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Could quantum machine learning someday run faster than classical machine learning? Over
the past decade, the field of QML has produced many proposals for attaining large quantum
speedups for computationally intensive tasks in machine learning and data analysis. However,
it was unclear whether these speedups could be realized in end-to-end applications, as there
had been no rigorous way to analyze such speedups. We remedy this issue by presenting a
framework of classical computation to serve as an analogue to quantum linear algebra: in
particular, we give a classical version of the quantum singular value transformation (QSVT)
framework of Gilyén, Su, Low, and Wiebe [GSLW19]. Within this framework, we observe
that the space of QML algorithms splits into two classes: either input data is sparse or given
in a quantum-accessible data structure, which implicitly requires such matrices to have low
rank. The former class is BQP-complete, meaning that it must give exponential speedups;
otherwise, exponential quantum speedups don’t exist at all. On the other hand, the latter class
can be “dequantized,” meaning that our classical framework produces algorithms to perform
computations in this class at most polynomially slower than QSVT.

We give two forms of evidence for this claim. First, we prove that our framework has
extensibility properties, showing that we can compute the same type of matrix arithmetic ex-
pressions that QSVT can compute. Second, with our framework, we dequantize eight QML
algorithms appearing in the literature, including recommendation systems [KP17] and low-
rank semidefinite programming [BKLLSW19], which were previously believed to be among
the best candidates for exponential quantum speedup [Pre18]. We can then conclude that
these candidates do not give exponential speedups when run on classical data, radically lim-
iting the space of settings where we could hope for exponential speedups from QML.

The classical algorithms presented here center around one key idea: data structures that
support efficient quantum algorithms for preparing an input quantum state also admit efli-
cient classical algorithms for measuring that quantum state in the computational basis. As
observed in the classical sketching literature, these measurements, f% importance samples, can
be used to approximate a product of matrices by a product of “sketched” matrices of far lower
dimension. This simple idea turns out to be extremely extensible when input matrices are
sufficiently low-rank. Our work forms the beginning of a theory of quantum-inspired linear
algebra, demonstrating that we can compute a large class of linear algebraic expressions in
time independent of input dimension, provided that weak sampling assumptions on the input
are satisfied.
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1 Prelude

I still find it miraculous that the laws of quantum physics let us solve any classical
problems exponentially faster than today’s computers seem able to solve them. So
maybe it shouldn’t surprise us that, in machine learning like anywhere else, Nature

will still make us work for those speedups. —Scott Aaronson [Aar15]

1.1 Overview

The most tantalizing goal of the quantum algorithms researcher is the exponential speedup:
an algorithm, preferably relevant to practice, that quantum computers can perform exponen-
tially faster than usual, classical computers can (when running the fastest known algorithms).
This is the largest possible speedup a quantum computer can achieve, and algorithms that
give exponential speedups are the most compelling reasons we have for the development of
scalable quantum computers. Shor’s algorithm [Sho97] gives an exponential speedup for fac-
toring numbers, but despite fifty years of research, we still only have a couple of definitive
examples of exponential speedup [Aar22]. However, we have hope for a third in the realm of
machine learning and data analysis.

Quantum machine learning (QML) has been studied in various settings for decades [BJ99],
but we will focus on QML algorithms using quantum linear algebra, since such algorithms are
the ones aiming for exponential speedups on practical tasks [DW20; Cil+18]. The conceit of
quantum linear algebra is as follows: quantum systems implicitly manipulate exponentially
large matrices in polynomial time, so perhaps we can harness Nature’s linear algebra proces-
sor to manipulate data exponentially faster than we can with classical computers. The key
work in this line is Harrow, Hassidim, and Lloyd’s quantum algorithm for sampling from the
solution x to a sparse system of linear equations, Ax = b [HHL09]. QML has since rapidly
developed into an active field of study with numerous proposals for quantum speedups for ma-
chine learning tasks in domains ranging from recommendation systems [KP17] to topological
data analysis [LGZ16].

At first glance, many applications of QML seem to admit exponential speedups. However,
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Landscape: exponential speedups in quantum machine learning

sparse linear

supervised
systems [HHL09] clustering [LMR13]
data fitting o
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analysis [LMR14] support vector

machines [RML14]

electromagnetic

scattering [CJS13] low-rank matrix

semidefinite decomposition

programming [RSML18]
[BKLLSW19]

— better candidate for exponential quantum speedup —

Figure 1: Pictured is a rough map of the landscape of quantum machine learning algorithms
before this line of work. A collection of notable QML algorithms are listed, colored by a sub-
jective judgment of how well they address input and output assumptions. Note that, even the
best candidate presented here is not as good as, say, Shor’s algorithm, since all require some
form of quantum-accessible memory, which is a strong assumption on quantum hardware,
particularly in the near-term.

these exponential speedups are less likely to manifest in practice compared to, say, Shor’s
algorithm, because unlike their classical counterparts, QML algorithms must make strong
input assumptions and learn relatively little from their output [Aar15] (see Fig. 1). For example,
consider the aforementioned quantum algorithm for solving Ax = b when A is sparse and well-
conditioned. On the input side, this algorithm requires the ability to prepare quantum states
encoding b and apply quantum circuits encoding A, so it is limited to input that supports these
operations efficiently. On the output side, this algorithm produces the solution x encoded in
a quantum state, so we are limited to information about x that can be extracted from these
states efficiently. Both input loading and output extraction tasks are hard in their most generic
forms, leading to unique assumptions that make evaulating QML proposals against classical
algorithms difficult. So, our understanding of speedups in this space is much murkier than it
might appear at first glance. The question remains: will quantum computers someday give

super-polynomial speedups for machine learning? Is there a way to rule this possibility out

in some regimes?
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Sparsity-based QSVT QRAM-based QSVT
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— better candidate for exponential quantum speedup —

Figure 2: Pictured is the landscape of quantum machine learning algorithms from Fig. 1
after this line of work. In this thesis, we dequantize all of the algorithms on the right-hand
side, showing that they do not give exponential speedups on classical data. For specifics, see
Fig. 7. All of these algorithms can be placed in the QSVT framework, and in this setting, the
dequantized algorithms are precisely the algorithms that do not rely on sparsity assumptions.

This thesis develops a framework of classical algorithms which can give formal evidence
against an exponential quantum advantage. This framework produces “dequantized” versions
of QML algorithms: fully classical algorithms that, on classical data, perform only polynomi-
ally slower than their quantum counterparts. The existence of a dequantized algorithm means
that its quantum counterpart cannot give exponential speedups on classical data, illuminating
the landscape of QML speedups.

Prior to this dequantizing framework, the primary formal evidence for or against quan-
tum linear algebra speedups was that certain problems QML could solve are BQP-complete,
meaning that if they cannot produce an exponential speedup, then no quantum algorithm
can. BQP-completeness is positive evidence for the existence of a speedup, but has only been
shown for a handful of QML problems, notably the aforementioned sparse linear systems sam-
pling [HHL09]. Dequantized algorithms complement BQP-completeness arguments by giving
negative evidence of a quantum speedup, provided that one is given input matrices and vec-

tors as lists of entries in a data structure, referred to here as being given “classical data” (as
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opposed to quantum data, where matrices and vectors are given as, say, quantum states or
classical descriptions of quantum circuits). We will show how to dequantize a large swathe
of QML, and in fact, dequantize a general quantum linear algebra framework.

Quantum singular value transformation (QSVT), a framework introduced by Gilyén, Low,
Su, and Wiebe, unifies many quantum algorithms ranging from quantum walks to Hamilto-
nian simulation [LC17; CGJ19; GSLW19]. Since this framework captures essentially all known
linear algebraic QML techniques [MRTC21], including all prior dequantized QML algorithms
(up to minor technical details), it is our natural target for dequantizing. We cannot hope to
dequantize all of QSVT, because with sparse input data encoded appropriately, QSVT can
simulate algorithms for BQP-complete problems [JW06; HHL09]. However, we show that we
can dequantize the QSVT framework, provided that the input data comes in the state prepa-
ration data structure commonly used for quantum linear algebra. Such data structures only
allow for efficient QML when the input is low-rank. Nevertheless, they are the only way we
know how to run quantum linear algebra on classical data without strong restrictions on the
structure of the data, so this setting covers all QML algorithms that do not rely on sparsity
assumptions. We present a classical analogue of the QSVT framework that is only polyno-
mially slower when the input is low rank, and apply it to dequantize QML algorithms. This
framework inherits unique closure properties about QSVT, making it potentially of interest
to classical sketching researchers.

The notion of dequantization is subtle, because classical algorithms are hard to compare
with inherently quantum ones. To get a better sense of it, we begin with some examples of de-
quantization. These examples will not give formal analyses, but we encourage the interested

reader to perform these themselves, as they are good warmups for subsequent arguments.?

Notation To begin with, we define notation to be used throughout. For natural numbers
n € N, [n] := {1, ...,n}. For complex numbers z € C, its absolute value is |z| = Vz*z, where z*

is the complex conjugate of z. f < g denotes the ordering induced by big O notation, f = O(g)

>Though the motivation of this work is to understand quantum speedups, quantum computing is not neces-
sary to understand the results in this thesis: outside of the discussions in this prelude, we will only reference
QML algorithms in their broad strokes. Readers wishing to understand this work from the perspective of classical
algorithms can safely ignore this material.
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(and respectively for > with Q(-) and = with 6(-)). O (g) is shorthand for O(g poly(log g)).
Let A € C™" be a complex matrix. Fori € [m],j € [n], A(i,-) denotes the i-th row of A,

A(-, j) denotes the j-th column of A, and A(j, j) denotes the (i, j)-th element of A. The conjugate

transpose of A is AT, the Frobenius norm of Ais | Al := |vec(A)| = (zzl z;-l:l |AG, D)2 and

the spectral norm of Ais |A| := |Alop = supyecn |x|=1 |Ax|- The stable rank of A is HA||12:/HA|]2:

Jxl=
when we refer to “low-rank” matrices, it means that stable rank is small.
For vectors v € C", |v| denotes standard Euclidean norm (so |v| := (Z?:1|v(i)|2)1/ 2). The

quantum state encoding the entries of v in its amplitudes is denoted |v) = ﬁ Yoo, i |i), where

i) are the computational basis vectors.

1.2 Example 1: The swap test, and access models

0y —H] [H}—— A
lp) ———
) ——

SWAP

Figure 3: The quantum circuit for the swap test, taken from [BCWWO01, Figure 1].

It seems counterintuitive that classical linear algebra algorithms can perform nearly as
well as quantum ones, even on classical data. In some sense, what dequantization shows is
that some quantum linear algebra algorithms do not fully exploit “quantumness,” since they
can be mimicked classically using sampling procedures. We’ll investigate a simple example
of a quantum linear algebra algorithm: the swap test [BCWWO01].

Suppose we have two d-dimensional vectors ¢, € €4, both with unit norm. We wish to
compute their overlap [(¢|i/)|%. There is a quantum algorithm, the swap test (shown in Fig. 3),
to solve this: prepare the log(d)-qubit quantum states |¢p) = zldzl @liy and |¢) = zld:l Uili),
along with one additional qubit in the state H[0) = %GO) + [1)). Then, apply a controlled
SWAP between |§) and [/), with the additional qubit as the control, and then measure this
qubit in the Hadamard basis; the measurement produces 1 with probability % — %|{¢|1//>|2, )

we can use it to estimate the overlap. Averaging over more runs of this circuit gives an estimate
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to 0.01 error with only ©(log(d)) quantum gates and a constant number of copies of the input
states. Even approximating overlaps using classical computers requires (2(d) time, since we
need to read this many entries of the input to distinguish the two cases ¢ = ¢, ¥ = ¢ and
¢ = ¢,y = ej. So, we might naively conclude that the swap test achieves an exponential
quantum advantage in the task of “computing overlaps”. This is not as farfetched a claim
as it might appear: the general version of this task, where we wish to estimate [(0|®"U|0)®"|
forU e €22 a unitary matrix encoded as a poly(n)-sized quantum circuit, indeed gives
a quantum advantage (since this task is BQP-hard). Further, this idea has been proposed
before in QML: a preprint of Lloyd, Mohseni, and Rebentrost claims to achieve an exponential
quantum advantage for clustering with the swap test, computing the distance of a vector to a
centroid by estimating the overlap of states like the above [LMR13].

However, the comparison between O(log(d)) and Q(d) hides the difference in input mod-
els: the quantum algorithm requires copies of the states |¢) and |/), and the classical lower
bound assumes that we are only given the input vectors as lists of entries. For applications
to machine learning, it’s reasonable to receive the data in the latter form, since the data is
classical (in that it comes from classical sources, as is the case for the vast majority of data).
For example, machine learning datasets are stored in this way. This leads us to the ques-
tion: given ¢ and ¥ classically, how can we efficiently prepare their corresponding quantum
states? Though state preparation assumptions like these are common in quantum linear alge-
bra, they cannot be satisfied in general: the typical way of satisfying them is to assume pre-
processing to load the input into a certain kind of data structure in quantum random access
memory (QRAM) [GLMO08; Pral4; JR23]. QRAM is a speculative piece of quantum hardware
which supports storing n bits of data and subsequently querying that data in superposition
in (functionally) polylog(n) time, similarly to how we consider classical RAM; for the sake of
comparison, we assume the existence of QRAM.? If we assume that input is given in this data
structure (see Fig. 4) for the sake of the quantum computer, then for a fair comparison, we

should give our classical computer this same data structure.

30f course, neither forms of RAM could be “truly” polylog(n) time, since storing n bits of data requires poly(n)
space and therefore poly(n) time for the information to travel across that amount of space. The goal would be
to optimize QRAM as well as classical RAM, so that accesses can be treated as ©(log(n)) time, the cost of simply
writing down the pointer into the data.
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[v]?
VD + v(2)? V(3P + (4
v(1)? v(2)? v(3)? v(4)?
J ! 1 1
v(1) v(2) v(3) v(4)

Figure 4: Dynamic data structure used to perform efficient state preparation of a vector v € C*.
The values displayed are stored in QRAM, along with pointers to other values as designated by
the entries. Observe that, by starting from the root of the tree and recursing appropriately, we
can sample i € [4] with probability proportional to [v(i)|? using only classical access to the data
structure. See Remark 4.12 part (b) for more information. A variety of data structures have
similar properties, but this one has the advantage of supporting updating entries in O(logn)
accesses.

If ¢ in this data structure, a classical computer can draw independent samples i € [n] with
probability proportional to |¢(i)|? with G(log(n)) accesses. Equipped with this additional type
of input access, we can estimate the overlap much faster via a Monte Carlo method: pull one
sample, s, from |@), and then compute the estimator 1/, /¢,. This estimator has expected value
(¢ly) and variance 1, so by averaging over a constant number of runs, we can estimate of
the overlap to 0.01 error using O(log d) classical gates, assuming that the entries of ¢ and
are specified with O(log d) bits. The swap test achieves the same dependence on dimension
as the dequantized swap test, so it does not give an exponential speedup in this setting. (A
more precise analysis would reveal that a quadratic quantum speedup in error is possible,
from 0(1/¢?) to O(1/¢).) This argument against exponential quantum speedup remains valid
provided we want to run the quantum algorithm in a setting where we could also perform the
quantum-inspired algorithm.

The general principle of the dequantized swap test extends to other QML algorithms. In
the typical RAM access model, we assume only that we can query entries efficiently. In other

words, we receive our input v € C" as Q(v) with g(v) = 1.

Definition 1.1 (Query access). For a vector v € C"*, we have Q(v), query access to v, if for all

i € [n], we can query for v(i). Let g(v) denote the (time) cost of such a query.
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For comparison to quantum algorithms, we use a stronger input model, sampling and query

access, which supports the queries we need to perform the overlap estimation algorithm.

Definition 1.2 (Sampling and query access to a vector). For a vector v € C", we have SQ(v),
sampling and query access to v, if we can:

1. query for entries of v as in Q(v);

2. obtain independent samples i € [n] where the probability of sampling i is [v(i)[*/|v|?;

3. query for |v].

Let sq(v) denote the time cost of any query.

If we only have Q(v), then responding to queries from SQ(v) (or preparing the state |v))
requires linear-time pre-processing. When quantum algorithms use |v), it’s sensible to give
classical algorithms access to SQ(v), since this is Q(v) with access to computational basis
measurements of |v), also known as importance samples from v. In fact, as far as we know,
if input data is given classically,* classical algorithms in the sampling and query model can
be run whenever the corresponding algorithms in the quantum model can (Remark 4.12). For
example, if input is loaded in the QRAM data structure, as commonly assumed in QML in order
to satisfy state preparation assumptions [Pral4; Cil+18], then we have log-time sampling and
query access to it. So, a fast algorithm for a problem in this classical model implies lack of
quantum speedup for the problem, at least in the usual settings explored in the QML literature.

As the inner product estimation protocol suggests, SQ(v) is a much more powerful access
model than Q(v). Classical algorithms can exploit the measurements of input data possible
with sampling and query access to speed up linear algebra to become time-independent of
the dimension. Specifically, sketching algorithms explore how to use randomness to perform
a dimensionality reduction and “sketch” a large matrix A down to a constant-sized matrix
normalized submatrix of A which behaves similarly to the full matrix [Woo14]. The compu-
tational basis measurements one can produce in the quantum-inspired input model allow for
the efficient estimation of matrix products through Monte Carlo methods [DKMO06], which

can be applied iteratively to produce dequantized algorithms that achieve surprisingly similar

“This assumption is important. When input data is quantum (say, it is coming directly from a quantum
system), a classical computer has little hope of performing linear algebra on it efficiently, see for example [ACQ22;
HKP21].
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bounds to their quantum counterparts. We explore this in our next example.

1.3 Example 2: QSVT, matrix-vector products, and approximate closure

We now introduce QSVT, our target of dequantization. QSVT is based on the primitive of

computing matrix-vector products: given a matrix A € C™" and a vector b € C", compute Ab.

To do this in quantum linear algebra, consider the quantum state |b): a unitary matrixU € C"*"

can be applied to b by running a quantum circuit implementing U on |b), giving [Ub) as output.

QSVT extends this to general (bounded) matrices by including the non-unitary operation of

C2n><2n

measurement. Suppose we have a circuit implementing a unitary matrix U € where

A € C™" is the top-left block of U. In other words, ({0[(u|)U(|0)|v)) = (u|A|v). Then by taking
the state |0) [b), applying U, and measuring the first qubit, we will see |Ab) if the outcome
is |0), which occurs with probability 1/|Ab|? (see Fig. 5). This extends to the notion of an
a-block-encoding of A, which is a circuit implementing U which has A/« as a submatrix in a

known location. If we have an a-block encoding of A and copies of the state |b), the quantum

a?Ibl?

TADP? ) time, ignoring log(mn) factors.” Roughly,

algorithm can produce a sample from Ab in O(

we can think about an a-block encoding of A as a block-encoding of A where the quantum
circuit is a factor of O(a) larger.’ QSVT combines this observation about multiplying block-
encodings with one about adding block-encodings to prove that we can efficiently prepare the

state |p(A)b) for any bounded low-degree polynomial p.

0 A

1b)

Figure 5: A basic QSVT circuit. IfU is a block-encoding of the matrix A € C"*", then provided
the outcome of the measurement on the first wire is 0, then the output of the circuit is |Ab).

We dequantize the simple step of computing Ab. First, we should understand precisely

when we can get efficient block-encodings of an input matrix. Efficient block-encodings do

5We will not concern ourselves with log(mn) and log * factors: quantum algorithms typically count bit com-
plexity where classical algorithms count word RAM comf)lexity, which muddles any such comparisons.

®Precisely, by [GSLW19, Theorem 30], we can get a block-encoding to an e-approximation to A/2 with
O(alog %) overhead.



1 PRELUDE 10

lal? = 1AJ%

— T

la, * = 1AL P la,|* = A2, )P

|A(L, D + A1, 2))2 |A(1L,3)1% + |A(L, 4) |AQ2, DI* + A2, 2) |A(2,3)F +|A(2,4))

N YN YN N

|A(1, P |A(1,2)P |A(1,3))? |A(L,9)? A2, DI lA(2,2))? |A(2,3) |A(2,9))*

L (R oLl

A(1,1) A(1,2) A(1,3) A(1,4)  A(2,1) A(2,2) A(2,3) A(2,4)

Figure 6: Dynamic data structure for a matrix A € C¥* discussed in Remark 4.12 part (b).
We compose the data structure for a, the vector of row norms, with the data structure for A’s
TOWS.

not exist in general, but they do exist for two broad classes of matrices, assuming appropri-
ately strong forms of coherent access: matrices with low sparsity (a typical setting for quan-
tum simulation) and matrices with low stable rank (a typical setting for quantum machine
learning). If A is s-sparse with elements that we can compute in superposition (i.e. from a
quantum circuit or QRAM) and |A| < 1, then we can implement an s-block-encoding of A ef-
ficiently [GSLW 19, Lemma 48]. If A is in a state preparation data structure in QRAM (like the
vector case, see Fig. 6), we can implement a block-encoding of A/|A| efficiently [GSLW 19,
Lemma 50]. This type of block-encoding is the one commonly used for quantum linear al-
gebra algorithms on classical data [KPS21; CW23], since it works for arbitrary matrices and
vectors, paying only a |A|r/|A] (square root of stable rank) factor in sub-normalization. We
will use the term QRAM-based QSVT to refer to the family of quantum algorithms possible in
the QSVT framework when all input matrices & vectors are given in the QRAM data structure.

So, assuming A and b are in appropriate data structures in QRAM, we can implement a

| A|g-block-encoding of A and prepare copies of |b) efficiently, so we can quantumly produce a

2 2
sample from Ab in O( "ﬂfb"ﬁ;" ) time. We can dequantize this algorithm! Classically, under iden-
4 4
tical assumptions, we can produce a sample from a v such that |v — Ab| < ¢|Ab| in O( ";2||||1F4”bb""4 )

time, only polynomially slower than quantum.
We note here that a dependence on error ¢ appears here where it does not in the quantum
setting. However, this is not a realizable quantum speedup (except possibly for sampling tasks)

since the output is a quantum state: estimating some statistic of the quantum state requires
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incurring a polynomial dependence on ¢. For example, if the goal is to estimate |(v|Ab)|?, where
v is a given vector, then this can be done with 1/¢? invocations of a swap test (or 1/ if one
uses amplitude amplification). More generally, distinguishing a state from one e-far in trace
distance requires Q2(1/¢) additional overhead, even when given an oracle efficiently preparing
that state, so estimating quantities to this sensitivity requires polynomial dependence on .
To see this, we first consider a simple case: where b is a constant-sized vector, so n =
0(1). Then we simply wish to sample from a linear combination of columns of A, since
Ab = Z?:l b(t)A(-,t). If A is in the QRAM data structure (i.e. storing AT in Fig. 6), then this
means its columns are in the vector QRAM data structures (Fig. 4), so classically we have
sampling and query access to the columns of A, SQ(A(-,t)) for all ¢t € [n]. This implies we
have sampling and query access to Ab, up to some overhead. We encode this overhead in the

notion of oversampling and query access:

Definition 1.3. We have ¢-oversampling and query access to a vector v € C", SQy4(v), if:
1. we can query for entries of v, Q(v), and;
2. we have sampling and query access to an “entry-wise upper bound” vector v, SQ(¥),
where [7]? = @|v|? and |#(i)| > |v(i)| for all indices i € [n].

Let sq4(v) denote the time cost of any query.

The parameter ¢ is the classical analogue of a for block-encodings. These appear in run-
ning times of algorithms because they correspond to overhead in rejection sampling and post-
selection, respectively.

Oversampling and query access has closure properties that we can exploit here. Given

access to a constant number of vectors SQ(A(:, 1)),...,SQ(A(-,n)), we have access to linear

[POPIACHI - nlAJEIbI*

. D
combinations SQ¢(Ab) with¢p =n [AB[? S AP

and sq¢(Ab) = O(n) (Lemma 4.6;
the inequality follows from Cauchy-Schwarz). Finally, from SQ4(Ab) we can perform approx-
imate versions of all the queries of SQ(Ab) with a factor ¢ of overhead (Lemma 4.5). This is
possible with rejection sampling: given SQu(v), pull a sample i from ¥; accept it with probabil-

ity [v(i)|?/|9(i)[?, and restart otherwise; the output will be a sample from v. In particular, we

|AJE LB
| AbJ?

can sample from Ab in ¢n = O(n? ) time in expectation, which is good when n = 0(1).
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Now, consider when n is too large to iterate over. In this setting, we can use the approxi-
mate matrix product property of importance sampling to reduce the number of vectors in the
linear combination. Consider pulling a sample s € [n] where we sample i with probability

p(@@). Then ﬁb(s)A(-, s), a rescaled random column of A, has expectation ) ; b(i)A(-,i) = Ab.

NP

If the sampling distribution is chosen to be p(i) = ‘lﬁg")z‘ , an importance sample from SQ(b),
2

then a variance computation shows that the average of 7 = @(%) copies of this random

vector is €| A|b|-close to Ab with probability > 0.9 (Lemma 5.4). This average, which we de-
note v, is now a linear combination of only 7 columns of A, each of which we have sampling

and query access to. So, we can use the aforementioned closure properties to get SQ4(v) for

_ AR _ - _ o JARRE N )
¢ = 0( BE ) and sqy(v) = O(7), and a sample from v in ¢ = @(£2||A\|2||v||2) time in expecta
tion. Rescaling ¢ by a factor of "%ﬁ’]ﬂ” gives the result stated above.

In effect, what we have proven is an approximate closure property for taking products; a
more careful analysis will give that, given SQ(A) and SQ(B), we have SQ¢(A7LB) for a value
of ¢ that is independent of input dimension. The thrust of our main results is to demonstrate
that oversampling and query access is approximately closed under arithmetic operations. These
closure properties together imply that, given input matrices and vectors in data structures in
QRAM, we can get oversampling and query access to low-degree polynomials of the input via
closure properties; in the same setting, QSVT gives block-encodings of low-degree polynomi-
als of the input, through similar closure properties. The classical algorithm’s runtime is only
polynomially slower than the corresponding quantum algorithm (except in the & parameter).

This dequantizes QSVT.

1.4 Results

This thesis builds from and tightens up these basic ideas to give a variety of dequantization re-
sults. From these results, we argue that QRAM-based QSVT does not give exponential speedups
on classical data, or at least that it does not under the current state of the art. Our first type
of results are closure properties, which show that, like block-encodings in the QSVT frame-
work, if we are given our form of access to input matrices and vectors, we can get access

to linear algebraic expressions involving that input. We list these properties, along with the
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corresponding closure properties proven for block-encodings in [GSLW19]. For all of these,
the query time for access to the output is just polynomial in the query times for access to the
input, so in particular, these procedures run in time independent of input dimension. We will
compare the subnormalization overhead between the two, which is the value ¢ in the classical
setting and what « in the quantum setting. Specifically, for a matrix A in an a-block-encoding,
« is an upper bound on |A|, and for the access SQ4(A), \/$||A||F is an upper bound on |A|f;
they characterize overhead because both «/|A| and \/5 appear in the running time of their

respective algorithms.

Small linear combinations Given access to a constant number of vectors vy, ..., v;, we have
access to linear combinations 2;1 A, and analogously with linear combinations of matrices
(Lemmas 4.6 and 4.9). This is a classical analogue to the “linear combinations of unitaries” tech-
nique for block-encodings [GSLW19, Lemma 52]. With this technique, given block-encodings
of A /ay, ..., A /., we can form a block-encoding of iy LAD) /o with o = py Al
On the other hand, given SQ (p(t)(A(t)) forallt € [7], we can get SQ¢(Z;1 1 A®) with an upper
bound of @ = (r 2:=1|)Lt®(t)|2)1/2, where @ := gl>1/2||ZtT=l )LtA(t)HF and o0 := ((p(t))l/zﬂA(t)HF.
By Cauchy-Schwarz, in the quantum setting there is less overhead, in the sense that if o = o®
then a < &. However, @/t < a also holds, which make the quantum and classical overheads
equivalent up to a factor of \/z. Since both classical and quantum methods incur factors of
7 in their running time (though LCU for special types of linear combinations need not incur

this factor), these properties can be considered equivalent.

Approximate matrix products Given access to two matrices SQg (A), 5Qy, (B), we have ac-
cess to a matrix SQ¢(Z) such that |Z — ATB|g < ¢| Alg|Blg (Lemma 5.7 and Remark 5.8). In the
quantum setting, closure of block-encodings under products is almost immediate [GSLW19,
Lemma 53] and is not approximate. In both cases the individual input overheads of A and
B are multiplied: \/EHZ g = (\/E ||A||F)(\/@||B||F), and given ;- and ay-block-encodings of A
and B, we can form a (;a;)-block-encoding of ATB. With the same overheads one can also
form Kronecker products A ® B exactly—this is immediate both in the classical and quantum

case [CB20]. In particular, given access to two vectors u and v, we have access to their outer
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product ol (Lemma 4.8).

Singular value transformation Given access to a matrix SQ(p(A) and a vector SQ(b), we
have access to a vector SQ¢(y) such that |y — p(A)b| < &|b|, where p(x) is an even or
odd polynomial that is constant-degree and satisfies |p(x)| < 1 for x € [—|A|,|A]] (The-
orem 6.1). QSVT provides an analogous guarantee without approximation: given A in an
a-block encoding, we can produce an exact block-encoding of p(A/a), which we can use to
convert copies of |b) to copies of |p(A/a)b). There is classical overhead with the upper bound
\/g_b||y|| = 0(dlog(d),/o| Alg|b]) (Theorems 6.22 and 6.26), but it’s not obvious how to compare

this to the quantum overhead, since the norm p(A/«a) is not straightforwardly related to a.

However, as seen in the applications, they lead to comparable running times.

More singular value transformation Given access to a matrix A with Frobenius norm at
most one and a Lipschitz function f, we have access to a matrix Z e-close to f (AT A) in Frobe-
nius norm (Theorem 7.1)’. An even polynomial of A is precisely f(ATA) for f a low-degree
polynomial (which means f is Lipschitz), and odd polynomials can be decomposed into a
product of an even polynomial with A, so our closure property is as strong as the quantum
one. This is a slightly more general statement than the previous, which makes it useful for
applications that give a matrix A without a corresponding vector b to apply against. The full

details are derived in Section 7.

To summarize, every arithmetic operation of matrices with block-encodings in [GSLW19]
can be mimicked by matrices with oversampling and query access, up to Frobenius norm error,
provided that an input matrix in a block-encoding corresponds to having® SQ(A) and SQ(A™).

Our second type of dequantization results are dequantized versions of notable QML algo-
rithms. First, as mentioned above, we give an optimized algorithm for the fundamental QSVT

Can

task, computing p(A)b for p : [—1,1] — [—1,1] a bounded degree-d polynomial, A €

"For a Hermitian matrix H and a function f : R — C, f(H) denotes applying f to the eigenvalues of H. That
is, f(H) = Y0, f(A,-)vivl-T, for A; and v, the eigenvalues and eigenvectors of H.

$We take some care here to distinguish whether we have oversampling and query access to A or AT. We don’t
need to: we show that having either one of them implies having the other, up to approximation (Remark 6.3).
However, the accesses assumed in our closure properties are in some sense the most natural choices and require
the least overhead.
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quantum algorithm classical algorithm
simple QSVT a1l d"|Alg
[GSLW19], §6 F ¢
recommendation systems |Alp ||1‘1||i4:||A||7
[KP17; CGJ19], [Tan19], §8.1 o ollg?
supervised clustering IM ||12:\|W||2("') |M ”%”W"4
[LMR13], [Tan21], §8.2 € £
principal component analysis IX[glX| IX ||§
[LMR14; CGJ19], [Tan21], §8.3 e I X2 A2n0e
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[GSLW19], [CGLLTW20], §8.4 o ollg?
support vector machines 1 © 1
[RML14], [DBH22], §8.5 A3e3 1286
Hamiltonian simulation H] |H ||%||H s
[GSLW19], §8.6 F ¢
semidefinite program solving ||A(')H17: N Jm]AO |4 |A®) |2 N m] A©) I
[BKLLSW19; AG19], [CLLW20], §8.7 | ¢’ et g6 e28
discriminant analysis IBIF  IWIE©) IBIRIBI*  [Wiglw]™
[CD16], §8.8 o7 o7 e6g10 610

Figure 7: The time complexity for our algorithms and the quantum algorithms they are based
on. We assume that we get linear-time pre-processing of the input, so that we can construct a
data structure supporting ©0(1) time sampling and query accesses to the input (Remark 4.12).
If we get the input in a QRAM data structure instead of with pre-processing, the runtime
increases by at most small polynomial factors; see Section 8 for details.

We list the runtime of the algorithm, not including the time it takes to access the output
(denoted with sq). The runtimes as listed ignore polylog terms, particularly those in error
parameters (¢ and ) and dimension parameters (m and n). The matrices and vectors referenced
in these runtimes are always the input, o refers to a singular value threshold of the input
matrices, A refers to an eigenvalue threshold (which can be thought of here as ¢?), and > ¢
is a (dimensionless) gap parameter.

(s%) indicates that the error analyses of the corresponding results are incomplete; we list the
runtime they achieve for completeness.

(¢) indicates that the corresponding results only hold in the restricted setting where the input
matrices are strictly rank k. For the quantum algorithms with this tag, they allow for general
matrices, but only have an informal error analysis arguing that singular values outside the
range considered don’t affect the final result.
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a matrix with |A| < 1, and b € C" a vector. In Section 6, we show that, after linear-time

~ J11 4 2
pre-processing, we can sample from y such that |y — p(A)b| < &|b| in @(W

2
|| p(HZ")b”z) time of QSVT. Either as a corollary of

this result or via more flexible machinery, we dequantize quantum algorithms in the domains

log(mn))

time, which we can compare to the O(d|A|r

of recommendation systems [KP17; CGJ19], supervised clustering [LMR13], principal compo-
nent analysis [LMR14; Pra14; CGJ19], low-rank matrix inversion [WZP18; GSLW19], support
vector machines [RML14], low-rank Hamiltonian simulation [GSLW19], low-rank semidef-
inite program solving [BKLLSW19; AG19], and discriminant analysis [CD16]. Fig. 7 has a
summary of our results, along with a comparison of runtimes to the corresponding quantum
algorithms. The reach of dequantizing techniques is surprisingly wide: in many of these appli-
cations, either the authors had asserted that their algorithm attains an exponential quantum
speedup or the community had expressed hope for exponential quantum speedup from these
algorithms [Pre18, Sections 6.7 and 6.8].

The proofs for these dequantization results follow the same general structure: consider the
quantum algorithm and formulate the problem that this algorithm solves, and in particular, the
linear algebra expression that the quantum algorithm computes. From there, repeatedly use
importance sampling to approximate this expression by either a small linear combination of
vectors, as in Section 1.3, or a small linear combination of rank-one matrices, sometimes called
an RUR decomposition. Finally, use closure properties to gain oversampling and query access
to that output decomposition. This procedure is straightforward and, with some practice,

much of it can be done by rote.

2 Discussion

The ideal mathematician’s work is intelligible only to a small group of specialists,
numbering a few dozen or at most a few hundred. This group has existed only for a
few decades, and there is every possibility that it may become extinct in another few
decades. However, the mathematician regards his work as part of the very structure

of the world, containing truths which are valid forever, from the beginning of time,
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even in the most remote corner of the universe.

—Philip J. Davis and Reuben Hersh [DH80]

2.1 Quantum machine learning

Our work has major implications for the landscape of quantum machine learning. Though
we have presented many dequantized versions of QML algorithms, the broader goal remains
of finding quantum advantage for a machine learning task. In view of this goal, we discuss
here when our assumptions do not hold, and therefore, dequantization results do not apply.

First, quantum-inspired linear algebra crucially relies on the input data being classical,
meaning that, for example, we are given input data as a list of entries, rather than as a quan-
tum state, which does not have its amplitudes easily accessible. This has been pointed out
by, for example, Cotler, Huang, and McClean [CHM21], who give simple problems that are
exponentially hard when given vectors only via their corresponding states, but become trivial
when given access to the vector’s entries. A dequantized algorithm simply proves that, if its
quantum counterpart does achieve a, say, exponential speedup, then the task of estimating
entries or sampling from the input, which we need to run a dequantized algorithm, must be
exponentially hard on a classical computer. This explains why quantum principal component
analysis has a dequantization [Tan21] when given classical access to input as well as a proof
of exponential quantum advantage [Hua+22] in a setting without such access. Dequantized
algorithms cannot work without being given an explicit list of amplitudes, suggesting that
QML has the best chance of achieving large speedups whenever classical computation cannot
get access to this data (which occurs when input states come from quantum circuits and other
physical quantum systems). More generally, an algorithm with a dequantization is still useful
when run on “quantum data”.

Even when run on classical data, algorithms can resist dequantization by using high-
degree sparsity-based QSVT rather than QRAM-based QSVT, as techniques do not extend to
this regime. Further, sparsity-based QSVT is BQP-complete (indeed, quantum computation
can be described as applying block-encodings of low-sparsity unitary matrices), so we would

not expect this to be dequantized in full. Though this avoids the dequantization barrier to large
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quantum speedups, its potential for practical quantum speedups remains to be seen, since the
decision of whether the speedups are “practical” or “useful” will ultimately come down to the
particular choice of dataset and hardware. For example, for the HHL algorithm [HHL09] and
its derivatives, the matrix needs to be represented by a concise quantum circuit and have a
small (poly-logarithmic in input dimension) condition number in order to gain an exponential
speedup over classical algorithms. This doesn’t happen in typical datasets. The collection of
these demanding requirements hamstrings most attempts to find applications of HHL with
the potential for practical super-polynomial speedups. We note that the current proposals
that resist dequantization and potentially obtain a super-polynomial quantum speedup in-
clude Zhao, Fitzsimons, and Fitzsimons on Gaussian process regression [ZFF19] and Lloyd,
Garnerone, and Zanardi on topological data analysis [LGZ16]. In fact, this latter proposal has
recently drawn attention as some argue it will give practical advantage when run on near-term
quantum computers [GCD22; Akh+22; Ber+22].

Finally, even if a quantum algorithm can be simulated by a classical algorithm, there are
certain problems for which having |v) is better than having the succinct representation of v.
For example, estimating the Forrelation [AA18; AC17] of |v) with another vector |u) requires
exponentially many queries to v when it is given as a classical list of entries, even with the
ability to produce importance samples. If the desired task is to output the Forrelation of an
output of low-rank QSVT, this could potentially give a large speedup despite our results on
low-rank QSVT. However, this is a case of artificially adding hardness: we are unaware of
problems in machine learning where Forrelation-type quantities are desired. Such a problem
would be a good candidate for QML speedup.

Our results give evidence for the lack of exponential speedup for QRAM-based QSVT
algorithms. However, dequantization does not yet rule out the possibility of large polynomial
speedups on classical data, which could still lead to significant performance improvements in

practice with sufficiently good quantum computers. This is still an area of active research.
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2.2 Randomized numerical linear algebra

All of the results presented here are more or less randomized numerical linear algebra algo-
rithms [Mah11; Woo14]. The kind of sampling we get from sampling and query access is
called importance sampling or length-square sampling in that body of work: see the survey by
Kannan and Vempala [KV17] for more on importance sampling. Importance sampling, and
specifically, its approximate matrix product property, is the core primitive of this work. In ad-
dition to the low-rank approximation algorithms [FKV04] used in the quantum-inspired litera-
ture, others have used importance sampling for, e.g., orthogonal tensor decomposition [DM07;
MMDO08; SWZ16] (generalizing low-rank approximation [FKV04]) and support vector ma-
chines [HKS11]. However, the extensibility of importance sampling via “closure properties”
and the significantly widened scope of computation shown here is new to this work, to our
knowledge; the most similar result we know of is Van den Nest’s work on “computationally
tractable” states [Van11] in the setting of quantum simulation.

From a sketching perspective, our model encompasses “the set of algorithms that can
be performed in time independent of input dimension, using only ¢5 importance sampling”,
since this is a decent classical analogue for the input given to a quantum machine learning
algorithms operating on classical data. This quantum-inspired model is weaker than the stan-
dard sketching algorithm model (Remark 4.12): an algorithm taking T time in the quantum-
inspired model for an input matrix A can be converted to a standard algorithm that runs in
time O(nnz(A) + T), where nnz(A) is the number of nonzero entries of A. So, we can also
think about an O(T)-time quantum-inspired algorithm as an O(nnz(A) + T)-time sketching
algorithm, where the nnz(A) portion of the runtime can only be used to facilitate importance
sampling.’ This restriction makes for algorithms that may perform worse in generic sketching
settings, but work in more settings, and so demonstrate lack of exponential quantum speedup
for a wider range of problems.

A natural question is whether more modern sketching techniques can be used in our model.
After all, importance sampling is only one of many sketching techniques studied in the large

literature on sketching algorithms. Notably, though, other types of sketches seem to fail in

*The same holds for quantum algorithms using the QRAM data structure input model: the data structure
itself can be built during an 0(nnz(A))-time (classical) preprocessing phase.
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the input regimes where quantum machine learning succeeds: assuming sampling and query
access to input, importance sampling takes time independent of dimension, whereas other
randomized linear algebra methods such as CountSketch and Johnson-Lindenstrauss still take
time linear in input-sparsity. Importance sampling can be thought of as oversampling leverage
scores [CCHLW22], but since we always use it to approximate matrix products, where the
optimal sampling distribution is indeed importance sampling [DKMO06], this perspective is
not the most natural for this setting.

One may expect that these exponential speedups of dequantized algorithms may improve
over existing classical algorithms. However, we do not claim any meaningful breakthroughs
for the problems QML algorithms solve in the classical literature: the problems that these QML
algorithms solve differ substantially from their usual classical counterparts. For example, the
quantum recommendation systems algorithm of Kerenidis and Prakash [KP17] performs sam-
pling from a low-rank approximation of the input instead of low-rank matrix completion,
which is the typical formalization of the recommendation systems problem [Tan19]. Evalu-
ating these quantum algorithms’ justifications for their versions of problems is outside the
scope of this work: instead, we argue that these algorithms would likely not give exponential
speedups when implemented, regardless of whether such implementations would be useful.
The goal of our framework is to demonstrate what can be done classically and establish a

classical frontier for quantum algorithms to push past.

2.3 Reality

A work by Arrazola, Delgado, Bardhan, and Lloyd [ADBL20] implements and benchmarks
quantum-inspired algorithms for regression and recommendation systems. The aforemen-
tioned paper of Chepurko, Clarkson, Horesh, Lin, and Woodruff [CCHLW22] does the same
for the quantum-inspired algorithms they introduce. The former work makes various conclu-
sions, including that the ¢? scaling in the number of rows/columns taken in our recommen-
dation systems algorithm is inherent and that the quantum-inspired algorithms performed
slower and worse than direct computation for practical datasets. The latter work finds that

their algorithms perform faster than direct algorithms, with an accompanying increase in er-
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ror comparable to that of other sketching algorithms [DKW18]. This improvement appears
to come from both a better-performing implementation as well as an algorithm with better
asymptotic runtime. Nevertheless, it is difficult to draw definitive conclusions about the prac-
ticality of quantum-inspired algorithms as a whole from these experimental results. Since
quantum-inspired algorithms are a restricted, weaker form of computation than classical ran-
domized numerical linear algebra algorithms (see the comparison made above), it seems pos-
sible that they perform worse than standard sketching algorithms, despite seemingly having
exponentially improved runtime in theory.

Modern sketching algorithms use similar techniques to quantum-inspired algorithms, but
are more natural to run on a classical computer and are likely to be faster. For example, Dahiya,
Konomis, and Woodruff [DKW18] conducted an empirical study of sketching algorithms for
low-rank approximation on both synthetic datasets and the movielens dataset, reporting that
their implementation “finds a solution with cost at most 10 times the optimal one ...but does so
10 times faster.” Sketching algorithms like those in [DKW18] may become a relevant point of
reference for benchmarking quantum linear algebra, when the implementation of these quan-
tum algorithms on actual quantum hardware becomes possible. In a sense, our work shows
using asymptotic runtime bounds that in many scenarios sketching and sampling techniques
give similar computational power to quantum linear algebra, which is a counterintuitive point
since the former typically leads to linear runtimes and the latter leads to poly-logarithmic

ones.

2.4 Open problems

We present some natural open problems arising from our work. Since this work presents

evidence that certain classes of QML algorithms will not give practical speedups, most of
these open problems aim to make this evidence more convincing,.

(a) Are there other ways to construct block-encodings or prepare states that prevent de-

quantization? For example, the QRAM data structure used here has alternatives which

in some sense vary the “norm” in which one stores the input matrix [KP20, Theo-

rem IV.4], [CGJ19, Lemma 25]. We do not expect that algorithms using these alterna-
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tives could be fully dequantized, since these data structures generalize and strengthen
the sparse-access input model, which is known to be BQP-complete [HHL09]. Are
there interesting QML problems that are efficient in these “intermediate” data structure
regimes?

(b) Our algorithms still have significant slowdown as compared to their quantum counter-
parts. What is the right running time for simple QSVT, as shown in Section 6? Could
we get a d° degree dependence?

(c) The techniques used to improve the time complexity of simple QSVT rely on being able
to maintain a vector, and so do not apply for applications like low-rank semidefinite
programming Section 8.7, where we wish to estimate a trace inner product. How can
we make this dequantization more efficient?

(d) Do the matrix arithmetic closure properties we showed for £5-norm importance sam-
pling hold for other kinds of sampling and sketching distributions, like leverage score

or ¢,-norm sampling?

Outline The rest of this thesis proceeds as follows. We introduce some preliminaries (Sec-
tion 3), which can be safely skipped and referred to as needed. We then introduce oversam-
pling and query access, describe when we can get such access efficiently, and prove some of
its closure properties (Section 4). Section 5 contains all of the main propositions regarding
sketching and approximating matrix products. Section 6 shows how to dequantize the basic
problem of QSVT, using ideas from stably computing polynomials to get an algorithm with
good dependence on |A|r and 1/¢. This will not be enough for all of our applications, so in
Section 7 we show some versions of SVT that are slower but more general. We use these to

dequantize QML algorithms appearing in the literature in Section 8.
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3 Preliminaries

3.1 Linear algebra

A singular value decomposition (SVD) of A is a representation A = UDVT, where for N :=
min(m,n), U € C™N and V € €™V are isometries and D € RN*N is diagonal with o; := D(i, 1)
and o > oy > -+ > oy > 0. We say that U is an isometry if [Ux| = |x| for all x, or
equivalently, if U is a subset of columns of a unitary. We can also write this decomposition as
A= Zfil al-uivl-T, where u; := U(-,i) and v; := V(-,i). We denote the set of singular values of A
by Spec(A) := {op}ke[n]- For Hermitian A, an (unitary) eigendecomposition of A is a singular
value decomposition where U = V, except the entries of D are allowed to be negative.

Using SVD, we can define the rank-k approximation of A to be Ay := 25;1 o;-u,-vl-T and

rank(A) 1 T

the pseudoinverse of A to be A" := Y~ —vt; . We now formally define singular value

transformation:

Definition 3.1. For a function f : [0,00) — C such that f(0) = 0 and a matrix A € C™", we de-

fine the singular value transform of A via a singular value decomposition A = Z?:nln (m.m) O'iu,-vl-T:
min(m,n) +
A= 3 feuy. M
i=1

The requirement that f(0) = 0 ensures that the definition is independent of the (not necessar-

ily unique) choice of SVD.

Definition 3.2. For a function f : R — C and a Hermitian matrix A € C", we define the

. . . . - n T
eigenvalue transform of A via a unitary eigendecomposition A = Y,,_; A :

FEV(A) = Z FOIw. 2)
i=1

Since we only consider eigenvalue transformations of Hermitian matrices, where singular
vectors/values and eigenvectors/values (roughly) coincide, the key difference between sin-
gular value transformation and eigenvalue transformation is that the latter can distinguish

eigenvalue sign. As eigenvalue transformation is the standard notion of a matrix function,
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we will usually drop the superscript in notation: f(A4) == fEV)(A).

We will use the following standard definition of a Lipschitz function.

Definition 3.3. We say f: R — Cis L-Lipschitzon § C Rifforall x,y € §, |f(x) — f(y)| <
Lix —y|.

We define approximate isometry as follows:!

Definition 3.4. Let m,n € N and m > n. A matrix V € C"™" is an a-approximate isometry if
IVTV—I] <« Itis an a-approximate projective isometry if VTV —TII| < « for IT an orthogonal

projector.

If V is an a-approximate isometry, among other things, it implies that [|[V|? — 1| < a and
that there exists an isometry U € C™" with im(U) = im(V) such that |U — V| < «. We show

this and other basic facts in the following lemma.

Lemma 3.5. If X € C™" is an a-approximate isometry, then there is an exact isometry X €

C™" with the same columnspace as X such that [X — X| < a. Furthermore, for any matrix

Y e P
IXYXT — XYXT| < 2a + ad)Y].
If « < 1, then |[X*] < (1 —a)~! and

IXYXT — xyxT| < 0((12 —a

SIXY X .
-«

Proof. Let X =UDVT bea singular value decomposition of X , with singular values oy, ..., 0,
andU € C™" D € R¥", V € C™", We set X :=UVT. X isan isometry since wvhHiuvT =1,

it has the same columnspace as X ,and

1€(n

UVt — X| = JuvT —UDVT| = |I - D| = max|1 - ¢;| < max|1 - g;||1 + o
i€[n] i€[n]

=max|l —of| = |I - D?| = |[I -vDUTUDVT| = [I - XTX| < «

i€[n]

Thjs is the notion of approximate orthonormality as given by the first arXiv version of [Tan19].
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Consequently,

IXy Xt — xyxT| < |XY(X = X)T| + |(X = X)YX]
< a(|XY] + Y X])
< a(|XY] + alY] + Y X])

= a +a?)lY]

Suppose a < 1, ruling out the possibility that X is the zero matrix. Then by Lemma 5.16 we

have

|X*] = max 1 < , and consequently
i€ln] o7 1—«a
IXYXT - XY X7 < a(IXY] +[Y])

< a(IXYXTIXH] + XY XT|IX*)%)

1—a+1

<a—=2|XYXT. O
(1-a)?

We also define some miscellaneous notation. (A | B) denotes the concatenation of matrices
A and B and vec(A) € C™ denotes the vector formed by concatenating the rows of A. The
number of non-zero entries of v is denoted |z|,. We use the Iverson bracket, where [P] is one
if the predicate P is true and zero otherwise. For example, Zil Z?zi a;j = Zflzl 2;1:1 a;ilj > .
We assume that arithmetic operations (e.g., addition and multiplication of real numbers) and
function evaluation oracles (computing f(x) from x) take unit time, and that queries to oracles

(like the queries to input discussed in Section 4) are at least unit time cost.

3.2 Polynomials and the Chebyshev basis

We consider polynomials with complex coefficients, p € C[x]. For a Hermitian matrix A,
p(A) refers to evaluating the polynomial with x replacing A; this is equivalent to applying p
to the eigenvalues of A. The right definition for applying p to a general non-square matrix is
subtle; as done in QSVT, we restrict to settings where the matrix formed by evaluating p on

the singular values of A coincides with the evaluation of a corresponding polynomial in A.
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Definition 3.6. For a matrix A € C™" and degree-d polynomial p(x) € C[x] of parity-d (i.e.,
even if d is even and odd if d is odd), we define the notation p(A) in the following way:

1. If p is even, meaning that we can express p(x) = g(x?) for some polynomial ¢(x), then
p(4) = (AT 4) = p(V AT A).
2. If p is odd, meaning that we can express p(x) = x-g(x?) for some polynomial g(x), then
p(A) = A-q(JAT A).

For example, if p(x) = x? + 1, then p(A) = ATA + I, and if p(x) = x> + x, then
p(A) = AATA + A. Looking at a singular value decomposition A = ), qU(, )V, Nt p(A) =
Y p(a)U(, DV (., i)T when pis odd and p(A) = ¥, p(c:)V (-, )V(-i)T when p is even, thus mak-
ing this definition coincide with the singular value transformation as given in [GSLW19, Def-
inition 16].

We work in the Chebyshev basis of polynomials throughout. Let T;(x) and Uy(x) denote
the degree-t Chebyshev polynomials of the first and second kind, respectively. They can be

defined on [—1, 1] via

Ti(cos(0)) = cos(t0) (3)

Up(cos(0)) = sin((£ + 1)x)/ sin(x), 4)

but we will give attention to their recursive definitions, since we use them for computation.

To(x) =1 Up(x) = 1
Ti(x) = x Up(x) = 2x (5)
Tje(x) = 2x - Tj—1 (%) — T—o(x) U(x) = 2x - Ug—1(x) = U—a(x)

For a function f : [-1,1] — R, we denote |flsyp = supye[_11)lf(x)|. In this norm, the

Chebyshev polynomials have |Ti(x)|sup = 1 and [Up(x)[sup = n + 1. More generally, for a
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function f : S - Rfor S C R, we denote | f|s := sup,.gf(x)], so that ||f||Sup = fl=1.17-
We use the following well-known properties of Chebyshev polynomials from Mason and

Handscomb [MHO02].

Ti(x) = 3 (Ui(x) = Up(x)) for i > 1 (6)

Uix) = ) Tigj(x)(1 + [i = 25 = 0]) (7)
j20

Tj(x) = T(Ti(x)) ®)

Ut (x) = U(Ty(0o)Us (x) = U(Tp(x))2x ©)

= Tx) = kU1 () (10)

Any Lipschitz continuous function!! f : [~1,1] — R can be written as a (unique) linear
combination of Chebyshev polynomials, f(x) = ), a;T;(x) (where we interpret Ty(x) = 0 for
negative £). When f is a degree-d polynomial, then g, = 0 for all £ > d. A common way
to approximate a function is by truncating its Chebyshev series expansion; we denote this
operation by fi.(x) := Zlg:() a;T;(x), and we denote the remainder to be fi(x) = f(x)— fi(x) =
Yiers1 @Ty(x). Standard results in approximation give bounds on |f — Jiclsup for various
smoothness assumptions on f. We recommend the book by Trefethen on this topic [Tre19],

and use results from it throughout. We list here some basic lemmas for future use.

Lemma 3.7 (Coefficient bound, consequence of [Tre19, Eq. (3.12)]). Let f : [-1,1] - R be

a Lipschitz continuous function. Then all its Chebyshev coefficients g; are bounded: |a;| <
20 flsup

1
4d?’

Lemma 3.8. For a degree-d polynomial p, and § =
|pl-1-51+5) < elpl-1,1-

Proof. Without loss of generality, take |plsy, = 1. By [SV14, Proposition 2.4] and basic prop-

'We call a function f : [—1, 1] — R Lipschitz continuous if there exists a constant C such that |f(x) — f(y)| <
Clx — y| for x,y € [-1,1].
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erties of Chebyshev polynomials,

IpCN[—1-6.1+81 < N1TaGOl[-1-5.1487 = Ta(1 + 5).

Further, by Proposition 2.5 in [SV14], we can evaluate T;(1 + §) via the formula

Ty(x) = %(x +x? - 1)d + %(x - Jﬁ)d
Ty(1+6) = %(1+5+\/25+52)d+ %(Ha—m)d
< exp (d(6 + /26 + 67))

1 1, 1
<exp g5+ 7+ ) < ¢ 0

4 Data access models

Since we want our algorithms to run in time sublinear in input size, we must carefully define
our access model. The sampling and query oracle we present below is unconventional, being
designed as a reasonable classical analogue for the input model of some quantum algorithms.
It will also be used heavily to move between intermediate steps of these quantum-inspired

algorithms. First, as a warmup, we define a simple query oracle:

Definition 4.1 (Query access). For a vector v € C", we have Q(v), query access to v, if for
all i € [n], we can query for v(i). Likewise, for a matrix A € C™", we have Q(A) if for all
(i, )) € [m] x [n], we can query for A(i, j). Let g(v) (respectively q(A)) denote the (time) cost of

such a query.

For example, in the typical RAM access model, we are given our input v € C" as Q(v)
with q(v) = 1. For brevity, we will sometimes abuse this notation (and other access notations)
and, for example, abbreviate “Q(A) for A € C"™"” as “Q(A) € C™"”. We will also sometimes
abuse complexity notation like q to refer to known bounds on the complexity, instead of the

complexity itself.

Definition 4.2 (Sampling and query access to a vector). For a vector v € C", we have SQ(v),

sampling and query access to v, if we can:
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1. query for entries of v as in Q(v);
2. obtain independent samples i € [n] following the distribution &, € R"?, where Z,,(i) :=
@I/ Iv]*;
3. query for |v].
Let q(v), s(v), and n(v) denote the cost of querying entries, sampling indices, and querying

the norm respectively. Further define sq(v) := max(q(v), s(v), n(v)).

We will refer to these samples as importance samples from v, though one can view them
as measurements of the quantum state |v) := ﬁ Y, v]i) in the computational basis.

Quantum-inspired algorithms typically don’t give exact sampling and query access to the
output vector. Instead, we get a more general version of sampling and query access, which

assumes we can only access a sampling distribution that oversamples the correct distribution.'?

Definition 4.3. For p,q € RY that are distributions, meaning ), p(i) = };q(i) = 1, we say

that p ¢-oversamples q if, for all i € [n], p(i) > q(i)/¢.

The motivation for this definition is the following: if p ¢-oversamples g, then we can
convert a sample from p to a sample from g with probability 1/¢ using rejection sampling:
sample an i distributed as p, then accept the sample with probability q(i)/(¢p(i)) (which is < 1
by definition).

Definition 4.4 (Oversampling and query access). For v € C" and ¢ > 1, we have SQu(v), ¢-
oversampling and query access to v, if we have Q(v) and SQ(v) for ¥ € C" a vector satisfying
192 = $|v|? and |#()|* > |v(i)|? for alli € [n]. Denote sp(v) == s(V), gy (v) == q(V), ny(v) == n(9),

and sq¢(v) = max(sg(v), q¢(v), q(v),ng(v)).
The distribution 9 ¢-oversamples 2, since for all i € [n],

~ 12 ~ 12 2
V. ’v. ’\}.
T TG P,

R g - gvZ ¢

2;(1)

For this reason, we call 9; a ¢g-oversampled importance sampling distribution of v. SQ(v) is the

same as SQ;(v), by taking ¥ = v. Note that we do not assume knowledge of ¢ (though it can be

2Oversampling turns out to be the “natural” form of approximation in this setting; other forms of error do
not propagate through quantum-inspired algorithms well.
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estimated, (though it can be estimated as shown in Lemma 4.5). However, we do need to know
V| (even if |v| is known), as it cannot be deduced from a small number of queries, samples, or
probability computations. So, we will be choosing ¥ (and, correspondingly, ¢) such that ||
remains computable, even if potentially some cv satisfies all our other requirements for some
¢ < 1 (giving a smaller value of ¢).

Intuitively speaking, estimators that use 2, can also use 9; via rejection sampling at the
expense of a factor ¢ increase in the number of utilized samples. From this observation we can

prove that oversampling access implies an approximate version of the usual sampling access:

Lemma 4.5. Suppose we are given SQ¢(V) and some § € (0, 1]. Denote sq(v) = ¢sq¢(v) log %
We can sample from 9,, with probability > 1 — § in O(sq(v)) time. We can also estimate |v]

to v multiplicative error for v € (0, 1] with probability > 1 —§ in O (Vi2 sq(v)) time.

Proof. Consider the following rejection sampling algorithm to generate samples: sample an

(@
[v@)*
restart. We can perform this: we can compute r(i) in @(sq¢(v)) time and r(i) < 1 since ¥

index i from ¥, and output it as the desired sample with probability r(i) := Otherwise,
bounds v.

The probability of accepting a sample in a round is Y; D5()r(i) = [v|?/|V]?> = ¢~ and,
conditioned on a sample being accepted, the probability of it being i is |[v(i)]>/|v|?, so the
output distribution is &, as desired. So, to get a sample with > 1 —§ probability, run rejection
sampling for at most 2¢ log % rounds.

To estimate |v|?, notice that we know |V]?, so it suffices to estimate |v|?/|¥|* which is
¢~1. The probability of accepting the rejection sampling routine is ¢, so we run 3v—2¢log %
rounds of it for estimating ¢~!. Let Z denote the fraction of them which end in acceptance.

Then, by a Chernoff bound we have

Pr(|Z — ¢! > v 1] < 2exp ( — szd)_l) <§
- a 24+v /77
so Z|[¥|? is a good multiplicative approximation to [v|? with probability > 1 — 8. H

Generally, compared to a quantum algorithm that can output (and measure) a desired

vector |v), our algorithms will output SQy(u) such that lu — v| is small. So, sq(u) is the rele-
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vant complexity measure that we will analyze and bound: if we wish to mimic samples from
the output of the quantum algorithm we dequantize, we will pay a one-time cost to run our
quantum-inspired algorithm for “obtaining” SQ4(u), and then pay sq(u) cost per additional
measurement. As for error, bounds on |u — v| imply that measurements from u and v follow
distributions that are close in total variation distance [Tan19, Lemma 4.1]. Now, we show that

oversampling and query access of vectors is closed under taking small linear combinations.

Lemma 4.6 (Linear combinations, Proposition 4.3 of [Tan19]). Given SQ,, (v;) € C" and ; € C

12 A l?
¥ -1 q(v) (after paying O(F,_, n,, (1)) one-time pre-processing cost to query for norms).

for all t € [r], we have SQ¢(ZtT:1 Avy) for ¢ = ] U] sqg(X Avy) = m[a>]< sp, (V1) +
telr

Proof. Denote u := Y, 4;v;. To compute u(s) for some s € [n], we just need to query v(s) for
all t € [r], paying O(3] q(v;)) cost. So, it suffices to get SQ(@) for an appropriate bound #. We

choose

i(s) = [t Tyey ()2,

so that |ii(s)| > |u(s)| by Cauchy-Schwarz, and || = 1'2;1 A2 = fz;l ol Avil?, giving
the desired value of ¢.
We have SQ(@): we can compute [if]*> by querying for all norms ||, compute #i(s) by

querying ¥(s) for all t € [r]. We can sample from @ by first sampling ¢ € [r] with probability

1A

e 2w 2
is correct:

and then taking our sample to be j € [n] from 7. The probability of sampling j € [n]

S O Y /11O N O
=D G IS Y| PEA TR TTE

If we pre-process by querying all the norms [#| in advance, we can sample from the dis-
tribution over i’s in O(1) time, using an alias sampling data structure for the distribution

(Remark 4.12), and we can sample from v} using our assumed access to it, SQ,, (v). O

So, our general goal will be to express our output vector as a linear combination of a small
number of input vectors that we have sampling and query access to. Then, we can get an

approximate SQ access to our output using Lemma 4.5, where we pay an additional “cancella-

)y (Pt”/lt"tuz
I Z /hwllz

tion constant” factor of ¢ =7 . This factor is only large when the linear combination
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has significantly smaller norm than the components v in the sum suggest. Usually, in our
applications, we can intuitively think about this overhead being small when the desired out-
put vector mostly lies in a subspace spanned by singular vectors with large singular values in
our low-rank input. Quantum algorithms also have the same kind of overhead. Namely, the
QSVT framework encodes this in the subnormalization constant « of block-encodings, and
the overhead from the subnormalization appears during post-selection [GSLW19]. When this
cancellation is not too large, the resulting overhead typically does not affect too badly the
runtime of our applications.

We also define oversampling and query access for a matrix. The same model (under an
alternative definition) is also discussed in prior work [FKV04; DKR02] and is the right notion

for the sampling procedures we will use.

Definition 4.7 (Oversampling and query access to a matrix). For a matrix A € C™", we have
SQ(A) if we have SQ(A(,-)) for all i € [m] and SQ(a) for a € R™ the vector of row norms
(a@)=[AG ).

We have SQ¢(A) if we have Q(A) and SQ(A) for A € C™" satisfying ||A||12: = ¢||A||% and
AG. ) > |AG. I for all (i, ) € [m] x [n].

The complexity of (over)sampling and querying from the matrix A is denoted by s4(A) =
max(s(A(i, ), (@), g4(A) = max(q(A(i)), g(@)), q(A) = max(q(A(i, ))), and ny(A) = n(a)
respectively. We also denote sq¢(A) = max(sg(A), q¢(A), q(A),ng(A)). We omit subscripts if
$=1

Access to a matrix, SQ¢(A), implies access to its vectorized version, SQ¢,(V€C(A))Z we can
take ;e?(Z) = vec(A), and the distribution for vec(A) is sampled by sampling i from 9;, and
then sampling j from 9 A6 This gives the output (i, j) with probability |AG, j)[?/ ||A||12:. There-
fore, one can think of SQ¢(A) as SQ¢(Vec(A)), with the addition of having access to samples
(i, ) from vec(A), conditioned on fixing a particular row i and also knowing the probabilities
of these conditional samples.

Now we prove that oversampling and query access is closed under taking outer products.

The same idea also extends to taking Kronecker products of matrices.
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Lemma 4.8. Given vectors 5Q,, (u) € C"™ and SQ%(V) € C", we have SQ¢(A) for their outer
product A = wv’ with ¢ = @,0, and s4(A) = s, (W) + s, (V). q4(A) = q, @) + g, V),
g(A) = q(u) + q(v), and ng(A) = n,, (u) +n, (),

Proof. We can query an entry A(i, j) = u(i)v(j)" by querying once from u and v. Our choice of
upper boundis A = av'. Clearly, this is an upper bound on wv’ and ||A||12: = |a|?|9]? = (pu(pv||A||%.
We have SQ(A) in the following manner: A(,-) = a(i)v', so we have SQ(A(,-)) from SQ(¥)

after querying for #i(i), and @ = |¥]%i, so we have SQ(&) from SQ(i) after querying for |[¥]. [

Using the same ideas as in Lemma 4.6, we can extend sampling and query access of input

matrices to linear combinations of those matrices.

Lemma 4.9. Given SQ(p(t)(A(t)) € C"™" and A; € C for all t € [r], we have SQy4(A) € cmn

Zle ‘P(t) "AtA(t) "123
|AlE

q45(A) = Xi_1 4,0(AD), q(A) = T, q(AD), and ny(A) = 1 (after paying O(X;_; 0 (AD))

one-time pre-processing cost).

for A =Y, | LAY with ¢ = 7 and sy(A) = mAX S0 (AD) + ¥y 9,0 (AD),
telT

Proof. To compute A(i, j) = 2;1 /ltA(t)(i, j) for (i, j) € [m] x [n], we just need to query ADG, )
for all t € [7], paying O(3; g(AD)) cost. So, it suffices to get SQ(A) for an appropriate bound

A. We choose

AG.j) = \Jr Xpey N AOG R,

That |A(i, )| > |A(i, j)| follows from Cauchy-Schwarz, and we get the desired value of ¢:
. T . T
JAIE =7 Y IRADRE = ) pORADP.
=1 t=1

We have SQ(A): we can compute |Alp by querying for all norms JA® |, compute a(i) =

1AG, )| = \/ T Z;l 1A ADG, )|? by querying a®() for all t € [r], and compute A(, j) by query-

ing AW, j) for all t € [r]. Analogously to Lemma 4.6, we can sample from a by first sam-
A(s)2

%, then taking our sample to be i € [m] from D).

If we pre-process by querying all the Frobenius norms [A®| in advance, we can sample

pling s € [r] with probability

from a in O(max,e[,| S 0 (AD)) time. We can sample from A(i,-) by first sampling s € [r]
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AG)( .
with probability %fAN—(g,(i)”;HZ’ then taking our sample to be j € [n] from & A6 This takes
[ ” ’
O0(Xi-y 4,0 (AD) + maxe[,] S(pm(A(t))) time. O

We will use this result to attain sampling and query access to an output vector when it is

implicitly represented by input (here, a matrix A and a vector b).

Corollary 4.10. Suppose we are given access to a matrix SQ(A) € C"™" and a vector SQ(b) € C",
where we can respond to queries in O(1) time. Further suppose we have a vector Q(u) € C"
implicitly represented by v € C™ and n, withu = ATv + nb. Then we can:

(i) Compute entries of u in O(|v|y) time;

Silv(R) AP +7 161
JATv-+nbl?

(ii)) Sample i € [n]| with probability % in @<||v||o||v”° log %) time with
probability > 1 - 6;

YV Ak, +n* bl
V2| AT v4nb]2

log %) time with probabil-

(iii) Estimate |u|? tov relative error in @(||v||0 I¥lo

ity>1-29.

Proof. By Lemma 4.6, we have SQ¢,(ATV) for

ZilvAK, I
[ATv]?

¢ = Ivlo
and a query cost of O(|v|y). Applying Lemma 4.6 again, we have SQq,(ATv + nb) for

_ oIVl Xlvi) Ak, I+ n?bl?
|ATY + yb]?

By Lemma 4.5, we can draw one sample from u with probability > 1 — § with O(¢log %)
queries to SQ¢(A7LV), each of which takes O(|v|,) time. Similarly, we can estimate |u|? to v

multiplicative error with @(Vﬂ2 log %) queries to SQ¢(ATV). H

Remark 4.11. With the lemmas we’ve introduced, we can already get oversampling and query
access to some modest expressions. For example, consider RUR decompositions, which show

up frequently in our results: suppose we have SQ(A) for A € C™", R € C”™" a (possibly
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normalized) subset of rows of A, and a matrix U € C"". Then

RTUR = Z UG, )RG,)RG, ),

r
i=1 j=1

which is a linear combination of ? outer products involving rows of A. So, by Lemma 4.8 and

Lemma 4.9, we have SQ¢(R7LUR).

For us, the most interesting scenario is when our sampling and query oracles take poly-
logarithmic time, since this corresponds to the scenarios where quantum state preparation
procedures can run in time polylog(n). In these scenarios, quantum machine learning have
the potential to achieve exponential speedups. We can provide such classical access in various

ways.

Remark 4.12. Below, we list settings where we have sampling and query access to input
matrices and vectors, and whenever relevant, we compare the resulting runtimes to the time to
prepare analogous quantum states. Note that because we do not analyze classical algorithms
in the bit model, i.e., we do not count each operation bitwise, their runtimes may be missing
log factors that should be counted for a fair comparison between classical and quantum.

(a) (Data structure) Given v € C" in the standard RAM model, the alias method [Vos91]
takes ©(n) pre-processing time to output a data structure that uses ©(n) space and can
sample from v in O(1) time. In other words, we can get SQ(v) with sq(v) = 6(1) in O(n)
time, and by extension, for a matrix A € C™", SQ(A) with sq(A) = 6(1) in O(mn) time.
If the input vector (resp. matrix) is given as a list of nnz(v) (resp. nnz(A)) of its non-zero
entries, then the pre-processing time is linear in that number of entries. Therefore, the
quantum-inspired setting can be directly translated to a basic randomized numerical lin-
ear algebra algorithm. More precisely, with this data structure, a fast quantum-inspired
algorithm (say, one running in time O(T sq(A)) for T independent of input size) implies
an algorithm in the standard computational model (running in O(nnz(A) + T) time).

(b) (Dynamic data structure) QML algorithms often assume their input is in a data structure
with a certain kind of quantum access [Pra14; KP20; WZP18; RSWPL19; CGJ19]. They

argue that, since this data structure allows for circuits preparing input states with linear
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gate count but polylog depth, hardware called QRAM might be able to parallelize these
circuits enough so that they run in effectively polylog time. In the interest of considering
the best of all possible worlds for QML, we will treat circuit depth as runtime for QRAM
and ignore technicalities.

This data structure (see Fig. 6) admits sampling and query access to the data it stores
with just-as-good runtimes: specifically, for a matrix A € C™", we get SQ(A) with
q(A) = 0(1), s(A) = O(logmn), and n(A) = O(1). So, quantum-inspired algorithms
can be used whenever QML algorithms assume this form of input.

Further, unlike the alias method stated above, this data structure supports updating
entries in O(log mn) time, which is used in applications of QML where data accumulates
over time [KP17].

(c) (Integrability assumption) For v € C", suppose we can compute entries v(i) and sums
Yic I(b)|v(i)!2 in time T, where I(b) C [n] is the set of indices whose binary representation
begins with the bitstring b. Then we have SQ(v) where q(v) = O(T),s(v) = O(T logn),
and n(v) = O(T). Analogously, the quantum state that encodes v in its amplitudes,
vy = ), "‘}Ti”|i>, can be prepared in time O(T logn) via Grover-Rudolph state prepara-
tion [GR02]. (One can think about the QRAM data structure as pre-computing all the
necessary sums for this protocol.)

(d) (Uniformity assumption) Given O(1)-time Q(v) € C" and a f such that max|v(i)|> <
pB/n, we have SQ4(v) with ¢ = B/Iv|* and sqg(v) = O(1), by using the vector whose
entries are all m as the upper bound v. Assuming the ability to query entries of v in
superposition, a quantum state corresponding to v can be prepared in time O (\/5 logn).

(e) (Sparsity assumption) If A € C™" has at most s non-zero entries per row (with effi-
ciently computable locations) and the matrix elements are |A(i, j)| < ¢ (and efficiently
computable), then we have SQ4(A) for ¢ = czﬁ, simply by using the uniform dis-
tribution over non-zero entries for the oversampling and query oracles. For example,
for SQ(&) we can set a(i) := ci/s, and for A(i,-) we use the vector with entries ¢ at the
non-zeros of A(i,-) (potentially adding some “dummy” zero locations to have exactly s

non-zeroes).
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Note that similar sparse-access assumptions are often seen in the QML and Hamiltonian
simulation literature [HHLO09]. Also, if A is not much smaller than we expect, then ¢
can be independent of dimension. For example, if A has exactly s non-zero entries per
row and |A(i, j)| > ¢’ for non-zero entries, then ¢ < (c/c’)?.

(f) (CT states) In 2009, Van den Nest defined the notion of a “computationally tractable”
(CT) state [Van11]. Using our notation, /) € C" is a CT state if we have SQ(¢/) with
sq(y) = polylog(n). Van den Nest’s paper identifies several classes of CT states, includ-
ing product states, quantum Fourier transforms of product states, matrix product states
of polynomial bond dimension, stabilizer states, and states from matchgate circuits. For
more details on how can one get efficient sampling and query access to such vectors we

direct the reader to [Van11].

5 Sketching matrices to reduce dimension

We now introduce the workhorse of our algorithms: the matrix sketch. Using sampling and
query access, we can generate these sketches efficiently, and these allow one to reduce the
dimensionality of a problem, up to some approximation. Most of the results presented in this
section are known in the classical sketching literature: we present them here for completeness,

and to restate them in the context of sampling and query access.

Definition 5.1. For a distribution p € R™, we say that a matrix S € R*™ is sampled according
to p if each row of S is independently chosen to be ¢;/ m with probability p(i), where ¢
is the vector that is one in the ith position and zero elsewhere. If p is an £,-norm sampling
distribution 9, as defined in Definition 4.2, then we also say S is sampled according to v.

We call S an importance sampling sketch for A € C™"

if it is sampled according to A’s
row norms a, and we call S a ¢-oversampled importance sampling sketch if it is sampled accord-
ing to the bounding row norms from SQ4(A), @ (or, more generally, from a ¢-oversampled

importance sampling distribution of a).

One should think of S as a description of how to sketch A down to SA. The following lemma

shows that |[SA|r approximates |Ag, giving a simple example of the phenomenon that SA
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approximates A in certain senses: it shows that |SA|r = O(| A|r) with probability > 0.9 when
S has Q( >) rows. We show later (Lemma 5.9) that a similar statement holds for spectral norm:

ISA| = @(||A||) with probability > 0.9 when S has Q(¢? ||A||% /|AI?) rows.

Lemma 5.2 (Frobenius norm bounds for matrix sketches). Let S € C” be a ¢-oversampled
importance sampling sketch of A € C™". Then |[SA](G,-)| < J¢/r|Alf for all i € [r], so

||SA||1?:~ < ¢||A||12: (unconditionally). Equality holds when ¢ = 1. Further,

¢ n(2/5)
pr ISl - 1R = [ S22 Ak < 5

Proof. Let p be the distribution used to create S, and let s; be the sample from p used for row
i of S. Then ||SA||12: is the sum of the row norms |[SA](i,)|? over all i € [r], and
M@N2¢

I[SAIG, )I? = M)_%WF

|AG)IP 1
EWMWM]—ZM) - 20) JWF

The first equation shows the unconditional bounds on [SA[p. When ¢ = 1, p(i) = |AG, -)|?/ ||A||12:
so the inequality becomes an equality. By the second equation, ||SA||12:—||A||% has expected value
zero and is the sum of independent random variables bounded in [—||A||12;, (¢ — 1)||A||12:], so the

probabilistic bound follows immediately from Hoeffding’s inequality. [

In the standard algorithm setting, computing an importance sampling sketch requires read-
ing all of A, since we need to sample from 9,. If we have SQ (A), though, we can efficiently
create a ¢-oversampling sketch S in O(s(sg(A) + q¢(A)) +ng(A)) time: for each row of S, we
pull a sample from p, and then compute m After finding this sketch S, we have an implicit
description of SA: it is a normalized multiset of rows of A, so we can describe it with the row
indices and corresponding normalization, (i1, ¢1), ... , (i, ¢;)-

SA can be used to approximate matrix expressions involving A. Further, we can chain
sketches using the lemma below, which shows that from SQg4(A), we have SQS2¢((SA)T),
under a mild assumption on the size of the sketch S. This can be used to find a sketch T of

(SA)T. The resulting expression SAT is small enough that we can compute functions of it in
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time independent of dimension, and so will be used extensively. When we discuss sketching

A down to SAT, we are referring to the below lemma for the method of sampling T.

Lemma 5.3. Consider SQ,(A) € C™" and S € R™™ sampled according to a, described as
pairs (iy,¢;), ..., (i, ¢,). Ifr > 2¢° ln , then with probability > 1 — §, we have SQ,4(SA) and
SQ¢,((SA)T) for some ¢ satisfying ¢ < 2¢. If ¢ = 1, then for all r, we have SQ(SA) and
SQUSA)M).

After O(n,(A)) pre-processing cost, the runtimes for SQ (SA) are (SA) = q(A), s4(SA) =
sp(A), 44(SA) = q,(A), and ny(SA) = 6(1). The runtimes for SQ,((SA)") are q((SA)") =
q(A), ss((SA)T) = 5,(A) +1q,(A), g4((SA)T) = r g, (A), and ny((SA)T) = n,(A).

Proof. By Lemma 5.2, ||SA||% > ||A||% /2 with probability > 1 — 8. Suppose this bound holds. To
get SQ4(SA), we take SA = SA, which bounds SA by inspection. Further, ||SA||12; = ||A||}2: by
Lemma 5.2, so ¢ = HSA”%/HSAH% = ¢|AJ¢/|SAJ% < 2¢. Analogously, (SA)T works as a bound
for SQ¢((SA)T). We can query an entry of SA by querying the corresponding entry of A, so
all that suffices is to show that we have SQ(SA) and SQ((SA)T) from SQ(A). (When ¢ = 1,
we can ignore the above argument: the rest of the proof will show that we have SQ(SA) and
SQ((SA)T) from SQ(A).)

We have SQ(SA). Because the rows of SA are rescaled rows of A, we have SQ access to
them from SQ access to A. Because ||SA||F = ||A||F and |[SA]G, )|? = ||A||F/r after precomputing
|AJ%, we have SQ access to the vector of row norms of SA (pulling samples simply by pulling
samples from the uniform distribution).

We have SQ((SA)"L). (This proof is similar to one from [FKV04].) Since the rows of (SA)T
are length r, we can respond to SQ queries to them by reading all entries of the row and
performing some linear-time computation. ||(SA)T||% = ||A||%, so we can respond to a norm
query by querying the norm of A. Finally, we can sample according to the row norms of
(SA)T by first querying an index i € [r] uniformly at random, then outputting the index j € [n]
sampled from [SA](i,-) (which we can sample from because it is a row of A). The distribution

of the samples output by this procedure is correct: the probability of outputting j is

1 v [[SA]G )P [SAIG DI _ ILSAIC, DI
r ZII[SA](l NP I; ISAI ISA
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5.1 Approximation results

Here, we present approximation results on sketched matrices that we will use heavily through-
out our results. We begin with a fundamental observation: given sampling and query access to
a matrix A, we can approximate the matrix product A'B by a sum of rank-one outer products.
We formalize this with two variance bounds, which we can use together with Chebyshev’s

inequality.

Lemma 5.4 (Asymmetric matrix multiplication to Frobenius norm error, [DKM06, Lemma 4]).
Consider X € C™"™Y € C™P, and take S € R™™ to be sampled according to p € R™ a

¢-oversampled importance sampling distribution from X or Y. Then,

¢

E[IxTstsy - XTYIR < ZIXIEIVIE and  E[ 3 1ISXIGOPISYIG P ?
i=1

< —|XIEIYIE.

r
Proof. To show the first equation, we use that E[|xTstsy — XTY||12;] is a sum of variances, one
for each entry (i, j), since E[XTSTSY — XY] is zero in every entry. Furthermore, for every
entry (i, j), the matrix expression is the sum of r independent, mean-zero terms, one for each

row of S:
.

(xSt = X165 = Y, (ISX16.DTISY IG5, )~ ~IXTYIG D).

s=1

So, we can use standard properties of variances' to conclude that

E[IXTSTSY - xTY[Z] = r- E[I[SX](1,)T[SY](1,) = 2 XTYIE] < r- E[I[SX](1, ) T[SY](1, )JE]

m .
IXG,)TY G XGAPIYGHIE ¢
=y p e O 15 XEILIGIT )y
i=1 r P(l) ri3 p(i) r
The second other inequality follows by the same computation:
N ¢
[Z ILsX1GHIPISYIG, )l ] r- E[I[SX]1(1, )PIISY1(1, )] < ;IIXIIIZ:IIYII%- O

=1

The above result shows that, given SQ(X), X Y can be approximated by a sketch with

constant failure probability. If we have SQ(X) and SQ(Y), we can make the failure probability

B3See the proof of Lemma 5.5 for this kind of computation done with more detail.
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exponential small. To show this tighter error bound, we use an argument of Drineas, Kannan,
and Mahoney for approximating matrix multiplication. We state their result in a slightly

stronger form, which is actually proved in their paper.

Lemma 5.5 (Matrix multiplication by subsampling [DKM06, Theorem 1]). Suppose we are
given X € C"™Y € C™P,r € N and a distribution p € R" satisfying the oversampling

condition that, for some ¢ > 1,

Xk, Y Gk, )l
k .
PR 2 o X Y]

Let S € R™" be sampled according to p. Then X T5TSY is an unbiased estimator for XTY and

8¢ In(2/6
Pr[||XTSTSY—XTY||F< ¢n—(/)z
r t

XY ]| > 1-6.

J

<IXTelY e

Proof. Using that the rows of S are selected independently, we can conclude the following:

" i Y-
E[(SX)T (V)] =7+ BISXIA)TISYI )] =7 Y ()2 Y6

= xty
= rp(i)

E[IXTsTsy - XTY[E] = > Y E[|[XTsTsy - XTY]G, j)|2]

m

1

E[[Isx1(L)TISY(L) - [XTY1G.)[]

[l
M~

~
I
_
~.
I
_

E[|lsX1(1. ) [s¥1(1. )]

IN
M=
M~

[u—

~.
—_
~.

r E[IISX1(L)IPISY1(1, 1]

O IXGOR IYG )P
= P

13 ST IXEONYE )]
< 2 IV ]

< - IX (e, PN (K, I
k=1

_¢ ]
=% ; X NIV (K, ) -

To prove concentration, we use McDiarmid’s inequality [McD8&9].
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Lemma 5.6 ([McD89, Lemma (1.2)]). Let Xj, ..., X, be independent random variables with X
taking values in a set A, for all s € [c]. Suppose that f is a real valued measurable function on
the product set I A such that [f(x) — f(x")| < by whenever the vectors x and x” differ only

in the s-th coordinate. Let Y be the random variable f[Xj,..., X.]. Then for any y > 0:

2y2
Pr(|Y — E[Y]| > y] < 2exp ( -5 bZ)'

To use Lemma 5.6, we think about this expression as a function of the indices that are

randomly chosen from p. That is, let f be the function [n]” — R defined to be

1

i )Y G-
e p(l.s)X(ls’ ) Y(ls: )

Fliigeerip) = XY = Zr:
s=1

F’

Then, by Jensen’s inequality, we have

¢
E[f] = E[IXTstsY — XTY[g] < JE[IXTsTSY — XY]2] < ﬁ S IX K, Y, L.
k
Now suppose that the index sequences {and 7 only differ at the s-th position. Then by the
triangle inequality,

1 1

@ = FOIN < 1|5 X ) TY ) = =X TY (),

pGs) j2(9)
2 1 + 2¢ <
< Pmox | X YO0 < 2 X G

Now, by Lemma 5.6, we conclude that

2¢%1In(2/6)

r

Pr[lf —E[f]l> 2 IXCRNY K, -)II] <38.
k
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So, with probability > 1 — 6,

2¢2 ln(2 /5)

IXTsTsy — xTy[p < E[|XTSTsY — XTY[e] + Z IXC MY (K. )

2In(2/6
< (24 R iy
k

2] 1)
Wil S KGRIV =

From a simple application of Lemma 5.5, we get a key lemma used frequently in Section 8.

Lemma 5.7 (Approximating matrix multiplication to Frobenius norm error; corollary of [DKMO06,
Theorem 1]). Consider X € C™" Y € C™?, and take S € R™™ to be sampled according to
q = @, where qy,q; € R™ are ¢y, ¢,-oversampled importance sampling distributions from
x, y, the vector of row norms for X, Y, respectively. Then S is a 2¢,, 2¢,-oversampled impor-

tance sampling sketch of X, Y, respectively. Further,

. 8616, 10g 2/0
Pr [|xTstsy - X Tyl < /MHXIIFHYHF] >1-6.

Proof. First, notice that 2¢q(i) > q;(i) and 2q(i) > g,(i), so q oversamples the importance sam-

pling distributions for X and Y with constants 2¢; and 2¢,, respectively. We get the bound

NP1 Dol X[lY I

S XY e using the

by using Lemma 5.5; g satisfies the oversampling condition with ¢ =

inequality of arithmetic and geometric means:

1 IXGONYGOl 2 IXGOIY G,
g@ T IXEMYE @10 +g20) X 1X ()Y,
1 IXG)IY G,
\/ql(l)qz(l Zz I1XCe, )Ny e, -l
Py JoGXIEIYlE |G, Y G, )
T IXGAIY G X IX )Y e,
 Inibal XYl
T XX )Y el

Remark 5.8. Lemma 5.7 implies that, given SQg (X) and SQy, (Y), we can get SQ¢(M ) for M a

M
IMIE -

sufficiently good approximation to X Y, with b < P19 This is an approximate closure
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property for oversampling and query access under matrix products.

Given the above types of accesses, we can compute the sketch S necessary for Lemma 5.7
by taking p = D3 and g = Dy, thereby finding a desired M = X TSTSY. We can compute
entries of M with only r queries each to X and Y, so all we need is to get SQ(M) for M the
appropriate bound. We choose [M(, j)|? = r 22:1 I1SX](e, D) T[SY](E, )2 showing that we have
SQ(M) follows from the proofs of Lemmas 4.8 and 4.9, since M is simply a linear combination
of outer products of rows of X with rows of Y. Finally, this bound has the appropriate norm.

Notating the rows sampled by the sketch as sy, ..., s,, we have

. Zr: RE®IEIOD]E
z(||>~<(s£,-)||2 IV (s.)I? )2

2X|2 20V[2
X (s IRV (s, P

IR )T el 2
1 N A L s S
"

IMIE =7 Y IISX1CEDIPIISTCE, I =
=1

=1r

= |XIEIYIE = g1l XIEIYIE.

This argument more generally shows that we have SQ (X T5TSY) for the same sketch but with
arbitrary size r (with query times dependent on r). Thus, later in this section, when we prove
tighter approximation bounds using this sketch with smaller r, we can conclude that we also

get SQy to those matrix products.

If X = Y, we can get an improved spectral norm bound: instead of depending on [ X,

error depends on | X|| X|.

Lemma 5.9 (Approximating matrix multiplication to spectral norm error [RV07, Theorem 3.1]).
Suppose we are given A € R™", ¢ > 0,6 € [0,1], and S € R”" a ¢-oversampled importance

sampling sketch of A. Then

Pr [||AT5T5A —ATAl <

$?logrlog1/S
J SE 1Al Al > 1 -6

We also prove an asymmetric version of this result.

Theorem 5.10 (Asymmetric Approximate Matrix Multiplication). Given matrices A € C™"

and B € €™, let S € C>" be sampled according to p € R% 2o with p; > ¢(”fﬁg’|?"2 |B"(Bﬁ)"2)for
F F
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2
some ¢ > 1. Let sr “ﬁ“g + ||‘|‘;||||§. Then, with probability at least 1 — & > 0.75,

tBt _ ABT < |2 log( S~ 21BJ2 + | AJ2[B|2) + + log(
Jass" B — ABH1 < |2 log( 2 )AAIIBI + LALIBI) + L tog( )l AleIBlr.

We will use the following consequence of this theorem.

Corollary 5.11. Given matrices A € C™" and B € C”%, let S € C™" be sampled according to

p € R, with p; > ("A( ’)"2 IBC l)nz)for some ¢ > 1. Fore € (0,1] and § € (0,0.25], when

= %" 1A T IBE
_ 4 A B A B . .-
=4 "'| AH5 + H B:||5 ) log(X( H AH5 + "'| BH; ), then |ASSTBT — ABY| < e| AllB| with probability > 1.

The symmetric version of this result was previously stated in [KV17; RV07], and this
asymmetric version was stated in [MZ11]. However, the final theorem statement was weaker,

so we reprove it here. To obtain it, we prove the following key lemma:

Lemma 5.12 (Concentration of Asymmetric Random Outer Products). Let {(X;, Y))}ie[s] be s
independent copies of the tuple of random vectors (X,Y), with X € C" and Y € Cc?. In

particular, (X,Y) = (@D, D) with probability p; for i € [n]. Let M, L > 0 be such that

L> m[ax||a<l><b@>*||

1€ n
M? > max|p@?|E [XX ]| + max|a®|?|E [YYT]],
i€[n] i€[n]

max;e[) b1 E [IXIZ] + maxiefla®|” E [IYIF]
— max(maxe[) [bO[2|E [X XTI, maxiea la®@P|E [YYT]D)

SIr

Then, for any t > M/.[s + 2L/(3s),

2
[H I%XYT E[XYT]| > 1| <asrexp(- m)

Proof. Fori € [s],let Z = (XY, ~ E [XYT]). Then |Z] < 2|X¥;| < 2. Next, we bound the

variance:

o max(u
i€[n]

N N J

(i) (ii)
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We can observe that

> ElzZ'] = [(Xin - LX) (x] —E[XY*])T]

i€[s]

= 2B |mixx” - BBy
S

< L maxp®2) E[xX 1] =: v,
S i€[n]

W AVAA l(XYT E [)a/’f]y()(iylfr _E [XY*])]

i€[s]

= B[y - By XTI E L]
S

< Lmax)a®P) E[yyt] =: v,
S i€[n]
We can use this to bound term (i):

|3 B12271] < SIEMEXXT < SmapOPlE (XX

i€[s]

We bound term (ii) as follows:

1 1 ;
< ~E[IXIPYY 11 < = (maxla®P)E[yY ]
S S i€[n]

|> El7 2]
i€[s]

Altogether, we have shown that 02 < M?/s. Applying Matrix Bernstein (see Fact 5.13) with

upper bounds of V; and V, and parameters L « % and v < M?/s, we get

Prlul Y Xy ~E[xv]| 2¢| = PrU | >t
S iels) ic[s]
t2/2 2
< 4srexp<— / ) < 4srexp<—L),
M2 /s + 2Lt/(3s) 2(M? + Lt)
where
Ca) () maxie PP E [IXIE] + maxiepla®1? E (Y]

-~ max([Vi],[Va]) max(max;e[,| bDO2|E [X X T]||,maxi€[n] laD2|E [YYT]])



5 SKETCHING MATRICES TO REDUCE DIMENSION 47

Fact 5.13 (Intrinsic Matrix Bernstein, [Tro15, Theorem 7.3.1]). Consider a finite sequence{Zj}i[s]
of random complex matrices with the same size, and assume that E [Z;.] = 0 and |Z;| < L. Let

Vi andV, be semidefinite upper bounds for the corresponding matrix-valued variances:

Vi = E[Y %71 Vv, = E[Y. 7/ %]
k=1 k=1

Define an intrinsic dimension bound and a variance bound,

tr(Vy + V)
=1 27 v = max{|Vy], [V, [}
max([Vi ], [V2)
Then, fort > \[v+ L/3,
t2/2
Pr M il = tl < 4sr exp(— / )
e v+ Lt/3

It is now straight-forward to prove Theorem 5.10 using the aforementioned lemma:

Proof of Theorem 5.10. We apply Lemma 5.12 with a® = \[1/p;- A(,i) and b = [1/p; - B(-, ).

WGP, 1B o [ACDIIBC]
2 TAE ) 2 s

As assumed the sampling distribution p; satisfies p; > SO

2 5
Al
@) = TF
| = [AC, DI/ pi < |AC. D] IA( A = 29| Al

[6O1 = IBC,)l/{/pi < IBC, DI 2410 = \2¢IBl

IBC, P
la@@yt| = ACOUBCON gy 1y

Further,

[EDxxtl =] Y AGDAG DT = 14aT] = a2
i€[n]

E[yyT]| = \|Z B(, D)B(, | = |BB| = |B?

i€[n]



5 SKETCHING MATRICES TO REDUCE DIMENSION 48

Finally,
max;e()[bV[? E [I1X1F] + max;p, [aV |2 E [|Y[Z] ENXR] | EDVE]
max(max;ef, [bO2E [XX ]|, max;ep, [a@PIE [YY 1)) ~ [E[XXT]|  |E[yY1]|
Al%2 | B|3
lAIZ 1B

. |AJZ | IBI2
So, in Lemma 5.12, we can set L = ¢| A||B|F, M? = 2¢|]A||1?5HB\|2+2¢||B||12:\|A||2, and sr = m+m

to get that, for allt > M/.[s + 2L/(3s),

Pr[E Y Xy - E Xyt >t

i€[s]

|AIE  IBIE —st*
< 4( 1 + B )exp( T py— )
Il 18] 2¢(|AlgIBI* + [ AI°|Blg) + ¢l Alg|Blet

To get the right-hand side of the above equation to be < §, it suffices to choose

_ 2005t 2|2 21812 + Lol St
= |2 108(Z)SARIBE + LAIIBID) + 2 tog( )1 Al Blr.

This choice of t is greater than M/./s + 2L/(3s) when § < 1/e, so with this assumption, we

can conclude that with probability > 1 -4,

tBt — ABT| < |2 log( S 21BJ2 + |ARIBI2) + * log( S
|ASSTBT — ABT|| < \/ ; log( 5)¢(I|AI|F||BII + IAPIBIE) + - log( 5>¢||A"F"B”F~ O

The above results can be used to approximate singular values, simply by directly translat-

ing the bounds on matrix product error to bounds on singular value error.

Lemma 5.14 (Approximating singular values). Given SQg(A) € C™" and ¢ € (0,1], we can

form importance sampling sketches S € R™™ and Tt € R%" in O((r+c) sq¢(A)) time satisfying
~ A2

the following property. Take r,c > s for some sufficiently large s = @(f—z log %) Then, if o;

and 6; are the singular values of A and SAT, respectively (where 6; = 0 for i > min(r, ¢)), we
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have with probability > 1 — § that

min(m,n)

Y, (& - <Al
i=1

If we additionally assume that ¢ < |A|/| Alr, we can conclude |67 — 67| < | A|| Al for all i.

This result follows from results bounding the error between singular values by errors of
matrix products. For notation, let 0;(M) be the ith largest singular value of M. We will use

the following inequalities relating norm error of matrices to error in their singular values:

Lemma 5.15 (Hoffman-Wielandt inequality [KV17, Lemma 2.7]). For symmetric X,Y € R™",
Y loi(X) = (NP < X - Y2

Lemma 5.16 (Weyl’s inequality [Bha97, Corollary II1.2.2]). For A, B € C™", |0,.(A) — ox(B)| <

|A — B|. When A, B are Hermitian, the same bound holds for their eigenvalues.'*

Proof of Lemma 5.14. We use known theorems, plugging in the values of r and ¢. By Lemma 5.7

for the sketch S, we know that
Pr [||AT5T5A —ATAlp < §||AII%] >1-6;

by Lemma 5.3, TT is an < 2¢-oversampled importance sampling sketch of (SA)T, so using

Lemma 5.7 for TT,
Pr [||SATTTAT5T — SAATST|p < iusAII%] >1-6,

and from Lemma 5.2,

Pr [||5A||1% < 2||A||12:] >1-6.

By rescaling  and union bounding, we can have all events happen with probability > 1 — 4.

*[Bha97, Corollary 1I1.2.2] actually proves the Hermitian version. The result about singular values is an easy
consequence, see for example the blog of Terence Tao [Tao10, Exercise 22(iv)].
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Then, from triangle inequality followed by Lemma 5.15,

D IG(SAT)? - (A2 < | Y Ioi(SATY? — ai(SAVP + \ Y Jo(SAY? — i(A)22
< [(SAT)(SAT)T — (SA)SA) T + [(SA)T(SA) — AT Al

< e| AJ3.

The analogous result holds for spectral norm via Lemma 5.9 and Lemma 5.16; the only addi-
tional complication is that we need to assert that |[SA| < | A|. We use the following argument,

using the upper bound on ¢:
ISAJ? = |ATSTSA| < [ATSTSA — ATA| + |ATA| < |AJ? + | All Al < [AJ2. O

Finally, if we wish to approximate a vector inner product utv, a special case of matrix
product, we can do so with only sampling and query access to one of the vectors while still

getting log % dependence on failure probability.

Lemma 5.17 (Inner product estimation, [Tan19, Proposition 4.2]). Given SQgy(u), Q(v) € C",

we can output an estimate ¢ € C such that |c — (u,v)| < ¢ with probability > 1 — § in time

O(lul*IvI* 3 log 5(sqy() + g(v))).

Proof. Define a random variable Z by sampling an index from the distribution p given by

SQ¢(u), and setting Z := u(i)v(i)/ p(i). Then

2 n
ElZ] = (uv) and EllZP]= Y ()'”(’)(”)(;)' Z|u<i>v<>|2|¢”()"|2—¢||u||2||v||2.
i=1 i=1

So, we just need to boost the quality of this random variable. Consider taking Z to be the
mean of x := 8gl>||u||2||v||2€l2 independent copies of Z. Then, by Chebyshev’s inequality (stated

here for complex-valued random variables),

P12 - E[Z]| > e/v2] < 2VerlE)

1
xe2 4

Next, we take the (component-wise) median of y := 8 logé independent copies of Z, which



5 SKETCHING MATRICES TO REDUCE DIMENSION 51

we call Z, to decrease failure probability. Consider the median of the real parts of Z. The key
observation is that if R(Z — E[Z]) > £/+/2, then at least half of the Z’s satisfy R(Z — E[Z]) >

e/2. Let E; = y(R(Z — E[Z]) > ¢/+/2) be the characteristic function for this event for a

particular mean. The above argument implies that Pr[E;] < i. So, by Hoeffding’s inequality,
q q
1 1 1 1 5
- = - > = + Pr[E]| < exp(—q/8) < =

With this combined with our key observation, we can conclude that Pr[R(Z—(u, v)) > ¢//2] <
&/2. From a union bound together with the analogous argument for the imaginary component,
we have Pr[|Z — (u,v)| > ¢] < § as desired. The time complexity is the number of samples

multiplied by the time to create one instance of the random variable Z, which is O(sq(u) +

q(v)). O

Remark 5.18. Lemma 5.17 also applies to higher-order tensor inner products:
(a) (Trace inner products, [GLT18, Lemma 11]) Given SQ4(A) € C" and Q(B) € C", we

can estimate tr[ ABT] to additive error ¢ with probability at least 1 — § by using

time. To do this, note that SQ4(A) and Q(B) imply SQg(vec(A)) and Q(vec(B)). tr[AB] =
(vec(B),vec(A)), so we can just apply Lemma 5.17 to conclude.

(b) (Expectation values) Given SQy(A) € C™" and Q(x), Q(y) € C"*, we can estimate xTAy

to additive error ¢ with probability at least 1 — § in

A 2
@(¢M( q4(A) +q(x) + q(y)) log < )

time. To do this, observe that x-'LAy = tr(xTAy) = tr(AyxT) and that Q(yxT) can be
simulated with Q(x), Q(y). So, we just apply the trace inner product procedure.
We will also apply the inner product sketch to matrices in order to sparsify it.

Definition 5.19 (Bi-linear Entry-wise Sparsifying Transform). For a matrix A € C™", the
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BEST of A with parameter T is a matrix sampled as follows: for all k € [T],

_lAG P
|AI

ME) — 1 A(, j)eie]T with probability p; ; =
L,j

Then,

BESTT(A) = % Z M®),

Lemma 5.20 (Basic properties of the Bi-Linear Entry-wise Sparsifying Transform). For a ma-

trix A € C™", let M = BEST(A) with parameter T. Then, for X € C"™, u € C™ and v € C",

nnz(M) < T (11)
E[M]= A (12)
E[MYXM - ATXA| = %(tr(X)||A||12:I — ATXA) (13)

Proof. Observe, since M is an average of T sub-samples, each of which are 1-sparse, M has at

most T non-zero entries. Next,

DILILEPIPIIE vt
= e[m) jeln)  Pii
Similarly,

E[MTXM| = % (Z M(k)) (kg;] M(k))‘

| ke[T]

%E ( Z (M(k))TXM(k'))]
| kk€[T]

:iz(( Y E[M(k)]f.x.E[M(k')])+(ZE[(M(WXM(@]))
k+k’€[T] ke[T]

2

1 1 AG, j)?
= (1 — ?>ATXA + T Z pi,j—e] ITXe, T
ie[m] Jeln] bij

(1 - ?>ATXA Z X(i,i)eje;
ie[m],je[n]

Al tr(X
:(1—%)ATXA+—” I 0
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We list a simple consequence of these bounds that we use later.

Corollary 5.21. For a matrix A € C™", let M = BEST(A) with parameter T. Then, for matrices

X e C™™ gndy e €4,

Xl AlrlY
Pr [IXMY ~ XAY]; > M

] <6
Finally, we observe a simple technique to convert importance sampling sketches into ap-

proximate isometries, by inserting the appropriate pseudoinverse. This will be used in some

of the more involved applications.

Lemma 5.22. Given A € C™", S € C"™™ sampled from a ¢-oversampled importance sampling
distribution of A, and TT € €™ sampled from an < ¢-oversampled importance sampling
distribution of (SA)T, let R := SA and C := SAT. Let oy be the kth singular value of A. If, for
a € (0,1],r = Q(¢2 |A”k"A"F log ) and ¢ = Q(¢2 |A” "A"F log ) then with probability > 1 — 6,
((Co)™R)Tisan a-approximate projective 1sometry onto the image of (C)*. Further, (DV TR
is an a-approximate isometry, where ;| = UDV" is a singular value decomposition truncated
so that D € REK i full rank (so k” < min(k, rank(A))).

Proof. The following occurs with probability > 1 — 6. By Lemma 5.14, |G| < %. By
i

Lemma 5.9, [RTR— AT A| < | A|?, which implies that |R] < |A], and by Lemma 5.2, |R|p < |Al.

o2 JRIIRI
kANl

So, with probability > 1 — 6,

Further, [RRT — CCT| < ao,

< aof. Finally, C,j C = C,;F Cx is an orthogonal projector.

IGERCGR)T = (GEOGEO) T = IGH (RRT — cCYCHTI < IGHPIRRT — CCT| = O().

We get the computation for the a-approximate isometry by restricting attention to the span

of U:
IOVTRY(DVTR)T — 1| = |IDVT(RRT — ccTWWDT| < [UDVT?|RRT — cCT| = O(er). O

One can also observe that, for a sufficiently good sketch C, R =~ C.(C,)*R in spectral

norm, giving a generic way to approximate a sketch R by a product of a small matrix with an
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approximate projective isometry. We do not need it in our proofs, so this computation is not

included.

6 Dequantizing the quantum singular value transformation

We begin our exploration of dequantizing algorithms by dequantizing the quantum singular
value transformation described by Gilyén, Su, Low, and Wiebe [GSLW19] for close-to-low-

rank matrices. Our goal is to prove the following theorem:

Theorem 6.1. Suppose we are given sampling and query access to A € C™" and b € C" with
|A| < 1; a an even or odd degree-d polynomial p with p(0) = 0, given as its Chebyshev coefficients;
and a sufficiently small accuracy parameter e > 0. Then we can output a description of a vector
y (inC™ if p is odd, in C" if p is even) such that |y — p(A)b| < | plsuplb] with probability > 0.9
in time

@<min{nnz<A) LATE 12 1og? ) og? TR ATE 11 1og ) o ”"‘:”f)

We can get SQ(y) such that we can access the output description in the following way:

(i) Compute entries of y in @(" I 46 log (d)log ”A"F) time;

|Al
b 2
(ii)) Samplei € [n] with probability |‘|y’|||2 @(% (d) log HllélullF) time with proba-
bility > 0.9;
b 2
(iii) Estimate|y|? tov relative error in @(% (d)l og ”||A"|T) time with probability
>0.9.

From this result it follows that QSVT, as described in [GSLW19, Theorem 17], has no ex-
ponential speedup when the block-encoding of A comes from a quantum-accessible “QRAM”
data structure as in [GSLW19, Lemma 50]. In the setting of QSVT, given A and b in QRAM,
one can prepare |[b) and construct a block-encoding for A/|Alg = A in polylog(mn) time.
Then one can apply (quantum) SVT by a degree-d polynomial on A and apply the resulting
map to |b) with d - polylog(mn) gates and finally project down to get the state |p(A)b) with

probability > 1 — § after 8(" A0 log < ) iterations of the circuit. So, getting a sample from
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|p(A)b) takes Q(d ||p(11‘l)b|\ polylog(mn/ 5)) time. This circuit gives an exact outcome, possibly
with some log(1/¢) factors representing the discretization error in truncating real numbers to
finite precision (which we ignore, since we do not account for them in our classical algorithm
runtimes).

Analogously, by Remark 4.12, having A and b in (Q)RAM implies having SQ(A) and
SQ(b) with sq(A) = O(logmn) and sq(b) = O(logn). Since QSVT also needs to assume
max,e[—11]|p(x)| < 1, the classical procedure matches the assumptions for QSVT. Our algo-
rithm runs only polynomially slower than the quantum algorithm, since the quantum runtime

clearly depends on d, —__ and log(mn). We are exponentially slower in € and § (these errors

IpCAI”
are conflated for the quantum algorithm). However, this exponential advantage vanishes if
the desired output is not a quantum state but some fixed value (or an estimate of one). In that
case, the quantum algorithm must also pay % during the sampling or tomography procedures
and the classical algorithm can boost a constant success probability to > 1 — §, only paying
a log% factor. Note that, unlike in the quantum output, we can query entries of the output,
which a quantum algorithm cannot do without paying at least a % factor.

Theorem 6.1 also dequantizes QSVT for block-encodings of density operators when the
density operator comes from some well-structured classical data. Indeed, [GSLW19, Lemma 45]
assumes we can efficiently prepare a purification of the density operator p. The rough clas-
sical analogue is the assumption that we have sampling and query access to some A € C"™"
with p = ATA. Since tr(p) = 1, we have |A|g = 1. Then, p(p) = r(A) for r(x) = p(x*) and
Ipl = |AJ?, so we can repeat the above argument to show the lack of exponential speedup for

this input model too.

Remark 6.2. We can also compute estimate (u|y) to ¢|ul|b| error without worsening the 1/¢
dependence. This does not follow from the above; rather, we can observe that, from the de-
scription of our output, y = (AS)v + b, it suffices to estimate uT(AS)v and ub. Because
of properties of the sketches and the later analysis, |AS|f < |Alg and |v] < dlogz(d)||b||,
so by Lemma 5.17 and Remark 5.18 we can estimate these values to the desired error with
O(d? 10g4(d)|\A”%€l2 log %) queries to u,v, A and samples to AS. All of these queries can be

done in O(1) time.
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Remark 6.3. Here, we make a brief remark about a technical detail we previously elided.
Technically, QSVT can use AT in QORAM instead of A (cf. [GSLW19, Lemma 50]), leaving open
the possibility that there is a quantum algorithm that does not give an exponential speedup
when A is in QRAM, but does when AT isin QRAM. We sketch an argument why this is
impossible by showing that, given SQ(A), we can simulate SQ¢(B) (and SQ¢(BT)) for B such
that |B — AT| < ¢|A] with probability > 1 — &.

Proof sketch of Remark 6.3. Recall that we wish to show that, given SQ(A), we can simulate
SQy(B) for B such that B — AY| < ¢ A with probability > 1 — 6.
Following the argument from Remark 8.6, we can find a B := ARTE{(CCT)R satisfying the

i
above property in O( " Astngz

log3 %) (rescaling ¢ appropriately). Here, R and #(CCT) come from
an application of Theorem 7.1 witht : R — C a smooth step function that goes from zero to
one around (¢|A])?. If we had sampling and query access to the columns of ART, we would
be done, since then B = Zirzl Z;Zl[f(CC"L)](i,j)[A’R’T](-, )R(j,-), and we can express B as a
sum of r? outer products of vectors that we have sampling and query access to. This gives us
both SQ4(B) and SQ,(B").

We won’t get exactly this, but using that #(CC = (Czﬂ Al /Z)Tt(C -'LC)C;H Al/2 for UDVT the
SVD of C and Uy a)/2Dy| 4] /ZVJ Al/2 the SVD truncated to singular values at least ¢|A|/2, we

can rewrite

1-
B = A(RUga)/2D7] 41/) @D a3V ag 2R

Now it suffices to get sampling and query access to the columns of A(RTUE" Al /zD;m Al /2), and

by Lemma 5.22, RTUEH Al /zD;i Al/2 is an ¢3-approximate isometry. Further, we can lower bound
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the norms of these columns, using that RTR~ ATA and cCt = RRT.

|AR Uy /2D a2 = IUega1/2D]1/2) TRATART Uy a) 2D 42N
= |Uga)/2D7) 1 2) RRTRR Uy a) /207 10
= [RRT (U a1/2D7 41 )1
~ 1CCT U a1/2D] 1ol
= [UD*U Uy a1/2D 012l

> e?|Al?

Consider one particular column v := [RTUEH Al /ZDSH Al /2](-,8); summarizing our prior argu-

ments, we know |v| > % from approximate orthonormality and |Av| > ¢|A|, which we just
showed. We can also query for entries of v since it is a linear combination of rows of R. We
make one more approximation Av = u, using Lemma 5.17 as we do in Corollary 8.5. That
is, if we want to know [Av](i) = A(, -)v, we use our inner product protocol to approximate
it to y|A(i, -)||v| error, and declare it to be u(i). This implicitly defines u via an algorithm to
compute its entries from SQ(A) and Q(v). Let B’ be the version of B, with the columns of
ARTUSH Al /ZD;W Al/2 replaced with their u versions. One can set y such that the correctness
bound |B’ — AT| < ¢ and our lower bound u > ¢|A| both still hold. All we need now to get
SQg(u) (thereby completing our proof sketch) is a bound # such that we have SQ(). We will
take @(i) = 2|A(i,-)]. We have SQ(#) immediately from SQ(A), ¢ = [a|*/|ul?* < 2| Al2/|Al?
(from our lower bound on |u), and |a(i)| > |AG, )| + y|AG, )|v| > |u@@)| (from our correctness

bound from Lemma 5.17). ]

Our proof of Theorem 6.1 requires establishing some statements about stability of comput-
ing scalar polynomials: we begin by bounding quantities coming from bounded polynomials,
and then use them to bound the error propagation of the Clenshaw recurrence for computing
polynomials. Finally, we consider polynomials of matrices, and then give a fast algorithm for
computing p(A)b by applying sketches to A, and then bounding the error using ideas from
scalar stability analyses. We prove the even and odd cases separately. We can conclude the

above theorem as a consequence of Theorems 6.22 and 6.26 and Corollaries 6.23 and 6.27.
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6.1 Sums of Chebyshev coefficients

To give improved stability bounds for the Clenshaw recurrence, we need to bound various
sums of Chebyshev coefficients. Since we aim to give bounds that hold for all degree-d poly-
nomials, we use no property of the function beyond that it has a unique Chebyshev expansion;
of course, for any particular choice of function f, the bounds in this section can be improved
by explicitly computing its Chebyshev coefficients, or in some cases, by using smoothness
properties of the function [Tre19, Theorems 7.2 and 8.2].

Let f : [-1,1] — Rbe a Lipschitz continuous function. Then it can be expressed uniquely
as a linear combination of Chebyshev polynomials f(x) = Zzo a;T;(x). A broad topic of inter-
est in approximation theory is bounds for linear combinations of these coefficients, Y, a;¢;, in
terms of | f{sup; this was one motivation of Vladimir Markov in proving the Markov brothers’
inequality [Sch41, p575]. Our goal for this section will be to investigate this question in the
case where these sums are arithmetic progressions of step four. This will be necessary for
later stability analyses, and is one of the first non-trivial progressions to bound. We begin

with some straightforward assertions (see [Tre19] for background).

Fact6.4. Let f : [—1,1] — R be a Lipschitz continuous function. Then its Chebyshev coefficients

{a}y satisfy

> @] = £ < 1 flp
£
>0y = 1D floup
£

‘Z ap[[t is even]| = ‘Z ag%(l + (—1)@‘ < [ fllsup
{ 4

; 1
D aleis oddl] = | 3 a2 (1 = (-19] < [flsup
t ¢
We use the following result on Lebesgue constants to bound truncations of the Chebyshev

coeflicient sums.

Lemma 6.5 ([Tre19, Theorem 15.3]). Let f : [—1,1] — R be a Lipschitz continuous func-

tion, let fi(x) = ZI;:O a;Ty(x), and let the optimal degree-k approximating polynomial to f be
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denoted f. Then

If = feoup < (4+ =5 Toglk + D)If = Fluup

4
< (4+ S5 loglk + )l flsup-
Similarly,

4
”fk”sup < ”f - fkusup + ”ﬂlsup < <5 + ; 10g(k + 1))”f"sup'

This implies bounds on sums of coeflicients.

Fact 6.6. Consider a function f(x) = Y, a;Ty(x). Then

|2t~k is evenl] < If = fierlsup < (4+ —5 108l lyup:
=k

> a1 < Uf = ftloup < (4°+ 5 10800)) loup.
=k

59

where the inequalities follow from Fact 6.4 and Lemma 6.5. Whenk = 0, then the sum is bounded

by | flsup, as shown in Fact 6.4.

Now, we prove similar bounds in the case that f(x) is an odd function. In particular, we

want to obtain a bound on alternating signed sums of the Chebshyev coefficients and we incur

a blowup that scales logarithmically in the degree.

Lemma 6.7. Let f : [-1,1] — R be an odd Lipschitz continuous function with Chebyshev

coefficients {ap};, so that ai = 0 for all even k. Then the Chebyshev coefficient sum is bounded

as

d
1\E
| 2D | < Gogld) +2) _max 1l

< (log(d) + 2)(5 + =5 log(2d + 2))] floup

< (16 + 410g"(d + 1)) flsup:
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We first state the following relatively straight-forward corollary:

Corollary 6.8. Lemma 6.7 gives bounds on arithmetic progressions with step size four. Let f :

[-1,1] = R be a Lipschitz continuous function, and consider nonnegative integers ¢ < d. Then
d 2
|Z @[t — ¢ = 0 (mod 4)]]‘ < (32 + 8log™(d + D) flsup
t=c

Proof. Define ded = %(f(x) — f(—x)) and feVe" := %(f(x) + f(—x)) to be the odd and even
parts of f respectively. Triangle inequality implies that | f Odd“supa £V lsup < 1 flsup- Suppose

¢,d are odd. Then

’Zd: @[t — ¢ = 0 (mod 4)]]‘
f=c

1 [(d—)/2]

=2 Y i x1Y
=0

1 [(d—c)/2] [(d—c)/2]

< E(‘ ac+2fz’ + ‘ D (_1){ac+ZfD
=0 =0

1 (d-1)/2 (c—3)/2

= E( dedd(l) - fc‘ﬁizd(l)‘ + ‘ Z (—=Dlagey; — Z (—1)€02f+1’)
=0 =0

1(y rodd odd odd
< E(”fc—z "sup + ”fd ”sup + 2(log(d) +2) Orél]?é(d”fk "sup)

< (32 + 8log”(d + D) f*Ygyp

< (32 + 8log”(d + 1) fllsup

The case when c is even is easier: by Eq. (8), we know that

sup

HZ ageTy(x) b= HZ age Ty(T2(x)) wp HZ ageToe(x) feven(x)”sup < U flsups
; 0 0

su
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so by Fact 6.6,

|Z @[t — ¢ = 0 (mod 4)]]‘ = ‘ Z aglt—c/2is even]]‘
t>c

t>c/2

< (4 + % log(c/2 - D)H; a2fT{’(x)”sup

< (4+ S5 log(e/2 = )l lup: (19

From the above, we can bound the type of sums in the problem statement, paying an additional

factor of two:

‘Zd: @[t — ¢ = 0 (mod 4)]]‘ < ‘Z a[[t — ¢ = 0 (mod 4)]]‘ +‘ Z @[t — ¢ = 0 (mod 4)]]‘
t=c t>c

0>d+1

<(s+ %(log(c/Z ~ 1)+ log(d/2 + 1)) flsup (15)

giving the desired bound. ]

We note that Lemma 6.7 will be significantly harder to prove. See Remark 6.11 for an
intuitive explanation why. We begin with two structural lemmas on how the solution to a

unitriangular linear system behaves, which might be of independent interest.

Lemma 6.9 (An entry-wise positive solution). Suppose that A € R¥¢ is an upper unitriangular
matrix such that, foralli < j, AG, j) > 0, AGi, j) > AGi—1, j). Then A~'1 is a vector with positive
entries. The same result holds when A is a lower unitriangular matrix such that, for all i > j,

A(L, ) > 0, AG, j) > A(i + 1, ).
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Proof. Let x = A7'1. Then xg = 1> 0. The result follows by induction:

d
x@)=1- Y AG)Hx()
Jj=it1
d d
= Y (AG+ 1) - AG)XG) +1- Y, Al +1,)x()
Jj=i+1 Jj=i+1

d
= > (AG+1,7) = AG))x() + 1 - [Ax]i + 1)

j=i+1
d
= Y (AG+1,)) — AG ))x()
j=itl

>0

For lower unitriangular matrices, the same argument follows. The inverse satisfies x(1) = 1
and

i—1
x() = 1= ) AG, )x()
Z,

J

d d
= Y (AG- 1) - AGDxG) +1— Y, Ali—1,)x() >0 O
Jj=i+l Jj=i+l
Next, we characterize how the solution to a unitriangular linear system behaves when we

consider a partial ordering on the matrices.

Lemma 6.10. Let A be a nonnegative upper unitriangular matrix such that A(i, j) > A(i—1, )
and A(i,j) > A(i,j + 1) for all i < j. Let B be a matrix with the same properties, such that

A > B entrywise. By Lemma 6.9, x4 = A7'7 and x® = BT are nonnegative. It further

holds that Y., [A71T]() < X%, [B~1T]().

Proof. We consider the line between A and B, A(t) = A(1—t)+Bt fort € [0,1]. Let x(t) = AT,

we will prove that 1Tx() is monotonically increasing in ¢. The gradient of x(t) has a simple
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form [Tao13]:

ADx() =1
ADx()] = 9,[1]
(B— A)x(t) + A(t)oyx(t) = 0

ox(t) = A7 (#)(A — B)x(1).
So,

1Ta,x(t) = 1TA71(t)(A — B)A"1 (1)1

= [([AOTIHT]T(A - BIA™ ®)1].

Since A and B satisfy the entry constraints, so do every matrix along the line. Consequently,
the column constraints in Lemma 6.9 are satisfied for both A and AT, so both ([A(H)]"1)T1
and A_l(t)f are positive vectors. Since A > B entrywise, this means that TTatx(t) is positive,

as desired. O]

Proof of Lemma 6.7. We first observe that the following sorts of sums are bounded. Let x; : =

1

szrl)). Then, using that Ty(cos(x)) = cos(fx),

cos(%(l -

2k+1 k
frr1(0) = D aTo(x0) = Y a1 Topgr (%)
=0 =0

k k
T 20+1 ¢ (w2 +1
= a cos (—(2{3 +1- —)) = —1)'a sm(— )
;) 20+1 5 YR Z(:)( ) Agp41 > ok 1

We have just shown that

g m2t+1
a -1 fsin(— )‘ < . iy
‘;) 2“_1( ) 29k + 1 ”f2k+1”sup ( )
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We now claim that there exist non-negative ¢ for k € {0, 1, ..., d} such that

d d

D (Dagers = )k forrr (). (17)

The fyr41(x)’s can be bounded using Lemma 6.5. The rest of the proof will consist of showing
that the ¢;’s exist, and then bounding them.
To do this, we consider the coefficient of each ay,,; separately; let A® ¢ o, 1141 (index

starting at zero) be the vector of coefficients associated with poy,1(xx):

AP = gin (E 2t+1 ) for 0 < ¢ < k, 0 otherwise (18)
22k+1

Note that the Agk) is always non-negative and increasing with € up to A,(Ck) = 1. Then Eq. (17)
holds if and only if

or in other words, the equation Ac = 1is satisfied, where A is the matrix with columns AK)
and c is the vector of ¢;’s. Since A is upper triangular (in fact, with unit diagonal), this can be
solved via backwards substitution: ¢; = 1, then ¢;_; can be deduced from c;, and so on. More

formally, the sth row gives the following constraint that can be rewritten as a recurrence.

d
Z sin(zzs ki 1)ct =1 (19)
L7 22t + 1
d 2s+1
6 =1- Z sin (E—)Ct (20)
e T\ 2ot 41

Because the entries of A increase in £, the ¢;’s are all positive.

Invoking Lemma 6.9 with the matrix A establishes that such ¢, exist; our goal now is to
bound them. Doing so is not as straightforward as it might appear: since the recurrence
Eq. (20) subtracts by ¢;’s, an upper bound on ¢; for ¢ € [s + 1,d] does not give an upper bound

on c; it gives a lower bound. So, an induction argument to show bounds for ¢,’s fails. Further,
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we were unable to find any closed form for this recurrence. However, since all we need to
know is the sum of the ¢,’s, we show that we can bound this via a generic upper bound on the
recurrence.

Here, we apply Lemma 6.10 to A as previously defined, and the bounding matrix is (for

i<))

2i+1 . (EZH_l):A(i,j),

22j+1

using that sin(%x) > xforx € [0,1]. Let¢ = B~1. Then &G) = 1+L1 fori #d and ¢(d) = 1.

[BelGi) = Z BG, ))é() =

j=i j=i

By Lemma 6.10, ) ; ¢(i) < Y; ¢(i) < log(d) + 2. So, altogether, we have

d d
’Z(_1)€42€+1‘ = ‘Z c(k) fak+1(x)
=0 k=0

d
< Z C(k)”f2k+1 ”sup
k=0

d

< (X e®) max | furksup

k=0
d

= (Y e®) max |fely

k=0 0<k<2d+1

< (log(d) + 2 O
< (log(d) + )Ogir;%§+1"fk”sup

Remark 6.11. A curious reader will (rightly) wonder whether this proof requires this level of
difficulty. Intuition from the similar Fourier analysis setting suggests that arithmetic progres-
sions of any step size at any offset are easily bounded. We can lift to the Fourier setting by
considering, for an f : [-1,1] — R, a corresponding 27z-periodic g : [0, 27] — R such that

ik6

i 1k9
g(0) = f(cos(0)) = Z & T(cos(0)) = Z ay. cos(k6) = Z G
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This function has the property that [g(0)] < |flsyp and g(k) = aj /2 (except §(0) = ap).

Consequently,
= i =gy [ ) 00 1
o) BT 5 st 3 g3 e
=0 j=0 J=0 k=—oo k=—c0 J=0
= > g(0)[kis divisible by t] = Y g(kt),
k=—c0 k=—oc0

so we can bound arithmetic progressions [} g(kt)| < | flsup, and this generalizes to other
offsets, to bound [) ;. g(kt + o0)| for some o € [t — 1]. Notably, though, this approach does not
say anything about sums like ) ;. a4x11. The corresponding progression of Fourier coefficients
doesn’t give it, for example, since we pick up unwanted terms from the negative Fourier

coefficients.!®

Y g(ak +1) = (§(1) + §(5) + §(9) + ) + (§(=3) + Z(=7) + §(=11) + )
k

1 1
= —((11 + as + dg + ) + —(613 + ay + a + ) = Z A2k 41-
2 2 s
>0
In fact, by inspection of the distribution'® D(x) = Y 1. Tux,1(x), it appears that this arith-
metic progression cannot be written as a linear combination of evaluations of f(x). Since the
shape of the distribution appears to have 1/x behavior near x = 0, we conjecture that our

analysis losing a log factor is, in some respect, necessary.

Conjecture 6.12. For any step sizet > 1 and offset o € [t — 1] such that o # t/2, there exists a

function f : [-1,1] > R such that | f|sp = 1 but |ZZ:0 A+l = Q(log(n)).

These sums are related to the Chebyshev coefficients one gets from interpolating a function at Chebyshev
points [Tre19, Theorem 4.2].
This is the functional to integrate against to compute the sum, f Lll f()D(x)/J1—x% = ) ag,,. The

distribution is not a function, but can be thought of as the limit object of D,(x) = Y_, Tyes1(x) as n — oo,
analogous to Dirichlet kernels and the Dirac delta distribution.
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6.2 The Clenshaw recursion

Suppose we are given as input a degree-d polynomial as a linear combination of Chebyshev

polynomials:

d
p(x) = Y @ Ti(x). (21)
k=0
Then this can be computed with the Clenshaw algorithm, which is the following recurrence.

qd+1 = 9d+2 =0

Gk = 2XQk+1 — Gk+2 T (Clenshaw)

p = 3(a+ 90— q2)

Lemma 6.13. The recursion in Eq. (Clenshaw) computes p(x). That is, in exact arithmetic,

p = p(x). In particular,

d
G = Y, aU_i(x). (22)
i=k

Proof. We show Eq. (22) by induction.

Gk = 2XQks1 — k42 T+ G

d d
= Zx( > aiUi—k—l(x)) - ( > aiUi—k—z(x)) + a

i=k+1 i=k+2
d
= ay + 2xa41Up(x) + Z a;(2xUj_g—1(x) — U_g—2(x))
i=k+2

d
= Y aU_(x).
i=k
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Consequently, we have

d d
1 1
5(00 +uy —up) = E(% I EOEDY aiUi—z(x)>
i=0 i=2
d . d
=ay+apx+ ), EI(Ui(x) —U—a(x)) = Y. aTi(x). O
i=2 i=0

Remark 6.14. Though the aforementioned discussion is specialized to the scalar setting, it
extends to the the matrix setting almost entirely syntactically: consider a Hermitian A € C™"

and b € C" with |A|, |b] < 1. Then p(A)b can be computed in the following way:

Ugr1 =0
Ug = adb ( )
23
U = 2AUk 11 — Upy2 + acb

u = p(Ab = %(aob + Uy — uy)

The proof that this truly computes p(A)b is the same as the proof of correctness for Clenshaw’s
algorithm shown above. We will also be generalizing to non-Hermitian A € C™", in which
case the only additional wrinkle is that in the recurrence we will need to choose either A
or AT such that dimensions are consistent. Provided that the polynomial being computed is
even or odd, no issues will arise. Consequently, Clenshaw-like recurrences will give matrix
polynomials where x are replaced with ATAAT ... Ab, which corresponds to the definition of

singular value transformation from Definition 3.6.

We will be considering evaluating odd and even polynomials. We again focus on the scalar
setting and note that this extends to the matrix setting in the obvious way. The previous
recurrence Eq. (Clenshaw) can work in this setting, but it’ll be helpful for our analysis if the
recursion multiplies by x2 each time, instead of x [MHO02, Chapter 2, Problem 7]. So, in the

case where the degree-(2d + 1) polynomial p(x) is odd (so ag. = 0 for every k), it can be
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computed with the iteration

qd+1 = 9d+2 =0

Gk = 2T2(0) k11 — Gr+2 + G2k+1U1(%) (Odd Clenshaw)

p =30 —q)

When p(x) is a degree-(2d) even polynomial (so ayr,; = 0 for every k), it can be computed via
the same recurrence, replacing asy1U; (x) with ay,. However, we will use an alternative form

that’s more convenient for us (since we can reuse the analysis of the odd case).

gk *= Gk — Aok T Aofeys =+ Apd (24)
9d+1 = qd+2 =0
G = 2T5(X)qir1 = Giewz + Gojes2Us (x)° (Even Clenshaw)
P |
p=ao+3(q—q1)
These recurrences correctly compute p follows from a similar analysis to the standard Clen-

shaw algorithm, formalized below.

Lemma 6.15. The recursions in Eq. (Odd Clenshaw) and Eq. (Even Clenshaw) correctly com-
pute p(x) for even and odd polynomials, respectively. That is, in exact arithmetic, p = p(x).

In particular,

d
G = Y, Ui (x). (25)
i=k

Proof. We can prove these statements by applying Eq. (22). In the odd case, Eq. (Odd Clen-

shaw) is identical to Eq. (Clenshaw) except that x is replaced by Ty(x) and g is replaced by
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ask+1U1(x), so by making the corresponding changes in the iterate, we get that

d d
Gk = Y, QUi (OU—(Tr(x0) = Y @i 1Uni—y1(%)
i=k i=k

d .
p= %(‘IO —q) =), aleH (Uzi+1(x) - U2i—1(x)> = p(x).
i=0

70

by Eq. (9)

by Eq. (6)

Similarly, in the even case, Eq. (Even Clenshaw) is identical to Eq. (Clenshaw) except that x is

replaced by T,(x) and ay is replaced by 4dyx? (see Definition 24), so that

i 2U1 ()2 Ui (Ty(x))

R

1
™

9k =

A2i4+2U1 (0)Us(j— )41 ()

Il
-MQA

i=k
d
= ), doiraUs(i)(%) + Up(img41) (X))
i=k
d+1 d+1
= ), GgiyaUs(imiy(x) + Z aiUs(i—k) (%)
i=k i=k+1
d+1
= Ggkt2 + Z (agi + dgit2)Us(i—k)(x)
i=k+1
d
= gy + Z a2iUs -1y (x)
i=k+1
d
= —dgi + Z a2iUs(i—1y(x)
i=k

Finally, observe

d

do + %(q() —q) =ag+ %(“0 —dy+ i)+ Y, %(U.zj(x) = Ui—2(x)) = p(x).

i=1

by Eq. (9)

by Eq. (5)

noticing that ayz,5 = 0

Remark 6.16. We can further compute what happens to all these recursions with some ad-

ditive £®)

error in iteration k. This follows just by adding ¢%) to the constant term in the

recursion and chasing the resulting changes through the analysis of Clenshaw, as is done for
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Lemma 6.15.

d
for standard Clenshaw: qr = Z(al- + e(i))[]i_k(x)
i=k
d .
for odd Clenshaw: G = (i 1Un(i-y 1 () + €OU(T(x))
i=k
d o
for even Clenshaw: Gk = —agi + Z(aZiUZ(i_k)(x) + s(Z)Ui_k(Tz(x)))
i=k

Propagating this error to the full result gives the following results:

d
for standard Clenshaw: p—plx) = % + Z e(i)"_l}(x)
i=1
1 1 d
for odd Clenshaw: p—p(x) = EE(O) +2 > EDU(Ty(x)) = Uiy (To(x)))
i=1
1 1 d i
for even Clenshaw: p—plx) = 55(0) + 3 Z 5(’)(Ui(T2(x)) —U_1(T5(x)))
i=1

Because |T;(x)|sup = 1 but [Ui(To(x)) — Ui—1(To(x))|sup = 2i + 1, this suggests that these parity-
specific recurrences are less stable than the standard recursion. However, they will be more

amenable to our sketching techniques.

6.3 Stability of the scalar Clenshaw recursion

Before we move to the matrix setting, we warmup with a stability analysis of the scalar
Clenshaw recurrence. Suppose we perform Eq. (Clenshaw) to compute a degree-d polyno-
mial p, except every addition, subtraction, and multiplication incurs ¢ relative error. Typi-
cally, this has been analyzed in the finite precision setting, where the errors are caused by
truncation. These standard analyses show that this finite precision recursion gives p(x) to
d?(Y|ai)e = O(d®|p| sup€) error. This bound Y’|a;| is not easily improved in settings where p is
a polynomial approximation of a smooth function, since standard methods only give bounds
of the form |a;| = O((1 — log(1/¢)/ d)7), [Tre19, Theorem 8.1], giving only constant bounds

for the coefficients.
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Such a bound on }}|a;| is not tight, however. A use of Parseval’s formula [MHO02, Theo-

rem 5.3] improves on this by a factor of Vd:

Nlal <V Y @ = 6(dlplaup)- (26)

Testing ||Zf:1 Sf%ﬂ(?()“sup for random signs s, € {+1} suggests that this bound is tight, mean-
ing coefficient-wise bounds can only prove an error overhead of o(d>9) Plsup) for the Clen-
shaw recurrence.

We improve on prior stability analyses to show that the Clenshaw recurrence for Cheby-
shev polynomials only incurs an error overhead of d? log(d)| Plsup- This is tight up to a loga-
rithmic factor. This, for example, could be used to improve the bound in [MMS18, Lemma 9]
from k3 to k?log(k) (where in that paper, k denotes degree). As we do for the upcoming
matrix setting, we proceed by performing an error analysis on the recursion with a stability
parameter yu, and then showing that for any bounded polynomial, 1/u can be chosen to be
0(d?logd).

The following is a simple analysis of Clenshaw, with some rough resemblance to an anal-

ysis of Oliver [Oli79].

Theorem 6.17 (Stability Analysis for Scalar Clenshaw). Consider a degree-d polynomial p :
[-1,1] = R with Chebyshev coefficients p(x) = ZZ:O a Ti(x). Let ®,6,0 : CxC — C be
binary operations representing addition, subtraction, and multiplication to pe relative error, for

0<e<1:

I(x @ y) — (x + y)| < pe(|x] + [y])
I(x© y) = (x — y)| < pe(|x] + [y])

Ix Oy —x-yl < pelx|ly| = pelxyl.
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Given an x € [—1, 1], consider performing the Clenshaw recursion with these noisy operations:

dd+1 = 9d+2 =0
G = (20x) O qrr1© (Gra2 © ar) (Finite-Precision Clenshaw)

p=730(a®q)Oq)
Then Egq. (Finite-Precision Clenshaw) outputs p(x) up to 50¢[p|syp error'’, provided that ji > 0
satisfies the following three criterion.
1
(@) pe < g5

d
(b) ﬂ2i=0|ai| < ”p”sup;
d
(©) gkl = ik aUii ()| < Slplsup for all k € {0,...., d}.

This analysis shows that arithmetic operations incurring pe error result in computing p(x)
to € error. In particular, the stability of the scalar Clenshaw recurrence comes down to under-
standing how small we can take p. Note that if we ignored coefficient sign, |sz=k aU_i(x)| <
|Zfl:k|al-|Ui_k(x)| = Z;j:k(i — k + 1)|a;|, this would require setting ;1 = ©(1/d>). We show later

that we can set y = O((d? log(d))™!) for all x € [-1,1] and polynomials p.
Lemma 6.18. In Theorem 6.17, it suffices to take y = O((d? log(d)) ™).

Proof of Theorem 6.17. We will expand out these finite precision arithmetic to get error inter-

vals for each iteration.

dd+1 = Ga+2 = 0, (27)

7We did not attempt to optimize the constants for this analysis.
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and

G = (20 %) O G+1 © (Gr+2 © %)
= (2x £ 2pelx]) © Grr1 © (Grr2 — ax = pe(lge2l + lax))
= ((2xGyr1 * 2pelx|qrs1) £ pel(@x £ 2pelx))Grs1D) © (Grrz — @ £ pelgrsal + laxl))
€ (2xGps1 £ (2pe + pPe*)20xG1111) © (Grra — o + pre(lGiesal + )
€ (2xGg11 % 6pelxGr1]) © (Grrz — ak + pe(|Grral + lag))
= 2XQk+1 — Gkr2 + ak £ pe(6lxGir1| + Gral + lag))
+ pel2x iy £ 6pelx G|l + pelgera — a + pe(Gi2] + lagl)l

€ 2xGk+1 — Qr+2 + g £ pe(14|XGper1] + 3| Gkr2] + 3lag ),

and,

@ ((a ® q0) © 92)

’ﬁ'll
Il

O ((ag + qo + pe(lag| + lgo])) © g2)

= D= DN | =

O ((ag + q0 — q2 + pelagl + 1qoD) £ pe(lag + qo + pe(lag| + goD)| + lg2))
€ % O (ap + qo — g2 % pe(3lag| + 3lgol + Ig21))
= >(ao + o — g2 % pe(3lagl + 310l + Ig21)) + pre3lag + go — g = pe(3lagl + 3lgol + lg20)|

1 1
€ 5(ap + qo — g2) = 5 pe(Tlag| + 7lgo| + 3lgzl)-
To summarize, we have
51d+1 = 5]d+2 =0

Gk = 2XGkt1 — Gk+2 + A + O where |6 | < pe(14]xGps1| + 3|Gks2| + 3lak)) (28)

p=3(a0+q—q)+6, where 8] < 2 ue(7lag| + 7lq0l + 3/g2)) (29)
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By Lemma 6.13, this recurrence satisfies

d
G = Y, Uk(x)(a + &)
i=k
d
G — Gk = ), Ui(x)5;
i=k

d d
a=i=8+( Y U8 - Y, Ua)5)
i=0 i=2

d
— 5+ %50 + Y T8
i=1
d d
1081 < 161+ Y16l (30)

. 1
lg—ql <16 + §|50| +
1 i=0

i=
This analysis so far has been fully standard. Let’s continue bounding.

d

7 7 3 - .
< /15(5|ao| + 51q0l + 3lgal + Z(;(l‘l|x%+1| + 3[Gisal + 3|ai|))
l:

d

< pie Y (20(G;| + 10la). (31)
i=0

Now, we will bound all of the &;’s. Combining previous facts, we have

d
Gkl = 1), Ui o) + 6)|

i=k
d d
<Y Unk@a| + Y. Ui (x)5;
i=k i=k
d d
<> Uiai| + Y =k + DI
i=k i=k
d d
<D Ui(ay| + pe D G — k + 1)(14lGi11] + 3lis2l + 3la])
i=k i=k
1 d—k+1 d . .
< <ﬁ + 3pe "= )| plaup + pe ;(i —k + D(41Gi41| + 31Gi42D)
=

d

1.5 . ~ ~
< w”p”sup + e Y (i =k + 1)(14/Gi1| + 3/Gi2])
i=k
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Note that |G| < ¢, where

Cd = 0;
1.5 d
C = ’u—'d”P"sup + pe D (i —k + 1)(14ci11 + 3c1p)
i=k

Solving this recurrence, we have that ¢, < ,uid" Plsup» since by strong induction,

d
1.5 2
<l— | —k+1)17—
G = (,ud + pe ;(l +1) ’ud>"p”sup

(1> La- _ 2
= (’ud + 17H€yd(d k+ 1)(d k+ 2))||p||sup < ﬂd ”p"sup

Returning to Equation (31):

d d

g — G| < pe Y (201G + 10ja) < pe Y (20¢; + 10]a)
i=0 i=0

d
< 40¢]ploup + 1002 Y. |ai| < 50¢] plyyp O

i=0
We now prove Lemma 6.18. In particular, we wish to show that for y = 6((d? log(d))™}),

the following criteria hold:

1 .
(@) pe < sy

®) n X iolal < [ploupi

© Hlarl = Wik Ui () < Slploup for all k € {0, .. db.
For this choice of y, (a) is clearly satisfied, and since |g;| < 2|p|syp (Lemma 3.7), u2?=0|ai| <
2(d + Dlplsup < Iplsups so (b) is satisfied. In fact, both of these criterion are satisfied for
u = Q(1/d), provided ¢ is sufficiently small.

Showing (c) requires bounding ”Z?:k Uy (x)|sup for all k € [d]. These expressions are

also the iterates of the Clenshaw algorithm (Lemma 6.13), so we are in fact trying to show
that in the process of our algorithm we never produce a value that’s much larger than the

final value. From testing computationally, we believe that the following holds true.

Conjecture 6.19. Let p(x) be a degree-d polynomial with p(x) = Z?:o a;To(x). Then, for all k
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from0 tod,

d
[ ae-so),,, < @k Dlplay

maximized for the Chebyshev polynomial p(x) = Ty(x).

Conjecture 6.19 would imply that it suffices to take ;1 = ©(1/d?). We prove it up to a log

factor.

Theorem 6.20. For a degree-d polynomial p(x) = Zf:o a;Ty(x), consider the degree-(d — k)

polynomial qi.(x) = Y et aUp_(x). Then
q d—k+ 6+ 16 log(d u
I k"sup <( 1)(1 2 g( ))”p”s p:

Proof. We proceed by carefully bounding the Chebyshev coefficients of g, which turn out to

be arithmetic progressions of the a;’s which we bounded in Section 6.1.

q(x) = ), aUi-1(x)

= 3> 4T i) + [i — k — 2j = 0])

i j>0

- Z Z i1k 2;Ti(0)(1 + [i # 0])

i j>0

= Z T;(x)(1 + [i = 0]) Z Ai+k+2j

>0
@G0l < YT > 0)1 + [ % 0D| Y, @iz
i Jj=0
d—k

IA

™M

2

’Z ai+k+2j|

>0

(=]

=
d 4
<4 (4 + = logli+k~ 1))|| Plsup by Fact 6.6

|
A~

~.
(=]

16
< (@~ k+ 1)(16 + = log()) Iplsup. =

Remark 6.21. We spent some time trying to prove Conjecture 6.19, since its form is tantaliz-
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ingly close to that of the Markov brothers’ inequality [Sch41],

d
- p()sup = 1% @ 1 (Dlsup < 2P up:

except with the linear differential operator % : Ty = €U,_; replaced with the linear op-
erator T, — U,_r. However, calculations suggest that the variational characterization of
max"p”mp:llﬁ p(x)| underlying proofs of the Markov brothers’ inequality [Sha04] does not

hold here, and from our shallow understanding of these proofs, it seems that they strongly

use properties of the derivative.

6.4 Computing matrix polynomials

We prove now begin our proof of Theorem 6.1, beginning with the odd case. The statement
involves a parameter y which depends on the polynomial being evaluated; this parameter is

between 1 and (d log d) 2, depending on how well-conditioned the polynomial is.

Theorem 6.22. Suppose we are given sampling and query access to A € C™" and b € C" with

|A| < 1; a (2d + 1)-degree odd polynomial p, written in its Chebyshev coefficients as

d
p() = ), g1 Toir (x);
i=0

an accuracy parameter ¢ > 0; a failure probability parameter > 0; and a stability parameter
p > 0. Then we can output a vector x € C" such that |Ax — p(A)b| < | plsuplbl with probability

>1-—0intime

4p A4 71 Al4
@(min{nnz(A),d | Al ”A”F)}+ d ||A||1c1 (”A”F))’

2
(0] (0]
(e)® 8 (i ()25 C\SIA|

1

) and y satisfies the following bounds:
100d K &

assuming e < min(id||A||,
d
(@) pYi=olazit1l < |plsups

d
(b) llHZi:k a2i+1Ui—k(T2(x))"sup < %"p”sup for allo <k < d;
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The output description has the additional properties

d?| Al log | Al
(ue)> — ° SIAI

oy Elplplb?
SIACHPROP <~y <
J

O8 5Tl

so that by Corollary 4.10, for the output vector y :== Ax, we can:

(d2”A||F |Ale

log i3t time;

@<||P||supl\Allp\lbllz log 1Al Al
preyl? SlA|

(i) Compute entries of y in O(|x|) =

s

(ii)) Samplei € [n] with probability = e !

log < ) time with probability
>1-96;

||13||§upI\Allﬁ\lbllzl Al

(iii) Estimate |y|? to v relative error in @( 2y 108 S| log < ) time with probability >

1-96.

Algorithm 1 (Odd singular value transformation).

Input (pre-processing): A matrix A € C"™", vector b € C", and parameters ¢, §, u > 0.

LIAR 1o LAl

Pre-processing sketches: Let s,t = O( (pe)’® 1Al

)). This phase will succeed with
probability > 1 - 6.
P1. If SQ(AT) and SQ(b) are not given, compute data structures to simulate them

in O(1) time;

X A 2
P2. Sample S € €™ from {2(! ||(Aﬂ2)|| i 2 el
P3. Sample Tt € 0™ from {|| fjs("lz )| }ze [

P4. Compute a data structure that can respond to SQ(T AS) queries in O(1) time;

Input: A degree 2d+1 polynomial p(x) = Z?:o agi+1Toi41(x) given as its coefficients ay; ;.

"A"F "A"F
(/16)25 & slal

Clenshaw iteration: Let r = 8(d4||A||12:(s + t)%) = o(d° ). This phase will
succeed with probability > 1 —§. Starting with vy 1 = vy,9 = 0° and going until vy,
I1. Let B® = Best,(TAS) and B = pEst,(TAS)") (Definition 5.19);
12. Compute v = 2(2Bg(k)B(k) — DVier1 — Vo + a1 STD.

Output: Output x = %S(VO — ) satisfying [|Ax — p(A)b| < &] plsup bl-

The criterion for what y need to be are somewhat non-trivial; the important requirement

is Item 6.22(b), which states that 1/ is a bound on the norm of various polynomials. These
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polynomials turn out to be iterates of Eq. (Odd Clenshaw) when computing p(x)/x, so roughly
speaking, the algorithm we present depends on the numerical stability of evaluating p(x)/x.
This is necessary because we primarily work in the “dual” space, maintaining our Clenshaw

iterate uy as Av, where v is a sparse vector. For any bounded polynomial, we can always take

41 to be Q((dlog(d))™2).

Corollary 6.23 (Corollary of Proposition 6.28). In Theorem 6.22, we can always take 1/ <
d%log®(d) ford > 1.

This bound is achieved up to log factors by p(x) = Tox,1(x). We are now ready to dive

into the proof of Theorem 6.22. Without loss of generality, we assume | p|s,p, = 1.

Pre-processing sketches, running time. Given a matrix A € C"™" and a vector b € C", the
pre-processing phase of Algorithm 1 can be performed in O(nnz(A) + nnz(b)) time. First, we
build a data structure to respond to SQ(AT) and SQ(b) queries in O(1) time using the alias
data structure described in Remark 4.12 (A1.P1). Then, we use these accesses to construct an
AMP sketch S for Ab, where we produce the samples for the sketch by sampling from b and
sampling from the row norms of AT, each with probability % (A1.P2). Since we need s samples,
this takes O(s) queries to the data structure. The sketch S is defined such that AS is a subset of
the columns of A, with each column rescaled according to the probability it was sampled. So,
with another pass through A, we can construct a data structure for SQ(AS) in O(1) time using
Remark 4.12 and use this to construct an AMP sketch T for (AS)TAS (A1.P3). The samples for
the sketch are drawn from the row norms of AS. The final matrix T AS is a rescaled submatrix
of A; another O(nnz(A)) pass through A suffices to construct a data structure to respond to
SQ(T AS) queries in O(1) time (A1.P4). The running time is O(nnz(A) + nnz(b) + s + t) or,
alternatively, three passes through A and one pass with b, using O(st) space. We can assume
that s,t < nnz(A), though: if s > n, then we can take S = I, and if t > m, then we can take
T = I, and this will satisfy the same guarantees; further, without loss, nnz(A) > max(m,n),
since otherwise there is an empty row or column that we can ignore.

If we are given A, b such that SQ(AT) and SQ(b) queries can be performed in O(Q) time,

then the pre-processing phase of Algorithm 1 can be performed in O(Qst) time. The main
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difference from the description above is that we use that, given SQ(ATL), we can simulate
queries to SQ(AS) with only O(s) overhead. To produce a sample i € [m] with probability
I[AS]G, )I%/ IIASII%, sample a column index j € [s] with probability |[AS](-, j)[2/ ||AS||% and then
query SQ(A) to get a row index i € [m] with probability |[AS](, /)2/I[AS]( )I2.

Remark 6.24. If we are not given b until after the pre-processing phase, or if we are only
given b as a list of entries without SQ(b), then we can take the S sketch to just be sampling
from the row norms of AT. This will decrease the success probability of the following phase

(specifically, because of the guarantee in Eq. (Ab AMP)) to 0.99.

Pre-processing sketches, correctness. We list the guarantees of the sketch that we will use
in the error analysis, and point to where they come from in Section 5. Recall that, with § € C
taken to be an AMP sketch of X € C™",Y € C™¢, by Corollary 5.11, with probability > 1 — &,
IXSSTYT—xYT| < e]X||Y] provided s = Q( (Hﬁ”g + |:§H§)1 g( m+d)) and ¢ < 1. We will use this
d(iqf;!l: lo (%)) here —||A|| The guarantees of Corollary 5.11 individually

fail with probability O(8), so we will rescale to say that they all hold with probability > 1 — 4.

withs, t = 8(

The following bounds hold for the sketch S.

ILAS]C, DI < 2l Alg/s for all j € [s] by Lemma 5.2 (|[AS](. /)] bd)

|ASIE < 2l Al by Eq. (I[AS](. /)| bd) (1AS|F bd)

ISTB|? < 2|2 by Lemma 5.2 (IsTb| bd)

|Ab — ASSTH| < Elol by Corollary 5.11 (Ab AMP)
JAAT — AS(AS)T| < Elaj by Corollary 5.11 (AAT AMP)

|ASI? = [AS(AS)T| < (1 + A by Eq. (AAT AMP) (lAS] bd)

dIIAII i)
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The following bounds hold for the sketch T.

ITAS|% = | AS|& by Lemma 5.2
< 2Al% by Eq. (JAS| bd) (ITAS| bd)

I(AS)TAS — (TAS)TTAS| < %nAsn by Corollary 5.11
<2214 by Eq. (|AS| bd) ~ ((AS)TAS AMP)

ITASI? = [(TAS)TTAS| < (1+ ZE)IASI? by Eq. ((AS)TAS AMP)
< (1+27DIAP by Eq. (|AS] bd) (ITAS| bd)

One Clenshaw iteration. We are trying to perform the odd Clenshaw recurrence defined in

Eq. (Odd Clenshaw). The matrix analogue of this is

we = 2QAAT = Dugyy — Upin + 2a9p1 Ab, (Odd Matrix Clenshaw)

1
u= E(uo —uy).

We now show how to compute the next iterate u given b and the previous two iterates as
Vit 1> Vikr2 € C° where yr, 1 = ASviyq and g,y = ASv,o, for all k > 0. The analysis begins by
showing that u is €|y 1|-close to the output of an exact, zero-error iteration. Next, we show
that |v;| is ©(d)-close to its zero-error iteration value. Finally, we show that these errors don’t
accumulate too much towards the final outcome.

Starting from Eq. (Odd Matrix Clenshaw), we take the following series of approximations
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by applying intermediate sketches:

4AA U 1= 2y — Upyp + gy Ab
~1 4AS(AS) TUpyq — 2Upyq — Upyn + Aoy  Ab
= AS(4(AS)T(AS)Ves1 — 2Vt — Vew2) + o1 Ab
~y AS(A(TAS)T(TAS)Vey1 — 2Vir1 — Veyo) + dogy1 Ab
~3 AS(AU(TAS)T(TASWei1 — 2vir1 — Vi + @1 STH) (32)
~4 ASATAS) BOve ;= 2vs1 — Vg + a1 STD)

k
~5 AS(4B§- )B(k)"kﬂ = 2Vk41 — Vg2 T azk+1STb)- (33)
The final expression, Eq. (33), is what the algorithm computes, taking
v = (BYB® — 2N)ysy — s + g STh. (34)

Here, B%) and Bgrk) are taken to be BEsT,(TAS) and BesT,((TAS)T) for r = @(d4||A||%(s + t)%) =

4
o(d® (E)”,f < log %). The runtime of each iteration is O(r), since the cost of producing the

sketches B®) and Bg(k) using SQ(TAS) is O(r) (A1.11), and actually computing the iteration

costs O(r +s+1t) = O(r) (A1.12).

Remark 6.25. We could have stopped sketching at Eq. (32), without using BEsT, and instead
took v := 4(TAS) (TAS)Wiks1 — 2V — Vkws + Ao STh. The time to compute each iteration

increases to O(st), and the final running time is

PIAIE . 5 Al
0] 0
( et & 5||A||)

to achieve the guarantees of Theorem 6.22 with probability > 1 — §. This running time is

worse by a factor of d?/¢?, but scales logarithmically in failure probability.

As for approximation error, let ¢, &5, €3, &4 and &5 be the errors introduced in the approxi-



6 DEQUANTIZING THE QUANTUM SINGULAR VALUE TRANSFORMATION 84

mation steps for Eq. (33). Using the previously established bounds on S and T,

e1 < 4|AAT — AS(AS) w1l < 4571 Al by Eq. (AAT AMP)
&2 < 4 AS|I((AS)(AS)T — (TASYTAS) Wer1] < 165 |AP ] by Eq. ((AS)TAS AMP)

£3 < lage+1|Ab — ASST] < lagis1 |57 1B by Eq. (Ab AMP)

The bounds on ¢, and &5 follow from the bounds in Lemma 5.20 applied to TAS. With proba-
bility > 1 — §/d, the following hold:

& < 4|AS(TAS)T(TAS — B®)y |

< 4| AS(TAS) || T ASlplve 1 1Vd/ (r6) by Corollary 5.21
< ||As<ms>”f||F||TAS||F||vk+1||ﬁgd5/2

< d=>/2 e Al by Eqgs. (AS| bd) and (|TAS] bd)

5 < 4JAS(TAS)T - BL)BRy |

< 4| ASIEITAS[p| B®Oviey 1 N/ (r6) by Corollary 5.21
< 4Jd /O ASIEIT ASI (ITASvess] +Jd/GOILIITASIglveia) by Corollary 5.21
< 3d7 2 pe(IT ASviy1]l + d > A by Eqgs. (ITAS|r bd) and (ITAS| bd)
<d™ 2 pefyesql. by JA] <1

In summary, we can view the iterate of A1.I2 as computing
i = 2QAAY = Dilgyy — Gigys + 2a91 Ab + £ (35)
Where ¢) € C™ is the error of the approximation in the iterate Eq. (33). We have showed that
e < &y + e + &5 + &4 + 25 < 2 (Il + lazir 161,

d

Upon applying a union bound, we see that this bound on ) holds for every k from0tod—1

with probability > 1 — 36.
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Error accumulation across iterations. Now, we analyze how the error from one iteration
affects to the final output. Using the formulation of the iterate from Eq. (35), we notice that this
is the standard Clenshaw iteration Eq. (Clenshaw) with x replaced with TZ(AT) = 24AT -1
and g replaced with 2ay;, 1 Ab + RO Following Remark 6.16 and Lemma 6.15, we conclude

that the output of Algorithm 1 satisfies

d
i = Y Ui(Ty(AN))(2az:.1 Ab + e®))
i=k
1
u:= E(uo — i)

I
M=~

Y- 3 U(T(AD)) = Uy (To(AT)) (285141 Ab + €00

~
Il
o

a2,+1Tzl+1(A)b+Z S(U(T(AT)) = Uiy (To(AT)))e®
i=0

I
M=

N
Il
<)

In other words, after completing the iteration, we have a vector # such that

d
Jii - p(AYb] < | Y 2WT(AT) = Uy (Ty(aT))e®)|
i=0

d
< @i+ D)
i=0
d

< e ) (el + lazes 11161
k=0

d
< elbl + pe Y fwel (36)
k=1

The last step follows from Item 6.22(a). So, it suffices to bound the v;’s. Recalling from Eq. (34),

the recursions defining them is

k
Ve = 4BS( )B(k)"kﬂ — 2Vs1 — Vesz + Qo1 STD

= 2(2TAS)H(TAS) = D — s + agparSTb + 4B BE — (TAS)T(TAS)visy
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This is Eq. (Odd Matrix Clenshaw) on the matrix (TAS)T with an additional error term. Fol-

lowing Remark 6.16, this solves to

d N .
v = Y U k(T(TAS)) a3i18™b + (B BO — (TAS) (TAS) ).
i=k
Since B%) and B.(.v'_k) are all drawn independently, E [ng)B(k) —(TAS)T(TAS)] is the zero matrix,
where the expectation is over the randomness of B® and B%k). We use the following bound

on the variance of the error. In this computation, we use Eq. (13), which states that, for

B = BEST(A) with parameter r and X positive semi-definite, E[BTXB] < ATXA+% tr(X)||A||12:I.

E|I(B7BY — (TAS) (TAS)wess ]

e

1B BOw 1 12] - [T AT AS)we P

I
e

|(BOv DT BB BEOw, )] - ITAS) TAS

IA
e

[ 1
(B )T (TASTAS)T + - tr()ITASEBE®ves) | - 1T A (TAS e |
< Jhks[v,fﬂ(MS)*((TASXTAS)T + §||TAS||%L)(TAS)vk+1
1
1 i((TASYTAS)T + 2ITASRIITASI w11 | — (T AS T AP
r r
S 1

st
= ATASIITAS sl + (= + 5 )ITAS e P

SARBIAP | JAIE  stlAl:

<4+ =+ = Yl by Eqs. (ITAS]; bd) and (ITAS] bd)
J 2 2

< A , 37
ARl 37)

where the last line uses r = @(d4||A||12:(s + t)%) (and is the bottleneck for the choice of 7). Let
Epi 41 denote taking the expectation over B and Bg.i) for i between k and d (treating T, S as

fixed).
d

%= E [wl= Y U(Ty(TAS))ay1STh.
Lked] i=k
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We first bound the recurrence in expectation, then we bound the second moment.

[l <

IN

IA

d
S DECCE L

1
<4—|b
<4l

e| 2 Uk (T |, b5l

d
Z Ui_i(To(T AS))ag;41 H ISTB] by sub-multiplicativity of ||

i=k

d
; : T
) RCACONAS NN T
d
D U k(TeNagin |, e e ISTH by Eq. (T AS] bd)
i=k d’ d
d

by Lemma 3.8, yue < — 100d

by Eq. (STh] bd)

by Item 6.22(b)

We now compute the second moment of vy.

E - 9l*] = E
d][”"k el?]

d o )
[k,d] ” Z Uik (T; (TAS))4(BE;) B® _ (T AS)T(T AS))Ws 1 H
’ i=k

(10 (BT ASHABY B — (T AT (T AS) 1]

d
2.k

1=k k
: (OPNG
<16 2 - k@(TAS))H r, (IO - (T As) (T as)wa
2 12 ) () _ + 2
<16 Z d B (16750 — (1AS) AP |
d
Z; " d4|| AP E L alf]
5 d
2
— E
< 55l g[ﬂ [Ivi441?]
5 d
= E” Al? sz<[i+El’d] [Iie1 — W1 l?] + ||‘7i+1||2>

d

< AP Z([m L R v ||b||2) by Eq. (37)
i=k \IF L
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In the second line, we used that the B@W’s are independent, so the variance of the sum is the

sum of the variances. To bound this recurrence, we define the following recurrence ¢ to
. -2

satisfy Ejg g)[lve — %[°] <

bo)
=1 Y (G +1) y=zﬁmﬁ 26 2.

2 dz
For this recurrence, ¢, < dyI for all k between 0 and d provided that dy < %

2
e d3 50 jarzie

2
We have shown that E[|v. — %*] < y (%) . By Markov’s inequality, with probability

> 1—5/100, we have that for all k, |v| < %' Returning to the final error bound Eq. (36),

d
i — p(A)l < elbl + pe Y Il < elpl. (38)
k=1

Output description properties. After the iteration concludes, we can compute u by comput-
ing x = %S(vo — v;) in linear O(s) time. Then, u = %(uo —w) = %AS(VO —v;) = Ax. Note that
though x € C", its sparsity is at most the sparsity of x, which is bounded by s.

Further, using the prior bounds on v, and v;, we have that
n S
. . 211 .
lez‘l(-,J)IIZbC(l)l2 = ZII[SA](',J)Ilzlg[Vo — v ()

< D 2HARIS [vo — v
j=1

< 2 AR (oo — PP
< 2JAR(Ivl? + )
< JARIBI? /(spud)?

< e2[bJ? /(d* log 5"5)

This completes the proof for Theorem 6.22.
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We also obtain an analogous result for even polynomials. For the most part, changes are
superficial; the purple text indicates differences from Theorem 6.22. The major difference is
that the representation of the output is Ax + nb instead of Ax, which results from constant
terms being allowed when p is even. We state the theorem for estimating p(AT)b because it

makes the similarities with the odd setting more apparent.

Theorem 6.26. Suppose we are given sampling and query access to A € C™" and b € C™ with

|A| < 1; a (2d)-degree even polynomial, written in its Chebyshev coefficients as

d
px) = ), ayTy(x);
i=0

an accuracy parameter € > 0; a failure probability parameter > 0; and a stability parameter
u > 0. Then we can output a vector x € C" andn € C such that |Ax +nb — p(A*)bH < ] plsuplbl

with probability > 1 — 6 in time

dY| A4 d7|Al4
@<min{nm( A) 1AlE . ”A”F)} N I IIF1 (”A”F))’

(0} (0}
Gt %8 Graps* s 8

assuming pie < min(id||A|| ——) and p satisfies the following bounds. Below, oy := agj —agj 4o +

100d

d |~ d .
(@ pYi=1laz| < |plsup and dp? Yiylagl® < ”P”gup;
d ”
(b) pIX iy 4digizx - U (To()lsup < 21plsup forall 0 < k < d.

The output description has the additional properties

d*JAIE Al

2] pl2, IBI? )
(ue)? S SIA]

SIACHPROP £ —T20 o <
J

O8 STal

so that by Corollary 4.10, for the output vector y :== Ax + nb, we can:

; ; . d*|A .

(i) Compute entries of y in O(|x|o) = ( (L)QF log l';l?h) time;

. . Inl* ; IIPHSHPIIAHF N d2| A3|b]? |Alg 1) ..
(ii) Samplei € [n] with probability = ik @(( () +p(0)%) 22 log(—5"A||)log 5) time

with probability > 1 — 6;

Suj A 2 2 .
(iii) Estimate |y|* to v relative error in @(("p"( Z!Z I (O)Z)f /|1A8"2F|||Jb/||:2 lo g(%)log %) time

with probability > 1 — 6.
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Corollary 6.27 (Corollary of Proposition 6.29). In Theorem 6.26, we can always take 1/u <
d?log(d) ford > 1.

Algorithm 2 (Even singular value transformation).

Input (pre-processing): A matrix A € C"™", vector b € C™, and parameters ¢, §, p > 0.

LA 1o 1Al

Pre-processing sketches: Let s,t = O( (o) STA]

)). This phase will succeed with
probability > 1 — 6.
P1. If SQ(AT) and SQ(b) are not given, compute data structures to simulate them

in O(1) time;

P2. Sample S € C™ from g \I(Aﬁ)” Yien)s

2 2
P3. Sample TT € €™ fr om {3 Ll fﬁis(ﬁ:" %H)z‘ Wie[m]

P4. Compute a data structure that can respond to SQ(T AS) queries in O(1) time;
Input: A degree 2d polynomial p(x) = Z?:O a,;T»;(x) given as its coefficients ay;.

Compute all dyp = agp — gy + -+ £ ayy.

"A"F "A"F
(ﬂ£)25 & 1Al

Clenshaw iteration: Let r = O(d*|AJ(s + t)%) = o(d° ==L). This phase will
succeed with probability > 1 — 4. Starting with vy, ; = vz,5 = 0° and going until v,
I1. Let B®) = BEST,(T AS) and Bng) = BESTr((TAS)T) (Definition 5.19);
I2. Compute v = 2(2Bgfk)B(k) —DVeey1 — Viqa + 4&2k+2Bgrk)Tb.

Output: Output x = %S(vo — ;) and 1 = a, satisfying |Ax + nb — p(AT)bH < e[ pllsuplbl-

Recall the odd and even recurrences defined in Eqs. (Odd Clenshaw) and (Even Clenshaw).

we = 22AAT — Dy — Upry + 2a95,1 A, (Odd Matrix Clenshaw)

PAD = u = Sy — uy).

The matrix analogue of the even recurrence is identical except that the final term is 4ay AATD
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instead of 2ay, 1 Ab.
Gpk = Gg — Gpfrg + Gprq =+ Ggg
we = 2QAAY — Dy — wpg + daops g AATD, (Even Matrix Clenshaw)

p(AT)b =u= éob + %(UO — ul).

So, a roughly identical analysis works upon making the appropriate changes. As before, we

assume |plsyp = 1 without loss of generality.

Pre-processing sketches, correctness. Though the sketches are chosen to be slightly differ-
ent because of the different parity, all of the sketching bounds used for the odd SVT analysis
hold here, up to rescaling s, t by constant factors. This includes Egs. (|[ AS](, j)| bd), (|AS| bd),
(AAT AMP), (JAS| bd), (ITAS|r bd), ((AS)T AS AMP) and (|T AS| bd). What remains (Eqs. (|STb|

bd) and (Ab AMP)) have analogues that follow from the same argument:

ITBl* < 26 (IT®] bd)

1(AS)Tb — (TAS)TTH| < %IIbII ((AS)Th AMP)

All this holds with probability > 1 —§.
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One (even) Clenshaw iteration. As with the odd case, we perform the recurrence on . by

updating v such that u. = (AS)w.. The error analysis proceeds by bounding

SAAT U = 2up g — Ugyp + Al AATD
~1 4AS(AS) Vg1 — 2upry — Upry + Al 2 AATD
= AS(4(AS) T (AS)Vir1 — 2Vt — Viewz) + 4dipjen AATD
~y AS(ATAS)T(TASWer1 = 2V1 — Vierp) + 4digje 2 AATD
~3 AS(4(TAS)T(TASWer1 — 2Vt — Vierz + 4éigp2(AS) D)
~4 AS(UTAS)TB® vy — 2v1 — Vieys + gk 2(AS)TH)
=5 A5(4B§Lk)3(k) Vier1 = 2Ver1 — Verz + 4y 2(AS) )
~6 AS(UTAS)T(TASWei1 — 2V 1 — Vi + 4ok 2(TAS)TTh)

k i k
=7 A5(4B§L TBOv ) — 2u g — veyp + 4a2k+2B§L 'Tb) (39)

So, our update is

k ~ k
Vk = 4B§L )B(k)"kﬂ = 2Ve41 ~ V2 4azk+zB§L )Tb. (40)

As before, we can label the error incurred by each approximation in Eq. (39) with ¢, ..., &;.
The approximations in ¢, &, &, &5 do not involve the constant term and so can be bounded

identically to the odd case.

&1 < 4JAAT — AS(AS) w1 < 45| Al 4
£ < 4|AS[I((AS)(AS)T = (TAS)TAS) i1l < 165 AP |y
&4 < 4|AS(TAS)T(TAS = B vy < d™>72 el Al

k —
es < 4|AS(TAS)" - B)BOvei| < d el .
The approximation in €3 goes through with a slight modification.

£5 < [dapis2l| AATD — AS(AS)Tb| < 4laisz|5AllD] by Eq. (AAT AMP)
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The approximations & and &; follow from similar arguments.

& < [4ak+2l|ASII(AS)Tb — (TAS)TTh|

< |8 42|15 10 by Egs. (I[AS](- )| bd) and ((AS)Tb AMP)
7 < [y, 2llAS(TAS)T — BT

< |dagk 42|l ASIFIT ASIEITbIN G/ (r6) by Corollary 5.21

< lageszld =/ pele] by Egs. (ITAS| bd) and (|Tb] bd)
In summary, we can view the iterate of A1.12 as computing
i = 2QAAT = Dilgy | — Gigys + 4dg , AATH + 60 (41)
Where ¢&) € €™ is the error of the approximation in the iterate Eq. (33), and

€O < e+ e+ 65+ &4+ 65+ + &5

£ ~
< & (Il + lazgs2lbl)

Upon applying a union bound, we see that this bound on %) holds for every k from0tod—1

with probability > 1 — 46.

Error accumulation across iterations. The error accumulates in the same way as in the odd
setting. Using the formulation of the iterate from Eq. (41), we notice that this is the standard
Clenshaw iteration Eq. (Clenshaw) with x replaced with T,(AT) = 2AAT — I and g, replaced

with 4dyp,, AATD + 5. Following Remark 6.16 and Lemma 6.15, we conclude that the output
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of Algorithm 2 satisfies

d
i = Y Ui(Ty(AN))(4dyi, AATH + )
i=k

=g + ), 3 (U(To(AT)) = Uy (To(AT))(4dtgi  AATD + £0))
=0

d d
= > Ty (ANb + D, 2(U(T(AT)) = Uiy (To(AT))e®
i=0 i=0

In other words, after completing the iteration, we have a vector # such that

d
lii— p(ATH] < |3 20T (AT)) = Uy (Ty(AT))EW)
i=0

d
< Y @i+ 1)]e®)
i=0

d

< pe Y (el + g2l 1B1)
k=0

d

< elbl + pe Y, Il
k=1

94

(42)

In the last line, we use the assumption Item 6.26(a). It suffices to bound the v’s. Recalling

from Eq. (40), the recursions defining them is

k ~ k
Vk = 435( )B(k)"kﬂ = 21 — Vet 4azk+2Bgr 'Tb

o k k
= 22ATAS)T(TAS) ~ sy — Ve + g2 B TO + 4(BYBO) — (TAS)T(TAS) vy

Following Remark 6.16, this solves to

d
v = Y Ui i(To(TAS)) (4dy4BY To + 4(BY BO — (TAS) (TAS)vi1 ).
i=k
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From here, the identical analysis applies.

d

wo= E [nl= > Uk(Ty(T AS))4dapio(TAS) T Th
’ i=k

d
[l < | Y Ui r(To(TAS) ity o TAS) I T < 4.
i=k

We now compute the second moment of v. The main difference from the odd setting is that

there is an additional term, 4&2k+2(B§Lk) — (TAS)")Tb, where

k 1
E”(Bs‘ )~ (TASNTH? < 2 tr(Is)uTAS||%HTb||2 by Eq. (13)

1. by Eq. (ITb] bd), r = ©(@*| AlE(s +1)3)

1oood4

We use this and the derivation in Eq. (37) to conclude

E a2
JACST

d . N 2
=& |3 Uk(To(T Ao (BY — (TAS)T)TE + (BY BO — (14T (T A1)
’ i=k

&y (10T 498G o (B — (AT + (BIBO — (T4 T A

.M&
&=

Il
=
T

d]

1

<162

- k(Tz(TAS))H 0, 1221287 — (A9 + BYBO - T 48) (A ]

QU

sn ) dd E (lais2(BY — (TASYHTH? + (B BO — (TAS) (TAS) ]

<32 f edt E [%n P+ AP sl
< 7 2 o2 Z\ sival® + 5@2 i & [vie11?]
§d3 1b]? + 5!2!22 kd][“ Vel] by Item 6.26(a)
e A é([iﬁd] [lss ~ e l?] + ||v,-+1||2)
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O S g e ]+ o by Eq. (37)

2
4d i=k

5A2
- Z( (s = o [2] + — d2||b||2)

By the same recurrence argument, this is

2
= IR (43)

2
—"i"(!b"> . By Markov’s inequality, with probability

> 1— /100, we have that for all k, |v| < % Returning to the final error bound Eq. (42),

We have shown that E[Jv, — %] < i (

d

i = p(Al < elbl + e Y Il < elpl. (44)
k=1

Output description properties. The argument from the odd case shows that

2 2
SIACHPRG)R s 2
5 g4 14k

SA]

and |x|y < s. By Corollary 4.10 we get the desired bounds. Notice that @, = ag —ay +a4 — - +
asg = p(0). This completes the proof of Theorem 6.26.

Finally, we will give bounds on the value of y that suffices for a generic polynomial.
Though bounds may be improvable for specific functions, they are tight up to log factors
for Chebyshev polynomials Tj.(x), and improve by a factor of d over naive coefficient-wise

bounds.

Proposition 6.28. Let p(x) be an odd polynomial with degree 2d + 1, with a Chebyshev series

expansion of p(x) = Z?:O agir1Toi+1(x). Then Zf:0|a2i+1| < 2d|plsup and, for all integersk < d,

d
> aanlia @) < @ —k+ 1) +log*d + D)lplsuy
i=k

Proof. Without loss of generality, we take |pls,, = 1. By Lemma 3.7, |ag;14| < 2, giving the
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first conclusion. Towards the second conclusion, we first note that

5

sup

d d
”Z a2i+1Ui—k(T2(x)) = HZ a2i+lUi—k(x)
i=k i=k

sup
since T, maps [—1,1] to [—1,1]. Then, we use the strategy from Theorem 6.20, writing out

Ui_x with Eq. (7) and then bounding the resulting coefficients. Note that, by convention, g

and U are zero for any integer i € Z for which they are not defined.

d
> @i Uie(x) = Y a1 Ui g(x)
i=k i

- Z it Z Tik—2j()(1 + [i — k — 2j # 0])

>0

= Z Z i1 Tik—2j(X)(1 + [i — k — 2j # 0])

=0

= Z Z Ag(i+k+2j)+1 T;(0)(1 + [i = 0])

=0

— Z T(x)(1 + [i # 0]) Z A (i+k+2j)+1

>0

d
”Z a2i+1Uvi_k(x)Hsup < Z(l + [[l * O]])”Tl(x)nsup’Z aZ(i+k+2j)+l‘
i=k i =0

d—k
= Z(l + i # OH)’Z az(i+k)+1+4j‘
i=0

>0
d—k
< N1+ [i = 0])(32 + 8log?(2d + 2)) by Corollary 6.8

i

Il
o

= (2(d — k) + 1)(32 + 8log”(2d + 2))

< (d—k+ 1)1 +log(d + 1) -

Proposition 6.29. Let p(x) be an even polynomial with degree 2d, written as p(x) = szzo ag; To;(x).
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Let as) = ag — Agjyo + -+ £ asg. Then

d

D lay < 4(d + 1)@ +log(d + 1) plsup
i=0

d
3 layl? < 32(d + 1)(1 +log®(d + 1) plsup
i=0

and, for all integersk < d,

d
|2 tasisox - UT)| | < (@~ K+ 1)1+ log(@d + Dl plsuy.
i=k

Proof. Without loss of generality, we take |pls,, = 1. Consider the polynomial q(x) =
2?:0 b;T,(x) where b; := ay. By Eq. (8), p(x) = q(T»(x)), and because T, maps [—1,1] to

[—1,1], lglsup = lglsup = 1. Then by Fact 6.6,
~ 4 4
lagk| = bx — b1 + -+ £ byl < (4 = log(max(k, 1)))”qusup =4+ — log(max(k, 1))

From this follows the first two conclusions. For the final conclusion, by Eq. (9),

d d
D 4digi o XU (Tp(x)) = ), 2014 2Un(i—kye1(x) = Y, 204 2Un(i—pey1 (%)
i=k i=k i

From here, we proceed as in the proof of Theorem 6.20.

Z a9i12Us(i—k)+1(x) = Z Z(_l)rbi-i—r-i—lz Z Tos i 1(0)[s <i—K]

i r>0 s

=2 Z Tysy1(x) Z Z[[s <i—k[(=1)biyri1

i r=>0

=2 Toe1(@) D by ), D [r > 0][t =i+r+1][s <i—k[(-1)
s t r

=2 To1(x) Y b Y [r>0][s<t—r—1—K](-1)

t—s—k—1

=2) @@ D by >, (1)
s t r=0
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=2 Z T23+1(X) Zt: btﬂt —S— k —1¢€ 2220]]
N

=2 Z Tas41(x) Z bottstk+1
>0
HZ ai+2Uz(i— k)+1(x)H <2 Z‘Z b2t+s+k+1‘
=0 >0
<2 ;)(4 + % log(max(s + k, 1))) by Fact 6.6
<(d—-k+ 1)1 +log(d + 1)) O

7 Singular value transformation

The algorithm presented in Section 6 suffices to dequantize basic applications singular value
transformation framework, but is less flexible because it requires a vector b to apply matrices
to. We will now present more flexible tools for singular value transformation. Our main result
is that, given SQ4(A) and a smooth function f, we can approximate f (ATA) by a decomposi-
tion RTUR + £(0)I. This primitive is based on the even singular value transformation used by

Gilyén, Su, Low, and Wiebe [GSLW19].

Theorem 7.1 (Even singular value transformation). Let A € C™" and f : Rt — C be such that
f(x) and f(x) == (f(x)— £(0))/x are L-Lipschitz and L-Lipschitz, respectively, on Umm(m n)[ 2_
d,o? +d] for somed > 0. Take parameters ¢ and § such that 0 < ¢ < min(L|A|?, L] A|%| A|?) and
6 € (0,1]. Choose a norm * € {F, Op}.

Suppose we have SQy(A). Consider the importance sampling sketch S € R™™ corresponding
t0SQ4(A) and the importance sampling sketch TT € R™" corresponding to SQSZ(/{,((SA)T) (which

we have by Lemma 5.3). Then, for R := SA and C := SAT, we can achieve the bound
Pr [||RT FCCHR + FO)I - FATA)], > e] <, (45)
ifr,c > |A]| ||A||F¢2 log (or, equivalently, d > & := | Al ||A||F(¢ log(1/5))1/2) and

min(r,c)

~ 1 1 ~ = 1 1
= APLIARIAR S log 5) o= A(FLIAIIARIAR S log 5). (46)
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First, we make some technical remarks. The assumption that ¢ < L|A|? is for non-
degeneracy: if ¢ > L] A%, then the naive approximation f(0)I of f(ATA) would suffice, since
If(0)I — f(ATA)|| < LJAJ? < ¢ as desired.'® The parameter d (or, rather, the parameter £)
specifies the domain where f(x) and f(x) should be smooth: the condition in the theorem is
that they should be Lipschitz on the spectrum of AT A, with & room for approximation. This
will not come into play often, though, since we can often design our singular value transforms
such that we can take d = co. For example, if our desired transform f becomes non-smooth
outside the relevant interval [0, | A|?], we can apply Theorem 7.1 with d = oo and the function
g such that g(x) = g(JAJ?) for x > |A|? and g(x) = f(x) otherwise. Then g(ATA) = f(ATA)
and g is smooth everywhere, so we do not need to worry about the d parameter. Finally, we
note that no additional log terms are necessary (i.e., Q becomes Q) when the Frobenius norm
is used.

By our discussion in Section 5, finding the sketches S and T for Theorem 7.1 takes time
O((r +¢) sp(A) +rc q¢(A) + ny(A)), querying for all of the entries of C takes additional time
O(rc q(A)), and computing f(CCT) takes additional time @(min(r?c,rc?)) (if done naively).
For our applications, this final matrix function computation will dominate the runtime, and
the rest of the cost we will treat as O(rc sq¢(A)).

For some intuition on error bounds and time complexity, we consider how the parameters
in our main theorem behave in a restricted setting: suppose we have SQ(A) with minimum
singular value ¢ and such that |A|p/c is dimension-independent!® This condition simultane-
ously bounds the rank and condition number of A. Further suppose?’ that f is L-Lipschitz on

the interval [0, |A|?] and satisfies

L|AJ?> < ’'D where D= max f(x)— min f(y),
x€[0,]Al?] ! yeloJAl?] /

for some dimension-independent I'. I" must be at least one, so we can think about such an

f as being at most I' times “steeper” compared to the least possible “steepness”. Under these

"¥The choice f(0)I assumes that f is Lipschitz on {0, |A|*}. More generally, we can choose f(x)I for any
x € ymMN 52 _ g 52 + d] in order to get a sufficiently good naive approximation.

YBy a dimension-independent or dimensionless quantity, we mean a quantity that is both independent of the
size of the input matrix and is scale-invariant, i.e., does not change under scaling A < aA.

2This criterion is fairly reasonable. For example, the polynomials used in QSVT satisfy it.
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assumptions, we can get a decomposition satisfying
IR F(CCHR + ()T — f(ATA)| > eD
with probability > 1 — § by taking

[AZe2 85

-~ IAJ3 - IAPJAJZ
r:@(rzwll 1)and < 2—” I ”Fizlog;)
€

c=06\TI
ot

The time to compute the decomposition is

~ AIE o 51
O —log™ ).
(||A||204 o o8 3)

These quantities are all dimensionless. Dependence on ¢ arises because we bound L < L/o?:
our algorithm’s dependence on L implicitly enforces a low-rank constraint in this case. This
bears a resemblance to the dependence on the smoothness of the “dual” polynomial recurrence
in Theorem 6.22. All of our analyses give qualitatively similar results to this, albeit in more
general settings allowing approximately low-rank input.

To perform error analyses, we will need bounds on the norms of the matrices in our de-

composition. The following lemma gives the bounds we need for Section 8.

Lemma 7.2 (Norm bounds for even singular value transformation). Suppose the assumptions
from Theorem 7.1 hold. Then with probability at least 1 — §, the event in Eq. (45) occurs (that

is, R f(CCT)R =~ f(ATA) — f(0)I) and moreover, the following bounds also hold:

IRl = 6(lA]) and  |Rl = O(|Alp), (47)
min(r,c)
Ifcchi < maxfifeol|xe | [of 07 + 21} (48)
i=1
when » = Op, [RF\/fcch)] < |fIf(atA) - )11 +e. (49)

Eq. (49) is typically a better bound than combining Eqgs. (47) and (48). For intuition, notice

thisis true if ¢, £ = 0: the left-hand and right-hand sides of the following inequality are the two
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ways to bound IRT, | f(CCT)|?, up to constant factors (¢ below runs over the singular values

of A):

f(@®) = f(0)]
o2

|FCAT4) = FO)I] < max | f(5) = f(O)] < maxo® max = JAJ? max| (o).

The rest of this section will be devoted to proving Theorem 7.1 and Lemma 7.2. A mathemat-
ical tool we will need is a matrix version of the defining inequality of L-Lipschitz functions,
|f(x) = f(y)| < L|x — y| when f is L-Lipschitz. The Frobenius norm version of this bound
(Lemma 7.3) follows by computing matrix derivatives; the spectral norm version (Lemma 7.4)

has a far less obvious proof.

Lemma 7.3 ([Gil10, Corollary 2.3]). Let A and B be Hermitian matrices and let f : R — Cbe L-

Lipschitz continuous on the eigenvalues of A and B. Then | f EV)(A)-— f (EV)(B)HF < L|A - BJ.

Lemma 7.4 ([AP11, Theorem 11.2]). Let A and B be Hermitian matrices and let f : R — C be

L-Lipschitz continuous on the eigenvalues of A and B. Then
1IFEV(A) — FEVY(B)| < L|A — B| log min(rank A, rank B).

Proof of Theorem 7.1 and Lemma 7.2. Since g(ATA) = f(A-'LA) + g(0)I for f(x) := g(x)— g(0),
we can assume without loss of generality that f(0) = 0. As a reminder, in the statement of

Theorem 7.1 we take

—ofa2r2iarzaizl 100 L — A 2721 ar41 AR AR L 100 L
r= (¢ IARIAR S log ) o= QS LIAIIARIAR S log 5).
These values are chosen such that the following holds with probability > 1—§ simultaneously.
1. The ith singular value of CC T does not differ from the ith singular value of ATA by more
than &. This follows from Lemma 5.14 with error parameter ¢/(| A|g| Al min(L, L] A|?)).
This immediately implies Eq. (48).

2. |R|? = 6(|A|?). This is the spectral norm bound in Eq. (47) (the Frobenius norm bound
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follows from Lemma 5.2). We use Lemma 5.9:

el Al?
IRI? < |AJ? + |RTR — ATA] < |AJ? + AR O(|A?).

3. | f(RTR) — f(ATA)H* = O(¢). We need the polylog factors in our number of samples to

deal with the logr that arises from Lemma 7.4 in the spectral norm case.

|f(RTR) — f(ATA)|.

< L|RTR— AT A|, log rank(RTR) (Lemma 7.4 or Lemma 7.3)
2logrlog(1/6
< L\/¢ ogr log(1/ )||A||*||A||F logr (Lemma 5.9 or Lemma 5.7)
r
Se. (plugging in value for r)

4. | f(CCT) — f(RRT)H* = O(e/|A|?). This follows similarly to the above point.

When all of the above bounds hold, we can conclude:

IRT f(CCR - f(AT A

< |IRTf(RRMR = f(ATA)[, + [RT(F(RRT) = F(CCT)RI.

= |f(RTR) - f(ATA)|. + [RT(F(RRT) = F(CCT)RI. (Definition of f)
<|f(RTR) = f(ATA)|. + |RI*| f(RRT) — f(CCT)].

< e+ |RI%/| Al

<e.

~

This gives Eq. (45) after rescaling ¢ by an appropriate constant factor. When * = Op, we also

have Eq. (49), since

|rt\[fcch)] = IRT FCChHRI < I f(AT4) ~ FO)1] + . m

We remark here that the log term in Lemma 7.4 unfortunately cannot be removed (because

some Lipschitz functions are not operator Lipschitz). However, several bounds hold under
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various mild assumptions, and for particular functions, the log term can be improved to log log

or completely removed. For example, the QSVT literature [GSLW19] cites the following result:

Lemma 7.5 ([AP10, Corollary 7.4]). Let A and B be Hermitian matrices such that al < A, B <

bl, and let f: R — C be L-Lipschitz continuous on the interval [a, b]. Then

EV)( 4)_ f(EV) _ b-a
IFEVA) - FE(B)| < LA B||1°g<e||A_B||)'

Though we will not use it, we can extend these results on eigenvalue transformation of
Hermitian matrices to singular value transformation of general matrices via the reduction

from [GSLW19, Corollary 21]. For example, Lemma 7.4 implies the following:

Lemma 7.6. Let A, B € C™" be matrices and let f : [0,00) — C be L-Lipschitz continuous on

the singular values of A and B such that f(0) = 0. Then
1FSV(A) — FSV)(B)| < L|A — B| log min(rank A, rank B).

In Section 7.1, we prove results on generic singular value transformation and eigenvalue
transformation by bootstrapping Theorem 7.1. Since these are slower, though, we will use
primarily the even singular value transformation results that we just proved to recover “de-

quantized QML results. This will be the focus of next section.

7.1 More singular value transformation

In this section, we present more general versions of our algorithm for even SVT to get results
for generic SVT (Theorem 7.7) and eigenvalue transformation (Theorem 7.8). In applications
we mainly use even SVT to allow for more fine-tuned control over runtime, but we do use
eigenvalue transformation in Section 8.7.

men

For generic SVT: consider a matrix A € and a function f : [0,00) — C satisfying
f(0) = 0 (so the singular value transformation f(SV)(A) is well-defined as in Definition 3.1).

Given SQ(A) and SQ(A™), we give an algorithm to output a CUR decomposition approximat-
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ing fSV)(A).

Theorem 7.7 (Generic singular value transformation). Let A € C™" be given with both SQ4(A)
and SQ¢(A7L) and let f : [0,00) — C be a function such that f(0) = 0, g(x) := f(x)/Jx is
L-Lipschitz, and g(x) = (g(x) — g(0))/x is L-Lipschitz. Then, for 0 < ¢ < min(L|A|*, L|AJ),

we can output sketches R := SA € C”" and C := AT € C"™, along with M € C"° such that
Pr [||CMR + g(0)A — FSV(A)| > g] <8,

withr = @(¢2L2||A|| ||A||% log Lyandce = @(¢2L2||A|| ||A||% log b Finding S, M, and T takes

time

2
/s 1
Y ((LzllAIISIIAII% +L? IIz‘lllzllz‘lllfé)g—2 log <(s4(A) + sp(AT) + g4(A) + g4(AT)

¢

4
+ (LAl Al + L4||A||6||A”F) log” 5q(A)

¢

6
31
+ (LALPJAI AR + L6||A||1°||AIIF) log’ < +n (A))

)

If we only wish to assume SQ¢(A), we can do so by using Lemma 5.4 instead of Lemma 5.7
in our proof, paying an additional factor of %

Note that if sq¢(A), sq¢(AT) = 0(1), then this runtime is dominated by the last term.
Moreover, if A is strictly low-rank, with minimum singular value o, or essentially equivalently,
if f(x) = 0 for x < ¢ and so g(x) = 0 for x < o2, then L < ¢/0? and L = 2t/c* for ¢ the

Lipschitz constant of f. In this case the complexity is

JAI1ALR - TAI*IAIRY el Al 61
16 + 12 )( )¢

5’(( ) (50)

o o

Importantly, when ¢ = O(£]| A|) (that is, if we want relative error), this runtime is independent
of dimension. If one desires greater generality, where we only need to depend on the Lips-
chitz constant of f, we can use a simple trick: as we aim for a spectral norm bound, we can

essentially treat A as if it had strictly low rank. Consider the variant of f, £, which is zero
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below o /2, f above o, and is a linear interpolation in between.

)
0 0<x<o0o/2

Foo(x) = 5 2x/o—1)f(o) o/2<x<o0o

[ f(x) o<x

Then |fV)(4) - £5))

e/ (A)| < &, because f(e/t) < e. Further, the Lipschitz constant of f..

is at most 2¢: the slope of the linear interpolation is 2f(c)/0 < 2f0/0. So, we can run our
algorithm for arbitrary ¢-Lipschitz f in the time given by Eq. (50), with o = ¢/1.

Our proof strategy is to apply our main result Theorem 7.1 to g(ATA), for g(x) == f({x)/x,
and subsequently approximate matrix products with Lemma 5.7 to get an approximation of

the form A’R'TUR + g(0)A:
FOV(A) = Ag(ATA) = ARTUR + A(g(0)I) =~ A’'R"TUR + g(0)A.

Here, A’R’TURis a CUR decomposition as desired, since A’ is a normalized subset of columns
of A. One could further approximate g(0)A by a CUR decomposition if necessary (e.g. by
adapting the eigenvalue transformation result below).

We do not use this theorem in our applications. Sometimes we implicitly use a similar
strategy (e.g. in Section 8.4), but because we apply our matrix to a vector ( f(AT)b) we can
use Lemma 5.17 instead of Lemma 5.7 when approximating. This allows for the algorithm to

work with only SQ4(A) and still achieve a poly-logarithmic dependence on %

Proof. If we want to compute ]?(SV)(A)’ we can work with f(x) := f(x) — g(0)x, so that
g(0) = 0 without loss of generality. Notice that f(SV)(A) = f(sv)(A) + g(0)A, so if we get
a CUR decomposition for f(sv)(A) we can add g(0)A after to get the decomposition in the
theorem statement.

Consider the SVT g(x) = f(J/x)/J/x, so that f(sv)(A) = Ag(ATA). First, use Theorem 7.1
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to get SA € C™", SAT € C"° such that, with probability > 1 — §/4,

I(SA)tg((SAT)(SAT)T)SA - g(ATA)| < ﬁ (51)

Second, use Lemma 5.7 to get a sketch T'T € € such that, with probability > 1 — §/4,
|AGSA)T — AT’ (SAT")T| < (3L|AD . (52)

The choices of parameters necessary are as follows (using that [SA|r = O(|Alr) by Eq. (47)

and we have a 2¢-oversampled distribution for (sa)t by Lemma 5.3):

— 6 2121A14 A2 L 100 1
r= @(gb L?|A] ||A||F€2 log 5)

A 272y a8 az L p. 1
6(¢*L1AIPIAT log )

ol 2r2ranziard L a1
¢ = 64”12 APP1 Al log )

This implies the desired bound through the following sequence of approximations:

FSV(A) = Ag(ATA)
~ ASA)T5((SAT)(SAT)T)SA

~ AT’ (SAT")Tg((SAT)(SAT)T) SA.
c S i “ R

This gives us a CUR decomposition of f(SV)(A). These two approximations only incur O(¢)

error in spectral norm; for the first, notice that

|Ag(ATA) — ASA)Tg((SAT)(SAT)T)SA|

< |AJISA)Tg((SAT)SAT)T)SA — g(ATA)| < (by (51))

¢
>

For the second approximation observe that |g(x)| < L|x| (and, by corollary, g(x) < L) due to g
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being L-Lipschitz and g(0) = 0, therefore

I(AGSA)T — AT’ (SAT")")g((SAT)(SAT)")SA|

< JAT/(SAT')T = ASA)Y I E(SAT)SADI DI E(SATISAT) DS A|

< e(BLIAD " g(SATYSATY DI\ Z(SATY(SAT) D) Al (by (52))
< £(3L||A||)_1\/z\/||g(ATA)|| + m (since g(x) < L and by (51))
< €(3L||A||)_1\/§L||A|| < % (since |g(x)| < Llx| and £ < L|A|®)

The time complexity of this procedure is
O(ng(A) + (r + ¢ + ' Nsg(A) + g4(A)) + ¢/ (sp(AT) + q4(AT) + (re + r¢’) q(A) + rPc + ),

which comes from producing sketches, querying all the relevant entries of SAT and SAT’, the
singular value transformation of SAT, and the matrix multiplication in M. We get r factors in

the latter two terms because we can separate g((SAT)(SAT)T) = \/E(SAT)(\/E(SAT))T where

JEG) = 0. m

As for eigenvalue transformation, consider a function f : R — C and a Hermitian matrix
A € C™" given SQ(A). If f is even (so f(x) = f(—x)), then f(A) = f(NATA), so we can use
Theorem 7.1 to compute the eigenvalue transform f(A). For non-even f, we cannot use this

result, and present the following algorithm to compute it.

Theorem 7.8 (Eigenvalue transformation). Suppose we are given a Hermitian SQ4(A) € C*"
with eigenvalues Ay > --- > A, a function f : R — C that is L-Lipschitz on u}_{[A; — d, A; + d]
for some d > %, and some ¢ € (0, L|A]|/2]. Then we can output matrices S € C”™", N € C*7, and

D e €, withr = O(@|AIAIRS log ) and s = GUAIR), such that

Pr [||(SA)TNTDN(5A) + FO) — FEV(A)] > g] <4,
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in time

= - 1 - 1
O IAP1AIS log 5 + Lo *LAIgS log 5)(s5(A) +gy(4)
— 1 - 1
+ (LA Al log” 5 + LT SAPIAR log” £ g(4)

_ 1
+ L2272 AP Al log” < + n(4)).

Moreover, this decomposition satisfies the following two properties. First, NSA is an approximate
isometry: I(NSAYNSA) -] < (ﬁf Second, D is a diagonal matrix and its diagonal entries

satisfy |D(i,i) + f(0) — f(A4)| < e for alli € [n] (where D(i,i) := 0 fori > s).

1A]

Under the reasonable assumptions?! that sq(A) and ¢ are small (0(1), say) and ¢ < L|A| 1Al
F

the complexity of this theorem is @N(L225_22||A||16||A||% log3 %)

We now outline our proof. Our strategy is similar to the one used for quantum-inspired
semidefinite programming [CLLW20]: first we find the eigenvectors and eigenvalues of A and
then apply f to the eigenvalues. Let z(x) be a (smoothened) step function designed so it can

zeroes out small eigenvalues of A (in particular, eigenvalues smaller than £/+/2L). Then

A=~ n(ATA)AL(ATA) by definition of &
~ RT#(CCHRART#(CCR by Theorem 7.1
~ RTz(ccHmr(CCcHR by sketching M ~ RART
= RT(c,cHTr(cchHMr(CCT)C,CER. where o = ¢/+2L

Here, C, is the low-rank approximation of C formed by transforming C according to the “fil-
ter” function on x that is 0 for x < ¢ and x otherwise. U := C#R € C™" is an approximate
isometry by Lemma 5.22. We are nearly done now: since the rest of the matrix expression,
C; a(CC T)Mﬁ'(CC T)Cg € C%, consists of submatrices of A of size independent of n, we can
directly compute its unitary eigendecomposition UDU T. This gives the approximate decompo-

sition A =~ (UU)D(UU)T, with UU and D acting as approximate eigenvectors and eigenvalues

“IThe correct way to think about ¢ is as some constant fraction of L|A|. If ¢ > L| A| then f(0)I is a satisfactory
approximation. The bound we give says that we want an at least |A|z/|A| improvement over trivial, which is
modest in the close-to-low-rank regime that we care about. Similar assumptions appear in Section 8.
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of A, respectively. An application of Lemma 7.4 shows that f(A) = (UU) f (D)UU)T in the
desired sense. Therefore, our output approximation of f(A) comes in the form of an RUR
decomposition that can be rewritten in the form of an approximate eigendecomposition. The
only major difference between this proof sketch and the proof below is that we perform our
manipulations on the SVD of C,, to save on computation time: note that the SVD can be made

small in dimension, using that the rank of C is bounded by |C[4/o?.

Proof. Throughout this proof ¢ is not dimensionless; if choices of parameters are confusing,
try replacing ¢ with ¢| A|. We will take f(0) = 0 without loss of generality. First, consider the

“smooth projection” singular value transformation

£
0 X <51
2 2 2
m(x)=12L, 1 < £
2 Xl Epsx¥<p
2
&
Ll ﬁgx

Since 7 is a projector onto the large eigenvectors of A, we can add these projectors to our

expression without incurring too much spectral norm error.
In(ATA)An(ATA) — Al = maxizAP)Xin () — Al < e/
i€[n

Second, use Theorem 7.1 to get SA € C™", SAT € C™ such that, with probability > 1 — §,

&

t 1YSA - (At
IS4 A(SATISATIDSA — n(ATA) < 7

The necessary sizes for these bounds to hold are as follows (Lipschitz constants for x are

2L%/¢® and 4L*/e*, |SAlp = O(|Al) by Eq. (47), and we have a 2¢-oversampled distribution
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for (SA)T by Lemma 5.3):%?

L ﬂw 1
= 6(¢* SIAPIAR— log 5) = 6(#1A11AIE bga)
L Lz A 2 1 ~ LlO
= 6(¢* L1l ""1 og 1) = 6(#1A11 41 7 10g )

This approximation does not incur too much error:

IRT2(CCHRART #(CCR — n(AT A)An(AT A)|
< |r(ATAA(R(ATA) — RT2(CCHR)| + |(x(ATA) = RT#(CCTR)ART #(CCR|

(AT AllAL+ JAIRT#(CCHRI) < (141 + 1411 + ) <37

< —
L|A] ( L|A| L|A]

Third, apply Remark 5.18(b) r times to approximate each entry of RART: pull # samples from
SQ4(A) fort = 0 (¢||A||§§—§ log g) such that, given some Q(x), Q(y), with probability > 1 — %

xllyl
L3|AJ2

one can output an estimate of x-'LAy up to additive error with no additional queries to

5Qy4(A). Then, by union bound, with probability > 1 — §, using the same ¢ samples from A

E[REDIRG,I
L3 Al

such that i < j. Let M be the matrix of these estimates. Then, using that |R|g = O(|A|f) from

each time, one can output an estimate of R(i, -) AR(j, i up to error for alli, j € [r]

Eq. (47),

z’: ( e°|RG, IIRG, ‘)II)Z _ IRl _ ¢

L3 Al

.
M — RART|2 < <&
,Z LOJAJg ~ L®

1j=

From Egs. (48) and (49),

3 3
IRT2(CCTYRART ~ M)a(CCNIR] < SIRTA(CCHI < S(1+ 77 )L—2 =3

L3\ LA €2 ™

So far, we have shown that we can find an RUR approximation to A, with

IRTz(ccHMA(CCTHR - A] < %

22The constraint on the size of ¢ from Theorem 7.1 here is e(L|A])™! < min(L2|A|?/?, LY A]*/&*), which is
true since ¢ < L|A|/2.
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However, if we wish to apply an eigenvalue transformation to A, we need to access the eigen-
values of A as well. To do this, we will express this decomposition as an approximate unitary

2
eigendecomposition. Using that 7 zeroes out singular values that are smaller than — o7 We can

write our expression as UDUT, for U € €™ and D € C¥:

Rtz(cCTYMr(CCTR
= (€ R (clmechmacechc o )(CL R)

(RTU(@(D(C)) 1)(D(C)(U“))Tn(ccT)Mn(ccT)U(C)D(C))((D(C)) l(U(C))TR) (53)

V2L V2L V2L 2L

N N

U D Ut

Here, we are using an SVD of C truncated to ignore singular values smaller than ﬁ where

U(C) crs D(C) C*, V(LC) € C%, where s is the number of singular values of C that
V2L 2L V2L

are at least ﬁ Note that, as a result, s < [C|4/(¢/v2L)* < |AJéL% 2 and s < min(r, c,n).

By Lemma 5.22 with our values of r and ¢, we get that U = RTU(C)(D( )) lis an O(

% % i

approximate isometry; we rescale ¢ until this is at most 5.
The rest of this error analysis will show that, since U is an approximate isometry, f(A) =
U f(D)UT in the senses required for the theorem statement. Though D is not diagonal, since it
is sxs, we can compute its unitary eigendecomposition U(b )D(D )(U(D ))T; so, we can take D :=
f(D(b)) and N := (U(D))Jr(D(fi))J“(U(%C))T to get the decomposition in the theorem statement.
(Including the isometry (U(D );LT in ouzi expression for U does not change the value of a).
First, consider the eigenvalues of D. Note that I0TU = I| < « since U is an a-approximate

isometry, and by Lemma 3.5, there exists an isometry U such that [U=U| < a. We first observe

that, using Lemma 3.5 and our bound on «a,

|A-UDUT| < |A-UDUT| +|UDUT —UuDUT|

< £y a 222 0D0t

L (1-a)

£ 2—« £
<=+ A -
<prago (Al ) s

A

Consequently, by Weyl’s inequality (Lemma 5.16), the eigenvalues of ubUT, )Atl > 2> A
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satisfy |4 — Aj| < % for all i € [n], and by assumption, f is L-Lipschitz on the spectrums of A
and UDU. From this, we can conclude that we can compute estimates for the eigenvalues of
f(A), since the eigenvalues of UDUT are the eigenvalues of D (padded with zero eigenvalues)
which we know from our eigendecomposition of D Further, our estimates f(;ll) satisfy the
desired bound | f(1;)— f(;)| < e. Finally, since f is Lipschitz on our spectrums of concern, the
desired error bound for our approximation holds by the following computation (which uses

Lemma 3.5 extensively):

[£(A) = UfDYTT| < I f(A) U FDOWT| + U fDUT - T FDYTT|
<If(A) - UFDUT| + (2o + o®)| fD)
< L(JA-UDUT| + (2a + &®)|D]) logs by Lemma 7.4

< L(JA-UDUT| + 22a + a®)|D]) log s

e 2Qa+a®)

€ NP
< L<L + —(1 ~ o) |[UDU ||) log s
e 2Qa+a®) € ¢
AT S £ < _£_
< L<L + 1) (||A|| + L>> logs < elogs. by a < Al

Finally, we rescale ¢ down by log2 s so that this final bound is O(¢). This term is folded into the
polylog terms of r, ¢, and s. (We need to scale by more than log s because s has a dependence
on glz.) This completes the error analysis.

The complexity analysis takes some care: we want to compute our matrix expressions
in the correct order. First, we will sample to get S and T, and then compute the truncated
singular value decomposition of C := SAT, which we have denoted C_c = U(EC)D(Q (V(LC))Jr

VoL VL V2L Vel

for U(LC) e Cs, D(Q e C, V(LC) € C““. Then, we will perform the inner product estimation
V2L V2L V2L

protocol 7 times to get our estimate M € C"™, and compute the eigendecomposition of

D = DOt zcchHmacchHu©p©
V2L V2L V2L 2L

= Q@MU MU 20D
V2L VL V2L V2L VL V2L

via the final expression above, with the truncations propagated through the matrices, to get
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D= U(E)D(i))(U(i)))T. Then, we compute and output D = D and N = (U(D))T(D(Q )+(U(LC))T.
V2L V2L

By evaluating the expression for D from left-to-right, we only need to perform matrix multi-

plications that (naively) take s> or sr? time. The only cost of ¢ we incur is in computing the

SVD of C. The runtime is

O((r+c+ t)(s¢(A) + q¢(A)) +(re +r’t) q(A) + 3 + r’s +rlc + n¢(A)). O

8 Dequantizing quantum machine learning

Now, with our framework, we can recover previous dequantization results: recommendation
systems (Section 8.1), supervised clustering (Section 8.2), principal component analysis (Sec-
tion 8.3), low-rank matrix inversion (Section 8.4), support vector machines (Section 8.5), and
low-rank semidefinite programs (Section 8.7). We also propose new quantum-inspired algo-
rithm for other applications, including Hamiltonian simulation (Section 8.6), and discriminant
analysis (Section 8.8). We give applications in roughly chronological order; this also happens
to be a rough difficulty curve, with applications that follow more easily from our main results
being first.

Everywhere it occurs, K := ||A||12: /o?, where A is the input matrix. x := |A|3/c?. For
simplicity, we will often describe our runtimes as if we know spectral norms of input matrices
(so, for example, we know k). If we do not know the spectral norm, we can run Lemma 5.14
repeatedly with multiplicatively decreasing ¢ until we find a constant factor upper bound on
the spectral norm, which suffices for our purposes. Alternatively, we can bound the spectral

norm by the Frobenius norm, which we know from sampling and query access to input.

8.1 Recommendation systems

Our framework gives a simpler and faster variant of Tang’s dequantization [Tan19] of Kereni-
dis and Prakash’s quantum recommendation systems [KP17]. Tang’s result is notable for be-
ing the first result in this line of work and for dequantizing what was previously believed to

be the strongest candidate for practical exponential quantum speedups for a machine learning
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problem [Pre18].

We want to find a product j € [n] that is a good recommendation for a particular user
i € [m], given incomplete data on user-product preferences. If we store this data in a matrix
A € R™" with sampling and query access, in the strong model described by Kerenidis and

Prakash [KP17], finding good recommendations reduces to the following:

Problem 8.1. For a matrix A € R™", given SQ(A) and a row index i € [m], sample from AG, ")

up to § error in total variation distance, where JA - Agylr < el Alp.

Here, Ay, is a certain type of low-rank approximation to A. The standard notion of low-
rank approximation is that of A, := 2::1 aU(, V(- i)T, which is the rank-r matrix closest
to A in spectral and Frobenius norms. Using singular value transformation, we define an

analogous notion thresholding singular values instead of rank.
Definition 8.2 (A, ;). We define A, as a singular value transform of A satisfying:

)
=A A>o(1+n)

S
Agp=PS(A)  PL(Di=o A<o(1-n)-

€ [0,4] otherwise

Note that P, is not fully specified in the range [0(1 — 1), 0(1 + 1)), so Ay, is any of a family

of matrices with error 7.

For intuition, Pg,;] )(A) is A for (right) singular vectors with value > o(1+#), zero for those
with value < o(1 — ), and something in between for the rest. The quantum algorithm for this
attains this by taking a polynomial approximation of a threshold function and using quantum

linear algebra techniques to apply it to A. The threshold function is as follows:

Lemma 8.3 (Polynomial approximations of the rectangle function [GSLW19, Lemma 29]).

Let 8’,¢" € (0, %) and t € [—1,1]. There exists an even polynomial p € R[x] of degree
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@(log(gl,)/y), such that [p(x)| < 1 for all x € [-1,1], and

[0,¢] forallx € [-1,—-t—6"]u [t + &7, 1], and
p(x) €
[1—¢,1] forallxe[—t—0&,t+]

In particular, one obtains the quantum recommendation systems result from QSVT is by
preparing the state |A(i, *)) and applying a block-encoding of p(A) to get a copy of |p(A) A, *)),

3.23

where p is the polynomial from Lemma 8. We can obtain the same guarantee classically

by appealing to Theorem 6.1.

Corollary 8.4 (Dequantizing recommendation systems). Suppose we are given a matrix A €
C™" such that 0.01 < |A| < 1 and0 < ¢,0 < 1, with O(nnz(A)) time pre-processing. Then there
exists an algorithm that, given an indexi € [m], computes a vector y such that |y— p(A)A(, *)| <
| AG, *)| with probability at least 0.9, where p(x) is the rectangle polynomial from Lemma 8.3,

with parameterst = 0,8’ = 0/6, ¢’ = €. Further, the running time to compute such a description

of y is

~ Ll
@(O'll FZ )’

~(ARIAGHI .
(II IF1AG.)I )tlme

and from this description we can sample from y in O =

Thinking of p(A)A as the low-rank approximation of A this algorithm gives access to, we
see that the error guarantee of Corollary 8.4 implies the solution to Problem 8.1.

We can also solve this problem without appealing to polynomial approximation. Our
algorithm uses that we can rewrite our target low-rank approximation as A - t(AT A), where
t is a smoothened projector. So, we can use our main theorem, Theorem 7.1, to approximate
t(ATA) by some RTUR. Then, the i row of our low-rank approximation is A(i, JRTUR, which
is a product of a vector with an RUR decomposition. Thus, using the sampling techniques
described in Section 5.1, we have SQ¢(A(i, J)RTUR), so we can get the sample from this row

as desired.

»The original paper goes through a singular value estimation procedure; see the discussion in Section 3.6 of
[GSLW19] for more details.
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Corollary 8.5. Suppose 0 < ¢ < |A|/|Alg andn < 0.99. A classical algorithm can solve Prob-

lem 8.1 in time

3.5 K21l AG. II?
@(K6K6 og? L 4 KA | 21).
n°e S pe|AG )] T 9

The assumption on ¢ is a weak non-degeneracy condition in the low-rank regime. For ref-

erence, 7 = 1/6 in the application of this algorithm to recommendation systems. So, supposing

AlélA 10
the first term of the runtime dominates, the runtime is 0 (% log (13) which improves on

the previous runtime &( "121"1:12 lo g3 %) of [Tan19]. The quantum runtime for this problem is

@(@), up to polylog(m, n) terms [CGJ19, Theorem 27].

Proof. Note that A, , = A~ t(AT A), where t is the thresholding function shown below.

0 x < (1-n)’c?
t(x) = 1 ﬁ(x —(1 =12 A-n?c®<x<+nic?

1 x> (1+n)c?

We will apply Theorem 7.1 with error parameter ¢ to get matrices R, C such that ARTHCCR

satisfies
|As1/6 — ARTHCCTRIF < |Alplt(AT A) = RTHCCTR| < el Al (54)

Since t(x) is (4n02)~!-Lipschitz and t(x)/x is (4n(1 — n)?c*)~!-Lipschitz, the sizes of r and ¢

are

= G(L1APIAR  log 5) = @(%1 5) = 02z loe5)
_ 5(L‘2||A||6||A||§6121 5) - 5(”?!;%1 g;) - E(UK’: lo %)

So, it suffices to compute the SVD of an r x ¢ matrix, which has a runtime of

3.5
@(Irjéeé log’ (13)
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Next, we want to approximate ART = A’R’T. If we had SQ(AT) (in particular, if we could
compute column norms |A(., j)|), we could do this via Lemma 5.7, and if we were okay with
paying factors of %, we could do this via Lemma 5.4. Here, we will instead implicitly define
an approximation by approximating each row [ART](,-) = A(,-)R' via Lemma 5.7, since
we then have SQ(A(, )™ and SQ(RT). With this proposition, we can estimate [ART]G,-) =
(AG,)STSRT to \/%HA(I', IMIRT g = el AG, -)|o error using r* := O(e 2K log %) samples®?. Here,

A’(i,-) :== A(i,-)STS is our r’-sparse approximation, giving that

|ARY — 'Rl = S ILARTIG ) — [A'RTIG, I < 50 e21AG, )I2o? = eolAlp. (55)

Using this and the observation that max, #(x) = (1+1)"20~% < 62, we can bound the quality

of our final approximation as

|A = Ay yllr < I(A’RT — ARDECCTRIp + [ARTH(CCT)R — Ayl by triangle inequality

< JA'RT — ARTlECeh||NECCHR| + el Al by Eq. (54)
< eo]Alpo™ V1 + ¢ + €| Alp < e Al by Lemma 7.2 and Eq. (55)

We can sample from A(i,-) = A’(i,-)RT f(CCT)R by naively computing x := A’(i, )RT f(CCT),
taking O(r’r + rc) time. Then, we use Lemmas 4.5 and 4.6 to get a sample from xR with
probability > 1 — § in @(Qqs(xR)) time, which is O(¢ sq¢(xR) log %), where sq¢(xR) = 0(r)

and

_ T ROPIRGOP Sk GPIAlR _ 1P 1AR
|xRI? T AP JAGHP

#Formally, to get a true approximation AR ~ A’R, we need to union bound the failure probability for each
row, paying a logm factor in runtime. However, we will ignore this consideration: our goal is to sample from
one row, so we only need to succeed in our particular row.
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Then, using previously established bounds and bounds from Lemma 7.2, we have

IxPlAlE  |A’G,ORTECCT)P| Al

JAG, I JAG, I

| I _ R
< ("A(i, )"HRT\/f(CC ') ‘\/t(CC t) + ||A(i, _)/RT _ A(i, )RT””t(CCT)”) ﬁ
< (JAG o™ + eal AG, .)||0—2)2J|‘4_||%
JAG, )I?
JAG, )I?0?

This sampling procedure and the SVD dominate the runtime. Since the sampling is exact, the

only error in total variation distance is the probability of failure. O

Remark 8.6. This algorithm implicitly assumes that the important singular values are > o.
Without such an assumption, we can take o = ¢|A|r and n = 1/2, and have meaningful

bounds on the output matrix A. Observe that, for p(x) = x(t(Jx) — 1),
3
4~ (AT 4) = Al = 1pEV(A)] < ZelAlp.

So, our low-rank approximation output A satisfies |[A— A| < e| Allp, with no assumptions on A,

~ Jalg
n O(j4pez

log3 %) time. This can be subsequently used to get SQ¢(A(i, ) = SQ¢(eiA) where
JAG, ) — AG, )| < el Alg (ina myopic sense, solving the same problem as Problem 8.1), or more

generally, any product of A with a vector, in time independent of dimension.

8.2 Supervised clustering

The 2013 paper of Lloyd, Mohseni, and Rebentrost [LMR13] gives two algorithms for the
machine learning problem of clustering. The first algorithm is a simple swap test procedure
that was dequantized by Tang [Tan21] (the second is an application of the quantum adiabatic
algorithm with no proven runtime guarantees). We will reproduce the algorithm from [Tan21]
here: since the dequantization just uses the inner product protocol, so it rather trivially fits
into our framework.

We have a dataset of points in RY grouped into clusters, and we wish to classify a new
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data point by assigning it to the cluster with the nearest average, aka centroid. We do this by
estimating the distance between the new point p € R? to the centroid of a cluster of points

91, - Gn_1 € R¢, namely, |p — nfll(ql + -+ gu_1)|?. This is equal to [wM|?, where

p/lpl
M = _Ch/("q;”\E) € ]Rnxd, W= ”P”, ”ql ” o "qn—l" c R
= vn—1 Vn—1
~Gn-1/(Ign-1INn—1)

Because the quantum algorithm assumes input in quantum states, we can assume sampling

and query access to the data points, giving the problem

Problem 8.7. Given SQ(M) € R™? Q(w) € R, approximate (wM)(wM)! to additive ¢ error

with probability at least 1 — 6.

Corollary 8.8 ([Tan21, Theorem 4]). There is a classical algorithm to solve Problem 8.7 in

1 1 .
O(IMIEhw* L Tog 1) time.

Note that [M|2 = 2 and |w|? = |p|* + =

?:_11 lg;l*>. The quantum algorithm has a

quadratically faster runtime of O(|M ||12:||w||2%), ignoring polylog(n, d) factors [LMR13; Tan21].

Proof. Recall our notation for the vector of row norms m := [|M(1,-)|,..., |M(n,-)|] coming

from Definition 4.7. We can rewrite (wM)(wM)! as an inner product (u, v) where

d

= Z 3N MG NIMEK e @ e @ e = M@ m

= ]:1

n d n
wiweM(, k)
=22 L g 49O

i=1 j=1k=1

bon

~.
—

where u and v are three-dimension tensors. By flattening u and v, we can represent them
as two vectors in R4™*1 We clearly have Q(v) from queries to M and w. As for getting
SQ(u) from SQ(M): to sample, we first sample i according to m, sample j according to M(i, ),
and sample k according to m; to query, compute v;;x = M(, j)m(k). Finally, we can apply
Lemma 5.17 to estimate (u,v). |u| = |[M II% and |v| = |w|?, so estimating (u,v) to ¢ additive

error with probability at least 1 — § requires O(|M ||i4;||w||4£_2 log %) samples. H
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8.3 Principal component analysis

Principal component analysis (PCA) is an important data analysis tool, first proposed to be
feasible via quantum computation by Lloyd, Mohseni, and Rebentrost [LMR14]. Given copies
of states with density matrix p = X TX, the quantum PCA algorithm can prepare the state
> Avi) vl ® |/A1,~>(/'Ali|, where A; and v; are the eigenvalues and eigenvectors of XX, and )Ati are
eigenvalue estimates (up to additive error). See Prakash’s PhD thesis [Pral4, Section 3.2] for a
full analysis and Chakraborty, Gilyén, and Jeffery for a faster version of this algorithm in the
block-encoding model [CGJ19]. Directly measuring the eigenvalue register is called spectral
sampling, but such sampling is not directly useful for machine learning applications.
Though we do not know how to dequantize this protocol exactly, we can dequantize it in
the low-rank setting, which is the only useful poly-logarithmic time application that Lloyd,

Mohseni, and Rebentrost [LMR14] suggests for quantum PCA.

Problem 8.9 (PCA for low-rank matrices). Given a matrix SQ(X) € C™" such that XX has
top k eigenvalues {/‘l,-}f‘:l and eigenvectors {vi}l’-‘:l, with probability > 1—§, compute eigenvalue
estimates {)Ati}le such that Zlel/ii — A < etr(X TX) and eigenvectors {SQ¢(17,~)}5-C:1 such that

[V — v < ¢ for all i.

Note that we should think of 4; as o, where o; is the ith largest singular value of X. To
robustly avoid degeneracy conditions, our runtime must depend on parameters for condition

number and spectral gap:
K= (XTX)/2 2k and o= minlh = dal/IXP (56)
1€

We also denote k := |X|?/A. Dependence on K and 7 are necessary to reduce Problem 8.9
to spectral sampling. If K = poly(n), then A = tr(XTX)/ poly(n), so distinguishing A from
Ak41 necessarily takes poly(n) samples, and even sampling A once takes poly(n) samples. As
a result, learning vy is also impossible. A straightforward coupon collector argument (given
e.g. by Tang [Tan21]) shows that Problem 8.9 can be solved by a quantum algorithm perform-

ing spectral sampling?®, with runtime depending polynomially on K and % We omit this

»>The quantum analogue to SQ(X) is efficient state preparation of X, a purification of p.
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argument for brevity. Classically, we can solve this PCA problem with quantum-inspired

techniques, as first noted in [Tan21].

Corollary 8.10. For 0 < ¢ < n|X|?/|X| we can solve Problem 8.9 in @(/1"2&7‘2;7‘6 ~6]og” k)
time to get SQ4(V;) where sq(¥;) = @(A"ﬂﬁzn 26210 %)'

This improves significantly over prior work [Tan21, Theorem 8], which achieves the run-

time of @(" lﬂaw p0e712 log3 k) 26 The best quantum algorithm for this problem runs in
@N(%) time, up to factors of polylog(m,n) [CGJ19, Theorem 27]%’

We approach the problem as follows. First, we use that an importance-sampled submatrix
of X has approximately the same singular values as X itself (Lemma 5.14) to get our estimates
{/Ali}le. With these estimates, we can define smoothened step functions f; for i € [k] such
that f;(X X) = v;rv,-. We can then use our main theorem to find an RUR decomposition for
fi(X TX). We use additional properties of the RUR description to argue that it is indeed a
rank-1 outer product f/ﬁﬁi, which is our desired approximation for the eigenvector. We have
sampling and query access to v; because it is R x for some vector x. Our runtime is quite good
because these piecewise linear step functions have relatively tame derivatives, as opposed to

the thresholded inverse function, whose Lipschitz constants must incur quadratic and cubic

overheads in terms of condition number.

Proof. We will assume that we know Ay and 5. If both are unknown, then we can estimate
them with the singular value estimation procedure described below (Lemma 5.14).
Notice that 7|X[? < A follows from our definition of 7. The algorithm will proceed as

follows: first, consider C := SXT € C” as described in Theorem 7.1, with parameters

0 log = ).
RIX[ZE 85 &

~ IXI§ ~ IXIEIX]?
o) o= A e

*This runtime comes from taking ¢, = ¢, = ¢ and changing the normalization of the gap parameter n =
7l X2 /1 X% to correspond to the problem as formulated here.
?Given X in QRAM, this follows from applying Theorem 27 to a quantum state with density matrix of XX

. IXIE _ nlXl
with ¢ = |X andA:gI—FS—.
1 X[ I IXlr

an estimate of A; to A|X| = | X[ error as desired. Then, the density matrix is a probability distribution over
eigenvectors with their corresponding eigenvalue estimate (which is enough to identify the eigenvector). The
coupon collector argument mentioned above gives us access to all the top k eigenvalues and eigenvectors by
running this algorithm | X[%/, times [Tan21].

The output is some estimate of \/Z to A error, which when squared is
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Consider computing the eigenvalues of CC T, denote the it? eigenvalue )Ati. Sincer,c = g "5 log < 5,

N , with probability > 1 — 4,

by Lemma 5.14 with error parameter 81X,

\/me(m ) A (/1 1 )2 8\/— ||X”F

81 X1g

These A;’s for i € [k] have the desired property for eigenvalue estimates:

k
A k4

D M=l < \/E\/Zizl(/li — W) < ekl X e < el X

i=1

This bound also implies that, for all i, |)1, - Al < §||X |4. Next, consider the eigenvalue trans-

formations f; for i € [k], defined

0 x = A < —gnlXI?
= A) —glXP < x— A < —gnlx PP
;) =11 —gIXI < x = & < glXP?

8 i1 21
2= p(x = A) SIXIP < x =2 < gnlX P

1 :
0 LX< x - 4,

This is a function that is one when |x — ;lll < ér]||X||2, zero when |x — ;11| > i17||X||2, and in-
terpolates between them otherwise. From the eigenvalue gap and the aforementioned bound

|)1,~ - A < l17||X |2, we can conclude that f,(X X) = vl-v;L exactly. Further, by Theorem 7.1,
T

we can conclude that R fi A(CCHR approximates v;v;', with C, R the exact approximations

used to estimate singular values. The conditions of Theorem 7.1 are satisfied because ¢ <
8 < % = L|X|? for L the Lipschitz constant of f. The values of r,c are chosen so that

IRT f(CCTR - f(XTX)| < ¢/2 (note £(0) = 0):

o IXE 1
O —————log =
<||X||2r72€2 °¢5)

( IXI°1XIE 1 1>:@~(W1 1)

_ A r2ivervie L
= G(LP1XIP1XT 5 log 5)

TR g5 )

x 0g
PPIXICs = nlx|2)2e? 0

_ A 2rvr6r vz L
= (LIXIIXE log 5)
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Further, f; is chosen with respect to ;11- such that R fi(CCT)R is rank one, since CC" has one
eigenvalue between )Ati - iry"X |? and /Ali + iryHX |2. Thus, this approximation is an outer product,

RTfi(ccHR = f/if/l-T, and we take the corresponding vector to be our eigenvector estimate:

vl <J14+e/2<1+¢/4,s0

e/2 > 169 — v vl by definition
= [0, )% — wil by Jul? =1
> s — vl - (w) - DI by triangle inequality
> s — wl = (il — Dlul by Cauchy-Schwarz
> s —wl = (1 + ¢/4 = 1)(1 +¢/4) by 9 < 1+¢/4

> v — vl —¢/2,

which is the desired bound. By choosing failure probability §/k, the bound can hold true for

all k with probability > 1 — .
T

Finally, we can get access to % = R'%, where # € C satisfies v = ficcch). Since

1
||17l-T | < Jmax, fi(x) S 4 ?, using Lemmas 4.5 and 4.6, we have 5Qg4(1;) with

b= rZZ:1|‘7i(S)|2||R(S, WP r2;=1|‘7i(3)|2||X||12: ~ InPIXIE - IX1% - IXI%
|RT? IRT4|%r IRTH)2 ~ A(1—e)* = A
2
) Q(ﬁ(f/,) = ¢sq¢(v) Iog% < %r log % H

8.4 Matrix inversion and principal component regression

The low-rank matrix inversion algorithms given by Gilyén, Lloyd, and Tang [GLT18] and Chia,
Lin, and Wang [CLW 18] dequantize Harrow, Hassidim, and Lloyd’s quantum matrix inversion
algorithm (HHL) [HHLO09] in the regime where the input matrix is low-rank instead of sparse.
The corresponding quantum algorithm in this regime is given by Chakraborty, Gilyén, and
Jeffery [CGJ19], among others. Since sparse matrix inversion is BQP-complete, it is unlikely
that one can efficiently dequantize it. However, the variant of low-rank (non-sparse) matrix

inversion appears often in quantum machine learning [Pra14; WZP18; RML14; CD16; RL18],
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making it an influential primitive in its own right.

Using our framework, we can elegantly derive the low-rank matrix inversion algorithm in
a manner similar to prior quantum-inspired work [CGLLTW20]. Moreover, we can also han-
dle the approximately low-rank regime and only invert the matrix on a well-conditioned sub-
space, solving principal component regression—for more discussion see [GSLW19]. Namely,

we can find a thresholded pseudoinverse of an input matrix:

Definition 8.11 (A7 ). We define A7, to be any singular value transform of A satisfying:

r

=1/A A>0o

Af, =t (A)  tinvg (D] = o A< o(1—n) (57)

€ [0,671] otherwise

This definition is analogous to A in Section 8.1: it is A* for singular vectors with value
> o, zero for singular vectors with value < ¢(1 — 7), and a linear interpolation between the

two in between.

Problem 8.12. Given SQq,(A) e C"™" Q(b) € C™, with probability > 1 — §, get SQ¢(5c) such

that |x — x*|| < e]A|”!|b], where x* := Ag pb.

The quantum algorithm obtains a state close to |f(A)b), where f(x) is a polynomial ap-
proximation to 1/x in the interval [-1,—1/k]u[1/k, 1] [GSLW19, Theorem 41]. Formally, this
polynomial is the Chebyshev truncation of (1 — (1 — x2)P) /x forb = [Kz log(x/ 5)], multiplied

by the rectangle function from Lemma 8.3 to keep the truncation bounded.

Lemma 8.13 (Polynomial approximations of 1/x, [GSLW19, Lemma 40], following [CKS17]).
Letk >1and 0 < ¢ < % There is an odd polynomial p(x) of degree O(x log(g)) with the

properties that
o [p(x)—1/x|<eforxe[-1,-1/x]u[1/x,1];
+ 1p(0)] = O(clog &),

We can solve Problem 8.12 by invoking Theorem 6.1 with the polynomial from Lemma 8.13.
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Corollary 8.14 (Dequantizing linear regression). Given a matrix A € C™" such that 0.01 <
IA| < 1; a vector b € C™; and parameters ¢, 1/k between 0 and 1, with O(nnz(A) + nnz(b)) time
pre-processing. Then there exists an algorithm that outputs a vector y such that |y — p(A)b| <
e[| /x with probability at least 0.9, where p is the polynomial from Lemma 8.13 with parameters

K, €. Further, the running time to compute a description of y is

5 kAl
82 ’

~ 10 A 2
and from this description we can output a sample from y in 6(= "2" Hlﬁlb" ) tim

For a result with a better  dependence, we can show the following.

|A|| ¢°K!t 31
and 5 < 0.99, we can solve Problem 8.12 in 6( i’ 6 1 5

. . N J— K 2
time to give SQy(X) for sqy(X) = ((pﬂzgzx ”"’;"”2 log2 % ,

Corollary 8.15. For0 < ¢ < 1A

This should be compared to [GLT18], which applies only to strictly rank-k A with ¢ = 1

3
KKkl

and gets the incomparable runtime of o( %). The corresponding quantum algo-

rithm using block-encodings takes O(||Alg / o) time, up to polylog(m,n) factors, to get this
result for constant n [GSLW 19, Theorem 41].

If we further assume that ¢ < 0.99 and b is in the image of A, then ﬁd)(fc) can be simplified,

||x I

larger ¢; namely, if we only require that |x — x*| < e~ 1|b| (a “worst-case” error bound), then

since [%] > |x*|—e|AI7LD] > (1—¢)|x*], so < 100. However, this algorithm also works for

this algorithm works with runtime smaller by a factor of x> (and sq,(x) smaller by a factor of
K).

The algorithm comes from rewriting AJ ,b = i(ATA)ATb for 1 a function encoding a thresh-
olded inverse. Namely, «(x) = 1/x for x > o2, i(x) = 0 for x < (1 — )%0?, and is a linear in-
terpolation between the endpoints for x € [(1 —7)%0?, 02]. By our main theorem, we can find
an RUR decomposition for (AT A), from which we can then get SQ(RTURATb) via sampling

techniques.
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Proof. We will solve our problem for x* = A, b = i(ATA)ATh where

0 x < o?(1—n)?

i(x) = 1 m(x —a?(1-n)?) *1-p?<x<o?

So, if we can estimate (AT A) such that [i((ATA) — RTi(CCTR| < W, then as desired,

|AL,b - Rfi(cchHRATY < mnbn < e| A bl
By Theorem 7.1 with L = (2r7—j72)o4 and L = m, we can find such R and C with
~ |AIZ Al 1. ~¢*K® . 1
(2n —n°)°c TAl
~ |AISJ Al 1. ~¢@®°Kk’ 1
Cc = @(QDZ ; 2F2 ” EZ log 5) = @(T log 5).
(1_’7)(2’7_77 o W n-e

Computing the SVD of a matrix of this size dominates the runtime, giving the complexity in

the theorem statement. Next, we would like to further approximate RT(CCTRATH. We will
1

do this by estimating RATD by some vector u to e |A| 7 |b] = €||A||12:||b||K ~1x 72 error, since

then, using the bounds from Lemma 7.2,

IRtKCCRATS — RTicC Tl < [RT\iceh||\ieeh|IRaTo — ul

<[00+ ppo e JAIHb]) < el AL [B

1
We use Remark 5.18 to estimate u(i) = R(i,-)ATb, for alli € [r], to ¢|RG, )| Alg|b|K '« 2 error,

with probability > 1 — §/r. This takes @((pKS—ZZK log %) samples for each of the r entries. This

implies that x := RY(CCT)u has the desired error and failure probability. Finally, we can use
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Lemmas 4.5 and 4.6 with matrix RT and vector (CC1)u to get SQ¢(5C) for

Yo ilHCCHul(s)PIRGs, P
(pr

¢ = -
%[>
[} cCTyul| Al
= ZT by |R(s, )| < ||A||F\/(P/r
, IKCCHRINAT|[B] + [ CCTIRATD — u*| Al .
<g FE by linear algebra
a3 A|b| + o %ea3|b| /| A3 AJA
_ 2l Al i Ibl/1A1 1A by prior bounds
X
-6 211,12 2
o °|A|7]b]7| A
Ix|
2., 9 ”x*”z -1 *
< 9*Kx Rk by [A|7[B] < |x*|
_ R R *[|2
50 5q4(x) = ¢ sqy4(x) log% = O(rp*Kx? ”");""2 log %) 0

8.5 Support vector machines

In this section, we use our framework to dequantize Rebentrost, Mohseni, and Lloyd’s quan-
tum support vector machine [RML14], which was previously noted to be possible by Ding, Bao,
and Huang [DBH22]. Mathematically, the support vector machine is a simple machine learn-
ing model attempting to label points in R™ as +1 or —1. Given input data points xq, ..., X, € R"
and their corresponding labels y € {£1}". Let w € R” and b € R be the specification of hy-
perplanes separating these points. It is possible that no such hyperplane satisfies all the con-
straints. To resolve this, we add a slack vector e € R™ such that e(j) > 0 for j € [m]. We want
to minimize the squared norm of the residuals:

1wl
min ———

Y
+ =el®
wb 2 2 2

st. y@)(wlx+b)=1—e(), Vie[m]
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The dual of this problem is to maximize over the Karush-Kuhn-Tucker multipliers of a La-

grange function, taking partial derivatives of which yields the linear system

[%XXTEI),*II][S(] :[g]’ (58)

where 1 is the all-ones vector and X = {x1,..., x,} € C™". Call the above m + 1 xm + 1 matrix
F,and F = F/ tr(F).
The quantum algorithm, given X and y in QRAM, outputs a quantum state |1’:“/{F 0.01[g]>

(Definition 8.11) in 61 (# polylog(mn)) time. The quantum-inspired analogue is as follows.

Problem 8.16. Given SQ(X) € R™" and SQ(y) € R™, for IF| < 1, output SQu(v) € R™! such
that |x — IE‘IU[ S), 1< £||I3/{’,7[ g), || with probability > 1 — 6.

Note that we must assume |F| < 1; the quantum algorithm makes the same assumption?®.

Another dequantization was reported in [DBH22], which, assuming X is strictly low-rank
(with minimum singular value ), outputs a description of (XX7)*y that can be used to clas-
sify points. This can be done neatly in our framework: express (XXT)* (or, more generally,
(XXT)}",]) as X f(XTX)XT for the appropriate choice of f. Then, use Theorem 7.1 to approx-
imate f(XTX) = RTZR and use Lemma 5.4 to approximate XRT ~ CW'. This gives an
approximate “CUC” decomposition of the desired matrix, since X f(XTX)XT =~ XRT ZRXT =~
CWTZw T, which we can use for whatever purpose we like.

For our solution to Problem 8.16, though, we simply reduce to matrix inversion as de-
scribed in Section 8.4: we first get SQ¢(1:"), and then we apply Corollary 8.15 to complete.
Section VI.C of [DBH22] claims to dequantize this version, but gives no correctness bounds®’

or runtime bounds (beyond arguing it is polynomial in the desired parameters).
Corollary 8.17. For0 < ¢ < 1 andn < 0.99, we can solve Problem 8.16 in 5(/1_2817_68_6 log3 %)
time, where we get SQu(v) forﬁd,(v) = O 4y 2t logz(%)log(%)),

The runtimes in the statement are not particularly tight, but we chose the form to mirror

the runtime of the QSVM algorithm, which similarly depends polynomially on % and %

8The algorithm as written in [RML14] assumes that |F| < 1; we confirmed with an author that this is a typo.
#The correctness of this dequantization is unclear, since the approximations performed in this section incur
significant errors.
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Proof. Consider constructing SQ(p(K ) € C™™ as follows. To query an entry K(i,j), we es-
timate X (i, )X(j, )T to €]X(@,)|X(,-)| error. We define K(i,j) to be this estimate. Using
Lemma 5.17, we can do this in @(Eiz log %) time. g here refers to the number of times the
query oracle is used, so in total the subsequent algorithm will only have an errant query
with probability > 1 — §. (¢ will not appear in the runtime because it’s folded into a polylog
term.) Then, we can take K := xx!, where x € R™ is the vector of row norms of X, since by

Cauchy-Schwarz,
K@, /) < X0, )XG, )T + el XEXG, )l < (1 + IXE DX, )N = KG, ).

Since we have SQ(x) from SQ(X), we have SQ(K) with sq(K) = 0(1) by Lemma 4.8. |K ||12: =

IX1¢

KE- We can trivially get SQ(L) for L := [0 {7 ]
F

(1+€)2||X|!f§, so we have SQ¢(K) for o = (1+¢)? .

with sq(L) = O(1). Our approximation to Fis

H[OTT) I Al < =gk XX < )

X[ <e.
0 K tr(F) w XlF=<¢

M= tr(lF) <L

Using Lemma 4.9, we have SQ,, (M) with

2 IXIE § 22 2
o 2((1 +¢) KE IKIE + ILIE) IXI& +y~2m + 2m _ 1
tr(F)?|MI§ (IXIE +my =12 IMIE ~ IMIE

where the last inequality uses that tr(F) > /m, which follows from |F| < 1:

Jm

- Ar 0
1= 1] il 2 2o

0
li/ym 11 =

Note that we can compute tr(F) given SQ(X). So, applying Corollary 8.15, we can get the

desired SQ¢(V) in runtime

61 11161 122 22
~ @’ IMIEIMI* = 31\~ M| 31\ _ ~/ 1 31
@( PR 3) = @(||M||g)L28,76€6 log 5) = @</128,76€6 log S)'

Here, we used that [M| < |M|g < 1, which we know since ¢’ > 1 (by our definition of
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oversampling and query access). That Q(M) = O (g% log %) does not affect the runtime, since
the dominating cost is still the SVD. On the other hand, this does come into play for the

runtime for sampling:

4 4 10
— ~¢" M| |M] 2,141 m
Sq¢(‘\/) = @<—’72£2 IOg (5)5_2 log (g))

We take g = m to guarantee that all future queries will be correct with probability > 1-§. [J

The normalization used by the quantum and quantum-inspired SVM algorithms means
that these algorithms fail when X has too small Frobenius norm, since then the singular values
from XX are all filtered out. Below, we describe an alternative method that relies less on
normalization assumptions, instead simply computing F*. This is possible if we depend on
| X|%y in the runtime. Recall from Eq. (58) that we regularize by adding y 11, so y ! acts as a

singular value lower bound and | X ”%y implicitly constrains.

Corollary 8.18. Given SQ(XT) and SQ(y), with probability > 1 — 8, we can output a real
number b such that |b — b| < e(1 + b) and SQg4(a) such that |l — a| < ey|yl, where a and
b come from Eq. (58). Our algorithm runs in 5(||X||1(}||X||16)/116_6 log3 %) time, with QQS(O}) =
5(|]X\|§|\X!|6y5i}£—lrlze_4 log2 %). Note that when y_l/z is chosen to be sufficiently large (e.g. O(| X|F))

and |a| = Q(y|yl|), this runtime is dimension-independent.

Proof. Denote 62 := y~!, and redefine X < X' (so we have SQ(X) instead of SQ(XT)). By

the block matrix inversion formula®® we know that

e a—1 1 Tm1 I TTM_ly

[o 7] = [_TTM—lf Tu1i ] - [0 1T] (0] = [ Tu1i

iM - M7 1 M 1Tl iM yi— ITM—ly—>> :
1Tm—11 Tm-11

-1
M (y‘ml
So, we have reduced the problem of inverting the modified matrix to just inverting M~! where

M = XTX + ¢7%1. M is invertible because M > o*I. Note that M~ = f(XTX), where

1
A+o2

f) =

*Tn a more general setting, we would use the Sherman-Morrison inversion formula, or the analogous formula
for functions of matrices subject to rank-one perturbations.
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So, by Theorem 7.1, we can find RTf(CCT)R such that ||RJrf(CC7L)R + é[ — f(XTX)| < e07?,

where (because L = 074, [ = 679)

~LJAP|AIRe* . 1\ ~/Ki, 1
£2 log 5) - @< )

~LJAPJAIR* . 1\ ~ K. 1
— log 5)=0( )

S
—
I

r =

)
Il
S
—

I

~ 13,5
So, the runtime for estimating this is ©( K; log3 %). We further approximate using Lemma 5.7:

we findr; = RT1, ry = Ry, andy = 1Tyin O(rﬁK2 log %) time (for the first two) and O(El2 log %)
time (for the last one) such that the following bounds hold:

IR'T—r|<efmo  |RTy—rl<efmo  [ITy—y|<em (59)
Via Lemma 7.2, we observe the following additional bounds:

IM <o |RT(FCCN? <1 +e)o™t  I(F(CCTHV? < 072 (60)

Now, we compute what the subsequent errors are for replacing M~! with N := RTZR+ %I ,
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where Z := f(CCT).
1TMly  TTRTZR+ 072Dy = [1||yIIRTZR + 0721 — M7
1TM~11T TT(RTZR+072D1 = |1)2|RTZR + 6721 — M71|
1TRTZRy + 021ty £ eo2m
= = ): ? —~ Z c by SVT bound
1TRYZR1 + 672171 + e02m
TR Zr, £ [ITRTZ|IRy = r | + 072y £ 07 %ly — 1Ty| £ e0°m

1TRTZr £ [ITRTZ||RT = 1| + (1 £ €)o—2m

T'LRTZry + (Jm(1 + &)o3)(eaym) + 0%y + 2e0’m
== by Egs. (59) and (60)
1TRTZr; £ (Wm(1 + €)o~3)(eoym) + 07 2m + e0~2m

ri Zry + |RL = rl|Zr,| + 072 + O(ec?m)

r Zry + |R1 = r1Zry] + 0~2m + 6(ea~2m)

erry + ea\Jm(|ZRy| + |ZIRy =1, |) + 0%y £ O(co™*m)

=3 — — by Eq. (59)
r{ Zry £ eaJm(|ZR1| + | Z]|R1 — r|) + 07 2m + O(ec*m)

T -2 -2

rZr,+ 0y £ O(ec™"m)

= by Eqs. (59) and (60)
r Zr +07?m+ O(ea—%m)
rITZry + a_zy +

= T—(l + 0(¢e)) £ O(e). by r{ Zr; >0
r Zr +0°m

We will approximate the output vector as

e _ T _2

1TmM! > rZr,+o “y .
M1y — = ZM_ll ~ RTZry +0 %y~ 1y—(RTZrl +0721).

1TM—11 r Zr; + o ’m

To analyze this, we first note that

M~y — RTZr, + 07%y] < IM™' — RTZR — o 21|ly] + |RTZ||Ry — ry|

<eo 2 m+ (1 +e)o3eoym < eo%Im

and analogously, IM~1 = RTZr, + 67 21| < e6—2Jm. We also use that

=y =y

My MMy M 1X) -
L SR 7l (N A G T
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With these bounds, we can conclude that (continuing to use Egs. (59) and (60))

1tMm 1. rTZr +o %y .
M_l(y - _,—Zl) — (RTZry +o %y - 1y—(R'Zrl + cr_zl)>
1TM~11 rZr +0%m

e T -2
1Tpm ! L nZr,+o ‘y
<My - RTZry +o %y + %M‘ll Ly 7

(R Zr, + a—ZT))
1M1 rlTZrl +07%m

T 2
1tMm1 r Zr +0
y_ 2 1RV Zr, + 0721]

TM—
<o 2m+ - J|M T RtZr -0 21||+\
1M1 M1 TZrl-i-O' m

1tm! 1tm! .
—y>£a 2+ 61+ —Z)umz;»l + o)
1TM- 11 1TM-11

1T y 9 N
—— Vo 2ym+|RTZr, + o721
ITM—Il )( )

X - . > + e
- gH(G—zm + M) + [(RYZR + 0721 = M7)1| + R Zr, — RYZR1] ) by Eq. (61)
o

s(1+
—5(1+

~

X
< gU(a—2m+ o2+ o~ + e~ )
o

X
s Bl
o
So, by rescaling ¢ down by X , it suffices to sample from
TZr +o %y rl"LZry+cr_zyﬁ
b= Ry BTy BE T Yy

rlTZrl +07%m rlTZrl +07%m

To gain sampling and query access to the output, we consider this as a matrix-vector product,
where the matrix is (RT | y | _1)) and the vector is the corresponding coefficients in the linear

combination. Then, by Lemmas 4.5 and 4.6, we can get SQ¢(&) for

’"1' Zry + 0 %m TZr1 +07“m

T - T -
¢(r+2)( X1, Mn)fﬂr4(y2+(w)2ﬂ2)>&u2

IXxI? _ _ H ||2 IX1% IXI2 o=*m
< <||X||%—20' m+ro4 mlla)=? < ( +r) SR
o o° |af

. ) - .
0 3G4(&) = ¢ sgy(@ log 3 = OC(E + NS log 3. O

Notice that ey|y| is the right notion, since y is an upper bound on the spectral norm of

the inverse of the matrix in Eq. (58). We assume SQ(XT) instead of SQ(X) for convenience,
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though both are possible via the observation that f(XX7) = X f(XTx)xT.

8.6 Hamiltonian simulation

The problem of simulating the dynamics of quantum systems was the original motivation for
quantum computers proposed by Feynman [Fey82]. Specifically, given a Hamiltonian H, a
quantum state [i/), a time ¢ > 0, and a desired error £ > 0, we ask to prepare a quantum state

;) such that

Ilys) — e )l < e.

This problem, known as Hamiltonian simulation, sees wide application, including in quantum
physics and quantum chemistry. A rich literature has developed on quantum algorithms for
Hamiltonian simulation [Llo96; AT03; BCK15], with an optimal quantum algorithm for sim-
ulating sparse Hamiltonians given in [LC17]. In this subsection, we apply our framework to

develop classical algorithms for Hamiltonian simulation. Specifically, we ask:

Problem 8.19. Consider a Hermitian matrix H € C™", a unit vector b € C", and error parame-
ters £,8 > 0. Given SQ(H) and SQ(b), output SQ¢(Z7) with probability > 1 — § for some beCn

satisfying ||l; —éfp| <e.

We can solve this problem as a corollary of Theorem 6.1 upon choosing a polynomial

approximation to e* = cos(x) + isin(x). We use the one the quantum algorithm uses.

Lemma 8.20 (Polynomial approximation to trigonometric functions, [GSLW19, Lemma 57]).

Givent € Rand ¢ € (0,1/e), letr = O(t + %). Then, the following polynomials c(x)

(even with degree 2r) and s(x) (odd with degree 2r + 1),

o(x) = o) =2 Y, (1) () Tpi(x)

i€[1,r]

s(¥) =2 ), (1) o1 (DTpz1 (1),

i€[0,r]
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satisfy that |cos(tx) — c(x)[sup < € and [sin(tx) — s(x)|sup < e Here, Ji(x) is the i-th Bessel

function of the first kind [DLMF, (10.2.2)].

Corollary 8.21 (Dequantizing Hamiltonian simulation). Given a Hermitian Hamiltonian H €
C™" such that 0.01 < |H| < 1; a vectorb € C*; a timet > 0; and 0 < ¢ < 1, with O(nnz(A) +
nnz(b)) pre-processing. Then there exists an algorithm that outputs a vector y such that |y —

efl'p|| < e|b| with probability > 0.9. Further, the running time to compute such a description of
yis

~t"'|HI
o )

&

and from this description we can output a sample from y in @( ||1:) tim

elyl?
Proof. Let c(x) and s(x) be the polynomials from Lemma 8.20. We apply Theorem 6.1 to get

descriptions of ¢ and s such that |y, — c(H)b| < ¢|b| and |y, — s(H)b| < €|b|. Then
ety = cos(HH)b + isin(Hi)b =elp| CCHDb + is(H)b =) ye + 1ys-

This gives us a description O(e)-close to el/’f. Using Corollary 4.10, we can get a sample from

this output in the time described, by combining the two descriptions of y, and y;. [

We give two more algorithms that are fundamentally the same, but operate in different

regimes: the first works for low-rank H, and the second for arbitrary H.

Corollary 8.22. Suppose H has minimum singular value ¢ and ¢ < min(0.5,0). We can solve

16 8
Problem 8.19 in @("H”ﬂi” ) time, giving SQ¢(b) with sq¢(b) = @("H"F"H" log3 %)

This runtime is dimensionless in a certain sense. The natural error bound to require is

that |b — eHb| < ¢|H]|, since I%(e_ﬂ'H"x)! = |H]. So, if we rescale ¢ to ¢|H|, the runtime is

LI

o0 > %), which is dimensionless. The runtime of the algorithm in the following

corollary does not have this property, so its scaling with |H| is worse, despite being faster for,

say, [H| = 1.

Corollary 8.23. For e < min(0.5, |[H|*), we can solve Problem 8.19 in @N(|\H\|16!|H||16:£_6 log3 %)

time, giving SQu(b) with 3q4(b) = GUHI*|HlEe* log” 5).
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Our strategy proceeds as follows: consider a generic function f(x) and Hermitian H. We
can write f(x) as a sum of an even function a(x) := %( f(x) + f(=x)) and an odd function
b(x) = %( f(x) — f(—=x)). For the even function, we can use Theorem 7.1 to approximate it
via the function f,(x) := a(y/x); the odd function can be written as H times an even function,
which we approximate using Theorem 7.1 for f,(x) = b(J/x)/y/x. In other words, f(H) =
fa(HTH) + fb(HTH)H. Since |a’(x)|, |b’(x)| < |f’(x)|, the Lipschitz constants don’t blow up
by splitting f into even and odd parts.

Now, we specialize to Hamiltonian simulation. We first rewrite the problem, using the

function sinc(x) := sin(x)/x.
éfb = cos(H)b +i - sinc(H)Hb = foos(HTH)b + fyn.(HTH)HD,

where f.,s(1) == cos(v1) and f;,.(A) == i - sinc(vA). When applying Theorem 7.1 on f,os and

fsine> we will use the following bounds on the smoothness of f.,s and fgnc-

Floo(0)| = Smm\_ in(.7=)

o) = [Fm 22O iy (L —7)
Fine ) = ﬁcos(fxi/} P < min(5.)
e = [P 23D iy (L, 2)

We separate these bounds into the case where x > 1, which we use when we assume H has a

minimum singular value, and the case where x < 1, which we use for arbitrary H.

Proof of Corollary 8.23. Using the Lipschitz bounds above with Theorem 7.1, we can find R, €

CrCQSXn, CCOS € Crcosxccos’ Rsinc = Crsincxn’ Csinc € (lsinc*Gine gych that

[REo5 fros(CeosCaos)Reos + I — foos (HTH)| < & (62)

"Rsmcfsinc(csinc smc)Rsmc +i-I— fsmc(H H)| < — (63)

IIH ||
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where, using that our Lipschitz constants are all bounded by constants,

~ _ 1 ~ _ 1
reos = O(IHIFIHI?e ™ log 5) Ceos = O(IHIFIH]* log 5)

~ _ 1 ~ _ 1
rine = O(IHIFIHI*e 2 log ) Gsine = O(IHIFIHI® 2 log <)

Asa consequence,

b — (RZosfcos(CcosC:OS)Rcosb +b+ RT f_sinc(csinc smc)Rsmch + le) H S e

sSimc

Note that, by Lemma 7.2, |Reos| < I, | feos(CeosClos)! < 1. and |Riosy feos(CeosCias)] < 1; the
same bounds hold for the sinc analogues. We now approximate using Lemma 5.7 four times.

1. We approximate R.,sb = u to &|b| error, requiring O(|H ||%g_2 log %) samples.

2. We approximate Rg,.H = WC to ¢ error, requiring O(|H|ge 2 log %) samples.

3. We approximate Cb = v to ¢|H| 11b| error, requiring O(|H ||f§£_2 log %) samples.

4. We approximate Hb = RTw to |b| accuracy, requiring r := O(|H|4¢? log %) samples.
Our output will be

i’ = RéOSfcos(CcosC:Os)u + b + Rsmcfsmc(csmcCT )WV + IRT

simc

which is close to ¢/’b because

Hb - (RéOS]Ecos(CcostOS)Rcosb +b+ Rsmcfsmc(csmc smc)Rsmch + le) H
< "Rzosfcos(ccoscc—*-os)(u Rcosb)" + ”Rsmcfsinc(csinc smc)(RsmcH WC)b”
+ "RsmcfSinc(Csinc smc)W(Cb - V)” + "lRT le"

< |1 = Reosbll + |RsincH — WCIIb] + |HIEICb — v| + |RTw — Hb| < 4¢|pb].

Now, we have expressedl} as a linear combination of a small number of vectors, all of which
we have sampling and query access to. We can complete using Lemmas 4.5 and 4.6, where

the matrix is the concatenation (Rcos | b | R | Q- RT) and the vector is the concatenation

sinc

( ]ECOS(CCOSCCOS)M | 1] f_sinc(CsincCsmC)Wv | w). The length of this vector is r.og + 1 + Fgjne +7 <
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Tsinc- We get SQ¢(29) where

|HI |HIE, |HIE -
< smc( ”fCOS(CCOSCCOS) ”2"'"17"2 ”fsinc(csinc smc)W \|2 r ”WHZ)”b” 2

cos Tsinc

< ( S0 IHIE + 2B + rnelbl? + [HIR( + )22 + S —H i )HbH -

Cos

= O(HIZIHI? + rgine + |HIE + [HIZIHI*) = O(rginc).

In the second inequality, we use the same bounds for proving |b — €b| < ¢, repurposed to
argue that all approximations are sufficiently close to the values they are estimating, up to

relative error. So, sq¢(b) = @( rine log é) O

Proof of Corollary 8.22. Our approach is the same, though with different parameters. For The-
orem 7.1, we use that in the interval [62 /2, ), f..s has Lipschitz constants of L = O(1/c) and

L=0(1/0%) and fy,c has L = O(1/0?%) and L = O(1/c*). So, if we take

~ ” ||1: ” ”F” ” 1

_ 2 2 2 -2 -
= @(”H” lo ga) Ceos (||H|| cr € 10g5>

_ 2 —2 - _ 2 —2 —
Tsinc = @(”H” o € log 5) Csinc — @(”H” -8 £ 10g 5);

all the conditions of Theorem 7.1 are satisfied: in particular, o2 /2 > £ in both cases, up to

rescaling ¢ by a constant factor:

cos < |HIIH|E < o?
cos |H || ||H ||F
-2
&inc < [H||H ||Fm ed?|H|™! < o
F

Here, we used our initial assumption that ¢ < 0. So, the bounds Egs. (62) and (63) hold. Note
that, by Lemma 7.2, [Reosl < IH), | feos(CeosClos)l < 07 and [REos\ feos(CeosCios)| < 1 the
same bounds hold for the sinc analogues. We now approximate using Lemma 5.7 four times.
1. We approximate R.,sb = u to ea|b| error, requiring O(|H|éo2¢72 log %) samples.
2. We approximate R, .H ~ WC to ¢ error, requiring O(|H|go %2 log %) samples.

3. We approximate Cb = v to eo|H|g 11| error, requiring O(|H ||%c7_2£_2 log %) samples.
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4. We approximate Hb = RTw to e|b] accuracy, requiring r := O(|H ||]%£_2 log %) samples.
Our output will be

é = RéOSfcos(CcosCCTos)u +b+ RT‘ _sinc(csinc smc)WV + IRT

sinc

which is close to ¢/b by the argument

1b — (Rl feos (CeosClhs)Reosb + b + Rline frineConeCine)Rsinc Hb + b )|

sinc Inc-sinc
T - -
< ||RCOSfcos(CcosCIOS)(u Rcosb)" + ”Rsmcfsinc(csinc smc)(RsmcH WC)b”
+ "Rs'incfsinc(csinc smC)W(Cb - V)” + ”lRT le"

< 07 u = Reosbll + 0 [RsincH = WCIIbl + o [HIEICb — v| + |RTw — Hb]| < 4elb]

Now, we have expressed@ as a linear combination of a small number of vectors, all of which
we have sampling and query access to. We can complete using Lemmas 4.5 and 4.6, where

the matrix is the concatenation (Rcos | b | R! | i- RT), and the vector is the concatenation

sinc

( fCOS(CCOSCCOS)u | 1] f_sinc(CsincCsmc)Wv | w). The length of this vector is r.og + 1 + Fgjne +7 <

Tsinc- We get SQ¢(I;) where

|HIE + |HIE, |HIE -
2 2 T 2 2 2
¢ < rsinc( ”fcos(ccosCCOS)u” + "b" + ”fsinc(csinc Slnc)W " r ”W” )”b”

cos Fsinc

< (B H o2 1bI + rnlbl? + IR0 21pI? + S I o1

Cos

5 : - - ~  CHR
= OUHIIHI?e™ + rine + [HIFo™ + [HI*0 ™ IHIE) = Olrsine + ——);

So, sq¢(b) = O(rgne(rsine + |H |&1H[?0~%) log 1). Since ¢ < o, the 2 __ term dominates. [

s1nc

Remark 8.24. In the case where H is not low-rank, we could still run a modified version of
Corollary 8.22 to compute a modified “exp, ,(iH)” where singular values below o are smoothly
thresholded away. Following the same logic as Definition 8.11, we could redefine f.,s such
that f,s(x) = 1 for x < (1 = ), foos(x) = cos(¥/A) for x > 62, and is a linear interpolation
between the endpoints for the x in between (and f;;,. similarly). These functions have the

same Lipschitz constants as their originals, up to factors of %, and give the desired behavior
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of “smoothing away” small singular values (though we do keep the Oth and 1st order terms of

the exponential).

Remark 8.25. Our result generalizes those of Ref. [RWCRPS20], which achieves essentially
the same result only in the much easier regime where H and b are sparse. They achieve a
significant speedup due to these assumptions: note that when H is sparse, and a subsample
of rows R is taken, RRT can be computed in time independent of dimension; so, we only need
to take a subsample of rows, and not of columns. More corners can be cut from our algorithm
in this fashion. In summary, though our algorithm is significantly slower, their sparsity as-
sumptions are essential for their fast runtime, and our framework can identify where these

tradeoffs occur.

8.7 Semidefinite program solving

A recent line of inquiry in quantum computing [BS17; AGGW20; BKLLSW19; AG19] focuses
on finding quantum speedups for semidefinite programs (SDPs), a central topic in the theory of
convex optimization with applications in algorithms design, operations research, and approx-
imation algorithms. Chia, Li, Lin, and Wang [CLLW20] first noticed that quantum-inspired
algorithms could dequantize these quantum algorithms in certain regimes. We improve on
their result, giving an algorithm which is as general as the quantum algorithms, if the input is
given classically (e.g., in a data-structure in RAM). Our goal is to solve the e-feasibility prob-
lem; solving an SDP reduces by binary search to solving log(1/¢) instances of this feasibility

problem.

Problem 8.26 (SDP ¢-feasibility). Given an ¢ > 0, m real numbers by, ..., b,, € R, and Hermitian

n x n matrices SQ(A(I)), s SQ(A(’”)) such that —I < AD < [ for all i € [m], we define S, as
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the set of all X satisfying®!

tr[ADX]) < b +¢ Vie[m];
X > 0;

tr[X] = 1.

If $, = @, output “infeasible”. If &, # @, output an X € &,. (If neither condition holds, either

output is acceptable.)

Corollary 8.27. Let F > mane[m]("A(j)"F)’ and suppose32 F = Q(1). Then we can solve Prob-

lem 8.26 with success probability > 1 — 6 in cost

_ F18 F22 31
@((gTologzo(n)sq(AHEMg (n)+m log (n)q(A)+m 1og13(n)) log 3),

providing sampling and query access to a solution.

Assuming sq(A) = @(1) this runtime is O ( log (n) + m logl3(n)> For the same
feasibility problem, the previous quantum-inspired SDP solver [CLLW20] proved a complex-
ity bound O (mr>7e %2 log37(n)), assuming that the constraint matrices have rank at most r.
Since the rank constraint implies that ||A(')||F < Jr, under this assumption our algorithm has
complexity O@r11e46 logzg(n) +mrle28 10g13(n)). So, our new algorithm both solves a more
general problem and also greatly improves the runtime. The paper with the current best
runtime for SDP solving does not discuss this precise model, but if we use the runtime they

achieve in quantum state input model, making reasonable substitutions of y — % and B — F?,

\FF

the corresponding quantum runtime is © (ﬁ + , up to polylog(n) factors.
Like prior work on quantum algorithms for SDP—solving, we use the matrix multiplicative
weights (MMW) framework [AK16; Kal07] to solve Problem 8.26. Corollary 8.27 immediately

follows from running the algorithm this framework admits (Algorithm 3), where we solve

an instance of the problem described in Lemma 8.28 with precision § = ¢/4 in each of the

3For simplicity, we assume here that X is normalized to have trace 1. This can be relaxed; for an example,
see [AGGW20].

32Because of the normalization assumption that |[A®| < 1, F is effectively a dimensionless “stable rank”-type
constant, normalized by max; [A®)|.



8 DEQUANTIZING QUANTUM MACHINE LEARNING 143

O(log(n)/?) iterations.

Algorithm 3 (MMW based feasibility testing algorithm for SDPs).

16logn
e

Set X = %, and the number of iterations T :=
fort=1,..,T:

1. find a j; € [m] such that tr[A(jf)Xt] > b, + g

2. or conclude correctly that tr[AUf)Xt] <bj +eforallje[m]

3. if a j; € [m] is found then

4 Xy = expl—5 Ty AW/ trlexpl—% iy AD]]

5. else conclude that X; € &,

6. return X;

If no solution found, conclude that the SDP is infeasible and terminate the algorithm

MMW works as a zero-sum game with two players, where the first player wants to provide
an X € &, and the second player wants to find a violation for any proposed X, i.e., a j € [m]
such that trfAWX] > b; + e. At the t" round of the game, if the second player points out a

violation j; for the current solution X, the first player proposes a new solution
Xt+1 [els exp[_g(A(jl) 4+ e+ A(]t))]

Solutions of this form are also known as Gibbs states. It is known that MMW solves the

SDP e-feasibility problem in @(lngn) iterations; a proof can be found, e.g., in the work of

£

Brandao, Kalev, Li, Lin, Svore, and Wu [BKLLSW19, Theorem 3] or in Lee, Raghavendra and

Steurer [LRS15, Lemma 4.6].
Our task is to execute Line 1 and Line 2 of 3, for an implicitly defined matrix with the form

given in Line 4.

Lemma 8.28 (“Efficient” trace estimation). Consider the setting described in Corollary 8.27.

ggn) and j; € [m] for i € [t], defining H = exp[—0 Z;L:l AW], we can

lo

Given 0 € (0,1],t <
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estimate tr(A(i)H )/ tr(H) with success probability > 1 — § for all i € [m] to precision 6 in cost

31 lo g(”)

st n(4)

5([038 log" (n)sq(A)+ log (n)+m0 log (n)q(A)+m9 " log2(m)| 1

where sq(A) = max e sq(A(’)) and s(A), q(A), n(A) are defined analogously.

To estimate trf[ ADH], we first notice that we have SQ¢(9 Zle AUDY, since it is a linear
combination of matrices that we have sampling and query access to (Lemma 4.9). Then,
we can find approximations of the Gibbs state by applying eigenvalue transformation (The-
orem 7.8) according to the exponential function to get exp[—0 ZLI AWW] as an RUR decom-
position. Then the estimation of trfADH] can be performed by usual techniques (namely,
Remark 5.18).

In order to understand how precisely we need to approximate the matrix in Line 4 we
prove the following lemmas. Our first lemma will show that, to estimate tr(ADH) / tr(H) to

0 precision, it suffices to estimate both tr(A(i)H ) and tr(H) to %0 tr(H) precision.

Lemma 8.29. Suppose that 6§ € [0, 1] and a, 4, Z,Z are such that |a| < Z, |a — a| < gZ, and

1z -Z| < QZ, then
3

S-2|<0

7 Z
Proof.
2_2\= iz _ az aZ—NaZ‘ aZ_aZ<—|a—a|+—|Z Z| < 0+ 9<9 O
z Zl| \zz zz zZ zZ

Next, we will prove that the approximations we will use to tr(A(i)H ) and tr(H) suffice. We
introduce some useful properties of matrix norms. For a matrix A € C™" and p € [1, 0], we
denote by | A[, the Schatten p-norm, which is the £P-norm of the singular values (}; Gip (A)Y/?.
In particular, |Alg = |Al; and |Algp, = |Ale. We recall some useful inequalities [Bha97,
Section IV.2]. Hélder’s inequality states that for all B € C™F and r, p,q € (0, 0] such that
1,1

141 =1 e have |AB|, < |A|,|B|,. The trace-norm ine uality states that if n = m, then
P q r r pi=lq q

[tr(A)] < [ Al
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Lemma 8.30 (Perturbations of the partition function). For all Hermitian matrices H, H e Ccm™n,
tr(ef) — tr(eM)| < e — e, < (e"H_H” - 1) tr(ef).

Proof. We will use the following formula introduced by [KS48; Fey51] (see also [Bel97, Page

181]):

1
d Mm@ J yM® MO )
4 M) = dy. 64
dt’ 0 ¢ ar ¢ y (64)

Let A € C"" with |A| < 1, we define the function g4 (¢) := tr (AeHH(ﬁ_H)), and observe that

sy 4 H+t(H—H) .
gu@) = o tr(Ae ) by definiton
= tr(A%eH +(H-H )> by linearity of trace
1 i .
= tr(A J eV HH(H-E](fy H)e(l—y)[HH(H—H)]dy) by Eq. (64)
0
-1 N . 8
= tr(Aey (H+(H-ID](F7 — F1)e(1-yH+(H-H)] )dy by linearity of trace
JO
-1 N N .
< | |aeHEHE-DI(F _ f)-VH+HH-ID]| gy, by trace-norm inequality
Jo

-1 8 . .
< | |AeHHH-E)]| (H = H)ey IH+H(H-H)])| 1 dy by Holder’s inequality
0 —

J y 1-y
-1 8 3 .
< | |A|eXHHE=DI | f — |0 IHHE-ED]| | gy by Holder’s inequality
JO y 1-y
1 5 .
<|H - H| j [V HHH=ED]) | | A=pIH+HH-ED]) |, gy, since [A] < 1
0 y 1-y
=|H — HieTHH-1D| (65)

Now we consider z(t) := g7(t) = tr (eHH(ﬁ_H)). From Eq. (65) we have z’(t) < |H— H|z(®).
Using Gronwall’s differential inequality, we can conclude that z(¢) < z(O)et"ﬁ_H | for every
t €[0,00).

Finally, we use the fact that there exists a matrix A of operator norm at most 1 such that

HeH s ||1 = tlr(A(eH — ef)) (take, e.g., sgn(eﬁ — ef)). We finish the proof by observing that

%Note that in case A = I, by the cyclicity of trace, this equation implies that % tr(ef®) = tr(eH(’)%H ®).
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eH eHul = tr(AeI:I) —tr(Aef) = g4(1) — g4(0) = Jol gu()dt and

for such an A,

1 (65)
J ga®dt < J
0

0

1 1 . .
|E — H|z(t)dt < z(0) J | — H|eH-Hlgs = tr(eH )(e"H ~H| _ 1). 0
0

The bound in the above lemma is tight, as shown by the example H := H + ¢I. Before
proving the following lemma, we observe that for any Hermitian matrix H € C" with |H| <

%, we have by Hélder’s inequality that
treM =n+tr(e =) =n+ Z(eli -1)>n+ Z A =n+tr(H) >n—/n|H[g > n/2. (66)
i i

Lemma 8.31. Consider a Hermitian matrix H € C"”" such that [H[% < %- Let H have an ap-

proximate eigendecomposition in the following sense: for r < n, suppose we have a diagonal

matrix D € R and U € C™" that satisfy [UUT —I| < § and |H —UTDU| < ¢ for e < % and

£ £

o < min(ggrrsy 3

). Then we have
I(tr(eP) + n — r) — tr(e™)] < 2(e — 1)e tr(ef), (67)
and, moreover, for all A € C™" we have

ltr(AT T (eP — DO) + tr(A) — tr(Ae)| < e] A| tr(e!).

Proof. First, recall that, by Lemma 3.5, there is unitary U such that |U —U]| < §. Consequently,

also using facts from Lemma 3.5, along with bounds on 6,

220 |5t DO| <o+ 46(IHI +6) <26 (68)

|IH-UTDU| < |H-UTDU|+$6
(1-9)

By Lemma 8.30 we have

[eUTPU — €], < (e — 1) tr(e) < 2(e — Detr(e?),

and since ¢V PV = UT(eP — DU + I, by the linearity of trace, the trace-norm inequality, and
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Holder’s inequality,

ltr(AU T (e — DU) + tr(A) — tr(Ae!D)|

= [r(A@E P — €M) < Al PV — €], < 2(e — D] Aletr(e™). (69)
In particular, setting A = I, we get the first desired bound
(tr(€P) + n = r) — tr(e)| = [trU T (P — DU + 1) — tr(e™)| < 2(e — e tr(e!).

Note that the two identity matrices in the equation above refer to identities of two different
sizes. Now, if we show that tr(AU T (eP — I)U) — tr(AUT(eP — DU) is sufficiently small, then

the second desired bound follows by Eq. (69) and triangle inequality.

|tr(AUT(eP — DU) — tr(AT T (P — DD

= |tr(UAUT = TAT (P - D)

< HUAUJr - [NIA[~]7LH leP — 1| by trace-norm and Holder’s inequality
< (26 + 8H))AlleP - 11, by Lemma 3.5
< 2¢|AllleP - I, by assumption that § < ¢/2
< 2¢| Al (tr(eP) + 1) by triangle inequality
< e Al tr(e™). by Egs. (66) and (67)

O

Now we are ready to devise our upper bound on the trace estimation subroutine.

Proof of Lemma 8.28. By Lemma 8.29, it suffices to find estimates of tr(ef) and tr(Ae™) for all
A= AD to gtr(eH ) additive precision. Recall from the statement that H := —0 2;1 AU,

By triangle inequality, [H|g < glog(n). Because H is a linear combination of matrices, by

2
Lemma 4.9, after paying 1"52”) n(A) cost, we can obtain SQu(H ) for ¢ < F;ic'fg"(zn) with q(H) =
F
1
gy(H) < 252 (A) and s4(H) = s(A).

If g log(n) > /n/18, then we simply compute the sum H by querying all matrix elements
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of every AU in the sum, costing O(tn? q(A)). Then we compute efl and its trace tr(e) all in
time O(n®) [PC99]. Finally, we compute all the traces tr(e! A(m)) in time O(mn?). The overall
complexity is O(n*(t gq(A) + n+m)) = O ( e q(A) log (n) + m log (n)).

If Elog(n) < n/18 we do the following. Note that if [H| < 1, then tr(ef)) > n/e
and tr(ADe) < |AD|gle|p < Feyn, so tr(ADef!)/ tr(ef) < €*F/Jn < 6, and outputting
0 as estimates is acceptable. We use Theorem 7.8 (with f(x) = x, so that L = 1, and
choosing ¢ := 6(0)) to find a diagonal matrix D € R™® with s = @~(¢2||H ||16: /e%log(1/8)) =
O(Foo—° logé(n)g_6 log(1/9)) = O(Foo—12 logé(n) log(1/8)) together with an approximate isom-
etry U = N(SH) € C>" such that |[H — UTDU| < 6(¢). If every diagonal element is less than

3/4, then we conclude that |H| < 1, and return 0. Otherwise we have |H| > 1/2 and thus by

Theorem 7.8 we have [UUT — I| < &3|H| 3 <

< H||+ + ¢ with probability at least 1 — = 3 As per

Theorem 7.8, the cost of this is log (1/6) times at most

B |HIf p14 |HIY pr2
654 sa() + )= O( 5 g log™ (m) sqy(E) + —5 Wlog“(n))
~/|H ||FF 15 |H ” 12
= 0( 5 gig log" () sq(A) + —- 97 og'X(n))
_ 1F18
=655 G log' (n)sq(A)+ 2 922 ~ log? “(n))

=@~(9 log (n)sq(A)+ log “(n)).

By Lemma 8.31 we have>* that tr(e?) + (n—s) is a multiplicative g—approximation of tr(ef)
as desired, and for all A = AD_ tr((eP—1)T AT )+tr(A) is an additive (g tr(e!))-approximation

of tr(Ae!!). We can ignore the tr(A) in our approximation: by Eq. (66) we have
tr(A) < |AlplIlp < Fyn < 6n/18 < 0 tx(e™) /9,

so | tr((e? = DUATT) — tr(Ae™)| < 2—99 tr(e)). So, it suffices to compute an additive (g tr(ef))-
approximation of tr((eP? —1I YOAUT) = tr(AUT(eP —1)U) to obtain the (g tr(ef!))-approximation
of tr(Ae) we seek.

We use Remark 5.18 to estimate tr(AUT(eP — I)U) to additive precision (g tr(ef)). Note

*In case applying Theorem 7.8 would result in s > n, we instead directly diagonalize H ensuring s < n.
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that by Lemma 8.31 and Eq. (66) we have

[T (eP - DUl < [0121e” — Ilp < 20eP — Ilp < 2]eP — II; < tr(e™),

and since s = O(F°9~12 logé(n) log(1/6)) and q(H) < 1052”) q(A), we also have

q(UT (P - D0) = q((SH)TNT(eP - DN(SH))
= O(s- q(H) + 5%

= O(F°0~"* log’ (n) log(1/8) q(A) + F120~2* log'*(n) log’(1/6)).

Therefore, Remark 5.18 tells us that given SQ(A), a (g tr(e!))-approximation of tr(AU T (eP —

IU) can be computed with success probability at least 1 — % in time

A 2
@(%( sq(A) +s-q(H) + 32) log %).
Since we do this for all i € [m], the overall complexity of obtaining the desired estimates

tr(ADeH) with success probability at least 1 — g is m times

~/ F8 14
@(;7 log” (n) log(1/8) log(m/8) q(A) + 57 log'(n) log*(m/5) log(m/5) ). O

8.8 Discriminant analysis

Discriminant analysis is used for dimensionality reduction and classification over large data
sets. Cong and Duan introduced a quantum algorithm to perform both with Fisher’s linear dis-
criminant analysis [CD16], a generalization of principal component analysis to data separated
into classes.

The problem is as follows: given classified data, we wish to project our data onto a sub-
space that best explains between-class variance, while minimizing within-class variance. Sup-
pose there are M input data points {x; € RY : 1 < i < M} each belonging to one of k classes.

Let y, denote the centroid (mean) of class ¢ € [k], and x denote the centroid of all data points.
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Following the notation of [CD16], let

k k
Sp = Z(,uc — %) — X)T and Sy = Z Z(.uc —x)(pte — x)T-
c=1

c=1 x€c

denote the between-class and within-class scatter matrices of the dataset respectively. The
original goal is to solve the generalized eigenvalue problem Sgv; = A;Syv; and output the top
eigenvalues and eigenvectors; for dimensionality reduction using linear discriminant analysis,
we would project onto these top eigenvectors. If Sy would be full-rank, this problem would be
equivalent to finding the eigenvalues of S;,'Sg. However, this does not happen in general, and
therefore various relaxations are considered in the literature [BHK97; Wel09]. For example,

Welling [Wel09] considers the eigenvalue problem of
1 1
SESWSE. (70)

Cong and Duan further relax the problem, as they ignore small eigenvalues of Sy, and Sg, and
only compute approximate eigenvalues of Eq. (70) (after truncating eigenvalues), leading to
inexact eigenvectors. We construct a classical analogue of their quantum algorithm.>> Cong
and Duan also describe a quantum algorithm for discriminant analysis classification; this al-
gorithm does a matrix inversion procedure very similar to those described in Section 8.4 and
Section 8.5, so for brevity we will skip dequantizing this algorithm.

To formally analyze this algorithm, we could, as in Section 8.3, assume the existence of
an eigenvalue gap, so the eigenvectors are well-conditioned. However, let us instead use a
different convention: if we can find diagonal D and an approximate isometry U such that

1 1

S]%S‘,_VngU =~ UD, then we say we have found approximate eigenvalues and eigenvectors of

S;Sp.

%5 Analyzing whether or not the particular relaxation used in this and other quantum machine learning papers
provides a meaningful output is unfortunately beyond the scope of our paper.
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Problem 8.32 (Linear discriminant analysis). Consider the functions

( (

0 x<c?/2 0 x<c?/2
Sqrt(x)=<2x/0_0 02/2 < x < o? inv(x):<2x/g4_1/02 0?/2 < x <o’

Vx x > o? 1/x x > o*

Given SQ(B,W) € C™", with Sy := wtw and Sp = BTB, find an a-approximate isometry
U € C"? and diagonal D € CP*? such that we have SQ4(U(-,1)) for all i, [Dj; — 4| < ¢|B|? /o?

for A; the eigenvalues of sqrt(Sg) inv(Sy,) sqrt(Sg), and
| sqrt(Sg) inv(Sy) sqrt(Sp)U — UD| < ] sqrt(Sp)|*| inv(Sy )|l < €] BJ* /0.

The choice of error bound is natural, since | B|?/c? is essentially | sqrt(Sg)|?| inv(Sy)|: we

aim for additive error. The quantum algorithm achieves a runtime of 0 ( "B"F + |W”F)
polylog(m, n) factors [CD16, Theorem 2]3°

4 10
Corollary 8.33. Fore < o/|B|, we can solve Problem 8.32 in 6(( "BHGF"ﬁ" + "W"}:"‘g" )log ) time,

with Sgy(U (- 1)) = G2 10g? 1),

We prove this by using Theorem 7.1 to approximate sqrt(W W) and inv(B B) by RUR de-
compositions RITVUWRW and R;UBRB. Then, we use Lemma 5.7 to approximate RWRE by small
submatrices RWR T This yields an approximate RUR decomposition of the matrix whose
eigenvalues and vectors we want to find, RJVURW forU = UWRWR’TUBRBR'Jr

Finding eigenvectors from an RUR decomposition follows from an observation: for a
matrix Cy formed by sampling columns from Ry, (using SQ(W)), and [Cyy | the rank-k ap-
proximation to Gy, (which can be computed because Gy, has size independent of dimension),
(([C‘,V]k)JrR‘,V)Jr has singular values either close to zero or close to one (Lemma 5.22). This

roughly formalizes the intuition of Gy, preserving the left singular vectors and singular val-

ues of Ry,. We can rewrite R:VURW = RIJ,(‘,(C,;F )TC,j UGGy Ry, which holds by choosing k

This is the runtime of Step 2 of Algorithm 1. The normalization factor of max(|B|g, |S|g) is implicit there,
Keff corresponds to %!F’HSHF), and the error bound the algorithm achieves is the one we describe here, since the
authors must implicitly rescale the inverse and square root function by a cumulative factor of |B|?/c? to apply

their Theorem 1.
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sufficiently large and choosing C to be the same sketch used for U. Then, we can compute the
eigendecomposition of the center C,j UC, = VDV, which gives us an approximate eigende-
composition for R:VURW: (C,zr RW)TV is an approximate isometry, so we choose its columns
to be our eigenvectors, and our eigenvalues are the diagonal entries of D. We show that this

has the approximation properties analogous to the quantum algorithm.

Proof. By Theorem 7.1, we can find Rg, Cg, Ry, Gy such that

| sqrt(B* B) — R}sqrt(CCi)Rs] < el Bl

linv(W W) — R inv(G Gl )R < /02

with
~/IBIE 1 ~/IBI*IBIZ 1
FB—@(@IOg5> CB—@( g20'6 IOgS)
~IWEWIE 4 ~ W IWlE 1
w =0 o) o = O( =g loes)

Let Zg := @(CBCE ) and Zy; := E(CWCJ‘,). These approximations suffice for us:

| sqrt(S) inv(Sy) sqrt(Sp) — RhZgRsR\, Zy Ry Ry Z5 Ry
< | sqrt(Sg) — RyZgRpllinv(Sy) sqrt(Sp)|
+ |REZ5 Ryl inv(Sy) — Ry Zy Ry [l sqrt(Sp)|

+ |R}ZsRER Y Zyr Ryl sqrt(Sp) — RZ5Rsl.

each of which is bounded by ¢|B|?/o?. Next, we approximate ||RBR3LV - RE;R{,; g < ea3/2 IB,
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since then
12504 ReRy, U 55y — 5301 R;BR;JUWEVEVM
< 15303 IRsRY, — RyR 10y S
<o 2||RBRW RLR;,) o2
< EW,
and so

IR} Z5RERY, Zyy Ry Ry Zs R — Ry ZgRyRS Zuy Ry Ry ZgRs| < el BI? /o2,

Now, we can compute Z := ZBRJ’BRQ,LZWRWRBTZB and, using that Zg = ZB[CB] [CB] v
<

rewrite
RiZR: = RE((CalE )T ICRIE ZICal e [Cr]: R
sZRp = Rg([Cp]% ) '[Cpl s Z[Cp] = [C]% Rp.
V2 V2 V2 V2

By Lemma 5.22, ([Cg|% IRB)Jr is an £0 /| B|-approximate projective isometry>’ onto the image
of [C B]% (where we use that ¢ < o/|B|). To turn this approximate projective isometry into an
isometr}zf, we compute the eigendecomposition [C B]%Z [CB]% = VXV, where we truncate so
that V is full rank. Consequently, U := Rg([C B]T%)TV is full rank—the image of V is contained
in the image of [Cg]% —and thus is an eo /| B|-approximate isometry. So, our eigenvectors are

V2
U and our eigenvalues are D := X. This satisfies the desired bounds because

| sqrt(Sp) inv(Sy/) sqrt(Sp)U — U D

< | sqrt(Sg) inv(Sy ) sqrt(Sg)U —UDUTU| + |[UDUTU — UD|

2 2
B
<P ” By + oty - 1 s 22

The eigenvalues are correct because, by the approximate isometry condition, |[U — U| < eﬁ

3"We get more than we need here: an e-approximate projective isometry would suffice for the subsequent
arguments.
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for U an isometry, and so we can use Lemma 3.5 to conclude

| sqrt(Sp) inv(Sw) sqrt(Sp) — UDU T

< | sqrt(Sg) inv(Sy) sqrt(Sg) —UDUT| + [UDUT — UDUT|

BJ? BJ?
<2 ! ¢ |p] < /B !
o IB o

UDUT is an eigendecomposition. Furthermore, this is an approximation of a Hermitian PSD

matrices, where singular value error bounds align with eigenvalue error bounds. So, Weyl’s
2

inequality (Lemma 5.16) implies the desired bound |D;; — 4;| < E% for A; the true eigenvalues.

We have SQ4(U(:,1)) by Lemmas 4.5 and 4.6, since U(:, 1) = R};([CB]E YV (., i). The runtime
)

is Qd,(U(-, i)) = rgplog %, where

Y21 IRgG, -)IIZI[([CB]J?%)TV(', DG IBI2
— 2 2 + 3\t N2 o U
= . < IBIEIACEI ) VDI < —-
e oC1 FICal?, 2
This gives the stated runtime. [
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