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As datasets become larger and larger, there is a need for algorithms that can efficiently
extract the relevant information for a given task and represent it in a concise manner. Su-
pervised dimensionality reduction is one approach to doing this, as it reduces the input space
of the data while retaining the characteristics of the data that are useful for classification.
This dissertation motivates and analyzes a new supervised dimensionality reduction tech-
nique called local discriminative Gaussian (LDG) dimensionality reduction. Experiments
show that LDG is fast and effective when compared to other state-of-the-art supervised
linear dimensionality reduction methods. LDG is shown to also be effective in the small
sample size problem, where few training examples are provided in relation to the input
dimensionality of the data. LDG is then extended to the transfer learning problem, where
the goal is to classify test examples drawn from a target domain distribution using training
examples drawn from a source domain distribution that differs from the target domain.
Another contribution of this dissertation is an algorithm that reliably classifies incom-
plete test data. Incomplete test data classification is useful if one wishes to classify a test
sample before all of the test data is gathered, for example, if one wishes to make an early
decision on time-series data. Experiments show that the proposed algorithm can classify
incomplete time-series data while maintaining accuracy that is comparable to that achieved
using the complete test data. Furthermore, LDG dimensionality reduction is shown to

greatly reduce the computational complexity of the incomplete test data classifier.






TABLE OF CONTENTS

Page

List of Figures . . . . . . . . . . e iii
List of Tables . . . . . . . . . o vii
Chapter 1: Introduction . . . . . . . . .. 1
Chapter 2: Background and Related Work . . . . . ... ... ... 0L 3
2.1 Classifiers . . . . . . . . 3

2.2 Background and Related Work in Dimensionality Reduction . . . . . . . . .. 7
Chapter 3: Local Discriminative Gaussian Dimensionality Reduction . . . . . . . . 12
3.1 Problem Formulation and LDG Solution . . . . . ... ... ... ....... 13
3.2 Asymptotic Analysisof LDG . . . . . ... oL 19
3.3 [Extensions: Kernel LDG and Sparse LDG . . . . . .. .. ... ... ..... 23
3.4 Dimensionality Reduction Experiments . . . . . . . .. .. ... ... .. ... 28
3.5 Small Sample Size Dimensionality Reduction . . . . . .. .. ... ... ... 33
3.6 Conclusions . . . . . . . .. 39
Chapter 4: Transfer Local Discriminative Gaussian Dimensionality Reduction . . 44
4.1 Related Work for Transfer Learning . . . . .. .. .. .. ... ... ..... 46
4.2 Transfer LDG Objective . . . . . . . . ... . L 48
4.3 Asymptotic Analysis . . . . ... 50
4.4 Tlustrative Example . . . . . . . . .. oo 54
4.5 Transfer Learning Experiments . . . . . . . .. .. ... ... L. 55
4.6 Combining Transfer LDG and Invariant Features . . . . . .. .. .. .. ... 58
4.7 Conclusions . . . . . . . . L 59
Chapter 5: Classifying Incomplete Data . . . . . . .. ... ... ... ... ... 62
5.1 Incomplete Decision Rules . . . . . . . . ... .. ... o 63
5.2 Defining a Set A that Contains Measure 7 of X . . . . .. .. ... ... ... 65



5.3 Efficient Solutions for Linear or Quadratic Discriminants . . . . . . . . . . .. 68

5.4 Estimation of the Complete Test Data Distribution . . . . . . ... ... ... 75
5.5 Related Work . . . . . . . .. e 77
5.6 Experiments. . . . . . .. .. e 80
5.7 Conclusions . . . . . . . . . e 90
Chapter 6: Extensions and Conclusions . . . . . . . .. ... ... ......... 95
6.1 Contributions . . . . . . . . .. 95
6.2 Future Work . . . . . . . e 96
Bibliography . . . . . . . L 98
Appendix A:  Derivations . . . . . . . ... 104
A.1 Proof of Proposition 1 . . . . . . . .. .. ... ... 104
A.2 Proof of Proposition 2 . . . . . . . ... 106
A.3 Proof of Proposition 3 . . . . . . ... 106
A.4 Proof of Proposition 4 . . . . . . . . ... 107

Appendix B:  Gradient Descent Solution for the Quadratic Min and Max Problems . 109

Appendix C: Variance of a Gaussian Mixture . . . . . . . . . ... ... ... .... 111

ii



LIST OF FIGURES

Figure Number

3.1

3.2

3.3

3.4

3.5

3.6

3.7

3.8

The MAP classifier error function (3.1), the approximation given in equation
(3.2), and the lower bound approximation using Jensen’s inequality (3.7) for
a two-class problem plotted for a single x; as a function of the posteriors
resulting from B. The vertical axis for each plot is the posterior probability
of the correct class after dimensionality reduction by B, and the horizontal
axis is the posterior of the incorrect class. . . . . . ... ... ... .. ...

This figure shows the effect of varying «y in (3.13) as a function of the posterior
probabilities resulting from B. The vertical axis for each plot is the posterior
probability of the correct class after dimensionality reduction by B, and the
horizontal axis is the posterior of the incorrect class. . . . . .. .. ... ..

The class one and class two training data are represented by the blue and
red circles. The lines show the one-dimensional subspaces that the data is
mapped onto for different valuesof v. . . . . . ..o

Mean classification accuracy over ten random splits of the data. Diamonds
mark methods that are statistically the best or not statistically different from
the best with 95% confidence for that dimensionality. . . . . . . . . ... ..

Mean classification accuracy over ten random splits of the data. Diamonds
mark methods that are statistically the best or not statistically different from
the best with 95% confidence for that dimensionality. . . . . . .. ... ...

The figure plots the mean number of nonzero elements in each column of B
for LDG and sparse LDG with two different deflation methods. . . . . . . .

The figure shows the mean of the absolute value of the inner product between
the columns of B produced by sparse LDG with sparse deflation and sparse
LDG with orthonormal deflation. . . . . . . .. ... ... ... .......

The figure plots the mean classification accuracy for ten random training
vs. test splits of the Wine dataset. Diamonds indicate that the method is
either the best or not statistically significantly worse than the best at that
dimensionality. . . . . . . . . ...

iii

Page

.32



4.1

4.2

4.3

44

4.5

4.6

5.1

The MNIST and USPS handwritten digits datasets vary in how the digits are
preprocessed. If we want to classify USPS handwritten digits using training
data drawn from the collection of MNIST handwritten digits, then transfer
learning techniques are useful in order to reconcile the differences between

the two domains. . . . . . . . . . . e

Two examples of one-dimensional mappings for transfer dimensionality re-
duction. In each example, the target domain is separated, but in the right
example the target domain data matches the source domain data, making

transfer learning more effective. . . . . . . . ... o oL

The top figure shows a scatter plot of the training data and the one dimen-
sional subspace that the training data are mapped to for three choices of ~.
The bottom three figures show the one-dimensional scatter of the data after

three different mappings. . . . . . . . . ..o oo

Examples of images taken from the Amazon, DSLR, and Webcam domains. .

Transfer results when exactly two target domain training examples are pro-
vided for each class. Diamonds indicate that the method was statistically the
best or not statistically different from the best with 95% confidence for that

dimensionality. . . . . . . . ...

Transfer dimensionality reduction experiments for the handwritten digits
datasets using invariant features when exactly two target domain images
are chosen per class. Diamonds indicate that the method was statistically
the best or not statistically different from the best with 95% confidence for

that dimensionality. . . . . . . . . ... L Lo o

The figure illustrates incomplete time-series classification. The incomplete
time signal is shown in green. The complete signal is treated as random, and
its distribution is estimated assuming that it is iid with the training signals.
From the pdf of the complete data we can estimate the pdf of the feature
data p(z|z), and, using this distribution, we can check whether or not one

can make a reliable decision. . . . . . . . . ... L

iv

57



5.2 Left: A two-dimensional feature space and a linear class decision boundary.
The mass of X lies mostly to the left of the decision boundary. For values
of 7 that are smaller than the mass of X that falls to the left of the decision
boundary, the ideal incomplete decision rule would choose to classify rather
than wait. Right: The entire mass of X falls on one side of the decision
boundary, and thus the ideal incomplete decision rule would choose to classify
rather than wait for any value of 7. On the other hand, the computable
incomplete decision rule constructs some set A that captures a fraction 7
of the mass of X, then requires that entire set A to lie on one side of the
decision boundary. For the choice of A shown here, the set A crosses the
decision boundary, and thus the computable decision rule would choose to
wait. . e e

5.3 The sets A containing mass 7 of the conditional p.d.f. of X using the three
different construction methods proposed Section 5.2. . . . . . . . .. ... ..

5.4 Three different scenarios for incomplete data classification. In the leftmost
plot, the classifier withholds making a decision. In the center and rightmost
plots, A lies completely on a single side of the decision boundary, so the
classifier assigns a label to the incomplete data. . . . . . . .. ... ... ...

5.5 The left figure shows the time required by the SDP vs gradient descent solu-
tions for different reliabilities. The right figure verifies that the solution for
the methods is identical. . . . . . . . . .. ... oo

5.6 Average classification time vs test reliability for local QDA (left column) and
linear SVM (right column) using jointly Gaussian prediction with 7 varied
between [0.001, 0.1, 0.25, 0.9]. . . . . . . . ...

5.7 Average classification time vs test reliability for local QDA (left column) and
linear SVM (right column) using the nédive Bayes quadratic constraint set
with 7 varied between [0.001, 0.1, 0.25, 0.9]. . . . . ... ... ... .....

5.8 Average classification time vs test reliability for reliable incomplete local QDA
classification (Rel. Class.), reliable incomplete local QDA classification with
LDG features (LDG Rel. Class.), ECTS, Fixed-time local QDA and Fixed-
time 1-NN. . . o L o

5.9 Average classification time vs test reliability for reliable incomplete local QDA
classification (Rel. Class.), reliable incomplete local QDA classification with
LDG features (LDG Rel. Class.), ECTS, Fixed-time local QDA and Fixed-
time 1-NN. . . . . o e

5.10 Average classification time vs test accuracy for reliable incomplete local QDA
classification (Rel. Class.), reliable incomplete local QDA classification with
LDG features (LDG Rel. Class.), ECTS, Fixed-time local QDA and Fixed-
time 1I-NN. . . o o

66



5.11 Average classification time vs test accuracy for reliable incomplete local QDA
classification (Rel. Class.), reliable incomplete local QDA classification with
LDG features (LDG Rel. Class.), ECTS, Fixed-time local QDA, and Fixed-
time 1-NN. . . . . e

vi



LIST OF TABLES

Table Number Page

3.1

3.2

3.3

3.4

3.5

4.1

5.1

5.2

5.3

Mean training time in seconds and mean classification accuracy when the
number of dimensions is chosen by cross-validation. Bold font highlights
methods that were statistically the best or not statistically different from the
best with 95% confidence. Symbol legend: “-” method did not converge in
under three hours per training/test split, “nc” not computable. . . . . . . .. 28

Details for the time-series datasets that exhibit the small sample size problem. 37

Results of the small sample size dimensionality reduction experiments when
the final dimensionality of the data is one fewer than the number of classes.
The results are averaged over ten random splits of the training and test data,
and methods that are the best or not different from the best with statistical
significance of 95% are shown in bold. . . . . . .. ... ... .. ... ..., 40

Results of the small sample size dimensionality reduction experiments when
the final dimensionality of the data chosen by cross-validation for LDG, PCA,
PCA LFDA and Regularized LFDA. For easy analysis, we also compare the
results for the other methods at dimensionality of one fewer than the number
of classes, where they commonly achieve the best performance. The results
are averaged over ten random splits of the training and test data, and methods
that are the best or not different from the best with statistical significance

of 95% are showninbold. . . . . . ... .. ... ... 41
Average run-time, in seconds, for the small sample size dimensionality reduc-

tion methods. . . . . . . . L 42
Notation for the asymptotic analysis of transfer LDG. . . .. ... ... ... 51
Time-series Datasets . . . . . . . . . . . Lo 81

Average test time per sample, in seconds, for the three different constraint
SEES. . e 84

Average test time per sample, in seconds, for the two different estimation
methods. . . . . . .. 86

vii



5.4 Time-series length and the number of features after LDG dimensionality re-
duction as well as a comparison of the testing time, in milliseconds, required
to perform reliable local QDA classification with the ndive Bayes quadratic
constraint set and jointly Gaussian estimation. The test time shown mea-
sures the average time, per test sample, to perform reliable classification at
time ¢ = 1. Therefore, this is a worst case test time in terms of real-time per-
formance as the number of unknowns in the optimization problem for reliable
classification is maximized at time t =1. . . . . . .. .. .. ... ... ...

viii



ACKNOWLEDGMENTS

I could not have completed my Ph.D. without the help of numerous people who have
provided me with support along the way. First and foremost, I would like to thank Theresa;
her consistent encouragement, thoughtful advice, and unwavering trust in my abilities have
buoyed me over the past five years.

My parents and brother have also motivated and inspired me. Their lifetime of support
and encouragment as well as their willingness to be a sounding board for my frustrations
and successes has been amazing. Theresa’s parents, as well, have provided outstanding
advice and support during my graduate career.

I am especially thankful for the mentorship and guidance that Maya Gupta has provided
as my adviser. Anyone who works with Maya can tell that she thoroughly enjoys working
with students and seeing them succeed. It has been an honor to be part of the Information
Design Lab under her tutelage.

I would also like to thank the excellent faculty and staff as well as my friends and
colleagues in the Electrical Engineering Department. I would particularly like to thank my
committee members for their guidance and mentorship, and my friends in the Information
Design Lab for their willingness to review my work, critique my presentations, and share
their wisdom.

Finally, I would like to thank the National Defense Science and Engineering Graduate

Fellowship for generously funding three years of my graduate school career.

ix






Chapter 1

INTRODUCTION

Algorithms that can extract and represent data in a concise manner are a critical need in
machine learning. This is evident in classification, where the goal is to map an input vector
of classification attributes or features to one of several different classes. Recent advances
in sensing and storage capabilities have resulted in a wealth of high-dimensional feature
data. Indeed, the buzzword big data has become common vernacular in the field of machine

learning as well as within popular society [35].

This high-dimensional data can cause a variety of challenges for classification algorithms.
First, it is often the case that some features in high-dimensional data contain a low signal
to noise ratio. Such noisy variables mask the useful structure of the data and make the
training of an accurate classifier more difficult [17]. High-dimensional data also increases
the classifier complexity and can lead to longer training and testing times. Increased data
dimensionality also requires increased memory and storage capabilities.

Dimensionality reduction is one technique to address the above challenges. Dimensional-
ity reduction algorithms reduce the input space of the feature data while retaining its useful
attributes. The first contribution of this thesis is local discriminative Gaussian (LDG) di-
mensionality reduction, a supervised dimensionality reduction algorithm for classification.
I show that this algorithm is comparable to other state-of-the-art algorithms for supervised
dimensionality reduction in terms of both computational complexity and in the classification

accuracy that a simple classifier can achieve using the dimensions that it finds.

The second contribution of this thesis is dimensionality reduction for transfer learning.
Transfer learning addresses the problem of how to apply training data gathered under one
set of conditions to test data that gathered under a different set of conditions but is still
related to the training data. For example, I consider the use of labeled images from an

Amazon database in classifying images taken with a personal webcam (see Figure 4.4 in



Section 4.5 for a clear example of this problem). I show that LDG dimensionality reduction
can be used to find a concise data representation for transfer learning.

The final contribution of this thesis is an algorithm for the reliable classification of in-
complete data. In classification algorithms, there is sometimes a benefit to being able to
classify a test example before all of the test data is available. For example, in time-series
classification, it may be beneficial to classify time-sensitive data before the entire time-series
is available. In Chapter 5 this problem is approached with the intent of guaranteeing that
a decision made with incomplete data is as good as that which would be made with com-
plete data. Furthermore, I show that LDG dimensionality reduction can greatly reduce the

computational complexity of incomplete data classification.

Organization of This Dissertation

This dissertation is organized as follows. Chapter 2 reviews background information and
related work in classification and supervised dimensionality reduction. Chapter 3 motivates
and analyzes LDG dimensionality reduction and provides experimental results comparing
LDG to other state-of-the-art algorithms. Chapter 4 reviews the problem of transfer learn-
ing, and shows how the LDG framework can be adapted to this setting. Chapter 5 proposes
an algorithm for classifying incomplete test data. Finally, Chapter 6 gives some extensions
and future directions for the research in this dissertation.

Some of the work in this thesis has appeared in previous publications. A condensed
version of the work in Chapters 3 and 4 was published jointly with Maya Gupta in a 2012
ICML paper [45], and some of the figures and text are copied directly from that paper.
The work in Chapter 5 was conducted jointly with Hyrum Anderson, Maya Gupta, Kristi
Tsukida, and Dun Yu Hsaio. A preliminary version of the work in Chapter 5 appeared in
a 2012 ICASSP conference paper [2], and a more complete version of this work has been
submitted for journal publication as well [44]. Much of the text and figures in Chapter 5

were taken from the submitted journal paper.



Chapter 2

BACKGROUND AND RELATED WORK

The work in this thesis makes contributions in three areas of machine learning: super-
vised dimensionality reduction, dimensionality reduction for transfer learning, and incom-
plete data classification. In this section I first provide background material on the classifiers
that will be used in this thesis. I then provide a discussion of the related work on dimension-
ality reduction. The transfer learning problem and associated related work will be discussed
in Chapter 4, and the incomplete classification problem and related work will be discussed

in Chapter 5.

2.1 Classifiers

In this thesis, I use several different standard classifiers that are briefly described here. For

more information and background on supervised classification see the texts [28, 19].

2.1.1 Generative Classifiers: QDA

Generative classifiers use the labeled training data to learn the joint distribution of feature
vectors and class labels p(z, g) by factorizing it as p(z|g)p(g) [7]. At test time, the trained

classifier classifies test sample = according to the maximum a-posteriori rule:

g(x) = arg max p(z]9)p(9), (2.1)

where p(z|g) and p(g) are the estimated class-conditional and class-prior distributions.
Quadratic discriminant analysis (QDA) models the class-conditional distributions as

Gaussian:

A~

p(zlg) = N(ﬂgv 29)7



where fi, and f]g are the mean and covariance for class g. These parameters, as well as the
estimated class priors p(g) are learned using the class g training data. Typical choices for
for estimation of the Gaussian parameters are maximum likelihood or regularized maximum

likelihood estimation [22].

QDA produces quadratic boundaries between the classes by taking the log of the MAP
classifier function. Define fy(x) = —(z — ug)Tﬁlgl(x — pg) —log(| £g4 |) +21og(p(g)) as the
class g discriminant function for QDA. Then the MAP classifier (2.1) for QDA is equivalent

to the following maximum discriminant rule:

g(x) = argmax fy(x).
g

2.1.2 Local Learning Algorithms: K nearest-neighbors and Local QDA

K nearest-neighbors (k-nn) classifiers assign a test sample z to the class that wins a majority
vote among the k closest training points to x in feature space. K-nn requires no classifier
training, and is thus sometimes referred to as a lazy learner [24]. However, in practice
the number of neighbors k is often chosen by cross-validation as this number can impact
classifier performance. K-nn has been shown to have the attractive theoretical property of
achieving classification accuracy of no worse than twice the optimal Bayes error rate as the
number of training examples approaches infinity [28]. However, in practice the performance
of k-nn often suffers on high-dimensional data due to the curse of dimensionality which
states that as the feature dimensionality grows the near-neighbors get farther and farther

apart.

Another local learner is local QDA [24]. Sometimes the QDA assumption that the data
is distributed globally Gaussian according to class is too restrictive. Therefore, local QDA
models the data as Gaussian locally to the test point. Given a test point x, local QDA
uses only the k nearest class g training points to x to estimate the Gaussian parameters for
the class g Gaussian. As is the case for k-nn, the number of neighbors k for local QDA is

typically chosen via cross-validation on the training data.



2.1.8 Discriminative Classifiers: Linear Support Vector Machine

Discriminative classifiers differ from generative classifiers in that they are not concerned
with the probability model for the training data p(z, g), but instead try to find the classifier
function from some set of possible functions that minimizes the empirical error rate on
the training data. In this manner, they attempt to directly minimize an estimate of the

expected test error rate.

The linear support vector machine (SVM) is a discriminative classifer that is motivated
by a two-class classification problem, where the set of class labels is g; € {—1,1}. The SVM
classifies a test vector x according to g(x) = sign(f(z)), where f(x) is a linear discriminant
function of the form f(x) = 87z + b. If the training data are linearly separable according
to class, then the SVM finds the hyperplane in feature space that separates the data with

maximum margin: ﬁ

The SVM discriminant function is trained via the convex optimization problem [28, 56]:

1, -
min — +C ; 2.2
mn 598+C3 e (22)
subject to E>0,1=1,...,n

gi(mfﬂer)Zl—{i, i=1,...,n,

where the &; are slack variables that allow some training points to fall on the wrong side of

the hyperplane and C' is a regularization parameter that controls the model complexity.

The SVM can be extended to multi-class classification scenarios by using the one-vs-all
method [30]. In the one-vs-all method a different SVM discriminant function f,(z) is created
for each class g. The class g discriminant function is trained by temporarily assigning all
class ¢ training examples a label of 1 and all other classes a label of —1. Then, fy(x) is
trained using the two-class SVM objective function (2.2) on this data. At test time, a test

sample z is classified according to the maximum discriminant rule:

g(z) = arg;nax fq(2).



One-vs-all SVM classification has been shown to produce class labels that are as accurate

as other methods, such as all-vs-all, when the discriminant functions are well-tuned [50].

2.1.4 The Kernel Trick and Nonlinear SVMs

Suppose that instead of finding a linear decision boundary that separates the training x;
according to class, we instead wish to find a nonlinear boundary. This can be accomplished
using the kernel trick, which allows inner products in feature space, xlij, to be replaced
with a kernel function K (z;,x;) that computes inner products in some higher dimensional
(possibly infinitely dimensional) reproducing kernel Hilbert space (RKHS). In order for the
kernel function to be valid, it must satisfy Mercer’s conditions, and thus must be positive
semi-definite. Popular kernel functions include the Gaussian radial basis function with
bandwidth parameter ~y

—1 2
S T
K (x5, 2)) = e lls—;l :

and the polynomial kernel with degree parameter s
K (zi,25) = (a7 27)°.

The kernel trick can be used to turn linear objective functions into non-linear objective
functions whenever the feature vectors x; are expressed only as inner products.

Define the kernel matrix, K, as a matrix with entry (¢, j) equal to K (z;, z;). Using the
kernel matrix, nonlinear SVMs can be found using the kernel trick via the optimization
problem

N -
gn;rgl e Ka—l—C;{i (2.3)

subject to &>0,i=1,...,n

n
gi(ZOéjK(l‘i,ﬂfj) +b) >1 —fi, i1=1,...,n,
=1

where the i*" entry of a € R" is a weight associated with training point z;. The resulting

SVM discriminant function is f(z) = Y"1 ; a; K (z, ;) + b.



2.2 Background and Related Work in Dimensionality Reduction

The basic goal of linear dimensionality reduction is to find a matrix B € R¥¢, ¢ < d that
maps the training feature vectors {z;}; € R? to a lower dimensional space: {BTz;} | €
R’. Since there are infinitely many choices for B, the algorithm must have some criteria for
choosing between them. In supervised dimensionality reduction for classification, the B is
commonly selected with the goal of finding a subspace in which the data can be distinguished

according to class.

2.2.1 Principal Components Analysis

One of the most well-known dimensionality reduction methods is principal components
analysis (PCA) [69]. PCA finds an orthonormal matrix B that maps the data into a
variance-maximizing subspace. Let S be the covariance matrix of the training data defined

as
n

= (wi— pa) (i = pa)T,
i=1

where pi; = Y | x; is the mean of the training data. PCA finds the dimensionality reduc-

tion matrix that solves the following optimization problem

arg max Tr(BT SB) subject to BT B = I. (2.4)
BERdx!

The solution to (2.4) is to set the columns of B to the ¢ leading eigenvectors of S; for
completeness, I state this result formally in Proposition 1 in Chapter 3 and prove it in
Appendix A.1. PCA is an unsupervised algorithm, meaning that it does not take into
account the class labels of the training data. Nevertheless, PCA is still often used as a

dimensionality reduction algorithm prior to classification.

2.2.2 Fisher Discriminant Analysis

Supervised dimensionality reduction for classification dates to 1936 with Fisher discriminant
analysis (FDA) [21], which is sometimes also known in the literature as linear discriminant

analysis (LDA). Whereas PCA tries to find a matrix B that maximizes the variance of the



data, FDA instead considers the contributions to S from variance between the classes and
that due to variance within the individual classes. Define S as the between-class covariance

and .S, as the within-class covariance:

ne(pie = pa) (pte — pio) " and (2:5)

Z — o), (2.6)

Sy =

S|
M«

Q
Il
—

:\H
IIMQ

where p. is the mean of the class ¢ training data and n. is the number of class ¢ training

points. FDA finds the matrix B that maximizes the ratio of the between-class variance to

BTS,B
Tr | ——— . 2.7
orgm r<BTSwB) (2.7)

the within-class variance:

The solution is to choose the top eigenvectors of the generalized eigendecomposition SpA =
VSpA.

FDA has several drawbacks. First, FDA uses only a single mean per class. Therefore,
FDA performs poorly on data with multi-modal classes that are not well represented by a
single mean. Second, the between-class covariance matrix is at most rank G — 1, so the the

reduced space B can contain no more than G — 1 dimensions.

2.2.8 Local Fisher Discriminant Analysis

Local Fisher discriminant analysis (LFDA) attempts to alleviate the drawbacks of FDA

[64]. LFDA redefines the between-class and within-class covariance matrices as:

Sy = % Z;l Ap(i, j) (i — ) (2; — x;)T and (2.8)
= 5 >0 Al — )i ), (2.9
ij=1

where Ay(i, j) and A, (i, j) are between-class and within-class affinity matrices. The LFDA

formulation reduces to FDA for certain choices of the affinity matrices. However, the authors



propose that the affinity matrices be designed so that far apart same-class training points
have less weight. This choice enables LEFDA to find embeddings that separate multi-modal
data. Also, LFDA results in a linear projection that can have more than G — 1 eigenvalues.

LFDA is solved using the same generalized eigndecomposition as FDA.

2.2.4 Neighbourhood Components Analysis

Neighbourhood components analysis (NCA) is a dimensionality reduction technique that
attempts finds an embedding matrix B that makes same-class samples close and different-
class samples far [26]. For a candidate B and training samples x; and z;, define a weight

based on the distance between x; and x; after the mapping:

T T 2
1B ;=BT a)|

—BTe T HiF]
wij(B) = Zwge Pk (2.10)

0 ifi=j
Let I(-) be a function that is equals one if the argument is true and zero otherwise. The

NCA objective is to choose the B that maximizes the weight among same-class neighbors:

n

argmax Y _ I(g;i = g;)wi;(B).
BeRIxt iy
This objective function is non-convex; the authors propose a gradient-based optimization.
The dimensionality reduction found by NCA was shown to provide good classification
accuracy; however, it suffers from two key drawbacks. One, the gradient descent can be
slow for datasets with a large number of features or training examples. Second, the NCA
optimization must be re-run for any desired number of final dimensions. This is in contrast to
PCA, FDA, and LFDA where B can be found once for the largest number of final dimensions,

and then the top submatrices of B are the optimal solution for smaller dimensions.

2.2.5 Distance Metric Learning Methods and Information Theoretic Metric Learning

There is a large body of work in distance metric learning and feature selection that is

related to linear dimensionality reduction. Distance metric learning addresses the problem
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of how to best determine the distance between feature vectors in R%. A positive definite

Mahalanobis distance metric M defines the distance between x; and x; as

dr iy 25) =\ (s — )T M (i — )

If the matrix M is positive semi-definite, then M defines a Mahalanobis pseudo-metric.
Therefore, linear dimensionality reduction can be thought of as finding a low-rank pseudo-

metric M, such that M = BBT.

The approaches given in [16, 25, 68] propose convex optimization problems for finding
M. In the context of dimensionality reduction, these methods suffer from the drawback that
rank constraints are non-convex, and thus the M that they find is typically not low rank.
However, dimensionality reduction can be achieved by rewriting the Mahalanobis metric as
M = LALT and using a feature selection method on the resulting z; = A%LTxi as proposed
in [16, 25]. Feature selection methods for classification choose the best subset of features
out of those available. The final dimensionality reduction matrix, B € R%** can then be
defined as the columns of matrix LA> that are associated with the top ¢ features chosen by

the feature selection method.

Information theoretic metric learning (ITML) is a popular metric learning algorithm
for classification [16, 31]. The goal of ITML is to find a Mahalanobis metric that brings
similar points close together while forcing dissimilar points far apart. Let dps(zi, z;)? = (z;—
z;)T M (z;—x;) be the squared distance between training points ¢ and j under distance metric
M. The goal of ITML is to minimize a log-determinant regularizer subject to constraints

on the distances between same-class and different-class points:

arg min Tr(M) — log det(M)
M>0

subject to dps(w;, ;)% < u, if g; = g; (2.11)

dyr (i, ) > v, if g; # g;,



11

where /u is a predefined maximum distance between same-class points, and /v is a pre-
defined minimum distance between different-class points. In practice, slack variables are
incorporated into the objective function in order to guaranatee that the problem is feasible.

The I'TML objective function is a convex optimization problem. The authors propose to
solve the optimization problem by repeatedly picking different pairs of training points and
then taking a step in the direction that minimizes the objective function for that pair until
convergence. After finding M in this manner, the authors propose to use an information
gain feature selection method, such as the max-relevance min-redundency algorithm [46],

to perform dimensionality reduction.
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Chapter 3

LOCAL DISCRIMINATIVE GAUSSIAN DIMENSIONALITY
REDUCTION

LDG dimensionality reduction is a supervised dimensionality reduction technique for
classification. As described earlier, the goal of supervised dimensionality reduction as a
preprocessing step for classification is to find a mapping that reduces the size of the data
and separates the data according to class. One way to achieve separation by class is to find
a mapping such that the performance of a simple classifier is maximized. LDG, therefore,
is based on the idea of finding a mapping that minimizes the leave-one-out training error
of a quadratic discriminant analysis (QDA) classifier. Because the goal of separation by
class may be difficult to achieve globally, the LDG criterion instead operates locally to each

training point by minimizing the error of local QDA.

Since the leave-one-out QDA error is a non-differentiable function, I approximate it by
using the discriminative Gaussian criterion, a smooth approximation. The discriminative
Gaussian objective function is non-convex with no analytical solution; however, I present a
final approximation that has an analytical solution that requires only a maximal eigenvalue
decomposition. Furthermore, I show that this approximation can be interpreted as the

mapping that maximizes the regularized class-conditional likelihood of the training data.

I also show that LDG dimensionality reduction can find non-linear mappings as well.
Kernelized LDG dimensionality reduction uses the kernel trick to find non-linear mappings

in Euclidean space.

I perform experiments to compare LDG dimensionality reduction to other state-of-the-
art methods, and show that LDG dimensionality reduction is very competitive in terms of
both classification performance and computational complexity. I also describe and perform
experiments for small sample size dimensionality reduction. The experiments show that

LDG works well in this setting as well.
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Some of the material in this chapter was conducted jointly with Maya Gupta and has

been previously published [45].
3.1 Problem Formulation and LDG Solution

I take as given a set of labeled training data {(z;,g;)}?";, with z; € R? being the i*® feature
vector and g; € {1,2,...,G} being the associated class label drawn from a set of G total
classes.

The goal of my dimensionality reduction algorithm is to find a matrix B € R¥™! [ < d
that maps the data to a reduced dimensional space { BT z;} that separates the data according
to class. In order to find such a mapping, I measure the separability by the performance
of a generative classifier. Let p(z;|g) be the likelihood of x; given class g, estimated from
the other n — 1 training sample pairs, and let p, be the class prior. Then the leave-one-out
cross-validation error of a maximum a-posteriori (MAP) classifier acting on the mapped

features measures the separation achieved by B:

n
St (B il < maxp( BTl ). (31)
i=1 /
where the indicator function I(+) is one if its argument is true and zero otherwise.

The discontinuity of the indicator function in (3.1) makes it difficult to minimize. In
order to arrive at a smooth, differentiable objective function that approximates (3.1), I

substitute a log for the indicator and a sum for the max:

0 e .
1B = log (ijl p(BTwz\J)py> . (32)
i=1

p(BTzi|gi)pg,

In related work, p(x;|j) was assumed to be a Gaussian mixture model (GMM), and the
objective was to learn a parameter vector, ©, of GMM weights, means, and variances that
minimized J(©) with p(x;|7,©) replacing p(BTx;|5) in (3.2) [36]. The learned parameters
were shown to improve the GMM classification performance over the parameters learned by
maximum likelihood estimation. In that work, (3.2) is motivated as maximizing the mutual

information between the class labels and the feature vectors.
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I assume p(x;|j) is Gaussian, N (x;; i 5, Xi ;). However, to reduce the model bias of
assuming one Gaussian per class, I model p(z;|7) as locally Gaussian [24]. That is, I estimate
the parameters of the Gaussian for point x; and class j by finding the k nearest class j
neighbors, in Euclidean distance, to training point x; and using these points to estimate the
Gaussian’s maximum likelihood mean and covariance. To reduce estimation variance, and
to make the eventual solution tractable, I model each covariance matrix as YJ; ; = I, where

I is the properly sized identity matrix. Therefore, p(BT z;|j) = N (BT x;; BT y; j, BT B).

3.1.1 Gradient Descent Solution

Objective (3.2) is non-convex with no analytical solution; however, a local minimum can be
achieved by gradient-descent. To show this, I first expand the right hand side of (3.2) and

substitute in the Gaussian distributions:
n G
Z log ij(gw)—é (BTB)—%e—%(wi—m,j)TB(BTB)*IBT(:BZ-—M,J') (3.3)
i=1 j=1
—log (Pg-(ZW)_%(BTB)_%e_%(’”i_“ivgi)TB(BTB)ABT(“_W»%)) .

To further simplify the above objective function, I add the constraint that BT B = I so that
the covariance of the Gaussians is independent of the mapping. This constraint serves two
other purposes as well. First, it makes the solution unique. Second, it makes the columns
of B orthogonal, meaning that the information contained in the features after the mapping
is non-redundant. Adding this constraint to (3.3) and getting rid of terms that do not effect

the minimization results in the constrained optimization problem

n G
B* = arg min Zlog Zpje*%(fti*#i,j)TBBT(xi*Hi,j) (3.4)

BeRXE j=1

1
+ i(ml - Ni,gi)TBBT(JUi - /’Li7gi)

subject to BTB = T.
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—1 AT TA . . . . .
Define A;; = z; — p;; and ¢;; = pje? Ai ;BB AW, then the gradient of the objective

function in (3.4) is

n

Z Nig AT B — Z cijDiALB | | (3.5)

i=1 ] 1 Cw =
A gradient descent approach can then be used to find a local minimum to (3.4) by
computing the gradient of (3.4) at the current value of B using (3.5), taking a gradient
step in this direction, and then projecting the resulting B back onto the constraint set.
Projection of B onto the constraint set BT B can be performed using an orthonormalization
procedure such as the Graham-Schmidt procedure [49] or QR decomposition [67]. Let

orth(B) be a function that orthonormalizes the columns of B, the gradient descent approach

is summarized in Algorithm (1)

Input: B € R¥¢ p
Output: B*
while /converged do
BeB-nyr, <Ai7giA7:ng o (X ey An AT, )>
] 16,5
B « orth(B)
if f(B) < f(B) then
| B+ B
end
if f(B) >
e
end

f(B) then

end
Algorithm 1: Gradient descent approach to finding the B that minimizes (3.4).

3.1.2  Mazximal-eigenvalue Solution

In this section, I show that by making one further approximation to (3.2) I can arrive at an
objective function whose solution requires only a maximal-eigenvalue decomposition. The
resulting B* can then be used as the final LDG dimensionality reduction matrix or can be

used as an initializer for the gradient descent solution described in previous section.
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First, rewrite (3.2) as

n G

D {log | D_n(B ilj)ps | —log (p(B zilgipy.) | - (3.6)
i=1 J=1

and bound (3.2) from below with Jensen’s inequality by replacing the first log term in (3.6)
with 3, p; log(p(B wilj)):

n G

Yo | Do pilogp(B wilj) | —log (p(B"xilg)) | - (3.7)
i=1 Jj=1

Figure 3.1 plots the original MAP error function (3.1), the log approximation (3.2), and
the lower bound to the log approximation (3.7) for a two-class problem with a single z;.
The figure shows that (3.2) smoothly approximates the MAP error function by increasingly
punishing solution matrices B that make the posterior of the incorrect class higher than
that of the correct class. The figure also clearly shows that (3.7) lower bounds (3.2). The
main difference in these two functions occurs along the left edge of the plots where the
probability of the incorrect class approaches zero. It is straightforward to verify that (3.7)
evaluates to —oo for any B that results in the posterior of the incorrect class evaluating
to zero while the posterior of the correct class is greater than zero. This is in contrast to
objective function (3.2) that evaluates to zero for the same value of B. Therefore, it may be
possible for the lower bound approximation (3.7) to over-train to a few training examples by
pushing them close to this edge. Later, I will show how adding a regularization parameter

to (3.7) can alleviate this problem.

Returning to the problem of finding the B that minimizes (3.7), I again impose the
constraint BT B = I. Substituting the Gaussian distributions into (3.7) and assuming that

BT B = I (the eventual solution will guarantee that this assumption holds) results in

n G

_1AT T A .
> | D_pilos ((%)’ée‘%Azﬁ‘BBTAM) —log <pgi(27r)*%e 3075, BB Az,g¢)7
i=1 \j=1
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Leave-one-out MAP Error (3. First Approximation (3.2)
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Figure 3.1: The MAP classifier error function (3.1), the approximation given in equation
(3.2), and the lower bound approximation using Jensen’s inequality (3.7) for a two-class
problem plotted for a single x; as a function of the posteriors resulting from B. The
vertical axis for each plot is the posterior probability of the correct class after dimensionality
reduction by B, and the horizontal axis is the posterior of the incorrect class.

Taking the log of the Gaussians and dropping the terms that are independent of B, we

arrive at the LDG optimization problem

n G
1—»p, ;
B* = arg min E AAZTQ,BBTAi o — E (&AZT]-BBTA”) (3.8)
BE]RXm 2 I ’ L 2 ’ ’
1 J=Li#gi

subject to BTB = 1I.

Despite the approximations, (3.8) retains an intuitive meaning. The B that minimizes

the first term in (3.8) is the maximum likelihood solution for the correct-class local Gaus-
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sians. The second term is composed of G — 1 different terms, each of which, if minimized
individually, will give the maximum likelihood solution for an incorrect-class Gaussian, ie.
a Gaussian distribution trained by the local neighbors of x; coming from a different class.
Therefore, (3.8) can be viewed as a regularized maximum likelihood estimate, where the

regularization term attempts to minimize the likelihood of incorrect classes.

The B that optimizes (3.8) can be found with one eigendecomposition. Define
n
V=) AigAl, (3.9)
i=1

n G
A= ZZPJAWA%‘ (310)

i=1 j=1
Then (3.8) can be written as
1
B* = argmin -Tr (BT(V — A)B) (3.11)
BeRdx!

subject to BTB = T.

Proposition 1: The solution to (3.11) is to set B*’s columns to be the | smallest eigenvec-
tors of matriz (V — A).

The proof is in Appendix A.1.

Additionally, I add a cross-validated regularization parameter, v, to (3.11), which I have

found in practice can produce a mapping that better separates the data:

* 1
B = argmin ;Tr (BT(V —vA)B) (3.12)
BeRdx!

subject to BTB = 1.

As a result of Proposition 1, the solution to (3.12) is to set B}’s columns to be the [ smallest

eigenvectors of matrix (V' —~vA).
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Figure 3.2: This figure shows the effect of varying « in (3.13) as a function of the posterior
probabilities resulting from B. The vertical axis for each plot is the posterior probability of
the correct class after dimensionality reduction by B, and the horizontal axis is the posterior
of the incorrect class.

In order to visualize the effect of this v regularizer, it can be added to function (3.7) by

multiplying the first sum by ~:

n G
o[ Do pilogp(BTxil5) | —log (p(B ilgi) | - (3.13)

i=1 j=1

I plot this function in Figure 3.2 for v = 1 and v = 0.5. The figure shows that reducing v
reduces the reward of making the correct class posterior large in relation to the incorrect
class. At the same time, reducing v makes the penalty more severe if the incorrect class
posterior is large in relation to the correct class posterior.

As a result of (3.13), I choose to cross-validate v over the range (0,1). I choose one as
an upper bound for v due to the fact that (3.13) no longer lower bounds (3.6) if v > 1.
Zero is chosen as the smallest value of v because if v < 0, then the objective function tries

to bring x; towards the incorrect-class mean, which is intuitively a bad objective.
3.2 Asymptotic Analysis of LDG

In this section, I present an asymptotic analysis of the LDG solution, B} in (3.12), as

the number of training examples approaches infinity. In order to simplify the analysis, I
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assume that I don’t perform local LDG, but instead I perform global LDG, where I model

p(xilj) = N (xi; i, I), (ie. there is a single Gaussian for each class).

I begin by rearranging the terms in (3.12), and dividing by n, which does not effect the

minimization. Therefore, the function to be minimized in (3.12) can be written as

G G
IS (@i ) BB @i i)~ Y (sl — ) BB (@i~ i) | - (314)

7j=1
Equation (3.14) can again be rewritten as
Tr(BTZB), (3.15)

where

q=1 1:9;=q

S\«Q

G
Z > pilwi — i) (@i — )" | (3.16)
i=q j=1

SERS

First, I evaluate the asymptotic behavior of the first term inside the parenthesis of (3.16)

for a single class g:

*Z Nq)'

irgi=
As n — o0, this term approaches a scaled version of the covariance matrix for class ¢q. Let

nq be the number of class ¢ training examples, then as n — oo,

n
- Z ,Uq) qzq = Pg>q- (3.17)
" iigi=

Now, I analyze the asymptotic performance of the second term inside the parenthesis in

(3.16) for a single class ¢:

31

G
S piwi — ) (@i — i)
i:9i=q j=1
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This term can be rewritten as
~ G
o Z i > wiw] —wifl] — ] + ) - (3.18)

Asymptotically, p; — p; and fi; — ;. Substituting in these values, and adding and

subtracting ,u,qun from (3.18) gives

G
~
- Z S (@]l = pgpd) — wipd — il + pind + pgpl (3.19)
j=1  igi=q
As n — o0, the first term again becomes a scaled version of the class ¢ covariance matrix.
Additionally, > . _, xiuJT — nq,uunT and D, _, pial — nq,uj,un. Therefore, (3.19) can
be replaced with

G G
ng
1D P — 1) = 1)") =pq | Sqt Do il — ) (s — pg)”
J=1 J=1,j#q
(3.20)
Substituting (3.17) and (3.20) into (3.16) gives the asymptotic behavior of Z:
G
Z—>qu 1—7)% -7 Z iy — q) (1 — p1g)"
J= LJ#q
quZ - ’YZ Z ;i (ks = tq)(1j — Nq)T- (3.21)
9=1j=1j#q

The first term in (3.21) is the within-class covariance matrix, scaled by 1 — . The second

term is the between-class covariance matrix, scaled by ~.

Substituting (3.21) back into (3.15) and (3.12) reveals the asymptotic LDG objective as

the number of training samples n — oo:

G G
argmin Tr | BT | (1 - qu ’YZ Z ;s — tig) (1 — ,uq)T B (3.22)

dxt . .
BeR q=1j=1,j#q

subject to BTB = TI.
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Figure 3.3: The class one and class two training data are represented by the blue and red
circles. The lines show the one-dimensional subspaces that the data is mapped onto for
different values of ~.

Equation (3.22) reveals that as n — oo, the LDG objective has two components. The
first component is the within-class covariance matrix that LDG tries to make small after
the mapping B. The second component is the between-class scatter matrix that LDG tries
to make large after the mapping by forcing the class-conditional means to be separated.
Unlike FDA, which tries to maximize the ratio of these two quantities in the projected
space, as shown in (2.7), LDG balances the tradeoff between these two objectives through

the parameter .

8.2.1 lllustrative Experiment

I present a simulation experiment to illustrate the relationship between v and the LDG
solution as revealed in the asymptotic analysis of the previous section. The simulation is a
two-class problem, thirty training examples are provided for each class, and the data from
each class is conditionally Gaussian. The mean of the data for class one is [-0.1, -1]7 and
the mean for class two [0.1, 1]7. The covariances are equal, ¥; = Yo, and are diagonal,

with the diagonal vector being [0.01, 1]7. Therefore, the mapping that minimizes the class-
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conditional covariance term in (3.21) for each class is B = [1, 0]7. The mapping that
minimizes the difference of means term in (3.21) is B = [0.0995, 0.995]7".

Figure (3.3) shows the result of this experiment for three different values of v. When
v =0, B maps onto a one-dimensional space that mirrors the horizontal axis. When v = 1,
on the other hand, B maps onto a one-dimensional space that maximizes the difference
between the two means. When v = 0.5, we see that B achieves a balance between the v =0
and v = 1 solutions. This is the behavior that is predicted as a result of the analysis of the

previous section.
3.3 Extensions: Kernel LDG and Sparse LDG

This section describes two extensions of LDG: kernel LDG and sparse LDG. Kernel LDG
finds a non-linear LDG mapping in Euclidean space via the kernel trick, and sparse LDG
finds an LDG matrix such that the columns of B contain few nonzero elements.

Before describing kernel LDG, it is necessary to show how the V and A matrices in
the LDG objective function (3.12) can be computed in block matrix form. After rewriting

(3.12) using the block matrix form, kernel LDG is derived in a very similar manner to kernel

PCA [57].

3.3.1 Block Matriz Forms for the LDG Matrices

The V and A matrices in the LDG objective function (3.12) can be written in block matrix
form as a function of the data matrix X, a matrix whose i*" column is the i*" training
feature vector, x;.

Define H; ; as a set that contains the class j local neighbors of training point z;. Matrix

V (3.9) can then be expanded as

V:zn: xlmlT—xZ% Z x?;—% Z quiT—F% Z Z zerl | . (3.23)
i=1

q:q€Mi g, q:q€Mi g, q:q€MH,g; c:c€Mi g,

Now, define Ny as a same-class neighbor matrix, where Ng.(7,q) = % if x4 is a class g;

neighbor of z; and is zero otherwise. Similarly, define N; as a class j neighbor matrix,



24

where N;(i,q) = % if z, is a class j neighbor of z; and is zero otherwise. Finally, let E; , be
an all-zero matrix except for element (i,q) that is set to 1. Using these definitions (3.23)

can be rewritten as as

n

1 1
V=X Z Bii — ¢ > (Biq + Eqi) + 15 Y. D Egel | XT
i=1 q:q€H ;g q:q€H,,g; c:c€MHi g,
= X (I — Nyo — NL + NEN,) xT. (3.24)

Similarly, the LDG A matrix (3.10) can be rewritten

G n
1 1
A=X D0y | Bii—p D (BgtEB)+os D, >, Bl | X7
j=1 =1 q:q€H; 5 q:q€H,; ; c:c€H; 5
G
=X > p(I-N—-N"+N'N) | X7 (3.25)
7j=1

3.3.2 Kernel LDG

C

Define Ly = (I = Ny = N + NINy) and Ly = X5, p; (1= Ny = NT + NFN;). Sub-
stituting these definitions into (3.24) and (3.25), the LDG optimization problem (3.12) can

be rewritten as

. 1
B = argmin _Tr (BTX(LV - 'yLA)XTB)
BeRdxL

subject to BTB =1,

which is solved by an eigendecomposition of the matrix X (Ly — vLa4)X?. Let A be an

eigenvalue corresponding to eigenvector v. This pair must satisfy the linear relationship
X(Ly —vLA)XTv = M. (3.26)

From (3.26), it is possible to derive a kernelized version of LDG using a derivation
similar to that for kernel PCA [57, 58]. First, notice that in order for (3.26) to be satisfied,

v must be a linear combination of the columns of X. Therefore, v = X« for some vector
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. Substituting this into (3.26), and pre-multiplying by X7 gives

XTX(Ly —vLA)XTXa = XXTXo. (3.27)

The term X7 X in (3.27) is the linear kernel function for the training data. Using the
kernel trick (see Section 2.1.4), X7 X can be replaced with any positive semi-definite kernel
matrix K in order to find the LDG components in some high-dimensional reproducing kernel

Hilbert space (RKHS). Performing this substitution gives
K(Ly —vLa)Ka = AKa. (3.28)
Eigenvector and eigenvalue pairs that satisfy 3.28 can be found by solving
(Ly —vLp)Ka = M. (3.29)

It is evident that all solutions to (3.29) also satisfy (3.28). The opposite is not true, as
it is possible that there are solutions to (3.28) that do not satisfy (3.29). However, these

solutions have been shown to be irrelevant [58].

Let F' be the kernel LDG solution that is constructed by setting the columns of F' to be
the ¢ smallest eigenvectors of (Ly —yL4)K. F has several properties that are different than
the standard LDG solution. First, (Ly — vL4)K is an n x n matrix, and thus F € R/
with ¢ < n. Furthermore, in linear LDG, the columns of B were set to be the v satisfying
(3.26), whereas the columns of F' are set to the a satisfying (3.29). Due to the relationship
v = Xo, and the fact that B maps a test vector according to BTz, F maps a test vector

according to

FTxTy

= FT[K(:Ul,x) K(x9,x) ... K(xnax)]Tv

where K (z;, ) is the evaluation of the kernel function between training sample x; and test

sample x.
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3.3.8 Sparse LDG

Sparse LDG adapts the LDG objective function so that each column of B has few nonzero
elements. Since LDG and PCA are both solved via the maximal eigenvalue decomposition of
a square matrix, we can adapt methods for sparse PCA, such as those found in [32, 59, 72],
to find sparse LDG matrices as well. In this section, I adapt the direct sparse PCA algorithm
of d’Aspremont, et al. [15] to LDG. The adaptation is essentially a direct copy of the sparse
PCA algorithm found in [15], except that the LDG matrix (V' — vA) is substituted in for

the PCA covariance matrix S in (2.4).

Suppose that we wish to find a single column of B, in (3.12), denoted by b, € RIx1,
For brevity, in the rest of this section I will drop the v and also substitute Z = (V' — vA).

Then the LDG optimization problem (3.12) can be rewritten as

b* = argmin b’ Zb (3.30)
beRdx1

subject to bTb = 1.

In order to ensure that b* is s sparse, meaning that no more than s of the d terms of b* are

nonzero, a cardinality constraint can be added to (3.30):

b* = argmin b’ Zb (3.31)
beRdxl

subject to bTb =1,

Card(b) < s.
However, the cardinality constraint makes the above problem NP-hard.

The authors of [15] show that by making several relaxations, (3.31) can be converted
into a convex semidefinite program. Let B = bb’, | B | be a matrix whose entries take

the absolute values of the entries of B, and 1 be a d x 1 vector of all ones. Using these
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definitions, a convex relaxation of (3.31) is

B* = argmin Tr (ZB) (3.32)
BeRdxd
subject to Tr(B) = 1,
17| B|1<s,

B = 0.

After solving (3.32), the solution b* is found by decomposing the rank one matrix B*. The
relaxed optimization problem (3.32) does not guarantee that the solution b* will have s
or fewer nonzero components; however, in practice it does produce a sparse solution, with
smaller s resulting in increased sparsity. See [15] for empirical results showing how s relates

to the sparsity of b*.

The sparse LDG optimization problem (3.32) is capable of finding only a single column
of B*. In order to find ¢ columns of B*, a two-step iteration must be used where the first
step in the iteration is to solve (3.32) and the second step is matrix deflation. Let b; be the
solution to (3.32) at the i'h iteration. The deflation step removes the influence of b; from Z
at the end of each iteration. The authors in [15] proposed to perform deflation as Z; 11 =
Z; — (b;fFZibi)bib;fp. I call this deflation procedure sparse deflation, as it produces sparser
columns than the alternative described in the next paragraph, but does not guarantee that

the columns are orthonormal.

The following orthonormal deflation procedure guarantees that the columns of B* are
orthonormal. Let B; = [by, b, ..., b;] € R be the current sparse LDG solution after i
iterations. Furthermore, let G; € R%9~% he a matrix whose columns are orthonormal to
the columns of B;. The deflated matrix is Z;11 = GI ZG; € RT=%4~% Solving (3.32) using
Zi+1 results in the solution b € RI=%1 and using this b we can solve for b;11 as b;41 = G;b.
Since the columns of G; are orthonormal to B;, b;y1 is orthonormal to all the columns of

B;.



28

Table 3.1: Mean training time in seconds and mean classification accuracy when the number
of dimensions is chosen by cross-validation. Bold font highlights methods that were statis-
tically the best or not statistically different from the best with 95% confidence. Symbol
legend: “-” method did not converge in under three hours per training/test split, “nc” not
computable.

Orig Train| LDG PCA FDA LFDA ITML NCA

Dim Ex acc |time| acc |time| acc |time| acc [time| acc |time| acc |time
Diabetes 8 538 |71.3] 1 [67.9| <1 |72.7| <1 169.2| <1 |69.7| 40 |70.7| 135
Wine 13 125 |97.7| <1 |95.8] <1 |98.5| <1 |98.5| <1 |97.2| 54 (97.9| 6
Image Seg 19 1617 |96.5| 4 |92.5| 2 [96.2| 1 [95.0| 3 |95.6|138|95.4 |4641
German 20 700 |[71.1] <1 |68.9| <1 |71.4| <1 |71.9| <1 |69.5| 15 |71.1]1015
Ringnorm 20 3000 (86.9| 9 (85.8| 5 |[71.9| 1 |85.8| 6 |80.6| 23 |85.7|9119
Derm 33 256 [89.2] <1 |92.5| <1 |91.5| <1 |92.5| <1 193.4| 139 |95.5| 381
Ton 34 246 [86.2| <1 [85.2]| <1 |83.2| <1 [83.1| <1 [84.3| 10 |89.1| 222
Statlog 36 3000 [90.1| 10 (90.1] 5 |86.6| 3 |88.3| 6 |88.0|232| - -
USPS 256 3000 [93.5| 24 (92.0| 10 |90.9| 5 [92.6| 7 |90.8|4886| - -
Isolet 617 3000 |87.9] 94 |73.1| 15 |88.9| 18 |90.2| 21 - - - -
MNIST 784 3000 |89.1| 55 (87.5| 13 |76.2| 10 |32.7| 34 - - - -
Gisette 5000 3000 [95.5| 466 [96.7| 63 |51.5|1983|49.8|2313| - - - -
Mutants 5408 200 [90.0(2908|64.8| 2 |52.0(1946|48.0|2003| - - - -
Arcene 10K 70 76.0| 578 |61.3| 15 [53.7] 39 | nc | nc - - - -
Dexter 20K 210 |84.0(4365|58.1| 2 nc | nc | nc | nc - - - -

The drawback of the orthonormal deflation procedure compared to the sparse deflation
procedure is that as ¢ increases, the sparsity of b; 11 = G;b decreases. In Section 3.4.1, I will

highlight the differences between these two deflation procedures through experiments.

3.4 Dimensionality Reduction Experiments

I perform experiments to compare LDG to several different dimensionality reduction meth-
ods: PCA, FDA, LFDA, NCA, and information theoretic metric learning (ITML) [16] with
feature selection using the maximum-relevance, minimum redundancy criterion (MRMR)
[46]. For NCA, LFDA, ITML, and MRMR feature selection, I use code provided by the
authors. I evaluate the performance of the dimensionality reduction methods via k-NN

classification accuracy with k& = 3, as was done in [68].
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Figure 3.4: Mean classification accuracy over ten random splits of the data. Diamonds mark
methods that are statistically the best or not statistically different from the best with 95%
confidence for that dimensionality.

As a preprocessing step, the training data is standard normalized so that each feature
has a mean of zero and standard deviation of one. I choose the number of neighbors used to
estimate the local Gaussians for LDG dimensionality reduction by five-fold cross-validation
using a local QDA classifier [24] on the original data. For LDG, v € {0.2, 0.4, 0.6, 0.8,
1}, and I choose whichever 7 minimizes the k-NN leave-one-out cross-validation error at
dimensionality equal to the number of classes plus five. I have found that, in general, a few
more dimensions than the number of classes present in the data is a good dimensionality at

which to choose . In the case of ties, I select the largest value of v. MRMR requires that I
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Figure 3.5: Mean classification accuracy over ten random splits of the data. Diamonds mark
methods that are statistically the best or not statistically different from the best with 95%
confidence for that dimensionality.

discretize the ITML features for feature selection, and I do so by thresholding at the mean,
as recommended in the authors’ code.

Experiments are performed on fifteen datasets, and for each the accuracy is averaged
over ten random 70/30 splits of the training and test data (up to a maximum of 3000 training
samples). The datasets can be found either at the UCI Machine Learning Repository or the
Machine Learning Dataset Repository. The P53-Mutants dataset contained a large degree
of class asymmetry. Therefore, I randomly sampled 143 of the inactive class samples and
discarded the rest in order to make a 50/50 split between inactive and active class data (as
opposed to the 1% vs 99% split in the original dataset).

Figures 3.4 and 3.5 and Table 3.1 show that for small datasets, LDG is comparable to
other state-of-the-art methods. However, LDG provides a clear advantage on the datasets
with the largest feature dimensionality.

NCA and ITML failed to converge in under three hours per training/test split on a
standard 2.8 GHz PC for the datasets marked with “-” in Table 3.1, and results for these
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datasets are not plotted in Figures 3.4 and 3.5. Figures 3.4 and 3.5 also shows that [TML
has difficulty with the Ringnorm dataset which has some features that are only noise.
LDG also outperforms FDA and LFDA on some of the datasets. FDA can provide
dimensionality only up to one fewer than the number of classes, which limits its performance
on the Tonoshpere and Ringnorm datasets. Furthermore, FDA and LFDA exhibit numerical
instability in some of the datasets with large feature dimensionality due to the fact that
the within-class covariance matrix is underdetermined. Thus, the generalized eigenvalue
decomposition that these algorithms solve fails to find discriminative dimensions. LFDA
returns complex eigenvalues for the Arcene and Dexter datasets, and FDA does the same on
the Dexter dataset; thus, the LFDA and FDA results are not computable for these datasets.
Table 3.1 shows the average classification accuracy when the dimensionality is chosen by
leave-one-out cross-validation. I do this in a greedy fashion by increasing the dimensionality,
up to forty dimensions, until the cross-validation accuracy decreases by adding another
dimension. The run-time numbers measure the mean time it takes, in seconds, for the
method to produce the dimensions shown in Figures 3.4 and 3.5 and to select the best

dimensionality.

3.4.1 Sparse LDG Experiments

The experiments in this section serve to highlight the differences between LDG, sparse
LDG using the sparse deflation method, and sparse LDG using the orthonormal deflation
method. All experiments in this section are performed on the Wine dataset, and the data
preprocessing matches that described in Section 3.4. All results are again averaged over ten
random 70/30 splits of the training vs. test data.

The value of v for sparse LDG is set to be the same value of v that is selected for non-
sparse LDG. The sparseness parameter is set to s = 3 for all experiments. Furthermore,
for simplicity I use CVX [27] running Sedumi [63] to solve the sparse LDG semidefinite
program (3.32); however, a faster algorithm is proposed in [15].

I first compare the sparseness of the B matrices produced by the three different methods.

Figure 3.6 plots the mean number of nonzero elements in each column of B, where the mean
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Figure 3.6: The figure plots the mean number of nonzero elements in each column of B for
LDG and sparse LDG with two different deflation methods.

is taken over the ten random training vs. test splits. The figure shows that standard LDG
finds a matrix B that has no sparsity. Sparse LDG, on the other hand, finds columns of
B that are sparse. Comparing sparse deflation to orthonormal deflation, we can see that
when there are few columns of B, the methods produce columns with similar sparsity. In
fact, the solution for the first column of B is the same for the two methods as it involves no
deflation. However, as we add more columns to B, the sparse deflation method produces

sparser columns than the orthonormal method.

Sparse deflation does not produce a B matrix that is orthonormal. Figure 3.7 plots the
mean of the absolute value of the inner product between the columns of B for sparse LDG
with sparse deflation and sparse LDG with orthonormal deflation. If the columns of B
are orthonormal, then the off-diagonal elements of the plots in Figure 3.7 will be zero and
the diaganol elements will be one. The figure shows that orthonormal deflation produces

columns that are orthonormal and sparse LDG does not.

Figure 3.8 compares the mean classification accuracy of the three different dimensionality
reduction methods for three nearest neighbor classification. The figure shows that LDG is

the best or statistically significantly tied for the best at all dimensions. Sparse LDG with
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Figure 3.7: The figure shows the mean of the absolute value of the inner product between
the columns of B produced by sparse LDG with sparse deflation and sparse LDG with
orthonormal deflation.

orthonormal deflation is statistically tied with LDG at most dimensions. Sparse LDG with
sparse deflation results in the lowest mean classification accuracy, but is statistically tied

with the other two methods at several dimensions.

3.5 Small Sample Size Dimensionality Reduction

The results in Figures 3.4 and 3.5 show that FDA and LFDA perform extremely poorly on
the datasets with the largest feature dimensionality. This is due to the small sample size
problem in dimensionality reduction. FDA and LFDA both try to maximize the ratio of

the between-class covariance to within-class covariance by solving the optimization problem

B BTS,B
= arg max — .
BgeRdxe BTS,B

The solution to this problem is achieved by setting the columns of B to the ¢ largest

eigenvectors of the generalized eigenvalue decomposition
Sprv = ASyv,
which is equivalent to the eigenvalue decomposition of

S1Syr = AS,v.
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Figure 3.8: The figure plots the mean classification accuracy for ten random training vs.
test splits of the Wine dataset. Diamonds indicate that the method is either the best or
not statistically significantly worse than the best at that dimensionality.

Therefore, if 5y, is underdertermined, the above problem is ill-posed and numerically un-

stable.

The rank of S,, for FFDA is at most n — G, the number of training samples minus the
number of classes, and thus the small sample problem arises whenever n < d-+ . The small
sample size problem can occur if even more samples are provided for LF' DA, as is apparent

in the results for the MNIST dataset in Figures 3.4 and 3.5.

Many possible solutions to this problem have been proposed. One of the earliest is Fisher
faces [5]. The idea of Fisher faces is to first reduce the dimensionality of the training data
to n — G using PCA and then to perform FDA on the resulting data. Let Bpoy € R&>"C
be the PCA matrix and Bppa € R""¢*¢ ¢ < n — G be the FDA matrix. The resulting
Fisher faces dimensionality reduction matrix is BpoaBrpa € R¥*n=G T abbreviate this
algorithm as PCA FDA, and it it can easily be extended to PCA LFDA by first using PCA
to reduce the data to a dimensionality such that the LFDA S,, matrix is full rank, and then

performing LEDA on the resulting data.

Another possible solution is to regularize the within-class covariance matrix. Ridge
regularization [28] does so by adding a scaled identity matrix: S, (€¢) = Sy, +€l. The scaling

parameter € can be chosen by cross-validation in order to maximize classification accuracy.
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I call this method Regularized FDA or Regularized LFDA for Fisher discriminant analysis

and local Fisher discriminant analysis, respectively.

Another approach to solving the small sample size problem is called direct LDA (DLDA)
[71]. DLDA first decomposes the between-class covariance matrix and then uses the resulting
decomposition to decompose the within-class covariance matrix. The final dimensionality
reduction matrix is the result of both of these decompositions. First, DLDA finds a di-
mensionality reduction matrix Vprpa € RI*% 4 < d that is composed of the u non-zero
eigenvectors of the between class covariance matrix Sp. The columns of Vpppa are nor-
malized so that VgLD A9 Vbrpa = I, and thus Vprpa spheres the between-class covariance.
Then, let Wprpa € R¥*E be the top G eigenvectors of V]SFLD ASwVDLDA. The final DLDA

dimensionality reduction matrix is Bprpa = VoroaWpLpa € R¥C.

Generalized discriminant analysis (GDA) is another small sample size solution that
reformulates standard Fisher discriminant analysis as a generalized singular value decom-
position [29]. This generalized singular value decomposition does not become ill-posed for

the small sample size problem. For details on how FDA is reformulated as GDA, see [29].

The most similar method to LDG within the small sample size literature is the maximum
margin criteria (MMC) [34]. MMC finds the dimensionality reduction matrix by solving

the following optimization problem:

Biwe = argmax Tr (B' (S, — 5,,)B) (3.33)
BeRdxt

subject to (BT B) =1,

where S, and S, are the between-class and within-class matrices used in FDA (see (2.5)
and (2.6)). The authors of [34] motivate the MMC objective function as finding the B that
maximizes the margin between the same-class and different-class training data; thus their
analysis is quite different than that for LDG. Furthermore, the MMC objective differs from
that of LDG in that LDG adds the regularization term « and LDG acts locally to each

training point whereas MMC considers the global scatter matrices.
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3.5.1 Computational Savings Using Kernelized LDG

In Section 3.3.2, kernel LDG was motivated as a method to find non-linear mappings of
the input data using the kernel trick. However, kernel LDG can also provide computational
savings when there are fewer training examples than there are features.

Equation (3.29) showed that the kernel LDG solution requires that we find the ¢ smallest
eigenvectors of (Ly —yL4)K. If there are n training examples, then the size of this matrix
is n x n. Compare this to the standard linear form of the LDG objective function (3.12)
that requires us to find the ¢ smallest eigenvectors of a d x d matrix. If n < d, the
eigendecomposition is simplified using kernel LDG. Furthermore, we can find the linear

LDG solution using kernel LDG with the linear kernel: K(z;,z;) =zl z;.

3.5.2  Small Sample Size Fxperiments

I conduct experiments to compare LDG to the methods proposed above, as well as ITML,
on a large number of datasets that exhibit the small sample size problem. I again compare
performance by k& = 3 nearest-neighbor classification accuracy on the mapped data. The
datasets that [ use are all time-series datasets available at the UCR time-series classification
and clustering page. 1 use this database for these experiments due to the large number of
time-series datasets that exhibit the small sample size problem.

Each dataset at the UCR, database consists of sampled time-series signals from a number
of classes, and each dataset has a standard training vs. test split. It is common to use the
time-series samples as the features for classification, and doing so results in twenty-five
datasets that exhibit the small sample size problem. Table 3.2 gives details for the twenty-
five datasets. Although the UCR database pre-separates the data into standard training vs.
test splits, I instead combine these two sets and randomly sample a training vs. test split
(with the same number of samples for training and test as exist in the standard split) ten
times for each dataset in order to get statistically significant results.

The only methods requiring cross-validation parameters are LDG, regularized FDA, reg-
ularized LEFDA, and ITML. For LDG I cross-validate the  parameter over [0.01, 0.1, 0.3,
0.5, 0.7, 0.9]. For regularized LDA and regularized LFDA, I cross-validate the ¢ param-
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Table 3.2: Details for the time-series datasets that exhibit the small sample size problem.

Time-series Training Test
Dataset Length Classes Samples Samples
Beef 470 5 30 30
CBF 128 3 30 900
Cinc ECG Torso 1639 4 40 1380
Coffee 286 2 28 28
Diatom Size Reduction 345 4 16 306
ECG Five Days 136 2 23 861
Face Four 350 4 24 88
Fish 463 7 175 175
Gun Point 150 2 50 150
Haptics 1092 5 155 308
Inline Skate 1882 7 100 550
Lightning 2 637 2 60 61
Lightning 7 319 7 70 73
Mallat 1024 2 67 1029
Mote Strain 84 2 20 1252
Olive Oil 570 4 30 30
OSU Leaf 427 6 200 242
Sony AIBO Robot Surface 70 2 20 601
Sony AIBO Robot Surface IT 65 2 27 953
Starlight Curves 1024 3 1000 8236
Symbols 398 6 25 995
Trace 275 4 100 100
Two Lead ECG 82 2 23 1139
Word Synonyms 270 25 267 638
Yoga 426 2 300 3000
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eter over [0.001, 0.01, 0.1, 1, 10, 100, 100]. For ITML, I use the default cross-validation
parameters provided in the authors’ code.

Due to the large number of datasets, I do not include plots like those shown in Figures
3.4 and 3.5. Instead, I present all results in Tables 3.3 and 3.4. These tables show results for
ITML only on datasets with fewer than three hundred features due to the excessive run-time
of ITML on datasets with large feature dimensionality. Table 3.3 shows the classification
accuracy of the various dimensionality reduction methods when reducing the data to a final
dimensionality equal to one fewer than the number of classes: G — 1. 1 choose to show
the results at this dimensionality because this is the inherent dimensionality chosen by the
variants of FDA. Showing results at this dimensionality shows how well the methods can
do when reducing to a small final dimensionality.

Table 3.4 shows the results for PCA, LDG, PCA LFDA, and regularized LFDA at a num-
ber of dimensions chosen in order to maximize classification accuracy by cross-validation.
In the experiments of Section 3.4, I used a completely greedy method to choose the best
dimensionality. In the small sample size problem of this section; however, I have found that
this greedy method can incorrectly choose too few dimensions. Therefore, I instead choose
the best dimensionality from a fixed set of candidate dimensions. The set of candidate
dimensions is [G - 1, G, G+1, G+2, G+4, G+8, G+16, G+32|, where G is the number of
classes. The reason behind choosing this set of dimensions to cross-validate over is that if
the data is unimodal in each dimension, then a final dimensionality of G — 1 often performs
very well. Otherwise, a few more dimensions than this is needed, as can be seen in Figures
3.4 and 3.5. LDG and regularized LFDA must cross-validate over dimensions and parame-
ters. As opposed to doing a grid search, I instead first choose the v parameter for LDG or
the e parameter for regularized LFDA based on the & = 3 nearest-neighbor cross-validation
accuracy at dimensionality G — 1. I then use this parameter to cross-validate over the
number of dimensions. For PCA LDA, Regularized LDA, DLDA, and GDA, the results are
again shown at dimensionality G — 1.

For ITML, the results in Table 3.4 involve no dimensionality reduction. Instead, the
performance is evaluated using the full Mahalanobis metric found by ITML (see Section

2.2.5). I choose to use the full metric for ITML because the results in the previous section
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in Figure (3.4) showed that ITML rarely saw accuracy improvements with reduced dimen-
sionality. Therefore, the performance using the full Mahalanobis metric is a good point of
comparison for results chosen to maximize classification accuracy.

Table (3.3) shows that in the special case that the dimensionality is constrained to be
G — 1, regularized FDA is either the best method or statistically significantly tied for the
best in seventeen of twenty-five datasets, followed by LDG and regularized LFDA each at
fifteen of twenty-five. ITML is is either the best or statistically significantly tied for the
best only six of the ten datasets with fewer than three-hundred features, while regularized
LFDA is the best or statistically significantly tied for the best on nine of those ten. PCA
LDA, DLDA, GDA, and PCA LFDA are each the best or statistically significantly tied for
the best on fewer than ten of twenty-five datasets.

Table (3.4) shows that when the dimensionality is chosen by cross-validation, LDG is
the best or statistically significantly tied for the best on nineteen of twenty-five datasets,
and regularized LFDA comes in second with sixteen of twenty-five. Regularized FDA loses
ground in this setting due to its shortcomings of not being able to separate multi-modal
data, and not being able to find more then G—1 dimensions. I'TML is the best or statistically
significantly tied for the best on six of ten datasets, while LDG and regularized LFDA are
the best or statistically signficantly tied for the best on eight of those ten. In addition,
run-time comparisons in Table (3.5) show that ITML requires significantly more training

time than the other methods.
3.6 Conclusions

I have motivated and derived LDG dimensionality reduction as a mapping that finds an ap-
proximate solution to that which minimizes the error of a local QDA classifier. Asymptoti-
cally, LDG attempts to simultaneously minimize the within-class scatter while maximizing
the distance between the means of different classes. This objective is similar to FDA; how-
ever, LDG does not require an inversion of the within-class scatter matrix and can therefore
be applied directly to small sample size problems.

Experiments showed that LDG is comparable with other state-of-the-art algorithms for

linear dimensionality reduction. The fact that LDG requires only a maximal eigenvalue
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Table 3.3: Results of the small sample size dimensionality reduction experiments when the
final dimensionality of the data is one fewer than the number of classes. The results are
averaged over ten random splits of the training and test data, and methods that are the
best or not different from the best with statistical significance of 95% are shown in bold.

PCA Reg. PCA  Reg.

Dataset LDG PCA FDA FDA DLDA GDA LFDA LFDA ITML
Beef 87.7 42.3 86.3 87 373 87.3 59.7 81.7 -
CBF 88.3 76.8 85.5 89.3 83 82.1  85.3 924 91.2
Cinc ECG Torso | 63.4 63.5 464 484 55.8 452 384 60.8 -
Coffee 99.6 582 100 100 614 100 100 100 99.6
Diatom 90.1 86.7 87.8 89.4 887 88.6 80.8 87 -
ECG Five Days | 93.6 51.3 94.8 94.8 77.1 94.8 94.8 92 93.8
Face Four 81.7 675 82,2 823 776 83.1 659 80.9 -
Fish 74.2 64.5 653 83.1 70.2 62.6  35.7 78.9 -
Gun Point 733 64 775 844 694 781 779 80.9 795
Haptics 40.3 32 322 40.5 36 33 26.8 38.7 -
Inline Skate 25 26.5 242 245 249 246 193 26.5 -
Lightning 2 70.7 652 60.7 67 70 61 60.5 66.9 -
Lightning 7 62.1 65.3 48.1 60.3 586  45.3 29 61 -
Mallat 92.6 81.2 87.6 91.5 621 60.1 61 93.6 -
Mote Strain 85.3 74.7 822 84.6 84.6 80.9 823 84.3 83.3
Olive Oil 87.3 66 87 88.3 787 86 60.7 86.3 -
OSU Leaf 475 49.7 325 44 474 332 23.7 50.4 -
Sony 87.4 67.1 862 87.8 88.1 859 86.5 87.8 88.6
Sony 11 80.7 751 81.1 81.4 79.2 81.1 81.1 81.6 82.2
Starlight Curves | 83.8 84.4 549 85.2 84.1 46.7  63.9 84.9 -
Symbols 73.4 T73.5 71 74.4 599 583 557 70 -
Trace 75.2 713 739 749 76 63.4  68.2 78.8 76.4
Two Lead ECG 92  54.1 95.8 95.8 64.8 96 95.9 95.8 95.1
Word Synonyms | 58.7 58  20.9 54.7  40.5 5.3 7.1 59.3  56.3
Yoga 56.8 589 589 66 56.4  58.9 59 58.2 -
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Table 3.4: Results of the small sample size dimensionality reduction experiments when the
final dimensionality of the data chosen by cross-validation for LDG, PCA, PCA LFDA and
Regularized LFDA. For easy analysis, we also compare the results for the other methods
at dimensionality of one fewer than the number of classes, where they commonly achieve
the best performance. The results are averaged over ten random splits of the training and
test data, and methods that are the best or not different from the best with statistical
significance of 95% are shown in bold.

PCA Reg. PCA  Reg.

Dataset LDG PCA FDA FDA DLDA GDA LFDA LFDA ITML
Beef 87.7 43 86.3 87 373 87.3 59.7 81.7 -
CBF 88.8 84 855 893 83 82.1 853 924  90.3
Cinc ECG Torso | 68.9 70.3 46.4 484  55.8 45.2 384 66.9 -
Coffee 99.6 689 100 100 61.4 100 100 100 99.6
Diatom 90.1 88.7 87.8 89.4 88.7 88.6 80.8 87 -
ECG Five Days | 93.8 76.8 94.8 94.8 771 94.8 94.8 924 91.9
Face Four 82.8 74.1 82.2 823 776 83.1 659 80.9 -
Fish 75.1 76.6 65.3 83.1 70.2 62.6  35.7 82.9 -
Gun Point 88 796 775 844 694 78.1 77.9 84.9 83.8
Haptics 40.1 37.2 322 40.5 36 33 26.7 41.4 -
Inline Skate 25.1 26.9 242 245 249 246  19.3 26.9 -
Lightning 2 72.1 74.3 60.7 67 70 61 60.5 69.5 -
Lightning 7 62.3 64.2 48.1 60.3 58.6 45.3 29 61.4 -
Mallat 92.6 80.1 87.6 91.5 62.1 60.1 61 93.6 -
Mote Strain 85.2 83 822 84.6 84.6 809 823 84.3 83.2
Olive Oil 87.3 753 87 88.3 787 86 60.7 86.3 -
OSU Leaf 51 54.8 325 44 474 332 23.7 53.4 -
Sony 90 864 86.2 87.8 88.1 85.9  86.5 87.8 87.4
Sony 1T 81.2 784 81.1 814 79.2 81.1 81.1 81.6 81.2
Starlight Curves | 88.7 90.7 54.9 852 84.1 46.7  63.9 88.3 -
Symbols 73.2 739 71 744 599 58.3 557 70 -
Trace 79.6 78.7 739 749 76 63.4  68.2 79.6 80.2
Two Lead ECG 92 70.4 95.8 95.8 64.8 96 95.9 95.8 95.1
Word Synonyms | 58.6 57.9 20.9 54.7 40.5 5.3 7.1 59.2 56.8
Yoga 789 81.8 589 66 56.4 58.9 59 79.7 -
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Table 3.5: Average run-time, in seconds, for the small sample size dimensionality reduction
methods.

PCA Reg. PCA  Reg.

Dataset LDG PCA FDA FDA DLDA GDA LFDA LFDA ITML
Beef 3.5 01 <01 13 0.4 0.4 0.5 1.3 -
CBF 02 <01 <01 05 <01 <01 0.1 0.5 68.2
Cinc ECG Torso | 117.3 1.6 0.3 13.3 8.5 8.8 13.7 13.3 -
Coffee 1.1 0.1 <01 09 0.1 0.1 0.2 0.9 346.5
Diatom 1.8 <01 <01 11 0.2 0.1 0.3 1.1 -
ECG Five Days 03 <01 <01 08 <01 <0.1 0.1 0.8 45.2
Face Four 1.8 0.1 <01 12 0.2 0.1 0.3 1.2 -
Fish 3.9 0.3 0.1 1.6 0.4 1.8 1.4 1.6 -
Gun Point 02 <01 <01 05 <01 <01 0.2 0.5 38.6
Haptics 31.0 0.6 0.2 6.2 3.0 11.9 4.6 6.2 -
Inline Skate 159.7 44 0.9 189 124 26.9 245 18.9 -
Lightning 2 7.7 0.3 0.1 2.1 0.7 1.4 1.2 2.1 -
Lightning 7 1.4 0.1 <01 1.1 0.1 0.2 0.5 1.1 -
Mallat 27.8 0.7 0.1 5.5 2.7 3.6 3.8 5.5 -
Mote Strain 02 <01 <01 06 <01 <01 0.1 0.6 8.6
Olive Oil 6.1 0.1 <01 19 0.7 0.6 0.7 1.9 -
OSU Leaf 2.0 0.2 0.1 0.9 0.2 1.2 1.0 0.9 -
Sony 02 <01 <01 06 <01 <01 0.1 0.6 7.3
Sony 1T 02 <01 <01 06 <01 <01 <o041 0.6 5.6
Starlight Curves | 44.8 4.6 11.2 6.0 2.6 38.8 13.5 6.0 -
Symbols 24 0.1 <01 1.3 0.3 0.2 0.4 1.3 -
Trace 0.7 0.1 <01 0.7 0.1 0.1 0.5 0.7  1637.0
Two Lead ECG 02 <01 <01 0.7 <01 <0.1 0.1 0.7 24.0
Word Synonyms | 1.8 0.2 0.1 1.5 0.1 0.3 1.2 1.5 3358.2
Yoga 3.3 0.4 0.2 1.2 0.2 1.6 1.4 1.2 -
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decomposition make it computationally efficient. LDG is also able to find reduced spaces
where a nearest-neighbor classifier can achieve high accuracy in comparison to other dimen-
sionality reduction algorithms. Experiments have also shown that LDG is able to achieve

good performance on the small sample size dimensionality reduction problem.
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Chapter 4

TRANSFER LOCAL DISCRIMINATIVE GAUSSIAN
DIMENSIONALITY REDUCTION

This chapter focuses on the problem of transfer learning. In transfer learning, the
objective is to classify test data drawn from some target domain distribution of feature
vectors and class labels where either no or only a few labeled examples are available for
training. However, a large number of training examples are provided from a source domain
that differs from the target domain, but is thought to be useful for learning. The goal of
transfer learning is to use the large set of source domain training data along with the much

smaller set of target domain data to classify the test data drawn from the target domain.

As a visual example of this problem, Figure 4.1 shows handwritten digit images from two
different image databases. It is clear from the figure that the digits have been processed in
different ways. In the experiments, I will show that transfer learning techniques can boost
the performance of a classifier that trains using images from one of these domains to classify

images drawn from the other.

In this work, I assume that the learner is given a few labeled examples from the tar-

get domain and a much larger number of training examples from the source domain. The

ns+nt

source domain dataset, S = {(w,9i)}i=, "1

is drawn iid from some unknown joint dis-
tribution of feature vectors and class labels ps(z,g). The smaller target domain dataset,

T = {(zs,9i)}iy, is drawn iid from unknown joint distribution p7(z, g) # ps(z, g).

An implicit assumption of the supervised dimensionality reduction techniques described
in the previous chapter is that the training and test data are drawn iid from the same
distribution. Since this is not the case in the transfer learning scenario, these techniques

often fail.

Transfer LDG takes into account the difference in source and target data, and adapts

the LDG criteria in order to provide an improved mapping for transfer learning. The
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Figure 4.1: The MNIST and USPS handwritten digits datasets vary in how the digits are
preprocessed. If we want to classify USPS handwritten digits using training data drawn
from the collection of MNIST handwritten digits, then transfer learning techniques are
useful in order to reconcile the differences between the two domains.

basic idea of transfer LDG is to find a dimensionality reduction matrix, B, such that the
training data in the source domain is made to be similar to that in the target domain:
p7(BTz,9) ~ ps(BTx,g). Since the mapping will be used for classification of data drawn
from the target domain, the mapped space should also separate the target domain training
data according to class. These two criteria, similarity between source and target domain

and separation in the target domain, will guide the approach.

The chapter is organized as follows. Section 4.1 reviews related work in transfer learning.
In Section 4.2, I present the transfer LDG objective function. Sections 4.3 and 4.4 provide an
asymptotic analysis and an illustrative experiment with simulated data showing the behavior
of transfer LDG. Section 4.5 shows the performance of transfer LDG on real data problems,
and Section 4.6 combines transfer LDG with another transfer technique called invariant
features in order to achieve even better performance for handwritten digit classification.
Some of the material in this chapter was conducted jointly with Maya Gupta and has been

previously published [45].
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4.1 Related Work for Transfer Learning

This section reviews several other approaches to dimensionality reduction for transfer learn-
ing. Since dimensionality reduction is a feature preprocessing step prior to classification, I
also review another feature preprocessing method for transfer learning: invariant features.
For a detailed overview of the different assumptions made for transfer learning, and the

ways of adapting classifiers to work for transfer learning see [42, 6].

Bregman divergence based transfer learning [60] is a dimensionality reduction technique
for transfer learning that does not use label information in the target domain data. The
idea behind this approach is to perform standard supervised learning using the source
domain data, but to regularize the objective function by minimizing the Bregman divergence
between the source and target domain feature distributions. Let f(B) be the objective
function of the source domain dimensionality reduction technique (for instance FDA or
PCA), and let Dp(ps(x), pr(z)) be the Bregman divergence between the source and target
domain feature distributions after dimensionality reduction using matrix B. The objective

function for Bregman divergence based dimensionality reduction is

B* = arg minf(B) + ADp(ps(x), pr(x)).
BeRdx!

The parameter A trades off between the source domain objective function, which tries to
make the mapping discriminative in the source domain, and the Bregman divergence based
criteria, which attempts to make the distributions similar after the mapping. Since the
source and target domain distributions are unknown in practice, the authors estimate them
using kernel density estimation with the source and target domain training data. The

authors minimize the objective with gradient descent.

Another transfer dimensionality reduction method that does not use labels in the tar-
get domain is transfer component analysis (TCA) [41]. TCA follows a similar approach to
the Bregman divergence based technique in that it uses a divergence measure between the
distribution of the source and target domain feature vectors to regularize the objective func-

tion. The authors use the minimum mean discrepancy criteria to measure the divergence
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between the two domains. They also incorporate two other components into their objective
function: label dependence and locality preservation. The label dependence objective at-
tempts to separate the data according to class in the source domain. The locality preserving
objective attempts to preserve the local geometry of the data by forcing data points that
are near each other prior to the mapping to still be near after the mapping. The authors
propose a kernelized version of this approach that finds nonlinear mappings of the feature

vectors. Furthermore, they show that the mapping can be found by an eigendecomposition.

ITML has also been adapted to the transfer learning scenario [54]. Let dp(z;, ;) =
(z; —x;)T M (2; — x) be the squared Mahalanobis distance between z; and x;. The original

ITML objective is

M* = argmin Tr(M) — log det(M)
M*>0

subject to dM(xi,azj)2 <w, if g; = gj (4.1)

dyr (i, 25)? > v, if g; # gj.

For transfer metric learning, the authors propose to use objective function (4.1), but generate
constraints only between examples from different domains, ie. z; € 7 Vi and z; € S Vj. In
this way, they find an M that makes distances between examples across the two domains
small for same-class data and large for different-class data. The Mahalanobis metric M can
again be converted into a dimensionality reduction metric by using MRMR feature selection

on the resulting features.

The first two dimensionality reduction methods described above try to find a mapping
that reduces the divergence between the feature vectors in the two domains. Another prepro-
cessing step for transfer learning problems that also attempts to alleviate the dissimilarity
between the source and target distributions is the method of invariant features. The basic
idea behind invariant features is to extract features from the data that do not vary between
the two domains, and they are typically derived by assuming some physical relationship
between the source and target domains. For this reason, invariant features are task specific.

For instance, Simard et al. derived tangent distance features that are invariant to common



48

transformations which occur in handwritten character recognition [61]. Bruna and Mallat
recently showed that convolutional wavelet networks can produce features that are invariant
to deformations and translations [9] [10]. Okopal et al. developed features for acoustic sig-
nal classification that are invariant to dispersion effects [40]. Ahonen et al. use local phase
quantization features as invariant features to Gaussian blurring in a face recognition system
[1]. Invariant features can also be used in conjunction with other methods for overcoming
the domain transfer problem, as invariant features are typically not completely robust to all
domain transfer effects [39]. In the experiments section I will show that combing invariant
features, which use a physical model to pre-process data for transfer learning, with trans-
fer LDG, which is a data-driven approach, can provide increased performance for transfer

learning problems.

4.2 Transfer LDG Objective

As mentioned earlier, the two goals for transfer LDG dimensionality reduction are: 1) find a
dimensionality reduction matrix B that separates the target domain training data according
to class, and 2) find a mapping that makes the source and target domain distributions similar
after the mapping, ie. pr(BTx,y) ~ ps(B'z,y). In Figure 4.2, two examples are shown of
one-dimensional spaces that have been mapped from some higher-dimensional space (which
is not shown). The left plot is a mapping in which the target domain data are separated
according to class, but the source and target domain distributions are not similar. In the
right plot, the target domain data is separated, and additionally, the source domain data
distribution is similar to that of the target domain data. Therefore, both the source and
target domain data can be used to train a classifier for the test data using the right-side
mapping.

I make three changes to the discriminative Gaussian objective function (3.2) derived
in the previous chapter in order to adapt it to the transfer learning scenario. First, the

objective function is weighted over the source and target domain data separately:

F(B) = (1—a) Zl ( j= 1p(B z;|)p; ) nilsl (Z] 1p<B z;]7)p; ) (4.2)

BT$z|gz)pgz P——— Bsz|gz)pgl
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Figure 4.2: Two examples of one-dimensional mappings for transfer dimensionality reduc-
tion. In each example, the target domain is separated, but in the right example the target
domain data matches the source domain data, making transfer learning more effective.

Second, the parameters of the Gaussian distribution for target domain point x; are estimated
using the k nearest source domain training examples. Third, since there are few target
domain examples, the class priors are learned using the empirical distribution of the source

domain data only.

The first term in (4.2) is the primary transfer term. The denominator in the first
term of (4.2) finds a B that maximizes the likelihood of the target domain data for a
Gaussian distribution trained using the local same-class source domain data, thus finding
a B that brings the same-class source and target domain data close together. Conversely,
the numerator in the first term of (4.2) seeks a B that minimizes the likelihood of the

different-class source Gaussians, thus ensuring that the mapping is still discriminative.

The second term in (4.2) is the standard LDG objective function using only the source
domain data. Therefore, if & = 0.5, objective function (4.2) is similar to the standard LDG
objective function acting on the pooled data with the difference being that the conditional
distributions for the target domain data and source domain data are trained using only
the source domain data (as opposed to the pooled data). The second term is included in
the objective function because if the source and target domain data are similar, then it is

beneficial to train the objective function using as much data as possible.
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An alternative to the above approach would be to learn the class-conditional distributions
from the pooled source and target data as opposed to the source domain data only. However,
I choose not to do this because if the source and target domain distributions are different,
then mixing data from the two different domains in order to learn the parameters may cause
the learned parameters to be innacurate for each domain. On the other hand, if the source
and target domains are similar, then the parameters learned from the pooled data would
be similar to those learned using only one dataset or the other. Since there is more data in
the source domain, then it makes sense to learn the parameters from the domain with the
most data.

I make the same assumptions and approximations as in the previous chapter in order to
find an approximate solution to (4.2) that requires only a maximal eigenvalue decomposition.
In order to do this, I impose the constraint that BT B = I, I assume that the covariance
matrices of the local Gaussians are identity matrices, I then use Jensen’s inequality to lower
bound (4.2), and I introduce the v parameter. Let p(BTx;|j) = N(BTx;; BT y; 7, 1) be the
local Gaussian for training point z;, and let A; ; = x; — u; ;. Applying the approximations

listed above yields the transfer LDG optimization problem

ne G
1—pg,. ;
By —argmin (1- )Y [ = P2AT, BBTA,, v Y (2AlBBTA,) | (43)
BeRdxl i—1 2 g . 2
i J=L3#9:
ni+ns 1 D G D
~ Pgi AT T i AT npRT
ta 3 (AL BB A, —y Y (YalBBTA)
i=ni+1 j=1.j#gi

subject to BTB = 1I.

As shown in the previous chapter, the B that minimizes (4.4) is found by an eigendecom-

position.
4.3 Asymptotic Analysis

In this section, I present an asymptotic analysis of the transfer LDG solution for B in
(4.3) as the number of target domain training examples n; — oo while also assuming

infinite source domain training examples. The notation for this section is included in Table
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Table 4.1: Notation for the asymptotic analysis of transfer LDG.

Symbol  Definition

I Class j source domain mean

ug-T) Class j target domain mean

»(7) Class j target domain covariance matrix

pg-]s) Class j source domain prior

pg-T) Class j source domain prior

n; Number of class j target domain training points

4.1. Although in practice we expect to have few target domain examples, the asymptotic
analysis will still provide insight on the behavior of the transfer LDG function, particularly
with respect to the v parameter. Since the second term of the LDG objective function has
already been analyzed in the previous chapter, I perform analysis only for the first term by

setting a = 0.

As in the previous chapter, I again simplify the analysis by assuming that I don’t per-

form local transfer LDG. Instead, I perform global transfer LDG where I model p(x;|j) =

N (x; ﬂg-s), I), i.e. there is a single Gaussian per class. Since the number of source examples
is assumed to be infinte, I will also assume that ,&;S) = M§$) and that p; = 5-3).

I begin by rearranging the terms in (4.3), and dividing by n;, which does not effect the

minimization. Therefore, the function to be minimized in (4.3) can be written as

G
1 S S S
ne Z Z (i — /‘1(18)>TBBT(952‘ - M«({S)) -7 (p§ )(3«"@' — u§~ ))TBBT(.%'i - M; ))>
q=11i:9;=q j=1

Equation (4.4) can be rewritten as

Te(B'ZB), (4.5)
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G
Z=3 ni (i — ) (@i — )T — L Z Zp )(l’i _M§5))T

q=1 i:g;=q P igi=q j=1
(4.6)

I begin by analyzing the first term inside the parenthesis in (4.6),

o Z ﬂz(] )) ’ (4'7)

lgz

as ny — o0o. This term can be rewritten as

L Z wia? — ap®" — ST 4 S "

i gz
iig;=
where ,u,g ) (T) has been added and subtracted in order to go from the first line to the

T
second line. Asymptotically, > . gi=q wlmT— ,ut(l ),u(g s equal to a scaled version of the class

(T)

q target domain covariance matrix: ny¥q ’. Furthermore, >, . :zl-,ug i —n M(T)u,(z A .
Substiting these asymptotic solutions into (4.8), and also noting that "q — p(T) results in
(4.7) being asymptotically equal to

P (247 + (17 = i) (7 — u§H7T). (4.9)

I now analyze the second term inside parenthesis in (4.6) for a single class ¢:

N S
> ij zi — i) (@i — u$)T. (4.10)
b iigi=q j=1
Equation (4.10) can be rewritten as

—'yZp]S) Z TiT T (S)x;—xz 58) —i—,u§ ) (T) . (4.11)
igi=
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T
Adding and subtracting M,(JT) M,(JT) from (4.11) gives
1 < T (S T S
EVZP] Z i T) (T) +,u( ),u((l ) —,u§~ )xT—xl,ug " +,u§ 1" (4.12)
Jj= 1:g;=
T
As ny — oo, the term -, miz; — ,ug ) uéﬂ in (4.12) again becomes a scaled version of

the class ¢ target domain covariance matrix. We can also replace the sums over x; with the

class ¢ target domain means. Therefore, asymptotically (4.12) becomes

G

n

a3 on” (B0 + D = i) (7~ )T
2

S S
= yp{T) +Zp il — 1N (T = T (4.13)

Substituting (4.9) and (4.13) into (4.6) gives

G

z=>p{" <(1 — NS + (1 =) (T = ) (T — T (4.14)
q=1

— Z P (T — Nl — M§S))T>,

Jj=1,j#q

Equation (4.14) reveals that Z is composed of three parts for each class q. The first part
is the class ¢ target domain covariance matrix, the second part is the distance vector between
the class ¢ mean in the source and target domains, and the third part is a summation over
the distance vectors between the class ¢ mean in the target domain and the different-class
means in the source domain. These three components seek a B that does three different
things: 1) bring the same-class target domain data close together by making the covariance
in the mapped space small, 2) bring the same-class source and target domain data together
by making the distance vector between their means small, and 3) separate target domain
data from different-class source domain data by making the distance vector between their

means large. The weightings between these different components are determined by the
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priors in the two domains and the « parameter. Large v emphasizes the third component
over the first two, and vice-versa for small ~.

The components of (4.14) can be mapped back to the original two objectives for trans-
fer LDG that were described at the beginning of Section 4.2. The second transfer LDG
objective, making the domains similar after the transformation, is achieved via the second
component of (4.14) that brings the same-class source and target domain data together.
The first objective for transfer LDG, that the target domain data is separated according to
class, is achieved indirectly by combining the second and third components of (4.14). If the
source and target same-class data are similar (component 2) and the different-class source
and target domain data are separated (component 3), then the target domain data will also

be separated according to class.
4.4 Illustrative Example

In this section I perform transfer LDG on a simulated dataset in order to verify and visualize
the asymptotic analysis of the previous section. I generate two-class data in two different
domains that are not matched. The class one and class two source domain feature vectors
are Gaussian distributed with mean vectors [-1, -2]7" and [1, 2]7, respectively. The class
one and class two target domain feature vectors are Gaussian distributed with mean vectors
[1.2, 2]7 and [0.5, 2]7, respectively. The diagonal covariance matrix is the same for the
class one and class two data from both domains and has diagonal [0.2, 0.3]7. Sixty training
examples are provided in each domain (thirty from each class).

Figure (4.3) shows a scatter plot of the data for the simulation. The lines in the figure
show the one-dimensional spaces onto which the data will be mapped using transfer LDG
with v =0, v =1, and 7 = 0.5. The figure also shows the one-dimensional scatter plots of
the data after mapping. When v = 1, transfer LDG prioritizes making the target domain
training data far from different-class source domain training data. When ~ = 0, transfer
LDG prioritizes the first and second components of (4.14) which are to make the scatter of
the target domain data as small as possible while at the same time bringing the same-class
source and target domain data close together. Transfer LDG balances these objectives when

v = 0.5.
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Figure 4.3: The top figure shows a scatter plot of the training data and the one dimensional

subspace that the training data are mapped to for three choices of 4. The bottom three
figures show the one-dimensional scatter of the data after three different mappings.

This simulation demonstrates the importance of including the v parameter in the transfer
LDG objective function. In practice, the v parameter will again need to be cross-validated

in order to find the best value.

4.5 Transfer Learning Experiments

In this section I present real data experiments using two different transfer learning datasets.
The first dataset is an image classification dataset containing product images drawn from

three different domains. The second dataset is the handwritten digits classification problem
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described in the introduction with data drawn from two different domains. I describe the

product images dataset first, and then describe the handwritten digits dataset.

4.5.1 Dataset Descriptions

The product images dataset contains images residing in three different domains: Amazon
product images, images taken with a high-resolution DSLR camera, and images taken with
a low-resolution webcam [54]. An example image of a backpack from each of these domains
is shown in Figure 4.4. The figure shows that the Amazon domain significantly differs
from the other two domains. The Amazon images are formatted and processed differently.
Also, images of the same items appear in the DSLR and Webcam databases (for instance,
the backpack pictured in Figure 4.4 is the same for these two domains) making these two
domains somewhat similar. This dataset was first used by Saenko, et al., and we use the
same preprocessing techniques as described in the paper [54] to extract features from the
images. We describe the feature extraction process below.

Product Image Features: All images are resized to be three hundred by three hundred
pixels and are converted to grayscale. The speeded-up robust features (SURF) [4] algorithm
is then used to determine interest points in each image, and a sixty-four dimensional SURF
descriptor is extracted for each interest point. K-means clustering is then performed using
all the descriptors from a randomly chosen subset consisting of ten percent of Amazon
training data. The k-means clustering provides eight hundred cluster centers, and these
eight hundred cluster centers make up a code book. Each training image’s set of SURF
descriptors is converted to a histogram over this code book, and the resulting histogram is
the final eight-hundred dimensional feature vector.

The handwritten digits dataset consists of handwritten digits coming from two different
widely used datasets in the machine learning literature: MNIST and USPS both shown in
Figure (4.1). T don’t use all of the data from either of these datasets. Instead, I randomly
sampled three hundred MNIST digits per class to be the MNIST domain dataset, and three
hundred USPS digits per class to be the USPS domain dataset. This was done to speed up

the run-time in the experiments, particularly for ITML. The only preprocessing performed
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Amazon DSLR Webcam

Figure 4.4: Examples of images taken from the Amazon, DSLR, and Webcam domains.

was resizing of the MNIST images to sixteen by sixteen pixels to match the size of the USPS

digits. The feature vector for each image is the vectorized pixel intesities.

4.5.2  Dimensionality Reduction Methods

The first dimensionality reduction method is transfer LDG. For transfer LDG, I cross-
validate to choose « from [0, 0.1, 0.3, 0.5] by k-NN cross-validation at dimensionality equal
to the number of classes plus five. I cross-validate « independently of ~ prior to choosing
~ by simply setting v = 0.9. After choosing a value for «, I then cross-validate to choose v
from [0.2, 0.4, 0.6, 0.8, 0.9].

I compare to three different dimensionality reduction approaches. First, I compare to
to pooled PCA and pooled FDA dimensionality reduction. These approaches ignore the
difference between the domains by pooling the training data from each domain and then
performing standard PCA or FDA. T also compare to ITML for transfer learning as described
in [54] with MRMR feature selection. Finally, I show the result of ITML metric learning

with no dimensionality reduction.

4.5.8  Experimental Results

The source domain training data consists of all the available data in that particular domain,

and I standard normalize so that it has mean zero and standard deviation one. The target
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domain training data consists of exactly two examples per class and is standard normalized
independently of the source domain training data. I remove any features that exhibit zero
variance in the source or target domain. Figure 4.5 plots the accuracy averaged over ten

random splits of the target domain test and training data.

Figure 4.5 shows that LDG is statistically the best or tied for the best in almost all the
plots. The results also show that using the Webcam data to classify in the DSLR domain,
and vice versa, provides the highest accuracy of all the product images domain transfer
problems. This is due to the fact that the domains are actually quite similar, as can be seen
from Figure (4.4). In the experiments that transfer between these two datasets, transfer
LDG gives nonzero weight to the o parameter for every random split of the training and
test data in order to leverage the source data. In all other transfer experiments, transfer

LDG chooses a = 0 due to the degree of dissimilarity between the domains.

4.6 Combining Transfer LDG and Invariant Features

As mentioned in the introduction, invariant feature transformations can aid in transfer
learning. Bruna and Mallat showed that scattering transformation networks can produce
features that are locally invariant to translation and that linearize deformations [9]. The
scattering network is a bank of localized wavelet filters. At each layer of the network, the
image is filtered and the average of the modulus is taken as a feature. This averaging oper-
ations removes the high frequency information. Therefore, at the next layer, the modulus
coefficients of the previous layer are again filtered with another bank of localized wavelet

filters and the resulting modulus is averaged for another feature.

Bruna and Mallat proposed using these invariant features for classification of the MNIST
and USPS handwritten digits. However, they did not consider the problem that we consider
here of using one of these databases to classify handwritten digits from the other database.
Therefore, in this section, I perform the same handwritten digit classification experiment
as performed in the previous section. However, instead of using the raw pixel values as
the features for classification, I instead use the invariant features given by the scattering

transformation network.
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I compute the invariant features using code provided on the authors’ website. I use
the same parameters as the authors used in the paper [9]. This results in 2032 features
per image. Since the feature size is large, I do not compare to ITML in this section, as the
run-time for ITML becomes excessive if the feature dimensionality is large, as demonstrated
in the previous chapter.

Figure 4.6 plots the results when the classifier is given all of the training data in one
domain as the source data and exactly two images in the target domain. The results
show that we can greatly increase performance by using the invariant features. Comparing
the results of Figure (4.5) to Figure (4.6), the performance of transfer LDG and PCA
dimensionality reduction is greatly boosted. FDA exhibits increased performance as well
on the USPS to MNIST dataset but not on the MNIST to USPS dataset. Transfer LDG

again achieves the best performance of the dimensionality reduction methods considered.
4.7 Conclusions

In this chapter, I have shown that LDG can be adapted to the transfer learning setting in
order to find a reduced space where source data drawn from one domain can be used to
classify target domain data drawn from a different domain. The two goals for transfer LDG
were to find a reduced space where the target domain data were separated according to
class, and where the source and target domain distributions were made to be similar. The
asymptotic analysis showed that transfer LDG achieved these goals.

Experimental results showed that transfer LDG can perform well on real data. Further-
more, by combining transfer LDG with invariant features, excellent performance could be

achieved when transferring between datasets of handwritten digits.
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Chapter 5

CLASSIFYING INCOMPLETE DATA

The focus of this chapter is incomplete test data classification. Incomplete test data
classification is useful when one wishes to make a class decision without collecting all of the
test data or before all of the test data is available. For example, in medical applications, it
is beneficial to make a decision after subjecting a patient to as few tests as possible. When
working with time-series data, it is beneficial to make time-sensitive decisions as early as
possible. At the same time, though, one should wait until enough data is available to make
a good decision. As a concrete example, suppose that a voice recognition system has been
trained on three second audio signals of people saying “Hello World.” Can it sometimes
recognize a person as soon as it hears “Hello,” or must it always wait for the complete

signal to be sufficiently certain?

The focus of this chapter is the design of a classifier that classifies incomplete test
data only if it can guarantee that the decision made using the incomplete data has a high
probability of matching the decision that would be made given the complete test data. The
approach also makes it possible to answer the related question, “If the current incomplete
data is classified, what is the probability that the class decision will be the same as classifying

from the complete data?”

Although this chapter does not specifically focus on dimensionality reduction, I will
show that LDG dimensionality reduction as a preprocessing step for incomplete test data
classification can provide significant computational savings at test time as well as increased
accuracy in some cases. This chapter, therefore, shows the usefulness of LDG dimensionality
reduction beyond simply being preprocessing step in basic classification scenarios, but also

in more complex systems.
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The material presented in this chapter was joint work with Hyrum Anderson, Maya
Gupta, Kristi Tsukida, and Dun Yu Hsaio and has been published previously or is currently

under review [2, 44].

The chapter is organized as follows. First, I propose optimal and practical decision rules
for classifying incomplete data. In Sections 5.2, 5.3, and 5.4, I provide the details on how
to efficiently and accurately implement the proposed practical decision rule for classifiers
that use linear or quadratic discriminants, such as linear support vector machines and linear
or quadratic discriminant analysis (LDA and QDA). Section 5.5 reviews related work on
classifying with missing features and related work on early classification of time-series data.
Experiments in Section 5.6 show that the proposed incomplete decision rule consistently
provides enhanced reliability over the state-of-the-art in deciding when to classify incomplete

data.

5.1 Incomplete Decision Rules

Let g(x) be a classifier function that assigns a class label to test sample 2. However, suppose
that at test time x is unavailable, and instead only some incomplete information is given as

a vector z.

I wish to classify z if it provides enough information about x to make a good decision,
otherwise, the decision is delayed until more information is available. Typically a good
decision in the classification setting is measured by the accuracy on the test data. The
incomplete decision rules in this chapter will instead consider the question: “Can z be
classified knowing that some minimum probability threshold of making the same decision
that would be made on z is met?” I define the objective of this question as reliability: the
probability that the class label assigned to z matches that assigned to xz. Therefore, the
incomplete decision rules make a good decision by matching the class label of §(z), which
is assumed to be trained for the goal of test accuracy.

To estimate reliability, the classification features derived from the complete data are
modeled as a random variable X that is jointly distributed with Z — a random variable

modeling the incomplete data. Given a desired reliability 7 € [0,1] and incomplete infor-
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Figure 5.1: The figure illustrates incomplete time-series classification. The incomplete time
signal is shown in green. The complete signal is treated as random, and its distribution is
estimated assuming that it is iid with the training signals. From the pdf of the complete
data we can estimate the pdf of the feature data p(x|z), and, using this distribution, we can
check whether or not one can make a reliable decision.

mation z, an ideal incomplete decision rule is to classify as class g if

P(Xst.g(X)=g|Z=2)= / p(z|z) de > T, (5.1)
z s.t. g(x)=g
and otherwise to wait for more information. Figure 5.2 illustrates this rule.

The ideal rule (5.1) could be checked in several ways. A straightforward approach would
be to compute the integral directly and see if it is greater than or equal to 7. An alternative
approach is to consider all sets A in the domain of X such that P(X € A|Z = z) > 7,
and see if §(z) maps all z in one such set to a single class g. In general, I expect these

approaches to be computationally intractable.

A more conservative, but computable, incomplete decision rule is to classify as class g if
g(x) =g for all x € A for some set A such that P(X € A|Z =2) > 7. (5.2)

Rule (5.2) differs from (5.1) in that only one set A that contains at least 7 measure of X
must be checked. This rule is more conservative than (5.1) because it does not check all
sets A, and thus (5.1) could be satisfied without (5.2) being satisfied (but not vice-versa),

as illustrated in Figure 5.2.
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Z2 X9
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Figure 5.2: Left: A two-dimensional feature space and a linear class decision boundary. The
mass of X lies mostly to the left of the decision boundary. For values of 7 that are smaller
than the mass of X that falls to the left of the decision boundary, the ideal incomplete
decision rule would choose to classify rather than wait. Right: The entire mass of X falls
on one side of the decision boundary, and thus the ideal incomplete decision rule would
choose to classify rather than wait for any value of 7. On the other hand, the computable
incomplete decision rule constructs some set A that captures a fraction 7 of the mass of X,
then requires that entire set A to lie on one side of the decision boundary. For the choice of
A shown here, the set A crosses the decision boundary, and thus the computable decision
rule would choose to wait.

Implementing the proposed rule given in (5.2) requires three steps. First, the conditional
density p(x|z) must be estimated. Second, the constraint set A must be constructed, and
third, it must be checked if the rule is satisfied. The first of these steps that I discuss
is the construction of set A in Section 5.2, where I show that only the first and second
conditional moments of X need to estimated. Then in Section 5.3, I show how rule (5.2)
can be efficiently checked for classifiers that have linear or quadratic class discriminant
functions. The discussion of how to estimate the necessary moments of X is delayed until

Section 5.4.

5.2 Defining a Set A that Contains Measure 7 of X

To implement the incomplete decision rule (5.2), one must be able to construct a set A that
contains at least 7 measure of X given Z = z. In this section, I propose three ways to

construct such a set A. Figure 5.3 illustrates these three constructions.
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Figure 5.3: The sets A containing mass 7 of the conditional p.d.f. of X using the three
different construction methods proposed Section 5.2.

5.2.1 Chebyshev Construction for Set A

Suppose that only the first and second conditional moments of X are estimated, and no
assumptions are made about the distribution other than that it has finite first and sec-
ond moments. Then a set A can be constructed using the multidimensional Chebyshev

inequality, which states that for X € R? with known mean m and covariance R, and any

a>0:
P(X-m) RN X -m)<a®)>1- %.
«
Thus to satisfy P(X € A|Z = z) > 7, define
T p—1 d
A—{xs.t.(x—m)R (ar:—m)g1 } (5.3)
—7

The set A defined by (5.3) is non-empty for 7 € (—o0, 1], although 7 < 0 does not give a

useful bound for the incomplete classifier reliability.

5.2.2  Naive Bayes Constructions for Set A

The Chebyshev construction given in the previous section can be overly conservative, as it
makes no assumptions about the conditional distribution of X other than a finite mean and

covariance. If more is assumed about the distribution, a smaller constraint set A can be
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defined that results in a less conservative decision rule, and therefore earlier classification
for the same reliability requirement 7. For example, if it is assumed that the conditional

distribution is Gaussian', then a quadratic set A that covers 7 measure of X is
A={z st. (z—m)'R Yz —m) <erf(r)}, (5.4)

where one must compute the inverse cdf to determine the value erf(7) to achieve a set A
with measure 7. For a multi-dimensional Gaussian, computing the inverse cdf for (5.4)
is non-trivial. Equation (5.4) can be simplified by making the conservative niive Bayes
assumption that the components of X are independent, and thus R is diagonal. Then the

z()—m(f)

VR(,0)

2
> is a chi-squared random variable with d degrees of freedom;

2
quadratic function in (5.4) becomes 2?21 ( > . Under the independent Gaussian

assumption, ZZ:I <W

thus, the erf(7) function in (5.4) is easily computed using the inverse cdf of a chi-squared

random variable [62]. I call the resulting set the ndive Bayes quadratic A.

A related option is to force the set A to be a box centered about the mean of X.
Again, make the néive Bayes assumption that elements of X are independent, then p(x|z) =

Hzlzl p(z(€)|z). Then I can define a set
A={zst. x(l) € [m(l) — s.(€),m(l) + s, (O)VL=1,....d}, (5.5)

where s; is a vector defining the width of the box in each dimension such that the total
measure of the box is 7. In this thesis, I implement this constraint by assuming that each
marginal distribution X (¢) is Gaussian and by assigning each dimension equal measure ri/d,

I call the resulting set the ndive Bayes box A.

The néive Bayes quadratic A (5.4) and néive Bayes box A (5.5) result from making the
same assumptions about the conditional distribution of X. The sets differ, though, in that

(5.4) finds the ellipsoidal footprint of the Gaussian that has measure 7, while (5.5) treats

!The Gaussian assumption is often justified by a central limit theorem argument, a maximum entropy
argument, or a simplicity argument.
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the dimensions completely independently, giving each of the marginals measure 7/¢ (see

Figure 5.3).

5.3 Efficient Solutions for Linear or Quadratic Discriminants

In this section, I show that the incomplete data classification rule (5.2) with the constraint

sets A proposed in Section 5.2 can be computed efficiently for classifiers of the form

() = argma fy(x), (5.6)

where fy(x) is a linear or quadratic discriminant function for the g™ class, and according
to (5.6), the classifier assigns = to the class with the maximum discriminant. For example,
the linear support vector machine (SVM) has a linear discriminant, while the quadratic

discriminant analysis (QDA) classifier has a quadratic discriminant [28].
Nearest-neighbor classifiers using a Euclidean (or Mahalanobis) distance have a discrimi-
nant that over the set x € A requires taking the minimum of a set of quadratic discriminants:

fo(x) = min (z —2)" (x — 2;). (5.7)

TiYi=9g

An optimal method for checking the incomplete decision rule (5.2) for this discriminant is an
open question. A conservative reliability decision can be made by treating each sample as its
own class in (5.6). That is, let f;(x) = (x—x;)T (x—x;), solve (5.6) for the resulting quadratic
discriminant, and then classify as the class y;. A computationally simpler approach (but
one that is not strictly conservative), is to only consider each class’s nearest-neighbor to the
posterior mean, which produces one quadratic discriminant per class. In the experiments,

I do something similar to the latter approach using a local QDA classifier.

I begin with the two-class problem, and then show how this rule can be extended to

multi-class problems.
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5.3.1 Two-class problems

I first consider a two-class problem, where the set of class labels is G = {1,2}. Let fi(x)

and f2(z) be the discriminants for classes one and two, and define

f(z) = fo(z) — fi(2).

An equivalent classifier to (5.6) can be defined using only f(z) by noting that f(z) = 0
defines the decision boundary between classes 1 and 2. Therefore, classification rule (5.6) is

equivalent to

if f(x
) =11 _f()éo. (5.8)
> i f(z) >0

The proposed incomplete data decision rule (5.2) is implemented:

1 if <
if max f(z) <0
g(z) = q 2 if min f(z) > 0 (5.9)
A
no decision otherwise.

The decision rule in (5.9) classifies the incomplete data if the constraint set A lies completely
on one side of the decision boundary or the other. If the set A lies across the decision
boundary, then the rule withholds making a decision. Note that the decision rule (5.9) is
dependent on the incomplete data through the dependence of A on z. The three different
conditions in (5.9) are shown for a quadratic discriminant (and hence quadratic decision

boundary) and a quadratic construction of the set A in Figure 5.4.

5.8.2 Linear Discriminants

In order to efficiently check (5.9), one must be able to efficiently compute the maximum
and minimum of f(x) over the set z € A. For linear discriminant functions, f(x) is also
linear. Then for a quadratic set A, such as the Chebyshev or ndive Bayes quadratic sets

A given in Section 5.2, finding the maximum and minimum are quadratically constrained
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Figure 5.4: Three different scenarios for incomplete data classification. In the leftmost
plot, the classifier withholds making a decision. In the center and rightmost plots, A lies

completely on a single side of the decision boundary, so the classifier assigns a label to the
incomplete data.

linear programs:
max f(z) =max Tz +b (5.10)
re x

subject to (x —m)T R~ (x —m) <6

miII41 f(z) =min Tz +b (5.11)
Tre x

subject to (x — m)T R~ (x —m) < 6.

Proposition 2: The solutions to (5.10) and (5.11) are, respectively

max f(v) = 57m + Vo || RY%3 |2 +b

min f(z) = Tm — V5 || RY28 ||a 4b.

z€A

The proof is in Appendix A.2.
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For a linear set A such as the néive Bayes box constraint set given in (5.5), the maximum
and minimum are:

max f(z) =max Tz +b (5.12)
e x

subject to m(¢) — s.(0) <z <m(l) +s,({)Vl=1,..,d

m11141 f(z) =min Tz +b (5.13)
xre x

subject to m(¢) — s, (¢) <z <m(l) +s,({)VL=1,..,d.

The solution of (5.12) is 37m+|87|s, +b, and the solution of (5.13) is 3Tm — |37 |s, +b.

5.3.8 Quadratic Discriminants

If the class discriminant functions are quadratic, then f(z) = fo(x) — fi(x) will also be

quadratic and, thus, can be written
f(z) = (x —v)TV(z —v)+0b. (5.14)

Since (5.14) is the difference of two quadratics, V' will generally be indefinite even if fo(z)
and fj(z) are both positive semi-definite.

First consider finding the maximum and minimum of (5.14), as required by the incom-
plete decision rule (5.9), over a quadratic constraint set A. Since V is indefinite, this is
a non-convex optimization problem. However, strong duality holds for finding the mini-
mum or maximum of any quadratic function subject to a quadratic constraint, as shown
by [8, Appendix B]. The dual problem is a semi-definite program (SDP), and can therefore
be solved using convex optimization such as an interior point methods. However, in our
experiments, we found the SDP solution to be prohibitively slow. Therefore, we instead
propose to use the two-step gradient descent approach described in Appendix B. Martinez
showed that there is at most one local non-global solution to this non-convex problem [37].

Also, since we need only know if the minimum or maximum of f(x) is less than or greater
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Figure 5.5: The left figure shows the time required by the SDP vs gradient descent solutions
for different reliabilities. The right figure verifies that the solution for the methods is
identical.

than zero, we can often stop the gradient descent before convergence. Figure (5.5) shows a
run-time comparison between the SDP solution solved using CVX [27] running SeDuMi [63]

and the gradient-descent solution.

Now consider finding the maximum and minimum of (5.14) over the box set A. An
efficient solution is obtained by first performing a change of variables that diagonalizes V.
Define y = V1/2z and w = V'/2v, then f(z) = f(y) =|| y — w ||> +b. After this change of
variables, the maximum and minimum computations required by the incomplete decision
rule (5.9) can be greatly simplified by making the ndive Bayes assumption on the random

variable Y = VY/2X as opposed to on X. Defining the mean of Y as my = V1/2m,

2
= — b 5.15
ma £ () = ma [y~ w | + (5.15)
min f(x) = min | y — w ||* +b, (5.16)
€A yeA

with
A={yst.yll) € [my(l) —s+(£), my(l) +s-(0)], VL=1,...,d},

where the s (¢) are determined by the inverse cdf of Y (¢).

After this change of variables, the y that maximizes (5.15) is found by assigning each

y(¢) to the edge of the box that maximizes the distance from w(¢). Similarly, the y that
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minimizes (5.16) assigns y(¢) = w(¢) if w(f) € [my(£) — s-(£), my(£) + s-(£)]. Otherwise,

y(¢) is assigned to the edge of the box that minimizes the distance to w(f).

5.8.4  Multi-class Classifiers

I now extend the results of the previous section to multi-class classifiers. For multi-class

classifiers, the classification rule (5.6) can be expressed as

g(z) =c if fo(x) — fu(x) > 0for all h #c. (5.17)

Using (5.17), the proposed incomplete data classification rule (5.2) can be written

c if min f.(x) — fr(x) >0 for all h # ¢
g9(z) = z€A . (5.18)
no decision otherwise
That is, classify z as class ¢ if the set A lies completely within the decision region for

some class ¢, and do not decide at the requested reliability if the set A straddles a decision

boundary.

If there are G total classes, then there are 2(?) possible checks, minge 4 fe(z)— frn(x) >0,
implied by (5.18). However, I show in the next section that regardless of the construction
of set A, one must compute at most 2(G — 1) of these checks. Furthermore, if the set A
contains the posterior mean m (as it does in all of the proposed constructions), then a

decision can be made with at most G — 1 checks:

Guess: Let ¢ = arg max fy(m).
9

Check: Sequentially check if mingeca fe(x) — fr(z) > 0 for h = 1,2,...,G, h # c. If the
check fails for any h, stop, and output the result no decision. If the check holds for all h,

then classify early as class c.
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5.3.5 General Multi-class Decision Process

I provide a provably efficient multi-class decision process for arbitrary constructions of
the constraint set A. Let class ¢ dominate class h and class h be dominated by c if
fe(x) — fp(z) > 0 for all € A. If neither class dominates the other one, then the two
classes are called tied. To classify the incomplete data z early as class ¢, class ¢ must dom-

inate all other classes.

Proposed Decision Process:

Initialize: Begin with all G classes labeled candidate.

Compare: Choose any two classes ¢ and h that are labeled candidate and check if minge 4 fo(z)—
fn(x) > 0. If yes, then label h as dominated. If no, then perform a second check to see if
mingea frn(z) — fe(z) > 0, and if so then label ¢ as dominated, and otherwise label both
classes as tied. Continue this process until fewer than two classes are labeled candidate.
If no classes remain that are labeled candidate, then output no decision. If one class is

labeled candidate, then proceed to the Final Comparison.

Final Comparison: Check if the last class labeled candidate dominates every class labeled
tied. If yes, classify the incomplete data as the class labeled candidate, if no, output no

decision.

Proposition 3: The above decision process correctly determines the dominating class or
that there is no dominating class.

The proof is in Appendix A.3.

Proposition 4: Given G classes, the above decision process requires at most 2(G — 1) and
at least G — 1 checks of minge 4 fr(x) — fe(x) > 0.

The proof is in Appendix A.4.
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5.4 Estimation of the Complete Test Data Distribution

In order to construct the sets A in Section 5.2, one must estimate the mean m and co-
variance R of the complete test data X. This can be done by leveraging the incomplete
information about the test signal that is currently available along with the prior knowledge
of the structure of the test signal that is available in the corpus of training data. Two
estimation methods are proposed: 1) joint Gaussian estimation, and 2) Gaussian mixture
model (GMM) estimation. These approaches are similar to those used in missing feature
imputation, for example in speech recognition as described by Raj and Stern [48]. How-
ever, the approach here differs from that of missing feature imputation in that the latter
constructs only a point estimate of the unknown data, whereas here I construct estimates

of the mean and covariance of the unknown data.

5.4.1 Joint Gaussian FEstimation

For joint Gaussian estimation, it is assumed that the complete data X is distributed jointly

Gaussian with the incomplete data Z. Therefore, the model is

X
Z

KI

You O
~ N N (5.19)
Zz,z Ez,z

Y

The model parameters in (5.19) are estimated from the training data. The mean and
covariance parameters of X conditioned on the realization of the partial information Z = z

are

m
R= Ex,x - i]x,zz_lzz,ma

where Z, Z, and 3 are the estimated parameter values.
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5.4.2 GMM Based Estimation

For the GMM model, it is assumed that the joint distribution of the complete data, X, and

the incomplete data, Z, is a Gaussian mixture model, where the elements of the mixture

are the class-conditional distributions. Under these assumptions the model is

X T
~ D wlg)p 9| (5.20)
Z geg z

where w(g) is the weight of the class g Gaussian and

Tl |2
P lg| =N ,
z z >

Zg

The parameters of the model (the means, covariances, and weights) are again estimated
from the training data.

Define

S

Mg = Tg + 2:02(9)2;;(9)(3 - 7:'9)
Ry = ix,r(g) - ir,Z(Q)i;i(Q)iz,x(Q)
wep(z|G =
p(gyz) _ gp( | g)

T Y heqwnp(z|G=h)’

Given a realization Z = z, one can compute the mean m of X as:

m =E[X|2] = Y E[X,Glz] =) mgp(gl2).
g€y 9€g

Furthermore, as shown in Appendix C, the covariance of X is

R =Y plglz) (Rg +mgmg) = > > mgmyp(alz)p(h|2).
geg

q€G heg
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5.5 Related Work

I first describe related work in early classification and missing features, then I contrast
the proposed approach with optimal stopping, feature selection, online and incremental

learning, and sequential hypothesis ratio testing.

5.5.1 Other Early Classification Work

Xing, et al. [70] considered the problem of making an early prediction on time-series data
that matches that of a full length one nearest-neighbor classifier. Suppose that the labeled
training dataset is {(x;, 9;)}?,, where z; € R%. Their approach, called early classification
on time-series (ECTS), is motivated by the idea of the minimum prediction length (MPL) of
a training time-series x;. Define z;(1 : t) € R! to be the first ¢ samples of z;. Furthermore,
define, RNN(z;(1 : t)) to be the reverse nearest-neighbors of x;(1 : t) which is the set of
training samples that choose z; to be their nearest-neighbor at time ¢t. The MPL of z; is
the smallest time index k such that for all £ < ¢ < d the following holds RNN(z;(1 : ¢)) =
RNN(z;(1 : d)) # (. By this definition, the MPL is the smallest time index at which the
reverse nearest-neighbors of x; do not change as the rest of the time-series is revealed. At
test time, a training point z; can be used to assign a label to a test sample z(1 : t) once
t > MPL(x;), the minimum prediction length of x;.

The authors found that the above procedure was too conservative; therefore, they pro-
posed a slightly modified way to find the MPL for ECTS. They first clustered the training
data using a hierarchical clustering method and then selected the MPL for each training
time-series depending on its cluster membership. They also introduced a parameter to con-
trol the ’earliness’ of their approach called minimum support — a ratio that varies between
zero and one, with zero resulting in the earliest classifier. However, the minimum support
parameter is different from the 7 parameter in my approach in that it does not provide an
explicit guarantee on the reliability of the early decision.

Xing et al. cite [51] as the only existing study mentioning early classification on time-
series data. Rodriguez and Alonso [51] propose to classify a time-series using a literal based

classifier, where a literal is a descriptor describing what happens during a specified interval
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of the time-series. For example, the literal increases would be set to one if the time-series
increases during the specified interval, and would be set to zero otherwise. The authors
mention that for early classification of time-series some of the literals will not yet have a
value because the interval that they are measured in has not occurred yet. The authors
propose to ’omit’ these literals from the classifier in order to classifier early. This approach
to early classification is the néive approach, as it does not consider whether or not a reliable

decision can be made with the incomplete information.

5.5.2  Related Work on Missing and Noisy Features

Another related body of work is imputing (estimating) missing features. If missing features
occur in the training data, then standard methods of classifier training cannot be used. One
method of dealing with this problem, called single imputation, is to fill in the missing features
with their estimated values. The missing features can be estimated using a multivariate
regressor that is trained using the subset of training data with no missing features. [55] and

[53] review missing feature methods for training data.

On the other hand, if features are missing in the test data, then they do not necessarily
need to be imputed. A classifier can be trained for this test data by removing the same
features that are missing in test data from the training data prior to classifier training.
However, this approach requires the classifier to be retrained for each different subset of
missing test features. This retraining can be avoided by estimating the missing features
and then classifying the test data with the missing features filled in by their estimates.
My method differs from methods that classify the imputed test features in that I use the
estimated mean and variance in order to measure the reliability of a test decision made
with the incomplete data. My work is complementary to imputation methods, and different
estimation methods than the ones I used in Section 5.4 could be applied to the proposed
approach.

If features are noisy rather than missing, then estimating the clean feature values can
improve test accuracy. This problem arises, for example, in automatic speech recognition

(ASR) systems when the test signal is masked by noise [12, 47, 48]. Raj and Stern [48]
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compare MAP estimates for noisy features in ASR systems using Gaussian and GMM based

estimators with models similar to those that I describe in Section 5.4.

5.5.8  Optimal Stopping Rules

Quoting [20], “The theory of optimal stopping is concerned with the problem of choosing
a time to take a given action based on sequentially observed random variables in order to
maximize an expected pay-off or to minimize an expected cost.” While the high-level goal is
the same, the optimal stopping perspective requires specification of misclassification costs
and delay costs, which are often difficult to specify. Given such costs, an optimal stopping
rule approach would attempt to estimate the probability of each class given the current

incomplete information, and determine the expected costs of making a decision or waiting.

5.5.4  Feature Selection

A related problem in classification is to determine the best subset of features to use in
classification. For example, the classic forward selection method sequentially adds in features
based on their marginal value. Different stopping rules have been proposed to decide when
to stop sequentially adding the features [13]. Many of these stopping rules are not applicable
to the problem I focus on because they assume that all increasing sets of features can be
compared, rather than that one only has the incomplete set of features and must make a
decision [13]. In addition, these stopping rules are based only on analyzing the training data
statistics, and from my perspective are strictly suboptimal in that they do not consider the

current incomplete information.

5.5.5 Online and Incremental Learning

In this work I assume that a fixed set of training data is given, and that incremental
features of a test sample become available. These assumptions differ from the usual set-up
of online learning (also known as incremental learning), which assumes that incrementally

more training data becomes available to train the classifier over time (e.g. [43],[18],[14]).
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Also assuming the online learning set-up, Fu, et al. [23] propose a stopping rule for deciding

when enough training samples have been received to classify with confidence.

5.5.6 Sequential Hypothesis Testing

The sequential probability ratio test (SPRT) [66] is a greedy alternate to the proposed
work, designed for use with probabilistic models of two hypotheses. In the context of binary

classification, and a generative model p(y|zy), it accumulates the log-likelihood ratio:

Sk = Sk—1 + log p(y1|zx) — log(ya|zs), (5.21)

and if S exceeds a preset threshold ¢;, the signal would be called for class one, and if S
goes below a pr-set negative threshold %o, the signal would be called for class two. The
thresholds are set to achieve desired error levels on class one and class two, respectively.

Armitage [3] expanded SPRT for the multi-hypothesis case and applied it to linear
discriminant analysis classification (in which each class is assumed to be drawn from a
distribution with the same covariance matrix) for a different problem than the one treated
here: given a sequence of iid samples from one class, he prescribed how to use SPRT to give
a rule for how and when to determine the class.

A key difference between the proposed approach and the SPRT approach is that (5.21) is
greedy: new features do not change the contribution to the log-likelihood already made by
previous features, which stems from the standard SPRT assumption successive observations
are independent. But the classifiers considered in this work are not trained to consider the
features independently. Furthermore, I assume correlations between the features in order
to estimate a probability distribution over the unknown part of the feature vector, which I

use to define a constraint set.
5.6 Experiments

Section 5.6.1 details the datasets, experimental set-up, and classifiers used. I first compare
the proposed methods to construct sets A of measure 7, reported in Section 5.6.2, and the

proposed estimation methods for the moments of Px/., reported in Section 5.6.3. Then in
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Table 5.1: Time-series Datasets

Time-series Number of Training Test
Dataset Length Classes Samples Samples
Chlorine Concentration 166 3 467 3840
Italy Power Demand 24 2 67 1029
Face (All) 131 14 560 1690
Medical Images 99 10 381 760
Non-Invasive Fetal ECG 1 750 42 1800 1965
Non-Invasive Fetal ECG 2 750 42 1800 1965
Starlight Curves 1024 3 1000 8236
Swedish Leaf 128 15 500 625
Synthetic Control 60 6 300 300
Two Patterns 128 4 1000 4000
U Wave Gesture Library X 315 8 896 3582
U Wave Gesture Library Y 315 8 896 3582
U Wave Gesture Library 7 315 8 896 3582
Wafer 152 2 1000 6174
Yoga 426 2 300 3000

Section 5.6.4, I show that applying a dimensionality reduction method can greatly reduce
the computation needed at test time. Lastly, I compare the proposed reliable classifier to

other approaches to early classification.

5.6.1 Ezxperimental Set-up and Details

I demonstrate performance using all of the time-series datasets available on the UCR Time-
Series Classification and Clustering Page [33] that have at least five hundred test samples
and at least fifteen training examples per class when this paper was written. I use the given
training and test splits, so all results can be reproduced. I also use the Synthetic Control
dataset from this repository, a dataset of Gaussian data that has only three hundred test
samples, to further the differences between the constraint sets and estimation methods that
I have described for the proposed incomplete decision rule. Table 5.1 gives details for the
used datasets.

The time-series classification experiments are performed as follows. The test dataset
consists of n sampled time-series vectors and corresponding labels {z;, g;}? ;, with z; € R¢

and g € G. At time t, the incomplete data for the i*" test time-series is z; € RY, the first ¢
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samples of x;. At each time ¢ I check the proposed incomplete decision rule and classify z;
if the reliability condition is met for 7. I plot results for a set of choices of 7.

Let t;(7) be the minimum time at which the i test signal can be classified with reliability
constraint 7, and let §(z;(7)) be the class label assigned to z; at this time. I measure the test
reliability as £ 3" | 1(§(2(7)) = g(z;)), where §(z;) is the label assigned to the complete
data and I(-) is one if the argument is true and zero otherwise. I also measure the average
classification time as the mean of the ¢;(7). Ideally, I would like to classify with the smallest
average classification time while still meeting reliability requirement 7.

I perform incomplete classification experiments with two different discriminant classi-
fiers. The first classifier is local QDA [24]. Local QDA learns the mean and covariance for
the class g discriminant function for test point x, f,(z), by estimating them using the k
nearest class g training points to test point x. I choose k € {1, 2, 4, 8, 16, 32, 64, 128} by
cross-validation on the training data. In my implementation of local QDA, I use a diagonal
covariance matrix, and I regularize the covariance estimate by adding 10~*I, where I is the
identity matrix. Since I do not have the complete data x, I instead estimate the mean and
covariance for fy(x) by finding the nearest class g neighbors to the mean of X. The second
classifier that I use is a linear SVM which I implement using LibSVM [11] with default

settings.

5.6.2 Comparison of Construction of Sets of Measure T

I first compare the three set construction methods proposed Section 5.2, the Chebyshev set
(5.3), the Gaussian néiive Bayes quadratic set (5.4), and the Gaussian niive Bayes box set
(5.5).

I vary the reliability parameter between four values 7 = [0.001, 0.1, 0.25, 0.9], and I
perform prediction using the jointly Gaussian model (5.19). Figure 5.6 plots the results
for the Synthetic Control, Medical Images, and Two Patterns datasets. In all cases, the
empirical reliability rate exceeds the reliability requirement 7. Additionally, these plots
verify that the Chebyshev set is the most conservative, as it waits the longest to classify the

test data, and the naive Bayes quadratic set is the least conservative.
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Figure 5.6: Average classification time vs test reliability for local QDA (left column) and
linear SVM (right column) using jointly Gaussian prediction with 7 varied between [0.001,
0.1, 0.25, 0.9].
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Table 5.2 compares the average testing time per test sample for the three different con-
straint sets when 7 = 0.9. This table shows that the naive Bayes box set is the least
computationally complex, followed by the niive Bayes quadratic set, and finally the Cheby-

shev set.

Table 5.2: Average test time per sample, in seconds, for the three different constraint sets.

Local QDA Linear SVM
Chebyshev ‘ Quadratic ‘ Box | Chebyshev ‘ Quadratic ‘ Box
Synthetic Control 1.8 0.7 0.4 0.4 0.3 0.3
Medical Images 27.1 2.7 1.4 1.9 1.0 0.8
Two Patterns 12.45 2.0 1.0 1.8 0.5 0.3

5.6.3 Comparison of Estimation Methods

In this section I compare the performance of reliable incomplete classification using jointly
Gaussian estimation (5.19) to that using GMM estimation (5.20). I use the same classifiers
and values for 7 as given in the previous section.

Figure 5.7 plots the average classification time vs. test reliability for the jointly Gaus-
sian and GMM estimation methods using the naive Bayes quadratic constraint set. The
figure shows that on the Synthetic Control and Medical Images datasets, the GMM method
dominates the jointly Gaussian over all 7 values for both classifiers. On the Two Patterns
dataset with local QDA classification, the GMM method is not uniformly better than the
jointly Gaussian method.

Table 5.3 compares the total testing time of the two approaches, and as expected, the

GMM method requires more test time than the simpler jointly Gaussian method.

5.6.4 Dimensionality Reduction Features

An advantage of the proposed reliable incomplete classification approach is that it can use
any features derived from the data for which the mean and covariance can be estimated.

Therefore, as an alternative to using the time-series samples as the features, I propose to
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Figure 5.7: Average classification time vs test reliability for local QDA (left column) and
linear SVM (right column) using the nédive Bayes quadratic constraint set with 7 varied
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Table 5.3: Average test time per sample, in seconds, for the two different estimation meth-
ods.

Local QDA Linear SVM
Joint Gaussian ‘ GMM | Joint Gaussian ‘ GMM
Synthetic Control 0.7 0.9 0.3 0.7
Medical Images 2.7 5.5 1.0 2.7
Two Patterns 2.0 3.4 0.5 0.8

select a smaller feature set by first preprocessing the time-series using supervised linear

dimensionality reduction with matrix BT € R?* ¢, ¢ < d.

When using linear dimensionality reduction, the complete data becomes a vector y =
BTz € R as opposed to z € R%. Let Y be a random variable representing the distribution
of the complete data. Due to the linear relationship ¥ = BT X, it is straighforward to
compute the mean and covariance parameters of Y using the models described in Section

5.4.

Linear dimensionality reduction can provide two advantages over classifying the time-
series features. First, it can diminish the impact of noisy or non-discriminative features in
the time-series data, thus providing increased accuracy. Second, reducing the number of
features reduces the computational complexity. For a time-series with d samples, there are
d — t unknown samples at time ¢. Thus, if we simply use the time-series samples as the
features for classification, the optimization problem that the reliable incomplete classifier
must solve has d —t free variables. For a long time series, this can cause the computational
complexity to become extreme when t is small. However, performing linear dimensionality
reduction reduces the number of unknowns to ¢ which can greatly reduce the number of

variables in the optimization for reliable classification.

I use local discriminative Gaussian (LDG) dimensionality reduction [45] to learn B. I
choose LDG dimensionality reduction because 1) it can separate multi-modal data, 2) the
solution is fast, requiring only a maximal eigenvalue decomposition, and 3) it has been
shown to work well even when few training samples are provided and the input dimen-

sionality is large. Furthermore, I can choose the best input dimensionality by performing
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Table 5.4: Time-series length and the number of features after LDG dimensionality reduc-
tion as well as a comparison of the testing time, in milliseconds, required to perform reliable
local QDA classification with the ndive Bayes quadratic constraint set and jointly Gaussian
estimation. The test time shown measures the average time, per test sample, to perform
reliable classification at time t = 1. Therefore, this is a worst case test time in terms of
real-time performance as the number of unknowns in the optimization problem for reliable
classification is maximized at time ¢t = 1.

Time-series Number of Test time  LDG test time
Dataset length LDG features at t=1 (ms) at t=1 (ms)
Chlorine Concentration 166 42 76 4
Italy Power Demand 24 2 2 1
Face (All) 131 30 40 2
Medical Images 99 11 18 2
Non-Invasive Fetal ECG 1 750 30 6,107 4
Non-Invasive Fetal ECG 2 750 23 5,789 3
Starlight Curves 1024 26 15,697 2
Swedish Leaf 128 20 35 2
Synthetic Control 60 7 9 1
Two Patterns 128 22 31 2
U Wave Gesture Library X 315 12 418 2
U Wave Gesture Library Y 315 6 382 1
U Wave Gesture Library Z 315 10 393 2
Wafer 152 17 55 2
Yoga 426 26 945 2
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cross-validation on the training dataset to find a reduced space that is both small and ac-
curate. Table 5.4 shows the dimensionality of the training data after LDG dimensionality
reduction. The table also compares the testing time required to perform reliable local QDA
classification with the niive Bayes quadratic constraint set with jointly Gaussian estimation
at time ¢t = 1 with and without LDG dimensionality reduction. On the datasets with more
than three hundred time-series samples, using LDG dimensionality reduction results in an

orders of magnitude decrease in the testing time.

5.6.5 Comparison to Other Methods

In this section, I compare the performance of the reliable incomplete data classifier to
ECTS [70]? and several baselines. For all experiments in this section, I use the niive Bayes
quadratic constraint set because it proved to be uniformly better than the box constraint
set across all experiments in Section 5.6.2, while not being as overly conservative as the
Chebyshev set. I also use the jointly Gaussian estimation method as it is faster to compute
than the GMM method, particularly for the long time-series with many classes (the three
U Wave Gesture Library datasets and two Non-Invasive Fetal ECG datasets). I also only
show results for local QDA, as the reliable local QDA classifier classified earlier than reliable
SVM in all experiments of Sections 5.6.2 and 5.6.3.

ECTS trades off between the objectives of classifying early and ensuring that early labels
meet final labels by using a parameter, MS, that varies between zero and one, with zero
resulting in the earliest classification time. However, I emphasize that this parameter is not
the same as my reliability parameter 7, in that it provides no guarantee on reliability of the
early predictions, but is instead a knob that the user can tune to trade off between earliness
and reliability. [70] set this parameter to 0 in the majority of their experiments. I compare
to ECTS by varying this parameter between MS = [0, 0.05, 0.1, 0.2, 0.4, 0.8].

I also compare to the performance of two baseline methods that I call Fized-time local
QDA and Fized-time 1-NN. These methods use no predictive power, but instead classify all

test signals at some user specified time: ¢ samples.

2The authors provide code for ECTS at http://zhengzhengxing.blogspot.com/p/research.html.
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The reliability results are shown in Figures 5.8 and 5.9. Reliable incomplete local QDA
classification and reliable incomplete local QDA classification with LDG features perform
well across all experiments. Reliable local QDA using the time series samples as features
(the red line in the plots) dominates fixed-time local QDA in test reliability for all datasets
over all values of 7. The only times that reliable local QDA with LDG features fails to
dominate fixed-time local QDA are when 7 = 0.001 on the Italy Power Demand, U Wave
Gesture Library Y, and Wafer datasets.

We also note that the leftmost pink circle in these plots is the earliest possible average
classification time that ECTS can achieve, as MS = 0 is the smallest possible value for the
minimum support parameter. On the other hand, reliable early classification can achieve
earlier times than those shown in the figures by setting 7 < 0.001. Therefore, if someone
wanted to set 7 by cross-validation on the training dataset, the reliable incomplete classifier
offers more flexibility than ECTS.

Figures 5.10 and 5.11 plot the test accuracy of the various approaches. The accuracy
plots show that for some datasets, local QDA achieves higher accuracy than 1-NN; therefore,
ECTS suffers in comparison to reliable local QDA due to the fact that it attempts to match
a less accurate classifier.

The accuracy plots also show that although ECTS is typically more reliable than fixed-
time 1-NN, it is less accurate for at least one value of MS on twelve of the fourteen datasets.
On the other hand, reliable local QDA using the time-series samples as features is less ac-
curate than fixed-time local QDA on only the Medical Images and Chlorine Concentration
datasets. However, on the Chlorine Concentration dataset, reliable local QDA with LDG
features exceeds the accuracy of fixed-time local QDA. Furthermore, we found that reli-
able local QDA classification using GMM estimation (not shown) exceeds the accuracy of
fixed-time local QDA on the Medical Images dataset. The proposed reliable classification
approach can be used with a wide variety of features, classifiers, and estimation methods in
order to maximize accuracy for a particular application.

Finally, the accuracy in the Starlight Curves dataset of Figure 5.11 demonstrates an
important consideration for ECTS and reliable local QDA. Both of these methods try to

match the labels that are assigned by the respective fixed-time classifiers at time 1024.
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However, the fixed-time local QDA plot shows that the underlying local QDA accuracy
remains essentially flat from time two hundred to time 1024, and fixed-time 1-NN shows
that accuracy decreases. Therefore, both incomplete classifiers would be better served by

treating the complete data as only the first two hundred samples rather than all 1024.

5.7 Conclusions

I have proposed a practical incomplete decision rule that is a conservative approximation
of the optimal rule. Experiments on a set of time-series data showed consistently more
reliable and earlier prediction on average than other approaches. I have also showed that
for classifiers that employ linear or quadratic discriminants, checking the proposed decision
rule either has an analytic solution or can be solved using convex optimization.

This work has focused on answering the question “With probability 7, will the classi-
fication decision from this incomplete data be the same as from the complete data?” The
presented tools can also be used to answer the related question: “If I classify based on the
current incomplete data, what is the probability that the assigned label will match that
which would be chosen using the complete data?” The answer can be computed by finding

)

the largest T that makes the first question a “Yes,” which may require guessing a 7, solving
the first question, refining 7 up or down depending on the answer, and iterating.

Another related question that can be answered is, “Can I reliably classify as class g
with this incomplete data?” That is, there may be only one class (or a subset of classes)
which one would like to identify with incomplete data. For example, in determining if a
cyst is cancerous or benign, doctors will often have a patient come back every few months
to see how it changes over time. There is generally no rush to call it benign, but one would

like to classify it as cancerous as soon as that is a reliable class label. This question can be

answered by applying the incomplete decision rule given in (5.2) only to the class of interest.
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Figure 5.10: Average classification time vs test accuracy for reliable incomplete local QDA
classification (Rel. Class.), reliable incomplete local QDA classification with LDG features
(LDG Rel. Class.), ECTS, Fixed-time local QDA, and Fixed-time 1-NN.
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Chapter 6

EXTENSIONS AND CONCLUSIONS

This thesis focused on the theory and use of LDG dimensionality reduction. This chapter
reviews the contributions of this thesis and then discusses some limitations of LDG that

can motivate future research.

6.1 Contributions

Chapter 3 motivated LDG dimensionality reduction through the goal of finding a dimen-
sionality reduction matrix that minimized the leave-one-out cross-validation error of a local
quadratic discriminant analysis classifier. By making several approximations to the leave-
one-out error function, I was able to arrive at a final LDG optimization problem that could
be solved via a maximal eigenvalue decomposition. This final optimization problem pro-
vided a trade-off between maximizing the likelihood that the data was drawn from the
correct-class distribution, while minimizing the likelihood that it was drawn from one of the
incorrect-class distributions. By adding a cross-validation term that controlled the trade-off
between these two goals, I was able to achieve a more versatile objective. Furthermore,
kernel LDG was shown to be able to find non-linear LDG mappings by using the kernel
trick.

Experiments in Chapter 3 showed that LDG could find good dimensionality reduction
matrices for classification. One of LDG’s main advantages over other state-of-the art algo-
rithms was the fact that it can be solved via a maximal eigenvalue decomposition. Other
methods that require an iterative solution, such as NCA and ITML, proved to be more com-
putationally expensive than LDG when the number of training features or training examples
became large. LDG also exhibited good performance on small sample size problems.

Chapter 4 focussed on LDG dimensionality reduction for transfer learning. In this

chapter, in additition to finding a reduced dimensional space such that the target domain
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data was separated according to class, we also wished to find a space such that the source
and target domain distributions were similar. In order to meet this goal, transfer LDG
tried to find a mapping such that the target domain training data was brought closer to
source domain data with the same class label, but separated from source domain data with
a different class label. Experiments in this section showed that transfer LDG was effective
on several different transfer learning datasets.

Finally, Chapter 5 motivated a framework for the classification of incomplete test data.
The goal of this framework was to classify incomplete test data only if a probabilistic
guarantee could be met that the label assigned to the incomplete data would match that
which would be assigned to the unknown complete test data, and to otherwise wait for more
data. This framework provided a trade-off between being able to classify with as little test
data as possible, while also ensuring that the label assigned to the incomplete data was
within some reasonable level of accuracy compared to the label assigned to the complete
data. The resulting incomplete classifier showed good performance in the task of early
time-series classification. Furthermore, it was shown that LDG dimensionality reduction
could greatly reduce the computational complexity of incomplete classification as well as

sometimes provide increased accuracy.
6.2 Future Work

One of the main limitations of LDG is that it cannot handle really big data. In fact, this
is a drawback of all eigenvector based methods including PCA, FDA, and LFDA as well
as LDG. Suppose that there are n training examples each of dimensionality d. In order to
perform dimensionality reduction in Euclidean space, each of these methods must compute
the eigenvectors of a d x d matrix. If n < d, then these methods can save some complexity
by operating on the n x n kernel matrix. However, if both n and d are very large, then it
may be computationally infeasible to do either.

An example of a dataset for which both the number of examples and number of features
is very large is a recently compiled Google books dataset [38]. The dataset was compiled
from a collection of 5,195,769 books, representing ~ 4% of the books ever published. Text

data is typically featurized using n-gram features, where a 1-gram is a sequence of characters
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without a space (for example "text” or ”3.145”), and an n-gram is a sequence of n connected
1-grams (for example ”a sunny day” is a 3-gram). The authors found that in the year 2000,
there were 1,489,337 1-grams that occurred more than one billion times each.

Performing dimensionality reduction on a dataset of the magnitude of the Google books
dataset will require a different approach. One approach may be to partition the feature data
in multiple subsets, perform dimensionality reduction on each of these subsets of features,
and then recombine the resulting features for a final feature dataset. Such an approach of
partitioning the feature data into multiple subsets has been used before; however in this
previous work the goal wasn’t dimensionality reduction for large datasets, but was instead
building an ensemble of classifiers [52].

The incomplete test data problem provides several avenues of future work as well. One
future work item is determining how the method used to estimate the complete data relates
to test reliability. This question is important because its answer will aid in determining
what estimation method should be used. For instance, a standard approach is to select
the estimator that produces the minimum mean square error (MMSE) estimate, but is the

MMSE estimator the best choice for incomplete test data classification?
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Appendix A
DERIVATIONS

A.1 Proof of Proposition 1

Since V' — A is a sum of outer products, it is symmetric. Thus, it can be rewritten as
UMUT, where U € R%*? is a matrix whose columns are the orthonormal eigenvectors of
V — A and M € R?? is a diagonal matrix of the corresponding eigenvalues. Define m; as
the ¢th diagonal element of M with m; < ms < ... < my. Also define E; as a matrix that is

equal to 1 at position (¢,7) and is zero everywhere else. Then

Tr (B (V — A)B) = Tr (B'UMU" B) (A1)
= Tr (MUTBB™U)

d
=> mTr (E,U"BB™U).
i=1

Now define w; = Tr (EiUTBBTU ), and notice that w; is the weight applied to m;. First

note that
d d
> wi=> Tr(EUTBBTU) (A.2)
i=1 i=1

d
=> Tr (B"UE,UTB)
i=1

=Tr (BTU (zd; E) UTB>

= Tr (B"UU" B)
=Tr (B"B)
@,

)
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where the equality indicated by (a) is due to the constraint that BT B is equal to the £ x ¢
identity matrix.

Next, note that w; = Tr (EiUTBBTU) is equal to the number at position (7,7) of the
matrix UT BBTU, which is equal to the squared norm of the i*" column of BTU. Let b; be

the i*" column of B and wu; be the i*® column of U, then w; =|< bj,u; >|2 and thus
©) @)
0 < w; <[ b [IP]| ws [I*= 1. (A.3)

The inequality indicated by (c) is due to the Cauchy-Schwarz inequality. The equality
indicated by (d) is due to the fact that || b; ||>= 1 by the constraint BB =TI and | u; ||?=1
by definition.

Using (A.1), (A.2), and (A.3), the goal of the optimization problem (3.11) is to set B so
that

d
Z Wi (A4)
i=1

is minimized with respect to w;, subject to the constraints given by (A.2) and (A.3).
Lemma 1, below, shows that (A.4) is minimized by by setting wi,...,wy = 1. Since
w; = | < b;,u; > |2, this is achieved by setting the £ columns of B equal to the ¢ smallest

eigenvectors of V — A.

Lemma 1: Recall that my < ma,...,< mg. The {w;} that minimize (A.4) subject to

constraints (A.2) and (A.3) is wy, wa,...,wp =1 and wyyq, Weyo,...wq = 0.

Proof. The proof is by contradiction. When the {w;} are set in the manner indicated in

the Lemma, the sum in (A.4) is

d y4
Z w;m; = Z m;. (A.5)
i=1 i=1

Now assume that we can reduce the sum in (A.5) by reducing some w;,1 < j < £ by

,0<e< 1.
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In order to reduce w; by setting it equal to 1 — €, some other w; must be increased
in order to satisfy Zle w; = £. Since wi through w, already have maximum weight, €
must be distributed between wyy1 through wy. Without loss of generality, assume some
wi, l+1 <k <dis set to ¢, then the sum in (A.4) is
d ¢
Zmiwi = Z m; + (1 — e)mj + emyg. (A6)
i=1 i=1,i#]

The increase in going from (A.5) to (A.6) is e(my — m;) > 0, which is a contradiction.

|

A.2 Proof of Proposition 2

For the minimum problem (5.11), the Lagrange dual function is g(A\) = 87m — . BTRB +
b — A\, a concave function of A\, and g(\) is maximized for A\* = \/T{SBTRB. Since \* > 0,
it is dual feasible. Since the objective function is convex, strong duality holds, and thus
the maximum of the dual problem equals the minimum of the primal problem. A similar

analysis can be performed for the maximum problem.
A.3 Proof of Proposition 3

First, note that each pairwise check reduces the number of classes labeled candidate by
either two classes if the classes tie, or by one class (the loser) if one class dominates. Second,
once a class has tied with another class or has been dominated, it cannot be the correct dom-
inating class. Thus the proposed decision process eventually reduces the number of classes
labeled candidate to either zero or one. If there are zero classes left labeled candidate,
then all classes have either tied or been dominated, and the above process correctly chooses
not to classify. If there is one class remaining that is labeled candidate it must be compared
to all the classes that tied on their first comparison. It is not necessary to also compare to

the classes labeled dominated by the transitivity of the domination rule.
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A.4 Proof of Proposition 4

We first note that in the Compare step, the pairwise comparison between classes ¢ and h
requires a single minimum computation if ¢ dominates h, and two computations if the classes
tie or if h dominates c. Furthermore, we define T' to be the number of pairwise comparisons
that result in ties during the Compare step, and D as the number of pairwise comparisons
that do not result in a tie in the Compare step (such evaluations necessarily result in one
class that was labeled candidate being re-labeled dominated). Thus, the compare step
requires at most 27" 4+ 2D minimum calculations.

On the other hand, each pairwise comparison in the Final Comparison check requires

only a single minimum computation.

There are two cases to consider.

Case 1: Consider the case that the Compare step in the decision process results in one
class left labeled candidate. Immediately prior to the Final Comparison step, there are
G — 1 classes that have been re-labeled tied or dominated, and since each tie results in two

classes being re-labeled tied, it must be that

G—1=D+2T. (A7)

In the Final Comparison step, the Gth class must be compared to at most the 27 classes
labeled tied, each of which requires one minimum calculation. Thus the maximum number

of calculations needed is

2T +2D + 2T

= 2(G — 1) by (A.7).

Conversely, the best case is that there are no ties, and that each pairwise check requires

only a single minimum calculation. This case requires G — 1 minimum calculations.
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Case 2: The second case is that at the end of the Compare step there are zero classes
labeled candidate. Therefore,
G=D+2T, (A.8)

and the total number of comparisons required is

2T +2D

=G+ D by (A8).

There can be at most G — 2 comparisons that result in one class dominating the other
(otherwise, one class would remain labeled candidate after the Compare step), so the
maximum number of minimum calculations is again 2(G — 1).

Since it requires at least one minimum calculation to change a class label from candidate

to dominated or tied, the minimum number of calculations is G.
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Appendix B

GRADIENT DESCENT SOLUTION FOR THE QUADRATIC MIN
AND MAX PROBLEMS

The min problem with quadratic f(z) subject to a quadratic constraint set is written as

géig f(z) = rr;in (x —v)TV(z—v)+b (B.1)

subject to (x — m)R™ (z —m) < 6,

where V is indefinite and R is positive semi-definite. We propose to solve this problem using
the two-step gradient descent approach described in [65].
We first reformulate (B.1) as the trust region subproblem (TRSP). Define

z=R2 (r—m)
A=2R3VR3
Y= QR%V(m —0)

bisrp = b+ 01 Vo +mIVm — 2mTVo.
Then rewrite (B.1) as

: Lo T
min f(z) = min 52 Az +y" 2+ bigrp (B.2)

subject to || z ||< V6.
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Let p equal the largest eigenvalue of A. The following two-step iteration converges to a

z* that is a local minimum of the TRSP (B.2):

1
Step1l: zpy1 =2z — ;(Azk +9)

EN

\/g ]{3+1 )

Step 2 :  zpy1 = min |2gy1,

where Step 1 computes a gradient step, and Step 2 projects the zx11 found in Step 1 onto
the constraint set in (B.2).

The TRSP has been shown to have at most one local minimum that is not also the
global minimum [37], and thus the above algorithm has proven to be robust in finding the
minimum of (B.2).

Furthermore, for the incomplete data decision rule (5.9), it is not necessary to find the
true minimum over A of f(x), but it is instead sufficient to know only whether or not it is less
than or equal to zero. Therefore, the iteration can be stopped early if z;fAzk +yTz, +bisrp <

0.
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Appendix C
VARIANCE OF A GAUSSIAN MIXTURE

Let my, = E[X|g, z], R, = COV[X|g, 2|, and z) be defined as in Section 5.4.2.
g g,z|, fig g,%], p\g

R= /(33 —m)(z —m) p(z|z) dz

/Zw— (z —m)T p(x, g|z) dx

geg
= plale) [ (o =m)(e—m)” plalg.) da
9€g
= Zp qglz / zxl — 2z Z mlp(h|z) + Z Z mgm}p(ql2)p(h|2) | plzlg,z) dx
9€§g heg q€g heg
_ Zp qlz) (/ xxl — 2xm§ +mgmgT p(zx|g, z) dx +/2xm — 2mehp h|z) p(x|g, z) dx
geg heg
—Mmgmy +szthp q2)p(h|z)
q€G heg
= p(gl2) | Ry +2mgm] —2my Y " mip(hlz) —mgml +> > mgmi p(qlz)p(hlz)
9€§g heg q€G heg
=t (g~ 2, ko)) 4 35 gt
geg heg q€G heg

= plglz) (Rg + mgmI) = >3 " mgmi p(ql2)p(hl2).

geg q€G heg
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