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Abstract

Boundary Harnack Principle
for Stable-Like Processes

Christian Rudnick

Chair of the Supervisory Committee:
Professor Zhen-Qing Chen
Department of Mathematics

We establish the boundary Harnack principle for certain classes of symmetric stable-like
processes in R? on arbitrary open sets as well as censored stable-like processes on Ch!-
domains. Using those results, we derive Dirichlet heat kernel estimates for killed stable-like
processes and killed censored stable-like processes in x-fat domains in terms of the surviving
probabilities and the global transition density of the processes. For C''-domains, we derive

explicit estimates of the Dirichlet heat kernel.
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Chapter 1
INTRODUCTION

The first chapter provides the necessary background for this dissertation. We will intro-
duce the Harnack principle as well as the boundary Harnack princple, symmetric stable-like

processes, and so on.
1.1 Harmonic Functions and Harnack Inequalities

Let D C R? be a connected open set. A locally bounded function u is called harmonic in
D if the value of the function at a point x equals the mean of the function over concentric

balls in D. That is, for any € R% and any r > 0 such that B(z,r) C D,

1
) B O

Here, |A| denotes the Lebesgue measure of a measurable set A C R?. There is an equivalent
probabilistic characterization of harmonic functions: Let B; be Brownian motion. Then w is

harmonic in D if for every x € D and r > 0 such that B(z,r) C D,

u(z) = E, [u (BTBM)] . (1.1)

We denote by 74 = inf {t > 0: X; ¢ A} the first exit time of B; from the set A. It can be
shown that this implies that equation (1.1) holds for any open, relatively compact set V' C D
with V C D, for every z € V,

An important property of harmonic functions is the Harnack Inequality which states that

in a compact set K C D, the values of harmonic functions are comparable:

Theorem 1.1 (Harnack inequality). Let D C R® be open and connected, and K C D be
compact. Then there exist positive constants Cy = C1(D, K) and Cy = Co(D, K) such that



for all nonnegative harmonic functions u in D,
Cru(y) < ufx) < Cau(y)
forall z,y € K.

Note that the constants C; and Cy are universal for all functions which are harmonic in
D. The proof of the Harnack inequality is elementary and can be found, for example, in [24].
If one restricts attention to open balls rather than general open sets, one can quantify the

constants C and Cs.

Theorem 1.2 (Harnack inequality for balls). Let zp € RY, 0 < r < ry < co. Then for all
nonnegative harmonic functions u in B(zg, o),

1— = 1+ =
Taguy) S u(z) < ”

d—1 d—1
(1-%) (1-%)
T0 To

u(y)

for all x,y € B(xo,).

Here, D = B(xg,79) and K = B(xo,r). Regarding the constants, we see that C; =
Cy(d,r,ro) = (1 —r/t)) / (1 —r/re)*" and similarly for Cy = Cy(d, 7, 7). Note that in this
case, the constants C; and Cy both depend on r and 7 only through the ratio r/rg. This
type of Harnack inequality is referred to as scale-invariant.

Since constant functions are harmonic, an equivalent formulation of the Harnack inequal-

ity reads as
u(z)u(y) < Culy)o(z)
for all non-negative harmonic functions v and v on D, and all z, y in K.
Note that the condition that K is a compact subset of D implies that there is a posi-

tive distance between K and 0D. Naturally, the question arises whether the result can be

extended to subsets which may contain parts of the boundary.

Theorem 1.3 (Boundary Harnack principle). Let D C R® be a Lipschitz open set. If

Q € 9D and r € (0,ry), then for any nonnegative functions u,v which are not identically



0, harmonic in D N B(Q,r), and vanish continuously on 0D N B(Q, ), there exists C' =
C(d,r,rg) > 0 such that

forall z,y € DN B(Q,r).

As with the Harnack inequality, if the constant C' depends on r and ry only through their
ratio, so C' = C(d, r/ry), we call it the scale-invariant boundary Harnack principle.

The boundary Harnack principle is a much deeper result and was first proven indepen-
dently by Ancona [1], Dahlberg [22], and Wu [32] for Lipschitz domains in the late 70s. Bass
and Burdzy [2] proved the same result using probabilistic techniques in the early 90s. The
technique they had used is now referred to as the box method. Their result was extended to
Holder domains of order r > % [3] and it was shown that there are Holder domains of order

r < 1 for which the boundary Harnack principle fails [4].
1.2 Probabilistic Notion of Harmonicity

The equivalent probabilistic definition of harmonicity, equation (1.1), allows the definition
of harmonic functions with respect to general strong Markov processes. Let X; be a Hunt
process. We say a function w is harmonic with respect to the process X; if for every V C D

such that V C D, and every z € V,
E, |u(X, )| <oco and wu(z)=E,[u(X)]

See [11] for an analytic characterization of harmonicity for general symmetric Markov pro-
cesses. As before, one can ask whether the harmonic functions corresponding to a given
Hunt process satisfy the Harnack and boundary Harnack principle. The first family of dis-
continous processes studied were rotationally symmetric stable processes, a class of Lévy

processes which have characteristic function

E, [e’th} =" ceRY t>0,



for 0 < a < 2, called the index of the stable process. Note that for a = 2, we obtain
Brownian motion and the usual notion of harmonicity. When referring to stable processes,
we will always exclude the Brownian motion case since is significant different. For example,
whereas Brownian motion has continuous sample paths, stable processes are pure jump
processes.

The Harnack inequality can easily be established for rotationally symmetric stable pro-
cesses due to the explicit formula for the Poisson kernel on ball due to Riesz, see for example
[30]. The boundary Harnack principle has been established for rotationally symmetric stable
processes by various different techniques. Bogdan proved the boundary Harnack principle
for Lipschitz domains using the analytic techniques in [6], and later using probabilistic tech-
niques in joint work with Byczkowski [8]. Song and Wu [31] extended the results in [6] to
k-fat open sets. Finally, Bogdan, Kulczycki and Kwasnicki [9] established the scale-invariant
boundary Harnack principle for arbitrary open sets. The approaches in [6,9,31] were mainly
analytic and the key step involves the regularization of the Poisson kernel for the ball, an
analogue of volume averaging in classical potential theory.

Recently, Bogdan, Kumagai and Kwasnicki [10] extended this appraoch to cover a large
class of Hunt processes with an associated dual process on metric measure spaces. We will
state their result only for symmetric processes for which one can always associate a dual
process with the Lebesgue measure as their symmetrizing measure defined on open sets
D C R So let X; be a symmetric Hunt process on D. Bogdan, Kumagai, and Kwagnicki
[10] use the more restrictive notion of regular harmonic functions. A function u is said to be

regular harmonic in an open set V C R if
E, |u(X;, ) <oco and wu(z)=E,[u (X )]

for all x € D. They provide certain conditions under which any positive regular harmonic
function satisfies the boundary Harnack principle.
We will denote by r¢ € (0, 00] the localization radius of the process which is defined as

any number such that D\ B(z,2r) # 0 for all x € D and r < ro. It is easy to see that



ro = diam(D)/2, where diam denoted the diameter of the set.

Assumption A. The transition semigroup of X; is both Feller and strong Feller. Morevoer,
Hunt’s hypothesis is satisfied: Every semi-polar set is polar. Recall that we say that a
strong Markov process is Feller if its transition semigroup p; maps C.(R%), the space of
continuous functions with compact support, into itself for any ¢ > 0. A strong Markov

process is strong Feller if p; f is continuous for every bounded function f.

Assumption B. There is a linear subspace D of the domain of the Feller generator of X,
that satisfies the following condition: If K is compact, and V is open with K CV C D,
then there is f € D such that f(x) = 1forz € K, f(z) =0forz € D\V,0< f(z) <1
for x € D, and the boundary of the set {z : f(x) > 0} has Lebesgue measure zero.
This can be summarized as to say that there is a Urysohn bump function in the domain
which separates the sets K and D \ V. For later reference, denote

O(K,V) =inf sup Af(z)
zeR

where the infimum is taken over all functions f described above.

Assumption C. The Lévy kernel of the process X; has the form v(x,y)dy, where v(z,y) =
v(y,x) > 0 for all x,y € D, x #y. For every g € D, 0 <r < R < Ry, © € B(xo,r)
and y € D\ B(zg, R),

1
Ey(x(]?y) S V(fL’,y) S CV(Qlo,y),

where ¢ = ¢(zg, T, R).

Assumption D. If zg € D, 0 <r < p < R < Ry, then the Green’s function for the ball

satisfies

sup sup  GB(ag,r)(T,Y) < 00.
z€B(zo,r) yeD\B(zo,p)

The theorem is now as follows:



Theorem 1.4 (Bogdan, Kumagai, Kwasnicki, 2013). Suppose a symmetric Hunt process X,
satisfies Assumptions A to D. Assume D is any open set and let Q € 0D and r € (0,79).
Then for any nonnegative functions u,v which are not identically 0, harmonic in DNB(Q,r),
and vanish continuously on DN B(Q,ry), there exists C = C(r,ro) > 0 such that

u(z) u(y)
o) = Cuy)

forall z,y € DN B(Q,r).

Under additional conditions, the authors establish the scale-invariant version of the
boundary Harnack principle (see below). The proof is based on an approximate factorization

of f(x) =P, (X,, € E) where E is a Borel set in R? as

f(z) = E, [TVQB(IO7P)] / f()v(zo,y)m(dy), x € B(zg,7)N D.

B(zo,9)°

The notation f ~ g means that there exists C' > 1 such that C~1f < g < Cf.
There are two main steps in proving this approximate factorization. Deducing the ap-
proximate factorization from a local supremum estimate, and then establishing said local

supremum estimate. The first step can be proved using an estimate of the harmonic mea-

sure. If o € D and 0 < 7 < R < R < Ry, then for all V C B(xzg, R) we have
P, (XTV € A(wo, R, R)) < cE,[1v], x € B(zg, )NV, (1.2)

where ¢ = ¢(z¢, 7, R, R) and A(zg, r, R) denotes the annulus centered at 2, with inner radius r
and outer radius R. The proof of this fact uses the Urysohn bump functions from assumption
B, and does not rely on any of the other assumptions.

The second step is the proof of a local supremum estimate (see Theorem 3.4): Given the
same conditions as in the approximate factorization, for any nonnegative function f which

is regular harmonic function in B(xzg, R).

flz) < / W), € B 0D,
B(xg,q)¢



where

C, y € B(xo, R) \ B(xo,q)

Taorq,R(Y) =

Co- (LAv(y, B(xo, R))) y € Blwo, R)
To prove the local supremum estimate, one cannot generally proceed by volume averaging
as in the case of stable processes: To obtain the estimates, one needs to bound the harmonic
measure outside a ball. For regions far from the ball, one can obtain sufficiently good
estimates using the Tkeda-Watanabe formula, but near the boundary of the ball one would
need the exact decay rate of the Green’s function to obtain a sufficiently good estimate.

As a remedy, the authors mollify the harmonic measure. Recall that the harmonic mea-

sure of a set U is the distribution of X,
weu(A) =P, (X5, € A).

Suppose we attach a certain mass to a particle traveling along a path of the process. The
harmonic measure corresponds to the case that its mass remains constant until it exits V'
and then loses all of its mass. The mollification of the harmonic measure will result in a

gradual decrease of the mass as the particle moves towards the boundary.

1.3 Symmetric Stable Processes and Generalizations

Even though the boundary Harnack principle has been established for several Markov pro-
cesses including stable processes, it still remains an open problem for a large class of symmet-
ric stable-like processes. Let us consider a different way of defining stable processes by the
means of (regular) Dirichlet forms. A Dirichlet form is a symmetric form £(-, ) defined on a
dense subset F of L?(E,dm), called the domain of £, where E is a locally compact separable
metric space which satisfies the following conditions: The symmetric form is closed in the
sense that the set F is a Hilbert space with respect to the metric & (-,-) = E(-, )+ (-, ) 2(mm)-
The symmeric form is Markovian, if for each € > 0, there exist a function ¢, : R — R which

satisfies

e (t) =t, t € [0,1]



such that
feF = ¢.of€eF

with £(g. o f, 6. 0 ) < E(f, ).

A Dirichlet form is regular if there is a subset C of F N Cy(E) such that C is dense in
F in the &-norm and dense in Co(E) in the uniform norm. Here, Co(E) denotes the set
of continuous functions vanishing at infinity. Given a regular Dirichlet space, Fukushima’s
theorem states that there exists a symmetric Hunt process starting from any = € E except
for a set of zero capacity whose Dirichlet space is the given one [12,25].

Consider the symmetric form defined by

(o) = 3A=0) [[ | (ule) = u(n) (o) = 0(0) ez dady
where
oy 2071 (%52)
Ry
and

F=que (R de): / / (“ff)__yﬁf{jf dzdy < oo b = Wo22(RY),
R xR
It can be easily checked that this defines a regular Dirichlet form, and the process corre-
sponding to it is the rotationally symmetric stable process of index a.
We can now define more general stable-like processes: First, we can define the symmetric

stable-like process by perturbing the Dirichlet form of a symmetric stable process. Let x(z, y)

be a symmetric function which satisfies
k1< K(z,y) <rky, xRS

for some positive constants 0 < k1 < kg < 0o. The Dirichlet form of symmetric stable-like



processes is given by

Eu0) = 3A—0) [ [ (we) = uw) (o) = o) L dray,

|ZE _ y|d+a
RixR4

and the domain is identical to that of the symmetric stable process with the same index. We
denote the symmetric stable-like process by X;. Unlike the rotationally symmetric stable
processes, symmetric stable-like processes are state-dependent, they do not need to be Lévy
processes, and they do not satisfy a simple scaling condition which makes their analysis more
subtle.

Second, we can define the rotationally symmetric stable process, or more genrerally,
symmetric stable-like processes, on subsets D C R? There are generally three ways of
constructing a subprocess which takes values in D. The first is the killed stable-like process.
We can kill the process upon leaving D by sending it to a cemetery state 0. Thekilled
stable-like process can therefore defined by

XtD: Xt t<TD
8 tZTD

Alternatively, the process can defined through Dirichlet forms. The is the same as above,

but its domain is given by
FP={ue F:u=0q.e. on DY}.

where the notation q.e. means that the statement has to hold everywhere on a set except

on a set of zero capacity. Note that for u,v € FP, the Dirichlet form can be rewritten as

) = 5l ) [ [ W) uw) (0o ~ o) P doey

+ /D u(z)v(x)kp(z)dyde,

where

kp(z) = A(d, —a) / %dy.
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This quantity is called the killing density of the killed process XP.

The second process we will consider is the censored stable-like process on D. It is obtained
by suppressing jumps of the process out of D. Effectively, this is done by restricting the Lévy
kernel of the symmetric stable-like process, v(x,y) = k(z,y)|r—y|~¢"%, to D x D. Therefore,

the Lévy kernel of the censored stable-like process is given by

¢ K2, y)
vi(z,y) = 1DxD($,y)m-

The associated Dirichlet form is

£2(u,0) = Al =) [ () = o) (0(o) = o) L oy

|
DxD
for u,v € C(D), the set of smooth functions of compact support on D. The domain is
given by the closure of C3°(D) in the £'-norm, denoted by F¢ = W&. We will denote
censored stable-like processes by Y;.

The last process is the reflected stable-like process on D. Its Dirichlet form is

D (u,v) = // z,Y) u(y)) (v(z) —v(y)) dudy,

‘513' _ y‘dJra

DxD

and its domain is

FD = u € L*(D,dz) : // |:1:—y|d+y dxdy<oo

DxD

The three processes that take valued in D are related as follows: The killed stable-like
process can be obtained from the censored stable-like process by killing inside D through a
potential. The censored stable-like process is obtained from the reflected stable-like process
by killing it upon leaving D. The censored stable-like process is a proper subprocess of the
reflected stable-like process in the case of 1 < o < 2, whereas both processes are the same if
0 < a<1and D is, for example, a bounded Lipschitz domain [7,27].

Symmetric stable-like processes have been investigated before by several authors. Chen

and Kumagai [19,20] have derived several key properties of reflected stable-like processes on
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a large class of closed d-sets. A set F' C R", n > 2, is a d-set if there is d satisfying 0 < d < n
for which there exists a positive Borel measure p on F' such that there exist 0 < by < by < 00
so that

bir? < w(B(z,r) N F) < byr?, reF,0<r<l1. (1.3)

Important examples of closed d sets are R? and the closure of any x-fat open set.

Theorem 1.5 (Chen & Kumagai, 2003). Let X; be a reflected stable-like process of index
a € (0,2) on a closed d-set F' such that for all v > 0,

w(B(z,7)) < byr?.

Then the process X; is a Feller process, and given T > 0, there exists a constant C; =
Ci(d, a, Ky, K2,b1,be,T) > 1 such that its transition density function p(t,x,y) is continuous

and satisfies that for all (t,z,y) € [0,T] x F x F, we have

If equation (1.3) holds for all > 0, then 7" can taken to be infinite.

Besides the main result, Chen and Kumagai [19] obtain other important results in their
paper. They include an important estimate on the exit times from balls, the parabolic
Harnack inequality, the Lévy systems formula, and Dynkin’s formula. The exit time estimates

are as follows.

Proposition 1.6 (Chen & Kumagai, 2003). Let X; be a reflected stable-like process of index
a € (0,2) on a closed d-set F' such that for all r > 0,

w(B(z,7)) < byrt.

Then, for eachrg >0, A >0, and 0 < B < 1, there exists v = (ro, A, B,d, o, k1, Ko, b1, by) €
(0,1) such that for every r € (0,r],

P, (TB(J;,A,,) < 77‘0‘) < B. (1.4)
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Before we state the parabolic Harnack inequality, we need to introduce some terminology:
Let Z; = (Vo +t, X;) be the space-time process associated to X;. We denote the filtration
generated by Z, by {F,,s > 0}, and the law of the space time process starting from (¢, z) by
P( 4. A non-negative Borel function ¢(t,y) on [0,00) x D is parabolic in a relatively open

set V' C [0,00) x D if for every relatively compact open subset V; C V,

q(t> $) = E(t,m) [Q(Z'rvl )]

for every (t,z) € V. For each Ry > 0, denote by g, the constant in the previous proposition

corresponding to rg = Ry, and A = B = % For t <1 and r < Ry define
Qr,(t,x,7) = [t,t + vr,r"] X B(z, 1)
Proposition 1.7 (Parabolic Harnack Inequality, Chen & Kumagai, 2003). Let X; be a
reflected stable-like process of index av € (0,2) on a closed d-set F' such that for all r > 0,
w(B(z,7)) < byr?.

For every R > 0, 0 < § < Vg, there exists ¢ = C(R, d,d, v, K1, Ke) > 0 such that for every
z€D,0< R<R and every non-negative function q on [0,00) x D that is parabolic and
bounded on [0,3vzR*] x B(z, R),

sup q(t,y) <c inf q(0,y). (1.5)

(t,¥)EQR, (8,2,R/3) y€B(2,R/3)

Next, the Lévy systems formula is valid for these processes.

Proposition 1.8 (Levy System Formula, Chen & Kumagai, 2003). Let X; be a reflected
stable-like process of index o € (0,2) on a closed d-set F' such that for all r > 0,

w(B(z,7)) < byr?.

Suppose f be a non-negative measurable function on [0, 00) x D x D wvanishing on the diagonal

and T be a predictable stopping time of {Fi}i>0. Then for everyt >0 and x € D,

E, | f(s.Y Y| = U/ w(Ys 9)f sz:f’y)dyds. (1.6)

s<T
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Besides these statements which were derived specifically for stable-like processes, the
following theorems is known to be valid for more general processes. Dynkin’s formula is a
fundamental theorem of calculus-type theorem which holds for any Feller process [23, Formula

5.8]. Denote the Feller generator by A.

Theorem 1.9 (Dynkin’s formula). Let X; be a Feller process. For any function f in the
domain of the Feller generator, D(A), and any stopping time T with E,[T] < oo,

B, [/ ()] - /(o) <. | [ " AF(X) w. e

1.4 Domains of interest

In what follows, we will encounter processes which are defined on sets with varying degree
of regularity. Three important types of domains that we will encounter are k-fat domains,

Lipschitz domains, and C'*-domains.

1.4.1 C“-domains

We start with the definition of a global version of a C"*-domain.
Let 3 € (0,1]. An open set D C R is called a special C**-domain if there exists a
C'-function I' : R*! — R satisfying

IVI'(z) - VI(9)] <Al —g°, &, eR
for some A > 0 and such that
D=Dr:={z=(izs) eR :2y>T(2)}.

In other words, a special C'’-domain can represented as the points lying above a given
CHA-function.
A C%$-domain is a local version of the a special C1#-domain. Let 3 € (0,1]. An open

set D C RY is called a CY*-domain if there exists A > 0 and ry > 0 such that for every
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boundary point Q € 9D, there exists a C*#-function I' = I'g : R4"? — R which satisfies

I'(0) = 0, has an essentially bounded gradient, |[V¢||_ < A, and
IVI'(%) - VI(9)] <Al —g°,  &§eR"
as well as an orthogonal coordinate system such that
B(Q.r0) N D = B(Q,r0) N {z = (Z,ya) € R 1 24 > (%)} .

The pair (A, ) is called the characteristic of the set.

For our purposes, the main property of C'*# domains is that given a point on the boundary,
say () € 0D, we can find a parabola-like sets which are rooted at (), tangent to the boundary,
and lie within the domain D (we prove this below). Next, we define these parabola-like sets.
For C' > 1, set

P={x= (i zq) eR": ClZ| <ay<C'}.

Some algebra shows that this regions can be equivalently expressed as
P = {x = (B2 RV C (P = (- ea)?) TV < zey < ofl} .

where e¢; = (0,...,0,1) is the d-th unit vector in R%. This formulation allows us to define

rotated versions of these regions. For any unit vector b we can define
Py = {x = (F,24) € R*: C (|z|* — (z- b)2)(6+1)/2 <z-b< C’l} .

Every shift of such a set, P + 2 for some z € RY, will be called a region of (1+/3)-tangential

approach of size C L.
Lemma 1.10. Let € (0,1]. If0 <v <wu, z > 1, and
c(u® —v?)PH2 <y < 71, (1.7)

then

v > EuBJ’ . (1.8)
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Proof. From the assumption, equation (1.7), we see that
w2 — 2 < B
and therefore
w? < B 2 < 2¢72

Now suppose that the conclusion of the lemma, equation (1.8), does not hold. Then

B\ 2
Cov? > - (C_) 428+

2
28
= u?— uQ%uzﬁ
S o2 _u2ﬁ(2 ~1)28
4
= u*(1-2°7%)
> w
5
. . : . 2\ (B+1)/2
Plugging this into equation (1.7) yields ¢ <“7> < v and thus

v > cuft /2 > PuPt)2.
Therefore equation (1.8) holds. O

With this lemma, we can now show the following:

Lemma 1.11. Let the deimension be d > 2 and 3 € (0,1]. Moreover, let T': R — R be
a CY¥ function uch that D = Dr. Then there exist C = C(j3, IT[l; 5) > 1 such that for every
Q € 0D, the region of B-tangential approach P, + Q satisfies P, + Q C D, where n is the

unit inward normal. Furthermore, we also have that P_, + Q C D°.

Proof. We only prove the first statement since the second one can be proved ina similar
fashion. Without loss of generality, we willassume that () = 0 € 0D. First, note that by the

mean value theorem applied to the function I,

[0(@) — (D) + VI(0) - &)| < [T, ; 127",
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Therefore, it suffices to prove that for any x € D, that is, any z = (Z, z4) satisfying
C(jaf = (z- 1)) < b <0, (1.9)

it follows that
xqg > 1(T) > VF(()) - T+ HFHLB |5c|5+1.

If x satisfies equation (1.9), then

2qg — VI(0) & =2 (-VI(0),1) =/|[VI(Q)2+ 1(x-b) >z -b.

Now Lemma 1.10, applied with v = |z|, v = z - b and a yet to be specified ¢ yields
Gy .o & B+1
Yya = VI(0)-g > [y[”"
: A :
We therefore see that if we choose C' = (2 HFHM> V 1, then we obtain

ya— VL) -5 > (2000, v 1) Iyl

> Tl g 197
L]

Moreover, the two following the two geometric results hold on C*!-domains, see [7, Lemma

6.1, Lemma 6.2].

Lemma 1.12. Let b € R? be such that |b| = 1. Then the region of 2-tangential approach P,
defined above satisfies
B(Rb,R) C P,

where R = (4T, V2)~".
Lemma 1.13. Assume that I' : R — R is a CY function and let D = Dy. Then for

every (Q € 0D,
B(Q+ Rn,R) C D, B(Q — Rn,R) C D°,

where b is the unit inward normal at Q and R = (4||T'[|;; v 2)~".
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1.4.2  k-fat domains

Let x € (0,1]. An open set D C R is k-fat if there exists 7o > 0 such that for all x € D
and all r € (0,rq], there exist A,(x) € D such that

B (A, (x),kr) C DN B(z,r).

We say that pair (k,70) is the characteristic of the s-fat open set. Note that C!*-domains

are examples of x-fat domains.
1.5 Notation

In what follows, we will use some notation which might be unknown to the reader and is

therefore explained in this section. We use f ~ Clg if there exists C' > 1 such that

Cg(z) < f(x) < Cy(a).
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Chapter 2

BOUNDARY HARNACK PRINCIPLE FOR SYMMETRIC
STABLE-LIKE PROCESSES

This section serves three objectives. First, we will derive boundary Harnack principle
for symmetric stable-like processes satisfying additional assumptions for the perturbation
k(x,y). Second, we will derive the scale-invariant boundary Harnack principle under the
same assumptions on k(z,y). Finally, we will use the boundary Harnack principle as a main

tool to derive Dirichlet heat kernel estimates for the killed symmetric stable-like process.

2.1 Boundary Harnack Principle

In this section we will prove the following theorem:

Theorem 2.1. Let X; be a symmetric stable-like process of index o in R? and assume
k(x,y) is a measurable symmetric function with 0 < k1 < k(z,y) < Ko < 00. Suppose that

additionally, one of the following conditions holds:

(1) 0 < a < 1, and k(x,y) is continuous.

(2) 1 < a <2, and k(z,y) is continuous and for a.e. x € RY,
|r(, 2) = 52, y)| Lja—yl<ry < Me(x) |2 —y[".

where v > o — 1 and M, € L} (RY).

loc

Then X, satisfies the boundary Harnack principle: If Q € 0D and r € (0,7¢), then for any
nonnegative functions u,v which are not identically 0, reqular harmonic in DN B(Q,r), and
vanish continuously on 0D N B(Q, 1), there exists C; = Cy(d, v, K1, ko, Q,7,10) > 0 such that

a(e) . uly)
o@) = gy

z,y € B(Q,r)ND.
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We will establish the boundary Harnack principle for stable-like processes by showing
that assumptions A-D in Theorem 1.4 are satisfied. Indeed, assumptions A, C, and D can
be verified whenever the state space F' is sufficiently nice without additional assumptions on
K(z,y).

Regarding assumption A, Chen and Kumagai [19] establish that the stable-like process
on d-sets (including R?) as well as the closure G of a Lipschitz open G set can be refined
to a Feller process. From here on we use F' to denote F' = R? in the case of the symmetric

stable-like process on R% or F' = G in the case of a reflected process on G.

Proposition 2.2. Let X; be the symmetric stable-like process or the reflected stable-like
process on the closure of a Lipschitz open set of index o € (0,2). Then the transition

semigroup of X, is both Feller and strong Feller, and the process satisfies Hunt’s hypothesis.

Proof. This is essentially established in [19]. The strong Feller property can be obtained

from the dominated convergence theorem. O]

Regarding Assumption C, it is straightforward to check the asserted relative constancy

of the Lévy kernel.

Proposition 2.3. Let X; be the symmetric stable-like process or the reflected stable-like
process on the closure of a Lipschitz open set of index o € (0,2). Then its Lévy kernel has

a symmetric density,

K(z,y)
v(z,y) = m-

Moreover, for any zo € F, 0 <r < R< Ry, x € B(xo,r) and y € F \ B(zo, R),

K1 7 dto K9 1 dta
—(1- _> ) < ) < — ) .
(- f) e <vte <2 (25) i)

Proof. The structure of the Lévy kernel follows from Dirichlet form theory, see for example
[12]. Tts symmetry is inherited from the symmetry of k(z,y). To prove the remaining
assertion, note that for zy € R%, € B(xo,r), and y € B(zo, )¢,

1 > <|y—x0|—|xo—x|)d+a 1

|zo — yldt+e 20 — ¥ |z — y|d+e
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r\ d+a 1
SRS L N
R |z — yl|ite

Therefore, we obtain

v(z,y) = A(n,—a)M

|z — yl|d+e

Ko r\ ~(d+e)  k(xg,y)
< B, oy (12 T) o)
R ( ) R 2o — y|tte

d+o
- K9 1
= (1 — }%) v(zo,y).
Similarly,
1 <1 n r )d—‘roc 1
|0 —y|*re R/ o=yl

implies that

Proposition 2.4. Let X; be the symmetric stable-like process or the reflected stable-like
process on the closure of a Lipschitz open set of index o € (0,2). Then If 1o € R, 0 <r <
p < R < Ry, then the Green’s function for the ball B(xy,r) satisfies

sup sup G B(ag,r) (7, y) < 00.
z€B(zo,r) ye\B(zo,p)¢

Proof. Bogdan, Kumagai, and Kwagsnicki [10, Proposition 5.3] show that assumption D can
be verified whenever the following heat kernel estimate holds: For some o« > 0 and ry > 0,

there exists ¢ such that

A —t N <ptmy <efttia—"
z — y|d+a SPT,Y) S 7 — yldto

for x,y € F with |z — y| < 19, and any ¢ € (0,r§). As mentioned before, this has been
established by Chen and Kumagai [19], see Theorem 1.5. O
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It remains to verify assumption B. We will start by investigating the L2-generator of the
process X; which is associated with its Dirichlet form (see equation (1.3)) and given by

AL u(x) = lim A(d, —a) /{ o ) ) |(9”—y) dy

e—0+ xr — yldta

If F = RY, we denote this operator by
A= ALY

We proceed to show that for certain nice classes of functions, A%’Hu exists and is in the
domain of both the L? and Feller generators. We will denote the domain of the Feller
generator of the symmetric stable-like process by D (A), and the domain of the L?-generator
by D(A%’H). As mentioned above, the conditions that we need to impose on k(z,y) depend
on whether 0 < a <1 or 1 < a < 2, that is why we treat both cases separately.

A function wu is uniformly n-Hoélder continuous on F if

ju(z) = u(y)|

[ullen := sup T o S %0
(z,y)eF X F|lz—y|<1 |55 - y|

Lemma 2.5. Let X; be the symmetric stable-like process or the reflected stable-like process

on the closure of a Lipschitz open set of index oo € (0,1). Forn > a and u € C"(F),

. Sk 2k
lim A2 u=A"u
e—0t €

locally uniformly in F. In particular, A?nu(aj) exists for every x € F.

2. If, furthermore, u € L*(F'), then A%’Hu is uniformly bounded on F,

A u(0)| < raAd, —a)y (L2 4 o100

nN—a o

Proof. 1. Assume that v € C"(F). Let z € FFand 0 < § < e < 1. Then,
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K(z,y)
- A(d’ —Oé) / (U(SL‘) — u(y)) — g/ dy
{yEF:e>|z—y|>6} |;p _ y|d+a
1
< roA(d, —a)|ullen / p—_— Ny
{yeF:e>|x—y|>d0} ’gj — y’dJra

1
< Ko A(d, —Oz)||u||cn/

dto—
{yeR4:e>|y|>6} |y| e

The last integral can be computed using polar coordinates which yields

9

sup Ag’;u(x) —Ag’;u(x)‘ < /ﬁzdwdA;d;—aa)HuHCn (e

n—a _ s8—a
zeF )

where wy is the volume of the unit ball in R%. Since n > a, the right hand side
converges to zero as 0,& — 07. We conclude that A?;u(x) is uniformly Cauchy and

therefore converges uniformly to A2 u(z).

2. Now assume additionally that w € L>(F"). Then
Kz, y) ‘
u(xr) —u —d
/FnB(m,l)( (@) ) |z — yl|ite Y
Kz, y) D
u(r) —u(y)) ——=——dy
‘Am@m(() ()Mx—mﬁa

1
A(d, —a) (@nunc [
nB@D |z — y|dte

1
2K9||u Loo/ —dy)
Il Bz [T =yl

= ko A(d, —a)dwy (Hu”m + QHUHLM) .

‘A?{u(az)‘ < .A(d,—a)(

+

IN

]

To show that a suitable subclass of these functions is in the domain of the L? generator

is relatively straightforward in the case D = R<.

Lemma 2.6. Let X; be the symmetric stable-like process of index o € (0,1). If n > «, then
the set of square-integrable, n-Holder continuous functions is a subset of the L*-generator of
the Dirichlet form,

C'RYNL*RY CD(A).
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Proof. Let u € C°(R4). Since C>°(RY) is dense in F in the &-norm, it suffices to show that
for all v € C*(RY),

E(u,v) = — (A3 u,v)

to conclude that u is in the domain of the L2?-generator. A straightforward computation

shows that

—u(r +y)
= hm/ / k(z,x +y) dyv(z) da.
=07 SRt Sy lyl><) |y|d+“

Since v is compactly supported, there exists a ball B such that v vanishes outside of B, and

it suffices to take the outer integral over B. Since v is bounded, we only need to show that

u(r) —u(r —y)
—r(z, 2 —y)dy
/{y ly|>e} |y|d+

is bounded by a constant independent of € and apply the bounded convergence theorem.

Now,

’/{y - @ﬁg —W o,z —y) dy' (2.1)
/B(OJ) . ,_y‘ﬁf D,z —y) dy‘
/B(o e =) ‘_yﬁg S — dy‘

1
< rollullen / 1y
B, |ylTren

1
W dy (22)

+2/€2HU,HLO<>/
B(0,1)¢ |Y

Both integrals can be computed using polar coordinates, whence

_|_

‘/ —z; x — y)/i(x,a: ) dy‘ < dwakz||ul|en N Qd(,{)deQHUHLoo.
|y| e n—a« o

Recall that any square-integrable, uniformly continuous function is vanishing at infinity, and

therefore bounded. 0

Proposition 2.7. Let X, be a Feller process which acts on L? as a strongly continuous

contraction semigroup. Let L denote the L? generator and A the Feller generator. If f is in
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the domain of the L*-generator and Lf € Co(R%), then f is also in the domain of the Feller
generator and Af = Lf.

Proof. Let f € D(L). Then by Dynkin’s formula for functions in the L?-generator,

E.[f(Xy)] — f(2) _ l/otEx [Lf(X,)] ds = l/otpsf,f(x) ds.

t t t

Since X; is a Feller process, p; is a strongly continuous semigroup acting on Co(R4). In
particular, for any f € Co(R%), p;f — f uniformly as ¢ — 0F. By assumption, Lf €
Co(RY), so pLf(x) — Lf(z) uniformly. This clearly implies that the time average converges

uniformly to the same limit, so for the Feller generator A of X; we obtain that

o B [f(X)] - flx) 1T _
Af(e) = lim : = lim ~ i psLf(x)ds = Lf ()
converges uniformly, and hence f € D(A) and Af = Lf. O

Lemma 2.8. Let X; be the symmetric stable-like process of index o € (0,1). Furthermore,
assume that k(z,y) is continuous. If u is bounded and Hélder continuous with Hélder expo-

[e3 . .
nent n > «, then A2y is continuous.

Proof. Let x, — x. Then

A?’Ku(xn) = A(d, —a) /|> (w(zn) — uly + x,)) % dy.

The integrand converges pointwise to (u(z) — u(y + x)) ”f;ﬂf’ as n — oo since both x and

u are continuous. Now,

Ljyi>e} (wl(@n) = uly +2n)) w

1
< 2"62’|U||L°°1{|yl>e}|y|m

Ty — y’d—&—a

which is integrable. Therefore, the dominated convergence theorem implies that
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that is, continuity of A2""u. Since by Lemma 2.5, this quantity converges uniformly to A%y
as ¢ — 01, we can conclude that A2y is continuous, being the uniform limit of continuous

functions. O

Lemma 2.9. Let X, be the symmetric stable-like process of index oo € (0,1). Ifu € D(AZ*)
is compactly supported, then A" vanishes at infinity. Indeed, there exists M = M (u) >0
and C = C(d, a, ka) such that

IAZ"y(x)| < C

[ull
[z|dre || > M

Proof. Let u € D(A%") be compactly supported. Its support is contained in B(0, R/2) for

some R > 0. Then for |z| > R,

o 1
Az u(x SfiAd,—oz/ u(y)| —————dy
| ()] < w2 A(d, —a) mwa()HI—M”“
Since |y| < R/2 and |z| > R
vi= 22 "2 27 2

and therefore
_ 24y A(d, —0) [l
|z|d+e :

]

Corollary 2.10. Let X; be a stable-like process with index 0 < a < 1 and assume r(x,y)
is continuous. Then for any n > «a, the n-Holder continuous, square-integrable functions are

in the Feller generator of the process.
Proof. This follows from Lemmata 2.6, 2.8, and 2.9, as well as Proposition 2.7. O]
We may therefore prove the theorem in case (1).

Proof of Theorem 2.1, case (1). We have shown previously that assumptions A, C, and D
are satisfied. By the preceding corollary, the class of smooth functions of compact support is
a subset of the Feller generator, a class of functions which satisfies assumption B. Therefore,

we can apply Bogdan, Kumagai, and Kwasnickis’ result [10]. O
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Next, we treat the case where 1 < a < 2. If we strengthen the requirements on the

regularity of x(x,y), we can still establish the boundary Harnack principle in the same way.

Lemma 2.11. Let X; be the symmetric stable-like process or the reflected stable-like process
on the closure of a Lipschitz open set of index o € [1,2). Furthermore, assume that for some

v > a — 1, the function k(z,y) satisfies
k(z, ) — £(2, )| Lijomyl<ty < My(z) ]z —y|", z,y € R%

Letn > o — 1. If u s differentiable with n-Hélder continuous and bounded gradient, then

A%*u(z) eists for every x for which M(z) < oco.
Proof. Let 1 > ¢ > 9 > 0. Then

‘A?“u(x) — A2 Ku(x)‘

= Ao [ ) ) 0y
< o) (| [t - S
1
enea)| [l =) e )
= I+1I (2.3)

For the left integral, we use the Hélder type condition for x(z,y), and the fact that we
assumed u to be n-Holder continuous,

[ o,

I < M(z)
Sla—y|>s |T — YAt

1
y|d+a—1—fy

< M@)|Vuli [ dy

e>|z—y|>0 |.I‘ -
6d+a*’7 _ 5d+a7'y

= M, (2)||Vul||pedwy pp—

For the right integral in equation (2.3), we use the mean value theorem which asserts that

there exists £ € (z,y) such that u(z) — u(y) = Vu(§) - (r — y) and the Holder continuity of
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the gradient,

_ (u(z) —u(y)) — Vu(z) - (x — y)
= /eZm—y|>6 ‘l’ - y‘dJra dy’
_ / (Vu(§) — Vu(z)) - (z —y) dy’

e>|z—y|>8 |I - y|d+a

1
< [l [ ay
e e>|x—y|>d |‘T - y|d+ailin

EdJrafn _ 5d+a777

d+a—n

= [Vullgy dwa

We conclude that

K

‘A?’ u(x) — A?’Hu(l‘)

d+a—y __ 5d+a—y d+a—n __ 5d+a—n
3 3
< dwy (M,i(x)HVuHLoo > ,

\Y
d+a—7vy TVl k2 d+a—n

which converges to zero as 0, — 07 since we have assumed that M, (z) < oc. [

Lemma 2.12. Let X; be the symmetric stable-like process or the reflected stable-like process
on the closure of a Lipschitz open set of index o € [1,2). Furthermore, assume that for some

v > a—1, and some M, € L} _(R?), we have
|Ii(l‘7l’) - H(ZE, y)| 1{\x—y|<1} < MH(ZL') |ZE - y|77 x,y € R

Let n > a — 1. Then the set of differentiable, square-integrable functions whose gradient is

n-Holder continuous and bounded is a subset of the generator of the Dirichlet form,
C"(RY N LARY) C D (AFR).

Proof. Let u be a differentiable function whose gradient is f-Holder continuous and bounded.

Similarly to Proposition 2.6, it suffices to show that for all v € C>*(RY),

uz) —uly) ol
/ T — g (2,y) dyv(z)

z—y|>e ’3: -

(2.4)

is dominated by a function which is integrable on the support of v, denoted by D, and apply

the dominated convergence theorem. Now,

‘Ay% %“(“’3 y) dyv(z)

|z
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u(@) —uly)
/12|x—y>e [y|d+e (z,9) dyv(z)

/| ) = @) ) dyo(a)

r—y|>1 |I - y|d+a

_|_

The second integral can be handled exactly as in Proposition 2.6,

/ ulo) = uly) Ziy)ﬁ(x,y) dy' < 2dwari||ull <
le—y|>1 |ZL’—y| « «

For the first integral, we repeat the computations from Proposition 2.11 which yield

/ ulw) = uly) oy dy’ < it (w

Sa—yl>e 1T = Y|T - T-a+l
20 () e
n—a+1 '

Since M, (x) locally is integrable, this shows that the function in equation (2.4) is dominated

by a function which is integrable on D. O
The respective versions of Lemma 2.8 and Theorem 2.1 can now be proven as before.

Lemma 2.13. Let X; be the symmetric stable-like process or the reflected stable-like process
on the closure of a Lipschitz open set of index o € [1,2). Furthermore, assume that for some

v > a—1, and some M, € L*(RY), we have
k(z, ) — k(2 y)| Ljomy<ty < My(z) ]z —y|", z,y € R

If u is bounded, square-integrable, and has a Holder continuous gradient with Holder exponent

n>a—1, then A2 *u is continuous.
Proof. This follows from Lemmata 2.9 to 2.12 and Proposition 2.7. O
This, finally, yields the boundary Harnack principle just as before.

Proof of Theorem 2.1, case (2). We have shown previously that assumptions A, C, and D
are satisfied. By the preceding corollary, the class of smooth functions of compact support is
a subset of the Feller generator, a class of functions which satisfies assumption B. Therefore,

we can apply Bogdan, Kumagai, and Kwasnickis’ result [10]. ]
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2.2 Scale-invariant Boundary Harnack Principle

Aside from their main result, Bogdan, Kumagai, and Kwasnicki [10] also provide sufficient
conditions for a process to satisfy the scale-invariant version of the boundary Harnack in-

quality.

Theorem 2.14. Let X, be a symmetric stable-like process of index o in R? and assume
k(x,y) is a measurable function with 0 < k1 < k(z,y) < kg < 00. Suppose that additionally,

one of the following conditions holds:

(1) The index satisfies 0 < o < 1, and k(x,y) is a continuous.

(2) The indez satisfies 1 < a < 2, and k(x,y) is such that
k(z,2) — k(z, 2 + y)| Ly<1y < Mao(2) |y|”, z,y € R

where v > a — 1 and M, € L _(RY).

loc

Then X, satisfies the scale-invariant boundary Harnack principle: Let xo € R? and 0 <
r < R < oco. Let D C B(xg, R) be any open set. Suppose f and g are functions which are
nonnegative, reqular harmonic with respect to Xy, and vanish in B(xg, R) \ D. Then there

exist Cy = C1(d, o, K1, Ko, xg,7/R) > 0 such that

f(@)gy) < Cif(y)g(w), z,y € B(xo,7).

Not that the only difference to the ordinary boundary Harnack principle is that the con-
stant C7 may no longer depend on r and R independently, but only through their ratio r/R.
Bogdan, Kumagai, and Kwasnicki [10] show that there are several additional assumptions

needed which they refer to as stable-like scaling.

Definition 2.1. A symmetric Hunt process X; on R? is said to have stable-like scaling if

the following conditions are satisfied:
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(a) The Lévy measure of the process v(x, y) satisfies that for every zo € R%, 0 < r < R < o0,
x € B(wg,r) and y € R\ B(zo, R).

¢ (o, y) < viz,y) < cv(wo,y)

with
c=c(zg,m,R) < C <%,x0> .

(b) For zp e R¥and 0 < r < R < o0,

inf  v(zg,y) >C <£,x0> R4,
yEA(zo,r,R) R

(c) For 0 <r < oo and 79 € RY,

sup E, [TB(Iojr)} < Cre.
z€B(zo,r)

(d) Forzg e R%, 0<r <p< R < oo,

r p —
sup sup GB(J?O,T) ('Ta y) < C <E7 E) R d~

z€B(zo,r) yeRA\ B(z0,p)

e) If 0 <r < R < oo and 7y € R% then
(e)

,
< — @,
5<B(:v0,r),B(xo,R)> < C<R> R
when 0 <r < R<ooand 2o € R%:if 0 <r <p < R <7 and 2y € R then

_— _ r p R\ _
(5(/135, ,R,Ax,r,r><C —, =, — | R~
o 0, A1) <€ (5.7 )
Naturally, one it is interested in a more stringent criterion than stable-like scaling. The
authors provide several criteria that imply some of the conditions. For our purpose, the

following version of their results is most useful:
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Proposition 2.15. Suppose that X, is a stochastic process satisfying assumptions A to D.
If its Lévy kernel satisfies

¢ Ha —y|" eyl < p(z,y) < clr — y| el (2.5)

for some ¢ > 0 and all z,y € R%, and condition (e) of stable-like scaling is satisfied, then

the process X; satisfies the scale-invariant version of BHP.

Proof. In [10, Proposition 5.2], they show that the condition on the Lévy kernel implies
properties (a) to (c) directly. Moreover, [20, Theorem 1.2] show that it implies the following
heat kernel estimate: There exists ¢; = ¢;(d, a, ¢), such that for all (¢, z,y) € (0, 00) x R¢x R4,

(A —t N <@y <a (i —1
' [z —yjare ) = PAOI =G |z —yldte )

This, however, implies condition (d) as is shown in [10, Proposition 5.3]. O]

It is now easy to check that scale-invariant BHP holds for stable-like processes satisfying

the conditions detailed in the previous section.

Proof of Theorem 2.14. Since we assume that k1 < k(x,y) < ko, the Lévy kernel of a stable-

like process,

v(z,y) = A(d, —a)M

|z =yl
clearly satisfies equation (2.5). To use the previous proposition, it remains to show the
validity of condition (e). A refinement of the estimate given in equation (2.2) where the
region is split up according to the B(0, R) and its complement yields

dwd

[ T < sVl
y:lx—y|>¢e

dw
+ 2ﬁ2||u||Lw—dR_

On the one hand, we can choose v to be radial with

1 lz| <r
ole)={ EE el <R

0 |x| > R
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Then u(z) = v(x — ) is a Urysohn bump function for B(x,r) and B(zg, R) with

1
R—1r

[ulle =1, [[Vulloe =

We conclude that

1 R 2
Q(B<IO7T)7 B(Io, R)) S Cded ( + —> Ria.

l—-aR—-7r «

Note that % = ﬁ which is a function of %.

On the other hand, we can choose v to be radial with

(

0 lz| <7r

LLr < o] <p
v(lz) =4 1  p<lz[<R .

T R<al <7

0 x| > 7

Then u(x) = v(x — x¢) is a Urysohn bump function for A(xg,p, R) and A(xg,r,7) with

1 1
o =1 Vil =—=V .
ulim =1 [Vl = 7= v o=

We conclude that

——— ~ 1 R R 2\
0 <A(x07p7 R)aA(-rOaT?r)) < Rgdwd (1 N (f - v . r) + a) R,

Note that the functions v and v are Lipschitz-functions with bounded gradient and therefore
in the generator of stable-like processes with index 0 < o < 1, so this establishes condition
(e) in that case. If 1 < o < 2, we can mollify the functions v and v to obtain smooth
functions of compact support which satisfy similar estimates and are in the generator of the

stable-like process which establishes condition (e) in the remaining case. O

2.3 Dirichlet Heat Kernel Estimates on k-fat Domains

Given a symmetric stable-like process X; and an open set D, we have defined the killed

process upon leaving D, denoted by X7? in section 1.3. Recall that we adjoin a cemetery
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state 0 and set

XtD: Xt t<TD ‘
0 tzTD

Denote by pp(t,x,y) the transition density function of the killed symmetric stable process.
In this section, we will derive heat kernel estimates for this density, so called Dirichlet heat
kernel estimates, in terms of the survival probability P, (7p > ¢). Our main tool in this
endeavor will be the boundary Harnack principle derived in the previous section, Theorem

2.14.

Theorem 2.16. Let XP be a killed stable-like process of index o € (0,2) on a k-fat domain
D and assume k(x,y) is a measurable function with 0 < k1 < k(z,y) < Ke < 00. Suppose

that additionally, one of the following conditions holds:

(1) The index satisfies 0 < a < 1, and k(x,y) is a continuous.

(2) The index satisfies 1 < o < 2, and k(x,y) is such that
|/£($C,CL’) - KJ(QZ, y)’ 1{\as—y|<1} < MH('T) |23 - y|77 T,y € Rd'

where v > o — 1 and M, € L} (RY).

loc

Fiz T > 0. Then there is Cy = Co(d, o, K1, ko, Cw, k&, R, T) > 0 such that for all t € (0,T] X
D xD,

C5'P (7p > )Py (7p > 1) (175 A s )

S pD(t7x7y) S CZPQY (TD > t) Py (TD > t) ( _g A W) )
where pp(t,x,y) is the transition density function of the killed stable-like process X[ .

For the proof of this theorem, we follow the approach of [16, Theorem 1.3].
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2.3.1 Preliminary results

Before we start with the core estimates of the transition density function, we will obtain

some auxilliary results that we will need throughout the proof of the main theorem.

Lemma 2.17. Fiz ry < oco. Then there exists C; = Cy(d, a, k1, ka2, 70) > 1 such that for all
r € (0,7r0] and x € RY,
Cl_lTa <E, [TB(%T)} < Cir®.

Proof. By Proposition 1.6, there is ¢ = e(d, «, k1, k2,79) < 1 such that for all r € (0, 7] and
r € RY,

Pm (TB(ac,r) > 8710() >

l\JI»—

Then Markov’s inequality impies that
€
E, [TBy] = cr®P, (T > er®) > §Ta'

For the reverse inequality, the Lévy system formula, Proposition 1.8, and the doubling prop-

erty imply that

1 > P, (X, € Bl 2r)0)

TB(z,r) Say)
= dyd
|:/ /er |X |d+a Y S:|

- |:/TB(JC r)/ 1 dud :|
C1ly ————— dyds
0 B(z,3r)\B(z,2r) ‘XS - y’d+a

Cgm (B(z,3r)\ B(z, 27’))Ex [TB(CC r)}

v

v

= c3r °E, [TB(,;,T)} .

where ¢, co, and c3 depend only on d, o, and k. Thus the claim follows with C} =
LV (g/2). n
Lemma 2.18. Let a and ¢ be positive constants. There exists Cy = Co(d, @, K1, K2, a,7¢) > 0

such that for all z € R and r € (0, 1],

inf P ery > art/?) > Cy.
it Py (o > ar'l®) 2 G,
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Proof. By Proposition 1.6, there exists € = £(d, a, K1, ka2, 79) < 1 such that for all r € (0, 7],

we have that P, (TB(W) > 67"") > 1/2. Hence, the doubling property implies

N | —

inf Py (Tagrz > er) 2

This proves the Lemma for a < e. For a > ¢, apply the parabolic Harnack inequal-
ity, Proposition 1.7. After at most 2 4+ [a/e] applications, we see that there exists ¢; =

c1(d, o, Ky, Ka,a,19) > 0 such that for all w,y € B(x,r/2),
CiPB(x,r/2) (6Ta7 z, U}) S PB(z,r) (araa Y, ’LU)
We conclude that for every y € B(z,7/2),

P, (TB(W) > ar"‘) = / DBz (ar®,y, w) dw
B(z,r)

v

/ PB(z,r) (arav Y, ’UJ) dw
B(z,r/2)

Y]

C1 / PB(z,r) (57,047 Y, w) dw
B(z,r/2)

= P, (TB(ZJ‘/Q) > ETQ)
2
5"

v

This proves the lemma with Cy = ¢ /2. ]

2.3.2  Upper bound estimate

In what follows, we will assume that D is a fixed k-fat open set with characteristics (R, k).
Recall that given 2 € D and r € (0, Ry], we can find A,(xr) € D such that A,(z),kr) C
D N B(z,r). We can then define

U(z,t) == DN Bz, |x — A.(z)| + kr/3), V(z,t):= DN B(x,|x — A.(z)] + kr).
Finally we can pick A/ (z) € D which satisfies

B(A,(x),kr/3) C B(Aq(x),kr)\ Ul(z,t).
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Finally, note that B(A,(x),xr/3) C U(x,t) and B(A.(z),kr/3) C V(z,t) \ U(x,t). For the
following section, given (t,z) € (0,7] x D, we fix r = r(t) = Ry(t/T)"/* < Ry.
Our base tool to derive the upper bound is the following lemma which holds for general

symmetric Hunt processes.

Lemma 2.19. Let Z, be a symmetric Hunt process, and let U;,Us C E C R? all be open
with dist(Uy,Us) > 0. Set Uy = E\ (U UUs). If x € Uy and y € Us, then for all t > 0,

pe(t,zy) < Py (Zy €Us) sup pp(s,z,y)+ (EAE[10,]) sup  J(u, 2).

s<t,zeUsz uelUy,z€U3

Proof. See [17, Lemma 3.1]. O

The next lemma establishes the relationship between certain quantities involving the exit

times from the sets D, U(z,t), and V(x,t).
Lemma 2.20. Fiz T > 0 and M > 1. Then for any (t,x) € (0,T] x D,

P, (TD > t/M) = P, (TV(z,t) > Mt) =P, (TV(a:,t) > t/M) =P, (TD > Mt)

-~ P, (X

TU (z,t)

€ D) = t_lEx [TU(:v,t)] .

Each two of those quantities can be bounded it terms of each other by a constant C3 =

03(d7a7 K1, K2, M7 Ta R17 H) 2 1.

Proof. We follow the proof in [16, Lemma 4.1]. We may assume without loss of generality
that 7o < 1. Fix (t,x) € (0,7] x D and recall the definitions of r, U(x,t), and V(X,t) at
the beginning of this section.

First, note that
Px (TV(x,t) > Mt) < Px (TV(m,t) > t/M) /\Px (TD > Mt) < Px (TD > t/M) . (26)

Next, the Lévy system formula, Proposition 1.8, implies

Ut E(Xsy)
P (X € BAG@wr/e) = B [T g
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= T‘dT_d_aEz [TU(x,t)}

= t_lEz [TU(J:,t):| . (27)

The last inequality follows since r = Ry (t/T)'/®. The remainder we split up into two cases.
Case 1. Assume that |z — A, (x)| < kr/2. Then B(z,xr/3) C U(z,t) C V(z,t). Along
with Lemma 2.18, this implies that there exists ¢; = ¢1(d, v, k1, k2, M, T, k) > 0 such that

1>P,(tp>t/M)>P,(tp > Mt)>P,(rp > Mt) > ¢.

Since P, (Tv(x’t) > t/M ) > P, (Tv(m) > M t), running the same argument establishes that
and establishes that

P,.(rp>t/M)=<P, (TV(M) > Mt) =P, (Tv(x,t) > t/M) =P, (tp > Mt) < 1.

The assumption |z — A, (z)| < xr/2 also implies that B(x,xr/3) C U(z,t) C B(z,r), hence
Lemma 2.17 and the fact that » = R,(t/T)"* implies that

1 [RT\@ N
et = Cy! (g) <E, [TB@nr3)] < Eu [T0@n] < Ex [TB@n] < Cir® = et

where ¢y and c3 depend only on d, a, k1, ko, Ry, T, and k. Using the previous equations as

well as (2.7), we can deduce that

)€D>2Px<X

TU (z,t)

€ B(A(x), kr/6) > > cat 'E; [T ] > 2

TU (z,t

1>P, (X
for some ¢y = c4(d, o, K1, k2, M, T, k) > 0. which establishes the remainder of the lemma,
<XTU(z,t) € D> = E,; [TB(%T)] =1,

in the present case.
Case 2. Now we will assume that |z — A, (z)| > kr/2. Note that

P, (rp > t/M) < P, (ty(ay > t/M) + P, (X

TU (z,t)

€ D) . (2.8)
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By the boundary Harnack inequality, Theorem 2.14, there exists c5 = c5(d, a, k1, ko, K, R1) >

1 such that

P, (X%t> € B(A(z), m/ﬁ))

P @) (XTU@,” € B(AL(x), wr/ 6))
P, (Xo.., € B(A(x), 51/6))

Potco) (Xraa o € BIAL@),k7/6))

If (w,y) € B(A,(x),kr/3) x B(Al(x),kr/6), then |y —w| < 2kr, and thus the Lévy systems

Pe (XTU@c,t) < D) < 6P (XTUW’ < D)

IN

(2.9)

Cs

formula, Proposition 1.8, and Lemma 2.17 yield

P4, (@) (XTB(AT(I),Hr/a) € B(A;<x)> m"/6)>

TB(Ar(z),xr/3) K X87 y
= Eug @ { / / —X( dla dyds}
0 B(Al(x),kr/6) | s y|

> CGT'dT_d_aEAT (z) [TB(A’I‘ (;r:),n?”/3)j|

— g ® (%)a — ¢ (2.10)

where ¢g and c¢; depend only on d, «, K1, ka2, kK, and R;. Combining equations (2.9) and
(2.10) show that
P, <X

TU (x,t

| €D) < eserP, (X

TU (z,t)

€ B(A(2), m“/6)) . (2.11)

By Markov’s inequality, P, (1y(u) > t/M) >t E, [y (21, and therefore by equations (2.8),
(2.7), and (2.9)

P, (mp >t/M)

IN

P, (0 > t/M) + Py (Xr,,, € D)
t'E, [TU(W)] + csc7 Py (XTU(W) € B(Al(z), /<n“/6)>

< t'E, [TU(;r,t)} :

IN

for some cg = cs(d, v, Ky, ko, Ry, Tk, M) > 1.

Next, the strong Markov property implies that

P, (X

TU (x,t)

€ B(A.(z), /<n“/6)>
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IA

k7 /6) > Mt> ' X

TU (x,t)

E, [PXTUW) (TB(XTU(M € B(A(x), /17"/6)]
+E, [PXTUW) (TB(XTUW) k1 )6) < Mt) s Xran € B(A,(z), /‘”"/6)}
E, [PXTU(M) | € B(AL(z), /{7“/6)}

+Po (T0,mr/6) < Mt) P, (X € B(A (z), mr/ﬁ))

TU (z,t)

e B(A (2), /<;7’/6)>

VAN

(TV(:c,t) > Mt) ;X

TU (x,t

TU (z,t)

+ (1 - PO (TB(O,nr/6) > Mt)) P:c (XTU(QM) € B(A;(Z’), HT/6)>
Pm (TV(x,t) > Mt)

+ (1 - P() (TB(O,HT‘/G) > Mt)) Pz <XTU(x,t) S B(A;((L’), IiT‘/6)> .

= P, <7'V(x,t) > Mt, X

IA

Rearranging this inequality yields
Py (T5(0,0/6) > Mt) P, (XTUW) € B(A (x), m/ﬁ)) <P, (tyn > Mt). (2.12)

Note that Py (TB(OM/@ > Mt) > ¢g for some cg = co(d, a, Ky, ko, T, Ry, M) > 1 by Lemma

2.18 and the doubling property. Using this along with equations (2.8) and (2.12), we get
t*IEw [TU(aj,t)] S C10Px (XTU(z,t) € B(A;(.’E), /17”/6)) S Cllpx (TV(z,t) > Mt) s

where the constants c¢19 and ¢;; may depend on d, a, k1, ko, T', Ry, k, and M. In combination

with the previous equation and (2.6) this completes the proof in case 2. ]

We are finally set to give the proof of the upper bound for the transition density function

of the killed process.

Proof of upper bound in Theorem 2.16. By Lemma 2.20 and the the semigroup property, we
only need to establish the claim for 7' < 1. Fix ¢t € (0,7]. We will prove the result in two
cases. Recall tha we defined r = R, (t/T)"/°.

Case 1. Assume that |z — y| < 8r. The heat kernel estimate for the symmetric stable

process, Theorem 1.5, implies that

Y < p(t)2,x,y) < et~V (2.13)
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where ¢; = ¢1(d, o, k1, k2, T) > 1. Therefore, the semigroup property, the doubling property,
Lemma 2.20, and equation (2.13) imply that

pot/2,2,y) = /D pp(t/A, 7, 2)pp(t/4, 2, y) dz

sup p(t/2, 2, y)P, (1p > t/4)
zeR4

Cgtid/an (TD > t)

IN

IN

< cep(t/2,z,y)P, (Tp > t).

Case 2. Now we will assume |z — y| > 8r. With reference to the setup for thie section,

we set Dy :=U(x,t), D3 :={2€ D :|z—z| > |z —y|/2}, and
Dy :=D\ (D1UDs)={z€ D\Ul(x,t): |z —z| > |z —y|/2}.

Next, using the heat kernel estimates for the uncensored process, Theorem 1.5,

sup  p(s,z,y) < ¢ sup (sd/“ A %Jm)
s<t/2,2€ D s<t/2,|z—y|>|z—yl/2 |z =y
s
< ¢ sup (sd/"‘ A )
5<t/2,|z—y|>|o—yl/2 (lz = yl/2)d+e
< ¢ sup p(s,2/2,y/2). (2.14)
s<t/2

We now extend the definition of p(t,x,y) be setting p(t,z,y) = 0 for ant t < 0. Then the
function (s, w) — p(s,w/2,y/2) is parabolic in (—oo,T| x B(x,2r). The parabolic Harnack
inequality, Proposition 1.7, then implies there exists a constant c¢3 = c3(d, v, k1, ko) > 1 such
that for every ¢ € (0,7,

Su? p(S, 2/27 y/2) S C3p(t/27 2/27 y/2)
s<t/2

This equation and a similar computation as in equation (2.14) yields

sup  p(s,z,y) < cf sup p(s, 2/2,y/2) < ciesp(t/2,2/2,y/2) < cseip(t/2, z/4,y/4).
s<t/2,z€ Dy s<t/2
(2.15)
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Next, if u € Dy, then |z — u| < |z — A.(z)| + rr/3. If, additionally, z € Ds, then
lu—2z > lz—x|—|x—u|>|z—2|— |z — A (x)] — kr/3

> Je—al—r> oz > eyl
Z2—=x| =1 Z|lv—2 = —|r -y
=5 =7 Y

The heat kernel estimates for the uncensored process, Theorem 1.5, then implies that

; J(u, 2) ; K(u, 2) < ot 1
sup u,z) = sup ———— <k sup ———
u€D1,2€D3 u€D1,2€D3 |u - Z|d+a ’ lu—z|>|z—yl|/4 ’u - Z|d+a
< — < t/2,x/4,z/4).

Now, equation (2.15) as well as Lemma 2.20, Lemma 2.19, and Markov’s inequality show
that

PD(t/Q,UU,y) < P:): (Y;'Dl € D2) sup pD(Saz7y)
$<t/2,2€ D2

+(t/2NE;[tp,]) sup J(u,z2)

'u,EDl,ZEDg
(Px (XTUW) € D) +t7'E, [TU(M)D cscip(t)2, 2/4,y/4)

+P, (tp > t) kacip(t/2, /4, 2/4)

IN

< Py (tp > 1) p(t/2,2/4, 2/4),

where ¢g = ¢g(d, o, K1, ko, T, R1, k) > 0. Using the heat kernel estimates for the uncensored

process, Theorem 1.5, we can show that p(t/2, /4, z/4) < ¢3p(t/2, z, z), and therefore

pD(t/Qv Z, y) < CGP(t/2> Z, y)Px (TD > t) : (2'16)

for some c¢g = cg(d, o, K1, k2, Ry, T) > g holds, in both cases.
Finally, let (¢,2,y) € (0,7] x D x D. Then equation (2.16), the semigroup property, and
symmetry of pp(t, z,y) show that

pp(t,z,y) = /DpD(t/Q,x,z)pD(t/Q,z,y)dz

< P, (tp > )Py (1p > 1) /de(t/Z:v,Z)p(t/?,z,y) dz

= chx (tp > )Py (1p > t) p(t, x,y).
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2.8.8 Lower bound estimate

Next, we will derive the lower bound for the density. We will start by deriving a preliminary

lower bound which actually holds on an arbitrary open set D.

Proposition 2.21. Let T > 0 and a > 0 be constants. There is C = C(d, «, k1, k2, T,a) >0
such that for all (t,z,y) € (0,T] x D x D with 6p(x) A dp(y) > at'/®,

¢
ta,y) >Clt¥Yon ——— ).
polh,y) 2 ( Iw—yl‘”‘“)

Note that the right hand side is comparable to p(t,x,y).

To prove this proposition, we need several premiminary steps.

Proposition 2.22. Let T' > 0 and a > 0 be constants. There is C3 = Cs(d, o, k1, Ko, a) > 0
such that for all (t,z,y) € (0,T] x D x D with 6p(x) Adp(y) > at'/® > 4|z — y|,

pD(tv z, y) > C3t_d/a-

Proof. Fix (t,x,5) € (0,T] x D x D such that 6p(x) Adp(y) > at'/* > 4|z —y|. The second

condition implies |x — y| < at’/*/4 < aT'/*/4 and
B(z,at'*/4) C B(y,at'/*/2) C B(y,2at"/*/3) c D.

Therefore, the parabolic Harnack inequality, Proposition 1.7, implies that there exists ¢; =
c1(d, o, k1, kg, T) > 0 such that for all w € B(x,at'/®/4),
ClpD<t/27 z, w) S pD(tv xz, y)

Along with the doubling property and Lemma 2.18 this implies

(&1
m(B(z,att*)[4) Jp(za0/e )

> CQtl/a / PB(z,at!/ /1) (t/27 T, 'LU) dw
B(z,atl//4)

= ot Py (Tp(panisesmy > 1/2) > cst!/®.

where ¢; = ¢;(d, a, Ky, k2, T,a) > 0 for i = 2, 3. ]
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Lemma 2.23. Let T' > 0 and a > 0 be constants. Then there exists Cy = Cy(d, o, K1, ko) > 0
such that for all (t,z,y) € (0,T]x Dx D satisfying 5p(x) Aop(y) > at'/® and at'/* < 4|z —y|.

t

Pa: (XtD < B(y, atl/a/Q)) Z C(415_d/oé ’Ilf _ y’d+a'

Proof. Lemma 2.18 implies that if we start the process at z € B(y, at'/*/4), then with prob-
ability at least ¢; = ¢1(d, , k1, k2, a, T') > 0, the process X; does not move more than at'/® /6
by time ¢. Consequently, it suffices to show that there exists co = co(d, o, k1, Kk2,a,T) > 0
such that for every (t,z,y) € (0,T] x D x D with dp(z) Adp(y) > at'/® and at’/* < 4|z —y|,

it holds that
t

p(x2 )i
= G2 |z — y|tro

B (y,atl/ /1)
Let B, := B(z,at'/*/9) for z € D, and denote 7, =: 75,. Markov’s inequality, the doubling
property and Lemma 2.18 show that there exists c3 = c3(d, a, k1, k2,a,T) > 0 such that for
all t € (0,77,

E, [t N7, > tP, (1, > t) > xst. (2.17)

Since dp(z) A 6p(y) > at'/’®, B, N B, = (), and therefore the Lévy systems formula of X,

Proposition 1.8, shows that

D 1/«
P, <X03<y,at1/a/4> < t> > P, (Xinn € By, at" /4))
> cE,; duds 2.18
- ! /t/\Tz /By |u - X |d+a ] ( )

where ¢4 = ¢4(d, o, K1, ko, T, a) > 0.
Next, we consider two cases. Case 1. Suppose that |z — y| < aT'*. Then, since

|z —y| > at'/*, for any s < 7, and u € B,,
[ Xs —u| <|Xs — 2|+ o —y[+ |y —ul <2z -yl
Thus, equations (2.17) and (2.18) imply that

1 t
D - —d/a
P (X <1) 2 B AT B e s 2 o™



for some ¢ = ¢5(d, a, Ky, Ka,a,T) > 0.

Case 2. Now suppose that |z — y| > aT%/*. Then, for s < 7, and u € B,),
X, —u| < | Xy — x|+ |z —yl+ |y —u| < |z —y|+at*/4 < |z —y| +aT"*/4.

Thus, equations (2.17) and (2.18) imply that

1
P, <X£ < t) > oE, [t/\Tx]/ —du
Blyatl/ /1) By, (|x —y| 4 aTY/4)
1

< ertm(By)

|z =yl + aTVe /4yt
S Cst_d/a ! d+ao

(Jz —y| + aTV>/4)

t

< t—d/Oé
> G z — y|Tro

for some constants ¢;(d, v, k1, k2, T, a) > 0 for i = 6,7,8,9. This compltes the proof.

Proposition 2.24. Let T' > 0 and a > 0 be constants. Then there exists a constant Cl
Cs(d, o, Ky, k2, T, a) > 0 such that for all (t,z,y) € (0,T] x D x D satisfying op(x) Adp(y)

at'/® as well as at'/™ < 4|z — y|,

t

t > Oy

Proof. The semigroup property, Proposition 2.22, and Lemma 2.23 imply

pa(t,z,y) = L)p(t/?,x,z)pp(t/Q,z,y)dz

v

/ p(t)2,, 2)pp(t/2, 2, y) dz
B(y,a(t/2)1/«/2)

+ —d/a
a(3)  Po(XBe Blat2/2)

t
Co—m——.
2|x_y|d+a

v

v

for some constants ¢; = ¢;(d, a, Ky, k2,a,T) > 0.

44
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Proof of Proposition 2.21. This follows immediately from Propositions 2.22 and 2.24. O

Finally, we prove the lower bound. As for the upper bound, there is a lemma which

provides an abstract lower bound in a general setting.

Lemma 2.25. Let By, E; C E C R? be such that dist(Ey, Ey) > 0. If v € By and y € E,
then for all t > 0,

pE(t> x, y) Z th (TEI > t) P:L’ (TEz > t) inf J(w> Z)
(u,w)EEl X Fo

where J(w, z) is the jumping kernel of the process.

Proof. See [15, Lemma 3.3]. O

Proof of lower bound in Theorem 2.16. Fix (t,z,y) € (0,T]x Dx D and recall the definitions

at the beginning of the section. Then the semigroup property implies that

pp(t,x,y) = / pp(t/3,z,u)pp(t/3,u,v)pp(t/3,v,y) dudv
DxD

v

/ pp(t/3,2,u)pp(t/3,u,v)pp(t/3,v,y) dudv
B(A7(2),r1/6) x B(A7(y),kr/6)

inf t/3,u,v
(u,v)€B(AL(z),kr/6)x B(AL(y),kr/6) pD( / )

/ pp(t/3,z,u) du/ pp(t/3,v,y)dv (2.19)
B(A;(z)

B(A:.(2)

v

For (u,v) € B(A.(x),kr/6) x B(A!(y), kr/6), Proposition 2.21 shows that

(u,v)eB(A;(x),nir%f)xB(A;(y),m/e) po(t/3,u,v) (2:20)
t
2B B By 3lu— v]#te
> o (t—d/a A m) : (2.21)
for some ¢; = ¢;(d,a, k1, k1, T,a) > 0, ¢ = 1,2, where we estimated the last inequality

separately for |z —y| > kr and |z — y| < k7.
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Next, for u € B(A.(x), kr/6), Lemma 2.25 with E) := U(z,t) and E3 = B(Al(z), kr/6)

yields

K(w, 2)

pp(t/2,z,u) > tP, (TU(M) > t/3) P, (T(A;(;E)M/G) > t/3) wEU&ntg et —|w e

Since for (w,z) € U(x,t)x € Us, we have that |w — z| > r = Ry(t/T)"/*, and by Lemma
2.18
pp(t)2,z,u) > cstY°P, (Tu(wr) > 1/3) .

for some c3 = c3(d, a, Ky, ko, Ty a) > 0.
Now we make a choice for a. Set a := (k/3)"/*. Then (at)'/* = (k/3) t'/* for all t € (0, T).
Hence V(z,at) C U(z,t), and Lemma 2.20 implies that

P, (o > t/3) = Py (Tvws > t/3) = 5P, (1p > 1)
for some c¢g = cg(d, @, k1, ka2, k, T, a) > 0. Therefore,
/ pp(t/3,x,u) du > cgt P, (tp > t) m (B(A.(x), kr/6)) > c:Py (Tp > t)
B(A}.(z),kr/6)
for some ¢; = ¢;(d, v, K1, ko, k,T) > 0. By symmetry, we also obtain
/ po(t/3,y,0)dv > cst™ P, (tp > t) m (B(A;(x), k1 /6)) > coP,, (11 > t)
B(A.(y),kr/6)
for some ¢; = ¢;(d, a, k1, Ko, kK, T) > 0. Finally, equations (2.19) and (2.21) show that

t
—dfo A "
pD(t,:B,y) > coPy (TD > t) Py (TD > t) (t A ]a: — y’dJra)

for some ¢y = co(d, o, K1, Ko, K, T) > 0 ]
2.4 Dirichlet Heat Kernel Estimates on C' Domains

In this chapter we refined the Dirichlet heat kernel estimates obtained in the previous chapter

if D iss CY! domain.
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Theorem 2.26. Let XP be a killed stable-like process of index a € (0,2) on a CYt-domain
D and assume k(z,y) is a measurable function with 0 < k1 < k(x,y) < kg < 00. Suppose

that additionally, one of the following conditions holds:

(1) The index satisfies 0 < o < 1, and k(x,y) is a continuous.

(2) The index satisfies 1 < o < 2, and k(x,y) is such that
k(z, ) — k(z, 2+ y)| Ly <1y < Cul@) |y]”, z,y € R%
where v > a — 1 and C,; € L{ (R).

loc

Fiz T > 0. Then there is C3 = Cs(d, o, K1, ko, Cy, k&, R, T) > 0 such that for all t € (0,T] x
DxD,

NN [o—y[TFe
02 @) 53 ) (- ¢
<pp(t,z,y) <Cs Vit (t Na yl‘”") ’

where pp(t,x,y) is the transition density function of the killed stable-like process XP.

Remark 2.1. Since a — 1 < a/2 for o < 2, this result not only recovers, but improves the

main result of Kim & Kim [29].
In view of Theorem 2.16, it suffices to show the following proposition.
Proposition 2.27. Let XP be the killed stable-like process satifying the conditions from

Theorem 2.26. Fixt > 0. Then there exist Cy = Cy(d, v, K1, Ko, Cy, k, T) > 0 such that for
all (t,z) € (0,T] x D,

5 () o3 ()

Vi Vit

Proof of upper bound. Assume without loss of generality that the localization radius of D is

c;t <P,(rp>t)<Cy

Ry < 1. Fix (t,x) € (0,T] x D. As in the previous section, we take r = r(t) = Ry(¢t/T)* < 1.
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Case 1. Assume 0p(x) > r/16. This inequality is equivalent to 1 < (R,T"/2/16) -
(6/%(x)/t/2), and therefore
RT'2 65 (w) TV 03 (@)

16 N (VA

Case 2. Now assume that dp(x) < r/16. Let Q € 0D be such that 6p(Q) = |z — Q).
Next, we define U; = B(Q,r/8) N D and let n be the inward unit normal of 9D at Q. Let

Px(TD>t)§1§

o = x + (r/16)n. Then dp(zy) = r/16. The boundary Harnack principle, Theorem 2.14,
implies that

504/2(1:)
P, (X, € D\U) < &P, (X, € D\Ui) P~ 5 (a0)
@) _ 05 @)
= &Py (X5, € D\U;) 2 7 <c N (2.22)

where ¢; = ¢;(d, a, k1, ko, Cr, 7, T) > 0 for i = 1,2. Next, pick z; € R¢ such that B(xy,r) C
B(Q,4r) \ B(Q,r). Then the Lévy system formula implies that

X5,y
P, (XTU1 € B(zy,r)) = [/ / |X — ‘dla dyds
B(z1,r)

> czm (B(xy,7)) E.[r0,] = cst™ " Eo[ry, ],

where ¢; = ¢;(d, o, k1, T) > 0 for i = 3,4. Now, as in equation (2.22), we obtain that
7B, [10,] < ¢'P, Xy, € Blan,r)) < esVdy *(x). (2.23)

for some c5 = c5(d, a, K1, Ko, Cy, 7, T) > 0. Finally, Markov’s inequality and equations (2.22)
and (2.23) yield

Px(TD >t> < 1:)33(7'[]1 >t)—|—].:)m (XTU1 S D\Ul)
5a/2($)

< By [t + Py (X, € D\UY) < (c2+¢5) Dﬂ

The claim follows since P, (tp > t) < 1. O
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To prove the lower bound of Theorem 2.26, we need to recall some basic geometric
properties of C'-sets. Let the characteristic of the set be (Rg, A). Then it satisfies the
uniform interior ball condition: There exists ro = ro(R2, A) < Ry such that for all z € D

with §p(z) < ro, there exist @, € 9D such that
|z — Q| = 0p(x), B(zg,70) C D

where g = Q, + ro(z — Qz)/|x — Q.. It also satisfies the similar uniform exterior ball
condition: There exists r; = r1(Rz, A) < Ry such that for all y € D° with dp¢(y) < rq, there
exist @), € 0D such that

ly = Qul =05°(y).  Blyo,ro) € D"

where yo = Q, +71(y — Qy) /|y — Qyl.
For the proof of the lower bound of Theorem 2.26, we will fix r9 such that both the
uniform interior and exterior ball conditions are satisfied. Moreover, we set Th := (r(/16)"/.

Given z € D with dp(z) < ro, let @, be a point on 0D such that |Q, — x| = dp(z) and

denote n(Q,) = (x — Q.)/|Q. — x|. We need the following lemma to prove the lower bound.

Lemma 2.28. Let kg € (0,1) and a > 0. Then there exists C3 = Cs3(d, a, Ko, T2, a) > 0 such
that for every (t,z) € (0,Ty] x D with dp(z) < 3tV* < ry/4 and ko € (0,1),

o (@)

P, (XD € B(zg, kot**)) > C .

(2.24)

where xy = Q, + IN(Q,)t/*/2.

Proof. Let k € (0, k). We will prove the claim in two separate cases.
Case 1. Assume that kt'/%/16 < dp(z). As in the proof of Lemma 2.23, we can deduce
from 3rot'/*/2 < |z — mo| < 61/* that for all t < T,

t
|ZL‘ — x0|d+a

>y >0 (2.25)

Pm (X(g c B(Io, Iiotl/a>) Z C1 (tl/a)d

for some ¢; = ¢;(d, o, Ky, K2, k,19,a) > 0, i = 1,2. By taking k = kg, we see that equation

(2.24) holds in this case for all a > 0.
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Case 2. Now assume that 6p(z) < kot'/*/16. First, we show that there exists ag > 1
such that equation (2.24) holds for every a > ag. Without loss of generality, we may assume
that 2o = 0. Set B := B(0, kot'/®), and U := B(Q,, kot*/*) N D. Using Lemma 2.18 and the

strong Markov property of X2, there exists a constant c3 = c3(d, a, K1, ko, a) > 0 such that
P, (X[ eB) < P,(rs<at,X,, € B(0,rot"*/2),
XD — X, | < kot**/2 for 7y < 5 < 7y + at)
< P, (v < at,X., € B(0,rot"/*/2)). (2.26)
Next, set 71 1= Q, + kon(Q,)t"/*/4 and By := B;(kot'/*/4). The boundary Harnack in-
equality, Theorem 2.14, implies that there exist ¢; = ¢;(d, o, k1, K1, Ro, Ayy) > 0,1 = 4,5
such that for all ¢ € (0, Tg],

3y (@)
8% (x1)
e

The Lévy systems formula, Proposition 1.8, and Lemma 2.17 now impliy that

X,
P, (X, € B(0,rot"*/2)) = [/ / it Id)+“ dyds
tl/oc

P, (X, € B(0,ktV%/2)) > P, (X, € B(0,rot"*/2))

> 5Py, (Xop, € B(0, kot /2)) (2.27)

B(0,kot1/</2) ly — X,
)" m (B0, kot'/* 2)) B, [75,]

—d—a

> G (/fo

> o (motl/o‘) m (B(0, motl/a/2)) (/iotl/o‘/él)a

Cs

for some positive constants ¢; = ¢;(d, a, kq, k1, Ra, A, v,a) > 0, i = 6,7,8. Combined with
equation (2.27), we obtain

5&/2(1‘)
P, (XTU S B(O, Iigtl/a/z)) > C5Cs D\/% .

Now, Markov’s inequality and equation (2.23) imply that there exists some positive constant

(2.28)

cg = co(d, o, Ky, K1, Ro, Ay, a) > 0, we have that

E
P, (7y > at) < —= 0]
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Set ag = 2¢9/(cscs). Then the previous equation along with equations (2.26) and (2.28) show

that for a > ag,

P, (X2 €B) > o (Pz (X,, € B(0, kot"/?/2)) = P, (ry > at))

0y (x)
.

This shows along with equation (2.25) that equation (2.24) holds for all a > ay.

> c3(co/2)

It therefore remains to show that in this case, that is, when dp(z) < kot*/*/16, the claim
holds for a < ag. If 6p(x) < 3(at/ag)'/*, then we can use the fact that we have proven
equation (2.24) in the case a = ag to obtain a ¢; = ¢;(d, «, Ky, k1, Re, A,y,a) > 0, 7 = 10, 11

such that

P, (X2 € B(zo, kot"®)) > Pu(XE atjar) € B (w0, (at/ag)"'*))
N SO SC)
Vat/ag Vi

If 3(at/ag)/* < 6p(x) < Kot'/*/16, then we have that 1 > kg > 48(a/ag)'/®, then we get

1/

equation (2.24) from equation (2.25) by setting x; := (a/agp)'/“. This proves the lemma. [

We can now proceed to prove the lower bound of Theorem 2.26.

Proof of lower bound. Let (t,z) € (0,7] x D. Recall that D satisfies the uniform interior
ball condition with radius ro and 0 < (Ty/T')t < Tp.
Case 1. Assume that 0p(z) < 3((To/T)t)/*. Set 2t := Q. +9((To/T)t)*n(Q,)/2. This

implies that

B (a% (%t) W) c B <Qm 43 <%t)l/an(Qz),3 (%t) Ua) \ {z}

and 6p(z) > 3((To/T)t)"/* for all z € B(2L, 3((To/T)t)**/2). Analogously, define 2.
Lemma 2.20 with M = T/Ty if T > T, and the previous lemma, Lemma 2.28, with a = 1
and k = 1/2 imply that

P, (TD > t) > P, (TD > (Tg/T)t)
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> Py (X7, € Bz, (T/T)1)*/2)) = e

for some constants ¢; = ¢;(d, v, K1, Ko, C, v, 70, A, T) > 0,1 =1,2.
Case 2. Now, assume that dp(z) > 3((Tp/T)t)*/* /2. Since D satisfies the uniform interior
ball condition, we can pick 2! € B(z,dp(z)) such that |z — zf| = 3((Ty/T)t)*/*/2. Then it

B (zi,g (%t> W) C B(x,0p(x)) \ {z}

and 6p(z) > ((To/T)t)V* for all z € B(zL, ((Ty/T)t)"/*). Analogously, define z!.
Then Lemma 2.20 and Proposition 2.21 show that

follows that

P,(tp>1t) > Py (X7, € B2, (To/T)t)*/2))

pp((To/T)t, z,u) du > c3

C1 /
B(zL,((To/T)t /) /2

o (@)
Z Cyq (1 AN 7) .

This completes the proof.
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Chapter 3

BOUNDARY HARNACK PRINCIPLE FOR CENSORED
STABLE-LIKE PROCESSES

3.1 Boundary Harnack Principle for C''' Domains

This section will be devoted to establishing the boundary Harnack principle for censored
stable-like processes on C''-domains. For 0 < a < 1, [7] have shown that if D is a bounded
Lipschitz domain, then the censored stable-like process does not approach the boundary, see
[7, Remark 2.4]. Therefore, we wil focus on the case where 1 < o < 2. Our main results
will be valid if D is a C'*#-domain, see subsection 1.4. Some progress towards the boundary
Harnack inequality for censored stable-like processes has been made in [26].

To state the theorem, we define
D, :={xe€D:dp(x)>r}

to be the set of points in D which have at least distance r from the boundary. We wil prove

the following boundary Harnack principle:

Theorem 3.1. Let D C R%, d > 2, be an open set with CY* boundary with characteristics
R>1 and A. LetY be the censored stable-like process in D with index o € (1,2), Q € 0D,

and r € (0, R). Furthermore, assume that k(x,y) satisfies the following conditions: There is

a function ¢ : R x R — R and constants § > 0 and 0 < n < v < 1 such that

0 < k1 < k(1Y) < Ky < 00, r,y €D
|li($,y)—l€($,l‘)| SOAI—yP, JUGD\E&?JEEJ
‘d+a

Rla,y) - K(e,2) — oo, 2) B2 < € y0p (@)le —yl", @,y € D\ D

’¢($,$>—¢($,y)| §C¢’x_y’77 xayeD\Eé
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|¢(x7m)| S /{(lﬂvl’)a S D\Eé

Then, if u is a function on D which is not identically equal to 0, harmonic on DNB(Q, ) for
the censored process Yy, and vanishes continuously on 0D N B(Q,r), there exists a constant
Cy = Ci(d, a,7, A\, ki, ke, Cp, Cy) > 1 such that

uw) _ 357 (@)

uly) = 0% H(y)’

The main theme of the proof is to construct explicit functions which are sub- and su-

x,y € DN B(Q,7/2).

perharmonic near the boundary of D and follows [7] and [18]. The appropriate functions to
consider are

hy () = L{o<sp(@)<8)0p (%),
for p € (0, — 1]. We start by considering the case where D = R‘i is the upper half space.

In that particular case, dp(x) = x4, so that for z = (Z,x,) with z4 > 0,
hp(7) = Ljo<a <o) 2q-
We first look at the generator of the symmetric stable process, and then use the those results

to derive the result for general symmetric stable-like processes. We can write

A u(r) = A(d,—a) lim uly) — u(x)

e=0" Jp\Bae) Y — T[4

= k(z,2)A(d, —a) lim %
e=0% JD\B(z.e) ly — |

k(z,y)dy

vt~y i [ SV (s < o) a
= k(x,z)AQu(z) + (3.1)

A(d, —a) al—i>r()n+ e % (k(z,y) — k(z,x)) dy (3.2)

Similarly, we define

A% u(r) = lim —u(y) —u(z)

- k(z,y)dy
et Jp\B(ag) Y — |7 (z:9)

where 7 is the reflection point of z across dD. We will start with an analysis of Ag, h,(z),
+

tha is we take D = Ri to be the upper half space.
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Lemma 3.2. Let p € (0,ac — 1). Then there exists Co = Cy(d, a, p,§) > 0 such that for all

= (Z,24) € RL with 0 < x4 < §/2,

wahy(z) — A(d, —a) < Cy

d
R+

WdlB(a+1 d—1

p—o
5 5 g )v(p,a)x

where

Y(p,a) = /0 Gl _(11)(_1 t;ai_p_ L at.

Proof. Let = (Z,z4) € RY with 0 < 24 < /2. We compute

D p
a _ - Yalgya<sy — Tq
Rihp<m) - A(da OZ) /Rj_ |y . l‘|d+a

v~ o
= A(d,—a) Sy iy
R4 N{yq<} ly — R4 N{yq>6} ly — x|
= A(d,—a)(I+1I). (3.3)

Now we can estimate the integrals as follows:
P D
I = / Ya " %a_ iia dy
R4 N{ya<s} ly —
g 1
= b — b / ———dyd
/1@d d)Rdwy—ﬂﬂay v

- |yd - ﬂUd’d“‘ /Rd 1 (

= gz

Iyd zql ~12 —dfa
/ |yd xdla“ /Rdl (laf* +1) * dadya
p
w)’ g
Wd—1 a+1 d-—1 p—at1 J <xd>
2 B( 2 g )T o W
Zq

t::% wd_llg a+1 d-—1 e /5/Id P —1 dt
2 2 2 d o |t —1]ett

_ 1 d-1 -1 o -1
- Hog(etl ahme — At [ ————dt).
2 2 2 o =1 T T 1

Recall that wy_; denotes the volume of the unit sphere in R%"!. We can further compute

P ] l=e 4 S e |
/ — —dt = lim —_ dt + lim —d¢t
o [t — 1t =0 ) (L—t)t =0 Jip. (= 1)

_dta
j—7
Ya — XTd

2 2
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1
=g e w1 ‘ mootP—1
—t 0 1 _v
50 o (I—t)tt drs 50 o (71— 1)O‘+1t d
1-e 1—e¢
P —1 1—¢P
= lim —————dt + lim — Pt

=0 Jo  (T—t)>F

1
e 1P
1~ - 7 qa—p-1
+€1_r>r(1) - (1—t)a+1t dt

L —1)(1 —tor!
_ /< (=t
0 (1—t)
e .

li - peprl gy
T T

=0 Jo (]_ — t)OH‘l

The remainder tends to zero as € — 0, and hence

Wi—1 a+1 d-1 /OO -1 _
I = B — —dt | 25" 3.4
25 () (- [ ) (3.4
For the second integral, a similar computation shows that
p
I = _/ LdJrady
R4 N{ya<s} ly —
o 1
= —ab ———dyd
xd/a /Rd—l jy — ajire
Wa—1 a+1 d-—1 _ /°° 1
= — B P —dt. 3.5
() L 6

Therefore, using equations (3.3) to (3.5) shows that

Wd—1 a+1 d—1
2 B( 2 72

‘ R (%) — A(d, ) ) ()i

Wd—1 a+1 d—1 o tP _
= d — B - dt . P
Al =)= ( 2 72 ) /(S/Z’d (t— Dyert &
_ 1 d-1 o
< A(d,—a)¥iig (9t gort1 / R TR
2 2 2 5/za
Wa—1 a+1l d-1 g0+l
= d, — .
Ald—a)22 3<2 A )m_myw
We have used that that x4 < 0/2 and t > 0/x4 imply (t—1)/t = 1—(1/t) > 1—(z4/0) > 1/2,
and therefore 1/(t — 1) < 2/t. This completes the proof. O

After having obtained an estimate of the first term in equation (3.2), we start estimating

the second term.
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Lemma 3.3. Letp € (0,a—1), v € (0,1], and n > 0 such that v > o — 1 An. Assume that
additionally, there exists a function ¢ : R x RY — R such that the following properties are

satisfied:

0 < k1 < K(x,y) < Ky < 00, z,y € RL
k(2 y) — k(z,2)| < Cule —y|", 2,y € RL 24 <6/2,ya>0 (3.6)
|z—y| e

K(l’,y) - /1(1’,1‘) - ¢(an)m S Cﬂ,tﬁ'x;n"x - y’77 T,y S Ri?*xd < 5/27yd S 5(37)

|¢(j7y)_¢(jaf)| §C¢l’gn |f_y|’yv xvyeRi>$d<5/2ayd>5 (38)

Then there exists Cs = Cs(d, o, k1, k2,7, Cx, Cp.6, Cy,6) > 0 such that for all x = (z,x4) with
0<zg < 5/2,

ok Wq— a+l d-1
Fgﬁwm—A@—@dls(

S5 (25 5 ) (e () + ol )i 2

p—at+y—1n
S C3xd )

where
1 —p—1
_ (P =11 =P
— dt.
Py(pva) /0 (1+t)a+l

Proof. Let x = (z,x4) € Ri with 0 < 24 < g. To apply the result from Lemma 3.2, we use

equation (3.2) and write

ok Wy a+1l d-—1
L%HM@—A@—@ 13(

15 (M52 15 ) (el 0.) + 0,07

Wi—1 a+1 d-—1
B
2 ( 2 72

) w00 )

k(x,x) %tihp(x) — A(d, —«)

/ hp(y) = hp(z)

+A(d, —«) (k(z,y) — k(z,2)) dy

e
_ 1 d-1
g (L swan (el

< kU + A(d, —) (k(2,y) — k(z, 7)) dy

/ ygl{ydﬁ5} - fL’Z
rd |y — x|t

d
+

(3.9)

Wa—1 a+1 d-—1
B
2 ( 2 2

)wawwnwﬁ”
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We now focus on the the integral in the last line.

p D .
Ygliy<or — .
/E{d W (KJ('T?y) - I{(.’L’,J,‘)) dy = /E{d m{y >6} m (/f(x,y) — /{(x7x)) dy
d=
+ a ys ’ xZ

+/Rdn{y <oy [y — |4t (K(2,y) — £(z,7)) dy

IMYa

= I+11.

Using the assumption given in equation (3.6), we obtain
[I| < Cuab™" 00/ ;dgjdyd
- Sy Jre y - afdte
o0 1

1
= OK:L‘p/ / — dadyy
s lwa—yalot Jraa (|la> + 1)d+2 .

ot Wd—1 d—1 a—~v+1 /°° 1
_ CareYitip g
T 2 ( 2 ' 2 50y L — 1]

Wy_1 d—1 a—~v+1 /°° 1 ot
< o Ylp , S P i
= 2 ( 2 2 , (f— Dari— T

_ Cn wd—lB d—1 a_7+1 zp—a—f—v‘
a—7v 2 2 2 d

The second last inequality follows since x4 < §/2, s0 0/x4 > 2.

The second term, we split further up:

Yi — T
ey YT () () dy
RIN{yq<d} ly — w|dte
P p d+a
Yg — g ( - |y - x|
= H($,y)—f€($,$)—¢($,y) — dy
/Riﬁ{yd<6} ly — x|t ly — z[**
R? N{ya<d} |y — z|dte
= JIT+1V.

For the third term, we compute using the assumption given in equation (3.7)

a~ d _ p|dta
= e = P

|[I11| = —
4 N{ya<6} |y |y - x|d+a

- |yl — oy
[ ML,
mord R< N{ya<6} |y — x|dto



D p p p
-7 |va — zal |ya — @4l
Omébxd /I‘{d . $|d+a_7 dy + / ’ _ .T’d+a—7 dy
4N {ya<dInB(z,24/2)° Y B(z,xq/2) 1Y

For the first summand,

b— b 1
/ ’yd d+i’— y = / d+o—~y—p dy
R4 N{yq4<d}INB(z,24/2)° |y - l’| v B(z,x4/2)° |y — [B| v
w127 oty

(a—p-—7)"*

and for the second summand, since

_ p —
g —all < sup pP T ag — gl < ol |-yl

= 5p—1
2q/2<2<314/2 2p

we obtain the estimate

lyq — 73 D 1 / 1
T e dy < —— b dy
/B(w,xd/2) ’y - I’d-‘r&—'y 2p—1 d B(m@d/2) |y _ x|d+a—'y—1

Y+l—o
PWi-1 p1 Ty

T ot (1] - q)2itie
Pwa 127 oy
(v+l-a)™ 7

Thus,

1 D dy—
IIT| < 2%7P 7, C,, pxh T,
[111] < Wd1<a_p_7+7+1_a> ST

The fourth term, we split up once again:

yp _ xp
v - Y=Lz ) dy
R4 N{ya<d} ly — |

D D
_ yh—x
~ oa.a) [ Y= b,
R4 N{ya<d} ly — z|
Yo — Tq
+ [ =T () — (7, 7)) dy
R4 N{ya<d} ly — x|

= V+VI

The second term can be estimated similarly to the first term,

vi = | A eta) - ole.0) dy

4N {yq<s} |y
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C¢B <d -1 a—v+ 1) Wd_lg;s_a+7—77 /6/xd |tp — 1|
o

= 2 2 2 t+ D)oL
d=1 a—=7+1\ Wit poiyy [ [P =1]
S0‘756<2’ 2 )2% o e
p—aty—n

for some ¢; = ¢1(d, o,7y,Cp,p) > 0. Term V on the other hand, can be computed directly

using the same techniques that we have employed in the proof of Lemma 3.2. Indeed,

D D [e’)
yh—ah W1 a+1 d—l) ( o 1
¢ 2 _dy = B ( , 3(p, )z — —dt ).
/Rim{yd<6} ly — x|dte 2 2 2 ¢ §/ng (E+ 1)

Finally, we can combine all these estimates to obtain

/ hy(y) — hy(x) Wi1 s (@ +1 d-1
vty — ] > P\l 2

(k(2,y) — wlz, ) dy —

)Mawwnwﬁ”

d
+

. 1 d—1
_ ‘1+1H+v+v1—°"218<0‘; =

)wamwmmﬁ”

Wa—1 a+1 d-1 o _ /OO P
< |I| 4 |[I1I|+ VI B b ——dt
< VI (S (U S st [
< Ci wd—IB d—1 a—y+1 Pt
~ a-7v 2 2 7 2 d
1 D by
90=P=Y,, OH p—o+y—n
" i ’¢(a—p—7+7+1—a>xd
p—aty—n | Wd—1 a+1 d-1 o pea [t
+Cll‘d v + 9 B( 9 ) 92 QZS(J?,IE)’Y(]?, Oé)l'd 5/ ta+1 de
< Cﬁzfoﬂr%n

where ¢y = co(d, a, v, Cy, Cysp, C, p, 0) > 0. We used that p —a < 0 since p € (0, — 1) and
that 7 > 0 to estimate 1V 2, *" < 25777, This completes the proof in view of equation

(3.9). 0

The previous proposition can be used to produce sub- and superharmonic function near
the boundary of the upper half space. Next, we will use this result to produce sub- and
superharmonic functions near the boundary of a sppecial C!*-domain. Recall that a special

C'# domain can be represented as the set lying above the graph of a C'# function T,

D=Dr:={z=(izq) ER":24>T(3)},
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see section 1.4.

The main idea is to note that, locally, the boundary of such a domain can be approximated
by that of a half-space as follows. Let = € D be sufficiently close to the boundary of D, say
dp(z) < 0, and pick @ € 9D such that [t—Q| = dp(z). Denote by n the inward normal vector
at the boundary point (). Finally, consider the region I1, = {:c eERY: (x—Q)-n> O}. Set

(y—Q)-n)’ yelly, o, (y) <0, |

W (y) =1 dist (y, (T14))" =
+ {6x, (<o} 0 otherwise

Note that for the x € D which we fixed above,
W, (2) = o — QI = Wb (a).
We can now decompose
A il () = AB® (R = B, ) (@) + (A5 = ARY) b, (0) + AFSHE (@) (3.10)

and treat each of the summands separately. Note that we can use Lemma 3.3 for the last
term. For the middle term, note that we can express A%" as the sum of the fractional
Laplacian A®/? and the killing xp. Indeed, for u € FP which in particular satisfy « = 0 a. e.

on D¢,

- . u(y) — ulx)
AG = 1 — d
D U(SL’) EE& D\B(.e) |y . I|d+o‘ "i(xv y) Y
— lim M,{(% y)dy — lim —u()

kT, y)dy
e=0" JRA\ B(z,e) ly — x|dte e=0% J De\B(z,¢) ly — x|dte

A2 () + kp(z)u(z)
As an immediate consequence,

(45" = A57) u@) = (vp(2) - rn, () u(a).

The following lemma gives an estimate on xkp(x) — kr, («) that we will need.
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Lemma 3.4. Given v € D, let QQ € 0D be the point on the boundary closest to xz,so that
|z — Q| =dp(x). Let n be the unit inward normal for D at Q), then set

I, :={zeR’: (z—Q) - n>0}.
There exists Cy = Cy(d, v, B, ||, 5, K2) such that for all x € D,
lkip(x) — ki, ()] < Cadp(x) (1 A 5@@)) .

Proof. Let ¢; = ¢1(B,[|T']|; 3) > 0 be the constant from Lemma 1.11, and pick € D.

Under the assumption dp(z) > (2¢;1)~! the lemma is not hard to prove. In this case,

dy
Y — x‘d-ﬁ-a

kp () < rpA(d, —a) /

B(z,0p(z))°

= roA(d, —a)%(s;a(x)

and similarly

ki+ () < ko A(d, —a)%(ﬁga(x),

SO

lkp(2) — ke (2)] < K2 A(d, —a%@;a(:ﬁ).

Next, we assume that dp(z) < (2¢;)”! and denote the regions of (1 + 3)-tangential

approach by
P.=P,+Q, P_.=P_,+0Q.

Without loss of generality, assume that ¢ = 0. Since the regions of (1 + [)-tangential
approach satisfy P, C D and P_,, C D¢ and k(z,y) > 0, we see that

Kp_ye(@) < kp(x) < kp,(2)

Consequently,
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Without loss of generality assume that n = ey is the d-th unit vector. With the notation

above, we now have P = P, and P_, = —P. Furthermore, z = ((),xd) and 0p(x) = x4.
Therefore,
K(z,y)
R=A(d, —«a) / —Z_dy
Pen(—p)ye [y — x|4te

To estimate this integral, we define the set
T={yeR":|jl<C D 1y < C'} DPU(-P)
and split up the intgral accordingly,

R:Ad,_a(/Md+/ Md)
( ) e |y — |t v (Pu—P)) |y — T[4 Y
= A(d,—a)(I+1I).

The first integral can be easily estimated and computed using polar coordinates,

1< / L’Z) < ,izﬁgaC?a/(BH) < 00.
Bla,0—2/3+ j2)e [y — x| o

To deal with the second integral I, we further split the region of integratio up into two differ-
ent sets. Let Ty = {y € T\ (PU—=P) : |g| < C P Vgy/2} and T, =T\ (PU (-P) U T}).

Since by assumption dp(z) < (2¢;)7!, we have that x4 < 1. Moreover, if y € Ty, then
2q— C |7 > wg— 2T (02°4Y) > wy — wa/ (C2°41) > wy/2.

Using the co-area formula,, we see that

k(x,y)
dy
/Tl (1] + (g — ya)?)

C|ﬂ|5+1
/12/ / 2d+°‘m;d_a dtdu
{aeRI-Vja|<C-2/(B+zy/2} J—Clalf+1

4Cwa—1K2 _o0yp
<
d+ B

IN

(3.11)

and

K(z,y)
dy
/Tz (|9] + (x4 — ya)?) T
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C|ﬂ|5+1

IN

Ko / / || =4~ dtda
{a€RI-1:0=2/ (BN 3y /2< || <C~2/ B+ } J —Cla|f+1

Cc—2/(8+1)
< QKQde_l/ pAHl—e=24p

C-2/(B+1) gy /2
1+a—pg Wd—1 ~(2a+1— —a+f
< 9lta—p (2 /3)/5$d )

< "

Therefore, the conclusion holds in the case dp(x) < (2¢1)7?, too. O

In view of the decomposition of A% h,(x) given in equation (3.10) and the results in
Lemmata 3.3 and 3.4, we only need to derive an estimate for one term to show that A%"h,(z)

is subharmonic near the 0D.

Theorem 3.5. Letp € (0,a—1) and 0 <n <~y < 1. Then there exists Cs = C5(d, o, 8,7, ||U'l|; 5. p) <
1 such that for any x € D with 0 < dp(x) < Cs,

A5 hp(x) < 0.
In other words, hp(x) is subharmonic with respect to Y; near the boundary of D.

Proof. Let x € D be such that dp(z) < (2¢;)~" where ¢; is the constant from Lemma 1.11.
As before, pick @ € 0D such that |z — Q| = dp(x), denote by n the inward normal vector at

the boundary point @), and the regions of S-tangential approach
Pr=P,+Q, P.=P_,+Q.
Recall the decomposition from equation (3.10),
A () = AG (W — ) () + (A" = ART) Bl (@) + ARG, (2)
= Ji+ o+ Js. (3.12)
By Lemma 3.3 we obtain

Jy < A, —a)wé_lB

+C567 (=),

(a—i—l d—1

L) o) + 600, 27(p,0)) 80
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and Lemma 3.4 shows that
[l = [(A%" = ARY) W, )] < () = mn, ()] W (2) < Cady ()

Next, we will derive an estimate for J; by further subdividing the integral. We compute

(M)~ 1, ) ~ (W) — B, (2)(@)) )

Ji = A(d,a)PV. /Rd e k(z,y) dy
— A(d,a) PV, /R d hzi’(y’)y__}ﬁ;ff)@n(x,y) dy
— A(d,) (P.v. /P + h%(y’)y—_f;’fﬁff)(yk(w) dy
. / h%(yéj—_ f;’f‘qﬁj)(y)ﬁ(%y) 4
+ /R pp) h%(ﬁ;__fjﬁj ) K(z,y) dy>

= A(d, —CY) (Kl + KQ —f- Kg) .

To compute Ky, it suffices to note that by definition 2% (y) = h’ﬁ+ (y) =0fory € P_ C
De N (I1,)°, and therefore

om [ 100

T k(z,y)dy = 0.

To estimate the remaining integrals we will assume that, without loss of generlity, Q = 0
and n = ey which implies that « = (0,0p(z)) and II" = R} We denote P, =: P and
therefore P = —P. We will split the integral up in the same way as in Lemma 3.4.

Therefore,

BP _RP
K; = / blv) dﬁg(wm, y) dy
R4\ (PU-P) ly — x|

B ULl XN (L Ol T
. |y _ x|d+o¢ ’ T ’y _ x’d-‘roc

N / Wp(y) =, (v)

|y _ x|d+a

k(z,y)dy

r(z,y) dy.
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To estimate the first integral, recall that
T={yeR*:|j| < C=2BHD gyl < C'} D> PU(-P).

If y € T, then

ly — x| > 072/(B+1)/2 > 0172/(B+1)‘x| > 0’2/(5“)|x|/2, (3.13)
and therefore
W () < JylP < (Jy — 2| + |2])? < (14207 FD) |y — g (3.14)
and
W (y) < P < (1+20% 50y — o
Thus
hP(y) — hy, (y) W (y)] + [y, ()]
dy < + d
[ e e CUL Y M e et
< 2(1420YEHNE |y — g|mtotr dy
TC
< o
< chsfaw.

since p — a + 8 < 0. Here, ¢ = ca(d, o, B, ||IU'|], 5, p)-

For the second integral, recall that
Ti={yeT\(PU(-P)):[gl < C )2}

Therefore, it y € T1, then [, (y) —hy, (y)] < 2|y|P < 22}, and the computation we performed

earlier to obtain equation (3.11) now yields

k(z,y)dy <

[ )= .0 e

|y _ x|d+a

/ | (y) — hix, (y)]

R2

71 ly — x|dte
dy

< 2kozh _
d 7 |y — x|dte
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< 80"4'2 w I,P—Oé'i‘ﬁ
= d‘l‘ﬁ d—14g
< ngs—oﬁ-ﬁ

where ¢3 = ¢3(d, o, B, Ka).
For the third integral, recall that 7o =T\ (P U (—=P) UT}) and therefore if y € Ty, then
ly — x| > C~2/F+V|z| /2, then equations (3.13) and (3.14) imply that

/ Wp(y) — b, (v)

s, y)dy < 2(1+2070 D) sy |y —a| et dy
‘y_x‘dJra T

p—a+p
< C4 4 X

where ¢y = cy(d, o, B, [|T'[], 5, p)-

Finally, to estimate K, we define

Wo(y) — hip, (y)
Ky =/ k() dy.
P\B(z.¢) ly — x|

for e < dist (z, P¢). We can estimate
hp(y) — b, (2)(y)
K= /’P\B(a: o) ly — x|;+°‘ w(zy) dy

/ Wp(y) = hi, ()
P

[y — e k() dy

- / hep(y) — by, (y) 1
’ P

‘y _ x‘d—l—a

<

where the last line follows since h_p(y) > hr, (y) for y € P and 0 < k(z,y) < k2. Recalling

that
P = {w = (S%,.Td) e RY: C|f|5+1 <xg < Cil},

we see that
(ya + ClgI"™)" = o

K; < Féz/ < dy
! P\B(z.¢) |y — |4t

The mean value theorem now implies that

2|5 +1 p—1
Ky < ’{2/ p| ‘g’ |d-?ii d
P\B(z,e) y—x
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~18+1, p—1
< 2/*@2]90/ ’y|—ydd+a dy
B(0,2)NR4 ly —
Note that
g7ty v

[y = el = Jy= ol
and since a < f, if the expression is viewed as a function of y is both integrable in a

neighborhood of z and in a neighborhood of 9R%. We continue to estimate K7,

z|8+1 ,p—1
_ ZIPT 2

K < 2kropCah O‘+6/ ||—Z+adz
B(0,2/z4)NR% |2 — ed

5|8+1,p—1
_ Z|P 1z
< 2kopCah oth / H—‘[l”adz
B(0,2)NR% |z — ed
z|B+1 ,p—1
+2d+aﬁ2/ 2|72 dz
(B(0,2/4)\B(0,2)) R4 |z|d+e
< c5x§_a+ﬂ.

where ¢5 = ¢5(d, o, B, p, k2). We may conclude that the integral K7 exists, and moreover can

obtain the estimate

K; = lim K} < c5x5_a+ﬁ.
e—0t

Combining all these estimates shows that if dp(z) < (2¢;)!, then

AR () = A(d, —a) (K1 + Ko+ K3) + Jo + J3

A(d, —a) (5 + o + ¢34 ¢4) 8% TP (x) + Cud% M (2)
FA(L =) 2228 (2, S ) e, 001, ) + 002, 21300, ) ()
O (),

IN

Finally, note that since p < a — 1, y(p, ) < 0 and (p, o) < 0. Since |¢(Z, )| < k(z, x), we
see that coefficient of 6%, “(z) is negative. Since v —n > 0 and S > 0 by assumption, this
term decays faster than all other terms, so there is a constant C5 = Cs(d, a, 8,7, [[T'[|; 5, p)
such that AL, (x) < 0 for & € D with op(z) < Cs. O
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Proposition 3.6. Let 0 < p < a—1 < [ < 1. Then there exists a constant Cg =

Co(d, v, 8,7,m,p, Tl g such that for any special C'8 domain D = Dy, for all x € D

P, (Y € El> < Cs%) ().

TD\D;

Proof. By Theorem 3.5, the function 6% (x) is subharmonic in D\ D¢, where Cj is a constant
defined in the said theorem. Let E be an open precompact subset of D\ D¢,. Then by the

equivalent probabilistic notion of subharmonicity, see [11, Theorem 2.11],
Op(r) > Ex V1]

Now define E, = {x €D: % <xg<Cs+ %} N B(0,n). Note that these sets are open
and precompact subsets of D\ D¢, and that since the process Y; is quasi-left continuous,

Y, = Y,

D\D¢y

. Then Fatou’s lemma and Markov’s inequality imply that

-
n—00 n—00 D\Dcy

(x) > lim E, [Y;;J > E, [lim Yg;ﬂ] _E, {yp }
P ) P )
> (PP, (Y;; _ DCS) > (PP, (Y;; 5 € Dl).
This finishes the proof with Cs = C;*. O

From now on, we restrict our attention to special C''-domains.

Proposition 3.7 (case p = a—1). Suppose that = 1. Then there exists Cy = Cg (d, a,, 7,1, [T Iig) >

1 such that for every x € D satisfying op(x) < C5*, we have

ALTRS H (x) < Crlog

dp(x)

Proof. The proof is a refinement of the estimates we performed in Theorem 3.5 and we will
therefore adopt the notation from the said theorem. Following equation (3.12), we only need
to estimate Ji, Jo, and J3. Recall that we showed J; = 0. Next, the same computation as

before shows that for z € D with dp(z) small,

| Js| < Cool 2 ().
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where Cy = Cy(d, a, B, [|I']|; 5). Finally, we split J; up in the same fashion as before,
J1 = A(d, —a) (Kl + KQ + Kg) .

The same argument as before shows that Ky = 0. As in the proof of Theorem 3.5, we

compute

|y _ x'd-‘ra

1 |Z|B+1 ¢
2<Oé — ].)CIg_ / _—Cid—i—oé dZ
B(0,2)NR% |z — ed]

+2d+0&/ |Z|IB+1 i d
d+a <
(B(0,2/24)\B(0,2))NR% 2|

Using the co-area formula, we obtain

hp _ hp
Ko = / p(Y) H+(?J) dy
\B(z,e)

IN

-1
(¥ <1
K =lim Ki<{ p

e—0t

cllogw—ld =1

where ¢;(d, o, 8). Finally, we estimate K3 as previously, except that for the third term, in

the case f =1,

/ Wp(y) = hn, (v)

y e Ay dy < 2 (1207 /\y o] dy

1
< c¢ylog —

Zq

where ¢4 = c4(d, o, [|T]], ;) O

Lemma 3.8.

KlA(d,—a)wd 1B(a+17d 1>5Da
_l’_
2

« 2 2
< A(d —) Wy 1B(a 1)d—1>5D(m).

S I{H+(ZE) < K9
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Proof. Without loss of generality assume that () = 0 and n = e4. Then note that

1 1
——dy < < —dy.
K1 /(Ri)c |y — z|d+e y < k() < R /(Ri)c IS Y

The claim now follows since

1
———d
/1)\y—ﬂﬂay
dta
= [ et ) g

= g / P
/—oo |Yya — xal* . ri-1 (|@f2 + 1)
— A(d7 _a)wd—lg(a+1 d_1> —a

o 2 9 9 )T

Recall that
D, :={x € D:dp(x)>r}

is the set of points which have at least distance r from the boundary.

Proposition 3.9. Let 1 < a <2 and 0 < B < o — 1. For any special C**' domain D = Dr

there is a constant Cs = Cg(d, o, ||I'||1,1) such that for all x € D,

m@f,eﬁﬂg&ﬁ%ﬁ

Tp\D;
Remark 3.1. This is the equivalent of Proposition 3.6 for the case p = o — 1.

Proof. Denote the uncensored a-stable-like process by X; and note that by the boundary Har-
nack principle for the uncensored process, Theorem 2.1, there exists ¢ = ¢(d, a, v, k1, k2, Cy) >
0 such that

0_1(5%/2(@ <P, (X

TD\

_ €D><c(5a/2( ).
Now define

_ 1 -
U,(l’) = 5% 1({[‘) — 2_ch <XTD\51 S D1> .
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and note that for x € D¢, u(z) = 0. Lemmata 3.4 and 3.8 imply that
kp(r) = (kp(x) = kn, (2)) + £, (2) < 105" (2).
Therefore, by Proposition 3.7,

o e 1 _
Cru(z) = AR6Y(z) — Q—CHD(x)Px (XTD\51 € D1>

a,R co— 1 —« —1 ¢
< AR () - o oadpt(@)e oy (x)

Cs0py (2) — 05 (@) /(2c%e) B <1

Cslog 51 — 0, (2) /(2¢%e) B =1
where ¢; = ¢1(d, o, 3, [|T'][; 4). Thus there exists Cs = Co(d, v, 8, |I'l]; 5,/2) > 1 such that
for all ép(z) < Cg,

AR u(x) <0,

i.e. u(z) is subharmonic near the boundary of D. We can now obtain the conclusion as in

the Proposition 3.6. O
Next, we prove a reverse inequality of Proposition 3.7.

Lemma 3.10. Suppose that 5 = 1. Then there is C7 = Cr(d, o, 7y, k1, ko) < 1 such that for

every x € D with op(x) < Cf,
AR5 (@) > log Crdp ().

Proof. The proof uses the same technique as the proof of Theorem 3.5. Following the notation
in that proof, it suffices to derive a lower bound for K, or equivalently, K5. As usual, we
may assume without loss of generality that @) = 0 and n = e4. Let B = B(Rey, R) C D) be
the inner tangent ball where R =1/(4[T||,, V 2). Then, since x(z,y) > 0,

0% (y) — 05 (v)
K= [ U ) dy
P\B(z,¢) ly — x|

604—1 a1
> / 5 (y) ?Zld (y) K(z,y) dy
_ +a
P\B(z,e) |y I|
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Note that we can easily compute the distance to the tangent ball provided that y € P C B.
This is the case when C' > 1/R. Since we can change the value of C' in the definition of P,
we redefine it to be C'=2/R = (8||['||11) V 4. Then

05(y) = R — /(R —ya)* + [g].

Moreover, by the definition of P, any y € P satisfies y; < C~' = R/2. With those assump-

tions, dp(y) < ya, and therefore

50471 a1
K> m/ ) Zia (v) .
P\B(z,¢) ly — o

To finish the proof, we consider the function s — (R — /(R —y4)%> — [§]2)* ' —y5". Ap-

plying the mean value theorem yields the existence of some 6 € (0,1) such that

(B VE—wroE)

(R VE=WP+TP) " st = P N T
> g (R VR 1 OE)
> T Dgge

and s
Ky > —Hl%]%_l) /P\B(m) ’y’yl%dy = c1log (1/zq),

where ¢; = ¢1(d, a, k1, [|T'[|; ;) > 0. The estimate now follows as in Theorem 3.5.

This enables us to prove the reverse inequality of equation (3.9).

Theorem 3.11. There exists Cs = Cg(d, o, 7, K1, k2) > 0 such that

P, <Y e El) > C0%7 ().

Tp\D;

Proof. As before, we consider the uncensored process X; and define

u(z) = 857 (z) + P, (X

Tp\D;

EE).
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By the previous lemma as well as the exit time estimate for the uncensored process,

Astu(z) = (A2 + kp) 657 (2) + KpPs <X

TD\B, € Dl)
> log Crop(x) + C65% ()65 ()

= log Cyép(x) + Co5 % (x)

and since the second term decays faster than the first term as dp(z) — 0, we can find Cy such
that for 0p(z) < Cy, AZ"u(x) > 0. In other words, u(x) is subharmonic near the boundary
of D.

Next, note that u(x) = 0 in D°, and that u(z) < C’(S%/Q(:r) by the exit time estimate
for the uncensored process. By reducing Cy is necessary, we may assume that u(z) < 1 for

dp(z) < Cy. Continuing the computation from before, we obtain

597 (2) < u(z) < E, [u (Y )] <P, (Y

TD\De¢ TD\De¢

eﬁc>.

Finally, obtain a similar estimate for the D;.

\Y
Sl

PYTD\E (YTD\@ < DC) PYTD\ﬁc (YB Y75, :C0/2) < C>

> Px, _ <YB(YTD\5 Co/2) € EC> > C(d, Oz) >0

D\D¢

and by the strong Markov property

P, (Yoo, €D1) 2 E |V, €DiPy, (Vs €D

D\D

> ch(YT , eﬁc>.

D\D

]

Since we are working on a CY'! domain, we can write D = Dr where I is a C!''-function
satiafying
D@ -T@) <Mi—il, FgeR

For z = (7, z4) € RY, we set n(x) = (x4 — (%)) V 0 which represents the vertical distance of

x to the complement of D. The pythagoren theorem shows that this quantity is comparable
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to the Euclidean distance of z to the complement of D,
op(z) < n(x) < VA2 +16p(z), = €R
For the next steps, we need to define a box with bottom on 0D,
Alxz,a,r) ={yeD:0<n(y) <a, |t —7g|<r}.

where x € D, and a,r > 0.
Before we prove the next theorem, we need the following lemma:

Next, we will derive a preliminary estimate on A%" for ¢ € C1.

Proposition 3.12. Let v > a — 1 and ¢ € CY(R?). Then there exists a constant C' =
C(d, a7, ko, Cx) > 0 such that

A5 6(@)| < Cliglly, (1+0p%(2)),  z€RS

Proof.

o(z) —oy)
re |z —ylte (@9)dy

= PV. /B( —Qﬁ(m) — (b(y)/ﬁ(a:,y) dy

z,1)°¢ |'7j - y|d+a

+/f(:)3,x)P.V./ —<b(37) — ) d

Bz |T—ylTe

AY25g(z) = PV,

+P.V./ o) = 6(y) (k(x,z) — Kk(x,y)) dy

(z,1) |£L’ _y|d+a
= [I+1I+1II

We estimate each term separatetly: First,

I < /B(%l)c ‘(ﬁ(l’) — ¢(y)| |/<(x,y)| dy

|z — y|dte
< 2ol [
= 00 2 Tdra 9Y
B(0,1)¢ |y|+

2dw co

= 0]l -

(67




Next,

17

Finally,

m(x,:v)P.V./ Mdy

B(z,1) |z — y|dt

|$ _ y|d+a

k(z, ZL‘)P.V./( ) o(x) — P(y) — Vo(z)(x —

2
r—y
@HWHOO/ %dy
B(z,1) |z —yl

1
w2Vl [ sy
B(0,1) |y|dra—2

Kodwy
2 —

- Vol

N R L
B(x,1)

— 101G [y
B(0,1) S

dwd(]

= T ol

The killing term can be estimated by

¢(x) — ¢(y)

kpd(x) = ; Wﬁ(x,y)dy

[z — 9|
< 2k ||V /—d
2” ¢Hoo De ’l‘—y"”a Yy
1

< Vol | ey
(le—yl>op(@) T — y|TTo!

2/<;2dwd

= — IVl 0p (),

so that, overall, we obtain Thus

45"

o(x)] < |Ao(x }+|!~€D¢( )|
2dwyk dw C.
< 2|6l :
andwd

IVl 51‘a(~%‘)

~ el

y) dy
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< COd,a, 52, Co) |9l (1 +0p “(2))
[l

Theorem 3.13. There exists Cg = Cio(d, a,7y) > 0 such that for x € A(0,1,1) with £ =0,

PI (}/TA(O,lJ)

€ D) < CoP, (wa e A0,2, 1)) .

Proof. Let

(@) = Po(Yog.€D), wED

u¥(r) = P, (X

TA(0,1,00)

ED), z € R?

and note that by Proposition 3.9 and the results for the uncensored process, there are positive

constants ¢; and ¢y which depend only on d, «, and v such that

(05 Ha) A1) < w(z) <o (6p () AL), reD (3.15)

cy! (5%/2(3:) A 1> < u¥(2) <c <5%/2(93) A 1) : z € R (3.16)

Let ¢ be a C? function which satisfies the followiing:

[l < o0
o(z) = |a~:|:xf—|—x§—|—...+x§_1, |z] <1
P(z) > 1, 7] > 1

Since a — 1 < /2,
u¥ (z) — u* () S §E ) Al
2cq1c9 - 2cy

d
, r e RY

and we therefore define

Then, for x near 0D,

- kp(x)u™X (x -
AGv(z) = —%4—80@45 o(x)
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~ —C10pM (@) + Cabl e ().

For sufficiently small dp(z) the quantity on the right hand side is negative, and we can
therefore conclude that for small m, v is superharmonic in A(0,m,c0). By the mean-value

characterization of superharmonic functions, for every x = (6, xq) € D,

a (05 (z) Al) > v(z) > 2P, (Y

TA(0,m,1/2) S D \ A(07 0, 1/2)> .
By equation (3.16),

S5 Hz) Al .

%
P, (YVisumum € DVA0,00,1/2)) = ye— 2 5t (@)
Therefore,
P, (Viamiim €D) = Pu(Yegpm € DVA0,0,1/2))

+P9€ <YTA(0,m,1/2) = A(()? o0, 1/2))
1

< év(ac) +P, (YTA(OMJ/Q) € A(0, oo, 1/2))
1

= §PI <Y7_A(0,7n,1/2) € D>
P, (Yeygpnisn) € A0,00,1/2))
1

< §P$ (YTA(O,LOO) € D)
P, (Vo € A(0,00,1/2)).

and subtracting the left summand from both sides and rearranging terms yields

Ps (YTAw,m,l/m

c D) < 9P, (Y

TA(0,m,1/2)

e A(0, oo, 1/2)) . (3.17)
Also, we have that for some constant C' which depends only d, «, v such that

A(d, —a) / % dy
A(0,00,1/2)\A(0,m,1/2) |z =y

Ky, 2
< C—A(d, —a) / (y—d)m
C1 A(0,3m/2,1/2)\A(0,m,1/2) 1z =yl

)
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so that by equation (3.17), for z with & = 0,
P33 <}/7—A(O,m,l/2) € D) S OPiB <Y7_A(O,m,1/2) = A<07 3m/27 1/2)> :

The reverse inequality with D replaced by A(0,2, 1) holds if we replace C' by a new constant

O} since this inequality is true for the uncensored process X?, so that for  with = 0,

P, (YViaguy €80.2,1)) = P, (Yoyg o € A0,3m/2,1/2))

&
= EPQ? <}/;A(0,m,1/2) € D)
&
Z EPJI <Y7'A(0’1’1) E D) )
proving our claim. O]

Now we are ready to prove the Carleson estimate.

Theorem 3.14 (Carleson estimate). Assume F = {x € R*: |Z| <2,24=0} C 9D and
A= (f), 1/2) € A(0,1,1). Let u be nonnegative function on R* which vanishes cotinuously
at every point of F' and is harmonic on A(0,2,2) or the censored process Yy on D. Then

there is a constant C, which depends only on d, o, and v such that
u(z) < Criu(A), r € A0,1,1). (3.18)
Proof. By the Harnack inequality, there exists M = M(d, a, ¢1, ¢2) such that
u(z) < 28Mu(A), re A0,1,1), x4>27"

for some k € N. Assume that at some xyp € A(0,1,1) we have that u(zg) > 28My(A); we
will show that if this integer kg, depending on d, «a, 7 is large enough then the continuous
decay of u on F' will be contradicted.

By equation (3.18), zgq < 2750, Let ¢ = "‘2—;1 € (0,1) and define Ag = A (xo, 2—cko, 2*5’“0).
The harmonicity of w implies that u(zg) = E,, [U(YTBZ)} where By = Ag N {xy > (7'} for

¢ € N. Take limits and use the continuity of « on F' and the quasi-continuity of Y to obtain

u(zo) = Eq, [u (YTAO)] :
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Now write
u(zg) = E, [YTA, € 20p;u (YTAO)} +E,, [YTAO € D\ 2Aq;u (YMO)}
=. El —+ EQ.

We will produce a sequence of points x; which are significantly increasing by considering two
cases. First, assume Fy > FEj, so that Ey > u(zg)/2. Denote by Elex(75) the conditional
gaude function and by G- (x, y) the Green’s function of D for the uncensored process. Finally,

write GX(z,y) = Gre(z,y), see [7]. Then

1 G, (w0, 2)EZ [en (Ta)] (Y, 2)
—u(zy) < A(d,—a / / 0 =0 dv u(y)dy
2 (o) R4\2A0 JAg |y_z|d+a )

GX, (2o, x
CQA —a / / Ag x(] xo [6 (;AOE))] dv u(y)dy
R4\240 J A on, ))/4|
= cA(d, —«a 4d+°‘/ GX (x9,2)EZ 7X / Qf(y) dy
Al ) Ao 20 20, 2V T R \24, ¥ — (Zo, 0)] 7+

= cA(d, —a)4E, ¥ / %(y) dy
2AU =BT | vane To — (o, O)]

IA

Now define z; = (&, 2' %) Then

G, (71, 2)EZ [ex (Ta,)] 5(y, 2)
> _ 1
ul;) 2 ) /Rd\on /Ao ]y z| e douly)dy
GX, (21, 2)EZ [ex (Ta,)] £(y, 2)
> aA(d —a/ / o E, 2 dv u(y)d
' ANV NS 2‘9—(950 0)[dte w)dy
= cA(d, —a)27 " E,, X / lf(y) dy
1Ald ~a) 30 Jeutrang Ty — (o, O]

Combining both equalities yields

By Theorem 3.11,

Cso N (z) > Py, (Y _ eﬁl>

Tp\D;
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GX E?
_ A(d,—CK)/ / S($07z) a;oek (TS) /{(y,Z) dZdy,
Ri\S S

‘y _ Z|d+a

and therefore, since there is S; which depends only on d such that for every z € S, |B(z,.S51)N
D\ Dy| > 1,

68(5%_1($) > Sfd_o‘A(d, —a)EmOTg > Sfd_aA(d, _Oé)EmoTXO
However, since B; C Ay, we obtain
EgclT}B/1 > Emngl > C(d, a)2_€k°a.

Combining the By the previous equations, we see that there is a number C' = C(d, a, 7, ¢1, ¢2)
such that

u(zy) > C27 Rt =)y () = Ceho=9/2y(g).

because of the choice of € that has been made previously which implies that ac +1 — a =

(1-a)/2.

Next, let’s cover the case where Fy < E;. Then

u(zg) < 2E,, [Ymo € 200;u (Ymo)] <2 suAp u(y) P, [ymo € 2/)
yE€Q0

An inspection of the proof of the previous theorem shows that for z € D,

PI (Y:"A(o,m)

e A0,2, 1)) <P, <Y

TA(0,1,00

| €D) < Cio (a5 A1),
so that the previous two theorems,

P, (YTAO < 2A0) = Py (YTAO < D) < CsChg ($od/2_5k0)a71

< 080102—/%(042—1)/(204).

Thus u(xg) < 2C5C2 Fe(@*~1)/(20) SUP,can, U(Yy), and we may conclude that there exists

r1 € 24\, such that
2k0(a2—1)/(2a)
4C3CH0

u(zy) > u(zo).
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Note that
dist (20, 2A0) < 275F02v/2,

so that in both cases we have treated, any x; satisfies
|l’1 — ZL‘()| S 2_8k02\/§.

Moreover, for large kg, the estimates that we have derived in both cases can be combined to
a single one,

w(zy) > 200D/ Ay (g0) > oM (kotko(a=1)/(4M)) ( 4)

Y

that is,

u(zy) > leMu(A),

where k; is the smallest integer exceeding ko + ko(av — 1)/(4M) — 1. At the same time, we
may choose to enlarge ko until &y > ko + 1.

The result now follows from induction. Given a point x, € A(0,2,2) and an integer
k, > k,_1 by repeating the steps above with z, and k, replaced by x; and ki, we obtain
that

U(Tpyy) > 2MEnt1y(A),
where k, 1 > k, > k, +n. Moreover,

‘xn+1 o xnl S 27]6”(0471)/22\/5 S 27160(afl)/227(n+1)(a71)/22\/5.

Summing both sides of this inequality yields

(e o]

| — o] <Yl — i),

j=1
and if ko is large enough, then the sum of the series is smaller than 2v/2 so that z, €
A(0,3/2,3/2) for all n. This, in combination with the result we had derived at the beginning
of the proof,

u(z) > 28My(A)
for x € A(0,1,1) with 24 > 27%, shows that x,; < 27% for all n which contradicts the

continuous decay of u at F. We conclude that u(x) < 2M* for z € A(0,1,1). O
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We can now, finally, prove the boundary Harnack inquality for censored stable-like pro-

cesses in the upper half space:

Theorem 3.15. Assume that w > 0 on R? and w = 0 on D°. Furthermore, assume that u

is reqular harmonic on A(0,4,4) for the censored process Y on D, that is,

u(z) = E, [u <Y7'A(O,4,4)> Yonoun €D
Let A= (0,1/2) € A(0,1,1). Then there is Cyo which depends only on d, o, and vy such that
Crtu(A)oy () < ulz) < Crau(A)6y (z), r € A0,1,1).
Proof. We will first assume that u(z) takes on the specific form
o) - P, (on’&g) e T) L @€D
0, r e D"

where T'C A(0,3,3). For x € A(0,2,2), by Theorem 3.13 and the fact that for x € D,

Pfﬂ (YTA(0,1,1)

e A0, 2, 1)) <P, <Y

TA(0,1,00

e D) < C(6plz) A1),
it follows that

uz) = P, (Y

TA(0,3,3)

€T) <P, (Yry. €D)

(z,1,1)

IN

CsP, (Y

TA(z,1,1)

€ A(@,2,1)) <GP, (Y., € D)
< 08010 (5%71($) VAN 1)

Therefore, u(z) decays continuously at the bottom part of JA(0,2,2). Using the string
Markov property of Y, we obtain

u(@) = B u(Viggun) i Yesgun € A0,2.1)]

TE, [0 (Vg ) i Yoo € A(0,3,2)\ A(0,2,1)]

EI [u (YTA(0,1,1)) ;K'A(o,m) € D \ A(07 37 2)]
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= FE)+ Ey+ Ejs.

For the moment, let us assume that 2 = (0, z4) with 0 < 24 < 1. By the Harnack principle,

there exists C' which depends only on d and « such that
C7lu(A) S uly) < Cu(4),  y € A0,2,1)\ A0, 1,1).
Therefore, by Theorem 3.13 and the estimate

(@7 AL) <u(z) <o (25T AL, reD (3.19)

we deduce that

=
&
v

TA(0,1,1)
e D) u(A)
€ D) u(A)

E, > C7'P, (Y e A0, 2, 1)) u(A)

v

c-lcr'P, (Y

TA(0,1,1

v

oo, (Y

TA(0,1,00)

C1 (657 () A1) u(A)

v

where the constant C] depends on d, «, and +.
To prove the reverse inequality, we need to estimate each of the three terms F,, F,, and

E5. First, we can use again equation (3.19) to deduce
B > CP, (onym e A0,2, 1)) u(A) < Cy (657 (x) A1) u(A)

where the constant C depends on d, o, and . Second, By the Carleson estimate er have

derived previously, scaling, and Theorem 3.13, we get

(0,1,1)

By < CLP, (YM e D) u(A) < CYCsCho (257 A1) u(A).
Finally, since S C A(0,3,3), we set

I(z) = A(d, —a)/ uly)r(z,y) dy, z € A(0,3,2).

RZ\A(0,3,2) |y — z|¢te
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One can easily check that there exists '} which depends only on d and « such that
C.7(2) < I(A) < CiI(2),  ze A0,5/2,3/2).

Therefore,

E3 S CiEx [TK(O,LI)} I(A)
For every w € A(0,2,1) \ A(0,1,1), define B = B(w,1/4) C A(0,5/2,3/2). Therefore,
u(z) > Oy I(A)E, [r5] > O, I(A)E.m = CsI(A)

for some constant Cs = Cg(d, ). Next, there is C% which depends only on d, a, and ~ such
that

I:) = Ald, o) | 2 s Len@.1),
A(0,2,1)\A(0,1,1) ly — 2|

so the previous equations imply that

By > E,r)  CLCTI(A) > CrEs.

LTA(0,1,1)

Combining this with the estimates on E; and FE,, we see that
u(z) = Ey+ By + E3 > C (657" (2) A1) u(A).

This yields that there exists some C1o = Cia(d, «r,y) > 0 such that for all x = (6, xq) with
0<zg <1,
Crru(A) (05 A1) <wulz) < Crou(A) (651 A1)
Finally, we can use functions of this type to approximate any harmonic function since it

is immediate that the result holds for positive linear combinations of functions

ui(z) =P, (Y

TA(0,3,3) S TZ) .

where T; € D \ A(0,3,3) is measurable. Using the convential Harnack inequality we can
replace the interior point A by any point y which satisfies |g| > 1 and y; = 1/2, possibly
by adjusting the constant C1o. We can now obtain the final result by applying the equation

above in A(0,3,3) with z € A(0,1,1).
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Finally, we prove the main theorem.

Proof of Theorem 3.1. We will first assume that d > 2. Since u decays continuously at 90D N
B(Q, ), it follows that u is bounded and regular harmonic for Y; in the region DN B(0, 3r/4).
As before, we will assume without loss of generality that = 0 and » = 1. Finally, by an

isometric mapping of D, we may assume that
DN B(0,1) = DyN B(0,1)

where Dy now is a special C*'-domain with defining functions I' which satisfies
IVTI. <A, T, <A

By the Harnack inequality it sufficed to verify that if « > 0 in R? u = 0 in D¢, and there

are constants a = a(d, o, A, k1, k2) and ¢ = ¢(d, a, A, k1, k2) such that

u(z) = E, [u (YTNO’NG’NG))} , r € D.
implies
cu(A)SY T <u(r) < cu(A)oy ! (z), x € A0,a,a), (3.20)

where, A = (0,a/2).
To prove equation (3.20), we introduce the sets D_ and D, which satisfy

D, cDcD._,
which can be expressed as D_ = Dpr_ and D, = Dr, where I'_ and I'y are functions from
R%! to R, and satisfy
kp(x) — a1 < kp_(x) < kp(z) < kp, (2) < kp(x) + ¢4, x € A0,b,b) (3.21)

where ¢; = c¢i(d,a, A) > 0 and b = b(d,a, A) > 0 are constants. Next, fix a function

¢ € C* (R*') which is nonnegative, supported in {Z € R : 3/4 < |Z| < 1}, and satisfies

/Rdl &(7)dz = 1.
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Moreover, define for j € N
¢;(7) =2"¥p(2'7), ¥ R¥L
It is immediate that ||¢;|[, ; = [|¢[], , and
() dF = 279D, (3.22)

Rd—l
Set I'; =T' — ¢; and D = Dr; and note that Dy C Dr,. Let x € DN B(0,27771, We write

tp(x) — kp,(x) = (kp(x) — Kpy (7)) + (K’Do(x) - fij(fU)) :

to get an estimate for the left hand side. For the first term, note that since D N B(0,1) =
Do B(0,1), we see that there exists ¢y = ¢o(d, o, K1, ko) such that

—co < kp(x) — kpy(z) < co. (3.23)
For the second term, (3.22) implies that

K(2,y)
Kp,(x) — kp.(x) = / ——Z—dy
’ ’ DG\DS ly — x|dte
> C§12—j(d+1)2—j(—d—a) — 0512j(0¢—1)

and
kp,(x) — kp,(x) < g2l
for some c3 = c3(d, a, A, K1, ko). By equation (3.23), we may choose j = j(d, a, A, k1, ko) such
that the first two inequalities in equation (3.21) are still valid in the larger set DN B(0,27771)
forI'; = T"_.
Similarly, we can choose j such that if I'y := I' + ¢;, then the last two inequalities in

equation (3.21) are still valid in the larger set DN B(0,27771). Note that with these choices,
Pl < T+l IVl < IV + IVl

which provides us with control of the characteristics of D_ in terms of the characteristics of

D. A similar statement holds for D, and D. Note that I'_ <T < T, and that

I_(2)=T(&) =T.(z), |&<27"
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and hence the domains D_, D, and D, coincide near 0; more precisely, the boxes A(0, s, s)
defined by the graphs I'_, T', and I', are identical if s < 27771, Finally, we choose b =
27971/ (2v/A? + 1) which guarantees A(0,b,b) C DN B(0,27971).

Let Y—, and Y,;" denote the censored processes on D~ and D, respectively. We will
consider two cases:

Case 1. Let a := b/19 A r/26. Note that u is bounded in A(0,19a,19a). We will
furthermore assume that v = 0 on D\ A(0,19a, 19a). Let

0 x € D
By equation (3.21) and the fact that the censored process Y; on a set E can be expressed
in terms of the killed process X and the Faynman-Kac transform by (see Theorem 2.1 and

Remark 2.4 of [7])

}/t — efot HE(Xf)dS

we see that

u(z) < U(x), z € R%
By the previous theorem, Theorem 3.15, and scaling applied to U we see that U, and hence
u, decay continuously at the boundary 0D in a neighborhood of the closure of A(0, 4a, 4a).
Consequently, u is continuous in a neighborhood of A(0, 4a, 4a).

Next, define u_ and u, by

ws(e) =4 " o (Vi) | 7€ D
0 x € DS

The continuity of u in a neighborhood of A(0,4a,4a) implies that u_ and uy are continuous

in the closure of A(0,4a,4a). The regularity of points in the bottom part of OA(0, 4a, 4a)

follow from Theorem 3.15.

As before, the representation of the censored process with the Feynman-Kac transform

as well as equation (3.21) imply

u_(z) <wu(z) < uyp(z), z € RY, (3.24)
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whence Theorem 3.15 and scaling let us deduce that there is ¢y = ¢4(d, a, A, k1, ko) such that
U ()0 () < () < cuy ()85 (@), @ € A0,a,a),

where A = (0,1/2).
We therefore see that to prove equation (3.20), it sufficed to verify the existance of some
cs = cs(d, a, A, K1, Ko) such that

uy(A) < csu_(A). (3.25)

Set 4 = u; — u_. Note that @ € Cy(A(0,4a,4a)) and @ > 0. Let

1) = i "

Then,

AF u(zg) = A(d, —a)P.V./D%H(%ay)dy

IN

_ 1
_u(l'o)A(d, —Oé)/il /D m dy
< —u(zg)cga™® (3.26)

where cg = ¢(d, a, A, k7). Conversely, we can write
AF u(zo) = (mD(xg) — /{D+(x)) uy (zo) — (mD(xg) — Kp_ (3:0)) u_(xg).

Using equations (3.21), (3.24), and the Carelon estimate, Proposition 3.14, we see that there
is ¢7 = ¢7(d, a, A) > 0 such that

AF u(xg) > —2c1u () > —cruy(A).
Therefore, equation (3.26) implies
(o) > cregtuy (A)a®.
By choosing a = a(d, v, A) sufficiently small, we have that

A(A) < () < us (4)/2,
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and

u_(A) = up(A) — A(A) > us(A)/2.

This is the estimate we required in (3.25) and therefore completes the proof in case 1.
Case 2. Now, assume that u = 0 on A(0, 18a, 18a) \ A(0, 17a,17a). As before, we may

assume that © > 0 on R? and

E, [u (Y )| wep
_ A(0,17a,17a)
0 x € D°

The constant a = a(d, a, A) is as determined in the end of case 1. As in the proof of the
Carleson estimate, Theorem 3.14, we see that there exists cs = cs(d, a, A, k1, k2) > 1 such

that

cg'u(z) < By [TX 0170 170 / %dygcuay. 3.27
s u(z) [ A(0,17a,17 )} AO17a17ay (1 + )7 su(x) (3.27)

Therefore, there exists cg = ¢o(d, a, A, k1, ko) > 1 such that

IN

-1 Y
Cy EZL" [TA(0,17a,17a):| TA(0,17a,17a)

< B, [TX(ogm,lm)] . (3.28)

P, (Y e A(0,19a,19a) \ A(0, 18a, 18a))

Now, the result from case 1 shows that (3.20) can be applied to the function

x|—>Px<Y

TA(0,17a,17a)

e A(0,19a,19a) \ A(0, 18a, 18a)> .

Along with equations (3.27) and (3.28), this implies that there is a c19 = c1o(d, v, A, Ky, K2) >
1 such that

—1ga—1 u(y) a—1 u(y)
o0 (x)/ ————dy < u(x) < c1pd (x)/ ——dy.
0P A(0,17a,17a)° (1 + |y|>d+a P A(0,17a,17a)¢ (1 + |y|)d+a

In particular, this holds for z = A, that is, by including c¢;y and 5%_1(14) into a new constant
C11,

1 u(y) u(y)
c —————dy <u(x) < cn/ ———dy.
H /A(0,17a,17a)8 (1 + [y[)*re A©O17a,17a)e (L + [y])dre

These last two equtions imply equation (3.20). This equation will hold for general u be

combining both cases. O
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3.2 Examples (in construction)

In this section, we will show that the a/2-subordination of reflected Brownian motion is
a reflected stable-like process. The function k(z,y) associated to this process satisfies the
conditions of the boundary Harnack principle derived in the previous section. Let B; be
reflected Brownian motion on a C'! domain D, and S; be a «/2-subordinator. Recall that

this process is defined by
Y: = Bg,

see for example [21]. One can show that the jumping kernel of Y; is given by

1 o0
Hedo,dy) = 3o [ pls.ady(ds),
0

if the subordinator S; is an increasing Lévy process taking values in [0, 00) with Sy = 0 and

the distribution of the process is characterized by

E |:€f/\st:| — eftqﬁ()\)

Y

where ¢ satisfies
H(N) = bA + /00(1 — M) p(de).
0

Here p(t, z,y) is the transition density function of reflected Brownian motion on D.

For an a/2-subordinator, b = 0 and

v(dt) = tlfﬁ/z’
so the jumping measure has density
J(x,y) = %/Ooop(sga:,y)t10‘/2 dt.
Finally, recall that for stable-like process,
K, y)

J(fcay):m,
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so we get the following formula for x(x,y):

|$ _ y|d+0c

/-i(iL‘,y) = 9

/ p(s,z,y)t—' 2 dt.
0

To show that x(x,y) satisfies the required properties, we will use the following heat kernel

estimates for p(¢, x,y) which are given in [28, Theorem 3.10] in a more general setting.

Theorem 3.16. Neumann Heat Kernel Estimates for Reflected Brownian Motion Let D be
a Lipschitz domain and B, be reflected Brownian motion on D. Let p(t,z,y) be its transition
density function. Then there exists ¢; > 0, i = 1,2,3,4 such that for all (t,z,y) € (0,00) X
D xD,

&1

m(B(z,vt) N D)

m(B(z,v/t) N D)

ec2lr—yl*/t plt,z,y) < ecalz—yl*/t

The result was proved for special Lipschitz domains in [5].

Therefore,
K(z,y) - Ix—yl‘”“/ p(t,z,y)t ™~ dt
d e c1 o=yl /ty—1-a/
> il — +a/ 602 r—y tt—l—a th
= e =™ | BN D)
o > G colz—y|?/ty—1—a/2
> |z —y|** / — el dt
o m(B(z,V1))

0o —d/2 —1—a/2
smesle oyt Wa1Cl i 2 =g\ ey T ey
d 0 cy S cy S cy 82

o0
_ Wi-1€1 —(d+a)/2 / S(d+a)/2-1 =5 g
0

= S
Wd-1C1 —(d+a)/2p A+ @
Ly (130

3.3 Dirichlet Heat Kernel Estimates for Censored Stable-like Processes

In the previous chapter, we established the boundary Harnack principle for symmetric stable-

like processes on R¢ and used it to derive Dirchlet heat kernel estimates for the associated
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killed process. Analogously, we will use the boundary Harnack principle for censored stable-
like processes for the previous section to prove Dirichlet heat kernel estimates for killed

censored stable-like processes on a domain D.

Theorem 3.17. Let E C R? be a C'-domain and fix a subset k-fat subset E C D. Let
Y,P be a censored stable-like process of index 1 < o < 2 which is being killed upon leaving E.

Suppose that for some v > a — 1 and some function ¢ we have

0 < k1 <k(x,y) <Ky <0
[5(2,y) = K(x,z)| < Cylz —y|
[, y) — ki, 2) — ¢, y) U] < Cuglo —yP?
¢z, %) = d(x,y)| < Colz —y|"

(2, 2)| < R

Fiz T > 0. Then there exists Cy = Cy(d, o, 7y, k1, k2, Cy, Cy, Cx, A, 1o, T) > 0 such that the
transition density function pp(t,x,y) of the killed censored stable-like process satisfies that
for all (t,z,y) € (0,7] x D x D,
t
C'P. (tp > )P, (1p > 1) (td/a A —>

‘(L’ _y‘d-‘ra

—d/a t
< polt) < CP. (> 0Py (> 0) (179 L),

For the proof, we need the analogue of several lemmata that were available for symmetric

stable-like processes. First, we obtain a variant of the exit time estimate from Proposition

1.6.

Proposition 3.18. Let Y; be a censored stable-like process of index o € (0,2) on a subset
D c R Given a > 0 and ryg > 0, there exists Cy = Cy(d, o, k1, Ko, a,79) > 0 such that for
every x € D and r € (0,r¢] with B(z,r) C D,

inf P oy > ar/®) > O,
yGDﬂlg(z,rﬂ) y(TB(’) ar )_ 2



94

Proof. We provide the proof given in [14, Lemma 4.1] for the convenience of the reader.
Denote by X, the symmetric a-stable like process on R?, and for any set U the killed process
by XU. Denote the transition density function of the killed process by py(t,z,y).

Theorem 2.1 in [7] shows that

inf P o > ar'/®) > inf P, (% > art/®
yeB(z,r/2) v (T8 ) = yeB(z,r/2) y(TB(I””) )

> inf P, (73 > ar'/®)
= JeRd y(B(.t,T) )

The exit time estimate for the symmetric stable-like process, Proposition 1.6, implies that

there exists € > 0 such that

inf P, (75 >ert/®) >
yERY y( B(z,r) ) -

N —

Let a > . By the parabolic Harnack inequality for the symmetric stable-like process,

Proposition 1.7, there is ¢; = ¢;(d, «, k1, Ka, a,79) > 0 such that

clp§($7r)(5rl/“,y, w) < pg(x,r) (er'/ y, w), w € B(y,r/2).

Therefore,
Py (Tg(x,r) > arl/a) = /B( )p)Bg(z,r) (arl/a7 Y, w) dw
> / pg(x,r) (arl/aa Y, w) dw
B(z,r/2)
> / pg(x,r) (ng/a’ Y, w) dw
B(z,r/2)
> 24
- 2
This proves the lemma with Cy = ¢1/2. O

We can now proceed to prove the theorem

Proof. The proof is virtually identical to the proof of the Dirichlet heat kernel estimates
for the killed symmetric stable-like process. We established the boundary Harnack principle
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for censored stable-like processes in the previous section, see Theorem 3.1 which replaces
the boundary Harnack principle for the symmetric stable-like process (Theorem 1.3). The
parabolic Harnack inequality follows from the heat kernel estimates, see [13, Theorem 4.1].
The Lévy system still holds for killed censored stable-like processes, see for example [20,

Appendix A]. Finally, the exit time estimate in Proposition 3.18 replaces Proposition 1.6. [
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