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Abstract

Holographic Tools for Probing the Dynamics of Strongly Coupled Field Theories

John F. Fuini

Chair of the Supervisory Committee:
Professor Laurence Yaffe
Department of Physics

Since it was conjectured almost 20 years ago, AdS/CFT duality, or holography, has
enabled steady progress in understanding certain gauge theories in the strongly coupled limit.
In this thesis we examine various aspects of holography and holographic techniques, as well as
particular applications to the dynamics of strongly coupled plasmas. We discuss the energy
loss of general probe defects in generic holographic plasmas and the lifetime of quasinormal
modes of sufficiently short-wavelength in a strongly coupled A'=4 Super Yang-Mills (SYM)
plasma. We then perform a thorough investigation of the far-from-equilibrium dynamics of
the SYM plasma, focusing on how the presence of large magnetic fields or chemical potentials
affect the timescale of equilibration. Finally we discuss some non-relativistic directions by
finding a covariant construction of Lagrangians for spinor fields in generic Newton-Cartan
backgrounds via a non-relativistic reduction, which may assist in the construction of non-

relativistic versions of holography.
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Chapter 1

INTRODUCTION

One of the most incredible, yet unintuitive, theoretical discoveries made in the last twenty
years is the Anti-de Sitter/Conformal Field Theory correspondence (AdS/CFT), conjectured
by Juan Maldacena in 1997 [I]. In its strongest form, the conjecture relates type IIB su-
perstring theory in AdSs x S® spacetime to N'=4 Super Yang-Mills (SYM) theory with an
SU(N.) gauge group and Yang-Mills coupling constant gy s, which lives in four dimensional
Minkowski space. At first inspection these two theories are wildly different. On the ‘AdS’
side of the conjecture, we have a quantum theory of gravity in ten dimensions, described by
the interactions of open and closed oscillating strings with string length I, = v/o/ denoting
the scale of quantum oscillations. On the ‘CFT’ side, we have a supersymmetric conformal
field theory in four dimensions with no gravity whatsoever. And yet, the correspondence
states that all observables calculated on either side of this duality are precisely the same —

that in fact the theories themselves are mathematically identical.

Since the original correspondence was discovered, there have been many manifestations
of the duality, which are collectively referred to as holography. However, for our purposes,
we will be interested in the original holographic example and its generalization to finite

temperature.

A feature of critical importance is that the correspondence is a strong-weak coupling
duality. This means that when one side of the duality is strongly coupled, the other is
weakly coupled. Since calculations are easier, and often only possible pertubatively (in the
weak coupling regime), the correspondence allows us to calculate quantities on one side in
the weak coupling regime, and in doing so learn about the other side in the strongly coupled

regime. This feature is extremely useful for studying the properties of a strongly coupled



QFT. For the interests of this thesis, we will dial the 't Hooft coupling, A = g¥,,N,, to be
very large, so that we are considering the CF'T in the strongly coupled limit. We are then
assured that the AdS side will be weakly coupled and thus (possibly) calculable.

In the large N, and large A limit, the AdS side of the duality reduces to classical super-
gravity, which can basically be thought of as general relativity (GR) with extra field content.
We add in the large N, limit so that the gravitational calculations will be more manageable,
but NV, is of course a parameter in the dual theory as well. Thus, at the end of the day we
will make computations in supergravity to find out information about the SYM field theory,
when the field theory is in the regime of large N, and large coupling .

In this introductory chapter, we will give a brief introduction to AdS/CFT, focusing on
the parts of the correspondence which are most relevant for the remainder of the thesis. A
fully-contained treatment of holography is outside of our scope, but we refer the reader to
12, 3, 14, 5] [6l, [7, 8] and references therein, from which many ideas and explanations in this
introductory chapter were taken(|

We will conclude this introductory chapter with sections that present specific topics of
holographic research relevant to the thesis and the Ph.D. work of the author. These sections

will serve to provide a starting point for understanding the subsequent chapters.
1.1 Holography Background

First let us familiarize ourselves with the theories and parameters involved, and try to mo-
tivate where this unintuitive correspondence comes from.

On the AdS side, we have type IIB superstring theory on the background AdSs x S®. The
AdSs part of the background geometry has a radius of curvature, L, and the S° part shares
this radius of curvature as well, and provides a dimensionless number in terms of the string
length, L/ls. The string parameter o is related both to the string tension, as 7 = 1/27¢/, as

well as the string length, I, = v/o/. There is also the dimensionless coupling strength of the

!The author is particularly fond of the presentation found in the recent textbook [6] and strongly encour-
ages any new student of holography to purchase it.



strings, g;. The two free dimensionless parameters on the AdS side of the correspondence
are thus gs and L/ls. On the CFT side, we have N'=4 SYM theory with an SU(N.) gauge
group and Yang-Mills coupling constant gym, and thus the theory is governed by N, and
gyMm-

The correspondence tells us that the two theories have partition functions in the presence
of sources which are equivalent, and that the two free parameters in each theory are related
via

4
9\2(1\/1 = 2mgs , 29\2{MNC — (1.1)

S

1.1.1  Motivation for Holography

We seek to motivate the correspondence by appealing to two different viewpoints of the
soliton-like objects in superstring theory known as D-branes. We will follow the particularly
pedagogical presentations of [2] 3], [6].

Superstring theory has fundamental string objects, as well as soliton-like solutions known
as Dirichet-Branes (D-branes) upon which open strings can end. Dp-branes are D-branes that
are of p+1 dimensionalityﬂ . If the brane is embedded in a spacetime of dimension d > p, the
brane extends infinitely into p spatial dimension&ﬂ and is localized in the remaining d —p—1
spatial directions. Since open string endpoints must lie on the brane, they are fixed in the
remaining coordinates to where the branes sit, and thus satisfy Dirichlet condition in these
coordinates. Conversely, for the p directions into which the brane extends, the endpoints
may move along the brane and thus satisfy Neumann conditions in these coordinates. For
type IIB superstring theory there are only stable Dp-branes for odd p.

We will start by considering a stack of these Dp-branes placed in ten-dimensional space
time (N, branes in number), and we can inquire about the dynamics of open and closed
strings along with the Dp-brane stack. There are two different ways to describe the dynamics

between fundamental strings and these Dp-branes, and which description is valid depends

2p denotes the number of directions in the brane’s spatial extent.

3In addition to the time direction, 2°.



the strength of g, N..

First we consider the case of g; N, < 1, the so-called “open string” case. We want to work
with the strings perturbatively, and thus we have that g, << 1. The Dp-branes provide a
constraint for where open string endpoints must lie. Thus, the dynamics are that of the open
strings and their endpoints (fixed to the brane), closed strings propagating in empty space
and the interactions between the open strings, closed strings and the brane. Considering
energies less than the string scale, 1/l5, will allow us to focus only on the massless modes.
The plan will be to then write an effective Lagrangian for these massless modes and their
interactions. The low energy description of the closed string states will give us supergravity
in the full ten dimensions, while the open string massless states will have a low energy
description whose Lagrangian is precisely that of N'=4 SYM theory. Open string endpoints
on a single brane in the low-energy effective action are described by a U(1) gauge theory.
When we make a stack of N, Dp-branes, we get a U(N.) gauge theory where the effective
coupling is now g, N..

On the other hand, in the so-called “closed string perspective”, we may stack many
Dp-branes and achieve g;N. > 1. We may now consider how this stack deforms the space
around it, and we may replace the stack of branes with the geometry sourced by the Dp-brane
stack itself and then consider the dynamics of strings on this new geometry. Again we will
take a low energy limit so that superstring theory becomes supergravity — this means that
the characteristic length scale, L, of the geometry created by the stack must be very large
compared to scale set by the string length, [;.

Specifically, when we consider a coincident stack of D3-branes in flat ten dimensional
spacetime, the two pictures summarized above give us the two sides of the duality that we
will be interested in. The open string perspective will give us a weakly coupled N’ =4 SYM
theory on four dimensional Minkowski space, and the closed string picture will give us type
1B supergravity in a ten dimensional background space of AdSs x S®, but at all times we
are describing the same physical object (a stack of N, D3-branes). Let us try to outline how

these two viewpoints of the duality come about in more detail.



The open string picture, gsN, < 1

Let us now illustrate the open string picture of N, coincident D3-branes, with embedding

0

in the ten dimensional space such that they extend infinitely in 2°, 2!, 22, and 23, and are

localized at some point in the remaining coordinates (z%,...,2%). We are interested in the
regime g;N. < 1, and there are two types of perturbative (g, < 1) string excitations. Per-
turbatively, the closed strings are excitations of the empty ten dimensional space, while the
open strings represent excitations of the D3-branes themselves. By restricting our attention

-1

to low energies, i.e. £ < (ls)~", we can neglect all massive string excitations, which have

energy of order (I,)7!.

We can then create a low energy effective action for each kind of excitation along with

their interactions, which has the schematic from:

S = Sbrane + Sint + Sbulk . (]—2)

This effective action is derived by integrating out all the massive modes. The plan then is
to take the “Maldacena limit”, which involves keeping N, and ¢ (and thus g;) fixed, along
with all physical lengths scales, while taking o/ — 0 (or equivalently [, — 0). If we perform

this limit on the above effective action, each piece simplifies as follows.

Performing an o/ expansion of Sy, yields the action of supergravity in ten dimensions
plus higher derivative terms which are subleading in o/. Thus, in the Maldacena limit, Sy

becomes the action of supergravity in ten dimensional flat space.

The excitations of the brane makeup the action Syane and are defined on the 4 spacetime
dimensions of the brane world volume. The action for the endpoints of the strings on a single
brane comes from the Dirac-Born-Infled (DBI) action. The leading order in o’ contribution

becomes

- _ 1 4 1 % lwf i J ’
Sopen = QWgS/dI<4FWF + 277 0,0 0,¢" + O(a) (1.3)



where the fermionic fields have been omittedlﬂ The action above contains the massless open
string degrees of freedom, which are organized into a four-dimensional N =4 supermultiplet,
consisting of one U(1) gauge field A, six real scalar fields, ¢, and four fermionic supersym-
metric partners, v). These will become the field content of our N'=4 SYM theory. We can
think about these as one N' = 1 vector multiplet, (A, ¥4), and three N' = 2 chiral multi-
plets, (v;, ¢;), where i = 1,23, and ¢ are complex scalar fields. These can be repackaged
as (A, Ya, ¢;) where A =1,...,4 is the index of the fundamental representation of SU(4),
¢ is real, and now ¢ = 1,...,6 is the six-dimensional antisymmetric representation index of
SU(4).

Generalizing the above action to N. D3-branes gives an extra SU(N.) adjoint representa-
tion label to our field content, (Af, 1%, ¢f), and requires the addition of a scalar potentia]ﬂ

to Sbrane7
1

21mgs

V= > Trley, il (1.4)

.3
where the trace is over SU(V,) indicies. With this potential, in the o/ — 0 limit, Sprane
becomes the bosonic part of N'=4 SYM theory, where we identify 27g, = g%,

The action governing the interactions between the open strings and the closed strings,
Sint, ends up being subleading in the o/ — 0 limit, and thus the closed strings and open
strings decouple, and the Sy, becomes free supergravity in ten dimensions.

The takeaway from this discussion is that in the open string picture (g;N. < 1), the
low energy description is that the open strings and close strings completely decouple, the
open strings act as degrees of freedom in N'=4 SYM theory in the 4 dimensions of the N,
D3-brane embedding location, and the closed strings act as free supergravity in the entire

ten dimensions. If there is any D3-brane separated by some distance from the stack, there

4The fermionic fields can be included via supersymmetric constraints.

5Tt’s not fully agreed the form of the the DBI action of a stack of branes, however, the low energy form of
the action is know. One can just generalize to multiple branes while demanding supersymmetry. While the
gauge fields have a term involving commutators, so must the scalars. This action is then verified against
open string amplitude calculations on the brane. A reader interested in the DBI action for the entire stack
should see [9].



will be a Higgs phase characterized by the position of the separated brane. This will give rise
to a “W mass” in the field theory dynamics, and if we don’t want to lose these dynamics, we
must take the o/ — 0 limit in such a way that keeps the separation distance in string units
— or the mass — fixed. This is the motivation behind the Maldacena limit’s demand to keep
2 /o’ fixed. Thus,

o =0, '/’ — constant. (1.5)

The Maldacena limit is sometimes also referred to as the decoupling limit.

The closed string picture, gsN, > 1

We want to now study the closed string picture, valid for g;,N. > 1, and examine the same
Maldacena limit. At strong coupling, the N, D3-branes are massive charged objects which
will deform the background geometry, i.e. which are sources for the field content of type 1B
supergravity.

The supergravity solution of N. D3-branes in ten spacetime dimensions can be found

with the ansatz

ds® = f(r)" P datde’ + f(r)/?6;de'ds? (1.6a)
Q206() — &, (1.6b)
Cay = (1= f(r)7) da® Adx* Ada® Ada® + - - (1.6¢)
9 2

where p,v =0,...,3and 4,5 = 4,...,9, with the radial coordinate defined by r* = >/, 22,
and C(y is the self-dual four-form (with ellipses representing terms to make F(5y = dCly)
self-dual).

The solution from the type IIB supergravity equations of motion reads,

fr)=1+ (5)4 : (1.7)

r

In supergravity, L is a parameter which denotes which a particular solution. String theory



can determine it in terms of other variables of our problem, as the flux of F{5 through the

internal S® counts the number of D3-branes giving the relation,
L* = 471g,Noo . (1.8)

The metric has two regions of interest characterized by » < L or r > L. In the r < L

case, we find a near-horizon or throat region, where f(r) ~ L*/r* and the metric reads

) 7,2 L2 ) )
ds® = ﬁnuydx“dx” + ﬁéijdxzdxj, (1.9)
or when we switch to inverse radial coordinate z = L72, we have
. L7 2 2 7092
ds* = = (Muwdatds” + dz*) + L*dQz . (1.10)

Here we have separated out the radial coordinate from the 6 transverse directions, converted
to spherical coordinates. We now explicitly see the metric pertaining to an S° coming
from the second term in the metric, and the first term is that of Anti-de-Sitter space in 5

dimensions, or AdS5.

In the other regime, r > L, we see that f(r) ~ 1 and thus the metric simply reduces to

flat ten dimensional spacetime,
ds® = ndatdz” + §;jdr'da’ . (1.11)

The system is thus described by the dynamics of closed strings propagating on this back-

ground spacetime, in the near-horizon region, in the flat large-r region, and in between.

As we discussed in the open string case, when we consider the low energy limit of closed
strings on flat ten dimensional space, we get free supergravity in ten dimensions. The story

is not as simple for the low energy limit of the near-horizon throat region.

Since g is a function of r, the energy recorded by observers at different r will be different.



Consider string excitations in the near-horizon regions at radial position r. The energy
observed at position r of the excitation in units of string length, I, is given by [, F,. Taking
a low energy limit will not get rid of the high energy string fluctuations, as an observer at
r = oo will see the fluctuation extremely red-shifted from climbing out of the throat region.

The exact relation is given by

E =/ —gnE, = f(r)"V*E,. (1.12)
In the near horizon region, r < L, f(r) ~ L*/r* and thus,
VA By ~ %\/JE (1.13)

and this observed energy goes to zero for r < L for any large but fixed [,F,. To an observer
at r = oo, this means that any energetic excitation brought closer » = 0 would appear to
have lower energy. In taking the low energy limit, there are now two distinct excitations seen
from an observer at r = oco: low energy supergravity modes from the ten dimensional space
far away from r = 0, along with any excitation originating from significantly close to r = 0.
Thus, string fluctuations surviving in the throat region are decoupled from the supergravity
degrees of freedom in the ten dimensional flat spacetime for r > L.
Note that
L* a1

- 47Tgch

; et (1.14)

thus, the Maldacena limit (where o/ /r is fixed), L*/r* — oo, and thus we are zooming in on

the r < L throat region (the AdSs x S® region).

Making the Conjecture

The idea behind making the AdS/CFT conjecture is the following. We started by trying
to describe the dynamics of a stack of N. D3-branes, and we developed two viewpoints in

a low energy limit. After taking the Maldacena limit, eq. (1.5, we are left with a free
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parameter, gsN.. When g;N. < 1, the open string picture is an easy way to describe the
dynamics of these N. coincident branes embedded in ten dimensions — we found the low
energy effective theory to be N =4 SYM theory isolated to the flat four dimensions of the
brane, and decoupled from this theory, we also found free type IIB supergravity on R"!.
When g,N. > 1, it is the closed string picture that gives us an easy way to think about
the dynamics — we found that the dynamics were captured by type IIB supergravity on
AdS5 x S°, and decoupled from this theory, we again see type IIB supergravity on R%!. It
was the Maldacena limit that gave us this nice decoupling in both perspectives of the same
system.

Since we have two different ways of describing the same system, and since they both
have a decoupled piece which is free type IIB supergravity on R%!, it is plausible that the
remaining theory in each picture should be identified. Specifically, Maldacena postulated that
the A'=4 SYM theory in flat 4 dimensions from the open string picture, should be identified
with the type IIB supergravity’| theory on AdSs x S® from the closed string picture. The idea
is that, while the variables and field content seem wildy different, the partition functions are
identical. Partition functions integrate over all values of the fields in the system — meaning
that, in some way, we basically are doing a complicated change of dummy variables in the
path integral, and thus all observables calculated on either side are identical. This is a
remarkable conjecture, and it has passed a myriad of consistency checks [3| 10, 1], for a list

of many initial consistency checks see section 6.4 of [0].

1.1.2  Symmetries/Isometries

If these theories are really to be identified, it must be that the unbroken global symmetries
of each theory are equal, and we will check this now.

On the AdS side, we note that the isometry group for the AdSs; part of the metric is

6Tt is commonly believed that doing away with the low energy limit gives a duality between N'=4 SYM
theory and type IIB superstring theory in AdSs x S° for all values of g%,;N. and N¢, and this is called
the “strongest form” of the duality.



11

given by SO(4,2), and that the isometry group for the S° part of the metric is immediately
given by SO(6).

It happens that the symmetry group of N'=4 SYM is the superconformal group SU (2, 2(4)
whose maximal bosonic subgroup is SU(2,2) x SU(4)r ~ SO(4,2) x SO(6)r [3]. We thus
see that the bosonic subgroup of the CFT side matches the isometries of the AdS side of
the duality. It can be shown that string theory on AdSs x S° does indeed have this full
SU(2,2]4) symmetry of the CFT, for details see chapter 7 of [6] or [3].

The fact that both sides have the same global symmetry means that we can categorize
representations on both sides of the duality according to how they transform under this
symmetry group. This categorization provides us with a way to link quantities on both sides
of the duality, thus creating a dictionary or mapping. In general the mapping will be between
operators on the N'=4 SYM side to the string theory states in the same representation on
the AdS side. In the limiting procedure we are interested in, this will simplify to a mapping

between N =4 SYM operators and supergravity fields on the AdS side.

1.1.3 Large N., Large A (weakest form)

Since we are interested in a strongly coupled field theory, and since we want to make cal-
culations easier, we will take two limits of the duality which will end up making the string
theory side more tractable. If we want the string theory side to be weakly coupled, g; < 1,
then to leading order we are left with classical string theory. This means that we will not
need to do the genus expansion in string theory, but only tree level diagrams. On the field
theory side, we see from eq. , that gym < 1 as well. But we can choose to take this
limit in such a way as g2,;N. = A is held fixed (or equivalently L?/a’ held fixed). This will
mean on the field theory side that we are taking a large N, limit, for fixed A, which is known
as the 't Hooft limit. In the 't Hooft limit, the Feynman diagrams organize themselves in a
1/N. expansion at fixed A, and in fact, the diagrams are grouped by their topology, see fig.
Nl

For instance, from [§], we see that the vacuum-to-vacuum amplitude log(Z) can be ex-
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Figure 1.1: The first few planar diagrams of the 't Hooft expansion.

) = E

Figure 1.2: Depiction of the genus expansion for the vacuum-to-vacuum amplitude.

panded as
log(Z) = ZNE_ann()\) = chfo(/\) + fl()\) + %fg()\) + .- (1.15)
n=0 c

The leading order piece alone is made up of only planar diagrams depicted in fig. and
thus the large N, limit is called the planar limit.
Note the similarity to the string theory genus expansion in fig. — in closed string
theory, the vacuum-to-vacuum amplitude is written as
2h=0 1
A= 37 @) = SF() + B() + G R0) 4 (1.16)
h=0 s
where it appears that g, is playing the role of 1/N,, as our conjectured relations suggest.
Once this particular large N, limit is taken, we are left with one free parameter on each
side. On the field theory side, we have the 't Hooft coupling A\, and since we are interested
in describing strongly coupled field theories, we will want to take A\ — oco. Via eq. ,
this will mean we are taking L?/(a/)> — oo, or equivalently I,/L — 0. This means that,

on the (now classical) string theory side, our string length is much smaller than the radius
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of curvature, L. In this limit of type IIB string theory, we obtain type IIB supergravity on
AdSs x S°

Finally then, we will be interested in the dynamics of classical type IIB supergravity (the
weak coupling limit of type IIB string theory), as this is precisely the dynamics of the dual
field theory, N'=4 SYM with an SU(N,) gauge group in the large N, and strongly coupled

limit.

1.1.4 Layout and Notation

It is a good idea to take a second to get familiar with the notation and layout of the geometry.
In the supergravity picture, there were originally ten coordinates. These coordinates are
split between the AdSs directions, which we will denote with index M, N, L, ..., and the
coordinates on the internal space S° which are collectively denoted by 5. The original

fields of Type-IIB supergravity are decomposed on the internal space via
h(aM Qs5) =) b (2")Y () (1.17)

where the Y are the spherical harmonics on the internal S®. The systems we are interested
in studying in this thesis will not require the supergravity fields to have any dependence on
the internal S® and the entire dynamics will be controlled by fields depending only on 2z,
while this is not necessarily true in a more general case.

The AdS5 part of the space is commonly analyzed in the following two sets of coordinates.

The so called “Global AdS” metric:
%45 giobar = L7 (— cosh?® pdr + dp + sinh® pd€23_,) (1.18)
And the “Poincare Patch AdS” metric:

dshas pp = ﬁ(nw,dx“dx”) + — (1.19)
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where L is the AdS radius of curvature. Like the name implies, Global AdS coordinates
are a global covering of AdS space, whereas the Poincare coordinates are not. There are
subtleties between the two coordinate choices that will not concern us — we will use solely the
Poincare coordinates, and direct the interested reader to sec. 2.2 of [2] for details. Looking
at the Poincare patch metric of AdS we see that at any finite value of the radial coordinate
7, the space becomes Minkowski space, albeit with some overall scale factor (that depends
on r). As can be seen, we are using z* to denote the coordinates on these Minkowski slices.
The r = oo slice is the boundary of AdS space, and r = 0 is the center of AdS space.
It is often said that the Minkowski slice at infinity (or at r = oo) is the Minkowski space
where the dual field theory lives. This is motivated by the fact that desired quantities in the
boundary field theory are obtained via asymptotic expansions about r = oo of the gravity
fields (which are defined for all 7), something we will see more specifically below. The r
coordinate (along with the Minkowski slices z#), fill out the bulk of the AdS space and this
is where the supergravity fields live. We will also make use of an inverted radial coordinate

z, defined via z = L?/r, which sends our AdS metric to

L2
= (Nuwdz"dz” + d=?) (1.20)

1.1.5 Field - Operator Map

Let us discuss the correspondence and the AdS/CFT dictionary elements we require in a
more concrete fashion. The weakest form of the AdS/CFT correspondence tells us that the
partition function of N'=4 SYM at large N, and large coupling in 4 spacetime dimensions is
exactly equal to the partition function for type IIB supergravity on AdSs x S°. The CFT side
is a conformal theory and does not have scattering matrix (S-matrix) elements. Observables
composed of gauge invariant combinations of local operators are thus the natural objects to
consider [2] for the duality. Symmetry groups have been established to be equal on both
sides of the duality. The identification of the representations of the symmetry groups will

give us a field-operator mapping, between the fields on the AdS side and the operators on
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the CF'T side. This field-operator mapping will dictate how we use the correspondence.

Suppose that a ﬁeldﬂ on the AdS side, ¢, falls into the same representation of the shared
symmetries as a gauge invariant operator O on the CF'T side. We will denote the field and

operator as “duals” and write the relation as

¢ 0. (1.21)

The super conformal representations on the CFT side are realized with gauge invariant
operators, the O in our field-operator map. However, since our fundamental fields on the
CFT side all transform covariantlyff| under gauge transformations, the operators in our field-
operator mapping must be composite operators. We can obtain gauge invariant operators
by taking the trace of a product of our N =4 fields at the same point x, and these are called

local single-trace operators, i.e.
Ox) =Tr(¢'--¢')(x). (1.22)

The single trace operators are important as they are the leading gauge invariant operators

in the large N, limit.

There are specific single trace operators, the so called chiral primary operators, which
require special attention, and we will examine these operators more closely for the case when

the operator is built out of scalars. These operators are of the form
O(x) = Str(pt" ¢ - - ¢"}) (1.23)

where Str stands for the symmetrized trace of the gauge algebra. These scalars are in the

"This ¢ denotes some scalar field in the bulk, and has nothing to do with the 6 scalar fields ¢ that exist
as fundamental fields of N'=4 SYM in the boundary theory.

8Except for the gauge field A, which clearly must transform as a connection.
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adjoint representation, ¢' = ¢*T,, and so the Str is given by the sum of all permutations,
Str(Toy -+ Tay) = Y Tr(Totar) + Toan) - (1.24)

The trace is taken over the color indicies, and since the dimension of these scalar fields
(in four spacetime dimensions) is 1, then the operator defined in eq. has classical
scaling dimension A = k, and we will call it Oa. The reason that we are discussing the free
scaling dimension when we plan to go to strong coupling is that the scaling dimension of a
chiral primary operator is protected by Supersymmetryﬂ, i.e. it is invariant under changes in
coupling. The chiral primary operators are important because they will be dual to various
fields on the gravity side, and their descendant{™| will be dual to the descendants of the fields

on the gravity side.

These operators will be dual to gravity fields which transform as the same representation
under the common symmetries of both theories. We will compactify all of the SUGRA fields
in ten dimensions on the S® internal space. Thus there will be many types of fields in the AdS
geometry, i.e. more scalars than just the dilaton and the axion. The precise representations
of the entire symmetry group that each of these fields fall into will need to match that of
the dual gauge-invariant operator on the CFT side. For example, since the chiral primary
operator (1.23), Oa(z), is a scalar under Lorentz transformations, it will need to be dual to
some combination of the scalar fields after compactification on the AdS side. Performing a
precise analysis of matching all of the symmetries is beyond the scope of this introduction,
and we will only state a few of the elements of the field-operator map that we need for the
remainder of this thesis. For further details on how matching is done in general, see [3], and

for a nice reference table of the field - operator map, see table 7 therein.

Two elements of the operator field map that will play a particularly important role for

9These are the so-called 1/2 BPS operators. See chapter 3 of [6].

19Descendants are created by acting with P, on the operator/field. Essentially performing a derivative
with respect to the field theory Cartesian directions (i.e. the boundary directions), z* .
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us are the composite field theory operators 7, and J,. T},, is the stress-energy tensor in the
boundary field theory. We will be interested in this as it will characterize the energy density
of the field theory, as well as isotropy in the pressures, giving us a check on whether or not
the field theory has reached equilibrium. J, is the conserved current for the SU(4)p global
symmetry that is a part of our N'=4 boundary theory. The AdS dictionary tells us that it
is the spacetime metric of AdS; that is dual to the stress-energy tensor (precisely what this
means will be discussed shortly) and the gauge field A, that is dual to the conserved current
J,. We write this as,

G < Ty, Ay > Jy, (1.25)

We now define more carefully what it means for a field and operator to be “dual”. We'll
use some scalar field and operator for an example, ¢ <+ O. We will begin with the scalar field,
¢. This field originated from the supergravity fields in 10 dimensions, was then compactified
on the internal space (the S°), and is now a scalar on AdSs. In AdSs, the action for such a

field has the following form:

S = —CN? / dzd’z/—g (¢"N O dON G + mP¢?) . (1.26)

The equation of motion for ¢ is then

(DyD™ —m?)$ =0,  DyDVe= %aM (Vg9 ong) . (1.27)

With AdSs as our background space given in Poincare patch coordinates from (1.20]), the
operator above reads

1
Dy DM = 17 (2202 — 320, + 2*n*0,0,) (1.28)

Translational invariance of the AdSs metric in the x* directions suggests a plane wave de-

composition of the form

b(a", ) = / e ™ 3, ). (1.29)



18

Plugging this ansatz into eqns. (|1.27)) and ([1.28]) gives us the following equation for each

mode,

[2283 — 320, — (*pp" + m2L2)] d(Pu, 2) - (1.30)

Now lets concern ourselves with how the solution can behave near the boundary, z — 0. We
use a power series ansatz for the asymptotic behavior of gg as gg ~ 2z, and plugging in, we

find two possible solutions for A,
AL =2+vV4+m2L2. (1.31)

The above analysis can be done for general d, in AdS;,, and yields the more general relation

2
Ai:gi\/dz—l—mqﬂ. (1.32)

For any d we find that Ay + A_ =dand A, > A_.

We’ve now found the possible asymptotic boundary behaviors of our field, and thus we

can perform a general expansion of our ¢(z*, z) about z — 0. We have
¢(xu7 Z) ~ ¢(0)<mM)ZA7 + -+ ¢(+) (xu)ZA+ +- (133)

where each ellipses is subleading to (and determined by) the shown preceding term. Now
we want to connect quantities from this field to it’s dual operator O. First note that
Py (@) = lim, o p(a#, z)z=>-. Consider a scaling transformation z* — Az, z — Az.
In the bulk, this is a diffeomorphism and thus the scalar bulk field simply changes as
d(x*, 2) = ¢(Ata# A71z). Thus, no factors come from the bulk scalar field. However,

A++d

7B = pAetd 5 \A+rdzA4Fd and thus ¢)(2*) has dimension [length] Now, our

gauge invariant chiral primary operator O has conformal dimensionﬂ A, which means it has

1The conformal dimension is traditionally given in response to energy units being scaled, as opposed to
length units.



19

dimension of [length]=2. If we consider a deformation to the field theory of the form

0S8 = /d4x O(x)po (), (1.34)

we see that if A = A, then our scalar field’s asymptotic coefficient ¢(g)(2*) has the correct
dimensions to play the role of a source for the operator O, and thus the holographic dictionary
tells us that ¢ is proportional to the source for the operator O. We call ¢ the non-
normalizable mode because if the scalar field ¢(2#, z) has this leading 22 behavior then the
total energy of the field will not be finite.

One the other hand, if the field behaves as ¢(4)z>+ then the total energy of this field
configuration is finite, and thus ¢4 is called the normalizable mode. Additionally, the exact
same line of dimensional analysis arguments tells us that ¢, has the correct dimensions to
be proportional to the expectation value (O) in the state of the field theory.

In summary, when a bulk field and boundary operator are dual, ¢ <+ O, we must asymp-
totically expand the bulk field towards the boundary, and note the two important coefficients.
These relations between the two asymptotic coefficients of ¢ along with the field theory op-
erator, O, and it’s expectation value, (O), are what makes ¢ and O dual. The standard
practice from the QFT point of view would be to fix the value of the source, ¢y, and then
extract the expectation value, (O). As we have presented it, the non-normalizable mode
relates to the source of the operator O while the normalizable mode corresponds to the
expectation value of the operator in the field theorylﬂ.

Lastly, based on the associations we’ve made between the asymptotic coefficients and the
dual operator, we see that there is a relation between the mass of the bulk field ¢, and the

conformal dimension of the dual operator O. For the scalar case we have

m?L? = A(A —d). (1.35)

12There is a subtlety to this setup when the mass of the bulk scalar field is in a specific negative range,
and the roles the asymptotic field coefficients may swap roles, for more information see [6]. This will not
be relevant for us.
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Type of field Mass and operator dimension
scalars, massive spin two fields m?L* = A(A —d)

spin 1/2, spin 3/2 im|L? = A —d/2

vector m?L? = (A -1)(A+1—4d)
massless spin two fields m2L?=0,A=d

p-form fields m’L? = (A —p)(A+p—d)

rank s symmetric traceless tensor | m?L? = (A+s—2)(A—s+2—d)

Table 1.1: The relation between conformal operator in the CFT and the mass of the dual
field on the gravitational side. Obtained from [2, [6].

Similarly, these relations can be collected for the various types of fields that exist in the
AdSqi1 bulk, and the results from [2, [6] are reproduced in table [L.1]
For a large collection of explicit field-operator duals see table 7 of [3] as well as the

description in sec. 5.6 of the same reference.

1.1.6 n-point Functions

Now that we know how the field operator map works, we can discuss how this is actually
used in practice. We will first need the generating functional for n-point functions. Suppose

we deform the action of our boundary theory,

§—5- / 0z §y0)(2)O(a) (1.36)

Now, the partition function for S” will depend on the source, ¢ (x). We have

Zerr[o)] = (exp (/ d"x ¢(o) (X)O(X)) )CFT (1.37)

where the expectation is taken in the original theory. The gravitational side is governed
by Ssugra[@] which is derived from a Kaluza-Klein reduction of ten-dimensional type IIB

supergravity on AdSs x S°. If we have a particular source ¢ in mind, we know from the
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previous section and eq. ((1.33) that we can restrict the classical solution of ¢ to have an
asymptotic coefficient that is precisely the ¢ (o) seen in ([1.36). Since we are in the limit where
we are dealing with classical supergravity on the bulk side, this means our partition function,

with the specified boundary value of the scalar field, is given simply aﬁ

Zsugra[QbO] = exp <_Ssugra[¢] (1-38)

lim, o (¢($vz)zAid):¢(0) ($) ) .

The key point is that the generating functionals on both sides of the duality are equivalent.

Consider the calculation of an n-point correlation function of O in the CFT,

(01...0,) o Zcrr[9(0) (1.39)

" 0 - - 0b0) 610)=0

In the A > 1 limit, the standard techniques of perturbation theory run into trouble because
we cannot expand Zcpr perturbatively in a small coupling. With the AdS/CFEFT conjecture,
we can replace the generating functional with the equivalent generating functional
from supergravity,

o o

Oon =—7 :—Zsura
< ! > 5@5(()) e (5¢(0) CFT [¢(0)] $(0)=0 5¢(0) e (5¢(0) 8

G0l . (140)

$(0)=0
which is given by ((1.38)).

This whole process is nicely summarized in [6] and we repeat their bulletpoints here:

e Determine the bulk field ¢ which is dual to the operator O of dimension A and compute
Ssugra Dy reducing type IIB supergravity on the sphere S°.

e Solve the supergravtiy equations of motion for ¢, subject to the boundary condition

P(z, z) ~ 272 P)(x) for z — 0.

13Tt is easiest to discuss the Euclidean case. If one wants the field theory to live in Minkowski space, we
must make a Wick rotation which adds an i to the exponent in the partition function but also has some
subtleties we will not discuss here, see ref. [12].
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e Insert the solution a into the supergravity action, subject to the appropriate boundary

behavior.

e Take variational derivatives with respect to the source ¢ to obtain connected corre-

lation functions.

In practice, for this work, the first bulletpoint has already been completed for operators

of interest, and we are only left performing the last three.

1.1.7 Holographic Renormalization

We know that Quantum Field Theories exhibit UV divergences. If this mathematical equiv-
alence is real, we should see these divergences show up in the dual gravitational theory as
well, say, when calculating n-point functions. It may seem odd to expect divergences from
a classical theory, but these are merely infinite volume divergences on the bulk side. We
will need analogous ways to regulate and renormalize these divergences. In attempting to
calculate n-point functions given by eq. one runs into these divergences near the
boundary. “Holographic Renomalization” is a procedure of regularizing these divergences,
adding counterterms and then using a renormalized action to calculate the n-point functions
instead. The entire process is well explained in references [13], [14].
Without going into details, one forms a regularized action, S,es, by using the original
action evaluated on the classical solution, but cutting off the radial integral at some e away
from the boundary. The on-shell action for S, will have divergences with various powers
of € and sometimes log(e). We will need to remove these divergences with counter terms.
We cannot just subtract the divergences seen in Sy, we must instead build S out of local

functions of the sources attached to appropriate functions of € such that they cancel the

divergent pieces of Syee. Finally, we form S, via

Sron = (S + Set) (1.41)
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The result for calculating finite n-point functions involves taking variations of S, instead
of the original action. For example, for 1-point functions that we will be interested in, the

prescription becomes
5Sren

1
V0@ 800 (@)
1 65
V(@) 047 (2)
2 S
Vo0 (@) 09 (2)
where the subscript (0) denotes the leading coefficient in an asymptotic radial expansion of

the field.

(O(x))

(1.42)

(Ju())

(1.43)

(T () (1.44)

1.1.8 Generalization to Finite Temperature

Everything we have discussed so far has been for a field theory at zero temperature. What
happens in the bulk geometry if we turn on a non-zero temperature in the field theory? If
these two theories are really equivalent there should be some geometrical manifestation of the
field theory being in equilibrium at a finite temperature. We will state the relevant results
and concepts for studying the duality at a non-zero temperature, for a more detailed review
see: [15] for finite temperature QFT, [16] for gravity dual and Hawking-Page/deconfinement
phase transition, [I7] for thermodynamics of black D3-branes, and [I8] for thermodynamics
of N =4 SYM.

It turns out that the gravitational dual of the boundary being at a finite temperature
is the existence of a black brane in the bulk geometry@ A black brane is like a black hole
but with planar horizon geometry. This should be visualized as a planar horizon at some
radial value r = ry, in the bulk. The solution that contains a black brane is not the standard
AdS5 given by eq. , but is instead the five-dimensional AdS-Schwarzschild black brane

solution (discussed below), which has a Hawking temperature Ty associated with it, and it

14Rather, this is the dual setup when the entropy of the plasma is O(N2) and the plasma is deconfined.
See [16].
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is this temperature that is identified with the temperature of the equilibrium field theory on
the boundary.

Recall that the standard finite temperature partition function,
Z = trlexp(—OH)] (1.45)

is a trace over an operator that looks identical to the time evolution operator if one replaces
t =—if =—i/T, as f = 1/T, meaning the time coordinate becomes imaginary.

In finite temparture quantum field theory Green’s functions are defined by

GO(xy,. .. xn) = (To[d(x1) ... d(20)])5 (1.46)

where qg is an operator in the field theor, and the thermal ensemble average of any operator

is defined by
o tr[g exp(—=pH)]
= e ()]

The time ordering is controlled by the complex time contour C', i.e. ordering is determined

(1.47)

by where the time coordinates of each operator lie along this curve.

The standard derivation of the imaginary time formalism involves taking C' to extend from
0 to —if along the imaginary time axis. One then compactifies the Euclidean time 7 = it on
a circle T€0, 8]. Fields will then necessarily satisfy periodic or anti-periodic conditions on
this time circle depending on whether they are bosonic or fermion, respectively. If the time
coordinate is periodic, then the Fourier transform conjugate variable, w, must be quantized.
These quantized values are called Matsubara frequencies. Once one knows the Feynman
rules for a QFT at zero temperature, the corresponding rules for calculating the thermal
Green’s function for a thermal field theory in equilibrium are straightforwardly obtained —
see table 11.1 of [6].

On the gravitational side, the dual geometry to the boundary field theory in equilibrium

15Not the scalar field ¢ in the bulk discussed earlier.
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at finite temperature is given by the five-dimensional AdS-Schwarzschild black brane,

ds® = — dt? — (dz%)? 14
s U(r) +U(T)+L2($) (1.48)
(1=1,2,3), with
_ 1 2 Tﬁ

where the zero of U(r) determines the horizon location. Note that this geometry approaches
AdS space as r — oo, and thus the space is one of many “Asymptotically AdS” spaces. The

horizon temperature is proportional to the horizon radius,
7T, = L2 (1.50)

We can see this by the following exercise. Taking our metric, make the following variable
change r = rh (1 + ﬁ—i) and 7 = ¢t. The distance away from the horizon is measured by p,
and our near horizon metric, £ < 1, becomes

4p27“2 r2
ds® ~ TthZ + dp® + L—};de . (1.51)

Now define 0 = 2737 and we have,
2 2 192 2 Th oo

The (p, 0) part of this metric looks like polar coordinates. Demanding no conical singularity
at p = 0 requires that we impose periodicity of § = 6 + 2mw. Converting back to our
imaginary time coordinate 7, this implies a periodicity of 7 = 7+ mL?/ry,. So our periodicity
is 8 = wL?/r, and thus the Hawking temperature is Ty = 1/8 = ry/7L%  Since these
coordinates extend to the boundary, the boundary coordinates have the same imaginary
time periodicity and thus the same temperature. This is what the AdS/CFT dictionary tells
us, that the Hawking temperature of the black brane in our Asymptotically AdS space is the
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temperature of the dual boundary field theory.

1.2 Near-Equilibrium Techniques

A particularly important experimental application of holographic calculations involves the
quark-gluon-plasma (QGP) created in heavy-ion collisions at the Relativistic Heavy-Ion Col-
lider in New York and the Large Hadron Collider in Switzerland. There is evidence that the
dynamics of the early-time QGP produced in heavy-ion collisions are dominated by a strongly
coupled regime [19, 20]. We know of only certain gauge theories which have holographic du-
als, and thus can be studied via holography, and quantum chromodynamics (QCD) — the
underlying theory of the QGP — is not one of them. The simplest of the theories with
holographic duals is A'=4 SYM, but additionally, there are reasons to believe that N =4
SYM is actually a good approximation for QCD in the energy regimes produced in heavy-ion
collisions [21], 22]. In fact, holography has assisted us in understanding various parts of QGP
phenomenology, including shear viscosity, drag, screening lengths and jet quenching [23] [5].
Regardless, we can certainly use the tools of holography to learn about the properties of a

strongly-coupled N'=4 SYM plasma, and then perhaps extrapolate to the QCD plasma.

If one wants to study strongly coupled plasmas with holographic duals, we’ve seen from
the introduction that we can use holography to recast the problem into a gravitational one.
Suppose then, that we have an equilibrium gravitational background dual to an equilibrated
field theory system of interest. The most straight forward and easiest of questions to ask
involve teasing out features of the system in a way that does not disturb the system itself.
This lack of disturbance, or ‘back-reaction’, is called the probe approximation. This is a
familiar concept from electrodynamics, where one uses test charges to find out the value of
the electric field or electric potential without changing the field itself (not technically possible
for realistic charges). This is also done in classical Newtonian dynamics using test masses to
find the gravitational field and potential. Likewise, we will want to introduce small probes

into our system which do not back-react, and try to extract useful information.
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1.2.1 Dragging Defects

One phenomenologically relevant issue involves the energy loss of a probe (or test) quark
dragged through a strongly coupled plasma (either N'=4 SYM or QCD). Part of understand-
ing plasma thermalization is learning how a single hard probe loses energy to the surrounding
plasma. This sort of analysis had been done for the weakly-coupled case, but since there is
support for QGP being strongly coupled, we can use holography to calculate these quantities
for the N'=4 SYM proxy theory. This is experimentally interesting as we can think about
massive quarks as being probes, particularly the ‘bottom’ quark (the ‘top’ decays too quickly
to form bound states). The way these heavy quarks equilibrate, and their elliptic flow (a
measure of azimuthal asymmetry) differs from the lighter quarks because of how heavy they
are. Understanding the energy loss rates as a function of the mass of the probe quark gives
us information in a direction of understanding elliptic flow. Energy loss of hard probes is
also relevant to understanding jet quenching - a phenomenon where two or three hard probes
are ejected back to back but some of the probes thermalize with the bulk of the QGP and
thus are not seen by the detector. A full holographic analysis of hard probes was performed

and presented in a very nice paper found here [24].

In the second chapter of this thesis, we extend and generalize these types of energy loss
calculations by considering other backgrounds, and other dimensional defects. In order to
stay as general as possible, we use a generic form for metrics sourced by general D,-branes
(as opposed to only Ds-branes we discussed in the introduction) as well as backgrounds
coming from ‘holographic superconductors’ H We also generalize the defect itself to include
dimensions larger that zero, which can help understand vorticies (one dimensional defects)

in superconductors. This work can be found in chapter 2] of this thesis.

16Holographic superconductors are a part of another facet of holography interested in answering questions
pertaining to condensed matter theory, sometimes referred to as ‘AdS/CMT’. We will touch on these
interests in sec. [I.4]
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1.2.2  Infinite Momentum Excitations

Additionally, one can move beyond the probe approximation, and in fact we must if we want
to describe the dynamics of a strongly coupled plasma. The next step is linearized response
which involves considering only very small perturbations to the system in equilibrium. An

interesting part of linearized response are the so-called quasi-normal modes.

In gravitational systems, we can add small perturbations to metric components, keep only
first order in these small perturbations, and solve the equations of motion for the perturbation
coming from Einstein’s equations. From a holographic viewpoint, these fluctuations represent
small deviations from the equilibrium configuration of the field theory. These perturbations
oscillate and die as a function of time as they thermalize, thus the eigenfrequncies involved
are complex. One can see this from the gravitational side as well — fluctuations in the metric
can be absorbed by the black brane (which we need to represent a finite temperature field
theory) and thus again, we expect to find complex frequencies. A good starting point for
understanding quasi-normal modes in the context of holography can be found in [25] as well

as section 12.1.3 of [6].

We will be interested in a particular kind of perturbation. A small perturbation of
stress-energy tensor in the limit of infinite wave vector. One might expect that a pulse with
significantly high momentum will be long lived. We are interested in the propagation of such
a pulse, and thus need to know how the pulse is composed of quasi-normal modes and their
corresponding frequencies. Work in this area is currently being finished by JF, Christoph
Uhlemann, and Laurence Yaffe, and will be on arXiv.org shortly following the publication

date of this thesis. For now, let us discuss an introduction to the ideas and results.

The idea is to study the damping of high momentum excitations of a strongly coupled
N =4 SYM plasma with an SU(N) gauge group in the large-N limit via the holographic
tools we have discussed. The timescale for relaxation of non-hydrodynamic perturbations
in this plasma is set by the inverse temperature 7! [26]. Holographically, this is the time
it takes for metric perturbations in the bulk to be absorbed by the black brane which sets
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the thermal equilibrium state. We find that even in the strong coupling limit, however, very
high momentum states are weakly damped. Specifically, the quasinormal mode frequencies

for a given momentum, ¢, in the large-¢ limit is given by

4/3
1+s,e /3 (ﬂ) /

p : (1.53)

wn(q) ~ lq|

where s, is a real constant. Because of the fact that |g| > T for these excitations, they
exhibit a small imaginary part when compared to their real part. The imaginary part of
the frequency governs the rate of damping, and thus, these excitations may indeed, in some
sense, be thought of as long-lived quasiparticles. It should be noted that these excitations
are quite rare in a thermal distribution precisely because |q| > T.

The forthcoming paper derives the form of equation by recasting the equation of
motion for the modes and navigating a subtle WKB approach, and then numerically calcu-
lates s, via pseudo-spectral methods. The coefficients are calculated for each of the various
spin channels of perturbations that may be excited in the metric. Once the frequencies
are accurately calculated, sufficiently weak planar shocks are built from a superposition of
quasi-normal modes. At zero temperature, these modes would propagate at the speed of
light, as can be seen from the 7" — 0 limit of the dispersion relation [1.53] However, when
a low temperature is turned on, these shocks will experience drag brought on by thermal

excitations, slowly damping the profile of the shock and dispersing out the modes.
1.3 Far-From-Equilibrium Techniques

To study dynamics more thoroughly we can go past the probe and linearized approximation
to the full non-linear and far-from-equilibrium dynamics of the strongly coupled plasma. This
is necessarily much more difficult and computationally intense - and indeed, where the bulk
of my thesis lies. A thorough introduction to the methodologies of numerical calculations in
AdS space can be found in [27].

The idea is to perturb the spacetime as far as one likes and monitor the dual field theory’s
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path to equilibrium. There are many physically interesting reasons to perform such a study.
Again, we motivate with an interest towards the QGP. One of the more phenomenologically
interesting properties of the QGP is the fact that the plasma produced in heavy-ion collisions
very quickly becomes amenable to the methods of hydrodynamics. Hydrodynamics is only
applicable for small variations in the thermodynamic state variables, when there is some sense
of local equilibration, and yet the production of the QGP comes about from an extremely
violent process. This rapid equilibration timescale was unexpected and can be investigated
with a full non-linear and holographic approach [26, 28], 29].

With a desire to a more accurately describe the dynamics of the QGP, we can consider
how large magnetic fields or finite baryon density effects the timescale of equilibration. While
electromagnetic fields are weaker than the strong force present in the QGP, it is thought that
large but transient fields play a role in equilibration, and thus it is worthwhile to explore
this effect. Additionally, experimentally realizable QGP happens at finite baryon density
(or chemical potential) and we are interested in exploring the effect that this has on the

equilibration timescale. Both of these effects are investigated in chapter [3]
1.4 Non-Relativistic Directions

Finally, we’'ve included a project that is a departure from our QGP motivated work. Another
experimental motivation for holography lies in condensed matter physics. These systems have
interesting prospects for holography as they can be experimentally realized and probed in the
laboratory and be tuned to strong coupling. There is a community developing around the
study of condensed matter systems using holography, collectively refereed to as ‘AdS/CMT".
For a great review on types of problems and system they address, see [30, [31]

One of the main differences between these studies and what we have been studying before,
is that these systems have different symmetry groups and are sometimes non-relativistic.
Specifically, one wants to develop new manifestations of holography, which have boundary
QFT’s that exhibit the properties and symmetries of the condensed matter system you

wish to study. There has been an effort to develop non-relativitic versions of holography,
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and progress in this area requires a solid understanding of the symmetry groups of interest
on the field theory side. One such non-relativistic structure is called the Newton-Cartan
structure and we are interested in how one could obtain the Newton-Cartan structure for
fermions via a non-relativistic reduction. Put simply, we wanted to see how this particular
non-relativistic structure could arise from a relativistic parent theory at high energies. This

work is presented in chapter [
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Chapter 2

ENERGY LOSS OF GENERIC DEFECTS

This chapter is based on a publication in collaboration with Andreas Karch [32]. The bulk
of the calculations were performed by me (JF), the writing of the manuscript was shared,

and Andreas performed the bulk of the interpretation.

2.1 Introduction

The duality between Type IIB string theory on AdSs x S® and V' = 4 SU(N) supersymmetric
Yang-Mills (SYM) [T, 33 4] has been studied extensively as a means to provide insight to
the inner workings of strongly coupled systems where perturbation theory is not valid, and
where lattice gauge theory and Monte Carlo techniques are available but struggle with real
time physics. Motivated by the QGP created at RHIC, holography has helped guide our
understanding of shear viscosity, drag, screening length and jet quenching to name a few;
see [23] for a recent perspective on these developments by one of us. The dual description
of a classical string ending on a probe brane has given information on the characteristics
of a point particle, possibly a quark, traveling through the Yang-Mills plasma, which is
thought to be a good approximation for the strongly coupled QCD. Recently it has been
seen that one can also study extended defects with dimensions larger than a point, living
in AdS, spaces, the idea being that one can shed new light on the dynamics of energy loss
at strong coupling [34]. We extend the ideas of [35, 36, B34] to a general metric with a
compact internal space. We produce general solutions for the equation of motion and the
energy loss of an extended defect moving uniformly through the bulk whose geometry is
described by a generic brane-like metric. We study two examples in detail, general Dp-brane

metrics and holographic superfluids. After working out the energy loss for Dp-branes, we
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find that the energy loss of these extended probes is given by simple power laws in velocity
and temperature, revealing that the energy loss depends only on an effective temperature
multiplied by the velocity squared - the moving probe being affected only by a blue-shifted
energy density - despite the existence of an intrinsic scale in the underlying theory. We then
apply our results to dragging string- and sheet-like defects through holographic superfluids.

We organize these ideas as follows: In section II, we will calculate a general equation of
motion and solution to a uniformly moving defect in a general bulk theory. We then find a
general energy loss formula for said defect. In section III, we apply these results to metrics

created by general Dp-branes. In section IV, we apply our results to a holographic superfluid.
2.2 Calculations

We want to study a general holographic brane-like metric. This metric will preserve the
symmetries of the dual field theory. Therefore, it should be rotationally invariant and trans-
lationally invariant in both the spatial and time dimensions. In addition it should preserve
the isometries of the internal space. To these ends, we introduce the following diagonal

metric

ds* = G datdz”
= Gudt® + Gup Y _ da} + Gudu’ + Gopd2®, (2.1)
i=1

with N 4 2 total space-time dimensions. At this point, the N + 1 spatial coordinates are
arbitrarily separated into M Cartesian coordinates and N — M spherical angles of the internal
space. The additional radial coordinate is denoted by w. It is understood that Gy is only
a function of v and since none of our results depend on the details of the internal space
we will take d©2? be a unit sphere - i.e. dQ? contains the appropriate terms for the angular
variables of a unit sphere of arbitrary dimension. The background will continue to solve the
same equations of motion should the sphere be replaced with any other compact Einstein

manifold. We are only considering metrics whose G;; depend only on u, and whose Gy and
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G grow with u at the same rate, both of which grow faster with u than Ggyy. The rationale
behind this is that the gravity theory in the bulk has a dual interpretation in terms of a field

theory at the u = oo boundary which lives in M + 1 space-time dimensions.

In a manner similar to [34], we introduce a defect of spatial dimension n + 1 in the bulk.
The defect has n spatial dimensions orthogonal to u which are divided into m infinitely
extended Cartesian directions on the boundary, denoted y, and n — m angular directions,
denoted 6. It will then move in an additional transverse direction, x. Since the dimensionality

of the bulk puts constraints on the size of the defect we find m+1 < M and n+1 < N.

In the static gauge, the world-volume map is of the form X = (¢, u, ¥, g, x(t, u, v, 5), Z

const) where 7 are any additional unused orthogonal coordinates in the bulk. The induced

metric on the world volume is defined as g,5 = GW%%. We find g = det(gap) to be

g = G;@Ggg_m[GttGuu + GttGﬂcx ($7U)2

+Guqux<iU,t)2 + GttGuu Z(w,yi)Q

GtGunGaz = 9
+— g . 2.2

J
where (z ) denotes the partial derivative of z with respect to the coordinate o.

Our general metric will have some intrinsic scale governed by its radii of curvature, all of
which we take parametrically to be of the same order R. The bulk theory will be governed
by classical gravity if R abides by M, R > 1, where M[f}f = 1/167G, (ensuring our curvature
is not too large in Planck units). We want to describe the defect by the following Nambu-

Goto-like action

S = —To/e_‘b\/—_ngai (23)

where ¢ is given by ([2.2]), 7; is the tension and the integral is over all world-volume coor-
dinates. ® is a function of the background scalar fields, the dilaton field, ¢, for example.
Unlike the coupling to the background metric, the functional form of the coupling to the
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background scalars is not fixed by diffeomorphism invariance and in principle e~® can be a
complicated function of the background scalars. As long as the background scalars respect
the symmetries of the metric, they can only depend on the radial coordinate u and we can
treat ® as a function of u. Two important probes we are going to consider in examples
for ®(u) are a fundamental string, whose action has the form with & = 0, and probe
D-branes, whose action is of the form with & = ¢. We can trust the classical treatment
of this action so long as TpR"*? > 1. Additionally, demanding that (M, R)" > TyR""? will

render gravitational back-reaction negligible.

With £ = —Tye~®,/—g we find the following canonical momentum densities:

oL GGG ™

Ht — — _T uu ™~ rx 06 -

v O(xy) " -9 (z)e

m~+1,yn—m

= 5 GuCaT G e

() -9
Y = _9L =T, GGG G (z,4,)e®
a(x,yi) V=9 .
oL GG GG ™!
' = = T2 v 00 (14)e® (2.4)

d(zp,) V=g

Requiring a vanishing variation in our action yields
> 0, (I5) =0 (2.5)

Setting p to x gives us our equation of motion.

We are interested in a solution of a uniformly moving object. The defect should move
in a direction transverse to its spatial extent and travel with a constant velocity in the x

direction. Thus, our ansatz is

x(t, u,y) = vt + x(u).

With this form, g becomes independent of time and our equation of motion, " 9,117, =
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0, will then reduce to

m~+1,yn—m
au (GttG:mc_fQO (xm)e@) — O,

which gives us

C2e2®(—g)
2
(:E’u) G%tG m+1)G2(n m)’ (26)
and plugging in for g
1}2
(v0)? = —(Ce*V g Gramttar ) (2.7)

We expect on physical grounds, that (x,) should be real, and thus (z ,,)* and (—g) should
be positive. From ({2.7), we see that this will be true if Gy +G,,v? and GG Gy, e 2% +C?
both switch sign at the same value of u. Assuming that there is at most one root, call it u,,

we can solve for it from

G(te) + Gan(ue)v? =0 (2.8)

and if this root exists, we have

C = e/~ GuGmr Gy ™ i

The case where u. does not exist occurs in our example of a holographic superfluid and will
be discussed in section IV. The induced metric can be diagonalized and this diagonal form
has a time component which vanishes when Gy (u.) + Guz(u.)v? = 0. This tells us that u,

denotes the worldvolume horizon.

Using 1' to plug in for Gy and defining C = C /v we have

67‘1)\/ G%+2G99|u:uc (29)

The momentum loss rate, due to momentum flowing along the defect and towards the



37

horizon, is given by -II% which is seen from (2.4 and (2.6]) to be
— " = T,C. (2.10)

The momentum loss rate directly gives us the drag force density. The energy loss rate, —II},
is simply v times the momentum loss rate. Physically, we expect that we have energy flowing
towards the horizon of the black brane, which requires our loss rate to be positive. We thus

pick the positive sign for C.

C=e *\/Gmr2G ™| e, (2.11)

While we have established that this stationary solution is a consistent solution to the equa-
tions of motion, what is less obvious is that it is stable. Small fluctuations around dragging
sheets in AdS7 have recently been studied in [37] and it has been found that these fluctua-
tions do not exhibit any instabilities, that is any modes that grow exponentially in time. A
new potential instability in our case is the slipping mode on the internal space, that is fluctu-
ations in the # directions that take our defect off the equator of the internal sphere. As such
fluctuations reduce the volume of the defect (and hence its potential energy), they clearly
correspond to negative mass squared modes and are hence potentially problematic. It is well
known from the case of static defects, starting with the work on flavor probe branes [38],
that these negative mass squared slipping modes often are actually stable. For a background
AdS space the basic physics behind this is the BF bound [39]. The potential energy gain of
the fluctuation is offset by the kinetic energy cost of any fluctuation in a spacetime geometry
that effectively corresponds to a finite size box. A similar effect also occurs in the more
general holographic metrics. In particular, it has been shown in [40] that supersymmetric
Dg-brane defects in black Dp-brane backgrounds (which will be the first example we apply
our results to) have stable slipping modes. For non-supersymmetric defects stability of the

slipping mode will have to be checked on a case by case basis.
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2.3 p-branes

We now turn to the example of general Dp-branes which create geometries dual to SYM in
p + 1 dimensions on the boundary, at finite temperature. From [41] we see that in the limit
that

G20 = (21)P 29,0/ P=3)/2 = fixed,

as

o =0

where g, = e?>, and gy is the Yang-Mills coupling constant, the Dp brane metric becomes,

(7-p)/2 7—
d82 = CYI{U—W —(1 Ufg )dtQ + dy”
gy m D
gymy/dp N’
-p
w921 — Yy

gy dpN'uP22d0% 3 (2.12)

du?

which indeed is of the general form (2.1). Here, N’ is the number of branes and d, =
9-3 _
272 I (52).

The dilaton is

2 d N/ B
e = (2m) P (P, (2.13)
and F( p)211 % 13-3p
i 4 T 2
up P = 2 GEase, (2.14)

9—p)

where € corresponds to the energy density of the Yang-Mills theory.

Following the outline laid out in the previous section, we first need to find u, from ({2.8]).

Extracting Gy and G, from (| , and plugging into (2.8)) we find

(2.15)
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At this stage we need to commit to the nature of the probe, that is we need to chose a
particular function ®. Let us first focus on the case where the dragging object is a D(n + 1)-
brane itself, in which case it couples to the string theory dilaton ¢ with an overall prefactor
of 7% in the action, that is ® = ¢. From (2.10) we find we can isolate the dependence of C

onv and T

C = P(1—v)ATP (2.16)

Where the prefactor is,

-

(a/>n+2(27r)2(p—2) 2 ( 4 )B
pP= , 2.17
(géM(QYM dyN)2m=n=vs 210

T—p
e =Y m-m)
A= 4<5+ P+ ) ) (2.18)
and
N )
B= 2(5_p)A (2.19)

Here we have made use of the relation

o = < At ) = . (2.20)

Various dependencies of C on velocity and temperature are shown in the following tables
for different values of p (rows) and n (columns). Each table has a specific value of m, and

the entries in the table are of the form {A,B}, where A and B are defined as in (2.16]).

Table I shows the dependencies for allowing our defect to have a point on the internal
sphere, n = m.  For table II we allow one spatial dimension of the defect to go to the
internal space (our defect must have a minimum dimension of n = 1, as we are insisting that
one of our spatial dimensions lives in the internal sphere). For table III we allow two spatial
dimensions of our defect to go to the internal space (now our defect must have at least 2

spatial dimensions, n = 2, and p must contain n, meaning p > 2).



p\n |0 1 2 3 4

1 {-1,3} | {-3, L} N/A N/A N/A
2 {=3.2} | {-1, 2} {-32,2} N/A N/A
3 {520 [{-33} | {-1.4) [ {-.5} | N/A
4 {=33 [ {53 [ {33 {-16} | {-3.%

40

Table 2.1: {A,B} displayed for the case where the defect does not extend into the internal
space, m = n.

p\n |1 2 3 4

1| {-111N/A N/A N/A

2 {—L, D {-2, 21 N/A N/A

3 {52t [ {-93} | {-14} | N/A

4 e [ Cn ) 555) [ 055

Table 2.2: {A,B} displayed for the case where the defect extends into one dimension in the
internal space, m =n — 1.

p\n | 2 3 4
2 {—%, 1673 N/A N/A
{-3.2} | {-1.3} [ N/A
{_%’%} {_§74} {_%’%
Table 2.3:

the internal space, m =n — 2.

{A,B} displayed for the case where the defect extends into two dimensions of
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(7—p)
57

The Dp-brane energy density obeys the following relation, € ~ 7% 5» . Under a boost,

(7-p) (7-p)
we expect € — 72 and thus T2G» — 42725 . This motivates the definition of
&= —24/B
T =7T2T =7~ T. (221)

With this definition of the effective temperature we see that, analogous to relation ([2.20f), we

have an identical relation between the worldvolume horizon and the effective temperature,

2

AT\ 77

uC=< T ”) . (2.22)
T—p

Consequently we see that T8 = (1 — v2)"T2 and so we can rewrite C as
C = PTE. (2.23)

This tells us that the loss rate of the moving defect is only dependent on velocity in a trivial
way - the defect only sees a blueshifted energy density - and that there are no sensitivities to
the microscopic details of the plasma despite the fact that gy, is a dimensionfull quantity
and hence defines a microscopic scale in the system. Presumably this is a consequence of

the hidden conformal invariance that is present in the Dp brane systems as first exhibited in

2.

There is an area of overlap between this work and [34], where in the latter, various
dimensional defects are studied is AdS spaces of variable dimension. Our results for a Dp-
brane with p = 3 reproduce the equation of motions and loss rates found in [34] for the
case AdSs, as it should. For the case of a pointlike defect, m = n = 0, our results can be
compared to the formulas quoted for the dragging string in [43] following the analysis of
dragging strings in general holographic metrics performed in [36]. Our m = n = 0 results are
for a dragging D-string, as we included an overall e=® coupling in the action. To compare

with the results for the dragging fundamental string we have to set ® = 0 in our analysis
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(that is, the worldvolume action is independent of the dilaton). It is easy to see that in
this case our general expression indeed nicely reduces to the result of [43]. Other
than the trivial velocity dependence, the energy loss rate still only depends on velocity and
temperature via a power of u., and hence, due to (2.22)), via the effective temperature.
Last but not least, it is interesting to note that for the case m = n =1 and p = 6, our
defect’s energy loss rate is independent of both velocity and temperature, other than the
expected velocity squared dependence. In p = 6 case, there is no good decoupling limit [41]

and it is not clear what significance should be attached to this result.

2.4 Superfluidity

Pointlike probes have been used to study superfluids that have a gravity dual [44] 45]. This
is an area in which strongly interacting extended defects exist in nature (vortices in Liquid
Helium) and thus suggests a possible analysis using a gauge-string duality. Following the
layout of [46], we are interested in using a superconducting black hole in AdSs.

The bulk theory has metric, gauge field, and a complex scalar field (magnitude n and

phase 6) degrees of freedom, and is governed by

1 1
Lok = R= 7F2, = 5 [(0m)* + )@, - 44, 7] = V(@)

This Lagrangian density allows a charged black brane solution to the metric of the form

du?
h(u)’

ds? = 24 (—h(u)dt® + di®) + (2.24)

where A, dz# = Ag(u)dt, n = n(u), § = 0, A(u) is the warp factor, h(u) is the blackening
function, and u is the “radial coordinate” that is defined between —oc and co. V and ¥ are in
principle free functions of 7 which in reference [46] are taken to be V(1) = —2 cosh®(2)(5 —

cosh(n)) and £(n) = sinh?(n). These particular forms are required for a consistent truncation

of Type II B supergravity on a Sasaki-Einstein manifold [47]. The blackening function
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smoothly interpolates from 1 at large u, to its asymptotically value v?5 as u — —oo.
We can now apply our general formulae to the gravity dual metric for this holographic
superfluid. We first reproduce some results of [46]. A string in the bulk has the following

action,

S—— / dodr 273a,@(n)¢——, (2.95)

where @) = cosh(%), and o' is the square of the string length scale and goes to zero in the
limit of infinite string tension. We compare their action for the string (20) to our general
formula setting m = n and n = 0 so that we are discussing the same defect. We find
that we should make the associations Ty — 52—, and e~*™) — Q(n(u)).

Following our prescription for finding the solution to a uniformly moving defect, we first
find the root of equation (2.8)) where we are now using the metric appropriate for our bulk
theory in AdSs . We see that Gy = —e*4h, G,y = €24 and Gy, = h7'.

From (2.8)), u. should be given by h(u,) = v It is clear from the form of h(u) that if
v? < v?y there is no solution, and thus the value h(u) approaches as u — —oo defines a
cutoff velocity, v;r [46]. Defects whose velocities are below this cutoff experience zero drag

force.

For velocities above the cutoff, we find the non-zero drag force density from the momen-

tum density of our uniformly moving defect, II¥ = —Toév, which comes from 1) with
(x.) given by 1} and C defined in 1’ We correctly reproduce the following,

C = +e24E)Q(u,) (2.26)

and again choosing the positive sign we have,

—_— _62A(u°)

xT

Q(uc>v = fdrag- (227)

2mal

We can now easily extend these arguments to a sheet-like defect. This comes down to

setting n = 1 and continuing to demand that m = n. Since our general solution to ([2.8]) does
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not depend on the dimensionality of the defect, we will again find the same cutoff velocity
for the sheet. This supports the interpretation of [46] as this cutoff velocity is a property of
the system and not of the defect. The drag force will be modified as it is proportional to C ,
which depends on n through . We find,

5sheet = iegA(uc)Q(uc> (2.28)
and
. eSA(uc)
I, =— -~ Q(UC)U = fsheet,drag (2‘29)

Like in the case of a dragging string in this holographic superfluid background, our
analysis has been performed entirely in the effective four dimensional language. While the
background itself is a consistent truncation of a full ten dimensional solution, it is not entirely
obvious what sort of object is described by the defect action eq. with the specific form
fo Q(n) from the ten 10 dimensional point of view. For the case of dragging strings in the
background of five-dimensional charged black holes that correspond to spinning black branes
in ten dimension this question has been carefully addressed in [48] and indeed the use of
the analog of eq. turned out to be questionable in that case. Here we take the point
of view of simply being interested in an effective four dimensional description and take the
action of the form eq. as it is the most general two derivative action consistent with

symmetries.
2.5 Discussion

We gave a systematic study of dragging sheets in arbitrary holographic metrics. Our results
reconfirm in this most general setting the general structure that was found for pointlike
defects in general holographic metrics as well as for the study of dragging sheets in anti-de
Sitter spaces: the energy loss is completely insensitive to microscopic details of the system
and only depends on the velocity via an overall blueshifted energy density. This seems

to be the most general characteristic of energy loss at “strong coupling”, where a particle



45

interpretation of the medium is not possible.

An example that may have a real world counterpart is the study of string like defects
(corresponding to dragging membranes) in holographic superconductors. Vortices in su-
perfluid Helium and their energy loss can be studied experimentally. To the extent that
holographic superfluids and superconductors are candidates for real world systems, the loss

rate experienced by a vortex in such a medium could be a physical observable.
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Chapter 3
FAR-FROM-EQUILIBRIUM DYNAMICS

This chapter is based on a publication in collaboration with Laurence Yaffe [49]. The
methodology and strategy behind the work comes from pioneering work by Laurence Yaffe
and his former student, Paul Chesler [27]. The entirety of the numerical programming, imple-
mentation, and visualization of the results were done by JF. The writing of the manuscript
was shared for roughly equally. The bulk of the interpretation and creation of the ideas
behind the simple model at the end was performed by Laurence, while the actual fitting of

the model was performed by JF.
3.1 Introduction

The discovery of gauge/gravity duality (or “holography”) has enabled the study of previously
intractable problems involving the dynamics of strongly coupled gauge theories[l| In the limit
of large gauge group rank N., and large ‘t Hooft coupling A, the strongly coupled quantum
dynamics of certain gauge field theories may be mapped, precisely, into classical gravitational
dynamics of higher dimensional asymptotically anti-de Sitter (AdS) spacetimes [I], 4, [51].
Numerical studies of the resulting gravitational dynamics can shed light on poorly understood
aspects of the quantum dynamics of strongly coupled gauge theories.

Using the simplest example of gauge/gravity duality, applicable to maximally supersym-
metric SU(N,) Yang-Mills theory (M =4 SYM), this approach has been applied to a succes-
sion of problems of increasing complexity involving far from equilibrium dynamics. These
include homogeneous isotropization [26, 52], 53], colliding shock waves [28], 54, 55 56}, 57, 58],

and turbulence in two-dimensional fluids [59, 60]. A detailed presentation of the methods

1See, for examples, refs. [2, 3, [50] and references therein.
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used in most of these works is available [27].

In this paper, we extend previous work on the dynamics of homogeneous but anisotropic
N =4 SYM plasma [26], 52, [53]. We examine the influence on the equilibration dynamics of a
non-zero global U(1) charge density, or a background magnetic field. Inclusion of these effects
is motivated by the physics of relativistic heavy ion collisions [61, 20, 5]. Hydrodynamic
modeling of near-central events clearly indicates that the baryon chemical potential p5 in the
mid-rapidity region is significantly smaller than the temperature, but not by an enormously
large factor at RHIC energies] Hence, it is desirable to understand the sensitivity of the
plasma equilibration dynamics to the presence of a baryon chemical potential and associated
non-zero baryon charge density. Similarly, it is clear that large, but transient, electromagnetic
fields are generated in heavy ion collisions. A growing body of work [64] 65 [66, 67, 6]
suggests that electromagnetic effects may play a significant role despite the small value of
the fine structure constant. Electromagnetic effects on equilibrium QCD properties are also
under study using lattice gauge theory [69] [70, [71), [72].

The large N, strongly coupled N'=4 SYM plasma we study is, of course, only a carica-
ture of a real quark-gluon plasma. But it is a highly instructive caricature which correctly
reproduces many qualitative features of QCD plasma (such as Debye screening, finite static
correlation lengths, and long distance, low frequency dynamics described by neutral fluid
hydrodynamics). Moreover, in the temperature range relevant for heavy ion collisions, quan-
titative comparisons of bulk thermodynamics, screening lengths, shear viscosity, and other
observables show greater similarity between N =4 SYM and QCD than one might reason-
ably have expected [21], 22]. Since the composition of a plasma depends on the chemical
potentials, or associated charge densities, of its constituents, studying the dependence of the
equilibration dynamics on a conserved charge density provides a simple means to probe the
sensitivity of the dynamics to the precise composition of the non-Abelian plasma. This, in

small measure, may help one gauge the degree to which N'=4 SYM plasma properties can

2Inferred values of up/T at chemical freeze-out are about 0.15 for RHIC collisions at \/syy = 200 GeV,
and roughly 0.005 for LHC heavy ion collisions with /syn = 2.8 TeV [62, [63].
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be extrapolated to real QCD plasma. At the very least, strongly coupled N'=4 SYM theory
provides a highly instructive toy model in which one may explore, quantitatively, non-trivial
aspects of non-equilibrium gauge field dynamics [’

The remainder of the paper is organized as follows. Section summarizes necessary
background material. This includes the coupling of an Abelian background gauge field to
a U(1) subgroup of the SU(4)r global symmetry group of '=4 SYM. This U(1) symme-
try may be regarded as analogous to either the baryon number U(1)p or electromagnetic
U(1)gm flavor symmetries of QCD. Turning on a background magnetic field implies an en-
largement of the theory under consideration from N =4 SYM to N =4 SYM coupled to
electromagnetism (which we abbreviate as SYM+EM). The combined theory is no longer
scale invariant; this has important implications which we discuss. This section describes
the 5D Einstein-Maxwell theory which provides the holographic description of the states of
interest, presents our coordinate ansatz (based on a null slicing of the geometry), and sum-
marizes relevant portions of the holographic dictionary relating gravitational and dual field
theory quantities. This section also records the reduced field equations which emerge from
our symmetry specializations, describes the relevant near-boundary asymptotic behavior,
and summarizes properties of the static equilibrium geometries to which our time dependent
solutions asymptote at late times.

The following section briefly describes our numerical methods, which are based on
the strategy presented in ref. [27]. When studying states with a non-zero charge density
(but no background magnetic field) appropriate numerical methods for asymptotically AdS
Einstein-Maxwell theory are immediate generalizations of methods which have previously
been found to work well for pure gravity. However, the inclusion of a background magnetic
field induces a trace anomaly in the dual quantum field theory which, in the gravitational
description, manifests in the appearance of logarithmic terms in the near-boundary behavior

of fields. Such non-analytic terms degrade the performance of spectral methods, on which

3Previous work examining thermalization in plasmas with non-zero chemical potential (not involving
numerical solutions of far from equilibrium geometries) includes refs. [73] [74] [75] [76].
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we rely, and necessitate careful attention to numerical issues. Section also describes the
specifics of our chosen initial data.

Results are presented in section [3.4 We focus on the evolution of the expectation value
of the stress-energy tensor. We first discuss the sensitivity of the equilibration dynamics to
features in the initial data and, in particular, examine the extent to which the evolution
shows nonlinear dependence on the initial departure from equilibrium. We find that only
disturbances in the geometry originating deep in the bulk, very close to the horizon, generate
significant nonlinearities. This is broadly consistent with earlier work [52, [53]. However, for
a very wide variety of initial disturbances, including ones which generate extremely large
pressure anisotropies, we find remarkably little nonlinearity in the equilibration dynamics,
often below the part-per-mille level.

We then present comparisons of the equilibration dynamics as a function of the charge
density or background magnetic field. We focus on comparisons in which the form of the
initial departure form equilibrium and the energy density, or the equilibrium temperature,
is held fixed while either the charge density or magnetic field is varied. These comparisons
reveal surprisingly little sensitivity to the charge density, or magnetic field, even at early
times when the departure from equilibrium is large.

We verify the late time approach to the expected equilibrium states, and extract the
leading quasinormal mode (QNM) frequency from the late time relaxation. Quasi-normal
mode frequencies extracted from our full nonlinear dynamics are compared, where possible,
with independent calculations of QNM frequencies based on a linearized analysis around the
equilibrium geometry. This provides a useful check on our numerical accuracy.

We define an approximate equilibration time based on the relative deviation of the pres-
sure anisotropy from its equilibrium value, and examine the dependence of this time on
charge density or external magnetic field. Once again, changes in this quantity are largest
for initial disturbances which originate very close to the horizon, but the overall sensitivity
of the equilibration time to the charge density or magnetic field is remarkably modest.

The final section discusses and attempts to synthesize the implications of our results.
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We present a simple model of equilibration times, for initial disturbances which are well
localized in scale, which agrees rather well with our numerical results (but becomes less
accurate for disturbances localized extremely close to the horizon). We end with a few

concluding remarks/]]

3.2 Ingredients

3.2.1 N =4 SYM in an external field

We study maximally supersymmetric SU(N,) Yang-Mills theory (M =4 SYM) on four di-
mensional Minkowski space when the conserved current for a U(1) subgroup of the SU(4)g
global symmetry group either (a) has a non-vanishing charge density, or (b) is coupled to
a background Abelian gauge field describing a uniform magnetic field. The embedding of
the U(1) symmetry is chosen such that the U(1) commutes with an SU(3) subgroup of the
SU(4)g global symmetry.

The coupling to the external field has the usual fornﬂ
S = Sevu+ [ d'a @) A5 @), (31)

where j*(z) is the conserved U(1) current normalized such that the four Weyl fermions of
N =4 SYM have charges {+3,—1,—1,—1}/4/3 and the three complex scalars have charge
+2/4/3. The overall factor of 1/4/3 in these charge assignments has no physical significance,
but is chosen so that the trace anomaly and electromagnetic beta function (induced when

this current is gauged) have convenient coefficients, as will be seen belowﬁ The background

4As this paper neared completion, we learned of the somewhat related work by A. Buchel, M. Heller, and

R. Myers [77]. These authors examine quasinormal mode frequencies in N' = 2* SYM and argue that,
in this non-conformal deformation of A/ = 4 SYM, the longest equilibration times are largely set by the
temperature with little sensitivity to other scales.

®We use a mostly-plus Minkowski space metric, 1, = diag(—1,+1,+1,+1).

6These charge assignments are 1/v/3 times those used in ref. [78]. Overall rescaling of these charge
assignments has implications for the holographic description which are noted below in footnote
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U(1) gauge field A®*(z) we take to have the form
A (2) = po) + LB (262 — 275, (3.2)

with p the chemical potential which, in equilibrium, will be conjugate to the charge density
49, and B the amplitude of a constant magnetic field pointing in the 23 direction. Although it
should be straightforward to study dynamics when both the charge density j° and magnetic
field B are non-zero, in this paper we focus for simplicity on the cases of either a non-zero
charge density with vanishing magnetic field, j° # 0 and B = 0, or non-zero magnetic field

with vanishing charge density, 7 = 0 and B # 0.

With a non-zero magnetic field B in the 23 direction, changes in the background gauge
field under a translation in the 2! or 2?2 directions, or a rotation in the z'-z2 plane, can be
compensated by a suitable U(1) gauge transformation. Hence, the theory retains full spatial

translation invariance as well as rotation invariance in the z'-z? plane.

We will be interested in initial states which: (i) have non-trivial expectation values
(T*P(z)) and (j%(z)) for the stress-energy tensor and U(1) current density, respectively;
(71) are invariant under spatial translations as well as O(2) rotations in the z'—z? plane;
and (#i1) are invariant under the SU(3)g subgroup of the SU(4)g global symmetry which

commutes with our chosen U(1).

Since all N'=4 SYM fields transform in the adjoint representation of the SU(N.) gauge
group, the stress-energy and U(1) current expectation values both scale as O(N2) in the large
N, limit. For later convenience, we define a rescaled energy density € and charge density p,
via

(T = ke, (3" =kp, (3.3)

with
k= (N2—-1)/(27?). (3.4)

N =4 SYM is a conformal field theory with a traceless stress-energy tensor. Adding
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a chemical potential p introduces a physical scale, but does not modify the microscopic
dynamics of the theory and hence does not affect the tracelessness of the stress-energy tensor.
In contrast, introducing an external magnetic field does affect the microscopic dynamics and,
in particular, generates a non-zero trace anomalyﬂ

~1kB?. (3.5)

70, = b () =

The trace anomaly generated by the external magnetic field implies that the theory is
no longer scale invariant. For example, the ground state energy density, as a function of
magnetic field, need not have the simple form of some pure number times 2. This will be
seen explicitly below. The trace anomaly implies that there must be logarithmic dependence
on a renormalization point. To interpret this dependence, it is appropriate to adopt the
perspective that adding an external magnetic field means that the theory under consideration
has been enlarged — it is now N'=4 SYM coupled to U(1) electromagnetism (SYM+EM).
The complete action of the theory is the SYM action, minimally coupled to the U(1) gauge
field, plus the Maxwell action for U(1) gauge field,

SSYM+EM = SSYM, min. coupled + SEM (3.6)

with
SEM = — /d4x ﬁ Fiy. (3.7)
The electromagnetic coupling e? (having been scaled out of covariant derivatives) appears

as an inverse prefactor of the Maxwell action. We regard the electromagnetic coupling €? as

arbitrarily weak. Hence, quantum fluctuations in the U(1) gauge field are negligibly small,

"We define the external gauge field such that no factor of an electromagnetic gauge coupling appears in

the interaction 7 in our U(1) covariant derivatives, or in the trace anomaly . The coefficient of
—iF 3U in the trace anomaly equals the EM beta function coefficient by, given below in eq. .
(Note that the sign of the trace anomaly depends on the metric convention in use.)
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allowing us to view the EM gauge field as a classical background ﬁeldﬁ

However, just as in QED, fluctuations in the SYM fields which are electromagnetically
charged will cause the electromagnetic coupling €? to run with scale. The associated renor-

malization group (RG) equation for the inverse coupling has the usual form,

d

u@ e > = Bie2(e?) = by + O(e?), (3.8)

with the one-loop beta function coefficient/]

by = Fu[% > @)+ 5 Z(%‘f] =K. (3.9)

« a

Here, ¢f = (3,—1,—1,—1)/v/3 and ¢¢ = (2,2,2)/v/3 are the charge assignments of the
four Weyl fermions and three complex scalars, respectively. Integrating this renormalization

group equation leads, as usual, to

1/€*(p) = bo In(Agpy /i) + O[In(In Apn/p)] (3.10)

with the RG invariant scale Agy denoting the Landau pole scale where the (one loop ap-

proximation to the) electromagnetic coupling diverges.

The total stress-energy tensor derived from the combined action (3.6) will equal the
N =4 SYM stress-energy tensor, augmented with minimal coupling terms to the EM gauge

8In an arbitrary background SU(4) gauge field, the divergence of the SU(4) current acquires an anoma-

lous contribution, 9" J o d*cF ;jl,F #ve This anomaly, when specialized to our chosen U(1) subgroup, is
proportional to the sum of the cubes of our fermion charges and is non-zero, >__(¢f")* = 8/ V3. To make
the combined SYM+EM theory well defined, one could add to the theory additional fermions, charged
under the U(1) but with no SYM interactions, which would cancel this U(1) anomaly. As we are not
concerned with quantum fluctuations in the U(1) gauge field, the presence of this U(1) anomaly (in the
absence of compensating spectators) is irrelevant for our purposes.

9A non-renormalization theorem in supersymmetric N'=4 SYM implies that the short distance behavior

of the current-current correlation cannot depend on the ‘t Hooft coupling A [I1]. This implies that the
leading EM beta function coefficient by does not depend on A, and hence may easily be evaluated in the
A — 0 limit.
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field, plus the classical Maxwell stress-energy. An essential point, however, is that while the
total stress-energy tensor is well-defined, partitioning the stress-energy tensor into separate
SYM and EM contributions is inherently ambiguous, as the individual pieces depend on the

renormalization point. We define

T = Ton(p) + AT (1) (3.11)
with™]
(67 1 av (0% 14
IAME 200 [ForFP, — PP E, ] (3.12)
and
ATSOL\?M (,u) = TsﬁfM,min. coupled(:u) : (313)

The partitioning of the stress-energy tensor puts all quantum corrections other than
the running of the EM coupling into the SYM contribution ATS&fM(u). The scale dependence
must, of course, cancel between the two terms because the total stress-energy tensor is a
physical quantity. Therefore, the scale dependence in the SYM contribution to the stress-

energy must simply compensate the known running of the inverse electromagnetic coupling

(3.8) in the Maxwell stress-energy tensor (3.12]),

d

I Tew(p) = by [FVFP, — P prvp, ] (3.14)

d o
M@ ATSS?M(M) =
Specializing to zero temperature states in a constant static magnetic field B, the scale
dependence (|3.14]) plus dimensional analysis implies that the SYM contribution to the ground

state energy density is a non-analytic function of magnetic field,

S(n) = e B — LB In(|B)/ys%) = A5 In[B* () |B]. (3.15)

10Note that Tgﬁ (1) is not the metric variation of some renormalized EM action (whose separation from

the total action would not be well-defined). Rather, eq. 1’ is simply defining 7; gﬁ(u) as the classical
EM stress-energy tensor multiplied by the scale-dependent inverse EM coupling.
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with ¢y some pure number. (Here and henceforth, when considering physics in a non-zero
magnetic field e(u) = AT (1) /K denotes the SYM portion of the rescaled energy density.)
In the second form of eq. , the analytic term has been absorbed by defining a scale
dependent “fiducial” magnetic field amplitude,

B*(p) = plet. (3.16)

Note that the ground state energy acquires a simple quadratic form when the renormaliza-
tion point is chosen to scale with the magnetic field, £(|B|'/?) = ¢y B%. Our numerically

determined value for the coefficient ¢y is given below in eq. (3.68)).

When considering low temperature physics in a background magnetic field, 7% < |B], it
is natural to choose a renormalization point i = O(|B|*/?), as this is the relevant scale which
cuts off long range fluctuations in the charged SYM fields. We will employ two choices for
the renormalization point. One choice is y = 1/L, with L the AdS curvature scale (discussed
below); this choice is computationally convenient but not physically significant. We will also
report and discuss results with p = |B|'/2. For later convenience, we define abbreviations for

the (rescaled) energy density evaluated at these two renormalization points,

e =¢(1/L), es = (|B|Y?). (3.17)

3.2.2  Holographic description

The holographic description of SYM states, within our sector of interest, in the limit of
large N, and large ‘t Hooft coupling A, is given by classical Einstein-Maxwell theory on

5-dimensional spacetimes which are asymptotically AdSs [79]. The 5D bulk action is

1
167TG5

5 =

/ &z V-G (R—2A — L* Fyn YY), (3.18)
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with G5 = ZL?/NZ? the 5D Newton gravitational constant, A = —6/L? the cosmological
constant, and L the AdS curvature scale.E Setting to zero the variation of the action with

respect to the metric gives the Einstein equation,
Rir+ (A= 3R)Ggp =2L7 (FxmFp™ — YGrp Fun FMY) (3.19)

while varying the bulk gauge field (with Fy vy = Vy Ay — VyAy) gives the usual sourceless
Maxwell equation, Vg FEL = 0.

A 5D Chern-Simons term, A A F' A F, could be added to the action and would
appear with a known coefficient in a consistent truncation of 10D supergravity. (See, for
example, refs. [79, [78].) However, as stated above, in this paper we consider solutions with
non-zero chemical potential p or non-zero magnetic field B, but not both x and B non-zero.
For such solutions, the Chern-Simons term makes no contribution to the dynamics and hence
may be neglected.

As usual in holography, the expectation value (T“%(z)) of the stress-energy tensor is
determined by the subleading near-boundary behavior of the 5D metric G;ny. The leading
near-boundary behavior of the bulk gauge field A,; will be fixed by our chosen external
U(1) gauge field (3.2)), while the expectation value (j*(z)) of the U(1) current density is
determined by the subleading near-boundary behavior of the bulk gauge field. The precise
relations will be shown below.

Following ref. [27], we choose a coordinate ansatz, based on generalized Eddington-

Finklestein (EF) coordinates, which is natural for gravitational infall problems. The metric

1 The coefficient of the Maxwell action may, of course, be set to an arbitrary value by suitably rescaling
the bulk gauge field Ap;. However, as the on-shell variation of the gravitational action with respect to the
boundary value of the gauge field defines the associated current, such rescaling changes the normalization
of the U(1) current in the holographic description. It will be seen below that the coefficient of the Maxwell
term in our action (3.18]) is correctly chosen so that the U(1) current normalization is consistent with our
previous charge assignments. If charge assignments are chosen, for example, to be larger by a factor of
V3, then either the Maxwell term in the action must be multiplied by a factor of 3, or else one
must regard the boundary value of the bulk gauge field as equaling v/3 times the QFT gauge field (and
the charge density in the bulk theory as equal to the QFT charge density divided by v/3), as was done in
ref. [78].
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has the general form

7,2

ds® = 75 gas(, 1) da*da” — 2wq(x) da®dr, (3.20)

where r is the bulk radial coordinate and x = {x“}, « =0, - - -, 3, denotes the four remaining
spacetime coordinates. The spacetime boundary lies at r = oo; the {z®} may be regarded
as coordinates on the spacetime boundary where the dual field theory “lives”. Curves of
varying r, with x held fixed, are radially infalling null geodesics, affinely parameterized by
r. The one-form w = w, dx® (which is assumed to be timelike) depends only on z, not on r.

These infalling coordinates remain regular across future null horizons.

The form of the ansatz (3.20]) remains invariant under r-independent diffeomorphisms,
¢ = %= f*(x), (3.21)
as well as radial shifts (with arbitrary x dependence),
r—-r=r+Az). (3.22)

We use the diffeomorphism freedom (3.21)) to transform the timelike one-form w to the

standard form —dz° (or w, = —02). Our procedure for dealing with the radial shift invariance

(3.22)) is discussed below in subsection [3.2.6]

We are interested in geometries which, at large r, asymptotically approach (the Poincaré
patch of) AdSs;. This will be the case if gog(x,r) approaches 1,5 as r — oo, with 1,5 =
diag(—1,1,1,1) the usual Minkowski metric tensor. Demanding that the metric and bulk
gauge field satisfy the Einstein-Maxwell equations, one may derive the near-boundary asymp-
totic behavior of the fields. Using radial gauge, A, = 0, for the bulk gauge field, and a suitable
choice of the radial shift (which eliminates O(1/r) terms in g,g), one finds that for
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solutions of interest, the metric and gauge field have asymptotic expansions of the form

gap(,7) ~ Mag + |9 (2) + () £ (L) + O[(E3 /1)), (3.23)

Aoz, 1) ~ A (2) + A((f) (z) (L?/r)* + O[(LQ/r)ﬂ. (3.23b)

The coefficient h((jg of the logarithmic term in the metric is only non-zero when there is an
external EM field,
heh = FauFs” = §ap (Fu P + Fo, FyY). (3.24)

For a constant magnetic field in the z® direction, thg” = 1 B2 diag(+2, +1, +1, —2). The
subleading asymptotic coefficients ggg(x) and A% (x) cannot be determined solely from
a near-boundary analysis of the field equations, and depend on the form of the solution
throughout the bulk. However, asymptotic analysis does show that 2?21 ggl ) = —% o, FoY.
The subleading metric coefficients g; () and h ( ) encode the expectation value of the

SYM stress-energy tensor [80) 13]. The appropriate holographic relation is

(L) = {50 = mo tr (G) + () + TR} (3.25)
wherd™|
gfﬁj) 9(4) + 1 1 v (900 + 3 hoo) Efﬁ/) = hff? + %WV hg(l)) ) (3.26)

k= L3/(4nGy) = (N2 — 1)/(27?), and C is an arbitrary renormalization-scheme dependent

12Tn Fefferman-Graham (FG) coordinates, for which ds? = (Lz/pz)[ﬁa,g(f p) dz® dz” + dp?], one has

G0 (T, p) ~ Nap + [gglﬁ( )+ h 4) In ] p* +O(p®Inp) as p — 0. Eq. ( gives the relation between the

subleading asymptotic metric coefﬁmentb in our infalling EF coordlnates and FG coordinates.
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ConstantH We adopt a specific value,

(3.27)

aQ
Il
I
N

which will make the subsequent explicit expression ([3.42al) for the energy density as simple

as possible.

Inserting expression (|3.24) into relation (|3.26) shows that 71((142,, the coefficient of the

renormalization point dependent part of the holographic SYM stress-energy, is proportional
to the classical EM stress-energy tensor,

BC) = FoyFg” — L nog F F™ (3.28)

(e

or H}L/((;)H = 1B? diag(+1, +1, +1, —1) for a constant magnetic field in the x* direction.
Using the above relations, one also finds that tr (g%) = % F,,F* . Since h® is traceless,

the holographic relation (3.25)) yields the stress-energy trace
(T%) = =3rtr (GW) = =Lk F,, F" (3.29)

or (T*,) = —% kB2 in a constant magnetic field, in agreement with the earlier field theory

result (3.5). Similarly, the renormalization point dependence of the stress-energy ((3.25)
coincides with the QFT result (3.14) [
Finally, the subleading asymptotic coefficient AP (x) for the bulk gauge field encodes the

U(1) current density. One finds
G,y =2k AD) (3.30)

13To perform the required holographic renormalization one must add a counterterm depending logarith-
mically on the UV cutoff. (See, for example, refs. [13] 8T, 82].) As always, such a logarithmic counterterm
comes with an inevitable finite ambiguity.

14 As in ref. [78], one can also use a comparison of holographic and QFT evaluations of the U(1) anomaly
to confirm that the U(1) current normalizations are consistent.
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3.2.83  Symmetry specialization

As noted earlier, we are interested in studying solutions of Einstein-Maxwell theory which
are spatially homogeneous. This implies that all metric functions depend only on z° and
r. The arbitrary function A in the residual radial shift diffeomorphism will depend
only on 2°. Henceforth, for convenience, we will use v as a synonym for z°; v is a null time
coordinate. (In other words, v = const. surfaces are null slices of the geometry.) At the

boundary, v coincides with the time t of the dual field theory.

We also impose invariance under O(2) rotations in the x!-z? plane. This implies that only
the goo, 903, 933, and g11 = ge2 components of g,g are non-zero. Our Einstein-Maxwell theory
(without a Chern-Simons term) is also invariant under spatial parity, or 2 — —z3 reflections,

and for simplicity we will also impose parity invariance. This requires the vanishing of gos.

For the bulk gauge field, the choice of radial gauge, A, = 0, plus our imposed symmetries
imply that
Ag(z,7) = A% (2) — ¢(v,7) 52

o

(3.31)

The corresponding bulk field strength, which is what appears in the field equations, can

have a constant (x and r independent) magnetic field plus a radial electric field,
Fis(z,r) =B, Fo(z,r)=0.¢(v,7)=—-E(v,1), (3.32)

with all other components vanishing.
As in ref. [27], it is convenient to rename the non-vanishing metric components as

7”2 T’2 7,2 7,2

72 900 = —24, T2 T 1392 = ?eP, 72938 = ¥Ze P, (3.33)
where A, B, and ¥ are functions of v and r. The resulting line element is

ds® = 2dv [dr — A(v,r) dv] + S(v,7)? [P (da® + dy?) + e 2P a2 (3.34)
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Henceforth, A will always denote the metric function multiplying dv? (times —1/2), not the
bulk gauge field. The function ¥ is the spatial scale factor (with 33 dx dy dz the spatial
volume element), while B characterizes the spatial anisotropy (which should not be confused
with the magnetic field amplitude B).

The radial derivative 9, is a directional derivative along infalling radial null geodesics. It
proves convenient to define a corresponding directional derivative along outward radial null
geodesics,

dy =0, + A(v,r) 0, . (3.35)

The field equations which result from varying the action (3.18]), inserting the above
symmetry specializations, and re-expressing v-derivatives in terms of the d, modified time

derivative (3.35)), take a remarkably compact form. The Einstein equations are:

Y+ LB)YT=0, (3.36a)

A" —6(X /) dy X+ 3 Bd B =+43BL*e Pt + €207 —2/L*,  (3.36Db)

(dyB) +3(X'/8)d B+ 3B (dyX) /2 = —2B°L* e 2P £ (3.36¢)
(dsX) /84 2(2/8*) de S = —iB?L* e P21 — 1207 + 2/L%,  (3.36d)

dy(dyX) — A" (d 3) + 18 (dyB)* =0, (3.36e)

where primes denote radial derivatives, b’ = 0,h. As discussed in ref. [27], the anisotropy
function B encodes the essential propagating degrees of freedom. The functions ¥ and A may
be regarded as auxiliary fields, determined by solving eqns. and using data on
a single time slice. Information about the time evolution of B is contained in equation (3.36¢]).
Equations and may be viewed as boundary value constraints — if they hold
at one value of r, then the other equations ensure that these equations hold at all values of
T

Maxwell’s equations reduce to the statements that neither the magnetic field B, nor the

radial electric flux density € X2, have any radial or temporal variation. In other words,
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B = const., as already indicated in (3.32), and
Ew,r)=pLX3(v,r), (3.37)

for some constant p which, from egs. (3.30)—(3.32) plus (3.40) below, one sees is precisely
the U(1) charge density (rescaled by k),

(%) =rp. (3.38)

The form (3.37)) of the radial electric field simply reflects Gauss’ law in 441 dimensions,
combined with charge conservation and spatial translation invariance, which imply that p

cannot have any temporal or spatial variation.

The bulk gauge field Ay, does not appear in the field equations (except via the field
strength), but one may choose to regard Ay, as satisfying the radial gauge condition, A, = 0,
plus the condition that the time component A, vanish at the horizon. This fixes the residual
r-independent gauge freedom which remains after imposing radial gauge. With these choices,
the chemical potential p is the boundary value of A, in the late time (v — 00) equilibrium
limit. Equivalently (in radial gauge), the chemical potential y equals the difference between
the boundary and horizon values of A,, in the equilibrium geometry. This coincides with the

line integral of the radial electric field from horizon to boundary,

p= lim Avﬁ: = / dr (oo, 1), (3.39)

Th

which gives the work needed to move a unit charge from the boundary to the horizon. As
usual, the charge density and the chemical potential are thermodynamically conjugate. One
may consider the chemical potential i to be a function of the (rescaled) charge density p, or
vice-versa. The choice of perspective (“canonical” vs. “grand canonical”) has no bearing on

the dynamics.



63

3.2.4  Asymptotic analysis

Asymptotic analysis of these equations is straightforward. We impose a flat boundary ge-

ometry with the requirement that lim, .o, gag(x,7) = 744, implying

lim (L/r)* A(v,r) =%, lim(L/r)S(v,r) =1, lim B(v,r) =0, (3.40)

T—00 r—00 r—00

for our renamed metric functions. Solutions to Einstein’s equations (3.36|) with this leading
behavior may be systematically expanded in integer powers of 1/r and (for non-zero magnetic

field) logarithms of r. One finds:

S(v,7) ~ L7 r + Av)] + O[(L/r)"In* £], (3.41a)
A(v,r) ~ L7 [r + A(v)]* = 0,A(v)

+ L* [ag — iB°In 2] (L/r)?

— L? [2a, M) + 1B° AMv) (1 = 2In £)] (L/r)* + O[(L/r)* In 1], (3.41Db)
B(v,r) ~ L* [b4(v) + %B2 In ﬂ (L/r)*

+ L? [L? 0,ba(v) — 4bs(v) Mv) + £B*A(v) (1 —4In £)] (L/r)°

+O[(L/r)*In 7], (3.41c)

The constant a4 and the function by(v) cannot be determined just using asymptotic analysis,
and the radial shift \(v) is completely arbitrary. The coefficient a4 encodes the energy density
which, due to homogeneity, cannot vary in time, while by(v) encodes the anisotropy in the

spatial stress. Using the holographic relation (3.25) and our convention (3.27)) for defining
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the stress-energy tensor, one finds

(T =k (—3as+ 3B Inpul), (3.42a)
(T =(T**) =k (—tas+ by — B>+ 1B Inpul), (3.42b)
(T%) =k (—3as — 20y — 3 B? InpuL) . (3.42¢)

3.2.5 Scaling relations

Consider independent rescaling of the boundary and radial coordinates,

r=ar, r=a T, (3.43)

with a and ~ arbitrary positive numbers. If the metric functions {A, ¥, B} satisfy the
Einstein equations (3.36)), with asymptotic behavior (3.40]), then the rescaled metric functions

B(z,7) = B(z(2),r(7)), (3.44a)
S(7,7) = (a/7) 2(x(@), (7)), (3.44b)
A@F7) = (a/7)*Alz(@),r(7)) , (3.44c)

also satisfy the Einstein equations (and our asymptotic conditions) with rescaled parameters
L=~"'L, B=do>B, p=a’p. (3.45)
The subleading asymptotic coefficients a4 and by become

as =o' [ag — 1 B*In(y/a)], by = ot (b4 + 3 B*In(v/a)] . (3.46)
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Using the holographic relation (3.42)) for the stress-energy expectation, one finds that
T (fi) = o* T (n), (3.47)

with a rescaled renormalization point 1 = a .

If a = 7, then these transformations are just a trivial rescaling of all quantities according
to their dimension. But transformations with a # 7 are non-trivial and scale bulk and
boundary quantities by different amounts. In particular, transformations with @ = 1 but
v # 1 rescale the AdS curvature scale L without affecting the boundary coordinates or
boundary parameters (B, p, or i), showing that the value of L has no physical significance
(in the large N, large A limit for which classical gravity provides the dual description). This
illustrates, explicitly, the independence of the boundary field theory on the AdS curvature

scale L.

3.2.6 Apparent horizon

With a non-zero homogeneous energy density, the dual geometries of interest will have an
apparent horizon at some radial position, r = rm,(v) [27]. Since we are investigating non-
equilibrium dynamics, one might expect the horizon position to change significantly before
ultimately settling down as the system equilibrates. However, as illustrated in fig. [3.1] it is
possible, and very convenient, to use the residual radial shift diffeomorphism freedom (|3.22)

to place the apparent horizon at a fixed radial position,
rh(v) = 7. (3.48)

A short exercise [27] shows that the condition for an apparent horizon to be present at
r = 7y is that this location be a zero of the modified time derivative of the spatial scale

factor,

.3 =0. (3.49)

r=7h
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Figure 3.1: With a generic choice of the radial shift A(v) (left panel), the radial position of
the horizon will change with time. It may be kept fixed (right panel) with a suitable choice
of A(v).

This condition serves to fix the radial shift A(v). It is convenient to regard this condition as
a combination of a constraint on initial data (implemented by finding the radial shift A(v)
which is needed to satisfy at some initial time vy) together with the requirement that
the horizon be time-independent, dry, /0v = 0, which requires that the time derivative of d, %
vanish at the apparent horizon. Evaluating this condition, and using the Einstein equations
, 3.36¢]) to simplify the result, determines the value of the metric function A at the
horizon,

=-112(d;B). (3.50)

‘T:’r_‘h

For the metric to be non-singular on and outside the apparent horizon, the spatial scale

factor ¥ must be non-vanishing for r > 7y,.

3.2.7  FEquilibrium solutions

Given some initial non-equilibrium state of the system, the dynamical evolution should
asymptotically approach a thermal equilibrium state. In the gravitational description, this
implies that the geometry should, at late times, approach some static black brane solution.
The specific black brane solution will depend on the values of the conserved energy and
charge densities in the chosen initial state, and on the value of the background magnetic

field.
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Schwarzschild

For initial states with vanishing charge density and magnetic field, the bulk geometry will
equilibrate to the 5D AdS-Schwarzschild black brane solution. A standard form of this metric

18

) , dr* 77 -
ds* = —=U(r)dt* + 0 + I (dz*) (3.51)
(1=1,2,3), with
2 mL?

The radial coordinate 7 should not be confused with our Eddington-Finklestein coordinate r.

The zero of U(7) determines the horizon location,
T =m*L, (3.53)

and the horizon temperature [given by (27)~! times the surface gravity at the horizon] is

proportional to the horizon radius,
Ty =L~ 2 =m4 /L. (3.54)

In our infalling EF coordinates , this AdS-Schwarzschild solution is described by
X(r) = (r+\)/L, A(r) =

S(r)? = imB(r)7?, B(r)=0. (3.55)

Using the holographic relation (3.42), one sees that the parameter m is related to the

(rescaled) equilibrium energy density € = (T%)/k via

e=3mL™". (3.56)
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Reissner-Nordstrom

If the initial state has a non-zero charge density but vanishing magnetic field, then the bulk
geometry will equilibrate to a 5D Reissner-Nordstrom (RN) black brane [79]. This metric

may be written in the form (3.51f), with

72 L? L*
Ur) = oMt L (pL?)? = (3.57)

The charge density p of the Reissner-Nordstrom brane is bounded from above by the extremal

charge density pmax, given by
(Pmax L) = 2m3. (3.58)

3

The relation (3.56) between the energy density and the mass parameter m is unchanged.

Hence, the extremal charge density pmax = 3 %/*.

It is convenient to express p in terms of the fraction x of the extremal charge density,

T = p/Pmax - (3.59)

The horizon radius 7, is given by the outermost positive root of U(7); explicitly,

/L= (hm) 1 [(a? 4 VT o) 4 (=i =) ) (3.60)

1/4

The horizon radius (divided by L) varies from m'/* down to (3m)'/* as z varies from 0 to 1.

The horizon temperature Ty, is given by
WL = (7/L) [L — (3m)*? 2® (L/7,)°]. (3.61)

The horizon temperature decreases with increasing charge density, and vanishes as the charge

density approaches the extremal value (or x — 1).

From the perspective of the dual field theory, for any given value of the charge density
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Figure 3.2: The one parameter family of non-extremal equilibrium Reissner-Nordstrom
charged black brane solutions (solid line) in the plane of /|p|*3 vs. (7T)*/|p|*/3. Also
shown are the high and low temperature asymptotic forms (dashed lines). In the high

temperature regime, 77 >> p'/3, the curve approaches the Schwarzschild result, ¢ = %(TFT>4.

In the low temperature (or near extremal) regime, 71 < p'/3, the charge density p ~

_ —2/3 _ _
Pmax[1 = $(2)23(xT)2pnil’] and /p"/? ~ (3)13 4 1 (3)71/3 (zT)2p 22,

there is a lower bound on the energy density, €min(p), which must be a monotonically increas-
ing (and convex) function of p. This implies that for any given value of the energy density,
there will be a maximum charge density, corresponding to a ground state with vanishing
temperature. The equilibrium chemical potential p, thermodynamically conjugate to the
charge density p, is given by

0= p (L2, (3.62)

Physically distinct non-extremal solutions may be labeled by the value of one dimensionless
ratio such as e/|p|*? [or (7T)*/|p|*/® or e/(xT)*, etc.]. Figure|3.2/shows a log-log plot of the

curve representing these solutions in the plane of £/|p|*? and (7T)*/|p|*/3 .

In our infalling EF coordinates, the RN black-brane solution is described by
S(r)=(r+A)/L,  A(r) =3i5(r)? = ImZ(r)? + 2p°LOS(r) 7, (3.63)

and B(r) = 0.
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Magnetic branes

When the magnetic field is non-zero, the bulk geometry will equilibrate to a stationary
magnetic black brane solution. These solutions are not known analytically, but have been
studied numerically [78, 80]. In our infalling coordinates, the solutions satisfy the static
specialization of eqs. E The near-boundary behavior of asymptotically AdSs solutions
is given by the expansions (but with no time dependence).

The extremal, zero-temperature magnetic brane solution interpolates smoothly between
AdSs x R? near the horizon and AdSs near the boundary. In our infalling coordinates, a
series in fractional powers of dr = r—ry, describes deviations from the AdS; x R? geometry

near the horizon,

A(r) =3(6r/L)* [1+n6r" + O(n?6r*)], (3.65a)
S(r) = (BLor)3 [1— 1(3++) nor* + O(n* 6r™)] (3.65b)
B(r) = —tIn[276r* /(B*L®)] — & (13+2y) n 617 4+ O(n* 0r*7) , (3.65¢)
with v = —1 + %\/ﬁ . The constant 1 cannot be determined from a near-horizon analysis

and must be suitably adjusted after integrating egs. to obtain the desired boundary
geometry. There is a single extremal magnetic brane solution, modulo the rescaling transfor-
mations (3.43)-(3.45) (which relate solutions with any non-zero values of the magnetic field
B and curvature scale L), and radial shift diffeomorphisms .

For non-extremal solutions (with non-zero B but vanishing p), metric functions near the

15The resulting equations may be written explicitly as:
(A'S3) 273 = 4282 L% 2B w4 1 46212 14/, (3.64a)
(AX'32) 273 = —1B2[2e 2B n—t _ 1e212 4 9/12 (3.64D)
(AB'S?) 278 = 2212728 n4 (3.64c)
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horizon have power series expansions in ér = r—ry of the form

A(r)=agor L7* [1— (1 = 2 B*L*sg*) ag 'or + O(67%)] | (3.66a)
S(r) =s0/B[1+ (2 -3 B’L*sy*) ag" or + O(6r%)] (3.66Db)
B(r)=2Inp — 2B°L's;" ag " 6r + O(61°) . (3.66¢)

The coefficient aq is proportional to the horizon temperature,
T = ag/(2nL?). (3.67)

The other two undetermined constants, sy and 3, which control the horizon values of the
spatial scale factor and the anisotropy function, must be suitably adjusted after integrat-
ing eqs. to select solutions which have the desired near-boundary behavior (with an
isotropic boundary metric). If B2 < T, then the resulting magnetic brane geometry is a
small perturbation away from the Schwarzschild black brane , while if B2 > T* then
the geometry may be regarded as interpolating between the BTZ black brane (x R?) near
the horizon and AdS; near the boundary [78].

There is a one parameter family of non-extremal solutions, modulo the rescaling transfor-
mations (3.43)-(3.45) (and radial shift diffeomorphisms). Physically distinct solutions may
be labeled by the value of the dimensionless ratio e5/B? [or (7T)*/B? or e5/(wT)*, etc.]. The
left panel of figure [3.3| shows a log-log plot of our numerically determined curve representing
these solutions in the plane of e5/B% and (7T)*/B?. Extrapolating our lowest temperature

numerical results to zero temperature, we find estimates of
co ~ 0.18, B* () =~ 2.0 2, (3.68)

for the coefficient ¢y or the equivalent fiducial scale B* defined by egs. (3.15)) and (3.16]).

If one chooses to measure energy density and magnetic field in units set by the curvature
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Figure 3.3: Left: The one parameter family of non-extremal equilibrium magnetic brane
solutions in the plane of e5/B% vs. (7T)*/B%. Also shown are the high and low temperature
asymptotic forms (dashed lines). For high temperatures, 77 > |B \1/ 2 the curve approaches
the Schwarzschild result & = 3(77)*. For low temperatures, 71 < |B|'/2, the form eg/B? ~
c1 + ¢ (7T)?/|B| provides a good fit to our data for ¢; = 0.35 and ¢; = 0.20. Right: The
relation between the intrinsic parameter €5/B? labeling magnetic brane solutions and the
value of the magnetic field in curvature scale units, |B|L?, for two different fixed values of

the curvature scale energy density, e, L* = £0.75.
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Figure 3.4: The anisotropy function B(r) as a function of inverse radius u = 1/r for

equilibrium magnetic brane solutions with different values of the magnetic field. Left panel:
Solutions at fixed energy density e, = 0.75 L% with BL? = 1.0, 1.5, 2.5, 3.5, and 4.5. Right
panel: Solutions at fixed energy density ez = 8.0 L~* with BL? = 0.0, 1.0, 2.0, 3.0, and
4.0. In all cases, the radial shift \ has been suitably adjusted to fix the horizon radius at
u = 1. Note that the horizon value of the anisotropy function is not a monotonic function
of magnetic field at fixed ¢, but is monotonic when ez is held fixed.

scale L, then one may traverse the one-parameter family of magnetic brane solutions by
varying |B|L? for a fixed value of e, L* (or vice versa). The holographic relation shows
that these curvature scale dependent quantities are related to the intrinsic dimensionless
parameter e5/B* via

€R ep LA

This relation between ez/B? and |B|L?, for two different fixed values of the curvature scale
energy density e;,L* = 40.75, is plotted in the right panel of fig. . Note that two different
values of |B|L? yield the same value of e5/B% (and hence describe the same physical solution)
when 7, > 0.

For these non-extremal magnetic brane solutions, the anisotropy function B(r) increases
(and the scale factor ¥ decreases) smoothly as one moves inward from the boundary toward

the horizon. Figure (left) plots the resulting anisotropy function B(r) for several values
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of the magnetic field when the energy density at the scale 1/L is held fixed, e L* = %.

(From eq. , this is the same as fixing the asymptotic coefficient a,L* = —%) The
horizon temperatures for this series of solutions, in order of increasing magnetic field, are
given by 7T'L = 0.873, 0.806, 0.879, 1.103, and 1.347. From the figure, one may see that the
horizon value of the anisotropy function is not a monotonic function of magnetic field (for
fixed ayL*).

The right panel of fig. shows a similar set of solutions with increasing magnetic field,
but now with the energy density at the scale |B|'/? held fixed, eg = 8 L. With the physical

parameter £z held fixed, the horizon value of the anisotropy function is now monotonically

increasing with magnetic field. The temperatures of these solutions (in order of increasing

B) are given by 7T L = 1.807, 1.797, 1.738, 1.620, and 1.433.

3.3 Techniques

3.3.1 Computational strategy

We apply the computational strategy presented in ref. [27] to our case of homogeneous
isotropization in Einstein-Maxwell theory. For convenience, we choose units in which the
AdS curvature scale L = 1.

Required initial data, on some v = vy time slice, consists of an initial choice for the
anisotropy function B(vg, ) and the radial shift A(vg), along with chosen (time independent)
values of the energy density e, charge density p, and magnetic field B. As noted above, the
holographic relation shows that fixing the energy density ¢ at the scale p = 1/L
is equivalent to fixing the asymptotic coefficient ay. Our choices for the initial anisotropy
function will be detailed below in subsection B.3.3

Given a set of initial data, the linear second order radial ordinary differential equation
(ODE) may be integrated to find the spatial scale factor (v, r). The two leading
terms in the asymptotic behavior provide the integration constants needed to specify
uniquely the desired solution. Next, one solves eq. , a linear first order radial ODE for
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d 3. The near-boundary asymptotic behavior of this function is d > ~ %(r+)\)2 +asr—?+
O(r~3) and homogeneous solutions to eq. behave as r~2 near the boundary. Hence,
the chosen value of the energy density ¢ uniquely specifies the desired solution. With B, ¥,
and d, > determined on the vy time slice, one next solves eq. , a linear first order radial
ODE for d, B. The desired asymptotic behavior of this function is dy B ~ —2byr~*+O(r=?)
while homogeneous solutions to eq. behave as r~3/2 near the boundary. So the needed
integration constant corresponds to requiring the absence of any such homogeneous solution.
Finally, one solves the second order linear ODE to determine A(vg, ). Homogeneous
solutions are linear or constant functions of r. From the asymptotic behavior , one
sees that the value of the radial shift \(vg) fixes the coefficient of the homogeneous solution
linear in r and provides one of the two needed boundary conditions. The second boundary
condition, needed to fix the constant homogeneous solution, is provided by the horizon

stationarity condition (3.50]), which determines the value of A on the apparent horizon.

Having solved for the modified time derivative d; B(vg,r), and A(vg,r), one reconstructs

the ordinary time derivative of the anisotropy function via
Oy B(vg, 1) = dy B(vg, 1) — A(vg, 1) 0-B(v0, 7). (3.70)

The time derivative of the radial shift, d,A(vg), is extracted from the asymptotic behavior
(3.41bf) of A by evaluating the r — oo limit of A — %(r—i—/\)z. These time derivatives of B and
A provide the information needed to advance in time. Using a standard numerical integration
scheme, one takes a small step forward in time, advancing v to vy+ Awv for some timestep Awv.
Repeating this process, one progressively determines the metric functions on a sequence of
equally spaced time slices, v = v, = vo+ k Av. On each time slice, the asymptotic coefficient
bs(v), needed to determined the stress tensor , is extracted from the large r behavior
of the anisotropy function B. (In the presence of a non-zero magnetic field, one extracts
by from the large r limit of a subtracted, rescaled version of the anisotropy function which

removes the leading logarithmic piece in eq. (3.41¢c). This is detailed in the next subsection.)
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3.5.2  Numerical methods

We use an inverted radial coordinate u = 1/r, and arbitrarily choose

as our apparent horizon location. This makes our computational domain a fixed radial
interval, 0 < u < up = 1. We use a 4th order Runge-Kutta method (described in ref. [27])
for time integration. This requires four integrations of our radial ODEs per time step, but

yields much better accuracy, for a given timestep Av, than a lower order method.

To integrate the radial ODEs , we have used both traditional short-range
finite difference approximations, and spectral methods [83]. In the latter approach, one
implicitly represents the radial dependence of functions as a (truncated) series of Chebyshev
polynomials. Explicitly, functions are represented by the list of their values on a discrete,

finite collocation grid consisting of the points

uk:%[l—l—cos k=0,--- ,M—1, (3.72)

M-11’

and derivatives are represented by (dense) M x M matrices acting on the finite list of function
values. The (truncated) spectral expansion converts each ODE into a straightforward linear
algebra problem. Boundary conditions are simply encoded into the first or last rows of the

resulting matrix [83].

Although there are subtleties (described momentarily) in applying spectral methods to
our problem, we have found the use of spectral methods to be clearly superior to finite
difference approximations, yielding both faster computation and more accurate results. Using
an M point discretization of the computation domain, short-range finite difference methods
have errors which scale as an inverse power of M while spectral methods, in favorable cases,

produce errors which fall exponentially with increasing M.

Spectral methods presume that one is approximating functions which are regular and
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well-behaved on the computational domain. However, our radial ODEs have regular singular
points at u = 0 or 7 = oo (due to the r? growth of the scale factor near the boundary), and our
functions ¥, d ¥, and A all diverge at the u = 0 endpoint. Therefore, we define subtracted
functions in which the known singular near-boundary behavior is removed. To minimize loss
of numerical precision in spectral approximations of derivatives, it is also helpful to rescale the
subtracted functions so that they do not vanish faster than linearly as u — 0. If the magnetic
field is zero, so no logarithmic terms are present in the near-boundary behavior , then
our subtracted functions are analytic in a neighborhood of the u € [0, 1] radial interval and
spectral methods converge exponentially. With a non-zero magnetic field, logarithmic terms
are unavoidably present, showing that v = 0 is a branch point of the metric functions.
This degrades convergence of the spectral series, leading to power-law convergence at a rate
which depends on the behavior of the leading non-analyticity. Consequently, it is desirable
to subtract logarithmic terms to as high an order as is practicable. We chose to introduce

subtracted /rescaled functions (denoted with a subscript ‘s’) via:

B(r) = (r+A) + 177 Z(r) (3.73a)

A(r) = %(7“4—)\)2 — %82 Inr [7"_2 — AT 3N 4N 7“_5] + As(r) . (3.73b)
d,5(r) = %E(r)z _ %BQ Inr [7“_2 CoNr 33Nt )3 T—S] + (d X)s(r), (3.73¢)
dyB(r) = —=2B% Inr [r® = 3Ar™* + 6A%r° — 10N %] + 772 (d4 B)s(r). (3.73d)

All our numerical work is performed using these subtracted /rescaled functions; we directly

solve for X, (dyX)s, (dy B)s, and ASE The expressions (3.73) are used to reconstruct the

original functions when needed. We also use a subtracted /rescaled anisotropy function Bg(r),

6 Note that (d4X)s # di(Xs), and likewise for (ds B)s; these are just names for the subtracted/rescaled
functions for d¥ and d4 B, respectively.
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introduced via

B(r) = %BZ Inr [7“_4 — 4N 75 4+ 10\ 7“_6} + 7 73B,(r). (3.74)
This removes leading logarithmic terms and introduces a convenient rescaling. Henceforth,
B, will be referred to as the subtracted anisotropy function.

In the above subtractions, the series in 1/r multiplying each logarithm are just truncated
expansions of (r+\)~% for k = 2, 3 or 4. The choice to truncate these binomial series was
arbitrary, but we found that our numerics were sufficiently well-behaved with the above
subtractions. At higher orders in 1/r, additional terms appear which involve the asymp-
totic coefficient by and its (a-priori unknown) time derivatives, as well as higher powers of

logarithms.

3.5.3 Initial data

As indicated above, one must select the value of the energy density (or asymptotic coefficient
as) and the initial value of the radial profile of the anisotropy function, B(vg,r). And one
must choose the value of the magnetic field B or charge density p. For the charged case,
with vanishing magnetic field, physics can only depend on the dimensionless combination

3/4

of charge and energy densities p/e** so a (positive) value of ¢ may be chosen arbitrarily

without loss of generality. Given a choice of e, possible values of the charge density p are
limited by the extremality bound |p| < puax = 3 €¥/4.
For the initial anisotropy function, we chose to focus on Gaussian profiles. In the A =0

frame,

B(vg,r) = Ae 20710/, (3.75)

We investigate the dependence of results on the parameters of the Gaussian (amplitude A,

width o, and mean position rg) in the first part of section [3.4}f'| Motivated by the fact that

17For results from an exploration of a broader range of initial anisotropy profiles, in the case of vanishing
charge density and magnetic field, see ref. [53].
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in our coordinates lines of varying r, at fixed v, are radially infalling geodesics, we will refer

to this initial Gaussian as a “pulse” of initial anisotropy.

For the magnetic case, as discussed above, the breaking of scale invariance implies the
presence of logarithmic terms in the asymptotic behavior of the anisotropy function. We
simply add the log terms shown in eq. (3.74]) to the Gaussian (3.75)). With vanishing radial

shift, A = 0, our chosen initial anisotropy function takes the form
B(vg,r) = A ea(r=ro)?/o? 4 iB*r*Inr. (3.76)

Arguably, a more natural choice for the magnetic case initial data might be to add a Gaussian
to the full equilibrium solution for the anisotropy function in the chosen magnetic field. This
could be seen as nicely paralleling the charged case (in which the equilibrium solution has
vanishing anisotropy). Nevertheless, we will stick with our somewhat arbitrary choice (3.76)),
which is an adjustable initial pulse added to the correct asymptotics. As will be seen, the
Gaussian pulse will nearly always be the dominant portion of the deviation from equilibrium
and the driving force of the resulting anisotropy in the boundary stress. We doubt that
differing choices in the precise form of the slowly varying function to which the Gaussian
pulse is added would impact, in any significant way, the characteristic equilibration times or

other significant features of the results presented below.

After choosing the initial anisotropy function (in the A = 0 frame) the initial value of

the radial shift, A(vg), is adjusted to fix the location of the apparent horizon, as discussed in

section |13.2.6l

It should be noted that, in all cases (charged, uncharged, magnetized) it is quite possible
to select physically inconsistent initial data. This happens when the initial anisotropy, for
a given energy density, is so large that no apparent horizon shields a coordinate singularity
produced by a vanishing scale factor ¥. This sets a natural limit on the amplitude of the

initial pulse which is meaningful to study.



30

3.4 Results

3.4.1 Neutral plasma

Before presenting results for equilibration in charged or magnetized plasmas, we first discuss
general features of the time evolution in the uncharged, unmagnetized case and examine
the sensitivity of results to specific features in the initial data. As noted above, we choose
a Gaussian profile for the initial anisotropy function, with an adjustable amplitude,
width, and mean position. Typical evolution of our subtracted/rescaled anisotropy function,
By(v,u) = u=3B(v,u), is shown on the left in figure [3.5l One sees the initial pulse profile
on the back side of the plot at v = 0. The figure clearly shows the influence of the pulse
propagating outward and reflecting off the boundary at u = 0. The outgoing portion of the
pulse essentially propagates along an outgoing radial null geodesic which, in our coordinates,
near the boundary are 45° lines at constant values of u + v. The influence of the anisotropy
pulse, after the reflection, largely falls through the horizon along an ingoing radial null
geodesic which is instantaneous in our null time coordinate v. The asymptotic coefficient by,

which equals the slope of B at u = 0, controls the anisotropy in the stress tensor,
AP = %<T11> + %<T11> - <T33> 7 (377)

with AP/k = 3by. Hence, the reflection of the pulse off the boundary directly produces
the pressure anisotropy AP in the boundary theory. The time dependence of the relative
pressure anisotropyE defined as AP/(ke), is plotted on the right in figure .

As shown in the figure, at late times the anisotropy function approaches zero, as required
for equilibration to the isotropic Schwarzschild black brane solution. At sufficiently late
times, when the departure from equilibrium is small, the evolution should be well described

by a linearized approximation to the full nonlinear dynamics. The linearized dynamics of

18i\fote that, for unmagnetized plasma, the energy density is three times the average pressure, ¢ = (T%) =
3P.
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Figure 3.5: Left: Rescaled anisotropy function By = u=3B, for a typical case of equilibration
to the Schwarzschild black brane, as a function of inverse bulk radius v and time v. Initial
pulse parameters are 4 = 5 x 1074, ry = 4 and 0 = %, with ¢ = %L*‘l. The (rescaled)
energy density € is used to the set the scale for time. One sees that the effect of the
initial Gaussian pulse propagates outward, essentially along an outgoing radial null geodesic,
reflects off the boundary, and then largely falls through the horizon (along an ingoing radial
null geodesic which is instantaneous in v). After one “bounce”, the anisotropy rapidly
approaches zero. Right: The corresponding relative pressure anisotropy, AP /ke = %(T11 +
TY — 2733) /ke, induced in the boundary field theory, as a function of time. Note how the
peaks of the pressure anisotropy correspond directly to the reflection of the anisotropy pulse

off the boundary.
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infinitesimal perturbations away from equilibrium may be represented as a sum of quasi-
normal modes (QNM), which are eigenfunctions of the linearized dynamics with complex
frequencies, ¢(t) = Re(Ae ") with Imw < 0. The lowest quasinormal mode (for which
—Imw is minimal) dominates the late time approach to equilibrium. For the Schwarzschild
black brane, quasinormal mode frequencies have been previously evaluated by Starinets [25].
From the late time behavior of our full nonlinear evolution, it is straightforward to extract
an estimate of the lowest quasinormal mode frequency. Comparing with the independent
results of ref. [25] provides a useful test of the accuracy of our numerics. Fitting the late
time (4 Swv e/t < 25) portion of our calculated pressure anisotropy to a decaying, oscillating
exponential, |A|e™®)? cos[(Rew)v + ¢], yields an estimate of the lowest QNM frequency w
which agrees with ref. [25] to five digits, w/(7T) ~ 3.11946 — 2.74663 7.

We will see the same vanishing of the anisotropy function at late times for the case of
charged plasmas, whose gravitational duals equilibrate to an isotropic Reissner-Nordstrom
black brane solution. For the magnetic case, however, at late times there is a non-zero profile
for the anisotropy function, reflecting the spatial anisotropy of equilibrium magnetic brane
solutions.

We now turn to an examination of the dependence of the pressure anisotropy on the
parameters of the initial Gaussian . Of particular interest will be the dependence
of the response on the amplitude and position of the initial pulse. Less interesting is the
dependence on the width of the pulse, which affects the duration of the reflection off the
boundary (and also produces changes more naturally associated with the position of the
pulse).

In figure [3.6], we compare the pressure anisotropies created by the pulse shown in fig. [3.5]
and an otherwise identical pulse with half the amplitude. Visually, one sees that the smaller
amplitude pulse produces roughly half the pressure anisotropy as does the larger pulse, but
with a virtually identical time course. The peak pressure anisotropy (divided by energy
density), for both pulses is over 4, significantly larger than unity. Hence both initial pulses

represent large departures from equilibrium. Given the highly nonlinear nature of the Ein-
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Figure 3.6: Left: The pressure anisotropy AP/ke produced by the same initial pulse shown
in fig.|3.5| (blue curve), overlaid with the pressure anisotropy produced by an initial pulse with
half the amplitude (purple curve). Halving the initial amplitude roughly halves the induced
pressure anisotropy. Right: The “nonlinearity” (NL), defined as the difference between the
pressure anisotropy produced by the larger pulse and twice the pressure anisotropy produced
by the half amplitude pulse.

stein equations, one might have expected to see clear signs of nonlinearity in the dependence
of the pressure anisotropy on the initial pulses. However, even for these pulses produc-
ing large departures from equilibrium, the amplitude of the peaks in the induced pressure

anisotropy are nearly linear in the amplitude of the initial Gaussian pulse.

The right hand panel of figure makes this comparison quantitative. This shows the
nonlinearity (NL) defined as the difference between the pressure anisotropy AP/ke of the
larger initial pulse and twice the pressure anisotropy produced by the halved initial pulse.
Compared to the pressure anisotropies themselves, the relative size of the nonlinearity is
roughly one part in 107. This suggests that the dynamics, as probed by these initial pulses,
are surprisingly close to a linear dynamical system.

In asymptotically AdS gravitational solutions, deviations of the geometry from that of
pure AdS space necessarily vanish as one approaches the boundary. Hence, one might expect
nearly linear dynamics to be evident for initial pulses which are localized sufficiently close to

the boundary, while anticipating much larger nonlinearities for initial pulses localized closer



84

B, AP /ke
15 300
1. 150 "\
1/4 1/4
VE
0.5 o [ 2
" 02 04 06 08 1.0 —300
B, AP /ke NL
001-2 10 0.0008
' 5
0.1 14 0.0004
0.05 : 5 ve
3 : ' | 1/4
02 0406 08 1.” > Vo v¢
By AP /ke NL
0.04 0.00003
0.75
8-83 0.00002
0.01 0.25 e 0-00001
ve | 1/4
03040608 TY _o2s W2 . 2 v
B, AP /ke NL
0.012 0.15 1.5x107°
0.008 0.1 1.x107¢
0.004 0.05 5.x1077
1/4 | 1/4
02040608 1. AV 1. > v¢
B, AP /ke NL
0.006 0.06 2.x1077
0.04
0.004 107
0.002 0.02
1/4 | 1/4
02040608 1." 1. g5 v 1. 22— V¢

Figure 3.7: Comparisons of initial anisotropy functions (left column), induced pressure
anisotropy (middle column), and nonlinearity (right column) defined as in fig. [3.6] for a series
of five Gaussian initial anisotropy functions differing only in their depth in the bulk. From
top to bottom, the mean position of the initial pulse, in the A = 0 frame, is g = {4,2,1, 1, 1}.
In all cases the energy density is € = %L“‘. The plots in the first row come from the same
initial data as in fig. , but with the amplitude increased by a factor of 40 (A = 0.02,
ro =4, 0 = %) The left column shows the initial anisotropy function scaled by u=2 and
plotted as a function of the inverse radial coordinate u, after adjusting the radial shift \ to

fix the apparent horizon at u = 1.
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to the horizon. To test this expectation, we used a very large Gaussian — the same initial
Gaussian profile which generated fig. but with the amplitude increasedﬂ by a factor of 40
— and then examined the resulting evolution when the mean position of the initial Gaussian

was progressively shifted deeper into the bulk. Figure compares the evolution for mean

11
1274

positions ro = {4,2,1 }, in the frame with radial shift A = 0. In all cases, the energy
density was held fixed at a value (¢ = 2L7*) which puts the equilibrium horizon position
at r = 1. In other words, the only change in the five cases shown in fig. [3.7is the radial
position of the initial Gaussian anisotropy function (3.75)), viewed as a function of r.

Each row of fig. displays results for one of these five cases. In each row, the left
hand panel shows the initial anisotropy function, but plotted as a function of the inverse
radial coordinate u, after adjusting the radial shift A to fix the apparent horizon at u = 1,
as discussed in sec. [3.2.6| The middle panels show the resulting pressure anisotropy as a
function of time, and the rightmost panels display the nonlinearity (NL), again defined as
the difference between the pressure anisotropy of the given initial pulse and twice the pressure
anisotropy after halving the initial amplitude.

From the middle column of plots, one sees that the magnitude of the pressure anisotropy
decreases significantly as the initial pulse is moved deeper into the bulk. Moreover, both the
time it takes for the effect of the pulse to reach the boundary, and the width of the resulting
peaks in the pressure anisotropy, grow with increasing depth of the initial pulse. This reflects
the usual holographic mapping between bulk and boundary: phenomena deeper in the bulk
correspond to lower energy or longer time scales in the boundary field theory.

Turning to the nonlinearity plots in the right hand column, one sees that the magnitude
of the nonlinearity also decreases as the pulse moves deeper into the bulk. Dividing the peak
nonlinearity by the peak pressure anisotropy gives a relative measure of nonlinearity. This

is about 1 x 10~ for the top row, 3 x 1075 for the middle row, and 3 x 107% for the bottom

row. So in this comparison, as the initial pulse is pushed deeper into the bulk, the relative

19For the chosen values of position and width of the Gaussian, plus energy density € = %L“l, this amplitude
is close to the upper limit set by demanding the existence of an apparent horizon.
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nonlinearity decreases systematically.

This comparison does not, however, imply that nonlinearities are never significant. The
amplitude of the Gaussian pulse in the initial anisotropy function was kept fixed in fig. |3.7],
resulting in a decreasing size of the induced pressure anisotropy as the pulse moves deeper
into the bulk. While the first two rows of the figure show pressure anisotropies which are
large departures from equilibrium, AP /ke > 1, the final rows with AP/ke < 1 represent
small departures from equilibrium. It is natural to ask what happens if one instead increases
the amplitude as the pulse is moved into the bulk, so as to keep fixed the size of the induced

pressure anisotropy.

Such a comparison is shown in fig. |3.8] The upper row of the figure shows the time de-

pendence of the pressure anisotropy and the nonlinearity for the same pulse which generated

figs. and (A=5x10"" ro =4, 0 = 3), while the lower row shows the pressure
anisotropy and nonlinearity of a pulse with the same shape as the last row of fig. [3.7], but with
larger amplitude (A = 2.5, rg = i, o= %) The energy density remains fixed, ¢ = %L*‘l. The
peak pressure anisotropy is similar in the two cases, and corresponds to a large departure
from equilibrium. For the latter case of a pulse deep in the bulk, large enough to induce
a far from equilibrium pressure anisotropy, the nonlinearity is significant, much larger than

the previous examples. However, even for this case, the size of the nonlinearity relative to

the peak pressure anisotropy is only about 5%, NL/(AP/ke) ~ 0.05H

The data shown in fig. inspire several further questions. Looking down the middle
column of the figure, one sees that the onset of the response (i.e., the time of the first peak in
the pressure anisotropy) increases as the initial pulse moves deeper into the bulk but seems,
perhaps, to be approaching a maximum value. Is this really true, or can one craft initial data
for which the onset of the response is much greater? As shown on the left panels of the lower

rows of the figure, when the average position ry of the Gaussian pulse is moved into the bulk,

20We have also examined the level of nonlinearity by comparing the pressure anisotropy resulting from
a sum of two different Gaussians to the sum of anisotropies induced by the individual Gaussians. The
results were comparable to those discussed above and do not warrant separate discussion.
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Figure 3.8: Top row: pressure anisotropy (left) and nonlinearity (right), defined as in fig. |3.6]
as a function of time for the initial the pulse which created fig. 3.5, (A =5 x 1074, 1y = 4,
o= %) Bottom row: corresponding plots of pressure anisotropy and nonlinearity for a pulse
located deeper in the bulk (A = 2.5, ry = i, o= %) with amplitude adjusted to produce a
similar peak pressure anisotropy. In both cases the energy density is ¢ = %L*‘l. Substantial
nonlinearity is present for this case, where an initial pulse deep in the bulk has sufficient

amplitude to produce a large departure from equilibrium.
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an increasingly large portion of the Gaussian ends up lying behind the apparent horizon.
And when plotted as a function of our computational coordinate v = (F—\)~! (with 7 the
A = 0 frame radial coordinate), initial pulses with small values of ¢ are only moderately
localized near the horizon — even though these pulses had constant widths when viewed as
functions of r. As may be seen by comparing the left and middle columns of fig. [3.7], it is the
leading edge of the anisotropy pulse (the region of near-maximal slope) which produces the
first large response in the boundary anisotropy. Looking at the last two rows of the figure,
one may question whether we are doing an adequate job exploring the response from initial
disturbances which are localized close to the horizon. Will initial pulses which are more

strongly localized near the horizon show significantly greater nonlinearity?

Figures [3.9 and show results of an effort to explore these questions. Fig. [3.9] shows
the initial anisotropy function, along with the resulting pressure anisotropy and nonlinearity,
for a significantly narrower “deep pulse” (A = &, rg = 13, 0 = 55). And fig. 3.10/shows a 3D
plot of the time dependent anisotropy function, plus the induced pressure anisotropy, for an

extremely narrow deep pulse (A = %, ro=1 0= ﬁ) The energy density in both cases

remains fixed, € = %L“l. For the narrowest pulse, the amplitude A = %0 is near the upper
limit which can be studied without destabilizing the horizon. In both figures and |3.10],
the peak pressure anisotropy AP/ke is large compared to unity, showing that these pulses

are producing far from equilibrium initial states.

As seen in these figures, pulses which are more sharply localized very near the horizon
do lead to a delayed onset in the resulting pressure anisotropy, occurring at ve'/* ~ 1.75
for the case of fig. and ve'/* ~ 3 for our narrowest pulse in fig. [3.10l But, within
the range of pulse widths we have studied, the onset of the pressure anisotropy response
is only delayed by a factor of 2-3 compared to the case of fig. [3.8. From the left panel of
fig. m, showing the time dependence of the (rescaled) anisotropy function By, one sees

that the outward movement of the pulse toward the boundary resembles the behavior of

21This width is at the limit of what our numerics could do using a 240 point spectral grid.
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Figure 3.9: Initial anisotropy function (left), induced pressure anisotropy (middle), and
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nonlinearity (right) for a narrow “deep pulse” (A = 5, ro = 13, 0 = 55) localized closer to

1
10°

the horizon than the deepest pulses of fig. |3.7. The energy density remains fixed at the same
value, € = %L“l. Relative to the previous case of ﬁg the induced pressure response has
a delayed onset, but is otherwise very similar.

U81/4
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Figure 3.10: Rescaled anisotropy function By (left) as a function of inverted radius v and time

&, 55)- Resulting

pressure anisotropy (middle) and nonlinearity (right) as a function of time. Energy density

v, for an extremely narrow pulse sitting at the horizon (A = ro=1,0=
€= %L“l. The outward movement of the pulse toward the boundary clearly resembles the
behavior of outgoing null geodesics originating very close to an event horizon, which can
“hug” the horizon for extended periods before eventually escaping.
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outgoing null geodesics originating very close to an event horizon, which “hug” the horizon
for extended periods before eventually escaping. One may wonder if the onset of the response
in the pressure anisotropy could be delayed indefinitely by going to narrower and narrower
initial pulses localized at the apparent horizon. We do not have a firm analytic argument,
but doubt that this is possible if one simultaneously demands that the amplitude of the

response remain bounded away from zero[]

The relative nonlinearity for the case of a narrow deep pulse shown in fig. [3.9 is quite
small, about half a percent. But for the extremely narrow pulse with near maximal ampli-
tude of fig. , the nonlinearity, relative to the pressure anisotropy, reaches the 10% level.
Linearization of the dynamics about equilibrium must provide an accurate approximation
to the full nonlinear dynamics when the deviation of the geometry from the equilibrium
Schwarzschild black brane solution is sufficiently small, as will be true at sufficiently late
times. For asymptotically anti-de Sitter geometries, where metric functions have the asymp-
totic forms , this will also be the case for initial data involving perturbations localized
sufficiently close to the boundary. (See refs. [52, 53, 84] for related discussion.) It should be
noted that reasonably good agreement between linearized dynamics and full nonlinear evolu-
tion was previously reported in ref. [52] and further explored in ref. [53]. In these works, the
authors found agreement at a 20% level between the linearized and full dynamics for a variety
of initial anisotropy profiles. Our results examining, more systematically, the dependence of
the relative nonlinearity on the parameters of our initial Gaussian anisotropy function com-
plement and extend this earlier work. Overall, despite prior knowledge of refs. [52], 53], we are
still surprised by the small, often extremely small, levels of nonlinearity which we find even
at early times when the induced pressure anisotropy is maximal, for initial perturbations

localized deep in the bulk and producing large departures from equilibrium.

22This expectation reflects the diverging redshift of late emerging outgoing geodesics in the geometric optics
picture, and is consistent with the gapped spectrum of quasinormal mode frequencies for translationally
invariant perturbations.
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3.4.2  Charged plasma

We now turn to the equilibration of charged plasmas (by which we mean SYM plasmas
with a non-zero density of the global U(1) conserved charge — not a plasma in which
electromagnetic forces are included in the dynamics and Coulomb repulsion plays a significant
role). As noted earlier in section , the bulk geometry should equilibrate to a non-
singular Reissner-Nordstrom black brane solution provided the charge and energy densities
satisfy the extremality bound , P < Pmax = %53/ 1. However, for values of the charge
density near pn.., we find that sufficiently large initial metric perturbations can destroy
the apparent horizon. We expect that such initial data are unphysical, not representing
SYM initial states which could be produced by an operational procedure such as turning
on time dependent external fields (which correspond to time dependent boundary data in
the holographic description). In any case, we limit our attention to initial perturbations for
which an apparent horizon is present at all times. We find that if one suitably decreases the
amplitude of the initial departure from equilibrium while increasing the charge density, one

can approach pp.x from below while maintaining the existence of an apparent horizon.

Figure (left) compares the time dependence of the pressure anisotropy which results
from initial data consisting of precisely the same Gaussian initial anisotropy function B(vg, )
(in the A = 0 frame) and energy density as in fig. and a charge density p equal to 0, 20,
40, 60, or 80% of the extremal density pnac. The immediately obvious qualitative result is
that the five different curves are so close together than they cannot be visually distinguished!
Varying the charge density (at fixed energy density and fixed initial anisotropy function) has
stunningly little impact on the subsequent time evolution. This is quantified in the right
panel of fig. which plots the difference in the pressure anisotropy AP/ke between the
cases of p = 0.8 ppax and p = 0. Comparing the scales on the right and left hand plots, one
sees that for this initial anisotropy function the sensitivity to the charge density is less than

one part in 10%.

In the plots of fig. [3.11] we used the fourth root of the (rescaled) energy density, /4,
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Figure 3.11: Left: time dependence of the pressure anisotropy (relative to ke) for values
of the charge density p which are 0, 20, 40, 60, or 80% of the extremal density pmax. The
different curves are virtually indistinguishable. The initial anisotropy function B(vg,r) and
energy density ¢ are the same as in fig. [3.5| Right: difference in AP /ke between p = 0.8 prax
and p = 0.

to set the scale for time. Since the energy density was held constant in the comparisons of
fig. [3.11], this was a simple and convenient choice. For the five cases shown in the figure,
e/(rT)* = 0.75,0.76 , 0.79, 0.86, and 1.03 for p = 0, 20, 40, 60 and 80% of puax, respectively.
And, for comparison, the values of the equilibrium chemical potentials corresponding to these
charge densities are given by p/7T =0, 0.34, 0.73, 1.26, and 2.21, respectively.

If the initial anisotropy pulse begins deeper in the bulk, then the sensitivity to the charge
density is larger. Figure[3.12shows a comparison of pressure anisotropies for differing charge
densities, now using the deep pulse initial anisotropy function whose radial profile has the
shape shown in fig. E As seen on the left panel, the amplitude of the response increases
significantly as the charge density varies from 0 to 80% of puax. However, the time course
of the equilibration (e.g., the times of the first or second peaks in the response, or the

zero-crossing between these peaks) is only modestly affected, with changes of 3% percent or

230ne might guess that the pulse used in the bottom row of fig. would exhibit greater sensitivity to
charge since it had a larger nonlinearity than the deep pulse of fig. However, the latter pulse exhibits
much greater sensitivity to charge.
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Figure 3.12: Left: comparison of pressure anisotropies produced by different charge densities,

up to 80% of extremality, when the initial anisotropy function is a “deep pulse” (A = %,

rg = %, o= %) with € = %L“l. Although the amplitude of the response grows, as shown,

with increasing charge density, it is striking how little the time course of the response varies.
Right: difference in pressure anisotropy AP /ke between p = 0.8 ppax and p = 0.

less.

The fact that the sensitivity to the charge density is greatest for pulses close to the
horizon is to be expected. In the equilibrium geometry , one sees that as the radius
7 increases from the horizon, the influence of the charge density decreases rapidly relative
to the other terms in the metric. Only near the horizon, and close to extremality, does the

charge density produce an O(1) effect on the equilibrium geometry.

At the beginning of this work, we expected that one interesting outcome would be infor-
mation on the change in equilibration time produced by varying the plasma charge density.
By “equilibration time”, we mean some rough but useful measure of when the departure
from equilibrium is no longer substantial. To make this a bit more quantitative we adopt,

somewhat arbitrarily, the criterion

AP(t)/rke <0.1, (3.78)
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Figure 3.13: Comparison of the pressure anisotropies produced by two different charge
densities, 0% and 80% of extremality, when holding fixed the equilibrium temperature, 771" =
1/L. The energy densities are 0.75 and 2.68, respectively. The initial anisotropy function is
same as in fig. 3.5 (A =5x 1074 rg =4, 0 = %) With time is plotted in units of inverse
temperature, the relaxation time course shows negligible sensitivity to the charge density
(although the amplitude of the response varies significantly).

for all times t > toq, as indicating that the system is near equilibrium at time t.

Looking at the left panels of figures and [3.12] it is clear that the effect of the charge
density on any reasonable measure of equilibration time can be summarized easily: there is
very little effect! Even in fig. [3.12] where the sensitivity to charge density is the largest we
have found with horizon-preserving initial dataﬂ the time ?,cqk Of the initial response peak
and the approximate equilibration time ¢., both vary by less than 5%.

Since figures and plot time in units set by the energy density, the high degree of

insensitivity of the relaxation time course to the charge density seen in these figures might

24 Achieving good numerical accuracy becomes increasingly difficult as one pushes toward extremality,
where the equilibrium solution bifurcates. Investigating very near extremal behavior more carefully is an
interesting topic we leave to future work.
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lead one to think that the total energy density is playing a special role in setting the time
scale of relaxation. But it should be borne in mind that these figures show comparisons in
which, by design, both the initial anisotropy function (in the A = 0 frame) and the total
energy density have been held fixed. Because the ratio of energy density to temperature
(to the fourth power) varies significantly with increasing charge density, it is natural to ask
whether the degree of (in)sensitivity of the relaxation dynamics to the charge density is
substantially different if one holds fixed the equilibrium temperature instead of the energy
density. Figure shows such a comparison. Plotted are the pressure anisotropies resulting
from the same initial anisotropy function used in figs. and [3.11], and charge densities of
either 0 or 80% of extremality, but now with the energy density in either case suitably
adjusted to fix the equilibrium temperature, 77" = 1/L. One again sees a significant change
in the amplitude of the response with increasing charge density, but now with the temperature
held fixed, increasing charge density decreases the amplitude of the response. Nevertheless,
with time now plotted in units of (7)), one again sees negligible (=~ 0.01%) change in the
time course of the equilibration dynamics as the charge density varies from zero and 80% of
Pmax-

Performing the same constant temperature response comparison using the deep pulse
initial anisotropy function (whose radial profile is shown in fig. [3.9)), we find a larger — but
still quite small — variation in the time course, approximately 2%, as the charge density
varies from zero to 80% of pmax.

We have also examined the degree of nonlinearity in the above examples of equilibrating
charged plasmas. The results for the relative size of the nonlinearity are quite similar to
our earlier results for equilibrating uncharged plasmas. Because of this, we will refrain from
presenting explicit nonlinearity plots for charged plasmas.

Finally, as noted earlier, at sufficiently late times the relaxation must be accurately
described by a superposition of quasinormal modes (eigenfunctions of the linearized dynamics
about the equilibrium solution). Extracting the leading quasinormal mode frequency by

fitting the late time (4 < vel/* < 20) behavior of our calculated pressure anisotropy to



Charged (p # 0, B=0)

P/ Pmax

Re\/el/4

Im \/et/4

A/7T

Linearized \/e'/*

0.0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8

3.35208 £ 0.00004
3.34564 + 0.00016
3.32624 £+ 0.00020
3.29319 £+ 0.00028
3.24572 + 0.00007
3.18366 = 0.00016
3.11311 £+ 0.00002
3.07021 £+ 0.00006
3.11863 £ 0.00265

—2.95144 £ 0.00013
—2.95468 £ 0.00019
—2.96429 £ 0.00019
—2.98266 £ 0.00036
—3.01376 £ 0.00008
—3.06498 £ 0.00007
—3.15177 £ 0.00002
—3.29402 £ 0.00006
—3.41376 £ 0.00295

3.11946 — 2.74663 1
3.11948 — 2.75763 ¢
3.13222 — 2.79139 ¢
3.14987 — 2.85285 1
3.17857 — 2.95141 ¢
3.22529 — 3.10506 ¢
3.31032 — 3.35142 4
3.50617 — 3.76176 ¢
3.99199 — 4.36977 1

3.35207 — 2.951504
3.34568 — 2.95460 %
3.32630 — 2.96444 ¢
3.29327 — 2.98287 1
3.24574 — 3.01377 4
3.18370 — 3.06491 4
3.11311 — 3.15176 %
3.07022 — 3.29399 ¢
3.11848 — 3.42004 ¢
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Table 3.1: Lowest quasinormal mode frequency for charge densities ranging from 0 up to 80%

of extremality. The second and third columns show results (with estimated uncertainties)

for the real and imaginary part of the QNM frequency in units of €

1/4

, obtained from fitting

the late time behavior of our full nonlinear evolution. The fourth column shows these same

results converted to units of 77. (Fractional uncertainties are the same as in the preceding

columns.) The rightmost column shows results from an independent analysis of the linearized

small fluctuation equations by Janiszewski and Kaminski [85].
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a decaying, oscillating exponential, as described in the previous section, yields the results
shown in table . The second and third columns (with uncertainties) show our estimates for
the real and imaginary parts of the leading QNM frequency in units of €'/4, while the fourth
column (without uncertainties) shows our estimates converted to units of #7". The rightmost
column shows independent results of Janiszewski and Kaminski [85] obtained by analyzing
the linearized small fluctuation equations about the RN black brane solution. The agreement
is a satisfying confirmation of our numerical accuracy. Interestingly, the imaginary part of
the lowest QNM frequency varies by over 15% between p = 0 and p = 0.8 ppax. This is
enormously larger than the part in 10* sensitivity seen in fig. , and substantially bigger
than the largest (= 5%) sensitivity we found in the evolution time course with deep pulses,
fig. |3.12 The implications of these very differing sensitivities will be discussed further in

section

3.4.83 Magnetized plasma

We now present results of an analogous investigation of equilibration in plasmas (with van-
ishing charge density) in a homogeneous magnetic field B. Our discussion will parallel, as
much as possible, the previous treatment of charged plasmas. But the breaking of scale
invariance by the magnetic field, discussed in section [3.2.1] produces some notable differ-
ences. One change, seen in section 7 is that the anisotropy function B(v,r) must now
contain logarithmic terms in its near boundary behavior. We choose our initial anisotropy
function to have the form (3.76]) in which an adjustable Gaussian is added to the required
leading logarithmic term. As in the previous discussion of charged plasmas, we will keep
fixed the parameters of the Gaussian part of the initial anisotropy function B(vg,r) as we
dial up the external magnetic field. We will also hold fixed the energy density ¢, defined
at a renormalization point 4 = 1/L. As shown by the holographic relation , this is
the same as holding fixed the asymptotic coefficient a4. In the following plots, axis labels
involving energy density ¢, without any explicit indication of scale, will denote the energy

density evaluated at the curvature scale, £(1/L) = . Similarly, the pressure anisotropy AP
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Figure 3.14: Left: The subtracted/rescaled anisotropy function, Bs(v,u), as a function of
time v (in units of 521/ 4) and inverse radial depth u, for the case of BL? = 1.0, with initial

Gaussian parameters chosen to match the initial pulse which generated fig. (A=5x10"4

ro =4, 0 = %), and energy density ¢, = %L*‘l. At late times the anisotropy function

approaches the non-trivial profile of the equilibrium magnetic brane solution discussed in
section Right: Corresponding evolution of the dynamical contribution to the relative
pressure anisotropy , APayn/ker, with both AP and ¢, evaluated at the scale 1/L. The
late time limit of the pressure anisotropy is non-zero, but too small to be easily visible,
limy, 00 APayn(1/L)/ker, = 0.22.

should be understood as AP(1/L) unless otherwise indicated explicitly.

Instead of keeping ¢, fixed as the magnetic field B is varied, one could choose to hold fixed
the energy density ez defined at the scale set by the magnetic field, u = |B|"/2. Since the
AdS curvature radius L is not a physical scale present in the dual QFT, fixing 5 instead of
¢y, is arguably more natural. However, for computational reasons it is easier to hold fixed ¢,
as the magnetic field is increased. The issue is that accurate numerical calculations become
progressively more difficult the deeper one penetrates into the high-field /low-temperature
regime, T%/|B| < 1. (This is analogous to the difficulty of approaching extremality in the
charged case, where the horizon temperature also vanishes.) By holding fixed ¢, instead

of €5, we are able to perform scans in B which avoid dipping too deeply into the very low
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temperature region.

Another difference concerns the definition of pressure (or stress) anisotropy. With our
choice for fixing the scheme dependent ambiguity in the stress-energy tensor, the
resulting holographic relation , when evaluated at p = 1/L, puts the trace anomaly
solely in the transverse components of the stress, T'' and 7%2. So the pressure anisotropy
, defined as the difference between transverse and longitudinal stress, when evaluated at
1 =1/L has a “kinematic” contribution of —;xB? plus a “dynamic” contribution of 3k by(v).
In presenting results below, we will omit the uninteresting static kinematic contribution, and

just plot the dynamic contribution
APayn = (T +T%) =T + 1B, (3.79)

(relative to the energy density), evaluated at the renormalization point u = 1/ LE

A further difference comes from the fact that equilibrium magnetic brane solutions are
intrinsically anisotropic. The anisotropy function B does not vanish at late times, but rather
settles down to the profile of the equilibrium magnetic brane solution discussed in section
3.2.7, This is illustrated in figure which shows the (subtracted/rescaled) anisotropy
function B, as a function of time v and inverse radial depth u. One sees similar features
as in fig. 3.5} the initial pulse propagates outward, reflects off the boundary, and largely
disappears into the horizon. But in addition one also sees that the anisotropy function is

approaching the non-trivial profile of a static magnetic brane solution.

Correspondingly, the pressure anisotropy in the dual field theory asymptotically ap-
proaches a non-zero constant. To examine equilibration, it is the difference between the

pressure anisotropy and its asymptotic value which is of interest. As a measure of (near)

25Examining the holographic relation (3.42), one sees that simply shifting the renormalization point to
p = e'/* /L would accomplish the same removal of this uninteresting kinematic contribution to the pressure
anisotropy.
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Figure 3.15: Time dependence (in units of 521/ 4) of the dynamical pressure anisotropy, at
the scale of 1/L, for values of background magnetic field ranging from 0 to 4/L?. The energy
density (at the curvature scale) is held fixed, e, = %L"l, and the parameters of the initial
Gaussian pulse in the anisotropy are the same as in fig. [3.14]

equilibration, the condition (3.78)) is naturally replaced by
[AP(t) — AP(o0)] /(ker) < 0.1, (3.80)

for all times t > toq.

The time dependence of the resulting (dynamical contribution to the) pressure anisotropy
is shown in fig. for a series of magnetic fields, BL? = 0, 1, 2, 3, and 4. The energy density
is held fixed at e, = %L“l and the parameters of the Gaussian pulse in the initial anisotropy
function are those of the pulse which generated fig. (A=5x10"% rg=4,0 = %) For
the five cases shown, the ratios of magnetic field to the equilibrium temperature (squared)
are given by B/T? = 0, 13.0, 30.2, 30.5, and 26.3 for BL* = 0, 1, 2, 3 and 4, respectively.
Note that, at this fixed value of e L*, B/T? is not monotonic as a function of BL?. The

energy densities at the intrinsic scale set by the magnetic field for this series of solutions are
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given by e5/B? = oo, 0.75, 0.36, 0.36, and 0.39, respectively.

Differences in the late time values of the pressure anisotropy are obvious in fig. m
Small temporal variations are also evident after v &~ 1.3. These are produced by the re-
laxation of the initial non-Gaussian background profile of the anisotropy function to the
correct equilibrium form. These small variations at relatively late times would be absent if
we had constructed our initial anisotropy function by adding a Gaussian perturbation to the
equilibrium solution (instead of merely adding a Gaussian to the leading asymptotic term).
Given our choice of initial data, there are two distinct time scales in the equilibration shown
in figs. and [3.15] the first associated with the boundary reflection and subsequent infall
of the Gaussian pulse, and the second with the time it takes for the background anisotropy
profile to reach its equilibrium form. It is the latter which is responsible for the late time
variations; fortunately, there is relatively little ambiguity in separating the two contributions

to the dynamics.

Once again, a notable feature of in the comparison of fig. [3.15| is the similarity in the
time dependence of the pressure anisotropy during the pulse-driven period of significant
departure from equilibrium (0.2 < 1}&?2/ * < 1.0), when the initial perturbation is reflecting
from the boundary. Any reasonably defined measure of equilibration time t., clearly does
not vary much with magnetic field, and neither does ?cax for these relatively near boundary
pulses. This insensitivity result relies, of course, on the constancy of the initial Gaussian
perturbation in the anisotropy function, and also on our choice to hold fixed the energy

density at the scale 1/L.

Fig. [3.16] compares the response, for different values of magnetic field, when one holds
fixed the equilibrium temperature 7' (as well as the initial Gaussian perturbation), instead
of fixing the energy density e;. With time now plotted in units of (77)~!, one also sees

remarkable similarity in the time dependence of the response, with the times of the first,

26The tiny positive late time pressure anisotropy barely visible in the BL? = 1 curve is a consequence of
our removal of the static kinematic part of the anisotropy; the final value of the total pressure anisotropy,
at the scale 1/L, monotonically decreases with increasing BL? in this series of solutions.
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Figure 3.16: Time dependence (in units of (77)~!) of the dynamical pressure anisotropy
for values of background magnetic field ranging from 0 to 2.71/L%. The temperature is held
fixed, 7T'L = 1, and the parameters of the initial Gaussian pulse in the anisotropy are the
same as in fig. |3.14] The values of 5/B? for these solutions, in order of increasing field, are
0o, 1.2, 0.51, and 0.39, respectively. One sees very little sensitivity to the magnetic field in
the time course of the response.
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Figure 3.17: Time dependence (in units of 521/ 4) of the relative pressure anisotropy for values
1

of background magnetic field ranging from 0 to 2.5/L? for the same deep pulse (A = 157
ro = 13, 0 = 5) used in fig. and fig. 3.12, The energy density 1, = 317" is held fixed.

110

second, or third peaks in the pressure anisotropy varying by less than 0.3% as B/T? varies

from 0 to 26.7.

Sensitivity to the magnetic field is significantly larger when the initial pulse is placed
very close to the horizon. This is shown in fig. [3.17, which plots the time dependence of the
dynamical pressure anisotropy for magnetic field values BL? = 0, 1, 1.5, 2, and 2.5, using
the same “deep pulse” Gaussian parameters (A = %, ro = %, o= 2—10), and fixed energy
density e, = 2 L™*, which generated fig. . For this series of solutions we have |B|/T? = 0,

13.0, 22.85, 30.16, and 31.95, and e5/B* = oo, 0.75, 0.43, 0.36, and 0.35, respectively.

With this deep initial pulse, differences in the time course of the response are much more
pronounced. Larger magnetic fields greatly suppress the size of the pulse-driven peaks in the
pressure anisotropy (for a fixed amplitude of the initial Gaussian), and lead to increasingly
large and negative final values for the anisotropy. For the lowest curve with BL? = 2.5,

the contribution of the Gaussian pulse is completely swamped by the contribution from the
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Magnetic (B # 0, p = 0)

B/T? | e5/T* | P/wT*| AP/kT*|  Rerey* mied* | ANET)
0 73.06 | 24.35 0 | 3.35214+0.0001 —2.9514 4 0.0001 | 3.1195 — 2.7466 i

0.990 72.98 24.16 —1.13 | 3.357 £0.001 —-2.93 +£0.06 3.124 —2.734¢
5.344 80.74 22.15 | —=10.60 | 3.372 +£0.002 —2.92 +0.06 3.217 —2.791¢
12.953 | 125.85 13.98 | —15.76 | 3.264 £0.007 —-2.78 +£0.01 3.480 —2.96+¢
17.821 | 170.16 3.79 -9.36 | 3.161 £0.002 —-2.69 £0.04 3.634 —3.091¢
22.836 | 226.69 | —11.35 5.00 | 3.061 £0.008 —2.60 +£0.03 3.780 —3.21¢
30.161 | 328.21 | —42.21 39.97 | 294 =£0.01 —249 =£0.03 3.98 —3.387

Table 3.2: Equilibrium energy density, average pressure, and pressure anisotropy, plus lowest
quasinormal mode frequency, for various values of the external magnetic field. Reported
values of energy densities and pressures are evaluated at a renormalization point u = |B ]1/ 2
not at the (physically irrelevant) curvature scale. The pressure anisotropy is the complete
value, including the —}182 kinematic contribution which was removed in figs. - .

15
Results for the lowest quasinormal mode frequency are reported both in units of 5% 4 (middle

column, with uncertainties), and as well as in units of 77" (final column).

relaxation of the background profile of the anisotropy function to the correct equilibrium
form. Excluding this curve, the time t,e.x of the first peak, as well the rough equilibration
time tq, characterizing the portion of the evolution arising from the Gaussian pulse, vary
at most by 20% as the magnetic field ranges from 0 to 2/L?. This is the largest difference
in the relaxation time course we have seen in our exploration of magnetized plasmas with
Gaussian initial perturbations.

A constant temperature comparison (not plotted), analogous to fig. but using the
same deep pulse as in figs. and [3.17], shows variations in the time course of up to 15%
as |B|/T? ranges from 0 to 22 — beyond which the response of the pulse cannot be clearly

distinguished from the background evolution.

To conclude this section, we report in table equilibrium properties, plus our estimates

for the lowest quasinormal mode frequency, for values of magnetic field which extend from
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small fields well into the strong field regime. The ratio B/T? ranges from zero to just over 30.
The equilibrium energy density, pressure, and pressure anisotropy are given in units of 7%,
and have been converted from the p = 1/L renormalization point used in our calculations
(and above presentation) to the intrinsic scale u = |B|'/2. Results for the lowest quasinormal
mode frequency are given both in units of 52/ * and in units of 77. These estimates are
the result of fitting the late time (4 < UE}J/ 4 < 9) behavior of the pressure anisotropy to
a decaying, oscillating exponential plus a constant equilibrium offset. To our knowledge,
independent results from a linearized analysis of small fluctuations about the (numerically
determined) magnetic brane solutions are not currently available. The leading quasinormal
mode frequency varies by about 20% as B/T? ranges from zero up to 30, monotonically
increasing with increasing field when measured in units of #7", but slightly increasing and

then decreasing when measured in units of 5113/ :
3.5 Discussion
The above results show that to a good (often extremely good) level of accuracy:

1. the pressure anisotropy response is a linear functional of the initial anisotropy pulse

profile;

2. the time course of the response, measured in units set by the energy densitym is
insensitive to the charge density or background magnetic field when the pulse profile

and the energy density are held fixed;

3. the time course of the response, measured in units set by the equilibrium temperature,
is insensitive to the charge density or background magnetic field when the pulse profile

and equilibrium temperature are held fixed.

How can one synthesize these observations? Consider some feature in the time course of

the response, such as the time of the first (or second) peak in the pressure anisotropy, or

27Specifically, 7, in the magnetic case.
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the approximate equilibration time discussed above. For simplicity, we will focus on the
time tpeax Of the first pressure anisotropy peak. This time must be some function of the
equilibrium state parameters (energy density plus charge density or magnetic field), as well

as the Gaussian pulse parameters (depth, width, and amplitude).

Consider first the charged case. The response time ?peqx is a function of the energy density
g, the fraction x of the extremal charge density, and the Gaussian pulse parameters rg, o,
and A. But since the temperature decreases monotonically with increasing charge density
(for fixed energy density) one may equally well regard the equilibrium state as labeled by

the energy density ¢ and temperature 7', and write
tpoak/L = f(6L47 TL7 TO/La U/La A) ) (381)

for some function f of the indicated arguments. We have written all quantities in dimension-
less form using, in effect, our computational units. Our results on the degree of nonlinearity
imply that the function f is nearly independent of the last argument, the Gaussian amplitude
A. Only for our narrowest pulse, located right at the horizon, did the relative nonlinearity
reach 10%. Away from this corner of parameter space, the nonlinearity was substantially
smaller, rapidly falling to much less than a percent as the initial pulse becomes less local-
ized at the horizon. So, to a good approximation, one can regard the function f as being

independent of A.

For narrow pulses, 0 < 7y, the dependence of the response time f,e.x on the pulse
width is negligible; there is a smooth o — 0 limit. To the extent that linearity is a good
approximation, one may regard the response from wider pulses as superpositions of the
response from narrower pulses (suitably arranged so that their sum reconstructs the wider
pulse). As noted in the discussion of fig. the first peak in the response is clearly associated
with the propagation of the leading edge of the anisotropy pulse — the region of near-maximal
slope on the side of the pulse closest to the boundary. Therefore, for pulses of non-negligible

width o centered at some depth rg, one should expect that the time of the first peak in the
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response will be most similar to the corresponding response time for a narrower pulse located
not at the depth r¢, but rather at a depth of ry + no for some positive O(1) multiplier n. At
the same level of accuracy determined by the degree of nonlinearity, one should be able to
merge the dependence of the response time #pe.x on the depth ry and width o of the initial
pulse into a single effective depth reg given by 7o + no. (The accuracy of this simplification
will be discussed below.) Hence, the above functional dependence for e, can be replaced

by a simpler form,

tpeak/ L = g(eL*, TL, et/ L) , (3.82)

for some function g. Now, the results of section (including figs. |3.11] and [3.12] and

associated discussion) show that the time course of the pressure anisotropy response has
remarkably little dependence on the charge density when comparisons are made holding
fixed the initial pulse parameters and the energy density. Since varying the charge density at
fixed energy density is, as noted above, equivalent to varying the equilibrium temperature,
this implies that the function ¢ describing the response time is nearly independent

of the second argument, T'L. At the same time, the comparisons at fixed temperature also

discussed in section [3.4.2| (fig. |3.13] and associated discussion) show that the time course

of the pressure anisotropy response also has remarkably little dependence on the charge
density when the initial pulse parameters and the equilibrium temperature are held fixed.
This implies that the function g describing the response time (3.82)) is nearly independent
of the first argument, eL*. Hence, at a level of accuracy determined by the minimal level of
nonlinearity, and the minimal dependence on charge density in comparisons at both constant
energy density and constant temperature, the response time #,e,x must be a function of only

the effective depth of the initial pulse,
tpeak/L = h(re/L) (3.83)

for some function h. Finally, this function must be consistent with the scaling relations

discussed in section m which imply that L?/r scales in the same fashion as a distance
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(or time) in the boundary theory. Consequently, the dependence of the response time on the

effective depth must have the form
tpeak ~ CLQ/reff 5 (384)

for some dimensionless constant C'.

A similar line of reasoning is applicable to the magnetic case. Since we used ¢, = (L)
and BL? as parameters labeling the equilibrium magnetic brane geometry in our comparisons
of magnetic plasma response, it is convenient to view the response time ?,c.x as depending

on these parameters plus the Gaussian pulse parameters,
tpeak/L = f(ELL47 BL2> TO/La 0/L7 A) ) (385)

for some function f. Once again, the observed near-linearity of the response allows us to
simplify this to the form
tpea/ L = g(er, L*, BL? 1o/ L) , (3.86)

for some function g. The near-independence of the time course of the response on the
magnetic field B, for fixed €, and a fixed initial pulse, implies that the function ¢ is nearly
independent of its second argument. Because €, does not transform homogeneously under
the scaling relations — (due to the use of the curvature scale L instead of a
physical scale in the dual QFT for setting the renormalization point) consistency with the
scaling relations requires that the function ¢ be independent of its first argument and depend

inversely on the third. So, just as for the charged case,
tpeak ~ OLQ/Teﬁ"a (387)

for some dimensionless constant C'.
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Figure 3.18: Time of the first peak in the pressure anisotropy response as a function of the

inverse effective depth of the pulse, ueg = 1/reg. The left panel shows results for narrow
pulses with o = 1/20, while the right panel shows results from wide pulses with ¢ = 1/2.

Blue circles represent data points from neutral (uncharged, unmagnetized) plasmas, maroon
squares represent data points from charged plasmas at 80% of extremality, and gold diamonds
represent data points from magnetized plasmas with BL? = 1.5. The green straight line
shows the prediction of our simple model with n = 2.5 and C' = 2.04.

Figure [3.18| compares this simple model with a sample of our data for neutral, charged,
and magnetized plasmas. The left panel shows data for relatively narrow pulses of width
o = 1/20, while the right panel shows data from rather wide pulses with width ¢ = 1/2.
The abscissa for both panels is the inverse effective depth ueg = 1/reg. (Data points at the
largest values of ueg shown in these plots come from pulses centered very near the horizon.)
In both panels, rather good agreement with the simple model is found when the multiplier

n in the effective depth r.g = 79 + no is chosen to be 2.5, and the coefficient
C =~ 2.04. (3.88)

For both sets of data, the model is least accurate for pulses located very close to the horizon.
Accuracy for the case of magnetized plasma is a bit worse than for charged or neutral plasma.

But for all cases, even in the near-horizon regime, this simple model works at about the 20%
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level or better. As pulses move away from the horizon, the accuracy rapidly improves.
3.6 Conclusion

In weakly coupled plasmas, adding a conserved charge density to the system (e.g., flavor
charge in a QCD plasma) significantly changes screening lengths. When the associated
chemical potential is of order 7T, the relative change in the Debye screening length is O(1)
[86]. Such changes in screening lengths significantly affect transport coefficients like the
viscosity [87]. Lattice studies [88] of the effect of a baryon chemical potential in the deconfined
phase, when the system is not asymptotically weakly coupled, claim to find measurable
sensitivity in the Debye screening length, comparable to perturbative estimates, but with
quite large error bars. Lattice QCD studies of magnetoresponse [69, [70l [71], [72] also find
substantial changes in thermodynamics when the magnetic field energy density becomes
large compared to 7.

Consequently, when this work on strongly coupled N'=4 SYM plasma was initiated,
we expected to find significant changes in equilibration dynamics when a conserved charge
density is added to the plasma, or when the system is placed in a background magnetic field.
The most notable result we have found is that this expectation was wrong. At least within the
range of charge densities we studied, up to 80% of extremality, the equilibration dynamics is
remarkably insensitive to the presence of a conserved charge density. Additionally, magnetic
fields which are well into the strong field region, B/T? > 1, induce almost no change in the
equilibration time course.

Efforts to use results of holographic calculations in strongly coupled N'=4 SYM as the
basis for predictions about real heavy ion collisions [5] are inevitably hampered by our limited
understanding of the effect on the relevant dynamics of changing the theory from real QCD
to a supersymmetric Yang-Mills model theory. From this perspective, the insensitivity of
the equilibration dynamics to the charge density is reassuring, as this provides an example
where changes in the plasma constituents have very little impact on the overall dynamics.

A further notable feature in our results is the remarkably small degree of nonlinearity
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in the dynamics governing the pressure anisotropy. Despite the fact that one is solving the
highly nonlinear Einstein equations, the dependence of the induced pressure anisotropy on
the initial anisotropy function is surprisingly close to linear. We find deviations from linearity
of at most ~ 30%, and this only for initial disturbances which are crafted to reside very deep
in the bulk. (This is consistent with earlier work in ref. [53].) For disturbances localized
even modestly above the horizon, the degree of nonlinearity quickly drops to sub-percent
levels. This near-linearity holds even when the system is far from equilibrium, with pressure
anisotropies which are large compared to the energy density.

In the charged case, the sensitivity of the lowest quasinormal mode frequency to the
charge density is significantly larger than the sensitivity we find in, and shortly after, the
far-from-equilibrium period of the equilibration dynamics. The lowest quasinormal mode
dominates the equilibration process at sufficiently late times when all higher modes have
decayed away and become negligible relative to the lowest mode.

The near-linearity which we find in the dynamics implies that the deviation from equilib-
rium, even during the far-from-equilibrium portion of the process, can be represented quite
accurately as a sum of quasinormal modes obeying linearized small fluctuation equations.
The minimal sensitivity of the equilibration dynamics to the charge density, substantially
less than the sensitivity of the lowest quasinormal mode frequency, suggests that during most
of the equilibration process many quasinormal modes above the lowest one are contributing,
with the sensitivity to the charge density quickly falling with increasing mode number. This
is something which could be tested directly in a linearized analysis but, to our knowledge,
has not yet been done.

In the magnetic case, we find only modest (few percent) changes induced by the magnetic
field in the time course to equilibration, and in the lowest quasinormal mode frequency
characterizing very late time behavior. It would be nice to have independent calculations of
quasinormal mode frequencies for magnetic branes, including studies of the field dependence
of higher mode frequencies.

Although we no longer have reason to expect large effects, it would be natural to generalize
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the study of homogeneous equilibration to the case of plasmas with both non-zero charge
density and a background magnetic field. Extensions to more complicated inhomogeneous
settings, such as colliding shock waves, are also of interest. It would be desirable to gain
a clearer understanding of the connection between our choices of gravitational initial data
on null slices and boundary observables such as multi-point stress-energy correlators. Can
more operational procedures, such as time-dependent background fields [26], produce far-
from-equilibrium states which resemble those produced by our “deep pulse” initial data? We

hope future work can shed light on some of these topics.
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Chapter 4

SPINOR FIELDS IN GENERAL NEWTON-CARTAN
BACKGROUNDS

This chapter is based on a publication in collaboration with Andreas Karch and Christoph
Uhlemann [89]. Andreas was responsible for bulk of the motivation for this project. Initial
exploratory calculations were performed by JF. Final calculations present in the manuscript
were independently calculated by both Christoph and JF. The bulk of interpretation, orga-
nization, and direction was performed by Christoph. The manuscript was written and edited

by all.

4.1 Introduction

In recent years, Galilean invariant (quantum) field theories have found application in promi-
nent condensed matter systems like the unitary Fermi gas and (fractional) quantum hall
states [00, O1, 92, ©3]. It is desirable to have a formulation of the theories on generic and
possibly torsionful curved backgrounds, both to incorporate the effects of e.g. non-trivial lat-
tice backgrounds for condensed matter applications [94], and to couple to gravity. Newton-
Cartan spacetimes are the non-relativistic analog of generic (pseudo-)Riemann manifolds.
They consist of a topological manifold M equipped with a nowhere vanishing one-form n
singling out a time direction and a co-rank 1 symmetric tensor field A~!, which gives an
(inverse) spatial metric on constant-time slices. We use h™! to indicate that it maps from
the cotangent space to the tangent space, the opposite direction compared to the metric in
a pseudo-Riemannian structure, but note that A=! is not defined as the inverse of some h.
The investigation of Newton-Cartan structures and field theories coupled to said structures

has a long history in the context of gravitational physics [95, 96, [97], and has more recently
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also found its way into holographic studies [98] [99].

In this work we focus on spinor fields, which have been considered previously on Newto-
nian spacetimes [100]. Newtonian spacetimes are a special class of Newton-Cartan spacetimes
where the clock form n is required to be closed, dn = 0. To our knowledge, an action for
non-relativistic spinor fields in generic Newton-Cartan backgrounds has not been constructed
yet. Considering the prevalence of spinor particles in condensed matter systems, we find the
pursuit of such a construction to be a worthwhile endeavor. In addition to the motivations
mentioned above, n also needs to be left unconstrained in order to understand it as source
for the energy current, as emphasized in [93, [I01]. The starting point for our construction is
the relativistic Dirac Lagrangian, from which we construct a non-relativistic Lévy-Leblond
type action [102] by a limiting procedure, which amounts to sending the speed of light to
infinity and compensating the rest energy by a fine-tuned chemical potential. This allows us
to obtain completely general and even acausal Newton-Cartan backgrounds from relativistic

parents.

Insisting on the existence of a non-trivial limit even in spacetimes with no standard notion
of causality turns out to be remarkably fruitful. We find that a non-minimal coupling to
the background gauge field is needed, and that this non-minimal coupling is indeed crucial
even in the most benign backgrounds, to ensure invariance of the final Lagrangian under
Milne boosts. The final non-relativistic Lagrangian has all desired symmetries: in addition
to the symmetries of the Newton-Cartan structure, it has local Galilean invariance reflecting
the gauge redundancy in choosing a local frame as well as invariance under Milne boosts,
which reflects the gauge redundancy in choosing a dual vector field v corresponding to the
one-form nE| The non-minimal coupling that is required to guarantee a non-trivial limit
and the presence of these symmetries results in a special value for the gyromagnetic ratio

of the non-relativistic spinor field, even on flat space. This special value is g =1, half of

IThese invariances may be looked at either as spurionic symmetries, or, if the theory is coupled to gravity,
as gauge symmetries. Either way, the actual global symmetries of the theory in a given background arise as
the subset which leaves that background invariant. For our purposes the two points of view are equivalent.
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the relativistic value. Three-dimensional spacetimes are an exception and we discuss these

separately, generalizing previous work in [103].

The paper is organized as follows. In sec. [4.2] we set up notation for the relativistic parent
geometry and introduce the data that feeds into the non-relativistic limit. We then turn to
the actual limiting procedure in sec. [£.3] which contains as main result the non-relativistic
Dirac or generalized Lévy-Leblond operator and Lagrangian in eqns. and ,
respectively. In sec. [4.4] we discuss in detail the invariances that the relativistic symmetries
induce in the non-relativistic limit. In particular, we show that the generalized Lévy-Leblond
operator defined in eqn. transforms covariantly under Milne boosts and local Galilean
transformations. To have all mentioned symmetries manifest, we need the non-relativistic
spinor to have as many components as the relativistic Dirac spinor has. However, in the
non-relativistic limit half of these components are downgraded to auxiliary fields. In sec. 4.5
we solve for these auxiliary fields in causal spacetimes and give a Lagrangian purely in terms
of the dynamical fields. We also discuss explicitly the implications for flat space. In sec. 4.6

we specialize to three-dimensional spacetimes, before closing with a discussion in sec. [£.7]

4.2 Relativistic geometry and Newton-Cartan data

We start from a pseudo-Riemann manifold (M, g), and for the non-relativistic limit we pick
a nowhere-vanishing one-form n. For each p € M, n gives a preferred subspace of T, M:
the “spacelike” vectors which are annihilated by n. If n A dn = 0, the Frobenius theorem
guarantees that there is a foliation of M by codimension-1 surfaces, for which the tangent
spaces consist exactly of said spacelike vectors (see e.g. the formulation in [104]). This gives
a foliation by spacelike hypersurfaces and a notion of causality. However, we will not assume
that n A dn = 0, but only that n is timelike everywhere. This ensures that the resulting A"

is positive definite, as required for the Newton-Cartan structure.

With the clock form n in hand, we can define an inverse spatial metric A*” from the

inverse metric g*’. Any one-form A can be decomposed into spatial and timelike parts as
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A=A +ng (A, n)/g7 (n,n), such that A, is spatial, g7'(\s,n) = 0F] The inverse spatial
metric is then defined by h™'(\,7) = g7!(\s, 7s). The rank of h* is d — 1 and it satisfies
h*n, = 0. The triple (M, n,h™!) is called a Galilean structure in [105] and a Leibnizian
structure in [106].

Since we start from a relativistic theory on a manifold with a pseudo-Riemannian struc-
ture, we can immediately define a vector field v to get a similar split of the tangent space,
along with a spatial metric. Since g provides us with an isomorphism of 7, M and T;M, we
can simply define v by v* = ¢*“n, /g '(n,n), s.t. n,o* = 1. We can then define projectors
on the spatial part for tensors as

P =g —nun". (4.1)

For the (inverse) spatial metrics we use the symbols h™! = h**9, ® 9, and h = hy,dz" @ dz”,
with the understanding that 2#" and h,, as matrices are not inverse to each other. They are

inverse as maps only when restricted to the spatial subspace singled out by P,”. With the

projectors (4.1) we then have
hlll/ = Py,ppl/agpo ) R = PP,LLPUVgPU : (42)

For such a generic choice of n, the metric can then be decomposed in an ADM-like fashion

as
nuny v —1 v v
v="———~thw "= ,m)vt ht . 4.3
g/i g_l(n,n) + y22 g g (TL n)'U v + ( )
We fix g~ !(n,n) = —c~? in the following, such that the split of the (inverse) metric reduces to
the choices made in [107], namely g,, = —c¢*n,n, + hy, and g = —c¢ 2ok + h*. This does

not restrict the class of Newton-Cartan geometries that can be obtained from the reduction

2Spelling out the notation more explicitly, g~*(a,b) and g(a,b) mean g"“a,b, and g,,a"b”, respectively.
The one-forms are understood as n = n,dz* and analogously for A, A.
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— for given Newton-Cartan data one can always choose a suitable pseudo-Riemann metric

such that our conditions are met.

From the Newton-Cartan perspective, the logic is quite disparate. Without a pseudo-
Riemann metric, n and h~! alone do not determine a unique v or h. The conditions n,v* =1
and v*"h,, are invariant under Milne boosts, which change v and h but leave n and h™!
invariant. In the non-relativistic limit, this freedom in the choice of v and h arises as follows

1

[107]. In the ¢ — oo limit, n and h~! are the dominant structures in g and g, respectively.

That is,

C_zg,uu|c—>oo = —Nuny , g’“’|c_>oo = . (44)

We can then extract n from ¢72¢g|._ o — up to a sign ambiguity in “taking the square root” —
and h~! from g_1|cﬁoo. The pseudo-Riemannian structure thus reduces to a Newton-Cartan
structure when ¢ — oo. The derived quantities v and h, on the other hand, only enter as
subleading terms in ¢! and g, respectively. Redefining n and h~! by subleading terms gives
the same Newton-Cartan structure but changes v and h, and we indeed recover the Milne

transformations. We will see this more explicitly in sec. [4.4.1]

4.2.1 Frames and spinors

Now that we have discussed how the metric data is decomposed for a given n, we turn to the
objects associated with the frame bundle: the vielbein (solder form), spin connection and
spinors. From the decomposition of g, in terms of n,, h,,, we immediately get an induced

decomposition of the Minkowski metric in terms of n, = e4n,, namely
Nap = —C*NgNy + hap hay = PP, neq , P =n" —v'ny . (4.5)

The decomposition of g"” in terms of v* and h** likewise induces a decomposition of n%°. We

also have h,, = efjel;hab and analogously for h#¥. The (inverse) vielbein can correspondingly
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be decomposed as

e =mnu" + e, el =vl'ng, + el | (4.6)
where the tilde denotes a spatial projection on the Lorentz index, €% = P, ¢!, and ! = P,’e}'.
Occasionally we will find it useful to explicitly split Lorentz indices as a = (0,4), and we
generally use an underline to distinguish Lorentz from coordinate indices whenever explicit

values are used. With the Minkowski metric n = —c?dt* + d7? and the two decompositions

of g as

2 200 \ i j
G = —Ccnyny + hy, G = —C €6, + €,e0i5 (4.7)

we immediately find

1
el =n+ 20 (4.8)

where a is O(1). To keep the notation clean we will partly use index-free notation to suppress
coordinate indices, e.g. for the above €2 = e%da:“, n = n,dz" and a = a,dz" are understood
— they are all one-forms. We also note that n, = dyy — ¢ ?ap, which will be useful below.
We then have €2|._,o, = n, which makes €%|. . into a Galilei frame as defined in [95]. The
subleading part of the vielbein, a, plays the role of the mass gauge field in [108]. Note that,
since €Y transforms under local Lorentz transformations while n does not, a transforms non-

trivially under local Lorentz boosts, in spite of not having a Lorentz index. We will see in

sec. [4.4] that the orders in ¢ work out.

We now turn to the spin connection. In the relativistic theory we start with a torsion-free
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backgroundEL so the spin connection can be expressed entirely in terms of the vielbein as
Wvp = 3] — 2 gy Quvp = epaa[ueg] . (4.9)

Converting all indices to coordinate indices obscures the structure of w as an so(1,d — 1)-
valued one form, but we find it useful for explicit computations. Despite the absence of
Lorentz indices, this expression for the spin connection still transforms non-trivially under
local Lorentz transformations, as appropriate for a connection. We isolate the divergent

pieces in w as follows. With the vielbein as discussed above, we have €2, = —cze%a[ue%} +

527'626[#6{;}. Using eqn. 1} we then find
Wavp = ¢ (21,01, — 30, 0u1,) + Wy (4.10)
where w,,, is O(1). Explicitly, we have

Wvp = 3uvg] = 2, Qpuup = epia[uezij} — apOny) — npOiuay) — 072‘1,08[#%] . (411)

Finally, we come to the spinors themselves and to the Clifford algebra. We decompose

the generators as
=gt A h=mn", 4 = P,y , (4.12)

and analogously for lowered spacetime and Lorentz indices. With n as additional geomet-
ric data, we can define a new “chirality” operator for the spinors, similarly to the tensor

projectors in (4.1). This is regardless of whether the relativistic spin group admits chiral

3When coupled to gravity in a 15t-order formalism, spinor fields produce torsion when the spin connection

is determined from its equation of motion. That torsion is quadratic in the Dirac field and would show
up in the Lagrangian. However, it drops out once the gravitational coupling is sent to zero. One can
nevertheless study torsionful backgrounds as a starting point, which we leave for the future.
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representations. Namely,
1 :
P = 5(]1 +ici) . (4.13)

In the non-relativistic limit we expect a pair of spinors with half as many components as the
relativistic Dirac spinor, which differ in their dynamics [102]. It is thus natural to expect

projectors to be relevant for the reduction. With Py we decompose the Dirac field ¢ as

V=1 +y_, Yy =Py (4.14)
With 1%y] 4o = —, we have Py = 1%(Ps)Ty = Py and thus Py = ¢ Py.

4.3 Non-relativistic limits in generic backgrounds

We now set up and perform the non-relativistic limit for a Dirac field in generic backgrounds.
We start with a free Dirac field coupled non-minimally to a background gauge field C'; which

sources the U(1) particle number current. The Lagrangian is
— N S — O =
L =iy —i (D) v — 2imey) + By (4.15)

where F' = dC or F,, = 0,C, — 0,C,,. The reason for including the non-minimal coupling

will become apparent below. The covariant derivative reads
1 ab .
Dy = 0,4 + JWnab?” = iC) . (4.16)

Our convention for the Clifford algebra generators is {7?,~1°} = 2n®1 with /2yivg = —7,,
and we use 1) = 1Tcy? to have 1 of the same order in ¢ as ¢». The action of D, on P is
determined from 1) being a scalar and the Leibniz rule. Moreover, we have w and C' real
and ¢D,, is formally self-adjoint with respect to the usual inner product for spinors. To set

the stage, we determine the scaling weights of 14 as ¢ — oo from a flat-space analysis.
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Our guideline will be to obtain non-trivial dynamics at ¢ — co. The reduction in generic

backgrounds will be done afterwards.

4.8.1 Scaling weights from flat space

We take Minkowski space with g = —c?dt* 4- dz* and fix e}, = d¢. For the non-relativistic
limit we choose n = dt. We note that fixing an expression for n to all orders in ¢ also fixes

a Milne frame, and we have v = 9;. The Lagrangian given by eqn. (4.15)) becomes

L = 0.5 (0, = iC,) s & s (80 = iC0) s = imeTs

o — io =~
+ Q_WFMV¢i7M ((Ni== @Fuvv YY"y +cc,

(4.17)

where a sum over the upper and lower choices for the subscripts is implicit. The dominant
part of the mass term will dominate all derivative terms at ¢ — oo, and it therefore needs
to be canceled in order to get a non-trivial non-relativistic theory. The lesson from [107] is

to turn on an O(c?) background gauge field giving a chemical potential as
C, = —mc*n, +mA, , (4.18)

where the O(1) part, A, becomes the non-relativistic gauge field. We will see below that
this is also the correct choice for curved spaces, unless the number of spacetime dimensions

is three, a case we will discuss separately. For the scaling analysis we set A = 0, and noting

that dn = 0 the Lagrangian (4.17) with the gauge field (4.18) then becomes

— 1— R —
L =i 40,0+ + zwiaowi +ime Yy —ime Py +cc. (4.19)

The mass-like term resulting from the leading piece of eqn. (4.18]) has opposite signs for the
two chiralities, allowing for a cancellation of only one of the actual mass terms. With our
choice of C' this is the one for ¥,. For ¢_, the mass term dominates its time-derivative piece,

and we get a non-dynamical auxiliary field, as expected from [102], [100].
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For generic scaling of 11, the equations of motion for ¢/, decouple at ¢ — oo. Depending
on which of the terms is dominant, the equation resulting from varying ¢_ then is either
Y- =0 or ¥#9,14 = 0. Neither of those yields non-trivial dynamics for ), when combined
with the equation resulting from variation of v,. To get a non-trivial limit, the mixed term
in has to contribute at the same order as the mass term for ¢)_. That is, 1o, = O(cy)_).
The overall scaling of the Lagrangian can be absorbed by a rescaling at the end, so we simply

fix 1y = O(ct/?).

4.3.2  Non-relativistic limit in generic backgrounds

We now perform the non-relativistic limit for generic curved backgrounds and generic choice
of n. From [I02] we expect that we need to keep all components of the relativistic Dirac
spinor. With the scaling determined from the flat case, we define our non-relativistic spinor,

V. as

v=Py| P=c 2P, +ciP_ . (4.20)

c—00

Note that ¥ is O(1) and indeed keeps as many non-trivial components as the Dirac spinor
we started with. We will justify calling it a non-relativistic spinor in sec. [4.4
We will disassemble the Lagrangian into its building blocks as far as possible. To perform

the non-relativistic limit we write the Lagrangian of eqn. (4.15)) as
— e
L =iy <lD —mc — —F> Y+ c.c. ¥ =F,". (4.21)
2mce

The operator P is invertible, and we define P such that PP = PP = 1. This allows us to
conveniently insert identities in the Lagrangian (4.21]), and with the definition of ¥ in eqn.
(14.20]) we see

L=iUP (lﬁ—mc—;—aﬁ’>75\lf+c.c. : P=ciP, +c 2P . (4.22)
me
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We want to define the non-relativistic Lagrangian as L,, = L|. ., and to obtain a non-
trivial limit we will have to fix a. Since ¥ is O(1) by definition, it just remains to evaluate

what will become the definition of our non-relativistic Dirac operator. Namely,

Do =P (lD —me— %F) P (4.23)

Cc— 00

The covariant derivative was defined in eqn. (4.16|), and we choose C' in accordance with eqn.
(4.18). We will also need the spin connection as evaluated in eqn. (4.10). With these results,
we find for the partial derivative and gauge field parts of P,

Pyh(8, —iC)P| = (—iPoo" +77) (au _ %(auagefﬁ"m _ z'mAu> 4 mEP, —mP. .

c—00

(4.24)

For quantities which are O(1) at ¢ — o0, like e* and A, we use the same symbol to denote the
non-relativistic object, with the understanding that the latter is the leading part only. This
applies to the right hand side of the above equation and to avoid unnecessarily complicated
notation we will use that convention in the following when ¢ — oo is clear from the context.
The mass term is simply PmcP = mct P, +mP_, and we see the divergent piece here cancel
against that of eqn. (4.24). The remaining terms of P, contain the spin connection as well
as the non-minimal coupling. As seen from eqn. , the spin connection has an O(c?)
piece. Looking, then, at the divergent part of the spin connection and non-minimal coupling

pieces of P, we find

: 2
B (484 -~ c v v . v
P <Q — %F> P‘O(02) = g@{uny]ﬂr (epy™™” — 3y e + 8iay™™) Py (4.25a)
1
— 7:02 (Z —+ Oé> P+a[uny]’y“llp+ s (425b)

where (2 = %’y“wwwab. If a # —i, this term dominates the Lagrangian at large c¢. One could

imagine modifying the leading behavior of C' to cancel this divergence, e.g. by adding a term
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proportional to dn to eqn. (4.18). This will indeed work for three-dimensional spacetimes,
which we discuss in sec. [£.6] Generically, however, the divergence can not be canceled this
way due to the different Clifford algebra structures of 2 and ¢. A possible workaround
one may think of is modifying the projectors Py by adding terms like (n A dn),,,v**?, but
ensuring that the projectors square to themselves then is problematic and we did not find a
reasonable solution from this route. A different variant of the non-minimal coupling term to
cancel the divergence would be ¥(C A dC') wp VP, but this is not gauge invariant. We are

thus lead to conclude that in order to find non-trivial dynamics, we must fix
a=—=. (4.26)

Before moving on, we want to elaborate a bit on the divergent terms in eqn. (4.25)). If

nAdn =0, we can use {y#,y"?} = 2v*? to see that
Piy"P0yn, Py = xicPin,{y",v""}P+Opyn, = £2icPiy""P Piny,dyn, =0 . (4.27)

That means as long as n A dn = 0, the divergent terms in eqn. (4.25)) actually vanish by

themselves, and one might hope to get away without fixing @« = —;. We will see below

1
Z.
that symmetry considerations nevertheless call for the choice of « in eqn. (4.26), even on flat
space. The reason is simple: while the divergent terms themselves vanish for nAdn = 0, their
Milne variations for generic o propagate into the O(1) part, such that the final expression

for P in eqn. (4.32) does not transform covariantly. We come back to Milne variations more

explicitly in sec. With the choice of a = _le P (Q — )75 is indeed finite for

2me

generic Newton-Cartan backgrounds, and we find
=~ ' -~ 1 ~ ~ ' -
PO+ LF P = (=P + %) W (777 — 2070 Py) + 3F(f) mwp,
8mc c—00 4 8 H (4 28)

1 I R 1
+ 5 Tt Pyt = T P+ T
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where F) = dA and T° = dn. For DP_, /4 we then find from eqns. 1’ {D and the

mass term that

D

= (—iPiv" +3") D, — 2mP_ + %F;?Wa - iT/jV (P — 2P P + iAM)

PN

(4.29)

Note that the P, projectors when acting on ¥ are O(1). The covariant derivative D, is

defined as

1. ~ ~ .
D, =0, + 1 e (7 — 2iy"vPPy) —imA,, . (4.30)
The final non-relativistic spin connection @ used in (4.30)) is given by W, = W, +

€21,0,,ap|c—00- More explicitly, with f = da it is given by

. A A A ;01 o1

Ouvp = 3Qup) — 28y + €Xm,0as Quvp = €pi0uey) — §apTW — §npfw, . (4.31)
The conversion to frame indices proceeds via @,% = 1"W.,€0€; leso0 = B W perey. We take
the expression for P_, /4 in eqn. (4.29)), which is given purely in terms of Newton-Cartan data
and has the divergent pieces canceled, to define 7 without a subscript, which finally is our
non-relativistic Dirac or Lévy-Leblond operator. With 4* = —iv* P, it reads
LR @5 p, L (P 24 s i) | (432)
g’ 7t 4 7L 7 wrv) :

1 ~ ot 24 2 N

Dy =0+ J@up (V7 +2779") — imA,, . (4.32b)

D= (" +73") D, —2mP_ +

The operator D, looks strikingly similar to the definition of the covariant derivative in
[100]. It is different in that our Clifford algebra is not directly the one associated to the
degenerate bilinear form given by h*: our 4%n,, which corresponds to 4% in [109, [100],
squares to itself rather than to zero. We will see below that the spin group constructed

from our Clifford algebra nevertheless agrees with [109, T00]. With the manifestly finite
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(massive) non-relativistic Dirac operator (4.32)), we then find the general non-relativistic

spinor Lagrangian
Ly = iUDV¥ +cc. . (4.33)

This expression for the Lagrangian itself hides all the details, like couplings to the clock
torsion on spacetimes with dn # 0 etc. These are manifest in the non-relativistic Dirac
operator P in . We will see below that P, i.e. the complete operator, is the preferred one
from the symmetry perspective. Finally, we note that the volume form needed to construct
an action from this Lagrangian is just the standard Newton-Cartan volume form discussed

e.g. in [105]. Namely, vol = y/detyda® A -+ A dz®!, where v, = n,n, + hy,.
4.4 Symmetries

Our main focus will be on Milne and local Galilean transformations, which we discuss in
detail in the next two subsections. Under diffeomorphisms the vielbein and spin connection
transform covariantly. The spinor field transforms as a spinor under local Galilean trans-
formations, but as a scalar under diffeomorphisms. The Lagrangian thus transforms
as a scalar and the fact that we are considering spinor fields does not interfere with the
symmetries of the Newton-Cartan structure. The U(1) gauge symmetry also only needs a
brief discussion. The gauge field A inherits the gauge transformations from those of C' via
eqn. , since n is invariant. The projector P is gauge invariant, so the transformation
of U is the same as for ¢, and since and the derivative in eqn. is gauge covariant, 7
transforms correctly. As a result, the Lagrangian in eqn. is invariant, as desired.

4.4.1  Milne boosts

As discussed in [107], shifting the clock form, n, by certain one-forms which are subleading in
¢ does not alter the Newton-Cartan structure obtained in the ¢ — oo limit. We discuss this

systematically, adding some details to the analysis of [107], before turning to the invariance
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of our non-relativistic Lagrangian.

Milne transformations

Since g,,, does not depend on the decomposition into n and h, we can immediately infer how

h,, transforms under shifts in n. Namely, we let

Ny =, =ny, — ¢ 2, hyw = By = hyw — Euny — &y + ¢ 26,8, (4.34)
In the relativistic theory we have v* = g*“n,,/g~'(n,n), as explained in sec. Using that
vt = gn! /g7 (n',n) and that g~! is invariant, we find

vh + hE, — 2ok E(v)
vt =™ = Sy . (4.35)

Demanding that h,, remains of rank d — 1 with null eigenvector ', i.e. b}, 0" = 0, implies
f,uh/wgu + 25;17]“ = 0_2(5“?1“)2 . (436)

This same constraint also ensures that the norm of n is invariant, g~!(n’,n') = —c=2. The
constraint in eqn. (4.36]) is quadratic in &, and we expect two branches of solutions. To

understand these solutions, we split £ into timelike and spatial parts
& =nu A+ V"¢, =0, CuC* = (c2A = 2)\ . (4.37)

The last equation fixing A in terms of ¢ implements the constraint (4.36]), and the indices of
the purely spatial ¢, can be freely raised and lowered with the spatial metric, i.e. (* = h*(,.
Note that A — 2¢? — X leaves the right hand side of the last equation in (4.37) invariant. We

find two solutions for A,

AMC) = — e/ + (i, O =22 = A(Q) . (4.38)
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The first solution is O(1) in the large-c limit, and choosing it gives a family of transformations
which are connected to the identity: as (#¢, — 0 also A(¢) — 0, and thus & — 0. These are
what we will call Milne boosts. The transformations with the second choice are not connected
to the identity: for ¢#¢, — 0 we get X(C) — 2¢2. In contrast to the other choice, this does
change the Newton-Cartan data. It corresponds to n — —n while h,, stays the same, so
this is similar to a time reflection. This transformation is compatible with the condition on
the norm of n, and with A~! remaining corank 1. The pseudo-Riemann metric g does not
need to have any discrete or continuous isometries for this second branch to exist. Note,
however, that this is different from the notion of time reflection symmetry in the relativistic
theory, and this ambiguity in “taking the square root” has been well appreciated in, e.g.,
[95, 100, 97]. The entire second branch can be obtained by combining the “time reflection”
with the Milne boosts connected to the identity.

With the constraint (4.36) and either choice of solution for A, the expression for v’ in
eqn. (4.35) simply evaluates to

v =0k (1= cPN) + (" (4.39)

This turns into v — —uv for the time reflection, as expected. For the inverse spatial metric

we find
B — v + C—Q (CMCV 4 2(1 _ C_QA)U(MCV)) + C_4UMUVCp<p . (4.40)

It satisfies n;ih’“’ and is invariant under time reflection, again as expected. The vielbein does
not change under Milne boosts, but the decomposition of €2 which we set up in eqn. (4.8
does. Similarly, the relativistic gauge field C is also invariant, but since the non-relativistic

gauge field A arises from the decomposition of C', via (4.18)), A transforms as well. We find

a—a+¢§, A—-A-¢. (4.41)
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To complete the discussion, we give the Milne transformations of the non-relativistic
quantities. That is, the leading order in ¢ of the above discussion. The quantities n, h*", e},

and e! are invariant, while
vt —= ot + (P P — Py — 2Cum0y + n“nl,C2 , (4.42)

along with a — a + & and A — A — ¢, where £|. 00 = ( — %n(z. Note that this transforms
only objects associated directly with the (co)tangent bundle. The vielbein, which solders the

frame bundle to the tangent bundle, is invariant.

Milne invariance of the non-relativistic Lagrangian

We want to verify that the non-relativistic Lagrangian, eqn. , is invariant under Milne
boosts. One might expect that any Lagrangian resulting from a non-relativistic limit should
be Milne invariant automatically, since the relativistic theory is. That was part of the
motivation to study non-relativistic limits in [I07]. However, our Lagrangian arises as the
O(1) part in the ¢ — oo limit of the relativistic Lagrangian after divergences of O(c?)
canceled between the spin connection and the non-minimal coupling term. More precisely,
the non-relativistic Dirac operator 7 in was derived from P_,; /4 I following
this procedure. As such, two additional criteria must be met to obtain a Milne covariant
operator and an invariant Lagrangian. The first is that the divergences need to cancel for
generic n, without restricting it to satisfy e.g. n Adn = 0. The reason is that this condition is
preserved by the transformation only to leading order. So if the divergences canceled
for n A dn = 0 only, performing a shift of n as in (4.34)) would produce O(1) pieces from
the O(c?) divergences. Since the full relativistic Lagrangian is invariant, these O(1) pieces
would have to be canceled by what we defined as non-relativistic Lagrangian and L., could
not be invariant. We carefully avoided using such restrictions in sec. 4.3, where we explicitly
included acausal spacetimes with nAdn # 0. The second condition is that the identities which

were used to show that the divergent parts cancel must be preserved by the transformation
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, again also at subleading order in ¢. This condition is independent from the first
one, and we will see an example of how the non-relativistic Lagrangian fails to be invariant
if it is not met in sec. LBl The mechanism is the same as before: if the identities are
not preserved exactly, the O(c?) divergent terms produce O(1) pieces when shifting n, and
these have to be compensated by the transformation of L,,. When these two criteria are
met, our procedure gives an invariant Lagrangian. For our construction, meeting the second
condition just amounts to icjt Py = £ Py being preserved under (4.34]), which is certainly the
case. Thus, we indeed expect Ly, to be Milne invariant. However, a complete discussion of
the symmetries certainly has to include the transformations of the individual building blocks
of the Lagrangian, and to derive these we go through the above arguments more explicitly

1IOW.

We start with the non-relativistic spinor ¥ = Pi). Since 9 does not transform under

Milne boosts, the only transformation is that resulting from P. We find

N %¢P+\If : [ %E&g‘ . (4.43)

To derive the transformation of P in (4.32)), which defines the operator in terms of non-
relativistic objects, we start from P, in (4.23). Namely,

D, =P (lD — me — %F) P (4.44)

Cc— 00

Once again, the only objects transforming non-trivially under Milne boosts are the projectors

P. We find
D, — (]1 _ %;zn)zz)a (11 _ %R{Z) , (4.45)

and P, thus transforms covariantly for any «. To infer whether P in (4.32) transforms
covariantly, we note that between P, and 7 we have canceled the divergences in (4.25)),
along with the mass term and the leading part of C'. We then need to check whether or
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not these divergent pieces contribute a non-trivial Milne variation at O(1). We define a

shorthand for the divergent pieces with general o as

Poaiv =P <IZ> —me — ;—;;F) P )0(02) (4.46a)

1
= 2P, {ga[un,,] (epy™™” = 3y e + 8iay™™) + imep — m| Py . (4.46b)

The first term in square brackets combines the divergent pieces coming from the spin connec-
tion and the non-minimal coupling, as given in eqn. (4.25)). The second term is the divergent
piece coming from the relativistic background gauge field C, and the last one is the mass

term. We start with the terms containing m. After the Milne transformation they become
P (imep’ —m) P . (4.47)

The projectors shift in the same way as 1 does, so the identity icjt Py = =P, which made
them cancel in the first place also makes their Milne transformed versions cancel. They thus

do not contribute a Milne variation to the O(1) part.

For the spin connection part and the non-minimal coupling term we use exactly the same

argument, and absorb i’ into P}. This yields

1
Zbla,div = ic” (Z + O‘) P Oym,y" Py (4.48a)
1
= Doaiv — (Z + Oé) POy Pe + ..., (4.48b)

where the dots in the second line denote terms without derivatives of . From eqn. (4.48a)
we find that for o = —1—11 the variations cancel exactly, in addition to @mdiv itself vanishing.
We also see now what the implications of that choice of o are when n Adn = 0. In that case,
Zba,div = 0 for any choice of «, as can be seen by using . However, the Milne variation
in does not vanish: recall that the dots denote terms without derivatives of £ and can

thus not cancel the first term. Since the entire P, still is Milne covariant, this means that 7



132

transforms with the opposite non-covariant dé-term. That is, for o # —% the non-relativistic
Dirac operator P defined in transforms non-covariantly even for n A dn = 0, e.g. on
flat space with n = dt.

Coming back to a = —%, eqn. shows that the divergent pieces which we canceled
on the way from P, to P do not contribute a Milne variation. With the analogous state-
ment for the mass-like terms as shown above, this completes the argument that 7 indeed

transforms as
D (11 - %;ZP)@@ . %Pﬁ) . (4.49)

We see that the non-relativistic Dirac/Lévy-Leblond operator transforms covariantly, and
together with eqn. that our non-relativistic Lagrangian is thus Milne invari-
ant. As a final remark on Milne invariance, note that we needed a in the non-relativistic
Lagrangian and its Milne transformation. This allowed us to separate the spin connection
into leading pieces having only n in eqn. , as opposed to the full €2, which is crucial

for the cancellation of the Milne variations.

4.4.2  Local Galilean transformations

We now come to local Galilean invariance. We will need the induced transformations for the
spinor and vielbein, i.e. for spinor and vector representations. The latter are straightforward,
while the spinor transformations are a bit more subtle. In the relativistic theory we want to
look at a combination of local Lorentz transformations and Milne boosts which leave # and
thus the projectors P, invariant. This particular combination will turn out to induce local
Galilean transformations on the non-relativistic objects. Under a local Lorentz transforma-
tion we have 9t — AgpA; !, and to keep 4 invariant, we will compensate with a Milne boost.ﬂ

We start with a Lorentz transformation parametrized by 7 as A, = exp(7,%%), where %%

4Milne and local Lorentz transformations leave the norm of n, invariant and, as we shall see shortly,
transform it by subleading terms only, so they can indeed compensate each other.
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is a basis of the Lie algebra so(1,d —1). We have

a a 1
¢ — G'T'abE b’ﬂe—TabZ ’ = 7/£ + [Tabzaba VL] _I_ cee Zab = §7ab : (450)

We start with the infinitesimal transformation, the exponentiated version then works anal-

ogously. The antisymmetric parameter matrix 7 can be decomposed into
Tab = P,°P,"7eq | Ta = 270" (4.51)

such that 7,43% = 7,,2% + 7,n,2%. Note that 7,0 = 0. Since T,,3% commutes with 7%, we

have

Ouh = [rap S, ) = [7a Xm0, ] = %[Taﬁva?/%ﬁl] = —C%T(ﬁa : (4.52)

To compensate for the change in 7% due to the local Lorentz transformation ¢, we combine

it with a Milne boost under which dyn, = c?

Ty, Where 7, = 2€ZTabvb is spatial. This
works out just as well for the finite transformations. For the Lorentz transformation we
simply exponentiate 7,,3%. For the Milne boost we use the notation of and set
£ = My, + 7, with A = & — c\/m. We note that only a subset of the quantities
transforms under Milne boosts. In particular, the vielbein is invariant and is thus only

affected by the local Lorentz transformation. But it is the particular combination of Milne

and Lorentz transformations that leaves P and P invariant.

Vector representation and spin connection

We start by recapitulating how a local Lorentz transformation contracts to a local Galilean

transformation for the vector representation. We take a Lorentz transformation parametrized
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by an orthogonal matrix A satisfying ATnA = 7, or with explicit indices
A’ by = Taa - (4.53)
Projecting this on the spatial components shows ”aAachc|C_>oo = 0, and we find

Aab‘ — Kab + Aanb 7 Kab — PacAchdb : A% — Aabvb . (4‘54)

c— 00

To make the structure more apparent, we can fix e such that n, = 049, and then write

a

b in matrix form as
CcC—r 00

1 0
= . (4.55)

AFAL

This is the fundamental linear representation of the Galilean group. We can sharpen the
fall-off behavior of A% as follows. From g = e2e2 + ¢,el, = e/ + ¢/ ;€!i, we see that boosts
only transform the O(c™2) part of €2, i.e. a in the notation of eqn. . Note, however,
that under the particular linear combination of local Lorentz and Milne transformations we
are looking at here (which will give local Galilean transformations), n, and €% transform in

the same way, and thus a is invariant. This is different from [108] — without gauge fixing

ey = v*, we have the Milne and local Galilean transformations disentangled.

We now come to the spin connection @ defined in eqn. (4.31)). To make its structure as

a Lie-algebra-valued one-form explicit, we look at

A a __ _ac U~ P
w, % = n"elOupey|, o - (4.56)

The only explicit c-dependence on the right hand side of eqn. (4.56)) is in . Due to n,n% =
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O(c™?), only P.w, % has non-vanishing components at ¢ — oo. More explicitly,

@, = W €€ + W €01y = @, + @, 1y (4.57)
This defines a spin connection for spatial rotations w, and w is the boost connection. We
note that n,w,” = 0. To make the structure more apparent, we can write eqn. (4.57) for

Mg = Ogp aS
&% = . (4.58)

This structure is exactly what we expect for a one-form with values in the Lie algebra of the
Galilei group. It immediately implies D n, = d,n, + d)ul’anb = (0. We also have Duh“b =0,
which makes our connection satisfy the analog of metric compatibility spelled out in [108].

The non-relativistic Christoffel symbols fﬁy can then be defined from D ej, = 0.

The spinor

To justify calling ¥ defined in a non-relativistic spinor, we have to show that it indeed
carries a spin representation of the Galilean group. We restrict the discussion to infinitesimal
transformations, the exponentiated ones again follow a similar logic. As explained above, we
take a local Lorentz transformation accompanied by a Milne boost such that the projectors
P, are invariant. The relativistic spinor ¢ is Milne invariant, so the transformation ¢ —
¥ 4 01 is solely due to the Lorentz part

1
6 = 78" PIE éyab : (4.59)
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The transformation of ¥ can be derived using (4.20)). Separating the time and spatial
components using (4.51)), we find

50 = 7,500 — it 7 <c’%P+ - 67%1{) WCHOO ; £ = P,"P,'T . (4.60)

To get the second term, we have used that P.3%n, = E“bany, along with i Py = +c 1Py
Note how this mixes the orders in ¢, and exchanges the projectors for the boostsﬂ Evaluating
eqn. (4.60]) in the ¢ — oo limit leaves only the first term in the parentheses, and we find

50 = [7,5 7,50 v, £ = APy . (4.61)

The X generate the Lie algebra of SO(d —1). Furthermore, due to Py7* = %Pz, the ¥%’s

commute with each other. The remaining commutator evaluates to
(B0, 3| = phexe — et (4.62)

That is precisely the Galilean Lie algebra, and we have thus obtained the Galiliean spin
representation, induced by the local Lorentz transformations of ¥ on our spinor ¥ as defined

in (4.20). This indeed justifies calling it a non-relativistic spinor.

Note that for the construction of that spin representation we did not go through con-
structing a Clifford algebra for a degenerate space (the tangent space with the inverse spatial
metric A*). This is different from the approach of [I09, 100]. What we called 4* or v* P,
does not square to zero but to itself. The crucial point, however, is that > still squares
to zero and satisfies the commutator relations that the Galilean boost generator satisfies in

[109, [100].

5Note also how it was important to keep the projectors invariant. Otherwise we would get ¥ —
APASIAp = AyU. This would give only the spatial rotations at ¢ — oo, as 7,7% looses one power
in ¢ without exchanging projectors.
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Dirac operator

The remaining task is to show that the non-relativistic Dirac operator P transforms covari-
antly under local Galilean transformations. To that end, P, in (4.23)) again is a good starting
point. We introduce a shorthand X and write

P, =PXP| | X =1 —mc— i—O‘CF . (4.63)

c—00 2m

X is invariant under Milne boosts, and since the relativistic covariant derivative transforms
covariantly under local Lorentz transformations, d 1) = [1,,2%, D], we have 6X = [r, X%, X].

We thus find

= 2 D] + 72 P + DotaX” (4.64)

c—00

5D, = PlruE®, X|P

where &° = y2(£) . The transformation 1) is precisely how a non-relativistic Dirac
operator should change under local Galilean transformations to get an invariant Lagrangian,

noting that 60 = —U(7,5" + T 5).

To show that P transforms correctly we once again have to check that the transformations
of the divergent pieces canceled on the way from P, to P do not pollute the O(1) part. This
boils down to almost the same argument as given in sec. for the Milne boosts. This
time, however, 9% and P, are both invariant. The analog of , i.e. the transformation
of the divergent parts in P, but now under the particular combination of Milne boost and

local Lorentz transformation, reads

1
Zb,a,div =i’ <Z + 0‘) P+8[un:/}7lwp+ . (4.65)

Note that P, and 9 do not transform, but n, and the inverse vielbeine in v** do. We see

that the variations cancel just in the same way as they did for Milne boosts when o = —i

the point is that Py and 7 still transform the same way. For o # —}L, 0[#71;] again produces
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a d€ term at O(1), even if n A dn = 0. So we once again need o = _le and then find
0P = [Fu X P) + 7.3 D + Pr. 2" | (4.66)

as needed to have the non-relativistic Lagrangian invariant.

We note that (9" +7#)D,, alone transforms covariantly under spatial rotations. This is
because the additional pieces in P transform covariantly by themselves, and spatial rotations
do not alter the cancellation of the n A dn divergent pieces. However, for the local Galilean
boosts which arise as combination of local Lorentz and Milne transformations, we do require
the non-minimal coupling term to get covariant transformation of the O(1) part alone.

In summary, we have shown that each of the pieces in the non-relativistic Lagrangian
transforms covariantly under local Galilean transformations, and we thus have an
invariant Lagrangian. The local Galilean transformations arise from the relativistic theory
as combination of Milne boosts and local Lorentz transformations such that 7 and thus the
projectors P, are invariant. This combination is different from Milne boosts alone: the
latter act on the “metric data” and leave the vielbein invariant, while the former act on the
vielbein and “frame data”. We note that these statements depart from those in [108], where
Milne transformations were identified with Galilean boosts. Having Milne and Galilean
transformations as separate invariances seems to make sense from a general perspective:
Milne boosts reflect the gauge redundancy in splitting the cotangent space into time and
spatial directions, via v, while the local Galilean symmetries reflect the gauge redundancy
in choosing a section in the frame bundle, which is a different geometric object. Technically,
the reason we can see the two invariances separately is that we did not gauge fix ef = v*.

Upon imposing that choice, our constructions for the frame data agree with [T108].

4.5 Causal spacetimes

We now specialize to causal spacetimes and derive a Lagrangian for the dynamical fields

alone from the general non-relativistic Lagrangian (4.33). By causal spacetimes we mean
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Newton-Cartan backgrounds with n A dn = 0, ensuring that a foliation in terms of constant-
time hypersurfaces exists. As seen in eqn. , the equation of motion for V_ = P_ ¥
does not have a time derivative and is a constraint equation. One can then integrate ¥_ out
and write a Lagrangian purely in terms of W, := P, W. This obscures the structure and part

of the symmetries but allows for easier comparison to some of the existing literature.

To facilitate the computations, we split the derivative part of P as
(3" +3) Dy = Dy + Dy, (4.67)

such that [, %] = 0 and {7} = 0, and thus [D,, P.] = 0 and D,P. = PI),. The

explicit expressions are

- 1. -, , ) 1, . i e~ .
Dy=7" O + Zwuwﬁ P— ZmAu} ;D= [(9“ + Z(Wul/p + 20,p,)7"7” — imA,

(4.68)

These are defined out of convenience for the split into “chiral” components, and we leave a
check of their transformation properties for the future. So far with no extra assumptions,

we then find for the non-relativistic Lagrangian (4.33)

—_ i _ 1, .
Low =0 | Dy + P, + [+ 17| v,
5, L (4.69)
i, [JDS + ZT;ﬂ T [Qm v ZLTC} U +cec.

where §' @ _ Flgf,‘)?’“’, analogously 7° = T s and T = T¢ v”. We now exploit the
simplifications that are specific to causal spacetimes. From eqn. (4.27), we see that the
torsion coupling W_7°¥_ in } drops out in causal spacetimes. We can then solve the

U _ equation of motion for W_, which yields

1 1 o~
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Substituting this back into the Lagrangian (4.69]), we find an expression purely in terms of

U, . Namely,
— T (A) T — 3 e~ 1, e~
Ly =iV D+ -F7 U+ — U | D+ “TA"| | Py + ~TA" |V, + c.c. . (4.71)
m 4+ 4 H

We note that the “chirality” of ¥, is not preserved by local Galilean boosts or Milne boosts.
This can be seen explicitly from eqns. and , which show that either of the
boosts produces a negative chirality piece from a positive chirality spinor. Thus, the split
into chiralities depends on the chosen frame, which makes the full non-relativistic Lagrangian
(4.33) more appealing. What remains a symmetry of is a combination of local Galilean
transformations and Milne boosts, where (,, parametrizing the Milne boost, is related to 7,

parametrizing a local Galilean boost, such that v is invariantﬂ

4.5.1 Implications for flat space

As an illustrative example, we spell out the non-relativistic Lagrangian and Dirac operator
explicitly for a flat Newton-Cartan spacetime, by which we mean n = dt and h™! = §Y9; ®
d;. To get this structure from a non-relativistic limit we choose ¢ = —c*dt? + di* and
n = dt. We also fix the vielbein to e} = ¢, which completely fixes the local Lorentz
symmetry in the relativistic theory and correspondingly the local Galilean symmetry in the
non-relativistic limit. The global symmetries are those combinations of diffeomorphisms and
Galilean transformations which leave the Newton-Cartan structure and the chosen frame

invariant. These choices also fix a = 0 from (4.8). The non-relativistic Lagrangian (4.33)

6In the language of sec. [4.4.1] the reason for not having all symmetries realized is that the second criterion
is not met: disposing of ¥_, to have a Lagrangian in terms of U only, leaves W as just a spinor with
half as many components, as opposed to being defined from ¥ with an explicit projector P, as before.
With the projector implicit, the identity ict ¥ = W, which we need to show that the divergences cancel,

is not preserved by (4.34)).
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becomes

Ly = i0 | (3" +7") (0, — imA,) — 2mP_ + %Fﬁ%ﬂ”m U+ ce. . (4.72)

We see that, not quite surprisingly, all the extra torsion couplings have dropped out. The
non-minimal coupling to the background gauge field, however, is still present. Solving for

U _ once again yields eqn. (4.71)), which for the flat case reads
= [ 4 . L 4 U= [~y . 2
Lo =T, [u (9, — imA,) = SF }\14 5Ty [’y (0, —imA,) | Uy +cc . (4.73)

Note that the coupling to F(A) in the first term is the result of the non-minimal coupling
term in (4.15)) with @ = —}1. Evaluating the squared spatial Dirac operator in the second
term yields, as usual, a Laplace operator (the spatial one in this case) and a coupling to the

gauge field strength

3 (0, = imA = D= TAVELD . B= W0, —imA)(0, —imA,) . (474)
The analog in curved backgrounds would have additional curvature and torsion couplings.ﬂ

In flat space the non-relativistic Lagrangian simply becomes
_ ) 1— _
Lox = U 0" (8, — imA,) Uy + QLM By Wy + SEAVEDU, +cc. (4.75)
m

The crucial feature of this Lagrangian is the magnetic coupling to ﬁ“”Fle). Had we started

with just a free Dirac field, without the non-minimal coupling term in eqn. (4.15)), the

coefficient of W{”?WF,EZ?)\IUF would be }l, which is just the contribution from eqn. (4.74

corresponding to the familiar relativistic gyromagnetic ratio g =2. The effect of the non-

1

minimal coupling with o = —;

in the non-relativistic theory is to reduce this coupling to %,

"In fact, one would conveniently define the curvatures from this sort of relation. That is, write D
(4" + 4*)D,, and then define spatial and boost curvature and torsion along the lines of [D,,D,]

R Say + R%, X0 + T8, (Fa + Fa)-
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corresponding to g =1. We thus explicitly see how demanding either consistency in generic
backgrounds or Milne invariance in any background has striking implications even for flat
space. We note that the preferred value of g for which we find the full symmetry realized is

precisely g = 2s, where s = % is the spin.

4.6 Three-dimensional spacetimes

In sec. |4.3| we saw that the divergences in the spin connection part can not in general be
canceled by a modification of the gauge field , and we thus needed the non-minimal
coupling term with a = —}L. This was because the divergences in ¢' and Q have different
Clifford algebra structures. The antisymmetric product of k v-matrices is generically related
to an antisymmetric product of d — k ones in d dimensions, by a form of Hodge duality. This

turns out to make a difference precisely for d = 3. In our conventions we have
Vuwp = EC€upl (4.76)

where €,,, = det(e) €,,, and €, = £1,0. Note that det(e) = \/Fty, where v, = n,n, +
hy was used to define the volume form in sec. [.3] Therefore, €,,, is O(1) at ¢ — oo and
we have an explicit factor of ¢ on the right hand side of eqn. (4.76)). The sign is a matter of
convention and we pick the positive one. We then immediately get v** = ce#fv,. With this
identity we can further evaluate the divergence in the spin connection part included in eqn.
(4.25)), which in d =3 becomes

,L'2

=5 c
PQP‘O(CQ) = Z(*dn)u Piey'Py (xdn), =€, 0,n, . (4.77)

The indices of €,”” in the definition of *dn are raised with the relativistic metric. This
divergence has the same Clifford algebra structure as the terms resulting from the ¢' term

in the relativistic Lagrangian, and modifying C' thus is an additional option now to cancel
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the divergences. There are two candidate terms, and our ansatz for the gauge field is

——PIn, g0, (4.78)

Cp = —me® (n, + fi(xdn), + faBny,) +mA, , b= dete

where f; and f5 are functions of n and its derivatives. Note that both extra terms agree at
leading order in ¢, due to v (xdn), = —c*¢**'n,dsn, = B. As far as canceling the divergent
piece is concerned, they are thus equally useful. However, they are different in the subleading
orders. The form of the non-relativistic Lagrangian will depend on the relative strength of f;
and fy, but the difference merely corresponds to a redefinition of the non-relativistic gauge

field. This can be seen by noting that, with fi := fi + fo and 7, := €,,,0°h" T},
Cu = —mc*n, (1 + f4B) +mA, , Aw=Au+ [T - (4.79)

Note that v#7, = 0. We will include the non-minimal coupling term with generic o and
determine f, from the requirement that P(J) — mc — o )P be finite. To find the non-
relativistic Dirac operator with these extra parameters, we need to calculate the individual
pieces again. For the spin connection part we find, using Y717, = 2Bcyf,

505 L 2 : N v Vs | o

PQP = B( Py + Po) + (3 +3") Joup (77 +2779°) + 57T (4.80)

Here and in the next two equations, contributions which vanish when ¢ — oo have been

dropped. For the remaining parts of the derivative we find

P (0 — 0P = (5 +3) (8 + 5 (Ouan)eln 75 — imA,.)
(4.81)
+m(l+ f+B) (°Py — P_) .
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Evaluating the mass term is straightforward, and the only non-trivial information we still

need is the non-minimal coupling term, which evaluates to

73( . 22_:;0 )ﬁ = aB (1 + fiB) (*Py — P_) +ia (1 + f,B) TS, (3" +A4") (482)

Je’ ~
- EF(A)PJr + oy (Py — P_)0u(f+B) .

Note that F = dA is the field strength of the modified gauge field A. Demanding the

(e}
2mce

divergent pieces in 73(12 —me— 32 F )75 to cancel can now be seen to imply

1
Oé—f‘z

= T taB

(4.83)

With that relation we see that the divergences cancel and that there are no O(c) subleading
divergences. Using eqn. (4.83) we can assemble the non-relativistic Dirac operator 7, which
now is P, with generic «, expressed in terms of Newton-Cartan data. This yields

1 1

~ e ~ 1
P =" +7)DP —2mP- - ZF VP 4 ST+ B

Fia(l+ f1B)TS, (33" +74") + a7 (Py — P-)3,(f:B) .

(4.84)

where the superscripts on D, and F' indicate that we have replaced A, by A,,. The derivative
D, was defined in eqn. (4.32b)), and the slashed quantities below eqn. (4.69). On causal
spacetimes, where B = 0, we have —mf, = o + % =: a;. The non-relativistic Lagrangian

once again is
Ly = iUDV¥ +cc. . (4.85)

The arguments for invariance under local Galilean transformations and Milne boosts proceed
along the lines given in sec. [£.4] The divergent pieces cancel again exactly, leaving the sym-
metry transformations induced from the relativistic ones as symmetries of the non-relativistic

Lagrangian. We will see below, however, that the transformations are altered. We have thus
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obtained the fully covariant version of the Lagrangian studied in [103], where e.g. a Milne
frame was fixed and local Galilean invariance was not obvious. To complete the discussion,
we note that a is related to the gyromagnetic ratio g by 4a, = g — 1. On spacetimes with
n A dn = 0 we can integrate out the W_ part of the two-component spinor ¥, as shown in
the previous section, to obtain a Lagrangian for the one-component field ¥, only. This is

the language used in [103].

We now come to the transformation properties under Milne boosts and local Galilean
transformations. The only quantity for which the transformation changes is the non-relativistic
gauge field A. Due to the difference in the leading term in eqn. as compared to eqn.
, the shifts of n by a subleading part according to eqn. (4.34]) result in a different behav-
ior. To match the transformations to [107], we set B = 0 after the variations are performed.

We then find
Ay = Ay =& — o€ 0,(n,6s) — (fi + 2fa)nu€”n,0pé, (4.86)

This reduces to A — A — £ as given in eqn. for ay, = fi = fo, =0, 0r g = 1.
Upon identifying ¢; with f; + 2f; and g, with fs, are the modified Milne variations
corresponding to the two different non-relativistic magnetic moment terms discussed in [107].
For B # 0 the expressions are more bulky, but the structure is the same. We thus find that
both transformations can be realized as symmetries in a non-relativistic limit, and we are
not restricted to the linear combination with g; = —2¢, discussed in [107]. The fields were
assigned trivial transformation under Milne boosts in [I07], and we can understand this
from our perspective as follows: when eliminating W_ by its equation of motion, as done in
sec. we found that the remaining symmetry is a combination of Milne boosts and local

Galilean transformations, precisely such that ¥ is invariant.

The magnetic moment term proportional to g, was shown in sec. 2.7 of [105] to reproduce

the anomalous diffeomorphisms found for ¢ # 1 in [103] as follows. The analysis of [103]

should be understood as working in a fixed Milne frame. Splitting coordinates into (z°,
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z') as in [103], it is fixed to v = €®dy and we have h = g;;dz’ ® dx’. Now the combined
transformation of v under a diffeomorphism generated by a vector field X and a Milne boost

is 0ov = Lxv+(, or
oot = X9, 0" — v 9, X* 4+ (H . (4.87)

To compensate the change in Milne frame brought about by a diffeomorphism, i.e. to keep
v" = 0, it has to be accompanied by a Milne boost with ¢, = h,,v?9,X". The combined
diffeomorphism and Milne transformations with (, = h,,v70,X" are then the symmetries
discussed in [103].

As a last remark we note that, since local Galilean transformations were induced from
the relativistic theory as a combination of Milne boosts and local Lorentz transformations,

having g # 1 also changes the behavior under local Galilean transformations.

4.7 Discussion

We have given a procedure to construct covariant non-relativistic Lagrangians for spinor fields
in general Newton-Cartan backgrounds from relativistic parents. As emphasized already in
[102], spin is tied intrinsically to the spacetime symmetries also in the non-relativistic set-
ting, as opposed to factoring off as internal symmetry. For a given Newton-Cartan structure
(n,h™1), one constructs a pseudo-Riemann metric (4.3) and our limiting procedure gives
the non-relativistic Lagrangian (4.33)) with the non-relativistic Dirac/Lévy-Leblond operator
. This Lagrangian has all desired invariances — invariance under local Galilean trans-
formations, Milne boosts, U(1) transformations and the symmetries of the Newton-Cartan
structure — and the individual objects transform covariantly. For that result it was cru-
cial to insist on having a non-trivial limit also for acausal Newton-Cartan spacetimes with
non-vanishing n A dn. There is no need to identify local Galilean with Milne boosts in our
construction, and under diffeomorphisms all quantities transform covariantly. Upon gauge

fixing, this setting can be specialized to recover previous results: fixing the timelike part of
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the inverse vielbein to v links local Galilean to Milne boosts, as done in [I0§], and fixing a
Milne frame reproduces the diffeomorphisms of [103]. The non-relativistic spinor fields have
as many components as a relativistic Dirac spinor, in accordance with [102] 109} 100]. Half
of the components are auxiliary fields and substituting them by their on-shell values retains
half of the degrees of freedom as dynamical fields, but obscures some of the symmetries. This

connects our results to the language used in part of the more recent literature.

In order to have the entire set of symmetries realized without restricting the number of
spacetime dimensions, we needed to include a non-minimal coupling term in the relativistic
parent with a specific strength. This results in the non-relativistic spinor coupling with
gyromagnetic ratio ¢ = 1. An exception occurs for three-dimensional spacetimes. In three
dimensions, generic g is possible, but g # 1 results in modified Milne transformations, which
upon gauge fixing reproduces the anomalous diffeomorphisms found in earlier approaches.
We did not specifically study the two-dimensional case, but expect that generic g will be
possible then without anomalous transformations. For dimensions greater than three, our
construction requires g = 1, unless part of the symmetries are sacrificed along with the
existence of a non-trivial limit when n A dn # 0. These results suggest a dependence on the

chosen Milne frame when g # 1.

An immediate generalization of the constructions laid out in this work is to include
torsion in the relativistic parent theory. The Newton-Cartan structure (n,h™') can be and
has been equipped with a connection as extra structure, although somewhat implicitly. Our
construction started in the relativistic theory with the Levi-Civita connection, which gave
a non-relativistic connection without spatial torsion in the ¢ — oo limit. Including torsion
in the parent theory would generalize this. Another forward direction is to take our theory
as starting point for an investigation of anomalies in an intrinsically non-relativistic setting,
without resorting to a relativistic parent and null reduction [I10, I11]. Finally, we mention
the construction of supermultiplets for Newton-Cartan supergravity theories in [112, 113].
Our limiting procedure may help to implement a non-relativistic limit for the fermionic

fields directly in relativistic supergravities, to obtain the transformation laws and dynamics
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for Newton-Cartan supergravities in a very direct way from known relativistic theories.
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