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Many natural systems can be categorized as complex systems, with relatively simple 

components interacting to generate collective behaviors not easily predicted from the individual 

components themselves, like the flocking of birds or the formation of oceanic currents. Living 

systems, in particular, are enriched with complexity. In studying complex systems, abstract 

mathematical models are often used to identify general principles underlying how the interactions 

between individuals gives rise to observed collective behaviors. This type of approach allows for 

a focused investigation into the effects of specific lower-level properties (e.g., interaction distance) 

on higher-level behaviors (e.g., collective motion) in a controlled setting. In this work, I utilize 

Boolean network (BN) models to investigate cells, the fundamental units of life, as both systems 

of intracellular components and the agents that interact within cellular populations. Specifically, I 



 

 

 

simulate cell-like agents composed of networks with binary-valued nodes. Agents can interact with 

their environment or with each other via external signals in the form of inputs to designated 

receptor nodes. With this model, I examine two overarching questions: (1) how internal variables 

influence the flexibility of cells to process external signals to generate different responses; and (2) 

how cell-cell communication impacts individual and population behavior in cellular populations. 

Using a BN reservoir computer model of cellular signal processing, I find that flexibility in signal 

processing is guaranteed if enough cellular resources (e.g., number of nodes) are available; 

however, fewer resources could attain flexibility, but with lower probability. I also find that the 

difficulty of accurately responding to signals is heavily dependent on how sensitive the response 

needs to be to signal variability. Using a 3D lattice-structured population of interdependent BNs 

as a model of cellular populations, I find that communication alone can induce cells to exhibit 

completely different sets of behaviors as compared with non-communicating cells. Furthermore, 

by tuning the distance over which cells can interact (interaction distance) and the amount of signal 

that activates a receptor (activation threshold), cellular populations exhibit distinct social 

behaviors, characterized by different cell type distributions and population diversity. Significantly, 

the maximum effects of cell-cell communication are observed when the interaction distance only 

includes one or two neighboring cells. Overall, in this work I have identified how key cellular 

properties relate to biologically relevant phenotypes, namely signal processing and self-

organization.   
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Chapter 1. INTRODUCTION  

1.1 INTRODUCTION TO COMPLEX SYSTEMS RESEARCH 

The world is full of highly involved, multidimensional phenomena, such as the movement of 

oceanic currents, the operations of electronic circuits, and the evolution of species. It is tempting 

to assume that the processes that lead to these phenomena are similarly intricate. However, humble 

origins can lead to grand outcomes. Interactions between simple units can give rise to complicated 

population behavior. For example, the simple eat/get eaten relationship between predator and prey 

can result in regular cycles in population dynamics 1,2. Collectively, systems that exhibit such 

behavior are referred to as complex systems. Though there is no formal definition of complex 

systems, they can be loosely defined as systems of relatively simple agents that interact, giving 

rise to collective properties (or emergent behaviors) that are not readily predictable from the 

behavior of a single agent 3. Given the minimal conditions for qualification, it is perhaps 

unsurprising that complex systems and their emergent behaviors are commonplace. From the 

synchronization of atomic spins in ferromagnets 4 to the generation of language in humans 4,5, 

complex systems encompass big and small entities, both living and nonliving. They are often 

nested, building upon each other - a system at one level of organization acting as a single agent in 

the system at the next level of organization. Remarkably, disparate systems display similar 

behavior despite a wealth of differences between them. One famous example of this is the 

appearance of Turing patterns in chemical reaction dynamics and developing embryos 6,7. It is 

therefore thought that there are general underlying principles that govern the behavior of complex 

systems, such as the interaction between activating and inhibitory processes in the case of Turing 

patterns. 
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Because complex systems are so pervasive, there is strong research interest in 

understanding how the interactions between agents relate to emergent behaviors and what general 

principles might be behind those relationships. Much of the foundational work in complex systems 

research was led by physical scientists like Henri Poincaré (chaos theory), Alan Turing (pattern 

formation, computing), John von Neumann (computing), Murray Gell-Mann (quantum 

mechanics), Benoit Mandelbrot (fractals), Norbert Wiener (cybernetics), John Nash (game theory), 

and John Holland (genetic algorithms). Over time, however, complex systems research has 

expanded into the life sciences- e.g. biology, sociology, and ecology - as advances in computing 

power have made analysis of high dimensional, heterogeneous systems more tractable. 

In order to study complex systems, researchers across both the physical and life sciences 

use tools borrowed from many disciplines. Some of the more heavily used tools come from the 

fields of dynamical systems theory, network theory, the theory of computation, and information 

theory 8–11. The bias towards tools from these fields is likely in part due to the history of complex 

systems research in the physical sciences and more mathematically oriented disciplines like 

economics and evolutionary biology 12. Regardless of the historical context, the generality of the 

concepts in these disciplines aligns well with the complex systems framework. It is possible to 

conceptualize most, if not all, systems as networks; to view interactions as the flow of information; 

and to consider dynamic processes as computation. Therefore, these tools help to bridge research 

across different domains and understand specific domains in a unified context. 

1.2 CELLS AS COMPLEX SYSTEMS 

The focus of this thesis is understanding cellular behavior using a complex systems framework. 

As the fundamental unit of life, cells are the simplest biological system, capable of exhibiting the 
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same basic behaviors as higher organisms. They obtain nutrients, respond to stimuli, and 

reproduce. A single cell can be an entire organism or a single piece of a larger organism. As such, 

insights from the study of cells are applicable across other levels of biology. Furthermore, because 

they are the fundamental unit of life, the inner workings of cells and how cells interact with each 

other underpins many fundamental questions in biology, such as how life evolved, how life 

transitioned from single to multicellular organisms, and how diseases manifest.  

The majority of research investigating how cells function is reductionist in nature. This 

approach is very valuable and highly successful in learning how parts of cells work and how 

specific parts are related (directly or indirectly) to cellular or organismal behavior. However, living 

things are essentially hierarchies of nested complex systems 13. Atoms interact to form molecules 

which have distinctive dynamics, such as the catalysis of a reaction by an enzyme. 

Macromolecules like proteins, fats, and nucleic acids form the building blocks of cells, interacting 

to create a cohesive living unit from nonliving parts. When cells interact they can become cellular 

aggregates or multicellular organisms that are capable of behaviors like division of labor or 

collective decision making. Organisms comprise populations that interact to form ecosystems or 

societies. At each level, new structures, properties, and behaviors appear that did not exist at the 

previous level. Thus, trying to understand the behavior of a higher level, e.g. cancer progression, 

by simply understanding the collection of behaviors exhibited at a lower level, e.g. genotype, is 

inherently an incomplete strategy 14. For example, to follow the Turing pattern scenario, knowing 

that the protein wingless is involved in cell-cell communication during the differentiation of cells 

within a Drosophila embryo does not reveal the mechanism by which a striping pattern of cell 

types occurs or even that it should occur.   
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1.3 SYSTEM-BASED METHODS FOR UNDERSTANDING CELLS 

Recognizing the limitation in the reductionist method, there is great interest in studying cells as 

whole systems 14,15. One of the most common systems approaches in biology is the statistical 

analysis of large experimental data sets. In this approach, large data sets are gathered from 

behaviorally different populations or different experimental conditions and analyzed for trends 

between the intracellular components and relevant phenotypes. For example, the relationship 

between gene expression and the stage of cancer progression can be considered with this approach. 

Note that it is still possible to take a reductionist approach with this methodology if intracellular 

components are treated independently. The systems approach, in contrast, investigates the 

behavior of several system components collectively, maintaining the relationships between them. 

The advantage of analyzing large experimental data sets in such a way is that the context of the 

entire system is considered when making connections between lower level properties and higher-

level properties. However, because the scope under which data is collected is limited, extrapolation 

and interpolation to other system states is only possible with impractically large data sets 16. In 

general, this approach relies on correlative analysis of data, primarily considering component 

interactions as a source of a priori knowledge. Because the role of component interactions in 

generating higher level properties is not considered, this type of research is not considered complex 

systems research, although it is undoubtedly a systems approach. 

In order to explore the role of component interactions, an increasingly more prevalent 

approach is mechanistic modeling, which accounts for the specific interactions between system 

components at some level of abstraction through mathematical formalization 17–20. Using formal 

analysis techniques or computer simulation, the relationship between the interactions of the 

components and their collective behavior is explored in a fully controlled setting. A key ideological 
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difference between statistical analysis and mechanistic modeling is that the former takes a given 

collective phenotype and identifies data trends in components that predict the phenotype while the 

latter takes given interactions between components and identifies the resultant collective 

phenotype. This does not mean that mechanistic modeling is devoid of data from real systems. 

Rather, there is a spectrum of mechanistic modeling approaches with varying degrees of data 

incorporation. On one end of the spectrum are heavily data-driven models that explore specific 

biological systems and on the other end are abstract mechanistic models that focus on a general 

concept without system-specific details.  

As the name implies, data-driven mechanistic models are utilized for understanding 

mechanisms, interactions, and dynamic relationships in particular systems. In molecular and 

cellular biology, these types of models have been applied to the study of many cellular behaviors, 

including the cell cycle 21–23, immune system regulation 24,25, and quorum sensing in bacteria 26,27. 

The advantage to this approach is that it can be used to generate predictions that enhance our 

understanding of that system’s dynamics in a way that is applicable to and actionable in real 

systems. However, because the data used in generating these models is context- and system-

specific, the models do not generalize well. For example, the findings from a model of the 

evolution of resistance in lung cancer are not likely to apply to breast cancer 28,29. Additionally, 

increasing the dimensionality of the model makes both computationally or analytically exploring 

the model and interpreting the relationships between component interactions and phenotypes more 

difficult. Thus, while these models can make predictions about how a particular system may 

behave in a given circumstance, they often do not offer a greater understanding of complex systems 

as a whole.   
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On the other end of the mechanistic modeling spectrum, are abstract mechanistic models. 

In these models, many details are simplified or altogether ignored with the goal of preserving the 

core aspects of the system relevant to the question being posed. For example, modeling tumors as 

simplified populations of phenotypically-defined cells with differential fitness can provide insight 

into the effects of heterogeneity on the evolution of chemotherapeutic resistance 30. This modeling 

approach allows for the exploration of general concepts that are applicable to a range of real 

systems at the cost of having limited predictive capacity for specific systems. Examples of other 

research in this area of modeling include the study of pattern formation 7,31, evolvability of 

populations 32–34, and collective computation 35,36. Because many details are abstracted, the models 

remain tractable and relationships between lower-level properties with higher-level properties are 

more easily discernible. Moreover, at the current stage of complex systems research, there is still 

much to learn from “simple” models. Even starting with limited assumptions and basic agents, we 

are still unable to predict population behavior. From another point of view, these models can be 

utilized to learn what interactions or behaviors are sufficient to generate certain collective 

behavior. For these reasons, the work in this thesis is performed using abstract mechanistic models.  

1.4 BOOLEAN NETWORKS AS BIOLOGICAL MODELS 

In this thesis, the dynamics of cells are described using the mathematical formalism of Boolean 

networks (BNs). Boolean networks are dynamic networks of binary-valued nodes interconnected 

by a set of Boolean update functions, each node with its own associated update function (Figure 

1.1A). The network state changes over time through the application of the update functions, which 

take the value of a subset of other nodes at previous time steps as inputs (Figure 1.1B). Though 

simple, BNs are capable of rich dynamics, making them an attractive model for complex systems. 
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For the sake of clarity, I leave a detailed mathematical definition of Boolean networks and their 

dynamics to be included in the methods section of each research chapter.  

Here, I will give a brief background of the use of BNs as biological models. Boolean 

networks were originally formulated in 1969 by Stuart Kauffman as models of gene regulatory 

networks 37. Kauffman explored how simple randomly constructed networks could exhibit key 

properties of cellular dynamics, such as differentiation and homeostasis. He also used a similar 

model, the N-K model, to explore adaptive evolution over fitness landscapes 38,39. Since 1969, 

Boolean networks have continued to be used as models of intracellular networks 40,41, including 

models of the yeast transcriptional networks 42,43, fly developmental modules 44, and mammalian 

stem cell differentiation 45,46. In addition to gene regulatory networks, BNs have also been used as 

models of other types of systems, such as social 47-49, economic 50,51, robotic 52-54, and ecological 

systems 55,56. Alongside BN models of specific systems, abstract BN models have been used to 

study general characteristics of intracellular and other complex networks, such as the system-level 

effects of certain classes of regulatory functions; the evolution and evolvability of networks; the 

size, structure, and scaling of dynamical steady states or cycles; the spread of perturbations; and 

the capacity for information storage 57-75. 

One property in particular that is a recurring theme in Boolean network research, especially 

when applied to living systems, is that of criticality 76,77. This property is not limited to BNs but 

applies to dynamical systems in general and is rooted in how perturbations spread within a system. 

On one end of the spectrum, there are ordered dynamics, in which perturbations to the network die 

out over time. On the other end there are chaotic dynamics, in which perturbations are amplified 

and spread throughout the network. Exactly at the transition between ordered and chaotic dynamics 

lies criticality 78. Networks can be tuned to operate in these dynamical regimes via changes in key 
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parameters. For example, in the famous Ising model of ferromagnets, increasing the temperature 

of a ferromagnetic material will move the system from exhibiting ordered dynamics in which all 

atoms have the same up or down magnetic spin into chaos in which the atoms have random spins. 

Though they are not defining features of critical systems, criticality is associated with bifurcations 

in the dynamics of systems, maximized mutual information, and scale-free behavior involving 

power-law distributions 79. In the case of the Ising model, this manifests as a switch between 

homogeneity and heterogeneity of spins (dynamic bifurcation), non-random spatial distribution of 

spins (maximized mutual information), and a distance-based power-law relationship between the 

spins of two atoms (scale-free behavior). Because of the unique properties of critical systems, it is 

thought that criticality is a common property of complex systems and a central property of living 

systems 80,81. Therefore, many studies have focused on how criticality can arise in Boolean 

networks and what effects it has on network dynamics 82-86. 
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Figure 1.1. Diagram of cells as Boolean networks. (A) A cell (blue circle) is described by a 

network of variables (𝑥1, 𝑥2, 𝑥3 and 𝑥4) that can take a value of either 1 (white) or 0 (black). 

The network is defined by a set of Boolean update functions (right panel), one for each 

variable, which take a subset of the variables as inputs. The functional dependence between 

network variables can be visualized as the wiring of edges between nodes (left panel). (B) By 

applying the update functions to the variables, the state of the network can be iterated 

through time. Boolean operations are denoted as such: AND, ∧; OR, ∨; NOT, ¬.    

1.5 THE USE OF SIGNALS IN CELLS 

In the following work, I use abstract Boolean network models to explore cells as both a system of 

interacting intracellular components as well as a single component in a greater system, i.e. cellular 

aggregates or multicellular organisms. I unify these two approaches by studying cells in the context 

of a greater environment, namely through the use of external signals. Whether the environment is 

abiotic or biotic, external signals are important for cells to tune in to their environment, using 

information from those signals to alter their behavior accordingly. In this way, cells are complex 

systems with many intracellular components interacting to modulate the response of the cell. 
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However, external signals can also serve as the interaction between cells as the units of a larger 

complex system - i.e. the cellular population - which will exhibit its own dynamics. Furthermore, 

in this work, I investigate the use of external signals by cells from two angles: (1) as a means of 

modulating behavior via internal machinery (Figure 1.2) and (2) as a form of interaction between 

complex cells within a population (Figure 1.3). 

 

 

Figure 1.2. Diagram of BN cell responding to an external input. A cell (blue circle) senses 

the state of an external signal (S) via an input to a dedicated node (𝑥𝐼) in the cellular network. 

The signal is processed by the cellular BN and the state of the network determines the 

response output by the cell. The Boolean update functions (right panel) and network wiring 

(left panel) reflect the cellular Boolean network’s functional dependence on the external 

signal. Boolean operations are denoted as such: AND, ∧; OR, ∨; NOT, ¬; XOR, ⊕. 
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Figure 1.3. Diagram of two communicating BN cells. Each cell has its own corresponding 

Boolean network (𝑥1, 𝑥2, 𝑥3, 𝑥4 and 𝑥1
′ , 𝑥2

′ , 𝑥3
′ , 𝑥4

′ ). Communication between cells occurs via a 

common secreted signaling molecule node (S) which is secreted and sensed via wiring to 

dedicated cellular nodes (𝑥𝑆, 𝑥𝑆
′  and 𝑥𝑅, 𝑥𝑅

′ , respectively). The Boolean update functions 

(right panel) and network wiring (left panel) reflect the cellular Boolean networks’ functional 

dependence on each other through communication. Boolean operations are denoted as such: 

AND, ∧; OR, ∨; NOT, ¬; XOR, ⊕. 

1.5.1 Information Processing of External Signals in Cells  

The second chapter in this thesis is concerned with information processing in cells. As cells 

navigate the world, they are bombarded with signals that contain information about their 

surroundings. Based on these signals, cells must formulate a response. A straightforward example 

of this is the chemotaxis of E. coli toward sources of food. A bacterium senses the concentration 

of chemoattractant in its environment and uses the changes in that concentration to adjust its type 

of movement. By doing so, the E. coli bacterium moves in a directed random walk toward food. 
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Through the lens of complex systems, this can be considered an information processing task, in 

which the many components of a cell are interacting to perform the emergent behavior of 

processing an external signal to generate a behavioral change. Thus, utilizing the information 

contained in external signals is an important means by which cells modulate their behavior to 

adjust and adapt to environmental conditions, whether unicellular or multicellular.  

Information processing, or the closely related concept of computation, by biological 

systems is not a new idea 9,87. There has been research studying the capacity for information 

processing in real systems as well as research searching for principles and properties relevant to 

that capacity 88. Advances in these areas are interconnected with our understanding of information 

processing; new tools and concepts in information theory and computer science can be applied to 

living systems. Over the last two decades, a new information processing framework has emerged 

that can be applied to (and inspired by) biology. That is the framework of reservoir computing 89,90 

- a computational framework in which a signal is input into a reservoir (random nonlinear 

dynamical system) that processes the signal. The state of the reservoir is input into a function - 

typically simple, such as a linear one - to produce an output value. The output value is estimating 

some specified function of, or response to, the input. The key concepts here are that reservoirs are 

random nonlinear dynamical systems with fading memory that perform online signal processing 

tasks. This has a clear connection to intracellular networks, which can be modeled as semi-random 

nonlinear dynamical systems with fading memory that take in signals and “generate” output 

behaviors in continuous time. In fact, many other non-electronic physical systems have been 

shown to be capable of acting as reservoir computers, including systems of neurons 91. Thus, in 

order to investigate the relationship between the intracellular components of a cell and its ability 

to process external signals, I studied an abstract cellular system as a reservoir computer 92. This 
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builds on previous work in two areas: first, in the field of cellular information processing by 

considering temporal information processing with the reservoir computer framework; second, in 

the field of reservoir computers by considering biological reservoir computing in an abstract cell 

as well as computer-based reservoir computing with a Boolean network framework. 

1.5.2 Cells Interacting through Signals 

The third chapter of this thesis is concerned with the use of signals as a form of interaction between 

cells within a population. Signaling between cells is distinct from other forms of cell-cell 

interactions in that it is directed but not inherently linked to a specific cellular process. To clarify, 

signaling between cells is distinct from indirect interactions through the environment, such as 

competition for resources or modification of the environment. It is also distinct from direct 

interactions that either do not affect intracellular dynamics (e.g. mechanical forces) or affect 

intracellular pathways via vital cellular processes (e.g. metabolite exchange, antibiotic 

production). Rather, a signal sent by one cell is directly received by other cells and processed 

through pathways that have evolved in the context of the social environment. Not being tied to 

vital cellular processes, the signals can be adapted for other functional effects through evolution 

without major disruption to basic cellular operations. However, as with most other aspects of 

biology, the distinction can be fuzzy with overlap between these categories, such as intracellular 

signal transduction due to mechanical interactions or the adaptation of antibiotics to influence 

virulence factors.  

There has been a significant amount of work in the complex systems field studying general 

properties of intracellular dynamics. However, the majority of this work has studied cells as 

isolated systems in terms of exchanging information with their environment 93-99. Thus, not much 

is known about how time varying external input will change these dynamics. Similarly, a sizeable 
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amount of literature focuses on how signals between simple binary-valued cells (i.e., cellular 

automata) can affect population dynamics 31,100-103. Therefore, I focus on bridging the gap between 

these two approaches with the aim of understanding the effect of signaling on the complex 

dynamics of cells as well as the effect of dynamically complex cells on cellular population 

dynamics, namely using information-theoretic metrics. This work builds on a handful of similar 

network-of-networks studies in Boolean networks, including the study of tissue patterning in 

sheets of cells 104, and behavioral diversity in tissues 105. 
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Chapter 2. FLEXIBILITY OF BOOLEAN NETWORK RESERVOIR 

COMPUTERS IN APPROXIMATING ARBITRARY RECURSIVE 

AND NON-RECURSIVE BINARY FILTERS 

This chapter is adapted from Echlin et al. 92, previously published by Entropy, a publication of 

MDPI. 

2.1 INTRODUCTION 

Many biological systems are regarded as non-linear dynamical systems operating in high-

dimensional space. Proteins, genes, and macromolecules interact in a variety of ways to create the 

dynamics of cells 89. Collections of cells interact and coordinate activity, forming cohesive units 

such as bacterial colonies, simple multicellular organisms, or tissues in more complex multicellular 

organisms. At each level of organization, ‘input’ signals (e.g., odors or hormones) are introduced 

into the system, processed by means of the system’s dynamics, and responded to accordingly, 

sometimes generating new ‘output’ signals as a byproduct 106. Fundamentally, biological systems 

must process external signals in real time to inform a wide variety of response decisions. For 

example, the fruit fly olfactory system projects an input to a high dimensional space before 

classifying an odor 107. 

In this vein, reservoir computing (RC) is a form of signal processing used for classification 

and online learning that uses such high-dimensional systems to process signals. Initially called 

echo state networks 89 or liquid state machines 90, the computational structure resembles an 

unorganized recurrent neural network. These networks were inspired by the most classical example 

of signal processing in biological systems — the brain. While initial research in neural networks 

was focused on modeling and understanding neural computation 108 applications and directions for 
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research quickly expanded in scope. For reservoir computers, this includes systems for predicting 

time series from chaotic systems 109,110 as well as multiple real-world applications such as gas 

detection 111, robotics 112-114, and economic trends 115. Applications in processing human data are 

also found with human emotion 116 and gesture recognition 117, speech and text processing 118,119, 

and health care monitoring 120. 

In biology, reservoir computers have been used to analyze biological data for identifying 

anomalous states such as cardiac arrhythmia 121, seizures 122,123, and microsleeps 124 as well as for 

high-dimensional classification such as cell type detection 125. In these applications, RCs are used 

to interpret or classify biological data. RCs have also been used as models of biological systems, 

serving to explore the mechanisms and dynamics of said systems. For example, the questions of 

how the brain functions 126-128 and how gene regulatory networks respond to external stimuli 129,130 

have been studied in an RC context. 

In reservoir computing, an incoming signal is fed into the reservoir, which is a randomly 

connected recurrent network where nodes are connected via a variety of coupling functions. Thus, 

the reservoir transforms the signal into a high-dimensional representation. Finally, an output layer 

is trained, often with straightforward techniques such as regularized regression 131, in order to 

perform a classification or regression task (Figure 2.1).  
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Figure 2.1. Reservoir computer layout. The RC is composed of a binary input node, a 

Boolean network reservoir, and a binary output node. 

 

RCs can also be trained to act as signal processors, filtering the input to produce a new 

output through approximating a function that is normally applied to a window sliding over the 

signal. The type of function can be extended to recursive functions, where some elements of the 

input window are replaced by values from previously generated outputs. These types of filters have 

a long history of use which includes filtering biological signals 132-134. 

While reservoirs are most typically built using unorganized recurrent neural networks, it 

has been shown that any non-linear dynamical system that exhibits a fading memory property can 

theoretically be used to compute a time-invariant function on a signal 135. In fact, DNA, carbon 

nanotubes, memristor networks, and even buckets of water have been shown to work as reservoirs 

136-138. One type of dynamical system that has only recently been explored as a reservoir is Boolean 

networks 139. Boolean networks (BNs) are well-suited to reservoir computing since they are one 

of the simplest modeling approaches that (1) can capture the heterogeneity, both in wiring and 

coupling functions, that characterizes self-assembled systems; and (2) can exhibit the non-trivial 

dynamical behavior that is required for computation 140. Additionally, the fading memory property 

can easily be achieved in Boolean networks by adjusting two key parameters: the average in-degree 
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of the Boolean functions, 𝐾̄, and the bias, p, which is the probability that a function produces an 

output of one for any given set of inputs 82,141. Implementation of Boolean networks, both in 

software and in hardware, is also considerably easier and faster than more traditional        

approaches 142. 

Similar to neural networks, Boolean networks were first used as models of biological 

systems, namely gene regulatory networks 139,143,144. While often researched to understand cellular 

behavior in terms of protein/gene interaction networks in isolation 145-147, BNs have also been used 

to understand how external signals impact biological systems 105,148,149. These systems rely on their 

ability to process external signals (relevant to survival or population function) and make decisions 

based on them in real time, thereby performing a similar computation to a reservoir 107. Just as the 

Boolean network framework has provided insight into how biological systems function, studying 

BN reservoir computers (BN RCs) may further our understanding of biological signal-response.  

Previous work on BNs as reservoirs is still limited. Snyder et al. 140,150 evaluated BN RCs with 

different numbers of nodes (𝑁) and average node input degrees (𝐾̄). Using a measure of reservoir 

quality, it was found that, compared to networks with homogeneous in-degree, networks with 

heterogeneous in-degree better separated inputs by class: the so-called separability property 90. 

Also, it was found that computational ability - when the difference in separability and fading 

memory is greatest - was maximized when the average in-degree was 𝐾̄ = 2 (out of 𝐾̄=1,2,3) 150, 

and that higher 𝐾̄ led to worse performance. This value for 𝐾̄ is notable, as Boolean networks with 

𝐾̄ = 2 are known to be dynamically critical (Lyapunov exponent = 0). Critical dynamics, which lie 

at the border between order and chaos, have been shown to be important in computation and 

information processing, biological and otherwise 80,85,151-153. 
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While previous work 140,150 has laid the foundation showing that it is possible to use 

Boolean networks as reservoirs, the main focus has been on testing a small number of well-known 

functions, such as the median and parity functions, as benchmark measures. We are extending the 

body of research in three ways: (1) by performing a wider examination of how well these systems 

perform across different functions, including recursively defined operators; (2) by analyzing how 

flexible a single reservoir is for repurposing (i.e., retraining only the output layer and keeping the 

same network reservoir); and (3) characterizing the functions that are easier or harder for the 

reservoir to implement in terms of the function’s average sensitivity, which is a measure of its 

smoothness. We also evaluate reservoirs under different dynamical regimes: ordered, critical, 

chaotic.  

2.2 METHODS 

2.2.1 Reservoir Computer 

A reservoir computer consists of three components: the input layer, the reservoir network, and the 

output layer (Figure 2.1). The input represents a temporally changing signal, u, that perturbs the 

reservoir, which performs computations on the signal in real time. The output node is the readout 

of the reservoir’s computation, estimating the value, 𝑦, of a given function, 𝑔(𝑢), operating on the 

signal. The value of the output node, 𝑦̂, is given by a linear combination of the states of the 

reservoir nodes that are continuously being driven, either directly or indirectly (via other nodes), 

by the input signal. The weights of the linear regression are trained to be specific to a given 

objective function, which captures the error between the reservoir output and the function to be 

approximated. 
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2.2.2 Reservoir 

In our implementation, the reservoir is constructed as a random Boolean network (RBN) 139. RBNs 

are networks with 𝑁 binary-valued nodes with states 

 𝑋𝑡 = {𝑥1
𝑡, 𝑥2

𝑡, . . . , 𝑥𝑁
𝑡  }         𝑥𝑡

𝑖 ∈ {0,1}, 𝑖 = 1, . . . , 𝑁, 𝑡 >  0 (2.1) 

The state of the network at any time, 𝑋𝑡, is a function of the state at the previous time, 𝑋𝑡−1, given 

by: 

 𝑋𝑡 = 𝐹(𝑋𝑡−1) (2.2) 

where: 

 𝐹 =  { 𝑓1, 𝑓2, . . . , 𝑓𝑁}  (2.3) 

is the set of Boolean updating functions corresponding to each node. The node in-degree does not 

need to be constant, such that each function 𝑓𝑖 has an independent number of arguments, 𝑘𝑖, so 

that:  

 𝑥𝑖
𝑡  =  𝑓𝑖(𝑥𝑗1

𝑡−1, 𝑥𝑗2
𝑡−1, . . . , 𝑥𝑗𝑘𝑖

𝑡−1) (2.4) 

The identity of each of the 𝑘𝑖 arguments is chosen randomly from the 𝑁 nodes, without 

replacement. The in-degree of the whole network, 𝐾̄, is characterized by the average in-degree 

across its nodes. The other primary descriptor of the network is the bias, 𝑝, which is the probability 

that a function outputs a one. Together, 𝑝 and 𝐾̄ can be varied to adjust the dynamics of the 

network, ranging from ordered, in which perturbations die out, to chaotic, in which perturbations 

are amplified 82,141. For this paper, we will fix 𝑝= 0.5 and tune the dynamics of the networks by 

varying 𝐾̄. Generally, we tune the dynamics using 𝐾̄< 2 for ordered, 𝐾̄= 2 for near critical, 𝐾̄> 2 

for chaotic. To construct a network with a specific 𝐾̄, we take 𝐾̄ × 𝑁 edges uniformly distributed 

amongst all pairs of nodes. 
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2.2.3 Input 

In order for the RBN to act as a reservoir computer, it must be driven by an external signal, 

represented by a temporal sequence of binary values, 𝑢𝑡. Some percentage (expressed as a fraction) 

of reservoir nodes, 𝐿, are directly connected to the input signal. If a node, 𝑖, is connected to the 

input signal, then the input becomes an additional argument to its function, i.e.: 

 𝑥𝑖
𝑡  =  𝑓𝑖(𝑥𝑗1

𝑡−1, 𝑥𝑗2
𝑡−1, . . . , 𝑥𝑗𝑘𝑖

𝑡−1, 𝑢𝑡−1)  (2.5) 

The 𝐿 × 𝑁 nodes that have the input as an additional argument are chosen uniformly from the 𝑁 

nodes of the reservoir without replacement.  

2.2.4 Output  

At each time step, the reservoir produces a binary output value, 𝑦̂  𝑡,   defined as:   

 𝑦̂  𝑡  = 𝛩(∑ 𝑤𝑗 𝑥𝑗
 𝑡𝑁

𝑗=1 + 𝑏 ),  (2.6) 

where 𝛩 is the function that maps values greater than 0.5 to 1, everything else to 0; 𝑤𝑗 is a weight 

for each node of the reservoir and 𝑏 is a constant. The parameters 𝑤𝑗 and 𝑏 are trained to 

approximate the output, 𝑦𝑡, of a given Boolean function, 𝑔(𝑢), operating on a moving window 

over 𝑢𝑡, under some error criterion. Here, we use every node in the reservoir in the linear regression 

so that an optimal combination may be found. Pre-specifying which nodes are used in calculating 

the output would limit the success of the reservoir, since the structure and rules of the reservoir are 

fixed. In practice, when 𝑁= 100 and 𝐿= 0.5, ~25% of the nodes have non-zero weights, which are 

distributed equally across the nodes that are directly and indirectly perturbed by the signal. 
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2.2.5 Objective Functions 

In this work, the computational performance of the reservoir computer is assessed by 

approximating Boolean functions of three and five arguments evaluated over a temporally 

changing input signal. Moreover, we considered two types of functions: 

• Non-recursive functions, defined as 𝑦𝑡 = 𝑔(𝑢𝑡− 𝜏 , 𝑢𝑡 − 𝜏−1, . . . , 𝑢𝑡−𝜏−(𝑀−1))  (2.7) 

• Recursive functions, defined as  𝑦𝑡 = 𝑔(𝑢𝑡−𝜏 , 𝑢𝑡−𝜏−1, . . . , 𝑢𝑡−𝜏−(𝑀−2), 𝑦𝑡−1)  (2.8) 

where 𝑀 is the length of the sliding window on the input signal for which a function is 

approximated, and 𝜏 is a delay between when the signal perturbs the reservoir and when the 

corresponding output is computed. In this work we explore 𝑀= 3,5 for non-recursive functions, 

and 𝑀= 3 for recursive functions. Here, 𝜏 is kept fixed to 𝜏 = 1. We have tested all 256 three-bit 

recursive and non-recursive functions, and 1000 randomly sampled five-bit functions. 

2.2.6 Training and Testing Algorithm 

To train a BN RC for approximating a single function, we use random binary sequences as input 

streams, 𝑢𝑡, and compare the reservoir’s output value, 𝑦̂  𝑡, to the function output, 𝑦𝑡 , evaluated 

over the input stream. Specifically, we use a set of 150 random binary sequences of length 10 +

𝑀 − 1 (e.g., 12 for 3-bit functions) to generate a set of 𝑃 = 1500 different (𝑦̂, 𝑦) pairs. It should 

be noted that for each 10 + 𝑀 − 1 binary sequence, the reservoir is randomly initialized and no 

transient period occurs before outputs are used for training. With the 𝑃(𝑦̂, 𝑦) pairs, a regression 

model is fit in order to generate the coefficient weights on the output layer. We used Scikit-learn 

to perform lasso regression 154 with an 𝛼 = 0.1 for fitting.  
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To test a BN RC for approximating a single function, 𝑔𝑗, we again use a set of 150 random 

binary sequences to generate 𝑃(𝑦̂, 𝑦) pairs. We then measure the accuracy of the BN RC for that 

function, defined as: 

 𝑎𝑖𝑗 =  1 − 𝜌 / 𝑃  ,  (2.9) 

where 𝑗 indexes the Boolean function, 𝑖 is a particular instantiation of an RC, and 𝜌 is the summed 

error  ∑ |𝑦̂  𝑙 − 𝑦𝑙|𝑃
𝑙=1 , which is scaled by 𝑃. Thus, it can be seen that the accuracy 𝑎𝑖𝑗 is between 

0-1. This process of training and testing is repeated for a set of different functions for each BN 

RC, thereby creating multiple estimation accuracies 𝑎𝑖𝑗. 

2.2.7 Overall Strategy 

The goals of this work center around exploring how the approximation accuracy of RBN RCs 

varies across many different functions, providing a sense of 'flexibility'. To do that, one reservoir 

is constructed and applied to estimating the output of a set of Boolean functions, such as all three-

bit functions. This is done for a total of 100 RC instances for each combination of different values 

of 𝑁, 𝐿, and 𝐾̄ to test the effect of reservoir size, degree of network perturbation by the signal, and 

dynamical regime, respectively. We use 𝑁= 10, 20, …, 50, 100, 200, ..., 500; 𝐿= 0.1, 0.2, ... ,1; 

and 𝐾̄= 1,2,3. For example, with the three-bit functions, we trained three (values of 𝐾̄) × 10 (values 

of 𝑁) × 10 (values of 𝐿) × 100 (RCs instances) × 256 (three-bit functions) = 7,680,000 RBN RCs. 

Each RC is trained and tested for approximating a set of functions, including median and 

parity, reporting an accuracy for each function. We chose three sets of functions for testing the 

RCs. First, there are the three-bit functions, for which we test all possible 223
=  256 functions. 

Second, there are five-bit functions, for which there are 225
=  4,294,967,296 functions, which is 

a much larger function space than for three bits. Working with the complete function set is 
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impractical, so we made a random sample over the function space, choosing to test 1000 functions. 

Some additional hand-selected key functions, such as median and parity, were also used.  

The last set of functions was recursive three-bit Boolean functions. This set of functions is defined 

as taking a set of arguments that includes the last produced output, 𝑦𝑡 = 𝑔(𝑢𝑡−𝜏 , 𝑢𝑡−𝜏−1, 𝑦𝑡−1) . 

This is a more difficult task, because the BN RC must approximate the function with a hidden 

variable,  𝑦𝑡−1. Software for constructing and running BN RCs can be found at 

https://github.com/IlyaLab/BooleanNetworkReservoirComputers. 

2.3 RESULTS 

2.3.1 Benchmark Functions: Median and Parity 

We start our analysis with the approximation of the two functions tested in previous BN RC 

works140,150: the temporal median and parity functions. The median function calculates whether 

there are more 1s than 0s in the window and is defined as: 

 𝑑𝑡 = 𝜒[∑ 𝑢(𝑡 − 𝜏 − 𝑖)𝑀−1
𝑖=0 > 𝑀/2]  (2.10) 

where 𝜒[𝐴] is an indicator function that gives a one if 𝐴 is true and zero if 𝐴 is false. The parity 

function calculates whether there is an odd number of ones in a bit string. It is defined as:  

 𝑝𝑡 =⊕𝑖=0
𝑀−1 𝑢(𝑡 − 𝜏 − 𝑖)  (2.11)  

where ⊕ is addition modulo 2. These two functions are frequently used as benchmarks for 

reservoir performance. For each function 𝑔𝑗, we trained 100 BN RCs for each set of the parameters 

𝐾̄, 𝑁, and 𝐿, measuring the mean accuracy with respect to the 100 BN RCs:  

 𝑎̄𝑗 =
1

100
∑ 𝑎𝑖𝑗

100
𝑖=1  (2.12)  



25 

 

 

2.3.2 Median 

On average, the three-bit median function is approximated with high accuracy (Figure S2.1). All 

BN RCs perform better than random, with the lowest mean accuracy of ~0.7 for 𝑁= 10 and 𝐿=0.1. 

Increasing 𝑁 and 𝐿 increases accuracy logarithmically up to ~0.98 for 𝑁= 500 and 𝐿= 1 (Figure 

2.2A). However, reservoirs of size 𝑁 > 200 already have near-perfect performance (>0.9), and 

increasing 𝐿 has a minimal effect on these reservoirs. The general trend in the accuracy in relation 

to 𝑁 and 𝐿 remains the same for the five-bit median (Figure S2.2). However, the overall accuracy 

is lower relative to the three-bit median (Figure 2.3A).   

The average in-degree, 𝐾̄, of the reservoirs also affects the reservoir performance. For the 

three-bit case, the performance is clearly reduced for 𝐾̄ = 3, with those reservoirs having the lowest 

accuracy. 𝐾̄ = 1 and 2 have similarly high levels of accuracy (Figure 2.2A). However, increasing 

the size of the function window from three to five creates a more obvious separation between these 

𝐾̄ values (Figure 2.3A). Interestingly, for most values of 𝑁 and 𝐿, the accuracy for the reservoirs 

where 𝐾̄ = 2 perform the best; however for higher values of 𝑁 and 𝐿, the accuracy for the reservoirs 

where 𝐾̄= 1 are the highest. Overall, these results qualitatively agree with previous work by Snyder 

et al. 140,150.  

Unexpectedly, when the reservoir is tasked with approximating a three-bit recursive 

median, the performance is nearly as high as for the non-recursive three-bit median, and higher 

than for the five-bit (non-recursive) median (Figure 2.4A). Two notable differences for the 

recursive median are that (1) increasing 𝐿 does not grant as sharp of an increase in accuracy, and 

(2) the performance of 𝐾̄ = 3 is more reduced as compared to lower 𝐾̄ (Figure S2.3).  
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Figure 2.2. Mean accuracy, 𝑎̄𝑗, vs. 𝐿  for the three-bit median (A) and parity (B) functions for 

different 𝐾̄-valued reservoirs with 𝑁 = 500.  

 

 

Figure 2.3. Mean accuracy, 𝑎̄𝑗, vs. 𝐿 for the five-bit median (A) and parity (B) functions for 

different 𝐾̄-valued reservoirs with 𝑁 = 500.  
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Figure 2.4. Mean accuracy, 𝑎̄𝑗, vs. 𝐿 for the recursive three-bit median (A) and parity (B) 

functions for different 𝐾̄-valued reservoirs with 𝑁 = 500. 

2.3.3 Parity 

The accuracy curves for approximating the three-bit parity function have a strikingly different 

appearance than those for the median (Figure 2.2B). Accuracy is highly dependent on the value of 

𝐿, with no reservoir performing better than random (~0.5) for 𝐿 = 0.1. Very small reservoirs 

(𝑁<40) are incapable of high accuracy (Figure S2.1). As reservoirs become larger, the maximum 

accuracy increases. When the reservoirs are used to approximate the five-bit parity function, the 

performance drops significantly (Figure 2.3B). No reservoir is capable of performing better than 

random at 𝐿 < 0.5, and an accuracy > 0.8 is only achievable with larger networks (𝑁 > 300) and 𝐿 

near 1 (Figure S2.2). These observations are consistent with previous work 140,150. 

There is not much separation between approximation accuracy curves by values of 𝐾̄ for 

the three-bit parity, though 𝐾̄ = 3 shows slightly lower performance on the task (Figure 2.2B). For 

the five-bit parity, reservoirs with different 𝐾̄ values show a clear difference in accuracy (Figure 

2.3B), with 𝐾̄ = 2 reservoirs being best. As with approximating the median function, accuracy of 

𝐾̄ = 1 reservoirs improves rapidly with 𝐿, changing from the lowest to the highest accuracy. The 

relative relationship between the accuracies of different 𝐾̄-valued reservoirs that we observed is 
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consistent with the above-mentioned previous work, but there are some discrepancies in the actual 

accuracies observed. We found a much better performance of 𝐾̄ = 1 and 3 for the three-bit parity, 

and 𝐾̄ = 1 and 2 for the five-bit parity. These differences are likely due to possible differences in 

how the average in-degree of the reservoir is computed. In this work, the 𝐿 × 𝑁 edges connecting 

the input to the reservoir are not included in calculating 𝐾̄, whereas they are included in the work 

by Snyder et al.  

The recursive three-bit parity appears to be extremely difficult to approximate. All 

reservoirs have an accuracy ~0.5, regardless of 𝑁 and 𝐿, although there is an upward trend in 

accuracy associated with 𝐿. Interestingly, there is no improvement with increasing 𝑁 values, and 

it is unclear whether reservoirs with more than 500 nodes would perform any better. Given the 

nature of the recursive parity function, it seems that a reservoir would need to “remember” the 

very first bit of the input signal, which may be too difficult for any reservoir to accomplish.  

2.3.4 Estimating a Range of Functions 

To assess the flexibility of reservoir topologies, all of the possible three-bit functions were tested. 

For each 𝑁, 𝐿 pair, we measured the mean accuracy with respect to all of the functions and all of 

the reservoirs - e.g., 𝑎̄ =
1

100

1

256
∑ ∑ 𝑎𝑖𝑗

256
𝑗=1

100
𝑖=1  for three-bit functions. Similar to what we observed 

with median and parity functions, 𝐾̄ = 3 reservoirs showed lower performance on the task (Figure 

2.5).  

The observations made in the three-bit space were clarified in the five-bit function space. A sample 

of five-bit functions showed similar trends as seen in the three-bit function set, but with greater 

separation between dynamical regimes (Figure 2.6). However, the ability to approximate functions 

is noticeably lower compared to three-bit functions. At 𝑁 = 100 and 𝐿 = 0.5, all prediction 
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accuracies are less than 0.75, regardless of 𝐾̄. Compared to the performance in the three-bit 

function space where accuracy was above 0.95 using similar parameters, in the five-bit function 

space, it is not until the parameters are maximized that an accuracy of 0.95 is achieved.  

 

 

Figure 2.5. Mean accuracy, 𝑎̄, vs. 𝐿 for all three-bit functions for different 𝐾̄-valued 

reservoirs. Different sizes of reservoirs are shown: 𝑁 = 10 (A); 𝑁 = 50 (B); 𝑁 = 100 (C); and 

𝑁 = 500 (D).  
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Figure 2.6. Mean accuracy, 𝑎̄, vs. 𝐿 for five-bit functions for different 𝐾̄-valued reservoirs. 

Different sizes of reservoirs are shown: 𝑁 = 10 (A); 𝑁 = 50 (B); 𝑁 = 100 (C); and 𝑁 = 500 

(D).  

 

Looking at the effect of 𝐾̄ in the five-bit function space, accuracy is increased with 𝑁 and 

𝐿 for all 𝐾̄, but 𝐾̄ = 2 is most often the most accurate. The accuracy for 𝐾̄ = 1 is higher than 𝐾̄ = 2 

after certain values of 𝐿. The value of 𝐿 at which 𝐾̄ = 1 reservoirs outperform 𝐾̄ = 2 decreases as 

𝑁 increases. This effect is also partially seen in the three-bit functions (Figure 2.5) and three-bit 

recursive functions (Figure 2.7), although the relationship is less clear, except when looking at 

specific functions, such as the median and parity (Figure 2.3). 
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Figure 2.7. Mean accuracy, 𝑎̄, vs. 𝐿 for all recursive three-bit functions for different 𝐾̄-valued 

reservoirs. Different sizes of reservoirs are shown: 𝑁 = 10 (A); 𝑁 = 50 (B); 𝑁 = 100 (C); and 

𝑁 = 500 (D).  

 

In terms of recursive functions, the accuracy is lower than both non-recursive three-bit and 

five-bit functions. For 𝑁 = 500, 𝐿 = 1, and 𝐾̄ = 2 or less, the accuracy is above 90%. It does not 

appear that accuracy above ~95% is possible with the current system. This is likely due to certain 

functions that are essentially impossible to approximate. This is discussed below, where the 

temporal order of the arguments to Boolean functions is shown to have an effect. 

2.3.5 Reservoir Flexibility 

One goal of this work was to assess the flexibility of reservoirs. A highly flexible reservoir can 

approximate a high number of functions without any changes to the network topology or size. To 

assess reservoir flexibility, we compute a flexibility metric 𝛷𝑖 for each reservoir 𝑖, defined as: 

 𝛷𝑖 = 𝑚𝑒𝑑𝑖𝑎𝑛 (𝑎𝑖𝑗  − 0.5) / (𝑚𝑎𝑑 (𝑎𝑖𝑗) + 1) (2.13) 
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where the median and mad (median absolute deviation from the median) are taken over all 

functions 𝑔𝑗. Values of 𝛷𝑖 are within [0, 0.5] and cannot exceed 𝑚𝑒𝑑𝑖𝑎𝑛(𝑎𝑖𝑗  − 0.5). A reservoir 

with a low 𝛷𝑖 value cannot approximate many (or any) functions well. As the number of functions 

a reservoir can approximate increases, so does 𝛷𝑖. 

For each combination of 𝑁 and 𝐿, we have a distribution of 𝛷𝑖 values, one for each of 100 

BN RCs. These can be visualized as density curves (Figure 2.8). With increasing values of 𝑁 and 

𝐿, the distributions become increasingly right skewed and sharply peaked; meanwhile, low 𝑁, 𝐿 

values are characterized mostly by reservoirs with low 𝛷 values, and high 𝑁, 𝐿 values are 

characterized mostly by reservoirs with high 𝛷 values. However, for many intermediary values of 

𝑁 and 𝐿, there is a rather flat distribution of 𝛷 values, indicating that there is heterogeneity of 

flexibility in performance for reservoirs with these parameters (i.e., some are highly flexible, while 

some are not). The gradation of distribution shape with increasing 𝑁 and 𝐿 depends on the value 

of 𝐾̄ (Figure S2.4A,B), although the overall trend remains. With higher values of 𝐾̄, the 

distribution only shifts toward higher accuracies with  higher values of 𝐿, 𝑁. 

The flexibility of reservoirs approximating five-bit functions is markedly reduced 

compared to three-bit functions (Figure S2.5A,C,E). For all but the highest values of 𝑁 and 𝐿, 

most of the reservoirs have only moderate flexibility (𝛷 = 0.25). Unlike for three-bit functions, the 

shape of the distributions remains the same across 𝑁 and 𝐿. Consistent with the effect of 𝐾̄ on 

mean accuracy, the 𝛷 distributions for 𝐾̄ = 1 and 𝐾̄ = 3 are shifted to lower values as compared to 

𝐾̄ = 2.  

Surprisingly, the distributions of 𝛷 values for reservoirs approximating recursive three-bit 

functions behave differently than those of non-recursive three-bit functions. This was unexpected, 

since the mean accuracy curves (Figure 2.7) for the recursive functions resemble those for the non-
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recursive functions (Figure 2.5). While 𝛷 increases with 𝑁 and 𝐿 as it does for non-recursive three-

bit functions, the change in the distributions does not follow the same pattern (Figure S2.5B,D,F). 

For low 𝑁, 𝐿 values, the distribution of 𝛷 values is wide, and becomes increasingly narrow and 

peaked with increasing 𝑁 and 𝐿 values, as compared to the narrow peaky edges and flat wide 

middle of the non-recursive three-bit 𝛷 distributions.  

 

 

Figure 2.8. Histogram of 𝛷𝑖 across all 100 reservoirs for each 𝑁, 𝐿 with 𝐾̄ = 2 for three-bit 

functions. Each subplot represents the density for all the reservoirs with one 𝑁 and 𝐿, with 

the x-axis being 𝛷, and the y-axis being number of reservoirs [0,256]. 

 

2.3.6 Determinants of Difficulty 

To better understand why reservoirs do not perform uniformly well for all Boolean functions of a 

given size, we investigated possible factors related to the functions to be approximated that could 
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contribute to lower estimation accuracy. One possible way to compare Boolean functions with the 

same number of input variables is via the average sensitivity 83,155 of the function, 𝑠̄𝑔. As the name 

suggests, this metric evaluates how sensitive the output of a function is to any change in the inputs. 

The average sensitivity of a function 𝑔 is given by: 

 𝑠̄𝑔 = 𝐸[𝑠𝑔([𝑢1, 𝑢2, . . . , 𝑢𝑀])]  (2.14) 

where 

 𝑠𝑔([𝑢1, 𝑢2, . . . , 𝑢𝑀])  =  ∑ 𝜒[𝑔([𝑢1, 𝑢2, . . . , 𝑢𝑀] ⊕ 𝑒𝑖)  ≠ 𝑔([𝑢1, 𝑢2, . . . , 𝑢𝑀])]𝑀
𝑖=1  (2.15) 

and 𝑒𝑖 is the unit vector with a one in the 𝑖th position and zeroes elsewhere, and 𝜒[𝐴] is an indicator 

function that gives a one if 𝐴 is true and zero if 𝐴 is false. The expectation is typically taken with 

respect to a uniform distribution over the 𝑀-dimensional hypercube.  

A function that is insensitive has a low average sensitivity. For example, the constant 

function, 𝑔([𝑢1, 𝑢2 , 𝑢3])  =  1 , is not dependent on any of its inputs, and thus, 𝑠̄𝑔 = 0. On the 

other hand, the three-bit parity, 𝑔([𝑢1, 𝑢2 , 𝑢3])  = 𝑢1 ⊕ 𝑢2 ⊕ 𝑢3, has a high average sensitivity, 

as it will take a different value if any of its input variables are toggled, making 𝑠̄𝑔 = 𝑀 = 3, the 

maximum possible value. The sensitivity can be interpreted as the smoothness of a function. We 

hypothesized that a function with high sensitivity would be more difficult to estimate, because it 

requires more information about the inputs, and is harder to generalize. 

To investigate whether there is a relationship between average sensitivity and accuracy, we 

computed the average accuracy over all reservoirs, approximating all the functions with a given 

average sensitivity, 𝑎̄𝑠 (Figure 2.9 and Figure 2.10). Here, we only discuss results for 𝐾̄ = 2, since 

the results for 𝐾̄ = 1,3 are comparable (Figure S2.6). For three-bit and five-bit functions, there is 

a clear inverse linear relationship between 𝑠̄𝑔 and accuracy. As the average accuracy increases with 
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𝑁 and 𝐿, the slope of the line becomes less steep, but the relationship remains. Additionally, the 

approximation of functions with greater 𝑠̄𝑔 does not improve as much with larger reservoirs. For 

low 𝑁values, the relationship between sensitivity and accuracy for recursive functions closely 

matches that for the non-recursive functions. However, as 𝑁 increases, reservoir performance for 

recursive functions with high sensitivity remains relatively unimproved. 

 

 

Figure 2.9. Mean accuracy, 𝑎̄𝑠, vs. function average sensitivity, 𝑠̄𝑔. Three-bit functions 

shown in blue, and recursive three-bit functions shown in red with 𝐿 = 10 (stars), 50(circles), 

100(diamonds). Four different values for 𝑁 are shown: (A) 𝑁 = 10; (B) 𝑁 = 50; (C) 𝑁 = 10; 

and (D) 𝑁 = 500. Only reservoirs with 𝐾̄ = 2 are shown. See section 2.6.Supplemental 

Figures for 𝐾̄ = 1 and 𝐾̄ = 3 (Figure S2.6).  

 

 While the relationship between the average sensitivity and accuracy appears to be mostly 

linear, there are clear points of deviation from linearity, most notably at 𝑠̄𝑔 = 1, 2, 3, 4. Functions 

with the same average sensitivities can have different degrees of dependence on each variable. The 
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effect of each variable, 𝑢𝑖, on the output can be measured by the activity, 𝛼𝑔
𝑖 , of that variable in 

function 𝑔 83,156. The activity of a variable is the probability (hence, 𝛼𝑔
𝑖  is between zero and one) 

that toggling the variable’s value changes the output of the function. If a uniform distribution of 

input states is assumed, the sum of the activities is equal to the average sensitivity.  

We examined the distribution of activities for three-bit functions and found that the points 

of deviation (Figure 2.9) correspond to groups of functions with the same sensitivity, but different 

possible activities, e.g., 𝑠̄𝑔 = 1, 𝐴𝑔  =  [0, 0.5, 0.5] or 𝐴𝑔  =  [1, 0, 0], where 𝐴𝑔  = [𝛼𝑔
1, 𝛼𝑔

2, 𝛼𝑔
3] 

(Figure 2.11A). For such functions, reservoir accuracy generally decreases when variables that are 

observed farthest in the past have higher activities. Notably, when 𝛼𝑔
2 and/or 𝛼𝑔

3 = 1 (𝑠̄𝑔 = 1,2), the 

function accuracy is significantly lower than for other functions with the same 𝑠̄𝑔. As a result, there 

are large dips in the mean accuracy at integer values of 𝑠̄𝑔 (Figure 2.9). Thus, the performance of 

the reservoir is not only dependent on the sensitivity of the function, but also the temporal 

distribution of activities (Figure 2.11B). For five-bit functions, the relationship between accuracy 

and activities is not as well defined, though still identifiable (data not shown).  
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Figure 2.10. Mean accuracy, 𝑎̄𝑠, vs. function average sensitivity, 𝑠̄𝑔 for five-bit functions. 

𝐿=0.1 (stars), 0.5 (circles), and 1 (diamonds) are given in each plot. Four different values for 

𝑁 are shown: (A) 𝑁 = 10; (B) 𝑁 = 50; (C) 𝑁 = 100; and (D) 𝑁 = 500. Only reservoirs with 

𝐾̄= 2 are shown.  
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Figure 2.11. Example of mean function accuracy vs. average sensitivity with activities of 

each variable displayed. Data shown for three-bit functions: 𝑁 = 10, 𝐿= 0.1, and 𝐾̄ = 2. 

(A)Each of 256 functions is visualized as a horizontal triplet of circles, where each circle 

corresponds to a variable (left to right,𝑢𝑡−𝜏,𝑢𝑡−𝜏−1,𝑢𝑡−𝜏−2), colored by its activity (inset). 

For example, the parity function can be seen at 𝑠̄𝑔 = 3,  𝑎̄𝑗 ≈ 0.5, and 𝐴𝑔 = [1,1,1]. (B) In 

order to more clearly see the relationship between distribution of activity and accuracy, 

functions are plotted by ranked accuracy rather than absolute accuracy. Here, the height of 

the columns here is a result of the number of functions with a given 𝑠̄𝑔, and does not reflect 

absolute accuracy.   
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Recursive functions behave similarly to non-recursive functions with some exceptions 

(Figure S2.7A,B). Since the recursive variable is the most temporally distant, this variable having 

high activity causes an even greater reduction in accuracy. In fact, reservoirs cannot approximate 

any recursive functions with 𝛼𝑔
3 = 1. There are also some cases in which reservoirs approximating 

functions with high activity on the recursive variable have higher accuracy compared to others 

with the same sensitivity. Future research could investigate whether this is related to the recursive 

nature of the function. 

2.4 DISCUSSION 

In this work, we found that the flexibility of a particular BN RC instantiation is a function of the 

topology and size of the reservoir, as encoded by the parameter set (𝑁, 𝐿, 𝐾̄). Generally, higher 

values of 𝑁 and 𝐿 result in more flexible reservoirs; however, there is heterogeneity when 𝑁 or 𝐿 

are low, and flexible reservoirs can be found at these values. As noted in research concerning BN 

RCs, the optimal parameter set includes tuning the dynamics towards criticality, which leads to 

more flexible systems. For signal processing, a flexible reservoir will be more accurate and more 

efficient, requiring less searching and training when different filters are being applied to the same 

data. For biological systems, where survival is dependent on signal response, 𝑁, 𝐿, and 𝐾̄ can be 

tuned to balance the restraints of the system with the demands of the environment.  

In terms of the challenge we provided to the RCs, we found three-bit functions to be 

relatively easy to approximate, while five-bit functions were more difficult, essentially requiring 

more resources. However, three-bit recursive functions were the most difficult, where we noted 

some recursive functions that are essentially impossible to approximate with this system, which is 

likely due to a long memory requirement.  
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Approximating the five-bit functions depends on a large reservoir and input size, and more 

strongly depends on 𝐾̄. The five-bit function space is massive, so while we were only able to 

sample a tiny fraction of it, we clearly saw the effect of the dynamics close to criticality on 

approximation accuracy. As 𝐾̄ increased towards chaotic dynamics, the approximation became 

very poor, leading to large separation between dynamical regimes. Looking forward, it is likely 

that seven-bit or nine-bit function approximations would require increasingly more resources in 

terms of reservoir size and have a greater dependence on dynamics. This seems to be the case for 

the median and parity functions, at least 150. We found that the relative accuracy of reservoirs with 

𝐾̄ = 1, 2, or 3 could change, depending on the value of 𝐿, which is the input connectivity into the 

reservoir. This is most evident with the five-bit functions in the 𝐾̄ = 2 accuracy plot, which showed 

a tapering off curve (convex), where improvement with reservoir size is not linear (Figure 2.6). In 

the curves, as 𝐿 increases, we see the 𝐾̄ = 1 and 𝐾̄ = 2 accuracy curves crossing each other. One 

possible explanation for this is that the external perturbations to the reservoir’s nodes shift the 

dynamics of the reservoir to a less ordered regime, creating a higher fraction of perturbed nodes 

and resulting in a greater shift. So, the dynamics in 𝐾̄ = 1 approach criticality with higher 𝐿 values, 

while the dynamics in the 𝐾̄ = 2 case moving past criticality, toward chaos, thus dropping in 

approximation accuracy. However, the effect of time-varying external perturbation has not been 

well-studied for Boolean network dynamics. Snyder et al. 150 showed that the mutual information 

between the reservoir and the signal increase monotonically as 𝐿 increases for 𝐾̄ = 1, so there may 

be other effects of increasing 𝐿 at play. Although our results indicate a strong effect of mean in-

degree (𝐾̄) in accuracy, it is possible that accuracy is also affected by other properties of reservoir 

topology; thus, additional in-degree distributions should be investigated. 
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We found that Boolean function sensitivity also plays a role in the accuracy, where more 

sensitive functions are more difficult to approximate. The sensitivity can be broken down further 

into the activities of the function variables. Functions appear to be more difficult to approximate 

if the activities of temporally distant variables are higher. For non-recursive functions, increasing 

𝑁 and 𝐿 is sufficient to enable BN RCs to approximate sensitive functions; however, for non-

recursive functions, large reservoirs with high values of 𝐿 are not as affected. This points to a large 

portion of the reservoir needing perturbation to avoid problems related to function argument 

sensitivity.  

However, for recursive functions, even large reservoirs are affected by Boolean function 

sensitivity. This is likely due to the non-smooth output, which is difficult to approximate. Further, 

the recursive sliding-window filtering formulation essentially creates infinite memory, albeit 

fading. Many questions remain, such as what is needed for good approximations of recursive 

functions, and whether there is a change to the model that might help. That said, for the most part, 

many recursive functions are approximated very well, and that may be enough.  

Overall, having an idea of the sensitivity of the processing task will inform the minimum 

parameter values that are necessary for a successful reservoir. This is intriguing from a biological 

standpoint, and it is worth exploring how signal responses that are more sensitive, especially to 

more historic signal values, are handled. The inability of approximating certain functions may not 

impinge on the use for modeling biology. When viewed through the lens of 'complex adaptive 

systems', recursion is a key characteristic, and one that BN RCs would need to address in order to 

model biological systems.  
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2.5 CONCLUSION 

Reservoir computers with adequately sized Boolean network reservoirs and input sizes show that 

even a fixed topology is flexible enough to approximate most Boolean functions, when applied to 

signals in a sliding-window fashion, with high accuracy. On one hand, BN RCs have structural 

similarity to biological systems such as gene regulatory networks, while on the other hand, they 

are useful objects for operating on signals, such as through the application of recursive filters to 

biological data. We observe that Boolean networks that are closer to the critical dynamics regime 

lead to more flexible reservoirs. Recursive functions are found to be the most difficult to 

approximate, owing to the necessity for approximating a function with hidden variables. Although 

most recursive functions can be approximated, we find that some can never be approximated. 

Boolean functions with more arguments are more strongly dependent on the dynamics of the 

system for accuracy, leading to a greater separation in accuracy curves that correspond to different 

dynamical regimes. We find a connection between Boolean function sensitivity, an estimate of the 

smoothness of a function, and the ability to approximate a given function. 

2.6 SUPPLEMENTAL FIGURES 

(A) (B)  
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(M) (N)  

(O) (P)  

(Q) (R)  

Figure S2.1. Mean accuracy, 𝑎̄𝑗 vs 𝐿 for the three-bit median (Left Column) and parity 

(Right Column) functions for different 𝐾̄-valued reservoirs with 𝑁= 10 (A,B), 20 (C,D), 

30 (E,F), 40 (G,H), 50 (I,J), 100 (K,L), 200 (M,N), 300 (O,P), 400 (Q,R). 
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(K) (L)  

(M) (N)  

(O) (P)  

(Q) (R)  

Figure S2.2. Mean accuracy, 𝑎̄𝑗, vs 𝐿 for the five-bit median (Left Column) and parity (Right  

Column) functions for different 𝐾̄-valued reservoirs with 𝑁= 10 (A,B), 20 (C,D), 30 (E,F), 

40 (G,H), 50 (I,J), 100 (K,L), 200 (M,N), 300 (O,P), 400 (Q,R). 
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(K) (L)  

(M) (N)  

(O) (P)  

(Q) (R)  

Figure S2.3. Mean accuracy, 𝑎̄𝑗, vs. 𝐿 for the three-bit recursive median (Left Column) and 

parity (Right Column) functions for different 𝐾̄-valued reservoirs with 𝑁= 10 (A,B), 20 

(C,D), 30 (E,F), 40 (G,H), 50 (I,J), 100 (K,L), 200 (M,N), 300 (O,P), 400 (Q,R). 
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(A)  

(B)  

Figure S2.4. Histogram of 𝛷𝑖 across all 100 reservoirs for each 𝑁, 𝐿 with 𝐾̄ = 1 (A), 𝐾̄ = 3 

(B) for three-bit functions. Each subplot represents the density for all the reservoirs with one 

𝑁 and 𝐿, with the x-axis being 𝛷 and the y-axis being number of reservoirs [0,256].  
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(A) (B)

(C) (D)

(E) (F)  

Figure S2.5. Histogram of  𝛷𝑖 across all 100 reservoirs for each 𝑁, 𝐿 for five-bit functions 

(Left column) and recursive three-bit functions (Right column). Reservoirs with the three 

values of  𝐾̄ are shown: 𝐾̄ = 1 (A,B),  𝐾̄ = 2 (C,D), and  𝐾̄ = 3 (E,F). Each subplot represents 

the density for all the reservoirs with one 𝑁 and 𝐿, with the x-axis being 𝛷 and the y-axis 

being number of reservoirs.  
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(A)   (B)  

(C)   (D)  

(E)   (F)  

(G)  (H)  

Figure S2.6. Mean accuracy, 𝑎̄𝑠, vs. function average sensitivity, 𝑠̄𝑔. three-bit functions 

shown in blue and recursive three-bit functions shown in red with 𝐿 = 0.1 (stars), 0.5(circles), 

1(diamonds). Each row shows data from reservoirs with different values of 𝑁, from top to 

bottom 𝑁= 10 (A,B), 𝑁 = 50 (C,D), 𝑁 = 100 (E,F), 𝑁 = 500 (G,H). Columns show 𝐾̄ = 1 

(Left) and 𝐾̄  = 3 (Right). 
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(A)    

(B)   

Figure S2.7. Example of mean function accuracy vs. average sensitivity with activities of 

each variable displayed. Data shown is for recursive three-bit functions: 𝑁 = 10, 𝐿= 0.1, and 

𝐾̄ = 2. (A) Each function is visualized as a horizontal triplet of circles, where each circle 

corresponds to a variable (left to right,𝑢𝑡−𝜏,𝑢𝑡−𝜏−1,𝑦𝑡−1), colored by its activity. (B) In order 

to more clearly see the relationship between distribution of activity and accuracy, functions 

are plotted by ranked accuracy rather than absolute accuracy.   
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Chapter 3. CHARACTERIZING THE IMPACT OF 

COMMUNICATION ON CELLULAR AND COLLECTIVE 

BEHAVIOR 

 

3.1 INTRODUCTION 

Communication between cells is a key property of living systems, from unicellular microbes to 

multicellular organisms. By signaling to each other, cells are able to coordinate their activity, 

thereby attaining structural and functional complexity. Fundamentally, these complexities are 

achieved by regulating which cellular behaviors occur within a population and how those 

behaviors are organized. In practice, organisms have evolved communication systems that are 

diverse in both mechanism and function. 

In microbial populations, cell-cell communication systems are pervasive and utilized for a 

variety of population functions. For example, signaling is used to propagate information through 

a population in order to provide long range coordination, as in the use of ion channels to regulate 

metabolic states during growth cycles in biofilms 101,157. It can be used to aggregate environmental 

information in order to execute a singular collective behavior, such as infectious bacteria like V. 

cholera and P. aeruginosa relying on quorum sensing to collectively express virulence factors 

when pathogenicity will be maximized 158,159; motile bacteria like E. coli  secreting a chemical trail 

to collectively migrating toward food sources 160; and sporulating bacteria like B. subtilis 

collectively sporulating in response to quorum signals when there is not enough food for colony 

survival 161. Cell-cell signaling can also be used to manage subpopulations with different, often 

mutually exclusive, functions that need to act in concert, such as in the generation of matrix- and 
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surfactant-producing cells in B. subtilis colonies during colony expansion 162,163; and the 

maintenance of regularly spaced nitrogen-fixing heterocysts and photosynthetic vegetative cells in 

filamentous cyanobacteria for survival in low-nitrogen conditions 164,165. Further examples of 

microbial communication systems can be seen in colony morphogenesis or multispecies biofilm 

maintenance 166,168.  

In multicellular organisms, cell-cell communication is so vital that it is recognized as a 

defining feature of multicellularity 169. Indeed, it has been proposed that an expansion in the genes 

dedicated to cell-cell communication accompanied the transition from unicellular to multicellular 

life 170. As in microbial systems, cell-cell signaling in multicellular organisms can serve to 

synchronize cells in a common behavior or manage diverse subpopulations; however, there is 

much more breadth and complexity in multicellular communication systems. From simple to 

complex organisms, across evolutionary kingdoms, cell-cell communication is heavily involved 

in nearly all multicellular biological operations. For example, during development multicellular 

organisms rely on cell-cell communication cues for functions like temporal and spatial cellular 

differentiation (plant stem morphogenesis 171, nematode neuronal fate decisions 172); directional 

cell migration (zebrafish organogenesis 173, mammalian vessel formation 174); and controlled cell 

death (avian limb development 175, insect body segmentation 176). In mature organisms, 

homeostasis is maintained by cell-cell communication through functions like population size 

control (murine T cells 177 and macrophage/fibroblasts 178 populations), maintaining multicellular 

structures (animal corneal maintenance 179 and bone remodeling 180), and coordination between 

subsystems (human wound healing 181). Mature organisms must also navigate their environment 

as a unit, using cell-cell communication to perform complex functions (mollusc neuromuscular 

coordination 182, vertebrate adaptive immunity 183) necessary for survival. 
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In addition to naturally occurring systems, cell-cell communication is increasingly being 

utilized as a tool in synthetic systems. Many of the communication mechanisms used in living 

systems can be adapted for synthetic systems. Current research areas include the synthesis of 

populations capable of swarming behavior 184, reliable spatial patterning 185, organizing into 

multicellular structures 186 ,biological computing 187, and complex population functions like 

biofuel production 188. For a thorough review of synthetic cell-cell communications in both 

prokaryotes and eukaryotes, see Henning et al.(2015) 189.  

While research has elucidated the form and function of cell-cell communication in many 

biological systems across both unicellular and multicellular organisms, there are often other 

phenomena at play that confound the effects of communication. For example, the architecture of 

the genetic network, stochasticity in gene expression, asymmetric cell division, and cell cycle 

heterogeneity can all contribute to behavioral heterogeneity within a population 190-193. In addition 

to these factors, mechanical interactions, cell death and birth, and environmental conditions can 

influence the organization of cell types 194-197. Furthermore our knowledge of how communication 

can impact system behavior is limited by which systems have evolved, which is driven by the  

functional requirements and historical contingency of each specific system.  

Given that cell-cell communication is such a vital aspect across many diverse systems, 

understanding the extent of its effects can provide widely-applicable insights. Thus, with the work 

reported here we strive to push forward the general understanding of what impact cell-cell 

communication can have on cellular and population behavior. We can apply this understanding to 

learning how current systems might have evolved, including the transition from unicellular to 

multicellular life. We can also more fully understand how extant systems operate and how 

modifications to communication can affect population dynamics. Similarly, such knowledge is 
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useful in understanding the role of communication in disease-altered states and how disease effects 

might be remediated by cell-cell communication-based intervention. In addition, for synthetic 

systems, it is necessary to understand the role of communication so that systems can be designed 

accurately and efficiently, and undesirable collateral effects can be avoided.  

In order to isolate the effects of communication so that we may understand the general 

principles relating cell-cell communication to cellular and collective behavior, we use an abstract 

in silico model of cellular populations. Specifically, we use a 3D multiscale cellular population 

model, with dynamic intracellular networks interacting via diffusible signals to form intercellular 

connections (Figure 3.1). In this way we can have a more detailed understanding of the impact of 

communication at both the cell and population levels. Importantly, cell-cell communication is not 

a simple present/absent phenomenon in living systems. The mechanism, architecture, and strength 

of communication are all variable and likely have functional consequences. Therefore, in our work 

we focus on two key signaling parameters: the effective interaction distance, which is the distance 

at which cells are able to interact via signals; and receptor activation threshold, which is how much 

signal a cell must receive before its receptor is activated. Both of these parameters have previously 

been shown to tune cell’s relative response to self-generated versus non-self-generated signal 

103,198. Thus, by varying these parameters, which are variable between and within biological 

systems, we can vary the degree of communication and more finely explore the effects of 

communication. 
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Figure 3.1. 3D structured population of communicating cells. (A) The cellular population 

model consists of cells (pink circles) that are arranged in three dimensions on a lattice-

structured grid. (B) Cells are described by internal networks and communicate with each 

other by secreting and sensing diffusible molecules (gray squares).   

3.2 METHODS 

3.2.1 Mathematical Model 

In order to investigate the impact of communication on cellular and population behavior, we take 

an in silico modeling approach to study a generalized population of communicating cells. Briefly, 

our framework consists of a population of individual cells, organized on a 3D grid, which 

communicate through diffusible molecules. Each cell is described by an internal Boolean network, 

consisting of binary-valued regulatory nodes and signaling nodes. While regulatory nodes largely 

determine the behavior of the cell, signaling nodes are responsible for communication between 

cells. By iterating the state of the system over time, we simulate the dynamics of both cells and 

population. For simplicity, we will refer to a population of cells with identical cellular BNs as a 

tissue for the rest of the paper. Since a tissue may have different signaling parameters, we will 

refer to a tissue with specific signaling parameters as a tissue sample. By simulating tissues with 
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different signaling parameters, we can probe the effect of communication on cellular and tissue 

dynamics.   

3.2.1.1 Cells as Boolean Networks 

Each cell in our simulation framework is modeled as a Boolean network (BN). BNs have a long 

history of being used as biological models, especially as gene regulatory networks 42. They are 

simple to implement and analyze, but still capable of recapitulating many complex behaviors 

observed in biological systems 44,145. Specifically, the BN of cell 𝑖 is a network defined on a set of 

𝑛 binary-valued variables, 

  𝑋𝑖 = {𝑥1
𝑖 , . . . , 𝑥𝑛

𝑖 }, (3. 1) 

where 𝑥𝑗
𝑖 ∈ {0, 1} represents the expression or activation of node 𝑗. The nodes in the cellular 

networks are divided into two categories: regulatory nodes and signaling nodes. Signaling nodes 

come in pairs of a signal node, which secretes a diffusible molecule, and a receptor node, which is 

activated by the (sufficient) presence of that molecule.  

Over time the state of the cell, 𝑋𝑖(𝑡), changes via updating the values of the regulatory and 

signaling nodes. The value of each regulatory node at time 𝑡 + 1is determined by the values of 𝑘 

input nodes at time 𝑡 by means of a corresponding Boolean update function, 𝑓𝑗
𝑖 : {0, 1}𝑘 → {0, 1}. 

Thus, the Boolean value of each regulatory node 𝑥𝑖
𝑗 is given by:  

 𝑥𝑗
𝑖(𝑡 + 1)  =  𝑓𝑗

𝑖(𝑥𝑗1

𝑖 (𝑡), 𝑥𝑗2

𝑖 (𝑡), . . . , 𝑥𝑗𝑘

𝑖 (𝑡)).  (3. 2) 

The function 𝑓𝑗
𝑖 can also be described by the table of output values (truth table) it gives for each 

combination of argument values. There are many schemes for generating the architecture of the 

wiring between nodes (wiring diagram) and truth tables for Boolean networks. For simplicity, we 
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follow the original formulation of the random Boolean network (RBN) scheme 37. For the wiring 

diagram, 𝑘 is constant for all genes; the 𝑘 input genes for each regulatory gene are chosen randomly 

from the regulatory and receptor genes. The signal node is never used as an input in order to keep 

communication distinct from internal regulation. For the truth tables, elements are assigned values 

of 0 or 1 with a bias 𝑝 = 𝑃{𝑓𝑗
𝑖 = 1}, 𝑗 = 1, . . . , 𝑛, which is the probability that the function takes 

on the value of 1for a combination of input values. In closed BNs (i.e., with no external inputs), 𝑘 

and 𝑝 can be varied to tune the network’s response to perturbations, ranging between ordered 

dynamics (insensitive to perturbations) and chaotic dynamics (highly sensitive to perturbations).   

The two types of signaling nodes, signals and receptors, each behave differently. The signal 

node follows the same rules as the regulatory nodes. The receptor node updates using a threshold 

function on the local concentration of its corresponding signal - described in section 3.2.1.3. 

3.2.1.2 Tissue Architecture 

In our simulations, each of the 𝑁 cells in a tissue is described by the same BN (identical wiring 

diagram and truth tables) and occupies a grid point on a 3D structured lattice. Specifically, cells 

are located in the center of voxels, which have a volume of 𝑉𝑐 = 𝐻3  where 𝐻 is the lattice size. 

The lattice has periodic boundary conditions on all three axes, such that all cells are signaling 

identically with the same neighborhood structure. This allows for observing patterns that might 

appear in much larger tissues while only simulating a small tissue. It should be noted that simulated 

tissues are physically static; while the states of the cells change over time, cells do not die, undergo 

mitosis, or migrate.  
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3.2.1.3 Cell-cell Communication via Diffusible Molecules  

We include signaling between cells by modeling the secretion and sensing of a single diffusible 

molecule, 𝑚. A cell 𝑖 releases molecule 𝑚 with a secretion rate of 𝜂(𝑥𝑆
𝑖 ) molecules per second, 

which depends on the Boolean state of its designated signal node 𝑥𝑆
𝑖 . We assume that 𝜂(0) = 1and 

𝜂(1) = 𝛼, 𝛼 > 1, to account for basal and active expression, respectively. We make this 

assumption with no loss of generality since it is equivalent to normalizing active expression by the 

lower basal expression. The concentration, 𝐶, of molecule 𝑚 changes in space and time according 

to a diffusion degradation equation. For cells arranged in a rectangular lattice this is approximated 

by: 

 𝜕𝐶𝑖/𝜕𝑡 = 𝐷 △ 𝐶𝑖  − 𝛾𝐶𝑖  +  𝜂(𝑥𝑆
𝑖 ) /𝑉𝑐   (3. 3)  

for each voxel 𝑖 of the lattice containing cell 𝑖. 𝐷 is the diffusion coefficient and 𝛾 is the constant 

degradation rate. Assuming that diffusion is much faster than gene regulation, we use the steady 

state of the diffusion equation above:  

 0 = 𝐷 △ 𝐶̂𝑖  − 𝛾𝐶̂𝑖  +  𝜂(𝑥𝑆
𝑖 ) /𝑉𝑐 (3. 4) 

and use a numerical solver for calculating 𝐶̂𝑖  in simulations. An important component of the steady 

state solution is the effective interaction distance, 𝜆, where 𝜆 = √𝐷/𝛾 / 𝑅 and 𝑅 is the radius of 

the cell 198,199. 

When sensing molecule 𝑚, cell 𝑖 checks the local concentration of the signal, i.e., the 

concentration at its grid point. If the local concentration of 𝑚 is above a threshold value, 𝜃 , then 

the receptor node is activated, otherwise it is deactivated. Formally, the state of the receptor node 

𝑥𝑅
𝑖  follows the equation:  

 𝑥𝑅
𝑖 (𝑡 + 1) = 1, 𝑖𝑓 𝐶̂𝑖(𝑥𝑆

1(𝑡), . . . , 𝑥𝑆
𝑁(𝑡)) > 𝜃,  (3. 5) 
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                                                𝑥𝑅
 𝑖(𝑡 + 1) = 0, otherwise,  (3. 6) 

 

where 𝐶̂𝑖(𝑥𝑆
1(𝑡), . . . , 𝑥𝑆

𝑁(𝑡)) is the concentration of 𝑚 at the position of cell 𝑖. We will vary 𝜆 and 

𝜃 to change communication within the tissue. The other model parameters are kept constant for all 

simulations, with no loss of generality.  

Note that while our model assumes diffusion-based cell-cell communication, the effective 

interaction distance can be shortened such that the system behaves as if signaling were contact-

mediated, the latter effectively being a special case of the former. Similarly, though we describe 

the case of a single signaling molecule, the model could easily be extended to multiple signaling 

molecules. 

3.2.1.4 Simulation Framework 

Simulations of our model were implemented in Biocellion 200, a high performance computing 

platform designed for simulation of multicellular systems. At every time step 𝑡 of the simulation 

the concentration of signalling molecule 𝑚 is updated by numerically solving the diffusion 

equation in section 3.2.1.3, after which the Boolean states of the cells are updated using the 

computed concentrations. 

3.2.2 Experimental Design 

Using our mathematical model, we performed two sets of experiments. The first set of experiments 

probed the activity of a cell’s receptor node in response to different signaling states of itself and 

all other cells. The second set of experiments probed the steady state behavior of cells and tissues. 

Each is described in more detail below.  
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3.2.2.1 Asocial to Social Transition 

In this experiment, we constructed a 3D tissue of 𝑁= 4096 (16×16×16) cells, in which the cellular 

network consists of only the two signaling nodes (Figure 3.3A). The update functions are: 

 𝑥𝑆
𝑖 (𝑡 + 1) = 𝑥𝑆

𝑖 (𝑡)  (3. 7) 

for the signal nodes, and 

 𝑥𝑅
𝑖 (𝑡 + 1) = 1, 𝑖𝑓 𝐶̂𝑖(𝑥𝑆

1(𝑡), . . . , 𝑥𝑆
𝑁(𝑡)) > 𝜃,  (3. 8)  

 𝑥𝑅
𝑖 (𝑡 + 1) = 0, otherwise.  (3. 9) 

for the receptor nodes. We sampled the effective interaction distance, 𝜆, and the receptor activation 

threshold, 𝜃, using a fine grid of 271×141 points in the interval [0.5, 6.0] and [1.0, 15.0], 

respectively, and a coarse grid of 66×200 points in the interval [1.0,14.0] and [1.0,200.0], 

respectively.  Each combination was used to generate a tissue sample. Each tissue sample was 

initialized with each of a set of four initial conditions and updated for a single time step. The four 

initial conditions demonstrate the cases in which a single cell 𝑖 has either            𝑥𝑆
𝑖 (𝑡 = 0) = 0 or 

𝑥𝑆
𝑖 (𝑡 = 0) = 1 and all other neighboring cells 𝑗 ≠ 𝑖 have either 𝑥𝑆

𝑗
(𝑡 = 0) = 0 or 𝑥𝑆

𝑗
(𝑡 = 0) = 1 

(Figure 3.3B). For all four initial conditions, 𝑥𝑅
𝑖 (𝑡 = 0) = 𝑥𝑅

𝑗
(𝑡 = 0) = 0. After the single update 

of the Boolean functions, the value of 𝑥𝑅
𝑖 (𝑡 = 1) is recorded.  

3.2.2.2 Cellular and Tissue behavior 

In this experiment, we constructed multiple tissues of 𝑁= 4096 (16×16×16) cells, in which the 

cellular networks are RBNs with 𝑛 = 12 nodes (10 regulatory nodes and 1 pair of signaling nodes). 

For each tissue, the cellular Boolean network is instantiated as described in section 3.2.1.1, using 

in-degree 𝑘 = 3 and bias 𝑝 =  0.2113. These values were chosen to give dynamically critical 
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cells, the proposed dynamics of living cells 76,152. It should be noted that artificial cells that do not 

communicate are likely to be critical at these parameter values; however, when communication is 

introduced, the dynamical regime of the cells may be altered, meaning that it may no longer be 

critical.  

For each tissue, random initial states are chosen for all 𝑁 × 𝑛 nodes. Thus, not all cells 

have the same initial state vector. Using this initial condition, 108 different tissue samples are 

simulated for 2000 iterations each. These simulations cover a combination of 9 𝜆 and 12 𝜃 values. 

The specific values for these parameters were chosen such that the different communication 

regions in the 𝜆, 𝜃 parameter space are represented (Figure S3.1). The 9 𝜆 values are incremented 

by cell radius lengths and the 12 𝜃 values are sampled such that there is 1 in region A1, 1 in S1, 5 

uniformly in S2 or A2, 1 in S3, and 1 in A3.  

For analysis, we used data from 100 tissues that are dynamically stable and have reached 

an attractor in all tissue samples within 2000 iterations. A tissue sample reaches an attractor once 

all cells collectively revisit the same cell states, i.e., the set of all nodes in the tissue revisits the 

same states. Formally, this occurs when there exists a 𝜏 > 0 such that:  

 𝑋𝑖(𝑡)  =  𝑋𝑖(𝑡 − 𝜏) , 𝑖 = 1, . . . , 𝑁.  (3. 10) 

The tissue attractor is defined as the vector of all cell states that occurred between time 𝑡 − 𝜏 and 

𝑡:  

 𝐴𝑇𝜆,𝜃 = [𝐴𝐶1 , 𝐴𝐶2 , . . . , 𝐴𝐶𝑁 ], (3. 11) 

where  

 𝐴𝐶𝑖 = {𝑋𝑖(𝑡 − 𝜏), 𝑋𝑖(𝑡 − 𝜏 + 1), . . . , 𝑋𝑖(𝑡 − 1)}, 𝑖 = 1, . . . , 𝑁.  (3. 12) 
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We refer to the stable dynamics of a cell, 𝐴𝐶 ,  as the cellular attractor (CA) (see Figure 3.2 for an 

example in non-communicating cells). Note that typically, attractors are fully ordered sets under 

circular permutation; however, we do not consider state order. In practice, we have observed the 

state order is never the sole discerning feature between two cellular attractors. There exists a set 

of unique CAs, 𝒜1, 𝒜2, … , 𝒜M for every tissue such that for every 𝑖 ∈ {1, . . . , 𝑁} ∃  𝑗 ∈ {1, . . . , 𝑀} 

such that 𝐴𝐶𝑖 =𝒜j. We will use the cellular attractor to characterize cellular behavior in our 

analyses. 

 

 

Figure 3.2. Examples of cellular attractors for a non-communicating cell. Two possible 

cellular attractors (left panel) for the given Boolean network (right panel) are shown. One 

cellular attractor (top) is a fixed point attractor in which the network stays in the same state 

after entering it. The other cellular attractor (bottom) is a cyclic attractor consisting of two 

states between which the network alternates. 
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3.3 RESULTS AND DISCUSSION 

3.3.1 Asocial to Social Transition: When does signaling become communication? 

Before asking how cellular and tissue behavior are affected by changing communication within 

the tissue, we first had to understand how communication is changed by the effective interaction 

distance, 𝜆,  and receptor activation threshold, 𝜃. Even though signals may be secreted by a cell’s 

neighbors, the signal may not travel far enough or be concentrated enough to activate the 

neighboring cell’s receptor. Additionally, a cell’s own signal may mask that of its neighbors 103, 

effectively negating intercellular communication. Therefore, we investigated which 𝜆 and 𝜃 are 

necessary for cells to be able to influence each other. To explore this, we ran simulations to check 

receptor response to different combinations of self and neighbor signaling states under different 𝜆, 

𝜃 values. The simulations are described in detail in the section 3.2.2.1. Briefly, the cells in a tissue 

are composed of a pair of Boolean signaling nodes, a receptor, 𝑥𝑅, and a signal node, 𝑥𝑆 (Figure 

3.3A). For different 𝜆, 𝜃 values, we recorded the immediate response of a single cell’s (cell 𝑖) 

receptor, 𝑥𝑆
 𝑖, to four different initial conditions of cell 𝑖’s and all other cells’ 𝑗 signal nodes, 𝑥𝑆

 𝑖 and 

𝑥𝑆
 𝑗

, 𝑗 ≠ 𝑖 (Figure 3.3B).  The initial conditions are: 

(1) All cells’ signal nodes are OFF: 𝑥𝑆
𝑖 = 𝑥𝑆

𝑗
= 0  

(2) Cell 𝑖’s signal node is OFF and all other cells’ signal nodes are ON: 𝑥𝑆
𝑖 = 0, 𝑥𝑆

𝑗
= 1  

(3) Cell 𝑖’s signal node is ON and all other cells’ signal nodes are OFF: 𝑥𝑆
𝑖 = 1, 𝑥𝑆

𝑗
= 0  

(4) All cells’ signal nodes are ON: 𝑥𝑆
𝑖 = 𝑥𝑆

𝑗
= 1  

By examining whether cell 𝑖’s receptor node turns ON in each of these scenarios, we are 

determining its level of social interaction. In fact, we find six distinct signaling regions across our 

𝜆, 𝜃 parameter space, which can be split into social and asocial categories (Figure 3.4). Because 
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of the interplay of 𝜆 and 𝜃 in receptor activation, the boundaries between these six regions are 

curves in the 𝜆, 𝜃 space. That is, as the effective interaction distance becomes longer, more signal 

will reach a cell and its receptor can have a higher receptor activation threshold and still be 

activated. 

Asocial behavior occurs in regions A1, A2, and A3 of the parameter space (Figure 3.4). In 

region A1, cell 𝑖’s receptor turns ON regardless of whether itself or other cells are generating 

signal. This occurs when 𝜃 is so low that the basal secretion from cells in cell 𝑖’s neighborhood 

activates its receptor. As one might expect, as the receptor activation threshold increases, the 

effective interaction distance must increase in order for a cell to receive enough signal to have this 

always ON behavior. We will refer to this region as the ON region. In contrast, in region A3, cell 

𝑖’s receptor remains OFF regardless of whether itself or its neighbors are generating signal. Here, 

𝜃 is so high that even the maximum amount of signal cannot activate the receptor. We will refer 

to this region as the OFF region. The last asocial region, region A2, can be described as having 

self-talk behavior. Cell 𝑖’s receptor is only activated by its own signal, i.e. 𝑥𝑅
𝑖 (𝑡 + 1) = 𝑥𝑆

𝑖 (𝑡). We 

will refer to this region as the SELF region. Thus, in regions A1, A2, and A3, cells are behaving 

completely independently of each other. 

Signaling becomes communication and cells are affected by their social environment in 

regions S1, S2, and S3 of the 𝜆, 𝜃 space (Figure 3.4). In the extreme case, in region S2, the state 

of cell 𝑖’s receptor is solely determined by the signal secreted by its neighbors. In regions S1 and 

S3, cell 𝑖’s receptor is affected by both self and neighbor signal. Specifically, in region S1 cell 𝑖’s 

receptor can be activated by either itself or neighbors; in region S3, cell 𝑖 must receive signal from 

both itself and neighbors in order to activate its receptor. For each of these regions, more neighbor 

signal is required as 𝜃 is increased.  
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While these results were obtained from experimental simulations, one can also analytically 

derive the boundary curves for each social region using an approximation of the steady state 

equation for molecule concentration (see section 3.5). This analysis also reveals that the relative 

positioning of the boundary curves is independent of many system parameters, including: the basal 

secretion rate (𝜂(0)), the active secretion rate (𝛼), the diffusion coefficient (𝐷), the radius of cells 

(𝑅), the spacing between cells (𝐻), and the size of the population (𝑁). So long as these parameters 

are constant within a population, the relative distribution of the regions and their boundaries will 

not change. 

Here, we have only considered the extreme case in which every neighbor cell is either 

signaling or not. However, the switch in social behavior occurs exactly at these extremes. Within 

each region, the particular response is dependent on both the fraction of signaling neighbors and 

their spatial configuration, which was explored by Maire et al.  198 in a similar theoretical 

framework. In examining the role of the secretion rate and receptor activation threshold in 

determining the relative autonomy of bacteria, they demonstrate the same social dynamics as we 

have. 
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(A)           (B)  

Figure 3.3. Experimental design for testing the asocial to social transition of cells.              

(A) Population of simple cells with only 2 nodes, 𝑥𝑆 and 𝑥𝑅. (B) Initial conditions for the 

simple 2-node experiment. 𝑥𝑆
𝑖 (𝑡 = 1) is the initial state of cell 𝑖’s signaling node and    

𝑥𝑆
𝑗
(𝑡 = 1) is the initial state of all other cells’ 𝑗 signaling nodes. 

 

 
Figure 3.4. The six distinct communication regions in the 𝜆, 𝜃 space. Each region 

corresponds to a distinct signaling behavior of any cell 𝑖 in a tissue sample with a given 𝜆, 𝜃 

value. In the asocial regions (blue), cell 𝑖’s receptor is always ON (A1 - light blue), responds 

to self-signal (A2 - dark blue), or always OFF (A3 - light blue). In the social regions (red), 

cell 𝑖’s receptor can be activated by self or neighbor signal (S1 - light red), only neighbor 

signal (S2 - dark red), or both self and neighbor signal (S3 - light red). For easier 

visualization, only 𝜆 ≤ 6 is shown. See Figure S3.1 for the wider parameter range used in 

simulations 
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3.3.2 The impact of communication on cellular and tissue behavior 

We then investigated how cellular and tissue behavior can change between and within the six 

signaling regions. For this, we simulated tissues with different 𝜆, 𝜃 values and analyzed the 

resulting cellular and tissue dynamics. The details of these simulations are described in section 

3.2.2.2. Briefly, we generated 100 unique tissues, each with a particular cellular Boolean network. 

The cellular BNs consist of 12 nodes (10 regulatory, 1 signaling pair), allowing for a variety of 

possible cellular dynamics. We simulated each tissue with 108 𝜆, 𝜃 parameter values (12 𝜆 × 9 𝜃 

values) that were sampled from across the different communication regions (Figure S3.1). The 

initial conditions of a tissue sample are the same for all 𝜆, 𝜃 pairs, so that any variations in 

dynamics is attributable to changes in communication only. For analysis, we primarily utilize 

cellular attractors, which we consider to be distinct cellular behaviors. 

3.3.2.1 Does changing communication cause cells to alter their behavior? 

It is clear that signaling between cells can influence cellular behavior. Here we investigate how 

the magnitude of that influence varies with changes in communication. Specifically, we tested 

whether the likelihood of a significant change to a cell’s behavior is dependent on the degree of 

communication. For a given tissue sample, we identified which cellular attractor each of its 4096 

cells occupied. Representing the tissue by its tissue attractor for each 𝜆, 𝜃 pair, we have: 

 𝐴𝑇𝜆,𝜃 = [𝐴𝐶1 , 𝐴𝐶2 , . . . , 𝐴𝐶𝑁 ] (3.11) 

where 𝐴𝐶𝑖  is the cellular attractor occupied by cell 𝑖 (see section 3.2.2.2). To quantify the effect of 

changing communication on cellular behavior, we measured the fraction of cells in a tissue sample 

that are in a different cellular attractor compared to when no communication occurs. Thus, we use 

the three asocial regions (ON, OFF, and SELF) as references for changes in cellular behavior in 
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tissues in the social regions (S1,S2,S3). To compare a social tissue sample to any one asocial 

reference, we use the normalized Hamming distance: 

 𝐷𝐻(𝐴𝑇𝜆,𝜃 , 𝐴𝑇𝜆′,𝜃′)  =  
∑ 𝜒(𝐴

𝑇𝜆,𝜃(𝑖) = 𝐴
𝑇𝜆′,𝜃′(𝑖))𝑁

𝑖=1  

𝑁
 (3. 13) 

where 𝐴𝑇𝜆′,𝜃′  is one of 𝐴
𝑇

𝜆𝑂𝑁,𝜃𝑂𝑁 , 𝐴
𝑇

𝜆𝑂𝐹𝐹,𝜃𝑂𝐹𝐹 , or 𝐴
𝑇

𝜆𝑆𝐸𝐿𝐹,𝜃𝑆𝐸𝐿𝐹 - the CA sets corresponding to the 

three asocial regions. 𝜒[𝑎]is an indicator function that outputs a one if 𝑎 is true and zero if 𝑎 is 

false. We use the minimum of these three values: 

 𝑏𝜆,𝜃 = min(𝐷𝐻(𝐴𝑇𝜆,𝜃 , 𝐴
𝑇

𝜆𝑂𝑁,𝜃𝑂𝑁 ), 𝐷𝐻(𝐴𝑇𝜆,𝜃 , 𝐴
𝑇

𝜆𝑂𝐹𝐹,𝜃𝑂𝐹𝐹 ), 𝐷𝐻(𝐴𝑇𝜆,𝜃 , 𝐴
𝑇

𝜆𝑆𝐸𝐿𝐹,𝜃𝑆𝐸𝐿𝐹 )) (3. 14) 

as our metric of cellular change so that we do not conflate shifts away from the asocial references 

with shifts between the references. By taking the minimum, 𝑏𝜆,𝜃  effectively measures the amount 

of change in cellular behavior that is guaranteed to be away from the asocial references.  

We find that in 36% of the tissues, cells do not change their CA regardless of how 

communication is tuned (Figure 3.5A). In all but one of these tissues, a cell’s behavior in the social 

regions is identical to that in the SELF region. Moreover, the SELF region in these tissues is 

identical to that in either the ON or OFF regions, indicating that the signal molecule is either always 

secreted or never secreted. In the remaining tissue, there are distinct ON, OFF, and SELF regions. 

A cell’s behavior in the social regions is identical to that in the ON region except for in region S3 

where it is identical to that in the SELF region. In all these instances, cells maintain asocial 

behavior even when communication occurs.  

In the other 64% tissues, some fraction of cells entered a CA in the social regions that is 

different than that of the asocial reference. There are three general trends in 𝑏𝜆,𝜃 for a tissue. Within 

the social regions, 𝑏𝜆,𝜃can either be equal across all 𝜆,𝜃 values (Figure 3.5B), have a single peak 

that roughly follows a curve in 𝜆, 𝜃 space (Figure 3.5C), or two peaks that roughly follow curves 
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in 𝜆, 𝜃 space (Figure 3.5D). Additionally, these tissues can behave identically to the ON, OFF, and 

SELF regions even when the effective interaction distance and receptor activation threshold place 

the tissue in the social regions (Figure S3.2A). For each of these general trends, the particular 

response of cells is variable between tissues (Figure S3.3). Interestingly, the greatest increase in 

𝑏𝜆,𝜃 occurs within a short neighborhood of communication (𝜆= 4,5) (Figure 3.6). Overall, it is clear 

that changing communication between cells can lead to measurable changes in a cell’s behavior, 

with significant diversity in the responses of individual tissues. 

 

(A)  (B)  

(C)  (D)  

Figure 3.5. Examples of different trends in how 𝑏𝜆,𝜃  changes with the degree of 

communication. Each subplot represents data for a single tissue at sampled 𝜆, 𝜃. The color 

indicates the value of 𝑏𝜆,𝜃 , with interpolation of values between sampled 𝜃 for each 𝜆. Blue 

lines represent the boundaries of communication regions as measured in section 3.3.1.  
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Figure 3.6. Maximum 𝑏𝜆,𝜃 as a function of 𝜆. For each 𝜆 value, the maximum 𝑏𝜆,𝜃 value is 

calculated, 𝑏𝜆. The blue line shows the mean of the maxima, 𝑏̅𝜆, across all 100 tissues for each 𝜆.  

 

3.3.2.2 Do cells behave differently when they communicate? 

Next, we considered whether cell-cell communication can alter the range of possible cellular 

behaviors. In other words, is cellular behavior limited or expanded by communication? Counting 

the number of all cellular attractors observed for a given cellular BN in either asocial cells (regions 

A1,A2,A3) or social cells (regions S1, S2, S3), we found social cells can exhibit different numbers 

of CAs than asocial ones (Figure 3.7A). In both social or asocial cells, roughly 50% of cellular 

BNs are capable of being in ~5 or fewer CAs; however, the tail of the distribution for social cells 

is heavier and longer than that for asocial cells (Figure 3.7B). 

Given the discrepancy between the number of cellular attractors available to cells in social 

versus in asocial tissues, the set of CAs in each region must be distinct, i.e., cells that communicate 

behave differently than cells that do not. By comparing CAs between the asocial and social regions, 

we found that cellular BNs can both lose or gain CAs when communicating (Figure 3.8A,B). 

Losing or gaining CAs is not rare, with 66% cellular BNs missing at least one CA (Figure 3.8A) 
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and 34% cellular BNs gaining at least one CA (Figure 3.8B), with some cellular BNs both missing 

and gaining CAs. To check that the missing or novel CAs are not infrequent cellular behaviors, 

and therefore less likely to be biologically meaningful, we measured their frequencies within a 

given tissue sample, reporting the maximum across all communication parameter values  (Figure 

3.8C,D). Missing CAs can be very frequent in asocial tissues and novel CAs can range from 

infrequent to very frequent in social tissues.  

While missing CAs are missing from the entire social communication space, the expression 

of novel CAs is not evenly distributed across interaction distances and receptor threshold values. 

Some novel CAs are observed in the entire space but others are only observed at particular 𝜆,𝜃 

values. Moreover, we found that, on average, a cellular BN expresses the largest fraction of its 

novel CAs at 𝜆= 3 (Figure 3.9A). Additionally, the maximum fraction of cells in a novel CA within 

a tissue sample increases with 𝜆 until 𝜆= 5 (Figure 3.9B). Thus, a cell will have the highest chance 

of being in the most novel CAs when communication is limited to the distance one or two 

neighboring cells. 

In order to understand how novel CAs can arise in social cells, we considered how they are 

related to other CAs. Per the definition of a cellular attractor, a CA consists of a set of cellular 

states. In the case of asocial cells, when cells are essentially closed systems, a cell state 𝑋 will only 

occur once and will always have the same following cell state 𝑋′. Therefore, the CAs of cells 

within a particular asocial region are composed of completely disjoint sets of states. When 

communication is introduced, cells become open systems and the composition of their CAs is no 

longer constrained. Thus, it is possible that the novel CAs are variations of existing CAs. To get 

an idea of how CAs that arise in social cells are related to those in asocial cells, we used the set 

intersection between CAs to calculate the overlap between each novel CA and each asocial CA. 
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Using this method, novel CAs can be classified into three broad categories: modified, combined, 

and true novel. A modified CA is one that has a non-empty set intersection with one (and only 

one) asocial CA with the addition of other cell states. These additional cell states are transient 

states in asocial cells that become stabilized in social cells. A combined CA is one that has a non-

empty set intersection with more than one asocial CA with or without the addition of cell states. 

The final category, true novel, describes a CA that has an empty set intersection with all asocial 

CAs. These true novel CAs are composed entirely of states that were unstable transients in asocial 

cells. Notably, a cellular BN can have one, two, or all three types of novel CAs. Overall, we found 

that combined CAs are the most common category, being present in the highest fraction of tissues 

(Figure 3.10A) and usually the highest fraction of the novel CAs for any of one tissue (Figure 

3.10B). Modified CAs are the next most common followed by true novel.                                     

 

(A) (B)  

Figure 3.7. Numbers of cellular attractors observed in asocial (A1,A2,A3) and social (S1,S2,S3) 

regions of the 𝜆,𝜃 parameter space. 𝑀𝐴𝑠𝑜𝑐𝑖𝑎𝑙  and 𝑀𝑆𝑜𝑐𝑖𝑎𝑙  are the number of unique CAs observed in 

the asocial and social 𝜆,𝜃 regions, respectively. (A) 𝑀𝐴𝑠𝑜𝑐𝑖𝑎𝑙vs. 𝑀𝑆𝑜𝑐𝑖𝑎𝑙 . (B) Histograms of 𝑀𝐴𝑠𝑜𝑐𝑖𝑎𝑙  

and 𝑀𝑆𝑜𝑐𝑖𝑎𝑙 . 
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(A) (B)  

(C) (D)  

Figure 3.8. Likelihood of observing Lost or Novel CAs in tissues. (A) Distribution of the number of 

unique Lost CAs in a single tissue. 66% of cellular BNs are missing at least one CA (light blue) and 

34% are not missing any CAs (dark blue). (B) Distribution of the number of unique Novel CAs in a 

single tissue.  34% of cellular BNs gain at least one CA (light blue) and 66% do not gain any CAs 

(dark blue). (C) Distribution of the maximum frequency of Lost CAs in an asocial tissue sample. (D) 

Distribution of the maximum frequency of Novel CAs in a social tissue sample. 
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(A)       (B)  

Figure 3.9. Relationship between 𝜆 and the expression of novel CAs. (A) Availability of novel CAs 

as a function of 𝜆. 𝑀𝑁𝑜𝑣𝑒𝑙  is the number of unique Novel CAs for a given tissue. The mean of the 

fraction of 𝑀𝑁𝑜𝑣𝑒𝑙  Novel CAs expressed at each 𝜆 is plotted. (B) Frequency of Novel CAs as a 

function of 𝜆. The mean of the normalized maximum fraction of cells in novel CAs within a tissue 

sample for a given 𝜆 is plotted.  

 

(A)       (B)  

Figure 3.10. Characterization of Novel CAs. (A) Fraction of cellular BNs with each of the 

three categories of Novel CAs. (B) Distribution of each category of Novel CA within each 

tissue. 

 

3.3.2.3 Does the composition of a tissue change as communication is added? 

Here we turn our focus to the effects of changing communication on population behavior. We 

began by testing whether a tissue has any meaningful change to its behavior in response to changes 

in communication. To quantify the effect of changing communication, we measure changes in 

which CAs are expressed by cells as we did when testing for the impact on cellular behavior. 
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However, rather than tracking individual cells, we look at the macroscopic property of CA 

distributions within the tissue. Since lower-level changes to cellular identity do not guarantee 

higher-level changes, changes in individual cells may not be reflected in changes to the tissue. 

To construct a CA distribution for a given tissue sample, we calculate the fraction of cells in the 

tissue with each CA, which gives: 

 𝐷𝜆,𝜃 = {𝑑𝜆,𝜃
 1 .  𝑑𝜆,𝜃

 2 , . . . , 𝑑𝜆,𝜃
 𝑀 },  (3. 15) 

where 

 𝑑𝜆,𝜃
 𝑖 =

∑ 𝜒(𝐶𝐴𝑗=𝑖)𝑁
𝑗=1

𝑁
 

 (3. 16) 

and 𝑀 is the number of unique CAs for that tissue across all interaction distances, 𝜆, and receptor 

thresholds, 𝜃. To measure changes to a CA distribution, we compare distributions between tissue 

samples using the symmetric Kullback-Leibler (KL) divergence. The symmetric KL divergence 

for 𝑃 and 𝑄 is given by: 

 𝐷𝐾𝐿(𝑃, 𝑄)  =  𝐷𝐾𝐿(𝑃||𝑄)  +  𝐷𝐾𝐿(𝑄||𝑃)  (3. 17) 

which is the sum of the two KL divergences: 

 𝐷𝐾𝐿(𝑃||𝑄)  =  − ∑ 𝑃(𝑥)log(
𝑄(𝑥)

𝑃(𝑥)
)𝑥∈𝑋   (3. 18) 

and similarly defined, 𝐷𝐾𝐿(𝑄||𝑃). Here we use the natural logarithm, though any base may be 

used for the logarithm. If 𝑃 and 𝑄 are identical distributions, then the symmetric KL divergence 

will be 0 and will increase as 𝑃 and 𝑄 diverge. 

In our calculations, 𝑃 is the CA distribution of a tissue, 𝐷𝜆,𝜃 , and 𝑄 is the CA distribution 

of tissues in one of the three asocial regions: 𝐷𝜆𝑂𝑁 ,𝜃𝑂𝑁 , 𝐷𝜆𝑂𝐹𝐹 ,𝜃𝑂𝐹𝐹 , 𝐷𝜆𝑆𝐸𝐿𝐹,𝜃𝑆𝐸𝐿𝐹 . As in section 



78 

 

 

3.3.2.1, we are using the asocial regions as references to quantify the effect of changing 

communication, taking the minimum KL divergence to guarantee the maximal divergence from 

any reference. Therefore, we define:  

𝐷̂𝐾𝐿(𝜆, 𝜃) = min(𝐷𝐾𝐿(𝐷𝜆,𝜃,𝐷𝜆𝑂𝑁,𝜃𝑂𝑁 ), 𝐷𝐾𝐿(𝐷𝜆,𝜃,𝐷𝜆𝑂𝐹𝐹 ,𝜃𝑂𝐹𝐹 ), 𝐷𝐾𝐿(𝐷𝜆,𝜃,𝐷𝜆𝑆𝐸𝐿𝐹,𝜃𝑆𝐸𝐿𝐹)) (3.19) 

which we used as our metric of change in tissue composition. 

As expected, the 36% of tissues that showed no change in cellular behavior also show no 

change to tissue composition (Figure 3.11A). Even though communication occurs within these 

tissues, they behave the same as asocial tissues. For the other 64% of tissues, there is a mixed 

relationship between the likelihood of cellular change and changes in tissue composition. In some 

tissues, there is a clear positive correspondence (Figure S3.4A). In others, there seems to be little 

change in tissue composition regardless of switching cellular behavior (Figure S3.4B). Most 

interestingly, some tissues have little change in tissue composition until some percentage of cells 

switch behavior (Figure S3.4C).  

 As with the behavior of individual cells, tissue composition is clearly a function of the 

degree of communication (Figure 3.11B-D). The broad regions of asocial and social behavior are 

reflected in the shifts of tissue composition. Even so, the response of each tissue is unique, with 

different responses in how tissue composition changes within the social regions of 𝜆 and 𝜃. The 

same three general trends observed for changes in cellular behavior (flat, single peak, double peak) 

are also observed for changes in tissue composition. In many cases, the tissue composition of the 

ON, OFF, or SELF regions creeps into the social regions, minimizing the communication 

parameter space where distinct tissue compositions can occur (Figure S3.2B). Looking across all 

of the tissues, we find that, on average, tissue composition changes most rapidly as the effective 
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interaction distance increases beyond a single cell, peaking by 𝜆= 5 and then leveling out (Figure 

3.12).    

 

(A) (B)  

(C) (D)  

Figure 3.11. Examples of how different tissues change CA composition with the degree of 

communication. 𝐷̂𝐾𝐿 increases with increasing change in composition. Each subplot shows the 𝐷̂𝐾𝐿 

for one tissue across sampled 𝜆, 𝜃 values. (A) A tissue with no change in composition. (B) A tissue 

with a flat 𝐷̂𝐾𝐿 response to changing communication. (C) A tissue with a single peak in its 𝐷̂𝐾𝐿 

response. (D) A tissue with two peaks in its 𝐷̂𝐾𝐿 response. Blue lines represent the boundaries of 

communication regions as measured in section 3.3.1.  
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Figure 3.12. 𝐷̂𝐾𝐿 as a function of 𝜆. For a given 𝜆 value, the maximum 𝐷̂𝐾𝐿was calculated for each 

tissue and then averaged across tissues, giving 𝐷̅𝐾𝐿(𝜆).   

3.3.2.4 Does the diversity of a tissue depend on communication? 

Taking a deeper examination of how tissue composition is affected by communication, we 

analyzed the diversity within tissues. Population diversity is a functionally important property of 

cellular populations, and is tightly regulated, whether for generating homogeneity or heterogeneity 

158,164,176. Using the CA distributions of tissues, we calculated the entropy of the distribution as a 

measure of diversity - completely homogenous tissues having the lowest entropy and tissues with 

an equal number of every CA having the highest entropy. Tissue diversity is thus defined as: 

 𝐻𝜆,𝜃 =  − ∑ 𝑑𝜆,𝜃
𝑖 log(𝑑𝜆,𝜃

𝑖 )𝑀
𝑖=1   .  (3.20) 

First, we examined the specific case of homogeneous tissues, in which 𝐻𝜆,𝜃= 0. We found 

a clear trend between the fraction of tissue samples that are homogenous and the degree of 

communication (Figure 3.13A). At 𝜆= 2 there is an immediate drop in the number of tissues with 

only one cell type. Remarkably, it is also the global minimum of the fraction of homogeneous 

tissues. As the effective interaction distance and receptor activation threshold are increased along 
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the curve, the fraction of homogeneous tissues increases. Notably, this fraction is both highest and 

lowest within the social regions, but peaks or dips at a low 𝜆 value (Figure 3.13B).   

Looking more generally at all values of entropy, we found that communication has a strong 

effect on tissue diversity. Of course, for those tissues in which tissue composition does not change, 

𝐻𝜆,𝜃 is identical to that of one of the asocial regions. In the other tissues, entropy varies within the 

social region along 𝜆, 𝜃 curves, taking values that are higher, lower, and/or the same as in asocial 

regions (Figure 3.14A-D). Similar to how changes in cellular behavior do not guarantee changes 

in tissue composition, changes in tissue composition do not guarantee changes in tissue entropy. 

In fact, even when tissue composition differs from asocial tissues, it is possible for entropy within 

the tissue to largely remain the same (Figure S3.5A). We also observed tissues in which changes 

in tissue composition and entropy are uncorrelated, negatively correlated, or positively correlated 

(Figure S3.5B-D). 

 

(A) (B)  

Figure 3.13. Fraction of tissue samples that are homogeneous as a function of 𝜆 and 𝜃. (A) 

Heatmap of fraction of homogeneous tissues as a function of 𝜆 and 𝜃. (B) Maximum (solid) 

and minimum (dashed) fraction of homogeneous tissues at each 𝜆 value, split by asocial 

(blue) and social (red) regions. Both (near) global max and global min occur in social regions 

at 𝜆 ≤ 4.     
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(A) (B)  

(C) (D)  

Figure 3.14. Examples of how tissue entropy changes with changing communication. Each 

subplot represents the entropy, 𝐻𝜆,𝜃, of one tissue at different 𝜆,𝜃 values. Tissues can have 

entropy that is higher (A), lower (B), or in-between (C) that of tissues in the asocial regions. 

Some tissues can have entropy that is higher, lower, and in-between that of the asocial 

regions (D).  

3.4 DISCUSSION 

Communication is a key component of living systems, providing a means by which cells can 

coordinate their activities to achieve collective goals and accomplish complex functions. 

Understanding the range and magnitude of the effects of communication within populations 

advances our understanding of how communication systems have evolved and how they function 
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in extant organisms. It also advances our ability to modify, manipulate, and repair existing or 

synthetic systems.  

In this work, we have used an in silico model of 3-dimensional cellular populations to 

explore the effects communication can have on cellular and population behavior. By modeling a 

generalized system, we aimed to explore the effects of communication without the bias of systems 

evolved for specific functions. We focused on two signaling parameters, the effective interaction 

distance between cells, 𝜆, and the receptor activation threshold, 𝜃. These parameters have 

previously been shown to affect the degree of communication between cells 103,198. In addition, 

both parameters are variable within and between populations 201-203. The effective interaction 

distance between cells can be altered by the biochemical properties of the signaling molecule, 

binding properties of the signal receptor, and the contents of the extracellular environment, all of 

which can influence the stability, concentration, and diffusion rate of the signal molecule. The 

receptor activation threshold can be altered by the biochemical properties of the receptor and the 

level of receptor expression by the cell, both of which can change the likelihood of receptor 

activation in the presence of signaling molecule. 

Using our model, we have shown that signaling by cells does not guarantee 

communication. Moreover, depending on 𝜆 and 𝜃, cells can operate in very different social 

regimes. They can be completely asocial, either with receptors always ON/OFF or solely 

dependent on self-generated signal. Alternatively, they can be social, either with receptor 

activation only dependent on neighbor-generated signal or on some combination of self- and 

neighbor-generated signal. Similar social regimes have been shown by Youk et al. 198 who 

explored the role of the secretion rate and receptor activation threshold in a similar framework. 



84 

 

 

Thus, changing 𝜆 and 𝜃 are possible mechanisms by which populations that use the same signaling 

framework can exhibit different social behaviors.    

When cells do communicate, they coordinate by regulating cellular behavior within the 

population. When a cell receives a signal, it uses the signal as a cue to change its behavior. We 

found that the fraction of cells within a population that change behavior due to communication is 

highly variable with 𝜆 and 𝜃. Furthermore, we found that the set of behaviors that cells can exhibit 

is not consistent between asocial and social cells. Cellular behaviors can be lost or gained due to 

cell-cell communication. Interestingly, Damiani et al. 105 showed that new behaviors can also arise 

in communicating populations when changing coupling strength, i.e. the number of unique signals 

used in communication. Fundamentally, these findings mean that asocial cells and socials cells are 

operating within distinct sets of functionalities. That is, cells can not only use cell-cell 

communication to coordinate the expression of different cellular behaviors, but whether a cellular 

behavior is expressed at all. One repercussion of this is that disrupting communication in social 

populations can either result in the removal of social behaviors or the appearance of cellular 

behaviors observed in asocial systems. Similarly, introducing communication to an asocial 

population can result in the loss of behaviors or the appearance of unpredicted behaviors. Notably, 

since we are working with randomly generated cellular networks, our results show that the loss 

and gain of cellular behaviors is an emergent property of populations in which cells communicate 

rather than a product of evolutionary fine-tuning.   

We further examined how distinct cellular behaviors can arise in social cells, finding that 

they can either be variants of asocial behaviors, combinations of asocial behaviors, or completely 

distinct from asocial behaviors. Since cellular behaviors are often linked to specific functions, 

there may be a functional interpretation to these categories. Specifically, social behaviors that are 
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variations or combinations of asocial behaviors may be functionally similar and social behaviors 

that are distinct may have distinct functions. 

While the behavior of individual cells is regulated by intercellular signals, cell-cell 

communication is ultimately a population phenomenon. Population-level properties are also 

regulated by communication as cellular level changes culminate in population level changes. We 

focused on the distribution and diversity of cellular behaviors within a tissue (tissue composition, 

tissue diversity) as general population properties that are often important in achieving collective 

behavior, especially division of labor. We have shown that both tissue composition and diversity 

can be tuned by changing the effective interaction distance and receptor activation threshold. 

Interestingly, though changes in the behavior of individual cells is a requirement for changes in 

tissue composition, the relationship between the two is not the same for all tissues. Similarly, the 

relationship between tissue composition and tissue diversity is not the same across tissues. In some 

tissues, diversity will not change with interaction distance and receptor threshold even if tissue 

composition does. In others, diversity decreases, in many cases becoming homogeneous. In fact, 

we have shown that when communication is added, the percent of behaviorally homogeneous 

tissues is lowest at short interaction distances and highest after that. Interestingly, Damiani et al. 

105 showed that the percent of homogeneous tissues increases with the coupling strength. These 

findings together indicate that a stronger connection between cells, whether it be through greater 

coupling to one cell or more communication partners, can strengthen the synchronization between 

them. In complete contrast to this, we found tissues in which cell-cell communication leads to an 

increase in diversity. What determines whether a tissue will homogenize or diversify is unclear, 

though it is likely related to the structure of the cellular network. 
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For each of the cellular and tissue properties we have discussed, we have found that not 

only do different tissues have different responses to changing cell-cell communication, but that a 

single tissue is capable of distinct responses within the social regions of the 𝜆, 𝜃 communication 

parameter space. However, there is one overarching trend that can be seen across both cellular and 

population metrics. As the neighborhood of interaction is extended beyond two neighboring cell 

lengths, there is a diminishing response to cell-cell communication. On average, both the sharpest 

change and greatest magnitude of response is observed within this range. Effectively, populations 

of cells do not need to interact beyond a range of one or two cells to utilize the range of effects 

that cell-cell communication grants.  

Overall, there is a clear difference between the cellular and population behavior of 

communicating and non-communicating populations. Surprisingly, genetically diverse 

populations all exhibit the same set of general trends in their response to cell-cell communication. 

However, there is still flexibility in the specific responses of different populations across cellular 

and population properties. By tuning their signaling parameters, cells can switch between broad 

types of asocial and social behavior. Even within social populations, there is heterogeneity and 

flexibility in response to changes in signaling parameters. Furthermore, signaling parameters can 

vary across space or across signaling molecules. Thus, social behavior can vary across a single 

population or across functional components of a single cell. Additionally, external factors may 

modify signaling parameters, allowing for cells to utilize environmental cues to alter their behavior 

or for an external agent to manipulate the system. This diversity enables specialization for the 

unique selective pressures of any given population, tuning their signaling parameters over 

evolutionary time or within the lifetime of a cell. 
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3.5 APPENDIX 

Analysis of Social Boundary Curves. The diffusion equation for the concentration of molecule 𝑚 

at the surface of cell 𝑖 is given by: 

 𝜕𝐶𝑖/𝜕𝑡 = 𝐷 △ 𝐶𝑖  − 𝛾𝐶𝑖  +  𝜂(𝑥𝑖,𝑆) /𝑉𝑐   (3.3)  

 

where 𝐶𝑖 is the concentration at cell 𝑖, 𝐷 is the diffusion coefficient, 𝛾 is the rate of degradation, 

𝜂(𝑥𝑖,𝑆) is the secretion rate of cell 𝑖, and 𝑉𝑐  is the volume of a cell. If we assume that cells are 

identical spheres and that boundary conditions are not periodic, then the steady-state concentration, 

𝐶̂𝑖, is given by: 

 0 = 𝐷 △ 𝐶̂𝑖  − 𝛾𝐶̂𝑖  +  𝜂(𝑥𝑖,𝑆) /𝑉𝑐 (3.4) 

which has the solution 

 𝐶̂𝑖(𝑥𝑗,𝑆) = ∑
𝜂(𝑥𝑗,𝑆)

4𝐷(1+
1

𝜆
)

⋅
1

𝑟𝑗
⋅ 𝑒

−(𝑟𝑗−𝑅)

𝑅𝜆𝑁
𝑗=1   (3.21) 

taking the form of a sum of molecule 𝑚 that was secreted by each cell 𝑗 and has diffused to the 

location of cell 𝑖 198. 𝑁 is the number of cells within the population, 𝑟𝑗 is the distance from the 

center of cell 𝑗 to the surface of cell 𝑖, and 𝜆 = √𝐷/𝛾 / 𝑅 is the effective interaction distance. If 

we separate the contributions of cell 𝑖 and all other cells 𝑗, 𝑗 ≠ 𝑖, we get: 

 𝐶̂𝑖(𝑥𝑖,𝑆 , 𝑥𝑗,𝑆) = 𝐶̂𝑖
𝑆(𝑥𝑖,𝑆) + 𝐶̂𝑖

𝑁(𝑥𝑗,𝑆)  (3.22) 

where the contribution of cell 𝑖 to 𝐶̂𝑖 is 

 𝐶̂𝑖
𝑆(𝑥𝑖,𝑆) =

𝜂(𝑥𝑖,𝑆)

4𝐷(1+
1

𝜆
)
 (3.23) 

and the contribution of all neighbor cells j to 𝐶̂𝑖 is 



88 

 

 

 𝐶̂𝑖
𝑁(𝑥𝑗,𝑆) = ∑

𝜂(𝑥𝑗,𝑆)

4𝐷(1+
1

𝜆
)

⋅
1

𝑟𝑗
⋅ 𝑒

−(𝑟𝑗−𝑅)

𝑅𝜆𝑗≠𝑖  .  (3.24) 

 

To determine the boundaries of social behavior in our model, we consider a tissue in which 

𝑅, 𝐷, 𝛾, and 𝑟𝑗 are constant and all cells 𝑗, except cell 𝑖, have the same value for 𝑥𝑗,𝑆. That is,  

𝑥𝑗,𝑆 = 1 or 𝑥𝑗,𝑆 = 0  ∀ 𝑗 ≠ 𝑖. Thus, we can further simplify 𝐶̂𝑖
𝑆(𝑥𝑖,𝑆) and 𝐶̂𝑖

𝑁(𝑥𝑗,𝑆) to: 

 𝐶̂𝑖
𝑆(𝑥𝑖,𝑆) = 𝛽 ⋅ 𝜂(𝑥𝑖,𝑆)  ,  (3.25) 

and 

                                                        𝐶̂𝑖
𝑁(𝑥𝑗,𝑆) = 𝛽 ⋅ 𝜂(𝑥𝑗,𝑆)𝛿  (3.26) 

where  

 𝛽 = (4𝐷(1 +
1

𝜆
))−1,  (3.27) 

 and 

                                                           𝛿 = ∑ 𝛽 ⋅
1

𝑟𝑗
⋅ 𝑒

−(𝑟𝑗−𝑅)

𝑅𝜆𝑗≠𝑖 .  (3.28) 

Note that both 𝛽 and 𝛿 are constant due to the static position of all cells. Finally, the boundaries 

describing regions A1, A2, A3, S1, S2, and S3 are given by the receptor activation threshold value 

at which it equals the different combinations of self- and neighbor-generated signal, 

𝐶̂𝑖
𝑆(𝑥𝑖,𝑆), 𝑥𝑖,𝑆 ∈ {0,1} and 𝐶̂𝑖

𝑁(𝑥𝑗,𝑆), 𝑥𝑗,𝑆 ∈ {0,1}. This gives four boundary equations: 

 𝜃1 = 𝐶̂𝑖
𝑆(𝑥𝑖,𝑆 = 0) + 𝐶̂𝑖

𝑁(𝑥𝑗,𝑆 = 0) = 𝛽 + 𝛽𝛿 (3.29) 

 𝜃2 = 𝐶̂𝑖
𝑆(𝑥𝑖,𝑆 = 0) + 𝐶̂𝑖

𝑁(𝑥𝑗,𝑆 = 1) = 𝛽 + 𝛽𝛼𝛿 (3.30) 

 𝜃3 = 𝐶̂𝑖
𝑆(𝑥𝑖,𝑆 = 1) + 𝐶̂𝑖

𝑁(𝑥𝑗,𝑆 = 0) = 𝛽𝛼 + 𝛽𝛿 (3.31) 
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 𝜃4 = 𝐶̂𝑖
𝑆(𝑥𝑖,𝑆 = 1) + 𝐶̂𝑖

𝑁(𝑥𝑗,𝑆 = 1) = 𝛽𝛼 + 𝛽𝛼𝛿 (3.32) 

 

From this set of equations we can see that 𝜃1 < 𝜃2 < 𝜃4 and 𝜃1 < 𝜃3 < 𝜃4 will hold for any values 

of 𝛽, 𝛿 , 𝑁, and 𝛼 > 1.  

To determine the relative positions of 𝜃2 and 𝜃3, we first find their intersection, given by:  

𝜃2 = 𝜃3 

𝛽 + 𝛽𝛼𝛿 = 𝛽𝛼 + 𝛽𝛿 

1 + 𝛼𝛿 = 𝛼 + 𝛿 

1 − 𝛼 = (1 − 𝛼)𝛿 

1 = 𝛿 

 1 = ∑ 𝛽 ⋅
1

𝑟𝑗
⋅ 𝑒

−(𝑟𝑗−𝑅)

𝑅𝜆𝐼  𝑗≠𝑖   (3.33) 

where 𝜆𝐼 is the value of 𝜆 at which 𝜃2 and 𝜃3 intersect. If 𝜆 >  𝜆𝐼then 𝜃2 < 𝜃3 and, similarly, if 

𝜆 <  𝜆𝐼then 𝜃2 > 𝜃3.    
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3.6 SUPPLEMENTAL FIGURES 

 

 

Figure S3.1. All sampled 𝜆, 𝜃 values. For each of 12 𝜆 values, 9 𝜃 values were chosen - 1 in 

region A1; 1 in S1; 5 in S2 or A2; 1 in S3; and 1 in A3.  
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(A) (B)  

Figure S3.2. Example tissues in which asocial behavior is exhibited in social regions.         

(A) 𝐷𝐻(𝐴𝑇𝜆,𝜃 , 𝐴
𝑇

𝜆𝑂𝑁,𝜃𝑂𝑁 ), 𝐷𝐻(𝐴𝑇𝜆,𝜃 , 𝐴
𝑇

𝜆𝑂𝐹𝐹,𝜃𝑂𝐹𝐹 ), and 𝐷𝐻(𝐴𝑇𝜆,𝜃 , 𝐴
𝑇

𝜆𝑆𝐸𝐿𝐹,𝜃𝑆𝐸𝐿𝐹 ) for a single 

tissue. The color is generated using (1-𝐷𝐻(𝐴𝑇𝜆,𝜃, 𝐴
𝑇

𝜆𝑂𝑁,𝜃𝑂𝑁 ),1-𝐷𝐻(𝐴𝑇𝜆,𝜃 , 𝐴
𝑇

𝜆𝑆𝐸𝐿𝐹,𝜃𝑆𝐸𝐿𝐹 ),        

1-𝐷𝐻(𝐴𝑇𝜆,𝜃 , 𝐴
𝑇

𝜆𝑂𝐹𝐹,𝜃𝑂𝐹𝐹 )) as (R,G,B) values. In bright regions, 𝑏𝜆,𝜃 is low and tissues behave 

similarly to in the asocial regions - color indicates which asocial region. In dark regions, 𝑏𝜆,𝜃  

is high and tissues behave differently than in asocial regions. 𝑏𝜆,𝜃 = 0 in regions S1, S3 and 

on the left and right edges of S2. Cells on the left edge behave the same as in the ON region, 

while cells on the right edge behave the same as in the OFF region. (B) 𝐷𝐾𝐿(𝐷𝜆,𝜃,𝐷𝜆𝑂𝑁 ,𝜃𝑂𝑁 ), 

𝐷𝐾𝐿(𝐷𝜆,𝜃,𝐷𝜆𝑂𝐹𝐹 ,𝜃𝑂𝐹𝐹 ), 𝐷𝐾𝐿(𝐷𝜆,𝜃,𝐷𝜆𝑆𝐸𝐿𝐹,𝜃𝑆𝐸𝐿𝐹 ) for a single tissue. The color is generated using 

(1-𝐷𝐾𝐿(𝐷𝜆,𝜃,𝐷𝜆𝑂𝑁,𝜃𝑂𝑁 ), 1-𝐷𝐾𝐿(𝐷𝜆,𝜃,𝐷𝜆𝑂𝐹𝐹 ,𝜃𝑂𝐹𝐹 ), 1-𝐷𝐾𝐿(𝐷𝜆,𝜃,𝐷𝜆𝑆𝐸𝐿𝐹,𝜃𝑆𝐸𝐿𝐹)) as (R,G,B) values. 

In bright regions 𝐷̂𝐾𝐿(𝜆, 𝜃)is low and tissues behave similarly to in the asocial regions - color 

indicates which asocial region. In dark regions, 𝐷̂𝐾𝐿(𝜆, 𝜃) is high and tissues behave 

differently than in asocial regions. 𝐷̂𝐾𝐿(𝜆, 𝜃)= 0 within S1, S2, and S3. Tissue samples in S1 

and on the left edge of S2 have the same composition as in the ON region and tissue samples 

in S3 and right edge of S2 have the same composition as in the OFF region. 
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(A) (B) (C)  

Figure S3.3. Three examples of variable behavior of 𝑏𝜆,𝜃in different tissues. 

 

(A) (B) (C)  

Figure S3.4. Three tissue examples of how changes in cellular behavior, 𝑏𝜆,𝜃 can relate to 

changes in tissue composition,𝐷̂𝐾𝐿(𝜆, 𝜃). (A) A tissue with a strong positive relationship 

between 𝑏𝜆,𝜃and 𝐷̂𝐾𝐿(𝜆, 𝜃). (B) A tissue with a very weak positive relationship between 

𝑏𝜆,𝜃and 𝐷̂𝐾𝐿(𝜆, 𝜃). (C) A tissue with a switch-like relationship between 𝑏𝜆,𝜃and 𝐷̂𝐾𝐿(𝜆, 𝜃). 
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(A) (B)  

(C) (D)  

Figure S3.5. Relationships between 𝐷̂𝐾𝐿  and 𝐻𝜆,𝜃.  Each subplot shows the 𝐷̂𝐾𝐿(𝜆, 𝜃) and 

𝐻𝜆,𝜃 for one tissue. (A) 𝐻𝜆,𝜃 does not change with 𝐷̂𝐾𝐿(𝜆, 𝜃). (B) 𝐷̂𝐾𝐿(𝜆, 𝜃) and 𝐻𝜆,𝜃  are 

mostly uncorrelated. (C) 𝐷̂𝐾𝐿(𝜆, 𝜃) and 𝐻𝜆,𝜃  are negatively correlated. (D) 𝐷̂𝐾𝐿(𝜆, 𝜃) and 

𝐻𝜆,𝜃 are positively correlated. 
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Chapter 4. DISCUSSION 

4.1 OVERVIEW 

 Many natural systems can be categorized as complex systems, with relatively simple 

components interacting to generate collective behaviors not easily predictable from the 

components themselves, like the flocking of birds or schooling of fish 3. As such, a complex 

systems view is necessary in order to fully understand how behaviors of the population as a whole 

arise from interactions between individuals. In particular, our understanding of living systems, 

which are essentially nested complex systems, stands to benefit from the application of complex 

systems theory 204. As the fundamental unit of life, cells provide a good starting point for 

developing an understanding of biological systems as complex systems. 

In this thesis, I have explored cellular behavior using a complex systems approach, 

considering cells as both a system of intracellular components as well as a smaller unit within a 

larger cellular population. Specifically, I have focused on the cellular use of external signals, which 

can serve as a source of necessary information for cells as a system or as the interaction that binds 

cells together as a population. In order to study cells in these contexts, I took an abstract 

mechanistic modeling approach in which cellular dynamics are modeled using a Boolean network 

(BN) mathematical formalization. This approach allows for the relationship between agent 

behavior and population behavior to be explored without confounding factors of system-specific 

details. As a network of binary-valued nodes, Boolean networks are computationally and 

analytically tractable and have been shown to be capable of rich emergent behavior linked to 

cellular behavior 37,42,44,46. 
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4.2 CELLS AS SYSTEMS OF INTRACELLULAR COMPONENTS 

 In this thesis, I have focused on two system-level properties of cells as systems of intracellular 

components: (1) the capacity for information processing and (2) the system dynamics under 

externally driven input by time-varying signals.  

To explore the capacity for information processing in cells, I use the reservoir computing 

framework. Reservoir computing has emerged in the last two decades 89,90 as a variant of neural 

networks that classifies inputs in real-time and does not involve training the internal topology of 

the system. The finding that fixed reservoirs are capable of signal processing has led researchers 

to show that many natural, fixed dynamical systems are capable of reservoir computing 136,205. 

Thus, I chose to investigate cells, which are dynamical systems with fixed rules, as reservoirs in 

order to explore their information processing capacity. Though less common, there is some 

previous research showing the connection between cells and cellular populations to reservoir 

computers 128,130. Importantly, these studies investigated specific systems as reservoir computers. 

I took an abstract approach in order to identify general trends in network properties and signal 

processing.  

We found that large network size and input connectivity, both of which we associate with 

computational power, guarantee the flexibility to generate many different responses to the same 

signal with minimal retraining of the readout layer. However, there is significant heterogeneity in 

flexibility even with fewer nodes or less input connectivity, with a small subset of BNs being 

maximally flexible. This raises the question of whether there are structural properties that confer 

flexibility in these networks. Indeed we found that on average, networks with in-degree associated 

with critical behavior have higher average success across all tested tasks. However, we did not 

identify whether this feature is also associated with higher flexibility at low computational power. 
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Other structural differences, which are known to influence information processing capacity 61,86,206, 

could also be at play. Interestingly, regardless of flexibility, tasks that require a higher fidelity of 

memory of events that happened further in the past are the most difficult.  

It would be valuable to gather data from real cellular systems and compare their networks 

as well as their signal processing requirements to our findings. If cells maintain high computational 

power then they retain flexibility in processing signals. Lower computational power would save 

resources, but would be less robust to changes in network structure since fewer such networks are 

highly flexible. However, if cells only require the ability to generate a small subset of responses, 

flexibility may be less important. Moreover, there may be a relationship between a cell’s response 

network and the difficulty of its required signal responses. Do cells dedicate more resources when 

they are required to perform more difficult signal processing tasks or simply sacrifice accuracy?  

Overall, the fact that our cellular models are capable of acting as reservoir computers has 

interesting implications for the adaptability of intracellular networks. Our work shows that a single 

network can be adapted to many different responses simply with a different readout. This suggests 

that the bulk of information processing can be performed by the same core network and then the 

output can be further processed by different sets of components in order to generate particular 

responses. Jones et al. 130 propose that a gene regulatory network acts as the reservoir and the 

readout for different responses is performed by specific proteins or DNA segments.  

To explore the effects of time-varying signals on the dynamics of cells, we primarily used 

a network-of-networks modeling approach in which a population of cells described by networks 

interact through extracellular signals. Understanding the effects of external signals on the internal 

dynamics of BNs is still a relatively unexplored area, with no comprehensive study considering 

the dynamics of open BNs. We found that the behavior of a single BN can change drastically when 
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the external signal has direct or indirect feedback from the BN. The network can be forced into 

stable behavior it otherwise would not exhibit. This includes behavior that is not stable in closed 

BNs. Though we suspect that the dynamical regime of the BN likely changed as an open versus 

closed system, we did not perform the numerical experiments necessary to test this hypothesis. An 

analysis of how the system responds to perturbations could reveal any dynamical changes, though. 

We did observe a potential shift in dynamics in the BN reservoirs. As the reservoirs’ connectivity 

to the input signal increased, the performance of networks with critical connectivity was reduced 

and those with sub-critical connectivity increased. Given that criticality is strongly associated with 

information processing capacity and that chaotic networks perform worse in our study, this 

suggests that the time-varying input is increasing the sensitivity of the network to perturbations. 

Since this topic is related to perturbation spreading, different structural and logical properties of 

Boolean networks likely have a role in how much a time-varying input influences the dynamics of 

the network 207,208. 

  

4.3 COMPLEX CELLS AS INTERACTING UNITS  

In this thesis, I also investigated cells as the interacting agents within a cellular population. Rather 

than consider simple cellular automata cells, I modeled cells as complex networks that interact to 

form a larger complex system. Living systems are hierarchies of organization levels, each level 

considered as a complex system in its own right. For simplicity, most complex systems research 

only considers one organizational level at a time. In chapter 3, I added this complexity to examine 

the effects of cell-cell communication on cellular and population behavior. We found that 

communication between cellular networks leads to the emergence of novel cellular behavior and 

self-organization in tissue diversity. By tuning the parameters of communication, the number and 
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frequency of cellular behaviors as well as the degree of self-organization can be modified. 

Moreover, there may be a critical interaction distance that maximizes the effects of interaction. 

Interestingly, only a subset of cellular BNs exhibit unique behavior when communication occurs 

between cells. Those cellular BNs that do exhibit shifts in behavior due to cell-cell communication 

appear to separate into qualitatively different categories of response. Though we did not investigate 

it here, these findings could provide a predictable relationship between the lowest level of the 

system, the intracellular network, with the highest level of the system, the population behavior. 

Overall, our findings agree with the results from similar models by Damiani et al. 105 and Flann et 

al. 104.   

Given that a significant portion of complex systems research considers one level of 

organization at a time, it is pertinent to ask whether more complex agents generate qualitatively 

different population behavior. Certainly, by accounting for two levels of organization, we were 

able to observe relationships that were non-obvious otherwise. Namely, we were able to identify 

the emergence of novel cellular behavior when signaling occurs between cells. It is possible that 

this could be observed in simple cellular automata models of cells by looking at the temporal 

dynamics of a binary-valued cell; however, the framework of cellular BNs makes the observation 

much more apparent and tangible. Furthermore, it is unclear how adding layers of complexity will 

actually change the system’s qualitative behavior. In the work covered here, I only considered 

population level behaviors that would be observable in simple cellular automata, such as 

heterogeneity. Undoubtedly, more complex agents will generate more diverse behaviors, which 

can increase the relative complexity of the observed population-level properties. Ultimately, the 

question is whether we can learn more about a system by accounting for the multi-scale 

complexity. More studies with a network-of-networks approach would help to explore these ideas. 
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For example, the framework used here could be extended to examine different collective 

behaviors, such as synchronization or signal propagation (percolation). Computing in cellular 

populations of complex cells is another potential area of research. It has been established that 

populations of cells can act as reservoir computers. Our model could be extended to include cell-

cell communication in order to provide insights into population level computing. Whatever the 

behavior being investigated, further work in multi-scale complex systems is warranted.   

4.4 CONCLUSION 

 Using a complex systems framework, I was able to probe how cells can use external signals 

for their own benefit as well as for the benefit of the population by analyzing the behavior of cell-

like agents. I identified relationships between the properties of the intracellular and cellular 

networks to collective properties of the simulated cells and cellular populations. To study these 

systems, I used two relatively novel modeling frameworks: Boolean network reservoir computers 

and 3D populations of interconnected Boolean networks. Using these methods, I was able to show 

that cells can be very flexible in generating diverse responses to external signals, but that 

introducing those signals can dramatically alter cellular behavior. These changes include both the 

class of dynamical behavior that the cell exhibits as well as the range of specific stable behaviors 

that a cell expresses. I also showed that cells can collectively utilize external signaling in the form 

of cell-cell communication to self-organize population diversity and cell type composition. 

Importantly, these findings are in systems that were not evolved or otherwise specifically 

constructed to exhibit these behaviors, indicating that they are simply a result of cell-environment 

and cell-cell interactions. Further work may reveal the role of cellular network structure on the 

effects of external signals on cellular behavior as well as population self-organization. Additional 
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analysis may also show other instances of self-organization via cell-cell communication, such as 

in generating spatial patterning.    
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