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Marginalizable mixed effect models for clustered binary, categorical and survival data

Rui Zhang
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Associate Professor KC Gary Chan
Department of Biostatistics

In this thesis, I propose new models for clustered data, design estimators of covariate effects, im-
plement model inference algorithms, and show asymptotic properties of my estimators, including
consistency and asymptotic normality. I also present Monte Carlo simulations and real dataset anal-
yses for demonstration.

In this thesis three inherently related marginalizable mixed effects models for datasets with
clustered binary, ordinal and right-censored, i.e. survival outcomes are proposed. These models can
evaluate population-level covariate effects, and model a diverse variety of cluster correlation struc-
tures. The marginalizable property of the models is obtained via a pair of conjugate distributions.

Chapter I contains literature review of various models designed for clustered datasets, focusing
on binary, ordinal and survival data. Chapter II discusses and compares different inference methods
for models in Part L.

In Chapter III, I first give the motivation of the new marginalizable mixed effects model. Then I
introduce the multivariate exponential random variables, which serve as random effects in the new
models. I formally present the new model formulation for binary data, the inference procedure
followed by a brief discussion, as well as relevant asymptotic theorems of my estimators.

Chapter IV and Chapter V discuss clustered ordinal data and survival data, and are organized
similarly.

In Chapter VI I present some Monte Carlo simulation results along with real dataset applica-

tions: the Madras longitudinal schizophrenia study, the British Social Attitudes Panel Survey have






clustered binary outcomes; the Arthritis data and the Television, the School and Family Smoking
Prevention and Cessation Project have clustered ordinal outcomes; the Rats and Lung datasets for

have clustered survival data.
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GLOSSARY

|| B1]: 6 € RP, the Euclidean norm of 5.

1{A}: an indicator function equals to one if A is true and zero otherwise.

AR(1): auto-correlation structure with degree one.

E:  the operation of taking expectation of a random variable.

EM ALGORITHM: expectation maximization algorithm.

7: unknown variance parameter of a Gamma distribution.

T: correlation matrix of multivariate normal random variables.

GLM: generalized linear models.

h: inverse link function.

i.i.d.: independently and identically distributed.

MLE: maximum likelihood estimation.

MC: Monte Carlo.

MSE: mean square error.

NPMCLE: non-parametric maximum composite likelihood estimation.

NPMLE: non-parametric maximum likelihood estimation.

v



OR: odds ratio.

R(p): correlation matrix of frailties.

(Y, Z): a set of correlated observations from the same cluster/institute, where Y is a set of

binary or ordered categorical outcomes and Z is corresponding covariates.

(Y, Z): one observation where Y is a binary or ordered categorical outcome and Z is correspond-

ing covariates.

T study time.
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Chapter 1
LITERATURE REVIEW: MODELS

1.1 Clustered Data and Model Overview

In this thesis, I am interested in clustered data; i,e, observations can be grouped into independent
clusters. Clustered data arise from many applications. For example, due to a limited study time many
clinical trials are performed in multiple institutions to enroll enough patients. Even though study
protocols are strictly structured, types of supportive care and other factors can vary across institu-
tions and these institution effects are generally latent. Thus observations from the same institution
are correlated and more sophisticated models are needed in place of models assuming independent
observations. In this thesis new models on clustered data are proposed and I assume the number of
observations in each cluster is bounded by a finite number. I propose estimators of association levels
between covariates and outcome, and study asymptotic behaviour of the estimators as the number
of independent clusters goes to infinity.

Existing models in this field can be grouped into two big categories. The first category contains
marginal models, evaluating population-averaged covariate effects. The second category includes
conditional models, in which covariate effects are only interpretable conditioning on latent cluster
effects. Review of models evaluating associations in binary or ordinal data forms the first part of
Chapter I, in which the i* cluster observations are denoted by O; := (Y;, Z;); Oij = (Yij, Zij) is
the 7 th observation or component of O;, j = 1,...,n;; n; is the total number of observations in this
cluster. Ordinal outcome Y comes from G + 1 categories; G is a positive integer. The second part
of Chapter I contains reviews on survival models for right truncated data, evaluating associations
between the failure time 7" and covariates Z. In the i*" cluster, right-truncated failure times are

Yi; := min {T;;, C;;} where C is the censoring time and failure indicators are
1 T <Gy
Al] = )
0 T%j > Cij

Each observation is denoted by O;; = (Y;j, Ayj, Zij); observations from the i*" cluster are denoted



by O; = {(Yij, Aij, Zij);5 = 1,...,n} = {0y5;j = 1,...,n;}. For clarity, bold notations stand

for clustered observations in this thesis.
1.2 Models for Independent Data

Before delving into clustered data literatures, the following is a brief overview of models for in-
dependent data O; := (Y;, Z;), ¢ = 1,...,m. These models will be generalized to accommodate
clustered data in this thesis.

One of the most popular models for binary data is the logistic model and the logit link is

pr(Y; =1| %)
l-pr(Yi=1|2;))

ZI'B =log <
Another choice is the complementary-log-log link:
2} B =log {~log (1 —pr(Y; = 1] Z))} .

When Z!' 3 is not high, probabilities pr(Y; = 1 | Z;) from the two models are similar; as Z! 3 goes
to infinity, the probability from the second model approaches one slower than its counterpart.

For categorical data, 114 stands for pr(Y; = g | Z;) and the baseline-category logit model has
this link:

ozg—l—ZiTﬁg :zlog(“ig> , g=1,....G,
Hi G+1

where category G + 1 is used as the baseline category. In contrary to binary models, there is no

intercept in the covariate vector Z; due to an identifiability problem. Suppose there is a common

/

intercept o, we can set new category specific intercepts as o

:= oy + o* and the new common
intercept becomes zero. It can model both nominal and ordinal data and the choice of a baseline
category is arbitrary. For ordinal data, the adjacent-categories logit model sets the odds of adjacent

categories as:

ocg—Q—ZiTﬂzzlog('uig> , g=1,....G.
Hi,g+1

[ remains constant across different pairs of categories. Also for ordinal data, the cumulative logit

model is

g+ 278 = log< Hi1 + .o flig >
Wig+1l + .o+ i G+l

constrained by —o<o<...<ag < o0.



Inference based on the above models is straightforward using the quasi-likelihood by Wedderburn

(1974). In this thesis, I will generalize this inference procedure into my models.

For independent survival data, Cox (1972) proposed the proportional hazards model; this model
and its generalizations are the most popular models in this field; the new model in this thesis is also
a generalization. In the proportional hazards mode, the hazard rate has two parts: a baseline hazard
rate function \g, i.e. the hazard rate at zero-value of covariates; and the regression parameters
B, describing how the hazard varies in response to covariates. Hazard rates from different sub-
populations are assumed to be proportional over time: given a covariate Z;, the hazard rate A(¢ | Z;)

and the cumulative hazard A(t | Z;) at time ¢ are:
zr ' zr
Mt | Zi) = Xo(t)e? P, At | Z) :/ A(s | Zi)ds == Ag(t)eZ P .
0

For model inference, Cox (1972, 1975) proposed the elegant partial likelihood approach; its esti-
mator achieves the optimal estimation efficiency and a straightforward estimator on the asymptotic
covariance of the estimator was also proposed. A generalization of partial likelihood approach is
applied in this thesis.

Partially due to limitations of the time-invariant proportional hazards assumption, Bennett (1983)
generalized the cumulative logit model from ordinal data into survival data. In this model, given a

covariate Z;, the log survival odds at time ¢ is

—logit {S(t| Z:)} = G(t) + ZI'3, where logit(x) := log <1 f x> .
where G(t) is the baseline log failure odds function. Hazard rate ratios between sub-populations
converge to one as time passes. Bennett (1983) suggested using this model for some effective
cure with which the mortality rate in a diseased group is speculated to converge to control’s over
time. To estimate parameters under interest, Murphy et al. (1997) proposed the non-parametric
maximum likelihood estimation (NPMLE): the baseline log failure odds function is estimated non-
parametrically as a non-decreasing, right-continuous, step function; the estimates haven been shown
to be consistent and achieve the optimal estimation efficiency. In this thesis I use something similar

to NPMLE for model inference. Ad the work in Murphy et al. (1997) is quite helpful.



1.3 Marginal Models for Clustered Data

1.3.1 Continuous Outcome

The multivariate normal distribution is the most common choice for modeling clustered continuous
outcomes. And most models for clustered dis-continuous outcomes, including the new models in

this thesis, can be viewed as generalizations of this method.

1.3.2  Binary or Ordinal Outcome

In marginal models, people are generally interested in covariate effects from the marginal mean
model E(Y;; | Zij) = h(Z% ), where h is the inverse link function. And the question is how to
introduce or account for underlying correlations in the clustered data. The most straightforward way
is to work on the full or partially-specified joint model of outcomes. Liang and Zeger (1986) worked
on partially-specified joint models which only assume the marginal mean model. They proposed the

Generalized Estimating Equation (GEE) for model inference:

m

> DIV (vi - h(z]'B) =0. (1.1)
i=1

D; = On(Z¥B)/0B and V; = Ai/ 2RAy 2 /¢, where A; is a diagonal matrix with elements
var(Y; | Z;), ¢ is the parameter of dispersion and R is a working correlation matrix. Their method
is quite general and can adopt to many different types of outcomes. However, for binary or ordinal
outcomes, the cluster-common working correlation matrix R is not proper since correlations be-
tween two outcomes are related to their marginal means. Besides, the Fréchet bound on binary data
correlations is not taken into account; see Chaganty and Joe (2006) for more details. Consequently,
in these cases, estimates of the working matrix R are usually not interpreted since estimated corre-
lations may exceed the Fréchet bound. When the estimates of nuisance parameters in R exceed the
Fréchet bound, estimates do not correspond to any plausible joint models and thus are meaningless.
Yet GEE is one of the most popular inference methods due to its robustness and in this thesis I
replace the working weighting matrix by the real covariance matrix retrieved from my parametric
joint models, achieving high estimation efficiency while maintaining inference robustness.

People also worked on fully specified joint model. Considering the simplest clustered ordinal

data: the paired ordinal data (Y;1,Y;2), 7 = 1,...,m, Dale (1986) proposed to model the marginal



probabilities pr(Y;; < g| Z;),j =1,2,9=1,...,G; for correlation modeling, Dale proposed the
global cross-ratios (GCR):

G _ pr(Yin < g1,Yi2 < g2 | Zi)pr(Yar > g1, Yo > 92 | Z)
91922 " (Vi1 > g1, Yia < g2 | Zi)pr(Yin < g1, Yie > g2 | Zi)’

(G g1,92=1,...,G.

These three groups of quantities, two marginal means plus the GCR, together specify the distribution
of paired ordinal data. Molenberghs and Lesaffre (1994) applied Dale’s model to three real datasets
and demonstrated its flexibility. More generally, Bishop et al. (1975) gave the saturated log-linear
model for clustered binary random variables, which incorporates all possible joint distributions, as
discussed by Prentice and Zhao (1991), Liang et al. (1992), Heagerty and Zeger (1996), Heagerty
and Zeger (1998), Fitzmaurice and Laird (1993), Prentice and Zhao (1991), etc. Given a binary

random vector Y = y, the log-linear model is

n
pr(y = (y1,-..,yn)) = exp{up + Zijj + ZUjkyjyk +. e ayiy2. - Ynt,  (1.2)
j=1 i<k

where v is a normalizing constant. Other parameters are interpreted via conditional odds and odds

ratios (OR):

, pr(y; =1|ye =0,k # j)
u; = logodds(y; =1 |y =0,k # j) :=log =
! =11 ) pr(y; =0 |yx =0,k # j)
Ujr, = IOgOR(yj7yk|yl:07l7£jak)a j<k:27"->n;

w123 = log OR(y1,y2 [y3 =1, =0,1 > 3) —log OR(y1,¥2 | y3 = 0,5, = 0,1 > 3) .

Interpretation and inference on u need a balanced design, as discussed by Fitzmaurice and Laird
(1993); interpretation of u changes as the number of observations from a cluster varies, mak-
ing study replications quite hard. Parameters are interpreted conditional on cluster, rather than
marginally. Zhao and Prentice (1990) directly modeled clustered binary data by their marginal
means and covariances, showing there is an one-to-one relationship between marginal means, co-
variances and (u;, ujk, j < k, j,k = 1...,n). They simply fixed the other canonical parameters

involving higher order products, and derived the popular quadratic exponential distribution:

Li=1log (pr(y = (y1.,---,¥n))) =y 0 + v X+ c(y) — log(A) ,

where v = (192, ..., Yn_1Yn). Here they rewrote @ = (u1,...,u,)", A = (u2, ... ,un_Ln)T

and A = wg. Yet extra caution is needed to model marginal pairwise products due to the Fréchet



bound. Enlightened by Dale’s binarization idea, Heagerty and Zeger (1996) modeled marginal
means and pairwise odds ratios of binarized ordinal variables. Their model has three advantages:
marginal pairwise odds ratios are unbounded; a balanced design is not a must; properly chosen
regression parameters are orthogonal to the other nuisance canonical parameters (w23, ..., U12..n),
resulting in elevated estimation efficiency. Similar to GEE, these models only require a partial
specification of the underlying joint distribution: they only need the pairwise joint distribution to
be specified, and thus introduce some degree of robustness. In contrary, proposed models in this
thesis are parametric, but on the other hand, I develop robust inference methods that are similar to
the above inference methods.

The above models mostly are semi-parametric, leaving the correlation structures unknown or
partially specified and sometimes working versions are applied. People have also worked with other
parametric joint models using copula idea. Starting from the bi-variate case, the burn injury data
from Fan and Gijbels (1996) motivated the copula model in Song et al. (2009). In this dataset, every
independent patient has two dependent outcomes: the area of burns and the death indicator. The

authors jointly modeled continuous and discrete outcomes by the Gaussian copula:
F(Y;| Zi:8,¢.1) = W { U7 [ (Z] 1) /0], ¥~ [h2(Z] B2) /9). T}

where ¢ is a deviance parameter; W and W5 are normal cumulative distribution functions, univariate
and bivariate. I’ is the correlation matrix of Wy, which is quite flexible. In this copula, latent
normal variables are transformed into continuous variables. Chaganty and Joe (2004) considered

the following latent variable modeling for dependent binary data:
Yij = 1Y < Zj;B}:  thus B(Y; | Zij) = W(Z;;) .

This model corresponds to the probit marginal link. And it is convenient to impose any legitimate
correlation structures onto multivariate normal variables. Other marginal link functions were also
discussed. Logistic distributed latent random variables give the popular logistic marginal link:

F(t;)

Y =1V < ZE Y =log——2 _:
J {z]< z]ﬁ}a 7 Ogl_F(ti)a

t; can be any multivariate random variable.

O’Brien and Dunson (2004) took ¢ to be t-distributed, allowing flexible correlation structures. These
parametric models all use the copula idea: they all transform latent continuous outcomes into ob-

served discrete outcomes and cover all marginal parametric model. In this thesis I give a model



under the logit link for clustered binary outcomes and marginally it corresponds to the joint logistic
distribution model.

The correlation modeling of the above model is based on latent continuous outcomes, but inter-
pretations are not always straightforward. My new models can be viewed as latent variable models
in which marginally outcomes correspond to a multivariate logistic distribution and conditionally
they correspond to the multivariate Gumbel distribution. Correlations are originally introduced onto
the conditional multivariate Gumbel distribution, leaving the interpretations of the outcomes in com-

plicated forms.

1.3.3  Longitudinal Binary or Ordinal Outcome

Markov models are useful for longitudinal outcomes. These models assume a subject’s current
outcome depends on its previous outcome(s), see Bishop et al. (1975), Diggle et al. (1994), Azzalini
(1994) and Albert (2000) for more details. In this thesis, I am not discussing such situations and this

is a future direction of research.

1.3.4  Survival Data

Here I restrict my discussions on models for clustered data without time-varying covariates.

Lin (1994) proposed a marginal model by only specifying the marginal failure of each single
observation under the proportional hazards model. This model ignores underlying correlations.

Li and Lin (2006) considered a marginal proportional hazards model for spatial data, introducing
correlations by the copula transformation of the observation-specific cumulative hazard functions.

They modeled each hazard rate function as
Ait) = Ao(t)exp (27 B) .
Correlations were introduced by the probit-type transformation of cumulative hazards:
7 = &7 {1 — exp (~Ai(D)} ~ H(0,1).

Flexible correlation modeling of 77 can be imposed.

In this thesis I introduce underlying correlations into a marginal model by correlated frailties.



1.3.5 Discussions
Most marginal mean models of clustered data make the assumption that
EYy; | Zi] = E[Yy; | Zij] -

These models include assuming a non-independent working correlation matrix R in (1.1), and the
model proposed by Zhao and Prentice. However, this assumption may be violated in longitudinal
studies: a patient’s health status in the first month will affect his or her outcomes in the following
months. The violation causes inconsistent estimates. For more details, please refer to Pepe and
Anderson (1994). Markov models are useful in this case. And my models also takes the above
assumption. One ad-hoc solution is to put in covariate from previous correlated observations into

the mean model.

1.4 Conditional Models for Clustered Data

1.4.1 Mixed Effects Models

In this thesis I propose several new mixed effects models, and mixed effects models are the most
well-known conditional models, in which latent cluster effects that introduce correlations are incor-
porated into the mean model as random effects. Fully parametric mixed effects models are specified
given: 1) outcome distribution conditional on covariates and random effects and 2) the distribution
of random effects. Here I give several examples of the conditional mean models, following notations

from Heagerty (1999) and Heagerty and Zeger (2000a):
1. shared random intercept b:
E[Yij | Zij, bi] = M(Z[5 + bi) ;
2. individual random intercept b:

1 )

E[Y;; | Zij, bij] = h(Z5B 4 bij),  bi = (bij)j=1,...m, :

3. shared random slope b:

ElYi | Zij, Xij, bi] = h(ZgB + Xg;-bi) ,  Xjj is another set of known covariates ;



4. individual random slope b:

E[Y;; | Zij, Xij, bij] = h(ZZB + ngbij) .

Without loss of generality, all random effects are assumed to be centered, i.e., mean zero. In general
people also assume that conditional on random effects, outcomes are independent of each other.
Predictions of underlying cluster effects in the form of posterior expectations of random effects
given the data can be made. Besides, these models can evaluate correlations among three or more
observations.

More generally, people wrote the mixed effects model by putting observationsas Y := (Y{Z, ..., Y,[)T,

Z:=(zf, . ..,z and X := (XT,..., XL)T. The conditional model becomes
E[Y | Z,X,b] = h(Z7B+ X'b); Z, X are known design matrices.

With only random intercepts, X is a matrix with ones and zeroes. Suppose there are two clusters

and each has three observations, in the case of shared random intercepts, X and b are

111000 -
X = 5 b:(bl,bz) N
000 1 11

in the case of individual random intercepts, they are
X =1Is, b= (b1, br2,b13,bo1, b2, bos)" .

Ig is the 6 x 6 identity matrix. Breslow and Clayton (1993) discussed semi-parametric mixed effects
models, and they only specified the outcome conditional distribution up to the second order of

moments.

1.4.2 Linear Mixed Effects Model

The identity link is quite popular for continuous outcomes:
Y =273+ X"b+e, (1.3)

where b and € are centered multivariate normal random variables with covariance matrices D and

w.
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This model can approximate generalized linear links by Taylor Expansion, transforming original
outcomes into working continuous outcomes Y *. Denoting the inverse link function by h, Breslow

and Clayton (1993) used this transformation:
Y =h N (Y) = 278+ X b+ (Y — p) {7} (i) | (1.4)

where pu® = h(Z73 + XTb) and {h~'} is the derivative of the link function w.r.t. 5. 3 is both
conditionally and marginally intepretable, representing the change in the transformed or approxi-
mate outcome expectation with regards to one unit change in the corresponding covariate. Due to

the adhoc approximations, this thesis does not discuss the linear link for non-linear outcomes.

1.4.3  Generalized Linear Mixed Effects Models

In the shared random effects mixed effects models, /3 are interpreted by comparing two subjects from
the same cluster. In the individual random effects mixed effects models, regression parameters are
interpreted conditional on observations. And these issues motivates this thesis. Since the conditional
link function is no longer the identity link, the interpretation of the conditional regression parameter

[ is not readily generalizable into its marginal counterpart.

1.4.4  Frailty Models

In this thesis one of the new mixed effects model is a frailty model and here I give a brief overview
of its history. Clayton (1978a) introduced the shared relative risk, motivated from a clustered sur-
vival dataset of father-son pairs. Clayton and Cuzick (1985) incorporated covariates into this model.
Such models are equivalent to incorporating some cluster-common random factors multiplicatively
into the hazard rates. Vaupel et al. (1979) named these random factors frailties. To be specific, in
frailty models, given a cluster-common frailty w; and a covariate z;;, the conditional hazard rate
is assumed to be w;Ao(t)exp (zg ); B are conditional log hazard rate ratios. As mixed effects
models, observations are assumed to be independent, conditioning on corresponding frailties and
covariates. These models are named frailty models. They are mixed effects models with a condi-
tional complementary-log-log link; logarithms of frailties are random intercepts. I also view these
models as imposing cluster-specific but proportional baseline hazard rate functions. For bivariate

cases, shared frailty models are flexible: Oakes (1982) showed many bivariate survival distributions
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uniquely correspond to some shared frailty models. However, with larger clusters, shared frailty
models can only impose an exchangeable correlation structure among observations. This is not
flexible for more complicated designed familial studies or other applications such as spatial epi-
demiology. For example, in the adoption study from Nielsen et al. (1992), each cluster contains the
adopted child, the adopting parents and the biological parents. There are two kinds of correlations:
the first one involves shared environmental factors among adopted parents and the child; the second
one represents shared genetic factors among biological parents and the child. Vaida and Xu (2000)
proposed an individual frailty model with log-normal frailties. Petersen (1998), Parner (2001) and
Parner (1998) discussed the correlated frailty model, in which multivariate Gamma frailties replace

the shared frailty. The j*" observation in the " cluster has the hazard rate function:
Xij (t | 215, wi5) = wigho(t)exp (2;8) ,

where W;; is a summation of properly scaled independent Gamma random variables. For the above

adoption study, Parner (2001) proposed the individual frailties as

Adoptive mother (AM): Wam = Wi+ Wor
Adoptive child (AC): Wac =Wi + Wy + Wy

Biological mother (BM): Wem = Wo + Wos .

He assumed the independent frailty components follow Gamma distributions: Wy, ~ Gamma(vy, 1)
and Wy, ~ Gamma(yok,n). To ensure model identifiability, he also restricted that v; + 791 =
Y1+ Y2 +Yo2 = Y2 + Y03 = 1. This method of multivariate Gamma variable generation is relatively
straightforward for decomposing cluster effects into different physical sources: W presents the en-
vironmental effects and Wy stands for the shared genetic factors. Yet this simple adding operation
has some limitations. Following the same idea, the frailty of the adoptive child’s biological father

can be decomposed into
Biological father (BF): Wpgp = W3 + Wy, .
However, the parameter of Wj is restricted by the parameter ~g2 since

Adoptive child (AC):  Wac = Wi + Wy + Wog = Wy + Wa + Wiy + Wy .
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Thus, replicability of this correlated frailty model is limited. It is very hard to generalize this model
into spatial data. In this thesis, I propose a new way to generate multivariate Gamma random
variables such that cluster size needs not to be specified/fixed before hand.

Researchers have generalized some survival models into clustered ordinal data, since ordinal
data arise from dividing study times into several intervals and transforming continuous survival
times into corresponding time interval indexes. Heagerty and Zeger (2000b), and Ten Have (1996)

gave good examples. And this thesis also connects survival times to ordinal data and binary data.

1.5 Marginalizable Models

For general scientific questions, Neuhaus et al. (1991) and Heagerty (1999) argued that marginal
parameters are more directly interpretable and are preferred to answer public health questions. Back
to the clinical trial example, suppose the primary interest is to evaluate treatment efficacy in the
targeted population, and the secondary interest is making predictions, or evaluating correlation levels
among two or more observations. Marginal models can answer the first question while the secondary
questions can be solved by mixed effects models. In general these two classes of models are making
different assumptions on the population: a parametric mixed effects model naturally corresponds to

a marginal model,

n;
fYi=vyi| Z; = z) =/ / T1F@is | 2isbig) ¢ £(bins - bim, | Zi = 2i)dbiy - - dbim, -
bin, bin | 52
) ]—1
(1.5)
But such marginal models are rarely interpretable. Consider a shared frailty model where Gamma

frailties have mean one and variance 0.5, the marginal survival probability is

2
1
S(t Zi:ZZ' = .
( ’ ) <1+A0(t)6zfﬁlog2>

[ has no direct interpretations marginally.

Since marginalizable models have the advantages of both models, they have wider applicability,
motivating this thesis.

Several marginalizable models have been discussed. Lang and Agresti (1994) considered mod-
eling the joint distribution plus the marginal distribution of ordinal data simultaneously. The authors

defined a quantity called profile, which is the joint outcome of a cluster. For example, each cluster
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contains 7 observations and the j* observation comes from I ;j categories; then there are zn: I; pro-
files. They considered a contingency table, in which the columns correspond to differeiljlproﬁles
and the rows corresponds to different covariate levels. Without any model constraints, the cell fre-
quencies from the data are the MLE of cell probabilities pt. The authors viewed a proposed model as

giving constraints in maximizing the observed data likelihood. For example, when the outcomes are

binary, each cluster has two outcomes, and the only covariate is the intercept, the following equation

1 1 00 M1
1 -1 0 O 0 011 1
Clog(Am) = ZT8 = log iz o
0 0 1 -1 1 01 0 H21 1
01 01 1422

corresponds to the marginal logit model. And it imposes a constraint on maximizing the observed
log likelihood in the sense that with a matrix U whose columns are orthogonal complement to the

space spanned by the columns of Z, the following equation is true
UTClog(Am) =0 .

Another constraints is that the summation of 7 is one with the same covariate level. The authors
then proposed maximizing data log likelhood via Lagrange multipliers. The applicability of this
methodology largely depends on the size of contingency table and is computationally intensive
when the covariates are continuous.

To accommodate continuous covariates, in this thesis I propose marginalizable mixed effects
models and in the following I discuss existing mixed effects models that yield interpretable marginal
covariate effects. To be clear, I denote the conditional covariate effects by ¢ and its marginal
counterpart by M. Heagerty (1999), and Heagerty and Zeger (2000a) proposed marginalizable
conditional models by first modeling the marginal model and the random effect distribution and

then solving for the conditional model via deconvolution:
nzLpM) = / h(A(Zij) + bij) dF (bij) -

However, only certain pairs of marginal model and random effect distribution yield analytic results,
such as the probit marginal link plus Gaussian random effects, the Poisson conditional link and

Gamma random effects Tsutakawa (1988).
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On the other hand, marginal and conditional distributions determine the random effect distribu-
tion. With a shared random intercept, Wang and Louis (2004) set the marginal and conditional links
identical:

B(Y; | Zij) = W(Z5BY), E(Yi | Zi,bi) = MZ5BS +bi) .

They solved for the random effect distribution density function f from (1.5) and named it the bridge

distribution:

10 = 5 [ e T e,

where F denotes the Fourier transformation and A’ is the derivative of the inverse link function
h. To account for heterogeneity among clusters, cluster-specific dispersion parameters ¢; were
introduced. For the it" cluster, BV = qbi,BiC and ¢; = (1 + UZ-Q / 02)_1/ % and a? is the variance
of the random intercept b;; (7,21 is variance of the distribution corresponding to h. For example,
logistic link invokes a standard logistic distribution and o7 = 72/3. ¢; characterizes the effect of
cluster-level heterogeneity: the smaller the ¢;, the bigger the a? and ,Bic . Suppose the population-
average covariate effect 3 is a fixed quantity so with a more dispersed random intercept, a stronger
cluster-specific covariate effect 3¢ is needed to remove the extra dispersion.

Parzen et al. (2011) discussed the bridge distribution in the case of individual random intercepts
with logit link. The conditional mean model and the cumulative distribution function of random
effect b are

_ _ 1 % 4
E(Yij | Zij, bij) = logit(bij + ¢~ ' Z56°), F(b) =1- p” (;T — arctan (W)) :

The novel bridge distribution has no physical interpretations and since model inference is based on
MLE, the bridge distribution computing has to be coded manually.

In frailty models, the exponentiated version of the above bridge distribution is the stable distri-
bution, first introduced by Hougaard (1986). The joint distribution of clustered failure times is:

0
;g
E(tih v ,tim) = exp — ZAij(tij) s i.e. ﬁM = 950 .
7j=1

The marginal model is still the proportional hazards model, with scaled marginal covariate effects.

Liu et al. (2011) discussed a study comparing the ratio of observed to expected deaths, known as
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the standardized mortality ratio, between a group of U.S. kidney transplant centers and the national
average. Since smaller centers tend to have more heterogeneous survival observations, a single
frailty distribution is not sufficient. They modeled shared frailties by a covariate-dependent stable
distribution.

A stable distribution on random effects can be justified when people believe there are many latent
cluster effects under some long tail distributions, and these effects act together to produce an additive
final effect which imposes a multiplicative effect on the hazard rate function. However, distributions
without any finite moments are not widely used in bio-medical applications. Multivariate stable
distribution is not fully studied yet and thus it cannot model correlations flexibly.

New marginalizable models discussed in this thesis impose highly flexible correlation structures
onto clustered binary, ordinal and survival data. People can estimate the marginal cumulative log
odds, and evaluate correlation levels from this set of models. To estimate parameters under interest
in binary or ordinal data, I take the advantage of the marginalizable property and propose a robust
inference procedure, which has small estimation efficiency loss compared to maximum likelihood

estimation (MLE).
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Chapter 2
LITERATURE REVIEW: MODEL INFERENCE

2.1 Likelihood-Based Methods

2.1.1 Direct Maximization of the Log-likelihood

Linear mixed effects models generally use an identity link. People usually assumed b; ~ N (0, D),
€ ~N(0,W)and var(Y; | Z;, X;) = X' DX; + W :=V;, where \V stands for the multivariate
normal distribution. Harville (1977) found the MLE as

Bprue = (ZIV 1z tzIvly; . 2.1

Since the weighting matrix is the inverse covariance matrix of Yj, B BLUE has the optimal estimation

efficiency. The best linear unbiased prediction (BLUP) of b; is
bprup = E(b; | Yy, Zi, X;) = X DV, \(Y; — Z1'B) . (2.2)

Properties of these estimates were well studied.
Wolfinger and O’connell (1993) transformed non-continuous outcome Y into a continuous

working outcome Y * by:
Y =h " (Y)~ ZT8+ XTb+ (Y — pu®){h ™'} (ub), where u® = h(Z78+ X"b).

The inference algorithm iterates between the transformation procedure and the estimation procedure
in (2.1) and (2.2) until convergence.
Latent variable models are parametric and MLE inference is readily applicable for some cases.

For example, Chaganty and Joe (2004) proposed the model
Vi =UY; < Z5B}; leading to E(Yi; | Zy) = W (Z]B)

where Y;* is a multivariate normal random vector with a standard variance and a correlation matrix
R. The joint likelihood of a cluster with n observations is in the form of ¥,,, the cumulative dis-
tribution function of a n-dimensional normal random vector. R software has a package mvtnorm

computing ¥, up to n = 100.
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MLE inference is also used in simple joint model, such as the paired ordinal data model in Dale
(1986) and Markov models in Azzalini (1994) and Heagerty (2002). However, MLE has heavy
computation burdens in the case of many mixed effects models due to: 1) non-normal distribution
and thus there is no package for computing the joint likelihood, 2) correlated random effects leading
to high dimensional integration. This is the exact case for this thesis: I propose models with a
marginal logit link, invoking a logistic distribution, corresponding to the marginal logit link, and at

the same time there are individual random effects.

2.1.2  Numeric Maximization of the Log-likelihood

Mixed effects models are generally parametric and MLE is applicable, yielding asymptotically con-

sistent and efficient estimates. The likelihood of the ¥ cluster is:

ni
fYi=yi| Z; = z) :/b /b Hf(yij | zijs bij) ¢ f(Dit, ., bin, | Zi = z;)dbjy - - - dbip, -
ing i |2

- 2.3)
This integral has a closed form with conjugate pairs of distribution, such as Gaussian random effects
and the identity link, Gamma random effects and the Poisson conditional link (Cox and Reid, 1987),
log-Gamma random effects with the complementary-log-log conditional link in Ten Have (1996).
But in general, there is no closed-form expression, resulting in complicated computations. Some
researchers approximated (2.3) by Monte Carlo methods. For example, with Gaussian random

effects, Gauss-Hermite quadrature from Anderson and Aitkin (1985) is useful. For an integral in the

form of
o0 2
| e,
— 00
Gauss-Hermite Quadrature selects a set of n values (z1,...,,), called nodes, which are roots

of the Hermite polynomial H,, (), and then approximates this integrals by a weighted summation
S aif(x): a; = 2" tnly/n/{n?[H,—1(x;)]?}. Hartzel et al. (2001) found its calculation in-
creases exponentially with the integral dimension; thus likelihoods of mixed effects models with
individual random effects are harder to compute. This method is also computationally intensive and
the approximation works best when random effects are normally distributed. Since in my case the
random effects follow the the highly skewed Gumbel distribution, approximation will not work best

and thus I do not consider this method.
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2.1.3  Expectation-Maximization Algorithm

Dempster et al. (1977) invented the expectation-maximization (EM) algorithm, an iterative method
finding the MLE from some model that depends on latent variables. Here I denote the observed
databy Y ~ Qg on (), B), and the full data by X ~ P on (X, .A); I also assume both probability
measures (g and Py have respective densities ¢y and pg with regards to a dominating measure v.

Usually researchers are interested in finding
0¥ = argmaxlogqg(Y) .
9

Yet it is quite difficult to compute while the following is much more computationally friendly:

6~ = argmax log pe(X) .
0
The EM algorithm is designed for such scenario, alternating between an expectation (E) step and a

maximization (M) step until convergence. In the (7 + 1) iteration,

1. in the E-step,

one computes, for6 € ©, E (log po(X) | Y; 9(")); 0(") is the estimate from the " iteration;

2. in the M-step,
one maximizes E (log pp(X) | Y; 9(7“)) in6.

This algorithm is in wide use due to its convenient application and the property of at least converg-
ing to some local maximum. When @)y is some unimodal probability distribution, this algorithm
guarantees finding the MLE. In cases of multimodal probability distributions, researchers usually
try several starting values and compare the corresponding log-likelihood values.

This algorithm can be applied to mixed effects models, treating random effects as missing data.
Given a conjugate pair of the conditional link and the random effect distribution, the E-step is rela-
tively easy to compute. For example, in a shared frailty model with Gamma distributed frailties W’s
(at this moment, I assumed the Gamma distribution is known), the full log-likelihood contribution

with frailties is

m ng

Zz&j(log)\o(tz‘j) + 258) + Sijw; — Ao(tij)exp(z]; B)w; .
i—1 =1
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Only the term Ag(tij)ezig Bav; involves both w; and parameters (3, Ao(-)) under interest, thus in E-
step only E(w; | Data) needs to be found out. Given the data, frailty posterior distribution is still
Gamma with different parameters. In the M-step, partial likelihood inference is applicable, offset
by imputed frailties from the E-step. This is the inference method for the frailty model in this thesis.

For binary and ordinal models, I choose to use a more robust inference method.

2.1.4 Composite Likelihood Estimation

Lindsay (1988) proposed the composite likelihood, treating the product of a collection of component
likelihoods as the true likelihood, where a component likelihood is some conditional or marginal

likelihood.

Given a set of correlated observations (Y, Z) = ((Y1, Z1), ..., (Yn, Zy)), the joint likelihood is
quite complicated while pairwise joint likelihoods are easier to find. When a component likelihood

is set up as a pairwise likelihood, the composite likelihood is

112, 2, Ve, Z2)" (2.4)
i<k
where a;;,’s are positive weights assigned by researchers and L stands for the likelihood. In this
case the composite likelihood corresponds to the likelihood of a new dataset with independent
observations: O* := ((Y},Z;, Y, Zk),1 < j < k < n). When the component likelihood is
correctly specified, MLE from the composite likelihood are consistent. However, since generally
there is no corresponding real joint distributions, asymptotic behavior of estimates under model

mis-specification cannot be conveniently justified.

The composite likelihood based on marginal likelihoods is particularly useful to avoid the high-
dimensional integral in (2.3) caused by individual random effects. And I use the composite likeli-

hood idea in all model inferences to avoid the complicated joint distribution calculation.

As for the new frailty model inference under EM algorithm, I generalize it to adopt the composite
likelihood, based on the work in Gao and Song (2011). The M-step is quite straightforward but the

E-step is tricky. Denote the missing data by W, consider the new dataset outlined in the above, the
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posterior expectation of the pairwise log-likelihood is

E{l(}/]7 Z]7 ‘/I/ja qu Zk7 Wk) | ((5/17 Zl)7 ey (YTH Zn))}

= E{l(}/}7Z]7W7’Yk’Zk7Wk) | (YjaZJ)YkHZk)} .

2.1.5 Profile Likelihood

Profile likelihood is usually discussed when people are interested in deriving the MLE of § from
a likelihood L(Y, Z; A, 3), where A is some unknown nuisance parameter. The straightforward
derivation of MLE is to jointly maximize the likelihood in all parameter. However, for some
cases the computation is tedious and the profile likelihood serves as an alternative. In the profile
likelihood inference procedure, one can first get an MLE of A\ with a fixed 3, denoted by 5\(5)
Plugging this estimate back into the original likelihood gives a profile likelihood as a function

of parameter 5: L,(Y, Z;3). The profile MLE fpof1e is found from arg max L,(Y', Z; ) :=
B

argmax L(Y, Z; \(B), B).
B

Patefield (1977) discussed éproﬁle asymptotic behavior and profile likelihood ratio test in para-
metric models. Patefield proved that profile likelihood can be used as a real likelihood. For example,

curvature of the profile likelihood function can estimate the asymptotic covariance of Bproﬁle.

For semi-parametric models, Murphy and van der Vaart (2000) showed a profile likelihood be-
haves similarly as a real likelihood, and it gives the efficient score function and the efficient Fisher
information for Bproﬁle. For demonstration, they discussed the proportional hazards model for in-
dependent survival data. The likelihood contribution, derived by removing terms involving only cen-
soring times and covariates from the likelihood, is written as L = ﬁ ()\0 (yi)e P ) " exp (—Ao (yi)e P ) .

i=1
Fixing (3, the non-parametric MLE (NPMLE) of Ay(+) is a function of /:

¢ di 2 Hy:di = s}

m )
%le{yi > syes f

]\ONPMLE(LL; B) = /0 (2.5)

which is indeed the Breslow estimator. Plugging this estimator back into the likelihood contribution,
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Bpmﬁle is the solution of:

m
S zi1{y; > ule™ P

Z/ 2 — J:Ti - dl{y;0; =u} =0.
i=1 "0 S 1{y; > u}e ?
j=1

T is the study time. Bproﬁle is consistent and asymptotically normal with a covariance matrix derived
from the profile Fisher information matrix.

In the profile likelihood, nuisance parameter is treated as a function of the parameter under
interest and the data. And models from L, (Y, Z; 3) form a subset of the original model set. Profile
likelihood has a drawback that sometimes:

B <az%5ﬁ,x>> LE (azg;m) _E (Wmm - /\]>+E @Ww) . M2>+. .

When the above inequality is true, the profile likelihood estimates is different from MLE, which is
obtained by jointly maximizing the likelihood over all the parameters. So when researchers worked
with profile likelihood to derive MLE, they needed the extra step to show these two are equivalent.
For example, people have shown in the proportional hazards model, Bproﬁle = BNPMLE. Due to this

extra step, I do not use profile likelihood inference in thesis.

2.1.6  Partial Likelihood

A partial likelihood is a component of the full likelihood. It is derived by writing a likelihood as
a product of terms with and without parameters of interest; terms with parameters under interest
form the partial likelihood. Cox (1975) proposed it for the proportional hazards model inference via
iterative conditioning, assuming: given covariates, failure and censoring events are independent.
In the proportional hazards model, regression parameter /3 is under interest, and A (%) is nui-
sance. Assuming no ties, order the () failure times as t(y), ..., (), where (q) is the anti-rank of
failure times: (q) = 4 such that d;t; = t(g)- Myq denotes the number of subjects censored in time
interval [t(4),t(4+1)), listing the ordered censoring times as c(g1) < ... < C(gm,) and (4, 7) is the
anti-rank of censor time points c(; ;). I denoted R(t;) = {i : y; > t;}, i.e. the subjects at risk at

time ¢;.
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I denote events V; = {c(;i—15), (i — 1,7),tay,J = 1,...,mi—1}, Wy = (i); i = 1,..., k. The

likelihood contribution is

Q Q
L oc pr(Wy | Va; 8, A0) [ [or(Wy | Vi, Wi, .., Vs B, Ag) xpr(Va) [ [ or (Vg | VA, W, -, Voa)
q=2 q=2

Only the first two terms have parameters under interest. Suppose (i) = j and I wrote

pr(Wq | Vi, Wi,...,Vg; B, Ao)
pr(tj S [t(q>,t(q) +9) ‘ zj,cj >t t; > t) H [1 —pr(t; € [t<q),t(q> +6) | zl,cp >t > t)]

i LER(t(g))\J

= m

d=oo 3> pr(ty € [t(g),tq) +0) [z 2t 2t) I [1—pr(t € [t(g),tg) +0) |21, 2t 8 > )]
kER(E(q)) LER(t(q))\F

pr(t; € [teg),tq) +9)s¢i > tj | 2558, Ao)

lim pr(t; € [to),t) +90) | 25,5 >t,t; >t;8,A0) = lim
éaoop(J UORO )25, 2 685 2 55, Ao) §—o00 pr(c; > t,t; > t| z;;8,Ao)

_ - pr(t) € [ba),tg) +9) | 2538, Ao)pr(e; > t5 | 2538, Ao) _ /\O(t(q))ezfﬁ '
§—o00 pr(t; >t | z5;8,Ao)pr(c; >t | 2558, Ao)

This gives the partial likelihood:

0;
% B ﬁ e
pI‘(Wq | V1>W17--'1W;67A0) =T~ Ta> Lpartia1: E—
> P =1 > e
kER(t(y)) ‘ keR(t:)

Maximization of Lparia1 gives an estimate of 5 and OLparial/08 = 0 coincides with the profile
score equation of 3. In contrary to profile likelihood, partial likelihood is more convenient since its

estimates are the MLE. I choose partial likelihood for my new frailty model inference in this thesis.

2.1.7 Summary

Even though numerical approximation methods evaluate the likelihood in (2.3) with inevitable MC
errors, these methods still yield MLE; thus the their consistency, asymptotic normality and vari-
ances, likelihood-based tests, such as the score test and the likelihood ratio test, have been well
studied. And estimates have optimal estimation efficiency among all asymptotically linear esti-
mates. Composite likelihood estimates need extra work: their inference involves solving the respec-
tive composite score equation. Since all my new models involve composite likelihood inference, I
apply to the Z-estimator theorems from van der Vaart (1995) to show asymptotic normality of my

estimators.
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2.2 Approximate Likelihood Inference

2.2.1 Penalized Likelihood Estimation

Here I discuss methods approximating the integral in (2.3). Unlike the previous numerical approx-
imations, these methods maximize some simpler formulas that approximate the integral and avoid
intractable integrals from exact calculations.

For a dataset (Y, Z) := (Y, Z;)i=1,...m: Breslow and Clayton (1993), Ripatti and Palmgren
(2000) assumed random intercepts or slopes following a (multivariate) normal distribution and ap-

plied the Laplace approximation. Breslow and Clayton (1993) worked with the model:
E(Y | b) = h(ZTB8+ XTb) =: u® b~ N(0,D(6)) : 6 unknown.

Assuming a mean-variance relationship by specifying a function v of the mean, for each observation

1, they modeled the variance by
var(Y; | b) = ¢a;v(ub);  a; is a known constant.

Observed data quasi-likelihood (quasi-likelihood is in the next section) is

1 1
et 80) ]D|_1/2/exp (—de(yi;u?) - 2bTD_1b> db; 30 — C|D|_1/2/e_”(b)db,
i=1

where .

12 .
d(yi;u?)Z—Q/ A S du

v aiv(u)

To use the Laplace approximation, the authors found some b minimizing k(b), i.e. b is the solution
of

- Mz)zl -1
+Db=0,
;qﬁaz () {h=1Y ()

and evaluated ¢l(3, 0) at b, ignoring the multiplicative constant ¢ and terms with expectation 0:

1 1 & . 1. .
1(B,0) ~ —=log|l + ZTWZD| — — d(y;: u?) — =b" D~ 'b 2.6
ql(8,0) = —log|I + Z"WZD)| 2¢; (i 17) = 5 : (2.6)

" S N1
where W is a diagonal matrix with elements (gbaiv(,uf-’) [{hil}’(ug’)F) . Assuming the first term

varies quite slowly as a function of the mean, (2.6) is the summation between the quasi-likelihood
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and a penalty term: b'D1b /2. This penalty term helps avoid over-fitting problem. In summary,
predictions of b and inference of 3 are derived from minimizing (2.6), and S inference profiling on
b is the GLM estimates, offset by b predictions.
Ripatti and Palmgren (2000) generalized this method into survival data with log-normal frailties.
The log-likelihood contribution approximates
1 1 < - _
0(0),6,0) ~ —3log|D(0)| - Slog | S Ao(t)exp (275 + XB) 2,28 — D(6) ™

i=1
m

# Allog( (1) + 275 + XTB)] — Ao(tyexp (275 + XTh) — 87 D(6) 5.
i=1

Summation of the last three terms gives the log-likelihood contribution for a Cox model offset by
known frailties, and a penalty term. To estimate [, assuming the changing rate of the first two
terms are negligible compared to the last three, the authors maximized the last three terms, which is

equivalent to maximizing the partial likelihood with a penalty term:

- 1
DA (ZIB+X]b)—log > exp(Z]'B+ X]b) | - 5bTD(e)—lb .
i=1 JER(L:)

However, all the relevant methods in this sections requires the frailty density function to be in
an explicit form so that the approximation step can be started. In my new models, frailties are
multivariate Gamma distributed and there is no closed form so I have to give up exploring this

method.

2.2.2 Restricted Maximum Likelihood Estimation (REML)

Consider m i.i.d. p-variate normal random vectors with unknown mean and variance, and one
wanted to estimate the variance parameter. Its MLE is biased due to non-orthogonality between
mean and variance parameters. Even though the MLE of variance parameters is consistent, re-
searchers invented REML for removal or shrinking this bias in finite samples.

In linear mixed effects models, REML decomposes the outcome into two parts; mean and vari-
ance estimations are carried out separately using different outcome parts. The projection of outcome
Y onto the column space of Z is used to estimate mean regression parameters, and the residual part
is applied to the variance component estimation, as discussed by McCulloch et al. (2008), Patter-

son and Thompson (1971). In this case, REML is equivalent to the profile likelihood correction
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proposed by Cox and Reid (1987). Breslow and Clayton (1993) extended REML into general-

ized mixed effects models by the approximation in (1.4). To be specific, they replaced deviance of
m

the quasi-likelihood by the sum of squared Pearson Residuals > (y; — u%)?/a;v(u?) and used the

i=1
working outcome Y * derived from (1.4):

5 1 1 . .
al(B(0),0) = —Slog|V| = S(Y" = ZTB)'VTHY" = Z275), V=W+X"DO)X,
Using REML, they estimated variance component # by maximizing:
~ 1 1 Tyr—1 1 * T N\Tyr—1 * iy
a(5(0),0) = —loglV| — J1og| 2TV 12— S(Y* — 27TV (Y - Z7)

0 is estimated by solving its score equation.

With non-identity link, REML estimates of variance terms are still biased, but since non-orthogonality
is taken into account, REML estimates should be less biased than the MLE. In my new models, I
standardize the variation of frailties to be one for model marginalizability; thus I do not need to

consider REML.

2.2.3  Summary

This section discusses approximate likelihood inference methods which do not maximize any real
likelihood; consequently no theorems are directly applicable and asymptotic properties should be
studied case-by-case.

These methods can be computed much faster than the numerical methods from the previous
section but tend to give more biased estimates. Hartzel et al. (2001) suggested using these methods

to provide starting values for numerical approximations.
2.3 Estimating Equation: A Simplified Version of Score Functions

Most likelihood-based inference methods are not robust to model mis-specification. Researchers
also focused on estimating equation inference over the years, which gives consistent estimates of
parameters as long as part of the model is correct. Estimating equations discussed in this section are
derived from some approximate score equation, causing small estimation efficiency loss compared

to MLE. For binary and ordinal inferences, I adopt to the estimating equations, which are also
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approximations of the real score equations. But later I show these methods estimation efficiency is

just a little bit lower than MLE.

2.3.1 Quasi-Likelihood Estimating Equation for Independent Data

For independent data (Y3, Z;)i—1,... » with a mean model E[Y; | Z;] = p; := h(ZiTﬁ), Wedderburn
(1974) proposed the quasi-likelihood:

m Mmoo yi — 1)
Sk =Y [ B,
i=1 i=1"Y vlu;)
assuming var(y;) = ¢v(u;). For model inference, similar to MLE, Wedderburn (1974) proposed
the quasi-score equation for 3:
iaKi(yi> _ i <8,U«i>T OK;(ys) _ i <8/Li>T Yi — Mi _
2" 0p 08) “om = \0B) dviu)

=1

For outcomes following some exponential family distribution, this estimating equation corresponds
to the real score equation. And compared to MLE, quasi-likelihood inference has two degrees from
freedom. First, only the mean model needs to be specified; i.e., the first moment of outcomes.
Second, the mean-to-variance relationship only needs to be specified up to a constant, according to
McCulloch et al. (2008).

Interestingly, the above estimating equation can also be derived from minimizing the following

divergence to find f:

(Y —p(B)"VIBNY — u(B)) /¢, where p(B8) =E(Y | Z), V(B)=var(Y |Z).

Differentiating this divergence with regards to /3 for minimization and pretending V' ~! not a function
of (3 give
op(B)

2D AV AY - u(B)/6 =0, where D(3) = T2

2.3.2 Estimating Equation Inference on Marginal Means for Clustered Binary Data

For correlated data, solely interested in marginal means p := E[Y | Z] := h(Z7 ), Liang and
Zeger (1986) extended the quasi-score equation into GEE in (1.1). Correlation structures are incor-

porated to increase estimation efficiency.
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2.3.3 Estimating Equations on Marginal Means and Correlations for Clustered Binary Data

Researchers discussed model inference on marginal means as well as correlations, covariances, or
odds ratios from the quadratic exponential model by Zhao and Prentice (1990). For the i*" cluster,

the quadratic exponential log-likelihood of the clustered binary outcome y; is

li ==log [pr(y; = (i1, - - Yiny))] = Y7 Oi+v] Nitc(yi)—log(Ai) ,  vi = (Yin¥iz, Yir¥iss - - - Yini—1Yins)

2.7
where c(y;) is assumed to contain no parameter under interest. They denoted the centered pairwise
products as 8; = (8412, . . ., Sin;—1,n;) Where ;5 = (Yij — ftij) (Yik, — pix): j < k. Their marginal
mean models are E(Y; | Z;) := p; = h(Z]'8) and E(s; | Z;) := o; = h1(Z;; 3, ). The authors
derived a set of score equations for parameters (3, a) from (2.7):

$ [ onarayos 0 Y covy)  coviyns) \ [ vi—m

i=1 \ Oh(Z;;8,a)/08 0hi(Zi; 8, ) /0 cov(s;,yi)  cov(s;) 8; — O

These estimating equations need the third and fourth orders of outcome means, which are left in-
tractable in c(y;). Similar to GEE, the authors used working formula for cov(s;, y;) and cov(s;).
Likewise, Gray and Ron (2000) considered modeling the marginal means and marginal correlations.

It gives relatively simple inference methods for regression parameters based on the saturated
log-linear model in (1.2), and the estimating equations are close enough to the real score equations,
resulting in relatively high estimation efficiency. But this method is not impeccable. First, not
many correlation structures can be introduced conveniently by modeling marginal correlations or
covariances. Second, simultaneously solving for estimating equations of (3, «) in (2.8) not only
adds computation burden, but also reduces robustness. When only the marginal mean model is
correctly specified, estimates are not consistent. Third, the above methods do not take the Fréchet
bound into account. Fourth, even if the true covariance matrix of outcomes and centered pairwise
products are plugged in, estimating equations in GEE and (2.8) are not the true score equation of
(1.2), since (p, o) are not orthogonal to the other parameters.

The first problem, i.e. relatively rigid correlation structures, arises from only partially specify-
ing a model. Full specification of higher-order canonical parameters gives flexibility; however, to

specify these parameters, a balanced design is needed and the parameter number increases as the

=0.



28

cluster size increases; i.e. study replication is not convenient.

Regarding the second problem, Prentice (1988) set 0h1(Z;; 8, «)/08 = 0 and the covariances
between outcome means and pairwise products as zero, named GEE1 by Heagerty and Zeger (1996).
This simplification is equivalent to solving for 8 and « estimating equations iteratively and is robust:
when only the marginal mean model is correct, (3 is consistently estimated. Zhao and Prentice (1990)
pointed out GEE1 has small estimation efficiency loss but saves a lot of computation time.

Concerned with the third problem, Fitzmaurice and Laird (1993) estimated the marginal means
and the conditional log odds ratios Aj, j < k, j,k = 1...,n, which are unbounded. However,
their model is restricted to studies with a balanced design.

For the last two problems, Heagerty and Zeger (1996) modeled marginal means and marginal
pairwise odds ratios: (u, ), and proposed a set of estimating equations in the same form as (2.8).
Odds ratios v are unbounded and the authors pointed out (g, /) are orthogonal to the other nuisance
parameters; thus their estimating equations in theory are the real score equations and achieve the
optimal estimation efficiency. Yet still the working weighting matrix was used since higher-order
canonical parameters are un-specified. For robustness, the authors considered GEE1 a better choice.

To model pairwise odds ratios, Carey et al. (1993) developed the alternating logistic regression.
Marginal mean regression parameter (3 inference is the same as GEE 1. To estimate the marginal

odds ratio «, they used this relationship:

. Hij — Hijk .
logit pr(Yi; = 1| Yir = Yir, Zij» Zir) = ayar, + log R . JFk,
L — pij — pik — ik

where p;; = pr(Yiy; = 1| Zij) and i, = pr(Ziyj = 1,Zy, = 1 | Zij, Zi;). The authors
adopted the GLM regression and the above rightmost term is an offset. This method and the work
in Heagerty and Zeger (1996) are quite similar. The working covariance matrix of pairwise odds
ratio here was set up as independent, with diagonal elements being proportional to the variance of
pairwise odds ratios.

Kuk (2007) generalized Carey’s method into a hybrid inference: the marginal mean regression
parameter inference remains the same while for correlation parameter inference he maximized a
composite likelihood, which is the product of pairwise likelihoods.

These two methods both iterate between solving for marginal mean regression parameters and

correlation parameters until convergence.
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2.3.4 Estimating Equations for Ordinal Data

For ordinal data, most researchers adopted the binarization idea in Dale (1986) and generalized
binary estimating equations for inference. Heagerty and Zeger (1996) and Heagerty and Zeger

(1998) give good examples.

2.3.5 Summary

The above methods end up in solving one or several estimating equations, generating Z-estimators.
van der Vaart (1995) proposed respective theorems regarding asymptotic normality. To prove the
consistency of estimates, in this thesis I show the estimating equations form a Fy-Glivenko-Cantelli
function class in the parameter space and sample space, where F is the underlying model generating

the data.
2.4 Bayesian Framework: the Gibbs Sampler

This thesis does not discuss anything Bayesian, i.e., every parameter is viewed as a constant. I write

the following Bayesian part for potential future research topics.

2.4.1 Overview of the Gibbs Sampler

Gibbs sampler is a Monte Carlo method. Suppose the complicated joint distribution f(U,V, W)
is under interested, and the conditionals: f(U | V,W), f(V | U, W), f(W | U,V) are in
simpler forms. In Gibbs sampler, one started with (U ©) y(0), W(O)) and updated them with re-
gards to the respective conditionals: sampling U+ from f(U | VO W®), sample V(+D
from f(V | UG W®), and sample WD from f(W | UCFD, v+D) Geman and Ge-
man (1993) showed the joint distribution of (U (B) y(B), W(B)) converges in an exponential rate
to the joint distribution of (U, V, W) as B — oo, giving an empirical estimate of the joint distribu-
tion (U®), (k) W(k))iigﬁw in which B and M are sufficiently large. Rounds 1 through B are
burn-in rounds and discarded for concern of unstable draws.
With a minor modification, lower dimensional marginal distributions are estimable via

B+M

f(U)z% > v®,wh). 2.9)
k=B+1
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Higher order marginals such as f(U, V') can be derived from:

B+M

Fw vy = 3 fv o)

k B+1

(U, V(k))ﬁigﬂw gives an alternative solution.

2.4.2 Example: A Mixed Effects Model

Zeger and Karim (1991) cast a mixed effects model into the Bayesian framework by using the
Gibbs sampler to approximate (2.3). They specified a conditional mean model as h(Zi:g B+ X 5 b;)
and the corresponding conditional distribution. They also assumed Gaussian random effects with
covariance matrix D, and under a Bayesian framework, prior densities f(5) and f(D) were also
assumed. Their objective is to derive posterior distribution f (5, D | Y1,..., Y, Z1, ..., Z,,) from

the data:

m

H J 1(Yi | Zi,bi,8)f(bi | D)f(B)f(D)db;
FB,D|Yi,.... Yo, Z1, ..., Do) =1

m

S TLT 0% Zib gt | D) F(D)dbdsaD
(2.10)

whose nominators and denominators are both hard to evaluate. The authors adopted the Gibbs

sampler.
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Chapter 3

MARGINALIZABLE MIXED EFFECTS MODEL FOR BINARY DATA

3.1 Overview

In this chapter, I first give the motivation of the new marginalizable mixed effects model. Then I
introduce the multivariate exponential random variables, which serve as random effects in the new
models. I present the new model formulation for binary data, the inference procedure followed by
a brief discussion followed by a brief discussion, as well as relevant asymptotic theorems of my

estimators.

3.2 Motivated by Frailty Models

A close examination of frailty models motivated this set of new marginalizable mixed effects mod-
els. In a frailty model, the j** observation from the i** cluster, conditioning on the latent frailty
Wi; = wjj, has the hazard rate function wij)\o(t)exp <z£ ), where \o(-) is some unspecified
positive baseline conditional hazard rate function. Frailty models are mixed effects models where
logarithms of frailties are random intercepts and has the complementary-log-log conditional link.
Usually frailties are assumed to follow a Gamma distribution with the density function f., (W) =
VYW= Le="W /T(5), -y unknown. See Clayton (1978b), Oakes (1982), Hougaard (1984), Vaida and
Xu (2000) and Klein (1992) for relevant discussions. The conditional survival probability at a time

point ¢ is
t
S(t| Zij = zij, Wij = wyj) = exp (—wijAo(t)eziTiﬂ> ,  where Ag(t) := / Xo(s)ds.  (3.1)
0

Integrating over W;; gives the marginal survival probability at time ¢

o gl
S(t| Zij = zij) = exp (—w-~A (t)eZ£ ) in’fle_”’w“dw-' = !
ij i ; ij 40 F(’y) ij ij 1 _'_Ao(t)ezg;ﬁ—log'y )

Fixing v = 1, frailties are standard exponential random variables and the marginal survival proba-
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bility simplifies into

S(t] Zij = ziy) =

1 . 1-S(t
>, L&
1+ Ag(t)e®i” |

[ is also the marginal log failure odds ratio.

3.3 Correlated Random Effects

To flexibly model correlations within a cluster, for all new marginalizable mixed effects models, I
include observation-specific latent cluster effects in the form of random intercepts. Exponentiated
random intercepts, i.e. individual frailties, follow a multivariate exponential distribution with vari-
ance one. However, Furman and Landsman (2005) found there is generally no analytic form of the
multivariate Gamma random variable density function, making model inference very hard. In the
following I introduce a subclass of multivariate Gamma random variables that have an analytic form

of Laplace transformation, which, as shown later, is critical to generate the likelihood of my models.

3.3.1 Correlated Random Effect Generation

Generation of a multivariate exponential random vector from a set of independently and identi-
cally distributed (i.i.d.) multivariate normal random vectors was discussed by Krishnamoorthy and
Parthasarathy (1951), and Henderson and Shimakura (2003). I denote V1, Vo € RP to be two i.i.d.
mean zero p-variate normal random vectors, each is written as V; = (Vj1,...,V},), j = 1,2, with
a p x p covariance matrix I' having one’s on the diagonal line. Setting Wy = (V2 + V2)/2,
d=1,...,p, then every Wj is a standard exponential random variable. The correlation matrix R of
the random vector (W1, ..., W),) is an element-wise square of I', according to Henderson and Shi-
makura (2003). This multivariate exponential distribution can accommodate highly flexible positive

correlation structures.

3.3.2 Flexible Correlation Structure

I parametrize R by p, which can be a vector-valued parameter and rewrite it as R(p). In cases of the

exchangeable correlation structure and the auto-regressive with order one correlation structure, i.e.
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AR(1), the respective correlation matrices are

L p p p 1 PP PP

p 1 p p P 1 p pr?
R(p) = » Rle)=1 .

pop P 1 [ S |

More complicated correlation structures are also compatible. One example is modeling clustered
data with multiple levels and I explicitly discuss it in the next section. Another application evolves
datasets containing sophisticated correlation structures. In the adoption study from Nielsen et al.
(1992), each cluster contains the adopted child, the adopting parents and the biological parents.
There are two kinds of correlations: the first one involves shared environmental factors among
adopted parents and the child; the second one is caused by the shared genetic factors among biolog-
ical parents and the child. The correlation matrix R(p) between the child, the adopting parents and

the biological parents (not living together) is

1 p1 p1 p2 p3
ppm 1 pr 0 O
Rip)=| pr m 1 0 0 |,
p2 00 1 0
;3 0 0 0 1

where p; is the correlation parameter of shared environmental factors, po for shared genetic mate-
rials between the biological mother and the child, and p3 for shared genetic materials between the

biological father and the child.

3.3.3 Laplace Transformation of Multivariate Exponential Random Variables

Henderson and Shimakura (2003) found the Laplace transformation of the multivariate exponential

random variable W as
Zw(u) = Ew (e_"TW) = |I + Idiag(u)| ™t .

This quantity is critical for inference since the new models use the complementary-log-log condi-

tional link and the data likelihood is in the form of the Laplace transformation.
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3.4 Model Formulation

3.4.1 Generalization from the Frailty Model

In the absence of censoring and if the survival probability at a certain time point ¢* is under interest,
clustered survival outcomes are transformed into clustered binary outcomes: Y;; = 1{T;; > t*},

where T;; a survival outcome. The conditional model in (3.1) transforms into
_ _ _ —2%8
pr(Y;j =1 ’ Zij = Zij, wij) = exp (—wije ] ) y (3.2)

where W;; is a standard exponential random variable and W; = (W) =1, .., is a standard multi-
variate exponential random variable. Assuming given the vector of frailties W;, the covariates are
non-informative and independent of frailties, and the outcomes in cluster ¢ are independent Bernoulli
random variables:

n; U T

pr(Yi =1 Z; = 2, Wy = w;) = [ [pr(Yy = 1| Zij = 2ij,wij) = [ exp (—wije_zij6> -
j=1 j=1
(3.3)

In this formulation an intercept is included into the covariate vector Z;, corresponding to log { Ag(¢*)}
in (3.1).

The marginal survival probability at time ¢* is

zT

e’

pr(Yyy =1 Zi; = z;5) = (3-4)

Therefore the marginal model is the logistic model with the same 3 coefficients as in the working
conditional model (3.2). I described the conditional model as a working model, because in the
following section I proposed a robust estimator of 5 from the marginal model (3.4), which stays

consistent even when the working conditional model in (3.2) is mis-specified.

3.4.2 Model Interpretation

Marginally, parameter 3 represents the log odds ratio of survival at time ¢* with regards to one unit
change in the corresponding covariate.

I rewrite the conditional model (3.2) as

pr(Yy; = 1| Zij = 25, Wij = wij) = exp (_wij67256> = exp (—eb”*’zgﬂ :
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where b;; is a random intercept following the reverse standard extreme value (a.k.a. Gumbel) dis-
tribution. I denote a latent outcome y;“j = —23; B =+ bij + €5, where ¢;; is a Gumbel distributed

random variable. I dichotomize the latent outcome Y;} by Yj; := 1{Y;; < 0}, then
pr(Yij = 1| Zij = 2ij,bij) = pr(Y;; < 0) = exp (—e_ZiTjﬂ+bij) .

Therefore, conditionally, /3 is interpreted as the covariate effects on the mean of a latent outcome

which follows an extreme value distribution.

3.4.3 Generalization into Three-level Clustered Data

For simplicity, my earlier discussions focus on two-level clustered data. Since the proposed model
allows for flexible modeling of correlations among observations, it can be readily extended to
datasets with higher levels of clustering. Here I discuss a three-level clustered dataset where the first
level consists of multiple independent institutions, inside every institution there are multiple clus-
ters representing the second level, and multiple individuals observed in each cluster form the third
level. For example, in the Television, School and Family Smoking Prevention and Cessation Project
(TVSFP), the first level represents schools participating in this project and from each school, multi-
ple classes are sampled, serving as the second level, and students drawn from multiple classes form
the third level. Data from the i*" school are denoted by (Y, Z;) = vec(Yijk, Ziji) + J=1,...,m4
indexes classes from the i*" school and k = 1, .. . ,Mj; counts its students.

I assume a similar working conditional model:
—2L
pr(Yijk = 1| Zijk = 2ijk, Wijk) = exp (_wijke Z”’“’B) , wigk ~ Exp(1).

It is easy to show that the marginalization property of the working model still holds in this case:

1

Yii, =11 Ziip —m 207y = ———
pr(Yijk | Ziji = zijk) 1+6_z5k5

One way to model correlations among W;;’s is to assume the classes are exchangeably correlated,

and students from every class are also exchangeably correlated; i.e.

cor(Wiji, Wign) = p2, Jj#7 (3.5

cor(Wiji, Wijnr) = pa+ps, j=4, k#K. (3.6)
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3.5 Model Inference

3.5.1 Estimating Equation for [ with An Optimal Weighting Matrix.

I denote the whole set of parameters by 6 := (3, p) and denote h as the inverse of the logit link

function:

h(zij )i=pr(Yij =1]|Zij = zj) = exp(zg )/ {1 + exp(zg- )} .

For marginal parameter [ inference, I fix the correlation parameter p as a constant and derive a
set of robust estimating equations from the quadratic exponential distribution of (Y, Z), originally
proposed by Zhao and Prentice (1990). Making the same simplifications as in Heagerty and Zeger

(1996), the corresponding quadratic exponential score function of 3 based on the ‘" cluster is:
D(zi; 8)"V " (2i:60)S (2, yis B) -

where D(z;; ) = Oh(21'8)/08, S(zi,yi; B) = yi —h(z] B) and V' (z;; 0) is the n; x n; covariance
matrix of the outcome Y;. To be more specific, the j** diagonal entry of V'(z;; 0) is

2T

e
Vij(zii0) = ———— -
(e

Its j*" row and k" column entry is

1 1 1

Vi(zi;0) = —
(i56) (1= pjp)e Gtz T8 4 ™58 4 e~ 11 14 ¢ 20 1+ e P

s JFk,

where pjj, is the correlation between W;; and W;;. In the case of an exchangeable correlation
structure, pj) identically equals to a scalar p. In the case of an AR(1) correlation structure, pjj, is
a function of a scalar parameter p. In more general correlation structures, such as the un-structured
correlation structure, pj;, are functions of some vector-valued parameter p.

Given a dataset of m independent clusters, and fixing the correlation parameter p as a constant,
I solve for 3 from the equation

m

> D(zi:8)"V " (2::0) (25,915 8) = 0. (3.7)

1=1
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3.5.2 Estimating p via the Composite Likelihood.

I choose to maximize a composite log-likelihood function over p with a fixed 8. I define the com-

posite log-likelihood for each cluster as the summation of all pairwise log-likelihoods. I denote

pij = pr(Yiy=1|Zy=z;) =h(zp),

—1
ik = r(Yy =Yi = 1| Zij = zij, Zig = zi) = | (1 — pyp)e”Gotaw) 0 4 o708 4 o=20f 4

For a dataset containing m independent clusters, the empirical composite log-likelihood is

SO Li(zi,yi:0)

i=1 j<k
m

= > > {yijyz’kIngijk + (1 = yiz)virlog(pix — pijk)
i=1 j<k

+1i5 (1 = yir)log(pij — pijr) + (1 — yij) (1 — yir)log(1 — pi; — pir + pijk)}(3-8)

To estimate p, I solve for p from the composite score equation, fixing 3 as a constant,

Zzaali:(zi,yi;@) =0. (3.9)

=1 j<k
3.5.3  Overall Inference Procedure

To estimate 8 and p jointly, Kuk (2007) suggested alternating between solving (3.7) with a fixed
plug-in p from (3.9), and solving (3.9) with a fixed plug-in  from (3.7), until convergence, obtaining
final estimates. I suggest starting with solving for (4.11) fixing p = 0, i.e. GLM inference, and then
estimating p from (4.12).

I denote the final estimate as (Bm, Pm) where m indicates the estimate is based on a dataset
containing m independent clusters. This method is a generalization of alternating logistic regression

proposed by Carey et al. (1993).

3.5.4 Generalization to Three-Level of Clustering

This robust inference procedure can be generalized into this case. I denote NV; = 22“:1 nj; as
the total number of observations from cluster 7. For notational simplicity, I concatenate level-two

observations in the cluster and denote (Y;, Z;) = {vec(Yis, Zis) : s = 1,..., N;}; i.e., I merge the
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double index jk into a single index s. I consider two distinct observations s1, s from sub-clusters
1, jo in the i cluster, and I write their indexes as Z?l:_f nij < 51 < 2;1:1 nij, 1 =1,2.
Entries of the covariance matrix V' (Z;, 3, p) are given by:

T
eizislﬁ

2
(1 + eiZ£1ﬂ>

)

Vs (Zi = zi; 8, p) =

‘/5182<Zi = Zj; ﬂ?p)
1 1 1

T T :
Zis B

{1 — cor(wis, , wis, ) } e~ Fis1 H#is2)TF 4 L S S I L I
Following the exchangeable correlation formulation in (3.5) and (3.6), I write
‘/8132 (Zz = Zi; ﬂv P)

—1 -1
{(1 — pa— pg)eGimHzian) B 4 oFHL B 4 emHn P g 1} - {(eizii]ﬁ + 1) (67%2[3 + 1)} =5

| A
{(1 - 02)6_(2i51+zi-‘2)Tﬁ e 4 e nP 1} - {(E_ZiTSIﬂ + 1) (6—2£25 + 1)} ’ URaRLE

Similar to (3.8), I write

Z Z lslsz (Zz‘y }fh 9)

1=1 s1<82

m
= Z Z {yislyiSQIngislsg + (1 - yisl)yiSQIOg(piSQ - pislsg)
=1 s1<82

Fisy (1 = Yisy )10g(Disy — Pisysa) + (1 — isy ) (1 — Yisy )log(1 — pis; — Pisy + Pisysa)}
—1
where pis, = (1 + efz"j;l’g) and

—1
{(1 — p2 — p3)6_(z“1+z’i32)T6 + 6_23;1[3 + e_zg;?ﬁ + 1} » J1=J2,

Disiso —

-1
{(1 — pa)e= (G tien) B 4 mFHn P | emH b 1} s N FJe
Similar to the case of two-level clustering, estimates are obtained by solving

i_n:lmzi; BV (253 B, p)S (21, wi3 B) = 0,

Olsys
Z?il Zsl<52 31122(%7%;5,0) =0.

Other correlation structures can also be used. For example, suppose the level-two observations are

exchangeably correlated units and the level-three observations are auto-regressively correlated with



order one, then I can model

cor(Wis,, Wis,) = p2, J1# J2,

[s1—s2|

cor(Wis,, Wis,) = p2+p3 s =72
Entries in the inverse weighting matrix for estimating /3 can be written as

‘/8182(Zi = Zj, 57 p)
1 1
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1

T

I write

VslsQ(Zi =z 0, p)

_T _ o _,T T 3°
{1 — cor(Wigy, Wis, )} e~ Gimt2is2) T8 o720 % o720 L1 1 e %P 1 4 g7 72"

T T -1 T T -1
{(1 —pa— p!gsl—82|)€*(zisl +2is,)7 8 + e Fis P + e Fisy B 41 — {(eizislﬁ + 1) <€7Zi52ﬂ + 1\)} , J1=J2,
= T T -1 T T -
{(1 _ p2)6_(zisl +2i55)7 B +e Fis B L el 1} _ {(e_ziﬁﬁ + 1) (e_zis2ﬁ + 1)} ) J1# J2;
and
p— — T p— T 71 . .
{(1 — py — P G i) B o7 P TP 1} i =1Ja,
pi5152 = T T -1
{(1 — pa)e=Gisit2is2) T8 | 720 4 g7 1} ; J1# Ja2 -

3.5.5 Discussion of Inference Methods and Further Remarks

The estimating equation in (3.7) is a simplified version of the quadratic exponential score equation.

This simplification is commonly used in a lot of marginal model inference methods due to limited

model assumptions, but in this thesis I adopt to it mainly for robustness: under mis-specification of

the conditional mean model or the random effect distribution, the estimating equation (3.7) guaran-

tees consistency of the marginal parameter estimator, while the inverse weighting matrix V is still a

genuine covariance matrix, but corresponds to a mis-specified model. Under correct model specifi-

cation, (3.7) is close to the score equation of the quadratic exponential distribution, so compared to

MLE, there is small estimation efficiency loss.

With a parametric model, it is natural to consider the maximum likelihood estimation (MLE)

for model inference, as discussed by Conaway (1990) and Coull et al. (2006). However, MLE

has two major drawbacks. First, obtaining consistent MLE requires a correct specification of the
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whole parametric model, even when the marginal parameters are of primary interest. Besides, the
likelihood function involves up to 2" —1 terms for a cluster with n observations. It may be practically
unfeasible to compute MLE even for a moderate cluster size, since the computation burden grows
exponentially with cluster size.

There are also alternatives for inference on p; an example is the second-order GEE proposed by
Zhao and Prentice (1990). However, its computational burden is in the order of O(nf). 4.3 gives a
more thorough discussion of the differences and similarities between GEE1 and Kuk’s methods.

The above two issues motivate me to use the composite likelihood inference for correlation
parameter inference: inference by estimating equations (3.7) and (3.9) reduces the computing order
to n? for the cluster.

In numeric studies, estimation efficiencies and computing times were compared between my

inference method and MLE, under correct model assumptions as well as a mis-specified model.

3.6 Large Sample Properties
I provide several theoretical results concerning the asymptotic behavior of ( Bm, Pm,)-

Theorem 3.6.1. Suppose conditions C1 ~ C6 stated in Appendix A are satisfied, then when m —
oo,

(a) the solution Oy, = (Bm, pm) of equations in (3.7) and (3.9) is consistent for 6y := (5o, po);

(b) /m { (B — B0)T, (prm — po)T}T converges weakly to a normal distribution of mean zero and

with covariance matrix V' given by

v = {E(B)} " {EO} {E®B)}

where
D(Z; 5o)"V—H(Z;60)D(Z; bo) 0
b= NPz Y0 X IEZ Y0, |
J<k j<k
D(Z;50)" V= (Z;60)S(Z,Y; Bo) -
¢ - 5 25(2,Y10) I,

j<k
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The proof is in Appendix A .

The next theorem is for a mis-specified parametric model but a correct marginal mean model.

Theorem 3.6.2. Suppose only the marginal mean model (3.4) is true, and all the other conditions
in Theorem 1 are satisfied. When m — oo,
(a) the solution 0,, = (Bm, pm) of equations (3.7) and (3.9) is consistent for (Bo, p1), and p; is

derived from

HL(}/]7Yk)Zjazka/87p,)

— arg minK Leomposite(L, L") := argminPy log | 25
= axe it beomposse (L L) 3=t PO O8 | 0 V7, 20 5.0)
Jj<k

where L denotes the likelihood of the true pairwise joint model, L* for the mis-specified one, and p’
is some other parameters in the true model.

~ T
(b) \/m {(ﬁm - Bo), (Pm — pl)T} converges weakly to a normal distribution of mean zero and

a covariance matrix W given by

W = {E(B))} " {E(C)} {EB)T}

where
D(Z; Bo)'V—(Z; By, p1)D(Z; Bo) 0
By = 027, 01, ;
_Z 858p(Z7Y;9) ‘(ﬁo,ﬁ’l) _Z 0p> (Z’Y’e) |(507P1)
J<k i<k

®2
D(Z;80)"VZ; Bo, m)S(Z,Y; Bo)

o
;kaf],f(z»Y;@) | (Bo.p1)
J

Cy =

As suggested in Theorem 3.5.1, when the pairwise conditional model is correct, the asymptotic

covariance of /m(fBm — fo) can be estimated by

m -1
VEi=m (ZD(Zi;Bm)Tvl(Zi; ém)D(Zi;Bm)> : (3.10)

i=1

Allowing for a potentially mis-specified parametric joint model, a robust estimate of the asymptotic
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covariance of \/m(ﬁAm — fp) is given in a sandwich form:

Vbt = AL B, ALY
A, = ZD(Zi;/@m)Tvil(zz‘;ém)D(zi;Bm)7
i=1
- 5 \Ty—1 A 5 1]
B, = Z[D(Z“ﬁm) Vv (zz’;em)s(z’iayi;ﬁm)

=1

(3.11)



43

Chapter 4
MARGINALIZABLE MIXED EFFECTS MODEL FOR ORDINAL DATA

4.1 Overview

I present the formulation of the new model on clustered ordinal data, which is a generalization of
the previous model. Inference procedure is also described and discussed briefly. In the end I present

asymptotic theorems.
4.2 Model Formulation

4.2.1 Generalization from the Frailty Model

In the absence of censoring and suppose survival probabilities at several pre-specified time points
0 <t <...<tg < tgs1 = oo are under interest, clustered survival data are transformed into
clustered ordinal data: Y;; := min{g : Tj; < t4,9 =1,...,G + 1}. log {Ag(t,)} is the category-
specific intercept, and I denote it by ay’s, g = 1,..., G. Conditional probability of surviving up to

time point ¢, is written as

T
S(ty | Zij = zij, Wi = wij) = pr(Ti; > tg | zij,wij) = pr(Yy; > g | 2ij, wij) = exp (—wijezijmag) :

That is,
pr(Yij S g ‘ Zij = Zij, Wi' = wij) =1- exp (—wij6z£6+a9> fOI‘g = 1, .G y (4.1)

corresponding to the complementary log-log link on cumulative probabilities. I assume that given
the vector of frailties W;, the outcomes in cluster ¢ are independent multinomial random variables
with marginal cumulative probability odds as

pr(Y; < g| Zij = 2j)
L—pr(Yi; < gl Zij = 2z

] = exp(z;‘gﬂ + ay) , (4.2)

with the same regression parameters as in the working conditional model: 7 := (a1, ..., ag, 8).

Marginally 3 represents the log cumulative odds ratio and « are the log cumulative category-specific



44

baseline odds. Similar to the binary case, I describe the conditional model in (4.3) as a working

model.

4.2.2 Conditional Model

In the following I work with a new conditional which is a small modification of (4.1):
pr(Yij < g | Zij = zi5, Wij = wij) = exp (—wije_zm_ag) forg=1,...G, 4.3)

And it also yields the same marginal model in (4.2).

4.2.3 Model Constraints and Assumption.

So as to have a sensible model, I put this constraint:

—oo<a; <.

. L ag <oo.

And both marginal and conditional models in (4.3) and (4.2) make the assumption that covariate

effects on the binary variable 1{Y;; < g} remain constant with different values of g.

4.2.4 Model Interpretation

Marginally, for each g = 1,..., G, ( represents log odds ratio of pr(Yj; < ¢ | Z;;) w.r.t. one unit
change in some corresponding covariate; oy, stands for its baseline log odds.

At the same time, (3, a1, . .., ag) can be interpreted conditionally by introducing a set of latent
outcomes. Let YZ? = —ay — zg;ﬂ +bij +€j,9 = 1,...,G, and suppose ¢;; follows the Gumbel
distribution. I dichotomize the latent outcome by 1{Y;; < g} = 1{Y;} < 0}, then

—ag—2zT .
pr(Yij < g zij, bij) = pr(Y < 0| 2ij,bij) = pr(es; > —ag—2];6—bij) = exp (—e e Zwﬁ“’”) :

Therefore, conditionally, 3 is interpreted as the covariate effects on the mean of a latent outcome

which follows a Gumbel distribution with the location parameter as oy + z;‘g B — bij.



45

4.3 Ordinal Model Inference

4.3.1 Maximal Likelihood Estimation
MLE is applicable for this parametric model inference. The joint probability of the i cluster is

expressed as a linear combination of probabilities having the following format:

prYij <gij | zij;i=1,...,ni] = exp szgexp — ag,;)

By the Laplace transformation of multivariate exponential random variables, the above probability

equals to
pr[}/ij < Gij ‘ Zij;j =1,... ,ni] = f(uz) :| I+ I’diag(uﬂ, - ,umi) ‘_1 R

where I' is the component-wise square root of the frailty correlation matrix and u;; = exp <—z£- — agi].) .
This form of joint probabilities makes MLE harder to find even with moderate number of observa-
tions. For an ordinal vector from three categories 1,2, 3: y; := (yi1 = 1, yi2 = 2, ¥i3 = 3, yia = 2),
since there are three observations having values greater than one, I consider the following 8 = 23

Boolean vectors:

e1 = (0,0,0,0), ey=(0,1,0,0), e3=(0,0,1,0), es=(0,0,0,1),

es = (0,0,1,1), eg=(0,1,0,1), ey =(0,1,1,0), es=(0,1,1,1),

and the joint probability of y; is

8
pr(y; = (1,2,3,2) | z;) = Z depr(y < y; —ep | zi), dj is the number of one’s in ey, ,
k=1
where ” < ” and” — 7 are component-wise operations.

MLE has two major drawbacks. First, consistent estimates require correct specification of the
whole model, even when the marginal parameters are of primary interest. Calculation of the likeli-
hood function involves computing 2% terms for each cluster, where d; is the number of outcomes

greater than one. Thus it is practically infeasible to apply to MLE except with small clusters.
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4.3.2 Connections with Binary Outcomes

Following the binarization idea from Dale (1986) and the natural correspondence between the cu-
mulative logit link and binary variables, I rewrite an ordinal observation (Yj;, Z;;) into a series of

binary observations:

Y = (Y. Yge)" = ({Yy <13, 1{yy <2}, 1{Yy; <GHT,
10 ... 0 Z;
Zij1
. ) 01 ... 0 Z
Zijc
00 ... 1 Z;
For the i cluster, its transformed observations (Y;*, Z;) have the transformed data (Y5, Z};) of
each observation put consecutively to each other, as if there were G X n; observations.
4.3.3 Another MLE: Saturated Log-Linear Model
An alternative presentation of the likelihood is the log-linear model of the binarized data:
n; X G
pr(y;) =exp | A; + Z 05955 + Z)\mkyz*gyfk + U2, xGYiL - - Yimx@ | 4.4)
7=1 i<k

where A; is a normalizing factor and the other parameters (6, A, u) have conditional interpretations:

0;; = logit {pr(y;; | yix =0,k #4)} ,
Xije = log OR {pr(yf;, ui | i = 0,1 # j.k)}
unzz = log OR{pr(y;1, v [ ¥i3 = 1, y; = 0,1 > 3)} —log OR{pr(y;1, viz | 453 = 0,y = 0,1 > 3)} .

This joint distribution is very complex to work with. In the following I write down the log-linear
model formula of my model to demonstrate the complexity. Suppose in the i** cluster there are 2

observations coming from categories 1, 2 and 3:
v = (yh = Wy <1}y = Hya <2}y = Hye < 1}, 95 = Hye < 2}),
the saturated log-linear representation for my model is

pr(y;) = exp (us + ujyjy + wioyin + WizYiz + wiayiy + Wii3Yi Uiz + WY Vis + UinsYin¥iz + WinaUiais) -

4.5)
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Due to the inherent restriction between binarized outcomes, some canonical parameters merge to-

gether:
1 =1,y =3)
u, = 91—1—)\12—10 (yﬂ !
. ' ’ pf(yzl =2,92=3)"
up = O =logit{pr(y; | y;1 = 0,45 =0,y;, =0)} = logpr(yﬂ =22 =3 ,
o ‘ ’ pr(yi1 = 3,yi2 = 3)
1 =3y =1)
s = i3+ Nizga = logpr(yZl P ,
" ' ’ pr(yin = 3,Yi2 = 2)
1 =3,yi2 =2)
Ul — 94 — logpr(yll y J 7
" ' pr(yi = 3,¥i2 = 3)
r(yin = 1,yi2 = 1)pr(ya = 2,92 = 2
Wy = Ais + uinzs + uinss + uinos = logs pr(v: 2 = Upr(y: — ) :
pr(yi = 1,92 = 2)pr(yia = 2,92 = 1)
L, yi2 = 2)pr(yin = 2,yi2 = 3)
Wiy = Aia+ wios = logs privi = 1,3 ;
i ’ ’ pr(yi = 1, vi2 = 3)pr(yia = 2,yi2 = 2)
2,92 = 1)pr(ya = 3,yi2 = 2)
u = N3 + Ujo34 = log (yll L ,
23 ’ ’ pPr(yin = 2,92 = 3)pr(yia = 3, ¥i2 = 2)
R 1 =372 =23
it = g — lnglf(yu Wiz = 2)pr(yi = 3, Y2 = 3)

pr(yii = 2,yi2 = 3)pr(yin = 3,yi2 = 2)

The last four canonical parameters are quite similar to the GCR’s expression developed by Dale
(1986). Canonical parameter number increases as cluster sizes increases. Canonical parameters are
complicated to be expressed by the parameters from my model:

pr(yin = 1,yi2 = 3)
pr(yin = 1,yi2 = 2)

u;; = log

pr(yin < 1,92 <3) —pr(yan < 1,92 < 2)
pr(vin < 2,yi20 <2) —pr(ya < 1,y <2) —pr(yin < 2,92 <1)+pr(yin <1,y <1)°

= log

But (4.5) implies likelihood of ordinal variables can be written in their binarized forms so in the
following I discuss a technique originally developed to simplify the log-linear model of binary

variables.

4.3.4 Quadratic Exponential Family

Researchers discussed model inference on marginal means as well as correlations, covariances, or
odds ratios; however, the original log-linear model is too complicated and restrictive to work with.

Zhao and Prentice (1990) proposed a simplified version, called the quadratic exponential model,
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which makes a nice connection between canonical parameters and marginal parameters under inter-
est. For the i*" cluster, the quadratic exponential log-likelihood of the clustered binary outcome ;

18

li :==1log [pr(yi = (Y1, - - - Yin,))] = Y7 Oi+v] Nite(yi)—log(Ai), v = (Yir¥io, Yir¥is, - - - Yim—1Yim,) :
(4.6)

i.e. all higher order products in (4.4) are put into the “nuisance” part c¢(y;), which is assumed to

contain no parameter under interest.

Prentice and Zhao have shown there is an one-to-one mapping between (6;, A;) and the marginal
parameters upto the second order, i.e., marginal mean parameters, marginal covariances, correlations
or odds ratio parameters.

Here I review several critical steps in developing a set of estimating equations for estimating
parameters. One wants to model the pairwise products: E(v; | Z;) := m; = h1(Z;; 5, «) and the
marginal means E(Y; | Z;) := p; = h(Z!'3). Separately taking derivatives of 8; and \; and taking
expectations in (4.6) gives

oA, N | N LA,
E<yiT_A;260»>:O’ E<U?_Ai26/\->:0; te i = AT M= AT

The above is true since

i =Y _yiexp {y] i+ o] X+ c(y) } AT, mi=E(v) =Y wviexp {y]0; + o] Xi +c(yi)} A7

Taking derivative of 0; in the first equation and taking derivative of A; in the second give

g’;; = >yl exp {y] 0+ v/ Xi+c(y)} A7 =D yiexp {y] 0; + o] Xi + (i) } Ai‘?gﬁz
= Elywy]] — pip] = covly;]

om;

v cov|v]

o _ S ylviexp {yl 0+ v A+ cly) } AT =3 viexp (470 + v A+ clys)} A2 02

00; vt v v ! v ! vt v ! ' 00;

= cov]y;, v .

Thus, the Jacobian matrix of the transformation between canonical parameters (6;, A;) and marginal

parameters up to the second order, is in a nice form and the authors proposed the following estimat-
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ing equation

T -1

m onZrp)/op 0 cov(yi)  cov(y;,v;) Yi — i
>

i=1 \ Oh1(Z;;8,)/0B 0h1(Z;; 3, ) /0 cov(vi,y;)  cov(v;) v —
4.7

which is also the score equation of the “likelihood” in (4.6). A quotation mark was used to empha-
size the quadratic exponential likelihood is not a real likelihood.

Since the parameters in my model can be grouped as marginal and correlations: 7 and p.
Marginal means and pairwise products contain all parameters and thus the quadratic exponential

distribution is a good candidate for my model inference.

4.3.5 A simplification: GEEI

(2.8) have several issues. First, most semi-parametric models only specify correlations up to the sec-
ond order, and thus cov(v;, y;) and cov(v;) are intractable. Second, when the marginal regression
parameters are under primary interest, (2.8) does not give consistent estimates when the correlation
model is mis-specified. Besides, when taking the inverse of the covariance matrix, the comput-
ing burden is up to O(n®) and thus is not working quite well when cluster size is large. A set of

simplified estimating equations called GEE1 was proposed:

> (0n(=F5)/98)" covHyi)(yi —pi) = O (4.8)
=1
> (O (23 8,a)/0a)" covH(vi)(v; —m;) = 0. (4.9)

=1

(4.8) is used for marginal parameter estimation here.
Concerning with partial model assumptions and the computing problem, a working version of
cov(v;) is proposed by assuming there is no correlations among v;. Thus, the estimating equation

of «v can be written as

ZZ O (245, 2ik; B, ) /D) " Var( Buk 2Tk _ g, (4.10)

(¥
i=17<k ”k)

(4.10) corresponds to the quasi-score equation for a new dataset containing independent observa-
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tions

(Y11Yi2, Zu1, Z12)
(Y11Yas, Zu1, Z13)

c

(Ym7n7rL _1Ym7n'm ) Zm7n7rL -1, Zmynm ) °

This is similar to the composite likelihood based on pairwise observations.

4.3.6 Generalizations

In (4.10), (4.9) is generalized into a composite score equation in which the component likelihoods
are pairwise likelihoods. Researchers also directly worked on pairwise observations.

Carey et.al (1993) proposed the alternating logistic regression method: marginal parameters
are estimated via (4.8) and correlation parameters, parametrized by pairwise odds ratio regression

parameters «, are estimated by (GLM) logistic regressions. To be specific,

. ij = High .
logit pr(Yi; = 1| Yix = yik, 2ij, zik) = ayix + log gt y JFk,
L — pij — pik — Mijk

where j1;; = pr(Yi; = 1| 2zi5) and 56 = pr(yi; = 1, yi = 1| 2ij, 2zir,). This method is equivalent
to maximizing a composite likelihood in ar, whose components are conditional distributions pr[Y; |
Yil: g < k.

Kuk proposed to estimate correlation parameters via maximizing another composite likelihood
whose components are the pairwise likelihoods.

Comparing these two methods, Kuk’s method is more similar to (4.10). In binary data, using
the pairwise products of binary data gives binary outcomes, which loses some information: obser-
vations (Y11 = 0,Y12 = 0), (Y11 = 0,Y12 = 1) and (Y11 = 1, Y12 = 0) contribute equivalently
to estimate correlation regression parameter. Thus, Prentice and Zhao chose to work with the cen-
tered version of the pairwise product: (Y77 — p11)(Y12 — p12). In binary data, both the composite
likelihood and the quasi-likelihood from (4.10) with centered products correspond to likelihoods of
multinomial distributions. Their estimation efficiency depends on the specific parametric model and

generally speaking, they are equivalent. However, when it comes to ordinal data, binarized outcome
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is required to use the estimating equation from GEE1, which needs much more computation time as
in Table 6.8. In this thesis, I choose to work with Kuk’s method in binary and ordinal data, which

uses composite likelihood of the original data, not binarizing the ordinal data.

4.3.7 Marginal Parameter Inference

In this subsection I formally introduce the inference methods for marginal parameters, denoted by
n = (B,a1,...,aq). I use the simplified quadratic exponential score equation from GEEI to

estimate 1. From a dataset containing m independent clusters, the estimating equation of 7 is

> (Opin)/on)" (Vi)™ (Y — pi(n) = 0. 4.11)

i=1
3 = (vfy) is a G X n;-by-G x n; covariance matrix of the transformed binary outcome Y;*. To
be more specific, for s = (j — 1) x G+ g1 < j x G, i.e., transformed observation for category ¢g;

of the j*" observation from the i** cluster,

T
e%91 +2;8

(1 + 6“91+Z55)2 '

*
Viss =

In addition, for go > g1, lett = (k—1) Xx G+ g2 < k x G, i.e. transformed observation for category
go in the k" observation from the i cluster.

When j = k; i.e. for the same observation, the corresponding entry is

1 1 1

| 4o P00 11 e hPan | P

* —
Vist =

When j # k; i.e. for different observations from the same cluster, the corresponding entry is

*

1 1 1
Vi =

B = pjr)e P B0 4~ 00 4 el 41 14 e P Om 14 e hB 0

where pjy. is the correlation between frailties in observations j and k. In the case of an exchangeable
correlation structure, p, identically equals to a scalar p. In the case of an auto-regressive correlation
structure, p;y is a function of a scalar p. For example, in longitudinal datasets, assuming there is an

AR(1) correlation structure, the correlation between frailties W;; and W, is

_ p\Timeij—TimeiM ]

Pjk
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In more general correlation structures, such as the un-structured correlation structure, p;;’s are func-
tions of some parameter vector p.

As long as the marginal mean model is correctly specified, (4.11) gives a consistent estimate 7).

4.3.8 Correlation Parameter Inference

To estimate p, I consider a composite log-likelihood of the original ordinal outcomes. Denote

-1
{(1 — pjk)e—(zqtﬁzm)Tﬁ—@m—%z + e~ 2B + e~ ZinB—ags 4 1} forgi,g2=1,...,G;
-1
Dijkgigs = {e’ziTJ‘B’agl + 1} forgs =1,...,G,go =G+ 1;
1 forg1, g0 =G+ 1.

The probability for a pair of observations (Y;; = y1, Yir, = y2, Zij = 21, Zir, = 22) is

Pijkyrys — Pijky (y2—1) ~ Pijk(yr—1)y2 T Pijh(y—1)(ga—1) Y1 > Liy2 > 15
pr(Yi=y1,Y2a =12 | 21,22) = Pijkyiys — Pijkys (ya—1) y1=1,y2 > 1;
Pijky1ys n=Ly=1.
The composite log-likelihood I choose to maximize is
> w2, Y5m,p) = Jog{pr(Y; =y, Ve = i | 2j,20)} 5
i<k j<k

i.e. with a dataset of m independent clusters, I solve for

DN "olog {pr(Yij = vij, Yik = i | 2ij, 2i6)} /0p = 0. (4.12)

i=1j<k
4.3.9 Overall Inference Procedure

Similar to the binary model case, to estimate 1 and p jointly, my algorithm alternates between
solving (4.11) with a fixed plug-in p from (4.12), and solving (4.12) with a fixed plug-in n from
(4.11), until convergence, obtaining estimates (7, f, ). I write m to indicate an estimate based on
a dataset containing m independent clusters.

I suggest starting with solving for (4.11) fixing p = 0, i.e. GLM, and then estimating p from
(4.12).
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4.3.10 Discussion of My Inference Method

The binarization step is essential for applying the estimating equations derived from the quadratic
exponential distribution. One may plug in the original ordinal data into the estimating equation
4.11):

m

> @ui(m)/om)" (V)™ (yi = pa(m) = 0. (4.13)

=1

where V/ is the covariance matrix of the original ordinal outcome Y; and

G

pij() =G +1=> pr(Yij <glzy), mi(n) = (ti(m){jmr.. ) -
g=1

It can be shown that (4.13) is not as efficient as (4.11). To demonstrate this point, I consider a
cluster with two observations (y;1, ¥i2, zi1, zi2) and the outcomes come from three categories 1, 2

and 3.The joint log-likelihood can be expressed in several equivalent ways:

log (pr[yi1, iz | zi1, zi2]) = Wy < 1}011(2i) + Hyiz < 13021 (2i) + H{yan < 2}012(2:) + H{yia < 2}002(2:)
+1{yin < 13 1{yie < 1FA1(2i) + Hyin < 11 {yie < 2FA2(2)
FH{yir < 2} H{yiz < 1}Aa1(2) + Hyin < 23 1{yie < 2} Aaa(2i) (4.14)
= 6w i =02
3=y 02 g, _2}7921(21-)#.‘ @.15)

2
By the method of Zhao and Prentice, (4.11) was derived from presentation in (4.14) and I derive

another approximate score equation from the presentation in (4.15):

o

T
I(Elyi1 | zi1])/0n yi1 — Elya | za1]

Olerlyn =2 | zul) /Oy cov ! [(yin, Wy = 2}, yio, Hyio = 2})] Hyar =2} = prlya = 2] 0] =
I(Elyiz | zi2])/0n yi2 — Elyio | 2i2]

O(prlyie = 2| 2i2])/0n Hyiz = 2} — prlyiz = 2 | 2i2)

(4.16)
Compared to (4.16), (4.13) misses several components and thus uses less data. Figure 6.1 plots
change in the values of estimating equations (4.11) and (4.13) with regards to different o values.
In Figures 6.1 and 6.2, the blue lines represent the change of (4.13) values is much more flat
than the red one, indicating some information is lost by switching from (4.11) to (4.13).
Besides, inverse link function E[y;1 | z;1] in (4.13) and (4.16) does not belong to the generalized

linear family, making Newton’s method for solving estimating equations harder.
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I also consider estimating p from binarized outcomes, as in estimating marginal parameter 7. |

denote
959k . _ g v < s
Dijk : pr[yz] > 955 Yik = Gk | Zz],sz:]
- {(1 — pjp)e” Gtz Bragmag 4 om2fmag; | omelifog, 1}71 ;
_ 2T B—a. -1
Py = prlyi <gj |z = {e yf e 1} ;
T3 -1
Pl = prlyi < gk | zi] = {e zinP =g, 4 1} :

The composite score equation for p inference is

m

> 0li(zi,yiin.p)/0p =0, 4.17)

=1

where

U(zi,yim, p)

G G
= > >0 Uy < g5} - Hyae < grHlog 5] + Huiy < 9531 = Wy < gi})log [pf) — pl;
Jj<kgj=lgr=1

+(1 = 1{yi; < g;) 1 {yir < geHog [ — pi’*]

+(1 = Uyij < g — Uy < gi})log i — i} —pfs +1].

In simulations I compared the performance of these two different methods in Tables 6.6, 6.7 and
6.8. 1 observed these two methods have similar performance but the method based on (4.17) takes
much more time.

Comparing estimating equation inference methods of correlation parameters from Carey et.al
and Kuk, the latter is more general and more similar to the estimating equation in GEE1. Heagerty
and Zeger compared the alternating logistic regression estimates to (4.9) estimates and the latter
method has lower estimation efficiency. Thus I choose to use Kuk’s method.

MLE inference has the highest estimation efficiency. However, it is over-complicated to work
with and is not robust to model mis-specification. I choose to work with estimating equations.
The proposed estimating equation for 1 is closely related to the MLE and thus has relatively small
estimation efficiency loss. In the simulations I presented the average computing times of the two

methods and compared their estimation efficiency by Monte Carlo mean squared errors.
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4.3.11 Theorems Regarding Asymptotic Behaviour of Estimator

In this subsection I list several theorems regarding the asymptotic behaviour of the estimate (7, P )-
Denote 6 to be true parameter, D(Z;n) = 0’ (n)/0n, V(ZF;0) = V* and S(Y;*, Z;n) =
(Y7 — i (n)).

Theorem 4.3.1. Assume conditions C1, C3 and C5 stated in Appendix A are satisfied, with a gen-
eralized C5:

C*.5 There is an unique root of n) from its estimating equation, then the followings are true:

(a) the solution 0,, := (N, Pm.) from (4.11) and (4.12) is consistent for 0y := (1o, po);

(b) A (i — 10) T, (P — po)T}T converges weakly to a normal distribution of mean zero and

variance matrix V given by

V ={EB)} " {EO)} {EB)T}

where
D(Z*;n0)"V=1(Z*;00)D(Z*;10) 0
B = &Ly 7.0 0215, 9 )
_Z 87730( ) Ly ) |90 _Z dp? (YvZ’ ) |90
j<k j<k

®2
D(Z*;no)TV=Y(Z*;00)S(Y*, Z*; 1)

ol ;
Z%(sza 9) |90

i<k

C =

Its proof is quite similar to previous model proof and thus is omitted.
The next theorem discusses a mis-specified parametric model but a correct marginal mean

model.

Theorem 4.3.2. Suppose the marginal model in (4.2) is true but not the conditional model in (4.3),
and the other conditions in Theorem 4.3.1 are satisfied, then
(a) the solution b,, is consistent for (no, p1), and p1 is derived from

1 L(Y}, Yk, Zj, Zism, p')

- inKL (L L) = inPylog | 2=F
& arg/fnln COInpOSlte( ’ ) argprnln 0708 HL*(Y%YkaZ]7Zk7777p) ’

i<k

where L denotes the likelihood of the true pairwise joint model and L* for the mis-specified one; p'

is some other parameters in the true model.
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(b) A (i — 10) ™, (o — pl)T}T converges weakly to a normal distribution of mean zero and

covariance matrix W given by

W = {E(B))} {E(C)} {EB)T)

where
D(Z*;m0)"V—(Z*;m0, p1)D(Z%;m0) 0
B]_ - a2l* an* 5
_%W(YvZQ 0) ltno.pr) _gk op* (Y Z50) lno.on)
j J
®2
C D(Z*;m0)TV=HZ*m0, p1)S(Y ™, Z%; o)
1= al* .

Z ap (Y5 Z50) [(0.01)
i<k

When the pairwise conditional model is correct, asymptotic covariance of /m (), — 7o) can be
estimated by
m -1
Vi i=m <ZD<Z:;ﬁm>TV‘1<Z:‘; 9m>D<Z;‘;ﬁm>> :
i=1
Allowing for a potentially mis-specified parametric model, a robust estimate of the asymptotic co-

variance of \/m(7,, — o) is in a sandwich form

V;LObUSt e mA;,LleA;le ;
Ap = ZD(ZZ‘ sim) TV (2 ém)D(Zf; fim)
=1

A~

m
By = Y D(zi0m) V(2] 0m)S (Y5, 25 m) %
=1
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Chapter 5
MARGINALIZABLE FRAILTY MODEL

5.1 Overview

I present the formulation of the new frailty model, which is a generalization of the previous mod-
els. Inference procedure is also described and discussed briefly. In the end I present asymptotic

theorems.
5.2 Model Formulation

In cluster 7, given the frailty vector W;, which follows the standard multivariate exponential dis-
tribution, I assume the observations are independent and I assume the conditional hazard rate are

independent with hazard rates
)\(t | W, = w;, Zij = Zij) = )\o(t)wijexp (Z,?;,B) , t€ {0,7’],

where \g(-) is a positive conditional baseline hazard rate function, 8 stands for the conditional log
hazard rates ratio and 7 is the study time.

I can show that
S(t | win, Zin = zin)
o0 o0
= / S(t| Wi =w;, Zin = zin) fw (Wiz, . . ., Win, | wit)dw;a - - - dwip,
0 0
(@) o0 T
= / . / exp (—’wﬂ/\o(t)ezﬂﬁ) fw (wiz, - .., Wi, | win)dwiz - - - dwip,
0 0
= exp <—wi1A0(t>eziTlﬁ)

i.e. )\(t ‘ wij, Zij = Z,‘j) = )\g(t)wl-jexp (2’3; )
To marginalize the conditional model, note that

St Zij = z5) = /OOO - /0°° S(t | 245, wi) f(wy)dw; = {1+ Mo(H)exp (258)}
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i.e. odds of failure is

1-— S(t ‘ Zij)

— T
SaEn = Ao(t)exp (z;;8) - (5.1

5.2.1 Model Interpretation

[ can be interpreted as the marginal proportional failure log odds ratio w.r.t. one unit change in the
corresponding covariate.
Conditionally, 3 represents log hazard (rate) ratio w.r.t. one unit change in the corresponding

covariate.

5.3 Model Inference

5.3.1 Composite Marginal Log-likelihood Contribution

I denote the parameters under interest by 6 := (3, p, A). I consider A instead of A, since the former
can be estimated at the same rate as the finite-dimensional parameters (3, p). The true parameter is
denoted by 6y := (8o, po, Ao). I extend the parameter estimation method from Murphy et al. (1997)
on independent data into my individual frailty model, maximizing the composite likelihood instead
of the real likelihood non-parametrically.

To start with, some log-likelihood needed to be specified to work with. The following conditions
are for the identifiability of my model and the construction of the marginal log-likelihood contribu-
tion:

C1. Given the total number of observations in the i cluster, the distribution of covariate vectors
Z; is independent of frailties and is non-informative; i.e. it does not contain 6.

C2. (Coarsening at random assumption) Conditioning on (Z;;, T;;, W;), the hazard rate function of
censoring time Cj; is only a function of covariates Z;; and is non-informative.

C3. The number of observations inside the clusters are uniformly bounded from above by ny.

C4. The true conditional baseline cumulative hazard function Ay(t) is a strictly increasing function
on [0, 7] and is continuously differentiable. In addition, A¢(0) = 0 and A{(0) > 0.

C5. Parameter spaces of 3 and p, denoted by B and R, belong to some known convex and compact
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subsets of R”* and RP?, respectively:

B = {B R :||B|| < By for some finite constant By} ,
R = {peRP”:||p|| < Ro for some finite constant Ry} ,
where || - || denotes the Euclidean norm; the true value (5o, po) is not a boundary point of B x R.

C6. The probability of covariate Z concentrating on a hyper-plane is zero. That is, Z7 3 = 0 a.e.
implies 5 = 0, and Z is bounded with probability one.

Conditions C1 and C3 guarantee that estimation can be carried out while ignoring the covariate
and random cluster size distributions. The assumption in C2 follows from Nielsen et al. (1992)
and Zeng et al. (2008) as a non-informative censoring condition. With these three conditions and
under the same conditional independence assumptions in the other two models, the full likelihood

of known frailties and non-missing failure and censoring times from a cluster is

f(r,C,Z,W,N)
= f(r,C|zZ,w)x f(Z,W,N)
= [1/o(C) 1 2, W, Ty) x fr(Ty | Z;, W) | x f(Zn)f(Wn)f(N).
j=1

The full likelihood contribution of known frailties from a cluster is
f(Y,A,Z,W,N)

=TT [t 2wy (v | 23, W
j=1

Condition C3 removes the cases of ties and together with C5, leading to model identifiability. Con-

dition C4 is a common technical condition for parameter spaces.

By conditions C1 and C3, I first remove factors involving distributions of covariates, censoring
times and the random observation number from the full likelihood and integrated over frailties. This
procedure gives the marginal log-likelihood contribution of observation O; as:

n;
10g/ / {H (T = vij | 2ij,wi))%9 [pr(Ti; > yi | Ziijij)}ltslj} X fw, (wi; p)dw;y - - - dwin,
Win wi1 j=1

- iazj [log Ao(wiz) + 255]

i=1
n; n;
84 T
/ | |wij] exp [ =) wij A(yij)e™id” X fw; (wi; p)dwit - - - dwin, ,
wi1 =1 j=1

+log /

ing

(5.2)
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where fr stands for the conditional density of failure time. This is equivalent to first integrating
over frailties then removing irrelevant terms, as discussed by Nielsen et al. (1992) and Gill (1992).

Integration in (5.2) uses the Laplace transformation of frailties:

n;
T . T _
Zw,(u;) = Ew, |exp —ZwijA(yij)ezijﬁ = \I—l—Fdlag(A(yil)eziTlﬁ, ce A(ymi)ezmiﬁ)] L
j=1
T
where u; := (A(y“)ezm, e A(ymi)ezi"z"g ) , and I is the element-wise square root of correlation

matrix of frailties R(p). Laplace transformation also yields quantities in the forms as

0L, (ws) i .
WY — Ew, |uijexp | =) wiiA(yij)es” :
8Uz‘j w; 1) p ; 1) (yzg)
(923]/[/. (ul) i T
i Ew. | wurex _ Wi N (U5 ezijﬁ
8uz’j auzk‘ w; ij Wik €XP j§1 ij (yzj)

Thus, (5.2) is proportional to:

T {Mwii)exp (2] )}63 : nW(u(;) where d; := > 3i; ,
j=1 [T (Qu;j) j=1
j=1

where I take partial derivatives of this Laplace transformation .# at values corresponding to fail-
ure events. Since .Z is a matrix determinant inverse, taking its derivative is quite complicated.
Thus, I choose to work with a composite marginal log-likelihood contribution, which is a weighted
summation of pairwise marginal log-likelihood contributions. This is equivalent to working with
a mis-specified model under which correlations among three or more observations are ignored. |
show the resulting estimator is still consistent in Appendix B, but the estimation efficiency is par-
tially sacrificed since the true likelihood contribution is not used.

Here I explicitly write out a pairwise marginal log-likelihood contribution. Beforehand, I denote

(i B,A) = Alyi)e™”
v(0ij,0ik; B, p, ) = (1 — pji)u(oij; B, N)u(oik; B, A) + u(oij; B, A) + u(op; B,A) + 1,
w(0ij, 05 By py A) = 60 (1 — pj)*ulo4s; B, A)u(o; B, A)

+0i5 (1 — pjx)u(oir; B; A) + 6ir(1 — pje)u(oij; B, A) + 1 + 8556k pjk
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where pjj, is the correlation between W;; and W;. In the case of an exchangeable correlation
structure, p;;’s identically equal to a scalar parameter p. In general, pj is a function of p, which
can be a vector.

The pairwise marginal log-likelihood contribution of correlated observations (O;;, O;) is:

1(Os5 = 0ij, Ok, = 0it; B, p, A) = logw(0ij, 0ik; B, p, A) + dijlogA(yi;) + dirlogA(yir)
+(85j2i5 + Sizik)T B — (1 + 045 + dik)logv(04j, 0ik; B, ps A) -
(5.3)
The composite marginal log-likelihood contribution of O; is
clog(O; = 0;; 8, p, A)
1

= > Uo0ij, 0ik; B, ps A)

n; —1
g i<k

= > 6 {10g>\(yzj) + ZZTjﬂ} + ﬁz {logw(0ij, 05 B, ps A) — (1 + 635 + dix)logv(0ij, 0ik; B, p, A)}
i=1 b i<k

Switching to a composite log-likelihood contribution, the high-dimensional integral in (5.2) was
reduced to a set of double integrals. Comparing this quantity with the full log-likelihood contribution
in (5.2), weights 1/(n; — 1) equate their first two terms.

Given a dataset of m independent clusters (Oq, ..., O,,), I maximize the following empirical

composite marginal log-likelihood contribution:
1 m
Prnclog(O; B, p, A) := — “clog(oi; . p, A) - (5.4)
i=1

An ordinary maximum likelihood estimator 0, in which f\(t) is an absolutely continuous func-
tion, does not exist, due to the infinite-dimensional parameter A(t). Therefore I narrow the estimator

space of Ag to be a function class containing cadlag functions A and the derivative is

~ A~

A(t) == A(t) — A(t—) .

In order to maximize (5.4), A shall be a non-decreasing step cadlag function that only jumps at

observed failure time points.

In summary, given a dataset of size m, I maximize (5.4) over the parameter space:

© = BxRxL,

(5.5)

:= {A(:) : anon-decreasing step cadlag function in [0, 7] with jumps at observed failure time points

and A(0) =0} .



62

I denote the resulting non-parametric maximum composite likelihood estimate (NPMCLE) by ( B, Pms Am)

5.3.2  EM Algorithm for NPMCLE of (3, A)

Treating frailties as missing data, for an observation, the composite complete log-likelihood contri-
bution is

ki 1 ST oy
> > — (5ij {IOg)‘(yi]‘) + log(ws;) + ZiTjﬁ} — &% A(yij)wij + dix {lOgA(yik) + log(wik) + ZiTkﬁ} —e ikﬂA(yik)wik)
j=1k<j "

= XL: ((Sij {logk(yij) + log(wij) + Zz;ﬂ} - eziTjﬁA(yij)wij) . (5.6)
j=1

Weights 1/(n; — 1) equate the composite complete log-likelihood contribution to the joint complete

log-likelihood contribution inside the integral in (5.2).

1. E-step.
According to Gao and Song (2011), the expectation of every pairwise complete log-likelihood

contribution, conditioning on the data, is

E { <5z‘j {logA(ys;) +log(wi;) + 2558} — PN (i )wij

T
+6i1 {log\(ya) + log(wik) + 25,8} — ezikﬁA(yik)wik> | 0, Oik} -
One intuitive explanation is that in the composite likelihood, observation O; is transformed

into a new observation O} : every component in O is a pair of original observations (O;;, O;1,),

J < k. And in O}, these components are treated as if independent of each other.

Since only w;; and wyy, are involved with the parameters of interest, I only need to derive:
E{Wij | 0i5,0i; 8, p, A},  E{Wi | 05,05 8, p, A}

for every pair (j, k) in cluster i. To be specific, I consider four cases:
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@) (6i5,0i) = (1,1)

E( ij |y1]’ ij — =1 szuyzkvék = 1uzik;/67p7A)

_ (P L yui) | ) (0L (i, uik)
N Oufj Ouik Ou;jOuy,

2 ((1 — pjr)uloir; B,A) + 1)
1+ u(oij; B, A) + ulogs; B, A) + (1 — pj)uoij; B, A)u(oir; B, A)

3((1—pjn)w(0ik;B,M)+1) (1—pjr)uloi;38,A)+1) 21— pip)
1+u(045;8,A)+u(0ik;8,A)+(1—pjr)u(0ij;8,A)u(oik;8,A) Pjk

2((1—pji)u(0ik;B,0)+1) (1—pji)u(os;38,A)+1) — (1= pi) ;
T+u(045;8,A)+u(0ik;8,A)+(1—pjr Ju(oi;8,A)u(oik;8,A) Pjk

(®) (045, 0i) = (1,0)

E(Wij; | vij, 6i5 = 1, 2ij, Yik, 2ik, O = 05 5, p, A)

2(14 (1 = pjr)ulowm; B, A))

L+ u(oij; B, A) + ulow; B, A) + (1 — pjr)u(oij; B, N)u(ow; B, A) !
(©) (d45,0i) = (0,1)

E(Wij | yij,0i5 = 0, 2ij, Yik, dik = 1, zik; B, p, A)
_ (623(%]‘,%‘1@))/ (33(%]',“1‘1@))
Ou;; Oy, Ou;k,

2(14’(17/7]]@)'“(01)@757‘/\)) _ 17p]k
1+ u(oiz; B, A) + uloik; B, A) + (1 — pjr)u(oiz; B, MNu(oir; 8,A) 14+ (1 — pjr)uloiys; B, A’

(d) (945,0i) = (0,0)

( Zj|y1]7 j*o Zijs Yik k*o sz;ﬂv@ )

83“27”%
i

L+ (1= pjg)u(om; B, A)
1+ u(oij; B, A) + u(oir; B, A) + (1 — pjr)u(oij; B, Au(oir; B,A)

I denote wg) as the averaged expectation of the frailty conditional expectations in the 7"

iteration E-step; i.e.

r 1 A(r— A (r—
fj)—gni_l {Wij|0ij70ik§5( Y, p, Al 1)},

where (5D, A("=1)) are estimates from the (r — 1) iteration’s M-step and p is some fixed

value plugged into the EM algorithm.
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2. M-step.
Since the complete composite log-likelihood contribution is exactly the complete joint log-
likelihood contribution, the M-step inference is quite straightforward. In the r** iteration’s
M-step, plugging the imputed frailty values into (5.6), the composite complete log-likelihood

contribution becomes

i 1
Z{ ij lOg)\ Yij +Z1J/B] [Zn iJ |OZJ’0”‘3} e’ 7 ym

J=1 k#j

log 7,]) | Ozyaozk]} .

I update the estimates as (3, A("), where (") solves

m ng
m 33 zwwfy exp(<58) H{yw > vis}
Zz&j Zij — k= 71,5 71% =0, 5.7)
i=1j=1 Z wkz eXP(Zklﬁ)l{ykl > yZ]}

k=

1U=1
m mn;
> Zl{yij = 5}5z‘j
and Z pr— ==l

s<t Y Zw T)exp( 56 NHyij > s}

1=17=

(5.7) is equivalent to a partial score equation offset by imputed w;;’s from the E-step and the estimate

of A(t) is a Breslow-type estimator.

5.3.3 Estimating p from (5.4)

For some fixed value (01, A1), I maximize (5.4) over p directly; i.e., I solve for p from

Z

w(0ij, 0415 B1, p, A1)

Tsz

Z 3ng (2(ij — 1)0;50;ku(045; B1, A1 )u(osk; B1, A1) — ds5u(0i; B1, A1) — dinu(ois; B1, A1) + 45045
j<k

(1465 +5ik)u(oij§5171\1)”(01'1@?/817/\1)) —o0.

v(0ij,0ik; B1, py A1)

5.3.4  Overall Inference Procedure

Direct maximization of (5.4) is computationally challenging due to unobservable frailties. By treat-
ing frailties as missing data, I use a generalized version of the EM algorithm for the composite
likelihood, similar to Gao and Song (2011). However, the EM algorithm cannot directly estimate

the correlation parameter and thus the whole algorithm is a hybrid.
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Step 1 The algorithm starts from some value §() := (5(0), p(0) A0)),

Step 2 This algorithm gives an estimate of (3, A), denoted as (3™, A1), from the EM algorithm,

fixing p at p(o).

Step 3 This algorithm gives an estimate of p, denoted as p(l), by directly maximizing (5.4), fixing
(8, A) at (80, AV).

Step 4 This algorithm repeats Step 2 and Step 3 until estimates converge.

I suggest starting from p(®) = 0 and carrying out Step 2 as in the standard proportional odds model

for independent data.

5.3.5 Inference Method Discussion

The EM algorithm has been widely applied in shared frailty models, such as in the work by Klein
(1992). Individual frailty models can flexibly model correlation structures but put several challenges
in model inference. First, the observed likelihood involves high-dimensional integrations over in-
dividual frailties; thus, NPMLE is computationally infeasible. Second, the multivariate exponential
distribution does not have a close form density, making the direct application of EM algorithm
impossible: the full likelihood contribution cannot be written out.

Considering the first challenge, I maximize the composite log-likelihood contribution, which is
the summation of all pairwise log-likelihood contributions. And the corresponding computation is
relatively straightforward. As for the second challenge, I propose a hybrid EM algorithm on the
composite likelihood contribution: in the EM algorithm part, I only solve for marginal regression
parameters (3, A); thus, the explicit joint density of frailties is not needed. Correlation parameter
was estimated by directly maximizing (5.4), which does not need the explicit density either.

Vu and Knuiman (2002) proposed a similar hybrid EM algorithm for a shared frailty model
inference but they did not argue for convergence of their iterative algorithm. In the following I give
a justification. My iterative inference procedure is guaranteed to at least converge to some local

maximum of the empirical composite log-likelihood contribution. In Step 2 of the r*” iteration, by
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the property of the EM algorithm ,
Prclog(0; 8071, p=1, A=) < Braclog(0; 60, p =1, A1)
is true. In Step 3 of the r*” iteration, since I maximize (5.4) over p with plug-in (3 (r), A(’")):
Ppclog(0; 87, pt =D, A) < Py,clog(0; 8T, p), AM)
is true. In summary,
Prclog(0; 801, p D AU=D) < Prclog(0: 87, p, AT)

is true. Besides, since I can show the parameters are uniformly bounded (in Appendix B) and Z
and Y are assumed to be uniformly bounded, P,,,clog is an uniformly bounded function. Thus, the

iterative algorithm will converge at some local maximum.

5.3.6  Asymptotic Theorems

Before presenting the results, I list additional technical assumptions needed for the theoretical results
of the NPMCLE. Hereafter, 7 < oo denotes the endpoint time of the study.

C6. There exists some strictly positive constant ¢y such that
pr(Cij > 7| Zij) =pr(Cij = 7| Zij) > ap  as.;
C7. The covariate Z is bounded.

Lemma 5.3.1. The true parameter is identifiable from the composite marginal likelihood contribu-
tion. Furthermore, the composite Fisher information matrix, which is the average of Fisher infor-

mation matrices from all pairwise observations, is invertible along any one-dimensional sub-model.

Theorem 5.3.2. NPMCLE (Bm, Prms f&m) will converge uniformly to the true value (o, po, Ao) as
the number of independent clusters m goes to infinity, in the metric space RP1 x RP2 x [*°[0, 7],
where [°°[0, 7] is the linear space consisting of all the bounded functions on [0, 7] and is equipped
with the total variation norm || - ||y, defined as the maximum between the sup norm and the total

variation of a function.
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Theorem 5.3.3. \/m(Bg; -8, pL — ot A — MNo)T weakly converges to a mean zero Gaussian

process in the same metric space as in the previous theorem.

Given a dataset of m independent clusters, in the following I discuss how to estimate the asymp-
totic standard error of NPMCLE (Bm, Pm) from the dataset. For the empirical composite marginal
log-likelihood contribution in (5.4), its Hessian matrix was calculated by taking its second deriva-
tive at (3, p, A(t(1)), .., A(t(q))), where {t(g)}¢=1,.. ¢ is the set of ordered failure event times.
I denote this matrix by H,,. The empirical composite score function Sy, := > ", Sy, ;/m was
derived by taking the first derivative of (5.4) at (8, p, A(t(1)), - .., A(t())), and I estimate the co-
variance of \/mSy, by Jp, := > ", SmZSZ”/m For some arbitrary h = (hy, ho, hg) in which
(hi,he) € RPY x RP2 and hg € [°°(0, 7], I denote h,, as the vector comprising of hy, hy and
hin = (B, b3, ha(ty), - - ha (b))

The following theorem finds an asymptotically consistent estimate of the NPMCLE covariance

matrix.

Theorem 5.3.4. Let V (hy, ha, hs) be the asymptotic covariance matrix of
i {18 G = )+ 1 o = o)+ [ ()l — a0}
Then h%;HnTLIJmenlthV(hl, ha, h3) uniformly for (hy, ha, hs) such that
lhall <1 lhel| <1, lhsllv < 1.

Proofs are provided in Appendix B.

To estimate the covariance matrix of (3, fm), I set

T
hm = ( I 0P1+P2 0P1+p2 ) ) (5'8)

in which I is a (p1 + p2) X (p1 + p2) identity matrix, and 0,, 1, is a zero column vector of length

p1 + p2 and @ such zero column vectors are put into h,,; i.e., hg(+) is a zero function.
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Chapter 6
NUMERIC STUDIES

6.1 Binary Model Numerical Studies

6.1.1 Simulation

I conducted simulation studies to evaluate the finite sample performance of my proposed estimators.
In each simulation scenario, 1000 Monte Carlo datasets were generated. In each dataset, I generated
200 independent clusters.

Throughout this subsection, the marginal model was assumed to be

1
r(Y;=1|2%;;) = , (6.1)
pr(¥y | Zid) 1+ exp (—=Bo — B1Zij)
where 8y = 1 and 51 = —1.2. A covariate Z; is included, which was a continuous normal random

variable with mean zero and standard deviation 2.

In the first three simulation sets, model inference was carried out with correctly assumed para-
metric models: the conditional model in (3.2) and multivariate exponential distributed random ef-
fects. The first two simulation sets are of two-level clustering, in which cluster sizes varied from 5
to 7 with equal probabilities. I impose an exchangeable correlation structure and an AR(1) corre-
lation structure. Exchangeable correlation structure is typically implemented to model correlations
between individuals sampled from the same geographical region, hospital, etc; AR(1) correlation
usually models longitudinal observations over time. The third simulation set is three-level cluster-
ing; there are 200 independent clusters, and inside each cluster there are several individuals and
multiple observations are taken on every individual. I put 2 or 3 individuals into each cluster with
probabilities 4/5 and 1/5 and generated 2 or 3 observations for every individual with probabilities
4/5 and 1/5. T imposed exchangeable correlation structure on the first level of clustering and the
AR(1) structure onto the second. In Tables 6.1 and 6.2 T only listed model-based standard errors and
95% confidence interval coverage rates derived from (3.10), since their robust counterparts from

(3.11) behaved quite similarly.
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In the end of this subsection, a mis-specified joint model was also considered, in which I gener-
ated outcomes by some latent variable model. For each cluster ¢, I generated a uniform variable U;
and transformed it into a logistic distributed random variable A; := logU; — log(1 — U;); at the end,
I simulated (Yj1,...,Yiy,) by Yi; = 1{Z;§B + A; > 0}. The marginal model in (6.1) is satisfied.
For the proposed inference method, both the model-based and the robust standard errors and their
respective 95% confidence interval coverage rates were presented in Table 5.3.

MLE was also implemented in my model, and I compared MLE to my estimators. MLE was
carried out using the optim function in R throughout my simulations, provided gradients of the
targeting function.

Table 6.1 lists the simulation results in the case of two-level clustering under an exchangeable
correlation structure and an AR(1) correlation structure, respectively in (a) and (b). The estimation
efficiency of my estimates, measured in Monte Carlo mean squared error (MSE), is quite close to
the MLE’s, but the proposed method takes much less computing time than MLE.

Table 6.2 lists simulation results for three-level clustering. When the correlation level is low,
results from the two inference methods are pretty close.

Table 6.3 lists simulation results for the mis-specified model. As expected, MLE of f3 is biased
while the proposed method gives consistent estimates of 3, along with consistently estimated robust
standard errors and correct confidence intervals.

In all simulation sets, my inference method has little estimation efficiency loss compared to

MLE and MLE inference is much more computationally intensive.

6.1.2 Madras Longitudinal Schizophrenia Study

I further demonstrated the proposed method using the Madras longitudinal schizophrenia study
from Thara et al. (1994), in which first-episode schizophrenics were followed for 10 years with
the primary objective of characterizing the natural history of disease progression. The data contain
several longitudinal binary outcome measurements indicating the presence of positive psychiatric
symptoms over the time course: ¢;; = 0,...,11 months during the first year following an initial
hospitalization for 86 schizophrenia patients. The binary outcome Y;; under interest is an indicator

of whether or not a patient is observed to have thought disorders. Covariates include the time
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variable ¢;;, a binary indicator Z;;o of whether or not a patient is younger than 20 at disease onset
and gender Z;;3: 0 for male and 1 for female. To assess the association between occurrence of

thought disorders and the covariates, a marginal logistic regression model was proposed:
logit (Y35 | tij, Zij) = Bo + Butij + B2Zijo + B3Zij3 ;

i.e. [ assumed a linear trend of time in log odds ratio of thought disorders. This regression model is
almost identical to the model from Heagerty (1999), except that I did not center the time covariate.

With the proposed method, I can answer whether the population-averaged probability of thought
disorders differs over time, age-at-onset and gender subgroups. Both the proposed method and the
MLE were used to analyze this dataset, assuming observations from the same patients are exchange-
ably and AR(1) correlated over time. Results were reported in Table 5.4. The results from different
inference methods are pretty similar. Since this is a longitudinal dataset, the AR(1) correlation
structure assumption should be more close to the real situation, and in the following I reported the
results from the proposed inference method based on the AR(1) correlation assumption. Robust
95% confidence intervals were reported.

The estimated odds of thought disorder prevalence for a patient younger than 20 at the begin-
ning of hospitalization is 50% higher (95% C.I.: 26% lower to 203% higher) than older patient,
controlling for gender and observation time. The estimated odds of thought disorder prevalence for
a female patient is 47% lower (95% CI: 72% lower to 1% higher) than a male patient, controlling
for age at onset and observation time. The estimated odds of thought disorder decreases by 29%
(95% CI: 35% to 23%) in one month during hospitalization, controlling for age at onset and gender.
There is evidence of significant decrease in thought disorder occurrence as times passes in hospital.

The estimated correlations between random effects of the same patients over time is 0.97 (0.93,
1.00); I found a strong correlation within each patient, which is not surprising for longitudinal

observations

6.1.3  British Social Attitudes Panel Survey.

To demonstrate the method for three-level clustering data, I analyzed the British Social Attitudes

Panel Survey conducted from 1983 through 1986. In this survey, individuals were asked whether
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they thought there should be no legal or governmental regulation on abortion (should permit=1, oth-
erwise=0). This survey was carried out in 54 independent districts annually for four years among
the same individuals. The dataset includes people who have completed all four surveys during
the four years, adding up to 1,056 observations from 264 individuals in total. There are 54 dis-
tricts, containing 3 to 40 individuals. Covariates can be categorized into three levels: the first level
is a district-level covariate: the percent of protestants of each district; the second level includes
individual-level demographic covariates, including social class (middle, upper and lower), gender
(male and female) and religion (Protestant, Catholic, other and none); in the third level are three
dummy variables for years 1984, 1985, 1986. There are two covariates corresponding to protestant
in the model, one on the district-level and the other on the individual-level. The inclusion of the two
protestant variables is potentially of substantive interest by measuring the religious context impact
on individual attitude in contrast to their own religious affiliation affect, as discussed in Heagerty
and Zeger (2000a).

Table 6.6 lists the point estimates and 95% robust confidence intervals of odds ratio correspond-
ing to the above covariates, from three methods. Method 1 is the proposed method assuming the
frailty correlation structure within individuals is AR(1) and the correlation structure across individ-
uals within a district is exchangeable. Method 2 is also the proposed method, but assuming both
correlation structures within districts and individuals are exchangeable. Method 3 is GEE with an
exchangeable working correlation matrix for observations within a district. This ignores the finer
level of correlations within individuals over time. I did not compare the results with the MLE since
the function optim in R failed to converge, due to large clusters.

Method 1 and Method 2 gave out roughly the same point estimates as GEE but with generally
narrower 95% confidence intervals. The exceptions are categorical covariates representing religion
contrasts between other religions and Protestants.

Results from Methods 1 and 2 are roughly the same, indicating the robustness of the proposed
method with respect to different assumed correlation structures. Since observations are taken an-
nually, their correlations are better described by an AR(1) correlation structure. In the following I
reported results from Method 1.

The covariates I put into Method 1 decompose religion contrasts into within-district contrast

and between-district contrast. The variable %Protestant is a district-level covariate and equals to the
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sampled proportion of district Protestants. The estimated odds ratio is 2.17, 95% CI: (0.86, 5.52), in-
dicating a non-significantly increasing trend of allowing abortions among individuals from districts
of a higher level in Protestants, controlling for all the other covariates. The categorical covariate
religion contrasting Catholic, other, none, to the reference Protestant group can be interpreted as
comparing the propensity of allowing abortion among individuals of different religions who reside
in districts of equal level in Protestants, controlling for year surveyed, social class and gender. Con-
trolling for other covariates, compared to Protestants, non-significantly lower odds are observed
among Catholics as of 0.67, 95% CI: (0.25, 1.80); non-significantly lower odds are observed among
those of other religions with the ratio 0.52, 95% CI: (0.24, 1.11) and significantly higher odds are
observed among those without any religions with odds ratio being 2.00, 95% CI: (1.21, 3.30). The
propensity of allowing abortions among females is non-significantly lower than that among males,
with an odds ratio as 0.72 95% CI: (0.48, 1.07). The odds ratio of allowing abortions from upper
working class comparing to middle class is 0.76, 95% CI: (0.51, 1.14), and the odds ratio comparing
lower working class to middle class is 0.80, 95% CI: (0.54, 1.19), controlling for all the other covari-
ates. As for time trend in allowing for abortions propensity, there is a significant drop in Year 1984
compared to the previous year with odds 0.66, 95% CI: (0.49, 0.88), and there are non-significant

increments in the following two years, compared to Year 1983.

6.2 Ordinal Model Numerical Studies

6.2.1 Simulation

I conducted simulation studies to evaluate the finite sample performance of my proposed estimators.
In each simulation scenario, 1000 Monte Carlo datasets were generated. In each dataset, I generated
200 independent clusters.

In two-level clustering simulations, the outcomes come from five categories and the marginal

model was
pr(Yij < g | Zij) = {1+ exp(—ay — B1Zij1 — faZize)} H, 9g=1,2,3,4,  (62)

where 51 = 1, 1 = 1.2, 1 = 0.1, ap = 0.4, g = 0.7 and a4 = 1. The first covariate 77 is a

continuous normal random variable with mean zero and standard deviation 0.5; the second covariate
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Z5 is a linear combination of a Bernoulli variable Z with mean 0.3 and Z1: Zo = Zy— 0.3+ 0.2 X
Z7. Cluster sizes varied from 7 to 9 with equal probabilities. Similar to the previous simulations, I
imposed an exchangeable correlation structure and an AR(1) correlation structure. During inference,
I assumed the correct joint model and only model-based standard errors and model-based 95%
confidence interval coverage rates were listed since their robust counterparts behaved quite similarly.
MLE is also applied, with optim function in R implemented. Note that the gradient matrix of
the log-likelihood is not implemented into optim due to heavy computation. In the exchangeable
correlation case in Table 6.6, MLE is carried out properly by optim, which is not the case of Table
6.9.

In the three-level clustering simulation, outcomes come from three categories and the marginal

model is
pr(Yy; < g Zij) = {1+ exp(—ay — f1Zij1 — foZij2)} ', g9=1,2,

where 1 = 1, 61 = 1.2, a3 = 0.1 and as = 0.4. Covariates are identically generated as the
previous simulations. I put 2, 3, or 4 clusters into each institution with equal probabilities and
generated 2 to 4 observations in each cluster with equal probabilities. Both correlation structures
were set to be exchangeable.

During model inference, I assumed the correct models. Results were listed in Tables 6.6 through
6.10. I only listed model-based standard errors and 95% confidence interval coverage rates, since
their robust counterparts behaved quite similarly.

A mis-specified parametric joint model was also considered at the end, in which correlations
were introduced via a latent variable model as in the binary case. For each cluster 7, I generated a
uniform variable U; and transformed it into a logistic random variable A; = logU; — log(1 — U;); at
the end, I simulated ordinal outcomes by 1{Y;; < g} = 1{25 B+ Ai+ay > 0}, which satisfies the
marginal model in (6.2). For the proposed inference method, both the model-based and the robust
standard errors and their respective 95% confidence interval coverage rates were presented.

Tables 6.6 and 6.9 list the simulation results in the case of two-level clustering under an ex-
changeable correlation structure and an AR(1) correlation structure, respectively. Under exchange-
able correlation structures, estimation efficiency of my estimates, measured by mean squared error

(MSE),is quite close to the MLE’s. In both cases the proposed method takes much less computing
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time than MLE.

Table 6.10 lists simulation results for three-level clustering. Results from the two inference
methods are pretty close.

Table 6.11 lists simulation results for the mis-specified model. As expected, MLE of 8 and «
is biased while the proposed method gives consistent estimates of 5 and «, along with consistently

estimated robust standard errors.

6.2.2 Arthritis Study

Lipsitz et al. (1994) studied a randomized clinical trial on 302 patients with rheumatoid arthritis.
The treatment arm uses a drug called auranofin and the control arm uses placebo. Before treatment
assignment, age, gender and self-assessment score of rheumatoid arthritis of patients are recorded.
At months 1,3 and 5 after treatment carried out, patients continue to self-assess the rheumatoid
arthritis level. The score is a five-level ordinal response and a higher score corresponds to a better
self-assessed health status. To evaluate the treatment efficacy on self-assessed rheumatoid arthritis

level in this population, I fitted this marginal model:
logit {pr[Yi; < g | Zij]} = ag+B1Age;;+B2Gender;;+ 3 Time;;+Bybaseline self-assessment;; ;

i.e. baseline self-assessment score of rheumatoid arthritis was adjusted for as a continuous variable
and time variable was also put in the model in the linear form. I assumed an exchangeable correlation
structure. The results are listed in Table 6.12, which compares the proposed method to MLE. Robust
95% confidence intervals are reported.

The cumulative log odds ratio of auranofin treatment is -0.55 (-0.87, -0.24); this implies control-
ling for all the other covariates, the odds of self-assessing a score smaller than any fixed score gq for
patients from the treatment arm is 42% (21%, 58%) lower than their counterparts in the control arm.
There is statistically significant improvement in patient self-assessments by auranofin treatment.

It is also interesting that controlling for the other covariates, patients self-assessments of their
status are becoming optimistic as time passes, where the odds of self-assessing a score smaller than
any fixed score gg at a certain time is 7.7% (2.0%, 13%) times lower than one month ago during the
study. And this trend is statistically significant. The correlation level between frailty is estimated to

0.84 (0.76, 0.92).
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6.2.3 Television, School and Family Smoking Prevention and Cessation Project (TVSFP)

Television, School and Family Smoking Prevention and Cessation Project is a study designed to
determine the efficacy of a school-based smoking prevention curriculum in conjunction with a
television-based prevention program, to prevent the onset of smoking and to promote smoking ces-
sation. The original study involved 6695 students in 47 schools in Southern California, by Flay
et al. (1995). The dataset analyzed here consists of a subset of 1,600 seventh-grade students from
135 classes in 28 schools in Los Angeles. The outcome is measured by a tobacco and health knowl-
edge scale (THKS), ranging from zero to seven, assessing a student’s knowledge of associations
between tobacco and health. A higher score means a better understanding of tobacco associations
with health. This study uses a two-by-two factorial design, with four intervention conditions deter-
mined by the cross-classification of a classroom-based social-resistance curriculum (CC: coded 1 =
yes, 0 = no) and a television-based prevention program (TV: coded 1 = yes. 0 = no). The baseline

covariate is the baseline THKS. I fitted a marginal model:

logit prob[Y;; < g | Zi;] = ag + B1CCyj + B2TV;; + B3CC;5 x TV + Babaseline THKS;; ;

Table 6.13 lists the point estimates and 95% robust confidence intervals of odds ratio correspond-
ing to the above covariates. I assumed correlation structures among schools and classes are both
exchangeable. Likelihood inference is not applicable to this dataset since there are three clusters
having more than 100 observations and R or MATLAB does not have enough memory to deal with
such big clusters.

All the following covariate effects are evaluated in the form of cumulative log odds ratios. Here
I listed the result from my proposed method, where the outcomes are from after-study THKS cate-
gories gop = 0,...,7.

I defined the reference group as the group without any interventions. Compared to the reference
group, the cumulative log odds ratio of classroom-based smoking prevention group is -0.87 (-1.09,
-0.66); this implies controlling for the baseline score, the odds of achieving a THKS lower than gg
for students from the classroom-based smoking prevention arm is 58% (48%, 66%) lower than their
counterparts in the reference group. There is statistically significant improvement in students THKS

with classroom-based smoking prevention.
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Compared to the reference group, the cumulative log odds ratio of Television-based prevention
group is -0.23 (-0.62, 0.17); controlling for the baseline score, the odds of achieving a THKS lower
than gg for students from the Television-based prevention arm is 21% lower than their counterparts in
the reference group. However, the positive effect from Television-based prevention is not significant
in this study.

Compared to the reference group, the cumulative log odds ratio of classroom-based smoking
plus Television-based prevention group is -0.72 (-0.79 -0.66); this implies controlling for the base-
line score, the odds of achieving a THKS lower than gg for students from the classroom-based smok-
ing plus Television-based prevention arm is 51% (48%, 55%) lower than their counterparts in the
reference group. There is statistically significant improvement in students THKS with classroom-
based smoking prevention plus Television-based prevention.

Correlation of classes among the same school is small: 0.03 (0, 0.08), as compared to the cor-
relation among students from the same class, 0.13 (0.04, 0.22). This is not surprising to see since
social-resistance intervention is carried out in the unit of class so peer effects inside classes will

affect the outcome.
6.3 Frailty Model Numerical Studies

6.3.1 Simulations

I conducted simulations to study the finite sample performance of the proposed hybrid EM algorithm
under different censoring rates and correlation structures. Four simulation settings were considered,
each based upon 1000 Monte Carlo datasets, in which each dataset contained 200 independent
clusters, and cluster sizes varied from 5 to 7 with equal probabilities.

I put two covariates into the mean model: covariates Z; are normally distributed with mean 0
and standard deviation 0.5, and Z> = 0.2 x Z; + Zy — 0.3, in which Z; is a Bernoulli variable being
1 with probability 0.3. Given the frailty W;; and covariate Z;; = (Zijl, Zijg), failure time 7;; was

generated via:
S(T:U =1 | VVZ']' = Wiy, Zz'j = Zij) = exp{—wijAo(t)exp(l.Q X Zij1 + 2.5 X Zijg)} .

For each observation, its censoring time was the minimum between 10 and an exponential random
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variable. This exponential random variable is i.i.d. across observations. Different means of expo-
nential distributions were chosen to generate different censoring rates.

In the first two settings, I considered individual frailties being exchangeably correlated. In the
first setting, censoring times were generated independently as the minimum of an exponential dis-
tribution with mean 3.64 and 10, resulting in a censoring rate around 40%. In the second setting,
censoring times were generated in a similar way except now I adopted an exponential distribution
with mean 0.59, resulting in a censoring rate around 75%. Results for finite-dimensional parameters
are listed in Table 6.14. NPMLE results by ignoring any underlying correlations are also presented.

The AR(1) correlation structure has been widely used to model longitudinal data, such as in
Liang and Zeger (1986); it is also widely used in spatial data analysis, as discussed by Gelfand and
Vounatsou (2003) and Li and Lin (2006). I found it is also suitable for modeling correlation induced
by common genetic factors in some family studies. For example, 100% of genetic material is shared
by monozygotic twins, 50% is shared by parent-offspring pairs, 25% is shared by grandparent-
offspring pairs, etc. In the last two settings with AR(1) correlation structures, the same pair of
censoring rates were used. Results for finite-dimensional parameters were listed in Table 6.15. The
standard error estimates were based upon Theorem 4.4.4 and (5.8).

When the censoring rate is lower, under both correlation structures, the biases are lower and
the standard errors are smaller. Under the AR(1) correlation structure, estimates of p are slightly
more biased than the exchangeable correlation structure case. However, the estimation performance
of 3 estimates are similar. The empirical coverage rates of 95% confidence intervals are close to
the nominal coverage rate. Comparing the NPMLE ignoring any underlying correlations to the
NPMCLE proposed in this thesis, I found when the correlation level is larger, typically when p >
0.5, the Monte Carlo MSE is smaller in my NPMCLE estimators.

6.3.2 Real Data: Rats Study

In the Rats dataset from Mantel et al. (1977), three rats were chosen from each of 100 litters, one of
which was treated with a drug while the other two served as controls. All mice were followed for

tumor incidence in 2 years. A subject is censored if died from other causes.

I found my new frailty model is useful under this design where in each litter, some members
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get the treatment while the others serve as controls. Conditioning on unobservable environmental
or genetic factors, hazard ratio between individual rats in treatment and control groups is constantly
proportional to each other over time. However, environmental or genetic factors could also affect
survival distribution so marginally, this difference in hazard rate due to treatment is finally worn out
as time passes. Thus it is reasonable to analyse the Rats dataset with this model. I ran the model with
treatment indicator as the sole covariate, assuming an exchangeable correlation structure among rats
from the same litter. Censoring rate of this study is approximately 75% .

I estimated the conditional hazard rate ratio comparing the treatment group to the control group
as 2.56 (1.30, 5.02), which is also the marginal log failure odds ratio. Deterioration or tumorigenic
effect of treatment on rat survival is statistically significant. I estimated the correlation between
frailties to be 0.75 (0, 0.99). Correlation between individual frailties is high, indicating that there is

strong litter effect such as common genetic factors.

6.3.3 Real Data: Lung Study

This is from the work in Loprinzi et al. (1994) and the study was carried out to determine whether
descriptive information from a questionnaire could provide prognostic information that was inde-
pendent from that already obtained by the patient’s physician. In the dataset the failure event is
death (time to death measured in days) and the censor event is lost-to-followup.

I assumed exchangeable correlation structures inside the institutions, putting variables: age (in
years), gender and Karnofsky performance score (bad=0-good=100) rated by physicians into the
model. I got the conditional hazard rate ratios as age: 1.030 (1.010, 1.050), sex: 0.455 (0.319,
0.648), Karnofsky: 0.973 (0.955, 0.992) and they are also the marginal log failure odds ratio. The

correlation parameter was estimated to be 0.047 (0, 0.227).
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Values of estimating equations with different values of oy, other values fixed at estimates
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Figure 6.1: Fixing other parameters at estimated values, leaving o varying. Red line is for (4.11)
and blue line for (4.13).
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Values of estimating equations with different values of op, other values fixed at estimates
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Figure 6.2: Fixing other parameters at estimated values, leaving a2 varying. Red line is for (4.11)
and blue line for (4.13). Data used for plotting comes from a Monte Carlo dataset following the
working conditional model in (4.3).
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Table 6.1: Simulation results for estimating (5o, 81, po) in two-level clustering in binary data, where
po 18 the correlation parameter of random effects. Bias represents the empirical bias, SSE represents
the Monte Carlo standard error (s.e.), MSE is the mean squared error. SEE represents the averaged
model-based s.e. estimates.

(a) Two-level clustering, exchangeable correlation matrix.

p=0.1 p=0.3 p=0.5 p=0.7 p=0.9
Our MLE | Our MLE | Our MLE | Our MLE | Our MLE
Biasx 103 -1 -1 -5 -5 -6 -6 -8 9 9 -8
SEEx10% | 93 93 98 98 104 104 | 112 112 | 123 123
Bo  SSEx10% | 92 92 103 103 | 106 106 | 114 113 | 121 119
MSEx 103 9 9 10 10 11 11 13 13 15 15
CL 96% 96% | 94% 94% | 94% 94% | 95% 94% | 94%  95%
Biasx 103 3 3 7 7 2 2 2 2 7 6
SEEx103 | 71 71 71 71 71 71 72 72 74 67
B SSEx10% | 69 69 73 73 69 69 71 71 72 63
MSEx 103 5 5 5 5 5 5 5 5 6 6
ClL 96% 96% | 95% 95% | 96% 96% | 95% 95% | 9%  96%
Biasx 103 6 2 16 <16 | <13 -12 | -11 9 9 -10
SEEx103 | 137 134 | 129 127 | 114 112 90 89 56 56
po  SSEx10% | 99 86 128 119 | 118 115 92 88 59 50
MSEx10% | 19 18 17 16 13 13 8 8 3 3
CL 97%  96% | 94% 96% | 93% 94% | 9% 94% | 92%  92%
Time (in sec) 7 44 8 51 8 52 9 57 9 63
(b) Two-level clustering, AR(1) correlation matrix.
p=0.1 p=0.3 p=0.5 p=0.7 p=0.9
Our MLE | Our MLE | Our MLE | Our MLE | Our MLE
Biasx 103 -4 -4 9 9 -7 -7 9 9 -8 -8
SEEx10% | 92 92 94 94 98 98 104 104 | 117 117
Bo  SSEx10° 88 88 95 95 106 106 | 106 106 | 118 118
MSEx 103 8 8 9 9 10 10 11 11 14 14
CL 9% 96% | 94% 94% | 94% 94% | 95%  94% | 95%  95%
Biasx 103 6 6 11 11 6 6 9 9 6 6
SEEx103 | 71 71 71 71 71 71 72 72 73 72
B1 SSEx10® | 72 72 74 74 72 72 73 73 71 70
MSEx 103 5 5 5 5 5 5 5 5 5 5
CL 9%  95% | 94% 94% | 95% 95% | 95% 95% | 96%  91%
Biasx103 | 30 36 24 -16 | 21 -6 | 16 -11 -7 -8
SEEx103 | 201 201 181 180 | 142 139 93 91 42 38
po  SSEx10® | 132 133 | 148 152 | 139 137 94 94 45 44
MSEx10% | 42 42 33 32 21 20 9 8 2 2
CL 2% 91% | 95% 94% | 94% 94% | 94%  94% | 93%  94%
Time (in sec) 7 80 9 66 9 60 9 58 9 57




82

Table 6.2: Simulation results for estimating (¢, 51, p2, p3) in a three-level clustering in binary data.
I assumed the exchangeable correlation structure in the first level of clustering (larger clusters) and
AR(1) on the second, and (p2, p3) represents the true correlations in the second and the third clus-
tering levels. Bias, SSE, SEE, MSE represent the same quantities as in Table 6.1. 95% confidence
interval coverage rates are presented, derived from model based s.e. estimates.

P2 0.1 0.3 0.5 0.7
P3 0.1 0.3 0.5 0.7 0.1 0.3 0.5 0.1 0.3 0.1
Biasx 102 -2.93 -1.78 -395 -1.09 | -0.208 -0.814 -476 | -6.19 -0.669 | -5.28
SEEx 103 84 86 88.5 92.1 88.8 90.9 94.3 96.1 98.8 105
Bo  SSEx10? 86.4 86.4 87.1 91.4 90.9 90.3 94.3 97.2 103 106
MSEx 103 7.06 7.4 7.84 8.48 7.89 8.26 8.91 9.28 9.75 11
C.L 94% 95% 95% 96% 94% 95% 95% 94% 94% 95%
Biasx 103 4.45 -0.251 4.34 1.73 | 0594  -1.52 3.24 3.01 0.53 6.15
SEEx 103 121 120 120 118 120 120 119 119 118 118
B1 SSEx10? 123 127 122 125 118 122 123 121 120 118
MSEx 103 14.6 14.4 14.3 14 14.4 14.3 14.1 14.2 14 14
CL 944%  927% 954%  94% 96% 95% 94% 95% 95% 96%
Biasx 10° 19 46.6 58.7 68.1 -40.4 -14.7 -6.3 -44 -172 | -294
SEEx10° 146 147 154 165 135 137 146 115 119 92.4
p2  SSEx103 80.3 98.6 103 107 112 126 131 113 119 84.1
MSEx 103 21.6 23.6 27.1 32 19.8 19 21.4 15.2 14.5 9.4
C.L 99% 96% 95% 96% 99% 97% 96% 96% 95% 97%
Biasx 102 59.1 -50 -104 -101 76.7 -12.7 -36 57 -16.6 28.6
SEEx 103 221 206 194 185 190 175 166 149 137 109
ps  SSEx103 115 141 151 135 121 151 157 111 133 84.8
MSEx 103 523 44.8 48.5 44.4 41.8 30.9 28.9 255 19.1 12.6
C.L 99% 98% 94% 94% 98% 97% 94% 97% 95% 97%
Time (in sec) 37.1 26.1 23.5 24.3 37.5 232 10.6 21.1 9.82 29.3
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Table 6.3: Simulation results for estimating (3, 51) in a two-level clustering setting with a mis-
specified joint model but a correct marginal model in binary data. Bias, SSE, SEE, MSE represent
the same quantities as in Table 6.1. Two SEE’s are presented, one is model-based while the other
is robust. 95% confidence interval coverage rates are presented, derived by model based s.e. and

robust s.e., respectively.

Two-level clustering, mis-specified conditional model.

Method Bias SEE Robust SEE SSE MSE 95% C.I. Robust 95% C.I.
x103 x103 x103 x103 x103 coverage rate coverage rate
Bo Bu|Bo B B BB Bi| B B B B Bo B
Proposed 9 16 | 133 150 | 153 151 | 155 148 | 24 22 | 91.1% 955% | 94.8% 95.9%
MLE -308 201 | 144 164 | -100 -100 | 159 153 | 121 64 | 42.0% 81.4% - -
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Table 6.4: Analysis of Madras longitudinal schizophrenia study. Covariate effects estimates and the
corresponding 95% confidence intervals are listed in the scale of marginal odds ratioes. Different
types of correlation structures are assumed over time.

Exchangeable AR (1)
Coefficients exp(8) 95%C.L exp(8) 95%C.L
Likelihood

Intercept 229  (1.44,3.66) 231  (1.46,3.67)
Time 0.70  (0.66, 0.75) 0.70  (0.66, 0.75)
Age > 20 - - - -

Age <20 1.50  (0.83,2.72) 1.28  (0.72,2.28)
Male - - - -
Female 043  (0.24,0.79) 0.47  (0.27,0.82)
P 0.94  (0.84,0.98) 0.95 (0.92,0.98)

Proposed Method

Intercept 241 (140, 4.10) 247  (1.45,4.20)
Time 0.71  (0.65,0.77) 0.71  (0.65,0.77)
Age > 20 - - - -

Age <20 1.60  (0.79, 3.32) 1.50  (0.74, 3.03)
Male - - - -
Female 0.53  (0.27,1.01) 0.53  (0.28,1.01)
P 092  (0.71, 0.98) 0.97  (0.93, 1.00)
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Table 6.5: Analysis of British Social Attitudes Panel Survey: years 1983-1986. Covariate effects
estimates and the corresponding 95% confidence intervals are listed in the scale of marginal odds
ratioes. Method 1 is my proposed method using the exchangeable-exchangle correlation structure
assumption; Method 2 is my proposed method under the exchangeable-AR(1) correlation structure
assumption; Method 3 is the GEE with exchangeable correlation structure, ignoring correlations in
the same individual over years.

Method 1 Method 2 Method 3
Coefficients exp(8) 95%C.L exp(8) 95%C.L exp(8) 95%C.L
Intercept 0.61  (0.23,1.63) 0.62  (0.24,1.61) 0.74  (0.22,2.43)
Year 1983 - - - - - ,
Year 1984 0.66  (0.49,0.88) 0.65 (0.48,0.88) 0.65 (0.47,0.91)
Year 1985 1.06  (0.80, 1.41) 1.05  (0.78, 1.40) 1.04  (0.74, 1.46)
Year 1986 1.21 (091, 1.61) 1.20  (0.90, 1.61) 1.20  (0.88,1.63)
Class: middle working - - - - - -
Class: upper working 0.76 (0.51, 1.14) 0.75 (0.50, 1.13) 0.72 0.41, 1.24)
Class: lower working 0.80 (0.54,1.19) 0.78 (0.52,1.16) 0.66 (0.43,1.02)
Gender: male - - - - - -
Gender: female 0.72  (0.48,1.07) 0.72  (0.49,1.07) 0.71  (0.45,1.11)
Religion: protestant - - - - - -
Religion: catholic 0.67  (0.25,1.80) 0.67  (0.26,1.76) 0.76  (0.30,1.91)
Religion: other 0.52  (0.24,1.11) 0.52  (0.25,1.08) 045  (0.23,0.87)
Religion: none 2.00 (1.21,3.30) 2.02  (1.23,3.29) 212 (1.13,3.97)
% protestant 2.17  (0.86,5.52) 2.19  (0.88,5.48) 1.94  (0.70,5.41)
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Table 6.6: Simulation results of estimating (5o, 51, p) in two-level clustering with an exchangeable
correlation structure in ordinal data. pq is the correlation parameter of random effects. Bias rep-
resents the empirical bias, SSE represents the Monte Carlo standard error, MSE is defined as the
summation of square SSE and Bias. SEE represents the averaged model-based standard error esti-
mate. 95% confidence interval coverage rates are presented in rows with name “C.1.”, derived from
model based s.e..

p=0.1 p=0.3 p=0.5 p=0.7 p=0.9
Our MLE | Ourr MLE | Our MLE | Our MLE | Our MLE

Biasx 103 <1 2 -2 1 <1 1 -1 <1 -2 2
SEEx 103 59 58 67 67 74 74 82 80 89 86
a1 SSEx10° 60 58 67 68 75 74 82 80 90 85

MSEx103 4 3 5 5 6 5 7 6 8 7
Cl 9%  95% | 95% 95% | 95% 95% | 95% 95% | 95%  95%
Biasx 103 -1 3 -1 1 <1 1 <1 3 <1 2

SEEx 103 60 59 67 67 74 74 81 80 88 86
az  SSEx103 60 59 70 69 74 74 80 81 88 84

MSEx 103 4 3 5 5 6 5 6 7 8 7
CL 95%  96% | 93% 94% | 96% 96% | 95%  95% | 95%  95%
Biasx10% | <1 2 <1 3 <1 1 <1 5 1 2

SEEx 103 62 61 69 69 75 75 82 81 88 86
a3 SSEx10° 62 61 70 70 74 75 81 79 87 85

MSEx 103 4 4 5 5 6 6 7 6 8 7
Cl 95% 95% | 94% 95% | 96% 94% | 96%  95% | 95%  95%
Biasx 103 1 5 2 2 1 2 2 4 2 5

SEEx 103 64 63 71 71 71 77 83 82 89 88
ag  SSEx103 64 63 72 73 76 80 82 81 88 87

MSEx 103 4 4 5 5 6 6 7 7 8 8
ClL 9% 96% | 94% 95% | 95% 94% | 95% 95% | 95%  95%
Biasx 103 1 1 -1 2 2 2 1 -1 2 3
SEEx10% | 82 82 81 81 80 79 78 77 77 74
f1 SSEx103 85 81 84 82 83 82 80 78 78 76
MSEx 103 7 7 7 7 7 7 6 6 6 6
CL 9%  96% | 95% 94% | 94% 94% | 94%  94% | 95%  95%
Biasx 103 6 4 3 9 4 9 9 9 8 8

SEEx10% | 120 120 | 118 118 | 116 116 | 114 113 | 111 108
B2 SSEx103 | 120 121 | 123 120 | 118 118 | 119 116 | 114 112
MSEx10% | 14 15 15 14 14 14 14 14 13 13
ClL 95% 95% | 94%  95% | 95% 96% | 94% 94% | 95%  94%
Biasx10%® | <1  -25 -5 3 -6 -5 -7 -8 -10 -6
SEEx103% | 61 61 69 68 71 69 68 65 61 54
p  SSEx10% | 56 72 69 70 72 68 69 65 58 54
MSEx 103 3 6 5 5 5 5 5 4 3 3
Cl 98% 98% | 94%  94% | 94% 96% | 9%4% 94% | 9T%  95%

Time (in sec) 27 565 32 753 30 867 32 1009 27 1096
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Table 6.7: Simulation results of estimating (3o, 51, p) in two-level clustering with an exchangeable
correlation structure in ordinal data. pg is the correlation parameter of random effects. Composite
likelihood inference on p is based on binarized outcomes. Bias represents the empirical bias, SSE
represents the Monte Carlo standard error, MSE is defined as the summation of square SSE and
Bias. SEE represents the averaged model-based standard error estimate. 95% confidence interval
coverage rates are presented in rows with name “C.1.”, derived from model based s.e..

p=01 p=03 p=05 p=07 p=09
Biasx 103 <1 2 <1 -1 2
SEEx10° 59 67 74 82 89
a1 SSEx103 60 67 75 82 90
MSEx 103 4 5 6 7 8
ClL 94% 95% 95% 95% 96%
Biasx 103 -1 -1 <1 <1 <1
SEEx 103 60 67 74 81 88
az  SSEx103 60 70 74 80 88
MSEx 103 4 5 6 6 8
CL 95% 93% 96% 96% 95%
Biasx 103 <1 <1 0 <1 1
SEEx10? 62 69 75 82 88
a3 SSEx10° 62 70 74 81 87
MSEx 103 4 5 6 7 8
ClL 95% 94% 96% 96% 95%
Biasx 103 1 2 1 2 2
SEEx 103 64 71 77 83 89
ag  SSEx103 64 7 76 82 88
MSEx 103 4 5 6 7 8
ClL 95% 94% 95% 95% 95%
Biasx 102 1 -1 2 1 2
SEEx 103 82 81 80 78 77
B1 SSEx103 85 84 83 80 78
MSEx 103 7 7 7 6 6
CL 94% 95% 94% 94% 95%
Biasx 102 6 3 4 8 8
SEEx 103 120 118 116 114 111
B2 SSEx103 120 123 118 119 114
MSEx 103 14 15 14 14 13
CL 95% 94% 95% 94% 94%
Biasx 103 2 -5 -6 -7 -9
SEEx 103 64 72 75 73 66
p  SSEx103 61 72 75 74 66
MSEx 103 4 5 6 5 4
CL 98% 94% 94% 94% 95%
Time (in sec) 273 486 422 468 281
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Table 6.8: Simulation results of estimating p in two-level clustering under an exchangeable corre-
lation structure in ordinal data. Bias represents the empirical bias, SSE represents the Monte Carlo
standard error, MSE is defined as the summation of square SSE and Bias, comparing between the
composite inference on original ordinal data and the composite inference on binarized data.

Biasx 103 | SEEx103 | SSEx10% | MSEx10? | 95% C.I. coverage | Computation Time
o B*| O B (0] B (0] B O B (0] B
po=01|<1 -2 |6l 64 | 56 61 3 4 98% 98% 27 273
po=03 | -5 S5 169 72 169 72 5 5 94% 94% 32 486
po =0.5 -6 -6 | 71 75 72 75 5 6 94% 94% 30 422
po=0.71 -7 7168 73 |69 74 5 5 94% 94% 32 468
po=09|-10 -9 |61 66 |58 66 3 4 97% 95% 27 281

*: O stands for the composite likelihood using ordinal data and B stands for the composite likelihood

using binarized data.
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Table 6.9: Simulation results of estimating (5, 31, p) in two-level clustering with an AR(1) correla-
tion structure in ordinal data. pg is the correlation parameter of random effects. Bias represents the
empirical bias, SSE represents the Monte Carlo standard error, MSE is defined as the summation of
square SSE and Bias. SEE represents the averaged model-based standard error estimate. 95% con-
fidence interval coverage rates are presented in rows with name “C.1.”, derived from model based
s.e..

p=0.1 p=0.3 p=0.5 p=0.7 p=0.9
Our MLE | Ourr MLE | Our MLE | Our MLE | Our MLE
Biasx 103 -1 -155 <1l -165 -1 -173 <1l -149 -1 12

SEEx 103 57 74 59 76 64 76 71 71 83 83
ai SSEx 103 59 83 58 79 64 85 70 99 83 161

MSEx 103 3 31 3 34 4 37 5 32 7 26
CL 94%  46% | 94%  42% | 95% 37% | 94% 50% | 95%  66%
Biasx10% | <1  -117 -1 -125 1 2129 | <1 -103 -1 9

SEEx 103 57 74 60 75 64 76 71 76 82 84
az  SSEx10? 60 81 61 80 64 85 71 99 83 132

MSEx 103 4 20 4 22 4 24 5 21 7 17
C.L 9%  62% | 94% 59% | 95% 58% | 95% 66% | 95%  18%
Biasx 103 <1 -84 <1 -91 2 -92 2 -64 2 10

SEEx 103 59 75 62 76 66 76 72 71 83 85
az  SSEx10? 61 79 64 85 65 87 72 99 82 111

MSEx 103 4 13 4 15 4 16 5 14 7 12
Cl 9% 8% | 94% TA% | 95% 13% | 95% 8% | 95%  86%
Biasx 103 1 -58 1 -62 3 -63 2 33 3 8

SEEx 103 62 76 64 77 68 78 74 78 84 87
ay  SSEx10? 63 79 66 85 66 87 75 101 83 99

MSEx 103 4 10 4 11 4 12 6 11 7 10

ClL 95% 88% | 95% 84% | 96%  84% | 95% 85% | 95%  90%

Biasx 103 2 200 | -2 -209 1 200 | -2 -182 | -1 -107
SEEx103 | 82 78 82 77 81 77 80 77 77 71
B1 SSEx10® | 82 88 84 76 80 77 81 79 83 85
MSEx 102 7 48 7 50 6 46 7 39 7 19

ClL 95%  25% | 94% 22% | 96% 28% | 94% 34% | 94%  65%

Biasx 103 4 -200 3 221 4 -205 5 -181 5 -106

SEEx10% | 120 115 119 114 118 114 116 115 113 106

B2 SSEx103 | 124 125 | 121 120 | 118 115 | 118 124 | 114 131
MSEx10% | 15 56 15 63 14 55 14 48 13 28

CL 94%  55% | 95% 49% | 95% 56% | 94% 61% | 95%  T1%

P Biasx 10?3 12 607 -8 450 -10 262 -11 79 -5 45
Time 42 775 23 866 23 890 23 996 23 951
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Table 6.10: Simulation results of estimating (o, 51, p) in three-level clustering with exchangeable
correlation structures on both levels in ordinal data. ps and po are the correlation parameter of
random effects on the first and second levels respectively. Bias represents the empirical bias, SSE
represents the Monte Carlo standard error, MSE is defined as the summation of square SSE and
Bias. SEE represents the averaged model-based standard error estimate. 95% confidence interval
coverage rates are presented in rows with name “C.L.”, derived from model based s.e..

p1 0.1 0.3 0.5 0.7
P2 0.1 0.3 0.5 0.7 0.1 0.3 0.5 0.1 0.3 0.1
Biasx 103 1 1 <1 -1 1 1 1 1 <1 2

SEEx 103 58 60 63 66 66 68 71 74 76 82
ai SSEx 103 56 60 63 65 66 68 71 75 71 83

MSEx 103 3 4 4 4 4 5 5 6 6 7

CL 95% 95% 95% 96% | 95% 95% 94% | 94%  95% | 95%

Biasx 103 1 2 2 1 1 2 1 1 <1 3
SEEx10% | 59 61 63 66 66 69 71 74 76 81

az  SSEx103 58 60 62 65 65 69 71 75 74 83
MSEx 103 3 4 4 4 4 5 5 6 6 7

CL 95%  94% 95% 95% | 95% 94% 95% | 94% 95% | 95%
Biasx 103 3 1 <1 1 1 1 1 2 1 1

SEEx 103 81 81 80 79 80 80 79 79 79 78
b1 SSEx 103 82 81 80 79 83 80 80 79 76 71

MSEx 103 7 7 6 6 7 6 6 6 6 6
ClL 95% 95% 95% 95% | 95% 96% 95% | 96% 96% | 95%
Biasx 103 6 1 4 4 7 5 2 9 7 11

SEEx 103 116 115 114 112 115 114 112 113 112 111
B2 SSEx 103 116 117 117 112 113 110 112 111 113 113

MSEx 103 13 14 14 12 13 12 13 12 13 13
ClL 94% 94% 94% 96% | 95% 96% 95% | 95% 95% | 95%
Biasx 103 3 4 5 6 -11 -8 -9 -10 -9 -7

SEEx 103 68 73 81 88 76 82 88 78 84 75
P2 SSEx 103 57 64 65 70 75 81 91 78 82 73

MSEx 103 3 4 4 5 6 7 8 6 7 5
ClL 9% 98% 99% 98% | 96% 94% 94% | 94% 96% | 95%
Biasx 103 21 -10 -5 3 19 2 1 13 3 7

SEEx 103 111 111 110 109 99 100 101 86 88 72

p3 SSEx 103 81 106 105 105 76 98 104 72 91 64
MSEx 103 7 11 11 11 6 10 11 5 8 4

C.IL 9% 96% 97% 97% | 8% 96% 4% | 97% 93% | 98%

Time 80 60 73 87 79 37 37 60 42 57
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Table 6.11: Simulation results of estimating (3, 81, p) in two-level clustering with a misspecified
conditional model in ordinal data. Bias represents the empirical bias, SSE represents the Monte
Carlo standard error, MSE is defined as the summation of square SSE and Bias. SEE represents
the averaged model-based standard error estimate. robust SEE is the averaged robust standard error
estimate. 95% confidence interval coverage rates are presented in rows names “C.1.”, derived from
model based s.e. and robust s.e..

Biasx10? SEEx10® | Robust SEEx10® | SSEx10° | MSEx10? C.L robust C.I.
Our MLE | Our MLE | Our MLE Our MLE | Our MLE | Our MLE | Our MLE

a1 3 -1233 | 74 124 | 129 - 131 247 17 1581 | 2% 0% | 95% -
Qg 5 975 | 75 116 | 131 - 134 243 18 1009 | 73% 0% | 95% -
o3 6 -717 | 76 110 | 137 - 140 236 20 570 | 711% 3% | 94% -
oy 7 -455 | 78 106 | 145 - 150 233 22261 | 70% 13% | 94% -
B1 5 670 76 80 89 - 93 134 7 467 | 2% 0% | 94% -
Ba 3 789 | 110 117 | 118 - 117 167 12 651 | 95% 0% | 95% -
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Table 6.12: Analysis of the Arthritis study. Covariate effect estimates and corresponding 95% confi-
dence intervals are presented in the marginal cumulative odds ratio form. Exchangeable correlation
strcture was assumed.

Proposed MLE
Coefficients exp(p) 95% C.1. exp(p) 95% C.1.
Category 1 intercept | -0.26 (-1.55, 1.03) -0.49 (-1.48,0.5)
Category 2 intercept 1.88 (0.61, 3.15) 1.66 (0.68, 2.64)
Category 3 intercept 3.84 (2.53,5.15) 3.77 (2.77,4.78)
Category 4 intercept 6.06 (4.66, 7.45) 6.09 (5.03,7.16)
Category 4 intercept - - - -
Baseline score -0.89  (-1.11,-0.67) -0.88  (-1.05,-0.71)
Age 0.01 (0, 0.03) 0.02 (0,0.03)
Gender: female - - - -
Gender: male -0.21 (-0.57,0.14) -0.28 (-0.57,0)
Treatment -0.55  (-0.88,-0.22) -0.61  (-0.84,-0.37)
Time (in months) -0.08  (-0.14, -0.03) -0.10  (-0.16, -0.03)
Correlation 0.84 (0.76, 0.92) 0.97 (0.56,1.00)
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Table 6.13: Analysis of Television, School and Family Smoking Prevention and Cessation Project.
Covariate effect estimates and corresponding 95% confidence intervals are presented in the

marginal cumulative odds ratio form.

Proposed Method
Coefficients I5; 95% C.1.
Category 0 intercept -1.55 (-1.84,-1.26)
Category 1 intercept 0.39  (0.11,0.67)
Category 2 intercept 1.61 (1.31,1.92)
Category 3 intercept 277  (244,3.11)
Category 4 intercept 4.17 (3.8,4.55)
Category 5 intercept 5.85 (5.34,6.36)
Category 6 intercept 7.97  (6.85,9.08)
Category 7 intercept - -
Baseline THKS -0.42  (-0.50, -0.34)
Classroom-based social-resistance curriculum (CC) | -0.87 (-1.09, -0.66)
Television-based prevention (TV) -0.23  (-0.62,0.17)
Intervention interaction (CCxTV) 0.37 (-0.16, 0.90)
School level correlation 0.03 (0, 0.08)
Classroom level correlation 0.13  (0.04,0.22)
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Table 6.14: Simulation results of estimating (o, f1, p) in different scenarios. pg is the true corre-
lation parameter of frailties, under an exchangeable correlation structure. Bias represents the em-
pirical bias. SEE represents the averaged model-based standard error estimates. SSE represents the
Monte Carlo standard error, MSE is the summation of squared SSE and squared Bias. "C” and 1"
represents NPMLE results using composite pairwise likelihood and likelihood assuming indepdent
observations. Coverage probabilities for 95% confidence intervals are presented.

(a) Two-level clustering, 40% censoring rate.

p=0.1 p=0.3 p=0.5 p=0.7 p=0.9
C I C I C I C I C I
Biasx 103 3 <1 -1 -1 5 2 2 <1 1 4

SEEx 103 90 90 90 90 89 91 87 91 84 93
Bo  SSEx103 94 91 92 91 89 94 86 94 86 95

MSE x 103 8 8 8 8 8 8 8 8 7 9
ClL 9% 95% | 93% 95% | 95% 94% | 95% 94% | 94% 94%
Biasx 102 -4 -6 -4 -4 3 -6 <1 -5 3 -5

SEEx 103 136 136 135 136 135 137 133 138 130 142
B1 SSEx103 139 137 133 136 133 135 134 140 133 145
MSEx 103 18 18 18 18 18 19 18 19 17 20

CL 94%  95% | 95% 95% | 95% 96% | 95% 95% | 9%4%  94%
Biasx 103 2 - -5 - 5 - 3 B 4 .
SEEx 103 74 - 78 - 75 - 64 - 44 -
p  SSEx103 68 - 80 - 74 - 65 - 43 -
MSE x 103 5 - 6 - 5 - 4 - 2 -
CL 97% - 95% - 94% - 93% - 93% -

(b) Two-level clustering, 75% censoring rate.

p=0.1 p=0.3 p=0.5 p=0.7 p=0.9
C I C I C I C I C I
Biasx 102 7 1 3 -4 2 -1 2 1 2 -3

SEEx 103 121 121 121 121 119 121 119 121 117 122

Bo  SSEx103 128 121 126 119 121 122 120 124 122 122
MSEx 103 15 15 15 15 14 15 14 15 14 15

ClIL 9% 95% | 95% 95% | 94% 94% | 96% 95% | 94% 95%

Biasx 103 3 <1l | <1 <1 1 -7 2 2 2 2
SEEx103 | 172 172 | 172 172 | 170 172 | 170 173 | 169 175
B1 SSEx10® | 174 182 | 174 175 | 175 168 | 172 172 | 171 181
MSEx103 | 30 29 29 30 29 30 29 30 29 31

CL 9% 9B% | 95% 94% | 94% 96% | 95% 95% | 96%  95%
Biasx 103 13 - -10 - -13 - -8 - -15 -
SEEx10% | 136 - 138 - 136 - 125 - 105 -
p  SSEx10% | 111 - 139 - 136 - 127 - 98 -
MSEx 103 13 - 19 - 19 - 16 - 10 -

C.IL 96% - 95% - 94% - 93% - 96% -
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Table 6.15: Simulation results of estimating (o, 1, p) in different scenarios. py is the true correla-
tion parameter of frailties, under an AR(1) correlation structure. Bias represents the empirical bias.
SEE represents the averaged model-based standard error estimates. SSE represents the Monte Carlo
standard error, MSE is the summation of squared SSE and squared Bias. ”"C” and "I” represents
NPMLE results using composite pairwise likelihood and likelihood assuming indepdent observa-
tions. Coverage probabilities for 95% confidence intervals are presented.

(a) Two-level clustering, 40% censoring rate.

p=0.1 p=0.3 p=0.5 p=0.7 p=0.9
C I c I c I c I c I
Biasx10% | <1 <1 2 3 2 3 1 4 2 3

SEEx 102 90 90 90 90 89 90 88 91 85 92
Bo  SSEx103 91 95 90 90 90 91 89 94 86 94

MSEx103 8 8 8 8 8 8 8 8 7 8
Cl 95% 94% | 94% 94% | 94% 94% | 94% 94% | 96% 94%
Biasx 103 2 -4 3 -8 -5 -5 -2 -6 <1 -8

SEEx 103 136 135 136 136 135 136 134 137 131 140
B1 SSEx10? 139 139 138 142 133 142 136 139 132 140
MSEx 103 19 18 18 18 18 19 18 19 17 20

CL 95% 94% | 94% 94% | 95% 93% | 94% 94% | 94%  96%
Biasx 103 7 - -5 - -7 - -6 - 3 -
SEEx10% | 116 - 102 - 83 - 60 - 31 -

p  SSEx10? 94 - 102 - 83 - 61 - 30 -
MSEx 103 9 - 11 - 7 - 4 - 1 -

CL 96% - 95% - 95% - 94% - 93% -

(b) Two-level clustering, 75% censoring rate.

p=0.1 p=0.3 p=0.5 p=0.7 p=20.9
C I C I C I C I C I
Biasx 103 1 -1 -3 -4 -5 -6 -6 -6 -1 -6

SEEx 103 121 121 120 121 120 121 120 121 118 121
Bo  SSEx103 121 123 122 123 121 123 124 125 120 123
MSEx 103 15 15 15 15 14 15 14 15 14 15

C.L 95%  95% | 95% 94% | 94% 95% | 94% 94% | 94% 95%
Biasx 103 1 1 -2 3 1 2 -6 -5 -2 2
SEEx 103 172 172 172 172 172 172 171 173 170 174

f1 SSEx10? 178 176 180 181 175 180 172 173 173 176
MSEx 103 29 30 29 30 29 30 29 30 29 30

CL 9%  95% | 95% 95% | 94% 93% | 95% 95% | 95% 95%
Biasx 103 34 - -12 - 31 - 21 - -10 -
SEEx 103 | 206 - 193 - 159 - 117 - 63 -
p  SSEx103 | 147 - 178 - 162 - 125 - 65 -
MSEx10% | 23 - 32 - 27 - 16 - 4 -

C.L 92% - 93% - 93% - 94% - 95% -
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Chapter 7
CONCLUDING REMARKS AND DISCUSSIONS

7.1 Potential Generalizations of the Models

Suppose frailties are exponentially distributed with a variance v~2, the new model for clustered

binary data is still marginalizable:

1 > _,T wij 1 1 1
Y

log(7y) is aliased with the intercept in the marginal probability, implying + is not identifiable marginally.
Moreover, -y is not identifiable in the joint likelihood.

To derive joint likelihood, I consider this conditional probability first:

| Z1,Zay .. Zp, Wy, Way oo W)

= / fOV1, Yo, ...\ Yo | Z1, Zay ..., Z, We, W, ..., Wp)dYa, ..., dY, (1.1)
n Ys

= / /HfY|ZJ,W)dY2,...,dYn (7.2)
n Yo

= fn|%, Wl)
where the equality between (7.1) and (7.2) is due to (3.3). Thus, the joint probability is

pr(Yin =0,Yp=1,...,Y, =1| Z; = z)
= pr(Yo=1,....Y =1|z)—pr(Ya=1,...,Y,, = 1| 2)

T T
= |I—|—F_1diag(fye_ziT25, S e Zi”iﬁ)]_l - |I+Fdiag(’ye_zi€5, S e Zi”z”a)]_l ,

where I'_; is the element-wise square root of the correlation matrix among (Wa,..., W, ) and T’
is the element-wise square root of the correlation matrix among (W7, ..., W,,). Therefore, log(y)
merges with the intercept in joint probabilities as well, and the variance of the random effect cannot

be separately estimated from the intercept.
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In view of this identifiability problem, I standardize the random effect distribution having vari-
ance one.

The proposed method for marginal inference is unaffected when the frailty distribution is covariate-
dependent. Suppose conditional on a covariate Z;;, W;; is exponential distributed with mean Zis 7,
and a frailty vector W; conditional Z; has a correlation matrix R. Consider the re-scaled frailty
vector Wi = (e*Zithﬂ, el eiZ’?’;ﬂWmi), which is multivariate exponential with mean one and
has the same correlation matrix 2, the conditional probability of the binary outcome follows from

(3.2),1.e.
pr(Yi; = 1| Zij = zij, wij) = exp (—wije_ziTiﬁ) = exp (—d)ije_ziTJ’B> , where 3=/ — v.

The marginal probability (3.4) becomes

eiP
pr(Yy = 1| Zij = zi5) =

1+e

.
255

For marginal regression parameter inference, 3 is estimated as if the random effects were covariate
independent.

As for the new ordinal data model and the new frailty model, arguments are very similar and

thus omitted.

7.2 Discussions of the New Models: Correlation Modeling

7.2.1 Limited Correlation Level

In conventional linear and logistic mixed effects models, the within-cluster correlation is controlled
by the variance of some shared random effects, such as the model in Ten Have (1996) and the
shared Gamma frailty model. While the variance of frailties is standardized in my models, flexible
within-cluster correlation structure modeling can be done by correlated random effects, when the
correlation level is not high.

I examine the covariance between any two correlated binary observations:
-1 -1 -1
cov(Yy;, Yip) = [<1 — pjr)eutER) B 28 4 o7k 4 1} - (1 + 6255) (1 * eZM)

—1 —1 —1
[623}5 + e + 1} . (1 + 6255) (1 + ezﬁﬁ) pj = 1

0 pjk =0
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where pjj, 1= cor(Wij, Wi), i =1,...,m.
When pj;, = 0, these two observations are independent of each other; when pj;, = 1, they
share a random intercept. In theory, the largest covariance achievable by a pair of binary variables

(Yij, Yir,) with marginal means (1/(1 + e_ZiTJ'B), 1/(1 + e=#P)) is
o\ -1 7o\ —1 7o\ —1 7o\ —1
cov(1-Y;;,1-Yy,) = (1 + eziiﬁ> A (1 + ezikﬁ) — (1 + ezifﬁ) (1 + ezikﬁ) ; i.e. Fréchet bound.

Even at p;;, = 1, the upper limit of Fréchet bound is not achievable in my model for binary data.
The correlation between survival times from the new frailty model is also limited. To evaluate

correlation levels, I consider the conditional hazard ratio, proposed by Clayton (1978b)

011 1) = Ay (t | T = to)
DT N ([ Ty > )

which can be viewed as some generalized odds ratio.
In the shared Gamma frailty model, frailties follow the Gamma distribution of mean one and

unknown variance 1/7 to be estimated:

O(ti,t2) = (y+1)/7v.

This measure is time-invariant; ranging in (1, +00); this measure increases as -y decreases.
In the shared positive stable frailty model, frailties follow the positive stable distribution of some

parameter o € (0, 1] to be estimated:

11—«

0(t1,t2) =1+ (Ao(tl)ezm + Ao(tz)e'z?TB)_a

It implies the correlation diminishes as time passes. This measure ranges in (1, +00) and the corre-
lation increases as o — 0.
In my frailty model, frailties follow the multivariate Exponential distribution of mean one and

correlation matrix R(p):

p

Otnt) =1+ [(1 = p)Ao(t1)ex# +1][(1 — p)Ao(ta)e*2 P +1]

The correlation also diminishes as time passes. This measure ranges in (1,2) and the correlation
increases as p — 1. Thus, the most correlated case of this frailty model is equivalent to the shared

Gamma frailty model in which the frailty follows the standard Gamma distribution.
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7.2.2  Detecting Correlations

One interesting hypothesis regarding these new models is: p = 0; i.e. observations are independent.
Since in my models, p is restricted to be non-negative, 0 is a boundary point. Thus, only score test

based on composite likelihood works in this case. Future research can be done.

7.2.3  Alternative Modeling of Correlations

Heagerty and Zeger (1996) modeled binary variable correlations by their pairwise odds ratios,
which, compared to correlation p modeling in this thesis, are unconstrained and covariate effects
on pairwise odds ratio are readily intepretable. However, p can model correlations between three or
even more observations while pairwise odds ratio only focuses on paired observations; generalizing
pairwise odds ratio is possible but requires a balanced design. And in modeling complex correlation

structures pairwise odds, ratios are not as flexible as random effects correlations.

7.2.4 Remarks

I can choose not to fix frailties having variance one and instead incorporating individual Gamma
frailties. However, the marginal model is no longer conveniently interpretable and there is an iden-

tifiability problem, as discussed by Coull et al. (2006).

7.3 Model Inference Characteristics

All inference methods have the same characteristic. Taking the inference method for binary data
model for example, I split the parameters into two sets: marginal parameters § and correlation
parameters p. For each set, I propose a separate inference method and the overall inference is

carried out by:

1. starting with some initial value of marginal parameter 3 (©) and correlation parameter p(o),

2. doing inference on § with plug-in and fixed p(¥), getting 51,

3. doing inference on p with plug-in and fixed 51, getting p(V),
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4. repeating Steps 2 and 3 until the L*" iteration such that || (&) — B(E=1 [|< e and || p(&) —

pL=1) ||< €, where € is a pre-specified small positive number, usually set up as 10~°;

giving the estimates (5", p(1)).
I suggest starting with the GLM estimates of 3, denoted by ©), and carrying out Step 3 to solve

for p(©). A heuristic argument for this suggestion is available in the end of Appendix A.
7.4 Model applicability to longitudinal data

Pepe and Anderson (1994) pointed out several marginal model inference methods, such as GEE,

GEE1 and GEE2, need the following assumption when modeling longitudinal data:
E[Y;; | Zi] = E[Yy; | Zij] - (7.3)
And in this thesis, I also build my models on this assumption:

fM | 21, 2, ..., Zy)

_ / FOU | 21y Zas oo Zons Wi, W, o W) (W, W )dWA, .., AW
n Wl

= [ [0 W W)W,
n Wl

= . f | Z1, W) f(Wh)dWh

= fMhlz).

Here I show my models for clustered binary and ordinal data satisfy this assumption. I denote the

full data of a cluster as

W, Ys,....Y0), (Z1,Za, ..., Zy), (Wi, Wa, ..., W,), .
So my parametric models for clustered binary and ordinal data satisfies the assumptions in (7.3).
7.5 Conclusions

In this thesis I introduce a set of new marginalizable mixed effects model for analysing clustered

binary, ordinal and survival data.
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As for the binary data and ordinal data models, a working generalized linear mixed effects model
and a multivariate Gumbel random intercept distribution were proposed, which respectively yield
a logistic regression model or a cumulative logit model that have population-level interpretations.
Unlike most marginal models which only model the first and perhaps the second moments, I have
come up with a parametric model, which guarantees there is always a real joint distribution for
the marginal logistic regression model and parameters being estimated always exist. In contrast,
one criticism of GEE is that there may not be any multivariate distribution with a correlation struc-
ture being equivalent to the working correlation structure of GEE. My proposed inference yields
consistent estimates of marginal regression parameters even under mis-specified model, along with
consistent estimates of standard deviations of the estimates.

For the new frailty model, a multivariate exponential distribution for individual frailties was pro-
posed, which yields a marginal proportional odds model that has a population-level interpretation,
and the model also allows flexible correlation structures among observations. For model inference,
I maximize a composite marginal log-likelihood contribution. I do not choose to maximize the
joint marginal log-likelihood contribution in the end, due to the computation complexity with large
clusters and long computation in the simulations. I neither apply to the penalized log-likelihood
method, because the density of a multivariate exponential random variable is intractable and a den-
sity is needed to construct a penalized term. The estimation efficiency is not optimal among all
asymptotically linear estimators. However, by only specifying pairwise joint distribution, the infer-
ence method has some level of robustness in return, as pointed out by Varin et al. (2011).

The marginalization property is based on a standard exponential frailty assumption, which can be
viewed as a special case of the Gamma frailty models considered in Coull et al. (2006). Exponential

distributed frailties should not be considered as a limitation, since

1. a marginal interpretation is often desirable in practice;

2. an exponential distributed frailty is equivalent to a Gumbel random intercept which has phys-
ical interpretations. Gumbel distribution can model the distribution of maximum of normal or
exponential type random variables, so Gumbel random intercept is reasonable when scientists
believe there are many latent cluster effects and the maximum dominates the others; i.e. the

random effect can be modeled as the maximum of many latent cluster effects;
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3. the proposed robust estimation procedure would yield consistent estimates for marginal pa-
rameters even when the multivariate exponential frailty distribution or the conditional mean

model is mis-specified;

4. marginal inference is un-affected when frailty distribution is covariate dependent.
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Appendix A
PROOF OF THEOREM 3.5.1

Here I list the conditions of Theorem 3.5.1 and proved it. The proofs of Theorem 3.5.2, Theorem

4.3.1 and Theorem 4.3.2 are quite similar and are omitted.

I define U(6) = i) ) _ [ E{A(Z)Y;30))
Wy(0) E{f(Z,Y;0)}
S° (2, Yis0)

and VU, (0) = Y1m(6) — | = '
Wa,m (0) > f2(Z:. Yi:0)

where fi and f» correspond to estimating equations in (3.7) and (3.9):

f1(Z:,Y3;0) == D(Z;; 8)TV~1(2:;0)S(Z;, Yi; B)

F2(Z:.Y5:0) = 3 G4 (20, Yir0) .
j<k

Theorem 3.5.1 is true under the following conditions:

C.1 Observations from different clusters are independent and identically distributed.

C.2 The number of observations per cluster is uniformly bounded.

C.3 The parameter space © is a convex and compact subset of R” and the true value of parameter,
0o, is not a boundary point of ©.

C.4 The probability of covariate Z concentrating on a hyper-plane is zero. That is, Z7 3 = 0 a.e.
implies 5 = 0, and Z is bounded with probability one.

C.5 There is an unique root of 8 from ¥y (83, p) = 0 for all p.

C.6 The joint distribution is correctly specified.

Proof. First I point out that even though different clusters may contain different numbers of obser-
vations, joint observations from a cluster can still be viewed as i.i.d.

Each cluster in theory contains infinite subjects and are denoted by (Z(-),Y(-), W(-)): - varies
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with different subjects. The observed data from a cluster is a deterministic projection of
(Z(+),Y(-),W(-)). Assuming the stochastic process (Z(-),Y(-), W(-)) are i.i.d. and the projec-
tion procedure is also i.i.d., I conclude observations from different clusters are i.i.d.. Fp is denoted
as the joint distribution.

Second, I argue that py is the unique solution to Wo(#) = 0 at 5 = fy. This can be shown by
the composite Kullback-Leibler divergence defined below.

The composite likelihood of the i*” cluster is Hijk(Zi, Y;;0).

j<

The composite Kullback-Leibler divergence is defined as

KLcomposite(LO, Ll)
H LO(Z]) Zka Yjv ka /807 pO)
i<k

11 L1(Z;, Zk, Y;, Yi; Bos p1)
j<k

Lo(Z;, Zy, Ys, Yi;
_ P() Zlog ( 0( 7r %k Ly, k7ﬁ07p0)> >0.
i<k Ll(Zj,Zk,ij,Yk;ﬁ(),pl)

= Pylog

For more details, please refer to Lindsay (1988). The last strict inequality is due to Jensen’s Inequal-
ity and the fact that L; = Lg if and only if p; = pyg.

Thus pg is the unique value maximizing composite likelihood expectation with plug-in 3. Since
the model is smooth in parameters, Wo(0) = 0 uniquely at p = py when S is fixed at Jy.

Next, consider an index set H := {h € RP : ||h|| < 1; } in which ||-|| is the Euclidean norm and
p is the dimension of parameter § = (3, p). Suppose (Z,Y") has distribution . Then the function
class:

Fo = {n"(f1(Z,Y;0), f»(Z,Y;0) : 0 € ©,h € H}

is Py-Donsker.

Here is the argument. For an arbitrary pair of functions from Fy:

W (fL(Z,Y;01), f2(Z,Y561) — hs (fL(Z,Y;02), f2(Z,Y;6,))]

< Coll01 — 02| - [|h1 — ha]] .

Since everything in b (f1(Z,Y;0), fo(Z,Y;0)) is continuous in § so Mean Value Theorem can

be used; Cy is some finite number by conditions C.2 and C.3. Since 61,602 € © and © is a com-
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pact subset of Euclidean space, the number of brackets needed to cover Fy satisfies Fy-Donsker
requirement, according to van der Vaart and Wellner (1996), page 129.

Now I can claim

sup |ATW,,(0) — RTW(0)| — 0,
0€cO,heH

implying that

sup|hT [ W, (O) — \y(ém)} | =0,
heH

ie. sup |[hTW(0,,)| = 0; thus, ||¥(6,,)]] = 0.
heH

(T1(6), U5(0)) = 0 has an unique root at 6 implies || ¥ (6,,)|| — ||¥(6o)]||. Suppose 6, does not
converge to fp, then there exists a sub-sequence {6, } of {0, } such that f,,, converge to 01 (£ 6;).
Since (W1(0), ¥5(0)) are continuous in 6, ¥(6,,/) converges to ¥(6;) # 0 and thus contradicts.
have shown 6,, 236, where the convergence in probability comes from the Glivenko-Cantelli class

definition.

O]

The proof of the weak convergence of \/m { (B — Bo)T, (pm — po)T }T makes use of Theorem
3.3.1 of van der Vaart and Wellner (1996), which is stated as the following.
Suppose there are two random mappings V,, and ¥ such that ¥ (8, pg) = 0 for some interior
point (Bo, po) € O, Yy (Bm, pm)ﬂﬂ) for some random sequence (5, pm) C ©, and assume the
followings are true:
P.1 (B, pm) is consistent for (5o, po);
P2 /m (U, — W) (Bo, po) converges in distribution to a tight random element Z;
P.3

\/%(‘Ilm - \Ij) (/Bma pm) - \/m(\pm - \Il) (60) pO)
= OP(1+\/TTLH6m_50”""\/%Hpm_POH) ;
P.4 W(p, p) is Fréchet differentiable at (/3p, po);

P.5 The derivative of U (83, p) at (8, po), denoted by (530, po), is continuously invertible.
Then

Vi (B = o) o — )"} % — (0, p0) ()
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Proof. Condition P.1 has been verified.
Since Fy is Py-Donsker, condition P.2 is verified.
By Py-Donsker preservation theorem 2.10.3 in van der Vaart and Wellner (1996), this function

class
{R" {(f1(B.p), £2(B, ) — (f1(Bo, po), f2(Bo, po))}] = (B, p) € ©,h € H}

is Py-Donsker as well.

sup Py (W™ [{(f1(8. ), f2(B. ) — (f1(Bos po)s f2(Bos po))}])”

heH
< Po(Collfo—6ID)* =0 as|l(8,p) — (Bo,po)|| 0.

Therefore, according to Lemma 3.3.5 of van der Vaart and Wellner (1996), P.3 holds.
As for P4, since V¥ is continuously differentiable in parameters, it is trivial to verify that — F/(B)
is its Fréchet derivative at (3o, po). Due to model identifiability, E/(B) is a negative definite matrix

and thus continuously invertible. Therefore, P.5 is also satisfied. O

NOTE: I assume unique root exists in C.5. Yet generally this is not true globally. However, with
a proper value plugged into the estimating equation to start the solving procedure, final solution
from this estimating equation is consistent. That is to say, the estimating equation does not have a
global positive/negative definite derivative matrix but has a local positive/negative definite derivative
matrix. This can be shown as the following. Plugging B, which is a consistent estimate of (3, into

the estimating equation gives

m

> D(Zi; B)V(Zi; 8,p)(Yi — h(Z]B)) = 0.

=1

Taking the derivative of 3 gives

> {=D(Z: B)V(Z:: 3.p)D(Zis ) + [0D(Z:: BV (23 8,0)/08]5 (Vi — m(ZT )} -
i=1
Since B is a consistent estimate of [, the second term in the above equation is negligible compared

to the first term.
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Appendix B
PROOF OF FRAILTY MODEL THEOREMS

In this appendix, I outline the proofs of the lemma and theorems for the new frailty model, under
the following conditions:
C1. The covariate Z; is independent of frailties W; and its distribution is non-informative; i.e. it
does not contain 6.
C2. (Coarsening at random assumption) Conditioning on (Z;, T;, W), the hazard rate function of
censoring time Cj; is a bounded function of covariates Z; and is non-informative.
C3. The true conditional baseline cumulative hazard function Ay(?) is a strictly increasing function
on [0, 7] and is continuously differentiable. In addition, A¢(0) = 0 and Aj(0) > 0.
C4. Parameter spaces of $ and p, denoted by I3 and R, belong to some known convex and compact

subsets of R and RP?, respectively:

B = {B R :||B|| < By for some finite constant By} ,
R = {peR”:||p|| < Ro for some finite constant Ry} ,
where || - || denotes the Euclidean norm; the true value (o, po) is not a boundary point of B x R.

C5. The probability of covariate Z concentrating on a hyper-plane is zero. That is, Z73 = 0 a.e.
implies 5 = 0, and Z is bounded with probability one.

C6. There exists some strictly positive constant ag such that
pr(Cij > 7| Z;) =pr(Ciy =7 | Z;) > ap  as.;

C7. The covariate Z is bounded.
I denote the whole observations from each cluster by O. Let IP,,, be the empirical measure of m
i.i.d. cluster observations: O1, ..., O,,; denote Fy as the expectation of cluster observations. That

is, for any measurable function g(O), I define
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Even though different clusters may contain different numbers of observations, I can still view

joint observations from each cluster as i.i.d. samples, by the same reasoning from Appendix A.

B.1 Lemma 5.2.1

Proof. Suppose there is a pair of parameter values (Ao, 5o, po) and (A1, 51, p1) such that the
marginal likelihood contributions for any pair of dependent observations, (O;,Oy), j # k under
these two sets of parameters are identical.

Parameters Ag and A1 come from the function class £

L = {A(-): anon-decreasing step cadlag function in [0, 7] with jumps at observed failure time points

and A(0) =0} .

For a pair of observations (y;,d; = 1,2;) and (yg,dr = 1, 2x), taking ratio of their marginal
likelihood contributions under these two sets of parameters gives
L(yj, Yk, 24> 2k, 65 = 0k = 1; Bo, po, Ao)
L(yj, Yks 25, 21, 65 = 0 = 15 B1, p1, A1)
T T
(1 — poji)*Ao(y;)e™ " Ao(yr) e % + (1 — poji)Ao(y)e™ P + (1 — poji) Mo(ye)et P + 1
T T
(1= prje)2As(y;)e™ P Ay (i) e + (1 — prje) A (y)e™ P+ (1= prj) Aa(ye) et Pt +1
3
(- P A ()e A (y)e P + A (e P + Mi(g)et P + 1
(1 = poji)Do(y;)e™ P No(yr)e P + Aq(y;)e™ ™ + Ao(yp)e o + 1

(Ao (y;)dAo(yr)
dA1 (y;)dA (yr)

This is true for any observations (y;, 2, Yk, 2 ) such that pr(C; > y;, Cy, > yi | z) > 0. I consider

exp ((zj+2x) (Bo — B1)) = 1. (B.1)

two monotone decreasing sequences {y;, : 7 = 1,2,...} and {yg, : 7 = 1,2, ...} such that
Yir $+ 0, ypr L 0 asr — oo.
(B.1) holds a.e. for every z from the set
Ay ={z:pr[C; > yjr,Cr > yir | Z = 2] > 0} .

Asr — 00, A, T A:={z:pr[C; >0,Cy > 0| Z = z] > 0}, which has probability one under
F'z by conditions C2 and C3. Thus

. (L(yjqaykmzquzkméj =) = 1;Ao,507/)o))
1m
L(yjqaykmzquzk’m&j = 5k = 1;A1761701)

(dAo(O)

2
dA1(0)> exp {(zj+2) (o~ B1)} = 1.

q— o0
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By condition C5, 81 = f3p. Consequently, dA1(0) = dAy(0).
In the following I show A;(t) = Ag(¢) for V¢ € [0, 7].
Since each pair of the marginal likelihood contribution is identical, the marginal likelihood con-

tribution for a single observation, which is an integration of the former one, should also be identical:

pr(yj, 2,05 = 1; Ao, Bo, po) dAo(y;) / dAq(y;)

i (e +1)°

=1.
pr(y;s 2, 0j = 15 A1, Bo, p1) (Ao(yj)ezfﬁo n 1)2

Integrating from O to arbitrary ¢ € (0, 7] gives

1 1
Mo(B)e T ™ 41 Ay(t)es P 41

Thus A1 () = Ag(-) on [0, 7]. Since 81 = Bp and A1 (-) = Ag(-), it is trivial to show py = p;.
Next, I connect the above conclusion to the composite Kullback-Leibler Distance, which is

defined as the following

Py [clog(O; Bo, po, Ao) — clog(O; B, p1, A1)]

1
= En{— 12130 [log L(Oj, Ok; Bo, po, Ao) — log L(Oj, O; B1, p1,A1)] [ n p (B.2)
i<k
1 L(O'aOk;ﬁlaphAl)
S _E, loe E J nlS=0. B.3
= n—lj% &0 |:L(Oj70k§60>p07A0) | -

E, in (B.2) and (B.3) denotes the expectation with respect to the distribution of the random cluster
size n. Equality in (B.3) holds if and only if (5o, po, Ao) = (B1, p1, A1). I have shown that similar
to the Kullback-Leibler Distance, the composite Kullback-Leibler Distance is always non-negative
and equals to zero if and only if at identical parameter sets.

As for the second part of the lemma, I show it by contradiction.

Suppose there exists some one-dimensional sub-model passing through the true parameters that
has a singular composite Fisher information matrix; i.e., the weighted average of all Fisher infor-
mation matrices corresponding to different pairs of observations. I denote this one-dimensional

sub-model by (8o + €h1, po + €ha, Ao + € [ hadAg), where h := (hy, ho, hg) € H such that

H = {(hl, ha,hs) : by € R, hy € R%, hs(t) is a cadlag function on [O,T]} ,

equipped with the norm ||A||3 = ||h1]| + ||h2]|| + ||hs]]v -
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In my case, the composite Fisher information matrix is a weighted summation of the Fisher informa-
tion matrices corresponding to pairwise observations. So a singular composite Fisher information
matrix implies every Fisher information matrices of pairwise observations is singular. In this sub-

model, correlated observations j and k& have the score function:

S(0;,0; Bo, po, Moy b, ha, hs) = hi clogg(Oy, Og; Bo, po, Mo) + hajkclog,,, (O;, Ok; Bo, po, Mo)

+cloga (Oj, Oy; Bo, po, Mo) [/ h3dAo] ; (B.4)
in which

h{ clogs(O;, Ok; B, p, A)
- ] { [ zanyo) + [ zeanio - [ A oj,ok;ﬁ,p,MdA(u)} ,
0 0 0
hajkclogp;,, (Oj, Ok; B, p, A)
—2(1 — pji) A Ape? PeZLANY)A(YR) — Are™ PAY)) — AjeZi PA(YR) + A0,
= hajk N ZT6 275 775 7758
(1= pjr)2D;Ake™ "k PAY)A(Y) + (1 — pjk) Age™d "A(Y;) + (1 — pju) ek PA(Yy) + 1+ AjAgpjk

e BeZLAN(Y))A(Yi)

+(1+A; +Ag) = =
(1= pjw)e”s P2k PACY)AY) + 73 PA(Y)) + eZEPA (V) + 1

)

cloga (Oj, Ok; B, p, A) {/ hsdl\}

( / " his(s)AN; (s) + / ’ hg(:s)dzvk(s)) -/ " D(u, 05, 01; B, p, M (w)dA(u)
and I denote

Ayy)es ?
(1 = pjr)ulos; B, Nu(ok; B, A) + u(oj; B, A) + u(og; B,A) + 1,
850k (1 — pjk)u(oj; B, Au(o; B, A)

+3;(1 = pjr)ulor; B, A) + 3k(1 — pji)u(oj; B, A) + 1+ 6;0kpjk

u(og; B, A)
v(ojvok;67p7 A)

'UJ(Oj,Ok§ﬂ,p, A)
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D(u:0j70k§,37P7A)
2T T T LT
€1 P 1{y; > u} [+ (1= py)e™t PAw)] + e 1w > u} [1+ (1= py)e™ P Alyy))]
v(0j, 01; B; A, p)
2T T
5k(1 = pyr)e™ PUy; > u} [8;(1 = pip)e?E PA(R) +1]
w(Oj,Ok;B,A,p)
zTB ZTB
85(1 = pir)et P1{ye > u} [8k(1 = pjr)e™ PA(y;) + 1]
w(oj,01; B, A, p)

= (1+5j +5k)

)

A(u, 05,0138, p, A)

T
L+ (1= py)et BAG) k(L= p3) [85(1 = pjr)es* PAlye) +1]
’U(Oj,Ok;B,A,P) w(0j7ok§57A7p)

T
= Zjezjﬁl{yj 2u}{(1+z§]+5k) —

2T
L+ (1= py)e™s BAGyy) 0 (L= ps) [0k(1 = pyr)e™ PA(y;) +1]
U(ojvok;ﬂvAvp) ’ll)(Oj,Ok;ﬁ,A,p) ’

Tapeh Py > u} {(1 455+ 6k) -
The Fisher information matrix for such a sub-model is scalar, and equals to
E[S(Oj, Og; Bo, po, Ao)?] -

If it is singular, then S(Oj, Oy; Bo, po, Ao, b1, ha, h3) = 0 as.. Like in the previous part, I consider

sequences of paired observations {y;,,d; = 1, 2, Ykr, 0p = 1,2 : r = 1,2,...} such that
Yir L 0 asr —o00; Y L0 asr—oo0.

These paired observations are plausible under my model with covariates z such that pr(Cj, >
Yj, Crr > yi | ) > 0. As r — oo, covariates z satisfying this condition span the whole covariate

space. I notice this fact as well:

r—00

.
lim | /0 D(u, 0jr, 01y Bo, po, Mo)ha(u)dAg(u) |< rh_glo[yjq V Ykql - M3 - Ao(Yjq V Yrg) = 0,

where M3 < oo. Plugging paired observations (0;,, o) into (B.4) and taking its limit in 7 give

b (zj + zi) + hajk +2h3(0) = 0. (B.5)

L+ pjk
Thus h; = 0, using the same argument in the first part.
I consider another pair of observations 0; = (y; = 7,6; =0, 2;) and o, = (yx = 7,0, = 0, 21,).

According to condition C6, any covariate z will satisfy pr(C; > 7,C, > 7 | z) > 0. Then I write
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(B.4) as
% Poei Bo (T)Ao(T)
(1= pir)e™ Poesk BoAg(T)Ag(T) + €5 PO Ao (1) + e Ao Ag(T) + 1
[1 +(1- ij)eszﬁ“Ao(T)} i+ [1 +(1 - ij)eijﬁvo(T)] et
(1- ij)ezfﬁoez’?ﬁvo(T)Ao(T) 15 PN (1) + et PoAg(7) + 1

1.e. hgjkezJTBOGZEBOAO(T)AO(T)

— ([1+ (= et o] e 4 [1+ (1= pje)ess P g(r)] e o) /0 ha(u)dAo(u) = 0.

haj

/OT hg(u)dAo(u) =0 N

(B.6)
Iplug 2} = z; + (log2) /B into (B.6):

2h2jkezﬂrﬁeszBAo(T)Ao (1)

- (2 [1 +(1- pjk)ezfﬂAo(T)} e P+ [1 21— pjk)ezfﬁAo(T)] eziﬂ) /0 hs(w)dA(u) = 0.

If hoji, # 0 or / ha(u)dAg(u) # 0 , then
0

1+2(1 — pj)e™ PAo(r) = 2+ 2(1 — pj)e™ PAo(r) .

Contradiction is achieved. I have shown hgj;;, = 0 and thus hy = 0; consequently, ~3(0) = 0 by
(B.5).

Since I have shown hj and hs are both zero vectors, I can claim that

/(r hg(u)d (NJ(U) +Nk(u)) = /(:D(U, Oj,Ok;ﬁo,po,Ao)hg(u)dAo(u) y

for arbitrary pairs of observations.

I consider another sequence of paired observations {y;,0; = 1,z;,ypr,0p = 1,2 : 17 =
1,2,...} such that y, | 0. I denote the set A, := {z : pr(C; > y;,Cy > ypr | Z = z) > 0} and
according to conditions C2 and C3, as r — 0o, A, — A such that A is the whole space of covariate
Z. Plugging {y;,9; =1, 2j, Ypr, 0 = 1,25 : 7 =1,2,...} into (B.4) and taking the limit in r give

hs(y;) = [ 3 e (1- ij)eijﬁo
3\ u(oj; Bo, Ao) +1 (1 — pjr)uloj; Bo, Ao) + 1+ pjk

/ Y () dAo(u) |

0
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The following quantity
. ez]TﬁO (1 B pjk)ezfﬁo
u(oj; Po, Ao) +1 (1 — pjr)u(os; Bo, Ao) + 1+ pjk
I 2(1 — pji)u(oj; Bo, Ao) + 2 + 4pji

[u(0j; Bo, Ao) + 1[(1 — pjr)u(oj; Bo, Ao) + 1 + pji]
is always positive and varies arbitrarily with different values of z;. Thus, h3(y;) = 0 for Vy; €

[0, 7].

Theorem 5.2.2

Consistency of the NPMCLE can be demonstrated by first showing Am(T) is uniformly bounded
a.s.. Then by Helly’s selection lemma and the compactness of B x R, for every subsequence of
NPMCLE denoted as {0,} = {($n, pn,An)}, there exists a subsequence {0, } such that 6, —
0* = (B*, p*, A*), which is an inner point of parameter space ©. This convergence is point-wise
but I should strengthen it into uniform convergence. The whole proof will be complete if I can show
0* = 60y. However, I cannot write out A* explicitly. I switch to an intermediate function sequence
{]\n/} which converges to Ag uniformly on [0, 7]. In the following I present several key steps of the

proof, following the structure from Murphy et al. (1997).

Proof. To show the uniform boundedness of {A,, ()}, I compare the values of the empirical com-
posite marginal log-likelihood contribution evaluated at the NPMCLE (Bm, P Am) and another
set of parameters. I show if {A,,(7)} is not uniformly bounded, there is a subsequence of the em-
pirical composite marginal log-likelihood contributions evaluated at the NPMCLE going to negative

infinity as m — oo.

1. I construct a step function A,

~ 1 m n;
A (t) = Ezzdzjl{yzj <t}, tel0,7].
i=1j=1
Consequently, A, (t) = O(1), AN, (t) = O(1/m),

m ng

- 1
and  Pp,clog(O; Bo, po, Am) = O(1) + ;ZZWO&% (1/m). (B.7)

i=1j=1
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2. I'find the empirical composite marginal log-likelihood contribution evaluated at the NPMCLE

as

1 A,
IP)171 {n — I;CZ(O],Okaﬁm.apmaAm)}
J

0(1) ;ZZ&]lOgAA ym ZZ 1+5’Lj log ( (y”) + 1) . (B.S)

i=1j=1 7,1]1

Assuming {A,,,(7)} is not uniformly bounded, I establish a contradiction.
Considering a partition 7 = sg > s1 > ... > sy > sy41 = 0, I find the difference between
(B.8) and (B.7) as the following:

(B.3) — (B 7 (B.9)
—ZZéwlog (mAAm(yig) - %ZZ@ +8is)1og (Am(yis) +1) +0(1)
1=1j= 1=1j=1
N m mn; m mn;
= S i (€ s Hog (mARm(i)) — DD 1w = 7} (14 6iy)log (Am(r) +1)
q=0 i=15=1 i=1j=1

|
M=
3~

S 1y € lsger, 50} (4 6,)l0g (An(ai) +1) +0()

q=0"""i=1j=1
N m n; m n;

< Z%ZZ {uis € [sq+1,50)} diglog (mAAm(vij)) — %ZZNW =7} (14 8ij)log (Am(r) +1)
q=0 i=1j=1 i=1j=1

S

M=
3=
NE

=]
Il
o
o
1
,_.
<.
Il
—

{yij € [sq+1,59)} (1+ 8i)log (Am(sq11) +1) +0(1). (B.10)
Since log () is a concave function, by Jensen’s Inequality,

- Z Z 0ij1{yij € [Sq+1,8¢)} log <mAAm(yij))

zf 7j=1

m Nng
= Z_: 0ij1{yij € [8q+1,5¢)}

Z Z 011 {yij € [5411,5¢)} A (yij)
= J:

IN

log
Z Z 6ij14{yij € [Sq+1.8¢)}

i=1j5=
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[Sq-i-la sq)} AAm (yu)

Thus
*Zzéwl {yij € [5q+1,54)} log (mAAm(sz)>
1=17=1
m n; ; 215U1 {yij €
< 7225”1 {yz] 3q+1a Sq)} X log [ m —
i=175=1
i=1j=
= *Zzéwl {Yij € [8q+1,8¢)} x { log 225191 {ij €
i=175=1 i=1j5=1
— log ({Zz@jl {yij € [sq+1, Sq)}] /m) }
i=1j=1
< 2251]1 {ym Sq-i-la Sq)} X log Am(sq) ’
i=1j5=1
since
Zzéijl {vij € [sq+1,5¢)} A, (i) < Zzéml {vij €
i=1j=1 i=1j=1
and 212%1 {yij € [sq+1,8¢)} /m = O(1).
i=1j

Then the right side of (B.10) is bounded from above by

m n;

q=0 " i=1j=1

m n;

S s =73 (1 6) — Uy € s, )} gl log (A(r) +

i=1j=1

m n;

_*Zzl{yw

i=1j=1

[0, s3)}(1 4 6;;)log (A (0) + 1) + O(1) .

€ [0, Sq]}AA (Yij)

72”*: Z 6ij1{yij € [Sq+1:8¢)}

[Sq+1, 5¢) } ARy (i)

= Am(sq)

Y

I choose a partition from 7 to 0. First, I found some s; € [0, 7) such that

Uz

> 1+ Ay)1{Yy; =1}

j=1

& 1
QE{;l{YU T}} = 2E{

By conditions C3 and C6, such an s; exists.

Y AGL{Yy € [s1,7)}

j=1

N-1
-> %ZZ [(1+ 04;)1{wij € [5q+1,5¢)} — 0551 {yij € [Sq42, Sq+1)}]log (Am(sqﬂ) + 1)

(B.11)

} |
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Define a constant € € (0, 1) such that

E { %1 {Yi; € [51750)}}

Jj=1
<
1—c¢

E { ilﬁijl {vi; € [0, 50)}}
i=

If s; > 0, I choose s3 = 0V s such that s is the minimum value less than s; satisfying:

n;

(1 — E)E Z(l + Aij)l {Y” € [81,80)} >E ZlAijl {}/Z_] € [8, 81)}
j=1 Jj=1

Clearly, s exists. The process can continue so that I obtain a sequence 7 = sg > s1 > ... >

0 such that
1 n; g
§E Z(1+A1j)1{nj =7} > E ZAijl{Yij € [s1,7)} ¢,
j=1 Jj=1
n; g
(1=0EQ Y (1+8y)1{Yy € [sqse-1)} p = EQY Ayl{Yij € [sqr1,8)} oo a=1.
j=1 j=1

I claim that such a sequence cannot be infinite; i.e. there exists a finite N such that sy 1 = 0.

Suppose suppose s, — s* > 0 then by the definition of s, it holds that

n;

(1=E{ > (1 +Ay)1{Yy) € [sg50-0)} p =Eq Y Ayl {Yij € [sgr1,80)} oo =1,
j=1 j=1

since failure is possible at any moment and thus the right side is continuous in s441. Summing

overq=1,2,... gives

(1—OESD (1+Ay)1{Y; € [s*7)} p =B Y Ay1{Yy; € [s%,51)}
=1 =1
Iremove (1 — €)E { i A;j1{Y;; € [s*, 7')}} from the left,
j=1

nq
(1-¢E { > A1{Y;5 € [s¥, 81)}} from the right and got
j=1

(1 — G)E Zil {Yl] € [S*,T)} < €E ZZAwl{Y;j S [S*,Sl)}

Jj=1 Jj=1
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And thus
E{il{}/}je[s*ﬁ)}} E{i1{mje[sl,7)}}

€
>
1—c¢

>

E{%Aijl{mj < [S*asl)}} E{iAijl{Y;j € [0,7)}}

1—6;

a contradiction is achieved. I have shown there exists a finite N such that sy 1 = 0.

If {A,,} is not uniformly bounded, then there exists a subsequence {A,,} such that

A~

A,y (1) — oo asm/ — oo. If this is true, (B.11) will go to negative infinity, contradict-
g g y

ing the definition of the NPMCLE.
Therefore, A, (7) is uniformly bounded.
I rewrite the parameter space for NPMCLE inference:

© = BxRxL, (B.12)
:= {A(") : non-decreasing step cadlag function in [0, 7| with jumps at observed failure time points

and A(0) = 0,A(1) = Vp < o0} .

I rewrite A,,, as

t
Am(t):/ 1 e,
0 Wm(u;/@mvﬁvam)

where

1
W(U,OvﬁapaA) = HZD(UaOWOkaBapaA)7
k<j
Wm(uaﬁvpaA) = Pm[W(u>O7/87p7A>]7 WO(uaﬁap7A):PO[W(U70757P7A)]7

Gl = YA <1,
j=1

Gm(t) = P [ D MUY <t} Golt) =P | D A;1{Y; <t}
j=1 Jj=1

The above identity of Am is derived from the score function of an one-dimensional sub-model

passing through parameters (Bm, Pms Am) in the “direction” of hy:

f\in(u) = /Ou(l + eht(s))d[\m(s) ;
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i.e. taking the derivative of the empirical composite marginal log-likelihood contribution under
(B P> AS,) of € at e = 0. Setting hy(s) = 1{s <t} and letting ¢ vary arbitrarily on [0, 7], the

identity is found. The intermediate term [\m is defined

- t 1
A (t) =
Q /o W (u; Bo, po, Ao)

dGpm(u) .

Trivially, I can write

A t !
olt) = /o Wo(u; ﬁoapo,Ao)dGO(u) .

In Appendix C, I verify that the following two function classes indexed by ¢ and (u, 8) respectively

t
Fi o= {ft(O) = / g(s)dG(s) : g is a cadlag function on [0, 7] and ||g||v < M; < oo}
0
W= {W(u, 0;8,p,A) s ue[0,7],(8,p,A) € O}

are Py-Donsker. Thus A, (t) uniformly converges to Ag(t):

HAm(.) - AO(i)Hoo N ‘ /0 <Wm(U; ﬁt,po,Ao)dGm(u) ~ Wol(u; Bi,po,Ao)dGO(w) Hoo

= ’ /o <Wm(u§/3107p07A0) N Wo(u;ﬂzapo,A0)> dGoly) ‘oo
L g (o)~ dGito]|

= welor] Wm(U;ﬁLpo,Ao) - Wo(U;ﬂi,po,Ao) /0 AGolu)
L ey 0t -~ dGo] |

I do not apply Helly’s Selection Lemma directly to the subsequence of NPMCLE {f\n} Instead,

I define a point-wise converging sub-subsequence {n’} of subsequence {n} as

Brr = B, = 05 Wi (5 Bt prrs Apr) = W () pointwise.

A~

I define A*(t) := fg W%(u)dGo(u). By the Dominated Convergence Theorem, A, converges to A*
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uniformly since:

[ -a] = ‘/0 Wn/m;éj,ﬁn/,A,,)dG”'(“)_/o. 7ol )
_ ‘/O Wn,(u;B;’ﬁn/’An/)(dan,(u)—dGo(U)) .
*‘ | (wn,w; ek W3<u>> Aol
< ‘ /| Vo 51,, R ) —dGo)|
+/oT W (0 B;, o A) W*l(u) AGo(u)
— 0. (B.13)

By definitions of the four sets of parameters (sequences), these two quantities dA,, (t) /dA,, (t) and

dA*(t)/dAy(t) are also defined. By definitions, I write

t ) .
Aw(t) = / Wae (s B, 00, B0)_ 5y (B.14)
0o Wy (u; Bn’a ﬁnU An’)

Since
1) Wy (u; 8, p, A) = Wy(u; B, p, A) uniformly in [0, 7] X O;
2) Wo(-; 8, p, A) is continuous in 3, p, A;

3) Wy(+;-,,-) is uniformly bounded in some strictly positive interval.

ot - )

< HWn’(Ua Bn’aﬁn/aAn’) - WO(U; Bn’apAn/aAn’) ‘oo + HWO(Ua Bn’apAn’aAn’) - WO(U; ﬁ*ap*aA*)

‘OO

The first term converges to 0 as n’ — oo. As for the second term, the Mean Value Theorem gives

.

Ay — A

W s B o B) = W (1 7, 7 )

< LillBw = 811+ Lallw — °ll + Ls | -0,

oo

since all first derivatives in W (u; 3, p, A) of (53, p, A) are uniformly bounded.



128

In Lin et al. (2000) Lemma 1, the authors claimed that: let f,,/, g, be two sequences of bounded

functions such that for some constant 7:

(@) sup |fu(t) — f(t)] — 0 where f is continuous on [0, 7];
o<t<r

(b) {an} 1S monotone on [o, T];

(¢) sup |gn(t) — g(t)] — O for some bounded function g;

0<t<r
Then
t t
0227 /0 fn/(s)dgn/(s)—/o f(s)dg(s)] — 0,
¢ ¢
sup | @t = [ atsraro| = o.

W (4:80,p0,A0)
W (U;Bn/ Pt Ar)

In (B.14) {A,,/} serves the character of {g,/} and serves the character of {f,}

since
Wi (u; Bo, po, Ao) — Wo(u; Bos po, Ao)
W (u; Bn/,ﬁn/,[&n/) Wo(u; B*, p*, A*)
< CHWn’(U; Bo, po, Mo)Wo(u; B*, p*, A*) — Wi (u; Bn'aﬁn’»An')Wo(U;ﬁo,Po,Ao)"oo
= C|[Wy(u; Bo, po, Mo)Wo(u; 87, p, A%) — Wo(u; Bo, po, Ao) Wo(u; B%, p*, A7)
+C "Wn’(u;ﬁn/vﬁnUAn’)WO(u; Bos pos Ao) — Wo(u; 87, p, A" )Wo(u; Bo,po,Ao)HOO
— 0.

I take limits of both sides in (B.14), and uniformly for ¢ € [0, 7], it is true that

_ ! WO(u;ﬁ()avaAO)dAo(u)

A (t) =
() 0 WO(u;ﬁ*ap*aA*)
which gives this equality:
dA*(u) _ Wo(u; Bo, po, Ao)
dAo(u) — Wo(u; 5%, p*, A*)

implying uniformly on u € [0, 7]: dA, (t)/dAy (t) = dA*(t)/dAo(t).
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Since {clog(O; Bn/, P f&n/) — clog(O:; Bo, po, An/)} is shown to be Py-Glivenko-Cantelli in

Appendix C, I come up with
Pr{clog(O; By s Ar) = clog(O; o, po. Aw)} 2 0,
lmplylng PO{ClOg(Ov Bn” ﬁn’a An/) - ClOg(O, BOa P0, ]\n’)} > _0(]‘) :

Together with the above proved (uniform) convergence sequences:

Bn’ — ﬁ*, Pt — p*, Ay — A*, dAn//dAn/ — dA*/dAO ;

Tget  Po{clog(O; B, purs M) — clog(O; Bo, po, M)} — Po{clog(O; 5%, p*, A*) — clog(O; Bo, po, Ao)} -

By model identifiability with regards to the composite Kullback-Leibler distance,

/8* :B()v p* = pPo, A* :AO-

Therefore, consistency is proved. 0
Theorem 5.2.3

Since this frailty model has an infinite dimensional parameter A, I need to take care of score and in-
formation operator calculations to prove the NPMCLE weak convergence. To facilitate the develop-
ment of these operators, I use the Banach space from Lemma 5.2.1 to index the infinite-dimensional

parameters:

H = {(hl, ho,hs) : by € R, hy € R%, hs(t) is a cadlag function on [O,T]} ,

equipped with the norm ||A||3 := ||h1]| + ||h2]|| + ||s]]v -
I define subspaces of H as
Hp:={heH:|[hllx <p}, VP>0,

and the inequality will be strict if p = oco.
H; is sufficient to extract all components of 6, if 0 is viewed as an element of [*°(H),
ie. bounded functions defined on H such that §(h) := h{B + hip + [; hs(u)dA(u).

For example, hy = ((1,0,...,0)7,(0,...,0)7,0) extracts out the first component of f3,
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he = ((0,...,007,(0,1,0,...,0)7,0) extracts out the second component of p and hy =
((0,...,0)7,(0,...,0)7,1{(-) < u}) extracts A(u). I also view (8 — Bo,p — po, A — Ag) as

bounded functions on H; by defining its value at (hy, he, h3)

(8 — Bo)ha + (p — po)Tha + /D " hs(u)d(A — Ao)(u) -

In the following I discuss the weak uniform convergence of \/E(Bm — Bo, Pm — pPo, Am — Ap) in

the metric space [°°(#; ), which has the following norm:

forsome f € [*(H1): ||fl| = hseu?lt) [f(h)] -

I use Theorem 3.3.1 in van der Vaart and Wellner (1996) to show the weak convergence. This
theorem is stated as the followings.

Suppose there are two random mappings W,, and V¥, to be defined later, such that
U (B, po, Ao) = 0 for some interior point (5, po, Ao) € O, \I/m(BAm, Py [\m)fm for some random
sequence (Bm, Prms f\m) C O, and the followings are true:
P.1 (Bm, Prms Am) is consistent for (Sy, po, Ao);
P2 /m (¥, — ¥) (5o, po, Ao) converges in distribution to a tight random element Z;
P3

\/E(\I]m - \I}) (Bmvﬁvam) - \/m(qlm - \I]) (50;10071\0)
= op (14 VmllBm — ol + Vimllm = poll + Vil [ = Bolloc)

P4 W (B, p, A) is Fréchet differentiable at (39, po, Ao);
P.5 The derivative of ¥(8, p,A) in (3, p, A) at (8o, po, Ao), denoted by ¥(8Bq, po, Ao), is continu-
ously invertible.

Then
\/E(IBT,Z); - Bga ﬁg - pgaAm - Ao)g - qj(ﬂo:po; Ao)il(Z) .

Proof. In the following I show that conditions P.1~P.5 are satisfied in my model.
I define two random maps V,,, and V.
For this purpose, I define a neighbourhood of the true parameter (fy, po, Ao), denoted by U,

which is a subset of O:

U= {m,A) 118 = Boll + 1o — pol | + sup [A(t) — Ao(D)] < eo} ,

te[0,7]
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for a very small fixed constant ¢9 > 0. Clearly, when the sample size m is large enough,
(ﬁm, Prms Am) belongs to U with probability approaching one.
I note ¥,,, and ¥ are maps from U to {°°(#;) such that [*°(7{1) consists of all the bounded

functions on H;:

d
Wi (B, p, A)[h1, b2, hs] = &Pmdog(O; B+ ehi,p+eha, A+ 6/h3d/\) =P, V(O;8,p,A)(h),
e=0
d
\IJ(va7A)[h17h27h3] = dEPOClOg(O;ﬁ_‘_€h17p+6h27A+6/h3dA) :POV(OHBap?A)(h) )
e=0
where V(O; B8, p,A)[h] = diclog(O; B+ €hi,p+ eha, A+ e/hgdA)
€ e=0

= {thclogﬁ(O;B,p, A) + hj clog,(O; B, p, A) + cloga(O; B, p, A) [/ hsz}} -

clogg(O; B, p, A) is the composite score for 3, clog,(O; B, p, A) is the composite score for p and
cloga(O; B, p, A) [ S hgdA] is the composite score for A from the submodel A + € [ hgdA: € is the
parameter. These quantities were derived by using the fact that the integral and differentiation signs

are exchangeable. It is trivial that

\I’m(/éma[)ma[xm) =0; \Il(ﬁ[)a PO,AU) =0.

Condition P.1 has been shown.

To show the weak convergence in P.2 of the theorem, I want to verify the function class
{V(Oa 57 Py A)(h‘) : (hh hg, h3> € Hl? (67 P A) € U}

is Py-Donsker. This procedure is quite similar to the two classes considered in Appendix C and thus

omitted.

To verify P.3, by the Fy-Donsker preservation theorem,

{V(0;8,p,A)(h) — V(O; Bo, po, Ao) () : (B,p,A) € U h € Hy}

is Py-Donsker as well. I claim

sup Py [V(O; B, p, A)(h) — V(O3 Bo, po, Ao) (h)]?
heHy

< Py[Mi]|Bo — Bl + Mal|po — pl| + Ms||Ag — Al|c)? (B.15)

- 0 as”(ﬁaﬂA)_(/307P07A0)||oo—>07
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since everything in V' (O; 8, p, A)(h) is continuous with regards to (3, p, A(Y1),...,A(Y,)) so the
Mean Value Theorem can be applied. Because all random variables are uniformly bounded, there
exists finite constants (M7, Mo, Ms).

Therefore, according to Lemma 3.3.5 from van der Vaart and Wellner (1996), P.3 holds.

To verify the Fréchet differentiability of the composite score function, I first consider the
Gateaux derivative of ¥ at (39, po, Ag), denoted by W, which is a map from the set U =
{(B—Bo,p—po,A—Ao) : (B,p,A) € U} toI>®(Hq);1e. I°(H1) — I°(Hq).

Straightforward calculations yield that

q’(ﬂ—ﬂoap—Po,A—Ao)[hl,hm/hgd/\o]

= (B—B0) T (h1,h2,h3) + (p — po)T Tapy (h1, ha, h3) + /0 73,00 (h1, ha, hg)d(A — Ag)
= (B=B0)" [Tip60(h1) + Tipe0(h2) + Tine,(h3)]
+(p = p0)T [T2.8.00(h1) + T2.p.00 (h2) + Ton 00 (h3)]

+ / .50 (1) + Topo (h2) + Toongo (h)] d(A — Ao)
0

The operator Ty, : lin H1 — lin H, can be written as

Tig00 Tipoo  Tia00 hi
Too(h) = Tape, Topoo T2.n0, ha
Ts.800 T3.p.00 73,100 hs

Since integral under P, and differentiation are exchangeable, I get

(h1) = hi Pyclogss(O; Bo, po, Ao)
(ha) = hj Poclogs,(O; Bo, po, Mo)
Tinso(hs) = Po /0 " s, 0: B, po, Ao)hs(u)dAo(u)
(h1) = hi Pyclog,s(O; Bo, po, Ao)
(ha) = k3 Pyclogp,(O; Bo, po, Ao)
(h3)

= Po/ C,(u, O; Bo, po, No)ha(u)dAo(uw)
0

T
Tsp00(h1)(t) = Po | q;(0; B0, p0, M) I{Y; > t}| M

Jj=1
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T
T3,000(R2)(t) = Fo ZCL' O'BOvaaAO)l{}/}'>t}:| ha

Tane,(h3)(t) = Fo / ZB u, O; Bo, po, Ao) 1{Y; > t}ha(u )dAo(u)> ;

where I define

Cs(u, 05 Bo, po, No) = — 75 W(u,O; o, po, Ao)
Cp(u, O; Bo, po, No) = — 7, W(u,O; Bo, po, Ao)
4;(0; Bo, po, Ao) = 8clogga(i; (B}ij)po =
0 rg = e
1 eZI1{Y; > u} [1 +(1- ij)eZgﬁvo(Yk)}
Bj(u, O; Bo, po, Ao) = —0 (n — 1; (1+ A+ Ag) (05 Or: Bos Aos po)

Y;) .

Ar(1 = pi)e? LY > u} [ Aj(1— pjr)e?d FoAg(Y) + 1]
oA
w(Oj, Ox; Bo, Ao, po) ol

In the following I verify the above derivative is indeed the Fréchet derivative. I work on this

quantity, which is a map from (°°(H;) to I°°(H1):

sup
[|hs|lv <1

—(8 - 60)" Po {/0 Cs(u, O; Bo, po, Ao)h3(u)d/\0(u)}

o (8 = Bo) [T Po {Cis(u, O; B*. po, AoYha(u)dAo(u) — [T Ca(u, O; Bo, po, Ao)hs(w)dAo () ] |
118 = Boll

/07' Py {Cg(u,O;ﬁ*,po,Ao)hg( YdAo(u / Cs(u, O; Bo, po, Ao)hs(u)dAo(u )}

Po{ / W (u, O; B, po, Ao)hs(u)dAo(u / W (u, O; Bo, po, Ao)ha(u)dAo(u )}

< sup
[[hallyv <1

. (B.16)

such that ||5* — Bo|| < || — Boll; the last inequality is Cauchy-Schwartz inequality. As ||5— So|| —
0, due to the smoothness of Cg(u, O; 3, po, Ag) in 5 and since Ay and h3 are bounded functions on

[0, 7], quantity in (B.16) goes to zero.
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Similarly I get

lim sup
P20 |||y <1

- )Ry { [ Cp(U,0;50,007A0)h3(u)d1\0(u)}‘ Mo poll = 0.

Po{ / W (1, O; fi, pho)hs(u)dho(u / W (u, O o, po Ao)hs(u)dAo(u )}

I define ¢;(O; Bo, po, Ao) = Oclogs(O; Bo, po, Ao)/OAo(Y;) and considered this quantity

|| s1‘1|p |h{ {Py [clogs(O; Bo, po, A) — clogs(O; o, po, Ao)]
hi]|<1

-PR

S 43(0: By, por o) / "1y} > (A - Ao)(t)] } / sup | / " ha(u)d(A — Ag)(w)

hallv<1 Jo

j=1
< P {Z%’(O;ﬁoapo,f\*) /OT HY; > thd(A - Ao)(t)]
—Py | Y a;(0; Bo. po; o) /OT HY; > thd(A — Ao)(t)}l JIIA = Aoloo
=
F i(qJ(O B0, po, A*) — 4;(O; Bo, po, Mo)) fo 1{Y; > t}d(A — Ao)(t) H
B ' 1A= Aolloo
< Py Z 4;(O; Bo, po, A*) — qg’(O;ﬁo,po,Ao))” :
]:1

due to the smoothness of g; in Ag. It will converge to zero as ||A — Ag||oc — 0.

Similarly,

HSllllp ‘h’2 {PO [clogp(O BOava ) Clogp(O;ﬁﬂvp()aAO)]
hol|<1

_PO

Z@(O;Bo,po,f\o)/oT 1{Y; > t}d(A - Ao)(t)] } /IIA = Agllse — 0
j=1

as ||A — Ag||oo — 0.
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In the end, I consider this quantity

/ W (w; Bo, po, A)hs(u)dA(u / W (u; Bo, po, Ao)ha(u)dA(u)

sup
[[h3llv <1

P, /0/0 ;B 6 Bo, pos Ao)1{Y; > £hd(A — Ao) (£)ha(w)dAo(w)

= sup Po{/ ZB (us Bo, po, A7) (A(Y;) — Ao(Y))) ha(u )dAO(U)}

[|hs|lv <1
{ / / i B, po, Ao) L{Y; > }d(A — Ao) (¢ )hB(U)dAo(U)}
= sup | Py {/ (u; Bo, po, A*) — Bj(u; Bo, po, Ao)] (A — Ao)(%’)hz%(u)d/\o(u)}
[|hsllv <1
< sup Py {/TZ | Bj(u; Bo, po, A*) — Bj(u; Bo, po, Mo)| h3(u)d1\0(u)} X [|A = Aollos -
[|hs]lv <1 0 j=1
Thus, I have
sup / W (w; Bo, po, A)hig(u)dA(u / W (u; Bo, po, Ao)hs(u)dA(u)
[|he]|<1

- (Po / / ZB (3 B, poy Ao)1{Y; = thd(A — Ao><>h3<u>dAo<u>) / 1A = Aolloc

converging to 0 as ||A — Ag||ec — 0.

As a summary, [ have verified the Gdateaux derivative is the Fréchet derivative of
W(B, p, A)[h1, ha, [ hadAo] at (8o, po, Ao) by parts.

Before showing W is continuously invertiable, in the following I first show 7y, (k) is invertible

and then I show it is also a Fredholm operator. I note that

Too ()

1 n
33 (T cloga(0;, Ok o po, o) + h clog, (05, O o, po, o)

i=1j<k

x -E

2
+0109A(Oj,0k;507p0,/\0)[/ h3dAo]}
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i.e. all pairwise score functions will be zero a.s. for the one-dimensional sub-model defined in the
direction of h. By Lemma 5.2.1, it implies & = 0 and thus 7y, (k) is invertible.

To show 7, (h) is a Fredholm operator, I define

Pyclogp s(O; Bo, p, Ao) - Poclogg,,(O; Bo, p, Ao) 0 hy
A(h) = Pyclog, 5(0; Bo, p, Ao)  Poclogp,a(O; Bo, p, Ao) 0 ha
0 0 —PyW (t; Bo, p, Ao) h3
B A 0 (h1,ho)T
O\ 0 —RW( o A) hs

A(h) is a continuously invertible operator trivially:

At 0 (h1,ho)”
0 ha

A7Yh) = X
~ PoW (t;80,p,M0)

In the following I show the remaining part K (h) := Tp,(h) — A(h) is a compact operator. I write

out K (h) explicitly

K(h) = Ki(h)+ Ka(h)+ K3(h) ,

where
Ki(h) = Py / C(u, O fo, po, Ao hs(u)do () + Py / C,p (1, O; o, po, Ao (u)do(u)
0 0
i n T n T
Ky(h) = Py |> 4;(0;B0,p0, 80)1{Y; =t} | h1+ Py | 4(0; o, po, Mo)1{Y; > t}| ha,

_j: 7=1

1
K3<h) = P() /OT ZBJ‘(U, O; ,Bo,po,Ao)l{Y} > t}hg(ﬂ)dAo(U)
j=1

K1 (h) and K2 (h) are bounded linear operators with finite-dimensional range and thus are compact,

as discussed in Murphy et al. (1997).

For K3(h), I consider a sequence of indexing elements {1y, han, han} C Hi. I write every hgy,
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in the form as

h‘3n(t) = h;_n(t) _h3_n(t)
han(t) if hs,(t) >0
where h3, (t) = an (1) an (1) ,
0 otherwise
—hs3,(t) if hs,(t) <0
i~ e T
0 otherwise

By Helly’s Selection Lemma, there exists a subsequence of {hay}: {han,} such that b3, — ggs
and h3, — go3 point-wise, where ||gds|lv < 1 and ||gg3]|v < 1. By the Dominant Convergence

Theorem
1K3(hd,.) — K3(gga)llv = |[K3(hd,,. — ggs)llv < C/O |h3. — 90| (w)dAg(u) = 0.

Thus
|| K3(h3n,) — K3(go3)|lv = 0.

Therefore I have shown there exists a subsequence and an element gy € 1 such that
1K () = K (go)l[2, = 0.

As a summary, I have shown the operator 7y, : H1 — H is a Fredholm operator.

I write the mapping W as
U(B— Bo,p — pos A — Ao)[hi, ha, / hadAo]
— (B B0 T hasla) + (o= p0) Tl P B) [ Talh s ) @)d(A — Ao)(a)
0

Due to the property of parameter space, it is trivial that ¥ is continuously invertible.

Therefore, conditions P.1~P.5 are satisfied and Theorem 2 holds. OJ
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Appendix C
ADDITIONAL PROOFS FOR APPENDIX B

Here I show two classes of functions in Appendix B are Fy-Donsker and the third class of

functions is FPy-Glivenko-Cantelli.

C.0.1 The first class of functions

Remember I define

n
G(O:t) =Y AjI{Y; <t}.
j=1
Then following class of functions, indexed by ¢ € [0, 7]:
t
Fa = {fg(O;t) = / g(8)dG(O; s) : g is a cadlag function on [0, 7] and ||g||y < M7 < 00, O ~ Po}
0
is Py-Donsker.
Proof. 1 consider another function class which is also indexed by ¢
t
Fo = {fO(O;t) = / g(s)dG(O; s) : g is monotone on [0, 7] and ||g||y < M; < 00,0 ~ PO} ,
0
which can be rewritten as
n
Fo = fo(O:t) =D g(Vj)I{Y; < t}A; : t € [0, 7],
j=1
g is a monotone function on [0, 7] and ||g||v < M; < 00,0 ~ Py} .
For a single observation O}, consider the function class:

Fi= {fi(05:1) = g(0;)1{0; < t}A; : t € [0, 7],

g is a monotone function on [0, 7] and ||g||v < M; < oo} .
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For some fixed O;, f1(O;;t) is a monotone function in ¢. According to Exercise 3 on page 165 in
van der Vaart and Wellner (1996), logarithm of the corresponding number of brackets is in a polyno-
mial order and thus J is Py-Donsker. That is to say, for any € > 0, denote [f1(O;;tL), f1(0;;tV)],

s=1,...,Nj. as the set of brackets covering F; such that

1£1(055t5) = F1(O3tD)|nary) < €/m0

and log(N; () is in the order (O(1)/€)M¢, M, is some finite number.
I propose a new set of brackets whose boundary point/function corresponding parameter values
are the union of {tfs,tg{s :s=1,...,Nj., j=1,...,n} and denoted them by
[fo(O5th), fo(OstN]; q=1,...,Nc~ (O(1)/e)M .
Thus, I get

folO3th) < fo(05t') < fo(0;tY)

1£0(03t5) = folOs t) Lo(ryy < DN AO55 ) = 11O 15 )| o) < € -
j=1

Since there is also a square integrable envelope function for Fy, Fq is Fy-Donsker. Since every
element in F» can be expressed as a summation of two elements in Jq, F2 is also Fy-Donsker by

the preservation theorem. O

C.0.2 The second class of functions

The function class:
W={W(u,O;8,p,A): O~PFy; uel0r], (B,pA) €O}

is Py-Donsker, where

= 1
W(w0:8,p8) = > {—=> |(1+4;+4y)
j=1 oy
T
Ap(1 = pjr)e” P1{Y; = u} | A5(1 = pjr)eE A (V) + 1}

_ ., O~Dy.
w(0;,04: B, A, p) ’

AIPYG > ud [14+ (1= e A (V)|
U(Oj7 Oka Bv A7 p)
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Proof. For a pair of elements from W, given a sample O, their absolute difference is bounded by

W (u1, 0; Ba, p2, Az) — W(u1, 03 B1, pr, A1)| < Ao < 181 — Ball + [lo1 — pal| + D _|A1(Y;) — Ao
=1

The above bound is achieved by noting W (u,O;f,p,A) is absolute continuous in
(B,p,A(Y1),...,A(Y,)) and every element in W (u,O;f3,p,A) is uniformly bounded; thus
W (u, O; B, p, A) is Lipschitz continuous in (53, p, A(Y1), ..., A(Y},)). Define a function

h(O; A1, Ao) = Z|A2 )| .

The right side of the above inequality can be rewritten as

Ao {[1B1 — Bal| + Ilp1 — p2|| + h(O; A1, A2)}.
By Theorem 2.7.5 in van der Vaart and Wellner (1996), the number of brackets of

{  A(") : non-decreasing step function in [0, 7] with jumps at the observed failure times

and A(0) = 0,A(7) < C}

is in the order of exp (O(1)/e), under probability measure Fy. Further due to the compactness
in the finite-dimensional part of the parameter, for Ve > 0, there exists a finite bracket interval
[BL, BYT x [pL, pU] x [AL,AY], s = 1,..., N covering ©, where N, ~ exp (O(1)/¢) such that for

arbitrary 8’ = (', p’, A’) € ©, there is some s such that
S <B <8, pﬁ </ <pl, A< A’(-) <AJ();
L U L U
— AZ(Y)—AZ (Y
HB B H 12n A ; Hps psH 12n A ) H s( ) s( )HLQ P0)<

ie. 187 =B <1185 = BNl < 55 A: ek =Pl < 11k = Pl <

AL AL U €
||h(O7As 7A,)||L2(P()) S ||h(O7AS ’AS )||L2(P()) < m .

6 .
127),0 AO ’

12nA’

I fix bracketing set and considered the function classes, s = 1, ..., N,:

We,s = {W( Oﬁs)ps’ ) UG[O’T]}'

)

By Exercise 3 on page 165 in van der Vaart and Wellner (1996), I denote the number of brackets for

Wes by [uly uly ]t =1,... N&®, where log(NS) is in a polynomial order. That is to say, for

Yi)l
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arbitrary Vu € [0, 7], there is some ¢t = 1, ..., N&* such that

W(uk, ., 0; BE, pk ALY < W(u,05 8F, pl, AL) < W, ,, 05 B, pk ALY,

€
HW( Ue s,ts Bs7ps7 )_W( Ue s,ts Bsﬂos?AL)HLQPo <2'

For an arbitrary function W (v/, O; 8', p’, A’) € W, it is contained in bracket
(W (uéss O3 87, p¢ A) — Ao {1187 = B + |lpl — oSl + h(O: AL, AD) Y

W gy, O: By, p5 AY) + Ao {1187 = BN+ llpl — i1l + (O AL A}
such that the distance between the boundary functions:

Wl 0 03 BE, kALY = W(ul 1, 05 8, pF, AF) +240 {118Y = BEII + 116 = o211 + h(O5 A%, AD)  llp, ()

IW (w0, 05 BE, o AL) = W(ul (03 BE, o AF) +240 {1167 — BEII + 116 — pE1| + h(O: AEAD) I, py)

< HW( Ue,s,t 5£7ps7 )7W(U£JS t?ohﬁfvpstL)HLg(Po)
+2A0HBL BU” + 2A()||p5 — Ps H +2A0Hh(O7A£7AsU)HL2(P0)
< §+E+,+, <e€.

6 6 6

Since it is straightforward to show the number of brackets is in the order exp(O(1)/¢€), W is Py-
Donsker by definition. O
C.0.3 The third class of functions

The function class indexed by the estimator sequence { (Bn s P n/> <50; 0o, A ) }:
{clog(O; B, s M) = clog(Os; o, po, A ); O ~ Po}
is Py-Glivenko-Cantelli.

Proof. First, I want to show this function class is contained by another function class Gy defined by:

Go = {f(O;pB1,p1, A1, B2, p2,A2) = clog(O; B1, p1, A1) — clog(O; B2, p2, A2) :

AN
(B1, p1, A1), (B2, p2,A2) € O,y = ——

AA ( ) [ml,Ml] andiSBVM2;ONP0}.

This relationship is true A
AN,y _ Wy (U; Bo, PO, AO)

—(u) = .
AVLWY Wy (U; B, Pn’s An’)
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I consider the partition at observed failure event time points corresponding to the dataset generating

(Bn/, ﬁn/,An/): t1 <ty <...<tg,andsetty = 0, tgy1 = 7; I write the total variation of 222:
as:
< Wi (tg+1; Bo, pos Ao) Wi (tg; Bo, pos Ao)
= | W (g B sy A W (tg: Burs s M)
QW (tar15 Bos pos Do) Wi (tas Burs s Anr) — Wi (t45 Bos pos M) War (tg1; Burs s M)
- ; W (g15 Bt ey M) - W (b3 B s M)
3 i W (tg1; Bo, po Do) W (t; B, s Awr) —QWn/aq;mpo,Ao>wnl<tq+1;3n/,ﬁn/,An/>
q=0 e
(C.D
where my denotes the lower bound of W (-; -, -, ).

For some 0 < ¢ < @, suppose 1{6;;y;; € (tg,t4+1]} = 1, then

Wm(tq; ,3, P, A) - Wm(tq—i-l; Ba P A)

" =B — 5 \e2hB
1 1 i e [1 + (1 p]k)e ik A(yk)]
- m;nl — 122 (2+5zk) U(Xiijik;ﬁvAvp)

Py
2T P
Oik (1 — pjg)e’ii [(1 — pir)e WP A(yx) + 1]
w(Xij, Xin; B, A, p)

1
< — M
ma

uniformly for (3, p, A) varying over ©; i.e.

L~ AA
{An/,An/} C {(Al,Ag) A€ E,AQ S E,y — TAI(U) S [ml,Ml] and is BVMQ} .
2

If can show Gy is Py-Glivenko-Cantelli, the proof is completed. In the following I show Gy is
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Py-Glivenko-Cantelli. I write functions from Gy as

clog(O; B, p1, A1) — Clog(o' Ba, p2, A2)
AA(Y5) -
= ZA{ N } ZZ (B1 — B2)

(1= pugp)e?s P e M Ay (V) A (Vi) + % P Ay (V) + eZE P A (V) + 1

(14+ A+ Ag)log

(1= paj)e? P2ePL P2 Ny (Y;) Mg (V) + €7 P A (X)) + €4 P2 A (V) + 1

+A5(1 = puk)e?e AL (Vi) + 1+ AjAkPuk>/
(A58k(1 = pogi)2e? P22 52 0y (V) A (Vi) + Ai(1 = pagi)e® 2 Aa (V)

+A;(1 - P2jk)€ZkrB?A2(Ykz) +1+ AjAkP2jk) -

The first term in the above is Fy-Glivenko-Cantelli with a similar argument as for /5. The remaining
terms form a Lipschitz function of (S, p1, A1(Y1), ..., A1(Yy), B2, p2, Aa(Y1), ..., Aa(Y},)) and
similar to VW argument, they also form a Fj-Glivenko-Cantelli class of functions. By addition

preservation Corollary 9.27 in Kosorok (2008), I have shown Gy is Py-Glivenko-Cantelli. L]



