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Abstract

Towards Trustworthy Personalized Machine Learning
Systems under User-System Interactions

Feng Lin

Chair of the Supervisory Committee:

Professor Shuai Huang

Department of Industrial & Systems Engineering

The revolutionary wave of Industry 5.0 heralds a new era of human-centered industrialization

that moves beyond automation-centered production. Cutting-edge technologies, including

artificial intelligence/machine learning (AI/ML) and big data, are increasingly expected to

support human welfare and societal needs. In response to this emerging trend, the interests

and experiences of real users have become central to the design of machine learning sys-

tems across various applications, such as healthcare, transportation, supply chains, etc. To

build such ML systems, there are three critical factors to consider: 1) User Heterogeneity:

Users differ in their needs, preferences, behaviors, and contexts. Therefore, ML systems

should explicitly account for such heterogeneity and personalize services for individual users

so as to improve service quality and user satisfaction. 2) System Trustworthiness: The real-

world effectiveness of these personalized ML systems relies on sustained user engagement and

feedback, which are grounded in user trust. These systems must therefore be trustworthy,

protecting users’ interests and mitigating potential risks arising from personalized services

through characteristics such as robustness and fairness. 3) User-System Interactions: In-

stead of one-way delivery, ML systems should interact with users to collect their feedback

and enhance their engagement under their behavioral uncertainty or environmental com-

plexity. These factors highlight the system-level challenges central to building trustworthy



personalized ML systems that engage heterogeneous users.

To address these challenges, this dissertation contributes AI/ML methodologies that inte-

grate these three aspects. Chapter 2 focuses on the representation of user heterogeneity at

scale and presents CrowdLLM, a framework that combines large language models (LLMs) and

generative models to create high-fidelity digital populations for more cost-effective decision-

making. Chapter 3 and Chapter 4 center on two key dimensions of trustworthiness: fair-

ness and robustness. Chapter 3 develops fair collaborative learning (FairCL), a framework

that can incorporate a variety of fairness concepts to improve fairness amid personalization,

along with a self-adaptive algorithm for effective implementation. Chapter 4 further stud-

ies user-system interactions in reward systems and presents a robust learning method for

modeling user choice behaviors under such interactions.

Taken together, this dissertation takes a step toward advancing trustworthiness and per-

sonalization in ML systems under user-system interactions. Its contributions lay a founda-

tion for broader efforts to develop human-centric AI-enabled systems that can adapt to user

disparities and support complex decision-making with real-world settings in the future.
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is represented by the light purple point ỹ. The dark purple triangle yref is the
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Chapter 1

INTRODUCTION

1.1 Motivation

The rapid advancements of Artificial Intelligence/Machine learning (AI/ML) technologies

and their deep integration into our daily life are bringing about a new era when the re-

lationship between human and technology has shifted. Technologies are becoming more

user-centered and emphasizing interactions with users, extending their roles beyond mere

technological interventions onto roles in societal domains [2, 3]. While these emerging tech-

nologies have brought transformational changes to various systems, they also enforce more

responsibilities and pose many methodological challenges [4, 5, 6]. Being user-centered not

only requires the systems to cater for users ad hoc to improve their satisfaction, but also

to build long-term connections and reach a win-win situation with users to achieve sustain-

ability. For this short-term and long-term consistency, a good system should be able to take

diversity and heterogeneity in the user population into account and continuously harvest

their trust by providing high-quality and reliable service. By customizing the service de-

livered to different users according to their needs, the system will attract more users and

increase their stickiness [7, 8]. The need for personalization is not rare in the real world [9],

as people usually show different behaviors and have their own preferences. For example, in a

video recommendation system, different users might have different interests in video content

and probably react distinctly in terms of time spent on the videos, whether to like, whether

to repost, etc. As a result, to increase user engagement, the system should personalize its

policy of video content delivery for heterogeneous user cohorts. Another example is precision

medicine. Different patients probably have different medical conditions and various lifestyles,

which might lead to diverse trajectories of disease progression. Therefore, personalized risk



2

predictions and treatments are critical in preventive and diagnostic care for patients as they

could maximally improve the unique conditions of each individual. This need for personaliza-

tion has motivated extensive research in artificial intelligence and machine learning (AI/ML)

[9], with widespread applications ranging from advertising [10, 11], to healthcare [12, 13, 14]

and robotics [15, 16].

To realize a personalized ML system, it is essential to characterize user heterogeneity,

which typically requires the analysis of individual-level user data. However, such data are

often sparse, and collecting data from diverse users can be costly and time-consuming. There-

fore, we need a scalable way to represent and simulate heterogeneous user populations. A

natural question arises: Can we create high-fidelity digital populations that capture user

heterogeneity and help with crowd-based decision-making while reducing the cost of human

recruitment or data collection? The emergence of large language models (LLMs) has sparked

much interest in creating LLM-based digital populations that can be applied to many appli-

cations such as social simulation, crowdsourcing, marketing, and recommendation systems.

However, research has found that most of the existing works that rely solely on LLMs could

not sufficiently capture the accuracy and diversity of a real human population. Therefore, we

need a better way to handle such heterogeneity in creating digital populations while taking

the advantage of the power of LLMs, which is the motivation behind Chapter 2.

Building personalized ML systems is not merely about simulation of user behaviors, but

also enable individual decision-making through model personalization. If the user data is

sufficient, model personalization can be realized by building models separately for different

individual users with their own data. But in reality, users often have datasets of varying

sizes and qualities. Insufficient or low-quality data will potentially introduce biases or noises,

and mislead the system models. This motivates us to shift from one-size-fits-all solutions or

fully individualized models to a better framework for personalization. On the other hand,

as personalization indicates different treatments for different users, we are curious about

how diverse they can be for heterogeneous users. The diversity in treatments might further

cause inequality among users, which potentially makes them feel unhappy and reduces their
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engagement. Consequently, it is important to make a trade-off between the diversity and

equality, which motivates the discussion in Chapter 3.

Moreover, should we treat all the users equally regardless of their behaviors? In a large

user population, there are probably some users who are malicious or robots [17, 18]. These

users might inject misinformation or perform hazardous behaviors that potentially cause

damages during their interactions to the system. Personalization for them is unnecessary

and meaningless. On the contrary, we should identify these anomalies and rule them out to

ensure the system can function normally and at least, be robust to them. These concerns

of robustness, together with the aforementioned fairness and other concerns such as model

interpretability and safety, etc., are parts of a trust between the real users and the system.

Without the consideration of these issues in building a system, users can be unsatisfied and

lose their trust in the system which is indispensable in building long-term user-system rela-

tionship. The discussion on the robustness in user-system interactions and related strategies

are covered by Chapter 4 of this dissertation.

Together, this dissertation takes a step towards building human-centric AI-supported

systems under a variety of system uncertainties and human related complexities. Figure 1.1

demonstrates an overview of the dissertation. More details about the chapters can be found

in Section 1.2. The contributions of this dissertation are mainly methodological, and will

have various applications in healthcare, medicine and transportation, etc. The approaches

and methods used in this dissertation include, but are not limited to, machine learning, deep

learning, optimization, uncertainty quantification, etc.

1.2 Outline

This dissertation is organized as follows. In the rest of introduction, we review the literature

and describe the contributions of the dissertation in detail. The dissertation further explores

three aspects towards building trustworthy personalized ML systems.

Chapter 2 starts the discussion with the key challenge of user heterogeneity and focuses on

creating digital populations to simulate crowd-based decision-making by heterogeneous users,



4

Trustworthy Personalized ML Systems

Heterogeneous Users

User-System

Interactions

Digital

Populations

Robustness

Fairness

Choice Behaviors

CrowdLLM

(Chapter 2)

RobustLDT

(Chapter 4)

FairCL

(Chapter 3)

Fig. 1.1: A graphical overview of this dissertation.

which aims to reduce the cost of recruiting human participants and alleviate many concerns

related to human subject study. To address the limitation of pure LLM-based simulation, we

propose CrowdLLM that integrates pretrained LLMs and generative models to enhance the

diversity and fidelity of the digital population. We conduct theoretical analysis of CrowdLLM

regarding its great potential in creating cost-effective, sufficiently representative, scalable

digital populations that can match the quality of a real crowd. Comprehensive experiments

are also conducted across multiple domains (e.g., crowdsourcing, voting, user rating) and

simulation studies which demonstrate that CrowdLLM achieves promising performance in

both accuracy and distributional fidelity to human data.

Chapter 3 turns to the challenge of enhancing trustworthiness in personalized systems and

moves to the discussion of fairness amid personalization which is a key dimension of trust-

worthiness for AI/ML. We describe the modeling dilemma in personalization and introduce

the fairness issues amid personalization within the CL framework. We describe our proposed

fair collaborative learning (FairCL) framework which explicitly add fairness control to CL

and is versatile to incorporate a wide range of fairness metrics. We also introduce a self-

adaptive learning algorithm for efficient learning of the personalized models. Experimental

results show the superiority of our method in improving fairness over other personalization
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methods.

Chapter 4 focuses on the robustness of personalized models. In this chapter, we limit our

discussion to a new scenario for personalization, i.e., a reward system (e.g., travel demand

management system, coupon system, etc.) where users are incentivized to share their likes

or dislikes over offers given by the system. We present Latent Decision Threshold (LDT) for

modeling user choice behaviors in reward systems and describe the challenges of bad actors

and data corruption in such systems. We further introduce a robust learning method to

mitigate the challenges and analyze its properties. Based on this method, we also develop

a bad actor detection algorithm to screen out users that might harm the systems. The

effectiveness of our method is evaluated on both simulated and real-world data.

Finally, Chapter 5 concludes this dissertation with a full discussion of the problems and

techniques covered in the previous chapters. We also extend the discussion to some unsolved

problems in personalized ML systems and wrap up our thoughts on future directions.

1.3 Literature Review

In this subsection, we review the existing research related to this work.

1.3.1 The Promises and Pitfalls of LLMs in Simulating Humans

LLMs have been used to simulate human behavior [19, 20], decision-making processes [21]

and complex social interactions [22, 23]. For example, through a series of Trust Games

grounded in behavioral economics and modeled with Belief-Desire-Intention reasoning, [24]

show that GPT-4 agents exhibit strong behavioral alignment with humans in both actions

and underlying rationales. Agent-based modeling with LLMs also shows great promise for

large-scale social simulations. Frameworks such as AgentSociety [25] and SocioVerse [26] ex-

emplify this potential, demonstrating simulations involving tens of thousands of LLM-driven

agents or drawing upon millions of real users to inform agent behavior. These platforms aim

to model complex societal dynamics, simulate millions of interactions, and study collective

responses to events like policy changes or natural disasters. However, general-purpose LLMs

can exhibit low accuracy on specific behavioral simulations. [19] shows that fine-tuned LLMs
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[27] on behavioral data enriched with synthesized reasoning traces substantially improve the

accuracy of action generation compared to training on actions alone. While many works

demonstrated the promises of LLMs, there have also been many evidences that pointed out

their pitfalls in generating human-grade data. For example, [28] use economic games to

demonstrate that LLM behaviors are not consistent with humans and fine-tuned LLMs may

only mimic specific patterns or contexts with reduced diversity even in simple scenarios. Be-

yond these inconsistencies, LLMs have also been observed to be associated with diminished

output diversity [29, 30, 31].

To address the limited diversity and reliability in LLM-generated simulation outputs,

[32] propose the LLM-as-a-Personalized-Judge framework and reveal that integrating verbal

uncertainty estimation improves alignment with human judgments. [33] propose a multilin-

gual prompting strategy to increase diversity by activating cultural knowledge embedded in

model training data. Similarly, [34] introduce methods for evaluating and mitigating repre-

sentational bias in LLM-driven outputs, ensuring that outputs better reflect a wide range

of demographic and cultural perspectives. In addition, [35] emphasizes the importance of

refining training datasets to reduce biases and improve both accuracy and fairness. More-

over, [36] highlight the role of hybrid human-LLM teaming to enhance model performance,

demonstrating that human feedback can mitigate errors in complex simulations. These ap-

proaches aim to tackle issues of diversity and accuracy of LLMs, making them more reliable

and representative for practical applications.

1.3.2 LLM-Based Digital Populations

In this subsection, we review existing works that create digital populations/synthetic crowds

for applications such as voting, crowdsourcing, and product reviews. For example: (1)

Crowdsourcing : Crowdsourcing [37] leverages the collective intelligence of workers who are

usually non-experts to perform tasks such as labeling, classification, and data verification.

The quality of crowdsourced data is often a challenge due to worker inconsistency, spammers,

and labeling noise. Recruiting workers and ensuring response quality is time-consuming and
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costly. LLM-based agents could circumvent many of these issues. Costabile et al. [38] suggest

that an LLM-based crowd might outperform human crowds in fact-checking tasks by exhibit-

ing less bias and higher consistency. Moskovskiy et al. [39] find that with techniques like

activation patching, LLMs can generate parallel data with quality rivaling human-annotated

corpora. However, Veselovsky et al. [40] suggest that only using LLM-based agents may

be problematic in crowdsourcing scenarios considering their limitations in capturing the full

range of human preferences and viewpoints. Wu et al. [41] investigate LLMs as workers in

complex human-computational algorithms, observing variable success but highlighting po-

tential for LLMs to handle sub-tasks within larger pipelines. To solve challenges in tasks

requiring aligned and nuanced rewriting, Zeng et al. [42] propose hybrid aggregation strate-

gies that combine LLM and crowd judgments for misinformation detection. These studies

suggest LLM-based agents alone are insufficient, so some researchers explore different ways

of human-LLM collaboration. E.g., Creator-Aggregator Multi-Stage [43], where LLMs and

humans team up, aims to leverage mutual strengths by having humans come up with initial

drafting and use LLMs, humans, and models to generate text answer aggregation. Li [44]

shows that selective integration of LLM annotations can enhance overall annotation quality

in both full and few-crowd settings. Tamura et al. [45] uses simulation-based approaches

to understand optimal aggregation strategies in a human+AI crowd. (2) Synthetic users in

recommendation systems : LLM-powered user simulators have become an important tool for

recommendation systems by generating high-fidelity and interpretable synthetic interaction

data that alleviates data sparsity and reduces the cost of online exploration. Recent ad-

vances take this idea in different directions: Agent4Rec [46] emphasizes population diversity

by initializing agents with heterogeneous traits; RecAgent [47] prioritizes behavioral fidelity

through cognitive components such as memory, reflection, and planning; SUBER [48] focuses

on controllability and reproducibility for long-horizon evaluation, and [49] enhances trans-

parency by explicitly modeling user preference logic and mitigating hallucination through

an ensemble of logical and statistical components. Together, these simulators offer inter-

pretable and adaptable user behavior models for evaluating recommendation policies, but
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they also face shared limitations, including the high computational cost of cognitively rich

agents and the challenge of balancing population diversity with stable, non-drifting within-

agent preferences. (3) Voting : LLMs have been explored in electoral contexts, but their use

raises concerns regarding consistency, fairness, and reliability in collective decision-making.

Studies reveal issues across different elections: [50] observed biases and inconsistencies in

LLM responses during the 2024 U.S. presidential election, while [51] reported failures in

LLM-based predictions of the 2024 European Parliament elections, particularly in handling

diverse national and linguistic contexts. Approaches such as fair voting aggregation have

been proposed to mitigate these effects [52]. Despite these interventions, these observa-

tions highlight broader limitations of general-purpose LLMs in voting scenarios, particularly

their limited capacity to capture human variability and their reliance on overly simplistic

decision aggregation mechanisms. First, LLMs demonstrate a lack of diversity in synthetic

outputs. [53] observed that LLM-generated data fails to replicate the variance seen in real

human responses, with limited differentiation in persona-to-party mappings. Consistently,

[54] showed that LLM outputs produce less diverse collective outcomes in simulated vot-

ing scenarios, and their data is used in our experiments, where our method improves both

consistency and diversity. Second, LLM-based collective decision-making systems exhibit

limitations in decision mechanisms, often relying on simplistic aggregation methods such as

plurality or dictatorial voting, which constrains collective reasoning and robustness [55].

It is worth noting that, most of these LLM-based simulators emphasize fine-grained,

per-individual behavior modeling in specific contexts. They are typically built on direct

prompting or fine-tuning of LLMs, and often require substantially large data, costly agent

architectures, or long-horizon interaction dynamics. As a result, there remains a gap in the

literature for a lightweight, general-purpose framework for crowd-based decision making.

1.3.3 Generative Models

Generative modeling methods aim to learn the underlying data distribution to capture com-

plex latent structures and variability, enabling models to generalize across diverse scenarios.
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Over time, this goal has driven the development of several major paradigms. Variational Au-

toencoders (VAEs) [56] introduced a stable, likelihood-based framework in which data are

encoded into a latent distribution and sampled through the reparameterization trick, enabling

efficient conditional generation. Although VAEs may produce slightly smoothed outputs and

fewer extreme samples due to the variational approximation, they remain tractable, stable to

train, and easily conditioned on input variables. Generative Adversarial Networks (GANs)

[57] enhance sample fidelity by training a generator against a discriminator, but this adver-

sarial setup introduces instability, mode collapse, and high sensitivity to hyperparameters,

making controlled diversity difficult. Diffusion models [58] achieve strong distributional cov-

erage through iterative denoising, yet they require heavy computation, large datasets, and

slow sampling, limiting their practicality in low-dimensional or conditional settings. Optimal

transport–based models [59] and normalizing flows [60] provide exact likelihoods through in-

vertible mappings but impose structural constraints that restrict flexibility in conditional

scenarios. While each method addresses certain weaknesses, they also introduce trade-offs in

stability, controllability, or computational cost. For generating structured latent variations,

a VAE provides a stable and tractable probabilistic framework, making it the natural choice

for the belief-generation component of CrowdLLM.

1.3.4 Fair machine learning

Fairness in machine learning has attracted tremendous attention from the research commu-

nity [61, 62, 63]. Even though there is no consensus on the universal definition of fairness[64],

researchers have proposed various metrics from different perspectives to quantify fairness in

learning systems and develop specific algorithms to reduce biases. Given that this is a vast

field, here, we will focus on the most relevant work that concerns the design of the learning

formulations and develops fairness metrics or constraints.

One of the earliest and most widely used metrics is demographic parity (DP), also known

as statistical parity (SP) [65, 66], which aims to ensure that the distribution of the model

outcome remains the same regardless of sensitive attributes such as gender or race. Another
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similar notion is disparate impact (DI) [67] that uses the probability ratio between protected

and unprotected groups to measure fairness. However, these metrics can only support pair-

wise comparison and their effectiveness might be undermined when the sensitive attribute is

not binary. To handle more general sensitive attributes, Jiang et al. further proposed gen-

eralized demographic parity (GDP), which extended the parity-based metric to incorporate

continuous sensitive attributes while maintaining computational efficiency [68]. Different

from parity-based metrics, equal opportunity [69] and equalized odds [70] were proposed to

take not only predictions but also actual outcomes into account. Such group metrics more

or less help with balancing between groups, but they may ignore protections for specific

individuals in a group. In addition to these metrics, there are also other metrics that are not

limited to comparison across groups. For example, Dwork et al. [71] presented individual

fairness (IF) to advocate that similar individuals should receive similar treatment. However,

this metric is also criticized for potentially leading to universal rejection and the difficult in

measuring similarity [72]. As the fairness metrics might be controversial in their use, it is

important to choose appropriate metrics in different contexts, which remains challenging.

With the emergence of many fairness metrics, researchers are also developing generic

optimization formulations and computational strategies to incorporate these metrics into

various models. For example, [73] developed an efficient optimization framework for fairness

by minimizing the specific bounded group loss (BGL). To incorporate more general fairness

metrics, from the perspective of non-convex optimization, [74] proposed to express fairness as

a kind of “rate constraint” in “proxy-Lagrangian” formulation and provided a theoretically

guaranteed procedure to solve it. This framework provides a general way to incorporate

fairness as constraints, but suffers from dealing with nonlinearity in such constraints. [75]

narrowed the problem down and proposed a flexible constraint-based framework enabling

the design of fair margin-based classifiers. This framework uses covariance between sensitive

and non-sensitive attributes as a tractable proxy for unfairness and aims to limit unfairness

with small performance cost. However, it might result in poor performance when the data is

unbalanced. While most of these studies focus on classification problems, there are also works
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considering regression problems, e.g., [76, 77], which is beyond the scope of this dissertation.

1.3.5 Model personalization

Models that can be used for personalization include the classic mixed effects model [78,

79] and more modern ones such as transfer learning [80, 81] or multi-task learning [82,

83]. Transfer learning is a learning paradigm that improves learning in a target domain by

transferring knowledge from a source domain [84] while multi-task learning aims to leverage

information shared by multiple related tasks to help with learning for all the tasks [82].

Despite attaching different degrees of importance to various tasks of interest, both of them

are similar in the strategies adopted for modeling [80]. Within the general umbrella of transfer

learning, collaborative learning (CL) was developed [85, 86, 87]. It features a concept known

as canonical models, which distinguishes itself from other transfer learning or multi-task

learning models and employs a probabilistic relationship to characterize individual models.

Another line of work that is related to model personalization is distributed learning

[88, 89], where data/computing resources are allocated to different clients. As a distributed

learning approach which emphasizes data privacy protection, federated learning (FL) has

become increasingly popular in recent years [90, 91]. To compensate for its poor perfor-

mance caused by data heterogeneity, personalization techniques have started to be used in

federated learning [92, 93, 94]. At first sight, this line of work is somewhat similar to CL.

However, it is worth noting that there are several differences between them: 1) CL aims

to model individuals by utilizing population-level information while personalization in FL

strives for better FL on heterogeneous data. 2) CL allows the sharing of data together with

model information among individuals while the privacy requirement in FL prevents data

from being shared among clients and only allows sharing the knowledge of model updates.

3) CL assumes the individuals share a latent canonical structure while FL usually defaults

to independence among clients. 4) CL emphasizes model personalization through centralized

training but with no explicit central server while personalized FL allows training personalized

models in a decentralized way through information sharing between an explicit central server
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and clients. 5) CL is useful when individuals have different amount of data while traditional

FL sometimes relies on sufficient data from its distributed clients to reach a minimum model

quality [95, 96]. It should be noted that CL and FL are not competitive with each other,

but instead, they solve different questions. And CL can be compatible with FL. Another

approach worth mentioning is the clustered federated learning (CFL) [97, 98]. It addresses

heterogeneity by explicitly identifying the clusters of the users and performing FL to learn

separate models for each cluster instead of one global model. While some works use central-

ized clustering algorithms such as K-means [97, 99], hierarchical clustering [100, 101], etc.,

others use decentralized algorithms [102, 103] to recognize the cluster identities. In addition

to hard clustering, [104, 105, 106] propose to use soft clustering strategies. CFL methods

have provided a promising way to handle user heterogeneity through a clustering structure,

but their performance depends on the ability to find good clusters. In contrast to CFL, CL

doesn’t need to cluster the users but encodes the sharing characteristics among the users

through a latent canonical structure that is not necessarily a clustering structure, which also

allows simple and efficient personalization through one unified optimization framework.

Finally, different from model personalization, a remotely related line of work is the design

of personalization strategies. For example, personalized recommendation [107, 108, 109]

is increasingly pervasive to handle user heterogeneity [9]. Such personalization is often

conducted via collaborative filtering or content-based filtering. Collaborative filtering makes

recommendations to an individual user based on the preference of other similar users, while

content-based filtering recommends similar items to the user without taking other users’

information into consideration. These strategies are tied to many specific application domains

such as healthcare [110, 111], e-commerce [112, 113], education [114, 115], etc. They have

prospered rapidly in recent years with the development of deep learning techniques [116, 117].

1.3.6 Fairness-aware federated learning

There have been works in federated learning (FL) focusing on ensuring fairness in different

stages of FL, building on various fairness metrics proposed in literature [118]. Some studies
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aim to enforce fairness constraints on client selection [119]. For example, [120] proposed to in-

corporate a fairness constraint in Lyapunov optimization to guarantee the participation rate

of clients, while [121] and [122] used bandit-based algorithms to encourage a fairer selection.

While these methods ignored real-time client contribution, it was further addressed in [123]

by combining a reputation table with fairness constraints in selection. Other work promoted

the selection of underrepresented clients through personalization of training procedures, such

as [124, 125]. Nevertheless, as the biases in training may not just come from client selection,

more studies have been concerned with fairness in the model optimization process [119]. [83]

developed Ditto, a multi-task personalized FL framework to promote fairness in FL through

regularization on the discrepancy between personalized models and the global model in local

training. Similarly, [126] also introduced regularization terms in their GIFAIR-FL framework

to ensure fairness. Instead of penalizing the models, they regularized between the local loss

functions, and showed their formulation could be equivalently written as loss re-weighting.

Re-weighting has also been applied in other recent work. Extending the idea of agnostic

federated learning (AFL)[127] which optimized their loss over an unknown mixture of the

client data distributions, [128] proposed AgnosticFair that re-weighted an agnostic loss func-

tion with kernel function parameterization and constructed an agnostic fairness constraint

from demographic parity. However, its reliance on prior knowledge limits its applications

[118]. [129] proposed q-Fair Federated Learning (q-FFL) where different clients are weighted

differently in the aggregated loss through a power parameter q. But its effectiveness will

be impacted by the estimation of a Lipschitz constant and the setting of q. When q is

large, it may also suffer numerical issues in computation. In addition to model optimization,

there are also studies aiming to improve fairness in the stage of incentive distribution, e.g.,

[130, 131, 132] took fairness into consideration through the incentive mechanism design.

1.3.7 User choice behavior modeling

Discrete choice models based on random utility maximization (RUM) have been widely ap-

plied in many areas such as transportation [133], emergence evacuation [134], and healthcare
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[135], mainly for population-wide policy making and resource allocation purposes. Some

recent papers used machine learning techniques to analyze and predict individual user be-

haviors. [136] presented an analysis of user behavior by a skip-or-stay behavior classifier.

[137] discussed a car ownership problem and showed that machine learning models can per-

form better than discrete choice models in predicting users’ demands. There are other lines

of works that model user behaviors from cognitive and human factor perspectives. For

example, [138] proposed an integrative model for choice behavior based on cognitive heuris-

tics. Many of these models rely on specialized testing protocols and experimental tasks such

as the Iowa Gambling Task (IGT) and the Soochow Gambling Task (SGT). On the other

hand, inverse modeling methods have recently emerged as a powerful tool for choice behavior

modeling [139, 140]. In the context of human computer interaction (HCI), [141] showcased

the inverse modeling of users’ interactive behaviors with approximate Bayesian computation

(ABC) inference under the assumption of computational rationality. For other applications

such as travel behavior modeling, inverse discrete choice models have also been explored to

enrich data for capturing choice behaviors [142]. Taking advantage of deep neural networks,

[143] proposed an inverse reinforcement learning (IRL) framework for modeling link-based

route choices. There is also considerable interest in recommendation system research for the

modeling of user behaviors. By learning from their purchase history, the recommendation

systems aim to understand their preferences so as to recommend new products to encourage

purchases, such as collaborative filtering [144] and deep learning techniques [145].

1.3.8 Robust learning

A traditional robust learning strategy is to borrow concepts from robust statistics such as

the M-estimates, L-estimates to achieve robust estimation of the model parameters [146].

Some others adopt ideas from robust optimization and formulate min-max optimization

problems [147, 148]. Besides these two general strategies, [149] proposed to learn a robust

regression model with a bounded loss function by clipping. Regularization is also a widely

used tool for robust learning. [150] showed that a regression model can be recovered via
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simple ℓ1 minimization. [151] further proposed an effective approach for robust regression

through low-rank representations. Our work follows the same line as some studies on Robust

Least Squares Regression (RLSR) that aim to achieve robustness by sample selection, such

as the robust thresholding regression [152], thresholding operator-based robust regression

[153], and consistent robust regression [154] etc. To select appropriate samples, they used an

iterative hard-thresholding technique which had been widely used in compressed sensing and

sparse recovery [155, 156]. While these works have been developed for regression problems,

similar strategies could be used for robust classification. For instance, the strategies of

robust optimization that consider the worst-case application and the min-max framework

has been adopted in [157, 158], etc. Some other notable related works include those using

L1 regularization [159] or Huber loss [160] as their robust learning strategies, those using

regularization on corrupted features [161, 162], or some other works as [163] when only class

labels are noisy. [164] focused on robust logistic regression model and learned the model

by solving a linear programming problem. [165] discussed an interesting setting where data

used for learning comes from multiple untrusted sources.
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Chapter 2

CROWDLLM: CREATE A DIGITAL POPULATION WITH
LARGE LANGUAGE MODELS AND GENERATIVE AI

2.1 Introduction

Recent years have witnessed the immense potential of large language models (LLMs) in

performing human tasks [166, 167] and human behavior simulation [168, 169]. This capacity

of LLMs has sparked much interest in creating virtual human-like decision-making agents

that can be used in many applications such as social simulation [170, 171], behavioral studies

[172, 173], crowdsourcing [174, 175, 39], marketing [176, 177], recommendation [178, 179],

etc. A common theme of these applications is that they all involve a large group of human

participants so as to solicit their decision-making powers to provide solutions to a task, and

then, aggregate their solutions to solve the task [180]. Apparently, an implicit assumption

made in these “human-intensive” operations is that the system could not bet on one single

participant to solve the problem. Instead, it relies on the wisdom of the crowd, which by

definition means a diverse collection of individuals who would provide different responses

on the same problem. There are many reasons: sometimes it is because there is no ground

truth (like in voting); sometimes it is because the quality of the crowd is not guaranteed

(like in crowdsourcing); and sometimes it is simply because the goal is to solicit input from

the diverse population (like collecting user ratings for products in order to develop accurate

recommendation systems). The growing interest in using LLMs in these applications is

motivated by reasons that vary across the applications, but one common reason is that in

many of these applications the involvement of real humans may raise many concerns about

privacy [181], confidentiality [182], quality [183], transparency [184], etc. These concerns also

extend to other fields, such as bias in social science [185] and privacy risks in recommendation



17

systems [186]. Beyond these legal, ethical, and cost-related challenges, recruiting workers

itself presents significant complexities. The LLM-based synthetic crowd can circumvent

these challenges and therefore inspire the many recent aforementioned developments. As

articulated in [187], LLMs should always be used as a concept testing tool for pilot and

exploratory studies before we recruit real humans.

Generally, an LLM-based model can be constructed based on a pretrained LLM, such

as OpenAI ChatGPT [188], Meta Llama [189], Google Gemini [190, 191], Deepseek [192],

etc. It is followed by supervised fine-tuning (SFT) on a specific task [193, 194], possibly

combined with human preference alignment through learning methods such as reinforcement

learning from human feedback (RLHF) [195, 196, 197], to achieve better performance in

completing the given task. Although such a pipeline has been widely adopted, the underlying

drawbacks are not negligible. While SFT is much cheaper than pretraining [198], it can still

be cost-prohibitive, which further demands parameter-efficient techniques to reduce the cost

[199, 194]. Meanwhile, SFT or RLHF can be largely impacted by the quality and the curation

of the task-specific data used for tuning [200, 201, 202]. Thus, building a high-achieving LLM-

based model to perform human tasks remains a challenge, particularly when there is a lack

of high-quality data and computational resources.

Noting these issues, many endeavors have been devoted to the improvement of the model

tuning [203, 204] and prompt designing [205, 206, 207] so as to craft well-tuned task-specific

LLMs. However, LLMs are pure “black box” models whose controllability (i.e., of their be-

haviors and output) is known to be a challenge. While instruction prompts play a significant

role in inducing LLMs to show desired behaviors, it is usually difficult to find a universal

design of the prompts for various tasks. It is also beyond our reach to know whether LLMs

really understand the prompts and generate the outputs causally based on the instructions.

Additionally, LLMs usually generate outputs with little diversity [208, 209, 29], which is

actually one key challenge in the development of the envisioned digital populations that we

are interested here. It can be seen that many existing efforts are devoted to the frame-

work of LLM which relies on large-scale high-quality data and substantial computational
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resources, whereas in many aforementioned applications, sometimes a lightweight solution of

the LLM-based digital population is sufficient for the task. After all, in these applications,

such as crowdsourcing a data labeling task or surveying a potential market for a new prod-

uct, the human participants need not be experts; they may perform poorly on individual

tasks, yet through effective aggregation of their inputs, they can collectively achieve satisfac-

tory results. Still, the main challenges for developing such an LLM-based digital population

are, as pointed out in [187] and many other recent efforts, that these LLM-based models

usually exhibit a lack of diversity and undetected bias, and inaccuracies due to excessively

user-pleasing outputs.

Therefore, targeting the applications where a lightweight solution of the LLM-based dig-

ital population is sufficient, we pursue a strategy that is different from the existing efforts

that aim to solve the problem within the LLM framework itself. Rather, our approach is to

augment LLM with a generative machine learning model that can provide the diversity it

needs, mitigate the bias it implicitly has, and improve its accuracy. We develop a principled

design of a computational pipeline that is lightweight enough to be cost-effective but also

sufficiently accurate and robust to guide the generation and aggregation of a diverse pool of

LLM-based virtual participants to match the diversity and accuracy of real-world operations.

Our main contributions include: (1) we propose CrowdLLM to emulate decision-making

diversity and distributional fidelity observed in many real-world operations in crowdsourcing,

voting, and product reviews; (2) CrowdLLM is built on a rigorous probabilistic framework

that integrates the best of the two worlds, the LLM and the generative ML models; (3)

we conduct theoretical analysis of CrowdLLM regarding its great potential in creating cost-

effective, sufficiently representative, scalable digital populations that can match the quality

of real populations; and (4) we conduct comprehensive experiments across multiple domains

(e.g., crowdsourcing, voting, user rating) and simulation studies which demonstrate that

CrowdLLM achieves promising performance in both accuracy and distributional fidelity to

human data.
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Fig. 2.1: A comparison of different decision-making workflows. (a) LLM: Decisions are

purely made by LLM through the input of prompts. (b) Real population: Diverse decisions

are made by a population of humans with diverse profiles. (c) CrowdLLM: Diverse decisions

are made by simulated humans. Each simulated human’s decision is a blend of a reference

decision generated by a pretrained LLM and the personal belief bias generated by a belief

generator. The simulated humans are sampled probabilistically by a profile generator.

2.2 CrowdLLM

Our target applications involve a group of human participants to solicit their decision-making

powers to provide solutions to a task, and then aggregate their solutions to solve tasks.

Before formally presenting our framework, let’s first provide an analytic characterization of

these applications. For a specific decision-making task, we consider a set of T problems

T = {1, 2, · · · , T}. Each problem t(t ∈ T ) is associated with a description xt ∈ X , where X

is the problem space. Given xt, one needs to give their individual response. For example, in

a choice-making scenario, they need to make a choice yt from the set of Mt alternatives Yt =

{1, 2, · · · ,Mt}. The ultimate goal of decision-making is to find an optimal rule ψ : X → Y

to give the decision ŷ = ψ(xt). Suppose we have N participants, and each is with a profile

vector vi(i = 1, · · · , N), i.e., which includes their demographics or user characteristics. Each

problem will be assigned to all the participants, but they can choose whether to perform
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the task or not. Thus, for each problem t, we will only collect responses from a set of Nt

participants, denoted by Yt =
{
yt,in ∈ Yt|n = 1, · · · , Nt

}
. With an aggregation function

h(
⋃N

i=1{yt,i}), the final decision for the problem can be represented by ŷt = h(Yt). As a

result, the decision-making rule is de facto an ensemble of personalized decision-making

rules. Both personalization and aggregation are important in our target applications. While

aggregation synthesizes the collective wisdom, personalization emphasizes the diversity of

participants in both their profiles and opinions, as illustrated in Figure 2.1(b). The overall

framework of CrowdLLM is shown in Figure 2.1(c). Different from a pure LLM-based model

shown in Figure 2.1(a), in CrowdLLM, the LLM-emulated participants are augmented with a

generative model to mimic the task-specific behaviors of real human participants. Note that

rather than building numerous personalized LLMs tailored for each individual (pure LLM

agents), CrowdLLM allows all these virtual individuals to share one single pretrained LLM

as their engine, which is a more cost-effective solution. A full description of CrowdLLM is

shown in the box below, and more details are given in the rest of this section.

2.2.1 Details of Each Component in CrowdLLM

Reference generation. Recall that for any given problem/task xt, any decision CrowdLLM

generates combines two inputs, i.e., as illustrated in Figure 2.1(c), the reference decision and

the personal belief. To produce the reference decision for problem t, we leverage LLM, in

particular, a pretrained LLM M, since it is computationally cheaper and imposes fewer

requirements on specialized hardware compared to fine-tuning [210]. For a single LLM-

emulated participant, with P = f(xt,Rt, Ct) as context, i.e., recall that each problem t has

its description xt, requirements Rt and context Ct (see an example of Rt, Ct in Appendix),

we promptM to generate several decisions, which we call reference decisions. This can be

viewed as sampling from a reference distribution πM over Y , i.e., yref ∼ πM(y|P). To ensure

the reliability of the reference decision, we perform K times of generation, which yields a

set of decisions {y′1, · · · , y′K}. In summary, the reference decision can be expressed as an
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aggregated decision:

yref = hM(y′1, · · · , y′K),

y′k ∼ πM(y|P), k = 1, · · · , K,

where hM(·) is an aggregation function, e.g., mean or majority voting. Though as a good

common sense respondent, it is known that LLM-based agents often fail to generate differen-

tiated decisions but instead follow the same common sense [40, 34, 211], even when we vary

the ways of prompting (multi-persona prompting) and temperature settings. Our experi-

ments in Section 4 also show that the LLM-emulated participants lack diversity compared

with real humans’ decisions.

Belief generation. To ensure the LLM-emulated participants can make diverse decisions

as humans, we introduce a belief generator Gbelief(·) to generate personalized belief biases.

The generator can be implemented as a lightweight generative network that can adapt to

a specific task. It takes both the participant’s profile vi and the problem description xt as

the input, and encodes them into a belief bias. The generation of the belief bias follows an

inference model:

δi,t ∼ p(δ|gx(xt), gz(vi))

= N
(
µ
(
gx(xt), gz(vi)

)
,Σ

(
gx(xt), gz(vi)

))
,

(2.1)

where gx(·) and gz(·) are embedding functions parameterized with β. When fixing the par-

ticipants’ profiles vi as the context, this naturally leads to a variational autoencoder (VAE)

conditioning on the profiles. But it should be also noted that if the profile generator is not

frozen and vi can vary with the noise εi that generates the profiles, p(δ|gx(xt), gz(vi)) is not

necessarily Gaussian after marginalization and thus can result in a semi-implicit variational

autoencoder which is able to accommodate non-Gaussian distributions through a hierarchy

of stochastic layers [212]. To simplify the problem, we directly go with the VAE structure

without considering such hierarchical inference. The reconstruction of the problem descrip-

tion is performed by a decoder D(·) through xt = D(δi,t, gz(vi)). And the generated belief
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CrowdLLM: A Synthetic Crowd of Human Participants

Input: Candidate pool S; Recruitment budget N ; Task-specific problem set T =

{1, · · · , T}, each problem t with its description xt, requirements Rt and context Ct;

Frozen LLMM.

1. Virtual Participant Recruitment: Produce a set of N participants with quali-

fied profiles v1, · · · ,vN from the candidate pool for problem t. For each problem t,

assign the problem to the participants and ask them to make decisions.

2. Reference Generation: Instruct the LLMM with problem-specific prompt P =

f(xt,Rt, Ct) to generate reference decisions yref ∼ πM(y|P) for the problem t.

3. Belief Generation: For the i-th participant, if their participation status φt,i = 1,

generate their belief bias over the problem as δi,t = Gbelief(xt,vi).

4. Personalized Decision-Making: For the i-th participant, the personalized deci-

sion is made by a blending of the reference decisions and personalized belief bias

which follows a probabilistic model ŷi,t ∼ π(y|Bσ(yref, δi,t),xt,vi) where Bσ(yref, δi,t)

is the blender.

5. Decision Aggregation: Depending on the task, we can aggregate the decisions

for any problem t by a function h through y = h(Yt),where Yt = {ŷt,i|φt,i = 1}.

bias δi,t is then fed into the blender (shown in Figure 2.1(c)) to produce the final decision

from this virtual participant.

Personalized decision-making. To finalize the decision of a single participant, we

need to blend the reference decision generated by LLM with the personal belief bias that

is sampled from (2.1) as a latent vector. Since (2.1) is a probabilistic model, to offset the

impact of its randomness, we generate the final decision of the participant as an expected
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decision:

ŷt,i = Eδi,t∼p(δ)

[
Bσ(yref, δi,t)

]
≈ 1

J

J∑
j=1

Bσ(yref, δ
(j)
i,t ).

In practice, we can generate the personal belief bias J times and approximate the ex-

pectation by the sample average. Here, Bσ(·) is the blender parameterized by σ. In our

framework, the blender follows

ỹt,i = Bσ(yref, δi,t) ∼ F(yref + δi, σ
2), (2.2)

where F is a preset distribution depending on the task, and the variance σ2 reflects the noise

level. Here, F is chosen flexibly to accommodate different task structures. For example, if

the decision to make is a continuous variable, F can be a normal distribution. For discrete

choices, F can be parametrized by compounding a latent continuous score distribution with

a discretization mapping, i.e., F can be a composition of normal distribution that treats

yref + δi as a latent score and a task-specific discretization operator. For example, if the

decision to make is binary, F can be a logit-normal distribution.

Crowd-level decision aggregation. In the final step, for each problem t, the partic-

ipants’ decisions are aggregated through an aggregation function h : YN → Y . Specifically,

the aggregated response for problem t can be written as

y = h(Yt),where Yt = {ŷt,i|φt,i = 1}.

where φt,i = 1 means participant i responds to problem t. Various aggregation functions can

be used, such as mean score, majority voting, Dawid-Skene model, etc. When the problems

do not have a ground truth solution, the consensus or the decision distribution of human

workers can be the gold standard to evaluate the performance of CrowdLLM.

Virtual participant recruitment. Last but not least, recruitment of LLM-emulated

participants is realized through a random profile generator Gu(·), i.e., this profile generator
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should be responsible for generating the information of a participant and selecting partici-

pants from a pool of qualified profiles denoted by S. S can be built based on task-specific

prior knowledge (see an example in Figure 2.3). Formally, the i-th participant’s profile is:

vi = Gu(S, εi;θ), (2.3)

where εi ∼ q(ε) is random noise encouraging profile diversity and θ is the generator’s

parameter. Once we obtain the profile of a participant, we can simulate one’s decision-

making behaviors through the generation components of CrowdLLM (i.e., from reference

generation to decision aggregation). We also consider that in reality not all participants

participate in all problems. We assume the participation of the i-th participant on problem

t, φt,i, satisfies a Bernoulli distribution φi,t ∼ Bernoulli(pi,t), where pi,t is the probability of

participation which can be defined by prior knowledge. We treat participation as a reflection

of prior knowledge to enable the digital population to better reflect the real-world scenarios

where individuals selectively engage in tasks based on factors such as availability, expertise, or

profile characteristics. Thus, we would recommend deriving these probabilities from observed

human participation patterns in the historical data. Only when no prior information is

available, these probabilities can be chosen uniformly.

2.2.2 Model Training

Training of CrowdLLM will only require a small set of real human data, since the LLM-

emulated participants are built on a frozen pre-trained LLM and only the generators and the

blender need to be trained. The training data includes multiple problems/instances and the

decisions of a set of real human participants for each problem/instance. To train CrowdLLM,

the loss functions are:

L1 =
1

N

N∑
i=1

1

Ti

Ti∑
t=1

φi,t

{
KL

(
EΩ∼qϕ(Ω|xt,vi)[qβ(δi,t|Ω)]

∥∥∥p(δi,t)
)

− EΩ∼qϕ(Ω|xt,vi)

[
Eδi,t∼qβ(δi,t|Ω)

[
log p(xt|δi,t,vi)

]]}
,

L2 =
1

N

N∑
i=1

1

Ti

Ti∑
t=1

φi,tℓ(ŷi,t, yi,t),

(2.4)
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where Ti =
∑T

t=1 φi,t, qϕ(Ω|xi,vi) is an implicit prior distribution, and qβ is the variational

distribution of the belief bias conditioned on the implicit parameter Ω. Here, L1 follows

the semi-implicit VAE style [212] and ensures the model sufficiently represents the personal

belief of the human participants, while L2 ensures the final accuracy of CrowdLLM, i.e.,

the final decision made by a virtual human participant should be close to its real human

counterpart’s. The specific form of ℓ(·, ·) in L2 depends on the task scenario. For regression-

type continuous or ordinal judgment problems, the squared loss ℓ(ŷi,t, yi,t) = ||ŷi,t − yi,t||22
is a common choice; For classification-type choice-making problems, the cross-entropy loss

which reduces to ℓ(ŷi,t, yi,t) = − log p(ŷi,t = yi,t) is widely adopted. In practice, a simpler

alternative is to reformulate the classification problems as continuous ones by introducing

latent scores with the blender and optimizing the regression-type squared loss. The overall

loss function is L = L1 + λL2, where λ > 0 is a regularizer. By minimizing the loss function

L, we can optimize the parameters of CrowdLLM.

2.3 Theoretical Analysis

In this section, we perform theoretical analysis to further reveal the underlying mechanisms

of CrowdLLM about why it can create realistic digital populations. Specifically, we ask the

following questions: (Q1) Is CrowdLLM able to generate a target population with envisioned

profile characteristics? (Q2) How does the diversity of the digital population generated

by CrowdLLM affect the decision-making performance (e.g., accuracy)? And (Q3) How is

the decision-making performance impacted by the quality of the LLM backbone and the

generative models in CrowdLLM? All the proofs are in the Appendix.

To answer Q1, we can readily extend the theoretical results of generative models in

the literature [213, 214]. Specifically, the following theorem shows that it is possible to

generate a diverse population of a target profile distribution T through the profile generator

in CrowdLLM:

Theorem 2.3.1. Suppose the profiles are d-dimensional bounded vectors following a target

mixed-type distribution T . Consider ρ as an easy-to-sample distribution taken to be uniform
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on (0, 1)d+1. For any ε ∈ (0, 1), there exists a profile generator G building on a generative

model that satisfies

W1(G♯ρ, T ) < (1 +

√
2

π
ηd)ε.

Here, W1 is the Wasserstein-1 distance, G♯ρ is the pushforward of ρ by G which represents

the resulting distribution transferred from ρ to the generated profile space, and η is a constant.

Theorem 1 indicates that we can build a profile generator to generate meaningful pro-

files of a target population. Rather than being tied to any specific architecture, the pro-

file generator can be implemented flexibly, ranging from learned generative models to even

simpler sampling-based schemes. When profile pools are complex and the induced search

spaces are large, the generator can adopt common generative model classes (e.g., GANs,

VAEs, flow-based models, etc.) for constrained generation. However, for smaller and finite

pools, a simpler sampling-based generator (e.g., multinomial sampler) is sufficient. However,

generating a diverse profile of the digital population doesn’t guarantee CrowdLLM’s good

performance, as the virtual human participants, despite having a diverse profile, may still

give similar responses on the same task. Thereby in CrowdLLM we further have the belief

generation component to ensure that human participants can generate different responses as

they have different profiles.

Now we answer Q2. Consider a task that is characterized by the problem description

x. The Bayes-optimal response on this task is the conditional mean response given by the

target human population as y∗ = Ev∼T Ey∼Y|x,v[y]. With a slight abuse of notation, we can

write it as y∗(x) interchangeably (similar simplification will be used in the rest of the paper

without causing confusion). In practice, however, we typically have no access to this ground

truth response. Instead, we rely on a finite sample population U = {ui}i=1,··· ,N whose profiles

v1, · · · ,vN are drawn from the target distribution T . Each individual ui provides a response

yi. If we know yi = Eyi∼Y|x,vi
[yi] which is considered as their rational decision since the

operator E averages out the randomness of their decisions, we can adopt the average of these

expected responses across the sampled population U , i.e., y∗∗ = 1
N

∑N
i=1 yi, as a gold-standard
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approximation of y∗. However, the real human individuals’ responses are typically noisy and

can be expressed as yi = yi + εi, where εi ∼ N (0, η2i ) captures the individual randomness.

Ideally, if we could collect individual responses repeatedly many times, we could accurately

estimate the individual-level expected response yi, and consequently, obtain an accurate

estimate of y∗∗. Nevertheless, in practice, an individual typically provides only a single noisy

response to a specific problem, which hinders the estimation of yi. Therefore, we can only rely

on the noisy response yi, and substitute y∗∗ with empirical mean y = 1
N

∑N
i=1 yi. y provides

an unbiased estimate of y∗∗, which provides a ground truth (see the blue star in Figure

2.2). Recall that to build a digital population, CrowdLLM generates virtual individuals

Ũ = {ũi}i=1,··· ,N that mirror the real human individuals U . Suppose the digital counterpart

of individual ui, denoted by ũi, is generated by CrowdLLM with the same profile vi. Their

individual responses, either the expected ỹi or the noisy ỹi, can be linked to ui, i.e., yi or yi,

despite the deviations caused by any model’s inherent limitations. Such a physical-digital

pair is illustrated in Figure 2.2.

Following the decision-making process of CrowdLLM, we can simplify the notations and

express the response to the problem x of the individual ui generated by CrowdLLM as

ỹi = yref + δ(x,vi) + ε̃i,

where yref = E[Φ(x)] is the reference decision generated by the LLM backbone Φ, δ(·) denotes

the belief generator, and ε̃i is the noise with E[ε̃i] = 0 and V ar[ε̃i] = η̃2i which represents the

inherent uncertainty of individual i. For simplicity, following Eq. (2.2), we only consider the

blender is additive and F is normal. Then, we compare these responses with real humans’

responses. We only consider the analysis of the average response for a specific problem x and

compare ỹ with the ground truth y. Their discrepancy can be measured by a loss function

ℓ(·, ·) as ℓ(ỹ, y), e.g., here we focus on the squared loss to conduct our theoretical inquiry.

The same proof strategies can be potentially extended to other loss functions, such as KL

divergence. Inspired by the unified theory of diversity [215], we can prove the following

theorem:
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Fig. 2.2: An illustration of the risk decomposition for a specific problem x. The yellow circle

represents the sample human population U while the purple dashed circle represents their

digital counterpart. The balls in the circles represent a physical human individual ui and

their digital counterpart ũi. yi and ỹi are the expected responses of the human individual

and the digital individual, respectively. yi and ỹi are their corresponding noisy observations.

The empirical mean of the individual noisy responses ỹi across the whole digital population

is represented by the light purple point ỹ. The dark purple triangle yref is the reference

response generated by the LLM. The star y represents the average response of the sample

population, adopted as a “ground truth”. The five components L1 to L5 are explained in

Theorem 2.
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Table 2.1: A summary of loss terms in Theorem 2.3.2.

Loss Description Practical Implications

L1 This term captures the loss induced by

human individual-level biases relative to

the population-level mean decision.

It arises from the heterogeneity of the real

human population and can hardly be con-

trolled. Its magnitude determines the dif-

ficulty of using an LLM to simulate hu-

man decision-making.

L2 This term refers to the loss that arises

from each human individual’s behavioral

stochasticity in decision-making.

It is intrinsic to human behavior and can-

not be fully eliminated, but can be ex-

plicitly estimated via uncertainty quan-

tification and mitigated by improved hu-

man–system interactions (e.g., appropri-

ate task description).

L3 This term characterizes the alignment be-

tween digital population and human pop-

ulation by quantifying discrepancies be-

tween each human individual and the cor-

responding digital counterpart.

It is a key measurement of the digital pop-

ulation’s fidelity, and can only be reduced

by accurate simulation of the real human

individual beliefs.

L4 This term captures within-individual vari-

ability in the digital population to ac-

count for the behavioral stochasticity of

their human counterparts.

It can be controlled by adjusting variance-

related parameters of the belief genera-

tor and the blender in CrowdLLM. How-

ever, such control should be exercised

with care, as it directly affects individ-

ual variability, and if overly suppressed,

leads to deterministic and overconfident

decisions.

L5 This term measures the diversity of the

digital population, which depends on

both the profile generator’s ability to pro-

duce different individual profiles and the

belief generator’s capacity to generate di-

verse decisions.

All parameters of CrowdLLM that influ-

ence decision generation may affect this

diversity. It must also be calibrated with

care to ensure sufficient diversity without

sacrificing others, as it might have inter-

actions with other terms.
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Theorem 2.3.2. Consider a digital population Ũ = {ũi}Ni=1 generated by CrowdLLM with

profiles Z = {vi}Ni=1 ∼ T , and their real human counterparts U = {ui}Ni=1. Suppose the

overall expected risk is L = ET
[
ED

[
Ex∼X ,y∼Y [ℓ(y, ỹ)]

]]
. Given the training data D =

⋃N
i=1Di

where Di is the data contributed by individual ui, we have the following decomposition over

the risk L:

L = EX
[
EZ∼T

[ 1
N

N∑
i=1

Eyi∼Y|X ,vi
[ℓ(y, yi)]

]
︸ ︷︷ ︸

L1: Average Human Bias

+ ET
[ 1
N

N∑
i=1

η2i
]

︸ ︷︷ ︸
L2: Human Individual Noise

+ET ,D
[ 1
N

N∑
i=1

ℓ(yi, ỹi)
]

︸ ︷︷ ︸
L3: Twin Discrepancy

+ ET
[ 1
N

N∑
i=1

η̃2i
]

︸ ︷︷ ︸
L4:Allowed Individual Uncertainty

− ET ,D
[ 1
N

N∑
i=1

ℓ(ỹ, ỹi)
]

︸ ︷︷ ︸
L5:Digital Population Diversity

]

Theorem 2 decomposes the expected risk of CrowdLLM into five parts that correspond to

the average human bias, the human individual noise, the discrepancy between the individuals

of the physical and digital populations, the allowed individual uncertainty, and the diversity

of the digital population. When other components (L1 to L4) are fixed, Theorem 2 shows

greater diversity of the digital population (L5) will reduce the expected risk. Remarkably,

the decomposition in Theorem 2 holds under the premise that the loss function ℓ(·, ·) admits

an ambiguity decomposition property (see Appendix A.2 Lemma 1). Thus, only certain loss

functions (e.g., the squared loss discussed in Theorem 2) are sufficient to satisfy this property,

while others may not. A well-representative class of such decomposable loss functions is given

by the Bregman divergences [215].

Now we can similarly compute the decision-making risk for pure LLMs as:

Proposition 2.3.3. With the same population U = {ui}i=1,··· ,N as in Theorem 2, pure LLM-

based decision-making with zero-shot prompting yields the following decomposition over its
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risk L′ = ET ,X ,Y [ℓ(y, yref)]:

L′ = L1 + L2 + ET
[ 1
N

N∑
i=1

ℓ(yi, yref)
]
+ ηΦ(t),

where ηΦ(t) ≥ 0 measures the randomness of the LLM outputs under temperature t.

With Theorem 2.3.2 and Proposition 2.3.3, we can further provide a sufficient condition

under which CrowdLLM outperforms pure LLM-based decision-making. Interestingly, this

sufficient condition is built on the quality of the LLM backbones.

Assumption 2.3.4 (Quality of the LLM backbone). Given any specific task x, for α ∈ (0, 1)

and γ ∈ (0, α), there exists a constant κα, such that the deviation of the response given by

the LLM backbone Φ from the gold-standard response y∗∗(x) given by the human population

is bounded with probability at least 1− α, i.e., P (|E[Φ(x)]− y∗∗(x)| ≤ κα) ≥ 1− α.

With a guarantee on the quality of the LLM backbone, we have the following theorem:

Theorem 2.3.5. Consider a digital population generated by CrowdLLM Ũ = {ũi}i=1,··· ,N .

For a specific problem x, assume the belief biases of Ũ is δ1, · · · , δN , with a mean µδ =

1
N

∑N
i=1 δi and the second moment ε2δ =

1
N

∑N
i=1 δ

2
i . Suppose the deviation between the gold-

standard response and the reference decision given by the LLM backbone is ∆ = y∗∗(x)−yref.

We can construct an interval

Bα(∆) =
[
∆− h∆(κα),∆+ h∆(κα)

]
,

where

h∆(κα) =



h1, when
N − 2√

2N
A(N) ≥ κα

h2, when
N − 2√

2N
A(N) < κα,

h1 =

√
N2κ2α + 2(N − 1)[A(N)]2 − (N − 2)κα

2(N − 1)
,
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h2 =

√
2

N
A(N),

A(N) =
√

(N − 2)ε2δ +NηΦ(t),

such that when µδ ∈ Bα(∆), with probability at least 1 − α, CrowdLLM leads to a smaller

expected risk than its pure LLM-based counterpart, i.e., L ≤ L′.

Theorem 2.3.5 indicates that to ensure that CrowdLLM outperforms the LLM backbone,

the mean belief bias µδ should not be too far away from ∆ (i.e., ∆ quantifies the deviation

of the reference decision by the LLM backbone to the ground truth). It is easy to see that

the interval width merely relies on h∆(κα). When the size of digital population N is small,

h∆(κα) = h2 does not depend on κα, but is instead directly affected by N . When N is large

enough, h∆(κα) = h1 is monotonically decreasing in κα, which means that if κα turns larger,

we need a tighter interval that covers the belief bias to ensure L ≤ L′. It suggests that

if CrowdLLM is built with a lower-quality LLM backbone, the mean belief bias µδ needs

to be closer to ∆, whereas a higher-quality LLM backbone will provide greater tolerance

to guarantee CrowdLLM’s performance. Moreover, the diversity of the digital population,

reflected in ε2δ and ηΦ(t), can somehow alleviate these constraints and offer even more capacity

for CrowdLLM to surpass the LLM backbone. This theoretical analysis also reveals why LLM

itself can’t generate the needed diversity, since it is not just statistical derivations from a

mean but needs to be productive in a specific context (e.g., which corresponds to a diverse

distribution of participants’ profiles). We know that an LLM can balance coherence and

novelty in its responses by adjusting the temperature t, but from Theorem 3, we see that

increasing t to improve novelty in responses can actually enlarge the gap between the LLM

and CrowdLLM since it leads to more incoherence and noise of the backbone. In contrast,

in CrowdLLM, more diversity associated with a larger ε2δ might also result in an increase in

h∆(κα), which allows µδ to deviate more from ∆ while ensuring the superiority of CrowdLLM.

This answers Q3 as well.

We can further develop a confidence interval for CrowdLLM to cover the ground truth

y∗. First, we restate the Theorem 1 in [216] in the context of our problem as follows:
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Theorem 2.3.6. Given any specific task x, suppose θ∗ ≜ y∗ = E[y|x] is the population

mean response to be estimated. Consider a model f learned from the data to predict y. With

α ∈ (0, 1) and γ ∈ (0, α) fixed, suppose that for any possible θ, we can construct confidence

sets B1
γ(θ) and B2

α−γ(θ) satisfying P (Ev∼T [f(x,v) − y] ∈ B1
γ(θ)) ≥ 1 − γ and P (Ev∼T [θ −

f(x,v)] ∈ B2
α−γ(θ)) ≥ 1− (α−γ). Let By

α = {θ|∃θ1 ∈ B1
γ(θ), θ2 ∈ B2

α−γ(θ) s.t. θ1+θ2 = 0}.

Then, we have P (θ∗ ∈ By
α) ≥ 1− α.

Inspired by this result, we can further show the following theorem:

Theorem 2.3.7. Consider CrowdLLM with an LLM backbone Φ and a belief generator δ

under an additive blender. Assume Φ has the randomness η(t) that can only be changed

through adjusting the temperature t. Fix α ∈ (0, 1) and γ ∈ (0, α). Given any specific

task x, suppose we have n real human responses y1, · · · , yn taking numeric values for this

task in the training data. Consider a digital population of size N generated by CrowdLLM,

Ũ = {u1, · · · , uN} with profiles v1, · · · ,vN . Here, we assume n
N
→ p ∈ (0, 1). Suppose

their decisions are ỹ1, · · · , ỹN , where ỹi = Φ(i)(x) + δi with Φ(i)(x) being the ith response

sampled from Φ and δi = δ(x,vi) being the belief biases. Define σ2
δ = 1

N

∑N
i=1(δi − δ)2 and

σ2
r = 1

n

∑n
i=1(ri − r)2 where δ = 1

N

∑N
i=1 δi, ri = yi − ỹi and r = 1

n

∑n
i=1 ri. Suppose the

training error can be bounded by a small tolerance ε20, i.e.,
1
n

∑n
i=1(yi − ỹi)2 ≤ ε20. Then, we

can build a confidence interval centered on the aggregated decision ỹ = 1
N

∑N
i=1 ỹi:

By
α =

{
y : |y − ỹ| ≤ ε0 + z1−α

2

√
η(t)

N
+
σ2
δ

N
+
σ2
r

n

}
,

where z1−α
2
is the 1 − α

2
quantile of the standard normal distribution, such that the ground

truth y∗ satisfies

lim inf
n,N→∞

P (y∗ ∈ By
α) ≥ 1− α.

The above theorem indicates the effectiveness of CrowdLLM under asymptotic settings.

From the interval built in this theorem, we notice the uncertainty in estimating y∗ is mainly

contributed by three parts: the randomness of LLM backbone, the variance of belief biases,
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and the variance of the residuals σ2
r . Since the LLM backbone is frozen and will only show

a certain randomness controlled by the temperature t, the uncertainty from this component

is fully contributed by η(t). When N grows, the average converges and the uncertainty is

gradually reduced. The uncertainty contributed by the belief generator is rooted in the belief

biases.
σ2
δ

N
measures the variability of the average belief bias. However, this uncertainty will

not be explosively increasing, since the average belief bias will gradually converge to the

true deviation of LLM’s decision from the ground truth decision. As N grows, the diversity

matters less and
σ2
δ

N
is less influential. Beyond the first two sources of uncertainty, the quality

of the belief generator determines how large the uncertainty will be. If the belief generator

can well characterize the real human data, the individual residuals ri should be small, which

indicates the decisions given by CrowdLLM can well approximate the real human data, and

σ2
r should be small when the individual residuals are consistently small. If n is large, the

real human data used for training is large, which shrinks this variance and leads to a more

accurate model. It should be mentioned that, although this theorem provides a way to

construct confidence intervals that can somehow serve as a measure of the uncertainty in the

collective decision-making of a digital population, it is not intended to provide a tight, finite-

sample interval estimate that can be directly used as an exact plug-in uncertainty estimator

by practitioners. In practice, we still recommend reporting the uncertainty depending on

the specific task contexts with empirical measurements.

Remark. For a clear characterization of the theoretical properties of CrowdLLM, our

analysis above primarily assumes a mean-score aggregation rule for decision-making under

which the population-level decision is obtained by averaging individual decisions. In practice,

this rule generally applies to continuous decisions and can also be used for discrete decision-

making through appropriate transformation (e.g., by introducing continuous latent scores).

However, it may not always be the preferred choice, and alternative aggregation rules are

widely used for discrete decisions. A canonical example is majority voting (MV), a basic label

aggregation approach that selects the label chosen by most participants [217, 218]. For binary

decisions with yi ∈ {0, 1} for each individual i = 1, · · · , N , the aggregated decision under
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this approach can be written as y = I[ 1
N

∑N
i=1 yi ≥

1
2
], which is a non-smooth, threshold-

based mapping of the empirical mean. As a result, this rule does not directly fall within the

scope of the theoretical results in Theorems 2-5. Nevertheless, majority voting and other

discrete aggregation rules can often be interpreted as operating on latent continuous scores

(e.g., probabilities) followed by a discretization step. From this perspective, results on mean

aggregation remain theoretically well-founded and somehow provide useful insights into these

aggregation mechanisms. While rigorous guarantees under explicit non-linear or discrete

aggregation rules are left for future work, we empirically evaluate the practical performance

of CrowdLLM under several such rules in case studies to complement the theoretical analysis.

2.4 Case Studies

In this section, we conduct experiments to evaluate the ability of CrowdLLM to generate

data of human-grade quality across different applications, including crowdsourcing [219],

product reviews from users [220], and voting [221]. Each application entails a different

kind of human data, but all involve a set of decision-making tasks that are attributed to a

population of workers (in crowdsourcing), users (in recommendation systems), or voters (in

politics). We evaluate CrowdLLM, its vanilla versions and some other benchmark methods,

including LLM-based and non-LLM methods with a range of performance metrics such as

accuracy, diversity, fidelity to real human data, sample efficiency, and cost. We also thor-

oughly study different configurations of CrowdLLM and its various components (i.e., how

prompting strategies are employed to generate the LLM-based virtual human participants)

and study its sample efficiency (i.e., how much training data is needed to reach a superior

performance). Now, we introduce details of our experimental evaluations and main findings.

2.4.1 Experiment Setup

2.4.1.1 Overall Design and Evaluation Method.

Recall that CrowdLLM generates a collection of decisions from the synthetic participants for

some given tasks, such as voting for alternatives, rating products, and evaluating texts. To
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evaluate how well its outcome matches the data collected in a real human population, we as-

sess its performance in both aggregated decision (accuracy) and the distribution of decisions

(diversity). Specifically, we use Average Wasserstein Distance (Avg. WD) to measure the

average of the distributional deviation from the gold standard across each test problem. A

lower value of this metric indicates better distributional similarity and a more effective char-

acterization of population diversity. For the evaluation of aggregated decisions, we consider

evaluation metrics such as Mean Absolute Error (MAE), Root Mean Square Error (RMSE),

and Cosine Similarity (CS). The first two metrics emphasize the average performance over

different tasks, while CS focuses on the general comparison with the gold standard (i.e., real

human data) on the test set. For Crowdsourcing tasks, we follow prior work [40] and adopt

the common practice of considering various aggregation approaches that include mean for

all case studies, and also more specialized ones for crowdsourcing applications such as MV,

Dawid-Skene (DS), and Generative model of Labels, Abilities, and Difficulties (GLAD) [222].

Different from simple MV, DS improves aggregation by learning how accurate each partic-

ipant is from their labeling history through a probabilistic formulation and giving greater

weights to reliable ones. GLAD goes further by also considering task difficulty, using a prob-

ability model to combine participant’s ability and task difficulty for robust label estimation.

2.4.1.2 Implementation of CrowdLLM.

Unless otherwise specified, we use Gemma3-12B [191] as the LLM backbone of CrowdLLM

due to its strong performance, its reliable capabilities across diverse tasks, and manageable

size which facilitates extensive experimentation. In each of our case studies, we also conduct a

comparison of Gemma3-12B with three other prominent LLMs, Deepseek-Distill-R1-Llama-

8B (Deepseek R1) [192], Llama3-8B-lexi-uncensored [223], and Qwen3-8B [224], and found

Gemma3-12B indeed outperforms others. In all the experiments, we set the temperature to 0

for CrowdLLM, and set the reference generation parameter K to 8, the offset parameter J for

personalized decision-making in training to 10, and the regularization controller λ to 1. These

settings are based on our extensive empirical experiments across datasets which consistently
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provide good performances of CrowdLLM. For all the experiments, the candidate profile

pool S is built on the historical user data and the profile generators are implemented as

probabilistic samplers on this pool built from the user data as well. For the belief generator,

we use a VAE-style model as mentioned before to implement this component and set the

number of latent dimension for its encoder to 20, following the prior work [56, 225] to ensure

the balance between representational capacity and computational cost. The text encoder

of all problem descriptions gx is implemented by a pre-trained sentence transformer, text-

embedding-nomic-embed-text-v1.5 [226]. The profile encoder gz maps the individual profiles

into embeddings that can be directly fed into the generator. For cases where user profiles

are built on their characteristics (e.g., Crowdsourcing and Voting), gz is implemented by

mapping each attribute of the profile vector into a one-hot vector and concatenating them

as a profile-specific embedding. In the case of Product Rating, the profiles are readily usable

embeddings, and thus gz reduces to an identity mapping as no additional transformation is

required. We use Adam [227] as the optimizer with a learning rate 0.001 to train CrowdLLM

with Eq. (2.4). For all three cases, the implicit prior distribution qϕ is parametrized by a two-

layer MLP that takes a Gaussian noise in the input, while the explicit qβ adopts a Gaussian

distribution. Across all the experiments, the data are preprocessed to ensure compatibility

with the choice of ℓ as a squared loss. Another important aspect of implementing CrowdLLM

on a particular application is the profile generation. Recall that the profile generator aims to

generate diverse profiles for the synthetic human participants. The individual profile are used

as the contextual information which is further fed into the belief generator of CrowdLLM.

For a given application, one can either obtain summary statistics of the human participants

or design an ideal distribution of the profile variables that are representative of a real crowd.

Figure 2.3 shows an example of such a distribution of participant profiles based on 5 variables:

Gender, Age, Race, Occupation, Education that we used in Case Study I.
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Fig. 2.3: An example of the distribution of participants’ profiles.

2.4.1.3 Baselines.

We adopt a variety of prompting strategies to create representative baselines of LLM-based

synthetic crowd. This includes the zero-shot (direct) prompting, referred to as LLM (zero-

shot), which prompts the LLM to generate decisions on problems with the most basic infor-

mation. We also include multi-persona prompting [228, 229] and self-consistency (SC) [230].

Multi-persona prompting involves a collaboration of multiple LLMs prompted with different

profiles to create diverse personas. Self-consistency prompting is performed by taking the

majority vote of multiple decisions generated by LLM (i.e., with temperature set at 0.5)

following the practice in [230, 231]. More specifically, the zero-shot prompt provides LLM

with problem description xt, specific requirements Rt on the decisions, and context Ct. Here,

xt describes the problem that the participants need to make decisions on. Rt describes what

kind of decisions need to be made, e.g., if the decision is a score, the scale of the score should

be included in Rt. Ct encodes information about the decision-making scenario. An example

of the zero-shot prompt is shown in the Appendix. For multi-persona prompting, i.e., using

multiple personas in prompting for self-collaboration as shown in [232, 229], we build multi-

ple personas with additional context on their profiles. We use similar prompts as zero-shot
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prompting for making decisions, but change the context Ct to assign persona. An example

of a multi-persona prompt is shown in the Appendix. For self-consistency prompting, we

follow the strategy adopted in [230, 231] by taking the majority vote of multiple decisions

generated by LLM with temperature 0.5. For the generation of each decision, we use the

same prompt as zero-shot prompting. We can certainly adopt more prompting strategies,

such as the CoT prompting in [233]. In our experiments, we found no significant differences

among the prompting strategies, and our focus is not on what the best prompting strategies

in LLMs are to simulate humans, but the integration of those LLM-based frameworks with

generative models, so throughout our experiments, we use zero-shot, multi-persona, and SC

prompts.

2.4.2 Case Study I: Crowdsourcing

We evaluated CrowdLLM and the other baselines using two publicly available crowdsourcing

datasets, Offensiveness Rating and Question Answering Difficulty [234]. The Offensiveness

dataset contains 13,036 instances annotated by 263 workers across 1,500 problems to identify

offensive text. QA Difficulty includes 4,576 instances annotated by 458 workers of 1,000 prob-

lems to assess question-answer pair difficulty. For each dataset, we use responses from 80% of

the distinct workers as the training set and reserve the remaining 20% of workers’ responses

for testing. Tables 2.2-2.3 show that CrowdLLM consistently outperforms other baselines

by achieving the lowest Avg. WD and the highest CS. This shows that our CrowdLLM can

better capture real human diversity. We can also see that by incorporating diverse profile in-

formation to allow for more variability in decisions, even LLM (multi-persona) shows better

performances compared to LLM (zero-shot), though the improvement is not as substantial

as in CrowdLLM. And pure generative models without LLM (i.e., the VAE model) often

outperform the baseline LLM (zero-shot) method in terms of Avg. WD, highlighting the

power of generative models in diversifying predictions that improve CrowdLLM’s alignment

with real humans’ responses. In terms of the aggregated decision, CrowdLLM generally offers

competitive or improved MAE/RMSE compared with other approaches. On both Offensive-
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ness and QA Difficulty datasets, CrowdLLM’s MAEs are notably better than the baseline

LLM methods under most of the aggregation methods.

Table 2.2: Performance Comparison on Crowdsourcing: Offensiveness Rating

Method
MAE↓ RMSE↓

CS↑ Avg. WD↓
Mean Median MV DS GLAD Mean Median MV DS GLAD

Random 1.27 1.61 1.57 1.73 1.89 1.44 1.86 2.05 2.17 2.31 0.56 1.31

LLM (zero-shot) 0.86 1.03 1.23 1.06 1.23 1.08 1.32 1.53 1.38 1.52 0.39 1.13

LLM (multi-persona) 0.65 0.64 0.67 0.69 0.68 0.86 1.00 1.16 1.15 1.16 0.69 0.78

LLM (SC) 0.99 1.26 1.48 1.22 1.49 1.16 1.48 1.68 1.52 1.69 0.34 1.24

VAE 0.71 0.81 0.60 0.96 0.92 0.94 1.15 1.24 1.37 1.54 0.76 0.79

CrowdLLM 0.45 0.48 0.43 1.00 0.53 0.59 0.82 1.10 1.53 1.23 0.85 0.51

LLM backbone: Gemma 3-12B.

Table 2.3: Performance Comparison on Crowdsourcing: QA Difficulty

Method
MAE↓ RMSE↓

CS↑ Avg. WD↓
Mean Median MV DS GLAD Mean Median MV DS GLAD

Random 1.21 1.41 1.52 1.98 1.81 1.43 1.73 2.02 2.38 2.26 0.49 1.29

LLM (zero-shot) 0.71 0.81 1.04 1.02 1.05 0.90 1.04 1.24 1.28 1.26 0.33 1.06

LLM (multi-persona) 0.73 0.82 1.00 1.06 1.02 1.02 1.16 1.38 1.46 1.41 0.48 0.93

LLM (SC) 0.68 0.79 1.02 0.98 1.03 0.87 1.02 1.22 1.23 1.25 0.36 1.01

VAE 0.76 0.90 0.71 1.41 1.11 0.98 1.20 1.14 1.85 1.53 0.68 0.88

CrowdLLM 0.65 0.74 0.63 1.49 0.89 0.83 1.06 1.18 2.08 1.43 0.71 0.74

LLM backbone: Gemma 3-12B.

One might be interested in how much real human data is needed to train CrowdLLM well.

To answer this question, we further conduct some computational experiments and show the

results in Figure 2.4. Specifically, for each task/instance in the crowdsourcing case studies,

we incrementally add more workers and monitor CrowdLLM’s performance. Figure 2.4 shows

that the performance of CrowdLLM (i.e., evaluated by MAE) consistently improves as the

number of workers increases. Note that in Figure 2.4 the labels, CrowdLLM (x%), mean the
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model is trained with x% of the human workers’ data. In contrast to the low diversity and

high uncertainty exhibited by LLM baselines, it is impressive to see that, even with only 1%

of the human workers which collectively provided around 100 responses in the training data,

CrowdLLM can achieve the level of performance comparable to the full-data setting where

(a) Offensiveness dataset (b) QA Difficulty dataset

Fig. 2.4: MAE with increasing simulated workers across training worker sizes; CrowdLLM

(x%) means the model is trained with x% of the real human workers’ data

(a) Offensiveness dataset (b) QA Difficulty dataset

Fig. 2.5: Resolution rate with increasing simulated workers in CrowdLLM under diverse and

fixed profiles; CrowdLLM (x%) means the model is trained with x% of the human workers’

data
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CrowdLLM is trained with all the training data (100%), highlighting the data efficiency and

cost-saving potential of CrowdLLM.

Another question one may ask is how many virtual human workers CrowdLLM needs

to generate to resolve the problems (i.e., reducing absolute error below 0.5)? We conduct

more experiments as well to answer this question and show the results in Figure 2.5. We can

see that, across the different levels of the training size, the resolution rate increases steadily

as the number of virtual workers with diverse profiles grows, whereas on the other hand,

if we fix the worker profiles, it leads to a significant degradation. It underscores the value

of promoting diversity among the virtual workers, which is a core strength of CrowdLLM.

Recall that in the overall design of CrowdLLM, profiles serve as proxies for workers’ beliefs:

different profiles correspond to different backgrounds and thus to diverse beliefs about a task.

When the virtual workers have diverse profiles (i.e., by generating εi following Eq. (2.3)),

their varying beliefs allow the collective answer to be iteratively refined, and one can see

in Figure 2.5 that the resolution rate increases steadily as the number of virtual workers

grows. In contrast, under fixed profiles (i.e., by setting εi in Eq. (2.3) as a fixed number

across individuals), the virtual workers hold nearly identical beliefs, so adding more of them

does not improve the solution. This result highlights that the performance improvement

of CrowdLLM comes more from the diverse profiles rather than simply from having more

virtual workers.

2.4.3 Case Study II: Product Ratings by Users

In this subsection, we showcase the effectiveness of CrowdLLM on generating product re-

views that can be used to train recommendation systems. We consider Amazon Beauty and

Amazon Music, two datasets extracted from the Amazon Reviews 2023 dataset [235, 236].

Amazon Beauty is the subset of “All Beauty” category in which each product has been re-

viewed by 20 to 30 distinct users. It contains 448 products, with a total of 11,154 reviews

from 10,957 unique users. Amazon Music is a filtered subset of the “Musical Instruments”

category containing products reviewed by exactly 20 distinct users. It comprises 629 prod-
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ucts, encompassing 12,580 reviews written by 12,396 unique users. For both datasets, we

perform necessary preprocessing steps and hold out 20% of the full data as a test set based

on unique problem IDs. All the experimental results are reported based on the held-out test

set. The objective of CrowdLLM is to generate the distribution of ratings of each product

by providing its product information to the digital population CrowdLLM creates. Results

of CrowdLLM and the other methods are shown in Tables 2.4 and 2.5. All methods use the

same product information. LLM multi-persona additionally conditions on user-evaluation

text to simulate more diverse responses of the virtual users. CrowdLLM also incorporates

the user-evaluation text into its training process. We can see in Tables 2.4 and 2.5 that

on both datasets, CrowdLLM achieves the best performance in terms of all the evaluation

metrics. We further show in Figures 2.6 and 2.7 the generated distributions of the product

ratings by CrowdLLM and the other methods (i.e., we randomly selected three products

from each of the two datasets), together with the distribution of real human users. We

can see that LLMs, even when we adjust temperature or provide user-evaluation text in

multi-persona prompting, still exhibit limited diversity in their generated ratings. VAE, by

contrast, produces more diverse outputs but falls short of accurately matching true human

ratings. CrowdLLM achieves a better balance: it captures both diversity and accuracy,

resulting in rating distributions that closely align with those of human participants.
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Table 2.4: Performance Comparison on Recommendation(All Beauty)

Method MAE↓ RMSE↓ CS↑ Avg. WD↓

random 1.19 1.30 0.59 0.14

LLM (zero-shot) 1.04 1.19 0.13 0.15

LLM (multi-persona) 0.87 0.97 0.24 0.09

LLM (SC) 1.03 1.16 0.13 0.14

VAE 0.88 1.02 0.28 0.06

CrowdLLM 0.21 0.26 0.93 0.04

LLM backbone: Gemma 3-12B.

Table 2.5: Performance Comparison on Recommendation(Musical Instruments)

Method MAE↓ RMSE↓ CS↑ Avg. WD↓

random 1.28 1.39 0.58 0.15

LLM (zero-shot) 0.52 0.65 0.27 0.16

LLM (multi-persona) 0.47 0.58 0.37 0.14

LLM (SC) 0.46 0.57 0.29 0.16

VAE 0.47 0.61 0.63 0.07

CrowdLLM 0.22 0.27 0.92 0.05

LLM backbone: Gemma 3-12B.
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(a) (b) (c)

Fig. 2.6: Rating scores of three randomly selected products from Amazon Beauty

(a) (b) (c)

Fig. 2.7: Rating scores of three randomly selected products from Amazon Music
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2.4.4 Case Study III: Voting

Table 2.6: Performance Comparison on Voting

Method MAE↓ RMSE↓ CS↑ Avg. WD↓

random 5.00 6.55 0.72 4.00

LLM (zero-shot) 11.92 15.41 0.38 9.00

LLM (multi-persona) 10.00 13.69 0.40 6.50

LLM (SC) 11.42 14.97 0.35 7.92

VAE 11.67 14.88 0.32 7.67

CrowdLLM 4.00 5.02 0.83 1.67

LLM backbone: Gemma 3-12B.

Fig. 2.8: Voting migration across models: from fixed belief with blender to relaxed belief

and full CrowdLLM — increasing diversity with subsequent accuracy refinement

We further evaluate CrowdLLM and other methods on a voting dataset. This Zurich PB

Voting dataset [54] was conducted in March 2023 with 180 participants where each partici-

pant evaluated 24 projects and expressed preferences through several predefined preference

selection methods. Existing work has developed LLM-based synthetic crowds to replicate
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the voting outcomes in this dataset, such as [54]. One problem found in these studies is that,

despite the great promise of LLMs in generating human voting results, there is a lack of

diversity as LLM-generated votes tend to concentrate heavily on only a few voting options,

leaving many other alternatives with no votes at all, as reported in [54]. This is a significant

shortcoming of the LLM-based virtual voters. Therefore, in this case study, we aim to eval-

uate CrowdLLM using the same data studied in [54]. In our experiments, we adopted the

top-five selection method, where each participant selects five preferred projects. The dataset

also contains participant-specific preference information, such as project location, topic, and

cost, which is incorporated into our modeling. In summary, the dataset contains 180 voting

records (five selections each), and we split it with 80% for training and 20% for testing. We

use LLMs, VAE, random baseline, and CrowdLLM to create a simulated voter population.

In each experiment, each virtual vote generates a set of five preferred projects. We then

aggregate these generated votes into per-project vote counts and compare them with the

real human vote counts, evaluating performance using MAE, RMSE, CS, and WD. Results

are shown in Table 2.6 which shows that CrowdLLM achieves the best results across these

metrics. In terms of diversity, LLMs and VAE tend to concentrate on a few projects, with

limited variation across participants’ preferences. We also conduct an ablation study to show

how different components of CrowdLLM impact its result. Figure 2.8 illustrates the voting

results of different configurations of the CrowdLLM. Under fixed beliefs, i.e., CrowdLLM

(fixed randomness from belief ε and blender σ), voters cast in their votes in the same way,

which is similar to the behavior of LLMs. By allowing each voter’s belief to be randomly

generated, we can see that CrowdLLM (fixed randomness from blender σ) improves diversity,

yet still there are several projects with very few votes. In contrast, the full CrowdLLM model

not only preserves diversity but also accurately captures the few votes for the less popular

projects, leading to greater consistency with real human voting patterns.
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2.4.5 Performance Study Using Simulated Datasets

The three real-world case studies demonstrated CrowdLLM’s effectiveness in generating dig-

ital populations that have high fidelity to real human populations. In this subsection, we

aim to further study which factors of the training dataset mostly impact CrowdLLM’s ef-

fectiveness. These factors concern the signal-to-noise level of the data, the sample size, etc.

We generate datasets by different combinations of four factors: the number of participants,

the number of tasks assigned to each participant, the accuracy of participants’ responses,

and the diversity of participants’ beliefs. We evaluate CrowdLLM’s performance by varying

these factors together with changing the signal-to-noise level and sample size of the training

data, etc.

2.4.5.1 Simulation Design.

Fig. 2.9: Simulation studies across different signal-to-noise levels of the simulated datasets
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Without loss of generality, we use the CrowdLLM model trained on the Offensiveness dataset

in Case Study I as a ground truth model. In other words, we use the digital population

created by CrowdLLM, which is trained on the Offensiveness dataset as the “real” population

in this simulation study. In this way, we have the ground truth of the simulated datasets and

can accurately evaluate the performance of CrowdLLM and other models. Then we generate

datasets by different combinations of four factors: the number of participating workers, the

number of tasks (i.e., the problems to solve) assigned per worker, the accuracy of worker

responses, and the diversity of workers’ beliefs. Each dataset is generated according to a

different design, and the dataset is randomly divided into training and testing partitions, with

20% of the tasks held out for testing. CrowdLLM is trained on the training set, and is then

evaluated on the held-out test set. To account for randomness, each experiment is repeated

10 times with independent initializations. During testing, 20 virtual workers are instantiated

in CrowdLLM for each question, and their responses are averaged to form the final answer.

To manipulate the signal-to-noise levels of the simulated datasets by the CrowdLLM model,

we further add Gaussian noise to the generated data. We consider three degrees of noise

(i.e., standard deviation = 0, 1, 2, as indicated by the error of response). These three

settings correspond to the first, middle, and last rows of Figure 2.9, respectively. Within

each accuracy scenario, we evaluate how the four factors, i.e., the belief diversity, the number

of participating workers, and the number of questions per worker, impact the performance

of CrowdLLM. The factor, belief diversity, is modeled using Gaussian distributions with

standard deviations of 0, 1, and 2. We can see in Figure 2.9 how the increasing of the number

of workers versus the increasing of the number of tasks per worker affects the performance

of CrowdLLM (i.e., evaluated by MAE), and how different levels of belief diversity shift the

trade-off between accuracy and cost, as the three columns in Figure 2.9 represent different

degrees of belief randomness (ε = 0, 1, 2). For each experimental setting, the horizontal axis

represents the number of workers used in the training data of CrowdLLM, while the color

shade of the lines indicates the number of tasks per worker.
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2.4.5.2 Key Insights from the Simulation Studies.

In summary, we found five key insights from Figure 2.9 that clarify the roles of belief diver-

sity, worker numbers, and workload in determining CrowdLLM’s performance under varying

signal-to-noise conditions of the simulated datasets. First, when the simulated datasets con-

tain considerable noise (error of response =1 or 2), if we set belief diversity to 0, adding

more workers in the training data does not improve CrowdLLM’s performance. Instead, the

uniformity of beliefs causes errors to reinforce one another, and the MAE increases as the

number of workers increases. This is shown in the second and third rows of the first column

in Figure 2.9. Second, if datasets are noise-free (error of response =0), we should set belief

diversity to 0 such that CrowdLLM achieves the best performance. However, in practice,

this is an impossible scenario where everyone is perfectly aligned on the same response. This

is shown in the first figure in Figure 2.9. Third, when belief diversity is high (i.e, set to 2),

CrowdLLM demands a large annotation budget to reach good performance. This is shown

in the last column of Figure 2.9, i.e., we need roughly 800 annotations (i.e., the product of

the 20 virtual workers, each responding to 40 problems during testing) before MAE begins

to stabilize. This pattern holds true across all levels of response quality, showing that high

diversity systematically raises the annotation cost required to achieve reliable performance,

as fewer workers require each to respond to more tasks to reach stability. Fourth, in the mod-

erate diversity setting (belief diversity = 1), CrowdLLM achieves a more efficient balance

between the number of workers and the number of tasks responded per worker. As shown

in the middle column of Figure 2.9, roughly 10 workers (each responds to 5 or 10 tasks)

can achieve strong performance, which is more efficient than the high-diversity setting that

requires about 800 total annotations. Fifth, across all scenarios, the best performance that

CrowdLLM can achieve is ultimately limited by the overall quality of the dataset. Datasets

with more accurate worker responses provide better guidance for the model, leading to better

performance of CrowdLLM. In summary, the quality of the dataset sets performance ceiling

for CrowdLLM. To approach this ceiling efficiently, other factors must be carefully balanced.
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In particular, moderate belief diversity achieves a favorable trade-off between the number

of workers and the number of tasks each worker responds to in the training data, yielding

strong performance with relatively few annotations.

2.5 Conclusion

This paper introduces CrowdLLM, a novel framework that leverages lightweight generative

models with LLM-based virtual crowdworkers to emulate the decision-making diversity and

distributional fidelity typically observed in a range of crowd-based decision-making appli-

cations such as crowdsourcing, voting, and product review. Empirical evaluations across

real-world and simulated datasets demonstrate that CrowdLLM achieves promising perfor-

mance in both accuracy and distributional fidelity to human judgments. CrowdLLM outper-

forms strong baselines and remains robust under data scarcity. In future work, we plan to

further refine CrowdLLM with more specialized mechanisms for particular application con-

texts, e.g., by integrating with human behavior models and choice models, or characterize

the data-generating process in finer details.

2.6 Further Discussion

2.6.1 CrowdLLM and Emerging Paradigms of LLM Use

It should be emphasized that CrowdLLM should not be viewed as a direct replacement for

supervised fine-tuning, RLHF, or other related alignment methods. Rather, it represents

a different way of using LLMs. Fine-tuning methods, as well as more recent on-policy

distillation approaches [237, 238], are model-centric approaches that directly adapt a single

LLM to specific tasks using either demonstrations or self-generated trajectories, while largely

retaining the broad knowledge established through pretraining. RLHF, on the other hand,

uses human feedback or learned reward signals to align the LLM’s outputs with human

preferences. Although it differs from fine-tuning in its training objective and learning process,

RLHF is still model-centric in the sense that the goal is to shape the behavior of a single

LLM. In contrast, CrowdLLM is more population-centric. It does not seek to turn a single
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LLM into an optimal standalone decision-maker, but keeps it as a shared reference generator

combined with generative components to build a broader population-generation framework.

The goal is therefore not only to improve answer quality, but to emulate the heterogeneous

and collective decision-making behaviors of a real human population. This distinction is

especially important for crowd-based decision-making, where quality is not measured by

a single aligned model response, but across multiple dimensions at both individual and

population levels.

Recent progress in LLM-based systems has increasingly shifted beyond these model-

centric approaches toward harnessing them as flexible components in larger computational

workflows. In many applications, LLMs are connected with retrieval modules, memory,

external tools, or multi-agent orchestration. This trend reflects an important realization:

the value of LLMs often comes not only from the raw model itself, but also from how the

model is embedded, constrained, and integrated within a broader system. CrowdLLM is

consistent with this emerging view in the sense that it does not treat a single LLM as a self-

contained solution. However, in addition to their different objectives, the core mechanism of

CrowdLLM is also fundamentally different from harnessing-based systems. CrowdLLM still

requires human data for human-centered calibration, rather than relying merely on prompt-

based agentic pipelines that primarily improve operational capability. A promising future

direction is to enable a combination of these two paradigms by integrating the generative

calibration component of CrowdLLM with selected harnessing techniques. This would ex-

tend the component beyond a purely data-driven process toward more agentic, personalized

adaptation. In this way, CrowdLLM could evolve from a reference-and-calibration scheme

into a more integrated framework for building digital populations. While preserving the

overall population-generation structure, each digital individual could be equipped with its

own context, memory, data, retrieval sources, tools, and decision rules, which enables richer

reasoning and interaction capabilities at the individual level. Therefore, the resulting dig-

ital population would better reflect the characteristics of real human populations at both

individual and population levels, allowing individual behaviors and collective decisions to be
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jointly analyzed and updated over time.

2.6.2 Exploratory Generation and the Evaluation Gap

The power of digital populations lies in their ability to provide useful simulations for early-

stage analysis and decision-making by characterizing the behaviors of real humans, even for

users not directly observed. However, generating a realistic digital population relies on the

capacity of CrowdLLM to generalize beyond limited calibration data and capture plausible

forms of human heterogeneity that have not been fully explored. This raises a natural

dilemma: the goal of creating a digital population is to approximate the target real human

population without fully observing it. Yet if the target population is not already known,

how can we determine whether the digital population created by CrowdLLM is meaningful?

In our empirical analysis, we assume access to the profiles of a target population in the

test set and focus only on evaluating the fidelity of the decision-making behaviors generated

for those profiles. But in real-world settings, profiles of the target population are typically

not fully known in advance. Thus, the problem is not only to generate realistic decisions

conditional on given profiles, but also to determine which profiles should be included and

how the resulting digital population should be evaluated. Although we may use the profile

generator to randomly sample profiles that meet task-specific requirements, this alone does

not guarantee representativeness when the candidate pool is biased, incomplete, or misaligned

with the unknown target population. In such cases, high decision-making fidelity on the

digital population may not imply alignment with the true population of interest. On the

other hand, even when CrowdLLM identifies underexplored user groups with reasonable

profiles, limited evidence may still make its simulated results difficult to trust.

Together, these challenges reveal an important evaluation gap in exploratory digital pop-

ulation generation. To close this gap, future work should develop systematic evaluation

frameworks that provide evidence for both the adequacy of digital population profiles (e.g.,

coverage, balance, sensitivity, etc.) and the fidelity of decision-making behaviors of the digital

population. Possible directions include stress-test benchmarks, population alignment tests,
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uncertainty quantification measures, and selective human-validation protocols that identify

which user segments, tasks, or response patterns should be checked with real human data.

2.7 Appendix

2.7.1 Proofs of Theoretical Results

2.7.1.1 Proof of Theorem 1

Proof. First of all, following the Theorem 1 in [213], we see that for any ϵ ∈ (0, 1) and

continuous distribution T̃ , there exists a generative model G such that

W1(G♯ρ, T̃ ) < ϵ,

where W1 is the 1-Wasserstein distance. It indicates that we can always find a generative

model that approximates any target continuous distribution. Next, we extend the result

to arbitrary distribution with mixed-type data. Denote two sets S1 and S2. For a vector

x = (x1, · · · , xd), let’s denote that for ∀i ∈ S1, xi is continuous, while for ∀i ∈ S2, xi is

discrete. Here S1

⋃
S2 = {1, · · · , d} and S1

⋂
S2 = ∅. Now we show how to replace all the

discrete variables by continuous variables and generate new distributions. Suppose for any

j ∈ S2, xj follows a K-valued discrete distribution f(x) =
∑K

k=1 pkδ(x−vk) ≜ Pj where δ is a

Dirac measure, vk is the k-th value of xj and
∑K

k=1 pk = 1. Consider x̃ = (x1, · · · , x̃j, · · · , xd)

where x̃j ∼
∑K

k=1 pkN (vk, ε
2η2) ≜ Qj where η is a fixed constant. Thus, based on the additive

property of Wasserstein distance, we can obtain

W1(Pj, Qj) ≤
K∑
k=1

pkW1(δ(vk), Q
(k)
j ), (2.5)

where Q
(k)
j ≜ N (vk, ε

2η2). It is easy to see that

W1(δ(vk), Q
(j)
k ) = E

x∼Q(j)
k
|x− vk| = Ex∼N (0,ε2η2)|x| =

√
2η2

π
ε.

Thus, with Eq.(2.5), we have

W1(Pj, Q) ≤
K∑
k=1

pk

√
2η2

π
ε =

√
2η2

π
ε.
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where j ∈ S2. It further gives W1(F (x), F (x̃)) ≤
√

2η2

π
ε. By running in all j ∈ S2, we can

build a sequence z0, z1, · · · , z|S2|, where z0 = x, z = z|S2| and zs replaces xjs(js ∈ S2) in

zs−1, to gradually transform x to a fully continuous vector z. As a result, we have

W (F (z), F (x)) ≤
|S2|∑
s=1

W (F (zs), F (zs−1)) ≤ |S2|
√

2η2

π
ε.

Let T̃ = F (z) and denote the mixed distribution F (x) by T . Then, by the triangle inequality,

it is easy to see that for the generative model G′, we have

W1(G♯ρ, T ) ≤ W1(G♯ρ, T̃ ) +W1(T̃ , T ) < (1 + |S2|
√

2η2

π
)ε ≤ (1 +

√
2

π
dη)ε.

2.7.1.2 Proof of Theorem 2

With a little abuse of the notation, we use y(x, z) to denote the response to task x given

by the virtual participant with profile z. When it won’t cause confusion, we further simplify

the notation and write it as y(z). Before we go ahead to prove Theorem 2, we introduce the

following lemma on ambiguity decomposition [239, 215]:

Lemma 2.7.1. Given the “ground truth” y, and the noisy responses of a population ỹi(i =

1, · · · , N) with their average ỹ = 1
N

∑N
i=1 ỹi, we have the following ambiguity decomposition:

ℓ(y, ỹ) =
1

N

N∑
i=1

ℓ(y, ỹi)−
1

N

N∑
i=1

ℓ(ỹ, ỹi).

Proof. We first notice that the squared loss admits the following bias-variance decomposition:

Ez∼T [ℓ(y, ỹ(z))] = Ez∼T

[
ℓ
(
y,Ez∼T [ỹ(z)]

)
+ ℓ

(
Ez∼T [ỹ(z)], ỹ(z)

)
+ 2

(
y − Ez∼T [ỹ(z)]

)(
Ez∼T [ỹ(z)]− ỹ(z)

)]
= ℓ

(
y,Ez∼T [ỹ(z)]

)
+ ET

[
ℓ
(
Ez∼T [ỹ(z)], ỹ(z)

)]
.
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By adopting T as a finite sample population U = {ui}Ni=1, we can rewrite the decomposition

as

1

N

N∑
i=1

ℓ(y, ỹi) = ℓ
(
y, ỹ

)
+

1

N

N∑
i=1

ℓ
(
ỹ, ỹi

)
.

A simple rearrangement of the terms completes the proof.

With this ambiguity decomposition, by taking the expected risk of ỹ we have

L = ET
[
ED

[
Ex∼X ,y∼Y [

1

N

N∑
i=1

ℓ(y, ỹi)]
]]
− ET

[
ED

[
Ex∼X ,y∼Y [

1

N

N∑
i=1

ℓ(ỹ, ỹi)]
]]

= EX
[
ET ,D

[
Ey∼Y|X ,T [

1

N

N∑
i=1

ℓ(y, ỹi)]
]]
− ET ,D

[ 1
N

N∑
i=1

ℓ(ỹ, ỹi)
]]
.

Now we notice that the first term has the following decomposition:

ET ,D
[
Ey,ỹ∼Y|X ,T

[ 1
N

N∑
i=1

ℓ(y, ỹi)
]]

=ET ,D
[
Ey,ỹ∼Y|X ,T

[ 1
N

N∑
i=1

ℓ(y, ỹi)
]]

+ ET ,D
[
Eỹ∼Y|X ,T

[ 1
N

N∑
i=1

ℓ(ỹi, ỹi)
]]

=ET ,D
[
Ey,ỹ∼Y|X ,T

[ 1
N

N∑
i=1

ℓ(y, ỹi)
]]

+ ET
[ 1
N

N∑
i=1

η̃2i
]

=ET ,D
[
Ey∼Y|X ,T

[ 1
N

N∑
i=1

ℓ(y, yi)
]]

+ ET ,D
[ 1
N

N∑
i=1

ℓ(yi, ỹi)
]
+ ET

[ 1
N

N∑
i=1

η̃2i
]
.

This is followed by

ET ,D
[
Ey∼Y|X ,T

[ 1
N

N∑
i=1

ℓ(y, yi)
]]

=ET ,D
[
Ey∼Y|X ,T

[ 1
N

N∑
i=1

ℓ(y, yi)
]]
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+ ET ,D
[
Ey∼Y|X ,T

[ 1
N

N∑
i=1

ℓ(yi, yi)
]]

=Ev1,...,vN
∼T

[ 1

N

N∑
i=1

Eyi∼Y|X ,vi
[ℓ(y, yi)]

]
+ ET

[ 1

N

N∑
i=1

η2i

]
.

Putting all together, we can obtain the full decomposition:

L = EX
[
ET

[ 1
N

N∑
i=1

η2i
]

+ Ev1,...,vN
∼T

[ 1

N

N∑
i=1

Eyi∼Y|X ,vi
[ℓ(y, yi)]

]
+ ET ,D

[ 1
N

N∑
i=1

ℓ(yi, ỹi)
]
+ ET

[ 1
N

N∑
i=1

η̃2i
]

− ET ,D
[ 1
N

N∑
i=1

ℓ(ỹ, ỹi)
]]
.

2.7.1.3 Proof of Theorem 3

By theorem 2, we have

L = L1 + L2 + ET ,D
[ 1
N

N∑
i=1

ℓ(yi, ỹi)
]
+ ET

[ 1
N

N∑
i=1

η̃2i
]
− ET ,D

[ 1
N

N∑
i=1

ℓ(ỹ, ỹi)
]]
.

while Proposition 3 gives us

L′ = L1 + L2 + ET
[ 1
N

N∑
i=1

ℓ(yi, yref )
]
+ η(t).

Therefore, we have

L− L′ = E
[ 1
N

N∑
i=1

ℓ(yi, ỹi)
]
+ E

[ 1
N

N∑
i=1

η̃2i
]

− E
[ 1
N

N∑
i=1

ℓ(ỹ, ỹi)
]
− E

[ 1
N

N∑
i=1

ℓ(yi, yref )
]
− η(t).
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By Eq. (8), we have ỹi = yref + δi + ε̃i where, for a specific x, yref = Φ(x), δi = δ(x,vi),

E[ε̃i] = 0 and E[ε̃2i ] = η̃2. It further gives ỹi = yref +
1
N

∑N
i=1 δi. Thus, we can obtain

L− L′ = E
[ 1

N

N∑
i=1

ℓ(yi, yref +
1

N

N∑
i=1

δi)
]
+ E

[ 1
N

N∑
i=1

η̃2i
]

− E
[ 1

N

N∑
i=1

ℓ(yref + δi + ε̃i, yref +
1

N

N∑
i=1

δi)
]

− E
[ 1
N

N∑
i=1

ℓ(yi, yref )
]
− η(t)

=E
[
(
1

N

N∑
i=1

δi)
2
]
− 2E

[
(
1

N

N∑
i=1

δi)(
1

N

N∑
i=1

yi − yref )
]

− E
[ 1

N

N∑
i=1

(δi −
1

N

N∑
i=1

δi)
2
]
− η(t)
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1

N

N∑
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δi)
2
]
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N

N∑
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δi)(y
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]
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[ 1

N

N∑
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(δi −
1

N

N∑
i=1

δi)
2
]
− η(t)

=2E
[
(
1

N

N∑
i=1

δi)
2
]
− 2E

[
(
1

N

N∑
i=1

δi)(y
∗∗ − yref )

]
− E

[ 1

N

N∑
i=1

δ2i

]
− η(t)

=E[2P 2 − 2P (y∗∗ − yref )−Q− η(t)]

where y∗∗ is the gold-standard response of the real human population that is not affected by

the digital population, P = 1
N

∑N
i=1 δi ,and Q = 1

N

∑N
i=1 δ

2
i . Now let ∆ = y∗∗ − yref . Noting

that E[P 2] = E2[P ] + V ar[P ] = µ2
δ +

1
N
ε2δ − 1

N2

∑N
i=1 E2[δi], E[P ] = µδ, and E[Q] = ε2δ , it

yields

L− L′ = 2µ2
δ +

2

N
ε2δ −

2

N2

N∑
i=1

E2[δi]− 2µδ(y
∗∗ − yref )− ε2δ − η(t)

≤ 2(1− 1

N
)µ2

δ − 2µδ∆− (1− 2

N
)ε2δ − η(t)
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= E
[2(N − 1)

N
[µδ −

N

2(N − 1)
∆]2 − N

2(N − 1)
∆2 − (1− 2

N
)ε2δ − η(t)

]
,

For brevity, we let A = N
2(N−1) , B = 1 − 2

N
, C = N−2

2(N−1) = 1 − A. Obviously, when N ≥ 2,

0 < A ≤ 1 and B,C ≥ 0. The equation above gives a sufficient condition of L− L′ ≤ 0:

A∆−
√
A2∆2 + ABε2δ + Aη(t) ≤ µδ ≤ A∆+

√
A2∆2 + ABε2δ + Aη(t)

It is equivalent to

∆−
√
A2∆2 + ABε2δ + Aη(t)− C∆ ≤ µδ ≤ ∆+

√
A2∆2 + ABε2δ + Aη(t)− C∆

Let ∆L =
√
A2∆2 + ABε2δ + Aη(t) +C∆ and ∆U =

√
A2∆2 + ABε2δ + Aη(t)−C∆. Mean-

while, we notice the derivatives are:

∆′L =
A2∆√

A2∆2 + ABε2δ + Aη(t)
+ C

∆′U =
A2∆√

A2∆2 + ABε2δ + Aη(t)
− C

Let us consider

∆0 =

√
C2[Bε2δ + η(t)]

A(A2 − C2)
=
N − 2

N

√
(N − 2)ε2δ +Nη(t)

2

The stationary points lie at ∆ = −∆0 and ∆ = ∆0, respectively. Here, it is easy to see

A > C ≥ 0 for N ≥ 2, thus ∆0 =
C2[Bε2δ+η(t)]

A(A2−C2)
≥ 0. Therefore, we have the following

observations: When ∆ > 0, as ∆ increases, ∆L will increase, whereas ∆U will decrease when

∆ < ∆0 and become increasing for ∆ ≥ ∆0. When ∆ < 0, as ∆ increases, ∆L will decrease

until ∆ reaches −∆0 and become increasing, whereas ∆U will decrease. Thus, we can find

the minimum of the bounds:

∆L,∆U ≥
1

N

√
2[(N − 2)ε2δ +Nη(t)]

As a result, we have two cases of the bounds depending on N and can build confidence

interval as follows:
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• N is sufficiently large. When ∆0 = N−2
N

√
(N−2)ε2δ+Nη(t)

2
≥ κα, ∆L and ∆U will be

monotonically increasing and decreasing, within |∆| ≤ κα. In this case, we let

h∆(κα) =

√
N2κ2α + 2(N − 1)(N − 2)ε2δ + 2N(N − 1)η(t)− (N − 2)κα

2(N − 1)

• N is small. Given ∆0 =
N−2
N

√
(N−2)ε2δ+Nη(t)

2
< κα, we let

h∆(κα) =
1

N

√
2[(N − 2)ε2δ +Nη(t)]

We can build the interval as

Bα(∆) = [∆− h∆(C),∆+ h∆(C)]

Since |∆| < κα with at least probability 1−α, if µδ ∈ Bα(∆), with the same probability, we

can guarantee L ≤ L′.

2.7.1.4 Proof of Theorem 4

This proof follows [216]. Let E1 = {Ev∼T [f(x,v) − y] ∈ B1
γ(θ
∗)} and E2 = {Ev∼T [θ

∗ −

f(x,v)] ∈ B2
α−γ(θ

∗)}. From the conditions, we have P (E1) ≥ 1− γ and P (E2) ≥ 1− (α− γ).

Consider the event E = E1
⋂
E2. It is easy to see P (E) = 1−P (Ec1

⋃
Ec2) ≥ 1−P (Ec1)−P (Ec2) =

P (E1) + P (E2)− 1 ≥ 1− [γ + (α− γ)] = 1− α. On the event E , we have

E[θ∗ − y|x] = E[θ∗ − y|x]− E[θ∗ − f(x,v)|x] + E[θ∗ − f(x,v)|x]

= E[f(x,v)− y|x] + E[θ∗ − f(x,v)|x]

∈ B1
γ(θ
∗) +B2

α−γ(θ
∗).

Noticing θ∗ = E[y|x], we have E[θ∗ − y|x] = 0. Thus we have 0 ∈ B1
γ(θ
∗) +B2

α−γ(θ
∗), which

turns to be a necessary condition. This completes the proof.
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2.7.1.5 Proof of Theorem 5

We borrow the techniques from [216] and show that y∗ /∈ By
α with probability at most α

when n,N →∞. First, we denote θ = y∗ and notice that

θ − ỹ = θ − 1

N

N∑
i=1

ỹi = θ − 1

N

N∑
i=1

[Φ(i)(x) + δi]

=
(
E[Φ(x)]− 1

N

N∑
i=1

Φ(i)(x)
)
+
(
θ − E[Φ(x)]− 1

N

N∑
i=1

δi

)
.

Let r′i = −ri, ∆δ = θ − E[Φ(x)] − δ and ∆Φ = E[Φ(x)] − 1
N

∑N
i=1 Φ

(i)(x). Thus, we have

θ − ỹ = ∆δ +∆Φ. By central limit theorem, we have

√
n(r′ − E[r′]) d−→ N (0, σ2

r),
√
N(∆δ − E[∆δ])

d−→ N (0, σ2
δ ),

√
N(∆Φ − E[∆Φ])

d−→ N (0, ηΦ(t)).

Thus, we have

√
N(∆δ +∆Φ + r′ − E[∆δ +∆Φ + r′])

=
√
n ·

√
N

n
(r′ − E[r′]) +

√
N
{
(∆δ − E[∆δ]) + (∆Φ − E[∆δ])

}
→N (0,

1

p
σ2
r + σ2

δ + η(t)).

Let σ̂2 = 1
p
σ̂2
r + σ̂

2
δ +η(t) =

N
n
σ̂2
r + σ̂

2
δ +η(t). It is easy to see that this is a consistent estimate

of the variance 1
p
σ2
r + σ2

δ + η(t). Therefore, we have

lim
n,N→∞

P (|(∆δ +∆Φ + r′)− E[∆δ +∆Φ + r′]| ≥ z1−α
2

σ̂√
N
) ≤ α.

Since we know

∆δ +∆Φ + r′ = ∆δ +∆Φ − r = θ − ỹ + ỹ − y = θ − y,

we can easily obtain

E[∆δ +∆Φ + r′] = E[θ − y] = 0.
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Thus, we have

lim
n,N→∞

P (|∆δ +∆Φ + r′| ≥ z1−α
2

σ̂√
N
) ≤ α,

which is equivalent to

lim
n,N→∞

P (|θ − ỹ − r| ≥ z1−α
2

√
η(t)

N
+
σ2
δ

N
+
σ2
r

n
) ≤ α.

This results in

lim
n,N→∞

P (|θ − ỹ| ≥ |r|+ z1−α
2

√
η(t)

N
+
σ2
δ

N
+
σ2
r

n
) ≤ α.

Noticing that

|r|2 = | 1
n

n∑
i=1

yi −
1

n

n∑
i=1

ỹi|2 ≤
1

n

n∑
i=1

(yi − ỹi)2 ≤ ε20,

which gives |r| ≤ ε0, we get

lim
n,N→∞

P (|θ − ỹ| ≥ ε0 + z1−α
2

√
η(t)

N
+
σ2
δ

N
+
σ2
r

n
) ≤ α.

2.7.2 Example of Prompts

2.7.2.1 Zero-shot prompt

By default, for all the LLM-based decision-making methods, we use zero-shot prompts which

provides LLM with the problem description xt, the specific requirements Rt on the decisions

and the context Ct. xt describes the specific problem the workers need to make decisions

on. Rt describes what kind of decisions need to be made, e.g., if the decisions should be a

score, the scale of the score should be included in Rt. And Ct encodes information about

the decision-making scenario and the decision-maker LLM should simulate. An example of

zero-shot prompt is given below in Figure 2.10.

2.7.2.2 Multi-Persona prompt

With the idea of using multiple personas in prompting for self-collaboration [232, 229], we use

LLM to simulate different individuals by building multiple personas with additional context
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Zero-Shot Prompt Example for Offensiveness Evaluation

Your task is to evaluate the offensiveness of the following Reddit comment. 

Please read the comment carefully and rate its offensiveness on a scale from 1 to 
5, where 1 = Not offensive at all and 5 = Very offensive. 

Here is the comment that needs your evaluation:
I'm baffled how you originally stated your view as "Old reddit is in every way 
conceivable superior to new reddit from an end user" and you've appeared 
immovable. Your defenses of your view have focused on your personal 
experiences, so you are only considering a how one or the other is superior to you 
or people in situations similar to you. There have been a plethora of explanations 
how the new reddit has improved the user interface experience for at least some 
portion of users, which I think you ought to give them at least some credit.

Do not explain your answer. You only need to provide the rating in the following 
format:
Rating: [1-5]

𝔁t

𝓡t

𝓒t

Fig. 2.10: Example of zero-shot prompt for offensiveness evaluation.

Multi-Persona Prompt Example for Offensiveness Evaluation

You are a white, unemployed man between the ages of 30 and 34 with a college 
degree. Your task is to evaluate the offensiveness of the following Reddit 
comment. 

Please read the comment carefully and rate its offensiveness on a scale from 1 to 
5, where 1 = Not offensive at all and 5 = Very offensive. 

Here is the comment that needs your evaluation:
I'm baffled how you originally stated your view as "Old reddit is in every way 
conceivable superior to new reddit from an end user" and you've appeared 
immovable. Your defenses of your view have focused on your personal 
experiences, so you are only considering a how one or the other is superior to you 
or people in situations similar to you. There have been a plethora of explanations 
how the new reddit has improved the user interface experience for at least some 
portion of users, which I think you ought to give them at least some credit.

Do not explain your answer. You only need to provide the rating in the following 
format:
Rating: [1-5]

𝔁t

𝓡t

𝓒t

Fig. 2.11: Example of multi-persona prompt for offensiveness evaluation.
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on their profiles. We use similar prompts as zero-shot prompting for making decisions but

only change the context Ct to assign the persona. An example of multi-persona prompt is

provided below in Figure 2.11.

2.7.2.3 Self-Consistency (SC) prompt

Following [230, 231], we perform self-consistency prompting by taking the majority vote

of multiple decisions generated by LLM with temperature 0.5. For the generation of each

decision, we use the same prompt as zero-shot prompting.

2.7.3 Additional Experimental Results

Section C.1 discusses the impact of different LLM backbones on the performance. Section

C.2-6 provides experimental results in addition to Section 5 of the main text.

2.7.3.1 The impact of the number of problems

This subsection examines how the total number of problems affects model performance

(MAE, RMSE, Avg. WD) for Pure Generative Model and our proposed CrowdLLM on the

Offensiveness and QA Difficulty datasets. As Figures 2.12-2.14 demonstrates, CrowdLLM

consistently outperforms Pure Generative with lower errors across all datasets as problem

numbers increase. Both models improve as problems grow from few to moderate (e.g., 1

to 100-200), after which gains diminish and metrics stabilize. Notably, CrowdLLM achieves

better absolute errors and reaches stable, high-quality performance with fewer problems than

Pure Generative (e.g., on Offensiveness and QA Difficulty, CrowdLLM stabilizes around 20-

100 problems, while Pure Generative improves more gradually). This highlights CrowdLLM’s

data efficiency.

2.7.3.2 The impact of the number of unique workers

This section analyzes how the number of unique workers affects Pure Generative Model and

CrowdLLM performance (MAE, RMSE, Avg. WD) on the Offensiveness and QA Difficulty

datasets. As Figures 2.15-2.17 shows, CrowdLLM consistently shows lower error rates than
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(a) Offensiveness dataset (b) QA Difficulty dataset

Fig. 2.12: Avg. WD vs. Number of Problems.

(a) Offensiveness dataset (b) QA Difficulty dataset

Fig. 2.13: MAE vs. Number of Problems.

(a) Offensiveness dataset (b) QA Difficulty dataset

Fig. 2.14: RMSE vs. Number of Problems.
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Pure Generative across all metrics, regardless of unique worker count. For both models, errors

substantially decrease when unique workers increase from few (e.g., 1) to moderate (e.g., 20-

50), as diverse perspectives improve data quality. Beyond a point (e.g., 50-100 workers for

CrowdLLM, potentially more for Pure Generative), benefits diminish and metrics stabilize.

CrowdLLM generally reaches a better performance plateau with fewer unique workers.

2.7.3.3 The impact of the number of ratings

This section assesses how total ratings impact Pure Generative and CrowdLLM performance

(MAE, RMSE, Avg. WD) on the Offensiveness, and QA Difficulty datasets. From Figures

2.18-2.20, we see that CrowdLLM consistently outperforms Pure Generative with lower errors

as ratings increase. Both models improve with more ratings, with significant gains when

increasing from few (e.g., 1-100) to hundreds/thousands (e.g., 1000-2000). Beyond a high

volume (e.g., >2000-5000), improvements slow down and performance stabilizes. CrowdLLM

achieves superior performance and often reaches optimal levels with fewer total ratings than

Pure Generative, underscoring its data efficiency.

2.7.3.4 The impact of the number of workers per problem

This section analyzes how workers per problem (ranging from 1 to 8) influence Pure Genera-

tive and CrowdLLM performance (MAE, RMSE, Avg. WD) across the three datasets. The

results are shown in Figures 2.21-2.23.

CrowdLLM consistently shows markedly lower errors than Pure Generative. Increasing

workers per problem from one generally improves aggregated label quality and reduces errors

for both models, most notably when moving from 1 to 2-3 workers. CrowdLLM typically

reaches optimal performance or diminishing returns with few workers (e.g., 2-4); for instance,

on Offensiveness, its Avg. WD stabilizes after 3 workers. Adding more workers (up to 8)

offers little further benefit for CrowdLLM. Pure Generative also improves but maintains

higher error rates than CrowdLLM.
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(a) Offensiveness dataset (b) QA Difficulty dataset

Fig. 2.15: Avg. WD vs. Number of Unique Workers.

(a) Offensiveness dataset (b) QA Difficulty dataset

Fig. 2.16: MAE vs. Number of Unique Workers.

(a) Offensiveness dataset (b) QA Difficulty dataset

Fig. 2.17: RMSE vs. Number of Unique Workers.
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(a) Offensiveness dataset (b) QA Difficulty dataset

Fig. 2.18: Avg. WD vs. Number of Ratings.

(a) Offensiveness dataset (b) QA Difficulty dataset

Fig. 2.19: MAE vs. Number of Ratings.

(a) Offensiveness dataset (b) QA Difficulty dataset

Fig. 2.20: RMSE vs. Number of Ratings.
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(a) Offensiveness dataset (b) QA Difficulty dataset

Fig. 2.21: Avg. WD vs. Number of Workers per Problem.

(a) Offensivenss dataset (b) QA Difficulty dataset

Fig. 2.22: MAE vs. Number of Workers per Problem.

(a) Offensiveness dataset (b) QA Difficulty dataset

Fig. 2.23: RMSE vs. Number of Workers per Problem.
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2.7.3.5 Cost-saving prospect of CrowdLLM

To assess CrowdLLM’s cost-effectiveness, we analyze the LLMs needed to approximate

ground-truth ratings within various tolerances (±{0.1, 0.2, 0.3, 0.4}) across datasets.

(a) Ground truth rating ±0.1 (b) Ground truth rating ±0.2 (c) Ground truth rating ±0.3

Fig. 2.24: Number of LLM workers needed to reach different performance ranges with and

without generator-based rating on Offensiveness dataset. The generator is trained on more

than 13,000 instances.

On Offensiveness, Figure 2.24 details LLM requirements for tolerances ±{0.1, 0.2, 0.3}

with/without a generator trained on more than 13,000 instances. Figure 2.25 shows results

for a generator trained on only 9 instances. While this lightly-trained generator saw 1337

instances needing more than 8 LLMs at ±0.1 tolerance (more than its well-trained counter-

part), it still outperformed the no-generator baseline. As tolerance loosens, many instances

meet targets with 2-6 LLMs using the 9-instance generator, which requires fewer LLMs than

the baseline at ±0.3 and ±0.4 tolerances, where the baseline still struggles.

Figures 2.26 (QA Difficulty) presents results with/without this 9-instance generator. On

both datasets, even this lightweight generator significantly reduces the required LLMs. With-

out a generator, the number of instances needing >8 LLMs remains high even at relaxed

tolerances (e.g., QA Difficulty : 750 at ±0.3, 742 at ±0.4). With the generator, as tolerance

loosens, 1-5 LLMs resolve more instances, confirming its efficiency.
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(a) Ground truth rating ±0.1 (b) Ground truth rating ±0.2

(c) Ground truth rating ±0.3 (d) Ground truth rating ±0.4

Fig. 2.25: Number of LLM workers needed to reach different performance ranges with and

without generator-based rating on Offensiveness dataset. The generator is trained on only 9

instances.
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(a) Ground truth rating ±0.1 (b) Ground truth rating ±0.2

(c) Ground truth rating ±0.3 (d) Ground truth rating ±0.4

Fig. 2.26: Number of LLM workers needed to reach different performance ranges with and

without generator-based rating on QA Difficulty dataset.



73

2.7.3.6 Sensitivity Analysis

We conduct sensitivity analysis for λ in the overall loss function L = L1 + λL2, which

follows the same protocol in the simulation study. We set both response error and belief

diversity parameters fixed at 1, and construct a training set of 20 workers, each answering 10

randomly assigned questions. To ensure reliability, we perform 20 independent training runs

for each λ value. Test performance is evaluated by aggregating predictions from 10 simulated

workers per run, with confidence intervals calculated from these 20 independent runs. Fig.

2.27 demonstrate the performance results over the four evaluation metrics including MAE,

RMSE, Avg. WD, and CS (same as other experiments). It is easy to see that model

performance remains robust and consistently strong within the range of [0.1, 5] regardless of

the evaluation metric, which verifies the validity of our choice λ = 1. The results indicate our

CrowdLLM is not very sensitive to the value of λ as long as it is chosen within a reasonable

range. Such stability is beneficial for its practical use.

2.7.3.7 Further Exploration

The “fidelity” of the digital population may be evaluated from different dimensions. While

our paper emphasizes the population-level decision-making performance instead of fine-

grained individual behavioral realism, and the evaluation in our experiments is largely con-

ducted across task instances, it is absolutely very interesting to explore how the digital

populations generated by CrowdLLM perform on other different dimensions, e.g., the global

statistics of the decision distributions or the individual-level patterns, compared with the

human population. To this end, we conduct additional analysis on simulated data with the

response error and belief diversity parameters fixed at 1. We use the same settings in the

simulation study where responses from each of the 20 workers to 10 randomly assigned tasks

(i.e., problems to solve) sampled from the Offensiveness dataset are used for training. The

testing set contains 224 different workers, each assigned with 10 distinct tasks sampled from

a task set of size 300. In our experiments, for each question, there are approximately 7.5

different workers providing answers.
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Fig. 2.27: Sensitive analysis of λ.

Fig. 2.28: Comparison of human and digital populations in global statistics.
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(a) Mean deviation across different tasks. (b) Mean deviation across different workers.

Fig. 2.29: Comparison of mean deviation of the digital population generated by CrowdLLM

and the human population from different dimensions.

Fig. 2.30: Distributions of response deviation across different tasks.

Fig. 2.31: Distributions of response deviation across different workers.
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A comparison over the global first- and second-order statistics (i.e., mean and variance)

between human and digital populations is demonstrated in Figure 2.28. From this compari-

son, the similar shapes, along with closely aligned first- and second-order statistics, indicate

the agreement between the two populations. While this statistical similarity is observed at

an aggregate level, it fails to reflect fine-grained decision-making patterns across different

tasks or individuals. To provide a more comprehensive evaluation, Figure 2.29a and Figure

2.29b further demonstrate the gaps between the digital population and the human popula-

tion in terms of mean deviation (i.e., the difference in their mean responses) across different

tasks and different workers, respectively. The high concentration around zero in both fig-

ures indicates the deviation in mean responses between the digital and human populations

is small, which suggests that the digital population closely matches the human population

along both dimensions.

To take a closer look at the distributional fidelity, we demonstrate the full distributions of

the decision deviations between the populations across different task instances (Figure 2.30)

or individual workers (Figure 2.31). For both dimensions, the box plots are ordered based on

the mean deviation in the responses given by the two populations (see the red dotted curves).

Apparently, the mean deviations are largely centered around zero and remain within the

range [−1, 1]. Furthermore, the majority of the boxes can be contained within this interval,

which suggests that the digital population closely approximates the human population at

the distributional level as well.

For a more detailed view, we further contrast the decision distributions of 20 randomly

selected, matched individual pairs from the two populations, as shown in Figure 2.32. It

is easy to see that, most of these workers’ response medians approximate each other with

absolute gaps below 1. And the decision distributions of the digital individuals look close to

their human counterparts. These results provide additional evidence on the effectiveness of

CrowdLLM for creating high-fidelity digital populations from a different perspective.
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Fig. 2.32: Comparison of the decision distributions of the digital and the human populations

for randomly selected individuals.



78

Chapter 3

FAIR COLLABORATIVE LEARNING (FAIRCL): A METHOD
TO IMPROVE FAIRNESS AMID PERSONALIZATION

As we mentioned in Chapter 1 and 2, the framework of collaborative learning (CL)

[85, 86, 240, 241, 86] has demonstrated remarkable efficiency in improving accuracy of in-

dividual models for various tasks. However, because of user population heterogeneity, how

the individual models will perform differently for different individuals still has no answers.

When users are treated distinctly to a large extent by the system, biases and unfairness will

occur, which will impede its effort to build trust with users. With the increasing concern

on fairness in machine learning models, it is natural to ask whether collaborative learning

has any fairness guarantees. To our knowledge, there has been a lack of investigation into

this question in the literature. Fairness in machine learning has emerged as a critical issue

in AI ethics, due to the use of AI in high-stake decision-making applications such as law

enforcement, justice, finance, education, and healthcare, etc. Fairness is broadly depicted as

the absence of preference for an individual or a group with specific characteristics [62]. As

we strive for model personalization, it is important to investigate whether personalization of

the models could potentially exacerbate existing disparities among individuals and elevate

the degree of unfairness. If so, how can we reformulate the collaborative learning method to

pursue both model personalization and fairness simultaneously?

3.1 Introduction

In this chapter, we will show that model personalization does not inevitably come at the

expense of fairness. Let us think of the dilemma in personalization between one-size-fits-all

solution and fully individual learning (IL) (see Chapter 1). A one-size-fits-all solution only

seems fair through unawareness of the different individuals. However, it does not guarantee
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the same prediction accuracy for them. As a matter of fact, this one-size-fits-all approach

causes substantial disparities which can result in bad model performance in practice. On

the other hand, IL with no fairness considerations might also lead to such disparities. But

collaborative learning was motivated to reduce this disparity [87]. In this sense, compared

with the one-size-fits-all or IL approaches, CL has been already more concerned with fairness.

Nonetheless, there is much room for CL to further enhance the fairness of the individual mod-

els since fairness has not been explicitly formulated in CL. In this dissertation, we propose a

framework named fair collaborative learning (FairCL) that can potentially integrate a wide

range of fairness concepts. We further focus on two specific fairness metrics, the bounded

individual loss (BIL) and individual fairness (IF), and develop a self-adaptive algorithm for

FairCL and conduct both simulated and real-world case studies. One fundamental differ-

ence between our problem and general fair machine learning is that we build many different

models for personalization while the latter usually assumes one model for all groups. The

remainder of the article unfolds as follows: Section 3.2 reviews the formulation of CL and

its rationale in detail. Section 3.3 shows the CL framework is versatile to incorporate a

wide range of fairness metrics. Section 3.4 presents the self-adaptive algorithm and explore

its connection with other fair CL methods. Experimental results on both simulated and real-

world data will be shown in Section 3.5 and Section 3.6. Conclusion is given in Section

3.7.

3.2 The Limitation of Collaborative Learning

In this section, we present the basic framework of collaborative learning (CL), as developed

in [85, 240, 86]. This framework can be applied to both regression [87] and classification [86].

While the majority of fair machine learning works have centered on classification, in this

chapter, we will also focus on classification problem to develop our models and algorithms.

3.2.1 The basic framework of CL

Suppose we have N individuals, each with their own set of observations. Let ni denote

the number of observations collected from the i-th individual. Each observation can be
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represented as a pair (xij, yij)(j = 1, · · · , ni), where xij ∈ Rd is a feature vector and yij ∈

{0, 1} is a binary label. Our task is to build a personalized model for each individual, i.e.,

for the i-th individual, we find a mapping hi : Rd → {0, 1} to predict the label yij given the

feature vector xij.

In an ideal scenario, each individual would have a sufficiently large data set to train an

accurate personalized model for this task through fully individualized learning (IL). However,

this is rarely the case in practice. While it seems more realistic to simply pool all individu-

als’ data together to build one population-level model, this strategy could not characterize

population heterogeneity, and thereby causes a great disparity on prediction accuracy among

individuals. Collaborative learning (CL) offers a middle ground between these two extremes.

Rather than building one population-level model, CL builds a set of canonical models that

can provide an effective representation of individual models: Each individual model is char-

acterized as a probabilistic combination of these canonical models, and this relationship

is parameterized by a membership vector [86]. CL learns the parameters of the canonical

models and the membership vectors of the individuals.

More specifically, let K denote the number of canonical models, where the k-th canonical

model is represented as gk(x):

gk(x) = log
P (y = 1)

P (y = 0)
= x⊤qk.

Here, qk denotes the unknown parameters of the k-th canonical model. For the i-th individ-

ual, their individual model can be written as

log
P (yij = 1|xij)

P (yij = 0|xij)
=

K∑
k=1

cikgk(xij) = xij
⊤

K∑
k=1

cikqk,

where cik ∈ [0, 1] is the membership parameter that characterizes how likely the model of the

i-th individual comes from the k-th canonical model. The sum of cik(k = 1, · · · , K) equals 1,

ensuring that the individual’s model is a probabilistic combination of the canonical models.

Denote Q =
[
q1 · · · qK

]
and ci =

[
ci1 · · · ciK

]
. The individual model can be rewritten
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as a two-parameter logistic regression model

pij = P (yij = 1|xij) =
exp(xij

⊤Qci)

1 + exp(xij
⊤Qci)

.

The likelihood function of the CL model can be written as

L(Q,C) =
N∏
i=1

ni∏
j=1

p
yij
ij (1− pij)1−yij =

N∏
i=1

ni∏
j=1

[ exp(x⊤ijQci)

1 + exp(x⊤ijQci)

]yij[ 1

1 + exp(x⊤ijQci)

]1−yij
.

which gives the log-likelihood function

l(Q,C) = logL(Q,C) =
N∑
i=1

ni∑
j=1

[
yij log exp(x

⊤
ijQci)− log(1 + exp(x⊤ijQci))

]
.

The maximization of the log-likelihood is equivalent to the minimization of the negative

log-likelihood loss −l(Q,C). We further normalize each individual’s loss by its sample size

which leads to the following optimization problem:

min
C,Q

1

N

N∑
i=1

1

ni

ni∑
j=1

[log(1 + exp(x⊤ijQci))− yij(x⊤ijQci)]

s.t. c⊤i 1 = 1, ci ≥ 0, i = 1, · · · , N.

(3.1)

3.2.2 The limitation of the CL framework to achieve fairness

Compared to the fully individualized learning (IL) scheme, CL promotes fairness by enabling

a high-level data sharing among the individuals and considering the canonical models as extra

“data” that is fused with the individual’s data, thus reducing the performance disparity

among the individual models. However, CL has no explicit control over fairness. It does not

incorporate any fairness constraints into the learning formulation as done in many existing

fair machine learning models. Meanwhile, if we take a close look at the objective function of

CL in (3.1), the goal of CL is to maximize the mean performance of the models on all the

individuals (as illustrated in Figure 3.1(b)). This indicates that, to further improve fairness

on CL, we can enhance the CL formulation by minimizing variance at the same time while still

improving on the mean performance (as illustrated in Figure 3.1(c)). The remaining question

is whether or not these two objectives would be in conflict with each other. After all, it is
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Mean
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Worst

(a) IL

Mean

Best

Worst

(b) CL

Mean

Best

Worst

(c) FairCL

Fig. 3.1: An illustration of the boxplots of the accuracy of individual models learned by IL

(a), CL (b), and fairCL (c). CL improves on the mean level, whereas our FairCL improves

on the worst cases while also improving the mean level.

commonly known in fair machine learning literature that there is a trade-off between model

accuracy and fairness, and one can not increase both simultaneously. This trade-off can be

quite intuitively conceived in the existing works of fair machine learning, since they build

one model to serve all groups. Therefore, if one aims to increase fairness, the single model

shared by all groups has to be changed, and the overall accuracy can only go down instead of

going up while fairness also goes up. However, in our problem, we build personalized models

rather than one single model, so this trade-off is not necessarily true. Intuitively speaking,

as the current CL framework adopts a complex and nonlinear optimization problem that

suffers from suboptimal solutions and overfitting, our FairCL models may help find better

optimal solution and achieve better generalization, and thereby, improve both the accuracy

of the models and reduce the disparity among them. Indeed, our experimental results in

Section 3.5 show that the fairness and accuracy of the personalized models can actually be

improved at the same time.
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Algorithm 3.1 General FairCL

Input: Training data from N users D = {{Xi,yi}i=1,··· ,N}.

Output: Canonical model Q, membership C

1: Initialize Q(0),C(0).

2: λ(0) = UpdateL(Q(0),C(0);D).

3: for t = 1, 2, · · · , T do

4: Q(t) = UpdateQ(C(t−1),λ(t−1);D)

5: C(t) = UpdateC(Q(t−1),λ(t−1);D)

6: if SatisfyFairnessConstraint(Q(t),C(t)) then

7: Return Q(t),C(t)

8: else

9: λ(t) = UpdateL(Q(t),C(t);D)

10: end if

11: end for

12: Return Q(t),C(t)

3.3 Fair Collaborative Learning (FairCL)

In this section, we explore how the CL can be integrated with existing fairness constraints

to mitigate disparity among individuals and discuss the advantages and disadvantages of

different fairness CL (FairCL) formulations.

3.3.1 A general framework for FairCL

The field of fairness machine learning has focused on developing general fairness constraints

which are usually designed to bound a certain fairness metric on each group (i.e., the groups

are defined based on some sensitive attributes such as gender and race. Then, fair learning

models can be straightforwardly developed by integrating these fairness constraints into

the learning formulation. In our context, it is natural to extend these fairness definitions on

individuals (i.e., each individual is a “group”). A general formulation of our fair collaborative
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learning (FairCL) can be written as

min
C,Q

N∑
i=1

1

ni

ni∑
j=1

[
log(1 + exp(x⊤ijQci))− yij(x⊤ijQci)

]
s.t. c⊤i 1 = 1, ci ≥ 0, i = 1, · · · , N

fi(C,Q) ≤ 0, i = 1, · · · , N

(3.2)

where fi(C,Q) ≤ 0(i = 1, · · · , n) are the fairness constraints (i.e., some specific examples

will be introduced in Section 3.3 B.). It can be reformulated by introducing the Lagrangian

multipliers λ = (λ1, · · · , λn) as:

min
C,Q

N∑
i=1

1

ni

ni∑
j=1

[
log(1 + exp(x⊤ijQci))− yij(x⊤ijQci)

]
+

N∑
i=1

λifi(C,Q)

s.t. c⊤i 1 = 1, ci ≥ 0, i = 1, · · · , N

(3.3)

Algorithm 3.1 presents the general computational framework of FairCL. In the subsequent

section, we will introduce various specific FairCL formulations that aim to achieve fairness

by different definitions. For brevity, we will denote the empirical loss of individual i by

ℓi(Xi,yi;Q, ci) ≜
1
ni

∑ni

j=1[log(1 + exp(x⊤ijQci))− yij(x⊤ijQci))].

3.3.2 Some specific FairCL models and algorithms

In theory, our FairCL framework shown in Eq. 3.3 is general and can incorporate a variety

of fairness concept. But further modeling and computational improvement can be made

while adapting this framework to a specific fairness constraint. In what follows, we present

some examples of how this could be done. We will focus on widely adopted fairness metrics

including:

• Equality of Opportunity (EO) [69]. It requires the model to assign positive outcome

to the positive population with equal opportunity regardless of their groups, i.e., P (Ŷ =

1|A = 0, Y = 1) = P (Ŷ = 1|A = 1, Y = 1), where A is the sensitive attribute to be
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protected, Y is the label and Ŷ is the prediction of the outcome given by the learned

model.

• Demographic Parity (DP) [71]. It requires that the model’s predictions should not

depend on the sensitive attributes, i.e., P (Ŷ |A = 0) = P (Ŷ |A = 1).

• Fairness Through Unawareness (FTU) [242]. It requires the sensitive attributes

should not be observed or explicitly used in the model prediction.

• Bounded Group Loss (BGL) [73, 243]. It requires the average group loss should

be bounded, i.e., E[ℓ(Ŷ , Y )|A] ≤ ζ, where ζ is an upper bound and ℓ(·, ·) is the loss

function.

• Individual Fairness (IF) [71]. It requires that similar individuals should be assigned

with similar predictions, i.e., D(Ŷ (X1, A1), Ŷ (X2, A2)) ≤ d(X1, X2), where Xi and Ai

are the insensitive and sensitive attributes of an individual, respectively. D(·) and d(·)

are distance metrics for predictions Ŷ and attributes X, respectively.

• Counterfactual Fairness (CF) [244]. It requires that, in both actual and counter-

factual worlds where an individual has different sensitive attribute values, predictions

should be the same, i.e., P (ŶA←a(U)|X,A = a) = P (ŶA←a′(U)|X,A = a), where A is

the sensitive attribute taking the value of a or a′, U denotes the latent variables, and

X denotes the insensitive attributes.

3.3.2.1 Equality of opportunity (EO) and demographic parity (DP)

While these two fairness concepts are foundational to the field of fair machine learning, their

practical relevance with personalized learning is quite limited. As [245] pointed out, the DP

metric might mistakenly deem a model unfair when the outcome distributions of various

groups are different. This can be particularly problematic in the context of personalized
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learning, where the population heterogeneity can lead to significant variations in the propor-

tion of actual positive outcomes across individuals. In such cases, enforcing similar outcome

distributions for all individuals may not necessarily improve fairness but instead result in

misleading models. Only if the data distributions of individuals are very much alike (which

is quite uncommon in practice), DP and EO would be practical and realistic. Therefore, in

this chapter, we will not further develop algorithms or conduct experiments for these two

fairness concepts but only present the FairCL formulation of DP here for theoretical interest:

min
C,Q

N∑
i=1

ℓi(Xi,yi;Q, ci)

s.t. c⊤i 1 = 1, ci ≥ 0, i = 1, · · · , N

|P (hi(x;Q,C ≥ z)|i)− P (hi(x;Q,C) ≥ z)| ≤ ξi,

∀z, i = 1, · · · , N.

Here, ξi is a slack variable that is a hyperparameter to create tolerance and make the for-

mulation feasible, since in practice we will not likely achieve absolute DP.

3.3.2.2 Fairness through unawareness (FTU)

It is worthy of mentioning that the FTU actually corresponds to the one-size-fits-all approach

for personalized learning.

3.3.2.3 Similarity-based individual fairness (IF)

The notion of individual fairness (IF) [71] provides a trade-off between equal treatment

of individuals and individual heterogeneity. It does not necessitate absolute equality but

rather mandates that individuals with similar characteristics should be treated similarly. To

achieve IF, usually a similarity matrix is constructed to measure the similarity between the

individuals, denoted as S = [sij]N×N . We can obtain the Laplacian matrix Ls = D−S. Here,

D = diag(d11, · · · , dNN) is a n × n diagonal matrix, where dii =
∑N

j=1 sij. Using Ls, it is

easy to incorporate the similarity knowledge among individuals to obtain a graph-regularized
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[246] formulation of CL to enforce IF:

min
C,Q

N∑
i=1

ℓi(Xi,yi;Q, ci) + λTr(CTLsC)

s.t. c⊤i 1 = 1, ci ≥ 0, i = 1, · · · , N

Actually, this formulation of FairCL-IF has been “unconsciously” developed in the prior

work on collaborative learning [86], motivated not by fairness concerns but rather for accu-

racy improvement. However, IF alone is inadequate to guarantee protection on vulnerable

individuals since it only calls for similar treatment on similar individuals [72]. Another dif-

ficulty is the construction of the similarity matrix, which usually demands a strong prior

knowledge.

3.3.2.4 Bounded individual loss (BIL)

Bounded individual loss (BIL), as a natural generalization of bounded group loss (BGL)

[243, 247, 248], bounds the loss function of each individual to reduce disparity. Formally,

BIL is defined as

E[ℓi(Xi,yi;Q, ci)|i] ≤ ζi, i = 1, · · · , N.

The formulation of FairCL-BIL can be cast as

min
C,Q

N∑
i=1

ℓi(Xi,yi;Q, ci)

s.t. c⊤i 1 = 1, ci ≥ 0, i = 1, · · · , N

ℓi(Xi,yi;Q, ci) ≤ ζi,

i = 1, · · · , N.

(3.4)

To make it easier to solve, we can reformulate the problem using Lagrangian techniques.

The Lagrangian function of the above formulation is

ℓ(Q,C;λ) =
N∑
i=1

ℓi(Xi,yi;Q, ci) +
N∑
i=1

λi[ℓi(Xi,yi;Q, ci)− ζi].
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To prevent λ from being arbitrarily large, as demonstrated by [243], the FairCL-BIL

problem can be reformulated by constraining L1 norm of λ to a limit of B:

min
Q,C

max
λ

ℓ(Q,C;λ)

s.t. c⊤i 1 = 1, ci ≥ 0, i = 1, · · · , N

||λ||1 ≤ B, λ ≥ 0.

(3.5)

We propose to solve FairCL-BIL following the scheme in [243] that takes an exponentiated-

gradient approach for optimization (Algorithm 3.2), which is an alternating iterative strategy

to iterate through C, Q, and λ.

3.4 Self-adaptive rearrangement by loss re-weighting

The FairCL formulations developed in Section 3.3 show the flexibility of incorporating fair-

ness constraints into the CL framework. Among all these possibilities, FairCL-BIL provides

the most practical formulation to incorporate fairness into CL. More specifically, it provides

a way to achieve fairness by controlling over the individual loss functions. When the worst

individual loss is confined to a certain level, the overall loss is pushed to stay low, and the

disparity between the individual losses can be shrunk by adjusting the tolerance level. Un-

like DP, FairCL-BIL does not impose strict restriction, and it does not require additional

information, such as the similarity matrix in IF, which can be challenging to obtain. But

still, FairCL-BIL also has its limitations. The most significant one is that the formulation

can be infeasible in some cases. Also, how to tune the large number of hyperparameters

(such as ζ) is also a problem. To address these issues, in this section, we propose a novel

approach called Rearrangement by loss Re-Weighting (RRW) that has no feasibility issue

and also enjoys easy hyperparameter tuning.

3.4.1 The basic formulation of FairCL-RRW

Instead of forcing fairness by incorporating fairness constraints into the learning formulation,

here, we introduce weights (w1, · · · , wN) over individual loss functions and obtain a weighted
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Algorithm 3.2 FairCL-BIL

Input: Training data from N users D = {{Xi,yi}i=1,··· ,N}, individual loss bound ζ, λ’s

upper bound B, convergence threshold νλ, convergence tolerance νϵ.

Output: Canonical model Q, membership C

1: Initialize Q, C.

2: Set θ(1) = 0 ∈ RN .

3: for t = 1, 2, · · · , T do

▷ Initialize λ(t)

4: for i = 1, · · · , N do

5: λ
(t)
i =

B exp(θ
(t)
i )

1+
∑N

j=1 exp(θ
(t)
j )

6: end for

▷ Update Q(t)

7: Q(t) = argminQ ℓ(C,Q;λ(t))

▷ Update C(t)

8: C(t) = argminc⊤i 1=1,ci≥0 ℓ(C,Q;λ(t))

▷ Update λ(t)

9: λ(t)
∗ = argmax||λ||1≤B,λ≥0 ℓ(C

(t),Q(t);λ)

10: νλ = ℓ(Q(t),C(t);λ(t)
∗ )− ℓ(Q(t),C(t);λ(t))

11: νϵ = ℓ(Q(t),C(t);λ)− ℓ(Q(t−1),C(t−1);λ)

12: if νλ ≤ νλ and νϵ ≤ νϵ then

13: if PassFairConstraint(Q(t),C(t)) then

14: Return Q(t),C(t)

15: else

16: Return Ø

17: end if

18: end if

19: l(t) = (ℓ1(Q
(t),C(t)), · · · , ℓN(Q(t),C(t)))

20: Set θ(t+1) = θ(t) + η(l(t) − ζ)

21: end for
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optimization problem, which leads to the formulation of FairCL-RRW:

min
C,Q

N∑
i=1

wiℓi(Xi,yi;Q, ci)

s.t. c⊤i 1 = 1, ci ≥ 0, i = 1, · · · , N.

(3.6)

Note that, here, the weights w are not fixed but rather iteratively updated (i.e., as shown

in Algorithm 3.4) in order to dynamically rebalance the weights of the individual losses.

This allows the individual models who have larger losses in the last iteration to be further

minimized in the next iteration. The essence of RRW does not lie in the weighted form of

the objective function, but in the automatic updates of the weights during the optimization

process.

3.4.2 Automatic re-weighting by a self-adaptive strategy

To make sure the iterative update of w can rebalance the individual losses and drive the

optimization process more towards on the improvement on the “worse cases” as shown in

Figure 3.1(c), the following Lemma 1 provides a good hint about how this rebalancing

process can be systematically and automatically managed by a simple self-adaptive strategy

of re-weighting.

Lemma 3.4.1 (Rearrangement Inequality). Given the ascending sequences of weights w1 ≤

· · · ≤ wN and values f1 ≤ · · · ≤ fN , we have

N∑
i=1

wifN−i+1 ≤
N∑
i=1

wifσ(i) ≤
N∑
i=1

wifi

where σ(1), · · · , σ(N) is a random permutation of 1 ∼ N .

As our optimization problem is a minimization problem, this lemma suggests that if we

set up the weights in the same ordering as the individual losses, the minimization problem

in Eq. (3.6) will force a re-ordering of the individual losses, in a reverse order of the weights.

In other words, it will force the larger losses to be smaller in the next iteration.

Motivated by this idea, our proposed strategy is that, in each iteration t, the assigned

weight wi for each individual is an increasing function of the contribution of the individual
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loss to the total loss in the last iteration, i.e., wt
i = g(

ℓ
(t−1)
i∑N

j=1 ℓ
(t−1)
j

) > 0. And one of the simplest

re-weighting functions g(·) is the power function given in Algorithm 3.4, i.e., g(x) = xq. The

following theorems show the rationale of using Algorithm 3.4 for re-weighting:

Theorem 3.4.2. FairCL-RRW reweighted by Algorithm 3.4 is equivalent to solving a min-

max problem with the objective function minC,Q maxw
∑N

i=1wiℓi(Xi,yi;Q, ci).

Proof. To show the equivalence, we consider the following min-max problem:

min
C,Q

max
w

N∑
i=1

wiℓi(Xi,yi;Q, ci)

s.t. c⊤i 1 = 1, ci ≥ 0, i = 1, · · · , N
N∑
i=1

wp
i = 1, wi > 0, ∀i = 1, · · · , N.

(3.7)

Here, p > 1 and the Lp norm of the weights is bounded. Then, for the inner-level maximiza-

tion, the equivalent Lagrangian formulation can be written as

max
w

N∑
i=1

wiℓi(Xi,yi;Q, ci)− λ(
p∑

i=1

wp
i − 1)

s.t. c⊤i 1 = 1, ci ≥ 0, i = 1, · · · , N

.

(3.8)

where the objective function is f(w) =
∑N

i=1wiℓi − λ(
∑p

i=1w
p
i − 1). Noticing the convexity

of f(·), the maximal point should be reached when ∂f
∂w

= 0. It then leads to

0 =
∂f

∂wi

= ℓi − λpwp−1
i , ∀i = 1, · · · , N.

which indicates wi ∝ ℓ
1

p−1

i . Since p > 1, it is easy to see that 1
p−1 > 0. It should be

mentioned that we do not really care about the scaling factor in the optimization due to the

symmetry that all the weights will be affected equally by this factor. Thus, we can always

find q = 1
p−1 and update through wi =

ℓqi
g(ℓ1,··· ,ℓN )

to normalize the weights so as to satisfy the

constraints. However, the magnitude of the weights will not affect the minimization process,
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which indicates flexibility in the choice of the normalization factor. So it is better to updatew

in a way that makes it easier to solve the problem. Obviously, g(ℓ1, · · · , ℓN) = (ℓ1+ · · ·+ℓN)q

is symmetric and also it has some computational simplicity in practice. So we can use it for

the normalization, which results in the reweighting function in Algorithm 3.4. Therefore,

the alternating optimization of the min-max problem (3.7) is equivalent to Algorithm 3.3

reweighted by the power function in Algorithm 3.4.

Theorem 3.4.2 reveals the nature of FairCL-RRW as demonstrated in Figure 3.1 (c) that

aims to improve on the worse cases. I.e., larger weight will be assigned to the individual with

worse performance so that its impact on the overall performance will be amplified in the next

iteration. Note that a key element in the automatic re-weighting method in FairCL-RRW is

the power parameter q(> 0), which regulates the balance between individual heterogeneity

and commonality. The following theorem further uncovers some nature of this parameter:

Theorem 3.4.3. When q = 1, the update of Q and C in Algorithm 3.3 aims to shrink the

variance of the individual losses at the cost of the loss change incurred in the update.

Proof. As mentioned in the proof of Theorem 3.4.2, the scaling factor for w does not actually

affect optimization. Thus, given that
∑N

i=1 ℓi is fixed in each reweighting iteration for the

update of Q and C, we can ignore it and equivalently consider wi = ℓqi . Suppose in iteration

t, after updating Q and C, the individual i’s loss is represented by ℓ
(t)
i . When q = 1, the

updating procedure can be formulated as

ℓ
(t+1)
1 , . . . , ℓ

(t+1)
N = argmax

ℓ1,··· ,ℓN

N∑
i=1

ℓ
(t)
i ℓi.

We notice that

N∑
i=1

ℓ
(t)
i ℓ

(t+1)
i =

N∑
i=1

ℓ
(t)
i ℓ

(t+1)
i − 1

N

N∑
i=1

ℓ
(t)
i

N∑
j=1

ℓ
(t+1)
j +

1

N

N∑
i=1

ℓ
(t)
i

N∑
j=1

ℓ
(t+1)
j

=
N∑
i=1

(ℓ
(t)
i −

1

N

N∑
j=1

ℓ
(t)
j )(ℓ

(t+1)
i − 1

N

N∑
j=1

ℓ
(t+1)
j ) +

1

N

N∑
i=1

ℓ
(t)
i

N∑
j=1

ℓ
(t+1)
j
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=
1

2

{ N∑
i=1

(ℓ
(t)
i −

1

N

N∑
j=1

ℓ
(t)
j )2 +

N∑
i=1

(ℓ
(t+1)
i − 1

N

N∑
j=1

ℓ
(t+1)
j )2 −

N∑
i=1

[(ℓ
(t)
i −

1

N

N∑
j=1

ℓ
(t)
j )

− (ℓ
(t+1)
i − 1

N

N∑
j=1

ℓ
(t+1)
j )]2

}
+

1

N

N∑
i=1

ℓ
(t)
i

N∑
j=1

ℓ
(t+1)
j

=
1

2

{
Var(t) +Var(t+1) −

N∑
i=1

[(ℓ
(t)
i − ℓ

(t+1)
i )2 + (

1

N

N∑
j=1

ℓ
(t)
j −

1

N

N∑
j=1

ℓ
(t+1)
j )2

− 2(ℓ
(t)
i − ℓ

(t+1)
i )(

1

N

N∑
j=1

ℓ
(t)
j −

1

N

N∑
j=1

ℓ
(t+1)
j )]

}
+

1

N

N∑
i=1

ℓ
(t)
i

N∑
j=1

ℓ
(t+1)
j

=
1

2
[Var(t) +Var(t+1) +

1

N
(

N∑
i=1

ℓ
(t)
i )2 +

1

N
(

N∑
i=1

ℓ
(t+1)
i )2 −

N∑
i=1

(ℓ
(t)
i − ℓ

(t+1)
i )2].

Given that when updating Q and C in the iteration t, i.e., updating ℓ
(t+1)
1 , · · · ℓ(t+1)

N , the

weights ℓ
(t)
1 , · · · ℓ

(t)
N are fixed, it is obvious that

min
Q,C

N∑
i=1

ℓ
(t)
i ℓ

(t+1)
i (Xi,yi;Q, ci) ⇐⇒ minVar(t+1) +

1

N
(

N∑
i=1

ℓ
(t+1)
i )2 − ||ℓ(t) − ℓ(t+1)||22.

For the objective function, there are three parts: the variance of the individual losses (i.e.,

Var(t+1)), the square of the basic CL loss (i.e., (
∑N

i=1 ℓ
(t+1)
i )2), and the distance between

the losses in the last iteration and the losses in this iteration. Thus, Algorithm 3.3 aims to

simultaneously minimize the variance of the individual losses and the basic CL loss, however,

at the cost of the loss change.

It is worthy of mentioning that, when q ̸= 1, Algorithm 3.3 still shrinks the “variation”

of the individual losses. It is just when q = 1, the shrunk variation coincides with the exact

form of variance (i.e., as a quadratic form). Actually, when q is large, the algorithm will pay

more attention to the inter-individual differences and focus on improving the low-achieving

models to achieve better equity. In contrast, when q is small, it tends to create equal weights

for all individuals and treat their loss functions indifferently in optimization. In practice, we

tune q through cross validation with a grid search.
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3.4.3 Enhance the stability of FairCL-RRW by temporal smoothing (TS) reg-
ularization

In the proof of Theorem 3.4.3, a byproduct is that we find out that the objective func-

tion which Algorithm 3.3 aims to minimize when updating Q and C can be equivalently

decomposed into three parts:

Var(t+1) +
1

N
(

N∑
i=1

ℓ
(t+1)
i )2 − ||ℓ(t) − ℓ(t+1)||22,

where the first term is the variance of the individual losses and the second term is proportional

to the square of the basic CL loss
∑N

i=1 ℓ
(t+1)
i , which makes sense. But the third term is to

maximize the difference between the losses in current iteration and the losses in the last

iteration ||ℓ(t) − ℓ(t+1)||2. Obviously, it is undesired that ||ℓ(t) − ℓ(t+1)||2 gets larger since it

might lead to the instability of the optimal solution if the solution drastically changes from

iteration to iteration. To eliminate this potential instability, a natural idea is to consider

an additional term to offset it. It is not easy to directly penalize this distance term in

consideration of the complexity of l. Instead, we propose a solution that is based on the

following theorem:

Theorem 3.4.4. The loss ℓ(t) is temporally Lipschitz continuous on Q and C.

Proof. Due to the Lipschitz continuity of the logarithm function and the Sigmoid function,

there must exist Mij and Lij(i = 1, · · · , N,∀i, j = 1, · · · , ni) such that

||ℓ(t) − ℓ(t+1)||22

=
N∑
i=1

∣∣ℓ(t)i (Xi,yi;Q, ci)− ℓ
(t+1)
i (Xi,yi;Q, ci)

∣∣2
=

N∑
i=1

1

ni

∣∣∣ ni∑
j=1

log(
exp(yijx

⊤
ijQ

(t)c
(t)
i )

1 + exp(x⊤ijQ
(t)c

(t)
i )

)−
ni∑
j=1

log(
exp(yijx

⊤
ijQ

(t+1)c
(t+1)
i )

1 + exp(x⊤ijQ
(t+1)c

(t+1)
i )

)
∣∣∣2

≤
N∑
i=1

1

ni

ni∑
j=1

Mij

∣∣∣ exp(yijx⊤ijQ(t)c
(t)
i )

1 + exp(x⊤ijQ
(t)c

(t)
i )
−

exp(yijx
⊤
ijQ

(t+1)c
(t+1)
i )

1 + exp(x⊤ijQ
(t+1)c

(t+1)
i )

∣∣∣2
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≤
N∑
i=1

1

ni

ni∑
j=1

MijLij||Q(t)c
(t)
i −Q(t+1)c

(t+1)
i ||22

=
N∑
i=1

1

ni

ni∑
j=1

MijLij||Q(t)c
(t)
i −Q(t+1)c

(t)
i +Q(t+1)c

(t)
i −Q(t+1)c

(t+1)
i ||22

≤
N∑
i=1

1

ni

ni∑
j=1

MijLij(||Q(t)c
(t)
i −Q(t+1)c

(t)
i ||22 + ||Q(t+1)c

(t)
i −Q(t+1)c

(t+1)
i ||22)

≤
N∑
i=1

1

ni

ni∑
j=1

MijLij(||Q(t) −Q(t+1)||2F ||c
(t)
i ||22 + ||Q(t+1)||2F ||c

(t)
i − c

(t+1)
i ||22)

≤
N∑
i=1

1

ni

ni∑
j=1

MijLij(K
2||Q(t) −Q(t+1)||2F +K(d+ 1)TQ||c(t)i − c

(t+1)
i ||22)

=||Q(t) −Q(t+1)||2F
N∑
i=1

1

ni

ni∑
j=1

MijLijK
2 +

N∑
i=1

||c(t)i − c
(t+1)
i ||22

K(d+ 1)TQ
ni

ni∑
j=1

MijLij

≤||Q(t) −Q(t+1)||2F
N∑
i=1

1

ni

ni∑
j=1

MijLijK
2 +

N∑
i=1

||c(t)i − c
(t+1)
i ||22max

i

{K(d+ 1)TQ
ni

ni∑
j=1

MijLij

}
=||Q(t) −Q(t+1)||2F

N∑
i=1

1

ni

ni∑
j=1

MijLijK
2 + ||C(t) −C(t+1)||2F max

i

{K(d+ 1)TQ
ni

ni∑
j=1

MijLij

}
=λ1||Q(t) −Q(t+1)||2F + λ2||C(t) −C(t+1)||2F

where TQ is the upper bound of the elements in Q, || · ||2 is L2 norm and || · ||F is Frobenius

norm. Here, the first inequality (the third line) and the second inequality are obtained by

the Lipschitz continuity of logarithm function and Sigmoid function, respectively. The third

inequality (the sixth line) results from the triangle inequality, and the fourth inequality (the

seventh line) results from ||Ax|| ≤ ||A||F ||x||2. The fifth inequality is obtained based on

our assumption that elements in Q are bounded and C satisfies the probability constraint

in the formulation. As a result, we see ||ℓ(t) − ℓ(t+1)||22 is bounded by the linear combination

of ||Q(t) − Q(t+1)||2F and ||C(t) − C(t+1)||2F . This indicates the Lipschitz continuity, which

concludes the proof.

Theorem 3.4.4 gives the upper bound of ||ℓ(t)− ℓ(t+1)||. Thus, instead of incorporating
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Algorithm 3.3 FairCL-RRW

Input: Training data from {{Xi,yi}i=1,··· ,N}.

Output: Canonical model Q, membership C

1: Initialize Q(0),C(0).

2: for t = 1, 2, · · · , T do

3: for i = 1, 2, · · · , N do

4: Compute the individual loss ℓ
(t−1)
i for individual i given Q(t−1), C(t−1).

5: end for

6: Update w(t) = Reweight(ℓ
(t−1)
1 , · · · , ℓ(t−1)N ).

7: Update Q(t),C(t) by minimizing (3.9) given w(t).

8: end for

9: Return Q(t),C(t)

||ℓ(t) − ℓ(t+1)|| directly into formulation (3.6), we propose a temporal smooth (TS) regular-

ization on the change of Q and C over time. With this temporal smoothing regularization,

we can revise the formulation (3.6) with the following formulation:

min
C,Q

N∑
i=1

wiℓi(Xi,yi;Q, ci) + λ1||Q(t) −Q(t+1)||2F

+ λ2||C(t) −C(t+1)||2F

s.t. c⊤i 1 = 1, ci ≥ 0, i = 1, · · · , N

(3.9)

The regularization parameters λ1 and λ2 can be tuned by cross validation. In Section

3.5, we will show that this TS regularization strategy can lead to a great stability of the

FairCL-RRW formulation.

3.4.4 Connection with the FairCL-BIL

The following theorem builds connection between FairCL-BIL and FairCL-RRW.

Theorem 3.4.5. There exist w1, . . . , wn such that the optimal solution to (3.4) is also opti-

mal to (3.6).
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Algorithm 3.4 Reweight

Input: Individual losses ℓ1, ℓ2 · · · , ℓN , hyperparameter q > 0.

Output: Individual weights w

1: for i = 1, 2, · · · , N do

2: wi = ( ℓi∑N
j=1 ℓj

)q

3: end for

4: w = [w1, w2, · · · , wN ]

5: Return w

Proof. For i = 1, · · · , n, let ai = zi
ℓi(Xi,yi;Q

∗,C∗)
, where zi ≥ ζi. Consider the following

problem:

min
C,Q

N∑
i=1

aiℓi(Xi,yi;Q, ci)

s.t. c⊤i 1 = 1, ci ≥ 0, i = 1, . . . , N

aiℓi(Xi,yi;Q, ci) ≤ ζi, i = 1, . . . , N

(3.10)

Suppose that the optimal solution to (3.10) is Q
′
,C

′
. To satisfy the bound constraints, we

must have

ζi ≥ aiℓi(Xi,yi;Q
′
, c

′

i) =
zi

ℓi(Xi,yi;Q
∗, c∗i )

· ℓi(Xi,yi;Q
′
, c

′

i) ≥
ζi

ℓi(Xi,yi;Q
∗, c∗i )

· ℓi(Xi,yi;Q
′
, c

′

i)

which leads to

ℓi(Xi,yi;Q
′
, c

′

i) ≤ ℓi(Xi,yi;Q
∗, c∗i )

Thus, we have

N∑
i=1

ℓi(Xi,yi;Q
′
, c

′

i) ≤
N∑
i=1

ℓi(Xi,yi;Q
∗, c∗i ) (3.11)

Given that Q∗,C∗ is the optimal solution to (3.4), we should have

N∑
i=1

ℓi(Xi,yi;Q
∗, c∗i ) ≤

N∑
i=1

ℓi(Xi,yi;Q
′
, c

′

i) (3.12)
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Combining (3.11) and (3.12), a resulting equality can be built as

N∑
i=1

ℓi(Xi,yi;Q
′
, c

′

i) =
N∑
i=1

ℓi(Xi,yi;Q
∗, c∗i )

This indicates Q
′
,C

′
i is also an optimal solution to (3.4), which builds the equivalence of

the optimal solution between (3.10) and (3.4). On the other hand, given that the linear

transformation of the objective function will not affect the optimal solution, we can introduce

a large number M such that (3.10) can be equivalently written as:

min
C,Q

M
N∑
i=1

aiℓi(Xi,yi;Q, ci)

s.t. c⊤i 1 = 1, ci ≥ 0, i = 1, · · · , N

aiℓi(Xi,yi;Q, ci) ≤ ζi, i = 1, · · · , N

(3.13)

Let wi =Mai. Then (3.13) can be rewritten as

min
C,Q

N∑
i=1

wiℓi(Xi,yi;Q, ci)

s.t. c⊤i 1 = 1, ci ≥ 0, i = 1, · · · , N

wiℓi(Xi,yi;Q, ci) ≤Mζi, i = 1, · · · , N

SinceM can be arbitrarily large, we can remove the bound constraint, which results in (3.6),

i.e., the optimal solution to (3.10), Q
′
,C

′
, is also the optimal solution to (3.6). Thus, we

can conclude that the optimal solution to (3.4) is also the optimal solution to (3.6).

This theorem shows that, in theory, the best performance of FairCL-BIL can be achieved

by FairCL-RRW if the weights are appropriately set. Meanwhile, when FairCL-BIL is in-

feasible, FairCL-RRW can still be feasible. Therefore, we can expect that with fine-tuned

weights, FairCL-RRW could in theory always outperform FairCL-BIL, which will be verified

by our numerical results in Section 3.5.
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3.4.5 Computational efficiency

To learn personalized models of N individuals, given the number of features d and the

number of canonical models K (K < d,N , usually set small values), while IL will require

N · d parameters, FairCL methods can reduce the number of parameters to K · d+N ·K. It

can significantly save a space with O(K(N + d) +N) compared to IL when K is far smaller

than d and N . However, in each iteration, FairCL-RRW needs to deal with more parameters

than the separate training in IL. Assume the sample size for each individual ism. The update

of Q requires a cost of O(NKmd) while the update of C needs O(NKmd+NKm). Given

the cost of re-weighting time is linear to N individuals, the total time complexity can be

roughly written as O(TKNmd), where T is the number of iterations. Apparently, running

FairCL-RRW may incur more computational cost than IL. But given that K is usually small,

the cost of each iteration should be comparable to IL. And in practice, the algorithm can

usually converge to a good solution in a few iterations. It should be mentioned that, due

to the matrix operations, when the data is large, there might be some numerical issues.

Currently, our methods can efficiently deal with data from hundreds or of individuals, but

when the dataset or resulting optimization problem is too large, we might need more efficient

and scalable computation strategies, which is one of our future direction.

In the following sections, we conduct numerical evaluations of the proposed FairCL for-

mulations using both simulated and real-world data. The real-world data includes datasets

collected from three different applications. We assess the performance of the algorithms in

terms of both prediction accuracy and fairness, i.e., the disparity between the prediction

accuracy of the individual models evaluated by variance, and the accuracy of low-achieving

individual models. All algorithms are implemented in Python3 on MacBook Pro with Apple

M1 chips.

3.5 Simulation studies

We simulate data from N = 100 individuals. For individual i, we randomly generate a

sample size ni by adding 5 to n′i which is uniformly drawn from {1, 2, · · · , 50}. Here, we set
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Fig. 3.2: Comparison of different methods (d=10).

ni > 5 to ensure that each individual has a minimum number of samples to enable model

training. Following the setup in [86], we generate the canonical models encoded in Q and

the individual membership mappings encoded in C separately. In our data generation, we

fix the true number of canonical models to K = 3. And we choose the dimension of the

data d from {5, 10, 100}. Given K and d, Q = [qij](d+1)×K is randomly generated from the

standard normal distribution, i.e., qij ∼ N (0, 1). To generate C, we consider two generation

strategies.

• Totally random strategy. With this strategy, for each individual i, we draw ci

from a normal distribution, i.e., ci ∼ N(0, IK×K). Then, they are normalized so that

c⊤i 1 = 1 and concatenated into a matrix C = [c1, · · · , cN ].

• Hierarchical strategy. For each individual, first, ki is randomly drawn from {1, · · · , K}

by the uniform distribution, which represents that the kith model is chosen. Then,

the individual membership ci is drawn following ci ∼ N (0,Eki), where the variance

Ek = diag(1, · · · , 1, σ2, 1, · · · , 1) is an almost identity matrix with the kth entry re-

placed by σ2. Just like the totally random strategy, we also normalize the vectors

before concatenation.
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(a) K̂=3 (b) K̂=5 (c) K̂=10

Fig. 3.3: Comparison of IL and CL on simulated data under a hierarchical strategy (d=10).

(a) IL v.s. CL (b) CL v.s. FairCL-BIL (c) CL v.s. FairCL-RRW

Fig. 3.4: Comparison of test accuracy distributions on simulated data under a hierarchical

strategy without prior knowledge (K̂ = 3, d = 100).

WithQ andC being generated, the individual models can be easily obtained by βi = Qci.

We then generate their datasets Di = {(xij, yij)}j=1,··· ,ni
. Specifically, we generate xij ∈ Rd

from a multivariate normal distribution, i.e., xij ∼ N (0, Id×d). Then, for individual i, the

labels can be generated following yij = sgn(β⊤i

[
xij, 1

]
+ ϵij) for j = 1, · · · , ni.

3.5.1 An overall evaluation

We compare the models that include IL, CL, FairCL-IF, FairCL-BIL, FairCL-RRW, and

FairCL-RRW-IF in Figure 3.2 on a toy dataset generated under hierarchical strategy with
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d = 10. Recall that IL is the learning strategy that learns each individual’s model using the

individual’s data alone. As we can observe, CL significantly boosts the overall performances

of the models than IL and also reduces the disparity among them. Its median accuracy is far

higher than that of IL. Meanwhile, all the FairCL methods can further reduce the disparity

among the performance of the individual models while achieving higher population-level

average. We can also observe that if we have the knowledge on individual similarity, we

may further improve the FairCL algorithms with their IF-regularized versions. For example,

FairCL-RRW+IF seems better than FairCL-RRW, and FairCL-IF is clearly better than CL.

3.5.2 The impact of K̂

In what follows we present more experimental results to show how the various hyperparam-

eters impact the results. We first show how CL perform differently from IL for different K̂s

(recall that the true K = 3) under the hierarchical data generation strategy with d = 10

fixed. The histograms of the distributions of the model accuracy are shown in Figure 3.3.

When K̂=3 (which is the true number of canonical models), one can easily see that CL

outperforms IL, as the entire distribution of the accuracy of the individual models of CL

(blue) is more compact and both the mean and peak of the distribution are larger than

the ones of IL (orange). CL also has fewer low-performance individual models and more

high-performance individual models. As K̂ increases to 5 (which is a little larger than the

true value), CL still outperforms IL. However, when K̂=10, CL seems to downgrade. The

peak of CL shifts to the left of the peak of IL, and more low-performance individual models

occur. This result shows that a proper selection of the parameter K̂ is important for the

success of CL, which is consistent with the observations in prior works [86]. In practice, this

parameter can also be effectively identified using AIC/BIC and cross-validation [86].

The comparisons between FairCL-BIL and FairCL-RRW with CL are shown in Figure

3.7 and 3.8 (see Appendix 3.8.1.1). As we mentioned before, CL itself doesn’t focus on the

fairness issue, though it does lead to more fairness compared to IL. Compared with FairCL-

BIL and FairCL-RRW, the performances of the individual models of CL are more disparate.
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Fig. 3.5: Comparison of test accuracy distributions on simulated data under a hierarchical

strategy with prior knowledge on IF (K̂=3, d=100).

We can also observe that the advantage of FairCL-BIL will not sustain if there is serious

misspecification of the parameter K̂, i.e., when K = 10, the gap between FairCL-BIL and

CL seems to shrink and is no more significant. Different from FairCL-BIL, FairCL-RRW

outperforms CL for all K̂.

3.5.3 The impact of d

The above results show the performance of the models with d = 10. When d is increased

to 100, the results are shown in Figures 3.4 (with K̂=3). It can be seen that CL still

outperforms IL. And the superiority of FairCL-BIL and FairCL-RRW over CL is even more

significant than it is when d = 10. So is CL than IL. As the sample size of the individual

data is relatively small given such a large d, it is foreseeable that IL couldn’t perform well,

but CL-based approaches really help the individuals model to learn collectively and reinforce

each other.

3.5.4 The impact of IF regularization

To evaluate the effect of further incorporating individual similarity information into the CL-

based models, we conduct more experiments and some results are shown in Appendix 3.8.1.2
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(with d = 10). It can be observed in Figure 3.9(a) that the IF regularization can significantly

improve CL’s performance with the corresponding K̂, even when we set K̂ = 10 that quite

deviates from the true value K = 3. Now We fix K̂ to this true value and explore the perfor-

mance when d is changed. Obviously, regardless of d, FairCL-IF outperforms CL to a great

extent as is shown in Figure 3.10(a) and Figure 3.5(a). For FairCL-RRW, IF regularization

can also shift the distributions more towards the right side as shown in Figure 3.10(b). But

the improvement may not be that significant, as FairCL-RRW has already shown great per-

formance. IF regularization is not necessarily always useful in improving fairness. As [72]

argues, the IF principle which requires similar treatment on similar individuals can’t always

guarantee fairness in the population. Sometimes, it may even degrade the performance of

some FairCL methods. An example of such degradation can be seen in Figure 3.5(b).

3.5.5 In-depth analysis of the detailed experimental results

To reach a more insightful understanding of FairCL algorithms, we further examine some

detailed statistics of the models’ accuracy in Tables 3.1-3.3. In these tables, we not only

present the mean test accuracy, but also the best 10% and the worst 10% test accuracy.

FairCL-RRW can always beat IL, CL and FairCL-BIL in the worst 10% mean accuracy and

the overall variance for whatever K̂ (see the underlined results). We also include experiment

results from additional methods: Group contribution matching (GCM) [249], Post-process for

α-DP [250], and Subgroup Mixup (SGMixup) [251, 252]. These three methods represent three

types of fair-aware machine learning approaches, i.e., matching, post-processing and data

augmentation. From the tables, it can be observed that our FairCL-RRW still outperformed

these methods.

When IF regularization is added, FairCL-IF improves upon CL and can usually achieve

high mean performance. Similarly, FairCL-RRW+IF might also improve upon FairCL-RRW

for some cases. But we can also observe that IF regularization doesn’t necessarily shrink

the variance as we compare the variances of FairCL-RRW+IF with FairCL-RRW, especially

when model complexity increases. Looking at the statistics of different segments of the
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Table 3.1: Statistics of the models’ accuracy on simulated data under a hierarchical strategy

(d=5).

K̂ Methods Mean Best 10% Worst 10% Variance

IL 88.56 100.00 64.28 113.57

GCM 74.75 93.79 43.47 222.21

Post-process 78.11 97.89 44.96 234.70

3

CL 93.91 100.00 73.48 84.28

SGMixup+CL 93.51 100.00 74.46 72.24

FairCL-BIL 94.74 100.00 76.42 67.68

FairCL-RRW 95.99 100.00 80.18 48.30

FairCL-IF 95.61 100.00 79.30 50.10

FairCL-RRW+IF 96.10 100.00 81.26 42.21

5

CL 92.18 100.00 72.80 88.93

SGMixup+CL 92.53 100.00 73.02 79.48

FairCL-BIL 93.24 100.00 74.60 62.66

FairCL-RRW 95.92 100.00 80.20 47.54

FairCL-IF 95.08 100.00 77.43 57.86

FairCL-RRW+IF 95.62 100.00 78.31 50.58

10

CL 89.86 100.00 67.99 92.25

SGMixup+CL 88.76 100.00 68.48 105.71

FairCL-BIL 90.74 100.00 70.44 88.84

FairCL-RRW 95.03 100.00 78.25 56.98

FairCL-IF 94.47 100.00 76.24 66.72

FairCL-RRW+IF 94.85 100.00 77.76 59.86
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Table 3.2: Statistics of the models’ accuracy on simulated data under a hierarchical strategy

(d=10).

K̂ Methods Mean Best 10% Worst 10% Variance

IL 83.94 100.00 57.38 149.42

GCM 71.55 93.95 44.69 192.24

Post-process 77.82 96.46 56.96 132.17

3

CL 92.29 100.00 72.95 83.30

SGMixup+CL 92.86 100.00 73.75 74.65

FairCL-BIL 94.34 100.00 77.25 62.45

FairCL-RRW 95.44 100.00 83.39 34.64

FairCL-IF 95.12 100.00 84.17 32.75

FairCL-RRW+IF 96.38 100.00 85.62 25.27

5

CL 91.94 100.00 69.78 89.65

SGMixup+CL 92.03 100.00 70.67 81.64

FairCL-BIL 93.66 100.00 76.01 68.44

FairCL-RRW 96.28 100.00 81.49 42.72

FairCL-IF 95.50 100.00 78.30 60.04

FairCL-RRW+IF 95.61 100.00 79.81 52.30

10

CL 89.57 100.00 67.05 94.43

SGMixup+CL 85.78 100.00 63.91 124.06

FairCL-BIL 90.27 100.00 70.76 84.68

FairCL-RRW 94.54 100.00 78.75 49.40

FairCL-IF 93.56 100.00 71.73 78.73

FairCL-RRW+IF 93.96 100.00 77.14 55.61
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Table 3.3: Statistics of the models’ accuracy on simulated data under a hierarchical strategy

(d=100).

K̂ Methods Mean Best 10% Worst 10% Variance

IL 63.17 84.00 38.44 161.63

GCM 70.64 90.45 43.80 180.98

Post-process 74.33 95.08 51.26 161.32

3

CL 88.26 100.00 65.26 113.35

SGMixup+CL 86.41 100.00 65.73 108.10

FairCL-BIL 89.01 100.00 70.48 87.98

FairCL-RRW 92.87 100.00 77.08 50.32

FairCL-IF 89.74 100.00 73.57 66.38

FairCL-RRW +IF 90.35 100.00 73.89 59.29

5

CL 82.74 100.00 58.16 143.19

SGMixup+CL 81.53 99.00 60.44 120.82

FairCL-BIL 80.32 97.50 53.41 166.51

FairCL-RRW 89.11 100.00 70.17 89.41

FairCL-IF 85.80 100.00 58.51 157.89

FairCL-RRW +IF 87.94 100.00 68.25 98.60

10

CL 75.76 96.04 47.22 196.72

SGMixup+CL 74.66 91.55 43.83 190.85

FairCL-BIL 74.87 94.49 50.27 160.43

FairCL-RRW 85.78 100.00 65.69 104.01

FairCL-IF 78.94 97.34 50.96 178.33

FairCL-RRW +IF 84.39 100.00 58.47 151.50
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Fig. 3.6: The impact of TS regularization on FairCL-RRW.

population, we see that the way FairCL-RRW works is to enhance the performance of low-

achieving individual models (i.e., evidenced by the higher mean accuracy of the worst 10%),

which in turn further increases the mean accuracy of all the models, and reduces the variance.

Note that these conclusions are drawn from experiments using the hierarchical strategy.

Similar conclusions can be obtained if we simulate data using the totally random strategy

(see Appendix 3.8.2).

3.5.6 The impact of TS regularization on computational stability

Figure 3.6 illustrates that the TS-regularized FairCL-RRW behaves more stably comparing

with the non-regularized FairCL-RRW algorithm. It can be observed that the TS-regularized

FairCL-RRW can converge quicker and maintains its stable performance over iterations with

a good prediction performance and low variance among the individual models on the testing

dataset. Note that this experiment is done on a simulated dataset generated under the totally

random strategy with K = 3, d = 10, but overall this is a commonly observed phenomenon

on other datasets in our experiments.
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3.6 Real-world studies

We further evaluate the FairCL models using datasets collected from three different sectors

including transportation, manufacturing and healthcare. Similarly, we compare the FairCL

methods with not only IL and CL, but also three fairness-aware learning methods, i.e., GCM,

Post-process and SGMixup-augmented CL.

3.6.1 Transportation demand management.

We started the real-world experiments from a real-world dataset collected from a personalized

Transportation Demand Management (TDM) system [253, 254]. This TDM dataset studies

travel behaviors in a reward system and consists of 828 participants while each participant

has 13 observations. The number of attributes in each travel alternative is 4, which includes

early schedule delay, late schedule delay, travel time saving, and reward points offered. And

the participants make decisions on whether to accept the travel alternative given the rewards,

which leads to binary responses. We randomly split each individual’s data into training and

testing sets by a ratio of 7:6. Following [86], we use 3-fold cross validation to determine the

number of canonical models K using the training dataset.

Results of the different FairCL models are shown in Table 3.4. As the data dimension is

small and the sample size is not large, although IL doesn’t perform very well on average, and

the mean accuracy of the worst 10% is quite low, it still achieves a mean accuracy over 70%.

CL performs better than not only IL but also GCM and Post-process, and its performance

can be improved by SGMixup, FairCL-BIL and FairCL-RRW. Particularly, FairCL-RRW

reaches the smallest variance of accuracy while achieving a better mean performance. It is

also easy to see that the mean accuracy of the worst 10% is much enhanced by FairCL-RRW

compared to other methods. We further try to incorporate IL regularization, but since we

don’t have readily available prior knowledge of the individuals’ similarity, here, following

[86], the individual similarity is computed based on RBF kernel, i.e., the similarity between

individual i and j is defined as sij = exp(−||xi−xj||22/σ2), where x represents the individual

attributes. It can be observed that FairCL-IF can achieve smaller variance than FairCL-BIL
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Table 3.4: Statistics of the models’ accuracy on TDM dataset.

Methods Mean Best 10% Worst 10% Variance

IL 72.36 100.00 30.38 498.37

GCM 64.77 100.00 16.11 605.85

Post-process 67.19 100.00 24.72 487.69

CL 74.32 100.00 35.33 454.33

SGMixup+CL 75.05 100.00 36.11 474.25

FairCL-BIL 75.17 100.00 38.33 413.06

FairCL-RRW 76.92 100.00 42.22 412.91

FairCL-IF 75.32 100.00 41.47 417.12

FairCL-RRW+IF 77.76 100.00 42.69 395.92

and higher mean accuracy of the overall population as well as the worst 10%, but is worse

than FairCL-RRW. This is expected since the similarity information is not accurate enough.

3.6.2 Turbofan engine Degradation.

Another dataset we use in our numerical studies is the run-to-failure degradation trajectories

of turbofan engines. The degradation simulation was carried out by the NASA Commer-

cial Modular Aero-Propulsion System Simulation (C-MAPSS) dynamical model [255]. This

dataset includes continuous observations of 90 different turbofan engines collected during

multiple operational cycles before failure where each observation has 18 discriminative sensor

measurements. And two failure modes including high-pressure compressor (HPC) degrada-

tion and fan degradation were considered in this dataset. We evaluate the ability of our

methods to predict the failure of the engines indicated by the number of operation cycles.

I.e., if an engine is operated more than 150 cycles, it is labeled as being at higher risk of

failure. This gives rise to a binary classification task [256, 257].

We compare FairCL-BIL and FairCL-RRWwith IL, GCM, Post-process, CL and SGMixup-
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Table 3.5: Statistics of the models’ performance on the CMAPSS dataset.

Methods Mean Best 10% Worst 10% Variance

IL 77.61 100.00 15.78 784.57

GCM 82.55 100.00 28.48 563.01

Post-process 80.36 100.00 35.90 525.45

CL 83.56 100.00 36.23 525.67

SGMixup+CL 83.79 100.00 37.48 496.41

FairCL-BIL 84.38 100.00 37.91 511.72

FairCL-RRW 86.34 100.00 42.39 417.07

augmented CL. Due to the lack of prior knowledge, IF-regularized versions of our methods

are not taken into consideration in the experiments. The results are reported in Table 3.5.

Given the varying data sizes and data quality for different engines, IL can show extremely

poor prediction performance on some individuals. This results in a low test accuracy on the

worst 10%, indicating significant unfairness. GCM and Post-process significantly outperform

IL on both accuracy and fairness, but they perform worse than CL. Though SGMixup can

further shrink the variance which indicates better fairness, our FairCL-BIL and FairCL-RRW

can improve the performance of CL to a larger extent. Particularly, FairCL-RRW demon-

strates the highest mean accuracy while achieving the best performance fairness (highest

worst 10% accuracy, lowest accuracy variance).

3.6.3 Surgical site infections.

We further test the methods using a dataset from healthcare that concerns surgical site in-

fections (SSIs). SSI is one of the most common type of hospital-acquired infections which are

usually associated with increasing morbidity, prolonged hospitalization, and higher mortality

[258]. The heterogeneous conditions of patients and the high-stake situation call for person-

alized prediction models that can treat different patients fairly and give accurate diagnosis
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Table 3.6: Statistics of the models’ performance on the SSI dataset.

Methods Mean Best 10% Worst 10% Variance

IL 74.27 100.00 22.37 645.17

GCM 91.34 100.00 57.18 231.32

Post-process 92.59 100.00 55.38 196.40

CL 92.94 100.00 59.29 190.65

SGMixup+CL 93.27 100.00 62.05 169.05

FairCL-BIL 92.95 100.00 63.17 162.83

FairCL-RRW 98.14 100.00 81.44 59.06

of SSI. Given this context, we conducted experiments on a SSI dataset which involves 259

patients whose wounds are continuously monitored in a range of 7-20 days. Each obser-

vation consists of 29 wound measurements, such as wound color, wound temperature and

pain intensity, etc., together with a binary indicator showing the infection status marked by

experts. Each individual’s data is randomly splitted into training and testing sets with a

ratio of 4:3. And similar to the experiments in the C-MAPSS dataset, we didn’t consider IF

regularized FairCL methods in comparison due to a lack of prior knowledge of the patients.

Table 3.6 shows our experimental results. While the performance of IL is poor, others

perform much better with mean accuracy greater than 90%. Among these methods, FairCL-

RRW achieves a mean accuracy much higher than all the other methods. When it comes

to fairness, GCM, Post-process, and CL all outperform IL. And we can easily observe the

significant improvement on the worst 10% accuracy by SGMixup, FairCL-BIL, and FairCL-

RRW compared to CL. Compared to SGMixup, FairCL-BIL can improve the worst 10%

accuracy and reduce the variance to a larger extent. And apparently, FairCL-RRW is superior

than other methods as it improves the model accuracy of those low-achieving models and

leads to a small variance. It can achieve the best performance on both accuracy and fairness.
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3.7 Conclusion

Collaborative learning (CL) has been developed in the literature to learn personalized models

for a heterogeneous population of individuals. In this work, we further develop the FairCL

framework by incorporating fairness constraints into the CL framework and developing the

corresponding computational algorithms. We further develop a self-adaptive FairCL formu-

lation, named FairCL-RRW, that highlights a dynamic re-weighting approach to improve

fairness of the individual models. We conduct theoretical analysis to reveal the connection

of this novel re-weighting method with other FairCL formulations and the underlying ratio-

nale why it can reduce the variance of the performances of the individual models. Extensive

numerical studies using both simulated and real-world datasets also show the advantages of

the FairCL methods (particularly, FairCL-RRW) that can not only improve fairness but also

the accuracy of the individual models.

3.8 Appendix

3.8.1 Additional results cited in Section 3.5

3.8.1.1 Test accuracy distributions of FairCL methods (d = 10)

For comparison with CL, the test accuracy distributions of our FairCL methods including

FairCL-BIL and FairCL-RRW when d = 10 are shown in Figure 3.7 and 3.8.

3.8.1.2 The impact of IF

Figure 3.9 shows the comparison results between CL and FairCL-IF. With IF regularization

which encodes the prior knowledge on individual similarity, the accuracy performance can

be significantly improved.

For further investigation, we also show the comparison results of CL and FairCL-RRW

with or without IF in Figure 3.10 when d is as small as 5 ( with K̂ fixed at the true value

K̂ = 3). Compared to the results we report in the main text when d = 100, IF seems to

slightly improve the performance of FairCL-RRW, though this impact doesn’t stand out as

it is on CL.
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Fig. 3.7: Test accuracy distributions of FairCL-BIL on simulated data under a hierarchical

strategy (d=10).
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Fig. 3.8: Test accuracy distributions of FairCL-RRW on simulated data generated under a

hierarchical strategy (d=10).

3.8.2 Additional experiments when using the totally random strategy for sim-
ulation

In this section, we further report the simulation results under the totally random strategy.

Table 3.7-3.9 show the performance of IL, CL and the FairCL methods with various d values.

Overall, we can observe the same results as the observation under the hierarchical strategy.
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Table 3.7: Statistics of the test accuracy distribution on simulated data under the totally

random strategy (d=5). The best values among all the methods have been highlighted and

the best values among methods without prior knowledge on individual similarity have been

underlined.

K Methods Mean Best 10% Worst 10% Variance

IL 89.16 100.00 70.20 82.71

3

CL 92.96 100.00 73.72 74.78

FairCL-BIL 93.09 100.00 74.58 67.42

FairCL-RRW 93.93 100.00 77.11 58.93

FairCL-IF 93.36 100.00 74.68 65.59

FairCL-RRW +IF 94.24 100.00 75.46 64.43

5

CL 90.84 100.00 67.89 97.42

FairCL-BIL 92.22 100.00 75.66 70.99

FairCL-RRW 93.86 100.00 76.51 56.72

FairCL-IF 93.03 100.00 74.70 61.42

FairCL-RRW +IF 93.77 100.00 77.33 51.07

10

CL 89.71 100.00 65.44 104.86

FairCL-BIL 92.46 100.00 73.42 66.74

FairCL-RRW 92.59 100.00 73.71 67.61

FairCL-IF 93.10 100.00 74.82 69.81

FairCL-RRW +IF 92.85 100.00 72.79 63.16
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Table 3.8: Statistics of the test accuracy distribution on simulated data under the totally

random strategy (d=10). The best values among all the methods have been highlighted and

the best values among methods without prior knowledge on individual similarity have been

underlined.

K Methods Mean Best 10% Worst 10% Variance

IL 85.08 100.00 64.18 112.81

3

CL 92.84 100.00 73.53 76.24

FairCL-BIL 93.57 100.00 76.21 55.44

FairCL-RRW 94.02 100.00 77.57 54.74

FairCL-IF 94.08 100.00 77.67 59.76

FairCL-RRW +IF 94.16 100.00 78.12 52.21

5

CL 90.13 100.00 70.68 94.82

FairCL-BIL 91.92 100.00 72.13 83.85

FairCL-RRW 93.28 100.00 77.49 54.34

FairCL-IF 92.83 100.00 74.85 69.89

FairCL-RRW +IF 92.10 100.00 75.80 64.94

10

CL 86.98 100.00 61.04 129.66

FairCL-BIL 84.21 100.00 67.81 102.36

FairCL-RRW 92.65 100.00 74.01 63.79

FairCL-IF 90.76 100.00 70.57 96.33

FairCL-RRW +IF 91.12 100.00 75.02 62.58
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Table 3.9: Statistics of the test accuracy distribution on simulated data under the totally

random strategy (d=100). The best values among all the methods have been highlighted

and the best values among methods without prior knowledge on individual similarity have

been underlined.

K Methods Mean Best 10% Worst 10% Variance

IL 63.14 83.50 38.81 161.05

3

CL 80.25 96.99 60.11 128.65

FairCL-BIL 82.09 98.02 61.74 113.65

FairCL-RRW 86.67 100.00 69.15 82.59

FairCL-IF 87.34 100.00 69.28 80.91

FairCL-RRW +IF 87.28 99.64 71.91 74.87

5

CL 78.55 95.75 59.31 133.60

FairCL-BIL 80.27 96.53 58.03 140.45

FairCL-RRW 83.85 98.61 64.33 102.00

FairCL-IF 84.57 100.00 63.87 107.40

FairCL-RRW +IF 84.45 97.93 65.61 88.35

10

CL 73.15 93.39 48.50 177.92

FairCL-BIL 79.22 97.04 53.84 151.85

FairCL-RRW 78.57 96.32 54.52 148.66

FairCL-IF 77.79 97.01 53.42 157.03

FairCL-RRW +IF 80.67 97.54 57.30 139.94
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Fig. 3.9: Comparison of CL and FairCL-IF on simulated data under a hierarchical strategy

(d=10).
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Fig. 3.10: Comparison of test accuracy distributions on simulated data under a hierarchical

strategy with prior knowledge (K̂=3, d=5).

3.8.3 Additional results on MNIST dataset

We also conducted experiments on the MNIST handwritten digit benchmark dataset [259]

to show how FairCL-based methods can outperform IL and the basic CL. This dataset and

its variants have been widely used in various machine learning tasks including model person-

alization [94, 260]. On this dataset, we consider a binary classification task of recognizing 0



119

0 50 100 150 200 250

0

50

100

150

200

250

(a) MNIST images.

0 50 100 150 200 250

0

50

100

150

200

250

(b) Style reference.

0 50 100 150 200 250

0

50

100

150

200

250

(c) Stylized images.

Fig. 3.11: An example of the style transfer.

for simplicity. If the digit is 0, it is labeled as 0. Otherwise, it is relabeled as 1. To build

individual datasets, we consider N = 30 individuals and conduct two experiments. In the

first experiment, for each individual i, we randomly pick up ni images including both 0 and

other digits as the training data, where ni is an integer randomly selected between 7 and 17.

We ensure that both labels will appear in the training dataset. And we randomly pick up

50 digit images as testing data. To further make the individual data more personalized (i.e.,

more heterogeneous), in the second experiment, for each individual, we create a personalized

style by transforming the digit images into one calligraphy style using image style transfer.

Here, for each individual, we randomly select a set of 0−9 digits from a digit font dataset as

style reference images and implement a VGG-19 convolutional neural network to realize the

transfer following [261]. Figure 3.11 shows an example of the style transfer. This experiment

task can be challenging due to the style differences and the potentially low quality of the

digit images generated by the neural network. So we further create a disparity of sample

sizes among the individuals, i.e., the sample size of each individual for model training varies

between 5 and 40 while all the test sets consist of 50 digit images.

We compare FairCL-BIL and Fair-RRW with CL and IL. Due to the lack of prior knowl-
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Table 3.10: Statistics of the models’ accuracy on MNIST dataset (random).

Methods Mean Best 30% Worst 30% Variance

IL 82.07 90.60 72.60 81.20

CL 81.80 88.00 76.80 24.09

FairCL-BIL 85.53 90.60 80.60 27.49

FairCL-RRW 90.07 94.00 85.80 14.53

Table 3.11: Statistics of the models’ accuracy on MNIST dataset (individual personalized).

Methods Mean Best 30% Worst 30% Variance

IL 80.33 93.00 65.20 204.56

CL 83.07 93.00 69.20 119.13

FairCL-BIL 88.60 99.40 73.80 148.84

FairCL-RRW 90.00 98.00 80.00 65.87

edge, IF-regularized versions of these models are not taken into consideration in the experi-

ments. The results for both experiments are shown in Table 3.10-3.11. When the individual

images are directly picked up from the full dataset (the first experiment), as Table 3.10 shows,

the performance of IL is the worst due to the limited individual data. CL-based methods

provide better performance in both mean accuracy and fairness. Among these methods,

both FairCL-BIL and FairCL-RRW shrink the variance to a significant extent. Comparing

with FairCL-BIL, FairCL-RRW offers more improvement in fairness. It can be observed that

the mean performance is raised by more than 8% compared with CL. And it also signifi-

cantly improves the worst 30% performance and shrinks the variance. Such results verify

that FairCL-RRW leads to more accurate and fairer solution. In the second experiment,

from Table 3.6, we can see the mean performance of IL gets lower than its performance in

the previous experiment, which is not a surprise since the second experiment creates a more
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challenging problem with style transfer. It should also be noted that the best 30% perfor-

mance of all the methods can be higher provided with more training data while their worst

30% performance is downgraded a lot. Meanwhile, the variances are also enlarged given that

the sample sizes of different individuals can be more varied. Among all the methods, IL

is still largely beaten by CL-based methods. Compared to the basic CL, FairCL-BIL and

FairCL-RRW both lead to much fairer solution by improving the worst 30% performance and

shrinking the variance. Particularly, FairCL-RRW has increased the worst accuracy by more

than 10%. In summary, the results of the two experiments further verify the superiority of

the FairCL methods, especially FairCL-RRW, to improve fairness and also accuracy of the

individual models.

3.8.4 Additional results on the impact of sample size

We performed additional experiments to test how the performance (in accuracy) of person-

alized models changes as sample size increases. We simulate 100 individuals, each has a set

of data with 5 features and a binary label. And their sample sizes are determined randomly.

Figure 3.12 shows the number of individuals for different sample sizes in this dataset.

Given this dataset, we ran IL, CL, FairCL-BIL and FairCL-RRW, respectively, and
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Fig. 3.12: The distribution of sample size of the 100 individuals.
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Fig. 3.13: An illustration of how the model performance changes as sample size increases.

demonstrate how the performance (in accuracy) of the personalized models changes with

the sample size. Our results are shown in Figure 3.13. It is easy to see that, for all meth-

ods, the performance increases on average for the individuals with larger sample sizes, which

demonstrates their advantage in learning. However, for IL, due to the disparities among

the individuals, when the sample size increases, the accuracy can still vary wildly, while for

CL-based methods, the impact of sample size on accuracy is much smaller, especially for
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Fig. 3.14: The impact of sample size on model performance.

FairCL-RRW. This also to some extent verifies their effectiveness in fairness improvement.

To further understand the impact of sample size on the model performance, we simulate

another population of 100 individuals with data of the same sample size. Figure 3.14 demon-

strates the changes of model performance as sample size increases on the simulated data.

When data is extremely scarce for all the individuals, IL has a poor mean accuracy com-

pared to CL-based methods. The proposed FairCL-RRW is significantly superior to other

methods in both mean accuracy and worst 10% accuracy. When the sample size increases,

all the methods start to perform better. And when the sample size is large enough for each

individual, it is no surprise that IL can catch up with CL and even outperform CL in both

mean accuracy and worst-case accuracy. But it should be mentioned that FairCL-RRW

can outperform other methods regardless of the sample size and maintein its competitive

performance even when the sample size increases.
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Chapter 4

ROBUST LATENT DECISION THRESHOLD (R-LDT):
MODELING USER CHOICE BEHAVIOR

UNDER DATA CORRUPTION

Recent years have witnessed the emergence of many new mobile Apps and AI-enabled

systems that are user-centered and actively interacting with users. These applications have

been promising to address challenging societal problems such as congestion in transportation

and behavior changes for healthier lifestyles in such an interactive way. User interactions

with these social-technical systems not only hold great value to meet personalized needs but

also are essential approaches to build trust between the users and the AI-enabled systems.

It is no wonder that there has been an explosive growth of user data in many different areas

[262], which has motivated much effort in modeling user behaviors in various applications.

Although a common analytic formulation has been lacking, it is fair to say that there is

a common goal that is to learn users’ behavior patterns and understand their preferences

so as to improve the system design to satisfy diverse user demands or make profits in a

personalized and adaptive way [263, 264]. Still, there is a diverse range of definitions of user

interactions and many interactions are somehow passive, e.g., in recommendation systems,

users do not really interact with an intelligent agent that changes its behavior according to

the interactions; but rather, all users deal with the same recommendation system and make

their own choices such as a selection of items to purchase.

To better understand and serve users, some propose to involve active and stimulating

interactions between users and systems [265, 266]. By meaningful user-system interactions,

these social-technical systems can not only better understand user behavior patterns, but

also influence their choice behaviors to serve collective goods, e.g., to stimulate consumers to
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save water or ask people to wear masks for the control of the COVID-19 pandemic. Previous

studies show that a reward system incorporating incentives can effectively encourage users to

cooperate with the system by changing their behaviors [267, 268]. It has also been reported

in [254] that with personalized interaction with users, their system is effective in changing

user behaviors, i.e., the acceptance rate of the promoted suggestions reaches 68%, leading to

significant travel time saving and congestion mitigation on the transportation system.

4.1 Introduction

In this chapter, we focus on this emerging application of user interaction that has not been

well studied in the literature. That is, how users make choices when each choice is associated

with a reward or incentive. A widely adopted family of models to model user’s choice

behaviors are discrete choice models (e.g., logistic regression) based on the Random Utility

Maximization (RUM) theory [269]. However, as pointed out in [1], there is a fundamental

limitation of these RUM-based models in our problem here since they assume that the

data collection process is independent with the human behavior they aim to model. In

other words, the process for data collection is assumed to not interfere with the human

behavior to be observed and modeled. Actually, the RUM models were originally developed

to explain population-level human behavioral tendencies, i.e., to understand the preferences

of a population so that optimal economic or public policy could be made. Therefore, [1]

proposed the Latent Decision Threshold (LDT) model that was the first model to characterize

the user’s choice making behavior when interacting with a reward-offering app. A distinct

concept that separates LDT with the existing works such as the RUM models is the concept

of “decision threshold”, which is the tipping point where a user may change his/her decision

between alternatives under a combined influence of the alternative’s attributes, personal

preferences, and reward. More details of LDT will be introduced in Section 4.2.

An important assumption implicitly made in [1] is the data the users generated is not

corrupted. However, in the real world, it is expected that the user data should have a

varying degree of quality, corrupted by noises, biases, and disruptions that are either caused
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Fig. 4.1: An example of the TDM system in [1].

by random factors or adversarial motivations. This should not be a surprise due to the

nature of the rewards as a double-edged sword. A reward system induces users to cooperate

or change behaviors with rewards. This interaction loop could be a win-win strategy for the

enhancement of both user experience and system design, but insider threats of “bad actors”

can potentially lead to a deterioration of the system [270, 271]. And unfortunately, they

do exist in many reward systems and hide among the normal users [272]. Even though the

users might not be malicious users and have no adversarial motivations, it is human nature

that they are usually attracted by the rewards and some might try to maximize their gains

by cheating or other misconducts [273]. And some users may game or tease the system as a

strategy for better profit. For this variety of reasons, the user data might be corrupted, and

a robust formulation to learn the LDT model from the corrupted data is needed, which is

our objective here.

4.1.1 A motivating example

To give a specific motivating example, here, we can use the example in [1]. A simple pre-

sentation is shown in Figure 4.1 that illustrates a typical scenario for the user to interact

with the system, where choices are offered to the user with different rewards. The system

was designed to learn the user’s preferences on different attributes of the travel plans and
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Table 4.1: The raw user data from [1].

Offer No. 1 2 3 4 5 6 7 8 9

Depart early (min) 30 10 0 30 0 60 0 30 0

Depart late (min) 0 0 60 0 10 0 60 0 10

Time save (min) 20 5 5 10 2 2 5 10 5

Reward (points) 10 20 20 10 30 30 90 50 50

Decision 1 1 1 -1 1 -1 -1 1 -1

derive optimal rewards to encourage users towards better travel behaviors. While majority

of the users’ data seems normal, there were some data corruptions that were observed. For

example, Table 4.1 shows a small sample from the raw user data. A rough glance of the data

could tell most of the data points make sense and are consistent with each other, but there

are anomalies that result in a hard time in modeling. I.e., consider the offers No.3 and No.7

which provide the same choice but different rewards. Even though the reward is 90 for No.7

which is much greater than the reward given in offer No.3, the user rejected No.7. While this

is one single example, we refer readers to more data examples in [1] that may give readers a

deeper sense of the data corruption problem. If we do not enhance our statistical modeling

framework with robust learning capacity, it is quite sure that these problematic data would

mislead the learning process.

Beyond this example, we can see that the data corruption problem is universal. For

example, the operation of health monitoring apps is largely dependent on the user data

[274]. When the decision-making model of the app system is misled by corrupted data, it

might give out wrong signals that risk the users’ lives. Another example is the impact of data

corruption on computer system security. For computer systems dependent on user-provided

data, malicious attackers can perform data poisoning attacks even by a slight data corruption

so that they can manipulate the system to steal user information [275]. Furthermore, in

Section 4.2.3, we will further use some numerical examples to show how data corruption
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can actually mislead the learning process and how we should address it. It is foreseeable

that data corruption will emerge as a big research challenge that contains vast possibility

and diversity of the forms, so at this stage of our research, we will not consider specific

types of data corruption but aim to provide a general framework to enable robust learning.

This general framework would ease some of the pains caused by data corruption in current

practice and also provides a methodological baseline for future methods that can specifically

address some well defined forms of data corruption.

4.1.2 Our proposed method and contribution

There have been many robust learning strategies developed in the literature. But which one

works best in our problem is still unknown. We develop robust learning models using both L1

norm and L0 norm regularization and conducting a thorough evaluations of our models using

both simulated and real-world data. Our contribution consists of the following aspects: (1)

Application-wise: The emerging behavior-modifying apps will generate wider and deeper

impact in many aspects of our daily life. As we are still at a very early stage in researching

these behavior-modifying apps, our methodological study of robust learning strategy in this

new problem context is timely and would contribute to the adaption of these new AI tech-

nologies in many areas. (2) Methodology-wise: We develop a robust learning extension

called R-LDT using L0 norm. We show the convergence of R-LDT to stationary points and

discuss why L0 norm is a better choice in our problem. Meanwhile, through experimental

evaluations, we demonstrate that, among the existing robust learning frameworks, L0 norm

can outperform other methods in terms of accuracy and model estimation. And furthermore,

we develop a user screening algorithm to identify potential bad actors.

4.2 The Latent Decision Threshold model and the challenge of
data corruption

In this section, we present the formulation of the Latent Decision Threshold (LDT) model

developed in [1] and discuss the challenge of data corruption to for LDT.
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4.2.1 The formulation of LDT

As shown in Figure 4.2, the main innovation of LDT comparing with the RUM-based mod-

els is that the LDT model is specifically developed for modeling user choice behavior in

user-centered reward-offering systems. The two models have a fundamental difference in

conceptualizing the role of reward in this decision-making process, despite their common

goal that is to learn user preferences from historical user data. Particularly, as shown in

Figure 4.2, the RUM-based models mainly treat the attributes and the reward as the same

without discrimination, while the LDT model is built on the concept of latent decision

threshold. It is an individual-level function on alternatives that represents a tipping point at

which users might change their mind on an alternative. Intuitively, an alternative has many

explanatory attributes of interest, say, d attributes, that are denoted as x = (x1, · · · , xd).

The latent decision threshold function, denoted by D(x), represented the combined force of

the d attributes and the user preference β = (β1, · · · , βd). This latent decision threshold is

formulated as a linear model of the attributes, D(x) = β⊤x = β1x1 + · · · + βdxd. Here, βi

reflects the marginal cost of the ith attribute of an alternative. Since the reward is always

positive, if βi is positive, it means the corresponding attribute is a cost factor for the user.

As each alternative is associated with a reward, denoted as r, the decision-making rule

in LDT of whether or not the user chooses this alternative is modelled as

y =

+1, r ≥ D(x)

−1, r < D(x)
(4.1)

where y is the decision label, i.e., y = 1 represents acceptance while y = −1 represents

rejection. Eq. (4.1) can be equivalently written as y(r −D(x)) ≥ 0.

4.2.2 The max-margin learning formulation of LDT

Given n data points collected from a user, denoted as D = {(xi, ri, yi)}i = 1, · · · , n, where

xi ∈ Rp, ri ∈ R, yi ∈ {−1, 1}, the learning of LDT is to learn the model parameters β from
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D. In [1], a max-margin learning method is proposed for this learning task:

min
β,ξ

1

2
β⊤β + C

n∑
i=1

ξi

s.t. yi(ri − β⊤xi) ≥ 1− ξi, ξi ≥ 0, ∀j = 1, · · · , n

(4.2)

where C is a tuning hyperparameter that controls the penalty on soft margins ξi(i =

1, · · · , n). With the introduction of hinge loss, this minimization problem can also be equiv-

alently rewritten as (with λ as a regularization parameter)

min
β

∑
j

[1− yi(ri − β⊤xi)]+ +
λ

2
||β||22. (4.3)

This learning formulation looks similar to the formulation of soft-margin Support Vector

Machine (SVM). The difference is that, in SVM, the bias parameter remains the same for

all data points, while in this formulation, the bias parameter is essentially the reward ri

that changes across the data points. It is worthy of pointing out that the max-margin

formulation of the learning is just one of the many approaches for parameter learning of the

LDT model. We adopt this max-margin formulation here since it was shown to be effective

in [1]. Going beyond the max-margin formulation is one of our research objectives in the

future to fully unleash the conceptual potential of the LDT model in characterizing the user

choice behaviors when interacting with choices with rewards.

4.2.3 Learning LDT under data corruption: The challenges

Data corruption problem is commonplace when collecting data from users [276]. In this sub-

section, we use specific examples to show how the learning problem of LDT could be severely

disrupted by corrupted data points. Particularly, we consider a type of teasing behavior from

users who may reject an alternative even when its reward exceeds their expectation, i.e., when

r ≥ D(x). Users are prone to this type of behavior for understandable reasons, i.e., some

users want to know how high the reward could go, to maximize their profit or simply satisfy

some curiosity. Nonetheless, there could also be malicious users who want to cheat the sys-

tem to earn more rewards or disrupt the system [277]. Either case, the collected data will
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Fig. 4.2: Illustration of differences between LDT with RUM with graphical representations

contain corrupted data points that come from these abnormal behaviors and therefore the

learning algorithms can be misled [278]. For the learning of LDT, even with a max-margin

formulation that allows a certain degree of data errors or model misclassification, such data

corruptions can still be an issue.

Assume the true model is D(x1, x2) = 0.4x1 + 0.6x2, y = sgn(r −D(x1, x2)). Using this

model, we randomly sample 6 data points, as shown in Table 4.4

The model parameters could be accurately learned by the max-margin learning algorithm

proposed in [1]. Then we randomly corrupt just one data point in Table 4.4, i.e., by changing

the label of the fifth sample from 1 to -1. This slightly modified dataset is shown in Table

4.2. Note that, in this sample, the reward r = 1.6 is higher than the true threshold D(x) =

β1x1 + β2x2 = 0.6, so the user should have accepted the reward. By reversing the label, we

create an abnormal rejection. The estimated parameters by the LDT model is β̂ = (0, 1)

which completely missed the importance of the variable x1. Quantitatively, as the true

parameters are β = (0.4, 0.6), we can also compute the mean square error (MSE), i.e.,

ℓ(β, β̂) = 1
2
[(0 − 0.4)2 + (1 − 0.6)2] = 0.16. Such a deviation cannot be ignored since it is

quite comparable with the scale of β.

Let us consider another example of data corruption, as shown in Table 4.3. It is created by

adding an outlier (x1, x2, r, y) = (6, 1, 59,−1) to the dataset in Table 4.4. For this corrupted
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Table 4.2: A corrupted dataset, by revers-

ing y of the 5th sample in Table 4.4.

Spl. x1 x2 r D(x) y ytrue

1 1 1 2 1 1 1

2 2 2 3 2 1 1

3 1 1 0 1 -1 -1

4 2 2 1 2 -1 -1

5 0 1 1.6 0.6 -1 1

6 0 1 -0.4 0.6 -1 -1

Table 4.3: A corrupted dataset by adding

a 7th sample into Table 4.4

Spl. x1 x2 r D(x) y ytrue

1 1 1 2 1 1 1

2 2 2 3 2 1 1

3 1 1 0 1 -1 -1

4 2 2 1 2 -1 -1

5 0 1 1.6 0.6 1 1

6 0 1 -0.4 0.6 -1 -1

7 6 1 59 3 -1 1

sample, the reward is raised to an extremely high amount with a relatively large x1, and

the decision threshold D(x) = 3. However, the reversed label y = −1 indicates the user

still rejects the reward. We run the max-margin learning algorithm proposed in [1] and the

estimated parameters are β̂ = (3,−1). Comparing with the true parameters β = (0.4, 0.6),

the estimated parameters lead to a total opposite interpretation of the roles of the attributes

in determining the user’s conception of the choices.

The second example might suggest an impression that a corrupted sample with a higher

reward can cause greater error in parameter learning for LDT. However, this is not always

true. We conduct another case study. As shown in Table 4.5, the seventh sample with

an enormously large reward is no more a corrupted sample. Instead, the corrupted sample

is again the fifth sample whose label is reversed (the same as in Table 4.2). We run the

max-margin learning algorithm proposed in [1] and the estimated parameters are β = (0, 1),

which, again, quite deviate from the true parameters β = (0.4, 0.6).

One may notice that the sample size is pretty small in the examples. For user behavior

modeling, many datasets in the real world do have small sample sizes, i.e., in [254] on
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Table 4.4: The non-corrupted synthetic dataset.

Spl. x1 x2 r D(x) y

1 1 1 2 1 1

2 2 2 3 2 1

3 1 1 0 1 -1

4 2 2 1 2 -1

5 0 1 1.6 0.6 1

6 0 1 -0.4 0.6 -1

average each user only had about 10 samples. This is because that the data collection

in those applications is costly. This prospect may be improved in some applications such

as video games or teaching systems. But still, collection of large user datasets in these

systems requires long-term observations and we still need models and algorithms to learn

their decision-making process at early stages of the system when user data is scarce.

One may also wonder why the slack variable in the max-margin formulation in (4.2) could

not handle the problematic data points. This is actually an interesting point about LDT. It

deserves a different kind of slack variable that should be placed not in the right hand side of

the constraint of (4.2) but rather in the left and within the parenthesis. To see that, first,

define ∆(r,x) as the profit margin an alternative could offer a user, i.e., ∆(r,x) = r−β⊤x.

The data corruption problem here could not be simply addressed by the slack variable ξi

because that, different from SVM, where the bias parameter remains the same so ∆(r,x)

only changes with x, here, it also changes according to r. As a consequence, learning LDT

via the formulation (4.2) tends to be affected by those samples with large magnitudes of ∆,

particularly when the ∆s of them are inconsistent with their labels, the learning algorithm

will try to fix the inconsistency not simply by increasing the slack variables ξ but also by

pushing the model parameters towards a new direction. If an alternative (with attributes x)



134

Table 4.5: Another example of a corrupted dataset.

Spl. x1 x2 r D(x) y ytrue

1 1 1 2 1 1 1

2 2 2 3 2 1 1

3 1 1 0 1 -1 -1

4 2 2 1 2 -1 -1

5 0 1 1.6 0.6 -1 1

6 0 1 -0.4 0.6 -1 -1

7 6 1 59 3 1 1

and the associated reward r actually meets or exceeds the user’s expectation, he/she should

accept it by labeling it with y = 1. Thus, in ground truth we have ∆(r,x) = r − β⊤x > 0.

But if the data is contaminated or this alternative is intentionally rejected by the user, we

will have y = −1, but the profit margin ∆ is unchanged. LDT will try to learn a β̂ that

makes ∆(r,x) = r − β̂
⊤
x < 0. Thus, the estimated β̂ must be quite different from β.

Last but not least, while our proposed R-LDT has not been presented yet, it is worthy of

mentioning that on these three data corruption case studies, the R-LDT could well recover

the true parameters with proper selection of the tuning parameters. This observation aligns

with the experimental results that will be shown in Section 4.4.

4.3 Robust learning for Latent Decision Threshold

4.3.1 The formulation of R-LDT

To mitigate the challenge as illustrated in Section 4.2.3, the idea of our R-LDT formulation

is to find a set of non-corrupted samples and simultaneously learn a model β that fits the

data well on this selected set. Specifically, our R-LDT is formulated as

min
β,S

|S|=(1−γ)n

∑
i∈S

[1− yi(ri − β⊤xi)]+ +
λ

2
||β||22. (4.4)
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This simple and direct scheme, however, is challenging to solve, as shown in some recent

works [154, 153, 150] that also formulated their learning problems as a sample selection

problem. The minimization problem (4.4) is non-convex jointly in β and S. But on the

other hand, the knowledge of one set of parameter could make the optimization of another

much easier. Still, the optimization of S is an integer programming problem challenging to

solve, which motivates us to reformulate (4.4) as

min
β,b

||b||0≤γn

n∑
i=1

[1− yi(ri − β⊤xi − bi)]+ +
λ

2
||β||22 (4.5)

The magnitude of bi indicates how likely the data point i is corrupted. Here, notice that

in reality there could be many specific reasons or scenarios that lead to the corruption of a

data point, but the parameter bi provides a general way for data quality evaluation that is

useful for any scenario: any data point that could not be explained by the LDT mechanism

that conforms to the majority of the data points is corrupted and should not be included in

S. In other words, the complement of S should be the support set of b. Thus, the sparsity

of b can be controlled by the corruption ratio. To build such a connection, the L0 norm of b

is constrained. Different from L1 or other norms, the L0 norm provides a way to explicitly

describe the potential data corruption. As a result, in consideration of such corruption, this

reformulation brings in more robustness in learning. Based on it, we develop a computational

procedure consisting of alternating updates of β and b.

4.3.2 Optimization algorithms

Solving formulation (4.5) is not trivial due to its non-convexity. Algorithms that are based on

the hard-thresholding technique have been discussed and provided with theoretical guarantee

in [153], but they are under the settings of robust regression, which is a simpler case than

LDT. In our LDT-based formulation (4.5), the max-margin formulation itself increases the

complexity of the optimization of b, not to mention the existence of the rewards ri(i =

1, · · · , n). Put simply, the biggest challenge our formulation presents is that, there is no

naturally defined “residuals” that are straightforward in regression to guide the optimization.
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Algorithm 4.1 Alternating Updates of R-LDT

Input: Data X = [x1, · · · ,xn], rewards r = [r1, · · · , rn], decisions y = [y1, · · · , yn], the

corruption parameter γ, tolerance ϵ, stopping time T

1: β0 ← 0, b0 ← 0, S0 ← {1, 2, · · · , n}, t← 0, k ← γn

2: while ||b(St)||2 > ϵ or t < T do

3: βt+1 ← Update(X, r,y, St,β
t) // Algorithm 2

4: bt+1 ← Update(X, r,y,βt+1, bt, St) // Algorithm 3

5: St+1 ← HardThreshold(bt+1, n− k)

6: t← t+ 1

7: end while

8: β ← Update(X, r,y, bT , ST )

Output: β, b, S

To overcome this challenge, our optimization strategy is to update β and b with two separate

algorithms, i.e., Algorithm 4.2 and Algorithm 4.3. And to update b, as a surrogate concept

to residuals, we update it based on the profit margin ∆(r,x) = ri − β⊤xi, which aims

to heuristically ensure that the updated b can capture the inconsistency between y and

the actual profit margin. Theorem 4.3.1 and numerical experiments in Section 4.5 and

Section 4.4 show that this design works effectively.

Specifically, Algorithm 4.1 shows how we alternately update the model β, the corruption

adjustment vector b, and the non-corrupted set S. The algorithm starts with S being the full

set, i.e, assuming there is no corruption. In each iteration of the algorithm, we first update

the model β, then update b. And based on b, we can finally update the set S. To obtain the

latest estimation of S, we adopt a hard-thresholding strategy. The hard threshold function

[153, 154] can be defined as:

HardThreshold(x, k) = {i1, · · · , ik||xi1| ≤ · · · ≤ |xik | ≤ · · · ≤ |xin|} (4.6)

This hard-thresholding function ensures that the samples in the current active set S are
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Algorithm 4.2 Update β

Input: Attributes X = [x1, · · · ,xn], rewards r = [r1, · · · , rn], decisions y = [y1, · · · , yn],

current active set S, current model β

1: β ← LDT (XS, rS,yS,β)

Output: β

those with the smallest |bi| based on the latest LDT model. Therefore, its performance also

depends on how we update β and b, which are shown in Algorithm 4.2 and Algorithm 4.3,

respectively. The intuition behind the above algorithms comes from an observation that LDT

is an interesting combination of regression and classification, i.e., the sign of ∆(r,x) takes

the form of a binary classification while the threshold takes the form of a linear regression

model on the attributes x. Thus, our proposed algorithms take advantage of this structure

and will first learn a binary classification model to obtain β, and then, use the learned

parameters as the parameters of a regression model to derive the residuals b, i.e., given β

obtained in Algorithm 4.2 by solving (4.4) on the active set, b is updated in Algorithm 4.3

by bounding the residuals in the context of yi(i = 1, · · · , n). In this way, Algorithms 4.1-4.3

can optimize over (4.4), or equivalently (4.5). In fact, we have the following result, which

shows the Algorithms 4.1-4.3 could indeed effectively push β and S towards a potentially

better solution through alternating optimization iteration by iteration.

Theorem 4.3.1. Algorithm 4.1-4.3 ensures that the loss in (4.4) monotonically decreases

until it converges to a stationary point.

Proof. At each iteration, given β, suppose there is a permutation σ(1), σ(2), · · · , σ(n) that

sorts the corruptions |b1|, |b2|, · · · , |bn| in an descending order, i.e.,

|bσ(1)| ≤ |bσ(2)| ≤ · · · |bσ(n)|.

In each iteration, the update of S in Algorithm 1, driven by hard thresholding, follows

the rule to fill the set by elements with smallest |bi| as many as possible. Thus, we have

St+1 = {σ(1), · · · , σ(mt)},
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Algorithm 4.3 Update b

Input: X = [x1, · · · ,xn], r = [r1, · · · , rn], decisions y = [y1, · · · , yn], current active set S,

current model β

1: for i = 1, · · · , n do

2: if yi = 1 then

3: bi = min{ri − β⊤xi − yi, 0}

4: else

5: bi = max{ri − β⊤xi − yi, 0}

6: end if

7: end for

8: b← [b1, · · · , bn]

Output: b

where mt = |St+1| = (1 − γ)n. Note that the number of elements in the clean set |St| at

any iteration after the first iteration, i.e., t ≥ 2, always keeps the same due to the hard

thresholding operator, therefore, we have mt+1 = mt.

Given Lemma 4.8.1 in the Appendix, we have

LSt+1(β) =
∑

i∈St+1

|bi|+
λ

2
||β||22 =

mt∑
i=1

|bσ(i)|+
λ

2
||β||22

≤
∑
i∈S

|bi|+
λ

2
||β||22 = LS(β), ∀S : |S| = mt.

which is followed by

St+1 = argmin
S:|S|=(1−γ)n

LS(β).

Note that β is always updated at the beginning of each iteration by Algorithm 4.2. When

β = β̂t+1, we have

LSt+1(β̂t+1) ≤ LSt(β̂t+1). (4.7)
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Meanwhile, the LDT optimization in Algorithm 2 indicates

β̂t+1 = argmin
β

LSt(β),

which leads to

LSt(β̂t+1) ≤ LSt(β̂t). (4.8)

Therefore, combining (4.7) and (4.8), we can see the loss function monotonically decreases

over iterations.

4.3.3 Discussion: Why R-LDT adopts L0 norm but not L1 norm

As the use of L0 norm in R-LDT dictates the considerable effort to develop an efficient

optimization algorithm shown in Section 4.3.2, it is natural to wonder if R-LDT could

adopt L1 norm since it may lead to an easier optimization problem. Indeed, in a wide range

of models from linear regression to classification, both L0 norm and L1 norm are adopted for

sparse learning to achieve variable selection. And a general conclusion is that both norms

have pros and cons, as L0 norm provides an approximate solution to an exact problem (i.e.,

as variable selection is essentially a formulation that adopts L0 norm), while the L1 norm

based approach can provide an exact solution to an approximated problem (i.e., as L1 norm

provides the best convex relaxation for the L0 norm). In the problem of variable selection,

indeed it is still an open question regarding which norm is better.

But as we dive deeper into our problem, trying to discern the pros and cons of each

approach, a counter-intuitive and surprising result leads us to a very interesting discovery

of the difference between the two norms. This difference is fundamental in our problem and

context, as we will show in the following text. First, let’s give a formal and precise definition

of the alternative version of R-LDT using L1 norm. To avoid confusion, we will call the

following formulation L1-LDT.

min
β,b

n∑
i=1

[1− yi(ri − β⊤xi − bi)]+ +
λ

2
||β||22 + λL1||b||1 (4.9)
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Fig. 4.3: The solution path of the estimated parameters in L1-LDT.

We further implement the L1-LDT on our synthetic examples in Section 4.2 and the

simulated data in Section 4.5, and later we will show that L1-LDT performs worse than

R-LDT in terms of both prediction accuracy and model parameter estimation. While this is

not a surprise, a really interesting result is that, as shown in Figure 4.3, with the synthetic

example in Table 4.3, we demonstrate the solution path of the estimated parameters of β

by L1-LDT according to the change of λL1 . Figure 4.3 gives us a full picture of the behavior

of L1-LDT so that we can understand better how it copes with the data corruption. It can

be observed that, first, the estimation of β is simply 0 if we set λL1 = 0. This is the first

contradiction we encounter, as we recall in LASSO, if we set the regularization parameter

λ = 0, it would automatically degrade to a regular linear regression problem with only the

least square loss function in effect. This contradiction disappears when we realize that if we

set λL1 = 0, the parameters b are unconstrained, but β is still regularized by a L2 norm, so

b will take all the freedom to make the first term in (4.9) to be 0 and also push β to be 0

Next, as we increases λL1 , we can observe that the estimated parameters of β can never co-

incide with the true values. When λL1 is larger than 1, the estimated parameters β̂ = (3,−1)

is the same as the parameter estimation given by LDT. To confirm that the phenomenon

observed in Figure 4.3 is not just a singular case, we further analyze the same solution path

of the estimated parameters of L1-LDT on simulation data and we observe similar results
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(see Appendix 4.8.2).

Therefore, the empirical evidences show that the L1-LDT model shown in (4.9) does

not work well for model parameter estimation of the LDT model. The solution path of

the estimated parameters seem to consist of 3 stages, i.e., from left to right, there is a

“dormant” stage where the estimated parameters are 0; then there is a “growth” stage

where the estimated parameters change according to the change of λL1 , and the growth

rate seems like linear; then there is a “degradation” stage where the estimated parameters

remain the same (and actually, the same as the the estimated parameters of LDT) regardless

of further increase of λL1 . If these three stages are a mathematical surety for L1-LDT, then

it means the L1-LDT is not well poised for the parameter estimation task of LDT. Though,

this is not a surprise, as L1 norm is imposed on the parameter vector of b but not the

model parameter vector β. In other words, the L1 norm here is not to directly help with

the learning of β. The only chance L1-LDT can correctly estimate the model parameters

is within the second stage, but at this stage the parameter estimation shows an artificial

“growth” relation with the increase of λL1 . As the Figure 4.3 shows, even if one estimated

parameter hits the true parameter, the other estimated parameters would be surely far off

from their true values. With further in-depth analysis of the formulation of L1-LDT that

lead to the Theorem 4.3.2 and Theorem 4.3.3 shown in below, we conclude that the empirical

observation of the behaviors of L1-LDT as shown in Figure 4.3 is a mathematical certainty.

As our problem is different from a general regression or classification problem, L1 norm does

not simply play a role as a convex relaxation of L0 norm considering the interaction of the

estimation of β and identification of b. It actually causes a certain degree of incompatibility

in L1−LDT between the parameter estimation task and the corruption point detection task.

Theorem 4.3.2. There exists a threshold λu ≤ 1 such that when λL1 ≥ λu, L1−LDT will

degrades to LDT.

Proof. Note that the loss function of L1−LDT is

ℓ(β, b) =
n∑

i=1

[1− yi(ri − β⊤xi − bi)]+ +
λ

2
||β||22 + λL1||b||1
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=
n∑

i=1

[1− yi(ri − β⊤xi) + yibi]+ +
λ

2
||β||22 + λL1

n∑
i=1

|bi|

=
n∑

i=1

[[1− yi(ri − β⊤xi) + yibi]+ + λL1|bi|] +
λ

2
||β||22

Denote the ith loss function by f(β, bi) = [1− yi(ri−β⊤xi) + yibi]+ + λL1 |bi|. We fix β and

divide the observations into two sets:

A≥ = {i : yi(ri − β⊤xi) ≥ 1}

A< = {i : yi(ri − β⊤xi) < 1}

On one hand, on A≥, to minimize ℓ(β, b), bi should be 0. Otherwise, if yibi > 0, by

the monotonicity of the hinge loss, we havef(β, bi) = [1− yi(ri − β⊤xi) + yibi]+ + λL1 |bi| ≥

[1− yi(ri−β⊤xi)]++0 = f(β, 0), which indicates bi > 0 will not leads to the minimum. On

the other hand, if yibi < 0, given that 1− yi(ri−β⊤xi) ≤ 0 on A≥, the hinge loss should be

0 as long as yibi < 0, which results in

f(β, bi) = 0 + λL1|bi| = λL1|yibi| > 0 = f(β, 0)

Again, yibi < 0 doesn’t lead to the minimum. Therefore, yibi = 0. Since yi ̸= 0, we have

bi = 0.

On the other hand, for A<, yibi ≤ 0 must hold. That is because, if yibi > 0, we have

bi ̸= 0. Then, again, we have f(β, bi) = [1 − yi(ri − β⊤xi) + yibi]+ + λL1|bi| ≥ [1 − yi(ri −

β⊤xi)]++λL1|bi| > f(β, 0), which means bi ̸= 0 doesn’t lead to the minimum. Thus, yibi ≤ 0,

which easily gives yibi = −|bi|. Then we have

f(β, bi) = [1− yi(ri − β⊤xi)− |bi|]+ + λL1|bi|

Let Ci ≜ 1− yi(ri − β⊤xi) and z ≜ |bi|. Then we can rewrite f(β, bi) as

g(z) = [Ci − z]+ + λL1z

To minimize the loss function, we must have 0 ≤ z∗ ≤ Ci, where z
∗ is the optimal point.

Otherwise, if z∗ > Ci, we have g(z∗) = λL1z
∗ > λL1Ci = g(Ci), which suggests Ci is better
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than any z∗ > Ci for minimization. This contradicts to z∗ is optimal. Since z∗ ≤ Ci, we

have Ci − z∗ ≥ 0. And we can further have

g(z∗) = Ci − z∗ + λL1z
∗ = Ci + (λL1 − 1)z∗

When λL1 ≥ 1, g(z∗) ≥ Ci = g(0) = f(β, 0). So for minimization of g(z), z∗ = |b∗i | = 0,

which means L1−LDT ignores all the potential corruptions and degrades to LDT. Thus,

there must exists λu ≤ 1, such that when λL1 ≥ λu, L1−LDT will degrade to LDT and

b∗i = 0(i = 1, · · · , n).

Theorem 4.3.3. When λL1 ≤ λu, L1−LDT tends to update the estimated parameters with

a locally linear change as λL1 changes.

Proof. When β is fixed, based on the proof of Theorem 4.3.2, we see that for i ∈ A≥, bi = 0.

So we only need to consider A<. Given that z ≤ Ci, when λL1 < 1, g(z) is monotonically

decreasing with respect to z. Thus, z should be as large as possible to minimize the loss

function, which leads to z = Ci. I.e., |bi| = 1− yi(ri − β⊤xi) = 1− yiri + yix
⊤
i β, ∀i ∈ A<.

However, for optimization, we not only need to update b, but also need to find the optimal

β. Obviously, to minimize the loss function, β tends to enlarge A≥ and shrink A< so as to

reduce f(β, bi) to the minimum 0. Thus, the set of A< and A≥ should rely on β. If a β can

ensure that yi(ri−β⊤xi) ≥ 1 holds for ∀i = 1, · · · , n, which means A< is empty, the loss can

be easily minimized. But in consideration of the existence of such β and the regularization

on it, it might be infeasible, so A< is probably non-empty. To show the impact of λL1 , we

substitute |bi| into f(β, bi) and obtain

ℓ(β, bi) =
n∑

i=1

f(β, bi) +
2

2
||β||22 = λL1

∑
i∈A<(β)

(1− yiri + yix
⊤
i β) +

λ

2
||β||22

which can be rewritten as a function of β, i.e.,

h(β) =
λ

2
||β||22 + λL1

∑
i∈A<(β)

yix
⊤
i β + λL1

∑
i∈A<(β)

[1− yiri]
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=
λ

2

d∑
j=1

β2
j + λL1

∑
i∈A<(β)

yi

d∑
j=1

xijβj + λL1

∑
i∈A<(β)

[1− yiri]

=
λ

2

d∑
j=1

(βj +
λL1

λ

∑
i∈A<(β)

yixij)
2 + Const

Obviously, this is a quadratic function of β. To minimize the loss function, we should have

β∗j = −λL1

λ

∑
i∈A<(β)

yixij, ∀j = 1, · · · , d

Although this might not be reached due to the feasibility issue, we still see βj should be

close to ηj(λL1) ≜ −λL1

λ

∑
i∈A<(β) yixij = λL1ηj(j = 1, · · · , d) whose magnitude is linearly

proportional to λL1 .

To see how β varies with λL1 , consider a possible division of the observations, A< and

A≥. Within the corresponding feasible region S of β, suppose the optimal solution that

minimizes h(β) is β∗ = (β∗1 , · · · , β∗d). Denote η(λL1) = (η1(λL1), · · · , ηd(λL1)). Assume this

solution is unique. Then, we have

β∗ = argmin
β∈S

||β − η(λL1)||2 (4.10)

It is easily observed that when λL1 → 0, β∗ should be very close to 0. Assume that

λL1 increases with a very small amount ∆λ. Correspondingly, the optimal point β∗ should

also be moved by a small change ∆β∗ = (∆β1 , · · · ,∆βd
). Then, the new optimal point is

β∗∆ = β∗ +∆β∗ which satisfies

β∗∆ = argmin
∆β∗∈∆S

||β∗ +∆β∗ − η(λL1 +∆λ)||2

where ∆S = {β − β∗|β ∈ S}. By triangle inequality, we have

||β∗ +∆β∗ − η(λL1 +∆λ)||2 = ||β∗ − η(λL1) + ∆β∗ − η(∆λ)||2

= ||β∗ − η(λL1)− (η(∆λ)−∆β∗)||2

≥ |||β∗ − η(λL1)||2 − ||η(∆λ)−∆β∗||2|

(4.11)
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Given β∗ and λL1 , the equality holds when ∆β∗ = η(∆λ) − c(β∗ − η(λL1)), c ∈ R. It is

clear that ∆∗β is a linear function of ∆λ with λL1 fixed to reach the minimum. By denoting

δ(λL1) = ||β∗ − η(λL1)||2 and K =
√∑d

j=1(
∑

i∈A<
yixij)2, we notice that

||∆β∗||2 = ||η(∆λ)− c(β∗ − η(λL1))|| ≤ ||η(∆λ)||2 + c||(β∗)− η(λL1)||2 ≤
K∆λ

λ
+ cδ(λL1)

When δ(λL1) = 0, obviously we have ||∆β∗||2 ≤ K∆λ

λ
. By Lemma 4.8.2, we know that

there exists a bound ϵ∗ for β∗ such that when ||∆β∗||2 ≤ ϵ∗, β∗∆ ∈ S. Since ∆λ can be

arbitrarily small, we let ∆λ ≤ λϵ∗

K
that ensures β∗∆ ∈ S. At this time, ∆β∗ = η(∆λ), i.e.,

∆β∗
j
= λL1ηj. It indicates the estimated β changes linearly as λL1 changes in a small local

region. It should be mentioned that, when λL1 is so small that it approximates 0, we can

easily observe β∗ → 0 (i.e., as shown in Figure 4.10). Thus, δ(λL1)→ 0. In this case, there

is surely a linear relationship between β∗j (j = 1, · · · , d) and λL1 .

When δ(λL1) > 0, we notice that, to reach the minimum, the right-hand side of (4.11)

should be

|||β∗ − η(λL1)||2 − ||η(∆λ)−∆β∗||2| = |1− c| · ||β∗ − η(λL1)||2 = |1− c|δ(λL1) > 0

However, due to the constraint ∆β ∈ ∆S, this minimum may not be reached if c is not

appropriately set. To determine the value of c, we first notice the constraint β∗∆ = β∗+∆β∗ ∈

S. By the definition of β∗, it gives

δ(λL1) = ||β∗ − η(λL1)||2 ≤ min
∆β∗
||β∗ +∆β∗ − η(λL1)||2 = |1− c|δ(λL1)

It is easy to see that |1 − c| ≥ 1, which leads to c ∈ (−∞, 0] ∪ [2,∞). But meanwhile, we

also note that ||β∗ +∆β∗ − η(λL1 +∆λ)||2 is minimized when c is as close to 1 as possible.

Thus, we should have c = 0 or c = 2. However, c = 2 cannot ensure ∆β∗ ∈ ∆S. If c = 2, we

have

β∗∆ = β∗ +∆β∗ = (1− c)β∗ + cη(λL1) + η(∆λ) = −β∗ + 2η(λL1) + η(∆λ)
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Suppose this β∗∆ ∈ S. By Lemma 4.8.2, when ∆λ is very small, we should also have

−β∗ + 2η(λL1) ∈ S. Denote it by β′ = −β∗ + 2η(λL1). Then we have

||β′ − η(λL1)||2 = || − β∗ + η(λL1)||2 = ||β∗ − η(λL1)||2 = min
β
||β − η(λL1)||2

which suggests β′ ∈ S is also the optimal solution to (4.10). This contradicts with the unique

optimality of β∗. Therefore, we have c = 0, which results in ∆β∗ = η(∆λ).

In conclusion, regardless of δ(λL1), in L1−LDT, the change of β is locally linear on each

dimension as λL1 changes.

Theorem 4.3.2 explains the “degradation” stage while Theorem 4.3.3 explains the “growth”

stage observed in Figure 4.3. Intuitively, in our context, L0 and L1 norm entice two different

operations in the parameter estimation process. L0 norm leads to a two-staged process in

R-LDT. It first identifies the corrupted points, i.e., non-zero elements in b, and after that,

the magnitude of the corruption points does not really impact the estimation of β as no

penalty is imposed on the magnitude of the corrupted points. But for L1 norm, it entails a

one-stage process in L1-LDT that directly causes conflict between the estimation of b with

the estimation of β, because the use of L1 norm means to allocate magnitudes to all elements

of b rather than only a selected few. For small λL1 , L1−LDT tends to give more weight on

b than β. But for large λL1 , L1−LDT tends to ignore b but only focuses on the estimation

of β, and thus degrades to the model of LDT. On the other hand, R-LDT is more adaptive

despite no guarantee of global optimum convergence. As [279] pointed out, for good perfor-

mance one does not always need to find the global optimum. On the contrary, in practice,

finding good local optimums in a robust, reliable, and relatively easy way is more important.

For a comparison with L1-LDT, we also show the path trajectories of the estimated

parameters given by R-LDT with the same synthetic example in Table 4.3. It can be seen

from Figure 4.4, in accordance with our analysis, R-LDT can approach the true parameters

far better than L1-LDT.

In the following sections, we will further compare R-LDT with L1-LDT and show R-LDT

will achieve better performance on both simulated and real-world data. Last but not least,
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Fig. 4.4: The solution path of R-LDT on the synthetic example.

while based on R-LDT we can readily derive algorithms for bad actor detection since it

exactly identifies corrupted data points, it is not that easy for L1-LDT and other similar

approximation-based methods along the line to achieve this.

4.4 Simulation Studies

4.4.1 Data generation.

The simulation is conducted under a two-step data-generating mechanism. First, we generate

the baseline data from a true model. Then, the data is corrupted following a corruption

mechanism. Suppose there are n samples to be generated, while each sample is a triple

that consists of attributes, rewards and labels. The attributes xi(i = 1, · · · , n) are sampled

from a d−dimensional normal distribution as xi
i.i.d∼ N(0, Id), here, for simplicity, Id is a

d × d identity matrix. The generation of the labels yi(i = 1, · · · , n) follows the decision

rule (4.1), i.e., y = sgn(r − β · x). Rewards ri(i = 1, · · · , n) are generated by the three

mechanisms as described in [1]: (1) Random reward. The rewards are generated randomly

without many predefined mechanism. In our simulation studies, they are generated by

ri
i.i.d∼ N(0, 2). (2) Contribution reward. This award mechanism assumes the system has

set the rewards based on its own rules and costs. To simulate such rewards, we first simulate
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reference coefficients predefined by the system by generating a system-level preference vector

β ∼ N(0, Id) and normalize it by L2-normalization, i.e., βj := βj/||β||2 for j = 1, · · · , d.

Then we generate ri by ri = β · xi + ϵ, where ϵi ∼ U(−1, 1). (3) Predictive reward.

When the system has adequate knowledge about a user’ preferences β, the system can design

rewards close to the users’ decision thresholds. For this case, we generate ri by ri = β⊤xi+ϵ,

where ϵi ∼ U(−1, 1).

We then introduce corruption on this baseline data. Without loss of generality, in our

simulation studies, we focus on the behavior of users who reject alternatives that offer rewards

that exceed their expectations. The system usually continues to offer the same alternative

with higher rewards but the user will continue to reject in a hope to gain a better offer with

higher reward. To mimic this data corruption, a uniform corruption is added to the reward,

i.e., r̃ = r + δb, where δb ∼ U(10, 20), and the labels of these samples are reversed. Note

that we only consider the case that users reject alternatives with rewards higher than their

expectation. It is less usual that users will accept alternatives with rewards less than their

expectation. Thus, in this study, we only pick those positive samples (i.e., the true labels

are 1) for data corruption. The corruption ratio α refers to the ratio of positive samples that

are corrupted in the dataset.

4.4.2 Experiment setup.

We generate multiple datasets with various settings of three parameters: the sample size

of the training data n, the data dimension d, and the corruption ratio of the positive α.

Ranges of the parameters are: α ∈ {0, 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7}, n ∈ {10, 20, 30, 50, 100}

and d ∈ {2, 5, 10}. For each baseline dataset, we randomly split the dataset into training

and test sets with a 1:1 split ratio. The training data is further corrupted following method

outlined in Section 4.4.1. We use the corrupted training data to train the models and

use the uncorrupted testing data to derive fair evaluation of the model performance. To

train the models, we use cross-validation to set the parameters of the models. To compare

the performance of LDT and R-LDT, we evaluate their prediction accuracy on the testing
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dataset. It measures how many samples in the test set of which they can correctly predict

the labels. Another metric we use is the mean L2 error, i.e., ||β−β̂||22/d. This error measures

how closely the estimator β̂ estimate the true β.

4.4.3 Results: R-LDT enables robust learning of LDT

Figures 4.5 - 4.7 present the boxplots for prediction accuracy of LDT and R-LDT on the

testing datasets under different settings of rewards. From these plots, we can see that,

regardless of the sample size n or data dimension d, when the corruption ratio α increases,

the prediction accuracy decreases for both LDT and R-LDT. The trend occurs under all

settings, and it is easier to be seen when d and n are large. However, compared to LDT, the

performance of R-LDT deteriorates at a much lower speed. For different corruption ratios,

the accuracy of R-LDT looks better than LDT. And the gap between them becomes larger

when α grows. This indicates that R-LDT is more resilient than LDT to data corruption.

We also notice that when α is large, i.e., as large as 0.7, which means most of the positive

samples have been corrupted, the prediction accuracy of LDT can even fall down below 0.6

in the worst case, which is just slightly better than random guess. However, the prediction

accuracy of R-LDT can achieve about 0.8 on average, and is around 0.7 even in the worst

case. In summary, R-LDT is a more robust model than LDT in terms of prediction accuracy.

A similar observation can be made based on parameter estimation as well. We refer readers

to see the mean square error (MSE) of LDT and R-LDT under different settings of rewards

in Appendix 4.8.4.

4.4.4 Results: R-LDT outperforms other robust learning strategies

To further verify the superiority of R-LDT, we compare its performance with existing ro-

bust learning methods including Huber loss based learning [280], Label noise robust SVM

(LNRSVM) [281], the TORRENT (TOR) algorithm [153] and robust regression with Lq loss

(Lq-RR, 282) following the line of regression models. Meanwhile, we also take two recently

proposed deep learning methods, DivideMix [283] and FINE [284] into account for the com-

parison which are both implemented with one-dimensional ResNets [285] as backbone neural
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Fig. 4.5: Prediction accuracy of LDT and R-LDT on data with random rewards.
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Fig. 4.6: Prediction accuracy of LDT and R-LDT on data with contribution rewards.

networks. At last, the L1-LDT as formulated in (4.9) is also compared with our R-LDT. In

what follows we show the results in Table 4.6 on d = 5, n = 50 and α = 0.3 and the general

conclusion holds true for other parameter configuration. The MSE results of LNRSVM, Di-

videMix and FINE are not reported since they do not directly estimate the coefficients of the
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Fig. 4.7: Prediction accuracy of LDT and R-LDT on data with predictive rewards.

attributes. Overall, R-LDT outperforms other methods in accuracy and MSE (if any) in-

cluding the state-of-the-art deep and non-deep learning methods designed for corrupted data.

The only exception is that TOR can outperform R-LDT when the rewards are generated

from the predictive rewards. However, it doesn’t perform well when contribution rewards or

random rewards are used. Its success with predictive rewards is hardly a surprise: it can

be attributed to the fact that the TOR method, as a regression model, actually needs the

reward as a good surrogate of the response variable to estimate the user’s decision thresh-

old, so while the predictive rewards essentially provides rewards that are close to the users’

decision thresholds, this helps TOR to learn well from data. When there is no sufficient

prior knowledge for using predictive rewards, the rewards set by the system might actually

deviate from the users’ decision thresholds, which leads to the low performance of TOR on

both random rewards and contribution rewards scenarios. In contrast, R-LDT doesn’t rely

on the reward mechanisms, which is more resistant and enjoys wider applicability in practice.

Even though its performance is worse than TOR on predictive rewards, it still outperforms

other methods on this reward scenario.

One can observe that R-LDT outperforms L1-LDT in terms of both accuracy and MSE



152

Table 4.6: A comparison of methods on simulated data (d = 5, n = 50, α = 0.3).

Method
Random Contribution Predictive

Accuracy(%) MSE Accuracy(%) MSE Accuracy(%) MSE

LR 54.12±8.37 0.359±0.010 81.92±7.46 0.540±0.096 46.09±5.87 0.601±0.039

Huber 58.49±5.76 0.261±0.105 72.20±9.56 0.617±0.121 59.92±7.32 1.149±0.102

LNRSVM 66.38±3.06 - 78.00±9.32 - 55.27±4.20 -

DivideMix 82.13±4.24 - 88.73±4.47 - 68.23±5.99 -

FINE 89.39±3.04 - 90.11±3.88 - 77.14±5.50 -

Lq-RR 80.40±4.84 0.244±0.116 81.33±4.11 0.523±0.118 70.40±4.89 0.318±0.034

LDT 87.50±3.86 0.203±0.111 86.30±4.78 0.414±0.119 78.01±3.99 0.110±0.081

L1−LDT 89.79±3.44 0.182±0.042 89.81±4.54 0.292±0.097 79.78±3.95 0.099±0.034

TOR 83.21±6.61 0.279±0.083 58.37±8.33 1.300±0.398 90.79±4.19 0.011±0.005

R-LDT 92.92±1.56 0.053±0.026 93.20±2.78 0.151±0.089 81.82±3.27 0.051±0.024

across all cases. But it is also fair to say that empirically L1-LDT performs fine, particularly

in terms of prediction accuracy, given that we have shown in Section 4.3.3 that there is a

fundamental difficulty with L1-LDT in our problem. It is commonly known in the context

of variable selection that, L1 norm imposes bias on the parameter estimation, while here,

with the mingle of the estimations of both β and b, the bias that L1-LDT imposes on the

estimation of β is even more exaggerated by the incapacity to detect the corruption points

in b. Recall also that there is a sensitive relationship between L1-LDT to its regularization

multiplier λL1 . Even this hyperparameter tuning is well done, the estimated parameters

given by its solution can still hardly approximate the true parameters. One can confirm this

point by seeing Table 4.6 that the MSE of L1-LDT is quite larger than R-LDT, showing that

indeed L1-LDT has a hard time estimating the model parameters.

4.5 Real-world Case Study

We further compare R-LDT with LDT on a real-world dataset collected in an online exper-

iment for the personalized Transportation Demand Management (TDM) system developed
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Table 4.7: The mean prediction accuracy of LDT and R-LDT on TDM dataset.

α LDT
R-LDT R-LDT R-LDT R-LDT R-LDT

(γ = 0.1) (γ = 0.3) (γ = 0.5) (γ = 0.7) (γ − CV)

0 0.787±0.098 0.779±0.102 0.769±0.106 0.745±0.121 0.724±0.137 0.782±0.124

0.1 0.745±0.120 0.770±0.109 0.767±0.112 0.746±0.131 0.729±0.140 0.768±0.121

0.3 0.674±0.074 0.694±0.072 0.701±0.081 0.717±0.092 0.706±0.108 0.724±0.094

0.5 0.638±0.082 0.641±0.081 0.643±0.078 0.658±0.078 0.670±0.085 0.665±0.072

by [254]. It consists of responses from 828 participants recruited from Amazon Mechanical

Turk (AMT) platform. The participants were asked to make binary decisions in 13 scenarios,

which result in 13 samples for each individual. Each sample has three attributes including

scheduled delay early xSDE, scheduled delay late xSDL and minutes of time saving xTTS,

and a reward point given by the system to encourage users to make choices. As some of the

users’ data are corrupted, e.g., some users simply just rejected all the alternatives or exhibit

no rational decision making patterns [1], these users’ data could not be used for evaluation

of our method due to the impossibility of obtaining a clean test dataset from these users.

Thus, we use a screening algorithm called PBASE which we will show in Section 4.6 to

score the 828 users and select the top 600 users for experiments here. For the selected users,

we split the data by a 7:6 train-test ratio. We then corrupt the training data following the

same strategy as we used in the simulation study, i.e., r̃ = r+ δb. But here, δb ∼ U(100, 200)

so that it can be compatible with the scale of this dataset. The corruption ratio α takes

values from {0, 0.1, 0.3, 0.5}. Since there is no knowledge of the true model, we cannot use

the mean square errors to compare models’ parameter estimation performance. Thus, the

only metric for evaluation in these experiments is the prediction accuracy.

Results are shown in Table 4.7. For each α, we compare the performance of LDT and

R-LDT with different γ including the value selected by 5-fold cross validation (CV). On

non-corrupted data, i.e., when α = 0, LDT works well. For R-LDT, as γ is larger, the
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Table 4.8: A comparison of methods on TDM dataset.

Method LR Huber LNRSVM DivideMix FINE

Accuracy (%) 67.22±3.42 69.23±2.67 70.10±2.03 72.13±1.78 73.12±1.27

Method Lq-RR LDT L1-LDT TOR R-LDT

Accuracy (%) 70.86±1.85 72.35±1.93 72.86±1.16 72.31±1.99 74.54±0.88

mean accuracy gradually decreases, because larger γ means less data is used for training the

model. When α > 0, the data is corrupted. The performance of LDT is undermined, but

R-LDT can still maintain a good performance. As we see in Table 4.7, with α = 0.1, the

mean accuracy of R-LDT can reach 0.770 with γ = 0.1, which outperforms LDT. Since α

is only 0.1, assuming the existence of too many corrupted samples (for example, γ = 0.7)

may weaken the algorithm instead. However, as α increases to 0.3, no matter which value γ

takes, R-LDT performs better than LDT in general. And when γ = 0.5, the mean accuracy

of R-LDT reaches 0.717, which is much higher than the accuracy of LDT. We also notice

that when γ is chosen by cross validation, regardless of α, as shown in Table 4.7, the mean

prediction accuracy for R-LDT with γ chosen by cross validation can be or close to the

highest accuracy achievable for a given α. Such results show the possibility of choosing γ by

cross validation on the training data to guarantee a good performance of R-LDT in practice.

For the sake of page limit, we refer readers to more results in Appendix 4.8.5.

Similar to Section 4.4.4, we also compare R-LDT with other robust learning models and

show the results in Table 4.8. In this experiment, the corruption ratio for each individual is

randomly set varying from 0 to 0.5. Overall, our observation is consistent with the simulation

studies and R-LDT outperforms other robust learning strategies.

4.6 Bad Actor Detection

In this section, we show how to detect bad actors based on R-LDT. The task of bad actor

detection is to detect users whose data is severely corrupted than usual. Data from these bad
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Algorithm 4.4 Potential Bad Actor Screening

Input: User data D = {(ui,xi, ri, yi)}i=1,··· ,
∑N

j=1 nj
, parameters m and γ,

1: Group D by ui as D = {(u(k), Du(k))}k=1,··· ,N .

2: S ← {}, N ← |{u1, · · · , un}|

3: for k = 1, 2, · · · , N do

4: βk ← R-LDT(Du(k) , γ)

5: for i = 1, 2, · · · , nk do

6: ek,i = min{yk,i(rk,i − βT
kxk,i)− 1, 0}

7: end for

8: lk = [γnk]

9: ek = TopmSort([ek,1, · · · , ek,nk
], lk)

10: S ← S ∪ {(k, ek)}

11: end for

12: B =TopmSort(S,m, Score(·))

Output: A set of possible bad users B = {u(i1), · · · , u(im)}

Algorithm 4.5 TopmSort

Input: A set of data S = {si}i=1,2,···, a selection index m, a measure f(·)

1: Sort S by f(s) in an descending order.

2: Select the first m elements si1 ≻ · · · ≻ sim

Output: i1, · · · , im

actors would not help any modeling at all, because there is no regularity in their decision

makings, so it is better to detect them for further scrutiny before we dive into modeling

effort using their data. Although it is beyond the scope of this dissertation to discern the

types of bad actors (i.e., either malicious, adversarial, or cheating), we take advantage of

the generality of the learning formulation of R-LDT and show that it is straightforward to

develop a system to filter the users and find a suspicious user set B = {u(i1), · · · , u(im)}. This
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leads to the idea of the potential bad actor screening (PBASE) approach (see Algorithm 4.4).

4.6.1 Potential bad actor screening (PBASE)

Ideally, if we know the corruption b for each sample of each user, we could filter the users

based on some statistics of b. However, it is impossible to know the exact value of b in

the presence of the sign function. An alternative way is to consider the one-side bound of

b. As the corruption level of a sample is measured by the amount of corruption needed

for reversal of the true decision label, we propose an estimate of sample corruption, i.e.,

ê = min{y(r−β⊤x)−1, 0}, which measures the effort we need to counter for the corruption

of a sample. The definition of ê is consistent with the bound estimate of b in Algorithm 4.3.

To see that, when the observed decision label y = 1, ê = min{r − β⊤x − y, 0}. And when

y = −1, we have ê = min{−(r − β⊤x− y), 0} = −max{r − β⊤x− y, 0}.

After we derive the ê for all the samples of a user i, the overall corruption score of user i

can be calculated using the formula:

Scorei =

√√√√ 1

K

K∑
k=1

ê2i,jk

where {j1, · · · , jK} are the samples with the K largest ê in terms of absolute values. Here,

K = [γn] is the effective number of corrupted samples. Based on this score, we can screen

out the users who have the greatest scores as potential bad actors by appropriately setting a

threshold. There are no universal rules of the choice of this threshold as it should be carefully

selected depending on the data distribution of a particular dataset, i.e., a larger threshold

will probably increase the Type-II error. In practice, if there exists a validation dataset,

one can choose the threshold that maximizes the difference between the True Positive Rate

(TPR) and False Positive Rate (FPR), which can be visualized on the ROC curve obtained

on the validation dataset. Otherwise, users need to use domain knowledge to choose a proper

threshold, or can use simulation to simulate the data according to their knowledge of the

process and empirically derive a reliable and effective range of the threshold, just like how

the range of some parameters can be determined in the control chart literature.
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Table 4.9: Mean AUC under different ρ.

ρ 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

AUC 0.941 0.949 0.951 0.952 0.956 0.947 0.945 0.945 0.936
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4.6.2 Simulation Study

Now we show how the proposed PBASE algorithm can detect bad actors by a simulation

study. Similar to Section 4.4, we simulate 300 users by generating their normal behavioral

data. Then we create the bad actors following a Bernoulli distribution assuming the prob-

ability of any user being a bad actor is 1 − ρ. For a bad actor i, the corruption ratio αi is

sampled from a uniform distribution, i.e., αi
i.i.d∼ U(0, 0.7). In practice, when the bad actors

and the normal users are mixed together, we can’t access the true corruption ratio for each

user. To distinguish bad actors from normal users, we fix the corruption parameter γ for all

the users and compare their corruption scores.

To implement PBASE, we tune the parameter γ by cross validation. We run Algorithm

4.4 for 10 times and use ROC curves to evaluate the performance of PBASE. Examples of

ROC curves when ρ = 0.2, 0.5 and 0.8 are shown in Figure 4.9. Table 4.9 reports the mean

AUC scores of PBASE with various ρ. All of the scores are greater than 0.9, which suggests

the proposed algorithm can accurately detect the bad actors. Figure 4.8 further shows how

PBASE assigns statistically significantly different distributions of scores to bad actors and

normal users. I.e., the scores of normal users are clustered on the left, which means they are

predominantly small and even close to zero, while the scores of bad actors are distributed

on the right indicating that they are much larger.

4.7 Conclusions

Modeling user behaviors when interacting with a reward system can help improve user-system

interaction and achieve better outcomes for both the users and the system. However, the

existence of data corruption in users’ data or bad actors in the user population may cause

difficulty in user modeling. To address this problem, based on the framework of the recently

proposed Latent Decision Threshold (LDT) model, this dissertation proposes a robust learn-

ing formulation, named R-LDT, to improve the robustness of parameter learning of LDT

model when the data is corrupted. We further propose a bad actor screening algorithm to

identify potential bad actors in the user population. We conduct extensive numerical ex-
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periments using both simulated and real-world data to demonstrate the effectiveness of our

proposed methods in both parameter learning and bad actor detection comparing with a

variety of other competing robust learning models.

4.8 Appendix

4.8.1 Supporting Lemmas

Lemma 4.8.1. The loss function in (8) can be rewritten as LSt(β) =
∑

i∈St
|bi|+ λ

2
||β||22.

Proof. In Algorithm 4.3, if yi = 1, we have

bi = min{ri − β⊤xi − yi, 0} = min{ri − β⊤xi, 1} − 1 ≤ 0,

which gives |bi| = −min{ri − β⊤xi − yi, 0}. Similarly, if yi = −1, we have

bi = max{ri − β⊤xi − yi, 0} = max{ri − β⊤xi,−1}+ 1 ≥ 0,

which leads to |bi| = bi = max{ri − β⊤xi − yi, 0}. At iteration t, let St = S+
t ∪ S−t , where

S+
t = {i : yi = 1} and S−t = {i : yi = −1}. Then, we have

LSt(β) =
∑
i∈St

[1− yi(ri − β⊤xi)]+ +
λ

2
||β||22 =

∑
i∈St

[yi{yi − (ri − β⊤xi)}]+ +
λ

2
||β||22

=
∑
i∈S+

t

[yi − (ri − β⊤xi)]+ +
∑
i∈S−

t

[−{yi − (ri − β⊤xi)}]+ +
λ

2
||β||22

=
∑
i∈S+

t

max{−(ri − β⊤xi − yi), 0}+
∑
i∈S−

t

max{ri − β⊤xi − yi, 0}+
λ

2
||β||22

= −
∑
i∈S+

t

min{ri − β⊤xi − yi, 0}+
∑
i∈S−

t

max{ri − β⊤xi − yi, 0}+
λ

2
||β||22

=
∑
i∈St

|bi|+
λ

2
||β||22

Lemma 4.8.2. Given a partition of the observations A< ∪ A≥, suppose the corresponding

feasible region of β is S. For β ∈ S, there exists an ϵ > 0 such that β + ∆β ∈ S for any

change ∆β on β satisfying ||∆β||2 ≤ ϵ.
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Proof. Let us consider ∆β that keeps A< unchanged. We should have

yi[ri − (β +∆β)
⊤xi] < 1, i ∈ A<

which is equivalent to

∆β
⊤xi < 1− yi(ri − β⊤xi), ∀i ∈ A<

Since i ∈ A<, the right-hand side should be positive. With A< being a finite set, given such a

system of linear inequalities, with β fixed, we can easily find z = mini∈A<{1−yi(ri−β⊤xi)}.

Meanwhile, we can easily find u = maxi∈A< ||xi||2. Obviously, z, u > 0. Let ϵ < z
u
. For any

||∆β||2 < ϵ, with Cauchy-Schwarz inequality, we have

|∆β
⊤xi| ≤ ||∆β||2||xi|||2 ≤ ϵu < z

which gives ∆β
⊤xi < z ≤ RHS, i.e., the system of linear inequalities holds, which indicates

β +∆β ∈ S. Thus, we can always find a bound ϵ such that when ||∆β||2 < ϵ, β +∆β ∈ S,

if β ∈ S.

We also include in this Appendix additional results of the experiments in Section 4.4

and Section 4.5.

4.8.2 The solution path of L1−LDT on a simulation dataset

To further compare LDT, L1-LDT and our R-LDT, we generate a simulation dataset with

d = 5 and n = 50. The corruption ratio is set to α = 0.3. We present the solution path of

L1−LDT in Figure 4.10. It can be seen that the the five corresponding parameters cannot

get close to the true values at the same time. As λ increases, some parameters gradually

approximate the true value lines, while others deviate from their true values.

For comparison with LDT , we contrast the trajectories with the LDT estimations in

Figure 4.11. In the figure, obviously, as λ increases, the estimations given by L1−LDT will

finally converge to the LDT estimations. This also verifies Theorem 4.3.2 in Section 4.3.3.
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4.8.3 More details in the experiment setup

The optimization of the LDT model learning can be addressed by any optimization solvers

(e.g. Gurobi). It is worth mentioning that our formulation for LDT regularizes β using L2

regularization, which also requires hyperparameter tuning. In our experiments, for simplicity,

we use the same regularization hyperparameter λ by setting it to 1 for both LDT and R-LDT

which seems to work well. In practice, for the models to achieve the best accuracy, tuning λ

by cross validation or other model selection approaches is recommended.

4.8.4 Additional results on parameter estimation (MSE)

Figures 4.12-4.14 present the mean square error ||β̂ − β||22/d of LDT and R-LDT under

different settings of rewards. For both algorithms, the error shows an increasing trend as

α gets larger. However, for LDT, it increases much more rapidly, but R-LDT learns more

accurate model parameters than LDT. And again, there is an increasing gap between them

when α increases. LDT also shows greater variability when α is large. It is of interest

to see that when n is large, the magnitude of the mean square error gets smaller, but the

mean square error of LDT under severe data corruption is still very large. Compared with

LDT, no matter how much of the data is corrupted, the mean square error of R-LDT across

the experiment settings is consistently below 0.5, which demonstrates its robustness and

accuracy.

4.8.5 Detailed accuracy for Table 4.6

Figures 4.15-4.18 show the histograms of the prediction accuracy of LDT and R-LDT on the

600 users’ data. Compared to the mean accuracy given in Section 4.5, these histograms

provide us more details into the performance of the two methods.

When α = 0, for most users, the prediction accuracy for both methods is greater than 0.6.

And the histograms look left skewed. For R-LDT, when γ gets larger, the peak gradually

decreases and there will be more bars below 0.6, which indicates the decrease of the accuracy.

And the shapes of the histograms become more flat. This actually makes sense, because the

data is non-corrupted, assuming there are outliers by setting larger value for γ will mislead
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Fig. 4.12: Comparison by ||β̂ − β||22/d between LDT and R-LDT on data with random

rewards.
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Fig. 4.13: Comparison by ||β̂ − β||22/d between LDT and R-LDT on data with contribution

rewards.
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Fig. 4.14: Comparison by ||β̂ − β||22/d between LDT and R-LDT on data with predictive

rewards.

the model to eliminate effective information and result in a drop of accuracy. On the other

hand, this performance degradation is not severe and well controlled in terms of the drop of

the mean accuracy as long as γ is not very large.

With α = 0.1, the shape of the histogram of LDT’s accuracy is concentrated around

0.75. But for R-LDT, the peak quickly shifts to the right, i.e., around 0.8, when γ = 0.1 or

γ = 0.3. As γ grows , the peak is shifted to the left. It suggests that the mean performance

of R-LDT should be the best when γ is small as 0.1 or 0.3.

If we increase α to 0.3, we can observe similar results. As γ gets larger, R-LDT can reach

higher accuracy on more users as the peak gradually shifts to the right. But if γ is too large,

e.g., reaching 0.7, which might greatly exceed the true corruption ratio, the performance

might be degraded instead.

When α = 0.5, for R-LDT, we can also see the peak shift towards right as γ increases,

with more bars moving beyond 0.6. However, compared to the cases when α is smaller, the

result indicates worse performance. It is due to the increase of data corruption. Larger α

will lead to more data corruptions, which makes it harder to learn an accurate model.
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Fig. 4.15: Histograms of prediction accuracy for LDT and R-LDT (α = 0).
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Fig. 4.16: Histograms of prediction accuracy for LDT and R-LDT (α = 0.1).
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Fig. 4.17: Histograms of prediction accuracy for LDT and R-LDT (α = 0.3).
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Fig. 4.18: Histograms of prediction accuracy for LDT and R-LDT (α = 0.5).



169

Chapter 5

CONCLUSION, DISCUSSION, AND FUTURE DIRECTIONS

This dissertation develops methodologies for building trustworthy personalized systems

under user-system interactions. It addresses challenges arising from the three key factors

central to this objective: user heterogeneity, system trustworthiness, and user-system in-

teractions. Chapter 2 focuses on user heterogeneity and presents CrowdLLM, a framework

for creating digital populations that capture the diversity and decision-making fidelity of

real human populations beyond the capabilities of pure LLM-based approaches. Chapter

3 highlights the challenges of improving fairness, a key dimension of trustworthiness, in

personalized ML systems, and introduces FairCL as a general framework to reduce model

performance disparities for heterogeneous users. Chapter 4 further studies the robustness

in reward-based user-system interactions, and presents R-LDT as a solution to the robust

learning of user choice behaviors. Together, these contributions advance our understanding

of how to build human-centric AI systems that can sustainably adapt to user heterogeneity

while addressing key trustworthiness concerns.

5.1 Discussion

The methodologies developed in this dissertation point a way toward the development of

personalized digital twins, in which each user is paired with an AI-empowered digital twin as

their computational representation to support complex and lifelong decision-making in their

unique contexts. In healthcare, for example, such a system could function as a personalized

coach that understands an individual’s health goals, anticipates health risks, and recom-

mends reliable long-term care strategies tailored to their evolving needs, thereby supporting

sustained engagement and long-term health management. Realizing this vision requires mov-
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ing beyond existing one-size-fits-all ML methods that primarily optimize average predictive

performance. Instead, it requires a system-level framework that can characterize population-

level heterogeneity, adapt models to individual users, and remain robust in dynamic envi-

ronments. This dissertation contributes to this foundation through a top-down pathway

that connects population-level modeling, individual-level personalization, and system-level

decision-making, and the interactions between users and systems. Specifically, digital popu-

lations first characterize heterogeneity across diverse target users, and personalized models

then zoom in to adapt decision-making to individual needs and preferences. Together with

robustness-aware learning and anomaly detection mechanisms, these components can sup-

port reliable decision-making in complex human-centered systems and offer methodological

building blocks for realizing the broader vision of personalized digital twins.

Despite this promise, these efforts remain at an early stage. The next section discusses

the limitations and outlines future research directions.

5.2 Limitations and future work.

5.2.1 Digital populations: practical implications and future directions

While Chapter 2 provides CrowdLLM as a cost-effective and scalable framework to create

digital populations for crowd-based decision-making under user heterogeneity, intended to

be broadly useful across a range of applications, its current realization of the framework still

has limitations that point to important directions for future work. In particular, CrowdLLM

should be applied with additional care and may need further adaptation in the following

scenarios: 1) Highly specialized domains requiring deep expertise. The current CrowdLLM

framework does not explicitly distinguish experts from non-experts. While it is developed to

capture individual-level variation, it does not model domain-specific expertise or competence,

which may be critical in highly specialized settings.

In future work, CrowdLLM should be extended to better support such knowledge-intensive

domains. On the one hand, the general-purpose LLM backbone for reference decision gener-

ation can be replaced by more specialized models (e.g., domain-specific foundation models,
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rule-based systems, knowledge graph, cognitive models, etc.). On the other hand, the profile

and belief generators can be also extended across multiple dimensions to better capture ex-

perts’ diverse characteristics, including expert identification (e.g., contrastive learning, met-

ric learning), structured modeling (e.g., mixture-of-experts, Bayesian hierarchical modeling),

quality control, uncertainty-aware calibration, etc. 2) Long-horizon tasks with delayed out-

comes. CrowdLLM follows the supervised learning paradigm without considering long-term

incentives. As a result, directly applying it to long-horizon strategic decision-making sce-

narios with delayed outcomes may be inappropriate, since optimal decisions in such settings

depend on repeated interactions and future outcomes. A promising direction for extend-

ing CrowdLLM to these settings is to redesign the current belief generation module for such

long-horizon decision-making scenarios. For example, reinforcement learning can be incorpo-

rated to model adaptive decision-making and learn strategic policies for tasks with long-term

incentives. 3) Scenarios with longitudinal dynamic individual behaviors. In such cases, lon-

gitudinal histories play a critical role in predicting future outcomes as they capture temporal

dynamics that may not be adequately represented by cross-sectional data snapshots alone.

CrowdLLM follows a static formulation without such dynamic considerations, and therefore

cannot support longitudinal modeling in its current form. To address these concerns, future

extensions could incorporate explicit temporal modeling mechanisms at multiple levels. The

LLM backbone could be augmented with temporal reasoning mechanisms (e.g., sequence-

based prompting, memory modules, etc.) to better utilize historical information. In parallel,

the profile and belief generators could be extended to capture time-evolving contextual infor-

mation and model the behavioral dynamics of the population (e.g., state-space formulation,

diffusion models, etc.). Collectively, these scenarios do not undermine the practical value of

CrowdLLM for many crowd-based decision-making applications, but rather clarify the scope

of applicability of the current framework. They highlight the potential research opportuni-

ties, and provide a foundation for future work that advances creating digital populations for

crowd-based decision-making as an emerging modeling paradigm beyond static simulators in

the era of AI.



172

5.2.2 Trustworthiness in personalized ML systems and beyond

As shown in Chapter 3, FairCL has the potential to generalize across a range of applications

(transportation, healthcare, and manufacturing, etc.). However, the broader success of model

personalization ultimately depends on whether individuals can trust the system that learns

from and serves them. Fairness is an essential part of this trust, but it is not the only

requirement. Other important dimensions of trustworthiness, such as privacy, robustness

to adversarial tasks, have not been fully explored in this chapter. These limitations open

several directions for future work: 1) Adversarial robustness: Although FairCL can somewhat

show resistance to data scarcity or noise, it remains unclear how it would perform under

deliberate adversarial attacks, such as data poisoning, input manipulation, or structure-

aware attacks [286, 287, 288]. Personalization frameworks such as FairCL typically allow

information to be shared across users to varying degrees and at different levels. As a result,

attacks targeting a small number of users may affect not only their own personalized models,

but also the models of other users through the sharing structure. Therefore, future work

should investigate defense strategies against specific types of attacks and their potential

propagation. 2) Privacy: As there has been growing concerns on data security and privacy in

machine learning, it is worth exploring how to enable privacy preserving information sharing

in FairCL or other model personalization frameworks. The information sharing structure

such as canonical models in FairCL may involve the exchange or aggregation of information

derived from sensitive user data. This concern is especially important in applications where

individual data may contain private information such as demographics, mobility patterns,

health records, or other sensitive attributes. As a result, a promising direction is to improve

the applicability of such frameworks to privacy-sensitive settings. One possible way to do

so is combining it with federated learning, which awaits more investigation in the future. 3)

Scalability: When the size of the user population scales up to tens of thousands or more,

more efficient algorithms are needed to improve the scalability for personalization. Many

real-world systems in need of personalization operate at large scale and therefore demand
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frequent model updates and efficient information exchange, and substantial uncertainty. As

new users and new observations arrive continuously, maintaining and updating personalized

models can become computationally expensive. Therefore, scalable personalization will be

a key direction for future research. 4) Other challenges: Future work should also consider

additional dimensions of trustworthiness in personalized modeling, including interpretability,

safety, and distributional robustness. For long-term deployment, careful evaluation of user

acceptance, feedback quality, and potential risk is essential, especially when personalized

decisions may affect future user behavior. Addressing these challenges will be important for

building personalized ML systems with meaningful real-world impact.

5.2.3 Modeling of user-system interactions in reward systems

Chapter 4 studies the robust learning of user choice behaviors when interaction data are

potentially corrupted under a simplified offline setting. However, in many real-world reward

systems, as users receive offers, respond to incentives, and learn how the system operates,

their behaviors can evolve continuously. Teasing behaviors of bad actors that lead to data

corruption may also emerge gradually rather than appearing as a static pattern. For future

research, it is natural to extend the framework of R-LDT to an online setting for dynamic

detection of suspicious behaviors. This extension would enable the system to actively monitor

changes in user responses, identify potential bad actors earlier, and adapt its decision-making

policy before the bad actors substantially affect the operation.

While bad actor detection supported by R-LDT is useful for protecting the system from

potential data corruption, detection alone is insufficient, because problematic behaviors (e.g.,

teasing or inconsistent responses) may arise for different reasons. Some users may intention-

ally manipulate the system for extra rewards, whereas others may not be malicious but may

misunderstand the task, have low engagement, or fail to recognize how their actions affect

long-term outcomes. This distinction is important, because treating all such users as bad ac-

tors may reduce malicious behaviors but also harm benign user, which will weaken long-term

performance and user trust.
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In the future, we need to move beyond detection toward more nuanced intervention and

user guidance. For malicious users, the system can eliminate them and reduce strategic

manipulation through stricter monitoring and incentive redesign. For low-achieving or in-

consistent users, however, a more constructive response is to provide feedback, explanations,

or coaching that helps them understand the system better and interact with it more effec-

tively. One promising direction is to incorporate reinforcement learning or other sequential

decision-making approaches to enable a more active formulation for customizing incentives,

feedback, or explanations for different user types. This would shift the system from passively

modeling user choices to actively supporting healthier user-system interactions. Ultimately,

it could facilitate long-term cooperation between users and systems and help achieve a sus-

tainable win-win outcome.
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