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My doctoral research is oriented around causal inference, specifically causal mediation anal-

ysis. Roughly, it can be divided into two parts: (1) understanding and resolving conceptual

issues in causal problems, and (2) developing methodology for causal analysis. One goal of

my doctoral research is to provide a comprehensive guide to applied statisticians and epidemi-

ologists that can help them navigate the philosophical subtleties and abundant methodology

in causal inference. Another goal of my doctoral research is to develop methodology for

complex causal mediation structures, including mediation analysis with treatment-induced

confounding, and mediation analysis with multiple mediation pathways.

• Clarifying Identification Assumptions in Causal Mediation Analysis

One of my research projects is to clarify identification assumptions in causal mediation

analysis. This project provides a close examination of the definitions of the causal

parameters of interest, identification/bounding assumptions and their connections, and

widely used tools and statistical methods in mediation analysis.

• Causal Mediation Analysis with Treatment-Induced Confounding

Treatment–induced confounding is present when some prognostic factors induced by

the treatment occur before the mediator and have an effect on it. Sequential ignorabil-

ity assumptions that are typically used for the identification of the natural direct effect



exclude treatment-induced confounding. Treatment-induced confounding is regarded

as a difficult problem in mediaiton analysis. We provide new sets of identification

assumptions, including two no-additional-heterogeneity assumptions, to identify the

natural direct effect in the presence of treatment-induced confounding. Notably, the

identified expression of the natural direct effect is the same as that of the interven-

tional direct effect. We derive the semiparametric efficiency bound for the estimand and

propose a multiply robust estimator that remains consistent under four types of pos-

sible mis-specification. To ensure model compatibility, we factorize the (conditional)

joint distribution of the mediator and the treatment-induced confounder into marginal

distributions and a dependence structure using copula.

• Causal Mediation Analysis with Multiple Mediators

We consider a decomposition of the total indirect effect through multiple mediators,

with an unspecified causal ordering, into individual components termed exit indirect

effects and a remainder interaction term. We provide a set of identification assumptions

for estimating all components. The identified expressions, which are closely related to

the interventional indirect effects, continue to have causal interpretations when some

identification assumptions are violated, as long as the total indirect effect is identified.

We provide four moment-type estimators for each decomposed effect based on different

parametrisations and derive the semiparametric efficiency bounds for the effects. The

efficient influence functions contain conditional densities that are variation dependent,

which is uncommon in existing problems, and we consider a reparameterization based

on copulas to avoid model incompatibility and proposed a quadruply robust estimator

for each of the decomposed effects that remains consistent and asymptotically normal

under four types of possible misspecification and is also locally semiparametric efficient.
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Chapter 1

INTRODUCTION

One of the fundamental goals of science is to understand how the world progresses by

establishing causation. Questions about causality can be found in numerous fields, including

biostatistics, epidemiology, and social science. What are the risk factors for human cancer?

Is a healthcare intervention effective in a certain population? Can a given drug help prevent

infectious disease? Will a labor market program increase employment? The attempts to

answer these questions build up the study of causality, i.e., causal inference.

Although causal thinking is elementary in perceiving events, it is often difficult to reach

a consensus on the meaning of causation among people, for the concept is often self-taught

by experience. Therefore, the first question that needs to be answered is what causation

means. It is widely known that association does not imply causation. A natural question is

when an association suggests causation. Once a causal relationship is established, the next

question is how to evaluate its strength.

The definition of causation is well-established using the potential outcome framework for

causal inference (Neyman 1923, Rubin 1974, 1978). It conceptualizes causation by introduc-

ing the idea of potential outcomes that would have occurred had the upstream factors taken

certain values that are potentially different from their observed values. An intervention has a

causal effect on the outcome if the potential outcomes corresponding to different intervention

values are different. This definition captures a subset of causation in which the change in

outcome depends on the change in the causes. The potential outcome framework formal-

izes the definition of causal effects and consequently facilitates the translation of scientific

questions into well-defined statistical questions.

Each set of action/exposure values indexes a potential outcome, which forms a set of
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potential outcomes corresponding to different actions/exposures. In reality, however, only

one potential outcome is observed: the one that corresponds to the actual action or ex-

posure. This potential outcome is the factual outcome, making other potential outcomes

“counterfactuals”. 1 The naturally embedded missingness of potential outcomes is called

the fundamental problem of causal inference. If we view different potential outcomes as

factual outcomes from different alternative realities (“worlds”) created by different values of

actions or exposures, the fundamental problem of causal inference is a result of our inability

to travel back in time and experience a different reality. Consequently, causal effects are not

directly targetable like usual estimands that are defined using observable data. In this paper,

we call estimands defined by functions of potential outcomes causal estimands, distinct from

usual estimands that are directly targetable.

One causal estimand that is often of interest is the average causal/treatment effect. It

depicts the total effect of an intervention/exposure on the outcome. Consider a generic

setting in which we are interested in the causal effect of a binary treatment on an outcome.

Denote the treatment as A, the outcome as Y , and the potential outcome as Y (a), which

is the value the outcome would have taken had the treatment been set to a. The average

causal effect is defined as E[Y (1)−Y (0)], the mean difference between the potential outcomes

under treatment and control. The observed outcome for units in the treatment group is Y (1),

and the observed outcome for units in the control group is Y (0). Table 1 demonstrates the

relationship between the potential outcomes and the observable outcome for each unit. Table

2 demonstrates the fundamental problem of causal inference: observable outcome Y does not

recover the joint distribution of (Y (0), Y (1)).

Now that the average causal effect is well-defined, the question remains: How to associate

this causal estimand to a directly targetable estimand that depends on observable data? One

option is through randomized controlled trials. Since the treatment is randomized, there is

1We use potential outcomes and counterfactuals interchangeably in this paper.



3

Unit Ai Yi(0) Yi(1) Yi

1 1 0 1 1

2 0 1 0 1
...

...
...

...
...

n 0 0 1 0

(a) Potential and Observed Outcomes

Unit Ai Yi(0) Yi(1) Yi

1 1 ? 1 1

2 0 1 ? 1
...

...
...

...
...

n 0 0 ? 0

(b) Fundamental Problem of Causal Inference

no confounding between the treatment and the outcome. The absence of confounders implies

the independence between the treatment A and the potential outcome Y (a). As illustrated

in Figure 1.1, since no other pathways are connecting A and Y , A cannot affect Y (a) with

treatment set to a in the potential outcome. With the independence

A ⊥⊥ Y (a), (1.1)

we can rewrite E[Y (a)] as E[Y (a)|A = a], which is the mean factual outcome in the treatment

group a: E[Y |A = a]. Therefore, the causal estimand average causal effect E[Y (1) − Y (0)]

is translated into a directly targetable estimand E[Y |A = 1]− E[Y |A = 0].

A Y

Figure 1.1: DAG for Randomized Controlled Trials

Randomized controlled trials are the gold standard in establishing causal relationships

in health-related research. In practice, however, randomization is not always feasible due

to practical, logistical, and ethical reasons. Therefore, we need to conduct causal inference

using observational data. For example, the U.S. Food & Drug Administration recently

started advocating the use of real-world evidence, including electronic health records, disease

registries, and health tracking data on mobile devices in regulatory decision-making other
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A Y

X

Figure 1.2: DAG with Confounding between Treatment and Outcome

than traditional clinical trials. Without the protection of randomization, confounding cannot

be prevented in observational data. Denote the confounder between the treatment A and the

outcome Y as X. As illustrated in Figure 1.2, after setting the treatment in Y (a) to value

a, A and Y are still connected by X, so A and Y (a) are no longer independent. Suppose

X includes all confounders for the relationship between the treatment and the outcome.

Conditioning on X, connections between the treatment and the outcome, other than the

direct pathway from A to Y , are blocked. In this case, A is independent of Y (a) with

treatment set to value a. With this conditional independence

A ⊥⊥ Y (a)|X, (1.2)

we can rewrite E[Y (a)] as:

E{E[Y (a)|X]} = E{E[Y (a)|A = a,X]} = E{E[Y |A = a,X]}.

Therefore, the causal estimand average causal effect E[Y (1) − Y (0)] is translated into an

estimable target E{E[Y |A = 1, X]− E[Y |A = 0, X]}.

The process of associating a causal estimand to an estimable target is called identifica-

tion. The condition 1.1 needed to identify the average causal effect is satisfied by the study

design. In observational studies, condition 1.1 no longer holds. We instead assume the con-

ditional independence 1.2, which prohibits unmeasured confounding, for the identification

of the average causal effect. Assumptions needed to identify a causal estimand are called

identification assumptions, such as 1.1 and 1.2. The equivalence of the causal estimand
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and the identified targetable estimand relies on the validity of identification assumptions.

In other words, whether a targetable estimand, derived from observable data, has a causal

interpretation is determined by whether the identification assumptions are satisfied.

Identification is answering the question: what conclusions can be drawn from infinite

data? Infinite data can recover the true distribution of observable data. In practice, however,

we do not have an infinite amount of data. Although the identified targetable estimand does

not depend on unobservable potential outcomes, statistical methods are needed for their esti-

mation and inference. In randomized controlled trials, the target E[Y |A = 1]−E[Y |A = 0] of

the average causal effect can be estimated by a difference-in-mean estimator. In observational

studies with no unmeasured confounding (assumption 1.2 holds), the targetable estimand

E{E[Y |A = 1, X]− E[Y |A = 0, X]} can be estimated by a regression-based estimator.

More generally speaking, we can roughly divide causal inference into the following three

steps as illustrated by Figure 1.3:

• Determine a casual estimand based on the scientific question of interest and formalize

it into a function of potential outcomes.

• Link the causal estimand to observable data using identification schemes. If reasonable

identification assumptions are not enough for point identification, bounds on the causal

estimand can be derived instead.

• Use statistical methods to estimate the identified targetable estimand.

The average causal effect depicts the total effect of an intervention/exposure on the out-

come. It answers two questions: Does the intervention have a causal effect on the outcome?

What is the magnitude of the effect? On many occasions, we are also interested in how

the intervention/exposure affects the outcome. When intermediate variables are measured,

causal mechanisms can be investigated through the study of direct and indirect effects. The

direct effect is the part of the causal effect of an intervention/exposure that does not act

through some intermediate variables, known as mediators. Conversely, the part of the causal
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Causal Estimand

Directly Targetable Estimand

Estimates

Identification Assumptions

Statistical Assumptions

Figure 1.3: The General Steps for Causal Inference

effect that acts through the mediators is called the indirect effect. As illutrated in Figure

1.4, A is the treatment, M is a mediator through which A affects the outcome Y . Mediation

analysis often includes the definition, identification, and estimation of a direct effect of an

exposure and its indirect effect that goes through some known mediators.

A Y

M

Figure 1.4: DAG for Mediation

Intuitively, to evaluate a direct effect, the mediators need to be somehow fixed. Depend-

ing on the scientific question of interest, a variety of direct effects can be defined through

different ways of fixing the mediators. Frequently used definitions of direct effects include

the controlled direct effect, the pure (natural) direct effect, and the principal stratum direct

effect. In the settings with a binary treatment, the controlled direct effect compares the

potential outcomes under treatment and control with the mediator fixed at a certain level.
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The natural direct effect compares the potential outcomes under treatment and control with

mediators fixed to the value they would have taken had there not been any treatment. The

principal stratum direct effect compares the potential outcomes with and without treatment

in the subgroup where the mediator remains constant under treatment and control. The

formal definitions of these direct effects are given in chapter 2.

Each of the direct effect has unique properties in terms of definition, identification, and

interpretation. We examine these aspects of different direct effects closely in chapter 2 to

facilitate the application of causal mediation analysis methods in practice. Specifically, we

provide a comparison of the prerequisites for each direct effect to be well-defined. We also

compare the strength of multiple sets of identification assumptions for each direct effect.

We provide intuitions to their definitions and identification assumptions and explain their

different interpretations. We give a brief summary of the methodological developments in

mediation analysis.

In chapter 3, we focus on the pure (natural) direct effect. As will be explained in chapter

2, the pure direct effect is most relevant in studying treatment effect mechanisms. The iden-

tification assumptions for the pure direct effect usually prohibit treatment-induced confound-

ing between the mediator and the outcome. A mediator-outcome confounder is treatment-

induced if it is affected by the treatment, and subsequently affects the mediator and the

outcome, as illustrated by C in Figure 1.5. In practice, however, this assumption is often

violated.

A M

C

Y

Figure 1.5: Treatment-induced Confounding
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To address this fundamental limitation, we provide a set of assumptions that identify the

natural direct effect in the presence of treatment-induced confounding, where the identified

expression is equivalent to a recently studied interventional direct effect defined for a random-

ized mediator. We derive the semiparametric efficiency bound for the estimand, which unlike

usual expressions, contains conditional densities that are variation dependent. We consider

a reparameterization using copula and propose a quadruply robust estimator that remains

consistent under four types of possible misspecification and is also locally semiparametric

efficient. We use simulation studies to demonstrate the quadruple robustness and apply our

method to the 2017 Natality data (CDC (2017)) to investigate the effect of prenatal care

on preterm birth mediated by preeclampsia with smoking status during pregnancy being a

potential treatment-induced confounder.

In previous chapters, only one mediator is known or of interest and measured. When

multiple mediators are measured, the total indirect effect, which is the difference between

the average causal effect and the natural direct effect, contains a joint effect of multiple me-

diators. Apart from the joint effects, the estimation of effects that go through each mediator

is also of interest. In chapter 4, we decompose the total indirect effect through multiple me-

diators, with an unspecified causal ordering, into individual components termed exit indirect

effects and a remainder interaction term. We provide a set of identification assumptions for

all components. The identified expressions, which are closely related to the interventional in-

direct effects, continue to have causal interpretations when some identification assumptions

are violated, as long as the total indirect effect is identified. We provide four moment-

type estimators for each decomposed effect based on different parametrizations and derive

the semiparametric efficiency bounds for the effects. The efficient influence functions con-

tain conditional densities that are variation dependent, so we consider a reparameterization

based on copulas to avoid model incompatibility. We propose a quadruply robust estimator

for each of the decomposed effects that remains consistent and asymptotically normal under

four types of possible misspecification and is also locally semiparametric efficient.
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Chapter 2

CLARIFYING IDENTIFICATION ASSUMPTIONS IN
CAUSAL MEDIATION ANALYSIS

2.1 Introduction

Under the counterfactual framework (Neyman, 1923; Rubin (1974),Rubin (1978), Rubin

(1990);), causal contrasts are defined using potential outcomes. Potential outcomes are gen-

erally only partially available for an individual in the sense that only the potential outcomes

corresponding to the actual treatment assignments can be observed. Consequently, assump-

tions are needed to derive corresponding effect estimates for the causal contrasts using the

empirical data.

Mediators are intermediate variables through which an intervention/exposure affects the

outcome. The total effect of an intervention/exposure can be divided into two parts: the

part that acts through the mediators, i.e., the indirect effect, and the part that does not,

i.e., the direct effect. Intuitively, to get the direct effect of an intervention, the mediators

in its causal pathways need to be “fixed”. There are several strategies to define the direct

and indirect effects using the potential outcome framework depending on different ways the

mediator is “fixed”. In this paper, we focus on three frequently used definitions for direct

effects, including the controlled direct effect (CDE), the pure direct effect1 (PDE), and the

principal stratum direct effect (PSDE) (Robins, 1986; Robins and Greenland, 1992; Pearl,

2001; Frangakis and Rubin, 2002; Rubin, 2004). Different direct effects depend on different

potential outcomes that come with different implicit assumptions. These differences are

subtle and often not discussed in methodological literature. However, they are essential

for the clarification of each direct effect’s range of application and interpretation. We make

1The pure direct effect is also called the natural direct effect (NDE)
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explicit and compare the defining assumptions, and clarify the interpretation and application

of the controlled direct effect, the pure direct effect, and the principal stratum direct effect.

Besides the formalization of different direct effects using the potential outcome framework,

various sets of identification assumptions are considered by Robins and Greenland (1992),

Pearl (2001), Petersen et al. (2006), Hafeman and VanderWeele (2011), Richardson and

Robins (2013), Robins and Richardson (2010) , Imai et al. (2010) for the controlled direct

effect and the pure direct effect. Apart from the point identification of the pure direct effect,

bounds are given by Robins and Richardson (2010), Tchetgen and Phiri (2014), Miles et al.

(2015). Similarly, point identification and bounds on the principal stratum direct effect are

considered by Zhang and Rubin (2003), Cheng and Small (2006), Frangakis et al. (2007),

Imai (2008). A discussion of the relationship between the principal stratum direct effect and

the other two direct effects is given by VanderWeele (2008).

Currently, there is a lack of literature comparing identification assumptions for direct

effects. We examine the connections between the popular sets of assumptions, including

assumptions that arise from Non-parametric Structural Equation Models with Independent

Errors (NPSEM-IE) considered in Pearl (2009), sequential ignorability assumptions given by

Imai et al. (2010), identification assumptions given by Pearl (2001), Petersen et al. (2006),

and Hafeman and VanderWeele (2011), the assumptions encoded in Single World Intervention

Graphs (SWIG) developed by Richardson and Robins (2013), and the assumptions of the

Minimal Counterfactual Model (MCM) considered by Robins and Richardson (2010). Some

extra sets of identification assumptions that are directly inspired by them are also included

for the purpose of comparison. We prove the relationships between these assumptions and

summarize them in Figure 2.1.

After an appropriate direct effect is chosen and identified, we resort to statistical methods

for its estimation. These methods are not unique for causal mediation analysis. Nonetheless,

we dedicate a section that reviews the methodological developments in the estimation of

mediation effects. In particular, we describe the much used parametric structural equation

models, the regression-based outcome/mediator models, the inverse probability weighting
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methods, and a triply-robust estimator that has desirable theoretical properties. We also

discuss the relationship between these methods. In particular, traditional approaches such as

the linear structural equation models (LSEM), which includes the famous Baron and Kenny

methods, can be formalized by the potential outcome framework in terms of their underlying

assumptions and the causal interpretations of the estimators. The triply-robust estimator

is a combination of the outcome/mediator models and the inverse probability weighting

methods.

For simplicity, we consider the point-treatment case in our paper. However, the investi-

gation of mediation effects extends to more complicated settings and thus so do the defini-

tions, identification assumptions, and methods. In the discussion section, we briefly discuss

mediation analysis in longitudinal cases with time-varying confounding: why confounding

adjustment fails, and what are the alternative methods. We also include a discussion on

the important idea of the extended DAG (Robins and Richardson, 2010) that reconciles the

controversy of the pure direct effect being non-manipulable.

This paper is organized as follows. In section 2, we introduce the point-treatment setting

we consider and relevant notations. In section 3, we examine the definitions of the direct

effects, the assumptions that come with their definitions, and their implications. In section 4,

we review the identification assumptions for the direct effects and explore their relationships.

In section 5, we introduce the statistical methods used for mediation analysis. In section 6,

we discuss some other developments in causal mediation analysis.

2.2 Setting and Notation

Let A be a binary treatment, M be a mediator, Y be an outcome, and X be baseline

covariates that potentially confound the relationship between A and M , the relationship

between M and Y , and the relationship between A and Y . The causal DAG is displayed in

Figure 2.2.
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NPSEM-IE assumptions

Imai et al.’s assumptionsPearl’s assumptions

Hafeman & VanderWeele’s assumptions

Petersen et al.’s assumptions

Enhanced assumptions built on Pearl’s: Version 1

Enhanced assumptions built on Pearl’s: Version 2

SWIG assumptions

MCM assumptions

relaxed SWIG assumptions

relaxed MCM assumptions

PSDE, PDE, and CDE are identified

PDE and CDE are identified
Only CDE is identified

Figure 2.1: Relationship Between Assumptions. Under NPSEM-IE, all three direct

effects are identified. Under assumptions of Imai et al., Pearl(Pearl, 2001), Petersen et al.,

and Hafeman & VanderWeele, both the NDE (PDE) and the CDE are identified. Under

the SWIG and MCM assumptions, the CDE is identified. The assumptions of Petersen et

al. and Hafeman & VanderWeele are different since they are scale-dependent no-interaction

assumptions, while the others are (conditional) independence assumptions.

A Y

M

X

Figure 2.2: Causal DAG for the Point-treatment case with a Mediator
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The outcome Y depends on the value of both the treatment A and the mediator M .

The potential outcome, denoted as Y (a,m), is the value Y would have taken had A been

a and M been m. Each combination of a and m creates an alternative world in which the

treatment takes value a and the mediator takes value m, and Y (a,m) would be the observed

outcome Y . Similarly, the mediator M depends on the value of the treatment A, and M(a)

is the value M would have taken had A been a.

2.3 Direct Effects and Defining Assumptions

The controlled direct effect, the pure direct effect, and the principal stratum direct effect are

defined below using the counterfactual framework for a binary treatment in the difference

scale. Direct effects can be similarly defined in other scales corresponding to risk ratios or

odds ratios.

Definition 2.3.1 Controlled direct effect

CDE(m) ≡ E[Y (1,m)− Y (0,m)],

Definition 2.3.2 Pure direct effect

PDE ≡ E[Y (1,M(0))− Y (0,M(0))],

Definition 2.3.3 Principle stratum direct effect

PSDE(m) ≡ E[Y (1,m)− Y (0,m)|M(0) = M(1) = m].

The controlled direct effect compares the effect of the combined treatment of A and M on

Y between two groups with different levels of A while fixing M at the same level. The

pure direct effect compares the effect of the treatment A on Y between the treatment group

and the control group while fixing M at the level it would have taken had there not been

any treatment. The principal stratum direct effect compares the treatment effect on Y in a

subgroup where the mediator remains unchanged with or without treatment.
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Throughout our discussion we will assume the suitable unit treatment value assumption

(SUTVA). SUTVA allows only one version of the treatment, and it precludes interference

between units. A few more technical conditions are needed for the counterfactuals used

in mediation analysis to be defined (VanderWeele and Vansteelandt, 2009), specifically, the

consistency assumption and the composition assumption. The consistency assumption, which

is subsumed by SUTVA, states that when the treatment takes a certain value the observed

outcome for each variable equals their corresponding potential outcome with the treatment

set to that value. In our case, it implies Y (a) = Y,M(a) = M when A = a, and Y (a,m) = Y

when A = a, and M(a) = m. The composition assumption, which is conceptually less

challenging than SUTVA or the consistency assumption, can be illustrated by an example:

Y (a,M(a)) = Y (a). It implies that the potential outcome with the treatment set to a and

the mediator set to the value it would have taken under the same treatment equals the

potential outcome with the treatment set to a.

Before choosing one of these direct effects as the causal estimand of interest, we need to

examine the assumptions and properties of their definitions:

• Reliance on a conceivable intervention For all three direct effects, the intervention

on the treatment A needs to be possible, or at least conceivable. For the controlled

direct effect and the pure direct effect, the intervention on the mediator M also needs

to be possible or conceivable. For the principal stratum direct effect, a plausible inter-

vention on the mediator is not needed.

We explain this concept through an example. Suppose A is the race of a candidate

i, and Y is the result of a job application, it is difficult to envision candidate i’s job

application outcome had they been a different race, because by changing the race,

candidate i is essentially a different person. One can argue that in this case, the

potential outcomes are not well-defined and hence the causal contrast is no longer

defined. To avoid this conceptual problem, a different question can be asked: what

is the effect of the race indicated in a résumé on the job application results? The
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potential outcome Yi(a) is then what the job application result would be had the race

information on a résumé been set to a.

The notion of defining counterfactuals based on conceivable interventions is generally

accepted in biostatistics and epidemiology studies, and causation can be established

without suggesting a mechanism. This notion is closely(Holland, 1986), which advo-

cates against using attributes as causes. The emphasis on manipulability may not

apply to other fields, where modeling the mechanism may be more of interest and

causes are depicted by the relations between variables.

• Different contrast for each value of the mediator The controlled direct effect/the

principal stratum direct effect takes a different value when the mediator is set to a

different value of m. On the other hand, the pure direct effect does not require setting

the mediator to a specific value of m. Therefore it depicts an overall direct effect that

averages over the distribution of the potential mediator without treatment.

• Inference on subgroup The principal stratum direct effect is defined on a subgroup

in which the potential mediator takes the same value with or without the treatment.

The principal stratum direct effect is more useful when the mediator is binary or

categorical. When the mediator M is continuous, the subgroup defined by M is trivial,

and the effect that does not act through a dichotomized version of M is not well-defined

(Robins et al., 2007).

• “Cross-world” definitions and Manipulative effects Two counterfactuals are

from different “worlds” if their shared causes are set to different values. For example,

Y (1,m) and M(0) are from different “worlds” because in Y (1,m), the treatment is set

to 1, and in M(0), the treatment is set to 0.

Following this notion, we can see that both the pure direct effect and the principal

stratum direct effect are defined using counterfactuals from different “worlds”. As
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a result, they are not “manipulative” effects. An effect is manipulable if it can be

realized by a contrast between treatment regimes from an experiment on an identified

subgroup. For the principal stratum direct effect, it is impossible to identify the subset

of subjects whose mediators remain unchanged with or without treatment. For the pure

direct effect, it is impossible to conduct an experiment (consisting of an intervention on

the variables A, M) that simultaneously sets the treatment (A) to 1 for the outcome

(Y ) and 0 for the mediator (M). On the contrary, the controlled direct effect is

manipulable: one can conduct an experiment in which both the treatment and the

mediator are randomized.

• Decompose the total effect The average causal effect (average treatment effect) is

defined as E[Y (1)− Y (0)]. It depicts the total effect of the treatment on the outcome,

and can be decomposed into the sum of the pure direct effect and the total indirect

effect:

E[Y (1)− Y (0)] = E[Y (1,M(0))− Y (0,M(0))] + E[Y (1,M(1))− Y (1,M(0))].

Since the controlled direct effect depends on the level the mediator is set to, it is

not straightforward to define a corresponding indirect effect. In some literature, the

indirect effect is defined precisely as the difference between the average treatment effect

and the controlled direct effect. Since the principal stratum direct effect is defined on a

subgroup in which the mediator remains unchanged, it does not have a corresponding

indirect effect.

Different definitions lead to different interpretations. The controlled direct effect can be

interpreted as the difference in outcome between two treatment2 regimes of a randomized

experiment, one with A = 1 and M = 1, the other with A = 1 and M = 0. The difference is,

therefore, attributed to the change in M . The pure direct effect, on the other hand, answers

the question: how much would the treatment A affect the outcome if the effect of A on

2here treatment represent the combination of A and M .
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its mediator M is blocked? When the effect of treatment A on mediator M is blocked, M

remains the same (under treatment) as if there had been no treatment: M(0). The principal

stratum direct effect (at level m) can be rewritten as:

E[Y (1,m)− Y (0,m)|M(0) = M(1) = m]

=E[Y (1,M(1))− Y (0,M(0))|M(0) = M(1) = m]

=E[Y (1)− Y (0)|M(0) = M(1) = m].

Under the composition assumption, the principal stratum direct effect can be interpreted as

the average causal effect in the subgroup where the mediator M does not change with the

treatment A. We include the properties of these three direct effect definitions in Table 1.

Properties set in italics can be favorable. 3

Conceivable Separate contrast Inference on Manipulative Indirect

intervention for each level identified effect effect

on A on M of m population defined

CDE Necessary Necessary No Yes Yes No

PDE Necessary Necessary Yes No No Yes

PSDE Necessary Unnecessary No No No No

Table 2.1: Properties of Direct Effect Definitions

2.4 Identification Assumptions

As described in the introduction section, the fundamental problem with causal inference is

that counterfactuals used to define causal contrasts cannot be observed simultaneously for

3The relevant counterfactuals are M(a) and Y (a,m).
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an individual. As a result, identification assumptions are needed to link the causal estimands

defined using counterfactuals to the observable data. Identification assumptions are usually

imposed on the relationship, such as conditional independence, between counterfactuals. The

causal interpretation of the identified effect relies on the validity of identification assumptions.

Therefore, it is essential to fathom the strength of identification assumptions and verify their

reasonableness before drawing any causal conclusions.

Before comparing different sets of identification assumptions for direct effects, we intro-

duce the concept of “Cross-world” assumptions. In the previous section, we explained how

counterfactuals could be from different worlds. The same notion extends to identification as-

sumptions. An identification assumption is “Cross-world” if it is imposed on counterfactuals

from different worlds. For example, a “Cross-world” assumption often used is on the inde-

pendence between the potential outcome Y (a,m) and the potential mediator M(a?) where

a and a? can take different values. “Cross-world” assumptions are non-refutable (without

further assumptions or additional interventions) because they cannot be tested by any ex-

periment. In contrast to “Cross-world” assumptions, there are “Single-world” assumptions

that only involve counterfactuals from the same world. “Single-world” assumptions can be

experimentally tested. Assumptions that cannot be tested by randomized experiments are

usually less favorable because their validity depends solely on scientific belief. Sensitivity

analyses may help us fathom the effect of assumption violations.

In this section, we examine identification assumptions for the direct effects for the simple

setting, as illustrated by Figure 2.2. Since definitions of direct effects have different proper-

ties, the strengths of assumptions needed for their identifications vary. In particular, the prin-

cipal stratum direct effect requires the strongest identification assumptions because it involves

the joint distribution of four counterfactuals from different worlds: (Y (1), Y (0),M(1),M(0)).

The pure direct effect is less restrictive, for it involves the joint distribution of three coun-

terfactuals from different worlds: (Y (1,m), Y (0),M(0)). The assumptions needed for the

identification of the controlled direct effect is the least restrictive because it only involves

counterfactuals from a single world.
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As a result, different sets of identification assumptions can be divided into three sub-

groups:

• the sets that identify all three direct effects;

• the sets that identify the pure direct effect and the controlled direct effect, but not the

principal stratum direct effect;

• the sets that only identify the controlled direct effect.

Specifically, we start from the strongest set of assumptions under which all three direct

effects are identified: the NPSEM (Non-Parametric Structural Equation Models) with in-

dependent errors (sometimes called NPSEM-IE) assume mutual independence between sets

of counterfactuals associated with different variables. This Independent Error assumption

may not always be reasonable. We move on to the less restrictive sets of assumptions, un-

der which the pure direct effect and the controlled direct effect are identified, including the

widely-used sequential ignorability assumptions (Imai et al., 2010), and five other sets of as-

sumptions that are slightly weaker with a narrower range of application. These two groups of

assumptions still involve “Cross-world” assumptions that are non-refutable. We then move

on to the least restrictive sets of assumptions under which only the controlled direct effect

is identified, including the single world intervention graphs (SWIGs) assumptions that are

associated with causal graphs. The last group of assumptions only involve “Single-world”

assumptions. The shared focus of these assumptions are on three sources of confounding:

• confounding between the treatment and the outcome;

• confounding between the treatment and the mediator;

• confounding between the mediator and the outcome.

Intuitively, the more control we have over the confounding factors, the closer the conditional

association is to causation.
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In this section, we assume that X includes the set of pre-treatment covariates, meaning

that the treatment induces no potential confounding. The identification of the pure direct

effect is usually not possible in the presence of treatment-induced confounding under the

sequential ignorability assumptions (Avin et al., 2005). We come back to this point at the

end of this section.

Assumption 2.4.1 The Non-Parametric Structural Equation Models independence assump-

tion. The following three sets of variables:

{X,A(x????)}, {M(1, x),M(0, x?)}, {Y (1,m, x??), Y (0,m?, x???)}}

are mutually independent, where each set includes all the variables obtained by allowing x????,

x???, x??, x?, and x; m and m? take different values.

To simplify this assumption, we omit the covariates X which we usually condition on. Denote

the domain of M as M and rewrite the assumption as:

A, {M(1),M(0)}, {Y (1,m), Y (0,m?),m,m? ∈M} (2.1)

are mutually independent. It is clear to see that counterfactuals in the second and third sets

can be from different worlds: M(1) and Y (0,m?), M(0) and Y (1,m).

Equation (2.1) includes three systems of variables in this setting: the treatment A, the

set of potential mediators indexed by different treatment values {M(1),M(0)}, and the set of

potential outcomes indexed by different treatment and mediator values {Y (1,m), Y (0,m?)}.

The NPSEM-IE assumes mutual independence between these three systems. NPSEM-IE

implies a list of conditional independences between potential outcomes, potential mediators,

and the treatment assignment. As a result, all three direct effects are identified under

NPSEM-IE.

To better connect NPSEM-IE to the rest of the assumptions, we present a sequential

ignorability implication of it:

Assumption 2.4.2 NPSEM-IE Assumption Implication
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1. {Y (a,m, x?),M(a?, x???)} ⊥⊥ A(x)|X = x??,

2. Y (a,m, x) ⊥⊥M(a?, x?)|A = a??, X = x??.

The value of A and X in these conditions could be different from their set values in the

counterfactuals. The first assumption implies there is no (unmeasured) confounding between

the treatment and the downstream variables. The second assumption implies there is no

(unmeasured) confounding between the mediator and the outcome. The assumptions are on

the “ignorability” of treatment/mediator assignment. 4

A weaker set of sequential ignorability assumptions from Imai et al. (2010) requires in-

dependence only when the confounding variables X are consistently taking the same value

in the conditions and the set values of counterfactuals, restricting the space where the inde-

pendence holds to a smaller one where X is constant. Condition 2 in the Assumption 2.4.2

is further weakened by fixing the value of the treatment in the potential mediator to the

treatment value in the condition.

Assumption 2.4.3 Imai’s Assumptions

1. {Y (a,m),M(a?)} ⊥⊥ A|X = x,

2. Y (a∗,m) ⊥⊥M(a)|A = a,X = x.

It is straight-forward to see by fixing X to x, condition 1 in Assumption 2.4.2 implies

condition 1 in Assumption 2.4.3. By equating a? and a?? in condition 2 of Assumption 2.4.2,

we have condition 2 of Assumption 2.4.3.

Condition 1 states that the joint distribution of the potential outcome and the potential

mediator, possibly with different set treatment values, are independent of the actual treat-

ment given the baseline covariates. Condition 1 implies that covariates X sufficiently control

the confounding between the treatment and the downstream variables. In other words, there

4“Ignorability” is also referred to as “randomization”, “exchangeability”, and “endogeneity” in different
literatures.
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is no unmeasured confounding between the treatment and the mediator, and there is no

unmeasured confounding between the treatment and the outcome.

Condition 2 can be restated as Y (a?,m) ⊥⊥M |A = a,X = x according to the consistency

assumption. Similar to condition 1, condition 2 implies there is no unmeasured confounding

between the mediator and the outcome. This is a “Cross-world” assumption because a and

a? can take different values. Consequently, when a 6= a?, M and Y (a?,m) are from different

worlds.

A similar but maybe less tangible assumption is to impose independence conditioning

only on X, as given by Pearl (2001). In fact, Assumption 2.4.3 implies Pearl’s assumption

(2.4.4).

Assumption 2.4.4 Pearl’s Assumptions

There exists a set X of covariates, non-descendants5 of neither A nor M , such that, for all

values m and a we have:

1. P(M(a?) = m|X = x) is identifiable,

2. P(Y (a,m) = y|X = x) is identifiable,

3. Y (a,m) ⊥⊥M(a?)|X.

Condition 3 is slightly different from condition 2 in Assumption 2.4.3, but the interpretation

is similar. It assumes no unmeasured confounding between the mediator and the outcome.

Condition 1 and 2 assume identifiability directly. For the purpose of ordering the strength

of assumptions, we give two slightly enhanced versions of Pearl’s Assumptions in which

M(a) and Y (a,m) are identified. Both of them include the key independence condition 3 in

Assumption 2.4.4.

Assumption 2.4.5 Enhanced Assumptions based on Pearl’s: Version 1

5No post-intervention (treatment-induced) confounding. Here mediator is also considered to be a sec-
ondary intervention.
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1. {Y (a,m),M(a?)} ⊥⊥ A|X = x,

2. Y (a,m) ⊥⊥M(a?)|X = x.

Assumption 2.4.6 Enhanced Assumptions based on Pearl’s: Version 2

1. Y (a,m) ⊥⊥ A|X = x,

2. M(a) ⊥⊥ A|X = x,

3. Y (a,m) ⊥⊥M |A,X = x,

4. Y (a,m) ⊥⊥M(a?)|X = x.

Condition 1 in Assumption 2.4.5 is the same as the condition 1 of Assumption 2.4.3,

which implies the independences 1. and 2. imposed by Assumption 2.4.6. Under condition

1 in Assumption 2.4.5, condition 2 in Assumption 2.4.5 implies condition 3 in Assumption

2.4.6.

Both Assumption 2.4.5 and Assumption 2.4.6 would hold in a situation where there is

• no unmeasured confounding between the treatment and the mediator; and

• no unmeasured confounding between the treatment and the outcome; and

• no unmeasured confounding between the mediator and the outcome,

which is similar to Assumption 2.4.3. The differences between these sets of assumptions are

technical in practice (Imai, 2008).

Next, we examine two sets of identification assumptions that are weaker with a narrower

range of application compared with the previous mentioned sets.

A weakened version of condition Y (a,m) ⊥⊥ M |A,X is given by Hafeman and Vander-

Weele (2011), which is applicable when the mediator is binary,
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Assumption 2.4.7 Hafeman & VanderWeeles’s Assumption

When the mediator M is binary,

1. {Y (a,m),M(a?)} ⊥⊥ A|X = x,

2. E[Y (a,m = 0)|A = a,M = 1, x] = E[Y (a,m = 0)|A = a,M = 0, x],

3. E[Y (a,m = 1) − Y (a,m = 0)|A = a,M = 1, x] = E[Y (a,m = 1) − Y (a,m = 0)|A =

a?,M = 1, x]

Since Y (a,m) ⊥⊥ A|X, the independence Y (a,m) ⊥⊥ M |A,X = x implies condition 2

and 3 in Assumption 2.4.7. It can also be shown that this set of assumptions is implied by

Assumption 2.4.5.

Condition 1 in Assumption 2.4.7 is the common assumption that implies no unmeasured

confounding between the treatment and the mediator/outcome. Condition 2 implies that

the value of the observed mediator does not modify the expected potential outcome with m

fixed at 0. Condition 3 implies that the controlled effect of the mediator is the same across

treatment groups in the subgroup where the observed mediator takes the value 1. Condition

2 and condition 3 are weaker, scale-dependent, “Cross-world” assumptions that replace the

“Cross-world” independence between Y (a,m) and M(a?).

On the other hand, Petersen et al. (2006) came up with a slightly weaker set of assump-

tions (compared to Pearl’s assumption) in a different direction, replacing the joint conditional

independence between (Y (a,m),M(a?)) and the treatment in condition 1 of Assumption

2.4.3 by two separate marginal independence assumptions, at a cost of an additional direct

effect assumption.

Assumption 2.4.8 Petersen, Sinisi and Van der Laan’s Assumptions

1. Y (a,m) ⊥⊥ A|X = x,

2. M(a) ⊥⊥ A|X = x,
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3. Y (a,m) ⊥⊥M |A,X = x,

4. (Direct effect assumption)

E[Y (a,m)− Y (0,m)|M(0) = m,X] = E[Y (a,m)− Y (0,m)|X].

The direct effect assumption implies that the realization of the potential mediator without

treatment M(a = 0) does not provide addition heterogeneity on the expected effect of the

treatment on the outcome at a controlled level of mediator m. It can be shown that Assump-

tion 2.4.6 implies Assumption 2.4.8. Condition 4 is a weaker, scale-dependent, “Cross-world”

assumption that replaces the “Cross-world” independence between Y (a,m) and M(a?).

Assumption 2.4.7 and 2.4.8 are fundamentally different from other assumptions because

they are imposed in a difference scale, so they are relevant when the direct effects are defined

in a difference scale.

The identification results can be summarized by the following theorem:

Theorem 2.4.1 Identification of the Pure Direct Effect

The average pure direct effect E{Y (1,M(0))−Y (0,M(0))} is non-parametrically identifiable

under each of the sets of Assumptions 2.4.2, 2.4.2, 2.4.3, 2.4.5, 2.4.6, 2.4.7, and 2.4.8 with

slight abuse of notation by the following formula6:∫
m,x

(E[Y |m,A = 1, x]− E[Y |m,A = 0, x])p(M = m|A = 0, x)p(x)dmdx. (2.2)

For Assumption 2.4.4, the exact form of identification depends on the form of the identified

E[Y (a,m)|x] and p(M(a) = m|x).

Corollary 1 Identification under Pearl’s assumptions

The average pure direct effect is non-parametrically identifiable if Pearl’s set of assumptions

is satisfied:

E{Y (1,M(0))− Y (0,M(0))}

=

∫
m,x

(E[Y (1,m)|x]− E[Y (0,m)|x])p(M(0) = m|x)p(x)dmdx.

6For 2.4.7, the mediator is binary, thus the integral over m is replaced with a sum.
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It is straight-forward to derive the identification of the controlled direct effect based on the

assumptions that identify the pure direct effect.

Theorem 2.4.2 Identification of the Controlled Direct Effect7

The average controlled direct effect E{Y (1,m)− Y (0,m)} is non-parametrically identifiable

under each of the sets of Assumptions 2.4.2, 2.4.2, 2.4.3, 2.4.5, 2.4.6, 2.4.7, and 2.4.8 with

slight abuse of notation:∫
x

(E[Y |m,A = 1, x]− E[Y |m,A = 0, x])p(x)dx. (2.3)

Assumption 2.4.4 directly assumes identification of E[Y (a,m)|x], which gives the controlled

direct effect.

Up until now, we have restricted the confounder set to be pre-treatment covariates.

However, it is entirely possible that the ignorability assumption for the mediator-outcome

relationship only holds after conditioning on some treatment-induced variables, such as C

in Figure 2.3. For example, in Imai’s set of assumptions, instead of assuming Y (a,m) ⊥⊥

M |A,X, it may be more reasonable to assume Y (a,m) ⊥⊥ M |A,X,C, where C is the set of

treatment-induced confounders for the mediator-outcome relationship. Similar changes can

be made to all the previous sets of assumptions. However, the resulting sets are usually not

sufficient to identify the pure direct effect without further assumptions, even if C is observed

(Avin et al., 20058, VanderWeele and Chiba, 2014).

Without “Cross-world” assumptions or the assumption that precludes the treatment-

induced confounding, the controlled direct effect can still be identified under the Single

World Intervention Graphs assumptions and the Minimal Counterfactual Model Indepen-

dence Assumptions.

Assumption 2.4.9 Single World Intervention Graphs Independence Assumption

1. {Y (a,m),M(a)} ⊥⊥ A|X = x,

7The identified expression for the PSDE is the same as that of CDE under the NPSEM-IE assumption.

8C forms a “recanting witness”.
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A Y
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Figure 2.3: Causal DAG with the Treatment-induced Confounding

2. Y (a,m) ⊥⊥M(a)|A = a,X = x,C = c,

Where X contains pre-treatment variables, and C contains all treatment-induced variables

that occur before the mediator, and confounds the mediator-outcome relationship.

Different from Assumption 2.4.2, Assumption 2.4.3, Assumption 2.4.5, and Assumption 2.4.7,

Assumption 2.4.9 requires a consistent treatment level for the potential outcome Y (a,m) and

the potential mediatorM(a) in condition 1, and a consistent treatment level for the treatment

A in addition to Y (a,m) and M(a) in condition 2.

Additionally, Assumption 2.4.9 condition 2 imposes independence between Y (a,m) and

M(a) given not only the treatment assignment and the baseline covariates, but also the

treatment-induced variables that are potential confounders for the relationship between the

mediator and the outcome.

An even weaker set of assumption is given as follows:

Assumption 2.4.10 Minimal Counterfactual Model Independence Assumptions

{Y (a,m),M(a)} ⊥⊥ 1{A = a}|X = x,

Y (a,m) ⊥⊥ 1{M(a) = m}|A = a,X = x,C = c.

Minimal Counterfactual Model Independence Assumptions imply that given the past

where A = a and X = x, the event M(a) = m is independent of the counterfactual outcome



28

Y (a,m), which is consistent with the past where M = m. Assumption 2.4.9 and 2.4.10 are

equivalent when the mediator is also binary.

Instead of assuming independence on the joint distribution of the potential outcome and

the potential mediators, assumption 2.4.9 and 2.4.10 can be relaxed as follows:

Assumption 2.4.11 Relaxed SWIG assumption

1. Y (a,m) ⊥⊥ A|X = x,

2. Y (a,m) ⊥⊥M(a)|A = a,X = x,C = c,

Assumption 2.4.12 Relaxed MCM Independence Assumptions

Y (a,m) ⊥⊥ 1{A = a}|X = x,

Y (a,m) ⊥⊥ 1{M(a) = m}|A = a,X = x,C = c.

The relaxed assumptions implies that only two no unmeasured confounding assumptions

are needed for the identification of the controlled direct effect:

• no unmeasured confounding between the treatment and the outcome;

• no unmeasured confounding between the mediator and the outcome.

The controlled direct effect is identified under these four sets of assumptions despite

the fact that there is treatment-induced confounding and that the pure direct effect is not

identified.

Theorem 2.4.3 Identification of the Controlled Direct effect

The controlled direct effect is identified under assumption 2.4.9 and 2.4.10 as follows:

EXEC|A=1,XE[Y |M = m,A = 1, X, C]− EXEC|A=0,XE[Y |M = m,A = 0, X, C].
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Remark 1 With Robins No-interaction assumptions (Robins, 2003): For each unit,

Y (1,m)− Y (0,m) = B,

where B is a random variable that is independent of the realization of the mediator m, the

average natural direct effect under binary treatment E[Y (1,M(0)) − Y (0,M(0))] is non-

parametrically identifiable under assumption 2.4.9 or 2.4.10 as follows:

EX{
∫
c

E[Y |m,A = 1, x, c]P(C = c|A = 1, x)−
∫
c

E[Y |m,A = 0, x, c]P(C = c|A = 0, x)}.

Since Y (1,m)− Y (0,m) is independent of m, the pure direct effect is the same for all levels

of m. This no-interaction assumption would not be plausible if the outcome is binary.

2.5 Statistical Methods for Mediation Analysis

In this section, we review some popular statistical models used in mediation analysis and

their connections.

We start from the linear structural equation models. Baron and Kenny (1986) proposed

an approach to estimating the direct and indirect effect in the point-treatment setting with

a system of linear models9:

1. Yi = α0 + α1Ai + α2Xi + εY 1i,

2. Mi = β0 + β1Ai + β2Xi + εMi,

3. Yi = γ0 + γ1Ai + γ2Mi + γ3Xi + εY 2i.

Baron and Kenny suggested that the following conditions need to hold forM to be a mediator:

1. The treatment must affect the outcome in the first equation, i.e. α1 6= 0;

2. The treatment must affect the mediator in the second equation, i.e. β1 6= 0;

9Covariates are not included in the original models.



30

3. The mediator must affect the outcome in the third equation, i.e. γ2 6= 0.

Under these conditions, the product method use β1γ2 as an estimator of the indirect effect,

and the difference method use α1 − γ1 as an estimator of the indirect effect. The first

condition is not necessary because the overall effect of the treatment on the outcome can be

0 when the direct and indirect effects are in different directions.

There are two major issues with this method:

• the assumptions needed for the estimators to have a causal interpretation are vague:

the no unmeasured confounding assumptions are not made explicit.

• the estimators rely on the functional form of the statistical models: the estimators

are no longer valid when the outcome is nonlinear or when interaction between the

mediator and the treatment is present.

We then move on to direct and indirect effects defined using the counterfactual framework.

From the identification results given in the previous section, one approach is to estimate the

components in the identified expressions using regression:

• build a regression model for E[Y |M,A,X];

• build a regression model for E[M |A,X].

The controlled direct effect and the pure direct effect can then be estimated using the model

coefficients (VanderWeele, 2015). The estimators from the LSEM approach can be viewed

as special cases. A similar approach can be applied to alternative representations of the

identified effects.

In general, we can estimate the (controlled and pure) direct and indirect effects if we

specify two out of the three models (VanderWeele, 2015):

• an outcome model conditioning on the treatment, the mediator, and the covariates.
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Figure 2.4: Causal DAG for the Point-treatment case with a Mediator

• a model for the mediator conditioning on the treatment and the covariates.

• a propensity score model (treatment model) conditioning on the covariates.

In fact, the triply-robust estimator (Tchetgen Tchetgen and Shpitser, 2012) for the pure

direct effect is consistent and asymptotically normal when two out of the three models are

correctly specified, and it is locally efficient when all three models are correctly specified.

The statistical methods developed for the estimation of direct and indirect effects are

based on the identified expressions, so they are not unique to causal mediation analysis or

causal inference in general.

2.6 Discussion

2.6.1 Mediation in Longitudinal Settings

A complex causal relationship in the longitudinal setting is the presence of “treatment-

confounder feedback”, illustrated in Figure 2.4. In this example, L0 is a baseline confounder

(for all relationships in the system) and, therefore, can be adjusted for in the model. On the

other hand, L1 is a confounder for the association between the current treatment A1 and the

outcome Y . It is also a mediator of the past treatment A0 on the outcome. In this case, L1

cannot simply be adjusted for or ignored in the model. G-methods, such as the marginal
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structural models, should be used (VanderWeele, 2009; Lin et al. 2017; VanderWeele and

Tchetgen Tchetgen, 2017.).

2.6.2 Extended DAG

The term E[Y (1,M(0))] in the pure direct effect is a composite (nested) counterfactual that

depends on the joint distribution of M(0) and Y (1,m), where Y (1,m) fixes the treatment

A at level 1, and M(0) fixes the treatment at level 0. As mentioned in the previous section,

there is no randomized experiment with interventions on the X, A, M or Y can produce a

contrast between treatment regimen that corresponds to the pure direct effect. For this rea-

son, the pure direct effect is said to be non-refutable or non-manipulable. This unfavorable

property of the pure direct effect makes it difficult to interpret.

Robins and Richardson (2010) provide a new perspective that explains the pure direct

effect through a hypothetical randomized experiment. By using the extended DAG, they

reconcile the apparent contradiction of the pure direct effect being both explainable through

randomized experiments (as given by Pearl) and being non-manipulable .

Take the DAG in Figure 2.2 as an example (the baseline covariates X are ignored for

simplicity). Suppose that scientific knowledge indicates that the treatment A affects the

mediator M through A′, the outcome Y through A′′, and that A′(a) = A′′(a) = a with prob-

ability 1, then E[Y (1,M(0))] is E[Y (A′ = 0, A′′ = 1)]. The contrast between E[Y (1,M(0))]

and E[Y (0)] corresponds to the contrast between the treatment regime in a randomized ex-

periment via interventions Pearl’s identification from the previous section, using only the

observed data from Figure 2.2.

The extended DAG provides a connection between the pure direct effect and randomized

experiments, which not only helps interpretation of the pure direct effect, but also provides

insights on the assumptions needed for its identification.
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Chapter 3

CAUSAL MEDIATION ANALYSIS WITH
TREATMENT-INDUCED CONFOUNDING

3.1 Introduction

When a treatment has an aggregated effect on an outcome, its effect mechanism is often of

interest when variables on causal pathways are observed. The study of the treatment effect

mechanism involves the estimation of direct and indirect effects. An effect is called direct

when it does not act through some intermediate variables, known as mediators. Conversely,

the effect that acts through the mediators is called the indirect effect. Intuitively, to eval-

uate a direct effect, the mediators need to be somehow fixed. Depending on the scientific

question of interest, a variety of direct effects can be defined through different ways of fixing

the mediators. The natural (pure) effects are most relevant in studying treatment effect

mechanisms. The natural direct effect compares potential outcomes under treatment and

control with mediators fixed to the value they would have taken had there not been any

treatment. The natural indirect effect is thereby defined by subtracting the natural direct

effect from the total treatment effect.

The definition of the natural direct effect is formalized under the potential outcome frame-

work (Robins and Greenland, 1992; Pearl, 2001). A considerable number of methods have

been developed for the identification and inference of the natural direct effect (Pearl, 2001;

Pearl, 2009; Petersen et al., 2006; Imai et al., 2010; Hafeman and VanderWeele, 2011; Tch-

etgen Tchetgen and Shpitser, 2012). Common identification assumptions, such as sequential

ignorability assumptions (Imai et al., 2010), usually prohibit treatment-induced confounding

between the mediator and the outcome.

In practice, the assumption that rules out the treatment-induced confounding can often
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be violated, particularly when the mediators come much later than the treatment. In this

case, some immediate prognostic factors affected by the treatment can be related to both

the mediator and the outcome (Robins, 1999). One example that was given by Vanstee-

landt & VanderWeele (2012) considered the effect of adequate prenatal care on preterm

birth that mediates through preeclampsia. On one hand, smoking status during pregnancy

confounds the relationship between preeclampsia and preterm birth because it reduces the

risk of preeclampsia while increasing the likelihood of preterm birth. On the other hand,

adequate prenatal care may decrease or eliminate smoking. Therefore, smoking status during

pregnancy is a potential treatment-induced confounder between the mediator preeclampsia

and the outcome preterm birth.

There has been limited methodological development addressing such limitations. Robins

(2003) provides a no-interaction assumption between treatment and mediator at the indi-

vidual level to identify the natural direct effect, but Petersen et al. (2006) suggest that this

assumption is unlikely to hold in practice. Robins and Richardson (2010) and Tchetgen Tch-

etgen and VanderWeele (2014) each provide identification assumptions in the framework of

nonparametric structural equation models with independent errors, which as pointed out in

Robins and Richardson (2010), imposes many independence assumptions between counter-

factuals from different worlds. These “Cross-world” assumptions are strong in the sense that

they are experimentally untestable. Moreover, the natural direct effect is not identified in

the presence of treatment-induced confounding without additional “Cross-world” assump-

tions (beyond even those implied by NPSEM) in the framework. When these experimentally

untestable assumptions are violated, the identified expression is no longer the natural di-

rect effect, and may not even have a causal interpretation. When point identification is

impossible for a set of assumptions, bounds can often be developed. Bounds on the natural

direct effect for a binary mediator are given by Robins and Richardson (2010) under Single

World Intervention Graphs (SWIG) independence assumptions, which are extended by Tch-

etgen and Phiri (2014) in the presence of treatment-induced confounding, and are further

extended to the polytomous mediator by Miles et al. (2015). Vansteelandt and VanderWeele
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(2012) consider a slightly different estimand, the natural direct effect on the treated, whose

identification relies on the knowledge of a selection-bias function.

Estimands different from the natural direct effect are also considered to quantify certain

direct and indirect effects in the presence of treatment-induced confounding. VanderWeele

et al. (2014) summarize three such approaches to decompose the effect of a treatment when

there exists treatment-induced confounding: joint effect of mediators and other treatment-

induced confounders, path-specific effects, and interventional effects. Avin et al. (2005)

and Shpitser (2013) provide identification conditions for path-specific effects. Miles et al.

(2017) provide semiparametric inference of a path-specific effect that goes through a mediator

without going through its treatment-induced confounders. The interventional direct effect

is an analog of the natural direct effect that replaces the potential mediator with a random

draw, which is independent of the potential outcome, from the distribution of the mediator

among the non-treated. VanderWeele and Tchetgen Tchetgen (2017) define interventional

effects for mediation analysis with time-varying exposures and mediators. The estimand is

also used in mediation analysis with multiple mediators (VanderWeele and Vansteelandt,

2014; Daniel et al., 2015).

The estimation of the natural direct effect in the presence of treatment-induced con-

founding is fundamentally different from the usual settings, where all confounders are pre-

treatment. Although weighting methods for handling pre-treatment confounders are well

studied, none of them can be directly applied with treatment-induced confounders, since

they are in the usual pathway between the exposure and outcome of interest. Moreover, if

all treatment-induced confounders are observed, sequential ignorability assumptions are not

sufficient to identify the natural direct effect (Avin et al., 2005; VanderWeele and Vanstee-

landt, 2009). Therefore, both the identification assumptions and estimation in the presence

of treatment-induced confounding will be substantially different from the usual case. In ad-

dition to proposing identification assumptions, we found that, unlike usual expressions, the

efficient influence function contains conditional densities that are not variation independent.

We consider a reparameterization based on copulas to address the problem of model incom-
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patibility. The corresponding estimator is quadruply robust, that is, consistent under four

types of misspecification of the nuisance models.

The rest of the paper is organized as follows. In Section 2, we introduce the proposed

identification assumptions and the expression of the identified natural direct effect. We ex-

plain the connection between our identification results and that of the interventional direct

effect. In Section 3, we propose four moment-type estimators and a quadruply robust esti-

mator. In the process, we derive the efficient influence function (hence the semiparametric

efficiency bound) of the identified natural direct effect, propose a variation independent pa-

rameterization, and prove the quadruple robustness of the estimator. In Section 4, we use

numerical simulations to demonstrate the theoretical results derived in Section 3 for both

continuous and binary mediators. In Section 5, we apply our method to the 2017 Natality

data to estimate the effect of prenatal care on preterm birth mediated by preeclampsia with

smoking status during pregnancy being a potential treatment-induced confounder. In Sec-

tion 6, we discuss some concluding remarks, including the estimation of the natural indirect

effect, and sensitivity analysis for identification assumption violations.

3.2 Assumptions and Identification

We denote the treatment as A, the outcome as Y , the mediator as M , the set of treatment-

induced confounders as C, and the set of pre-treatment or baseline covariates as X. All

variables may be multivariate. Figure 3.1 demonstrates the causal diagram. The set of

covariates X is omitted for simplicity because it has arrows to all other variables in the

causal diagram.

When there are well-defined interventions for A, C, and M , the potential outcome Yacm

is the value the outcome would have taken had the treatment been a, the treatment-induced

confounder been c, and the mediator been m. We assume the composition (also called

recursive substitution) holds such that Ya = YaCaMa , Yam = YaCam, and Ma = MaCa . Other

conditions are needed as preliminaries of identification. The consistency assumption that

implies Ca = C and Ma = M when A = a; Yacm = Y when A = a, C = c,M = m,
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Figure 3.1: The Causal Diagram with Treatment-induced Confounding

and the positivity assumption that implies f(m|A,C,X) > 0, f(c|A,X) > 0, f(a|X) >

0 with probability 1 for all m, c, a. Consistency assumption is axiomatic, for the definition

of potential outcomes relies on it. The positivity condition is techical, and could be violated

in practice.

When the treatment is binary, the average natural direct effect on a difference scale

is defined as E[Y1M0 − Y0M0 ]. It depicts the expected effect of the treatment when the

mediator is fixed at the value it would have taken had there not been any treatment. A set

of assumptions sufficient to identify the natural direct effect in the presence of treatment-

induced confounders are given as follows:

Assumption 3.2.1 {Yam, Ca,Ma} ⊥⊥ A|X.

Assumption 3.2.2 Yam ⊥⊥Ma|A = a, Ca = c,X

Assumption 3.2.3 E[Y1C1m − Y0C1m|M0 = m,X] = E[Y1C1m − Y0C1m|X]

Assumption 3.2.4 E[Y0C1m − Y0C0m|M0 = m,X] = E[Y0C1m − Y0C0m|X]

Assumptions 3.2.1 and 3.2.2 are ignorability assumptions that are implied by the assump-

tions of no unmeasured confounding between the treatment and post-treatment variables,

and between the mediator and the outcome respectively. Both of them are “single-world”
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assumptions (Richardson and Robins, 2013) and are weaker than usual identification as-

sumptions for the natural direct effect, such as the sequential ignorability assumptions with

“cross-world” independence given by Imai et al. (2010). Assumptions 3.2.3 and 3.2.4 imply

that there is no additional heterogeneity in a direct effect of A, or in a pure indirect effect

of A that goes through C across levels of M0. These two assumptions are scale-specific.

Theorem 3.2.1 Under assumptions 3.2.1–3.2.4, the natural direct effect E[Y1M0 − Y0M0 ] is

identified as follows:

∆ ≡ EX(EM=m|A=0,X{EC|A=1,XE[Y |A = 1, C,M = m,X]−

EC|A=0,XE[Y |A = 0, C,M = m,X]}). (3.1)

Our identification result gives the same empirical expression as the interventional effect

(VanderWeele et al., 2014; VanderWeele and Tchetgen Tchetgen, 2017). The interventional

direct effect is defined by replacing the potential mediator with a random draw from the

distribution of the potential mediator M0 that is independent of the potential outcomes,

and requires only Assumptions 3.2.1 and 3.2.2 for identification. In fact, when M0 is being

replaced by a random draw M?
0 , Assumptions 3.2.3 and 3.2.4 are satisfied because M?

0 is

independent of {Yacm, Ca′}.

When there is no treatment-induced confounder, C becomes part of X, assumption 3.2.4

becomes redundant, and assumption 3.2.3 reduces to that in Petersen et al. (2006). The

identification of the natural direct effect becomes

EX [EM=m|A=0,X{E(Y |A = 1,M = m,X)− E(Y |A = 0,M = m,X)}],

which is the same empirical expression as the natural direct effect identified by the sequential

ignorability assumptions (Pearl, 2001; Petersen et al., 2006; Imai et al., 2010).
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3.3 Semiparametric Inference

3.3.1 Moment-type Estimators

Denote the identified expression of the natural direct effect in Theorem 3.2.1 as ∆, which is

the estimand of interest for the remaining sections. The observed independent samples are

(Xi, Ai, Ci,Mi, Yi), i = 1, . . . , n. With slight abuse of notation, the density (mass) functions

are denoted by f . The estimand ∆ can be represented in four alternative ways, each leading

to a possible estimator.

Theorem 3.3.1 ∆ = ∆1 = ∆2 = ∆3 = ∆4, where

∆1 = EX,A,C,M,Y

{
2A− 1

f(A | X)

f(M | A = 0, X)

f(M | A,C,X)
Y

}
,

∆2 = EX,A,C

{
2A− 1

f(A | X)
ηC,X(A)

}
,

∆3 = EX,A,M

{
1− A

f(A = 0 | X)
(γM,X(1)− γM,X(0))

}
,

∆4 = EX

{
τX(1)− τX(0)

}
,

where

ηC,X(a) =

∫
E(Y | A = a,m,C,X)f(m | A = 0, X)dm,

τX(a) =

∫
E(Y | A = a,m, c,X)f(m | A = 0, X)f(c | A = a,X)dmdc,

γM,X(a) =

∫
E(Y | A = a,M, c,X)f(c | A = a,X)dc.

Based on different representations of ∆, we consider four estimators ∆̂1, ∆̂2, ∆̂3, and ∆̂4

that replace conditional expectations or densities in ∆1, ∆2, ∆3, and ∆4 with their estimates

and the outer expectation by the empirical average. When Y , M , and C are discrete and

low dimensional, f̂(Y | A,M,C,X), f̂(M | A,C,X), f̂(C | A,X), and f̂(A | X) can be

empirical probability mass functions, and Ê(Y |A,M,C,X) is the expectation under f̂(Y |

A,M,C,X). The integrals in the estimators become finite sums, and the four estimators
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are nonparametric. In practice, however, M and C are likely to be high-dimensional and

continuous, thus we use parametric models for the purpose of dimension reduction. The four

estimators are consistent when nuisance parameters for each part of them are consistently

estimated. In particular, with the rest of the models unrestricted, ∆̂1 is consistent and

asymptotically normal when f̂(A | X), f̂(M | A = 0, X) and f̂(M | A,C,X) are correctly

specified, ∆̂2 is consistent and asymptotically normal when f̂(A | X), E(Y | A,M,C,X), and

f̂(M | A = 0, X) are correctly specified, ∆̂3 is consistent and asymptotically normal when

f̂(A | X), E(Y | A,M,C,X), and f̂(C | A,X) are correctly specified, and ∆̂4 is consistent

and asymptotically normal when E(Y | A,M,C,X), f̂(M | A = 0, X), and f̂(C | A,X) are

correctly specified.

3.3.2 Efficient Influence Function and the Quadruply Robust Estimator

Next, we derive the efficient influence function of ∆ under a nonparametric model Mnon,

which does not impose constraints on the observed data.

Theorem 3.3.2 The efficient influence function of ∆ in Mnon is:

Seff
∆ =

2A− 1

f(A | X)

f(M | A = 0, X)

f(M | A,C,X)
(Y − E[Y | A,M,C,X])+

2A− 1

f(A | X)
ηC,X(A)− 2A− 1

f(A | X)
τX(A) +

1− A
f(A | X)

{γM,X(1)− γM,X(0)}

+
(

1− 1− A
f(A | X)

)
{τX(1)− τX(0)} −∆.

Hence, the semiparametric efficiency bound for the estimation of ∆ in Mnon is E[Seff
∆ Seff

∆

T
],

and the asymptotic variance of any regular asymptotic linear estimator of ∆ in Mnon must

be greater than or equal to the bound.

The efficient influence function is a function of f(A | X), f(C | A,X), f(M | A,C,X) and

E(Y | A,M,C,X). While we may posit parametric working models for these functions, a

complication arises because f(C | A,X), f(M | A,X), and f(M | A,C,X) are not variation

independent, and therefore model incompatibility may occur. Richardson et al. (2017) point
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out that the multiple robustness property is relevant only when model incompatibility can

be avoided.

We consider reparameterizing the joint distribution f(M,C | A,X) into three parts: the

two margins conditioned on A and X: f(M | A,X), f(C | A,X) and their dependence

structure modeled using a copula condition on A and X.

A copula is a multivariate cumulative distribution function with uniformly distributed

margins on [0, 1]. A more detailed discussion on copulas is given by Joe (1997), Nelsen

(2007), and Jaworski et al. (2010). For notational simplicity, we consider univariate M and

C, and a bivariate conditional copula with support contained in [0, 1]2:

C(FM |A,X(m), FC|A,X(c) | A,X) = F (M = m,C = c | A,X).

Sklar’s theorem (Sklar, 1959) allows separate modeling of these three parts. In other words,

the joint distribution F (M,C | A,X) is uniquely determined by f(M | A,X), f(C | A,X),

and C(FM |A,X(m), FC|A,X(c) | A,X) that can be modeled independently. For continuous

margins, when marginal and joint densities exist, Sklar’s theorem implies that

f(M,C | A,X) = c(FM |A,X(m), FC|A,X(c) | A,X)f(M | A,X)f(C | A,X),

where c(FM |A,X(m), FC|A,X(c) | A,X) denotes the copula density as computed by taking the

derivative of the copula with respect to FM |A,X(m) and FC|A,X(c). For discrete margins, the

probability mass function f(M = m,C = c | A,X) is computed using:

C(FM |A,X(m), FC|A,X(c) | A,X)− C(FM |A,X(m), FC|A,X(c− 1) | A,X)

− C(FM |A,X(m− 1), FC|A,X(c) | A,X) + C(FM |A,X(m− 1), FC|A,X(c− 1) | A,X).

For example,

• when M and C are continuous, we may use linear models for the margins, and a bivariate

Gaussian copula with correlation θ(A,X) for the dependence structure:

Cθ(A,X)(FM |A,X(m), FC|A,X(c)) = Φθ(A,X)(Φ
−1(FM |A,X(m)),Φ−1(FC|A,X(c))),
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where Φ−1 is the inverse cumulative distribution function for a standard normal, and

Φθ(A,X) is the joint cumulative distribution function of a bivariate normal distribution

with mean zero and covariance matrix 1 θ(A,X)

θ(A,X) 1

 .

• when M and C are binary, we may use logistic models for the margins, and a bivariate

Plackett copula Cθ(A,X)(FM |A,X(m), FC|A,X(c)) with an odds ratio θ(A,X) for the depen-

dence structure:
{1 + (θ(A,X)− 1)(FM |A,X(m) + FC|A,X(c))} − S1/2

2(θ(A,X)− 1)
, when θ 6= 1

FM |A,X(m)FC|A,X(c), when θ = 1.

where

S = [{1 + (θ(A,X)− 1)(FM |A,X(m) + FC|A,X(c)}2 − 4FM |A,X(m)FC|A,X(c)θ(A,X)(θ(A,X)− 1)].

In multivariate cases, the vine pair copula construction (Panagiotelis et al., 2012) can be

used to construct the joint distribution.

Let pn be the empirical measure. With the variation independent parameterization, we

construct a locally efficient estimator based on the following estimating equation:

pn(Ŝeff
∆ (∆̂quad)) = 0.

Ŝeff
∆ is evaluated where all components of the influence function are replaced by their para-

metric working model: f(a | X) is replaced by fpar(a | X), f(c | A,X) is replaced by

fpar(c | A,X), f(m | A,X) is replaced by fpar(m | A,X), and E(Y | A,M,C,X) is replaced

by Epar(Y | A,M,C,X). In particular, f(m, c | A,X) is replaced by fpar(m, c | A,X), which

is modeled by the two marginal distributions fpar(m | A,X), fpar(c | A,X), and the copula
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Cpar(FM |A,X(m), FC|A,X(c) | A,X). Therefore, ∆̂quad takes the following form:

1

n

n∑
i=1

[ 2Ai − 1

f̂par(Ai | Xi)

f̂par(Mi | Ai = 0, Xi)f̂
par(Ci | Ai, Xi)

f̂par(Mi, Ci | Ai, Xi)
{Yi − Êpar(Yi | Ai,Mi, Ci, Xi)}+

2Ai − 1

f̂par(Ai | Xi)
η̂par
Ci,Xi

(Ai)−
2Ai − 1

f̂par(Ai | Xi)
τ̂par
Xi

(Ai) +
1−Ai

f̂par(Ai = 0 | Xi)
{γ̂par

Mi,Xi
(1)− γ̂par

Mi,Xi
(0)}+

(1− 1−Ai
f̂par(Ai = 0 | Xi)

){τ̂par
Xi

(1)− τ̂par
Xi

(0)}
]
.

This estimator is quadruply robust in the sense that only one out of four sets of models

needs to be correctly specified for it to be consistent and asymptotically normal as given in

Theorem 3.3.3.

Theorem 3.3.3 The estimator ∆̂quad is consistent and asymptotically normal under some

mild regularity conditions discussed in the supplementary material if one of the following

four conditions holds:

1. M1 : fpar(A | X), fpar(C | A,X), fpar(M | A,X), Cpar(FM |A,X(m), FC|A,X(c) | A,X)

are correctly specified.

2. M2 : fpar(A | X), fpar(M | A,X), Epar(Y | A,M,C,X) are correctly specified.

3. M3 : fpar(A | X), fpar(C | A,X), Epar(Y | A,M,C,X) are correctly specified.

4. M4: fpar(M | A,X), fpar(C | A,X), Epar(Y | A,M,C,X) are correctly specified.

It is locally semiparametric efficient in the sense that it achieves the semiparametric effi-

ciency bound at the intersection of the submodels where all four conditions hold, that is, at

Mintersection =M1 ∩M2 ∩M3 ∩M4.

Notice that the estimators proposed in section 3.1 are such that ∆̂1, whose estimation

can be conducted using the copula parameterization, is only consistent underM1, ∆̂2 is only

consistent underM2, ∆̂3 is only consistent underM3, and ∆̂4 is only consistent underM4.

In contrast, the quadruply robust estimator ∆̂quad remains consistent under four types of

misspecification, which offers more modeling flexibility. In other words, ∆̂quad is consistent

and asymptotically normal at the intersection submodel.
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3.4 Simulation study

We use numerical simulations to demonstrate the theoretical results derived in the previous

section. We compare the finite sample performance of the moment-based estimators given

in section 3.1 to the proposed quadruply robust estimator. We generate 1000 samples,

each with 1500 independent observations, for both continuous and binary treatment-induced

confounder and mediator. We consider the moment estimators ∆̂1, ∆̂2, ∆̂3, ∆̂4 and the

quadruply robust estimator ∆̂quad. Let expit denote the function expit(x) = exp(x)/(1 +

exp(x)). The data are generated as follows:

Continuous C and M :

X ∼ N(0, 1);P (A = 1 | X) = expit(−0.4 + 0.6X);

C(FM |A,X(m), FC|A,X(c) | A,X) is a Gaussian Copula with correlation 0.2,

where FM |A,X(m) = Φ(
m− µm
σm

), µm = 3 + 2A+ 4X, σm = 5,

FC|A,X(c) = Φ(
c− µc
σc

), µc = 1 + 2A+ 2X, σc = 4,

Y ∼ 1 + 2A+ 2M + 3C + 5X + 4AC + 2AM +N(0, 42).

Binary C and M :

X ∼ N(0, 1);P (A = 1 | X) = expit(−0.2 + 0.3X);

C(FM |A,X(m), FC|A,X(c) | A,X) is a Plackett Copula with Odds-Ratio exp(1− 2A+ 3X);

where FM |A,X(m) = pmm(1− pm)1−m, pm = expit(−0.3− 0.2A+ 0.5X),

FC|A,X(c) = pcc(1− pc)1−c, pc = expit(−0.2− 0.1A+ 0.3X),

Y ∼ 1 + 3A+ 6M + 3C + 6X + 4AC + 2AM +N(0, 42).

We compare the five estimators under a series of model misspecifications by replacing the

baseline covariates X with an independent normally distributed continuous variable X2 with

mean 0 and variance 1. Table 3.1 shows that the simulation results are consistent with the

theoretical results derived in the previous sections: when the entire likelihood is correctly
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specified, all five estimators are consistent; when the conditional expectation of Y is mis-

specified, only ∆1 and ∆quad are consistent; when the parametric model for f(C | A,X) is

mis-specified, only ∆2 and ∆quad are consistent; when the parametric model for f(M | A,X)

is mis-specified, only ∆3 and ∆quad are consistent; when the propensity score f(A = 1 | X)

is mis-specified, only ∆4 and ∆quad are consistent. The loss in efficiency for the quadruply

robust estimator is relatively small compared to other estimators in all cases. Since ∆1

consists of a density ratio, it is more variable when the mediator M is continuous, which

makes it less preferred even whenM1 is correct. We only present one scenario here, but we

ran simulations under different settings and they all gave similar results.

Table 3.1: Simulation Results: 100×Bias (100×Standard Error)

Continuous C, M

∆̂1 ∆̂2 ∆̂3 ∆̂4 ∆̂quad

All correct -5 (191) -3 (151) -4 (141) -3 (139) -4 (144)

M1 is correct 10 (180) 87 (141) 89 (137) 88 (135) 2 (138)

M2 is correct 77 (176) 3 (149) 599 (141) 600 (140) 4 (144)

M3 is correct -1390 (369) -189 (135) -6 (134) -187 (133) -6 (135)

M4 is correct 1589 (220) 1587 (187) -359 (143) 4 (134) 4 (134)

Binary C, M

∆̂1 ∆̂2 ∆̂3 ∆̂4 ∆̂quad

All correct 1 (154) -1 (26) -1 (26) -1 (26) 1 (49)

M1 is correct -2 (115) 176 (40) 175 (40) 176 (40) 3 (115)

M2 is correct 44 (27) 1 (26) 12 (25) 12 (26) 1(26)

M3 is correct 22 (30) -4 (24) -1 (24) -4 (24) -1 (25)

M4 is correct 245 (44) 210 (46) -9 (27) -2 (27) -2 (27)
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3.5 Data Example

We use the 2017 Natality data (https://wonder.cdc.gov/natality.html) for births occurring

within the United States to U.S. residents to illustrate our method. We focus our analysis on

the subset of participants that are AIAN (American Indians or Alaskan Native). Subjects

with missing data (< 9.5% of the sample) are excluded. The total number of observations

is 27,138.

As pointed out in the introduction, in the question of how much the effect of prenatal

care on preterm birth is mediated by preeclampsia, smoking status during pregnancy is a

potential treatment-induced confounder. We are interested in estimating the direct effect of

prenatal care (A) on preterm birth (Y ) not through preeclampsia (M), in the presence of

smoking status during pregnancy (C) that is affected by prenatal care.

The adequacy of prenatal care is determined by the Adequacy of Prenatal Care Utilization

Index (Kotelchuck, 1994), which depends on the month prenatal care began, the number

of prenatal visits, and the gestational age at the time of delivery. In the AIAN sample,

the level of prenatal care is either inadequate or intermediate. Preterm birth is defined

using the Obstetric Estimate (OE) (Martin et al., 2015) of the gestational age. The baseline

covariates (X) that are potential confounders include maternal demographics: age, education

level, and marital status. Assumption 3.2.3 implies that the direct effect of prenatal care

on preterm birth (that goes through neither smoking nor preelampsia) is the same among

those who would get preelampsia without adequate prenatal care, and those who would

not. Similarly, Assumption 3.2.4 implies that the mediated effect of prenatal care through

smoking is the same among those who would get preelampsia without adequate prenatal

care, and those who would not. If these two assumptions are violated, meaning that the

potential preelampsia status without adequate prenatal care modifies either the direct effect

of prenatal care or its mediated effect through smoking, then the estimated effects can be

interpreted as interventional effects, as explained in section 3.2.

Since both the smoking status and the preeclampsia status are binary, we use the Plackett
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copula with a cross-ratio (odds ratio) specified using a log link. Logistic regression models

are used for the binary treatment and outcome, as well as the distributions of C and M given

A and X. The parameters of the copula are estimated by the maximum likelihood method.

The bootstrap confidence intervals are computed for the purpose of inference.

The estimated direct effect of better prenatal care (intermediate care versus inadequate

care) not through preeclampsia decreases the risk of preterm birth by 2.5% (1.6%, 3.4%),

leaving a tiny indirect effect through preeclampsia that increases the risk of preterm birth

by 0.15% (0.07%, 0.23%). The moment-type estimators give similar results (Table 3.2).

This is consistent with VanderWeele et al. (2014) who studied this problem on a different

population.

Table 3.2: Estimation of Direct Effect of Better Prenatal Care on Preterm Birth

Estimator Direct Effect Estimate Bootstrap 95% CI

∆̂1 0.026 (0.016, 0.036)

∆̂2 0.028 (0.018, 0.037)

∆̂3 0.027 (0.018, 0.036)

∆̂4 0.027 (0.018, 0.036)

∆̂quad 0.025 (0.016, 0.034)

3.6 Discussion

In this paper, we identify the natural direct effect in the presence of treatment-induced

confounding, and derive semiparametric bounds and propose a quadruply robust estimator.

Our method can be applied to continuous, categorical, and multivariate outcomes, and to

mediators and treatment-induced confounders.

One favorable feature of the natural direct effect is that the average treatment effect,

defined as E[Y1 − Y0], can be decomposed into the sum of the average natural direct effect

and the natural indirect effect: E[Y1M0 − Y1M0 ]. While the natural indirect effect is not
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the focus of this paper, similar results can be applied to it since the average treatment

effect is identified under assumption 3.2.1. The natural indirect effect is then identified as

the difference between the identified average treatment effect and the natural direct effect

identified in Theorem 3.2.1. The semiparametric estimation theory can also be extended for

the natural indirect effect. Specifically, we can construct a quadruply robust estimator for

the natural indirect effect by the difference between the doubly robust estimator (augmented

inverse propensity weighted estimator) for the average treatment effect (Robins et al., 1994;

Robins, 2000, Tsiatis, 2007), and our proposed quadruply robust estimator. The augmented

inverse propensity weighted estimator is consistent if either the model for the propensity score

or the regression model for the mean outcome is correct. Notice that for each ofM1,M2,M3

andM4, the condition for the average treatment effect estimator being consistent is satisfied.

Therefore the quadruple robustness extends to the natural indirect effect. We should note,

however, that the identified natural indirect effect is different from the interventional indirect

effect. This is consistent with the fact that the interventional direct effect and indirect effect

do not sum up to be the average treatment effect (Vansteelandt and Daniel, 2017).

Although we studied the natural direct and indirect effect with it defined as the dif-

ference in expectation, it can also be defined on other scales, such as a ratio scale since

E[Y0M0 ] = E[Y0] is identified. The semiparametric estimation theory can be applied, and

the asymptotic variance can be derived using the delta method. However, since the identifi-

cation assumptions are given on the difference scale, extra care is needed when interpreting

the natural direct and indirect effect defined on other scales.

Sensitivity analysis can be used to assess how vulnerable the estimator is under assump-

tion violations. Inspired by Vansteelandt and VanderWeele (2012) and VanderWeele and

Chiba (2014), we propose the following two sensitivity functions:

qm(M0, X) = E[Y1C1m − Y0C1m |M0 = m,X]− E[Y1C1m − Y0C1m |M0, X],

lm(M0, X) = E[Y0C1m − Y0C0m |M0 = m,X]− E[Y1C1m − Y0C1m |M0, X].

The former captures the heterogeneity in the direct effect of the treatment across differ-
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ent mediator subgroups within the control group conditional on X, and the latter captures

the heterogeneity in the indirect effect of the treatment through the treatment-induced con-

founder across different mediator subgroups within the control group conditional on X. With

the knowledge of the sensitivity functions, the natural direct effect can be identified as:

∆ +

∫
(E[qm(M,X) + lm(M,X) | A = 0, X])f(M = m | A = 0, X)dm.

As Robins and Richardson (2010) point out, different assumptions give different iden-

tifying expressions. It is sometimes not clear how scientists can choose an identification

assumption when it lacks scientific justification, because they are not refutable even by ex-

periments. Our identified expression has the advantage that even when the no additional

effect heterogeneity assumptions are inappropriate, it can still be interpreted as the inter-

ventional effect, to which the semiparametric theory and the quadruply robust estimator are

still applicable.
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Chapter 4

CAUSAL MEDIATION ANALYSIS WITH MULTIPLE
MEDIATORS

4.1 Introduction

The development of causal inference in the past decade promotes the study of mediation

by providing well-defined causal direct and indirect effects, by clarifying causal assumptions

needed for effect identification, and by cultivating methodology development for the effect

estimation. In particular, mediation analysis often includes the definition, identification, and

estimation of a direct effect of an exposure and its indirect effect that goes through some

known mediators (Robins and Greenland, 1992; Petersen et al., 2006; Imai et al., 2010; Pearl,

2013).

The total effect of an exposure called the average treatment effect can be decomposed

into a particular indirect effect through a set of mediators called the total indirect effect and

a corresponding pure direct effect (Robins and Greenland, 1992; VanderWeele, 2013). This

decomposition is widely used, and is of particular interest when causal mechanism discovery

is the primary goal. Most existing methods of mediation analysis focus on applications

when only one mediator is known or of interest and measured. When multiple mediators

are measured, the total indirect effect contains a joint effect of the multiple mediators, see

VanderWeele and Vansteelandt (2014) for a regression-based estimation of joint direct and

indirect effects of multiple mediators. Apart from the joint effects, the estimation of effects

that go through each mediator would be of interest. For example, the effect of ethnicity on

cardiovascular disease risk is mediated through diet and exercise, and how much of the effect

is mediated through diet and how much is through exercise may inform different interventions

or policies.



52

M (1)

M (2)

A Y

Figure 4.1: The Causal DAG with Two Non-ordered Mediators

When the causal ordering of the mediators is known, decomposition of the total effect

and identification/estimation strategies for mediated effects through each mediator can be

developed analogous to scenarios with a single mediator (Daniel et al., 2015; Bellavia and

Valeri, 2018; Steen et al., 2017). However, the causal structure between the mediators is

often unknown in practice when the temporal order is unclear. In other words, it is not

always clear whether M (1) affects M (2) or vice versa, as illustrated in Figure 1. Moreover,

there could be (unmeasured) confounding between the two mediators. Therefore, it is prefer-

able to estimate the mediated effect without having to know the causal structure. In this

paper, we focus on further decomposing the total indirect effect in the presence of multiple

mediators, without assuming a particular causal direction among mediators, and allowing

for confounding between the two mediators is not induced by the treatment.

Distinguishing the indirect effects through each mediator is complicated in general. One

mediator can serve as a treatment-induced confounder for another, which leads to difficul-

ties when isolating the mediated effect through each mediator. Specifically, the commonly

used sequential ignorability assumptions (Imai et al., 2010), which are crucial to the identi-

fication of the total indirect effect, are often violated in the presence of treatment-induced

confounders. Even when the order of the mediators is known, strong identification assump-
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tions are often required for mediation analysis (Steen et al., 2017, Daniel et al., 2015). There

has been relatively little literature on mediation analysis for multiple mediators without the

knowledge of the causal structure between the mediators. In such a setting, Vansteelandt

and Daniel (2017) proposed a new type of indirect effect called interventional effects that

capture the effect of an exposure on an outcome through specific pathways in the presence

of multiple mediators between which the causal structure is unknown. The interventional

effects do not arise from the decomposition of the total indirect effect, so it is not directly

applicable when the total indirect effect is used to capture the aggregated indirect effect of

mediators. On the other hand, Taguri et al. (2018) provide a decomposition of the total

indirect effect for cases with two or three non-ordered mediators. However, their identifi-

cation assumptions include a strong “extended cross-world independence assumption”, and

the interpretation of the estimands is unclear when such an assumption is violated.

In this paper, we provide a decomposition of the total indirect effect that does not

depend on the knowledge of the causal relationship between multiple mediators, along with

a set of identification assumptions that are weaker than the ones proposed in Taguri et al.

(2018). In addition, we study semiparametric inference for the estimation problem. We

first discuss the properties of the decomposed effects and identification assumptions. We

show that the formulae identifying the effects may be interpreted as interventional effects

when some identification assumptions are violated, as long as the total indirect effect is

identified. Moreover, when the mediators are not causally associated with each other, i.e.,

when the mediators are not causes of one another, the decomposed effect that goes through a

mediator is consistent with the total indirect effect when it is the only mediator considered.

To facilitate inference, we derive the semiparametric bound for the effects. Unlike usual

expressions, the efficient influence functions for the mediated effects contain conditional

densities that are not variation independent. We consider a reparameterization based on

copulas to address the problem of model incompatibility. The corresponding estimator is

quadruply robust, that is, consistent under four types of misspecification of the nuisance

models.
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The rest of the paper is organized as follows. In Section 2, we provide decompositions for

the average treatment effect, the total indirect effect and define the indirect effects that exit

through each of the mediators. In Section 3, we discuss the identification assumptions needed

for the decomposed effects, and develop the semi-parametric theory for robust estimation

of the decomposed effects. In Section 3, we use simulation to demonstrate the quadruple

robustness of the estimators derived in the previous section. In Section 4, we apply the

method to a political framing data set that investigates the effect of media framing on

people’s attitudes towards immigration. Several concluding remarks are given in Section 6.

4.2 Effect Decomposition

4.2.1 Review of Decomposition of Average Treatment Effect

Let A denote the treatment, Y denote the outcome, M denote the mediators, and X denote

all the baseline confounders. Before we define the direct and indirect effects, we first introduce

the potential outcome framework. With well-defined interventions on A and M , the potential

outcome Yam is the value the outcome Y would have taken had the treatment been set to

a and the mediator been set to m. Similar definitions can be given to any variable with

some known causes. For example, the potential mediator Ma is the value the mediator M

would have taken had the treatment been set to a. The potential outcomes are sometimes

called counterfactuals because we can only observe a single version of potential outcomes

for a subject, that is the potential outcome with causes set to the factual value they indeed

take.

Some technical assumptions are generally needed for the definition of direct and indirect

effects. We assume consistency holds, that is, an observed variable equals its corresponding

counterfactual with its causes set to the factual values. For example, consistency implies

Yam = Y when A = a and M = m. More generally, we also assume composition holds

such that when a downstream cause is not set to a level, it is equivalent to setting it to

its counterfactual value with its upstream causes set to the same level they are set to in
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the potential outcome, such as Ya=1 = Y1M1 . We also require the positivity assumptions

f(a | X) > 0 and f(m | A,X) > 0 to hold for all a and m.

An overall effect of the exposure on the outcome, regardless of causal pathways, is cap-

tured by the average treatment effect, defined as E(Ya=1 − Ya=0), where Ya is the potential

outcome had the treatment A been a. The average treatment effect can be decomposed into

two parts: the pure (natural) direct effect of A (PDE) and the total (natural) indirect effect

of A that goes through M (TIE). They can be defined rigorously using the potential outcome

framework, where Ma denotes the value the mediator would have taken had the treatment

been a:

PDE = E(Y1M0 − Y0M0);

TIE = E(Y1M1 − Y1M0).

The pure direct effect is the part of treatment that does not go through the downstream

mediators, so the mediator is fixed at the control (a = 0) level. The total indirect effect is

the part of treatment that goes through the downstream mediators when the treatment is

presented.

Besides the direct effect of the treatment that does not go through any mediators, we are

often interested in the indirect (mediated) effect that goes through some known mediation

mechanisms. When there are multiple mediation pathways, further decomposition of the

total indirect effect is needed.

4.2.2 Further Decomposition of the Total Indirect Effect

To simplify the exposition, we focus on the scenario with two mediators, which is often of

scientific interest. Three or more mediators can be handled similarly, see Section 6. Let

M = (M (1),M (2)), where M (1) and M (2) denote two possibly multivariate mediators of

interest. Without assuming a causal structure between M (1) and M (2), we consider the
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following decomposition:

TIE = EIEM(1) + EIEM(2) − INT, (4.1)

where

1. The exit indirect effect through M (1): EIEM(1) ≡ E(Y
1M

(1)
1 M

(2)
1
− Y

1M
(1)
0 M

(2)
1

).

2. The exit indirect effect through M (2): EIEM(2) ≡ E(Y
1M

(1)
1 M

(2)
1
− Y

1M
(1)
1 M

(2)
0

).

3. An interaction effect between M (1) and M (2):

INT ≡ E(Y
1M

(1)
1 M

(2)
1

+ Y
1M

(1)
0 M

(2)
0
− Y

1M
(1)
0 M

(2)
1
− Y

1M
(1)
1 M

(2)
0

).

A

M (1)

M (2)

Y

a: Unknown Structure

M (1)

M (2)

A Y

b: M (2) Causes M (1)

M (1)

M (2)

A Y

c: M (1) Causes M (2)

Figure 4.2: Possible causal mechanisms

The exit indirect effect EIEM(i) picks up the indirect effect of the exposure that exits the

mediator set through M (i) and goes straight to the outcome. In other words, any indirect

effects of the exposure whose last stop is M (i) before going into the outcome, regardless of

the exact path, is captured by EIEM(i) . Dotted arrows in Figure 4.2a represent the exit

indirect effects through M (1) and M (2), which illustrates how the indirect effect enters each
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of the mediators is irrelevant for the definition of Exit Indirect Effect. Figure 4.2b and 4.2c

demonstrate two cases when the causal ordering is known. In Figure 4.2b, M (2) is the cause of

M (1), EIEM(1) picks up the indirect effect that exits the mediator set ({M (1),M (2)}) through

M (1) by pathways A → M (2) → M (1) → Y and A → M (1) → Y , and EIEM(2) picks up the

indirect effect that exit through the cause set through M (2) by pathway A → M (2) → Y .

Similarly, in Figure 4.2c, M (1) is the cause of M (2), EIEM(1) picks up the indirect effect that

exits the cause set through M (1) by pathway A → M (1) → Y , and EIEM(2) picks up the

indirect effects that exit through the mediator set through M (2) by pathways A → M (1) →

M (2) → Y and A→M (2) → Y .

This decomposition has the following properties:

Property 1 Exit indirect effects through M (1) and M (2) are symmetric in the sense that

they stay invariant when exchanging the labels of mediators. When the causal structure is

unknown between mediators, the labeling of the mediators is entirely arbitrary. Therefore, it

is desirable to define and consequently interpret indirect effects in a manner that is invariant

to the labeling of mediators.

Property 2 When an intervention on M (2) does not change the potential values of M (1)

and vice versa, by composition assumption,

Y
1M

(1)
1 M

(2)
0

= Y
1M

(2)
0
, Y

1M
(1)
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(2)
1

= Y
1M

(1)
0
, Y

1M
(1)
1 M

(2)
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= Y
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1

= Y
1M

(1)
1
, (4.2)

the exit indirect effects reduce to the well-studied total (natural) indirect effects:

• EIEM(1) = E(Y
1M

(1)
1
− Y

1M
(1)
0

) ≡ TIEM(1),

• EIEM(2) = E(Y
1M

(2)
1
− Y

1M
(2)
0

) ≡ TIEM(2).

Property 3 When causal ordering between mediators is known, the exit indirect effect for

the mediator closest to the outcome in the causal chain is the total indirect effect for that

respective variable. Under the causal DAG in Figure 4.2b, EIEM(1) = TIEM(1), and M (2) is a
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treatment-induced confounder for the relationship between M (1) and Y . In this case, EIEM(2)

is the effect of A on Y not through M (1). Similarly, under the causal DAG in Figure 4.2c,

EIEM(2) = TIEM(2), and M (1) is a treatment-induced confounder for the relationship between

M (2) and Y . Such equivalences are favorable because when the causal ordering is known,

the interpretation and estimation of the total indirect effects reduces to previous works on

mediation analysis in the presence of treatment-induced confounding.

Property 4 The remainder term INT can be written as a difference between two differences

Y
1M

(1)
1 M

(2)
1
− Y

1M
(1)
0 M

(2)
1
, Y

1M
(1)
1 M

(2)
0
− Y

1M
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0 M

(2)
0
.

The former term can be seen as an indirect effect through M (1) with M (2) fixed at the level

it would have taken had the treatment been 1, and the latter term can be seen as an indirect

effect through M (1) with M (2) fixed at the level it would have taken had the treatment been

0. The difference between these two terms can be seen as the indirect effect through M (1)

modified by M (2). Therefore INT depicts the effect of the interaction between M (1) and M (2)

on the mean outcome. When the effect of M (1) and M (2) on the mean outcome do not interact

with each other, meaning that M (1) do not modify the effect of M (2) on the mean outcome

and vice versa, the remainder term INT = 0. Under a linear structural equation model for

the potential outcome, this is reflected as the coefficient of the interaction term between M (1)

and M (2) being 0.

Remark 2 A decomposition advocated in Taguri et al. (2018) is similar to our proposal:

TIE = PSEM(1) + PSEM(2) + INT, (4.3)

where PSEM(1) = E(Y
1M

(1)
1 M

(2)
0
− Y

1M
(1)
0 M

(2)
0

) and PSEM(2) = E(Y
1M

(1)
0 M

(2)
1
− Y

1M
(1)
0 M

(2)
0

). Taguri

et al. (2018) called PSEM(1) and PSEM(2) path-specific effects but they are not the same as

the conventional definition of path-specific effects in Daniel et al. (2015). When considering

the mediated effect that goes through each mediator, instead of setting the mediators to the

value they would have taken had the treatment been set to 1 as in our decomposition, Taguri
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et al. (2018) set the mediator that is not of interest to the value it would have taken had

the treatment been set to 0. However, the decomposition in (4.3) does not enjoy Properties

2.2 and 2.3, so the interpretation remains rather complicated even when the causal structure

is known between M (1) and M (2). Nonetheless, the identification and estimation results in

section 3 and 4 can be easily adapted to this decomposition.

4.3 Identification and Estimation of the Decomposed Effects

4.3.1 Identification

The decomposition of the total indirect effect is only reasonable when the average treatment

effect and the total indirect effect (hence also the pure direct effect) are identified. Conse-

quently, the set of identification assumptions needed for the average treatment effect and the

total indirect effect are first made and denoted as Set I. The additional set of assumptions

needed for the identification of the decomposed effects is denoted as Set II.

Set I: Identification Assumptions for the average treatment effect and the total indirect

effect:

I.1 {Yam(1)m(2) ,M
(1)
a ,M

(2)
a } ⊥⊥ A | X,

I.2 Yam(1)m(2) ⊥⊥ {M (1)
a ,M

(2)
a } | A = a,X,

I.3 Yam(1)m(2) ⊥⊥ {M (1)
a? ,M

(2)
a? } | X.

Set II: Additional Identification Assumptions for EIEM(1) , EIEM(2) , and INT :

II.1 E(Y
1M

(1)
1 m(2) − Y1M

(1)
0 m(2) |M

(2)
1 = m(2), X) = E(Y

1M
(1)
1 m(2) − Y1M

(1)
0 m(2) | X),

II.2 E(Y
1m(1)M

(2)
1
− Y

1m(1)M
(2)
0
|M (1)

1 = m(1), X) = E(Y
1m(1)M

(2)
1
− Y

1m(1)M
(2)
0
| X).

Set I is essentially the sequential ignorability assumptions of Imai et al. (2010). Assump-

tion I.1 is implied by the assumption that there is no unmeasured confounding between

the treatment and the downstream variables. Assumption I.2 implies that there is no un-

measured confounding between the mediator and the outcome. Assumption I.3 precludes
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any confounders between the mediator and the outcome that is affected by the treatment.

Note that confounders not affected by the treatment that are causes of both mediators are

allowed. Set II contains two assumptions that can be seen as that one mediator does not

induce additional effect heterogeneity of the treatment that is mediated through the other

mediator. Under Set I and Set II, we have the following identification results:

Theorem 4.3.1 Under assumption Set I and Set II, the decomposed effects in (2) are

identified as

1. The Exit Indirect Effect of M (1):

∆M(1) ≡ EXEM(2)=m(2)|A=1,XEM(1)=m(1)|A=1,XE(Y | A = 1,m(1),m(2), X)

− EXEM(2)=m(2)|A=1,XEM(1)=m(1)|A=0,XE(Y | A = 1,m(1),m(2), X),

2. The Exit Indirect Effect of M (2):

∆M(2) ≡ EXEM(1)=m(1)|A=1,XEM(2)=m(2)|A=1,XE(Y | A = 1,m(1),m(2), X)

− EXEM(1)=m(1)|A=1,XEM(2)=m(2)|A=0,XE(Y | A = 1,m(1),m(2), X).

3. Effect through interaction between M (1) and M (2):

∆INT ≡ EXEM(1)=m(1),M(2)=m(2)|A=1,XE(Y |A = 1,m(1),m(2), X)

−EXEM(1)=m(1),M(2)=m(2)|A=0,XE(Y |A = 1,m(1),m(2), X)

−2× EXEM(2)=m(2)|A=1,XEM(1)=m(1)|A=1,XE(Y | A = 1,m(1),m(2), X)

+EXEM(2)=m(2)|A=1,XEM(1)=m(1)|A=0,XE(Y | A = 1,m(1),m(2), X)

+EXEM(1)=m(1)|A=1,XEM(2)=m(2)|A=0,XE(Y | A = 1,m(1),m(2), X).

Assumptions I.3, II.1 and II.2 involve counterfactuals from different worlds, meaning that

some of their causes are set to different values. These assumptions are called “Cross-World”

assumptions. “Cross-World” assumptions are strong in the sense that they are not testable
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by experiments on the variables in the system without further assumptions, which makes

them impossible to be confirmed or disputed (Richardson & Robins, 2010). On the contrary,

Assumption I.1 and I.2 in Set I are “Single-World” assumptions that can be tested by an

experiment that randomizes both the treatment and the mediators.

When only Assumption I.1 and I.2 hold, the identified expression ∆M(2)
of EIEM(2) equals

the interventional indirect effect of exposure on outcome via M (2) defined by VanderWeele

and Tchetgen Tchetgen (2017), which extended the concept of interventional effects (Vander-

Weele et al., 2014) to the non-ordered multiple mediators setting. Therefore the identified

expression for EIEM(2) in Theorem 4.3.1 continues to have a causal interpretation as an

interventional effect even when all the strong “Cross-World” assumptions in Set II fail to

hold. The interventional indirect effects were not symmetrically defined for the two medi-

ators in Vansteelandt and Daniel (2017) so that the remainder term in a decomposition of

the combined interventional effect would have a simple form. Since EIEM(1) and EIEM(2)

are defined symmetrically, the identifying formula ∆M(1) of EIEM(1) is not exactly the same

as the interventional indirect effect of exposure on outcome via M (2). Another notable dif-

ference is that interventional effects are not defined for decomposing the total indirect effect.

In fact, they do not add up to the total indirect effect.

Remark 3 Under the identification assumptions I and II, when M (1) is independent of M (2)

given A and X, the identifying expression for the total indirect effect E[Y
1M

(j)
1
− Y

1M
(j)
0

]

coincides with that of EIEM(j), when only mediator j is considered, where j = 1, 2. The result

holds under different assumptions than Property 2, which requires a stronger assumption that

no effect of M (1) on M (2) and vice versa at the individual level, as listed in equation (4.2),

but not assumptions I and II.

Remark 4 In addition to Set I, Taguri et al. (2018) makes the following “extended cross-

world independence assumptions”:

Yam(1)m(2) ⊥⊥ (M
(1)
a∗ ,M

(2)
a∗∗) | X, M

(1)
a∗ ⊥⊥M

(2)
a∗∗ | X,
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for all a,m(1),m(2), a∗, a∗∗. This assumption is much stronger than Assumption Set II. In

particular, we do not require the joint distribution of the “Cross-World” potential media-

tors to be independent of every potential outcome, nor do we require the mediators to be

conditionally independent of each other.

4.3.2 Moment-type Estimators

Denote the identified exit indirect effect through M (j) as ∆M(j)
, where j = 1, 2. The following

theorem gives four equivalent forms of ∆M(j)
, j = 1, 2.

Theorem 4.3.2 ∆M(j)
= ∆M(j)

1 = ∆M(j)

2 = ∆M(j)

3 = ∆M(j)

4 , j = 1, 2, where

∆M(j)

1 = E

(
A

f(A | X)

f(M (j) | A = 1, X)− f(M (j) | A = 0, X)

f(M (j) | A = 1,M (3−j), X)
Y

)
,

∆M(j)

2 = E

(
A

f(A | X)
{ηj(1,M (3−j), X)− ηj(0,M (3−j), X)}

)
,

∆M(j)

3 = E

(
2A− 1

f(A | X)
η3−j(1,M

(j), X)

)
,

∆M(j)

4 = E (γj(1, X)− γj(0, X)) ,

and

ηj(a,M
(3−j), X) =

∫
E[Y | A = 1,m(j),M (3−j), X]f(m(j) | A = a,X)dm(j),

γj(a,X) =

∫∫
E[Y | A = 1,m(3−j),m(j), X]f(m(j) | A = a,X)f(m(3−j) | 1, X)dm(j)dm(3−j).

Theorem 3.2 presents four different representations of the target estimand ∆M(j)
. Moment-

type estimators ∆̂M(j)

1 , ∆̂M(j)

2 , ∆̂M(j)

3 , and ∆̂M(j)

4 can be derived from these representations

by replacing conditional densities or expectations with their estimates and the outer expec-

tation by the empirical average. To reduce the burden of the possible high-dimensionality

of M (1) and M (2), we consider parametric models for the estimation of nuisance parame-

ters for the components of the moment-type estimators. Each estimator is consistent when

its components are consistently estimated. That is to say, the validity of ∆M(j)

1 relies on

correctly specified models for f(A | X), f(M (j) | A,X), and f(M (j) | A = 1,M (3−j)); the
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validity of ∆M(j)

2 relies on correctly specified models for f(A | X), E(Y | A,M (j),M (3−j), X),

and f(M (j) | A,X); the validity of ∆M(j)

3 relies on correctly specified models for f(A | X),

E(Y | A,M (j),M (3−j), X), and f(M (3−j) | A,X); and the validity of ∆M(j)

4 relies on correctly

specified models for E(Y | A,M (j),M (3−j), X), f(M (j) | A,X), and f(M (3−j) | A,X).

The estimators for ∆INT can be constructed by subtracting any estimator of the total

indirect effect, denoted by ∆TIE under assumptions in Set I, by the moment-type estimators.

Possible choices of ∆̂TIE include moment-type estimators and the triply robust estimator

∆̂TIE
tri for the total indirect effect proposed in the seminal work of Tchetgen Tchetgen and

Shpitser (2012).

4.3.3 Robust Estimation

We derive the efficient influence function of ∆M(j)
under a nonparametric model Mnon that

does not impose constraints on the observed data O.

Theorem 4.3.3 The efficient influence function in Mnon for EIEM(j) is

SM
(j)

eff (O,∆M(j)
)

=
A

f(A|X)
R

(j)
M,X(Y − E[Y |A,M (3−j),M (j), X]) +

A

f(A|X)
(ηj(1,M

(3−j), X)− ηj(0,M (3−j), X))

+
2A− 1

f(A|X)
η3−j(1,M

(j), X) +

(
1− 2A

f(A|X)

)
γj(1, X)−

(
1− 1

f(A|X)

)
γj(0, X)−∆M(j)

,

where

R
(j)
M,X =

{f(M (j)|A = 1, X)− f(M (j)|A = 0, X)}f(M (3−j)|A = 1, X)

f(M (j),M (3−j)|A = 1, X)
,

ηj(a,M
(3−j), X) =

∫
E[Y | A = 1,m(j),M (3−j), X]f(m(j) | A = a,X)dm(j),

γj(a,X) =

∫∫
E[Y | A = 1,m(3−j),m(j), X]f(m(j) | A = a,X)f(m(3−j) | 1, X)dm(j)dm(3−j),

The efficient influence function in Mnon for the effect through mediator interaction INT is:

SINT
eff (O,∆INT ) = STIE

eff (O,∆TIE)− SM(1)

eff (O,∆M(1)

)− SM(2)

eff (O,∆M(2)

),
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where STIEeff (O,∆TIE) is the efficient score function in Mnon of the total indirect effect pro-

posed in the seminal work of Tchetgen Tchetgen and Shpitser (2012).

Hence, the semiparametric efficiency bounds for the estimation of ∆M(j)
and ∆INT in

Mnon are E(SM
(j)

eff SM
(j)

eff

T
) and E(SINT

eff SINT
eff

T
), and the asymptotic variance of any regular

and asymptotically linear estimator of ∆M(j)
and ∆INT in Mnon are greater than or equal to

these bounds. Here we allow M (j) to be multivariate and the superscript T denotes the vector

transpose.

Construction of an estimator for ∆M(j)
based on the efficient influence function can be

implemented by the estimating equation:

pn(ŜM
(j)

eff (O, ∆̂M(j)

quad)) = 0, (4.4)

where ŜM
(j)

eff is an estimated efficient influence function with components replaced by their

parametric working models, and pn is the empirical measure. The expression of SM
(j)

eff includes

variation dependent components:

f(M (j)|A,X), f(M (3−j)|A,X), f(M (3−j)|A,M (j), X), f(M (j)|A,M (3−j), X).

However, Richardson et al. (2017) pointed out that the multiple robustness property to be

defined precisely later is relevant only when the components of ∆̂M(j)

quad can be compatibly

modeled, in other words, when the components are variation independent.

To address this issue, we reparameterize the joint distribution f(M (j),M (3−j) | A,X) in

to three parts:

• f(M (j)|A,X),

• f(M (3−j)|A,X),

• C(FM(1)|A,X(M (1)), FM(2)|A,X(M (2)) | A,X) = F (M (1),M (2) | A,X).
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The first two terms are marginal distributions of the mediators, and the third term is a

copula that captures the dependence structure between M (1) and M (2). Here F denotes the

cumulative distribution function.

Sklar’s Theorem (Sklar, 1959) implies that the three components uniquely determine the

joint distribution, and that they can be modeled independently. Using the new parameteri-

zation, we can rewrite SM
(j)

eff by changing the form of R
(j)
M,X using the copula. For example,

for univariate M (1) and M (2), when both M (1) and M (2) are continuous,

R
(j)
M,X =

f(M (j) | A = 1, X)− f(M (j) | A = 0, X)

f(M (j) | A = 1, X)c(FM(1)|A=1,X(M (1)), FM(2)|A=1,X(M (2)) | A = 1, X)
,

where c(FM(1)|A,X(m(1)), FM(2)|A,X(m(2)) | A,X) is the copula density computed by taking

derivatives of the copula C with respect to its arguments and evaluated at FM(1)|A,X(m(1))

and FM(2)|A,X(m(2)). When both M (1) and M (2) are binary,

R
(j)
M,X =

{f(M (j) | A = 1, X)− f(M (j)) | A = 0, X)}f(M (3−j) | A = 1, X)

C(FM(1)|A=1,X(M (1)), FM(2)|A=1,X(M (2)) | A = 1, X)
.

With the variation independent parameterization, we can construct a locally efficient

estimator ∆̂M(j)

quad of ∆M(j)
using estimating equation (3). The components of SM

(j)

eff are re-

placed by their parametric working models that are denoted by fpar and Epar. In particular,

fpar(M (j),M (3−j)|A = 1, X) is modeled by fpar(M (j)|A = 1, X), fpar(M (3−j)|A = 1, X), and

Cpar(FM(1)|A,X(m(1)), FM(2)|A,X(m(2)) | A,X). Examples of copula models are given by Joe

(1997), Nelsen (2007), and Jaworski et al. (2010).

In summary, the estimator ∆̂M(j)

quad that takes the form:

∆̂M(j)

quad =
A

f̂par(A|X)
R̂

(j),par
M,X (Y − Êpar[Y |A,M (3−j),M (j), X])

+
A

f̂par(A|X)
{η̂par
j (1,M (3−j), X)− η̂par

j (0,M (3−j), X)}

+
2A− 1

f̂par(A|X)
η̂par

3−j(1,M
(j), X) +

(
1− 2A

f̂par(A|X)

)
γ̂par
j (1, X)−

(
1− 1

f̂par(A|X)

)
γ̂par
j (0, X).
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where

R̂
(j),par
M,X =

{f̂par(M (j)|A = 1, X)− f̂par(M (j)|A = 0, X)}f̂par(M (3−j)|A = 1, X)

f̂par(M (j),M (3−j)|A = 1, X)
,

η̂par
j (a,M (3−j), X) =

∫
Êpar[Y | A = 1,m(j),M (3−j), X]f̂par(m(j) | A = a,X)dm(j),

γ̂par
j (a,X) =

∫∫
Êpar[Y | A = 1,m(3−j),m(j), X]f̂par(m(j) | A = a,X)f̂par(m(3−j) | 1, X)dm(j)dm(3−j).

The estimator for ∆INT is

∆̂INT
quad = ∆̂TIE

tri − ∆̂M(1)

quad − ∆̂M(2)

quad ,

where ∆̂TIE
tri is the triply robust estimator of the total indirect effect proposed by Tchet-

gen Tchetgen and Shpitser (2012).

Theorem 4.3.4 The estimators ∆̂M(j)

quad and ∆̂INT
quad are consistent and asymptotically normal

under some mild regularity conditions discussed in the supplementary material if one of the

following four conditions holds. Here each line lists the set of models that are assumed to be

correctly specified.

M1 : fpar(A | X), fpar(M (1) | A,X), fpar(M (2) | A,X), Cpar(FM(1)|A,X(m(1)), FM(2)|A,X(m(2)) | A,X);

M2 : fpar(A | X), fpar(M (1) | A,X), Epar[Y | A,M (1),M (2), X];

M3 : fpar(A | X), fpar(M (2) | A,X), Epar[Y | A,M (1),M (2), X];

M4 : fpar(M (1) | A,X), fpar(M (2) | A,X), Cpar(FM(1)|A,X(m(1)), FM(2)|A,X(m(2)) | A,X),

Epar[Y | A,M (1),M (2), X].

The estimators are locally semiparametric efficient in the sense that they achieve the semi-

parametric efficiency bounds at the intersection of the submodels Mintersection =M1 ∩M2 ∩

M3 ∩M4 where all four conditions hold.

Compared with the moment-type estimators proposed in section 3.1, while the quadruply

robust estimator ∆̂M(j)

quad is consistent and asymptotically normal under any of the four con-

ditionsM1,M2,M3, andM4, the moment-based estimator ∆̂M(j)

1 is only consistent under

M1, ∆̂M(j)

2 is only consistent under M2, ∆̂M(j)

3 is only consistent under M3, and ∆̂M(j)

4 is

only consistent under M4. Therefore, ∆̂M(j)

quad is more robust against model misspecification.
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4.4 Simulation Studies

We use numerical simulations to demonstrate the performance of the proposed estimators

and the theoretical results derived in the previous section. We compare the finite sample

performance of the moment-based estimators ∆̂M(j)

1 , ∆̂M(j)

2 , ∆̂M(j)

3 , ∆̂M(j)

4 given in section

3.2 to the proposed quadruply robust estimator ∆̂M(j)

quad . We generate 1000 samples, each

with 500 independent observations, for binary mediators. Let expit denote the function

expit(x) = exp(x)/(1 + exp(x)). The data are generated as follows:

X ∼ N(0, 1);P (A = 1 | X) = expit(−0.6 + 1.2X);

C(FM(1)|A,X(m(1)), FM(2)|A,X(m(2)) | A,X) is a Plackett Copula with Odds-Ratio exp(1− 2A+ 5X);

where FM(1)|A,X(m(1)) = pm
(1)

1 (1− p1)1−m(1)
, p1 = expit(−0.2− 0.3A+ 1.5X),

FM(2)|A,X(m(2)) = pm
(2)

2 (1− p2)1−m(2)
, p2 = expit(−0.1− 0.4A+ 1.2X),

Y ∼ 1 + 2A+ 2M (1) + 4M (2) + 3X + 4AM (2) + 2AM (1) + 4M (1)M (2) +N(0, 32).

We compare the five estimators under a series of model misspecification by replacing the

baseline covariates X with an independent normally distributed continuous variable X2 with

mean 0 and variance 1. Table 4.1 and Table 4.2 show that the simulation results are consistent

with the theoretical results derived in the previous sections: when the entire likelihood is

correctly specified, all five estimators are consistent; when the conditional expectation of

Y is misspecified, only ∆̂M(j)

1 and ∆̂M(j)

quad are consistent; when the parametric model for

f(M (3−j) | A,X) is misspecified, only ∆̂M(j)

2 and ∆̂M(j)

quad are consistent; when the parametric

model for f(M (j) | A,X) is misspecified, only ∆̂M(j)

3 and ∆̂M(j)

quad are consistent; when the

propensity score f(A = 1 | X) is misspecified, only ∆̂M(j)

4 and ∆̂M(j)

quad are consistent. The

loss in efficiency for the quadruply robust estimator is relatively small compared to the other

consistent estimators in all cases. Due to a limitation in space, we do not present results

from other simulation settings, as they all gave similar quantitative conclusions.
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Table 4.1: Simulation Results for EIEM(1) : 100×Bias (100×Standard Error)

Binary M (1), M (2)

∆̂1 ∆̂2 ∆̂3 ∆̂4 ∆̂quad

All correct 0 (50) 1 (24) 3 (53) 2 (24) 1 (27)

M1 is correct 0 (33) -9 (31) -9 (54) -9 (31) -1 (29)

M2 is correct 12 (28) -1 (23) -2 (51) -3 (24) -1 (24)

M3 is correct 217 (145) 144 (29) 1 (52) 144 (29) 1 (39)

M4 is correct -7 (40) -3 (26) 646 (65) 0 (23) 0 (24)

Table 4.2: Simulation Results for EIEM(2) : 100×Bias (100×Standard Error)

Binary M (1), M (2)

∆̂1 ∆̂2 ∆̂3 ∆̂4 ∆̂quad

All correct 4(53) 1 (42) 2 (63) 2 (42) 1 (44)

M1 is correct 5 (47) -6 (47) -6 (66) -6 (47) 2 (46)

M2 is correct 77(135) 2(42) -3 (65) -3 (44) 2 (53)

M3 is correct 204 (52) 213 (45) 2 (67) 213 (45) 0 (47)

M4 is correct -4 (49) -7 (45) 648 (72) 0 (41) 0 (41)

Table 4.3: Simulation Results for ∆INT: 100×Bias (100×Standard Error)

Binary M (1), M (2)

∆̂1 ∆̂2 ∆̂3 ∆̂4 ∆̂quad

All correct -1 (70) 0 (19) -2 (97) 0 (19) 0 (12)

M1 is correct -3 (59) 17 (30) 16 (95) 17 (30) 1 (17)

M2 is correct -291 (272) 0 (43) -139 (46) -139 (30) -1 (56)

M3 is correct -217 (58) -211 (51) -1 (41) -210 (33) 1 (13)

M4 is correct 12 (32) 10 (14) -1294 (126) 1 (12) 1 (10)
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4.5 Data Application

We demonstrate the use of our proposed estimators using data from a framing experiment

(Brader et al., 2008). The question of interest is to understand the mechanism that triggers

public opposition to immigration. The exposure is a racial group cue in a news article

about white or non-white immigrants, and the outcome is an individual action in response

to immigration information. The authors suggest different mechanisms that racial cues

may affect the response of individuals through emotional reactions and perceptions about

potential negative consequences.

A total of 265 individuals are randomized to receive different news stories about Euro-

pean and Latino immigrants. As in Imai and Yamamoto (2013), we define treatment A = 1

as a negative news story featuring Latino immigrants. The outcome Y is whether or not the

participant agreed to send a letter about immigration policy to their member of Congress.

The two mediators of interest are emotion M (1), which is based on a post-test questionnaire

asking how they feel about increased immigration, and perceived harm M (2), which is cal-

culated from participants’ self-reported views on immigration. The baseline covariates X

include gender, age, education, and income.

We pose similar parametric models on the components of proposed estimators as in

Tingley et al. (2014), who studied different estimators in a single-mediator setting:

• A logistic regression f(A | X) for binary treatment A.

• Linear regressions f(M (1) | A,X), f(M (1) | A,X), and a Gaussian copula for continu-

ous mediators M (1) and M (2).

• A probit regression f(Y | A,M (1),M (2), X) for the binary outcome Y .

We use the augmented inverse propensity weighted (AIPW) estimator (Robins et al., 1994)

to estimate the average treatment effect, and the triply robust estimator proposed by Tch-

etgen Tchetgen and Shpitser (2012) to estimate the total indirect effect. Assumption Set II
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requires that the effect of the negative news story mediated through emotion is not modified

by the level of perceived harm under treatment, and the effect of the negative news story

mediated through perceived harm is not modified by the level of emotion under treatment.

If either of the assumptions fails to hold, the estimated effects can be interpreted as inter-

ventional indirect effects. Using the proposed quadruply robust estimator, we show that a

negative news story featuring Latino immigrants increases the probability of a participant

agreeing to send a letter about immigration policy to his or her member of Congress by

0.097 (-0.027, 0.251) where the parenthesis indicates the 95% confidence interval, of which

0.077 (0.005, 0.158) is mediated through emotion or perceived harm. The part of indirect

effect on the probability of a participant agreed to send a letter about immigration policy to

his or her member of Congress that comes straight from the difference in emotion is 0.030

(-0.139, 0.118), and the part that comes straight from the difference in perceived harm is

0.053 (-0.066, 0.195). The effect of the interaction between emotion and perceived harm is

minimal: -0.006 (-0.115, 0.213).

4.6 Discussion

Compared with some other decompositions of the total indirect effect, our decomposed effects

are not “pure” or “path-specific” in the sense that they consist of more than the amount

of the exposure effect that only goes directly through one mediator, but all the effect that

eventually leaves the mediator to enter the outcome. Knowing the causal ordering makes

clear which pathways are included in the exit indirect effects. However, the identification

of each “path-specific” effect usually requires additional assumptions such as “Cross-World”

independence between the mediators.

We consider cases with two mediation pathways, but the idea can be applied to cases with

more mediators. For example, in the case with three mediators, denoted as (M (1),M (2),M (3)),

the total indirect effect is E[Y
1M

(1)
1 M

(2)
1 M

(3)
1
−Y

1M
(1)
0 M

(2)
0 M

(3)
0

], which can be decomposed as the

sum of exit indirect effects E[Y
1M

(1)
1 M

(2)
1 M

(3)
1
−Y

1M
(1)
0 M

(2)
1 M

(3)
1

], E[Y
1M

(1)
1 M

(2)
1 M

(3)
1
−Y

1M
(1)
1 M

(2)
0 M

(3)
1

],

E[Y
1M

(1)
1 M

(2)
1 M

(3)
1
−Y

1M
(1)
1 M

(2)
1 M

(3)
0

], and an interaction term that can be further written as the
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sum of two-way interactions minus a three-way interaction. The interpretation of the exit

indirect effects remain the same as when there are two mediators.

Given its close connection to the interventional effects, which are extended to longitudinal

settings in VanderWeele and Tchetgen Tchetgen (2017), a future direction of extension is

to longitudinal settings where the causal structures are more complicated than the point-

treatment settings. Another future direction is to investigate other variation independent

parameterizations that may not involve copulas.
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Appendix A

APPENDIX FOR CHAPTER 2

To make the proofs more compact, we use subscripts to denote the potential outcomes.

For example, Y (a,m) is denoted as Yam.

Proof 1 Assumption 2.4.3 → 2.4.4

P(Ma? = m|X = x) = P(Ma? = m|A = a?, X = x) by 2.4.3 assumption 1

=P(M = m|A = a?, X = x) by the consistency assumption.

Hence, P(Ma? = m|X = x) is identifiable.

P(Yam = y|X = x) = P(Yam = y|A = a,X = x) by 2.4.3 assumption 1

=P(Yam = y|M = m,A = a,X = x) by 2.4.3 assumption 2

=P(Y |A = a,M = m,X = x) by the consistency assumption.

Hence, P(Yam = y|X = x) is identifiable.

P(Yam|Ma? , X) = P(Yam|Ma? , A = a?, X) by 2.4.3 assumption 1

=P(Yam|A = a?, X) by 2.4.3 assumption 2

=P(Yam|X) by 2.4.3 assumption 1

Hence, Yam ⊥⊥Ma?|X.

Proof 2 Assumption 2.4.5 → Assumption 2.4.4

P(Yam|X) = P(Yam|Ma = m,X) by 2.4.5 assumption 2

=P(Yam|Ma = m,A = a,X) by 2.4.5 assumption 1

=P(Y |M = m,A = a,X) by the consistency assumption.
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P(Ma|X) = P(Ma|A = a,X) by 2.4.5 assumption 1

=P(M |A = a,X) by the consistency assumption.

Hence both P(Ma = m|X = x) and P(Yam = y|X = x) are identified. The last assumption is

identical to assumption 3 in Assumption 2.4.4.

Proof 3 Assumption 2.4.6 → Assumption 2.4.4

P(Yam|X) = P(Yam|A,X) by 2.4.6 assumption 1

=P(Yam|M,A,X) by 2.4.6 assumption 3

=P(Y |M = m,A = a,X) by the consistency assumption.

P(Ma|X) = P(Ma|A = a,X) by 2.4.6 assumption 2

=P(M |A = a,X) by the consistency assumption.

Hence both P(Ma = m|X = x) and P(Yam = y|X = x) are identified. The last assumption

is identical to assumption 3 in Assumption 2.4.4.

Proof 4 Condition 3 in 2.4.4 → Condition 4 in 2.4.8

E[Yam − Y0m|M0 = m,X]

=E[Yam|M0 = m,X]− E[Y0m|M0 = m,X]

=E[Yam|X]− E[Y0m|X] = E[Yam − Y0m|X]

Proof 5 Identification Under Pearl’s assumptions

E[YaMa?
] = E{E[YaMa?

|X]} = E{EMa?
(E[YaMa?

|Ma? = m,X]|X)}

=E{EMa?
(E[Yam|Ma? = m,X]|X)}

=E{EMa?=m(E[Yam|X]|X = x)}

=Σm,xE[Yam|x]P(Ma? = m|x)P(x).
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The fifth equality comes from assumption 3.

Similarly, E[Ya?Ma?
] = Σm,xE[Ya?m|X = x]P(Ma? = m|X = x)P(x).

Hence E[YaMa?
− Ya?Ma?

] = Σm,x{E[Yam|x]− E[Ya?m|x]}P(Ma? = m|x)P(x).

Proof 6 Identification Under Vanderweele’s assumptions

E[YaMa?
|x] = E[Ya1Ma? + Ya0(1−Ma?)|x]

=E[(Ya1 − Ya0)Ma?)|x] + E[Ya0|x]

=E[(Ya1 − Ya0)|Ma? = 1, x]P(Ma? = 1|x) + E[Ya0|A = a, x]

=E[(Ya1 − Ya0)|Ma? = 1, A = a?, x]P(Ma? = 1|x) + E[Ya0|A = a, x]

=E[(Ya1 − Ya0)|M = 1, A = a?, x]P(Ma? = 1|x) + E[Ya0|A = a, x]

=E[(Ya1 − Ya0)|M = 1, A = a, x]P(Ma? = 1|x) + E[Ya0|A = a, x].

The third equation used assumption 1, the fifth equation used assumption 3. By assumption

2, E[Ym=0,a|A = a,M = 1, x] = E[Ym=0,a|A = a,M = 0, x],

E[Ya0|a, x] = E[Ya0|a,M = 1, x]P(M = 1|a, x) + E[Ya0|a,M = 0, x]P(M = 0|a, x)

=E[Ya0|a,M = 1, x] = E[Ya0|a,M = 0, x].

Hence,

E[YaMa?
|x]

=E[(Ya1 − Ya0)|M = 1, A = a, x]P(Ma? = 1|x)+

E[Ya0|a,M = 1, x]P(Ma? = 1|x) + E[Ya0|a,M = 0, x]P(Ma? = 0|x)

=E[Ya1|M = 1, A = a, x]P(Ma? = 1|x) + E[Ya0|a,M = 0, x]P(Ma? = 0|x)

=E[Y |M = 1, A = a, x]P(Ma? = 1|a?, x) + E[Y |a,M = 0, x]P(Ma? = 0|a?, x)

=E[Y |M = 1, A = a, x]P(M = 1|a?, x) + E[Y |a,M = 0, x]P(M = 0|a?, x).
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The third equation used assumption 1.

E[Ya?Ma?
|x]

=E[Ya?1Ma? + Ya?0(1−Ma?)|x]

=E[Ya?1|Ma? = 1, x]P(Ma? = 1|x) + E[Ya?0|Ma? = 0, x]P(Ma? = 0|x)

=E[Ya?1|Ma? = 1, a?x]P(Ma? = 1|a?, x) + E[Ya?0|Ma? = 0, a?, x]P(Ma? = 0|a?, x)

=E[Y |M = 1, a?, x]P(M = 1|a?, x) + E[Y |M = 0, a?, x]P(M = 0|a?, x).

The third equation used assumption 1.

Hence,

E[YaMa?
− Ya?Ma?

] = Σx[E[YaMa?
|x]− E[Ya?Ma?

|x]]P(x)

=Σx[E[Y |M = 1, a, x]P(M = 1|a?, x) + E[Y |a,M = 0, x]P(M = 0|a?, x)−

E[Y |M = 1, a?, x]P(M = 1|a?, x)− E[Y |M = 0, a?, x]P(M = 0|a?, x)]P(x).

Proof 7 Identification Under Petersen, Sinisi and Van der Laan’s assumptions

E[YaM0|x]− E[Y0M0 |x] = EM0=m[E[(Yam − Y0m)|M0 = m,x]|x]

=EM0=m [E[(Yam − Y0m)|x]|x]

=Σx,mE[(Yam − Y0m)|x]P(M0 = m|x)P(x)

=Σx,mE[Yam|x]P(M0 = m|x)P(x)− Σx,mE[Y0m|x]P(M0 = m|x)P(x)

=Σx,mE[Yam|a, x]P(M0 = m|a, x)P(x)− Σx,mE[Y0m|A = 0, x]P(M0 = m|A = 0, x)P(x)

=Σx,mE[Yam|m, a, x]P(M0 = m|a, x)P(x)− Σx,mE[Y0m|m,A = 0, x]P(M0 = m|A = 0, x)P(x)

=Σx,mE[Y |m, a, x]P(M = m|a, x)P(x)− Σx,mE[Y |m,A = 0, x]P(M = m|A = 0, x)P(x)

The second equation used assumption 4. The fourth equation used assumption 1 and 2. The

fifth equation used assumption 3.
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Proof 8 Identification Under Robins’ No-interaction assumptions

E[Y1M0 − Y0M0 ] = EX,CE[Y1M0 − Y0M0|X,C]

=EX,CEM0|X,CE[Y1M0 − Y0M0 |M0 = m,X,C]

=EX,CEM0|X,CE[Y1m − Y0m|M0 = m,X,C]

=EX,CEM0|X,CE[B|M0 = m,X,C]

Since B is a random variable that is independent of the realization of the mediator m, the

expression becomes

EX,CE[B|X,C]

=EXE[Y1m − Y0m|X]

=EXE[Y1m|A = 1, X]− EXE[Y0m|A = 0, X]

=Σc{EXE[Y1m|A = 1, x, c]P(C = c|A = 1, x)− EXE[Y0m|A = 0, x, c]P(C = c|A = 0, x)}

=Σc{EXE[Y1m|m,A = 1, x, c]P(C = c|A = 1, x)− EXE[Y0m|m,A = 0, x, c]P(C = c|A = 0, x)}

=Σc{EXE[Y |m,A = 1, x, c]P(C = c|A = 1, x)− EXE[Y |m,A = 0, x, c]P(C = c|A = 0, x)}.

The second equation used assumption 1 and the fourth equation used assumption 2. The proof

under MCM is similar for the first part, the second part (identification of EX,CE[B|X,C]) is

given in proof 9.
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Proof 9 Identification of CDE under MCM assumptions

E[Y (1,m)− Y (0,m)]

=EXE[Y (1,m)− Y (0,m)|X]

=EXE[Y (1,m)|A = 1, X]− EXE[Y (0,m)|A = 0, X]

=EXEC|A=1,XE[Y (1,m)|A = 1, X, C]− EXEC|A=0,XE[Y (0,m)|A = 0, X, C]

=EXEC|A=1,X,CE[Y (1,m)|M(1) = m,A = 1, X]− EXEC|A=0,XE[Y (0,m)|M(0) = m,A = 0, X, C]

=EXEC|A=1,XE[Y |M = m,A = 1, X, C]− EXEC|A=0,XE[Y |M = m,A = 0, X, C].
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Appendix B

APPENDIX FOR CHAPTER 3

Proof for Theorem 3.2.1

E(Y1M0 − Y0M0 | X) = E(Y1C1M0 − Y0C0M0 | X) = EM0=m|XE(Y1C1m − Y0C0m |M0 = m,X)

=EM0=m|XE(Y1C1m − Y0C1m |M0 = m,X) + EM0=m|XE(Y0C1m − Y0C0m |M0 = m,X).

Under Assumption 3.2.3, the first term can be written as

EM0=m|XE(Y1C1m − Y0C1m | X) = EM0=m|XEC1=c1|X{E(Y1c1m | c1, X)− Y0c1m | c1, X)}

and under Assumption 3.2.4, the second term can be written as:

EM0=m|XE(Y0C1m − Y0C0m | X) =

EM0=m|XEC1=c1|XE(Y0c1m | c1, X)− EM0=m|XEC0=c0|XE(Y0c0m | c0, X).

Hence, the sum of (1) and (2) can be written as:

EM0=m|XEC1=c1|XE(Y1c1m | C1 = c1, X)− EM0=m|XEC0=c0|XE(Y0c0m | C0 = c0, X),

which can be identified as follows under Assumption 3.2.1 and Assumption 3.2.2:

EM0=m|A=0,XEC1=c1|A=1,XE(Y1c1m | C1 = c1, A = 1,M1 = m,X)

− EM0=m|A=0,XEC0=c0|A=0,XE(Y0c0m | C0 = c0, A = 0,M0 = m,X)

=EM=m|A=0,XEC=c1|A=1,XE(Y | C = c1, A = 1,M = m,X)

− EM=m|A=0,XEC=c0|A=0,XE(Y | C = c0, A = 0,M = m,X).
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Proof for Theorem 3.2

The parameter of interest is: ∆ = δ1 − δ0, where

δ1 ≡
∫∫∫

E(Y | A = 1,M = m,C = c,X)fM |A,X(m | A = 0, X)fC|A,X(c | A = 1, X)dm dc dx,

δ0 ≡
∫∫∫

E(Y | A = 0,M = m,C = c,X)fM |A,X(m | A = 0, X)fC|A,X(c | A = 0, X)dm dc dx.

For simplicity, δ1 and δ0 are abbreviated to:

δ1 ≡
∫∫∫

E(Y | 1,m, c,X)f(m | 0, X)f(c | 1, X)dm dc dx,

δ0 ≡
∫∫∫

E(Y | 0,m, c,X)f(m | 0, X)f(c | 0, X)dm dc dx.

Denote the likelihood of Z ≡ (Y,A,M,C,X) as f(Y,A,M,C,X), and consider the one-

dimensional parametric submodel

ft(A,C,M, Y,X)

=ft(Y | A,M,C,X)ft(M | A,C,X)ft(C | A,X)ft(A | X)ft(X),

where f0 = f . To simplify notation, we only show the results for continuous C and M with

a density. By the definition of the copula density, the likelihood can be factorized differently

as follows:

ft(A,C,M, Y,X)

=ft(Y | A,M,C,X)ct(FtM |A,X , FtC|A,X)ft(M | A,X)ft(C | A,X)ft(A | X)ft(X).

Denote its score function as St(A,C,M, Y,X), which can be written as a sum of scores with

respect to conditional densities. First we look at δ1. The influence function φ(Z) of any

regular asymptotically linear (RAL) estimator of δ1 satisfies:

E[φ1(Z)St=0(Z)] =
∂δ1(t)

∂t

∣∣
t=0
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Take derivatives with respect to t at t = 0:

∂δ1(t)

∂t

∣∣
t=0

=

∫∫∫
∇t=0Et(Y | 1,m, c, x)f(m | 0, x)f(c | 1, x)f(x)dmdcdx (B.1)

+

∫∫∫
E(Y | 1,m, c, x)∇t=0ft(m | 0, x)f(c | 1, x)f(x)dmdcdx (B.2)

+

∫∫∫
E(Y | 1,m, c, x)f(m | 0, x)∇t=0ft(c | 1, x)f(x)dmdcdx (B.3)

+

∫∫∫
E(Y | 1,m, c, x)f(m | 0, x)f(c | 1, x)∇t=0ft(x)dmdcdx. (B.4)

where (B.1)

=

∫∫∫
∇t=0Et(Y | 1,m, c, x)f(m | 0, x)f(c | 1, x)f(x)dmdcdx

=

∫∫∫
∇t=0Et(Y | 1,m, c, x)

f(m | 0, x)

f(m | 1, x)c(FM |A,X(m), FC|A,X(c) | A,X)
f(m, c | 1, x)f(x)dmdcdx

=E[St=0(Y | A,M,C,X)
A

f(A | X)

f(M | 0, X)

f(M | A,X)c(FM |A,X(M), FC|A,X(C) | A,X)
Y ]

=E[St=0(Y | A,M,C,X)
A

f(A | X)

f(M | 0, X)

f(M | A,X)c(FM |A,X(M), FC|A,X(C) | A,X)
(Y − E[Y | A,M,C,X])]

=E[St=0(Y,A,M,C,X)
A

f(A | X)

f(M | A = 0, X)

f(M | A,X)c(FM |A,X(M), FC|A,X(C) | A,X)
(Y − E[Y | A,M,C,X])].

The second to last equation results from the property of the score function of the condi-

tional density for Y . The last equation results from St=0(A,M,C,X) being a function of

(A,M,C,X), and E[g(A,M,C,X){Y − E(Y | A,M,C,X)}] = 0 for any function g. By

similar arguments, we have

(B.2) =

∫∫∫
E(Y | 1,m, c, x)∇t=0f(m | 0, x)ft(c | 1, x)f(x)dmdcdx

=E{St=0(M | A,X)
1− A

f(A | X)

∫
E(Y | 1,M, c,X)f(c | 1, X)dc}

=E[St=0(A,C,M, Y,X)
1− A

f(A | X)
{γM,X(1)− τX(1)}],
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(B.3) =

∫∫∫
E(Y | 1,m, c, x)f(m | 0, x)∇t=0ft(c | 1, x)f(x)dmdcdx

=E{St=0(C | A,X)
A

f(A | X)

∫
E(Y | A,m,C,X)f(m | 0, X)dm}

=E[St=0(A,C,M, Y,X)
A

f(A | X)
{
∫
E(Y | A,m,C,X)f(m | 0, X)dm− τX(1)}],

(B.4) =

∫∫∫
E(Y | 1,m, c, x)f(m | 0, x)f(c | 1, x)∇t=0ft(x)dmdcdx

=E[St=0(X)τX(1)] = E[St=0(X)(τX(1)− δ1)]

=E[St=0(A,C,M, Y,X)(τX(1)− δ1)].

We therefore find and influence function for δ1:

φ1(Z) =
A

f(A | X)

f(M | A = 0, X)

f(M | A,X)c(FM |A,X(M), FC|A,X(C) | A,X)
(Y − E[Y | A,M,C,X])+

1− A
f(A | X)

{γM,X(1)− τX(1)}+

A

f(A | X)
{
∫
E(Y | A,m,C,X)f(m | 0, X)dm− τX(1)}+

(τX(1)− δ1).

An influence function φ0(Z) for δ0 can be constructed similarly and the derivation is omitted.

Their difference φ1(Z) − φ0(Z) is then an influence function for ∆. It is the only influence

function (therefore efficient) in Mnon of a RAL estimator of ∆. It takes the following form:

Seff
∆ =

2A− 1

fA|X(A | X)

fM |A=0,X(M | A = 0, X)

fM |A,C,X(M | A,C,X)
{Y − E(Y | A,M,C,X)} − 2A− 1

fA|X(A | X)
τX(A)+

1− A
fA|X(A = 0 | X)

{γM,X(1)− γM,X(0)}+

{
1− 1− A

fA|X(A = 0 | X)

}
{τX(1)− τX(0)}+

2A− 1

fA|X(A | X)
ηC,X(A)−∆.

B.1 Proof for Theorem 3.1 and 3.3

We prove Theorem 3.3, and Theorem 3.1 will follow from similar arguments. Again, for

notational simplicity, we consider continuous M and C for which the joint density exists.
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The proof for the general case is similar. We denote the incorrectly specified components

with a superscript ?.

First we prove that E{Seff
∆ (∆∗quad)} = 0 under four misspecification conditions: M1,M2,

M3, and M4.

• M1 : f(A | X), f(C | A,X), f(M | A,X), c(FM |A,X(m), FC|A,X(c) | A,X)

are correctly specified, and E(Y | M,A,C,X) is mis-specified by a parametric model

E∗par[Y | A,M,C,X]:

E{Seff
∆ (fA|X , fC|A,X , fM |A,X , cM,C|A,X)}

=E{ 2A− 1

f(A | X)

f(M | A = 0, X)

f(M | A,X)c(FM |A,X(M), FC|A,X(C))
(Y − E∗par[Y | A,M,C,X])+

2A− 1

f(A | X)
η∗parC,X (A)− 2A− 1

f(A | X)
τ ∗parX (A) +

1− A
f(A | X)

{γ∗parM,X(1)− γ∗parM,X(0)}

+ (1− 1− A
f(A | X)

){τ ∗parX (1)− τ ∗parX (0)} −∆}

=E{ 2A− 1

f(A | X)

f(M | A = 0, X)

f(M | A,X)c(FM |A,X(M), FC|A,X(C))
Y } − E{ 2A− 1

f(A | X)
η∗parC,X (A)}+

E{ 2A− 1

f(A | X)
η∗parC,X (A)} − E{ 2A− 1

f(A | X)
τ ∗parX (A)}+ E{ 1− A

f(A | X)
{γ∗parM,X(1)− γ∗parM,X(0)}}

+ E{(1− 1− A
f(A | X)

){τ ∗parX (1)− τ ∗parX (0)}} −∆ = 0,

for E{ 2A− 1

f(A | X)
τ ∗parX (A)} = E{τ ∗parX (1)− τ ∗parX (0)},

and E{ 2A− 1

f(A | X)

f(M | A = 0, X)

f(M | A,X)c(FM |A,X(M), FC|A,X(C))
Y } = ∆.

• M2 : f(A | X), f(M | A,X), E(Y | A,M,C,X) are correctly specified, and f(C |
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A,X) and c(FM |A,X(m), FC|A,X(c) | A,X) are mis-specified by f ?par(C | A,X) and c∗par:

E{Seff
∆ (fA|X , f

∗par
C|A,X , fM |A,X , c

∗par(FM |A,X(m), FC|A,X(c) | A,X), EY |M,A,C,X)}

=E{ 2A− 1

f(A | X)

f(M | A = 0, X)

f(M | A,X)c∗par(FM |A,X(m), F ∗parC|A,X(c) | A,X)
(Y − E[Y | A,M,C,X])+

2A− 1

f(A | X)
ηC,X(A)− 2A− 1

f(A | X)
τ ∗parX (A) +

1− A
f(A | X)

{γ∗parM,X(1)− γ∗parM,X(0)}

+ (1− 1− A
f(A | X)

){τ ∗parX (1)− τ ∗parX (0)} −∆} = 0,

for E{ 2A− 1

f(A | X)
ηC,X(A)} = ∆.

• M3 : f(A | X), f(C | A,X), E(Y | A,M,C,X) are correctly specified, and f(M |

A,X)and c(FM |A,X(m), FC|A,X(c) | A,X) are mis-specified by f ?par(M | A,X) and c∗par:

E{Seff
∆ (fA|X , fC|A,X , f

∗par
M |A,X , c

∗par(FM |A,X(m), FC|A,X(c) | A,X), EY |M,A,C,X)}

=E{ 2A− 1

f(A | X)

f ∗par(M | A = 0, X)

f ∗par(M | A,X)c∗par(F ∗parM |A,X(m), FC|A,X(c) | A,X)
(Y − E[Y | A,M,C,X])+

2A− 1

f(A | X)
η∗parC,X (A)− 2A− 1

f(A | X)
τ ∗parX (A) +

1− A
f(A | X)

{γM,X(1)− γM,X(0)}

+ (1− 1− A
f(A | X)

){τ ∗parX (1)− τ ∗parX (0)} −∆} = 0,

for E{ 1− A
f(A | X)

{γM,X(1)− γM,X(0)}} = ∆.

• M4 : f(M | A = 0, X), f(C | A,X), E(Y | A,M,C,X) are correctly specified,

f(A | X) and c(FM |A,X(m), FC|A,X(c) | A,X) are mis-specified by f ?par(A | X) and c∗par:

E{Seff
∆ (f ∗parA|X , fC|A,X , fM |A,X , c

∗par(FM |A,X(m), FC|A,X(c) | A,X))}

=E{ 2A− 1

f ∗par(A | X)

f(M | A = 0, X)

f(M | A,X)c∗par(FM |A,X(m), FC|A,X(c) | A,X)
}(Y − E[Y | A,M,C,X])+

2A− 1

f ∗par(A | X)
ηC,X(A)− 2A− 1

f ∗par(A | X)
τX(A) +

1− A
f ∗par(A | X)

{γM,X(1)− γM,X(0)}

+ (1− 1− A
f ∗par(A | X)

){τX(1)− τX(0)} −∆} = 0,

for E{τX(1)− τX(0)} = ∆ by definition.
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Under suitable regularity conditions (Manski, 1988) hold for Seff
∆ and the score of the pa-

rameters in the nuisance models. By a Taylor expansion we have (denoting the probability

limits of the nuisance parameters as θ∗, and its score as Sθ(θ)):

√
n(∆̂quad −∆) =

1√
n

n∑
i=1

Sintersection
∆ (Oi,∆, θ

∗) + op(1),

where Oi represents the data pertaining to the ith subject, and

Sintersection
∆ (∆, θ∗)

=Seff
∆ (∆, θ∗)− ∂E[Seff

∆ (∆, θ∗)]

∂θT
E−1[

∂Sθ(θ
∗)

∂θT
]Sθ(θ

∗).

The asymptotic normality of the estimator can be proven directly using the Central Limit

Theorem (and Slutsky’s Theorem).



92

Appendix C

APPENDIX FOR CHAPTER 4

C.1 Proof for Theorem 3.1

We prove the identification for EIEM(1) , and the proof is similar for EIEM(2) .

E(Y
1M

(1)
1 M

(2)
1

− Y
1M

(1)
0 M

(2)
1

)

=EXE(Y
1M

(1)
1 M

(2)
1

− Y
1M

(1)
0 M

(2)
1

| X)

=EXEM(2)=m(2)|A=1,XE(Y
1M

(1)
1 m(2) − Y1M

(1)
0 m(2) |M (2) = m(2), X)

=EXEM(2)=m(2)|A=1,XE(Y
1M

(1)
1 m(2) − Y1M

(1)
0 m(2) | X)

=EXEM(2)=m(2)|A=1,XE(Y
1M

(1)
1 m(2) | X)− EXEM(2)=m(2)|A=1,XE(Y

1M
(1)
0 m(2) | X)

=EXEM(2)=m(2)|A=1,XEM(1)
1 =m(1)|XE(Y1m(1)m(2) |M (1)

1 = m(1), X)

− EXEM(2)=m(2)|A=1,XEM(1)
0 =m(1)′|XE(Y1m(1)′m(2) |M (1)

0 = m(1)′, X)

=EXEM(2)=m(2)|A=1,XEM(1)=m(1)|A=1,XE(Y | A = 1,M (1) = m(1),M (2) = m(2), X)

− EXEM(2)=m(2)|A=1,XEM(1)=m(1)′|A=0,XE(Y | A = 1,M (1) = m(1)′,M (2) = m(2), X)

The third equality is implied by assumption Set II, and the rest are implied by assumption

Set I and iterative expectation.

C.2 Proof for Theorem 3.2

By Theorem 3.1, ∆M(j)
= ∆M(j)

4 . Moreover,
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• ∆M(j)

1 = ∆M(j)

4 :

∆M(j)

1

=E

(
A

f(A | X)

f(M (j) | A = 1, X)− f(M (j) | A = 0, X)

f(M (j) | A = 1,M (3−j), X)
Y

)
=

∫∫∫∫ ∫
a

f(a | x)

f(m(j) | A = 1, x)− f(m(j) | A = 0, x)

f(m(j) | A = 1,m(3−j), x)
yf(y, a,m(j),m(3−j), x)dy da dm(j) dm(3−j) dx

=E

(∫∫
{f(m(j) | 1, X)− f(m(j) | 0, X)}f(m(3−j) | 1, X)E(Y | 1,m(j),m(3−j), X)dm(j) dm(3−j)

)
=∆M(j)

4 .

• ∆M(j)

2 = ∆M(j)

4 :

∆M(j)

2 =E

(
A

f(A | X)
{ηj(1,M (3−j), X)− ηj(0,M (3−j), X)}

)
=

∫∫∫
a

f(a | x)
{ηj(1,m(3−j), x)− ηj(0,m(3−j), x)}f(a,m(3−j), x)da dm(3−j) dx

=

∫∫∫
{ηj(1,m(3−j), x)− ηj(0,m(3−j), x)}f(m(3−j) | A = 1, x)da dm(3−j) dx = ∆M(j)

4 .

• ∆M(j)

3 = ∆M(j)

4 :

∆M(j)

3 =E

(
2A− 1

f(A | X)
η3−j(1,M

(j), X)

)
=

∫∫∫
2a− 1

f(a | X)
η3−j(1,m

(j), x)f(a,m(j), x)da dm(j) dx

=

∫∫∫
(2a− 1)η3−j(1,m

(j), X)f(M (j) | a, x)da dm(j) dx

=

∫∫
η3−j(1,m

(j), x)f(M (j) | A = 1, x)dm(j) dx−
∫∫

η3−j(1,m
(j), x)f(M (j) | A = 0, x)dm(j)dx = ∆M(j)

4 .

Hence ∆M(j)
= ∆M(j)

1 = ∆M(j)

2 = ∆M(j)

3 = ∆M(j)

4 .

C.3 Proof for Theorem 3.3

We prove Theorem 3.3 for continuous mediators. The proofs for other cases are simi-

lar. Denote
∫
γj(a)f(x)dx as θ

(j)
a , then ∆M(j)

= θ
(j)
1 − θ

(j)
0 . Denote the observed data

(Y,A,M (1),M (2), X) as O. An influence function φj(O) of a regular and asymptotically

linear (RAL) estimator of θ
(j)
a satisfies:

E [φj(O)St=0(O)] =
∂θ

(j)
a (t)

∂t
|t=0,
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where St=0(O) is the score function of the likelihood for a one-dimensional parametric sub-

model ft(O), which satisfies f0 = f , with the parameter t set to 0.

The right hand side of the equation can be written as:∫∫∫
∇t=0Et(Y | A = 1,m(3−j),m(j), X)|t=0f(m(j) | A = a,X)f(m(3−j) | A = 1, X)f(X)dm(j) dm(3−j) dx

(C.1)

+

∫∫∫
E(Y | A = 1,m(3−j),m(j), X)∇t=0ft(m

(j) | A = a,X)|t=0f(m(3−j) | A = 1, X)f(X)dm(j) dm(3−j) dx

(C.2)

+

∫∫∫
E(Y | A = 1,m(3−j),m(j), X)f(m(j) | A = a,X)∇t=0ft(m

(3−j) | A = 1, X)|t=0f(X)dm(j) dm(3−j) dx

(C.3)

+

∫∫∫
E(Y | A = 1,m(3−j),m(j), X)f(m(j) | A = a,X)f(m(3−j) | A = 1, X)∇t=0ft(X)|t=0dm

(j) dm(3−j) dx.

(C.4)

We utilize the following facts about scores in the proof:

1. E[g(X)(Y − E[Y | X])] = 0 for all g,

2. E[S(Y | X)g(X)] = 0 for all g,

3. S(Y,X) = S(Y | X) + S(X).

Define the following term to simplify the notation:

R(j)
a (m(j),m(3−j), X) ≡ f(m(j) | A = a,X)

f(m(j) | A = 1, X)c(Fm(j)|A=1,X(m(j)), Fm(3−j)|A=1,X(m(3−j)) | A = 1, X)
.
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We look at each term of the expression of θ
(j)
a :

(1) =

∫∫∫
∇t=0Et(Y | A = 1,m(3−j),m(j), X)|t=0R

(j)
a (m(j),m(3−j), X)f(m(3−j) | A = 1, X)f(X)dm(j)dm(3−j)dx

= E[St=0(Y | A,M (3−j),M (j), X)
A

f(A | X)
R(j)
a (M (j),M (3−j), X)Y ]

= E[St=0(Y,A,M (3−j),M (j), X)
A

f(A | X)
R(j)
a (M (j),M (3−j), X)(Y − E[Y | A = 1,M (3−j),M (j), X])],

(2) = E[St=0(M (j) | A,X)
1(A = a)

f(A = a | X)

∫
E(Y | A = 1,m(3−j),m(j), X)f(m(3−j) | A = 1, X)dm(3−j)]

= E[St=0(M (j) | A,X)
1(A = a)

f(A = a | X)
η3−j(1,M

(j), X)]

= E[St=0(M (j) | A,X)
1(A = a)

f(A = a | X)
(η3−j(1,M

(j), X)−
∫
η3−j(1,M

(j), X)f(m(j) | A = a,X)dm(j))]

= E[St=0(M (j), A,X)
1(A = a)

f(A = a | X)
(η3−j(1,M

(j), X)− γj(a,X))]

= E[St=0(Y,M (3−j),M (j), A,X)
1(A = a)

f(A = a | X)
(η3−j(1,M

(j), X)− γj(a,X))],

(3) = E[

∫
E(Y | A = 1,m(3−j),m(j), X)f(m(j) | A = a,X)dm(j) A

f(A | X)
St=0(m(3−j) | A = 1, X)]

= E[St=0(M (3−j) | A,X)
A

f(A | X)
ηj(a,M

(3−j), X)]

= E[St=0(M (3−j) | A,X)
A

f(A | X)
(ηj(a,M

(3−j), X)−
∫
ηj(a,M

(3−j), X)f(m(3−j) | A = 1, X)dm(3−j))]

= E[St=0(M (3−j) | A,X)
A

f(A | X)
(ηj(a,M

(3−j), X)− γj(a,X))]

= E[St=0(M (3−j), A,X)
A

f(A | X)
(ηj(a,M

(3−j), X)− γj(a,X))]

= E[St=0(Y,M (j),M (3−j), A,X)
A

f(A | X)
(ηj(a,M

(3−j), X)− γj(a,X))]

(4) =

∫
γj(a,X)∇t=0ft(X)|t=0dx

= E[St=0(X)γj(a,X)]

= E[St=0(Y,M (3−j),M (j), A,X)(γj(a,X)− θ(j)
a )]

Hence an influence function of a RAL of θ
(j)
a is:

SM
(j)

eff,a (O) =
A

f(A | X)
R(j)
a (M (j),M (3−j), X)(Y − E[Y | 1,M (3−j),M (j), X])

+
1(A = a)

f(A = a | X)
(η3−j(1,M

(j), X)− γj(a,X))

+
A

f(A | X)
(ηj(a,M

(3−j), X)− γj(a,X)) + γj(a,X)− θ(j)
a .

Under Mnon, SM
(j)

eff,a (O) is the efficient influence function. Hence the efficient influence func-
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tion for ∆ is the difference between the EIF for θ1 and θ0, which is SM
(j)

eff,1 (O)− SM(j)

eff,0 (O).

C.4 Proof of Theorem 3.4

We prove Theorem 3.4 for continuous mediators. The proofs for other cases are similar.

First we prove the unbiasedness of the quadruple robust estimator ∆̂
(j)
quad under M1, M2,

M3, and M4. The limits of the incorrect components are indexed by an asterisk sign.

Since the robustness conditions of the triply robust estimator for the total indirect effect

given in Tchetgen Tchetgen and Shpitser (2012) are implied from our quadruple robustness

conditions, the estimator similarly constructed for ∆INT is also quadruply robust.

C.4.1 Under M1, when E?[Y | A,M (j),M (3−j), X] is incorrectly specified

E[∆̂
(j)
quad]

=E[
A

f(A | X)

f(M (j) | 1, X)− f(M (j) | 0, X)

f(M (j) | 1, X)c(FM(1)|1,X(M (1)), FM(2)|1,X(M (2)) | 1, X)
(Y − E?[Y | 1,M (j),M (3−j), X])]

+E[
A

f(A | X)
{η?j (1,M (3−j), X)− η?j (0,M (3−j), X)}+

2A− 1

f(A | X)
η?3−j(1,M

(j), X)]

+E[

(
1− 2A

f(A | X)

)
γ?j (1, X)−

(
1− 1

f(A | X)

)
γ?j (0, X)]

=E[
A

f(A | X)

f(M (j) | 1, X)− f(M (j) | 0, X)

f(M (j) | 1,M (3−j), X)
(Y − E?[Y | 1,M (j),M (3−j), X])]

+E[
A

f(A | X)
{η?j (1,M (3−j), X)− η?j (0,M (3−j), X)}+

2A− 1

f(A | X)
η?3−j(1,M

(j), X)]

+E[

(
1− 2A

f(A | X)

)
γ?j (1, X)−

(
1− 1

f(A | X)

)
γ?j (0, X)]

−∆M(j)

, (C.5)

where

η?j (a,M (3−j), X) =

∫
E?[Y | A = 1,m(j),M (3−j), X]f(m(j) | A = a,X)dm(j),

γ?j (a,X) = E[η?j (a,M (3−j), X) | A = 1, X].
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Hence

(5) = E[
A

f(A | X)

f(M (j) | 1, X)− f(M (j) | 0, X)

f(M (j) | 1,M (3−j), X)
Y ]− E[γ?j (1, X)− γ?j (0, X)]

+ E[
A

f(A | X)
{η?j (1,M (3−j), X)− η?j (0,M (3−j), X)}] + E[

2A− 1

f(A | X)
η?3−j(1,M

(j), X)]

+ E[

(
1− 2A

f(A | X)

)
γ?j (1, X)−

(
1− 1

f(A | X)

)
γ?j (0, X)]−∆M(j)

= E[
A

f(A | X)

f(M (j) | 1, X)− f(M (j) | 0, X)

f(M (j) | 1,M (3−j), X)
Y ]− E[γ?j (1)− γ?j (0)]

+ E[γ?j (1, X)− γ?j (0, X)] + E[γ?j (1, X)− γ?j (0, X)] + E[−γ?j (1, X) + γ?j (0, X)]−∆M(j)

= ∆M(j)

−∆M(j)

= 0.

C.4.2 Under M2, when f(M (j) | A,X) and c(FM(1)|A,X(M (1)), FM(2)|A,X(M (2)) | A,X) are

incorrectly specified

E[∆̂
(j)
quad]

=E[
A

f(A | X)

f?(M (j) | 1, X)− f?(M (j) | 0, X)

f?(M (j) | 1, X)c?(FM(1)|1,X(M (1)), FM(2)|1,X(M (2)) | 1, X)
(Y − E[Y | 1,M (j),M (3−j), X])]

+E[
A

f(A | X)
{η?j (1,M (3−j), X)− η?j (0,M (3−j), X)}+

2A− 1

f(A | X)
η3−j(1,M

(j), X)]

+E[

(
1− 2A

f(A | X)

)
γ?j (1, X)−

(
1− 1

f(A | X)

)
γ?j (0, X)]

=E[
A

f(A | X)

f?(M (j) | 1, X)− f?(M (j) | 0, X)

f?(M (j) | 1,M (3−j), X)
(Y − E[Y | 1,M (j),M (3−j), X])]

+E[
A

f(A | X)
{η?j (1,M (3−j), X)− η?j (0,M (3−j), X)}+

2A− 1

f(A | X)
η3−j(1,M

(j), X)]

+E[

(
1− 2A

f(A | X)

)
γ?j (1, X)−

(
1− 1

f(A | X)

)
γ?j (0, X)]

−∆M(j)

, (C.6)

where

η?j (a,M (3−j), X) =

∫
E[Y | A = 1,m(j),M (3−j), X]f?(m(j) | A = a,X)dm(j),

γ?j (a) = E[η?j (a,M (3−j), X) | 1, X].
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Hence

(6) = 0 + E[γ?j (1, X)− γ?j (0, X)] + E[
2A− 1

f(A | X)
η3−j(1,M

(j), X)] + E[−γ?j (1, X) + γ?j (0, X)]−∆M(j)

= E[
2A− 1

f(A | X)
η3−j(1,M

(j), X)]−∆M(j)

= ∆M(j)

−∆M(j)

= 0

C.4.3 Under M3, when f(M (3−j) | A,X) and c(FM(1)|A,X , FM(2)|A,X | A,X) are incorrectly

specified

E[∆̂
(j)
quad]

=E[
A

f(A | X)

f(M (j) | 1, X)− f(M (j) | 0, X)

f(M (j) | 1, X)c?(FM(1)|A=1,X(M (1)), FM(2)|1,X(M (2)) | 1, X)
(Y − E[Y | 1,M (j),M (3−j), X])]

+E[
A

f(A | X)
{ηj(1,M (3−j), X)− ηj(0,M (3−j), X)}+

2A− 1

f(A | X)
η?3−j(1,M

(j), X)]

+E[

(
1− 2A

f(A | X)

)
γ?j (1, X)−

(
1− 1

f(A | X)

)
γ?j (0, X)]

=E[
A

f(A | X)

f(M (j) | 1, X)− f(M (j) | 0, X)

f?(M (j) | 1,M (3−j), X)
(Y − E[Y | 1,M (j),M (3−j), X])]

+E[
A

f(A | X)
{ηj(1,M (3−j), X)− ηj(0,M (3−j), X)}+

2A− 1

f(A | X)
η?3−j(1,M

(j), X)]

+E[

(
1− 2A

f(A | X)

)
γ?j (1, X)−

(
1− 1

f(A | X)

)
γ?j (0, X)]

−∆M(j)

, (C.7)

where

η?j (a,M (3−j), X) =

∫
E[Y | A = 1,m(j),M (3−j), X]f?(m(j) | A = a,X)dm(j),

γ?j (a,X) =

∫∫
E[Y | A = 1,m(j),m(3−j), X]f?(m(3−j) | A = a,X)f(m(j) | A = a,X)dm(j) dm(3−j).

Hence

(7) = 0 + E[
A

f(A | X)
{ηj(1,M (3−j), X)− ηj(0,M (3−j), X)}] + E[γ?j (1, X)− γ?j (0, X)]

+ E[−γ?j (1, X) + γ?j (0, X)]−∆M(j)

= E[
A

f(A | X)
{ηj(1,M (3−j), X)− ηj(0,M (3−j), X)}]−∆M(j)

= ∆M(j)

−∆M(j)

= 0.
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C.4.4 Under M4, when f(A | X) is incorrectly specified

E[∆̂
(j)
quad]

=E[
A

f?(A | X)

f(M (j) | 1, X)− f(M (j) | 0, X)

f(M (j) | 1, X)c(FM(1)|1,X(M (1)), FM(2)|1,X(M (2)) | 1, X)
(Y − E[Y | 1,M (j),M (3−j), X])]

+E[
A

f?(A | X)
{ηj(1,M (3−j), X)− ηj(0,M (3−j), X)}+

2A− 1

f?(A | X)
η3−j(1,M

(j), X)]

+E[

(
1− 2A

f?(A | X)

)
γ?j (1, X)−

(
1− 1

f?(A | X)

)
γ?j (0, X)]

=E[
A

f?(A | X)

f(M (j) | 1, X)− f(M (j) | 0, X)

f(M (j) | 1,M (3−j), X)
(Y − E[Y | 1,M (j),M (3−j), X])]

+E[
A

f?(A | X)
{ηj(1,M (3−j), X)− ηj(0,M (3−j), X)}+

2A− 1

f?(A | X)
η3−j(1,M

(j), X)]

+E[

(
1− 2A

f?(A | X)

)
γj(1, X)−

(
1− 1

f?(A | X)

)
γj(0, X)]−∆M(j)

, (C.8)

where

ηj(a,M
(3−j), X) =

∫
E[Y | A = 1,m(j),M (3−j), X]f(m(j) | A = a,X)dm(j),

γj(a,X) =

∫∫
E[Y | A = 1,m(j),m(3−j), X]f(m(3−j) | A = a,X)f(m(j) | A = a,X)dm(j) dm(3−j).

Hence

(8) = 0 + E[
f(A = 1 | X)

f?(A = 1 | X)
{γj(1, X)− γj(0, X)}] + E[

f(A = 1 | X)

f?(A = 1 | X)
γ?j (1, X)− f(A = 0 | X)

f?(A = 0 | X)
γ?j (0, X)]

+ E[−2f(A = 1 | X)

f?(A = 1 | X)
γ?j (1, X) +

f(A | X)

f?(A | X)
γ?j (0, X)] + E[γj(1, X)− γj(0, X)]−∆M(j)

= ∆M(j)

−∆M(j)

= 0.

Under suitable regularity conditions (Manski, 1988) for SM
(j)

eff,a (O) and the score of the pa-

rameters in the nuisance models, by Taylor expansion we have:

√
n(∆̂

(j)
quad −∆M(j)

) =
1√
n

n∑
i=1

Sintersection

∆M(j) (Oi,∆M(j)

, τ?) + op(1),

where τ denotes the nuisance parameters, with τ ? being its probability limit, and Sτ being

its score, and

Sintersection

∆M(j) (Oi,∆M(j)

, τ?) = SM
(j)

eff,a (Oi,∆M(j)

, τ?)−
∂E[SM

(j)

eff,a (Oi,∆M(j)

, τ?)]

∂τT
E−1[

∂Sτ (Oi, τ?)
∂τT

]Sτ (Oi, τ?).

Then the asymptotic normality of the quadruply robust estimator can be proven using Slut-

sky’s Theorem and the Central Limit Theorem.
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