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Abstract
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Ian C. Covert

Chair of the Supervisory Committee:
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Paul G. Allen School of Computer Science

Modern machine learning is driven primarily by black-box models, which provide superior

performance but offer limited transparency into how predictions are made. For applications

where it is important to understand how models make decisions, and to assist in model

debugging and data-driven knowledge discovery, we require tools that can answer questions

about what influences a model’s behavior. This is the goal of explainable machine learning

(XML), a subfield that develops tools to understand complex models from various perspec-

tives, including feature importance, concept attribution and data valuation. This dissertation

presents several contributions to the field of XML, with the main ideas organized into three

parts: (i) a framework that enables a unified analysis of many current methods, including

their links with information theory and model robustness; (ii) a suite of techniques to accel-

erate the computation of Shapley values, which are the basis of several popular algorithms;

and (iii) a range of methods for performing feature selection with deep learning models,

e.g., in unsupervised and adaptive settings. Many of these ideas are motivated by applica-

tions in computational biology and medicine, but they also represent fundamental tools and

perspectives that are useful across a variety of domains.
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Chapter 1

INTRODUCTION

Modern machine learning (ML) is driven primarily by black-box models, with deep neural

networks enabling recent advances for most data modalities (images, language, audio, pro-

teins, graphs) and gradient boosted trees being widely used for tabular data. These models

are characterized by their large number of parameters and internal calculations, which play a

crucial role in learning and representing complex functions. ML researchers and practitioners

increasingly rely on such models because they offer superior performance, but an important

drawback is their limited transparency: compared to their traditional counterparts, these

models make it far more difficult to identify the features, concepts and training data that in-

fluence their behavior. For example, it can be difficult to understand the prediction generated

for a single patient’s diagnosis.

A model’s accuracy is often of paramount importance, but there are certain applications

where it is also important to understand how our models work. These include applications

in finance, healthcare and criminal justice, because model transparency can help identify

unwanted dependencies, establish user or organizational trust, determine whether models

operate like expert decision-makers, and understand and act on incorrect predictions. Fur-

thermore, in scientific applications like computational biology, transparent models enable us

to pursue the “information goal” of creating models: to learn how the response variable is nat-

urally associated with the input variables, and improve our understanding of the underlying

system (Breiman et al., 2001).

In the debate around model transparency, the conventional wisdom is that we face a

trade-off between interpretability and accuracy.1 Some argue that the trade-off does not

1The Great AI Debate at NeurIPS 2017, https://www.youtube.com/watch?v=93Xv8vJ2acI

https://www.youtube.com/watch?v=93Xv8vJ2acI
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exist, claiming that we can achieve near-optimal performance with “inherently interpretable”

models (Rudin, 2019); this is often true for simple tabular datasets, but it is less common for

complex data modalities like images and language. Here, we adopt a more accommodating

position: given that black-box models currently offer the best performance and are already

widely deployed, we explore whether it is possible to obtain sufficient insights from any

model. In doing so, we develop a toolset that is largely indifferent to the model’s internal

mechanisms, or which is model-agnostic, and that can therefore operate even with today’s

most performant black-box models.

This goal is shared by many works in the subfield of explainable machine learning (XML),

and significant progress has been made in recent years. Already, XML tools have been used

to understand risk factors for novel diseases (Razavian et al., 2020; Snider et al., 2021),

accelerate the discovery of mathematical conjectures (Davies et al., 2021), identify protein

binding sites with limited training data labels (Gligorijević et al., 2021), audit faulty medical

diagnosis systems (DeGrave et al., 2021) and derive new insights from functional systems

(Ting et al., 2017; Sundararajan et al., 2017). These early successes point to the potential

for such tools, but there is also room for progress, particularly in the theory underlying these

methods and the computational procedures that make them efficient in practice. This thesis

presents several works conducted during my PhD that aim to address these challenges.

1.1 Outline

This thesis contains most of the projects completed during my PhD, all of which are related

to the central theme of transparent machine learning. We begin by setting up notation and

several preliminary ideas in Chapter 2. Next, each chapter is based on a single first-author

publication, which is in some cases shared with co-first authors. The individual works have

been modified to improve their cohesion in a single document, but no new information is

provided here and the papers can also be read individually. The works are organized into

three parts, as described below.
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Part I: Foundations of XML We first discuss a perspective that unifies a significant

portion of the literature: that many current methods are based on a principle of explaining

by removing, or quantifying the impact of removing features from a model. We describe

a framework in which these methods differ based on three implementation choices, and we

identify these choices for 26 existing algorithms (Chapter 3). Based on this perspective, we

conduct a unified analysis of such methods and identify connections with information theory,

game theory and cognitive psychology. We then explore the robustness properties of such

methods, and we derive new results characterizing their robustness to both input and model

perturbations (Chapter 4).

Part II: Shapley value computation Next, we explore one of the most widely used

tools in XML: Shapley values, a game-theoretic credit allocation technique. These are the

basis of one of the most popular feature attribution methods, SHAP (Lundberg and Lee,

2017), as well as a prominent data valuation technique (Ghorbani and Zou, 2019), but

they are notoriously difficult to calculate. There are a range of methods to accelerate their

calculation (Chen et al., 2022), and we discuss two here: approximations based on weighted

linear regression (Chapter 5), and approximations based on amortized optimization with

deep learning (Chapter 6, Chapter 7).

Part III: Feature selection with deep learning Finally, feature selection offers an

alternative direction to provide transparency while also reducing feature acquisition costs. It

is seemingly difficult to implement with deep learning due to the high cost of training multiple

models with different feature sets, but we explore how it can be performed using differentiable

layers that block feature information from entering a network (Chapter 8). We then discuss

how to apply these ideas in an adaptive setting, where we select features separately for each

prediction based on the currently available information (Chapter 9, Chapter 10).

Finally, we provide a concluding discussion in Chapter 11.
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1.2 Publications

For the committee’s convenience, the publications contributing to this thesis are the following

(∗ indicates equal contribution):

• Ian Covert, Scott Lundberg, Su-In Lee. Explaining by Removing: A Unified Framework

for Model Explanation. In Journal of Machine Learning Research, JMLR, 2021.

• Ian Covert, Su-In Lee. Improving KernelSHAP: Practical Shapley Value Estimation via

Linear Regression. In International Conference on Artificial Intelligence and Statistics,

AISTATS, 2021.

• Neil Jethani∗, Mukund Sudarshan∗, Ian Covert∗, Su-In Lee, Rajesh Ranganath. Fast-

SHAP: Real-Time Shapley Value Estimation. In International Conference on Learning

Representations, ICLR, 2022.

• Ian Covert, Rohan Gala, Tim Wang, Karel Svoboda, Uygar Sümbül∗, Su-In Lee∗.

Predictive and Robust Gene Selection for Spatial Transcriptomics. In Nature Commu-

nications, 2023.

• Ian Covert∗, Chanwoo Kim∗, Su-In Lee. Learning to Estimate Shapley Values with

Vision Transformers. In International Conference on Learning Representations, ICLR,

2023.

• Ian Covert, Wei Qiu, Mingyu Lu, Nayoon Kim, Nathan White, Su-In Lee. Learning

to Maximize Mutual Information for Dynamic Feature Selection. In International

Conference on Machine Learning, ICML, 2023.

• Chris Lin∗, Ian Covert∗, Su-In Lee. On the Robustness of Removal-Based Feature

Attributions. Preprint, 2023.
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• Soham Gadgil∗, Ian Covert∗, Su-In Lee. Estimating Conditional Mutual Information

for Dynamic Feature Selection. Preprint, 2023.

There are several other projects completed during my PhD that I do not discuss here,

but which were equally important for my learning process and are relevant contributions to

the area of transparent machine learning. These include:

• Ian Covert, Balu Krishnan, Imad Njam, Jiening Zhan, Matthew Shore, John Hixson,

Ming Jack Po. Temporal Graph Convolutional Networks for Automatic Seizure Detec-

tion. In Machine Learning for Healthcare, MLHC, 2019.

• Ian Covert, Uygar Sümbül, Su-In Lee. Deep Unsupervised Feature Selection. Preprint,

2019.

• Ian Covert, Scott Lundberg, Su-In Lee. Understanding Global Feature Contribu-

tions With Additive Importance Measures. In Neural Information Processing Systems,

NeurIPS, 2020.

• Alex Tank∗, Ian Covert∗, Nicholas Foti, Ali Shojaie, Emily Fox. Neural Granger Causal-

ity. In Transactions on Pattern Analysis and Machine Intelligence, TPAMI, 2021.

• Hugh Chen∗, Ian Covert∗, Scott Lundberg, Su-In Lee. Algorithms to Estimate Shapley

Value Feature Attributions. In Nature Machine Intelligence, 2023.
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Chapter 2

PRELIMINARIES

We use this chapter to define notation used throughout the thesis, and to introduce

several mathematical ideas that appear in multiple projects.

2.1 Data and Models

Many of the ideas discussed here focus on supervised ML models that predict a response

variable y given an input variable x. The symbols x,y are used to refer to random variables,

and x, y denote specific values. We use p(x,y) to represent the joint data distribution, and

p(x) is the data distribution with support on X . We assume for simplicity that the input

space is X ⊆ Rd, but several ideas presented here can be generalized to discrete feature

spaces. As for the response variable, we can have either y ∈ R for regression problems or

y ∈ [K] ≡ {1, . . . , K} for classification tasks.

The model is a function f : X 7→ Y with output space Y = R for regression, or Y = ∆K−1

for classification, where ∆K−1 represents the K − 1 dimensional probability simplex. In the

classification setting, we let fy(x) ∈ [0, 1] denote the probability for the yth class. We

indicate parameters when the model is being learned, e.g., f(x; θ), but we omit parameters

when the model is fixed. In most cases we require no assumptions about the model type that

f represents; in cases where it is learned, it can usually be any differentiable model class

(e.g., a MLP, CNN or vision transformer).

2.2 Feature Subsets

Many ideas discussed here involve reasoning about subsets of features. We therefore consider

that the model input consists of d separate features, denoted by x = (x1, . . . ,xd). We
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typically have scalar features xi ∈ R, but for images we group pixels into patches; for

example, when working with vision transformers we use patches of size xi ∈ R16×16×3. We

denote a subset of feature indices as S ⊆ [d] ≡ {1, . . . , d}, and we define a feature subset as

xS ≡ {xi : i ∈ S}. This allows us to consider the marginal distribution p(xS), as well as

the conditional distributions for the response p(y | xS) or for the features p(xS̄ | xS), where

S̄ = [d] \ S denotes the set complement. We use P(d) to denote the power set of [d], and as

a shorthand we often write S ∪ {i} as S ∪ i and S \ {i} as S \ i for singleton sets.

With abuse of notation, we will sometimes write a model’s output given a subset of

features by f(xS). The precise definition of f(xS) will be made clear by the context; for

example, Chapter 3 discusses techniques for simulating feature removal with pre-trained

models (e.g., setting unknown features to a neutral value), and Chapter 9 discusses training

models with masked inputs to represent unknown feature values.

2.3 Empirical and Population Risk Minimization

The objective functions we use when training ML models can typically be expressed in two

ways: as the average over a finite dataset, or as the expectation across an underlying data

distribution. Consider a model f(x) whose predictions ŷ are scored with a loss function

ℓ(ŷ, y). Given a finite set of labeled examples D = {(xj, yj)}nj=1, we can write the empirical

risk over the dataset as follows:

Remp(f) = E
D
[ℓ(f(x),y)] =

1

n

n∑
j=1

ℓ
(
f(xj), yj

)
.

Minimizing this objective with respect to f is known as empirical risk minimization (Vapnik,

1999), and it is what we typically do in practice. However, minimizing the empirical risk is

not our true goal, and focusing exclusively on minimizing Remp(f) may yield a solution that

fails to generalize. Instead, our true goal is to minimize the population risk, which is the loss
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taken in expectation over the data distribution p(x,y):

R(f) = E
p(x,y)

[ℓ(f(x),y)] .

The relevance of the population risk in this thesis is that it provides a perspective to reason

about our objective functions, and to understand what a model should learn when fit to

near-optimality. The core idea is that for any loss function, we can fix the input value x ∈ X
and consider which prediction ŷ = f(x) minimizes the loss in expectation. For example, for

classification models trained with cross entropy loss, we can see that the optimal prediction

is the true probability distribution, or f(x) = p(y | x); this property is shared by several

other strictly proper scoring functions (Gneiting and Raftery, 2007), which are loss functions

that encourage the true probabilistic prediction. Similarly, for regression models trained with

mean squared error loss, we can see that the optimal prediction is the response variable’s

conditional expectation, or f(x) = E[y | x].

We use this perspective to reason about several loss functions in this thesis. For example,

Chapter 3 reasons about standard loss functions for models trained with randomly masked

inputs. Chapters 6 and 7 take a similar approach when the model is trained with a custom

loss function to predict Shapley values. Finally, Chapters 9 and 10 apply a similar approach

for objective functions related to the information associated with unobserved features.

2.4 Information Theory

For several of the methods presented in this thesis, it is helpful to define the basic tools of

information theory and consider their links with common model training procedures. First,

assuming a discrete response variable y ∈ [K] with probability mass function p(y), the

entropy H(y) is defined as follows:

H(y) = −
K∑
y=1

p(y) log p(y).
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This provides a measure of the uncertainty in y’s outcome, with the maximum value being

H(y) = logK when p(y) is uniform and the minimum being H(y) = 0 when y is deter-

ministic. Observing the input features x is helpful because it provides information about y

and often reduces our uncertainty. Given the observed values x = x, we have the updated

conditional distribution p(y | x), which yields the entropy

H(y | x) = −
K∑
y=1

p(y | x) log p(y | x).

If we want to consider how much x reduces our uncertainty about y on average, we can take

the expectation of the equation above. This is known as the conditional entropy (Cover and

Thomas, 2012):

H(y | x) =
∫
X
p(x)H(y | x)dx.

We may expect that obtaining new information should reduce our uncertainty, and this is

true—at least in expectation. The difference between the unconditional and conditional

entropy defines the mutual information between x and y, which can be viewed as a (non-

negative) expected KL divergence:

I(y;x) ≡ H(y)−H(y | x) =
∫
X
p(x)DKL

(
p(y | x) || p(y)

)
dx ≥ 0.

The mutual information I(y;x) therefore represents how much observing x reduces our

uncertainty about y, or intuitively, how valuable x is as a predictor. The non-negativity

property implies that we should always seek additional information to reduce our uncertainty.

We can similarly define I(y;xS) for specific feature subsets; e.g., if the feature set xS is just

as informative as the complete feature set x, we should expect I(y;xS) ≈ I(y;x). Note

that by the data processing inequality, it is impossible to have I(y;xS) > I(y;x) (Cover

and Thomas, 2012).

Next, we consider how these definitions relate to common procedures for training ML

models. Classification models are typically trained with cross entropy loss, and due to cross
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entropy loss being a strictly proper scoring function (see Section 2.3), the optimal prediction

for each input is the response variable’s true conditional distribution. If we consider what loss

value this achieves in expectation across the data distribution, we can observe the following:

E
p(x,y)

[ℓ(p(y | x),y)] = E
p(x)

E
p(y|x)

[− log p(y | x)] = H(y | x).

In other words, the expected loss is the conditional entropy H(y | x). This interpretation of

a classification model’s loss lends itself to several practical use cases, all of which are explored

in this thesis:

1. A flexible classifier trained with a large dataset can be interpreted as approximating

the true conditional distribution, or fy(x) ≈ p(y | x). If we repeat this process for

multiple subsets, we can interpret the difference in predictions as the difference in the

response variable’s conditional probability.

2. A classifier’s expected loss provides an approximation of the conditional entropy H(y |
x), and it is related to the mutual information due to the relationship I(y | x) =

H(y) − H(y | x). The expected loss can be compared between models trained on

different feature sets, and this represents differences in the mutual information (because

H(y) is constant).

3. Learning a feature set that achieves minimum loss can be interpreted as finding features

with minimum conditional entropy H(y | xS), or equivalently, with maximum mutual

information I(y;xS). This provides a lens to interpret feature selection procedures via

which features they choose when fit optimally.

When we consider regression models fit with continuous response variables y ∈ R, these

ideas from information theory do not apply directly. However, analogous ideas arise from

training with squared error loss, and these can be framed in terms of variance rather than

entropy. The key property is that squared error loss yields the conditional expectation as an
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optimal prediction, or f(x) = E[y | x]. Then, the entropy H(y) is replaced by the variance

Var(y), and the conditional entropyH(y | x) is replaced by the expected conditional variance

Ep(x)[Var(y | x)]. The mutual information I(y;xS) does not have a direct analogue, but we

can identify a similar property of the uncertainty reducing in expectation due to the law of

total variance:

Var(y)− E
p(x)

[Var(y | x)] = Varp(x)(E[y | x]) ≥ 0.

Interpreting a regression model as f(x) ≈ E[y | x] enables the same use cases described above

for classification models. For example, we can compare the loss between models trained on

different features to approximate differences in conditional variance, and we can aim to find

a small feature set that achieves the lowest possible conditional variance.

2.5 Cooperative Game Theory

Finally, we briefly introduce cooperative game theory and one of its most famous ideas: the

Shapley value. Cooperative game theory is the study of coalitional games, wherein subsets of

players opt to participate or not and thereby generate a certain amount of profit. The central

questions in this field focus on how to design fair credit allocation schemes and predict which

players will participate (Narahari, 2014); for example, allocations should exceed what players

can achieve in isolation, or else they will not be inclined to participate. For our purpose,

these games are effectively set functions of the form v : P(d) 7→ R, where the input is a set

of players and the output represents the profit. For example, in the context of a company,

v([d]) is the profit when all employees choose to work (the grand coalition), v(∅) is the profit

when no one works (the null coalition), and v(S) for S ⊆ [d] is the profit achieved by an

arbitrary set of employees.

The Shapley value (Shapley, 1953) considers the situation where all employees choose

to work, and it defines a principled approach to calculate each player’s contribution. The

idea is that a player’s impact is defined by the change in value caused by their absence, or

v(S ∪ i) − v(S) (also called i’s marginal contribution), but this difference depends on the
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preceding subset S ⊆ [d] \ i. The Shapley value therefore averages this contribution across

all possible preceding subsets, and using a carefully chosen weighting function. The Shapley

value for the ith player, denoted by ϕi(v) ∈ R, is defined as follows:

ϕi(v) =
1

d

∑
S⊆[d]\i

(
d− 1

|S|

)−1(
v(S ∪ i)− v(S)

)
.

We can understand this equation with multiple perspectives. First, the Shapley value ϕi(v)

is equivalent to the average contribution across all player orderings; that is, we can imagine

enumerating all possible player orderings, calculating i’s marginal contribution within each

ordering (i.e., the difference in value before and after including i), and then averaging the

contributions (Shapley, 1953). Second, the Shapley value is the unique credit allocation

technique to define a set of fairness axioms. There are in fact multiple sets of axioms that

uniquely define the Shapley value (Monderer et al., 2002), but we present one such set below:

1. (Efficiency) The allocations ϕ1(v), . . . , ϕd(v) sum to the difference in value between the

grand coalition and the empty coalition:

∑
i∈[d]

ϕi(v) = v([d])− v(∅).

2. (Linearity) If we consider two games v, v′ and their allocations ϕi(v) and ϕi(v
′), then

the cooperative game defined as their linear combination αv + α′v′ with α, α′ ∈ R has

the following allocations:

ϕi(αv + α′v′) = αϕi(v) + α′ϕi(v
′) ∀ i ∈ [d].

3. (Symmetry) Two players i, j that make equal marginal contributions to all coalitions
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receive the same allocation:

v(S ∪ i) = v(S ∪ j) ∀ S ⊆ [d] =⇒ ϕi(v) = ϕj(v).

4. (Null player) A player i that makes zero marginal contribution receives zero allocation:

v(S ∪ i) = v(S) ∀ S ⊆ [d] =⇒ ϕi(v) = 0.

5. (Marginalism) For two games v, v′ where all players have identical marginal contribu-

tions, the players receive equal allocations:

v(S ∪ i)− v(S) = v′(S ∪ i)− v′(S) ∀ (i, S) =⇒ ϕi(v) = ϕi(v
′) ∀ i ∈ [d].

In machine learning, the Shapley value has been adopted to quantify player contributions

in several types of coalitional games. For example, SHAP focuses on the prediction for a

single input given subsets of features (Lundberg and Lee, 2017), and Data Shapley considers

the test set accuracy given subsets of training data examples (Ghorbani and Zou, 2019). In

both cases, the Shapley values ϕ(v) = (ϕ1(v), . . . , ϕd(v)) ∈ Rd are difficult to calculate due to

their exponential complexity, which represents an obstacle to their usage in practice. Several

chapters in this thesis focus on simplifying their calculation to enable efficient approximations

(Chapter 5, Chapter 6 and Chapter 7).
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Part I

FOUNDATIONS OF EXPLAINABLE MACHINE LEARNING
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Chapter 3

EXPLAINING BY REMOVING: A UNIFIED FRAMEWORK

3.1 Chapter Notes

This chapter presents joint work with Scott Lundberg and Su-In Lee that was published in

the Journal of Machine Learning Research (JMLR) in 2021. The content of this chapter is

a minor variant of the published version of the paper. The main contribution of this work is

to introduce a framework that encompasses many existing model explanation methods, and

which enables a unified analysis of their theoretical foundations.

3.2 Introduction

The proliferation of black-box models has made machine learning (ML) explainability in-

creasingly important, and researchers have now proposed a variety of model explanation

approaches (Zeiler and Fergus, 2014; Ribeiro et al., 2016; Lundberg and Lee, 2017). Despite

progress in the field, the relationships and trade-offs among these methods have not been

rigorously investigated, and researchers have not always formalized their fundamental ideas

about how to interpret models (Lipton, 2018). This makes the interpretability literature

difficult to navigate, and raises questions about whether existing methods relate to human

processes for explaining complex decisions (Miller et al., 2017; Miller, 2019).

Here, we present a comprehensive new framework that unifies a substantial portion of the

model explanation literature. Our framework is based on the observation that many methods

can be understood as simulating feature removal to quantify each feature’s influence on a

model. The intuition behind these methods is similar (depicted in Figure 3.1), but each

one takes a slightly different approach to the removal operation: some replace features with

neutral values (Zeiler and Fergus, 2014; Petsiuk et al., 2018), others marginalize over a
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Figure 3.1: A unified framework for removal-based explanations. Each method is determined
by three choices: how it removes features, what model behavior it analyzes, and how it
summarizes feature influence.

distribution of values (Strobl et al., 2008; Lundberg and Lee, 2017), and still others train

separate models for each subset of features (Lipovetsky and Conklin, 2001; Štrumbelj et al.,

2009). These methods also vary in other respects, as we describe below.

We refer to this class of approaches as removal-based explanations and identify 261 existing

methods that rely on the feature removal principle, including several of the most widely used

methods (SHAP, LIME, Meaningful Perturbations, permutation tests). We then develop a

framework that shows how each method arises from various combinations of three choices:

(i) how the method removes features from the model, (ii) what model behavior the method

analyzes, and (iii) how the method summarizes each feature’s influence on the model. By

characterizing each method in terms of three precise mathematical choices, we are able to

systematize their shared elements and show that they all rely on the same fundamental

1This total count does not include minor variations on the approaches we identified. The number of
methods in our framework has also increased since the original publication.
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approach—feature removal.

The model explanation field has grown significantly in the past decade, and we take a

broader view of the literature than existing unification theories. Our framework’s flexibility

lets us establish links between disparate classes of methods (e.g., computer vision-focused

methods, global methods, game-theoretic methods, feature selection methods) and show

that the literature is more interconnected than previously recognized. Exposing these re-

lationships makes the literature more coherent, and it simplifies the process of reasoning

about the benefits of each method by showing that their differences often amount to minor,

interchangeable design choices.

To better understand the unique advantages of each method, we thoroughly analyze

our framework’s theoretical foundation by examining its connections with related fields.

In particular, we find that cognitive psychology, cooperative game theory and information

theory are intimately connected to removal-based explanations and help shed light on the

trade-offs between different approaches. The extent of these links is perhaps surprising,

because few methods explicitly reference these related fields.

Our approach yields many new results and provides a strong theoretical foundation for

understanding existing methods and guiding future work. Our contributions include:

1. We present a unified framework that characterizes 26 existing explanation methods

and formalizes a new class of removal-based explanations. The framework integrates

classes of methods that may have previously appeared disjoint, including local and

global approaches, as well as feature attribution and feature selection methods. In our

experiments, we develop and compare 60+ new explanation approaches by mixing and

matching the choices that methods make in each dimension of our framework.

2. We develop new mathematical tools to represent different approaches for removing

features from ML models. Then, by incorporating an underlying data distribution, we

argue that marginalizing out features using their conditional distribution is the only

approach that is consistent with standard probability axioms. Finally, we prove that
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several alternative choices approximate this approach and that this approach gives all

removal-based explanations an information-theoretic interpretation.

3. We demonstrate that all removal-based explanations are implicitly tied to cooperative

game theory, and we leverage decades of game theory research to highlight advantages

of the Shapley value over alternative allocation strategies. Building on these find-

ings, we also show that several feature attribution techniques are generalized by LIME

(Ribeiro et al., 2016), and that several feature selection techniques are generalized by

the Masking Model approach (Dabkowski and Gal, 2017).

4. We consult social science research to understand the intuition behind feature removal as

an approach to model explanation. We find that feature removal is a simple application

of subtractive counterfactual reasoning, or, equivalently, of Mill’s method of difference

from the philosophy of scientific induction (Mill, 1884).

The chapter is organized as follows. We begin with background on the model explana-

tion problem and a review of prior work (Section 3.3), and we then give an overview of our

framework (Section 3.4). We then present our framework in detail, describing how methods

remove features (Section 3.5), formalizing the model behaviors analyzed by each method

(Section 3.6), and examining each method’s approach to summarizing feature influence (Sec-

tion 3.7). We next explore connections to related fields. First, we describe our framework’s

relationship with cooperative game theory (Section 3.8). Next, we prove that under cer-

tain conditions, removal-based explanations analyze the information communicated by each

feature (Section 3.9). Then, we refer to the psychology literature to establish a cognitive

basis for removal-based explanations (Section 3.10). In our experiments, we provide empir-

ical comparisons between existing methods and new combinations of existing approaches,

as well as a discussion of our framework’s implications for common explainability metrics

(Section 3.11). Finally, we recap and conclude our discussion (Section 3.12).
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3.3 Background

Here, we introduce the model explanation problem and briefly review existing approaches

and related unification theories.

3.3.1 Preliminaries

Consider a supervised ML model f that is used to predict a response variable y ∈ Y using

the input x = (x1, . . . ,xd) ∈ X , where each xi ∈ Xi represents an individual feature, such

as a patient’s age or blood pressure. ML interpretability broadly aims to provide insight into

how models make predictions. This is particularly important when f is a complex model

like a neural network or a decision forest. The most active area of recent research is local

interpretability, which explains individual predictions, such as individual patient diagnoses

(e.g., Ribeiro et al., 2016; Lundberg and Lee, 2017; Sundararajan et al., 2017); in contrast,

global interpretability explains the model’s behavior across the entire dataset (e.g., Breiman,

2001; Owen, 2014; Covert et al., 2020). Both problems are often addressed using feature

attribution, where scores are assigned to quantify each feature’s influence. However, recent

work has also proposed the strategy of local feature selection (Chen et al., 2018a), and other

papers have introduced methods to isolate sets of relevant features (Zhou et al., 2014; Fong

and Vedaldi, 2017; Dabkowski and Gal, 2017).

Whether the aim is local or global interpretability, explaining the inner workings of

complex models is fundamentally difficult, so it is no surprise that researchers continue to

devise new approaches. Commonly cited categories of approaches include perturbation-based

methods (e.g., Zeiler and Fergus, 2014; Lundberg and Lee, 2017), gradient-based methods

(e.g., Simonyan et al., 2013; Montavon et al., 2017; Sundararajan et al., 2017; Selvaraju

et al., 2017), more general propagation-based methods (e.g., Springenberg et al., 2014; Bach

et al., 2015; Kindermans et al., 2017; Zhang et al., 2018), and inherently interpretable models

(e.g., Zhou et al., 2016; Rudin, 2019). However, these categories refer to loose collections of

approaches that seldom share a precise mechanism.
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Among the various approaches in the literature, many methods generate explanations

by considering some class of perturbation to the input and the corresponding impact on

the model’s predictions. Certain methods consider infinitesimal perturbations by calculating

gradients2 (Simonyan et al., 2013; Sundararajan et al., 2017; Smilkov et al., 2017; Erion

et al., 2019; Xu et al., 2020), but there are many possible input perturbations (Zeiler and

Fergus, 2014; Ribeiro et al., 2016; Fong and Vedaldi, 2017; Lundberg and Lee, 2017). Our

work is based on the observation that many perturbation strategies can be understood as

simulating feature removal.

3.3.2 Related Work

Prior work has made notable progress in exposing connections among disparate explanation

methods. Lundberg and Lee (2017) proposed the unifying framework of additive feature

attribution methods and showed that LIME, DeepLIFT, LRP and QII are all related to SHAP

(Bach et al., 2015; Ribeiro et al., 2016; Datta et al., 2016; Shrikumar et al., 2017). Similarly,

Ancona et al. (2018) showed that Grad × Input, DeepLIFT, LRP and Integrated Gradients

can all be understood as modified gradient backpropagations. Covert et al. (2020) showed

that several global explanation methods can be viewed as additive importance measures,

including permutation tests, Shapley Net Effects, feature ablation and SAGE (Breiman,

2001; Lipovetsky and Conklin, 2001; Lei et al., 2018).

Relative to prior work, the unification we propose is considerably broader but nonethe-

less precise. By focusing on the common mechanism of removing features from a model, we

encompass far more methods, including both local and global ones. We also provide richer

theoretical analysis by exploring underlying connections with cooperative game theory, in-

formation theory and cognitive psychology.

As we describe below, our framework characterizes methods along three dimensions. The

choice of how to remove features has been considered by many works (Lundberg and Lee,

2This perhaps unconventional perspective is also mentioned by Bhatt et al. (2020).
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2017; Chang et al., 2018; Janzing et al., 2020; Sundararajan and Najmi, 2019; Merrick and

Taly, 2019; Aas et al., 2019; Hooker and Mentch, 2019; Agarwal and Nguyen, 2020; Frye

et al., 2021). However, the choice of what model behavior to analyze has been considered

explicitly by only a few works (Lundberg et al., 2020; Covert et al., 2020), as has the choice

of how to summarize each feature’s influence based on a cooperative game (Štrumbelj et al.,

2009; Datta et al., 2016; Lundberg and Lee, 2017; Frye et al., 2020; Covert et al., 2020). To

our knowledge, ours is the first work to consider all three dimensions simultaneously and

discuss them within a single unified framework.

Besides the methods that we focus on, there are also many proposals that do not rely on

the feature removal principle. We direct readers to survey articles for a broader overview of

the literature (Adadi and Berrada, 2018; Guidotti et al., 2018).

3.4 Removal-Based Explanations

We now introduce our framework and briefly describe the methods it unifies.

3.4.1 A Unified Framework

We develop a unified model explanation framework by connecting methods that define each

feature’s influence through the impact of removing it from a model. This principle describes

a substantial portion of the explainability literature: we find that 26 existing methods rely on

this mechanism, including many of the most widely used approaches (Breiman, 2001; Ribeiro

et al., 2016; Fong and Vedaldi, 2017; Lundberg and Lee, 2017). Several works have described

their methods as either removing, ignoring or deleting information from a model, but our

work is the first to precisely characterize this approach and document its use throughout the

model explanation field.

The methods that we identify all remove groups of features from the model, but, beyond

that, they take a diverse set of approaches. For example, LIME fits a linear model to

an interpretable representation of the input (Ribeiro et al., 2016), L2X selects the most

informative features for a single example (Chen et al., 2018a), and Shapley Effects examines
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Table 3.1: Choices made by existing removal-based explanations.

Method Removal Behavior Summary

IME (2009) Separate models Prediction Shapley value
IME (2010) Marginalize (uniform) Prediction Shapley value
QII Marginalize (marginals product) Prediction Shapley value
SHAP Marginalize (conditional/marginal) Prediction Shapley value
KernelSHAP Marginalize (marginal) Prediction Shapley value
TreeSHAP Tree distribution Prediction Shapley value
LossSHAP Marginalize (conditional) Prediction loss Shapley value
SAGE Marginalize (conditional) Dataset loss (label) Shapley value
Shapley Net Effects Separate models (linear) Dataset loss (label) Shapley value
SPVIM Separate models Dataset loss (label) Shapley value
Shapley Effects Marginalize (conditional) Dataset loss (output) Shapley value
Permutation Test Marginalize (marginal) Dataset loss (label) Remove individual
Conditional Perm. Test Marginalize (conditional) Dataset loss (label) Remove individual
Feature Ablation (LOCO) Separate models Dataset loss (label) Remove individual
Univariate Predictors Separate models Dataset loss (label) Include individual
L2X Surrogate Prediction loss (output) High-value subset
REAL-X Surrogate Prediction loss (output) High-value subset
INVASE Missingness during training Prediction mean loss High-value subset
LIME (Images) Default values Prediction Additive model
LIME (Tabular) Marginalize (replacement dist.) Prediction Additive model
PredDiff Marginalize (conditional) Prediction Remove individual
Occlusion Zeros Prediction Remove individual
CXPlain Zeros Prediction loss Remove individual
RISE Zeros Prediction Mean when included
MM Default values Prediction Partitioned subsets
MIR Extend pixel values Prediction High-value subset
MP Blurring Prediction Low-value subset
EP Blurring Prediction High-value subset
FIDO-CA Generative model Prediction High-value subset

how much of the model’s variance is explained by each feature (Owen, 2014). Perhaps

surprisingly, the differences between these methods are easy to systematize because they are

all based on removing discrete sets of features.

As our main contribution, we introduce a framework that shows how these methods can

be specified using only three choices.

Definition 3.1. Removal-based explanations are model explanations that quantify the

impact of removing groups of features from the model. These methods are determined by

three choices:

1. (Feature removal) How the method removes features from the model (e.g. by setting
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them to default values, or by marginalizing over a distribution of values)

2. (Model behavior) What model behavior the method analyzes (e.g., the probability of the

true class, or the model loss)

3. (Summary technique) How the method summarizes each feature’s impact on the model

(e.g., by removing a feature individually, or by calculating Shapley values)

These three dimensions are independent of one another (i.e., any combination of choices

is possible), but all three are necessary to fully specify a removal-based explanation. The first

two choices, feature removal and model behavior, allow us to probe how a model’s predictions

change when given access to arbitrary subsets of features—including the behavior with all

features, or with one or more features removed. Then, because there are an exponential

number of feature combinations to consider, a summary technique is required to condense

this information into a human-interpretable explanation, typically using either attribution

scores or a subset of highly influential features.

As we show in the following sections, each dimension of the framework is represented

by a specific mathematical choice. This precise yet flexible framework allows us to unify

disparate classes of explanation methods, and, by unraveling each method’s choices, offers a

step towards a better understanding of the literature.

3.4.2 Overview of Existing Approaches

We now outline our findings, which we present in more detail in the remainder of the chapter.

In particular, we preview how existing methods fit into our framework and highlight groups

of methods that appear closely related in light of our feature removal perspective.

Table 3.1 lists the methods unified by our framework, with acronyms and the origi-

nal works introduced in Section 3.5. These methods represent diverse parts of the inter-

pretability literature, including global interpretability methods (Breiman, 2001; Owen, 2014;

Covert et al., 2020), computer vision-focused methods (Zeiler and Fergus, 2014; Zhou et al.,
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2014; Fong and Vedaldi, 2017; Petsiuk et al., 2018), game-theoretic methods (Štrumbelj and

Kononenko, 2010; Datta et al., 2016; Lundberg and Lee, 2017) and feature selection methods

(Chen et al., 2018a; Yoon et al., 2018; Fong et al., 2019). They are all unified by their reliance

on feature removal, and they can be described concisely via their three choices within our

framework.

Disentangling the details of each method shows that many approaches share one or more

of the same choices. For example, most methods choose to explain individual predictions

(the model behavior), and the Shapley value (Shapley, 1953) is the most popular summary

technique. These common choices reveal that methods sometimes differ along only one or

two dimensions, making it easier to reason about the trade-offs among approaches that might

otherwise be viewed as monolithic algorithms.

To further highlight similarities among these methods, we visually depict the space of

removal-based explanations in Figure 3.2. Visualizing our framework reveals several regions

in the space of methods that are crowded (e.g., methods that marginalize out features with

their conditional distribution and calculate Shapley values), while certain methods are rel-

atively unique and spatially isolated (e.g., RISE, LIME for tabular data, INVASE). Empty

positions in the grid reveal opportunities to develop new methods; in our experiments, we ex-

plore these possibilities by filling out the space of removal-based explanations (Section 3.11).

Finally, Table 3.2 shows groups of methods that differ in only one dimension of the frame-

work. These methods are “neighbors” in the space of explanation methods (Figure 3.2), and

it is noteworthy how many instances of neighboring methods exist in the literature. Certain

methods even have neighbors along every dimension of the framework (e.g., SHAP, SAGE,

Occlusion, PredDiff, conditional permutation tests), reflecting how intimately connected the

field has become. In the remainder of the chapter, after analyzing the choices made by each

method, we consider perspectives from related fields that help reason about the concep-

tual and computational advantages that arise from the sometimes subtle differences between

methods.
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Table 3.2: Common combinations of choices in existing methods. Check marks (✓) indicate
choices that are identical between methods. Note that for methods that share all three
choices, there can still be differences due to other implementation choices (Appendix A.1).

Removal Behavior Summary Methods

✓ ✓ IME, QII, SHAP, KernelSHAP, TreeSHAP

✓ ✓ SHAP, LossSHAP, SAGE, Shapley Effects

✓ ✓ Occlusion, LIME (images), MM, RISE

✓ ✓
Feature ablation (LOCO), permutation tests,

conditional permutation tests

✓ ✓
Univariate predictors, feature ablation (LOCO),

Shapley Net Effects, SPVIM

✓ ✓ SAGE, Shapley Net Effects, SPVIM

✓ ✓ SAGE, conditional permutation tests

✓ ✓ Shapley Net Effects, SPVIM, IME (2009)

✓ ✓ Occlusion, CXPlain

✓ ✓ Occlusion, PredDiff

✓ ✓ Conditional permutation tests, PredDiff

✓ ✓ SHAP, PredDiff

✓ ✓ MP, EP

✓ ✓ EP, FIDO-CA

✓ ✓ ✓ L2X, REAL-X

✓ ✓ ✓ Shapley Net Effects, SPVIM
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3.5 Feature Removal

Here, we begin presenting our framework for removal-based explanations in detail. We first

define the mathematical tools necessary to remove features from ML models, and we then

examine how existing explanation methods remove features.

3.5.1 Functions on Feature Subsets

The principle behind removal-based explanations is to remove groups of features to under-

stand their impact on a model, but since most models require all the features to make

predictions, removing a feature is more complicated than simply not giving the model access

to it. Most ML models make predictions given a specific set of features x = (x1, . . . ,xd),

and mathematically, these models are functions are of the form f : X 7→ Y , where we use F
to denote the set of all such possible mappings.

To remove features from a model, or to make predictions given a subset of features, we

require a different mathematical object than f ∈ F . Instead of functions with domain X , we

consider functions with domain X ×P(d), where P(d) denotes the power set of [d]. To ensure

invariance to the held-out features, these functions must depend only on features specified

by the subset S ∈ P(d), so we formalize subset functions as follows.3

Definition 3.2. A subset function is a mapping of the form

F : X × P(d) 7→ Y

that is invariant to the dimensions that are not in the specified subset. That is, we have

F (x, S) = F (x′, S) for all (x, x′, S) such that xS = x′S. We define F (xS) ≡ F (x, S) for

convenience because the held-out values xS̄ are not used by F .

A subset function’s invariance property is crucial to ensure that only the specified feature

values determine the function’s output, while guaranteeing that the other feature values do

3In other chapters of this thesis, the notation f(xS) is used informally to refer to such subset functions.
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not matter. Another way of viewing subset functions is that they provide an approach to

accommodate missing data. While we use F to represent standard prediction functions, we

use F to denote the set of all possible subset functions.

We introduce subset functions here because they help conceptualize how different meth-

ods remove features from ML models. Removal-based explanations typically begin with an

existing model f ∈ F , and in order to quantify each feature’s influence, they must establish a

convention for removing it from the model. A natural approach is to define a subset function

F ∈ F based on the original model f . To formalize this idea, we define a model’s subset

extension as follows.

Definition 3.3. An subset extension of a model f ∈ F is a subset function F ∈ F that

agrees with f in the presence of all features. That is, the model f and its subset extension

F must satisfy

F (x) = f(x) ∀x ∈ X .

As we show next, specifying a subset function F ∈ F, often as a subset extension of an

existing model f ∈ F , is the first step towards defining a removal-based explanation.

3.5.2 Removing Features From Machine Learning Models

Existing methods have devised numerous ways to evaluate models while withholding groups

of features. Although certain methods use different terminology to describe their approaches

(e.g., deleting information, ignoring features, using neutral values, etc.), the goal of all these

methods is to measure a feature’s influence through the impact of removing it from the

model. Most proposed techniques can be understood as subset extensions F ∈ F of an

existing model f ∈ F (Definition 3.3).

The various approaches used in existing work (see Appendix A.1 for more details) include:

• (Zeros) Occlusion (Zeiler and Fergus, 2014), RISE (Petsiuk et al., 2018) and CXPlain
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(Schwab and Karlen, 2019) remove features simply by setting them to zero:

F (xS) = f(xS, 0). (3.1)

• (Default values) LIME for image data (Ribeiro et al., 2016) and the Masking Model

method (MM, Dabkowski and Gal, 2017) remove features by setting them to user-

defined default values (e.g., gray pixels for images). Given default values b ∈ X , these

methods calculate

F (xS) = f(xS, bS̄). (3.2)

Sometimes referred to as baseline values, (Sundararajan and Najmi, 2019), this is

a generalization of the previous approach, and in some cases features may be given

different default values (e.g., their mean).

• (Extend pixel values) Minimal image representation (MIR, Zhou et al., 2014) removes

features from images by extending the values of neighboring pixels. This effect is

achieved through a gradient-space manipulation.

• (Blurring) Meaningful Perturbations (MP, Fong and Vedaldi, 2017) and Extremal Per-

turbations (EP, Fong et al., 2019) remove features from images by blurring them with

a Gaussian kernel. This approach is not a subset extension of f because the blurred

image retains dependence on the removed features. Blurring fails to remove large, low

frequency objects (e.g., mountains), but it provides an approximate way to remove

information from images.

• (Generative model) FIDO-CA (Chang et al., 2018) removes features by replacing them

with samples from a conditional generative model (e.g. Yu et al., 2018). The held-

out features are drawn from a generative model represented by pG(xS̄ | xS), or x̃S̄ ∼
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pG(xS̄ | xS), and predictions are made as follows:

F (xS) = f(xS, x̃S̄). (3.3)

• (Marginalize with conditional) SHAP (Lundberg and Lee, 2017), LossSHAP (Lundberg

et al., 2020) and SAGE (Covert et al., 2020) present a strategy for removing features

by marginalizing them out using their conditional distribution p(xS̄ | xS):

F (xS) = E[f(x) | xS]. (3.4)

This approach is computationally challenging in practice, but recent work tries to

achieve close approximations (Aas et al., 2019, 2021; Frye et al., 2021). Shapley Ef-

fects (Owen, 2014) implicitly uses this convention to analyze function sensitivity, while

conditional permutation tests (Strobl et al., 2008) and Prediction Difference Analy-

sis (PredDiff, Zintgraf et al., 2017) propose simple approximations, with the latter

conditioning only on groups of bordering pixels.

• (Marginalize with marginal) KernelSHAP (a practical implementation of SHAP) re-

moves features by marginalizing them out using their joint marginal distribution p(xS̄):

F (xS) = E[f(xS,xS̄)]. (3.5)

This is the default behavior in SHAP’s implementation,4 and recent work discusses its

potential benefits over conditional marginalization (Janzing et al., 2020). Permutation

tests (Breiman, 2001) use this approach to remove individual features.

• (Marginalize with product of marginals) Quantitative Input Influence (QII, Datta et al.,

2016) removes held-out features by marginalizing them out with the product of the

4https://github.com/slundberg/shap

https://github.com/slundberg/shap
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marginal distributions p(xi):

F (xS) = E∏
i∈S̄ p(xi)

[f(xS,xS̄)]. (3.6)

• (Marginalize with uniform) The updated version of the Interactions Method for Expla-

nation (IME, Štrumbelj and Kononenko, 2010) removes features by marginalizing them

out with a uniform distribution over the feature space. If we let ui(xi) denote a uni-

form distribution over Xi (with extremal values defining the boundaries for continuous

features) and u(x) =
∏

i∈[d] u(xi), then features are removed as follows:

F (xS) = E
u(x)

[f(xS,xS̄)]. (3.7)

• (Marginalize with replacement distributions) LIME for tabular data replaces features

with independent draws from replacement distributions (our term), each of which de-

pends on the original feature values. When a feature xi with value xi is removed,

discrete features are drawn from the distribution p(xi | xi ̸= xi); when quantization is

used for continuous features (LIME’s default behavior5), continuous features are sam-

pled by first generating a different quantile and then sampling from a truncated normal

distribution within that bin. If we denote each feature’s replacement distribution given

the original value xi as qxi
(xi) and then denote qx(x) =

∏
i∈[d] qxi

(xi), then LIME for

tabular data removes features as follows:

F (x, S) = E
qx(x)

[f(xS,xS̄)]. (3.8)

Although this function F agrees with f given all features, it is not a subset extension

because it does not satisfy the invariance property necessary for subset functions.

5https://github.com/marcotcr/lime

https://github.com/marcotcr/lime
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• (Tree distribution) Dependent TreeSHAP (Lundberg et al., 2020) removes features us-

ing the distribution induced by the underlying tree model, which roughly approximates

the conditional distribution. When splits for removed features are encountered in the

model’s trees, TreeSHAP averages predictions from the multiple paths in proportion

to how often the dataset follows each path.

• (Surrogate model) Learning to Explain (L2X, Chen et al., 2018a) and REAL-X (Jethani

et al., 2021a) train separate surrogate models F to match the original model’s predic-

tions when groups of features are held out. The surrogate model accommodates missing

features, allowing us to represent it as a subset function F ∈ F, and it aims to provide

the following approximation:

F (xS) ≈ E[f(x) | xS]. (3.9)

The surrogate model approach was also proposed separately in the context of Shapley

values (Frye et al., 2021).

• (Missingness during training) Instance-wise Variable Selection (INVASE, Yoon et al.,

2018) uses a model that has missingness introduced at training time. Removed features

are replaced with zeros, so that the model makes the following approximation:

F (xS) = f(xS, 0) ≈ p(y | xS). (3.10)

This approximation occurs for models trained with cross entropy loss, but other loss

functions may lead to different results (e.g., the conditional expectation for MSE loss).

Introducing missingness during training differs from the default values approach be-

cause the model is trained to recognize zeros (or other replacement values) as missing

values rather than zero-valued features.
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• (Separate models) The original version of IME (Štrumbelj et al., 2009) is not based

on a single model f , but rather on separate models trained for each feature subset, or

{fS : S ⊆ [d]}. The prediction for a subset of features is given by that subset’s model:

F (xS) = fS(xS). (3.11)

Shapley Net Effects (Lipovetsky and Conklin, 2001) uses an identical approach in the

context of linear models, with SPVIM generalizing the approach to black-box models

(Williamson and Feng, 2020). Similarly, feature ablation, also known as leave-one-

covariate-out (LOCO, Lei et al., 2018), trains models to remove individual features,

and the univariate predictors approach (used mainly for feature selection) uses models

trained with individual features (Guyon and Elisseeff, 2003). Although the separate

models approach is technically a subset extension of the model f[d] trained with all

features, its predictions given subsets of features are not technically tied to f[d].

Most of these approaches can be viewed as subset extensions of an existing model f ,

so our formalisms provide useful tools for understanding how removal-based explanations

remove features from models. However, there are two exceptions: the blurring technique

(MP and EP) and LIME’s approach with tabular data. Both provide functions of the form

F : X × P(d) 7→ Y that agree with f given all features, but that retain dependence on

removed features. Based on our invariance property for held-out features (Definition 3.2),

we argue that these approaches do not fully remove features from the model.

We conclude that the first dimension of our framework amounts to choosing a subset

function F ∈ F, often via a subset extension to an existing model f ∈ F . We defer consid-

eration of the trade-offs between these approaches to Section 3.9, where we show that one

approach to removing features yields connections to information theory.
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3.6 Explaining Different Model Behaviors

Removal-based explanations all aim to demonstrate how a model functions, but they can do

so by analyzing different model behaviors. We now consider the various choices of target

quantities to observe as different features are withheld from the model.

The feature removal principle is flexible enough to explain virtually any function. For

example, methods can explain a model’s prediction, a model’s loss function, a hidden layer in

a neural network, or any node in a computation graph. In fact, removal-based explanations

need not be restricted to the ML context: any function that accommodates missing inputs

can be explained via feature removal by observing either its output or some function of

its output as groups of inputs are removed. This perspective shows the broad potential

applications for removal-based explanations.

Because our focus is the ML context, we proceed by examining how existing methods

work. Each explanation method’s target quantity can be understood as a function of the

model output, which for simplicity is represented by a subset function F (xS). Many methods

explain the model output or a simple function of the output, such as the logits or log-

odds ratio. Other methods take into account a measure of the model’s loss, for either an

individual input or the entire dataset. Ultimately, as we show below, each method generates

explanations based on a set function of the form

u : P(d) 7→ R, (3.12)

which represents the value associated with each subset of features S ⊆ [d]. This set function

corresponds to the model behavior that a method is designed to explain.

We now examine the specific choices made by existing methods (see Appendix A.1 for

further details). The various model behaviors that methods analyze, and their corresponding

set functions, include:

• (Prediction) Occlusion, RISE, PredDiff, MP, EP, MM, FIDO-CA, MIR, LIME, SHAP
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(including KernelSHAP and TreeSHAP), IME and QII all analyze a model’s prediction

for an individual input x ∈ X :

ux(S) = F (xS). (3.13)

These methods examine how holding out different features makes an individual predic-

tion either higher or lower. For multi-class classification models, methods often use a

single output that corresponds to the class of interest, and they can optionally apply

a simple function to the model’s output (for example, using the log-odds ratio rather

than the classification probability).

• (Prediction loss) LossSHAP and CXPlain take into account the true label y for an

input x and calculate the prediction loss using a loss function ℓ:

vxy(S) = −ℓ(F (xS), y). (3.14)

By incorporating the label, these methods quantify whether certain features make the

prediction more or less correct. Note that the minus sign is necessary to give the set

function a higher value when more informative features are included.

• (Prediction mean loss) INVASE considers the expected loss for an input x according

to the label’s conditional distribution p(y | x):

vx(S) = − E
p(y|x)

[
ℓ(F (xS),y)

]
. (3.15)

By averaging the loss across the label’s distribution, INVASE highlights features that

correctly predict what could have occurred, on average.

• (Dataset loss) Shapley Net Effects, SAGE, SPVIM, feature ablation, permutation tests
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and univariate predictors consider the expected loss across the entire dataset:

v(S) = − E
p(x,y)

[
ℓ(F (xS),y)

]
. (3.16)

These methods quantify how much the model’s performance degrades when different

features are removed. This set function can also be viewed as the predictive power

derived from sets of features (Covert et al., 2020), and recent work has proposed a

SHAP value aggregation that is a special case of this approach (Frye et al., 2021).

• (Prediction loss w.r.t. output) L2X and REAL-X consider the loss between the full

model output and the prediction given a subset of features:

wx(S) = −ℓ(F (xS), F (x)). (3.17)

These methods highlight features that on their own lead to similar predictions as the

full feature set.

• (Dataset loss w.r.t. output) Shapley Effects considers the expected loss with respect

to the full model output:

w(S) = − E
p(x)

[
ℓ(F (xS), F (x))

]
. (3.18)

Though related to the dataset loss approach (Covert et al., 2020), this approach focuses

on each feature’s influence on the model output rather than on the model performance.

Each set function serves a distinct purpose in exposing a model’s dependence on different

features. Several of the approaches listed above analyze the model’s behavior for individual

predictions (local explanations), while some take into account the model’s behavior across

the entire dataset (global explanations). Although their aims differ, these set functions are

all related. Each builds upon the previous ones by accounting for either the loss or data
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distribution, and their relationships can be summarized as follows:

vxy(S) = −ℓ(ux(S), y) (3.19)

wx(S) = −ℓ(ux(S), ux([d])) (3.20)

vx(S) = E
p(y|x)

[vxy(S)] (3.21)

v(S) = E
p(x,y)

[vxy(S)] (3.22)

w(S) = E
p(x)

[wx(S)] (3.23)

These relationships show that explanations based on one set function are in some cases related

to explanations based on another. For example, Covert et al. (2020) showed that SAGE

explanations are the expectation of explanations provided by LossSHAP—a relationship

reflected in eq. 3.22.

Understanding these connections is made easier by the fact that our framework disen-

tangles each method’s choices rather than viewing each method as a monolithic algorithm.

We conclude by reiterating that removal-based explanations can explain virtually any func-

tion, and that choosing what model behavior to explain amounts to selecting a set function

u : P(d) 7→ R to represent the model’s dependence on different sets of features.

3.7 Summarizing Feature Influence

The third choice for removal-based explanations is how to summarize each feature’s influence

on the model. We examine the various summarization techniques and then discuss their

computational complexity and approximation approaches.

3.7.1 Explaining Set Functions

The set functions that represent a model’s dependence on different features (Section 3.6) are

complicated mathematical objects that are difficult to communicate to users: the model’s

behavior can be observed for any subset of features, but there are an exponential number
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of subsets to consider. Removal-based explanations handle this challenge by providing users

with a concise summary of each feature’s influence.

We distinguish between two main types of summarization approaches: feature attribution

and feature selection. Many methods provide explanations in the form of feature attributions,

which are numerical scores ai ∈ R given to each feature i ∈ [d]. If we use U to denote the

set of all functions u : P(d) 7→ R, then we can represent feature attributions as mappings of

the form E : U 7→ Rd, which we refer to as explanation mappings. Other methods take the

alternative approach of summarizing set functions with a set S∗ ⊆ [d] of the most influential

features. We represent these feature selection summaries as explanation mappings of the

form E : U 7→ P(d). Both approaches provide users with simple summaries of a feature’s

contribution to the set function.

We now consider the specific choices made by each method (see Appendix A.1 for further

details). For simplicity, we let u denote the set function each method analyzes. Surveying the

various removal-based explanation methods, the techniques for summarizing each feature’s

influence include:

• (Remove individual) Occlusion, PredDiff, CXPlain, permutation tests and feature abla-

tion (LOCO) calculate the impact of removing a single feature from the model, resulting

in the following attribution values:

ai = u([d])− u([d] \ i). (3.24)

Occlusion, PredDiff and CXPlain can also be applied with groups of features, or su-

perpixels, in image contexts.

• (Include individual) The univariate predictors approach calculates the impact of in-

cluding individual features, resulting in the following attribution values:

ai = u({i})− u(∅). (3.25)
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This is essentially the reverse of the previous approach: rather than removing individual

features from the complete set, this approach adds individual features to the empty

set.

• (Additive model) LIME fits a regularized additive model to a dataset of perturbed

examples. In the limit of sampling all subsets, this process approximates the following

attribution values:

a1, . . . , ad = argmin
β0,...,βd

∑
S⊆[d]

π(S)
(
β0 +

∑
i∈S

βi − u(S)
)2

+ Ω(β1, . . . , βd). (3.26)

In this problem, π represents a weighting kernel and Ω is a regularization function

that is often set to the ℓ1 penalty to encourage sparse attributions (Tibshirani, 1996).

Since this summary is based on an additive model, the learned coefficients (a1, . . . , ad)

represent the incremental value associated with including each feature.

• (Mean when included) RISE determines feature attributions by sampling many subsets

S ⊆ [d] and then calculating the mean value when a feature is included. Denoting the

distribution of subsets as p(S) and the conditional distribution as p(S | i ∈ S), the

attribution values are defined as

ai = E
p(S|i∈S)

[
u(S)

]
. (3.27)

In practice, RISE samples the subsets S ⊆ [d] by removing each feature i independently

with probability p, using p = 0.5 in their experiments (Petsiuk et al., 2018).

• (Shapley value) Shapley Net Effects, IME, Shapley Effects, QII, SHAP (including Ker-

nelSHAP, TreeSHAP and LossSHAP), SPVIM and SAGE all calculate feature attribu-

tions using the Shapley value, which we denote as ai = ϕi(u). Described in more detail

in Section 3.8, Shapley values are the only attributions that satisfy several desirable
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properties.

• (Low-value subset) MP selects a small set of features S∗ that can be removed to give

the set function a low value. It does so by solving the following optimization problem:

S∗ = argmin
S

u([d] \ S) + λ|S|. (3.28)

In practice, MP incorporates additional regularizers and solves a relaxed version of this

problem (see details below).

• (High-value subset) MIR solves an optimization problem to select a small set of features

S∗ that alone can give the set function a high value. For a user-defined minimum value

t, the problem is given by:

S∗ = argmin
S

|S| s.t. u(S) ≥ t. (3.29)

L2X and EP solve a similar problem but switch the terms in the constraint and opti-

mization objective. For a user-defined subset size k, the optimization problem is given

by:

S∗ = argmax
S

u(S) s.t. |S| = k. (3.30)

Finally, INVASE, REAL-X and FIDO-CA solve a regularized version of the problem

with a parameter λ > 0 controlling the trade-off between the subset value and subset

size:

S∗ = argmax
S

u(S)− λ|S|. (3.31)

• (Partitioned subsets) MM solves an optimization problem to partition the features

into S∗ and [d] \ S∗ while maximizing the difference in the set function’s values. This

approach is based on the idea that removing features to find a low-value subset (as in

MP) and retaining features to get a high-value subset (as in MIR, L2X, EP, INVASE,
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Figure 3.3: Removal-based explanations are specified by three precise mathematical choices:
a subset function F ∈ F, a set function u ∈ U , and an explanation mapping E (for feature
attribution or selection).

REAL-X and FIDO-CA) are both reasonable approaches for identifying influential

features. Given two parameters λ > 0 and γ > 0, the problem is defined as:

S∗ = argmax
S

u(S)− γu([d] \ S)− λ|S|. (3.32)

In practice, MM also incorporates regularizers and monotonic link functions to enable

a more flexible trade-off between u(S) and u([d] \ S) (see Appendix A.1).

As this discussion shows, every removal-based explanation generates a summary of each

feature’s influence on the underlying set function. In general, a model’s dependencies are too

complex to communicate fully, so explanations must provide users with a concise summary

instead. Feature attributions provide a granular view of each feature’s influence on the model,

while feature selection summaries can be understood as coarse attributions that assign binary

rather than real-valued importance.

Interestingly, if the high-value subset optimization problems solved by MIR, L2X, EP,

INVASE, REAL-X and FIDO-CA were applied to the set function that represents the dataset

loss (eq. 3.22), they would resemble conventional global feature selection methods (Guyon

and Elisseeff, 2003). The problem in eq. 3.30 determines the set of k features with maximum

predictive power, the problem in eq. 3.29 determines the smallest set of features that achieve
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the performance given by t, and the problem in eq. 3.31 uses a parameter λ to control the

trade-off. Though not generally viewed as a model explanation approach, global feature

selection serves a similar purpose of identifying highly predictive features.

We conclude by reiterating that the third dimension of our framework amounts to a

choice of explanation mapping, which takes the form E : U 7→ Rd for feature attribution

or E : U 7→ P(d) for feature selection. Our discussion so far has shown that removal-

based explanations can be specified using three precise mathematical choices, as depicted in

Figure 3.3. These methods, which are often presented in ways that make their connections

difficult to discern, are constructed in a remarkably similar fashion. The remainder of this

chapter addresses the relationships and trade-offs among these different choices, beginning

by examining the computational complexity of each summarization approach.

3.7.2 Complexity and Approximations

Showing how certain explanation methods fit into our framework requires distinguishing

between their implicit objectives and the approximations that make them practical. Our

presentation of these methods deviates in some instances from the original papers, which

often focus on details of a method’s implementation. We now bridge the gap by describing

these methods’ computational complexity and the approximations that are sometimes used

out of necessity.

The challenge with most of the summarization techniques described above is that they

require calculating the underlying set function’s value u(S) for many subsets of features.

In fact, without making any simplifying assumptions about the model or data distribution,

several techniques must examine all 2d subsets of features. This includes the Shapley value,

RISE’s summarization technique and LIME’s additive model. Finding exact solutions to

several of the optimization problems (MP, MIR, MM, INVASE, REAL-X, FIDO-CA) also

requires examining all subsets of features, and solving the constrained optimization problem

(EP, L2X) for k features requires examining
(
d
k

)
subsets, or O(2dd− 1

2 ) subsets in the worst
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case.6

The only approaches with lower computational complexity are those that remove individ-

ual features (Occlusion, PredDiff, CXPlain, permutation tests, feature ablation) or include

individual features (univariate predictors). These require only one subset per feature, or d

feature subsets in total.

Many summarization techniques have superpolynomial complexity in d, making them

intractable for large numbers of features, at least with naive implementations. These methods

work in practice due to fast approximation approaches, and in some cases techniques have

even been devised to generate real-time explanations. Several strategies that yield fast

approximations include:

• Attribution values that are the expectation of a random variable can be estimated by

Monte Carlo approximation. IME (Štrumbelj and Kononenko, 2010), Shapley Effects

(Song et al., 2016) and SAGE (Covert et al., 2020) use sampling strategies to approx-

imate Shapley values, and RISE also estimates its attributions via sampling (Petsiuk

et al., 2018).

• KernelSHAP, LIME and SPVIM are based on linear regression models fitted to datasets

containing an exponential number of datapoints. In practice, these techniques fit mod-

els to smaller sampled datasets, which means optimizing an approximate version of

their objective function (Lundberg and Lee, 2017; Covert and Lee, 2021).7

• TreeSHAP calculates Shapley values in polynomial time using a dynamic programming

algorithm that exploits the structure of tree-based models. Similarly, L-Shapley and

C-Shapley exploit the properties of models for structured data to provide fast Shapley

value approximations (Chen et al., 2018b).

6This can be seen by applying Stirling’s approximation to
(

d
d/2

)
as d becomes large.

7See Chapter 5 for a detailed discussion of KernelSHAP.
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• Several of the feature selection methods (MP, L2X, REAL-X, EP, MM, FIDO-CA)

solve continuous relaxations of their discrete optimization problems. While these op-

timization problems can be solved by representing the set of features S ⊆ [d] as a

mask m ∈ {0, 1}d, these methods instead use a continuous mask variable of the form

m ∈ [0, 1]d. When these methods incorporate a penalty on the subset size |S|, they

also sometimes use the convex relaxation ||m||1.

• One feature selection method (MIR) uses a greedy optimization algorithm. MIR de-

termines a set of influential features S ⊆ [d] by iteratively removing groups of features

that do not reduce the predicted probability for the correct class.

• One feature attribution method (CXPlain) and several feature selection methods (L2X,

INVASE, REAL-X, MM) generate real-time explanations by learning separate ex-

plainer models. CXPlain learns an explainer model using a dataset consisting of manu-

ally calculated explanations, which removes the need to iterate over each feature when

generating new explanations. L2X learns a model that outputs a set of features (repre-

sented by a k-hot vector) and INVASE/REAL-X learn similar selector models that can

output arbitrary numbers of features. MM learns a model that outputs masks of the

form m ∈ [0, 1]d for images. These techniques can be viewed as amortized approaches

because they learn models that perform the summarization step in a single forward

pass.

In conclusion, many methods have developed approximations that enable efficient model

explanation, despite sometimes using summarization techniques that are inherently intractable

(e.g., Shapley values). Certain techniques are considerably faster than others (i.e., the amor-

tized approaches), and some can trade off computational cost for approximation accuracy

(Štrumbelj and Kononenko, 2010; Covert and Lee, 2021), but they are all sufficiently fast to

be used in practice.

We speculate, however, that more approaches will be made to run in real-time by learning



45

separate explainer models, as in the MM, L2X, INVASE, CXPlain and REAL-X approaches

(Dabkowski and Gal, 2017; Chen et al., 2018a; Yoon et al., 2018; Schwab and Karlen, 2019;

Jethani et al., 2021a). Besides these methods, others have been proposed that learn the

explanation process either as a component of the original model (Fan et al., 2017; Taghanaki

et al., 2019) or as a separate model after training (Schulz et al., 2020). Such approaches may

be necessary to bypass the need for multiple model evaluations and make removal-based

explanations as fast as gradient-based and propagation-based methods.8

3.8 Game-Theoretic Explanations

The set functions analyzed by removal-based explanations (Section 3.6) can be viewed as

cooperative games—mathematical objects studied in the field of cooperative game theory.

Only a few explanation methods explicitly consider game-theoretic connections, but we show

that every method described thus far can be understood through the lens of cooperative game

theory.

3.8.1 Cooperative Game Theory Background

As described in Chapter 2, cooperative games are functions of the form u : P(d) 7→ R (i.e., set

functions) that describe the value achieved when sets of players S ⊆ [d] participate in a game.

Intuitively, a game might represent the profit made when a particular group of employees

chooses to work together. Cooperative game theory research focuses on understanding the

properties of different payoffs that can be offered to incentivize participation in the game, as

well as predicting which groups of players will ultimately agree to participate.

For this discussion, we use u to denote a cooperative game. To introduce terminology

from cooperative game theory, the features i ∈ [d] are referred to as players, sets of players

S ⊆ [d] are referred to as coalitions, and the output u(S) is referred to as the value of S.

Player i’s marginal contribution to the coalition S ∈ [d] \ i is defined as the difference in

8Chapter 6 and Chapter 7 present the first methods to amortize Shapley value computation, which were
published after this work.
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value u(S∪ i)−u(S). Allocations are vectors z ∈ Rd that represent payoffs proposed to each

player in return for participating in the game.

Several fundamental concepts in cooperative game theory are related to the properties of

allocations: the core of a game, a game’s nucleolus, and its bargaining sets are all based on

whether players view certain allocations as favorable (Narahari, 2014). Perhaps surprisingly,

every summarization technique used by removal-based explanations (Section 3.7) can be

viewed in terms of allocations to players in the underlying game, enabling us to connect

these explanation methods to ideas from the game theory literature.

3.8.2 Allocation Strategies

Several summarization techniques used by removal-based explanation methods are related

to solution concepts, which in the cooperative game theory context are credit allocation

strategies designed to be fair to the players. If we let U represent the set of all cooperative

games with d players, then solution concepts are represented by mappings of the form E :

U 7→ Rd, similar to explanation mappings that represent feature attributions (Section 3.7).

We first discuss the Shapley value, which assumes that the grand coalition (the coalition

containing all players) is participating and distributes the total value in proportion to each

player’s contributions (Shapley, 1953). The Shapley values ϕi(u) ∈ R for each player i ∈
[d] in a game u are designed to satisfy several useful theoretical properties: described in

detail in Chapter 2, these properties include efficiency, symmetry, linearity, null player and

marginalism. They are in fact the unique allocations to satisfy these properties, and the

expression for each Shapley value ϕi(u) is the following:

ϕi(u) =
1

d

∑
S⊆[d]\i

(
d− 1

|S|

)−1(
u(S ∪ i)− u(S)

)
. (3.33)

The Shapley value has found widespread use because of its axiomatic derivation, both within

game theory and in other disciplines (Aumann, 1994; Shorrocks, 1999; Petrosjan and Zaccour,

2003; Tarashev et al., 2016). In the context of model explanation, Shapley values define each
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feature’s contribution while accounting for complex feature interactions, such as correlations,

redundancy, and complementary behavior (Lipovetsky and Conklin, 2001; Štrumbelj et al.,

2009; Owen, 2014; Datta et al., 2016; Lundberg and Lee, 2017; Lundberg et al., 2020; Covert

et al., 2020; Williamson and Feng, 2020).

Like the Shapley value, the Banzhaf value attempts to define fair allocations for each

player in a cooperative game. It generalizes the Banzhaf power index, which is a technique

for measuring the impact of players in the context of voting games (Banzhaf, 1964). Links

between Shapley and Banzhaf values are described by Dubey and Shapley (1979), who show

that the Shapley value can be understood as an enumeration over all permutations of players,

while the Banzhaf value can be understood as an enumeration over all subsets of players.

The expression for each Banzhaf value ψi(u) is:

ψi(u) =
1

2d−1

∑
S⊆[d]\i

(
u(S ∪ i)− u(S)

)
. (3.34)

The Banzhaf value fails to satisfy the Shapley value’s efficiency property, but it can be

derived axiomatically by introducing a variation on the efficiency axiom (Nowak, 1997):

• (2-Efficiency) If two players i, j merge into a new player {i, j} and we re-define the

game u as a game u′ on the smaller set of players
(
[d] \ {i, j}

)
∪
{
{i, j}

}
, then the

Banzhaf values satisfy the following property:

ψ{i,j}(u
′) = ψi(u) + ψj(u). (3.35)

The 2-efficiency property roughly states that credit allocation is immune to the merging

of players. The Banzhaf value has multiple interpretations, but the most useful for our

purpose is that it represents the difference between the mean value of coalitions that do and

do not include the ith player when coalitions are chosen uniformly at random (see eq. 3.34).

With this perspective, we observe that the RISE summarization technique is closely related

to the Banzhaf value: RISE calculates the mean value of coalitions that include i, but, unlike
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the Banzhaf value, it disregards the value of coalitions that do not include i. While the RISE

technique (Petsiuk et al., 2018) was not motivated by the Banzhaf value, it is unsurprising

that such a natural idea has been explored in cooperative game theory.

Both Shapley and Banzhaf values are mathematically appealing because they can be un-

derstood as the weighted average of a player’s marginal contributions (eqs. 3.33 and 3.34).

This is a stronger version of the marginalism property introduced by Young’s axiomatization

of the Shapley value (Young, 1985), and solution concepts of this form are known as proba-

bilistic values (Weber, 1988). Probabilistic values have their own axiomatic characterization:

they have been shown to be the unique values that satisfy a specific subset of the Shapley

value’s properties (Monderer et al., 2002).

The notion of probabilistic values reveals links with two other solution concepts. The

techniques of removing individual players (e.g., Occlusion, PredDiff, CXPlain, permutation

tests and feature ablation) and including individual players (e.g., univariate predictors) can

also be understood as probabilistic values, although they are simple averages that put all

their weight on a single marginal contribution (eqs. 3.24 and 3.25). Unlike the Shapley and

Banzhaf values, these methods neglect complex interactions when quantifying each player’s

contribution.

The methods discussed thus far (Shapley value, Banzhaf value, removing individual play-

ers, including individual players) all satisfy the symmetry, null player, linearity, and marginal-

ism axioms. What makes the Shapley value unique among these approaches is the efficiency

axiom, which lets us view it as a distribution of the grand coalition’s value among the players

(Dubey and Shapley, 1979). However, whether the efficiency property or the Banzhaf value’s

2-efficiency property is preferable may depend on the use case.

3.8.3 Modeling Cooperative Games

Compared to the methods discussed so far, LIME provides a more flexible approach for

summarizing each player’s influence. As its summarization technique, LIME fits an additive

model to the cooperative game (eq. 3.26), leaving the user the option of specifying a weighting
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kernel π and regularization term Ω for the weighted least squares objective.

Although fitting a model to a cooperative game seems distinct from the credit allocation

strategies discussed so far, these ideas are in fact intimately connected. Fitting models

to cooperative games, including both linear and nonlinear models, has been studied by

numerous works in cooperative game theory (Charnes et al., 1988; Hammer and Holzman,

1992; Grabisch et al., 2000; Ding et al., 2008, 2010; Marichal and Mathonet, 2011), and

specific choices for the weighting kernel can yield recognizable attribution values.

If we fit an additive model to the underlying game with no regularization (Ω = 0), then

we can identify several weighting kernels that correspond to other summarization techniques:

• When we use the weighting kernel πRem(S) = 1(|S| ≥ d − 1), where 1(·) is an indi-

cator function, the attribution values are the marginal contributions from removing

individual players from the grand coalition, or the values ai = u([d])− u([d] \ i). This

is the summarization technique used by Occlusion, PredDiff, CXPlain, permutation

tests, and feature ablation.

• When we use the weighting kernel πInc(S) = 1(|S| ≤ 1), the attribution values are the

marginal contributions from adding individual players to the empty coalition, or the

values ai = u({i})−u(∅). This is the summarization technique used by the univariate

predictors approach.

• Results from Hammer and Holzman (1992) show that when we use the weighting kernel

πB(S) = 1, the attribution values are the Banzhaf values ai = ψi(u).

• Results from Charnes et al. (1988) and Lundberg and Lee (2017) show that the attri-

bution values are equal to the Shapley values ai = ϕi(u) when we use the weighting

kernel πSh, defined as follows:

πSh(S) =
d− 1(

d
|S|

)
|S|(d− |S|)

. (3.36)
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Although the Shapley value connection has been noted in the model explanation context,

the other results we present are new observations about LIME (proofs in Appendix A.2).

These results show that the weighted least squares problem solved by LIME provides suffi-

cient flexibility to yield both the Shapley and Banzhaf values, as well as simpler quantities

likw the marginal contributions from removing or including individual players. The addi-

tive model approach captures every feature attribution technique discussed so far, with the

caveat that RISE uses a modified version of the Banzhaf value. And, like the other alloca-

tion strategies, attributions arising from fitting an additive model can be shown to satisfy

different sets of Shapley axioms (Appendix A.3).

We have thus demonstrated that the additive model approach for summarizing feature in-

fluence not only has precedent in cooperative game theory, but that it is intimately connected

to the other allocation strategies. This suggests that the feature attributions generated by

many removal-based explanations can be understood as additive decompositions of the un-

derlying cooperative game.

3.8.4 Identifying Coalitions Using Excess

To better understand removal-based explanations that perform feature selection, we look to

a different concept in cooperative game theory: the notion of excess. Excess is defined for a

given allocation z ∈ Rd and coalition S ⊆ [d] as the difference between the coalition’s value

and its total allocation (Narahari, 2014). More formally, it is defined as follows.

Definition 3.4. Given a cooperative game u : P(d) 7→ R, a coalition S ⊆ [d], and an

allocation z ∈ Rd, the excess of S at z is defined as

e(S, z) = u(S)−
∑
i∈S

zi. (3.37)

The excess e(S, z) represents the coalition’s degree of unhappiness under the allocation

z, because an allocation is unfavorable to a coalition if its value u(S) exceeds its cumulative

allocation
∑

i∈S zi. For cooperative game theory concepts including the core, the nucleolus
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and bargaining sets, a basic assumption is that coalitions with higher excess (greater unhap-

piness) are more likely to break off and refuse participation in the game (Narahari, 2014).

We have no analogue for features refusing participation in ML, but the notion of excess is

useful for understanding several removal-based explanation methods.

Below, we show that removal-based explanations that select sets of influential features

are equivalent to proposing equal allocations to all players and then determining a high-

valued coalition by examining each coalition’s excess. Given equal allocations, players with

high contributions will be less satisfied than players with low contributions, so solving this

problem leads to a set of high- and low-valued players. We show this by reformulating each

method’s optimization problem as follows:

• (Minimize excess) MP isolates a low-value coalition by finding the coalition with the

lowest excess, or the highest satisfaction, given equal allocations z = 1λ:

S∗ = argmin
S

e(S̄,1λ). (3.38)

The result S∗ is a coalition whose complement [d] \ S∗ is most satisfied with the equal

allocations.

• (Maximize excess) MIR isolates the smallest possible coalition that achieves a sufficient

level of excess given allocations equal to zero. For a level of excess t, the optimization

problem is given by:

S∗ = argmin
S

|S| s.t. e(S,0) ≥ t. (3.39)

L2X and EP solve a similar problem but switch the objective and constraint. The

optimization problem represents the coalition of size k with the highest excess given

allocations of zero to each player:

S∗ = argmax
S

e(S,0) s.t. |S| = k. (3.40)
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Finally, FIDO-CA, INVASE and REAL-X find the coalition with the highest excess

given equal allocations z = 1λ:

S∗ = argmax
S

e(S,1λ). (3.41)

• (Maximize difference in excess) MM combines the previous approaches. Rather than fo-

cusing on a coalition with low or high excess, MM partitions players into two coalitions

while maximizing the difference in excess given equal allocations z = 1 λ
1+γ

:

S∗ = argmax
S

e
(
S,1

λ

1 + γ

)
− γe

(
S̄,1

λ

1 + γ

)
. (3.42)

The result S∗ is a coalition of dissatisfied players whose complement [d] \ S∗ is compa-

rably more satisfied.

All of the approaches listed above are different formulations of the same multi-objective

optimization problem: the intuition is that there is a small set of high-valued players S and a

comparably larger set of low-valued players [d] \ S. Most methods focus on just one of these

coalitions (MP focuses on [d] \ S, and MIR, L2X, EP, INVASE, REAL-X and FIDO-CA

focus on S), while the optimization problem solved by MM considers both coalitions.

MM’s summarization technique can therefore be understood as a generalization of the

other methods. The MP and INVASE/REAL-X/FIDO-CA problems (eqs. 3.38 and 3.41),

for example, are special cases of the MM problem. The other problems (eqs. 3.39 and 3.40)

cannot necessarily be cast as special cases of the MM problem (eq. 3.42), but the MM

problem resembles the Lagrangians of these constrained problems; more precisely, a special

case of the MM problem shares the same optimal coalition with the dual to these constrained

problems (Boyd et al., 2004).

By reformulating the optimization problems solved by each method, we can see that each

feature selection summarization technique can be described as minimizing or maximizing

excess given equal allocations for all players. In cooperative game theory, examining each
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coalition’s level of excess (or dissatisfaction) helps determine whether allocations will incen-

tivize participation, and the same tool is used by removal-based explanations to find the

most influential features for a model.

These feature selection approaches can be viewed as mappings of the form E : U 7→ P(d)
because they identify coalitions S∗ ⊆ [d]. Although the Shapley axioms apply only to map-

pings of the form E : U 7→ Rd (i.e., attribution methods), we find that these feature selection

approaches satisfy certain analogous properties (Appendix A.3); however, the properties we

identify are insufficient to derive an axiomatically unique method.

3.8.5 Summary

This discussion has shown that every removal-based explanation can be understood using

ideas from cooperative game theory. Table 3.3 displays our findings regarding each method’s

game-theoretic interpretation and lists the relevant aspects of the literature for each summa-

rization technique. Under our framework, removal-based explanations are implicitly based

on an underlying cooperative game (Section 3.6), and these connections show that the model

explanation field has in many cases either reinvented or borrowed ideas that were previously

well-understood in cooperative game theory. We speculate that ongoing model explanation

research may benefit from borrowing more ideas from cooperative game theory.

These connections are also important because they help use reason about the advantages

of different summarization techniques via the properties that each method satisfies. Among

the various techniques, we argue that the Shapley value provides the most complete explana-

tion because it satisfies many desirable properties and gives a granular view of each player’s

contributions. Unlike the other methods, it divides the grand coalition’s value (due to the

efficiency property) while capturing the nuances of each player’s contributions.

In contrast, the other methods have potential shortcomings, although such issues depend

on the use case. Measuring a single marginal contribution, either by removing or including

individual players, ignores player interactions; for example, removing individual players may

lead to near-zero attributions for groups of correlated features, even if they are collectively
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Table 3.3: Each method’s summarization technique can be understood in terms of concepts
from cooperative game theory.

Summarization Methods Related to

Shapley value

Shapley Net Effects, IME,
QII, SHAP, TreeSHAP,

KernelSHAP, LossSHAP,
Shapley Effects, SAGE, SPVIM

Shapley value,
probabilistic values,

modeling cooperative games

Mean value when included RISE
Banzhaf value,

probabilistic values,
modeling cooperative games

Remove/include individual
players

Occlusion, PredDiff, CXPlain,
permutation tests,

univariate predictors,
feature ablation (LOCO)

Probabilistic values,
modeling cooperative games

Fit additive model LIME Shapley value, Banzhaf value,
modeling cooperative games

High/low value coalitions
MP, EP, MIR, MM,

L2X, INVASE,
REAL-X, FIDO-CA

Maximum/minimum excess

important. The Banzhaf value provides a more nuanced view of each player’s contributions,

but it cannot be viewed as a division of the grand coalition’s value because it violates the

efficiency axiom (Dubey and Shapley, 1979). Finally, feature selection explanations provide

only a coarse summary of each player’s value contribution, and their results depend on user-

specified hyperparameters; moreover, these methods are liable to select only one member out

of a group of correlated features, which may be misleading to users.

3.9 Information-Theoretic Explanations

We now examine how removal-based explanations are connected to information theory. We

begin by describing how features can be removed using knowledge of the underlying data
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distribution, and we then show that many feature removal approaches approximate marginal-

izing out features using their conditional distribution. Finally, we prove that this approach

gives every removal-based explanation an information-theoretic interpretation.

3.9.1 Removing Features Consistently

There are many ways to remove features from a model (Section 3.5.2), so we consider how

to do so while accounting in some way for the underlying data distribution. Recall that

removal-based explanations evaluate models while withholding groups of features using a

subset function F ∈ F, which is typically a subset extension of an existing model f ∈ F
(Definition 3.3). We begin by introducing a specific perspective on how to interpret a subset

function’s predictions, which are represented by F (xS).

Supervised ML models typically approximate the response variable’s conditional distri-

bution given the input. This is clear for classification models that estimate the conditional

probability f(x) ≈ p(y | x), but it is also true for regression models that estimate the con-

ditional expectation f(x) ≈ E[y | x]. (These approximations are implicit in conventional

loss functions like cross entropy and MSE.) We propose that a subset function F ∈ F can

be viewed equivalently as a conditional probability/expectation estimate given subsets of

features.

To illustrate this idea in the classification case, we denote the model’s estimates as q(y |
x) ≡ f(x), where the model’s output is a discrete probability distribution. Although it is

not necessarily equal to the true conditional distribution p(y | x), the estimate q(y | x)
represents a valid probability distribution for all x ∈ X . Similarly, we denote the subset

function’s estimates as q(y | xS) ≡ F (xS). A subset function F represents a set of conditional

distributions {q(y | xS) : S ⊆ [d]}, and this interpretation is important because we must

consider whether these distributions are probabilistically valid. In particular, we must verify

that standard probability laws (non-negativity, unitarity, countable additivity, Bayes rule)

are not violated.

As we show below, this cannot be guaranteed without constraints on the subset function.
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The laws of probability impose a relationship between q(y | x) and q(y | xS) for any x ∈ X
and S ⊂ [d]: they are linked by the underlying distribution on X , or, more specifically,

by the conditional distribution xS̄ | xS. In fact, any distribution q(x) implies a unique

definition for q(y | xS) based on q(y | x) due to Bayes rule and the countable additivity

property (described below). The flexibility of subset functions regarding how to remove

features is therefore problematic, because certain removal approaches do not yield a valid

set of conditional distributions.

Constraining the feature removal approach to be probabilistically valid can ensure that

the model’s subset extension F is faithful both to the original model f and an underlying

data distribution. Building on this perspective, we define the notion of consistency between

a subset function and a data distribution as follows.

Definition 3.5. A subset function F ∈ F that estimates a random variable y’s conditional

distribution is consistent with a data distribution q(x) if its estimates satisfy the following

properties:

1. (Countable additivity) The probability of the union of a countable number of disjoint

events is the sum of their probabilities. Given events A1, A2, . . . such that Ai ∩Aj = ∅

for i ̸= j, we have

P

(
∞⋃
i=1

Ai

)
=

∞∑
i=1

P (Ai).

2. (Bayes rule) The conditional probability P (A | B) for events A and B is defined as

P (A | B) =
P (A,B)

P (B)
.

This definition of consistency describes a class of subset functions that obey fundamen-

tal probability axioms (Laplace, 1781; Kolmogorov, 1950). Restricting a subset function to

be consistent does not make its predictions correct, but it makes them compatible with a

particular data distribution q(x). Allowing for a distribution q(x) that differs from the true
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distribution p(x) reveals that certain approaches implicitly assume modified data distribu-

tions.

Based on Definition 3.5, the next two results show that there is a unique subset extension

F ∈ F for a model f ∈ F that is consistent with a given data distribution q(x) (proofs

in Appendix A.4). The first result relates to subset extensions of classification models that

estimate conditional probabilities.

Proposition 3.1. For a classification model f ∈ F that estimates a discrete y’s conditional

probability, there is a unique subset extension F ∈ F that is consistent with q(x),

F (xS) = E
q(xS̄ |xS)

[f(xS,xS̄)],

where q(xS̄ | xS) is the conditional distribution induced by q(x), i.e., the distribution

q(xS̄ | xS) =
q(xS̄, xS)∫

xS̄
q(xS̄, xS)

.

The next result arrives at a similar conclusion, but it is specific to subset extensions of

regression models that estimate the response variable’s conditional expectation.

Proposition 3.2. For a regression model f ∈ F that estimates a real-valued y’s conditional

expectation, there is a unique subset extension F ∈ F that is consistent with q(x),

F (xS) = E
q(xS̄ |xS)

[f(xS,xS̄)],

where q(xS̄ | xS) is the conditional distribution induced by q(x).

These results differ in their focus on classification and regression models, but the con-

clusion in both cases is the same: the only subset extension of a model f that is consistent

with q(x) is one that averages the full model output f(x) over the distribution of values xS̄

given by q(xS̄ | xS).
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When defining a model’s subset extension, the natural choice is to make it consistent with

the true data distribution, or q(x) = p(x). This yields precisely the approach presented by

SHAP (the conditional version), SAGE, and several other methods, which is to marginalize

out the removed features using their conditional distribution p(xS̄ | xS) (Strobl et al., 2008;

Zintgraf et al., 2017; Lundberg and Lee, 2017; Aas et al., 2019; Covert et al., 2020; Frye

et al., 2021).

Besides this approach, only a few other approaches are consistent with any distribution.

The QII approach (eq. 3.6) is consistent with a distribution that is the product of marginals,

q(x) =
∏d

i=1 p(xi). The more recent IME approach (eq. 3.7) is consistent with a distribution

that is the product of uniform distributions, q(x) =
∏d

i=1 ui(xi). And finally, any approach

that sets features to default values b ∈ X (eqs. 3.1 and 3.2) is consistent with a distribution

that puts all of its mass on those values—which we refer to as a constant distribution. These

approaches all achieve consistency because they are based on a simplifying assumption of

feature independence.

3.9.2 Conditional Distribution Approximations

While few removal-based explanations explicitly suggest marginalizing out features using

their conditional distribution, several methods can be understood as approximations of this

approach. These represent practical alternatives to the exact conditional distribution, which

is unavailable in practice and often difficult to estimate.

The core challenge in using the conditional distribution is modeling it accurately. Meth-

ods that use the marginal distribution sample rows from the dataset (Breiman, 2001; Lund-

berg and Lee, 2017), and it is possible to filter for rows that agree with the features to be

conditioned on (Sundararajan and Najmi, 2019); however, this technique does not work well

for high-dimensional or continuous-valued data. A relaxed alternative to this approach is

using cohorts of rows with similar values (Mase et al., 2019).

While properly representing the conditional distribution for every subset of features is

challenging, there are several approaches that provide either rough or high-quality approxi-
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mations. These approaches include:

• Assume feature independence. If we assume that the features x1, . . . ,xd are inde-

pendent, then the conditional distribution p(xS̄ | xS) is equivalent to the joint marginal

distribution p(xS̄), and it is even equivalent to the product of marginals
∏

i∈S̄ p(xi).

The removal approaches used by KernelSHAP and QII can therefore be understood as

rough approximations to the conditional distribution that assume feature independence

(Datta et al., 2016; Lundberg and Lee, 2017).

• Assume model linearity (and feature independence). As Lundberg and Lee

(2017) pointed out, replacing features with their mean can be interpreted as an addi-

tional assumption of model linearity:

E[f(x) | xS] = E
p(xS̄ |xS)

[f(xS,xS̄)] (Conditional distribution)

≈ E
p(xS̄)

[f(xS,xS̄)] (Assume feature independence)

≈ f(xS,E[xS̄]). (Assume model linearity)

While this pair of assumptions rarely holds in practice, particularly with the complex

models for which explanation methods are most useful, it provides some justification

for methods that replace features with default values (e.g., LIME, Occlusion, MM,

CXPlain, RISE).

• Parametric assumptions. Recent work on Shapley values has proposed parametric

approximations of the conditional distribution, e.g., multivariate Gaussian and copula-

based models (Aas et al., 2019, 2021). While the parametric assumptions may not hold

exactly, these approaches can provide better conditional distribution approximations

than feature independence assumptions.

• Generative model. FIDO-CA proposes removing features by drawing samples from
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a conditional generative model (Chang et al., 2018). If the generative model pG (e.g.,

a conditional GAN) is trained to optimality, then it produces samples from the true

conditional distribution. We can then write

pG(xS̄ | xS)
d
= p(xS̄ | xS), (3.43)

where d
= denotes equality in distribution. Given a sample x̃S̄ ∼ pG(xS̄ | xS), the pre-

diction f(xS, x̃S̄) can be understood as a single-sample Monte Carlo approximation of

the expectation E[f(x) | xS]. Agarwal and Nguyen (2020) substituted the generative

model approach into several existing methods (Occlusion, MP, LIME) and observed

improvements in their performance across numerous metrics. Frye et al. (2021) demon-

strated a similar approach using a variational autoencoder-like model (Ivanov et al.,

2018), and future work could leverage other conditional generative models (Douglas

et al., 2017; Belghazi et al., 2019).

• Surrogate model. Several methods require a surrogate model that is trained to

match the original model’s predictions given subsets of features, where missing features

are represented by zeros (or other values that do not appear in the dataset). This

circumvents the task of modeling an exponential number of conditional distributions

and is equivalent to parameterizing a subset function F ∈ F and training it with the

following objective:

min
F

E
p(x)

E
p(S)

[ℓ(F (xS), f(x))]. (3.44)

In Appendix A.5, we prove that for certain loss functions ℓ, the subset function F

that optimizes this objective is equivalent to marginalizing out features using their

conditional distribution. Frye et al. (2021) show a similar result for MSE loss, and we

also show that a cross entropy loss can be used for classification models. Finally, we

find that L2X (Chen et al., 2018a) may not provide a faithful approximation because

the subsets S are not distributed independently from the inputs x—an issue recently
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addressed by REAL-X (Jethani et al., 2021a).

• Missingness during training. Rather than training a surrogate with missing fea-

tures, we can instead learn the original model with missingness introduced during

training. This is equivalent to parameterizing a subset function F ∈ F and optimizing

the following objective, which resembles the standard training loss:

min
F

E
p(x,y)

E
p(S)

[ℓ(F (xS),y)]. (3.45)

In Appendix A.5, we prove that if the model optimizes this objective, then it is equiv-

alent to marginalizing out features from the full model predictions F (x) using the

conditional distribution. An important aspect of this objective is that the subsets S

must be independently distributed from the data (x,y). INVASE (Yoon et al., 2018)

does not satisfy this property, which may prevent it from providing an accurate ap-

proximation.

• Separate models. Finally, Shapley Net Effects (Lipovetsky and Conklin, 2001),

SPVIM (Williamson and Feng, 2020) and the original IME (Štrumbelj et al., 2009)

propose training separate models for each feature subset, or {fS : S ⊆ [d]}. If every

model is optimal, then this approach is equivalent to marginalizing out features with

their conditional distribution (Appendix A.5). This is due to a relationship that arises

between models that optimize the population risk for different sets of features; for

example, with cross entropy loss, the optimal model (the Bayes classifier) for xS is

given by fS(xS) = p(y | xS), which is equivalent to E[f[d](x) | xS] because the optimal

model given all features is f[d](x) = p(y | x).

This discussion shows that although few methods explicitly suggest removing features

with the conditional distribution, numerous methods approximate this approach. Train-

ing separate models should provide the best approximation because each model is given a
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relatively simple prediction task, but this approach is unable to scale to high-dimensional

datasets. The generative model approach amortizes knowledge of an exponential number of

conditional distributions into a single model, which is more scalable and effective for image

data (Yu et al., 2018). The supervised surrogate and missingness during training approaches

also require learning up to just one additional model, and these are trained with far simpler

optimization objectives (eqs. 3.44 and 3.45) than conditional generative models.

We conclude that, under certain assumptions of feature independence or model optimal-

ity, several feature removal strategies are consistent with the data distribution p(x). Our

definition of consistency provides a new lens for comparing different feature removal strate-

gies, and Table 3.4 summarizes our findings.

3.9.3 Connections With Information Theory

Conventional wisdom suggests that explanation methods quantify the information contained

in each feature. However, we find that precise information-theoretic connections can be iden-

tified only when held-out features are marginalized out with their conditional distribution.

Our analysis expands on prior work by showing that every removal-based explanation has

a probabilistic or information-theoretic interpretation when features are removed properly

(Owen, 2014; Chen et al., 2018a; Covert et al., 2020).

To aide our presentation, we assume that the model f is optimal, i.e., it is the Bayes

classifier f(x) = p(y | x) for classification tasks or the conditional expectation f(x) = E[y | x]
for regression tasks. This assumption is optimistic, but because models are typically trained

to approximate one of these functions, the resulting explanations are approximately based

on the information-theoretic quantities derived here.

By assuming model optimality and marginalizing out removed features with their con-

ditional distribution, we can guarantee that the prediction given any subset of features is

optimal for those features. Specifically, we have the Bayes classifier F (xS) = p(y | xS) in

the classification case and the conditional expectation F (xS) = E[y | xS] in the regression

case. Using these subset functions, we can derive probabilistic and information-theoretic
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Table 3.4: Consistency properties of different feature removal strategies.

Removal Methods Consistency

Marginalize (conditional)
Cond. permutation tests,

PredDiff, SHAP, LossSHAP,
SAGE, Shapley Effects

Consistent with p(x)

Generative model FIDO-CA

Consistent with p(x)
(assuming model optimality)

Supervised surrogate L2X, REAL-X,
Frye et al. (2021)

Missingness during training INVASE

Separate models

Feature ablation (LOCO),
univariate predictors,
Shapley Net Effects,
SPVIM, IME (2009)

Marginalize (marginal) Permutation tests,
KernelSHAP Consistent with p(x)

(assuming independence)
Marginalize (marginals product) QII

Marginalize (marginals product) QII Consistent with q(x)
with feature independenceMarginalize (uniform) IME (2010)

Zeros Occlusion, PredDiff
RISE, CXPlain Consistent with constant

distributions q(x)
Default values LIME (images), MM

Tree distribution TreeSHAP Not consistent with
any q(x)Extend pixel values MIR

Blurring MP, EP
Not valid F ∈ F

Marginalize (replacement dist.) LIME (tabular)

interpretations for each explanation method.

These connections focus on the set functions analyzed by each removal-based explanation

(Section 3.6). We present results for classification models that use cross entropy loss here, and

we show analogous results for regression models in Appendix A.6. Under the assumptions
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described above, the set functions analyzed by each method can be interpreted as follows:

• The set function ux(S) = F (xS) represents the response variable’s conditional proba-

bility for the chosen class y:

ux(S) = p(y | xS). (3.46)

This lets us examine each feature’s true association with the response variable.

• The set function vxy(S) = −ℓ(F (xS), y) represents the log probability of the correct

class y, which is equivalent to the pointwise mutual information I(y;xS) (up to a

constant value):

vxy(S) = I(y;xS) + c. (3.47)

This quantifies how much information xS contains about the outcome y, or how much

less surprising y is given knowledge of xS (Fano, 1961).

• The set function vx(S) = −Ep(y|x)[ℓ(F (xS),y)] represents the negative Kullback-

Leibler (KL) divergence between the label’s conditional distribution and its partial

conditional distribution (up to a constant value):

vx(S) = c−DKL(p(y | x) || p(y | xS)). (3.48)

As mentioned by Yoon et al. (2018), this provides an information-theoretic measure

of the deviation between the response variable’s true distribution and its distribution

when conditioned on a subset of features (Cover and Thomas, 2012).

• The set function v(S) = −Ep(x,y)[ℓ(F (xS),y)] represents the mutual information with

the response variable (up to a constant value):

v(S) = I(y;xS) + c. (3.49)
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As discussed by Covert et al. (2020), this quantifies the amount of information, or

the predictive power, that the features xS communicate about the response variable y

(Cover and Thomas, 2012).

• The set function wx(S) = −ℓ(F (xS), f(x)) represents the KL divergence between the

full model output and its output given a subset of features. Specifically, if we define z

to be a categorical random variable z ∼ Cat(f(x)), then we have:

wx(S) = c−DKL(p(z | x) || p(z | xS)). (3.50)

This result does not require model optimality, but under the assumption that f is the

Bayes classifier, this quantity is equivalent to the KL divergence between the label’s

conditional and partial conditional distribution (up to a constant value):

wx(S) = c−DKL(p(y | x) || p(y | xS)). (3.51)

We can therefore see that under these assumptions, L2X, INVASE and REAL-X are

in a sense based on the same set function and have a similar information-theoretic

interpretation (Chen et al., 2018a; Yoon et al., 2018; Jethani et al., 2021a).

• The set function w(S) = −Ep(x,y)[ℓ(F (xS), f(x))] represents the information that xS

communicates about the model output f(x). Specifically, if we let z ∼ Cat(f(x)),

then we have:

w(S) = I(z;xS) + c. (3.52)

This is a version of the conditional variance decomposition provided by Shapley Effects,

but for classification tasks (Owen, 2014). This result does not require model optimality,

but if f is the Bayes classifier, then this is equivalent to the mutual information with
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Table 3.5: Each method’s underlying set function has an information-theoretic interpretation
when features are removed appropriately.

Model Behavior Set Function Methods Related to

Prediction ux

Occlusion, MIR, MM,
IME, QII, LIME, MP, EP,
FIDO-CA, RISE, SHAP,
KernelSHAP, TreeSHAP

Conditional probability,
conditional expectation

Prediction loss vxy LossSHAP, CXPlain Pointwise mutual
information

Prediction mean loss vx INVASE KL divergence with
conditional distribution

Dataset loss v

Permutation tests,
univariate predictors,

feature ablation (LOCO),
Shapley Net Effects,

SAGE, SPVIM

Mutual information
(with label)

Prediction loss (output) wx L2X, REAL-X KL divergence with
full model output

Dataset loss (output) w Shapley Effects Mutual information
(with output)

the response variable (up to a constant):

w(S) = I(y;xS) + c. (3.53)

As noted, two assumptions are required to derive these results. The first is that features

are marginalized out using the conditional distribution; although many methods use differ-

ent removal approaches, they can be modified to use this approach or an approximation.

The second is that models are optimal; this assumption rarely holds in practice, but since

conventional loss functions train models to approximate either the Bayes classifier or the

conditional expectation, we can view these information-theoretic quantities as the values
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that each set function approximates.

We conclude that when features are removed appropriately, explanation methods quan-

tify the information communicated by each feature (see summary in Table 3.5). No single

set function provides the “right” approach to model explanation; rather, these information-

theoretic quantities span a range of perspectives that could be useful for understanding a

complex ML model.

Removal-based explanations that are consistent with the observed data distribution can

provide well-grounded insight into intrinsic statistical relationships in the data, and this is

useful for finding hidden model influences (e.g., detecting bias from sensitive attributes) or

when using ML as a tool to discover real-world relationships. However, this approach has

the potentially undesirable property that features may appear important even if they are

not used by the model in a functional sense (Merrick and Taly, 2019; Chen et al., 2020).

When users are more interested in the model’s mechanism for calculating predictions, other

removal approaches may be preferable, such as interventional approaches motivated by a

causal analysis of the model (Janzing et al., 2020; Heskes et al., 2020).

3.10 A Cognitive Perspective on Removal-Based Explanations

The previous sections provide a mathematical perspective on removal-based explanations, so

we now consider this class of methods through a different lens: that of the social sciences.

Analyzing this broad class of methods provides an opportunity to discuss how they all relate

to cognitive psychology due to their shared reliance on feature removal.

Model explanation tools are not typically designed based on research from the social sci-

ences (Miller et al., 2017), but, as we show, removal-based explanations have clear parallels

with cognitive theories about how humans understand causality. We first discuss our frame-

work’s foundation in counterfactual reasoning and then describe a trade-off between simple

explanations and those that convey richer information about models.
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3.10.1 Subtractive Counterfactual Reasoning

Explaining a model’s predictions is fundamentally a causality question: what makes the

model behave this way? Each input feature is a potential cause, multiple features may be

causal, and explanations should quantify each feature’s degree of influence on the model. We

emphasize the distinction between this model-focused causality and causality between the

input and response (e.g., whether a feature causes the outcome), because real-world causality

is difficult to discern from observational data (Pearl, 2009).

In philosophy and psychology, counterfactual reasoning is a standard tool for understand-

ing causality. A counterfactual example changes certain facts of a situation (e.g., the route

a person drove to get home) to potentially achieve a different outcome (e.g., getting home

safely), and counterfactuals shed light on whether each aspect of a situation caused the ac-

tual outcome (e.g., a fatal car crash). In an influential philosophical account of causality,

John Stuart Mill presented five methods of induction that use counterfactual reasoning to

explain cause-effect relationships (Mill, 1884; Mackie, 1974). In the psychology literature,

counterfactual thinking is the basis of multiple theories about how people explain the causes

of events (Kahneman and Tversky, 1982; Hilton, 1990).

Removal-based explanations perform a specific type of counterfactual reasoning. In psy-

chology, the process of removing an event to understand its influence on an outcome is called

a subtractive counterfactual (Epstude and Roese, 2008), and this is precisely how removal-

based explanations work. In philosophy, the same principle is called the method of difference,

and it is one of Mill’s five methods for inferring cause-effect relationships (Mill, 1884). This

type of logic is also found in cognitive theories about how people understand and discuss

causality (Kahneman and Tversky, 1982; Jaspars et al., 1983; Hilton, 1990).

The principle of removing something to examine its influence is pervasive in social sci-

ences, not only as a philosophical approach but as part of descriptive psychological theories;

this explains the remarkable prevalence of the feature removal principle in model explana-

tion, even among computational researchers who were not explicitly inspired by psychology
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research. Perhaps surprisingly, the reliance on subtractive counterfactual reasoning (or equiv-

alently, the method of difference) has been overlooked thus far, even by work that examined

the psychological basis for SHAP (Merrick and Taly, 2019; Kumar et al., 2020).

Some prior work applies a different form of counterfactual reasoning to model explanation

(Verma et al., 2020). For example, one influential approach suggests showing users counter-

factuals that adjust a small number of features to change the model output (Wachter et al.,

2017). This approach undoubtedly provides information about how a model works, but

many such counterfactuals are required to fully illustrate each feature’s influence. Removal-

based explanations can provide more insight by concisely summarizing the results of many

subtractive counterfactuals, e.g., via Shapley values.

3.10.2 Norm Theory and the Downhill Rule

Subtractive counterfactuals are an intuitive way to understand each feature’s influence, but

their implementation is not straightforward. Removal-based explanations aim to remove the

information that a feature communicates, or subtract the fact that it was observed, but it

is not obvious how to do this: given an input x ∈ X and subset S ⊆ [d], it is unclear how

to retain xS while removing xS̄. We consult two psychological theories to contextualize the

approaches that have been considered by different methods (Section 3.5).

Many removal-based explanations remove features by averaging the model output over

a distribution of possible values for those features; this has a clear correspondence with the

cognitive model described by Norm theory (Kahneman and Miller, 1986). According to this

theory, people assess normality by gathering summary statistics from a set of recalled and

simulated representations of a phenomenon (e.g., loan application outcomes for individuals

with a set of characteristics). In these representations, certain features are fixed (or im-

mutable) while others are allowed to vary (mutable); in our case these correspond to the

retained and removed features, respectively.

Taking inspiration from Norm theory, we may equate a model’s behavior when certain

features are blocked from exerting influence (i.e., the removed features) with a “normal”
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outcome for the remaining features. With this perspective, we can see that Norm theory

provides a cognitive justification for averaging the model output over a distribution of values

for the removed features. Merrick and Taly (2019) make a similar observation to justify how

SHAP removes features.

The choice of distribution for averaging outcomes is important, but Norm theory does

not prescribe a specific approach. Rather, Norm theory is a descriptive cognitive model that

recognizes that individuals may have different perspectives of normality based on their expe-

riences (Kahneman and Miller, 1986). Future model explanation research may consider how

to tailor explanations to each user, as suggested by Miller (2019), but we also require sys-

tematic methods that do not solicit user input. We therefore consider whether any approach

used by existing methods is justifiable from a cognitive perspective.

For guidance on the choice of distribution, we look to research on human tendencies when

assigning blame. In their study of mental undoing, Kahneman and Tversky (1982) examined

people’s biases when proposing counterfactuals that change an undesirable event’s outcome.

One of their clearest findings was the downhill rule, which states that people are more likely

to propose changes that remove a surprising aspect of a story or otherwise increase the story’s

internal coherence. In other words, people are more likely to assign blame to an aspect of a

situation if it has a more likely alternative that would change the outcome.

One feature removal strategy is reminiscent of the downhill rule, because it considers al-

ternative values in proportion to their plausibility: when marginalizing out removed features

using their conditional distribution, alternative values and their corresponding outcomes are

averaged in proportion to the coherence of the full feature set, which is represented by the

data distribution p(xS̄ | xS) ∝ p(x). This is consistent with the downhill rule because if cer-

tain high-likelihood values change the outcome, their influence on the model will be apparent

when integrating f(x) over the distribution p(x | xS).
In summary, Norm theory provides a cognitive analogue for removing features by av-

eraging over a distribution of alternative values, and the downhill rule suggests that the

plausibility or likelihood of alternative values should be taken into account. These theories
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provide cognitive justification for certain approaches to removing features, but our review

of relevant psychology research is far from comprehensive. However, interestingly, our find-

ings lend support to the same approach that yields connections with information theory

(Section 3.9), which is marginalizing out features using their conditional distribution.

3.10.3 Simplicity Versus Completeness

Building on our discussion of the human psychology aspect of removal-based explanations,

we now discuss a trade-off between the amount of information conveyed by an explanation

and the user’s likelihood of drawing the correct conclusions. We describe this trade-off and

then show that this class of methods provides the flexibility to balance these competing

objectives.

Consider two explanation strategies with different levels of complexity. A counterfactual

example that perturbs several features to change the model’s prediction is easy to understand,

but it does not convey detailed information about a model’s dependence on each feature

(Wachter et al., 2017). By contrast, SHAP’s feature attributions provide a complex summary

of each feature’s influence by quantifying the impact of removing different groups of features.

Perhaps due to their greater complexity, a recent user study showed that users were less

likely to understand SHAP visualizations, experiencing a higher cognitive load than users

who viewed simpler explanations (Kaur et al., 2020). Similarly, a different study found that

longer explanations required more time and effort to understand, in some cases impeding a

user’s ability to draw appropriate conclusions (Lage et al., 2019).

We view this as a trade-off between simplicity and completeness, because explanations

are typically more complex when they provide more information about a model. Providing

a more complete characterization may be preferable for helping users build a mental picture

of how a model works, but complicated explanations also risk overloading users, potentially

leading to a false or limited sense of model comprehension.

Recognizing this trade-off and its implications, we consider simplicity as a design goal and

find that removal-based explanations have the flexibility to adjust the balance between these
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Figure 3.4: Each model explanation strategy represents a trade-off between an explanation’s
simplicity and its completeness.

goals. To reduce cognitive burden, one might focus on global rather than local explanations,

e.g., by providing visualizations that display many local explanations (Lundberg et al., 2020),

or by using global methods that summarize a model’s behavior across the entire dataset

(Owen, 2014; Covert et al., 2020). Alternatively, one may generate explanations that operate

on feature groups rather than individual features, e.g., sets of correlated features or nearby

pixels (Zeiler and Fergus, 2014; Ribeiro et al., 2016).

Certain explanation formats convey richer information than others (Figure 3.4). For

example, feature attributions provide a granular view of a model by considering every feature

as a cause and quantifying each feature’s influence, and local explanations are more granular

than global ones. Richer information may not always be desirable, because psychology

research shows that people report higher satisfaction with explanations that cite fewer causes

(Thagard, 1989; Read and Marcus-Newhall, 1993; Lombrozo, 2007; Miller, 2019). Users may

therefore derive more insight from explanations that highlight fewer causes, such as the sparse

feature attributions provided by LIME (Ribeiro et al., 2016).

Feature selection explanations offer the potential to go even further in the direction of

simplicity. These explanations directly penalize the number of selected features (Section 3.7),

guaranteeing that fewer features are labeled as important; and furthermore, they omit infor-

mation about the granularity of each feature’s influence. For a non-technical user, it may be
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simpler to understand that a model’s prediction was dominated by a small number of highly

informative features, whereas it may require a more sophisticated user to interpret real-

valued attributions for individual features, e.g., as coefficients in an additive decomposition

of a model’s behavior (Section 3.8).

Put simply, an explanation that paints an incomplete picture of a model may prove

more useful if the end-users are able to understand it properly. Designers of explanation

methods should be wary of overestimating people’s abilities to store complex mental models

(Norman, 1983), and the ML community can be mindful of this by tailoring explanations to

users’ degrees of sophistication.

3.11 Experiments

We have thus far analyzed removal-based explanations from a primarily theoretical stand-

point, so we now conduct experiments to provide a complementary empirical perspective.

Our experiments aim to accomplish three goals:

1. Implement and compare many new methods by filling out the space of removal-based

explanations (Figure 3.2).

2. Demonstrate the advantages of removing features by marginalizing them out using their

conditional distribution—an approach that we showed provides information-theoretic

explanations (Section 3.9).

3. Verify the existence of relationships between various explanation methods. Specifically,

explanations may be similar if they use (i) summary techniques that are probabilistic

values of the same cooperative game (Section 3.8), or (ii) feature removal strategies

that are approximately equivalent (Section 3.9).

To cover a wide range of methods, we consider many combinations of removal strategies

(Section 3.5), as well as model behaviors (Section 3.6) and summary techniques (Section 3.7).
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Our implementation is available online,9 and we tested 80 total methods (68 of which are

new) that span our framework as follows:

• For feature removal, we considered replacing features with default values, and marginal-

izing out features using either (i) uniform distributions, (ii) the product of marginals,

or (iii) the joint marginal distribution. Next, to approximate marginalizing out features

using their conditional distribution, we trained surrogate models to match the original

model’s predictions with held-out features (Section 3.9). Finally, for one dataset we

also trained separate models with all feature subsets.

• Our experiments analyze three model behaviors using three different datasets. We

explained individual classification probabilities for the census income dataset (Lichman

et al., 2013), the model’s loss on individual predictions for MNIST (LeCun et al., 2010),

and the dataset loss for a breast cancer subtype classification task (Berger et al., 2018).

• For summary techniques, we considered removing or including individual features, the

mean when included strategy, and Banzhaf and Shapley values. For techniques that

involve an exponential number of feature subsets, we used sampling-based approxima-

tions similar to those previously used for Shapley values (Štrumbelj and Kononenko,

2010), and we detected convergence based on the width of confidence intervals.10

Implementing and comparing all combinations of these choices helps us better understand

the relationships between methods and identify the most promising approaches. For more

details about the models, datasets and hyperparameters, see Appendix A.7.

9https://github.com/iancovert/removal-explanations
10We follow the approach from Covert et al. (2020), which identifies convergence via the ratio of confidence
interval width to the difference between the minimum and maximum values.

https://github.com/iancovert/removal-explanations
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3.11.1 Census Income

The census income dataset provides basic demographic information about individuals, and

the task is to predict whether a person’s annual income exceeds $50k. We trained a Light-

GBM model (Ke et al., 2017) and then generated explanations using the combinations of

removal and summary strategies described above, including training separate models for all

feature subsets (as there are only 12 features). For the default values removal strategy, we

used the mean for continuous features and the mode for discrete ones.

These combinations of choices resulted in 30 distinct explanation methods, several of

which are nearly equivalent to existing approaches (SHAP, QII, IME, Occlusion, RISE,

PredDiff),11 but most of which are new. Figure 3.5 shows a grid of explanations generated

for a single person whose income did not exceed $50k. We offer two qualitative remarks

about the relationships between these explanations:

1. The explanations are sometimes similar despite using different feature removal strate-

gies (see the bottom four rows of Figure 3.5). This is most likely because these removal

approaches all approximate the conditional distribution (product, marginal, surrogate,

separate models). The first two rows (default values, uniform) deviate from the others

because they offer low-quality conditional distribution approximations.

2. The explanations are sometimes similar despite using different summary techniques

(see the columns for include individual, Banzhaf and Shapley values). The similarity

between probabilistic values suggests that each feature’s marginal contributions are

largely similar, at least outside of a saturating regime; the remove individual technique

deviates from the others, possibly due to saturation effects when most features are

included. In contrast, the mean when included technique differs significantly from the

others because it is not a probabilistic value (in the game-theoretic sense).

11There are some implementation differences, e.g., our conditional distribution approximation for PredDiff.
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Figure 3.5: Explanations for a single example in the census income dataset. Each bar chart
represents attribution values for a different explanation method. The vertical axis represents
feature removal strategies and the horizontal axis represents summary techniques.



77

Rem
ov

e

Inc
lud

e

Mea
n w

he
n I

ncl
.

Ban
zha

f

Sh
ap

ley

Remove

Include

Mean when Incl.

Banzhaf

Shapley

Defa
ult

Unif
orm

Pro
du

ct

Marg
ina

l

Su
rro

ga
te

Se
pa

rat
e

Default

Uniform

Product

Marginal

Surrogate

Separate
0.0

0.2

0.4

0.6

0.8

0.0

0.2

0.4

0.6

0.8

1.0
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technique (left) or their feature removal strategy (right). Lighter entries indicate greater
similarity.

To verify whether these relationships hold in general, we scaled up our comparison by

generating explanations for 256 instances and quantifying the similarity between methods.

We calculated the mean Euclidean distance between explanations generated by each method

(averaged across the instances), and, rather than displaying the pair-wise distances for all 30

methods, we only considered comparisons between methods that differ just in their summary

techniques or just in their removal strategies.

Figure 3.6 shows the results, with the distances between explanations grouped by either

summary technique (left) or by feature removal strategy (right). Regarding the summary

techniques, the clearest finding is that the mean when included approach produces very

different explanations than all the other techniques. Among the remaining ones, Shapley

values are relatively close to Banzhaf values, and they are similarly close to explanations

that remove or include individual features; this matches the Shapley value’s formulation,

because like the Banzhaf value, it is a weighted average of all marginal contributions.
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Figure 3.7: Census income explanation embeddings. PCA was used to generate two-
dimensional embeddings for each method, allowing us to observe which methods tend to
produce similar results.

Regarding the different feature removal strategies (Figure 3.6 right), we observe that the

default values and uniform marginalization strategies produce very different explanations

than the other approaches. The remaining approaches are relatively similar; for example,

the product of marginals and joint marginal produce nearly identical explanations, which

suggests that the feature dependencies either are not strong in this dataset or are not captured

by our model. We also observe that the surrogate approach is closest to training separate

models, as we would expect, but that they are not identical.

Next, we visualized the different explanations using low-dimensional embeddings (Fig-

ure 3.7). We generated embeddings by applying principal components analysis (PCA, Jolliffe,

1986) to vectors containing the concatenated explanations for all 256 explanations (i.e., 30

vectors of size 3,072). The results further support our observation that the mean when

included technique differs most from the others. The explanations whose feature removal

strategy approximates the conditional distribution are strongly clustered, with the product

of marginals and joint marginal approaches overlapping almost entirely.

Finally, since many feature removal strategies can be understood as approximating the
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Figure 3.8: Boxplots quantifying the similarity of census income explanations to comparable
explanations generated by using separate models to remove features. The similarity metrics
are correlation (top, higher is better) and MSE (bottom, lower is better).

conditional distribution approach (Section 3.9), we attempted to quantify the approximation

quality. We cannot measure this exactly because we lack access to the conditional distribu-

tions, so we considered the explanations generated with separate models to be our ground

truth, because this is our most reliable proxy. To measure each method’s faithfulness to the

underlying data distribution, we grouped explanations by their summary technique (e.g.,

Banzhaf value, Shapley value) and quantified their similarity to explanations generated with

separate models (Figure 3.8).

We calculated two similarity metrics, MSE and correlation, and both show that the

surrogate approach is closest to training separate models. This reflects the fact that both



80

approaches provide flexible approximations to marginalizing out features using their condi-

tional distribution (Section 3.9). The default and uniform approaches tend to produce very

different explanations. The product and marginal approaches are sometimes competitive

with the surrogate approach, but they are noticeably less similar in most cases. We remark,

however, that the surrogate approach has more outliers; this suggests that although it is

closest to using separate models on average, the surrogate approach is prone to occasionally

making large errors.

In sum, these results show that the surrogate approach provides a reliable proxy for

the conditional distribution, producing explanations that are faithful to the underlying data

distribution. Unlike the separate models approach, the surrogate approach scales to high-

dimensional datasets because it requires training just one additional model. And in com-

parison to other approaches that marginalize out features (uniform, product, marginal),

the surrogate approach produces relatively fast explanations because it does not require a

sampling-based approximation (i.e., considering multiple values for held-out features) when

evaluating the prediction for each feature subset.

3.11.2 MNIST

For the MNIST digit recognition dataset, we trained a 14-layer CNN and generated explana-

tions for the model’s loss rather than its classification probabilities. We used zeros as default

values, and, as in the previous experiment, we trained a surrogate model to approximate the

conditional distribution.

Combining different removal and summary strategies resulted in 25 explanation methods,

only two of which corresponded to existing approaches (LossSHAP, and CXPlain without the

amortized explainer model). Using these methods, we first generated a grid of explanations

for a single example in the dataset (Figure 3.9). More so than in the previous experiment,

we now observe significant differences between explanations generated by each method. We

make the following qualitative observations about these explanations:
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Figure 3.9: Loss explanations for a single MNIST digit. Each heatmap represents attribution
values for a different explanation method, with red (blue) pixels improving (hurting) the
loss, except for explanations that use the mean when included technique. The vertical axis
represents feature removal strategies, and the horizontal axis represents summary techniques.
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1. The empty region at the top of the digit should be relevant because it clearly distin-

guishes fours from nines. This is successfully highlighted by most, but not all methods.

2. Two removal strategies (uniform, product) frequently produce low-quality, noisy ex-

planations. In contrast, the default value explanations are noiseless, but zero pixels

always receive zero attribution because removing them does not impact the model; this

is not ideal, because zero pixels can be highly informative.

3. The mean when included technique is difficult to visualize because its attributions

are not marginal contributions in the game-theoretic sense, where positive (negative)

values improve (hurt) the model’s loss.

4. When using the surrogate approach, the Shapley value explanation (Figure 3.9 bottom

right) is most similar to the one that includes individual features. In contrast, removing

individual features has a negligible impact on the model, leading to significant noise

artifacts (Figure 3.9 bottom left). This suggests that removing individual features,

which is far more common than including individual features (see Table 3.1), can be

incompatible with close approximations of the conditional distribution, likely due to

strong feature correlations.

Overall, the most visually appealing explanation is the one produced by the surrogate and

Shapley value combination (Figure 3.9 bottom right); this method roughly corresponds to

LossSHAP (Lundberg et al., 2020), although it uses the surrogate approach as a conditional

distribution approximation. For the digit displayed in Figure 3.9, the explanation highlights

two regions at the top and bottom that distinguish the four from an eight or a nine; it

has minimal noise artifacts; and it indicates that the unusual curvature on the left side of

the four may hurt the model’s loss, which is highlighted by only a few other explanations.

Appendix A.7 shows more LossSHAP explanations on MNIST digits.

To avoid the pitfalls of a purely qualitative analysis, we also evaluate these explanations

using quantitative metrics. Many works have proposed techniques for evaluating explanation
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methods (Cao et al., 2015; Ancona et al., 2018; Petsiuk et al., 2018; Zhang et al., 2018;

Adebayo et al., 2018; Hooker et al., 2019; Lundberg et al., 2020; Jethani et al., 2021a),

including sanity checks and measures of correctness. Among these, several consider human-

assigned definitions of importance (e.g., the pointing game), while others focus on the model’s

prediction mechanism. Most of the model-focused metrics involve removing features and

measuring their impact on the model’s predictions (Ancona et al., 2018; Petsiuk et al., 2018;

Hooker et al., 2019; Lundberg et al., 2020; Jethani et al., 2021a), an approach that we explore

here.

Evaluation metrics that rely on removing, masking or deleting features have a clear con-

nection with our framework: they mirror the process that removal-based methods follow

when generating explanations. With this perspective, we can see that seemingly neutral

quantitative metrics may implicitly favor explanations that share their choices of how to

remove features from the model. For example, the sensitivity-n metric (Ancona et al., 2018)

evaluates the model’s predictions when features are replaced with zeros, which favors meth-

ods that use this approach when generating explanations (e.g., Occlusion, RISE, CXPlain).

Similarly, ROAR (Hooker et al., 2019) measures the decrease in model accuracy after training

a new model, which favors methods that account for model retraining.

Rather than relying on a single evaluation metric, we demonstrate how we can create

metrics that implicitly favor certain explanations. Following the insertion and deletion met-

rics from Petsiuk et al. (2018), we used explanations from each method to produce feature

rankings, and we iteratively removed either the most important (deletion) or least important

(insertion) features to observe the impact on the model. We evaluated the model’s loss for

each feature subset, tracing a curve whose area we then measured; we focus on the loss rather

than the predictions because our MNIST explanations are based on the model’s loss. Criti-

cally, we handled removed features using three different strategies: (i) replacing them with

zeros, (ii) using a surrogate model (Section 3.9), and (iii) using a new model trained with

missing features. (Note that this choice is made separately from the explanation method.)

Based on this approach, Figure 3.10 shows examples of insertion and deletion curves for
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Figure 3.10: Insertion and deletion curves for a single MNIST digit. Curves are displayed
for two explanations (Default/Shapley and Surrogate/Shapley) and two feature removal ap-
proaches (Zeros, Surrogate). The insertion curves are only shown for up to 200/784 features
due to near-zero loss.

a single MNIST digit. We show curves for only two explanation methods—default values

and the surrogate approach, both with Shapley values—and we use two masking strategies

to illustrate how each one is advantageous for a particular method. When our evaluation

replaces missing features with zeros, the explanation that uses default values produces a lower

insertion curve and higher deletion curve, both of which represent better performance. When

we switch to removing features using the surrogate model, the results are reversed, with the

explanation that uses the surrogate model performing significantly better. This experiment

demonstrates how evaluation metrics can be aligned with the explanation method.

Next, we performed a similar analysis with 100 MNIST digits: we generated insertion and

deletion curves for each digit and measured the mean area under the curve (normalized by

the number of features). We considered all combinations of removal strategies and summary

techniques, and we generated results separately for the three versions of our insertion/deletion

metrics (Table 3.6, Table 3.7 and Table 3.8). The results confirm our previous analysis:

replacing missing features with zeros favors the default values approach (Table 3.6), with
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Table 3.6: Insertion and deletion scores for MNIST explanations when masking removed
features with zeros. Results for the favored removal strategy are italicized, and the best
scores are bolded (accounting for 95% confidence intervals).

Insertion (lower is better) Deletion (higher is better)

RI II MWI BV SV RI II MWI BV SV

Default 0.683 0.478 0.131 0.176 0.134 4.797 8.356 9.508 5.636 10.286
Uniform 1.523 1.188 0.427 0.791 0.424 4.121 2.325 4.708 4.105 5.003
Product 1.204 1.017 0.204 0.588 0.224 4.316 2.308 5.428 4.415 5.611
Marginal 1.208 1.038 0.126 0.335 0.125 4.289 3.726 6.213 4.895 6.797
Surrogate 1.745 0.479 0.516 0.803 0.347 1.486 3.239 2.913 1.943 4.443

Table 3.7: Insertion and deletion scores for MNIST explanations when masking removed
features with a surrogate model. Results for the favored removal strategy are italicized, and
the best scores are bolded (accounting for 95% confidence intervals).

Insertion (lower is better) Deletion (higher is better)

RI II MWI BV SV RI II MWI BV SV

Default 0.085 0.152 0.053 0.096 0.100 0.403 0.638 0.325 0.296 0.466
Uniform 0.086 0.080 0.036 0.057 0.038 0.807 0.200 0.836 0.682 0.720
Product 0.068 0.067 0.027 0.046 0.027 0.873 0.179 0.934 0.777 0.888
Marginal 0.067 0.071 0.025 0.033 0.025 0.875 0.189 0.966 1.029 1.451
Surrogate 0.044 0.016 0.032 0.033 0.014 0.426 1.059 1.716 0.864 3.151

Table 3.8: Insertion and deletion scores for MNIST explanations when masking removed
features using a model trained with missingness. The best scores for each metric are bolded
(accounting for 95% confidence intervals).

Insertion (lower is better) Deletion (higher is better)

RI II MWI BV SV RI II MWI BV SV

Default 0.060 0.105 0.043 0.054 0.054 0.449 0.757 0.477 0.353 0.690
Uniform 0.112 0.074 0.034 0.052 0.034 0.971 0.220 0.893 0.871 0.833
Product 0.079 0.068 0.024 0.044 0.024 1.080 0.191 1.189 0.933 1.060
Marginal 0.079 0.063 0.023 0.035 0.023 1.054 0.181 1.262 1.327 1.781
Surrogate 0.051 0.011 0.035 0.037 0.015 0.300 1.189 1.418 0.651 3.728
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the corresponding explanations achieving the best insertion and deletion scores; similarly,

handling them using a surrogate model favors the surrogate model approach (Table 3.7).

Interestingly, explanations that use the Shapley value produce the best results in both cases;

we understand this as a consequence of the metrics checking subsets of all cardinalities, which

matches the Shapley value’s formulation (Section 3.8).

Evaluating held-out features using a separate model trained with missingness does not

explicitly favor any explanation method, because it does not mirror the process by which

any explanations are generated. Rather, it can be understood as measuring the information

content of the features identified by each method, independently of the original model’s

prediction mechanism. However, we find that the results in Table 3.8 are very close to those

in Table 3.7, with the surrogate approach outperforming the other removal strategies by a

significant margin. We understand this as a consequence of the relationship between the

surrogate and the model trained with missingness: although the explanation and evaluation

metric are based on different models, both models approximate removing features from the

Bayes classifier using the conditional distribution (Section 3.9). According to this metric,

the method that performs best is also the surrogate model and Shapley value combination,

or LossSHAP (Lundberg et al., 2020)—the same method that provided the most visually

appealing explanations above.

Measuring an explanation’s faithfulness to a model is challenging because it requires

making a choice for how to accommodate missing features. As our experiments show, the

metrics proposed by recent work implicitly favor methods that align with how the metric is

calculated. While using a separate model trained with missingness is less obviously aligned

with any explanation method, it still favors methods that approximate the conditional dis-

tribution; and furthermore, it measures information content rather than faithfulness to the

original model. Users must be wary of the hidden biases in available metrics, and they should

rely on evaluations that are most relevant to their intended use-case.
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3.11.3 Breast Cancer Subtype Classification

In our final experiment, we analyzed gene microarray data from The Cancer Genome Atlas

(TCGA)12 for breast cancer (BRCA) patients whose tumors were categorized into different

molecular subtypes (Berger et al., 2018). Due to the small dataset size (only 510 patients),

we prevented overfitting by analyzing a random subset of 100 genes (details in Appendix A.7)

and training a regularized logistic regression model. Rather than explaining individual pre-

dictions, we explained the dataset loss to determine which genes contain the most information

about BRCA subtypes.

We used the same removal and summary strategies as in the previous experiments, in-

cluding using the mean expression as default values and training a surrogate model to ap-

proximate the conditional distribution. Figure 3.11 shows a grid of explanations generated

by each method. Three of these explanations correspond to existing approaches (permuta-

tion tests, conditional permutation tests, SAGE), but many are new methods. We observe

that most explanations identify the same gene as being most important (ESR1), but, besides

this, the explanations are difficult to compare qualitatively. In Appendix A.7, we measure

the similarity between each of these explanations, finding that there are often similarities

across removal strategies and sometimes across summary techniques.

For a quantitative evaluation, we assessed each method by training new models with the

top-ranked genes. The best performing method for the top n genes may differ for different

values of n, so we trained separate models with the top n = 1, 2, . . . , 20 genes and averaged

their performance (Figure 3.12). This is similar to the insertion metric (Petsiuk et al., 2018)

used above, except that we measure the dataset loss and focus on subsets with relatively

small cardinalities. The results represent each method’s usefulness for performing global

feature selection.

According to Figure 3.12, the surrogate and Shapley value combination performs best

12https://www.cancer.gov/tcga

https://www.cancer.gov/tcga
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Figure 3.11: Dataset loss explanations for BRCA subtype classification. Each bar chart
represents gene attribution values for a different explanation method, with positive (negative)
values improving (hurting) the dataset loss, except for the mean when included technique.
The vertical axis represents feature removal strategies and the horizontal axis represents
summary techniques.



89

Defa
ult

 / R
em

ov
e

Defa
ult

 / I
ncl

ud
e

Defa
ult

 / M
ea

n I
ncl

.

Defa
ult

 / B
an

zha
f

Defa
ult

 / S
ha

ple
y

Unif
orm

 / R
em

ov
e

Unif
orm

 / I
ncl

ud
e

Unif
orm

 / M
ea

n I
ncl

.

Unif
orm

 / B
an

zha
f

Unif
orm

 / S
ha

ple
y

Pro
du

ct 
/ R

em
ov

e

Pro
du

ct 
/ In

clu
de

Pro
du

ct 
/ M

ea
n I

ncl
.

Pro
du

ct 
/ B

an
zha

f

Pro
du

ct 
/ S

ha
ple

y

Marg
ina

l / 
Rem

ov
e

Marg
ina

l / 
Inc

lud
e

Marg
ina

l / 
Mea

n I
ncl

.

Marg
ina

l / 
Ban

zha
f

Marg
ina

l / 
Sh

ap
ley

Su
rro

ga
te 

/ R
em

ov
e

Su
rro

ga
te 

/ In
clu

de

Su
rro

ga
te 

/ M
ea

n I
ncl

.

Su
rro

ga
te 

/ B
an

zha
f

Su
rro

ga
te 

/ S
ha

ple
y

0.54

0.56

0.58

0.60

0.62

0.64

0.66

M
ea

n 
Cr

os
s E

nt
ro

py
 L

os
s

BRCA Feature Selection (1-20 Genes)

Figure 3.12: Feature selection results for BRCA subtype classification when using top genes
identified by each global explanation. Each bar represents the average loss for models trained
using 1−20 top genes (lower is better).

overall; this method roughly corresponds to SAGE (Covert et al., 2020).13 The mean when

included summary performs similarly, and the results are generally better when using the

surrogate rather than any other feature removal approach. Including individual features

performs poorly, possibly because it neglects feature interactions; and removing features

with uniform distributions consistently yields poor results.

We performed a literature review for the most important genes identified by the surrogate

and Shapley value combination (SAGE), and we found that many had documented BRCA

associations, including ESR1 (Robinson et al., 2013), CCNB2 (Shubbar et al., 2013) and

TXNL4B (Nordgard et al., 2008). Other highly ranked genes had known associations with

other cancers, including DDC (Koutalellis et al., 2012) and GSS (Kim et al., 2015). We did

not evaluate explanation methods based their ability to identify true associations, however,

13The original work suggested marginalizing out features with their conditional distribution, but the
surrogate model approximation had not been developed at the time of its publication.
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due to the ambiguity in verifying an association from the literature. Beyond confirming

known relationships, we remark that these global explanations can also be used to generate

new scientific hypotheses to be tested in a lab setting.

3.12 Discussion

In this work, we developed a unified framework that encompasses a significant portion of

the model explanation field, including 26 existing methods. These methods vary in numer-

ous ways and represent disparate parts of the explainability literature, but our framework

systematizes them by showing that each method is specified by three precise mathematical

choices:

1. How the method removes features. Each method specifies a subset function F ∈ F

to make predictions with subsets of features, often based on an existing model f ∈ F
trained using all the features.

2. What model behavior the method analyzes. Each method relies on a set function

u : P(d) 7→ R to represent the model’s dependence on different groups of features. The

set function describes the model’s behavior either for an individual prediction (local

explanations) or across the entire dataset (global explanations).

3. How the method summarizes each feature’s influence. Each method generates

explanations that provide a concise summary of the features’ contributions to the set

function u ∈ U . Mappings of the form E : U 7→ Rd generate feature attribution

explanations, and mappings of the form E : U 7→ P(d) generate feature selection

explanations.

Our framework reveals that the field is highly interconnected: we find that many state-

of-the-art methods are built on the same foundation, are based on different combinations of

interchangeable choices, and in many cases differ along only one or two dimensions (recall
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Table 3.2). This perspective provides a systematic characterization of the literature and

makes it easier to reason about the conceptual and computational advantages of different

approaches.

To shed light on the relationships and trade-offs between different methods, we explored

perspectives from three related fields that have been overlooked by most explainability re-

search: cooperative game theory (Section 3.8), information theory (Section 3.9) and cognitive

psychology (Section 3.10). We found that removal-based explanations are a simple applica-

tion of subtractive counterfactual reasoning, or, equivalently, of Mill’s method of difference;

and we showed that most explanation methods can be interpreted using existing ideas in

cooperative game theory and information theory, in many cases leading to a richer under-

standing of how each method should be interpreted.

Consulting the game theory literature helped us draw connections between several ap-

proaches that can be viewed as probabilistic values (in the game-theoretic sense), and which

are equivalent to fitting a weighted additive model to a cooperative game (Ribeiro et al.,

2016). We also found that many feature selection methods can be understood in terms of

coalitional excess, and that these approaches are generalized by the optimization problem

solved in the Masking Model approach (Dabkowski and Gal, 2017). These game-theoretic

connections allow us to compare the various summarization techniques through the proper-

ties they satisfy (e.g., the Shapley axioms), as well as through their ease of interpretation

for end-users (Section 3.10).

Because of its axiomatic derivation and its many desirable properties, the Shapley value

provides, in our view, the most complete summary of how a model works. However, while

several approaches provide fast Shapley value approximations (Štrumbelj and Kononenko,

2010; Lundberg and Lee, 2017; Lundberg et al., 2020; Covert and Lee, 2021), these tech-

niques are considerably slower than the fastest removal-based explanations (Section 3.7),

particularly in the model-agnostic setting.14 Furthermore, Shapley value-based explanations

14The methods presented in Chapter 6 and Chapter 7 have since helped bridge this gap.
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may not always be the best choice: they can be difficult for users to interpret due to their

complexity, and variations of the Shapley value may be required to reflect causal relationships

in the data (Frye et al., 2020; Heskes et al., 2020; Wang et al., 2021).

Building on work that discusses probabilistic and information-theoretic explanations

(Owen, 2014; Chen et al., 2018a; Covert et al., 2020), we found that multiple model be-

haviors can be understood as information-theoretic quantities. These connections require

that removed features are marginalized out using their conditional distribution, and al-

though this approach is challenging to implement, we showed that several removal strategies

provide high-quality conditional distribution approximations (e.g., generative modeling ap-

proaches and models trained with missing features). Our work is among a growing number

of papers lending support to this approach (Strobl et al., 2008; Zintgraf et al., 2017; Aas

et al., 2019; Agarwal and Nguyen, 2020; Slack et al., 2020; Covert et al., 2020; Frye et al.,

2021), but we present a novel perspective on why this choice is justified: besides provid-

ing information-theoretic explanations, we find that marginalizing out features with their

conditional distribution is the only approach that yields predictions that satisfy standard

probability axioms (Section 3.9).

We recognize, however, that users do not always require information-theoretic explana-

tions. These explanations have the potentially undesirable property that features can be

deemed important even if they are not used by the model in a functional sense; this property

is useful in certain applications (e.g., bias detection), but in other cases it may be confusing

to users. Another concern with this approach is spreading credit among correlated features

(Merrick and Taly, 2019; Kumar et al., 2020), because marginalizing out features with their

conditional distribution guarantees that perfectly correlated features receive equal attribu-

tions (Covert et al., 2020). This property can be avoided by using a different feature removal

approach (Janzing et al., 2020), but recent work also argues for sparsifying attributions using

a variant of the Shapley value (Frye et al., 2020); interestingly, this is a summary technique

(third dimension of our framework) that helps resolve an issue that arises from the feature

removal strategy (first dimension of our framework).
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The growing interest in black-box ML models has spurred a remarkable amount of model

explanation research, and the past decade has yielded numerous publications proposing inno-

vative new methods. However, as the field has matured we have also seen a growing number

of unification theories that reveal underlying similarities and implicit relationships among

state-of-the-art methods (Lundberg and Lee, 2017; Ancona et al., 2018; Covert et al., 2020).

Our framework for removal-based explanations is the broadest unifying theory yet, and it

bridges the gap between parts of the explainability literature that may have otherwise been

viewed as disjoint. We believe that this work represents an important step towards making

the field more organized, rigorous, and easier to navigate.

An improved understanding of the field presents new opportunities for both explainability

practitioners and researchers. For practitioners, our framework enables more explicit rea-

soning about the trade-offs between available explanation tools. The unique advantages of

different methods are difficult to understand when each approach is viewed as a monolithic

algorithm, but disentangling their choices makes it simpler to reason about their strengths

and weaknesses, and potentially develop hybrid methods (as in Section 3.11).

For researchers, our framework offers a new theoretical perspective that can guide and

strengthen ongoing research. Using the tools we developed, future work will be better

equipped to (i) specify the dimensions along which new methods differ from existing ones,

(ii) distinguish the implicit objectives of new approaches from their approximations, (iii) re-

solve shortcomings in existing explanation methods using solutions along different dimensions

of the framework, and (iv) rigorously justify new approaches in light of their connections with

cooperative game theory, information theory and psychology. As the number of removal-

based explanations continues to grow, we hope that our framework will serve as a strong

foundation upon which future research can build.



94

Chapter 4

ROBUSTNESS OF REMOVAL-BASED EXPLANATIONS

4.1 Chapter Notes

This chapter presents joint work with Chris Lin (co-first author) and Su-In Lee that is

currently a pre-print. The main contribution of this work is to build on the framework from

Chapter 3 to provide a unified analysis of the robustness properties of many existing model

explanation methods.

4.2 Introduction

In recent years, ML has shown great promise in a variety of real-world applications. An

obstacle to its widespread deployment is the lack of transparency, an issue that has prompted

a wave of research on interpretable or explainable machine learning (Simonyan et al., 2013;

Zeiler and Fergus, 2014; Ribeiro et al., 2016; Sundararajan et al., 2017; Lundberg and Lee,

2017; Petsiuk et al., 2018). One popular way of explaining a machine learning model is feature

attribution, which assigns importance scores to input features of the model (Simonyan et al.,

2013; Ribeiro et al., 2016; Sundararajan et al., 2017; Lundberg and Lee, 2017; Petsiuk et al.,

2018). Many feature attribution methods can be categorized as either gradient-based methods

that compute gradients of model predictions with respect to input features (Ancona et al.,

2018), or removal-based methods that remove features to quantify each feature’s influence

(Covert et al., 2021). While substantial progress has been made and current tools are widely

used for model debugging and scientific discovery (Bhatt et al., 2020; DeGrave et al., 2021;

Janizek et al., 2021; Novakovsky et al., 2022), some important concerns remain. Among

them is unclear robustness : feature attributions are vulnerable to adversarial attacks, and

even without an adversary appear unstable under small changes to the input or model.
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As a motivating example, consider the work of Ghorbani et al. (2019), which shows

that minor perturbations to an image can lead to substantially different feature attributions

while preserving the original prediction. Similar to adversarial examples designed to alter

model predictions (Szegedy et al., 2013; Goodfellow et al., 2014; Kurakin et al., 2018), this

phenomenon violates the intuition that explanations should be invariant to imperceptible

changes. A natural question, and the focus of this chapter, is therefore: When can we

guarantee that feature attributions are robust to small changes in the input or small changes

in the model? In answering this question, we find that previous theoretical work on this

topic has primarily focused on gradient-based methods. Hence, in this work we provide a

unified analysis to characterize the robustness of removal-based feature attributions under

both input and model perturbation, considering a range of existing methods in combination

with different approaches to simulate feature removal.

Related work Recent work has demonstrated that gradient-based attributions for neu-

ral networks are susceptible to small input perturbations that can lead to markedly different

attributions (Dombrowski et al., 2019; Ghorbani et al., 2019; Kindermans et al., 2019). Theo-

retical analyses have established that this issue relates to model smoothness, and approaches

like stochastic smoothing of gradients, weight decay regularization, smoothing activation

functions, and Hessian minimization have been shown to generate more robust gradient-

based attributions (Dombrowski et al., 2019, 2022; Wang et al., 2020b; Agarwal et al., 2021).

As for the robustness of removal-based attributions under input perturbations, two works

investigated the Lipschitz continuity properties of methods like RISE, LIME, SHAP and

leave-one-out: Alvarez-Melis and Jaakkola (2018) take an empirical approach to study local

Lipschitz continuity, and Khan et al. (2022) take a theoretical approach to characterize global

Lipschitz continuity. Agarwal et al. (2022) study the robustness of explanation methods for

graph neural networks, which output discrete node or edge masks rather than real-valued

attributions. Our work on input perturbation is most similar to Khan et al. (2022), but we

generalize the analysis along multiple dimensions by considering alternative feature removal
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and summarization techniques (e.g., LIME’s weighted least squares approach Ribeiro et al.

2016).

Other works have considered model perturbations and manipulated neural networks to

produce targeted, arbitrary gradient-based attributions (Anders et al., 2020; Heo et al., 2019).

Anders et al. (2020) explain this phenomenon through the insight that neural network gra-

dients are underdetermined with many degrees of freedom to exploit, and they demonstrate

better robustness when gradient-based attributions are projected onto the data manifold.

As for the robustness of removal-based attributions under model perturbation, models can

be modified to hide their reliance on sensitive features in LIME and SHAP (Slack et al.,

2020; Dimanov et al., 2020); however, Frye et al. (2021) show that such hidden features

can be discovered if features are removed using their conditional distribution, suggesting a

key role for the feature removal approach in determining sensitivity to such attacks. Our

work formalizes these results through the lens of robustness under model perturbation, and

provides theoretical guarantees.

Contribution The main contribution of this work is to develop a comprehensive charac-

terization of the robustness properties of removal-based feature attributions, focusing on two

notions of robustness that have received attention in the literature: (i) stability under input

changes, and (ii) stability under model changes. Our specific contributions are the following:

1. We provide theoretical guarantees for the robustness of model predictions with the

removal of arbitrary feature subsets, under both input and model perturbations.

2. We analyze the robustness of techniques for summarizing each feature’s influence (e.g.,

Shapley values) and derive best- and worst-case robustness within several classes of

such techniques.

3. We combine the analyses above to prove unified attribution robustness properties to

both input and model perturbations, where changes in removal-based attributions are

controlled by the scale of perturbations in either input space or function space.
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4. We validate our theoretical results and demonstrate practical implications using both

synthetic and real-world datasets.

4.3 Background

Here, we review removal-based feature attributions and then introduce our problem formu-

lation.

4.3.1 Removal-Based Feature Attributions

We focus here on an existing model f whose predictions we seek to explain. We consider

that the model’s output space is one-dimensional, or f : Rd 7→ R, which is not restrictive

because attributions are typically calculated for scalar predictions (e.g., the probability for

a given class). We consider that the input variable x consists of d separate features, or

x = (x1, . . . ,xd), and we assume that all explanations are generated for inputs that lie on

the data manifold X ⊆ Rd, or where p(x) > 0.

Our work focuses on a class of methods known as removal-based explanations ; see Chap-

ter 3 for a detailed discussion. Intuitively, these are algorithms that remove subsets of inputs

and summarize how each feature affects the model. This framework describes a large number

of methods that are distinguished by two main implementation choices: (i) how feature in-

formation is removed from the model, and (ii) how the algorithm summarizes each feature’s

influence.1 This perspective shows a close connection between methods like leave-one-out

(Zeiler and Fergus, 2014), LIME (Ribeiro et al., 2016) and Shapley values (Lundberg and

Lee, 2017), and as we show here, enables a unified analysis of their robustness properties.

Below, we describe the two main implementation choices in detail.

Feature removal Most machine learning models require all feature values to generate

predictions, so we must specify a convention for depriving the model of feature information.

1The framework also considers the choice to explain different model behaviors (e.g., the loss calculated
over one or more examples), but we focus on methods that explain individual predictions.
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We denote the prediction given partial inputs by f(xS). Many implementations have been

discussed in the literature (Covert et al., 2021), but we focus here on three common choices.

Given a set of observed values xS, these techniques can all be viewed as averaging the

prediction over a distribution q(xS̄) for the held-out feature values:

f(xS) ≡ E
q(xS̄)

[f(xS,xS̄)] =

∫
f(xS, xS̄)q(xS̄)dxS̄. (4.1)

Specifically, the three choices we consider are:

• (Baseline values) Given a baseline input b ∈ Rd, we can set the held-out features to

their corresponding values bS̄ (Sundararajan and Najmi, 2020). This is equivalent to

letting q(xS̄) be a Dirac delta centered at bS̄.

• (Marginal distribution) Rather than using a single replacement value, we can average

across values sampled from the input’s marginal distribution, or let q(xS̄) = p(xS̄)

(Lundberg and Lee, 2017).

• (Conditional distribution) Finally, we can average across replacement values while con-

ditioning on the available features, which is equivalent to setting q(xS̄) = p(xS̄ | xS)
(Frye et al., 2021).

The first two options are commonly implemented in practice because they are simplest

to estimate, but the third choice is viewed by some work as more informative to users (Aas

et al., 2021; Frye et al., 2021; Covert et al., 2021). The conditional distribution approach

requires more complex and error-prone estimation procedures (see Chen et al. 2022 for a

discussion), but we assume here that all three versions of f(xS) can be calculated exactly.

Summary technique Given a feature removal technique that allows us to query the model

with arbitrary feature sets, we must define a convention for summarizing each feature’s

influence. This is challenging due to the exponential number of feature sets, or because
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|P(d)| = 2d. Again, many techniques have been discussed in the literature (Covert et al.,

2021), with the simplest option being comparing the prediction with all features included and

with a single feature missing (Zeiler and Fergus, 2014). We take a broad perspective here,

considering a range of approaches that define attributions as a linear combination of predic-

tions with different feature sets. These methods include leave-one-out (Zeiler and Fergus,

2014), RISE (Petsiuk et al., 2018), LIME (Ribeiro et al., 2016), Shapley values (Lundberg

and Lee, 2017), and Banzhaf values (Chen and Jordan, 2020), among other possible options.

All of these methods yield per-feature attribution scores ϕi(f, x) ∈ R for i ∈ [d]. For

example, the Shapley value calculates feature attribution scores as follows (Lundberg and

Lee, 2017):

ϕi(f, x) =
1

d

∑
S⊆[d]\i

(
d− 1

|S|

)−1

(f(xS∪i)− f(xS)) . (4.2)

The specific linear combinations for the other approaches we consider are shown in Table 4.3.

The remainder of the chapter uses the notation f(xS) to refer to predictions with partial

information, and ϕ(f, x) = [ϕ1(f, x), . . . , ϕd(f, x)] ∈ Rd to refer to feature attributions. We

do not introduce separate notation to distinguish between implementation choices, opting

instead to make the relevant choices clear in each result.

4.3.2 Problem Formulation

The problem formulation here is straightforward: our goal is to understand the stability of

feature attributions under input perturbations and model perturbations. Formally, we aim

to study

1. whether ∥ϕ(f, x)− ϕ(f, x′)∥ is controlled by ∥x− x′∥ (input perturbation), and

2. whether ∥ϕ(f, x)− ϕ(f ′, x)∥ is controlled by ∥f − f ′∥ (model perturbation).

The following sections show how this can be guaranteed using certain distance metrics,

and under certain assumptions about the model and/or the data distribution.
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4.4 Preliminary Results

As an intermediate step towards understanding explanation robustness, we first provide

results for sub-components of the algorithms. We begin by addressing the robustness of

predictions with partial information to input and model perturbations, and we then discuss

robustness properties of the summary technique. Proofs for all results are in Appendix B.

Before proceeding, we introduce two assumptions that are necessary for our analysis.

Assumption 4.1. We assume that the model f is globally L-Lipschitz continuous, or that

we have |f(x)− f(x′)| ≤ L · ∥x− x′∥2 for all x, x′ ∈ Rd.

Assumption 4.2. We assume that the model f has bounded predictions, or that there exists

a constant B such that |f(x)| ≤ B for all x ∈ Rd.

The first assumption holds for most deep learning architectures, because they typically

compose a series of Lipschitz continuous layers (Virmaux and Scaman, 2018). The second

assumption holds with B = 1 for classification models. These are therefore mild assumptions,

but they are discussed further in Section 4.7.

We also define the notion of a functional norm, which is useful for several of our results.

Definition 4.1. The Lp norm for a function g : Rd 7→ R is defined as ∥g∥p ≡ (
∫
|g(x)|pdx)1/p,

where the integral is taken over Rd. ∥g∥p,X ′ denotes the same integral taken over the domain

X ′ ⊆ Rd.

Our results adopt this to define a notion of distance between functions ∥g−g′∥p, focusing

on the cases where p = 1 for the L1 distance and p =∞ for the Chebyshev distance.

4.4.1 Prediction Robustness to Input Perturbations

Our goal here is to understand how the prediction function f(xS) for a feature set xS behaves

under small input perturbations. We first consider the case where features are removed using

the baseline or marginal approach, and we find that Lipschitz continuity is inherited from

the original model.
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Lemma 4.1. When removing features using either the baseline or marginal approaches,

the prediction function f(xS) for any feature set xS is L-Lipschitz continuous:

|f(xS)− f(x′S)| ≤ L · ∥xS − x′S∥2 ∀ xS, x′S ∈ R|S|.

Next, we consider the case where features are removed using the conditional distribution

approach. We show that the continuity of f(xS) depends not only on the original model,

but also on the similarity of the conditional distribution for the held-out features.

Lemma 4.2. When removing features using the conditional approach, the prediction func-

tion f(xS) for a feature set xS satisfies

|f(xS)− f(x′S)| ≤ L · ∥xS − x′S∥2 + 2B · dTV

(
p(xS̄ | xS), p(xS̄ | x′S)

)
,

where the total variation distance is defined via the L1 functional distance as

dTV

(
p(xS̄ | xS), p(xS̄ | x′S)

)
≡ 1

2

∥∥∥p(xS̄ | xS)− p(xS̄ | x′S)
∥∥∥
1
.

Lemma 4.2 does not immediately imply Lipschitz continuity for f(xS), because we have

not bounded the total variation distance in terms of ∥xS − x′S∥2. To address this, we require

the following Lipschitz-like continuity property in the total variation distance.

Assumption 4.3. We assume that there exists a constant M such that for all S ⊆ [d], we

have

dTV

(
p(xS̄ | xS), p(xS̄ | x′S)

)
≤M · ∥xS − x′S∥2 ∀xS, x′S ∈ R|S|.

Intuitively, this says that the conditional distribution p(xS̄ | xS) cannot change too

quickly as a function of the observed features. This property does not hold for all data

distributions p(x), and it may hold in some cases only for large M ; in such scenarios, the

function f(xS) is not guaranteed to change slowly. However, there are cases where it holds.
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For example, we have M = 0 if the features are independent, and the following example

shows a case where it holds with dependent features.

Example 4.1. For a Gaussian random variable x ∼ N (µ,Σ) with mean µ ∈ Rd and co-

variance Σ ∈ Rd×d, Assumption 4.3 holds with M = 1
2

√
λmax(Σ−1)− λmin(Σ−1). If x is

assumed to be standardized, this captures the case where independent features yield M = 0.

Intuitively, it also means that if one dimension is roughly a linear combination of the others,

or if λmax(Σ
−1) is large, the conditional distribution can change quickly as a function of the

conditioning variables.

Now, assuming that this property holds for p(x), we show that we can improve upon

Lemma 4.2.

Lemma 4.3. Under Assumption 4.3, the prediction f(xS) defined using the conditional

approach is Lipschitz continuous with constant L+ 2BM for any feature set xS.

Between Lemmas 4.1 and 4.3, we have established that the function f(xS) remains Lip-

schitz continuous for any feature set xS, although in some cases with a larger constant

that depends on the data distribution. These results are summarized in Table 4.1. In Ap-

pendix B.1 we show that our analysis can be extended to account for sampling in eq. 4.1

when the expectation is not calculated exactly.

Table 4.1: Lipschitz constants induced by
each feature removal technique.

Baseline Marginal Conditional

L L L+ 2BM

Table 4.2: Relevant functional distances
for each feature removal technique.

Baseline Marginal Conditional

∥f − f ′∥∞ ∥f − f ′∥∞ ∥f − f ′∥∞,X

4.4.2 Prediction Robustness to Model Perturbations

Our next goal is to understand how the function f(xS) for a feature set xS behaves under

small changes to the model. The intuition is that if two models make very similar predictions
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with all features, they should continue to make similar predictions with a subset of features.

We first derive a general result involving the proximity between two models f and f ′ within

a subdomain.

Lemma 4.4. For two models f, f ′ : Rd 7→ R and a subdomain X ′ ⊆ Rd, the prediction

functions f(xS), f
′(xS) for any feature set xS satisfy

|f(xS)− f ′(xS)| ≤ ∥f − f ′∥∞,X ′ ·QxS
(X ′) + 2B ·

(
1−QxS

(X ′)
)
,

where QxS
(X ′) is the probability of imputed samples lying in X ′ based on the distribution

q(xS̄):

QxS
(X ′) ≡ E

q(xS̄)
[I {(xS,xS̄) ∈ X ′}] .

The difference in predictions therefore depends on the distance between the models only

within the subdomain X ′, as well as the likelihood of imputed sampled lying in this subdo-

main. This result illustrates a point shown by Slack et al. (2020): that two models which

are equivalent on a small subdomain, or even on the entire data manifold X , can lead to

different attributions if we use a removal technique that yields a low value for QxS
(X ′). In

fact, when QxS
(X ′)→ 0, Lemma 4.4 reduces to a trivial bound |f(xS)− f ′(xS)| ≤ 2B that

follows directly from Assumption 4.2.

The general result in Lemma 4.4 allows us to show two simpler ones. In both cases, we

choose the subdomain X ′ and removal technique q(xS̄) so that QxS
(X ′) = 1.

Lemma 4.5. When removing features using the conditional approach, the prediction func-

tions f(xS), f
′(xS) for two models f, f ′ and any feature set xS satisfy

|f(xS)− f ′(xS)| ≤ ∥f − f ′∥∞,X .

The next result is similar but involves a potentially larger upper bound ∥f − f ′∥∞ ≥
∥f − f ′∥∞,X .
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Lemma 4.6. When removing features using the baseline or marginal approach, the pre-

diction functions f(xS), f
′(xS) for two models f, f ′ and any feature set xS satisfy

|f(xS)− f ′(xS)| ≤ ∥f − f ′∥∞.

Remark 1. Lemma 4.6 implies that if two models f, f ′ are functionally equivalent, or f(x) =

f(x′) for all x ∈ Rd, they remain equivalent with any feature subset xS. In Section 4.5,

we will see that this implies equal attributions for the two models—a natural property

that, perhaps surprisingly, is not satisfied by all feature attribution methods (Shrikumar

et al., 2017; Montavon et al., 2019), and that has been described in the literature as an

implementation invariance property (Sundararajan et al., 2017). This holds automatically

for all removal-based methods.

Remark 2. In contrast, Lemma 4.5 implies the same for models that are equivalent only

on the data manifold X ⊆ Rd. This is a less stringent requirement to guarantee equal

attributions, and it is perhaps reasonable that models with equal predictions for all realistic

inputs receive equal attributions. To emphasize this, we propose distinguishing between a

notion of weak implementation invariance and strong implementation invariance, depending

on whether equal attributions are guaranteed when we have f(x) = f ′(x) everywhere (x ∈
Rd) or almost everywhere (x ∈ X ).

4.4.3 Summary Technique Robustness

We previously focused on the effects of the feature removal choice, so our goal is now to

understand the role of the summary technique. Given a removal approach that lets us query

the model with any feature set, the summary generates attribution scores ϕ(f, x) ∈ Rd, often

using a linear combination of the outputs f(xS) for each S ⊆ [d]. We formalize this in the

following proposition.

Proposition 4.1. The attributions for each method can be calculated by applying a linear
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operator A ∈ Rd×2d to a vector v ∈ R2d representing the predictions with each feature set, or

ϕ(f, x) = Av,

where the linear operator A for each method is listed in Table 4.3, and v is defined as vS =

f(xS) for each S ⊆ [d] based on the chosen feature removal technique.

In this notation, the entries of v are indexed as vS for S ⊆ [d], and the entries of A are

indexed as AiS for i ∈ [d] and S ⊆ [d]. The operation Av can be understood as summing

across all subsets, or (Av)i =
∑

S AiS ·vS. Representing the attributions this way is convenient

for our next results.

The entries for the linear operator in Table 4.3 are straightforward for the first four

methods, but LIME depends on several implementation choices: these include the choice

of weighting kernel, regularization, and intercept term. The first three methods are in fact

special cases of LIME (Covert et al., 2021). The class of weighting kernel used in practice is

difficult to characterize analytically, but its default parameters for tabular, image and text

data approach limiting cases where LIME reduces to other methods (Appendix B.7). For

simplicity, the remainder of this section focuses on the other methods.

Perturbing either the input or model induces a change in v ∈ R2d , and we must consider

how the attributions differ between the original vector v and an alternative v′. Proposition 4.1

suggests that we can bound the distance between attributions via the change in model outputs

∥v−v′∥ and properties of the matrix A. We can even do this under different distance metrics,

as we show in the next result.

Lemma 4.7. The difference in attributions given the same summary technique A and dif-

ferent model outputs v, v′ can be bounded as

∥Av − Av′∥2 ≤ ∥A∥2 · ∥v − v′∥2 or ∥Av − Av′∥2 ≤ ∥A∥1,∞ · ∥v − v′∥∞,

where ∥A∥2 is the spectral norm, and the operator norm ∥A∥1,∞ is the square root of the sum
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Table 4.3: Summary technique linear operators used by various removal-based explanations.

Summary Method AiS (i ∈ S) AiS (i /∈ S) ∥A∥1,∞ ∥A∥2

Leave-one-out Occlusion (Zeiler and Fergus, 2014) I {|S| = d} −I {|S| = d− 1} 2
√
d

√
d+ 1

Shapley value SHAP (Lundberg and Lee, 2017) (|S|−1)!(d−|S|)!
d!

− |S|!(d−|S|−1)!
d!

2
√
d

√
2/d

Banzhaf value Banzhaf (Chen and Jordan, 2020) 1/2d−1 −1/2d−1 2
√
d 1/2d/2−1

Mean when included RISE (Petsiuk et al., 2018) 1/2d−1 0
√
d

√
(d+ 1)/2d

Weighted least squares LIME (Ribeiro et al., 2016) Depends on implementation choices (see Appendix B.3)

of squared row 1-norms, with values for each A given in Table 4.3.

For both inequalities, smaller norms ∥A∥ represent stronger robustness to perturbations.

Neither bound is necessarily tighter, and the choice of which to use depends on how v− v′ is

bounded. The first bound using the Euclidean distance ∥v − v′∥2 is perhaps more intuitive,

but the second bound is more useful here because the results in the analysis above effectively

relate to ∥v − v′∥∞.

This view of the summary technique’s robustness raises a natural question, which is

whether the approaches used in practice have relatively good or bad robustness (Table 4.3).

The answer is not immediately clear, because within the class of linear operators we can

control the robustness arbitrarily: we can achieve ∥A∥2 = ∥A∥1,∞ = 0 by setting A = 0

(strong robustness), and we can likewise get ∥A∥2, ∥A∥1,∞ →∞ by setting entries of A to a

large value (weak robustness). These results are not useful, however, because they come at

the expense of generating meaningful attributions.

Rather than considering robustness within the class of all linear operators A ∈ Rd×2d , we

restrict our attention to attributions that are in some sense meaningful. There are multiple

ways to define this, but we consider solutions that satisfy one or more of the following prop-

erties, which are motivated by axioms from the literature on game-theoretic credit allocation

(Shapley, 1953; Monderer et al., 2002).

Definition 4.2. We define the following properties for linear operators A ∈ Rd×2d that are

used for removal-based explanations:
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• (Boundedness) For all v ∈ R2d, each feature’s attribution is bounded by its smallest and

largest marginal contributions, or minS⊆[d]\i(vS∪i− vS) ≤ (Av)i ≤ maxS⊆[d]\i(vS∪i− vS)
for all i ∈ [d].

• (Symmetry) For all v ∈ R2d, two features that make equal marginal contributions to

all feature sets must have equal attributions, or (Av)i = (Av)j if vS∪i = vS∪{j} for all

S ⊆ [d].

• (Efficiency) The attributions sum to the difference in predictions for the complete and

empty sets, or 1⊤Av = v[d] − v∅ for all v ∈ R2d.

Among these properties, we prioritize boundedness because this leads to a class of solu-

tions that are well-known in game theory, and which are called probabilistic values (Monderer

et al., 2002). We now show that constraining the summary technique to satisfy different com-

binations of these properties yields clear upper and lower bounds for the robustness. We first

address the operator norm ∥A∥1,∞, which is the simpler case.

Lemma 4.8. When the linear operator A satisfies the boundedness property, we have

∥A∥1,∞ = 2
√
d.

The above result applies to several summary techniques shown in Table 4.3, includ-

ing leave-one-out (Zeiler and Fergus, 2014), Shapley values (Lundberg and Lee, 2017) and

Banzhaf values (Chen and Jordan, 2020). We now address the case of the spectral norm

∥A∥2, beginning with the case where boundedness and symmetry are satisfied.

Lemma 4.9. When the linear operator A satisfies the boundedness and symmetry prop-

erties, the spectral norm is bounded as follows,

1

2d/2−1
≤ ∥A∥2 ≤

√
d+ 1,

with 1/2d/2−1 achieved by the Banzhaf value and
√
d+ 1 achieved by leave-one-out.
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This shows that the Banzhaf value is the most robust summary within a class of linear

operators, which are known as semivalues (Monderer et al., 2002). Its robustness is even

better than the Shapley value, a result that has been discussed in recent work by Wang

and Jia (2022). However, the Banzhaf value is criticized for failing to satisfy the efficiency

property (Dubey and Shapley, 1979), so we now address the case where this property holds.

Lemma 4.10. When the linear operator A satisfies the boundedness and efficiency prop-

erties, the spectral norm is bounded as follows,

√
2

d
≤ ∥A∥2 ≤

√
2 + 2 · cos

(
π

d+ 1

)
,

with
√
2/d achieved by the Shapley value.

We therefore observe that the Shapley value is the most robust choice within a different

class of linear operators, which are known as random-order values (Monderer et al., 2002). In

comparison, the worst-case robustness is achieved by a method that has not been discussed

in the literature, but which is a special case of a previously proposed method (Frye et al.,

2020). The upper bound in Lemma 4.10 is approximately equal to 2, whereas the upper

bound in Lemma 4.9 grows with the input dimensionality, suggesting that the efficiency

property imposes a minimum level of robustness but limits robustness in the best case.

Finally, we can also trivially say that ∥A∥2 =
√
2/d when boundedness, symmetry and

efficiency are all satisfied, because the Shapley value is the only linear operator to satisfy all

three properties (Shapley, 1953; Monderer et al., 2002).

Lemma 4.11. When the linear operator A satisfies the boundedness, symmetry and ef-

ficiency properties, the spectral norm is ∥A∥2 =
√

2/d.

4.5 Main Results: Feature Attribution Robustness

We now shift our attention to the robustness properties of entire feature attribution algo-

rithms. These results build on those presented in Section 4.4, combining them to provide
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general results that apply both to existing methods and to new methods that combine their

implementation choices arbitrarily.

Our first main result relates to the robustness to input perturbations.

Theorem 4.1. The robustness of removal-based explanations to input perturbations is given

by the following meta-formula,

∥ϕ(f, x)− ϕ(f, x′)∥2 ≤ g(removal) · h(summary) · ∥x− x′∥2,

where the factors for each method are defined as follows:

g(removal) =

L if removal = baseline or marginal

L+ 2BM if removal = conditional,

h(summary) =

2
√
d if summary = Shapley, Banzhaf, or leave-one-out

√
d if summary = mean when included.

We therefore observe that the explanation functions themselves are Lipschitz continuous,

but with a constant that combines properties of the original model with implementation

choices from the attribution method. The model’s inherent robustness interacts with the

removal choice to yield the g(removal) factor, and the summary technique is accounted for

by h(summary).

Our second result takes a similar form, but relates to the robustness to model perturba-

tions.

Theorem 4.2. The robustness of removal-based explanations to model perturbations is given

by the following meta-formula,

∥ϕ(f, x)− ϕ(f ′, x)∥2 ≤ h(summary) · ∥f − f ′∥,

where the functional distance and factor associated with the summary technique are specified
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as follows:

∥f − f ′∥ =

∥f − f
′∥∞ if removal = baseline or marginal

∥f − f ′∥∞,X if removal = conditional,

h(summary) =

2
√
d if summary = Shapley, Banzhaf, or leave-one-out

√
d if summary = mean when included.

Similarly, we see here that the attribution difference is determined by the strength of

the model perturbation, as measured by a functional distance metric that depends on the

feature removal technique. This represents a form of Lipschitz-like continuity with respect

to the model f . These results address the case with either an input perturbation or model

perturbation, but we can also account for simultaneous input and model perturbations. The

following result is implied by Theorems 4.1 and 4.2.

Corollary 4.1. The robustness of removal-based explanations to simultaneous input and

model perturbations is given by the following meta-formula,

∥ϕ(f, x)− ϕ(f ′, x′)∥2 ≤ g(removal) · h(summary) · ∥x− x′∥2 + h(summary) · ∥f − f ′∥,

where the functional distance and factors associated with the removal and summary technique

are given in Theorems 4.1 and 4.2.

The remainder of this chapter empirically verifies these results and discusses their prac-

tical implications.

4.6 Experiments

This section conducts a range of experiments to provide empirical validation for our the-

oretical results, and to examine their practical implications for common machine learning

models.
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4.6.1 Synthetic Data With Input Perturbation

First, we empirically validate our results from Section 4.5 using synthetic data and a logistic

regression classifier, where the model’s Lipschitz constant L and the data distribution’s total

variation constant M can be readily computed for the bound in Theorem 4.1.

Setup For each input x ∈ R4 in the synthetic dataset, features are generated from a

multivariate Gaussian distribution with zero mean, x3,x4 independent from each other and

from x1,x2, and with a correlation ρ between x1,x2. That is, the covariance matrix Σ ∈ R4×4

has the following form:

Σ =


1 ρ 0 0

ρ 1 0 0

0 0 1 0

0 0 0 1

 .

The binary label y ∈ {0, 1} for each input is sampled from a Bernoulli distribution with

p = σ(β⊤x), where σ(·) is the sigmoid function and β⊤ = [5, 0, 3, 1]. Unless stated otherwise,

we consider ρ = 1, zeros are used for baseline feature removal, and the exact Gaussian

distributions are used for marginal and conditional feature removal with 20,000 samples.

A logistic regression classifier was trained with 500 samples, and removal-based feature

attributions were computed for 50 test samples (i.e., explicands) with and without input per-

turbation. In our experiment, perturbations are randomly sampled from standard Gaussian

distributions with ℓ2 norms normalized to values ranging between 0 to 2 with a total of 50

different values. For each perturbation norm, 50 perturbations are generated and applied to

each explicand, resulting in 2,500 total explicand-perturbation pairs. As illustrated in Fig-

ure 4.1, a line is drawn to map the maximum ℓ2 difference between original and perturbed

attributions at each perturbation norm. The slope of such a line estimates the dependency

of the upper bound of attribution differences with respect to the perturbation norm. Theo-

rem 4.1 guarantees a specific slope, and this experiment aims to verify this property.

Furthermore, note that the sigmoid function σ(·) is 1/4-Lipschitz because its largest
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derivative is 1/4. A logistic regression classifier is a composition of a linear function and

sigmoid function σ(·), so the model is L-Lipschitz with L = ∥β̂∥2/4, where β̂ is the trained

model coefficients. Finally, because the input features follow a Gaussian distribution, the to-

tal variation constant M derived in Example 4.1 applies here. Hence, we have specific values

for all terms in Theorem 4.1 bound, which allows a direct comparison between theoretical

and empirical results.
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Figure 4.1: Shapley attribution differences under input perturbation with various pertur-
bation norms in our synthetic data experiment. Lines bounding the maximum attribution
difference at each perturbation norm are shown as empirical upper bounds. Theoretical
upper bounds are included for baseline and marginal feature removal, but it is omitted for
conditional feature removal because it is infinite for ρ = 1.

Results As shown in Figure 4.1, for all three feature removal approaches, the theoretical

upper bounds for the Shapley value are indeed greater than the corresponding empirical

upper bounds. We also observe that the empirical upper bound with conditional feature

removal exceeds those with baseline and marginal feature removal, as expected due to our

results involving the conditional distribution’s total variation distance (Lemma 4.2).

Moreover, we vary the Lipschitz constant L of the trained logistic regression classifier by

a factor of α = {0.05, 0.1, 0.5, 1, 2}, which is done by multiplying the trained coefficients β̂

by α. Figure 4.2 shows that the perturbation norm-dependent slope of the empirical bound

increases linearly with α, aligning with our theoretical results. Also, Example 4.1 suggests
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that increasing ρ would lead to a larger upper bound for conditional feature removal, which

is observed in the empirical bound with ρ = {0, 0.25, 0.5, 0.75, 1} (see Figure 4.2 right).

Overall, these empirical results validate our theoretical bound from Theorem 4.1. We

note that gaps between our theoretical and empirical bounds exist, likely because we use

the global Lipschitz constant to provide guarantee under all input perturbation strengths,

instead of local constants for specific input regions and perturbation strengths, and also due

to looseness in the total variation constant M . For example, our bound for multivariate

Gaussian distributions in Example 4.1 suggests that M =∞ when ρ = 1, which is far more

conservative than our empirical results (see Figure 4.1 right); this is due to looseness in

Pinsker’s inequality (Appendix B.1). Similar results are observed for Occlusion, Banzhaf,

RISE, and LIME attributions, and these are included in Appendix B.8.
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Figure 4.2: Slopes of empirical and theoretical upper bounds with respect to the input
perturbation norm, for Shapley value attribution difference in the synthetic experiment.
The parameter α varies the logistic regression Lipschitz constant, and ρ varies the correlation
between the two synthetic features x1,x2.

4.6.2 Synthetic Data With Model Perturbation

Here, we construct a logistic regression classifier as well as a perturbed version such that their

functional distance on the data manifold is small. We use this construction to empirically
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verify that removing features with the conditional distribution leads to attributions that are

more robust against model perturbation, as suggested by Theorem 4.2.

Setup The synthetic data generation follows the same process described above. A logistic

regression classifier f is constructed with coefficients [5, 0, 3, 1], and its perturbed counterpart

f ′ has coefficients [0, 5, 3, 1]. Because the synthetic features x1,x2 are identical with the

default value ρ = 1, we have the functional distance ∥f−f ′∥∞,X = 0, so our theoretical bound

suggests that ∥ϕ(f, x) − ϕ(f ′, x)∥2 = 0 for conditional feature removal. When we consider

smaller values for ρ, we still expect better robustness for conditional rather than marginal

removal due to Lemma 4.4, because significant probability mass lies in a subdomain where

f and f ′ are functionally close (near the hyperplane where x1 = x2). Feature attributions

are computed for 100 explicands with the same feature removal settings as above.
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Figure 4.3: Shapley value attribution differences between the logistic regression classifiers
f, f ′ with baseline, marginal, and conditional feature removal, and varying correlation ρ.

Results As suggested by our theoretical bound for model perturbation when ρ = 1, the

Shapley attribution difference between f, f ′ is near zero when features are removed using their

conditional distribution, whereas the attribution difference can be large with baseline and

marginal feature removal (Figure 4.3). When we decrease ρ in the synthetic data generation,

the models f, f ′ become more likely to generate different outputs, and we observe that the

robustness gap between conditional vs. baseline and marginal feature removal reduces. These



115

empirical results corroborate Lemma 4.4. Similar results are observed for Occlusion, Banzhaf,

RISE, and LIME attributions and are included in Appendix B.8. It is worth noting that the

arbitrarily large bound for baseline and marginal feature removal underpins the adversarial

attacks on LIME and SHAP demonstrated by Slack et al. (2020). Our theory and synthetic

experiments for model perturbation are similar to those in Frye et al. (2021), but we provide

a unified analysis for removal-based attribution methods instead of focusing on the Shapley

value, and we consider cases where models disagree even on the data manifold (Lemma 4.4).

4.6.3 Implication I: Robust Attributions for Regularized Neural Networks

Our theoretical upper bound for input perturbation decreases when the model’s Lipschitz

constant becomes smaller (Theorem 4.1), suggesting that training a model with better Lips-

chitz regularity is one way to obtain more robust removal-based feature attributions. Weight

decay is one way to achieve this, as it encourages lower Frobenius norm for the individual

layers in a neural network, and the product of these Frobenius norms upper bounds the

network’s Lipschitz constant (Yoshida and Miyato, 2017). We therefore examine whether

neural networks trained with weight decay produce attributions that are more robust against

input perturbation.

Datasets The UCI white wine quality dataset (Cortez et al., 2009; Dua and Graff, 2017)

consists of 4,898 samples of white wine, each with 11 input features for predicting the wine

quality (whether the rating > 6). Two subsets of 500 samples are randomly chosen as the

validation and test set. For a dataset with larger input dimension, we use MNIST (LeCun

et al., 1998), which contains 28×28 grayscale images for digit classification. From the official

training set, 10,000 images are randomly chosen as the validation set.

Setup Fully connected networks (MLPs) and convolutional networks (CNNs) are trained

with a range of weight decay values for each dataset, where we use the values {0, 0.001, 0.0025, 0.005, 0.01}.
Test accuracy does not differ much with these weight decay values (Figure B.12). Details
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on model architectures and other hyperparameters are in Appendix B.10. Removal-based

attributions are computed for the 500 test samples and all features in the wine quality

dataset, and for 100 test images with 49 non-overlapping patches of size 4× 4 as features in

MNIST (see Appendix B.6 for a discussion of how our theory extends to the case with feature

groups). For the wine quality dataset, removal-based attributions are computed exactly with

all 211 feature subsets. For MNIST, Shapley and Banzhaf values are computed with a least

squares regression similar to KernelSHAP (Lundberg and Lee, 2017); Occlusion attributions

are computed exactly, whereas Shapley, Banzhaf, LIME, and RISE are estimated with 10,000

random feature sets.

(a)

(b)

Figure 4.4: Shapley attribution difference for networks trained with increasing weight de-
cay, under input perturbations with perturbation norms {0.1, 0.5, 1, 2}. The results include
(a) the wine quality dataset with MLPs and baseline (replacing with training set minimums),
marginal, and conditional feature removal; and (b) MNIST with CNNs and baseline feature
removal with either training set means or zeros. Error bars show the mean and 95% confi-
dence intervals across explicand-perturbation pairs.

When using baseline feature removal, features are replaced with the training set mini-

mums for the wine quality dataset, and with the training set means or zeros for MNIST.

The wine quality training set is used for removing features with their marginal distributions,
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while a conditional variational autoencoder (CVAE) is trained following the procedure in

Frye et al. (2021) to approximate feature removal with the conditional distribution (details

in Appendix B.10). For both marginal and conditional feature removal in the wine quality

dataset, 250 samples are used. Marginal and conditional feature removal are computation-

ally expensive and less common for image data, so we use only baseline feature removal

as is often done in practice. Finally, input perturbations are generated as in the previous

experiment, with 10 random perturbations applied per explicand for the perturbation norms

{0.1, 0.5, 1, 2}.

Results Figure 4.4 shows that Shapley value attribution differences decrease with increas-

ing weight decay, across different feature removal techniques, for both the wine quality

dataset and MNIST, and for all perturbation norms in {0.1, 0.5, 1, 2}. This demonstrates

the practical implication that removal-based attributions can be made more robust against

input perturbation by training with weight decay. Interestingly, weight decay has also been

shown to improve the robustness of gradient-based attributions (Dombrowski et al., 2022).

In Appendix B.9, similar results are observed for Occlusion, Banzhaf, RISE, and LIME attri-

butions, and also when we measure explanation similarity using Pearson or Spearman rank

correlation rather than ℓ2 distance.

4.6.4 Implication II: Sanity Checks for Removal-Based Attributions

The robustness bound for model perturbation in Theorem 4.2 suggests that the attribution

difference between an intact and perturbed model is guaranteed to be small if the model

perturbation is small. Similarly, we expect that if the perturbation intensifies, the attribution

differences may become larger. One way to perturb a neural network with increasing intensity

is to sequentially randomize its parameters from the output to input layer, a procedure known

as cascading randomization that was introduced by Adebayo et al. (2018) in the context of

sanity checking feature attributions. Here, we study whether removal-based attributions

indeed pass the parameter randomization check, as suggested by our theoretical bound.
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Figure 4.5: Sanity checks for attributions using cascading randomization for the MLP trained
on the wine quality dataset. Attribution similarity is measured by Pearson correlation and
Spearman rank correlation. We show the mean and 95% confidence intervals across 10
random seeds.

Datasets We use the same datasets and splits as above.

Setup The MLP and CNN without weight decay from the previous experiment are used

here. The settings for removal-based attributions are the same as in the previous experiment.

Parameters for each network are randomized in a cascading fashion from the output to input

layer as in Adebayo et al. (2018), with attributions computed after randomizing each layer

and compared to the original attributions using Pearson correlation and Spearman rank

correlation. Randomization is performed using the layer’s default initialization. Feature

attributions with the original model are computed twice and compared to capture variations
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due to sampling in feature removal and in attribution estimation using feature sets.2 This

experiment is run 10 times with different random seeds. Gradient-based attribution methods

such as Vanilla Gradients (Simonyan et al., 2013), IntGrad (Sundararajan et al., 2017), and

Grad × Input (Shrikumar et al., 2017) are included as references, as they were the focus of

the original sanity checking work (Adebayo et al., 2018).

Results As suggested by our robustness bound for model perturbation, the original and

perturbed removal-based attributions become dissimilar as more parameters are randomized,

leading to near-zero correlations when the entire network is re-initialized (Figure 4.5). This

shows that removal-based attributions reliably pass the model randomization sanity check.

In contrast, we observe that for IntGrad and Grad × Input, the correlation between intact

and perturbed attributions remains around 0.5 even when the entire network is randomized.

Similarly, for the CNN trained on MNIST, the original and perturbed removal-based attri-

butions have lower correlations as more parameters are randomized, whereas the correlations

decrease only slightly for IntGrad and Grad × Input (Figure 4.6).

4.7 Discussion

Our analysis focused on the robustness properties of removal-based feature attributions un-

der perturbations to both the model f and input x. For input perturbations, Theorem 4.1

shows that the change in attribution is proportional to the input perturbation strength. The

Lipchitz constant is determined by the attribution’s removal and summary technique, as

well as the model’s inherent robustness. We find that both implementation choices play an

important role, but our analysis in Section 4.4 reveals that the associated factors in our main

result can only be so small for meaningful attributions, implying that attribution robustness

in some sense reduces to model robustness. Fortunately, there are many existing works on

improving a neural network’s Lipschitz regularity (Virmaux and Scaman, 2018; Gouk et al.,

2We observed differences in the re-computed explanations for MNIST when using rank correlation. This
is likely due to noise in the attribution scores that are closest to zero, because the differences are not
detected when using Pearson correlation (Figure 4.6).
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Figure 4.6: Sanity checks for attributions using cascading randomization for the CNN trained
on MNIST. Attribution similarity is measured by Pearson correlation and Spearman rank
correlation. We show the mean and 95% confidence intervals across 10 random seeds.

2021; Araujo et al., 2023). For model perturbations, Theorem 4.2 shows that the attribution

difference is proportional to functional distance between the perturbed and original models,

as measured by the Chebyshev distance (or infinity norm). Depending on the removal ap-

proach, the distance may depend on only a subdomain of the input space. One practical

implication is that attributions should remain similar under minimal model changes, e.g.,

accurate model distillation or quantization. Another implication is that bringing the model

closer to its correct form (e.g., the Bayes classifier) results in attributions closer to those

of the correct model; several recent works have demonstrated this by exploring ensembled

attributions (Dong and Rudin, 2020; Janizek et al., 2021; Ning et al., 2022; Gyawali et al.,

2022), which are in some cases mathematically equivalent to attributions of an ensembled

model.

Our robustness results provide a new lens to compare different removal-based attribu-

tion methods. In terms of the summary technique, our main proof technique relies on the

associated operator norm, which does not distinguish between several approaches (Shapley,
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leave-one-out, Banzhaf); however, our results for the spectral norm suggest that the Banzhaf

value is in some sense most robust. This result echoes recent work (Wang and Jia, 2022)

and has implications for other applications of game-theoretic credit allocation, but we also

find that the Shapley value is most robust within a specific class of summary techniques.

Our findings regarding the removal approach are more complex. The conditional distribu-

tion approach has been praised by some works for being more informative than baseline or

marginal (Frye et al., 2021; Covert et al., 2021), but this comes at a cost of worse robustness

to input perturbations. On the other hand, it leads to improved robustness to model per-

turbations, which has implications for fooling attributions with imperceptible off-manifold

model changes (Slack et al., 2020).

Next, we make connections between current understanding of gradient-based methods

and our findings for removal-based methods. Overall, the notion of Lipschitz continuity is

important for robustness guarantees under input perturbations. Our results on removal-

based attributions rely on Lipschitz continuity of the model itself, whereas gradient-based

attributions rely on Lipschitz continuity of the model gradient (i.e., Lipschitz smoothness)

(Dombrowski et al., 2022). Practically, both are computationally intensive to determine

exactly for realistic networks (Virmaux and Scaman, 2018; Gouk et al., 2021). Empirically,

weight decay is an effective approach for generating robust attributions, for both removal-

based (our results) and gradient-based methods (see Dombrowski et al. 2022). Under model

perturbations, removal-based attributions are more robust when features are removed such

that xS stay on the data manifold, whereas gradient-based attributions are more robust

when gradients are projected on the tangent space of the data manifold (Dombrowski et al.,

2019).

Finally, we consider limitations of our analysis. Future work may consider bounding

attribution differences via different distance measures (e.g., ℓp norms for p ̸= 2). The main

limitation to our results is that they are conservative. By relying on global properties of

the model, i.e., the Lipschitz constant and global prediction bounds, we arrive at worst-case

bounds that are in many cases overly conservative, as reflected in our experiments. An
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alternative approach can focus on localized versions of our bounds. Analogous to recent

work on certified robustness (Katz et al., 2017; Tjeng et al., 2017; Raghunathan et al., 2018;

Singh et al., 2019; Jordan et al., 2022), tighter bounds may be achievable with specific

perturbation strengths, unlike our approach that provides bounds simultaneously for any

perturbation strength.
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Part II

SHAPLEY VALUE COMPUTATION
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Chapter 5

PRACTICAL SHAPLEY VALUE ESTIMATION VIA LINEAR
REGRESSION

5.1 Chapter Notes

This chapter presents joint work with Su-In Lee that was published in the International

Conference on Artificial Intelligence and Statistics (AISTATS) in 2021. The content of this

chapter is a minor variant of the published version of the paper. The main contribution of this

work is to analyze and introduce several improvements for the Shapley value’s weighted least

squares estimator, which is commonly known as KernelSHAP (Lundberg and Lee, 2017).

5.2 Introduction

Shapley values are the basis of many model explanation methods (e.g., SHAP, IME, QII,

Shapley Effects, Shapley Net Effects, SAGE) (Lundberg and Lee, 2017; Lundberg et al.,

2020; Štrumbelj and Kononenko, 2014; Datta et al., 2016; Owen, 2014; Lipovetsky and Con-

klin, 2001; Covert et al., 2020). They were originally developed in cooperative game theory

(Shapley, 1953), but recent work shows that Shapley values provide a powerful tool for ex-

plaining how ML models work when either individual features (Lundberg and Lee, 2017),

neurons in a neural network (Ghorbani and Zou, 2020), or samples in a dataset (Ghorbani

and Zou, 2019) are viewed as players in a cooperative game. They have become a go-to

solution for allocating credit and quantifying contributions, largely due to to their appealing

theoretical properties (Shapley, 1953; Monderer et al., 2002).

The main challenge when using Shapley values is calculating them efficiently. A naive

calculation has computational complexity that is exponential in the number of players, so

numerous approaches have been proposed to accelerate their calculation. Besides brute-
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force methods (Lipovetsky and Conklin, 2001), other techniques include sampling-based

approximations (Štrumbelj and Kononenko, 2014; Song et al., 2016; Chen et al., 2018b;

Covert et al., 2020), model-specific approximations (e.g., TreeSHAP) (Ancona et al., 2019;

Lundberg et al., 2020) and a linear regression-based approximation (KernelSHAP) (Lundberg

and Lee, 2017). Among these, sampling- and regression-based approaches have the advantage

of being applicable to any model type, which is useful for models like neural networks.

Here, we revisit the regression-based approach developed by Lundberg and Lee (2017),

which is commonly known as KernelSHAP, to address several shortcomings. Recent work

has questioned whether KernelSHAP is an unbiased estimator (Merrick and Taly, 2019),

and unlike sampling-based estimators (Castro et al., 2009; Maleki et al., 2013; Covert et al.,

2020), KernelSHAP does not provide uncertainty estimates. Furthermore, it provides no

guidance on the number of samples required because its convergence properties are not well

understood. We address each of these problems, in part by building on a newly proposed

unbiased version of the regression-based approach. Our contributions include:

1. We derive an unbiased version of KernelSHAP, and we show that the original version

incurs a negligible increase in bias in exchange for significantly lower variance.

2. We show how to detect KernelSHAP’s convergence, automatically determine the num-

ber of samples required, and calculate uncertainty estimates for the final results.

3. We propose a variance reduction technique that accelerates KernelSHAP’s convergence

with no additional computational overhead.

4. We adapt the regression-based approach to stochastic cooperative games (Charnes and

Granot, 1973) to provide fast new approximations for two global explanation methods,

SAGE (Covert et al., 2020) and Shapley Effects (Owen, 2014).

With these new insights and tools, we aim to offer both an improved theoretical under-
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standing and a more practical approach to Shapley value estimation via linear regression.1

5.3 Background

We now provide background information on the Shapley value, including the mathematical

perspective that we build on with regression-based estimators.

5.3.1 Cooperative Games

As described in Chapter 2, a cooperative game is a function v : P(d) 7→ R that returns a

value for each coalition S ⊆ [d], where [d] ≡ {1, . . . , d} represents a set of players. Cooper-

ative game theory has become increasingly important in ML, as many methods have been

developed that frame model explanation problems in terms of cooperative games; see Chap-

ter 3 for a detailed discussion. Notably, SHAP (Lundberg and Lee, 2017), IME (Štrumbelj

and Kononenko, 2014) and QII (Datta et al., 2016) define cooperative games that represent

an individual prediction’s dependence on different features. For a model f and an input x,

SHAP analyzes a cooperative game vx defined as

vx(S) = E
p(xS̄)

[f(xS,xS̄)], (5.1)

where xS ≡ {xi : i ∈ S} represents a feature subset and xS is the corresponding random

variable, and we assume that features are removed using their marginal distribution (Lund-

berg and Lee, 2017). Two other methods, Shapley Effects (Owen, 2014) and SAGE (Covert

et al., 2020), define cooperative games that represent a model’s behavior across the entire

dataset. Given a loss function ℓ and response variable y, SAGE uses a cooperative game w

that represents the model’s predictive accuracy given a feature subset xS:

w(S) = − E
p(xS ,y)

[
ℓ(E[f(x) | xS],y)

]
. (5.2)

1https://github.com/iancovert/shapley-regression

https://github.com/iancovert/shapley-regression
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Several other techniques also frame model explanation in terms of cooperative games, where

a target quantity (e.g., the model loss) varies as groups of players (e.g., input features) are

removed, and the Shapley value is used to summarize each player’s contribution (Covert

et al., 2021).

5.3.2 Shapley Values

The Shapley value (Shapley, 1953) assumes that the grand coalition [d] participates and seeks

to provide each player i ∈ [d] with a fair allocation of the total profit, which is represented

by v([d]). Fair allocations must be based on each player’s contribution to the profit, but a

player’s contribution is often difficult to define because it depends on the preceding players.

The Shapley value resolves this problem by deriving a unique value based on a set of fairness

axioms; see Chapter 2 for a discussion of these properties, or Shapley (1953); Monderer et al.

(2002) for further details. It can be understood as a player’s average marginal contribution

across all possible player orderings, and each player’s Shapley value ϕ1(v), . . . , ϕd(v) ∈ R for

a game v is given by:

ϕi(v) =
1

d

∑
S⊆[d]\i

(
d− 1

|S|

)−1(
v(S ∪ i)− v(S)

)
. (5.3)

Many model explanation methods can be understood in terms of ideas from cooperative

game theory, but the Shapley value is especially popular and is also widely used in other

fields (Aumann, 1994; Petrosjan and Zaccour, 2003; Tarashev et al., 2016).

5.3.3 Weighted Least Squares Characterization

We can understand the Shapley value in several ways, but the perspective most relevant for

this work is that it is the solution to a weighted least squares problem. Many works have

considered fitting simple models to cooperative games (Charnes et al., 1988; Hammer and

Holzman, 1992; Grabisch et al., 2000; Ding et al., 2008, 2010; Marichal and Mathonet, 2011),
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particularly additive models of the form

u(S) = β0 +
∑
i∈S

βi.

Such additive models are known as inessential games, and although a game v may not be

inessential, an inessential approximation can help summarize each player’s average contri-

bution. Several works model games by solving a weighted least squares problem using a

weighting function µ(S) (Charnes et al., 1988; Hammer and Holzman, 1992; Ding et al.,

2008), or by optimizing the following objective:

min
β0,...,βd

∑
S⊆[d]

µ(S)
(
u(S)− v(S)

)2
.

Perhaps surprisingly, different weighting kernels µ lead to recognizable optimal regression

coefficients (β∗
1 , . . . β

∗
d) (Covert et al., 2021). In particular, a carefully chosen weighting kernel

yields regression coefficients equal to the Shapley values (Charnes et al., 1988; Lundberg and

Lee, 2017). The Shapley kernel µSh is given by

µSh(S) =
d− 1(

d
|S|

)
|S|(d− |S|)

,

where the values µSh(∅) = µSh([d]) = ∞ effectively enforce constraints β0 = v(∅) for the

intercept and
∑

i∈[d] βi = v([d]) − v(∅) for the sum of the coefficients. Lundberg and Lee

(2017) used this Shapley value interpretation when developing an approach to approximate

SHAP values via linear regression, which we discuss next.

5.4 Linear Regression Estimators

As described above, Shapley values are difficult to calculate because they require examining

each player’s marginal contribution to every possible subset (eq. 5.3). This leads to run-times

that are exponential in the number of players, so efficient approximations are important in
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practice and have been explored by many prior works (Štrumbelj and Kononenko, 2014; Song

et al., 2016; Lundberg and Lee, 2017; Chen et al., 2018b; Ancona et al., 2019; Lundberg

et al., 2020; Covert et al., 2020). Here, we revisit the regression-based approach presented

by Lundberg and Lee (2017), and we then develop an unbiased version whose properties are

simpler to analyze.

5.4.1 Optimization Objective

The least squares characterization of the Shapley value suggests that we can calculate the

values ϕ1(v), . . . , ϕd(v) by solving the following optimization problem:

min
β0,...,βd

∑
0<|S|<d

µSh(S)
(
β0 +

∑
i∈S

βi − v(S)
)2

s.t. β0 = v(∅), β0 +
d∑

i=1

βi = v([d]). (5.4)

We introduce new notation to make the problem’s solution easier to write. First, we

denote the non-intercept coefficients as β = (β1, . . . , βd) ∈ Rd. Next, we denote each subset

S ⊆ [d] using the corresponding binary vector z ∈ {0, 1}d, and with abuse of notation we

write v(z) ≡ v(S) and µSh(z) ≡ µSh(S) for S = {i ∈ [d] : zi = 1}. Lastly, we denote

a distribution over z using p(z), where we define p(z) ∝ µSh(z) when 0 < 1⊤z < d and

p(z) = 0 otherwise. With this, we can rewrite the optimization problem as

min
β

∑
z∈{0,1}d

p(z)
(
v(0) + z⊤β − v(z)

)2
s.t. 1⊤β = v(1)− v(0). (5.5)

5.4.2 Dataset Sampling

Solving the problem in eq. 5.5 requires evaluating the cooperative game v with all 2d coali-

tions. Evaluating v(0) and v(1) is sufficient to ensure that the constraints are satisfied, but
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we require all values v(z) for z such that 0 < 1⊤z < d to fit the model exactly. KernelSHAP

manages this challenge by subsampling a dataset and optimizing an approximate objective,

and we refer to this approach as dataset sampling. Using n independent samples zi ∼ p(z)

and their values v(zi), KernelSHAP solves the following problem:

min
β

1

n

n∑
i=1

(
v(0) + z⊤i β − v(zi)

)2
s.t. 1⊤β = v(1)− v(0). (5.6)

The dataset sampling approach, also applied by LIME (Ribeiro et al., 2016), offers the

flexibility to use only enough samples to accurately approximate the objective. Given a

set of samples (z1, . . . , zn), solving this problem is straightforward. The Lagrangian with

multiplier ν ∈ R is given by:

L̂(β, ν) = β⊤
( 1
n

n∑
i=1

ziz
⊤
i

)
β − 2β⊤

( 1
n

n∑
i=1

zi
(
v(zi)− v(0)

))
+

1

n

n∑
i=1

(
v(zi)− v(0)

)2
+ 2ν

(
1⊤β − v(1) + v(0)

)
.

If we introduce the shorthand notation

Ân =
1

n

n∑
i=1

ziz
⊤
i and b̂n =

1

n

n∑
i=1

zi
(
v(zi)− v(0)

)
,

we can use the problem’s KKT conditions (Boyd et al., 2004) to derive the following solution:

β̂n = Â−1
n

(
b̂n − 1

1⊤Â−1
n b̂n − v(1) + v(0)

1⊤Â−1
n 1

)
. (5.7)

This method is commonly known as KernelSHAP (Lundberg and Lee, 2017), and the im-

plementation in the SHAP repository2 also allows for regularization terms in the approximate

2http://github.com/slundberg/shap

http://github.com/slundberg/shap
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objective (eq. 5.6). While this approach is intuitive and simple to implement, the estimator

β̂n is not currently well understood (Merrick and Taly, 2019). As we show in Section 5.5,

understanding its bias, variance and rate of convergence is not straightforward. We therefore

derive an alternative approach that is simpler to analyze, which we discuss next.

5.4.3 An Exact Estimator

Consider the solution to the problem that uses all 2d player coalitions (eq. 5.5). Rather than

finding an exact solution to an approximate problem (eq. 5.7), we now derive an approximate

solution to the exact problem. The full problem’s Lagrangian is given by

L(β, ν) = β⊤ E[zz⊤]β − 2β⊤ E
[
z
(
v(z)− v(0)

)]
+ E

[(
v(z)− v(0)

)2]
+ 2ν

(
1⊤β − v(1) + v(0)

)
,

where we now consider z to be a random variable distributed according to p(z). Using the

shorthand notation

A = E[zz⊤] and b = E
[
z
(
v(z)− v(0)

)]
,

we can write the solution to the exact problem as:

β∗ = A−1
(
b− 1

1⊤A−1b− v(1) + v(0)

1⊤A−11

)
. (5.8)

Due to our setup of the problem, we have the property that β∗
i = ϕi(v). Unfortunately,

we cannot evaluate this expression in practice without first evaluating v for all 2d coalitions

S ⊆ [d]. However, knowledge of p(z) means that A ∈ Rd×d can be calculated exactly and

efficiently. To see this, note that (zz⊤)ij = zizj = 1(zi = zj = 1). Therefore, to calculate A,

we only need to calculate p(zi = 1) for diagonal values Aii and p(zi = zj = 1) for off-diagonal

values Aij. See Appendix C.1 for their derivations, which are easy to compute in practice.
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Since b cannot be calculated exactly and efficiently due to its dependence on v, this

suggests that we should use A’s exact form and approximate β∗ by estimating only b. We

propose the following estimator:

b̄n =
1

n

n∑
i=1

ziv(zi)− E[z]v(0).

Using this, we arrive at an alternative to the original KernelSHAP estimator, which we refer

to as unbiased KernelSHAP :

β̄n = A−1
(
b̄n − 1

1⊤A−1b̄n − v(1) + v(0)

1⊤A−11

)
. (5.9)

In the next section, we compare this to the original KernelSHAP estimator β̂n both theoret-

ically and empirically.

5.5 Estimator Properties

We now analyze the consistency, bias and variance properties of the Shapley value estimators

described above, and we consider how to detect, forecast, and accelerate their convergence.

5.5.1 Consistency, Bias and Variance

A consistent estimator in this context is one that converges to the correct Shapley values β∗

given a sufficient number of samples. If the game v has bounded value, then the strong law

of large numbers implies that

lim
n→∞

Ân = A and lim
n→∞

b̂n = lim
n→∞

b̄n = b,

and the convergence is almost sure. From this, we can see that both estimators are consistent:

lim
n→∞

β̂n = lim
n→∞

β̄n = β∗.
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Figure 5.1: SHAP error decomposition for the original and unbiased KernelSHAP estimators.
The bias and variance are calculated empirically across 250 runs.

Next, an unbiased estimator is one whose expectation is equal to the correct Shapley values

β∗. This is difficult to verify for the KernelSHAP estimator β̂n due to the multiplicative

interaction between Ân and b̂n (see eq. 5.7). Both Ân and b̂n are unbiased, but terms like

E[Â−1
n b̂n] and E[Â−1

n 11⊤Â−1
n b̂n/(1

⊤Â−1
n 1)] are more difficult to characterize. When making

claims about KernelSHAP’s bias, we rely instead on empirical evidence.

In contrast, it is easy to see that the alternative estimator β̄n is unbiased. Because of

its linear dependence on b̄n and the fact that E[b̄n] = b, we can see that E[β̄n] = β∗. We

therefore conclude that the alternative estimator β̄n is both consistent and unbiased, whereas

the original KernelSHAP (β̂n) is only provably consistent. It is for this reason that we refer

to β̄n as unbiased KernelSHAP.

Regarding the estimators’ variance, unbiased KernelSHAP is again easier to characterize.

The values β̄n are a function of b̄n, and the multivariate central limit theorem (CLT) (Van der

Vaart, 2000) asserts that b̄n converges in distribution to a multivariate Gaussian, or

b̄n
√
n

D−→ N (b,Σb̄), (5.10)

where Σb̄ = Cov
(
zv(z)

)
. This implies that for the estimator β̄n, we have the convergence
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property

β̄n
√
n

D−→ N (β∗,Σβ̄), (5.11)

where, due to its linear dependence on b̄n (see eq. 5.9), we have the covariance Σβ̄ given by

Σβ̄ = CΣb̄C
⊤ with C = A−1 − A−111⊤A−1

1⊤A−11
. (5.12)

This allows us to reason about unbiased KernelSHAP’s asymptotic distribution. In particu-

lar, we remark that β̄n has variance that reduces at a rate of O( 1
n
). Note that in comparison,

the original KernelSHAP estimator β̂n is difficult to analyze due to the interaction between

the Ân and b̂n terms. We can apply the CLT to each term individually, but reasoning about

β̂n’s distribution remains challenging.

To facilitate our comparison between these two estimators, we present a simple exper-

iment to analyze them empirically. We approximated the SHAP values for an individual

prediction in the census income dataset (Lichman et al., 2013) and empirically calculated

the mean squared error relative to the true SHAP values across 250 runs.3 We then decom-

posed the error into bias and variance terms as follows:

E
[
||β̂n − β∗||2

]︸ ︷︷ ︸
Error

= E
[
||β̂n − E[β̂n]||2

]︸ ︷︷ ︸
Variance

+
∣∣∣∣E[β̂n]− β∗∣∣∣∣2.︸ ︷︷ ︸

Bias

Figure 5.1 shows that the error for both estimators is dominated by variance rather than

bias.4 It also shows that KernelSHAP incurs virtually no bias in exchange for significantly

lower variance. In Appendix C.4, we provide global measures of the bias and variance to

confirm these observations across multiple examples and two other datasets. This suggests

that although KernelSHAP is more difficult to analyze theoretically, it should be used in

3The true SHAP values use a sufficient number of samples to ensure convergence, as described later in
this section.

4The unbiased approach appears to have higher bias due to estimation error, but its bias is provably
equal to zero. This is therefore due to sampling error.
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Figure 5.2: Gaussian 95% confidence ellipsoids for two SHAP values in a census income
prediction (from 250 runs). The estimators use an equal number of samples.

practice because its bias is negligible and it converges faster.

5.5.2 Variance Reduction via Paired Sampling

Having analyzed each estimator’s properties, we now consider whether their convergence can

be accelerated. We propose a simple variance reduction technique that leads to significantly

faster convergence in practice.

When sampling n subsets according to the distribution zi ∼ p(z), we suggest using a

paired sampling strategy where each sample zi is paired with its complement5 1 − zi. To

show why this approach accelerates convergence, we focus on unbiased KernelSHAP, which

is easier to analyze theoretically.

When estimating b for unbiased KernelSHAP (β̄n), consider using the following modified

estimator that combines zi with 1− zi:

b̌n =
1

2n

n∑
i=1

(
ziv(zi) + (1−zi)v(1−zi)− v(0)

)
. (5.13)

5We call 1− z the complement because it is the binary vector for [d] \S, where S corresponds to z. Such
approaches are sometimes referred to as antithetical sampling.
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Substituting this into unbiased KernelSHAP (eq. 5.9) yields a new estimator β̌n that preserves

the properties of being both consistent and unbiased:

β̌n = A−1
(
b̌n − 1

1⊤A−1b̌n − v(1) + v(0)

1⊤A−11

)
. (5.14)

For games v that satisfy a condition that we describe below, we can guarantee that this

sampling approach leads to β̌n having lower variance than β̄n, even when we account for b̌n

requiring twice as many cooperative game evaluations v(z) as b̄n (see proof in Appendix C.1).

Theorem 5.1. The difference between the covariance matrices for the estimators β̄2n and

β̌n is given by

Cov(β̄2n)− Cov(β̌n) =
1

2n
CGvC

⊤,

where Gv is a property of the game v, defined as

Gv = −Cov
(
zv(z), (1− z)v(1− z)

)
.

For sufficiently large n, Gv ⪰ 0 guarantees that the Gaussian confidence ellipsoid Ē2n,α for

β̄2n contains the corresponding confidence ellipsoid Ěn,α for β̌n, or Ěn,α ⊆ Ē2n,α, at any

confidence level α ∈ (0, 1).

Theorem 5.1 shows that β̌n is a more precise estimator than β̄2n when the condition

Gv ⪰ 0 is satisfied (i.e., Gv is positive semi-definite). This may not hold in the general case,

but in Appendix C.1 we show that a weaker condition holds for all games : the diagonal

values of Gv satisfy (Gv)ii ≥ 0 for any game v. Geometrically, this weaker condition means

that the confidence ellipsoid Ē2n,α extends beyond Ěn,α in the axis-aligned directions.

Figure 5.2 illustrates the result of Theorem 5.1 by showing empirical 95% confidence

ellipsoids for two SHAP values. Although a comparable condition is difficult to prove for

the original KernelSHAP estimator (β̂n), we find that the paired sampling approach yields a

similar reduction in variance. Our experiments provide further evidence that this approach

accelerates convergence for both estimators (Section 5.7).
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5.5.3 Convergence Detection and Forecasting

One of KernelSHAP’s practical shortcomings is its lack of guidance on the number of samples

required to obtain accurate estimates. We address this problem by developing an approach

for convergence detection and forecasting. Previously, we showed that unbiased KernelSHAP

(β̄n) has variance that reduces at a rate O( 1
n
) (eq. 5.10). Furthermore, its variance is simple

to estimate in practice: we require only an empirical estimate Σ̂b̄ of Σb̄ (defined above),

which we can calculate using an online algorithm, such as Welford’s well-known approach

(Welford, 1962).

We also showed that the original KernelSHAP (β̂n) is difficult to characterize, but its

variance is empirically lower than the unbiased version. Understanding its variance is useful

for convergence detection, so we propose an approach to approximate it. Based on the results

in Figure 5.1, we may hypothesize that KernelSHAP’s variance reduces at the same rate of

O( 1
n
); in Appendix C.4, we examine this by plotting the product of the variance and the

number of samples over the course of estimation. We find that the product is constant as the

sample number increases, which suggests that the O( 1
n
) rate holds in practice. This property

is difficult to prove formally, but it can be used for simple variance approximation.6

When running KernelSHAP, we suggest estimating the variance by selecting an interme-

diate value m such that m << n and calculating multiple independent estimates β̂m while

accumulating samples for β̂n. For any n, we can then approximate Cov(β̂n) as

Cov(β̂n) ≈
m

n
Cov(β̂m),

where Cov(β̂m) is estimated empirically using the multiple independent estimates β̂m. This

online approach has a negligible impact on the algorithm’s run-time, and the covariance

estimate can be used to provide confidence intervals for the final results.

6The original version of this work did not mention the fact that KernelSHAP is an M-estimator (Van der
Vaart, 2000), which implies that β̂n is asymptotically unbiased and Gaussian. This point was mentioned
in a later publication that is not included in this thesis (Chen et al., 2022).
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Whether we use the original or unbiased version of KernelSHAP, the estimator’s covari-

ance at a given value of n lets us both detect and forecast convergence. For convergence

detection, we propose stopping at the current value n when the largest standard deviation

is a sufficiently small portion t (e.g., t = 0.01) of the gap between the largest and smallest

Shapley value estimates. For unbiased KernelSHAP, this criterion is equivalent to:

max
i

√
1

n
(Σ̂β̄)ii < t

(
max

i
(β̄n)i −min

i
(β̄n)i

)
.

To forecast the number of samples required to reach convergence, we again invoke the prop-

erty of the estimator’s variance reducing at a rate of O( 1
n
). Given a threshold value t and

estimates β̄n and Σ̂β̄, the approximate number of samples N̂ required is:

N̂ =
1

t2

( maxi

√
(Σ̂β̄)ii

maxi (β̄n)i −mini (β̄n)i

)2
.

This allows us to forecast the time until convergence at any point during the algorithm. The

forecast is expected to become more accurate as the estimated terms become more precise.

Our approach is theoretically grounded for unbiased KernelSHAP, and the approximate

approach for the standard version of KernelSHAP relies only on the assumption that Cov(β̂n)

reduces at a rate of O( 1
n
).

5.6 Stochastic Cooperative Games

We have focused so far on developing a regression-based approach to estimate Shapley val-

ues for any cooperative game. We now discuss how to adapt this approach to stochastic

cooperative games, which leads to efficient estimators for two global explanation methods.

5.6.1 Stochastic Cooperative Games

Stochastic cooperative games return a random value for each coalition of participating players

S ⊆ [d]. Such games are represented by a function V that maps coalitions to a distribution
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Figure 5.3: Shapley value-based explanations with 95% uncertainty estimates. Left: SHAP
values for a single prediction with the census income dataset. Right: SAGE values for the
German credit dataset.

of possible outcomes, so that V (S) is a random variable (Charnes and Granot, 1973, 1976).

To aid our presentation, we assume that the uncertainty in the game can be represented by

an exogenous random variable u. The game can then be denoted by V (S,u), where V (·, u)
is a deterministic function of S for any fixed value u.

Stochastic cooperative games provide a useful tool for understanding two global expla-

nation methods, SAGE (Covert et al., 2020) and Shapley Effects (Owen, 2014). To see why,

assume an exogenous variable u = (x,y) that represents a random input-response pair, and

consider the following game:

W (S,x,y) = −ℓ
(
E[f(x) | xS],y

)
. (5.15)

The game W evaluates the (negated) loss with respect to the label y given a prediction that

depends only on the features xS. The cooperative game used by SAGE can be understood

as the expectation of this game, or w(S) = E[W (S,x,y)] (see eq. 5.2). Shapley Effects is

based on the expectation of a similar game, where the loss is evaluated with respect to the
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full model prediction f(x) (see Appendix C.1). As we show next, an approximation tailored

to this setting yields significantly faster estimators for these methods.

5.6.2 Generalizing the Shapley Value

It is natural to assign values to players in stochastic cooperative games like we do for deter-

ministic games. We propose a simple generalization of the Shapley value for games V (S,u)

that averages a player’s marginal contributions over both (i) player orderings and (ii) values

of the exogenous variable u:

ϕi(V ) =
1

d

∑
S⊆[d]\i

(
d− 1

|S|

)−1

E
p(u)

[
V (S ∪ i,u)− V (S,u)

]
.

Due to the linearity property of Shapley values (Shapley, 1953; Monderer et al., 2002), the

following values are all equivalent:

1. The Shapley values of the game’s expectation v(S) = Eu[V (S,u)], or ϕi(v).

2. The expected Shapley values of games with fixed u, or Eu[ϕi(vu)] where vu(S) =

V (S, u)/

3. Our generalization of Shapley values to the stochastic cooperative game V (S,u), or

ϕi(V ).

The first two items suggest ways of calculating the values ϕi(V ) using tools designed for

deterministic cooperative games. However, the expectation Eu[V (S,u)] may be slow to

evaluate (e.g., if it is across an entire dataset), and calculating Shapley values separately for

each value of u would be intractable if u has many possible values. We therefore introduce

a third approach.
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Figure 5.4: Convergence forecasting for SHAP, Shapley Effects and SAGE. The required
number of samples is compared with the predicted number across 100 runs (with 90% con-
fidence intervals displayed).

5.6.3 Shapley Value Approximation for Stochastic Cooperative Games

We now propose a fast, regression-based approach for calculating the generalized Shapley

values ϕi(V ) of stochastic cooperative games V (S,u). Fortunately, it requires only a simple

modification of the estimators described in Section 5.4. First, we must calculate the values

Eu[V (1,u)] and Eu[V (0,u)] for the grand coalition and the empty coalition. Next, we

replace our previous b estimators (b̂n and b̄n) with estimators that use n pairs of independent

samples zi ∼ p(z) and ui ∼ p(u). To adapt the original KernelSHAP to this setting, we use

b̃n =
1

2

n∑
i=1

zi
(
V (zi, ui)− E

u
[V (0,u)]

)
.
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We then substitute this into the KernelSHAP estimator as follows:

β̃n = Â−1
n

(
b̃n − 1

1⊤Â−1
n b̃n − v(1) + v(0)

1⊤Â−1
n 1

)
. (5.16)

By the same argument used in Section 5.5, this approach estimates a solution to the weighted

least squares problem whose true solution is the generalized Shapley values ϕi(V ). This adap-

tation of KernelSHAP is consistent, and the analogous version of unbiased KernelSHAP is

consistent and unbiased (see Appendix C.2). These can be run with our paired sampling ap-

proach, and we can also provide uncertainty estimates and detect convergence (Section 5.5).

5.7 Experiments

We conducted experiments with four datasets to demonstrate the advantages of our Shapley

value estimation approach. We used the census income dataset (Lichman et al., 2013), the

Portuguese bank marketing dataset (Moro et al., 2014), the German credit dataset (Lichman

et al., 2013), and a breast cancer (BRCA) subtype classification dataset (Berger et al., 2018).

To avoid overfitting with the BRCA data, we analyzed a random subset of 100 out of 17,814

genes (Appendix C.3). We trained a LightGBM model (Ke et al., 2017) for the census data,

CatBoost (Prokhorenkova et al., 2018) for the credit and bank data, and logistic regression

for the BRCA data.

To demonstrate local and global explanations with uncertainty estimates, we show ex-

amples of SHAP (Lundberg and Lee, 2017) and SAGE (Covert et al., 2020) values gener-

ated using our estimators (Figure 5.3). Both explanations used a convergence threshold of

t = 0.01 and display 95% confidence intervals, which are features not previously offered by

KernelSHAP. We used the dataset sampling approach for both explanations, and for SAGE

we used the estimator designed for stochastic cooperative games. These estimators are faster

than their unbiased versions, but the results are nearly identical.

To measure run-time differences between each estimator when calculating SHAP values,

we compared the number of samples required to explain 100 instances for each dataset
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Figure 5.5: Convergence acceleration for SAGE and Shapley Effects. The ratio of the max-
imum standard deviation to the gap between the largest and smallest Shapley values is
compared across six estimators.

(Table 5.1). Rather than reporting the exact number of samples, which is dependent on the

chosen convergence threshold, we show the ratio between the number of samples required

by each estimator; this ratio is independent of the convergence threshold when convergence

is defined by the mean squared estimation error falling below a fixed value (Appendix C.4).

Table 5.1 displays results based on 100 runs for each instance. The results show that the

dataset sampling approach (the original version) is consistently faster than the unbiased

estimator, and that paired sampling enables significantly faster convergence. In particular,

we find that our paired sampling approach yields a 9× speedup on average over the original

KernelSHAP.

To investigate the accuracy of our convergence forecasting method, we compared the

predicted number of samples to the true number across 250 runs. The number of samples
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Table 5.1: SHAP estimator run-time comparison. Each value represents the ratio of the
average number of samples required relative to the fastest estimator for that dataset (lower
is better).

Census Bank Credit BRCA

Unbiased 380.63 176.45 17437.44 90.40
Unbiased + Paired Sampling 128.60 90.61 422.17 40.44
Original (KernelSHAP) 12.74 7.41 13.74 2.49
Original + Paired Sampling 1.00 1.00 1.00 1.00

depends on the convergence threshold, and we used a threshold t = 0.005 for SHAP and

t = 0.02 for Shapley Effects and SAGE. Figure 5.4 shows the results for SHAP (using the

census data), Shapley Effects (using the bank data) and SAGE (using the BRCA data). In

all three cases, the forecasts become more accurate with more samples, and they vary within

an increasingly narrow range around the true number of required samples. There is a positive

bias in the forecast, but the bias diminishes with more samples.

Finally, to demonstrate the speedup from our approach for stochastic cooperative games,

we show that our stochastic estimator converges faster than a naive estimator based on

the underlying game’s expectation (see Section 5.6). We plotted the ratio between the

maximum standard deviation and the gap between the smallest and largest values, which we

used to detect convergence (using a threshold t = 0.01). Figure 5.5 shows that the stochastic

approach dramatically speeds up both SAGE (using the BRCA data) and Shapley Effects

(using the bank data), and that the paired sampling technique accelerates convergence for all

estimators. The estimators based on the game’s expectation are prohibitively slow and could

not be run to convergence. The fastest estimators for both datasets are stochastic estimators

using the paired sampling technique, and only these methods converged for both datasets in

the number of samples displayed. As is the case for SHAP, the dataset sampling approach

is often faster than the unbiased approach, but the latter is slightly faster for SAGE when
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using paired sampling.

5.8 Discussion

This work describes several approaches for estimating Shapley values via linear regression.

We first introduced an unbiased version of KernelSHAP, with properties that are simpler to

analyze than the original version. We then developed techniques for detecting convergence,

calculating uncertainty estimates, and reducing the variance of both the original and unbiased

estimators. Finally, we adapted our approach to provide faster estimators for two global

explanation methods based on stochastic cooperative games. Our work makes strides towards

improving the practicality of Shapley value estimation by automatically determining the

required number of samples, providing confidence intervals, and accelerating the estimation

process.

More broadly, our work contributes to a mature literature on Shapley value estimation

(Castro et al., 2009; Maleki et al., 2013) and to the growing field of model explanation

(Owen, 2014; Štrumbelj and Kononenko, 2014; Datta et al., 2016; Lundberg and Lee, 2017;

Covert et al., 2020). We focused on improving the regression-based approach to Shapley

value estimation, and we leave to future work a detailed comparison with sampling-based

(Štrumbelj and Kononenko, 2014; Song et al., 2016; Chen et al., 2018b; Covert et al., 2020)

and model-specific approximations (Ancona et al., 2019; Lundberg et al., 2020). We also

believe that certain insights from our work may be applicable to LIME, which is based on a

similar dataset sampling approach; recent work has noted LIME’s high variance when using

an insufficient number of samples (Bansal et al., 2020), and an improved understanding of

its convergence properties (Garreau and von Luxburg, 2020; Mardaoui and Garreau, 2020)

may lead to approaches for automatic convergence detection and uncertainty estimation.
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Chapter 6

AMORTIZED SHAPLEY VALUE ESTIMATION

6.1 Chapter Notes

This chapter presents joint work with Neil Jethani, Mukund Sudarshan (co-first authors),

Su-In Lee and Rajesh Ranganath that was published in the International Conference on

Learning Representations (ICLR) in 2022. The content of this chapter is a minor variant

of the published version of the paper. The main contribution of this work is to introduce a

method for amortized Shapley value estimation via a learned explainer model.

6.2 Introduction

With the proliferation of black-box models, Shapley values (Shapley, 1953) have emerged as

a popular explanation approach due to their strong theoretical properties (Lipovetsky and

Conklin, 2001; Štrumbelj and Kononenko, 2014; Datta et al., 2016; Lundberg and Lee, 2017).

In practice, however, Shapley value-based explanations are known to have high computational

complexity, with an exact calculation requiring an exponential number of model evaluations

(Van den Broeck et al., 2021). Speed becomes a critical issue as models increase in size and

dimensionality, and for the largest models in fields like computer vision and natural language

processing, there is an unmet need for significantly faster Shapley value approximations that

maintain high accuracy.

Recent work has addressed the computational challenges with Shapley values using two

main approaches. First, many works have proposed stochastic estimators (Castro et al., 2009;

Štrumbelj and Kononenko, 2014; Lundberg and Lee, 2017; Covert et al., 2020) that rely on

sampling either feature subsets or permutations; though often consistent, these estimators

require many model evaluations and impose an undesirable trade-off between run-time and
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accuracy. Second, some works have proposed model-specific approximations, e.g., for trees

(Lundberg et al., 2020) or neural networks (Shrikumar et al., 2017; Chen et al., 2018b;

Ancona et al., 2019; Wang et al., 2021); while generally faster, these approaches can still

require many model evaluations, often induce bias, and typically lack flexibility regarding

the handling held-out features—a subject of ongoing debate in the field (Aas et al., 2019;

Janzing et al., 2020; Frye et al., 2021; Covert et al., 2021).

Here, we introduce a new approach for efficient Shapley value estimation: to achieve the

fastest possible run-time, we propose learning a separate explainer model that outputs precise

Shapley value estimates in a single forward pass. Naively, such a learning-based approach

would seem to require a large training set of ground truth Shapley values, which would be

computationally intractable. Instead, our approach trains an explainer model by minimizing

an objective function inspired by the Shapley value’s weighted least squares characterization

(Charnes et al., 1988), which enables efficient gradient-based optimization.

Contributions We introduce FastSHAP, an amortized approach for generating real-time

Shapley value explanations.1 We derive an objective function from the Shapley value’s

weighted least squares characterization and investigate several ways to reduce gradient vari-

ance during training. Our experiments show that FastSHAP provides accurate Shapley

value estimates with an orders-of-magnitude speedup relative to non-amortized estimation

approaches. Finally, we also find that FastSHAP generates high-quality image explanations

that outperform gradient-based methods (e.g., IntGrad and GradCAM) on standard inclu-

sion and exclusion metrics.

6.3 Background

In this section, we briefly review Shapley values and their weighted least squares characteriza-

tion. We focus here on a classification model f trained to predict a response variable y ∈ [K]

based on an input variable x that consists of d separate features, or x = (x1, . . . ,xd). We use

1https://github.com/iancovert/fastshap/

https://github.com/iancovert/fastshap/
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1 ∈ Rd to denote a vector of ones, predictions lie in the probability simplex f(x) ∈ ∆K−1,

and fy(x) ∈ [0, 1] is the probability for the yth class.

6.3.1 Shapley Values

As described in Chapter 5, Shapley values are a credit allocation technique from cooperative

game theory (Shapley, 1953), but they have been adopted to explain predictions from black-

box machine learning models (Štrumbelj and Kononenko, 2014; Datta et al., 2016; Lundberg

and Lee, 2017). For any coalitional game (or set function) v : P(d) 7→ R, the Shapley values

ϕ(v) ∈ Rd, or ϕi(v) ∈ R for each feature i ∈ [d], are given by the formula

ϕi(v) =
1

d

∑
S⊆[d]\i

(
d− 1

|S|

)−1(
v(S ∪ i)− v(S)

)
. (6.1)

The difference v(S ∪ i)− v(S) represents the ith feature’s contribution to the subset S, and

the summation represents a weighted average across all subsets that do not include i. In the

model explanation context, the coalitional game is chosen to represent how an individual

prediction varies as different subsets of features are removed. For example, given an input-

output pair (x, y), the prediction for the yth class can be represented by a coalitional game

vxy defined as

vxy(S) = E
p(xS̄)

[fy (xS,xS̄)] , (6.2)

where the held-out features xS̄ are marginalized out using their joint marginal distribution

p(xS̄). Recent work has debated the properties of different coalitional game formulations,

particularly the choice of how to remove features (Aas et al., 2019; Janzing et al., 2020; Frye

et al., 2021; Covert et al., 2021).2 However, regardless of the formulation, this approach

to model explanation enjoys several useful theoretical properties due to its use of Shapley

values: for example, the attributions are zero for irrelevant features, and they are guaranteed

to sum to the model’s prediction. We direct readers to Chapter 2 or prior work (Lundberg

2See Chapter 3 for a detailed discussion.
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and Lee, 2017; Covert et al., 2021) for a detailed discussion of these properties.

Unfortunately, Shapley values also introduce computational challenges: the summation

in eq. 6.1 involves an exponential number of subsets, which makes it infeasible to calculate

for large d. Fast approximations are therefore required in practice, as we discuss next.

6.3.2 KernelSHAP

As described in detail in Chapter 5, KernelSHAP (Lundberg and Lee, 2017) is a popular

Shapley value implementation that relies on an alternative mathematical interpretation of

the Shapley value. Given a coalitional game vxy(S), eq. 6.1 shows that the values ϕ(vxy)

are the features’ weighted average contributions; equivalently, their weighted least squares

characterization shows that they are the solution to an optimization problem over ϕxy ∈ Rd,

ϕ(vxy) = argmin
ϕxy

E
p(S)

[(
vxy(S)− vxy(∅)− S⊤ϕxy

)2] (6.3)

s.t. 1⊤ϕxy = vxy([d])− vxy(∅), (Efficiency constraint)

where the inner product with S ⊆ [d] represents the sum of the corresponding vector entries,

and the distribution p(S) is defined as

p(S) ∝ d− 1(
d
|S|

)
· |S| · (d− |S|)

(Shapley kernel)

for S such that 0 < |S| < d (Charnes et al., 1988). Based on this view of the Shapley

value, Lundberg and Lee (2017) introduced KernelSHAP, a stochastic estimator that solves

an approximate version of eq. 6.3 given a moderate number of subsets sampled from p(S).

Although the estimator is consistent and empirically unbiased (Covert and Lee, 2021), Ker-

nelSHAP often requires many samples to achieve an accurate estimate, and it must solve

eq. 6.3 separately for each input-output pair (x, y). As a result, it is unacceptably slow for

some use cases, particularly in settings with large, high-dimensional models. Our approach

builds on KernelSHAP, leveraging the Shapley value’s weighted least squares characterization
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to design a faster, amortized estimation approach.

6.4 FastSHAP

We now introduce FastSHAP, a method that amortizes the cost of generating Shapley values

across many data examples. FastSHAP has two main advantages over existing approaches:

(i) it avoids solving separate optimization problems for each input to be explained, and (ii) it

can use similar data points to efficiently learn the Shapley value function ϕ(vxy).

6.4.1 Amortizing Shapley Values

In our approach, we propose generating Shapley value explanations using a learned para-

metric function ϕfast(x,y; θ) ∈ Rd. Once trained, the parametric function can generate

explanations in a single forward pass, providing a significant speedup over methods that ap-

proximate Shapley values separately for each sample (x, y). Rather than using a dataset of

ground truth Shapley values for training, we train ϕfast(x,y; θ) by penalizing its predictions

according to the weighted least squares objective in eq. 6.3, or by minimizing the following

objective function:

L(θ) = E
p(x,y)

E
p(S)

[(
vxy(S)− vxy(∅)− S⊤ϕfast(x,y; θ)

)2]
. (6.4)

We use this loss function because if the model’s predictions are forced to satisfy the Efficiency

constraint, then given a large enough dataset and a sufficiently expressive model class, the

global optimizer ϕfast(x,y; θ
∗) is a function that outputs exact Shapley values (see proof in

Appendix D.1). Formally, the global optimizer satisfies the following:

ϕfast(x,y; θ
∗) = ϕ(vxy) almost surely in p(x,y). (6.5)

We explore two approaches to address this constraint in practice. First, we can enforce effi-

ciency by adjusting the Shapley value predictions using their additive efficient normalization



151

(Ruiz et al., 1998), which applies the following operation to the model’s outputs:

ϕfast(x, y; θ)← ϕfast(x, y; θ) +
1

d

(
vxy([d])− vxy(∅)− 1⊤ϕfast(x, y; θ)

)
︸ ︷︷ ︸

Efficiency gap

. (6.6)

The normalization step can be applied at inference time and optionally during training; in

Appendix D.2, we show that this step is guaranteed to make the estimates closer to the true

Shapley values. Second, we can relax the efficiency property by augmenting L(θ) with a

penalty on the efficiency gap (see eq. 6.6); the penalty requires a parameter γ > 0, and as

we set γ → ∞ we can expect efficiency to hold for the trained model (see Appendix D.1).

Algorithm 1 summarizes our training approach.

Empirical considerations Optimizing L(θ) using a single set of samples (x, y, S) is prob-

lematic because of high variance in the gradients, which can lead to poor optimization. We

therefore consider several steps to reduce gradient variance. First, as is conventional in deep

learning, we minibatch across multiple samples from p(x). Next, when possible, we calculate

the loss jointly across all classes y ∈ [K]. Then, we experiment with using multiple samples

S ∼ p(S) for each input sample x. Finally, we explore paired sampling, where each sample

S is paired with its complement S̄, which has been shown to reduce KernelSHAP’s vari-

ance (Covert and Lee, 2021). Appendix D.3 shows proofs that these steps are guaranteed

to reduce gradient variance, and ablation experiments in Appendix D.4 demonstrate their

improvement on FastSHAP’s accuracy.

6.4.2 A Default Coalitional Game for FastSHAP

FastSHAP has the flexibility to work with any coalitional game formulation vxy(S). Here, we

describe a default formulation that is useful for explaining predictions from a classification

model.

The coalitional game’s aim is to assess, for each subset S, the classification probability

when only the features xS are observed. Because most models f(x) do not support making
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Algorithm 1: FastSHAP training
Input: Coalitional game vxy, learning rate α
Output: FastSHAP explainer ϕfast(x,y; θ)
initialize ϕfast(x,y; θ)
while not converged do

sample x, y ∼ p(x,y), S ∼ p(S)

predict ϕ̂← ϕfast(x, y; θ)
if normalize then

set ϕ̂← ϕ̂+ d−1
(
vxy([d])− vxy(∅)− 1⊤ϕ̂

)
end

calculate L ←
(
vxy(S)− vxy(∅)− S⊤ϕ̂

)2
update θ ← θ − α∇θL

end

predictions without all the features, we require an approximation that simulates the inclusion

of only xS (Covert et al., 2021). To this end, we use a supervised surrogate model (Frye

et al., 2021; Jethani et al., 2021a) to approximate marginalizing out the remaining features

xS̄ using their conditional distribution.

Separate from the original model f(x), the surrogate model g(xS; β) ∈ ∆K−1 takes as

input a vector of masked features xS, where the mask replaces features xi such that i /∈ S
with a mask value that is not in the support of X . Similar to prior work (Frye et al., 2021;

Jethani et al., 2021a), the parameters β are learned by minimizing the following loss function:

L(β) = E
p(x)

E
p(S)

[
DKL

(
f(x) || g(xS; β)

)]
. (6.7)

It has been shown that the global optimizer to eq. 6.7, or g(xS; β
∗), is equivalent to marginal-

izing out features from f(x) with their conditional distribution (Covert et al., 2021):

g(xS; β
∗) = E[f(x) | xS = xS]. (6.8)

The choice of distribution over subsets does not affect the global optimizer of eq. 6.7, but we
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use a simple approach of sampling the cardinality uniformly at random, and then sampling

the set members at random. We use the surrogate model as a default choice for two reasons.

First, it requires a single prediction for each evaluation of vxy(S), which permits faster

training than the common approach of averaging across many background samples (Lundberg

and Lee, 2017; Janzing et al., 2020). Second, it yields explanations that reflect the model’s

dependence on the information communicated by each feature, rather than its algebraic

dependence (Frye et al., 2021; Covert et al., 2021).

6.5 Related Work

Recent work on Shapley value explanations has largely focused on how to remove features

(Aas et al., 2019; Frye et al., 2021; Covert et al., 2021) and how to approximate Shapley

values efficiently (Chen et al., 2018b; Ancona et al., 2019; Lundberg et al., 2020; Covert and

Lee, 2021). Model-specific approximations are relatively fast, but they often introduce bias

and are entangled with specific feature removal approaches (Shrikumar et al., 2017; Ancona

et al., 2019; Lundberg et al., 2020). In contrast, model-agnostic stochastic approximations

are more flexible, but they trade off run-time and accuracy in the explanation. For example,

KernelSHAP samples subsets to approximate the solution to a weighted least squares problem

(Lundberg and Lee, 2017), while other approaches sample marginal contributions (Castro

et al., 2009; Štrumbelj and Kononenko, 2014) or feature permutations (Illés and Kerényi,

2019; Mitchell et al., 2021). FastSHAP trains an explainer model to output an estimate that

would otherwise require orders of magnitude more model evaluations, and, unlike other fast

approximations, it is agnostic to the model class and feature removal approach.

Other methods have been proposed to generate explanations using learned explainer

models. These are referred to as amortized explanation methods (Covert et al., 2021; Jethani

et al., 2021a), and they include several approaches that are comparable to gradient-based

methods in terms of compute time (Dabkowski and Gal, 2017; Chen et al., 2018a; Yoon

et al., 2018; Schwab and Karlen, 2019; Schulz et al., 2020; Jethani et al., 2021a). Notably,

one approach generates a training dataset of ground truth explanations and then learns an



154

0 250 500 750 1000 1250 1500
# Evals

0.00

0.05

0.10

0.15

0.20

0.25

M
ea

n 
2 d

ist
an

ce

News

KernelSHAP KernelSHAP (Paired) Permutation Sampling Permutation Sampling (Antithetical) FastSHAP

0 200 400 600 800 1000 1200
# Evals

0.00

0.05

0.10

0.15

0.20 Census

0 500 1000 1500 2000
# Evals

0.000

0.025

0.050

0.075

0.100

0.125

0.150
Bankruptcy

Figure 6.1: Comparison of Shapley value approximation accuracy across methods. Using
three datasets, we measure the distance of each method’s estimates to the ground truth as
a function of the number of model evaluations. FastSHAP is represented by a horizontal
line since it requires only a single forward pass. The baselines require 200−2000× model
evaluations to achieve FastSHAP’s level of accuracy.

explainer model to output explanations directly (Schwab and Karlen, 2019)—a principle that

can be applied with any attribution method, at least in theory. However, for Shapley values,

generating a large training set would be very costly, so FastSHAP sidesteps the need for a

training set using a custom loss function based on the Shapley value’s weighted least squares

characterization (Charnes et al., 1988).

6.6 Experiments

We analyze FastSHAP’s performance by comparing it to several well-known baselines. We

first evaluate its accuracy on tabular datasets by comparing its outputs to the ground truth

Shapley values. Then, to disentangle the benefits of amortization from the choice of coali-

tional game, we make the same comparisons using different formulations for vxy(S). Unless

otherwise stated, we use the surrogate model formulation introduced in Section 6.4. Later,

we test FastSHAP’s ability to generate image explanations.
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6.6.1 Tabular Datasets

To contextualize FastSHAP’s accuracy, we compare it to several non-amortized stochastic

estimators. First, we compare to KernelSHAP (Lundberg and Lee, 2017) and its accelerated

version that uses paired sampling (Covert and Lee, 2021). Next, we compare to a permutation

sampling approach and its accelerated version that uses antithetical sampling (Mitchell et al.,

2021). As a performance metric, we calculate the proximity to Shapley values that were

obtained by running KernelSHAP to convergence; we use these values as our ground truth

because KernelSHAP is known to converge to the true Shapley values given infinite samples

(Covert and Lee, 2021). These baselines were all run using an open-source implementation.3

We use either neural networks or tree-based models for each of f(x) and g(xS; β). The

FastSHAP explainer model ϕfast(x,y; θ) is implemented via a network that outputs a vector

of Shapley values for every y ∈ [K]; deep neural networks are ideal for FastSHAP because

they have high representation capacity, they can provide many-to-many mappings, and they

can be trained by stochastic gradient descent. Appendix D.4 contains more details about

our implementation, including model classes, network architectures and training hyperpa-

rameters.

We also perform a series of experiments to determine several training hyperparameters

for FastSHAP, exploring (i) whether or not to use paired sampling, (ii) the number of subset

samples to use, and (iii) how to best enforce the efficiency constraint. Based on the results

(see Appendix D.4), we use the following settings for our tabular data experiments: we use

paired sampling, between 32 and 64 samples of S per x sample, additive efficient normaliza-

tion during both training and inference, and we set γ = 0 (because the normalization step

is sufficient to enforce efficiency).

Accuracy of FastSHAP explanations Here, we test whether FastSHAP’s estimates are

close to the ground truth Shapley values. Our experiments use data from a 1994 United

3https://github.com/iancovert/shapley-regression/

https://github.com/iancovert/shapley-regression/
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Figure 6.2: FastSHAP approximation accuracy for different coalitional games. Using the
marketing dataset, we find that FastSHAP provides accurate Shapley value estimates re-
gardless of the formulation (surrogate, marginal, baseline), with the baselines requiring
200−1000× model evaluations to achieve FastSHAP’s level of accuracy. Error bars rep-
resent 95% confidence intervals.

States census, a bank marketing campaign, bankruptcy statistics, and online news articles

(Dua and Graff, 2017). The census data contains 12 input features, and the binary label

indicates whether a person makes over $50K a year (Kohavi et al., 1996). The marketing

dataset contains 17 input features, and the label indicates whether the customer subscribed

to a term deposit (Moro et al., 2014). The bankruptcy dataset contains 96 features describing

various companies and whether they went bankrupt (Liang et al., 2016). The news dataset

contains 60 numerical features about articles published on Mashable, and our label indicates

whether the share count exceeds the median number (1,400) (Fernandes et al., 2015). The

datasets were each split 80/10/10 for training, validation and testing.

In Figure 6.1, we show the distance of each method’s estimates to the ground truth as a

function of the number of model evaluations for the news, census and bankruptcy datasets.

Figure 6.2 shows results for the marketing dataset with three different coalitional games (see

more details below). For the baselines, each sample S requires evaluating the model given a

subset of features, but since FastSHAP requires only a single forward pass of ϕfast(x,y; θ),

we show it as a horizontal line.

To reach FastSHAP’s level of accuracy on the news, census and bankruptcy datasets,
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KernelSHAP requires between 1,200−2,000 model evaluations. Like prior work (Covert and

Lee, 2021), we find that paired sampling improves KernelSHAP’s rate of convergence, helping

reach FastSHAP’s accuracy in 250−1,000 model evaluations. The permutation sampling

baselines tend to be faster: the original version requires between 300−1,000 evaluations,

and antithetical sampling takes 200−500 evaluations to reach an accuracy equivalent to

FastSHAP. Across all four datasets, however, FastSHAP achieves its level of accuracy at

least at least 600× faster than the original KernelSHAP, and 200× faster than the best

non-amortized baseline.

Disentangling the choice of coalitional game In this experiment, we verify that Fast-

SHAP produces accurate Shapley value estimates regardless of the choice of coalitional game.

We use the marketing dataset for this experiment and test the following coalitional games:

1. (Surrogate/In-distribution) vxy(S) = gy(xS; β), which aims to marginalize out features

using their conditional distribution (see Section 6.4)

2. (Marginal/Out-of-distribution) vxy(S) = Ep(xS̄)
[fy (xS,xS̄)], which is a common alter-

native (Lundberg and Lee, 2017)

3. (Baseline removal) vxy(S) = fy(xS, bS̄), where b ∈ X are fixed baseline values (the

mean for continuous features and mode for discrete ones).

In Figure 6.2 we compare FastSHAP to the same non-amortized baseline methods, where

each method generates Shapley value estimates using the coalitional games listed above. The

results show that FastSHAP maintains the same computational advantage across all three

cases: to achieve the same accuracy as FastSHAP’s single forward pass, the baseline methods

require at least 200 model evaluations, and in some cases up to nearly 1,000.
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Figure 6.3: Explanations generated by each method for CIFAR-10 images.

6.6.2 Image Experiments

Images represent a challenging setting for Shapley values due to their high dimensional-

ity and the computational cost of model evaluation. We therefore compare FastSHAP to

KernelSHAP on two image datasets. We also consider several widely used gradient-based

explanation methods, because they are the most commonly used methods for explaining

image classifiers.

We consider two popular image datasets for our experiments. CIFAR-10 (Krizhevsky

et al., 2009) contains 60,000 32 × 32 images across 10 classes, and we use 50,000 samples

for training and 5,000 samples each for validation and testing. Each image is resized to

224×224 using bilinear interpolation to interface with the ResNet-50 architecture (He et al.,

2016b). Figure 6.3 shows example CIFAR-10 explanations generated by each method. The

ImageNette dataset (Howard and Gugger, 2020), a subset of 10 classes from the ImageNet

dataset, contains 13,394 total images. Each image is cropped to keep the 224× 224 central

region, and the data is split 9,469/1,963/1,962. Example ImageNette explanations are shown

in Figure 6.4.

We test three Shapley value estimators, FastSHAP, KernelSHAP, and DeepSHAP (Lund-

berg and Lee, 2017), where the last is an existing approximation designed for neural net-

works. We test KernelSHAP with the zeros baseline coalitional game, which we refer to
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Figure 6.4: Explanations generated by each method for ImageNette images.

simply as KernelSHAP, and with the in-distribution surrogate formulation, which we refer

to as KernelSHAP-S. We also compare these methods to the gradient-based explanation

methods GradCAM (Selvaraju et al., 2017), SmoothGrad (Smilkov et al., 2017) and IntGrad

(Sundararajan et al., 2017). Gradient-based methods are relatively fast and have therefore

been widely adopted for explaining image classifiers. Finally, we also compare to CXPlain

(Schwab and Karlen, 2019), an amortized explanation method that generates attributions

that are not based on Shapley values.

The models f(x) and g(xS; β) are both ResNet-50 networks (He et al., 2016b) pre-trained

on ImageNet and fine-tuned on the corresponding imaging dataset. FastSHAP, CXPlain, and

KernelSHAP are all implemented to output 14 × 14 superpixel attributions for each class.

For FastSHAP, we parameterize ϕfast(x,y; θ) to output superpixel attributions: we use an

identical pre-trained ResNet-50 but replace the final layers with a 1× 1 convolutional layer

so that the output is 14×14×K (see details in Appendix D.4). We use an identical network

to produce attributions for CXPlain. For FastSHAP, we do not use additive efficient nor-

malization, and we set γ = 0; we find that this relaxation of the Shapley value’s efficiency

property does not inhibit FastSHAP’s ability to produce high-quality image explanations.

KernelSHAP and KernelSHAP-S are implemented using the SHAP package’s default param-
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eters,4 and GradCAM, SmoothGrad, and IntGrad are implemented using the tf-explain

package’s default parameters.5

Qualitative remarks Explanations generated by each method are shown in Figure 6.3

for CIFAR-10 and Figure 6.4 for ImageNette (see Appendix D.5 for more examples). While

a qualitative evaluation is insufficient to draw conclusions about each method, we can offer

several remarks on these examples. FastSHAP, and to some extent GradCAM, appear to re-

liably highlight the important objects, while the KernelSHAP explanations are noisy and fail

to localize important regions. To a lesser extent, CXPlain occasionally highlights important

regions. In comparison, the remaining methods (SmoothGrad, IntGrad and DeepSHAP) are

granulated and highlight only small parts of the key objects. Next, we consider quantitative

metrics that test these observations more systematically.

Metrics Evaluating the quality of Shapley value estimates requires access to ground truth

Shapley values, which is computationally costly for images. Instead, we use two metrics that

evaluate an explanation’s ability to identify informative image regions. These metrics build

on several recent proposals (Petsiuk et al., 2018; Hooker et al., 2019; Jethani et al., 2021a)

and evaluate the model’s classification accuracy after including or excluding pixels according

to their estimated importance (sometimes referred to as insertion and deletion scores, see

Chapter 7).

Similar to Jethani et al. (2021a), we begin by training a single evaluation model to ap-

proximate the original model’s output given a subset of features; this serves as an alternative

to training separate models on each set of features (Hooker et al., 2019) and offers a more

realistic option than masking features with zeros (Schwab and Karlen, 2019). This procedure

is analogous to the surrogate training procedure in Section 6.4.

Next, we analyze how the model’s predictions change as we remove either important or

4https://shap.readthedocs.io/en/latest/
5https://tf-explain.readthedocs.io/en/latest/

https://shap.readthedocs.io/en/latest/
https://tf-explain.readthedocs.io/en/latest/
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Figure 6.5: ImageNette inclusion and exclusion curves. The change in top-1 accuracy as an
increasing percentage of the pixels estimated to be important are excluded (top) or included
(bottom).

unimportant features according to each explanation. Using a set of 1,000 images, each image

is first labeled by the original model f(x) using the most likely predicted class. We then use

explanations generated by each method to produce feature rankings and compute the top-1

accuracy (a measure of agreement with the original model) as we either include or exclude

the most important features, ranging from 0−100%. The area under each curve (AUC) is

termed the Inclusion AUC or Exclusion AUC.

These metrics match the idea that an accurate image explanation should (i) maximally

degrade the performance when important features are excluded, and (ii) maximally improve
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Table 6.1: Exclusion and Inclusion AUCs. Evaluation of each method on the basis of Ex-
clusion AUC (lower is better) and Inclusion AUC (higher is better) calculated using top-1
accuracy. Parentheses indicate 95% confidence intervals, and the best methods are bolded
in each column.

CIFAR-10 ImageNette

Exclusion AUC Inclusion AUC Exclusion AUC Inclusion AUC

FastSHAP 0.42 (0.41, 0.43) 0.78 (0.77, 0.79) 0.51 (0.49, 0.52) 0.79 (0.78, 0.80)
KernelSHAP 0.64 (0.63, 0.65) 0.78 (0.77, 0.79) 0.68 (0.67, 0.70) 0.77 (0.75, 0.78)
KernelSHAP-S 0.54 (0.52, 0.55) 0.86 (0.85, 0.87) 0.61 (0.60, 0.62) 0.82 (0.80, 0.83)
GradCAM 0.52 (0.51, 0.53) 0.76 (0.75, 0.77) 0.52 (0.50, 0.53) 0.74 (0.73, 0.76)
Integrated Gradients 0.55 (0.54, 0.56) 0.74 (0.73, 0.75) 0.65 (0.64, 0.67) 0.73 (0.71, 0.74)
SmoothGrad 0.70 (0.69, 0.71) 0.72 (0.71, 0.73) 0.72 (0.71, 0.73) 0.73 (0.72, 0.75)
DeepSHAP 0.65 (0.64, 0.66) 0.79 (0.78, 0.80) 0.69 (0.68, 0.71) 0.74 (0.73, 0.75)
CXPlain 0.56 (0.55, 0.57) 0.71 (0.70, 0.72) 0.60 (0.58, 0.61) 0.72 (0.71, 0.74)

the performance when important features are included (Petsiuk et al., 2018; Hooker et al.,

2019). The explanations are evaluated by removing superpixels; for gradient-based methods,

we coarsen the explanations using the sum total importance within each superpixel. In

Appendix D.5, we replicate these metrics using log-odds rather than top-1 accuracy, finding

a similar ordering among methods.

Table 6.1 shows the Inclusion and Exclusion AUC achieved by each method for both

CIFAR-10 and ImageNette. In Figure 6.5, we also present the curves used to generate these

AUCs for ImageNette. Lower Exclusion AUCs and higher Inclusion AUCs are better. These

results show that FastSHAP outperforms all baseline methods when evaluated with Exclusion

AUC: when the pixels identified as important by FastSHAP are removed from the images,

the sharpest decline in top-1 accuracy is observed. Additionally, FastSHAP performs well

when evaluated on the basis of Inclusion AUC, second only to KernelSHAP-S.

For ImageNette, GradCAM performs competitively with FastSHAP on Exclusion AUC

and KernelSHAP-S marginally beats FastSHAP on Inclusion AUC. KernelSHAP-S also out-

performs on Inclusion AUC with CIFAR-10, which is perhaps surprising given its high level

of noise (Figure 6.3). However, KernelSHAP-S does not do as well when evaluated using
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Table 6.2: Training and explanation run-times for 1,000 images (in minutes).

CIFAR-10 ImageNette

E
xp

la
in

FastSHAP 0.04 0.04
KernelSHAP 453.69 1089.50
KernelSHAP-S 460.10 586.12
GradCAM 0.38 0.30
IntGrad 0.91 0.92
SmoothGrad 1.00 1.05
DeepSHAP 5.39 6.01
CXPlain 0.04 0.04

T
ra

in

FastSHAP 693.57 146.49
KernelSHAP-S 362.03 73.22
CXPlain 538.49 93.00

Exclusion AUC, and GradCAM does not do as well on Inclusion AUC. The remaining meth-

ods are in most cases not competitive on either metric (except DeepSHAP on CIFAR-10

Inclusion AUC). An accurate explanation should perform well on both metrics, so these re-

sults show that FastSHAP provides the most versatile explanations, because it is the only

approach to excel at both Inclusion and Exclusion AUC.

Finally, we also test FastSHAP’s robustness to limited training data. In Appendix D.5,

we find that FastSHAP outperforms most baseline methods on Inclusion and Exclusion AUC

when using just 25% of the ImageNette data, and that it remains competitive even when

using just 10%.

Speed evaluation The image experiments were run using 8 cores of an Intel Xeon Gold

6148 processor and a single NVIDIA Tesla V100. Table 6.2 records the time required to

explain 1,000 images. For FastSHAP, KernelSHAP-S and CXPlain, we also report the time

required to train the surrogate and/or explainer models. The amortized explanation meth-

ods, FastSHAP and CXPlain, incur a fixed training cost but very low marginal cost for
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each explanation. The gradient-based methods are slightly slower, but KernelSHAP requires

significantly more time. These results suggest that FastSHAP is well suited for real-time

applications where it is crucial to keep explanation times as low as possible. Further, when

users need to explain a large quantity of data, FastSHAP’s low explanation cost can quickly

compensate for its training time.

6.7 Conclusion

This chapter introduced FastSHAP, a method for estimating Shapley values in a single

forward pass using a learned explainer model. To enable efficient training, we sidestepped

the need for a training dataset and derived a learning approach from the Shapley value’s

weighted least squares characterization. Our experiments demonstrate that FastSHAP can

produce accurate Shapley value estimates while achieving a significant speedup over non-

amortized approaches, as well as more accurate image explanations than popular gradient-

based methods.

While Shapley values provide a strong theoretical grounding for model explanation, they

have not been widely adopted for explaining large-scale models due to their high computa-

tional cost. FastSHAP can solve this problem, making fast and high-quality explanations

possible in fields like computer vision and natural language processing. By casting model

explanation as a learning problem, FastSHAP stands to benefit as the state of deep learning

advances, and it opens a new direction of research for efficient Shapley value estimation.
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Chapter 7

LEARNING TO ESTIMATE SHAPLEY VALUES WITH VISION
TRANSFORMERS

7.1 Chapter Notes

This chapter presents joint work with Chanwoo Kim (co-first author) and Su-In Lee that

was published in the International Conference on Learning Representations (ICLR) in 2023.

The content of this chapter is a minor variant of the published version of the paper. The

main contribution of this work is to test the amortized Shapley value estimation method

from Chapter 6 in the context of vision transformers, where most current methods focus on

analyzing attention values.

7.2 Introduction

Transformers were originally introduced for NLP (Vaswani et al., 2017), but in recent years

they have been successfully adapted to a variety of other domains (Wang et al., 2020a; Jumper

et al., 2021). In computer vision, transformer-based models are now used for problems in-

cluding image classification, object detection and semantic segmentation (Dosovitskiy et al.,

2020; Touvron et al., 2021; Liu et al., 2021b), and they achieve state-of-the-art performance

in many tasks (Wortsman et al., 2022). The growing use of transformers in computer vision

motivates the question of what drives their predictions: understanding a complex model’s

dependencies is an important problem in many applications, but the field has not settled on

a solution for the transformer architecture.

Transformers are composed of alternating self-attention and fully-connected layers, where

the self-attention operation associates attention values with every pair of tokens. In vision

transformers (ViTs) (Dosovitskiy et al., 2020), the tokens represent non-overlapping image
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patches, typically a total of 14 × 14 = 196 patches each of size 16 × 16. It is intuitive to

view attention values as indicators of feature importance (Abnar and Zuidema, 2020; Etha-

yarajh and Jurafsky, 2021), but interpreting transformer attention in this way is potentially

misleading. Recent work has raised questions about the validity of attention as explana-

tion (Serrano and Smith, 2019; Jain and Wallace, 2019; Chefer et al., 2021), arguing that it

provides an incomplete picture of a model’s dependence on each token.

If attention is not a reliable indicator of feature importance, then what is? We consider

the perspective that transformers are no different from any other architecture, and that

we can explain their predictions using model-agnostic approaches that are currently used for

other architectures. Among these methods, Shapley values are a theoretically compelling ap-

proach with feature importance scores that are designed to satisfy many desirable properties

(Shapley, 1953; Lundberg and Lee, 2017).

The main challenge for Shapley values in the transformer context is calculating them ef-

ficiently, because a naive calculation has exponential running time in the number of patches.

If Shapley values are poorly approximated, they are unlikely to reflect a model’s true depen-

dencies, but calculating them with high accuracy is currently too slow to be practical. Thus,

our work aims to make Shapley values practical for transformers, and for ViTs in particular.

Our contributions include:

1. We investigate several approaches for withholding input features from vision trans-

formers, which is a key operation for computing Shapley values. We find that ViTs can

accommodate missing image patches by masking attention values for held-out tokens,

and that training with random masking is important for models to properly handle

partial information.

2. We develop a learning-based approach to estimate Shapley values efficiently and ac-

curately. Our approach involves fine-tuning an existing ViT using a loss function

designed specifically for Shapley values (Jethani et al., 2021b), and we prove that our

loss bounds the estimation error without requiring ground truth values during train-
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ing. Once trained, our explainer model provides a significant speedup over methods

like KernelSHAP (Lundberg and Lee, 2017).

3. Our experiments compare the Shapley value-based approach to several groups of com-

peting methods: attention-based, gradient-based and removal-based explanations. We

find that our approach provides the best overall performance, correctly identifying in-

fluential and non-influential patches for both target and non-target classes. We verify

this using three image datasets, and the results are consistent across multiple metrics.

Overall, our work shows that Shapley values can be made practical for vision transformers,

and that they provide a compelling alternative to current attention- and gradient-based

approaches.

7.3 Related Work

Understanding neural network predictions is a challenging problem that has been actively

researched for the last decade (Simonyan et al., 2013; Zeiler and Fergus, 2014; Ribeiro et al.,

2016). We focus on feature attribution, or identifying the specific input features that influence

a prediction, but prior work has also considered other notions of interpretability (Olah et al.,

2017; Kim et al., 2018). The various techniques that have been developed can be grouped

into several categories, which we describe below.

Attention-based explanations Transformers use self-attention to associate weights with

each pair of tokens (Vaswani et al., 2017), and a natural idea is to assess which tokens receive

the most attention (Clark et al., 2019; Rogers et al., 2020; Vig et al., 2020). There are several

versions of this approach, including attention rollout and attention flow (Abnar and Zuidema,

2020), which analyze attention across multiple layers. Attention is a popular interpretation

tool, but it is only one component in a sequence of nonlinear operations that provides an

incomplete picture of a model’s dependencies (Serrano and Smith, 2019; Jain and Wallace,
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2019; Wiegreffe and Pinter, 2019), and direct usage of attention weights has not been shown

to perform well in vision tasks (Chefer et al., 2021).

Gradient-based methods For other deep learning models such as CNNs, gradient-based

explanations are a popular family of approaches. There are many variations on the idea

of calculating input gradients, including methods that modify the input (e.g., SmoothGrad,

IntGrad) (Smilkov et al., 2017; Sundararajan et al., 2017; Xu et al., 2020), operate at inter-

mediate network layers (GradCAM) (Selvaraju et al., 2017), or design modified backpropa-

gation rules (e.g., LRP, DeepLift) (Bach et al., 2015; Shrikumar et al., 2017; Chefer et al.,

2021). Although they are efficient to compute for arbitrary network architectures, gradient-

based explanations achieve mixed results in quantitative benchmarks, including for object

localization and the removal of influential features (Petsiuk et al., 2018; Hooker et al., 2019;

Saporta et al., 2021; Jethani et al., 2021b), and they have been shown to be insensitive to

the randomization of model parameters (Adebayo et al., 2018).

Removal-based explanations Finally, removal-based explanations are those that quan-

tify feature importance by explicitly withholding inputs from the model (Covert et al., 2021).

For models that require all features to make predictions, several options for removing features

include setting them to default values (Zeiler and Fergus, 2014), sampling replacement values

(Agarwal and Nguyen, 2020) and blurring images (Fong and Vedaldi, 2017). These methods

work with any model type, but they tend to be slow because they require making many

predictions. The simplest approach of removing individual features (known as leave-one-out,

Ethayarajh and Jurafsky 2021) is relatively fast, but the computational cost increases as we

examine more feature subsets.

Shapley values (Shapley, 1953) are an influential approach within the removal-based ex-

planation framework. By examining all feature subsets, they provide a nuanced view of each

feature’s influence and satisfy many desirable properties (Lundberg and Lee, 2017). They are

approximated in practice using methods like TreeSHAP and KernelSHAP (Lundberg et al.,
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2020; Covert and Lee, 2021), but these approaches either are not applicable or do not scale

to large ViTs. Recent work highlighted a connection between attention flow and Shapley

values (Ethayarajh and Jurafsky, 2021), but this approach is fundamentally different from

SHAP (Lundberg and Lee, 2017): attention flow treats each feature’s influence on the model

as strictly additive, which is computationally convenient but fails to represent feature inter-

actions. Our work instead focuses on the original formulation (Lundberg and Lee, 2017) and

aims to make Shapley values based on feature removal practical for ViTs.

7.4 Background

We focus here on vision transformers trained for classification tasks, where the input image

is x ∈ R224×224×3 and the class is y ∈ [K]. ViTs consist of a sequence of self-attention layers,

where the tokens are image patches xi ∈ R16×16×3 and we have d = 196 patches in total. Our

goal is to calculate Shapley values efficiently for ViTs; see Chapter 2 for an introduction to the

Shapley value and Chapter 5 for a description of its weighted least squares characterization,

which we build upon here. Briefly, Shapley values assign credit to coalitional games of the

form v : P(d) 7→ R, and the Shapley value ϕi(v) for each player i ∈ [d] is defined as

ϕi(v) =
1

d

∑
S⊆[d]\i

(
d− 1

|S|

)−1(
v(S ∪ i)− v(S)

)
.

There are two main challenges when using Shapley values to explain individual predictions

(Chen et al., 2022). The first is properly withholding feature information, and we explore how

to address this challenge in the ViT context (Section 7.5). The second is calculating Shapley

values efficiently, because their computation scales exponentially with the number of inputs

d. Traditionally, they are approximated using sampling-based estimators like KernelSHAP

(Castro et al., 2009; Štrumbelj and Kononenko, 2010; Lundberg and Lee, 2017), but we build

on a more efficient learning-based approach (FastSHAP) introduced by Jethani et al. (2021b)

(Section 7.6).
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7.5 Evaluating Vision Transformers with Partial Information

The basic idea behind Shapley values, as well as other removal-based explanations (Covert

et al., 2021), is to evaluate the model with partial feature information and analyze how a

prediction changes. Most models need values for all the features to make predictions, so

in practice we require a mechanism to represent feature removal. For example, we can set

held-out image regions to zero, or we can average the prediction across randomly sampled

replacement values.

With vision transformers, the options for removing features are slightly different. Recent

work has demonstrated the robustness of ViTs to randomly zeroed pixel values (Naseer et al.,

2021), but the self-attention operation enables a more elegant approach: we can simply ignore

tokens for image patches we wish to remove (Jain et al., 2021). We achieve this by masking

attention values at each self-attention layer, or setting them to a large negative value before

applying the softmax operation (see Appendix E.1). This resembles causal attention masking

in transformer language models like GPT-3 (Brown et al., 2020), but we use masking for a

different purpose. Alternatively, we could use a unique token value as in masked language

models such as BERT (Devlin et al., 2018), which would involve simply setting held-out

tokens to the mask value.

Using this attention masking approach, we can evaluate a ViT model f(x; η) given sub-

sets of image patches, denoted by xS. However, because these partial inputs represent

off-manifold examples, the predictions with partial information may not behave as desired.

We have two options to correct this: (i) we can ensure that the model is trained with ran-

dom masking, or (ii) we can fine-tune the model to encourage sensible behavior with missing

patches. The first option is more direct, but it does not allow us to explain models trained

without masking. For the latter option, we can create an updated model denoted by g(xS; β)

that we fine-tune using the following loss,

min
β

E
p(x)

E
p(S)

[
DKL

(
f(x; η) || g(xS; β)

)]
, (7.1)
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where p(S) is a distribution over subsets. In practice, we sample the cardinality uniformly at

random, and then sample the members at random. Intuitively, eq. 7.1 encourages g(xS; β)

to preserve the original model’s predictions even with missing features. We use this loss

because it satisfies the desirable property that the optimal model g(xS; β
∗) outputs the

expected prediction given the available information (Covert et al., 2021), or

g(xS; β
∗) = E[f(x; η) | xS = xS]. (7.2)

Note that this represents a best-effort prediction, because if f(x; η) = p(y | x) then we have

g(xS; β
∗) = p(y | xS). Similarly, in the case where f(xS; η) is trained directly with random

masking, the training process estimates f(xS; η) ≈ p(y | xs) (see Appendix E.2). We refer to

the fine-tuned model g(xS; β) as a surrogate, following the naming in prior work (Frye et al.,

2021). Whether we use the original model or a version fine-tuned with random masking,

our attention masking approach enables us to probe how individual predictions change as

we remove groups of image patches.

7.6 Learning to Estimate Shapley Values

Given our approach for evaluating ViTs with partial information, we can use Shapley values

to identify influential image patches for an input x and class y. This involves evaluating the

model with many feature subsets xS, so we define a coalitional game vxy(S) = gy(xS; β).

Alternatively, if we use a model trained with masking, we can define the coalitional game as

vxy(S) = fy(xS; η). Common Shapley value approximations are based on sampling feature

permutations (Castro et al., 2009; Štrumbelj and Kononenko, 2010) or fitting a weighted

least squares model (Lundberg and Lee, 2017; Covert and Lee, 2021), but these can require

hundreds or thousands of model evaluations to explain a single prediction.1 Instead, we

develop a learning-based estimation approach for ViTs.

1The number of model evaluations depends on how fast the estimators converge, and we find that
KernelSHAP requires >100,000 samples to converge for ViTs (Appendix E.8).
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Our goal is to obtain an explainer model that estimates Shapley values directly. To do so,

we train a new vision transformer ϕViT(x,y; θ) ∈ Rd that outputs approximate Shapley values

for an input-output pair (x, y) in a single forward pass. Crucially, rather than training the

model using a dataset of ground truth Shapley value explanations, we train it by minimizing

the following objective,

L(θ) = E
p(x,y)

E
pSh(S)

[(
vxy(S)− vxy(∅)− S⊤ϕViT(x,y; θ)

)2] (7.3)

s.t. 1⊤ϕViT(x, y; θ) = vxy([d])− vxy(∅) ∀ (x, y),

where pSh(S) is a distribution defined as pSh(S) ∝ (|S| − 1)!(d − |S| − 1)! for 0 < |S| < d

and pSh([d]) = pSh(∅) = 0, and the inner product with S ⊆ [d] represents the sum of

the corresponding vector entries. Intuitively, eq. 7.3 encourages the explainer model to

output feature scores that provide an additive approximation for the predictions with partial

information, where the predictions are represented by vxy(S) and the additive approximation

by vxy(∅) + S⊤ϕViT(x,y; θ).

The loss in eq. 7.3 was introduced by Jethani et al. (2021b) and is derived from an

optimization-based characterization of the Shapley value (Charnes et al., 1988). To rigorously

justify this training approach, we derive new results that show how this objective controls

the Shapley value estimation error. Proofs are in Appendix E.4. First, we show that the

explainer’s loss for a single input is strongly convex in the prediction, a result that implies

the existence of unique optimal predictions.

Lemma 7.1. For a single input-output pair (x, y), the expected loss under eq. 7.3 for the

prediction ϕViT(x, y; θ) is µ-strongly convex with µ = H−1
d−1, where Hd−1 is the (d − 1)th

harmonic number.

Next, we utilize the strong convexity property from Lemma 7.1 to prove our main result:

that the explainer model’s loss function upper bounds the distance between the exact and

approximated Shapley values. This is notable because we do not utilize ground truth values
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during training.

Theorem 7.1. For a model ϕViT(x,y; θ) whose predictions satisfy the constraint in eq. 7.3,

the objective value L(θ) upper bounds the Shapley value estimation error as follows,

E
p(x,y)

[∣∣∣∣ϕViT(x,y; θ)− ϕ(vxy)
∣∣∣∣
2

]
≤
√

2Hd−1

(
L(θ)− L∗

)
,

where L∗ represents the loss achieved by the exact Shapley values.

This shows that our objective is a viable approach for training without exact Shapley

values, because optimizing eq. 7.3 minimizes an upper bound on the estimation error. In

other words, if we can iteratively optimize the explainer model so that its loss approaches

the optimum obtained by the exact Shapley values (L(θ) → L∗), our estimation error will

go to zero.

In practice, we train the explainer model ϕViT(x,y; θ) using stochastic gradient descent,

and several other steps are important during training. First, we normalize the explainer’s

unconstrained predictions in order to satisfy the objective’s constraint in eq. 7.3; this en-

sures that the Shapley value’s efficiency property holds (Shapley, 1953). Next, rather than

training the explainer from scratch, we fine-tune an existing model that can be either the

original classifier or a ViT pre-trained on a different supervised or self-supervised learning

task (Touvron et al., 2021; He et al., 2021); ViTs are more difficult to train than convolu-

tional networks, and we find that fine-tuning is important to train the explainer effectively

(Table E.1). Finally, we simplify the architecture by estimating Shapley values for all classes

simultaneously. Our training approach is described in more detail in Appendix E.3.

By using a ViT to estimate Shapley values, we model the true explanation function and

learn rich representations that capture not only which class is represented, but where key

information is located. And by fine-tuning an existing model, we allow the explainer to re-use

visual features that were informative for other challenging tasks. Ultimately, the explainer

cannot guarantee exact Shapley values, but no approximation algorithm can; instead, it
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Figure 7.1: Explanations where our approach identifies relevant information for target and
non-target classes. Left: original images from the ImageNette and MURA datasets. Middle
left: explanations generated by ViT Shapley for specific classes. Right: probability of the
class being explained after the insertion or deletion of important patches (higher is better
for insertion, lower for deletion).

offers a favorable trade-off between accuracy and efficiency, and we find empirically that this

approach offers a powerful alternative to the methods currently used for ViTs.

7.7 Experiments

We now demonstrate the effectiveness of our approach, termed ViT Shapley.2 First, we evalu-

ate attention masking for handling held-out patches in ViTs. Next, we compare explanations

from ViT Shapley to several existing methods. Our baselines include attention-, gradient-

and removal-based explanations, and we compare these methods via several metrics for ex-

2https://github.com/suinleelab/vit-shapley

https://github.com/suinleelab/vit-shapley
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planation quality, including insertion/deletion of important features (Petsiuk et al., 2018),

sensitivity-n (Ancona et al., 2018), faithfulness (Bhatt et al., 2021) and ROAR (Hooker et al.,

2019).

Our experiments are based on three image datasets: ImageNette, a natural image dataset

consisting of ten ImageNet classes (Howard and Gugger, 2020; Deng et al., 2009), MURA,

a medical image dataset of musculoskeletal radiographs classified as normal or abnormal

(Rajpurkar et al., 2017), and the Oxford IIIT-Pets dataset, which has 37 classes (Parkhi

et al., 2012). See Figure 7.1 for example images. We show results for ImageNette and

MURA here, and the results for Pets are shown in Appendix E.8. We use ViT-Base models

(Wightman, 2019) as classifiers for all datasets, unless otherwise specified.

7.7.1 Evaluating Image Patch Removal

Our initial experiments test whether attention masking is effective for handling held-out im-

age patches. We fine-tuned the classifiers for each dataset following the procedure described

in Section 7.5, and we also tested several approaches without performing any fine-tuning:

attention masking, attention masking applied after the softmax operation (how dropout is

often implemented for ViTs, Wightman 2019), setting input patches to zero (Naseer et al.,

2021), setting token embeddings to zero, and replacing with random patches from the dataset.

Finally, we performed identical fine-tuning while replacing input patches with zeros, which

is equivalent to introducing a fixed mask token.

As a measure of how well missing patches are handled, we calculated the KL divergence

relative to the full-image predictions as random patches are removed. This can be inter-

preted as a divergence measure between the masked predictions and the predictions with

patches marginalized out (see Appendix E.2), or how close we are to correctly removing

patch information. The metric is calculated with randomly generated patch subsets, and

it represents whether the model makes reasonable predictions given partial inputs. Similar

results for top-1 accuracy are in Appendix E.8.

Figure 7.2 shows the results. Most methods perform well with <25% of patches missing,
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Figure 7.2: ViT predictions given partial information. We delete patches at random using
several removal mechanisms, and then measure the quality of the resulting predictions via
the KL divergence relative to the original, full-image predictions (lower is better).

leading to only small increases in KL divergence. This is especially true for ImageNette,

where large objects make the model more robust to missing patches. However, the methods

with no fine-tuning begin to diverge as larger numbers of patches are removed and the partial

inputs become increasingly off-manifold. Thus, fine-tuning becomes necessary to properly

account for partial inputs as more patches are removed.

For all datasets, we find that fine-tuning with either attention masking or input patches

set to zero provide comparable performance, and that these perform best across all numbers

of patches. This means that fine-tuning makes attention masking significantly more effective

for marginalizing out missing patches, and these results suggest that training ViTs with

held-out tokens may be necessary to enable robustness to partial information. As prior

work suggests, properly handling held-out information is crucial for generating informative

explanations (Frye et al., 2021; Covert et al., 2021), so the remainder of our experiments

proceed with the fine-tuned attention masking approach.



177

7.7.2 Evaluating Explanation Accuracy

Next, we implemented ViT Shapley by training explainer models for both datasets. We

used the fine-tuned classifiers from above to handle partial information, and we used the

ViT-Base architecture with extra output layers to generate Shapley values for all patches.

The explainer models were trained by optimizing eq. 7.3 using stochastic gradient descent

(see details in Appendix E.3), and once trained, the explainer outputs approximate Shapley

values in a single forward pass (Figure 7.1).

As comparisons for ViT Shapley, we considered a large number of baselines. For attention-

based methods, we use attention rollout and the last layer’s attention directed to the class

token (Abnar and Zuidema, 2020). Similar to prior work (Chefer et al., 2021), we did not

use attention flow due to the computational cost. Next, for gradient-based methods, we use

Vanilla Gradients (Simonyan et al., 2013), IntGrad (Sundararajan et al., 2017), Smooth-

Grad (Smilkov et al., 2017), VarGrad (Hooker et al., 2019), LRP (Chefer et al., 2021) and

GradCAM (Selvaraju et al., 2017). For removal-based methods, we use the leave-one-out ap-

proach (Zeiler and Fergus, 2014) and RISE (Petsiuk et al., 2018). Appendix E.6 describes the

baselines in more detail, including how several were modified to provide patch-level results,

and Appendix E.8 shows the running time for each method.

Given our set of baselines, we used several metrics to evaluate ViT Shapley. Evaluating

explanation accuracy is difficult when the true importance is not known a priori, so we rely

on metrics that test how removing (un)important features affects a model’s predictions. Intu-

itively, removing influential features for a particular class should reduce the class probability,

and removing non-influential features should not affect or even increase the class probability.

Removal-based explanations are implicitly related to such metrics (Covert et al., 2021), but

attention- and gradient-based methods may be hoped to provide strong performance with

lower computational cost.

First, we implemented the widely used insertion and deletion metrics (Petsiuk et al.,

2018). For these, we generate predictions while inserting/removing features in order of most
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Table 7.1: Evaluating ViT Shapley using standard explanation metrics, with explanations
calculated for the target class only. Methods that fail to outperform the random baseline
are shown in gray, and the best results are shown in bold (accounting for 95% confidence
intervals).

ImageNette MURA

Ins. (↑) Del. (↓) Faith. (↑) Ins. (↑) Del. (↓) Faith. (↑)

Attention last 0.962 (0.004) 0.793 (0.013) 0.694 (0.015) 0.890 (0.010) 0.592 (0.013) 0.635 (0.016)
Attention rollout 0.938 (0.005) 0.880 (0.010) 0.704 (0.015) 0.845 (0.011) 0.692 (0.014) 0.618 (0.016)

GradCAM 0.914 (0.006) 0.937 (0.008) 0.680 (0.015) 0.899 (0.009) 0.681 (0.015) 0.631 (0.016)
IntGrad 0.967 (0.004) 0.930 (0.008) 0.403 (0.024) 0.897 (0.010) 0.796 (0.015) 0.201 (0.022)
Vanilla 0.950 (0.004) 0.808 (0.013) 0.703 (0.015) 0.890 (0.010) 0.537 (0.014) 0.629 (0.016)
SmoothGrad 0.947 (0.005) 0.942 (0.006) 0.703 (0.015) 0.870 (0.010) 0.813 (0.011) 0.617 (0.016)
VarGrad 0.949 (0.005) 0.946 (0.005) 0.700 (0.015) 0.857 (0.011) 0.823 (0.011) 0.615 (0.016)
LRP 0.967 (0.004) 0.779 (0.014) 0.705 (0.015) 0.900 (0.009) 0.551 (0.013) 0.646 (0.016)

Leave-one-out 0.969 (0.002) 0.917 (0.010) 0.140 (0.040) 0.926 (0.008) 0.694 (0.017) 0.308 (0.032)
RISE 0.977 (0.001) 0.860 (0.014) 0.704 (0.015) 0.957 (0.004) 0.573 (0.018) 0.618 (0.016)
ViT Shapley 0.985 (0.002) 0.691 (0.014) 0.711 (0.015) 0.971 (0.002) 0.307 (0.013) 0.707 (0.013)

Random 0.951 (0.005) 0.951 (0.005) - 0.849 (0.010) 0.847 (0.010) -

to least important, and we then evaluate the area under the curve of prediction probabilities

(see Figure 7.1). Here, we average the results across 1,000 images for their true class. We

use random test set images for ImageNette, and for MURA we use test examples that were

classified as abnormal because these are more important in practice. When removing infor-

mation, we use the fine-tuned classifier because this represents the closest approximation to

properly removing information from the model (Section 7.5).

Table 7.1 displays the results, and we find that ViT Shapley offers the best performance

on both datasets. RISE and LRP tend to be the most competitive baselines, and per-

haps surprisingly, certain other methods fail to outperform a random baseline (GradCAM,

SmoothGrad, VarGrad). The baselines are sometimes competitive with ViT Shapley on

insertion, but the gap for the deletion metric is larger. Practically, this means that ViT

Shapley identifies important features that quickly drive the prediction towards a given class,

and that quickly reduce the prediction probability when deleted.

Next, we modified these metrics to address a common issue with model explanations:



179

Table 7.2: Evaluating ViT Shapley for explaining non-target classes. Methods that fail to
outperform the random baseline are shown in gray, and the best results are shown in bold
(accounting for 95% confidence intervals).

ImageNette

Ins. (↑) Del. (↓) Faith. (↑)

Attention last - - -
Attention rollout - - -

GradCAM 0.021 (0.002) 0.005 (0.000) -0.672 (0.015)
IntGrad 0.008 (0.001) 0.004 (0.000) 0.294 (0.022)
Vanilla 0.006 (0.001) 0.020 (0.001) -0.682 (0.015)
SmoothGrad 0.006 (0.001) 0.006 (0.001) -0.683 (0.015)
VarGrad 0.006 (0.001) 0.006 (0.001) -0.680 (0.015)
LRP 0.004 (0.001) 0.022 (0.001) -0.680 (0.015)

Leave-one-out 0.013 (0.002) 0.003 (0.000) -0.017 (0.028)
RISE 0.023 (0.003) 0.002 (0.000) -0.681 (0.015)
ViT Shapley 0.093 (0.004) 0.001 (0.000) 0.672 (0.014)

Random 0.005 (0.001) 0.005 (0.001) -

that their results are not specific to each class (Rudin, 2019). ViT Shapley produces separate

explanations for each class, so it can identify relevant patches even for non-target classes (see

Figure 7.1). Table 7.2 shows insertion/deletion results averaged across all non-target classes

for ImageNette. The attention-based methods do not produce class-specific explanations,

and the remaining baselines generally provide poor results. Empirically, this is because the

explanations are often similar across classes (see Appendix E.9). ViT Shapley performs

best, particularly on insertion, and RISE is the best-performing baseline. Appendix E.8

shows results for MURA, as well as the curves used to calculate these results.

The insertion and deletion metrics only test importance rankings, so we require other

metrics to test the specific attribution values. Sensitivity-n (Ancona et al., 2018) was pro-

posed for this purpose, and it measures whether attributions correlate with the impact on a

model’s prediction when a feature is removed. The correlation is typically calculated across

subsets of a fixed size, and then averaged across many predictions. Faithfulness (Bhatt et al.,

2021) is a similar metric where the correlation is calculated across subsets of all sizes.

Table 7.1 and Table 7.2 show faithfulness results. Among the baselines, RISE and LRP

remain most competitive, but ViT Shapley again performs best for both datasets. Figure 7.3
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Figure 7.3: Sensitivity-n evaluation for different subset sizes. The metric is generated sep-
arately for a range of subset sizes, whereas faithfulness is calculated jointly over subsets of
all sizes.

shows sensitivity-n results calculated across a range of subset sizes. Leave-one-out naturally

performs best for large subset sizes, but ViT Shapley performs the best overall, particularly

with smaller subsets. The sensitivity-n results focus on the target class, but Appendix E.8

shows results for non-target classes where ViT Shapley’s advantage over many baselines

(including LRP) is even larger.

Finally, we performed an evaluation inspired by ROAR (Hooker et al., 2019), which tests

how a model’s accuracy degrades as important features are removed. ROAR suggests re-

training with masked inputs, but this is unnecessary here because the fine-tuned classifier is

designed to handle held-out patches. We therefore generated multiple versions of the metric.

First, we evaluated accuracy while using the fine-tuned classifier to handle masked patches.

Second, we repeated the evaluation using a separate evaluator model trained directly with

held-out patches, similar to EVAL-X (Jethani et al., 2021a). Third, we performed masked re-

training as described by ROAR. The first version represents the original classifier’s best-effort

prediction, and the second is a best-effort prediction disconnected from the original model;

masked retraining is similar, but the retrained model can exploit information communicated
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Figure 7.4: ImageNette accuracy when removing features in order of their importance, run
with four evaluation strategies: fine-tuned classifier, separate evaluator, masked retraining,
and masked retraining without positional embeddings.

by the masking, such as the shape and position of the removed object.

Figure 7.4 shows the results when removing important patches. ViT Shapley consistently

outperforms the baselines across the first two versions of the metric, yielding faster degrada-

tion when important patches are removed. ViT Shapley also performs best when inserting

important patches, yielding a faster increase in accuracy (Appendix E.8). It is outperformed

by several baselines with masked retraining in the deletion direction (Figure 7.4 bottom left),

but we find that this is likely due to spatial information leaked by ViT Shapley’s deleted

patches; indeed, when we retrained without positional embeddings, we found that ViT Shapley

achieved the fastest degradation with a small number of deleted patches (Figure 7.4 bottom
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right). Interestingly, positional embeddings in ViTs offer a unique approach to alleviate

ROAR’s known information leakage issue (Jethani et al., 2021a).

In addition to these experiments, we include many further results in the supplement (Ap-

pendix E.8). First, we observe similar benefits for ViT Shapley when using the Oxford-IIIT

Pets dataset. Next, regarding the choice of architecture, we observe consistent results when

replacing ViT-Base with ViT-Tiny, ViT-Small or ViT-Large. We also replicate our results

when using a classifier trained directly with random masking, an approach discussed in prior

work to accommodate partial input information (Covert et al., 2021). We then generated

metrics comparing ViT Shapley’s approximation quality with KernelSHAP (Lundberg and

Lee, 2017), and we found that ViT Shapley’s accuracy is equivalent to running KernelSHAP

for roughly 120,000 model evaluations (Appendix E.8). Lastly, we provide qualitative exam-

ples in Appendix E.9, including comparisons with the baselines. Overall, these results show

that ViT Shapley is a practical and effective approach for explaining ViT predictions.

7.8 Conclusion

In this work, we developed a learning-based approach to generate Shapley values for ViTs.

Our approach involves training a separate explainer model using an objective that does

not require ground truth supervision, and ViT Shapley outperforms a variety of attention-

and gradient-based methods across a range of accuracy metrics. Our experiments provide

empirical support for Shapley values as an alternative to attention-based approaches, which

remain popular for transformer models. Future directions involve extending ViT Shapley

to NLP models, operating with arbitrary token groups or superpixels, and accelerating or

otherwise improving the explainer model’s training.
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Part III

FEATURE SELECTION WITH DEEP LEARNING



184

Chapter 8

GENE SELECTION FOR SPATIAL TRANSCRIPTOMICS

8.1 Chapter Notes

This chapter presents joint work with Rohan Gala, Tim Wang, Karel Svoboda, Uygar Sümbül

and Su-In Lee that was published in Nature Communications in 2023. The content of this

chapter is a minor variant of the published version, which was written in the style of a

biology journal paper. The main contribution of this work is to develop a differentiable gene

selection method for the context of spatial transcriptomics, which often relies on technologies

that detect expression levels for only a small number of genes.

8.2 Introduction

Cell type classification has been revolutionized by recent advances in single-cell genomics. It

is now possible to profile the entire mRNA repertoire (i.e., the transcriptome) of tens, or even

hundreds, of thousands of individual cells (scRNA-seq) in a single experiment. Large-scale

scRNA-seq studies have provided high-resolution taxonomies of the transcriptomic cell types

in many tissues across several species, and leveraging data from these scRNA-seq studies,

spatial transcriptomic methods can examine molecularly defined cells in their native context

(Femino et al., 1998; Wang et al., 2012; Codeluppi et al., 2018; Chen et al., 2015a; Wang

et al., 2018; Shah et al., 2016; Eng et al., 2019; Qian et al., 2020; Zhang et al., 2021; Sun

et al., 2021). This has led to their use in large consortia such as the Human Cell Atlas and

Brain Initiative Cell Census Network, and widespread recognition of their promise (Marx,

2021).

In particular, fluorescence in situ hybridization (FISH) is a prominent spatial transcrip-

tomics approach, and it is the basis of many recently developed technologies (Codeluppi
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et al., 2018; Chen et al., 2015a; Shah et al., 2016; Eng et al., 2019; Zhang et al., 2021; Close

et al., 2021). By revealing the spatial organization of cells within tissues, FISH is playing

a central role in uncovering the fundamental principles of brain organization (Close et al.,

2021). In conjunction with other experimental modalities (e.g., morphological, connectivity,

or electrophysiological studies), FISH can also link transcriptomic identity with other data

to provide a better understanding of the functional role of individual cell types (Liu et al.,

2021a; Gouwens et al., 2020; Scala et al., 2021; Zhang et al., 2021; Yao et al., 2021).

Whereas scRNA-seq detects genes in a largely unbiased manner, FISH-based technolo-

gies assay a pre-defined list of genes. In routine FISH experiments, only a small fraction of

the transcriptome is targeted (Shah et al., 2016; Codeluppi et al., 2018; Close et al., 2021;

Zhang et al., 2021); this is in part because the complexity and duration of FISH experi-

ments increases sharply with the number of target genes, and also because highly specialized

methods capable of probing thousands of genes are applicable only to thin tissue sections

and cultured cells (Eng et al., 2019; Fang et al., 2022). Thus, judicious selection of a small

number of highly informative target genes (i.e., a gene panel) is key for most FISH experi-

ments. Experimentalists often rely on ad hoc approaches to gene selection, most commonly

choosing markers based on prior knowledge or very high expression in a limited subset of

cells (Zhang et al., 2021; Condylis et al., 2022). Such methods are suboptimal as they tend

to overlook genes with more complex expression patterns and rarely account for correlated

expression between selected genes, which yields redundant information. Here, we frame the

identification of markers as a feature selection problem and seek to address it in a principled

manner using tools from machine learning.

Feature selection problems arise in many domains (Subramanian et al., 2017; Abid et al.,

2019; Aevermann et al., 2020; Song et al., 2021; Heydari et al., 2022), but spatial transcrip-

tomics studies present unique challenges and thus demand a specialized solution. Impor-

tantly, because reference datasets consisting of spatially resolved mRNA detection measure-

ments for thousands of genes are unavailable, scRNA-seq datasets are used instead to guide

the selection process. The use of a surrogate dataset presents new obstacles: the expression
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counts observed by scRNA-seq and spatial transcriptomics technologies may differ signifi-

cantly, with a relationship that is nonlinear and noisy (Shah et al., 2018; Lopez et al., 2019;

Liu et al., 2022). Hence, a gene panel selected without considering the difference between the

datasets is unlikely to perform as well as intended, as we demonstrate with several existing

methods.

Moreover, the optimal gene panel should account for specifics of the target experiment,

which may demand tuning of the selection criterion. For instance, linking of spatial char-

acterization of gene expression through spatial transcriptomics and the electrical properties

of neurons (Gouwens et al., 2020; Scala et al., 2021) may require a gene panel that relates

to membrane excitability. Another scenario could involve investigating a specific subclass of

cells; for example, exploring neurons expressing a specific marker gene in a particular brain

region demands a gene panel based on reference data from this molecularly and spatially

constrained population. Furthermore, certain spatial transcriptomics methods might require

the target genes to have either relatively high or low expression levels; for example, when

using low-resolution detection methods, it may be preferable to prioritize highly expressed

genes.

We address these challenges by introducing predictive and robust gene selection for

spatial transcriptomics (PERSIST), an algorithm to select genes that can serve as valu-

able targets in spatial transcriptomics studies. PERSIST uses scRNA-seq data and deep

learning to find a small number of highly informative genes whose expression can predict

the genome-wide expression profile. In doing so, PERSIST trains a reconstruction model

with a loss function that accounts for noisy gene dropouts in scRNA-seq; incorporates ex-

pert knowledge by pre-selecting or pre-filtering genes; scales to very large datasets using

minibatched training; and quantizes gene expression levels to account for the domain shift

between scRNA-seq and spatial transcriptomics. Furthermore, our deep learning-based se-

lection mechanism is flexible: by changing the prediction target, PERSIST can also operate

in a supervised rather than unsupervised fashion to address specific experimental aims, such

as cell type classification or electrophysiological characterization. Our work focuses primarily
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Figure 8.1: Overview of predictive and robust gene selection for spatial transcriptomics (PER-
SIST). PERSIST selects genes using a deep learning model trained to reconstruct the genome-
wide expression profile. A, The model is trained using scRNA-seq data, which is binarized
to address the domain shift relative to FISH measurements. By default, the model aims to
reconstruct the original scRNA-seq gene expression levels, and the objective function is a
hurdle loss designed to account for noisy gene dropouts. Alternatively, one can use a super-
vised prediction target to address specific experimental aims, such as cell type classification.
After training, the selected gene panel is extracted from the model’s binary mask layer.
B, The binary mask layer selects genes by multiplying the input with a learned binary mask,
which controls the specific input features that are used to make predictions.

on FISH-based studies, but many of the challenges identified above are common to a larger

class of spatial transcriptomic methods (Qian et al., 2020; Sun et al., 2021), thus suggesting

broader applicability of our method.

We validate our approach using reference datasets from different technologies (plate-based

SmartSeq and droplet-based 10X), multiple brain regions (V1, ALM, MOp) and different

species (mouse, human) on classification and reconstruction tasks. We then highlight PER-

SIST’s flexibility and show how to incorporate a different data modality (electrophysiology)
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with FISH experiments using a large Patch-seq dataset (Gouwens et al., 2020). Finally, we

devise an evaluation procedure to showcase the effectiveness of our robust inference approach

based on gene quantization using a recent MERFISH dataset (Zhang et al., 2021), which

we show allows predictive models to transfer across technologies despite the measurement

differences. Through our comprehensive set of experiments and comparisons with other

methods, we provide strong evidence that PERSIST can identify valuable gene targets for

spatial transcriptomics studies.

8.3 Results

8.3.1 Selecting genes using deep learning

Given scRNA-seq data from a cell population to be profiled using spatial transcriptomics,

PERSIST selects a small panel of genes that can optimally reconstruct the entire scRNA-

seq expression profile. Intuitively, such gene panels are useful for a variety of downstream

tasks because they sacrifice minimal information. Our approach is inspired by classical

dimension-reduction techniques like principal components analysis (PCA) (Jolliffe, 1986), but

PERSIST selects a discrete set of genes rather than finding linear combinations. Additionally,

it reconstructs the original data using a non-linear model and with a quality measure more

appropriate for scRNA-seq data. PCA measures reconstruction quality using a mean squared

error (MSE) loss, which recent work has found to be ill-suited for scRNA-seq (Lopez et al.,

2018; Eraslan et al., 2019), so PERSIST instead uses a hurdle loss function to account

for noisy gene dropouts (McDavid, 2016). ‘Dropouts’ refer to the failure to detect mRNA

transcripts due to inefficiencies in cDNA library preparation, which is prevalent when using

lower resolution (and typically higher throughput) platforms such as 10X (Clivio et al., 2019;

Qiu, 2020; Sarkar and Stephens, 2021). The hurdle loss used by PERSIST therefore involves

separately predicting each gene’s expression level and whether it is actually expressed, which

lets the model explicitly represent dropout noise in its predictions (see Methods).

PERSIST uses a deep learning model with a custom layer designed to pinpoint a small



189

number of useful input features (Figure 8.1). This approach is inspired by recent work

on differentiable feature selection, which enables neural networks to select features using

gradient-based optimization (Maddison et al., 2016; Jang et al., 2016; Chang et al., 2017;

Abid et al., 2019). The selection layer applies a learned binary mask that sparsifies over

the course of the optimization process; information initially flows through the model from

all genes, but the relevant inputs are gradually reduced down to a user-specified number.

The model’s memory usage can be managed via the minibatch size used for training, and

when necessary, the computational cost can be further reduced by performing a preliminary

filtering step (see Methods).

By default, PERSIST operates in an unsupervised manner by reconstructing the full

scRNA-seq expression profile, which removes the need for any labels or manual annotation.

However, PERSIST can also operate in a supervised manner by incorporating cell-level anno-

tations as the model’s prediction target, such as cell type labels or complementary epigenetic

data like chromatin accessibility and methylation (Figure 8.1A). As we show in our exper-

iments, this gives PERSIST a versatility that is not shared by other methods, and which

lets practitioners select genes that are tailored to meet specific biological questions and ob-

jectives. While spatial transcriptomics studies often have specific goals like classifying cell

types (Codeluppi et al., 2018; Eng et al., 2019; Wang et al., 2018; Zhang et al., 2021), en-

abling PERSIST to operate in an unsupervised manner is important because reference cell

type clusterings are not always available, consensus definitions of cell types are still evolving

(Zeng, 2022), and focusing on gene expression enables unbiased characterization of complex

tissues and specific brain regions.

The goal of our evaluation is to demonstrate that genes identified by PERSIST can serve

as valuable targets in spatial transcriptomics studies. Showing this is not straightforward,

both due to the cost of running multiple FISH studies with panels selected by different

criteria, as well as the difficulty of providing an unbiased comparison through studies con-

ducted on different tissues. We therefore evaluate the PERSIST gene panels by simulating

their use in FISH studies, and in particular via prediction tasks that would be of interest
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to practitioners in such studies. scRNA-seq and FISH have very different noise sources and

detection issues, and the number of transcript counts observed by each technology can differ

substantially for the same cell, so our simulated prediction tasks binarize gene expression

levels. This pre-processing step allows models to transfer across technologies despite the

domain shift, as we demonstrate in an experiment with MERFISH data.

Our experiments compare PERSIST to several widely used and state-of-the-art gene se-

lection methods. We tested the Seurat (Stuart et al., 2019) and Cell Ranger (Zheng et al.,

2017) gene selection procedures, which are based on per-gene variance and dispersion levels

and are implemented in the popular ScanPy package (Wolf et al., 2018). These methods are

designed primarily to reduce computation and inform clustering studies that help determine

marker genes, but they are not intended to directly select gene panels; therefore, their per-

formance is not expected to be competitive with methods designed explicitly for selecting

small gene sets. Next, we tested the recently proposed GeneBasis method (Missarova et al.,

2021) that selects genes using a greedy algorithm to preserve the data manifold. Finally, we

considered three methods that aim to differentiate cell types: a method that maximizes the

information about cell type labels (MutInfo) (Zhang et al., 2021; Li et al., 2017b), a method

that identifies key gene predictors using feature importance scores (SMaSH) (Nelson et al.,

2022), and the scGeneFit method (Dumitrascu et al., 2021) that uses linear programming.

These methods span a range of selection criteria, but PERSIST is a flexible method that

can be adapted to multiple experimental objectives relevant to practitioners, and that was

designed specifically for transferability to spatial transcriptomics studies.

8.3.2 PERSIST enables more accurate scRNA-seq expression profile reconstruction

We first tested PERSIST on two scRNA-seq datasets: a SmartSeq v4 (Ramsköld et al.,

2012) dataset consisting of 22,160 neurons from the mouse primary visual (V1) and anterior

lateral motor (ALM) cortices (Tasic et al., 2018) (hereafter referred to as SSv4), and a 10X

(Zheng et al., 2017) dataset consisting of 72,629 neurons from the human motor (M1) cortex

(Bakken et al., 2021) (hereafter referred to as 10X). These datasets profile different brain



191

regions and species and were collected using two library preparation platforms that yield

different levels of sparsity. Working with an initial set of 10,000 high-variance genes, we used

PERSIST and the other gene selection methods to identify panels of 8−256 marker genes, a

range that spans the vast majority of FISH studies.

As a benchmark metric for our comparisons, we calculated the portion of variance ex-

plained in the genome-wide scRNA-seq expression profile by each selected gene panel. For

gene panels of all sizes on both datasets, PERSIST explained more variance and outper-

formed the unsupervised methods Seurat, Cell Ranger and GeneBasis (Figure 8.2A, C). The

GeneBasis approach is most competitive with PERSIST, but it explained considerably less

variance for smaller gene panels, which are most commonly used in experiments. There is

diminishing improvement as the panel size increases, and even large panels, such as those

with 256 genes, fail to explain all the variance. This is due not only to the many factors of

variation in the full expression profiles, but to high noise levels in the data. To verify this,

we calculated the amount of variance explained by the cell types in each dataset. We found

that cell type labels explained just 19% of the variance in the SSv4 data and 11% in the

10X data, suggesting high intra-type variability due to stochasticity in gene expression and

detection. Perhaps surprisingly, the PERSIST panels can explain more variance than the

cell type identities given enough genes.

Importantly, PERSIST binarizes gene expression levels during training whereas Seurat,

Cell Ranger and GeneBasis all use either raw or logarithmized expression counts. This cre-

ates a degree of inconsistency among methods, so we asked whether this pre-processing step

could account for differences in performance. A modified version of GeneBasis becomes more

competitive with PERSIST, whereas Seurat and Cell Ranger perform worse with binarization

(Figure F.2). For MutInfo, SMaSH and scGeneFit, which leverage cell type labels to select

genes, we find that PERSIST outperforms these methods independent of binarization (Fig-

ure F.2). Overall, the results show that PERSIST’s binarization step can be incorporated

into several of the baselines to enable better transferability to FISH studies.

Recent work has demonstrated that the “dropout pattern” of a cell (i.e., the set of genes
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Figure 8.2: Evaluating gene panels based on their ability to reconstruct scRNA-seq expression
profiles. The selected genes are used to predict either log-normalized expression counts for
the remaining genes (A, C, E) or whether each gene is expressed (B, D, F). The panels
selected by PERSIST perform better than those selected by previous methods. A, Explained
variance for gene panels identified by PERSIST and other methods with the SSv4 V1/ALM
neuronal cells (higher is better). B, Expressed gene prediction accuracy with the SSv4
V1/ALM neuronal cells (higher is better). C, Explained variance for gene panels with the
10X M1 cells. D, Expressed gene prediction accuracy for panels with the 10X M1 cells.
E, Explained variance for gene panels with the SSv4 V1/ALM Sst cells. F, Expressed gene
prediction accuracy for panels with the SSv4 V1/ALM Sst cells. All error bars represent
95% confidence intervals determined by training with five bootstrapped datasets.
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not detected by scRNA-seq) is nearly as informative as quantitative expression levels for

identifying cell types (Li and Quon, 2019; Qiu, 2020). We thus wondered whether the selected

gene panels could predict the set of genes with non-zero transcript counts in the rest of the

scRNA-seq dataset (Figure 8.2B, D). In this task, PERSIST again performs more accurately

than other methods on both datasets for all panel sizes; this is due in part to our hurdle

loss function, which involves predicting whether each gene is detected. For this analysis,

we excluded genes that were rarely expressed and housekeeping genes that are ubiquitously

expressed, focusing on those expressed in 20−80% of cells (n=4,972 genes), but similar results

were found for varying cutoffs (Figure F.4). Figure F.3 shows the prediction accuracy for

each gene, revealing that those with moderate mean expression are more difficult to predict

than those with predominantly high or low expression.

Finally, from an experimental standpoint, it would be most practical to select a single

general-purpose gene panel using the entire dataset rather than generating a gene panel for

each particular subtype of interest. To assess the feasibility of this strategy, we focused on

the class of somatostatin-expressing (Sst) interneurons (2,701 cells) in the SSv4 dataset and

compared gene sets selected by PERSIST when trained on the entire scRNA-seq dataset

versus just the Sst subpopulation. Performance improved when we only used data from the

specific cell type of interest during gene selection (Figure 8.2E-F). However, the improve-

ment diminished when 32 or more genes were selected, which suggests that general purpose

gene panels may be appropriate for technologies that assay large numbers of genes (e.g.,

multiplexed methods like MERFISH Chen et al. 2015a).

8.3.3 PERSIST enables accurate cell type classification

As another evaluation metric, we tested how accurately the gene panels selected by each

method can classify cell types, which is a common goal of spatial transcriptomics studies

(Codeluppi et al., 2018; Eng et al., 2019; Wang et al., 2018; Zhang et al., 2021). We utilized

transcriptomic cell types defined via the original SSv4 and 10X datasets for our evaluation,

and the classification accuracy with binarized input data simulates the accuracy in a subse-
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quent FISH experiment. In addition to the various gene selection methods, we also consider

a panel of marker genes identified by Tasic et al. (2018) for cell types in the SSv4 dataset.

For all gene selection approaches, larger panels enabled increasingly accurate cell type classi-

fication (Figure 8.3). As expected, supervised methods that use cell type annotations during

their selection procedure (e.g., MutInfo) perform better than unsupervised methods that use

only unlabeled scRNA-seq data (e.g., Seurat). To emphasize this distinction between meth-

ods, we present results separately for unsupervised (Figure 8.3A, C) and supervised methods

(Figure 8.3B, D).

Among the unsupervised approaches, PERSIST outperforms Seurat, Cell Ranger and

GeneBasis for panels of all sizes. For example, when using 64 genes, PERSIST reaches 74%

accuracy with the SSv4 data and 78% with the 10X data considering a total of 113 and 117

cell types, respectively. GeneBasis is the most competitive unsupervised baseline with the

10X data, and either GeneBasis or Seurat are most competitive with the SSv4 data. The

gap in performance is largest for small panels, and the various methods roughly converge in

accuracy for panels of 128 genes. As additional results, Figures F.5 and F.6 show confusion

matrices that represent how cells of each type are most often classified, and Figure F.7 shows

that distinct expression patterns for the selected genes are visible within each cell type.

PERSIST is an unsupervised selection algorithm by default, but we can also adapt it to

cell type classification by using cell type labels as the prediction target during training (Fig-

ure 8.1). This supervised version of our approach, termed PERSIST-Classification, matches

or exceeds the performance of the other supervised approaches. For example, it reaches 81%

accuracy in the SSv4 dataset and 82% accuracy in the 10X dataset using panels with 64

genes—a significant improvement over the unsupervised version. This illustrates the flexi-

bility of our deep learning-based selection approach, and that PERSIST can be adapted to

specific experimental objectives by simply adjusting its prediction target. The peak accuracy

we observe with 128 genes is 85%, so our results also suggest that panels of these small sizes

may be incapable of perfectly distinguishing fine-grained cell types, and therefore that FISH

studies may benefit from analyzing more coarse clusterings.
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Figure 8.3: Evaluating gene panels based on their ability to classify cell types. The selected
genes are used to classify scRNA-seq cell types, and PERSIST achieves strong performance
despite not using cell type labels during the selection process. PERSIST-Classification, a
version modified to distinguish cell types, matches the best existing supervised approaches.
A, Cell type classification accuracy for gene panels selected by unsupervised methods with
the SSv4 dataset (higher is better). B, Accuracy for gene panels selected by supervised
methods with the SSv4 dataset. C, Accuracy for unsupervised methods with the 10X dataset.
D, Accuracy for supervised methods with the 10X dataset. E, Accuracy for cell subtypes
obtained by merging the SSv4 dataset’s transcriptomic hierarchy, for panels of 16 genes.
F, Accuracy with merged SSv4 cell subtypes for panels of 64 genes. All error bars represent
95% confidence intervals from training with five bootstrapped datasets, and E-F show results
from the five runs.
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Prior work suggests that the highly similar terminal nodes of the classification hierarchy

may not all correspond to distinct cell types, but may instead reflect cell states or spatial

gradients in gene expression (Stanley et al., 2020). We therefore divided cells into broader

subclasses, which leads to greater classification accuracy because the groupings are more

distinct and, trivially, there are fewer of them. For the SSv4 dataset, if we classify cells

into 25 subclasses rather than the full 113 cell types, PERSIST-Classification reaches 84%

accuracy using 16 genes (vs. 59% for 113 types) and 96% accuracy using 64 genes (vs.

81% for 113 types). In comparison, the unsupervised version of PERSIST provides accuracy

just 3% and 1% worse, respectively (Figure 8.3E-F). The results are similar but slightly less

accurate when we classify into 50 subclasses. With a reduced number of cell type subclasses,

Seurat, Cell Ranger and GeneBasis are still not competitive with PERSIST, and PERSIST-

Classification remains on par with the supervised procedures.

Although PERSIST does not match PERSIST-Classification in terms of classification

accuracy, it is notable that PERSIST remains competitive despite not having access to cell

type labels. This indicates that PERSIST successfully captures cell type information in an

unsupervised manner. We attribute the strong cell type classification performance to our

deep learning-based selection mechanism, which identifies non-redundant genes that help

reconstruct the full expression profile, and to our use of gene expression binarization. In

an ablation study, we also find that PERSIST’s hurdle loss function is an important design

choice, because it leads to better cell type classification accuracy than training with mean

squared error loss (Figure 8.8). These results are promising because a consensus definition of

cell types, and their continuous versus discrete nature, are far from settled (Trapnell, 2015;

Tasic et al., 2018; Scala et al., 2021). Moreover, reference label information is currently

available for only a handful of mouse and human tissues, and PERSIST can be used in an

unsupervised manner in settings that lack established cell type hierarchies.
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8.3.4 PERSIST can be adapted to predict electrophysiological properties

As a further demonstration of our method’s flexibility, we developed a specialized variant

of PERSIST to identify marker genes that predict each cell’s electrophysiological properties.

For this purpose, we used a multi-modal Patch-seq dataset (Gouwens et al., 2020; Gala et al.,

2021) containing transcriptomic and electrophysiological information from 3,411 GABAergic

neurons across 53 cell types in the mouse visual cortex. Specifically, the transcriptomic profile

consists of the scRNA-seq counts for 1,252 curated genes, and the electrophysiological profile

consists of a set of 44 sparse principal components (sPCs) summarizing different portions of

the measurement protocol, as well as 24 biologically relevant features (Gala et al., 2021).

To select gene panels using the Patch-seq dataset, we used baseline methods that require

only unlabeled expression data (Seurat, Cell Ranger and GeneBasis) because the dataset

lacks cell type annotations. For PERSIST, we first ran it in an unsupervised manner by

selecting genes that can optimally reconstruct the full expression profile. Next, we also ran

PERSIST in a supervised manner by using the vector of electrophysiological features as the

prediction target, yielding a variant of our approach that we refer to as PERSIST-Ephys.

We then investigated how well each gene panel represents a cell’s electrophysiological profile.

As an evaluation metric, we attempted to predict the electrophysiological features of

each neuron using the expression levels of the genes in each panel. Similar to previous

experiments, we binarized gene expression levels to simulate applicability in a subsequent

FISH study. We find that PERSIST-Ephys achieves the highest predictive accuracy, reaching

a higher portion of explained variance with panels of all sizes (Figure 8.4A). The unsupervised

version of PERSIST is the second most accurate method, achieving comparable explained

variance for larger panels, and Cell Ranger performs similarly in this case.

The strong performance of PERSIST-Ephys is primarily due to it being tailored to elec-

trophysiological characterization. PERSIST-Ephys is designed to address this specific pre-

dictive task, but the other methods rely on selection criteria that are not explicitly related

to electrophysiology. As a result, these methods picked distinct genes (Figure F.10) and
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Figure 8.4: Using PERSIST to predict electrophysiological properties. PERSIST is adapted
to this specific experimental goal by using electrophsyiological characteristics as its prediction
target. The resulting version of our approach, PERSIST-Ephys, yields gene panels can pre-
dict cells’ electrophysiological properties more accurately than other methods. A, Explained
variance in the electrophysiological properties for gene panels selected by each method. Er-
ror bars represent 95% confidence intervals determined by training with five bootstrapped
datasets B, Low-dimensional embedding for the PERSIST-Ephys panel containing 64 genes,
colorized according to the cells’ electrophysiological properties (using the first principal com-
ponent); the cells are effectively clustered according to their properties, with similar cells
appearing nearby in the embedding space.

PERSIST-Ephys is roughly as accurate with a panel of 8 genes as the other methods are

with 64 genes. None of the gene panels we tested exceed 35% explained variance, but no-

tably, we find that even the full set of 1,252 genes does not exceed this level of accuracy;

this suggests that the unexplained variance represents noise in the experimental results, or

factors that are not captured by gene expression.

As an exploratory analysis, we also examined a low-dimensional embedding of the PERSIST-

Ephys gene panel to understand the relationship between cells that are nearby in expression

space. Our plot displays individual cells using the first two principal components of the panel

containing 64 genes (Figure 8.4B). To assess whether nearby cells have similar electrophysi-

ological profiles, we colorized the cells by a scalar summary of the profile – the first principal

component of the electrophysiological feature vector. The resulting plot reveals naturally

occurring clusters of similar cells, which may be expected because PERSIST-Ephys selects
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genes whose expression is maximally indicative of the neuron’s electrophysiological profile.

8.3.5 Binarization enables gene expression prediction with MERFISH data

PERSIST can identify informative marker genes for a variety of experimental objectives,

but our previous evaluations used only scRNA-seq data due to the challenge of providing an

unbiased comparison via FISH studies conducted with multiple panels. Nevertheless, such

cross-modal experiments represent an essential use case, which is applying predictive models

trained using scRNA-seq to data collected from spatial transcriptomics studies. Here, it is

important to verify that binarizing expression levels enables such models to transfer success-

fully between technologies, which is difficult to ascertain because accompanying annotations

are seldom available for FISH datasets (e.g., ground truth cell type labels, or expression lev-

els of genes that are not part of the FISH panel). To investigate this question, we therefore

devised a multi-step in silico experiment using the SSv4 scRNA-seq dataset in combination

with data from a recent, large-scale MERFISH study (Zhang et al., 2021).

In the MERFISH dataset, 258 genes were probed across 280,327 cells from the mouse

primary motor cortex (MOp). Because ground truth cell type labels are not available, we

instead chose to evaluate performance in the expressed gene prediction task (similar to

Figure 8.2D-F), where our goal is to predict which individual genes are detected in each

cell. To do so, we first used the V1 and ALM SSv4 scRNA-seq datasets to select panels of

8−32 markers from within the Zhang et al. (2021) MERFISH gene set. Then, an imputation

model was trained—using only the scRNA-seq data—to predict which of the remaining genes

are detected. Finally, using the resulting model, we predicted the set of detected genes in

the MERFISH dataset (Figure 8.5A). As in our previous experiments, we binarized both the

scRNA-seq and MERFISH gene expression levels so the model trained with scRNA-seq data

could transfer despite the measurement differences.

Encouragingly, we find that the scRNA-seq-trained models can predict expressed genes

in the MERFISH data with high accuracy (Figure 8.5B-C). The prediction accuracy tends

to improve with larger panels; for example, PERSIST reached 86.5% with a 32-gene panel
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Figure 8.5: Predicting MERFISH gene expression after training with scRNA-seq data. To
test whether models trained on scRNA-seq can transfer to FISH despite the domain shift
between technologies, we design an experiment combining SSv4 and MERFISH. We find
that binarizing gene expression levels enables accurate predictions in MERFISH cells, and
that PERSIST outperforms prior gene selection approaches. A, In this multi-step experi-
ment, a gene panel is first selected using scRNA-seq restricted to the genes profiled in the
MERFISH data. Next, an imputation model is trained to predict whether the remaining
genes are expressed, again using scRNA-seq data. Finally, the imputation model’s accuracy
is tested on MERFISH data, using the small gene panel to predict the remaining genes. The
imputation model’s high accuracy demonstrates that binarization enables successful transfer
from scRNA-seq to FISH. B, Expressed gene prediction accuracy for panels selected by each
method when using the V1 SSv4 data. C, Expressed gene prediction accuracy for panels
selected by each method when using the ALM SSv4 data. All error bars represent 95%
confidence intervals determined by training with five bootstrapped datasets

when trained on the V1 dataset. PERSIST in most cases achieves the highest accuracy, with

GeneBasis being the most competitive baseline method. We also find that the prediction

accuracy with the V1 cells is slightly higher than with the ALM cells. PERSIST not only
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outperforms other unsupervised methods that can operate with only unlabeled scRNA-seq

data, but also the approaches that leverage cell type labels when performing gene selection

(Figure F.8). Crucially, the panels selected by all methods benefit from expression binariza-

tion to enable the imputation models to transfer across technologies.

In these experiments, we carefully determined the thresholds for binarizing the MERFISH

expression counts by matching the quantile of the zero-threshold used with the scRNA-seq

data. This procedure enables us to account for the zero-inflation present in scRNA-seq

datasets. When we instead binarized the MERFISH data using a threshold value of zero,

the prediction accuracy decreased for all gene panels (Figure F.8). Finally, because we have

access to cells profiled using MERFISH with all genes in this case, we are able to determine

that training the imputation model with MERFISH rather than scRNA-seq data results in

an accuracy improvement of roughly 4−6% (see Figure F.8). The gap is non-negligible, but

it may be due in part to differences in the brain regions profiled in the reference dataset.

This evaluation approach does not represent a practical workflow for a real experiment,

because the genes we predict are present in the panel; however, the fact that the model

transferred successfully suggests that binarization can allow models for other predictive tasks

to transfer from scRNA-seq to FISH data, including models for cell type classification or

characterizing electrophysiological properties. This represents the first quantitative evidence,

to our knowledge, that a predictive model trained exclusively with scRNA-seq data can be

transferred successfully to a subsequent spatial transcriptomics study.

8.3.6 Variability in gene panel selections across algorithms

Because the gene selection algorithms tested here rely on diverse selection criteria, they

produce different gene panels given the same reference scRNA-seq data. Here, we examine the

overlap in gene panels selected by each algorithm, and we do so by calculating the proportion

of overlapping genes within 32-gene panels chosen from among the 10,000 candidates in

the SSv4 and 10X datasets. As expected, no two methods select the exact same gene set

(Figure 8.6A-B), but there is overlap among many pairs of methods. The probability of two
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random 32-gene panels sharing more than one gene is just 4.6 × 10−3, so the overlap we

observe suggests a shared reliance on a relatively small number of informative genes. The

strongest similarity is between Seurat and Cell Ranger on the 10X dataset, at 53% overlap

(17/32 genes); their overlap is lower with the SSv4 dataset, at just 22% (7/32 genes), and

their similarity is perhaps due to the fact that both methods are based on per-gene variance

levels. Another pair of similar methods is scGeneFit and GeneBasis, which have an overlap

of 41% and 47% for the SSv4 and 10X datasets, respectively.

In comparison, we find that PERSIST has relatively low overlap with other methods.

The highest overlap for PERSIST is with PERSIST-Classification and MutInfo: PERSIST

shares 19% of genes with PERSIST-Classification on the 10X dataset and 16% on the SSv4

dataset, and with MutInfo it shares 16% on the 10X dataset and 19% on the SSv4 dataset.

Meanwhile, PERSIST-Classification and MutInfo achieve higher levels of overlap, at 31%

for the SSv4 dataset and 38% for the 10X dataset; similarly, PERSIST-Classification and

SMaSH have 19% overlap on the SSv4 dataset and 28% overlap on the 10X dataset. For

these three supervised methods, their similarity is likely due to their selection criteria that

all aim to distinguish cell types. For panels containing either 16 or 128 genes, PERSIST’s

selections remain distinct from other methods, and they are still somewhat similar to those

from PERSIST-Classification and MutInfo (Figure F.9). Overall, these results reflect that the

various gene selection methods select distinct gene panels, and that PERSIST and PERSIST-

Classification’s improved performance across various metrics is enabled by the selection of

substantially different panels.

Finally, we examined a somewhat unique characteristic of PERSIST: the stochasticity of

its selections across runs. Because we implemented a deep learning model that is trained

using stochastic gradient descent, the results from PERSIST and its supervised variants

(PERSIST-Classification, PERSIST-Ephys) can differ across trials. This variability is some-

what unusual for a gene selection method, but this property is shared by other state-of-the-

art feature selection techniques (Abid et al., 2019) and by the UMAP embedding method

(McInnes et al., 2018). To examine the variability in the individual genes selected and the
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Figure 8.6: Diversity in gene panels selected by each method. Using the SSv4 and 10X
datasets, we find that PERSIST and PERSIST-Classification select distinct gene panels
from prior methods. Additionally, because PERSIST is non-deterministic across trials, we
examine the frequency of its gene selections across multiple trials. A, Portion of overlapping
genes between panels of 32 genes for the SSv4 cells. B, Portion of overlapping genes between
panels of 32 genes for the 10X cells. C, Frequency of gene selections within PERSIST panels
containing 16 genes, aggregated across 32 independent trials.

performance of the selected gene panels, we ran 32 independent trials of PERSIST with the

SSv4 dataset.

For panels containing 16 genes, four genes were selected in at least half of the trials, with

a single gene, Bmp3, being selected in 30 of 32 trials (Figure 8.6C). The remaining ones

were selected less consistently; the sixteenth most frequently selected gene was chosen in just

over a third of trials, and 38 genes were selected just once. Reassuringly, differences in the

composition between the gene panels had little impact on cell type classification accuracy or



204

expression profile reconstruction (Figure F.11). The stability in performance despite changes

in the gene panel composition is not surprising, because many genes have highly correlated

expression patterns and thus can be readily substituted. In practice, we suggest running a

small number of trials and then selecting the best trial using the validation loss achieved by

the PERSIST deep learning model.

8.4 Discussion

Identifying an effective gene panel is a pre-requisite for successful spatial transcriptomics

studies. This work introduces PERSIST, which uses deep learning to select genes that are

highly predictive either for the genome-wide expression profile or for a specific experimental

objective. Our experiments with several datasets show that PERSIST selects more informa-

tive targets than existing algorithms, generally providing better predictive accuracy and/or

enabling the use of fewer genes. In addition to our deep learning-based selection mechanism,

a key contribution of this work is PERSIST’s robust inference ability, which is achieved by

using binarized gene expression levels: this helps mitigate the complex relationship between

scRNA-seq and FISH measurements, and we find that it allows models to transfer to FISH

studies despite the challenging domain shift. We also note that while our explicit demon-

stration is based on a recent MERFISH dataset, the problems addressed here are common

to a broader class of spatial transcriptomic methods (Qian et al., 2020; Sun et al., 2021).

Therefore, our method is likely to improve target gene selection in a broader class of studies

where genes are selected using surrogate data from a different technology.

From a computational perspective, PERSIST benefits from several aspects of deep learn-

ing that make it increasingly popular for data analysis in single-cell genomics (Lopez et al.,

2018; Eraslan et al., 2019; Amodio et al., 2019). These include the simplicity of gradient-

based optimization, the scalability to large datasets enabled by minibatched training, and

the flexibility of the prediction target and loss function. We profiled PERSIST’s computa-

tional cost and found that both the running time and memory usage remain manageable

when using 10,000 candidate genes and selecting a relatively large panel of 256 genes (Fig-
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ure 8.9). When using even larger datasets, PERSIST’s computational cost can be managed

by maintaining a smaller minibatch size, or by performing an initial filtering step to reduce

the number of candidate genes. Finally, PERSIST does not require extensive tuning of pa-

rameters, and we used identical network architectures across all experiments (Table 8.1);

however, future improvements may involve automatically setting all parameters to ensure

maximum ease-of-use for both computational and biological users.

PERSIST is by default an unsupervised method that aims to reconstruct the genome-wide

expression profile. Running it in an unsupervised fashion yields genes that are informative

in general, but some information is necessarily sacrificed, because reconstructing the full

expression profile using a small number of genes remains challenging. One interesting finding

of our study is that while stochasticity in gene expression and detection limits the variance

explained by the cell identity according to the reference clustering, relatively small PERSIST

panels can explain more variance than the discrete cell type identity. This may suggest

imperfections in the reference clustering, or biologically meaningful variability that lies in a

continuum that is not captured by a discrete cell type label (Harris et al., 2018).

PERSIST can be tailored to arbitrary experimental goals by simply modifying the pre-

diction target, thus enabling FISH studies to use gene expression as a bridge to other data

modalities. Because alternative prediction tasks can be simpler than reconstructing many

thousands of genes, using PERSIST in this fashion can enable the use of small gene pan-

els that sacrifice minimal accuracy. Our experiments show examples with transcriptomic

cell type classification and electrophysiological profile prediction, but other focused predic-

tion tasks may include identifying disease properties or bridging with epigenetic information

such as chromatin accessibility and methylation. Overall, PERSIST represents a powerful

general-purpose solution for marker gene selection, and our design choices make it an effec-

tive tool for selecting small gene panels that can be used for FISH studies, and for spatial

transcriptomics studies more generally.
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8.5 Methods

8.5.1 Predictive and robust gene selection for spatial transcriptomics (PERSIST)

PERSIST aims to capture as much information as possible in a small gene panel, and it does

so by selecting genes that can predict the genome-wide scRNA-seq expression profile. It relies

on a deep learning model that reconstructs all the genes while using only a subset of the

inputs, similar to an autoencoder but with a learned sparsity pattern. Deep learning-based

reconstruction models have become popular for extracting low-dimensional embeddings in

single-cell genomics (Lopez et al., 2018; Eraslan et al., 2019; Amodio et al., 2019), but

PERSIST is designed to select a precise number of genes rather than fitting a general non-

linear embedding. During the model’s training, the input genes are selected by a custom

network layer that enables training with stochastic gradient descent – a binary mask layer,

which we describe below.

Deep learning is well suited to datasets with very large cell counts, and PERSIST’s

memory usage can be managed via the minibatch size used during training. In cases where

memory usage is an issue, for example because the number of gene candidates and the

intended panel size are both large, PERSIST can perform an initial filtering step using the

binary gates layer, an alternative selection layer that we describe below. In addition to

reducing memory usage, we find that such a two-stage approach provides minor performance

improvements (Figure 8.8), and we use this approach for the majority of our experiments.

8.5.2 Hurdle loss function

Gene dropouts represent a significant source of noise in scRNA-seq data, and because PER-

SIST relies on scRNA-seq as a surrogate for FISH data, we must model gene dropouts ap-

propriately when reconstructing the genome-wide expression profile. Recent computational

tools for scRNA-seq data have shifted away from using mean squared error loss (Amodio

et al., 2019; Arisdakessian et al., 2019) and towards zero-inflated models to account for this

key source of noise (Pierson and Yau, 2015; Risso et al., 2018; Lopez et al., 2018; Eraslan
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et al., 2019; Clivio et al., 2019). In line with these works, we propose a loss function that

can be applied to zero-inflated and continuous-valued measurements, which arise from com-

mon normalization approaches like as counts per million (CPM) normalization (Luecken and

Theis, 2019). A zero-inflated negative binomial (ZINB) loss can instead be used if CPM nor-

malization is not applied, but variability in the total UMI counts per cell can make integer

transcript counts difficult to predict.

When reconstructing the genome-wide scRNA-seq expression profile, PERSIST trains a

model that outputs predictions for each target gene i = 1, . . . , d. The predictions consist of a

point prediction ŷi as well as a probability p̂i of the gene having non-zero expression. Given

a fixed weighting parameter γ > 0, the hurdle loss ℓ(i)γ for gene i with observed expression

level yi is defined as

ℓ(i)γ

(
p̂i, ŷi, yi

)
=


1
γ
(ŷi − yi)2 − log p̂i yi > 0

− log(1− p̂i) yi = 0.

(8.1)

The loss has a cross entropy component for predicting whether the gene is expressed or

not, as well as a mean squared error component that is incorporated only when the gene

is expressed (yi > 0). Because we use log-normalized gene counts yi, the loss ℓ(i)γ can be

understood as the negative log-likelihood for a log-normal hurdle distribution (Finak et al.,

2015; McDavid, 2016), where we implicitly simplify the log-normal component by assuming

fixed standard deviations for each gene, and the weighting parameter γ > 0 controls the

trade-off between predicting whether a gene is expressed and predicting its expression level.

The total loss ℓγ for the full expression profile is the following, where ŷ, p̂ ∈ Rd and y ∈ Rd

represent vectors of predictions and expression levels for all genes:

ℓγ
(
p̂, ŷ, y

)
=

m∑
i=1

ℓ(i)γ

(
p̂i, ŷi, yi

)
. (8.2)

In practice, we fix γ = 10 so the mean squared error and cross entropy components of the

loss have similar scale, but this parameter can also be tuned.
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Figure 8.7: Feature selection layers. A, The binary mask layer multiplies its input with a
learned, k-hot binary mask whose entries are the element-wise maximum of samples from k
Concrete random variables. B, The binary gates layer multiplies the input with a learned
binary mask whose entries are samples from d separate BinConcrete random variables.

8.5.3 Feature selection layers

We introduce the binary mask layer as a tool to select a user-specified number of inputs within

a deep learning model. Our approach is based on the Concrete distribution (Maddison et al.,

2016) (also known as the Gumbel-Softmax (Jang et al., 2016)), which lets us optimize discrete

probability distributions using stochastic gradient descent. To select exactly k genes from

d candidates, we multiply the model input by a binary mask generated using the element-

wise maximum of k Concrete random variables, which are denoted as ai ∼ Concrete(αi, τ)

for i = 1, . . . , k (Figure 8.7). Each Concrete distribution is parameterized by unnormalized

probabilities αi ∈ Rd
+ and a temperature value τ > 0, and each one converges to a multinomial

distribution with probabilities given by αi

1⊤αi
as τ → 0 (Maddison et al., 2016).

The binary mask layer’s input is a vector of binarized gene expression levels x ∈ Rd,

and its output is given by the element-wise product a ⊙ x, where a = maxi ai ∈ Rd is the
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element-wise max of samples ai from each Concrete random variable. The layer is followed

by a neural network fθ that predicts the label y given a ⊙ x, and we train the model by

optimizing the following objective:

min
θ,α

Ex,y,a

[
ℓγ
(
fθ(a⊙ x),y

)]
. (8.3)

To select a specific number of genes, we need only ensure that the temperature parameter

τ is sufficiently low at the end of training. In practice, we find that each Concrete random

variable concentrates its probability mass on a single input, yielding a set of exactly k selected

genes. The binary mask layer is similar to the CAE approach (Abid et al., 2019), but we

find that our parameterization, which uses element-wise multiplication rather than a matrix

multiplication, provides slightly better results (Figure 8.8).

We also introduce the binary gates layer as a memory-efficient alternative to the binary

mask layer. Similar to previous work (Chang et al., 2017), we learn a Binary Concrete random

variable for each input feature, denoted as bi ∼ BinConcrete(βi, τ), and we use these gate

variables to perform element-wise multiplication with the corresponding genes (Figure 8.7).

In the Binary Concrete distribution, each parameter βi > 0 represents an unnormalized

probability, τ > 0 represents a temperature value, and each random variable bi converges

to a Bernoulli random variable with probability parameter βi

1+βi
as τ → 0 (Maddison et al.,

2016).

The binary gates layer output is given by the element-wise product b ⊙ x, where x

is the input and b = [b1, . . . , bd] ∈ Rd is a vector of samples from each random variable

bi ∼ BinConcrete(βi, τ). The layer is followed by a neural network fθ that predicts the label

y given b⊙ x. Genes are eliminated when we learn low βi values, and we encourage this by

augmenting the loss function with a penalty on the BinConcrete samples:

min
θ,β

Ex,y,b

[
ℓγ
(
fθ(b⊙ x),y

)
+ λ1⊤b

]
. (8.4)
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The regularization term penalizes the number of selected genes, and the hyperparameter

λ > 0 controls the trade-off between prediction accuracy and the number of genes used.

Determining a specific number of genes requires choosing the correct λ value, and our imple-

mentation finds this value automatically by iteratively adjusting λ using the secant algorithm

(Epperson, 2021). Briefly, given a desired number of candidate genes d′ < d, our method

iteratively updates the λ value based on the number of genes yielded by previous λ values.

In our experiments with the SSv4 and 10X datasets, we initially narrow the set of candidates

to roughly 500 genes. For the experiments involving Patch-seq and MERFISH data, which

involve fewer candidate genes, we directly select gene panels using the binary mask layer.

8.5.4 Training

When training our deep learning models, we perform optimization using Adam with the

standard learning rate (10−3) (Kingma and Ba, 2014). Over the course of training, the

temperature parameter τ is geometrically annealed from a high value to a low value to

encourage discrete feature selection, similar to previous work (Abid et al., 2019). For both

input layers, we use an initial temperature τ = 10.0 and a final temperature of τ = 0.01.

After training, the parameters for the Concrete random variables are naturally learned such

that the same genes are selected at every forward pass. That is, most Binary Concrete

variables are deterministically equal to 0 or 1, and the Concrete variables are one-hot at the

same entry in every sample. As a selection criterion for the binary gates layer, we retain all

genes i such that βi

1+βi
> 1

2
. For the binary mask layer, we select k genes using the maximum

index of each vector of unnormalized probabilities αi for i = 1, . . . , k.

The binary mask layer is necessary for selecting a specific number of genes, but the binary

gates layer is preferable for eliminating a large number of genes. The binary mask layer has

k × d learnable parameters when selecting k genes, whereas the binary gates layer has only

d. The binary mask layer can therefore be difficult to apply directly in scenarios where d

and k are both large, and the binary gates layer is useful for our datasets with d = 10,000

total candidate genes (SSv4 and 10X). In practice, the outcome from running PERSIST may
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Figure 8.8: PERSIST ablations. PERSIST performs better than the CAE on expression
profile reconstruction tasks and cell type classification. The performance gap narrows when
the CAE uses binarized expression counts, but the difference in cell type classification ac-
curacy remains large. PERSIST also performs slightly better when initially narrowing the
set of candidate genes, rather than proceeding directly to training with the binary mask
layer (PERSIST Direct). A, Explained variance for the SSv4 dataset. B, Expressed gene
prediction accuracy for the SSv4 dataset. C, Cell type classification accuracy for the SSv4
dataset. All error bars represent 95% confidence intervals determined by training with five
bootstrapped datasets.

differ across runs when the random seed is not fixed. For our experiments, we run five trials

and use the gene panel that achieves the best validation loss.

8.5.5 Ablation experiments

We tested several variants of PERSIST to validate our design choices. First, we compared

PERSIST to a version that skips the initial step of narrowing the set of candidate genes and

proceeds directly to training with the binary mask layer. The results are slightly worse (Fig-
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ure 8.8), which we attribute to the beneficial effect of iteratively reducing the number of genes.

Next, we compared PERSIST to the CAE approach (Abid et al., 2019), which is closely re-

lated but differs in its choice of loss function (mean squared error) and feature selection layer.

We find that the CAE underperforms PERSIST across our three evaluation metrics. Most

noticeably, the CAE underperforms at cell type classification (Figure 8.8C), which is con-

sistent with recent work that highlights the importance of modeling gene dropouts (Eraslan

et al., 2019; Lopez et al., 2018). Finally, we observe that binarizing gene expression counts

improves the CAE’s performance on our metrics, but a small gap remains for expressed gene

prediction, that the binarized CAE still does not match PERSIST’s performance for cell type

classification.

8.5.6 Memory and running time

To benchmark PERSIST’s computational cost, we ran it across a variety of parameter set-

tings and measured the running time and GPU memory usage. For simplicity, we used the

SSv4 training set with 17,728 cells, we fixed the minibatch size to 128, and we selected panels

by training directly with the binary mask layer for 500 epochs. Our models were all trained

on a single NVIDIA GeForce RTX 2080 Ti. Figure 8.9 shows the results from varying two

key parameters related to the dataset size. First, after fixing the panel size to 32, we varied

the number of candidate genes from 2,000 to 10,000. The results show that the memory

scales linearly, and the run-time scales sublinearly in the number of candidates. Next, after

fixing the number of candidate genes to 10,000, we varied the panel size from 32 to 256. The

results show that the memory scales linearly, and that the run-time scales roughly linearly.

We did not test different numbers of cells because this does not affect memory usage, and

the run-time would simply depend on how the number of epochs is tuned to each dataset

size.

Across all the settings tested, PERSIST’s run-time is not prohibitive. The GPU memory

usage can become high when both the number of candidates and the panel size are large

(e.g., 10,000 candidates and panel size of 256), but memory issues can be mitigated by either
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Figure 8.9: PERSIST run-time and memory usage. We varied two parameters that affect
PERSIST’s computational cost, the number of candidate genes (A-B) and the number of
genes in the panel (C-D), and we then measured the run-time and GPU memory usage.
A, Run-time versus the number of candidate genes, with the number of targets fixed to 32.
B, Memory usage versus the number of candidate genes, with the number of targets fixed
to 32. C, Run-time versus the panel size, with the number of candidates fixed to 10,000.
D, Memory usage versus the panel size, with the number of candidates fixed to 10,000.

reducing the minibatch size or performing an initial filtering step using the binary gates

layer. Compared to other gene selection methods, certain methods are faster than PERSIST

because they do not require training a model (Seurat, Cell Ranger) or involve a simpler

model that does not perform gene selection (SMaSH), but other methods can be slower,

particularly with large datasets, because they involve expensive greedy heuristics (MutInfo,

GeneBasis).
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Figure 8.10: Using PERSIST with highly expressed genes only. PERSIST can incorporate
expert knowledge, for example by considering only genes with high expression (whose max-
imum expression level is above the median); this helps ensures that transcripts are visible
during the FISH experiment. The results show that even with this restriction on the gene
candidates, PERSIST can identify informative gene panels and its performance is nearly
identical. A, Explained variance for gene panels of different sizes with the SSv4 dataset.
B, Expressed gene prediction accuracy with the SSv4 dataset. C, Cell type classification
accuracy with the SSv4 dataset.

8.5.7 Expert knowledge and supervision

PERSIST can be used in a purely data-driven fashion, or it can be used while incorporating

expert knowledge. For example, the candidate genes can be restricted to those with known

biological function or other desirable properties, or the gene panel can be forced to include

certain hand-selected genes. When such expert knowledge is applied to the set of candidate

genes, PERSIST finds the best available panel among the current candidates and while

accounting for any pre-selected genes.
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Table 8.1: PERSIST hyperparameter choices.

Model Description

PERSIST (SSv4, 10X, Patch-seq) MLP (2 × 128 units, ReLU activations),
mbsize 128, 500 epochs

PERSIST (SSv4 Sst) MLP (2 × 128 units, ReLU activations),
mbsize 1024, 4,000 epochs

PERSIST (SSv4 → MERFISH) MLP (2 × 128 units, ReLU activations),
mbsize 128, 250 epochs

PERSIST-Classification (SSv4, 10X) MLP (2 × 128 units, ReLU activations),
mbsize 1024, 500 epochs

PERSIST-Ephys (PatchSeq) MLP (2 × 128 units, ReLU activations),
mbsize 128, 250 epochs

For example, when working with specimens of lower RNA quality (e.g. post-mortem

human samples), it can be useful to consider only highly expressed genes that can be readily

detected. Figure 8.10 shows that when PERSIST is restricted to using only genes whose

maximum expression level is higher than the median value, we achieve roughly the same

performance as when choosing from among all 10,000 candidate genes in the SSv4 dataset.

In general, filtering steps that preserve a large number of gene candidates should not prevent

PERSIST from finding highly informative panels.

Rather than using PERSIST in an unsupervised manner, we can also incorporate super-

vision to align the gene panel with specific experimental aims. If the spatial transcriptomics

study has a specific prediction objective, such as characterizing electrophysiological proper-

ties, and accompanying labels are available for the reference scRNA-seq data, PERSIST can

incorporate this information into the selection procedure. Adapting PERSIST is straightfor-

ward, requiring only a change in the prediction target and loss function, as we demonstrate

with PERSIST-Classification (multiclass cross entropy loss, see Figure 8.3) and PERSIST-

Ephys (mean squared error loss, see Figure 8.4).
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Table 8.2: Downstream task hyperparameter choices.

Task (Dataset) Description

Cell type classification
(SSv4, 10X)

LightGBM, learning rate 0.05,
10,000 boosters (with early stopping)

Explained variance
(SSv4, SSv4 Sst, 10X)

MLP (2 × 128 units, ReLU activations),
mbsize 512, 100 epochs (with early stopping)

Expressed gene prediction
(SSv4, SSv4 Sst, 10X, SSv4 → MERFISH)

MLP (2 × 128 units, ReLU activations),
mbsize 256, 100 epochs (with early stopping)

Electrophysiological properties
(Patch-seq)

MLP (2 × 128 units, ReLU activations),
mbsize 256, 100 epochs (with early stopping)

8.5.8 Models and hyperparameters

Each dataset is split into training, validation and test sets. The training and validation

sets are used to select gene panels and train predictive models, and the test set is used

only to evaluate the performance of trained models. Our hyperparameter choices were all

made using the validation set, including for early stopping. For PERSIST and its supervised

variants, we used identical neural network architectures across all datasets, and the only

hyperparameters we adjusted are the number of training epochs and the minibatch size

(Table 8.1). Our model choices for the various downstream tasks are shown in Table 8.2,

where we use multi-layer perceptron (MLP) models for most tasks, and LightGBM models

(Ke et al., 2017) for cell type classification. Confidence intervals for the downstream tasks

were determined by training models with five bootstrapped training sets and measuring the

test set performance across these models.

When using PERSIST, overfitting can be avoided by using network architectures that

are not too large and performing early stopping during training. If overfitting is a significant

concern, additional regularization techniques are straightforward to incorporate, including

dropout, batch norm and ridge or lasso regularization. Finally, when fitting models for

the downstream predictive tasks, such as cell type classification, one can further mitigate
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Figure 8.11: Transcriptomic hierarchy for the SSv4 V1/ALM neuronal cells. The cell types
for this dataset are defined by a transcriptomic hierarchy containing 115 total cell types Tasic
et al. (2018). To simplify the cell type classification task, we consider merging cell types
according to the transcriptomic hierarchy, yielding 50 or 25 subclasses that are more clearly
defined.

overfitting by using a non-neural network model with fewer learnable parameters (Grabski

and Irizarry, 2022).

8.5.9 Evaluation metrics

The variance explained by a gene panel is measured by training a neural network to predict

the full expression profile, measuring the mean squared error on the test set, and subtracting

this quantity from the total variance. We provide results on an intuitive scale by calculating

explained variance as a portion of total variance. For this metric, we used CPM normalized

and logarithmized expression counts as the prediction target. The portion of explained

variance does not approach 100% for any method, but this is in large part due to the

stochasticity of gene expression and measurement; as described in the previous section, the

ground truth cell type labels explain only 19% and 11% of the variance for the SSv4 and

10X datasets, respectively.

The cell type classification performance is the accuracy of a gradient-boosted decision

tree (GBDT) model trained with a multi-class cross entropy loss. The cell type with the
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highest classification probability is taken as the predicted class. To evaluate performance

with cell subclasses for the SSv4 dataset, we trained models with cell types merged according

to their order in the transcriptomic hierarchy (Figure 8.11).

Expressed gene prediction accuracy is measured using a neural network trained to sepa-

rately predict whether each gene is expressed. Similar to a classifier model, the loss function

is a per-gene cross entropy loss that is then added across genes. A gene is predicted to be

expressed if the network’s probability exceeds 0.5, and we calculate the accuracy by calcu-

lating how often the predictions agree with the true expression, and averaging the results

across all target genes.

8.5.10 Data pre-processing

Due to technical noise in scRNA-seq data, we applied CPM normalization (Luecken and

Theis, 2019) to the raw measurements and then applied the log1p operation. These values

serve as prediction targets for PERSIST, whereas the inputs to our various models are

binarized expression counts. For both the SSv4 and 10X datasets, we restricted our analysis

to the 10,000 transcripts with the highest variance. We used exon counts for the high-

resolution SSv4 dataset and the sum of intron and exon counts for the lower resolution 10X

data. For the MERFISH dataset, the only pre-processing we applied was gene expression

binarization. When working with the MERFISH data, we analyze 253 genes that appear

in both the Zhang et al. (Zhang et al., 2021) and SSv4 datasets rather than the 258 genes

described in the original work.

8.5.11 Expression quantization

We quantized gene expression levels in order to train models using scRNA-seq data that can

transfer to FISH studies. There is a complex domain shift between the two technologies, but

their quantized gene expression values should be similar if we assume that the transformation

between measurements is monotonic. When applying models trained with scRNA-seq on

FISH data in practice, we recommend using a threshold matching approach, i.e., finding the
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quantile that the scRNA-seq threshold represents in the scRNA-seq measurements (we use a

threshold value of zero), and then identifying the matching threshold in the FISH data. This

approach is used for the results in Figure 8.5, and its utility is demonstrated in Figure F.8.

8.5.12 Baseline methods

For the Seurat and Cell Ranger gene selection protocols, we used the implementations avail-

able in the Scanpy (Wolf et al., 2018) package.1 Seurat was run with raw gene expression

counts and Cell Ranger with logarithmized counts. For the scGeneFit method, we used

the authors’ implementation with logarithmized expression counts, and we used the default

hyperparameters.2 For the GeneBasis method, we used the authors’ R implementation.3

For the SMaSH method, we used the authors’ Python implementation with a neural net-

work architecture identical to PERSIST, and with feature importance scores calculated using

DeepSHAP (Lundberg and Lee, 2017).4 Finally, for the MutInfo method, we implemented

the greedy forward selection algorithm described in prior work (Battiti, 1994; Li et al., 2017b)

using the hyperparameter β = 1 to account for gene correlations.

For the panel of marker genes used in Figure 8.3B, we used a set of genes identified in

various tables of Tasic et al. (2018). The original work listed 77 such markers, and we used

the 59 that were represented in our dataset after narrowing it to 10,000 high-variance genes.

8.5.13 Statistics & reproducibility

The samples from each data source were assigned at random to training, validation and

test splits, and to obtain unbiased statistics we used the test data only when calculating

evaluation metrics. No data was excluded from the datasets. Uncertainty estimates were

provided throughout the experiments by fitting models with boostrapped training sets. Code

1https://github.com/theislab/scanpy
2https://github.com/solevillar/scGeneFit-python
3https://github.com/MarioniLab/geneBasisR
4https://gitlab.com/cvejic-group/smash

https://github.com/theislab/scanpy
https://github.com/solevillar/scGeneFit-python
https://github.com/MarioniLab/geneBasisR
https://gitlab.com/cvejic-group/smash
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Table 8.3: Summary of datasets.

Species Brain region Technology Num. Genes Num Cells. Annotations Used

Mouse Primary visual (V1),
anterior lateral motor (ALM) SmartSeq v4 45,768 (10,000

in experiments)
22,160 neuronal,

2,701 Sst
Transcriptomic cell
types (115 total)

Human Motor cortex (M1) 10X 50,281 (10,000
in experiments) 72,629 Transcriptomic cell

types (117 total)

Mouse Primary visual (V1) Patch-seq 1,252 3,411 Electrophysiological
profiles (68 features)

Mouse Primary motor (MOp) MERFISH 258 (253
in experiments) 280,327 None

for running our method is available online (see “Code availability”), and the various datasets

are available to download online (see “Data availability”).

8.5.14 Data availability

The datasets used in this work are summarized in Table 8.3, including the species, brain

regions, and annotations used for our experiments. The V1/ALM SmartSeq mouse neo-

cortex data is available at https://portal.brain-map.org/atlases-and-data/rnaseq/

mouse-v1-and-alm-smart-seq. The M1 10X data is available at https://portal.brain-map.

org/atlases-and-data/rnaseq/human-m1-10x. The Patch-seq data is available at https:

//github.com/AllenInstitute/coupledAE-patchseq. The MOp MERFISH data is avail-

able at https://download.brainimagelibrary.org/02/26/02265ddb0dae51de/.

8.5.15 Code availability

Source code for PERSIST is available online,5 along with tutorial notebooks and examples

of data pre-processing code. The repository contains a list of software dependencies, and

PERSIST is implemented in PyTorch (version 1.13.1).

5https://github.com/iancovert/persist/

https://portal.brain-map.org/atlases-and-data/rnaseq/mouse-v1-and-alm-smart-seq
https://portal.brain-map.org/atlases-and-data/rnaseq/mouse-v1-and-alm-smart-seq
https://portal.brain-map.org/atlases-and-data/rnaseq/human-m1-10x
https://portal.brain-map.org/atlases-and-data/rnaseq/human-m1-10x
https://github.com/AllenInstitute/coupledAE-patchseq
https://github.com/AllenInstitute/coupledAE-patchseq
https://download.brainimagelibrary.org/02/26/02265ddb0dae51de/
https://github.com/iancovert/persist/
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Chapter 9

MAXIMIZING MUTUAL INFORMATION FOR DYNAMIC
FEATURE SELECTION

9.1 Chapter Notes

This chapter presents joint work with Wei Qiu, Mingyu Lu, Nayoon Kim, Nathan White and

Su-In Lee that was published in the International Conference on Machine Learning (ICML)

in 2023. The content of this chapter is a minor variant of the published version of the paper.

The main contribution of this work is to develop a method for dynamically selecting features

at inference time based on their predictive utility, or their conditional mutual information

with the response variable.

9.2 Introduction

A machine learning model’s inputs can be costly to obtain, and feature selection is often used

to reduce data acquisition costs. In applications where information is gathered sequentially,

a natural option is to select features adaptively based on the currently available information,

rather than using a fixed feature set. This setup is known as dynamic feature selection

(DFS),1 and the problem has been considered by several works in the last decade (Saar-

Tsechansky et al., 2009; Dulac-Arnold et al., 2011; Chen et al., 2015c; Early et al., 2016a;

He et al., 2016a; Kachuee et al., 2018).

Compared to static feature selection with a fixed feature set (Li et al., 2017a; Cai et al.,

2018), DFS can offer better performance given a fixed budget. This is easy to see, because

selecting the same features for all instances (e.g., all patients visiting a hospital’s emergency

1The problem has also been referred to as sequential feature selection, active feature acquisition, and
information pursuit.
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room) is suboptimal when the most informative features vary across individuals. Although

it should in theory offer better performance, DFS also presents a more challenging learning

problem, because it requires learning both (i) a feature selection policy and (ii) how to make

predictions given variable feature sets.

Prior work has approached DFS in several ways, though often using reinforcement learn-

ing (RL) (Dulac-Arnold et al., 2011; Shim et al., 2018; Kachuee et al., 2018; Janisch et al.,

2019; Li and Oliva, 2021). RL is a natural approach for sequential decision-making prob-

lems, but current methods are difficult to train and do not reliably outperform static feature

selection methods (Henderson et al., 2018; Erion et al., 2021). Our work therefore explores a

simpler approach: greedily selecting features based on their conditional mutual information

(CMI) with the response variable.

The greedy approach is known from prior work (Chen et al., 2015c; Ma et al., 2019)

but is difficult to use in practice, because calculating CMI requires oracle access to the

data distribution (Cover and Thomas, 2012). Our focus is therefore developing a practical

approximation. Whereas previous work makes strong assumptions about the data (Geman

and Jedynak, 1996) or approximates the data distribution with generative modeling (Ma

et al., 2019), we develop a flexible approach that directly predicts the optimal selection at

each step. Our method is based on a variational perspective on the greedy CMI policy,

and it uses a technique known as amortized optimization (Amos, 2022) to enable training

using only a standard labeled dataset. Notably, the model is trained with an objective that

recovers the greedy policy when it is trained to optimality.

Our contributions in this work are the following:

1. We derive a variational, or optimization-based perspective on the greedy CMI policy,

which shows it to be equivalent to minimizing the one-step-ahead prediction loss given

an optimal classifier.

2. We develop a learning approach based on amortized optimization, where a policy net-

work is trained to directly predict the greedy selection at each step. Rather than
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requiring a dataset that indicates the correct selections, our training approach is based

on a standard labeled dataset and an objective function whose global optimizer is the

greedy CMI policy.

3. We propose a continuous relaxation for the inherently discrete learning objective, which

enables efficient and architecture-agnostic gradient-based optimization.

Our experiments evaluate the proposed method on numerous datasets, and the results

show that it outperforms many recent dynamic and static feature selection methods. Overall,

our work shows that when learned properly, the greedy CMI policy is a simple and powerful

method for DFS.

9.3 Problem Formulation

In this section, we describe the DFS problem and introduce notation used throughout this

chapter.

9.3.1 Notation

Our goal is to design a policy that controls which features are selected given the currently

available information. The selection policy can be viewed as a function π(xS) ∈ [d], meaning

that it receives a subset of features as its input and outputs the next feature index to query.

The policy is accompanied by a predictor f(xS) that can make predictions given the set of

available features; for example, if y is discrete then predictions lie in the probability simplex,

or f(xS) ∈ ∆K−1 for K classes. As a shorthand, the notation f(xS ∪ xi) represents the

prediction given the combined features. We initially consider policy and predictor functions

that operate on feature subsets, and Section 9.5 proposes an implementation using a mask

variable m ∈ [0, 1]d where the functions operate on a masked input x⊙m.
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9.3.2 Dynamic Feature Selection

The goal of DFS is to select features with minimal budget that achieve maximum predictive

accuracy. Having access to more features generally makes prediction easier, so the challenge

is selecting a small number of informative features. There are multiple formulations for this

problem, including non-uniform feature costs and different budgets for each sample (Kachuee

et al., 2018), but we focus on the setting with a fixed budget and uniform costs. Our goal is to

handle data samples at inference time by beginning with no features, sequentially selecting

features xS such that |S| = k for a fixed budget k < d, and finally make an accurate

prediction for the response variable y.

Given a loss function that measures the discrepancy between predictions and labels ℓ(ŷ, y),

a natural scoring criterion is the expected loss after selecting k features. The scoring is applied

to a policy-predictor pair (π, f), and we define the score for a fixed budget k as follows,

vk(π, f) = E
p(x,y)

[
ℓ
(
f
(
{xit}kt=1

)
,y
)]
, (9.1)

where feature indices are chosen sequentially for each (x,y) according to in = π({xit}n−1
t=1 ).

The goal is to minimize vk(π, f), or equivalently, to maximize our final predictive accuracy.

One approach is to frame this as a Markov decision process (MDP) and solve it using

standard RL techniques, so that π and f are trained to optimize a reward function based on

eq. 9.1. Several recent works have designed such formulations (Shim et al., 2018; Kachuee

et al., 2018; Janisch et al., 2019; Li and Oliva, 2021). However, these approaches are difficult

to train effectively, so our work focuses on a greedy approach that is easier to learn and

simpler to interpret.

9.4 Greedy Information Maximization

This section first defines the greedy CMI policy, and then describes an existing approximation

strategy that relies on generative models.
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9.4.1 The Greedy Selection Policy

As an idealized approach to DFS, we are interested in the greedy algorithm that selects the

most informative feature at each step. This feature can be defined in multiple ways, but we

focus on the information-theoretic perspective that the most useful feature has maximum

CMI with the response variable (Cover and Thomas, 2012). The CMI, denoted as I(xi;y |
xS), quantifies how much information an unknown feature xi provides about the response y

when accounting for the current features xS, and it is defined as the KL divergence between

the joint and factorized distributions:

I(xi;y | xS) = DKL

(
p(xi,y | xS) || p(xi | xS)p(y | xS)

)
.

Based on this, we define the greedy CMI policy as π∗(xS) ≡ argmaxi I(xi;y | xS), so that

features are sequentially selected to maximize our information about the response variable.

We can alternatively understand the policy as performing greedy uncertainty minimization,

because this is equivalent to minimizing y’s conditional entropy at each step, or π∗(xS) =

argminiH(y | xi, xS) (Cover and Thomas, 2012). For a complete characterization of this

idealized approach, we also consider that the policy is paired with the Bayes classifier as a

predictor, or f ∗(xS) = p(y | xS).
Maximizing the information about y at each step is intuitive and should be effective

in many problems. Prior work has considered the same idea, but from two perspectives

that differ from ours. First, Chen et al. (2015c) take a theoretical perspective and prove

that the greedy algorithm achieves performance within a multiplicative factor of the optimal

policy; the proof requires specific distributional assumptions, but we find that the greedy

algorithm performs well with many real-world datasets. Second, from an implementation

perspective, two works aim to provide practical approximations; however, these suffer from

several limitations, so our work aims to develop a simple and flexible alternative. In these

works, Ma et al. (2019) and Chattopadhyay et al. (2022) both require a conditional generative

model of the data distribution, which we discuss next.
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9.4.2 Estimating Conditional Mutual Information

The greedy policy is trivial to implement if we can directly calculate the CMI, but this

is rarely the case in practice. Instead, one option is to estimate it. We now describe a

procedure to do so iteratively for each feature, assuming for now that we have oracle access

to the response distributions p(y | xS) for all S ⊆ [d] and the feature distributions p(xi | xS)

for all S ⊆ [d] and i ∈ [d].

At any point in the selection procedure, given the current features xS, we can estimate

the CMI for a feature xi where i /∈ S as follows. First, we can sample multiple values for xi

from its conditional distribution, or xji ∼ p(xi | xS) for j ∈ [n]. Next, we can generate Bayes

optimal predictions for each sampled value, or p(y | xS, xji ). Finally, we can calculate the

mean prediction and the mean KL divergence relative to the mean prediction, which yields

the following CMI estimator:

Ini =
1

n

n∑
j=1

DKL

(
p(y | xS, xji ) ||

1

n

n∑
l=1

p(y | xS, xli)
)
. (9.2)

This score measures the variability among predictions and captures whether different xi

values significantly affect y’s conditional distribution. The estimator can be used to se-

lect features, or we can set π(xS) = argmaxi I
n
i , due to the following limiting result (see

Appendix G.1):

lim
n→∞

Ini = I(y;xi | xS). (9.3)

This procedure thus provides a way to identify the correct greedy selections by estimating

the CMI. Prior work has explored similar ideas for scoring features based on sampled pre-

dictions (Saar-Tsechansky et al., 2009; Chen et al., 2015b; Early et al., 2016a,b), but the

implementation choices in these works prevent them from performing greedy information

maximization. In eq. 9.2, is it important that our estimator uses the Bayes classifier, that we

sample features from the conditional distribution p(xi | xS), and that we use the KL diver-

gence as a measure of prediction variability. However, this estimator is impractical because
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we typically lack access to both p(y | xS) and p(xi | xS).

In practice, we would instead require learned substitutes for each distribution. For ex-

ample, we can use a a classifier that approximates f(xS) ≈ p(y | xS) and a generative model

that approximates samples from p(xi | xS). Similarly, Ma et al. (2019) propose jointly

modeling (x,y) with a conditional generative model, which is implemented via a modified

VAE (Kingma et al., 2015). This approach is limited for several reasons, including (i) the

difficulty of training an accurate conditional generative model, (ii) the challenge of modeling

mixed continuous/categorical features (Ma et al., 2020; Nazabal et al., 2020), and (iii) the

slow CMI estimation process. In our approach, which we discuss next, we bypass all three

of these challenges by directly predicting the best selection at each step.

9.5 Proposed Method

We now introduce our approach, a practical approximation of the greedy policy trained using

amortized optimization. Unlike prior work that estimates the CMI as an intermediate step,

we develop a variational perspective on the greedy policy, which we then leverage to train a

network that directly predicts the optimal selection given the current features.

9.5.1 A Variational Perspective on CMI

For our purpose, it is helpful to recognize that the greedy policy can be viewed as the solution

to an optimization problem. Section 9.4 provides a conventional definition of CMI as a KL

divergence, but this is difficult to integrate into an end-to-end learning approach. Instead,

we now consider the one-step-ahead prediction achieved by a policy π and predictor f , and

we determine the behavior that minimizes their loss. Given the current features xS and a

selection i = π(xS), the expected one-step-ahead loss is:

E
p(y,xi|xS)

[
ℓ
(
f(xS ∪ xi),y

)]
. (9.4)
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The variational perspective we develop here consists of two main results regarding this ex-

pected loss. The first result concerns the predictor, and we show that the loss-minimizing

predictor can be defined independently of the policy π. We formalize this in the following

proposition for classification tasks, and our results can also be generalized to regression tasks

(see proofs in Appendix G.1).

Proposition 9.1. When y is discrete and ℓ is cross entropy loss, eq. 9.4 is minimized for

any policy π by the Bayes classifier, or f ∗(xS) = p(y | xS).

The above property requires that features are selected without knowledge of the remaining

features or response variable, which is a valid assumption for DFS, but not in scenarios where

selections are based on the full feature set (Chen et al., 2018a; Yoon et al., 2018; Jethani

et al., 2021a). Now, assuming that we use the Bayes classifier f ∗ as a predictor, our second

result concerns the selection policy. As we show next, the loss-minimizing policy is equivalent

to making selections based on CMI.

Proposition 9.2. When y is discrete, ℓ is cross entropy loss and the predictor is the Bayes

classifier f ∗, eq. 9.4 is minimized by the greedy CMI policy, or π∗(xS) = argmaxi I(y;xi |
xS).

With this, we can see that the greedy CMI policy defined in Section 9.4 is equivalent to

minimizing the one-step-ahead prediction loss. Next, we exploit this variational perspective

to develop a joint learning procedure for a policy and predictor network.

9.5.2 An Amortized Optimization Approach

Instead of estimating each feature’s CMI to identify the next selection, we now develop an

approach that directly predicts the best selection at each step. The greedy policy implicitly

requires solving an optimization problem for each selection, or argmaxi I(y,xi;xS), but since

we lack access to this objective, we now formulate an approach that directly predicts the

solution. Following a technique known as amortized optimization (Amos, 2022), we do so
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by casting our variational perspective on CMI from above as an objective function to be

optimized by a learnable network.

First, because it facilitates gradient-based optimization, we now consider that the policy

outputs a distribution over feature indices. With slight abuse of notation, this section lets

the policy be a function π(xS) ∈ ∆d−1, which generalizes the previous definition π(xS) ∈ [d].

Using this stochastic version of the policy, we can now formulate our objective function as

follows.

Let the selection policy be parameterized by a neural network π(xS;ϕ) and the predictor

by a neural network f(xS; θ). Let p(S) represent a distribution with support over all subsets,

or p(S) > 0 for all |S| < d. Then, our objective function L(θ, ϕ) is defined as

L(θ, ϕ) = E
p(x,y)

E
p(S)

[
E

i∼π(xS ;ϕ)

[
ℓ
(
f(xS ∪ xi; θ),y

)]]
. (9.5)

Intuitively, eq. 9.5 represents generating a random feature set xS, sampling a feature in-

dex according to i ∼ π(xS;ϕ), and then measuring the loss of the prediction f(xS ∪ xi; θ).

Our objective thus optimizes for individual selections and predictions rather than the entire

trajectory, which lets us build on Propositions 9.1 and 9.2. We describe this as an imple-

mentation of the greedy approach because it recovers the greedy CMI selections when it is

trained to optimality. In the classification case, we show the following result under a mild

assumption that there is a unique optimal selection.

Theorem 9.1. When y is discrete and ℓ is cross entropy loss, the global optimum of eq. 9.5 is

a predictor that satisfies f(xS; θ∗) = p(y | xS) and a policy π(xS;ϕ∗) that puts all probability

mass on i∗ = argmaxi I(y;xi | xS).

If we relax the assumption of a unique optimal selection, the optimal policy π(xS;ϕ
∗)

simply splits probability mass among the best indices. A similar result holds in the re-

gression case, where we can interpret the greedy policy as performing conditional variance

minimization.
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Theorem 9.2. When y is continuous and ℓ is squared error loss, the global optimum of

eq. 9.5 is a predictor that satisfies f(xS; θ∗) = E[y | xS] and a policy π(xS;ϕ∗) that puts all

probability mass on i∗ = argmini Exi|xS
[Var(y | xi, xS)].

Proofs for these results are in Appendix G.1. Note that the function class for each model

must be expressive enough to contain their respective optima, and that the result holds for

any p(S) with support over all subsets.

This approach has two key advantages over the CMI estimation procedure from Sec-

tion 9.3. First, we avoid modeling the feature conditional distributions p(xi | xS) for all

(S, i). Modeling these distributions is a difficult intermediate step, and our approach instead

aims to directly output the optimal index. Second, our approach is faster because each se-

lection is made in a single forward pass: selecting k features using the procedure from Ma

et al. (2019) requires O(dk) scoring steps, but our approach requires only k forward passes

through the policy network π(xS;ϕ).

Furthermore, compared to a policy trained by RL, the greedy approach is easier to learn.

Our training procedure can be viewed as a form of reward shaping (Sutton et al., 1998;

Randløv and Alstrøm, 1998), where the reward accounts for the loss after each step and

provides a strong signal about whether each selection is helpful. In comparison, observing

the reward only after selecting k features provides a comparably weak signal to the policy

network. RL methods generally face a challenging exploration-exploitation trade-off, but

learning the greedy policy is simpler because it only requires finding the locally optimal

choice at each step.

9.5.3 Training With a Continuous Relaxation

Our objective in eq. 9.5 yields the correct greedy policy when it is perfectly optimized, but

L(θ, ϕ) is difficult to optimize by gradient descent. In particular, gradients are difficult to

propagate through the policy network given a sampled index i ∼ π(xS;ϕ). The Reinforce

trick (Williams, 1992) is one way to get stochastic gradients, but high gradient variance
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Figure 9.1: Diagram of our training approach. Left: features are selected by making repeated
calls to the policy network using masked inputs. Right: predictions are made after each
selection using the predictor network. Only solid lines are backpropagated through when
performing gradient descent.

can make it ineffective in many problems. There is a robust literature on reducing gradient

variance in this setting (Tucker et al., 2017; Grathwohl et al., 2018), but we propose using a

simple alternative: the Concrete distribution (Maddison et al., 2016).

An index sampled according to i ∼ π(xS;ϕ) can be represented by a one-hot vector m ∈
{0, 1}d indicating the chosen index, and with the Concrete distribution we instead sample

an approximately one-hot vector in the probability simplex, or m ∈ ∆d−1. This continuous

relaxation lets us calculate gradients using the reparameterization trick (Maddison et al.,

2016; Jang et al., 2016). Relaxing the subset S ⊆ [d] to a continuous vector also requires

relaxing the policy and predictor functions, so we let these operate on a masked input x,

or the element-wise product x⊙m. To avoid ambiguity about whether features are zero or

masked, we can also pass the mask as a model input.

Training with the Concrete distribution requires specifying a temperature parameter

τ > 0 to control how discrete the samples are. Previous works have typically trained with a

fixed temperature or annealed it over a pre-determined number of epochs (Chang et al., 2017;

Chen et al., 2018a; Balın et al., 2019), but we instead train with a sequence of τ values and

perform early stopping at each step. This removes the temperature and number of epochs

as important hyperparameters to tune. Our training procedure is summarized in Figure 9.1,
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and in more detail by Algorithm 3.

There are also several optional steps that we found can improve optimization:

• Parameters can be shared between the predictor and policy networks f(x; θ), π(x, ϕ).

This does not complicate their joint optimization, and learning a shared representation

in the early layers can in some cases help the networks optimize faster.

• Rather than training with a random subset distribution p(S), we generate subsets using

features selected by the policy π(x;ϕ). This allows the models to focus on subsets

likely to be encountered at inference time, and it does not affect the globally optimal

policy/predictor: gradients are not propagated between selections, so both eq. 9.5 and

this sampling approach treat each feature set as an independent optimization problem,

only with different weights (see Appendix G.4).

• We pre-train the predictor f(x; θ) using random subsets before jointly training the

policy-predictor pair. This works better than optimizing L(θ, ϕ) from a random ini-

tialization, because a random predictor f(x; θ) provides no signal to π(x;ϕ) about

which features are useful.

9.6 Related Work

Prior work has frequently addressed DFS using RL. For example, several works optimize a

reward based on the final prediction accuracy (Dulac-Arnold et al., 2011; Shim et al., 2018;

Janisch et al., 2019; Li and Oliva, 2021), and Kachuee et al. (2018) use a reward that accounts

for prediction uncertainty. RL is a natural approach for sequential decision-making problems,

but it can be difficult to optimize in practice: RL requires complex training routines, is slow

to converge, and is highly sensitive to its initialization (Henderson et al., 2018). As a result,

RL-based DFS does not reliably outperform static feature selection, as shown by Erion et al.

(2021) and confirmed in our experiments.
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Several other approaches include imitation learning (He et al., 2012, 2016a) and iterative

feature scoring methods (Melville et al., 2004; Saar-Tsechansky et al., 2009; Chen et al.,

2015b; Early et al., 2016b,a). Imitation learning casts DFS as supervised classification,

whereas our training approach bypasses the need for an oracle policy. Most existing feature

scoring techniques are greedy methods, like ours, but they use scoring heuristics that are

unrelated to maximizing CMI (see Section 9.4). Two feature scoring methods are specifically

designed to calculate the CMI, but they suffer from important practical limitations: both Ma

et al. (2019) and Chattopadhyay et al. (2022) rely on difficult-to-train generative models,

which can lead to inaccurate CMI estimation. Our approach is simpler, faster and more

flexible, because the selection logic is contained within a policy network that avoids the need

for generative modeling.

Static feature selection is a long-standing problem (Guyon and Elisseeff, 2003; Cai et al.,

2018). There are no default approaches for neural networks, but one option is ranking features

by local or global importance scores (Breiman, 2001; Shrikumar et al., 2017; Sundararajan

et al., 2017; Covert et al., 2020). In addition, several prior works have leveraged continuous

relaxations to learn feature selection strategies by gradient descent: for example, several

methods perform static feature selection (Chang et al., 2017; Balın et al., 2019; Yamada

et al., 2020; Lee et al., 2021; Covert et al., 2023a), and others perform instance-wise feature

selection given access to all the features (Chen et al., 2018a; Jethani et al., 2021a). Our

work uses a similar continuous relaxation for optimization, but in the DFS context, where

our method learns a selection policy rather than a static selection layer.

Finally, several works have examined greedy feature selection algorithms from a theoret-

ical perspective. For example, Das and Kempe (2011) and Elenberg et al. (2018) show that

weak submodularity implies near-optimal performance for static feature selection. More rel-

evant to our work, Chen et al. (2015c) find that the related notion of adaptive submodularity

(Golovin and Krause, 2011) does not not apply in the DFS setting, but the authors manage

to provide performance guarantees under specific distributional assumptions.
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Figure 9.2: Evaluating the greedy approach on six tabular datasets. The results for each
method are the average across five runs.

9.7 Experiments

We now demonstrate the use of our greedy approach on several datasets. We first explore

tabular datasets of various sizes, including four medical diagnosis tasks, and we then consider

two image classification datasets. Several of the tasks are natural candidates for DFS, and

the remaining ones serve as useful tasks to test the effectiveness of our approach. Code for

reproducing our experiments is available online.2

We evaluate our method by comparing to both dynamic and static feature selection

methods. As static baselines, we use permutation tests (Breiman, 2001) and SAGE (Covert

et al., 2020) to rank features by their importance to the model’s accuracy, as well as per-

prediction DeepLift (Shrikumar et al., 2017) and IntGrad (Sundararajan et al., 2017) scores

aggregated across the dataset. We then use a supervised version of the Concrete Autoencoder

2https://github.com/iancovert/dynamic-selection

https://github.com/iancovert/dynamic-selection
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(CAE, Balın et al. 2019), a state-of-the-art static feature selection method. As dynamic

baselines, we use two versions of the CMI estimation procedure described in Section 9.4.

First, we use the PVAE generative model from Ma et al. (2019) to sample unknown features,

and second, we instead sample unknown features from their marginal distribution; in both

cases, we use a classifier trained with random feature subsets to make predictions. Finally,

we also use the RL-based Opportunistic Learning (OL) approach (Kachuee et al., 2018).

Appendix G.3 provides more information about each of the baselines.

9.7.1 Tabular Datasets

We first applied our method to three medical diagnosis tasks derived from an emergency

medicine setting. The tasks involve predicting a patient’s bleeding risk via a low fibrinogen

concentration (Bleeding), whether the patient requires endotracheal intubation for respira-

tory support (Respiratory), and whether the patient will be responsive to fluid resuscitation

(Fluid). See Appendix G.2 for more details about the datasets. In each scenario, gathering

all possible inputs at inference time is challenging due to time and resource constraints, thus

making DFS a natural solution.

We use fully connected networks for all methods, and we use dropout to reduce overfitting

(Srivastava et al., 2014). Figure 9.2 (top) shows the results of applying each method with

various feature budgets. The classification accuracy is measured via AUROC, and the greedy

method achieves the best results for nearly all feature budgets on all three tasks. Among

the baselines, several static methods are sometimes close, but the CMI estimation method

is rarely competitive. Additionally, OL provides unstable and weak results. The greedy

method’s advantage is often largest when selecting a small number of features, and it usually

becomes narrower once the accuracy saturates.

Next, we conducted experiments using three publicly available tabular datasets: spam

classification (Dua and Graff, 2017), particle identification (MiniBooNE) (Roe et al., 2005)

and diabetes diagnosis (Miller, 1973). The diabetes task is a natural application for DFS and

was used in prior work (Kachuee et al., 2018). We again tested various numbers of features,
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Table 9.1: AUROC averaged across budgets of 1-10 features (with 95% confidence intervals).

Spam MiniBooNE Diabetes Bleeding Respiratory Fluid

St
at

ic

IntGrad 82.84 ± 0.68 89.10 ± 0.33 88.91 ± 0.24 66.70 ± 0.27 81.10 ± 0.04 79.94 ± 0.94
DeepLift 90.16 ± 1.24 88.62 ± 0.30 95.42 ± 0.13 67.75 ± 0.49 76.05 ± 0.35 76.96 ± 0.56
SAGE 89.70 ± 1.10 92.64 ± 0.03 95.43 ± 0.01 71.34 ± 0.19 82.92 ± 0.26 83.27 ± 0.53
Perm Test 85.64 ± 3.58 92.19 ± 0.15 95.46 ± 0.02 68.89 ± 1.06 81.56 ± 0.28 81.35 ± 1.04
CAE 92.28 ± 0.27 92.76 ± 0.41 95.91 ± 0.07 70.69 ± 0.57 83.10 ± 0.45 79.40 ± 0.86

D
yn

am
ic Opportunistic (OL) 85.94 ± 0.20 69.23 ± 0.64 83.07 ± 0.82 60.63 ± 0.55 74.44 ± 0.42 78.13 ± 0.31

CMI (Marginal) 86.57 ± 1.54 92.21 ± 0.40 95.48 ± 0.05 70.57 ± 0.46 79.62 ± 0.62 81.97 ± 0.93
CMI (PVAE) 89.01 ± 1.40 88.94 ± 1.25 90.50 ± 5.16 70.17 ± 0.74 74.12 ± 3.50 80.27 ± 1.02
Greedy (Ours) 93.91 ± 0.17 94.46 ± 0.12 96.03 ± 0.02 72.64 ± 0.31 84.48 ± 0.08 86.59 ± 0.25

and Figure 9.2 (bottom) shows plots of the AUROC for each feature budget. On these tasks,

the greedy method is once again most accurate for nearly all numbers of features. Table 9.1

summarizes the results via the mean AUROC across k = 1, . . . , 10 features, further empha-

sizing the benefits of the greedy method across all six datasets. Appendix G.5 shows larger

versions of the AUROC curves (Figure G.1 and Figure G.2), as well as plots demonstrating

the variability of selections within each dataset.

The results with these datasets reveal that, perhaps surprisingly, dynamic methods can

be outperformed by static methods. Interestingly, this point was not highlighted in prior

works where strong static baselines were not tested (Kachuee et al., 2018; Janisch et al.,

2019). For example, OL is not competitive on these datasets, and the two versions of the

CMI estimation approach are not consistently among the top baselines. Dynamic methods

are in principle capable of performing better, so the sub-par results from these methods

underscore the difficulty of learning both a selection policy and a prediction function that

works for multiple feature sets. In these experiments, our approach is the only dynamic

method to do both successfully.
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Figure 9.3: Greedy feature selection for image classification. Top left: accuracy comparison
on MNIST with results averaged across five runs. Top right: accuracy comparison on CIFAR-
10 with 95% confidence intervals. Bottom: example selections and predictions for the greedy
method with 10 out of 64 patches for CIFAR-10 images.

9.7.2 Image Classification Datasets

Next, we considered two standard image classification datasets: MNIST (LeCun et al., 1998)

and CIFAR-10 (Krizhevsky et al., 2009). Our goal is to begin with a blank image, sequentially

reveal multiple pixels or patches, and ultimately make a classification using a small portion

of the image. Although this is not an obvious use case for DFS, it represents a challenging

problem for our method, and similar tasks were considered in several earlier works (Karayev

et al., 2012; Mnih et al., 2014; Early et al., 2016a; Janisch et al., 2019).

For MNIST, we use fully connected architectures for both the policy and predictor, and

we treat pixels as individual features; we therefore have d = 784. For CIFAR-10, we use a

shared ResNet backbone (He et al., 2016b) for the policy and predictor networks, and each

network uses its own output head. The 32× 32 images are coarsened into d = 64 patches of
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size 4×4, so the selector head generates logits corresponding to each patch, and the predictor

head generates probabilities for each class.

Figure 9.3 shows our method’s accuracy for different feature budgets. For MNIST, we

use the previous baselines but exclude the CMI estimation method due to its computational

cost: it becomes slow when evaluating many candidate features. We observe a large benefit

for our method, particularly when making a small number of selections. Our greedy method

reaches nearly 90% accuracy with just 10 pixels, which is roughly 10% higher than the best

baseline and considerably higher than prior work (Balın et al., 2019; Yamada et al., 2020;

Covert et al., 2020). OL yields the worst results, and it also trains slowly due to the large

number of states.

For CIFAR-10, we omit several baseline comparisons due to their computational cost. We

use the CAE, which is our most competitive static baseline, as well as two simple baselines:

center crops and random masks of various sizes. For each method, we plot the mean and 95%

confidence intervals determined from five trials. Our greedy approach is slightly less accurate

with a very small number of patches, but it reaches significantly higher accuracy when

using 6-20 patches. Figure 9.3 (bottom) also shows qualitative examples of our method’s

predictions after selecting 10 out of 64 patches, and Appendix G.5 shows similar plots with

different numbers of patches.

9.8 Conclusion

In this work, we explored a greedy algorithm for dynamic feature selection (DFS) that

selects features based on their CMI with the response variable. We proposed an approach

to approximate this policy by directly predicting the optimal selection at each step, and

we conducted experiments that show our method outperforms a variety of existing feature

selection methods, including both dynamic and static baselines. Several problems we did

not consider here include incorporating non-uniform features costs, and determining the

ideal feature budget on a per-sample basis. We also did not explore architectures that are

well-suited to processing partial inputs, particularly for structured data like images.
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Chapter 10

ESTIMATING MUTUAL INFORMATION FOR DYNAMIC
FEATURE SELECTION

10.1 Chapter Notes

This chapter presents joint work with Soham Gadgil (co-first author) and Su-In Lee that is

currently a pre-print. This work addresses the same problem as Chapter 9, and its main

contribution is to develop an approach that estimates each feature’s conditional mutual

information with the response variable (rather than the index with maximum information),

which can be used to allow non-uniform feature costs and variable budgets across predictions.

10.2 Introduction

Many machine learning applications rely on high-dimensional datasets with significant data

acquisition costs. For example, medical diagnosis can depend on a range of demographic

features, lab tests and physical examinations, and each piece of information takes time and

money to obtain (Kachuee et al., 2018; Erion et al., 2021; He et al., 2022). To improve

interpretability and reduce data acquisition costs, a natural approach is to adaptively query

features given the current information, so that each prediction relies on only a small number

of features. This approach is referred to as dynamic feature selection (DFS),1 and it is a

promising paradigm that has been considered by several works in recent years (Kachuee

et al., 2018; Janisch et al., 2019; Chattopadhyay et al., 2022, 2023; Covert et al., 2023b).

Among the existing methods that address this problem, two main approaches have

emerged. One idea is to formulate DFS as a Markov decision process (MDP) and use rein-

forcement learning (RL) (Dulac-Arnold et al., 2011; Mnih et al., 2014; Kachuee et al., 2018;

1We use the same terminology as Chapter 9, but the problem has also been referred to by other names.
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Janisch et al., 2019). This approach has the capacity to discover the optimal policy, but

it faces training difficulties that are common in RL (Henderson et al., 2018). Alternatively,

another line of work focuses on greedy approaches, where features are selected based on their

conditional mutual information (CMI) with the response variable (Chen et al., 2015c; Ma

et al., 2019). While less flexible, the greedy approach is near-optimal under certain assump-

tions about the data distribution (Chen et al., 2015c) and has been found to work better in

practice (Chattopadhyay et al., 2023; Covert et al., 2023b).

Nevertheless, the greedy approach is non-trivial to implement because calculating the

CMI requires detailed knowledge of the data distribution (see Section 10.3). Many recent

works have explored approximating the CMI using generative models (Ma et al., 2019; Ran-

grej and Clark, 2021; Chattopadhyay et al., 2022; He et al., 2022), but these methods face

a challenging modeling problem (Rangrej and Clark, 2021; Ma et al., 2020; Nazabal et al.,

2020) and lead to a slow CMI estimation process (He et al., 2022). Instead, two recent

works introduced a simpler approach, which is to directly estimate the feature index with

maximum CMI (Chattopadhyay et al., 2023; Covert et al., 2023b). These methods rely on

simpler learning objectives, are faster at inference time, and often provide better predictive

accuracy. They can be thought of discriminative alternatives to earlier generative methods

(Ng and Jordan, 2001; Chattopadhyay et al., 2023), and their main downside is that they

bypass estimating the CMI, which can be useful for multiple purposes (e.g., determining

when to stop selecting new features).

Here, our goal is to advance the greedy DFS approach by combining the best aspects

of current methods: building on recent work (Chattopadhyay et al., 2023; Covert et al.,

2023b), we aim to estimate the CMI itself in a discriminative fashion. We aim to do so

without requiring additional labels, making strong assumptions about the data distribution,

or fitting generative models. We find that this is possible by designing a suitable learning ob-

jective, which we prove recovers the CMI if our model is trained to optimality (Section 10.5).

Based on this, we then explore a range of capabilities enabled by accurately estimating the

CMI: these include accounting for non-uniform feature costs, trading off feature cost and
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information in multiple ways, and leveraging modern architectures to improve our learning

approach.

We find that our proposal offers a promising alternative to available methods: it enables

the advantages of generative methods while retaining the simplicity of discriminative meth-

ods, and it shows improved performance in our experiments. The contributions presented in

this chapter are the following:

1. We develop a learning approach to estimate the CMI in a discriminative fashion. Our

method involves training a network to score candidate features based on their predic-

tive utility, and we prove that training with our objective recovers the exact CMI at

optimality.

2. We generalize our approach to incorporate prior information beyond the main features.

Here, we again prove that our procedure recovers a modified version of the CMI at

optimality.

3. Taking inspiration from adaptive submodular optimization, we show how to adapt our

CMI-based approach to scenarios with non-uniform feature costs.

4. We analyze the role of variable feature budgets and how they enable an improved

cost-accuracy trade-off. We show that a single instantiation of our method can be

evaluated with multiple stopping criteria, and that a policy with no per-prediction

budget constraints should perform best.

5. We investigate the role of modern architectures in improving performance in DFS. In

particular, we find that for image data, our method benefits from using ViTs rather

than standard CNNs.

Our experiments demonstrate the effectiveness of our approach across a range of applica-

tions, including several tabular and image datasets. We compare our approach to many recent
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methods, and we find that our approach provides consistent gains across all the datasets we

tested.

10.3 Problem Formulation

As in Chapter 9, we focus on a supervised learning task with input features x = (x1, . . . ,xd)

and response variable y. Our goal is to select features given the currently available informa-

tion, and do so on a per-instance basis to rapidly arrive at accurate predictions. For this,

we require a predictor f(xS) that makes predictions given any set of available features; for

example, if y is discrete then its predictions lie in the simplex, or f(xS) ∈ ∆K−1 for K

classes. We also require a selection policy π(xS) ∈ [d] that takes a set of features as its input

and outputs the next feature index to observe. We next discuss how to design these models,

focusing on an approach motivated by information theory.

Previous work has explored several approaches to design a selection policy, including

training the policy with RL (Kachuee et al., 2018; Janisch et al., 2019), imitation learning

(He et al., 2012, 2016a), and following a greedy policy based on CMI (Ma et al., 2019; Rangrej

and Clark, 2021; Chattopadhyay et al., 2023; Covert et al., 2023b). We focus here on the

latter approach, where the idealized policy selects the feature with maximum CMI at each

step, or where we define π∗(xS) = argmaxi I(y;xi | xS). Note that the CMI is equal to the

following KL divergence (Cover and Thomas, 2012):

I(y;xi | xS) = DKL (p(xi,y | xS) || p(xi | xS)p(y | xS)) . (10.1)

This approach therefore identifies the most informative feature at each step; this is consistent

with performing greedy uncertainty minimization (Covert et al., 2023b), and the same idea is

also the basis of Bayesian experimental design (Lindley, 1956; Bernardo, 1979). The idealized

selection policy is accompanied by an idealized predictor, which for classification problems

is the Bayes classifier f ∗(xS) = p(y | xS).
It is known that under certain assumptions about the data distribution, greedily selecting
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features with π∗(xS) provides performance within a multiplicative factor of the optimal policy

(Chen et al., 2015c). However, the CMI policy is difficult to implement because it requires

oracle access to the data distribution: computing eq. 10.1 requires both the response and

feature distributions p(y | xS) and p(xi | xS) for all (S, i), which presents a challenging

modeling problem. Some works have approximated I(y;xi | xS) using generative models

(Ma et al., 2019; Rangrej and Clark, 2021; Chattopadhyay et al., 2022; He et al., 2022), while

others have directly modeled π∗(xS) (Chattopadhyay et al., 2023; Covert et al., 2023b).

When we follow the greedy CMI policy, another question that arises is how many features

to select for each prediction. Previous work has focused mainly on the fixed-budget setting

(Chen et al., 2015c; Ma et al., 2019; Rangrej and Clark, 2021; Chattopadhyay et al., 2023;

Covert et al., 2023b), where we stop given xS when |S| = k for a specified budget k < d. We

instead consider variable budgets in this work, where the goal is to achieve high accuracy

given a low average feature cost. Unlike many works, we also consider non-uniform costs for

each feature. As we discuss in Section 10.5, these goals are made easier by our method for

estimating the CMI in a discriminative fashion.

10.4 Related Work

The related works here are similar to Chapter 9, but we include this discussion for complete-

ness. One of the earliest works on DFS is Geman and Jedynak (1996), who used CMI as a

selection criterion but made simplifying assumptions about the data distribution. Chen et al.

(2015c) analyzed the greedy CMI approach from a theoretical perspective and showed condi-

tions under which it achieves near-optimal performance. More recent works have focused on

practical implementations: among them, several focused on generative modeling approaches

to approximate the CMI (Ma et al., 2019; Rangrej and Clark, 2021; Chattopadhyay et al.,

2022; He et al., 2022), and two concurrent works proposed discriminative approaches that

directly predict the optimal feature index (Chattopadhyay et al., 2023; Covert et al., 2023b).

Our work develops a similar discriminative approach, but in order to estimate the CMI itself

rather than the argmax, which provides an alternative to current generative approaches.
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Apart from these, many works have addressed DFS as an RL problem (Dulac-Arnold

et al., 2011; Shim et al., 2018; Kachuee et al., 2018; Janisch et al., 2019; Li and Oliva, 2021).

For example, Janisch et al. (2019) formulate DFS as a MDP where the reward is the 0-1 loss

minus the feature cost. RL theoretically has the capacity to discover better policies than a

greedy approach, but it has not been found to perform well in practice (Erion et al., 2021;

Chattopadhyay et al., 2023; Covert et al., 2023b), seemingly due to training difficulties that

are common in RL (Henderson et al., 2018). Other works have instead explored the use of

imitation learning, where selections are made by mimicking an oracle policy (He et al., 2012,

2016a).

Finally, static feature selection has been an important subject in statistics and machine

learning for decades; see Guyon and Elisseeff (2003); Li et al. (2017a); Cai et al. (2018) for

reviews. CMI is also at the basis of some static methods, see Fleuret (2004) for example.

Greedy methods have been proven to perform well under certain assumptions about the

data distribution (Das and Kempe, 2011; Elenberg et al., 2018), and such methods are

popular for models that are inexpensive to fit (e.g., linear regression). Feature selection with

neural networks is more challenging, but methods now exist that leverage either group sparse

penalties (Feng and Simon, 2017; Tank et al., 2021; Lemhadri et al., 2021) or differentiable

gating mechanisms (Chang et al., 2017; Balın et al., 2019; Lindenbaum et al., 2021). Such

gating approaches were the basis for recent DFS methods (Chattopadhyay et al., 2023; Covert

et al., 2023b), but our work bypasses these techniques with a simpler regression objective.

10.5 Proposed Method

In this section, we introduce our method to dynamically select features by estimating the

CMI in a discriminative fashion. We then discuss how to incorporate prior information into

the selection process, handle non-uniform feature costs, and enable variable budgets across

predictions.
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10.5.1 Estimating the Conditional Mutual Information

We parameterize two networks to implement our selection policy. First, we have a predictor

network f(xS; θ), e.g., a classifier with predictions in ∆K−1. Next, we have a value network

v(xS;ϕ) ∈ Rd designed to estimate the CMI for each feature, or vi(xS;ϕ) ≈ I(y;xi | xS).
These are implemented with zero-masking to indicate missing features, and we can also pass

the mask as a binary vector to indicate missing values. Once they are trained, we make

selections according to argmaxi vi(xS;ϕ), and we can make predictions at any time using

f(xS; θ). The critical question is how to train the networks effectively, given that prior work

required generative models to estimate the CMI (Ma et al., 2019; Chattopadhyay et al.,

2022).

Our main insight is to train the models jointly but with their own objectives, and to

design an objective for the value network that recovers the CMI at optimality. Specifically,

we formulate a regression problem whose target is the incremental improvement in the loss

when incorporating a single new feature. We train the predictor to make accurate predictions

given any feature set, or

min
θ

E
p(x,y)

E
p(S)

[ℓ (f(xS; θ), y)] , (10.2)

and we simultaneously train the value network with the following regression objective,

min
ϕ

E
p(x,y)

E
p(S)

E
p(i)

[
(vi(xS;ϕ)−∆(xS,xi,y))

2] , (10.3)

where we define the loss improvement as ∆(xS, xi, y) = ℓ(f(xS; θ), y)− ℓ(f(xS∪i; θ), y). The

regression objective in eq. 10.3 is motivated by the following property, which shows that if we

assume an accurate predictor f(xS; θ) (i.e., the Bayes classifier), the value network’s labels

are unbiased estimates of the CMI (proofs are in Appendix H.1).

Lemma 10.1. When we use the Bayes classifier p(y | xS) as a predictor and ℓ is cross

entropy loss, the incremental loss improvement is an unbiased estimator of the CMI for each
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(xS,xi) pair:

E
p(y,xi|xS)

[∆(xS,xi,y)] = I(y;xi | xS). (10.4)

Based on this result and the fact that the optimal predictor does not depend on the

selection policy (Covert et al., 2023b), we can make the following claim about jointly training

the two models. We assume that both models are infinitely expressive (e.g., very wide

networks) so that they can achieve their respective optimizers.

Theorem 10.1. When ℓ is cross entropy loss, the objectives eq. 10.2 and eq. 10.3 are jointly

optimized by a predictor f(xS; θ∗) = p(y | xS) and value network where vi(xS;ϕ∗) = I(y;xi |
xS) for i ∈ [d].

This allows us to train the models in an end-to-end fashion using stochastic gradient

descent, see Figure 10.1. In Appendix H.1 we prove a similar result for regression problems:

that the policy estimates the reduction in conditional variance associated with each candidate

feature. Additional analysis in Appendix H.2 shows how suboptimality in the classifier

can affect the learned CMI estimates; however, even if the learned estimates vi(xS;ϕ) are

imperfect in practice, we expect good performance because the policy replicates selections

that yield large loss improvements during training.

Several other steps are important during training, and these are detailed in Appendix H.3.

First, like several prior methods, we pre-train the predictor with random feature sets before

beginning joint training (Rangrej and Clark, 2021; Chattopadhyay et al., 2023; Covert et al.,

2023b). Next, we generate training samples (xS, xi, y) by executing the current policy with a

random exploration probability ϵ ∈ (0, 1), which can be decayed throughout training. Finally,

we sometimes share parameters between the models, particularly when they are large; this

helps in our experiments with image data, which use either CNNs or ViTs (Dosovitskiy et al.,

2020).
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Figure 10.1: Diagram of our training approach. At each selection step n, the value network
v(xS;ϕ) predicts the CMI for all features, and a single feature xi is chosen for the next
prediction f(xS∪i; θ). The prediction loss is used to update the predictor (see eq. 10.2), and
the loss improvement is used to update the value network (see eq. 10.3). The networks are
trained jointly with SGD.

10.5.2 Incorporating Prior Information

A further direction is utilizing prior information obtained before beginning the selection

process. We view such prior information as a separate random variable z, and it can be

either an exogenous input, a subset of features that are available with no associated cost, or

even a noisy or low-resolution version of the real input x (Ranzato, 2014; Ba et al., 2014,

2015). Situations of this form arise in multiple applications, e.g., a patient’s demographic

features in a medical diagnosis setting.

Given such prior information, our idealized DFS policy should be modified as follows.

First, the selections must be based on I(y;xi | xS, z), which captures how informative xi

is given knowledge of both xS and z. Next, the predictions made at any time are given by

p(y | xS, z), because z provides information that can improve our predictions. As for our

proposed CMI estimation procedure in Section 10.5.1, it is straightforward to modify. The

two models must take the prior information z as an additional input, and we can train them



248

with modified versions of eqs. 10.2 and 10.3,

min
θ

E
p(x,y,z)

E
p(S)

[ℓ (f(xS, z; θ), y)]

min
ϕ

E
p(x,y,z)

E
p(S)

E
p(i)

[
(vi(xS, z;ϕ)−∆(xS,xi, z,y))

2] , (10.5)

where ∆(xS, xi, z, y) = ℓ(f(xS, z, ; θ), y)− ℓ(f(xS∪i, z; θ), y) is the incremental loss improve-

ment. We then have the following result for jointly training the two models.

Theorem 10.2. When ℓ is cross entropy loss, the objectives in eq. 10.5 are jointly optimized

by a predictor f(xS, z; θ∗) = p(y | xS, z) and value network where vi(xS, z;ϕ∗) = I(y;xi |
xS, z) for all i ∈ [d].

The same implementation details discussed in Section 10.5.1 apply here, and as before, we

expect strong performance even if the CMI estimates vi(xS, z;ϕ) do not reach their optimal

values in practice.

10.5.3 Allowing a Variable Feature Budget

Given our approach for estimating each feature’s CMI, a natural question is how to trade

off information with feature acquisition costs. We now consider two challenges related to

features costs: (i) how to handle non-uniform costs between features, and (ii) when to stop

collecting new features.

Non-uniform costs For the first challenge, consider medical diagnosis as a motivating

example. Diagnoses can be informed by heterogeneous data, including demographic vari-

ables, questionnaires, physical examinations, and lab tests; each measurement can require

a different amount of time or money (Kachuee et al., 2018; Erion et al., 2021), and feature

costs must be balanced with the information they provide. For simplicity, we consider that

each feature has a cost ci > 0 and that costs are additive across features.

There are multiple ways to trade off cost with information, but we take inspiration
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from adaptive submodular optimization, where item costs are accounted for via the ratio

between the expected improvement and cost. Here, this suggests that our selections should

be argmaxi I(y;xi | xS)/ci. For adaptive submodular objectives, this criterion guarantees

near-optimal performance (Golovin and Krause, 2011); the DFS problem is known not to be

adaptive submodular (Chen et al., 2015c), which means that we cannot offer performance

guarantees, but we find that this approach works well in practice (see Section 10.6).

Variable budgets Next, we consider when to stop acquiring new features. Many pre-

vious works focused on the budget-constrained setting, where we adopt a budget k for all

predictions (Chen et al., 2015c; Ma et al., 2019; Rangrej and Clark, 2021; Covert et al.,

2023b). This can be viewed as a stopping criterion, and it generalizes to non-uniform costs:

we can keep collecting new information as long as
∑

i∈s ci ≤ k. Alternatively, we can adopt a

confidence-constrained setup (Chattopadhyay et al., 2023), where selection terminates once

the predictions have low uncertainty. For classification problems, a natural approach is to

stop collecting features when H(y | xS) ≤ m.

In general, it is unclear whether we should adopt a budget- or confidence-constrained

approach, or whether there is another option that offers a better cost-accuracy trade-off.

We resolve this question by considering the optimal performance achievable by non-greedy

policies, and we present the following insight: that policies with per-prediction constraints

are Pareto-dominated by those that achieve their constraints on average. The following

proposition states this in a simplified form, and we defer the formal version to Appendix H.1

due to the extra setup and notation it requires.

Proposition 10.1. (Informal) For any feature budget k, the best policy to achieve this budget

on average achieves lower loss than the best policy with a per-prediction budget constraint.

Similarly, for any confidence level m, the best policy to achieve this confidence on average

achieves lower cost than the best policy with a per-prediction confidence constraint.

Intuitively, when designing a policy to achieve a given average cost or confidence level, it

can help to let the policy violate that level for certain predictions. If we only care about the
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average cost or accuracy, it does not help to constrain the policy on a per-prediction level.

For example, for a patient whose medical condition is inherently uncertain and will not be

resolved by any number of tests, it is preferable from a cost-accuracy perspective to stop

early rather than run many expensive tests.

Proposition 10.1 suggests that we should avoid adopting budget or confidence constraints

and instead seek the optimal unconstrained policy. We do not have access to this optimal

policy, because we assume that we only have CMI estimates (Section 10.5.1), so we opt for

a simple alternative that avoids per-prediction constraints: we adopt a penalty parameter

λ > 0, we make selections at each step according to I(y;xi | xS)/ci, and we terminate the

algorithm when argmaxi I(y;xi | xS)/ci < λ.

Following this approach, we see that a single instantiation of our model can be run with

three different stopping criteria: we can use the budget k, the confidence m, or the penalty

λ. In contrast, prior methods that penalize feature costs required training separately with

each λ value (Janisch et al., 2019). Our claim in Proposition 10.1 does not apply to our

penalized policy with the λ criterion, which is not guaranteed to be optimal, but we find

that it leads to improved performance across most datasets.

10.6 Experiments

We now present results from applying our method to several datasets. We refer to our

approach as DIME 2 (discriminative mutual information estimation) and we explore two data

modalities, image and tabular, to evaluate its performance. Our tabular datasets include

two medical diagnosis tasks, which represent natural and valuable use cases for DFS; we also

use MNIST, which was considered in many prior works (Ma et al., 2019; Chattopadhyay

et al., 2022, 2023; Covert et al., 2023b). As for our image datasets, we include these because

they are studied in several earlier works (Karayev et al., 2012; Mnih and Gregor, 2014;

Janisch et al., 2019; Rangrej and Clark, 2021) and represent challenging problems for our

2https://github.com/suinleelab/DIME

https://github.com/suinleelab/DIME
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method. We show results for our method when evaluated with either the budget-constrained

or penalized stopping criteria, and we defer comparison with the confidence-constrained

approach to Appendix H.7. We note again that DIME only needs be trained once to be

tested with all three stopping criteria.

In terms of baselines, we compare DIME to both static and dynamic feature selection

methods. As a static baseline, we compare to a supervised version of the Concrete Autoen-

coder (CAE) (Balın et al., 2019), a state-of-the-art static method that outperformed several

dynamic methods in recent work (Covert et al., 2023b). As dynamic baselines, we consider

multiple approaches: first, we compare to the recent discriminative methods that directly

predict the CMI’s argmax (Chattopadhyay et al., 2023; Covert et al., 2023b), which we refer

to as Argmax Direct. Next, as a generative approach, we consider EDDI (Ma et al., 2019),

which uses a partial variational autoencoder (PVAE) to sample unknown features. Finally,

because EDDI does not scale as well beyond tabular datasets, we compare to probabilistic

hard attention (Hard Attention) (Rangrej and Clark, 2021), a method that adapts EDDI to

work with image data. We omit comparisons to several RL approaches (Mnih and Gregor,

2014; Kachuee et al., 2018; Janisch et al., 2019) because these are harder to train have not

proved to be competitive with our other baselines (Rangrej and Clark, 2021; Chattopad-

hyay et al., 2023; Covert et al., 2023b). Appendix H.6 provides more information about the

baseline methods.

10.6.1 Tabular Datasets

We first apply our method to three tabular datasets, two of which are medical diagnosis

applications. The first task involves predicting whether a patient requires endotracheal

intubation for respiratory support (Intubation) in an emergency medicine setting (d = 112)

(Covert et al., 2023b). The second one uses cognitive, demographic, and medical history data

from the Religious Orders Study and Rush Memory and Aging Project (ROSMAP) (Bennett

et al., 2012a,b), two longitudinal aging cohort studies, to predict imminent dementia onset

(i.e., a positive diagnosis within the next three years) (d = 46). In both scenarios, it is
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Figure 10.2: Evaluation with tabular datasets for varying feature acquisition budgets. Re-
sults are averaged across 5 trials, and shaded regions indicate the standard error for each
method.

difficult to acquire the complete feature set due to time constraints, thereby showcasing the

utility of dynamic feature selection. The third is the standard MNIST digit classification

dataset (LeCun et al., 1998), which we formulate as a tabular problem by treating each pixel

as an individual feature (d = 784). Across all methods, we use fully connected networks with

dropout to reduce overfitting (Srivastava et al., 2014). Classification performance is measured

using AUROC for the medical tasks and top-1 accuracy for MNIST. Appendix H.4 provides

more details about the datasets, and Appendix H.5 provides more information about the

models.

Uniform feature costs We first consider the scenario with equal costs for all features.

Figure 10.2 shows the results of applying each method for varying numbers of features. For

DIME, we show results when it uses the exact number of features (the budget-constrained

approach) and when it uses each number of features on average (the penalized approach).

DIME with the penalized stopping criterion achieves the best results for nearly all budgets

across all three tasks. It performs the best on MNIST, where we are able to achieve above

90% accuracy with only ∼10/784 features (1.27%). Among the baselines, Argmax Direct is

the strongest dynamic method: its performance is nearly identical to DIME with a budget
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constraint, reflecting the strong similarity between the methods. CAE is a competitive

static method, and EDDI usually does not perform well, except for ROSMAP where it

approaches the other methods as more features are selected. DIME generally shows the

greatest advantage for moderate numbers of features, and the gap reduces as the performance

saturates.
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Figure 10.3: Evaluation with non-uniform feature costs for medical diagnosis tasks. Costs
are relative for Intubation and expressed in seconds for ROSMAP. The results show the
classification performance for varying levels of average feature acquisition cost.

Non-uniform costs Our CMI estimation approach lets us incorporate non-uniform feature

costs into DIME, and we demonstrate this using the Intubation and ROSMAP datasets.

For ROSMAP, we use costs expressed as the time required to acquire each feature, and for

Intubation we use relative costs estimated by a board-certified physician (Appendix H.4). For

comparisons, EDDI is the only baseline that can be adapted to use non-uniform feature costs

as described in Section 10.5. We also compare to two ablations of our approach: (i) using

uniform costs during training but the true costs during inference (Budget, Inference Costs),

which tests DIME’s robustness to changing feature costs after training; and (ii) using uniform

costs during both training and inference (Budget, No Costs), which simply demonstrates

the importance of using correct costs. All methods are compared here with the budget-

constrained stopping criterion.
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Figure 10.3 shows the results when using non-uniform feature costs. DIME outperforms

EDDI by a substantial margin, echoing the earlier results and reflecting the improved CMI

estimation with our discriminative approach. Comparing to the variations of DIME, using

the true non-uniform costs during both training and inference outperforms both variations,

showing that considering costs when making selections is important. The version that uses

costs only during inference slightly outperforms ignoring costs on ROSMAP, indicating a

degree of robustness to changing feature costs between training and inference, but both

versions give similar results on Intubation.

10.6.2 Image Datasets

Next, we applied our method to three image classification datasets. The first two are sub-

sets of the standard ImageNet dataset (Deng et al., 2009), one with 10 classes (ImageNette

Howard and Gugger 2020) and the other with 100 classes (ImageNet-100 Ambityga). The

third is a histopathology classification dataset (MHIST Wei et al. 2021), comprising hema-

toxylin and eosin (H&E)-stained fixed-size images of colorectal polyps, obtained by extracting

diagnostically-relevant image tiles from multiple whole-slide images (WSIs). The task is to

predict the histological pattern of each image as either a benign (hyperplastic polyp) or pre-

cancerous (sessile serrated adenoma) lesion. WSIs have extremely high resolution and are

infeasible to be used directly in any classification task, making them a potential use case

for DIME to identify patches most informative to the prediction. The images in all three

datasets are 224 × 224, and we view them as d = 196 patches of size 16 × 16. The value

network predicts the CMI for each patch and the predictor generates class predictions. We

explore different architectures for the value and predictor networks, namely ResNets (He

et al., 2016b) and Vision Transformers (ViTs) (Dosovitskiy et al., 2020). In both cases, we

use a shared backbone, with each component having its own output head. Classification

performance is measured using top-1 accuracy for both ImageNet subsets, and AUROC for

the histopathology task.
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Figure 10.4: Evaluation of DIME on images with different vision architectures.

Exploring modern architectures Figure 10.4 compares the performance of ResNet and

ViT architectures for the ImageNette and ImageNet-100 datasets. We use DIME to conduct

this analysis, because its discriminative approach lets us seamlessly plug in any network archi-

tecture. Across both datasets, DIME’s penalized version outperforms the budget-constrained

version, and we find that ViTs significantly outperform ResNets. This can be attributed to

the ViT’s use of self-attention: this architecture is better suited to handle partial information

because it aggregates information from patches anywhere in the image, a property that has

made ViTs useful in other applications with partial inputs (Naseer et al., 2021; Jain et al.,

2021; Salman et al., 2022). Given their superior performance, we use ViTs as backbones

in subsequent experiments where possible. This includes DIME, CAE and Argmax Direct,

but Hard Attention lacks this flexibility because it relies on a recurrent module to process

subsets of image regions.

Figure 10.5 compares DIME to the baselines across multiple feature budgets. The pe-

nalized version outperforms the baselines across all datasets for almost all feature budgets,

with the largest gains observed for ImageNette. Notably, we are able to achieve nearly 97%

accuracy on ImageNette with only ∼15/196 patches (7.7%). The Argmax Direct baseline is

competitive with DIME’s budget-constrained version, as expected, but the Hard Attention

baseline shows a large drop in performance.
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Figure 10.5: Evaluation with image datasets for varying numbers of average patches selected.

Incorporating prior information Next, we explored the possibility of incorporating

prior information into DIME’s selection process for the histopathology dataset. To simulate

informing our selections with a less exact but easily acquirable version of the tissue, we use

the Canny edge image (Canny, 1986) as a sketch, which can help generate more valuable

selections than a blank image. We use separate ViT backbones for the original and edge

images, and we concatenate the resulting embeddings before estimating the CMI or making

class predictions (see Appendix H.5 for details). Figure 10.6 shows example images, along

with the results obtained with DIME for various feature budgets. The results show that the

prior information is incorporated successfully, leading to improved performance for both the

penalized and budget-constrained versions. To verify that the accuracy increase is not due

solely to predictive signal provided by the edge image, we conduct an ablation where the

sketch is integrated into the predictor only for a pre-trained and otherwise frozen version

of DIME. This middle ground improves upon no prior information, but it generally per-

forms well below the version that uses prior information both when making selections and

predictions.
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10.7 Conclusion

This chapter presents DIME, a new approach for dynamic feature selection enabled by es-

timating the CMI in a discriminative fashion. Our approach involves learned value and

predictor networks, trained jointly in an end-to-end fashion with a straightforward regres-

sion objective. From a theoretical perspective, we prove that our training approach recovers

the exact CMI at optimality. Empirically, DIME is able to accurately estimate the CMI

and enables an improved cost-accuracy trade-off compared to existing methods: it offers a

significant improvement over existing generative methods, thereby reducing the need for such

models in this setting, and it exceeds the discriminative methods it builds upon (Chattopad-

hyay et al., 2023; Covert et al., 2023b) by taking advantage of variable feature budgets. Our

evaluation considers a range of tabular and image datasets and demonstrates the potential to

implement several additions to the classic greedy CMI selection policy: these include allow-

ing non-uniform features costs, variable budgets, and incorporating prior information. The

results also show that DIME is robust to higher image resolutions, scales to more classes, and

benefits from modern architectures. Future work may focus on promising applications like

MRIs and region-of-interest selection within WSIs, using DIME to initialize RL methods,
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and otherwise accelerating or improving DIME’s training.
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Chapter 11

DISCUSSION

In this thesis, we explored a range of approaches to provide transparency for modern

machine learning models, and particularly different types of deep neural networks. Chap-

ters 3 and 4 considered a broad class of model explanation methods, which we refer to as

removal-based explanations ; we analyzed the implementation choices that distinguish these

methods, as well as their shared theoretical foundations in information theory and game the-

ory. Next, we focused on Shapley values, a theoretically compelling attribution method that

is computationally costly in practice: Chapter 5 developed an improved statistical estimator

based on linear regression, and Chapters 6 and 7 presented the first methods for amortized

Shapley value estimation via a learned explainer model. Finally, we shifted our focus to

feature selection via deep learning, which offers the benefits of simplified input dependen-

cies and reduced data acquisition costs: Chapter 8 developed a method to select genes for

spatial transcriptomics studies, and Chapters 9 and 10 presented new methods for dynamic

feature selection based on the conditional mutual information of unobserved features with

the response variable.

Within the problems addressed by these projects, there is still room for future work.

On the subject of Shapley value estimation, it remains to be seen whether there are more

efficient or simpler ways to train explainer models. Under our proposed approach, training

the explainer model is roughly as computationally costly as training the original model,

even when we do so via fine-tuning; there may also be a performance gap relative to using

ground truth labels (Chuang et al., 2023). Furthermore, it is possible that improved non-

model-based approaches will be developed, as the Shapley value can be viewed from many

distinct mathematical perspectives (Bian et al., 2021; Chen et al., 2022). For dynamic
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feature selection, one obvious future direction is to explore promising medical applications,

such as efficient magnetic resonance imaging (MRI) via subsampled measurements. On the

methodological side, it is perhaps surprising how poorly reinforcement learning methods

performed in our experiments (Chapter 9), but we speculate that greedy approaches could

play a role in improving these by providing a strong initialization.

We also briefly address related topics that were not considered at length in this work.

The question of how to evaluate model explanations lacks a universally accepted solution,

and we largely relied on existing techniques in the literature. Following several works that

emphasize the importance of testing fidelity to the model rather than fidelity to a human

decision-making process, we focused on metrics like insertion and deletion (Petsiuk et al.,

2018), ROAR (Hooker et al., 2019), and sensitivity-n (Ancona et al., 2018). However, Chap-

ter 3 briefly discusses how these metrics are implicitly tied to removal-based methods, and

Chapter 7 discusses an information leakage issue with ROAR, which was also alluded to by

Jethani et al. (2021a). We leave to future work a more complete resolution to the topic of

metrics for model explanations.

Another related topic is the proper downstream usage of model explanations. This the-

sis was mainly focused on methodology, so we do not provide new perspectives on this

topic. However, we point readers to other works on model debugging (DeGrave et al., 2021),

biomedical knowledge discovery (Janizek et al., 2021; Iizuka et al., 2019; Novakovsky et al.,

2022), the potential for improving human-AI teamwork (Lundberg et al., 2018; Bansal et al.,

2021; Fok and Weld, 2023), and the interpretability benefits of feature selection (Guyon and

Elisseeff, 2003; Chattopadhyay et al., 2023). We expect that questions around how to best

leverage model explanations may be better addressed by human factors research rather than

research into new methodologies.

It is worth emphasizing that explainable machine learning (XML) has grown into a proper

subfield, which now considers many questions beyond feature attribution and feature selec-

tion. Important problems that we did not touch on here include understanding important

concepts within a model, and identifying valuable training data examples. The former is
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important because a model’s raw input features may not provide the best perspective to

understand a model’s dependencies (Koh et al., 2020; DeGrave et al., 2023). The latter is

becoming increasingly important, because we now rely on noisy web-scale datasets for tasks

like contrastive learning (Radford et al., 2019) and language modeling (Brown et al., 2020).

Finally, we briefly consider the role of XML in the era of large language models (LLMs).

When it comes to explaining how a decision or prediction was made, LLMs like ChatGPT

and GPT-4 (OpenAI, 2023) offer a more compelling interface than current XML methods:

users can interact with the system, ask any question in natural language, and ask follow-

up questions when necessary. Furthermore, such transparency is effectively built into the

models, because LLMs exhibit their best performance when asked to explain their reasoning

via a series of intermediate steps (known as chain-of-thought prompting) Wei et al. (2022).

While conversational interfaces may represent the path forward, a concerning issue is the

lack of grounding in such explanations: just as LLMs can hallucinate plausible-sounding

facts, they can provide linguistically coherent explanations that are divorced from how a

decision was actually made (Turpin et al., 2023). The grounding of current XML methods

in the model’s prediction mechanism is in this respect an important benefit, and it will be

interesting to see whether any lessons from these methods influence the next generation of

LLM-based explanation tools.
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Appendix A

EXPLAINING BY REMOVING: A UNIFIED FRAMEWORK

A.1 Method Details

To preserve space, we refer readers to Appendix A of the original work (Covert et al., 2021).

A.2 Additive Model Proofs

LIME calculates feature attribution values by fitting a weighted regularized linear model to

an interpretable representation of the input (Ribeiro et al., 2016). If we consider that the

interpretable representation is binary (the default behavior in LIME’s implementation), then

the model is represented by a set function u : P(d) 7→ R when we take an expectation over

the distribution of possible feature imputations. LIME is therefore equivalent to fitting an

additive model to a set function, which means solving the optimization problem

min
β0,...,βd

L(β0, . . . , βd) + Ω(β1, . . . , βd),

where we define the weighted least squares component L as

L(β0, . . . , βd) =
∑
S⊆[d]

π(S)
(
β0 +

∑
i∈S

βi − u(S)
)2
. (A.1)

For convenience, we refer to this as the weighted least squares (WLS) approach to summa-

rizing set functions, and we show that several familiar attribution values can be derived by

choosing different weighting kernels π and omitting the regularization term Ω.
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A.2.1 Include Individual

Consider the weighting kernel πInc(S) = 1(|S| ≤ 1), which puts weight only on coalitions

that have no more than one player. With this kernel, the WLS problem reduces to:

a1, . . . ad = argmin
β0,...,βd

(
β0 − u(∅)

)2
+

d∑
i=1

(
β0 + βi − u({i})

)2
.

It is clear that the unique global minimizer of this problem is given by the following solution:

a0 = u(∅)

ai = u({i})− u(∅).

The WLS approach will therefore calculate the attribution values ai = u({i})− u(∅), which

is equivalent to how Occlusion, PredDiff and CXPlain calculate local feature importance and

how permutation tests and feature ablation (LOCO) summarize global feature importance

(Breiman, 2001; Strobl et al., 2008; Zeiler and Fergus, 2014; Zintgraf et al., 2017; Lei et al.,

2018; Schwab and Karlen, 2019).

A.2.2 Remove Individual

Consider the weighting kernel πEx(S) = 1(|S| ≥ d− 1), which puts weight only on coalitions

that are missing no more than one player. With this kernel, the WLS problem reduces to:

a1, . . . , ad =argmin
β0,...,βd

(
β0 +

∑
j∈[d]

βj − u([d])
)2

+
d∑

i=1

(
β0 +

∑
j∈[d]\i

βj − u([d] \ i)
)2
.

It is clear that the unique global minimizer of this problem is given by the following solution:

a0 = u([d])−
∑
i∈[d]

ai

ai = u([d])− u([d] \ i).
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The WLS approach will therefore calculate the attribution values ai = u([d]) − u([d] \ i),
which is equivalent to how the univariate predictors approach summarizes global feature

importance (Guyon and Elisseeff, 2003).

A.2.3 Banzhaf Value

Consider the weighting kernel πB(S) = 1, which yields an unweighted least squares problem.

This version of the WLS problem has been analyzed in prior work, which showed that the

optimal coefficients are the Banzhaf values (Hammer and Holzman, 1992).

As an alternative proof, we demonstrate that a solution that uses the Banzhaf values

is optimal by proving that its partial derivatives are zero. To begin, consider the following

candidate solution, which uses the Banzhaf values ai = ψi(u) for i ∈ [d] and a carefully

chosen intercept term a0:

a0 =
1

2d

∑
S⊆[d]

u(S)− 1

2

d∑
j=1

aj

ai =
1

2d−1

∑
S⊆[d]\i

(
u(S ∪ i)− u(S)

)
= ψi(u).

We can verify whether this is a solution to the unweighted least squares problem by checking

if the partial derivatives are zero. We begin with the derivative for the intercept:

∂

∂β0
L(a0, . . . , ad) = 2

∑
S⊆[d]

(
a0 +

∑
j∈S

aj − u(S)
)

= 2
(
2da0 + 2d−1

d∑
j=1

aj −
∑
S⊆[d]

u(S)
)

= 0.
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Next, we verify the derivatives for the other parameters ai for i ∈ [d]:

∂

∂βi
L(a0, . . . , ad) = 2

∑
T⊇{i}

(
a0 +

∑
j∈T

aj − u(T )
)

= 2
(
2d−1a0 + 2d−2

d∑
j=1

aj + 2d−2ai −
∑
T⊇{i}

u(T )
)

= 2d−1ai +
∑

S⊆[d]\i

(
u(S)− u(S ∪ i)

)
= 0.

Because the gradient is zero and the problem is jointly convex in (β0, . . . , βd), we conclude

that the solution given above is optimal and unique. The optimal coefficients (a1, . . . , ad)

are precisely the Banzhaf values ψ1(u), . . . , ψd(u) of the cooperative game u.

A.2.4 Shapley Value

The weighted least squares problem is optimized by the Shapley value when we use the

following weighting kernel:

πSh(S) =
d− 1(

d
|S|

)
|S|(d− |S|)

.

Since this connection has been noted in other model explanation works, we direct readers to

existing proofs (Charnes et al., 1988; Lundberg and Lee, 2017).

A.3 Axioms for Other Approaches

Here, we describe which Shapley axioms or Shapley-like axioms apply to other summarization

approaches.
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A.3.1 Additive Model Axioms

By fitting a regularized weighted least squares model to a cooperative game, as in LIME

(Ribeiro et al., 2016), we effectively create an explanation mapping of the form E : U 7→ Rd.

We can show that this mapping satisfies a subset of the Shapley value axioms (Section 3.8).

To do so, we make the following assumptions about the weighting kernel π and regularization

function Ω (introduced in eq. 3.26):

1. The weighting kernel π is non-negative and finite for all S ⊆ [d] except for possibly the

sets ∅ and [d].

2. The weighting kernel π satisfies the inequality

(
1 X

)⊤
W
(
1 X

)
⪰ 0,

where X ∈ R2d×d contains an enumeration of binary representations for all subsets

S ⊆ [d], and W ∈ R2d×2d is a diagonal matrix containing an enumeration of π(S) for

S ⊆ [d]. This ensures that the weighted least squares component of the objective is

strictly convex.

3. The regularizer Ω is convex (e.g., the Lasso or ridge penalty).

We now address each property in turn for the weighted least squares (WLS) approach:

• (Efficiency) The WLS approach satisfies the efficiency property only when the weighting

kernel is chosen such that π(∅) = π([d]) = ∞. These weights are equivalent to the

constraints β0 = u(∅) and
∑

i∈[d] βi = u([d]) − u(∅). In cooperative game theory,

additive models with these constraints are referred to as faithful linear approximations

(Hammer and Holzman, 1992).

• (Symmetry) The WLS approach satisfies the symmetry axiom as long as the weighting

kernel π and the regularizer Ω are permutation-invariant (i.e., π is a function of the
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subset size, and Ω is invariant to the ordering of parameters). To see this, consider an

optimal solution with parameters (β∗
0 , . . . β

∗
d). Swapping the coefficients β∗

i and β∗
j for

features with identical marginal contributions gives the same objective value, so this

is still optimal. The strict convexity of the objective function implies that there is a

unique global optimum, so we conclude that β∗
i = β∗

j .

• (Null player) The null player property holds for the Shapley and Banzhaf weighting

kernels πB and πSh, but it does not hold for arbitrary π,Ω.

• (Linearity) The linearity property holds when the regularizer is set to Ω = 0. This

can be seen by viewing the solution to the WLS problem as a linear function of the

response variables (Kutner et al., 2005).

• (Marginalism) Given two games u, u′ where players have identical marginal contribu-

tions, we can see that u′ = u + c for some c ∈ R. The WLS approach satisfies the

marginalism property because it learns identical coefficients β∗
1 , . . . , β

∗
d but different

intercepts that vary by exactly c.

A.3.2 Feature Selection Axioms

The feature selection summarization techniques (MP, MIR, L2X, INVASE, REAL-X, EP,

MM, FIDO-CA) satisfy properties that are similar to the Shapley value axioms. Each method

outputs an optimal coalition S∗ ⊆ [d] rather than an allocation a ∈ Rd, so the Shapley value

axioms do not apply directly. However, we identify the following analogous properties:

• (Symmetry) If there are two players i, j with identical marginal contributions and

there exists an optimal coalition S∗ that satisfies i ∈ S and j /∈ S, then the coalition(
S∗ ∪ j

)
\ i is also optimal.

• (Null player) For a player i that makes zero marginal contribution, there must be an

optimal solution S∗ such that i /∈ S∗.
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• (Marginalism) For two games u, u′ where all players have identical marginal contribu-

tions, the coalition S∗ is optimal for u if and only if it is optimal for u′.

The feature selection explanations do not seem to satisfy properties that are analogous

to the efficiency or linearity axioms. And unlike the attribution case, these properties are

insufficient to derive a unique, axiomatic approach.

A.4 Consistency Proofs

Here, we restate and prove the results from Section 3.9, which relate to subset extensions

of a model f ∈ F that are consistent with a probability distribution q(x) (Definition 3.5).

Both results can be shown using simple applications of basic probability laws.

Proposition A.1. For a classification model f ∈ F that estimates a discrete y’s conditional

probability, there is a unique subset extension F ∈ F that is consistent with q(x),

F (xS) = E
q(xS̄ |xS)

[f(xS,xS̄)],

where q(xS̄ | xS) is the conditional distribution induced by q(x), i.e., the distribution

q(xS̄ | xS) =
q(xS̄, xS)∫

xS̄
q(xS̄, xS)

.

Proof. We begin by assuming the existence of a subset function F ∈ F that satisfies q(y |
x) = F (x) = f(x) for all x ∈ X and consider how the probability axioms can be used to

compute the conditional probability q(y | xS) given only q(x) and q(y | x).

For this proof we consider the case of discrete x, but a similar argument can be used

to prove the same result with continuous x. Below, we provide a step-by-step derivation of

q(y | xS) that indicates which axioms or definitions are used in each step. (Axiom 1 refers
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to the countable additivity property and Axiom 2 refers to Bayes rule.)

q(y | xS) =
∑

xS̄∈XS̄

q(y, xS̄ | xS) (Axiom 1)

=
∑

xS̄∈XS̄

q(y, xS, xS̄)

q(xS)
(Axiom 2)

=
∑

xS̄∈XS̄

q(y | xS, xS̄)
q(xS, xS̄)

q(xS)
(Axiom 2)

=
∑

xS̄∈XS̄

f(xS, xS̄) · q(xS̄ | xS) (Definition of f , Axiom 2)

= E
q(xS̄ |xS)

[
f(xS,xS̄)

]
(Definition of expectation)

This derivation shows that in order to be consistent with q(x) according to the probability

laws, F must be defined as follows:

F (xS) ≡ E
q(xS̄ |xS)

[
f(xS,xS̄)

]
. (A.2)

To complete the proof, we consider whether there are other ways of deriving F ’s behavior

that may demonstrate inconsistency. The only other case to consider is whether we can

derive a unique definition for F (xS\T ) when beginning from F (x) and when beginning from

F (xS) for T ⊂ S ⊂ [d]. The first result is given by eq. A.2, and we derive the second result
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as follows:

F (xS\T ) = q(y | xS\T )

=
∑

xT∈XT

q(y, xT | xS\T ) (Axiom 1)

=
∑

xT∈XT

q(y, xT , xS\T )

q(xS\T )
(Axiom 2)

=
∑

xT∈XT

q(y | xT , xS\T )
q(xT , xS\T )

q(xS\T )
(Axiom 2)

=
∑

xT∈XT

q(y | xT , xS\T ) · q(xT | xS\T ) (Axiom 2)

=
∑

xT∈XT

F (xT , xS\T ) · q(xT | xS\T ) (Definition of F )

=
∑

xT∈XT

E
q(xS̄ |xS)

[
f(xT , xS\T ,xS̄)

]
· q(xT | xS\T ) (Definition of F )

=
∑

xT∈XT

∑
xS̄∈XS̄

f(xT , xS\T , xS̄) · q(xS̄ | xT , xS\T ) · q(xT | xS\T ) (Expectation)

=
∑

xT∈XT

∑
xS̄∈XS̄

f(xT , xS\T , xS̄) · q(xT , xS̄ | xS\T ) (Axiom 2)

= E
q(xT ,xS̄ |xS\T=xS\T )

[
f(xT , xS\T ,xS̄)

]
(Definition of expectation)

This result shows that deriving F (xS\T ) from F (x) or from F (xS) yields an identical result.

We conclude that our definition of F , which marginalizes out missing features with the

conditional distribution induced by q(x), provides the unique subset extension of f that is

consistent with q(x).

Proposition A.2. For a regression model f ∈ F that estimates a real-valued y’s conditional

expectation, there is a unique subset extension F ∈ F that is consistent with q(x),

F (xS) = E
q(xS̄ |xS)

[f(xS,xS̄)],

where q(xS̄ | xS) is the conditional distribution induced by q(x).
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Proof. Unlike the previous proof, F does not directly define some q(y | xS). However, F

represents an estimate of the conditional expectation E[y | xS] for each S ⊆ [d], so we can

assume the existence of conditional distributions q(y | xS) that satisfy

F (xS) = E
q(y|xS)

[y].

We show that our probability laws are sufficient to constrain the conditional expectation

represented by F to have a unique definition for each S ⊂ [d].

Consider how the probability laws can be used to compute q(y | xS) given only q(x) and

the assumed q(y | x). For this proof, we consider the case of discrete x and y, but a similar

argument can be used to prove the same result for continuous x and y. Below, we provide

a step-by-step derivation of q(y | xS) that indicates which axioms or definitions are used in

each step. (Axiom 1 refers to the countable additivity property and Axiom 2 refers to Bayes

rule.)

q(y | xS) =
∑

xS̄∈XS̄

q(y, xS̄ | xS) (Axiom 1)

=
∑

xS̄∈XS̄

q(y, xS, xS̄)

q(xS)
(Axiom 2)

=
∑

xS̄∈XS̄

q(y | xS, xS̄)
q(xS, xS̄)

q(xS)
(Axiom 2)

=
∑

xS̄∈XS̄

q(y | xS, xS̄) · q(xS̄ | xS) (Axiom 2)

= E
q(xS̄ |xS)

[
q(y | xS,xS̄)

]
(Definition of expectation)

This derivation shows that in order to be consistent with q(x), the conditional distribution

q(y | xS) must be defined as follows:

q(y | xS) = E
q(xS̄ |xS)

[q(xS,xS̄)].
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Since F represents the expectation of these distributions, it can be derived as follows:

F (xS) = E
q(y|xS)

[y] (Definition of F )

=
∑
y∈Y

y · q(y | xS) (Definition of expectation)

=
∑
y∈Y

∑
xS̄∈XS̄

y · q(y | xS, xS̄) · q(xS̄ | xS) (Previous derivation)

=
∑

xS̄∈XS̄

E[y | xS, xS̄] · q(xS̄ | xS) (Interchanging order of sums)

=
∑
xS̄

f(xS, xS̄) · q(xS̄ | xS) (Definition of f)

= E
q(xS̄ |xS)

[
f(xS,xS̄)

]
(Definition of expectation)

According to this result, the probability laws imply that F must be defined as follows:

F (xS) ≡ E
q(xS̄ |xS)

[
f(xS,xS̄)

]
. (A.3)

To complete the proof, we consider whether there are other ways of deriving F ’s behavior

that may demonstrate inconsistency. The only other case to consider is whether we can

derive a unique definition for F (xS\T ) when beginning from F (x) and when beginning from

F (xS) for T ⊂ S ⊂ [d]. The first result is given by eq. A.3, and we now derive the second
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result. To begin, we derive q(y | xS\T ) from q(y | xS):

q(y | xS\T ) =
∑

xT∈XT

q(y, xT | xS\T ) (Axiom 1)

=
∑

xT∈XT

q(y, xT , xS\T )

q(xS\T )
(Axiom 2)

=
∑

xT∈XT

q(y | xT , xS\T )
q(xT , xS\T )

q(xS\T )
(Axiom 2)

=
∑

xT∈XT

q(y | xT , xS\T ) · q(xT | xS\T ) (Axiom 2)

= E
q(xT |xS\T=xS\T )

[
q(y | xT , xS\T )

]
(Definition of expectation)

We can now derive F (xS\T ) by taking the expectation of this distribution:

F (xS\T ) = E
q(y|xS\T=xS\T )

[y] (Definition of F )

=
∑
y∈Y

y · q(y | xS\T ) (Definition of expectation)

=
∑
y∈Y

∑
xT∈XT

y · q(y | xT , xS\T ) · q(xT | xS\T ) (Previous derivation)

=
∑

xT∈XT

E[y | xT , xS\T ] · q(xT | xS\T ) (Interchanging order of sums)

=
∑

xT∈XT

F (xT , xS\T ) · q(xT | xS\T ) (Definition of F )

=
∑

xT∈XT

∑
xS̄∈XS̄

f(xT , xS\T , xS̄) · q(xS̄ | xT , xS\T ) · q(xT | xS\T ) (Definition of F )

= E
q(xT ,xS̄ |xS\T=xS\T )

[
f(xT , xS\T ,xS̄)

]
] (Definition of expectation)

This result shows that deriving F (xS\T ) from F (x) or from F (xS) yields an identical result.

We conclude that our definition of F , which marginalizes out missing features with the

conditional distribution induced by q(x), provides the unique subset extension of f that is

consistent with q(x).
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A.5 Conditional Distribution Approximations

We now describe how several approaches to removing features can be understood as approx-

imations of marginalizing out missing features using their conditional distribution.

A.5.1 Separate Models

Shapley Net Effects (Lipovetsky and Conklin, 2001), SPVIM (Williamson and Feng, 2020)

and the original IME (Štrumbelj et al., 2009) require training separate models for each subset

of features. As in the main text, we denote these models as {fS : S ⊆ [d]}. Similarly, the

univariate predictors approach requires training models with individual features, and feature

ablation requires training models with individual features held out. These models are used to

make predictions with missing features, and they can be represented by the subset function

F (xS) = fS(xS).

Note that this F satisfies the necessary properties to be a subset extension of f[d] (in-

variance to missing features and agreement with f[d] in the presence of all features) despite

the fact that its predictions with held out features do not explicitly reference f[d]. However,

under the assumption that each fS optimizes the population risk, we show that each fS can

be understood in relation to f[d].

For a regression task where each model fS is trained with MSE loss, the model that

optimizes the population risk is the conditional expectation fS(xS) = E[y | xS]. Similarly, if

the prediction task is classification and the loss function is cross entropy (or another strictly

proper scoring function, see Gneiting and Raftery, 2007) then the model that optimizes the

population risk is the conditional probability function or Bayes classifier fS(xS) = p(y | xS).
In both cases, if each fS for S ⊆ [d] optimizes the population risk, then we observe the

following relationship between F and f[d]:

F (xS) = fS(xS) = E
[
f[d](x) | xS

]
.
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This is precisely the approach of marginalizing out missing features from f[d] using their

conditional distribution.

A.5.2 Missingness During Training

INVASE (Yoon et al., 2018) is based on a strategy of introducing missing features during

model training (Appendix A.1). It trains a model where zeros (or potentially other values)

take the place of removed features, so that the model can recognize these as missing values

and make the best possible prediction given the available information.

We show here how this approach can be understood as an approximation of marginalizing

out features with their conditional distribution. First, we note that replacing features with

a default value is problematic if that value is observed in the dataset, because the model

then faces ambiguity about whether the value is real or represents missingness. This issue

can be resolved either by ensuring that the replacement value does not occur in the dataset,

or by providing a mask vector m ∈ {0, 1}d indicating missingness as an additional input to

the model.

We assume for simplicity that this binary vector is provided as an additional input, and

we let x⊙m (the element-wise product) represent feature masking and f(x⊙m,m) denote the

model’s prediction. This can be viewed as a technique for parameterizing a subset function

F ∈ F because it ensures invariance to the features that are not selected. Specifically, we

can write

F (xS) = f
(
x⊙m(S),m(S)

)
,

where m(S) is a binary vector with ones corresponding to the members in S. If we let m

denote a random binary mask variable representing feature subsets, then the loss for training

this model is:

min
f

E
p(m,x,y)

[
ℓ
(
f(x⊙m,m),y

)]
.
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Then, if m is independent from (x,y), we can decompose the loss as follows:

E
p(m,x,y)

[
ℓ
(
f(x⊙m,m),y

)]
= E

p(m)
E

p(x,y)

[
ℓ
(
f(x⊙m,m),y

)]
=

∑
m∈{0,1}d

p(m) · E
p(x,y)

[
ℓ
(
f(x⊙m,m),y

)]
.

For each value of m, we can regard f(x⊙m,m) as a separate function on the specified subset

of features {xi : mi = 1}. Then, for classification tasks using cross entropy loss, the objective

is optimized by the function f ∗ such that

f ∗(x⊙m,m) = p(y | xS),

where S = {i ∈ [d] : mi = 1}. A similar result holds for other strictly proper scoring

functions (Gneiting and Raftery, 2007) and for regression tasks trained with MSE loss (with

the conditional probability replaced by the conditional expectation). In these cases, the result

is equivalent to marginalizing out missing features according to their conditional distribution.

One issue with INVASE, noted by Jethani et al. (2021a), is that the mask variable m is

not independent from the input vector x. Intuitively, this means that the selected features

can communicate information about the held out features, which then inform the model’s

prediction about the label y. The INVASE model therefore may not approximate p(y | xS),
potentially invalidating its information-theoretic interpretation in terms of KL divergence

minimization (Section 3.9.3).

Nonetheless, it is possible to learn a model with missingness introduced at training time

that approximates marginalizing out features using their conditional distribution. It suffices

to sample masks during training independently from the model input, e.g., by sampling

masks uniformly at random (Jethani et al., 2021a) or according to the distribution described

below.
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A.5.3 Surrogate Models

To remove features from an existing model f , we can train a surrogate model to match its

predictions when features are held out. This technique, described by Frye et al. (2021) and

implemented by L2X (Chen et al., 2018a) and REAL-X (Jethani et al., 2021a), can also

approximate marginalizing out features using their conditional distribution.

To train such a model, we require a mechanism for removing features. We let f denote the

original model and g the surrogate, and similar to the model trained with missingness, we can

remove features using a mask variable m ∈ {0, 1}d. Frye et al. (2021) suggest replacing held

out features using a value that does not occur in the training set, but we can also provide the

mask variable as an input to the surrogate. We therefore represent the surrogate’s predictions

as g(x ⊙m,m), where g can be understood as a subset function F ∈ F (with m defined as

in the case of training with missingness):

F (xS) = g
(
x⊙m(S),m(S)

)
.

The surrogate is then trained using the following objective function:

min
g

E
p(m,x)

[
ℓ
(
g(x⊙m,m), f(x)

)]
. (A.4)

If m is sampled independently from x, then we can decompose the loss as follows:

E
p(m,x)

[
ℓ
(
g(x⊙m,m), f(x)

)]
= E

p(m)
E

p(x)

[
ℓ
(
g(x⊙m,m), f(x)

)]
=

∑
m∈{0,1}d

p(m) · E
p(x)

[
ℓ
(
g(x⊙m,m), f(x)

)]
.

For each value of m, we can regard g(x⊙m,m) as a separate function on the specified subset

of features {xi : mi = 1}. Then, for specific loss functions, we can reason about the optimal

surrogate that matches the original model f most closely. For models that are compared

using MSE loss, we point to a result from Covert et al. (2020) which shows that to match
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f ’s predictions in the sense of MSE loss, the optimal surrogate function g∗ is given by

g∗(x⊙m,m) = E[f(x) | xS], (A.5)

where S = {i ∈ [d] : mi = 1}. This result justifies the approach used by Frye et al. (2021).

However, while Frye et al. (2021) focus on MSE loss, we also find that a cross entropy loss

can be used for classification tasks. When the original model f and g both output discrete

probability distributions, their predictions can be compared through a soft cross entropy

loss, which we define as follows:

H(a, b) = −
∑
j

aj log bj.

Now, for classifications models that are compared via cross entropy loss, we point to a

similar result from Covert et al. (2020) showing that the optimal surrogate model is once

again given by marginalizing out the missing features using their conditional distribution.

Notably, these results require that x and m are sampled independently during training,

which is a property that is satisfied by Frye et al. (2021) and Jethani et al. (2021a) (REAL-

X), but not Chen et al. (2018a) (L2X).

The only detail left to specify is the distribution for m in eq. A.4. Any distribution

that places mass on all m ∈ {0, 1}d should suffice, at least in principle. Masks could be

sampled uniformly at random, but for models with large numbers of features, this places

nearly all the probability mass on subsets with approximately half of the features included.

We therefore opt to use a distribution that samples the subset size uniformly at random. In

our experiments, we sample masks m as follows:

1. Sample k ∈ {0, 1, . . . , d} uniformly at random.

2. Sample k indices (i1, . . . , ik) from [d] at random and without replacement.

3. Set m with mi = 1
(
i ∈ {i1, . . . , ik}

)
.
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A.6 Information-Theoretic Connections in Regression

Here, we describe probabilistic interpretations of each explanation method’s underlying set

function (Section 3.6) in the context of regression models rather than classification models

(Section 3.9.3). We assume that the models are evaluated using MSE loss, and, as in the

main text, we assume model optimality. The different set functions have the following

interpretations.

• The set function ux(S) = F (xS) quantifies the response variable’s conditional expec-

tation:

ux(S) = E[y | xS]. (A.6)

This set function lets us examine each feature’s true relationship with the response

variable.

• The set function vxy(S) = −ℓ
(
F (xS), y

)
quantifies the squared distance between the

model output and the correct label:

vxy(S) = −
(
E[y | xS]− y

)2
. (A.7)

Under the assumption that the response variable’s conditional distribution is Gaussian,

this represents the pointwise mutual information between xS and y (up to factors that

depend on S):

I(y;xS) = − log p(y)− 1

2
log 2π − 1

2
log Var(y | xS)

− 1

2

(
E[y | xS]− y

)2
︸ ︷︷ ︸

vxy(S)

/ Var(y | xS). (A.8)

• The set function vx(S) = −Ep(y|x)
[
ℓ
(
F (xS),y

)]
quantifies the squared difference of
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the conditional expectation from the model output, up to a constant value:

vx(S) = −
(
E[y | x]− E[y | xS]

)2
+ c. (A.9)

Under the assumption that the response variable’s distribution conditioned on x = x

and xS = xS are both Gaussian, this quantity has a relationship with the KL divergence

between p(y | x) and p(y | xS):

DKL

(
p(y | x)

∣∣∣∣ p(y | xS))
=

1

2
log

Var(y | xS)
Var(y | x) −

1

2

+
(
Var(y | x) +

(
E[y | x]− E[y | xS]

)2︸ ︷︷ ︸
vx(S)

)
/
(
2 · Var(y | xS)

)
. (A.10)

• The set function v(S) = −Exy

[
ℓ
(
F (xS),y

)]
quantifies the explained variance in the

response variable y, up to a constant value:

v(S) = Var(y)− E[Var(y | xS)] + c. (A.11)

Using the entropy maximizing property of the Gaussian distribution (Cover and Thomas,

2012), we see that the explained variance has the following relationship with the mutual

information between xS and the response variable y:

I(y;xS) = H(y)− E
[
H(y | xS)

]
≥ H(y)− 1

2
E
[
log
(
2πe · Var(y | xS)

)]
≥ H(y)− 1

2
log 2πe− 1

2
logE

[
Var(y | xS)

]︸ ︷︷ ︸
v(S)

. (A.12)

Equality is achieved in the first bound if the distribution p(y | xS) is Gaussian. The
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second bound is due to Jensen’s inequality.

• The set function wx(S) = −ℓ
(
F (xS), f(x)

)
quantifies the squared difference between

the model output and the expected model output when conditioned on a subset of

features:

wx(S) = −
(
f(x)− E[f(x) | xS]

)2
. (A.13)

If we assume that p(f(x) | xS) is a Gaussian distribution, then we can view this as

a component in the KL divergence between p(f(x) | x) (a deterministic distribution)

and p(f(x) | xS):

DKL

(
p(f(x) | x)

∣∣∣∣ p(f(x) | xS))
= lim

σ→0

1

2
log

Var(f(x) | xS)
σ2

− 1

2

+
(
σ2 +

(
f(x)− E[f(x) | xS]

)2︸ ︷︷ ︸
wx(S)

)
/
(
2Var(f(x) | xS)

)

=∞. (A.14)

This result is somewhat contrived, however, because the KL divergence is ultimately

infinite due to p(f(x) | x) being deterministic. An alternative interpretation may be

possible if we consider models that predict both the mean and standard deviation for

a Gaussian response distribution.

• The set function w(S) = −Ex

[
ℓ
(
F (xS), f(x)

)]
quantifies the explained variance in

the model output, up to a constant value:

w(S) = Var
(
f(x)

)
− E

[
Var
(
f(x) | xS

)]
+ c. (A.15)

This is the variance decomposition result presented for Shapley Effects (Owen, 2014).

Using the same entropy maximizing property of the Gaussian distribution, we can also
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see that the explained variance is related to the mutual information with the model

output, which can be viewed as a random variable f(x):

I
(
f(x);xS

)
= H

(
f(x)

)
− E

[
H(f(x) | xS)

]
≥ H

(
f(x)

)
− 1

2
E
[
log
(
2πe · Var(f(x) | xS)

)]
≥ H

(
f(x)

)
− 1

2
log 2πe− 1

2
logE

[
Var
(
f(x) | xS

)]
︸ ︷︷ ︸

w(S)

(A.16)

Equality is achieved in the first bound if f(x) has a Gaussian distribution when con-

ditioned on xS = xS. The second bound is due to Jensen’s inequality.

These results are analogous to those from the classification case, and they show that

each explanation method’s set function has an information-theoretic interpretation even in

the context of regression tasks. However, the regression case requires stronger assumptions

about the data distribution to yield these information-theoretic links (i.e., Gaussian distri-

butions). To avoid strong distributional assumptions, it is more conservative to interpret

these quantities in terms of Euclidean distances (eqs. A.7, A.9 and A.13) and conditional

variances (eqs. A.11 and A.15).

A.7 Experiment Details

This section provides additional details about models, datasets and hyperparameters, as well

as some additional results.

A.7.1 Hyperparameters

The original models used for each dataset are:

• For the census income dataset, we trained a LightGBM model with a maximum of 10

leaves per tree and a learning rate of 0.05 (Ke et al., 2017).
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• For MNIST, we trained a 14-layer CNN consisting of convolutional layers with kernel

size 3, max pooling layers, and ELU activations (Clevert et al., 2015). The output was

produced by flattening the convolutional features and applying two fully connected

layers, similar to the VGG architecture (Simonyan and Zisserman, 2014). We trained

the model with Adam using a learning rate of 10−3 (Kingma and Ba, 2014).

• For the BRCA dataset, we trained a ℓ1 regularized logistic regression model and selected

the regularization parameter using a validation set.

For the BRCA dataset, to avoid overfitting, we also randomly selected a subset of 100

genes to analyze out of 17,814 total. To ensure that a sufficient number BRCA-associated

genes were selected, we tried 10 random seeds for the gene selection step and selected the seed

whose 100 genes achieved the best performance (displayed in Table A.1). A small portion

of missing expression values were imputed with their mean, and the data was centered and

normalized prior to fitting the regularized logistic regression model.

When generating explanations using feature removal approaches that required sampling

multiple values for the missing features (marginalizing with uniform, product of marginals,

or joint marginal), we used 512 samples for the census income and MNIST datasets and 372

for the BRCA dataset (the size of the train split).

As described in the main text (Section 3.11) and in Appendix A.5, we trained surrogate

models to represent marginalizing out features according to the conditional distribution. Our

surrogate models were trained as follows:

• For the census income data, the surrogate was a MLP with a masking layer and four

hidden layers of size 128 followed by ELU activations. During training, the mask

variable was sampled according to the procedure described in Appendix A.5. Our

masking layer replaced missing values with −1 (a value that did not occur in the

dataset) and also appended the mask as an additional set of features, which improved

its ability to match the original model’s predictions.
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Table A.1: List of genes analyzed.

Genes 1-17 Genes 18-34 Genes 35-51 Genes 52-68 Genes 69-85 Genes 86-100

OSTbeta NBR2 TSHR HPS4 GRINA C20orf111
STATH CCDC64 C7 ZFPM1 YTHDF3 OMA1

MAPK10 NUP210 CRYBB2 OAS2 TMCC1 NCAPH2
PLEKHG5 HEMGN PPAPDC3 TUBA1C UBE1DC1 GPX2

ERO1L SLC25A3 TXNL4B OR8K5 C6orf15 BPY2C
ZNF711 LEF1 CHST9 THSD3 PDE6A ZNF324
ZNF385 MVD HACE1 ATP6V0C PEO1 CDC27
OR52E8 OTUD3 AYTL1 RAB22A TMEM52 CCNB2
SLC5A11 KIAA1949 PRSS35 AP1B1 PARP1 CNOT7
P4HA3 SLC44A3 ZNF408 CTAGE6 GSS BIRC3
LHFPL4 ZNF775 DDC C6orf26 RDH11 GAL3ST3

MGC33657 THY1 CSTL1 ESR1 STXBP1 PLEKHM1
CAPZB DYNC1I2 OR2F1 UPK3B ACLY SPOCD1
RBM15B CYP1A1 C12orf50 ROBO4 TMSB10 PENK
C1orf176 SPTA1 SH3YL1 TMEFF1 TUBB TAS2R9

KLF3 CLEC4M SNUPN KIAA1279 LIPK
OLFM4 RXFP3 COL25A1 ZFP36L1 HRC

• For MNIST, the surrogate was a CNN with an identical architecture to the original

model (see above) except for a masking layer at the input. The masking layer replaced

missing values with zeros and appended the mask along the channels dimension.

• For the BRCA data, the surrogate was an MLP with two hidden layers of size 64

followed by ELU activations. The masking layer replaced missing values with their

mean and appended the mask as an additional set of features.

A.7.2 Additional Results

We present two supplementary results for the experiments described in Section 3.11. Fig-

ure A.1 shows more examples of MNIST explanations using the combination of the con-

ditional distribution and Shapley value (i.e., LossSHAP). These explanations consistently
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Figure A.1: MNIST prediction loss explanations using LossSHAP (feature removal with the
conditional distribution and summary with the Shapley value).

highlight important pixels within the digit as well as empty regions that distinguish the digit

from other possible classes (e.g., see the digits 3, 4 and 9).

Figure A.2 quantifies the similarity between dataset loss explanations for the BRCA

dataset using their correlation (top) and Spearman rank correlation (bottom). We see pat-

terns in these explanations that are similar to those seen with the census dataset: explana-

tions generated using Shapley values are relatively similar to those that remove individual

features or use Banzhaf values, while the include individual technique tends to differ most

from the others. Because these plots visualize correlation rather than Euclidean distance,

we can also see that Banzhaf value explanations are correlated with those that use the mean

when included technique, which was predicted by our theory (Section 3.8). Interestingly,

the Shapley value explanations are more strongly correlated across different removal strate-

gies than they are to explanations that use other summarization strategies but that remove

features in the same way (see bottom row of Figure A.2).
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Figure A.2: Mean correlation (top) and Spearman rank correlation (bottom) between differ-
ent explanation methods on the BRCA dataset.
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Appendix B

ROBUSTNESS OF REMOVAL-BASED EXPLANATIONS

B.1 Proofs: Prediction Robustness to Input Perturbations

We now re-state and prove our results from Section 4.4 related to input perturbations.

Lemma B.1. When removing features using either the baseline or marginal approaches,

the prediction function f(xS) for any feature set xS is L-Lipschitz continuous:

|f(xS)− f(x′S)| ≤ L · ∥xS − x′S∥2 ∀ xS, x′S ∈ R|S|.

Proof. The key insight for this result is that removing features using either the baseline or

marginal approach is equivalent to using a distribution q(xS̄) that does not depend on the

observed features. Because of that, we have:

|f(xS)− f(x′S)| =
∣∣∣ ∫ f(xS, xS̄)q(xS̄)dxS̄ −

∫
f(x′S, xS̄)q(xS̄)dxS̄

∣∣∣
≤
∫ ∣∣f(xS, xS̄)− f(x′S, xS̄)∣∣ · q(xS̄)dxS̄

≤ L · ∥xS − x′S∥2 ·
∫
q(xS̄)dxS̄

= L · ∥xS − x′S∥2.

Lemma B.2. When removing features using the conditional approach, the prediction func-

tion f(xS) for a feature set xS satisfies

|f(xS)− f(x′S)| ≤ L · ∥xS − x′S∥2 + 2B · dTV

(
p(xS̄ | xS), p(xS̄ | x′S)

)
,



333

where the total variation distance is defined via the L1 functional distance as

dTV

(
p(xS̄ | xS), p(xS̄ | x′S)

)
≡ 1

2

∥∥∥p(xS̄ | xS)− p(xS̄ | x′S)
∥∥∥
1
.

Proof. In this case, we must be careful to account for the different distributions used when

marginalizing out the removed features.

|f(xS)− f(x′S)| =
∣∣∣ ∫ f(xS, xS̄)p(xS̄ | xS)dxS̄ −

∫
f(x′S, xS̄)p(xS̄ | x′S)dxS̄

∣∣∣
≤
∫ ∣∣f(xS, xS̄)p(xS̄ | xS)− f(x′S, xS̄)p(xS̄ | x′S)∣∣dxS̄

≤
∫ ∣∣f(xS, xS̄)p(xS̄ | xS)− f(x′S, xS̄)p(xS̄ | xS)∣∣dxS̄
+

∫ ∣∣f(x′S, xS̄)p(xS̄ | xS)− f(x′S, xS̄)p(xS̄ | x′S)∣∣dxS̄
≤
∫ ∣∣f(xS, xS̄)− f(x′S, xS̄)∣∣ · p(xS̄ | xS)dxS̄
+

∫ ∣∣f(x′S, xS̄)∣∣ · ∣∣p(xS̄ | xS)− p(xS̄ | x′S)∣∣dxS̄
≤ L · ∥xS − x′S∥2 ·

∫
p(xS̄ | xS)dxS̄ +B ·

∫ ∣∣p(xS̄ | xS)− p(xS̄ | x′S)∣∣dxS̄
= L · ∥xS − x′S∥2 + 2B · dTV

(
p(xS̄ | xS), p(xS̄ | x′S)

)
.

Example B.1. For a Gaussian random variable x ∼ N (µ,Σ) with mean µ ∈ Rd and

covariance Σ ∈ Rd×d, Assumption 4.3 holds with M = 1
2

√
λmax(Σ−1)− λmin(Σ−1). If x is

assumed to be standardized, this captures the case where independent features yield M = 0.

Intuitively, it also means that if one dimension is roughly a linear combination of the others,

or if λmax(Σ
−1) is large, the conditional distribution can change quickly as a function of the

conditioning variables.

Proof. Consider a Gaussian random variable x with mean µ ∈ Rd and positive definite

covariance Σ ∈ Rd×d. We can partition the variable into two parts, denoted x1 and x2, and
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then partition the variable and parameters as follows:

x =

x1

x2

 µ =

µ1

µ2

 Σ =

Σ11 Σ12

Σ21 Σ22

 .

We can then consider the distribution for x1 conditioned on a specific x2 value. The condi-

tional distribution is x1 | x2 ∼ N (µ̄, Σ̄) with the parameters defined as

µ̄ = µ1 + Σ12Σ
−1
22 (x2 − µ2) Σ̄ = Σ11 − Σ12Σ

−1
22 Σ21.

Our goal is to understand the total variation distance when conditioning on different values

x2, x
′
2. Pinsker’s inequality gives us the following upper bound based on the KL divergence:

dTV

(
p(x1 | x2), p(x1 | x′2)

)
≤
√

1

2
DKL

(
p(x1 | x2) || p(x1 | x′2)

)
.

The KL divergence between Gaussian distributions has a closed-form solution, and in the

case with equal covariance matrices reduces to the following:

DKL

(
p(x1 | x2) || p(x1 | x′2)

)
=

1

2
(x2 − x′2)⊤Σ−1

22 Σ21

(
Σ11 − Σ12Σ

−1
22 Σ21

)−1
Σ12Σ

−1
22 (x2 − x′2)

To provide an upper bound on this term based on ∥x2−x′2∥2, it suffices to find the maximum

eigenvalue of the above matrix. To characterize the matrix, we observe that it is present in

the formula for the block inversion of the joint covariance matrix:

Σ−1 =

 (
Σ11 − Σ12Σ

−1
22 Σ21

)−1 −
(
Σ11 − Σ12Σ

−1
22 Σ21

)−1
Σ12Σ

−1
22

−Σ−1
22 Σ21

(
Σ11 − Σ12Σ

−1
22 Σ21

)−1
Σ−1

22 + Σ−1
22 Σ21

(
Σ11 − Σ12Σ

−1
22 Σ21

)−1
Σ12Σ

−1
22


We therefore have the following, because the matrix we’re interested in is a principal minor:

λmax

(
Σ−1

22 + Σ−1
22 Σ21

(
Σ11 − Σ12Σ

−1
22 Σ21

)−1
Σ12Σ

−1
22

)
≤ λmax(Σ

−1).
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Weyl’s inequality also gives us:

λmin(Σ
−1
22 ) + λmax

(
Σ−1

22 Σ21

(
Σ11 − Σ12Σ

−1
22 Σ21

)−1
Σ12Σ

−1
22

)
≤ λmax

(
Σ−1

22 + Σ−1
22 Σ21

(
Σ11 − Σ12Σ

−1
22 Σ21

)−1
Σ12Σ

−1
22

)
Combining this with the previous inequality, we arrive at the following:

λmax

(
Σ−1

22 Σ21

(
Σ11 − Σ12Σ

−1
22 Σ21

)−1
Σ12Σ

−1
22

)
≤ λmax(Σ

−1)− λmin(Σ
−1
22 )

For the subtractive term, we can write:

λmin(Σ
−1
22 ) =

1

λmax(Σ22)
≥ 1

λmax(Σ)
= λmin(Σ

−1).

We therefore have the following upper bound on the KL divergence:

DKL

(
p(x1 | x2) || p(x1 | x′2)

)
≤ 1

2
· ∥x2 − x′2∥22 ·

(
λmax(Σ

−1)− λmin(Σ
−1)
)
.

Combining this with Pinsker’s inequality, we arrive at the final result:

dTV

(
p(x1 | x2), p(x1 | x′2)

))
≤ 1

2
· ∥x2 − x′2∥2 ·

√
λmax(Σ−1)− λmin(Σ−1).

This means that we have M = 1
2

√
λmax(Σ−1)− λmin(Σ−1).

Notice that this does not imply M = 0 when the features x are independent: it only

captures this for the case of isotropic variance. However, if we assume that x is standardized,

so that each dimension has variance equal to 1, M = 0 is implied for independent features

because we have Σ = I.

Lemma B.3. Under Assumption 4.3, the prediction f(xS) defined using the conditional

approach is Lipschitz continuous with constant L+ 2BM for any feature set xS.
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Proof. The result follows directly from Lemma 4.2 and Assumption 4.3:

|f(xS)− f(x′S)| ≤ L · ∥xS − x′S∥2 + 2B · dTV

(
p(xS̄ | xS), p(xS̄ | x′S)

)
≤ L · ∥xS − x′S∥2 + 2BM · ∥xS − x′S∥2
= (L+ 2BM) · ∥xS − x′S∥2.

B.2 Proofs: Prediction Robustness to Model Perturbations

We now re-state and prove our results from Section 4.4 related to model perturbations.

Lemma B.4. For two models f, f ′ : Rd 7→ R and a subdomain X ′ ⊆ Rd, the prediction

functions f(xS), f
′(xS) for any feature set xS satisfy

|f(xS)− f ′(xS)| ≤ ∥f − f ′∥∞,X ′ ·QxS
(X ′) + 2B ·

(
1−QxS

(X ′)
)
,

where QxS
(X ′) is the probability of imputed samples lying in X ′ based on the distribution

q(xS̄):

QxS
(X ′) ≡ E

q(xS̄)
[I {(xS,xS̄) ∈ X ′}] .

Proof. The main idea here is that when integrating over the difference in function outputs, we

can separate the integral over (xS,xS̄) values falling in the domains X ′ and Rd \X ′. Because

we have a single value for the observed variables xS, the distribution q(xS̄) is identical for



337

both terms regardless of the removal technique.

|f(xS)− f ′(xS)| =
∣∣∣ ∫ f(xS, xS̄)q(xS̄)dxS̄ −

∫
f ′(xS, xS̄)q(xS̄)dxS̄

∣∣∣
≤
∫ ∣∣f(xS, xS̄)− f ′(xS, xS̄)

∣∣ · q(xS̄)dxS̄
=

∫ ∣∣f(xS, xS̄)− f ′(xS, xS̄)
∣∣ · I {(xS,xS̄) ∈ X ′} · q(xS̄)dxS̄

+

∫ ∣∣f(xS, xS̄)− f ′(xS, xS̄)
∣∣ · I {(xS,xS̄) /∈ X ′} · q(xS̄)dxS̄

≤ ∥f − f ′∥∞,X ′

∫
I {(xS,xS̄) ∈ X ′} · q(xS̄)dxS̄

+ 2B ·
∫

I {(xS,xS̄) /∈ X ′} · q(xS̄)dxS̄

= ∥f − f ′∥∞,X ′ ·QxS
(X ′) + 2B ·

(
1−QxS

(X ′)
)

Lemma B.5. When removing features using the conditional approach, the prediction func-

tions f(xS), f
′(xS) for two models f, f ′ and any feature set xS satisfy

|f(xS)− f ′(xS)| ≤ ∥f − f ′∥∞,X .

Proof. The result follows directly from Lemma 4.4 when we set X ′ = X . Note that when we

remove features using the conditional distribution, we have QxS
(X ) = 1 for all xS lying on

the data manifold, or where there exists xS̄ such that p(xS, xS̄) > 0.

Lemma B.6. When removing features using the baseline or marginal approach, the pre-

diction functions f(xS), f
′(xS) for two models f, f ′ and any feature set xS satisfy

|f(xS)− f ′(xS)| ≤ ∥f − f ′∥∞.

Proof. The result follows directly from Lemma 4.4 when we set X ′ = Rd, because we have

QxS
(Rd) = 1 for all xS ∈ R|S|.
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B.3 Proofs: Summary Technique Robustness

We now re-state and prove our results from Section 4.4 related to summary techniques.

Proposition B.1. The attributions for each method can be calculated by applying a linear

operator A ∈ Rd×2d to a vector v ∈ R2d representing the predictions with each feature set, or

ϕ(f, x) = Av,

where the linear operator A for each method is listed in Table 4.3, and v is defined as vS =

f(xS) for each S ⊆ [d] based on the chosen feature removal technique.

Proof. This result follows directly from the definition of each method. Following the approach

of Covert et al. (2021), we disentangle between each method’s feature removal implementation

and how it generates attribution scores. Assuming a fixed input x where f(xS) denotes the

prediction with a feature set, each method’s attributions are defined as follows.

• Occlusion (Zeiler and Fergus, 2014): this method simply compares the prediction

given all features and the prediction with a single missing feature. The attribution

score ϕi(f, x) is defined as

ϕi(f, x) = f(x)− f(x[d]\i).

We refer to this summary technique as “leave-one-out” in Table 4.3.

• Shapley value (Shapley, 1953; Lundberg and Lee, 2017): this method calculates the

impact of removing a single feature, and then averages this over all possible preceding

subsets. The attribution score ϕi(f, x) is defined as

ϕi(f, x) =
1

d

∑
S⊆[d]\i

(
d− 1

|S|

)−1(
f(xS∪i)− f(xS)

)
.
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• Banzhaf value (Banzhaf, 1964; Chen and Jordan, 2020): this method is similar to the

Shapley value, but it applies a uniform weighting when averaging over all preceding

subsets. The attribution score ϕi(f, x) is defined as

ϕi(f, x) =
1

2d−1

∑
S⊆[d]\i

(
f(xS∪i)− f(xS)

)
.

• RISE (Petsiuk et al., 2018): this method is similar to the Banzhaf value, but it does

not subtract the value for subsets where a feature is not included. The attribution

score ϕi(f, x) is defined as

ϕi(f, x) =
1

2d−1

∑
S⊆[d]\i

f(xS∪i).

We refer to this summary technique as “mean when included” in Table 4.3

• LIME (Ribeiro et al., 2016): this method is more flexible than the others and generally

involves solving a regression problem that treats the features as inputs and the predic-

tions as labels. LIME can be viewed as a removal-based explanation when the features

are represented in a binary fashion, indicating whether they are provided to the model

or not (Covert et al., 2021). There is also a choice of weighting kernel w(S) ≥ 0, of a

regularization term, and of whether to fit an intercept term.

We assume that the regularization is zero and that we fit an intercept term. Denoting

the model’s coefficients as (β0, . . . , βd), the problem is the following:

min
β0,...,βd

∑
S⊆[d]

w(S)
(
β0 +

∑
i∈S

βi − f(xS)
)2
.

We can rewrite this problem in a simpler fashion to derive its solution. First, we let

W ∈ [0, 1]2
d×2d be a diagonal matrix containing the weights w(S) for each subset.

Next, we let the predictions be represented by a vector v ∈ R2d where vS = f(xS), and
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we let the matrix Z ∈ {0, 1}2d×d enumerate all subsets in a binary fashion. Finally,

to accommodate the intercept term, we let β = (β0, . . . , βd) ∈ Rd+1 represent the

parameters, and we prepend a columns of ones to Z, resulting in Z ′ ∈ {0, 1}2d×(d+1).

The problem then becomes:

min
β

(Z ′β − v)⊤W (Z ′β − v′) =
∥∥Z ′β − v

∥∥2
W
.

Assuming that Z ′⊤WZ ′ is invertible, which is guaranteed when w(S) > 0 for all S ⊆ [d],

this problem has a closed-form solution:

β∗ = (Z ′⊤WZ ′)−1Z ′⊤Wv.

LIME’s attribution scores are given by ϕi(f, x) = β∗
i , for i = 1, ..., d, where we discard

the intercept term. We can therefore conclude that each attribution is a linear function

of v, with coefficients given by all but the top row of (Z ′⊤WZ ′)−1Z ′⊤W . If we denote all

but the first row of (Z ′⊤WZ ′)−1 as (Z ′⊤WZ ′)−1
[1:], then we have A = (Z ′⊤WZ ′)−1

[1:]Z
′⊤W .

The formula for the attributions remains roughly the same if we do not fit an intercept

term: if the intercept is zero, we have A = (Z⊤WZ)−1Z⊤W . We can similarly allow

for ridge regularization: given a penalty with parameter λ > 0, we then have A =

(Z⊤WZ + λI2d)
−1Z⊤W .

These coefficients depend on the specific choice of weighting kernel w(S), and previous

work has shown that leave-one-out, Shapley and Banzhaf values all correspond to

specific weighting kernels (Covert et al., 2021). Our analysis of those methods therefore

pertains to LIME in a limited sense. However, LIME often uses a heuristic exponential

kernel in practice, which is more difficult to characterize analytically. We therefore

omit the specific entries and norms for LIME in Table 4.3, but show norms for the

exponential kernel in our computed results.

We refer to this summary technique as “weighted least squares” in Table 4.3.
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We can therefore see that in each method, ϕi(f, x) is a linear function of the predictions

for each S ⊆ [d]. Across all methods, we can let the predictions be represented by a vector

v ∈ R2d and the coefficients by a matrix A ∈ Rd×2d .

Lemma B.7. The difference in attributions given the same summary technique A and dif-

ferent model outputs v, v′ can be bounded as

∥Av − Av′∥2 ≤ ∥A∥2 · ∥v − v′∥2 or ∥Av − Av′∥2 ≤ ∥A∥1,∞ · ∥v − v′∥∞,

where ∥A∥2 is the spectral norm, and the operator norm ∥A∥1,∞ is the square root of the sum

of squared row 1-norms, with values for each A given in Table 4.3.

Proof. We first derive the two matrix inequalities. The first inequality follows from the

definition of the spectral norm, which is defined as the maximum singular value:

∥A∥2 ≡ sup
u̸=0

∥Au∥2
∥u∥2

= σmax(A) =
√
λmax(AA⊤).

We prove the second bound using Holder’s inequality as follows, where Ai denotes the ith

row:

∥Au∥2 =

√√√√ d∑
i=1

(A⊤
i u)

2 ≤

√√√√ d∑
i=1

∥Ai∥21 · ∥u∥2∞ = ∥u∥∞ ·

√√√√ d∑
i=1

∥Ai∥21 = ∥u∥∞ · ∥A∥1,∞.

In the special case where all of A’s row 1-norms are equal, or where we have ∥Ai∥1 = ∥Aj∥1
for all i, j ∈ [d], we can use the simplified expression ∥A∥1,∞ = ∥A1∥1 ·

√
d.

Next, we derive the specific norm values for each linear operator in Table 4.3.

Beginning with the operator norm ∥A∥1,∞, we remark that several methods have equal

1-norms across all rows: following their interpretation as semivalues (Monderer et al., 2002),

leave-one-out, Shapley and Banzhaf all have ∥Ai∥1 = 2 for all i ∈ [d]. Similarly, RISE has

∥Ai∥1 = 1 for all i ∈ [d]. This yields the norms ∥A∥1,∞ = 2
√
d for leave-one-out, Banzhaf

and Shapley, and ∥A∥1,∞ =
√
d for RISE.
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For the spectral norm, we consider each method separately. We find that for all methods,

it is simplest to calculate AA⊤ and then λmax(AA
⊤) to find the maximum singular value

σmax(A). Note that the entries of the matrix are determined by the inner product (AA⊤)ij =

A⊤
i Aj.

For leave-one-out, we derive AA⊤ as follows:

(AA⊤)ij =

2 if i = j

1 otherwise.

The matrix AA⊤ is therefore the sum of a rank-one component and an identity term, or we

have AA⊤ = 1d1d + Id. Recognizing that 1d is the leading eigenvector, we get the following

result:

σmax(A) =
√
λmax(AA⊤) =

√
(1d1d + Id)1d

∥1d∥2
=

√
1dd+ 1d

∥1d∥2
=
√
d+ 1.

For the Banzhaf value, we derive AA⊤ as follows:

(AA⊤)ij =

1/22d−2 if i = j

0 otherwise.

The max eigenvalue is therefore λmax(AA
⊤) = 1/2d−2, which yields ∥A∥2 = 1/2d/2−1.

For the mean when included technique used by RISE, we derive AA⊤ as follows:

(AA⊤)ij =

1/2d−1 if i = j

1/2d otherwise.

The matrix AA⊤ is therefore the sum of a rank-one component and an identity term, or we

have AA⊤ = 1d1d/2
d + Id/2

d. Recognizing that 1d is the leading eigenvector, we get the
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following result:

σmax(A) =
√
λmax(AA⊤) =

√
(1d1d/2d + Id/2d)1d

∥1d∥2
=

√
1dd/2d + 1d/2d

∥1d∥2
=

√
d+ 1

2d
.

For the Shapley value, we derive AA⊤ by first considering the diagonal entries:

(AA⊤)ii = A⊤
i Ai =

∑
S:i∈S

(
(|S| − 1)!(d− |S|)!

d!

)2

+
∑
S:i/∈S

( |S|!(d− |S| − 1)!

d!

)2

=
d∑

k=0

[(
d− 1

k − 1

)(
(k − 1)!(d− k)!

d!

)2

+

(
d− 1

k

)(
k!(d− k − 1)!

d!

)2
]

=
1

d

d∑
k=1

(k − 1)!(d− k)!
d!

+
1

d

d−1∑
k=0

k!(d− k − 1)!

d!

=
d−1∑
k=1

(k − 1)!(d− k − 1)!

d!
+

2

d2︸︷︷︸
k=0,k=d

=
1

d(d− 1)

d−1∑
k=1

(
d− 2

k − 1

)−1

+
2

d2
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We next consider the off-diagonal entries:

(AA⊤)ij = A⊤
i Aj =

∑
S:i∈S,j∈S

(|S| − 1)!(d− |S|)!
d!

(|S| − 1)!(d− |S|)!
d!

−
∑

S:i∈S,j /∈S

(|S| − 1)!(d− |S|)!
d!

|S|!(d− |S| − 1)!

d!

−
∑

S:i/∈S,j∈S

|S|!(d− |S| − 1)!

d!

(|S| − 1)!(d− |S|)!
d!

+
∑

S:i/∈S,j /∈S

|S|!(d− |S| − 1)!

d!

|S|!(d− |S| − 1)!

d!

=
d∑

k=0

(
d− 2

k − 2

)
(k − 1)!(d− k)!

d!

(k − 1)!(d− k)!
d!

− 2
d∑

k=0

(
d− 2

k − 1

)
(k − 1)!(d− k)!

d!

k!(d− k − 1)!

d!

+
d∑

k=0

(
d− 2

k

)
k!(d− k − 1)!

d!

k!(d− k − 1)!

d!

=
d∑

k=2

(k − 1)

d(d− 1)

(k − 1)!(d− k)!
d!

− 2
d−1∑
k=1

1

d(d− 1)

k!(d− k)!
d!

+
d−2∑
k=0

(d− k − 1)

d(d− 1)

k!(d− k − 1)!

d!

We first focus on the case where d > 2, and we later return to the case where d = 2. We can
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group terms that share the same k values to simplify the above:

A⊤
i Aj =

1

d(d− 1)

− d−2∑
k=2

(k − 1)!(d− k − 1)!

(d− 1)!
+

2(d− 1)

d︸ ︷︷ ︸
k=0,k=d

− 2

d− 1︸ ︷︷ ︸
k=1,k=d−1


= − 1

d(d− 1)

d−2∑
k=2

(k − 1)!(d− k − 1)!

(d− 1)!
+

2

d2
− 2

d(d− 1)2

= − 1

d(d− 1)2

d−2∑
k=2

(
d− 2

k − 1

)−1

+
2

d2
− 2

d(d− 1)2
.

By convention, we let the summation above evaluate to zero for d = 3. We therefore have

the following result for AA⊤:

(AA⊤)ij =


1

d(d−1)

∑d−1
k=1

(
d−2
k−1

)−1
+ 2

d2
if i = j

− 1
d(d−1)2

∑d−2
k=2

(
d−2
k−1

)−1
+ 2

d2
− 2

d(d−1)2
otherwise.

From this, we can see that AA⊤ is the sum of a rank-one component and an identity term,

or that we have AA⊤ = 1d1db+ Id(c− b) with values for b = (AA⊤)ij and c = (AA⊤)ii given

above. This matrix has two eigenvalues, c− b and db+ (c− b), and we must consider which

of the two is larger. Under our assumption of d > 2, we can observe that b > 0:

b = (AA⊤)ij =
2

d2
− 1

d(d− 1)2

d−2∑
k=2

(
d− 2

k − 1

)−1

− 2

d(d− 1)2

≥ 2

d2
− 1

d(d− 1)2

d−2∑
k=2

(
d− 2

1

)−1

− 2

d(d− 1)2

=
2

d2
− d− 3

d(d− 1)2(d− 2)
− 2

d(d− 1)2

=
2(d− 1)2(d− 2)− d(d− 3)− 2d(d− 2)

d2(d− 1)2(d− 2)

It can be verified that the numerator of the above fraction is positive for d > 2. This implies



346

that db+ (c− b) is the larger eigenvalue in this case. We can therefore calculate λmax(AA
⊤)

as follows:

λmax(AA
⊤) = db+ (c− b) = c+ (d− 1)b

=
2

d2
+

2

d(d− 1)︸ ︷︷ ︸
k=1,k=d−1

+
2(d− 1)

d2
− 2

d(d− 1)

=
2(d− 1) + 2(d− 1)2

d2(d− 1)

=
2

d

On the other hand, when we have d = 2 we have the following entries for AA⊤:

(AA⊤)ij =

1 if i = j

0 otherwise.

This yields λmax(AA
⊤) = 1, which coincides with the general formula λmax(AA

⊤) = 2/d

derived above. Finally, this let us conclude that the spectral norm for the Shapley value is

the following:

∥A∥2 =
√
λmax(AA⊤) =

√
2

d
.

Lemma B.8. When the linear operator A satisfies the boundedness property, we have

∥A∥1,∞ = 2
√
d.

Proof. Following Theorem 1 in Monderer et al. (2002), solution concepts satisfying linearity

and the boundedness property (also known as the Milnor axiom) are probabilistic values.

This means that each attribution is the average of a feature’s marginal contributions, or that

for each feature i ∈ [d] there exists a distribution pi(S) with support on the power set of
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[d] \ i, such that the attributions are given by

ϕi(f, x) = E
pi(S)

[
f(xS∪i)− f(xS)

]
=
∑

S⊆[d]\i

pi(S)
(
f(xS∪i)− f(xS)

)
. (B.1)

The corresponding matrix A ∈ Rd×2d therefore has rows Ai with entries AiS ≥ 0 when i ∈ S
and AiS ≤ 0 when i /∈ S, where the positive and negative entries each sum to 1. We can

therefore conclude that each row satisfies ∥Ai∥1 = 2, and that ∥A∥1,∞ = 2
√
d.

Lemma B.9. When the linear operator A satisfies the boundedness and symmetry prop-

erties, the spectral norm is bounded as follows,

1

2d/2−1
≤ ∥A∥2 ≤

√
d+ 1,

with 1/2d/2−1 achieved by the Banzhaf value and
√
d+ 1 achieved by leave-one-out.

Proof. Following Monderer et al. (2002), solution concepts satisfying linearity, boundedness

and symmetry are semivalues. This means that they are probabilistic values for which the

probability distribution pi(S) depends only on the cardinality |S| (see the proof above). As

a result, we can parameterize the summary technique by how much weight it places on each

cardinality.

Let α ∈ Rd denote a probability distribution over the cardinalities k = 1, . . . , d. We can

write the attributions generated by any semivalue as follows:

ϕi(f, x) =
d∑

k=1

αk

∑
S⊆[d]\i
|S|=k−1

(
d− 1

k − 1

)−1(
f(xS∪i)− f(xS)

)
.

Note that this resembles eq. B.1, only with coefficients that are shared between all subsets

with the same cardinality. Due to each attribution being a linear combination of the predic-

tions, we can associate a matrix A ∈ Rd×2d with each semivalue, similar to Proposition 4.1.
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Furthermore, we can let A be a linear combination of basis elements corresponding to each

cardinality. We define the basis matrix A(k) ∈ Rd×2d for each cardinality k = 1, . . . , d as

follows:

A
(k)
iS =



(
d−1
|S|−1

)−1
if i ∈ S and |S| = k

−
(
d−1
|S|

)−1
if i /∈ S and |S| = k − 1

0 otherwise.

With this, we can write the matrix associated with any semivalue as a function of the

cardinality weights α:

A(α) =
d∑

k=1

αkA
(k).

An important insight is that by composing a linear function with the convex spectral norm

function (Boyd et al., 2004), we can see that ∥A(α)∥2 is a convex function of α. This lets

us find both the upper and lower bound of ∥A(α)∥2 subject to α being a valid probability

distribution.

For the lower bound, we refer readers to Theorem C.3 from Wang and Jia (2022), who

prove that the Banzhaf value achieves the minimum with α∗ such that α∗
k =

(
d−1
k−1

)
/2d−1

and spectral norm ∥A(α∗)∥2 = 1/2d/2−1. Notice that this is a valid probability distribution

because we have
∑d

k=1

(
d−1
k−1

)
= 2d−1. Also note that the proof in (Wang and Jia, 2022)

parameterizes α slightly differently.

For the upper bound, we can leverage convexity to make the following argument. The

fact that spectral norm is convex with α representing probabilities lets us write the following

for any α value:

σmax

(
A(α)

)
= σmax

(
d∑

k=1

αk · A(k)

)
≤

d∑
k=1

αk · σmax

(
A(k)

)
≤ max

k

{
σmax

(
A(k)

)}
.
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Finding the upper bound therefore reduces to finding the basis element with the largest

spectral norm. For each basis element A(k), we can derive the spectral norm by first finding

the maximum eigenvalue of A(k)A(k)⊤ ∈ Rd×d. In deriving this matrix, we first consider the

diagonal entries:

(
A(k)A(k)⊤)

ii
=

∑
S:i∈S,|S|=k

(
d− 1

|S| − 1

)−2

+
∑

S:i/∈S,|S|=k−1

(
d− 1

|S|

)−2

=

(
d− 1

k − 1

)(
d− 1

k − 1

)−2

+

(
d− 1

k − 1

)(
d− 1

k − 1

)−2

= 2

(
d− 1

k − 1

)−1

.

Next, we consider the off-diagonal entries:

(
A(k)A(k)⊤)

ij
=

∑
S:i∈S,j∈S,|S|=k

(
d− 1

|S| − 1

)−2

+
∑

S:i/∈S,j /∈S,|S|=k−1

(
d− 1

|S|

)−2

=

(
d− 2

k − 2

)(
d− 1

k − 1

)−2

+

(
d− 2

k − 1

)(
d− 1

k − 1

)−2

=
k − 1

d− 1

(
d− 1

k − 1

)−1

+
d− k
d− 1

(
d− 1

k − 1

)−1

=

(
d− 1

k − 1

)−1

.

To summarize, the entries of this matrix are the following:

(
A(k)A(k)⊤)

ij
=

2
(
d−1
k−1

)−1
if i = j(

d−1
k−1

)−1
otherwise.

We therefore see that A(k)A(k)⊤ is equal to a rank-one matrix plus an identity matrix, or

A(k)A(k)⊤ = b1d1
⊤
d + (c− b)Id, with values for b =

(
A(k)A(k)⊤)

ij
and c =

(
A(k)A(k)⊤)

ii
given

above. Recognizing that b > 0 and therefore that 1d is the leading eigenvector, we have the
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following expression for the maximum eigenvalue:

λmax

(
A(k)A(k)⊤) = c+ (d− 1)b

=
(
A(k)A(k)⊤)

ii
+ (d− 1) ·

(
A(k)A(k)⊤)

ij

= (d+ 1)

(
d− 1

k − 1

)−1

.

Finally, we must consider how to maximize this as a function of k. Setting k = 1 or k = d

achieves the same value of d+ 1, which yields the following spectral norm:

∥A(d)∥2 =
√
λmax

(
A(d)A(d)⊤

)
=
√
d+ 1.

The case with k = d corresponds to leave-one-out (see Lemma 4.7), and k = 1 corresponds

to an analogous leave-one-in approach that has been discussed in prior work (Covert et al.,

2020, 2021).

Lemma B.10. When the linear operator A satisfies the boundedness and efficiency prop-

erties, the spectral norm is bounded as follows,

√
2

d
≤ ∥A∥2 ≤

√
2 + 2 · cos

(
π

d+ 1

)
,

with
√
2/d achieved by the Shapley value.

Proof. Following Monderer et al. (2002), solution concepts satisfying linearity, boundedness

and efficiency are random-order values (or quasivalues). This means that the attributions

are the average marginal contributions across a distribution of feature orderings. Reasoning

about such orderings requires new notation, so we use π to denote an ordering over [d], and

π(i) to denote the position of index i within the ordering. We also let Pre(π, i) denote the set

of all elements preceding i in the ordering, or Pre(π, i) ≡ {j : π(j) < π(i)}. Similarly, we let

Pre(π, i, j) be an indicator of whether j directly precedes i in the ordering, or Pre(π, i, j) ≡
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I{π(j) = π(i)− 1}. Finally, we use Π to denote the set of all orderings, where |Π| = d!.

Now, given a distribution over orderings p(π), we can write the attributions for any

random-order value as follows:

ϕi(f, x) =
∑
π∈Π

p(π)
(
f(xPre(π,i)∪i)− f(xPre(π,i))

)
=
∑

S⊆[d]\i

( ∑
π:Pre(π,i)=S

p(π)
)(
f(xS∪i)− f(xS)

)
.

Based on this formulation, we can associate a matrix A ∈ Rd×2d with each random-order

value based on the coefficients applied to each prediction. The entries are defined as follows:

AiS =


∑

π:Pre(π,i)=S\i p(π) if i ∈ S

−∑π:Pre(π,i)=S p(π) otherwise.

Furthermore, we can view A as a linear combination of basis elements A(π) ∈ Rd×2d corre-

sponding to each individual ordering. We define the basis matrix A(π) associated with each

π ∈ Π as follows:

A
(π)
iS =


1 if Pre(π, i) = S \ i

−1 if Pre(π, i) = S

0 otherwise.

With this, we can write the linear operator A corresponding to a distribution p(π) as the

following linear combination:

A(p) =
∑
π∈Π

p(π) · A(π).

By composing a linear operation with the convex spectral norm function (Boyd et al., 2004),

we can see that ∥A(p)∥2 is a convex function of the probabilities p(π) assigned to each
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ordering. This will allow us to derive a form for both the upper and lower bound on ∥A(p)∥2.

Beginning with the upper bound, we can use convexity to write the following:

σmax

(
A(p)

)
= σmax

(∑
π∈Π

p(π) · A(π)
)
≤
∑
π∈Π

p(π) · σmax

(
A(π)

)
≤ max

π∈Π

{
σmax

(
A(π)

)}
.

Finding the upper bound therefore reduces to finding the basis element with the largest

spectral norm. For an arbitrary ordering π, we can derive the spectral norm via the matrix

A(π)A(π)⊤, whose entries are given by:

(
A(π)A(π)⊤

)
ij
=



2 if i = j

−1 if i ̸= j and Pre(π, i, j)

−1 if i ̸= j and Pre(π, j, i)

0 otherwise.

Within these matrices, the diagonal entries are always equal to 2, most rows contain two

−1’s, and two rows (corresponding to the first and last element in the ordering π) contain

a single −1. We can see that the matrices A(π)A(π)⊤ are identical up to a permutation of

the rows and columns, or that they are similar matrices. They therefore share the same

eigenvalues.

Without loss of generality, we choose to focus on the ordering π′ that places the indices

in their original order, or π′(i) = i for i ∈ [d]. The corresponding matrix A(π′)A(π′)⊤ has the
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following form:

A(π′)A(π′)⊤ =



2 −1 0 0 · · · 0

−1 2 −1 0 · · · 0

0 −1 2 −1 · · · 0

0 0
. . . . . . . . . ...

...
... . . . −1 2 −1

0 · · · · · · 0 −1 2


This is a tridiagonal Toeplitz matrix, a type of matrix whose eigenvalues have a known

closed-form solution (Noschese et al., 2013). The maximum eigenvalue is the following:

λmax

(
A(π′)A(π′)⊤

)
= 2 + 2

√
(−1) · (−1) cos

(
π

d+ 1

)
= 2 + 2 · cos

(
π

d+ 1

)
.

We therefore have the following upper bound on the spectral norm for a random-order value:

∥A∥2 ≤
√

2 + 2 · cos
(

π

d+ 1

)
.

This value tends asymptotically towards 2, and it is achieved by any random-order value

that places all its probability mass on a single ordering. Such a single-order value approach

has not been discussed in the literature, but it is a special case of a proposed variant of the

Shapley value (Frye et al., 2020).

Next, we consider the lower bound. We now exploit the convexity of ∥A(p)∥2 to argue

that a specific distribution achieves a lower spectral norm than any other distribution.

Consider an arbitrary distribution p(π) over orderings, with the associated linear operator

A(p) and spectral norm ∥A(p)∥2. Our proof technique is to find other distributions that result

in different linear operators A that share the same spectral norm. For any ordering π′ ∈ Π,
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we can imagine permuting the distribution p(π) in the following sense: we generate a new

distribution pπ′(π) such that pπ′(π) = p(π(π′)), where π(π′) is a modified ordering with

π(π′)(i) = π(π′(i)). That is, the probability mass is reassigned based on a permutation of

the indices.

Crucially, the linear operator A(pπ′) is different from A(p) but shares the same spectral

norm. This is because A(pπ′)A(pπ′)⊤ is similar to A(p)A(p)⊤, or they are equal up to a

permutation of the rows and columns. We therefore have ∥A(pπ′)∥2 = ∥A(p)∥2, and due to

convexity we have

∥∥A(p/2 + pπ′/2
)∥∥

2
≤ 1

2
∥A(pπ′)∥2 +

1

2
∥A(p)∥2 = ∥A(p)∥2.

This does not imply that p/2 + pπ′/2 is a minimizer, but we can now generalize this tech-

nique to identify a lower bound. Rather than generating a single permuted distribution, we

propose generating all possible permuted distributions. That is, we consider the set of all

d! permutations π′ ∈ Π and generate the corresponding distributions {pπ′ : π′ ∈ Π}. Notice

that when we take the mean of these distributions, the result is identical regardless of the

original distributions p(π), and that it assigns uniform probability mass to all orderings,

because we have:

1

d!

∑
π′∈Π

pπ′(π) =
1

d!

∑
π′∈Π

p(π′) =
1

d!
.

We can then exploit convexity to write the following inequality:

∥∥∥A(∑
π′∈Π

pπ′/d!
)∥∥∥

2
≤ ∥A(p)∥2.

We can make this argument for any original distribution p, so this provides a global lower

bound. The random-order value with uniform weighting is the Shapley value, whose spectral

norm was derived in Lemma 4.7. We therefore conclude with the following lower bound for
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random-order values, which is achieved by the Shapley value:

∥A∥2 ≥
√

2

d
.

Lemma B.11. When the linear operator A satisfies the boundedness, symmetry and

efficiency properties, the spectral norm is ∥A∥2 =
√

2/d.

Proof. The result follows from the spectral norm result in Lemma 4.7, and the fact that the

Shapley value is the only solution concept to satisfy linearity, boundedness, symmetry and

efficiency (Monderer et al., 2002).

B.4 Proofs: Main Results

We now re-state and prove our results from Section 4.5.

Theorem B.1. The robustness of removal-based explanations to input perturbations is given

by the following meta-formula,

∥ϕ(f, x)− ϕ(f, x′)∥2 ≤ g(removal) · h(summary) · ∥x− x′∥2,

where the factors for each method are defined as follows:

g(removal) =

L if removal = baseline or marginal

L+ 2BM if removal = conditional,

h(summary) =

2
√
d if summary = Shapley, Banzhaf, or leave-one-out

√
d if summary = mean when included.

Proof. Given two inputs x and x′, the results in Lemma 4.1 and Lemma 4.3 imply the
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following bound for any feature set xS,

|f(x′S)− f(x′S)| ≤ L′ · ∥xS − x′S∥2,

where we have L′ = L when using the baseline or marginal approach and L′ = L + 2BM

when using the conditional approach. This bound depends on the specific subset, we also

have a bound across all subsets because ∥xS − x′S∥2 ≤ ∥x− x′∥2 for all S ⊆ [d]. In terms of

the corresponding vectors v, v′ ∈ R2d , this implies the following bound:

∥v − v′∥∞ = max
S⊆[d]
|vS − v′S| ≤ L′ · ∥x− x′∥2.

Next, Lemma 4.7 shows that we have the following bound on the difference in attributions:

∥ϕ(f, x)− ϕ(f, x′)∥2 = ∥Av − Av′∥2 ≤ ∥A∥1,∞ · ∥v − v′∥∞,

where the norm ∥A∥1,∞ depends on the chosen summary technique. Combining these bounds,

we arrive at the following result:

∥ϕ(f, x)− ϕ(f, x′)∥2 ≤ ∥A∥1,∞ · L′ · ∥x− x′∥2.

Substituting in the specific values for L′ and ∥A∥1,∞ completes the proof.

Theorem B.2. The robustness of removal-based explanations to model perturbations is given

by the following meta-formula,

∥ϕ(f, x)− ϕ(f ′, x)∥2 ≤ h(summary) · ∥f − f ′∥,

where the functional distance and factor associated with the summary technique are specified
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as follows:

∥f − f ′∥ =

∥f − f
′∥∞ if removal = baseline or marginal

∥f − f ′∥∞,X if removal = conditional,

h(summary) =

2
√
d if summary = Shapley, Banzhaf, or leave-one-out

√
d if summary = mean when included.

Proof. Given two models f and f ′, the results in Lemmas 4.5 and 4.6 imply the following

bound for any feature set xS,

|f(xS)− f ′(xS)| ≤ ∥f − f ′∥,

where the specific norm is ∥f − f ′∥∞ when using the baseline or marginal approach and

∥f − f ′∥∞,X when using the conditional approach. In terms of the corresponding vectors

v, v′ ∈ R2d , this implies the following bound:

∥v − v′∥∞ = max
S⊆[d]
|vS − v′S| ≤ ∥f − f ′∥.

Next, Lemma 4.7 showed that we have the following bound on the difference in attributions:

∥ϕ(f, x)− ϕ(f ′, x)∥2 = ∥Av − Av′∥2 ≤ ∥A∥1,∞ · ∥v − v′∥∞,

where the norm ∥A∥1,∞ depends on the chosen summary technique. Combining these bounds,

we arrive at the following result:

∥ϕ(f, x)− ϕ(f ′, x)∥2 ≤ ∥A∥1,∞ · ∥f − f ′∥.

Substituting in the specific values for ∥f − f∥ and ∥A∥1,∞ completes the proof.
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Corollary B.1. The robustness of removal-based explanations to simultaneous input and

model perturbations is given by the following meta-formula,

∥ϕ(f, x)− ϕ(f ′, x′)∥2 ≤ g(removal) · h(summary) · ∥x− x′∥2 + h(summary) · ∥f − f ′∥,

where the functional distance and factors associated with the removal and summary technique

are given in Theorems 4.1 and 4.2.

Proof. This result follows from triangle inequality:

∥ϕ(f, x)− ϕ(f ′, x′)∥2 ≤ ∥ϕ(f, x)− ϕ(f, x′)∥2 + ∥ϕ(f, x′)− ϕ(f ′, x′)∥2.

The bounds for the first and second terms are given by Theorem 4.1 and Theorem 4.2,

respectively.

B.5 The Role of Sampling When Removing Features

In this section, we present results analyzing the impact of sampling when removing features.

Sampling is often required in practice to integrate across the distribution for removed features

(see q(xS̄) in eq. 4.1), and this can create further discrepancy between attributions for similar

inputs.

B.5.1 Theory

Here, we provide a probabilistic bound for the difference between the model prediction f(xS)

with a subset of features xS and its estimator f̂(xS) with m independent samples from q(xS̄).

Lemma B.1. Let f̂(xS) ≡ 1
m

∑m
i=1 f(xS, x

(i)

S̄
) be the empirical estimator of f(xS) in eq. 4.1,

where x
(i)

S̄

i.i.d.∼ q(xS̄). For any δ ∈ (0, 1) and ε > 0, if the sample size m satisfies m ≥
2B2 log(2/δ)

ε2
, then P

(
|f̂(xS)− f(xS)| ≤ ε

)
≥ 1− δ.

Proof. With Assumption 4.2, we have −B
m
≤ f(xS ,x

(i)

S̄
)

m
≤ B

m
. Also, E[f̂(xS̄)] = f(xS̄) because
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x
(i)

S̄
are sampled from q(xS̄). Applying Hoeffding’s inequality (Hoeffding, 1994), we obtain

P(|f̂(xS)− f(xS)| ≥ ε) ≤ 2 exp

(
− 2ε2∑m

i=1

(
2B
m

)2
)

= 2 exp

(
−mε

2

2B2

)
≤ 2 exp

−
(

2B2 log(2/δ)
ε2

)
ε2

2B2

 = δ,

and hence for the complement event we have

P(|f̂(xS)− f(xS)| ≤ ε) ≥ 1− δ.

Lemma B.1 can be applied to bound the difference between the original and perturbed

attributions when the integral in eq. 4.1 is estimated via sampling. For example, under input

perturbations, the difference |f̂(xS) − f̂(x′S)| decomposes into |f̂(xS) − f(xS)| + |f(xS) −
f(x′S)|+ |f(x′S)− f̂(x′S)| by the triangle inequality. The first and last terms can be bounded

with high probability with Lemma B.1 and the union bound, and the middle term is bounded

by Lemma 4.1 or Lemma 4.2. Intuitively, by combining probabilistic bounds over all the

feature subsets, it is possible to derive a final probabilistic upper bound with the following

meta-formula:

∥ϕ(f, x)− ϕ(f, x′)∥2 ≤ g(removal) · h(summary) · ∥x− x′∥2 + gsampling(removal), (B.2)

where gsampling(removal) is a function of δ, ε,m when removal = marginal or conditional,

and gsampling(baseline) = 0 because no sampling is needed. Similarly, for our bound under

model perturbations, the term gsampling(removal) can be included to account for sampling in

feature removal.
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B.5.2 Empirical Observations

In eq. B.2, the sampling-dependent term gsampling(removal) does not depend on the input

perturbation strength ∥x − x′∥2, so we empirically estimate gsampling(removal) with the in-

tercept of the empirical upper bound (as illustrated in Figure 4.1) when ∥x − x′∥2 = 0. As

shown in Figure B.1 (left), gsampling(baseline) is indeed zero, whereas gsampling(marginal)

and gsampling(conditional) empirically decrease with increasing sample size for feature re-

moval as expected. We observe that the sampling error tends to be lower for the conditional

approach compared to the marginal approach, potentially due to lower variances in the con-

ditional rather than marginal distributions. Finally, Figure B.1 (right) confirms that the

perturbation-dependent term g(removal) · h(summary) · ∥x − x′∥2 does not depend on the

removal sample size.
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Figure B.1: Intercepts and slopes of empirical and theoretical upper bounds with respect to
the input perturbation norm, for Occlusion, Banzhaf, Shapley, RISE, and LIME attribution
differences in the synthetic experiment in Section 4.6, and with varying sample size for
estimating feature removal.
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B.6 Feature Grouping

Rather than generate attribution scores for each feature xi, another option is to partition the

feature set and generate group-level scores. This is common in practice for images (Ribeiro

et al., 2016; Chen et al., 2022; Covert et al., 2022), where reducing the number of features

makes attributions less computationally intensive, and removing individual pixels is also

unlikely to produce meaningful prediction differences. For example, LIME pre-computes

superpixels using a basic segmentation algorithm (Ribeiro et al., 2016), and ViT Shapley

uses grid-shaped patches defined by a vision transformer (Covert et al., 2022).

When computing group-level attributions, we require a set of feature index groups that

we denote as {G1, . . . , Gg}, where each group satisfies Gi ⊆ [d]. We assume that the g

groups are non-overlapping and cover all the indices, so that we have Gi ∩Gj = ∅ for i ̸= j

and G1 ∪ . . . ∪ Gg = [d]. Under this approach, the attributions are a vector of the form

ϕ(f, x) ∈ Rg, and we compute them by querying the model only with subsets that are unions

of the groups. For this, we let T ⊆ [g] denote a subset of group indices and denote the

corresponding union of groups as GT =
⋃

i∈T Gi ⊆ [d]. Using this notation, the Shapley

value for the ith group Gi is defined as

ϕi(f, x) =
1

g

∑
T⊆[g]\i

(
g − 1

|T |

)−1

(f(xGT∪i
)− f(xGT

)) ,

where f(xGT
) is defined based on the chosen feature removal approach.

To generalize our earlier results to this setting, we first remark that querying the model

with each subset induces a vector v ∈ R2g containing the predictions for each union GT with

T ⊆ [g]. The attributions are then calculated according to ϕ(f, x) = Av, where A ∈ Rg×2g is

the linear operator associated with each summary technique (see Table 4.3). Our approach

for bounding the attribution difference under either input or model perturbation is similar

here, because we can rely on the same inequalities from Lemma 4.7, or ||A(v − v′)||2 ≤
||A||2 · ||v − v′||2 and ||A(v − v′)||2 ≤ ||A||1,∞ · ||v − v′||∞, depending on which norm is
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available for the vectors of predictions ||v − v′||.

Following the same proof techniques used previously, we can guarantee the following

bounds in the feature grouping setting.

Input perturbation Lemma 4.1 and Lemma 4.3 guarantee that f(xS) is Lipschitz con-

tinuous for any subset S ⊆ [d]. These results automatically apply to the specific subsets

induced by feature grouping. If f(xS) is L′-Lipschitz continuous for all S ⊆ [d], we therefore

have the following inequality,

|f(xGT
)− f(x′GT

)| ≤ L′ · ||xGT
− x′GT

||2,

for all group subsets T ⊆ [g]. As a result, we can guarantee that the induced vectors

v, v′ ∈ R2g for two inputs x, x′ have the following bound:

||v − v′||∞ ≤ L′ · ||x− x′||2.

Finally, we see that Theorem 4.1 only needs to be changed by replacing d with g in the

h(summary) term. This bound may even be tighter than when we do not use feature groups,

because it is possible that the Lipschitz constant is smaller when we restrict our attention

to a smaller number of subsets.

Model perturbation Lemma 4.5 and Lemma 4.6 guarantee that the predictions f(xS)

and f ′(xS) for two models f, f ′ can differ by no more than the functional difference ||f−f ′||,
where the specific norm depends on the feature removal approach. These results apply to

all subsets S ⊆ [d], so they automatically apply to those induced by feature grouping. We

therefore have the following inequality,

|f(xGT
)− f ′(xGT

)| ≤ ||f − f ′||,
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for all x and all group subsets T ⊆ [g]. For the induced vectors v, v′ ∈ R2g , we also have

||v − v′||∞ ≤ ||f − f ′||.

Finally, we see that Theorem 4.2 applies as well, where the only change required is replacing

d with g in the h(summary) term.

B.7 LIME Weighted Least Squares Linear Operator

In this section, we discuss the linear operator A ∈ Rd×2d associated with LIME (Ribeiro

et al., 2016). We begin with a theoretical characterization that focuses on LIME’s default

implementation choices, and we then corroborate these points with empirical results.

B.7.1 Theory

The observation that LIME is equivalent to a linear operator A ∈ Rd×2d is discussed in

Appendix B.3. We pointed out there that LIME’s specific operator depends on several

implementation choices, including the choice of weighting kernel, regularization and intercept

term. Here, we consider that no regularization is used, that an intercept term is fit, and we

focus on the default weighting kernel in LIME’s popular implementation.1 The default is the

following exponential kernel,

w(S) = exp

−
(
1−

√
|S|/d

)2
σ2

 , (B.3)

where σ2 > 0 is a hyperparameter. The user can set this parameter arbitrarily, but LIME

also considers default values for each data type: σ2 = 0.25 for images, σ2 = 25 for language,

and σ2 = 0.75
√
d for tabular data. We find that these choices approach two limiting cases,

σ2 → ∞ and σ2 → 0, where LIME reduces to other summary techniques; namely, we find

1https://github.com/marcotcr/lime

https://github.com/marcotcr/lime
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that these limiting cases respectively recover the Banzhaf value (Banzhaf, 1964) and leave-

one-out (Zeiler and Fergus, 2014) summary techniques. We argue this first from a theoretical

perspective, and we then provide further empirical evidence.

Limiting case σ2 →∞ In this case, it is easy to see from eq. B.3 that we have w(S)→ 1

for all S ⊆ [d]. The weighted least squares objective for LIME then reduces to an unweighted

least squares problem, which according to results from Hammer and Holzman (1992) recovers

the Banzhaf value. We might expect that the default settings of σ2 approach this outcome

in practice (e.g., σ2 = 25), and we verify this in our empirical results.

Limiting case σ2 → 0 As we let σ2 approach 0, increasing weight is applied to w(S)

when the cardinality |S| is large. Similar to a softmax activation, the differences between

cardinalities become exaggerated with low temperatures; for very low temperatures, the

weight applied to |S| = d is much larger than the weight applied to |S| = d − 1, which

is much larger than the weight for |S| = d − 2, etc. In this regime, applying weight only

to the subset S = [d] leaves the problem undetermined, so the small residual weight on

|S| = d − 1 plays an important role. The problem begins to resemble one where only

subsets with |S| ≥ d − 1 are taken into account, which yields a unique solution: following

Covert et al. (2021), this reduces LIME to leave-one-out (Occlusion). More formally, if we

denote ALIME(σ
2) as the linear operator resulting from a specific σ2 value, we argue that

limσ2→0ALIME(σ
2) is the operator associated with leave-one-out. We do not prove this result

due to the difficulty of deriving ALIME(σ
2) for a specific σ2 value, but we provide empirical

evidence for this claim below.

B.7.2 Empirical Analysis

Here, we denote the LIME linear operator with the exponential kernel as ALIME instead of

ALIME(σ
2) for brevity. Recall from Appendix B.3 that the LIME linear operator has the

form ALIME = (Z ′⊤WZ ′)−1
[1:]Z

′⊤W , where Z ′ = {0, 1}2d×(d+1) is a binary matrix with all ones
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in the first column and the other columns indicating whether each feature is in each subset,

and W ∈ R2d×2d is a diagonal matrix with WS,S = w(S) for all S ∈ [d] and zeros elsewhere.

To empirically compare the linear operator of LIME to those of the Banzhaf value and

leave-one-out (Occlusion), we first derive closed-form expressions of Z ′⊤WZ ′ and Z ′⊤W as

in the following proposition.

Proposition B.2. Define

a0 ≡
d∑

k=0

(
d

k

)
exp

(
−
(
1−

√
k/d
)2
/σ2

)
,

a1 ≡
d∑

k=1

(
d− 1

k − 1

)
exp

(
−
(
1−

√
k/d
)2
/σ2

)
, and

a2 ≡
d∑

k=2

(
d− 2

k − 2

)
exp

(
−
(
1−

√
k/d
)2
/σ2

)
.

Then (Z ′⊤WZ ′) is a (d+ 1)× (d+ 1) matrix with the following form:

(Z ′⊤WZ ′) =

 a0 B

B⊤ C

 ,

where B = (a1, ..., a1) ∈ R1×d , and C is a d× d matrix with a1 on the diagonal entries and

a2 on the off-diagonal entries. Furthermore, for all S ∈ [d]

(Z ′⊤W )iS =

w(S), if i = 1

1{i− 1 ∈ S}w(S) otherwise.

Proof. We first find an expression for each element in Z ′⊤WZ ′. Consider the first diagonal
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entry:

(Z ′⊤WZ ′)11 = Z ′⊤
1 WZ ′

1 = 1⊤
2dW12d

=
∑
S⊆[d]

w(S)

=
d∑

k=0

(
d

k

)
exp

(
−
(
1−

√
k/d
)2
/σ2

)
= a0.

For the rest of the diagonal entries, we have:

(Z ′⊤WZ ′)ii = Z ′⊤
i WZ ′

i =
∑

S:i−1∈S

w(S)

=
d∑

k=1

(
d− 1

k − 1

)
exp

(
−
(
1−

√
k/d
)2
/σ2

)
= a1,

for i = 2, ..., d+ 1. For the off-diagonal entries, we have:

(Z ′⊤WZ ′)1i = (Z ′⊤WZ ′)i1 = 1⊤
2dWZ ′

i =
∑

S:i−1∈S

w(S) = a1,

for i = 2, ..., d+ 1. Finally, consider the rest of the off-diagonal entries:

(Z ′⊤WZ ′)ij = Z ′⊤
i WZ ′

j =
∑

S:i−1∈S,j−1∈S

w(S)

=
d∑

k=2

(
d− 2

k − 2

)
exp

(
−
(
1−

√
k/d
)2
/σ2

)
= a2,

for i, j = 2, ..., d+ 1 such that i ̸= j. Taken all these together, Z ′⊤WZ ′ has the closed form

expression as shown in the proposition.

We now proceed to find an expression for each element in Z ′⊤W , which has the first row

entries:

(Z ′⊤W )1S = 1⊤
2dWS = w(S),
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for all S ⊆ [d], whereas the rest of the rows have entries:

(Z ′⊤W )iS = Z ′⊤
i WS = 1{i− 1 ∈ S}w(S),

for i = 2, ..., d+1. Hence the closed form expression of Z ′⊤W in the proposition follows.

With closed form expressions for Z ′⊤WZ ′ and Z ′⊤W , we numerically compute the LIME

linear operator ALIME = (Z ′⊤WZ ′)−1
[1:]Z

′⊤W and compare it to the linear operators of the

Banzhaf value (ABanzhaf) and Occlusion (AOcclusion) with both large and small σ2 values.

10 2 100 102 104 106

2

0

1

2

3

4

||A
LI

M
E

A B
an

zh
af

|| F

Number of features = 10

Image 2

Tabular 2

Text 2

10 2 100 102 104 106

2

0.0

0.5

1.0

1.5

2.0

2.5

3.0

3.5

Number of features = 15

Image 2

Tabular 2

Text 2

10 2 100 102 104 106

2

0.0
0.2
0.4
0.6
0.8
1.0
1.2
1.4

Number of features = 20

Image 2

Tabular 2

Text 2

10 2 100 102 104 106

2

0.0

0.1

0.2

0.3

0.4

0.5

Number of features = 25

Image 2

Tabular 2

Text 2

Figure B.2: Frobenius norm of the difference between the LIME linear operator ALIME and
the Banzhaf linear operator ABanzhaf, with varying LIME exponential kernel hyperparameter
σ2 and number of features. We include reference lines for the default LIME hyperparameters:
σ2 = 0.25 for images, σ2 = 0.75

√
d for tabular data, and σ2 = 25 for text data.

As shown in Figure B.2, as σ2 increases, the Frobenius norm difference between the

LIME and Banzhaf linear operators approaches zero, verifying our theoretical argument

for the limiting case of σ2 → ∞. Furthermore, we observe that ALIME and ABanzhaf have

near zero difference for all default σ2 values when there are {10, 15, 20, 25} features. As

σ2 approaches zero, the Frobenius norm difference between the LIME and Occlusion linear

operators empirically approaches zero (Figure B.3), confirming our intuition for the limiting

case where σ2 → 0. Based on our computational results, LIME with the default σ2 values

indeed has similar spectral norm ∥·∥2 and the operator norm ∥·∥1,∞ compared to the Banzhaf

value (Figure B.4).
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Figure B.3: Frobenius norm of the difference between the LIME linear operator ALIME and
the Occlusion linear operator AOcclusion, with varying LIME parameter σ2 and number of
features.
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B.8 Additional Results for Synthetic Experiments

This section provides several of the additional results described in Section 4.6.
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bation with various perturbation norms in our synthetic data experiment. Lines bounding
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and omitted for conditional feature removal because it is infinite for ρ = 1.
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Figure B.6: Slopes of empirical and theoretical upper bounds with respect to the input
perturbation norm, for Occlusion, Banzhaf, RISE, and LIME attribution differences in the
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ρ varies the correlation between the two synthetic features x1,x2.
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B.9 Additional Results for Practical Implications

This section provides several of the additional results described in Section 4.6.
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Figure B.8: Pearson correlation of attributions for networks trained with increasing weight
decay, under input perturbations with perturbation norms {0.1, 0.5, 1, 2}. The results include
the wine quality dataset with MLPs and baseline (replacing with training set minimums),
marginal, and conditional feature removal. Error bars show the means and 95% confidence
intervals across explicand-perturbation pairs.
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Figure B.9: Spearman rank correlation of attributions for networks trained with increasing
weight decay, under input perturbations with perturbation norms {0.1, 0.5, 1, 2}. The re-
sults include the wine quality dataset with MLPs and baseline (replacing with training set
minimums), marginal, and conditional feature removal. Error bars show the means and 95%
confidence intervals across explicand-perturbation pairs.
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Figure B.10: Pearson correlation of attributions for networks trained with increasing weight
decay, under input perturbations with perturbation norms {0.1, 0.5, 1, 2}. The results include
MNIST with CNNs and baseline feature removal with either training set means or zeros.
Error bars show the means and 95% confidence intervals across explicand-perturbation pairs.
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Figure B.11: Spearman rank correlation of attributions for networks trained with increasing
weight decay, under input perturbations with perturbation norms {0.1, 0.5, 1, 2}. The results
include MNIST with CNNs and baseline feature removal with either training set means or
zeros. Error bars show the means and 95% confidence intervals across explicand-perturbation
pairs.
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Figure B.12: Test accuracy of MLP trained on the wine quality dataset and CNN trained
on MNIST with varying degree of weight decay.
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Figure B.13: Sanity checks for attributions using cascading randomization for the CNN
trained on MNIST. Features are removed by replacing them with zeros. Attribution similarity
is measured by Pearson correlation and Spearman rank correlation. We show the means and
95% confidence intervals across 10 random seeds.
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B.10 Implementation Details

Fully connected networks For the wine quality dataset, we trained MLPs with varying

levels of weight decay. The architecture consists of 3 hidden layers of width 128 with ReLU

activations and was trained with Adam for 50 epochs with learning rate 10−3. We also trained

a conditional VAE (CVAE) following the procedure in Frye et al. (2021) to approximate

conditional feature removal. The CVAE encoder and decoder both consist of 2 hidden layers

of width 64 with ReLU activations and latent dimension 8. We trained the CVAE using a

prior regularization strength of 0.5 for at most 500 epochs with Adam and learning rate 10−4,

with early stopping if the validation mean squared error did not improve for 100 consecutive

epochs. All models were trained with NVIDIA GeForce RTX 2080 Ti GPUs with 11GB

memory.

Convolutional networks We trained CNNs for MNIST with varying levels of weight

decay. Following the LeNet-like architecture in Adebayo et al. (2018), our network has the

following structure: Input → Conv(5 × 5, 32) → MaxPool(2 × 2) → Conv(5 × 5, 64) →
MaxPool(2× 2)→ Flatten→ Linear(1024, 1024)→ Linear(1024, 10). We trained the model

with Adam for 200 epochs with learning rate 0.001. The same GPUs for MLP training were

used to train the CNNs.
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Appendix C

PRACTICAL SHAPLEY VALUE ESTIMATION VIA LINEAR
REGRESSION

C.1 Main Proofs

We now prove several of our main results for linear regression estimators.

C.1.1 Calculating the Exact Estimator

Recall the definition of A, which is a term in the solution to the Shapley value linear regression

problem:

A = E[zz⊤].

The entries of A are straightforward to calculate because z is a random binary vector with

a known distribution. Recall that z is distributed according to p(z), which is defined as:

p(z) =

Q
−1µSh(z) 0 < 1⊤z < d

0 otherwise,

where the normalizing constant Q is given by:

Q =
∑

0<1⊤z<d

µSh(z) =
d−1∑
k=1

(
d

k

)
d− 1(

d
k

)
k(d− k)

= (d− 1)
d−1∑
k=1

1

k(d− k) .
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Although Q does not have a simple closed-form solution, the expression above can be calcu-

lated numerically. The diagonal entries Aii are then given by:

Aii = E[zizi] = p(zi = 1)

=
d−1∑
k=1

p(zi = 1 | 1⊤z = k)p(1⊤z = k)

=
d−1∑
k=1

(
d−1
k−1

)(
d
k

) ·Q−1

(
d

k

)
d− 1(

d
k

)
k(d− k)

=

∑d−1
k=1

1
d(d−k)∑d−1

k=1
1

k(d−k)

.

This is equal to 1
2

regardless of the value of d. To see this, consider the probability p(zi = 0):

p(zi = 0) = 1− p(zi = 1)

= 1−
∑d−1

k=1
1

d(d−k)∑d−1
k=1

1
k(d−k)

=

∑d−1
k=1

1
d(d−k)∑d−1

k=1
1

k(d−k)

= p(zi = 1)

⇒ Aii =
1

2
.
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Next, consider the off-diagonal entries Aij for i ̸= j:

Aij = E[zizj] = p(zi = zj = 1)

=
d−1∑
k=2

p(zi = zj = 1 | 1⊤z = k)p(1⊤z = k)

=
d−1∑
k=2

(
d−2
k−2

)(
d
k

) ·Q−1

(
d

k

)
d− 1(

d
k

)
k(d− k)

=
1

d(d− 1)

∑d−1
k=2

k−1
d−k∑d−1

k=1
1

k(d−k)

.

The value for off-diagonal entries Aij depends on d, unlike the diagonal entries Aii. Although

it does not have a simple closed-form expression, this value can be calculated numerically in

O(d) time.

C.1.2 Variance Reduction Proof

We present a proof for Theorem 5.1, and we then prove that a weaker condition than Gv ⪰ 0

holds for all cooperative games (the diagonal elements satisfy (Gv)ii ≥ 0 for all games v).

Main text condition In Section 5.5, we proposed a variance reduction technique that

pairs each sample zi ∼ p(z) with its complement 1− zi when estimating b. We now provide

a proof for the condition that must be satisfied for the estimator β̌n to have lower variance

than β̄n. As mentioned in the main text, the multivariate CLT asserts that

b̄n
√
n

D−→ N (b,Σb̄)

b̌n
√
n

D−→ N (b,Σb̌),
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where

Σb̄ = Cov
(
zv(z)

)
,

Σb̌ = Cov
(1
2

(
zv(z) + (1− z)v(1− z)

))
.

We can also apply the multivariate CLT to the Shapley value estimators β̄n and β̌n. We can

see that

β̄n
√
n

D−→ N (β∗,Σβ̄)

β̌n
√
n

D−→ N (β∗,Σβ̌),

where, due to their multiplicative dependence on b estimators, the covariance matrices are

defined as

Σβ̄ = CΣb̄C
⊤

Σβ̌ = CΣb̌C
⊤.

Next, we examine the relationship between Σb̄ and Σb̌ because they dictate the relationship

between Σβ̄ and Σβ̌. To simplify our notation, we introduce three jointly distributed random

variables, M0, M1 and M̄ , which are all functions of the random variable z:

M0 = zv(z)− E[z]v(0)

M1 = (1− z)v(1− z)− E[1− z]v(0)

M̄ =
1

2

(
M0 +M1

)
.
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To understand M̄ ’s covariance structure, we can decompose it using standard covariance

properties and the fact that p(z) = p(1− z) for all z:

Cov(M̄, M̄)ij =
1

4
Cov(M0

i +M1
i ,M

0
j +M1

j )

=
1

4

(
Cov(M0

i ,M
0
j ) + Cov(M1

i , M̄
1
j ) + Cov(M0

i ,M
1
j ) + Cov(M1

i ,M
0
j )
)

=
1

2

(
Cov(M0

i ,M
0
j ) + Cov(M0

i ,M
1
j )
)
.

We can now compare Σb̄ to Σb̌. To account for each M̄ sample requiring twice as many

cooperative game evaluations as M0, we compare the covariance Cov(b̄2n) to the covariance

Cov(b̌n):

n
(
Cov(b̄2n)− Cov(b̌n)

)
ij
= −1

2
Cov(M0

i ,M
1
j ).

Based on this, we define Gv as follows:

Gv = −Cov(M0
i ,M

1
j )

= −Cov
(
zv(z)− E[z]v(0), (1− z)v(1− z)− E[1− z]v(0)

)
= −Cov

(
zv(z), (1− z)v(1− z)

)
.

This is the matrix referenced in Theorem 5.1. Notice that Gv is the negated cross-covariance

between M0 and M1, which is the off-diagonal block in the joint covariance matrix for the

concatenated random variable (M0,M1). This matrix is symmetric, unlike general cross-

covariance matrices, and its eigenstructure determines whether our variance reduction ap-

proach is effective. In particular, if the condition Gv ⪰ 0 is satisfied, then we have

Cov(b̄2n) ⪰ Cov(b̌n),
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which implies that

Cov(β̄2n) ⪰ Cov(β̌n).

Since the inverses of two ordered matrices are also ordered, we get the result:

Cov(β̄2n)
−1 ⪯ Cov(β̌n)

−1.

This has implications for quadratic forms involving each matrix. For any vector a ∈ Rd, we

have the inequality

a⊤Cov(β̄2n)
−1a ≤ a⊤Cov(β̌n)

−1a.

The last inequality has a geometric interpretation. It shows that the confidence ellipsoid

(i.e., the confidence region, or prediction ellipsoid) for β̌n is contained by the corresponding

confidence ellipsoid for β̄2n since large values of n lead each estimator to converge to its

asymptotically normal distribution. This is because the confidence ellipsoids are defined for

α ∈ (0, 1) as

Ē2n,α =
{
a ∈ Rd : (a− β∗)⊤Cov(β̄2n)

−1(a− β∗) ≤
√
χ2
d(α)

}
Ěn,α =

{
a ∈ Rd : (a− β∗)⊤Cov(β̌n)

−1(a− β∗) ≤
√
χ2
d(α)

}
,

where χ2
d(α) denotes the inverse CDF of a Chi-squared distribution with d degrees of freedom

evaluated at α. More precisely, we have Ěn,α ⊆ Ē2n,α because

(a− β∗)⊤Cov(β̌n)
−1(a− β∗) ≤

√
χ2
d(α)

⇒(a− β∗)⊤Cov(β̄2n)
−1(a− β∗) ≤

√
χ2
d(α).

This completes the proof.
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A weaker condition We now discuss a weaker version of the condition described above.

Consider the matrix Gv, which for a game v is defined as

Gv = −Cov
(
zv(z), (1− z)v(1− z)

)
.

A necessary (but not sufficient) condition for Gv ⪰ 0 is that its diagonal elements are non-

negative. We can prove that this weaker condition holds for all games. For an arbitrary

game v, the diagonal value (Gv)ii is given by:

(Gv)ii = −Cov
(
ziv(z), (1− zi)v(1− z)

)
= −E

[
zi(1− zi)v(z)v(1− z)

]
+ E

[
ziv(z)

]
E
[
(1− zi)v(1− z)

]
= E

[
ziv(z)

]2
= E

[
v(S) | i ∈ S

]2
≥ 0.

Geometrically, this condition means that the confidence ellipsoid Ē2n,α extends beyond the

ellipsoid Ěn,α in the axis-aligned directions. In a probabilistic sense, it means that the

variance for each Shapley value estimate is lower when using the paired sampling technique.

C.1.3 Shapley Effects

Shapley Effects is a model explanation method that summarizes the model f ’s sensitivity to

each feature (Owen, 2014). It is based on the cooperative game

w̃(S) = Var
(
E[f(x) | xS]

)
. (C.1)
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To show that Shapley Effects can be viewed as the expectation of a stochastic cooperative

game, we reformulate this game as follows, similar to Covert et al. (2020):

w̃(S) = Var
(
E[f(x) | xS]

)
= Var

(
f(x)

)
− E

xS

[
Var(f(x) | xS)

]
= c− E

xS

[
E

x[d]\S |xS

[(
E[f(x) | xS]− f(xS,x[d]\S)

)2]]
= c− E

x

[(
E[f(x) | xS]− f(x)

)2]
.

If we generalize this cooperative game to allow arbitrary loss functions (e.g., cross entropy

loss for classification tasks) rather than MSE, then we can ignore the constant value and

re-write the game as

w̃(S) = −E
x

[
ℓ
(
E[f(x) | xS], f(x)

)]
.

Now, it is apparent that Shapley Effects is based on a cooperative game that is the expec-

tation of a stochastic cooperative game, or w̃(S) = Ex[W̃ (S,x)], where W̃ (S, x) is defined

as:

W̃ (S, x) = −ℓ
(
E[f(x) | xS], f(x)

)
.

Unlike the stochastic cooperative game implicitly used by SAGE, the exogenous random

variable for this game is u = x.
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C.2 Stochastic Cooperative Game Proofs

For a stochastic cooperative game V (S,u), the generalized Shapley values are given by the

expression

ϕi(V ) =
1

d

∑
S⊆[d]\i

(
d− 1

|S|

)−1

E
u

[
V (S ∪ i,u)− V (S,u)

]
=

1

d

∑
S⊆[d]\i

(
d− 1

|S|

)−1

E
u

[
V (S ∪ i,u)

]
− E

u

[
V (S,u)

]
.

The second line above shows that the generalized Shapley values are equivalent to the Shapley

values of the game’s expectation, or ϕi(V̄ ), where V̄ (S) = Eu[V (S,u)]. Based on this, we

can also understand the values ϕ1(V ), . . . , ϕd(V ) as the optimal coefficients for the following

weighted least squares problem:

min
β0,...,βd

∑
z

p(z)
(
β0 + z⊤β − E

u

[
V (z,u)

])2
s.t. β0 = E

u

[
V (0,u)

]
, 1⊤β = E

u

[
V (1,u)

]
− E

u

[
V (0,u)

]
.

Using our derivation from the main text, we can write the solution as

β∗ = A−1
(
b− 1

1⊤A−1b− Eu[V (1,u)] + Eu[V (0,u)]

1⊤A−11

)
,

where A and b are given by the expressions

A = E[zz⊤]

b = E
z

[
z
(
E
u
[V (z,u)]− E

u
[V (0,u)]

)]
.

Now, we consider our adaptations of KernelSHAP and unbiased KernelSHAP and examine

whether these estimators are consistent or unbiased. We begin with the stochastic version

of KernelSHAP presented in the main text. Recall that this approach uses the original A
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estimator Ân and the modified b estimator b̃n, which is defined as:

b̃n =
1

2

n∑
i=1

zi
(
V (zi, ui)− E

u

[
V (0,u)

])
.

As mentioned in the main text, the strong law of large numbers lets us conclude that

limn→∞ Ân = A. Thus, we can understand the b estimator’s expectation as follows:

E
[
b̃n
]
= E

zu

[
z
(
V (z,u)− E

u

[
V (0,u)

])]
= E

z

[
z
(
E
u
[V (z,u)]− E

u
[V (0,u)]

)]
= b.

With this, we conclude that limn→∞ b̃n = b and that β̃n are consistent, or

lim
n→∞

β̃n = β∗.

To adapt unbiased KernelSHAP to the setting of stochastic cooperative games, we use the

same technique of pairing independent samples of z and u. To estimate b, we use an estimator
˜̄bn defined as:

˜̄bn =
1

n

n∑
i=1

ziV (zi, ui)− E
[
z
]
E
u

[
V (0,u)

]
.

We then substitute this into a Shapley value estimator as follows:

˜̄βn = A−1
(
˜̄bn − 1

1⊤A−1˜̄bn − v(1) + v(0)

1⊤A−11

)
. (C.2)
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This is consistent and unbiased because of the linear dependence on ˜̄bn and the fact that ˜̄bn

is unbiased:

E
[˜̄bn] = E

zu

[
zV (z,u)− E

[
z
]
E
u

[
V (0,u)

]]
= E

z

[
z
(
E
u
[V (z,u)]− E

u
[V (0,u)]

)]
= b.

With this, we conclude that E[ ˜̄βn] = β∗ and limn→∞
˜̄βn = β∗.

C.3 Experiment Details

Here, we provide further details about experiments described in the main text.

C.3.1 Datasets and Hyperparameters

For all three explanation methods considered in our experiments – SHAP (Lundberg and Lee,

2017), SAGE (Covert et al., 2020) and Shapley Effects (Owen, 2014) – we handled removed

features by marginalizing them out according to their joint marginal distribution. This is

the default behavior for SHAP, but it is an approximation of what is required by SAGE

and Shapley Effects. However, this choice should not affect the outcome of our experiments,

which focus only on the convergence properties of our Shapley value estimators.

Both SAGE and Shapley Effects require a loss function, and we used cross entropy loss

for SAGE and the soft cross entropy loss for Shapley Effects.

For the breast cancer (BRCA) subtype classification dataset, we selected 100 out of 17,814

genes to avoid overfitting on the relatively small dataset size (only 510 patients). These genes

were selected at random: we tried ten random seeds and selected the subset that achieved

the best performance to ensure that several relevant BRCA genes were included. A small

portion of missing expression values were imputed with their mean. The data was centered

and normalized prior to fitting a ℓ1 regularized logistic regression model; the regularization
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parameter was chosen using a validation set.

C.3.2 SHAP Run-Time Comparison

To compare the run-time of various SHAP value estimators, we sought to compare the ratio

of the mean number of samples required by each method. For a single example x whose

SHAP values are represented by β∗, the mean squared estimation error can be decomposed

into the variance and bias as follows:

E
[
||β̂n − β∗||2

]
= E

[
||β̂n − E[β̂n]||2

]
+
∣∣∣∣E[β̂n]− β∗∣∣∣∣2.

Since we found that the error is dominated by variance rather than bias (Section 5.5), we can

make the following approximation to relate the error to the trace of the covariance matrix:

E
[
||β̂n − β∗||2

]
= E

[
||β̂n − E[β̂n]||2

]
+
∣∣∣∣E[β̂n]− β∗∣∣∣∣2

≈ E
[
||β̂n − E[β̂n]||2

]
= Tr

(
Cov(β̂n)

)
. (C.3)

If we define convergence based on the mean estimation error falling below a threshold value

t, then the convergence condition is

E
[
||β̂n − β∗||2

]
≤ t.

Using our approximation (eq. C.3), we can see that this condition is approximately equivalent

to

E
[
||β̂n − β∗||2

]
≈ Tr

(
Cov(β̂n)

)
≈

Tr(Σβ̂)

n
≤ t.

For a given threshold t, the mean number of samples required to explain individual predic-

tions is therefore based on the mean trace of the covariance matrix Σβ̂ (or the analogous

covariance matrix for a different estimator). To compare two methods, we simply calculate
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the ratio of the mean trace of the covariance matrices. These ratios are reported in Table 5.1,

where each covariance matrix is calculated empirically across 100 runs with n = 2048 sam-

ples.

C.4 Convergence Experiments

In Section 5.5, we empirically compared the bias and variance for the original and unbiased

versions of KernelSHAP using a single census income prediction. The results (Figure 5.1)

showed that both versions’ estimation errors were dominated by variance rather than bias,

and that the original version had significantly lower variance. To verify that this result is

not an anomaly, we replicated it on multiple examples and across several datasets.

First, we examined several individual predictions for the census income, German credit

and bank marketing datasets. To highlight the effectiveness of our paired sampling approach

presented in the main text, we added these methods as additional comparisons. Rather

than decomposing the error into bias and variance as in the main text, we simply calculated

the mean squared error across 100 runs of each estimator. Figure C.1 shows the error for

several census income predictions, Figure C.3 for several bank marketing predictions, and

Figure C.5 for several credit quality predictions. These results confirm that the original

version of KernelSHAP converges significantly faster than the unbiased version, and that the

paired sampling technique is effective for both estimators. The dataset sampling approach

(original KernelSHAP) appears preferable in practice despite being more difficult to analyze

because it converges to the correct result much faster.

Second, we calculated a global measure of the bias and variance for each estimator using

the same datasets (Table C.1). Given 100 examples from each dataset, we calculated the

mean bias and mean variance for each estimator empirically across 100 runs given n = 256

samples. Results show that the bias is nearly zero for all estimators, not just the unbiased

ones; they also show that the variance is often significantly larger than the bias. However,

when using the original dataset sampling approach in combination with the paired sampling

technique, the bias and variance are comparably low (≈0) after 256 samples. The only
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Table C.1: Global measures of bias and variance for each SHAP value estimator. Each
entry is the mean bias and mean variance calculated empirically across 100 examples
(bias/variance, lower is better).

Census Income Bank Marketing German Credit

Unbiased 0.0002/0.0208 0.0001/0.0125 0.0026/0.2561
Unbiased + Paired Sampling 0.0000/0.0068 0.0000/0.0066 0.0000/0.0062
Original (KernelSHAP) 0.0000/0.0007 0.0000/0.0006 0.0000/0.0002
Original + Paired Sampling 0.0000/0.0001 0.0000/0.0001 0.0000/0.0000

exception is the unbiased estimator that does not use paired sampling, but this is due to

estimation error because its bias is provably equal to zero.

Finally, Section 5.5 also proposed assuming that the original KernelSHAP estimator’s

variance reduces at a rate of O( 1
n
), similar to the unbiased version (for which we proved this

rate). Although this result is difficult to prove formally, we find empirically that it holds

across multiple predictions and several datasets. In Figures C.2, C.4 and C.6, we display

the product of the estimator’s variance with the number of samples for the census, bank

and credit datasets. Results confirm that the product is roughly constant as the number of

samples increases, indicating that the variance for all four estimators (not just the unbiased

ones) reduces at a rate of O( 1
n
).
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Figure C.1: Census income SHAP value estimation error on four predictions.
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Figure C.2: Census income SHAP value variance estimation on four predictions.
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Figure C.3: Bank marketing SHAP value estimation error on four predictions.
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Figure C.4: Bank marketing SHAP value variance estimation on four predictions.
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Figure C.5: German credit SHAP value estimation error on four predictions.
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Figure C.6: German credit SHAP value variance estimation on four predictions.
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Appendix D

AMORTIZED SHAPLEY VALUE ESTIMATION

D.1 FastSHAP Global Optimizer

Here, we prove that FastSHAP is trained using an objective function whose global optimizer

outputs the true Shapley values. Recall that the loss function for the explainer model

ϕfast(x,y; θ) is

L(θ) = E
p(x,y)

E
p(S)

[(
vx,y(S)− vx,y(∅)− S⊤ϕfast(x,y; θ)

)2]
.

As mentioned in the main text, it is necessary to force the model to satisfy the Efficiency

constraint, which means the predictions from ϕfast(x,y; θ) must satisfy

1⊤ϕfast(x, y; θ) = vxy([d])− vxy(∅) ∀ x ∈ X , y ∈ [K].

One option for guaranteeing this is to adjust the model outputs using their additive efficient

normalization (see Section 6.4). Incorporating this constraint on the predictions, we can

then view the loss function as an expectation across (x,y), and then write the expected loss

for each sample (x, y) as a separate optimization problem over the variable ϕxy ∈ Rd:

min
ϕxy

E
p(S)

[(
vxy(S)− vxy(∅)− S⊤ϕxy

)2] (D.1)

s.t. ϕxy = vxy([d])− vxy(∅).

This is a constrained weighted least squares problem with a unique global minimizer, and it

is in fact precisely the Shapley value’s weighted least squares characterization (see eq. 6.3).

We can therefore conclude that the optimal prediction for each pair (x, y) is the true Shapley



398

values, or that ϕ∗
xy = ϕ(vxy). As a result, the global optimizer for our objective is a model

ϕfast(x,y; θ
∗) that outputs the true Shapley values almost everywhere in the data distribution

p(x,y).

Achieving the global optimum requires the ability to sample from p(x) (or a sufficiently

large dataset), perfect optimization, and a function class for ϕfast(x,y; θ) that is expressive

enough to contain the global optimizer. The universal approximation theorem (Cybenko,

1989; Hornik, 1991) implies that a sufficiently large neural network can represent the Shapley

value function to arbitrary accuracy as long as it is a continuous function. Specifically, we

require the function hy(x) = ϕ(vxy) to be continuous in x for all y. This holds in practice

when we use a surrogate model parameterized by a continuous neural network, because

vxy(S) is continuous in x for all (S, y), and the Shapley value is a linear combination of

vxy(S) across different values of S (see eq. 6.1).

An alternative approach to enforce the efficiency property is by using an efficiency reg-

ularization term, or penalizing the efficiency gap in the explainer model’s predictions (Sec-

tion 6.4). If we incorporate this regularization term with parameter γ > 0, then our objective

yields the following optimization problem for each (x, y) pair:

min
ϕxy

E
p(S)

[(
vxy(S)− vxy(∅)− S⊤ϕxy

)2]
+ γ
(
vxy([d])− vxy(∅)− 1⊤ϕxy

)2
.

For finite hyperparameter values γ ∈ [0,∞), this problem relaxes the Shapley value’s ef-

ficiency property and eliminates the requirement that predictions must sum to the grand

coalition’s value. However, as we let γ → ∞, the penalty term becomes closer to the hard

constraint in eq. D.1. Note that in practice, we use finite values for γ and observe suffi-

ciently accurate results, whereas using excessively large γ values could render gradient-based

optimization ineffective.
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D.2 Additive Efficient Normalization

Here, we provide a geometric interpretation for the additive efficient normalization step

and prove that it is guaranteed to yield Shapley value estimates closer to their true values.

Consider a game v with Shapley values ϕ(v) ∈ Rd, and assume that we have Shapley values

estimates ϕ̂ ∈ Rd that do not satisfy the efficiency property. To force this property to

hold, we can project these estimates onto the efficient hyperplane, or the subset of Rd where

the efficiency property is satisfied. This corresponds to solving the following optimization

problem over ϕeff ∈ Rd:

min
ϕeff

||ϕeff − ϕ̂||2 s.t. 1⊤ϕeff = v([d])− v(∅).

We can solve the problem via its Lagrangian, denoted by L(ϕeff , ν), with the Lagrange

multiplier ν ∈ R as follows:

L(ϕeff , ν) = ||ϕeff − ϕ̂||2 + ν
(
v([d])− v(∅)− 1⊤ϕeff

)
⇒ ϕ∗

eff = ϕ̂− 1
v([d])− v(∅)− 1⊤ϕ̂

d
.

This transformation, where the efficiency gap is split evenly and added to each estimate, is

known as the additive efficient normalization (Ruiz et al., 1998). We implement it as an

output layer for FastSHAP’s predictions to ensure that they satisfy the efficiency property

(Section 6.4). This step can therefore be understood as a projection of the network’s output

onto the efficient hyperplane.

The normalization step is guaranteed to produce corrected estimates ϕ∗
eff that are closer

to the true Shapley values ϕ(v) than the original estimates ϕ̂. To see this, note that the

projection step guarantees that ϕ̂−ϕ∗
eff and ϕ∗

eff −ϕ(v) are orthogonal vectors, which implies
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the following inequality:

||ϕ(v)− ϕ̂||2 = ||ϕ(v)− ϕ∗
eff ||2 + ||ϕ∗

eff − ϕ̂||2

≥ ||ϕ(v)− ϕ∗
eff ||2.

D.3 Reducing Gradient Variance

Recall that our objective function L(θ) is defined as follows:

L(θ) = E
p(x,y)

E
p(S)

[(
vx,y(S)− vxy(∅)− S⊤ϕfast(x,y; θ)

)2]
.

The objective’s gradient is given by

∇θL(θ) = E
p(x,y)

E
p(S)

[
∇(x,y,S; θ)

]
, (D.2)

where we define

∇(x, y, S; θ) := ∇θ

(
vxy(S)− vxy(∅)− S⊤ϕfast(x, y; θ)

)2
.

When FastSHAP is trained with a single sample (x, y, S), the gradient covariance is given

by Cov
(
∇(x,y,S; θ)

)
, which may be too large for effective optimization. We therefore use

several strategies to reduce gradient variance. First, given a model that outputs estimates

for all classes y ∈ [K], we calculate the loss jointly for all classes. This yields gradients that

we denote as ∇(x,S; θ), defined as

∇(x, S; θ) := E
p(y|x)

[∇(x,y, S; θ)],

where we have the relationship

Cov
(
∇(x,S; θ)

)
⪯ Cov

(
∇(x,y,S; θ)

)
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due to the law of total covariance. Next, we consider minibatches of b independent x samples,

which yields gradients ∇b(x,S; θ) with covariance given by

Cov
(
∇b(x,S; θ)

)
=

1

b
Cov

(
∇(x,S; θ)

)
.

We then consider sampling m independent coalitions S for each input x, resulting in the

gradients ∇m
b (x,S; θ) with covariance given by

Cov
(
∇m

b (x,S; θ)
)
=

1

mb
Cov

(
∇(x,S; θ)

)
.

Finally, we consider a paired sampling approach, where each sample S ∼ p(S) is paired

with its complement S̄ = [d] \ S. Paired sampling has been shown to reduce KernelSHAP’s

variance (Covert and Lee, 2021), and our experiments show that it helps improve FastSHAP’s

accuracy (Appendix D.4).

The training algorithm in the main text is simplified by omitting these gradient variance

reduction techniques, but they are simple to implement in practice.

D.4 FastSHAP Models and Hyperparameters

In this section, we describe the models and architectures used for each dataset, as well as

the hyperparameters used when training the FastSHAP explainer model.

D.4.1 Models

Tabular datasets For the original model f(x), we use neural networks for the news and

marketing datasets and gradient boosted trees for the census (LightGBM Ke et al. 2017) and

bankruptcy (XGBoost Chen and Guestrin 2016) datasets. The FastSHAP model ϕfast(x,y; θ)

and the surrogate model g(xS; β) are implemented using neural networks that consist of 2-3

fully connected layers with 128 units and ReLU activations. The surrogate models use a

softmax output layer, while ϕfast has no output activation. The models are trained using
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Adam with a learning rate of 10−3, and we use a learning rate scheduler that multiplies

the learning rate by a factor of 0.5 after 3 epochs of no validation loss improvement. Early

stopping was triggered after the validation loss ceased to improve for 10 epochs.

Image datasets The models f(x) and g(xS; β) are ResNet-50 models pre-trained on Im-

agenet. We use these without modification to the architecture and fine-tune them on each

image dataset. To create the ϕfast(x,y; θ) model, we modify the architecture to return a

tensor of size 14 × 14 ×K. First, the layers after the 4th convolutional block are removed;

the output of this block is 14× 14× 256. We then append a 2D convolutional layer with K

filters, each of size 1× 1, so that the output is 14× 14×K and the yth 14× 14 slice corre-

sponds to the superpixel-level Shapley values for each class y ∈ [K]. Each model is trained

using Adam with a learning rate of 10−3, and we use a learning rate scheduler that multiplies

the learning rate by a factor of 0.8 after 3 epochs of no validation loss improvement. Early

stopping was triggered after the validation loss ceased to improve for 20 epochs.

D.4.2 FastSHAP Hyperparameters

We now explore various settings of FastSHAP’s hyperparameters and observe their impact

on FastSHAP’s performance. There are two types of hyperparameters: sampling hyper-

parameters, which affect the number of samples of S taken during training, and efficiency

hyperparameters, which control how we enforce the Efficiency constraint. Sampling hyper-

parameters include: (i) whether to use paired sampling, and (ii) the number of samples of

S per x to take during training. Efficiency hyperparameters include: (i) the choice of γ

in eq. 6.4, and (ii) whether to perform the additive efficient normalization during training,

inference or both.

To understand the effect of sampling hyperparameters, we perform experiments using the

same tabular datasets from the main text. We use the in-distribution coalitional game and

compute the ground truth SHAP values the same way as in our previous experiments (i.e.,

by running KernelSHAP to convergence).
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Figure D.1: FastSHAP accuracy as a function of the number of training samples. The results
show that using more S samples per x improves FastSHAP’s proximity to the ground truth
Shapley values, as does the use of paired sampling.

Figure D.1 shows the mean ℓ2 distance between FastSHAP’s estimates and the ground

truth. We find that across all four datasets, increasing the number of training samples of S

generally improves the mean ℓ2 distance to ground truth. We also find that for any fixed

number of samples (greater than 1), using paired sampling improves FastSHAP’s accuracy.

Table D.1 shows the results of an ablation study for the efficiency hyperparameters. Nor-

malization (or Norm.) refers to the additive efficient normalization step (applied during

training and inference, or only during inference), and penalty refers to the efficiency regu-

larization technique with the parameter set to γ = 0.1. We find that using normalization

during training uniformly achieves better results than without normalization or with nor-

malization only during inference. The efficiency regularization approach proves to be less

effective, generally leading to less accurate Shapley value estimates. Based on these results,

we opt to use additive efficient normalization in our tabular data experiments.

D.5 Additional Results for Image Experiments

In this section, we provide additional results for the FastSHAP image experiments.

D.5.1 Inclusion and Exclusion Metrics

Table D.2 shows our inclusion and exclusion metrics when replicated using log-odds rather

than accuracy. Similar to our metrics described in the main text, we choose the class pre-
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Table D.1: FastSHAP ablation results. The distance to the ground truth Shapley values is
displayed for several FastSHAP variations, showing that normalization helps and that the
penalty is unnecessary.

Census Bankruptcy

ℓ2 ℓ1 ℓ2 ℓ1

Normalization 0.0229 0.0863 0.0295 0.2436
Normalization + Penalty 0.0261 0.0971 0.0320 0.2740
Inference Norm. 0.0406 0.1512 0.0407 0.3450
Inference Norm. + Penalty 0.0452 0.1671 0.0473 0.4471
No Norm. 0.0501 0.1933 0.0408 0.3474
No Norm. + Penalty 0.0513 0.1926 0.0474 0.4490

dicted by the original model for each image, and we measure the average log-odds for that

class as we include or exclude important features according to the explanations generated by

each method. The results confirm roughly the same ordering between methods, with Fast-

SHAP being the only method to achieve strong results on both metrics for both datasets.

Figure D.2 shows the raw inclusion and exclusion curves for both the accuracy and log-odds-

derived metrics.

Table D.2: Exclusion and Inclusion AUCs calculated using the average log-odds of the pre-
dicted class.

CIFAR-10 ImageNette

Exclusion AUC Inclusion AUC Exclusion AUC Inclusion AUC

FastSHAP 5.92 (5.62, 6.14) 5.36 (5.16, 5.63) 7.98 (7.68, 8.33) 5.40 (5.16, 5.60)
KernelSHAP 9.88 (9.55, 10.20) 5.36 (5.14, 5.63) 10.68 (10.36, 11.00) 5.07 (4.81, 5.31)
KernelSHAP-S 8.01 (7.68, 8.34) 6.80 (6.65, 6.96) 9.39 (9.11, 9.66) 6.01 (5.78, 6.26)
GradCAM 7.75 (7.44, 8.09) 4.99 (4.81, 5.26) 7.77 (7.49, 8.05) 4.65 (4.40, 4.89)
Integrated Gradients 8.34 (8.03, 8.61) 4.58 (4.37, 4.85) 10.14 (9.79, 10.46) 4.34 (4.10, 4.58)
SmoothGrad 10.99 (10.67, 11.29) 4.30 (4.08, 4.58) 11.19 (10.84, 11.48) 4.47 (4.24, 4.70)
DeepSHAP 9.96 (9.61, 10.24) 5.47 (5.28, 5.76) 10.93 (10.61, 11.20) 4.63 (4.38, 4.85)
CXPlain 8.34 (8.00, 8.58) 4.02 (3.80, 4.31) 9.13 (8.83, 9.41) 4.33 (4.11, 4.57)
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D.5.2 FastSHAP Robustness to Limited Data

To test FastSHAP’s robustness to the size of the training data, we compare its performance

when trained with varying amounts of the ImageNette dataset. Figure D.3 plots the change

in inclusion and exclusion AUC, calculated using top-1 accuracy, achieved when training

FastSHAP with 95%, 85%, 75%, 50%, 25%, 15%, 10%, and 5% of the training dataset.

We find that FastSHAP remains competitive when using just 10% of the data, and that it

outperforms most baseline methods by a large margin when using just 25%.

D.5.3 Example FastSHAP Image Explanations

Finally, we show additional explanations generated by FastSHAP and the baseline methods

for both CIFAR-10 and ImageNette. Figures D.4 and D.5 show examples for FastSHAP only,

and Figures D.6 and D.7) show examples with all the methods.
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(a) ImageNette: Log-odds derived inclusion and exclusion curves.
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(b) CIFAR-10: Accuracy derived inclusion and exclusion curves.
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(c) CIFAR-10: Log-odds derived inclusion and exclusion curves.

Figure D.2: Additional inclusion and exclusion curves. The change in top-1 accuracy or
average log-odds of the predicted class as an increasing percentage of the pixels estimated
to be important are excluded (left) or included (right) from the set of 1,000 images.
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Figure D.4: Explanations generated by FastSHAP for 18 randomly selected CIFAR-10 im-
ages. Each column corresponds to a CIFAR-10 class, and the model’s prediction (in logits)
is provided below each image.



409

-7.4

Tench

5.2

English
 Springer

-7.4

Cassette
 Player

-7.9

Chain Saw

-7.2

Church

-7.7

French
 Horn

-7.3

Garbage
 Truck

-7.4

Gas Pump

-7.2

Golf Ball

-7.8

Parachute

-8.9 -8.8 -8.5 -9.3 6.7 -9.0 -9.0 -9.3 -9.0 -8.5

-9.8 -9.8 -12.4 -11.4 -8.6 -10.2 -10.1 7.7 -10.2 -10.1

-8.1 -8.0 -7.3 -8.3 5.4 -8.1 -7.9 -7.8 -7.9 -6.7

-7.5 -7.2 3.5 -6.1 -6.8 -6.2 -4.7 -4.6 -7.5 -5.9

-9.4 -9.2 -9.7 -10.2 -8.7 7.1 -9.4 -9.5 -9.4 -9.3

-9.5 -9.3 -9.3 -9.7 7.2 -9.6 -9.6 -9.8 -9.6 -8.9

-9.8 -9.8 -12.4 -11.4 -8.6 -10.2 -10.1 7.7 -10.2 -10.1

-9.5 -9.3 -9.9 6.5 -9.3 -9.9 -8.3 -10.1 -7.9 -7.7

-9.4 -9.2 -9.7 -10.2 -8.7 7.1 -9.4 -9.5 -9.4 -9.3

-9.5 -9.4 -9.8 -10.1 -9.4 -9.4 -9.3 -9.6 7.4 -9.8

-7.2 -7.1 -5.2 -7.4 -4.3 -7.2 -5.9 3.6 -6.8 -7.1

7.0 -9.1 -9.2 -9.8 -9.0 -9.1 -9.0 -9.1 -9.2 -9.0

6.7 -8.9 -9.0 -9.5 -8.8 -8.9 -8.8 -8.9 -9.0 -8.7

-9.5 -9.4 -9.8 -10.1 -9.4 -9.4 -9.3 -9.6 7.4 -9.8

-9.3 7.2 -9.5 -9.6 -9.2 -9.3 -9.4 -9.3 -9.4 -9.4

-9.5 -9.4 -9.5 -10.2 -9.1 -9.7 -9.6 -9.7 -9.2 7.3

-7.5 -7.1 3.7 -4.2 -7.2 -6.0 -6.9 -6.2 -7.4 -6.8

Figure D.5: Explanations generated by FastSHAP for 18 randomly selected ImageNette
images. Each column corresponds to an ImageNette class, and the model’s prediction (in
logits) is provided below each image.
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Figure D.7: Explanations generated for the predicted class for 15 randomly selected Ima-
geNette images. Each column corresponds to an explanation method, and each row is labeled
with the image’s corresponding class.
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Appendix E

LEARNING TO ESTIMATE SHAPLEY VALUES WITH VISION
TRANSFORMERS

E.1 Attention Masking

This section describes our attention masking approach in detail. First, recall that ViTs use

query-key-value self-attention (Vaswani et al., 2017; Dosovitskiy et al., 2020), which accepts

a set of input tokens and produces a weighted sum of learned token values. Given an input

z ∈ Rd×h and parameters Uqkv ∈ Rh×3h′ , we compute the self attention output SA(z) for a

single head as follows:

[Q,K,V] = zUqkv (E.1)

A = softmax(QK⊤/
√
h′) (E.2)

SA(z) = AV. (E.3)

In multihead self-attention, we perform this operation in parallel over k attention heads and

project the concatenated outputs. Denoting each head’s output as SAi(z) and the projection

matrix as Umsa ∈ Rk·h′×h, the multihead self-attention output MSA(z) is

MSA(z) = [SA1(z), . . . , SAk(z)]Umsa. (E.4)

Multihead self-attention can operate with any number of tokens, so given a subset S ⊆ [d]

and an input x, we can evaluate a ViT using only tokens for the patches xS = {xi : i ∈ S}.
However, for implementation purposes it is preferable to maintain the same number of tokens

within a minibatch. We therefore provide all tokens to the model and achieve the same effect
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using attention masking. Our exact approach is described below.

Let z ∈ Rd×h represent the full token set for an input x and let S be a subset. At each

self-attention layer, we construct a mask matrix M = [S, . . . , S]⊤ ∈ {0, 1}d×d, where with

abuse of notation we view the subset as a binary vector {0, 1}d, and we calculate the masked

self-attention output SA(z,M) as follows:

A = softmax((QK⊤ − (1−M) · ∞)/
√
h′) (E.5)

SA(z,M) = AV. (E.6)

The masked multihead self-attention output is then calculated similarly to the original ver-

sion:

MSA(z,M) = [SA1(z,M), . . . , SAk(z,M)]Umsa. (E.7)

Due to the masking in eq. E.5, each output token in MSA(z,M) is guaranteed not to attend

to tokens from xS̄ = {xi : i /∈ S}. We use masked self-attention in all layers of the network,

so that the tokens for xS remain invariant to those for xS̄ throughout the entire model,

including after the layer norm and fully-connected layers. When the final prediction is

calculated using the class token, the output is equivalent to using only the tokens for xS. If

the final prediction is instead produced using global average pooling (Beyer et al., 2022), we

can modify the average to account only for tokens we wish to include.

E.2 Masked Training

In this section, we provide proofs to justify training a ViT classifier with held-out tokens,

either as part of the original training or as part of a post-hoc fine-tuning procedure (the

surrogate model training described in Section 7.5). Our proofs are similar to those in prior

work that discusses marginalizing out features using their conditional distribution (Covert

et al., 2021).

First, consider a model trained directly with masking. Given a subset distribution p(S)
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and the data distribution p(x,y), we can train a model f(xS; η) with cross-entropy loss and

random masking by minimizing the following:

min
η

E
p(x,y)

E
p(S)

[− log fy(xS; η)]. (E.8)

To understand the global optimizer for this loss function, consider the expected loss for the

prediction given a fixed model input xS:

E
p(y,xS̄ |xS)

[− log fy(xS; η)] = E
p(y|xS)

[− log fy(xS; η)]. (E.9)

The expression in eq. E.9 is equal to the KL divergence DKL(p(y | xS) || f(xS; η)) up to a

constant value, so the prediction that minimizes this loss is p(y | xS). For any subset S ⊆ [d]

where p(S) > 0, we then have the following result for the model f(xS; η
∗) that minimizes

eq. E.8:

fy(xS; η
∗) = p(y | xS) a.e. in p(x).

Intuitively, this means that training the original model with masking estimates f(xS; η) ≈
p(y | xS). In practice, we use a subset distribution p(S) where p(S) > 0 for all S ⊆ [d]: we

set p(S) by sampling the cardinality uniformly at random and then sampling the members,

which is equivalent to defining p(S) as

p(S) =
1(

d
|S|

)
· (d+ 1)

.

Alternatively, we can use a model f(x; η) trained without masking and fine-tune it to better

handle held-out features. In our case, this yields a surrogate model (Frye et al., 2021) denoted

as g(xS; β) that we fine-tune by minimizing the following loss:

min
β

E
p(x)

E
p(S)

[
DKL

(
f(x; η) || g(xS; β)

)]
. (E.10)
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To understand the global optimizer for the above loss, we can again consider the expected

loss given a fixed input xS:

E
p(xS̄ |xS)

[
DKL

(
f(x; η) || g(xS; β)

)]
= DKL

(
E[f(x; η) | xS] || g(xS; β)

)
+ const. (E.11)

The distribution that minimizes this loss is the expected output given the available features,

or E[f(x; η) | xS]. By the same argument presented above, we then have the following result

for the optimal surrogate g(xS; β
∗) that minimizes eq. E.10:

g(xS; β
∗) = E[f(x; η) | xS] a.e. in p(x).

Notice that if the initial model is optimal, or f(x; η) = p(y | x), then the optimal surrogate

satisfies g(xS; β
∗) = p(y | xS).

E.3 Explainer Training Approach

In this section, we summarize our approach for training the explainer model and describe

several design choices. Recall that the explainer is a vision transformer ϕfast(x,y; θ) ∈ Rd

that we train by minimizing the following loss:

min
θ

E
p(x,y)

E
pSh(S)

[(
vxy(S)− vxy(∅)− S⊤ϕfast(x,y; θ)

)2]
s.t. 1⊤ϕfast(x, y; θ) = vxy([d])− vxy(∅) ∀ (x, y).

Additive efficient normalization The constraint on the explainer predictions is nec-

essary to ensure that the global optimizer outputs the exact Shapley values, and we use

the same approach as prior work to enforce this constraint (Jethani et al., 2021b). We al-

low the model to make unconstrained predictions that we then modify using the following
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transformation:

ϕfast(x, y; θ)← ϕfast(x, y; θ) +
vxy([d])− vxy(∅)− 1⊤ϕfast(x, y; θ)

d
. (E.12)

This operation is known as the additive efficient normalization (Ruiz et al., 1998), and it

can be interpreted as projecting the predictions onto the hyperplane where the constraint

holds (Jethani et al., 2021b). We implement it as an output activation function, similar to

how softmax is used to ensure valid probabilistic predictions for classification models.

Subset distribution The specific distribution pSh(S) in our loss function is motivated by

the Shapley value’s weighted least squares characterization (Charnes et al., 1988; Lundberg

and Lee, 2017). This result states that the Shapley values for a game v : P(d) 7→ R are the

solution to the following optimization problem:

min
ϕ∈Rd

∑
0<|S|<d

d− 1(
d
|S|

)
(|S|)(d− |S|)

(
v(S)− v(∅)− S⊤ϕ

)2
s.t. 1⊤ϕ = v([d])− v(∅).

We obtain pSh(S) by normalizing the weighting term in the summation, and doing so yields

a distribution pSh(S) ∝ (|S| − 1)!(d − |S| − 1)! for 0 < |S| < d and pSh([d]) = pSh(∅) =

0. To sample from pSh(S), we calculate the probability mass on each cardinality, sample

a cardinality from this multinomial distribution, and then select the indices uniformly at

random.

Stochastic gradient descent As is common in deep learning, we optimize our objective

using stochastic gradients rather than exact gradients. To estimate our objective, we require

a set of tuples (x,y,S) that we obtain as follows. First, we sample an input x ∼ p(x).

Next, we sample multiple subsets S ∼ pSh(S). To reduce gradient variance, we use the

paired sampling trick (Covert and Lee, 2021) and pair each subset S with its complement S̄.
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Then, we use our explainer to output Shapley values simultaneously for all classes y ∈ [K].

Finally, we minibatch this procedure across multiple inputs x and calculate our loss across

the resulting set of tuples (x,y,S).

Fine-tuning Rather than training the ViT explainer from scratch, we find that fine-tuning

an existing model leads to better performance. This is consistent with recent work that

finds ViTs challenging to train from scratch (Dosovitskiy et al., 2020). We have several

options for initializing the explainer: we can use (i) the original classifier f(x; η), (ii) the

fine-tuned classifier g(xS; β), or (iii) a ViT pre-trained on another task. We treat this

choice as a hyperparameter, selecting the initialization that yields the best performance. We

also experiment with freezing certain layers in the model, but we find that training all the

parameters leads to the best performance.

Explainer architecture We use standard ViT architectures for the explainer. These

typically append a class token to the set of image tokens (Dosovitskiy et al., 2020), and

we find it beneficial to preserve this token in pre-trained architectures even though it is

unnecessary for Shapley value estimation. We require a separate output head from the pre-

trained architecture, and our explainer head consists of one additional self-attention block

followed by three fully-connected layers. Each image patch yields one Shapley value estimate

per class, and we discard the results for the class token.

Hyperparameter tuning To select hyperparaters related to the learning rate, initializa-

tion and architecture, we use a pre-computed set of tuples (x,y,S) to calculate a validation

loss. These are generated using inputs x that were not used for training, so our validation

loss can be interpreted as an unbiased estimator of the objective function. This approach

serves as an inexpensive alternative to comparing with ground truth Shapley values for a

large number of samples.
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Training pseudocode Algorithm 2 shows a simplified version of our training algorithm,

without minibatching, sampling multiple subsets S, or parallelizing across the classes y.
Algorithm 2: Explainer training
Input: Coalitional game vxy(S), learning rate α

Output: Explainer ϕfast(x,y; θ)

initialize ϕfast(x,y; θ)

while not converged do

sample (x, y) ∼ p(x,y), S ∼ pSh(S)

predict ϕ← ϕfast(x, y; θ)

set ϕ← ϕ+ d−1
(
vxy([d])− vxy(∅)− 1⊤ϕ

)
calculate L ←

(
vxy(S)− vxy(∅)− S⊤ϕ

)2
update θ ← θ − α∇θL

end

E.3.1 Hyperparameter Choices

When training the original classifier and fine-tuned classifier models, we used a learning rate

of 10−5 and trained for 25 epochs and 50 epochs, respectively. The MURA classifier was

trained with an upweighted loss for negative examples to account for class imbalance. The

best model was selected based on the validation criterion, where we used 0-1 accuracy for

ImageNette and Oxford-IIIT Pets, and Cohen Kappa for MURA.

When training the explainer model, we used the same ViT-Base architecture as the

original classifier and initialized using the fine-tuned classifier, as this gave the best results.

We used the AdamW optimizer (Loshchilov and Hutter, 2018) with a cosine learning rate

schedule and a maximum learning rate of 10−4, and we trained the model for 100 epochs,

selecting the best model based on the validation loss. We used standard data augmentation

steps: random resized crops, vertical flips, horizontal flips, and color jittering including

brightness, contrast, saturation, and hue. We used minibatches of size 64 with 32 subset

samples S per x sample, and we found that using a tanh nonlinearity on the explainer



419

predictions was helpful to stabilize training.

Finally, we modified the ViT architecture to output Shapley values for each token and

each class: we removed the classification head and added an extra attention layer, followed by

three fully-connected layers with width 4 times the embedding dimension, and we fine-tuned

the entire ViT backbone. These choices were determined by an ablation study with different

model configurations, and we also compared with training training the ViT from scratch and

training a separate U-Net explainer model (Ronneberger et al., 2015) (see Table E.1).

Table E.1: Ablation experiments for ViT Shapley explainer architecture on the ImageNette
dataset, with and without fine-tuning.

Fine-tuning config. Extra attention block Frozen backbone Val loss Test loss

A False True 4.332 4.351
B False False 4.331 4.351
C True True 4.319 4.339
D True False 4.309 4.318

ViT trained from scratch 4.331 4.341

U-Net trained from scratch 4.332 4.338

We used a machine with 2 GeForce RTX 2080Ti GPUs to train the explainer model, and

due to GPU memory constraints we loaded the classifier and explainer to separate GPUs

and trained with mixed precision using PyTorch Lightning.1 Training the explainer model

required roughly 19 hours for the ImageNette dataset and 60 hours for the MURA dataset.

E.4 Proofs

Here, we re-state and prove our main results from Section 7.6.

Lemma E.1. For a single input-output pair (x, y), the expected loss under eq. 7.3 for the

1https://github.com/PyTorchLightning/pytorch-lightning

https://github.com/PyTorchLightning/pytorch-lightning
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prediction ϕViT(x, y; θ) is µ-strongly convex with µ = H−1
d−1, where Hd−1 is the (d − 1)th

harmonic number.

Proof. For an input-output pair (x, y), the expected loss for the prediction ϕ = ϕfast(x, y; θ)

under our objective is given by

hxy(ϕ) = ϕ⊤ E
pSh(S)

[SS⊤]ϕ− 2ϕ⊤ E
pSh(S)

[
S
(
vxy(S)− vxy(∅)

)]
+ E

pSh(S)

[(
vxy(S)− vxy(∅)

)2]
.

This is a quadratic function of ϕ with its Hessian given by

∇2
ϕhxy(ϕ) = 2 · E

pSh(S)
[SS⊤].

The convexity of hxy(ϕ) is determined by the Hessian’s eigenvalues, and its entries can be

derived from the subset distribution pSh(S); see similar results in Simon and Vincent (2020)

and Covert and Lee (2021). The distribution assigns equal probability to subsets of equal

cardinality, so we define the shorthand notation pk ≡ pSh(S) for S such that |S| = k.

Specifically, we have

pk = Q−1 d− 1(
d
k

)
k(d− k)

and Q =
d−1∑
k=1

d− 1

k(d− k) .
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We can then write A ≡ EpSh(S)[SS
⊤] and derive its entries as follows:

Aii = Pr(Si = 1) =
d∑

k=1

(
d− 1

k − 1

)
pk

= Q−1

d−1∑
k=1

(d− 1)

d(d− k)

=

∑d−1
k=1

d−1
d(d−k)∑d−1

k=1
d−1

k(d−k)

Aij = Pr(Si = Sj = 1) =
d∑

k=2

(
d− 2

k − 2

)
pk

= Q−1

d−1∑
k=2

k − 1

d(d− k)

=

∑d−1
k=2

k−1
d(d−k)∑d−1

k=1
d−1

k(d−k)

Based on this, we can see that A has the structure A = (b − c)Id + c11⊤ for b ≡ Aii − Aij

and c ≡ Aij. Following the argument by Simon and Vincent (2020), the minimum eigenvalue

is then given by λmin(A) = b − c. Deriving the specific value shows that it depends on the

(d− 1)th harmonic number, Hd−1:

λmin(A) = b− c = Aii − Aij

=

1
d
+
∑d−1

k=2

(
d−1

d(d−k)
− k−1

d(d−k)

)
∑d−1

k=1
d−1

k(d−k)

=
1

d
∑d−1

k=1
1

k(d−k)

=
1

2
∑d−1

k=1
1
k

=
1

2Hd−1

.

The minimum eigenvalue is therefore strictly positive, and this implies that hxy(ϕ) is µ-
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strongly convex with µ given by

µ = 2 · λmin(A) = H−1
d−1.

Note that the strong convexity constant µ does not depend on (x, y) and is determined solely

by the number of features d.

Theorem E.1. For a model ϕViT(x,y; θ) whose predictions satisfy the constraint in eq. 7.3,

the objective value L(θ) upper bounds the Shapley value estimation error as follows,

E
p(x,y)

[∣∣∣∣ϕViT(x,y; θ)− ϕ(vxy)
∣∣∣∣
2

]
≤
√

2Hd−1

(
L(θ)− L∗

)
,

where L∗ represents the loss achieved by the exact Shapley values.

Proof. We first consider a single input-output pair (x, y) with prediction given by ϕ =

ϕfast(x, y; θ). Rather than writing the expected loss hxy(ϕ), we now write the Lagrangian

Lxy(ϕ, γ) to account for the linear constraint in our objective, see eq. 7.3:

Lxy(ϕ, γ) = hxy(ϕ) + γ
(
vxy([d])− vxy(∅)− 1⊤ϕ

)
.

Regardless of the Lagrange multiplier value γ ∈ R, the Lagrangian Lxy(ϕ, γ) is a µ-strongly

convex quadratic with the same Hessian as hxy(ϕ):

∇2
ϕLxy(ϕ, γ) = ∇2

ϕhxy(ϕ).

Strong convexity enables us to bound ϕ’s distance to the global minimizer via the La-

grangian’s value. First, we denote the Lagrangian’s optimizer as (ϕ∗, γ∗), where ϕ∗ is given
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by the exact Shapley values (Charnes et al., 1988):

ϕ∗ = ϕ(vxy).

Next, we use the first-order strong convexity condition to write the following inequality:

Lxy(ϕ, γ
∗) ≥ Lxy(ϕ

∗, γ∗) + (ϕ− ϕ∗)⊤∇ϕLxy(ϕ
∗, γ∗) +

µ

2
||ϕ− ϕ∗||2.

According to the Lagrangian’s KKT conditions (Boyd et al., 2004), we have the property

that ∇ϕLxy(ϕ
∗, γ∗) = 0. The inequality therefore simplifies to

Lxy(ϕ, γ
∗) ≥ Lxy(ϕ

∗, γ∗) +
µ

2
||ϕ− ϕ∗||22,

or equivalently,

||ϕ− ϕ∗||22 ≤
2

µ

(
Lxy(ϕ, γ

∗)− Lxy(ϕ
∗, γ∗)

)
.

If we constrain ϕ to be a feasible solution (i.e., it satisfies our objective’s linear constraint),

the KKT primal feasibility condition implies that the inequality further simplifies to

||ϕ− ϕ∗||22 ≤
2

µ

(
hxy(ϕ)− hxy(ϕ∗)

)
. (E.13)

Now, we can consider this bound in expectation over p(x,y). First, we denote our full

training loss as L(θ), which is equal to

L(θ) = E
p(x,y)

E
pSh(S)

[(
vxy(S)− vxy(∅)− S⊤ϕfast(x,y; θ)

)2]
= E

p(x,y)

[
hxy
(
ϕfast(x,y; θ)

)]
.
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Next, we denote L∗ as the training loss achieved by the exact Shapley values, or

L∗ = E
p(x,y)

[
hxy
(
ϕ(vxy)

)]
.

Given a network ϕfast(x,y; θ) whose predictions satisfy the linear constraint, taking the

bound from eq. E.13 in expectation yields the following bound on the distance between the

predicted and exact Shapley values:

E
p(x,y)

[∣∣∣∣ϕfast(x,y; θ)− ϕ(vxy)
∣∣∣∣2
2

]
≤ 2

µ

(
L(θ)− L∗

)
.

Applying Jensen’s inequality to the left side, we can rewrite the bound as follows:

E
p(x,y)

[∣∣∣∣ϕfast(x,y; θ)− ϕ(vxy)
∣∣∣∣
2

]
≤
√

2

µ

(
L(θ)− L∗

)
.

Substituting in the strong convexity parameter µ from Lemma 7.1, we arrive at the final

bound:

E
p(x,y)

[∣∣∣∣ϕfast(x,y; θ)− ϕ(vxy)
∣∣∣∣
2

]
≤
√
2Hd−1

(
L(θ)− L∗

)
.

We also present a corollary to Theorem 7.1. This result formalizes the intuition that

if we can iteratively optimize the explainer such that its loss approaches the optimum, our

Shapley value estimation error will go to zero.

Corollary E.1. Given a sequence of models ϕfast(x,y; θ1), ϕfast(x,y; θ2), . . . whose predic-

tions satisfy the constraint in eq. 7.3 and where L(θn) → L∗, the Shapley value estimation

error goes to zero:

lim
n→∞

E
p(x,y)

[∣∣∣∣ϕfast(x,y; θn)− ϕ(vxy)
∣∣∣∣
2

]
= 0.

Proof. Fix ϵ > 0. By assumption, there exists a value n′ such that L(θn) − L∗ < µϵ2

2
for
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n > n′. Following the result in Theorem 7.1, we have Ep(x,y)

[∣∣∣∣ϕfast(x,y; θn)−ϕ(vxy)
∣∣∣∣
2

]
< ϵ

for n > n′.

Finally, we also consider the role of our loss function in quantifying the Shapley value

estimation error, which we define for a given explainer model ϕfast(x,y; θ) as

SVE = E
p(x,y)

[∣∣∣∣ϕfast(x,y; θ)− ϕ(vxy)
∣∣∣∣
2

]
.

One natural approach is to use an external dataset (e.g., the test data) consisting of samples

(xi, yi) for i = 1, . . . , n, calculate their exact Shapley values ϕ(vxiyi), and generate a Monte

Carlo estimate as follows:

ˆSVEn =
1

n

n∑
i=1

∣∣∣∣ϕfast(x
i, yi; θ)− ϕ(vxiyi)

∣∣∣∣
2
.

While standard concentration inequalities allow us to bound SVE using ˆSVEn, generating

the ground truth values can be computationally costly, particularly for large n. Instead,

another approach is to use our result from Theorem 7.1, which bypasses the need for ground

truth Shapley values. For this, recall that L(θ) represents our weighted least squares loss

function, where we assume that the explainer ϕfast(x,y; θ) satisfies the constraint in eq. 7.3

for all predictions. If we know L(θ) exactly, then Theorem 7.1 yields the following bound

with probability 1:

SVE ≤
√
2Hd−1

(
L(θ)− L∗

)
.

If we do not know L(θ) exactly, we can instead form a Monte Carlo estimate L̂(θ)n using

samples (xi, yi, Si) for i = 1, . . . , n. Then, using concentration inequalities like Chebyshev

or Hoeffding (the latter only applies if we assume bounded errors), we can get probabilistic

bounds of the form P(|L(θ)−L̂n| > ϵ) ≤ δ. With these, we can say with probability at least

1− δ that L(θ) ≤ L̂(θ)n + ϵ. Finally, combining this with the last steps of our Theorem 7.1
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proof, we obtain the following bound with probability at least 1− δ:

SVE ≤
√

2Hd−1

(
L̂(θ)n − L∗ + ϵ

)
. (E.14)

Naturally, δ is a function of ϵ and the number of samples n used to estimate L̂(θ)n, with

the rate of convergence to probability 1 depending on the choice of concentration inequality

(Chebyshev or Hoeffding). Although this procedure yields an inexpensive upper bound on

the Shapley value estimation error, the bound’s looseness, as well as the fact that we do

not know L∗ a priori, make it unappealing as an evaluation metric. The more important

takeaways are (i) that training with the loss L(θ) effectively minimizes an upper bound

on the Shapley value estimation error, and (ii) that comparing explainer models via their

validation loss, which is effectively L̂(θ)n, is a principled approach to perform model selection

and hyperparameter tuning.

E.5 Datasets

The ImageNette dataset contains 9,469 training examples and 3,925 validation examples, and

we split the validation data to obtain validation and test sets containing 1,962 examples each.

The MURA dataset contains 36,808 training examples and 3,197 validation examples. We

use the validation examples as a test set, and we split the training examples to obtain train

and validation sets containing 33,071 and 3,737 examples, ensuring that images from the

same patient belong to a single split. The Oxford-IIIT Pets dataset contains 7,349 examples

for 37 classes, and we split the data to obtain train, validation, and test sets containing

5,879, 735, and 735 examples, respectively. For all datasets, the training and validation data

were used to train the original classifiers, fine-tuned classifiers and explainer models, and the

test data was used only when calculating performance metrics.
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E.6 Baseline Methods

This section provides implementation details for the baseline explanation methods. We used

a variety of attention-, gradient- and removal-based methods as comparisons for ViT Shapley,

and we modified several approaches to arrive at patch-level feature attribution scores.

Attention last This approach calculates the attention directed from each image token

into the class token in the final self-attention layer, summed across attention heads (Abnar

and Zuidema, 2020; Chefer et al., 2021). The results are provided at the patch-level, but

they are not generated separately for each output class.

Attention rollout This approach accounts for the flow of attention between tokens by

summing across attention heads and multiplying the resulting attention matrices at each

layer (Abnar and Zuidema, 2020). Like the previous method, results are not generated

separately for each output class. We used an implementation provided by prior work (Chefer

et al., 2021).

Common gradient-based methods Several methods that operate via input gradients

are Vanilla gradients (Simonyan et al., 2013), SmoothGrad (Smilkov et al., 2017), VarGrad

(Hooker et al., 2019), and IntGrad (Sundararajan et al., 2017). These methods were run

using the Captum package (Kokhlikyan et al., 2020), and we used 10 samples per image

for SmoothGrad, VarGrad and IntGrad. We tried applying these at the level of pixels

and patch embeddings, and in both cases we created class-specific, patch-level attributions

by summing across the unnecessary dimensions. We calculated the absolute value before

summing for Vanilla and SmoothGrad, VarGrad automatically produces non-negative values,

and we preserved the sign for IntGrad because it should be meaningful.

GradCAM Originally designed for intermediate convolutional layers (Selvaraju et al.,

2017), GradCAM has since been generalized to the ViT context. The main operations
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Table E.2: Performance metrics for target-class explanations with additional baselines.
Methods that fail to outperform the random baseline are shown in gray, and the best results
are shown in bold (accounting for 95% confidence intervals).

ImageNette MURA

Ins. (↑) Del. (↓) Faith. (↑) Ins. (↑) Del. (↓) Faith. (↑)

Attention last 0.962 (0.004) 0.793 (0.013) 0.694 (0.015) 0.890 (0.010) 0.592 (0.013) 0.635 (0.016)
Attention rollout 0.938 (0.005) 0.880 (0.010) 0.704 (0.015) 0.845 (0.011) 0.692 (0.014) 0.618 (0.016)

GradCAM (LN) 0.914 (0.006) 0.937 (0.008) 0.680 (0.015) 0.899 (0.009) 0.681 (0.015) 0.631 (0.016)
GradCAM (Attn) 0.938 (0.006) 0.948 (0.006) 0.656 (0.014) 0.843 (0.012) 0.835 (0.011) 0.580 (0.016)
IntGrad (Pixel) 0.967 (0.004) 0.930 (0.008) 0.403 (0.024) 0.897 (0.010) 0.796 (0.015) 0.201 (0.022)
IntGrad (Embed.) 0.967 (0.004) 0.930 (0.008) 0.403 (0.024) 0.897 (0.010) 0.796 (0.015) 0.201 (0.022)
Vanilla (Pixel) 0.938 (0.005) 0.860 (0.011) 0.700 (0.015) 0.890 (0.010) 0.561 (0.014) 0.627 (0.016)
Vanilla (Embed.) 0.950 (0.004) 0.808 (0.013) 0.703 (0.015) 0.890 (0.010) 0.537 (0.014) 0.629 (0.016)
SmoothGrad (Pixel) 0.960 (0.005) 0.779 (0.013) 0.706 (0.015) 0.873 (0.010) 0.634 (0.014) 0.618 (0.016)
SmoothGrad (Embed.) 0.947 (0.005) 0.942 (0.006) 0.703 (0.015) 0.870 (0.010) 0.813 (0.011) 0.617 (0.016)
VarGrad (Pixel) 0.958 (0.005) 0.796 (0.013) 0.682 (0.015) 0.871 (0.010) 0.660 (0.013) 0.577 (0.015)
VarGrad (Embed.) 0.949 (0.005) 0.946 (0.005) 0.700 (0.015) 0.857 (0.011) 0.823 (0.011) 0.615 (0.016)
LRP 0.967 (0.004) 0.779 (0.014) 0.705 (0.015) 0.900 (0.009) 0.551 (0.013) 0.646 (0.016)

Leave-one-out 0.969 (0.002) 0.917 (0.010) 0.140 (0.040) 0.926 (0.008) 0.694 (0.017) 0.308 (0.032)
RISE 0.977 (0.001) 0.860 (0.014) 0.704 (0.015) 0.957 (0.004) 0.573 (0.018) 0.618 (0.016)
ViT Shapley 0.985 (0.002) 0.691 (0.014) 0.711 (0.015) 0.971 (0.002) 0.307 (0.013) 0.707 (0.013)

Random 0.951 (0.005) 0.951 (0.005) - 0.849 (0.010) 0.847 (0.010) -

remain the same, only the representation being analyzed is the layer-normed input to the

final self-attention layer, and the aggregation is across the embedding dimension rather than

convolutional channels (GradCAM LN) (Gildenblat and contributors, 2021). We also ex-

perimented with using a different internal layer for generating explanations (the attention

weights computed in the final self-attention layer, denoted as GradCAM Attn. (Chefer et al.,

2021)).

Layer-wise relevance propagation (LRP) Originally described as a set of constraints

for a modified backpropagation routine (Bach et al., 2015), LRP has since been implemented

for a variety of network layers and architectures, and it was recently adapted to ViTs (Chefer

et al., 2021). We used an implementation provided by prior work (Chefer et al., 2021).
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Leave-one-out The importance scores in this approach are the difference in prediction

probability for the full-image and the iamge with a single patch removed. We removed

patches by setting pixels to zero, similar to the original version for CNNs (Zeiler and Fergus,

2014).

RISE This approach involves sampling many occlusion masks and reporting the mean

prediction when each patch is included. The original version for CNNs (Petsiuk et al., 2018)

used a complex approach to generate masks, but we simply sampled subsets of patches. As

in the original work, we sample from all subsets with equal probability, and we use 2,000

mask samples per sample to be explained. We occlude patches by setting pixel values to

zero, similar to the original work.

Random Finally, we included a random baseline as a comparison for the insertion, deletion

and ROAR metrics. These metrics only require a ranking of important patches, so we

generated ten random orderings and averaged the results across these orderings.

Table E.2 shows the same metrics as Table 7.1 with additional results for alternative

implementations of several baselines. For the methods based on input gradients, we ex-

perimented with generating explanations at both the pixel level and embedding level; the

preferred approach depends on the method and metric, but both versions tend to under-

perform ViT Shapley, with the exception of faithfulness on ImageNette where the 95%

confidence intervals overlap for many methods. We also experimented with two versions

of GradCAM (described above) and find that the GradCAM LN implementation generally

performs slightly better. In the main text, we present results only for GradCAM LN and

the remaining gradient-based methods generated at the embedding level.

E.7 Metrics Details

This section provides additional details about the performance metrics used in the main text

experiments (Section 7.7).
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Insertion/deletion These metrics involve repeatedly making predictions while either in-

serting or deleting features in order of most to least important (Petsiuk et al., 2018). While

the original work removed features by setting them to zero, we use the fine-tuned classifier

that was trained to handle partial information. We calculated the area under the curve for

individual predictions and then averaged the results across 1,000 test set examples; we used

random examples for ImageNette, and only examples that were predicted to be abnormal

for MURA. Table 7.1 presents results for the true class only, and Table 7.2 presents results

averaged across all the remaining classes.

Sensitivity-n This metric samples feature subsets at random and calculates the corre-

lation between the prediction with each subset and the sum of the corresponding features’

attribution scores (Ancona et al., 2018). It typically considers subsets of a fixed size n, which

means sampling from the following subset distribution pn(S):

pn(S) = 1(|S| = n)

(
d

n

)−1

.

Mathematically, the metric is defined for a model f(x), an individual sample x and label y,

feature attributions ϕ ∈ Rd and subset size n as follows:

Sens(f, x, y, ϕ, n) = Corrpn(S)

(
S⊤ϕ, fy(x)− fy(x[d]\S)

)
.

Similar to insertion/deletion, we use the fine-tuned classifier to handle held-out patches and

calculate the metric across 1,000 test set images. We use subset sizes ranging from 14 to 182

patches with step size 14, and we estimate the correlation for each example and subset size

using 1,000 subset samples.
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Faithfulness This metric is nearly identical to sensitivity-n, only it calculates the correla-

tion across subsets of all sizes (Bhatt et al., 2021). Mathematically, it is defined as

Faith(f, x, y, ϕ) = Corrp(S)

(
S⊤ϕ, fy(x)− fy(x[d]\S)

)
,

and we sample from a distribution with equal probability mass on all cardinalities, or

p(S) =
1(

d
|S|

)
· (d+ 1)

.

We use the fine-tuned classifier to handle held-out patches, and we compute faithfulness

across 1,000 test set images and with 1,000 subset samples per image.

ROAR Finally, ROAR evaluates the model’s accuracy after removing features in order

from most to least important (Hooker et al., 2019). We also experimented with inserting

features in order of most to least important. Crucially, the ROAR authors propose han-

dling held-out features by retraining the model with masked inputs. We performed masked

retraining by performing test-time augmentations for all training, validation and test set

images, generating explanations to identify the most important patches for the true class,

and setting the corresponding pixels to zero.

Because masked retraining leaks information through the masking, we also replicated this

metric using the fine-tuned classifier model, and with a separate evaluator model trained di-

rectly with random masking; the evaluator model trained with random masking has been

used in prior work (Jethani et al., 2021a,b). We generated results for each number of in-

serted/deleted patches (1, 3, 7, 14, 28, 56, 84, 112, 140, 168, and 182) with the final accuracy

computed across the entire test set.

Ground truth metrics Previous work has considered evaluations involving comparison

with ground truth importance, where the ground truth is either identified by humans (Chefer

et al., 2021) or introduced via synthetic dataset modifications (Zhou et al., 2022). An
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important issue with such methods is that they test explanations against what a model

should depend on rather than what it does depend on, so the results do not reflect the

explanation’s accuracy for the specific model (Petsiuk et al., 2018). We thus decided against

including such metrics.

E.8 Additional Results

This section provides additional experimental results. We first show results involving similar

baselines and metrics as in the main text, and we then show results comparing ViT Shapley

to KernelSHAP.

E.8.1 Main Baselines and Metrics

Figure E.1 shows our evaluation of attention masking for handling held-out image patches

using two separate metrics: (i) KL divergence relative to the full-image predictions (also

shown in the main text), and (ii) top-1 accuracy relative to the true labels. The former

can be understood as a divergence measure between the predictions with masked inputs

and the predictions with patches marginalized out using their conditional distribution (see

Appendix E.2). The latter is a more intuitive measure of how much the performance degrades

given partial inputs. The results are similar between the two metrics, showing that the

predictions diverge more quickly if the model is not fine-tuned with random masking.

Table E.3 shows insertion, deletion and faithfulness results for the MURA dataset with

examples that were predicted to be normal, but while evaluating explanations for the abnor-

mal class. ViT Shapley outperforms the baseline methods, reflecting that our explanations

correctly identify patches that influence the prediction towards and against the abnormal

class even for normal examples.

Table E.4 shows insertion, deletion and faithfulness results for the Pets dataset. We

observe that ViT Shapley outperforms other methods for all metrics with the exception of

faithfulness for target classes, where 95% confidence intervals overlap for many methods

(similar to the other datasets).
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Table E.5, Table E.6, and Table E.7 show insertion, deletion, and faithfulness metrics

for ImageNette when using other ViT architectures (i.e., ViT-Tiny, -Small, and -Large,

respectively) (Wightman, 2019; Dosovitskiy et al., 2020) for the classifier and explainer. They

show results for target-class explanations and non-target-class explanations, respectively.

The results are consistent with those obtained for ViT-Base, and ViT Shapley outperforms

the baseline methods across all three metrics. This shows that our explainer model can be

trained successfully with architectures of different sizes, including when using a relatively

small number of parameters.

Table E.8 shows insertion, deletion and faithfulness results for a ViT classifier trained

directly with random masking. Whereas our Section 7.7 experiments utilize a fine-tuned

classifier to handle missing patches, a classifier trained with random masking allows us to

bypass the fine-tuning stage and train the explainer directly. The results are similar to

Table 7.1, and we find that ViT Shapley consistently achieves the best performance.

Figure E.2, Figure E.3, and Figure E.4 show the average curves used to generate the

insertion/deletion AUC results. All sets of plots reflect that explanations from ViT Shapley

identify relevant patches that quickly move the prediction towards or away from a given

class. In the case of ImageNette and Pets, we observe that this holds for both target and

non-target classes.

Figure E.5 shows the sensitivity-n metric evaluated for non-target classes on the Ima-

geNette dataset. Similarly, these results show that ViT Shapley generates attribution scores

that represent the impact of withholding features from a model, even for non-target classes.

In this case, RISE and leave-one-out are more competitive with ViT Shapley, but their per-

formance is less competitive when the correlation is calculated for subsets of all sizes (see

faithfulness in Table 7.2).

Next, Figure E.6 shows ROAR results generated in both the insertion and deletion di-

rections, using the four patch removal approaches: (i) the fine-tuned classifier, (ii) the sep-

arate evaluator model trained directly with random masking, (iii) masked retraining, and

(iv) masked retraining without positional embeddings. The results show that in addition
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to strong performance in the deletion direction, ViT Shapley consistently achieves the best

results in the insertion direction, even in the case of masked retraining with positional em-

beddings.

Figure E.7 shows ROAR results for the same settings, but when using the ViT-Small

architecture. We observe the same results obtained with ViT-Base. Except for the deletion

direction with masked retraining and positional embeddings enabled, ViT Shapley achieves

the best performance among all methods.

Finally, Table E.9 shows the time required to generate explanations using each approach.

Because ViT Shapley requires a single forward pass through the explainer model, it is among

the fastest approaches and is paralleled only by the attention-based methods. The gradient-

based methods require forward and backward passes for all classes, and sometimes for many

altered inputs (e.g., with noise injected for SmoothGrad). RISE is the slowest of all the

approaches tested because it requires making several thousand predictions to explain each

sample. Our evaluation was conducted on a GeForce RTX 2080 Ti GPU, with minibatches

of 16 samples for attention last, attention rollout and ViT Shapley; batch size of 1 for

Vanilla Gradients, GradCAM, LRP, leave-one-out and RISE; and internal minibatching for

SmoothGrad, IntGrad and VarGrad (implemented via Captum (Kokhlikyan et al., 2020)).

ViT Shapley is the only method considered here to require training time, and as described

in Appendix E.3, training the explainer models required roughly 0.8 days for ImageNette

and 2.5 days for MURA. The training time is not insignificant, but investing time in training

the explainer is worthwhile if (i) high-quality explanations are required, (ii) there are many

examples to be explained (e.g., an entire dataset), or (iii) fast explanations are required

during a model’s deployment.
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Figure E.1: ViT predictions given partial information. We delete patches at random using
several removal mechanisms, and we then measure the quality of the resulting predictions
via two metrics: the KL divergence relative to the original, full-image predictions (top), and
the top-1 accuracy relative to the true labels (bottom).
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Table E.3: MURA non-target metrics for images that were predicted to be normal. Methods
that fail to outperform the random baseline are shown in gray, and the best results are shown
in bold (accounting for 95% confidence intervals).

MURA

Ins. (↑) Del. (↓) Faith. (↑)

Attention last 0.157 (0.011) 0.210 (0.009) -0.455 (0.022)
Attention rollout 0.199 (0.011) 0.169 (0.010) -0.480 (0.023)

GradCAM 0.197 (0.012) 0.152 (0.010) -0.449 (0.022)
IntGrad 0.209 (0.014) 0.151 (0.010) 0.103 (0.023)
Vanilla 0.174 (0.011) 0.197 (0.009) -0.477 (0.023)
SmoothGrad 0.169 (0.011) 0.176 (0.011) -0.480 (0.023)
VarGrad 0.166 (0.011) 0.175 (0.011) -0.478 (0.023)
LRP 0.169 (0.012) 0.200 (0.009) -0.461 (0.023)

Leave-one-out 0.326 (0.016) 0.093 (0.007) 0.272 (0.029)
RISE 0.406 (0.018) 0.075 (0.006) -0.479 (0.023)
ViT Shapley 0.580 (0.016) 0.039 (0.003) 0.642 (0.014)

Random 0.169 (0.011) 0.170 (0.011) -

Table E.4: Performance metrics for ViT-Base on Pets. Methods that fail to outperform the
random baseline are shown in gray, and the best results are shown in bold (accounting for
95% confidence intervals).

Target Non-Target

Ins. (↑) Del. (↓) Faith. (↑) Ins. (↑) Del. (↓) Faith. (↑)

Attention last 0.876 (0.011) 0.494 (0.016) 0.545 (0.017) - - -
Attention rollout 0.837 (0.012) 0.672 (0.017) 0.559 (0.017) - - -

GradCAM (Attn) 0.837 (0.013) 0.737 (0.018) 0.527 (0.016) 0.005 (0.000) 0.008 (0.000) -0.499 (0.013)
GradCAM (LN) 0.837 (0.011) 0.717 (0.019) 0.553 (0.017) 0.012 (0.001) 0.004 (0.000) -0.511 (0.014)
IntGrad (Pixel) 0.899 (0.010) 0.802 (0.016) 0.437 (0.017) 0.006 (0.001) 0.003 (0.000) 0.126 (0.008)
IntGrad (Embed.) 0.899 (0.010) 0.802 (0.016) 0.437 (0.017) 0.006 (0.001) 0.003 (0.000) 0.126 (0.008)
Vanilla (Pixel) 0.862 (0.011) 0.596 (0.018) 0.559 (0.017) 0.004 (0.000) 0.011 (0.000) -0.526 (0.014)
Vanilla (Embed.) 0.876 (0.011) 0.519 (0.017) 0.561 (0.017) 0.004 (0.000) 0.013 (0.000) -0.529 (0.014)
SmoothGrad (Pixel) 0.889 (0.011) 0.488 (0.016) 0.564 (0.017) 0.003 (0.000) 0.014 (0.000) -0.532 (0.014)
SmoothGrad (Embed.) 0.840 (0.013) 0.834 (0.013) 0.558 (0.017) 0.004 (0.000) 0.005 (0.000) -0.526 (0.014)
VarGrad (Pixel) 0.891 (0.011) 0.513 (0.016) 0.557 (0.017) 0.003 (0.000) 0.013 (0.000) -0.522 (0.014)
VarGrad (Embed.) 0.847 (0.012) 0.835 (0.013) 0.555 (0.017) 0.004 (0.000) 0.005 (0.000) -0.523 (0.014)
LRP 0.890 (0.011) 0.466 (0.016) 0.567 (0.017) 0.004 (0.000) 0.013 (0.000) -0.529 (0.014)

Leave-one-out 0.936 (0.006) 0.653 (0.022) 0.215 (0.036) 0.018 (0.001) 0.001 (0.000) 0.138 (0.023)
RISE 0.946 (0.005) 0.505 (0.022) 0.559 (0.017) 0.032 (0.002) 0.001 (0.000) -0.523 (0.014)
ViT Shapley 0.945 (0.006) 0.388 (0.017) 0.590 (0.016) 0.052 (0.002) 0.001 (0.000) 0.529 (0.012)

Random 0.848 (0.012) 0.845 (0.012) - 0.004 (0.000) 0.004 (0.000) -
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Table E.5: Performance metrics for ViT-Tiny on ImageNette. Methods that fail to out-
perform the random baseline are shown in gray, and the best results are shown in bold
(accounting for 95% confidence intervals).

Target Non-Target

Ins. (↑) Del. (↓) Faith. (↑) Ins. (↑) Del. (↓) Faith. (↑)

Attention last 0.917 (0.008) 0.702 (0.015) 0.649 (0.014) - - -
Attention rollout 0.901 (0.009) 0.698 (0.015) 0.658 (0.015) - - -

GradCAM (LN) 0.918 (0.007) 0.809 (0.014) 0.659 (0.014) 0.034 (0.002) 0.006 (0.000) -0.616 (0.013)
GradCAM (Attn) 0.898 (0.009) 0.814 (0.013) 0.636 (0.014) 0.011 (0.001) 0.020 (0.001) -0.607 (0.012)
IntGrad (Pixel) 0.928 (0.006) 0.852 (0.013) 0.293 (0.025) 0.018 (0.002) 0.008 (0.001) 0.094 (0.014)
IntGrad (Embed.) 0.928 (0.006) 0.852 (0.013) 0.293 (0.025) 0.018 (0.002) 0.008 (0.001) 0.094 (0.014)
Vanilla (Pixel) 0.884 (0.009) 0.801 (0.013) 0.656 (0.015) 0.015 (0.001) 0.020 (0.001) -0.629 (0.013)
Vanilla (Embed.) 0.902 (0.008) 0.752 (0.015) 0.659 (0.015) 0.012 (0.001) 0.025 (0.001) -0.632 (0.013)
SmoothGrad (Pixel) 0.908 (0.009) 0.733 (0.015) 0.659 (0.015) 0.011 (0.001) 0.029 (0.002) -0.632 (0.013)
SmoothGrad (Embed.) 0.917 (0.008) 0.756 (0.014) 0.659 (0.015) 0.010 (0.001) 0.025 (0.002) -0.632 (0.013)
VarGrad (Pixel) 0.914 (0.008) 0.754 (0.014) 0.648 (0.014) 0.011 (0.001) 0.027 (0.002) -0.620 (0.012)
VarGrad (Embed.) 0.921 (0.008) 0.777 (0.014) 0.648 (0.014) 0.010 (0.001) 0.023 (0.001) -0.618 (0.012)
LRP 0.938 (0.007) 0.648 (0.016) 0.673 (0.014) 0.014 (0.001) 0.024 (0.001) -0.623 (0.013)

Leave-one-out 0.956 (0.004) 0.737 (0.019) 0.221 (0.039) 0.052 (0.004) 0.003 (0.000) 0.145 (0.025)
RISE 0.970 (0.003) 0.602 (0.019) 0.658 (0.015) 0.092 (0.005) 0.002 (0.000) -0.628 (0.013)
ViT Shapley 0.981 (0.002) 0.457 (0.015) 0.694 (0.014) 0.198 (0.006) 0.001 (0.000) 0.641 (0.011)

Random 0.908 (0.008) 0.907 (0.008) - 0.010 (0.001) 0.010 (0.001) -
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Table E.6: Performance metrics for ViT-Small on ImageNette. Methods that fail to out-
perform the random baseline are shown in gray, and the best results are shown in bold
(accounting for 95% confidence intervals).

Target Non-Target

Ins. (↑) Del. (↓) Faith. (↑) Ins. (↑) Del. (↓) Faith. (↑)

Attention last 0.949 (0.006) 0.706 (0.014) 0.781 (0.011) - - -
Attention rollout 0.914 (0.007) 0.814 (0.013) 0.787 (0.011) - - -

GradCAM (LN) 0.908 (0.006) 0.898 (0.011) 0.770 (0.010) 0.027 (0.002) 0.006 (0.000) -0.740 (0.009)
GradCAM (Attn.) 0.904 (0.009) 0.911 (0.009) 0.724 (0.010) 0.008 (0.001) 0.016 (0.001) -0.717 (0.009)
IntGrad (Pixel) 0.951 (0.006) 0.908 (0.010) 0.541 (0.022) 0.011 (0.001) 0.005 (0.001) 0.384 (0.018)
IntGrad (Embed.) 0.951 (0.006) 0.908 (0.010) 0.541 (0.022) 0.011 (0.001) 0.005 (0.001) 0.384 (0.018)
Vanilla (Pixel) 0.905 (0.007) 0.830 (0.012) 0.784 (0.010) 0.011 (0.001) 0.018 (0.001) -0.754 (0.009)
Vanilla (Embed.) 0.921 (0.007) 0.793 (0.013) 0.786 (0.011) 0.009 (0.001) 0.022 (0.001) -0.756 (0.009)
SmoothGrad (Pixel) 0.943 (0.006) 0.744 (0.014) 0.786 (0.011) 0.007 (0.001) 0.027 (0.001) -0.756 (0.009)
SmoothGrad (Embed.) 0.946 (0.006) 0.753 (0.014) 0.787 (0.011) 0.006 (0.001) 0.026 (0.001) -0.757 (0.009)
VarGrad (Pixel) 0.946 (0.006) 0.766 (0.013) 0.742 (0.010) 0.007 (0.001) 0.025 (0.001) -0.709 (0.009)
VarGrad (Embed.) 0.947 (0.006) 0.774 (0.013) 0.758 (0.010) 0.007 (0.001) 0.024 (0.001) -0.723 (0.009)
LRP 0.957 (0.005) 0.695 (0.015) 0.793 (0.010) 0.007 (0.001) 0.027 (0.001) -0.753 (0.009)

Leave-one-out 0.967 (0.002) 0.855 (0.015) 0.044 (0.042) 0.024 (0.002) 0.003 (0.000) 0.079 (0.030)
RISE 0.976 (0.002) 0.752 (0.018) 0.787 (0.010) 0.049 (0.004) 0.002 (0.000) -0.755 (0.009)
ViT Shapley 0.982 (0.002) 0.591 (0.015) 0.801 (0.010) 0.130 (0.005) 0.001 (0.000) 0.747 (0.009)

Random 0.933 (0.006) 0.934 (0.006) - 0.007 (0.001) 0.007 (0.001) -
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Table E.7: Performance metrics for ViT-Large on ImageNette. Methods that fail to out-
perform the random baseline are shown in gray, and the best results are shown in bold
(accounting for 95% confidence intervals).

Target Non-Target

Ins. (↑) Del. (↓) Faith. (↑) Ins. (↑) Del. (↓) Faith. (↑)

Attention last 0.915 (0.005) 0.896 (0.008) 0.401 (0.022) - - -
Attention rollout 0.929 (0.005) 0.928 (0.007) 0.423 (0.023) - - -

GradCAM (LN) 0.955 (0.004) 0.924 (0.009) 0.424 (0.023) 0.012 (0.001) 0.005 (0.000) -0.372 (0.020)
GradCAM (Attn) 0.935 (0.005) 0.930 (0.007) 0.395 (0.022) 0.007 (0.001) 0.006 (0.001) -0.351 (0.018)
IntGrad (Pixel) 0.965 (0.003) 0.947 (0.006) 0.195 (0.020) 0.006 (0.001) 0.004 (0.000) 0.114 (0.013)
IntGrad (Embed.) 0.965 (0.003) 0.948 (0.006) 0.198 (0.020) 0.006 (0.001) 0.004 (0.000) 0.117 (0.013)
Vanilla (Pixel) 0.898 (0.007) 0.921 (0.007) 0.411 (0.022) 0.012 (0.001) 0.008 (0.001) -0.370 (0.020)
Vanilla (Embed.) 0.911 (0.006) 0.905 (0.009) 0.415 (0.023) 0.010 (0.001) 0.010 (0.001) -0.373 (0.020)
SmoothGrad (Pixel) 0.949 (0.004) 0.861 (0.011) 0.424 (0.023) 0.006 (0.001) 0.014 (0.001) -0.382 (0.020)
SmoothGrad (Embed.) 0.956 (0.004) 0.857 (0.011) 0.423 (0.023) 0.005 (0.000) 0.015 (0.001) -0.380 (0.020)
VarGrad (Pixel) 0.942 (0.005) 0.878 (0.010) 0.387 (0.021) 0.007 (0.001) 0.013 (0.001) -0.350 (0.018)
VarGrad (Embed.) 0.944 (0.005) 0.875 (0.010) 0.383 (0.020) 0.007 (0.001) 0.013 (0.001) -0.343 (0.017)
LRP 0.946 (0.004) 0.869 (0.010) 0.424 (0.023) 0.006 (0.001) 0.013 (0.001) -0.381 (0.020)

Leave-one-out 0.970 (0.003) 0.938 (0.007) 0.123 (0.031) 0.009 (0.001) 0.003 (0.000) 0.118 (0.020)
RISE 0.978 (0.002) 0.882 (0.013) 0.425 (0.023) 0.019 (0.003) 0.002 (0.000) -0.381 (0.020)
ViT Shapley 0.986 (0.002) 0.742 (0.013) 0.439 (0.023) 0.077 (0.003) 0.001 (0.000) 0.391 (0.019)

Random 0.957 (0.004) 0.956 (0.004) - 0.005 (0.000) 0.005 (0.000) -
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Table E.8: Performance metrics for target classes explanations for a ViT classifier trained
with random masking. Methods that fail to outperform the random baseline are shown in
gray, and the best results are shown in bold (accounting for 95% confidence intervals).

ImageNette

Ins. (↑) Del. (↓) Faith. (↑)

Attention last 0.963 (0.003) 0.839 (0.011) 0.593 (0.017)
Attention rollout 0.945 (0.004) 0.903 (0.008) 0.597 (0.017)

GradCAM (LN) 0.955 (0.003) 0.898 (0.011) 0.585 (0.016)
GradCAM (Attn) 0.945 (0.005) 0.942 (0.006) 0.564 (0.016)
IntGrad (Pixel) 0.977 (0.002) 0.933 (0.008) 0.474 (0.017)
IntGrad (Embed.) 0.977 (0.002) 0.933 (0.008) 0.474 (0.017)
Vanilla (Pixel) 0.934 (0.005) 0.901 (0.009) 0.593 (0.017)
Vanilla (Embed.) 0.948 (0.004) 0.864 (0.011) 0.595 (0.017)
SmoothGrad (Pixel) 0.966 (0.004) 0.809 (0.012) 0.599 (0.017)
SmoothGrad (Embed.) 0.954 (0.004) 0.950 (0.005) 0.597 (0.017)
VarGrad (Pixel) 0.964 (0.004) 0.826 (0.011) 0.573 (0.016)
VarGrad (Embed.) 0.953 (0.005) 0.954 (0.004) 0.594 (0.017)
LRP 0.972 (0.002) 0.806 (0.013) 0.603 (0.017)

Leave-one-out 0.977 (0.001) 0.881 (0.014) 0.134 (0.034)
RISE 0.982 (0.001) 0.793 (0.017) 0.599 (0.017)
ViT Shapley 0.988 (0.001) 0.736 (0.013) 0.605 (0.017)

Random 0.957 (0.004) 0.957 (0.004) -

Table E.9: Time to generate explanations for a single sample (in milliseconds). For class-
specific explanations, the running time involves generating explanations for all classes.

ImageNette MURA Pets

Attention last 6.8 6.4 6.2
Attention rollout 10.6 10.0 11.1

GradCAM 275.9 26.2 986.4
IntGrad 1236.8 123.3 5004.9
Vanilla 230.1 23.0 810.7
SmoothGrad 1218.0 121.2 4854.8
VarGrad 1218.9 121.3 4882.5
LRP 1551.4 155.7 5583.5

Leave-one-out 810.0 815.9 922.5
RISE 8213.4 8171.1 8919.8
ViT Shapley 10.1 10.2 10.8
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Figure E.2: ImageNette average insertion/deletion curves. Top: the mean prediction proba-
bility for the target class as features are inserted or deleted in order of most to least important.
Bottom: the mean prediction probability, averaged across all non-target classes.
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Figure E.3: MURA average insertion/deletion curves. The mean prediction probability
for the target class is plotted as features are inserted or deleted in order of most to least
important.
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Bottom: the mean prediction probability, averaged across all non-target classes.
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Figure E.5: Sensitivity-n evaluation for non-target classes. The results are generated sepa-
rately for each subset size and averaged across all non-target classes.
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Figure E.6: ImageNette accuracy when removing features in order of their importance, run
with four evaluation strategies (fine-tuned classifier, separate evaluator, masked retraining
and masked retraining without positional embeddings) on the ViT-Base architecture. Left:
inserting features from most to least important. Right: removing features from most to least
important.
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Figure E.7: ImageNette accuracy when removing features in order of their importance, run
with four evaluation strategies (fine-tuned classifier, separate evaluator, masked retraining
and masked retraining without positional embeddings) on the ViT-Small architecture. Left:
inserting features from most to least important. Right: removing features from most to least
important.
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E.8.2 KernelSHAP Comparisons

Here, we provide two results comparing ViT Shapley with KernelSHAP.

First, Figure E.8 compares the approximation quality of Shapley value estimates pro-

duced by ViT Shapley and KernelSHAP. The estimates are evaluated in terms of ℓ2 distance,

Pearson correlation and Spearman (rank) correlation, and our ground truth is generated by

running KernelSHAP for a large number of iterations. Specifically, we use the convergence

detection approach described by Covert and Lee (2021) with a threshold of t = 0.1. The re-

sults are computed using just 100 randomly selected ImageNette images due to the significant

computational cost.

Based on Figure E.8, we observe that the original version of KernelSHAP takes roughly

120,000 model evaluations to reach the accuracy that ViT Shapley reaches with a single

model evaluation. KernelSHAP with paired sampling (Covert and Lee, 2021) converges

faster, and it requires roughly 40,000 model evaluations on average. ViT Shapley’s estimates

are not perfect, but they reach nearly 0.8 correlation with the ground truth for the target

class, and nearly 0.7 correlation on average across non-target classes.

Next, Table E.10 compares the ViT Shapley estimates and the fully converged estimates

from KernelSHAP via the insertion and deletion metrics. The fully converged KernelSHAP

estimates performed better than ViT Shapley on both metrics, and the gap is largest for

deletion with the target class. The results were also computed using only 100 ImageNette

examples due to the computational cost. These results reflect that there is room for further

improvement if ViT Shapley’s estimates can be made more accurate. KernelSHAP itself

is not a viable option in practice, as we found that its estimates took between 30 minutes

and 2 hours to converge when using paired sampling (Covert and Lee, 2021) (equivalent to

roughly 300k and 1,200k model evaluations), but it represents an upper bound on how well

ViT Shapley could perform with near-perfect estimation quality.
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Table E.10: Comparing the quality of Shapley value estimates obtained using ViT Shapley
and KernelSHAP via insertion/deletion scores.

Target Non-target

Ins. (↑) Del. (↓) Ins. (↑) Del. (↓)

ViT Shapley 0.985 (0.002) 0.691 (0.014) 0.093 (0.004) 0.001 (0.000)
KernelSHAP 0.990 (0.002) 0.589 (0.053) 0.158 (0.021) 0.001 (0.000)

E.9 Qualitative Examples

To conserve space, we refer readers to the original work for additional qualitative examples

(Covert et al., 2022). These results include a qualitative comparison with KernelSHAP,

baseline comparisons across all three datasets (ImageNette, MURA, Pets), and examples of

ViT Shapley’s class-specific explanations.
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Figure E.8: Comparing the quality of Shapley value estimates obtained by ViT Shapley and
KernelSHAP. The shaded areas represent 95% confidence intervals.
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Appendix F

GENE SELECTION FOR SPATIAL TRANSCRIPTOMICS

This appendix section provides several additional results for evaluating PERSIST. First,

we present results for the expression profile reconstruction metrics using the supervised

methods, scGeneFit, SMaSH and MutInfo, which leverage cell type labels when selecting

genes. Figure F.1 shows their explained variance and expressed gene prediction accuracy for

the SSv4 and 10X datasets. MutInfo is competitive for small gene panels, but none of the

three methods matches PERSIST’s performance.

Next, we examine whether introducing binarization into the baseline methods enables

better performance on our evaluation metrics, which simulate the use of gene panels in a

FISH study. Figure F.2 shows that binarization makes scGeneFit, SMaSH and GeneBasis

more competitive with PERSIST, and that they in some cases even match PERSIST’s per-

formance. In contrast, binarization makes Seurat and Cell Ranger perform worse, which is

unsurprising because variance and dispersion values are significantly less informative for bi-

nary data. Overall, even when all the gene selection methods used binarized data, PERSIST

is either the best or tied for best on each metric, suggesting better transferability to FISH

studies.

To give a more granular view of PERSIST’s expressed gene prediction accuracy, we

provide additional plots with gene-level accuracy metrics. As in the main text, we calculate

accuracy according to how often the prediction agrees with each gene’s detection in the data,

but we now report results for each individual gene in the SSv4 dataset. Figure F.3 shows

results for the PERSIST panels containing 32 and 128 genes, with the per-gene accuracy

plotted against the portion of cells in which the gene is expressed, and against the average

expression level (after log-CPM normalization). The results show that the most difficult
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Figure F.1: Expression profile reconstruction with supervised selection methods. We com-
pare PERSIST with the two supervised methods that leverage cell type labels, scGeneFit and
MutInfo, on the tasks of predicting log-normalized expression counts (A, C) and whether
each gene is expressed (B, D). A, Explained variance for gene panels with the SSv4 dataset.
B, Expressed gene prediction accuracy for the SSv4 dataset. C, Explained variance for gene
panels with the 10X dataset. D, Expressed gene prediction accuracy for the 10X dataset. All
error bars represent 95% confidence intervals determined by training with five bootstrapped
datasets.

genes to predict are those which are neither ubiquitously expressed or not expressed, and

which have moderate mean expression. There is a visible improvement when we use a panel

of 128 rather than 32 genes, but even then, the prediction problem remains difficult due to

stochasticity in gene expression and detection.

In the main text, the expressed gene prediction results focus on genes that are expressed

in 20−80% of cells, ignoring the remaining genes whose expression is easiest to predict. The

results with different ranges of 10−90% and 0−100% are shown in Figure F.4. The trend

between methods does not depend on the cutoff, but including the easier genes increases the
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Figure F.2: Binarizing gene expression for existing methods. Binarizing gene expression
levels before selecting the gene panel enable certain baselines to perform better in our metrics.
GeneBasis, SMaSH and scGeneFit become more competitive with PERSIST and PERSIST-
Classification, while Seurat and Cell Ranger perform worse. A, Explained variance for gene
panels with the SSv4 dataset. B, Expressed gene prediction accuracy for the SSv4 dataset.
C, Cell type classification accuracy for the SSv4 dataset. D, Explained variance for the
10X dataset. E, Expressed gene prediction for the 10X dataset. F, Cell type classification
accuracy for the 10X dataset. All error bars represent 95% confidence intervals determined
by training with five bootstrapped datasets.

overall accuracy while shrinking the gap between methods.

Regarding cell type classification, the main text reports accuracy results averaged across
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Figure F.3: PERSIST expressed gene prediction. The accuracy when predicting each gene’s
expression is plotted against the gene’s characteristics. Genes that are either frequently
expressed or infrequently expressed are easiest to predict (A, C), and those with moderate
mean expression are most difficult to predict (B, D). A, Prediction accuracy versus the
percentage of cells in which the gene is expressed, for the PERSIST panel containing 32
genes. Dotted lines indicate the accuracy achieved by trivially predicting that each gene is
either always expressed or never expressed. B, Prediction accuracy versus mean expression
level, for the 32-gene PERSIST panel. C, Prediction accuracy versus the percentage of cells
in which the gene is expressed for the 128-gene PERSIST panel. D, Prediction accuracy
versus mean expression level for the 128-gene PERSIST panel.

all cell types, so we now provide additional results that give a more granular view. In

Figure F.5, we present two results for the PERSIST panel containing 32 genes from the SSv4

dataset: a confusion matrix showing how cells of each type are classified, and the recall (true

positive rate) shown for each cell type. The results show that while some cell types are mostly

correctly classified, some have relatively low recall, reflecting the imperfect overall accuracy

(63%). In Figure F.6, we show the same results but for the PERSIST-Classification panel
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Figure F.4: Expressed gene prediction with different expression cutoffs. Genes that are
expressed in either all cells or no cells are easiest to predict, and focusing on these genes can
inflate the expressed gene prediction accuracy. We examine how the accuracy changes as
we apply different cutoffs to focus on more difficult-to-predict genes. A, SSv4 accuracy for
genes expressed in 20-80% of cells. B, SSv4 accuracy for genes expressed in 10-90% of cells.
C, SSv4 accuracy for genes expressed in 0-100% of cells (all genes). D, SSv4 Sst accuracy
for genes expressed in 20-80% of cells. E, SSv4 Sst accuracy for genes expressed in 10-90%
of cells. F, SSv4 Sst accuracy for genes expressed in 0-100% of cells. G, 10X accuracy for
genes expressed in 20-80% of cells. H, 10X accuracy for genes expressed in 10-90% of cells.
I, 10X accuracy for genes expressed in 0-100% of cells (all genes). All error bars represent
95% confidence intervals determined by bootstrapped training.

containing 32 genes. The results are visibly improved, reflecting the higher overall accuracy

(74%), but certain cell types remain difficult to classify. This provides further motivation for

designing FISH studies that focus on coarse-grained cell types, as we described in the main

text.
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Figure F.5: PERSIST cell type classification metrics. Additional metrics quantify the clas-
sification accuracy on a per-type level for the 32-gene PERSIST panel. A, Confusion matrix
where each row corresponds to a cell type and values indicate the percentage of cells classi-
fied into each type. Names for each numbered cell type are provided in the bar chart below.
B, Recall (true positive rate) for each cell type.

Next, as an intuitive visualization of how PERSIST can distinguish cell types using

only binarized expression levels, we plot the frequency of each gene being expressed within

each cell type. Figure F.7 displays this expression matrix for the full set of transcriptomic
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Figure F.6: PERSIST-Classification cell type classification metrics. Additional metrics quan-
tify the classification accuracy on a per-type level for the 32-gene PERSIST-Classification
panel. A, Confusion matrix where each row corresponds to a cell type and values indicate
the percentage of cells classified into each type. Names for each numbered cell type are
provided in the bar chart below. B, Recall (true positive rate) for each cell type.

cell types in the SSv4 dataset, as well as for 50 and 25 subclasses, using the PERSIST and

PERSIST-Classification panels containing 16 genes. The results show that each cell type has

a unique expression pattern, enabling us to distinguish cell types using a surprisingly small
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Figure F.7: PERSIST gene expression frequency by cell type. Using the SSv4 dataset, we
plot the portion of the time that each gene in a panel is expressed within each cell type
(white indicates never expressed, dark green indicates always expressed). Examining these
matrices for the PERSIST and PERSIST-Classification panels containing 16 genes, using
both the full set of transcriptomic cell types as well as small numbers of subclasses, we can
identify distinct expression patterns within each cell type. A, Expression matrix for PER-
SIST gene panel with all cell types. B, Expression matrix for PERSIST gene panel with
50 subclasses. C, Expression matrix for PERSIST gene panel with 25 subclasses. D, Ex-
pression matrix for PERSIST-Classification gene panel with all cell types. E, Expression
matrix for PERSIST-Classification gene panel with 50 subclasses. F, Expression matrix for
PERSIST-Classification gene panel with 25 subclasses.

number of genes. Although all configurations of gene expression are technically possible, we

find that many genes are expressed nearly all of the time or none of the time within each cell
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type. For example, we find that with all 113 transcriptomic cell types, 67% of the entries

are expressed either less than 20% or more than 80% of the time (Figure F.7A); this figure

is even higher at 74% for PERSIST-Classification (Figure F.7D).

For the MERFISH gene imputation experiments, we provide several additional results in

Figure F.8. First, Figure F.8A-B show the imputation accuracy for the supervised methods,

scGeneFit, SMaSH and MutInfo. We find that when using the SSv4 V1 scRNA-seq data,

PERSIST and MutInfo reach comparable accuracy for small gene panels, but that PERSIST

achieves higher accuracy with larger panels; when using the SSv4 ALM scRNA-seq data,

the various methods offer comparable accuracy for panels of all sizes. Next, we examine

the importance of using a carefully chosen threshold when binarizing the MERFISH gene

expression counts. If we naively use a threshold value of zero, the imputation accuracy is

significantly lower than if we choose a threshold to match the quantile that zero represents

in the scRNA-seq data (Figure F.8C). Finally, we use the fully observed MERFISH dataset

to quantify the accuracy lost due to training on out-of-domain scRNA-seq data. We find

that training with the in-domain MERFISH data yields an accuracy improvement of 4−6%
(Figure F.8D), suggesting that our binarization step does not completely remove the effects

of the domain shift relative to the SSv4 V1 scRNA-seq data.

Regarding the diversity in gene panels between different methods, in addition to the

results for panels of 32 genes (Figure 8.6), we report the gene panel overlap for panels of size

16 and 128 in Figure F.9. For panels of these sizes, we still find that PERSIST selects genes

that are largely different than those identified by other methods. We also find several sets

of similar methods that appeared in the main text: scGeneFit and GeneBasis, Seurat and

Cell Ranger, and MutInfo, SMaSH and PERSIST-Classification.

Similarly, we report gene panel overlap for the experiments with Patch-seq data (Fig-

ure F.10). The results show that PERSIST-Ephys selects up to roughly 30% of the same genes

as other methods, with Cell Ranger being the most similar for all panel sizes. PERSIST and

Cell Ranger are the next most effective methods in this experiment after PERSIST-Ephys,

but these three methods select largely distinct gene panels.
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Finally, we examine to what extent the variability in PERSIST’s selections across trials

impacts the performance in our evaluation metrics (Figure F.11). Using five independent

trials with the SSv4 dataset, we examine the mean performance across trials, the gap between

the minimum and maximum performance, and the performance from the single trial chosen

according to its validation loss (calculated using the PERSIST reconstruction model’s hurdle

loss). We find that the variability in performance is relatively small, particularly for the

explained variance results (Figure F.11A). Choosing a single trial based on its validation

loss tends to result in performance above the mean for smaller panels (≤16 genes), but with

larger panels it can be slightly less effective than choosing a single trial at random. These

results suggest that the significant redundancy in genome-wide expression profiles enables

the selection of diverse panels with nearly equivalent information content.
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Figure F.8: Additional MERFISH imputation results. Here, we report results for the super-
vised gene selection methods, investigate the importance of the thresholding procedure for
MERFISH expression counts, and examine the accuracy lost due to domain shift between
the scRNA-seq and MERFISH datasets. A, Imputation accuracy for panels selected by each
method when using the SSv4 V1 scRNA-seq data. PERSIST narrowly outperforms the su-
pervised baselines, except for MutInfo with small panel sizes. B, Imputation accuracy for
panels selected by each method when using the SSv4 ALM scRNA-seq data. The various
methods achieve similar performance. C, Imputation accuracy when using a zero threshold
for MERFISH expression counts, versus when using a threshold that matches the scRNA-seq
quantile. Matching the threshold significantly improves the accuracy for all methods across
all panel sizes. D, Comparing imputation accuracy when selecting genes using V1 cells but
training on V1 scRNA-seq versus MOp MERFISH data. Training on in-domain MERFISH
data, which is free of domain shift but inaccessible in practice, reveals an accuracy loss of
4-6% due to training on scRNA-seq. All error bars represent 95% confidence intervals deter-
mined by training with five bootstrapped datasets.
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Figure F.9: Diversity in gene panels of different sizes. Using the SSv4 and 10X dataset,
we examine the overlap between panels containing 16 and 128 genes. The genes identified
by PERSIST for these panel sizes remain distinct from those selected by existing methods.
A, Portion of overlapping genes between panels of 16 genes for the SSv4 dataset. B, Por-
tion of overlapping genes between panels of 128 genes for the SSv4 dataset. C, Portion of
overlapping genes between panels of 16 genes for the 10X dataset. D, Portion of overlapping
genes between panels of 128 genes for the 10X dataset.
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Figure F.10: Diversity in Patch-seq gene panels. We find that for panels of all sizes,
PERSIST-Ephys selects distinct genes from the remaining methods. A, Portion of over-
lapping genes for panels of 8 genes. B, Portion of overlapping genes for panels of 16 genes.
C, Portion of overlapping genes for panels of 32 genes. D, Portion of overlapping genes for
panels of 64 genes.



463

A B

Figure F.11: PERSIST performance variability across runs. PERSIST can select different
panels across multiple runs due to stochasticity in its training, but the variability in per-
formance is relatively small. We compare the mean performance across five trials to the
minimum and maximum performance, as well as the performance from the single trial cho-
sen according to its validation loss. A, Explained variance across five trials for the SSv4
dataset. B, Cell type classification accuracy across five trials for the SSv4 dataset.
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Appendix G

MAXIMIZING MUTUAL INFORMATION FOR DYNAMIC
FEATURE SELECTION

G.1 Proofs

In this section, we re-state and prove our main theoretical results. We begin with our

proposition regarding the optimal predictor for an arbitrary policy π.

Proposition G.1. When y is discrete and ℓ is cross entropy loss, eq. 9.4 is minimized for

any policy π by the Bayes classifier, or f ∗(xS) = p(y | xS).

Proof. Given the predictor inputs xS, our goal is to determine the prediction that minimizes

the expected loss. Because features are selected sequentially by π with no knowledge of the

non-selected values, there is no other information to condition on; for the predictor, we do

not even need to distinguish the order in which features were selected. We can therefore

derive the optimal prediction ŷ ∈ ∆K−1 for a discrete response y ∈ [K] as follows:

f ∗(xS) = argmin
ŷ

E
y|xS

[
ℓ(ŷ,y)

]
= argmin

ŷ

∑
i∈Y

p(y = i | xS) log ŷi

= argmin
ŷ

DKL

(
p(y | xS) || ŷ

)
+H(y | xS)

= p(y | xS).

In the case of a continuous response y ∈ R with squared error loss, we have a similar result
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involving the response’s conditional expectation:

f ∗(xS) = argmin
ŷ

E
y|xS

[
(ŷ − y)2

]
= argmin

ŷ
E

y|xS

[
(ŷ − E[y | xS])2

]
+Var(y | xS)

= E[y | xS].

Proposition G.2. When y is discrete, ℓ is cross entropy loss and the predictor is the Bayes

classifier f ∗, eq. 9.4 is minimized by the greedy CMI policy, or π∗(xS) = argmaxi I(y;xi |
xS).

Proof. Following eq. 9.4, the policy network’s selection i = π(xS) incurs the following ex-

pected loss with the distribution p(y,xi | xS):

E
y,xi|xS

[
ℓ(f ∗(xS ∪ xi),y)

]
= E

y,xi|xS

[
ℓ(p(y | xi, xS),y)

]
= E

xi|xS

[
E

y|xi,xS

[ℓ(p(y | xi, xS),y)]
]

= E
xi|xS

[
H(y | xi, xS)

]
= H(y | xS)− I(y;xi | xS).

Note that H(y | xS) is a constant that does not depend on i. When identifying the index

that minimizes the expected loss, we thus have the following result:

argmin
i

E
y,xi|xS

[
ℓ(f ∗(xS ∪ xi),y)

]
= argmax

i
I(y;xi | xS).

In the case of a continuous response with squared error loss and an optimal predictor given
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by f ∗(xS) = E[y | xS], we have a similar result:

E
y,xi|xS

[
(f ∗(xS ∪ xi)− y)2

]
= E

y,xi|xS

[
(E[y | xi, xS]− y)2

]
= E

xi|xS

[
E

y|xi,xS

[(E[y | xi, xS]− y)2]
]

= E
xi|xS

[Var(y | xi, xS)].

When we aim to minimize the expected loss, our selection is thus the index that yields the

lowest expected conditional variance:

argmin
i

E
xi|xS

[Var(y | xi, xS)].

We also prove the limiting result presented in eq. 9.3, which states that Ini → I(y;xi | xS).

Proof. Conditional mutual information I(y;xi | xS) is defined as follows (Cover and Thomas,

2012):

I(y;xi | xS) = DKL

(
p(xi,y | xS) || p(xi | xS)p(y | xS)

)
= E

y,xi|xS

[
log

p(y,xi | xS)
p(xi | xS)p(y | xS)

]
.

Rearranging terms, we can write this as an expected KL divergence with respect to xi:

I(y;xi | xS) = E
xi|xS

E
y|xS ,xi

[
log

p(y,xi | xS)
p(xi | xS)p(y | xS)

]
= E

xi|xS

E
y|xS ,xi

[
log

p(y | xi, xS)

p(y | xS)
]

= E
xi|xS

[
DKL

(
p(y | xi, xS) || p(y | xS)

)]
Now, when we sample multiple values x1i , . . . , xni ∼ p(xi | xS) and make predictions using
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the Bayes classifier, we have the following mean prediction as n becomes large:

lim
n→∞

1

n

n∑
j=1

p(y | xS, xji ) = E
xi|xS

[
p(y | xi, xS)

]
= p(y | xS).

Calculating the mean KL divergence across the predictions, we arrive at the following result:

lim
n→∞

Ini = E
xi|xS

[
DKL

(
p(y | xi, xS) || p(y | xS)

)]
= I(y;xi | xS).

Theorem G.1. When y is discrete and ℓ is cross entropy loss, the global optimum of eq. 9.5

is a predictor that satisfies f(xS; θ∗) = p(y | xS) and a policy π(xS;ϕ∗) that puts all probability

mass on i∗ = argmaxi I(y;xi | xS).

Proof. We first consider the predictor network f(xS; θ). When the predictor is given the

feature values xS, it means that one index i ∈ S was chosen by the policy according to

π(xs\i;ϕ) and the remaining indices S \ i were sampled from p(S). Because S is sampled

independently from (x,y), and because π(xS\i;ϕ) is not given access to (x[d]\S,xi,y), the

predictor’s expected loss must be considered with respect to the distribution y | xS. The

globally optimal predictor f(xS; θ∗) is thus defined as follows, regardless of the selection

policy π(xS;ϕ) and which index i was selected last:

f(xS; θ
∗) = argmin

ŷ
E

y|xS

[
ℓ(ŷ,y)

]
= p(y | xS).

The above result follows from our proof for Proposition 9.1. Now, given the optimal predictor

f(xS; θ
∗), we can define the globally optimal policy by minimizing the expected loss for a

fixed input xS. Denoting the probability mass placed on each index i ∈ [d] as πi(xS;ϕ),
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where π(xS;ϕ) ∈ ∆d−1, the expected loss is the following:

E
i∼π(xS ;ϕ)

E
y,xi|xS

[
ℓ(f(xS ∪ xi; θ

∗),y)
]
=
∑
i∈[d]

πi(xS;ϕ) E
y,xi|xS

[
ℓ
(
f(xS ∪ xi; θ

∗),y
)]

=
∑
i∈[d]

πi(xS;ϕ) E
xi|xS

[H(y | xi, xS)].

The above result follows from our proof for Proposition 9.2. If there exists a single index

i∗ ∈ [d] that yields the lowest expected conditional entropy, or

E
xi∗ |xS

[H(y | xi∗ , xS)] < E
xi|xS

[H(y | xi, xS)] ∀i ̸= i∗,

then the optimal predictor must put all its probability mass on i∗, or πi∗(xS;ϕ∗) = 1. Note

that the corresponding feature xi∗ has maximum conditional mutual information with y,

because we have

I(y;xi∗ | xS) = H(y | xS)︸ ︷︷ ︸
Constant

− E
xi∗ |xS

[H(y | xi∗ , xS)].

To summarize, we derived the global optimum to our objective L(θ, ϕ) by first considering

the optimal predictor f(xS; θ
∗), and then considering the optimal policy π(xS;ϕ

∗) when we

assume that we use the optimal predictor.

Theorem G.2. When y is continuous and ℓ is squared error loss, the global optimum of

eq. 9.5 is a predictor that satisfies f(xS; θ∗) = E[y | xS] and a policy π(xS;ϕ∗) that puts all

probability mass on i∗ = argmini Exi|xS
[Var(y | xi, xS)].

Proof. Our proof follows the same logic as our proof for Theorem 9.1. For the optimal

predictor given an arbitrary policy, we have:

f(xS; θ
∗) = argmin

ŷ
E

y|xS

[
(ŷ − y)2

]
= E[y | xS].
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Then, for the policy’s expected loss, we have:

E
i∼π(xS ;ϕ)

E
y,xi|xS

[(
f(xS ∪ xi; θ

∗)− y
)2]

=
∑
i∈[d]

πi(xS;ϕ) E
xi|xS

[Var(y | xi, xS)].

If there exists an index i∗ ∈ [d] that yields the lowest expected conditional variance, then

the optimal policy must put all its probability mass on i∗, or πi∗(xS;ϕ∗) = 1.

G.2 Datasets

The datasets used in our experiments are summarized in Table G.1. Three of the tabular

datasets and the two image classification datasets are publicly available, and the three emer-

gency medicine tasks were privately curated from the Harborview Medical Center Trauma

Registry.

Table G.1: Summary of datasets used in our experiments.

Dataset # Features # Feature Groups # Classes # Samples

Fluid 224 162 2 2,770
Respiratory 112 35 2 65,515
Bleeding 121 44 2 6,496

Spam 58 – 2 4,601
MiniBooNE 51 – 2 130,064
Diabetes 45 – 3 92,062

MNIST 784 – 10 60,000
CIFAR-10 1,024 64 10 60,000

MiniBooNE and spam classification The spam dataset includes features extracted

from e-mail messages to predict whether or not a message is spam. Three features describes

the usage of capital letters in the e-mail, and the remaining 54 features describe the frequency
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with which certain key words or characters are used. The MiniBooNE particle identification

dataset involves distinguishing electron neutrinos from muon neutrinos based on various

continuous features (Roe et al., 2005). Both datasets were obtained from the UCI repository

(Dua and Graff, 2017).

Diabetes classification The diabetes dataset was obtained from from the National Health

and Nutrition Examination Survey (NHANES) (NHA, 2018), an ongoing survey designed to

assess the well-being of adults and children in the United States. We used a version of the

data pre-processed by Kachuee et al. (2018, 2019) that includes data collected from 1999

through 2016. The input features include demographic information (age, gender, ethnicity,

etc.), lab results (total cholesterol, triglyceride, etc.), examination data (weight, height, etc.),

and questionnaire answers (smoking, alcohol, sleep habits, etc.). An expert was also asked

to suggest costs for each feature based on the financial burden, patient privacy, and patient

inconvenience, but we assume uniform feature costs in our experiments. Finally, the fasting

glucose values were used to define three classes based on standard threshold values: normal,

pre-diabetes, and diabetes.

Image classification datasets The MNIST and CIFAR-10 datasets were downloaded

using PyTorch (Paszke et al., 2017). We used the standard train-test splits, and we split the

train set to obtain a validation set with the same size as the test set (10,000 examples).

Emergency medicine datasets The emergency medicine datasets used in this study

were gathered over a 13-year period (2007-2020) and encompass 14,463 emergency depart-

ment admissions. We excluded patients under the age of 18, and we curated 3 clinical cohorts

commonly seen in pre-hospitalization settings. These include (i) pre-hospital fluid resusci-

tation, (ii) emergency department respiratory support, and (iii) bleeding after injury. These

datasets are not publicly available due to patient privacy concerns.
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Pre-hospital fluid resuscitation We selected 224 variables that were available in the

pre-hospital setting, including dispatch information (injury date, time, cause, and location),

demographic information (age, sex), and pre-hospital vital signs (blood pressure, heart rate,

respiratory rate). The outcome was each patient’s response to fluid resuscitation, following

the Advanced Trauma Life Support (ATLS) definition (Subcommittee et al., 2013).

Emergency department respiratory support In this cohort, our goal is to predict

which patients require respiratory support upon arrival in the emergency department. Similar

to the previous dataset, we selected 112 pre-hospital clinical features including dispatch

information (injury date, time, cause, and location), demographic information (age, sex),

and pre-hospital vital signs (blood pressure, heart rate, respiratory rate). The outcome is

defined based on whether a patient received respiratory support, including both invasive

(intubation) and non-invasive (BiPap) approaches.

Bleeding In this cohort, we only included patients whose fibrinogen levels were measured,

as this provides an indicator for bleeding or fibrinolysis (Mosesson, 2005). As with the previ-

ous datasets, demographic information, dispatch information, and pre-hospital observations

were used as input features. The outcome, based on experts’ opinion, was defined by whether

an individual’s fibrinogen level is below 200 mg/dL, which represents higher risk of bleeding

after injury.

G.3 Baselines

This section provides more details on the baseline methods used in our experiments (Sec-

tion 9.7).

G.3.1 Global Feature Importance Methods

Two of our static feature selection baselines, permutation tests and SAGE, are global feature

importance methods that rank features based on their role in improving model accuracy
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(Covert et al., 2021). In our experiments, we ran each method using a single classifier

trained on the entire dataset, and we then selected the top k features depending on the

budget.

When running the permutation test, we calculated the validation AUROC while replacing

values in the corresponding feature column with random draws from the training set. When

running SAGE, we used the authors’ implementation with automatic convergence detection

(Covert et al., 2020). To handle held-out features, we averaged across 128 sampled values

for the six tabular datasets, and for MNIST we used a zeros baseline to achieve faster

convergence.

G.3.2 Local Feature Importance Methods

Two of our static feature selection baselines, DeepLift and Integrated Gradients, are local

feature importance methods that rank features based on their importance to a single predic-

tion. In our experiments, we generated feature importance scores for the true class using all

examples in the validation set. We then selected the top k features based on their mean ab-

solute importance. We used a mean baseline for Integrated Gradients (Sundararajan et al.,

2017), and both methods were run using the Captum package (Kokhlikyan et al., 2020).

G.3.3 Differentiable Feature Selection

Our last static feature selection baseline is the Concrete autoencoder (CAE) from Balın et al.

(2019). The method was originally proposed to perform unsupervised feature selection by

reconstructing the full input vector, but we changed the prediction target to use it in a su-

pervised fashion. The authors propose training with an exponentially decayed temperature

over a hand-tuned number of epochs, but we used an approach similar to our own method:

we trained with a sequence of temperature values, performing early stopping using the val-

idation loss for each one, and we returned the features chosen after training with the final

temperature.
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We tried a similar method proposed by Yamada et al. (2020), but this method requires

tuning a penalty parameter to achieve the desired number of features, and we found that

it gave similar performance in our experiments on MNIST. Among methods that learn to

select features within a neural network, there are several others that do so using group sparse

penalties (Feng and Simon, 2017; Tank et al., 2021; Lemhadri et al., 2021); we tested the

LassoNet approach from Lemhadri et al. (2021) and found that it was not competitive on

MNIST. For simplicity, we present results only for the supervised CAE.

G.3.4 CMI Estimation

Our experiments use two versions of the CMI estimation approach described in Section 9.4.

Both are inspired by the EDDI method introduced by Ma et al. (2019), but a key difference is

that we do not jointly model (x,y) within the same conditional generative model: we instead

separately model the response with a classifier f(xS) ≈ p(y | xS) and the features with a

generative model of p(xi | xS). This partially mitigates one challenge with this approach,

which is working with mixed continuous/categorical data (i.e., we do not need to jointly

model categorical response variables).

For the first version of this approach, we train a PVAE as a generative model (Ma et al.,

2019). The encoder and decoder both have two hidden layers, the latent dimension is set to

16, and we use 128 samples from the latent posterior to approximate p(xi | xS) =
∫
p(xi |

z)p(z | xS). We use Gaussian distributions for both the latent and decoder spaces, and

we generate samples using the decoder mean, similar to the original approach (Ma et al.,

2019). In the second version, we bypass the need for a generative model with a simple

approximation: we sample features from their marginal distribution, which is equivalent to

assuming feature independence.

G.3.5 Opportunistic Learning

Kachuee et al. (2018) proposed Opportunistic Learning (OL), an approach to solve DFS

using RL. The model consists of two networks analogous to our policy and predictor: a Q-
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network that estimates the value associated with each action, where actions correspond to

features, and a P-network responsible for making predictions. When using OL, we use the

same architectures as our approach, and OL shares network parameters between the P- and

Q-networks.

The authors introduce a utility function for their reward, shown in eq. G.1, which cal-

culates the difference in prediction uncertainty as approximated by MC dropout (Gal and

Ghahramani, 2016). The reward also accounts for feature costs, but we set all feature costs

to ci = 1:

ri =
||Cert(xS)− Cert(xS ∪ xi)||

ci
(G.1)

To provide a fair comparison with the remaining methods, we made several modifications

to the authors’ implementation. These include (i) preventing the prediction action until the

pre-specified budget is met, (ii) setting all feature costs to be identical, and (iii) supporting

pre-defined feature groups as described later in this appendix. When training, we update the

P-, Q-, and target Q-networks every 1 + d
100

experiences, where d is the number of features

in a dataset. In addition, the replay buffer is set to store the 1000d most recent experiences,

and the random exploration probability is decayed so that it eventually reaches a value of

0.1.
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G.4 Training Approach and Hyperparameters

This section provides more details on our training approach and hyperparameter choices.

G.4.1 Training Pseudocode

Algorithm 3 summarizes our training approach. Briefly, we select features by drawing a

Concrete sample using policy network’s logits, we calculate the loss based on the subsequent

prediction, and we then update the mask for the next step using a discrete sample from the

policy’s distribution. We implemented this approach using PyTorch (Paszke et al., 2017)

and PyTorch Lightning.1

Algorithm 3: Training pseudocode
Input: Data distribution p(x,y), budget k > 0, learning rate γ > 0, temperature

τ > 0

Output: Predictor model f(x; θ), policy model π(x;ϕ)

initialize f(x; θ), π(x;ϕ)

while not converged do

sample x, y ∼ p(x,y)

initialize L = 0, m = [0, . . . , 0]

for j = 1 to k do

calculate logits α = π(x⊙m;ϕ), sample Gi ∼ Gumbel for i ∈ [d]

set m̃ = max
(
m, softmax(G+ α, τ)

)
// update with Concrete

set m = max
(
m, softmax(G+ α, 0)

)
// update with one-hot

update L ← L+ ℓ
(
f(x⊙ m̃; θ), y

)
end

update θ ← θ − γ∇θL, ϕ← ϕ− γ∇ϕL
end

return f(x; θ), π(x;ϕ)

1https://www.pytorchlightning.ai

https://www.pytorchlightning.ai
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One notable difference between Algorithm 3 and our objective L(θ, ϕ) in the main text

is the use of the policy π(x;ϕ) for generating feature subsets. This differs from eq. 9.5,

which generates feature subsets using a subset distribution p(S). The key shared factor

between both approaches is that there are separate optimization problems over each feature

set that are effectively treated independently. For each feature set xS, the problem is the

one-step-ahead loss, and it incorporates both the policy and predictor as follows:

E
i∼π(xS ;ϕ)

[
ℓ
(
f(xS ∪ xi; θ),y

)]
. (G.2)

The problems for each subset do not interact: during optimization, the selection given xS is

based only on the immediate change in the loss, and gradients are not propagated through

multiple selections as they would be for an RL-based solution. In solving these multiple

problems, the difference is simply that eq. 9.5 weights them according to p(S), whereas

Algorithm 3 weights them according to the current policy π(x, ϕ).

We find that incorporating the current policy when generating feature sets is important

to achieve good performance. As an ablation, we tested how much the method’s performance

changes when we instead generate training examples (xS,y) at random: using the MNIST

dataset with varying numbers of features, we find that using random subsets leads to a

significant drop in performance (Table G.2).

G.4.2 Model Selection

One detail not shown in Algorithm 3 that we alluded to in the main text is our approach

for decaying the Concrete distribution’s temperature parameter. We train with a sequence

of relatively few temperature values, using the validation loss to perform early stopping

with each value. To perform model selection, we separately calculate the validation loss

using a temperature value of zero, which more accurately represents the model’s usage at

inference time; we eventually return the version of the model that performed best on this

zero-temperature loss, chosen across all training temperatures.
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Table G.2: Training algorithm ablation using MNIST.

# Features 5 10 15 20 25 30 40 50

Ours 0.695 0.875 0.926 0.950 0.960 0.966 0.973 0.975
Ablation 0.578 0.757 0.807 0.819 0.838 0.850 0.869 0.883

G.4.3 Hyperparameters

Our experiments with the six tabular datasets used fully connected architectures with dropout

in all layers (Srivastava et al., 2014). The dropout probability is set to 0.3, the networks

have two hidden layers of width 128, and we performed early stopping using the validation

loss. For our method, the predictor and policy were separate networks with identical archi-

tectures. When training models with the features selected by static methods, we reported

results using the best model from multiple training runs based on the validation loss. We

did not perform any additional hyperparameter tuning due to the large number of models

being trained.

For MNIST, we used fully connected architectures with two layers of width 512 and the

dropout probability set to 0.3. Again, our method used separate networks with identical

architectures. For CIFAR-10, we used a shared ResNet backbone (He et al., 2016b) consist-

ing of several residually connected convolutional layers. The classification head consists of

global average pooling and a linear layer, and the selection head consisted of a transposed

convolution layer followed by a 1 × 1 convolution, which outputs a grid of logits with size

8× 8. Our CIFAR-10 networks are trained using random crops and random horizontal flips

as augmentations.

G.4.4 Feature Grouping

All of the methods used in our experiments were designed to select individual features, but

this is undesirable when using categorical features with one-hot encodings. Each of our three
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emergency medicine tasks involve such features, so we extended each method to support

feature grouping.

SAGE and permutation tests are trivial to extend to feature groups: we simply removed

groups of features rather than individual features when calculating importance scores. For

DeepLift and Integrated Gradients, we used the summed importance within each group,

which preserves each method’s additivity property. For the method based on Concrete

Autoencoders, we implemented a generalized version of the selection layer that operates on

feature groups. We also extended OL to operate on feature groups by having actions map

to groups rather than individual features.

Finally, for our method, we parameterized the policy network π(x;ϕ) so that the number

of outputs is the number of groups g rather than the total number of features d (where

g < d). When applying masking, we first generate a binary mask m ∈ [0, 1]g, and we then

project the mask into [0, 1]d using a binary group matrix G ∈ {0, 1}d×g, where Gij = 1 if

feature i is in group j and Gij = 0 otherwise. Thus, our masked input vector is given by

x⊙ (Gm).

G.5 Additional Results

This section provides several additional experimental results. First, Figure G.1 and Fig-

ure G.2 show the same results as Figure 9.2 but larger for improved visibility. Next, Fig-

ure G.3 though Figure G.8 display the feature selection frequency for each of the tabular

datasets when using the greedy method. The heatmaps in each plot show the portion of the

time that a feature (or feature group) is selected under a specific feature budget. These plots

reveal that our method is indeed selecting different features for different samples.

Finally, Figure G.9 displays examples of CIFAR-10 predictions given different numbers of

revealed patches. The predictions generally become relatively accurate after revealing only

a small number of patches, reflecting a similar result as Figure 9.3. Qualitatively, we can see

that the policy network learns to select vertical stripes, but the order in which it fills out

each stripe depends on where it predicts important information may be located.
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Figure G.1: AUROC comparison on the three emergency medicine diagnosis tasks.
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Figure G.2: AUROC comparison on the three public tabular datasets.
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Figure G.3: Feature selection frequency for our greedy approach on the bleeding dataset.

0 5 10 15 20 25 30
Feature Index

0

5

10

15

20

25

# 
Se

le
ct

io
ns

Respiratory Feature Selection Frequency

0.0

0.2

0.4

0.6

0.8

1.0

Figure G.4: Feature selection frequency for our greedy approach on the respiratory dataset.
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Figure G.5: Feature selection frequency for our greedy approach on the fluid dataset.
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Figure G.6: Feature selection frequency for our greedy approach on the spam dataset.
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Figure G.7: Feature selection frequency for our greedy approach on the MiniBooNE dataset.
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Figure G.8: Feature selection frequency for our greedy approach on the diabetes dataset.
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Appendix H

ESTIMATING MUTUAL INFORMATION FOR DYNAMIC
FEATURE SELECTION

H.1 Proofs

In this section, we re-state and prove our results from the main text.

H.1.1 Estimating Conditional Mutual Information

Lemma H.1. When we use the Bayes classifier p(y | xS) as a predictor and ℓ is cross

entropy loss, the incremental loss improvement is an unbiased estimator of the CMI for each

(xS,xi) pair:

E
y,xi|xS

[∆(xS,xi,y)] = I(y;xi | xS).

Proof. Consider the expected cross entropy loss given the prediction p(y | xS):

E
y|xS

[ℓ(p(y | xS),y)] = −
K∑
y=1

p(y = y | xS) log p(y = k | xS)

= H(y | xS).

Next, consider the loss given the prediction p(y | xS, xi), taken in expectation across xi and

y’s conditional distribution p(y,xi | xS):

E
y,xi|xS

[ℓ(p(y | xS,xi),y)] = E
xi|xS

E
y|xS ,xi=xi

[ℓ(p(y | xS,xi = xi),y)]

= E
xi|xS

[H(y | xS,xi = xi)]

= H(y | xi,xi).
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We therefore have the following expectation for the incremental loss improvement:

E
y,xi|xS

[∆(xS,xi,y)] = E
y,xi|xS

[ℓ(p(y | xS),y)− ℓ(p(y | xS,xi),y)]

= H(y | xS)−H(y | xS,xi)

= I(y;xi | xS).

Thus, the loss improvement ∆(xS,xi,y) is an unbiased estimator of the CMI I(y;xi | xS).

Theorem H.1. When ℓ is cross entropy loss, the objectives eq. 10.2 and eq. 10.3 are jointly

optimized by a predictor f(xS; θ∗) = p(y | xS) and value network where vi(xS;ϕ∗) = I(y;xi |
xS) for i ∈ [d].

Proof. Similar to (Covert et al., 2023b), our proof considers both models’ optimal predictions

for each input. Beginning with the predictor, consider the output given the input xS. The

selections were made given only xS, so observing this input conveys no information about y

or the remaining features x[d]\S. The expected loss is therefore

E
y|xS

[ℓ(f(xS; θ),y)].

Assuming that ℓ is cross entropy loss, we can decompose the expected loss as follows:

E
y|xS

[ℓ(f(xS; θ),y)] =
K∑
y=1

p(y = y | xS) log fy(xS; θ)

=
K∑
y=1

p(y = y | xS) log p(y = y | xS)
fy(xS; θ)

p(y = y | xS)

= H(y | xS) +DKL(p(y | xS) || f(xS; θ)).

Due to the non-negative KL divergence term, we see that the optimal prediction is p(y |
xS). We can make this argument for any input xS, so we say that the optimal predictor is
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f(xS; θ
∗) = p(y | xS) for all xS. Notably, this argument does not depend on the selection

policy: it only requires that the policy has no additional information about the response

variable or unobserved features.

Next, we consider the value network while assuming that we use the optimal predictor

f(xS; θ
∗). Given an input xS, we once again have no further information about y or x[d]\S,

so the expected loss is taken across the distribution p(y,xi | xS) as follows:

E
y,xi|xS

[
(v(xS;ϕ)−∆(xS,xi,y))

2
]
.

The expected loss can then be decomposed,

E
y,xi|xS

[
(v(xS;ϕ)−∆(xS,xi,y))

2] = E
y,xi|xS

[
(v(xS;ϕ)− E

y,xi|xS

[∆(xS,xi,y)])
2

]
+Var (∆(xS,xi,y)] | xS) ,

which reveals that the optimal prediction is Ey,xi|xS
[∆(xS,xi,y)]. Following Lemma 10.1,

we know that this is equal to I(y;xi | xS). And because we can make this argument for any

xS, we say that the optimal value network is given by v(xS;ϕ∗) = I(y;xi | xS).

H.1.2 Prior Information

Before proving Theorem 10.2, we first present a preliminary result analogous to Lemma 10.1.

Lemma H.2. When we use the Bayes classifier p(y | xS, z) as a predictor and ℓ is cross

entropy loss, the incremental loss improvement is an unbiased estimator of the CMI for each

(xS, z,xi) tuple:

E
y,xi|xS

[∆(xS,xi, z,y)] = I(y;xi | xS, z).

Proof. The proof follows the same logic as Lemma 10.1, where we consider the expected loss

before and after incorporating the additional feature xi. The only difference is that each
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expectation must also condition on z = z, so the terms to analyze are

E
y|xS ,z

[ℓ(p(y | xS, z),y)]

E
y,xi|xS ,z

[ℓ(p(y | xS, z,xi),y)].

We now prove the main result for incorporating prior information.

Theorem H.2. When ℓ is cross entropy loss, the objectives in eq. 10.5 are jointly optimized

by a predictor f(xS, z; θ∗) = p(y | xS, z) and value network where vi(xS, z;ϕ∗) = I(y;xi |
xS, z) for all i ∈ [d].

Proof. The proof follows the same logic as Theorem 10.1. For the predictor with input xS,

we can decompose the expected loss as follows:

E
y|xS ,z

[ℓ(f(xS, z; θ),y)] = H(y | xS, z) +DKL(p(y | xS, z) || f(xS, z; θ)).

This shows that the optimal predictor is f(xS, z; θ∗) = p(y | xS, z). Next, assuming we use

the optimal predictor, the value network’s expected loss can be decomposed as follows:

E
y,xi|xS ,z

[
(v(xS, z;ϕ)−∆(xS,xi, z,y))

2] = E
y,xi|xS ,z

[
(v(xS, z;ϕ)− E

y,xi|xS ,z
[∆(xS,xi, z,y)])

2

]
+Var (∆(xS,xi, z,y)] | xS, z) .

Based on this, Lemma H.2 implies that the optimal value network is v(xS, z;ϕ∗) = I(y;xi |
xS, z).

H.1.3 Regression Version

Before proving our main result for regression models, we first present a preliminary result

analogous to Lemma 10.1.
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Lemma H.3. When we use the conditional expectation E[y | xS] as a predictor and ℓ

is mean squared error, the incremental loss improvement is an unbiased estimator of the

expected reduction in conditional variance for each (xS,xi) pair:

E
y,xi|xS

[∆(xS,xi,y)] = Var(y | xS)− E
xi|xS

[Var(y | xS,xi)]

= Var(E[y | xS,xi] | xS).

Proof. Consider the expected loss given the prediction E[y | xS]:

E
y|xS

[
(E[y | xS]− y)2

]
= Var(y | xS).

Next, consider the loss given the prediction E[y | xS, xi], taken in expectation across xi and

y’s conditional distribution p(y,xi | xS):

E
y,xi|xS

[
(E[y | xS,xi]− y)2

]
= E

xi|xS

E
y|xS ,xi=xi

[
(E[y | xS,xi]− y)2

]
= E

xi|xS

[Var(y | xS,xi)].

We therefore have the following expectation for the incremental loss improvement:

E
y,xi|xS

[∆(xS,xi,y)] = Var(y | xS)− E
xi|xS

[Var(y | xS,xi)].

Using the law of total variance, we can simplify this difference as follows:

E
y,xi|xS

[∆(xS,xi,y)] = Var (E[y | xS,xi] | xS) .

This provides a measure similar to the CMI: it quantifies to what extent different plausible

values of xi affect our best estimate for the response variable.

We now present our main result for regression models.
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Theorem H.3. When ℓ is mean squared error, the objectives eq. 10.2 and eq. 10.3 are jointly

optimized by a predictor f(xS; θ∗) = E[y | xS] and value network where for i ∈ [d] we have

v(xS;ϕ
∗) = Var(E[y | xS,xi] | xS).

Proof. We follow the same proof technique as in Theorem 10.1. The expected loss for the

predictor with input xS can be decomposed as follows,

E
y|xS

[ℓ(f(xS; θ),y)] = E
y|xS

[
(f(xS; θ)− y)2

]
= E

y|xS

[
(f(xS; θ)− E[y | xS])2

]
+Var(y | xS),

which shows that the optimal predictor network is f(xS; θ∗) = E[y | xS]. Assuming we use

the optimal predictor, the expected loss for the value network can then be decomposed as

E
y,xi|xS

[
(v(xS;ϕ)−∆(xS,xi,y))

2] = E
y,xi|xS

[
(v(xS;ϕ)− E

y,xi|xS

[∆(xS,xi,y)])
2

]
+Var (∆(xS,xi,y)] | xS) ,

which shows that the optimal value network prediction is Ey,xi|xS
[∆(xS,xi,y)]. Lemma H.3

lets us conclude that the optimal value network is therefore v(xS;ϕ∗) = Var(E[y | xS,xi] |
xS).

H.1.4 Allowing a Variable Feature Budget

We first re-state our informal claim, and then introduce notation required to show a formal

version.

Proposition H.1. (Informal) For any feature budget k, the best policy to achieve this budget

on average achieves lower loss than the best policy with a per-prediction budget constraint.

Similarly, for any confidence level m, the best policy to achieve this confidence on average

achieves lower cost than the best policy with a per-prediction confidence constraint.
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In order to account for a policy’s stopping criterion, we generalize our earlier notation

so that policies are functions of the form π(xS) ∈ {0} ∪ [d], and we say a policy terminates

(or stops selecting new features) when π(xS) = 0. Given an input x, we let S(π, x) ⊆ [d]

denote the set of indices selected upon termination. The cost for this prediction is c(π, x) =∑
i∈S(π,x) ci, and there is also a notion of expected loss ℓ(π, x) that we define as follows:

ℓ(π, x) = E
y|xS(π,x)

[ℓ(f(xS(π,x)),y)]. (H.1)

For example, if ℓ is cross entropy loss and we use the Bayes classifier f(xS) = p(y | xS),
we have ℓ(π, x) = H(y | xS); due to this interpretation of the expected loss, we refer to

constraints on ℓ(π, x) as confidence constraints. For example, Chattopadhyay et al. (2023)

suggests continuing to select features until H(y | xS) ≤ m for a confidence level m. In

comparing policies, we must consider the trade-off between accuracy and feature cost, and

we have two competing objectives – the average loss and the average cost:

ℓ(π) = E[ℓ(π,x)] c(π) = E[c(π,x)]. (H.2)

Now, there are three types of policies we wish to compare: (i) those that adopt a budget

constraint for each prediction, (ii) those that adopt a confidence constraint for each predic-

tion, and (iii) those with no constraints. These classes of selection policies are defined as

follows:

1. (Budget-constrained) These policies adopt a budget k that must be respected for each

input x. That is, we have c(π, x) ≤ k for all x. This can be ensured by terminating the

policy when the budget is exactly satisfied (Ma et al., 2019; Rangrej and Clark, 2021;

Covert et al., 2023b) or when there are no more candidates that will not exceed the

budget. Policies of this form are said to belong to the set Πk.

2. (Confidence constrained) These policies adopt a minimum confidence m that must be

respected for each input m. That is, we must have ℓ(π, x) ≤ m for all x. Technically, we
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may not be able to guarantee this for all predictions due to inherent uncertainty, so we can

instead keep making predictions as long as the expected loss exceeds m (Chattopadhyay

et al., 2023). Policies of this form are said to belong to the set Πm.

3. (Unconstrained) These policies have no per-prediction constraints on the feature cost or

expected loss. These policies are said to belong to the set Π, where we have Πk ⊆ Π and

Πm ⊆ Π.

With these definitions in place, we now present a more formal version of our claim.

Proposition H.2. (Formal) For any average feature cost k, the best unconstrained policy

achieves lower expected loss than the best budget-constrained policy:

min
π∈Π:c(π)≤k

ℓ(π) ≤ min
π∈Πk

ℓ(π). (H.3)

Similarly for any average confidence level m, the best unconstrained policy achieves lower

expected cost than the best confidence-constrained policy:

min
π∈Π:ℓ(π)≤m

c(π) ≤ min
π∈Πm

c(π). (H.4)

In other words, for any desired average feature cost or confidence level, it cannot help

to adopt that level as a per-prediction constraint. The best policy to achieve these levels

on average can violate the constraint for some predictions, and as a result provide either a

lower average cost or expected loss.

Proof. The proof of this claim relies on the fact that Πk ⊆ Π and Πm ⊆ Π. It is easy to

see that Πk ⊆ {π ∈ Π : c(π) ≤ k}. This implies the inequality in eq. H.3 because the

right-hand side takes the minimum over a smaller set of policies. Similarly, it is easy to see

that Πm ⊆ {π ∈ Π : ℓ(π) ≤ m}, which implies the inequality in eq. H.4.
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H.2 Predictor Suboptimality

Consider a feature subset xS where the ideal prediction from the Bayes classifier is p(y | xS),
but the learned classifier instead outputs q(y | xS). The incorrect prediction can result in a

skewed loss, which then provides incorrect labels to the value network v(xS;ϕ). Specifically,

the expected loss assuming many data points (x,y) such that xS = xS becomes

E
y|xS

[ℓ(q(y | xS),y)] = H(y | xS) +DKL (p(y | xS) || q(y | xS)) . (H.5)

The loss is therefore higher on average than it should be given the Bayes classifier, with

the extra loss being equal to the KL divergence between the ideal and actual predictions.

However, this does not imply that v(xS;ϕ) systematically overestimates the CMI, because

its labels are based on the expected loss reduction.

Consider that the above situation with incorrect predictions occurs not only for xS, but

also for all values of xi: that is, the classifier outputs q(y | xS, xi) rather than p(y | xS, xi)
for each value xi. Now, the expected loss reduction is the following:

E
y,xi|xS

[∆(xS,xi,y)] = I(y;xi | xS) +DKL(p(y | xS) || q(y | xS))

− E
xi|xS

[
DKL(p(y | xS,xi) || q(y | xS,xi))

]
. (H.6)

This implies that given infinite data and a value network that perfectly optimizes its ob-

jective, the learned CMI estimates are biased according to a difference in KL divergence

terms. Notably, the difference can be either positive or negative, so the CMI estimates can

be incorrect in either direction. And intuitively, the bias shrinks to zero as the classifier

approaches p(y | xS) for all predictions.
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H.3 Training Algorithm

The following algorithm summarizes our learning approach, where we jointly train the predic-

tor and value networks according to the objectives in eq. 10.2 and eq. 10.3. We implemented

it in PyTorch (Paszke et al., 2017) using PyTorch Lightning.1 Note that the algorithm

requires a dataset of fully observed x samples with corresponding labels y.

Algorithm 4 is simplified to omit several details that we implement in practice. These

details are discussed below.

Masked pre-training When pre-training the predictor f(xS; θ), we sample feature sub-

sets as follows: we first sample a cardinality {0, . . . , d} uniformly at random, and we then

sample the members of the subset at random. This distribution ensures even coverage of

different subset sizes |s|, whereas treating each feature’s membership as an independent

Bernoulli variable biases the subsets towards a specific size.

Minibatching As is conventional in deep learning, we calculate gradients in parallel for

multiple inputs. In Algorithm 4, this means that we take gradient steps calculated over

(i) multiple data samples (x,y) and (ii) multiple feature budgets.

Learning rate schedule Rather than train with a fixed learning rate γ > 0, we reduce

its value over the course of training. To avoid setting a precise number of epochs for each

dataset, we decay the learning rate when the loss reaches a plateau, and we perform early

stopping when the learning rate is sufficiently low. The initial learning rate depends on the

architecture, but we use values similar to those used for conventional training (e.g., ViTs

require a lower learning rate than CNNs or MLPs).

Annealing exploration probability Setting a large value for ϵ helps encourage explo-

ration, but at inference time we set ϵ = 0. To avoid the mismatch between these settings, we

1https://www.pytorchlightning.ai

https://www.pytorchlightning.ai
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sometimes anneal ϵ towards zero over the course of training. Specifically, we train the model

with a sequence of ϵ values, warm-starting each model with the output from the previous

value.

Parameter sharing As mentioned in Section 10.5, we sometimes share parameters be-

tween the predictor and value network. We implement this via a shared backbone, e.g., a

sequence of self-attention layers in a ViT (Dosovitskiy et al., 2020). The backbone is initial-

ized via the predictor pre-training with random masks, and it is then used for both f(xS; θ)

and v(xS;ϕ) with separate output heads for each one.

Scaling value network outputs To learn the optimal value network outputs, it is tech-

nically sufficient to let the network make unconstrained, real-valued predictions. However,

given that the true CMI values are non-negative, or I(y;xi | xS) ≥ 0 for all (xS,xi), it is

sensible to constrain the predictions: for example, we can apply a softplus output activation.

Similarly, we know that the true CMI values are upper bounded by the current prediction en-

tropy H(y | xS) (Cover and Thomas, 2012). These simultaneous bounds can be summarized

as follows:

0 ≤ I(y;xi | xS) ≤ H(y | xS).

To enforce both inequalities, we apply a sigmoid operation to the unconstrained value network

prediction v(xS;ϕ), and we multiply this by the empirical prediction entropy from f(xS; θ).

An ablation showing the effect of this approach is in Figure H.3.

Prior information We found that an issue with using prior information (as discussed in

Section 10.5.2) is overfitting to z. This is perhaps unsurprising, particularly when z is high-

dimensional, because the same input is used repeatedly with different feature subsets xS

and the same label y. To mitigate this, we applied the following simple fix: for the separate

network that processes the prior variable z, we detached gradients when using the learned

representation to make classifier predictions, so that gradients are propagated only for the
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value network’s CMI predictions. An ablation demonstrating this approach is in Figure H.8.

Inference time. At inference time, we follow a similar procedure as in Algorithm 4 but

with ϵ = 0, so that we always make the most valuable selection. In terms of stopping criteria

for making a prediction, we explore multiple approaches, as discussed in Section 10.5.3: (i) a

budget-constrained approach with parameter k, (ii) a confidence constrained approach with

parameter m, and (iii) a penalized approach with parameter λ. Our results are generated

by evaluating a single learned policy with several values for each of these parameters. The

range of reasonable values for the confidence parameter m and penalty parameter λ depend

on the dataset, so these are tuned by hand.

H.4 Datasets

This section provides details about the datasets used in our experiments. The size of each

dataset is summarized in Table H.1.

MNIST This is the standard digit classification dataset (LeCun et al., 1998). We down-

loaded it with PyTorch and used the standard train and test splits, with 10,000 training

samples held out as a validation set.

Intubation This is a privately curated dataset from a university medical center, gathered

over a 13-year period (2007-2020). Our goal is to predict which patients require respiratory

support upon arrival in the emergency department. We selected 112 pre-hospital clinical

features including dispatch information (injury date, time, cause, and location), demographic

information (age, sex), and pre-hospital vital signs (blood pressure, heart rate, respiratory

rate). The outcome is defined based on whether a patient received respiratory support,

including both invasive (intubation) and non-invasive (BiPap) approaches. We excluded

patients under the age of 18, and because many features represent one-hot encodings for

categorical variables, we grouped them into 35 feature groups. Feature acquisition costs
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were obtained by having a board-certified emergency physician estimate the relative cost of

obtaining each feature. The dataset is not publicly available due to patient privacy concerns.

ROSMAP The Religious Order Study (ROS) and Memory Aging Project (MAP) Bennett

et al. (2012a,b) are complementary epidemiological studies that enroll participants to study

dementia. ROS is a logitudinal study that enrolls clergy without known dementia from across

the United States, including Catholic nuns, priests, and brothers aged 65 years and older.

Participants agree to annual medical and psychological evaluation and pledge their brain

for donation. MAP is a longitudinal study that enrolls participants encompassing a wider

community from 40 continuous care retirement facilities around the Chicago metropolitan

area. Participants are without known dementia and agree to annual clinical evaluation and

donation of brain, spinal cord and muscle after death. While entering the study, participants

share demographic information (e.g. age, sex) and also provide their blood samples for

genotyping. At each annual visit, their medical information is updated and they take a

series of cognitive tests, which generate multiple measurements over time. This results in 46

different variables, grouped into 43 feature groups to account for one-hot encodings. The task

is to predict dementia onset within the next three years given the current medical information

and no prior history of dementia. In total, the data contains 3,194 individuals with between

1 and 23 annual visits. Following the preprocessing steps used in (Beebe-Wang et al., 2021),

we applied a four-year sliding window over each sample, thereby generating multiple samples

per participant. Each sample is split into an input window consisting of the current year visit

t and a prediction window of the next three years (t+1, t+2, t+3). To avoid overlap between

the training, validation, or testing sets, we ensured that all samples from a single individual

fell into only one of the data splits. Feature acquisition costs expressed in terms of time taken

were borrowed from Beebe-Wang et al. (2021) for the cognitive tests and rough estimates

were assigned to the remaining features using prior knowledge. We discarded the genotypic

feature (APOE e4 allele) from the feature set since it is highly predictive of dementia and

it is difficult to assign an appropriate cost. The dataset can be accessed at https://dss.

https://dss.niagads.org/cohorts/religious-orders-study-memory-and-aging-project-rosmap/
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niagads.org/cohorts/religious-orders-study-memory-and-aging-project-rosmap/.

ImageNette and ImageNet-100 These are both subsets of the standard ImageNet

dataset (Deng et al., 2009). ImageNette contains 10 classes and was downloaded using

the Fast.ai deep learning library (Howard and Gugger, 2020), ImageNet-100 contains 100

classes and was downloaded from Kaggle (Ambityga), and in both cases we split the images

to obtain train, validation and test splits. Images were resized to 224 × 224 resolution for

both architectures we explored, ResNets (He et al., 2016b) and ViTs (Dosovitskiy et al.,

2020).

MHIST The MHIST (minimalist histopathology) (Wei et al., 2021) dataset is an im-

age classification dataset comprising 3,152 hematoxylin and eosin (H&E)-stained Formalin

Fixed Paraffin-Embedded (FFPE) fixed-size images of colorectal polyps from patients at

Dartmouth-Hitchcock Medical Center (DHMC). The task is to perform binary classification

between hyperplastic polyps (HPs) and sessile serrated adenomas (SSAs), which is a chal-

lenging prediction task with significant variation in inter-pathologist agreement (Abdeljawad

et al., 2015; Farris et al., 2008; Glatz et al., 2007; Khalid et al., 2009; Wong et al., 2009).

HPs are typically benign, while SSAs are precancerous lesions that can turn into cancer

if not treated promptly. The fixed-size images were obtained by scanning 328 whole-slide

images and then extracting regions of size 224 × 224 representing diagnostically-relevant

regions of interest for HPs or SSAs. For the ground truth, each image was assigned a

gold-standard label determined by the majority vote of seven board-certified gastrointesti-

nal pathologists at the DHMC. The dataset can be accessed by filling out the form at

https://bmirds.github.io/MHIST/.

H.5 Models

Here, we briefly describe the types of models used for each dataset. The exploration proba-

bility ϵ for all models is set to 0.05 at the start with an annealing rate of 0.2.

https://dss.niagads.org/cohorts/religious-orders-study-memory-and-aging-project-rosmap/
https://dss.niagads.org/cohorts/religious-orders-study-memory-and-aging-project-rosmap/
https://dss.niagads.org/cohorts/religious-orders-study-memory-and-aging-project-rosmap/
https://bmirds.github.io/MHIST/
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Tabular datasets For all the tabular datasets, we use multilayer perceptrons (MLPs)

with two hidden layers and ReLU non-linearity. We use 128 neurons in the hidden layers

for the ROSMAP and Intubation datasets, and 512 neurons for MNIST. The initial learning

rate is set to 10−3 at the start and we also use dropout with probability 0.3 in all layers to

reduce overfitting (Srivastava et al., 2014). The value and predictor networks use separate

but identical network architectures. The networks are trained on a NVIDIA RTX 2080 Ti

GPU with 12GB of memory.

Image datasets: ResNet We use a shared ResNet-50 backbone (He et al., 2016b) for the

predictor and value networks. The final representation from the backbone has shape 7× 7,

and the output heads for each network are specified as follows. The predictor head contains

a Conv → Batch Norm → ReLU sequence followed by global average pooling and a fully

connected layer. The value network head consists of an upsampling block with a transposed

convolutional layer, followed by a 1 × 1 convolution and a sigmoid to scale the predictions

(see Appendix H.3). The learning rate starts at 10−5, and the networks are trained on a

NVIDIA RTX 2080 Ti GPU with 12GB of memory.

Image datasets: ViT We use a shared ViT backbone (vit_small_patch16_224) (Doso-

vitskiy et al., 2020) for the predictor and value networks. We use ViT and ResNet backbones

having a similar number of parameters for a fair comparison: ResNet-50 has approximately

23M parameters, and ViT-Small has 22M parameters. The predictor head contains a linear

layer applied to the class token, and the value network head contains a linear layer applied

to all tokens except for the class token, followed by a sigmoid function. When incorporating

prior information, a separate ViT backbone is used for both the predictor and value networks

to generate an embedding, which is then concatenated with the masked image embedding to

get either the predicted CMIs or the class prediction. The learning rate starts at 10−5, and

the networks are trained on a NVIDIA Quadro RTX 6000 GPU with 24GB of memory.
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H.6 Baselines

Here, we provide more details here on our baseline methods.

Concrete autoencoder This is a static feature selection method that optimizes a differ-

entiable selection module within a neural network (Balın et al., 2019). The layer can be

added at the input of any architecture, so we use this method for both tabular and image

datasets. The original work suggested training with an exponentially decayed temperature

and a hand-tuned number of epochs, but we use a different approach to minimize the tuning

required for each dataset: we train with a sequence of temperature values, and we perform

early stopping for each one based on the validation loss. We return the features that are se-

lected after training with the lowest temperature, and we evaluate them by training a model

from scratch with only those features provided.

EDDI This is a dynamic feature selection method that relies on a generative model to

sample the unobserved features (Ma et al., 2019). We implement a PVAE to sample the

unknown features, and these samples are used to estimate the CMI for candidate features

at each selection step. We separately implement a classifier that makes predictions with

arbitrary feature sets, similar to the one obtained after masked pre-training in Algorithm 4.

We use this method only for our tabular datasets, as the PVAE is not expected to work well

for images, and the computational cost at inference time is relatively high.

Probabilistic hard attention This method extends EDDI to work for images by im-

puting unobserved features within a lower dimensional, learned feature space (Rangrej and

Clark, 2021). To ensure that the method operates on the same image regions as DIME, we

implemented a feature extractor that separately computes embeddings for non-overlapping

14×14 patches, similar to a ViT (Dosovitskiy et al., 2020) or bag-of-features model (Brendel

and Bethge, 2019). Specifically, our extractor consists of a single 16×16 convolutional layer,

followed by a series of 1 × 1 convolutions. The features from each patch are aggregated by
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a recurrent module, and we retain the same structure used in the original implementation.

Argmax Direct This is a dynamic feature selection method that directly estimates the

feature index with maximum CMI. It is based on two concurrent works whose main difference

is how gradients are calculated for the selector network (Chattopadhyay et al., 2023; Covert

et al., 2023b); for simplicity, we only explore the technique based on the Concrete distribution

from (Covert et al., 2023b). As a discriminative method, this baseline allows us to use

arbitrary architectures and is straightforward to apply with either tabular or image datasets.

H.7 Additional Results

Here, we present the results of several additional experiments and ablations on the different

datasets.

Figure H.1 shows the prediction calibration of the predictor network by plotting DIME’s

performance at different levels of confidence for a specific budget of k = 15, along with

the density of the samples at those confidence levels across multiple datasets. This shows

that the predictor network is well-calibrated and does not systematically overestimate or

underestimate its predicted probabilities. Proper calibration is important to achieve accurate

loss values, because these are then used to train the value network (see eq. 10.3).

Figure H.2 shows the calibration of the predicted CMIs by the value network for both a

tabular and image dataset by plotting the difference in entropy or losses against the predicted

CMI. A linear trend showcases that the CMIs predicted by the value network align well with

the difference in either the entropy or the loss. Since we do not have ground truth CMI

values to evaluate the accuracy of our value network, this serves a viable alternative for real-

world datasets, and we can verify that the CMI predictions correctly represent the expected

reduction in either loss or entropy.

Figure H.3 shows the effect of constraining the predicted CMIs using the current predic-

tion entropy, as described in Appendix H.3. Without the constraint, there are some samples

that have unrealistically high CMIs which are greater than the prediction entropy. After
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applying the sigmoid activation on the value network predictions, this issue is corrected.

Figure H.4 shows multiple trials for the penalized policy on the tabular datasets. This

provides a simple way to represent variability between trials when we cannot precisely control

the budget between independent policies. Similarly, Figure H.5 and Figure H.6 show multiple

trials while considering non-uniform feature costs. The relative results stay the same across

all trials.

Figure H.7 shows the confidence distribution of full input predictions in the tabular

datasets. Across all datasets, we observe that the model has high confidence in many of

the samples, but there are some that remain uncertain even after observing all the features.

This provides motivation for using the penalized approach, because a confidence-constrained

approach could suffer here by expending the entire feature acquisition budget only to remain

at high uncertainty.

Figure H.8 shows the effectiveness of detaching gradients for the predictor network of

the sketch z in the histopathology dataset, as described in Appendix H.3. The penal-

ized policy performs much better when we propagate gradients only for CMI predictions,

which we attribute to reduced overfitting to the prior information. Figure H.9 compares

the confidence-constrained stopping criterion with the other two approaches (penalized and

budget-constrained) for two of the image datasets.
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Figure H.1: Evaluation of prediction calibration for a fixed budget of k = 15. The left
column shows the prediction calibration of the predictor network by plotting the accuracy
for different confidence levels. The right column shows the distribution of confidences across
all samples.
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outputs.
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Algorithm 4: Training algorithm
Input: Data distribution p(x,y), learning rate γ, budget k, exploration ϵ ∈ (0, 1),

costs c ∈ Rd
+

Output: Predictor f(xS; θ), value network v(xS;ϕ)

// Prepare models
initialize v(xS;ϕ), pre-train f(xS; θ) with random masks

while not converged do
// Initialize variables
initialize S = ∅, Lθ = 0, Lϕ = 0
sample x, y ∼ p(x,y)

// Initial prediction
calculate ŷprev = f(x∅; θ)
update Lθ ← Lθ + ℓ(ŷprev, y)

while
∑

i∈s ci ≤ k do
// Determine next selection
calculate I = v(xS;ϕ)
set j = argmaxi/∈s Ii/ci with probability 1− ϵ, else sample j from [d] \ S
// Update predictor loss
update S ← S ∪ j
calculate ŷ = f(xS; θ)
update Lθ ← Lθ + ℓ(ŷ, y)

// Update value loss
calculate ∆ = ℓ(ŷprev, y)− ℓ(ŷ, y)
update Lϕ ← Lϕ + (Ij −∆)2

set ŷprev = ŷ

end

// Gradient step
update θ ← θ − γ∇θLθ, ϕ← ϕ− γ∇ϕLϕ

end
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Table H.1: Summary of datasets used in our experiments.

Dataset # Features # Feature Groups # Classes # Samples

MNIST 784 – 10 60,000
Intubation 112 35 2 65,515
ROSMAP 46 43 2 13,438

ImageNette 50,176 196 10 13,395
ImageNet-100 50,176 196 100 135,000
Histopathology 50,176 196 2 3152
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Figure H.4: Multiple trials using the penalized policy for tabular datasets. DIME remains
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Figure H.6: Multiple trials when using non-uniform feature costs for Intubation.
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