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Abstract

Learning in Complex Systems:
with Applications to Perpetual Flight, Energy Management, Distributed Decision

Making, and Social Networks
Saghar Hosseini
Chair of the Supervisory Committee:
Professor Mehran Mesbahi, Aeronautics & Astronautics

This dissertation addresses learning in complex dynamic systems with applications
to perpetual flight, energy management, collaborative decision making, and social net-
works. By increasing the size and complexity of network systems, decentralized optimiza-
tion schemes or machine learning algorithms are desired for scaling up the automated
learning process, reducing data transmission, and ensuring robustness in the presence of
local failures. This work approaches these challenges from two fronts: complex dynamics
associated with individual agents in the network; and protocols which are run on individ-
ual agents in the network. In this direction, energy management for aerial vehicles and
small smart grids have been studied . With the objective to develop smart autonomous dis-
tributed systems performing in a highly uncertain environment, online distributed learning
algorithms have been proposed. These algorithms allow the network topology to adapt and
each agent learns the model based on its local data and the information it receives from its
neighboring agents. Central to our analysis of the performance of such online distributed
algorithms is the examination of the role of the network structure in the so-called social
regret. In addition, this dissertation provides analysis of large scale time-varying and state-
dependent networks to develop scalable distributed learning algorithms for online network
estimation. In this problem, the state of the nodes are affected by their neighboring nodes,
inspired by the opinion dynamics. A sampling approach is then applied to scale up the

algorithm for massive networks. Our theoretical results demonstrate a good (sub-linear)



4

regret bound for the topology estimation problem with limited and online observations of

the underlying communication links.
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Introduction

Complex engineered systems have received a great deal of attention in recent years. The
past decade has seen successful applications of such systems in many areas, ranging from
long endurance Unmanned Aerial Vehicles (UAVs), smart grids, transportation systems,
to community detection in massive social networks. Some of the complexities in these
systems come from the non-linear and non-convex dynamics, constraints imposed by the
environment, high dimension of states, and the uncertainty and disturbances affecting the
systems. The two directions to approach these systems are the building blocks behind
the two structured parts of the dissertation. In summary, these two parts, together with
related publications are:

Part 1. Energy Management under Uncertainties

The first part of this dissertation addresses two types of complexities in the dynamic
systems including the non-linearity, non-convexity, and high dimensional states. This
part is focused on renewable energy sources and energy management for aerial vehicles
and small smart grids. The application of renewable energy sources on aerial vehicles
is a new and emerging technology. Collecting solar energy has the potential to vastly
improve fuel consumption and flight endurance in UAVs when paired with intelligent energy
management. In pursuit of this goal, several solar powered UAVs have been built and flown
since 1974. The latest solar powered UAV, Aquila developed by Facebook, will be able to
circle a remote region for up to 90 days, providing internet connectivity to people from an
altitude of 60,000 to 90,000 feet. These types of UAVs can replace high-cost and difficult
to maintain satellites for surveillance, reconnaissance and communication purposes. One
of the benefits of energy management in aerial vehicles is the emergence of long endurance

UAVs. Therefore, the vision of perpetual flight is becoming feasible providing a wide range
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14 INTRODUCTION

of commercial and scientific applications such as disaster management, crop and forest fire
monitoring, remote sensing, mapping, and search and rescue.

My research has examined optimal path planning, coverage, and power allocation prob-
lems for solar powered UAV flight. This problem addresses the delicate balance between
optimizing sensor coverage range for better observations and maximizing the total energy
stored in the batteries while coordinating the operations of all included electric components

(Figure 0.0.2).

Surveillance and
Reconnaissance

F1GURE 0.0.1. Solar powered UAVs applications.
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FIGURE 0.0.2. Solar powered UAVs electric components.
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Moreover, this dissertation addresses the optimal power management in smart electric
cooling systems as one element of smart grids. Power grids have become over-stressed
due to uncertainties in schedules and transfers across regions and increasing usage of re-
newable energy systems. Therefore, smart grids employ telecommunication, control, and
optimization to achieve adaptability, efficiency and reliability of power grids.

Future smart grids rely on new levels of transparency and coordination between providers
and consumers of electric energy. On one side, the electricity providers will be tracking and
estimating the consumer’s daily, weekly and seasonal demands to coordinate the energy
requests. On the other side, some customers will be enticed to change their consumption
habit to save cost and alleviate peak demand by adopting new technologies, e.g., dynamic
pricing. Finding an efficient demand schedule is challenging due to the nonlinear ther-
modynamics and complex heat exchange processes associated with environment and the
heating/cooling systems, the fluctuating price of the electricity, and the user preference.
My research has proposed an optimal power management strategy for cooling systems in
the presence of unknown uncertainties in the environment and dynamic pricing by blending
ideas from online learning and Mixed Integer Linear Programming (MILP).
Publications per chapter:

Chapter 1. Optimal Path Planning and Power Allocation for a Long Endurance Solar-
Powered UAV

[1] Saghar Hosseini, Ran Dai, Mehran Mesbahi, “Optimal Path Planning and Power Al-
location for a Long Endurance Solar-Powered UAV,” In Proc. of the American Control

Conference, 2013

(Source: http://www.engin.umich.edu/)

F1GURE 0.0.3. Smart grids and smart homes.
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[2] Ran Dai, Unsik Lee, Saghar Hosseini, Mehran Mesbahi, “Optimal Path Planning for
Solar-Powered UAVs based on Unit Quaternions,” In Proc. of IEEE Conference on Decision
and Control, 2012
Chapter 2. Energy Aware Aerial Surveillance for a Long Endurance Solar-Powered UAV
[3] Saghar Hosseini and Mehran Mesbahi, "Energy Aware Aerial Surveillance for a Long
Endurance Solar-Powered UAV,". In Proc. of the ATAA Guidance, Navigation and Control
Conference, 2013
[4] Saghar Hosseini and Mehran Mesbahi, "Energy Aware Aerial Surveillance for a Long
Endurance Solar-Powered UAV,". AIAA Journal of Guidance, Control, and Dynamics,
2015 (submitted)
Chapter 3. Power Management of Cooling Systems with Dynamic Pricing
[5] Saghar Hosseini, Ran Dai, and Mehran Mesbahi, " Power Management of Cooling
Systems with Dynamic Pricing". In Proc. of the American Control Conference, 2014

Part 2. Large Scale Systems

The second part of this dissertation addresses two types of complexities in dynamic
systems including uncertainties in the objective and the high dimensional states. More
specifically, this part focuses on the online estimation and cooperative decision making
in multiple-agent systems where the complexities arise from the large number of agents,
unknown uncertainties in the model, and time-varying communication links. Networked
systems have received a great deal of attention in areas ranging from multi agents coor-
dination, distributed estimation in sensor networks, decentralized tracking, environmental
monitoring, robotics, target recognition, air traffic control, to industrial and manufactur-
ing automation. In the face of local failures, employing multiple cooperative agents leads
to a more reliable and faster mission execution. On the other hand, by increasing the
size and complexity of network systems, decentralized optimization schemes are desired
for reducing data transmission and ensuring robustness in the presence of packet drops.
With this consideration, we have developed an analogous approach to the first part of the
dissertation with investigation of cooperative decision making in UAV swarm for forest

firefighting. In this problem, the UAVs have to reach an agreement on the location of the
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FiGURrE 0.0.4. Distributed target tracking and formation acquisition in

UAVs swarm.
fire front and the swarm must preserve a formation for communication maintenance. This
application fits into a class of distributed optimization problems due to a limited range
of communication among UAVs. Moreover, the swarm is facing uncertainties both in the
changing location of the wildfire, and the underlying communication topology.

To address this scenario, we have proposed an online distributed optimization algorithm
which allows UAVs to adapt the network information flow and make a decision based on
the information they receive from their neighboring agents.

In addition, we have addressed optimization and the collaborative decision making over
state-dependent networks. Generally, the underlying communication topology of network
systems is time-varying and dependent on the state of the nodes. In most cases, the
topology of mobile or social networks are not known ahead of time and thus can be imposed
as an online learning problem. Therefore, we have proposed a fast convex optimization
algorithm that estimates the network topology based on the history of communication
links where the nodes are approximately following the opinion dynamics. Due to the large
size of the networks of interest, a sampling approach is applied to select a subset of the

network and scale the estimation algorithm.
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FI1GURE 0.0.5. Massive time-varying networks.

Publications per chapter:

Chapter 4. Online Distributed Optimization on Dynamic Networks

[6] Saghar Hosseini, Airlie Chapman, and Mehran Mesbahi, "Online Distributed Op-
timization via Dual Averaging," In Proc. of IEEE Conference on Decision and Control,
2013

[7] Saghar Hosseini, Airlie Chapman, and Mehran Mesbahi, "Online Distributed Op-
timization on Dynamic Networks," IEEE Transactions on Automatic Control, 2017 (to
appear)

Chapter 5. Online Distributed Optimization with Local Constraints

[8] Saghar Hosseini, Airlie Chapman, and Mehran Mesbahi, "Ounline Distributed ADMM
via Dual Averaging," In Proc. of IEEE Conference on Decision and Control, 2014

[9] Saghar Hosseini, Airlie Chapman, and Mehran Mesbahi, "Online Distributed ADMM
on Networks: Social Regret, Network Effect, and Condition Measures," Automatica, 2016
(submitted)

Chapter 6. Online Optimization over Time-varying, State-Dependent Networks

[10] Saghar Hosseini and Mehran Mesbahi, "Online Estimation of Large State-Dependent
and Time-Varying Social Networks, ” In Proc. of IEEE Conference on Decision and Con-

trol, 2016 (in preparation)
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[11] Saghar Hosseini and Mehran Mesbahi, "Online Estimation of Large State-Dependent
and Time-Varying Networks with Applications to Social Graphs,” IEEE Transactions on
Automatic Control, 2016 (in preparation)

Part 3. Final Remarks and Road Ahead

Chapter 7 concludes the dissertation with some remarks and directions for future work.






Part 1

Energy Management under Uncertainties
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I. Background and Preliminaries

Nomenclature
Bank angle, rad
Heading angle, rad
Flight path angle, rad
Azimuth of the sun, rad
Elevation of the sun, rad
Incidence angle of sun rays, rad
Sensor field of view angle, rad
Sensor coverage range, m
x coordinate in a flat earth-fixed reference frame, m
y coordinate in a flat earth-fixed reference frame, m
z coordinate in a flat earth-fixed reference frame, m
Flight speed, m/s
Vertical load factor
Horizontal load factor
Efficiency of the propeller
Efficiency of the solar cells
Maximum altitude gain, m
Rate of climb, m/s
Regularization constant
Lift force, N
Coefficient of lift
Drag force, N
Coefficient of drag
Parasitic drag coefficient
Thrust force, N
Oswald efficiency factor
Gravitational acceleration, m /s>

Air density, kg/m3
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Pyt Battery pack output power, watt
Q Battery pack charge capacity, Ah

Voe  Battery pack open circuit voltage, Volt

R Battery pack internal resistance, ohm
SOC Battery pack state of charge, %
Pro; Total power, watt
Py Solar spectral density, watt/m?

C Coverage cost, m

2g Rate of descent, m/s

N Number of iterations

This section presents a brief background on the models for the aircraft kinematics,
electric components, sensor coverage range, and regret definition used in Chapters 1 and 2.
The main power systems considered in the solar UAVs are the photovoltaic cells, electric
motor, and rechargeable batteries. There are other power units on-board of a solar powered
UAV with negligible power consumption compared to the three components mentioned

above.

I1.1. Components of the Power System. In this section we discuss the models for
the three power systems on-board.

1.1.1. Electric Motor. We assume the solar powered UAV is equipped with an electric
engine attached to a propeller. The power consumed by the propeller engines can be

expressed as

TV
(I.1) Pppg = —,
Tlprop

where T is the engine thrust, V is the speed of the UAV, and 7., is the efficiency
of the propeller. Moreover, the maximum available thrust is denoted by Tiax, that is

predetermined by the characteristics of the aircraft engine.

[.1.2. Photovoltaic Cells. Another major power system in solar powered UAVs is pho-

tovoltaic cells. The power harvested from the solar radiation is modeled based on the
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incidence angle of solar rays over the photovoltaic cells denoted by 4, and solar cell param-

eters [16]:
(12) Pgyn = nsolPst cos 1,

where 1, is the efficiency of the photovoltaic cells, S is the photovoltaic cells area, and
P,4 is the solar spectral density. The incidence angle i is a function of the sun’s position
in the sky and the UAV attitude. The sun’s position can be described by its azimuth
and elevation angles [29].Thus, the vector §g representing the sun’s position vector in the

earth-fixed frame can be expressed as,
Sp(t) = [cose(t) cosa(t) cose(t)sina(t) sine(t)]”,

where a(t) is the azimuth angle and e(t) is the elevation angle of the sun at time ¢t. Note
that the solar angles a and e are changing over time and are measured at all time. For
example, the elevation and azimuth angles of the sun on a typical spring day in San Diego,

California, is depicted in Fig. I.1.

—6— Elevation angle of the sun
Azimuth angle of the sun

0 é 1‘0 1‘5 2‘0 25
Time (hr)
F1GURE I.1. The azimuth and elevation angles of the sun on April 1st,

2012, in San Diego, CA. The simulation time starts at lam and ends at
midnight.
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From the aircraft perspective, the cosine function for the incidence angle i can be

obtained from
(1.3) cosi = §h.z4,

where 54 is the unit vector to the sun in the aircraft-fixed frame and z4 is the aircraft-fixed
vertical axis defined as z4 = [0 0 1]7. Moreover, the unit vector to the sun in aircraft-fixed

frame can be obtained based on the orientation of the UAV :

(1.4) SA(t) = Ri(¢)Ra(v)Rs(¥)sE(t),

where R;, Rs, and R3 are rotation matrices about the first, second, and third axis, respec-
tively.

1.1.3. Rechargeable Battery Pack. The rechargeable battery pack stores solar power

harvested by the photovoltaic cells and delivers it to the electric motor. The battery pack
output power is modeled based on the circuit representation of lithium-sulfur cells (Li-S)

[30]:
(L5) Ppait = —VocQSOC — R(QSOC)?,

where Vo is the open circuit voltage, R is the internal resistance, ) is the capacity, and
SOC is the state of charge defined as the ratio of current charge capacity to maximum
charge capacity. The battery pack specification [31] implies that the open circuit voltage
of the battery pack is a function of the cell temperature and the value of SOC. However,
the impact of SOC' is negligible under normal temperature and Voo is assumed to be
constant in our subsequent analysis.

In order to optimize the limited life cycle of rechargeable batteries [30], the SOC

should stay in the range of

(1.6) 0.25 < SOC < 0.9.
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In addition, the capability of battery pack determines the charge and discharge performance

and their limitation can be described as

(17) PBattO,Charge < PBatt < PBatto,Discharge-

Note that the input power to the rechargeable battery pack is negative and thus Ppatt,,charge <
0, while the discharge power is positive implying that Ppgatt, Discharge > 0. Based on Eq.

(I.5), the rate of charge/discharge of battery pack can be represented as

Voc —\/V3c — 4PanR
(L8) 400 = - V/Vée .
dt 2QR

1.2. Aircraft Kinematics. In this chapter, we assume that the UAV flies in still air,

moves along its thrust vector, and its point mass kinematics in 3D space is as follows [32]:

T =Vcoscosy, y=Vsinycosy, z2=Vsiny

(1.9) ¢:%(C:;7)’ = %(nv—cosy)

. T—-D
V:< —siny)g.
mg

The states z, y, and z are the aircraft position coordinates in the earth-fixed reference

frame, V is the UAV velocity, ¢ is the heading angle, and ~ is the flight path angle. The
drag and thrust forces are denoted by D and T, respectively. The parameters n, and ny,

are the vertical and horizontal load factors defined as

Lsin¢ Lcos ¢
= Ny = )
W w

(I.10) N

where W represents the aircraft weight and L represents the lift force. Thus, the bank
angle ¢ can be expressed as ¢ = tan™! (%) based on Eq. (I.10). Moreover, the standard
lift and drag equations gives the drag force D in Eq. (1.9) as

nW

Cr= 1,
L V28

Cp = Cpo+ KC?%

1
(I.11) D= 5pVZSCD,
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where Cp, is the lift coefficient, Cp is the drag coefficient, Cpg is the coefficient of parasitic
drag, and K is the aerodynamic coefficient. The parameter n is the magnitude of the load
factor, which can be determined by nj, and n, such that n = 4/ n,% + n2. Note that the air
density p in Eq. (I.11) is estimated from the U.S. Standard Atmospheric database [33].

1.3. Sensor Coverage Range. Regarding the surveillance problem, we need to define
the sensor coverage range and resolution in this section. The sensor coverage is modeled
as a linear function of altitude [20]. More specifically, the sensor has a constant field of
view and its coverage range increases as the UAV gain altitude. Nevertheless, the sensor
resolution diminishes at high altitudes which is modeled as

ztan 6 ifOSZShmax
(1.12) c(z) = ,

hmax tana - %(Z - hmax) Zf hmax S z S hO

where ¢ and z are the coverage range and altitude, respectively. The sensor field of view
is denoted by 6; hmax is the altitude at which the sensor has maximum coverage range.
Also, hg represents the altitude at which the sensor resolution is not appropriate for the
aerial surveillance and without loss of generality, we can assume the coverage range is zero
at z > hg. The coverage range of a sensor with a given field of view, 6, is also shown in

Fig. 1.2.

X

FIGURE [.2. The sensor coverage range on the X — Y plane.
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I.4. Regret. In online optimization, an online algorithm is used to generate a se-

quence of decisions {£(k)}5_; to solve the following problem:
(1.13) mgin fr(§) subject to £ € x.

The number of iterations is denoted by N and at iteration k, after committing to decision
&(k), a previously unknown convex cost function fy is revealed, and a loss fi({(k)) is
incurred. The feedback available to the system are the loss fx(£(k)) and its gradient.
The goal of the online algorithm is to ensure that the difference between the total cost
and the cost of the best fixed decision is small; the best fixed decision £* is chosen with the
benefit of hindsight. Formally, the difference between these two cost over k£ = 1,2,..., N

iterations is called the regret of the online algorithm and is expressed as

N
(1.14) Ry =Y (ful(&(k) = fr(€)).
k=1

Regret is a standard measure for the performance of learning algorithms. An algorithm
performs well if its regret is sub-linear as a function of N, i.e., limy_o Ry/N = 0.
This implies that on average, the algorithm performs as well as the best fixed strategy in
hindsight independent of the adversary’s actions. Further discussion on online algorithms

and their regret can be found in [138, 139, 140|.



CHAPTER 1

Optimal Path Planning and Power Allocation for a Long

Endurance Solar-Powered UAV

1. Summary

In this chapter the problem of optimal path planning and power allocation for an
Unmanned Aerial Vehicle (UAV) is explored. The UAV is equipped with photovoltaic cells
on top of its wings and its energy sources are solar power and rechargeable batteries. The
Sun incidence angle on the photovoltaic cells, which subsequently affects energy harvesting,
is determined by the attitude of the UAV and the Sun position. The desired optimal
path between two given boundary points, is aimed at increasing the amount of energy
storage at the final point. Meanwhile, the charging state of the battery, resulting from
the power allocation, needs to be determined along with the path planning procedure.
Two approaches, nonlinear programming and model reduction, are proposed and their

corresponding simulation results are presented and compared.

2. Introduction

The application of renewable energy sources on aerial vehicles is an emerging technology
which provides substantial benefits for Unmanned Aerial Vehicles (UAVs) fuel consumption
by collecting the solar radiation energy. As sun is the major energy source for solar powered
UAVs, it is necessary to employ optimal strategies to maximize energy harvesting during
the flight. The energy optimized path planning problem has been studied by Klesh and
Kabamba [15, 16| for level flight where the only source of energy is solar. In these works,
the UAV flies between two given locations where the sun angles are constant during the
mission, under the assumption that the flight simulation time is short. In [17], periodic

optimization has been used to obtain a perpetual flight, where the total energy is maximized

29
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such that the aircraft is constrained to move on the surface of a vertical cylinder. Sachs et
al. |18] have also used periodic optimization to design a trajectory that allows the UAV
to fly with minimum or or even no storage equipment. In [18], the mission is decomposed
into three phases. In the first phase, the UAV climbs to the altitude of 8. 5km when the
solar energy is available and in the second phase it descends during night. In the last
phase, it stays at low altitude performing level flight.

Solving this type of optimal control problems is complicated due to the nonlinear
kinematics of aircraft and its feasibility constraints on maneuvers. The direct and indi-
rect optimization methods are the two general approaches proposed in solving optimal
path planning problems [1]. The indirect method, which is based on Hamiltonian and
Lagrangian equations, has low rate of convergence and is sensitive to the initial guess.
Since the kinematics of the system is complex due to non-linearity, it is very difficult to
obtain a proper initial guess. Another approach is direct optimization, such as collocation
and nonlinear programming, which discretizes the trajectory into multiple segments and
then solves the parametrized optimization problem. In addition to these approaches, the
aircraft kinematics can be simplified based on the characteristics of different flight maneu-
vers, which is referred to as the model reduction approach in this chapter. The subsequent
generated trajectories are composed of several modes, for example, Kamgarpour et al.
in [2] have assumed the operating state of the aircraft in each mode to solve a hybrid
optimization problem.

In this chapter, we examine both the optimal path planning and power allocation
problems for a duration of one day and night of a solar powered UAV. The objective is
to maximize the remaining energy stored in batteries at the end of the duration while the
satisfying the boundary conditions and feasibility constraints on the states of the aircraft
and batteries. Since the UAV is equipped with electronic components, i.e., photovoltaic
cells, batteries and electrical engine, the power allocation problem is to efficiently allocate
the amount of power to or from each component during the flight. In our work the power
allocation problem is handled as part of the optimal path planning problem, where the

states and controls of the flight kinematics are coupled with the amounts of allocated power.
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The direct optimization method is described first to find an optimal trajectory as well as
time history of power allocation for a 24-hour flying period UAV. In the second approach,
the desired trajectory is divided into three phases with reduced models representing each
phase and a combined analytical and numerical method is used to solve the corresponding
optimization problem. The results are then compared with those obtained from the direct
optimization method.

The chapter is organized as follows. The optimal control problem formulation is pre-
sented in §3 and a solution strategy is discussed. In §4 numerical results from nonlinear
programming and their interpretation for a sample UAV path planning are presented. The
model reduction method, including the corresponding simulation results are presented in

85 followed by concluding remarks in §6.

3. Problem Statement

The problem of optimal energy path planning and power allocation between two given
locations can now be formulated as an optimization problem, whereby the final battery
state of charge, SOC(ty) , is used as the cost function. In addition, the state variables
[, y,2,9,7,V, SOC]T and control variables [n,, np, T, PBatt]Tare constrained to satisfy the
aircraft kinematics (1.9), battery discharge rate (I1.8), and boundary conditions. The mis-
sion is to fly between specified initial and final positions during the time interval [to,ty].
Due to limited UAV maneuverability, solar sources, and battery capacity, constraints on
state and control variables are introduced. Equations (I.7) and (I.6) represent the con-
straints associated with the battery performance.

Based on the above description, the optimal control problem can be formulated as:

(3.1) max SOC(ty)

(nv,np,T,PBatt)
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subject to
=V cosycosy, y=Vsinycosvy, z=Vsiny
= Iy s I
. T-D
(3.2) V= < — sin 7) g,
mg
. Voo—/V3o — 4PsaR
SOC = —
2QR
and
. . e
W < 2m, W}’ <V, |7’ < 5; ‘/étall <V < Vinax
0.25 < 50C <09, 0<T < Thax
(33) |nU‘ S nvmam ‘nh’ S nhmax

PBatto,Charge < PBatt < PBatto,Discha'rge

PTot:PSunJFPBatt*PEng 207
with boundary conditions

[H?(to), y(tO)v Z(t())a w<t0)7 7(t0)7 V(tO)a SOC<t0)]T =
[0, Yo 20, Y0, Y0, Vo, SOCy]"

(3.4) [2(ty), y(ty), z(tp)]" = [zf,yp, 26]",

where Vi o)) and Vipax are the stall and maximum feasible velocity of the UAV,
respectively and the heading angle has to satisfy |¢)| < 27 based on its physical
definition. Furthermore, |2/J| < ¥ is required to generate a smooth trajectory where ¥ is
the maximum rate of change of the heading angle. Powered-flight requires the total
power, Pry:, to be positive, which means the power consumption is less than or equal to
power generated by solar cells and/or the battery pack. This constraint is expressed in

the last equation of (3.3).
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4. Nonlinear Programming Approach

One simulation example, assumed to be performed on April 1st, 2012, in San Diego,
CA is illustrated in Figures. 5.1 to 5.7 by solid lines and its corresponding boundary

conditions are

[an Yo, ZO] = [07 0, 0] (km)v [va yr, Zf] = [07 0, 0] (km)

(4.1) [wo,’yo] :[0,0](rad), V() = Vmin7 SOC() =0.9.

SNOPT [34] can be used to solve this problem. Since the simulation time of 24-hour
is quite long (86400 seconds), some of the state and control variables need to be scaled
to make the solution converge faster. This also avoids the singularities that may occur in
estimating the underlying Hessian matrices. The path to be optimized is discretized into
24 nodes representing each hour and the time span is from lam to midnight.

The time history of altitude in Figure 5.2 shows that the UAV flies at low level flight
(z > 100m) during the early hours of the day where the minimum power required to
maintain the powered flight is optimum. The aircraft stays at low altitude until 9 a.m.,
then gradually climbs to the summit when the sun is rising, and then descends to its
initial altitude. A feature of the optimal output is that part of the solar energy is saved
as potential energy during the day which is transformed to kinematic energy as the UAV
glides down during night.

The projection of the 3D trajectory on the {x — y} plane in Figure 5.2 is relatively
smooth based on the fact that the time step in optimization algorithm is 1 hour. Figure
5.3 shows the UAV velocity during the flight implying that the aircraft flies at two specific
velocity magnitudes at most of the time with small scale fluctuation. Figure 5.4 shows
the smooth transitions of attitude angles between discrete points. The flight path angle ~,
shown in Figure 5.5, is approximately zero during the early hours of the mission, implying
the low altitude level flight during those hours. The flight path angle increases while the
aircraft is ascending during the day and eventually reaches a constant negative value during

the night, indicating a gradual descend.
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In addition to the optimal trajectory and UAV attitude presented above, the optimal
power allocation strategy for the periodic mission is shown in Figure 5.7. The amount of
power at the early hours of the day is approximately equivalent to the minimum power
required at the low altitude flight. Around noon, the input power from the sun is large
enough to compensate for both recharging the battery and providing sufficient power to
ascend to higher altitude. Around 7pm, the engine is shut down (7" = ON) and the battery
is fully charged. It is important to note that the required engine power Pgy, is zero at
night and the total power Pry in (3.3) is non-negative at during the flying period.

Figure 5.8 indicates the time history of SOC status from the optimal power allocation
output. Consistent with our presupposition, the UAV uses the battery power as a sole
source of energy during night and recharge it in the day. The output indicates that the
rechargeable battery pack reaches its maximum allowed capacity at the end of the mission,
implying that the battery returns to its initial state of charge. Therefore, this is a global
optimum solution for the problem and the result of SOC allows the UAV to resume its

operation in the next day.

5. Model Reduction

Based on the numerical results, the one-day mission can be divided into three phases
starting from 1 a.m.: low altitude level flight, climb, followed by a descend flight. As
discussed in section 4, the UAV flies at low altitude level to minimize the engine power
consumption and start climbing to gain potential energy when sufficient amount of solar
power is available to both charge the battery and maintain the engine operation. The UAV
uses the stored potential energy to glide to the final location. In this section, the flight
kinematics during each phase is represented by a first order approximation model and the

duration of each phase is specified by the availability of the solar source.

5.1. Phase 1 (Low Altitude Level Flight). The first phase starts at the initial
time (1 a.m.) and lasts until sun rise. A common property of all phases is the bank angle
profile. Since the time span is large and the aircraft altitude change is small, we can assume

the steady flight condition for all three phases.
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PROPOSITION 1. The minimum power consumption for steady flight with a given time

1/4
span is when ¢ = 0,7 =0, and Vipin = (3;{;%)

PRrROOF. At steady flight the altitude change is constant or even zero in level flight,
therefore the vertical acceleration of the aircraft is zero. According to Newton’s law
(L cos(¢) cos(y) — W =0) and from (I.11) the power consumption can be expressed as

1pSV3 w2
(5.1) Prpg = §P <CD0 tE ) :
Tprop (§pV S) cos?¢pcos?y

Therefore, Pgyy is always positive and if we minimize it over ¢ and ~ the optimal solution
is obtained when cos? * = 1 and cos?~y* = 1. Since | v |[< 5 and | ¢ |[< % , the optimal

solution is at ¢* = 0, v* = 0 and the power consumption can be rewritten as

1pSV3 2
(5.2) Ppng = =2 <CD0 + K) .

If the UAV flies at this constant velocity, the minimum required power provided from the
battery to maintain the mission is constant during this phase and equal to the minimum
engine power consumption. Therefore, with the information on the low altitude air den-
sity we can determine the velocity at which (5.2) is minimized, referred as Vi, which is
expressed as
ARW? A\ V4
(5.3) Vain = | 5303~ '
3,0 S CDO
O

This proposition applies to all three phases. Thus the desired bank angle and flight
path angle during the entire mission is zero. This property simplifies the flight kinematics
and solar power harvesting equation. Based on (I.8) and specified time span for this phase,
SOC(t1) can be computed. The time instant ¢; refers to sunrise and the final time of low
altitude level flight phase. Using the aforementioned assumptions, the aircraft kinematics
in this phase is simplified as © = Viin cosv, ¥ = Vipin sinyand the the thrust from the
engine is determined by T = %, where Ppgs is equal the minimum required power

from the engine flying at the given altitude.
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5.2. Phase 2 (Climb). The second phase starts right after the first phase and ends
at sunset. In order to maximize the aircraft mechanical energy, it is desirable for the UAV
to reach its ceiling which is assumed to be 8km in this chapter. Rapid changes in altitude
are not desirable in order to maintain a smooth trajectory. Therefore, if we discretize the
time horizon into intervals with one hour step size, the vertical acceleration of the aircraft
and flight path angle are very small. In the simplified model, we assume that the vertical
displacements at all intervals are the same and equal to Az which specifies the rate of

climb (z, = % ~ z). From (1.9), the aircraft kinematics is reduced to

t=Vecosy, y=Vsiny, z2=Vyy

T-D
_m

(5.4) 1% —7g.

At the beginning of this phase, the battery is almost discharged. Our objective here is to
minimize the value of Ppy; during the second phase to achieve the maximum recharging

rate from the solar source. The Ppyy is assumed to be negative when being recharged.

PROPOSITION 2. The maximum available power to recharge the battery while maintain-
ing powered flight is the solution of the following optimal control problem with the constraint
cos(a — ) = —1:

t

2
T T
(5.5) 1%/11Tn/ (np:p — Nso1 PsqS cos e;)
t1
. T—-D -
st. V= - ig, Vistat <V < Vinaz,
m Vv
where
VW  pSV3
T—-D= — —
2r 4Kz$(
8K Sz,
(5.6) \/V2 —4KCpoz2 — 512 (WV — z.1)).



5. MODEL REDUCTION 37

PROOF. From the last equation of (3.3), the minimum power provided from the battery
to maintain powered flight occurs when Pr,; = 0, Pgyg is minimum, and Pg,,;, is maximum.
Based on the fact that the bank angle is zero and flight path angle is very small, Pg,,, is

reduced to
(5.7) Psupn = 1501 PsgS(sine — v cos e cos(a — v)).

In the climb flight, the path angle ~ is always positive, hence the heading angle v is
specified to satisfy cos(a —1)) = —1 during the climbing phase to maximize the solar power
harvesting. Hence (5.7) is expressed as Pgy, = Nso1PsqS(sine 4 cose). The sun elevation
angle e is specified and thus we can ignore the term sin e in the cost function. Meanwhile the
flight path angle is determined by v = %%, assuming that z, is predetermined. Therefore,
the minimization problem of Ppgy will reduce to (5.5). The vertical acceleration of the

aircraft is zero, thus based on Newton’s law, the lift force is expressed as L = mg — (T —

D)35. Therefore, the T'— D term can be derived from (I.11). O

By substituting 7' — D in (5.5), we can solve the minimization problem and find the
optimal V' and T during the climb. Then one can proceed to calculate the flight path angle

and subsequently the altitude change.

5.3. Phase 3 (Glide). In the third phase, the solar power is not available, however,
the UAV can use its potential energy to glide through the night. The ideal scenario is that
the electric engine is turned off during the entire phase and the value of SOC' is constant.
To avoid rapid changes in altitude, the flight path angle is assumed to be zero and the
bank angle is zero for this phase as well. The aircraft kinematics at this phase is expressed
asin (5.4), where T = 0 and Ppggy = 0. To further simplify the aircraft model without loss
of generality, the flight path angle is assumed to be a constant negative number, which is

constrained by the highest altitude of the UAV.

5.4. Solution Strategy. In order to compare the the results from the reduced model
with the direct collocation method, the time span is discretized into 24 nodes with one hour

interval for two adjacent nodes. A feasible solution with maximum SOC(ty) is guaranteed
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using the simplified model and its corresponding trajectory properties are discussed in the
above sections. Therefore, the solution strategy will concentrate on satisfying the path
constraints.

5.4.1. Path Planning Problem. A path satisfying periodical boundary conditions can
guarantee the perpetual flight. We find the UAV trajectory by integrating backward the
states of kinematics starting from the final point which is also the initial point for the
periodical flight. Since the UAV fly at low altitude level flight after the third phase,
we change the z component of periodic boundary conditions to a low altitude of 100m.
Flying at this altitude reduce the risk of collision with trees, buildings, and earth terrains.
Without lack of generality, an arbitrary function is considered for heading angle which
satisfies 1 (t2) = a(t2) — 7 and 9(tf) = 1o in the third phase. The results from phase 3
will specify the state of UAV at time to. Given the state of UAV at time to and trajectory
characteristics introduced in subsection 5.2, the aircraft kinematics (5.4) is integrated
backward using Euler’s method. Based on the result from second phase, the path planning
problem in phase 1 is expressed as a two point boundary value problem where the boundary

conditions are specified as

[z(t0), y(to), ¥(to)]" = [0, 0, v0]"

(5:8) [o(t1), y(tr), ¥(t1)]" = [o1,91, at1) — 7"

This problem can be solved using a numerical approach such as shooting method. In this
part, the algorithm runs feasibility evaluation to make sure that the UAV can reach the
boundary condition with Vi, during the specified time interval.

5.4.2. Power Allocation Problem. In the power allocation problem, (I1.8) is integrated
forward. In the first phase Ppy and engine thrust are specified and there is no solar power
available. Therefore, the SOC' at time ¢; can be specified. The T" and V' in second phase
are calculated by solving the optimal control problem (5.5). Given the constraint in phase

2, the solar power is expressed as Psy, = 1soPsqS(sine + ycose) , and thus Pp can be

written as Ppayy = —v— — 1501 PsqgS(sine 4 ycose). From (1.8), the SOC(to) is specified.

Nprop
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Since the electric engine is turned off, the SOC does not change during phase 3 and it will

maintain its level for the rest of the mission which is equivalent to SOC(t2).

5.5. Numerical Results using the Simplified Model. In this section, the nu-
merical results obtained from model reduction method are presented by marked lines and
compared with the results obtained from NLP method in Figures. 5.1 to 5.8. The the UAV
trajectory in the {x, y} plane, as illustrated in Figure 5.2, is completely different from orig-
inal results due to the arbitrary selection of heading angle in the last phase as reflected in
Figure 5.4. Unlike the velocity profile obtained using original model, the velocity profile
of UAV in the simplified model varies smoothly. However, the aircraft altitude and flight
path angle in the first and last phases are almost identical as shown in Figures 5.1 and 5.4.

This analysis indicates that a more complicated maneuver other than the steady climb
is required for both models to match on their altitude change and flight path angle profile
in the second phase. However, according to the time history of SOC and power output in
Figures 5.7 and 5.8, the SOC(ty) is identical in both methods. Therefore, we can make
the conclusion that there are many optimal paths leading to the maximum power storage

for a battery pack with a favorable storage capacity.

6. Remarks

The main contribution of this chapter is the investigation of optimal path planning
and energy allocation problem for solar-powered UAVs in three dimensional space. The
solutions using the direct optimization approach provides complete information of the
trajectory, attitude, and battery status of the UAV whose kinematics and electrical models
are integrated when solving the optimization problem. In addition, it was revealed from
the simulation results that the UAV mission can be divided into three phases, level flight,
climb, and glide. The corresponding maneuvers are then represented by simplified aircraft
kinematics to improve the efficiency of the numerical and analytical solutions. The reduced
model is shown to yield similar power allocation strategy and optimal cost as the one
obtained from the original model. We used a desktop computer with quad core processor

(3.4 GHz) and the computation time for the direct optimization method and simplified
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FIGURE 5.1. The altitude of UAV as a function of time.
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FIGURE 5.2. The optimal trajectory is shown in the {x — y} plane.

model are 393.417sec and 1.758sec, respectively. This indicates that both methods are

executable on a real time operating system, and that the computation speed using reduced

model is much faster.
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FIGURE 5.3. The UAV velocity during the trajectory.
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FIGURE 5.4. The UAV heading angle ).

The future research will focus on different cost functions such as the weight of the
battery pack and the flight range. In addition, other types of missions will be considered,
imposing additional constraints on UAV path planing. For example, surveillance and

reconnaissance missions require the UAV to meet specific way points along its trajectory.
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FIGURE 5.5. The UAV flight path angle .
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7. Appendix

The aircraft and battery pack parameters for a sample UAV which is used in numerical

simulation are:



7. APPENDIX

100 . . .

Power (watt)

time (hr)

FIGURE 5.7. The optimal power allocation during the optimal trajectory.
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FIGURE 5.8. The SOC of the battery pack.

TABLE 1. Sample UAV parameters

Tsol Psd(%) b(m) S(m2) m(kg) Tle Tlprop
0.19 886 3.1 0.56 | 4.201 | 0.992 | 0.7
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TABLE 2. Battery pack (Lithium-Sulfur) parameters

Q VOC R M Batt PBatto,Discharge Charge

26.4 Ah | 12.6 V' | 0.0125 Q | 1.280 kg +30 watt

TABLE 3. Sensor parameters

0 hmax hO
30 deg | 500 m | 750 m




CHAPTER 2

Energy Aware Aerial Surveillance for a Long Endurance

Solar-Powered UAV

1. Summary

In this chapter, energy optimal surveillance trajectories for Unmanned Aerial Vehicles
(UAV) are explored. The main objective is to have maximum sensor coverage range while
maintaining a perpetual flight in the presence of uncertainties. A solar powered UAV is
equipped with photovoltaic cells mounted on its wings and rechargeable batteries. The
photovoltaic cells generate solar energy based on the position of the sun, attitude of the
UAV, and sky clarity. The vehicle aims to optimize the energy storage in the batteries
and coverage during the day while the availability of solar radiation is uncertain and the
sensor resolution diminishes due to altitude gain. A model for optimal coverage, path
planning, and power allocation in a solar powered UAV is proposed and the corresponding
simulation results are presented. In addition, the effect of maximum altitude gain on the
energy storage is studied based on a reduced hybrid model. An online setting is proposed
to represent the solar radiation uncertainties. This approach demonstrates convergence to

the best fixed strategy in both theory and simulation results.

2. Introduction

Long endurance Unmanned Aerial Vehicles (UAVs) have a wide range of applications
including crop and forestry fire monitoring, search and rescue, remote sensing, mapping,
and atmospheric sensing missions. One way to extend the duration of flight in UAVs is
to change the configuration of the aircraft, i.e., its wings [3| or propulsion system. In
this context, hybrid propulsion systems have been proposed [4, 5, 6] which is composed
of several power sources on-board such as solar cells, fuel cells, and batteries. Taking

45
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advantage of the environmental energy sources in the form of wind gusts and thermals
is another approach to increase the flight duration. There is an extensive literature on
path planning and trajectory optimization for soaring flight |7, 8, 9, 10, 11, 12, 13|. In
addition, photovoltaic cells are a favorable candidate to collect energy from the environment
and power the UAVs [14]. In pursuit of this goal, several solar powered UAVs have been
built and flown since 1974. The latest solar powered UAV, Aquila developed by Facebook,
will be able to circle a remote region for up to 90 days, providing internet connectivity to
people from an altitude of 60,000 to 90,000 feet.

The major energy source for solar powered UAVs is the sun and it is thus necessary
to employ optimal strategies to maximize energy harvesting that leads to higher flight
endurance. Energy optimal path planning problem in 2D space has been studied for solar
powered UAVs where the only source of energy is the solar radiation. In [15, 16|, the solar
powered UAV flies between two given locations in a level flight under the assumption that
the flight simulation time is short and the sun incident angle over the wings is constant.
Moreover, in [17|, Spangelo et al. have proposed a periodic optimization method to obtain
perpetual flight, where the total energy is maximized, constraining the aircraft to move on
the surface of a vertical cylinder. Exploiting the potential energy and on-board electrical
storage units, Sachs et al. |18] have proposed a trajectory that allows the solar powered
UAV to fly with minimum or no solar energy stored in the batteries. The aforementioned
trajectory is composed of three phases. The UAV climbs to the altitude of 8.5km in the
first phase, when the solar energy is available. In the second phase, it descends during night
and finally, the UAV performs low altitude level flight during the third phase. Moreover,
in our previous work [19], we have investigated the optimal path planning and energy
allocation problem for a single UAV in 3D space using model reduction techniques. The
objective in [19] was to maximize the final state of charge of the battery pack, representing
the energy stored on-board.

Enabled with long endurance UAVs, the surveillance problem in aerial vehicles has
become feasible and is now an active research topic |20, 21, 22, 23, 24|. However, the

energy efficiency aspect of this problem has not been addressed at large by the scientific
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community. Mei et al. [25] proposed an efficient algorithm for the deployment of multiple
mobile robots that take into account energy and timing constraints, and explores the
surveillance problem for ground robots. Nigam et al. have also considered an endurance
constraint in the control of multiple quad-rotor vehicles in order to achieve persistent
surveillance [26]. Moreover, Sujit and Ghose [27] presented a search algorithm for UAVs
with limited fuel. These works do not deal with energy consumption constraints directly
and use a fixed flight time to represent these constraints. Moreover, in [28], the problem
of energy collection using multiple solar powered UAVs in 2D space has been explored.
In this problem setup, the UAVs are required to carry on continuous coverage of a target
area in which harvesting solar energy would potentially eliminate the need for a refueling
policy.

Our first contribution is posing the energy optimal surveillance as an optimal control
problem where the solar powered UAV employs optimal strategies to maximize both energy
harvesting and sensor coverage range during the flight. In this chapter, we examine the
optimal energy and coverage surveillance for a duration of 24 hours of a single solar powered
UAV in 3D space. In pursuit of perpetual flight, the secondary objective of the vehicle
is to maximize the total energy stored in batteries at the end of the duration. During
the mission, the aircraft must also comply with maneuverability constraints presented as
boundary conditions and feasibility constraints on its states. A direct optimization method
is used to solve the optimal energy surveillance problem and the results are compared with
the optimal coverage surveillance problem. We present an approach for assessing the
effect of altitude gain on energy storage based on a reduced hybrid model proposed in our
previous work [19].

Both nonlinear programming-based approaches and the reduced problem solutions pro-
vide complete information on the trajectory and power allocation strategy of the UAV
under the assumption that the solar radiation is predictable. However, the actual amount
of solar radiation that reaches a particular point in the earth’s atmosphere is extremely
variable. In addition to the regular daily and yearly variation due to the apparent motion

of the sun, irregular variations are caused by local atmospheric conditions, such as clouds.
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Therefore, the available solar energy is unknown a priori without detailed probabilistic
characteristics. As our second contribution, we model the energy aware surveillance prob-
lem in an online framework where the uncertainty in the system is demonstrated by an
arbitrarily time varying cost function. In other words, since the solar radiation is un-
predictable, the cost function associated with this optimization problem is unknown and
lacking probabilistic assumption when the relevant strategy is implemented. A method
to approach this type of problems is online learning and a standard metric to measure
the performance of online algorithms is called regret |64, 86, 141]. Regret measures the
difference between the incurred cost and the cost of the best fixed strategy in hindsight.
Consequently, a good algorithm is one where the average regret approaches zero. In this
chapter, we exploit Online Dual-Averaging (ODA) algorithm to estimate the optimal rate
of climb during the steady climb phase while the solar spectral density is unknown ahead
of time.

The contribution of this chapter is two folds. First we propose a model for the energy
aware surveillance problem. Second, we extend the aforementioned problem to the online
setting to account for the intermittent solar radiation. The chapter is organized as follows.
In §3, the optimal control problem formulations for two different objective functions are
presented and a solution strategy based on a nonlinear programming is discussed. Numer-
ical results for a sample UAV path planning are investigated and interpreted in §4. In §5,
a reduced hybrid model and heuristic analysis of maximum altitude gain are discussed.
The intermittent solar radiation and its effect on altitude gain is explored in §6. Finally,

§7 presents concluding remarks followed by future research directions.

3. Problem Statement

The solar powered UAV’s mission is to fly between specified initial and final positions
during the time interval [to,t;]. The corresponding trajectories should demonstrate optimal
coverage and energy properties. Therefore, the desired trajectories are modeled as solutions

to an optimal control problem with a set of constraints. The cost function associated with
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the surveillance problem is presented as the cumulative sum of sensor coverage over time:
ty
(3.1) Clty) = / e(2)dt,
to

where ¢(z) is the coverage range given in Eq. (I.12). Furthermore, the cost function
associated with energy optimal path planning is characterized as the final state of charge
SOC(ty) in the battery pack [19]. The state variables denoted by [z, y, z, v, 7, V, SOC, C’]T
and control variables [n,, ny, T, PBatt]Tare constrained to satisfy the aircraft kinematics in
Eq. (1.9), battery charge/discharge rate in Eq. (I.8), sensor coverage range in Eq. (1.12),
and the boundary conditions.

Several constraints on state and control variables are also introduced based on limited
UAV maneuverability, structural capability, photovoltaic cells characteristics, and battery
capacity. More specifically, the stall and maximum feasible velocity of the UAV are denoted
by Vistann and Vinax, respectively, which implies Vo < V' < Vinax - The rate of change of
heading angle ¥ has to satisfy ]w\ < Wpax in order to generate a smooth trajectory where
Wonax is the maximum changing rate of the heading angle.

Moreover, powered flight requires the total power Pr, remains positive, which means
the power consumption must be less than or equal to power generated by solar cells and /or
the battery pack.

Based on the above problem description, the optimal energy surveillance problem can
be formulated as:

(3.2) max  C(ty) + SOC(ty)

Ny, T, PBatt
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subject to

(3.3a)

(3.3b)

(3.3¢)

(3.3)

(3.3¢)
and

(3.4a)
(3.4b)
(3.4c)
(3.4d)
(3.4e)

(3.4f)

(3.4g)
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=V coscosy, y=Vsinycosy, z2=Vsiny

p— 9 S
,l/}_V(COS/}/)’ f)/ V(n’U COSP}/)
V= (T_D—sinfy>g

mg
o Voo = \VBe — sl
- 2QR
C =c(2)

1] < Wrna, 1] < 5
Vstat <V < Vinax,
0 <T < Tha,
0.25 < 50C <£0.9,
0] < N, 178] < N
PBatty,Charge < PBatt < PBatty, Discharge

PTot:PSun + PBatt - PE’ng > Oa

with boundary conditions:

(3.5a) [2(to), y(to), 2(t0), 1 (t), ¥(to), V (to), SOC(to)]" = [0, Yo, 20, %0, Y0, Vo, SOCH)*

(3.5b)

[(ty), y(ts), 2(tp)]" = (g, 5, 2f]"

The optimal control problem presented in Eq. (3.2) through Eq. (3.5) is a non-convex non-

linear optimization problem. Using a nonlinear programming approach, an approximate

solution to this problem can be achieved and further discussion and simulation results are

provided in the next section.
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4. Simulation Results using Nonlinear Programming Approach

4.1. Nonlinear Programming Method. The general approach to solve a nonlinear
optimization problem, presented in Eq. (3.2) through Eq. (3.5), is the direct collocation
(DC) method. DC is an approximate method that discretizes a continuous solution and
uses linear interpolation to satisfy the differential equations imposed on the states. This
method transforms the optimal control problem into a nonlinear programming problem
(NLPP) and the solution is in terms of infinitely many values of state and control variables.

The nonlinear programming (NLP) solver used to solve our optimization problem is
based on a sequential quadratic programming (SQP) algorithm called NPSOL [34, 35].
NPSOL can be used to solve problems such as minimizing a performance index subject
to constraints on individual state and/or control variables. Since the mission duration of
24-hour is long (86400 seconds), some of the state and control variables need to be scaled
accordingly to make the solution converge faster and also avoid the singularities that may
occur in estimating the underlying Hessian matrices.

The simulation results for two optimal control problems are illustrated in this section
and their corresponding sensor coverage and energy storage are compared. The boundary
conditions are provided in Table 1. The UAV starts from the origin with zero heading
and flight path angles and returns to its initial location after 24 hours. The mission
endurance is discretized into 24 nodes representing each hour during a day. This large
time step simplifies the optimization problem as well as providing fast convergence and
smooth trajectories.

TABLE 1. Boundary conditions

States Values

[0, Y0, z0] (km) | [0,0,0]
[0, 70] (rad) [0, 0]
SOCy 0.9

[z, ys,2¢] (km) | [0,0,0]

The values of UAV, battery pack, and sensor parameters, used in numerical simulations

are provided in the appendix.
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4.2. Optimal Coverage Surveillance Problem. The first optimal control problem
is the optimal coverage surveillance where the objective is to

(4.1) max  C(ty)

ny,np, T, PBatt

subject to Eq. (3.3)-(3.5). Note that although the energy storage is not explicitly op-
timized, the UAV has to maintain enough energy for a powered flight according to the
inequality (3.4g). Figure 4.1(a) and Fig. 4.1(b) present the optimal trajectory in 3D
space as well as its projection on the X — Y plane. The optimal trajectory is relatively
smooth as the time step chosen in the algorithm is 1 hour and the heading rate of change
is constrained in the optimization problem.

Figure 4.2(a) demonstrates small scale fluctuation around 10 m/s in the he UAV velocity
during the flight. Th altitude profile in Fig. 4.2(b) shows that the UAV starts at zero
altitude and reaches z ~ 500m altitude and stays at that altitude for a while. Note
that hpax = 500m, implying that the sensor coverage range is at its maximum value
when z = hAmax. Although, the goal of the UAV is to achieve maximum sensor coverage
range, it has to maintain the powered flight. Therefore, the UAV climbs up to higher
altitudes (z ~ 2km) to gain potential energy and spend this energy by soaring during night.
Figure 4.3 depicts the smooth transitions of attitude angles of the UAV during the solution
trajectory. Fig. 4.3(a) implies that the solar energy harvesting, that is proportional to
cos(i), reaches its peak at noon and is zero between sunset and sunrise. It is noted in
Fig. 4.3(b), the bank angle ¢ is approximately zero during the mission which refers to
the fact that the aerodynamic drag is at its local minimum when ¢ = 0 [19]. In addition,
the flight path angle v shown in Fig. 4.3(c) is very small during the flight. The power
allocation strategy is illustrated in Fig. 4.4 for further investigation. Figure 4.4(a) depicts
the time history of the SOC and Fig. 4.4(b) represents the power allocation during the
trajectory for three major power sources presented in §I.1. It is shown that the battery
pack is charged during the day while the UAV uses solar radiation to supply the required
power. Finally, the coverage range of the UAV sensor is presented in Fig. 4.5, which

demonstrates the UAV tendency to stay at hmax.
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FIGURE 4.1. The optimal trajectory in (X —Y —Z) space (a) and the X —-Y
plane (b) are depicted in these figures for the optimal coverage surveillance
problem in Eq. (4.1).
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FIGURE 4.2. (a) The UAV velocity during the solution trajectory, and
(b) the altitude of UAV as a function of time are shown for the optimal
coverage surveillance problem in Eq. (4.1).
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FIGURE 4.3. The aircraft attitude for the optimal coverage surveillance
problem in Eq. (4.1) is represented by (a) the heading angle, v, sun inci-
dence angle, i, (b) bank angle, ¢, (¢) and flight path angle, v. The time
span is from lam to midnight of April 1, 2012.
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FIGURE 4.4. (a) Presents the SOC of the battery pack and (c) shows
the optimal power allocation during the optimal trajectory for the optimal
coverage surveillance problem in Eq. (4.1).
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FIGURE 4.5. Sensor coverage range during the optimal trajectory for the
optimal coverage surveillance problem in Eq. (4.1).

The optimal coverage cost and final SOC' in this scenario are
(4.2) C(tf) = 16226 km, SOC(ty) = 0.383.

4.3. Energy Aware Surveillance Problem. In the second optimal control prob-
lem, the objective is to maximize both the sensor coverage range and the final state of
the charge for the battery pack which represents the energy stored in the system. The
objective function for this optimal control problem is expressed in Eq. (3.2)-(3.5). The
optimal trajectory and its velocity profile shown in Figs. 4.6 and 4.7 have slightly different
properties than the optimal coverage problem results presented in §4.2. However, the en-
ergy storage in the system has an important contribution to the cost function in the energy
aware surveillance problem. Therefore, the UAV climbs to a higher altitude (z ~ 3 km)
in order to harvest more potential energy. The attitude of the UAV is shown by its Euler
angles in Fig. 4.8. The Euler angles have also similar profiles as in the optimal coverage
surveillance problem solution presented in Fig. 4.3.

The optimal power allocation strategy is shown in Fig. 4.9. Moreover, Fig. 4.9(a)
indicates the time history of the SOC suggesting that the rechargeable battery pack re-
covers most of its initial state of charge which allows the UAV to resume its operation the
next day. The engine input power, as well as output power form the battery pack and

photovoltaic cells are depicted in Fig. 4.9(b). Moreover, Fig. 4.9(b) demonstrates that the
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FIGURE 4.6. The optimal trajectory in X —Y — Z space (a), and the X —Y

plane (b) are depicted in these figures for the optimal energy surveillance
problem in Eq. (3.2).
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FIGURE 4.7. The UAV velocity during the solution trajectory (a), and the
altitude of UAV as a function of time (b) are shown in this figure for the
optimal energy surveillance problem in Eq. (3.2).

required power for electric engine is approximately at its minimum while UAV operates at
low altitude level flight during the early hours of the mission. In addition, the solar power
from the sun compensates for both recharging the battery and supplying enough power
for maintaining powered flight during the day. Lastly, the coverage range of UAV sensor is
presented in Fig. 4.10 which has approximately the same profile as in the optimal coverage

surveillance result presented in Fig. 4.5.
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FIGURE 4.9. Figure (a) presents the SOC' of the battery pack and figure
(b) shows the optimal power allocation during the optimal trajectory for
the optimal energy surveillance problem in Eq. (3.2).
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FIGURE 4.10. Sensor coverage range during the optimal trajectory for the
optimal energy surveillance problem in Eq. (3.2).
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The optimal coverage cost and final SOC' in this scenario are
(4.3) C(ty) = 16372km, SOC(ty) = 0.706.

From Eqgs. (4.2) and (4.3) it is noted that the coverage cost function C(ts) is slightly less
than its value for the energy optimal surveillance problem. Moreover, the final SOC of the
battery pack is improved by 84% which implies that the UAV can achieve a local optimal
coverage while optimizing its energy storage. This property can also be used to design
perpetual surveillance mission. Figures 4.2 and 4.7 show that in both scenarios the solar
powered UAV maintains level flight at an altitude of 500 m for roughly 15 hours. Based
on the coverage function expressed in Eq. 1.12, the sensor coverage is maximum at this
altitude. Therefore, as it is shown in Figs. 4.5 and 4.10, the duration of this level flight
plays an important role in maximizing the surveillance coverage.

In addition, the effect of potential energy on optimal energy storage and coverage can

be deduced from Figs. 4.2(b) and 4.7(b) and will be further studied next.

5. Analysis of Maximum Altitude Gain

Based on the numerical results, the effect of potential energy on optimal energy storage
and coverage is studied in this section. The SOC profile for ¢ € [1 am, 3 pm] is similar in
Figs. 4.4 and 4.9. Thus the amount of energy stored in the battery pack depends on
the trajectory of the solar powered UAV after ¢t = 3pm given that the rate of climb and
descend are different in the results presented in Figs. 4.2 and 4.7. In other words, the
maximum altitude gain or potential energy is proportional to the amount of energy stored
in the battery pack. In order to study the effect of potential energy on optimal energy
storage, a reduced hybrid model introduced in our previous work [19] is considered. In
reduce hybrid model, the optimal trajectory of UAV is presented with three simplified
modes. These modes are level flight, steady climb, and steady glide, consistent with the
trajectories presented in Figs. 4.1-4.9. A detailed explanation of the reduced hybrid model

is provided in the next subsection.
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FIGURE 5.1. Generic altitude profile for a reduced hybrid model.

5.1. Reduced Hybrid Model. In this subsection, the assumptions and simplified
dynamics are presented for each mode. A generic altitude profile for the reduced hybrid
model is depicted in Fig. 5.1 where zyax denotes the maximum altitude gain during the
trajectory.

5.1.1. Mode 1 (Level Flight). The first phase is initiated at time, t) = 1lam, and
lasts until ¢; = 3pm. Proposition 1 in [19], has demonstrated that the minimum power
consumption for steady level flight within a given time span occurs when ¢ = 0,7 = 0,
and

ARW? N\
1 min — .
(5 ) Vi <3p2S2CD0>

These properties simplify the flight kinematics and solar energy harvesting equation. The
aircraft kinematics for this phase is thus reduced to
(5.2a) T = Viin COS Y
(5.2b) Y = Vinin sin .
In addition, given the time span for this phase, SOC(t1) can be computed based on Eq.

(1.8), where time instant ¢; refers to the final time of low altitude level flight phase. In

order to preserve the SOC of battery, Ppqu is equal to the minimum required power from
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the engine flying at the given altitude:

1 pSV3 w?
ot CDO"‘Kﬁ ,
2 Tprop (50V259)

and based on Eq. 1.1, the engine thrust is determined by

(5.3) Ppng =

PBattnprop
5.4 T=—¢7-"—"—".

5.1.2. Mode 2 (Steady Climb). The second phase starts right after the first phase and
as long as the solar radiation energy is available to maintain powered flight, the UAV
climbs to gain potential energy. For simplicity and obtaining a smooth trajectory, the
time horizon is descretized into k intervals of length At and the rate of climb is kept
constant. In other words, the vertical displacements during all time intervals At are the

same and equal to Az. Therefore, the rate of climb can be defined as

Az
(55) Zc - E > O,
and the maximum altitude is given by
(5.6) Zmax = 2(t1) + kAtz,

where 2z(t1) = hmax as defined in Eq. (I.12). In addition, the flight path angle is small and

set as ¢ = 0. Therefore, based on Eq. (1.9), the aircraft kinematics is reduced to

(5.7a) z=Vcosy, y=Vsiny, z2=Vy

. T-D
(5.7b) V=

—9-
m

The objective is to minimize the value of Ppyy during the second phase to achieve the
maximum recharging rate and solar energy harvest. Proposition 2 in [19] states that we

need to solve the following optimal control problem to find the maximum available power
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to recharge the battery:

to

TV Zc

5.8 i — P.4S — | dt
( ) I‘I}’l]{l/ (TIprop Nsol L sd COSGV>

1

. T—-D
(59) st. V= - %gv ‘/stall < |4 < Vmaxa

cos(a — ) = —1
where

2, = Zmax — Z(tl)

kAt ’

VW  pSV3 8K Sz,
1 T—-D= — 2 4K 2 _ — zT
(5 O) e 4Kzg <V + \/V CDOZC ,OSV2 (WV Ze )) N

and time instant ¢y refers to the sunset. By substituting 7'— D in Eq. (5.8), we can solve
the minimization problem and find the optimal velocity V' and thrust T during the steady
climb. We can then proceed to calculate the SOC(t2) of the battery for a given hpay and
the number of At intervals k.

5.1.3. Mode 3 (Steady Glide). In the third mode, the solar power is not available
(Psyn = 0) and the battery is discharging (Ppggi > 0). Therefore, the UAV exploits its
potential energy and battery storage to glide through the night. Based on the numerical
results, the flight path angle is assumed to be small and the bank angle is zero. Thus, the
aircraft kinematics for this mode is expressed as in Eq. (5.7). Similarly, the time horizon

is descretized into k intervals of At and the rate of descend is constant:

Az

A1 ==z

< 0.

Given that Ppgit = Pppg in this mode, the objective is to minimize the discharge rate of

the battery or equivalently the power required for the electric motor. Therefore, similar to
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mode 2, the optimal control problem can be expressed as

tr
T
(5.12) min/( v ) dt
v.r ; Tlprop
2
. T-D
(5.13) st. V= =29, Vitar <V < Vina,
where
L Z(tf) — Zmax
g EAt
VW pSV3 8K Sz,
5.14 T—-—D=—— %4 V2 —AKCpgz2 — WV —z,T
( ) Zg 4KZ§ ( +\/ DOZg pSV2 ( Zg )> )

and time instant t; refers to the final time of the mission. Moreover, Eq. (3.5b) implies
that z(ty) = z;. Based on the solution of this optimal control problem and Eq. (I1.8), we

can find SOC(ty) for a given zypax and number of At intervals k.

5.2. Analysis. In [19], it has been shown that the proposed reduced hybrid model
yields similar power allocation strategy and optimal cost as the one obtained from the
original model using the direct optimization approach. However, the reduced hybrid model
leads to a superior computational efficiency as compared with the full scale optimization.
In this section, we examine the variation of the cost function presented in Eq. (3.2) as a
function of zya.x based on the proposed reduced hybrid model. Since the initial time and
SOC(t1) of the steady climb are assumed to be known, we can carry on the optimization
process for each mode sequentially and find the coverage function and SOC at final time.
Figures 5.2 and 5.3 show the numerical simulations results for the final state of charge of
the battery and coverage cost, respectively.

It is shown in Fig. 5.2 that the SOC(ts) is optimum at altitude gain around 5000 ~
6000m. For higher altitude gain, the UAV has to spend its energy storage in order to
reach the desired 2z during the second mode. In other words, the potential energy does
not always help to optimize the energy storage. Figure 5.3 shows that the coverage cost

C(ty) decreases as we increase zmax. However, a minimum coverage is guaranteed during
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FIGURE 5.2. SOC of battery pack at time instant t; as a function of
maximum altitude gain during 1 day using reduced hybrid model.
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FIGURE 5.3. Coverage cost at time instant ¢y as a function of maximum
altitude gain during 1 day using reduced hybrid model.
mode 1 namely C(t;) = 15588 km. Therefore, these numerical results suggest that the
energy aware surveillance problem can be expressed as a tradeoff between energy storage
and sensor coverage. In the next section, we extend the reduced hybrid model and study

the effect of intermittent solar radiation during mode 2 on the power allocation strategy.

6. Online Estimation of Rate of Climb to Cope with Intermittent Solar
Radiation

Both nonlinear programming approach and the solution based on reduced hybrid model

provide complete information on the trajectory and power allocation strategy of the UAV
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given accurate estimates on the solar radiation intensity. However, the solar radiation is
variable due to unpredictable atmospheric conditions such as clouds. In other words, the
power spectral density Pgq is not known a priori. Therefore, we modify mode 2 in reduced
hybrid model to an online optimization problem in order to consider the unpredictable
variation of Pyy. For simplicity of analysis, we assume that the velocity is given and
constant during mode 2. The constant velocity is denoted by V52 and from Eq. (5.9) we

have

(6.1) TVs = mgz. + DVs.
Since the flight path angle is very small and ¢ = 0, the lift force is expressed as
(6.2) L = mgcosy ~ mg,

and the drag force in Eq. (6.1) is computed from Eq. (I.11). In addition, we assume that
the time horizon [t1, t2] is descretized into N intervals of At¢. The objective is to minimize
the value of Ppgy during the time horizon [t1, t2] to achieve the maximum recharging rate
and solar energy harvest. Furthermore, the UAV must reach the altitude zax at the end

of the interval. Therefore, the optimal control problem in Eq. (5.8) can be expressed as

N (T (z)V5 e A
(6.3) minz <02 — Nt Psq(k)S cose(k) = + Z||ze NAL + z(t1) — zmax\|2> At
Zc —1 Tlprop Vs 2

subject to 0 < z,

where A > 0 is the regularization constant and can be tuned to balance the trade-off
between energy harvesting and reaching the desired maximum altitude. Note that the
goal is to find a fixed rate of climb such that the cost function (6.3) is minimized. The
problem in Eq. (6.3) can be posed as an online convex optimization problem where the

online algorithm minimizes the regret defined in Eq. (I.14). Thus based on Eq. (6.3), the
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convex cost function in Eq. (I1.13) is expressed as

(6.4)  fr(ze) = DV, + 2z (mg _ Tsol Pyy(k)S cos e(k)) + A (zeNAt+ 2(t1) — zmax)2 )
nprop V2 2

and closed convex set y C R is given by
x={SeR|0<¢}.

Note that the gradient of fi(z.) is

Nsol
Vo

(6.5) g = mg — Pyg(k)Scose(k) + ANAt(ze NAt + z(t1) — Zmax),

that can be determined based on the amount of solar radiation. In addition, fi(z.) is

G-Lipschitz continuous, i.e., for all £, o € x we have

|fx(€) = fr(o)] < GII€ = oll,

where G = mg. Moreover, we note that Eq. (6.4) implies the direct proportionality of
the rate of climb and the energy harvested from solar radiation. In other words, the UAV
climbs higher as the available solar radiation increases. The algorithm used to learn the

rate of climb is presented in the next section.

Online Dual Averaging Algorithm. We use Nesterov’s dual averaging algorithm
[64, 110] to solve the online optimization problem presented in Eq. (I.13). The algorithm
sequentially updates the state variable z.(k) and the dual gradient ¢(k) at each iteration.
The update is based on a provided gradient of a convex cost function f(z.(k)) denoted as

gi followed by a projection step onto the constraint set y, specifically,

q(k+1) = q(k) + gk

ze(k+1) =[] (ak+1), (k).

X
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Note that [} (-) is the projection operator onto x;,
T

(6.6 [Tath). (k) = argin { (). 6) + 57}

134
X

where «(k) is a non-increasing sequence of positive functions and 7(§) : x — R is a
proximal function. The standard dual averaging algorithm uses proximal function 7(§)
to avoid oscillations in the projection step. Without loss of generality, 7 is assumed to
be strongly convex with respect to ||.||, 7 > 0, and 7(0) = 0. An example of proximal
function is the quadratic function 7(¢) = 1/2||¢||3 that is strongly convex with respect to
the second norm ||.||2 for & € R. Moreover, the entropic function 7(§) = > | &log & — &
is a proximal function which is strongly convex with respect to the first norm ||.||; for £ in
the probability simplex, {£|£ >0, > | & =1}

The Online Dual Averaging (ODA) algorithm is presented in Protocol 2. The projection

function used in this algorithm is defined in (6.6).

Algorithm 1: Online Dual Averaging (ODA)

1 for k=1 to N do

fr(2)(k)) is revealed

3 Compute subgradient g(k) € 0fx(2.)(k))

4 | d(k+1)=d(k)+g(k) ze(k+1) =[] (d(k + 1), a(k))
5 end

N

Xiao [64] presented a sub-linear regret of O(v/N) for ODA which implies that the
algorithm cost is converging to the best fixed case in hindsight. In other words, we have
N

. 1 N . 1
(6.7) lim > (fr(ze(k) = fu(20) = lim —O(VN) =0,

N=ee V3
where 2z} is the best fixed rate of climb. We can calculate 2} from Eq. (6.3) and based on
full knowledge of the hindsight. In addition, we can express the cost function in Eq. (6.3)
based on Eq. (6.4) as Sn_; [fu(2c(k))At]. Therefore, Eq. (6.7) implies

N N
(6.8) lim <Z [fi(ze(R)AY = [fk(ZDAt]) =0,

N—o0
k=1 k=1
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where At = (to — t1)/N. Consequently, Eq. (6.8) implies that the solution of the online
algorithm converges to the best fixed rate of climb as we increase the number of time
intervals N.

The ODA algorithm was applied on the described setup for a solar powered UAV. The
objective is to estimate a scalar z. > 0 . The observation at iteration k is defined in
Eq. (6.5) for P,y € (0,886) W/m?, zmax = 5km, and Vo = 10m/s. The time step At
is 30 sec implying that the UAV may change the rate of climb every 30 seconds based on
the availability of the solar radiation. Figure 6.1(a) presents the average power spectral
density P,y during mode 2 which is lower than the nominal value of 886 W/m? considered

in the offline problem. The SOC of the battery pack is also shown in figure 6.1(b).
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FIGURE 6.1. Figure (a) presents the average power spectral density Psy
and figure (b) presents the SOC of the battery pack during mode 2 for the
online estimation of rate of climb problem.

Moreover, based on the available Py, the best fixed rate of climb z} is 0.4848 Km /hr
and Fig. 6.2(a) depicts the ODA algorithm solution for z.. Note that the best fixed rate
of climb is represented by the horizontal solid line in Fig. 6.2(a) and the ODA solution
is varying in the vicinity of 2. Finally, based on the values of z.(k) and Eq. (5.5) the
approximate altitude of the UAV is computed and shown in Fig. 6.2(b). It is shown

that due to lack of enough solar radiation, the UAV does not reach the desired maximum
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altitude zmax = Hkm. However, the battery pack achieves a SOC of 70% at the end of

mode 2, sufficient for carrying on the mission at the next modes.
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FIGURE 6.2. Figure (a) presents the rate of climb z. and figure (b) presents
the altitude of UAV as a function of time during mode 2 for the online
estimation of rate of climb problem.

Moreover, Fig. 6.3 shows the agreement of the theoretical regret bound, presented
Eq. (6.7), and simulation results based on ODA algorithm with respect to their asymp-
totic sublinear behavior. Note that the theoretical regret bound represents the worst case

scenarios.
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FIGURE 6.3. The theoretical regret bound and the regret for the online
estimation of rate of climb problem.
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7. Conclusion

A simple model has been proposed for the optimal energy surveillance problem of a
solar-powered UAV in 3D space. In this model, the sensor capabilities and electrical models
are integrated with the aircraft kinematics when solving the corresponding optimization
problem. It was noted from the nonlinear programming approach that the UAV mission is
generally divided into three phases: level flight, climb, and descend and the most effective
contribution to saving energy is due to the potential energy harvested during the climb
phase. Based on a reduced hybrid model and the analysis of the maximum altitude gain,
it was shown that the energy aware surveillance problem is a tradeoff between maximum
altitude gain and coverage cost. Furthermore, there exists a range of potential energy in
which the energy storage is optimum. By exploiting the reduced hybrid model, the energy
aware surveillance problem was modeled as an online convex optimization problem where
the effect of unpredictable intermittent solar radiation on the maximum altitude gain is
considered. The numerical and theoretical results suggest that online learning algorithms
can specify the rate of climb based on the available solar radiation intensity on the fly such
that the solar powered UAV will be capable of carrying on its mission.

This chapter is a step towards designing trajectories for long endurance solar powered
UAVs, a topic that requires further investigation. The future research will focus on thermal
soaring and the effect of wind gust on the UAV trajectory. Cooperative aerial surveillance
and developing convex models for more efficient on-board implementations will also be

explored in our future works.

Appendix

The aircraft parameters for a sample UAV which is used in numerical simulations
are presented in Table 2. Table 3 contains the battery pack parameters and the sensor

parameters are given in Table 4 .

TABLE 2. Sample UAV parameters

Msol Psd(%) b(m) S(m2) m(kg) e Tprop
0.19 386 3.1 0.56 | 4.201 | 0.992 | 0.7
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TABLE 3. Battery pack (Lithium-Sulfur) parameters

Q VOC R M Batt PBatto,Discharge Charge

26.4 Ah | 12.6 V' | 0.0125 Q | 1.280 kg +30 watt

TABLE 4. Sensor parameters

0 hmax hO
30 deg | 500 m | 750 m




CHAPTER 3

Power Management of Cooling Systems with Dynamic
Pricing

1. Summary

This chapter addresses the optimal power management problems in electric cooling
systems based on appropriately constructed thermal dynamic models and cost profiles. In
this venue, the dynamics and logical constraints for the cooling load are first formulated
as mixed-integer linear programming models. We subsequently apply an online learning
algorithm to adjust the weighting factor for customers’ satisfaction level considering the
fluctuating prices and customers’ preferences. The proposed approach is expected to save
the user’s electricity cost by adequately scheduling the operations of the cooling load with-
out an adverse effect on the entire system. Simulation results for the chiller systems are
presented using the proposed approach. The effectiveness of the proposed temperature con-
trol and trade-off between electricity cost and customers’ satisfaction level is demonstrated

via a simulation scenario.

2. Introduction

Future smart grids will rely on new levels of transparency and coordination between
providers and consumers of electric energy. On one side, the electricity providers will be
tracking and estimating the consumer’s daily, weekly and seasonal demands to coordinate
the energy requests. On the other side, some customers will be enticed to change their
consumption habit to save cost and alleviate peak demand by adopting new technologies,
e.g., dynamic pricing [36, 37]. The success of cost reduction at the consumer’s side requires
accessing real-time prices and adapting corresponding strategies, e.g., scheduling operation

of loads when the electricity is cheaper. In this chapter, we examine an optimization-based
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approach for temperature control of cooling systems. The goal is to reduce the cost of
energy consumption while satisfying the demands of the consumers. Finding an efficient
demand schedule is challenging due to the nonlinear thermodynamics and complex heat
exchange processes associated with environment and the heating/cooling systems [38, 39].
Introducing simple thermal load models and applying different control strategies have
brought significant progress in this field. For example, Perfumo et al. [40] proposed a
model based control that thermostatically schedule the loads. Katipamula and Lu [41]
evaluated different thermostat setting approaches for energy saving of residential heating,
ventilation, and air-conditioning (HVAC) systems. Moreover, Ha et al. [42]| applied a
multi-scale optimization mechanism in load management of electric home heaters. In
addition, uncertainties in energy price [43, 44| and power resources [45] affect the resulting
optimal control problem. The work presented in [46, 47, 48| addresses the uncertainties
in the energy sources by controling the energy storage and load operation.

Inspired by these works, we propose a mixed integer linear programming (MILP) model
for a thermostatically controlled cooling system which allows for power curtailment strategy
to reduce the energy cost. However, our approach can override the thermostat control
command when necessary, e.g., temporally pausing the operation of the cooling system
during high price intervals without adverse effect on the overall operation. We focus on
cooling systems designed specifically for storage of brewery, winery, dairy, and etc., with a
preferred temperature range. By efficiently scheduling the cooling systems’ operation, the
proposed approach is expected to minimize the energy cost, and at the same time provide
a degree of consumer satisfaction which is reflected by the difference between the ideal
temperature and real maintained temperature.

The optimization problem is modeled as a trade off between energy cost and the con-
sumer satisfaction level. Therefore, the user’s preference and the price he/she is willing
to pay has a significant impact on the cost function. However, the electricity price is not
known a priori and the user’s preference is changing with time, making it difficult to set
up a tractable optimization problem. Therefore, an online estimation approach is imple-

mented to model the weighting factor of consumer’s satisfaction level. This approach is
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a special case of our previous work [95] regarding online distributed estimation via dual
averaging. Online learning algorithms have been proposed [49, 50| to address the uncer-
tainties in the systems without probabilistic assumption where the stochastic optimization
methods [61, 62, 112] are inadequate. Such learning algorithms have been widely used
to solve the optimization problems with unknown cost function at the time when rele-
vant decision is made [138]. The performance of online algorithms is captured by regret
which is a standard measure in machine learning literature [139, 141|. Regret represents
the non-optimality of the algorithm by not following the best fixed decision in hindsight.
Consequently, the average regret of a good algorithm should approach zero over time.

The main contribution of the present chapter is to formulate an MILP model for the
thermostatically controlled cooling systems based on estimated weighting factors obtained
from online estimation algorithm and electricity companies. The power curtailment strat-
egy is implemented by solving optimal power management problem via a MILP solver
[52]. In addition, we propose a novel approach to estimate the weighting factor of cus-
tomer’s satisfaction level based on the dual averaging algorithm. Further analysis on the
convergence of the proposed approach is provided.

The organization of the chapter is as follows. First, we formulate the power manage-
ment problem of cooling systems in §3. Subsequently, the (MILP) model of the thermo-
statically controlled loads is formulated in §4, followed by the dual averaging algorithm for
setting the weighting factor in §5. Simulation example demonstrating the applicability of

the proposed approach is detailed in §6, which is followed by concluding remarks in §7.

3. Problem Formulation

The objective of power management for cooling systems is to schedule the loads’ oper-
ation such that the consumed electricity cost is minimized and at the same time a degree

of consumer satisfaction is maintained. Assuming the consumers have access to the setting
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Power Management

x
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FiGURE 3.1. Trad-off between electricity cost and satisfaction level with
weighting factor cp

the ideal temperature, T, for the cooling system, the objective function is defined as

(3.1) guzr; Z[Cp(t) (g121(t) + g222(t)) + cr|T'(t) — T1|]At

subject to T'(t) € [Tmin, Tmaz],

where At is the step size of each horizon, g1 and go are the rapid pull down working
power (with fast cooling rate) and the normal working power (with normal cooling rate),
respectively. The term ¢, refers to the day-ahead predicted electricity price published
online from the electricity company at time t. The cooling temperature at horizon % is
denoted by T'(t), while T},4, and T,y are the allowed highest and lowest temperature,
respectively. The term cp is the coefficient related to the degree of consumer satisfaction;
cr acts as a weighting factor that balances the importance between the electricity cost and
the consumer’s preference as shown in Figure 3.1. However, ¢r can be adjusted during
the control interval when the electricity price or ideal temperature changes in the power
system.

The solution of the optimization problem (3.1) is to find the operation control z; and
z9, where 21, z2 € {0,1} and z;1(t) + 22(t) < 1, for rapid pull down or normal operation of
every load at each horizon to minimize the objective function from initial time %y to final

time ty. During the optimization process, the temperature changes due to the operation
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and the heat exchange between the system and the environment. The temperature T'(t) is

constrained by the thermal dynamic equation expressed as

(3.2) T(t + 1) = T.+ Qlel(t) + QQRZQ(t) —

(To + Qi Rz (t) + QaRzo(t) — T(t))e RE.
where T¢ is the temperature of the environment. The electric cooling capacities for rapid
pull down and normal operation are denoted by 1 and @2, respectively. The terms C' and
R are the cooling thermal capacitance and resistance, respectively. For the above described
power management problem, on one hand, it is desired to maintain the minimum electricity
cost based on the predicted tariffs. On the other hand, it is also desired to maintain
the degree of consumer satisfaction to keep the cooling temperature as close as possible
to the ideal setting. The decision to minimize all the terms in the objective function
express a bargaining process that balances between the energy price and the degree of
consumer satisfaction. When the predicted tariff is low, we intuitively intend to use the
provided electricity to keep the temperature close to the desired setting. Otherwise, the
cooling system is scheduled to temporarily shut down to allow the temperature rise above
the setting with no power consumption. Then, there is no power consumption and the
cost associated to the degree of consumer satisfaction is determined by cp|T'(t) — Tr|At,
the third term in (3.1). With the three coupling terms in the objective function (3.1),
the goal is to find the best solution to minimize their sum. Therefore, the operation
control terms z; and zo are the key factors in determining the objective value. In addition,
considering fluctuating electricity prices and uncertainties of consumers’ preference, the
weighting factor, ¢, contributes to the objective value as well. Determining the weighting
factor is, however, more complicated and requires integration of objective cost from data.
In the following, two integrated approaches, MILP and online learning, are introduced to
obtain the optimal solution for the power management problem of cooling systems. From
the MILP solution, the cooling system finds the controls, z; and zo, under current value
of ¢p. The online learning approach updates the value of ¢y by tracking the time history

of the electricity price and ideal temperature settings.
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4. Temperature Control via Mixed-Integer Linear Programming

MILP is the optimization problem of minimizing an objective function expressed by
a linear combination of integral and real-valued state variables, subject to linear equality
and inequality constraints. It can be solved using the branch and bound, branch and cut,
or branch and price algorithms. There are numerous applications for MILPs in many areas
of operations research, including network flow, path planning, and scheduling. In order to
formulate the MILP model for dynamic programming, the nonlinear term exp[—At/(RC))]
in (3.2) is approximated as a linear expression 1 — At/(RC). Consequently, the thermal

dynamic equation in (3.2) is linearized as

T(t+1) = T() + (@uRa (1) + QuRoa(t) o + (T~ T(1) o

During each horizon ¢, only one operation is allowed among the three options. These
options include “rapid pull down" with z;(¢f) = 1, “normal chilling" with 29(¢) = 1, and
“off" with 21 (t) + 2z2(t) = 0. Generally, the rapid pull down has higher cooling rate, but
requires more operational power than the normal cooling. The described logical constraints

can be expressed as
21(t) + z2(t) < 1, z1(t), 21(t) € {0, 1}, Vit e [to,tf].

To find the linear expression of the objective function (3.1), we introduce the new

variable y(t) at each time horizon to relax the objective value by assigning y(t) as
y(t) > |T(t) = Trl, V€ [to,ty].

In addition, it is not desirable that the control commands switch frequently between work-
ing and “off" states, which is against the healthy operation of the electric unit. Therefore,
we assign a upper bound temperature Tj, such that once the the rapid pull down or normal
cooling operation is turned off, it will not be turned on again until the temperature in-
creases beyond this upper bound. To realize this constrained operation, a binary variable

zp(t), is introduced to indicate whether the temperature increases beyond the assigned



4. TEMPERATURE CONTROL VIA MIXED-INTEGER LINEAR PROGRAMMING 7

temperature Tj. Logically, 2, satisfies the following constraint
(4.1) Zb(t) — T(t)/Tb <0, Zb(t) S {0, 1} vVt € [to,tf].

The above inequality guarantees that when z; equals to one, the temperature has to be
more than T} to make the upper bound of z,(t) — T'(t)/Tp less than zero. In other word,
zp(t) cannot be set as one if T'(t) < Ty,. However, T'(t) > T}, does not imply that z,(t) must

be equal to one. In addition, the following expression,
(4.2) Zl(t) + ZQ(t) < Zb(t — 1) + Zl(t — 1) + Zg(t - 1) Vit € [to,tf], t # to,

ensures that the two types of cooling operation, rapid pull down and normal cooling, cannot
be turned on unless z; equals one in the previous horizon. The fact that z is equivalent
to one implies that the boundary temperature is reached, or the cooling operation was
performing in the previous horizon. Thus, the cooling operation cannot be turned on if the
operation at previous step is not “on", (21(t—1)+22(t—1) # 1), and the temperature does
not increase beyond the boundary value (z(t — 1) # 1). With the two linear constrains
expressed in (4.1) and (4.2), we can imagine that once the lower bound temperature is
reached, neither of the cooling operations will be on again until the temperature increases
beyond the boundary value, that is when z,(¢) = 1. The power output for the cooling
systems is simply

P(t) = g121(t) + g222(1).
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From the above description, the MILP formulation for the power management problem

described in §3 is summarized as

2]

(4.3) min Y [ep(t)(g121(E) + g222(t)) + Ery(t)| At

21,22,Y,%b t=to

such that V't € [to,ty];

T(t+1) =T(t) + (Qrz1(t) + Q222(t))At/C + (Te — T(t)) At/ (RC),

T(t) S [TminaTmam]a

z1(t) + z2(t) <1,

yt) =2 T(t) =T, yt) =TI -T(t),

zp(t) = T(t)/Tp <0,

21(t) + 22(t) < zp(t — 1) + 21(t — 1) + 22(t — 1),

Zl(t)a ZZ(t)7 Zb(t) € {Oa 1}
The above optimization problem provides the operation control z; and zo and the variables
y and z;, for the predicted power price ¢,(t), ideal temperature Ty, weighting factor ér and
other pre-specified parameters. Most parameters in the above equations are specified
from external entities and are time invariant, e.g., g1 and go. However, the electricity
price, satisfaction level coefficient, and the ideal temperature are dynamic according to the
market and user’s preference. Therefore, the power management system needs to adapt the
weighting factor ¢r in order to compensate for these uncertainties. The following section

specifically describes an online estimation scheme to predict the weighting factor ¢ in

(3.1) a day ahead and adjust ér for the MILP (4.3).

5. Weighting Factor Design via Online Estimation

The consumer satisfaction level coefficient ¢y is generally changing based on the user
preference and the cost she/he is willing to pay. Therefore, c¢p(t) is unknown a priori and
an adaptive scheme is required to update this parameter at each time step. If we solve the

optimization (3.1) for N days, the cost at the end of day 7 based on the actual electricity
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price ¢ ; is

ty
(5.1) Cr(1) =Y _lers ()P(1) + cr AT (1)) At,

t=to
while the predicted cost at the end of day 7 based on the day-ahead predicted electricity
price ¢, is

ty
(5.2) Cp(r,z) = [epr(t)P(t) + er AT (1) At.

t=to
Note that ér(7) represents the estimated value of ¢ on the 7th day. Moreover, AT, (t) =
|T'(t) — T7(7)|, and P(t) is the power output for the cooling system. Therefore, specifying
consumer satisfaction level coefficient can be formulated as an online estimation problem

where the objective is to find the argument z that minimizes the cost function
. 1 NN . .
(5.3) fr(ér) = §||C’R(7') — Cp(t,ér)||5 subject to ép € x.

Note that x = {z|0 <z < ¢7max } is a closed convex set, where ¢7 max is an upper bound on
the coefficient representing the consumer’s satisfaction level. The function f;(ér) is allowed
to change over time in an unpredictable manner due to modeling errors and uncertainties
in the electricity price, user preference, and the environment. Based on (5.1) and (5.2), we

can express (5.3) as
. 1 . 2 : R
(5.4) fr(ér) = §Hb7 — ¢érar|l5  subject to ép € x,

where by = 3,7, [(crr () = ¢p.r (1) P(1) + er(T) AT (1)) At and ar = 3L, AT (t)At. The

(sub)gradient of the estimation error (5.4) is
(5.5) ofr(ér) = —ar (by — éra,),

which is assumed to be known to the pricing algorithm. Further, since the function f;(z)

is convex on a compact domain, it is Lipschitz, i.e. there exists a positive constant L for
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which

(5.6) [fr(2) = fr(y)| < Lz —yl| for all z,y € x.

The Lipschitz constant L for the cost function in (5.4) can be found by observing that

|fr(2) = [7(y)]

(@
l
< 5 llarllp (larllz lz = yllo +[1orll) lz =yl

for all x,y € x. Assuming that ¢, -, ¢p - € (0, max), ¢r(7) € (0, ¢rmax); P € (0, Pmax), and
ATT € (07 Tiax — Tmin)a we have

(57) L = (3CT,maX (Tmax - Tmin) + 2cmaxjjmax)

1
2
(Timax — Tmin) (tf — t0)*.

Note that L is a function of temperature range, maximum power output for the cooling
systems, maximum satisfaction level coefficient, and maximum electricity price. Since the
energy price, ideal temperature and environment are dynamics, the behavior of (5.3) is
unpredictable. Therefore, we need an online scheme in which no assumption or knowledge
of the statistical properties of the data are available. In the proposed estimation algorithm,
at time step 7, the system estimates ¢z € x and then an “oracle” announces the cost fr(ér)

and its (sub)gradient df;(¢ér).

5.1. Online Estimation via Dual Averaging. In order to solve this estimation
problem in an online setting, we employ Nesterov’s dual averaging algorithm |64, 110|.
The Online Dual Averaging (ODA) algorithm is presented in Algorithm 2 in which the

state variable ép(7) and a dual variable d(7) are updated sequentially:

d(r +1) = d(7) + (1),

INote that the Frobenius norm of A is defined as ||A||r = \/trace(ATA).
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where v(7) = 0f-(ér(7)) is the (sub)gradient of the cost function. Then, ér(r + 1) =
[I, (d(r +1),,a(r + 1)), where J[, (*) is a projection onto x and is defined as

(5.8) H)Fc(d(T), o(1)) = arg r{li)n {<d(7‘), ér) +
cr(T)EX

where «(7) is a non-increasing sequence of positive functions. In addition, ¢(ér) : x = R
is a proximal function and is used to avoid wide oscillation in the projection step. Without
loss of generality, I' is assumed to be strongly convex with respect to |.||,I' > 0, and
I'(0) = 0. Hence, we can select I'(ér) = %HéTH% for some k > 0, which is bounded as

I(er) < %c%max in our problem setting.

Algorithm 2: Online Dual Averaging (ODA)

1 forr=1to N do

fr(ér(7)) is revealed

3 Compute subgradient v(7) € df,(ér(7))

a4 | d(r+1)=d(r) +(7) ér(r +1) = [[(d(r +1),a(r))
5 end

N

In addition, the power mangament process is demonstrated in Figure 5.1 where 0 f(¢é7)
is computed based on previous information, real electricity price for the previous day, and
the temperature variation. Then, the MILP solver finds an optimum load schedule based
on day-ahead electricity price and estimated weighting factor provided by online estimation
algorithm. At the end of the day, the electricity company collects energy demand infor-
mation from all residential units and aggregates them to provide an estimate of electricity

price for the next day as well as the cost of electricity for the current day.

5.2. Convergence Analysis. The convergence analysis for the online algorithms is
based on a measure called regret and is expressed as

N

(5'9) RN(CE;“véT) = Z(fT(éT<T)) - fT(C})?)

T=1
overt =1,2,..., N, iterations. The goal of online algorithms is to ensure that the cumulative

penalty (5.9) that algorithm incurs due to its decisions on the cost sequence { f.r}i\[:1 is
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small. In other words, if limy_,oc Ry /N = 0, the algorithm performs as well as the best
fixed strategy c} independent of the uncertainties.

The following Lemma 3 can be found in [59], and is required for our analysis.

LEMMA 3. For any positive and non-increasing sequence o(t) and ¢y € X

Sl (v(r)ser(r) = ¢p) < 530 alr = DIV®I2 + i T(er)

2

where ||.||« is the dual norm.

THEOREM 4. The sequence of ép(7) and d(T) are generated by lines 5 and 8 in Algo-

rithm 2, with T'(c}) < %c%max and o(T) = q/+/T, where k,q > 0. Thus, we have
RN(C}7 éT) (qL2 qk C% max) \/N - %Qq’
where L is given in (5.7).

PROOF. The proof is similar to the regret analysis in [64, 110] and is presented here
for completeness. An arbitrary fixed decision ¢}, € x and sequence ér(7) generated by line

8 in Algorithm 2 are given. Since f; is convex,

(510) fT(éT) - fT(C%) < <7(T)76T(T) - C’?>

Thus, from the definition of regret in (5.9),

N
(5.11) N (En ér) Z — ).

Therefore, using the bound in Lemma 3, we have

N —

N
1
5.12 Ry = —1) 24 T(ch).
(5.12) ~(cr, ér) ;:1&7 My (r )II*+a(N) (cr)

Note that convexity of f implies that (y,z —y) < fr(x)— f;(y) for all z,y € x. Therefore,

based on L-Lipschitz continuity of fr, we have ||v||« < L. Thus, using (5.12) the regret is

ZNote that the dual norm of a vector z is defined as ||z||. = sup (z,y).
[lyll=1
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further bounded as
(5.13) Ry(cpér) <5 3N a(r—1) + 75T,

and the theorem follows by applying the integral test on the first term in (5.13). 3 (|

The “good” performance of the ODA algorithm is demonstrated by sub-linear regret.
In addition, the result shows the importance of the underlying system properties through
parameter L. Further, we can improve the regret bound by selecting appropriate values
for ¢ and k in (4.3).

Next we exhibit a similar dependence on the parameters of the system for the regret

analysis of the (temporal) running average estimates.

COROLLARY 5. The sequence of er(r) is defined as ep(1) = L 3°1_, ér(s) where the

T

sequence of ¢r(T) is generated by line 8 in Algorithm 2. Let I'(c},) < %c%’max and a(1) =

q//T, where k,q > 0. Thus, we have
1
Ry(cyp,er) <2 <qL2 + ch%,max> VN.
PROOF. Since the cost function f-(ér(7)) is convex, f-(er(r)) < 1377, fr(ér(s)).
Therefore, we have

T

Y (fr(er(s) = fr(ep)

s=1

N =

(5'14) fT(ET(T)) - fT(c;) <

and given the definitions of regret in (5.9) we have

N
* = 1 * A
(5,19 Rx(epen) < 3 (TReleinen))
and the corollary follows from (5.15). O

6. Simulation Example

In order to illustrate the feasibility of the proposed approach and the MILP model,
a simulation example for a small scale cooling system is examined in this section. We

3Note that ZJTVZI % <2V N —q.
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aim at validating the applicability and efficiency of the proposed approach for scheduling
the operation of the cooling load. At the beginning of each day, we obtain the day-ahead
predicted prices online from [43]| and calculate the optimal schedules using the MILP
algorithm with current ideal temperature setting and the estimated weighting factor. At
the end of that day, the real-time price is published online and we adjust the weighting
factor for the next day. An example of the predicted and real-time price in Zone I of Illinois
state on October 7% of 2012 is demonstrated in Figure 6.1.

In addition, the average electericity price per day over 30 days is presented in Figure
6.2 which implies the day-ahead price is an over estimation most of the times.

The power management process in Figure 5.1 is repeated as long as the operation
schedule is required. Additional loads can also be easily included in the current framework.
The corresponding parameters of the cooling load used in the simulation are listed in Table

1[38].

TABLE 1. Parameters used in the cooling loads

g1 (kW) g2 (kw) T, (F) Tomin (F) Tinaz (F)
75 50 72 40 72
Q1/C (F/s) Q2/C (F/s) 1/RC (F/s) At(minutes) T; (F)
-3 -1.5 0.02 2 Tr+5

In addition, the ODA algorithm was applied on the described system to estimate a
scalar ¢y € (0,0.1) with ¢ = 0.004, k£ = 1, and (Thax, Tmin) = (40,72). Thus, x = (0,0.1),
¢Tmax = 0.1, and L = 4953.6. During one day and night, the MILP algorithm generates
optimal schedules for every hour with time step of two minutes. This demand scheduling
is based on the predicted price, the current ideal temperature setting, and the designed
weighting factor. The performance of the proposed approach is compared with thermostat

strategy based on temperature tracking error 4 and electricity cost. We assume that the

4Note that the tracking error is a measure of how closely the true temperature follows 717 and is represented
by \/% K |T(t) — Tr(t)|? over K measurements.
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thermostat strategy is to switch on when the temperature is above 5°F over T and switched
off when it drops 5°F below T7.

The temperature tracking error over a month is illustrated in Figure 6.3 for both online
MILP and the thermostat strategy. This figure shows that the temperature profile with
the online MILP approach traces the ideal setting better than the one with the thermostat
schedule. In addition, Figure 6.3 depicts a large error on the first day which was improved
showing the fast learning rate of the online algorithm.

Moreover, a comparison between the online MILP and thermostat schedule costs is
presented in Figure 6.4.

Note that the performance of online MILP improves over time as the algorithm starts
learning. Moreover, the simulation results confirm that the cost for the online MILP sched-
uling scheme is lower than the the offline MILP schedule for the whole month. However,
for a cooling system with ten or hundred of similar loads, the saving of electricity cost
by adopting the proposed approach is significant. Since the ideal temperature is changing
randomly every hour and the real-time price is not known a priori, the user can chose the
weighting factor ¢y randomly from a uniform distribution. However, éz does not track the
user’s specified ¢r as shown in Fig6.5.

Despite ignoring user’s choice, Figs 6.4, 6.3 and 6.5 imply that designing the weighting
factor using online DA algorithm significantly improves the overall performance of the
system. In addition, Figure 6.6 demostrates the good performance of online DA algorithm

given that the regret is much smaller than the theoretical regret bound.

7. Remarks

This chapter presents an optimal power management strategy in cooling systems in
the presence of unknown uncertainties. Blending ideas from online learning and MILP
is essential to control the cooling system operation. In this venue, the chapter describes
an optimization-based modeling technique for thermostatically controlled cooling load via
MILP. Moreover, the weighting factor is adjusted as the real cost is revealed. Simula-

tion results show that the online MILP significantly improves the system performance
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by accommodating for unknown parameters through designing weight factor. Therefore,
integrating optimal power curtailment strategies and the proposed algorithm in future
smart grid systems can potentially lead to improved operation of the grid in presence of
uncertainties.

Future research will consider more complex systems including the operation of mul-
tiple loads in the cooling systems and distributed energy management in a residential

neighborhood with dynamic pricing and demands.
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Predicted and Real-time Price of Electricity
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FIGURE 6.1. The predicted and real-time price in Zone I of Illinois state
on October 7t of 2012 [43].
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Part 2

Large Scale Systems



II. Background and Preliminaries

In this section, we review basic concepts from graph theory and online algorithms, as
well as the relevant assumptions for our analysis.

For the column vector v € RP, v; or [v], denotes the ith element and e; denotes the
column vector which contains all zero entries except [e;]; = 1. The vector of all ones is
denoted as 1. For matrix M € RP*?, [M]Z-j, or simply M;;, denotes the element in its
ith row and jth column. The family of probability vectors is denoted by £ and contains
all non-negative vectors o € [0,1]" such that Y o; = 1. A row stochastic matrix P is
a non-negative matrix with rows in 2. Moreover, the ergodic coefficient for a stochastic
matrix @ € R™*" is given by

(IL.1) 7(Q) =1— min Zmin{@ik,Qﬂg}.

VS L

A doubly stochastic matrix P is a non-negative matrix with 31", Py = >0, Py = 1. A
time varying matrix is denoted by P! and a (backward) sequence of time varying matrices
is presented by P0) = ptpt=1... PO For any positive integer n, the set {1,2,...,n} is
denoted by [n]. The 2-norm,1-norm and infinity norm are denoted by ||.||, ||-||1, and ||.||cc,
respectively; the dual norm of a vector u in the normed space with the norm ||.|| is defined
as ||ull« = sup (u,v) = ||u||, where (-,-) denotes the underlying inner product.

We der|1|(1)}‘|c|; 1the largest, second largest, and smallest singular values of Q € R™*" by

01(Q), 02(Q) and 0, (Q), respectively. A function f : x — R is called L-Lipschitz contin-

uous if there exists a positive constant L for which
(I1.2) |f(u) — f(v)| < L||lu— vl for all u,v € .

Although the dual of the 2-norm is the 2-norm itself, we derive some of the bounds in our
subsequent analysis using the notion of the dual norm. The main reason is the connection
between the Lipschitz continuity of a function (in the native norm) and the boundedness

of its subgradient (by the Lipschitz constant) in the dual norm.
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Moreover, the Bergman divergence is expressed as By and for a differentiable, strictly

convex function ¢, we have :

By (z,y) = ¢(x) — ¢(y) — Vé(y).(x — y).

The standard k-simplex is denoted by AF = {v c RFH| Zf:o v;v; >0 W}.

I1.1. Graphs. A succinct way to represent the interactions of dynamic agents, e.g.,
sensors, over a network is through a graph. A weighted directed graph G = (V, E, W) is
defined by a node set V with cardinality n, the number of nodes in the graph representing
the agents in the network, and an edge set E' comprising of pairs of nodes which represent
the agents’ interactions, i.e., agent i affects agent j’s dynamics if there is an edge from ¢
to j, denoted as (i,7) € E. In addition, a function W : E — R is given that associates a
weight wj; € W to every edge (i,7) € E. Moreover, dist(i, j) denotes the minimum number
of edges of any directed path from node ¢ to node j. The neighborhood of node 7 is defined
as the set N; = {j|(j,7) € E} and the adjacency matrix A(G) is a matrix representation
of G with [A(G)];; = wj; for (i, j) € E and [A(G)];; = 0, otherwise. A graph G is strongly
connected if there exists a directed path between every pair of distinct vertices. For a
graph G, d; is the weighted in-degree of i, defined as d; = Z{j‘(ﬂ)eE} w;;. In addition,
L(G) = A(G) — A(G) is called the graph Laplacian where A(G) is the diagonal matrix of
d;’s. Based on the construction of weighted directed graph Laplacian, every graph G has
a right eigenvector of 1 associated with eigenvalue A = 0 [121].

There are many families of graphs that are often used to model networks of practical
interest. In this chapter , we use path and random graphs for some of our simulations.
Specifically, Erdés-Rényi random graphs with edge probability p are constructed by having
an edge (i,j) € F in the graph with probability p for all possible edges. A random tree
is a particular realization of a random graph that is minimally connected and a random
k-regular graph is a random graph in which d; = k for all vertices ¢ € V. In the path

graph, (i,7) € F if and only if |i — j| = 1.
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If there exists a directed path between every pair of distinct vertices, the graph G is
referred to as strongly connected. In this work, we assume that the inter agent commu-
nication between the agents constitute a strongly connected graph, ensuring information
flow among the agents.

The the interactions among nodes is presented by a time-varying graph G® (V) E®)
defined by the nodes set V® and edges set E®, where the number of nodes in the graph
is ]V(t)\ = n; nodes at time ¢t. The underlying communication topology is expressed by
A® e [0,1)™" where the elements of A®*) represent the probability of existing an edge

)

between the corresponding nodes, i.e., AZ(-;) = 1if (i,7) € E® and Ag = 0 otherwise.
Note that Ag) = 1 for all i € [ng]. The neighborhood set of node i is defined as N®)(3) =

{j € VW|(i,5) € EM}.

I1.2. Regret. Regret is one measure of performance for learning algorithms. In the
online optimization setting, an algorithm is used to generate a sequence of decisions
{x(t)}_,;. The number of iterations is denoted by T which is unknown to the online
player. At each iteration ¢, after committing to z(t), a previously unknown convex cost
function f; is revealed, and a loss f;(z(t)) is incurred. The goal of the online algorithm
is to ensure that the time average of the difference between the total cost and the cost of
the best fixed decision z* = argmin Z?:l fi(x) is small. The difference between these two

costs over t = 1,2, ..., T, iterations is called the regret of the online algorithm, i.e.,

T
(IL.3) Rr(a®,x) =Y (fula(t)) = fula™)).

t=1
An online algorithm performs well if its regret grows sub-linearly with respect to the
number of iterations, i.e.,
Tlgrgo Rp/T = 0.
This implies that the average loss of the algorithm tends to the average loss of the best fixed
strategy in hindsight independent of the uncertainties associated with the global cost.’> We
5The notion of regret, is often received with a degree of skepticism upon initial encounter. The basic idea
is that if there is a positive lower bound between the cost incurred by the algorithm and the best fixed

decision in hindsight, then the regret will grow linearly. A sublinear regret implies that the algorithm has
learned to match the performance of the best fixed decision in hindsight.
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refer to [138, 139, 140, 141] for further discussions on online algorithms and their regret
analysis.

The general definition of regret is presented in (I1.3) for a single decision-making unit.
In order to analyze the performance of distributed online algorithms two variations of the

notion of regret are introduced. First is the regret due to agent i’s decision,

T
(IL4) Rr(a*, @) =) (f(xi(t)) — fula™)),
t=1
which is the cumulative penalty agent i incurs due to its local decisions {z;(t)}{; on

the global cost sequence {f;}. Second is the regret based on the running average of the

decisions {x;(t)}L,
T

(115) 513 131 Z ft :Ez ft(l'*))a
t=1

where 7;(T) = = S21_, @4(t).






CHAPTER 4

Online Distributed Optimization on Dynamic Networks

1. Summary

This chapter presents a distributed optimization scheme over a network of agents in
the presence of cost uncertainties and over switching communication topologies. Inspired
by recent advances in distributed convex optimization, we propose a distributed algorithm
based on a dual sub-gradient averaging. The objective of this algorithm is to minimize
a cost function cooperatively. Furthermore, the algorithm changes the weights on the
communication links in the network to adapt to varying reliability of neighboring agents.
A convergence rate analysis as a function of the underlying network topology is then

presented, followed by simulation results for representative classes of sensor networks.

2. Introduction

The past decade has witnessed successful applications of networked systems in areas
ranging from environmental monitoring, robotics, target recognition, air traffic control, to
industrial and manufacturing automation. By increasing the size and complexity of net-
worked systems, decentralized optimization schemes are desired for reducing data trans-
mission rates and ensuring robustness in the presence of local failures. These methods are
particularly relevant when there is a lack of access to centralized information by individual
agents.

In recent years, there has grown an extensive literature on distributed convex opti-
mization [53, 54, 90| and the adaptation and monitoring of the underlying network has
become of increasing interest [55, 56, 57]. Moreover, agent’s communication range or
disturbances may cause the underlying network topology to change dynamically. In this

direction, a class of distributed sub-gradient algorithms for convex optimization has been

99
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developed [58, 59, 60, 111, 113]. In these works, local convex cost functions are assumed
to be known while the topology of network is allowed to vary.

In addition to uncertainties in the network’s structure, the environment can also affect
the corresponding cost functions. For such scenarios, traditional optimization approaches
become unsuitable. One approach to improve the robustness of algorithms for convex
optimization is via stochastic methods [61, 62, 112]|, where the probability distribution
of uncertain variable is known a priori. One such approach has been pursued by Duchi et
al. |59] who approached this problem using a stochastic sub-gradient method where the
distribution of sub-gradients is known a priori.

Despite its many successes, stochastic optimization-based methods do not explicitly
address the dynamic aspect of the problem in an unknown environment. Online learning is
an extension of stochastic optimization where the uncertainty in the system is demonstrated
by an arbitrarily varying cost function. In particular, at the time the relevant decision is
made the cost function is assumed to be unknown, without probabilistic assumptions, to
the decision-maker. Such learning algorithms have had a significant impact on modern
machine learning [63, 64, 141]. One standard metric to measure the performance of these
online algorithms is called regret. Regret measures the difference between the incurred cost
and the cost of the best fized decision in hindsight. An online algorithm is then declared
“good” when its regret is sub-linear.

Distributed online optimization and its applications in multi-agent systems has not
been studied at large by the systems and control community. Yan et al. in [94] introduced
a decentralized online optimization based on a sub-gradient method in which the agents
interact over a weighted strongly connected directed graph. Considering an undirected
path graph with a fixed-radius neighborhood information structure, Raginsky et al. [65]
proposed an online algorithm for distributed optimization based on sequential updates,
proving a regret bound of O(ﬁ ). In |95], we proposed an extension to the work of Duchi
et al. [59] on distributed optimization with convergence rate of O(v/T'logT) to an online

setting. In addition, an improved regret bound of O(v/T) has been derived for strongly
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connected networks, also highlighting the dependence of the regret on the connectivity of
the underlying network.

We note that the aforementioned works do not exploit a dynamic weight selection pro-
cedure to improve the performance of the corresponding distributed algorithms. In systems
and control literature, certain metrics have been used for designing adaptive mechanisms
for networks based on centralized [66, 67, 68] and distributed [55, 69| strategies. Chap-
man et al. [70] proposed an online distributed algorithm for re-weighting the network edges
in order to dampen the effect of external disturbances on the system. Dynamic weight se-
lection is also favorable in the area of sensor networks and distributed estimation due to
power and data rate constraints as well as failure modes of the inter-sensor communication
links [71, 72, 73|.

In this chapter , we consider two types of uncertainties in the networked systems
corresponding to disturbances in cost functions and the network structure. An adaptive
algorithm for distributed optimization over fixed networks is proposed and further extended
to switching graphs. The main assumption used for implementing this algorithm is that
the local cost function and its sub-gradient are observable at each node and can be shared
with the neighboring nodes in the network.

The contribution of this chapter is threefold. First, we present the Distributed Weighted
Dual Averaging (DWDA) algorithm [95] for distributed optimization over networks. A dis-
tributed dynamic weight selection method based on an online weighted majority approach
[74, 75| is then embedded in the DWDA algorithm allowing the weights on the network’s
edges to adaptively change in order to optimize the information diffusion in the network.
The proposed algorithm is inspired by the Distributed Dual Averaging (DDA) algorithm
[59]. Second, DWDA is applied on switching networks capturing the uncertainties in com-
munication links. Third, the DWDA is further extended to Online Distributed Weighted
Dual Averaging (Online-DWDA) algorithm which takes into account the uncertainties in

cost functions and unavailability of reliable statistics on the noise characteristics. We then
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proceed to derive regret bounds that highlight the link between the adaptive weight selec-
tion and the Online-DWDA algorithm and can thus be used to design networks with good
regret performance.

The organization of the chapter is as follows. In §3, the formulation for the distributed
convex optimization problem over networks is presented. This is then followed by the de-
scription for the DWDA algorithm and dynamic weight selection procedure in §4 and §5;
the convergence analysis of the proposed algorithm is discussed over switching topologies
in §6. In §7, the distributed convex optimization problem is extended to the online set-
ting, with applications to networked systems operating in an uncertain environment. The
performance of Online-DWDA is subsequently studied using the regret analysis. In §8, we
examine online distributed estimation over sensor networks, demonstrating the viability of
the online approach in distributed estimation. Finally, §9 provides our concluding remarks

and future directions for utilizing the online framework for system and control problems.

3. Problem Statement

In this section a distributed decision process is considered in which a large number

of agents cooperatively optimize a global objective function over the network denoted by
Gg=(V.EW).

The global objective to be minimized is
1 n
(3.1) flz)=— g fi(xz) subject to x € x,
n
i=1

where f;(z) : R — R is a convex cost function associated with agent i € V and y C R? is
a closed convex set. The global optimization problem will be solved locally by each agent

1 via the local decision variable z; € .

4. Weighted Dual Averaging

In order to solve the optimization problem (3.1), we adapt Nesterov’s dual averaging

algorithms [110] and our preliminary results on the Distributed Weighted Dual Averaging
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(DWDA) algorithm [95], that in turn is inspired by [59]. The DWDA algorithm sequen-
tially updates the local x;(t) and a working variable y;(t) for each agent i. The update
itself is based on a provided local sub-gradient of the loss f;(x;(t)) denoted as g;(t). The
centralized form of the dual averaging algorithm appears as a sub-gradient decent method

followed by a projection step onto the constraint set x, specifically,
(4.1) y(t+1) =y(t) +9(t),

where g(t) € 0f(z(t)). Then

(4.2) 2(t+1) =TIY (y(t + 1), a(t)),

where H%() is a regularized projection onto y, to be formally defined shortly. The Dis-
tributed Weighted Dual Averaging (DWDA) algorithm is presented in Algorithm 3. The
projection function used in this algorithm is defined as

(4.3) I (y(1), (1)) = arg min {<y<t>, o)+ wm} ,

TEX

where «(t) is a non-increasing sequence of positive functions and ¥(z) : x — R is a
proximal function. The standard dual averaging algorithm uses proximal function ¥ (z)
to avoid undesirable oscillations in the projection step. Without loss of generality, 1 is

assumed to be strongly convex with respect to ||.||, 1(z) > 0, and ¢(0) = 0.

Algorithm 3: Distributed Weighted Dual Averaging (DWDA)

1 fort=1to T do

2 Evaluate f(t) = {fi(t); for alli =1,...,n}
3 foreach Agent i do

4 Compute subgradient g;(t) € 9f;(x;(t))
5 yilt +1) =3 e niy Pii(0y;(t) + ()
6 2i(t+1) = [T} (yi(t + 1), (b))

7 Tt +1) = gy DL wils)

8 end

9 end

The distributed algorithm can be considered as an approximated sub-gradient descent.

The approximation is attained by an agent via a convex combination of local sub-gradients
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provided by its neighbors. This operation can be represented compactly as a stochastic
matrix P € R™"™ which preserves the zero structure of the Laplacian matrix L(G). It
is clear that for all agents to have access to each cost function f; there must be a path
from every agent i to every other agent. Consequently, a minimum requirement on the
underlying network is that it must be strongly connected. The distributed dynamic weight
selection procedure presented in the following section constructs a row stochastic matrix

P of the required form that is associated with a weighted directed graph.

5. Distributed Dynamic Weight Selection

In this section, we propose an adaptation scheme for the network weight selection in
order to improve the information diffusion in line 5 of Algorithm 3 such that the com-
munication matrix P is a row stochastic matrix with positive diagonal elements. In this
proposed distributed algorithm, each agent i € [n] estimates its loss function via a convex
combination of loss functions available to it by its neighboring agents. This convex com-
bination is specified by weights w;;’s on each edge (j,7) € E and w;;, respectively. The
edge re-weighting problem parallels the Weighted Majority (WM) algorithm [74]. The
context of the WM algorithm is the presence of |N;| + 1 experts, and the associated cost
h;(t) assigning a loss value to expert j € {N;,i}, where 0 < h;(t) < 1. At each time-step,
agent 7 selects a probability distribution ¢(t) over the |NV;| + 1 experts, i.e., q(t) € Q; =
{a € Qlg; =0for j ¢ {Ni,i}}, in order to minimize lpi(q) = > jcni) 4(8);(t). The

regret for agent ¢ for the WM algorithm is then defined as

T T
(5.1) Lr(a*a) = Y leile) = S bala),
t=1 t=1

where
T

¢" = argmin > filgy)
t=1

with Q; = {q € Qi|q; € {0,1}}, and the best fixed strategy ¢* is the best expert j € {N;,i}

in hindsight. Consequently, (5.1) is of the same form as (I1.3).
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The general form of the WM algorithm is presented in [75] as the Online Allocation
(OA) algorithm that is applicable to any bounded loss function over general decision and
outcome spaces. Based on the OA algorithm, the regret for each agent i € [n] is bounded

as

(5.2) Ly <M <\/2T1n(]N¢| 1)+ In (|N;] + 1)) ,

where M is the upper bound on the loss function h;(t) for all j € {IV;,i}. Since the regret
in (5.2) is sub-linear over time, the weight allocation performs as well as the best strategy
in hindsight.

A Distributed Online Allocation (DOA) algorithm is proposed based on the OA algo-
rithm where agent 7 € [n] specifies the weights w;;’s associated to each edge (j,) € E as
well as the weight on the self-loop w;;. The DOA algorithm presented in Algorithm 4 is

embedded in Algorithm 3 at each iteration.

Algorithm 4: Distributed Online Allocation (DOA)

1 foreach Agent i do

2 Choose f € [0,1] and initial weight vector w;(t) =1

3 Let q(t) = 2w;(t)

4 fort=1to T do

5 Adversary reveals f(t) = {f;(t); for all j € {N(4),i}}
6 Suffer loss ly,; = > e vy 4 (D) (1)

7 foreach Agent j € [n] do

8 if j € {N(4),i} then

9 | wig(t+1) = w (1) g O

10 else
11 ‘ wij(t +1)= wij(t)
12 end
13 end
w; (t+1
14 gt +1) = Zje{N(zﬂ)(,i:rwzj(Hl)
15 end
16 end

In the distributed optimization process considered, each agent decides on the weights
associated with the information received from its neighboring agents. This information is
based on the neighbor’s local loss function. Intuitively, the algorithm places more weight on

the link associated with the neighboring agent that has a higher confidence in its decision.
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The positive diagonal entries represent the self-confidence of each agent and is updated
based on the local loss.

In networks with fixed topology, the communication matrix P(t) preserves its zero
structure for all time ¢. In addition, the non-zero elements in each row of the communica-
tion matrix P is specified by line 14 in Algorithm 4:

53 Pt q;(t) for j € {IN;,i} .

0 otherwise
Since for each agent i, ¢(t) € Q; is a probability distribution, the communication matrix
P(t) will be row stochastic at every time step. The weighted graph Laplacian can then be

formed as
(5.4) L(G(t))=1— P(1).

In addition, note that since the graph is strongly connected, the communication matrix P is
1-irreducible (|76]; Corollary 4) and given positive diagonal elements, it is in-decomposable
and aperiodic (SIA). In the following section, the DOA algorithm is extended to construct a
row stochastic communication matrix P(t) for directed switching graphs with time-varying

edge sets.

5.1. Switching Topologies. The network topology may change dynamically due to
disturbances or communication range limitations. In this section we apply the dynamic
weight selection procedure discussed in §5 to switching topologies. In this chapter we
assume that the union of directed topologies gUf;J = Uf:_& G' over some fixed uniform
intervals §, with § > 1 a positive integer, is strongly connected. We note that the commu-

nication matrix of gUf?S can be presented as
(5.5) pYise = pOy ply ... 4 pi-l

Thus, each row of the communication matrix P over switching topologies is specified by

line 14 in Algorithm 4 as
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0;(0)/ (Lrequray () for j € (N1}

0 otherwise

(5.6) Py(t) =

where ¢(t) € Q! = {q € Q|g; =0 for j ¢ {N},i}} and is a probability distribution. Note
that the communication matrix P(¢) will be row stochastic at every time step and thus
the weighted graph Laplacian is the same as in (5.4). Since the graph guf;é is strongly
cormected and PYi=0 has positive diagonal elements, the communication matrix PYS0 s
SIA (|76]; Corollary 4). These properties of communication matrices will be subsequently

employed in the convergence analysis of the DWDA algorithm.

6. Convergence Analysis

Before presenting the convergence analysis of the distributed optimization algorithm,
a few preliminary remarks and assumptions are in order. We assume that each convex
function f; is positive and L-Lipschitz with respect to ||.||. Assuming that {Pt} is SIA,

there exists a vector m € Q [77], such that

n
(6.1) T = ZmPij for all t € [T7,
i=1

where 7; is referred to as the weighting factor for agent i.
In order to take advantage of the properties of the standard weighted dual averaging

in our regret analysis, the sequences (t) and g(t) are defined as

(6.2) y(t) =D myi(t), and g(t) = > migi(t),
i=1 i=1

signifying the (network-level) weighted average of dual variables and subgradients in the

DWDA algorithm, respectively. Therefore, based on (6.1) and (6.2),
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Gt + 1) Zm Z L) i) = > )Y mPh+a(t)
) =1

j=1

(6.3) = > yit)m+gt) =gt) +3(t),

which is analogous to the dual averaging update (4.1). Thus, the following update rule
is introduced which is analogous to the standard dual averaging algorithm projection step

(4.2), where the primal variable is updated as
(6.4) Gt +1) =TIY(F(t+ 1), a(t)).

The performance analysis of the distributed optimization and adaptive weight selection
can now be presented.

The following result by Duchi et al. implies that after T iterations of Algorithm 3, each
agent’s error in the evaluation of total cost is bounded by the error due to Dual-Averaging

method.

THEOREM 6. [59] Given the sequences x;(t) and y;(t) generated by lines 5 and 8 in

Algorithm 3, for all i € [n] with proximal function ¥ and a(t) > 0, we have

1 & L A 1
fo(ﬂCi(t)) <5 2 alt—1) (T)dj( %)

T
(65 + 2SS a5 — o)l + Zuy O.)

The last two terms on the right hand side of (6.5) represent the error due to the network
which is defined as the deviation of local dual variable y; from the weighted average of dual
variables j over the network. Lemma 15 in the Appendix imposes an upper bound on the

effect of network topology associated with ||g(t) — yi(t)||« as
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— T +2L.

(6.6) lg(t) —w®). < L3>
k

Inequality (6.6) highlights the importance of the underlying network topology through
the communication matrix P and its products. Note that the network effect is analogues to
the consensus problems [121]. Therefore we proceed to extend the distributed optimiza-
tion algorithm to switching graphs in the following subsection and provide a sub-linear

convergence rate for the DWDA algorithm.

6.1. Switching Topologies. In this section we employ the weak ergodicity of inho-
mogeneous Markov chains to reason about the convergence of the DWDA algorithm. This
property implies that the product of stochastic STA matrices converges exponentially to a
rank-one matrix of the form 177 as t — oo, where m € Q. Applying the following result

from [78], it thus suffices to show that PO~10) is STA.

LEMMA 7. [78] Let m > 1 be a positive integer and PTbe non-negative matrices with
positive diagonal elements for 7 = 0,1,...,m. Then, Pm"P™ 1. PO > (P’ + Pl +
- 4 P™), where p > 0 is specified by the diagonal elements of matrices PT for all T =
0,1,...,m.

From Lemma 7 and (5.5), PO~19 is bounded below by an SIA matrix. Moreover, we
note that PO~19 is also a stochastic matrix, thus it must be SIA. Therefore, based on the

weak ergodicity of inhomogeneous Markov chains, the product

plko—1,(k=1)8)  p(26-1,8) p(6-1,0)

converges exponentially to a rank-one matrix of the form 177 as t — oo, and based on

Theorem 1 of [77], we have

(6.7) P10 _ | <o l£].
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where

(6.8) v = max {T(P(5”_170)) < 1} :

v>1

Note that the maximization is over all realizations of the sequence P(*~1.0) and v is

bounded as stated in the following proposition.

PRrROPOSITION 8. Consider a set P of stochastic matrices with positive diagonal ele-
ments, representing arbitrarily strongly connected topologies over n nodes, i.e., P* € P for
all positive integers k. Then, there exists an integer v, 1 < v < n — 1, for which if the

m+v—2,m)

sequence Q = P! of matrices in P is not scrambling, P™~1Q is scrambling.

PROOF. Let Q@ = P™ and @y = P™T1P™. Then every entry of Qo is represented as

n

[Q2]i]’ = Z [PmHL'k [Pm]k’j'

k=1

Let EYith represent the edge set of the union of directed graphs associated with P™ and
P+l Since [P™],; > 0 for all i € [n] and integer m > 1, the entry [Q2];; 1s positive if
(7,1) € BV or if there exists a node k € [n] such that (j,k) € E™ and (k,i) € E™HL.
Thus, the corresponding zero entry of ()1 that has one of the aforementioned properties
will be positive in Q5. By induction, it follows that the entry of [QV]ij will be positive
if (j,1) € Euz’jri’*l’ or if there exists a set of nodes {k,, km+1,-- -, kmtv—2} such that
{5, km)s By kma1)s ooy (Bmav—2,4)} € E™ x E™TL x ... x EmH+v=1 Therefore, for each
row i of ()., all entries will be positive when

(6.9) v; = max {dist(j,i)for g™ = (V,E™ W)}.

j€[n],m>1

Note that the maximization in (6.9) is over all possible strongly connected graphs with

the directed cycle graph representing the worst case with v; = n — 1. Since every element

(m4+v—2,m)

of any row of the sequence () = P of matrices in P is positive, the matrix @ is

scrambling and thus 1 <v <n — 1. O
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We also note that the fixed topology is a special case of switching graphs with § = 1
n (5.5). Moreover, Proposition 16 of the Appendix presents a less conservative bound on
v for fixed topologies.

Now, we can state the following theorem for the rate of convergence of DWDA over

switching graphs.

THEOREM 9. Given the sequences x;(t) and y;(t) generated by lines 5 and 8 in Algo-
rithm 3, for all i € [n] with ¥(z*) < R? and a(t) = k/\/t, we have
T
1 *
> f z*) <

t=1

T
R [ 6n 1

where v < 1 is a function of the ergodicity of the communication matriz (see (6.8)) while
v is a measure of network connectivity and is bounded by the diameter of the graph G' (see
also Proposition 8). In addition, k > 0 is an arbitrary constant and § > 1 is a positive

integer as presented in (5.5).

PRrROOF. Based on (6.6) and (6.7) we have

t—1

(6.11) 15(t) = yi(t)ll« < nL> A* +nL(6v — 1) + 2L,
k=1

and since 7 < 1, (6.11) is further bounded as
1
(6.12) lg(t) — yi(t)]|« < nL <1’Y + v — 1> +2L.

Therefore, the integral test on a(t) = k/+/t provides a bound® on the first and last terms
n (6.10) as

d o KL2p(67)
;f(xi(t))—f(:v ) < T,

N[~

Note that Yo, % < 2kvT — k.
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Given 1 (z*) < R?, the statement of the theorem now follows. O

Theorem 9 states that Algorithm 3 performs “well” as it exhibits a sub-linear conver-
gence rate. It also highlights the importance of the underlying network topology through
the parameters v and v. In particular, v corresponds to the diameter of the graph as
expressed in Proposition 8 and + is proportional to the ergodic coefficient 7(P?) of the
communication matrix P! as formed by Algorithm 3. The ergodic coefficient bounds the
second largest eigenvalue of P!, \o(P?), as [M2(P?)| < 7(P') < 1. Thus, based on (5.4),
1 — X2(PY) = X\y—1(GY) where \,,_1(G?) is the second smallest eigenvalue of the weighted
graph Laplacian L(G!) and a well known measure of network connectivity. Consequently,
high network connectivity promotes good performance of the proposed algorithm.

In the following section we study the effect of the proposed dynamic weight selection

on the network connectivity and the convergence rate (6.10).

6.2. Adaptive Weight Selection. In this section, we show that embedding Algo-
rithm 4 within Algorithm 3 improves the network information flow and the speed of con-
vergence in (6.10). To this end the following result provides a bound on the ergodic

coefficient.

THEOREM 10. Suppose the sequence q;j(t) generated by line 14 of Algorithm 4 and the

communication matrices Pt are constructed by (5.6). Then

n

r(PO=10)y <1 — ,
( ) (max;e) tefsv—1) |NE + 1)

where v is a measure of network connectivity and is bounded by the diameter of the graph

G (see also Proposition 8). In addition, 6 > 1 is a positive integer as presented in (5.5).

PROOF. Based on line 14 of Algorithm 4, we have that for all k € {N;,i}!,

= (=227 )

(6.13) qx(t) = e ,
2 jeNt ) ﬁ7<2321( V1)
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where 7;;(t) represents the number of communication rounds through the directed edge

(7,7) up to time t. Subsequently (5.6) and (6.13) imply

r o (t—1
—(zs’ii( ).fk(s>>
8

(=Y 5e)

(k,i) € EY,
Pitk; = Zje{Nf,i}ﬁ

0 otherwise.

Since min;e ) Zf;gl(t fi(s) < ET’“ (1) fr(s), we have

4,i(t=1)

5_(222i<t71)fk(5)) Sﬂ—(miny’ewzzz’l fj(s))

and one can bound P}, from below for all (k,i) € E as

1
6.14 ) p——; S G
o-49 ARV

)

where Cy(t) = Y540 fu(s) — minepy 20240 f5(s). Since Ci(t — 1) > 0 for all k € [n]

and ( € [0,1], we have
1

PL>
(1IN +1)7

for all t € [T'] and subsequently

_ 1
P((5V 1,0) >
K ~ (maxepy) tepv—1) [Vf] + 1)

Based on (II.1), the statement of the theorem now follows. O

Theorem 10 in conjunction with (6.8) imply

n
(maxiep) tepv—1) [Nf [+ 1)

y<1-

ov’

which proves to be a conservative bound as the DOA algorithm leads to a tighter upper
bound capturing the performance of agents. In other words, based on (6.14), we can show

that
nB_Jéu
(max;ep, |N;| + 1)

vy<1-—
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where Js5,—1) = Ci(1) +Cj(2) +...+Cy(6v) and i, j, ..., k € [n]. In addition, we know that
B~ > 1 and Js, is an increasing sequence. If the agents are not performing well, Js, will
increase and subsequently T(P(6V ’0)) will decrease which suggests that the DOA algorithm
mitigates the effect of the network topology in (6.10). Moreover, Theorem 10 implies
that the DWDA algorithm performs well for certain types of graphs such as k-regular and

expander graphs where the maximum number of neighbors can be bounded.

7. Online Distributed Optimization

We now consider the effect of uncertainties in the environment on distributed decision

processes where the global objective is to minimize
1 n
(7.1) f(z) = - E;f“(x) subject to z € x,
1=

where f;; : R? — R is a convex cost function associated with agent i € [n], assumed to be
revealed to the agent only after the agent commits to the decision z(t). In other words, the
function f;; is allowed to change over time in an unpredictable manner due to modeling
errors and uncertainties in the environment. The optimization variable z; € R% belongs to
a closed convex set y C R? and represents the local decision made by agent i. Furthermore,
the online-DWDA scheme is analogous to the DWDA presented in Algorithm 3. The regret
analysis is presented in the following result quantifying the performance of the proposed

algorithm.

THEOREM 11. Given the sequences x;(t) and y;(t) generated by lines 5 and 8 in Algo-

rithm 3, for all i € [n] with ¥(z*) < R? and a(t) = k/\/t, we have

2
(7.2) Ry(z*,2;) < (i + kL2 (16_”7 + 6név + 1)) VT,

where 7y is a function of the ergodicity of the communication matriz (see (6.8)) while
v is a measure of network connectivity and is bounded by the diameter of the graph G'

(see also Proposition 16). In (7.2), k > 0 is an arbitrary constant and 6 > 1 is a positive
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integer at which the union of directed topologies guf;ol = U?;ol G' over some fized uniform

intervals § is strongly connected.

PROOF. Consider an arbitrary fixed decision z* € y and a sequence ¢(t) generated by
(6.4). From the L-Lipschitz continuity of f;;’s and the definition of regret in (I1.4), the
regret is bounded as

T
(7.3) Rr(a®, i) < (fel¢(t) = fe(a®) + Llai(t) — $(t)1) -
t=1

Note that we can reformulate the first term on the right hand side of (7.3) as

(7.4)
fl9(1)) = fula™) = (fl > frilei(t) - ft<x*>> + (i D fei(o(1)) - ft,i<xi<t>>1) .
i=1 =1
Based on the convexity of f;;’s, we have
T 1 n 1 n
@5 3 (ant,i(l’i(t)) - ft(:c*)> <3 (n (gi(t), ai(t) - a:*>> ,
t=1 i=1 t=1 i=1

where g;(t) € Ofti(zi(t)) is the sub-gradient of f;; at z;(t). Thereby, we can express the

regret bound based on (7.4), (7.5), and the L-Lipschitz continuity of f;;’s as,

T 1 n
Re(et o) < 3G S (o), i) — )
t=1 =1
() F S aae) — 6] + Lllaa(t) — (1))
=1

The first term on the right had side of (7.6) can be expanded as

t=1 i=1
T 1 n
=D (D {aalt).wi(t) — 9(1))
t=1 =1
(7.7) % \GiE #E =)



116 4. ONLINE DISTRIBUTED OPTIMIZATION ON DYNAMIC NETWORKS

Now, we need to bound the terms on the right hand side of (7.7). The first term is bounded

based on the convexity and L-Lipschitz continuity of ft7i.2 In other words,

(7.8) (9i(t), zi(t) — o(t)) < Ljzi(t) — ¢@)]-

Since z;(t) and ¢(t) are the projections of y;(t) and y(t) respectively, the Lipschitz continu-
ity of H;ﬁ(., a) presented in Lemma 13 of the Appendix imposes a bound on ||z;(t) — ¢(t)]]

as

(7.9) lzi(t) — oD < a®)lly(t) — i)+,

where ||.||« is the dual norm. Therefore, using the bound in Lemma 14 of the Appendix

and noting that ||g;(¢)||« < L, we can write (7.7) as

T 1 n

L T
< 52 a(®)][g(t) — yi(t)|l«

(7.10) +%Za(t— 1) + ——=1(z*).

9 T
Ry(z*, ;) < L > alt—1)+ ——(a*)

(7.11) +LZ (IIy =yl + — Z\Iy — it )

2Note that convexity of f;; implies (gi(t),z —y) < fei(x) — fii(y) . Therefore, based on L-Lipschitz
continuity of fi;’s, we have ||g;||« < L and we can deduce (7.8).
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On the other hand, Lemma 15 of the Appendix imposes an upper bound on the last term
on the right hand side of (7.11). Thus, using (6.12) the regret is further bounded as

Bra's) £ 53 alt)+ Somsvle
T
7.12 + 312 i +név+2(1—n a(t).
(12) (7 (1) St

The statement of the theorem now follows from the integral test on «(t) = k/+/t and
P(x*) < R2. O

Theorem 11 indicates the “good” performance of online-DWDA through sub-linear
regret and highlights the importance of the underlying network topology through the pa-
rameters v and v examined in §6.

Next we present the regret analysis for the (temporal) running average estimates at

each agent exhibiting a similar dependence on the network connectivity.

COROLLARY 12. Given the sequence ;(t) generated by line 7 in Algorithm 3 for all
i € [n] with ¥(z*) < R? and a(t) = k/\/t, we have
2
Ry(x*, ;) <2 (i + kL? (1671 + 6ndv + 1>> VT.
-7

PROOF. Since the cost function fi(x(t)) is convex, fi(z;(t)) < %Zizl fi(x;i(s)). There-

fore, we have
(7.13) FildE(8) — fila) < § Rula®, ).

Thus, the running average regret is bounded as

T
1
(7.14) Rp(x*,2;) < g —Ry(x*,x;) | .
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On the other hand, the regret bound (7.2) implies that

2
Rp(z*,z;) < L + kL? o 4+ 6ndv +1
k 1—7

T 1
7.15 X — .
(7:15) (Zw>

The statement of the corollary now follows from the integral test on the right hand side of

(7.15). O

8. Online Distributed Estimation

Adopting the least squares point of view, a model for online estimation over a dis-
tributed sensor network is presented in this section. The distributed sensor network aims
to estimate a random vector § € © = {6 € R%/||0]|y < Oax}. Note that © is a closed
convex set containing the origin. The observation vector z;; : R? — RP: represents the ith
sensor measurement at time ¢ which is uncertain and time-varying due to the sensor’s sus-
ceptibility to unknown environmental factors such as jamming. The sensor is assumed (not
necessarily accurately) to have a linear model of the form h;(0) = H;6, where H; € RPi*? is
the observation matrix of sensor ¢ and ||H;||; < hmax for all i. Consider now the intercon-
nection topology between the sensors defined via the directed graph G = (V, E, W), where
the set of n sensors are represented by V. The presence of an edge (j,7) € FE indicates
an information flow from sensor j to sensor i. The set of agents that are communicating
with agent 4 is defined as the neighborhood set N (i) = {j € V|(j,i) € E}. Figure 8.1
graphically summarizes the problem setup. The objective is to find the argument 6 that

minimizes the cost function

R X , )
(8.1) fi(0) = - z_; fti(#) subject to 6 € ©,
where
6 = & il
(52) i) = 5 ||z — 22
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inter-sensor link SENSOT #3 sensor #4

\
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FIGURE 8.1. A graphical representation of a distributed sensor network.

is a convex cost function associated with sensor ¢ € [n]. It is assumed that the value of this
local cost at time ¢ is only revealed to the sensor after é(t) has been computed, that is,
the local error functions are allowed to change over time in an unpredictable manner due
to modeling errors and uncertainties in the environment. The (sub)gradient of the local

estimation error (8.2),
(8.3) 8ft7z(é) = HlT (Zm‘(e) - Hzé> s

is also assumed to be known to the sensor and its neighbors. We note that the cumulative
cost at time T is defined as f(8) = 21, ().

In an offline setting, for all ¢ € [T'], each sensor 7 has a noisy observation z;; = H;0+uv; ;,
where vy ; is generally assumed to be (independent) white noise. In this case, the centralized

time-averaged optimal estimate for (8.1) is

T n -1 n
* 1 - -
(8.4) o* = T E (E HiTEt’ilHi> (g HiTZt,ilzi,t> )
t=1 \i=1 i=1

where ¥ ; is the covariance of the error observed by sensor ¢ at time ¢ [79]. For the case
where §# € R, ¥,; = I, and H; = 1, the optimal estimate is * = %2?21 Zthl 2t
However, this approach to estimation problems is not suitable in scenarios where the noise

characteristics are unknown. For example when a wireless sensor network is employed
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in an unknown and dynamic environment, the measurement signal can be blocked or
degraded due to obstructions such as walls, furniture, trees, or buildings. This is known
as the shadowing effect and usually modeled as a function of the environment in which
the network is deployed. Another example is jamming of one or more sensors in the
network. When the sensor resolution and noise characteristics are not known ahead of
time, the dynamic weight selection procedure discussed in §5 can be employed to eliminate
the information from the jammed sensors.

An online framework is particularly suitable for such estimation problems without
relying on prior assumption or knowledge of the statistical properties of the data. In the
proposed distributed estimation algorithm, at time step ¢, each sensor ¢ estimates 6; € ©
based on the local information available to it and then an “oracle” reveals the cost ft(éi).

The bounds presented in Theorem 11 apply after selecting 1(f) = %Hé”% and the
parameter a(t) accordingly. In order to find the constants R and L featured in the result,

we note that for 6 € ©, 1(0) < < 302

ax, and thus R < %Hmax. In this example, we assume

that the observation for agent i at time ¢ is of the form z; ; = a6+ b; for some a € (0, amax)
and b € (—bmax, bmax). Therefore,

sup ||Zt,i (0)”2 < @maxOmax + bmax-

fex
Further, the function f;; is Lipschitz as it is convex on a compact domain and the Lipschitz

constant can be found by observing that

‘fk,i(é) - fk,i(@b)‘

<o) wrm o) e (5-o)

IN

(3 180 0 = o], + sl ) - o]

and thus L = (L0maxhmax + GmaxOmax + Omax) Pmax. Hence Ry (6*,0;)/T — 0 and the
algorithm performs as well as best fixed estimate 6* in hindsight (8.4) “on average”. For

the case where 6; = 0,1 for t =1,2,...,T, 6* is the optimal estimate.
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FIGURE 8.2. Accuracy of the bounds in (7.2) where G is a 100 node random
directed graph with edge probability p = 0.08, v = 5, and v = 0.2034.

The online-DWDA and DOA algorithms have been implemented on the described
distributed sensor setup for n = 100 sensors. The objective is to estimate a scalar 6 €
(f%, %) with a fixed H; € (O, %) for each agent; hence sup, |H;| = %. In this example, we
have assumed a € (0,1), b € (—i,i), 8 =0.9, and k = %. Thus, d =1, © = (—%,%),
hmaxzi,Gmaxz%,R:ﬁ,andL:é—i.

The online-DWDA and DOA algorithms were also applied to random sensor network
with edge probability p = 0.08. Figure 8.2 shows a qualitative agreement of the theoretical
regret bound (7.2) and simulation results, indicating that Rp(z* 21) = O(VT). The
improved performance of the adaptive network topology has been emphasized in Figure
8.3 in the context of a jamming scenario, where a number of sensors in the random regular
network are assumed to have been jammed. This figure also demonstrates that the adaptive

sensor network has a better regret performance as compared with the fixed topology sensor

network.
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FIGURE 8.3. Regret performance over fixed and adaptive network topolo-
gies where G is a 100 node random 4-regular graph and 25 sensors are
assumed to have been jammed. For the jammed sensors, by = byax and
ar = Hz

In addition, the performance of the proposed adaptive online distributed estimation
in the presence of various noise types is presented in Figure 8.4. These simulation results
indicate that Rr(6*,0;) = O(v/T) for all noise types considered without a prior assumption
on the noise characteristics.

Furthermore, the role of network connectivity in the performance of the algorithm has
been emphasized in Figure 8.5 for various classes of network topologies, directly correlated
to the network connectivity measure . This result can be applied to designing sensor
network topologies that operate in highly uncertain environments. Suitable metrics for
such a topology design procedure include A2(P(G°)) that predictably scales with n, such

as random regular graphs and expander graphs [80|.
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FI1GURE 8.4. Regret performance for three different observation noise char-
acteristics, where G is a 100 node random 4-regular graph. The noise signals
have been generated from distributions with mean —by,,x and standard de-
viation bpax.

9. Remarks

This chapter studies the problem of decentralized optimization on dynamic networks
operating in an uncertain environment. An algorithm has been presented that evolves
distributively using only local information available to the agents in the network. Our
analysis provided a convergence rate of O(1/v/T) and a sub-linear regret of O(v/T) in
the online setting. In addition, the convergence analysis of the distributed optimization
algorithm highlighted the role of two measures of network connectivity.

A distributed dynamic weight selection procedure has also been proposed that on
average, performs as well as the best strategy for information diffusion in hindsight. It was
demonstrated that this approach improves the convergence rate by mitigating the network
effects.

This work can be applied in the context of a range of applications such as mobile sensor

networks where the network is susceptible to unknown errors, jamming, link failure, and
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FiGure 8.5. The performance of the online distributed estima-
tion algorithm on four different 100 node graphs with ~ =
{0.8999, 0.8998, 0.7939, 0.4110}, for the path, random tree, random k-
regular with £k = 4, and random graph with edge probability p = 0.08,
respectively, presented in increasing order of performance.

a varying network topology. Moreover, this work can be extended in several directions.
One such extension, which is the subject of our future work, involves examining online
distributed filtering. More generally, the online approach can be adopted for a host of
network dynamic systems that operate in unstructured environments, requiring that a

learning algorithm is embedded in the network-level decision-making process.

10. Appendix

We note that Lemmas 13 and 14 have been shown by Duchi et al., [59] and are presented

here for reference.

LEMMA 13. [59] For any u,v € R™, and under the conditions stated for prozimal

function ¥ and step size a(t), we have Hﬂz(u,a) — H;ﬁ(v,a)ﬂ < allu —v|.
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LEMMA 14. [59] For any positive and non-increasing sequence «(t) and z* € x;,

T
S (1), () — 2" (1) <

t=1 t

alt = DGO + —

1 mw(w*),

N =
E

where the sequence ¢(t) is generated by (6.4).

The following result presents a bound on ||g(t) — y;(¢)||« proportional to the error

incurred by the decentralized update in Algorithm 3.

LEMMA 15. For sequences y;(t) and §(t) generated by line 5 of Algorithm 3 and (6.3),

respectively, we have,

t 1,k+1)

19(t) —wi(®)[lx < il + 2L,

k=0 j=1

for all i € [n].

PROOF. Reformulating the update in line 5 of Algorithm 3 for all ¢ € [n], by induction

through s steps we have,

yi(t):ZPi(;—l,t s) t—s + Z ZPt 1k+1 ) )
j=1 k=t—s j=1
(10.1) + gi(t — 1).

Since y(t) evolves as in (6.3), by setting s = ¢ in (10.1) and assuming y;(0) = 0, we

get,
t—2 n
ORI DM GRS A I
k=0 \j=1
(10.2) +g(t—1)—gi(t—1).

Thus, the dual norm of (10.2) is bounded as
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I960) (0l < Hi '

k=0 \Jj

(10.3) + llg(t = 1) = gi(t = D],

(7 = PS5 ) gik) ) I

1

and the right hand side of (10.3) can be bounded by

—1,k+1
PUTHD i lgs ()

(10.4) + [lg(t = 1) = gi(t = D]
Since [|gi(t)[lx < L,

PYTHH) il oL

(10.5) lg(t) —w®). < L3>
k

0

The following proposition provides an upper bound on v in the convergence rate (6.10)

over fixed topology networks.

PROPOSITION 16. Consider a set P of stochastic matrices with positive diagonal ele-
ments, representing an arbitrarily strongly connected topologies over n nodes, i.e., P* € P
for all positive integers k. Suppose that any two matrices P*' and P*2 are of the same

type.® Then, there exists an integer v,

(10.6) 1 < v < minmax dist(j, 1),
i€[n] j€[n]

for which if the sequence Q@ = PMT¥=2m) of matrices in P is not scrambling, P"=1Q

s scrambling.

3The matrices A and B are of the same type if they have zero elements and positives elements in the same
place.
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PROOF. Let Q1 = P™ and Qo = P™t'P™. Thus every entry of Q9 is represented as

n

(@21 =D [P [P

k=1

Since [P™];; > 0 for all i € [n] and integer m > 1, the entry [Q2];; is positive if (j,7) € E,
(i,7) € E, or if there exists a node k € [n] in the directed path from node j to node i with
dist(j,7) = 2. Thus, the corresponding zero entry of ()1 that has one of the aforementioned
properties will be positive in Q2. By induction, it follows that the entry of [Q,], ; will be
positive if (j,i) € E, (i,j) € E, or if there exists a node k € [n] in the directed path from
node j to node ¢ with dist(j,i) = ;. Therefore, for each row i of @,, all entries will be
positive when

v; = max dist(7,17).
Jeln]

Note that every element of any row of the sequence @ = P(™+¥=2m) of matrices in P is

positive, the matrix @ is scrambling and v satisfies the bound (10.6). O

A similar observation for the adjacency matrix of G can be found in the algebraic graph

theory literature such as [81].






CHAPTER 5

Online Distributed Optimization with Local Constraints

1. Summary

This chapter examines online distributed Alternating Direction Method of Multipliers
(ADMM). The goal is to distributively optimize a global objective function over a network
of decision makers under linear constraints. The global objective function is composed of
convex cost functions associated with each agent. The local cost functions, on the other
hand, are assumed to have been decomposed into two distinct convex functions, one of
which is revealed to the decision makers over time and one known a priori. In addition,
the agents must achieve consensus on the global variable that relates to the private local
variables via linear constraints. In this work, we extend online ADMM to a distributed
setting based on dual-averaging and distributed gradient descent. We then propose a per-
formance metric for such online distributed algorithms and explore the performance of the
sequence of decisions generated by the algorithm as compared with the best fixed decision
in hindsight. This performance metric is called the social regret. A sub-linear upper bound
on the social regret of the proposed algorithm is then obtained that underscores the role
of the underlying network topology and certain condition measures associated with the
linear constraints. The online distributed ADMM algorithm is then applied to a formation
acquisition problem demonstrating the application of the proposed setup in distributed

robotics.

2. Introduction

Distributed convex optimization over networks arises in diverse application domains,
including multi-agent coordination, distributed estimation in sensor networks, decentral-

ized tracking, and event localization [83, 84|. A subclass of these problems can be posed
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as optimization problems consisting of a composite convex objective function subject to
local linear constraints. This chapter examines two extensions of the well known Alter-
nating Direction Method of Multipliers (ADMM) algorithm [85] for solving this class of
problems. The first extension involves proposing two effective means for distributed im-
plementation of the ADMM algorithm. The second extension pertains to addressing the
situation where part of the cost function has an online feature, representing uncertainties
in the cost incurred by each decision-maker prior to committing to a decision. ADMM is
an appealing approach that blends the benefits of augmented Lagrangian and dual decom-
position methods to solve the optimization problem of the form,

(2.1) min_ f(x) + ¢(y), s.t. Az + By =,
zeEX,YEY

where f: R% — R and ¢ : R% — R are convex functions, and y C R% and Y C R% are
convex sets; d, and d, represent, respectively, the dimensions of the underlying Euclidean
spaces for the variables z and y. to the scenarios where the cost function is not known a
priori. In other words, when the relevant decisions are made, one part of the cost function
might be varying with time, or poorly characterized by a probability distribution, for
example due to uncertainties in the environment. In this case, the time varying nature of
this cost function is often signified by the notation f;. Such problem formulations fall under
the class of online optimization problems [86]. Stochastic and online ADMM (O-ADMM)
have consequently been proposed to address this scenario in the context of the following
optimization problem at time T" > 0:
T

(2.2) mer)aiyréy tZI(ft(az) + é(y)), s.t. Az + By =c.

In this direction, stochastic ADMM has been introduced by Ouyang et al. [87|, where an
identical and independent distribution for the uncertainties in the functions f; have been
considered and a convergence rate of O(1/+/T) for convex functions has been shown. The
O-ADMM algorithms proposed in [88, 89| also provide similar convergence rates without

any assumption on the distribution of uncertainties.
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On the other hand, ADMM has been considered in the setting of distributed convex

optimization, particularly in the context of the consensus problem [90], where agreement

is required on each agent’s local variable y;. In this case, the problem considered is of the
form,

n
2.3 min i(Yi), s.t. x =y, fori:l,Qw_"n.
= x€X7y1,-..,yn€y;¢l(yz) i

In this consensus ADMM problem formulation, the local variables y;’s are required to
reach consensus through the global variable x; thus the linear constraint that ties the local
variables to the global variable is an equality condition. The consensus constraint set can
also be enforced through a network, where each agent coordinates on satisfying the equality
constraint with its neighboring agents. An important distinction between the consensus
ADMM and the problem of interest in our work is that the objective functional in the
former problem setup does not explicitly have a term dictated by the global variable.
a natural extension of (2.3) for the solution of distributed ADMM considered in this
chapter (by replacing the global variable by its local copies and enforcing consensus) does
not naturally lead to a distributed solution strategy without resorting to a sequential
update [91] or inclusion of a fusion center [90]|. works in distributed consensus ADMM
include those based on stochastic asynchronous edge based ADMM [92, 93] and distributed
gradient descent [59, 94, 95, 96|, where under the online objective (2.2) and the time-
invariant objective (2.3), the rate of convergence of O(1/v/T) and O(1/T) can be achieved,
respectively. From an algorithmic perspective, the approach proposed in this work is also
distinct from the stochastic asynchronous edge based ADMM proposed in [92, 93]. In
particular, the embedding of dual averaging in the distributed algorithm offers a privacy
preserving feature for the agents in the network. is, in the approach proposed in the
present work, the local variables remain private for each agent and only the dual variables
are communicated throughout the network. In applications such as cloud computing, the
privacy preserving feature of the proposed algorithm might be of great interest for the
security and reliability of the overall system. In addition, there is no constraint on the

active nodes and each node can communicate with all of its neighbors at each time step.
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Distributed ADMM has also been adopted for implementation on sensor networks
[99, 100|. For example, Schizas et al. have proposed an algorithm that combines ADMM
and block coordinate descent that guarantees the sensors collectively converge to the max-
imum likelihood estimate. The approach adopted by Schizas et al. is similar to one
examined in [90], and as such, requires an averaging step for each subset of nodes at each
iteration and exchanging the primal variables among the sensors. In [100], the stability
of several algorithms for solving the stochastic consensus problem involving an aggregate
mean-square-error cost function have been studied. The stability range is found to be a
function of the number of nodes in the network as well as the regularization parameters and
the network topology which indicates the poor performance of adaptive primal-dual strate-
gies. However, this chapter does not discuss the speed of convergence and implementation
of adaptive parameters which is the by-product of our analysis.

In addition, ADMM has been examined in the context of optimization over certain
types of graphs. For example, Mota et al. [101] have studied the ADMM consensus prob-
lem for connected bipartite graphs. In particular, in [101] it is shown that distributed
ADMM algorithm requires less communication between agents compared with other al-
gorithms for a given accuracy of the solution. Other works in this area include that of
Deng et al. [102] which has proposed a proximal Jacobian ADMM suitable for parallel
computation. However, this method requires an all-to-all communication over a complete
graph in each iteration.

The main contribution of this work is twofold. First, we show that both dual aver-
aging and distributed gradient descent can seamlessly be integrated in the ADMM setup,
providing effective means for its distributed implementation, or when the local variables
are naturally associated with decision-makers operating over a network. Second, we show
how network-level regret for such distributed ADMM can be derived, highlighting the ef-
fect of the underlying network structure on the performance of the algorithm and certain
condition measures for the linear constraints, when part of the cost structure has an online
character and is only revealed to the decision-makers over time. As such, the chapter

extends and unifies some of the aforementioned results on online and distributed ADMM.
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In the meantime, the chapter does not claim novelty in relation to developing a new class
of ADMM algorithms and instead builds on, and extends the existing ADMM iterations
for the purpose of its discussion. The chapter considers the extension of the optimization

problem (2.2) of the form,

1 T n

(2.4) min E Z Z {fz,t(x) + ¢>z(yz)} )

zeX,y1,..yn €Y t=1 Li=1

s.t. Ajx+Byy; =c¢i fori=1,2,...,n,

involving a network of n agents, each cooperatively solving for the global optimal variable x
and the respective local variables y1, . .. y,. Here, the functions that compose problem (2.4)
are decoupled, specifically only agent ¢ has access to functions f;¢, ¢;, and its privately
known local linear constraint. of this problem include balancing sensing and communi-
cation in sensor networks, analyzing large data sets in cloud computing, and cooperative
mission planning for a group of autonomous vehicles. The formulation of cooperative for-
est firefighting using the optimization model (2.4) and online distributed ADMM for its
solution are discussed in §5.

outline of the chapter is as follows. The optimization problem formulation and the
network-level measure of performance are introduced in §3 followed by the description of
the OD-ADMM algorithm and the corresponding regret analysis in §4. Then in §5, the
distributed formation acquisition problem is solved based on the proposed algorithm, and
simulation results are presented to support the analysis. Finally, concluding remarks are

provided in §6.

3. Problem Statement

In this section, we consider a large scale network of agents cooperatively optimizing
a global objective function. Let the communication geometry amongst the n decision-
makers or agents be denoted by the graph G = (V, E). Each node i € V is an agent that

communicates with its neighbor j € N (i) through the edge (i,j) € E. An equivalent online
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distributed convex optimization problem to (2.4) is as follows,

T T n
(31) min Y Fey) = YU > b))
t=1 =1

TEX,Yls...,Yp € Y=L

subject to
(3.2) ri(z,y;) == Ajx + Byy; — ¢; = 0 for all i € [n],

where fi(z) = %2?21 fit(r), and fi; : R% — R and ¢; : R% — R are convex for each
i. The matrices in the local linear constraints are denoted as A; € R™i*d= B, € RMi*xdy,
and ¢; € R™ at node i € [n] . We assume that B} is left invertible, i.e., oy,,(B;B}) is
non-zero, for all ¢ € [n]. The functions f;; and ¢; are further assumed to be Lipschitz

continuous with Lipschitz constants L; and Lg, respectively, that is,

| fir(u) = fig(v)] < Lpllu = o for all u,v € x,

|pi(u') — @i (V)] < Lgllu' —2'|| for all v/, € Y.

The distributed nature of the optimization is illustrated in Figure 3.1.

Throughout this chapter, we suppose the following Slater condition holds:

Assumption 1 (Slater condition): There exist a point (z*,y], - ,y}) in relative
interior of x x Y™ such that r;(z,y;) = 0 for all i € [n].

This assumption is naturally used in the analysis of the duality gap for deriving bounds
on the social regret. Moreover, we assume that

Assumption 2 (optimal solution): the set of optimal solutions of (3.1) is nonempty
and the finite optimum value is P*.

The diameter of the set x, defined as diam(x) = sup, ,¢, ||z — 2’|, is assumed to be

finite and denoted by D, .

The local decisions made by agent i is represented by the optimization variables z; € X

and y; € Y; note that we allow the agents to have a local (not necessary exact) version of
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FI1GURE 3.1. Distributed ADMM problem over a network; each agent oper-
ates based of the local objective f;¢(x)+¢;(y;) and the local linear constraint
Aiz + Biy; = ¢

the global variable x, namely z;. In addition, we assume that subgradients 0f; () can be
computed for every x € x. In the online setting, based on the available local information,
each decision maker 7 selects a global variable z;; € x and local variable y;; € Y, at time
t. The cost f;:(x;s) is then revealed to this agent after its local decision x;; has been

committed to at time ¢.

3.1. Regret for Constrained Optimization. We now examine a measure for eval-
uating the performance of OD-ADMM based on variational inequalities. is inspired by the
convergence analysis of Douglas-Rachford ADMM presented in [103].

Consider the Lagrangian for the constrained optimization problem (3.1) as

T

(3.3) Lo(z,y,0) = {ft(a?) + %Z(@(yi) + (i, i, yi)>)} ,

t=1 i=1
where z € X and y; € Y, as well as assuming \; € R, for all i € [n]. Then, the Lagrange

dual function is defined as

3.4 DN = inf L A
( ) ( ) CCE)H?IJ,;EY T($7y7 )a
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implying that D(\) is concave and yields a lower bound on the optimal value of (3.1) [90].
The penalty dual problem is given by

: D()) = TR
(3.5) max D(A) = max Lr(z", y7, A),

where Z™ = R™*" and the penalty dual optimal value is denoted by D*. Slater condition
guarantees zero duality gap and the existence of a dual optimal solution \* € Z™ [104].
Therefore, when (z*,y3,---,y}) € x X Y™ solves the primal problem (3.1)-(3.2), A* solves
the penalty dual problem (3.5), and

sup inf Lp(x,y,\) = inf sup Lp(z,y, ),
AezZn TEX TEX \ezZn

the primal and dual optimal vectors form a saddle-point for the Lagrangian L [106].
Thus, based on the saddle point definition [105], for all w = (z,y1,- -+ ,Yn, A1, -+ , An) € Q,

where 2 = x X Y x Z™ we have

(3.6) Lp(x*y*,\) < Lp(z®,y" , \*) < Lp(z,y, \").

Moreover, from the KKT conditions we can express the dual optimal set as

{)\*|Z (v fi(x ZATA )

=1

5 (s 150w o)
=1

Since there exist a solution to the penalty dual problem, the dual optimal set is non-empty.
Moreover, based on Lipschitz continuity of cost functions, V, fi(*) and V,¢;(y*) are finite

and bounded; hence A* can be picked from Z™* such that

D) = min max||/\ ||, and D) is finite.
AEZ™* icn)

Based on Assumption 1 (Slater condition) and 2 (optimal solution), there always exist a

non-empty set of saddle points of L7 and throughout this chapter, we assume that:
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Assumption 3 (saddle point): vector w* € © denotes a saddle point for (3.3).
Given w* is a saddle point of L, a consequence of inequality (3.6) is that w =

(;E, v, X) € Q approximately solves the primal problem with accuracy e? > 0 if it sat-

isfies,

0< L@, 5, \) — Lo(z*,y*, \*) < €,
that is,
(3.7) 0 < Lp(Z,7,\°) —P* <e€r.

Based on (3.4), the inequality (3.7) can also be referred as dual feasibility. In addition,

w = (5, 7, X) € Q approximately solves the dual problem with accuracy er? > 0if
0< Lo(*,y",\") = Lr(a",y", }) < €7,

that is,

(3.8) 0< D" =D < ep,

which represents the dual sub-optimality. The conditions in (3.7)-(3.8) can be combined
to represent the duality gap as

T n
S A0 + (3 6P ) + B, 0) < er.

=1 i=1
where

F(w,w*) = fu(w) = fo(a®)

¢ (w, w*) = ¢i(yi) — dily;)

H{ (w,w*) = hj(w, w*) + hgi(w, w*)

hiy(w,w*) = (& —a*, AT + (N = A, =i, 7))

hgs(w,w*) = (y; —yi, BI\}),

andeTzezp)—i-e?ZO.
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Analogous to the regret definition for O-ADMM algorithm [108], we can consider a se-
quence of decisions wy, where w; € (Q for each t, instead of a fixed decision w. Consequently,

the sequence w; approximately solves (3.1) and (3.2) with accuracy ep if

T n
6 ) LS )} <
t=1 =1

for the optimal solution w* € (), referred to as fized case solutions to distinguish them
from the time-varying online solution sequence wy. Moreover, the mapping H iA (w, w*) can
be expressed as

HP (w,w*) = (wi(x) —w] (x), Hi(w")),

where w;(z) = [ T Y }T, wi(z) = [ r oyl A }T, and

o o0 AT 0
Hi(w)=1 0 0 BF |wi(z)+] 0
—Ai —Bi 0 C;

Since, the mapping H;(w) is affine in w;(z) and is defined through a skew symmetric

matrix, it is monotone, and consequently [109]

(3.10) (wi(x) —w; (), Hi(w)) = (wi(x) — wi(z), Hi(w")) .

Therefore, the inequality

T n

S G wt) + 37 (6w, w)
t=1 =1
(3.11) wie(@) — wi (@), Hi(wy)) < er

is a sufficient condition for (3.9).
Finally, motivated by the inclusion of regularization terms in the augmented La-

grangian method [105], the term on the left hand side of (3.11) is supplemented with

terms of the form £||r;(2;y, yi)||?, where p > 0, to promote agents satisfying the local
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primal feasibility constraints. In our setting, the sequence w;; is constructed from the
distributed algorithm adopted by each agent i, specifically wy(x;t) = (24, Y, Mev1) €
at time ¢, where ¥ = (Y14, ,YUn,t) and Aep1 = (A1 ¢41,° -+, Anet1). The social regret is
thus defined as,’

Ry = max R; r(w"),

J€ln]
where
T
Rjr(w*) = thA(wt(wjyt%w*)
t=1
1 — .
+ HZ; QZS,L Wi .I‘Jt )
+ (wie(wje) —w; (z54), Hi(wi(xje)))
+ Ll v IP).

Based on (3.11) we say that the sequence w;; approximately solves (3.1) and (3.2) with
accuracy ep if it satisfies Rp < ep. Therefore, if the social regret is sub-linear with time,
the online algorithm performs as well as the best fixed case decision provided with the
complete sequence of cost functions a priori. In addition, the sub-linearity of the social

regret ensures that the local linear constraints will be satisfied asymptotically.

4. Online Distributed ADMM on Networks: Social Regret, Network Effect,

and Condition Measures

The main contribution of this chapter is extending O-ADMM [89] via Nesterov’s Dual
Averaging (DA) algorithm [110] and distributed subgradients (descent) method discussed
in [94, 111, 112, 113|, to provide a distributed decision-making process for the optimiza-
tion problem discussed in §3 with a sub-linear social regret; we refer to this procedure as
online distributed ADMM (OD-ADMM). The main challenge for the seamless integration
of ADMM with dual averaging and distributed gradient descent for OD-ADMM is deriving

and utilizing bounds on the network effect and the sub-optimality of the local decisions on

INote that this form of regret penalizes the deviation of each agent’s local copy of the global variable from
the best fixed global decision in hindsight.
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the social regret. This objective is achieved by building on the existing results reported
in |59, 94, 95| regarding the network contribution in distributed optimization, as well as
extensions of results discussed in [82, 88, 89]. basic idea behind our convergence analysis
is as follows.? First, in Lemmas 22 and 23, we derive the gap between the local decisions
and the average decision over the network. Then, we provide the sub-optimality gap in
Lemmas 24 and 25. Finally, building on previous results, bounds on the social regret are
presented in Theorems 17 and 18.

The proposed algorithm updates the vector (z;,v;, zi, \;) for each agent ¢ € [n] by
alternately minimizing the Lagrangian and augmented Lagrangian. In addition, the La-
grangian is linearized based on network-level update, leading to a subgradient descent
method followed by a projection step onto the constraint set x. Specifically, in the DA

method, we let

2441 = 2t + Gt,
where g, = VL(x¢), followed by

Y
(4.1) Tpp1 = H (41, 0) 5

X

in this case, the parameter a4 is a non-increasing sequence of positive functions and Hx()

is the projection operator onto y defined as

P
(12) [Grinan = argmin{ Grono) + (o)}

X
the inclusion of the proximal function ¥ (x) : x — R in the DA method as a regularizer
prevents oscillations in the projection step. Note that ¥ can be picked arbitrary with
accordance with the following definition:
Definition 1 (proximal function): proximal function ¢ (x) has the following prop-
erties: (i) ¥ (z) is continuously differentiable, (ii) () is strongly convex with respect to

II.Il, (iii) ¢» > 0, and (iv) ¥(0) = 0.

2All referenced lemmas are discussed in the Appendix.
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On the other hand, in the subgradient descent (GD) method, the aforementioned steps

in DA are replaced by

hit1 = @ — 4G,

followed by

(4.3) 21 = [ [ her = arg glelil || — hesall.
X

Finally, the proposed online algorithm minimizes the augmented Lagrangian over y as

vt = argmin { Lolwein, v M) + D@ v) P}
yey 2

and update the dual variable \ as®

At42 = Ay1 + p(ATey1 + Byepr — ¢).

The distributed algorithm can be considered as an approximate ADMM by an agent ¢
via a convex combination of information provided by its neighbors N(i). Specifically, the
global update step (4.1) and (4.3) can be reformulated with a distributed method. The
underlying communication network can be represented compactly as a doubly stochastic
matrix P € R™™ which preserves the zero structure of the Laplacian matrix L(G). For
agents to have access to information contained in the subgradients g;; = V.L;(x;) there
must be information flow amongst the agents; as such, in our subsequent analysis it will
be assumed that the graph G is strongly connected. A method to construct a doubly
stochastic matrix P of the required form from the Laplacian of the network is provided in
Proposition 19.

The online distributed ADMM (OD-ADMM) is presented in Algorithm 5.

The function Hq, (N1, git), referred in line 8 of the algorithm, represents a distributed

update on the primal variable. this chapter, we consider two alternatives for this update.

3Note that the index for the dual variable is one time step ahead of the primal variables.
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Algorithm 5: Online Distributed ADMM (OD-ADMM)

1 Input: p >0, {oy}1,

2 Initialize 2,1 = N1 =0and ;1 =0, y;,1 =0forVi=1,...,n
3fort=1to T do

4 Adversary reveals fi(t) = {fi«(t); for Vi=1,...,n}

5 Compute subgradient g;(t) € 0fi(zi¢)
6

7

8

9

foreach Agent i do
Ait1 = Aig + p(Aixiy + Biyiy — ¢)
Titt1 = Hoy(Nig41, 9it)
ri(Zigt1,Y) = Aiip1 + Biy — ¢

10 Yirr1 = argming ey (95 (y) + A1 mi(@ie1, v) + Sllri(@i, v)11?)
11 end
12 end

4.1. OD-ADMM via Distributed Dual Averaging. In this method, the dual
sub-gradient at each node is updated as a convex combination of its neighbor’s dual sub-

gradients and itself, namely,

n
(4.4) Zig41 = Z Pjizjs + gig + A] Nigr1,
j=1
and
Y
(4.5) Tit+l = H(Zi,t—i-l,at)a
X

where the projection operator Hz() is defined in (4.2). Before presenting the convergence
rate of the proposed OD-ADMM algorithm we provide a few preliminary remarks and
definitions. Let us define the sequences of (network) average dual subgradients z;’s and

average subgradients g;’s as

1 < RN
(4.6) a= Zl Fit 9= Z;gi,t-
1= 1=

Thus, in the distributed DA method, the following update rule is introduced similar to the
standard DA algorithm,

1 n
(4.7) Zt41 =2t + gt + - Z AZT)\i,t—f—h
i=1
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where the primal update is
(4.8) 9t+1 = H%(Zt.l,_l, Oét).

Now, the regret analysis will be presented, where the intermediate results required for
its proof are relegated to the Appendix, namely Lemmas 21, 22, and 24. In particular, we
show that with a proper choice of learning rate, the network effect and the sub-optimality
of average decisions are sub-linear over time. Subsequently, building on these results, a
sub-linear regret bound for OD-ADMM using distributed DA method can be established

as formalized by the following result.

THEOREM 17. For every saddle point w* satisfying v (x*) < W2, the sequence Wi g,

generated by Algorithm 5 where line 8 applies distributed dual-averaging method with o(t) =
k/\/'t, we have

(4.9) Ry < Ji + JokVT,
where
D)\ = Cz
J1=— )
' 2oy (A)

T2 = 20(Ly + ¢ 3 (Daor(A) +26)

with
~ 1 - max
C = - C’la < maXCu
n =1
o . Ul(Ai) _ \/’E
Cl - \/mZLQSO_mi(B;]“)? and Q - 1 *O’Q(P)'

PRrROOF. Based on the definition of f; we have

PR wilga) wt) = =57 il w),
=1
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where we(zj 1) = (Tj¢, Y, A1) € Q and thus
Ryz(w®) = 7 (s, w) + 68 (i), w°)
it
FH (i), w) + Sl vio) |
In the meantime as f; is L-Lipschitz and convex, we have

FR(wel@ge), w*) = filwje) — fo(00) + fu(0e) — fela®)

(4.10) < Lyl — 0l + (g0, 0 — 2) -

The first term in (4.10) represents the network effect in the regret bound, i.e., the deviation
of local primal variable at each node from the average primal variable. Lemma 22 in the
Appendix on the other hand, provides a bound on the network effect using the DA method.
Therefore, replacing line 8 of Algorithm 5 with the distributed DA method implies that

v (Ly + ¢
S Q1T oo(P)

(411) H(gt _xj,t

Moreover, from the integral test with oy = k/+/% it follows that*
T
(4.12) > a1 <2kVT.
t=1
Hence, from (4.11) and (4.12) it follows that
T
(4.13) D llmje — 6] < 26VTQ(Ly + ¢™).
t=1

The second term in (4.10) represents the sub-optimality of the procedure due to using

the first order approximation of f; via subgradients. Applying Lemma 24 (Appendix) with

4Note that % is a non increasing positive function and the integral test leads to Zthl % < 2VT —1.
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(4.7) and (4.8) implies that

T
Z gtvet —Jf S
t=1

M’ﬂ

(6%
[5 I g1+ — ZAT)\Z 2 |12

t=1 i=1
1 ¢ 1
(4.14) + ; (Nigr1, Ai(@"™ — 00))] + @1# (%)

The first term on the right hand side of (4.14) represents the gradient of Lagrangian

function L, defined in (3.3), with respect to the global variable 2 and is bounded as®

T a 1 n

t 2
E b} | ge1 + o E A;TF)\i,t+2 [
t=1 i=1

T

(8%
(4.15) < (max lgesall, + - 213 (A mpx Il ) D G
(A —

Note that through KKT conditions, the above inequality represents the suboptimality of
choice 6;.
We now proceed to bound the individual terms in (4.15). By optimality of line 10 in

Algorithm 5 and applying line 7, we have
Vybi(yit) = =B Nie + pri(@ig, yig)) = —B] Nigs1,

for all i € [n] and t € [T]. Moreover, since ||Vy¢i(yit)|| < Lg, we have || BI' X 111]] < L.
Thus, A;; is bounded as

[Nl | < I1(B:BS) ™ Billp || B Al

o1 /milLy
(4.16) < Lyg( W2 <
’ Z oX(BI)’ 0w, (BT)’

which implies that ||ATA; ;|| < /miLy0o1(A;)/om,(BL). Based on Lipschitz continuity of
ft, we have that ||g;11]|, < Ly, and subsequently (4.15) is bounded as

T

(4.17) Z | gt+1 + — ZATAZ t+2 || (Ly+ )%k kVT.

t=1 21

SNote that ||Qz|| < ¢1(Q)|||| for any matrix Q € R™*™ and vector z € R".
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The second term in the inequality (4.14) represents the sub-optimality of centralized de-
cision 6y with respect to the linear constraints. In order to analyze this term, it is first
expanded into two terms representing the sub-optimality of local decision z;; and the

network effect, respectively, i.e.,

(N1, Ai(z™ — 6))

= (N1, Ai(@™ — 1)) + N1, Ai(zje — 64))

= (Nitr1, Ai(@™ — 1)) + (A — N1, —1i(@jt, Yit))
+ Nitr1, Ai(zje — 0)) + (N — N1, 7 (X 505 Yit))

= —hfi(wi(zje), w") + N1, Ai(je = 0))

(4.18) + (A = A1, i@, Yit)) -
Based on the network effect introduced in (4.11), we have
(4.19) (Nipr1, Ai(@je — 00)) < o1 (Al Aiegal] l2je — Oll-

Moreover, applying (4.13) and (4.16) to (4.19), it follows that

T
(4.20) Z (N1, Ai(jp — 0p)) < 2]‘3\/?@@([4 + ).

t=1
The final term in (4.18) represents the first order necessary condition for optimality of the

dual problem at A; ;1. By applying line 7 of the algorithm and an inner product equality,
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we obtain®
(A7 = Nt il @6, yie))
= ; (A = Xt 1, Nigr1 — i) + N = Nigg1, Ai(ze — 4t))
= 21p(— Xern = il 4+ I = Xill® = 1A = Ao ll?)
+ (A = N1, Ai(xje — i)
QL(H)\* Aidll> = I = Aiena®) — g Iri(ie, yia) 12
(4.21) + (A = N1, Ai(xje — xig)) -

Resolving the telescoping sum

T
DI = Auall® = AT = A,
t=1

using the fact ;1 = 0, it now follows that

T
Z (A7 = N1, 7@t Yirt)
=1

T
1 * 2 * p
= ?p(H)\iH — A = Azl 52 [ri(it, yis)l

| /\

(2 G Iz ll) =

l\D\b

T
Z ||Tz X tvyzt

Applying (4.16) in conjunction with the assumption ||Af|| < Dy,

T
Z (A7 = A1, mi@ig, Yi))
=1
T
Dy
(4'22) < — ,001 CZ gz:: |Tz £y tvylt

6Namely, using the identity (vy — va, vs + v4) = 2(|lva — v2|> = |lva — v1| > + [Jvs + v1]|* — [[vs + v2| %

147



148 5. ONLINE DISTRIBUTED OPTIMIZATION WITH LOCAL CONSTRAINTS

The last term in (4.21) can also be bounded as

(AF = N1, Ai(je — xig))
< (Dao1(Ai) + G)llxge — Oclll|lzie — Ol

(4.23) < 2041Q(Ly + (") (Daor(4i) + G)

Substituting (4.20), (4.22), and (4.23) into (4.18),

1 n T

- Z Z (N1, Ai (27 = 0y)) <

i=1 t=1

1 o, P
= =3 B, w) + Sl i)}
2,t

)

(4.24) +4VTQ(Ls + gmaX)(% zn: Dyo1(A;) +0).
=1

Applying ¢ (z*) < V2, ar = k/v/T, and substituting (4.17), (4.24) into (4.14) and sim-
plifying, the sub-optimality of the primal problem at the global decision 6; can now be
represented as

T
(4.25) > g b —a2") <y

t=1

1 o, P
— =Y {ri i), w) + i v IP}
it

(4.26) 4 RVT x (2Q(L; + gmaX)(% S (Dot (A1) +26).

i
Based on our assumption of convexity of ¢;(-), we have
O (Wi, w*) < (Vyi(yie) vir — Ui
< - <BiT)\z',t+17 Yit — Y5 )

(4.27) = —hQAi(wt(xjyt), w*).
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Combining (4.26) and (4.13) into (4.10) and adding (4.27), the regret can thereby be
bounded as

Rj,T(w*) S Jl + Jgk\/f

for all j € [n] and thus the social regret is bounded as Ry < J; + Jok/T. Note that the

social regret represents the worst case regret amongst the agents in the network. O

The above theorem validates the “good” performance of OD-ADMM via dual averaging
by demonstrating a sub-linear social regret. In addition, this social regret highlights the
importance of the underlying interaction topology through o9(P) and certain condition
measure of local linear constraints through o1(4;) and o,,,(B;). A well known measure of
network connectivity is the second smallest eigenvalue of the graph Laplacian L(G) denoted
by A2(G). Since the communication matrix P is formed as proposed in Proposition 19,
1 — o9(P) is proportional to A2(G) implying that high network connectivity promotes
good performance of the proposed OD-ADMM algorithm with the embedded distributed

implementation of dual averaging.

4.2. OD-ADMM via Distributed Gradient Descent. In this section, the local
primal variable is updated using distributed GD method. In this method z;; is updated
as a convex combination of its neighbor’s local primal variables and itself, moving in the

direction of decreasing the Lagrangian function,
n
(4.28) higer =Y Pjije — au(gie + A Mig)
j=1
followed by the projection onto the convex set y,
(429) Tit+1l = H h'i,tJrl-
X

In the distributed GD method, we first define the (network) average primal variable as

1 n
(4.30) b=~ Z; Tit.
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The regret analysis for the OD-ADMM via the GD method can now be presented as
follows, where the intermediate results required for its proof are relegated to the Appendix,
namely Proposition 20, and Lemmas 23 and 25. In particular, with a proper choice of the
learning rate in Lemmas 23 and 25, we can show that the network effect and sub-optimality
of the average decision are sub-linear over time. Then, building on these results, a sub-
linear social regret bound for OD-ADMM using distributed GD method can be obtained;

this is formalized in the following theorem.

THEOREM 18. Given the sequence w;; generated by Algorithm 5, where line 8 applies

the distributed GD method with o(t) = k/\/t, we have
(4.31) Ry < Ji + JokV'T,

where

Dy~ G D3
J=2 “x
YT g o1(A;) * 2k’

Jo =4Q(Ly + Cmax)(% > Dyoi(A)
i=1
+ 22) + 2(Lf + Z)Q + 8LfQ(Lf +Z),

with

PRrROOF. Based on the definition of f; we have

PR wilga) wt) = =57 il w),
=1
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where we(z;1) = (Tj¢, Y, A1) € Q and thus

Rjr(w*) =+ 3., fh(wi(zje), w*) + 8 (we(w)e), w)

+HP (wi(xg), w*) + §llri (@i, yio) |-
As f; is L-Lipschitz and convex, we have

FR(wi(a), w*) = filwie) — £i(00) + fo(0)) — fr(2™)

(4.32) < Ly aje — Ol + {ge, 61 — 7).

The first term in (4.32) represents the network effect in the regret bound, i.e., the deviation
of local primal variable at each node from the average primal variable. In the meantime,
Lemmas 22 and 23 in the Appendix provide bounds on the network effect when the DA
and GD methods are used in line 8 of Algorithm 5, respectively. Therefore, replacing line

8 of Algorithm 5 with the distributed DA method implies

V(L + ¢™)
4, 0, — 24| < v
(4.33) 16 — ]| < @z = oo (P)
and with the distributed GD,
t—1
(4.34) 16, — 0]l < 2v/m(Lyg + ¢™) > " ay_poa(P)F 1
k=1

Moreover, from (4.33) (and (4.12)) it follows that

T
(4.35) D g — 6]l < ARVT(Q(Ls +¢™).

t=1
Note that the upper bound in (4.35) is more conservative than the distributed DA method

by a factor of 2.
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The second term in (4.32) represents the sub-optimality due to using sub-gradient

method. Applying Lemma 25 with (4.28)-(4.30) then leads to

T T n
2
D (g0 —a*) < 3 Yo aY llgie + A Nigal])?
t=1 t=1 =1
T t—1
+ (D (4L Yy poa(P)F)
t=1 k=0
1 n
X~ > Mgie + AT Nierall)
=1
1 e~ 1
(4.36) + = SOS (AT N1 7 - 6) + 2710)2(.
t=1 1=1

The first term on the right hand side of (4.36) is bounded as

n

T
2
n? > a(d gie + AT Xigall)?
t=1

=1
1 n 1 n T
< 2( thax lgeall + > o1(4) max [|;)? dYY a
=1 =1 t=1 t=1
(4.37) <2(Ly + C)*kVT.

Similarly, the second term on the right hand side of (4.36) is bounded as

T t—1 n

1
STALY " a1 0a(PY) =S 1 (gin + AT Nl
t=1 k=0 n =1
(4.38) < 8LkVTQ(Ls +C).

We now proceed to bound the third term in (4.36) and from (4.18) we have

i1, Ai (2% — 01)) = —hf3(wi(xj), w")

(4.39) + (Nipg1, Ai(@je — 0)) + (N7 — N1, i (T5,6, Yie)) -
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Analogous to the proof of Theorem 17, the second term of (4.39) is bounded as

(4.40)

M’ﬂ

i1, Ai(xje — 0r)) < 4k\/TCiQ(Lf + ).
t:l

Based on (4.22) and (4.23), we have
T
Z (A — )\i,t—i-lyri(xj,ta yzt))
t=1

T

oy S
’L 1,Uy J1

p0'1 2 —

+ 4k:\/TQ(L £+ M) (Daor(Ai) + G).

(4.41)

Substituting (4.40) and (4.41) into (4.39),

*ZZ i1, Ai (25— 0y))
i=1 t=1
1

< = > (i), w") + 2l i)

it

‘]

(4.42) + 4kVT Q(L s + ¢™ax)( Z Dyo1(4;) +20) + — Z 01({2 .
i=1 i)

From (4.37), (4.38), and (4.42), the bound on (4.36) for oy = k/+/t is simplified to

T T
ZZ gtaet_:E

=1 t=1

~

< i = = Y (e, w") + llrieie i)l

it

+ 2kVT(Q(Ly + (™) ( ZDm ) + 4C)

(4.43) + (L +¢)* +4L;Q(Ls + Q).

In the meantime, based on the convexity of ¢;,

(4.44) O (wiy w) < —hgg(wi(wjy), w").

153
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Combining (4.43) and (4.35) into (4.32) and adding (4.44) we obtain,
Rj’T(w*) S J1 + JQk\/T.

for all j € [n] and thus Ry < J; + Jokv/T. O

Theorems 17 and 18 and their proofs provide a basis for comparing two effective meth-
ods for evaluating OD-ADMM. The bounds provided in (4.13) and (4.35) for the distributed
DA and GD, respectively, although conservative, hint at the fact that in the distributed
DA, the local copies of the global variable x € x might converge faster to consensus in
the worst case scenario. Moreover, as discussed in the introduction, the distributed DA
approach does not require sharing the primal variables x;; amongst the agents, preserv-
ing their privacy during the distributed decision making process; this feature of the DA
approach however is not shared by embedding the distributed GD in OD-ADMM.

5. Formation Acquisition with Points of Interest and Boundary Constraints

Consider a formation acquisition problem amongst n agents where the position of
agent i, denoted as y;, is restricted to the convex set Y = [—1, 1]2. The centroid of the
formation is # € R? which is similarly constrained to X = Y. The formation shape
is defined for each agent by its offset ¢; from the centroid, namely x — y; = ¢;. There
is a known boundary S which agents are required to avoid by increasing the distance
to the boundary dist(y;, S) = infzes || — ysl|. This is achieved with a penalty function
oi(yi) = (dist(y;, S) + 1)71 associated with agent y;’s proximity to S. Assuming that
int (S X) is an empty set, ¢;(y;) is convex. At each time step ¢, each agent ¢ obtains a
location of interest ¢; ; and the centroid is ideally located close to these locations of interest
promoted through the minimization of the function fi,(z) = & ||z — qthg The example
illustrated in Figure 5.1 takes the form of problem (3.1), namely

min Zthl Yoy (fie(x) + ¢i(ys))

z€X ,Y1,...yn€Y

s.t. Ajx+ Biy; = ¢;for all i € [n],
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dist(y;, S)

FIGURE 5.1. Formation acquisition problem amongst 6 agents.

where A; = —B; = I for all i € [n].

Consider S = {(z,y) € R||z| = 1.5, |y| = 1.5} and so ¢;(yi) = (2.5 — ||villo.) " The
relevant parameters of the ADMM algorithm are ¢;(t) = Vfii(zi) = i — ¢it, k = 2,
p = 0.5, and ¢(z) = ||z||3. The remaining terms of the regret bound are Ly = 4/9,
Ly =+2,01(4;)=0m,(B;)=1,Dy=2,and K = 1.

The algorithm was applied to n = 8 agents connected over a random graph (see Figure
5.4) with o2(P) = 0.78 with ¢;’s selected to acquire a formation with n agents equidistant
apart on the circumference of a circle of radius 0.4. Locations of interest switch at each
time step between a uniform distribution over the area of a length 0.5 square centered
at (—0.75,0) and a Gaussian distribution with mean (0, —0.75) and standard deviation
0.011,, with bounds outside of & ignored. The distribution is displayed in Figure 5.2. The
convergence of the global variables x; ; to agreement as well as the reduction of the residue
over time are displayed in Figure 5.3. Note that the local copies of the global variable
converge faster to consensus using the distributed DA as compared with embedding the
distributed GD for OD-ADMM.

The performance of the algorithm was compared for different graph topologies, namely
path, star, cycle, random, cube and complete graph. These graph topologies are displayed

in Figure 5.4. The matrix P was formed as proposed in Proposition 19, with € = dyax+1, as



156 5. ONLINE DISTRIBUTED OPTIMIZATION WITH LOCAL CONSTRAINTS

-1

FIGURE 5.2. Distribution of locations of interest g; .

such o3(P) = 1—1A9(L(G)). Under the same locations of interest as described previously
the performance of the regret per time Ry /T for each graph topology is compared in Figure
5.5. The performance is strongly correlated to oa(P), as predicted in Theorem 17, with

smaller o5(P) exhibiting improved performance.

6. Remarks

In this work, online distributed ADMM has been introduced and analyzed, where a
network of decision-makers or agents cooperatively optimize an objective that decomposes
to global and local objectives, and is partially online. Moreover, the local variables and
the global variable are linearly constraint (specific to each agent). This problem setup
has a wide range of applications in networked systems, such as in distributed robotics
and computer networks. A distributed algorithm allows us to make decisions across the
network based on local data and information exchange with neighboring agents.

The online distributed algorithm developed in this chapter, achieves a sub-linear social

regret of O(v/T), that simultanecously captures sub-optimality of the objective function
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(b) Distributed Gradient Descent

FIGURE 5.3. The standard deviation of the global variable x; and the av-
erage residue for each agent over times smoothed by taking the maximum
over a t,, = 1000 sliding window.

and the violations in the linear local constraints. In particular, this algorithm is compet-
itive with respect to the best fixed decision performance in hindsight. Moreover, we have
highlighted the role of the underlying network topology in achieving a “good” social regret,
i.e., the regret bound improves with increased connectivity in the network. The proposed

algorithm was then applied to a formation acquisition problem.
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FIGURE 5.5. The regret per time Rp/T performance of 6 different graph
types, specifically a path, star, cycle, random, cube and complete graph
with o9(P) = {0.95,0.88,0.80,0.78,0.50,0.00}, respectively. The trajecto-
ries are smoothed by taking the average over a t,, = 1000 sliding window.
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Future work of particular interest includes exploring social regret over a time vary-

ing network, and investigating favorable network characteristics for the proposed online

distributed ADMM algorithm.

7. Appendix

The following results can be found in [59, 95, 114|; as such they are presented here

with no or abridged proofs.

PROPOSITION 19. If graph G is strongly connected then the matriz P = I—Ldiag (v) L(G)

€

T and

is doubly stochastic, where vI'L(G) = 0 with positive vector v = [v1,v2,...,vy)
€ € (max;ev (vid;),00). If graph G is balanced then the matriz P = I — 2L(G) is doubly

stochastic, where € € (dpax, 00).

PROPOSITION 20. For anyu € R™, v € x, and orthogonal projection operator Hx onto

x we have

<u - H(u),u—v> > 0.

X

LEMMA 21. For any u,v € R™, and under the conditions stated for the proximal

function 1 and step size o, we have

¥ p
ITTCw @) = [Tw, @)l < allu = o]l

LEMMA 22. For sequences z;; and x;; generated by Algorithm 5, using the distributed

DA method where,

n
T
Zit+l = § :Pjizj,t + it + A; N1
=1

and x4 = Hi(zmﬂ, ay), we have

Vi(Ly +¢M™)
— 2l < ay_
||9t fE’z,tH = O 1— 02(13)

foralli € [n] andt € [T], where the sequence 6; is generated by (4.8), (; = Lyo1(A;)/01(B;),

— Imax; Cz .

and Cmax
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PRroOF. Based on the definition of z;; we have

n t—1 n
Rit = Z [Pt_l]jz’ Zj1 + ZZ [Pk_l} g
j=1 k=1 j—=1 7
X (gj—k + AjTAj,tkarl) :
In addition, z; evolves as
t—1 n 1
(7.1) 2t = 21 + Z Z E(gj,t,k + A?)\j,t—k+1)-
k=1 j=1
Assuming z;1 = 0 for all ¢ € [n] and based on (7.1) we have
t—1 n 1
(7.2) At Zit = Z(ﬁ - {Pk_l} )(Gjt—k + A]T)\j,t—kﬂ)
k=1 j=1 I
Thus, the dual norm of z; — z;; can be bounded as
t—1 n 1
ot = zidlle < D23 Nlgaems + A g, 1= = [PF1] |
k=1 j=1 I
t—1 1
(7.3) <> max 96—k + A5 Xje-rea || 1P e = — .
k=1

Since [|gi¢]l, < Ly and [|JAT N |« < ¢ < (™2, the dual norm of z; — z; 4 is further bounded

as7

t—1
(7.4) ot = zielle < Va(Lg +¢™) Y 0a(P)FL
k=1

In addition, as P is a doubly stochastic matrix, o2(P) < 1 [115]|. Thus, the inequality

(7.4) is bounded as

Vi(Ls + ")
1-— UQ(P) ’

|zt — zitlls <

Since 6; = Hz (2, 04-1) and x;; = Hi(zi,t, ay—1), the statement of the lemma follows from

Lemma 21. O

"Note that ||[P'z — Llly < 02(P)*y/n, where the vector = belongs to {z € R"|z > 0,37, z; = 1}; this
property of stochastic matrices was similarly used by Duchi et al. [59].
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LEMMA 23. For sequences x;; and h;; generated by Algorithm 5 using distributed GD

method, where

n
hiy = Z Pjizji-1— c—1(giz—1 + A Niy)

j=1
and z;; = Hx hit, we have
t—1
16 — il < 2vn(Ly + ™) Y rgon(P)*
k=1

for alli € [n] and t € [T], where the sequence 6 is generated by

Ci = L¢O’1(Ai)/0'1<Bi), cmd Cmax = max; CZ

PROOF. Denote 7;; = x;; — h;; thus based on the definition of h;; we have

n
(7.5) Tig=hig +1ip = Z Pjixji1 — cr—1(giv—1+ AT Nig) + i
=1

Subsequently, we can represent x;; as

t—1 n

xivt:Z[Pt ' sz]’l_ZZ[Pk 1} -

j=1 k=1 j=1

X (e (G—k + AJ Njt—r1) — Tj—it1)-

In addition, based on (7.5), the average primal variable #; evolves as

t—1 n

(7.6) 0y =01 — ZZ (C—i(Gji—k + AT Njt—it1) = Tji—ks1)-
k=1 j= 1

Assuming z; 1 = 0 for all i € [n] and based on (7.6), we can represent the network effect,

that is the difference between the average primal variable over the network and individual
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primal variables, as

t—1 n

1 k-1
b= S [
k=1 j=1
(7.7) X (a1 — Q—i(Gii—t + AT Nji—pt1))-

Thus, the network effect (7.7) can be bounded as

t—1 n

(7.8) 16 = wigll < Z Z 7jamrir — cei(gia—r + A Nj—kr1)
k=1 j=1

(79) <% - [P

’ n ji

t—2

(7.10) < ijax |rjt—irt — QG + AT N1 |
k=1

k-1 1
(7.11) x| PF e - 1

Moreover, the difference between h;; and its projection onto x is bounded as

n
it — higl] < Z Pjixjp 1 — higl|

< op1|lgie—1 + AT N4l

Since ||gi¢ll, < Ly and ||ATX;4]] < ¢ < (™, the network effect is further bounded as

t—1

(7.12) 16¢ — izl < 2v/n(Ls +C™™) > ay_goa(P)F 1
k=1

LEMMA 24. For any positive and non-increasing sequence a(t) and x* € x

T T 1 n
Z (gt7 0t - Jf*> S Z — Z <A;'T)\Z‘,t+1, 33* — 9t>
t=1 = i
T At—1 1 n
* t— - T ] 2
(.’E )+t§; 9 Hgt—i_n;Az )\Z,t-i-lH*a

where the sequence 0y is generated by (4.7)-(4.8).




7. APPENDIX 163

PROOF. Based on Lemma 3 in [59], we have

T n
> <gt + % > AN i1, 00— m*>

t=1 i=1
1 T s "
" t—1
< —d(@h) + Z |lge + ZAzT)‘i,t-HHza
T t—2 L
and the statement of the lemma follows. O

LEMMA 25. For any positive and non-increasing sequence «(t) and x* € y,

T T n

1
§ (gt> 9t - CC*> < E g E <A§1)\j,t+1,$* — 9t>
t=1

t=1 j=1

n

T
2
+ 23 > (Y Mg+ AT N ll)?
t=1

j=1
+ —D2 —i—z 4szat ko2 (P
t=1

1
X~ Z 1(g5.c + AT Mgl
j=1

where the sequence of 0, is generated by (4.28), (4.29), and (4.30).

PROOF. Denote 7;; = x;; — h;; thus based on the definition of h;;, we have

Tit41 = Nig41 + Tig+

(713) = ZP]zx]t gzt + A by t—i—l) + rig+1-

Subsequently, based on (4.30), the average primal variable 6; evolves as

n

1
(7.14) Or1 =0 — - Z(at(gj,t + AT Nj 1) — Tie1)-
j=1
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Now, we can represent the deviation of average primal variable 6; from z* as
*[(2 * (12
1041 — 2¥[|7 = {10 — =7]

1 n
+ EH Z(at(gj,t + AT Nj41) = ries)|]?

j=1
Qat - T *
- ((gj.e + A Nje1), 0 — %)
j=1
2 n
(715) + — <Tj,t+17 9,5 — $*> .
n =
Note that

n
1Y (rlgje + AT Nji1) = i) |
j=1

2

n
< 0> Margie + AT Nl + [[resal]
=1

n
<407 (O llgje + AF Nl
j=1

and from Proposition 20 we have

(rjae1, 00 — %) < (rjag1, 00 — hjaga)
+ <H Rjt+1 — Njev1, Rjer — I*>
X

< (a1, 0 — hyen) < all(gse + A Mg lll100 — hjegall-
Based on Lemma 8 in [94], we have
t—1

(rjen, 00 — &%) < ALgai|[(gj0 + AT Aol D r koo (P)F.
k=0
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Thus, by rearranging the terms in (7.15), we have

d 1 1
Z(gtvet_$*>ST"el_‘T*H2_2 |’9T+1—$*H2
t=1 a1 T+1

9 T n
+ =5 > Mg+ A7 N ll)?
t=1  j=1
1 T n
T
2D (AT N 2" = 0
t=1 j=1
T t—1 1 n
(7.16) +> (ALY Oétfk02(P)k)g D gie + AF Al
t=1 k=0 j=1

Since the diameter of x is bounded by D, , we have
*)12 2
101 — 2*[|” < Dy

and the statement of the lemma follows.






CHAPTER 6

Online Optimization over Time-varying and State-Dependent

Networks

1. Summary

In this chapter, we study online convex optimization problems in distributed systems
operating over a time-varying information network. These problems arise in diverse ap-
plication domains, including social networks, mobile sensors, and the Internet. In this
problem, the network topology is not known a priori and is modeled as a state-dependent
network. Moreover, the state of the nodes are affected by their neighboring nodes which
is inspired by opinion dynamics. Therefore, based on the history of communication links
and opinion dynamics, we provide predictions for nodes’ state and network topology. A
sampling approach is then applied to scale the estimation algorithm for large networks.
We present regret analysis for topology estimation with limited and online observations of
the underlying network. The online algorithm is then applied to Twitter political social

networks demonstrating the application of the proposed setup in opinion detection.

2. Introduction

This chapter is motivated by the analysis of distributed dynamic systems operating
over an information network. These systems appear in a wide range of applications, in-
cluding social networks, Internet, mobile sensor networks, the genome, and brain networks
[116, 117, 118, 119, 120|. In these multi-agent systems, agents interact according to
local rules; in many cases the geometry of the network is also a function of the underlying
system’s states. The resulting structure is referred to as a state dependent network [121]
and its topology evolves as the state of the agents changes over time. Consider a swarm

of unmanned vehicles with limited range of communication. The vehicles are moving and
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their pairwise communication links drops when the two corresponding vehicles are outside
each other’s communication range. Another example is a network of people with different
political orientations. Sometimes, like-minded people tend to interact and exchange infor-
mation and sometimes, ideologically-opposed individuals interact with each other through
arguments [128]. In other words, the communication links are a function of agents opinion.

Moreover, each node of the network represents a dynamical system and these individual
systems are coupled according to the network topology. In a robotics swarm, vehicles make
decisions based on the information they receive from their neighboring vehicles. In social
networks, the opinion of agents gets affected by many factors including the people they
interact with. This phenomenon is referred to as opinion dynamics with many standard
models proposed for self-organized dynamics in social, biological, and physical sciences
(120, 122, 123, 124, 125, 126, 127|. Most of these models assume that the intensity
of alignments increases as agents state get closer [122, 123, 124, 125, 126|, reflecting
agents tendency to align with those who think or act alike. While, another approach is
Heterophily [127], which assumes agents interact more with those who are different rather
than with those who are similar.

In this chapter, we propose a sub linear online algorithm that predicts the communi-
cation topology and the latent state of the nodes in time varying complex networks. The
proposed algorithm is a variant of block coordinate descent method called Online Stochas-
tic Randomized Block Coordinate Descent (OSR-BCD). At each round ¢ = 0,1,...,T of
the OSR-BCD algorithm, we sample a sub-graph of the network to scale the algorithm to
massive networks. These sub-graphs can be chosen to maximize the statistical information
for efficiently finding the properties of the network topology. Therefore, the network is
not required to be fully observable at each iteration. Then, each node updates its state to
collaboratively predict the communication matrix of the sampled subgraph and simulta-
neously follow an opinion dynamics. Then, the network topology is revealed and we incur
a loss due to inaccurate link predictions. We assume the underlying communication graph
is modeled as a temporal matrix which is a convex function of all nodes states and provide

a sub linear regret for the aforementioned framework.
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Next, we identify communities in a real-world network using the OSR-BCD algorithm.
This network is the political re-tweet network by more than 18,000 users collected from
Twitter during the six weeks leading up to the 2010 U.S. congressional midterm elections
[128, 129]. This problem is similar to the Netflix competition where the primary goal is to
estimate the missing entries of the communication matrix using the state of the art Non-
negative Matrix Factorization (NMF) methods. However, our primary goal is to estimate
non-negative latent factors that model the political ideology of each node towards each
party. By combining a variant of the NMF method with opinion dynamics, we achieve
a scalable method for predicting the election result. In addition, we study the effect
of incorporating dynamics into the proposed data driven decision making process. This
analysis is based on the effect of incorporating opinion dynamics into the time-varying
communication matrix estimation problem. We implement several local dynamics model
and compare their estimation errors with the baseline that is purely based on the observed

links and not assuming any opinion dynamics on the agents.

2.1. Related Works. Identifying opinions or state of the agents in social networks
is closely related to community detection in complex networks [130, 131] which is a well
known problem in network analysis. Community detection methods generally find the
groups of related nodes with dense internal link connections and few external connections.
In large real-world networks, overlapping communities refer to organizational units in social
networks, scientific disciplines in citation and collaboration networks, or functional units
in biochemical networks. The mixed-membership stochastic block-model (MMSB)[132] is
a powerful probabilistic model that allows each node of a network to exhibit a mixture of
communities and given an observed network, it estimates the posterior community member-
ships of its nodes. In this work, we take advantage of the MMSB to model state-dependent
social networks where the hidden opinion of nodes is equivalent to their membership vector
in MMSB. The applications of classical MMSB have been limited because its correspond-
ing inference algorithms have not been scaled to large networks. However, in [133], an

algorithm has been developed to scale the MMSB for large networks that were previously
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out of reach for this model. At each iteration of this algorithm, a sub-graph of the network
is analyzed leading to faster analysis of the network.

The aforementioned works have focused on static networks, which either represent a
single time snapshot of the network being investigated or an aggregated view over time.
However, most complex networks, including social, biological, and robotic networks, are
time-varying, which has led researchers to consider dynamic, time-evolving networks. In
the context of community detection [134, 135, 136, 137|, dynamic networks are repre-
sented by a sequence of snapshots of the underlying interactions at discrete time steps.
The latent state evolution is modeled by a stochastic dynamic system in [135] where a
linear dynamic transformation of the mixed membership prior with logistic normal distri-
bution is placed on all agents. Later in [136], the aforementioned approach was extended
to modeling dynamic processes on clusters, rather than on individuals by generalizing the
prior on actors to a mixture of time evolving logistic normal distributions. This mixture
prior is multi-modal and captures correlations between communities and accommodates
for the agents heterogeneous behaviors. Similarly, in [137], the state evolution follows a
multivariate Gaussian random walk and a modification of the extended Kalman filter is
used in the inference procedure.

However, identifying realistic overlapping communities in very large networks that are
increasingly common is still an open problem. The existing algorithms for community
detection over time varying networks iteratively analyze each pair of nodes. Consequently,
these algorithms run in O(n?), where n is the number of nodes making analyzing massive

networks computationally intractable.

2.2. Contributions. The contribution of this chapter is two folds; first, we present a
novel model for state dependent social networks which considers the effect of the opinion
dynamics on the network topology. Second, we propose a fast novel algorithm to provide
online estimation on massive streaming graphs through network sampling. Finally, we
implement several traditional opinion dynamics model on a real world network to study

the robustness of such a data driven approach to inaccuracies in dynamic model.
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3. Problem Statement

Our goal is to find the best fixed topology, i.e., adjacency matrix A*, in an online

setting where the topology of the network is changing in an unprendictable manner. The
¢

state of the nodes is denoted by the matrix X € X, where X zm and y C R¥ is a

compact convex set with diameter D (||z||2 < D for all z € x). Note that the dimension of

state vectors is k and each column of X represents the state vector of the node associated

with that column, i.e., X ; € x is the state vector of ith node. Moreover, throughout the

chapter we assume:

Assumption 1: Graph G is state-dependent and its adjacency matrix A®) is a
function of nodes’ state, i.e., A® = f;(X), where f;(.) : X — R™*™ is an unknown time
varying convex function. Furthermore, [f;(X)];; only depends on the state of nodes i and
j for all i € [ny] and j € [ny].

Assumption 2: The function D(A®, f;(X)) is a distance function that is a convex
function of X. For example D(A®, f,(X)) = 3||A® — f,(X)||% is a distance function and
A® — f,(X) <0 is a sufficient condition for the convexity of D(A®, f,(X)).

Therefore, the optimization problem can be stated as:

T
i DAY, (X
min 2 (AW, fi (X))
(3.1) s.t. X; € x for all i € [ny].

Throughout this chapter, we assume that there exists X* € X that is the global optima
for (3.1). Note that the cost function can be expanded as:

nt ne

DAY, £,(X)) = ZZDZ-J(AZ(»?, Jie(X i, X 5)),

i=1 j=1
which is a decomposable function and we are interested in minimizing

T

T ng
D DAY [(X) =D > la(X)

t=1 t=1 i=1
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under the assumptions:

Assumption 3: Cost l;;(X) = Z;‘;l Di,j(A§§),ft(X.7i,X,,j)) is L;-Lipschitz on X.
Note that the convexity of l;; can be easily deduced from the convexity of f;(X) and
Assumption 2.

Moreover, we assume the nodes are affected by their neighboring nodes which is cap-
tured by the following assumption:

Assumption 4 (opinion dynamics): Each individual agent ¢ follows the distributed
dynamics;

XY . x0),
je(i, N (i)}

where each h; is convex on X and upper bounded by H;

Therefore, we can express the modified cost function as:

T ng
1 ‘ 1 . ®) 1 O0)y2
%QQZZ li(X) + l_mHX.z S h((x W xO)3

t=1 i=1 JElLND @)}

(3.2) s.t. X; € x for all i € [ny].

The size of graphs are generally large and gradient descent methods are found to be
effective in solving large scale online convex optimization problems. The gradient of the

cost function (3.1) can be expressed as:

(33)  9(X) = VDAO, LX) = [ gua(X) - gua(x) | B

where

p( A®), " 9D, U,ft(X )

gir(X) = ‘
P X
Note that (3.3) implies the very expensive computation of gradient for large networks, i.e.,
ny >> 1. Thus, the network structure is often sampled in order to select a (tractable)
subset of the nodes and edges from which we make inferences about the full network. The

gradient calculated based on the sampled subset of node pairs is called stochastic gradient.
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4. Network Sampling
In network sampling, we assume a subset of graph G (V) E®) is sampled such
that the expectation of the stochastic gradient is equal to the true gradient. the sampled

graph and stochastic gradient are denoted by th)(%(”,ES)) and g; +(X, (), respectively.

Therefore, we have

E¢ [35,4(X, 0)] = giz-
Note that

1 9D(AY (XX ) iaD,J (Al ft<X )
p(i, ) 0X; X ’

Jj=1

E¢

where p(i, 7) is population distribution of drawing a node pair (i, j) at random from n(n; —

1)/2 pairs. This implies

1 3ng(x4(t) [i(X .0, X 5))

1
E — " =Jdit,
I w9 ,Z(t) p(i; 5) 0X.; '
JEVs

or equivalently

1 1 0D (AY fi(X.0, X))
~i, XaC = . 7 - .
g t( ) | t)‘ Z(t) (2’ ,7) aXZ

The population distribution depends on the sampling method and there are many
strategies that are based on two basic steps; node sampling and edge sampling. These

steps are used in the following sub-sampling methods.

4.1. Node Sampling. In node sampling, a node is chosen uniformly at random from
V® and thus each node is sampled with a probability of 1/n;. Then, the sampled subgraph
th) is constructed to be the induced subgraph over the sampled node set Vs(t). Each pair

(i,5) €€ EY is associated with both nodes i and j which implies p(i,7) = 2/n.
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FIGURE 4.1. Sub-sampling the network.

4.2. Pair Sampling. Node pairs (i,5) € Vs(t) X V;(t) are chosen independently and
uniformly at random from G® for inclusion in the sampled graph th). In this method

the node pairs are sampled with a probability p(i,j) =

nt(nt—l) :

4.3. Edge Sampling. In classic edge sampling, the sampled graph th) is constructed

with edges that are chosen independently and uniformly at random from E®). Since, real-
world networks are often sparse, with links accounting for less than 0.1 of all node pairs,
it may help to focus on the selection of edges rather than nodes to populate the sample.
Sampling nodes set Vs(t) is constructed by including both incident nodes on the sampled

edges. The resulting subgraph is partially induced, which means Egt)

is constructed by
the edges chosen during the random edge selection process. Each pair (i,7) €€ Egt) is

associated with both nodes ¢ and j which implies link(4, 7) is sampled with a probability *

1

i 4 My — _—
p((Z,])EES ) |E(t)|
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and non-link(7, j) is sampled with probability

2
V(v 1) — 2B

2 o deg ; o degy ;
|‘/s(t)|(“/:g(t)| —1)—2|E§t)| 2|E(t)| 2|E(t)|’

p((i,5) ¢ B and i € VIV, j e V) = x P(i e VI P(j e VD)

where deg, ; represent the degree of node 7 in an un-directed graph G®),

4.4. Induced Edge Sampling. Similar to edge sampling, edges are chosen indepen-
dently and uniformly at random from E(*) and sampling nodes set Vs(t) is constructed by
including both incident nodes on the sampled edges. The resulting subgraph is the induced
subgraph over the sampled node set Vs(t). Each pair (i,j) €€ Egt) is associated with both

nodes i and j which implies link(4, j) is sampled with a probability

1
.. (t) _
p((%]) € Es ) ‘E(t)‘
and non-link(7, j) is sampled with probability
Va7 (Vs = 1) — 2[Es™]
2 deg ; deg; ;

VO[VO — 1)~ g0 2[BO] " 2EO]

Note that induced edge sampling achieves a higher |E;(¢)| than edge sampling method.

5. Online Stochastic Randomized Block Coordinate Descent

Block-coordinate descent (BCD) methods and their variants have been of interests
for solving problems with X given in the block structure form. Moreover, the nodes are
approximately following the opinion dynamics.

In this section, the variants of Online Stochastic BCD (OSR-BCD) algorithms for
solving (3.1), followed by their convergence analysis, are presented. Assume we have n,
blocks and at each iteration of OSR-BCD, a subset Vg(t) of blocks are picked according to
the network sampling methods where Vg(t) is the nodes set of sub-sampled graph. Then,

the state of each block in Vs(t) is updated based on gradient descent:
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(5.1)

1
YD = arg min (3(X Y, 0).) +
zERF

- 1
—lr = (XD O R+ — |l — X P2,
2(1_m)\| HXP Ol + 5| i ll2

(5.2)
X (l.tH) = arg mi}rgl By (x, Y §t+1)>
. o= )

where D(u) = %||ul3, n € (0,1) is a non-increasing step size,

1 0D (A, fu(X . X))

1
~i Xa = T A . )
it (X, C) v Z;t) (i, 7) X,
JEVS
- 1 1
hig(XW,¢) = —~— —_n((x, x,
7t( ) |Ns(t)(z)’ ' Z(;) 4 p(’b,j) (( J K )
JENs " (3)

and p(i, j) is the population distribution of drawing a node pair (7, ) at random from all

possible pairs. Note that, (5.1) captures the notion that each node wants to approximately

follow the opinion dynamics but it also wants to move in a direction that decreases the

loss of our hypothesis on the most recently seen example, where the loss is approximated

by a linear function.

The OSR-BCD is presented in Algorithm 6.

Algorithm 6: Online Stochastic Randomized Block Coordinate Descent (OSR-
BCD)

1 Input: {m},

2 Initialize X_(io) randomly for Vi =1,...,n

3 fort=1to 7 do

4 f+(X) and A® are revealed

5 Sample subgraph th)(VS(t), Egt))

6 foreach Agent i € Vs(t) do

7 Compute stochastic subgradient g; ,(X®,¢) € 9f,(X®)/0X; and opinion
dynamics h; +(X®, ¢)

s || v =X ) (K = Ria(X 9, 0) + 5 (X9,0))
9 X&Hl) = arg mingex By (x, Ygtﬂ))
10 end

11 end
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Next, the regret analysis is presented based on the Stochastic Block Mirror Descent

method [142] and Online Randomized Block Coordinate Descent [143].

5.1. Convergence Analysis. Now, the regret analysis will be presented, where the

intermediate results required for its proof are presented in the following lemma.

LEMMA 26. For any positive and non-increasing sequence 1y and X* € X,

<1 (X9 = hia(X,Q)) + 51X, 0, XP = X.’;> <
* 1 *
5 (1268 = 3l - 1Y - X3) +

1_
i (H3+D2)+7nt( 5 m)Lf,

2(1 —ne)

where the sequence of X.(it) is generated by (5.1) and (5.2).

PROOF. Based on (5.1), we have

1
1 —m

y () = xO 1 - ) ( (X0~ By (XD, 0)) + i (XD, c))

which implies

1
1—m

>

YD X% = x® _ X5 —n(1—ny) ( (X.(Z-t) _

.2 2

it (XD,0) + Gin (X, o)
and

* * 1 ~ ~
IV = 3G =1 = G + (= )= (X = Ria (X9, 0) (X, Ol -

1 7 ~ *
206(1 = ) <1 (= R (X 0,0)) + i (x0,0, X1 - X> :
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Note that By (:):,Yl(Hl)) = HY.Z(t'H) — X7%||3 if we set ¢(z) = 3||z[|3. Thus based on (5.2)

and the Pythagorean Theorem for Bregman divergences [144], we have:

< (X0 R (X9,.0) + (X0, 0, XY Xf;> <
L—m
_
2ne(1 — ne)

nt(l_nt)H 1 (
2 L—m

* 1 *
(1% = x50 - 18 = x318) +

X0 R (XD,0)) + i (XD, 0|13,

and the statement of the lemma follows from Assumptions 3 and 4. g

This lemma is a key building block for the proof of the convergence rate of OSR-BCD.
Subsequently, building on these results, a sub-linear regret bound for OSR-BCD can be

established as formalized by the following result.

THEOREM 27. For every X* € X, the sequence X'(Z-t), generated by OSR-BCD described
in (5.1) and (5.2) with n; = k/\/t for an arbitrary k € (0,1), we have

Ry <O(VT).

PROOF. In the stochastic setting, taking the expectation over ¢ and i € {1,...,n:},

conditioned on X we have

1 ~ . *
E Kl (X9 = Rip(XD,0)) + gin(x9,0), X~ X>] -
-

B B [( 1 (X0~ Farx©,0) X0 - x5 ||+ B¢ [m [ (00,00, 30 - x3)] .

where
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and
B [(51(X0,0, X0 - x7)] =

(.00 <) -

i=1
]V(t)‘ Z <glt X(t) Xt> .

Thus, the above results and Lemma (26) imply

L 1
> <gi,t(X“>) 1 (XY = hia(x)) X0 - Xi;> <
i=1 T
ny 1 (t) |2 (t+1) _
XW X2 - x D xe2) +
o gy (16 X308 17 = x1)
Mt 2 2 ne(1 —ne) 2}
5.3 — (H;+D 71/- .
Since D(AWY, f;(X)) and 3 370, m X =2 jeqinmay My ((X() (0))\]2 are convex, we
have
DAY, (X)) = DAY, fi(X7) < tr (VD(AY, fi(X))T(X - X))
ne
< (onax ), X0 - x3).
=1
and
1 - (0) « 0
) (X = Y P EDBIx - Y (xS >>§> <
t =1 JELi, N (i)} JELLN® (i)}

ng

LS (- 0

L= =
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Therefore, based on (5.3), the regret is bounded as

T (t) *](2 (t+1) *|12
nt HX _X'HQ_HX' _X'Hz Ui 2 2 ne(1 — ) 2
< .1 N N3 .1 H D L
fir < Z { 277t(1 - 777:) - 2(1 - 77t) ( i ) - 2 !

N X(l) —X* 2 X(T+1) —X* 2 T T
| <|| R .7,||2_ I R _z||2+(Hi2+D2)Z UG +L%Z77t(1_77t)
t=1

o\ m(—m)  20rpa(1 = i) 1—=m =1
(5.4)
N D? 4 ul d
< + (H? + D? 42 ne(L—mne) | -
s (et 0+ PO 2 Y

If we set 1, = k/+/t, it follows from the integral test that

T
glmm S2k<klog<ﬁ—k)+ﬁ)+%—2k(klog(1_k;)+1)’

T
(55) S m-m)<k (zx/f ~klog (T)) k- k2.
t=1

Combining (5.4) and (5.5) , the regret can thereby be bounded as:

(5.6)
Rr< 2 D o (m2 s D)k (klog (VT = k) + VT) + L%k (2vT ~ klog (T))

- 2]Vs(t)| k(1 —k) ’
where L = max;c(,,) Li, H = max;c[,,) i, and N = max;e[r) ny. O

The result of Theorem 27 highlights the effect of network sampling on regret where

Mﬁ' represents the fraction of nodes observed at each iteration.

6. Community Detection in Time-Varying Social Networks

An example of state-dependent graphs is social networks. We assume the interactions
among people in social networks is presented by a time-varying graph G(*) (V(t)7 E (t)), where
nodes represent social agents and links represent the interaction or information exchange
among nodes. There are k communities or opinions and each node can be associated
with multiple communities. Thus, the community membership vector for each node i is

C; € [0,1]* which constructs columns of matrix C' € [0,1]**™ and 25:1 Cij = 1. For
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example in the case of political elections in US, C; can demonstrate the preference of
agent ¢ towards the two political parties and independent candidates in the form of a three
dimensional probability vector.

The community interaction matrix is represented by B € [0, 1]¥**. This matrix rep-
resent the relationship between communities with elements providing the probability of
interaction between two communities or political parties. The relationship between two
communities can be observed from the cross community interactions of the people inside
those groups. In other words, C’iT BCj represents the probability of existing a link between
node ¢ and j. For example, if nodes ¢ and j both share a similar point of view and are
supporting a particular political party K, they interact with each other if the Kth diagonal
element of B is close to 1. This means the inner community interaction in community K is
strong. On the contrary, if the Kth diagonal element of B is small, the people with similar
political opinion do not interact with each other as much as they argue with opponent
parties.

Finally, the time varying adjacency matrix can be approximated as A® ~ CTBC . In
other words, the adjacency matrix is state dependent and the state of each node 7 is its

community membership vector, i.e., C; € [0, 1]k. The cost function can be presented as:

T
. ) T 2
min (14" = CTBO|E
t=1
s.t. C; € AP for alli € [ny],
A —cTBC <0
where A*~1 is the standard k-simplex. Moreover, the state of the nodes are affected by
the topology of the network which is the topic of opinion or consensus dynamics. A simple

model for opinion dynamics is based on the Friedkin-Johnsen model and can be expressed

as

(6.1) D = 4O 4 (1 — p)e® AW,
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An alternative model is the bounded confidence model in which the state of nodes are

adjusted according to
(62) Oi(t—‘rl) = Oi(t) + N(Cj(t) B Cz(t))7

if ||[(C; —C)|] < d and j € N;. In this model, d is the confidence bound and p is a

convergence rate whose value may range from 0 to 0.5. Thus we have :
ctt) = c® _ oW ®,

where £ is the time varying Laplacian matrix for the network and £ = D — A.

Note that
ne Nt
149 —cTBUCIE = Y314~ BYC)P,
i=1 j=1
Tt
1= nCO — (I = WA F = 37IC O = (1= ) 3 AT
i=1 JEN;

Therefore, we can extend the aforementioned optimization problem to the following prob-

lem where we consider the state dynamics of the node:

ng Nt

T nt
min 3> 30314 — CIBO)E + = Yo Bi(C 3 hEl)
) =1

t=1 i=1 j=1 JE{i,N (i)}

s.t. C; € Ay for all i € [ny],
AW —cTBC <0
If we set ¢(x) = 3||z[|3, then
1
Bo(Ciy Y. m(C) =lICi— Y (@B
Je{i,N (@)} Je{i,N (i)}
Since both C® and B® are not known, the cost function is not convex. Moreover,

solving the aforementioned optimization problem is NP hard. One approach to solve this

problem is alternating least squares in which the algorithm alternate between minimizing
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the cost function with respect to C' and B and it converges to a local optima. In this
approach we can consider the cost function a time-varying convex function over C, in
which B® is not known ahead of time. Therefore, we can either solve for B®) at each time
step or assume it will be revealed after we commit to a decision.

Note that at each iteration, we sample a subset of nodes and edges and matrix A® is
not completely known ahead of time. Therefore, similar to coordinate descent for NMF,
we consider the known elements of the matrix A®) in the coordinated descent steps. In

other words, the corresponding gradients are as follows:

git(C Z —B® C(t (A( ) (C(t)) Bt )C](t)> 7

,JGVSM

and

Thus, the OSR-BCD steps for the above optimization problem is

1
L —mn

e = q-(“—mu—m)( <c§”—ﬁz-,t<c<f>,<>>—<1—m>gi,t<0<t>,<>),

followed by a projection step onto the simplex A1 ie.,

Y — argmin By (z é(t+1))

K zeX

which is based on the linear time algorithm proposed in [145] and presented in Algorithm
7. Note that the prediction step for C; can be done for sampled nodes in parallel.

Assuming B is not observed, the community interaction matrix can be calculated as
T
B+ — o®) 4®) (C(t)) .

However, we sample a few nodes at time step ¢ and do not observe all the elements in A®.

t+1)

Therefore, based on stochastic gradient descent approach, matrix B! is estimated as

follows:
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Algorithm 7: Projection onto the simplex

1 Input: & € RF
2 Initialize U = [k], s=0, p=0
3 while U # ) do

4 Pick r € U at random

5 G={jeUlz; >z}

6 L={jeUlz; <z}

7 Calculate Ap = |G| and As =}, T;
8 if s+ As— (p+ Ap)z, <1 then
9 s=s+ As
10 p=p+Ap
11 U=L
12 else
13 | U=G\{r}
14 end
15 end

16 0= (s—1)/p
17 Output x such that z; = max{z; — 6,0}

~ ~ T
B+ _ B(t)—atVBHA(t)—(C(t)) BCW)2,

B(t-‘rl) _ in B.(B B(t-‘rl)
arg min By(B, )
where M is a convex polytope of matrices, i.e.,

T
M ={BeR*0< B <117, A® _ (c“)) BC® <oy,

- /1 2 1 T
Vg [ =1A® — cTBC 2) - e 0N ol
B<2” ) ey &, 2 e ()
zEVS( >]6Vs( )

) N\ @) B
<Aij - (Ci ) B >’
~ 1 1
B [Va (51140 - 07BCI )| = Vi (3149 - 7B ).

and oy is a non-increasing step size.
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7. Simulation Results

The goal is to identify the political ideology of more than 18,500 Twitter users towards
political parties and predict the re-tweets. The Twitter network were obtained from [128,
129 and are undirected and unweighted. Nodes are Twitter users and edges represent
whether the users have retweeted each other. The dataset includes the time-stamp of the
edge. Thus, snapshots of the time-varying graph were created for each hour during the six
weeks leading up to the 2010 U.S. congressional midterm elections. The aggregated graph

over time has the following properties:

] Edges \ Density \ Maximum degree \ Minimum degree \ Average degree \ Assortativity ‘
| 61,200 | 0.000358563 | 1000 \ 1 \ 6 | —0.0560735 |
TABLE 1. Properties of the aggregated graph for Twitter network.

Note that the assortativity is a preference for a network’s nodes to attach to others
that are similar in terms of a node’s degree. Moreover, the temporal properties of the
graph as observed by the OSR-BCD is presented in Figure 7.1.

Based on the graph properties we can consider the following parameters to be imple-

mented in the OSR-BDC and theoretical upper bound as presented in Theorem 27:

N
HLkDm

| 6 [1000 [1]2]0.25 |
TABLE 2. Parameters of OSR-BCD algorithm.

Due to the large size of the network, a subset of 1000 nodes have been selected uni-
formly at random to generate the validation graph Gg,t) and regret and accuracy have been
calculated over this graph.. In addition several opinion dynamics model were implemented
and their results are presented along the theoretical bounds and the model without opinion
dynamics in Figure 7.2.

Note that regret is sub linear over time which is in agreement with our theoretical

results ( Ry < O(v/T)). Moreover, the simple linear opinion dynamics such as (6.1) and

(6.2) does not improve the performance of online estimations algorithm. However, by using
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FIGURE 7.1. Characteristics of the political Twitter network.

a more complex opinion dynamics we achieved a slightly superior results with respect to
the scenario without considering any local dynamics.

In order to predict the result of election the number users in three communities repub-
lican, democrat and independent, has been calculated over the whole graph and presented
in Figure 7.3.

Identifying the types of each community requires sentiment analysis based on the con-

tent of the retweet which is out of scope of this work. However, we can expect that
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community 3 corresponds to the supporters of independent politicians who are much lees

the the other two

political parties.
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8. Remarks

The goal of this chapter is to provide a scalable method to analyze large time-varying
networks. A general framework for state-dependent network was proposed and the good
performance of the online estimation algorithm was demonstrated through regret analysis
and empirical results. One application of such approach is opinion or community detection
in online social networks where the opinion of users are changing due to their interaction
with other users. The empirical results do not show a significant improvement over the case
without any local dynamics, where simple linear opinion dynamics models are implemented.
However, in real world the interaction among users are not linear and one direction for
future research is implementing a more complex opinion dynamics model. In the extension
of this work we develop a method to estimate the model parameters for opinion dynamics.
In addition, the online estimation algorithm can be applied on many other large time-
varying networks such as sensor networks, genomes, and brain networks. Another future
direction for this work is applying this online algorithm on the aforementioned networks

and other social networks.
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Final Remarks and Road Ahead






CHAPTER 7

Conclusions and Future Work

This dissertation sets out to investigate autonomous decision making in uncertain en-
vironments for single and multiple agent systems. Moreover, we examined the applications
of this approach for smart energy systems, long endurance UAVs, distributed aerospace
systems in uncertain environment, and social networks. In this final chapter, we will review
the research contributions presented in the dissertation, and discuss directions for future

work.

1. Contributions

The following are the main research contributions of this dissertation. (Some minor
contributions are omitted.)

Energy management of complex engineered systems under uncertainties that improves
the flight endurance of UAVs by harvesting renewable energy and an adaptive power allo-
cation among electric components of the vehicle (Chapter 1 and Chapter 2).
Publications:

[1] Saghar Hosseini, Ran Dai, Mehran Mesbahi, “Optimal Path Planning and Power Al-
location for a Long Endurance Solar-Powered UAV,” In Proc. of the American Control
Conference, 2013
[2] Ran Dai, Unsik Lee, Saghar Hosseini, Mehran Mesbahi, “Optimal Path Planning for
Solar-Powered UAVs based on Unit Quaternions,” In Proc. of IEEE Conference on Decision
and Control, 2012
[3] Saghar Hosseini and Mehran Mesbahi, "Energy Aware Aerial Surveillance for a Long
Endurance Solar-Powered UAV,". In Proc. of the AIAA Guidance, Navigation and Control
Conference, 2013

191
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[4] Saghar Hosseini and Mehran Mesbahi, "Energy Aware Aerial Surveillance for a Long
Endurance Solar-Powered UAV,". AIAA Journal of Guidance, Control, and Dynamics,
2015 (submitted)

Moreover, the online energy management in smart cooling systems allows customers to
optimize electricity cost by adequately scheduling the operations of the cooling load without
an adverse effect on the entire system considering the fluctuating prices and customers
preferences (Chapter 3).

[5] Saghar Hosseini, Ran Dai, and Mehran Mesbahi, " Power Management of Cooling
Systems with Dynamic Pricing". In Proc. of the American Control Conference, 2014

A new distributed optimization scheme over a network of agents in the presence of cost
uncertainties and over switching communication topologies was proposed. This work can
be applied in the context of a range of applications such as mobile sensor networks where
the network is susceptible to unknown errors, jamming, link failure, and a varying network
topology (Chapter 4).

Publications:

[6] Saghar Hosseini, Airlie Chapman, and Mehran Mesbahi, "Online Distributed Opti-
mization via Dual Averaging," In Proc. of IEEE Conference on Decision and Control,
2013

[7] Saghar Hosseini, Airlie Chapman, and Mehran Mesbahi, "Online Distributed Opti-
mization on Dynamic Networks," IEEE Transactions on Automatic Control, 2017

A new problem set up was introduced with a network of agents, where each agent
optimizes the global objective function with access to its privately known local objective
functions and linear constraints. This formulation has many applications in networked
systems such as robotics and computer networks (Chapter 5).

Publications:
[8] Saghar Hosseini, Airlie Chapman, and Mehran Mesbahi, "Ounline Distributed ADMM

via Dual Averaging," In Proc. of IEEE Conference on Decision and Control, 2014
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[9] Saghar Hosseini, Airlie Chapman, and Mehran Mesbahi, "Ounline Distributed ADMM
on Networks: Social Regret, Network Effect, and Condition Measures," Automatica, 2016
(submitted)

Large state dependent networks were analyzed and an online estimation algorithms
were proposed. This work has many applications including opinion detection in online
social networks (Chapter 6).

Publications:

[10] Saghar Hosseini and Mehran Mesbahi, "Online Estimation on State-dependent Social
Networks, ” In Proc. of IEEE Conference on Decision and Control, 2016 (in preparation)
[11] Saghar Hosseini and Mehran Mesbahi, "Online Estimation of Large State-Dependent
and Time-Varying Networks with Applications to Social Graphs,” IEEE Transactions on

Automatic Control, 2016 (in preparation)

2. Ongoing and Future Research

In my future research, I intend to continue working on the development, analysis, and
implementation of distributed learning algorithms. Topology design is of critical impor-
tance for large-scale networks and cloud infrastructures represents a novel future research
area in distributed computational systems. In addition, many distributed learning al-
gorithms have been developed when operating around nominal behavior which can be
well modeled and validated. Challenges arise when the communications among comput-
ing units are asynchronous and noisy. An intriguing research area would be to identify
underlying communication network topologies that are robust against non-uniform oper-
ations of computing units and facilitates fast convergence of the distributed algorithm.
In this direction, an examination of graph signatures of existing distributed algorithms is
a logical first step. The next step is modeling of the asynchronous communications and
non-homogeneous network systems such that each node represents a system with different
storage and computation capabilities. The calculation of algorithms performance measures
in such systems could then be used to design an adaptive communication topology in which

the communication links are autonomously and adaptively scheduled.
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Another exciting direction for learning in complex systems is the combination of data
driven decision making and dynamics model. Machine learning methods are mainly focused
on data driven decision making while the control community is mainly focused on the
dynamics of the systems. These two directions are both very valuable in solving difficult
problems and exploring the combination of these strong approaches represents a new future

research area in dynamic systems and control theory.
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