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Abstract
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Chair of the Supervisory Committee:
Professor Pedro Domingos

Paul G. Allen School of Computer Science and Engineering

Models in artificial intelligence (AI) and machine learning (ML) must be expressive

enough to accurately capture the state of the world, but tractable enough that reasoning

and inference within them is feasible. However, many standard models are incapable

of capturing sufficiently complex phenomena when constrained to be tractable. In this

dissertation, I study the cause of this inexpressiveness and its relationship to inference

complexity. I use the resulting insights to develop more efficient and expressive models

and algorithms for many problems in AI and ML, including nonconvex optimization,

computer vision, and deep learning.

I first identify and prove the sum-product theorem, which states that in any semiring

for inference to be tractable it suffices that the factors of every product have disjoint scopes;

i.e., that they are decomposable. I show that this simple condition unifies and extends many

results in the literature and enables the definition of highly-expressive model classes that

are tractable and learnable for many of the most important problems in AI and ML. Second,

I develop RDIS, a novel nonconvex optimization algorithm based on the sum-product

theorem. I showboth analytically and empirically that RDIS can be exponentially faster than

standard approaches because it finds and exploits local decomposability. Third, I combine

decomposability with submodularity to define submodular field grammars (SFGs), a novel

class of probabilistic models that extends both sum-product networks and submodular



Markov random fields. SFGs define a novel stochastic image grammar in which each object

in the grammar can have arbitrary region shape but in which approximate MAP inference

remains tractable, the first image grammar formulation in which this is possible. Finally, I

demonstrate the applicability of decomposability to deep learning. I present feasible target

propagation, a novel algorithm for learning deep neural networks with hard-threshold

activations – which cannot be trained with standard backpropagation-based methods –

that learns more accurate models than competing methods.
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Chapter 1

INTRODUCTION

The ability to construct amodel fromdata and then reasonwithin it is a core requirement

of artificial intelligence (AI) and machine learning (ML), as seen in problems ranging from

computer vision, such as image classification, scene parsing, and structure from motion, to

computational biology, such as DNA sequencing and protein folding. For such a model

to be useful, it has to be both expressive enough that it can accurately represent the data

and tractable enough that reasoning or inference within the model is fast relative to the

underlying task. Expressivity, however, comes at the cost of tractability: the more of the

world that a model must accurately represent, the more computation is required to reason

within that model. There thus exists an inherent tradeoff between the expressivity of a

model and the tractability of inference within that model. This tradeoff is exacerbated

when models are learned from data, as inference is a subroutine called at each iteration

of learning. One method that has been advanced in the hope of improving this tradeoff

is to use approximate instead of exact inference. Approximate inference can be useful in

that it often provides a mechanism for trading off expressivity (in the form of accuracy)

for computation at test time, but it is not a panacea as it does not in general improve

tractability without sacrificing expressivity. Further, approximate inference interacts poorly

with learning, often yielding poor and unreliable results [81]. Instead, this dissertation

takes a different approach to improving this tradeoff, by first investigating inference from

a computational and algorithmic perspective, and then using the resulting insights to

develop novel models and algorithms that are more expressive and efficient than existing

work. By better understanding the fundamental computational challenges of inference, new
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types of tractable models and algorithms can be developed that address these challenges

and thereby improve expressivity without sacrificing tractability.

Despite apparent differences, many of the most important and challenging problems in

AI and ML, including probabilistic and logical inference, constraint satisfaction, nonconvex

and combinatorial optimization, integration, and reasoning in (probabilistic) knowledge

bases, all share a common structure. Namely, each of these problems consists of summing

a function over a semiring (e.g., Aji and McEliece [4], Bacchus et al. [8], Bistarelli et al.

[17], Dechter [39], Dechter and Mateescu [40], Green et al. [51], Wilson [149]). For example,

in the Boolean semiring the sum and product semiring operations are disjunction and

conjunction, and deciding satisfiability is summing a Boolean formula over all truth

assignments. Similarly, computing the most-probable explanation (MPE) is summation

over all states in the max-product semiring, etc. This common structure provides a

powerful abstraction for better understanding inference in general, and can thus serve as a

mechanism for developing novel algorithms and model that utilize and extend ideas from

other seemingly-unrelated domains.

In particular, graphical models are a compact representation often used as a target

for learning probabilistic models. However, inference in a graphical model takes time

exponential in its treewidth [25], a commonmeasure of complexity. Further, since inference

is a subroutine of learning, graphical models are hard to learn unless restricted to thosewith

low treewidth [9, 27], but few real-world problems exhibit this property. Recent research,

however, has shown that probabilistic models can in fact be much more expressive than

this while remaining tractable [43]. In particular, sum-product networks (SPNs) [48, 114]

are a class of deep probabilistic models that consist of many layers of hidden variables

and can have unbounded treewidth. Despite this, inference in SPNs is guaranteed to be

tractable, and their structure and parameters can be effectively and accurately learned from

data [47, 48, 119].

The main contributions of this dissertation begin in Chapter 3, in which I generalize

and extend the ideas behind SPNs to any problem that consists of summing a function over
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a semiring, thereby enabling learning tractable high-treewidth representations for a much

wider class of problems, including satisfiability, MAX-SAT, model counting, constraint

satisfaction, marginal and MPE inference, integration, nonconvex optimization, database

querying, and first-order probabilistic inference. To achieve this, I first identify and prove

the sum-product theorem, a unifying principle for tractable inference that states a simple

sufficient condition for summation to be tractable in any semiring: that the factors of

every product have disjoint scopes; i.e., that the function or model is decomposable. In

“flat” representations like graphical models and conjunctive normal form, consisting of

a single product of sums, decomposability would allow only trivial models; but in deep

representations like SPNs and negation normal form it allows for remarkable expressivity,

especially when combined with techniques like dynamic programming. In the remainder

of Chapter 3, I explore the benefits of decomposability and the sum-product theorem as

they apply to both inference and learning for each of the problems listed above. I show that

a number of existing and novel results are corollaries of the sum-product theorem, which

allows me to define multiple new tractable model classes. I demonstrate the power and

generality of the sum-product theorem by applying it to a new type of structured-prediction

problem: learning a nonconvex function that is easy to optimize. I show empirically that

this greatly outperforms the standard approach of learning without regard to the cost of

optimization.

A key reason that deep decomposable representations are more expressive than shallow

ones is that deep representations enable locally-decomposable operations, meaning that

products or sums within the function are relevant only for a specific subregion of the

function’s domain and thus need only be decomposable within that subregion. Conversely,

globally-decomposable operations must be decomposable over the entire domain, a

much more restrictive condition. In probabilistic modeling, for example, conditional

independence is a type of global decomposability as it necessarily holds for every point in

the domain, whereas context-specific independence [19] is a type of local decomposability

since it only applies in a particular subdomain. Local decomposability thus provides a
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mechanism for improving the expressivity-tractability tradeoff, as shown in Figure 1.1.

Tr
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Locally-decomposable models 
(e.g., SPNs)

Globally-decomposable models 
(e.g., graphical models)

Figure 1.1: Expressivity-tractability tradeoff curves for locally- and globally-decomposable models.

Due to its prevalence and flexibility, local decomposability also provides an avenue for

developing efficient inference algorithms for non-decomposable functions. In the same

way that non-linear functions often exhibit local linearity despite not being globally linear,

functions are often locally decomposable or approximately locally decomposable despite

not being globally decomposable. In Chapter 4, I show that this is particularly beneficial for

nonconvex optimization, where there are often an exponential number of local minima to

explore, which makes optimization difficult; however, by explicitly finding and exploiting

local decomposability, the number of minima to explore can be reduced by an exponential

amount. Chapter 4 contributes a novel algorithm, RDIS, for nonconvex optimization

that achieves this by recursively decomposing the given function into approximately

independent subproblems in the current subregion of the space and then solving each of

these separately. This enables RDIS to provably asymptotically find the global minimum of

a broad class of nonconvex functions in exponentially less time than traditional methods.

Empirically, I show that RDIS significantly outperforms standard nonconvex algorithms on
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multiple challenging problems, including structure from motion and protein folding.

Decomposability is a powerful condition that defines a set of highly-expressive tractable

model classes, including SPNs, that can efficiently model complex, high-level relationships

between subparts of the input. Nonetheless, there remain problems that cannot be efficiently

represented by an SPN, but for which tractable representations exist. Submodularity, for ex-

ample, enables exponential reductions in inference complexity, and is commonly exploited

to obtain tractable models for computer vision [21, 52, 75, 77], social networking [70, 105],

and many other machine learning domains [16, 78]. The MAP state of a submodular

Markov random field (MRF) can be computed in low-order polynomial time, despite having

an exponential number of possible states. However, the sameMRF is unable to tractably en-

code high-level relationships between arbitrary inputs. Conversely, an SPN would require

exponential size to encode the same distribution as the MRF, but can efficiently model

high-level relationships. In Chapter 5, I present submodular field grammars (SFGs), a novel

probabilistic model that extends both submodular MRFs and SPNs, thereby combining the

expressive power of both. An SFG can be interpreted as an SPN in which the weight of each

sum-node child is given by the energy of a particular state of a submodular energy function.

For clarity, SFGs are developed in terms of stochastic image grammars – a subset of the SPN

model class – in Chapter 5, but the relationship between SPNs and SFGs is made clear in Sec-

tion 5.3.1. By exploiting submodularity and decomposability, the approximateMAP state of

an SFG can be computed in low-order polynomial time using SFG-Parse, a novel and prov-

ably convergentmove-making algorithm for inference in SFGs. I show empirically that SFGs

are a promising model for scene understanding and that inference with SFG-Parse takes

exponentially less time than with standard algorithms while returning comparable results.

Beyond its utility for defining model classes that are tractable and easy to learn,

decomposability can also be used to directly develop novel learning algorithms. Learning

is commonly formulated as an optimization problem in which (stochastic) gradient descent

is used to minimize a nonconvex loss over the training data, for example in deep learning

where inference is already tractable. Unfortunately, RDIS is not immediately applicable
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because the optimization variables (i.e., the model weights) in deep learning do not

decompose locally. However, in Chapter 6, I show that it is possible to decompose the

learning problem both across and within each layer of a deep network by specifying

a set of targets for each hidden-layer activation. The resulting framework provides an

effective approach for learning networks containing hard-threshold activations, which

cannot be learned via standard backpropagation-based methods because the derivative of

a hard-threshold activation is zero almost everywhere. Building on these ideas, I present

feasible target propagation, a novel algorithm for training hard-threshold networks that

includes the popular but poorly-justified straight-through estimator as a special case.

Empirically, I show that feasible target propagation learns significantly more accurate

deep hard-threshold networks than the straight-through estimator when applied to image

classification.

Outside of my own work, the sum-product theorem has also proved useful for assisting

the development of novel tractable models by others. For example, tractable probabilistic

knowledge bases (TPKBs) [108, 146], which use tractable Markov logic [42] as the rep-

resentation, define a highly-expressive class of first-order probabilistic models in which

inference and learning can both be performed efficiently. However, because TPKBs combine

SPNs and relational logic, the proof of their tractability is quite long. In Section 3.5.6, I

show that this proof can be shortened significantly with the sum-product theorem, greatly

simplifying their definition. In other work, compositional kernel machines (CKMs) [49] are

a deep kernel method that incorporate the compositionality and symmetry of convolutional

neural networks, resulting in a highly-expressive class of models that can learn from fewer

samples and without data augmentation. To prove the tractability of CKMs, Gens and

Domingos [49] explicitly formulate CKMs using the semiring-generalized framework that

I present in Chapter 3 (and that also appeared in Friesen and Domingos [45]) and show

that they are decomposable. The tractability of CKMs then follows immediately from the

sum-product theorem.

In summary, Chapter 3 investigates inference from an abstract semiring-based perspec-
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tive, proving the sum-product theorem and a number of corollaries that make clear that

decomposability is a simple condition that defines tractable but expressive model classes

that can be learned directly from data for a wide variety of core problems in AI and ML.

Chapter 4 then uses these ideas to develop RDIS, a powerful nonconvex optimization

algorithm that explicitly finds and exploits decomposability to achieve exponential im-

provements in optimization time. Chapter 5 shows that decomposability can be effectively

combined with other types of structure, specifically submodularity, to define even more

expressive models like SFGs, which extend both submodular MRFs and SPNs. Chap-

ter 6 demonstrates that the benefits of decomposability extend beyond defining tractable

and expressive model classes, and can be used to develop effective learning algorithms

like feasible target propagation. Finally, Chapter 7 summarizes the contributions of this

dissertation and suggests promising directions for future work. Background material is

presented in Chapter 2.
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Chapter 2

BACKGROUND

2.1 Graphical Models

A probabilistic graphical model is a pair (P,G) containing a graphG = (V,E) with vertices

V and edgesE, and a probability distributionP (X) over randomvariablesX = (X1, . . . , Xn)

corresponding to the n vertices of G. Each variable Xi takes values xi ∈ Xi where Xi is the

domain of Xi, which may be continuous (e.g., Xi ⊆ R) or discrete (e.g., Xi = {1, . . . , r}).

The type and structure of the graph G specifies how the distribution P factorizes.

If the edges in G are undirected, then (P,G) is a Markov random field (MRF) and P

factorizes according to the functions defined on the cliques C ∈ C of the graph, where a

clique is a fully-connected subset of the variables. For an MRF, P can be written as

P (X) =
1

Z

∏
C∈C

ψC(XC), (2.1)

where each ψC is a potential over the clique variables XC ⊆ X, and Z is known as the

partition function [111]. The partition function Z =
∑

x∈X
∏

C∈C(x|C) is a constant chosen

to ensure that the distribution is normalized, where x ranges over all settings of the

variablesX and x|C denotes the values of subsetXC that are specified by x.

Alternatively, (P,G) is a Bayesian network when the edges are directed and the graph is

acyclic. In a Bayesian network, the potentials are conditional probabilities and P factorizes

according to

P (X) =
n∏
i=1

P (Xi|Xpa(i)), (2.2)
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whereXpa(i) are the parents ofXi in the graph and eachP (Xi|Xpa(i)) denotes the conditional

probability of Xi given its parents. The partition function is always equal to one when the

potentials are conditional probabilities, and is thus omitted from the above equation.

Given a probabilistic model, computing the likelihood of observed data, computing

the marginal distribution for some subset of the variables, and computing a conditional

distribution are all easy given the ability to compute the probability of evidence e ∈ XE for

a subset of the variablesXE ⊆ X, i.e.,

P (e) =
∑
XE

P (e,XE), (2.3)

where XE = X\XE and XE is the domain of XE . The partition function is simply the

unnormalized probability of empty evidence (XE = ∅). I thus refer to the task of computing

the probability of some evidence as probabilistic inference.

Exact inference in a probabilistic graphical model can be performed with the junction

tree algorithm [111], which first defines a new tree-structured graph (called a junction

tree) from the original graph by moralizing the original graph, triangulating the moralized

graph, defining a new graph from the maximum cliques of the triangulated graph, and

finding a maximum spanning tree of this new graph. Given a junction tree, inference

in the original graphical model can be performed by passing messages in a particular

order on the graph. The treewidth tw(T ) = maxC∈C|C|−1 of a junction tree T , where

C are the maximum cliques of the triangulated graph, determines the complexity of

inference in the original model. In particular, inference in a junction tree takes best- and

worst-case time that is exponential in the treewidth tw(T ) [25]. Thus, exact inference is only

tractable for graphical models that have low-treewidth junction trees, such as chain graphs.

Unfortunately, low-treewidth models are insufficiently expressive for most applications.

Alternatively, high-treewidth models can be used if inference is performed approxi-

mately. Approximate inference in graphical models can be performed with a variety of

methods, including loopy belief propagation [147], variational techniques [145], and Monte
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Carlo sampling methods [99]. However, even approximate inference can be NP-hard [122].

Further, the use of approximate inference methods – even those with guarantees – can

reduce the expressivity of a model, making previously simple concepts impossible to

implement, and can lead standard learning algorithms astray such that they never find

valid model parameters [81].

Beyond probabilistic reasoning, graphical models can be used for other problems,

including maximum a posteriori (MAP) inference and constraint satisfaction. Inference in

each of these problems can be seen as a special case of the generalized distributive law [4],

a general message-passing algorithm for models in which inference consists of summing a

function over a semiring, where that function is a product of factors. More details on this

relationship are provided in Chapter 3.

2.2 Sum-Product Networks

Sum-product networks (SPNs) are a deep but tractable class of probabilistic models.

Formally, following Gens and Domingos [48], an SPN can be defined recursively, where

the scope of an SPN is the set of variables that appear in it, and a tractable distribution is

one in which its partition function and its mode can be computed in constant time.

Definition 2.1 (Gens and Domingos [48]). A sum-product network (SPN) is any of the

following:

1. A tractable univariate distribution.

2. A product of SPNs with disjoint scopes.

3. A weighted sum of SPNs with the same scope in which all weights are positive.

A slightly more general definition of SPNs is given in Poon and Domingos [114], but the

definition in Gens and Domingos [48] is simpler and suffices for this dissertation. Using

this definition, an SPN is decomposable, since the children of each product have disjoint

scopes, and complete, since the children of each sum have the same scope.
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An SPN S(X) over variables X = (X1, . . . , Xn) is typically represented as a rooted

directed acyclic graph (DAG) with sums and products as the internal nodes, and univariate

distributions over the variablesX as the leaves. The edge from each sum node to each of its

children is labeled with the corresponding weight of that child. The size of an SPN is the

number of edges in its graph. An SPN has probabilistic semantics both for its root S and

for each sub-SPN Si rooted at node i, as each sub-SPN represents a probability distribution

over its scope. The probability of some value x ∈ X of the variables is P (x) = S(x)/Z,

where Z =
∑

x∈X S(x) is the partition function.

Intuitively, each sum node in an SPN can be interpreted as explicitly marginalizing out

a latent mixture variable, where the values of the latent variables (i.e., the children of the

sum node) in an SPN are often taken to specify subregions of the domain of the SPN. In

this regard, each product node represents a particular context-specific independence [19]

in the subregion of the domain defined by the child edges of the sum nodes on the path(s)

from the product node to the root.

As in a probabilistic graphical model, probabilistic inference in an SPN reduces to

computing the probability of evidence e ∈ XE for a subset of the variablesXE ⊆ X, i.e.,

P (e) =
∑
XE

P (e,XE), (2.4)

where XE = X\XE . However, unlike in a graphical model, marginal inference in an SPN

is guaranteed to be tractable. In particular, the unnormalized probability of evidence of

an SPN can be computed in time linear in the size of the SPN [48, 114] by replacing each

leaf function over an evidence variable φl ∈ {φl(Xj) : Xj ∈ XE} with the constant φl(ej),

replacing each leaf function over a non-evidence variable with the partition function of

that leaf function, and then evaluating the SPN. The value produced by the root node is

the unnormalized probability of evidence.

Despite being tractable, SPNs are also quite expressive and contain many existing

models as special cases [114], including thin junction trees (i.e., graphical models with low
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treewidth), latent tree models, many types of mixture models, and probabilistic context-free

grammars with bounded recursion [68]. SPNs are also highly related to arithmetic circuits

(ACs) [35], whichwere originally used as a target for compiling Bayesian networks to reduce

inference complexity. In particular, ACs and SPNs over discrete variables can represent

the same distributions, but the SPN representation is more efficient [119]. Finally, the

expressivity of Bayesian networks can be increased by using algebraic decision diagrams

to represent the conditional probability distributions, thus enabling them to represent

the same set of distributions as SPNs, but again less efficiently than an SPN. Specifically,

Zhao et al. [153] shows that any complete and consistent (a weaker requirement than

decomposability, see Poon and Domingos [114]) SPN S can be converted to such a Bayesian

network in time O(n|S|2), where n is the number of variables and |S| is the size of the SPN.

The resulting Bayesian network has size O(n|S|2).



13

Chapter 3

THE SUM-PRODUCT THEOREM:

A FOUNDATION FOR LEARNING TRACTABLE MODELS

3.1 Introduction

In this chapter, I generalize and extend the ideas behind SPNs to enable learning tractable

high-treewidth representations for a much wider class of problems, including satisfiability,

MAX-SAT, model counting, constraint satisfaction, marginal and MPE inference, integra-

tion, nonconvex optimization, database querying, and first-order probabilistic inference.

The class of problems I address can be viewed as generalizing structured prediction beyond

combinatorial optimization [139], to include optimization for continuousmodels and others.

Instead of approaching each domain individually, I build on a long line of work showing

how, despite apparent differences, these problems in fact have much common structure

(e.g., Aji and McEliece [4], Bacchus et al. [8], Bistarelli et al. [17], Dechter [39], Dechter and

Mateescu [40], Green et al. [51], Wilson [149]), namely, that each consists of summing a

function over a semiring.

I begin by identifying and proving the sum-product theorem, a unifying principle

for tractable inference that states a simple sufficient condition for summation to be

tractable in any semiring: that the factors of every product have disjoint scopes. In

“flat” representations like graphical models and conjunctive normal form, consisting of a

single product of sums, this would allow only trivial models, but in deep representations

like SPNs and negation normal form it provides remarkable flexibility. Based on the

sum-product theorem, I develop an algorithm for learning representations that satisfy

this condition, thus guaranteeing that the learned functions are tractable yet expressive.

I demonstrate the power and generality of my approach by applying it to a new type of
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structured prediction problem: learning a nonconvex function that can be optimized in

polynomial time. Empirically, I show that this greatly outperforms the standard approach

of learning a continuous function without regard to the cost of optimizing it. I also show

that a number of existing and novel results are corollaries of the sum-product theorem,

propose a general algorithm for inference in any semiring, define novel tractable classes

of constraint satisfaction problems, integrable and optimizable functions, and database

queries, and present a much simpler proof of the tractability of tractable Markov logic.

3.2 The Sum-Product Theorem

I begin by introducing the notation used throughout this chapter and defining several

important concepts. I denote a vector of variables by X = (X1, . . . , Xn) and its value by

x = (x1, . . . , xn) where xi ∈ Xi for all i and Xi is the domain of Xi. I denote subsets (for

simplicity, tuples are treated as sets) of variables asXA,Xa ⊆ X, where the domains XA,Xa
are the Cartesian product of the domains of the variables in XA,Xa, respectively. I denote

(partial) assignments as a ∈ XA and restrictions of these to XB ⊂ XA as aB. To indicate

compatibility between a ∈ XA and c ∈ XC (i.e., that aj = cj for all Xj ∈ XA ∩XC), I write

a ∼ c. The scope of a function is the set of variables it takes as input.

Definition 3.1. A commutative semiring (R,⊕,⊗, 0, 1) is a nonempty set R on which the

operations of sum (⊕) and product (⊗) are defined and satisfy the following conditions:

(i) (R,⊕) and (R,⊗) are associative and commutative, with identity elements 0, 1 ∈ R such

that 0 6= 1, a⊕ 0 = a, and a⊗ 1 = a for all a ∈ R;

(ii) ⊗ distributes over ⊕, such that a⊗ (b⊕ c) = (a⊗ b)⊕ (a⊗ c) for all a, b, c ∈ R; and

(iii) 0 is absorbing for ⊗, such that a⊗ 0 = 0 for all a ∈ R.

I am interested in computing summations
⊕

x∈X F (x), for (R,⊕,⊗, 0, 1) a commutative

semiring andF : X → R a function on that semiring, withX a finite set (but see Section 3.5.4

for extensions to continuous variables). I refer to such a function as a sum-product function.
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Definition 3.2. A sum-product function (SPF) over (R,X,Φ), where R is a semiring,X is a set

of variables, and Φ is a set of constant (φl ∈ R) and univariate functions (φl : Xj → R forXj ∈ X),

is any of the following: (i) a function φl ∈ Φ, (ii) a product of SPFs, or (iii) a sum of SPFs.

An SPF S(X) computes a mapping S : X → R and can be represented by a rooted

directed acyclic graph (DAG), where each leaf node is labeled with a function φl ∈ Φ and

each non-leaf node is labeled with either ⊕ or ⊗ and referred to as a sum or product node,

respectively. Two SPFs are compatible iff they compute the samemapping; i.e., S1(x) = S2(x)

for all x ∈ X , where S1(X) and S2(X) are SPFs. The size of an SPF is the number of edges

in the graph. The DAG rooted at each node v ∈ S represents a sub-SPF Sv : Xv → R for

Xv ⊆ X. Notice that restricting the leaf functions φl to be univariate incurs no loss of

generality because any mapping ψ : X → R is compatible with the trivial SPF

F (X) =
⊕
x∈X

(
ψ(x)⊗

n⊗
i=1

[Xi = xi]
)
,

where the indicator function [.] has value 1 when its argument is true, and 0 otherwise

(recall that 0 and 1 are the semiring identity elements). SPFs are similar to arithmetic

circuits [134], but the leaves of an SPF are functions instead of variables. Darwiche [35]

used arithmetic circuits as a data structure to support inference in Bayesian networks over

discrete variables. An important subclass of SPFs are those that are decomposable.

Definition 3.3. A product node is decomposable iff the scopes of its children are disjoint. An

SPF is decomposable iff all of its product nodes are decomposable.

Decomposability is a simple condition that defines a class of functions for which inference

is tractable.

Theorem 3.1 (Sum-product theorem). Every decomposable SPF can be summed in time linear

in its size.

Proof. The proof is recursive, starting from the leaves of the SPF. LetS(X) be a decomposable

SPF on commutative semiring (R,⊕,⊗, 0, 1). Every leaf node can be summed in constant
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time, because each is labeled with either a constant or univariate function. Now, let v ∈ S

be a node, with Sv(Xv) the sub-SPF rooted at v and Zv =
⊕
Xv
Sv(Xv) its summation. Let

{ci} be the children of v for ci ∈ S, with sub-SPFs Si(Xi) forXi ⊆ Xv and summations Zi.

Let Xv\i be the domain of variablesXv\Xi.

If v is a sum node, then

Zv =
⊕
Xv

⊕
i

Si(Xi)

=
⊕
i

⊕
Xv

Si(Xi)

=
⊕
i

⊕
Xv\i

⊕
Xi

Si(Xi)

=
⊕
i

Zi ⊗
(⊕
Xv\i

1
)
,

and computing the summation Zv for v a sum node simply requires computing the sum of

the summations Zi for each child ci.

If v is a product node, then any two children ci, cj for i, j ∈ {1, . . . ,m} have disjoint

scopes, Xi ∩Xj = ∅, and

Zv =
⊕
Xv

⊗
i

Si(Xi)

=
⊕
X1

⊕
Xv\1

⊗
i

Si(Xi)

=
⊕
X1

S1(X1)⊗
⊕
Xv\1

m⊗
i=2

Si(Xi)

=
⊗
i

⊕
Xi

Si(Xi)

=
⊗
i

Zi,

and computing the summation Zv for v a product node simply requires computing the
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product of the summations Zi for each child ci.

The above equations only require associativity and commutativity of⊕ and associativity

and distributivity of⊗, which are properties of a semiring. Thus, any node can be summed

over its domain in time linear in the number of its children, and S can be summed in time

linear in its size with a single upward pass through the SPF.

I have assumed here that
⊕
Xv\i

1 can be computed in constant time and that each leaf

function can be evaluated in constant time, which is true for all semirings considered. I

have also assumed that a⊕ b and a⊗ b take constant time for any elements a, b of semiring

R, which is true for most common semirings. Section 3.2.1 provides further detail on these

assumptions and discusses the effect on the sum-product theorem when they are relaxed.

The complexity of summation in an SPF can be related to other notions of complexity,

such as treewidth, the most common and relevant complexity measure across the domains

considered in this chapter. To define the treewidth of an SPF, I first define junction

trees [4, 85] and a related class of SPFs.

Definition 3.4. A junction tree over variables X is a tuple (T,Q), where T is a rooted tree, Q

is a set of subsets of variables, each vertex i ∈ T contains a subset of variables Ci ∈ Q such that

∪iCi = X, and for every pair of vertices i, j ∈ T and for all k ∈ T on the (unique) path from i to j,

Ci ∩Cj ⊆ Ck. The separator for an edge (i, j) ∈ T is defined as Sij = Ci ∩Cj .

A junction tree provides a schematic for constructing a specific type of decomposable

SPF called a tree-like SPF (a semiring-generalized version of a construction from Darwiche

[35]). Note that a tree-like SPF is not a tree, however, as many of its nodes have multiple

parents.

Definition 3.5. A tree-like SPF over variables X is constructed from a junction tree T = (T,Q)

and functions {ψi(Ci)} where Ci ∈ Q and i ∈ T , and contains the following nodes:

(i) a node φvt with indicator φt(Xv) = [Xv = t] for each value t ∈ Xv of each variable Xv ∈ X;

(ii) a (leaf) node ai with value ψi(ci) and a product node ci for each value ci ∈ XCi
of each cluster

Ci;
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(iii) a sum node sij for each value sij ∈ XSij
of each separator Sij; and

(iv) a single root sum node s.

A product node cj and a sum node sij are compatible iff their corresponding values are compatible;

i.e., cj ∼ sij . The nodes are connected as follows. The children of the root s are all product nodes cr
for r the root of T . The children of product node cj are all compatible sum nodes sij for each child i

of j, the constant node aj with value ψj(cj), and all indicator nodes φvt such that Xv ∈ Cj , t ∼ cj ,

and Xv /∈ Ck for k any node closer to the root of T than j. The children of sum node sij are the

compatible product nodes ci of child i of j connected by separator Sij .

If S is a tree-like SPF with junction tree (T,Q), then it is not difficult to see both that S is

decomposable, since the indicators for each variable all appear at the same level, and that

each sum node sjk computes

Ssjk(Sjk) =
⊕

(c∈XCj
)∼sjk

ψj(c)⊗ [Cj = c]⊗
( ⊗
i∈Ch(j)

Ssij(cSij
)

) ,

where the indicator children of cj have been combined into [Cj = c], Ch(j) are the children

of j, and i, j, k ∈ T with j the child of k. Further, S(x) =
⊗

i∈T ψi(xCi
) for any x ∈ X .

Thus, tree-like SPFs provide a method for decomposing an SPF. For a tree-like SPF to be

compatible with an SPF F , it cannot assert independencies that do not hold in F .

Definition 3.6. LetF (U) be an SPF over variablesUwith pairwise-disjoint subsetsX,Y,W ⊆ U.

Then X and Y are conditionally independent in F given W iff F (X,Y,w) = F (X,w) ⊗

F (Y,w) for all w ∈ W , where F (X) =
⊕
Y F (X,Y) for {X,Y} a partition of U.

Similarly, a junction tree T = (T,Q) is incompatible with F if it asserts independencies

that are not in F , where variables X and Y are conditionally independent in T givenW

ifW separates X from Y . A set of variablesW separates X and Y in T iff after removing

all vertices {i ∈ T : Ci ⊆W} from T there is no pair of vertices i, j ∈ T such that X ∈ Ci,

Y ∈ Cj , and i, j are connected.
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Inference complexity is commonly parameterized by treewidth, defined for a junction

tree T = (T,Q) as the size of the largest cluster minus one; i.e., tw(T ) = maxi∈T |Ci|−1. The

treewidth tw(S) of an SPF S is the minimum treewidth over all junction trees compatible

with S. Notice that these definitions of junction tree and treewidth reduce to the standard

ones [69]. If the treewidth of S is bounded (i.e., there exists some fixed constant 0 < k <∞

such that tw(S) ≤ k) then inference in S is efficient because there must exist a compatible

tree-like SPF that has bounded treewidth. Note that the trivial junction tree with only a

single cluster is compatible with every SPF.

Corollary 3.1. Every SPF with bounded treewidth can be summed in time linear in the cardinality

of its scope.

Proof. Let X = (X1, . . . , Xn), let (R,⊕,⊗, 0, 1) be a commutative semiring, and let F (X)

be an SPF with bounded treewidth, such that tw(F ) = a for a some fixed constant where

0 < a < ∞. Let S(X) be a tree-like SPF that is compatible with F and has junction tree

T = (T,Q) with treewidth tw(T ) = a. The size of the largest cluster in T is α = a+ 1. Let

m = |Q| ≤ n and d = |Xv| for all Xv ∈ X. Further, other than the root s ∈ S, there is a one-

to-one correspondence between separator instantiations sij ∈ XSij
and sum nodes sij ∈ S,

and between cluster instantiations cj ∈ XCj
and product nodes cj ∈ S. Now, the number

of edges in S can be obtained by counting the edges that correspond to each edge in T and

summing over all edges in T , as follows. By construction, each edge (j, k) ∈ T corresponds

to the product nodes {ck}; their children, which are the leaf nodes (indicators and constants)

and the sum nodes {sjk}; and the children of {sjk}, which are the product nodes {cj}. By

definition, the {cj} have only a single parent, so there are |XCj
|≤ dα edges between {sjk}

and {cj}. Further, each ck has only |Ck|+1 leaf node children and |Ch(k)| sumnode children,

so there are |XCk
|(|Ck|+1)(|Ch(k)|) ≤ dα(α + 1)(|Ch(k)|) edges between {ck} and {sjk}. In

addition, there are also XCr = dα edges between the root s ∈ S and the product nodes cr.

Thus, sinceT is a treewithm−1 edges, size(S) ≤ dα+
∑

(j,k)∈T 2dα(α+1)(|Ch(k)|) = O(mdα),

which is O(n). Since S is decomposable and has size O(n), then, from the sum-product
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theorem, S can be summed in time O(n). Furthermore, S is compatible with F , so F can

be summed in time O(n), and the claim follows.

For any SPF, tree-like SPFs are just one type of compatible SPF, one with size exponential

in treewidth; however, there are many other compatible SPFs. In fact, there can be

compatible (decomposable) SPFs that are exponentially smaller than any compatible

tree-like SPF.

Corollary 3.2. In every semiring, not every SPF that can be summed in time linear in the cardinality

of its scope has bounded treewidth.

Proof. By counterexample. LetX = (X1, . . . , Xn)be avector of variables, let (R,⊕,⊗, 0, 1)be

a commutative semiring, and let k = |Xi| for allXi ∈ X. The SPFF (X) =
⊕r

j=1

⊗n
i=1 ψji(Xi)

can be summed in time linear in n because F is decomposable and has size r(n + 1). At

the same time, F (X) has treewidth n− 1 (i.e., unbounded) because there are no pairwise-

disjoint subsetsA,B,C ⊆ Xwith domains XA,XB,XC such thatA andB are conditionally

independent in F given C, and thus the smallest junction tree compatible with F (X) is a

complete clique over X. This can be seen as follows. Without loss of generality, let A ∪B

be the firstm variables inX, such that A ∪B = (X1, . . . , Xm). For any c ∈ XC ,

F (A,B, c) ∝
r⊕
j=1

⊗
i :Xi∈A∪B

ψji(Xi)

=
(
ψ11(X1)⊗ · · · ⊗ ψ1m(Xm)

)
⊕ . . . ⊕

(
ψr1(X1)⊗ · · · ⊗ ψrm(Xm)

)
.

For F (A,B, c) to factor, the terms in the right-hand side must have common factors;

however, in general, each ψji is different, so there are no such factors. Thus, F (A,B, c) 6=

F (A, c)⊗ F (B, c) for all c ∈ XC , and there are no conditional independencies in F .

Given existing work on tractable high-treewidth inference, it is perhaps surprising that

the above results do not exist in the literature at this level of generality. Most relevant

is the preliminary work of Kimmig et al. [72], which proposes a semiring generalization
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of arithmetic circuits for knowledge compilation and does not address learning. Their

main results show that summation of circuits that are both decomposable and either

deterministic or based on an idempotent sum takes time linear in their size, whereas I show

that decomposability alone is sufficient, a much weaker condition. In fact, over the same set

of variables, deterministic circuits may be exponentially larger and are never smaller than

non-deterministic circuits [31, 72]. Note that while decomposable circuits can be made

deterministic by introducing hidden variables, this does not imply that these properties

are equivalent.

Even when restricted to specific semirings, such as those for logical and probabilistic

inference (e.g., Darwiche [33, 35], Poon and Domingos [114]), some of the following corol-

laries have not previously been shown formally, although some have been foreshadowed

informally. Further, existing semiring-specific results (discussed in later sections) do not

make it clear that the semiring properties are all that is required for tractable high-treewidth

inference. The results presented in this dissertation are thus simpler and more general. Fur-

ther, the sum-product theorem provides the basis for novel general algorithms for inference

in arbitrary SPFs (Section 3.3) and for learning tractable high-treewidth representations

(i.e., decomposable SPFs) in any semiring (Section 3.4).

3.2.1 Complexity of Summation for Decomposable SPFs

Let S(X) be a decomposable SPF with size |S| on commutative semiring (R,⊕,⊗, 0, 1), let

d = |Xi| for all Xi ∈ XwhereX = (X1, . . . , Xn), and let the cost of a⊕ b and a⊗ b for any

elements a, b ∈ R be c. Further, let e denote the complexity of evaluating any unary leaf

function φj(Xi) in S and let k = maxv∈Ssum,j∈Ch(v)|Xv\Xj|< n, where Ssum, Sprod, and Sleaf

are the sum, product, and leaf nodes in S, respectively, and Ch(v) are the children of v.

Then the complexity of computing
⊕

x∈X S(x) is |S|c+ |Sleaf|d(e+ c) + |Ssum|(c+ kdc).

For certain simple SPFs that have very little internal structure and many input variables,

the worst case complexity of summing S can be quadratic in |S| and occurs in the rare and

restrictive case where k = O(n) = O(|S|), due to the
⊕
Xv\i

1 term at each sum node (see
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proof of Theorem 3.1). However, in any semiring with an idempotent sum (i.e., a⊕ a = a

for every a ∈ R) such as the min-sum or max-product semirings, this term is always

equal to 1 and thus no computation is necessary. Alternatively, if the semiring supports

multiplication and division, as the sum-product semiring does, then this complexity can

be reduced by first computing the product over all variables and then dividing out as

needed. If the semiring has neither of these properties, then the identity summations can

still be computed with a single preprocessing pass through the SPF since they are constants

and independent of the input variables. For all semirings studied in this dissertation, this

quadratic cost does not occur, but I include it for completeness.

3.3 Inference in Non-Decomposable SPFs

Inference in arbitrary SPFs can be performed in a variety of ways, some more efficient than

others. I present an algorithm for summing an SPF that adapts to the structure of the SPF and

can thus take exponentially less time than constructing and summing a compatible tree-like

SPF [8], which instead imposes a uniform decomposition structure. SPF S with root node r

is summed by calling SumSPF(r), for which pseudocode is shown inAlgorithm 1. SumSPF is

a simple recursive algorithm for summing an SPF (note the similarity between its structure

and the proof of the sum-product theorem). If S is decomposable, then SumSPF simply

recurses to the bottomofS, sums the leaf functions, and evaluatesS in anupwardpass. IfS is

not decomposable, SumSPF decomposes each product node it encounters while summing S.

Decomposition can be achieved in many different ways, but I propose here a method

that is based on a common algorithmic pattern that already occurs in many of the inference

problems I consider, resulting in a general semiring-independent algorithm for summing

any SPF. Decompose, shown in Algorithm 2, chooses a variable Xt that appears in the

scope of multiple of v’s children; creates |Xt| partially assigned and simplified copies Svi of

the sub-SPF Sv for Xt assigned to each value xi ∈ Xt; multiplies each Svi by an indicator to

ensure that only one is ever non-zero when S is evaluated; and then replaces v with a sum

over {Svi}. Any node u ∈ Sv that does not have Xt in its scope is re-used across each Svi ,
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Algorithm 1 Sum an SPF.
Input: node v, the root of the sub-SPF Sv(Xv)

Output: sum, which is equal to
⊕

v∈Xv
Sv(v)

1: function SumSPF(v)
2: if 〈v, sum〉 in cache then return sum
3: if v is a sum node then // Xv\c = Xv\Xc

4: sum←
⊕

c∈Ch(v) SumSPF(c)⊗
⊕
Xv\c

1

5: else if v is a product node then
6: if v is decomposable then
7: sum←

⊗
c∈Ch(v) SumSPF(c)

8: else

9: sum← SumSPF( Decompose(v) )
10: else // v is a leaf with constant a or function φv
11: if v is a constant with value a then
12: sum← a

13: else

14: sum←
⊕

xj∈Xj
φv(xj)

15: cache 〈v, sum〉
16: return sum

which can drastically limit the amount of duplication that occurs. Furthermore, each Svi
is simplified by removing any nodes that became 0 when setting Xt = xi. Variables are

chosen heuristically; a good heuristic minimizes the amount of duplication that occurs.

Similarly, SumSPF heuristically orders the children in lines 4 and 7. A good ordering will

first evaluate children that may return an absorbing value (e.g., 0 for ⊗) because SumSPF

can break out of these lines if this occurs.

In general, decomposing an SPF is hard, and the resulting decomposed SPF may be

exponentially larger than the input SPF, although good heuristics can often avoid this.

Many extensions to SumSPF are also possible, some of which I detail in later sections. In

particular, the nonconvex optimization algorithm RDIS that I present in Chapter 4 is an

extension of SumSPF for nonconvex optimization. Details about SumSPF for nonconvex

optimization are presented in Section 3.5.4. Understanding inference in non-decomposable
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Algorithm 2 Decompose a product node.
Input: product node v, with children {c}
Output: node s, such that its children are decomposable with respect to Xt and Ss, Sv are

compatible
1: function Decompose(v)
2: Xt← choose var. that appears in multipleXc

3: Xv\t←Xv\{Xt}
4: s← create new sum node
5: for all xi ∈ Xt do
6: create simplified Svi(Xv\t)← Sv(Xv\t, xi)

7: set vi as child of s // vi is the root of Svi

8: set f(Xt) = [Xt = xi] as child of vi
9: set s as a child of each of v’s parents
10: remove v and all edges containing v
11: return s

SPFs is important for future work on extending SPF learning to even more challenging

classes of functions, particularly those without obvious decomposability structure.

3.4 Learning Tractable Representations

Instead of performing inference in an intractable model, it can often be simpler to learn a

tractable representation directly from data (e.g., Bach and Jordan [9], Gens and Domingos

[48]). The general problem I consider here is that of learning a decomposable SPFS : X → R

on a semiring (R,⊕,⊗, 0, 1) from a set of i.i.d. instances T = {(x(i), y(i))} drawn from a

fixed distribution DX×R, where y(i) =
⊕
Z F (x(i),Z), F is some (unknown) SPF, and Z

is a (possibly empty) set of unobserved variables or parameters with domain Z , such

that S(x(i)) ≈ y(i), for all i. After learning,
⊕
X S(X) can be computed efficiently. In

the sum-product semiring, this corresponds to summation (or integration), for which

estimation of a joint probability distribution overX is a special case.

For certain problems, such as constraint satisfaction or MPE inference, the desired

quantity is the argument of the sum. This can be recovered (if meaningful in the current
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semiring) from an SPF by a single downward pass that recursively selects all children of a

product node and the (or a) active child of a sum node (e.g., the child with the smallest

value if minimizing). Learning for this domain corresponds to a generalization of learning

for structured prediction [139]. Formally, the problem is to learn an SPF S from instances

T = {(x(i),y(i))}, where y(i) = arg⊕y∈Y F (x(i),y), such that arg⊕y∈Y S(x(i),y) ≈ y(i), for

all i. Here, x(i) can be an arbitrarily structured input and inference is over the variables

Y. Both of the above learning problems can be solved by the algorithm schema I present,

with minor differences in the subroutines. I focus here on the former but discuss the latter

below, alongside experiments on learning nonconvex functions that, by construction, can

be efficiently optimized.

As shown by the sum-product theorem, the key to tractable inference is to identify the

decomposability structure of an SPF. The difficulty, however, is that in general this structure

varies throughout the space. For example, as a protein folds there exist conformations of the

protein in which two particular amino acids are energetically independent (decomposable),

and other conformations in which these amino acids directly interact, but in which other

amino acids may no longer interact. This suggests a simple algorithm, which I call

LearnSPF (shown in Algorithm 3), that first tries to identify a decomposable partition of

the variables and, if successful, recurses on each subset of variables in order to find finer-

grained decomposability. Otherwise, LearnSPF clusters the training instances, grouping

those with analogous decomposition structure, and recurses on each cluster. Once either

the set of variables is small enough to be summed over (in practice, unary leaf nodes are

rarely necessary) or the number of instances is too small to contain meaningful statistical

information, LearnSPF simply estimates an SPF S(X) such that S(x(i)) ≈ y(i) for all i in

the current set of instances. LearnSPF is a generalization of LearnSPN [48], a simple but

effective SPN structure learning algorithm.

LearnSPF is actually an algorithm schema that can be instantiated with different

variable partitioning, clustering, and leaf creation subroutines for different semirings

and problems. To successfully decompose the variables, LearnSPF must find a partition
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Algorithm 3 Learn a decomposable SPF from data.

Input: a dataset T = {(x(i), y(i))} over variablesX
Input: integer thresholds t, v > 0

Output: S(X), an SPF over the input variablesX
1: function LearnSPF(T,X)
2: if |T |≤ t or |X|≤ v then

3: estimate S(X) such that S(x(i)) ≈ y(i) for all i
4: else

5: decomposeX into disjoint subsets {Xi}
6: if |{Xi}|> 1 then

7: S(X)←
⊗

i LearnSPF(T,Xi)
8: else

9: cluster T into subsets of similar instances {Tj}
10: S(X)←

⊕
j LearnSPF(Tj,X)

11: return S(X)

{X1,X2} of the variablesX such that
⊕
X S(X) ≈ (

⊕
X1
S1(X1))⊗ (

⊕
X2
S2(X2)). I refer to

this as approximate decomposability and discuss it further in Section 4.2.1. In probabilistic

inference, mutual information or pairwise independence tests can be used to determine

decomposability [48]. For my experiments, decomposable partitions correspond to the

connected components of a graph over the variables in which correlated variables are

connected. Instances can be clustered by virtually any clustering algorithm, such as a naive

Bayes mixture model or k-means, which I use in my experiments. Instances can also be

split by conditioning on specific values of the variables, as in SumSPF or in a decision tree.

Similarly, leaf functions can be estimated using any appropriate learning algorithm, such

as linear regression or kernel density estimation.

In Section 3.6, I present preliminary experiments on learning nonconvex functions

that can be globally optimized in polynomial time. However, this is just one particular

application of LearnSPF, which can be used to learn a tractable representation for any

problem that consists of summation over a semiring. In the following section, I briefly

discuss common inference problems that correspond to summing an SPF on a specific
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semiring. For each, I demonstrate the benefit of the sum-product theorem, relate its core

algorithms to SumSPF, and specify the problem solved by LearnSPF. Table 3.1 provides a

summary of some of the relevant inference problems.

3.5 Applications to Specific Semirings

3.5.1 Logical Inference

Consider the Boolean semiring B = (B,∨,∧, 0, 1), where B = {0, 1}, ∨ is logical disjunction

(OR), and ∧ is logical conjunction (AND). If each variable is Boolean and leaf functions

are literals (i.e., each φl(Xj) is Xj or ¬Xj , where ¬ is logical negation), then SPFs on B

correspond exactly to negation normal form (NNF), a DAG-based representation of a

propositional formula (sentence) [11]. An NNF can be exponentially smaller than the same

sentence in a standard (flat) representation such as conjunctive or disjunctive normal form

(CNF or DNF), and is never larger [31]. Summation of an NNF F (X) on B is
∨
X F (X),

which corresponds to propositional satisfiability (SAT): the problem of determining if there

exists a satisfying assignment for F . Thus, the tractability of SAT for decomposable NNFs

follows directly from the sum-product theorem.

Corollary 3.3 (Darwiche [33]). The satisfiability of a decomposable NNF is decidable in time

linear in its size.

Satisfiability of an arbitrary NNF can be determined either by decomposing the NNF or

by expanding it to a CNF and using a SAT solver. DPLL [37], the standard algorithm for

solving SAT, is an instance of SumSPF (see also Huang and Darwiche [63]). Specifically,

DPLL is a recursive algorithm that at each level chooses a variable X ∈ X for CNF F (X)

and computes F = F |X=0∨F |X=1 by recursing on each disjunct, where F |X=x is F with X

assigned value x. Thus, each level of recursion of DPLL corresponds to a call to Decompose.
Learning in the Boolean semiring is a well-studied area that includes problems from

learning Boolean circuits [67] (of which decomposable SPFs are a restricted subclass, known

as syntactically multilinear circuits) to learning sets of rules [117]. However, learned rule
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sets are typically encoded in large CNF knowledge bases, making reasoning over them

intractable. In contrast, decomposable NNF is a tractable but expressive formalism for

knowledge representation that supports a rich class of polynomial-time logical operations,

including SAT [33]. Thus, LearnSPF in this semiring provides a method for learning large,

complex knowledge bases that are encoded in decomposable NNF and therefore support

efficient querying, which could greatly benefit existing rule learning systems.

Model Counting

Model counting (#SAT) is the problem of computing the number of satisfying assignments

of a Boolean formula. The model count of an NNF F can be obtained by translating it from

the Boolean semiring to the counting sum-product semiring P = (N,+,×, 0, 1) (R+ is used

instead for weighted #SAT), and then summing it.

Definition 3.7. Translating an SPF from semiring (R,⊕,⊗, 0, 1) to semiring (R′,�,�, 0′, 1′)

with R ⊆ R′, involves replacing each ⊕ node with a � node, each ⊗ node with a � node, and each

leaf function that returns 0 or 1 with one that returns 0′ or 1′, respectively.

However, simply summing the translated function F ′ may compute an incorrect model

count because the same satisfying assignment may be counted multiple times; this occurs

when the idempotence (a semiring R is idempotent if a ⊕ a = a for a ∈ R) of the two

semirings differs, i.e., when semiring R is idempotent and R′ is not, and vice versa. If

exactly one of the two semirings is idempotent, F must be deterministic to ensure that

summing F ′ gives the correct model count.

Definition 3.8. An OR node is deterministic iff the supports of its children are disjoint. An NNF

is deterministic iff all of its OR nodes are deterministic.

The support of a function G(X) is the set of points S ⊆ X such that G(x) 6= 0 for all

x ∈ S. If F is deterministic and decomposable, then it follows from the sum-product

theorem that its model count can be computed efficiently.
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Corollary 3.4 (Darwiche [32]). The model count of a deterministic, decomposable NNF can be

computed in time linear in its size.

Proof. Let F (X) be a deterministic, decomposable NNF and F ′(X) be F translated to the

sum-product semiring. Clearly, F and F ′ have equal size and F ′ is deterministic and

decomposable. Thus, from the sum-product theorem,
∑
X F

′(X) takes time linear in the

size of F . Let v be a node in F and v′ its corresponding node in F ′. It remains to show that∑
X F

′
v(X) = #SAT(Fv(X)) for all v, v′, which I do by induction. The base case with v a leaf

node holds trivially. For the induction step, assume that
∑
Xi
F ′i (Xi) = #SAT(Fi(Xi)) for

each child ci ∈ Ch(v) (resp. c′i ∈ Ch(v′)). If v is anANDnode then v′ is amultiplication node

and #SAT(Fv(X)) = #SAT(
∧
ci
Fi(xi)) =

∏
ci

#SAT(Fi(xi)) =
∑
X F

′
v(X), because v and v′

are decomposable. If v is an OR node then v′ is an addition node and #SAT(Fv(X)) =

#SAT(
∨
ci
Fi(xi)) =

∑
ci

#SAT(Fi(xi)) =
∑
X F

′
v(X), because v is deterministic, so its

children are logically disjoint.

Most algorithms for #SAT (e.g., Relsat [12]), Cachet [126], #DPLL [8]) are also instances

of SumSPF, since they extend DPLL by, at each level of recursion, decomposing the

CNF into independent components (i.e., no variable appears in multiple components),

solving these separately, and caching the model count of each component. Component

decomposition corresponds to a decomposable product node in SumSPF and component

caching corresponds to connecting a sub-SPF to multiple parents. Notice that the sum

nodes created by Decompose are deterministic.

The Maximum Satisfiability Problem (MAX-SAT)

MAX-SAT is the problem of computing the maximum number of satisfiable clauses of a

CNF, over all assignments. It can be generalized to NNFs as follows.

Definition 3.9. Let F (X) be an NNF and x ∈ X an assignment. The SAT number (SN) of a

literal φ(Xj) ∈ F is 1 if φ(xj) is true and 0 otherwise. The SN of an AND node is the sum of the

SNs of its children. The SN of an OR node is the max of the SNs of its children.
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MAX-SAT of an NNF F (X) is the problem of computing the maximum SAT number

of the root of F over all assignments x ∈ X . If F is a CNF, then this reduces to standard

MAX-SAT. MAX-SAT of F can be solved by translating F to the max-sum semiring

M = (N−∞,max,+,−∞, 0) (where R+,−∞ is used for weighted MAX-SAT), and then

summing it. Clearly, F ′ is an SPF onM, i.e., a max-sum network. The corollary below

follows immediately from the sum-product theorem.

Corollary 3.5 (Darwiche [33]). MAX-SAT of a decomposable NNF can be computed in time

linear in its size.

MAX-SAT of an arbitrary NNF (or CNF) can be computed by first translating it toM

and then calling SumSPF, which can be extended to perform branch and bound (BnB) [86]

when traversing the SPF. This allows SumSPF to prune sub-SPFs that are not relevant to the

final solution, which can greatly reduce the search space. With this addition, DPLL-based

BnB solvers for MAX-SAT (e.g., Heras et al. [59] and references therein) are instances of

SumSPF. Most relevant, however, is the MPE-SAT algorithm of Sang et al. [128], since both

it and SumSPF use decomposition and caching to improve their efficiency.

3.5.2 Constraint Satisfaction

A constraint satisfaction problem (CSP) consists of a set of constraints {Ci} on variables X,

where each constraint Ci(Xi) specifies the satisfying assignments to its variablesXi ⊆ X.

Solving a CSP consists of finding an assignment to X that satisfies each constraint. When

constraints are functions Ci : Xi → B that are 1 when Ci is satisfied and 0 otherwise, then

F (X) =
∧
i

Ci(Xi)

=
∧
i

∨
xi∈Xi

(Ci(xi) ∧ [Xi = xi])

=
∧
i

∨
xi∈Xi

(
Ci(xi) ∧

∧
Xt∈Xi

[Xt = xit]

)
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is a CSP and F is an SPF on the Boolean semiring B, i.e., an OR-AND network (OAN), a

generalization of NNF, and a decomposable CSP is one with a decomposable OAN. Solving

F corresponds to computing
∨
X F (X), which is summation on B (see also Bistarelli et al.

[17], Chang and Mackworth [26], Rollon et al. [118]). The solution for F can be recovered

with a downward pass that recursively selects the (or a) non-zero child of an OR node, and

all children of an AND node. Corollary 3.6 follows immediately.

Corollary 3.6. Every decomposable CSP can be solved in time linear in its size.

Thus, for inference to be efficient it suffices that the CSP be expressible by a tractably-

sized decomposable OAN; a much weaker condition than that of low treewidth. Like

DPLL, backtracking-based search algorithms [83] for CSPs are also instances of SumSPF

(see also Mateescu and Dechter [100]). Further, SPFs on a number of other semirings

correspond to various extensions of CSPs, including fuzzy, probabilistic, and weighted

CSPs (see Table 3.1 and Bistarelli et al. [17]).

LearnSPF for CSPs addresses a variant of structured prediction [139]; specifically, learn-

ing a function F : X → B such that arg
∨

y F (x(i),y) ≈ y(i) for training data {(x(i),y(i))},

where x(i) is a structured object representing a CSP and y(i) is its solution. LearnSPF

solves this problem while guaranteeing that the learned CSP remains tractable. This is

a much simpler and more attractive approach than existing constraint learning methods

such as Lallouet et al. [84], which uses inductive logic programming and has no tractability

guarantees.

3.5.3 Probabilistic Inference

Recall that many probability distributions can be compactly represented as graphical

models: P (X) = 1
Z

∏
i ψi(Xi), where ψi is a potential over variablesXi ⊆ X and Z is known

as the partition function [111]. One of themain inference problems in graphical models is to

compute the probability of evidence e ∈ XE for variablesXE ⊆ X, P (e) =
∑
XE
P (e,XE),

where XE = X\XE . The partition function Z is the unnormalized probability of empty
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evidence (XE = ∅). Unfortunately, computing Z or P (e) is generally intractable. Building

on a number of earlier works [8, 35, 40], Poon and Domingos [114] introduced sum-product

networks (SPNs), a class of distributions inwhich inference is guaranteed to be tractable. An

SPN is an SPF on the non-negative real sum-product semiring (R+,+,×, 0, 1). A graphical

model is a flat SPN, in the same way that a CNF is a flat NNF [31]. For an SPN S, the

unnormalized probability of evidence e ∈ XE for variablesXE is computed by replacing

each leaf function φl ∈ {φl(Xj) ∈ S : Xj ∈ XE} with the constant φl(ej) and summing the

SPN. The corollary below follows immediately from the sum-product theorem.

Corollary 3.7. The probability of evidence in a decomposable SPN can be computed in time linear

in its size.

A similar result (shown below) for finding the most probable state of the non-evidence

variables also follows from the sum-product theorem. One important consequence of the

sum-product theorem is that decomposability is the sole condition required for an SPN

to be tractable; previously, completeness was also required [48, 114]. This expands the

range of tractable SPNs and simplifies the design of tractable representations based on

them, such as tractable probabilistic knowledge bases [42] and submodular field grammars

(Chapter 5).

Most existing algorithms for inference in graphical models correspond to different

methods of decomposing a flat SPN, and can be loosely clustered into tree-based, condi-

tioning, and compilation methods, all of which SumSPF generalizes. Tree-based methods

include junction-tree clustering [85] and variable elimination [39], which correspond

(explicitly and implicitly, respectively) to constructing a junction tree and then summing its

corresponding tree-like SPN. Conditioning algorithms such as recursive conditioning [34],

value elimination [7], AND/OR search [40], and #DPLL [8] traverse the space of partial

assignments by recursively conditioning on variables and their values. These algorithms

vary in the flexibility of their variable ordering, decomposition, and caching (see Bacchus

et al. [8] for a comparison), but are all instances of SumSPF, which can use a fully-dynamic
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variable ordering, as value elimination can and #DPLL does, or a fixed ordering, as in

variants of recursive conditioning and AND/OR search. Decomposition and caching

correspond to decomposable product nodes and connecting sub-SPNs to multiple parents,

respectively, in SumSPF. Thirdly, inference in graphical models can be performed by

compilation to an arithmetic circuit (AC) [35]. In discrete domains, Rooshenas and Lowd

[119] showed that SPNs and ACs are equivalent, but that SPNs are always smaller or equal

in size. In continuous domains, however, it is unlikely that even this relationship exists,

because an AC would require an infinite number of indicator functions. Furthermore,

existing compilation methods require first encoding the graphical model in very restrictive

languages (such as CNF or SDDs), which canmake them exponentially slower than SumSPF.

Finally, no tractability properties have been established for ACs so there is no guarantee

before compiling that inference will be tractable.

LearnSPF for SPNs corresponds to learning a probability distribution from a set of

samples {(x(i), y(i))}. Note that y(i) in this case is defined implicitly by the empirical

frequency of x(i) in the dataset. Learning the parameters and structure of SPNs is a

fast-growing area of research (e.g., Adel et al. [2], Gens and Domingos [48], Peharz et al.

[112], Rooshenas and Lowd [119]), and I refer readers to these references for more details.

Most-Probable Explanation (MPE)

Beyond computing the probability of evidence, another important probabilistic inference

problem is finding the most probable or MPE state of the non-evidence variables of P (X)

given the evidence: arg maxXE
P (e,XE) for evidence e ∈ XE whereXE = X\XE . The MPE

value (maximum probability of any state) of an SPN S can be computed by translating S to

the non-negativemax-product semiring (R+,max,×, 0, 1) andmaximizing the resulting SPF

S ′. TheMPE state can then be recovered by a downward pass in S ′, recursively selecting the

(or a) highest-valued child of eachmax node and all children of each product node [114]. As

when translating anNNF for model counting, an SPNmust be selective [112] (the SPN equiv-

alent of deterministic) for summation in the max-product semiring to give the correct MPE.
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Corollary 3.8. The MPE state of a selective, decomposable SPN can be found in time linear in its

size.

Proof. Let S(X) be a selective, decomposable SPN and S ′(X) be its max-product version,

which has the same size and is also selective and decomposable. For clarity, I assume

that there is no evidence, as it is trivial to incorporate. From the sum-product theorem,

maxX S
′(X) takes time linear in the size of S. Let v be a node in S and v′ its corresponding

node in S ′. It remains to show that maxX S
′
v(X) = maxX S(X) for all v, v′, which I do by

induction on v. The base case with v a leaf holds trivially because v and v′ are identical.

For the induction step, assume that maxXi
S ′i(Xi) = maxXi

Si(Xi) for each child ci ∈ Ch(v)

(resp. c′i ∈ Ch(v′)). If v is a product node then so is v′ and maxX S
′
v(X) = maxX Sv(X). If v

is a sum node then v′ is a max node and

max
X

S(X) = max
x∈X

∑
ci

Si(xi)

= max
x∈X

{
max
ci

Si(xi)

}
= max

ci

{
max
xi∈Xi

Si(xi)

}
= max

X
S ′(X),

where the second equality occurs because v is selective. After summing S ′, the MPE state

is recovered by a downward pass in S ′, which takes linear time.

A sum node in an SPN can be viewed as the result of summing out an implicit hidden

variable Yv, whose values Yv = {yc}c∈Ch(v) correspond to Ch(v), the children of v [114].

It is often of interest to find the MPE state of both the hidden and observed variables.

This can be done in linear time and requires only that the SPN be decomposable, because

making each Yv explicit by multiplying each child c of v by the indicator [Yv = yc] makes

the resulting SPN S(X,Y) selective.
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3.5.4 Integration and Optimization

SPFs can be generalized to continuous (real) domains, where each variable Xi has domain

Xi ⊆ R and the semiring set is a subset of R∞. For the sum-product theorem to hold, the

only additional conditions are that (C1)
⊕

Xj
φl(Xj) is computable in constant time for all

leaf functions, and (C2)
⊕
Xv\c

1 6=∞ for all sum nodes v ∈ S and all children c ∈ Ch(v),

where Xv\c is the domain ofXv\c = Xv\Xc.

Integration

In the non-negative real sum-product semiring (R+,+,×, 0, 1), summation of an SPF with

continuous variables corresponds to integration over X . Accordingly, I generalize SPFs as

follows. Let µ1, . . . , µn be measures over X1, . . . ,Xn, respectively, where each leaf function

φl : Xj → R+ is integrable with respect to µj , which satisfies (C1). Summation (integration)

of an SPF S(X) then corresponds to computing
∫
X S(X)dµ =

∫
X1
· · ·
∫
Xn
S(X)dµ1 · · · dµn.

For (C2),
⊕
Xv\c

1 =
∫
Xv\c

1 dµv\c must be integrable for all sum nodes v ∈ S and all children

c ∈ Ch(v), where dµv\c =
∏
{j:Xj∈Xv\c} dµj . I thus assume that either µv\c has finite support

over Xv\c or thatXv\c = ∅. Corollary 3.9 follows immediately.

Corollary 3.9. Every decomposable SPF of real variables can be integrated in time linear in its size.

Thus, decomposable SPFs define a class of functions for which exact integration is

tractable. SumSPF defines a novel algorithm for (approximate) integration that is based on

recursive problem decomposition, and can be exponentially more efficient than standard

integration algorithms such as trapezoidal or Monte Carlo methods [115] because it

dynamically decomposes the problem at each recursion level and caches intermediate

computations. For non-decomposable SPFs, Decompose must be altered to select only

a finite number of values and then use the trapezoidal rule for approximate integration.

Values can be chosen using grid search and if S is Lipschitz continuous the grid spacing

can be set such that the error incurred by the approximation is bounded by a pre-

specified amount. This can significantly reduce the number of values explored in SumSPF



37

if combined with approximate decomposability (Section 3.4), since SumSPF can treat

some non-decomposable product nodes as decomposable, avoiding the expensive call to

Decompose while incurring only a bounded integration error.

In this semiring, LearnSPF learns a decomposable continuous SPF S : X → R+ on

samples {(x(i), y(i) = F (x(i)))} from an SPF F : X → R+, where S can be integrated

efficiently over the domain X . Thus, LearnSPF provides a novel method for learning

complex functions that are easily integrable. This could be very beneficial if used to learn

the partition function of a continuous probability distribution, for example.

Nonconvex optimization

Summing a continuous SPF in one of the min-sum, min-product, max-sum, or max-product

semirings corresponds to optimizing a (potentially nonconvex) continuous objective

function. My results hold for all of these, but I focus here on the real min-sum semiring

(R∞,min,+,∞, 0), where summation of a min-sum function (MSF) F (X) corresponds to

computing minX F (X). A flat MSF is simply a sum of terms. To satisfy (C1), I assume that

minxj∈Xj
φl(xj) is computable in constant time for all φl ∈ F . (C2) is trivially satisfied for

min. The corollary below follows immediately.

Corollary 3.10. The global minimum of a decomposable MSF can be found in time linear in its

size.

Corollary 3.10 defines a novel class of functions that can be efficiently globally optimized.

SumSPF provides an outline for a general nonconvex optimization algorithm for sum-of-

terms (or product-of-factors) functions. The RDIS algorithm for nonconvex optimization –

presented in Chapter 4 and in Friesen and Domingos [44] – achieves exponential speedups

compared to other algorithms and is an instance of SumSPF where values are chosen via

multi-start gradient descent and variables in Decompose are chosen by graph partitioning.

For nonconvex optimization, LearnSPF solves a variant of structured prediction [139],

in which the variables to predict are continuous instead of discrete (e.g., protein folding,
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structure frommotion [44]). The training data is a set {(x(i),y(i))}, where x(i) is a structured

object representing a nonconvex function and y(i) is a vector of values specifying the

global minimum of that function. LearnSPF learns a function S : X × Y → R∞ such

that arg miny∈Y S(x(i),y) ≈ y(i), where the arg min can be computed efficiently because S is

decomposable. More detail is provided in Section 3.6, which presents experimental results

on using LearnSPF to learn an MSF.

3.5.5 Relational Inference

Let X be a finite set of constants and let Rk = X k be the complete relation1 of arity k on

X , i.e., the set of all tuples in X k, where X k is the Cartesian product of X with itself k − 1

times. The universe of relations with arity up tom is Um = 1R ∪
⋃m
i=1 2R

i , where 2R
k is the

power set of Rk and 1R is the (identity) relation containing the empty tuple. Since union

distributes over join, and both are associative and commutative, R = (Um,∪, ./,∅,1R)

is a semiring over relations, where ./ is natural join and ∅ is the empty set (recall that

R = R ./ 1R for any relation R). Given an extensional database R = {Ri} containing

relations Ri of arity up to m, an SPF on R, referred to as a union-join network (UJN), is

a query on R. In a UJN Q, each Ri ∈ R is composed of a union of joins of unary tuples,

such that Ri =
⋃
〈c1,...,cr〉∈Ri

./rj=1cj , where the leaves of Q are the unary tuples cj . The Ri

are then combined with unions and joins to form the full UJN (query). A UJN Q(X) over

query variables X = (X1, . . . , Xn) defines an intensional output relation Qans =
⋃
Xn Q(X).

Clearly, computing Qans corresponds to summation in R. Let nQJ denote the maximum

number of variables involved in a particular join over all joins in Q. The corollary below

follows immediately, since a decomposable join is a Cartesian product.

Corollary 3.11. Qans of a decomposable UJN Q can be computed in time linear in the size of Q if

nQJ is bounded.

Note that nQJ can be smaller than the treewidth of Q, since Q composes the final output

1A relation is a set of tuples; see Abiteboul et al. [1] for details on relational databases.
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relation from many small relations (starting with unary tuples) via a relational form of

determinism. Since the size of a UJN depends both on the input relations and the query,

this is a statement about the combined complexity of queries defined by UJNs.

Regarding expressivity, selection in a UJN can be implemented as a join with the

relation Pσ ∈ Um, which contains all tuples that satisfy the selection predicate σ. Projection

is not immediately supported by R, but since union distributes over projection, it is

straightforward to extend the results of Theorem 3.1 to allow UJNs to contain projection

nodes. UJNs with projection correspond to non-recursive Datalog queries (i.e., unions

of conjunctive queries), for which decomposable UJNs are a tractable subclass. Thus,

SumSPF defines a recursive algorithm for evaluating non-recursive Datalog queries and

the Generic-Join algorithm [107] – a recent join algorithm that achieves worst-case optimal

performance by recursing on individual tuples – is an instance of Decompose.

3.5.6 Relational Probabilistic Models

Another benefit of the sum-product theorem is that it enables a much simpler proof of the

tractability of tractable probabilistic knowledge bases (TPKB) [108, 146], a practical and

efficient representation that combines first-order logic and probability theory and is based

on tractable Markov logic [42]. I present this proof below.

A tractable probabilistic knowledge base (TPKB) is a set of class and object declarations

such that the classes form a forest and the objects form a tree of subparts when given the leaf

class of each object. A class declaration for a class C specifies the subparts Parts(C) = {Pi},

(weighted) subclasses Subs(C) = {Si}, attributes Atts(C) = {Ai}, and (weighted) relations

Rels(C) = {Ri}. The subparts of C are parts that every object of class C must have and

are specified by a name Pi, a class Ci, and a number ni of unique copies. A class C with

subclasses S1, . . . , Sj must belong to exactly one of these subclasses, where the weights wi
specify the distribution over subclasses. Every attribute has a domain Di and a weight

function ui : Di → R. Each relation Ri(. . . ) has the form Ri(Pa, . . . , Pz) where each of

Pa, . . . , Pz is a part of C. Relations specify what relationships may hold among the subparts.
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A weight vi on Ri defines the probability that the relation is true. A relation can also apply

to the object as a whole, instead of to its parts. Object declarations introduce evidence

by specifying an object’s subclass memberships, attribute values, and relations as well as

specifying the names and path of the object from the top object in the part decomposition.

A TPKB K is a DAG of objects and their properties (classes, attributes, and relations),

and a possible worldW is a subtree of the DAG with values for the attributes and relations.

The literals are the class membership, attribute, and relation atoms and their negations and

thus specify the subclasses of each object, the truth value of each relation, and the value of

each attribute. A single (root) top object (O0, C0) has all other objects as descendants. No

other objects are of top class C0. The unnormalized distribution φ over possible subworlds

W is defined recursively as φ(O, C,W) = 0 if ¬Is(O, C) ∈W or if a relation R of C is hard

and ¬R(O, . . . ) ∈W, and otherwise as

φ(O, C,W) =

 ∑
Si∈Subs(C)

ewiφ(O, Si,W)

×
 ∏

Pi∈Parts(C)

φ(O.Pi, Ci,W)

×
 ∏

Ai∈Atts(C)

α(O, Ai,W)

×
 ∏

Ri∈Rels(C)

ρ(O, Ri,W)

 , (3.1)

where α(O, Ai,W) = eui(D) if Ai(O, D) ∈W and ρ(O, Ri,W) = evi [Ri(. . . )] + [¬Ri(. . . )]. Note

that Parts(C) contains all subparts of C, including all duplicated parts. The probability

of a possible world W is 1
ZK
φ(O0, C0,W) where the sub-partition function for (O, C) is

ZKO,C =
∑

W∈W φ(O, C,W) and ZK = ZKO0,C0
.

By construction, φ(O0, C0,W) defines an SPN over the literals. With the sum-product

theorem in hand, it is possible to greatly simplify the two-page proof of tractability given

in Niepert and Domingos [108], as I show here. To prove that computing ZK is tractable it

suffices to show that equation (3.1) is decomposable or can be decomposed efficiently. I

first note that each of the four factors in equation (3.1) is decomposable, since the first is a

sum, the second is a product over the subparts of O and therefore its subfunctions have
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disjoint scopes, and the third and fourth are products over the attributes and relations,

respectively, and are decomposable because none of the α(·) or ρ(·) share variables. It only

remains to show that the factors can be decomposed with respect to each other without

increasing the size of the SPN. Let nO, nC , nr denote the number of object declarations, class

declarations, and relation rules, respectively. The SPN corresponding to φ(O0, C0,W) has

sizeO(nO(nC +nr)), since for each object (O, C) there are a constant number of edges for each

of its relations and subclasses. Similarly, K has size |K|= O(nO(nC + nr). Corollary 3.12

can now be proved.

Corollary 3.12 (Niepert andDomingos [108]). The partition function of a TPKB can be computed

in time linear in its size.

Proof. The only sources of non-decomposability in (3.1) are if an object (O, C) and one of

its subclasses (O, Sj) both contain (i) the same relation Ri(O, . . . ) or (ii) the same attribute

Ai(O, D). Note that they cannot contain the same part since two classes such that one is a

descendant of the other in the class hierarchy never have a part with the same name. In

each of the above cases, the shared relation (or attribute) can be pushed into each subclass

(O, Sj) by distributing ρ(O, Ri,W) (or α(Ai, Ci,W)) over the subclass sum and into each

subclass (this can be repeated for multiple levels of the class hierarchy). This makes the

product over relations (attributes) in φ(O, Sj,W) non-decomposable, but does not affect

the decomposability of any other objects. Now, φ(O, Sj,W) can be decomposed, as follows.

For (i), the product over relations in φ(O, Sj,W) now contains the non-decomposable

factor F (Ri) = ρ(O, Ri,W) · ρ′(O, Ri,W), where ρ′ was pushed down from (O, C). However,

F (Ri) = (ewi [Ri] + [¬Ri]) · (ew
′
i [Ri] + [¬Ri]) = ewi+w

′
i [Ri] + [¬Ri] since [a]2 = [a] and [a][¬a] = 0

for a literal a. Thus, F (Ri) is simply ρ(O, Ri,W) with weight wi + w′i for Ri, which results

in the same decomposable SPN structure with a different weight. For (ii), let the weight

function for attribute Ai of class C with domain Di be ui and the weight function from the

attribute that was pushed down be u′i. To render this decomposable, simply replace ui with

ui � u′i, the element-wise product of the two weight functions. Again, decomposability is
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achieved simply by updating the weight functions. Decomposing (i) and (ii) each adds

only a linear number of edges to the original non-decomposable SPN, so the size of the

corresponding decomposable SPN is |K|. Thus, from the sum-product theorem, computing

the partition function of TPKB K takes time linear in |K|.

3.6 Empirical Evaluation of LearnSPF

I evaluated LearnSPF on the task of learning a nonconvex decomposable min-sum function

(MSF) from a training set of solutions of instances of a highly-multimodal test function

comprised of a sum of terms. Learning an MSF, instead of just a sum of terms, learns the

general mathematical form of the optimization problem in such a way that the resulting

learned function is tractable, whereas the original sum of terms is not. The test function

I used is a variant of the Rastrigin function [144], a standard highly-multimodal test

function for global optimization consisting of a sum of multi-dimensional sinusoids in

quadratic basins. The function, FX(Y) = F (Y;X), has parametersX, which determine the

dependencies between the variablesY and the location of the minima. To test LearnSPF, I

sampled a dataset of function instances T = {(x(i),y(i))}mi=1 from a distribution over X ×Y ,

where y(i) = arg miny∈Y Fx(i)(y).

LearnSPF partitioned variables Y based on the connected components of a graph

containing a node for each Yi ∈ Y and an edge between two nodes only if Yi and Yj

were correlated, as measured by Spearman rank correlation. Instances were clustered by

running k-means on the values y(i). For this preliminary test, LearnSPF did not learn the

leaf functions of the learned min-sum function (MSF) M(Y); instead, when evaluating

or minimizing a leaf node in M , the test function was evaluated or minimized with all

variables not in the scope of the leaf node fixed to 0 (none of the optima were positioned at

0). This corresponds to having perfectly learned leaf nodes if the scopes of the leaf nodes

accurately reflect the decomposability of F , otherwise a large error is incurred. I did this to

study the effect of learning the decomposability structure in isolation from the error that

would be incurred by also learning leaf nodes. The function used for comparison is also
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learned perfectly. Thresholds t and v were set to 30 and 2, respectively.
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Figure 3.1: Plot of the average minimum found over 20 samples of the test function as a function
of the number of variables of the test function when using multistart L-BFGS optimization directly
and when using multistart L-BFGS on the learned MSF, with standard error bars. Each function
was optimized for the same amount of time and has global minimum 0.

Thedatasetwas split into 300 training samples and 20 test samples,whereminY Fx(i)(Y) =

0 for all i for comparison purposes. After training, yM = arg minYM(Y) was computed

for each function in the test set by first minimizing each leaf function (with respect to

only those variables in the scope of the leaf function) with multi-start L-BFGS [97] and

then performing an upward and a downward pass inM . Figure 3.1 shows the result of

minimizing the learned MSF M and then evaluating the test function at yM (blue line)

compared to running multi-start L-BFGS directly on the test function and reporting the

minimum found (red line). Both optimizations are run for the same (fixed) amount of

time (one minute per test sample). Figure 3.1 shows that LearnSPF accurately learned

the decomposition structure of the test function, allowing it to find much better minima

when optimized, since optimizing many small functions at the leaves requires exploring

exponentially fewer modes than optimizing the full function.
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Figure 3.2: Contour plot of the 2-D nonconvex Rastrigin function. Dark blue indicates smaller
values and yellow indicates larger values.

3.6.1 Experiment Details

All experiments were run on the same MacBook Pro with 2.2 GHz Intel Core i7 processor

with 16 GB of RAM. Each optimization was limited to a single thread.

The non-separable variant of the Rastrigin function [144] used on pairs of variables is

defined as

fRxi,xj(Yi, Yj) = c0[(Yi − xi)2 − (Yj − xj)2]+

c1 − c1 cos(Yi − xi) cos(Yj − xj),

which has a global minimum at y∗ = (xi, xj) with value fRx (y∗) = 0. The constants c0 and

c1 control the shape of the quadratic basin and the amplitude of the sinusoids, respectively.
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For my experiments, I used c0 = 0.1 and c1 = 20. Figure 3.2 shows a contour plot of fR.

Omitting the parameters x from fRx for simplicity, the full test function for n = 4m

variables is defined as

Fx(Y) =
m∑
i=0

fR(Y4i, Y4i+k) + fR(Y4i+3, Y4i+3−k),

where k = 1 with probability 0.5 and k = 2 otherwise. This creates a function that is

non-decomposable between each pair of variables (Y4i, Y4i+k) and (Y4i+3, Y4i+3−k). For

the simplest case with n = 4 variables, if k = 1 then pairs (Y0, Y1) and (Y2, Y3) are non-

decomposable. Alternatively, if k = 2 then pairs (Y0, Y2) and (Y1, Y3) are non-decomposable.

The global minimum (xi, xj) for each function fRxi,xj(Yi, Yj) was sampled uniformly over

an interval of length 2 from the line Yi = Yj with zero-mean additive Gaussian noise

(σ = 0.1). Thus, each instance of Fx is highly nonconvex and is decomposable with respect

to certain variables and not with respect to others. For a set of instances of Fx, there is

structure in the decomposability between variables, but different instances have different

decomposability structure, so LearnSPF must first group those function instances that

have similar decomposability structure and then identify that structure in order to learn a

min-sum function that is applicable to any instance in the training data.

3.7 Conclusion

This chapter developed a novel foundation for learning tractable representations in any

semiring based on the sum-product theorem, a simple tractability condition for all inference

problems that are summation on a semiring. With it, I developed a general inference

algorithm and an algorithm for learning tractable representations in any semiring. I

demonstrated the power and generality of my approach by applying it to learning a

nonconvex function that can be optimized in polynomial time, a new type of structured

prediction problem. I showed empirically that the learned min-sum function greatly

outperforms a continuous function learned without regard to the cost of optimizing it. I
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also showed that the sum-product theorem specifies an exponentially weaker condition for

tractability than low treewidth and that its corollaries include many previous results in the

literature, as well as a number of novel results. Many of the results in this chapter also

appeared in Friesen and Domingos [45].

The work presented in this chapter only scratches the surface of applications of the

sum-product theorem. First, while many semirings and inference problems have been

discussed above, there remain many more semirings and domains in artificial intelligence

and machine learning that would also benefit from the sum-product theorem (or already

have, in the case of compositional kernel machines [49]) and from directly learning tractable

models from data, such as learning sets of rules [117]. Second, investigating and extending

SumSPF and Decompose to better handle inference in non-decomposable SPFs is important

for extending SPFs and SPF learning to evenmore challenging classes of functions. I discuss

one example of this in the next chapter, in which I present the RDIS algorithm for nonconvex

optimization. However, there are many other interesting and important problems, such

as integration, that would similarly benefit from extensions of these algorithms. Third,

there has been much work in recent years on learning the structure of SPNs and similar

models from data (e.g., Adel et al. [2], Gens and Domingos [48], Rooshenas and Lowd

[120]). Extending these approaches to learning the structure of SPFs would benefit all of

the domains and problems discussed above. Fourth, while the model classes that result

from the sum-product theorem and decomposability are quite expressive, there remain

problems and models for which they are insufficient, such as for scene understanding

with arbitrary region shapes. However, by combining decomposability with other types

of structure, such as symmetry group theory [102], it is possible to define even more

expressive models. In Chapter 5, for example, I present submodular field grammars, which

generalize SPNs by exploiting both decomposability and submodularity. Finally, the ideas

underlying the sum-product theorem extend beyond SPFs and can be used to directly

develop efficient algorithms for other problems, such as learning. In Chapter 6, I build on

these ideas to develop a novel algorithm for learning deep neural networks that cannot be
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learned via backpropagation.
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Chapter 4

RECURSIVE DECOMPOSITION FOR

NONCONVEX OPTIMIZATION

4.1 Introduction

Artificial intelligence (AI) systems that interact with the real world often have to solve

continuous optimization problems. For convex problems, which have no local optima,

many sophisticated algorithms exist. However, most continuous optimization problems

in AI and related fields are nonconvex, and often have an exponential number of local

optima. For these problems, the standard solution is to apply convex optimizers with

multi-start and other randomization techniques [129], but in problems with an exponential

number of optima these typically fail to find the global optimum in a reasonable amount of

time. Branch and bound methods can also be used, but scale poorly due to the curse of

dimensionality [106].

In this chapter, I propose that nonconvex optimization problems can instead be

approached using problem decomposition techniques, which have a long and successful

history in AI for solving discrete problems (e.g, [8, 12, 34, 37, 126, 127]). By repeatedly

decomposing a problem into independently solvable subproblems, these algorithms can

often solve in polynomial time problems that would otherwise take exponential time.

The difficulty in nonconvex optimization is the combinatorial structure of the modes,

which convex optimization and randomization are ill-equipped to deal with, but problem

decomposition techniques arewell suited to. I thus propose a novel nonconvex optimization

algorithm, which uses recursive decomposition to handle the hard combinatorial core

of the problem, leaving a set of simpler subproblems that can be solved using standard

continuous optimizers.
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The main challenges in applying problem decomposition to continuous problems are (a)

extending existing approaches to handle continuous values, and (b) identifying a flexible

and general type of structure that enables decomposing the underlying function. I do the

former by embedding a continuous optimizer within the problem decomposition search, in

a manner reminiscent of satisfiability modulo theory solvers [38], but for optimization not

decision problems. I do the latter by observing that many continuous objective functions

are approximately locally decomposable, in the sense that setting a subset of the variables

causes the rest to break up into subsets that can be optimized nearly independently. This

is particularly true when the objective function is a sum of terms over subsets of the

variables, as is typically the case. A number of continuous optimization techniques employ

a static, global decomposition (e.g., block coordinate descent [109] and partially separable

methods [53]), but many problems only decompose locally and dynamically, which the

algorithm presented in this chapter accomplishes.

For example, consider protein folding [6, 10], the process by which a protein, consisting

of a chain of amino acids, assumes its functional shape. The computational problem is

to predict this final conformation by minimizing a highly nonconvex energy function

consisting mainly of a sum of pairwise distance-based terms representing chemical bonds,

electrostatic forces, etc. Physically, in any conformation, an atom can only be near a small

number of other atoms andmust be far from the rest; thus, many terms are negligible in any

specific conformation, but each term is non-negligible in some conformation. This suggests

that sections of the protein could be optimized independently if the terms connecting them

were negligible but that, at a global level, this is never true. However, if the positions of a

few key atoms are set appropriately then certain amino acids will never interact, making

it possible to decompose the problem into multiple independent subproblems and solve

each separately. A local recursive decomposition algorithm for continuous problems can

do exactly this.

In this chapter, I first define local decomposability and then present my algorithm, RDIS,

which (asymptotically) finds the global optimum of a nonconvex function by Recursively
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Decomposing the function into locally Independent Subspaces. RDIS is an instance of the

SumSPF algorithm (Section 3.3) for nonconvex optimization (Section 3.5.4), in which values

are chosen via a problem-specific subspace optimizer and variables are chosen by graph

partitioning. In my analysis, I show that RDIS achieves an exponential speedup versus

traditional techniques for nonconvex optimization such as gradient descent with restarts

and grid search (although the complexity remains exponential, in general). This result is

supported empirically, as RDIS significantly outperforms standard nonconvex optimization

algorithms on three challenging domains: structure from motion, highly-multimodal test

functions, and protein folding.

4.2 Recursive Decomposition for Continuous Optimization

In unconstrained continuous optimization, the goal is tominimize an objective function f(X)

over the variablesX ∈ Rn for functions f : Rn → R that are continuously differentiable and

have a nonempty optimal set x∗ with optimal value f ∗ = f(x∗) > −∞. Let I = {1, . . . , n}

denote the indices of X , let C ⊆ I denote a subset of the indices, let XC ∈ R|C| denote

the restriction of variables X to the indices in C, and let c ∈ domain(XC) denote a partial

assignment of X where only the variables corresponding to the indices in C are assigned

values. I define X|c ∈ Rn−|C| to be the subspace where those variables with indices in C

are set to the values in c (i.e., X|c,i= ci for some c and for all i ∈ C). Given U = I\C and

partial assignment c, then, with a slight abuse of notation, I define the restriction of the

function to the domain X|c as f |c(XU). In the following, I directly partition X instead of

discussing the partition of I that induces it, for simplicity. Since the focus of this chapter is

on minimizing a nonconvex function, I will define everything with respect to the min-sum

semiring; however, it is possible to generalize much of the work presented in this chapter

to other semirings using the ideas presented in Chapter 3.
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4.2.1 Local Decomposability

Afunction is fullydecomposable (aka. separable) if it canbe expressedas f(X) =
∑n

i=1 gi(Xi).

Such functions are easy to optimize, since they decompose with respect to minimization;

i.e., minX f(X) =
∑n

i=1 minXi
gi(Xi). Conversely, decomposable nonconvex functions that

are optimized without first decomposing them require exponentially more exploration to

find the global optimum than the decomposed version. For example, letMf be the set of

modes of f and letMi be the modes of each gi. Knowing that f is decomposable allows us

to optimize each gi independently, giving |Mf |=
∑n

i=1|Mi|modes to explore. However, if

instead f was optimized directly, the optimizer would have to explore
∏n

i=1|Mi| modes,

which is exponential in n. Unfortunately, fully decomposable functions like f are rare, as

variables generally appear in multiple terms with many different variables and thus the

minimization does not trivially distribute. However, decomposition can still be achieved if

the function exhibits global or local decomposability structure.

Definition 4.1.

(a) f(X) is globally decomposable if there exists a partition {XC , XU1 , XU2} of X such that

f |c(XU1 , XU2) = f1|c(XU1) + f2|c(XU2) for every partial assignment c of XC .

(b) f(X) is locallydecomposable in the subspaceX|c if there exists a partition{XC , XU1 , XU2}

of X and a partial assignment c such that f |c(XU1 , XU2) = f1|c(XU1) + f2|c(XU2).

(c) f(X) is approximately locally decomposable in a neighbourhood of the subspace X|c if

there exists a partition {XC , XU1 , XU2} of X , partial assignments c,d of XC , and δ, ε ≥ 0 such

that if ||d− c||≤ δ then |f |d(XU1 , XU2)− [f1|d(XU1) + f2|d(XU2)]| ≤ ε.

Global decomposability (Definition 4.1a), while the easiest to exploit, is also the

least prevalent. Local decomposability, which may initially appear limited, subsumes

global decomposability while also allowing different decompositions throughout the

space, making it strictly more general. Similarly, approximate local decomposability

subsumes local decomposability. In protein folding, for example, two amino acids may

be pushed either close together or far apart for different configurations of other amino



52

acids. In the latter case, they can be optimized independently because the terms connecting

them are negligible. Thus, for different partial configurations of the protein, different

approximate decompositions are possible. The independent subspaces that result from

local decomposition can themselves exhibit local decomposability structure, allowing them

to be decomposed in turn. If an algorithm exploits local decomposability effectively, it never

has to perform the full combinatorial optimization. Local decomposability does not need

to exist everywhere in the space, just in the regions being explored. For convenience, I only

refer to local decomposability below, unless the distinction between global or (approximate)

local decomposability is relevant.

One method for achieving local decomposability is via (local) simplification. I say

that fi(XC , XU) is (approximately locally) simplifiable in the subspace X|c defined by partial

assignment c if fi|c(XU)− fi|c(XU) ≤ 2ε for a given ε ≥ 0, where h(X) and h(X) denote

the upper and lower bounds of h(X), respectively. Similarly, f(X) is (approximately locally)

simplified in the subspace X|c defined by partial assignment c if all simplifiable terms

fi|c(XU) are replaced by the constant ki = 1
2

[
fi|c(XU) + fi|c(XU)

]
for a given ε ≥ 0. For

a function that is a sum of terms, local decomposition occurs when some of these terms

simplify in such a way that the minimization can distribute over independent groups of

terms and variables (like component decomposition in Relsat [12] or in the protein folding

example above). Given that there arem terms in the function, the maximum possible error

in the simplified function versus the true function ism · ε. However, this would require all

terms to be simplified and their true values to be at one of their bounds, which is extremely

unlikely; rather, errors in different terms often cancel, and the simplified function tends to

remain accurate. Note that ε induces a tradeoff between acceptable error in the function

evaluation and the computational cost of optimization, since a simplified function has

fewer terms and thus evaluating it and computing its gradient are both cheaper. While the

above definition is for sums of terms, the same mechanism applies to functions that are

products of (non-negative) factors – i.e., functions in the min-product semiring – although

error grows multiplicatively here.
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4.2.2 The RDIS Algorithm

RDIS is an optimization method that explicitly finds and exploits local decomposition.

Pseudocode is shown in Algorithm 4, with subroutines explained in the text. At each

level of recursion, RDIS chooses a subset of the variables XC ⊆ X (inducing a partition

{XC , XU} ofX) and assigns themvalues c such that the simplified objective function f |c(XU)

decomposes intomultiple (approximately) independent sub-functions {fi|c(XUi
)}ki=1, where

{XU1 , . . . , XUk
} is a partition ofXU and 1 ≤ k ≤ n. RDIS then recurses on each sub-function,

globally optimizing it conditioned on the assignment XC = c. When the recursion

completes, RDIS uses the returned optimal values of XU (computed conditioned on c) to

choose a new value c for XC and then simplifies, decomposes, and optimizes the function

again. This repeats until a heuristic stopping criterion is satisfied.

Algorithm 4 Recursive Decomposition into locally Independent Subspaces (RDIS).
Input: Function f(X) over variables X , initial state x0, subspace optimizer S, and approxi-

mation error ε.
Output: (Approximate) global minimum f ∗ at state x∗.
1: function RDIS(f(X), X,x0, S, ε)
2: XC ← ChooseVars(X) // variable selection (choose subset XC ⊆ X)
3: set XU ← X\XC , f

∗ ←∞, and x∗ ← x0

4: repeat

5: partition x∗ into partial assignments {c∗,u∗} of XC and XU

6: c← S( f |u∗(XC), c∗ ) // value selection (choose value c of XC)
7: f̂ |c(XU)← simplify(f |c(XU), ε) // simplify f within subspace X|c
8: {f̂i(XUi

)}ki=1 ← decompose(f̂ |c(XU)) // decompose f̂ within subspace X|c
9: partition u∗ into partial assignments {u∗i }ki=1 of {XUi

}
10: for i = 1, . . . , k do

11: 〈f̂ ∗i ,ui〉 ← RDIS(f̂i(XUi
), XUi

,u∗i , S, ε) // recurse on each component

12: set f ∗c ←
∑k

i=1 f̂
∗
i and u← ∪ki=1ui

13: if f ∗c < f ∗ then

14: set f ∗ ← f ∗c and x∗ ← c ∪ u // record new minimum

15: until stopping criterion is satisfied
16: return 〈f ∗,x∗〉
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Figure 4.1: Visualization of RDIS decomposing the objective function. Vertices (circles) represent
variables and edges connect each pair of variables in a term. Left: RDIS selects XC (shaded oval).
Middle: The function during simplification. Thick edges indicate simplifiable terms. Assigned
variables are constant and have been removed. Right: The function after decomposition.

RDIS selects variables (line 2) heuristically, with the goal of choosing the smallest

set of variables that enables the largest amount of decomposition, as this provides the

largest computational gains. Specifically, RDIS uses a hypergraph partitioning algorithm

to determine a small cutset that will decompose the graph; this cutset becomes the selected

variables, XC . Values c for variables XC are determined (line 6) by calling a nonconvex

subspace optimizer with the remaining variables (XU ) fixed to their current values u∗. The

subspace optimizer S is specified by the user and is customizable to the problem being

solved. In my experiments I used multi-start versions of both conjugate gradient descent

and Levenberg-Marquardt [109]. Restarts occur within line 6: if S converges without

making progress then it restarts to a new value of XC and runs until it reaches a local

minimum.

To simplify the objective function (line 7), RDIS determines which terms are simplifiable

(i.e., have sufficiently small bounds) and then simplifies (approximates) these by replacing

them with a constant. These terms are not passed to the recursive calls. After variables

have been assigned and the function simplified, RDIS locally decomposes (line 8) the
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simplified function into independent sub-functions (components) that have no overlapping

terms or variables and thus can be optimized independently, which is done by recursively

calling RDIS on each. See Figure 4.1 for a visualization of this process. The recursion

halts when ChooseVars selects all of X (i.e., XC = X and XU = ∅), which occurs when

X is small enough that the subspace optimizer can optimize f(X) directly. At this point,

RDIS repeatedly calls the subspace optimizer until the stopping criterion is met, which

(ideally) finds the global optimum of f |u∗(XC) = f(X) since S is a nonconvex optimizer.

The stopping criterion is user-specified, and depends on the subspace optimizer. If a

multi-start descent method is used, termination occurs after a specified number of restarts,

corresponding to a certain probability that the global optimum has been found. If the

subspace optimizer is grid search, then the loop terminates after all values ofXC have been

assigned. More subroutine details are provided in Section 4.4.

4.3 Analysis of RDIS

I now present analytical results demonstrating the benefits of RDIS versus standard

algorithms for nonconvex optimization. Formally, I show that RDIS explores the state space

in exponentially less time than the same subspace optimizer for a class of functions that

are locally decomposable, and that it will (asymptotically) converge to the global optimum.

4.3.1 Complexity

RDIS begins by choosing a block of variables XC . Assuming that this choice is made

heuristically using the PaToH library for hypergraph partitioning, which is a multi-level

technique, then the complexity of choosing variables is linear in the size of the hypergraph

(see Trifunović [141], p. 81). Within the loop, RDIS chooses values for XC , simplifies and

decomposes the function, and finally recurses. Let the complexity of choosing values using

the subspace optimizer be g(d), where |XC |= d, and let one call to the subspace optimizer be

cheap relative to the number of variables n (e.g., computing the gradient of f with respect
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to XC or taking a step on a grid). Simplification requires iterating through the set of terms

and computing bounds, so is linear in the number of terms,m. The connected components

are maintained by a dynamic graph algorithm [61] which has an amortized complexity

of O(log2(|V |)) per operation, where |V | is the number of vertices in the graph. Finally,

let the number of iterations of the loop ξ(d) be a function of the dimension d since more

dimensions generally require more restarts. The form of ξ(d) depends on the subspace

optimizer, but can be roughly interpreted as the number of modes of the sub-function

f |u∗(XC) to explore times a constant factor.

Proposition 4.1. If, at each level, RDIS choosesXC ⊆ X of size |XC |= d such that, for each selected

value c, the simplified function f̂ |c(XU) locally decomposes into k > 1 independent sub-functions

{f̂i(XUi
)} with equal-sized domains XUi

, then the time complexity of RDIS is O(n
d
ξ(d)logk (n/d)).

Proof. Assuming thatm is of the same order as n, the recurrence relation for RDIS is T (n) =

O(n) + ξ(d)
[
g(d) +O(m) +O(n) +O(d log2(n)) + k T

(
n−d
k

)]
, which can be simplified to

T (n) = ξ(d)
[
k T

(
n
k

)
+O(n)

]
+O(n). Noting that the recursion halts at T (d), the solution

to the above recurrence relation is then T (n) = c1 (k ξ(d))logk(n/d) + c2 n
∑logk(n/d)−1

r=0 ξ(d)r.

which is O
(
(k ξ(d))logk (n/d)

)
= O

(
n
d
ξ(d)logk (n/d)

)
.

Note that since RDIS uses hypergraph partitioning to choose variables, it will always

decompose the remaining variables XU unless they are fully connected. This is also

supported by experimental results since if there were no decomposition, RDIS would not

perform any better than the baselines.

From Proposition 4.1, the time complexity of RDIS for different subspace optimizers

can be computed. Let the subspace optimizer be grid search (GS) over a bounded domain

of width w with spacing δ in each dimension. Then the complexity of grid search is simply

O((w/δ)n) = O(sn).

Proposition 4.2. If the subspace optimizer is grid search, then ξ(d) = (w/δ)d = sd, and the

complexity of RDISGS is O(n
d
sd logk (n/d)).
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Rewriting the complexity of grid search as O(sn) = O(sd(n/d)) shows that it is exponentially

worse than the complexity of RDISGS when decomposition occurs.

Now consider a descent method with random restarts (DR) as the subspace optimizer.

Let the volume of the basin of attraction of the global minimum (the global basin) be ln

and the volume of the space be Ln, where a basin of attraction is defined as follows.

Definition 4.2. The basin of attraction of a stationary point c is the set of points B ⊆ Rn for

which the sequence generated by DR, initialized at x0 ∈ B, converges to c.

Then the probability of randomly restarting in the global basin is (l/L)n = pn. Since the

restart behavior of DR is a Bernoulli process, the expected number of restarts to reach the

global basin is r = p−n, from the shifted geometric distribution. If the number of iterations

needed to reach the stationary point of the current basin is τ then the expected complexity

of DR is O(τp−n). If DR is used within RDIS, then I obtain the following result.

Proposition 4.3. If the subspace optimizer is DR, then the expected value of ξ(d) is τp−d, and the

expected complexity of RDISDR is O(n
d
(τp−d)logk (n/d)).

Rewriting the expected complexity of DR as O(τ(p−d)n/d) shows that RDISDR is exponen-

tially more efficient than DR.

4.3.2 Convergence

Regarding convergence, RDIS with ε = 0 converges to the global minimum given certain

conditions on the subspace optimizer. For grid search, RDISGS returns the global minimum

if the grid is finite and has sufficiently fine spacing. For gradient descent with restarts,

RDISDR will converge to stationary points of f(X) as long as steps by the subspace

optimizer satisfy two technical conditions. The first is an Armĳo rule guaranteeing

sufficient decrease in f and the second guarantees a sufficient decrease in the norm of the

gradient. These conditions are necessary to show that RDISDR behaves like an inexact

Gauss-Seidel method [18], and thus that each limit point of the generated sequence is a

stationary point of f(X).
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In more detail, at each level of recursion, RDIS with ε = 0 partitions X into {XC , XU},

sets values c using the subspace optimizer forXC , globally optimizes f |c(XU) by recursively

calling RDIS, and repeats. When the non-restart steps of the subspace optimizer satisfy two

practical conditions (below) of sufficient decrease in (1) the objective function (a standard

Armĳo condition) and (2) the gradient norm over two successive partial updates, (i.e.,

conditions (3.1) and (3.3) of Bonettini [18]), then this process is equivalent to the 2-block

inexact Gauss-Seidel method (2B-IGS) described in Bonettini [18] (see also Grippo and

Sciandrone [54] and Cassioli et al. [23]), and each limit point of the sequence generated by

RDIS is a stationary point of f(X), of which the global minimum is one, and reachable

through restarts.

Formally, let superscript r indicate the recursion level, with 0 ≤ r ≤ d, with r = 0 the top,

and recall that X(r)
U =

{
X

(r+1)
C , X

(r+1)
U

}
if there is no decomposition. The following proofs

focus on the no-decomposition case for clarity; however, the extension to the decomposable

case is trivial since each sub-function of the decomposition is independent. I denote

applying the subspace optimizer to f(X) until the stopping criterion is reached as S∗(f,X)

and a single call to the subspace optimizer as S1(f,X) and note that S∗(f,X), by definition,

returns the global minimum x∗ and that repeatedly calling S1(f,X) is equivalent to calling

S∗(f,X).

For convenience, I restate conditions (3.1) and (3.3) from Bonettini [18] (without con-

straints) on the sequence {x(k)} generated by an iterative algorithm on blocks Xi for

i = 1, . . . ,m, respectively as

f(x
(k+1)
1 , . . . ,x

(k+1)
i , . . . ,x(k)

m ) ≤ f(x
(k+1)
1 , . . . ,x

(k)
i + λ

(k)
i d(k)

i , . . . ,x(k)
m ), (4.1)

where λ(k)i is computed using Armĳo line search and d(k)
i is a feasible descent direction, and

||∇if(x
(k+1)
1 , . . . ,x

(k+1)
i , . . . ,x(k)

m )|| ≤ η||∇if(x
(k+1)
1 , . . . ,x

(k+1)
i−1 , . . . ,x(k)

m )||, i = 1, . . . ,m

||∇if(x
(k+1)
1 , . . . ,x

(k+1)
i , . . . ,x(k+1)

m )|| ≤ η||∇i−1f(x
(k+1)
1 , . . . ,x

(k+1)
i−1 , . . . ,x(k)

m )||, i = 2, . . . ,m
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(4.2)||∇1f(x
(k+2)
1 , . . . ,x

(k+1)
i , . . . ,x(k+1)

m )|| ≤ η1−m||∇mf(x
(k+1)
1 , . . . ,x(k+1)

m )||,

where η ∈ [0, 1) is a forcing parameter. See Bonettini [18] for further details. Any method

that generates a sequence such that these conditions hold is an inexact Gauss-Seidel method

and is guaranteed to converge to a critical point of f(X) whenm = 2. Let RDISDR refer to

RDIS(f(X), X,x0, S = DR, ε = 0). Then the probability with which RDISDR will converge

to the global minimum is as follows.

Proposition 4.4. If the non-restart steps of RDIS satisfy conditions (4.1) and (4.2), ε = 0, the

number of variables is n, the volume of the global basin is v = ln, and the volume of the entire

space is V = Ln, then RDISDR returns the global minimum after t restarts, with probability

1− (1− (v/V ))t.

Proof.

Step 1. Given a finite number of restarts, one of which starts in the global basin, then

RDISDR, with no recursion, returns the global minimum and satisfies conditions (4.1) and

(4.2). This can be seen as follows.

At r = 0, RDISDR chooses X(0)
C = X and X(0)

U = ∅ and repeatedly calls S1(f
(0), X

(0)
C ).

This is equivalent to calling S∗(f (0), X
(0)
C ) = S∗(f,X), which returns the global minimum x∗.

Thus, RDISDR returns the global minimum. Returning the global minimum corresponds

to a step in the exact Gauss-Seidel algorithm, which is a special case of the IGS algorithm

and by definition satisfies conditions (4.1) and (4.2).

Step 2. Now, if the non-restart steps of S1(f,X) satisfy conditions (4.1) and (4.2), then

RDISDR returns the global minimum. I show this by induction on the levels of recursion.

Base case. From Step 1, RDISDR(f (d), X(d)) returns the global minimum and satisfies

(4.1) and (4.2), since RDISDR does not recurse beyond this level.

Induction step. Assume that RDISDR(f (r+1), X(r+1)) returns the globalminimum. I now show

that RDISDR(f (r), X(r)) returns the global minimum. RDISDR(f (r), X(r)) first partitions

X(r) into the two blocks X(r)
C and X(r)

U and then iteratively takes the following two steps:

c(r) ← S1(f |(r)u∗ (X
(r)
C )) and u(r) ← RDISDR(f |(r)c (XU)). The first simply calls the subspace
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optimizer on X
(r)
C . The second is a recursive call equivalent to RDISDR(f (r+1), X(r+1)),

which, from the inductive assumption, returns the global minimum u(r) = u(r)∗ of f |(r)c (XU)

and satisfies conditions (4.1) and (4.2). For S1(f |(r)u∗ (X
(r)
C )), RDISDR will never restart the

subspace optimizer unless the sequence it is generating converges. Thus, for each restart,

since there are only two blocks and both the non-restart steps of S1(f |(r)u∗ (X
(r)
C )) and the

RDISDR(f |(r)c (XU)) steps satisfy conditions (4.1) and (4.2) then RDISDR is a 2B-IGS method

and the generated sequence converges to the stationary point of the current basin. At each

level, after converging, RDISDR will restart, iterate until convergence, and repeat for a finite

number of restarts, one of which will start in the global basin and thus converge to the

global minimum, which is then returned.

Step 3. Finally, since the probability of RDISDR starting in the global basin is (v/V ),

then the probability of it not starting in the global basin after t restarts is (1 − (v/V ))t.

From above, RDISDR will return the global minimum if it starts in the global basin, thus

RDISDR will return the global minimum after t restarts with probability 1− (1− (v/V ))t.

This completes the proof.

For ε > 0, there does not yet exist a proof of convergence, even in the convex case, since

preliminary analysis indicates that there are rare corner cases in which the alternating

aspect of RDIS, combined with the simplification error, can potentially result in a non-

converging sequence of values; however, I have not observed this behavior in practice.

Furthermore, my experiments clearly show ε > 0 to be extremely beneficial, especially for

large, highly-connected problems.

4.3.3 Related Algorithms

Beyond its discrete counterparts, RDIS is related to many well-known continuous opti-

mization algorithms. If all variables are chosen at the top level of recursion, then RDIS

simply reduces to executing the subspace optimizer. If one level of recursion occurs,

then RDIS behaves similarly to alternating minimization algorithms (which also have
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global convergence results [54]). For multiple levels of recursion, RDIS has similarities to

block coordinate (gradient) descent algorithms (see Tseng and Yun [143] and references

therein). However, what sets RDIS apart is that decomposition in RDIS is determined

locally, dynamically, and recursively. The analysis and experiments in this chapter show

that exploiting this can lead to substantial performance improvements.

With respect to Chapter 3, RDIS minimizes functions consisting of a sum of terms,

which are flat min-sum functions with continuous leaves, as discussed previously in

Section 3.5.4. To optimize these functions, RDIS repeatedly chooses a subset of the variables

and assigns values to them in order to (locally) decompose the remaining variables. RDIS

is thus an instance of SumSPF (Section 3.3) and can be equivalently interpreted as implicitly

constructing a deep, decomposable min-sum function and “summing” it (in the min-sum

semiring) online. Since the variables are continuous, RDIS cannot explore every possible

value of a variable, so must settle for exploring only a subset of its domain, as chosen by

the subspace optimizer.

4.4 RDIS Subroutines

In this section, I present the specific choices made for the subroutines in RDIS. Other

choices are possible, but I leave investigations of these for future work.

4.4.1 Variable Selection

Many possible methods exist for choosing variables. For example, heuristics from satisfia-

bility may be applicable (e.g., VSIDS [104]). However, RDIS uses hypergraph partitioning in

order to ensure decomposition whenever possible. Hypergraph partitioning splits a graph

into k components of approximately equal size while minimizing the number of hyperedges

cut. To maximize decomposition, RDIS should choose the smallest block of variables that,

when assigned, decomposes the remaining variables. This corresponds exactly to the set of

edges cut by hypergraph partitioning on a hypergraph that has a vertex for each term and a
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hyperedge for each variable that connects the terms that variable is in (note that this is the

inverse of Figure 4.1). Formally, RDIS constructs a hypergraphH = (V,E) with a vertex for

each term, {ni ∈ V : fi ∈ f} and a hyperedge for each variable, {ej ∈ E : Xj ∈ X}, where

each hyperedge ej connects to all vertices ni for which the corresponding term fi contains

the variableXj . PartitioningH , the resulting cutset will be the smallest set of variables that

need to be removed in order to decompose the hypergraph. And since assigning a variable

to a constant effectively removes it from the optimization (and the hypergraph), the cutset

is exactly the set that RDIS chooses on line 2. RDIS maintains such a hypergraph across

iterations and uses the PaToH hypergraph partitioning library [24] to quickly find good,

approximate partitions. A similar idea was used in Darwiche and Hopkins [36] to construct

d-trees for recursive conditioning; however, they only apply hypergraph partitioning once

at the beginning, whereas RDIS performs it at each level of the recursion.

While variable selection could be placed inside the loop, it would repeatedly choose the

same variables because hypergraph partitioning is based on the graph structure. However,

RDIS still exploits local decomposition because the variables and terms at each level of

recursion vary based on local decomposability. In addition, edge and vertex weights could

be set based on current bounds or other local information.

4.4.2 Value Selection

RDIS can use any nonconvex optimization subroutine to choose values, allowing the

user to pick an optimizer appropriate to their domain. In my experiments, I use multi-

start versions of both conjugate gradient descent and Levenberg-Marquardt, but other

possibilities include Monte Carlo search, quasi-Newton methods, and simulated annealing.

I experimented with both grid search and branch and bound, but found them practical

only for easy problems. In my experiments, I have found it helpful to stop the subspace

optimizer early, because values are likely to change again in the next iteration, making

quick, approximate improvement more effective than slow, exact improvement.
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4.4.3 Simplification and Decomposition

Simplification is performed by checking whether each term (or factor) is simplifiable

and, if it is, setting it to a constant and removing it from the function. RDIS knows the

analytical form of the function and uses interval arithmetic [56] as a general method for

computing and maintaining bounds on terms to determine simplifiability. RDIS maintains

the connected components of a dynamic graph [61] over the variables and terms (equivalent

in structure to a factor or co-occurrence graph). Components in RDIS correspond exactly

to the connected components in this graph. Assigned variables and simplified terms are

removed from this graph, potentially inducing local decomposition.

4.4.4 Caching and Branch & Bound

RDIS’ similarity to model counting algorithms suggests the use of component caching

and branch and bound (BnB). I experimented with these and found them effective when

used with grid search; however, they were not beneficial when used with descent-based

subspace optimizers, which dominate grid-search-based RDIS on non-trivial problems. For

caching, this is because components are almost never seen again, due to not re-encountering

variable values, even approximately. For BnB, interval arithmetic bounds tended to be

overly loose and no bounding occurred. My experience suggests that this is because the

descent-based optimizer effectively focuses exploration on the minima of the space, which

are typically close in value to the current optimum. However, I believe that future work on

caching and better bounds would be beneficial.

4.4.5 Execution Time

Variable selection typically occupies only a tiny fraction of the runtime of RDIS, with the

vast majority of RDIS’ execution time spent computing gradients for the subspace optimizer.

A small, but non-negligible amount of time is spent maintaining the component graph, but

this is much more efficient than if RDIS were to recompute the connected components each
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time, and the exponential gains from decomposition are well worth the small upkeep cost.

4.5 Empirical Evaluation of RDIS

I evaluated RDIS on three difficult nonconvex optimization problems with hundreds to

thousands of variables: structure from motion, a high-dimensional sinusoid, and protein

folding. Structure frommotion is an important problem in vision, while protein folding is a

core problem in computational biology. RDISwas runwith a fixed number of restarts at each

level, thus not guaranteeing that the globalminimumwas found. For structure frommotion,

I compared RDIS to that domain’s standard technique of Levenberg-Marquardt (LM) [109]

using the levmar library [98], as well as to a block-coordinate descent version (BCD-LM).

In protein folding, gradient-based methods are commonly used to determine the lowest

energy configuration of a protein, so I compared RDIS to conjugate gradient descent (CGD)

and a block-coordinate descent version (BCD-CGD). CGD and BCD-CGDwere also used for

the high-dimensional sinusoid. Blocks were formed by grouping contextually-relevant vari-

ables together (e.g., in protein folding, variables from the same amino acidwere not split into

separate blocks). I also compared to ablatedversions ofRDIS. RDIS-RNDuses a randomvari-

able selection heuristic andRDIS-NRRdoes not use any internal random restarts (i.e., it func-

tions as a convex optimizer) but does have top-level restarts. In each domain, the optimizer

I compare to was also used as the subspace optimizer in RDIS. All experiments were run on

the same cluster. Each computer in the clusterwas identical, with two 2.33GHz quad core In-

tel Xeon E5345 processors and 16GB of RAM. Each algorithmwas limited to a single thread.

4.5.1 Structure from Motion

Structure from motion is the problem of reconstructing the geometry of a 3-D scene from

a set of 2-D images of that scene. It consists of first determining an initial estimate of

the parameters and then performing non-linear optimization to minimize the squared

error between a set of 2-D image points and a projection of the 3-D points onto camera
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models [142]. The latter, known as bundle adjustment, is the task I focus on here. In bundle

adjustment, the goal is to minimize the error between a dataset of points in a 2-D image

and a projection of fitted 3-D points representing a scene’s geometry onto fitted camera

models. The variables are the parameters of the cameras and the positions of the points

and the cameras. This problem is highly structured in a global sense: cameras only directly

interact with a subset of points, creating a bipartite graph structure that RDIS is able to

exploit, but (nontrivial) local decomposability does not exist because the bounds on each

term are too wide and tend to include∞. The dataset used is the 49-camera, 7776-point

data file from the Ladybug dataset [3], where the number of points is scaled proportionally

to the number of cameras used (i.e., if half of the cameras were used, half of the points

were included). There are 9 variables per camera and 3 variables per point.
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Figure 4.2: Minimum value found in five hours for increasing sizes of bundle adjustment problem
(y-axis is log scale). Missing data points for LM are because it did not complete in the allotted time.

Figure 4.2 shows performance on bundle adjustment as a function of the size of the

problem, with a log scale y-axis. Each point is the minimum error found after running each

algorithm for fivehours. Each algorithm is given the same set of restart states, but algorithms

that converge faster may use more of these. Since no local decomposability is exploited,
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Figure 4.2 effectively demonstrates the benefits of using recursive decomposition with

intelligent variable selection for nonconvex optimization. Decomposing the optimization

across independent subspaces allows the subspace optimizer to move faster, further, and

more consistently, allowing RDIS to dominate the other algorithms. Missing points are

due to algorithms not returning any results in the allotted time.

4.5.2 High-dimensional Sinusoid
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Figure 4.3: A 2-D example of the highly-multimodal test function optimized by RDIS.

The second domain is a highly-multimodal test function defined as a multidimensional

sinusoid placed in the basin of a quadratic, with a small slope to make the global minimum

unique. The arity of this function (i.e., the number of variables contained in each term) is

controlled parametrically. Functions with larger arities contain more terms and dependen-

cies, and thus are more challenging. The test function is defined as follows. Given a height

h, a branching factor k, and a maximum arity a, define a complete k-ary tree of variables
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of the specified height, with variable X0 as the root. For all paths pj ∈ P in the tree of

length lj ≤ a, with lj even, define a term tpj =
∏

Xi∈pj sin(Xi). The test function is then

fh,k,a(X0, . . . , Xn) =
∑n

i=1 c0Xi + c1X
2
i + c2

∑
P tpj . The resulting function is a multidimen-

sional sinusoid placed in the basin of a quadratic function parameterized by c1, with a linear

slope defined by c0. The constant c2 controls the amplitude of the sinusoids. For my tests,

I used c0 = 0.6, c1 = 0.1, and c2 = 12. A 2-D example of this function is shown in Figure 4.3.

I used a tree height of h = 11, with branching factor k = 2, resulting in a function of 4095

variables. I evaluated each of the algorithms on functions with terms of arity a ∈ {4, 8, 12},

where a larger arity implies more complex dependencies between variables as well as more

terms in the function. The functions for the three different arity levels had 16372, 24404, and

30036 terms, respectively. A small amount of local decomposability exists in this problem.
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Figure 4.4: A comparison of the best minima found as a function of time for three different arities
of the high-dimensional sinusoid.

Figure 4.4 shows the current best value found as a function of time. Each datapoint is

from a single run of an algorithm using the same set of top-level restarts, although, again,

algorithms that converge faster usemore of these. RDIS outperforms all other algorithms, in-
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cludingRDIS-NRR. This is due to the nested restart behavior afforded by recursive decompo-

sition, which allows RDIS to effectively explore each subspace and escape local minima. The

poor initial performance of RDIS for arities 8 and 12 is due to it being trapped in a local mini-

mumfor an early variable assignmentwhile performingoptimizations lower in the recursion.

However, once the low-level recursions finish it escapes andfinds the bestminimumwithout

ever performing a top level restart. The full optimization trajectories are shown in Figure 4.5.
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Figure 4.5: Optimization trajectories on the high-dimensional sinusoid. Sharp rises indicate restarts.
Notably, RDIS-NRR restarts much more often than the other algorithms because decomposition
allows it to move through the space much more efficiently. Without internal restarting it gets stuck
at the same local minima as BCD-CGD and CGD. For arity 12, RDIS never performs a full restart
and still finds the best minimum, despite using the same initial point as the other algorithms.

4.5.3 Protein Folding

The final domain is sidechain placement for protein foldingwith continuous angles between

atoms. Protein folding [6, 10] is the process by which a protein, consisting of a long chain

of amino acids, assumes its functional shape. The computational problem is to predict this

final conformation given a known sequence of amino acids. This requires minimizing an
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energy function consisting mainly of a sum of pairwise distance-based terms representing

chemical bonds, hydrophobic interactions, electrostatic forces, etc., where, in the simplest

case, the variables are the relative angles between the atoms. The optimal state is typically

quite compact, with the amino acids and their atoms bonded tightly to one another and the

volume of the protein minimized. Each amino acid is composed of a backbone segment

and a sidechain, where the backbone segment of each amino acid connects to its neighbors

in the chain, and the sidechains branch off the backbone segment and form bonds with

distant neighbors. The sidechain placement task is to predict the conformation of the

sidechains when the backbone atoms are fixed in place. Sidechain placement is equivalent

to finding the MAP assignment of a continuous pairwise Markov random field [152].

Energies between amino acids are defined by the Lennard-Jones potential function,

as specified in the Rosetta protein folding library [87]. The basic form of this function is

ELJ(r) = A
r12
− B

r6
, where r is the distance between two atoms and A and B are constants

that vary for different types of atoms. The Lennard-Jones potential in Rosetta is modified

slightly so that it behaves better when r is very large or very small. The full energy function

is E(φ) =
∑

φEjk(Rj(χj), Rk(χk)), where Rj is an amino acid (also called a residue) in the

protein, φ is the set of all torsion angles, and φi ∈ χj are the angles for Rj . Each residue

has between zero and four torsion angles that define the conformation of its sidechain,

depending on the type of amino acid. The terms Ejk compute the energy between pairs of

residues as Ejk =
∑

aj

∑
ak
ELJ(r(aj(χj), ak(χk))), where aj and ak refer to the positions of

the atoms in residues j and k, respectively, and r(aj, ak) is the distance between the two

atoms. The torsion angles define the positions of the atoms through a series of kinematic

relations, which I do not detail here.

Significant local decomposability is present in this problem, which RDIS is able to

exploit. Test proteins with sequence length between 300 and 600 were selected from the

Protein Data Bank [15] such that the sequences of any two proteins did not overlap by

more than 30%. The smallest (with respect to the number of terms) protein (ID 1) has 131

residues, 2282 terms, and 257 variables, while the largest (ID 21) has 440 residues, 9380
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terms, and 943 variables. The average number of residues, terms, and variables is 334, 7110,

and 682, respectively. The proteins with their IDs are as follows: (1) 4JPB, (2) 4IYR, (3)

4M66, (4) 3WI4, (5) 4LN9, (6) 4INO, (7) 4J6U, (8) 4OAF, (9) 3EEQ, (10) 4MYL, (11) 4IMH,

(12) 4K7K, (13) 3ZPJ, (14) 4LLI, (15) 4N08, (16) 2RSV, (17) 4J7A, (18) 4C2E, (19) 4M64, (20)

4N4A, (21) 4KMA.
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Figure 4.6: Minimum value (energy) found on 21 different proteins. Lower is better.

Figure 4.6 shows the results of combining all aspects of RDIS, including recursive

decomposition, intelligent variable selection, internal restarts, and local decomposability

on a difficult problem with significant local structure. Each algorithm is run for 48 hours

on each of 21 proteins of varying sizes. RDIS is run with both ε = 1.0 and ε = 2.0 and both

results are shown on the figure. RDIS outperforms CGD and BCD-CGD on all proteins,

often by a large amount.

Figure 4.7 demonstrates the tradeoff between computation time and accuracy with

respect to the approximation bound ε on RDIS for protein folding. It shows the performance

of RDIS-NRR as a function of ε, where performance is measured both by minimum energy

found and time taken. RDIS-NRR is used in order to remove the randomness associated

with the internal restarts of RDIS, resulting in a more accurate comparison across multiple

runs. Each point on the energy curve is the minimum energy found over the same 20
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Figure 4.7: RDIS-NRR’s minimum energy found and total optimization time taken to perform a
fixed number (20) of restarts versus ε, on protein 3EEQ (ID 9). The x-axis is log scale.

restarts. Each point on the time curve is the total time taken for all 20 restarts. As ε

increases, time decreases because more local decomposability structure is being exploited.

In addition, minimum energy actually decreases initially. I attribute this to the smoothing

caused by increased simplification, allowing RDIS to avoid minor local minima in the

objective function.

4.6 Conclusion

This chapter proposed a new approach to solving hard nonconvex optimization problems

based on recursive decomposition. RDIS decomposes the function into approximately

locally independent sub-functions and then optimizes these separately by recursing on

them. This results in an exponential reduction in the time required to find the global

optimum. RDIS is an instance of SumSPF (Section 3.3) that selects variables using a

hypergraph partitioning subroutine in order to achieve as much decomposition as possible

and chooses values for these variables using a subspace optimizer in order to quickly

minimize the function. In my experiments, I showed that RDIS consistently outperforms
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competing methods for structure from motion, a high-dimensional sinusoid, and protein

folding by explicitly and recursively decomposing the problem. The work presented in

this chapter also appears in Friesen and Domingos [44].

Given the performance and flexibility of RDIS, there are many interesting directions

for future work. For example, many other nonconvex optimization problems exhibit

decomposability structure and can benefit from this approach, especially in other areas

of science and engineering. While machine learning problems do not typically exhibit

large amounts of decomposability as the model parameters tend to be fully connected,

incorporating auxiliary variables or identifying latent factors can induce decomposability

that RDIS-style methods can then exploit. In Chapter 6, I present an example of an

RDIS-style method for deep learning that introduces target variables to decompose the

learning problem. Other directions for future research include further analyzing RDIS’

theoretical properties, developing new variable and value selection methods, extending

RDIS to handle hard constraints, and using similar ideas for high-dimensional integration

as also discussed in Section 3.5.4. Finally, the decomposability structure exploited by RDIS

can be combined with other types of structure in order to develop even more expressive

model classes. In the following chapter, I define submodular field grammars (SFGs),

a new class of probabilistic model that combines submodular MRFs and sum-product

networks (SPNs). By exploiting both decomposability and submodularity, approximate

MAP inference in SFGs can be performed efficiently. For clarity, SFGs are presented in the

context of image parsing, and are thus developed as a combination of stochastic image

grammars – a type of SPN – and submodular MRFs. The connection to SPNs is made

explicit in Section 5.3.1.
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Chapter 5

SUBMODULAR FIELD GRAMMARS AND THEIR APPLICATION

TO SCENE UNDERSTANDING

5.1 Introduction

Scene understanding is a challenging problem that requires simultaneously detecting,

segmenting, and recognizing each object in the scene despite noise, distractors, and

ambiguity. Fortunately, natural scenes possess inherent structure in the form of part-

subpart relationships between objects. Such constituency relationships are well modeled by

a grammar, which defines a set of production rules that specify the decomposition of objects

into their parts. Natural language is the most common application of such grammars,

but the compositional structure of natural scenes makes stochastic image grammars a

natural candidate for representing distributions over images (see Zhu and Mumford [157]

for a review). Importantly, natural language can be parsed efficiently with respect to a

grammar because the number of possible split points for each production A→ BC is

linear in the length of the constituent corresponding to A. However, images cannot be

parsed efficiently in this way because there are an exponential number of ways to split an

image into arbitrarily-shaped subregions. As such, previous image grammar approaches

could only ensure tractability by severely restricting the possible decompositions of each

region either explicitly, for example by allowing only rectangular regions (e.g., Poon and

Domingos [114]), or implicitly by sampling (e.g., Zhao and Zhu [154]).

Due to these restrictions, many approaches to scene understanding instead use Markov

random fields (MRFs) over the pixels of an image (e.g., Shotton et al. [133], Gould et al. [50])

to capture some of the structure present in natural images while still permitting objects to

have arbitrary shapes. Most MRFs for scene understanding are planar graphs that define
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a probabilistic model over the labels of each pair of neighboring pixels, although some

work has generalized these approaches to hierarchical MRFs [41, 82]. Unfortunately, while

these models can improve labeling accuracy, as demonstrated by their continued use for

scene understanding, their limited structure means that they can capture very little of

the compositional structure present in natural images without requiring an exponential

number of labels. Inference in MRFs is in general intractable [25], but is tractable under

certain restrictions. For pairwise binary MRFs, if the energy is submodular [76], meaning

that each pair of neighboring pixels prefers to have the same label – a natural assumption

for images – then the exact MAP labeling of the MRF can be efficiently recovered with a

graph-cut algorithm [20, 52]. For multi-label problems, a constant-factor approximation

can be found efficiently using a move-making algorithm, such as α-expansion [21].

In this chapter, I combine the tractability and region-shape flexibility afforded by

submodular MRFs with the high-level compositional structure of an image grammar. I

associate with each production A→ BC in the grammar a submodular MRF whose labels

are the subconstituents (i.e.,B,C) of that production. I call the resultingmodel a submodular

field grammar (SFG). Finding the MAP labeling to split a region into arbitrarily-shaped

subregions is now tractable and I exploit this to develop an efficient approximate algorithm

for MAP parsing of images with SFGs. My algorithm, SFG-Parse, is an iterative move-

making algorithm that provably converges to a local minimum of the energy and reduces

to α-expansion in the case of a trivial grammar. Like other move-making algorithms, each

step of SFG-Parse chooses the best move from an exponentially-large set of neighbors, thus

overcoming many of the main issues with local minima [21].

Empirically, I compare SFG-Parse to belief propagation and α-expansion, where α-

expansion provides a strong surrogate for the true global minimum, which is intractable

to compute. I show that SFG-Parse parses images in exponentially less time than both

of these while returning comparable minima. I also show promising improvements in

accuracies when using an SFG in place of a standard MRF for scene understanding.

Like SFGs, associative hierarchical MRFs [93, 125] also define multi-level MRFs, but use
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precomputed segmentations to set the regions of the non-terminal variables and thus do

not permit arbitrary image regions. Neural parsing methods [131, 136] are grammar-like

models for scene understanding, but use precomputed superpixels to segment the image

and thus also do not permit arbitrary region shapes.

Although I present SFGs here in the context of scene understanding, they are a general

and flexible model that is applicable anywhere grammars, SPNs, or MRFs are used,

including social network modeling and probabilistic knowledge bases. The connection

between SFGs and SPNs is made clear in Section 5.3.1.

5.2 Preliminaries

5.2.1 Submodular MRFs

AMarkov random field (MRF) for scene understanding defines a probabilistic model

P (y, I) =
1

Z
exp (−E(y, I)) (5.1)

over labelingy ∈ Yn and image I , where n = |I| is the number of pixels,Y is the set of labels,

which encode semantic classes such as Sky or Ground, and Z =
∑

y′∈Yn exp(−E(y′, I))

is the partition function. MRFs for vision typically use pairwise energies E(y, I) =∑
p∈I θp(yp) +

∑
(p,q)∈I θpq(yp, yq), where θp and θpq are the unary and pairwise energy

terms for pixels p and edges (p, q), respectively; y = (y0, . . . , yn); and, with a slight

abuse of notation I say that I contains both the nodes and edges in the MRF over the

image. For binary labels Y = {Y1, Y2}, an MRF is submodular if its energy satisfies

θpq(Y1, Y1) + θpq(Y2, Y2) ≤ θpq(Y1, Y2) + θpq(Y2, Y1) for all edges (p, q) ∈ I. If the energy is

submodular, the MAP labeling y∗ = arg maxy∈Yn P (y, I) can be computed exactly with

a single graph cut in time c(n), where c(n) is worst-case low-order polynomial (the true

complexity depends on the chosen min-cut/max-flow algorithm), but nearly linear time

in practice [20, 21]. Thus, submodularity reduces the complexity of an optimization over

2n states to nearly-linear time. While submodularity is useful for MAP inference, it also
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captures the fact that neighboring pixels in natural images tend to have the same label (e.g.,

Sky pixels appear next to other Sky pixels), which means that in general the MAP labeling

partitions the image into contiguous regions, where all pixels in a region have the same

label.

5.2.2 Image Grammars

A context-free grammar (CFG) is a tuple G = (N,Σ, R, S) containing a finite set of

nonterminal symbols N ; a finite set of terminal symbols Σ; a finite set of productions

R = {v : X → Y1 . . . Yk} with head symbol X ∈ N and subconstituent symbols Yi ∈ N ∪ Σ

for i = 1 . . . k; and a special start symbol S ∈ N that does not appear on the right-hand side

of any production. For scene understanding, a grammar for outdoor scenes might contain

a production S → Sky Ground, which would partition the image into Sky and Ground

subregions.

To extend CFGs to images, I introduce the notion of a regionR ⊆ I, which specifies a

subset of the pixels and can have arbitrary shape. A parse (tree) t ∈ TG(I) for image I with

respect to grammar G is a hierarchy of nodes n = (v,R). Each node contains a production

v ∈ R and a corresponding image regionR ⊆ I , where TG(I) is the set of valid parse trees

for I under G, which I will write as T to simplify notation. For each node n = (v,R) in a

parse tree, the regions of its children {ci = (vi,Ri) : ci ∈ ch(n)} partition (segment) their

parent’s region such that R = ∪iRi and ∩iRi = ∅. Letting v = X → Y1 . . . Yk, then this

partition is equivalently defined by a labeling yv ∈ Y |R|v where Yv = {Y1, . . . , Yk}, as there

is a one-to-one correspondence between labelings and partitions ofR. Given a labeling for

a production, the region of a subconstituent is simply the subset of pixels labeled as that

subconstituentRi = {p : yvp = Yi} for any i ∈ {1, . . . , k}.

Finally, a stochastic image grammar defines a generative probabilistic model of images

by associating with each nonterminal a categorical distribution over the productions of that

nonterminal. The generative process is to sample a production of the current nonterminal

from this distribution, starting with the start symbol S and the region containing the
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entire image, and then to sample a partition of the current region into disjoint subregions

– one for each subconstituent of the production. This process then recurses on each

subconstituent-subregion pair, and terminates when a terminal symbol is produced, at

which point the pixels for that region are generated. Formally, the probability of a parse

t ∈ T of an image is

P (t, I) =
∏

(v,R)∈t

P (v|head(v)) · P (yv|v,R), (5.2)

where P (yv|v,R) specifies the probability of each labeling yv ∈ Y |R|v (partition) ofR. Note

that the distribution over productions in (5.2) is the same categorical distribution as that

used in PCFGs for natural language [68], but the distribution over segmentations is assumed

to be uniform in PCFGs for natural language and is typically not made explicit. However,

it is also this distribution that presents representational challenges, as a distribution

P (yv|v,R) is needed for each production and for each of the 2n possible image regions. I

address this in the following section.

5.3 Submodular Field Grammars

I define here (submodular) field grammars by combining the image grammars defined

above with (submodular) MRFs. I do this by defining for each production v : X → Y Z an

associated MRF over the full image

Ev(y
v, I) =

∑
p∈I

θvp(y
v
p) +

∑
(p,q)∈I

θvpq(y
v
p , y

v
q ). (5.3)

A copy of this MRF is instantiated each time an instance (equivalently, a token, as this

relates to the well-known type-token distinction) of X is parsed as v, in the same way

that each instance of a symbol uses the same categorical distribution to select productions.

In particular, an instance of a symbol has an associated region R ⊆ I and the MRF

instantiation for this instance is simply the subset of the full-image MRF that contains
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all of the nodes in R and all of the edges between the nodes in R. The energy of this

instance is thus Ev(yv,R) =
∑

p∈R θ
v
p(y

v
p) +

∑
(p,q)∈R θ

v
pq(y

v
p , y

v
q ), the labeling distribution is

P (yv|v,R) = exp(−Ev(yv,R)), and the energy of a parse tree is

E(t, I) =
∑

(v,R)∈t

wv + Ev(y
v,R), (5.4)

where the weights {wv} parameterize each symbol’s categorical distribution over produc-

tions and the probability of a parse tree is P (t, I) ∝ exp(−E(t, I)). Each node (v,R) in the

parse tree contains an instance of its production v. To simplify notation, I will omit v, I,

andRwhen clear from context and sum over just v. I refer to this model as a field grammar

G = (N,Σ, R, S,Θ) parameterized by Θ, which contains both the categorical weights and

the MRF parameters.

The MRFs in a field grammar can be parameterized arbitrarily but, in order to permit

efficient MAP inference, each term θvpq must satisfy the previously-stated binary submodu-

larity condition for all edges (p, q) and all productions v : X → Y1Y2 once the grammar has

been converted to one in which each production has only two subconstituents, which is

always possible and in the worst case increases the grammar size quadratically [68]. Note

that it is easy to extend this to the non-binary case by instead requiring that the pairwise

terms satisfy the α-expansion or αβ-swap conditions [21], for example, but I focus on the

binary case here for simplicity. It is also necessary for every production v ∈ R, and for

every production c that is a descendant of v in the grammar, that θvpq(yvp , yvq ) ≥ θcpq(y
c
p, y

c
q)

for all possible labelings (yvp , y
v
q , y

c
p, y

c
q), where yvp , yvq ∈ Yv and ycp, ycq ∈ Yc, to ensure that

segmentations of higher-level productions are submodular relative to their descendants.

This assumption captures a natural property of composition in images: that objects have

larger regions than their parts. This means that the ratio of boundary length to region area

is smaller for a symbol relative to its descendants, and thus its pairwise terms should be

stronger. A grammar that satisfies these conditions is a submodular field grammar (SFG).

Figure 5.1 shows a partial example of a (submodular) field grammar applied to scene
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Figure 5.1: A DAG representing some of the possible production and labeling choices when
parsing an image with an SFG. Each sum node represents either a choice of productions or a choice
of labelings. Product nodes denote the partition of a region defined by its labeling, where an MRF
node’s color denotes its particular label for the current production. Red edges denote a (partial)
parse tree for the image shown at the bottom. Best viewed in color.

understanding, demonstrating the interleaved choices of productions and labelings, and

the subregion decompositions resulting from these choices.
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5.3.1 Relationship to Other Models

Planar MRFs

While I have introduced SFGs as image grammars with MRFs at each production, SFGs

can also be described as flat MRFs with labels defined by a grammar. In particular, an SFG

defines a planarMRFwith one label for each path in the corresponding grammar, where the

number of suchpaths is exponential in the height of the grammar. This canbe seen as follows.

Recall that a parse tree over some region R has energy E(t,R) =
∑

v∈twv + Ev(y
v,Rv).

This energy can be rewritten as

E(t,R) = w(t) +
∑
p∈R

θtp +
∑

(p,q)∈R

θtpq, (5.5)

where w(t) =
∑

v∈twv; [·] is the indicator function; θtp =
∑

v∈t θ
v
p(y

v
p) · [p ∈ Rv]; and

θtpq =
∑

v∈t θ
v
pq(y

v
p , y

v
q ) · [(p, q) ∈ Rv]. This now describes a flat MRF in which θtp and θtpq

are the unary and pairwise terms. Note that inference in this flat MRF is not any easier,

and may in fact be harder, because it ahs an exponentially-large set of labels (one per

grammar path) and the hard constraints of the grammar must now be enforced explicitly

(e.g., that each instance of a symbol can only be produced once). Further, the benefit of the

grammar-based formulation is that it easily enables sub-parse reuse, which can result in

exponential reductions in inference complexity while also improving sample complexity.

For example, consider reusing a Wheel symbol among many vehicle types. Instead of

having to learn and perform inference for eachWheel symbol (once per vehicle type and per

vehicle-parent type, etc.), only one Wheel need be learned and inference on it performed

only once.

Sum-Product Networks.

Beyond PCFGs and MRFs, SFGs also extend sum-product networks (SPNs) [48, 114]. An

SFG defines an SPN containing a sum node for each possible region of each nonterminal, a
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Figure 5.2: The two main components of SFG-Parse: (a) Parsing a regionR as X → Y Z by fusing
two parses of R as Y → AB and as Z → CD, and (b) Improving the parse of R as X → Y Z by
(re)parsing each of its subregions, taking the union of the new Y and Z parses ofR, and then fusing
these new parses. See text for more details

product node for each segmentation of each production of each possible region of each

nonterminal, and a leaf function on the pixels of the image for each possible region of

the image for each terminal symbol. The children of the sum node s for nonterminal Xs

with region Rs are all product nodes r with a production vr : Xs → Y1 . . . Yk and region

Rvr = Rs. Each product node corresponds to a labeling yvr ofRvr and the edge to its parent

sum node has weight exp(−wv − E(yvr ,Rvr)). The children of product node r are the sum

or leaf nodes with matching regions that correspond to the constituent nonterminals or

terminals of vr, respectively. Figure 5.1 shows a partial mapping of an SFG to an SPN.

Note that this underlying SPN is decomposable, because the scopes of the children of each

product node form a partition of their parent’s scope, but not complete (aka. smooth).

However, the sum-product theorem shows that completeness is not a necessary condition

for tractable inference and that no corrective factor is necessary when operating in the

min-sum semiring, which is what is used for finding the approximate optimal parse of an

SFG.

A key benefit of SFGs in comparison to previous grammar-based approaches is that

regions can have arbitrary shapes and are not restricted to a small class of shapes such as
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rectangles [114, 154]. This flexibility is importantwhen parsing images, as real-world objects

and abstractions can take any shape, but it comes with a combinatorial explosion of possible

parses. Thus, the SPN resulting from an SFG must explicitly represent each possible

subregion of the image and is necessarily exponentially large, meaning that inference in this

SPN is intractable. This is the same reason that PCFGs are intractable when used to model

images. Despite the intractability of SPNs for scene understanding, the approximate MAP

parse of an image with respect to an SFG can be computed efficiently by exploiting submod-

ularity, which I show in the following section. This enables efficient parsing of images into a

hierarchy of arbitrarily-shaped regions and objects, yielding a very expressive model class.

5.4 Inference in SFGs

When trying to understand natural scenes, it is important to recognize and reason about the

high-level relationships between objects. These relationships can be identified by finding

the MAP parse of an image with respect to a grammar that encodes these structures,

such as a submodular field grammar. The flat semantic labels traditionally used in scene

understanding can also be recovered from this parse if they are encoded in the grammar,

e.g., as the terminal symbols.

For natural language, the optimal parse of a PCFG can be recovered exactly in time

cubic in the length of the sentence with the CYK algorithm [62], which uses dynamic

programming to efficiently parse a sentence in a bottom-up pass through the grammar.

This is possible because each sentence only has a linear number of split points, meaning

that all sub-spans of a sentence can be efficiently represented and enumerated. The key

operation in the CYK algorithm is to compute the optimal parse of a given span s (i.e.,

contiguous sub-sentence) as a given production v : X → Y Z by explicitly iterating over

all split points i of that span, computing the probability of parsing s as production v with

split i, and choosing the split point with highest probability. The probability of parsing s

as v with split i is defined recursively as the product of P (v|head(v)) and the respective

probabilities of the optimal parses of the two sub-spans as Y and Z, respectively. CYK
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uses dynamic programming to cache the optimal parse of each sub-span as each symbol to

avoid re-computing these unnecessarily.

Unfortunately, a direct application of CYK to images is intractable because it is infeasible

to enumerate all subregions of an image. Instead, I propose to construct (and cache) a parse

of the entire image for each production and then use subsets of this parse to define the parse

of each subregion, similar to how distributions over subregions are defined in SFGs. As in

CYK, the optimal parse of a region as a particular production is defined recursively, but it

is intractable to explicitly enumerate all possible splits (segmentations). Instead, inference

must exploit submodularity to find the locally optimal parse from an exponentially large

set without enumerating all such parses. I refer to this process of optimally combining

the parses of the subconstituents of a production as fusion, as it is analogous to the fusion

moves of Lempitsky et al. [92].

5.4.1 Parse Tree Construction by Fusion

Following Lempitsky et al. [92], let y0,y1 ∈ Yn be two labelings of a submodular MRF

with energy E(y) =
∑

p θp(yp) +
∑

pq θpq(yp, yq) and let C(y0,y1) = {yc} denote the set of

combinations of y0 and y1. A labeling yc = (yc0, . . . , y
c
n) is a combination of y0 = (y00, . . . , y

0
n)

and y1 = (y10, . . . , y
1
n) iff each label in yc is taken either from y0 or y1 such that ycp ∈ {y0p, y1p}

for all pixels p = 1 . . . n. The fusion y∗ of y0 and y1 is then defined as the minimum

energy combination y∗ = arg miny∈C(y0,y1)E(y). Under certain conditions on E, fusing two

labelings is a submodular minimization.

Recall from Section 5.3.1 that each parse tree t of an SFG can equivalently be thought of as

a particular labeling of a planarMRFhaving one label per path in the grammar. With a slight

abuse of notation, I use t to represent both the full parse tree and the corresponding labeling

in the planarMRF. Now, let v : X → Y1Y2 be a production and t1, t2 be parses of some region

R ⊆ I as productions u1 : Y1 → Z1Z2 and u2 : Y2 → Z3Z4, respectively, where a parse of a

region as a production u is simply a parse of that region by the subset of the grammar that

contains only the symbols and productions that can be produced by u. Because t1 and t2
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are MRF labelings, they can be fused to create a new parse tree tv in which each pixel inR

is labeled with the same path that it had in either t1 or t2. When this occurs, v is prepended

to each pixel’s label, which is equivalent to adding (v,R) as the new root node of tv.

Definition 5.1. For production v : X → Y1Y2 and parse trees t1, t2 over regionRwith head symbols

Y1, Y2, the fusion of t1 and t2 as v is the minimum energy parse tree tv = arg mint∈C(t1,t2)E(t,R)

constructed from the combination of t1 and t2, with (v,R) appended as the root.

Figure 5.2a shows an example of fusing two parse trees to create a new parse tree.

Although fusion requires finding the optimal labeling from an exponentially large set, the

fusion energy function is submodular for SFGs and thus two parse trees can be efficiently

fused with a single graph cut.

Proposition 5.1. The fusion of parse trees t1, t2 over region R with head symbols Y1, Y2 for a

production v : X → Y1Y2 is a submodular minimization.

Proof. First, let every submodular MRF energy Eu(yu,R) be in normal form such that

θupq(y, y) = 0 and θupq(yup , yuq ) ≥ 0 for all labels y, yup , yuq ∈ Yu, where any submodular energy

can be reparameterized into normal form in time linear in the region size [75].

Now, the fusion of parse trees t0, t1 is given by t∗ = arg mint∈C(t0,t1)E(t,R), where

E(t,R) =
∑

v∈tw(t) +
∑

p∈R θ
t
p +
∑

(p,q)∈R θ
t
pq and θtpq =

∑
v∈t θ

v
pq(y

v
p , y

v
q ). However, because

each θvpq is in normal form and any parse tree can contain only one production c ∈ t in

which ycp 6= ycq for any neighboring pixels p, q (because these pixels are placed in different

regions in all descendants of the region in which they are labeled differently), it follows

that the summation for θtpq contains at most one non-zero term and thus θtpq = θcpq(y
v
p , y

v
q ).

Finally, by introducing an auxiliary binary variable z ∈ {0, 1}|R|, the combination

of t0 and t1 can be defined as tc(z) = t0 ◦ (1 − z) + t1 ◦ (z), where ◦ is the Hadamard

(element-wise) product. The fusion problem can now be written as a binary minimization

problem t∗ = arg minz∈{0,1}|R| E(t(z),R), where the energy is submodular if θt(zp=0,zq=1)
pq +

θ
t(zp=1,zq=0)
pq ≥ θt0pq + θt1pq. Because the pairwise terms are in normal form it follows that
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θt0pq = θc0pq and θt0pq = θc1pq, where c0 and c1 are the productions in t0 and t1, respectively,

at which pixels p and q were labeled differently (note that the values of their labels are

unimportant here). Further, θt(zp=0,zq=1)
pq = θvpq(Y0, Y1) and θ

t(zp=1,zq=0)
pq = θvpq(Y1, Y0) because

by choosing them from different trees, the production v that is being fused is now the

production at which these pixels are first labeled differently. However, since (from the

definition of an SFG) θvpq(yvp , yvq ) ≥ θcpq(y
c
p, y

c
q) for c any possible descendant production of v

and for all labelings, then it follows that θvpq(Y0, Y1) ≥ θc0pq and θvpq(Y1, Y0) ≥ θc1pq and thus the

submodularity condition holds.

Finally, I define the union of two parse trees t = t1∪ t2 that contain the same productions

but are over disjoint regions (i.e.,R1 ∩R2 = ∅) as the parse tree t in which the region of

each node in t is the union of the regions of the corresponding nodes in t1 and t2.

5.4.2 SFG-Parse

Pseudocode for my novel parsing algorithm, SFG-Parse, is presented in Algorithm 5.

SFG-Parse is an iterative move-making algorithm that efficiently and provably converges to

a localminimumof the energy function. Currently, SFG-Parse applies only to non-recursive
grammars, but I believe it will be straightforward to extend to full grammars.

SFG-Parse starts at the terminal symbols andmoves backwards through the productions

towards the start symbol (line 13), constructing and caching a parse of the full image as

each production. The parse for each production is constructed by fusing the cached parses

of that production’s subconstituents (lines 21 and 22). In CYK, each span of a sentence is

explicitly parsed as each production, making it straightforward to have multiple instances

of a symbol, each with a different sub-parse. However, when parsing an SFG, each parse

tree must remain internally consistent (i.e., the same symbol cannot be produced multiple

times) to ensure that fusion is submodular. Thus, if only one parse tree were used per

production, each instance of a symbol would have to be parsed with the exact same set of

productions.
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Algorithm 5 Compute the (approximate) MAP parse of an image with respect to a
submodular field grammar.
Input: The image I, a non-recursive SFG G = (N,Σ, R, S,Θ), and an (optional) input parse t̂.
Output: A parse of the image, t∗, with energy E(t∗, I) ≤ E(t̂, I).
1: function SFG-Parse(I, G, t̂)
2: // initialize terminal parses
3: for each terminal T ∈ Σ do

4: tRT
← the trivial parse with all pixels parsed as T

5: while the energy of any production of the start symbol S has not converged do

6: // record each instance of each symbol that appears in t̂
7: for each node in t̂ with production u : X → Y Z, regionRX , and subregionsRY ,RZ do

8: appendRY ,RZ to region listsR[Y ],R[Z] and set as the child regions of u forRX

9: // initialize each instance-less symbol to have the entire image as its sole region
10: for each symbol X ∈ N with no regions inR[X] do

11: addRX = I toR[X]

12: // perform an upward pass through the grammar to parse the SFG
13: for each symbol X ∈ N , in reverse topological order do
14: for each regionRX in region listR[X] do // each region corresponds to an instance of X
15: for each production v : X → Y Z of symbol X do

16: // get a parse for each constituent of production v and fuse these
17: if the child regions of production v for regionRX exist then
18: RY ,RZ ← the child regions of production v for regionRX
19: else

20: RY ,RZ ← heuristically choose instances of Y and Z
21: tv, ev ← fuse tRY

and tRZ
as production v over regionRX

22: tv, ev ← fuse tRY
and tRZ

as production v over regionRX = I\RX given tv

23: // choose best parse ofRX

24: tRX
, eRX

← the full parse tv ∪ tv with lowest energy ev

25: // S only ever has a single region, which contains all of the pixels
26: t̂, ê← tRS

, eRS

27: return t̂, ê

To avoid this, SFG-Parse permits multiple instances of a symbol X , one per unique

path from the root to a production of X in t̂, where t̂ is the best parse from the previous

iteration. This allows the number of instances of each symbol to grow or shrink at each
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iteration. Detection of instances and their corresponding regions occurs on line 8. When

SFG-Parse detects an instance x of symbol X in t̂ for a production v : X → Y Z, it also

records pointers to its child instances y and z, which later determine the instances of Y and

Z to fuse to create a parse of v (line 18).

If a symbol has no instances, either because it doesn’t appear in t̂ or because t̂was not

provided, then that symbol is assigned the region containing the entire image as an instance

(line 11), which serves as a powerful initialization method. If a symbol has no instances,

then it did not appear in t̂ so its parse can be constructed by fusing any instance of each of

its production’s subconstituents without affecting convergence. Since most symbols do

not appear in t̂, they only have a single instance (corresponding to the entire image) and

the parse of that instance is used each time this symbol is fused. In the rare case that a

symbol has multiple instances, one instance can be chosen either by estimating a bound on

its energy or even randomly (line 20).

If a symbol X does have an instance in t̂, SFG-Parse first constructs a parse tv of that

instance’s regionRX (line 21) and then constructs a parse of the remainder of the image

RX as v given the partial parse tv (line 22). The union of these two parses is a full parse

of the entire image as v for this instance. Parsing an instance in two parts is necessary to

ensure that SFG-Parse never returns a worse parse. When constructing a parse of a region

RX given a parse tv of another (disjoint) regionRX , the pairwise terms that span the two

regions are included in the fusion energy function and the label of the pixel inRX is set

to its value in tv (i.e., like conditioning in a probabilistic model). Figure 5.2b shows an

inefficient version of the process of re-parsing an instance of X , where first the subregions

labeled as Y and Z are re-parsed (steps 1-2), then the remaining pixels are re-parsed given

the other parses (steps 3-4), and finally the unions of these parses are fused to get a parse

of the region as X (step 5). However, for efficiency reasons, SFG-Parse does not actually

re-parse Y and Z for each production that produces them; instead, their parses are cached

and re-used.

Finally, the parse of the production u that has the lowest energy overRX is chosen as
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the parse of RX (line 24). At the end of the upward pass, the parse of the full image t̂

is simply the parse of the start symbol’s single region, which always contains all pixels

(line 26).

5.4.3 Analysis of SFG-Parse

As shown in Theorem 5.1, SFG-Parse always converges to a local minimum of the energy

function. Like other move-making algorithms, SFG-Parse explores an exponentially large

set of moves at each step, so the returned local minimum is in general much better than

the local minima returned by more local procedures [21]. Further, I typically observe

convergence in fewer than ten iterations, with the majority of the energy improvement

occurring in the first iteration. In order to prove Theorem 5.1, I first show that the parse of

a subregion can be improved without making the overall parse energy worse.

Lemma 5.1. Given a labeling yv which fuses parse trees t1, t2 into t with root production v, energy

E(t,R), and subtree regionsR1 ∩R2 = ∅ defined by yv, then any improvement ∆ in E(t1,R1)

also improves E(t,R) by at least ∆, regardless of any change in E(t1,R\R1).

Proof. Since the optimal fusion can be found exactly, and the energy of the current labeling

yv has improved by ∆, the optimal fusion will have improved by at least ∆.

Convergence of SFG-Parse now follows from Lemma 5.1.

Theorem 5.1. Given a parse t̂ of S over the entire image with energy E(t̂), each iteration of

SFG-Parse constructs a parse t of S over the entire image with energy E(t) ≤ E(t̂), and since the

minimum energy of an image parse is finite SFG-Parse will always converge.

Proof. I will prove by induction that for all nodes n ∈ t̂ with corresponding production

v : X → Y Z , region RX , subtree t̂RX
over region RX , and child subtrees t̂RY

, t̂RZ
over

regions RY ,RZ , that E(tRX
) ≤ E(t̂RX

) after one iteration. Since the start symbol S has

only one region containing the entire image, this proves the claim.

Base case. Let t̂RX
be a subtree with region RX and production v : X → Y containing
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only a single terminal child and let {ui = X → Yi} be the set of productions of X (where

such a t̂RX
must exist because the grammar is non-recursive and terminates). By definition,

tv = t̂RX
, where tv is the new parse ofRX as v, because terminal parses do not change for

the same region. Then, since tRX
= arg minui E(tui) and v ∈ {ui}, it immediately follows

that E(tRX
) ≤ E(t̂RX

) and the claim holds.

Induction step. Let n ∈ t̂ be a node in t̂ with corresponding production v : X → Y Z,

regionRX , subtree t̂RX
over regionRX , and child subtrees t̂RY

, t̂RZ
over regionsRY ,RZ ,

such that RY ∪ RZ = RX and RY ∩ RZ = ∅, and suppose that E(tRY
) ≤ E(t̂RY

) and

E(tRZ
) ≤ E(t̂RZ

). From Lemma 1, it follows that the parse tv computed from fusing tRY

and tRZ
in RX as v has energy E(tv) ≤ E(t̂RX

) (since the fusion can always choose the

same labeling as in t̂RY
). Then, since tRX

= arg minu∈{uX :head(uX)=X}E(tu), where {uX} are

the productions of X , it follows that E(tRX
) ≤ E(tv) and thus E(tRX

) ≤ E(t̂RX
) and the

claim follows.

As shown in Proposition 5.2, each iteration of SFG-Parse has worst-case complexity

O(|G|c(n)n), where n is the number of pixels in the image and c(n) is the complexity of the

underlying graph cut algorithm used, which is worst-case low-order polynomial, but nearly

linear-time in practice [20, 21]. The additional factor of n is due to the number of regions

(i.e., instances) of each symbol, which in the worst case can beO(n) but in practice is almost

always a small constant (often one). Thus, SFG-Parse typically runs in time O(|G|c(n)).

Proposition 5.2. Let c(n) be the time complexity of computing a graph cut on n pixels and |G| be

the size of the grammar defining the SFG. Then each iteration of SFG-Parse takes timeO(|G|c(n)n).

Proof. Let k be the number of productions per nonterminal symbol and N be the nonter-

minals. The three main loops of the algorithm have complexity |N |, n (because there can

be at most n regions and the regions are disjoint), and k, respectively. For line 18, the

choice of parses for productions in t̂ takes constant time, and the parses for productions

that are not in t̂ (line 20) can be chosen arbitrarily and thus also in constant time. For

lines 21-22, the fusion of a region R has complexity O(|R|+c(|R|)) = O(c(|R|)), so the
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worst-case complexity of the inner loop occurs when R is empty or is the full image,

giving complexity O(c(n)). Thus, the total complexity of each iteration of SFG-Parse is

O(|N |k · c(n) · n) = O(|G|c(n)n).

Note that a straightforward application of α-expansion to image parsing that uses one

label for every possible parse in the grammar requires an exponential number of labels in

general, and thus has exponential time complexity.

SFG-Parse can be extended to productions with more than two subconstituents by

replacing the internal graph cut used to fuse subtrees with a multi-label algorithm such

as α-expansion. SFG-Parse would still converge because each subtree would still never

decrease in energy. An algorithm such as QPBO [75] could also be used, which would

obviate the submodularity requirement.

5.5 SFG Learning

An SFG is parameterized by its production costsws = {wv : v ∈ R}, which are the log-space

version of the SPN (or grammar) weights, and its MRF weights wm. The parameters of an

SFG can be learned in a multitude of ways, but I propose here an approach that follows

directly from SFGs being a fusion of grammars and MRFs. In particular, given the regions

of each symbol, an SFG reduces to a stochastic grammar. Conversely, given the productions,

an SFG reduces to an MRF. I thus propose to learn SFG parameters using an alternating-

minimization-style algorithm, where the grammar weights ws are first updated while the

MRF parameters held fixed and then the MRF weightswm are updated while the grammar

weights held fixed, with this process iterating until convergence. While it is possible to

learn ws and wm simultaneously, my preliminary investigations indicate that learning

them separately provides a more stable approach, where symbols are first associated with

different image patches (or features) by updating ws, and then each symbol’s region and

appearance weights wm are fit to that symbol’s image patches (or features).

To update the weights, recall that the stochastic grammars underlying SFGs are also
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SPNs, which enables the use of SPN-learning methods. In particular, both SPNs and MRFs

can be learned both generatively and discriminatively, and SFGs are no different; I focus

here on the discriminative case, but the generative case is similar. As with both SPNs and

MRFs, the derivative of the conditional log-likelihood of an SFG with respect to a weight

wi is simply the difference of the expected count of the corresponding production (or pixel

or edge) over all parse trees that are compatible with both the labels and the image and the

expected count over parse trees compatible with only the image; i.e.,

∂

∂wi
logPw(y|I) = Et∈Tw(y,I)[ni(t) | y, I]− Et′∈Tw(I)[ni(t

′) | I], (5.6)

where y are the query variables, Tw(y, I) and Tw(I) are the sets of parse trees compatible

with their respective arguments, and ni(t) is the count of weight wi in t. Unfortunately,

since no datasets of parsed images exist to train on, both expectations are intractable.

However, an effective approximation to the second expectation is to simply use the counts

from the MAP parse, which is accurate if it has most of the probability mass; this is

known as voted perceptron [30] and has been used to efficiently train both MRFs [135]

and SPNs [47]. In SPNs, both expectations are tractable but are still replaced with their

MAP state to overcome vanishing gradients. I propose to extend this method to SFGs,

and approximate each expectation with the counts from its respective MAP parse, as

found by SFG-Parse. The gradient update is then ∂
∂wi

logPw(y|I) ≈ ni(t
∗
yI)− ni(t∗I), where

t∗· = arg mint∈Tw(·)E(t, I). I leave SFG structure learning to future work, but am excited

about combining SPN [2, 48] and arithmetic circuit [120] structure learning algorithms

with methods for grammar induction [74, 113].

5.6 Empirical Evaluation of SFGs and SFG-Parse

I evaluated SFGs and SFG-Parse by parsing images from the Stanford background dataset

(SBD) [50] under two different settings, both using features from DeepLab [28, 29], a

state-of-the-art convolutional semantic segmentation approach. In the first experiment, I
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evaluated the performance of SFG-Parse by comparing its runtime and accuracy to that of

α-expansion and max-product belief propagation. In the second experiment, I induced

grammars from SBD images and compared the segmentation performance of SFGs on

DeepLab features to that of a planar submodular MRF on those same features and to those

features alone.

As discussed in Section 5.3, the energy of each segmentation of a region for a given

production is defined by an MRF E(yv,Rv) =
∑

p∈Rv
θvp(y

v
p ;w) +

∑
(p,q)∈Rv

θvpq(y
v
p , y

v
q ;w),

parameterized by weightsw. The unary and pairwise terms in E can be defined arbitrarily,

as long as the resulting energy is submodular. In my experiments, I defined the unary

terms for terminals T ∈ Σ as a linear function of the image features θvp(yvp = T ;w) = w>T φ
U
p ,

where φUp is a feature vector representing the local appearance of pixel p. Unary terms

for nonterminals X ∈ N were defined as θvp(yvp = X;w) = wvpX , where wvpX is a (learnable)

parameter that specifies how likely this pixel is to be labeled as X . This allowed each

production to encode the regions of the image associated with each of its constituents.

The pairwise terms are also quite flexible, but in my experiments I used the standard

contrast-dependent pairwise boundary potential (e.g., Shotton et al. [132]) defined for each

production v and each pair of adjacent pixels p, q as

θvpq(y
v
p , y

v
q ;w) = wBF

v exp(−β−1||φBp − φBq ||2) · [yvp 6= yvq ], (5.7)

where β is half the average image contrast between all adjacent pixels in an image, wBF
v is

the boundary factor that controls the relative cost of this term for each production, φBp is

the pairwise per-pixel feature vector, and [·] is the indicator function.

5.6.1 Inference Evaluation

To evaluate the performance of SFG-Parse, I programmatically generated grammars while

varying their height, number of productions per nonterminal, and strength of the pairwise

(boundary) terms. The same grammar, DeepLab features, and randomly-selected images
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were used to evaluate each algorithm. I compared SFG-Parse to α-expansion on a flat

pairwise MRF containing a label for each possible parse path in the grammar and to

max-product belief propagation (BP) on a multi-level (3-D) pairwise MRF with the same

height as each grammar. Further details on these models and the MRF parameterization

are provided below. Due to the flat encoding, α-expansion must iterate over an exponential

number of labels; however, once it converges, its energy is within a constant factor of the

global minimum [21] and is thus a good surrogate for the true global minimum, which is

intractable to compute.

All experiments were run on the same computer, which was a dual 20-core 2.2 GHz

Intel Xeon E5-2698 with 512 GB of RAM. Each algorithm was limited to a single thread.

Experiment: Increasing boundary strength

Increasing the boundary strength of an MRF makes inference more challenging, as

individual pixel labels cannot be easily flipped without large side effects. To test the

performance of SFG-Parse as a function of boundary strength, I constructed a grammar

parameterized as above with 2 layers of nonterminals (not including the start symbol),

each containing 3 nonterminal symbols with 4 binary productions to the next layer. I used

a single weight wBF to parameterize all pairwise (boundary) terms in the MRF of every

production. Figure 5.3 plots the mean average pixel accuracy of the parses returned by

each algorithm vs. wBF (the x-axis is log-scale). SFG-Parse returns parses with almost

identical accuracy (and energy) to α-expansion. BP also returns comparable accuracies, but

almost always returns invalid parses with infinite energy (if it converges at all) that contain

multiple productions of the same object or a production of a symbol Y even though the

pixel is labeled as symbol X.
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Figure 5.3: The (a) best energy, (b) total running time, and (c) resulting semantic segmentation
accuracy (mean average pixel accuracy) for belief propagation, α-expansion, and SFG-Parse when
varying boundary strength. Each data point is the average value over (the same) 10 images.

Experiment: Increasing grammar height

In general, the number of paths in a grammar is exponential in its height, so the height of

the grammar controls the complexity of inference and thus the difficulty of parsing images.

For this experiment, I set wBF to 20 and constructed a grammar with four nonterminals per

layer, each with three binary productions to the next layer. Figure 5.4 shows the effect of

grammar height on (a) minimum energy found, (b) total inference time (to convergence or

a maximum number of iterations, whichever first occurred), and (c) semantic segmentation

accuracy (mean average precision) for each algorithm. As expected from Proposition 5.2,

the time taken for SFG-Parse scaled linearly with the height of the grammar, which is

within a constant factor of the size of the grammar when all other parameters are fixed.

Conversely, inference time for both α-expansion and BP scaled exponentially with the

height of the grammar. Again, the energies and corresponding accuracies achieved by

SFG-Parse were nearly identical to those of α-expansion.

Experiment: Increasing number of productions per nonterminal

The number of paths in the grammar is also directly affected by the number of productions

per symbol. For this experiment, I set wBF to 20 and constructed a grammar with 2 layers of
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Figure 5.4: The (a) best energy, (b) total running time, and (c) resulting semantic segmentation
accuracy (mean average pixel accuracy) for belief propagation, α-expansion, and SFG-Parse when
varying grammar height. Each data point is the average value over (the same) 10 images. Missing
data points for α-expansion indicate that it ran out of memory. Missing data points for BP indicate
that it returned infinite energy (left). Low accuracies for grammar height 0 are a result of the
grammar being insufficiently expressive.

nonterminals, each with 4 nonterminal symbols. Figure 5.5 shows the effect of increasing

the number of productions per nonterminal, which again demonstrates that SFG-Parse is

far more efficient than either α-expansion or BP as the complexity of the grammar increases,

but still finds comparable solutions.

α-expansion and 3-D MRF Details

I compared SFG-Parse to running α-expansion on a flat pairwise MRF and to max-product

belief propagation over a multi-level (3-D) pairwise grid MRF. Each label of the flat MRF

corresponds to a possible path in the grammar from the start symbol to a production to one

of its constituent symbols, etc, until reaching a terminal. In general, the number of such

paths is exponential in the height of the grammar. The unary term for a label in the flatMRF

are the sum of the unary terms along the corresponding path and the pairwise term for a

pair of labels is the pairwise term of the first production at which their constituents differ.

For any two labels with paths that choose a different production of the same symbol (and

have the same path from the start symbol) I assign infinite cost to enforce the restriction
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Figure 5.5: The (a) best energy, (b) total running time, and (c) resulting semantic segmentation
accuracy (mean average pixel accuracy) for belief propagation, α-expansion, and SFG-Parse when
varying grammar height. Each data point is the average value over (the same) 10 images. Missing
data points for BP indicate that it returned infinite energy (left).

that an object can only have a single production of it into constituents.

The multi-layer MRF is constructed similarly. The number of levels in the MRF is equal

to the height of the DAG corresponding to the grammar used. The labels at a particular

level of the MRF are all (production, constituent) pairs that can occur at that level in the

grammar. The pairwise term between the same pixel in two levels is 0 when the parent

label’s constituent equals the child label’s production head, and∞ otherwise. Pairwise

terms within a layer are defined as in the flat MRF with infinite cost for incompatible labels

(i.e., two neighboring pixels parsed as different productions of the same symbol), unless

two instances of that nonterminal could be produced at that level by the grammar.

5.6.2 Model Evaluation

In order to evaluatewhether natural scenes exhibit thepart-subpart structure over arbitrarily-

shaped regions that SFGs can capture, but that existingmethods cannot, I inducedgrammars

on SBD images and computed the mean pixel accuracy of the terminal labeling (i.e., the

per-pixel semantic labels) from the parse tree returned by SFG-Parse.

I first over-segmented each of 143 images at 4 different levels of granularity using
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the method and code of Isola et al. [66] and intersected the most fine-grained of these

over-segmentations with the regions of the true labels. I then created a unique grammar

for each image by taking that image’s over-segmentations and the over-segmentations of

four other randomly chosen images and adding a symbol for each contiguous region. To

these symbols, I added a production between each set of overlapping segments for each

subsequent pair of granularity levels within each image. I then generated three productions

for each symbol by (for each production) randomly selecting four overlapping regions from

the next level of segmentation granularity across all images. Finally, I added productions

from the symbols in the most granular level to the terminal symbols, where each terminal

production can produce only those labels that occur in the region of its head symbol. To

make the comparison fair, I also restricted the labels that can be produced by other models

in the same way.

On average, each induced grammar had 860 symbols and 1250 productions with 5

constituents each. The features output by DeepLab (from the layer preceding the softmax in

theDeepLab architecture) were used as the per-pixel unary costs in theMRFs of the terminal

productions. All productions had uniform probability and the same MRF parameters were

used across all images to ensure that any improvement in performance is due solely to the

structure of the underlying grammar, as no learning was used. For the MRF weights, I

set wBF
v to 5 for all productions and all edges, but used the contrast-dependent pairwise

boundary potential defined above for the pairwise terms.

DeepLab DeepLab + MRF DeepLab + SFG

87.77 87.93 90.03

Table 5.1: The mean pixel accuracy on 143 SBD images when parsed with DeepLab, DeepLab with
an MRF on the output features, and DeepLab with an SFG on the output features.

After parsing each image with respect to its grammar, I computed the mean pixel

accuracy of the terminal labeling of the parse. I compared this to the accuracy of the
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DeepLab features alone and to the accuracy of a standard flat submodular MRF over the

DeepLab features, with pairwise terms set in the same way as in the SFGs. These results

are shown in Table 5.1, which shows a 20% relative decrease in error for SFGs, which is

quite remarkable given how well the DeepLab features do on their own and how little

the flat MRF helps. This indicates that natural scenes do exhibit high-level compositional

structure and that SFGs are able to exploit this structure to improve scene understanding.

5.7 Conclusion

This chapter proposed submodular field grammars (SFGs), a novel type of stochastic image

grammar that combines the expressivity of image grammarswith the efficient combinatorial

optimization capabilities of submodular Markov random fields. SFGs are the first image

grammar to enable efficient parsing of objects with arbitrary region shapes. To achieve this,

I proposed SFG-Parse, a move-making algorithm that exploits submodularity in order to

find the approximate MAP parse of an SFG. Analytically, I showed that SFG-Parse is both

convergent and efficient, since each iteration takes time linear in the size of the grammar,

the image, and the complexity of one graph cut. Empirically, I showed that SFG-Parse
achieves accuracies and energies comparable to α-expansion, which returns optima within

a constant factor of the global optimum, while taking exponentially less time to do so, and

that SFGs are able to exploit the natural compositional structure of images to improve scene

understanding. The work in this chapter also appears in Friesen and Domingos [46].

An important direction for future work is to develop and implement parameter and

structure learning algorithms for SFGs, as their unique combination of tractability and

expressivity provides a powerful method for better understanding natural scenes. This

may require creating a dataset of parsed images that can be used for training SFGs. Beyond

scene understanding, the unique combination of decomposability and submodularity

exploited by SFGs should also benefit many other domains, including activity recognition,

social network modeling, and probabilistic knowledge bases.

Decomposability can also be used to directly develop novel learning algorithms. In
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the next chapter, I develop a novel algorithm for learning deep neural networks that uses

combinatorial search to exploit decomposability in the learning objective in order to compute

weight updates for models that cannot be learned with standard backpropagation-based

methods.
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Chapter 6

DEEP LEARNING AS AMIXED CONVEX-

COMBINATORIAL OPTIMIZATION PROBLEM

6.1 Introduction

The original approach to neural classification was to learn single-layer models with

hard-threshold activations, like the perceptron [121]. However, it proved difficult to

extend these methods to multiple layers, because hard-threshold units, having derivative

zero almost everywhere and being discontinuous at the origin, cannot be used with

backpropagation [123]. Instead, the community turned to multilayer networks with soft

activation functions, such as the sigmoid and, more recently, the ReLU, for which gradients

can be computed efficiently by backpropagation.

This approach has enjoyed remarkable success, enabling researchers to train networks

with hundreds of layers and learn models that have significantly higher accuracy on

a variety of tasks than any previous approach. However, as networks become deeper

and wider, there has been a growing trend towards using hard-threshold activations for

quantization purposes, where they enable binary or low-precision inference (e.g., Hubara

et al. [64], Lin and Talathi [95], Rastegari et al. [116], Zhou et al. [155], Zhu et al. [156])

and training (e.g., Li et al. [94], Lin et al. [96], Micikevicius et al. [101], Tang et al. [138]),

which can greatly reduce the energy, memory, and computation required by modern

deep networks. Beyond quantization, the scale of the output of hard-threshold units is

independent of (or insensitive to) the scale of their input, which can alleviate vanishing

and exploding gradient issues and should help avoid some of the pathologies that occur

during low-precision training with backpropagation [94]. Avoiding these issues is crucial

for developing large systems of deep networks that can be used to perform even more
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complex tasks.

For these reasons, it is important to develop well-motivated and efficient techniques

for learning deep neural networks with hard-threshold units. In this chapter, I propose a

framework for learning deep hard-threshold networks that stems from the observation that

hard-threshold units output discrete values, indicating that combinatorial optimization

may provide a principledmethod for training these networks. By specifying a set of discrete

targets for each hidden-layer activation, the network decomposes into many individual

perceptrons, each of which can be trained easily given its inputs and targets. The difficulty

in learning a deep hard-threshold network is thus in setting the targets so that each trained

perceptron – including the output units – has a linearly separable problem to solve and

thus can achieve its targets. I show that networks in which this is possible can be learned

using a novel mixed convex-combinatorial optimization framework.

Unlike in Chapter 4, where setting the values of a subset of a function’s variables

decomposes that function, the functions being optimized in deep learningdonot decompose

for any setting of their variables (i.e., the network weights) and thus RDIS is not directly

applicable. However, the learning problem does decompose as a result of introducing and

setting the aforementioned target variables. While thismay also be useful for computational

reasons (e.g., see Carreira-Perpiñán and Wang [22] and Taylor et al. [140]), its main use in

this chapter is to define a framework that enables computing weight updates for learning

without needing to backpropagate gradients through the hard-threshold units.

Building on this framework, I then develop a recursive algorithm, feasible target

propagation (ftprop), for learning deep hard-threshold networks. Since this is a discrete

optimization problem, I develop heuristics for setting the targets based on per-layer loss

functions. The mini-batch version of ftprop can be used to explain and justify the oft-used

straight-through estimator [14, 60], which can now be seen as an instance of ftprop with

a specific choice of per-layer loss function and target heuristic. Finally, I develop a novel

per-layer loss function that improves learning of deep hard-threshold networks. Empirically,

I show improvements for my algorithm over the straight-through estimator on CIFAR-10
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for two convolutional networks and on ImageNet for AlexNet and ResNet-18, with multiple

types of hard-threshold activation.

Related Work

The most common method for learning deep hard-threshold networks is to use back-

propagation with the straight-through estimator (STE) [14, 60], which simply replaces

the derivative of each hard-threshold unit with the identity function. The STE is used

in the quantized network literature (see citations above) to propagate gradients through

quantized activations, and is used in Shalev-Shwartz et al. [130] for training with flat

activations. Later work generalized the STE to replace the hard-threshold derivative with

other functions, including saturated versions of the identity function [64]. However, while

the STE tends to work quite well in practice, I know of no rigorous justification or analysis

of why it works or how to choose replacement derivatives. Beyond being unsatisfying

in this regard, the STE is not well understood and can lead to gradient mismatch errors,

which compound as the number of layers increases [95]. I show here that the (saturated)

STE is a special case of my framework, thus providing a principled justification for it and a

basis for exploring and understanding alternatives.

Another common approach to training with hard-threshold units is to use randomness,

either via stochastic neurons (e.g., Bengio et al. [14], Hubara et al. [64]) or probabilistic

training methods, such as those of Soudry et al. [137] or Williams [148], both of which are

methods for softening hard-threshold units. In contrast, my goal is to learn networks with

deterministic hard-threshold units.

Finally, target propagation [13, 22, 88, 89, 91, 140] is a method that explicitly associates

a target with the output of each activation in the network, and then updates each layer’s

weights to make its activations more similar to the targets. My framework can be viewed as

an instance of target propagation that uses combinatorial optimization to set discrete targets,

whereas previous approaches employed continuous optimization. The MADALINE Rule

II (MRII) algorithm [150] can also be seen as a special case of my framework and of target
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propagation, where only one target is set at a time.

6.2 Learning Deep Networks with Hard-Threshold Units

Given a dataset D = {(x(i), t(i))}mi=1 with vector-valued inputs x(i) ∈ Rn and binary targets

t ∈ {−1,+1}, the task is to learn an `-layered deep neural network with hard-threshold

units

y = f(x;W ) = g(W` g(W`−1 . . . g(W1x) . . . )), (6.1)

with weight matricesW = {Wd : Wd ∈ Rnd×nd−1}`d=1 and element-wise activation function

g(x) = sign(x), where sign is the sign function such that sign(x) = 1 if x > 0 and −1

otherwise. Each layer d has nd units, where I define n0 = n for the input layer and let

hd = g(Wd . . . g(W1x) . . . ) denote the output of each hidden layer, wherehd = (hd1, . . . , hdnd
)

and hdj ∈ {−1,+1} for each layer d and each unit j. Similarly, I let zd = Wd g(. . . g(W1x) . . . )

denote the pre-activation output of layer d. For compactness, I have incorporated the bias

term into the weight matrices. I denote a row or column of a matrixWd asWd,:j andWd,j:,

respectively, and the entry in the jth row and kth column asWd,jk. Using matrix notation,

this model can be written as Y = f(X;W ) = g(W` . . . g(W1X) . . . ), where X is the n×m

matrix of dataset instances and Y is the n` ×mmatrix of outputs. I let T` denote the matrix

of final-layer targets, Hd denote the nd ×mmatrix of hidden activations at layer d, and Zd
denote the nd ×mmatrix of pre-activations at layer d. My goal will be to learn f by finding

the weightsW that minimize an aggregate loss L(Y, T`) =
∑m

i=1 L(y(i), t(i)) for some convex

per-instance loss L(y, t).

In the simplest case, a hard-threshold network with no hidden layers is a perceptron

Y = g(W1X), as introduced by Rosenblatt [121]. The goal of learning a perceptron, or

any hard-threshold network, is to classify unseen data. A useful first step is to be able to

correctly classify the training data, which I focus on here for simplicity when developing

my framework; however, standard generalization techniques such as regularization are
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easily incorporated into this framework. Since a perceptron is a linear classifier, it is only

able to separate a linearly-separable dataset.

Definition 6.1. A dataset {(x(i), t(i))}mi=1 is linearly separable iff there exists a vector w ∈ Rn

and a real number γ > 0 such that (w · x(i))t(i) > γ for all i = 1 . . .m.

When a dataset is linearly separable, the perceptron algorithm is guaranteed to find its

separating hyperplane in a finite number of steps [110], where the number of steps required

is dependent on the size of the margin γ. However, linear separability is a very strong

condition, and even simple functions, such as XOR, are not linearly separable and thus

cannot be learned by a perceptron [103]. It is thus important to be able to learn multilayer

hard-threshold networks.

Consider a simple single-hidden-layer hard-threshold network

Y = f(X;W ) = g(W2 g(W1X)) = g(W1H1)

for a dataset D = (X,T2), where H1 = g(W1X) are the hidden-layer activations. Clearly, Y

and H1 are both collections of (single-layer) perceptrons. Backpropagation cannot be used

to train the input layer’s weightsW1, but since each hidden activation h1j is the output of

a perceptron, then if the value t1j ∈ {−1,+1} that each hidden unit should take for each

input x(i) was known, a learning algorithm could use the perceptron algorithm to setW1

to produce these values. I refer to t1j as the target of h1j . Given a matrix of hidden-layer

targets T1 ∈ {−1,+1}n1×m, each layer (and in fact each perceptron in each layer) can be

learned separately, as they no longer depend on each other, where the goal of perceptron

learning is to update the weights of each layer d so that its activationsHd equal its targets Td
given inputs Td−1. Figure 6.1 shows an example of this decomposition. I denote the targets

of an `-layer network as T = {T1, . . . , T`}, where Tk for k = 1 . . . `− 1 are the hidden-layer

targets, T` are the dataset targets, and I often let T0 = X for notational convenience.

Auxiliary-variable-based approaches, such as ADMM [22, 140] and other target prop-

agation methods [88, 91] use a similar process for decomposing the layers of a network;
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Figure 6.1: After setting the hidden-layer targets T1 of a deep hard-threshold network, the network
decomposes into independent perceptrons, which can then be learned with standard methods.

however, these focus on continuous variables and impose (soft) constraints to ensure that

each activation equals its auxiliary variable. I take a different approach here, inspired by

the combinatorial nature of the problem and the perceptron algorithm.

Since the final layer is a perceptron, the training instances can only be separated if the

hidden-layer activations H1 are linearly separable with respect to the dataset targets T2.

Thus, the hidden-layer targets T1 must be set such that they are linearly separable with

respect to the dataset targets T2, since the hidden-layer targets T1 are the intended values of

their activations H1. However, in order to ensure that the hidden-layer activations H1 will

equal their targets T1 after training, the hidden-layer targets T1 must be able to be produced

(exactly) by the first layer, which is only possible if the hidden-layer targets T1 are linearly

separable with respect to the inputsX . Thus, a sufficient condition for f(X;W ) to separate

the data is that the hidden-layer targets induce linear separability in all units in both layers

of the network. I refer to this property as feasibility.

Definition 6.2. A setting of the targets T = {T1, . . . , T`} of an `-layer deep hard-threshold network

f(X;W ) is feasible for a dataset D = (X,T`) iff for each unit j = 1 . . . nd in each layer d = 1 . . . `

the dataset formed by its inputs Td−1 and targets Td,j: is linearly separable, where T0 , X .

Feasibility is a much weaker condition than linear separability, since the output decision

boundary of a multilayer hard-threshold network with feasible targets is in general highly

nonlinear. It follows from the definition of feasibility and convergence of the perceptron

algorithm that if a feasible setting of a network’s targets on a dataset exists, the network
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can separate the training data.

Proposition 6.1. Let D = {(x(i), t(i))} be a dataset and let f(X;W ) be an `-layer hard-threshold

network with feasible targets T = {T1, . . . , T`} in which each layer d of f was trained separately

with inputs Td−1 and targets Td, where T0 , X , then f will correctly classify each instance x(i),

such that f(x(i);W )t(i) > 0 for all i = 1 . . .m.

Learning a deep hard-threshold network thus reduces to finding a feasible setting of its

targets and then optimizing its weights given these targets, i.e., mixed convex-combinatorial

optimization. The simplest method for this is to perform exhaustive search on the targets.

Exhaustive search iterates through all possible settings of the hidden-layer targets, updating

the weights of each perceptron whose inputs or targets changed, and returns the weights

and feasible targets that result in the lowest loss. While impractical, exhaustive search is

worth briefly examining to better understand the solution space. In particular, because of

the decomposition afforded by setting the targets, exhaustive search over just the targets

is sufficient to learn the globally optimal deep hard-threshold network, even though the

weights are learned by gradient descent.

Proposition 6.2. If a feasible setting of a deep hard-threshold network’s targets on a dataset D

exists, then exhaustive search returns the global minimum of the loss in time exponential in the

number of hidden-unit targets.

Learning can be improved and feasibility relaxed if, instead of the perceptron algorithm,

a more robust method is used for perceptron learning. For example, a perceptron can

be learned for a non-linearly-separable dataset by minimizing the hinge loss L(z, t) =

max(0, 1− tz), a convex loss on the perceptron’s pre-activation output z and target t that

maximizes the margin when combined with L2 regularization. In general, however, any

method for learning linear classifiers can be used. I denote the loss used to train the weights

of a layer d as Ld, where the loss of the final layer L` is the output loss.

At the other end of the search spectrum is hill climbing. In each iteration, hill climbing

evaluates all neighboring states of the current state (i.e., target settings that differ from



107

the current one by only one target) and chooses the one with the lowest loss. The search

halts when none of the new states improve the loss. Each state is evaluated by optimizing

the weights of each perceptron given the state’s targets, and then computing the output

loss. Hill climbing is more practical than exhaustive search, since it need not explore an

exponential number of states, and it also provides the same local optima guarantee as

gradient descent on soft-threshold networks.

Proposition 6.3. Hill climbing on the targets of a deep hard-threshold network returns a local

minimum of the loss, where each iteration takes time linear in the size of the set of proposed targets.

Exhaustive search and hill climbing comprise two ends of the discrete optimization

spectrum. Beam search, which maintains a beam of the most promising solutions and

explores each, is another powerful approach that contains both hill climbing and exhaustive

search as special cases. In general, however, any discrete optimization algorithm can

be used for setting targets. For example, methods from satisfiability solving, integer

linear programming, or constraint satisfaction might work well, as the linear separability

requirements of feasibility can be viewed as constraints on the search space.

I believe that my mixed convex-combinatorial optimization framework opens many

new avenues for developing learning algorithms for deep networks, including those

with non-differentiable modules. In the following section, I use these ideas to develop a

learning algorithm that hews much closer to standard methods, and in fact contains the

straight-through estimator as a special case.

6.3 Feasible Target Propagation

The open question from the preceding section is how to set the hidden-layer targets.

Generating good, feasible targets for the entire network at once is a difficult problem;

instead, an easier approach is to propose targets for only one layer at a time. As in

backpropagation, it is natural to begin at the output layer, since the final-layer targets are

given, and successively set targets for each upstream layer. Further, since it is hard to
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know a priori if a setting of a layer’s targets is feasible for a given network architecture, a

simple alternative is to set the targets for a layer d and then optimize the upstream weights

(i.e., weights in layers j ≤ d) to check if the targets are feasible. Since the goal when

optimizing a layer’s weights and when setting its upstream targets (i.e., its inputs) is the

same – namely, to induce feasibility – a natural method for setting target values is to choose

targets that reduce the layer’s loss Ld. However, because the targets are discrete, moves in

target space are large and non-smooth and cannot be guaranteed to lower the loss without

actually performing the move. Thus, heuristics are necessary. I discuss these in more

detail below. Determining feasibility of the targets at layer d can be done by recursively

updating the weights of layer d and proposing targets for layer d− 1 given the targets for

layer d. This recursion continues until the input layer is reached, where feasibility (i.e.,

linear separability) can be easily determined by optimizing that layer’s weights given its

targets and the dataset inputs. The targets at layer d can then be updated based on the

information gained from the recursion and, if the upstream weights were altered, based on

the new outputs of layer d− 1. I call this recursive algorithm feasible target propagation, or

ftprop. Pseudocode is shown in Algorithm 6.

As the name implies, ftprop is a form of target propagation [88, 89, 91] that uses discrete

instead of continuous optimization to set targets. ftprop is also highly related to RDIS

(Chapter 4), While RDIS is applied only to continuous problems, the ideas behind RDIS can

be generalized to discrete variables via the sum-product theorem (Chapter 3). Since RDIS

is based on satisfiability (SAT) solvers, this suggests an interesting connection between

ftprop and SAT that I leave for future work.

Of course, modern deep networks will not always have a feasible setting of their targets

for a given dataset. For example, a convolutional layer imposes a large amount of structure

on its weight matrix, making it less likely that the layer’s input will be linearly separable

with respect to its targets. Further, ensuring feasibility will in general cause learning

to overfit the training data, which will worsen generalization performance. Thus, it is

important to be able to relax the feasibility requirements of ftprop.
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Algorithm 6 Train an `-layer hard-threshold network Y = f(X;W ) on dataset D = (X,T`)
with feasible target propagation (ftprop) using loss functions L = {Ld}`d=1.
1: initialize weightsW = {W1, . . . ,W`} randomly
2: initialize targets T1, . . . , T`−1 as the outputs of their hidden units in f(X;W )

3: set T0 ← X and set T ← {T0, T1, . . . , T`}
4: ftprop(W,T, L, `) // train the network by searching for a feasible target setting

5: function ftprop(weightsW , targets T , losses L, and layer index d)
6: optimizeWd with respect to layer loss Ld(Zd, Td) // check feasibility; Zd = WdTd−1

7: if activations Hd = g(WdTd−1) equal the targets Td then return True // feasible
8: else if this is the first layer (i.e., d = 1) then return False // infeasible

9: while computational budget of this layer not exceeded do // e.g., set by beam search
10: Td−1 ← heuristically set targets for upstream layer to reduce layer loss Ld(Zd, Td)
11: if ftprop(W,T, L, d− 1) then // check if targets Td−1 are feasible
12: optimizeWd with respect to layer loss Ld(Zd, Td)
13: if activations Hd = g(WdTd−1) equal the targets Td then return True // feasible

14: return False

In addition, there are many benefits of using mini-batch instead of full-batch training,

including improved generalization gap (e.g., see LeCun et al. [90] or Keskar et al. [71]),

reduced memory usage, the ability to exploit data augmentation, and the prevalence of

libraries and hardware designed for it.

Fortunately, it is straightforward to convert ftprop to a mini-batch algorithm and to

relax the feasibility requirements. In particular, since it is important not to overcommit

to any one mini-batch, the mini-batch version of ftprop (i) only updates the weights and

targets of each layer once per mini-batch; (ii) only takes a small gradient step on each layer’s

weights, instead of optimizing them fully; (iii) sets the targets of the downstream layer in

parallel with updating the current layer’s weights, since the weights will not change much;

and (iv) removes all checks for feasibility. I call this algorithm ftprop-mb and present

pseudocode in Algorithm 7. ftprop-mb closely resembles backpropagation-based methods,

allowing us to easily implement it with standard GPU-based libraries.
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Algorithm 7 Train an `-layer hard-threshold network Y = f(X;W ) on dataset D = (X,T`)
with mini-batch feasible target propagation (ftprop-mb) using loss functions L = {Ld}`d=1.
1: initialize weightsW = {W1, . . . ,W`} randomly
2: for each minibatch (Xb, Tb) from D do

3: initialize targets T1, . . . , T`−1 as the outputs of their hidden units in f(Xb;W )

4: set T0 ← Xb, set T` ← Tb, and set T ← {T0, . . . , T`}
5: ftprop-mb(W,T, L, `)

6: function ftprop-mb(weightsW , targets T , losses L, and layer index d)
7: T̂d−1 ← heuristically set targets for upstream layer to reduce layer loss Ld(Zd, Td)
8: updateWd with respect to layer loss Ld(Zd, Td) // where Zd = WdTd−1 = WdHd−1

9: if d > 1 then ftprop-mb(W, {T0, . . . , T̂d−1, . . . , T`}, L, d− 1)

6.3.1 Target Heuristics

When the activations of each layer are differentiable, backpropagation provides a method

for telling each layer how to adjust its outputs to improve the loss. Conversely, in hard-

threshold networks, target propagation provides a method for telling each layer how to

adjust its outputs to improve the next layer’s loss, as long as the targets are set effectively.

While gradients cannot propagate through hard-threshold units, the derivatives within a

layer can still be computed. An effective and efficient heuristic for setting the target tdj for

an activation hdj of layer d is to use the (negative) sign of the partial derivative of the next

layer’s loss. Specifically, I set tdj = r(hdj), where

r(hdj) , sign

(
− ∂

∂hdj
Ld+1(Zd+1, Td+1)

)
(6.2)

and Zd+1 is either the pre-activation or post-activation output, depending on the choice of

loss.

When used to update only a single target at a time, this heuristic will often set the

target value that correctly results in the lowest loss. In particular, when Ld+1 is convex, its

negative partial derivative with respect to hdj by definition points in the direction of the
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global minimum of Ld+1. Without loss of generality, let hdj = −1. Now, if r(hdj) = −1, then

it follows from the convexity of the loss that flipping hdj and keeping all other variables

the same would increase Ld+1. On the other hand, if r(hdj) = +1, then flipping hdj may

or may not reduce the loss, since convexity cannot tell us which of hdj = +1 or hdj = −1

results in a smaller Ld+1. However, the discrepancy between hdj and r(hdj) indicates a lack

of confidence in the current value of hdj . A natural choice is thus to set tdj to push the

pre-activation value of hdj towards 0, making hdj more likely to flip. Setting tdj = r(hdj) = +1

accomplishes this. I note that, while this heuristic performs well, there is still room for

improvement, for example by extending r(·) to better handle the hdh 6= r(hdj) case or by

combining information across the batch. I leave such investigations for future work.

6.3.2 Layer Loss Functions

The hinge loss, shown in Figure 6.2a, is a robust version of the perceptron criterion and

is thus a natural per-layer loss function to use for finding a feasible (or nearly feasible)

setting of the targets and weights. However, in preliminary experiments, I found that

learning tended to stall and become erratic over time when using the hinge loss for each

layer. I attribute this to two separate issues. First, the hinge loss is sensitive to noisy data

and outliers [151], which can cause learning to focus on instances that are unlikely to

ever be classified correctly, instead of on instances near the separator. Second, since with

convolutional layers and large, noisy datasets it is unlikely that a layer’s inputs are entirely

linearly separable, it is thus important to prioritize some targets over others. Ideally, the

highest priority targets would be those with the largest effect on the output loss.

The first issue can be solved by saturating (truncating) the hinge loss, thus making

it less sensitive to outliers [151]. The saturated hinge loss, shown in Figure 6.2b, is

sat_hinge(z, t; b) = max(0, 1−max(tz, b)) for some threshold b, where I set b = −1 to make

its derivative symmetric. The second problem can be solved in a variety of ways, including

randomly subsampling targets or weighting the loss associated with each target according

to some heuristic. The simplest and most accurate method that I have found is to weight
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Figure 6.2: Figures (a)-(c) show different per-layer loss functions (solid blue line) and their
derivatives (dashed red line). Figure (d) shows the quantized ReLU activation (solid blue line),
which is a sum of step functions, its corresponding sum of saturated-hinge-loss derivatives (dashed
red line), and the soft-hinge-loss approximation to this sum that was found to work best (dotted
yellow line).

the loss for each target tdj by the magnitude of the partial derivative of the next layer’s loss

Ld+1 with respect to the target’s hidden unit hdj , such that

Ld(zdj, tdj) = sat_hinge(zdj, tdj) ·
∣∣∣∣∂Ld+1

∂hdj

∣∣∣∣ . (6.3)

While the saturated hinge loss works well, if the input zdj ever moves out of the range

[−1,+1] then its derivativewill becomezero and theunitwill no longer be trainable. To avoid

this, I propose the soft hinge loss, shown in Figure 6.2c, where soft_hinge(z, t) = tanh(−zt)+1.

Like the saturated hinge, the soft hinge has slope 1 at the threshold and has a symmetric

derivative; however, it also benefits from having a larger input region with non-zero
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derivative. Note that Bengio et al. [14] report that using the derivative of a sigmoid as the

STE performed worse than the identity function. Based on my experiments with other loss

functions, including variations of the squared hinge loss and the log loss, this is most likely

because the slope of the sigmoid is less than unity at the threshold, which causes vanishing

gradients. Loss functions with asymmetric derivatives around the threshold also seemed

to perform worse than those with symmetric derivatives (e.g., the saturating and soft hinge

losses). In my experiments, I show that the soft hinge loss outperforms the saturated hinge

loss for both sign and quantized-ReLU activations, which I discuss below.

6.3.3 Relationship to the Straight-Through Estimator

When each loss term in each hidden layer is scaled by themagnitude of the partial derivative

of its downstream layer’s loss and each target is set based on the sign of the same partial

derivative, then target propagation transmits information about the output loss to every

layer in the network, despite the hard-threshold units. Interestingly, this combination

of loss function and target heuristic can exactly reproduce the weight updates of the

straight-through estimator (STE). Specifically, the weight updates that result from using

the scaled saturated hinge loss from (6.3) and the target heuristic in (6.2) are exactly those

of the saturated straight-through estimator (SSTE) defined in Hubara et al. [64], which

replaces the derivative of sign(z) with 1|z|≤1, where 1(·) is the indicator function. Other

STEs correspond to different choices of per-layer loss function. This connection provides a

justification for existing STE approaches, which can now be seen as instances of ftprop
with a specific choice of per-layer loss function and target heuristic. I believe that this will

enable more-principled investigations and extensions of these methods in future work.

6.3.4 Quantized Activations

Straight-through estimation is also commonly used to backpropagate through quantized

variants of standard activations, such as the ReLU. Figure 6.2d shows a quantized ReLU
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(qReLU) with 6 evenly spaced thresholds. The simplest and most popular straight-through

estimator (STE) for qReLU is to use the derivative of the saturated (or clipped) ReLU
∂ sat_ReLU(x)

∂x
= 10<x<1, where sat_ReLU(x) = min(1,max(x, 0)). However, instead consider

the qReLU activation from the viewpoint of ftprop. From this perspective, the qReLU is

actually a (normalized) sum of step functions

qReLU(z) =
1

k

k−1∑
i=0

step(z − i

k − 1
),

where step(z) = 1 if z > 0 and 0 otherwise, and is a linear transformation of sign(z). The

resulting derivative of the sum of saturated hinge losses (one for each step function) is

shown in red in Figure 6.2d, and is clearly quite different than the STE described above. In

initial experiments, this performed as well as or better than the STE; however, I achieved

additional performance improvements by using the softened approximation shown in

yellow in Figure 6.2d, which is simply the derivative of a soft hinge that has been scaled

and shifted to match the qReLU domain. This is a natural choice because the derivative of

a sum of a small number of soft hinge losses has a shape similar to that of the derivative of

a single soft hinge loss.

6.4 Empirical Evaluation of Feasible Target Propagation

I evaluated ftprop-mb with soft hinge per-layer losses (FTP-SH) for training deep networks

with sign and 2- and 3-bit qReLU activations by comparing models trained with FTP-SH

to those trained with the saturated straight-through estimators (SSTEs) described earlier

(although, as discussed, these SSTEs can also be seen as instances of ftprop-mb). I also
trained each model with full-precision ReLU and saturated ReLU activations as baselines.

I did not use weight quantization because my main interest is training with hard-threshold

activations, and because recent work has shown that weights can be quantized with little

effect on performance [64, 116, 155]. I tested these training methods on the CIFAR-10 [79]

and ImageNet (ILSVRC 2012) [124] datasets. On CIFAR-10, I trained a simple 4-layer
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Sign qReLU ReLU Saturated
ReLUSSTE FTP-SH SSTE FTP-SH

4-layer convnet (CIFAR-10) 80.6 81.3 85.6 85.5 86.5 87.3

8-layer convnet (CIFAR-10) 84.6 84.9 88.4 89.8 91.2 91.2

AlexNet (ImageNet) 46.7 47.3 59.4 60.7 61.3 61.9

ResNet-18 (ImageNet) 49.1 47.8 60.6 64.3 69.1 66.9

Table 6.1: The best top-1 test accuracy for each network over all epochs when trained with sign,
qReLU, and full-precision activations on CIFAR-10 or ImageNet. The hard-threshold activations are
trained with ftprop-mb with per-layer soft hinge losses (FTP-SH) and the saturated straight-through
estimator (SSTE). Bold numbers denote the best performing activation in each pair.

convolutional network and the 8-layer convolutional network of Zhou et al. [155]. On

ImageNet, I trained AlexNet [80], the most common model in the quantization literature,

and ResNet-18 [57]. Experiment details are provided below in Section 6.4.3, along with

learning curves for all experiments.

6.4.1 CIFAR-10 Results

Test accuracies for the 4-layer and 8-layer convolutional network on CIFAR-10 are shown

in Table 6.1. For the simpler 4-layer model, FTP-SH shows a consistent 0.5-1% accuracy

gain over SSTE for the entire training trajectory, resulting in the 0.7% improvement shown

in Table 6.1. However, for the 2-bit qRELU activation, SSTE and FTP-SH perform nearly

identically in the 4-layer model. Conversely, for the more complex 8-layer model, the

FTP-SH accuracy is only 0.3% above SSTE, but for the qReLU activation FTP-SH achieves a

consistent 1.4% improvement over SSTE.

I posit that the decrease in performance gap for the sign activation when moving from

the 4- to 8-layer model is because both methods are able to effectively train the higher-

capacity model to achieve close to its best possible performance on this dataset, whereas

the opposite is true for the qReLU activation; i.e., the restricted capacity of the 4-layer
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model limits the ability of both methods to train the more expressive qReLU effectively. If

this is true, then I expect that FTP-SH will outperform SSTE for both the sign and qReLU

activations on a harder dataset. Unsurprisingly, none of the low-precisionmethods perform

as well as the high-precision methods; however, the narrowness of the performance gap

between 2-bit qReLU with FTP-SH and full-precision ReLU is encouraging.

6.4.2 ImageNet Results

The results from the ImageNet experiments are also shown in Table 6.1. As predicted

from the CIFAR-10 experiments, FTP-SH improves test accuracy on AlexNet for both

sign and 2-bit qReLU activations on the more challenging ImageNet dataset. This is

also shown in Figure 6.3, which plots the top-1 train and test accuracy curves for the six

different activation functions for AlexNet on ImageNet. The left-hand plot shows that

training sign activations with FTP-SH provides consistently better test accuracy than SSTE

throughout the training trajectory, despite the hyperparameters being optimized for SSTE.

This improvement is even larger for the 2-bit qReLU activation in the right-hand plot, where

the FTP-SH qReLU even outperforms the full-precision ReLU for part of its trajectory, and

outperforms the SSTE-trained qReLU by almost 2%. Interestingly, the saturated ReLU

outperforms the standard ReLU by almost a full point of accuracy. I believe that this is due

to the regularization effect caused by saturating the activation. This may also account for

the surprisingly good performance of the FTP-SH qReLU relative to full-precision ReLU, as

hard-threshold activations also provide a strong regularization effect.

Finally, I ran a single experiment with ResNet-18 on ImageNet, using hyperparameters

set from previous works that used SSTE, to check (i) whether the soft hinge loss exhibits

vanishing gradient behavior due to its diminishing slope away from the origin, and (ii) to

evaluate the performance of FTP-SH for a less-quantized ReLU (I used k = 5 steps, which

is less than the full range of a 3-bit ReLU). While FTP-SH does slightly worse than SSTE for

the sign function, I believe that this is because the hyperparameters were tuned for SSTE

and not due to vanishing gradients, as I would expect much worse accuracy in that case.



117

Results from the qReLU activation provide further evidence against vanishing gradients as

FTP-SH for qReLU outperforms SSTE by almost 4% in top-1 accuracy (Table 6.1).
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Figure 6.3: The top-1 train (thin dashed lines) and test (thick solid lines) accuracies for AlexNet
with different activation functions on ImageNet. The inset figures show the test accuracy for the
final 25 epochs in detail. In both figures, ftprop-mb with soft hinge (FTP-SH, red) outperforms the
saturated straight-through estimator (SSTE, blue). (a) shows the network with sign activations. (b)
shows the network with variants of the ReLU activation. Interestingly, the 2-bit quantized ReLU
(qReLU) trained with my method (FTP-SH) performs nearly as well as the full-precision ReLU.
Further, saturated ReLU outperforms standard ReLU. Best viewed in color.
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6.4.3 Experiment Details

All experiments were performed using PyTorch (http://pytorch.org/).

CIFAR-10 Experiments

On CIFAR-10, which has 50K training images and 10K test images divided into 10 classes, I

trained both a simple 4-layer convolutional network and a deeper 8-layer convolutional

network used in [155] with the above methods and then compared their top-1 accuracies on

the test set. I pre-processed the images with mean / std normalization, and augmented the

dataset with random horizontal flips and random crops from images padded with 4 pixels.

Hyperparameters were chosen based on a small amount of exploration on a validation set.

The first network I tested on CIFAR-10 was a simple 4-layer convolutional network

(convnet) structured as: conv(32) → conv(64) → fc(1024) → fc(10), where conv(c) and

fc(c) indicate a convolutional layer and fully-connected layer, respectively, with c channels.

Both convolutional layers used 5 × 5 kernels. Max-pooling with stride 2 was used after

each convolutional layer, and a non-linearity was placed before each of the above layers

except the first. Adam [73] with learning rate 2.5e-4 and weight decay 5e-4 was used to

minimize the cross-entropy loss for 300 epochs. The learning rate was decayed by a factor

of 0.1 after 200 and 250 epochs.

In order to evaluate the performance of ftprop-mb with the soft hinge loss on a deeper

network, I adapted the 8-layer convnet from Zhou et al. [155] to CIFAR-10. This network

has 7 convolutional layers and one fully-connected layer for the output and uses batch

normalization [65] before each non-linearity. I optimized the cross-entropy loss with Adam

using a learning rate of 1e-3 and a weight decay of 1e-7 for the sign activation and 5e-4 for

the qReLU and baseline activations. I trained for 300 epochs, decaying the learning rate by

0.1 after 200 and 250 epochs.
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Learning Curves for CIFAR-10

Figures 6.4 and 6.5 show the learning curves for the 4-layer and 8-layer convolutional

networks, respectively, when trained on CIFAR-10.
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Figure 6.4: The top-1 test accuracies for the 4-layer convolutional network with different activation
functions on CIFAR-10. The inset figures show the test accuracy for the final 100 epochs in detail.
Figure (a) shows the network with sign activations. Figure (b) shows the network with 2-bit
quantized ReLU (qReLU) activations and with the full-precision baselines. Best viewed in color.
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Figure 6.5: The top-1 test accuracies for the 8-layer convolutional network with different activation
functions on CIFAR-10. The inset figures show the test accuracy for the final 100 epochs in detail.
(a) shows the network with sign activations. (b) shows the network with 2-bit quantized ReLU
(qReLU) activations and with the full-precision baselines. Best viewed in color.

ImageNet (ILSVRC 2012) Experiments

On ImageNet, a much more challenging dataset with roughly 1.2M training images and

50K validation images divided into 1000 classes, I trained AlexNet, the most commonly
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used model in the quantization literature, with different activations and compared top-1

and top-5 accuracies of the trained models on the validation set. As is standard practice,

I treat the validation set as the test data. Images were resized to 256 × 256, mean / std

normalized, and then randomly cropped to 224× 224 and randomly horizontally flipped.

Models are tested on centered 224× 224 crops of the test images. Hyperparameters were

set based on Zhou et al. [155] and Zhu et al. [156], which both used SSTE to train AlexNet

on ImageNet.

I trained the Zhou et al. [155] variant of AlexNet [80] on ImageNet with sign, 2-bit

qReLU, ReLU, and saturated ReLU activations. This version of AlexNet removes the

dropout and replaces the local contrast normalization layers with batch normalization. My

implementation does not split the convolutions into two separate blocks. I used the Adam

optimizer with learning rate 1e-4 on the cross-entropy loss for 80 epochs, decaying the

learning rate by 0.1 after 56 and 64 epochs. For the sign activation, I used a weight decay of

5e-6 as in Zhou et al. [155]. For the ReLU and saturated ReLU activations, which are much

more likely to overfit, I used a weight decay of 5e-4, as used in Krizhevsky et al. [80]. For

the qReLU activation, I used a weight decay of 5e-5, since it is more expressive than sign

but less so than ReLU.

As with AlexNet, I trained ResNet-18 [58] on ImageNet with sign, qReLU, ReLU, and

saturated ReLU activations; however, for ResNet-18, I used a qReLU with k = 5 steps (i.e.,

6 quantization levels, requiring 3 bits). I used the ResNet code provided by PyTorch. I

optimized the cross-entropy loss with SGD with learning rate 0.1 and momentum 0.9 for

90 epochs, decaying the learning rate by a factor of 0.1 after 30 and 60 epochs. For the sign

activation, I used a weight decay of 5e−7. For the ReLU and saturated ReLU activations, I

used a weight decay of 1e-4. For the qReLU activation, I used a weight decay of 1e-5.

Learning Curves for ImageNet

Figures 6.3 (above) and 6.6 show the learning curves for the AlexNet and ResNet-18

networks, respectively, when trained on ImageNet.
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Figure 6.6: The top-1 train (thin dashed lines) and test (thick solid lines) accuracies for ResNet-18
with different activation functions on ImageNet. The inset figures show the test accuracy for the
final 60 epochs in detail. (a) shows the network with sign activations. (b) shows the network with
3-bit quantized ReLU (qReLU) activations and with the full-precision baselines. Best viewed in
color.

6.5 Conclusion

In this chapter, I presented a novel mixed convex-combinatorial optimization framework

for learning deep neural networks with hard-threshold units. Combinatorial optimization

is used to set discrete targets for the hard-threshold hidden units, such that each unit only

has a linearly-separable problem to solve. The network then decomposes into individual
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perceptrons, which can be learned with standard convex approaches, given these targets.

Based on this, I developed a recursive algorithm for learning deep hard-threshold networks,

which I call feasible target propagation (ftprop), and an efficient mini-batch version (ftprop-

mb). I showed that the commonly-used but poorly-justified saturating straight-through

estimator (SSTE) is the special case of ftprop-mb that results from using a saturated hinge

loss at each layer and the target heuristic proposed above. Finally, I defined the soft hinge

loss and showed that ftprop-mb with a soft hinge loss at each layer improves classification

accuracy for multiple models on CIFAR-10 and ImageNet when compared to the SSTE.

This chapter demonstrates that decomposability is a general property that is useful beyond

its effectiveness for defining new classes of tractable and expressive models.

In future work, I plan to develop novel target heuristics and layer loss functions by

investigating connections between my framework, constraint satisfaction, and satisfiability.

I also intend to further explore the benefits of deep networks with hard-threshold units.

In particular, while recent research clearly shows their ability to reduce computation and

energy requirements, they should also be less susceptible to vanishing and exploding

gradients and may be less vulnerable to covariate shift and adversarial examples.

In the next chapter, I conclude and recap the contributions of this dissertation, and

discuss extensions of the work presented in it.
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Chapter 7

CONCLUSION

Decomposability is a simple property that may seem trivial or overly-restrictive at first

glance, but is actually quite powerful and general. I have demonstrated in this dissertation

that expressivity can be improved without sacrificing tractability by explicitly finding and

exploiting fine-grained local decomposability structure as it varies throughout the space.

Models that encode this approach within their representation and inference algorithms

that adhere to it are often exponentially more efficient than standard methods, which

they typically contain as special cases. In this chapter, I summarize my contributions and

suggest promising directions for future work.

7.1 Contributions

In this work, I have sought to answer four questions regarding the relationship between

tractability and expressivity, using a combination of analytical and empirical methods.

1. Is there a unifying condition or structure that ensures that inference, in its most

general sense, is tractable? If so, how restrictive is this condition, with respect to both

the expressivity and learnability of models that satisfy it?

InChapter 3, I proved the sum-product theoremand anumber of its corollaries, which, taken

together, answer this question in the affirmative. Specifically, I showed that decomposability

is a sufficient condition for tractable inference for any problem that consists of summing

a function on a semiring, a class of problems that includes many of the most important

and difficult tasks in artificial intelligence and machine learning, including probabilistic

and logical inference, constraint satisfaction, nonconvex and combinatorial optimization,

integration, and reasoning in (probabilistic) knowledge bases. Further, I proved that
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models that enforce decomposability are strictly more expressive than models that require

low treewidth to guarantee tractability, such as graphical models. Since exact inference is

tractable in decomposable models, they are also easy to learn, and learned decomposable

models can perform better than learned non-decomposable models. I demonstrated

this empirically by learning a decomposable min-sum function for a challenging class of

highly-multimodal functions and showing that optimizing this min-sum function produced

much lower minima than optimizing the true (unlearned) test function, which does not

account for inference complexity in its representation. Outside of my own work, the

sum-product theorem has also been used by other researchers to develop tractable and

expressive models, such as compositional kernel machines [49].

2. Even if decomposability is not overly restrictive theoretically, can models and algo-

rithms that satisfy it be used to solve real problems?

To evaluate decomposability on real problems, in Chapter 4 I developed RDIS, a novel

nonconvex optimization algorithm. RDIS recursively breaks the optimization problem into

independent subproblems, thereby making it much easier to solve. I proved analytically

that RDIS can find the global minimum exponentially faster than standard approaches

because it exploits local decomposability. I then demonstrated this speed-up empirically

on structure from motion and protein folding problems. I showed that RDIS is both faster

and finds significantly better minima than standard methods for nonconvex optimization.

3. Can decomposability be used in conjunction with other types of structure to develop

even more expressive models, or is it only useful in isolation?

In Chapter 5, I introduced submodular field grammars (SFGs) to demonstrate that de-

composability and submodularity can be combined effectively. An SFG is a novel and

expressive probabilistic model that uses a submodular Markov random field to encode

the segmentation probability for every subregion and every production of every class in a

stochastic context-free grammar. I used SFGs to define a novel type of image grammar in
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which each instance of each class in the grammar can have arbitrary region shape. No previ-

ous image grammar formulation has been capable of representing or performing inference

over all possible regions for each object in an image. To achieve this, I developed a novel

move-making algorithm for approximate MAP inference in SFGs that takes exponentially

less time than standard inference algorithms while returning comparable parses. As yet,

learning SFGs has proved challenging, mainly due to a lack of training data and pre-existing

image grammar structures on which to build. However, in preliminary experiments on

scene understanding, SFGs resulted in higher-accuracy parses than a state-of-the-art deep

network and that same network combined with a submodular MRF. This is because SFGs

can better capture the compositional structure of images than competing models.

4. Finally, how generally applicable is decomposability and can it be used for tasks other

than defining tractable representations?

In Chapter 6, I used decomposability to develop a novel algorithm, feasible target propaga-

tion, for learning deep neural networks with hard-threshold activations. Feasible target

propagation uses combinatorial search to decompose the layers of the network in order

to avoid backpropagating through the hard-threshold activations, which have derivative

zero almost everywhere and thus cannot be used with backpropagation. I showed that

the straight-through estimator, the standard method for training deep hard-threshold

networks, is a special case of feasible target propagation. Further, I showed empirically

that networks learned with feasible target propagation perform significantly better at

image classification than those trained with the straight-through estimator for multiple

network architectures on both the CIFAR-10 and ImageNet datasets and for both sign and

quantized-ReLU activation functions.

7.2 Directions for Future Research: Unifying SPFs and Deep Learning

At the end of each of the preceding chapters, I described opportunities for extending

the research presented in that chapter. In this section, I discuss promising directions for
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extending the body of work contained in this dissertation as a whole.

Beyond the Semiring Abstraction

The sum-product theorem (Chapter 3) shows that the properties of a commutative semiring

– associativity, commutativity, and distributivity – are sufficient to efficiently sum any

decomposable function on a semiring over its domain. This is achieved in the proof of the

sum-product theorem by using the semiring properties to “push” the summation over the

function’s domain (i.e., what I will call the marginalization operator here) from the root of

the DAG representing the function to the leaves. The leaf functions are then summed over

their domains (marginalized) and the function is evaluated using these instead.

The semiring abstractionhasprovenuseful for characterizing SPFs and forunifyingmany

core problems in AI and ML, but the concepts of tractable inference and marginalization

are not tied to this abstraction. It is possible to extend the SPF framework to allow functions

to consist of additional operators, and to allow the marginalization operator to be distinct

from any of these operators. As long as it remains possible to push the marginalization

operator from the root to the leaves, inference will remain tractable. Generalizing SPFs in

this way will increase their expressivity and make it easier to define and learn new SPF

architectures. For example, by incorporating sinusoidal or exponential functions into the

SPF framework, it may be possible to exactly optimize the non-unary leaf functions used

to model protein folding in Chapter 4. This increased flexibility may also alleviate the

need for determinism and selectivity in problems that require translating an SPF from one

semiring to another.

Decomposability and the semiring properties will remain key to ensuring tractability

but, depending on the choice of operators, it may not always be possible to push the

marginalization operator past all internal operators. However, by extending the ideas of

approximate decomposability defined in Chapter 4, it should be possible to ensure tractable

marginalization by approximating the function with a decomposable version. This can be

accomplished with local function simplification as in RDIS, auxiliary-variable methods
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as in feasible target propagation, variational methods [145], or latent variable discovery

methods.

Discriminative SPFs

Alternatively, not all tasks require the ability to marginalize over any subset of variables,

as guaranteed by decomposable SPFs. Instead, it is natural to consider learning of

and inference in SPFs that only support marginalization over a pre-specified subset of

variables. The benefit of reducing the number of marginalization queries that an SPF need

support is that decomposability is only necessary for products between variables in the

marginalization subset, but not among the remaining variables [47]. This allows for a much

larger class of models. Further, variables outside of the marginalization subset can now be

combined using arbitrary operators, since the marginalization operator no longer needs to

be pushed past these operators to ensure tractability.

Extending decomposable SPFs to allow arbitrary operators and to require decompos-

ability over only a subset of variables defines a spectrum between SPFs and modern deep

(feed-forward) neural networks (DNNs), which can now be interpreted as SPFs with

arbitrary internal operators (e.g., those used in different layers and for nonlinear activation

functions) and with decomposability required over only the class variable. DNN learning

is thus an instance of the structured prediction learning problem defined in Section 3.4

with maxy∈Y as the marginalization operator, where y is the class label and Y is its domain.

Despite only permitting tractable marginalization over a single variable, DNNs have

proved highly successful on a wide variety of tasks in a number of domains, including

computer vision, natural language processing, and speech recognition. However, as

researchers in these areas move to harder tasks that require models to efficiently support

multiple queries, as will be needed for artificial general intelligence, new models will also

necessarily move along this spectrum towards decomposable SPFs.
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Combining SPFs and DNNs

Models that combine DNNs and decomposable SPFs are an exciting prospect that can be

more powerful than either alone. For example, low-level feature recognition in vision is

currently dominated by convolutional DNNs, which exploit the translation invariance of

objects to learn more accurate object detectors; however, the predictions of DNNs are often

poorly calibrated [55], an issue that probabilistic models such as sum-product networks

do not suffer from. Sum-product networks that are convolutional and decomposable

would enjoy both of these benefits. Further, while DNNs support only a single query,

compositional image models such as submodular field grammars support complex queries

about both the objects in a scene and their relationships. In Chapter 5, I showed that DNNs

can be used to represent low-level features for submodular field grammars. Using DNNs

within arbitrary SPFs is a natural extension of this idea. Conversely, SPFs can also be used

as layers in DNNs. For example, using a sum-product network as a layer would allow

tractable probabilistic inference to be used as a component within a DNN. Alternatively,

decomposable min-sum functions (Section 3.5.4), RDIS-like algorithms (Chapter 4), or

submodular layers all provide efficient ways to implement optimization layers as proposed

by Amos and Kolter [5].

Weight learning in SPFs that are differentiable, such as sum-product networks [47, 114],

can be done using backpropagation-based methods, which are also the standard approach

for learning DNNs. Models that combine differentiable SPFs and DNNs can thus also

be learned effectively with these methods. Otherwise, algorithms for learning models

with non-differentiable layers, such as feasible target propagation (Chapter 6), can be

used. Structure learning methods for SPFs (e.g., LearnSPF from Section 3.4 or those for

sum-product networks [2, 48, 120]) can be used to learn the structures of SPFs that are

combined with DNNs, or even for learning the entire architecture since SPFs and DNNs

are two ends of the same spectrum. While much work remains to be done in this regard, I

believe that learning complex systems of SPFs and DNNs in which each has a different
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role, such as object recognition or planning, will enable the development of much more

capable models and speed the creation of artificial general intelligence.
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