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Abstract

Observability-Based Guidance and Sensor Placement

Brian T. Hinson

Chair of the Supervisory Committee:
Associate Professor Kristi Morgansen Hill
Aeronautics and Astronautics

Control system performance is highly dependent on the quality of sensor informa-
tion available. In a growing number of applications, however, the control task must
be accomplished with limited sensing capabilities. This thesis addresses these types
of problems from a control-theoretic point-of-view, leveraging system nonlinearities
to improve sensing performance. Using measures of observability as an information
quality metric, guidance trajectories and sensor distributions are designed to improve
the quality of sensor information. An observability-based sensor placement algorithm
is developed to compute optimal sensor configurations for a general nonlinear sys-
tem. The algorithm utilizes a simulation of the nonlinear system as the source of
input data, and convex optimization provides a scalable solution method. The sensor
placement algorithm is applied to a study of gyroscopic sensing in insect wings. The
sensor placement algorithm reveals information-rich areas on flexible insect wings,
and a comparison to biological data suggests that insect wings are capable of acting
as gyroscopic sensors. An observability-based guidance framework is developed for
robotic navigation with limited inertial sensing. Guidance trajectories and algorithms
are developed for range-only and bearing-only navigation that improve navigation ac-
curacy. Simulations and experiments with an underwater vehicle demonstrate that

the observability measure allows tuning of the navigation uncertainty.
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Chapter 1

INTRODUCTION

The crux of many guidance, navigation, and control problems is the ability to esti-
mate the state of the system (e.g., position and velocity) from a time history of sensor
measurements (e.g., from a localization solution such as GPS). Observability analy-
sis provides engineers with a tool to determine if the system states can be identified
and to what degree each state can be observed. For linear systems, the observability
analysis results are independent of the actuation provided to the system, thus if the
system has poor observability characteristics, the only avenues for improvement are to
modify the outputs (i.e., add more sensors) or modify the dynamics (i.e., redesign the
system). For nonlinear systems, however, the sensing and actuation may be coupled,
therefore the choice of input can directly impact the ability to observe system states.
This coupling can be exploited in many cases to actively control the system to shape

the observability characteristics.

One large area of research that utilizes this coupling is in the control of under-
sensed systems — systems with insufficient sensors to directly measure the state
of the system, but where active control can be used to recover additional sensory
information. Simultaneous localization and mapping (SLAM), for example, requires
active vehicle motion to track and observe landmarks [1, 2], and motion planning can
be used to improve navigation quality [3, 4]. Underwater vehicle localization using a
single ranging beacon also requires careful path planning to ensure observability [5, 6].
Mobile sensor networks and parameter identification fall into this category as well.
Solutions to these problems all require vehicle motion to observe all system states, a

process known as active sensing.



Active sensing appears not only in engineering problems, but is also found in
the natural motions of many biological systems. One example of active sensing in
biology is the halteres in flies [7]. The halteres are a pair of small organs evolved from
hindwings. Similar to the forewings, the halteres beat during flight, which makes
them sensitive to Coriolis forces and allow them to actively measure inertial rotations.
These measurements would not be possible without the active beating. Active sensing
is also observed in the vibrissa system (whiskers) in rodents [8, 9]. Rodents actively
move their whiskers to detect objects in their environment through tactile sensing.
The morphology of the rat vibrissa system allows for multiple spatial frequencies to
be scanned in one motion, thus improving the resolution of sensing available through
active motion. Yet another use of active sensing by biological systems is the active
head motion in insects, birds, and mammals [10, 11]. Head saccades in birds and other
animals have been shown to provide depth perception in animals without appreciable
stereoscopic vision (i.e., little or no overlap in the field of view of the eyes). These head
motions are used solely to provide this extra sensory information. In fact, pigeons
walking on treadmills have been observed to not use the head bobbing motion [12].
Active sensing can also be considered on a larger scale, where the path of the animal
is chosen to achieve a sensory goal. Mosquitoes and other insects have been observed
utilizing a “surge-and-cast” type maneuver to track plumes of carbon dioxide and
odors [13]. This maneuver consists of surging upwind when a concentration of the
gas or odor is detected, followed by casting back-and-forth crosswind to relocate the
plume when the odor is lost. This problem is strongly related to the adaptive sampling
problem in engineering, and heuristics based on the surge-and-cast behavior have been

analyzed for engineered systems [14].

These four examples of active sensing in biology encompass problems where the
sensory goals are independent of the control objectives. That is, the actuation utilized
for improved sensing does not affect the locomotion of the animal (consider the pigeon

on the treadmill, for example). Another interesting problem is when active sensing



is combined with the motion of the system. An example of this phenomenon is the
abdomen in the hawkmoth Manduca sexta. The abdomen has been shown to support
flight control as a pitch control mechanism [15], and strain sensing on the abdomen
has been hypothesized to be used to estimate body rotations during periodic motions
of the abdomen through Coriolis forces [16]. Therefore, the actuation used for sensing
is also the actuation used to stabilize and control the pitch attitude of the animal.
This inseparable coexistence of sensing and control is motivation for studying the
coupling of sensing and control inherit in nonlinear systems. This thesis aims to
answer questions about active sensing from an engineering perspective. How can
active sensing motions be designed for engineered systems? How does the spatial
distribution of sensors impact the ability to observe system behavior, as measured by

the ability to accurately reconstruct the system state?
1.1 Literature Review

The active sensing observed in nature manifests itself in a wide range of engineering
applications — from power grid monitoring to robotic navigation. These sensing
problems are solved by fusing ideas from information theory, optimal control, systems
theory, and combinatorial optimization. The array of applications can be classified
into two problem types: static sensor placement and mobile sensor planning. In this
section, the current state-of-the-art in these areas is discussed, and the open research

problems are enumerated.

1.1.1 Static sensor placement

The static sensor placement problem considers where to place sensors to optimally
observe a static or dynamic process. Applications are numerous in civil structure
health monitoring [17, 18, 19], power grid monitoring [20, 21], environmental moni-
toring [22, 23], and robotic navigation [24, 25, 26]. The diversity of applications has

driven solution approaches from several different angles.



One common metric for sensor placement optimality is the determinant of the
Fisher information matrix (FIM). The FIM encodes the expected information avail-
able in a stochastic measurement. The utility of the FIM is revealed by the celebrated
Cramér-Rao inequality, which gives a lower bound to the expected estimator variance
27

P=E{x-x)x-x)"}>F", (1.1)

where P is the estimation covariance matrix, E is the expectation operator, x is the
unknown state, X is the state estimate, and F' is the FIM. When equality in (1.1) is
achieved, the estimator is said to be an efficient, unbiased estimator. In the case of an
efficient estimator, the FIM is exactly the inverse of the estimation covariance, there-
fore, maximizing the determinant of F' is equivalent to minimizing the determinant
of P, which measures the volume of the estimation uncertainty ellipsoid. Other com-
mon information measures based on the FIM include the minimum eigenvalue (i.e.,
the maximum estimation variance) and the trace of F~! (i.e., the average estimation

variance).

The FIM measures also appear in the closely related field of optimal design of ex-
periments [28], where regressor vectors (sensor locations) are chosen to optimize some
metric of the regressor moment matrix. Regressors that optimize the determinant,
minimum eigenvalue, or the average variance criteria are known in the optimal design
of experiments literature as D-optimal, E-optimal, and A-optimal, respectively. D-,
E-, and A-Optimal experiment designs for linear measurement models can be ap-
proximately solved using semidefinite programming [29]. For nonlinear measurement
models, alternating convex optimization and sequential greedy searches have been

employed to find optimal experiment designs [30].

One drawback of the FIM is that nonlinear process dynamics are difficult to in-
corporate. Because the calculation of the FIM requires an explicit model of the

output probability distribution, only linear dynamics with Gaussian process noise are



amenable to the FIM framework. For this reason, many researchers have utilized the
observability Gramian to measure sensor fitness. The observability Gramian is the de-
terministic analog to the FIM, measuring the relative observability of system modes.
Early work on observability-based sensor placement used the observability Gramian
for systems with linear dynamics [31, 32]. Nonlinear dynamics were incorporated
into the sensor placement problem using the transient observability function (i.e., the
output energy) [31], and later, using the independence of measurement functions via
the Gram determinant [33] as measures of observability. The advent of the empirical
observability Gramian allowed numerical computation of the observability Gramian
about a nominal trajectory of the nonlinear system [34, 35]. The empirical observ-
ability Gramian was first developed for balancing and model reduction in nonlinear
systems [34, 35] and later adapted for observability analysis [36], measuring sensor
fitness [37], and computing optimal sensor placement [38, 39].

One of the difficulties of the sensor placement problem is the combinatorial nature
of the problem. In its most general form, the sensor placement problem can be written
as a mixed integer nonlinear optimization problem, which consists of a nonlinear cost
function (typically convex) in continuous and integer variables. The presence of the
integer variables causes the problem to scale poorly to higher-dimensional problems
(e.g., large number of states or sensors). Several approaches have been taken to
mediate the “curse of dimensionality” and allow solution of reasonably-sized problems.
For small numbers of sensors, the optimal solution may be found by brute force by
sampling each combination of sensors [33, 38, 40]. For more general problems, branch-
and-bound techniques have been used with Lagrangian relaxation to prune portions
of the search space that do not lead to an optimal solution [31]. Other approaches
to carry out global optimization include successive linearization and relaxation of
the mixed integer nonlinear program [39] or an iterative solution with exponential

smoothing [24].

In all cases, the goal of the optimization procedure is to find the optimal (or



near-optimal) sensor set with reasonable computation time. Current state-of-the-art
mixed integer programming solvers (such as CPLEX) can solve linear sensor place-
ment problems with on the order of 10,000 sensor nodes in less than an hour [41].
However, “robust” sensor placement problems — maximizing the worst-case sensor
performance or minimizing the covariance of sensor performance — require consid-
erably more computational effort. Simulations in [42] demonstrated that the robust
sensor placement problem could be solved for a system with about 400 sensor nodes in
reasonable time (less than 10 minutes), but a system with approximately 3,000 sensor
nodes could not be solved in less than a 24 hours. Conversely, a convex optimization
approach developed in [43] can find near-optimal sensor sets for systems with on the
order of 1,000 sensor nodes in a few seconds.

The current state-of-the art in sensor placement techniques requires improvement
in three main areas. First, the most general observability-based sensor placement
methods consider sensors that directly measure individual states [38, 39]. In many
interesting applications, however, the measurement function may be some nonlinear
function of the states. Second, problems involving heterogeneous sensor sets are not
adequately addressed in the literature. Finally, more solution methods are needed to

allow the sensor placement problem to scale to large systems.

1.1.2  Mobile sensor planning

The mobile sensor planning problem encompasses the largest area of research in op-
timal sensing. These problems can be thought of as an extension of the static sensor
problem, where the sensors are allowed to move dynamically in time to optimally
observe a spatially (and possibly temporally) varying process. A classic problem in
this class is the target tracking problem, where a vehicle with either range or bear-
ing measurements to a moving target is controlled to obtain an optimal estimate of
the target’s location and velocity. This problem has been studied with single [44]

and multiple sensors [45, 46], as well as with varying fidelities of target motion mod-



els [47]. Similar to the static sensor scenario, most formulations of optimal target
tracking utilize the FIM in the cost functional.

One subclass of mobile sensor problems that has received much attention is adap-
tive sampling using sensor networks. Adaptive sampling is a data-driven method that
utilizes past measurements to actively decide where to sample next. One common
problem formulation is the gradient climb (descent) problem, where vehicles detect
the gradient of a scalar field and adaptively change heading to climb (descend) along
the gradient to find a local maximum (minimum) [48]. For a single vehicle, estimating
the local gradient requires some form of control excitation [49]. Other methods include
minimizing uncertainty of a statistical model of the scalar field [50], minimizing the
covariance of a particular estimation scheme [51], or maximizing the measurements of
areas with high uncertainty [52]. Adaptive sampling has seen success in application
to autonomous underwater vehicle (AUV) motion planning, where the AUV’s mis-
sion is to actively sample the ocean environment. However, as is evidenced by the
variety of approaches listed here, the appropriate metric for sampling is still an open
question, and issues related to navigation and compensation for currents are yet to
be effectively solved [50].

Information-based algorithmic approaches to the mobile sensor planning problem
have recently grown in usage. These algorithms, under the name of information gath-
ering, consider the spatial distribution of the quality of information as a scalar field
that the vehicle must traverse to collect the most information under limited path
length budget, where the measure of information is typically derived from the FIM.
Generic, sampling-based algorithms have been successfully applied to the informa-
tion gathering problem using rapidly-exploring random trees (RRT) [53, 54]. These
algorithms can handle nonholonomic vehicle motion constraints and non-convex do-
main constraints using branch-and-bound techniques on trajectories generated from

the RRT algorithm.

Another class of mobile sensor planning problems is planning sensor motion for



optimal online parameter estimation. Here, there is a fixed set of sensors, and the
goal is to find control inputs that optimize the ability of the sensors to measure
unknown parameters. This problem is often found in the literature of system iden-
tification, where “exciting” trajectories are desired to facilitate structured parameter
identification [55]. The controls are chosen to minimize the condition number of the
linear regressor matrix, which then optimally conditions a least-squares estimation
of system parameters. This solution method has been successful in identification of
robotic base parameters [55, 56|, where the high-order (but linear in the parameters)

dynamics demand specific trajectories to extract the desired parameters.

1.1.8 Robotic navigation

In all of the classes of mobile sensor planning problems listed here, the trajectory
planning problem is solved to optimize a single objective — maximize a measure of
information obtained by the mobile sensor. Thus, only sensory goals are considered.
In the case of mobile robot motion planning, however, higher-level mission goals will
likely need to be balanced with information quality. One particularly interesting
example is motion planning for vehicles with limited navigation information (e.g.,
range-only or bearing-only navigation), where vehicle motion is used not only to
improve navigation information, but also to achieve higher-level mission objectives.
Therefore, an algorithm is required that can balance the sensory goals with higher-
level control objectives.

The range-only and bearing-only navigation problems have been studied in the
literature from an observability perspective to derive informative trajectories — tra-
jectories that improve navigation accuracy or uncertainty. In the context of single
range-aided navigation, observability measures have been implemented to measure
and improve estimation performance. An observability metric based upon the mini-
mum singular value and condition number of the observability matrix were introduced

in [57] to measure the relative observability of vehicle trajectories. Experimental re-



sults indicated that trajectory segments passing closer to the ranging beacon reduce
estimation error. Another observability metric based upon linearization about a tra-
jectory was presented by the author of this thesis in [58], and an optimization strategy
showed that circular trajectories centered at the ranging beacon maximize vehicle po-
sition observability. This metric was then used in [59] to plan trajectories for a mobile
navigation aid to maximize observability of an underwater vehicle using range-only
localization. A numerical trajectory optimization technique was employed in [46] to
coordinate multiple mobile sensors to track a single target using range measurements.
The optimal heading to minimize covariance of an extended Kalman filter was found

to be perpendicular to the bearing to the target.

Observability-based trajectory planning has also been applied to bearing-only nav-
igation. In [44], the FIM was used in a cost function to derive observer maneuvers to
optimally track a moving target. The first-order necessary conditions for a minimum
to the proposed optimal control problem required the vehicle heading to be perpen-
dicular to the target at the end of the optimization time horizon. The optimization
problem was solved using direct numerical optimization to arrive at vehicle trajecto-
ries that minimize range uncertainty under bearing-only tracking. An observability
measure based upon the determinant of the observability matrix was used in [60]
to plan trajectories that optimize observability of time-to-contact with static obsta-
cles in the environment. Simulation results showed that the observability-based path
planning improved obstacle estimation and allowed the vehicle to navigate through

obstacle fields.

Although observability-based path planning has been used to improve range-only
and bearing-only navigation, some additional work is needed to make these guidance
strategies viable for autonomous vehicle operation. The most in-depth analysis of
these navigation problems comes from the target tracking community, where the only
goal is to accurately track the target. However, in autonomous vehicle navigation,

a framework is needed that can plan paths such that the vehicle can accomplish
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some mission (e.g., sensor coverage, search pattern, waypoint following) while main-
taining sufficient navigation system performance. Sampling-based solution methods
have shown promise for solving information-based path planning problems when non-
convex path and environment constraints are imposed. In this work, however, a path
planning solution is desired that can be implemented using a convex optimization
framework with minimal computational requirements. By implementing a problem-
specific path planner, better performance can be achieved compared to the more

general sampling-based approaches.

1.2 Contributions of this Thesis

This thesis addresses the open problems discussed above and improves the state-of-the

art in optimal active sensing through the following contributions:

e Development of an observability-based sensor placement procedure that incor-
porates nonlinear dynamics, nonlinear measurement models, and heterogeneous

SEeNsors.

e Convex optimization solution methods for the sensor placement problem that

are scalable to large systems.

e Extension of the sensor placement problem to an observability-based sensor data

compression algorithm.

e Application of the sensor placement procedure to discover sensor configurations

for gyroscopic sensing in insect wings, with comparison to biological data.

e Observability-based optimal trajectory generation procedure for robotic navi-

gation with limited sensors.
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e Observability-based guidance algorithm for range-only and bearing-only navi-
gation that allows balancing of sensing objectives and higher-level mission ob-

jectives.

e Experimental validation of the observability-based guidance algorithm.
1.3 Organization of the Report

The remainder of the report is organized as follows. Methods for observability anal-
ysis and measures of observability for nonlinear systems are discussed in Chapter 2.
Formulation of the observability-based sensor placement problem and solution meth-
ods are provided in Chapter 3. In Chapter 4, the sensor placement procedure is
applied to an example system representing the dynamics of flexible, flapping insect
wings. The wing flapping dynamics are derived and the observability-based optimal
sensor configuration is compared to biological data. observability-based guidance for
robotic navigation with limited sensors is described in Chapters 5 and 6. In Chap-
ter 5, analytical solutions to the observability-based guidance problem are derived
for range-only navigation, bearing-only navigation, and navigation in currents. An
observability-based guidance algorithm for range-only and bearing-only navigation
is developed in Chapter 6 with experimental results demonstrating its effectiveness.
Finally, a discussion of the results and directions for future work are described in

Chapter 7.
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Chapter 2

OBSERVABILITY MEASURES

In this chapter, a review of nonlinear observability is provided using differen-
tial geometric methods. Quantitative measures of observability are introduced that
utilize the nonlinear observability matrix and the observability Gramian for linear
time-varying systems. A connection between the nonlinear observability matrix, the
observability Gramian, and estimation uncertainty is established, which motivates the

use of observability as a measure of estimation performance.

2.1 Nonlinear Observability

Observability of nonlinear systems is analyzed following the work of Anguelova [61],
which builds upon foundational works by Hermann and Krener [62] and Sontag and
Wang [63], among others. The standard control-affine class of nonlinear systems is

considered, which represents a wide array of physical systems. Specifically,

i=1 (2.1)

where x € R" are the states, u € R™ are the controls, y € R? are the measurements,
fo(x) € R™ is the drift vector field, and f;(x) € R" ¢ € {1,...,m} are the control

vector fields.
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2.1.1 Observability rank condition

Observability is determined by considering the time derivatives of the system mea-

surements. Define the Lie derivative operator as

0

Leh = <&h> fi(x), i€{0,...,m} (2.2)

with subsequent derivatives computed by

ijLfZ.h = (%Lﬂh) fj(X), ’l,j S {O, .. ,m}. (23)

The time derivatives of the system measurements are composed of the Lie deriva-
tives with respect to the drift and control vector fields. For example, the first time

derivative of the output is given by

%Y = (%h(X)) X = Lg,h(x) + Z Leh(x)u;. (2.4)

For systems where f;(x) and h(x) are analytic functions, the output derivatives are a
polynomial function of the control input u and its time derivatives, with coefficients
that are analytic functions of x. In this case, the Lie derivatives form the observation

space defined by
O =span{Lx, ---Lx,h, k=0,1,...n—1, Xy € {fy, ..., £.}}, (2.5)

where derivatives up to order n — 1 are considered for analytic systems [61]. The

Jacobian of the observation space gives the nonlinear observability matrix

doz{aﬁxqbweo}, (2.6)

which leads to a necessary and sufficient condition for local observability.
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Definition 1 (Observability rank condition [62]). The control affine system (2.1) is

locally weakly observable if and only if it satisfies the observability rank condition

rank(dO(x)) = n. (2.7)

The observability rank condition states that dO(x) must contain n independent
covector fields. Because the system is analytic, the rank of dO is constant, except at
singular points where the matrix drops rank [61]. The observability rank condition
considers the generic rank of the matrix dO(x), which is the maximal rank over the
manifold of admissible states. Therefore, if dO is full rank everywhere except at

isolated singular points, the system is locally weakly observable.

The presence of the control vector fields in the observability space is counter-
intuitive to what is known from observability of linear systems, where studying the
uncontrolled system is sufficient to establish observability. In nonlinear systems, how-
ever, the sensing and actuation may be coupled, and the choice of control input can af-
fect the system observability. If the observability matrix dO is full rank, but loses rank
when the Lie derivatives with respect to the control vector field f;(x) i € {1,...,m}
are removed, then actuation in the control input u; is required for system observabil-
ity. Therefore, in some cases excitation via control input may be necessary to observe
all system states. The benefit of the observability rank condition is that it explicitly
accounts for this coupling and provides information about what, if any, control actu-
ation is required to obtain system observability. The drawback, however, is that the
observability rank condition gives only a binary answer to the observability question,

not a continuous measure of observability.
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2.1.2 Relationship between nonlinear observability and estimation uncertainty

The observability matrix also has implications in the estimation problem. Consider

the time derivatives of the output of (2.1) up to order n — 1,

y(l)

Y = ‘ =g(x,u,...,u”" ), (2.8)

_y(n_l)

where ul) represents the derivative with respect to time, and r is the relative degree
of system (2.1). The observability rank condition emerges from the implicit function

theorem to prove existence of a unique inverse mapping w(Y) such that
gw(Y),u,...,u M) Y =0 (2.9)
for Y in some neighborhood of g(xg,u, - -).

Computing a first-order Taylor series expansion of the output derivatives (2.8)

gives a linear approximation to the input-output mapping,
Y =~ g(xp,up) +dY (x0)Ax, (2.10)

where x¢ and ug are the linearization point, and Ax is the deviation from the lin-
earization. Assuming that the measurements Y are corrupted by zero mean Gaussian
noise with covariance, R, an approximate solution for Ax can be obtained from a

least-squares estimator [27]:

Ax = (AYTR'AY) " AYTRT (Y —g), (2.11)
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with covariance [27]

P=(AY"R'aY) . (2.12)

For independent and identically distributed (i.i.d.) noise, R = oI, and the covariance
simplifies to P = o (dYTdY)_l. Therefore, the covariance, P, is inversely propor-
tional to the product dY7dY. If the properties of dY can be manipulated, then the
estimation covariance is manipulated as a result. As a note, the measurement Jaco-
bian, dY, is equivalent to the observability matrix, dO, evaluated at a nominal state,
Xo. Thus, the nonlinear observability matrix provides a connection to estimation un-
certainty and can be used to select control and state trajectories to tune estimation

performance.

2.1.3 Observability measures using the nonlinear observability matrix

The connection between the nonlinear observability matrix and estimation uncer-
tainty for a least squares estimator motivates the use of the nonlinear observability
matrix to compute measures of system observability. The singular values of the ob-
servability matrix (eigenvalues of dY7dY) provide a good measure of observability
due to their relation to the estimation covariance. The minimum singular value,
omin(dY), gives a measure of the nearness to a singular matrix (unobservable sys-
tem), which is inversely related to the maximum estimation covariance. The max-
imum singular value, 0., (dY), measures the energy in the most observable mode,
which is inversely related to the minimum estimation covariance. The condition
number, £(dY) = 0max(dY)/omin(dY), measures the ratio of energy between the
most observable mode and the least observable mode, which gives the shape of the
estimation uncertainty ellipsoid. A large condition number produces an elongated
uncertainty ellipsoid, while a condition number of unity produces uniform estimation
uncertainty. The determinant of Y7 dY gives the volume of the observation ellipsoid,

B ={dYx | ||x|| <1} [29], which is inversely related to the volume of the estimation
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Table 2.1: Singular value measures of the nonlinear observability matrix

measure significance
o (dY) maximum estimation uncertainty
Ot (AY) minimum estimation uncertainty
r(dY) shape of estimation uncertainty ellipsoid

det [(dYTdY)™!| volume of estimation uncertainty ellipsoid
Tr [(dYTAY)"!| average estimation uncertainty

uncertainty ellipsoid. A summary of the singular value measures of observability is

provided in Table 2.1.

2.1.4  Observability radius

Although the least squares estimate provides a nice connection between estimation
uncertainty and the nonlinear observability matrix, the relationship considers a single
step of a linearized estimator. In practice, an iterative or dynamic estimator (e.g.,
nonlinear least squares) will provide a better estimate of the unknown state x, but
general relationships between observability and estimation uncertainty are difficult to
establish for most iterative estimators. One interesting connection that can be drawn
is the relationship between the observability matrix and the region of convergence of
Newton’s method. Using Kantorovitch’s theorem and the inverse function theorem,
a lower bound to the radius of the region of attraction of Newton’s method can be
computed using the methods of [64]. The radius of the region of attraction is denoted

here as the observability radius, which is described in the following theorem.

Theorem 1 (Observability Radius). Let dY,(x) be a set of n independent rows of
dY (x) with corresponding continuously differentiable mapping g, : R" — R" that
maps states to the n independent elements of Y, denoted by Y,. Let B, C R"

be a ball of radius 2R||dY (xo)||r centered at state xo with corresponding output
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Yo = gu(x0). If the matriz dY,,(x) satisfies the Lipschitz condition

1dY, () — dY,(v)|lr < Mlu—v|: YuveB, (2.13)

with Lipschitz constant M, then there exists a ball B, C R" centered at Y, with radius

1
R = 2.14
IMAY, (o) .
and a unique, continuously differentiable inverse mapping
w, : B, = B, (2.15)
such that
g, (Wo(Y,) =Y, and dw,(Y,)=dg,(w,(Y,)) " (2.16)

Proof. The proof follows directly from the inverse function theorem [64, Theorem

2.9.4). O

The radius, R, defines the size of the ball, B,, in which the inverse mapping,
w,, is guaranteed to exist. The corresponding set of states in the ball, B,, is the
set of initial guesses that are guaranteed to converge to the unknown true state, xq,
using Newton’s method. Therefore, the radius of B, is a measure of the tolerable
uncertainty in the unknown state, xq (i.e., the estimation covariance). The radius of

B, is denoted the observability radius, given by

1

Ry = 2R||dY (x0) || = ,
1Y Go)lle = Sy ) e

(2.17)

where the Frobenius norm operator is defined for a square matrix, A € R"*" by

1Al = <Z A?j) : (2.18)

5,j<n
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gn(X)

B, B,
W (x)

Figure 2.1: Depiction of the region of attraction of Newton’s method. Initial guesses
for the unknown state xq that fall inside the ball B, are guaranteed to converge to
the true state x( given the measurement vector Yy. The size of this ball is given by
the observability radius R,.

The relationship between these regions is depicted in Fig. 2.1.

One challenge in computing the observability radius is finding a suitable Lipschitz
constant. For many nonlinear systems the observability matrix dY,, will likely be only
locally Lipschitz, therefore the Lipschitz constant M will depend on the size of the
ball B, over which the Lipschitz condition must hold. If, however, the observability
matrix is uniformly Lipschitz, then the observability radius serves as a measure of

system observability as a function of the unknown state xg.

2.2 Observability Gramian

Another useful observability analysis tool is the observability Gramian for linear time-
varying systems. The observability Gramian is constructed by linearizing the nonlin-
ear dynamics (2.1) about a trajectory (x°(t),u’(t)) to obtain a linear time-varying

system

(2.19)
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where x(t) = x(t) —x°(t) and u(t) = u(t) —u’(t) are the deviations from the nominal
trajectory and z(t) is the measurement deviation. The linearized dynamics matrices

are computed using the Jacobian of the nonlinear dynamics,

AXO(t),u’(t)) = % fo(x) + Zfz(x)ul
BEOW) = A () + 3 £ (2.20)
CO) = eh)|

where it should be noted that for control affine systems, the input matrix, B, is not a
function of the nominal control, u®(t), because the dynamics are linear in the control
variables. The input matrix is, however, an explicit function of the nominal state

trajectory.

The observability of a linear time varying system is measured by the observability

Gramian [65, ch. 6]:

W (to, tp) = /<I>T(t,tO)C’T(XO(t))C’(XO(t))CI)(t,to)dt, (2.21)

to

where ®(t,t5) € R"*" is the state transition matrix defined by
D(t, 1) = A(x"(t),u’(t))D(t, to). (2.22)

If W(to,ts) is rank n for some ty, then the linear time-varying system (2.19) is ob-
servable. Interestingly, the observability Gramian also provides information about the
observability of the original nonlinear system (2.1). If the linear time-varying system
is observable, then the nonlinear system (2.1) is locally observable about the nominal

trajectory (x°(t),u’(t)) [37].
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The observability Gramian thus provides an alternative to the nonlinear observ-
ability tools discussed in Section 2.1. Although the linear time-varying observability
analysis considers the unactuated system (i.e., the control deviation 4 is zero), the
coupling between sensing and actuation is still explicitly considered through the choice
of the linearization trajectory (x°(¢),u’(t)). When choosing a nominal trajectory for
analysis, care must be taken to utilize the control inputs that are required to excite
the system dynamics. Insight gleaned from nonlinear observability analysis of the

system provides these necessary control inputs (if any are required).

One disadvantage to the linearization approach is that the Gramian is difficult to
compute analytically for a given nonlinear system and trajectory. Only for particu-
larly simple nonlinear systems can the Gramian be computed in closed-form for an
arbitrary linearization trajectory. For this reason, the Gramian is frequently com-

puted numerically, which can be achieved using the empirical observability Gramian.

2.2.1 Empirical observability Gramian

The empirical observability Gramian provides a numerical procedure for approximat-
ing the linear time-varying observability Gramian (2.21) by simulating the nonlinear
dynamics (2.1). The procedure for computing the Gramian from simulation output
follows the development of [37]. The Gramian is computed by simulating the nonlin-
ear system dynamics with perturbed initial conditions in each state and comparing
the output time history for each perturbation. Each state initial condition is inde-
pendently perturbed by +e and simulated using the nominal input sequence u®(#).
Let y* be the simulation output with a positive perturbation in the initial condition
for state x;, and y~* be the output with a negative perturbation in the initial condi-

tion for state z;. Define the change in output Ay; = y** — y =%, then the empirical
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observability Gramian is calculated by

. ty AY1T(t)
W:@/ : [Ay1(t) o Aya(t)] dt. (2.23)
| AyT(t)

Therefore, the Gramian can be computed by simulating the system 2n times. It can
be shown that the empirical observability Gramian converges to the observability
Gramian (2.21) in the limit € — 0 [37]. In practice a value of € on the order of 1073

is sufficient to compute the empirical Gramian.

2.2.2  Relationship between the observability Gramian and estimation uncertainty

Like the nonlinear observability matrix, the observability Gramian is closely related
to the estimation uncertainty and the FIM. For a discrete set of measurements in

time, the output of the linear time-varying system (2.19) can be written as

Z(tl) 01<I>1
7 = = Xo — HX07 (224)
Z(tN) CN(I)N

where Cy, = C'(x°(kAt)) and @), = ®(t, + kAt, o) are the discrete-time measurement
and transition matrices, and xo = x(to) is the state initial condition. Assuming
again that the measurements are corrupted by zero-mean Gaussian noise with normal
distribution A(0, R), and using a weighted least squares formulation, the minimum

variance estimate is given by [27]

Xt =(H"R'H)'H"R'Z. (2.25)
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Computing the estimate covariance gives

1

P=E{&xj—x0)x)—x0)" } = (H'R'H) . (2.26)
The least squares estimator is known to be efficient (i.e., the Cramér-Rao lower bound
is achieved) [27], therefore the FIM is exactly the inverse of the estimation covariance,
F = HTR™'H. If the measurement noise variables are i.i.d., then R = oI, where
o is the variance of each measurement, and the FIM simplifies to F = ¢ 'HTH.

Expanding the FIM gives

N
H'H = 0{ClCy®; = Wy(1,N), (2.27)

k=1
which is the discrete-time observability Gramian. Therefore, the observability Gramian
is proportional to the FIM in the case of i.i.d. measurements and inversely propor-
tional to the estimate covariance. If the observability Gramian eigenvalues are ma-
nipulated (or even specified), then the estimation covariance is directly manipulated

as a result.

2.2.8  Observability measures using the observability Gramian

Because the observability Gramian is closely related to the estimation uncertainty
and the FIM, the eigenvalues of the observability Gramian directly control the Fisher
information and inversely control the estimation covariance. The eigenvalues of the
observability Gramian represent the relative observability of each system mode. The
minimum eigenvalue, Api,(W), is a measure of the output energy for the least ob-
servable mode, while the maximum eigenvalue is the measure of the output energy

for the most observable mode,

Amin(W)|[[X(0)]| < / 1212t < A (W) [R0)]. (2.28)

to
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Figure 2.2: Output energy level sets for different observability condition numbers.

Table 2.2: Eigenvalue measures of the observability Gramian

measure  significance

A_l

— (W)  maximum estimation uncertainty
Anl (W) minimum estimation uncertainty

k(W)  shape of estimation uncertainty ellipsoid
det [W=1]  volume of estimation uncertainty ellipsoid

Tr [W~!] average estimation uncertainty

The minimum eigenvalue is also the Euclidean distance to the set of singular matrices

(i.e., the distance to an unobservable system) [66].

The condition number, (W) = Apax(W) /Amin (W), is another important property
of the observability Gramian. The condition number can be visualized graphically by
looking at the level sets of the output energy function, ||z(¢)||. Fig. 2.2 shows ellipsoid
level sets of the output energy for two example observability Gramians — one with a
poorly-conditioned Gramian (left) and one with a well-conditioned Gramian (right).
The radii of these ellipsoids are equal to the inverse of the eigenvalues of W. The
eigenvector corresponding to the maximum eigenvalue, 14, is the direction with the
largest gain (and thus most observable mode), therefore a small perturbation in that

direction yields an output energy equivalent to that of a larger perturbation in the



25

direction of the eigenvector corresponding to the minimum eigenvalue, v, (direction
of the least observable mode). Because the condition number measures the ratio of
maximum eigenvalue to minimum eigenvalue, an observability Gramian with a large
condition number indicates that the output energy is dominated by some modes,
while others are difficult to observe. A summary of the observability measures for the

observability Gramian is provided in Table 2.2.



26

Chapter 3
OBSERVABILITY-BASED SENSOR PLACEMENT

Using the measures of observability introduced in Chapter 2, the first main con-
tribution of this thesis is presented in this chapter — an observability-based sensor
placement procedure. First, the sensor placement problem is formally defined in
Section 3.1. Next, solution methods are proposed using convex optimization and
mixed-integer programming in Section 3.2. Finally, the sensor compression problem

is described as an extension to the sensor placement problem in Section 3.3.

3.1 Problem Statement

The observability-based sensor placement problem considers a nonlinear control affine

System

i=1 (3.1)

where s; is the sensor location for sensor ¢ with measurement model h;(x,s;). The
sensor location s; is constrained to a known finite set of feasible sensor locations
s; € S§. Similarly, the sensor model is constrained to a known set of models, h; € H,
where H may contain a single element for homogeneous sensor placement, or multiple
for heterogeneous sensors.

The goal of the sensor placement procedure is to choose sensor locations s; to op-
timize a measure of observability (c.f., Chapter 2). Because observability in nonlinear

systems is inherently a local concept, observability-based sensor placement optimizes



27

system observability locally about a trajectory. Therefore, the nominal trajectory
(x°(t),u’(t)) is assumed to be known, and the sensors are placed to optimize ob-
servability about the nominal trajectory. In terms of the observability Gramian, the

observability-based sensor placement problem can be formally written as

mihn J[W (s, h)]
subject to s, €S (3.2)
hi eH

where J[-] is a convex scalar measure of the observability Gramian (e.g., condition
number). The solution to the observability-based optimal sensor placement problem
is a set of p sensor locations, s, and sensor types, h, that optimize system observ-
ability about the nominal trajectory. Because the observability measures are closely
related to estimation uncertainty, optimally placed sensors will improved estimator

performance.

3.2 Solution Methods

The observability-based sensor placement problem is developed in this section as a
tractable optimization problem to solve for sensor locations and types. First, the
nonlinear dynamics (3.1) are linearized about the nominal trajectory (x°(t),u’(t))

and converted to discrete time with /N time steps of length At to obtain

A(k) = (kAL 0)
, - 0 (3.3)
CI(k) = CI(x" (KAL) = b, (x, ) .
ox x=x9(kAt)
The observability Gramian is constructed by noting that each sensor is additive

to the Gramian (i.e., the total Gramian is the sum of the Gramians for each sensor).

Let the dimension of § be ny, > p and the dimension of H be n; > 1. Define the
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sensor activation function ﬁf € {0,1}, where Bf = 1 indicates that a sensor of type

h; is located at sensor location s;. Then the observability Gramian is written as

N
W)=Y B ARTCIRCIRAK) = > W] (34
1<ns,j<np k=1 1<ns,j<np
Alternatively, the observability Gramian for each sensor location/type combination,
I/Vl-j , can be computed using the empirical observability Gramian, I/T/Z-j . Therefore, the
input data to the optimal sensor placement problem consist of the set of possible
sensor locations S, the set of sensor types H, and a simulation that can be used to

compute the empirical observability Gramian.

3.2.1 Mizxed integer programming

The observability-based sensor placement problem can be posed as a mixed inte-
ger/convex optimization problem, which consists of convex objective and constraints,
with integer constraints on a subset of the variables. All of the observability measures
listed in Table 2.2 can be written as convex functions of W (concave measures such
as Amin are simply negated). Because composition with affine mappings preserves
convexity, each measure is also a convex function of the sensor activation variable 3
[29]. Thus, the sensor placement problem can be written as a mixed-integer/convex

problem
min  JV(B)
np
subject to Zﬁf <1
=1 (3.5)

Ns

YD Bl=p

i=1 j=1

Bl e {0,1}
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where the sum over j enforces that each sensor may only assume one type, and the

sum over ¢ and j enforces that p sensor locations must be selected.

Because mixed-integer programs scale exponentially in the number of binary vari-
ables, minimizing the number of binary variables in the problem formulation is of
paramount importance. For ng possible sensor locations and nj; sensor types, the
number of binary variables is equal to ngn,. For most problems, n; will be small.
However, n, may be large due to a large number of possible sensor locations. To reduce
the number of sensor locations, a coarser discretization can be used while allowing
the sensor location to be continuous and approximating the observability Gramian
at any sensor location through linear interpolation between the discrete sensor nodes.
In the case of homogeneous sensors (i.e., ny, = 1), this piecewise linear approximation
procedure is achieved through the use of special ordered sets of type two (SOS2, see
[67, p. 177 - 182] and [52] for details). SOS2 are tools from mixed-integer program-
ming that allow a vector of continuous variables to contain only two adjacent nonzero

entries, with all other entries identically zero.

To illustrate how these tools can be used for piecewise linear approximation,
consider approximating the function f(x) = z? with a piecewise linear function
g(x) = > wi(x)f(z;) as depicted in Fig. 3.1. Here, w; are interpolation weights,
which must contain only two adjacent nonzero entries for g(z) to lie on the piece-
wise linear approximation to f(z). Introducing n — 1 binary variables §;, the SOS2

constraint is written as a series of linear inequalities

w; — 07 <0
wy — 0 — 0 <0
(3.6)
Wy—1 — Op—g — Opy < 0

Wy, — 571—1 S 07
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Figure 3.1: Example of piecewise linear approximation using special ordered sets of
type two.

combined with the constraints z = > w;z;, 0 < w; < 1, and Y ; = 1. Thus, the
sensor space discretization is made coarse, with piecewise linear interpolation used
to approximate the Gramians between each sensor node. By examining the entries
of the observability Gramians, the sensor discretization locations can be judiciously

chosen so as to minimize the error introduced by the interpolation.

The piecewise linear interpolation is applied to the sensor placement problem by
first sampling the observability Gramian at each of the n; sensor interpolation nodes,
denoted by W;, i € 1,...,n;. Define the vector of interpolation weights for each of
p desired sensors as w* € R%  k € 1,...,p. Then the interpolated observability

Gramian is given by

Ww)= Y wiw, (3.7)

i<n;,k<p
where w¥ denotes the i*® element of the the w* interpolation weight vector. Applying
the piecewise linear interpolation to the mixed-integer program (3.5) gives
min JW (w)]

W (3.8)
subject to  w* € SOS2,

where w* € SOS2 indicates that the SOS2 constraints (3.6) are applied for the n;
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elements of each of the p interpolation weight vectors. The piecewise linear interpo-
lation solution utilizes (n; — 1)p binary variables, compared to ns binary variables for
the original mixed-integer program. If the number of desired sensors p and number
of interpolation nodes n; are small compared to the size of the sensor space ng, then
piecewise linear interpolation allows fewer binary variables and faster solution times.

In an example application detailed in [68], the piecewise linear interpolation ap-
proach allowed the size of the sensor space to be reduced by more than 95%. The
original problem contained on the order of 1,000 sensor nodes, which rendered the
problem unsolvable in reasonable time (greater than 12 hours). However, application
of the interpolation procedure allowed the sensor placement problem to be solved
in less than a minute, while the error introduced in approximating the observability

Gramian was less than 2%.

3.2.2  Convex relaxation

Because mixed-integer programming does not scale well to large problems, a convex
relaxation to (3.5) provides a useful solution alternative. The binary constraint on

the activation function is relaxed to the interval [0, 1] to obtain the convex program,
min IV

np
subject to Zﬁf <1
=1 (3.9)

ns Np

YD Bl=p

i=1 j=1

0<p <1

The advantage of the relaxation is that it can be solved in time that is polynomial in
the number of variables nyn;, using efficient interior point methods [29]. Furthermore,

if the solution to the relaxed problem is such that g € {0,1} (within numerical toler-
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ance), then the original mixed-integer problem has been solved. The relaxation serves
two roles — an approximate (suboptimal) solution to the mixed-integer problem, and,
in some cases, a fast optimal solution to the mixed-integer problem. In simulation
studies, the convex relaxation could solve much larger problems (on the order of 1,000

sensor nodes) than the mixed integer programming approach [68].

3.2.3  ly-reqularization

In both the mixed-integer problem (3.5) and the convex relaxation (3.9), the desired
number of sensors was explicitly constrained to p. Another approach is to allow
the number of sensors to be a free variable. In the sensor placement problem, a
sparse solution is desired, where only a few of the sensor activation functions 6{
are one, while the rest are zero. This solution property permits the construction of
a convex relaxation of problem (3.5) that promotes a sparse solution using the ¢;
regularization technique (see, e.g., [29, p. 304]). This approach is common in sparse
sensing problems, where the binary constraint on [ is relaxed to linear inequality
constraints and a penalty on the /;-norm of 3 is added to the cost function to promote
a sparse solution vector. Applying this relaxation to problem (3.5) yields a convex

problem with ¢; penalty,

win W)+ elBl,

subject to Zﬁf <1 (3.10)
j=1
0<p <L

where the constant ¢ > 0 is the weighting on the /;-norm penalty. By varying the
weight ¢, the number of sensors in the solution set will change to balance the sparsity
penalty with the observability measure, tracing the Pareto tradeoff curve between

sparsity and observability. The /¢;-regularization provides insight into how few sensors
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can be used to achieve a particular level of observability.

Interestingly, the ¢;-regularization method frequently selects sensor locations very
near the global optimal solution found by the mixed integer program. In simulation
studies detailed in [68], the ¢;-regularization approach selected sensor locations near
the optimal (within 1% of the length scale in the problem), but with less than a third
of the required solution time. Similar to the convex relaxation, the ¢;-regularization
problem can be solved in a few seconds for sensor spaces with on the order of 1,000

sensor nodes.

3.2.4  Exploiting submodularity in the sensor placement problem

Although the sensor placement problem is combinatorial in nature, some sensor place-
ment objectives are submodular functions, which admit a simple greedy algorithm to
find sensor sets that achieve suboptimality within a guaranteed bound. Submodu-
lar functions exhibit a diminishing returns feature that enable the success of greedy

approximations, which is described in the following definition.

Definition 2 (Submodularity). Given a set Q, a function f : 2% — R, is submodular
if and only if
fXU{z}) = f(X) = f(Y U{z}) — f(Y)

for all subsets X CY CQ andx € Q\ Y.

In essence, the submodular function increases more from the addition of a new
set member when the current size of the set is smaller. In the context of the sensor
placement problem, the set members are the sensor locations and types. The sen-

sor placement problem can be placed in a set function framework as the following
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Algorithm 1 Greedy Maximization of Submodular Functions
Require: sensor space, S
Require: desired sensor count, p

Xo+ 0

140

while i <p do

14— 1+1
end while
return X,

optimization problem

max f(X)
subject to X C S8 (3.11)
| X <p,

where X is the set of selected sensors and | X | gives the cardinality of the set of selected
sensors. If the sensor placement objective, f(X), is a submodular function, then the
greedy algorithm described in Algorithm 1 can be used to compute a suboptimal
sensor set. This algorithm was proven to result in an objective value with at least
a factor of 1 — 1/e ~ 0.63 of the optimal objective [69]. Therefore, the greedy
algorithm achieves an objective that measures at least 63% of the optimal solution,
and requires on the order of p|S| number of function evaluations. Thus, exploitation

of submodularity allows very large problems to be approximately solved.

Several researchers have utilized submodularity to solve sensor placement prob-
lems. A review of a probabilistic framework for sensor placement is provided in [70],
where the authors list several submodular objectives and constraints, including max-
imizing the “mutual information” of sensor locations (i.e., maximizing the decrease
in entropy of the state probability distribution). More recently, the submodularity of

controllability and observability Gramian measures has been addressed for optimal
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actuator and sensor placement [71]. The authors demonstrated that for a Gramian
matrix, the functions —tr(W 1), logdet(W), and rank(W) are submodular functions.
The authors also proved by counter example that the minimum eigenvalue, Ay, (W),
is not a submodular function. Therefore, if the observability-based sensor placement
objective is to maximize J(W) = —tr(W™!) (i.e., minimize the average estimation
uncertainty), or J(W) = logdet(WV) (i.e., minimize the estimation uncertainty vol-
ume), or J(W) = rank(W) (i.e., maximize the number of observable states), then the
greedy heuristic can be used to approximately solve the problem within a factor of

63% of optimal.

3.3 Sensor Data Compression

Frequently, the sensor placement problem is solved to find a sparse set of sensors that
will provide the most information about a temporally and spatially varying process.
In this sense, the goal of the sensor placement is to find a sensor configuration that
provides the highest information density — the most information with the fewest
sensors. The sensor placement procedure developed in Section 3.2 provides a solution
for the spatial configuration of sensors that produces the highest information density,
yielding the spatial positions where the most informative measurements can be made.
The concept of information density is extended in this section to the temporal filtering

of sensors.

The goal of temporal filtering is to optimally design a time-weighting of the sensor
output y;(t), thus revealing the temporal distribution of information in the sensor
signal. The mechanics of the observability-based sensor placement procedure are
easily adapted to solve for the sensor compression function. Consider the output of a
sensor with known location and type, filtered by a scalar sensor compression function
£(t) =0

yi(t) = &(t)h(x). (3.12)
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Linearizing the measurement about the nominal trajectory (x°(¢),u°(¢)) and convert-
ing to discrete time gives the linear output matrix weighted by the sensor compression

function

0

Cilk) = & (kA —=h(x)

o (3.13)

x:xo(cht)‘
Therefore, the discrete time observability Gramian over the length of the trajectory

is given by

p N
&) =)D ERAR)Ci(k) Ci(k)A(K), (3.14)

i=1 k=1
which is a linear function of £2. Alternatively, the output of the empirical observability

Gramian can be used to compute the weighted Gramian via

Ayi (kAt)
1

=12 ZZ&?U{) : Ay (kKAL) --- Ayn(kAt)] At.  (3.15)
T [aviean

Similar to the sensor placement problem, the sensor compression problem can be
written as a convex optimization problem.

wn o (o)

subject to ||§Z||1 <0 (3.16)
gi Z 07

where & = €2 and J[-] is any convex observability measure. As a note, W(£V/?) is
a linear function of &, which makes J[IW(£/2)] a convex function of £&. The non-
negativity constraint on é ensures that a feasible reconstruction of £ = é 1/2 can be
performed after the problem is solved. The norm constraint on € limits the energy that

can be added to the sensor signal to prevent an unbounded solution. The bound § on



37

the norm is arbitrary and does not affect the shape of the solution for the compression
function.

In the context of distributed sensing applications, the sensor compression function
&(t) represents sensor processing performed before the sensor data are sent back to a
central location to be fused with data from other sensors. In many cases, the solution
for the compression function will be sparse, thus minimizing the amount of data that
is sent back to and processed by the central server. The solution provides not only
a means for compressing the sensor data, but also insight into when and where the
most informative bits of information occur in the process. In the context of biological
systems, the sensor compression function represents neural filtering performed by
individual sensors, which reduces the amount of information that must be processed by
a central unit. Using only a simulation of a nonlinear system, the sensor compression
function can be computed using the empirical observability Gramian as input data

to the optimization problem (3.16).
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Chapter 4

SENSOR PLACEMENT APPLICATION: GYROSCOPIC
SENSING IN INSECT WINGS

The sensor placement procedure detailed in Chapter 3 can be applied to a wide
range of engineering problems due to its generality — from positioning of navigation
aids for planetary landing [72] to health monitoring of civil structures [17]. In this
chapter, the optimal sensor placement procedure is used to characterize the gyroscopic
sensing capabilities of the wings of the hawkmoth Manduca sexta. This application
is relevant not only to the biological community, but also has important engineering
implications. Because the hawkmoth demonstrates flight agility above the capabilities
of modern engineered flight systems, insight gleaned from the hawkmoth sensory
systems may be used to develop new design principles for biologically-inspired flight
vehicles. This chapter begins with background information about the hawkmoth in
Section 4.1. A low-order model of wing flapping dynamics is developed in Section 4.2,
and details of the wing flapping simulation are provided in Section 4.3. The results of
the observability-based sensor placement procedure are presented in Section 4.4 and

a discussion of the results is provided in Section 4.5.

4.1 Background

The wings of hawkmoths contain mechanoreceptors, campaniform sensilla, that pro-
vide sensory information about wing deformation during flight [73]. Wing deformation
arises from both aerodynamic loads and a variety of inertial forces, with the latter
dominating [74]. An intriguing property of these sensory structures lies in their sim-

ilarity to those found in halteres, the gyroscopic organ of flies. Halteres are known



39

to respond to Coriolis forces and are critically involved in flight control. They con-
tain patches of campaniform sensilla that respond with incredible sensitivity to subtle
loads and deflections. Importantly, halteres are evolutionarily derived from the insect
wings, suggesting that wings themselves may serve a similar control function. Indeed,
recent experimental results [73, 75] indicate that the campaniform sensilla embedded
in the hawkmoth wing serve to detect inertial rotations. Like the halteres, the wings
are actuated, flexible structures, and they deform in response to inertial rotations due
to Coriolis forces. The deformations induce a spatial and temporal strain pattern on
the wing that encodes the rotation rates. Thus, as suggested previously, the strain-
sensitive campaniform sensilla may allow the wings to serve as gyroscopic organs in
addition to their roles as actuators. Because the wing deforms in response to several
stimuli — inertial-elastic loads due to normal flapping motion, aerodynamic loads,
and other exogenous forces — the strain sensing must disambiguate these various
influences to effectively act as a gyroscopic sensor. However, the ability to isolate
strain patterns due to body rotations during typical flapping and aerodynamic loads

has yet to be demonstrated.

Additionally, the role of sensillum strain directional sensitivity in detecting in-
ertial rotations is not well-understood in wings. Experimental evidence has shown
that the campaniform sensilla in Drosophila wings developed into two classes: one
set tuned for slower excitation and another for faster excitation [76], which suggests
that the sensitivity of campaniform sensilla may be heterogeneously distributed. Ex-
periments on locust wings indicate that campaniform sensillum sensitivity to shear
strain is important for detecting wing supination [77], though the details of how shear
strain is locally encoded remains unclear. Early studies on campaniform sensilla on
the legs of cockroaches demonstrated that the campaniform geometry may predict
strain directional sensitivity. Oval-shaped campaniform sensilla were found in groups
with aligned major axes [78], with the maximum sensory response corresponding to

compression along the short axis of the oval [79]. To complement physiological char-
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Figure 4.1: Free body diagram of a thin plate with out-of-plane bending in a rotating,
accelerating reference frame.

acterization of wing campaniform sensilla, mathematical models are developed in this
chapter that reveal sensor configurations that are theoretically best suited for gyro-

scopic sensing.
4.2 Flexible Wing Flapping Dynamics

In this section, a low-order model of flexible wing flapping dynamics is derived that
is suitable for analysis and simulation. The model is developed by considering the
motion of a thin, flexible plate in a rotating, accelerating reference frame. Using the
finite element method and Lagrange’s equations, the dynamics take the form of a set
of second-order nonlinear ordinary differential equations. In the following subsections,
the structural dynamics, kinematics, and aerodynamics models are derived, noting the

assumptions that form the basis for the model.

4.2.1 Structural dynamics

The structural dynamics are derived using a plate model of the deformation and
Lagrange’s equations to incorporate inertial loads due to plate rotations and accel-
erations. The plate is assumed to deform out-of-plane with no in-plane stretching
or extension. This section draws from the structural dynamics derivations in [80].
Expressions for the kinetic and potential energy of the plate system are developed by

considering the free body diagram shown in Fig. 4.1.
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The solution for the motion of the plate w(z,y,t) is desired when the plate is
subjected to flapping motion through rotations and accelerations of the root (edge
along z, axis). The infinite-dimensional governing partial differential equation is
reduced into a finite-dimensional ordinary differential equation in time by allowing
the plate to have a finite number of spatial degrees of freedom. The deformation of the
plate will be described by a finite number of orthonormal spatial modes with mode
shapes ¢;(z,y) and modal coordinates 7;(t). The out-of-plane plate deformation is

thus approximated by the relationship

n

=1

where n is the number of modes chosen to represent the spatial deformation. These

modes will be derived from a finite element model representing the wing structure.

Using these mode shape functions and modal degrees of freedom, the position of

a mass element on the plate in the plate reference frame is described by
r(z,y,t) = xip + yjp + w(x,y, t)Rp. (4.2)

Taking the total derivative, the velocity of the point mass is (dropping the (z,y,t)

notation for compactness)

v:vo—i——tr—l—woxr

B (4.3)
— (U + Qw — Ry)i, + (V + Rz — Pw)j, + (W + v + Py — Qu)k,

where v, (t) = U(t)i, + V(t)j, + W (t)k,, is the velocity of the plate coordinate system
origin, and w,(t) = P(t)i, + Q(1)j, + R(t)k, is the angular velocity of the plate
coordinate system. Let the mass density of the plate be given by p(z,y) and the
thickness by h(z,y), then the kinetic energy of the plate can be found by integrating
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over the area of the plate A,

7.00) = 5 [ ple )bV 0.0) vy )dA (1.4)

A

N | —

To compute the potential energy of the plate, define the strain vector as

0?w/0x?
X=1| 0*w/oy* |, (4.5)
20w/ 0zdy

and the matrix of material constants, D, which gives the potential energy ([80] p. 35)

Ue(t) = %/h(ﬁ;;/)sx(z,y,t)TDx(x,y,t)dA. (4.6)
A

The generalized coordinates describing the structural configuration are the modal
coordinates n. Lagrange’s equations are applied to the expressions for kinetic and

potential energy via

d (0T, or. oU,
Bl (el el C—Q;, i=1,....n, 4.7

where (); are the exogenous non-conservative generalized forces.
Substituting the assumed modal form of the displacement w (4.1) into the expres-

sions for kinetic energy T, (4.4), the first term of Lagrange’s equations is

d (9Tc) _ d | N o
T (377i) = dt/phqbZ <W+Py Qx+;¢ﬂ73> dA
4 —

_ /phgbi (W +Py—Qu+y cbjﬁj) dA.

A J=1

(4.8)

Because the mode shapes are assumed to be orthonormal, the integral of the product
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of two modes, ¢;(z,y)¢;(x,y), is unity for ¢ = j and zero otherwise. The remaining

terms can be organized into a mass matrix multiplying the applied accelerations:

W

d (0T, . :

&<6n>—7]+Ma P ) (49)
Q

where the " row of the applied acceleration mass matrix M, is
Mo, = / [ phoi  phdiy —phoix ] dA. (4.10)
A

The second term of Lagrange’s equations includes centripetal and Coriolis terms:

oT, a
- /phgbi QU= Ry) = P(V + Re)+ (Q* + P?) 3 oym;| dA

oA i=1 (4.11)
oT. 9 9

= on = (Q + P )U"‘Maca(vothJ)a
where the Coriolis force C, is
QU — PV
Ca(voa wa) - —QR . (412)
PR

The final term in Lagrange’s equations is the stiffness term due to strain energy.
This final term can be computed by assembling the expression for y in terms of the

generalized coordinates

n (02¢]/8x2)
X=2 | (@a/op) | (4.13)
= (029, /020y)

Substituting y into the expression for potential energy U, (4.6) yields the third term
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in Lagrange’s equations,

U, h?
o / E(ax/am)TDXdA. (4.14)
A

By definition, the orthonormal free-vibration modes satisfy the homogeneous differ-
ential equation

i+ Qn =0, (4.15)

where 2 is the diagonal modal frequency matrix with entries defined by

T
5 82¢Z/8£L‘2 82¢j/8x2
h
Qi = / o | 9%6i/0y D | 02%¢;/0y* | dA, (4.16)
A d%¢; | dxy O ¢;/xdy

with Q;; = w? for i = j and Q;; = 0 for i # j. Thus, the final term in Lagrange’s equa-
tions reduces to a diagonal mode frequency matrix multiplying the modal generalized

coordinates,

= Qn. (4.17)

Finally, assembling the equations of motion for the flexible plate in a rotating,

accelerating reference frame yields

W
i+ (Q— (Q*+ P*))n+ M, P | —Culvo,w,) | =Q. (4.18)
———
centripetal Q

~—
acceleration + Coriolis

These equations of motion contain terms familiar to structural dynamics problems
with some additional terms due to the inertial loads. The effective stiffness is reduced

by the centripetal forces acting on the rotating plate. This behavior is intuitive
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Figure 4.2: Wing coordinate system showing the positional angle 1, feathering angle
a, and elevation angle 6 that control the wing stroke kinematics.

because large pitch or roll angular velocities will tend to drive large out-of-plane
deflections. Additionally, the inertial loads due to applied accelerations and Coriolis

forces appear explicitly through the M, and C, terms.

4.2.2  Wing stroke kinematics

The wing stroke kinematics define the applied motion of the wing. Nomenclature
similar to [81] is used to define the three angles that parameterize the wing kinematics
— the positional angle v, the feathering angle o, and the elevation angle #. The
positional angle parameterizes the position in the stroke sequence, where negative ¢
indicates that the wing tip is posterior to the root, and positive 1) positions the wing
tip anterior to the root. The feathering angle controls the wing section pitch relative
to the wing stroke plane, where positive « yields inclination with the leading edge
above the trailing edge. The elevation angle controls the wing elevation relative to the
wing stroke plane, where positive 6 yields a wing tip position above the wing stroke
plane. These three angles control the orientation of the wing coordinate system, as
depicted in Fig. 4.2.

The kinematic equations relate the applied wing rotation rates (P, @, R) to the

orientation of the wing reference frame (ip,jp, l;p) relative to the inertial frame. The
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orientation of the wing reference frame is represented via the three Euler angles (v,
0, and «) and a 3-1-2 rotation sequence (i.e., rotate about the 3-axis, then the 2-axis,
then the l-axis [82]). First, the inertial frame is rotated about the 3-axis by the

positional angle 1)

cos® siny 0
R3(¢) = | —siny cosyp 0 |- (4.19)
0 0 1

Next, the resulting frame is rotated about the 1-axis by the elevation angle

1 0 0
Ri(0) =10 cosf sind |. (4.20)

0 —sinf cosf

Finally, the resulting frame is rotated about the 2-axis by the feathering angle «

cosae 0 —sina
Ry(a) = 0 1 0 : (4.21)

sinae 0 cos«

Combining all the rotations yields the rotation matrix from inertial frame to wing
frame

R(¢,0,a) = Ry(a)R1(0)R3(v). (4.22)

The kinematic equations that relate the Euler angle rates to the wing-fixed angular
velocities are derived by successively rotating the Euler angle rates into the wing-fixed

T
axis system. Let the Euler angles be represented by a vector u = [ 0 o v } , let

T
the wing axis angular rates be represented by w, = [ P Q R ] . Defining the unit
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vectors in each axis direction as €1, €, and €3, the inverse kinematics are given by

Wo = [ RQ(Oé)él éz é
cosae 0 —sinacosf (4.23)
= 0 1
sinae 0 cosacosd
Inverting this relationship gives the forward kinematics
0 cosacosf 0 sin v cos 0
1
= sinasingd cosf —cosasinf | Wo- (4.24)
' cos
(0 —sina 0 CoS v

As with all Euler angle parameterizations, these kinematic equations have a singular-
ity. Here, the singularity occurs when the elevation angle reaches § = 4+ /2. Because
the elevation angle is typically small in insect wing kinematics (e.g., maximum am-
plitude of 25 deg used in [83]), the Euler angle singularity does not pose a problem

in describing the wing stroke kinematics.

4.2.8  Aerodynamics

The aerodynamic forces on a flapping wing arise from a complex interaction of the
wing with the surrounding fluid. Three primary mechanisms are responsible for aero-
dynamic force generation [84] — delayed stall during translational motion of the wing
due to an attached leading edge vortex, rotational motion during wing stroke reversal,
and wake capture when the wing rotates back upon the trailing wake of the previ-
ous downstroke/upstroke. Although these effects result from unsteady aerodynamics,
they do not rely on the time history of motion during cyclic flapping and, thus, can be
effectively modeled using quasi-steady aerodynamics. Several researchers have taken

this approach by modeling the aerodynamic forces using blade element theory and
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experimentally determined lift and drag coefficients [84, 83, 85, 86, 87, 88].

The aerodynamic model employed here is based off the work in [85], which is
modified for flexible wings in this work. In this model, the aerodynamic force is due

to two components,

Foero = Fy + F, (4.25)

where F} is the force due to translational (sweeping) motion and F, is the force due to
the added mass of accelerated fluid. Each force component is computed by dividing
the wing into an infinite number of span-wise elements and integrating the contribu-
tion of each element using the local wing geometry, as depicted in Fig. 4.3. These
forces are a function of the effective feathering angle o, — the prescribed feathering
angle «, plus the feathering angle due to deformation of the wing, §. Although wing
deformation angles may indeed be significant [89], the twist angle, ¢, is assumed to be
small as a first step in a fluid-structure interaction model. Thus, using a small angle

approximation, the feathering angle is given by

ae(y,t) = a(t)+ 0

w(.8) — w0, (4.26)
zoz(t)-i-( le(y’t)c(y) (y’t)>,

where ¢(y) is the local chord length, wi(y,t) is the leading edge deformation, and
wie(y,t) is the trailing edge deformation. In terms of the wing mode shapes, the

effective feathering angle is

n

au(y,1) = alt) + % > (6i=e/2,9) = ile/2, )] m(1)

" (4.27)
=al)+ o5 Z s, (y)mi(1).

The translational force component at each span-wise station is composed of lift

and drag forces, where the lift and drag coefficients are generated from data obtained
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Figure 4.3: A span-wise deformed wing element depicting the feathering angle, «,
wing twist angle, §, and effective feathering angle, ., relative to the wing stroke
motion with local speed, U.

in dynamically scaled wing flapping experiments [84]. The empirically-derived aero-
dynamic coefficients are modified from [84] to match the geometry of the plate model,
which has no resting camber and thus produces zero lift at zero angle-of-attack. The
wing elevation angle, €, is assumed to be zero, which is consistent with simplified
wing stroke kinematics obtained from experimental data [81]. Therefore, the local
wing section angle-of-attack is equal to the feathering angle, with a change in sign
during the upstroke. In terms of the effective feathering angle a., the lift and drag
coefficients are

Cr, = 1.8sin(2a) (4.28)
.28

Cp =1.92 — 1.55 cos(2a).

Because the structural model assumes only out-of-plane deformation, only aerody-
namic forces normal to the wing plane enter the structural dynamics. Resolving the

lift and drag forces into a force normal to the wing gives a normal force coefficient,

Cy = Cpcosae + Cpsina, = 0.13sin(3a.) + 3.6 sin a. (4.29)

The resulting lift, drag, and normal force coefficients are shown in Fig. 4.4.
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Figure 4.4: Aerodynamic coefficients due to translational motion of the wing, adapted
from experimental data obtained from dynamically-scaled wing flapping experiments
in [84].

The normal force per unit span due to translational motion at span-wise station

y is computed using the local wing station speed and chord

1

Fi(y) = §pr2(y)CN(Oée(y))C(y)> (4.30)

where py is the fluid density, U(y) is the local wing speed, and a.(y) is the local
effective feathering angle, and c¢(y) is the local chord length. Continuing with the
assumption that the wing twist angle, J, is small, the following small angle approxi-
mation can be used

sin(a + 0) ~ sina + J cos a. (4.31)

Therefore, the normal force coefficient is expanded in terms of the effective feathering
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angle, ., defined by (4.27) to get

Cn(ae(y)) = (0.13sin(3c) 4 3.6 sin o) +

Lo (4.32)
(0.39 cos(3a) + 3.6 cos ) ) Z o5, (y)n;-

The translational force enters the structural equations of motion as a generalized
force, which is computed via the principle of virtual work. Assuming that the normal
force acts at the quarter chord, the i*" element of the generalized translational force

is given by

Q. = / Fy(y)éi(—c/4, y)dy, (4.33)

where b is the span of one wing, and ¢;(—c/4,y) is the mode shape along the quar-
ter chord line. The translational generalized force is composed of a deformation-
independent term and a stiffness matrix multiplying the structural generalized coor-
dinates, Q; = Q¢,+Q,n. Using the definition of the translational force (4.30), the nor-

mal aerodynamic coefficient (4.32), and the local wing section velocity U (t, y) = 1 (t)y,

the i*" element of the translational generalized force vector is

b

Qu, () = (1) 0135n(Ga(0) + 3.65n(a(®)] [ i(—c/4v)ely)ydy. (430

Similarly, the (4, j) element of the translational force stiffness matrix is

b

Qu,, (6 = 5p702(0) 039 cos(3a(0) + 3.6 costa(t))] [ 6i(~c/d.)o, (dy. (139

The second component of the aerodynamic force is due to the added mass of
accelerated fluid. The added mass force arises from the fact that the wing accelerates

a volume of fluid as it moves. Here, the classic results of Theodorsen for a small-
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amplitude pitching and plunging plate are used to approximate the added mass force
(see [90] for a good description). If the axis of feathering rotation relative to the wing
coordinate system origin is denoted by x,, then the added mass force per unit span
is given by

Fw) = " [0y t) - o) - 2] (4.30

where h(y,t) = > ¢i(x,.,y)n;(t) is the out-of-plane wing deformation at the axis of
rotation. Using again the principle of virtual work, the i*" element of the generalized

force due to added mass is given by

Qui(t) = / Fu(y, )éu(—c/4,y)dy, (4.37)

which is composed of a deformation-independent term, a damping matrix multiplying
the structural generalized velocities, and a mass matrix multiplying the structural
generalized accelerations, Q, = Qq, + Qa7 + Qu;7. Substituting the expression for

. (4.27), the i*™ element of the added mass force vector is

b

Q=" [ -c/ v [P0ty - ma)] dy. (439)

0

The (i, 7) element of the added mass damping matrix is

. b
Qun, 0= 2220 [ (e, )y, (). (4.39)

The (i, ) element of the added mass acceleration matrix is

b

Quy, == [ oi(—c/4.9) [1ec(w)s, () + clwP0ymn )] dye (440)

0
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Assembling all the generalized aerodynamic forces, the total aerodynamic force on

the structural degrees of freedom is

Q = Qto + an + Qtnn + Qaﬁﬁ + Q(Lijﬁ? (441)

which is used in (4.18) to describe the coupled fluid-structure interaction of the wing
flapping dynamics. The key advantage of the blade element aerodynamic model is
that the aerodynamic forces are spatially and temporally resolved for a given set of
stroke kinematics before a simulation is integrated. Thus, given the stroke kinematics
and structural mode shapes, the flapping wing equations of motion take the form of

a linear time-varying system

Mij+ C(t)n+ K(t)n = F(t) (4.42)

where the mass, damping, stiffness, and applied forces are given by

M = (I = Qa,) (4.43)
C(t) = —Qa, () (4.44)
K(t) = Q— (Q*(t) + P(t)) — Qu, (1) (4.45)

Wit)
F(t) = Qu(t) + Quo(t) + My | Ca(vo(t),wolt)) — | P(t) | |- (4.46)
Q(t)

4.3 Simulation Methods

A simulation environment was developed in MATLAB using the ode45 numerical in-
tegration routine to integrate the linear time-varying flapping-wing dynamics (4.42).
The inputs to the simulation are the wing stroke kinematics (6(t), a(t), and ¥(t)),

the wing structural mode shapes, ¢;(x,y), and frequencies, w;, and the wing mass
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density, p(z,y), and thickness, h(z,y).

The simulation begins by pre-processing the input data to calculate the time-
varying forces, stiffness, and damping on the structural modes. First, the prescribed
wing stroke angles are used to compute the wing frame angular velocities, w,, via
the inverse kinematics (4.23). Next, the wing frame velocities and accelerations are

computed using the relationship

Vo(t) = —w, X 1, (4.47)

Vo(t) = =W, X T — Wy X (W, X 1),

where r, is the position of the rotation axis relative to the wing frame origin. Using
the structural mode shapes and wing kinematics, the applied acceleration mass matrix
M, and the aerodynamic generalized forces are computed through spatial integration
of the mode shapes. Finally, the mass matrix and time-varying forces, stiffness, and
damping matrices are assembled according to (4.43) — (4.46), and the dynamics are

integrated to obtain the wing shape throughout the flapping cycle.

4.3.1 Simulation parameters for a Manduca sexta wing

Kinematic and structural parameters for a representative Manduca sexta wing were
obtained using published data from a variety of sources. The wing stroke kinematics
are derived from experimental measurement of hawkmoth wing kinematics in [91] and
sinusoidal models employed in [87]. The wing stroke position and feathering angles

are prescribed for a symmetric wing flapping cycle given by

P(t) = —Ay cos(2mt/T)
(4.48)

a(t) = g — A, tanh (g sin(27rt/T)) ,

where A, is the stroke position amplitude, A, is the feathering angle amplitude,

and T is the wing-beat period. We used a nominal wing-beat frequency of 25 Hz,
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Figure 4.5: Wing stroke angles for a nominal symmetric flapping cycle, showing the
wing position angle ¢ and wing feathering angle a.

stroke position amplitude of A, = 60 deg, and feathering amplitude of A, = 45 deg,
all values consistent with previous measurements of Manduca sexta wing kinematics
(Figure 4.5). An elevation angle, 0, of zero was maintained during the simulation,
which approximately models the small elevation changes shown in experimental data
[91].

Wing planform geometry was measured from photographs of a hawkmoth forewing
from [73], scaled for a 50 mm wing span. Wing thickness was modeled as an expo-
nential decrease in thickness from root to tip and from leading edge to trailing edge,
similar to the model employed in [92]. The wing material density was uniform, with
a value of p(z,y) = 220 kg/m? to give a forewing mass of approximately 36 mg,

consistent with measurements of hawkmoth wing mass in [87].

Structural modes for the simulation can be derived from a finite element model of
the wing. However, because the wing is composed of anisotropic vein and membrane
structures of variable stiffness and thickness, development of an accurate finite ele-

ment model can be a substantial effort (see, e.g., [92]). An alternative method is to
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Figure 4.6: Prescribed wing mode shapes showing the out-of-plane deformation in
mm. (a) The first bending mode. (b) The first torsion mode.

prescribe assumed wing mode shapes and frequencies. Here, two wing mode shapes
were prescribed using the first bending mode and first torsion mode of a cantilevered
plate to capture the dominant wing bending effects, as shown in Fig. 4.6. Using
the simulation environment, the wing mode frequencies were tuned to achieve rea-
sonable deformation during a flapping cycle, where 95 Hz frequency for the torsion
mode and 90 Hz frequency for the bending mode were found to produce realistic wing

deformation.

4.8.2  Simulation validation

The wing flapping simulation was validated through comparison to Manduca wing
flapping experiments in [74], similar to the comparison performed in [81]. These
experiments measured the deflection of the wing relative to rigid motion at three
locations — the forward-most point on the leading edge, the wing tip, and the aft-
most point on the trailing edge. Wing deformation was defined by the angle between

the plane of a rotating rigid wing and a line connecting the wing root to the deformed
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point (see Fig. 1 in [74]).

The conditions for these experiments were simulated using a wing stroke amplitude
of Ay = 54 deg at a frequency of 26 Hz (adjusted from 25 Hz in order to match the
experiment), with a constant wing feathering angle of @ = 90 deg. The structural
generalized coordinates, n, and velocities, 1), were initialized to zero and the dynamics
were integrated for four wing stroke cycles. The structural dynamics settled into a
limit cycle after the second wing stroke cycle, and the fourth wing stroke cycle was
used to compute wing deformation at the trailing edge and wing tip for comparison
to experimental data collected in [74]. One wing stroke cycle was sampled from the
data presented in [74] for the wing tip and trailing edge positions. The simulated
results that were obtained are compared to the sampled data, along with second-
order Fourier fits of the experimental and simulation data using the first two Fourier
coefficients (26 Hz and 72 Hz), shown in Fig. 4.7. Despite the fact that the simulation
only integrates four state variables (two modal coordinates and two modal velocities),
the simulation captures the overall wing motion well, as evidenced by the similarity
between the second-order Fourier fits of each data set (shown in dashed curves). The
root mean square (RMS) error between the second-order Fourier fits of the simulation
and experiment were computed as 2.5 deg for the wing tip deformation and 2.0 deg
for the trailing edge deformation, confirming that the simulation captures the wing

motion up to second-order harmonics.

4.3.8 Nominal flapping trajectory

The nominal flapping trajectory defined by the stroke kinematics shown in Fig. 4.5
was simulated to analyze wing deformation during a flapping cycle. The structural
generalized coordinates and velocities were initialized to zero, and the dynamics were
integrated for four flapping cycles. The wing shape for the deformed wing was com-
pared to the rigid motion of the wing (i.e., the wing position and feathering angles

defined by the kinematics). The stroke sequence for the deformed wing shape and
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Figure 4.7: Comparison of wing deformation computed from a simulated wing flap-
ping model with experimental data from [74]. Second-order Fourier fits of the the
simulation and experimental data are shown in dashed curves.

the rigid wing shape is shown in Fig. 4.8 for the wing section located at 70% span.
This span-wise location was chosen to demonstrate the pronounced wing twisting that
occurs near the wing tip during stroke reversal. Wing stations closer to the wing root

exhibited similar patterns, but with smaller wing twist angles.

The simulation results exhibit pronounced pronation at the beginning of the down-
stroke and supination at the beginning of the upstroke, which is consistent with ob-
servations of moth wing motion [91]. Additionally, wing flexibility creates a slight
elevation in the wing tip at stroke reversal, which generates a figure-eight trajectory

for the wing tip. As a note, the maximum angle of wing twist § (angle between the
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downstroke

RN

Figure 4.8: The nominal wing stroke sequence showing the deformed (flexible) wing
shape compared to the rigid wing motion for the wing section located at 70% span.
The filled circle on each wing section indicates the wing leading edge. Each wing
section is drawn to scale with its position drawn from the side view of the wing
flapping (the body y-axis) and its orientation drawn as viewed down the span-wise
axis of the wing (the wing y-axis). Wing sections are sampled uniformly in time.

rigid and elastic chord lines) is approximately 25 deg and varies in magnitude between
0 and 25 deg during the stroke cycle. In the development of the aerodynamic model,
the wing twist angle was assumed to be small. An angle of 25 deg results in less
than 10% error due to the small angle approximation of the cosine function and less
than 4% error due to the approximation of the sine functions. Thus, the small angle

assumption is reasonable in this case.

Wing twist at stroke reversals generates large lift transients through the increased

wing acceleration due to the release of elastic energy at the end of each stroke (note the
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Figure 4.9: Total lift force over one flapping cycle for a rigid and flexible wing, with
the mean force shown as a dotted line. The increased force at the beginning and end

of each half stroke is due to increased acceleration from the release of elastic energy
of the flexible wing (c.f. Fig. 4.8).

acceleration at the end of the strokes in Fig. 4.8). These lift transients arising from
increased angular velocity were also observed in a computational study performed in
[93]. The time history of lift force on a single forewing is shown in Fig. 4.9 to compare
the lift acting on the flexible wing with lift generated by a rigid wing. The mean lift
force generated by the rigid wing is 9.2 mN, while the flexible wing generates 10.6 mN
of lift, a 15% increase in lift. When the lift force is scaled to account for two wings,
the lift generated by the nominal flapping sequence is enough for hovering for a 2.15
g hawkmoth, which is within the range of measured mass values in [87].

The nominal flapping trajectory was also simulated in the absence of aerodynamic
forces by setting the fluid density p; to zero. This modified simulation isolated the
influences of inertial-elastic loads from aerodynamic loads to determine their relative
importance in predicting wing shape. Wing deformation angles for the wing tip and
wing trailing edge are compared with and without aerodynamic loading in Fig. 4.10.

The absence of aerodynamic loading has two effects. First, the deformation amplitude
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Figure 4.10: Comparison of wing deformation at the wing tip and trailing edge with
and without aerodynamic forces. The absence of aerodynamic forces reduces the
deformation during mid-stroke and advances the phase of the structural modes.

is reduced primarily during mid-stroke, where the inertial loads are minimum (zero
acceleration of position angle 1), and where the translational aerodynamic loads
are maximum (maximum translational velocity). The motion during stroke reversal,
however, is very similar due to the dominance of inertial-elastic loads during this
portion of the stroke. Second, the deformation in the absence of aerodynamic forces
is phase advanced by ~30 deg due to the absence of aerodynamic damping. The
maximum deflection is reduced by 35% for the wing tip and 30% for the trailing
edge in the absence of aerodynamic loads, indicating that the inertial loads play
a larger role in predicting wing shape. These results are supported by the wing
flapping experiments performed in [74], where inertial loads were shown to dominate

the aerodynamic loads.
4.4 Sensor Placement Results

In this section, strain measurements on a flapping wing are demonstrated to be suf-

ficient to reconstruct perturbations in wing rotation rates arising from, e.g., body
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rotations due to external disturbances. Three methods of analysis are employed to
demonstrate the results. First, nonlinear observability tools are applied to a slightly
simplified model to analytically determine the conditions required for observability
of rotation rates. Second, a numerical study is performed using the empirical ob-
servability Gramian in conjunction with the simulation environment. The numerical
study yields quantitative measures of observability and probes questions regarding
favorable sensor locations and types. Finally, the observability-based optimal sensor
placement problem is solved to predict favorable sensor locations, and a comparison

to mapped sensor locations on a hawkmoth wing is performed.

4.4.1 Rotation rates are observable from wing strain measurements

Motivated by the experimental evidence that inertial loads play a much larger role
than aerodynamic loads in determining wing deformation [74], observability of rota-
tion rates is analyzed under no aerodynamic loading. The absence of aerodynamics
simplifies the dynamics, which allows the observability analysis to be analytically
tractable. This simplification is removed for numerical observability studies in the
next section. Additionally, the wing velocities and accelerations are rewritten in
terms of the applied angular rates, w, and the point of rotation, r,, as described in
(4.47). For the nominal trajectory studied here, the point of rotation is located on the
wing root chord, which gives y, = 2. = 0. Substituting the computed values for the
wing velocities into (4.42) and removing the aerodynamic terms, the wing flapping

dynamics reduce to

z, (2PR _ Q)
i+ Q- (PP+Q))n=M,| —-QR-P |. (4.49)
PR—Q

The measurements obtained by campaniform sensilla distributed across the wing
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are modeled using the local wing strain. Experimental evidence has suggested that
these mechanoreceptors can measure both tension and compression [94], therefore the
sensor information is modeled using the wing strain at the sensor location. Linear
elastic theory states that strain measurements are proportional to the local curva-
ture of the wing. For a strain sensor located at ry, = :Usip + ysjp + zsl;p, the strain

measurement vector is given in by [80]

O*w(xs,ys)/Ox?
€=—2 | Pw(rs,ys) /0y | (4.50)
20%w(xs, ys)/0xdy

which gives the chord-wise bending strain, span-wise bending strain, and shear strain.

In terms of the modal coordinates, the strain measurement is

n 82@(%7?/5)/3272
€= _ZZS a2¢i<xsvys)/ay2 ;. (451)
| 200w 000y

In this analysis, the strain sensors are assumed to report a scalar value as a linear
combination of the strain vector components (e.g., only bending or shear strain or
some combination). Therefore, the measurement model is a linear combination of the
modal coordinates:

y = Hm, (4.52)

where H is a function of the sensor locations, which (for now) are assumed to be

known.

The observability rank condition is applied to the wing flapping dynamics to
test if wing rotation rates (P,Q, R) are observable using strain measurements on
the wing. The wing flapping system is modeled with the control input variable

. . . T
u = [ P Q R ] (i.e., the wing rotational accelerations are known inputs), and
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T
state vector x = | o7 T P Q R ] . Rewriting the dynamics (4.49) in control-

affine form gives

1 0 0 0
K(w,)n + (2Myz, + M3) PR — MLQR -M, —Mz, —M;3 0
X = 0 + 1 0 0 |u
0 0 1 0
I 0 | | o 0 1
y = Hp,
(4.53)

where K (w,) = P?+ Q* — is the stiffness matrix, and M; denotes the j™ column of
the M, matrix. We consider the case of r structural modes, with r linearly indepen-
dent strain measurements (i.e., H € R™" is full rank). Because H is full rank, we can
equivalently consider the output y = 1. Using this output, the Lie derivatives with
respect to the drift vector field, f,(x), are considered. Computing the Lie derivatives,

the rank of the matrix

h
Leh
doza3 o (4.54)
x| Lth
Lih

is found to be deficient by one, and the fourth-order Lie derivative L%Dh is linearly

dependent on the lower-order derivatives. Thus, the system is unobservable without
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active control input. If control input is applied along any of the axes, the matrix

h
L¢h
dO = 0 L?h (4.55)
C0x fo ‘
Li{h
L¢Li h
is full rank for any input vector field f;, i = 1,...,3. Therefore, the system is locally

weakly observable if rotational acceleration is applied in any axis. Thus, strain mea-
surements can be used to reconstruct wing rotation rates, whether they arise from
the normal prescribed wing motion or from external disturbances. Furthermore, the
condition of dQ is improved by application of actuation in multiple axes. For the case
of the nominal wing flapping trajectory, all axes have variable angular acceleration

over time, which improves system observability.

The presence of the control vector fields f;(x) in the observability matrix dO
indicates that angular acceleration in at least one axis is required for angular rate
observability. This is due to the fact that the angular rates induce wing deformation
via Coriolis forces, which are orthogonal to the angular velocity vector. If no angular
acceleration is applied, the angular velocity vector is constant in time, and the space
of angular velocities that induce Coriolis forces is a plane, which does not span the
three-dimensional space of wing angular velocities. This necessity for angular accel-
eration is depicted in Fig. 4.11. Because the flapping motion continuously changes
angular velocity, the full space of angular rates is sampled, satisfying the observabil-
ity conditions. For the nominal flapping sequence, the angular velocity vector sweeps
through the space of angular rates, as shown in Fig. 4.12, which allows detection of

rotations in any direction.
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Figure 4.11: Pictorial representation of the necessity for angular acceleration to ob-
serve body and wing rotation rates using strain sensing. Angular rates are encoded
through Coriolis forces on the wing that induce strain patterns. For a constant angu-
lar rate wy, the space of Coriolis-inducing angular velocities is the plane orthogonal
to the constant angular velocity vector, which does not span the three-dimensional
space of angular velocities. If angular acceleration is applied, the direction of the
angular velocity vector changes, which allows the full space to be spanned using the
two planes.

downstroke

upstroke

-0

Figure 4.12: The surface swept out by the wing angular velocity unit vector during the
nominal flapping sequence. Because the angular velocity vector direction changes in
time, the wing and body rotation rates are observable. The time history of the angu-
lar velocity vector forms a well-conditioned basis for observing the Coriolis-inducing
rotation rates, making the wing and body rotation rates easier to detect.

4.4.2  Effect of strain sensor location and type

The previous section demonstrated that wing angular rates can be reconstructed from

a time history of strain measurements on the wing. In this section, an investigation
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Figure 4.13: Observability indices for varying sensor location and type, normalized
by the maximum index. (a) The observability index for sensors measuring shear
strain, which is maximum at the wing tip where wing twist is maximum. (b) The
observability index for sensors measuring span-wise bending strain, which is maximum
at the wing root.

is performed to discover the role of sensor location and type (bending or shear strain)
in wing rotation sensing. Sensor fitness is measured by the empirical observability
Gramian (see Chapter 2), which gives a quantitative measure of system observability

for a given sensor configuration.

The empirical observability Gramian was computed over the nominal flapping
cycle for varying sensor location and type by perturbing the angular rate initial con-
ditions in each of the three wing axes, simulating a disturbance to the wing kinematics.
Strain measurements were sampled in a grid of 51 span-wise stations, with 21 chord-
wise samples per station, resulting in a minimum grid spacing of 1lmm. The empirical
observability Gramian was computed for each sensor location for sensors measuring
bending strain, €,,, and shear strain, €,, (note that the assumed structural modes

used here do not have chord-wise bending, so €, is identically zero).
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The observability index for each sensor location and type is shown in Fig. 4.13.
The observability indices indicate that the angular rates are encoded primarily through
shear strain (left side of Fig. 4.13), with the maximum information gained at the wing
tip, where wing twist is dominant during pronation and supination. Bending strain
(right side of Fig. 4.13) is largest at the wing root and encodes more information
about wing rotation rates than shear strain near the wing root. These results provide
hypotheses regarding favorable sensor type as a function of location on the wing —
sensors near the wing tip provide more information when sensitive to shear strain,
while sensors near the wing root provide more information when sensitive to bending
strain.

A second set of Gramian computations were performed to assess the relative ob-
servability of angular rate perturbations to the body axis system, which is fixed to the
moth body with x axis pointing aft along the wing stroke plane, y right in the wing
stroke plane, and z normal to the wing stroke plane, as shown in Fig. 4.14. Angular
rate perturbations were applied in each of the three axis directions: roll (x), pitch
(y), and yaw (z). Because the nominal wing stroke is symmetric between the left and
right wing, only the right wing was simulated to compute the empirical observability
Gramians. The Gramian for the left wing is computed from the Gramian for the right
wing by noting that the perturbations in the x and z axes are opposite for the left

wing,
W,(1,1) —W,(1,2) W,(1,3)
Wi=| —W,(2,1) W,2,2) -W,(2,3) |, (4.56)

Wr<37 1) _Wr(?)? 2) Wr(37 3)

where W, (i, ) is the (4, ) element of the empirical observability Gramian computed
from the simulation of the right wing. This complementary nature of the information
encoded by sensors on the two wings improves the observability index when summed
together. Thus, information fused between sensors on both wings provides a better

estimate of the body rotation rates.
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4

Figure 4.14: Simulation of the nominal flapping trajectory showing the body axis
system, wing stroke plane, and wings at 75% downstroke.

The eigenvalues and eigenvectors of the observability Gramians for shear strain
and bending strain sensors were computed and averaged over all sensors spatially
distributed across the wing, as shown in Fig. 4.15. The mean eigenvectors for the
computed observability Gramians are aligned with the body axis system, due to
the alignment of the wing stroke plane with the body axis system. The minimum
observability Gramian eigenvalue corresponds to rotation about the body z axis (the
axis normal to the wing stroke plane), which is the least observable rotation mode.
The largest two eigenvalues correspond to rotation about the body x and y axes, with
the y rotational mode having a slightly higher eigenvalue on average. For the case
of shear strain sensors, the eigenvalues for x and y rotation are approximately 35%
larger than the eigenvalue for z rotation, which indicates that roll and pitch rotations
are more easily detected than yaw rotations. However, bending strain measurements
yield a more well-conditioned observability Gramian (smaller observability condition
number), with the maximum eigenvalue 10% larger than the minimum, thus providing

more uniform sensing capabilities in the three axes of rotation.
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Figure 4.15: Comparison of spatially averaged observability Gramian eigenvalues for
rotation about the body z, y, and z axes using either shear strain (e,,) or bending
strain sensing (€,,). In both types of sensing, rotation about the z axis is the least ob-
servable mode, while rotation about x and y are the most observable modes. Bending
strain sensing provides a smaller observability condition number with more uniform
eigenvalues.

The observability Gramian eigenvalues give a measure of the rotational rate en-
coded in strain energy. Body rotation induces a change in the strain pattern from a
nominal flapping sequence that allows the rotations to be observable. This change in
strain pattern over the nominal flapping cycle is shown in Figure 4.16 for perturbations
in the rotation rate for each of the three body axes. The changes in the strain patterns
are particularly distinguishable during the upstroke, where the change in wing stroke

kinematics has had sufficient time to induce noticeable change in deformation.

4.4.3  Optimal sensor configuration for body rate estimation

It is apparent that the spatial distribution of strain sensors can affect the measure of
body rotation rate observability and, thus, the accuracy to which the body rotation

rates can be reconstructed from instantaneous strain measurements (c.f., Fig. 4.13).
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Figure 4.16: Change in the mean shear strain over one flapping cycle due to rotations
in each of the three body axes.

In this section, the sensor locations and types (shear or bending strain) that optimize
observability of body rotation rates are computed based upon the empirical observ-
ability Gramian. The optimal sensor sets are compared to locations of campaniform
sensilla found on Hawkmoth wings [73], and hypotheses for sensor type distribution

are developed for the known campaniform locations.

The optimal sensor placement problem (3.9) is formed to compute the optimal
sensor configuration for rotation rate observability. In the interest of finding a sensor
set that provides both a large observability index and a small observability condition
number, the cost function is formed as a weighted sum of the condition number and
the inverse of the observability index (the unobservability index), both of which are
convex functions of the Gramian, W [29]. Defining the condition number as x(1), the

inverse of the minimum eigenvalue as v(WW), and the weight w, > 0, the observability-

based sensor placement cost function is

JW]| =r(W)+w,v(W). (4.57)
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The input data to the optimization problem are computed using the empirical
observability Gramian [37] and the nominal flapping sequence, where the Gramians
are computed for each allowed sensor location. The sensors are constrained to be
located on one of the wing veins to be consistent with the campaniform locations found
in [73]. The wing veins serve as a wing support structure as well as a nerve pathway
for the sensory information. A map of the wing venation pattern and locations of wing
campaniform sensors were measured from data presented in [73]. The set of possible
sensor locations was constructed by discretizing the measured wing veins using a 2
mm spacing of sensors along each vein, for a total of 123 possible sensor locations.

The optimal sensor placement problem (3.9) was solved for the placement of r = 20
sensors with a cost function weight w, = 0.4 using the cvx convex optimization
modeling language toolbox for MATLAB [95, 96]. The resulting sensor locations and
types are shown in Fig. 4.17 compared to the the locations of campaniform sensors
measured from [73]. The computed sensor locations form into two clusters: one
located near the wing root composed of bending strain sensors, and one located near
the wing tip composed of shear strain sensors. These two clusters yield a sensor set
with desirable observability characteristics — the bending strain sensors provide more
equal sensing in each rotational axis through a low observability condition number,
while the shear strain sensors provide more sensitivity to body rotations through a
large observability index. Although the computed pattern does not identically match
the measured locations of campaniform sensilla, both sensor sets show a similar trend.
The campaniforms form into three clusters: one near the root, one mid-wing, and one
at the tip. Not shown in Fig. 4.17 are an additional ~200 campaniforms clustered
very near the root at the wing hinge. The campaniforms cover the areas that the
computations show to be most informative of body rotation rates near the root and
tip.

Although the computed sensor sets are heterogeneously composed of bending

strain and shear strain sensors, the variation in information that each campaniform
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Figure 4.17: Optimal set of » = 20 sensors compared to locations of campaniform sen-
silla found on a hawkmoth forewing in [73]. The computed sensor locations combine
bending strain sensors clustered at the wing root with shear strain sensors clustered
at the wing tip. Not shown are the clusters of campaniform sensilla located at the
wing root near the wing hinge, which account for ~200 of the ~250 campaniform
SEnsors.

sensillum encodes is not well-understood. Given the measured locations of campan-
iform sensilla on the hawkmoth forewing, the sensor type (bending or shear strain)
that optimizes body rate observability was computed for each location according to
the cost function (4.57) with a weight w, = 0.4. The resulting sensor types are shown
in Fig. 4.18, where the sensilla divide into a group of bending sensors near the root
and a group of shear sensors near the tip. This provides a hypothesis for how the
heterogeneity could be distributed across the wing for optimal observability of body

rotation rates.

4.5 Discussion

Through modeling and observability analysis, it has been shown that strain sensing
on insect wings is sufficient to reconstruct wing and body rotation rates, supporting

the hypothesis that the wings of Manduca (and other species of flying insects) serve
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Figure 4.18: Optimal sensor type selection for campaniform sensilla mapped from
a hawkmoth forewing (campaniform sensilla locations from [73]). The sensors are
divided into two groups: bending strain sensors near the root where bending strain
is maximum, and shear strain sensors near the tip where shear strain is maximum.

not only as actuators, but also as mechanosensors. The continuously changing wing
kinematic angles produce inertial loads on the wing in the form of linear and angular
acceleration, and centripetal and Coriolis forces, which induce spatial and temporal
strain patterns that encode the applied rates and accelerations. This active motion
of the wing was shown to be necessary for angular rate observability in all axes,
where the change in angular rate vector in time allows the direction of sensitivity
to the Coriolis force to change in time. Thus, the wing flapping motion allows the
wing to be sensitive to rotation-induced Coriolis forces in any direction. This inherit
coupling between sensing and actuation highlights the role of nonlinear observability
analysis and sensor placement in analysis of complex systems. Furthermore, it was
demonstrated that body rate information encoded by strain sensors on one wing is
complementary to the information encoded on the opposite wing, indicating that if
sensory data are fused from both wings, more accurate measurement of body rates is

possible.

The effects of strain sensor location and type on rotation rate observability were



75

analyzed via the empirical observability Gramian. The most information about body
rotation rates was found to be encoded as shear strain due to wing twisting, and
sensors near the wing tip were found to be best positioned to measure the shear
strain. The shear strain energy is dominant due to the pronounced twisting during
wing pronation and supination. The timing and magnitude of the wing twist are
perturbed by body rotation disturbances, which allows these disturbances to be easily
detected from a time history of shear strain. Although wing bending strain provides
less information about body rotation rates, these sensors are more equally sensitive
to rotations in each of the three body axes. A well-balanced combination of shear
strain and bending strain sensors provides large amounts of information about body

rotation rates that is not directionally sensitive.

The observability-based optimal sensor placement problem was solved for strain
sensor locations and types along the Manduca forewing. The optimal sensor set
consisted of two clusters of sensors — one cluster of shear strain sensors near the wing
tip and one cluster of bending strain sensors near the wing root. The campaniform
sensilla mapped from a hawkmoth forewing also contain a large cluster of sensors
near the wing root, and pairs of sensors on each wing vein at the wing tip, suggesting
that these sensor sets could be used for measuring body rotation rates. The fact that
the true campaniform locations are not predicted by the observability-based sensor
placement is not surprising due to the fact that strain measurements likely serve
multiple sensory roles. Here, sensor location and type were optimized for observing
rotation rates, but the same strain information is useful for proprioceptive sensing
for, e.g., wing-beat timing [77, 97]. Nevertheless, the campaniform sensilla on the
hawkmoth forewing cover the areas with the most information about body rotation
rates and, thus, are well-placed for the wings to serve as gyroscopic sensors. The
relative composition of shear and bending sensors is dependent on the weighting
in the observability-based cost function. A high weighting on the unobservability

index results in larger portion of shear strain sensors due to more body rotation rate
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information encoded through wing twisting. A low weight results in a more bending
strain sensors that more evenly measure rotation rates in each axis.

The directional sensitivity of strain sensors is an interesting component to the sen-
sor placement results. The campaniform sensilla found on insect wings and halteres
have two levels of signal filtering — a biomechanical filter due to the geometry and
material makeup of the campaniform structure, and neural filtering on the strain-
induced signals [98]. The observability tools utilized in this work may be a useful
complement to a neural study to hypothesize campaniform directional sensitivity and
interpret sensing capabilities for discovered campaniform biomechanical and neural
properties. Properties of the neural filtering may be discovered by the sensor com-
pression problem detailed in Chapter 3, which is an interesting avenue for future

work.
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Chapter 5

ROBOTIC NAVIGATION WITH LIMITED SENSORS:
OBSERVABILITY-BASED GUIDANCE TRAJECTORIES

It is apparent from the observability measures detailed in Chapter 2 that the
system nominal trajectory (x°(¢),u’(¢)) has an impact on the observability measure
and, thus, the estimation performance. In some cases, the proper choice of trajectory
changes the system from unobservable to observable (e.g., when control actuation is
required due to the presence of Lgh in the observation space O). In this chapter, the
observability measures are used to develop guidance trajectories for robot navigation.
In particular, the focus is centered on robotic navigation with limited inertial sensors,
where active vehicle motion is used to improve navigation capabilities. First, the
observability-based guidance problem is formally stated in Section 5.1. Analytical so-
lutions to the observability-based guidance problem for four different robot navigation
scenarios are presented. Trajectories for uniform flow field identification are devel-
oped in Section 5.2, followed by range-only and bearing-only guidance trajectories in
Sections 5.3 and 5.4. The guidance trajectories are generalized to higher-dimensional
nonholonomic models of robot motion in Section 5.5. Finally, the optimal trajectories

are demonstrated in simulation to improve estimation performance in Section 5.6.

5.1 Problem Statement

Many vehicles are forced to operate with limited inertial sensing due to environmental
restrictions or economic infeasibility. In the underwater environment, for example, a
common form of navigation is through the use of a single ranging beacon. Vehicles

operating in GPS-denied or GPS-degraded environments, such as indoors, urban ar-
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eas, or in the presence of GPS jamming must resort to other sensors for localization
such as vision-based bearing measurements. In all of these cases, complete inertial
position and orientation data are unavailable and must be reconstructed using an es-
timator. Because the vehicle path affects the quality of information collected by the
limited set of sensors, an observability-based guidance scheme can be used to improve
navigation capabilities. In this section, the observability-based guidance problem is

formally stated for vehicles navigating with limited inertial sensors.

5.1.1 Motiwwating example

The observability-based guidance problem was inspired by the first unmanned flight
across the Atlantic by the Aerosonde [99]. The Aerosonde was able to cross the
Atlantic with limited sensor information and no communication with a ground station
for the majority of the flight. An on-board GPS unit was used to measure inertial
position and velocity during the flight and a pitot probe measured airspeed, however,
no compass was installed due to payload restrictions. The standard method of wind
calculation through vector subtraction, V,, = V, — V,, was therefore not possible
due to unknown heading information. The Aerosonde instead used ingenuitive flight
path planning to sample the wind at different headings. The aircraft made 90-degree
turns in flight to obtain ground speed measurements at different headings, which
allowed the wind vector to be triangulated as depicted in Fig. 5.1. Note that if
the planned trajectory is a straight, constant speed path, then the measured ground
velocity vectors will be identical at every point, therefore the wind velocity vector
cannot be determined using straight flight paths.

The Aerosonde problem demonstrates the inherit coupling between sensing and
actuation in nonlinear systems — the system observability is dependent upon the
choice of trajectory. Observability-based guidance considers the question: what is
the most informative way to move the vehicle? This problem can be formally stated

using the observability measures developed in Chapter 2.
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Planned Path Wind Vector Triangulation

Figure 5.1: Wind estimation technique performed by the Aerosonde. On the left
is a planned trajectory and three points where the ground velocity vector, V, is
measured. On the right is the measured ground velocities and circles indicating the
measured scalar airspeed. The wind velocity vector, V,,, is triangulated in this way.

5.1.2 Formal statement

Let the vehicle dynamics be given in the control-affine form (2.1) with states x, mea-
surements y, and inputs u. Let (x°(¢),u’(¢)) be the unknown trajectory that should
be generated to optimize an observability measure. In terms of the observability
Gramian, the observability-based guidance problem is formally given by the finite
time horizon optimization problem

min JW(ty)]

x0(t),ul(t)

subject to % = f3(x%) + Z f;(x")u’

y =h(x’) (5.1)
b = AX(t), u’(t))®
W =oTCT(x(t))C(x°(t))®
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where J[-] is a convex measure of the observability Gramian W (e.g., the condition
number) and ¢; is the fixed time horizon.

Unlike the optimal sensor placement problem (3.2), it is difficult to develop any
general solution techniques for the observability-based guidance problem (5.1). This
is primarily due to the fact that the observability Gramian is not an affine function
of the trajectory x°(t), therefore, the observability cost J[W (t;)] is a non-convex,
non-differentiable function of the vehicle trajectory. For particular sets of dynamics,
however, the observability Gramian can be written in closed-form as a function of the

linearization trajectory.

In this chapter, the constant-speed kinematic model of robot motion is employed

TN V cos 6 0

d

e Vsinf| + |0 w, (5.2)
0 0 1

where x and yg are the north and east positions of the vehicle in the plane, 6 is the
inertial orientation of the vehicle relative to the north direction, w is the turning rate
control input, and V' is the known vehicle speed. Using this motion model, a number
of analytical solutions to (5.1) can be computed for various sensor sets. The optimal
trajectories are derived by considering the geometric properties of the observability
Gramian. By specifying the trajectory geometry (e.g., the trajectory centroid or
inertia), the eigenvalues of the observability Gramian can be controlled. This process
of geometry-based trajectory optimization is described in the following sections for a

number of navigation scenarios.

5.2 Uniform Flow Field Identification

The motivating example of the Aerosonde performing wind estimation can be posed

as an observability-based guidance problem to find the optimal motion strategy to
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get the most information about the unknown wind speed and direction. The unicycle
motion model (5.2) is modified to include constant (unknown) winds, W, and W,,

and measurement of inertial position to obtain

TN Vecosh + W, 0
4 YE Vsind + W, 0
0= 0 + 1| w
W, 0 0 (5.3)
W, 0 0
TN
y = )
| YE

where the vehicle speed V' is the flow-relative speed.

5.2.1 Observability analysis

The observability of system (5.3) is analyzed to determine the necessary control inputs
to enable observability of wind speed and direction. The results of this analysis are

summarized in the following theorem.

Theorem 2 (Wind Observability). System (5.3) is observable with non-zero heading

rate input, and unobservable without heading rate input.

Proof. For (5.3), the nonlinear observability matrix is given by

10 0 0 0
01 0 00
h
o 0 0 —Vsiné 1 0
dO=-—| Lyh | = , (5.4)
X 0 0 Vecos 0 1
L¢ Le,h
0 0 —=Vecosf 0 O
0 0 —Vsiné 0 0
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which is full rank for any value of . Therefore the system is everywhere locally
observable if non-zero turn rate is applied. Note that higher-order Lie derivatives with
respect to the drift vector field, L’f?oh, are zero for k > 1. Therefore, if zero control
input is used, the nonlinear observability matrix dO consists of only the first four
rows of (5.4), which drops the rank to four. This finding agrees with the geometric
arguments shown in Fig. 5.1, where a straight path (i.e., no control input) yields
dependent velocity measurements and an unobservable wind vector, but a curved

path (i.e., nonzero control input) allows the wind vector to be observed. O]

5.2.2  Geometric interpretation of the observability Gramian

Knowing that turning motions are required for observability of (5.3), an analytical
solution to the observability-based guidance problem (5.1) can be derived using the
observability Gramian condition number as the objective to minimize. Let u°(t) =
w(t) be an arbitrary control input sequence. The dynamics (5.3) linearized about this

trajectory gives

0 0 —Vsin(6°()) 1 0
0 0 Veos(#°t)) 0 1
AX'#) =10 0 0 00
00 0 00 (5.5)
00 0 0 0
1 00 00
C =
01 00O

For every 7 and ¢, A(t) and f: A(o)do commute, therefore, the state transition matrix

can be written as

O(t) =1+ /tA(J)da. (5.6)

Although ®(t) cannot be integrated for arbitrary 6°(c), note that the (1,3) entry
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of ®(t) is simply equal to the negative of the east component of the dead-reckoning

trajectory in the wind-free frame, which is denoted z;. Similarly, ®53(¢) is equal to

the north component of the trajectory, denoted z;. The observability Gramian can

be assembled as

ty

Wity) = J/

0

21

—tZQ

tZl

t
0

—Z29 Z1 Z%‘i‘Z% _tZQ tZl

t2
0

0
t

0
t2

where the time dependence of z(t) is dropped for compactness.

dt,

(5.7)

Each of the entries in W (t;) represent interesting geometric properties of the

trajectory in the wind-free frame. Specifically, f(ff z;(t)dt = tsZz;, where z;, i € {1,2},

is the trajectory centroid in the z; direction, [}’ z1(t)? + 25(t)2dt = I, is the polar

inertia of the trajectory, and fotf tzi(t)dt = S.,, where S, , j € {1,2} j # i, is the first

moment of the trajectory with mass ¢ about the z; axis. In terms of these geometric

properties, the observability Gramian is

ty
0
—t7,
b
0

0
ty
tr7
0

1,42
3ty

—t;2
trZ
I
_Sz1
S

1,42
2ty
0
_821
1,43
3ty
0

0
1
st
S,

0

143
gl

(5.8)

The trajectory geometric properties in (5.8) cannot all be independently specified.

However, note that wind vector magnitude and direction can be determined through

simple vector subtraction if all inertial information is known, which leads to the

assumption that if all inertial information can be optimally observed, then wind speed
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and direction are also optimally observed.

Assumption 1. Trajectories that optimize the observability of the inertial position

and heading also optimize the observability of the wind speed and direction.

Under this assumption, only the first three rows and columns of (5.8) need be

considered, which are denoted Wi.3. Computing the eigenvalues of Wi.5 yields

Ly

\— Iz—gtf+%\/122_2]th+15§+42%+42§ . (5.9)

S 41— 2Lt 4+ £+ 45 4 433

This set of eigenvalues has two possible minimum eigenvalues:

Iz“—tf
2

1
Amin = min {tf, — 5\/]3 —2]ztf+t§+4z%+4z§}. (5.10)

Because ty will always increase with the estimation time horizon, only the second
possibility is of interest. The minimum eigenvalue will achieve a maximum when it
is stationary with respect to the trajectory variables, z;, Z5, and I,. Calculating the

derivatives with respect to each variable gives:

0 —2z
0z V122t +t5 4z +423
i . —2Z2
025 | Amin = V/I2—2Ltp+t3+452+452 : (5.11)
0 1, tr—1z
| 91 | ERENGEIE e

The critical point of (5.9) where the derivative vanishes occurs when z; = zp = 0.
Therefore, the trajectory that maximizes the minimum eigenvalue of W7.3 is symmetric

about the starting point of the trajectory in the (z1, z2) plane. Substituting z; = 2z, =
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0 into (5.9) yields the optimal eigenvalues
. T
N = [tf t 1;] . (5.12)

Because I, is a free parameter in the problem, it can be selected to minimize the

condition number of W3, which yields I, = ty.

5.2.83  Optimal trajectory

Having solved for the geometric characteristics of the optimal trajectory, the optimal

control inputs can be derived.

Theorem 3 (Optimal Wind Identification Trajectory). The control input:

dm ot < ty/2
W)= i (5.13)

—7 t=>1ty)2

will produce a trajectory that optimizes the observability of wind speed and direction

for system (5.3).

Proof. The control inputs yield a trajectory in the (21, z9) plane:

th . 47Tt

*t = — _

21 (%) ym sm(tf)
%(1—(:08 (i—?)) t<ty)2

Z*(t) = ’
2 m(cos<@>—1> t>tp/2
4T ty Zf

which has a centroid of zj = z; = 0. Therefore it is a stationary point of (5.9), and

the minimum eigenvalue of Wi.3 is maximized. Furthermore, if the estimation time

horizon is selected to be t; = 2“//5”, then the trajectory polar moment of inertia is

given by I¥ = [/ (21(t)? + 25(t)?) = 2427, and the optimal eigenvalues (5.12) are all
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21

Figure 5.2: Optimal figure-eight trajectory for identification of a uniform flow field.

2\/77'('

equal to Therefore, the condition number of W.3 is one, and the heading angle
can be computed with arbitrary accuracy. Finally, under Assumption 1, the wind

speed and direction observability are maximized. O]

The optimal trajectory takes the form of a “figure-eight” in the (z1, 29) plane, as

depicted in Fig. 5.2. If the estimation time horizon is selected as t; = 2‘[“ , then the
optimal control magnitude is w = v/2V, which yields a turning radius of r = 75. If
this value of w is greater than the maximum allowable control input, then the optimal
input consists of bang-bang controls (switching between maximum and minimum
magnitudes). The bang-bang control scheme still maximizes the minimum eigenvalue

of Wi.3, and the condition number of Wi.3 is equal to for 47 ;=W < +/2V, which

\/7w

V/QtQ
approaches 1 as ¢y approaches 2

The optimal figure-eight trajectory pictured in Fig. 5.2 shows the vehicle starting
with a north heading. However, the optimal trajectory is invariant under rotation
and reflection, which indicates that the optimal control input (5.13) generates an
observability-optimal trajectory independent of the initial vehicle orientation. Fur-
thermore, the optimal trajectory can be shown to be the time-optimal solution to the
observability-based guidance problem, generating an observability-optimal solution

with minimum path length [58].
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Figure 5.3: Beacon position described in the vehicle-fixed frame.

5.3 Range-only Localization

In range-only localization, the vehicle has range measurements to a static beacon
with known position. It is also assumed that the vehicle has inertial orientation
measurements (e.g., from a compass). Because the vehicle heading, 6, is measured
directly, the vehicle dynamics (5.2) are rewritten as beacon position dynamics in a

vehicle-centric frame with turn rate input to get

— Ty (5.14)

1

where (xp,yp) is the position of the beacon in the vehicle-fixed frame, as depicted in

Fig. 5.3.

5.83.1 Observability analysis

Nonlinear observability analysis is applied to the unicycle dynamics with range-only

measurements (5.14). The nonlinear observability matrix is given by

O | h| |z w

do = — =
OX | Le h ~V 0

(5.15)
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which is full rank as long as Vy, # 0. As a note, the Lie derivative with respect to the
control vector field, Lg h, is identically zero, therefore turning input does not alter
system observability. The observability matrix drops rank under two conditions: if
V' # 0 (i.e the vehicle is not moving) or if y, = 0 (i.e., the vehicle heading is aligned
with the beacon). The first case (V' = 0) causes the system to be unobservable because
a single range measurement does not uniquely localize the vehicle. The second case
(y» = 0) causes dO to drop rank because the system evolves on a lower-dimensional
manifold when the beacon is aligned with the vehicle heading. In this scenario, the

lower-dimensional dynamics are given by

By = £V
: (5.16)

2

Yy = §xb7

where the sign of V' is determined by the vehicle heading. These lower-dimensional
dynamics are still locally observable, therefore, system (5.14) is everywhere locally

observable if the vehicle is moving with non-zero speed.

Although the system is locally observable during straight-path motions, the ob-
servability matrix is poorly conditioned when the vehicle heading is nearly aligned
with the landmark due to the symmetry in the range-only navigation problem, as
depicted in Fig. 5.4. Straight paths are indistinguishable from a path mirrored about
the landmark, and the close proximity of two indistinguishable paths results in an

ill-conditioned estimation problem.

5.3.2  Optimal trajectory

Similar to the procedure employed for flow field identification in Section 5.2, the
observability Gramian for range-only localization can be computed in closed-form as

a function of the vehicle trajectory. Linearizing system (5.14) about an arbitrary
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Figure 5.4: The symmetry in the range-only navigation problem causes straight line
paths to be indistinguishable from their mirrored transformation about a parallel line
through the landmark.

input u°(t) = w(t) and state trajectory (z9(t),y)(t)) results in the LTV system

i f?b . 0 uo(t) .f?b
dt |~ | 0 ~
Ub t 0 ~ Ub (5.17)
i =50 W) .

The corresponding state transition matrix is given by

B(t) = cos0°(t)  sin6°(t) | (5.18)
—sinf°(t) cos0°(t)

where 6°(t) is the vehicle heading over the linearization trajectory. Computing the

observability Gramian as a function of the linearization trajectory gives

ty

2% () an()ys(t)
W) — 5.19
) 0/ en(tye)  yp) . 19
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where (zx(t),ye(t)) is the nominal trajectory of the vehicle relative to the beacon in
the inertial frame. Therefore, the observability Gramian is an explicit function of the
inertial vehicle trajectory, which can be computed to optimize the eigenvalues of the

observability Gramian.

Theorem 4 (Optimal Range-Only Localization Trajectory). A circular trajectory

centered at the beacon with radius p

xy(t) pcos(2mt/ty)
=" ! telo t]
ye(t) psin(27t/ty)
will minimize the condition number of the observability Gramian for the range-only

localization system (5.14).

Proof. The trajectory gives the observability Gramian

L f(2m) 0
Wi(ts) =
) 0 typ?)(2m)

which has a condition number of one, and maximizes the observability of the inertial

position given range measurements to a single beacon. L]

The optimal trajectory is a somewhat unintuitive result. A circular trajectory
centered at the ranging beacon will yield constant measurements, which would seem
to provide poor information about the vehicle position. However, with knowledge
of the circular trajectory, the vehicle position can be uniquely determined with the

radius of the circle (range measurement) and the vehicle heading.
5.4 Bearing-only Localization

Similar to the case of range-only localization presented in Section 5.3, the bearing-only

localization problem assumes bearing measurements to a static beacon and inertial
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orientation measurements. Using the beacon dynamics in the vehicle-centric frame

(see Fig. 5.3), the bearing-only localization dynamics are given by

d [z -V Yb

dt |y, 0 —14 (5.20)

= tan™" (yo/xs),

where (xp,yp) is the position of the beacon in the vehicle-fixed frame, as depicted in

Fig. 5.3.

5.4.1  Observability analysis

Nonlinear observability analysis is applied to the unicycle dynamics with bearing-only

measurements (5.20). The nonlinear observability matrix is given by

0 | h 1 -y x
dO == a— ) 2 v ’ V(inyQ) 9 (521)
X |Lh)| — w ol | Sy Ve
which has the determinant
\%
det(d0) = ——2 (5.22)

(x5 +y3)*

Therefore, the observability matrix is full rank if V' # 0 (i.e., the vehicle is moving)
and y;, # 0 (i.e., the beacon is not aligned with the vehicle heading). As a note, the
Lie derivative with respect to the control vector field, L¢h, is equal to —1, which
contains no state information and does not increase the span of @. Thus, turn rate
input does not alter the observability of system (5.20). Just as in the range-only
case, vehicle position is unobservable using bearing measurements if the vehicle is

not moving (V' = 0). When the beacon position is aligned with the vehicle heading



92

(y» = 0), the vehicle dynamics evolve on a a lower-dimensional manifold given by

iy =V
(5.23)
y =0,

which are unobservable. Thus, inertial position is observable using bearing measure-
ments to a static beacon if the vehicle is moving with non-zero speed and the beacon

position is not aligned with the vehicle heading.

5.4.2  Optimal trajectory

The observability-optimal trajectory is derived by again considering the linearization
of the nonlinear dynamics (5.20) about an arbitrary trajectory (x°(t),u’(¢)). Let
u’(t) = w(t) and (z2(t), 47 (t)) be the linearization input and state trajectory, then

the linearized dynamics are given by (dropping the (-)° nomenclature for clarity)

i Tp B 0 u(t)_ Tp

dt |z | |—u s
” O 0L (5.24)
o 1 [ N Tp
EECREON A Y

The corresponding state transition matrix is equivalent to the range measurement

case, given by

B(t) = cos0°(t)  sin6O(t) | (5.25)
—sin6°(t) cosf(t)

where 6°(t) is the vehicle heading over the linearization trajectory. Computing the

observability Gramian in terms of the linearization trajectory yields the expression
i L) (1)y(1)
1 Yt —on(t)ye(t

W= [t

—— dt, (5.26)
N YR | —an(Oys(t) ()

0
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where (zx(t),ye(t)) is the vehicle linearization trajectory relative to the beacon in
the inertial frame. The form of the observability Gramian for bearing measurements
is very similar to the form for range measurements (5.19). As a consequence, the
observability-optimal trajectory takes the form of a circle, which is proven in the

following theorem.

Theorem 5 (Optimal Bearing-Only Localization Trajectory). A circular trajectory

centered at the beacon with radius p

xy(t) pcos(2mt/ty)
= . / te [0 tf}
ye(t) psin(2mt/ty)
will minimize the condition number of the observability Gramian for the bearing-only

localization system (5.20).

Proof. The trajectory gives the observability Gramian

/)0
W(te) —
) 0 t/n)

which has a condition number of one, and maximizes the observability of the inertial

position given bearing measurements to a single beacon. O

Interestingly, the optimal trajectory is identical to the optimal range-only localiza-
tion trajectory provided in Theorem 4. Because the range and bearing measurements
are complementary, sampling one measurement along the circular trajectory enables
optimal observability of the other state. Although the trajectory produces observabil-
ity Gramians with unity condition number for both sensing modalities, the eigenvalues
of the two Gramians have different relationships with the radius p of the circular tra-
jectory. The eigenvalues of the observability Gramian for range-only localization are

proportional to p?, while the eigenvalues for bearing-only localization are inversely
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proportional to p?. Thus, to increase the volume of the observation ellipsoid, larger
radius trajectories should be used in range-only localization, while smaller radius

trajectories should be used in bearing-only localization.

5.5 Generalization to Higher-Dimensional Nonholonomic Systems

The results of the previous sections considered the unicycle model for a nonholonomic

vehicle, using the geometry of the linearization trajectories to compute observability

measures. Interestingly, the observability-based trajectory generation generalizes to

higher-dimensional nonholonomic systems [100]. In this section, the unicycle model

of robotic motion (which is a first-order nonholonomic system with three states) is

generalized to more general first-order nonholonomic systems in canonical form,
X=u

(5.27)
Zij :ZL'Z'UJ' —{L‘jui \V/l,] S {1,2,...,771}, i >j7

where x € R™ (m > 2) are the holonomic states, z € R™™~1/2 are the nonholonomic

states, and u € R are the controls.

This type of system was studied in the context of geometric and optimal control
by Brockett [101] and later by Murray and Sastry [102]. This class of systems has
practical importance for several reasons. First, these systems exhibit fundamental
challenges due to the nonholonomic constraints which form the most basic, but inter-
esting nonlinearity. Second, many systems of engineering interest are diffeomorphic to
the nonholonomic integrator (e.g., the unicycle model just studied, or robotic grasp-
ing models). Finally, the properties of the nonholonomic integrator give insight into

systems with higher complexity.
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5.5.1 Observability analysis

The class of systems described by (5.27) are first-order Lie bracket controllable, mean-
ing that the control Lie algebra constructed by the control vector fields and their
first-order Lie brackets is full rank. Because the Lie brackets are necessary to guaran-
tee full rank of the control Lie algebra, switching or area-generating controls must be
used to steer the system from an initial configuration to an arbitrary final configura-
tion. These systems also have interesting observability characteristics. Consider the
case when system (5.27) has an output function y = z. Taking Lie derivatives of the
output, we see that Lg z;; = —x; and Lg, 2;; = ;, therefore x; and z; are observable
with measurements of z;; and use of the controls u; and u;. This result leads to the

following theorems.

Theorem 6 (Canonical Form Observability). First-order nonholonomic systems in
canonical form (5.27) are observable if and only if measurements of the nonholonomic

states z are avatlable.

Proof. 1f all nonholonomic states are measured, then the observability Lie algebra is
O = span{z;;, —xj,z;} V1,5 € {1,2,...,m}, i > j, and rank(dO) = m(m +1)/2 =
dim(x) + dim(z), therefore the system is observable if all z states are measured and
control actuation is utilized. Now, assume that one nonholonomic state zy; is not
measured. Because z,; does not appear in the control vector fields, it will not be

observable, and rank(dQ) < m(m+1)/2—1, thus the system will be unobservable. [J

Theorem 7 (Actuation Required for Observability). System (5.27) with outputy = z

is observable if and only if actuation in at least two control channels is utilized.
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Proof. The Lie derivative of one output with respect to a control vector field is

Lg zij = | z; k=7

0 otherwise.
\

Because all outputs z;; V 4,5 € {1,2,...,m}, i > j are measured, the span of the
Lie derivative of all outputs with respect to a control vector field is span{L¢z} =
span{xz;} V j # ¢, which spans all x states except z;. Therefore, any two control
vector fields f, and f;, k # [, have Lie derivatives that span all x states, and the

system is observable with a minimum of two control inputs. O]

Corollary 1. If all z states are measured and one x; state is measured, then actuation

i u; will give an observable system.

5.5.2  Optimal trajectory

The first-order nonholonomic system in canonical form (5.27) can be rewritten as a bi-
linear system without loss of generality to facilitate the observability-based trajectory

optimization process:

z = F(u)x (5.28)
y =12

The matrix F(u) € R™m=1/2xm consists of m — 1 blocks,

Fu) = R’ B! ... F,_u?’| , (5.29)
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where each block Fj(u) € R"=9X™ ig given by

O(Z—l) Uiyl —U; 0 0
Fw)= |0 (5.30)

and 0(;_y) is a row vector of zeros of length (i — 1). As an example, when the length

of u is three, F'(u) is given by

F(u): U3 0 —uy | - (531)

Because the nonholonomic states z are directly measured, the goal of the trajectory
optimization is to optimize the observability Gramian associated with the holonomic

states x. Integrating to determine the output at time ¢ gives

% . (5.32)
:Zo+/F(u(T1)) x0+/u(7'2)d7'2 dry.

Now, collect the terms influenced by the unknown initial condition of the holonomic

states, and define a new output

t

n=y-— Z0+/F(u(7’1)) ]u(Tg)dTg dm

0 (5.33)

t

:/memmm:F ]mmmax@

0
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For notational simplicity, define £(t) = [ tu(ﬁ)dﬁ. The output energy associated

0

with holonomic states is now

ty

Il =8 [ Fle) Flele)dex

) (5.34)

- XgWx<Oa tf)X0>

where Wx(0,%y) is the observability Gramian associated with the holonomic states.

Expanding the terms inside the integral gives

=& 1#£]
(FE)TF()),; = o (5.35)
lé:i § 1=

Based on the form of (5.35), the observability-optimal trajectory is computed using

the following theorem.

Theorem 8 (Optimal Nonholonomic Integrator Trajectory). Cyclic controls of the

form

. 2mjA;
uj(t) = J

cos(2mjt/ty),

and corresponding state trajectories

E(t) = Aysin(2mjt/ty) Vje{1,2,...,m}

J

allow placement of the observability Gramian eigenvalues over the time horizon ty for

first order nonholonomic systems in canonical form (5.27) with output 'y = z.

Proof. First, note that [}’ & (t)&(t)dt = 0 and [}” & (t)2dt = A?t;/2. Substituting
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the optimal trajectory into (5.34), the ij entry of the observability Gramian is

0 i # ]

(Wx(0,25))i; = S
DAt /2 i=
1Zi

Therefore, the observability Gramian is diagonalized, and the eigenvalues of Wy (0, ty)

can be placed using appropriate amplitudes A;. O

Remark 1. Note that the choice of integer j in the sinusoidal frequency is arbitrary.
The integer j is used as the integer frequency multiplier for state &; for convenience

only, but any integer can be used such that no & and &; have the same frequency.

The desired observability Gramian eigenvalues form a set of equations that can
be solved for the optimal state trajectory amplitudes. Extracting the diagonal of
W (0,5) yields

%f (117 — 1) A = ), (5.36)

where 1 is a column vector of ones, A? is a column vector of the amplitudes squared,
and A is a column vector of desired observability Gramian eigenvalues with \; rep-
resenting the eigenvalue associated with the z; state. Showing that (117 — 1) is a
full-rank matrix is straightforward, therefore the solution for A? always exists and is
unique. Given a set of desired eigenvalues ), the amplitudes A2 can be solved for

explicitly. Subtracting the first equation of (5.36) from the remaining equations yields
2 42, 2 :
Ai :Al—i_t_()\l_)”) Vie {2,3,...,m}. (537)
f

Substituting these expressions back into the first equation and solving for A? and A?

gives

g 2 1 ¢ 4

! e
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For this solution to be feasible the squared amplitudes must be positive, A? > 0, thus

1

0<\ < ) ;Aj (5.39)
for a feasible solution. The constraint imposed by (5.39) essentially limits the spread
of the eigenvalues of Wx(0,t). The case when all \; are equivalent (i.e., a condition
number of k(Wx(0,t7)) = 1) is always a feasible. The feasible set of eigenvalues is
the interior of a cone in the positive orthant with the vertex at the origin. When
m = 2, the constraint (5.39) does not limit the choice of A, and the feasible set is
the entire positive orthant. When m > 2, the feasible space is enclosed by m hyper-
planes passing through the origin with equations —A; +1/(m —2)3_,; A; = 0. As
m increases, the cone becomes smaller, and in the limit m — oo, the cone reduces
to the line of all \; equivalent. Practically speaking, the constraint (5.39) does not
impose undesirable limitations on the choice of A because a condition number of one
is desirable and always feasible. Therefore, the observability Gramian eigenvalues can

be nearly arbitrarily placed to control the estimation uncertainty.

As an example, consider calculation of the optimal trajectory for the case when
T
m = 3. Suppose that observability Gramian eigenvalues of \ = [50 50 50} are de-

sired over a time horizon of ty = 2. Then using (5.38), the state trajectory amplitudes

A = \/(—50 + %(150)) =5, (5.40)

which results in an observability Gramian of W,(0,2) = diag { [5() 50 50] } Note

are

that the negative square root could also be chosen for the amplitude A; (i.e., -5)
without loss of optimality. The resulting state trajectory would simply be mirrored
in the i*" axis direction. The optimal trajectory traces a figure-eight in the state
space, as shown in Fig. 5.5. It is shown here with the origin of the trajectory at the

origin of the state space, but the optimal trajectory is translationally invariant, so
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Figure 5.5: Observability-based guidance trajectory for a first-order nonholonomic
system with three controls.

the initial position is arbitrary.
If, for example, estimates of x; are the most important, then the first eigenvalue of

T
Wx(0,t7) can be increased to e.g., A = [75 50 50] which yields state amplitudes

T
of A = [/12.5 /375 \/37.5} . To reduce the covariance of an estimate of state
x;, the control amplitude on u; is decreased while the amplitudes on all other control
channels are increased. This behavior is intuitive, because the output energy due to

x; is dependent on all control inputs except w;.
5.6 Simulation Results

The observability-based trajectories generated in the previous sections were designed
to optimize observability of vehicle states, as measured by the observability Gramian
condition number and minimum eigenvalue. As demonstrated in Chapter 2, these
measures of observability are closely related to estimation performance. The observ-
ability-based guidance trajectories are now demonstrated in simulation to improve
estimation performance, enabling tuning of the estimation error and uncertainty via
manipulation of the observability Gramian eigenvalues.

Simulations were performed in MATLAB using the ode45 integration routine to in-
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tegrate the unicycle dynamics (5.2). A discrete-time unscented Kalman filter (UKF)
[27] was used to estimate system states from measurements. Two measures of esti-
mation performance were tracked — the convergence time of the estimator, t., and
the average steady-state estimation covariance, . The convergence time is measured
by

t. = argmin{||x(t) — x(t)|| < 0.05(|%x(0) —x(0)||, Vt > t.}, (5.41)

which is the 5% settling time of the estimator dynamics. The average steady-state
estimation covariance is computed as the average estimation covariance over the inter-
val t > t.. These two measures provided a means of comparison between estimation

performance during different vehicle trajectories.

5.6.1 Wind estimation performance

Wind estimation was performed in simulation using the (unknown) wind speeds
W, = 0.25 m/s and W, = —0.15m/s, with a vehicle flow-relative speed of V =1
m/s. The vehicle position was initialized to the origin with an initial orientation
6 = 30 deg. Initial conditions for the state estimate were set to zero for all states.
Estimation performance was compared for three different trajectories — the opti-
mal figure-eight trajectory defined by Theorem 3, a suboptimal trajectory defined by
u(t) = i‘—:sin(élﬂt/ tr), and an unobservable straight-line trajectory. The simulation
results for these three trajectories are shown in Fig. 5.6. The optimal trajectory
provides 47% faster convergence of the UKF and 7% lower steady-state estimation

covariance compared to the suboptimal trajectory.

5.6.2  Range and bearing estimation performance

The range-only and bearing-only navigation problems were simulated using the opti-
mal circular trajectory defined in Theorems 4 and 5. As a comparison, straight-line

trajectories were also simulated. The navigation beacon was placed at the origin of
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Figure 5.6: Wind estimation results for (a) the observability-optimal trajectory, (b) a
suboptimal trajectory, and (c) an unobservable straight-line trajectory. The optimal
trajectory provides faster estimator convergence and lower steady-state covariance
when compared to a sub-optimal trajectory. As proven in Theorem 2, the straight-
line trajectory results in unobservable wind speed.

the inertial reference frame, and the vehicle was initialized to (zn,yr) = (0,1) m
with and initial heading of § = 0 deg. Vehicle speed was set to V' = 1 m/s and
the vehicle followed a circular trajectory with radius p = 1 m. Estimation results
are shown in Fig. 5.7 and 5.8 for navigation using range and bearing measurements,
respectively. In the case of range-only measurements, the optimal trajectory provides
much faster convergence than the straight-line trajectory, which does not reach the
5% convergence boundary before the end of the simulation. The straight-line trajec-
tory produces a slow eigenvalue in the estimator dynamics, which causes the estimate
of y, to converge very slowly. The bearing-only guidance trajectories produce similar
results, with 61% faster convergence time and 50% lower steady-state covariance for
the optimal circular trajectory.

Because the range-only navigation problem exhibits a symmetry (see Fig. 5.4),
straight-line paths that are nearly aligned with the beacon are difficult to observe.
This geometric observation is supported by the structure of the observability Gramian

for range-only navigation (5.19), which becomes singular when the beacon is aligned
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Figure 5.7: Comparison of range-only navigation estimation results for (a) the
observability-optimal circular trajectory and (b) a suboptimal straight-line trajec-
tory.

with the trajectory. A simulation study was performed to better examine the effect
of the symmetry on the estimation problem. Straight-line trajectories were simulated

with varying initial distance from the line of symmetry, as pictured in Fig. 5.9.

The steady-state covariance for range-only and bearing-only navigation was com-
puted for the parameter § varying between 0.01 and 0.5, as shown in Fig, 5.10. Esti-
mation covariance for range-only navigation shows a monotonic decrease with distance
from the line of symmetry, which is consistent with the variation in the observability

Gramian eigenvalues as a function of distance from the beacon.

Conversely, the estimation covariance for bearing-only navigation shows a non-
monotonic relationship with the distance from the line of symmetry. Navigation with
bearing-only measurements does not exhibit the same symmetry as navigation with
range-only measurements, however, the vehicle position is unobservable with bearing-
only measurements if the beacon is aligned with the vehicle trajectory. The estimation
covariance for bearing-only navigation increases with distance from the beacon, which
is consistent with the variation in the observability Gramian eigenvalues. The covari-

ance also increases very near the beacon due to the unobservability when the beacon



105

Th
Yo

[==]
D

o
=

beacon position error [m]
<
(3]

0 025 05 0.75 1 0 025 05 075 1
t/ts t/ty

Figure 5.8: Comparison of bearing-only navigation estimation results for (a) the
observability-optimal circular trajectory and (b) a suboptimal straight-line trajec-
tory.

ranging landmark

Figure 5.9: Straight-line trajectories were simulated to determine the effect of nav-
igational symmetry on the estimation performance. Initial positions for the vehicle
were controlled by the parameter § to vary the distance from the line of symmetry.

is aligned with the vehicle path. The results of the symmetry study indicate that
estimation covariance can be significantly reduced (e.g., more than 60% reduction for
d = 0.5 compared to § = 0.01) for range-only navigation by steering the vehicle along

paths that pass further from the line of symmetry.

5.6.3 Nonholonomic integrator estimation performance

The simulation study concludes with evaluation of estimation performance for optimal

trajectories of a higher-dimensional nonholonomic system. Because the structure
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Figure 5.10: Variation in steady-state estimation covariance (normalized by the max-
imum covariance) as a function of distance from the line of symmetry for range-only
and bearing-only measurements.

performance measure

Figure 5.11: Variation in steady-state estimation covariance (normalized by the max-
imum covariance) and estimation convergence time (normalized by the maximum
time) as a function of the prescribed observability Gramian eigenvalues.

of the nonholonomic integrator permits almost arbitrary placement of observability

Gramian eigenvalues by the trajectories defined in Theorem 8, the direct effect of
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observability Gramian eigenvalues on estimation performance could be determined.
The nonholonomic integrator dynamics (5.27) were integrated for m = 2 controls for
observability-optimal trajectories with different prescribed eigenvalues. The optimal
trajectories were computed according to Theorem 8 for eigenvalues prescribed to be
all equivalent (i.e., condition number of one) and magnitude ranging from 0.1 to
10. The resulting estimation covariances and estimator convergence times are shown
in Fig. 5.11. The results confirm that the estimation performance can be directly

controlled via manipulation of the observability Gramian eigenvalues.
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Chapter 6

ROBOTIC NAVIGATION WITH LIMITED SENSORS:
OBSERVABILITY-BASED GUIDANCE ALGORITHMS

In Chapter 5, trajectories were derived that optimize measures of observability
for robotic navigation with limited inertial sensors. These trajectories were shown
to improve estimator performance through simulation, allowing vehicle position and
orientation to be estimated more quickly and with lower uncertainty. Although the
observability-optimal trajectories provide superior localization accuracy, they are de-
signed with localization as the only objective and do not incorporate higher-level
mission objectives, such as waypoint following or sensor coverage.

In this chapter, observability-based guidance for range-only and bearing-only nav-
igation is extended to include waypoint following through initial and final constraints
on the vehicle position in the observability-based guidance problem. An observability-
based cost function is developed using the determinant of the inverse of the nonlinear
observability matrix, and a guidance framework is presented that enables path plan-
ning between waypoints using an explicit tradeoff between path observability and
path length. The algorithm development begins with system analysis in Section 6.1,
followed by presentation of the guidance algorithm in Section 6.2. The guidance al-
gorithm is evaluated in simulation in Section 6.3 and in experiment on an underwater

robotic testbed in Section 6.4.

6.1 System Analysis

In this section, the vehicle and landmark dynamics are developed, and the observ-

ability of landmarks is analyzed. A measure of landmark observability is developed
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Figure 6.1: Relative position dynamics of a static landmark.
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based upon the determinant of the observability matrix, which is used in the following

sections to derive observability-based guidance strategies.

6.1.1 System Model

The navigational landmark in the environment is modeled as a static point landmark,

with the position of the landmark relative to the vehicle described by the range and

T
bearing to the landmark: x = [p gb} . Guidance for the vehicle will be derived by

considering the vehicle as a particle, where the vehicle can travel in any direction 6

with speed V' € [0, Vipax]. Although the model utilized for path planning assumes a

holonomic vehicle, the observability analysis is valid for a nonholonomic vehicle as

long as the vehicle has measurement of inertial heading. Under these assumptions,

the dynamics of the landmark relative to the vehicle can be written as

d [p
dt¢

—V cos (0 — ¢)
|—Vsin(0—¢)/p
-—cosgzﬁ —sin ¢ V.
_%Singb —%cosgb Vy

A diagram of the dynamics (6.1) is shown in Fig. 6.1.

(6.1)

Although the observability of range-only and bearing-only navigation was estab-

lished in Chapter 5, the analysis is repeated here on the range/bearing form of the
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dynamics (6.1) to compute the nonlinear observability matrix that will be used in the

observability-based cost function.

6.1.2 Observability with Bearing-Only Measurements

Applying the observability test to the landmark dynamics (6.1) with bearing mea-

surement

y=¢ (6.2)

yields the observability matrix

0 1
dY, = , (6.3)

Vsin(0 — ¢)/p* Vcos(tl —¢)/p

with corresponding determinant
Y| =~V sin(8 — ¢)/0", (6.4)

which is nonzero for V' # 0 and 0 # ¢ + km, k € Z. Therefore, the range and bearing
to the landmark is locally observable if the vehicle is moving with nonzero speed and
the heading of the vehicle 6 is not aligned with the bearing to the landmark ¢ (see
Fig. 6.1).

The determinant (6.4) can be maximized (or minimized) for a given state x by
moving the vehicle with heading 6* = ¢ + 7/2 and speed V* = Vj,.«. In the presence
of a static landmark, implementation of this greedy-optimal policy results in a circular
orbit about the landmark, which is equivalent to the optimal trajectory based on the
observability Gramian eigenvalues developed in Section 5.4. In the following sections,
this measure of observability will be used to derive guidance policies for waypoint

following using a single landmark for navigation.
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6.1.3  Observability with Range-Only Measurements

Applying the nonlinear observability test to the landmark dynamics (6.1) with range

measurement

y=p (6.5)

yields the observability matrix

1 0
dY, = . (6.6)
0 —Vsin(0 — ¢)
Just as in the bearing case, the observability matrix drops rank when the vehicle
heading is aligned with the landmark. The rank drop results from the system dy-

namics evolving on a lower dimensional manifold when the vehicle heading is aligned

with (moving directly towards or away from) the landmark,

p=+V

¢ =0,

(6.7)

where the sign of V' is determined by the heading of the vehicle. This lower-dimensional
system is still locally observable with range-only measurements (but not with bearing-
only measurements), therefore the landmark system is always locally observable with
range-only measurements.

Interestingly, the determinant of the observability matrix for range-only measure-

ments,

|dY,| = =V sin(f — ¢), (6.8)

has a very similar form to the bearing-only case (6.4). The greedy-optimal strategy
to maximize the determinant again yields 0* = ¢ £ 7/2 and V* = V., which results
in a circular trajectory centered at the landmark. Again, this greedy-optimal tra-

jectory matches the optimal trajectory based upon the observability Gramian eigen-
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values derived in Section 5.3. Using this similarity, a single framework for deriving
observability-based guidance policies is proposed for range-only and bearing-only nav-

igation.

6.2 Observability-Based Guidance for Single Landmark Navigation

The determinant of the observability matrices for bearing measurements (6.4) and
range measurements (6.8) are now used as guides to determine a waypoint guidance
policy while using a single landmark for navigation. The goal of the guidance policy
is to steer the vehicle from an initial point ry to a final point r; while optimizing
landmark observability and maintaining the landmark in the field-of-view of a sensor.
Additionally, an algorithm is desired that allows balancing of observability objectives
and the trajectory length. Because the determinant is optimized when the vehicle
heading is perpendicular to the bearing to the landmark, a lateral facing sensor with

field-of-view « is assumed.

6.2.1 Observability Cost Function for Bearing Measurements

The guidance policy is derived by considering the vehicle path in the landmark-
centric frame, as shown in Fig. 6.2. The vehicle path is parameterized by the angle
v € [0,7¢], where 7, is the interior angle between ry and ry. The guidance trajectory
is designed by choosing p(7y) and () such that the observability-based cost function
is optimized. Let u = ptan (3, then the vehicle path can be described by

dp

el u. (6.9)

Landmark observability is incorporated into the path planning problem by mini-
mizing the determinant of dY !, which is chosen due to its relation to the volume of

the estimation uncertainty ellipsoid (see Chapter 2). For bearing-only measurements,
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Figure 6.2: Vehicle path planning relative to a static landmark with sensor field-of-
view constraints.

the observability-based cost function is formulated in terms of the path angle 3,

Y5 =~ csel8 - )V
= p*sec(0 — o +7/2))V (6.10)
— pPsec(B)/V.

It is immediately apparent that the optimal trajectory requires V* = V., thus the
vehicle path can be chosen to minimize the unobservability measure dy = p*sec 3.
Using trigonometric identities, the unobservability measure is rewritten in terms of

the path variables p and u,

(6.11)
= dy(p,u) = p*sec B = p (p* +u2)% .

Vehicle guidance is desired that maximizes range and bearing observability while
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minimizing path length, where path length in the landmark-centric frame is given by

vf
L(p,u) = / (p* 4+ u?)? dy. (6.12)
0
This multi-objective problem is formed as a weighted optimization problem with the

objective

Jo(pru) = / (L(p, u) + wdy(p, u)) dy
‘ (6.13)

vf

= /(1 +wp) (¢ +u?)* d,

where w > 0 is the tuning weight. The tuning weight can be interpreted as follows.
When w = 0, the objective is to minimize the path length without regard to path
observability. For w — oo, the objective is to maximize range and bearing observ-
ability without regard to path length. The tuning weight can thus be used to make
a tradeoff between observability and path length.

Theorem 9. The bearing cost function (6.13) is a convex function of p and u for

path angle |B] < tan™*(v/2).

Proof. First note that L(p,u) is a convex function and a weighted sum of convex
functions is also convex. Therefore, it must be shown that dy(p,u) is convex for

18] < tan*(v/2). Computing the Hessian of d4 yields

92 92
_ dp2 0pou
H¢ - 2 2 d¢(p7 u)
0 97
oudp  Ou?

(6.14)
3 2p% + 3pu?  u?

ud P

— (7 + )
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Because p > 0, the first minor of Hy is positive. The second minor is the determinant,

given by
3p?
Hy| = ————1 6.15
| Hy)| i b (6.15)
which is positive for
u? 2 -1(/2
— <2 & tan”(B) <2 & |B] <tan” (V2). (6.16)

p

Therefore, if |3| < tan~!(1/2), then H,, is positive definite, and d,, is a convex function
on the domain |u| < v/2p. O

The restriction on the path angle is equivalent to a field-of-view constraint on
the sensor. For || < tan~!(1/2), the equivalent sensor field-of-view is a ~ 109 deg.
Thus, if the sensor field-of-view is less than 109 deg, then the domain constraint is
already satisfied. If the sensor field-of-view is greater than 109 deg, then the domain
constraint limits the amount that the observability-based path can deviate from the
minimum length path. As it will be shown in the simulation results, however, the
larger path deviations have diminishing returns on the observability measure and the
domain constraint does not limit performance in practice. In exchange for a restricted
solution domain, we gain guaranteed convergence and optimality for the convex cost

function.

6.2.2  Observability Cost Function for Range Measurements

Observability using range measurements is incorporated into the path planning frame-
work using the same methods employed for bearing measurements. The unobserv-
ability measure for range measurements is given by

dy(p,u) =sec == (p* + UQ)% : (6.17)

=
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Theorem 10. The range unobservability measure d,(p,u) is a quasi-convez function

of p and u for p > 0.

Proof. Quasi-convexity is proven by examining the second-order conditions for quasi-

convexity. The gradient of the expression is given by

o] u?

2 I
aa” flp.u) = (p° +u?) 2 Pl (6.18)
EM u

which is zero for u = 0 on the domain p > 0. Therefore, by the second-order conditions
for quasi-convexity [29], the Hessian must be positive semidefinite for u = 0, and must
have at least one positive eigenvalue when u # 0. The first-order minor of the Hessian

is given by
0? _u? (3p7 + 2u?)

_ = > .
gl o) == s 20, (6.19)

3
2
and the determinant of the Hessian is

U2

Hy| = ———
el =~ vy <

(6.20)

Thus, the Hessian has one positive and one negative eigenvalue when u # 0. When

u = 0, the Hessian is
0 0

0 1/p?|

which is positive semi-definite for p > 0. Therefore, the range unobservability mea-

(6.21)

Plu=0 —

sure, d,(p,u) is quasi-convex in p and u for p > 0. O

Although the quasi-convex guidance problem can be solved via sequential convex
optimization and a line search, we propose a convex relaxation to the range unob-

servability measure that allows an approximate solution to be more readily obtained.
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Consider the relaxation of d,(p, u) given by

d,(u) = d,(5,u) = (1 + “—j) , (6.22)

p

where p is the average of the initial and final conditions on the range, p = 3(po + py)-
If the variation in the range over the length of the trajectory is small, these two
objectives will result in similar optimal trajectories. In some scenarios, these two

objectives will produce equivalent trajectories.

Theorem 11. The solution to the observability-based guidance problem

s
min d,(p,u)d
p() () / e uldy
| (6.23)
d .
subject to £P _ U
dry

p(0) = p(vr) = po

is equivalent to the solution of the problem when the objective, d,(p,w), is replaced by

the relazed objective, d,(u).

Proof. The proof is done by showing that the optimal trajectory, p*(v) = po and
u*(y) = 0 satisfy the first-order necessary conditions for a minimum of both problems

(see [103]). The Hamiltonians for each problem are given by

H(p,u) = dp(p, u) + du (6.24)

H(u) = d,(u) + \u.
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The stationarity conditions for the two problems are

N|=

o~
%H(p,u)z%(l#—%) +A=0
p P (6.25)

N

0 -~ u u?\ -

which are both satisfied by the optimal trajectory (p*,u*) and \* = M = 0. The

costate dynamics are given by

dx 9 u? w2\ "2
~_—_“H - — [1+ =
b=t =5 (1+4)

dA 0 -

(6.26)

which are satisfied by the optimal trajectory (p*,u*) and \* = A* = 0. Therefore, the

two solutions are equivalent in the case when the initial and final ranges are equal. [

The condition py = p; implies that the landmark is on the separating hyperplane
between the two waypoints. The two objectives will not produce equivalent solutions
for every landmark position, but numerical studies have shown that the relaxed objec-
tive produces very similar trajectories over a large range of landmark positions. The
unobservability measure, d,(p, u), was evaluated for optimal trajectories generated by
both the relaxed and quasi-convex optimization problems for varying landmark posi-
tion. Landmark position was varied using the parameters § and (, as shown in Fig.
6.3. The percentage increase in observability measure due to the relaxed objective is
shown in Fig. 6.4, with the thick line indicating the 5% contour. The majority of
landmark positions result in minimal change in the unobservability measure, with the
exception of areas very near the waypoints.

These results motivate the use of the relaxed objective to reduce computational

requirements. Combining the unobservability measure with the path length measure
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Figure 6.3: Geometry of landmark positions relative to waypoints.

using a tuning weight yields the observability-based cost function for range measure-

ments

Jy(p,u) = / (L(p, u) + ch,,(u)> dy
0 (6.27)

Vf 1
u?) 2

|1

The tuning weight w has the same interpretation as in the bearing measurement case,

where w = 0 yields the shortest path problem and w — oo yields the observability-
optimal path problem.

6.2.3 Assembled Observability-Based Optimization Problem

Sensor field-of-view constraints are incorporated into the optimization problem by
considering the geometry of the problem shown in Fig. 6.2. To maintain the landmark

in the sensor field-of-view, the path angle 8 must satisfy

18] < /2
< |tan 5| < tan(a/2) (6.28)

& Jul < ptan(a/2),
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Figure 6.4: Change in unobservability measure due to the use of a relaxed convex
objective for varying landmark position. The relaxed objective generates trajectories
with equivalent unobservability measures along the separating hyperplane (¢ = 0),
and minimal increase in the unobservability measure for landmark positions not near
the waypoints. The thick line shows the 5% contour, indicating that the relaxed
objective is valid for the majority of landmark positions.

where the monotonicity of tan and the positivity of p are used to transform the angle
constraint into linear inequality constraints in p and wu.

Assembling the cost functions (6.27) and (6.13) with the path dynamics (6.9) and
field-of-view constraint (6.28) yields an observability-based optimization problem for

single landmark navigation,

p(g){iur(lv) Jo.)

subject to 3—5 =u
p(0) = 1o 16:55)
p(V) = py

[u] < ptan (a/2).

where the objective J(p, u) is replaced by J,(p, u) for the range-only guidance problem
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and J,(p, u) for the bearing-only guidance problem. The optimization problem (6.29)
is a convex problem in the variables p and v and can be solved given problem data

po, Pf, &, and w using angular discretization of v and efficient interior-point methods

29].

6.3 Simulation Results

Simulation studies were performed to evaluate the effectiveness of the observability-
based guidance. Performance was evaluated in simulation in MATLAB using the in-

terior point method of the optimization toolbox to solve the path planning problem

(6.29).

6.3.1 Trajectory Tracking Controller Design

A controller was designed to allow the vehicle to track the observability-based guid-
ance trajectories. A model predictive control (MPC) scheme is used to compute the
control input. The advantage of the MPC method is that it converts the solution of an
optimization problem into a feedback control law. The optimization problem (6.29)
is discretized into NV equal angular segments of size Avy. At each step of the control
law, the estimated vehicle position is updated using the latest range or bearing mea-
surement. Then, the trajectory is re-planned by solving the discretized optimization
problem (6.29). Finally, the first control action in the trajectory is taken and the
vehicle moves towards the goal for one time step. This procedure is repeated until
the vehicle reaches the goal position as detailed in Algorithm 2.

The estimated range and bearing are obtained using an extended Kalman filter
(EKF) according to the continuous-discrete formulation presented in [27]. The con-
tinuous time dynamics model is given by (6.1) and time-discretized measurements of
the range p or bearing ¢ are used to update the filter. The dynamics linearization

performed at each step of the EKF is found by linearization of the nonlinear dynamics
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Algorithm 2 Observability-Based MPC Guidance Law

Require: Landmark position, r;
Require: Estimated initial position, 1
Require: Desired final position, ry
Require: Sensor field of view angle, «
Require: Number of trajectory time discretizations, N
Require: Observability tuning weight, w
p < |Iry — ol

¢ < A(I‘l — f‘o)
py < |lre—rg|
§Z5f < A(I‘l — I'f)

while N >0 do
Propagate and update p and )
Vg ¢ — oy
Solve problem (6.29) using p as an initial range
6 + tan='(u(0)/p(0)) + ¢ + 7/2

cos 6
V= Vinax {sm 9]
Apply control V for At = (p(0)? + U(0>2)% T
N+ N-1

end while
model (6.1),
0 —Vsin(d — ¢
&) = 0=a) (6.30)

ﬁKQ sin(0 — ¢) Y cos(d — ¢)

P
6.3.2 Pareto Optimality

The Pareto optimality curve was explored for the range-only and bearing-only guid-
ance policies. Each policy was simulated in closed-loop with an EKF providing range
and bearing estimates to the MPC Algorithm 2. The simulation used N = 20 time
steps, and the dynamics (6.1) were integrated at each time step using the ode45 solver.
The Pareto optimality curve was obtained by simulating the closed-loop system for
varying values of the weight w, which controls the tradeoff between path length and

the unobservability measure. Because it was hypothesized that decreasing the un-
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observability measure directly decreases estimation error, the tradeoff between path
length and estimation error was measured to obtain the Pareto curve. Estimation er-
ror was measured by the root mean square (RMS) error between the true trajectories
and estimated trajectories. The estimation error for each simulation is normalized
by the estimation error for the shortest path trajectory for the given waypoints and
landmark.

The Pareto curve was obtained for a scenario where the landmark was positioned
along the separating hyperplane between the two waypoints. This scenario provides
the most freedom in path planning because the sensor field-of-view constraint is the
least limiting. The landmark position was chosen such that a straight trajectory
from initial position to final position would maintain the landmark in the field of

T
view. In this scenario, the vehicle started at ryp = [0 0} with a desired waypoint at

T T
ry = [1() ()] and the landmark located at r; = [5 _5} . The sensor field-of-view

angle was set to a = 109 deg.

The Pareto curve for range-only measurements is shown on the left side of Fig. 6.5.
The closed-loop system was simulated for 17 different weights ranging from 0 to 2 to
generate the results. The tradeoff curve shows that relatively small deviations in path
length can yield large improvements in estimator performance (e.g., 10% increase in
path length decreases the estimation error by more than 30%).

The Pareto curve for bearing-only measurements is shown on the right side of Fig.
6.5. The closed-loop system was simulated for 21 different weights ranging from 0 to
10 to generate the results. The tradeoff curve shows again that very small deviations
in path length improve estimator performance substantially (e.g., 5% increase in path
length decreases the estimation error by more than 30%). The planned trajectories
that generated the tradeoff curves are shown in Fig. 6.6. The observability-based
trajectories for range and bearing measurements exhibit a symmetry, where the range
trajectories form as arcs with minimum path angle 8, while the bearing trajectories

curve towards the landmark to minimize range. In both cases, the choice of w = 0
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Figure 6.5: Pareto optimality curve for observability-based guidance with range-only
measurements (left) and bearing-only measurements (right). The error and path
length are normalized by the error and path length of the shortest trajectory.

yields the minimum length path to the desired location, and larger values of w increase

the deviation from the minimum length path to improve observability.

6.3.3 Effect of landmark location on estimator performance

The estimation performance was measured for different landmark positions relative
to the waypoints to identify how the impact of observability-based guidance varies
with relative landmark positions. Landmark position was varied between the start
and end waypoints using the parameters ¢ and ¢ as shown in Fig. 6.3.

For each tested landmark position, closed-loop simulations were evaluated using
the shortest planned path (w = 0) and the observability-optimal path (w = 10, 000).
The normalized estimation error was computed to measure the estimator improve-
ment afforded by the observability-based guidance. Normalized error for variations
in landmark position with range-only measurements is shown in Fig. 6.7 and with
bearing-only measurements is shown in Fig. 6.8.

Estimator performance for range-only navigation shows that the largest decrease
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Figure 6.6: Observability-based guidance trajectories for bearing-only and range-
only measurements that were used to generate the Pareto optimality curves. The
observability-based trajectories for range-only measurements form into an arc, while
the trajectories for bearing-only measurements curve towards the landmark.

in error compared to following the shortest path occurs when the landmark is located
near the starting waypoint (¢ < 0 and § < 0.5). In this region, the estimation error
can be reduced by more than half by using the observability-based guidance scheme
proposed here. This performance increase is attributed to the fact that following
the shortest path results in large path angles 8 and, therefore, large values of the
unobservability index d,. The observability-based guidance produces the minimum
unobservability index and, thus, gives a significant improvement in estimator perfor-
mance. The opposite effect is observed when the landmark is near the final waypoint
(¢ > 0 and ¢ < 0.2). In this region, the shortest path and the observability-optimal
path are very similar when they approach the final waypoint and, thus, have similar
unobservability indices and estimator performance. When the landmark is distant
(0 — o0) the difference between the shortest path and the observability-optimal arc
path is minimal, resulting in little difference in estimator performance. From the re-

sults of Fig. 6.7, it is shown that for 6 > 2, which is equivalent to a landmark position
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Figure 6.7: Normalized estimation error variation for range-only measurements as a
function of the landmark position. As the landmark moves closer to the waypoints, the
observability-based guidance yields a larger improvement in estimator performance.
When the landmark is distant (§ — o0), the observability-optimal trajectory does

not differ much from the shortest-path trajectory and, therefore, does not produce
significantly better estimator performance.

further away than the distance between the waypoints, the performance improvement
afforded by the observability-based guidance is less than 10%. When the landmark is
distant, therefore, using the proposed scheme over shortest-path waypoint following

may not be warranted because the two methods generate very similar trajectories.

Results for bearing-only navigation in Fig. 6.8 exhibit a similar pattern to the
range-only estimator performance results. When the landmark is near the line be-
tween the waypoints (§ = 0), the observability-based guidance produces the largest
reduction in estimation error compared to the baseline shortest path guidance (greater
than 70% decrease in error). This is due to the fact that the observability-based guid-
ance produces a trajectory that passes very near the landmark, resulting in a small
unobservability index dy and optimal estimation performance. As the landmark moves
further away (6 — o0), the observability improvement afforded by the proposed guid-

ance scheme is minimal and results in small improvements in estimator performance.
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Figure 6.8: Normalized estimation error variation for bearing-only measurements as
The largest improvement in estimator per-
formance is observed near 6 = 0, where the observability-based guidance yields a
significant change in the planned path. When the landmark is distant (6 — o), the
observability-optimal trajectory does not differ much from the shortest-path trajec-
tory and, therefore, does not produce significantly better estimator performance.

a function of the landmark position.

The results of this study reveal regions where the observability-based guidance is

most useful. For range-only navigation, this region is approximately 0 < 2, and for

bearing-only navigation, this region is approximately § < 1.5. In these regions, the

proposed guidance yields at least 10% decrease in estimation error.

6.4 Experimental Results

Experiments were performed in a controlled underwater environment to validate the

observability-based guidance for range-only and bearing-only navigation. This section

details the robotic testbed used in the experiments and includes a discussion of the

experimental results.
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Figure 6.9: The robotic fish testbed uses a dual-link tail for propulsion and steering,
and pectoral fins for depth control.

6.4.1 Robotic Fish Testbed

The robotic fish testbed used in these experiments is an autonomous fin-actuated
underwater vehicle, pictured in Fig. 6.9. This vehicle utilizes a dual-link tail for
propulsion and steering, and a pair of independently-controlled pectoral fins for depth
control. The robotic fish is equipped with a pressure sensor for depth measurement,
an inertial measurement unit for inertial orientation and angular rate measurement,
and a CMUcam4 in the nose of the fish for vision processing. A calibrated underwater
camera system is used to track vehicle position in an 8 x 20 x 8 ft water tank (w x
[ x d). The vehicle’s position and velocity is communicated to the vehicle at a rate of

approximately 5 Hz over a low-frequency radio.

For the purpose of the range-only navigation experiments, the position transmit-
ted to the vehicle was translated to a range from a simulated ranging beacon at a
predefined location. In an open water experiment, the camera system would be re-
placed by an acoustic ranging beacon, but due to the size and acoustic reflectivity of
the test tank, acoustic localization was unavailable. Bearing measurements are made
using the color tracking capability of the CMUcam4 and a brightly-colored landmark

placed in the test tank. An angled mirror at the front of the vehicle allows the cam-
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era to obtain a lateral field-of-view, and a pinhole camera model transforms measured
color centroids to a bearing to the landmark.

The robotic fish houses a single board computer with 1.3 GHz processor running
Ubuntu Linux. Communication, guidance, control, and estimation applications are
written in C++ with the aid of the Robot Operating System (ROS) for inter-process
communication. The observability-based guidance is computed on-board using the C
API for the nonlinear programming feature of the mosek optimizer [104]. A typical
optimization solution with N = 12 waypoints is obtained in 40 ms on the single board
computer. Although the solution time is more than fast enough to run in real time,
the guidance trajectories were computed once at the beginning of each experiment,
rather than iteratively as in the MPC Algorithm 2. A proportional heading controller
was used to follow the waypoints generated from the guidance solution. The EKF
used for estimating range and bearing to the landmark utilized the armadillo linear
algebra library. Estimates from the EKF were propagated and updated at a rate of

5 Hz using a fourth-order Runge-Kutta integration.

6.4.2 Bearing-Only Navigation Results

Bearing-only navigation experiments were conducted to explore the effect that sensor
field-of-view has on the observability-based path planning. The camera on board the
robotic fish is the CMUcam4, which has a 50 degree field-of-view. Because the field-
of-view is fairly narrow, the freedom in path planning is limited and the difference
between shortest path guidance and observability-optimal guidance is minimal. The
path planning problem (6.29) constrains the path to allow the landmark to remain in
the sensor field-of-view at all times. This constraint was relaxed to allow the vehicle to
deviate further from the shortest path to obtain a better observing position relative
to the landmark, while sacrificing some measurements en route. The field-of-view
constraint was varied from the minimum, 50 deg, to the maximum, 109 deg, seeking

to answer the question: when it comes to landmark measurements, is quality better
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Figure 6.10: Trajectories followed by the robotic fish testbed during bearing-only
navigation experiments. The trajectories were generated using two different field-of-
view values «, with three trials for each field-of-view. Deviations between trajectories
generated from the same field-of-view were due to estimation errors and are represen-
tative of the vehicle’s ability to track a trajectory. The oscillations in the trajectories
are due to the fish’s oscillatory swimming motion, coupled with the forward location
of the camera where lateral motion is the maximum.

than quantity?

Two sets of bearing-only navigation experiments were performed using two field-
of-view values in the optimization problem: the true sensor field-of-view, 50 deg, and
the maximum sensor field-of-view, 109 deg. The observability-optimal trajectory was
computed and followed by the vehicle for each field-of-view using N = 12 waypoints
and an observability weight of w = 100. Each trial was executed three times for a

total of six experiments.

The trajectories for the two field-of-view values are shown in Fig. 6.10. The first
set of shorter trajectories correspond to the true sensor field-of-view. During the first
set of experiments, the vehicle maintained the landmark in view for 77% of the time
on average. Although the trajectory is planned to keep the landmark in view at all
times, the oscillation of the fish motion (~3 deg amplitude), combined with estimation
and tracking error cause the landmark to move out of view at times. The second set

of experiments (the longer trajectories) correspond to the maximum field-of-view of
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109 deg. The relaxed field-of-view constraint allowed the vehicle to move closer to the
landmark for better observation. During these experiments, the landmark was in view
47% of the time on average. Despite fewer measurements being available, the relaxed
field-of-view constraint produced 8% lower RMS range and bearing estimation error

on average when compared to the baseline field-of-view of 50 deg.

6.4.3 Range-Only Navigation Results

Range-only navigation experiments were conducted to demonstrate the tradeoff be-
tween path observability and path length, similar to the Pareto-optimality simulation
studies detailed in Section 6.3. Initial and final waypoints were designed such that
the landmark was located on the mean plane between the waypoints (¢ = 0), and
the landmark was nearby (6 = 0.4). Observability-based guidance was used to com-
pute trajectories for six different weights w, ranging from 0 (shortest path) to 10
(observability-optimal), for N = 12 waypoints. Because the range sensing does not
have a field-of-view, field-of-view constraints in the optimization problem were omit-
ted (i.e., & = 180 deg). Each trial began with the vehicle placed at the starting
waypoint. The vehicle was commanded to perform the observability-based guidance,
at which point the optimal trajectory was computed and the vehicle began follow-
ing the trajectory using a proportional heading controller. The trial ended when the
vehicle reached a circular manifold around the final waypoint (radius 0.5 ft in these
trials). Each trial was performed three times.

The 18 trajectories generated by the vehicle are shown in Fig. 6.11, where the
six groups of trajectories delineate the six observability weights used in the trajec-
tory optimization. Qualitatively, the trajectories with higher observability weight
(the longer, more arc-like trajectories) are more repeatable and coalesce near the fi-
nal waypoint, indicating superior estimation performance and, thus, better trajectory
tracking. These observations are supported by the estimation error computed for

each trial. The RMS error between the EKF estimates of range and bearing and the
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Figure 6.11: Trajectories followed by the robotic fish testbed during range-only nav-
igation experiments. The trajectories were generated using six different observability
weights w, with three trials for each weight. Deviations between trajectories gener-
ated from the same weight were due to estimation errors and are representative of the
vehicle’s ability to track a trajectory.
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Figure 6.12: Normalized RMS error and unobservability measures for range-only nav-
igation experiments as a function of path length. As the observability weight is
increased (increased path length), the RMS error is decreased. The RMS error shows
a strong correlation to the unobservability measure.

range and bearing measured by the camera tracking system was computed for each

trial. The three trials for each observability weight were averaged and normalized by



133

the averaged RMS error for the shortest trajectories. The unobservability measure
for each trajectory was computed and averaged for the three trials. A comparison
of the RMS error and unobservability measures, normalized by the shortest path
error and unobservability measure, is shown in Fig. 6.12. The RMS error for the
observability-optimal path (w = 10) is 58% of the RMS error for the straight path,
which corresponds well to the simulation studies for a landmark placed at ( = 0 and
d = 0.4 (see Fig. 6.7). The RMS error shows a strong correlation to the unobservabil-
ity measure, validating the observability-based guidance as a method for controlling

estimation error.
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Chapter 7

CONCLUSION

This dissertation developed an observability-based approach to the analysis and
design of motion planning and sensor placement for nonlinear systems. Several mea-
sures of observability were employed as metrics for trajectory or sensor fitness, of
which the observability Gramian proved to be particularly useful. Although the ob-
servability Gramian is a measure of observability for linear systems, simulations and
experiments demonstrated that the Gramian can provide valid and meaningful mea-

sures of observability for nonlinear systems about a nominal trajectory.

One of the main contributions of this thesis is a sensor placement algorithm that
incorporates nonlinear dynamics, nonlinear measurement models, and heterogeneous
sensor types. By leveraging methods from mixed integer programming and convex
optimization, solution methods were proposed that allow the algorithms to scale more
favorably to larger problems. In particular, the ¢;-regularization technique allowed
the sensor placement problem to be posed as a semidefinite program, which scales well
with system size (number of states) and number of sensors. Because the observability
Gramian can be approximated numerically using the empirical observability Gramian,
the sensor placement algorithm can be applied using only a simulation of a nonlinear

system as input data, with no analytical model required.

The sensor placement procedure was extended to a sensor data compression algo-
rithm, which finds a temporal filter that compresses sensor data such that the amount
of information in the filtered signal is maximized. The data compression problem was
posed as a convex optimization problem with an ¢;-bound on the compression fil-

ter, which promotes a sparse filter solution. By applying the sensor placement and
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compression algorithms, the spatial and temporal distribution of information in a pro-
cess can be identified, and the most informative measurements can be selected. The
sensor compression algorithm has interesting implications for distributed sensing ap-
plications, where data compression can be used to minimize communication between
sensor nodes and minimize computation when sensor data are fused between multiple
nodes. Additionally, the data compression has an analogous role in neural filtering in
biological systems, where filtering on individual sensors reduces the amount of data

passed to a central processing unit.

The utility of the sensor placement and compression algorithms is their broad
applicability. Because these algorithms were designed for a nonlinear system defined
by a general, control-affine ordinary differential equation, they can be applied in
a wide variety of areas. One interesting application is in the study of biological
systems, where distributed sensing is prevalent. A detailed example application was
provided in a study of the gyroscopic sensing capabilities in insect wings. The sensor
placement strategy revealed how the heterogeneity of campaniform sensilla might
be distributed along the wing of the hawkmoth to optimally detect inertial rotation
rates. Comparison to biological data indicated that the algorithm predicted areas
where sensors are clustered on the wing, indicating that these clusters of sensors may

serve as good encoders of gyroscopic information.

The second main contribution of this thesis is an observability-based guidance
framework for vehicles navigating with limited inertial information. The observability-
based guidance problem was solved analytically for vehicles navigating with range-
only or bearing-only measurements to a static landmark, showing that a circular
trajectory centered at the landmark minimized the observability Gramian condition
number. The guidance problem was also solved analytically for navigation in cur-
rents and extended to higher-dimensional nonholonomic systems. These observability-
based trajectories provided superior estimation performance in simulation when com-

pared to suboptimal trajectories, indicating that the observability Gramian measure
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captures the nonlinear dynamics. An example application of this guidance framework
is motion planning for single range-aided navigation of an underwater vehicle. In this
scenario, the vehicle can perform the optimal circle maneuver to obtain an accurate
localization, after which, the vehicle can perform its mission with reduced localization
uncertainty (e.g., follow a sensor coverage trajectory).

The observability-based guidance framework was extended to an algorithmic guid-
ance strategy for range-only and bearing-only navigation. These algorithms allow ve-
hicle path planning and observability to be considered simultaneously, therefore, tra-
jectories can be computed that explicitly tradeoff observability measures with mission
parameters (e.g., path length). The guidance algorithms were tested in simulation
to explore the effect of landmark location on estimation performance. Experiments
with a robotic fish testbed validated the usefulness of the algorithms, demonstrating
that the observability tuning weight can be used to directly control localization uncer-
tainty. Because the guidance is computed using convex optimization, the algorithm is
amenable to implementation on robotic platforms with limited processing power. In
the robotic experiments presented here, the typical guidance trajectory was computed
in approximately 40 ms, which is fast enough for implementation on many robotic

platforms.

The research presented in this thesis provides several interesting avenues for future
work. One intriguing research area is in the application of the sensor compression
algorithm to natural and engineered systems. Because biological systems often use
massively distributed sensing, the neural filtering component of the sensing provides
a sort of distributed computation that reduces the amount of computation required
by a central unit. By pairing the tools developed here with a neurological study, the
benefits of neural compression may be better characterized from a systems-theoretic
perspective. In the context of sensor networks, the sensor compression algorithm may
allow for the design of distributed estimation with limited communication, where only

the most important bits of information are exchanged between sensor nodes.
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The observability-based guidance algorithms for range-only and bearing-only navi-
gation were developed for waypoint following, but can be extended to plan higher-level
trajectories such as search patterns. Given a radius of region to search, the vehicle
path can be planned in the landmark-centric frame with multiple revolutions about
the landmark (yf > 27). Constraints on the search pattern parameters (e.g., pitch be-
tween consecutive passes) can easily be integrated into the optimization problem. For
range-only navigation, a spiral-like trajectory centered at the landmark will likely pro-
duce good observability characteristics while covering a circular search region. These
guidance algorithms will provide an integrated trajectory planner that simultaneously
accounts for high-level mission tasks and localization accuracy.

Another potential extension of the observability-based guidance is path planning
with multiple landmarks present. One simple solution to this scenario is to select a
single key landmark for navigation that provides the best observability characteristics
and use the existing framework to plan a trajectory relative to the single landmark.
The results of the landmark position study (see Figs. 6.7 and 6.8) can be used to
select a key landmark that provides good performance. When landmarks are sparsely
distributed, selecting a single landmark for navigation will likely be advantageous.
However, when landmarks are densely distributed, selecting a single landmark may
not provide optimal observability.

Finally, because the guidance algorithms can be used to replan the trajectory
as the mission progresses, the framework lends itself well to dynamically selecting
optimization parameters. For example, the observability tuning weight w could be
dynamically selecting based upon feedback of estimator performance, such as the
covariance matrix. When the covariance is high, a large weight should be chosen to
maneuver to improve observability and thus reduce the estimation uncertainty. When

the covariance is low, a smaller weight should be chosen to minimize path length.
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