h
(
R

(12)

i1

)
h
(
R

(12)

i2

)
h
(
R

(12)

j1

)
h
(
R

(12)

j2

)]
= ηh. (A.3.20)

Now we count: For a fixed pair (i, j) such that |i∩j| = 4, there are 4! choices for the singletons

i1∩ j1, j1∩ i2 , i2∩ j2 and j2∩ i1. Given each such choice for these singletons, there are
(

2k−4
k−2

)
choices for each one of i1 and j1, hence there are

4!

(
2k − 4

k − 2

)2

summands on the right hand side of (A.3.13) with the value ηh. Combining with the count

(A.3.17) for summands with the value (ζhd )2, we conclude that if d = 2 then

ζh
W

2d =

(
2k

k

)−2
{

2

(
2d

d

)(
2k − 2d

k − d

)2

(ζhd )2 + 4!

(
2k − 4

k − 2

)2

ηh

}

= 12

(
2k − 4

k − 2

)2(
2k

k

)−2 [
(ζh2 )2 + 2ηh

]
.

A.4 Proofs for Section 1.4

Here, we prove Lemmas A.4.1 and A.4.2 that were used in the proof of Theorem 1.4.1.
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Lemma A.4.1. The martingale differences from (1.4.2) satisfy the L2 convergences

E0

( n2

m2

m∑
l=2

E0

[
(DS

nl)
2
∣∣Fn,l−1

]
− k4(ζh1 )2

)2
 −→ 0 , (A.4.1)

E0

( n2

m2

m∑
l=2

E0

[
(DT

nl)
2
∣∣Fn,l−1

]
− k4(ζh1 )2

)2
 −→ 0 , (A.4.2)

E0

( n

m2

m∑
l=2

E0

[
(DZ

nl)
2
∣∣Fn,l−1

]
− k2ζh1

2

)2
 −→ 0 (A.4.3)

when d = 1, and the L2 convergences

E0

( n4

m2

m∑
l=2

E0

[
(DS

nl)
2
∣∣Fn,l−1

]
− 4

(
k

2

)4 {
(ζh2 )2 + 6ηh

})2
 −→ 0 , (A.4.4)

E0

( n4

m2

m∑
l=2

E0

[
(DT

nl)
2
∣∣Fn,l−1

]
− 4

(
k

2

)4 {
(ζh2 )2 + 2ηh

})2
 −→ 0 , (A.4.5)

E0

( n2

m2

m∑
l=2

E0

[
(DZ

nl)
2
∣∣Fn,l−1

]
−
(
k

2

)2

ζh2

)2
 −→ 0 (A.4.6)

when d = 2.

Proof. When d = 1, for the L2 convergences in (A.4.1), (A.4.2) and (A.4.3), it is sufficient

to show that, as m,n −→∞,

n2

m2

m∑
l=2

E0[(DS
nl)

2],
n2

m2

m∑
l=2

E0[(DT
nl)

2] −→ k4(ζh1 )2,

n

m2

m∑
l=2

E0

[
(DZ

nl)
2
]
−→ k2ζh1

2
,

and (A.4.7)

Var0

[
n2

m2

m∑
l=2

E0[(DS
nl)

2|Fn,l−1]

]
−→ 0,

Var0

[
n2

m2

m∑
l=2

E0[(DT
nl)

2|Fn,l−1]

]
−→ 0,

Var0

[
n

m2

m∑
l=2

E0[(DZ
nl)

2|Fn,l−1]

]
−→ 0.

(A.4.8)
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When d = 2, for the L2 convergences in (A.4.4) and (A.4.5), it suffices to show that, as

m,n −→∞,

m∑
l=2

n4

m2
E0[(DS

nl)
2] −→ 4

(
k

2

)4 {
(ζh2 )2 + 6ηh

}
,

m∑
l=2

n4

m2
E0[(DT

nl)
2] −→ 4

(
k

2

)4 {
(ζh2 )2 + 2ηh

}
,

m∑
l=2

n2

m2
E0

[
(DZ

nl)
2
]
−→

(
k

2

)2

ζh2 ,

and (A.4.9)

Var0

[
n4

m2

m∑
l=2

E0[(DS
nl)

2|Fn,l−1]

]
−→ 0,

Var0

[
n4

m2

m∑
l=2

E0[(DT
nl)

2|Fn,l−1]

]
−→ 0,

Var0

[
n2

m2

m∑
l=2

E0[(DZ
nl)

2|Fn,l−1]

]
−→ 0.

(A.4.10)

We will first show the convergences of expectations in (A.4.7) and (A.4.9). Suppose d = 1

or 2 is the order of degeneracy of h under H0. By Lemma 1.2.1(i) and (iii), the terms Ū
(pl)
h

that are summed to form DS
nl are i.i.d. such that

n2d

m2
E0[(DS

nl)
2] =

n2d

m2

l−1∑
p=1

Var0

[
Ū

(pl)
h

]
=

n2d

m2
(l − 1)Var0

[
Ū

(12)
h

]
.

It follows that
n2d

m2

m∑
l=2

E0[(DS
nl)

2] =
(m− 1)n2d

2m
Var0

[
Ū

(12)
h

]
. (A.4.11)

Similarly, by Lemma 1.2.1(i) and (iii), we have that

n2d

m2

m∑
l=2

E0[(DT
nl)

2] =
(m− 1)n2d

2m
Var0

[
W

(12)
h

]
and (A.4.12)

nd

m2

m∑
l=2

E0

[
(DZ

nl)
2
]

=
(m− 1)nd

2m
Var0

[
U

(12)
h

]
. (A.4.13)
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By Lemma 1.3.1(i) and (iii),

Var0

[
Ū

(12)
h

]
= E0

[(
U

(12)
h

)4
]
− µ2

h

=


2k4(ζh1 )2

n2 +O (n−3) if d = 1,

8
n4

(
k
2

)4{(ζh2 )2 + 6ηh}+O (n−5) if d = 2.

(A.4.14)

Since W
(12)
h is a rank-based U-statistic with the induced kernel function hW of degree 2k, via

Lemma 1.3.2, Lemma 1.3.1(i) applies to give

Var0

[
W

(12)
h

]
= E0

[(
W

(12)
h

)2
]

=

(
2k

2d

)2
(2d)!

n2d
ζh

W

2d +O(n−2d−1)

=


2k4(ζh1 )2

n2 +O (n−3) if d = 1,

8
n4

(
k
2

)4{(ζh2 )2 + 2ηh}+O(n−5) if d = 2.

(A.4.15)

Moreover, Lemma 1.3.1(i) yields that

Var0

[(
U

(12)
h

)2
]

= E0

[(
U

(12)
h

)2
]

=


k2ζh1
n

+O (n−2) if d = 1,

2ζh2
n2

(
k
2

)2
+O(n−3) if d = 2.

(A.4.16)

Plugging (A.4.14), (A.4.15) and (A.4.16) into (A.4.11) , (A.4.12) and (A.4.13) for d = 1 and

d = 2, respectively, and taking the limit, we obtain the convergences in (A.4.7) and (A.4.9).

Next, we show that the variances in (A.4.8) and (A.4.10) converges to zero. For d ∈ {1, 2},

write

n2d

m2

m∑
l=2

E0

[
(DS)2

nl|Fn,l−1

]
=
n2d

m2

{
m∑
l=2

l−1∑
p=1

E0

[(
Ū

(pl)
h

)2
∣∣∣∣Fn,l−1

]
+ 2

m∑
l=3

∑
1≤p<q<l

E0

[
Ū

(pl)
h Ū

(ql)
h

∣∣∣Fn,l−1

]}
,

and notice that the first sum on the right-hand side is a constant because, by Lemma 1.2.1(ii),

E0

[(
Ū

(pl)
h

)2
∣∣∣∣Fn,l−1

]
= E0

[(
Ū

(pl)
h

)2
∣∣∣∣X(p)

]
= E0

[(
Ū

(pl)
h

)2
]
.
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We observe that in order to show Var0

[
n2d

m2

∑m
l=2 E0[(DS

nl)
2|Fn,l−1]

]
−→ 0, it suffices to show

n4d

m4
Var0

[
m∑
l=3

∑
1≤p<q<l

E0

[
Ū

(pl)
h Ū

(ql)
h

∣∣∣Fn,l−1

]]
−→ 0. (A.4.17)

By exactly analogous arguments, it suffices to show

n4d

m4
Var0

[
m∑
l=3

∑
1≤p<q<l

E0

[
W

(pl)
h W

(ql)
h

∣∣∣Fn,l−1

]]
−→ 0 and (A.4.18)

n2d

m4
Var0

[
m∑
l=3

∑
1≤p<q<l

E0

[
U

(pl)
h U

(ql)
h

∣∣∣Fn,l−1

]]
−→ 0 (A.4.19)

to prove Var0

[
n2d

m2

∑m
l=2 E0[(DS

nl)
2|Fn,l−1]

]
, Var0

[
nd

m2

∑m
l=2 E0[(DZ

nl)
2|Fn,l−1]

]
−→ 0.

We first prove (A.4.17). For p < q < l, consider

C(pq) := E0

[
Ū

(pl)
h Ū

(ql)
h

∣∣∣ Fn,l−1

]
= E0

[
Ū

(pl)
h Ū

(ql)
h

∣∣∣X(p),X(q)
]
,

which is a function of X(p) and X(q) alone. Since

Ū
(pl)
h Ū

(ql)
h = f(R

(pl)
1 , . . . ,R

(pl)
k )f(R

(ql)
1 , . . . ,R

(ql)
k )

for a function f : (R2)k −→ R that is permutation symmetric in its k arguments, and since

the rank vectors R(p), R(q), R(l) are independent and uniformly distributed on Sn under

H0, the conditional expectation C(pq) is in fact a function of the tuple (R
(pq)
1 , . . . ,R

(pq)
n ) that

is symmetric in its n arguments. Therefore, Lemma 1.2.1 applies to the collection of C(pq),

1 ≤ p 6= q ≤ m. The variance in (A.4.17) is thus

Var0

[
m∑
l=3

∑
1≤p<q<l

C(pq)

]
=

∑
1≤p<q≤m−1

(m− q)2Var0

[
C(pq)

]
=

1

12
m(m− 2)(m− 1)2Var0

[
C(12)

]
.

Now under the asymptotic regime m,n −→ ∞, (A.4.17) holds if Var0

[
C(12)

]
is of order

O(n−4d−1).
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Suppose 2 < l < u ≤ m, then by definition

C(12) = E0

[
Ū

(1l)
h Ū

(2l)
h

∣∣∣X(1),X(2)
]

= E0

[
Ū

(1u)
h Ū

(2u)
h

∣∣∣X(1),X(2)
]
,

from this it follows that

E0

[
Ū

(1l)
h Ū

(2l)
h Ū

(1u)
h Ū

(2u)
h

]
= E0

[
E0

[
Ū

(1l)
h Ū

(2l)
h Ū

(1u)
h Ū

(2u)
h

∣∣∣X(1),X(2)
]]

= E0

[
E0

[
Ū

(1l)
h Ū

(2l)
h

∣∣∣X(1),X(2)
]
E0

[
Ū

(1u)
h Ū

(2u)
h

∣∣∣X(1),X(2)
]]

(A.4.20)

= E0

[(
C(12)

)2
]
,

where (A.4.20) follows from independence of X(l) and X(u). Applying Lemma A.2.2, we

deduce that E0[(C(12))2] is of order O(n−4d−1). This concludes the proof as an application of

Lemma 1.2.1(iii) shows that C(12) has mean zero, and thus Var0[C(12)] = E0[(C(12))2].

The proof of (A.4.18) and (A.4.19) proceeds line by line as the proof of (A.4.17), where

for all 1 ≤ p 6= q ≤ m we replace Ū
(pq)
h by W

(pq)
h or U

(pq)
h , define C(pq) alternatively as

C(pq) := E0

[
W

(pl)
h W

(ql)
h

∣∣∣ Fn,l−1

]
or C(pq) := E0

[
U

(pl)
h U

(ql)
h

∣∣∣ Fn,l−1

]
,

and apply Lemma A.2.3 or Lemma A.2.4. We omit the details.

Lemma A.4.2. For d = 1 or 2, the martingale differences from (1.4.2) satisfy the Lyapunov

conditions

n4d

m4

m∑
l=2

E0

[
(DS

nl)
4
∣∣Fn,l−1

]
,

n4d

m4

m∑
l=2

E0

[
(DT

nl)
4
∣∣Fn,l−1

]
−→
p

0 and (A.4.21)

n2d

m4

m∑
l=2

E0

[
(DZ

nl)
4
∣∣Fn,l−1

]
−→
p

0 (A.4.22)

as m,n −→∞.

Proof. Since
∑m

l=2 E0[(DS
nl)

4|Fn,l−1],
∑m

l=2 E0[(DT
nl)

4|Fn,l−1] and
∑m

l=2 E0

[
(DZ

nl)
4
∣∣Fn,l−1

]
are

nonnegative random variables, it suffices to show that all three expectations converge to zero,

that is,

n4d

m4

m∑
l=2

E0

[
(DS

nl)
4
]
,

n4d

m4

m∑
l=2

E0

[
(DT

nl)
4
]
,

n2d

m4

m∑
l=2

E0

[
(DZ

nl)
4
∣∣Fn,l−1

]
−→ 0.
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We first show it for n4d

m4

∑m
l=2 E0

[
(DS

nl)
4
]
. By Lemma 1.2.1(i) and (iii), DS

nl is a sum of

l − 1 centered i.i.d. random variables. On expansion, we have that

E0

[(
DS
nl

)4
]

=
l−1∑
p=1

E0

[(
Ū

(pl)
h

)4
]

+ 6
∑

1≤p<q<l

E0

[(
Ū

(pl)
h

)2
]
E0

[(
Ū

(ql)
h

)2
]

= (l − 1)E0

[(
Ū

(12)
h

)4
]

+ 6

(
l − 1

2

)(
Var0

[
Ū

(12)
h

])2

.

It follows that

n4d

m4

m∑
l=2

E0

[(
DS
nl

)4
]

=
n4d

m4

{(
m

2

)
E0

[(
Ū

(12)
h

)4
]

+ 6

(
m

3

)(
Var0

[
Ū

(12)
h

])2
}
. (A.4.23)

Now recall from (A.4.14) that the variance of Ū
(12)
h is of order O(n−2d). Furthermore,

E0

[(
Ū

(12)
h

)4
]

= E0

[((
U

(12)
h

)2 − µh
)4
]

= E0

[(
U

(12)
h

)8

− 4µh

(
U

(12)
h

)6

+ 6µ2
h

(
U

(12)
h

)4

− 4µ3
h

(
U

(12)
h

)2

+ µ4
h

]
is of order O(n−4d) by Lemma 1.3.1(ii). Substituting these into (A.4.23) we conclude that

n4d

m4

m∑
l=2

E0

[
(DS

nl)
4
]

= O(m−1) −→ 0 as m,n −→∞.

The proof for n4d

m4

∑m
l=2 E0

[
(DT

nl)
4
]

and n2d

m4

∑m
l=2 E0

[
(DZ

nl)
4
]

is similar. On expansion, we

have

n4d

m4

m∑
l=2

E0

[(
DT
nl

)4
]

=
n4d

m4

{(
m

2

)
E0

[(
W

(12)
h

)4
]

+ 6

(
m

3

)(
E0

[(
W

(12)
h

)2
])2

}
,

(A.4.24)

n2d

m4

m∑
l=2

E0

[(
DZ
nl

)4
]

=
n2d

m4

{(
m

2

)
E0

[(
U

(12)
h

)4
]

+ 6

(
m

3

)(
E0

[(
U

(12)
h

)2
])2

}
(A.4.25)

by Lemma 1.2.1(i) and (iii). By Lemmas 1.3.1(ii) and 1.3.2, since hW has order of degeneracy

2d, E0

[
(W

(12)
h )4

]
and E0

[
(W

(12)
h )2

]
are of order O(n−4d) and O(n−2d) respectively. Another

application of Lemma 1.3.1(ii) gives that E0

[
(U

(12)
h )4

]
= O(n−2d) and E0

[
(U

(12)
h )2

]
= O(n−d).

On substituting these into (A.4.24) and (A.4.25) we get that both n4d

m4

∑m
l=2 E0

[(
DT
nl

)4
]

and

n2d

m4

∑m
l=2 E0

[(
DZ
nl

)4
]

are of order O(m−1) and converge to 0 as m,n −→∞.
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Proof of Corollary 1.4.2. It suffices to show that n
m

(Sρ − Sρ̂) = op(1), in which case the

corollary is implied by the fact that n
m
Sρ̂ −→ N(0, 1) as given in Theorem 1.4.1 and the

value of ζ
hρ̂s
1 in Table 1.1. By the decomposition in (1.2.5), the statistic Sρ from (1.4.1) may

be written as

Sρ =
∑

1≤p<q≤m

(
n− 2

n+ 1
ρ̂(pq) +

3

n+ 1
τ (pq)

)2

−
(
m

2

)
µρ2 .

Expanding the square in the summands on the right-hand side, we obtain that

Sρ =

(
n− 2

n+ 1

)2

Sρ̂ +
9

(n+ 1)2
Sτ +

6(n− 2)

(n+ 1)2

∑
1≤p<q≤m

ρ̂(pq)τ (pq)

+

(
m

2

)[(
n− 2

n+ 1

)2

µρ̂2 +
9

(n+ 1)2
µτ2 − µρ2

]
; (A.4.26)

recall the definition of Sτ and Sρ̂. Note that since Sρ, Sτ and Sρ̂ have mean zero, it holds

that

µρ̂τ := E0

[
ρ̂(pq)τ (pq)

]
=

(n+ 1)2

6(n− 2)

[
µρ2 −

(
n− 2

n+ 1

)2

µρ̂2 − 9

(n+ 1)2
µτ2

]
,

and hence (A.4.26) can be rewritten as

Sρ =

(
n− 2

n+ 1

)2

Sρ̂ +
9

(n+ 1)2
Sτ +

6(n− 2)

(n+ 1)2

[ ∑
1≤p<q≤m

ρ̂(pq)τ (pq) −
(
m

2

)
µρ̂τ

]
.

Since 9n
m(n+1)2Sτ = op(1) by Theorem 1.4.1, in order to prove the assertion that n

m
(Sρ−Sρ̂) =

op(1), it thus suffices to show that

6n(n− 2)

m(n+ 1)2

[ ∑
1≤p<q≤m

ρ̂(pq)τ (pq) −
(
m

2

)
µρ̂τ

]
−→
p

0.

We show this by proving convergence to zero in L2, for which we need to argue that

36n2(n− 2)2

m2(n+ 1)4
E0

{ ∑
1≤p<q≤m

ρ̂(pq)τ (pq) −
(
m

2

)
µρ̂τ

}2
 −→ 0. (A.4.27)

Note that Lemma 1.2.1 applies to the collection of statistics ρ̂(pq)τ (pq). By Lemma 1.2.1(i)

and (iv), the term in (A.4.27) equals

18n2(n− 2)2(m− 1)

(n+ 1)4m

{
E0

[(
ρ̂(12)τ (12)

)2
]
− µ2

ρ̂τ

}
. (A.4.28)
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Since 18n2(n−2)2(m−1)
(n+1)4m

= O(1) as m,n −→∞, for the convergence from (A.4.27) it remains to

show that

Var0

[
ρ̂(12)τ (12)

]
= E0

[(
ρ̂(12)τ (12)

)2
]
− µ2

ρ̂τ −→ 0.

However, using the inequality 2xy ≤ (x2 + y2), we see that

0 ≤ Var0

[
ρ̂(12)τ (12)

]
≤ E0

[(
ρ̂(12)τ (12)

)2
]
≤ 1

2
E0

[(
ρ̂(12)

)4
]

+
1

2
E0

[(
τ (12)

)4
]
,

which is of order O(n−2) by Lemma 1.3.1(ii).

A.5 Proofs for Section 1.5

Unlike in other sections, here all the rank-based U-statistics will be treated as functions of

the original data X(1), . . . ,X(m) in our presentation.

Proof of Theorem 1.5.1. In this proof, all operators E[·], Cov[·], Var(·), P (·) are with respect

to a general distribution in Dm.

(i): Let Uτ be the
(
m
2

)
-vector (U

(pq)
hτ

)1≤p<q≤m. Then Uτ is a U-statistic taking values in

R(m2 ), with the
(
m
2

)
-dimensional vector-valued kernel

hτ (Xi,Xj) =
(
hτ (X

(pq)
i ,X

(pq)
j )

)
1≤p<q≤m

of degree k = 2. Here, i 6= j index any pair of samples. Note that Sτ = ‖Uτ‖2
2 −

(
m
2

)
µhτ ,

and under the regime m
n
−→ γ, using Theorem 1.4.1 φα(Sτ ) rejects H0 when ‖Uτ‖2 ≥√(

m
2

)
µτ + 4m

9n
z1−α = O(

√
n); recall µτ = 2(2n+5)

9n(n−1)
and the value of ζhτ1 in Table 1.1. By the

triangle inequality

‖Uτ‖2 ≥ ‖Θτ‖2 − ‖Uτ −Θτ‖2,

it suffices to show that as n −→∞, uniformly over Dm,

P (‖Uτ −Θτ‖2 ≥ C
√
n) ≤ 1− β
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for some constant C > 0 that only depends on β and γ. For any pair i 6= j, let hτ,1(Xi) =

E[hτ (Xi,Xj)|Xi] and define the canonical functions (Borovskikh, 1996, p.8)

g1(Xi) := hτ,1(Xi)−Θ, (A.5.1)

g2(Xi,Xj) := hτ (Xi,Xj)− hτ,1(Xi)− hτ,1(Xj) + Θ. (A.5.2)

Since the Kendall kernel hτ is bounded, ‖g1‖2
2 and ‖g2‖2

2 are both less than
(
m
2

)
M for a

certain constant M > 0 that does not depend on n and m. Suppose d ∈ {1, 2} is the order

of degeneracy for the kernel hτ . By Borovskikh (1996, Corollary 8.1.7), we have that for any

t > 0,

P (‖Uτ −Θτ‖2 > t) ≤ C1 exp

{
−C2n

(
t2

λ2

)1/d
}
,

where C1, C2 > 0 are universal constants and λ2 = M
(
m
2

)∑2−d
c=0 n

−c = M
(
m
2

)
1−nd−3

1−n−1 . Using

the fact that 1−nd−3

1−n−1 ≤ 1
1−n−1 and letting t = C

√
n for some C > 0, we get

P (‖Uτ −Θτ‖2 > C
√
n) ≤ C1 exp

{
−C2

(
2n(n− 1)C2

Mm(m− 1)

)}
, (A.5.3)

for large enough n as m
n
−→ γ. The proof for (i) is completed by picking C large so that the

right hand side of (A.5.3) is less than 1− β as m
n
−→ γ ∈ (0,∞).

(ii): Recall that E[Tτ ] = ‖Θ‖2
2, and the test φ(Tτ ) rejects H0 when Tτ ≥ 4m

9n
z1−α. In

what follows we let ‖Θ‖2 = C
√
n for an arbitrary fixed constant C > 0. By Chebyshev’s

inequality, for large enough n under the regime m
n
−→ γ,

1− E[φ(Tτ )] = P

(
Tτ − ‖Θτ‖2

2 ≤
4m

9n
z1−α − ‖Θτ‖2

2

)
≤ P

(∣∣Tτ − ‖Θτ‖2
2

∣∣ ≥ ∣∣∣∣4m9n z1−α − ‖Θτ‖2
2

∣∣∣∣) ≤ Var(Tτ )

(4m
9n
z1−α − ‖Θτ‖2

2)2
, (A.5.4)

where the first inequality is true when C is taken large enough. We will finish the proof by

showing that as m
n
−→ γ, the rightmost term of (A.5.4) is less than 1− β when C is chosen

large enough. To that end we will study the variance of the statistic Tτ . Note that

Tτ =
1(
n
4

) ∑
1≤i<j<k<l≤n

hTτ (Xi,Xj,Xk,Xl)
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is a U-statistic with the kernel of degree 4

hTτ (Xi,Xj,Xk,Xl) :=
∑

1≤p<q≤m

hWτ (X
(pq)
i ,X

(pq)
j ,X

(pq)
k ,X

(pq)
l ),

where hWτ is the function hW defined in (1.3.4) when h is the Kendall kernel hτ . Here it is

important to note that the kernel hTτ also depends on the number of variables m since it is

a sum of
(
m
2

)
terms. By Lemma 5.2.1A in Serfling (1980), the variance of Tτ satisfies

Var(Tτ ) :=

(
n

4

)−1 4∑
c=1

(
4

c

)(
n− 4

4− c

)
ζτc ≤

16ζ
hTτ
1

n
+
C̃

n2

(
ζ
hTτ
2 + ζ

hTτ
3 + ζ

hTτ
4

)
(A.5.5)

for a constant C̃ > 0 that does not depend on C; recall definition (1.2.6) for the kernel

h = hTτ .

Claim. ζ
hTτ
1 ≤ C2nm(m− 1)

Proof of the claim. For seven distinct sample indices i1, . . . , i7 ∈ {1, . . . , n},

ζ
hTτ
1 = E[hTτ (Xi1 , . . . ,Xi4)hTτ (Xi4 , . . . ,Xi7)]− ‖Θτ‖4

2

=
∑

1≤p<q≤m
1≤p′<q′≤m

E[hWτ (X
(pq)
i1

, . . . ,X
(pq)
i4

)hWτ (X
(p′q′)
i4

, . . . ,X
(p′q′)
i7

)]− ‖Θτ‖4
2

=
∑

1≤p<q≤m
1≤p′<q′≤m

θ(pq)
τ θ(p′q′)

τ ζhτ1 ,

where the last equality is true by the defnition of hWτ and independence. Since |hτ | ≤ 1, it

is true that ζhτ1 = |ζhτ1 | ≤ 2. This in turns implies that ζ
hTτ
1 is less than the quadratic form

2ΘT
τ J(m2 )Θτ , where J(m2 ) is the

(
m
2

)
-by-

(
m
2

)
semi-positive definite matrix with all 1’s. Since

the largest eigenvalue of J(m2 ) is
(
m
2

)
, given that ‖Θτ‖2 = C

√
n,

2ΘT
τ J(m2 )Θτ ≤ C2nm(m− 1),

and the claim is proved.
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Returning to the other quantities in (A.5.5), since |hWτ | ≤ 1, it is easy to show that each

of ζ
hTτ
2 , ζ

hTτ
3 and ζ

hTτ
4 is bounded by 2

(
m
2

)2
. Hence, under the regime m

n
−→ γ, together with

the claim above, (A.5.5) gives that for all large n,

Var(Tτ ) ≤ m2(16C2 + 3γ2C̃). (A.5.6)

Recalling that ‖Θτ‖2 = C
√
n, and applying (A.5.6) to (A.5.4), we get that

1− E[φ(Tτ )] ≤
m2(16C2 + 3γ2C̃)

C4n2 − C2 8
9
mz1−α + 16m2

81n2 z2
1−α

(A.5.7)

for all large n. Since C is arbitrary, by choosing it large enough the right hand side of (A.5.9)

can be made less than 1− β as m
n
−→ γ.

The following lemma is needed for the proof of Theorem 1.5.2.

Lemma A.5.1. Let I = [0, 1− ε] ⊂ R for some small fixed ε > 0. For fixed positive integers

c1, . . . , cb such that
∑b

i=1 ci = c, suppose X = (X(1), . . . , X(c))′ ∼ N(0,Σ) is a c-variate

normal random vector with an invertible block diagonal covariance matrix

Σ = Σ(ρ) =


B1(ρ)

. . .

Bb(ρ)

 ,
where each Bi(ρ) is a ci-by-ci matrix with 1’s on the diagonal and all off-diagonal entries

equal to some ρ ∈ I. If H : Rc −→ R is a bounded function such that E[H(X)] = 0 when

ρ = 0, then there exists a constant C = C(H, ε) > 0 such that |E[H(X)]| ≤ Cρ for all ρ ∈ I.

Proof. For all ρ ∈ I, the matrix Σ(ρ) is invertible and the precision matrix Σ−1(ρ) is a

smooth function of ρ. Hence, the set of distributions N(0,Σ(ρ)) forms a curved exponential

family. By standard results on exponential families (Lehmann and Casella, 1998, Theorem

5.8), the expectation E[H(X)] is a continuous function of ρ that is differentiable on (0, 1−ε).

The lemma is thus implied by the mean value theorem and the compactness of [0, 1− ε].
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Proof of Theorem 1.5.2. The value of Tτ depends only on the rank vectors R(1), . . . ,R(m).

Without loss of generality, we may thus assume that each X(p) is centered with unit variance,

i.e., (X(1), . . . , X(m))′ ∼ N(0, R), where R = (ρ(pq)) is a correlation matrix, with 1’s on the

diagonal.

It suffices to prove the result under the restriction that θ can only take values in a closed

interval [0, 1−ε], for some fixed small ε > 0. In other words, in the statement of the theorem,

replace the set of distributions Nm(‖Θτ‖2 ≥ C̃; θ
(pq)
τ = θ) under the infimum by the subset

{N ∈ Nm(‖Θτ‖2 ≥ C̃; θ(pq)
τ = θ) : θ ∈ [0, 1− ε]}. (A.5.8)

To see that this restriction can be made, note that θ > 1 − ε implies that ‖Θτ‖2 >√(
m
2

)
(1 − ε) = O(m). Since O(m) > O(

√
n) asymptotically under the regime m

n
−→ γ,

by Theorem 1.5.1(ii), nothing is lost by ignoring the normal distributions in Nm(‖Θτ‖2 ≥

C̃; θ
(pq)
τ = θ) with θ > 1 − ε. In addition, for all p 6= q, by we have the classical result

(Kruskal, 1958, p.823),

ρ(pq) = ρ = sin

(
πθ

2

)
when θ

(pq)
τ = θ. As a consequence, for the covariance matrix R to be positive definite it must

be that θ > − 2
π

arcsin[ 1
m−1

] (Horn and Johnson, 2013, Theorem 7.2.5). Hence, as n and m

grow, it can be seen that ‖Θτ‖2 < 1/
√

2 when θ lies in the interval (− 2
π

arcsin[ 1
m−1

], 0). As

such, by taking the constant C̃ to be larger than 1/
√

2 when necessary, it suffices to consider

the subset of distributions (A.5.8) under the infimum.

In what follows, the operators E[·],Var[·] and Cov[·] are all with respect to an m-variate

normal distribution for (X(1), . . . , X(m))′ in (A.5.8). Recall from (A.5.5) that

Var(Tτ ) :=

(
n

4

)−1 4∑
c=1

(
4

c

)(
n− 4

4− c

)
ζh

T
τ

c .

Our proof now begins with the Chebyshev’s inequality from (A.5.4):

1− E[φα(Tτ )] ≤
Var(Tτ )

(4m
9n
z1−α − ‖Θτ‖2

2)2
≤ ζ

hTτ
c B

∑4
c=1 n

−c

(4m
9n
z1−α)2 − 8m

9n
z1−α‖Θτ‖2

2 + ‖Θτ‖4
2

, (A.5.9)
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where the last inequality is true since
(
n
4

)−1(4
c

)(
n−4
4−c

)
≤ Bn−c for a constant B > 0. To finish

the proof, it suffices to show that for each c = 1, . . . , 4, a constant C̃c(α, β, γ) > 0 exists such

that for large enough n (depending on C̃c),

Bζ
hTτ
c n−c

(4m
9n
z1−α)2 − 8m

9n
z1−α‖Θτ‖2

2 + ‖Θτ‖4
2

<
1− β

4
(A.5.10)

whenever ‖Θτ‖2 > C̃c. We may then take C̃ = maxc=1,...,4 C̃c.

For notational convenience, we define

fi,j :=
∑

1≤p<q≤m
1≤p′<q′≤m

E[hWτ (X
(pq)
i1

, . . . ,X
(pq)
i4

)hWτ (X
(p′q′)
j1

, . . . ,X
(p′q′)
j4

)] ≥ 0,

for any tuples i = (i1, . . . , i4), j = (j1, . . . , j4) ∈ P(n, 4) such that |i ∩ j| = c. Then

ζh
T
τ

c = fi,j − ‖Θτ‖4
2. (A.5.11)

Since the ratio
B‖Θτ‖4

2

(4m
9n
z1−α)2 − 8m

9n
z1−α‖Θτ‖2

2 + ‖Θτ‖4
2

is bounded for all values of ‖Θτ‖2, for each c = 1, . . . , 4,

B‖Θτ‖4
2n
−c

(4m
9n
z1−α)2 − 8m

9n
z1−α‖Θτ‖2

2 + ‖Θτ‖4
2

−→ 0

as m
n
−→ γ. Upon substituting (A.5.11) into (A.5.10), we see that the proof is finished if

the below claim is shown to be true.

Claim. Under θ
(pq)
τ = θ, there exists for each c = 1, . . . , 4, a constant C̃c(α, β, γ) > 0 such

that for large enough n (depending on C̃c),

Bfi,jn
−c

(4m
9n
z1−α)2 − 8m

9n
z1−α‖Θτ‖2

2 + ‖Θτ‖4
2

<
1− β

5
. (A.5.12)

whenever ‖Θτ‖2 = θ
√(

m
2

)
> C̃c.
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Proof of the claim when c = 1. Using independence, we find that for any four distinct indices

1 ≤ i, j, k ≤ n,

fi,j =
∑

1≤p<q≤m
1≤p′<q′≤m

|{p,q}∩{p′,q′}|≥1

θ2E[hτ (X
(pq)
i ,X

(pq)
j )hτ (X

(p′q′)
i ,X

(p′q′)
k )]

︸ ︷︷ ︸
(1)

+

∑
1≤p<q≤m

1≤p′<q′≤m
|{p,q}∩{p′,q′}|=0

θ2E[hτ (X
(pq)
i ,X

(pq)
j )hτ (X

(p′q′)
i ,X

(p′q′)
k )]

︸ ︷︷ ︸
(2)

. (A.5.13)

Since |hτ | ≤ 1, the term (1) is bounded in absolute value by [
(
m
2

)2 −
(
m
2

)(
m−2

2

)
]θ2 =

O(m)‖Θτ‖2
2. To bound (2), note that when |{p, q} ∩ {p′, q′}| = 0, the expectation term

E[hτ (X
(pq)
i ,X

(pq)
j )hτ (X

(p′q′)
i ,X

(p′q′)
k )] (A.5.14)

equals 0 when θ = 0 due to the independence of {X(pq)
i ,X

(pq)
j } and {X(p′q′)

i ,X
(p′q′)
k }. Moreover,

for θ 6= 0, the pairs {X(pq)
i ,X

(pq)
j ,X

(p′q′)
i ,X

(p′q′)
k } jointly follow a 8-variate normal distribution

with block diagonal covariance matrix, where each block has 1’s on the diagonal and all its

off-diagonal entries equal to ρ = sin[πθ/2]. By Lemma A.5.1, the expectation (A.5.14) is

bounded in absolute value, up to a multiplying constant, by θ, and hence (2) bounded by

O(m4)θ3 = O(m)‖Θτ‖3
2 in absolute value.

Using the above bounds for (1) and (2) we get that the left hand side of (A.5.12) is less

than
O(m)
n

(‖Θτ‖2
2 + ‖Θτ‖3

2)

(4m
9n
z1−α)2 − 8m

9n
z1−α‖Θτ‖2

2 + ‖Θτ‖4
2

.

Under the regime m
n
−→ γ, we see that the expression in the above display can be made less

than 1−β
5

when ‖Θτ‖2 and n are large enough.
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Proof of the claim when c = 2. Again, using independence, we find that

9fi,j =
∑

4
(
E
[
hτ (X

(pq)
i ,X

(pq)
j )hτ (X

(p′q′)
i ,X

(p′q′)
k )

])2

︸ ︷︷ ︸
(1)

+

∑
θ2E[hτ (X

(pq)
i ,X

(pq)
j )hτ (X

(p′q′)
i ,X

(p′q′)
j )]︸ ︷︷ ︸

(2)

+

∑
2θE[hτ (X

(pq)
i ,X

(pq)
k )hτ (X

(p′q′)
i ,X

(p′q′)
j )hτ (X

(pq)
j ,X

(pq)
l )]︸ ︷︷ ︸

(3)

+

∑
2θE[hτ (X

(p′q′)
i ,X

(p′q′)
k )hτ (X

(pq)
i ,X

(pq)
j )hτ (X

(p′q′)
j ,X

(p′q′)
l )]︸ ︷︷ ︸

(4)

, (A.5.15)

where each summation is over all pairs 1 ≤ p < q ≤ m and 1 ≤ p′ < q′ ≤ m, and i, j, k, l

are any 4 distinct indices in {1, . . . , n}. We now derive bounds for the absolute values of the

terms (1), (2), (3), (4).

Term (1): We claim that |(1)| ≤ O(m2)(1+‖Θτ‖2
2). To show this, observe that (1) equals

∑
1≤p<q≤m

4(E[hτ (X
(pq)
i ,X

(pq)
j )hτ (X

(pq)
i ,X

(pq)
k )])2+

∑
|{p,q}∩{p′,q′}|=0

1≤p<q≤m
1≤p′<q′≤m

4(E[hτ (X
(pq)
i ,X

(pq)
j )hτ (X

(p′q′)
i ,X

(p′q′)
k )])2. (A.5.16)

Since |hτ | ≤ 1, the first sum in (A.5.16) is bounded by a term of order O(m2). Considering

the second sum, an expectation

E[hτ (X
(pq)
i ,X

(pq)
j )hτ (X

(p′q′)
i ,X

(p′q′)
k )] (A.5.17)

with {p, q} 6= {p′, q′} equals 0 when θ = 0 by independence. Moreover, X
(pq)
i , X

(pq)
j , X

(p′q′)
i ,

and X
(p′q′)
k jointly follow an 8-variate normal distribution with block diagonal covariance

matrix as in Lemma A.5.1. By that lemma and the fact that ρ = sin[πθ/2], we obtain that

(A.5.17) is bounded in absolute value by θ times a constant, hence the second sum in (A.5.16)
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is bounded in absolute value by a term equal to O(m2)‖Θτ‖2
2. Gathering the bounds for the

two sums in (A.5.16) gives the claimed bound for the absolute value of term (1).

Term (2): We claim that |(2)| ≤ O(m2)‖Θτ‖2
2. Indeed, since |hτ | ≤ 1, it is easy show

that (2) is bounded in absolute value by
(
m
2

)2
θ2 =

(
m
2

)
‖Θτ‖2

2 = O(m2)‖Θτ‖2
2.

Terms (3) and (4): We claim that |(3)|, |(4)| ≤ O(m2)(‖Θτ‖2 + ‖Θτ‖2
2). We give details

for the proof of bound for |(3)|. The bound for (4) is analogous. We write (3) as

∑
|{p,q}∩{p′,q′}|≥1

1≤p<q≤m
1≤p′<q′≤m

2θE[hτ (X
(pq)
i ,X

(pq)
k )hτ (X

(p′q′)
i ,X

(p′q′)
j )hτ (X

(pq)
j ,X

(pq)
l )]+

∑
|{p,q}∩{p′,q′}|=0

1≤p<q≤m
1≤p′<q′≤m

2θE[hτ (X
(pq)
i ,X

(pq)
k )hτ (X

(p′q′)
i ,X

(p′q′)
j )hτ (X

(pq)
j ,X

(pq)
l )], (A.5.18)

where the first sum is bounded by 2θ
(
m
2

)
[
(
m
2

)
−
(
m−2

2

)
] = O(m2)‖Θτ‖2 because |hτ | ≤ 1. The

expectation

E[hτ (X
(pq)
i ,X

(pq)
k )hτ (X

(p′q′)
i ,X

(p′q′)
j )hτ (X

(pq)
j ,X

(pq)
l )]

equals 0 when {p, q} ∩ {p′, q′}| = 0, and Lemma A.5.1 can be invoked to show the second

sum in (A.5.18) is bounded in absolute value by O(m2)‖Θτ‖2
2.

Having established the bounds for the terms (1) − (4) in (A.5.15), we find that when

c = 2 the left hand side of (A.5.12) is less than

O(m2)n−2(1 + ‖Θτ‖2 + ‖Θτ‖2
2)

(4m
9n
z1−α)2 − 8m

9n
z1−α‖Θτ‖2

2 + ‖Θτ‖4
2

,

which, under m
n
−→ γ, can be made to be less than 1−β

5
when ‖Θτ‖2 and n are large

enough.

Proof of the claim when c ≥ 3. For c = 3 or c = 4, we may proceed similarly, using again the

boundedness of hτ and Lemma A.5.1. We note that if c = 3, then |fi,j| ≤ O(m3)(1 + ‖Θτ‖2)

and omit further details.
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Appendix B

PROOFS FOR CHAPTER 2

B.1 Proofs for Section 2.1

Proof of Lemma 2.1.1. We may assume d ≥ n, otherwise Jf is never of full column rank.

The implication (i)⇒ (ii) is obvious.

To show (ii) ⇒ (iii), suppose for contradiction that Jf is not generically of full rank.

Since f is polynomial, we then know that Rank(Jf ) = r < n generically, that is, outside a

proper algebraic subset S ′ ⊂ Rn the rank is constant r. By the rank theorem (Rudin, 1976,

p. 229), for every point s ∈ S \ (S ′∪ S̃), we can choose an open ball B(s) that contains s, is a

subset of S \ (S ′∪ S̃) and for which the restricted map f |Bs has fibers of dimension n−r > 0,

contradicting (ii).

It remains to show (iii) ⇒ (i). We observe that since f is a polynomial we can assume

S = Rn. We then show that the set of points with an infinite fiber, denoted

Ff := {s ∈ Rn : |Ff (s)| =∞},

is contained in a proper algebraic subset of Rn. We note that it suffices to assume n = d,

for without loss of generality, we can permute the d component functions of f and assume

that π ◦ f : Rn −→ Rn has a generically full rank Jacobian matrix, where π is the projection

onto the first n coordinates. Then Ff ⊂ Fπ◦f .

Now, assume d = n, and let C = {s ∈ Rn : det Jf (s) = 0} be the set of critical points of

f , where Jf is the Jacobian matrix of f . Note that by assumption C is a proper algebraic

subset of Rn.

Claim. If y ∈ Rn is a point such that |Ff (y)| =∞, then Ff (y) ∩ C 6= ∅.
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Proof of the Claim. If an algebraic set like Ff (y) is infinite, then it has dimension k > 0.

By semialgebraic stratification (Basu et al., 2006), one can see that there exists an open set

U ⊂ Rk and a differentiable map g : U −→ Ff (y) such that the Jacobian of g has full rank

on U . If Ff (y) ∩ C = ∅, then the chain rule yields that the composition f ◦ g : U → {y}

has Jacobian of positive rank. This, however, is a contradiction because f ◦ g is a constant

function. Hence, Ff (y) ∩ C 6= ∅.

The claim implies that Ff ⊂ f−1(f(C)) ⊂ f−1(f(C)), where f(C) is the Zariski closure

of the semialgebraic set f(C). Since f(C) is algebraic, so is f−1(f(C)) given that f is a

polynomial. To finish the proof we only need to show that f−1(f(C)) has dimension less

than n, which is equivalent to f−1(f(C)) 6= Rn. By Sard’s theorem (Basu et al., 2006, p. 192),

f(C), and thus also f(C), has dimension less than n. If f−1(f(C)) = Rn, then the inverse

function theorem, which says that the restricted map f |Rn\C is a local diffeomorphism, is

contradicted.

Proof of Theorem 2.1.5. Let m = |V |. For i = 1, 2, let Gi = (V ,Ei) be the extended DAG

of Gi, i.e., V = {0, 1, . . . ,m}, and Ei = Ei ∪ {0 → v : v ∈ {1, . . . ,m}}. By the well-known

characterization that two DAGs are Markov equivalent if and only if they have the same

skeleton and v-structures (Pearl, 2009), it is easy to see that G1 and G2 are also Markov

equivalent.

For i ∈ {1, 2}, let Θi := REi × diag+
m×Rm. Define

ΦGi

(
(Λ,Ω, δ)

)
= (Im+1 − Λ

T
)−1Ω(Im+1 − Λ)−1,

where Θi := REi × diag+
m×Rm, Λ is a (m+ 1)× (m+ 1) matrix such that

Λvw =


δw if v = 0, w = 1, . . . ,m,

Λvw if v, w = 1, . . . ,m,

0 otherwise,

and Ω is a diagonal matrix with Ω00 = 1 and Ωvv = Ωvv for v = 1, . . .m. Then the image

ΦGi
(Θi) is the set of all covariance matrices of (m + 1)-variate Gaussian distributions that
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obey the global Markov property of Gi and have the variance of node 0, which represents

the latent variable L, equal to 1. Consider the projection

π(Σ) = Σ{1,...,m},{1,...,m},

where Σ has its rows and columns indexed by {0, . . . ,m}. Then the parametrization map

for the latent variable model N∗(Gi) equals

φGi = π ◦ ΦGi
. (B.1.1)

Since G1 and G2 are Markov equivalent, ΦG1
(Θ1) = ΦG2

(Θ2). By Lemma 2.2.1, each map

ΦGi
is injective on Θi with rational inverse defined on the common image ΦG1

(Θ1) = ΦG2
(Θ2).

From (B.1.1), we obtain that

φG1 = π ◦ ΦG1
= π ◦ ΦG2

◦ Φ−1

G2
◦ ΦG1

= φG2 ◦
(

Φ−1

G2
◦ ΦG1

)
.

Since Φ−1

G2
◦ ΦG1

: Θ1 −→ Θ2 is a diffeomorphism, the chain rule implies that the Jacobian

of φG1 can be of full column rank if and only if the same is true for φG2 . Since φGi are

polynomial, the two Jacobians either both have generically full rank or are both everywhere

rank deficient. By Lemma 2.1.1, φG1 is generically finite-to-one if and only if φG2 is so.

B.2 Proofs for Section 2.3

Proof of Lemma 2.3.3. We first give the structure of J(ϕ̃G) block by block.

(a) “[J(ϕ̃G)]D,{Ψ,Λ,γ}”: For a given pair (v, v) ∈ D,

[ϕ̃G(Λ,Ψ, γ)]vv = ψv +

( ∑
w:v→w∈E

ψwλ
2
vw

)
− γ2

v .

Hence,

[J(ϕ̃G)](v,v),ψw =


1 if v = w,

λ2
vw if v → w ∈ E,

0 otherwise,

(B.2.1)
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[J(ϕ̃G)](v,v),λwu =

2λwuψu if v = w,

0 otherwise,

(B.2.2)

and

[J(ϕ̃G)](v,v),γu =

−2γu if v = u,

0 otherwise.

(B.2.3)

(b) “[J(ϕ̃G)]E,{Ψ,Λ,γ}”: For any v → w ∈ E,

[ϕ̃G(Λ,Ψ, γ)]vw = −λvwψw +

 ∑
u:v→u∈E
w→u∈E

λvuλwuψu

− γvγw.
Hence,

[J(ϕ̃G)]v→w,ψu =


−λvw if u = w,

λvuλwu if v → u ∈ E and w → u ∈ E,

0 otherwise,

(B.2.4)

[J(ϕ̃G)]v→w,λux =



−ψw if v = u,w = x,

λwxψx if u = v, u→ x ∈ E and w → x ∈ E,

λvxψx if u = w, u→ x ∈ E and v → x ∈ E,

0 otherwise,

(B.2.5)

and

[J(ϕ̃G)]v→w,γu =


−γw if v = u,

−γv if w = u,

0 otherwise.

(B.2.6)

(c) “[J(ϕ̃G)]N,{Ψ,Λ,γ}”: For any v 6→ w ∈ N ,

[ϕ̃G(Λ,Ψ, γ)]vw =

 ∑
u:v→u∈E
w→u∈E

λvuλwuψu

− γvγw. (B.2.7)
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Hence,

[J(ϕ̃G)]v 6→w,ψu =

λvuλwu if v → u ∈ E and w → u ∈ E,

0 otherwise,

(B.2.8)

[J(ϕ̃G)]v 6→w,λux =


λwxψx if u = v, u→ x ∈ E and w → x ∈ E,

λvxψx if u = w, u→ x ∈ E and v → x ∈ E,

0 otherwise,

(B.2.9)

and

[J(ϕ̃G)]v 6→w,γu =


−γw if v = u,

−γv if w = u,

0 otherwise.

(B.2.10)

With slight abuse of notation, let |Ψ|, |γ|, |Λ| denote the number of free variables in Ψ, γ

and Λ respectively. Considering that |D| = |Ψ| and |E| = |Λ|, we must have that |N | ≥ |γ|

since J(ϕ̃G) is a tall matrix. Hence, if [J(ϕ̃G)]N,γ is generically of full column rank, then

there exists a subset N ′ ⊂ N such that |N ′| = |γ| and the determinant of J(ϕ̃G)N ′,γ is a

nonzero polynomial in the variables of γ, in consideration of (B.2.10). Now it suffices to

show that the (2m+ |E|)× (2m+ |E|) square submatrix [J(ϕ̃G)]{D,E,N ′},{Ψ,Λ,γ} is generically

of full rank.

Since the matrix concerned has polynomial entries, we need to show that the determinant

of [J(ϕ̃G)]{D,E,N ′},{Ψ,Λ,γ} is a nonzero polynomial. To this end, it is sufficient to show that

the determinant is a nonzero polynomial in the entries of (Λ, γ) when we specialize ψ1 =

· · · = ψm = 1. Noting that |Ψ| + |Λ| + |γ| = |D| + |E| + |N ′|, let P denote the set of all

permutation functions mapping from the set D ∪ E ∪ N ′ to the set of free variables in Λ,

Ψ and γ. Choose any ordering of the elements of domain and codomain so as to have a

well-defined sign for the permutations. Then by Leibniz’s formula, we have

det
(
[J(ϕ̃G)]{D,E,N ′},{Ψ,Λ,γ}

)
=
∑
σ∈P

sgn(σ)
∏

s∈D∪E∪N ′
J(ϕ̃G)s,σ(s).
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Let P̃ be the subset of all permutations σ ∈ P with σ((v, v)) = ψv for all (v, v) ∈ D and

σ((v, w)) = λvw for all (v, w) ∈ E. Then we obtain that

det
(
[J(ϕ̃G)]{D,E,N ′},{Ψ,Λ,γ}

)
=
∑
σ∈P̃

sgn(σ)
∏

s∈D∪E∪N ′
J(ϕ̃G)s,σ(s) +

∑
σ∈P\P̃

sgn(σ)
∏

s∈D∪E∪N ′
J(ϕ̃G)s,σ(s)

= ± det
(
J(ϕ̃G)N ′,γ

)
+
∑
σ∈P\P̃

sgn(σ)
∏

s∈D∪E∪N ′
J(ϕ̃G)s,σ(s), (B.2.11)

where the equality in (B.2.11) follows from (B.2.1), (B.2.5) and the fact that ψ1 = · · · = ψm =

1. We also deduce from (B.2.1)-(B.2.10) that every summand in the second term of (B.2.11)

is either zero or a polynomial term involving free variables of Λ. In contrast, det
(
J(ϕ̃G)N ′,γ

)
is a nonzero polynomial only in free variables of γ and can thus not be canceled by the second

term in (B.2.11).

B.3 Proofs for Section 2.5

Proof for Lemma 2.5.4. We first prove (i). Since N∗(G) is generically finitely identifiable by

Theorem 2.1.3, there exists an algebraic subset Ξ′ such that for all θ ∈ Θ\Ξ′, |FφG(θ)| <∞.

Define Ξ to be the union of Ξ′ and the set of triples (Λ,Ω, δ) ∈ R2m+|E| with at least one

coordinate δi = 0. Let Σ0 = φG(Λ0,Ω0, δ0) and

S = (sij) := (Im − ΛT )Σ0(Im − Λ). (B.3.1)

Then for 1 ≤ i < j ≤ m,

sij =
∑

1≤k,k′≤m

λki[Σ0]kk′λk′j −
∑

1≤k≤m

[Σ0]ikλkj −
∑

1≤k≤m

λki[Σ0]kj + [Σ0]ij

=


−

∑
(k,m)∈E

[Σ0]ikλkm + [Σ0]im if j = m,

[Σ0]ij if j < m,

,
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where the last equality follows from the fact that λij are nonzero only when (i, j) ∈ E.

Hence, for any four indices 1 ≤ i < j < k < l ≤ m, the tetrads

sijskl − siksjl, silsjk − siksjl

are constant polynomials when l < m and have degree 1 in the variables {λvm : (v,m) ∈ E}

when l = m. The equation system

TETRADS(S) = 0

is a thus a consistent linear system that can be represented as

Cλpa(m),m = c, (B.3.2)

where λpa(m),m = (λvm)Tv∈pa(m) is the vector of all free Λ variables, C is a 2
(
m−1

3

)
× |pa(m)|

matrix and c is a 2
(
m−1

3

)
-vector. Both C and c depend only on Σ0.

To finish the proof, we now need to show that (B.3.2) is uniquely solvable in λpa(m),m.

We will aim to contradict |FφG(θ0)| < ∞ if (B.3.2) does not have a unique solution. Note

that the solution set is an affine subspace L ⊂ R|E|. For a contradiction, suppose that L is

of positive dimension. Upon substituting Λ = Λ0 into (B.3.1), we obtain

S0 = (s0
ij) = (Im − ΛT

0 )Σ0(Im − Λ0),

and in consideration of (2.5.3) in Theorem 2.5.2, it must be true that

s0
iis

0
jk − s0

iks
0
ji > 0, for all i 6= j 6= k.

We may then pick an open ball B(Λ0) such that for all solutions Λ ∈ L ∩ B(Λ0), the matrix

S = (sij) defined by (B.3.1) satisfies

siisjk − siksji > 0 , for all i 6= j 6= k.

It follows that L ∩ B(Λ0) is an infinite set whose elements Λ all make the matrix (Im −

ΛT )Σ0(Im − Λ) a Spearman matrix. Hence, the system

(Im − ΛT )Σ0(Im − Λ) = Ω + δδ′
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has infinitely many solutions, contradicting |FφG(θ0)| <∞.

The proof of (ii) is analogous. We first let Υ0 = ϕG(Λ0,Ψ0, γ0) and define

S̃ = (s̃ij) = (Im − Λ)−1Υ0(Im − ΛT )−1. (B.3.3)

Noting that in this case (Im − Λ)−1 = Im + Λ, it can be easily seen that

TETRADS(S̃) = TETRADS
(
(Im − Λ)−1Υ0(Im − ΛT )−1

)
= 0

is a linear system in the variables {λ1v : v ∈ ch(1)}. Similar to the above arguments, we may

use Theorem 2.1.3 and Theorem 2.5.3 to prove by contradiction that the system can only

have a unique solution in {λ1v : v ∈ ch(1)}.

B.4 Proofs for Section 2.6

Proof of Theorems 2.6.1 and 2.6.2. For Theorem 2.6.1, one can partition the Jacobian ma-

trix J(ϕ̃G) of ϕ̃G as in (2.3.7), only with γ replaced by γV \V ′ = {γv : v ∈ V \V ′}. In analogy

with Lemma 2.3.3, it can be shown that Jϕ̃G is of full column rank if [J(ϕ̃G)]N,γV \V ′ is. The

reasoning is then analogous to that in the proof of Theorem 2.1.3, the main step being the

application of Lemma 2.3.2 where the graph defining the considered map becomes (Gc)V \V ′ .

The proof of Theorem 2.6.2 is analogous to the proof of Theorem 2.1.4. The only change

is to replace Gc
con, Gc

|L,cov, γ and δ by G̃c
con, G̃c

|L,cov, γV \V ′ and δV \V ′ , respectively.
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