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ABSTRACT

An asymptotically 4-stable process is constructed. The model
identifies the 4-stable process with a sequence of processes con-
verging in a very weak sense. It is proved that the 4-th variation
of the process is a linear function of time and its quadratic varia-
tion may be identified with a Brownian motion.

1. Introduction. The purpose of this article is to develop rigorous mathematical foun-
dations for a model which has been applied in mathematical physics ([MR1], [MR2]).

We will define and examine a process with values in CN which is, in an appropriate
sense, 4-stable. Suppose that X; is a stable symmetric process with values in R and index
a, ie., {X(t),t > 0} has homogeneous independent increments and a~'/*X (at) has the
same distribution as X (t) for each @ > 0. Then the characteristic function ¥ (u) of X;
satisfies

Y(u) = Eexp(iuXy) = exp(clu|”).

It is known that only a € (0,2] correspond to stable processes. The function exp(c|u|®)
is not a characteristic function for any a > 2. However, we will construct a process
Z, with values in CN whose increments have, in some sense, 4-stable distributions, i.e.,
their characteristic functions have the form exp(c|u|*). This stability property is achieved
in the limit; the n-th component Z;(n) of Z; is not 4-stable but when n — oo, Z:(n)
become 4-stable in an appropriate sense. Our model was inspired by the Mikusinski-

Sikorski approach to distributions in which, for example, the delta function is identified
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with any sequence of functions such that their integrals converge to what is considered as
the integral of the delta function itself (see, e.g., [A]).

Our process is an attempt to provide a probabilistic model corresponding to
(1.1) O = —0tu.

There is no Markov process which corresponds to “squared Laplacian” in the same sense
as Brownian motion corresponds to Laplacian. However, there are several models which
attack (1.1) from the probabilistic point of view. Krylov [Kr] and later Hochberg [Ho]
considered a signed, finitely additive measure with infinite variation on C[0, 1] which may
be viewed as the distribution of a process corresponding to (1.1). The most significant
disadvantage of the Krylov-Hochberg model is that it uses a finitely additive measure.
This leads to paradoxes which are typical in such context, e.g., Hochberg [Ho] shows that
his process is, in a sense, Holder continuous and at the same time it is discontinuous (the
contradiction holds only at the intuitive level as the continuity of the trajectory is not
a measurable event). More importantly, many standard tools of the probability theory
cannot be applied in situations when finitely additive measures are used.

Funaki [Fu] showed that some solutions of (1.1) may be probabilistically represented
using the composition of two independent Brownian motions. Recently Burdzy [B1, B2]
studied a very similar process under the name of “iterated Brownian motion” or IBM. The
main drawback of the IBM model is that the increments of IBM are not independent.

Our model may be presented as a compromise between the Krylov-Hochberg model
and IBM. We deal with a genuine probability space and the increments of our process
are independent in an asymptotic sense. The lack of an interpretation for our process as
the trajectory of a moving particle is the price we have to pay for having the other two
desirable features.

It should be mentioned that there exists a completely different probabilistic approach
to the “squared Laplacian” problem, see, e.g., Helms [He].

The referee has pointed out to us an article of Sainty [S] which is very close in spirit to
ours. Sainty’s approach seems to lack mathematical rigour as his Definition 3.1 can only
be interpreted as that of an n-stable process with homogeneous, independent increments
which does not exist for n > 2. It is possible that his analysis can be made rigorous using

the same approach as ours. Our model is similar to his in several respects: the complex
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analytic setting, the use of multiple roots of unity (see our Example 3.4 below) and the
use of a weak mode of convergence.

This paper is devoted to the construction and elementary properties of a 4-stable
process Z. One of our main tools is a weak version of the characteristic function. Among
other things, we will prove that the fourth variation of Z is a linear function of time
very much the same as the quadratic variation is a linear function of time for the standard
Brownian motion. The quadratic variation of Z may be identified with a Brownian motion.
We prove these properties with view towards developing stochastic integrals and an Ito-
type formula for Z. A similar program was started in [B2] for the iterated Brownian
motion. The mode of convergence in our theorems is rather weak. This is to be expected
as one cannot develop a theory of 4-stable processes as strong as that for a-stable processes
with a < 2. Comparable results in [Ho] and [B2] also hold in a very weak sense. Berger
and Sloan [BS] showed that one may even go as far as studying differential equations using
probabilistic methods without using probability.

Papers of Madrecki and Rybaczuk [MR1] and [MR2] contain, among other results, an
Ito type formula for Z, a representation for the wave function of a Schrodinger equation
in terms of Z and the solution of a fourth-order evolution equation using Z.

The paper is organized as follows. Section 3 contains definitions of CN-valued random
elements, their (asymptotic) moments and characteristic functions, and p-stable distribu-
tions. A 4-stable motion is constructed and analyzed in Section 4. Section 5 is devoted to
higher order variation of this process.

The present article is based to a large extent on an unpublished manuscript of Madrecki
[M]. We are grateful to the refree for pointing out to us the article of Sainty [S] and for
many helpful comments.

2. Preliminaries. The sets of all natural, real and complex numbers will be denoted
N,R and C, resp. It will be convenient to identify the complex plane C with R? and
occasionally switch from complex notation to vector notation.

Let (Q, F, P) be a probability space. In this paper we will concentrate on CN-valued
random variables Z : (Q,F, P) — (CN,BYN), where BN is the Borel o-algebra of CN.
Clearly, Z is a CN-valued random variable iff Z is a sequence {Z,} of complex random
variables.

If Z=1{Z,} is a CN-valued random variable and f is a function defined on C then
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f(Z) will stand for the sequence {f(Z,)}.

3. Asymptotic moments and distributions.
Definition 3.1. Let cL' (2 x N) be the C-linear space of all CN-valued random variables
Z ={Z,} on (Q,F, P) with the following properties:
(i) for each n € N, the random variable Z,, belongs to L'(), and
(ii) the sequence {FE(Z,)} is convergent.

Definition 3.2. Suppose that Z = {Z,} C cL'(Q x N), i.e., lim, .o, EZ, exists. The
limit will be denoted £Z and called the first (asymptotic) moment of Z or (asymptotic)
expected value of Z. For example, if Z% = {ZF} C ¢L'(Q x N) for some k € N, then the
k-th (asymptotic) moment of Z is given by £Z* = lim,, o, EZ¥.

It is easy to check that the map &€ : cL'(2 x N) — C is a C-linear functional on
cL'(Q x N).

Definition 3.3. We will say that a CN-valued random variable Z = {Z,} is admissible
if the following two conditions are satisfied.
(i) Suppose that Z,, = U, +iV,, = (U,,V,) and let u,, be the distribution of V,,. Then

i, has the two-sided Laplace transform, i.e.,

/ e " i (dv) < o0,
R

for every t € R and n € N, and,

(ii) the complex sequence {E exp(itZ,)} is convergent.

The set of all admissible random variables will be denoted R(£2, CN).
Suppose that X and X,, are random elements with values in CN. We will say that
X, converge to X in L% if lim,, . £(X,, — X)P = 0.
For each Z = {Z,} € R(£2,CN) we define the (asymptotic) characteristic function
Yz (t) =(Z,t) of Z by the formula
Yz (t) = Ee"? = lim Eexp(itZ,), t€R.

n—oo

The distribution of a CN-valued random variable Z will be denoted L, i.e., Lz(B) =
P{Z~Y(B)} for all Borel sets B € CN.



Proposition 3.1. (i) If a1, a3 € R and Zy, Z5 are two independent random elements from

R(Q, CN) then a1 Z1 + ayZs also belongs to R(Q, CN) and
Yo Zy + g o, t) = P(Zy, art)yP(Zs, ast)

for t € R. Moreover, 97(0) = 1 for any Z € R(Q,CN). If Z € R(Q,CN) is such that
Z :Q — RN then sup,cg | X(t)] = 1.

(ii) Let X = {X,} be a sequence of real random variables. If the sequence {X,}
tends to Y in the sense of distribution then v x (t) = Ee'Y | i.e., ¢ x(t) is the characteristic
function of Y in the classical sense.

(iii) If Z € R(2,CN) and Z takes values in the space of convergent real sequences,

then
v(t) = [ explit Jim )Lz ({z,))

where L is the distribution of Z.

Proof: The proof is easy and so it is omitted. |
Proposition 3.1 shows that the (asymptotic) characteristic functions 1, have similar

properties to the classical characteristic functions of real-valued random variables. How-

ever, the following two examples will demonstrate that ¢z does not determine L.

Example 3.1. For each X € R(Q, CN) which takes values in the space of all sequences
which tend to zero we have 1 x(t) =1 for all ¢t € R (see Proposition 3.1 (iii)).

Example 3.2. Suppose that X = {X,,} is a sequence of real random variables with EX,, =
0 and EX2 = 1 for each n. Let S(X) = {S,(X)} where S,,(X) = (X1 + ...+ X,,)/n'/2,
n > 1. Then clearly S(X) belongs to R(2, CN) and it follows from the Central Limit
Theorem and Proposition 3.1 (ii) that

Ysoot) =e v/ teR.

We will write Z ~ W if ¢4(t) = ¥w(t) for all t. The last two examples illustrate
the fact that we may have Z ~ W for some Z # W. Let L} = L*(Z) denote the set
{Lw : W ~ Z}. We will call £ an “asymptotic distribution” of Z.
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Example 3.3. Fix some z € C and suppose that for each n, Z,, = z with probability 1.
Let 0, denote the asymptotic distribution £, of Z = {Z,}.
Suppose that for every n, U, and V,, are independent standard normal distributions
and let W = {U,, +iV,,}. Then L{, = dp. In order to see this, note that ¢z (t) = 1 if
% = 00. On the other hand,

w(t) = Eexp(it(U, +iV,)) = Eexp(itU,)E exp(—tV,)) = et /2672 = 1.
Yw (t) p(it( ) p(itU, ) E exp( )

Lemma 3.1. Suppose that Z = {Z,} € R(Q, CN) and let ) = 1)z be its characteristic
function. Let w(ZT:) (t) denote the m-th derivative of the characteristic function E exp(itZ,,).
Assume that

() E|Z]™ < o0,

(ii) the sequence {w(ZT:)} is uniformly convergent on some open neighborhood of 0, and
(iii) the limit lim, 0 5" (0) exists.

Then vz has a continuous m-th derivative and

M (0) =imE(Z™).

Proof: First let us consider the case m = 1. By assumptions (ii) and (iii),

W(u) = (lim 4, (u)' = Tim oY ().

n—oo

According to (i), E|Z,| exists and is finite for every n. Therefore, for each n there exists

a continuous derivative Wzn and

Y'(u) = lim oy (u) =i lim E(Z,exp(iuZ,)) = iE(Z exp(iuZ)).

n—oo n—oo

Finally, putting « = 0 we obtain Lemma 3.1. The argument for general m > 1 uses

induction. [ |

Example 3.4. Suppose that Zy = Z; = Zy = ... and Z; takes values exp(kmi/4),
k=0,1,...,7 with equal probabilities. Then

7
Yz (t) = (1/8) ) exp(it exp(kmi/4)).

k=0



It is elementary to check that
gU0) =ime(zm) =0

form =1,2,3 and
Py =ez4=1.

Definition 3.4. We will say that a CN-valued random variable Z has a p-stable (asymp-
totic) distribution with 0 < p < 4 if there exist two complex numbers m and o and a real

number 7 > 0 such that
(3.1) Yz (t) = exp(imt + o|t[P/? + 7|t|P), teR.

The asymptotic distribution L4, of such Z will be denoted Sy,(m, o, 7). We will also write
Z ~ Sp(m,o,T).

The set S,(m, o, T) is non-empty for each p with 0 < p < 4 and each triplet (m,o,7) €
C? x R, (see Remark 4.1 below).

Proposition 3.2. Suppose that Z ~ Sy(m1,01,71), Y ~ Sp(me, 02, 72) and aq, a2 € R.
If Z and Y are independent then

p/2

(1 Z + agY) ~ Sp(cimy + aamg, ay p/2

o1+ ay “og, T + abT).

Proof: The result follows immediately from (3.1) and Proposition 3.1 (i). |

Proposition 3.2 and (3.1) justify the name “stable distribution” for S,(m, o, 7) as they
show that these distributions have similar properties to the classical stable distributions.
We consider the 4-stable asymptotic distributions especially interesting. Before we re-

view their properties in Theorem 3.1 below, we renormalize their parameters m,o and 7.

Namely, we will write Ny(m, o, 7) instead of Sy(m,v/30/2,7/8), i.e., Z ~ Ny(m,o,7) iff
Yz (t) = exp(imt +V30t? /2 + 7t*/8), teR.

We will call Ny(m,o,7) a “normal” (asymptotic) distribution. The distribution N4(0,0, 1)
will be called the standard 4-stable distribution or standard “normal” (asymptotic) distri-

bution.



Theorem 3.1. (see [MRI1, Theorem 1]) (i) Assume that Z and Y are independent,
7~ N4(m1,01,7'1), Y ~ N4(m2,02,7'2) and 1,009, € R. Then

2 2 4 4
(OqZ + OCQY) ~ N4(a1m1 + QoMa, 101 + Q02,0 T] + ()é27'2).

(ii) Suppose that Z ~ Ny(m,o,7). Then for each j € N there exists j-asymptotic
moment £(Z7) and £EZ = m, E(Z —m)? = o and E((Z — m)? — 0)? = 3r. Moreover, if

m = o = 0 then the j-th derivative of ¥z (t) at zero exists and
70 =iE(Z).

(iii) (Central Limit Theorem) Let {Z]' : k,n € N} be a family of complex random
variables and let Z" = (Z1, 23, ..., Z}}, ...). Assume that for all m,n € N
(1) Z™ and Z™ have the same asymptotic distribution, i.e., LY. = L.,
(2) for a fixed n, the random variables {Z¥};>1 are jointly independent,

(3) Z™ has the first four asymptotic moments,
E(ZM)=E(ZM)? =E(Z™)3 =0
and for some T > 0 independent of n
E(Z™M*=1>0,

(4) Z" satisfies condition (ii) of Lemma 3.1 with m = 4.
Then
lim ([Z' + 2%+ ... + Z”]/n1/4,u) = exp(tu/8), wueR,

i.e., the distributions of the normalized sums S,, = (Z' 4 ... + Z")/n'/* tend in a very
weak sense to the “normal” distribution Ny (0,0, 7).
Proof: Part (i) is a special case of Proposition 3.2. Part (ii) follows easily from Lemma
3.1.

It remains to prove (iii). Let ¢ be the asymptotic characteristic function of Z™ (it
does not depend on n by (1)). Then by the definition of the asymptotic characteristic

function and by the assumption (2),
V(2 + ...+ 2" /0% u) = Eexp(ius,) = klim Eexp(iu[(Z} + ...+ Z2)/n'/4)

= kh_)n;O(E exp(iuzg/nl/4))n = [¢(U/n1/4)]n
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By (3), (4) and Lemma 3.1 we have the following Taylor expansion:

d(u) =1+ (tu?/8) + o(u?).

Hence
Vg, (u) = lim ¢(u/n/*)" = lim (14 7u/8n + o(1/n))" = exp(ru*/8).
This proves the theorem. |

Condition (3) of Theorem 3.1 (iii) is satisfied by random elements discussed in Example
3.4.
A Central Limit Theorem for sums of i.i.d. random variables with signed distributions

normalized by n~'/* was proved by Hochberg [Ho].

4. A 4-stable process. This section is devoted to the definition, construction and the
simplest properties of a 4-stable process.

It will be convenient to work with a product of two probability spaces (£, F, P) =
(Q, F1, P1) x(Qq, Fa, P3). First we will show that we can define on (€, F2, P») a standard
Brownian motion {b; : t > 0} and two families {b; (n) : t > 0},>1 and {b; (n) : t > 0},,>1 of
processes which satisfy the following conditions (the space (2, F2, P3) has to be sufficiently
rich).

(i) For each n € N, b (n) = by (n) =
decreasing paths, i.e., 0 < bf(n) < b (n) and b; (n) < b; (n) <0forall 0 < s <t < oo.
(ii) For all ¢t > 0,

0 and the processes b™(n) and —b~ (n) have non-

i (b (n) + b () = by Py
(iii) Let by(n) = b (n) +b; (n). For every pair (n,t) € N x R4, the random variable b;(n)
has a Gaussian density on R.
Here is one way to construct such processes. We will limit ourselves to the interval

[0,1]. Recall that a Haar function is given by

2(m=1/2 " if (b —1)/2™ <1 < k/2™,

H(r) = { —2(m=1/2 if pjom < 7 < (k+1)/2™,
0 otherwise.

Let {H,} be the sequence of all Haar functions for m > 0 and k = 1,3,5,...,2™ — 1. Let

X,, be ii.d. real standard normal random variables. Let
o t
= ZXn(w)/ H,(r)dr, 0<t<1.
n=0 0
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It is well known that thus defined b; is a Brownian motion (see [KS]). Let sgn(z) denote
the sign of x with the convention sgn0 = 0 and let x1(.), x—1(.) be the indicator functions

of the sets {0,1} and {—1}, resp. Then let

b (n) =Y Xi|xi(sgnXy) tmax(H (1),0)dT 4+ x—1(sgnXy) tmin(H (1),0)dr
kZ:O k[x gnAg /0 k X gnAg /0 k }
and
b, (n) :kZ_OXk [Xl(sank)/O min(Hk(T),O)dT+X_1(sank)/O maX(Hk(T),O)dT:|.

It is easy to check that these processes satisfy conditions (i)-(iii).

We will also need 2 independent Brownian motions w;}’ = (w} (¢) : t > 0) and w, =
(wy (t) : t > 0) starting from z € R and defined on (Q1, F1, P1). The processes w™,w™
and b may be looked upon as three independent processes defined on the product space

(Q,F, P). A generic element of 2 will be denoted w = (w1, ws2).

Definition 4.1. (cf. [MR2, Definition 2.1]) Suppose that a = a; +iay € C. A CN-valued
process {Z{ : t > 0} defined by the formula

Zj(w,n) = Zj (w1, w2, n) = wy, (w1, b (w2,n)) + iwg, (w1, —by (w2, n))

will be called 4-stable motion starting from a.

In the sequel we will write Z instead of Z° and we will call Z the standard 4-stable
motion.
Since our probability space is a product space, the expected value functional £ for

CN_valued random variables may be written as

EZ = lim (Ey(E1Z(n)))

n—oo

where E; is the expected value on the probability space €2;.

Theorem 4.1. The 4-stable motion Z* = {Z{ : t > 0} has the following properties.
(i) For each (t,n) € Ry x N the function w — Z{(w,n) is F-measurable, i.e., it is a

random variable.
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(ii)) Z§(n) = a a.s.

(iii) For any t > s > 0 the CN-valued random variable (Z¢ — Z%) has the 4-stable asymp-
totic distribution Ny4(0,0,t — s).

(iv) For each natural number | € N and every 0 < s < t, the expectation £(Z¢ — Z2)"
exists. If | is divisible by 4 and | = 4p then

£(Z8 — 79 = (4p — DN(2p — DI(t — s)P,

where k!! = 1-3-5-...-k. Ifl is not divisible by 4 then £(Z¢ — Z%)! = 0. In particular
E(Zg —Z%) =0ifj=1,2,3 and E(Z¢ — Z2)* = 3(t — s).

(v) For each p € N, every sequence ty < t; < ... < t,, for arbitrary multi-indices o =
(ou,...,ap) € NP and for arbitrary complex numbers c,, the asymptotic expectation
P
o X wll@., -z
a=(a1,...,ap) i=1

exists, provided the sum extends over a finite set of multi-indices «.
(vi) The increments of Z® are asymptotically uncorrelated, i.e., for every sequence ty <

t1 < ...<t, and each multi-index o = (o1, ..., qp),

p p
(M., -z ) = TTe., - 22
=1

=1

(vii) For every (31,32 € N and all disjoint intervals (s,t) and (u,v) we have
g[(Zg - Z?)ﬂl (bv - bu)ﬁ2] = S(Zf - Zs)ﬂlg<bv - bu)ﬁ2'

(viii) The paths t — Z&(w1,w2) € CN are continuous assuming that CN is endowed with
the product topology.
(ix) For each fixed (w2,n) € Qo x N, the stochastic process {Z{(-,ws,n) : t > 0} has
independent increments.
Proof: (i) We may assume that (wi,t) — wf (wi,t), (w1,t) — w, (wi,t), (w2,t) —
b, (w2,n) and (wa,t) — b; (w2,n) are measurable functions. The result follows since the
composition of measurable functions is measurable.

(ii) Z§ = wy (0) +iw, (0) = ay + iaz = a.

ai
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(iii) Since
Z}(n) = Z$(n) = (wg, (b (n)) — wy, (b5 (1)) +i(wg, (=by (n)) — w,, (=bg (n)))

then
By exp(iu(Z{(n) — Z(n)))

= Frexp <zu(wz[1 (b (n)) —wi (bt (n)))) X

< By oxp (= (g, (b (0) = i, (55 ()
= oxp(— (u2/2)(bF (n) — bF (n)) exp((12/2) (—bi () + b5 ()
= exp(— (u2/2) (bu(n) — by(n).
 expliu(Z2(n) - 22(n)) = lim_ Ea(Er exp(iu(Z2(n) — 22(n)
= lim Epexp(—(u”/2)(be(n) — bs(n))
— By exp(—(u2/2)(bi(n) — by(n))

= exp((u*/8)(t - 5))
for all t > s. Thus Zy — Z¢ ~ N4(0,0,t — s).

Hence

(iv) We will consider the case when a = 0 and s = 0. The general case can be treated
in a similar way.
Let | = 4p where p > 1 is an integer and let £ € N. We have

4p

By (wg (b (k) +iwg (=by (k)))™ = ; (4;’ ) By (wg (bF (k))) By (wy (—by (k)))@=Dit4r=0)
(@) = 3% () i O ) P @)

But o

(42) Ex (g (b (1)))*™ = (2m — D)N(] (k)"

and

(4.3) By (wy (=by (k)))*PP7™) = (dp — 2m — 1)N(=by (k).

Moreover, since (2v)! = (2v — 1)1120/],

(4.4) (;2;) (2m — D(dp — 2m — 1)l = (4p—1)”(72£>.
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Now, combining (4.1)-(4.4) we obtain

It is routine to check that for a fixed ¢, the expectations Eo(b;(k))?? are uniformly bounded

in k and so the random variables (b;(k))?" are uniformly integrable. It follows that
E(Z))* = lim By (E\(Z,7 (k)
= (4p— D! Jm Es(bi(k))?
= (4p — DNELbP
= (4p — 1)I1(2p — 1)II¢?
which gives (iv) in the case when a = 0, s = 0 and [ is divisible by 4.
If 1 is odd then £(Z?)! = 0 since either E;(wg (v))? = 0 or Ei(wy (v))¢—7) = 0 for
each 7 =0,1,2,....] and for arbitrary u,v > 0.
If [ = 2h and 2 does not divide A then similar calculations yield

Eo By (Z2 (k)" = (2h — D) By (by (k)" = 0.

Hence, in this case £(Z?)! = 0 which completes the proof of (iv).
(v) We will write E5 1Z instead of Eo(E1(Z)). It is clear that for each k the expecta-
tions
p
(an [z, - 220 ) = ¥ o ( 1128, 00 - 220" ).
o i=1

exist and are finite. Thus, it suffices to show that the limit

(4.5) kliH;oEQ’l(H(Z&“(k) — Zfi(k;))ai)

exists for each a = (a1, ..., ) and every sequence (o, ..., t,) with tg <1 < ... <t,. Now
observe that if at least one «; is odd then the expectation in (4.5) exists and is equal to

zero. Thus without loss of generality we can assume that a; = 23;, 3; € N, 8; # 0. Then

Jim Ezyl(‘ﬁ(zgﬂ(k) — Zg_(k))%) = lim EQ(HE1 o Zg(k))%).

k—oo
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Using the same identities as in the proof of (iv) we see that
B2, () ~ 780 =
=3 () a0, 09 - w00
< B, (i () = g, (0 () 292 (1))
= (26; — )!! ’Bi (i) (07, (k) = b5 (R)) (b, (k) = by (k)77
(4.6) = (28; — 1)!(by,,, (k) — by, (k)"

One can check that

Ez(f[ml(k) b (1))

i=1
are uniformly bounded in k and so [[\_, (b, (k) — b, (k))% are uniformly integrable.

Hence we can pass to the limit under the expectation sign to obtain

EH;Ez’l(ili(ZZH(k) Z;, (k) )— lim @(ﬁ(zm—1)!!(bti+l(k>—bti<k>)ai>
~ B, (f[l(QBi (b, - bti)ﬂi),

The last expectation is finite and this completes the proof of (v).
(vi) It follows from the proof of (v) that

(fi. )

=1

if at least one «; is odd. Then (vi) follows in view of (iv).

Suppose that «; = 203;, 3; € N. Then we obtain from the proof of (v)

<f[1 tion ) = lim Ej (ﬁ(m — D)W (by,,, (k) — bti(,{))m)
(f[ 26; — D)(by,,, — bti)ﬁi)

p
H 26; — (27, — D (tips — ;)
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if v, = [3;/2 is an integer; otherwise the expression is equal to 0. The result follows now
easily from (iv).
(vii) First suppose that §; = 2/ for some 5 € N. Since b; depends only on wy we can

write as in (4.6)
Er[(Z (k) — Z3 (k) (by — ba)™] = (28 — D)1(be(k) — bs(k))” (by — bu)?2.

As in the proof of part (v) we use uniform convergence to see that
Jim By [(Z7 (k) = 25 (k)™ (by — bu)™] = lim Ep[(28 — 1)1(be(k) — ba(k)) (b — bu)™]
= B5[(20 — 1)1(br — b5)% (by — bu)*]
= E(Z} = Z)" E(by — bu)™.
If 31 is an odd number then one can argue just like in the proof of (iv) that both sides of
the formula in (vii) are equal to 0.

(viii) It follows immediately from the definition of (Z{ : ¢ > 0) and the continuity of
the paths of w™,w™,b"(n) and b~ (n) for n > 1, that Z is continuous.

(ix) The proof is easy and so it is omitted. |
Remark 4.1. If in Definition 4.1 we replace w™ and w~ with two independent copies s
and s~ of the standard ¢-stable Levy motion for some 0 < ¢ < 2 then we obtain a family
(Z% : a € C) of (asymptotic) p-stable motions with 0 < p = 2¢ < 4. The family has the

property that
€ expliu(Zg — Z%)) = exp((t — s)u? /2)
for u € R.
Remark 4.2. Observe that (Z§ — Z2) does not have absolute asymptotic moments, i.e.,
for every p=1,2,... and every t > s > 0, £|Zf — Z2|P = oo. For simplicity, we will show
that £|Z¢ — Z¢|? = co. We have
&lzy — Zg)
= lim Ey(E[(w* (bf (n)) —w* (b5 (n)))* + (w™ (=by (n)) — w™ (=b5 (n)))?])

= lim B> {(bf (n) = b7 (n) — (b (n) — b5 (n))}

= lim EQ{ZXk[X(Sank)/ H:(T)d7+x_1(sank)/ H, (1)dr]
k=0 s s

n—oo

271

_ZXk[Xl(Sank)/ H,;(T)d7+x_1(sank)/ H;_(T)dT]},

k=0

15



where H ,;" and H, denote the positive and negative parts of Hj. Note that
Ep(Xkxi1(sgnXy)) = E2(Xix1(sgnXi)) = c1 >0

and

Eo(Xix-1(sgnXy)) = Fa(X1x-1(sgnXy)) = —c1 < 0.

Therefore we have

£12¢ — 22> = 2¢1 lim (Z |Hy| (7 d7'>_2cl hm/ (Z]Hk ym).

k=0""%
Since
2m n—12k+1
SOIHR(MI =)0 Y | Hi(r)
k=0 k=1 j=2k
and
gk+1
ST H(D =22 Teo.1],
i=2k
it follows that
n—1 41
Z|Hk N=1+1+Y 282 =242 /(V2-1).
k=1

We conclude that

lim (Z | Hy. (1 ydT) = lim t(2 V2T V2~ 1)dr = o

and, therefore, £|Z — Z{#|?> = co. As for higher moments, one can show that
£(12¢ — 221") 2 (612§ — 2P = oo

if n > 2.
Remark 4.3. For a fixed ¢ > 0, the sequence Z;(n) of complex random variables does
not converge in the sense of distribution. Calculations similar to those in the proof

of Theorem 4.1 (iii) show that the (2-dimensional) characteristic function of the vector

Zi(n) = (Z}(n), Z%(n)) is given by

V(7 (m), 22 ) (0 0) = B 1 expliuZ (n) + ivZ2(n)) = By exp(—u?bf (n)/2 — v*b; (n)/2).

16



As n — oo, this expression converges to 0 for all (u,v) # (0,0). The limit is not a

characteristic function.

5. Variation of Z. In this section we will suppress the starting point of Z in the notation.

The notation for Brownian motion b; will be changed to B; (see the definition in Section

4). The symbol i will stand for the imaginary unit in formula (5.3) and its proof.
Suppose that X and X,, are random elements with values in CN. Recall that X,,

converge to X in L% if lim,, . £(X,, — X)P = 0.

Theorem 5.1. Let a = to(m) < t1(m) < ... < tym)(m) = b be a sequence of
partitions of [a, b] and let

Am = Dax (Ea(m) = ;(m)).

Suppose that lim,,, .o A,, = 0. Then the following limits exist in the sense of Lg for every

integer p > 1.

N(m)—1
(5.1) Hm > (Ziym) — Ziyom)t = 3(b - a),
7=0
N(m)—1
(52) Tr%gnoo Z (th+1(’m) - th(m))3 =0,
j=0
N(m)—1
(5.3) dim Y (Zeyyam) — Zeyom)® = (L+V2)(By — Ba).
7=0

First we prove a lemma.

Lemma 5.1. Suppose that (1,32 € N and (31 + (2 is even. Then for s < t,
E[(Zy — Z)%P1 (B, — B,)™?) = (B1 + B2 — 1))t — 5)1+72)/2,
Proof: Recall that b; depends only on wo. A calculation analogous to (4.6) gives

E\[(Zo(n) = Z5(m)** (B, = B)™] = Er[(Zi(n) — Zs(n))*™ (b — b))
= (bu(n) = bs(n))™ (b — bs) ™.

17



As in the proof of Theorem 4.1 (v) we use uniform convergence to conclude that

Jim By 1 [(Zu(n) = Z,(m))*" (B~ B)™] = lim El(bu(m) — bo(m))* (b — b)]

_ Eg(bt _ bs)51+ﬁ2

= (81 4 B2 — D)(t — 5)Br+P2)/2,

H
Proof of Theorem 5.1: We will prove only convergence in the sense of L. The other cases

may be treated in a similar way.
Let Uj = (Zy, ., — Zy;)* — 3(tj+1 — t;). In view of Theorem 4.1 (vi) we have

N(m)—1

4 N(m)-1 4
5(( Z (th+1 - th)4) - 3(b - a)) = S( Z [(th+1 - th)4 - 3(tj+1 - t])])
Jj=0 j=0
N(m)—1 4
(%)
=0
k m)—1
— > Py(k, . k) EUG" - Uy )
kot..Akn(m)—1=4
k m)—1
(5.4) = > Py(kr, .. knm)EUG°) - EUIT),

kote.oAkn(m)—1=4

where Py(ki,...,kn(m)) = 4!/ki!. .. kx(m)!. We obtain from Theorem 4.1 (iv) that for

some constants Ay and Ay,

E(UJ) = g[(th+1(m) - th(m))4 - S(tj+1(m) - tj (m)>] = 07

E(UJ'Q) = g(th+1(m) - th(m))s — 6(tj41(m) — tj(m))g(ztj+1(m) - th(m))4
+9(tj1(m) — tj(m))?

= Az(tj+l(m> - tj (m))2’

EWUF) = E(Zy; 1 (my — Zayomy) "0 — 128( 2y, () — Ztym)) 2 (Ej41(m) — t5(m))
+ 54E(Zyj11(m) — Zaymy) Yt (m) — t5(m))?
= 98E(Zu; 1y (m) — Zuyom)) " (Ej1 (m) — t5(m))® + 3% (tj1(m) — t(m))*
= Ay(tj1(m) —t;(m))".
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These formulae and (5.4) imply that

N(m)—1 4
5(( > (Zi - ztj)‘*) —3(b— a))
§=0
N(m)—1
= Z Py(ko, - s kN(m)—1) Akg - Akn(my 1 H (tj41(m) —t;(m))*
ko-i—...-i—k}N(m),l:Zl,ij;él 7=0
N(m)-1
=AY (ta(m) = t;(m)* + 643 Y (tj1(m) — t;(m))*(te1(m) — te(m))?
j=0 J#L
N(m)—1 2
< max{Ay4, 3A§}( Z (tj41(m) — tj(m))Q) < max{Ay,3A42}(b—a)*- A% -0,
§=0

which completes the proof of (5.1).
The proof of (5.2) proceeds along the same lines. Let V; = (Z;, ., (m) — th(m))?’ ,
j=0,1,...,N(m) — 1. Then

N(m)—1 4 N(m)—1 4
8( Z (Zt; 1 (m) — th(m))3> - 5( Z Vj)
§=0 =
KN (m)—
_ > Py(kys - k) E(Vg®) - €V (o 1)
k)o+~-~+kN(m)71:4
Since
EWV;) =E(Ze; 1 (m) — th(m))g =0
E(VjQ) = 5(th+1(m) - th(m))G =0,
5(‘/3'3) = E(Ztya(m) — th(m))g =0
and

S(Vj4) = S(th+1(m) - th(m))lz = C4(tj+1(m) —t (m))3,

it follows that

N(m)—1 4 N(m)-—1
(X G = Zu)*) = X Calty(m) - tm)°
j=0 j=0

g C4(b — a)A,Zn —m 0.

The proof of (5.2) is complete.
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Let Y} = [(th+1(m) — th(m))2 — (1 + Z'\/Q)(Btj+1(m) — Btj(m)>]- Then parts (Vl) and
(vii) of Theorem 4.1 imply that

N(m)—1 4 N(m)—1 4
5( Z (Ztj 0 (m) — th(m))g_(l + Z'\/5)(Bb - Ba)) - 5< Z YJ)
§=0 Jj=0
kN (m)—1

_ > Py(k1, . hnem)) E(Yy .. Yy

k0+“-+kN(m)—1:4
EN(m)—1

— > Py(kr, o knm)E(Y5) - EVmn 7).

k0+“-+kN(m)—1:4
But

E(Y)) = EZt, o1 (m) — Zeym))” — (L +iV2)(B 1 (m) — B, (m))] = 0.

Lemma 5.1 yields

EF) = E(Zyitm) = Zoyom)" = 20+ iV2)E(Zoy 1 (m) = Ziym)* (Bt s (m) = Bryom))
+ (L +ivV2)2E(By, 1 m) — B, (m))*
= 3(tj11(m) —t;(m)) — 2(1 +iV2)(tj41(m) — t;(m))
+ (14 iv2)%(tj11(m) — tj(m)) = 0.

We obtain from Theorem 4.1 (iv) and Lemma 5.1 for some constants cg

g(YjAl) = g(th+1(m) - th(m))s + 015[(th+1(m) - th(m))G(BtHl(m) - Btj(m))]
+ 2€[(Z1, 1 (m) = Zaym) (B, sy (m) — Beym))?)
+03E(Zey i (m) = Zoyom) By s (m) = Beyom))*] + 9B (B, (m) — By o))

= ca(tjr1(m) —t;(m))>.

It follows that

N(m)—1 2 N(m)—1
Jin €( X (i~ Zy) — (VB - B)) = 3 £
5=0 §=0
N(m)—1
—er S (ealm) — t5(m)? < ex(b— @) A — 0.
=0
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Remark 5.1. We would like to point out a paradoxical fact. The same proof which shows

(5.3) also gives

N(m)-—1
Jim Y7 (Zi )~ Ziy ) = (1= iV2)(By — Ba).
j=0

Remark 5.2. Theorem 5.1 is very close in spirit to results of [B2]. Formula (3.16) in [Ho]

indicates that the quadratic variation of Hochberg’s process may be also interpreted as a

Brownian motion.

[A]

[B2]

[Ho]

[Kr]

[KS]

[M]
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