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Doubly robust methods have garnered significant attention in estimating Average Treatment
Effect (ATE) due to their robustness to model misspecification and adaptability to diverse
datasets. However, conventional doubly robust methods often demonstrate inconsistency
when one of the nuisance parameters is inconsistently estimated [1]. In this thesis, we delve
into the performance of the six ATE estimators discussed in [1] and identify irregularities
in the proposed formulations. First, we review fundamental concepts and results regarding
regularity and asymptotic linearity. Then, through a comprehensive simulation study, we
explore the performance of these estimators across varying sample sizes and data-generating
processes. Our simulations uncover instances where the estimators proposed by [1] exhibit
behavior significantly deviating from expectations for the coverage of confidence intervals un-
der specific data-generating processes. Our results call for more extensive simulation studies
of these estimators before recommending their widespread use, as they may lead to poor

coverage confidence intervals, potentially compromising inferential conclusions’ reliability.
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GLOSSARY

X: A subspace of RY.

X: A vector of random variables with sample space X.

X:  Random vector (Xi,---,X,).

F: A class of cumulative distribution functions (CDF) F' on the random vector X.
¢:  The parameter of interest, which maps F to RP, for some positive integer p.

Er[]: The expectation under the law F. For simplicity, we also write Ey[-] = Ep,[],
whenever I' = Fy.

Varg(-): The variance under the law F. For simplicity, we also write Varyg(-) = Varg,(+),
whenever I' = Fj.

Py: The empirical distribution of a sample of size n, i.e. P,(g(X)) =37, 9(X;).

T on

L5(F): The Hilbert space {g(X) : Er[¢?(X)] < oo} embedded with the inner product
(91, 92) £.(7) = Ep[g1(X), g2(X)].

LY(F): The strict closed subspace of L(F') defined as {g(X) : Ep[¢?(X)] < 0o, Er[g(X)] =
0}.

B: The Ly(F)-closure of B for B C Ly(F).
[B]:  The linear span of B C Lo(F).

~:  Convergence in distribution.
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Chapter 1
INTRODUCTION



Doubly robust methods are widely favored for estimating the average treatment effect
(ATE) under no-confounding conditions due to their data adaptivity. However, standard
doubly robust methods often lack extensions for inconsistent estimators where one of the
nuisance estimators (either the outcome regression or propensity score) is inconsistently es-
timated while the other is adaptively estimated [1]. One interesting proposal addressing
this gap is put forth by [1], where they introduced some irregular estimators that were both
asymptotically linear and doubly robust. Because confidence intervals centered around typi-
cal irregular estimators are known to fail to uniformly cover the target parameter at nominal
levels, this motivated us to investigate the uniform behavior of the estimators proposed by
[1]. In this thesis, we will conduct several simulation studies with the aim of exploring the
behavior of these estimators locally around a data-generating distribution at which the [1]

estimator is not regular.



Chapter 2
REVIEW OF REGULARITY AND ASYMPTOTIC LINEARITY



In this chapter, we will review the concept of asymptotic linearity and regularity. In
Section 2.1, we discuss asymptotic linearity. In Section 2.2, we discuss regular estimators of
differentiable functions of parameter indexing a regular parametric model. In Section 2.3, we
discuss regular estimators of pathwise differentiable parameters in semi- or non-parametric

models.

2.1 Asymptotic Linearity

Definition 2.1.1 (Asymptotically Linear Estimator and Influence Function (Chapter 3 in
[11])). Let Xy,--- , X, be independent and identically distributed (i.i.d.) random variables
in R?, each with cumulative distribution function F. Let F be a collection of possible
cumulative distribution functions on X;, and let ¢» : F ~ RP, for some p € N*. For
n=12---,let {@n} be an estimator sequence, i.e. @n = (X1, -, X,,) for some function
¥,. The estimator @/Z)\n is said to be asymptotically linear at F' if there exists a random

vector g @ X — RP such that Ep[pr(X1)] = 0, Varp(prp(X;)) < oo, and

~ 1 <&
Vi(fn = 9(0) = 2= 3 () + 0 (1)

i=1
The random vector ¢g(-) is called the influence function of @Zn at Fp.

Notice that we say ‘the’ influence function and not ‘an’ influence function in Defini-
tion 2.1.1 because, as stated in the next proposition, an asymptotically linear estimator has

a unique influence function.
Proposition 2.1.1. The influence function of an asymptotically linear estimator is unique.

Proof of Proposition 2.1.1. This result was presented in Theorem 3.1 of [11], but for com-
pleteness, it is also shown in Appendix A.1.1. O

Proposition 2.1.2. If @n 15 asymptotically linear at F', then

V(G = w(F)) = N (0, Var(pr) ).



Proof of Proposition 2.1.2. This result was presented in Chapter 3 of [11], but for complete-

ness, it is also shown in Appendix A.1.2. O]
2.2 Regularity of Estimators in Parametric Models

In this section, we will provide an overview of the notion of regularity of estimators in
parametric models. We will first discuss an example — the Hodges’ estimator that illustrates
the problems of irregular estimators in Subsection 2.2.1. In Subsection 2.2.2, we provide the

definition of regular estimators in a parametric model.

2.2.1 Hodges’ Estimator

In this subsection, we will introduce the Hodges’ estimator and explore its properties, in-
cluding poor confidence interval coverage and infinite maximum mean squared error. This
bad local behavior of the Hodges’ estimator motivates restricting attention to the so-called

regular estimators defined in Subsection 2.2.2.

Definition 2.2.1 (Hodges” Estimator (Example 8.1 in [13])). Let X3, -+, X,, ~ N(6,1) ben
normal i.i.d. (independent and identically distributed) variables, with mean 6 and standard

variance 1. The Hodges’ estimator 0,, is defined as

X, it X, > nl

Y
0 if | X, <n /4
where X, represents the sample mean.

The Hodges’ estimator is super-efficient. Compared to the sample mean, the maximum
likelihood estimator here shares the same asymptotic distribution when the data are a random
sample drawn from a N(6,1) with 6 # 0. However, when 6§ = 0, the Hodges’ estimator

converges to zero at a rate faster than Op(n_%).



Proposition 2.2.1 (Hodges’ Estimator’s super-efficiency). Suppose Xy, -+, X, “E N(6,1).
Then the Hodges’ estimator 0, defined in Definition 2.2.1 satisfies:

) N(0, i 0
il —0) 0,1) if #0.
0 if =0

Proof of Proposition 2.2.1. This result was presented in Example 8.1 of [13], but for com-
pleteness, it is also shown in Appendix A.1.3. n

However, there is no free lunch. What do we have to pay for this super-efficiency? In fact,
when simultaneously analyzing various parameter values, the performance of the Hodges’
estimator is influenced by the parameter range. The following two propositions assert that
when the parameter lies in a shrinking neighborhood of zero that shrinks at a rate of /n,
the confidence interval derived from the Hodges’ estimator and its maximum mean square

error are less than ideal.

Proposition 2.2.2 (Hodges’ Estimator and Confidence Interval). Let 0, be the Hodges’
estimator defined in Definition 2.2.1 and

R 1 A 1
]n:<0n__ —a 70n+_ —a )7
\/ﬁzl /2 \/ﬁzl /2

where z, denote the a quantile of a standard normal distribution N(0,1), then

lim sup { gn]g Py(0 € ]n)} = 0.
=

n—oo

Proof of Proposition 2.2.2. This result is shown in Appendix A.1.4. O]

A consequence of Proposition 2.2.2 is that there exists no sample size n such that the
Wald estimand I, covers the true parameter € with probability close to the nominal value

1 — « regardless of the true mean 6. Thus, I, is not a valid confidence interval for any n.



Proposition 2.2.3 (Hodges’ Estimator and Maximum Mean Squared Error). Let 0, be the
Hodges’ estimator defined in Definition 2.2.1, then

nh_)rglo inf { sup Ey [{\/ﬁ(én — 9)}2} } =00

feR

Proof of Proposition 2.2.3. This result is shown in Appendix A.1.5. n

The deficiencies in the Hodges’ estimator highlight the necessity of examining its perfor-
mance not only at a fixed parameter but also across various parameter values simultaneously.
Estimators whose limit distribution remains unchanged when the true parameter is within a
shrinking neighborhood are referred to as regular estimators. They are defined in the next

subsection.

2.2.2  Regularity in Parametric Models

In this subsection, we define regular estimators in parametric models. An estimator that is
both regular and asymptotically linear is referred to as a regular asymptotic linear (RAL)

estimator.

Definition 2.2.2 (Regular Estimator (Chapter 8.5 in [13])). Let X\™, -, X\ a sample of
ni.i.d. observations drawn from the parametric model F = {F, : § € © C R*}. An estimator
sequence @n = z/;n(Xl("), e ,Xfl")) is called regular at Fj for estimating a parameter 1)(0)

if there exists a distribution Ly such that for every h € R¥,

V(= w0+ =) 7 o

ie. @/D\n converges in distribution at rate Op(n’%) under Fy /. 5 to a distribution independent

of h.

Remark 2.2.1 (Asymptotic Linearity and Regularity). The notion of asymptotic linearity
(Definition 2.1.1) is distribution-specific — it solely relies on the specified distribution F* and



is independent of any model F it may belong to. However, regularity is with respect to a
model F. Notice that due to © being open, distributions for approaching Fy (Fy.p/ /» in
Definition 2.2.2) falls within the model F.

Example 2.2.1. The Hodges’ estimator (Definition 2.2.1) is not regular in model N(6,1)
at 0 = 0.

Proof of Example 2.2.1. This result is shown in Appendix A.1.7. O]

The influence function of RAL estimators can be characterized when the parametric
model is differentiable in quadratic mean (see Appendix A.1.6 Definition A.1.1 for a definition
of quadratic mean differentiability). The following theorem proved in Section A.1.8 will give

such characterization.

Theorem 2.2.1. Let F = {Fy : § € © C R*} be a regular parametric model. And let
{D\n be an asymptotically linear estimator at Fy, € F for estimating a parameter 1 (6y) with
influence function ¢, . Furthermore, assume that ¥(0) is differentiable at 6y. Then @n 18

reqular at 0y if and only if

9 (0)
007

= E90 |:S0F90 (X)Sg;] s
=09

where sg, is the score for 6 at 0. Often,

dlog fo
%0 = T g7

0=0¢

In the Section A.1.6 we will give a proper definition of sg,.

Proof. This result was presented in Chapter 7.5 of [13], but for completeness, it is also shown

in Appendix A.1.8. O]



2.3 Regularity of Estimators in Semi-parametric and Non-parametric models

In this section, we will provide an overview of semi-parametric models. Subsection 2.3.1
introduces the definition and properties of the tangent space and regular estimator, while
Subsection 2.3.2 introduces the definition and properties of the gradient. These concepts lay
a foundation for establishing the most important property for RAL estimators, as stated in
Theorem 2.3.1. This theorem extends Theorem 2.2.1 to semi-parametric models, providing
a sufficient and necessary condition for an asymptotically linear estimator to be regular, and
it forms the basis for the claim that the estimator of [1] that uses an inconsistent estimator

of one of the nuisance parameters is irregular.

2.3.1 Tangent Space and Regular Estimator

In this subsection, we will extend the definitions of regular estimators from parametric models
to semi-parametric models. In order to do so, we must first define the notion of tangent space.
Hereafter, a model F stands for a collection of distributions on a random vector X, not

necessarily indexed by an Euclidean parameter.

Definition 2.3.1 (Submodel (Chapter 4.2 in [11])). Given a model F, Fy,, is a regular

paramertic submodel of F at F' if it satisfies

1. FFe Fap C F,

2. Fsup is a regular parametric model.

Definition 2.3.2 (Tangent Space (Chapter 3.3 in [11])). Let A be a collection of regular
parametric submodels of a model F through F'. The tangent space of model F with respect
to A at F' is defined as the Lo(F')-closure of the linear span of the tangent set of F with
respect to A at F

Ax(F) = U A (9)].

FsubEA
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where for any Fop, = {Fp: 0 € © CR* Fy, = F} € A,
Ar,  (F):= {O./TSGO ol € R* and sg, the score in model Fy, at 00}.

Importantly, when the model F imposes no restriction on F' or imposes only smoothness

or complexity restrictions on F', the tangent space satisfies
Ax(F) = LY(F).

As we will see later, this fact and the characterization of influence functions of RAL estima-
tors given in Corollary 2.3.1, implies as we will argue, that the estimator of [1] is irregular
when one of the nuisance parameters is estimated inconsistently.

Below, we extend the definition of a regular estimator in parametric models (Defini-

tion 2.2.2) to arbitrary models.

Definition 2.3.3. Let A be a collection of regular parametric submodels of a model F at
F'. An estimator @n is called a regular estimator of ¢ in model F with respect to A at F,

if for every Fyup € A through F at F, zZn is a regular estimator at F' in model F,.

2.3.2  Pathwise Differentiability and Gradient

In this subsection, we will provide definitions for pathwise differentiability and gradients
of pathwise differentiable parameters. Additionally, we will present an important theorem
concerning RAL estimators in arbitrary models. This theorem, as anticipated earlier, will
be invoked to demonstrate the irregularity of the estimator discussed in [1].

Let’s begin by introducing the concept of pathwise differentiability for R-valued param-

eters.

Definition 2.3.4 (Pathwise Differentiability and Gradient in R (Chapter 25.5 in [13])). Let
A be a collection of regular parametric submodels of a model F at Fy. A function ¢ : F — R

is called pathwise differentiable or regular parameter at F, € F with respect to A if
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there exists pg, € L3(Fp), such that for any regular parametric submodel Fyy, € A indexed
by 6 with Fp, = Fy, it holds that

0

W (FQ) 0=0, B E90 [QDFO (X)Sao (X)T}’

where sy, denotes the score for 0 at 0y. ¢g, : X — R is called a gradient of ¢ at Fy (with
respect to A).

When Az(F) C LY(F), then pg, is a gradient if and only if ¢g, + ng, is a gradient where
nr is any element of the orthogonal complement of Ax(F). So when Ax(F) C L9(F) there
exist infinitely many gradients. However, there exists a unique gradient that belongs to
Ax(F). Such gradient is called the canonical gradient, also known as efficient influence
function. When Ax(F) = L9(F) there exists a unique gradient, and it belongs to Ax(F).
Because of the importance of this observation for deducing the irregularity of the estimator

of [1], we state it as a Lemma.

Lemma 2.3.1 (Canonical Gradient (Chapter 25.3 in [13])). Suppose that Ax(F) = L3(F)
and 1 : F +— RP is pathwise differentiable. Then 1 has a unique gradient, called the canon-

ical gradient, also known as efficient influence function.

Definition 2.3.5 (Pathwise Differentiability and Gradient in R? (Chapter 25.5 in [13])). A

function

w:<w1a”'7¢p):~F'—>Rp

is called pathwise differentiable or regular parameter at F, € F with respect to A if

every coordinate v;,7 =1, ,p is pathwise differentiable. Then

PFry, = (Qpl,Fm e a90P7F0) € (‘Cg<00))p

is called the gradient of ¢ at F in model F, where ¢; g, is the gradient of ; at Fj.
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The canonical gradient ¢g s is equal to (Y1 g e, - » Pp Fef) Where ¢; g o is the

canonical gradient of ;.

We are now ready to state the main result of this section, whose subsequent corollary

forms the basis for the argument of irregularity of [1] estimators.

Theorem 2.3.1 (Lemma 8.14 in [13]). Let F be a model and LZn be an asymptotically linear
estimator at Fy € F for estimating a parameter i : F — RP with influence function ¢p,.
Let A be a class of reqular parametric submodels through Fy. Then @n 15 reqular at Fy if and

only if, ¢ is a pathwise differentiable parameter at Fy with respect to A and ¢p, is a gradient

of ¥ at Fy.

Corollary 2.3.1. If ¢ : F — RP is pathwise differentiable at F and Ax(F) = L(F), then
all RAL estimators at v have the same and unique influence function, which coincides with

the canonical gradient.



Chapter 3
THE ESTIMATOR OF BENKESER ET AL. (2017)

13
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In this chapter, we introduce the model and target estimand presented in the paper by
[1]. Building upon the results discussed in the preceding chapter, we further argue that the

estimators are irregular.

In Section 3.1, we introduce the problem setup. In Section 3.2, we describe the unique
gradient for the target parameter. In Section 3.3, we introduce six asymptotically linear es-
timators for estimating the target parameter and their corresponding influence functions, as
discussed in [1]: the standard uncorrected one-step estimator (OSE), standard uncorrected
targeted minimum loss-based estimator (TMLE), corrected OSE using bivariate regression
(OSE-B), corrected TMLE using bivariate regression (TMLE-B), corrected OSE using uni-
variate regressions (OSE-U), and corrected TMLE using univariate regressions (TMLE-U).
We then argue that because the influence functions of OSE-B, TMLE-B, OSE-U, and TMLE-
U when one of the nuisance functions is inconsistently estimated do not agree with the unique

gradient of the target parameter, then by Corollory 2.3.1, they cannot be regular estimators.

3.1 Background and Notation

Suppose that we observe n i.i.d. copies of a random vector O = (X, D,Y) with O ~ Fj
assumed to belong to a class F restricted at most on the smoothness of complexity conditions
on E[D|X] and E[Y|D = 1, X]. Here, X € X C R? denotes the baseline covariates, D €

{0,1} denotes a binary treatment indicator, and Y~ denotes the outcome variable.

[1] discussed the estimation of the target parameter
Y F— py(F) :=Ep[Ep|Y|D =d,X]]. (3.1)

This parameter is of interest in causal inference because, under the standard assumptions of
consistency, positivity, and no unmeasured confounders [4], 14(Fy) agrees with the counter-
factual mean of the outcome should everyone take treatment D = d. Throughout, we focus

on ¥4—1, which we denote for simplicity .
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For F' € F, we let the propensity score be denoted as
gr(z) :=Pp(D =1|X = x), (3.2)
and its estimator as g,. Likewise, we let the outcome regression be denoted as
Qr(x) =Ep[Y|D=1,X = x|, (3.3)

and its the estimator as @n To simplify, we omit all subscripts F' below and denote g as gp
and @ as Q. Moreover, define )y and gq to be the true outcome regression and propensity

score.

3.2 Canonical Gradient of the Target Parameter

Theorem 3.2.1 (Canonical Gradient of the Target Parameter ([9], [3])). Suppose P(D =
11X) > § > 0 with probability 1. Then, the parameter v is pathwise differentiable at any
F € F and its unique gradient is given by

D(Y —Ep[Y|X,D])
P(D = 1|X)

¢er(0) =Ep[Y|D=1,X] + —(F)

D(Y = ¥(F)
_ P<(D — 1X)> +(1- P(D%M) (Er[Y|D =1,X] = 0(F)).

With @ and g defined in (3.2)-(3.2), we rewrite ¢p as

D(Y - Q(X)
Proof of Theorem 3.2.1. For completeness, this result is shown in Appendix A.2.1. n

It is well kown that ¢p enjoys the following, so called double robustness property.
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Proposition 3.2.1 ([10]). When either @n =Q org, =g,

Proof of Proposition 3.2.1. This result is shown in Appendix A.2.2. n

3.3 Estimators

In this section, we present the definition, properties, and algorithms for the six estimators

as discussed in [1].

To maintain consistent notation, we use a plus sign superscript to denote adjusted and
unadjusted OSEs, while a star sign superscript indicates adjusted and unadjusted TMLEs.
Additionally, we use a superscript b to identify adjustment through bivariate regression and

a superscript v to identify adjustment via univariate regressions.

3.3.1 Standard Uncorrected Estimators: OSE and TMLE

Define bivariate and univariate regression g,, @, : X — R as functions of () and g¢:

9-(Q,9)(2) :== Pp(D = 1|Q(x), g()), (3.5)
Q,(Q,9)(x) = Er[Y —Q(X)|D =1,4(x)]. (3.6)

And define term ¢p, ¢y : O — R for given @, @, g, and g, as:

©p (Qr,g) (0) := %E(xx)) [d — g(x)}, (3.7)
ei1(@n9) o) = = (P ( — o)), 3:8)

Definition 3.3.1 (OSE ([5], [8])). For F' € F, the standard, uncorrected one-step estimator,
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referred to as OSE for simplicity, is defined as:

Definition 3.3.2 (TMLE [6]). For F € F, let Q% be a targeted minimum loss estimator
of (), such that

P, [(Q5(X), (X)) (0)] = 0.

The standard, uncorrected targeted minimum loss-based estimator (TMLE), referred to as

TMLE for simplicity, is defined as:

Remark 3.3.1 (Asymptotic Linearity for OSE and TMLE). [1] reviewed some well known
facts about the estimator @j and 1;;’; Specifically, the estimators are consistent-doubly
robust in that so long as either () is estimated consistently or ¢ is estimated consistently,
but not necessarily both are consistent, then IZ:{ and 12)\7*1 are consistent estimator of ¥ (F).
They are also asymptotically linear if ||g, — g()HE2(F0)”1Zn — Yol o) = 0,(n"2). However, if
one of the nuisance parameter estimators is inconsistent, then the estimators 12: and 12,*1 are

not asymptotically linear. In fact, they are not even y/n-consistent.

To address this problem, [12] proposed another estimator, TMLE-B, of #(F) that is
asymptotically linear even when one of the nuisance parameters g or () is inconsistently
estimated. [1] then proposed a correction to the estimator of [12] and two corrections to the
estimator for OSE. However, only one of the estimators proposed by [1] is asymptotically
linear, even when one of the nuisance parameters, g or (), is inconsistently estimated. We
describe the four estimators, i.e., the estimators in [12] and the three estimators studied in

[1], and their properties in the next subsection.
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3.3.2  Corrected TMLE Using Bivariate Regression (TMLE-B) and Univariate Regression
(TMLE-U)

Definition 3.3.3 (TMLE-B [12]). For F' € F, the corrected targeted minimum loss-based
estimator (TMLE) using bivariate nuisance regression, referred to as TMLE-B for simplicity,
is given by

ot =P [Q10(X).

The estimator @:‘lb depends on estimators of (Q, @,, g, g.) denoted as (A;’b, Q:‘Ll;,/g:"lb,ﬁl;)

These latter estimators are obtained via an iterative targeted minimum loss-based estimation

algorithm (Theorem 3 in [12]) with initial estimators (Q,,g,) and satisfy
P (0(Q5", 55")(0)) = Po(2n(Q52%. 32")(0)) = Pu(pva(Q5", 53t 33)(0)) = op(n2).
Algorithm 1 below describes the computation of @f;b

Proposition 3.3.1 (Influence Function for TMLE-B (Section 3.1 in [1])). Assuming either
@n or g, 1is consistently estimated, then under reqularity conditions, @;’b defined in Defini-

tion 3.5.8 is asymptotically linear with influence function
e (Q,9) = ¢(Q,9) —1(9 = 90) e (Qr,9) — 1(Q = Qo) v (@, 9r, 9),
where
Q =Plim, 0o Qn, and g = Plim,_,e Gn.

Remark 3.3.2 (Variance Estimation for TMLE-B). [12] argued that under regular condi-

tions,

(32)2 =P, [‘P(szaﬁflb) @D(Q;?ﬂgn ) - ¢Y,1(Qflb79:g»§;b>}
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is a consistent estimator of the variance of the normal limiting distribution of {D\;b

[1] considered the estimators hereafter referred to as TMLE using univariate regression
(TMLE-U) that rather than depending on the bivariate regression on () and g outlined
n (3.5), they depend on univariate regressions solely dependent on (). To describe these

estimators, define

91-(Q) :==Pp(D =1|Q), (3.9)
Q] (3.10)

For F' € F, the corrected targeted minimum loss-based estimator (TMLE) using univariate

nuisance regression, referred to as TMLE-U for simplicity, is given by

b= B[QE(x)]. (3.11)

kU kU RU

The estimator Q\;“ depends on estimators of (Q, Q», g, g1+, g2,») denoted as (A:‘L’“, Q™ Gn Y s G

derived from the initial estimators (@n, Jn), which, as shown in [1], satisfy

P (0(Q3", 52)(0)) = Pu(n(@1 30)(0)) = Puipv2( Q5,50 12 G5, )(0)) = 0p(n”2),

where ¢y : O — R is defined as

D
gl,r(x)

@Y,Q(Q>gl,r792,r)(0> = 92,7"<x) (Y - Q(:U» (312)

Algorithm 2 below describes the computation of (:2\;*1“

Proposition 3.3.2 (Influence Function for TMLE-U (Theorem 1 in [1])). Assuming either

@n or g, is consistently estimated, then under reqularity conditions, @Z“ defined in (3.11) is
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asymptotically linear with influence function

e (Q.9) = (Q,9) —1(9=90)en(Qr,9) — L(Q = Qo) vy2(Q. g1.r, g2.r)-

Remark 3.3.3 (Variance Estimation for TMLE-U). Similar to Remark 3.3.2,
G A A (o R (R R (s M

is a consistent variance estimator of 1 *.

Here we state the algorithm for TMLE-B and TMLE-U estimators. Note that the TMLE-

U estimator is obtained by simply replacing the calculation for g, , with (Gu.1., Gn2.)-

3.3.83 Corrected OSE Using Bivariate Regression and Univariate Regression

[1] noted that the following unfeasible one-step estimators:

o =17 —1(g = g0)Pu(0n(Qi,5.)(0)) — 1(Q = Qo) Py (01 (Q, 52, 5)(0)),
=0 —1(9 = 90)Pu(00(Q50. 32)(0)) — 1(Q = Qo) Pu(0v:2(@ns Gyt Gua ) (0))

converge in probability to ¥r under regularity conditions, assuming either @n or g, is con-
sistently estimated. The unfeasible estimators ¢ and w are asymptotically linear with
the same influence functions as those of TMLE-B and TMLE-U, respectively.

However, these estimators are not available for data analysis because ]l(g = go) and
1 (Q = QO) are unknown. [1] considered the following alternative one-step estimators.

For F' € F, the corrected one-step estimator using bivariate nuisance regression, referred

to as OSE-B for simplicity, is given by

¢+ i w+ (@D(Q+r ) :q\n)(O)) - P, (@Y,l(@na @;}b» @\n)(o))? (3'13)

where the estimators for (Q,@,,g,g,) are denoted as (@n,an,ﬁn,@J{ by, @n and g, are
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Algorithm 1: TMLE-B [1]

Input: Estimators of () and g: @n,’g\n; threshold €

. ORb kb b kb
OUtPUt' n 7Qn,r7gn )gn,r
144 0;

Q< Qn, 33° < Gn;
Initialize Q% and g% using the preferred regression algorithm or ensemble with
input (Qn, Gn);

[

w

4 repeat
5 Compute g™ as the predictor generated from logistic regression
D ~ Hy,; + offset (L),
where o
*,0 '
Hipi(v) = —75 and  Lu,,(z) = logit g,"(2);
n
6 Compute Zﬁ;}“ using the preferred regression algorithm or ensemble with input
(A*,i ’g\i-i-l).
n ? n 7 _ i
7 Compute intermediate variable Q" as the predictor generated from logistic
regression
Y ~ Hs,; + offset(Lay, ),
where
d b\*,i-‘rl _ ’g\k,i-i-l o
Hopi(d, ) = — 55 - =1 and  Lop(x) := logit Q)" (2);
nr gn’
8 Compute @;’”1 as the predictor generated from logistic regression
Y ~ HSn,i —|— offset(Lgn,i),
where
Hs,i(d,x) = =T and Lz, () := logit Q%' (z);
n
9 Compute A;’fﬁl using the preferred regression algorithm or ensemble with input

(Q;,i+1’ @\:L,i—i-l);
10 141+ 1;

11 until ‘Pn(go(@:l,fq?f)(O)H <€ and |]P’n(goD(@;ﬁ,?]Tl’i)(O))| <€ and
Pn (v (@0, G 3)(O)) [ <
12 (QZ’b>QZﬁvﬁ’baﬁﬁ) — (@ Qs T T )

xb Axb b b
13 return Q)7 Q0. G5, Gy
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Algorithm 2: TMLE-U [1]

=

N

w

Input: Estimators of ) and g: @n,:q\n; threshold ¢

Output: 5", Q;ﬁu g, jd;kz 1, gn 2,7

1+ 0;

Q\*O — @nv 9y 0+ Z]\n;

Initialize Q and (@;ﬁw /g\:gr) using the preferred regression algorithm or ensemble
with input (Qn,gn);

4 repeat

5

10

11

12

13

Compute g1 as the predictor generated from logistic regression
D ~ Hln,i + OH‘SGt(Lln’l‘),

where

Hy,i(z) == CE*LZ and Ly, (7) := logit g (z);
gJn

Compute (g, ZfLTl, @ZZ;Z, ) using the preferred regression algorithm or ensemble

with input (Q;Z,@le), )
Compute intermediate variable Q% as the predictor generated from logistic

regression
Y ~ H2n,i + Oﬁset(LQn,i)a

where p
Hyyi(d, ) := A*Hlﬁ;lltl and Lo, ;(x) := logit @Z’(m),
n,2,r
Compute Q* *1 as the predictor generated from logistic regression
Y ~ Hj,; + offset(Ls,, ),
where p
Hspi(d,z) = —5 and Ly ;(z) := logit Q' (x);
gn
Compute Q* i1 ysing the preferred regression algorithm or ensemble with input
(Q* H—l, ? z—l—l)’
141+ 1;

until [P, (¢(Q%", §2%) (O )| < e and |P, (op(Q4%, 35)(0))| < € and

nr?gn
%4 k0

L]?n(SDYZ(Qn 79n,1,mgn2r ))‘A< E, '
(Q:hQZ?"/g\?:b’/g\Zlir’gn?T) (Q*17Q227/g\7kzz7/g\:;1r7gn27“>
return

*b ~,b b
Qnragn 7gn17“7gn2r’
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initial estimators of @ and g, and Q;* and g? are obtained from the preferred regression
algorithm or ensemble.
For F' € F, the corrected one-step estimator using univariate nuisance regression, referred

to as OSE-U for simplicity, is given by

Ot =0 = Pu(en(Q,3)(0)) = Pu(ova(@u.Gn i Gusn) (0)),  (3.14)

where the estimators for (Q, @y, g, 1., 92,) are denotes as (@n,@;g,an,gjfr,@f;r) @n
and g, are initial estimators of ) and ¢, and Af;;f‘ and @'f ™ are obtained from the preferred
regression algorithm or ensemble.

However, [1] argued that none of these two estimators is guaranteed to converge at rate
Op(n_%), much less to be asymptotically linear.

In the simulation study, we study the performance of these estimators and their Wald
confidence intervals assuming, incorrectly, that they have a normal limiting distribution and

using as variance estimators (32)2 and (8;{)2 as defined in Remarks 3.3.2 and 3.3.3.
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In this chapter, we assess the performance of six estimators discussed in Chapter 3. Sec-
tion 4.1 outlines the data-generating process as described in [1], along with our modifications
and revisions to it. In Section 4.2, we present the findings of our simulation studies. Sub-
sections 4.2.1 and 4.2.2 detail the results of two exploratory analyses, while Subsection 4.2.3

replicates the studies conducted in [1] to validate our process.
4.1 Description of the Simulation Studies

Following [1], in our simulation studies below, we set d = 2, i.e., X = (X, X5) € X C R?
where X follows a uniform distribution over [—2, 2], and X, follows a Bernoulli distribution
with probability equal to 0.5.

Under the data generating process, the propensity score and the outcome regression are:

go(x1,29) = P(D = 1|xy, 29) = expit(—x; + 20x1x2),
Qo(d, xy, Ig) = P(Y = ].‘d, l’l,.TQ) = exp1t(02d — X+ 21’1$2).

Then, according to (3.1), the true estimator is given by:

60'2-‘1-62 60‘2+€72
1 log < 1+e22 ) log < 1tel8 )
¢(F) = EF [QO(D = 1aX1aX2):| =5 + .
2 8 8

We conduct two studies.

In the first study, we generated n = 200 and n = 1000 vectors (X, D,Y’) with data
generating process as indicated above for § ranging from 1 to 3, with 0.2 intervals. And for
each sample, we computed the six estimators — TMLE, TMLE-B, TMLE-U, OSE, OSE-B
and OSE-U.

We explored two scenarios. In the first scenario, g,, was inconsistently estimated while @n
was consistently estimated, where g, was estimated using logistic regression only on X, and
@n was estimated using the Nadaraya-Watson kernel estimator of the outcome regression

with covariates (X1, X3). In the second scenario, @n was inconsistently estimated while g,
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was consistently estimated, where @n was estimated using logistic regression on X only,
and g,, was estimated using the Nadaraya-Watson kernel estimator with covariates (X7, X5).
Furthermore, we selected the Nadaraya-Watson kernel estimator with covariates (X, X») as
our preferred regression algorithm when estimating @, g», 91,7, g2,

We estimated the standard errors of the unadjusted OSE and TMLE using the empirical
standard error of their influence functions. For TMLE-B and OSE-B, we estimated the
standard error with ¢ defined in Remark 3.3.2, and for TMLE-U and OSE-U, with &%
defined in Remark 3.3.3. We used the estimated standard errors to compute the normal
theory 95% Wald confidence intervals centered at each estimator.

We replicated this process 1000 times.

In the second study, we fixed [ at 3 and generated samples of size 100, 250, 500, 3000,
5000, 10000, 15000, and 50000. For each sample, we calculated the same estimators and
confidence intervals as in the first study’s second scenario — that is, @n was inconsistently
estimated and g,, was consistently estimated. We conducted 1000 replications for each sample
size.

In addition, in order to check that our simulations are correct, we also replicated the
analysis presented in [1], generating data as in [1] from f = 1 and with sample sizes n =

200, 500, 1000, 3000, 7000, 9000. We used 1000 replications in a simulation framework.

4.2 Results

4.2.1 Results for the First Study

For the first simulation study, Appendix B Figures B.1 and B.2 present the bias, y/n-scaled
bias, coverage of nominal 95% Wald confidence intervals, and ratios of the empirical variance
of the estimators from the 1000 replications over the average of the estimated variances for
two scenarios with sample sizes 200 and 1000, where the data-generating process is set at (8
ranging from 1 to 3 with intervals of 0.2. Furthermore, histograms of all the estimators for

these two sample sizes and various [ values are provided in Appendix B Figures B.3 - B.24.
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In Figures B.1 and B.2, when ( ranges from 1 to 3, both n = 200 and n = 1000 exhibit
a similar trend for bias, bias scaled by /n, 95% confidence interval coverage, and variance

accuracy across the six estimators in both scenarios.

When only the propensity score g is inconsistently estimated (See Figures B.1(a) and
B.2(a)), both the bias and y/n-scaled bias of TMLE, TMLE-U, OSE, OSE-U, and OSE-B
increase as [ increases, regardless of whether the sample size is 200 or 1000. Meanwhile,
the bias and y/n-scaled bias of TMLE-B remain approximately constant and close to 0 as
[ increases when the sample size is 200. However, for when the sample size is 1000, the
bias and y/n-scaled bias of TMLE-B exhibit a slight U-shape: they have smaller absolute
biases for beta values closer to 1 and closer to 3 and larger absolute biases in between.
The coverage of intervals based on the six estimators decreases as [ increases, regardless of
whether the sample size is 200 or 1000, and they deviate significantly from the nominal level
when # > 1.5. The variances for the six estimators are significantly underestimated for both
n = 200 and n = 1000. This, coupled with the fact that these estimators exhibit bias, is likely
explaining the poor coverage of confidence intervals. Interestingly, while TMLE-B has lower
bias, the estimated variance performs underestimates the true variance significantly. And
this reflected again the poor coverage of CI centered at estimator of TMLE-B. When n = 200,
for TMLE, TMLE-U, OSE, OSE-U, and OSE-B, the ratio between the empirical variance
of 1000 replications of estimates and the average of the estimated variance increases as (3
increases from 1 to 2, and remains relatively stable or even slightly decreases as [ increases
from 2 to 3. Conversely, for TMLE-B, this ratio consistently increases as 3 increases from 1
to 3. When n = 1000, the ratio of all six estimated variances increases as 3 increases from
1 to 3, with TMLE-B exhibiting the most rapid increase.

When only the outcome regression ) is inconsistently estimated (See Figures B.1(b)
and B.2(b)), both the bias and \/n-scaled bias of TMLE-U, TMLE-B, OSE-U, and OSE-B
slightly increase as (3 increases, while the bias and y/n-scaled bias of OSE largely increase as
B increases, for both sample sizes 200 and 1000. However, for TMLE, the bias and \/n-scaled

bias slightly decrease from positive to negative and stay close to 0 as [ increases from 1 to
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3. The coverage probability of intervals based on the six estimators decreases as [ increases,
regardless of whether the sample size is 200 or 1000, and they deviate significantly from
the nominal level when 5 > 1.5, with OSE indicating the largest drop. Interestingly, the
corrected TMLE (both TMLE-U and TMLE-B) does not improve the coverage of TMLE;
instead, it worsens it. This may be triggered by underestimation from the variance estima-
tor, where the variances for corrected TMLE and corrected OSE are more underestimated
compared to the uncorrected estimators. The ratio between the empirical variance of 1000
replications of estimates and the average of the estimated variance increases as [ increases for
both sample sizes, while the ratio for the uncorrected TMLE and uncorrected OSE remains

similar and close to 1.

When n = 200, Figures B.3 - B.5 indicate that when 5 < 1.5, the distribution of 1000
replications of the six estimators is approximately normal in both scenarios. However, when
£ > 1.5, Figures B.6 - B.13 show that the distributions for TMLE-U and TMLE-B start to
develop longer tails and become skewed, and the peak of the distribution becomes flatter in

both scenarios.

When n = 1000, Figures B.14 - B.18 indicate that when g < 2, the distribution of 1000
replications of the six estimators is approximately normal in both scenarios. However, when
B > 2, Figures B.19(a) - B.24(a) show that when only the propensity score g is inconsistently
estimated, TMLE-B starts to develop longer tails and form a bimodal distribution with two
peaks. Meanwhile, Figures B.19(b) - B.24(b) show that when only the outcome regression
@ is inconsistently estimated, TMLE, TMLE-B, TMLE-U, and OSE start to develop longer
tails and become skewed when § > 2. Both TMLE-B and TMLE-U start to form a bimodal
distribution, which is especially apparent when § = 3 Figure B.24(b).

The unusual bimodal distribution observed in Figures B.13 and B.24 motivates us to
conduct a second study in which we set the data generation process with § = 3 and examine
the behavior of the six estimators with different sample sizes. We describe the results of this

study in the next subsection.
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4.2.2  Results for the Second Study

For the second simulation study, Appendix B Figure B.25 presents the bias, y/n-scaled bias,
coverage of nominal 95% Wald confidence intervals, and ratios of the empirical variance
of the estimators from the 1000 replications over the average of the estimated variances
when only the outcome regression () is inconsistently estimated for sample sizes 100, 250,
500, 1000, 3000, 5000, 10000, 15000, and 50000, with a data-generating process set at g =
3. Additionally, histograms of all the estimators for these sample sizes are provided in

Appendix B, Figures B.26 - B.34.

In Figure B.25, both TMLE-U and TMLE-B have larger absolute bias than the uncor-
rected TMLE, while OSE-U and OSE-B have smaller absolute bias the uncorrected OSE.
Regarding convergence rate, the corrected TMLE does not appear to enhance convergence
for the uncorrected TMLE. For all three estimators, the y/n biases even diverge as sam-
ple sizes increase, whereas the corrected OSE does improve convergence for the uncorrected
OSE. All six estimators exhibit poor coverage of 95% Wald confidence intervals, falling far
below the expected 95%. The minimum coverage occurs when the sample sizes are 1000 and
3000. This could be attributed to the underestimation of variance estimators at these sample
sizes and their biases. Additionally, the estimated variances of all four estimators exhibit
significantly worse performance compared to the uncorrected variance estimators. However,
TMLE-U, OSE-U, and OSE-B exhibit a reverse U shape regarding the ratio of the empirical
variance over the average of the estimated variances: as the sample size increases, the ratios

initially increase and then decrease, while the ratio for TMLE-B consistently increases.

Figures B.26 through B.34 illustrate histograms of the six estimators for 1000 replications
across sample sizes of 100, 250, 500, 1000, 3000, 5000, 10000, 15000, and 50000 when only
the outcome regression () is inconsistently estimated. As sample sizes increase from 100 to
15000, the distribution for TMLE remains consistently right-skewed. TMLE-B and TMLE-U
develop clearer multimodal distributions when n > 500, displaying 2-3 peaks. OSE-B and

OSE-U begin with a normal distribution and transition into a bimodal distribution when
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n = 3000, featuring two peaks, before returning to normal again when n > 5000. In contrast,
the distributions for OSEs maintain a normal distribution. For a considerably large sample
size of n = 50000, TMLE, OSE, OSE-B, and OSE-U all exhibit a normal distribution shape.
However, the distributions for TMLE-U and TMLE-B return to a single peak, albeit still
skewed but with minimal bias.

The bimodal distribution depicted in Figures B.29 - B.30 is a reflection of the non-
standard behavior of the irregular estimators. Specifically, at certain sample sizes, in some
replications the estimators acts as if g, is consistent and in some other replications it acts

as if g, is inconsistent.

4.2.83  Results for Correctness Verification

Figure B.35 in Appendix B shows the bias, ne bias, coverage of nominal 95% Wald confidence
intervals, and ratios of the empirical variance of the estimators from the 1000 replications
over the average of the estimated variances. These figures are in agreement with those

reported in [1] Figures 1 and 2.
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The TMLE-U and TMLE-B converge pointwise to a normal liming distribution. We
would have then expected that with g fixed at 3, the histogram of the estimators would
approach in shape that of a Gaussian curve. However, surprisingly, even with sample sizes
as large as 50000, the estimators exhibit marked skewness. We do not have an explanation for
this phenomenon and recommend further simulation studies under different data-generating
processes and estimators of the nuisance functions to assess whether this unexpected behavior
persists.

Although, as stated in Subsection 3.3.3, there is no theoretical guarantee for the behavior
of corrected OSE to converge at a rate of Op(n’%) or even to be asymptotically linear,
we found that under our data-generating process, both OSE-B and OSE-U improved the

coverage of uncorrected OSE.
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A.1 Appendix for Chapter 1

A.1.1 Proof of Proposition 2.1.1

Proof of Proposition 2.1.1. Suppose @n is an asymptotically linear estimator of ¢ (F') with

two influence functions ¢g(-) and ¢g(-). According to Definition 2.1.1,
op,r(1) . i or(X;) — 2 i or(Xi) = L i <90F(Xz‘) - qu(XZ-))
\/ﬁ =1 \/ﬁ i=1 \/ﬁ i=1
F
wN(O, Var(pp — ¢F)). (A.1)
Thus, Var(¢r — ¢r) = 0. On the other hand

because both ¢r and ¢ are influence functions. Therefore,

©r = OF.

A.1.2  Proof of Proposition 2.1.2

Proof of Proposition 2.1.2. This follows from a direct application of the Central Limit The-

orern. []

A.1.3  Proof of Proposition 2.2.1

Proof of Proposition 2.2.1. When 6 # 0, without the loss of generosity, assume 6 > 0. Since

lim,, oo n/* — On'/?2 = —c0, it follows that

P(pm > n-1/4) > P()_(n > n-1/4) - P(\/ﬁ()_(n —§) >Vt - 0n1/2> S1. (A2)
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And when 0 = 0, according to the Central Limit Theorem, we have
P<|)_(n| > n—1/4) —op (Xn > n—1/4) - 2P(\/5Xn > n1/4) 0. (A.3)
Combining (A.2) and (A.3), we obtain that for any t € R,

P<\/ﬁ0 —0) )

P<\/ﬁ <yX | >n" 1/4> +P<—\/ﬁe<t)P<p‘(ﬂ| §n_1/4>
(ﬁ()_(n <t) if 0 0

( \/ﬁe<t) if6=0

(\/ﬁ <t> ith+£0

(0<¢) if0=0

— <

|
e "U

\

Therefore, by applying the Central Limit Theorem, we conclude the proof.

O
A.1.4  Proof of Proposition 2.2.2
Proof of Proposition 2.2.2. First, we notice that
Py(0 € I,) =Py(v/n|0, — 0] < 21_0y2)
=Py(v/n|X,, — 0] < 21-02)Po(| X0 > n~l4)
+ Po(v/nlb] < z1-a/2)Po(|X,] < n~14). (A.4)

Let 0y = \/Lﬁ, for any given h > z1_,/2. Since /nX,, ~ N(h,1), for the first term in (A.4)

we have

Py, (| X, > n~ %) = Py, (V| X,| > n'/*) — 0. (A.5)
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Thus, there exits a sequence {a,}, such that lim, . a, = 0 and
Pg, (V1| X, — bo] < z1—a/2)Pe, (| X,] > n Y4 < Py (|1 X,] > n Y4 < ay. (A.6)
Meanwhile, for the second term in (A.4),
Pg, (V10| < z1-0ay2) = Pyy(h < z1_4/2) = 0. (A.7)
Thus, applying (A.6) and (A.7) to (A.4), we obtain
ggﬂng(Q €1l,) <Py (0 €l,) <ay,.
Thus, we conclude that
0 < lim sup { égﬂfg Py(0 € In)} < lim supa, = nhj& a, = 0.

n—oo n—oo

A.1.5 Proof of Proposition 2.2.3

Proof of Proposition 2.2.3. Similar to the proof of Proposition 2.2.2, let 6y = \% for any

given h > z1_o/5. According to (A.5) we obtain
B, [{3/71(0 — 00)1] < Bg, [n630(1%,] < 07| = 12Pg, (1%] < n7V1) = 02

Since h can be arbitrarily big, we have

Q0.

lim inf { sup Eq [{\/ﬁ(én - 6’)}2] }

n—o0 AR
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A.1.6 Score and Tangent Space

In this subsection, we will review the concepts of mean squared differentiability, score, and

tangent space.

Definition A.1.1 (Mean Squared Differentiable (Chapter 7.2 in [13])). A parametric model
F ={Fy: 0 € © € RF} is mean squared differentiable or differentiable in quadratic

mean at 6, if there exists a vector of measurable functions
T. k
S0 = (890,17 e 7390,k) X =R P

such that

[ [V = /T = 5/ = o I112).

where fp is the density of Fj with respect to measure . And the vector sy, is referred to as

the score for 0 at 6,.

In traditional literature, score is typically introduced as the gradient of the log-likelihood
function (Chapter 10.3 in [2]). The following lemma aims to demonstrate that under certain
continuity conditions, when the density function is mean squared differentiable and the Fisher

information matrix is well-defined, the two definitions are equivalent.

Lemma A.1.1 (Lemma 7.6 in [13]). For every 0 in an open subset of R* let fy be a -
probability density. Assume that

(i) the map 0 — \/ fo(x) is continuously differentiable for every z,

(ii) the elements of the matriz

= [ ()G sn= [ (55) (Mgl

are well-defined and continuous in 6.

then the map 0 — /Ty is mean squared differentiable at 6 with sy = {y.
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Definition A.1.2 (Tangent Space). The tangent space A(f) for the model at Fy € F =
{Fy: 0 € © C R*} is defined as the linear subspace of £3(6) spanned by the score vector,

expressed as

A(9) := {a"sp : a € R*}.

Remark A.1.1. Under the assumptions of Lemma A.1.1, the tangent space can be expressed

as

AB) = {aTly:a e RF} = {aT% :a € R¥}.

Now we will introduce some properties of the score function. Theorem A.1.1 asserts
that the score has mean of zero and a finite variance. Additionally, Corollary A.1.1 asserts
that if all unbiased estimator of a differentiable parameter exists then the derivative of the
parameter is equal to the projection in the £5() of its unbiased estimator onto the tangent

space.

Theorem A.1.1 (Theorem 7.2 in [13]). Suppose that © is an open subset of R¥ and that
the model F = {Fy : 6 € O} is mean squared differentiable at 6. Then

1. the score at Oy is mean zero at Oy, i.e.
EQO[SOO] = /SOOfeodﬂ = 0>

2. and the Fisher information matrix

Iy, = Ego[s%sgo] = /Soosg;feodﬂ

exists.

3. For every converging sequence h, — h, as n — oo,

Jo +hn/f 1
log H 0 X \/_ Z W59, (X §hT190h + 0y, (1)
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Theorem A.1.2 (Chapter 25.3 in [13]). Let X3, -+, X, g fo, be n observations drawn

from parametric model Fp, € {Fp : 0 € © € R*}, where © is an open set in RF. Let

T =T(Xy, -+ ,Xn) be a real-valued measurable function. Assume that

(i) for p-almost every x, the map 0 — fy is continuous at 6y,
(i1) the map 0 — \/ f(x;0) is mean squared differentiable at 0y,

(iii) the map 0 — Eo(T?) is continuous at Oy,

then the partial derivatives of the map 0 — Eq(T') exist at Oy and satisfy

OE(T)
00

— By | TS|
0=69

where Sé(,g) = > i1 S0p(Xi).-

Corollary A.1.1. Let zz;n be an unbiased estimator of 1(0). Under the same conditions as

in Theorem A.1.2, we have
0y (6)
00

0=09

We now introduce a regular parametric model. It’s important to note that this term
‘regular’ carries a different meaning from the regularity discussed for an estimator in Defini-

tion 2.2.2.

Definition A.1.3 (regular parametric model). A parametric model F is regular if there
exists a parameterization indexed by the elements of § of an open subset © C R*, such that

for any 6 € © and Fy € F,

1. the map 6 — fy is continuous at 6 for p-almost every z,
2. the map 0 — +/fy is mean squared differentiable,

3. the Fisher information matrix [y exists and is non-singular.
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Remark A.1.2 (Lemma 25.14 in [13]). Combining Theorem A.1.1 and Definition A.1.3, we
can deduce that the regular parametric model F = {Fy : § € © C R*}, where O is open,

satisfies the following property: for any # € © and every converging sequence h,, — h,

n

oy ym(Xi) 1 T 1.,
o8 [T = Um0 = g+ ony (1), o

A.1.7 Proof of Example 2.2.1

Proof of Fxample 2.2.1. This is a direct result of Propositions 2.2.2 and 2.2.3. n

A.1.8 Proof of Theorem 2.2.1

Proof of Theorem 2.2.1. Firstly, we introduce Le Cam’s third lemma.

Lemma A.1.2 (Le Cam’s third lemma (Example 6.7 in [13])). Let P, and Q,, be sequences
of probability measures on measurable spaces (X,,$), and let X, : X, — R? be a sequence

of random vectors. If

2\ P, by
(eos ) # (1) (L))

50’ T o

then

Since @Zn be an asymptotically linear estimator at Fy, € F for estimating a parameter
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¥ (6), by Remark A.1.2 and Definition 2.1.1, we have

( Vi{t, — ¥(0h)} )
IOgHZ 1f90+hn/f( i)

(Xi)

_ ( T 2o Py (Xi) + 0p 1 (1) )
\/Lﬁ Z?:l hTS90 (Xi) - %theoh + Op,Fy, <1>

(,DFQO B 0 0 1
2 ( h”s9,(X;) ) ( IhT Igyh ) " p’Fg“(1)< 1 )

fog 0 Varg, (05, (X)) Eler, (X)se,(X)Th] ) N
Nk“(( — 10T Iy h ) ( E[pr, (X)s0,(X)"h]" hT g h > - (A8

Applying Lemma A.1.2 (Le Cam’s third lemma) to (A.8), we have

Vil — (80 + h/V/n)} = Va{tn — 0(80)} — V(6o + h/vVn) — ¥(60)}

Ny, (E [@Fgo (X)SQO (X)Th} , Vary, (ingo (X))> - 8§9(T6)

fo R/ VR
0 h

=% (Bl (X)on )70 = 2| Ve, (o, (X))
=00
Furthermore, according to Definition 2.2.2,
z/p\n is regular at 6,
<:>E[<,0F90 (X)s6,(X)"h] — %@ - h is independent of h
=0y
<:>E[90F00 (X>S90(X)T] B ag@(f) =0 .
=00

This concludes the proof.
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A.1.9 Proof of Lemma 2.3.1

Proof of Lemma 2.5.1. For simplicity, we consider the case p = 1. Suppose pr and ¢ are

two gradients of ¢ at F. Then according to Definition 2.3.4, for any s € Ax(F),

<90F7 S>LQ(F) = <¢F7 S>£2(F)‘

Since Ax(F) = LY(F), it follows that for any s € L(F),

<90F - ¢F’S>£2(F) =0.

In particular, taking s = pp — ¢ yields

lir = 61y =0

Therefore, pr — ¢r = 0 in Lo(F'), which concludes our proof. ]
A.2 Appendix for Chapter 3

A.2.1 Proof of Theorem 3.2.1

Proof of Theorem 3.2.1. Let F = {Fy : 6 € [0,1)} be a regular parametric model such that
F = F,. Then by chain rule and Theorem A.1.2

d d
V() = i [Eo[Y|D =1,X]] »
d d
= —Eo [Eo[Y|D =1,X]] . + Eg[ 50 [Y|D=1,X] 9:0}
=E[Eo[Y|D =1, X]s(0)] + Eo[Eo[Y sy|p=1,x(O)|D =1, X]], (A.9)

where 5(0) is the score for 6 at 0 = 0 with respect to F' and sy|p—1 x(O) is the score for

at ¢ = 0 with respect to Fy|p—; x.



For the second part in (A.9), according to Lemma A.1.1,

d

syix,p(0) = 7 log fyx,0(0)

d fx.py(O)
T oz ( Fx.0(0) )

d
— —1
o a0 og fX,D(O)

0=0

d

=7 log fx.p,y(O)

:S(O) — SX7D(O).

0=0

Thus,

o [EO [YSY‘D:LX(O)’D _ 1, XH
—F, [EO [YSY‘D:LX(O)‘D _ 1, X”

—E, [EO [Y‘D - 1,X} E, [SY‘D:LX(O)’D - 1,X} }

v~

—F, :EO [(Y —Bo[Y|D = 1,X})5y|D:1,X(O)‘D _ 1,XH

rDEq[(Y — Eo[Y|D =1, X])SYDLX(O)’X”
P(D =1|X)
. 1D(Y —Eo[Y|X, D])syix,p(O)
=By [Eo | ( P[(D‘:lyl()) | x]]
rD(Y - E[Y|X, D])
P(D =1|X)
rD(Y — Ey[Y|X,D])
P(D =1|X)

5Y|X,D(O)}

D(Y —Ey[Y|X,D])
P(D =1|X)

3(0)] + EO[

where

D(Y — Ey[Y|X,D])
P(D =1|X)
D(Y —E[Y|X, D])
P(D =1|X)

Eo [ sx,D(O)]

|

Eo[sx,0(0) ‘X, pl|

=0.

SX,D (O)] )

45

(A.10)

(A.11)
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Combining (A.9)-(A.11), we conclude that

D(Y — Eo[Y]X, D])}S(O)] (A.12)

— EOHEO [Y’D = 17*’(} + P(D = 1]X)

d
“SU(F)

0=0
Notice that

D(Y —E[Y|X, D])
P(D = 1]X) }

Eo [ B [Y‘D - 1,X} v
- DY
P(D=1X)

—E, :%} — [mEO [DY|XH

_mP@ = 1[X)E,[Y[D = LX]] = y(F).

DE, Y |X, D] }

J + B[ v|D =1, x] - P(D = 1|X)

Thus, he unique influence function of E[Y|D = 1] is

or(X,D,Y) =Ep[Y|D=1,X] + D(YP?EZ[THXX)’ D) W(F). (A.13)

A.2.2  Proof of Proposition 3.2.1
Proof. 1f @n = (@, then

D(Y —Ep[Y|D =1,X])

B [r(@0.3.)(0)] = Br[Er[Y|D = 1,5 + S - ()]
- -D(Y—EF[Y\D:LX])}
- 9n(X)
-1
— Er _MEF[D(Y—EF[Y\D: 1,x])| D, x]]
_p [P(D=1]X) _ _ _
—Ep WEF[Y—EF[Y\D _ 1,XHD _ 1,X” 0.
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If g, = g, then
B [or(@0 30)) = B (2,00 + 9L o)
= B [Qu() (1 - ﬁ)} +Ep [ﬁ — u(F)]
= B[ Qu(X)Er 1 - P(D%i‘X)’XH +Ep [P(DDfYHX) —u(F)| =0.

Thus, we conclude our proof.

]
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FIGURES FOR SIMULATION
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Figure B.1: Simulation Results for the First Study: Line Plot with n = 200 and g € [1, 3].
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Figure B.2: Simulation Results for the First Study: Line Plot with n = 1000 and g € [1, 3].
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Figure B.3: Simulation Results for the First Study: Histogram with n = 200 and 5 = 1.0.
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Figure B.4: Simulation Results for the First Study: Histogram with n = 200 and 5 = 1.2.
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Figure B.5: Simulation Results for the First Study: Histogram with n = 200 and 5 = 1.4.
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(b) The propeunsity score g is consistently estimated while the
outcome regression () is inconsistently estimated.

Figure B.6: Simulation Results for the First Study: Histogram with n = 200 and 5 = 1.6.
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(b) The propeunsity score g is consistently estimated while the
outcome regression () is inconsistently estimated.

Figure B.7: Simulation Results for the First Study: Histogram with n = 200 and 5 = 1.8.
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(b) The propeunsity score g is consistently estimated while the
outcome regression () is inconsistently estimated.

Figure B.8: Simulation Results for the First Study: Histogram with n = 200 and § = 2.0.
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(b) The propeunsity score g is consistently estimated while the
outcome regression () is inconsistently estimated.

Figure B.9: Simulation Results for the First Study: Histogram with n = 200 and § = 2.2.
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(b) The propeunsity score g is consistently estimated while the
outcome regression () is inconsistently estimated.

Figure B.10: Simulation Results for the First Study: Histogram with n = 200 and § = 2.4.
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(b) The propeunsity score g is consistently estimated while the
outcome regression () is inconsistently estimated.

Figure B.11: Simulation Results for the First Study: Histogram with n = 200 and 3 = 2.6.
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Figure B.12: Simulation Results for the First Study: Histogram with n = 200 and g = 2.8.
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(b) The propeunsity score g is consistently estimated while the
outcome regression () is inconsistently estimated.

Figure B.13: Simulation Results for the First Study: Histogram with n = 200 and g = 3.0.
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(b) The propeunsity score g is consistently estimated while the
outcome regression () is inconsistently estimated.

Figure B.14: Simulation Results for the First Study: Histogram with n = 1000 and 5 = 1.0.
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(b) The propeunsity score g is consistently estimated while the
outcome regression () is inconsistently estimated.

Figure B.15: Simulation Results for the First Study: Histogram with n = 1000 and 5 = 1.2.
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(b) The propeunsity score g is consistently estimated while the
outcome regression () is inconsistently estimated.

Figure B.16: Simulation Results for the First Study: Histogram with n = 1000 and 5 = 1.4.
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(b) The propeunsity score g is consistently estimated while the
outcome regression () is inconsistently estimated.

Figure B.17: Simulation Results for the First Study: Histogram with n = 1000 and 5 = 1.6.
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(b) The propeunsity score g is consistently estimated while the
outcome regression () is inconsistently estimated.

Figure B.18: Simulation Results for the First Study: Histogram with n = 1000 and 5 = 1.8.
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(b) The propeunsity score g is consistently estimated while the
outcome regression () is inconsistently estimated.

Figure B.19: Simulation Results for the First Study: Histogram with n = 1000 and § = 2.0.
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(b) The propeunsity score g is consistently estimated while the
outcome regression () is inconsistently estimated.

Figure B.20: Simulation Results for the First Study: Histogram with n = 1000 and § = 2.2.
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Figure B.21: Simulation Results for the First Study: Histogram with n = 1000 and § = 2.4.
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(b) The propeunsity score g is consistently estimated while the
outcome regression () is inconsistently estimated.

Figure B.22: Simulation Results for the First Study: Histogram with n = 1000 and § = 2.6.
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Figure B.23: Simulation Results for the First Study: Histogram with n = 1000 and § = 2.8.
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(b) The propeunsity score g is consistently estimated while the
outcome regression () is inconsistently estimated.

Figure B.24: Simulation Results for the First Study: Histogram with n = 1000 and § = 3.0.
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Figure B.25: Simulation Results for the Second Study when propensity score g is consistently
estimated while the the outcome regression () is inconsistently estimated: Line Plot with

n € [100, 15000] and 3 = 3.
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Figure B.26: Simulation Results for the Second Study when propensity score g is consistently
estimated while the the outcome regression () is inconsistently estimated: Line Plot with

n =100 and £ = 3.
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Figure B.27: Simulation Results for the Second Study when propensity score g is consistently
estimated while the the outcome regression () is inconsistently estimated: Line Plot with

n = 250 and § = 3.
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Figure B.28: Simulation Results for the Second Study when propensity score g is consistently
estimated while the the outcome regression () is inconsistently estimated: Line Plot with

n =500 and § = 3.
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Figure B.29: Simulation Results for the Second Study when propensity score g is consistently
estimated while the the outcome regression () is inconsistently estimated: Line Plot with
n = 1000 and 8 = 3.

This figure differs slightly from Figure B.24(b) because: 1. Algorithmic randomness, and 2.
In Study 2, the histogram spacing between each bar is reduced.
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Figure B.30: Simulation Results for the Second Study when propensity score g is consistently
estimated while the the outcome regression () is inconsistently estimated: Line Plot with
n = 3000 and 5 = 3.
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Figure B.31: Simulation Results for the Second Study when propensity score g is consistently
estimated while the the outcome regression () is inconsistently estimated: Line Plot with

n = 5000 and § = 3.



Targeted minimum loss—-based — None

Targeted minimum loss—based - Univariate

— True 5
> o — Me >
2 v g 8
g g o
g g H g -
(TR (TR 8
o o
I T T T T 1 I T T T T 1
0.50 0.52 0.54 0.56 0.58 0.60 045 050 055 0.60 0.65 0.70 0.75
estimator estimator
Targeted minimum loss—-based — Bivariate One-step — None
o
— True =[{pBs < — True=0.538
—— Mean §#4.6609 o —— Mean = 0.6119
> > &
g = e
] o o
g o g °
r v T 9
o 0 o
I T T T T T 1 I T T T T T 1
0.4 0.5 0.6 0.7 0.8 0.9 1.0 054 056 058 060 062 064 0.66
estimator estimator
One-step — Univariate One-step — Bivariate
8 —— True =0.538
—— Mean = 0.553
g 9 g o
g g ¥
= =
(7] Q (7]
o o =
I T T T 1 I T T 1
0.45 0.50 0.55 0.60 0.65 0.50 0.55 0.60 0.65
estimator estimator

30

Figure B.32: Simulation Results for the Second Study when propensity score g is consistently
estimated while the the outcome regression () is inconsistently estimated: Line Plot with
n = 10000 and g = 3.
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Figure B.33: Simulation Results for the Second Study when propensity score g is consistently
estimated while the the outcome regression () is inconsistently estimated: Line Plot with

n = 15000 and 8 = 3.
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Figure B.34: Simulation Results for the Second Study when propensity score g is consistently
estimated while the the outcome regression () is inconsistently estimated: Line Plot with

n = 50000 and g = 3.
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(a) The outcome regression (@ is consistently estimated while the propensity score g is incon-
sistently estimated.
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(b) The propeunsity score g is consistently estimated while the outcome regression @ is incon-
sistently estimated.

Figure B.35: Simulation Study Results Replicating the Studies in [1]: =1
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