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In the past two decades, vast high-dimensional biomedical datasets have become the mainstay
in various biomedical applications from genomics to neuroscience. These high-dimensional
data enable researchers to answer scientific questions that are impossible to answer with
classical, low-dimensional datasets. However, due to the “curse of dimensionality”, such high-
dimensional datasets also pose serious statistical challenges. Motivated by these emerging
applications, statisticians have devoted much effort to developing estimation methods for
high-dimensional linear models and graphical models. However, there is still little progress on
quantifying the uncertainty of the estimates, e.g., obtaining p-values and confidence intervals,
which are crucial for drawing scientific conclusions. While encouraging advances have been
made in this area over the past couple of years, the majority of existing high-dimensional
hypothesis testing methods still suffer from low statistical power or high computational
intensity.

In this dissertation, we focus on developing hypothesis testing methods for high-dimensional
linear and graphical models. In Chapter 2, we investigate a naive and simple two-step hy-
pothesis testing procedure for linear models. We show that, under appropriate conditions,
such a simple procedure controls type-I error rate, and is closely connected to more compli-
cated alternatives. We also show in numerical studies that such a simple procedure achieves

similar performance as procedures that are computationally more intense. In Chapter 3, we



consider hypothesis testing for linear regression that incorporates external information about
the relationship between variables represented by a graph, such as the gene regulatory net-
work. We show in theory and numerical studies that by incorporating informative external
information, our proposal is substantially more powerful than existing methods that ignore
such information. We also propose a more robust procedure for settings where the external
information is potentially inaccurate or imprecise. This robust procedure could adaptively
choose the amount of external information to be incorporated based on the data. In Chap-
ter 4, we shift our focus to Gaussian graphical models. We propose a novel procedure to
test whether two Gaussian graphical models share the same edge set while controlling the
false positive rate. In the case that two networks are different, our proposals could identify
specific nodes and edges that show differential connectivity. In this chapter, we also demon-
strate that when the goal is to identify differentially connected nodes and edges, the results
from our proposal are more interpretable than existing procedures based on covariance or
precision matrices. We finish the dissertation with a discussion in Chapter 5, in which we
present viable future research directions, and discuss a possible extension of our proposals

to vector autoregression models for time series.
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Chapter 1

INTRODUCTION
1.1 DMotivation

Recent technological advances have facilitated the collection of high-dimensional data in a
number of scientific fields. The common feature of these data is that the number of variables
for each sample, p, is usually much larger than the number of samples, n. For example,
genetic datasets are usually high-dimensional, in the sense that we have measurements on
more genes than individuals. Other common examples of high-dimensional data include
phylogenetic data, brain imaging data, high-frequency financial market data, and internet
user data.

Emerging high-dimensional data offer new opportunities for scientific discovery. For ex-
ample, with high-dimensional gene sequencing data, we could find mutations of genes that are
associated with the onset and progression of diseases, conditional on other deoxyribonucleic
acid (DNA) sequences; using high-dimensional brain imaging data, we could find differences
in brain connectivity between several hundred regions of interest (ROIs) between healthy in-
dividuals and patients with Alzheimer’s disease; using high-dimensional internet user data,
we could make more accurate item and content recommendations to users based on their
browsing and purchasing history.

However, in addition to providing new opportunities, due to the “curse of dimensional-
ity”, high-dimensional data also pose various statistical challenges (see, e.g., Donoho, 2000,
Fan and Li, 2006, Johnstone and Titterington, 2009, Fan et al., 2014a). In the past two
decades, numerous methods have been proposed to estimate parameters in linear models
and graphical models with high-dimensional data; see Section 1.2 for a brief introduction

of recent proposals. The drawback of these estimation methods is that they only provide



point estimates, without quantifications of the uncertainty of estimates, e.g., p-values and
confidence intervals, which are crucial for scientific reasoning. To address this issue, several
hypothesis testing procedures for high-dimensional data have been recently developed. We
present a short overview of those proposals in Section 1.3. Unfortunately, the majority of ex-
isting proposals are computationally intensive, hard to interpret, and/or have low statistical
power.

In this dissertation, we propose new hypothesis testing methods for high-dimensional data

and study their performances through theoretical derivations and numerical experiments.
1.2 Statistical Estimation With High-Dimensional Data

In this section, we present a brief summary of the recent development of statistical estimation

methodologies in linear and graphical models with high-dimensional data.

1.2.1 High-Dimensional Linear Models

In a high-dimensional linear model,
Ely| X] = X, (1.1)

where X € R"*? is a high-dimensional design matrix. Lasso (Tibshirani, 1996, Chen et al.,
1998) is commonly used to estimate the regression coefficient 3. Compared to ordinary least
squares (OLS), lasso further imposes an ¢; penalty on the least squares criterion, i.e.,

. (1
B = angmin { oy = Xl3 4 Ao, | 12)

beRpP

where A\ > 0 is the lasso tuning parameter, and B,\ is the lasso estimate of 3.

Theoretical properties of the lasso have been extensively studied in Osborne et al. (2000),
Fu and Knight (2000), Greenshtein and Ritov (2004), Tropp (2006), Meinshausen and Biithlmann
(2006), Greenshtein (2006), Zhao and Yu (2006), Rosset and Zhu (2007), Zou et al. (2007),
Buena et al. (2007), Zhang and Huang (2008), Lounici (2008), Meinshausen and Yu (2009),
Wainwright (2009), Bickel et al. (2009), Zhang (2009), van de Geer and Biithlmann (2009), Ye



and Zhang (2010), Dossal (2012), Tibshirani and Taylor (2012), Tibshirani (2013). Efficient
computation methods for the lasso are proposed in Fu (1998), Efron et al. (2004), Friedman
et al. (2007), Wu and Lange (2008), Friedman et al. (2010). Unlike earlier proposals, such
as ridge regression (Hoerl and Kennard, 1970b,a), bridge regression (Frank and Friedman,
1993) and nonnegative garrote (Breiman, 1995), lasso is able to produce sparse solutions, in
the sense that at most n of the p regression coefficient estimates are nonzero. This behav-
ior greatly facilitates interpretation of the result, and makes lasso especially appropriate for
the task of variable selection. However, without stringent conditions, lasso is likely unable
to recover the true set of nonzero regression coefficients, A = {j : 8; # 0} (Tropp, 2006,
Meinshausen and Bithlmann, 2006, Zhao and Yu, 2006, Wainwright, 2009).

Several modifications of the lasso, including, to name a few, least angle regression (Efron
et al., 2004), fused lasso (Tibshirani et al., 2005), elastic net (Zou and Hastie, 2005), group
lasso (Yuan and Lin, 2006), adaptive lasso (Zou, 2006), Dantzig selector (Candes and Tao,
2007), graph lasso (Jacob et al., 2009), square-root lasso (Belloni et al., 2011) and scaled lasso
(Sun and Zhang, 2012) have also been considered for improved estimation and prediction in
various problems. In addition, Park and Casella (2008), Hans (2009, 2010) considered the
Bayesian lasso regression. Although its posterior mean or median are not necessarily sparse,
the Bayesian lasso provides a convenient way to quantify the uncertainty of parameters. See
Tibshirani (2011) for a retrospective review of the lasso and its variants.

In addition to the lasso, which imposes an ¢; penalty on the least-squares criterion,
folded-concave penalties have also been considered to encourage sparsity in the estimates.
They include the smoothly clipped absolute deviation (SCAD) penalty (Fan and Li, 2001)
and minimax concave penalty (MCP) (Zhang, 2010a). Due to the non-convexity of the
objective function, computation with these penalties is more involved. Recent advances in
computation algorithms include Hunter and Lange (2004), Hunter and Li (2005), Kim et al.
(2008), Zou and Li (2008), Mazumder et al. (2011), Fan and Lv (2011). Theoretical properties
of methods based on folded-concave penalization are studied in Fan and Peng (2004), Zhang
(2010b), Fan and Lv (2011), Zhang and Zhang (2012), Wang et al. (2013), Zhang (2013),



Fan et al. (2014b), Wang et al. (2014). See Fan and Lv (2010) for a review of the progress

in high-dimensional linear regression estimation method in the past two decades.

1.2.2  High-Dimensional Graphical Models

In Gaussian graphical models (GGMs), we assume the design matrix X € R™? follows
a multivariate Gaussian distribution, i.e., X ~;,; 4 N,(0,X), where X is the population
covariance matrix. Based on multivariate Gaussian theory, the support of inverse covariance
matrices = X! corresponds to the conditional dependence relationship between variables.
Thus, in GGM inference, we are often interested in the support of the population inverse
covariance matrix.

Estimation methods for the support of the inverse covariance matrix include, among
others, ¢1-penalized linear regression (Meinshausen and Bithlmann, 2006, Peng et al., 2009,
Sun and Zhang, 2013), Dantzig-selector-based linear regression (Yuan, 2010), ¢;-penalized
likelihood-based methods (Huang et al., 2006, Yuan and Lin, 2007, Banerjee et al., 2008,
Friedman et al., 2008, Yuan, 2008, Rothman et al., 2008, Fan et al., 2009, Lam and Fan, 2009,
Ravikumar et al., 2011, Hsieh et al., 2011), SCAD-based penalized likelihood methods (Fan
et al., 2009, Lam and Fan, 2009) and constrained ¢;-minimization methods (Cai et al., 2011);
see Drton and Maathuis (2017) for a review on GGM estimation methods. A number of recent
proposals have also considered joint estimation of multiple GGMs in related populations.
By leveraging similarities among parameters in multiple populations, joint GGM estimation
methods can result in improved estimation performance of GGMs; they include Guo et al.
(2011), Mohan et al. (2014), Danaher et al. (2014), Zhao et al. (2014), Peterson et al. (2015),
Saegusa and Shojaie (2016), Cai et al. (2016),

1.3 Hypothesis Testing With High-Dimensional Data

In this section, we review recent proposals on hypothesis testing procedures with high-
dimensional data.

For the linear model, early efforts to devise formal high-dimensional hypothesis tests for



B include least squares kernel machine (LSKM; Liu et al., 2007, Kwee et al., 2007) and se-
quence kernel association test (SKAT; Wu et al., 2010, 2011, Lee et al., 2012b,a, Ionita-Laza
et al., 2013). These methods examine multiple entries in 3 together and are hence not ap-
propriate to identify individual variables that are conditionally associated with the outcome.
Early work on inference procedures for individual entries in 3 focused on bootstrapping
(Bach, 2008, Chatterjee and Lahiri, 2011, 2013), and subsampling to control the family-wise
error rate (FWER) (Meinshausen and Biithlmann, 2010, Shah and Samworth, 2013). How-
ever, bootstrapping and subsampling are computationally expensive, and their finite sample
properties may not be desirable. More recently, two additional classes of high-dimensional
tests have been proposed to examine the conditional association of individual variables using
recent theoretical development for the lasso. The first class consists of debiased tests (Javan-
mard and Montanari, 2013b,a, Bithlmann, 2013, Zhang and Zhang, 2014, van de Geer et al.,
2014, Javanmard and Montanari, 2014a,b, Ning and Liu, 2017), while the second consists of
post-selection inference procedures (Wasserman and Roeder, 2009, Meinshausen et al., 2009,
Weinstein et al., 2013, Berk et al., 2013, Belloni et al., 2014, Lee et al., 2016, Tibshirani
et al., 2016). We describe these latter two classes of tests in more detail in Chapter 2.

Early work on high-dimensional hypothesis testing procedures for GGMs focused on the
population covariance matrix 3. For example, the proposals in Ledoit and Wolf (2002),
Srivastava (2005), Birke and Dette (2005), Bai et al. (2009), Chen et al. (2010), Jiang et al.
(2012), Cai and Ma (2013) examine whether some specific entries in the population covariance
matrix are equal to zero; the proposals in Schott (2007), Srivastava and Yanagihara (2010),
Li and Chen (2012), Cai et al. (2013), Cai and Zhang (2016), on the other hand, focus
on testing whether the covariance matrices in two populations are equal. More recently,
inference on the inverse covariance matrix 2 has also been considered. Specifically, Ren
et al. (2015), Jankova and van de Geer (2015, 2017), Xia and Li (2017) examine a single
inverse covariance matrix, whereas Xia et al. (2015), Belilovsky et al. (2016) test the equality

of two inverse covariance matrices.

Despite promising improvements over the last decade, existing procedures suffer from a



few weaknesses, which we will try to address in this dissertation.

1. Most of the hypothesis testing proposals described above are complicated and compu-
tationally intensive. In Chapter 2, we consider a simple and naive two-step procedure
for this task, in which we (i) fit a lasso model in order to obtain a subset of the variables;
and (ii) fit an OLS model on the lasso-selected set. Conventional statistical wisdom
tells us that we cannot make use of the standard statistical inference tools for the
resulting OLS model (such as t-tests) since we have peeked at the data twice: once in
running the lasso, and again in fitting the OLS model. However, in Chapter 2, we show
that under certain assumptions, with high probability, the set of variables selected by
the lasso is deterministic. Consequently, the naive two-step approach can yield con-
fidence intervals that have asymptotically correct coverage, as well as p-values with
proper type-I error control. Furthermore, this two-step approach unifies two existing
camps of work on high-dimensional inference: recent research on inference based on a
sub-model selected by the lasso (lasso post selection inference), and research focusing

on inference using a debiased version of the lasso estimator (lasso debiased tests).

2. Graph-constrained estimation methods, which incorporate external graphical infor-
mation on the relationship between variables, can result in more accurate estimates,
especially in high dimensions. Unfortunately, such valuable information is usually ig-
nored in hypothesis testing. In Chapter 3, we present a new inference framework,
called the Grace test, which produces coefficient estimates and corresponding p-values
while incorporating the external graph information. We show, both theoretically and
numerically, that the proposed method asymptotically controls the type-I error rate
regardless of the informativeness of the graph. We also show that when the underlying
graph is informative, the Grace test is asymptotically more powerful than similar tests
that ignore the external information. We study the power properties of the proposed
test when the graph is not fully informative and develop a more robust Grace-ridge test

for such settings. Our numerical studies show that as long as the graph is reasonably



informative, the proposed inference procedures deliver improved statistical power over

existing methods that ignore external information.

3. In Chapter 4, we focus on testing whether two Gaussian conditional dependence net-
works are the same. Existing methods try to accomplish this goal by either directly
comparing their estimated structures without taking into account their uncertainty, or
testing the null hypothesis that their inverse correlation matrices are equal. However,
high-dimensional GGM estimation approaches rarely provide measures of uncertainty,
e.g., p-values, which are crucial in drawing scientific conclusions, whereas the testing
approaches might lead to misleading results in some cases, as we illustrate in Chapter 4.
To address these shortcomings, we propose a two-step hypothesis testing framework,
which tests the null hypothesis that the edge sets in two networks are the same. Our
framework is especially appropriate if the goal is to identify nodes or edges that exhibit
differential connectivity. We show, using theoretical and numerical analyses, that our
proposal controls the type-I error rate. We demonstrate the applicability of our method

in brain imaging and cancer genetics datasets.

1.4 Notations and Conventions

In this section, we introduce some of the notations used throughout the dissertation.

We use bold upper case fonts to denote matrices, bold lower case fonts to denote vectors,
and normal fonts to denote scalars. Specifically, we use I, 1 and 0 to denote the identity
matrix, and vectors of ones and of zeros, respectively. For two symmetric matrices A and
B, we use A < B to denote that B — A is positive semi-definite, and use A < B to denote
that B — A is positive definite; we use ¢2; [A] and ¢?_ [A] to denote its minimum and

min max
maximum eigenvalues, respectively. For any vector b and any matrix M, ||b]|, = (3_; YR,
[M [ = $upgjafj =1 [ M| for 1 < k < 00; [|bllo = [supp(b)], [|bllec = max;{b;}, | Mo =
maxi{zj (M 5|} and || M ||max = max; j{|M )|} supp(-), sign(-), diag(-), tr(-) and vec(:)

are used to denote the support of a vector, the vector of signs of entries in a vector, the



vector of diagonal entries in a matrix, the trace of a matrix and the vectorization of a
matrix, respectively.

We use calligraphy fonts to denote sets. Given a set S, |S| denotes its cardinality. We
use “\” and “A” to denote the asymmetric and symmetric difference operators of two sets,
respectively: S1\S2 = §1 NS5, \Sz = 85 and S;AS; = (§1 U S)\(S1NS,). For any vector
b, matrix M, and index sets S; and Sy, we use bs, to denote the sub-vector of b comprised
of elements of §;, Mg, to denote the sub-matrix of M with columns of S, and M(s, s,) to
denote the sub-matrix of M with rows of &; and columns of S,.

We use “=" to denote equalities by definition, and “<”, “=37  “<” “>~" and “>” to denote
asymptotic orders, i.e., for any two sequences {a,} and {b,}, a,, < b, if 0 < lim,,_,oc @, /b, <
00, 4y 3 by if lim, o a, /b, < oo and a, < b, if lim,_, a,/b, = 0. We use “V” and “A”
denote the maximum and minimum of two real numbers, respectively; for a real number
a € R, ay =aV0. We use 1[-] for the indicator function, and @[] and @[] for the cumu-
lative distribution function (CDF) and the quantile function of standard normal distribution,

respectively. We use “1” to denote independence of two random variables.

For the linear model
Ely| X] = X8, (1.3)

where B3 € RP is the p-vector of coefficients, we use bar-symbols, e.g., B, to denote OLS

estimates of 3:
B =argmin {|y — Xb|2} = (XTX)" X Ty; (1.4)
beRP

hat-symbols, e.g., Bm denote lasso estimates (Tibshirani, 1996, Chen et al., 1998) of 3:

~

) 1
B = angin {1y — X0l + o], (15)
beRr n

check-symbols, e.g., By, are associated with the noiseless (and thus deterministic) counterpart

of lasso estimates, 3y:

. . 1
B Eargmln{%E[”y—Xng] +)\||b||1}. (1.6)

beRp



Due to the presence of expectation, By is usually unknown; it is mainly used as a tool to

analyze the behavior of B,\. Finally, we use tilde-symbols, e.g., BfL and ,@fL’{AI, to denote

ridge-like estimates (Hoerl and Kennard, 1970b,a) of 3, e.g.,

BY, =argmin {|y — Xb|; + ALb" Lb}, (1.7)
beRP

Byl =argmin {|ly — Xb|;+ \zb"Lb+ Arb Ib} . (1.8)
beRP

In Chapter 2, we also use symbols which are superscripted by a set surrounded by round
parentheses, e.g., B8, B) and B(s). These notations are used to denote regression coeffi-

cients and estimates in the sub-model (y, Xs), e.g.,

B = argmin {|jy — Xstg} : (1.9)
beRIS|

. (1

,3/(\5) Eargmln{—||y—ngH§+)\Hb||1}. (1.10)
beRIS| 2n

These notations should not be confused with Bs, Bs and BS, which represent entries of S in

the full-model (y, X) regression coefficients and estimates.
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Chapter 2

IN DEFENSE OF THE INDEFENSIBLE:
A VERY NAIVE APPROACH TO HIGH-DIMENSIONAL
INFERENCE

2.1 Introduction

In this chapter, we consider the linear model
y=Xp0+e, (2.1)

where X = [X7,...,X,] is an n x p deterministic design matrix, € is a vector of independent
and identically distributed (i.i.d.) errors with E[¢;] = 0 and Var [¢;] = 02, and 3 is a p-vector
of regression coefficients. Without loss of generality, we assume that the columns of X are
centered and standardized, such that 1" X =0 and X, X, =nfork=1,...,p.

When the number of variables p is much smaller than the sample size n, estimation and
inference for the vector 3 are straightforward. For instance, estimation can be performed
using OLS, i.e., (1.4), and inference can be conducted using classical approaches, such as
t-tests and F-tests (see, e.g., Draper and Smith, 1998, Gelman and Hill, 2006, Weisberg,
2013).

As the scope and scale of data collection have increased across virtually all fields, there is
an increase in datasets that are high-dimensional, in the sense that the number of variables,
p, is larger than the number of observations, n (see, e.g., Clarke et al., 2008). In this setting,
classical approaches for estimation and inference of B cannot be directly applied. In the
past 20 years, a vast statistical literature has focused on estimating 3 in high dimensions.
In particular, penalized regression methods, such as the lasso (Tibshirani, 1996), defined in
(1.2), can be used to estimate 3. However, the topic of inference in the high-dimensional

setting remains relatively unexplored, despite promising recent work in this area (see, e.g.,
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Taylor and Tibshirani, 2015, Dezeure et al., 2015). Roughly speaking, recent work on infer-
ence in the high-dimensional setting falls into two classes: (i) methods that examine the null
hypothesis Hy; : §; = 0; and (ii) methods that make inference based on a sub-model. We
will review these two classes of methods in turn.

First, we review methods that examine the null hypothesis Hy; : 3; = 0, i.e., the vari-
able X; is unassociated with the outcome y, conditional on all other variables. It might
be tempting to estimate 3 using the lasso in (1.2), and then (for instance) to construct a
confidence interval around the lasso estimate B/\,j- Unfortunately, such an approach is prob-
lematic, because BA is a biased estimate of 3. To remedy this problem, we can apply a
one-step adjustment to B,\, such that under appropriate assumptions, the resulting debiased
estimate is asymptotically unbiased for 3. Then, p-values and confidence intervals can be
constructed around this debiased estimate. For example, such an approach is taken by the
low dimensional projection estimator (LDPE; Zhang and Zhang, 2014, van de Geer et al.,
2014), the debiased lasso test with unknown population covariance (SSLasso; Javanmard and
Montanari, 2013a, 2014a), the debiased lasso test with known population covariance (SDL;
Javanmard and Montanari, 2014b), and the decorrelated score test (dScore; Ning and Liu,
2017). See Dezeure et al. (2015) for a review of such procedures. In what follows, we will
refer to these and related approaches for testing Hy; : 5; = 0 as debiased lasso tests.

Now, we review recent work that makes statistical inference based on a sub-model. Recall
that the challenge in high dimensions stems from the fact that when p > n, classical statistical
methods cannot be applied; for instance, we cannot even perform OLS. This suggests a simple
approach: given an index set M C {1,...,p}, we can consider performing inference based
on the sub-model composed only of the variables in the index set M. That is, rather than

considering the model (2.1), we consider the sub-model
y = XuBM + M, (2.2)

In (2.2), the notation 3™ and € emphasizes that the true sub-model regression coeffi-

cients and corresponding noise are functions of the set M.
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Now, provided that |M| < n, we can perform estimation and inference on the vector
BM) using classical statistical approaches. For instance, we can consider building confidence
M)
Ij

intervals C such that for any j € M,

Pr [@M c CI§M)] >1-a. (2.3)

At first blush, the problems associated with high dimensionality have been solved!

Of course, there are some problems with the aforementioned approach. The first problem
is that the coefficients in the sub-model (2.2) typically are not the same as the coefficients in
the original model (2.1) (see, e.g., Berk et al., 2013). Roughly speaking, the problem is that
the coefficients in the model (2.1) quantify the linear association between a given variable and
the outcome, conditional on the other p — 1 variables, whereas the coefficients in the model
(2.2) quantify the linear association between a variable and the outcome, conditional on the
other |[M| — 1 wvariables in the sub-model. The true regression coefficients in the sub-model

are of the form
BM = (X[ Xum) " X[ XB. (2.4)

Thus, B™M) £ By unless X (X meBme = 0. To see this more concretely, consider the

following example with p = 4 deterministic variables. We let

1 0 06 0

1 0 1 06 0
G=-X"X=

n 06 06 1 0

0 0 0 1
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Set B =[1,1,0,0]". If M = {2,3}, then it is easy to verify that

! -t 1
M = —XTX} [—XTX} B
L7 ({2,3}.{2:3}) LT ({2,3},{1,2,3.4})
- -1
1 06 0 1 06 0 T
- [1 10 0]
0.6 1 06 06 1 0
0.4375 1
0.9375 0

The second problem that arises in restricting our attention to the sub-model (2.2) is that
in practice, the index set M is not pre-specified. Instead, it is typically chosen based on the

data. For instance, one might take M to equal the support of the lasso estimate,

A, = Supp(B,\) = {j : BA,\J- =+ O} . (2.5)

The problem is that if we construct the index set M based on the data, and then apply
classical inference approaches on the vector B, the resulting p-values and confidence
intervals will not be valid (see, e.g., Potscher, 1991, Kabaila, 1998, Leeb and Pétscher, 2003,
2005, 2006a,b, 2008, Kabaila, 2009, Berk et al., 2013). This is because we peeked at the data
twice: once to determine which variables to include in M, and then again to test hypotheses
associated with those variables. Consequently, an extensive recent body of literature has
focused on the task of performing inference on B in (2.2) given that M was chosen based
on the data. Cox (1975) proposed the idea of sample-splitting to break up the dependence of
variable selection and hypothesis testing, whereas Wasserman and Roeder (2009) studied this
proposal in application to the lasso, marginal regression and forward step-wise regression.
Meinshausen et al. (2009) extended the single-splitting proposal of Wasserman and Roeder
(2009) to multi-splitting, which improved statistical power and reduced the number of falsely
selected variables. Berk et al. (2013) instead considered simultaneous inference, which is
univesally valid under all possible model selection procedures without sample-splitting. More
recently, Lee et al. (2016), Tibshirani et al. (2016) studied the geometry of the lasso and

sequential regression, respectively, and proposed post-selection inference methods conditional
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on the random set of selected variables. See Taylor and Tibshirani (2015) for a review of
post-selection inference procedures.

In a recent Statistical Science paper, Leeb et al. (2015) performed a simulation study, in
which they obtained a set M using variable selection, and then calculated “naive” confidence
intervals for BM) using OLS, without accounting for the fact that the set M was chosen based
on the data. Of course, conventional statistical wisdom dictates that the resulting confidence
intervals will be much too narrow. In fact, this is what Leeb et al. (2015) found, when they
used best subset selection to construct the set M. However, surprisingly, when the lasso was
used to construct the set M, the confidence intervals had approximately correct coverage,
in the sense that (2.3) holds. This is in stark contrast to the existing literature!

In this chapter, we present a theoretical justification for the empirical finding in Leeb
et al. (2015). We show that selecting a set M based on the lasso and then constructing naive
confidence intervals based on the selected set could lead to asymptotically valid inference of
the vector B™M). Furthermore, to make inference on 3, we utilize our theoretical findings
in order to develop the naive score test, a simple procedure for testing the null hypothesis
Hy;:B8;=0forj=1,...,p.

The rest of this chapter is organized as follows. In Sections 2.2 and 2.3, we focus on
post-selection inference: we seek to perform inference on ™M) in (2.2), where M is selected
based on the lasso, i.e., M = A,, where A, is defined in (2.5). In Section 2.2, we point
out a previously overlooked fact: although A, is random, it converges in probability to
a deterministic and non-data-dependent set. This result implies that we can use classical
methods for inference on B, when M = A,. In Section 2.3, we provide empirical evidence
in support of these theoretical findings. In Sections 2.4 to 2.5, we instead focus on the task
of performing inference on 3 in (2.1). We propose the naive score test in Section 2.4, and
study its empirical performance in Section 2.5. In Section 2.6, we establish that our naive
post-selection inference procedures are in fact closely related to debiased lasso tests, and
thus unify the frameworks of lasso post-selection inference and debiased lasso tests. We end

with a discussion of future research directions in Section 2.7. Technical proofs are collected
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in Appendix A.
2.2 Theoretical Justification for Naive Confidence Intervals

Recall that the sub-model regression coefficient 84" was defined in (2.4). The simulation
results of Leeb et al. (2015) suggest that if we perform OLS using the variables contained in
the support set of the lasso, Ay, then the classical confidence intervals associated with the

OLS estimator,
—1
A(Ax) — T T
B = (XAAXAJ X!y, (2.6)
have approximately correct coverage, where correct coverage means that for all j € A,
Pr [ e cli] > 1-a. (27)

We reiterate that in (2.7), CI;A*) is the confidence interval output by standard OLS software
applied to the data (y, X AA>' This goes against our statistical intuition: it seems that by
fitting a lasso model and then performing OLS on the selected set, we are peeking at the
data twice, and thus we would expect the confidence interval CI;AA) to be much too narrow.

In this section, we present a theoretical result that suggests that, in fact, this “double-
peeking” might not be so bad. Our key insight is as follows: under appropriate assumptions,
the set of variables selected by the lasso is deterministic and non-data-dependent with high
probability. Thus, fitting an OLS model on the variables selected by the lasso does not really
constitute peeking at the data twice: effectively, with high probability, we are only peeking
at them once. This means that the naive confidence intervals obtained from OLS will have
approximately correct coverage, in the sense of (2.7).

We first introduce sufficient conditions for our theoretical result.

(M1) The design matrix X is deterministic, with columns in general position; see Defini-
tion 2.2.1. Furthermore, the columns of X are centered and standardized, i.e., for any

jzl,...,p, ]_TXJZO,X]TX]:TL



(M2)

(M3)

(M4)
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The error € in (2.1) has i.i.d. entries and sub-Gaussian tails. That is, there exist some
constant h > 0 such that for all z > 0, we have Pr[le;| > z] < exp(1 — hz?), for all
1=1,...,n.
The sample size n, dimension p and lasso tuning parameter \ satisfy
log(p) 1
——0. 2.8
Y (2.8)

Let A = supp(B), and S = {j : |8;| > 3\\/q/¢*}, where ¢ = |A| = [supp(B)|, and ¢ is
defined in (E). The signal strength satisfies
sl -0 /252 29)
and
| %)t [, = © (Ve ). (2:10)

where Ay = supp(B,), with 3, defined in (1.6).

Let ¢y = |A,|. There exists a constant ¢? > 0, such that for ¢ > 1, and for any index
set Z with |Z| < ¢V ¢y, and all @ € RP that satisfy |la\z|l; < |laz]1,

¢* >0, (2.11)

for any index set B such that B 2 Z, |[B\Z| < ¢V ¢x and ||a\g|cc < minjen\7)|a;|.

Define the scaled Gramian matrix G = X ' X /n, and the sub-gradient of the noiseless
lasso 7 based on the stationary condition (Karush, 1939, Kuhn and Tucker, 1951) of
(1.6),

7\ = %G (8- By). (2.12)
Then,

Vlog(p)/n/A

. -1 .
minc s | (Goa,an) P, )

limsupHi’/\,\AAHOO <1-4¢ and — 0,
n—o0

such that y/log(p)/n/(AJ) — 0.
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Definition 2.2.1 (Definition 1.1 in Dossal (2012)). Let (x',..., ") be p points in R™. These
points are said in general position if all affine subspaces of R™ of dimension k < n\p contain
at most k + 1 points in (x', ..., xP). Columns of matriz X are in general position if for all

sign vectors s € {—1,1}?, points (s1X1,...,s,X,) are in general position.

Condition (M1), presented in Rosset et al. (2004), Dossal (2012), Tibshirani (2013), is a
mild assumption that guarantees the uniqueness of By and BA. Condition (M2) enables the
dimension p to grow at an exponential rate relative to the sample size n, i.e., p = o(exp(n)).
Condition (M3) requires the lasso tuning parameter A to approach zero at a slightly slower
rate than the f estimation and prediction consistent rate A < +/log(p)/n (see, e.g., Bickel
et al., 2009, van de Geer and Biithlmann, 2009); this helps further control the randomness of
the error €. Unfortunately, this condition complicates the task of tuning parameter selection;

we further discuss this issue in Sections 2.3 and 2.7.

In (M4), the requirements that S = {j : |3;] > 3A\\/q/¢*} and ||B.4,\sllc = O(y/10g(p)/n)
indicate that the regression coefficients of variables in A, are either asymptotically no smaller
than A,/gq, or else no larger than \/W. Given that A is asymptotically slightly larger
than \/W by (M3), these requirements imply that there needs to be a gap in signal
strength of order at least /g between the strong signal variables (those in &) and the weak
signal variables (those in A\S). We note that this is substantially milder than the B-min con-
dition that is commonly used to establish model selection consistency (i.e., Pr[,zb\ =Al - 1)
or the variable screening property (i.e., Pr[A,\ 2 A] — 1) of the lasso (see, e.g., Meinshausen
and Biithlmann, 2006, Zhao and Yu, 2006, Wainwright, 2009, Bithlmann and van de Geer,
2011), which does not allow for the presence of weak signal variables. If we impose additional
stringent conditions on the design matrix (Buena et al., 2007, Zhang, 2009, Candés and Plan,
2009), we could allow for the signal strength of 84,5 to achieve V/1og(p)g/n in magnitude,
in which case there is no gap in signal strength. [|X 4 4,084 4,us) ll2 = O(y/1og(p)) of
(M4) implies that the total signal strength of weak signal variables that are not selected by

the noiseless lasso cannot be too large.
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Figure 2.1: Conceptual illustration of the required magnitude of |3;| in (M4). Brown, orange
and blue lines represent the signal strength of strong signal variables, weak signal variables
in A, and weak signal variables in A, respectively. Black lines represent noise variables.

NG
Gap in Signal Strength
log(p)/n — rrrerememegpeeenenennes
O n A A
' |
| A | |_A

A conceptual illustration of (M4) is presented in Figure 2.1, in which lines show the
required magnitude of /3;. Specifically, it shows that (M4) allows for the presence of both

strong signal and weak signal variables, with a gap in signal strength.

e Brown line represents the signal strength of strong signal variables, |5;] 22 A\\/q, j € S.

e Orange line represents the signal strength of weak signal variables that are selected by

the noiseless lasso, |3;] = /log(p)/n, j € A\S.

e Blue line represents the signal strength of weak signal variables that are not selected

by the noiseless lasso, || X 4 (4,us)B4 4us)ll2 T V1og(p)-
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The condition in (M4) for weak signal variables differs based on whether the variable is
in Ay, which may seem unintuitive. In fact, the results in this chapter can be obtained with
(M4) replaced with (M4a) and (M4b). In the new conditions, and in particular, in (M4a),

the condition on signal strength no longer depends on A,.

(M4a) Recall that A = supp(8) and S = {j : |5;| > 3\/q/¢*}, where ¢ = |A] = |supp(B)],
and ¢ is defined in (E). The signal strength satisfies

1Bas|, =0 ( —log(m) : (2.13)

n

(M4b) Recall that G = X" X /n. X, A and A, satisfy

O(1). (2.14)

H <G(A*’AA)>_1 G(AA,A\/U) N —

Condition (M4a) unifies the condition on |[|8.4,\sllec and on || X 4 (4,us)B.4\(4,us) 2, and
states that the orange and blue lines in Figure 2.1 can be of the same magnitude; see
Figure 2.2 for a conceptual illustration of (M4a). In other words, compared to (M4),
(M4a) no longer depends on A,.
Condition (M4b) is similar to the mutual incoherence condition (see, e.g., Fuchs, 2005,
Tropp, 2006, Wainwright, 2009), which requires that
lim sup |(Gua) " G| _ <t (2.15)
However, (M4b) is considerably milder: first, requiring a value to be bounded above is much
milder than requiring it to be smaller than one. Second, when the model is sparse, i.e., ¢/p —
0, and when n is large, |A°| is on the same order as p. In this case, (G4, 4,)) "G (4,.4\4y)
is of dimension no larger than n x ¢, which is substantially smaller than the dimension of
(Ga,0) "G4\, ie., approximately ¢ x p. Thus, [(G 4, 4,)) G4, .44l is expected
to be much smaller than ||[(G(4,4)) "G4\ 4)|ls. In other words, the left-hand side of (M4b)
is smaller than the left-hand side of the mutual incoherence condition, and the right-hand

side of (M4b) is larger than the right-hand side of the mutual incoherence condition.
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Figure 2.2: Conceptual illustration of the required magnitude of |5;| in (M4a). Brown line
represents the signal strength of strong signal variables; orange and blue lines represent the
signal strength of weak signal variables. Black lines represent noise variables.

Gap in Signal Strength
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Condition (E) is the (¢ V gx, ¢ V gy, 1)-restricted eigenvalue condition (Bickel et al., 2009,
van de Geer and Biithlmann, 2009). Note that although (E) depends on ¢y, which could be
larger than ¢, with some mild conditions, ¢, =< ¢ (see Theorem 3 in Belloni and Chernozhukov,
2013). This makes (E) not much more stringent than the (g, g, 1)-restricted eigenvalue con-
dition, which is a standard condition in the lasso literature.

The first part of (T) requires that 0 converges to zero at a slower rate than \/W /A,
which means that A does not converge to a transition point too fast, at which some variable
enters or leaves Ay. Since +/log(p)/n/A — 0 by (M3), the second part of (T) requires that
min;c i\s (G 4,.4,)) " T4, l; does not converge to zero too fast.

Conditions (M4) and (T) critically depend on the set of variables selected by the noiseless
lasso, Ay, which could be hard to interpret. However, as shown in Remarks 2.2.2 and
2.2.3, with some simple designs, we can simplify these two conditions to make them more

interpretable. These two remarks are proven in Appendix A.3.

Remark 2.2.2. If the design matriv X is orthonormal, i.e., G = XX /n = I, then
By = sign(B)(|B| — A\)+ can be obtained by soft-thresholding B with threshold \. It then

follows that for n sufficiently large, Ay = S. Furthermore, in this case,

=1
J

. -1 o
min ‘ G, A Ty A
P RY [ (Ax, /\)} WA

When combined with (M3), this implies that the second part of (T) is satisfied:

V1og(p)/n/A

— — 0.
min;e 4\ ‘ [Glaan]l  Taa

J
On the other hand, (M3) and (M4) imply that A = \/log(p)/n and ||B.4,\sll = O(y/log(p)/n),
respectively. Together, these imply that Ay = S, where S = {j : |5;] = A} Thus, in this
special case, Conditions (M4) and (T) take a much simpler form, wherein Ay is replaced

with S.

Remark 2.2.3. If the covariance of design matriz X is block-diagonal, such that G(a\4) =
0, then S C Ay C A. In this case, if we write Conditions (M4) and (T) to hold for any set
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M such that AD M D S, then they automatically hold for Ay and hence become much more

interpretable.

We now present Proposition 2.2.4 and Corollary 2.2.5, which are proven in Appendices A.1
and A.2, respectively.

Proposition 2.2.4. Suppose conditions (M1)-(M4), (E) and (T) hold. Then, we have
lim,,_,~ Pr [.fl)\ = /lA] =1, where Ay = Supp(B,\), with By defined in (1.6).

Corollary 2.2.5. Suppose conditions (M1)-(M3), (M4a), (M4b), (E) and (T) hold.
Then, we have lim,,_,, Pr [fl,\ = /b\} =1.

It is important to emphasize the difference between the result lim,, Pr[/l,\ = fl,\] =1
and variable selection consistency of the lasso. Variable selection consistency asserts that
Pr[fb\ = A] — 1, and requires the stringent irrepresentable and B-min conditions with
the lasso (see, e.g., Meinshausen and Bithlmann, 2006, Zhao and Yu, 2006, Wainwright,
2009). For estimation methods with folded-concave penalties (e.g., Fan and Li, 2001, Zhang,
2010a), the irrepresentable condition may be relaxed. However, to achieve variable selection
consistency, they still do not allow the existence of weak signal variables. Furthermore,
similar to the lasso, these estimation methods are unable to provide confidence intervals,
which are crucial in scientific reasoning. In contrast, Proposition 2.2.4 and Corollary 2.2.5
assert that under milder conditions, A, converges with high probability to a deterministic
set Ay with cardinality smaller than n, which is likely different from A = supp(3). Based
on Proposition 2.2.4 and Corollary 2.2.5, we could build asymptotically valid confidence
intervals, as shown in Theorem 2.2.6.

Proposition 2.2.4 and Corollary 2.2.5 imply that asymptotically, we “pay no price” for
peeking at our data by performing the lasso: we should be able to perform downstream
analyses on the subset of variables in Ay as though we had obtained that subset without
looking at the data. This intuition will be formalized in Theorem 2.2.6.

Theorem 2.2.6, which is proven in Appendix A.4, shows that B(A*) in (2.6) is asymptot-

ically normal, with mean and variance suggested by classical OLS theory: that is, the fact
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that Ay was selected by peeking at the data has no effect on the asymptotic distribution of
B(“‘i*). This result requires that A be chosen in a non-data-adaptive way. Otherwise, A, will
be affected by the random error € through A, which complicates the distribution of B(A*).
Theorem 2.2.6 requires Condition (W), which is used to apply the Lindeberg-Feller Central

Limit Theorem. This condition can be relaxed if the noise € is normally distributed.

(W) A\, B and X are such that lim, o ||7"]|s/]|7"|2 — 0, where
‘ -1
r’ =¢e’ (X;AXAJ inv

and e’ is the row vector of length |A,\| with the entry corresponding to 3; equal to one,

and zero otherwise.

Theorem 2.2.6. Suppose (M1)-(M4) (or with (M4 ) replaced by (M4a) and (M4b)), (E),
(T) and (W) hold. Then, for any j € A,

A(A A
BJ( A)_BJ( )

ae\/“X;AXAA)_I}

where B(AA) is defined in (2.6) and B(AA) in (2.4), and o¢ is the standard deviation of € in

—4 N (0,1), (2.16)

(4:4)

the linear model (2.1).

The error standard deviation o, in (2.16) is usually unknown. It can be estimated using
various high-dimensional estimation methods, e.g., the scaled lasso (Belloni et al., 2011, Sun
and Zhang, 2012), cross-validation (CV) based methods (Fan et al., 2012) or method-of-
moments based methods (Dicker, 2014); see a comparison study of high dimensional error
variance estimation methods in Reid et al. (2016). Alternatively, Theorem 2.2.7 shows that
we could also consistently estimate the error variance using the post-selection OLS residual

sum of square (RSS).
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Theorem 2.2.7. Suppose (M1)-(M4), (E) and (T) hold, and log(p)/(n — §\) — 0, where
g = |Ax|. Then

2

1
—, 02 (2.17)
2

n — qx

P Zer

v - x4

where gy = | A,|.

Theorem 2.2.7 is proven in Appendix A.5. In (2.17), y — XAABAA is the fitted OLS
residual on the sub-model (2.2). log(p)/(n—¢x) — 0is a weak condition. Since log(p)/n — 0,
log(p)/(n — G\) — 0 is satisfied if lim,, o §x/n < 1.

To summarize, in this section, we have provided a theoretical justification for a procedure

that seems, intuitively, to be statistically unjustifiable:

1. Perform the lasso in order to obtain the support set /b\;
2. Use OLS to fit the sub-model containing just the variables in Aj;:

3. Use the classical confidence intervals from that OLS model, without accounting for the

fact that A, was obtained by peeking at the data.

Theorem 2.2.6 guarantees that the naive confidence intervals in Step 3 will indeed have

approximately correct coverage, in the sense of (2.7).
2.3 Numerical Examination of Naive Confidence Intervals

In this section, we perform simulation studies to examine the coverage probability (2.7) of the
naive confidence intervals obtained by applying standard OLS software to the data (y, X A)\)'

Recall from Section 2.1 that (2.7) involves the probability that the confidence interval
contains the quantity B(AA), which in general does not equal the population regression coef-
ficient vector 34, . Inference for B is discussed in Sections 2.4 and 2.5.

The results in this section complement simulation findings in Leeb et al. (2015).



25

2.3.1 Methods for Comparison

Following Theorem 2.2.6, for B(AA) defined in (2.6), and for each j € Ay, the level 1 — a,

a < 1, naive confidence interval takes the form

i = (3 o [1- §lan G xa ] B e [ o P X )
(2.18)

where ®,/[-] is the quantile function of the standard normal distribution. In order to obtain
the set fb\, we must apply the lasso using some value of A. Note that (M3) requires that
A = +/log(p)/n, which is slightly larger than the prediction optimal rate, A < \/log(p)/n
(Bickel et al., 2009, van de Geer and Biithlmann, 2009). Thus, we propose to use the tuning
parameter value \isg, which is the largest value of A for which the 10-fold CV prediction
mean squared error (PMSE) is within one standard error of the minimum CV PMSE (see
Section 7.10.1 in Hastie et al., 2009). We leave the optimal choice of tuning parameters to
future research.

As a comparison, we also report the confidence intervals for B(AA) by the exact lasso post-
selection inference procedure proposed in Lee et al. (2016); this procedure is implemented in
the selectiveInference R package. For exact lasso post-selection confidence intervals, we
adopt the procedure in Section 7 of Lee et al. (2016) to choose its tuning parameter: we let
A = 2E[|| X "e||ls]/n, where we simulate e ~ N,,(0,62I), and approximate its expectation
based on the average of 1000 replicates. For fairer comparisons, we also report the perfor-
mance of naive confidence intervals with Agup. Unlike A\igg, Asyp does not depend on the
randomness in y.

In both approaches, the standard deviation of errors, o, in (2.1), is estimated using the

scaled lasso (Sun and Zhang, 2012).

2.8.2  Simulation Set-Up

For the simulations, we consider two partial correlation settings for X, generated based

on (i) a scale-free graph and (ii) a stochastic block model (see, e.g., Kolaczyk, 2009), each
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containing p = 100 nodes. These settings are relaxations of the simple orthogonal and
block-diagonal settings considered in Section 2.2, and are displayed in Figure 2.3.

In the scale-free graph setting, we use the igraph package in R to simulate an undirected,
scale-free network G = (V, £) with power-law exponent parameter 5, and edge density 0.05.
Such graphs are commonly found in cell biology (Wolf et al., 2002, Albert, 2005). Here,
V ={1,...,p} is the set of nodes in the graph, and £ is the set of edges. This results in a
total of |E] = 247 edges in the graph. We then order the indices of the nodes in the graph
so that the first, second, third, fourth, and fifth nodes correspond to the 10th, 20th, 30th,
40th, and 50th least-connected nodes in the graph.

In the stochastic block model setting, we first generate two dense Erdés-Rényi graphs
(Erdés and Rényi, 1959, Gilbert, 1959) with five nodes and 95 nodes, respectively. In each
graph, the edge density is 0.3. We then add edges randomly between these two graphs to
achieve an inter-graph edge density of 0.05. The indices of the nodes are ordered so that the
nodes in the five-node graph precede the remaining nodes.

Next, for both graph settings, we define the weighted adjacency matrix, A, as follows:

.

1 forj=k
A =19p for (jk) €&, (2.19)

0 otherwise

where p € {0.2,0.6}. We then set 3 = A~ and standardize X so that X, = 1, for
all j = 1,...,p. We simulate observations X ~;;4 N,(0,X), and generate the outcome

y ~ N, (X B,0%I), n € {300,400,500}, where
(

1 for y =1

Bi=401 for2<j<5-.

0 otherwise
\

2

A range of error variances o

{0.1,0.3,0.5}.

are used to produce signal-to-noise ratios, SNR = (3'X3) /o2 €
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Figure 2.3: Graph structures in the scale-free graph and stochastic block model settings.
The size of nodes corresponds to the magnitude of corresponding elements in 3.

Scale-Free Graph Stochastic Block Model

Throughout the simulations, ¥ and 3 are held fixed over R = 1000 repetitions of the
simulation study, while X and y vary.
2.3.83  Simulation Results

We calculate the average length and coverage proportion of the 95% naive confidence inter-

vals, where the coverage proportion is defined as

R ) A
Coverage Proportion = Z Z 1 |:B§AA) € CI§AA)1T:| / ’Ag

=1 4
r=5jeAy

, (2.20)

where Ag and CI;AK)’T are the set of variables selected by the lasso in the rth repetition,
and the 95% naive confidence interval in (2.18) for the jth variable in the rth repetition,
respectively; B(A;) was defined in (2.4). In order to calculate the coverage proportion asso-

J

ciated with the exact lasso post selection procedure of Lee et al. (2016), we replace CIE-AR)’T
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in (2.20) with the confidence interval output by the selectiveInference R package.

Tables 2.1 and 2.2 show the coverage proportion of 95% nalve confidence intervals and
95% exact lasso post-selection confidence intervals under the scale-free graph and stochastic
block model settings, respectively. The result shows that the exact confidence intervals
control the coverage probability (2.7) better than the naive confidence intervals when the
sample size is small. However, when the sample size is large, the coverage probability of the
naive confidence intervals is approximately correct. This corroborates the findings in Leeb
et al. (2015), in which the authors consider settings with n = 30 and p = 10. The coverage
probability of the naive confidence intervals with tuning parameter A\;sg is slightly too small.
Tables 2.1 and 2.2 also show that naive confidence intervals are narrower than exact lasso
post-selection confidence intervals, especially when the signal is weak.

In addition, to evaluate whether A, is deterministic, among repetitions that Af\ # 0
(there is no confidence interval if Ag = ()), we also calculate the proportion of Ar = D,
where D is the most common fl}“\, b=1,...,1000. The result is summarized in Table 2.3,
which shows that fl,\ is almost deterministic with tuning parameter Agyp. With Aigg, due
to the randomness in the tuning parameter, A, is less deterministic, which may explain the

result that the coverage probability is slightly smaller than the desired level in this case.
2.4 Inference for 3 With the Naive Score Test

Sections 2.2 and 2.3 focused on the task of developing confidence intervals for 3*) in (2.2),
where M = /Al)\, the set of variables selected by the lasso. However, recall from (2.4) that
typically BM) #£ By, where 3 was introduced in (2.1).

In this section, we shift our focus to performing inference on 8. We will exploit Propo-
sition 2.2.4 to develop a simple approach for testing Hy; : 3; =0, for j =1,...,p.

Recall that in the low-dimensional setting, the classical score statistic for the hypothesis
Hy; : 8; = 0 is proportional to X7 (y — g\)), where g\ is the vector of fitted values that
results from OLS of y onto the p — 1 variables X ;. In order to adapt the classical score test

statistic to the high-dimensional setting, we define the naive score test statistic for testing



29

Table 2.1: Coverage proportions and average lengths of 95% naive confidence intervals
with tuning parameters Asyp and Mg, and 95% exact post-selection confidence inter-
vals under the scale-free graph partial correlation setting with p € {0.2,0.6}, sample size
n € {300, 400,500}, dimension p = 100 and signal-to-noise ratio SNR € {0.1,0.3,0.5}.

p 0.2
n 300 400 500
SNR 0.1 0.3 0.5 0.1 0.3 0.5 0.1 0.3 0.5
exact Agup | 0.949 0.949 0.949 | 0.950 0.959 0.959 | 0.956 0.964 0.965
Coverage naive Agup | 0.951 0.948 0.948 | 0.977 0.958 0.958 | 0.969 0.964 0.964
naive A\isg | 0.922 0.936 0.928 | 0.944 0.937 0.930 | 0.950 0.938 0.930
exact Agup | 1.902 0.427 0.327 | 1.148 0.368 0.284 | 0.815 0.327 0.254
Length  naive Agyp | 0.714 0.418 0.325 | 0.623 0.363 0.282 | 0.561 0.325 0.252
naive A\igg | 0.719 0.418 0.324 | 0.625 0.363 0.282 | 0.559 0.325 0.252
p 0.6
n 300 400 500
SNR 0.1 0.3 0.5 0.1 0.3 0.5 0.1 0.3 0.5
exact Agup | 0.960 0.954 0.954 | 0.956 0.955 0.956 | 0.953 0.945 0.945
Coverage mnailve Agup | 0.962 0.950 0.950 | 0.972 0.954 0.954 | 0.966 0.944 0.942
naive \igg | 0.918 0.939 0.932 | 0.974 0.937 0.932 | 0.968 0.936 0.928
exact Asyp | 1.669 0.426 0.326 | 1.081 0.365 0.283 | 0.781 0.326 0.255
Length  naive Asyp | 0.711 0.418 0.324 | 0.624 0.363 0.281 | 0.559 0.324 0.251
naive A\igg | 0.716 0.416 0.323 | 0.623 0.361 0.280 | 0.556 0.324 0.251
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Table 2.2: Coverage proportions and average lengths of 95% naive confidence intervals with
tuning parameters Agup and Aigg, and 95% exact post-selection confidence intervals under
the stochastic block model setting. Details are as in Table 2.1.

p 0.2
n 300 400 500
SNR 0.1 0.3 0.5 0.1 0.3 0.5 0.1 0.3 0.5
exact Agup | 0.957 0.948 0.948 | 0.948 0.952 0.952 | 0.949 0.958 0.958
Coverage mnailve Agup | 0.958 0.946 0.946 | 0.969 0.952 0.952 | 0.972 0.956 0.956
naive \igg | 0.907 0.938 0.935 | 0.938 0.939 0.933 | 0.947 0.928 0.919
exact Agup | 1.843 0.427 0.325 | 1.177 0.363 0.285 | 0.812 0.323 0.251
Length  naive Agyp | 0.704 0.415 0.322 | 0.615 0.360 0.279 | 0.554 0.322 0.250
naive A\jgg | 0.710 0.414 0.321 | 0.617 0.359 0.279 | 0.554 0.322 0.250
p 0.6
n 300 400 500
SNR 0.1 0.3 0.5 0.1 0.3 0.5 0.1 0.3 0.5
exact Agup | 0.961 0.959 0.959 | 0.946 0.957 0.958 | 0.947 0.946 0.945
Coverage naive Agup | 0.969 0.958 0.958 | 0.961 0.956 0.956 | 0.968 0.945 0.945
naive A\isg | 0.925 0.941 0.934 | 0.919 0.927 0.921 | 0.959 0.944 0.940
exact Agup | 1.759 0.420 0.323 | 1.133 0.361 0.280 | 0.778 0.323 0.250
Length  naive Agyp | 0.703 0.412 0.320 | 0.614 0.358 0.278 | 0.552 0.321 0.249
naive A\igg | 0.705 0.411 0.319 | 0.612 0.358 0.278 | 0.553 0.321 0.249
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Table 2.3: The proportion of selected set that equals the most common selected set among
repetitions, under the scale-free graph and stochastic block model settings with tuning pa-
rameters Agyp and Asg. Details are as in Table 2.1.

p 0.2
n 300 400 500
SNR 0.1 0.3 0.5 0.1 0.3 0.5 0.1 0.3 0.5
Scale-free Asyp 1.000 0.999 0.999 | 1.000 0.999 0.999 | 0.999 1.000 1.000
Scale-free A\isg 0.976 0.960 0.943 | 0.978 0.981 0.967 | 0.990 0.978 0.958

Stochastic block Agup | 0.999 0.997 0.997 | 1.000 0.999 0.999 | 1.000 1.000 0.999
Stochastic block Ajgg | 0.966 0.969 0.963 | 0.984 0.968 0.959 | 0.990 0.980 0.962

P 0.6
n 300 400 500
SNR 0.1 0.3 0.5 0.1 0.3 0.5 0.1 0.3 0.5
Scale-free Asyp 0.999 0.996 0.996 | 0.999 1.000 1.000 | 1.000 0.999 0.996
Scale-free \isg 0.969 0.970 0.958 | 0.986 0.978 0.965 | 0.992 0.986 0.967

Stochastic block Aguyp | 1.000 0.999 0.999 | 1.000 0.999 0.999 | 1.000 1.000 1.000
Stochastic block Ajgg | 0.972  0.963 0.953 | 0.987 0.969 0.955 | 0.997 0.979 0.967
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Hy;:5;=0as
§ = X7 (y _ g<AA\{j}>) =X/ (I _ P(AA\{j})> Y, (2.21)
where
GANUD = X400 BANGD
and
PUND = X4 (XEA\{j}XAA\{jﬁl X )

is the orthogonal projection matrix onto the set of variables in A\ {j}. BANUY is defined
in (2.6), which is the post-selection sub-model OLS estimate.

In Theorem 2.4.1, we derive the asymptotic distribution for S7 under Hy; : 8; = 0. We
first introduce two new conditions.

First, we require that the total signal strength of variables not selected by the noiseless

lasso, (1.6), is small.

(M4*) Recall that A = supp(8) and S = {j : |5;] > 3X\\/q/¢*}, where ¢ = |A| = [supp(B)],
and ¢ is defined in (E). The signal strength satisfies

el -0 (1/*42).

and

HX-A\(A/\US)’B.A\(AAUS) y o(1),

where Ay = supp(B,), with 3, defined in (1.6).

Condition (M4*) closely resembles (M4), which was required for Theorem 2.2.6 in Sec-
tion 2.2. The only difference between the two is that (M4*) requires || X 4 .4,us)B 4\ (4 us) ll2 =
o(1), whereas (M4) requires only that [|X 4 4,us)8.4\4,us)ll2 = O(y/log(p)). In other
words, testing the population regression parameter 8 in (2.1) requires more stringent as-
sumptions than constructing confidence intervals for the parameters in the sub-model (2.2).

The following condition, required to apply the Lindeberg-Feller Central Limit Theorem,

can be relaxed if the noise € in (2.1) is normally distributed.
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(S) A, B and X satisfy lim,, o ||7%||oo/||7%||2 = 0, where 7* = (I — P(AA\{j}))Xj.
We now present Theorem 2.4.1, which is proven in Appendix A.6.

Theorem 2.4.1. Suppose (M1)-(M3), (M4*), (E), (T) and (S) hold. Foranyj=1,...,p,
under the null hypothesis Hy ; : B; = 0,

S
UE\/X]T (I — P(AA\{j})> X;

T

—a N (0,1), (2.22)

where S7 was defined in (2.21), and where o is the standard deviation of € in (2.1).

Theorem 2.4.1 states that the distribution of the naive score test statistic S7 is asymp-
totically the same as if A, were a deterministic set, as opposed to being selected by fitting a
lasso model on the data. Based on (2.22), we reject the null hypothesis Hy ; : 3; = 0 at level
a > 0if [T| > ®'[1 — /2], where ®/[] is the quantile function of the standard normal
distribution.

We emphasize that Theorem 2.4.1 holds for any variable j = 1,... p, and thus can be
used to test Hy; : 3; =0, for all j = 1,...,p. This is in contrast to Theorem 2.2.6, which
concerns confidence intervals for the parameters in the sub-model (2.2) consisting of the

variables in Ay, and hence holds only for j € A,
2.5 Numerical Examination of the Naive Score Test

In this section, we compare the performance of the naive score test (2.21) to three recent
proposals from the literature for testing Hy; : §; = 0: namely, LDPE (Zhang and Zhang,
2014, van de Geer et al., 2014), SSLasso (Javanmard and Montanari, 2014a), and the decor-
related score test (dScore; Ning and Liu, 2017). LDPE is implemented in the hdi R package.
R codes for SSLasso and dScore are provided by the authors. For the naive score test, we

estimate o, the standard deviation of the errors in (2.1), using the scaled lasso (Sun and

Zhang, 2012).
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All four of these methods require us to select the value of the lasso tuning parameter. For
LDPE, SSLasso, and dScore, we use 10-fold cross-validation to select the tuning parameter
value that produces the smallest cross-validated mean square error, Ayin. As in the numerical
study of the naive confidence intervals in Section 2.3, we implement the naive score test using

the tuning parameter value A\;sg and Agup.
Unless otherwise noted, all tests are performed at a significance level of 0.05.

In Section 2.5.1, we investigate the powers and type-I errors of the above tests in sim-
ulation experiments. Section 2.5.2 contains an analysis of a glioblastoma gene expression

dataset.

2.5.1 Power and Type-I Error

In this section, we adapt the scale-free graph and the stochastic block model presented in

Section 2.3.2 to have p = 500.

In the scale-free graph setting, we generate a scale-free graph with power-law exponent
parameter 5, edge density 0.05, and p = 500 nodes. The resulting graph has || = 6237
edges. We order the nodes in the graph so that jth node is the (30 x j)-th least-connected
node in the graph, for 1 < j < 10. For example, the 4th node is the 120th least-connected

node in the graph.

In the stochastic block model setting, we generate two dense FErdés-Rényi graphs with
ten nodes and 490 nodes, respectively; each has an intra-graph edge density of 0.3. The node
indices are ordered so that the nodes in the smaller graph precede those in the larger graph.
We then randomly connect nodes between the two graphs in order to obtain an inter-graph

edge density of 0.05.

Next, for both graph settings, we generate A as in (2.19), where p € {0.2,0.6}. We then
set 3 = A~! and standardize X so that Y =1 forall j =1,...,p. Wesimulate observa-
tions X ~;;q N,(0,X), and generate the outcome y ~ N, (X3, 02I), n € {100, 200,400},
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where

1 for1<j <3

Bi=<01 ford<j<10-

0 otherwise
\

A range of error variances o2 are used to produce signal-to-noise ratios, SNR = (3'X3) /02 €
{0.1,0.3,0.5}.
We hold ¥ and 3 fixed over B = 100 repetitions of the simulation, while X and y vary.
For each test, the average power on the strong signal variables, the average power on the

weak signal variables, and the average type-I error rate are defined as

R
11
Powergiyong = B3 Z 1 [p’; < 0.05} , (2.23)
r=1 j:ﬂjil
R
11
Poweryek = = > 1[p} <0.05], (2.24)
r=1 ]BJ:O 1
R
11
Type-1 Error = B 190 Z 1 [p; < 0.05} , (2.25)
r=1 j:8;=0

respectively. In (2.23)-(2.25), p} is the p-value associated with null hypothesis Hy; : 3; = 0
in the rth simulated data set. In the simulations, the graphs and 3 are held fixed over
R = 100 repetitions of the simulation study, while X and y vary.

Tables 2.4 and 2.5 summarize the results in the two simulation settings. All four methods
have approximate control over type-I error rate, even when p > n. Moreover, due to
the similarity between these four approaches, as discussed in Section 2.6, all methods have

comparable power.

2.5.2  Application to Glioblastoma Data

We investigate a glioblastoma gene expression data set previously studied in Horvath et al.
(2006). For each of 130 patients, a survival outcome is available; we remove the twenty

patients who were still alive at the end of the study. This results in a data set with n = 110
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Table 2.4: Average power and type-I error rate for the hypotheses Hy; : 8; = 0 for j =

1

..., D, as defined in (2.23)—(2.25), under the scale-free graph setting with p = 500. Results

are shown for various values of p, n, SNR. Methods for comparison include LDPE, SSLasso,
dScore, and the naive score test with tuning parameter A\jgg and Agyp.

p 0.2
n 100 200 400
SNR 0.1 0.3 0.5 0.1 0.3 0.5 0.1 0.3 0.5
LDPE Amin 0.400 0.773 0.910 | 0.627 0.973 1.000 | 0.923 1.000 1.000
SSLasso Ay | 0.410  0.770  0.950 | 0.650 0.970 1.000 | 0.910 1.000 1.000
Powerstrong dScore Apvin 0.330 0.643 0.857 | 0.547 0.957 1.000 | 0.887 1.000 1.000
nScore \isg 0.427 0.763 0.893 | 0.677 0.977 1.000 | 0.957 1.000 1.000
nScore Asup 0.403 0.847 0.960 | 0.727 0.990 0.997 | 0.940 1.000 1.000
LDPE Avin 0.064 0.083 0.056 | 0.054 0.059 0.079 | 0.070 0.079 0.113
SSLasso Ay | 0.081  0.087  0.060 | 0.066 0.061 0.086 | 0.069 0.086 0.113
Poweryeak dScore Apvin 0.044 0.056 0.036 | 0.039 0.039 0.060 | 0.046 0.056 0.093
nScore A\isg 0.080 0.077 0.059 | 0.060 0.061 0.061 | 0.083 0.076 0.101
nScore Asyp 0.061 0.091 0.109 | 0.070 0.109 0.107 | 0.097 0.103 0.114
LDPE Avin 0.051  0.052 0.051 | 0.049 0.051 0.047 | 0.050 0.051 0.049
SSLasso Ay | 0.056  0.056  0.056 | 0.054 0.055 0.053 | 0.053 0.054 0.054
T1 Error dScore Apvin 0.035 0.040 0.040 | 0.033 0.036 0.034 | 0.035 0.037 0.034
nScore \isg 0.061 0.057 0.048 | 0.056 0.055 0.040 | 0.060 0.046 0.046
nScore Agyp 0.069 0.082 0.095 | 0.064 0.083 0.079 | 0.065 0.068 0.050
p 0.6
n 100 200 400
SNR 0.1 0.3 0.5 0.1 0.3 0.5 0.1 0.3 0.5

LDPE Amin 0.330 0.783 0.947 | 0.627 0.980 1.000 | 0.887 1.000 1.000
SSLasso Ay | 0.347  0.790  0.957 | 0.623 0.987 1.000 | 0.867 1.000 1.000
Powerstrong dScore Avin 0.270 0.673 0.883 | 0.533 0.960 0.993 | 0.863 1.000 1.000
nScore \isg 0.357 0.767 0.887 | 0.677 0.980 0.997 | 0.937 1.000 1.000
nScore Agyp 0.430 0.790 0.933 | 0.707 0.977 1.000 | 0.923 1.000 1.000
LDPE Amin 0.031 0.046 0.063 | 0.064 0.074 0.076 | 0.054 0.077 0.119
SSLasso Ay | 0.047  0.063  0.076 | 0.063 0.090 0.099 | 0.053 0.076 0.121
Poweryeak dScore Avin 0.021  0.037 0.047 | 0.036 0.060 0.044 | 0.034 0.050 0.083
nScore A\isg 0.039 0.060 0.050 | 0.076 0.074 0.066 | 0.070 0.067 0.104
nScore Agyp 0.071  0.089 0.136 | 0.081 0.121 0.104 | 0.114 0.113 0.123
LDPE Avin 0.050 0.051 0.051 | 0.050 0.049 0.051 | 0.051 0.050 0.047
SSLasso Apmin | 0.056  0.056  0.056 | 0.054 0.055 0.053 | 0.053 0.054 0.054
T1 Error dScore Ayvin 0.033 0.036 0.034 | 0.031 0.031 0.035 | 0.036 0.035 0.033
nScore A\isg 0.056  0.060 0.045 | 0.061 0.051 0.040 | 0.058 0.048 0.047
nScore Agyp 0.065 0.080 0.093 | 0.064 0.084 0.088 | 0.070 0.071 0.054
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Table 2.5: Average power and type-I error rate for the hypotheses Hy; : §; = 0 for j =
1,...,p, as defined in (2.23)—(2.25), under the stochastic block model setting with p = 500.
Details are as in Table 2.4.

p 0.2
n 100 200 400
SNR 0.1 0.3 0.5 0.1 0.3 0.5 0.1 0.3 0.5

LDPE Amin 0.370  0.793 0.937 | 0.687 0.990 1.000 | 0.914 1.000 1.000
SSLasso Ay | 0.393  0.803 0.933 | 0.687 0.990 1.000 | 0.892 1.000 1.000
Powerstrong dScore Anvin 0.333 0.783 0.917 | 0.693 0.993 1.000 | 0.905 1.000 1.000

nScore A\isg 0.400 0.797 0.903 | 0.713 0.997 1.000 | 0.910 1.000 1.000
nScore Agyp 0.473 0.857 0.953 | 0.697 0.993 0.993 | 0.943 1.000 1.000

LDPE Amin 0.041 0.044 0.051 | 0.057 0.050 0.071 | 0.050 0.093 0.071
SSLasso Apin | 0.054  0.056  0.074 | 0.071 0.056 0.089 | 0.071 0.101 0.101
Poweryeak dScore Avin 0.037 0.044 0.057 | 0.060 0.046 0.077 | 0.056 0.101 0.094

nScore A\isg 0.047 0.059 0.060 | 0.059 0.047 0.059 | 0.062 0.106 0.105
nScore Agup 0.059 0.071 0.107 | 0.043 0.083 0.070 | 0.069 0.094 0.106

LDPE Amin 0.051 0.049 0.048 | 0.050 0.050 0.050 | 0.051 0.050 0.049
SSLasso Ay | 0.057  0.056  0.058 | 0.0564 0.054 0.054 | 0.054 0.053 0.054
T1ER dScore Apvin 0.043 0.040 0.041 | 0.041 0.044 0.042 | 0.042 0.042 0.041
nScore A\iSE 0.062 0.058 0.048 | 0.056 0.052 0.040 | 0.054 0.047 0.046
nScore Agyp 0.064 0.074 0.090 | 0.059 0.076 0.076 | 0.060 0.060 0.49

p 0.6
n 100 200 400
SNR 0.1 0.3 0.5 0.1 0.3 0.5 0.1 0.3 0.5

LDPE Avin 0.327 0.827 0.960 | 0.700 0.983 0.997 | 0.968 1.000 1.000
SSLasso Ay | 0.350  0.853  0.957 | 0.687 0.990 0.997 | 0.945 0.996 1.000
Powerstrong dScore Apvin 0.297 0.787 0.937 | 0.697 0.987 0.993 | 0.968 0.996 1.000

nScore \isg 0.350 0.800 0.927 | 0.717 0.980 1.000 | 0.968 1.000 1.000
nScore Asyp 0.420 0.870 0.957 | 0.720 0.987 1.000 | 0.947 1.000 1.000

LDPE Avin 0.043 0.049 0.046 | 0.041 0.077 0.063 | 0.053 0.066 0.083
SSLasso Avin | 0.061  0.054 0.070 | 0.053 0.086 0.083 | 0.067 0.099 0.105
Poweryeak dScore Avin 0.044 0.047 0.046 | 0.040 0.081 0.069 | 0.063 0.077 0.098

nScore A\isg 0.069 0.056 0.044 | 0.054 0.087 0.074 | 0.067 0.086 0.103
nScore Agyp 0.0564 0.073 0.093 | 0.063 0.093 0.094 | 0.061 0.094 0.096

LDPE Avin 0.049 0.049 0.049 | 0.049 0.050 0.049 | 0.049 0.047 0.048
SSLasso Apn | 0.057  0.056  0.056 | 0.053 0.054 0.054 | 0.053 0.053 0.053
T1 Error dScore Apvin 0.033 0.039 0.036 | 0.031 0.033 0.033 | 0.032 0.030 0.031
nScore A\isg 0.057 0.051 0.047 | 0.056 0.049 0.039 | 0.055 0.045 0.046
nScore Agup 0.063 0.079 0.089 | 0.062 0.077 0.075 | 0.060 0.062 0.048
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observations. The gene expression measurements are normalized using the method of Gautier
et al. (2004). We limit our analysis to p = 3600 highly-connected genes (Zhang and Horvath,
2005, Horvath and Dong, 2008). We log-transform the survival outcome and center it to
have mean zero. Furthermore, we log-transform the expression data, and then standardize
each gene to have mean zero and standard deviation one across the n = 110 observations.
Our goal is to identify individual genes whose expression levels are associated with survival
time, after adjusting for the other 3599 genes in the data set. With FWER controlled at
level 0.1 using the Holm procedure (Holm, 1979), the naive score test identifies three such
genes: CKS2, H2AFZ, and RPA3. You et al. (2015) observed that CKS2 is highly expressed
in glioma. Vardabasso et al. (2014) found that histone genes, of which H2AFZ is one, are
related to cancer progression. Jin et al. (2015) found that RPA3 is associated with glioma
development. As a comparison, SSLasso finds two genes associated with patient survival:

PPAP2C and RGS3. LDPE and dScore identify no genes at FWER of 0.1.
2.6 Connections of the Naive Score Test With Existing Approaches

In the section, we show that although derived from different perspectives, the naive post-
selection prcedures are closely related to existing lasso debiased tests. Specifically, in Sec-
tion 2.6.1, we show that the post-selection OLS estimator is closely related to the recently-
proposed debiased lasso estimators, such as LDPE (Zhang and Zhang, 2014, van de Geer
et al., 2014), and SSLasso (Javanmard and Montanari, 2013a, 2014a). These estimators are
obtained by inverting the stationary condition of (1.2), and can be characterized as (see,
e.g., Javanmard and Montanari, 2013b, van de Geer et al., 2014, Javanmard and Montanari,

2014a)
S(debiase A 1 o~
Bliviased) — 3y EMXT <y _ X6A> , (2.26)

where B, is the lasso estimator, defined in (1.2). Let G = X X /n be the scaled Gramian
matrix. For the matrix M, Javanmard and Montanari (2014a) showed that when |[MG —
I||.. is small, the asymptotic bias of \/ﬁ,éf\demsed) could be negligible. Note that after debias-
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Bgdebmsed) is not necessarily sparse. With low-dimensional data, we could take M = G,

ng,
and asymptotically debias lasso estimates. However, with high-dimensional data, G is sin-
gular, in which case M is usually derived from computationally intense procedures.

In Section 2.6.2, we show that a slightly modified version of the naive score test is closely
related to the decorrelated score test (dScore; Ning and Liu, 2017), which is based on the

debiased score function
, o 1 ‘ o
S(debzased) _ XJT <y . X\] g\\])) o EXIX\]M(\J)X\—; (,y . X\j[@/(\\])) 7 (227)

where Bf\\j ) is the lasso estimator of 30\, defined in (2.4):

beRpr—1

A\ . 1
Bg\\” —argmln{%Hy—X\ijz—i-)\Hle}- (2.28)

Under the null hypothesis Hy; : 8; = 0, B\) = B\;. Therefore, Bf\\j) is also the lasso
estimate of @\; under the null hypothesis Hy; : 3; = 0. Similar to M, MO is a matrix
such that if [ MG ;) — I ||« is small, S@eesed) could be asymptotically unbiased. With
high-dimensional data, the computation of M) in Ning and Liu (2017) is based on the
lasso or Dantzig selector (Candes and Tao, 2007), which is computationally intense.

Given that it is reasonable to debias the lasso estimate @y using MXT(y — X3,)/n
in (2.26), it is intuitive that one can also debias X;X\jﬁg\j) using X X\ ;MM X\ (y —
X\jﬁg\j)) /n in (2.27). In other words, although the debiased lasso estimator in (2.26) and
the debiased score function in (2.27) are developed from different perspectives — the former
results from inverting the stationary condition of (1.2), and the latter from a Taylor expansion

of the score function — they are closely related.

2.6.1 Connection Between the Post-Selection OLS Estimator and Debiased Lasso Estima-

tors

We will now argue that the post-selection OLS estimator B(A*) in (2.6), used by the naive

confidence intervals and the naive score test, can be written in the form (2.26).
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Lemma 2.6.1. Suppose (M1) holds. Without loss of generality, assume that variables are
ordered such that Ay = {1,... | A\|}. Then we have
A -1
g | (G g ) 0 .
S R X7 (y-XB,). (2.29)
0 n 0 0
The proof of Lemma 2.6.1 is given in Appendix A.7. By definition, Bz\,\flx = 0. So we

can rewrite (2.29) as

3(Ax) 3. . - T (y—X; B, ;
B Bra | L (Caan) XA (v-Xabia) | (2.30)
0 0 n 0
Thus, B(AA) in (2.6) is a debiased lasso estimator that only debiases B/\ A,» while leaving
BA’\ 4, unchanged. Instead of requiring estimating the entire p x p matrix M, as in LDPE
and SSLasso — a computationally costly proposition — the naive approaches require the much

smaller matrix (G( A fl)\))il‘ This produces an asymptotically unbiased estimator without

de-sparsifying the original lasso estimator.

2.6.2 Connection Between a Modification of the Naive Score Test and the Decorrelated Score
Test

In this section, we show that a slight modification of naive score test can be written in the
form (2.26). In Section 2.4, we defined the naive score test statistic to be proportional to
ST =XI(I- PANIN )y in (2.21). Alternatively, we could have defined the naive score test

statistic to be proportional to
S0 =X (I - PV‘Q\”)) Y, (2.31)

where AE\\j ) = supp(Bg\j )), defined in (2.28). This alternative definition of the naive score
test statistic would have led to a result similar to that in Theorem 2.4.1, under suitable
assumptions. However, the definition of the naive score test presented in Section 2.4 has the

benefit of greater computational simplicity: testing Hy; : 8; = 0 for all j =1,...,p requires
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fitting one single lasso model to obtain A,. In contrast, if we defined the naive score test
using SY in (2.31), then we would have to fit p lasso models to get p Af\\j ), in order to test p
hypotheses.

Lemma 2.6.2 shows that S° in (2.31) is closely related to the decorrelated score test
(dScore) statistic of Ning and Liu (2017).

Lemma 2.6.2. Suppose that (M1) holds. Then
0_ xT 500 _ LT T 509)
' =X, <y - X8, > =X X <G(Ag\j),fi§\”)> X 4o (y — X\;B8, ) - (2.32)
The proof of Lemma 2.6.2 is given in Appendix A.8.

2.7 Discussion
In this chapter, we examined a very naive two-step approach to high-dimensional inference:

1. Perform the lasso in order to select a small set of variables, A,

2. Fit an OLS model using just the variables in A,, and make use of standard regression
inference tools. Make no adjustment for the fact that A, was selected based on the

data.

It seems clear that this naive approach is problematic, since we have peeked at the data
twice, but are not accounting for this double-peeking in our analysis.

In this chapter, we have shown that under appropriate assumptions, Ay converges with
high probability to a deterministic set, A,. This key insight allows us to establish that the
confidence intervals resulting from the aforementioned naive two-step approach have asymp-
totically correct coverage, in the sense of (2.3). This constitutes a theoretical justification
for the recent simulation findings of Leeb et al. (2015). Furthermore, we used this key insight
in order to establish that the score test that results from the naive two-step approach has
asymptotically the same distribution as though the selected set of variables had been fixed

in advance; thus, it can be used to test the null hypothesis Hy,; : 8; =0, j =1,...,p.
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Our simulation results corroborate our theoretical findings. In fact, we find essentially no
difference between the empirical performance of these naive proposals, and a host of other
recent proposals in the literature for high-dimensional inference (Javanmard and Montanari,
2014a, Zhang and Zhang, 2014, van de Geer et al., 2014, Lee et al., 2016, Ning and Liu,
2017).

From a bird’s-eye view, the recent literature on high-dimensional inference falls into two
camps. The work of Wasserman and Roeder (2009), Meinshausen et al. (2009), Berk et al.
(2013), Lee et al. (2016), Tibshirani et al. (2016) focuses on performing inference on the sub-
model (2.2), whereas the work of Javanmard and Montanari (2013a, 2014a,b), Zhang and
Zhang (2014), van de Geer et al. (2014), Ning and Liu (2017) focuses on testing hypotheses
associated with (2.1). In this chapter, we have shown that the confidence intervals that result
from the naive approach can be used to perform inference on the sub-model (2.2), whereas
the score test that results from the naive approach can be used to test hypotheses associated
with (2.1). Furthermore, we show that our post-selection approaches are closely related to
the debiased tests in Section 2.6. Thus, the naive approach to inference considered in this
chapter serves to unify these two camps of high-dimensional inference.

In the era of big data, simple analyses that are easy to apply and easy to understand
are especially attractive to scientific investigators. Therefore, a careful investigation of such
simple approaches is worthwhile, in order to determine which have the potential to yield
accurate results, and which do not. We do not advocate applying the naive two-step approach
described above in most practical data analysis settings: we are confident that in practice,
our intuition is correct, and this approach will perform poorly when the sample size is small
or moderate, and/or the assumptions are not met. However, in very large data settings, our
results suggest that this naive approach may indeed be viable for high-dimensional inference,
and warrants further investigation.

We close with some technical comments. One reviewer brought up an interesting com-
ment: Methods with folded-concave penalties (e.g., Fan and Li, 2001, Zhang, 2010a) require

milder conditions to achieve variable selection consistency than the lasso, i.e., Pr[fl,\ =A| —
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1. Inspired by this observation, we wonder whether Fan and Li (2001), Zhang (2010a) also
require milder conditions to achieve Pr[JZl,\ = A,\] — 1. If so, then we could replace lasso
with Fan and Li (2001), Zhang (2010a) in the variable selection step, and improve the ro-
bustness of the naive approaches. We believe this could be a fruitful area of future research.
In addition, extending the proposed theory and methods to generalized linear models and

M-estimators may also be fruitful areas for future research.
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Chapter 3

A SIGNIFICANCE TEST FOR GRAPH-CONSTRAINED
ESTIMATION

3.1 Introduction

Interactions among genes, proteins and metabolites shed light into underlying biological
mechanisms, and clarify their roles in carrying out cellular functions (Barabési and Oltvai,
2004, Zhu et al., 2007). This has motivated the development of many statistical methods
to incorporate existing knowledge of biological networks into data analysis (see, e.g., Kong
et al., 2006, Wei and Pan, 2008, Shojaie and Michailidis, 2009, 2010c, Michailidis, 2012).
Such methods can lead to identification of novel biological mechanisms associated with the
onset and progression of complex diseases (see, e.g., Barabdsi et al., 2011, Khatri et al.,
2012).

External network information may be summarized using an undirected weighted graph
G = (V,E,W), whose node set V = {1,...,p} corresponds to p variables. The edge set
E CV x V of the graph encodes similarities among variables, in the sense that two vertices
J, k € V are connected with an edge (j, k) € & if variables j and k are “similar” to each other.
The level of similarity between neighboring nodes (j,k) € £ is captured by entries in the
weight matrix, W; ) = W ;). Such similarities can for instance correspond to interactions
between genes or phylogenetic proximities of species.

A popular approach for incorporating network information is to encourage smoothness
in coefficient estimates corresponding to neighboring nodes in the network using a network
smoothing penalty (Li and Li, 2008, Slawski et al., 2010, Pan et al., 2010, Li and Li, 2010,
Huang et al., 2011, Yang et al., 2012, Shen et al., 2012, Zhu et al., 2013). This approach can

also be generalized to induce smoothness among similar variables defined based on a distance
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matrix or “kernel” (Randolph et al., 2012), which, for instance, capture similarities among
microbial communities according to lineages of a phylogenetic tree (see, e.g., Lozupone and
Knight, 2005, Lozupone et al., 2007, Purdom, 2011, Fukuyama et al., 2012).

The smoothness induced by the network smoothing penalty can result in more accu-
rate parameter estimations, particularly when the sample size n is small compared to the
number of variables p. Sparsity-inducing penalties, e.g., the ¢; penalty (Li and Li, 2008,
Slawski et al., 2010, Li and Li, 2010) or the minimum convex penalty (MCP) (Huang et al.,
2011), can then be used to select a subset of variables X associated with the outcome y
for improved interpretability and reduced variability. It has been shown that, under appro-
priate assumptions, the combination of network smoothing and sparsity-inducing penalties
can consistently select the subset of variables associated with the outcome (Huang et al.,
2011). However, such procedures do not account for the uncertainty of the estimates, and in
particular, do not provide p-values.

As mentioned in Chapter 2, a number of approaches have recently been proposed for
formal hypothesis testing in penalized regression, including resampling and subsampling
approaches (see, e.g., Bach, 2008, Meinshausen and Bithlmann, 2010, Chatterjee and Lahiri,
2011, Shah and Samworth, 2013), ridge test with deterministic design matrices (Biihlmann,
2013), debiased lasso tests (Javanmard and Montanari, 2013b,a, Zhang and Zhang, 2014,
van de Geer et al., 2014, Javanmard and Montanari, 2014a,b, Ning and Liu, 2017) and post-
selection lasso tests (Lee et al., 2016, Tibshirani et al., 2016). However, there are currently
no inference procedures available for methods that incorporate external information using
smoothing penalties. Inference procedures for least squares kernel machine (LSKM; Liu et al.,
2007, Kwee et al., 2007) and sequence kernel association test (SKAT; Wu et al., 2010, 2011,
Lee et al., 2012b,a, Ionita-Laza et al., 2013), on the other hand, test the global association
of the outcome with variables and are hence not appropriate for testing the association of
individual variables.

Another limitation of existing approaches that incorporate external network information,

including those using network smoothing penalties, is their implicit assumption that the
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network is accurate and informative. However, existing networks may be incomplete or in-
accurate (Hart et al., 2006). As shown in Shojaie and Michailidis (2010b), such inaccuracies
can severely impact the performance of network-based methods. Moreover, even if the net-
work is accurate and complete, it is often unclear whether network connectivities correspond
to similarities among corresponding coefficients, which is necessary for methods based on
network smoothing penalties.

To address the above shortcomings, we propose a testing framework, the Grace test,
which incorporates external network information into high-dimensional regression and corre-
sponding inferences. The proposed framework builds upon the graph-constrained estimation
(Grace) procedure of Li and Li (2008), Slawski et al. (2010), Li and Li (2010), and utilizes
recent theoretical developments for the lasso estimator (Bickel et al., 2009, van de Geer and
Biihlmann, 2009) and the ridge test (Biithlmann, 2013). As part of our theoretical devel-
opment, we generalize the ridge test with fixed design to the setting with random design
matrices X. This generalization was suggested in the discussion of Bithlmann (2013) as a
possible extension of the ridge test.

Our theoretical analysis shows that the proposed testing framework controls type-I error
rate, regardless of the informativeness or accuracy of the incorporated network. We also
show, both theoretically and using simulation experiments, that if the network is accurate and
informative, the Grace test offers improved power over existing approaches that ignore such
information. Finally, we propose an extension of the Grace test, called the Grace-ridge or
GraceR test, for settings where the network may potentially be inaccurate or uninformative.

The rest of this chapter is organized as follows. In Section 3.2, we introduce the Grace
estimation procedure and the Grace test. We also formally define the “informativeness”
of a network. Section 3.3 investigates the power of the Grace test, in comparison to its
competitors. In Section 3.4, we propose the Grace-ridge (GraceR) test for robust estimation
and inference with potentially uninformative networks. We apply our methods to simulated
data in Section 3.5 and to data from the Cancer Genome Atlas (TCGA) in Section 3.6. We

end with a discussion in Section 3.7. Proofs of theoretical results are gathered in Appendix B.



47

3.2 The Grace Estimation Procedure and the Grace Test

3.2.1 The Grace Estimation Procedure

Let L be the matrix encoding the external information in an undirected weighted graph
G = (V,E,W). In general, L can be any positive semi-definite matrix, or kernel, capturing
the “similarity” between variables. In this chapter, however, we focus on the case where L

is the graph Laplacian matrix,

d; if j =k
L(j,k) = —W(j’k) if (], ]{) c€f ,
0 otherwise

with d; = Z( ikee Wik denoting the degree of node j. We also assume that weights W, v,
are nonnegative. However, the definition of Laplacian and the analysis in this chapter can

be generalized to also accommodate negative weights (Chung, 1997).

Let X = [X4,...,X,] € R"*? be the n x p design matrix and y € R™ be the outcome

vector in the linear model
y=XB+e, €~N,(0,62I), X ~i;qa N,(0,) fori=1,..n. (3.1)

Multivariate normality of variables is commonly assumed in the analysis of biological net-
works, particularly, when estimating interactions among genes or proteins using GGMs (see,
e.g., Dobra et al., 2004, de la Fuente et al., 2004). Interestingly, the underlying assumption
of network smoothing penalties — that connected variables after scaling have similar associa-
tions with the outcome — is also related to the assumption of multivariate normality (Shojaie
and Michailidis, 2010c). In this chapter, we assume y is centered and columns of X are
centered and scaled, i.e., 1Ty = 0 and lTXj =0, XJ-TXj =n for j =1,...,p. We denote the
scaled Gramian matrix by G = X" X /n.

For a non-negative Grace tuning parameter, A\, Grace solves the following optimization
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problem:
BfL = ar;garin {lly - Xb|5+Ab Lb} = (nG + M\ L)' X Ty. (3.2)
cRP

When L is the Laplacian matrix, b' Lb = > el — bi)*Wi;x) (Huang et al., 2011).
Hence, the Grace penalty b Lb encourages smoothness in coefficients of connected variables,
according to weights of edges. Henceforth, we call L the penalty weight matrix.

For any tuning parameter A, > 0, (3.2) has a unique solution if (nG + ApL) is invert-
ible. However, if p > n and rank(L) < p, this condition may not hold. With a Gaus-
sian design X ~;;q4 N,(0,%), it follows from Bai (1999) that if liminf, . ¢2;,[X] > 0,
and if there exists a sequence of index sets C,, C {1,...,p}, lim, o |Cy|/n < 1, such that
liminf, o ¢2[Locaeny) > 0, then (nG + ApL) is invertible with high probability. In
this section, we hence assume that (nG + ApL) is invertible. This condition is relaxed in
Section 3.4, where we propose the more general Grace-ridge (GraceR) test.

As mentioned in the Section 3.1, several methods have been proposed to select the subset
of relevant variables for Grace. For example, Li and Li (2008), Slawski et al. (2010), Li and
Li (2010) added an ¢; penalty to the Grace objective function. Huang et al. (2011) instead
added the MCP and proposed the sparse Laplacian shrinkage (SLS) estimator. While these
methods perform automatic variable selection, they do not provide measures of uncertainty,
i.e., confidence intervals or p-values. In this chapter, we instead propose an inference proce-
dure that provides p-values for estimated coefficients from (3.2). The resulting p-values can

then be used to assess the significance of individual variables, and select a subset of relevant

variables.

3.2.2 The Grace Test

Before introducing the Grace test, we present a lemma that characterizes the bias of the

Grace estimation procedure.

Lemma 3.2.1. For any A\, > 0, assume (nG + A L) is invertible. Then, given X, ,éfL as
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formulated in (3.2) is an unbiased estimator of B if and only if LB = 0. Moreover,

A || LB,

HBias [BfJX} H2 < (3.3)

min |

Lemma 3.2.1 is proven in Appendix B.1. Because the bias of the Grace estimator depends
directly on the magnitude of L3, we consider L to be informative if L3 is small. According
to Lemma 3.2.1, the Grace estimator will be unbiased only if 3 lies in the space spanned
by the eigenvectors of L with 0 eigenvalues. In reality, however, this condition cannot be
checked from data. Thus, to control type-I error rate, we must adjust for this potential
estimation bias.

Our testing procedure is motivated by the ridge test proposed in Biithlmann (2013),
which we briefly discuss next. First, note that ridge is also a biased estimator of 3, and its
estimation bias is negligible only if the ridge tuning parameter is close to zero. In addition
to the estimation bias, Biithlmann (2013) also accounted for the projection bias of ridge
regression for a fized design matrix X . This is because for fixed design matrices with p > n,
B is not uniquely identifiable, as there are infinitely many b € RP such that Ely] = Xb.
Using ridge regression, 3 is only estimable if it lies in the row space of X, which is a proper
subspace of R” when p > n. If 3 does not lie in this subspace, the ridge estimated regression
coefficient is indeed the projection of 3 onto the row space of X, which is not identical to
3. This gives rise to the projection bias.

To account for these two types of biases, Biihlmann (2013) proposed to shrink the ridge
estimation bias to zero by shrinking the ridge tuning parameter to zero, while controlling
the projection bias using a stochastic bias bound derived from a lasso initial estimator. A
side effect of shrinking the ridge tuning parameter to zero is that the variance of variables
with high multi-collinearity could become large; this would hurt the statistical power of the
ridge test.

In this chapter, we develop a test for random design matrices, which was suggested in
the discussion of Biithlmann (2013) as a potential extension. With random design matrices,

we do not incur any projection bias. This is because the regression coefficients in this case
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are uniquely identifiable as ¥ "'Cov[X, y] under the joint distribution of (y, X). Here, X
denotes the population covariance matrix of variables X, and Cov[X,y] is the population
covariance between variables and the outcome; see Shao and Deng (2012) for a more elaborate
discussion of identifiability for fixed and random design matrices.

To control type-I error rate of the Grace test, we adjust for the potential estimation
bias using a stochastic bias bound derived from an initial estimator. By adjusting for the
estimation bias using a stochastic upper bound, the Grace tuning parameter needs not be
very small. Thus, the variance of Grace estimator is less likely to be unreasonably large; this
results in improved power for the Grace test. Power properties of the Grace test are more
formally investigated in Section 3.3. Next, we formally introduce our testing procedure.

Consider the null hypothesis Hy; : 3; = 0 for some j € {1,...,p}. Let B(i"it) be an initial

estimator of 3. We define the Grace test statistic as
20 =BY + A (nG + M\ L) LB, (3.4)

where ,é,{:L is the Grace estimator from (3.2) with tuning parameter A\r. Plugging in (3.2)

and adding and subtracting A\r.(nG + A L)"*L3, we can write

2 =8+Z5 49, i=1,..p (3.5)

where
79X ~ N (o, no? [(nG + ML) G (nG + A\L) "] (m) , (3.6)
~¢ =\ (nG +A\,L)"' L (B@m’” . [3) . (3.7)

In other words, v“ is the vector of unknown bias of the Grace test statistic. Under the null
hypothesis Hy; : 3; = 0, E[Z]G|X | = VJ-G, which is not necessarily equal to zero. Thus, we
have to adjust for v to make our procedure control type-I error rate. To adjust for it, we
derive an asymptotic stochastic bias bound for 7]G such that under the null hypothesis, with

probability tending to one,

V| 3T + 4/ Var [Z25]X] - 0, (1). (3.8)
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Then, under the null hypothesis, with probability tending to one, |sz| =3 |Z]G | + FJG, which
allows us to asymptotically control type-I error rate.

A necessary condition for the initial estimator B(i”it) is its ¢; estimation accuracy, i.e.,
|8 — B|,. To complete our testing framework, we use the fact that under suitable
conditions and with proper tuning parameter A, described in Theorem 3.2.2, the ¢, estimation
error of the lasso, defined in (1.2), is asymptotically controlled (see, e.g., Bickel et al., 2009,
van de Geer and Biihlmann, 2009). We thus use the lasso as the initial estimator for the
Grace test in this chapter, i.e., B(mit) = ,[3)\. Theorem 3.2.2 then constructs a FJ-G that satisfies

Condition (3.8). First, we present sufficient conditions for our proposal.
(A0) (nG + A\ L) is invertible.
(A1) y = XB+ € where X ~; ;4 Ny(0,%) for i =1,...,n and € ~ N, (0,021).

(A2) Let A= {j:pB; # 0} be the active set of 8 with cardinality ¢ = |A|. Then

e <(logn(p))£>

for some 0 < £ < 1/2.

(E) The (A, 3,3)-compatibility condition is met: for any a € RP such that |a\4l; <
3llaalls,
a'Ya

2
laally

q > ¢ (3.9)
with liminf,_,. ¢? > 0.

(O) The Grace tuning parameter, Ar, and the penalty weight matrix, L, are such that

Do G+ ML) L] =0 (( )y )“> (3.10)
Vo2 [(nG + ML) G (nG + ML) "\ \log(p) ' ‘
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As discussed in Section 3.2.1, (A0) is required for uniqueness of the Grace estimator, and is
shown to hold with probability tending to one under Gaussian design (Bai, 1999). (A2) is a
standard assumption, which requires the number of relevant variables to not grow too fast, so
that the signal is not overly diluted among those relevant variables. With p = o (exp(n)), ¢
can still grow to infinity as the sample size increases. The (A, 3, ¥)-compatibility condition
(Bithlmann and van de Geer, 2011) in (E) is closely related to the restricted eigenvalue
assumption introduced in Bickel et al. (2009); see van de Geer and Bithlmann (2009) for the
relationship between similar conditions. (O) is an optional condition, which can be relaxed

at the cost of potential loss of power with finite samples; see Remark 3.2.3.

Theorem 3.2.2. Suppose conditions (A0 )-(A2), (E) and (O) are satisfied, and let 30" =
By with tuning parameter X\ =< \/log(p)/n, where By is the lasso estimate defined in (1.2).
Let

J (3:\9)

) (Mf_f. (3.11)

n

I = [[(0G +20D) " L]

Then under the null hypothesis Hy; : f; = 0, for any o > 0 we have

lim Pr HzJG’ > a| < lim Pr HZJG‘ +FJG > al. (3.12)

n—o0 n—oo

Remark 3.2.3. If we instead define the stochastic error bound to be

A “[(nG+>\LL)’1 LL’HOO <log(p)>$£’

n

we can relax (O) and still control the asymptotic type-1 error rate; see the proof of Theo-
rem 3.2.2 in Appendiz B.2. However, as Ap/n — 0o, (nG + A\ L) 'A\pL converges to a
diagonal matriz, in which case ||[(nG + ALL) ' Llj|| > [[[(nG + A\t L) ' L] \j)|lso- This

looser stochastic bound may result in lower power in finite samples.

Theorem 3.2.2 is proven in Appendix B.2. It shows that regardless of the choice of L,
type-I error rate of the Grace test is asymptotically controlled. The stochastic bound FjG

relies on the unknown sparsity parameter . Following Bithlmann (2013), we suggest a small
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value of &, and use & = 0.05 in the simulation experiments in Section 3.5 and real data
example in Section 3.6.

Using (3.12), we can test Hy; using the asymptotically conservative two-sided p-value

(

| -T7)

pi=21-0y = (3.13)

Var [Z§| X ]

Calculating p-values requires estimating o2 and choosing a suitable tuning parameter Ar.
We can estimate o2 using any consistent estimator, such as the scaled lasso (Sun and Zhang,
2012). In the simulation experiments and real data example, we choose Ay, using 10-fold CV.

Note that, when simultaneously testing multiple hypotheses: Hy; : 8; = 0:Vj € J C
{1,...,p} versus H, ; : p; # 0: 3j € J, we may wish to control the false discovery rate (FDR).
Because variables in the data could be correlated, test statistics on multiple variables may
show arbitrary dependence structure. We thus suggest controlling FDR using the procedure
of Benjamini and Yekutieli (2001). Alternatively, we can control FWER using, e.g., the
method of Holm (1979).

3.3 Power of the Grace Test

In this section, we investigate power properties of the Grace test. Our first result describes

sufficient conditions for detection of nonzero coefficients.

Theorem 3.3.1. Assume conditions (A0)-(A2), (E) and (O) are met. If for some A, > 0,

0<a<l1,0<y <1, conditional on X, we have

18;] > 2F§" + <<I>;f [1 — %} + {1 - %D \/\W (3.14)

where @Xfl[-] is the quantile function of standard normal distribution, then using the same

tuning parameter Ar, in the Grace test,

lim Pr [p]G < a\X} >1—1).

n—oo
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Theorem 3.3.1 is proven in Appendix B.3. Having established the sufficient conditions
for detection of non-null hypotheses in Theorem 3.3.1, we next turn to comparing the power
of the Grace test with its competitors: ridge test with small tuning parameters and no bias
correction, and Gracel test, which is the Grace test with identity penalty weight matrix
I. The ridge test may be considered as a variant of the test proposed in Bithlmann (2013)
without the adjustment of the projection bias — because we assume the design matrix is
random, we incur no projection bias in the estimation procedure.

As indicated in Lemma 3.2.1, the estimation bias of the Grace procedure depends on
the informativeness of the penalty weight matrix L. When L is informative, we are able
to increase the size of the tuning parameter, which shrinks the estimation variance without
inducing a large estimation bias. Thus, with an informative L, we are able to obtain a better
prediction performance, as shown empirically in Li and Li (2008), Slawski et al. (2010), Li
and Li (2010). In such setting, the larger value of the tuning parameter, e.g., as chosen by
CV, also results in improved testing power, as discussed next.

Theorem 3.3.2 compares the power of the Grace test to its competitors in a simple setting
of p = 2 predictors, X; and X,. In particular, this result identifies sufficient conditions
under which the Grace test has asymptotically superior power. It also gives conditions for
the Gracel test to have higher power than the ridge test. The setting of p = 2 predictors
is considered mainly for ease of calculations, as in this case, we can directly derive closed
form expressions of the corresponding test statistics. Similar results are expected to hold for
p > 2 predictors, but require additional derivations and notations.

Assume y = X3, + X5, + €, where € ~ N, (0,062I), and X, X, are scaled. Denote
L= , G =

Theorem 3.3.2 considers the power for testing the null hypothesis Hy; : £ = 0, in settings

where [ # 0, without any constraints on fs.

Theorem 3.3.2. Suppose conditions (A0)-(A2), (E) and (O) are met. Let p§(Ar), p§"(Ar)
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and pf(l) be the Grace, Gracel and ridge p-values, respectively, with tuning parameters A\

for Grace, \p for Gracel, and 1 for ridge. Define
(h/n+1)* = (p+ Ih/n)*) - bl = (og(p)/m) "> - 11 = p) /n]
VL 20/n) (1= 02) + (h/n)? (1 + 12 — 21p)

Then, conditional on the design matriz X, under the alternative hypothesis 1 = b # 0, the

T [h, 1, p, |b]] = (3.15)

following statements hold with probability tending to one, as n — oo.

a) If im Y [Ar,L, p,[b]] > lim T, [\r1,0,p,]0]], then lim p&(A\r)/pS (A1) < 1.
n—oo n—oo n—oo

b) If lim Y [Ap,l, p, |b]] > /1 — p2|b|, then lim p§(Ag)/pft(1) < 1.
n—o00 n—oo

c¢) If lim Y [Ar,0,p, ] > /1 — p2|b|, then lim pF!(A\;)/pf(1) < 1.
n—oo n—oo

Theorem 3.3.2 is proven in Appendix B.4. Observe that, as A /n and Ay/n diverge
to infinity, both Y[Ar,l, p, |51|] and Y[A1,0, p, |f1]] approach infinity, and are greater than
m |f1]. This implies that, on one hand, as shown in b) and ¢), for Ay, and Ay sufficiently
large, both the Grace and Gracel tests are asymptotically more powerful than the ridge
test. On the other hand, as shown in a), we can only compare the powers of the Grace
and Gracel tests under some constraints on their tuning parameters. With equal tuning
parameters for Grace and Gracel, A\, = Ay, we can show that as A\p,/n = A\f/n — oo, we
have lim,, o0 T[Az, L p, [B1]] > limy, oo T[AL, 0, p, |Ba]] if (1 —12) > /(1 +12 —2lp). In this
case, the Grace test is more powerful than the Gracel test if [ is between 0 and [*, where
[* is the unique root in [—1,1] of the cubic equation [* — 3l + 2p = 0. Figure 3.1compares
the powers of the Grace and Gracel tests with equal tuning parameters Ap/n = Ar/n = 10
and #; = 1. It can be seen that, the Grace test asymptotically outperforms the Gracel
test when [ is close to p with equally large tuning parameters. However, when [ is far from
p, the Gracel test could be more powerful. This observation, and the empirical results in
Section 3.5 motivate the development of the GraceR test, introduced in Section 3.4.

A similar comparison for powers of the Grace and the ridge test, with A, /n = 10 and

[ = 1, is provided in Figure 3.2. These results suggest that, with large Grace tuning
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Figure 3.1: The ratio of Y[Ar,l, p, |81]] over T[Ar,0, p, |f1]] for different [ and p with Ar,/n =
Ar/n =10, (log(p)/n)*/?>=¢ = 0.25 and B = 1.

' 20
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parameters, Grace substantially outperforms the ridge test in almost all scenarios. The

result for the Grace and ridge comparison is similar with A /n = 1.

3.4 The Grace-Ridge (GraceR) Test

As discussed in Section 3.2, an informative L results in reduced bias of the Grace procedure,
by choosing a larger tuning parameter A\y. The result in Theorem 3.3.2 goes beyond just the
bias of the Grace procedure. It shows that for certain choices of L, i.e., when [ is close to the

true correlation parameter p, the Grace test can have asymptotically superior power. This
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Figure 3.2: The log-ratio of Y[Ar,l, p, |81]] over \/1 — p? for different [ and p with A\r/n = 10,
(log(p)/n)*/?>~¢ = 0.25 and B; = 1.
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additional insight is obtained by accounting for, not just the bias of the Grace procedure,
but also its variance, when investigating the power.

However, in practice, there is no guarantee that existing network information truly corre-
sponds to similarities among coefficients, or is complete and accurate. To address this issue,
we introduce the Grace-ridge (GraceR) test. The estimator used in GraceR incorporates two

Grace-type penalties induced by L and I:
By, = argmin {|ly — Xb||; + Atb"Lb+ A\;b'b} = (nG + AL+ AI) " X Ty. (3.16)
beRP

Using data-adaptive choices of tuning parameters A\p and Ay, we expect this test to be as
powerful as the Grace test if L is informative, and as powerful as the Gracel test, otherwise.

Another advantage of the GraceR over the Grace test is improved bias-variance tradeoff.
If L is (almost) singular, the variance of the Grace test statistic, which depends on the
eigenvalues of (nG + A L), could be large even for reasonably large Ar,. Thus, even though
our discussion in Section 3.2.1 shows that (RG+Ar L) is invertible with high probability, with
finite samples, its smallest eigenvalue could be very small, if not zero. If L is informative,
L3 and hence the bias in (3.3) are small. Thus, the rank-deficiency of (nG + A L) can be
alleviated by choosing a large value of A\,. However, if L3 is non-negligible, choosing a large
value of A\ may result in a large bias, even larger than the ridge estimate, to the extent
which may offset the benefit from the variance reduction. The finite sample type-I error rate
of the Grace test may thus be controlled poorly. By incorporating an additional /5 penalty,
we can better control the eigenvalues and achieve a better bias-variance trade-off.

The GraceR optimization problem leads to the following test statistic:
200 = B+ (RG + AL+ Ar) (AL + M\ I) B, (3.17)
Similar to Section 3.2.2, we can write

Z]GRzﬁj_FZjGR_‘_’yJGR? jzla"'ap> (318)
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where

ZER|X ~ N (0, no? [(nG + AL + ArD) ' G (nG + ApL + ArI) ] (m) . (3.19)

~OR = (nG + A\p L+ A\ D)™ OpL + A (BW) - B) . (3.20)

Similar to the Grace test in Section 3.2.2, we choose 3" to be an initial lasso estimator,
and derive an asymptotic stochastic bound for 7&# such that [¢#| 3 T%". Equation (3.13)
is again used to obtain two-sided p-values for H ;. Theorems 3.4.1 and 3.4.2 parallel the
previous results for the Grace test, and establish GraceR’s asymptotic control of type-I error
rate, and conditions for detection of non-null hypotheses. Proofs of these results are similar
to Theorems 3.2.2 and 3.3.1, and are hence omitted. We first state an alternative to (O).
This assumption can be justified using an argument similar to that for (O), and can also be

relaxed with the cost of reduced power for the GraceR test.

e (O): The GraceR tuning parameters, A\, and Ay, and the penalty weight matrix, L,

are such that

(NG + AL+ M\I)7! AL+ X)) o <( n );5)
V192 [(nG + ALL + M) G (nG + AL+ Ard) "] * \ \log(p) |

(9)
(3.21)

Theorem 3.4.1. Assume conditions (A0)-(A2), (E) and (O’) are met. The following T§*
satisfies the stochastic bound for GraceR.

[CR = H [(nG + Ap L+ AD) ™ (AL + M)

J

. (M> %_é. (3.22)

Then, under the null hypothesis, for any o > 0,

lim Pr[|z5*| > o] < lim Pr[|Z{%| +T¢% > o] . (3.23)

n—oo n—oo

p-values for the GraceR test, ijR, can be derived similarly as in the Grace test. We now

show the sufficient condition for detection for the GraceR test.
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Theorem 3.4.2. Assume conditions (A0)-(A2), (E) and (O’) are met. If for some A\, > 0

and Ay > 0, conditional on X, we have

|8j] > 2T + (cb;vl [1 - %} + &} [1 - %D Var [Z¢F| X | (3.24)
for some 0 < a <1 and 0 < < 1. Then using the same Ar, and Ar in the GraceR test, we

get lim,,_, Pr[pJGR < a‘X] >1—1.
3.5 Simulation Experiments

In this section, we compare the Grace and GraceR tests with the ridge test (Biithlmann, 2013)
with small tuning parameters, low-dimensional projection estimator (LDPE) for inference
(Zhang and Zhang, 2014, van de Geer et al., 2014) and the Gracel test; both the ridge test
and LDPE are implemented in the hdi R package. To this end, we consider a graph similar
to Li and Li (2008), with 50 hub variables (genes), each connected to nine other satellite
variables (genes). The nine satellite variables are not connected with each other, nor are
variables in different hub-satellite clusters. In total the graph includes p = 500 variables
and 450 edges. Figure 3.3 shows the graph structure used in the simulation study with five
hub-satellite clusters. In the simulation study, we use 50 such hub-satellite clusters. We
build the underlying true Laplacian matrix L* according to the graph with all edge weights
equal one.

To assess the effect of inaccurate or incomplete network information, we also consider
variants of the Grace and GraceR tests with incorrectly specified graphs, where a number of
randomly selected edges are added or removed. The number of removed or added (perturbed)
edges relative to the true graph is NPE € {-225, -165, -70, -10, 0, 15, 135, 350, 600,
900, 1250, 1650, 2050, 3150}, with negative and positive numbers indicating removals
and additions of edges, respectively. For example, NPE=-165 indicates 165 of the 450 edges
in the true graph represented by L* are randomly removed in the perturbed graph; denote
the corresponding perturbed Laplacian matrix L. This represents the case with incomplete

network information. On the other hands, NPE = 350 indicates that in addition to the 450
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Figure 3.3: An illustration of the hub-satellite graph structure with five hub-satellite clusters.
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true edges in L*, we also randomly add 350 wrong edges to L. The NPE values considered
correspond to normalized spectral differences ||[L — L*||3/||L*||2 equal to 0.85, 0.75, 0.50,
0.25, 0, 0.25, 0.50, 0.75, 1.00, 1.25, 1.50, 1.75, 2.00 and 2.65. Thus, the size of perturbation
to the graph is roughly the same with NPE = -165 and 350. The perturbed penalty weight
matrix L is then used in the Grace and GraceR tests. Since (X 'X + ApL) may not be
invertible, for Grace, we add a value of 0.01 to the diagonal entries of L to make it positive
definite. No such correction is needed for GraceR and Gracel because of the presence of ¢

penalty.

In each simulation replicate, we generate n = 100 independent samples, where for the 50
hub variables in each sample, 2“0 ~; ;4 N(0,1), k = 1, ..., 50, and for the 9 satellite variables
in the k-th hub-satellite cluster, ] ~;; 4 N(0.9 x 21 0.9), 1 =1,...,9, k = 1, ..., 50. This
is equivalent to simulating X ~; ;4 N,(0,3) with ¥ = (L*+0.11xI)~!, i.e., L* corresponds

to the partial covariance structure of the variables.

We consider a sparse model in which variables in the first hub-satellite cluster are equally
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associated with the outcome, and those in the other 49 clusters are not. Specifically, we let

10 p—10
We then simulate y = X3 + €, with € ~ N,,(0,02I), and consider o, € {9.5,6.3,4.8} to
produce expected R?* = 1 — ¢2/Var[y] € {0.1,0.2,0.3}.

Throughout the simulation iterations, L* and 3 are kept fixed, and L, X and € are
randomly generated in each repetition. We set the sparsity parameter ¢ = 0.05, and lasso
tuning parameter A = 4o¢1/3log(p)/n, where o, is estimated using the scaled lasso (Sun and
Zhang, 2012). As suggested in Biithlmann (2013), the tuning parameter for the ridge test
is set to 1. Tuning parameters for LDPE, Grace, GraceR and Gracel are chosen by 10-fold
CV. We use two-sided significance level a« = 0.05 and calculate the average and standard
error of powers from ten non-zero coefficients and type-I error rates of each test from 490
zero coefficients. Figure 3.4 summarizes the mean power and type-I error rate of tests across
B = 100 simulated data sets, along with the corresponding 95% confidence intervals.

Comparing the power of the tests, it can be seen that the Grace test with correct choices
of L (NPE = 0) results in highest power. The performance of the Grace test, however,
deteriorates as L becomes less accurate. The performance of the GraceR test is, on the
other hand, more stable. It is close to the Grace test when the observed L is close to the
truth, and is roughly as good as the Gracel test when L is significantly inaccurate. As
expected, our testing procedures asymptotically control type-I error rate, in that observed

type-I error rates are not significantly different from o = 0.05.

3.6 Analysis of TCGA Prostate Cancer Data

We examine the Grace and GraceR tests on a prostate adenocarcinoma dataset from TCGA
collected from prostate tumor biopsies. After removing samples with missing measurements,
we obtain a dataset with n = 321 samples. For each sample, the prostate-specific antigen
(PSA) level and the RNA sequences of 4739 genes are available. Genetic network information

for these genes is obtained from the Kyoto Encyclopedia of Genes and Genomes (KEGQG)
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Figure 3.4: Comparison of powers and type-I error rates of different testing methods, along
with their 95% confidence bands. Filled circles (e) corresponds to powers, whereas crosses
(x) are type-I error rates. Numbers on z-axis for Grace and GraceR tests refer to the number
of perturbed edges (NPE) in the network used for testing.
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(Ogata et al., 1999, Kanehisa and Goto, 2000), resulting in a dataset with p = 3450 genes
and |E| = 38541 edges.

We center the outcome and center and scale the variables. For the Grace and GraceR
tests, we set the sparsity parameter & = 0.05 and lasso tuning parameter A = 4o.+/3log(p)/n,
where o, is estimated using the scaled lasso (Sun and Zhang, 2012). We control FDR at
level 0.05 using the method of Benjamini and Yekutieli (2001).

To increase the chance of selecting “hub” genes, we use the normalized Laplacian matrix
Lorm) — D120 D~/2 where D is the diagonal degree matrix for the KEGG network with
edge weights set to one. The Grace penalty induced by the normalized Laplacian matrix
encourages smoothness of coefficient estimates based on the degrees of respective nodes,
bILU™b = 37 e(bi//dj — b /V/dk)* Wik (Li and Li, 2008). We add 0.001 to the
diagonal entries of L™ to induce positive definitiveness in the Grace test.

As shown in Figure 3.5(a), the Grace test with tuning parameter selected by 10-fold CV
identifies 54 genes that are associated with PSA level. They consist of 42 histone genes,
11 histone deacetylase (HDAC) genes and the paired box gene 8 (PAXS). Histone and
HDAC genes are densely connected in the KEGG network. With the network smoothing
penalty, the Grace regression coefficients of histone and HDAC genes are all positive with
a similar magnitude. Previous research indicates that histone genes are associated with the
occurrence, clinical outcomes and recurrence of prostate cancer (Seligson et al., 2005, Ke
et al., 2009). The pathological role of HDAC genes on the onset and progression of prostate
cancer have also been previously studied (Halkidou et al., 2004, Chen et al., 2007, Abbas
and Gupta, 2008).

Figure 3.5(b) shows the result for the GraceR test. GraceR identifies five histone genes,
which are also identified by the Grace test. In addition, GraceR identifies 11 genes that are
not identified by Grace. Prior work has identified nine of those 11 genes to be associated
with PSA level or the severity and stage of cancer. Specifically, prior work shows that
the expression of ribonucleoside-diphosphate reductase subunit M2 (RRM2) is associated

with higher Gleason scores, which correlate with the severity of prostate cancer (Huang
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et al., 2014). Protein arginine methyltransferase 1 (PRMT1) may also have an effect on
the proliferation of prostate cancer cells (Yu et al., 2009). Activation of olfactory receptors
(OR) prevents proliferation of prostate cancer cells (Neuhaus et al., 2009). Interferon-y
(IFNG) plays a role in the differentiation of human prostate basal-epithelial cells (Untergasser
et al., 2005). IFNG is connected to the interleukin receptor 22 a1 (IL22RA1), the role of
which related to prostate cancer is unknown. However, several earlier studies point out the
associations between prostate cancer and several other interleukin receptors in the Janus
kinase and signal transducer and activator of transcription (JAK-STAT) activating family,
including IL 6, 8, 11, 13 and 17 genes (Culig et al., 2005, Inoue et al., 2000, Campbell et al.,
2001, Maini et al., 1997, Zhang et al., 2012). Cell-division cycle genes (CDC) may also be
associated with various cancers. The association between collagen type 2 al (COL2A1) and
prostate cancer is also not known, but other collagen genes, including type 1 251, type 4
ab and a6, have been shown to be associated with prostate cancer progression (Hall et al.,
2008, Dehan et al., 1997). Although the association between phosphate cytidylyltransferase
1 choline-av (PCYT1A) and prostate cancer or PSA level is not known, Vaezi et al. (2014)
show that PCYT1A is a prognostic factor in survival for patients with lung and head and

neck squamous cell carcinomas.

As a comparison, the Gracel test with 10-fold CV identifies 16 disconnected genes, 11 of
which are also identified by the GraceR test. Ridge test (Bithlmann, 2013) with ridge tuning
parameter 1 identifies four disconnected genes, which are also identified by the GraceR test.
LDPE with tuning parameters chosen by 10-fold CV identifies ten disconnected genes. Seven
of these genes are identified by GraceR and two by Grace.

We also investigate the stability of the Grace test to different tuning parameters and
network mis-specifications. Figure 3.6 shows the number of significant genes identified by
the Grace test in the TCGA data against various values of A\y. The result indicates that the
number of genes found by the Grace test is relatively stable for a range of tuning parameters
around the CV choice. On the other hand, very few genes are identified when the tuning

parameter is too small or too large. This is because, with small tuning parameters, the
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Figure 3.5: Results of analysis of TCGA prostate cancer data using the a)Grace and
b)GraceR tests after controlling for FDR at 0.05 level. In each case, genes found to be
significantly associated with PSA level are shown, along with their interactions based on
information from KEGG.
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Figure 3.6: Number of genes identified by the Grace test in the TCGA data against the
tuning parameter of the Grace test, A\r. The red dashed line corresponds to the choice made
by 10-fold CV (Ar = exp(14.2)).
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variance is large and thus no gene is statistically significant. On the other hand, with large
tuning parameters, the stochastic bound F]-G dominates z]G Note that the above result of
power does not contradict Theorem 3.3.2, which shows that the asymptotic power of the
Grace test improves as we use larger A\yp. A vital condition for Theorem 3.3.2 to hold is
186" — Bl = 0,(1).

To examine whether the result of the Grace test on the TCGA data is sensitive to the
KEGG network structure, we randomly change the connectivity of m node pairs in the

KEGG network and form the new perturbed network Gerturbed) | g Ag(perturbed)| — py - where
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Figure 3.7: Number of genes that are found significant with both the KEGG network and the
perturbed network against the number of perturbed edges. The red dashed line represents
the number of genes identified by the Grace test with the KEGG network.
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A is the symmetric difference operator between two sets. In other words, for m randomly
selected node pairs (a;, b;), i = 1, ...,m, if there is an edge (a;, b;) in the KEGG network, we
remove it in the perturbed network; otherwise, we add an edge in the perturbed network. In
our examination, m ranges from 10,000 to 600,000. Note that there are 38,541 edges in the
original KEGG network. We counted the number of genes that are significant using both

networks. The result shown in Figure 3.7 is an average of 50 independent replications.

Finally, we compare the prediction performance by Grace, GraceR, Gracel and lasso with

tuning parameters chosen by 10-fold CV, as well as ridge with tuning parameter equal to 1.
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Table 3.1: Prediction performance of the Grace, GraceR, Gracel, ridge (A = 1) and lasso.
The performance metric is the sum of 10-fold CV prediction error rate (CVER).

Grace GraceR Gracel Ridge Lasso
CVER 3473 3411 3418 3917 3546

The result is shown in Table 3.1. GraceR produces the smallest CV prediction error, followed
closely by Gracel and Grace. This result may indicate the KEGG network information is in

fact informative in prediction.

3.7 Discussion

In this chapter, we proposed the Grace and GraceR tests that incorporate external graphical
information regarding the similarity between variables. Such external information is pre-
sented in the form of a penalty weight matrix L, which is considered to be the (normalized)
graph Laplacian matrix in this chapter. However, any positive semi-definite matrix can be
used as L. The proposed inference framework thus allows researchers in different fields to in-
corporate relevant external information through L. For example, we can use various distance
and kernel metrics that measure the (dis)similarity between species in phylogenetic studies.
We can also use the adaptive graph Laplacian matrix (Li and Li, 2010) so that coefficients
of negatively correlated variables are penalized to have the opposite signs. Regardless of the
choice of L, our proposed procedures asymptotically control type-I error rate; the power of
the Grace test, however, depends on the informativeness of L. The power of the GraceR
test is on the other hand less dependent on the choice of L.

In this chapter, we proposed to use the lasso as the initial estimator. Another potential
choice for the initial estimator is the Dantzig selector (Candes and Tao, 2007). Koltchinskii
(2009), Bickel et al. (2009) showed that with slightly different conditions than presented in
this chapter, Dantzig selector was also able to produce coefficient estimates that achieved

the required estimation accuracy.
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The Grace test introduced in this chapter is not scale invariant. That is, the Grace
test with the same tuning parameter could produce different p-values with data (y, X) and
(ky, X), where k # 1 is a constant. This is clear as the test statistic zJG depends on the
outcome y whereas the stochastic bound F]-G does not. To make the Grace and GraceR tests
scale invariant, we can simply choose the tuning parameter for our lasso initial estimator to
be A = Co.\/log(p)/n with a constant C' > 2/2. Sun and Zhang (2012) showed that the
lasso was scale invariant in this case. We would also need to use scaled invariant stochastic
bounds FJG' = UET]G and F]GR/ = ael"JGR in our Grace and GraceR tests. Note that multiplying
any constant in FJ-G and F]-GR does not change our asymptotic control of type-I error rate.

In this chapter, CV is used to choose tuning parameters of the Grace and GraceR tests.
However, CV does not directly maximize the power of these tests. Boonstra et al. (2015)
presented several common methods for tuning parameter selection for ridge regression. Se-
lection of tuning parameters for optimal testing performance can be a fruitful direction of
future research. Another useful extension of the proposed framework is its adaptation to
GLMs.

The Grace and GraceR tests are implemented in the R package Grace, available on the

Comprehensive R Archive Network (CRAN).
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Chapter 4

DIFFERENTIAL CONNECTIVITY ANALYSIS: TESTING
DIFFERENCES IN STRUCTURES OF HIGH-DIMENSIONAL
NETWORKS

4.1 Introduction

Changes in biological networks, such as brain connectivity and gene regulatory networks, have
been associated with the onset and progression of complex diseases (see, e.g., Bassett and
Bullmore, 2009, Barabasi et al., 2011). Locating differentially connected nodes or edges in
the network of diseased individuals compared to healthy subjects—referred to as differential
network biology (Ideker and Krogan, 2012)—can help researchers delineate underlying disease
mechanism. Such network-based biomarkers can also serve as effective diagnostic tools and
guide new therapies. In this chapter, we propose a novel hypothesis testing framework for
identifying differentially connected nodes or edges in two networks.

Consider two networks G' = (V, &) and G = (V,EW), with edge sets £' and £ and
common nodes V. For example, in a brain connectivity network, V denotes a set of regions
of interest (ROI), and edges among ROIs may correspond to functional or structural connec-
tives. While one may be interested in testing global differences between G' and G, scientists
are often interested in identifying differentially connected nodes or edges. For m € {I,11},

let

nei' ={k#j:(j,k) € Em}, (4.1)
be the neighborhood of node j in network G™ and denote by

di. =1[(j, k) € EM], (4.2)
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the dyad of node-pair (j,k),j # k, where 1[-] denotes the indicator function. Patterns of
differential connectivity in the two networks can then be identified by examining the null

hypotheses

S SN i O S
H; ; : nej = ne; and ok A, = djy.. (4.3)

The first null hypothesis, Hg ;, concerns differential connectivity of nodes: Under Hg ;, node
j is connected to the same nodes in both networks. On the other hand, the second null
hypothesis, Hj ., concerns differential connectivity of edges: Under this null, node j and &
are either connected in both networks, i.e., d; = d}j. = 1, or not connected in either network,
ie., d}k = dﬁ = 0. The set of hypotheses Hg; and Hg j, form a hierarchy, in the sense that
nej = nej implies djy, = djj for all k # j.

In most applications, the edge sets £' and £V are estimated from data, based on simi-
larities/dependencies between variables. In particular, Gaussian graphical models (GGMs)
are commonly used to estimate biological networks (e.g., Krumsiek et al., 2011). Let X!
and X! be two Gaussian datasets of size n! x p and n!' x p containing measurements of the
same set of variables V (with p = [V|) in populations I and II, respectively. The data may
be high-dimensional, i.e., p > max{n!,n'}. In GGMs, the edge set £™ for m € {I,1I} is
defined based on the population precision matrices of variables in X™, which we denote as
™. More specifically, (j, k) € ™ if and only if Q) # 0.

To identify differential connectivities in two networks, we may naively eyeball the differ-
ences in two GGMs estimated using single network estimation methods (e.g., Meinshausen
and Biithlmann, 2006, Yuan and Lin, 2007, Friedman et al., 2008), or joint estimation methods
(e.g., Guo et al., 2011, Danaher et al., 2014, Zhao et al., 2014, Peterson et al., 2015, Saegusa
and Shojaie, 2016); see Drton and Maathuis (2017) for a review of GGM estimation method-
ologies. However, existing estimation approaches do not provide measures of uncertainty,
e.g., p-values, and are thus of limited utility in drawing formal scientific conclusions.

A number of recent approaches provide confidence intervals and/or p-values for high-

dimensional precision matrices. In particular, Ren et al. (2015), Jankova and van de Geer
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(2015, 2017), Xia and Li (2017) provide inference for entries of single precision matrix, which

can be used to test Q7 = 0 for m € {I,II}. On the other hand, Xia et al. (2015), Belilovsky

(G:k)

et al. (2016) propose to examine the difference in values of two precision matrices. Given
that in GGMs &' and £ are defined based on Q' and Q" these methods seem the natural
choice for identifying differential connectivity in high-dimensional networks. However, as we
illustrate in Section 4.2, they are in fact unable to test Hg ; : nej = nej' or Hg ;. « djy, = dy,
and may lead to misleading conclusions. New procedures are therefore needed to identify

differentially connected nodes or edges.

To address the limitations of existing procedures, we propose a new framework, called
differential connectivity analysis (DCA), for testing Hj ; and Hg ;.. More specifically, given
that in GGMs (j, k) € &™ if and only if Qfj,, # 0, we recast the hypotheses Hg ; and H ;.

in (4.3) as the following equivalent hypotheses

Hy; : supp (ﬂ}) = supp (Q;I) and Hojj:1 [Q;k #+ O] =1 [Q;Ik -+ 0} , (4.4)

where €2; denotes the j-th column of matrix 2. In other words, our proposal directly
examines the support of two precision matrices, rather than their values. While inference
based on qualitative hypotheses Hy ; and Hy j;, is more challenging, these hypotheses avoid
false positives due to the changes in the values of inverse covariances, which, as shown in

Section 4.2, impede the application of existing quantitative inference procedures.

The rest of the chapter is organized as follows. In Section 4.2, we discuss the challenges of
obtaining valid inference procedures for Hg ; and Hg ;.. Our proposed framework is presented
in Section 4.3. In Section 4.4, we investigate the use of lasso neighborhood selection in the
proposed framework. Simulation studies and real-data examples are presented in Sections 4.5
and 4.6, respectively. We end with a discussion of future research directions in Section 4.7.

Technical proofs and additional details are collected in Appendix C.
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4.2 Challenges of Obtaining Valid Inference for H;; and Hg

In this section, we illustrate why existing hypothesis testing methods based on wvalues of

precision matrices are unable to test Hj ; or Hp ;.

The first class of inference procedures that are based on precision matrix values focuses
on a single matrix (Ren et al., 2015, Jankova and van de Geer, 2015, 2017, Xia and Li, 2017).
These methods examine the null hypothesis Q) = 0 for j # k, and hence could control
the probability of falsely detecting an inexistent edge. However, they could not control the
false positive rates of Hg; or Hg ;.. This is because Hp; and Hj ;; concern the coexistence
of edges in two networks. Thus, the false positive rate of Hj ; and Hj ;. not only depends on
the probability of falsely detecting an inexistent edge, but also depends on the probability
of correctly detecting an existent edge. While single network hypothesis testing methods
control the former probability, they do not control the latter one, and may thus result in

false positives for Hy; and Hg .

The second class of inference procedures that are based on values of precision matrices
examines the equality of entires of the two matrices. For example, Xia et al. (2015) tests

whether Q%j’k) = Qg}k), whereas Belilovsky et al. (2016) tests )/Q%j,j) = Qg’k)/QH ); the

Gk (4,
latter is equivalent to testing 8,7 = B/, where for m € {I,1I}, g7/ = QF 1y /2 ;) are

coefficients of the kth variable in the regression of X; on other variables, which is used, e.g.,
in neighborhood selection (Meinshausen and Biihlmann, 2006); see (4.6) in Section 4.3.2
for more details. While these procedures examine the equality of entries of two precision
matrices, they do not reveal whether the GGM structures are the same. More importantly,
the primary limitation of of these methods is that examining differences in magnitudes of
Q' and Q' may lead to misleading conclusions. To see this issue, consider the following toy
example with three Gaussian variables: Suppose in population I, variable 1 causally affects
variables 2 and 3, and variable 2 causally affects variable 3. Suppose, in addition, that in
population IT the effect of variable 1 on variable 2 remains intact, whereas variables 1 or 2

no longer affects variable 3 due to, e.g., a biological anomaly in variable 3. The undirected
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Figure 4.1: Conditional dependency structures of variables in populations I and II.

Network | Network 11

>

networks corresponding to the two GGMs are shown in Figure 4.1.
Suppose, without loss of generality, that the precision matrix of variables in population
[is
1 05 0.5
Q'=105 1 05
05 05 1
Further, suppose that X has the same distribution as X1, i.e., X1t =; X1. The unchanged
(causal) relationship of variables 1 and 2 leads to X' =; X3. On the other hand, X1 is
independent of X{' and X1 ie., X I X?w}‘ Since X! is normally distributed, we have
X! ~;ia N3(0, 21, where

1.5 =05 =05

S (@) =205 15 —05
—-0.5 —0.5 1.5
In population II, we have X%I =4 X{, X%I =4 X% and X;I A Xﬂg}. Thus, X" ~;;a
N3(0, X)) where
1.5 —0.5 0
»M=1-05 15 0 ,

0 0 Var [X ?ﬂ
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which implies that

0.75 0.25 0
Q= (=" =025 0.75 0
0 0 1/Var[X}].

Assuming, for simplicity, that Var[X3!] = 1,

0.75 025 0
QY= 1025 075 0
0o 0 1

In this example, the relationship between variables 1 and 2 is the same in both pop-
ulations. In particular, the dependence relationship between X; and X, is the same, as
indicated in Figure 4.1. However, 9{1,2) + 9%11,2)' Thus, the procedures of Xia et al. (2015)
would falsely detect (1,2) as a differentially connected edge. Moreover this discrepancy is
not due to scaling of the entries of the precision matrices. In fact, it can also be seen that

5’1 #* Bg’l and ,6{2 + 6{1’2, where, as before, BZL’j = Q@NQ@J)' Thus, a similar false
conclusion would also be reached using methods based on regression coefficients, such as
Belilovsky et al. (2016).

To summarize, existing approaches are unable to test Hg; : nei» = ne§I and Hg ;. -
d;k = d;lk: Estimation approaches do not provide measures of uncertainty; single network
hypothesis testing approaches are not guaranteed to control the false positive rate of H ; or

Hg )., and inference methods that examine the equivalence of two precision matrices could

lead to misleading conclusions.
4.3 Differential Connectivity Analysis

4.8.1  Summary of the Proposed Framework

We present in this subsection a high-level summary of the proposed differential connectivity

analysis (DCA) framework. Details are presented in the following subsections.
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Consider a node j € V. Then, any other node k # j must belong to one of three

categories, which are depicted in Figure 4.2a:

i) k is a common neighbor of j in both networks, i.e., k € nej Nnej' = neY;

i) k is a neighbor of j in one and only one of the two networks, i.e., k € nej Anell, where

“/\” is the symmetric difference operator for two sets;

iii) k is not a neighbor of j in either of the two networks, i.e., k ¢ ne; Unel.

Clearly, ne§- = neﬁI implies ne§ Am%-I = (). If, to the contrary, there exists a node %k such

that k € nej Anell, then j is differentially connected, and (j, k) is a differentially connected
node-pair, i.e., dy, # di.

Under Hg ;. : d;k = d;lk, node k cannot belong to the second category, and under Hg ; :

I II

ne; = ne;, no node should belong to the second category. Thus, to test Hg,; and Hg .,

we propose to examine whether there exists any node k such that k € nej Anej' = (ne} U

i I i ' : I I
ne; )\(ne; Nnej). Specifically, for any k # j such that k ¢ ne; N ne;, we check whether
ke ne§- U ne?, i.e., whether k is a neighbor of j in either one of the networks.

In practice, we do not observe ne?, and need to estimate it. Our inference framework

thus consists of two steps:

1. Estimation: We estimate the common neighbors of each node j in the two networks,

ne = nel Nnejl; this estimate is denoted e

0
J i

2. Inference: We test whether there exists any k ¢ rie) such that k € ne} Unell. In
Section 4.3.3, we show that for k ¢ r[e? testing k ¢ nei- U nei.I is equivalent to testing
Xt AL X | X\ form € {LL 11}, We use properties of GGMs to test this conditional
independence.

Details of the above two steps are described in the next two subsections, where it becomes

clear that the procedure naturally extends to testing differential connectivity in more than
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Figure 4.2: Illustration of the common neighborhood ne} = nej N nel of node j in two
networks ' and £Y: In all figures, ne? is shaded in gray, and its estimate, ﬁe?, is shown
in dashed ovals; the unshaded parts of ne} and nej' correspond to nej Anel' = 0. In (b),
ﬁe? satisfies the coverage property of Section 4.3.2 and allows differential connectivity to be

estimated; in (c), 7”[6? ) ne§ U ne§I and differential connectivity of j cannot be detected, as
illustrated in Section 4.4.1

nej ne

two networks. From the discussion in the following subsection it will also become clear that
the estimated common neighborhood Tie? plays an important role in the validity and power
of the proposed framework. In Section 4.3.2, we show that in order for ﬁe? to be useful in the
inference step, it needs to satisfy Pr[nAe? ) ne?] — 1 (Figure 4.2b). On the other hand, as
the cardinality of ﬁeg exceeds that of ne?, the power of the proposed framework deteriorates.
In fact, if ﬁe? D) ne§ U ne§I (Figure 4.2c), the differential connectivity of node j cannot be
detected. In the following subsection, we also discuss how the randomness in estimating ﬁe?

may affect the results of the inference step and how valid inferences can be obtained.

4.3.2  Estimating Common Neighbors

Given any j € V), the first step of the proposed DCA framework involves obtaining an
estimate Tie? of ne?. Our proposed framework does not require ﬁe? to be a consistent estimate

of neg, which usually requires stringent conditions. Instead, we observe that under the null

we have ne§ = ne§-I = ne?, 0

I 1
€ J

. . . . T e~ 0
hypothesis Hy ; : ne; = nej, which indicates that if rne; 2 ne

then ﬁeg D) nei. Une?. In other words, if 7”[6? D) ne?, then the null hypothesis H ; : ne§ = ne§-I
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can be examined by testing whether there exists any k ¢ 7‘[6? such that k € ne§- U ney. In
that case, we also know that (k,j) is a differentially connected edge. Based on the above

observation, in the proposed framework we require that
Pr[C] = Pr[rie? D nej| — 1. (4.5)

We call (4.5) the coverage property of estimated common neighbors (see Figure 4.2b).
To estimate the common neighborhood ne?, we use the fact that if X™ m € {I,11} is

Gaussian, then
X = X"nEm 4 e, (4.6)

where 3™7 is a (p — 1)-vector of coefficients and €™ is an n™-vector of random Gaussian
errors. Moreover, by multivariate Gaussian theory, 52“ = QZ‘ k) / QE’; Y Thus, ﬁ;”’j # 0 if
and only if QZL k) # 0, which, as discussed before, is equivalent to k& € nel". Therefore, the

common neighbors of node j in the two populations is
ne? = ne§- N ne§I = {k DB A0 & B A O} . (4.7)

Based on (4.7), an estimate of ne? may be obtained from the estimated supports of 3%/
and B, Various procedures can be used to estimate 3 and 8" and, in turn, nej. We
present a lasso-based estimator as an example in Section 4.4. Proposition 4.4.1 shows that
under appropriate conditions, the lasso-based estimate satisfies the coverage property (4.5),

and is thus valid for the estimation step of the proposed framework.

4.3.83 Testing Differential Connectivity

Recall, from our discussion in the previous section, that the estimated joint neighborhood
Tie? needs to satisfy the coverage property Pr[C] — 1, where C is defined in (4.5). Moreover,
under the event C, if there exists any k ¢ T[e(; such that k£ € ne§ U ney, then with probability
tending to one, nej # nell. In GGMs, k € nej Unel' if and only if X J X]I|X{

j .

{k.g}
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or X} )t XJI.I | Xg{k,j}' Thus, to determine whether there exists any k ¢ Tie? such that

ke ne§- U ne?, we test the following hypotheses
HgYy - X3 AL X" | XU gy VE ¢ v U {5} (4.8)

for m € {I,1I}. As mentioned in Section 4.3.2, these hypotheses are equivalent to Hy's

B(’;ZO = 0 for m € {I,II} based on the linear representations in (4.6). Because Hj; : ne§- =
J

ne§-I is rejected if Hévj or H(I)fj is rejected, according to the Sidék correction, to control type-I
error rate of Hy; at level a > 0, we control type-I error rate of Hj; and of H. at level
1 — /T —a. Note that if rie] U {j} =V, we do not reject Ho;.

We can use a similar strategy to test Hg j, : d}, = djj for k # j, where the dyad dy, for a
node-pair (j, k) is defined in (4.2). Here, we test whether k € ne} A nell = (nej Unej)\ne).
If k e ﬁeg, we estimate k to be a neighbor of j in both networks, and do not reject the null
hypothesis Hy jz. Otherwise, if k ¢ ﬁeg, we use a procedure similar to that used for testing
we test Hy?, o X AL X[ XU
for m € {I,1I}. As before, Hy i is rejected at level « if H(I)Jk or H(ij is rejected at level

1 — /1 —a. By (4.6), these hypotheses are equivalent to Hg"; : an’j =0 for m € {I,11}.

H; ;- nel = nell. Specifically, to test Hg i dyy, = d?k,

Even when Tieg satisfies the coverage property, the hypotheses HéJ- and H(I)fj depend on
the data through ﬁeg, which is a random quantity. This dependence complicates hypothesis
testing: we look at the same data twice, once to formulate hypotheses, and once to test
the hypotheses that are formulated using the same data. Conventional statistical wisdom
indicates that with such double-peeking, common hypothesis testing methods are no longer
valid (see, e.g., Potscher, 1991, Kabaila, 1998, Leeb and Potscher, 2003, 2005, 2006a,b, 2008,
Kabaila, 2009, Berk et al., 2013). One strategy to avoid double-peeking is to use sample-
splitting (see, e.g., Wasserman and Roeder, 2009, Meinshausen et al., 2009), wherein the
data are divided in two parts; the first part is used to estimate ﬁeg and the second to test
Hg ;.

Sample-splitting breaks down the dependence between the data that are used to generate

hypotheses and the data that are used to test the hypotheses. However, sample-splitting has
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two drawback: first, using only one half of the samples to test Hg; diminishes the power;
second, we also only use half of the samples to estimate ﬁe?, which makes the coverage
property of common neighbors (4.5) less likely to happen with finite samples. Because our
procedure requires the coverage property in order to control the type-I error, in practice,
sample-splitting may inflate the false positive rate. Proposition 4.4.2 in Section 4.4 offers an
alternative to sample-splitting. This result shows that although ﬁeg is in general random,
under appropriate conditions, the lasso-based estimate of ﬁe? discussed in Section 4.4 con-
verges in probability to a deterministic set, which is not affected by the randomness of the
data. Thus, asymptotically, we can treat ﬁeg as deterministic, and hence treat H(I)7 ; and H(Ifj
as classical non-data-dependent hypotheses. This new result simplifies the implementation
of the proposed two-step inference procedure. Our empirical analyses in Section 4.5 show

that the lasso-based inference also offers advantages over its sample-splitting counterpart.

The equivalence between the qualitative tests Hg; : ne§ = ne§I and those based on

11,5

\ie? = 0, offers a concrete test for
J

differential connectivity. Hg; and Hg'; can be tested by using recent proposals for testing

conditional independence, Hy ; : B{’ieo = 0 and Hy; : 3
J

coefficients in high-dimensional linear regressions (e.g., Javanmard and Montanari, 2014a,
Zhang and Zhang, 2014, van de Geer et al., 2014, Zhao and Shojaie, 2016, Ning and Liu,
2017). Because the above procedures examine individual regression coefficients, they are also
appropriate for testing H&jk : ,Ig’j =0 and Hé}jk : ,ICI’j = 0. To control type-I error rates of
Hj ; and Hy';, we need to control the family-wise error rate (FWER) on individual regression
coefficients using, e.g., the Holm procedure. Alternatively, H&j and H(I)fj can be tested
using group hypothesis testing procedures that examine a group of regression coefficients,
such as the least-squares kernel machines (LSKM) test (Liu et al., 2007). Although such
group hypothesis testing approaches cannot be used to examine Hj ., they often result

in computational and power advantages in testing Hg;, compared to hypothesis testing

approaches that examine individual regression coefficients.

To summarize, our proposed framework consists of an estimation step followed by an

inference step. Each of these steps can incorporate different methods. For the estimation
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step, we require that for each j € V, the estimated common neighborhood, Ti@?, satisfies

0
J

0

the coverage property (4.5), i.e., Prlrie; 2 nej] — 1. Moreover, we require that either

0

; 1s deterministic with high probability, or that the dependence between the estimation

ne
and inference steps is broken down by using a sample-splitting approach. For the inference
step, valid high-dimensional hypothesis testing methods that examine individual regression

coefficients are suitable for testing both Hg ;. : d}, = djj, and Hg; : nel = nell. The latter

hypothesis, H; ;, can also be examined using group hypothesis testing approaches. We thus

arrive at to the following result.

Theorem 4.3.1. Suppose the procedure used in the estimation step of differential connectivity

analysis (DCA) satisfies the following conditions for each j € V:

1. The estimated common neighborhood of node j in the estimation step, nAe?, satisfies the

coverage property, i.e., lim, . Pr[rie? D nef] =1;

2. FEither the estimated common neighborhood ﬁe? 1s deterministic with probability tending

to one, or the data used to test hypotheses Hy; (Hy%y) for m € {111} are independent

of the data used to estimate ﬁeg.

Then if, for m € {1, 11}, the inference procedure for testing Hg'; : ,3(”13 =0 (H, B =0)

0
nej

is asymptotically valid, DCA asymptotically controls the type-I error rate of Hg ; ne§ = nell

J
(Hf)k,jk : d}k = dﬁc)
4.4 The Validity of Lasso for DCA

A convenient procedure for estimating ne? is the lasso neighborhood selection (Meinshausen

and Bithlmann, 2006). Specifically, we define 7”562 = ﬁe; N ﬁe? = supp(BLj )N supp(,én’j )

where for m € {I, 11},

. (1
B’ Eargmln{% ||X;”—X<?bH;+/\§”Hb||1} (4.9)

beRr—1
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In this section, we present two propositions regarding lasso neighborhood selection, which
show that under appropriate conditions, the estimate ﬁe? satisfies the coverage property
Pr[ﬁe? D neY] — 1, and is deterministic with high probability. These results imply that lasso
neighborhood selection satisfies the requirements of Theorem 4.3.1. Moreover, no sample-
splitting is necessary to draw valid inference from lasso-based estimates. We end this section
with a brief discussion of the power of DCA when lasso is used in the estimation step.

To establish that lasso-based estimates of neighborhoods are deterministic with high
probability, in Proposition 4.4.2 we establish a relationship between the lasso neighborhood

selection estimator (4.9) and its noiseless (and hence deterministic) counterpart

S 1
B = arg min {E {% | X" - X{?b”z} + A ||b||1} . (4.10)

beRp—1

To the best of our knowledge, the fact that the lasso support is asymptotically deterministic
has not been previously established for regressions with random design X.

The following are sufficient conditions for our propositions.

(A1) For m € {I,II}, rows of the data X™ are independent and identically distributed
Gaussian random vectors: X™ ~, ;4. Np(O, 3™, where, without loss of generality, we

assume diag(X™) = 1. Further, the minimum and maximum eigenvalues of ™ satisfy

liminf ¢, [£™] >0 and limsup¢2,, [Z™] < oco.
n—oo

min max
n—00

(A2) For m € {I,1I} and a given variable 7 € V, the sample size n™, dimension p, lasso

neighborhood selection tuning parameters A", number of neighbors ¢j* = |nel*|, and

minimum non-zero coefficients ™/ = min{|3™/| : 8’ # 0}, where B™7is defined in

min

(4.6), satisfy

1 1 A m
NG s < se L ()L g VS
T nmoAT Donit

(A3) For m € {I,1I} and a given variable j € V, define the sub-gradient 7™/ based on the

stationary condition (Karush, 1939, Kuhn and Tucker, 1951) of (4.10)

. 1 ..
= B [X0T (X - X)) (4.11)

m
n)\j
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<1 —™ such as

o0

We assume 7™ satisfies limsup,, , . H%\Tzejm
J

log(p) 1

nm A;’Lém

— 0,

and

min
kere™\nej

AT nm

~1 A
)
[ (nef mel)
J

-1
— 0.
Tk

1 [log(p) ( g
rie?
Condition (A1) characterizes the data distribution. Combining the first two requirements
of (A2), for m € {I,11}, we get ¢j* = o(y/n™/log(p)), as commonly required in the lasso
literature. The third constraint in (A2) is the B-min condition, which prevents the signal
from being too weak to be detected; this condition may be relaxed to allow the presence
of some weak signal variables. In addition, (A2) requires the tuning parameters AT to
approach zero at a slower rate than y/log(p)/n™, which is the minimum tuning parameter
rate for prediction consistency of lasso with Gaussian data (see, e.g., Bickel et al., 2009).
Since +/log(p)/n™/ A7 — 0 by (A2), condition (A3) requires that the tuning parameter A
does not converge to any transition points too fast, where some entries of ™7 change from
zero to nonzero, or vice versa. (A3) also requires that minkeﬁe;n\m;n ][E(ﬁe?,ﬁegn)]_lfgéﬂk
does not converge to zero too fast.
We now present Propositions 4.4.1 and 4.4.2. As mentioned in Section 4.3.1, Propo-
sition 4.4.1 implies that lasso neighborhood selection is a valid method for estimation in
our framework, and Proposition 4.4.2 relieves us from using sample-splitting to circumvent

double-peeking by our procedure.

Proposition 4.4.1. Suppose conditions (A1) and (A2) for variable j € V hold. Then Tie?

estimated using lasso neighborhood selection satisfies

lim Pr [rie] D nel| = 1. (4.12)

n—oo
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Proposition 4.4.2. Suppose conditions (A1) — (A3) for variable j € V hold. Then ﬁeg

estimated using lasso neighborhood selection satisfies
lim Pr | Ae(; =ne)| =1, (4.13)
where 1e) = supp(B™) Nsupp(B™), and BY and B™ are defined in (4.10).

The proofs of Propositions 4.4.1 and 4.4.2 are presented in Appendices C.1 and C.2,
respectively. The result in Proposition 4.4.2 should not be confused with the variable selec-
tion consistency of lasso, proved in, e.g., Meinshausen and Biithlmann (2006). In particular,
Meinshausen and Biithlmann (2006) proved that under the stringent neighborhood stability

condition, the selected neighborhoods converge in probability to the true neighborhoods,

0

J] = 1. On the other hand, under considerably milder conditions,

ie., lim, o Pr[ﬁeg = ne
Proposition 4.4.2 indicates that although the selected neighborhoods may not converge to
the true neighborhoods, they still converge to deterministic sets, Tie?. This result allows us

to ignore the randomness in ﬁe?, asymptotically.

4.4.1 Power of DCA when using lasso in the estimation step

In Section 4.3.2, we argued that the estimated common neighborhood 7”[6? needs to satisfy

0

the coverage property, i.e., Pr[ﬁeg ) nej] — 1. In this section, we briefly discuss how the

0

; affects the power of the proposed differential connectivity test. We also

cardinality of ne
discuss a sufficient condition, where, using lasso in the estimation step, the power of DCA
could approach one asymptotically for detecting differential connectivity.

: : : ; s Lol II s o 1
As mentioned in Section 4.3.3, to examine Hg; : ne; # ne; and Hg ;o @ dy # dy,

in the second step of the proposed procedure, we test whether variable j is conditionally

independent of variables that are not in the estimated common neighborhood. In the case

where nel # nell, if the estimated neighborhood of variable j is too large, such that rie] 2

nejUnej' (see Figure 4.2¢), then for any k ¢ n“e?U {j}, X" L X0 | XU, for moe {111}

In this case, we will not be able to identify differential connectivity of node j. Thus, even
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though the validity of DCA requires that ﬁe? achieves the coverage property, 7”[6? should not

be exceedingly larger than ne).
0
7

suppose |nell| =

To examine the power of DCA with the lasso-based estimate of ne i

o(|nej]). Belloni and Chernozhukov (2013) show that, under mild conditions, |ne’| =,
1€ = ]supp(Bm’j )|, i.e., with high probability, the size of the estimated neighborhood of

j is of the same order as the size of its true neighborhood. Therefore, [rie}| < |7ie}1| =,

I

Inell| = o(|nejl), ie., with high probability, |nej| > |7ie?| so that ﬁeg 2 nej. Similarly, if

Inel| = o(|nell]), then with high probability rie 2 nell. Thus, if [ne}| and [nell| are not of
the same order, then, with high probability, rie] 2 nel A nell, and there exists k ¢ rie) U {j}
such that X7 ) Xj" [ X\, for m € {LII}. In this case, with any conditional testing
method that achieves asymptotic power one, DCA is asymptotically guaranteed to detect

the differential connectivity of j.

While the conditions presented in the above special case are sufficient and not necessary,
the scenario sheds light on the power properties of DCA. We defer to future research a more

thorough assessment of power properties of DCA.

4.5 Simulation Studies

In this section, we present results of a simulation study that evaluates the power and type-I
error rate of the DCA framework using various choices of procedures in the estimation and

inference steps.

In this simulation, we generate £' from a power-law degree distribution with power pa-
rameter 5, |V| = p = 200 and |EY] = p(p —1)/100; this corresponds to an edge density of 0.02
in graph G'. Power-law degree distributions are able to produce graphs with hubs, which
are expected in real-world networks (Newman, 2003). To simulate £, among the 100 most
connected nodes in G', we randomly select 20 nodes, remove all the edges that are connected

to them, and then randomly add edges to graph G so that || = |€Y]. To simulate Q! for
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Figure 4.3: Distribution of non-zero partial correlations in simulated Q! and Q.

Density

-0.3 -0.2 -0.1 0.0 0.1 0.2 0.3
Jj # k, we let
0 (J: k) ¢ &
Q=14 05 (j,k) €&, with 50% probability -

—0.5 (j, k) € E', with 50% probability

To simulate QU for j # k, we let

(

QL (k) e&nen
" 0.5 (4, k) € EME, with 50% probability
| 0.5 (4, k) € EMEL with 50% probability

Finally, for m € {I, 11}, we let QO = >, [Q ;)| +u™ for j =1,...,p, where u™ is chosen
such that ¢2, [Q2™] = 0.1, where ¢2, [22™] is the smallest eigenvalues of Q™. Figure 4.3
shows the distribution of non-zero partial correlations in Q' and QY. From Q' and QU,
we generate X' ~; ;4 N,(0,(Q)™) and X ~;; 4 N,(0,(2T)7), where n! = n!! = n €

{100, 200, 400, 800}.
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To estimate common neighbors of each node 5 € V, we use lasso neighborhood selec-

tion, with tuning parameters chosen by 10-fold cross-validation (CV). We either use sample-

splitting to address the issue of double-peeking, with half of samples used to estimate ﬁe?

and the other half to test Hy ;, or use a naive approach, where the whole dataset is used to es-

timate ﬁe? and to test H ; : nel

= ne?; the latter approach is justified by Proposition 4.4.2.

To examine H,; for each j =1,...,p, we consider LSKM (Liu et al., 2007) and the Gracel
test (Zhao and Shojaie, 2016), which are implemented in the SKAT and Grace R packages,
respectively. As a result, we compare in total 4 approaches: {naive lasso neighborhood
selection, sample-splitting lasso neighborhood selection} x {LSKM, Gracel}.

Figure 4.4 shows average type-I error rates of falsely rejecting Hj ; : nel = nell, as well
as average powers of various DCA variants based on R = 100 repetitions. Denote by z;,
the decision function based on the Gracel test or LSKM: 27 = 1 if we reject hypothesis

Hg ;- ne§ = ne§-I in the r-th repetition, and z7 = 0 otherwise. The average type-I error rate

is defined as

R -1 R
T1ER = (Z H] ev: ne;’r = nei“}‘) Z Z Zi 0, (4.14)
r=1

— : I 11
r=1 ]GV:nej’T:nej T

Le., the proportion of null hypotheses in R repetitions that we falsely reject Hg ;. For

11

k € {1,3,5,10}, the average power of rejecting Hg ;- ne§- = ne;

when nei» and ne}l differ by

at least k& members is defined as

R
Pk = (Z HJ ev: ‘ne;’r Ane?"ﬂ
r=1

zk}‘)_ XR: S S8 (415)

r=1 | jevinel” Anelt | >k
where “A” is the symmetric difference operator of two sets.

The simulation reveals several interesting patterns. First, naive procedures which use the
same dataset to estimate ﬁeg and test Hg ; tend to have better statistical power than their
sample-splitting counterparts. This is understandable, as sample-splitting only uses half of
the data for hypothesis testing. On the other hand, naive procedures also have better control

of type-I error rate than sample-splitting procedures. This is because the event rie? ) ne?,
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Figure 4.4: The average type-I error rate of falsely reJectmg H; ;- nel = nell, as well as the

average powers of rejecting Hg ; nei = nej when ne] and ne i dlffer in at least one (P1),
three (P3), five (P5) or ten (P10) elements. The axis for type I error rate is on the left of

each panel, whereas the axis for power is on the right.

n =100 n =200
— < — ©
split. SKAT i —
=&~ split.Gracel
naive.SKAT L ® L X
- % - naive.Gracel e °
—_ —_ X
S _© o P -
9] o o . o)
T = - x =
(o] | =]
o) | < a ) - | 2
ISq o ISe X o
-Eo‘ /x b P
7 4
L‘O). /, ’ N g x _ - a [qV]
IS . r o o o
R 2 _-A
ao-== K== =4 A---A
o o
o -3 o -3
I T T T 1 I T T T 1
T1ER P1 P3 P5 P10 T1ER P1 P3 P5 P10
n =400 n =800
_.-Xr 3 Xem o= Xemom X 3
.- X X~ S a-="
X~ I ® ,A’ I *®
/' o P o
—_ /‘ o s
<) x Al o o a4’ | ©
5] P © g @ °g
— rd —
I .4 3 I 3
(] - < QO [} < Q
<5 AT =) o ~ o
2 - 2
A e
"8_ A o~ 8 a N
IS r o o o
o o
o - S © - o

T1ER P1 P3 P5 P10 T1ER P1 P3 P5 P10



90

Table 4.1: The average type-I error rate (T1ER) of falsely rejecting Hy; : ne} = nell, as well

as the average powers of rejecting Ho; : nej = nel' when nel and nej differ in at least one

J j j
(P1), three (P3), five (P5) or ten (P10) elements.

Naive Sample-Splitting

n | TIER P1 P3 P5 P10 | TIER P1 P3 P5 P10
100 | 0.082 0.157 0.241 0.357 0.655 | 0.067 0.094 0.119 0.154 0.303
200 | 0.064 0.247 0.417 0.625 0.875| 0.101 0.180 0.258 0.349 0.638
400 | 0.041 0.392 0.660 0.869 0.972 | 0.088 0.278 0.458 0.647 0.880
800 | 0.035 0.594 0.866 0.970 1.000 | 0.052 0.412 0.683 0.896 0.986
100 | 0.036 0.082 0.124 0.161 0.359 | 0.049 0.078 0.102 0.117 0.331
200 | 0.053 0.246 0.376 0.479 0.671 | 0.042 0.087 0.116 0.145 0.263
400 | 0.050 0.634 0.849 0.939 0.993 | 0.084 0.259 0.380 0.482 0.648
800 | 0.039 0.904 0.992 0.999 1.000 | 0.067 0.632 0.840 0.914 0.952

LSKM

Gracel

which is crucial for controlling the type-I error rate and is guaranteed to happen with high
probability asymptotically, is less likely to happen with the smaller samples available for
the sample-splitting estimator. In addition, we can see that LSKM has better power than
the Gracel test for smaller sample sizes (LSKM also has a slightly worse control on the
type-1 error rate than Gracel). But as sample size increases, the power of Gracel eventually
surpasses LSKM. Finally, as expected, the probability of rejecting H ; ne§ = ne§-I is higher
when ne§- and ne§I differ by more elements. Detailed values of estimated powers and type-I

errors are shown in Table 4.1.
4.6 Real Data Examples

4.6.1 Application to Brain Imaging Data

Mild, uncomplicated traumatic brain injury (TBI), or concussion, can occur from a variety of

head injury exposures. In youth, sports and recreational activities comprise a predominate



91

number of these exposures with uncomplicated mild comprising the vast majority of TBIs.
By definition, these are diagnostically ambiguous injuries with no radiographic findings on
conventional CT or MRI. While some children recover just fine, a subset remain symptomatic
for a sustained period of time. This group—often referred to as the ‘miserable minority’—
make up the majority of the patient population in concussion clinics. Newer imaging methods
are needed to provide more sensitive diagnostic and prognostic screening tools that elucidate
the underlying pathophysiological changes in these concussed youth whose symptoms do not
resolve. To this end, a collaborative team evaluated 10-14 year olds following a sports or
recreational concussion who remained symptomatic at 3-4 weeks post-injury and a group
of age and gender matched controls with no history of head injury, psychological health
diagnoses, or learning disabilities. Advanced neuroimaging was collected on each participant
which included collecting diffusion tensor imaging (DTI). DTT has been shown to be sensitive
to more subtle changes in white matter that have been reported to strongly correlate with
axonal injury pathology Bennett et al. (2012), Mac Donald et al. (2007) and relate to outcome
in other concussion groups Bazarian et al. (2012), Cubon et al. (2011), Gajawelli et al. (2013).

MRI scans were completed on a 3T Phillips Achieva with a 32-channel head coil. Each
imaging session lasted 40 minutes and included a lmm isotropic MPRAGE (5:13), 1mm
isotropic 3D T2-weighted image (5:22), 1mm isotropic 3D T2-Star (3:41), 2D FLAIR col-
lected at an in-plane resolution of 1 x lmm with a slice thickness of 4mm, no gaps (2:56),
3mm isotropic BOLD image for resting-state fMRI (6:59), and a 32 direction 2mm isotropic
diffusion sequence acquired with reverse polarity (A-P, P-A), b=1000 sec/mm2, and 6 non-
diffusion weighted images for diffusion tensor imaging (DTI) analysis (each 6:39). The DTI
data was then post-processed by the collaborative group by the following methods before the
data was then utilized for the current analysis. Briefly, the first portion of the pipeline uses
TORTOISE - Tolerably Obsessive Registration and Tensor Optimization Indolent Software
Ensemble (Pierpaoli et al., 2010). For reverse polarity data, each DWI acquisition both A-P
and P-A is initially run through DiffPrep (Oishi et al., 2009, Zhang et al., 2010) in TOR-

TOISE for susceptibility distortion correction, motion correction, eddy current correction,
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and registration to 3D high resolution structural image. For EPI distortion correction, the
diffusion images were registered to the 1mm isotropic T2 image using non-linear b-splines.
Eddy current and motion distortion were corrected using standard affine transformations
followed by re-orientation of the b-matrix for the rotational aspect of the rigid body motion.
Following DiffPrep, the output images from both the A-P and P-A DWTI acquisitions were
then sent through Diffeomorphic Registration for Blip-Up Blip-Down Diffusion Imaging (DR-
BUDDI, Irfanoglu et al., 2015) in TORTOISE for further EPI distortion and eddy current
correction that can be completed with diffusion data that has been collected with reverse
polarity. This step combines the reverse polarity imaging data creating a single, cleaned,
DWTI data set that is then sent through DiffCalc (Pierpaoli et al., 2010, Koay et al., 2006,
2009, Basser et al., 1994, Mangin et al., 2002, Chang et al., 2005, 2012, Rohde et al., 2005) in
TORTOISE. This step completes the tensor estimation using the robust estimation of ten-
sors by outlier rejection (RESTORE)10 approach. Following tensor estimation, a variety of
DTI metrics can be derived. For this study, we specifically focused on fractional anisotropy

(FA) as our main metric.

Following this post-processing in TORTOISE, 3D image stacks for MD and FA were
introduced into DTIstudio (Zhang et al., 2010, Oishi et al., 2009) for segmentation of the
DTT atlas (Mori et al., 2010) on to each participants DTT data set in ‘patient space’ through
the Diffeomap program in DTIstudio using both linear and non-linear transformations. This
is a semi-automated process that allows for the extraction of DTI metrics within each 3D-
atlas-based region of interest providing a comprehensive sampling throughout the entire brain
into 189 regions including ventricular space. For this study, selection of regions was limited
to regions of white matter as the main hypothesis regarding DTI was that there would be
reductions in white matter integrity observed with FA related to brain injury. This reduced
the number of regions used for further analysis down to 78. To select only white matter,
FA images were then threshold at 0.2 or greater, and this final 3D segmentation was then
applied to all other co-registered DTI metrics and the data within each DTI metric for the

78 regions of interest was extracted in ROleditor for further analysis.
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Upon preprocessing the data, we obtained data on p = 78 brain regions from n! = 27
healthy controls and n'' = 25 TBI patients. To assess whether brain connectivity patterns
of TBI patients differs from that of healthy controls, we used the DCA framework with the
Gracel test after naive lasso neighborhood selection. We chose the lasso tuning parameter
using10-fold CV and controlled the FWER of falsely rejecting Hg ; : ne§ = ne§I for any
7 =1,...,pat level 0.1 using the Holm procedure. The resulting brain connectivity networks
are shown in Figures 4.5-4.7, where differentially connected and common edges are drawn
in different colors. It can be seen that a number of connections differ between TBI patients
and healthy controls. The DTI data used in this study provide characterize microstructural
changes in brain regions and not their functions. The assumption of multivariate normality
may also not be realistic in this application. Finally, the study is based on small samples.

Nonetheless, the results suggest orchestrated structural changes in TBI patients that may

help form new hypotheses.

4.6.2  Application to Cancer Genetics Data

Based on the expression of estrogen receptor (ER), breast cancer can be classified into ER
positive (ER+) and ER negative (ER-) categories. ER+ breast cancer has a larger number
of estrogen receptors, and has better survival than ER- breast cancer (see, e.g., Carey et al.,
2006). To investigate the difference in genetic pathways between ER+ and ER- breast cancer
patients, we obtain gene expression data from TCGA. The data contain the expression level

of p = 358 genes for n! = 117 ER- and n'' = 407 ER+ breast cancer patients.

Similar to the example with brain imaging dataset, we use the Gracel test after naive
lasso neighborhood selection to examine the difference in genetic pathways between ER+
and ER- breast cancer patients. Lasso neighborhood selection tuning parameter is selected
using 10-fold CV. FWER is controlled at level 0.1 using the Holm procedure. Edges that are

differentially connected are shown in Figure 4.8.
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Figure 4.5: Left view of common and differentially connected edges between concussed youth
athletes and matched controls. Red and blue nodes are brain regions on the left and right
cerebral cortices, respectively, whereas pink and turquoise nodes are other regions in the
left and right brains. Gray edges are estimated common brain connections based on lasso
neighborhood selection; blue edges are connections that are found in healthy controls but
not in TBI patients; red edges are connections that are found in TBI patients but not in
healthy controls.
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Figure 4.6: Posterior view of common and differentially connected edges between concussed
youth athletes and matched controls. See the caption of Figure 4.5 for details of the figure.
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Figure 4.7: Posterior view of common and differentially connected edges between concussed
youth athletes and matched controls. See the caption of Figure 4.5 for details of the figure.
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Figure 4.8: Differentially connected edges between ER- and ER+ breast cancer patients.
Yellow edges are genetic interactions that are found in ER- but not ER+ breast cancer
patients by the Gracel test; gray edges are genetic interactions that are found in ER+ but
not ER- breast cancer patients by the Gracel test.
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4.7 Discussion

In this chapter, we highlighted challenges of identifying differential connectivity in high-
dimensional networks using existing approaches, and proposed a new inference framework,
called differential connectivity analysis (DCA), for identifying differences in two graphical
models. The DCA framework can incorporate various estimation and hypothesis testing
methods, and can be easily extended to test for differential connectivity in multiple networks.
Below are extensions and improvements to the DCA framework that can be fruitful topics

of future research.

Investigating the choice of tuning parameters: In the simulation studies and real data
example, for simplicity, we chose our lasso neighborhood selection tuning parameters using
cross validation (CV). However, to make the selected set 7”[62 deterministic with high prob-
ability, the tuning parameter should be (asymptotically) independent of the data. It would
be of interesting to developing non-data-adaptive methods for choosing tuning parameters

that satisfy condisiton (A2) and (A3).

Investigating properties of other estimation methods: In Section 4.4 we presented two
propositions that support the use of lasso neighborhood selection in DCA without sample-
splitting. These properties are likely not exclusive to the lasso. Future work may aim
at discovering similar properties for other estimation methods, which may require milder
conditions. In addition, future work may aim at exploring the possibility of incorporating

joint estimation methods of multiple networks into DCA.

Easing the computational complezity: To examine differential connectivity of all p nodes,
our proposal requires p node-wise regressions, which can be computationally expensive, es-
pecially in high dimensions. Our current implementation in the R-package netdiff handles
moderate size problems, as shown in the study of changes in regulatory networks of p = 358
cancer related genes across breast cancer subtypes in Section 4.6. However, the develop-
ment of estimation and inference procedures with improved computational complexity can

significantly facilitate the application of the proposed framework.
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Ezxploring selective inference procedures: In this chapter, we proposed two methods for
estimation: sample-splitting, which breaks down the dependence of estimation and hypoth-
esis testing, and naive inference, which utilizes the fact that the estimated support of lasso
is deterministic with high probability. Another option for handling this problem is the use
of recent advances in conditional inference procedures (see, e.g., Lee et al., 2016, Tibshi-
rani et al., 2016). These procedures provide higher power than sample-splitting alternatives,
and rely on fewer assumptions than the naive approach. However, they are only appropri-
ate to test conditional independence corresponding to the small set of selected variables,
whereas in this chapter, we are interested in testing conditional independence corresponding
to the potentially large set of unselected variables, corresponding to nodes that are not in
the estiamted common neighborhood of each node. Exploring whether conditional inference

procedures can be adapted to fit into our framework could be very valuable.
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Chapter 5
DISCUSSION

5.1 Summary

In this dissertation, we developed three hypothesis testing procedures for linear and graphical
models.

In Chapter 2, motivated by the simulation results of Leeb et al. (2015), we described
a simple and naive two-step hypothesis testing procedure for linear models. Conventional
statistical wisdom indicates that such a naive procedure could not control type-I error rate
due to the issue of “double-peeking”. However, by proving a long-overseen fact that with
appropriate assumptions, the set of variables selected by the lasso is deterministic with high
probability, we established the asymptotic validity of this naive two-step procedure. Based
on this theoretical property of the lasso, we also proposed the naive score test, which, unlike
existing post-selection inference proposals, could examine hypotheses associated with all
regression coefficients, not just those selected by lasso. Finally, we established the connections
between these two naive procedures and several debiased lasso tests, and thus bridged the
gap between the classes of post-selection inference and debiased lasso tests.

In Chapter 3, we proposed the Grace test for linear regression. The Grace test incorpo-
rates external graphical information about the relationship among variables into hypothesis
testing. Such information can be derived from, e.g., gene regulatory networks and phyloge-
netic trees. We showed, both theoretically and through simulation studies, that when the
external information is informative, the power of the Grace test could be substantially higher
than existing proposals that ignore such information. Because the external graphical infor-
mation could potentially be inaccurate or uninformative, we further proposed the GraceR

test, which adaptively chooses the amount of external information to be incorporated based
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on the data. We showed through simulation studies that even when the incorporated external
information is wildly inaccurate, the GraceR test continues to provide a viable alternative
to existing approaches.

In Chapter 4, we proposed a two-step hypothesis testing framework to examine whether
the edge sets of two GGMs are the same. Unlike earlier proposals, which focus on testing the
equality of two population covariance or inverse covariance matrices, our proposal examines
the support of two inverse covariance matrices. As illustrated in the chapter, such a treatment
would lead to more interpretable results. We showed theoretically and numerically that our

proposed framework could correctly control type-I error rate.

5.2 Unsolved Issues

In this section, we highlight some of the issues that were not addressed in this dissertation.

These can be viable directions of future research.

e The choice of tuning parameter is an open question. In Chapter 2, we require that
the lasso tuning parameter satisfies A > \/W. It also should not depend on the
outcome y; otherwise, the set of variables selected by the lasso is not deterministic
due to the randomness of lasso tuning parameter. In Chapter 3, we require the Grace
and GraceR tuning parameters to not depend on the outcome y; the randomness in
the tuning parameter complicates the distribution of Grace and GraceR test statistics.
Methods to select tuning parameters that achieve these requirements still need to be

explored.

o The degree of stringency of Conditions (T) in Chapter 2 and (A3) in Chapter 4 is
unknown. To the best of our knowledge, these two highly related conditions have not
appeared in the existing literature. Thus, it would be beneficial to investigate how
stringent these two conditions are. It is also worthwhile to explore through extensive

real-world-data-guided simulation studies whether the set of variables selected by the
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lasso is deterministic with very large p and n. The result of such numerical studies could

be used to infer the likelihood of satisfaction of assumptions in real-world settings.

e FEfficient computer software programs are lacking. High-dimensionality imposes higher
requirements on the computational efficiency and memory efficiency of computer pro-
grams. Most of simulations presented in this dissertation with moderate n and p
require several weeks to finish. In real-world settings with large n and p, researchers
may need to spend several weeks or even months to obtain the analysis result with
existing software, which likely will prevent researchers from adopting these modern
statistical methodologies. Thus, more work needs to be done to develop more efficient

computer software programs for the analysis of high-dimensional data.

5.3 Future Research

The research in this dissertation can be extended in several possible directions. For exam-
ple, the naive hypothesis testing procedures presented in Chapter 2 and Grace and GraceR
tests presented in Chapter 3 all use penalized least squares for estimation. Adapting these
methodologies to penalized likelihood-based M-estimators, e.g., penalized logistic and Pois-
son regressions, and penalized survival models could be a fruitful area of research. Also,
as shown in the numerical experiments in Dezeure et al. (2015), existing high-dimensional
hypothesis testing methods only control type-1 error rate in certain settings. It is thus
important to explore more extensively the settings under which existing methods fail, so
that researchers could obtain a better understanding of the stringency of assumptions, and
develop more robust and assumption-free high-dimensional hypothesis testing procedures.
Finally, all the methodologies presented in this dissertation require independent data. How-
ever, most of spatial, temporal or clustered data do not meet such independence assumption.
Therefore, it is also important to consider hypothesis testing methods with high-dimensional
correlated observations.

In the following, we outline a hypothesis testing framework for temporally correlated



103

data by focusing on vector autoregression (VAR) models for time series. Times series VAR
models are commonly used in econometrics (Sims, 1980, Stock and Watson, 2001, Bernanke
et al., 2005), functional genomics (Shojaie and Michailidis, 2010a, Michailidis and d’Alché
Buc, 2013) and FMRI brain imaging studies (Friston, 2009, Smith, 2012, Seth et al., 2013).

Let {x'}, t =1,...,T be a p-dimensional stationary time series, which may, for instance,
represent the brain activity level at p brain ROIs at time t. We may assume that @' € RP
is dependent on the brain activity levels of the past d time points. A VAR(d) model with

serially uncorrelated Gaussian errors may be used to describe this mechanism, i.e.,
xl = Alx!™ 4 A% 2 4 4 Al 4 € t=d+1,...,T, (5.1)

where A', ... A% € RP*P are transition matrices, and €' ~ N, (0, X.) is a vector of Gaussian

random error with population covariance 3.

To infer the functional association between brain ROIs, transition matrices A', ..., A?
need to be estimated. Because there are dp? unknown parameters, VAR estimation is usu-
ally a high-dimensional problem. Penalties are often imposed on least-squares criterion or
log-likelihood to impose sparsity (see, e.g., Qiu et al., 2015, Fan et al., 2015, Melnyk and
Banerjee, 2016, Davis et al., 2016, Guo et al., 2016). However, despite recent advances in es-
timation methodologies, the problem of hypothesis testing with VAR models is still relatively

unexplored.

Motivated by the recent development in debiased tests for independent data, we propose

here a debiased test for time series VAR problem. We write the VAR(d) model as:

(wT)T (mT—1>T o (wT—d> (A1>T (€T>T
= - (5.2)
| (wd+1)‘r J (:I:d)T o (wl)‘l' ] (Ad)‘l' (€d+1>T

After vectorization of (5.2), we can conveniently write the VAR(d) problem in the linear
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form,

y = vec(Y) = vec(X B) + vec(E)
= (I ® X)vec(B) + vec(E)
= Z[3+ vec(E), (5.3)

where Z = T ® X € RT-Drx4#*and B = vec(B) € R%. Thus, entries in B correspond
to entries in the transition matrices A',..., A%, and making inference on A',... A% is
equivalent to making inference on 3.

Motivated by debiased tests, we propose to estimate 3 by the linear estimator
B=MZ'Y, (5.4)

where M is some matrix derived from Z. With low-dimensional data, setting M = (Z " Z)~*
results in the unbiased least squares estimator. With high-dimensional data, Z " Z is not in-
vertible, and M may be obtained in various ways. For example, in LDPE (Zhang and Zhang,
2014, van de Geer et al., 2014), M is obtained through node-wise lasso linear regression,
whereas in SSLasso (Javanmard and Montanari, 2014a), M is obtained through ¢;-penalized
linear programming. We discuss the requirements on M for VAR inference later.

With Gaussian error and conditional on Z, B follows a normal distribution, given by

B|Z ~ Ny (MZTZB, MZ Var (vec (E)) ZM ). (5.5)
Since
(e’
E = ,
(€d+1)T

where € ~ -+ ~ €t ~ N,(0,X,) with no serial correlation, Var(vec(E)) = I @ X, and

hence,

B|Z ~ Ny (MZ"ZB,MZ"(I®Z.)ZM").
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To compensate the bias of 3, we add a one-step adjustment, (I— MZTZ)B, to B, where

3 is some “initial” estimator of 3 whose estimation accuracy is theoretically guaranteed. We

define the test statistic
z=B+(I-MZ'Z)B. (5.6)
Combining (5.5) with (5.6), we obtain
Vi (z = B)|Z ~ Ny (0,mMZT (I@ %) ZM") +vm (MZ'Z - T) (5 . é) . (5.7)

In this formulation, m is the smallest number such that the minimum eigenvalue of the
covariance matrix mM Z T (I @ X.) ZM " is bounded away from zero with high probability.
The second term in (5.7), /m(MZTZ — I)(3 — 3), characterizes the bias of the test

statistic z. Since the distribution in the first term is non-degenerate, we want
H\/E(MZTZ—I) (ﬁ-B)Hm = 0,(1) (5.8)
to make
Vm(z —B)|Z =4 Ny (0,mMZ" (I, 9 E) ZM "), (5.9)

which could then be used to derive p-values and confidence intervals.

Equation (5.8) characterizes the requirement on M and ,(;' The estimation accuracy of
B in the case of the lasso is established in Propositions 4.1 and 4.3 of Basu and Michai-
lidis (2015), which show that the lasso in the time series setting achieves the same rate of
estimation as in the setting with independent observations, up to a multiplicative factor
characterizing the dependance of the data. Some theoretical properties on M generated by
the graphical lasso are developed in Chen et al. (2013), whereas theoretical properties of
a Dantzig-selector-based estimate of M are explored in Chen et al. (2016). However, it is

still unclear whether any of these estimate of M together with a lasso estimate of B achieve

(5.8).
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We now present a method to use node-wise lasso regression to construct M, and derive

its bound of [|\/m (MZTZ DB - B) loo. Since

[vin(zz 1) (8-8)|_<vin|mz z 1],

84 .

where |8 — B||; is derived in Propositions 4.1 and 4.3 of Basu and Michailidis (2015), we
here focus on the bound of | MZ"Z — I||max.

Let
_ ) -
1 A Tap?
wi Wy Wi
~9 ,:/2 5
1 I %2 R <
w w w
M=—: 2 2 2, (5.10)
(T'—d)p : : L :
. dp? ~dp?
it Ay 1
~2 ~2 ~2
_wdp2 wdp2 wdp2 .

where for j € {1,...,dp?},

4’ = arg min

1
Rip? I{MHZJ'_Z\J‘Q\EJF% Hglll} (5.11)
geRP™—

is the lasso node-wise regression coefficient estimate with tuning parameter \; and

) 1 B y
wj = T —dp 1Z; — 24| + X |15

, (5.12)
The stationary condition (Karush, 1939, Kuhn and Tucker, 1951) of (5.11) implies that
2;(2; - 2y%') = (T — d)pA;77, (5.13)

where 77 is the sub-gradient of the objective function, %,f = sign(‘yi) if ’y,z # 0 and %,Z €[-1,1]

if 4/ = 0. Dividing both sides of (5.13) by w3, we obtain

1 1 w X
Zy; (@Zj - @Z\ﬂ]> = (T = dp 57, (5.14)
J J J

where

1 v
%= 2y = (T —d)pZM,.

J J
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Thus, based on (5.14),

Aj Y
29 5.15
@bjo ’ ( )

T T
Z;ZM; ) =

which implies that

Aj

1M\ 2" 2|, < =5 (5.16)
J
because || 770 < 1.
On the other hand, expanding (5.12), we obtain
~2 T . WiT o7 T N .
05 = o Z (%= 2uY) — gV B (B = 258) + 4 1PNl (57)
Note that
dp2_1 . . . dp2_1 . .
=0 Bl = Y0 signGDal+ Y 0.4 =Y #A =T
k=1 k4] #0 kA, =0 k=1
Thus
1 ) 1 . ) )
~2 T N ~iT (7T < «
0 = g% %= 20Y) — gV (24 (25— Zu) = (T = dpA )
1 .
_ Z (7. — Z A 5.18
(T —d)p J( j \17)7 (5.18)

where the last equality is based on (5.13). Dividing both sides of (5.18) by u??, we obtain

1 1 ,
z/ (sz — =52\ 'AY]> = (T —d)p, (5.19)
ez Ty
which implies that
Z]ZM;,—1=0. (5.20)

Combining (5.16) with (5.20), we obtain

Aj
~ M

w

|M; 2" Z —€| < (5.21)

SN
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where e’ is the row vector with the j-th entry equal to one. Thus

|\MzTZ-1| < max {2}—%} : (5.22)

We now propose an outline to derive an asymptotic upper bound for A;/ u?f Specifically,
we outline a procedure to obtain an asymptotic lower bound for u?? Let 47 be the population

regression parameter of Z; on Z\;, and let &’ be the random error, i.e.,
& =27, - Z,v. (5.23)

Recall that

. 1 L
wj = T=ap 1Z; — 2%’

o+ |47 (5.24)

-

To derive the bound for the first term || Z; — Z\;47||3/(T — d)/p, note that
~ill2 _
12; - 27|, =

2= 1Zi =2y + Zyy - Z\ﬂsz

=12, - 24|, + |2 (¥ =¥, +2(2 - 2u7) " 2y (3 )

= [lel; + |2 (3 =) ||, + 267 2, (¥ —+7) - (5.25)
We would like to show

i with appropriate assumptions, ||£]|3/(T — d)/p converges to a nonzero quantity in

probability.

ii
1 N NP
(T —d)p HZ\J' (7] - 7j> HQ = 0p(1).
Note that a similar bound has been derived in Propositions 4.1 and 4.3 in Basu and

Michailidis (2015).

11
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Upper bound for |47 —47||, can be similarly derived as in Propositions 4.1 and 4.3 in
Basu and Michailidis (2015). Therefore, we also need to show [|€77 Z\; /(T — d)/p||s is

small.

For the second term, \;||47|1, we have

ML < XN+ 2 15 =7l (5.26)

Since 47 is a lasso estimate of the regression coefficient, with similar assumptions as presented

in Basu and Michailidis (2015), we would like to show
v
A7 = = onlD).
Thus, if we also assume \; |97 |1 = o(1), then \;||97 |1 = 0,(1)

If we can successfully show 1)-4), then w7 is asymptotically equivalent of ||£||5/(T —d)/p,

which converges in probability to a nonzero value. Thus, we have

|MZTZ —1I|| =0,()\)). (5.27)

max

Alternatively, we can use a similar strategy as in Chapter 3 to devise valid hypothesis
testing procedures. Specifically, we construct a stochastic bias bound for the distribution of

z, which is

Vaiaez s 1y (3-8)]_ < vz z 1 (s3]

<vm|mMz'z-1|,, |8-8

(5.28)

E
where the bound on |3 — 3|, is derived in Propositions 4.1 and 4.3 in Basu and Michailidis
(2015). Following a similar procedure as Grace and GraceR tests in Chapter 3, we could
perform asymptotically valid inference for 3 based on this asymptotic bias bound.

To summarize, to develop valid hypothesis testing procedure for high-dimensional VAR(d)

models, we need to
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. establish the correct rate for the factor m;

. consider various options for estimating M and explore whether they satisfy (5.8); one

option is to show i-iv;

. explore methods for consistent estimation of 3.
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Appendix A

TECHNICAL DETAILS FOR
“IN DEFENSE OF THE INDEFENSIBLE:
A VERY NAIVE APPROACH TO HIGH-DIMENSIONAL
INFERENCE”

A.1 Proof of Proposition 2.2.4

We first state and prove Lemmas A.1.1-A.1.5, which are required to prove Proposition 2.2.4.

Lemma A.1.1. Suppose (M1) holds. Then, B3\ and By as defined in (1.6) and (1.2),

respectively, are unique.

Proof. First, by, e.g., Lemma 3 of Tibshirani (2013), (M1) implies that B, is unique. We now
prove (3, is also unique. The proof is similar to the proof of Lemmas 1 and 3 in Tibshirani
(2013).

To show 3, is unique, we first show that the fitted value of X3, is unique. This is
because, suppose, to the contrary, that we have two solutions to the problem (1.6), Bg and
3 which give different fitted values, X3} # X BY, but achieve the same minimum value

of the objective function, ¢, i.e.,

1 y . 1 . .
B[y~ X8I + A8, = e [y~ XA A8, = (A

Then the value of the objective function of B /2 + BY/2 is

1
—E

Lo 1an
o +>\H2ﬁA+ 25A

2
2

1 112 A
o B [y - xay] ) )8

1. 1.
Hy - X (§5£ + 55?)

1

1 . A
< Le[ly-x82 + 218,

‘1 =c. (A.2)

The inequality is due to the strict convexity of the squared /5 norm function and the convexity

of the ¢, norm function. Thus, B} /2+ B /2 achieves a smaller value of the objective function
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than either ,Bvi or BE, which is a contradiction. Hence, all solutions to the problem (1.6)
have the same fitted value.

Therefore, based on the stationary condition in (2.12),

)\m‘)\ - XTX (ﬁ — B/\) , (A3)
7y is unique. Define 75 = {j : |#,;| = 1}. 7, is also unique. Furthermore, because
T4l =1, 75 2 Ay, and

Bur = 0. (A.4)

Also according to the stationary condition in (2.12), and using the fact that Ely] = X8 =

y — €, we have
)\TL‘IV'AJ”-)\ = X% (y — XB)\ — E) = X% (y — Xﬁlé)\j} — E) . (A5)
The last equality holds because as shown in (A.4), B/\T; = 0. Equation (A.5) indicates
that AnTy 7 is in the row space of X5, or AnTy 7, = X%(X%)*)\n‘i'/\j&, where (X%)+ is
the Moorse-Penrose pseudoinverse of X% . Properties of the Moorse-Penrose pseudoinverse
: TY — (X H\T X+ —(xT x. T Y. Xt X
include (XTA)Jr = <XTA) , X’K = (XﬁXR)+Xﬁ and X5 = X7—AX7j\X7;\'
Rearranging terms in (A.5), and pluging in An7y 5 = X%(X%)*)\ni'/\f&, we get
X%Xﬁﬁ)\ﬁ = X7T.A (y —€) — InTy
T T\
- x] (y e (X,K ) My 7 ) . (A.6)
Hence, according to (A.6) and the properties of the Moorse-Penrose pseudoinverse,
XnBn = Xn X5 X587,
- X, (XIx:) XIX: 3
= X7, (X7, X7,) X7 X587,
+ +
- Xy (X7, X7,) X5, (y —e—(x7,) An%m)

+
= X7->\X';’:)\ (y —€— (X;;) )\nf')\j;) . (A7)
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Thus,
. +
Byr = XL (y —e—(x7,) Anfm> +d, (A.8)

where X+ d = 0. Therefore, if null( X ) = {0}, d = 0. Because 7 and 7> are unique based
n (A.3), null(X5 ) = {0} also implies By is unique, i.e.,

o +
By, = X;g (y —€— (X%) )\nf)\’ﬁ> , (A.9)
Br7e =0. (A.10)

To see that (M1) implies null(Xy ) = {0}, we use a similar argument as Tibshirani
(2013). Specifically, we assume to the contrary, null(Xy, ) # {0}. Then, for any j € T, we

can write X; =37, 5\ ;3 axXy, and multiplying both sides by 7, ;,

A Xj = Z Tx,j Wk X (A.11)
keTA\{5}

Multiplying both sides of (A.11) by X (8 — B»)/n,

TAleTX B-8)= > Hjwm- Xk (B-18)). (A.12)

keT\\{j}

Based on the stationary condition in (2.12),
. 1 5
My =X/ X (B-8), (A.13)
(A.12) implies that %/%,j = Zkeﬁ\{j} T, @kTA k- Since %ij =1 for any j € Tx,

Z %)\,jaki',\k = 1. (A14)
keTa\{j}

Therefore,

7v')\’ij = Z %)\’jaka
keTA\{i}

~ ~2
= Z T)\’jakTA7ka
keTA\{j}

Z CkTAkX ks (A.15)
keTA\{i}
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where ¢, = 7y jaxTa k- By (A.14), we have Zke’ﬁ\\{j} ¢t = 1. This shows that 7, ; X, j € T,
is a weighted average of 7, Xx, & € TA\{j}, which contradicts (M1). Thus, (M1) implies
that 3, is unique. O

Lemma A.1.2. Suppose (M1) and (M2) hold. Then,

%Hx%ufop( 1"%5”).

Proof. There is an equivalence between the tail probability of a sub-Gaussian random variable

and its moment generating function. For example, according to Lemma 5.5 in Vershynin
(2012), since E[€] = 0, for the constant h > 0 stated in (IM2), there exists some k& > 0 such
that, M., (t) = Elexp(te;)] < exp(kt?) for all t € R if Pr[|e;| > x] < exp(1l — ha?) for any
x > 0, where M, (t) is the moment generating function of ¢;. Thus, for any j = 1,...,p,

denoting T; = Y7 | Xije;/v/n = (X T€);/+/n, we have

My, (t) = E [exp (té %Xijeiﬂ - ﬁE {exp ( =X, tez)}
< Hexp ( i) kt2>

= exp (Mlﬂﬁ) = exp (kt*). (A.16)
n

The last equality holds because columns of X are standardized such that || X;[|3 = n for
j=1,...,p by (M1). Using Chebyshev’s inequality, (A.16) shows that for any j =1,...,p,
we have Pr[|T;| > z] < exp(1 — W/2%) for some i/ > 0. Applying Boole’s inequality,

% ||XT(-;HOO = max |T;| > t+/log(p } =Pr L U p{|Tj| > t\/log(p)}]

.....

< zp:Pr [lle > tvlog(p)}

< pexp (1 — I't*log(p))
= exp (log(p) (1 - h/t2 IOg(p)))

<exp (1—h't?).
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Sicne exp(log(p)(1—1't*log(p))) is a decreasing function of p with //t? > 1 and p > e, the last

inequality holds with A't? > 1 and p > 3. Thus, for any £ > 0, we can choose a large value of ¢,

such that Pr[|| X "€||oo/v/n > t1/log(p)] < €. This shows that || X "€||oo/v/n = Op(1/log(p)).

Dividing both sides by y/n completes the proof. O]

Lemma A.1.3. Suppose (E) holds. Then, Ay 2 S, where Ay = supp(B) and S = {j :
1851 > 3M\/q/¢}.

Proof. First, if ¢ = |A| = 0, we trivially have Ay D S = ().
If ¢ > 1, by Corollary 2.1 in van de Geer and Bithlmann (2009), (E) guarantees that

> - 2M/2q
16— 8]l < 16— 8], < f | (A17)
For any j = 1,...,p such that j € S, we have |3;| > 3)\\/§/¢2. Thus, by (A.17), |BA,j| >
(3—2vV2)A\\/q/8* > 0, ie., j € Ay, or, Ay D S. O

Lemma A.1.4. Suppose (M1)-(M3), (E) and (T) hold. Then, the estimator B defined
in (1.2) satisfies |3y — Ballr = Op(1/log(p)/n).

Proof. Let Q(b) = |ly — Xb||2/(2n) + A||b]|;. Thus, By = argmin g, Q(b). Lemma A.1.1
shows that ,5‘,\ and (3, are unique, even with p > n. To prove Lemma A.1.4, we want to show
that for all £ > 0, there exists an m € R, not depending on n, such that for n sufficiently

large,

. 1 -

Pr [ ”irHlf Q <BA +a M) > Q (ﬁA)] >1-¢. (A.18)
a:l|all;=m n

Since @ is convex, (A.18) implies that the minimizer of Q(b), B, lies in the convex region

{Br + a/log(p)/n : |la|, < m} with probability at least 1 — & Hence, for n sufficiently

large,

pe [ 8], 2 /P52 <
1 n

i.e., [|Bx — Balli = O,(y/log(p)/n).




We now proceed to prove (A.18). Let w = argmingq),—p,

log(p)/n) —

want to prove Q(Bx + w

Q(BA‘I—’UJ

Now, for any g,h € R, g # 0, if g and h have the same sign, |g + h| =
|g| + sign(g)h. If they have opposite signs, |g + h| = ||g] —

Finally, if h =

lg + 1| > |g| +sign(g)h. Given that 7, 4

B+ w logn(p)

10g(p)> B

0, g+ h| =

144

Q(By + a+/log(p)/n). We

Q(B,) > 0. Expanding terms,
o [0 = x8) - x| Ly xp);
B g,
1
- ;i,%p)wTX T(y—XB))+ %wTXTXw
A6y +wy /222 (A.19)
9] + || =

|R|| > |g| — |h] = |g| + sign(g)h.

lg| + sign(g)h. Thus, for any g,h € R such that g # 0,
- Sign(lé)\,jb\)7
- log(p) 5 log(p)
6)\7\,21A + w\ 4, n + ﬁk,flx +wy,
1 1
log log( )
H Vil 0 [P+ w;
JEAL
log(p) - log(p) .
2 Hw\AxH1 + Z |B>\J| + TTA,jwj
JEAN
10g log(p) .+
H W\ 4, ||1 — ThA,
1og log(p) .
H W\ 4, Ball, + T WA (A.20)

where the inequality makes use of |g+ h| > |g| +sign(g)h, and the second and last equalities
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use the fact that B/\,\AA = 0. Therefore, denoting G = X " X /n,

Q (ﬁ} +w @) —Q(B) = - ;2%2(p)wTXT (y— XBy) + 102gg)erTXw

] ]
L Og(p)f_;fh,wA ) Og(p)

Hw\A)\Hl

log(p) TXT( XB) lg() w' Gw

n3/2

/log /10g
+ A H \AAH T)\ \A)\w\A)\)

1 .
= — ni% )'wT ()(T (y — X,B,\) — /\n‘i',\)

log(p) log(p) 3
+ 2 LT Gw + M2 ([fwg [, = 74w, )

(A.21)

Since limsup,,_,, [[Ty\ 4, [lc < 1 =6 by (T), for n sufficiently large, ||7y\ 4, [lcc < 1 —0/2.

Thus, %,\T\,Z\Aw\flx < [Ty 4y o llwy 4, [ < (1 —=6/2)[|w, 4, ||l1- Therefore,

@ (BA T @) —QB) - ;O:s%p)wT (XT (y - X/é/\) — An)

<log( TG +)\

D ) (A2

The stationary condition of (1.6) in (A.5) gives that X' (y — XB)) — Anf, = X "e.
Therefore,

T(XT(y—XB) —nh) < |w' (X7 (y—XBy) — nf)|
<wl, [| X7 (y — XBx) — Ansa||

= ||w||1HXTeszmHXTeHM. (A.23)

To bound the other term log(p)w ' Gw/2n + Ad+/log(p)|lw\ 4,[11/(2y/n) in (A.22), we
consider two cases: A, = () and A, # .
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Case 1: A, = 0. In this case, because G is positive semi-definite,

log(p) 6 [log(p) 6 [log(p)
6 [log(p)

— A= . A.24

5 —m (A.24)

Combining (A.22), (A.23) and (A.24),

Q (BA +w @) ~Q(B) 2 VB x|+ aly /B0,

n3/2 2
= m —bgn(p) (Ag - —HX;€H°°> . (A.25)

By Lemma A.1.2, || X "€||o/n = Opy(y/log(p)/n), i.e., there exists a constant C' > 0, not
depending on n, such that with n sufficiently large, Pr[|| X "€||oo/n > C+/log(p)/n] < €.
Based on (T) that /log(p)/n/(A0) — 0, with n sufficiently large,

§ log(p)
>\§ > C ) (A.26)

which means that with n sufficiently large,

[( 5 HXTGHOO> ]
Pri{d-———=|>0| <&
2 n

Thus, for any m > 0 and n sufficiently large, (A.18) holds.

Case 2: Ay # (). We further break down the argument into two cases: w4, I > lw 4, [l

and |lw\|[i < |wy|, where Ay = supp(By) and k is any index such that k € A,. These two
cases are not mutually exclusive. However, since k € Ay, for any w, we have |w\ 4,11 <
[w\i 1, and |wy| < [lw g, [li- Hence [Jw\g]|y < |wg| implies [[w, 4, [[1 < [Jwg, [li. Therefore,
although the two cases [|w\ 4, [l1 > [Jw4,[[1 and [[w\k|l1 < wi| are not mutually exclusive,
they cover all possibilities.

If [lw g, 1y > g, 1, becanse ]l = ljw g, [l + g, [l = m. w4, [l > m/2. Also
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because G is positive semi-definite,

log(p) ) 1og 5 log
—y, W GwAS\ [ H wig, [l 2 A3 H \aslly
g log(p)
> 22y = .
> )\4 ——m (A.27)
Combining (A.22), (A.23) and (A.27),
- lo , log( 0 [lo
Q <m+w —ifp)) ~Q(B) 2 VB x|+ 2%y,
log(p) (0, [1X7el,
. 4>\ - : (A.28)
Based on (T) that /log(p)/n/(Ad0) — 0, for n sufficiently large,
g log(p)
4)\ >C - (A.29)

Thus, with any m > 0 and n sufficiently large, (A.18) holds.
On the other hand, if ||w\x|[y < |wg|, because ||w||; = m, |wy| > m/2. Hence, taking
T = {k}, (E) implies that for n sufficiently large, w' Gw > ¢?*||wgl|3/2, where k € B, or,

wgl|2 > w?. Thus
|wsllz > wj ;

¢* 5 ¢2

w' Gw > —||w5||2 > —wk > —m?. (A.30)
Hence,
log(p) 1 g log S log(p) ¢
log(p)¢*
> . A.31
- 16n m (A-31)

Combining (A.22), (A.23) and (A.31), for n sufficiently large,

0 (BA+W loi(p)> —Q (BA) S _V log(p HXT H log(p)¢ m2

- n3/2 16n

_ . los(®) <¢_2 log(p)m_HXTeﬂoo) (4.32)

16 n n
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Since Pr[|| X T€||oo/n > Cy/log(p)/n] < € by Lemma A.1.2, we can choose m > 16C/¢?, not
depending on n, such that for n sufficiently large, (A.18) holds. m

Lemma A.1.5. Suppose (M1), (M3), (M4), (E) and (T) hold. For Ay # 0,

loglp) 1 (A.33)

n b)\ min

where by in = min; 4, |B)\7j|7 and B,\ is defined in (1.6).

Proof. To prove the result, we show that /log(p)/n/|Bx;| — 0 for any j € A,. This is
proven separately for entries in S N Ay and in A,\S, where S = {j 1351 > 3\/q/¢*}. By
Lemma A.1.3, S C A, and thus, SN A, = S.

We first show that for any j € S C A,, \/W/]B,\,j] — 0. For n sufficiently large,

Lemma A.1.3 gives us

202
X;‘? (A.34)

Thus, for any j € S, i.e., |5;] > 3\/q/¢*, |B>\7j| > (3 — 2\/§)A\/§/¢2. Therefore,

HB,\,S—BSHOO < }B,\—BHZ <

B — BHOO <

log(p) 1 _ [log(p)l ¢?
Byl noA (3-2v2) e

— 0,

by (M3) and (E).

If Ay = S, then our proof is complete. If Ay # S, by Lemma A.1.3, (E) implies that
Ay, D S. We now proceed to show that in the case that Ay D S, \/log(p)/n/|Br | — 0 for
j € Ay\S. Consider the stationary condition of (1.6),

nATy 4, = X}AX (B-8)

= X})\XA)\ (’6AA - 'BA:A)\) + X.—A;AX\A)\ﬁ\A)\’ <A35)

where the second equality holds because B/\’\ i, =0.
Denote G = X " X /n. By definition,

G G
¢12nin [G(AA,A)\)} = min 2 - = . z 2

i 5 = min ——.
acRria 1, =0 lall3  acRra 4, =0 [lay, |3
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For any a € RP such that a, 4, = 0, we trivially have |a\ 4, |1 < [la 4, [, and by (E),

> 2 > 0.

.
e 2 S T . a'Ga
liminf 7, (G4, 4,)] = lim inf wcr® o Ta L B

Thus, with n sufficiently large, ¢7,,[G (4, 4,)] > ¢*/2 > 0. Thus, G4, 4, is invertible.

min

Rearranging terms of (A.35),
. -1 -1
Boa, = Ba, + (XL Xa) XL X184 —nA (XL Xa) s, (A.36)

Thus, for any j € flA\S, we have

« -1 -1
BAJ} - |:7‘L)\ <X:4[,\XAA> T)\,A)\:| ‘ - IBJ - {(X.—A;AXAA) X-}/\X\A)\ﬁ\fi)\:| ‘
J J

> ‘)\ (G(AA,AA))il 7;)\»-/1)\ j

(A.37)

-1
T T
B+ {(XAAXAA) XAAX\AAﬁ\AA}

J
We now bound the term (XLX /lx)_IX,TiAX\ 4,B4,- We first consider the term
(X}AXAA)_lXL. For n sufficiently large,

1
T T
H (XA)\ Xf\/\) X/b\

2

_ \/ 2 {(X}AXAA)_IXLXAA (X}AXAJ_I]
= \/ o {(XAT}XAA)_I} = \/% o | (Gana)
— Vil <=0 (). @

where the inequality is based on the fact that with n sufficiently large, gbfnin[G( A Ay > ? /2.
Thus,

-1
T T
< H <XA)\XAA> XA)\X\AA’B\A/\

—1
T T
‘ ‘ (XA)\ XAA > XAA X\A/\ 6\/‘{,\

o) 2

= H (XEAX/\,\>_1 X4,

1
=0 (% HX\AAﬂ\AA\\g) ' (A-39)

) HX\AAﬂ\Ax HQ
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If Ay D A, we have | X\ 4,8\ 4, ll2 = 0. Otherwise, if S C Ay 2 A, based on (M4),

1% 4,8l = 1 XoaasBaa,ll, = © (Vieg)) (A.40)

and based on (A.39),
~0 ( bg(p)) . (A.41)
- n

Thus, for any j € A\\S, based on (M4) that 1B4,\sllec = O(/l0g(p)/n),

T
H XAA XA,\ X\fh ﬁ\«‘ix

-1
< sl o+ | (X5 X0) KT X

—1
T T
'Bj + |:<XA)\XAA> XA)\X\AA/B\A)\:| '
J

:0(1%@>. (A.42)
n
Now, by (A.37), for any j € A,\S,

log(p) 1 _ log(p)/n

Evin

—1

J

~1
“TL}\ <X}>\XAA> Ty A,

J

But, by (A.42) and (T),

-1
T T
B+ [(XAAXAA) XAAX\AAB\AA} |

J

— —0
minje_/h\s /\ (G<A,\,fi>\)> 7:)\”/[‘)\ ‘
J
Therefore,
log(p)/n
-1 -1
‘minjeAA\s >‘<G(AA,AA)> Ty [Pt {(XLXAJ XLX\Aﬁ\AA]
J J
1
. og(p)/n - o
Minje 4,\s ‘A (Gunan)  Ta,
Thus,
1 1
og(p) 0.
|Bx.d]

as desired. ]
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Proof of Proposition 2.2.4. According to the stationary conditions of (1.6) and (1.2), respec-

tively,
A =X (y—XBy) — X e, (A.43)
Ay = X T (y _ XBA> . (A.44)
This implies that
T SR 1
fi—h=—X'X (m — @) +—X'e (A.45)

We now bound both terms on the right hand side of (A.45). By Lemma A.1.2,
X7l (1o
nA PAA n '
In addition, Lemma A.1.4 shows that

HBA _BAH1 _o, ( log(p)> '

n

Also, because columns of X are standardized by (M1), i.e., XjTXj =nforall j=1,...,p,

max

XX =1
n
Therefore,

XX (@8] = o5 e, {27 X (- 8)])

0o n\ j=1,...,

1 T
< oy {117 X

LT
- xrx|

max >\

- 1 [log(p)
o (1) "

n

Therefore, it follows from (A.45) that |7\ — Ta]le = Op(y/log(p)/n/A). By (T),
limsupnﬁooH%/\’\AAHoo < 1 — 0 for y/log(p)/n/(6A) > 0. Since ||[Fn — Talle =
Op(v/1og(p)/n/A), lim, oo Pr([|7\ 4, [l < 1] = 1. Hence,

lim Pr [AA > AA] ~1. (A.47)

n—o0
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To prove the other direction, if Ay = 0, then, A, C A,, Otherwise, if A, # 0, by
Lemma A.1.5,

1 1
log(p) 1, (A.48)

n b)\min
Based on Lemma A.1.4, |8y — Ballse < IBx — Balli = O,(y/log(p)/n). Thus, for any € > 0,

there exists a constant C' > 0, not depending on n, such that for n sufficiently large,

pe - 8] > /252 <. (19

Based on (A.48), for n sufficiently large, Dymin > C'y/log(p)/n, where Dymin =
minjejk{\ﬁvk,j\}. Thus, combining (A.48) and (A.49), for n sufficiently large, whenever

1Bxi] > 0, |Br;] > C+y/log(p)/n and hence Pr[|3, ;] > 0] > 1 — £. Therefore
lim Pr [AA C AA] ~1, (A.50)

n—oo

which completes the proof. O

A.2 Proof of Corollary 2.2.5

Proof of Corollary 2.2.5. To verify that we can replace (M4) with (M4a) and (M4b), recall
that the condition ||XA\(AAUS)'BA\(/\)\US) |2 = O(y/log(p)) in (M4) is required only in the
proof of Lemma A.1.5 to show (A.41),
:O<1%@)‘
- n

-1
T T
(XAA XAA> X 4, Xa 4,84,

-1
T T
H (XA)\XA)\> XAAX\AAﬂ\AA
With (M4a) and (M4b),

—1
T T
H (XAAXAJ X 1, X\4,804,

o0 o0

-1
T T
=< (XAAXAJ X i, X a4,

1844l

1
< [G(AA,AA)} G (4,4,) OOHBA\SHOO
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where the first equality holds because B\ 4 = 0 and the second inequality holds because by
Lemma A.1.3, S C A, or [|Baslle > 18.4\4, llo- Hence, (M4a) and (M4b) also imply
(A.41). O

A.3 Proof of Remarks 2.2.2 and 2.2.3

Proof of Remark 2.2.2. When G = X" X /n = I, based on the the stationary condition of
the noiseless lasso,
A =G (B-8,) =8- 5. (A.51)
Rearranging terms,
By =B — M. (A.52)

Thus, By = sign(8)(|8| — \)1. Since for j € A\\S, 8; = /log(p)/n < A, for n sufficiently
large, we have 3, 4,\s =0, or A, C 8. Also based on Lemma A.1.3 that A, D S, we have
Ay =S.

In addition, since G = I, we have

= min |7 ;| =1
JEANS

. -1 .
min ’ Gananl T
JeANS [ (Ax, )\)j| Ax|;

Thus based on (M3),

V1og(p)/n/A

. -1 .
Milje s ‘ (Gl T,

— 0,

J

O
Proof of Remark 2.2.3. Based on the stationary condition of the noiseless lasso,
M =G (B-5). (A.53)
Since G(4,\4) = 0, we get
Maa =G (Ba—Bra) (A.54)

AMaa = Goang (Ba — Boa) = —GoaBa (A.55)
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Observe that (A.54) is the stationary condition of the noiseless lasso applied on the data
(X 4,y) with tuning parameter A\. Thus,

Baa = arg min {E [lly — X.ab|3] + X1l } - (A.56)
cR4

On the other hand, BA,\A = 0 is the solution to (A.55). Hence, when G4\ 4) = 0, Ay C A
Also based on Lemma A.1.3, A, D S. Thus, S C A, C A.

A.4 Proof of Theorem 2.2.6

Proof of Theorem 2.2.6. By Proposition 2.2.4, Pr[A, = A,] — 1. Therefore, with probabil-

ity tending to one,
= | ()
i -1
_ T . T
- (x5, x4 XAAy] . (A.57)
L J

1 inx (XB+ e)}

J

- -<XATAXAA>1 X}Ae} B {(XLXAA)l XATAX,B} . (A.58)
L J J

We proceed to prove the asymptotic distribution of [(X ; X 4,)"' X} €;. Dividing it by

its standard deviation, o, \/ [(X}A X 4,) 7 .j), where o¢ is the error standard deviation, we

get

r¥e

I = (A.59)

—— 7 ol
ooy || (X0, Xa,)

(4,9)

where r* = ej(X}AXAA)_lXI{A € R”, and e’ is the row vector of length |A,| with the entry

that corresponds to 3; equal to one, and zero otherwise. In order to use the Lindeberg-Feller
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Central Limit Theorem to prove the asymptotic normality of (A.59), we need to show that

the Lindeberg’s condition holds, i.e.,

reZ |re;|
| E i = .
nli?oz [ Lenrwnf"u nomet

o2 [|re];

Given that |r}| < ||'l°“’||C>o7 and that the ¢;’s are identically distributed,

(ry 61 e, - (7’1-”61')2 [|€Z| 7|
[ ] o [ e
Z o2 |relly Loellrll, ] Z Lg e )2 | oellrell,

=1
= irl—sz [621 {% > 77”
= ollrelly L Loelrll

1 x| [l
= —E {621 { 2 >nl|.
o? ' oe [lr]l,
Since [|[7]|o/||7“]l2 — 0 by Condition (W), €21 [|er]||r*|loo/(aell7]]2) > 7] —, 0. Thus,
because €7 > €31 [|e1|]|7"||oo/(0c]|7™||2) > 1] with probability one and E[e}] = 02 < oo, we
use €2 as the dominant random variable, and apply the Dominated Convergence Theorem,
1 w 1 w
hm il o) %1 |€1| ||T ||oo > n = _F 1 6%1 |€1| ||'I" ||oo > n — 07
n—00 07 ael[rll, T2 o ae|[rly
which gives the Lindeberg’s condition.

Thus,

— - N(0, 1), (A.60)
GE\/RX}*XAA) Lm)

Using, again, the fact that by Proposition 2.2.4, lim,, ,, Pr [AA = ,Zb\] = 1, we can write

) ) 2(Ax) Tx. )\ ' xT
(AA) o B(AA) Bj Y- |:<XA)\X-A)\> XA)\XlB:| .
J

B;
\/ [(XT X;) Lm 06\/ {(XLXAJle

(xx) X
. —d N (0, 1) .

-1
ae\/RX}AXAA) }
(4.9)

—p
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0
A.5 Proof of Theorem 2.2.7
Proof. Based on Proposition 2.2.4 that Pr[A, = A,] — 1, we have
1 NI 1 2
— X B |y = X4,8% A61
N Nl I (S PNC A (A61)
where ¢, = \fl,\], g = |A,|. Denoting P = X4, (XEAXA)\)_IX})\’
NIk
Hy_XAA'B ’ 2
1 2
_ T
= Hy - X4, (XL X4) Xay
2
N2
— yT (I _ P(AA)) y
_ yT <I _ P(AA)> y
— (X484 + X i B +€) (I-P) (X484 +X 484 +€)
AN AN \AX\AN AN AN NAXFNAN
- ;
= (X\u,Bu, +e) (I - P MA)) (X484, +e€)
- ;
= (XauBaa, T € (I - PMA)) (X 4,844, 1 €) (A.62)
= (XanusBaanws +€) " (1= P (Xt Baaos) +€) (A.63)
A\(ArUS)P A\ (A US) A\(ArUS)P A\ (A\US) :

where (A.62) is based on the fact that B\4 = 0 and (A.63) holds because based on
Lemma A.1.3, Ay 2 S. To simplify notations, denote 8 = X a\(Ayus)Ba(Ayus) and
Q =1 — P, Expanding (A.63),

O+€) QO+e)=0"QO+20"Qe+ €' Qe.

Because @Q is an idempotent matrix, @ is positive semidefinite, whose eigenvalues are all

zeros and ones. Thus,

0<60'Q0 < ¢2,.1Q] 6|5 = 0O (log(p)) ,
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where the last equality is based on (M4). Since log(p)/(n — ¢)) — 0,

0< ;VOTQH =0 (M) = o(1),

N —qh n —qx

which means that

—0'Q0 = o(1). (A.64)

n —qx

Therefore,

=2 07Qe+ ——€'Qetol).  (AGH)

2 N —{x n — g

We now derive the expected value and variance of ||y — X AAB“‘“H% /(n — gy). First,
because E[e] = 0 and Covl[e] = 021, according to the formula of the expectation of quadratic

forms,

21 =E {n -y OTQe} {n _1 7 eTQe] +o(1)
E {%JQe} +o(1)

= g\
- L o2t (Q) + o(1). (A.66)

E[n—q Hy XA*B(AX)

Because @ is an idempotent matrix, we have tr(Q) = n — ¢. Thus

E[n_qHy X 5, B0

21 — o2 (A.67)

We now calculate the variance of ||ly — X 4, B“™|[3/(n — ¢»). Since

A
Var {n—q Hy XAAB( > 2]
2
_ E _‘X’vl@(«‘ix)4 _E _XVB(A)\)2
(n — ) Y o 2 Y - 2
1 Y
—qx
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where the second term is derived in (A.67), we now derive the expected value of ||y —

X 5, B 4/(n — ¢»)%. Based on (A.65),

1 NI 1
—F H — X ; B ]:ol- —_E[20"Qe + €' Qe
4
+ —VQE [HTQEGTQH]
(n—q)
2
+ ———-E [HTQEGTQE}
(n—a)
1
+ ————E[e'Qee’ Qe] + o(1). (A.69)
(n—a)
We now consider each term in the above formulation. First,
1 1
—E[20"Qe+ €' Qe] = —E [e' Qe| =02, (A.70)
= gx = gx
where the last equality is based on (A.66) and (A.67). For the second term, based on (A.64),
4 402 1
= E[07Qee' Q0] = —2< _F[07Q6] = o( ; ) : (A.71)
(n—ax) (n—aq) = gx
For the third term.
2
——E [OTQGETQG]
(n—d)
2 T T T T 2Var (0T Qe| 2Var [T Q¢|
= ——E [0 Qe}E[e Qe]—i—Cor [0 Qe € Qe} — —
(n—dx) (n—a)"  (n—aq)

2Var [0TQe| 2Var [eT Q¢]

(n—aq)  (n—a)°

= Cor [OTQE, eTQe} \/

where, based on (A.64),

2 T 2 T T T 2
202 T 1
and
%Var [eTQe} = % (E [ETQGGTQG] —E [eTQef)
(n—q») (n —q»)
= %E [e"Qee’ Qe| — 207 (A.73)

(n—q»)
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The last equality is based on (A.66) and (A.67). Since —1 < Cor[0"Qe, €' Q€] < 1, based
n (A.72) and (A.73), we have

_ \/o (ﬁ) Ele’Qee’Qe| — o <n - cb)

< %E [HTQeeTQe]
(n—a)

()

Therefore, collecting (A.70), (A.71), (A.72) and (A.73), we have

1 4
)

0<—E [Hy — X 4 B
<o (%) VE[eTQee™ Qe] +
(n— )"

 (n=q\)

— 4x

—E [e' Qee' Q€] + o(1). (A.74)
(n—aq)

We now calculate E[e" Qee' Qe].

E [eTQeeTQe] =E Z EiGszEkQ(i,j)Q(l,k)]
Li gLk

n

=k Z E?Q?i,i)

Li=1

n

> G?EJZQ(i,j)Q(z,k)]

i=l#j=k

+E

n

> EEQunQun

i=k#j=

n

> 6?61262(1,3')@(1,@] : (A.75)

i=jH#l=k

+E +EB

2

Because € is independent and identically distributed with E[¢?] = o2,

E[GTQGGTQE = 61 ZQZ’L +E 61 Z QZ] Q(lk
i=l#j=

Z ng (L,k) +E 61 Z Q(z]

i=k#j=l —];él k

€1 ZQZ’L + 0 ZQ(lj + 0o ZQ(’L] + 0 ZQ(ZZ)QUJ

Z#J Z#J i#]

ZQZZ+20 ZQ1])+U Zsz (4,9)" <A76)

i#]j i#]j
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Because (Z?:l Q(iﬂ‘))2 = Z?;éj Qi@ + Z?:l Q%m’)’

n 2 n
E[e'Qee' Qe] = E [¢} ZQ”) +2a42@ ) o (Z Qm) — ol QL
=1 =1

7]
2
61 ZQ (4,2) +0 ZQ (4,5) +0 (ZQ(’LZ))
i#]
n 2

(Z Q(z %) + Z Q (4,9) > + O-i <Z Q(Z,’L))

1#£] =1

=E [eﬂ Z Q%i,j) + ogtr (Q)2 ) (A.77)

1,

where the inequality is based on Jensen’s inequality that E[¢?]? < Ele]]. Because Py Q?Z N=
tr(Q?) = tr(Q) = n — gy, we have

E[e'Qee' Qe| = (n— ¢\ E [e]] + (n — ) ot (A.78)

Since €; has sub-Gaussian tails, we have E[e]] = O(1) (see, e.g., Lemma 5.5 in Vershynin,

2012). Thus, based on (A.74),

1 3(Ar) ! 4
0< —F Hy—XAX,B <ot +o(1), (A.79)
(n =) 2
and hence, based on (A.68),
(Ax) —
Var [n - Hy X ;. B 2} = o(1). (A.80)

Finally, applying Chebyshev’s inequality, we obtain

2 1 2
N — X AN
2 Pn—g Hy 4,0 2

3(A
AAB( Y]

—>pE[ Hy X 4 B

J ol (A.81)

n — gx
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A.6 Proof of Theorem 2.4.1

Proof of Theorem 2.4.1. By Proposition 2.2.4, Pr[A, = A,] — 1. Therefore, we also have
Pr[(A\{j}) = (A\\{j})] — 1, and with probability tending to one,
T (A _xT AN
§ =X, (I Pl A\{J})y_Xj (I_p< A\{J}))y

= X[ (1= PUY) (X By, + X 4, Ba, +€), (A82)

where
- -1
ANUY = x T : 1
P = X a0y (XAA\{]-}XAA\{J‘Q Xy

Thus, under the null hypothesis Hy; : 5; = 0, (A.82) is equal to
T AN
X; (I i ““”) (Xan@Bani + Xuan@Buang )
_ T AN\{G T AN § .
- X, (I _ p! A\{m) e+ X, (I _ p! A{g})) X 1By (A.83)
The equality holds because (I — P(A*\{j}))XAA\{j},BAA\{j} =0.

We first show the asymptotic distribution of X JT (I — P(AA\{j}))e. Dividing it by its
standard deviation o \/ X (I — PANID)X;, where o is the error standard deviation,

T AN\
b'e (I_p< A\{m)e e

(A.84)

oo /X] (1 Py x; el

where r°T = X JT (I — P(A*\{j})). Now, we use the Lindeberg-Feller Central Limit Theorem
to prove the asymptotic normality of (A.84). Similar to the proof of Theorem 2.2.6, we need
to prove that the Lindeberg’s condition holds, i.e.,

re el |r?€;]
| E i > =0, Vnp>O0.
nggoZ [ [aenrsnz ”H Y

o2 [|r=|3

Given that |rf| < ||7°||~, and that the ¢;’s are identically distributed,

i ‘Si 1 s
ZE Lt ey B | DR P [ T
o |lrll; " Loellrel, o oe [l
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Since ||7*||/||7%]|2 — 0 by Condition (S), €21[|e1][|7* |0/ (cell7*|l2) > 1] —, 0. Thus, because
€2 > e1]|e1]||r*||oo/ (ael|r®||2) > 1] with probability one and E[e?] = 02 < oo, we use € as

the dominant random variable, and apply the Dominated Convergence Theorem,

1 S
lim —=E [efl {—|61| e > 77” =0,

n—o0 02 oe |7l
which in turn gives the Lindeberg’s condition.
Thus,
b'el ( I— p(AA\{j})) €

06\/XJT (I — PANGD) X,

—a N(0,1), (A.85)

We now prove the asymptotic unbiasedness of the naive score test on 3. Dividing the

second term in (A.83) by 06\/X]T(I — PANID) X, we get

T A\{i i i
X; <I — P! *\{J})> X anmBuangy

ge\/ X (I - PAW) X,

sT . o
_ T Xy
e[l

711, | X\ a0y Buang
= el Oe

By (M4*),

X anBuani s = [ XaanmBaanmnll, = 1Xaa8.a.4,
= || X4y aus)Bavigus) |, = 0 (1),

where the second equality holds under Hy; : 8; = 0, and the third equality is based on the
fact that A, D S, proved in Lemma A.1.3. Thus, the naive score test is asymptotically
unbiased in testing Hy; : 3; = 0.

Using, again, the fact that by Proposition 2.2.4, lim,, ,., Pr [/l,\ = fl,\} =1, we get

b'el < I— p(&\{j})) Y X ( I_ p(A\{j})) €
—

P - —q4 N(0,1). (A.87)
o[ (TP} x, o XT (1P X,
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A.7 Proof of Lemma 2.6.1

Proof of Lemma 2.6.1. First, according to the stationary conditions of (1.2),
X (v—XB)) = xny 4, (A.88)
By definition, B/\,\AA = 0. Thus, XB,\ = XA)\B)\,A)\' Rearranging terms,
T T 3 -
XA)\y = XA)\XA/\IBA,A/\ + )\TLT/\7A>\. (A89)

Multiplying (A.89) on the left by (XLXAA)_17

) -1 R -1
34y — (% T T T .
13( N = (XAAXAA> XAAy = /BA,AA + <XA>\XA)\> )‘nT)\,AV (AQO)
where B4 is the post-selection OLS estimator in (2.6). Plugging (A.88) into (A.90),
N N —1 N
(A T T
B =B+ (XE X)X, (v x8)

X 1 1 X
= BA,AA + E <G(A)\:v‘i>\)) X;\:A (y o Xﬂ)‘)

. 1 -1 . .
= Baa [ (GMA,AA)) 0 ] X (y . X6A> . (A.91)
Combining (A.91) with the fact that B/\,\AA = 0, we get
A . -1
3(AN) - 1 (G PUEN ) .
P _ B A () x7 (y - X6A> . (A.92)
0 B, " 0 0
Because we assume that, without loss of generality A, = {1,..., |.,ZlA|}, we have
_ -1
GO | (G o ) 0 .
— B+ (ArAr) xT (y - X,6A> . (A.93)
0 " 0 0
O

A.8 Proof of Lemma 2.6.2

Proof of Lemma 2.6.2. Based on Equation (21) of Tibshirani and Taylor (2012), under the

null hypothesis H; : 8; = 0, we have

A(\J) ~ . —1 . .
P )y = X\ g\]) + nAXAQ” (X,Tig\j’XAg\”) T)E’\});\j)a (A.94)
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AQD)

where P! = XAg\j)(X;(\j)XA(m)_lX;(\j), B is the lasso estimator under the null

hypothesis, defined in (2.28), and 7 \i )(\]) is defined based on the stationary condition of
(2.28):

n)”'(\i(\a) ngm (y - X\J‘BQ”) : (A.95)
Equation (A.94) implies that

) A(\j -
x/ <I — PWA )> y=X/ <y - X\; g\])) - XJTXA(A\J» <X£<A\J‘)XA§\”> nAT, A)(m
(A.96)

Plugging (A.95) into (A.96),

SO

1(\9)
bl (I — P >> "
- XJ'T (y - X\j5§\3)> - XJ'TXAQJ')(XATAg\wXA(A\ﬂ)*lX;g\j) (y - X\j5§\3)>

A 1 -1 s
=X (y - X\jﬁg\j)> - EXJ‘TXAQ” <G(Ag\j>,/1g\j>)> X}A\j) <y - X\jﬁg\”> . (A97)

]
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Appendix B

TECHNICAL DETAILS FOR
“A SIGNIFICANCE TEST FOR GRAPH-CONSTRAINED
ESTIMATION”

B.1 Proof of Lemma 3.2.1

Proof of Lemma 3.2.1. Denoting the scaled Gramian matrix G = X "X /n. Given that
(nG + A L) is invertible and Ap > 0,

Bias |35, |X| =B (8%, 1X) - 8
= (nG + ML) "'nGB — (nG + A\L) Y (nG + \L)3
= —(nG + L) '\ LB, (B.1)

which is equal to 0 if and only if L3 = 0 because (nG + ArL) is invertible. Based on the

properties of eigenvalues,

1
Ly ' < I B.2
(nG +ALL) = $2. nG + A L] (B2)

Therefore,

Bias 65, 1X || = A0\/(28)7 (nG + L) * (LB)

< AL\/ 8) s (19

izl
RanlnG + ALL]
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B.2 Proof of Theorem 3.2.2

Proof of Theorem 3.2.2. Let B, be the lasso initial estimator with tuning parameter A, de-
fined in (1.2). We first consider the case without condition (O). The bias of the test statistic

J

19 = A |(nG + ALL) L (By - B)

< /\LH[(HG‘FALL)_lLLHOOHBA—ﬂ (B.4)

1

Based on Biithlmann and van de Geer (2011), Chapter 6.12, with Gaussian design, if
the (A, 3, X)-compatibility condition is met with compatibility constant ¢? as in (E) and
q = o((n/log(p))%), £ < 0.5 as in (A2), then with probability tending to one, the condition
is also met for G; also see Raskutti et al. (2010), Rudelson and Zhou (2013) for additional

references. In that case, with A\ < y/log(p)/n,
: - Aq
lim Pr Hﬁ* —BH <1622 = 1. (B.5)
n—o0 1 ¢2

Then, because ¢ = o((n/log(p))¢), A < \/log(p)/n and liminf, .., $? > 0, we get

Br-8| o, ((logn(p))“) . (B.6)

Thus, without condition (O),

n—00 n

1
1 2t
lim Pr [|7].G| <Az H [(nG + ApL)™" LL.H ( Og(p)) ] ~1. (B.7)
Hence, with probability tending to one,

|57 = 1257 + 7] < 127] + 17|

3128+ Ar H [(nG + L) L]me (10g(p))éé ‘ (B3)

n
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On the other hand, with condition (O),

WG| = AL |(nG + A1) ' L ([B‘A . B) |

J

P

=\ Z [(nG + ML)t L] ) <5Ak - Bk)

k=1

= | Y [(0G +2L) L], (BM - ﬁk) +[(0G+2L) ' L) (Bm - @)

k:k+#j
<Ap| Y [(nG+ALL)T L] (BM - ﬁk)
k:k#j
W [(nG+>\LL)_1 L), (5i-5)
< || (06 + L) ]\)H [Brs -8,
Y [(nG+ALL) r],, (- 8)].
< |[(nG + Ap L) \)H 18-
+ AL ‘ (nG +AL) L] <BM - 5]-) . (B.9)

Condition (O) states that

A (nG +ALL) " L] (.7) =0 <( 1 )2_5)
\/nag [(nG + ML) G (nG + ML) "\ \log(p) '

We now bound both terms in (B.9). For the first term, since |8y — 8|, =

op((log(p)/n)*~¢) by (B.6),
. ((log(p)) 5_5> '

(B.10)

A ||[(0G + AL L)

o8], e urr 5

G\ ] 0o (:\7)
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For the second term, (B.9) also implies that |,é,\7j — Bi] = 0,((log(p) /n)%*~¢). Thus,

(06 28 5] ()

=\ ‘ [(nG + A\LL) ' L] (j,j)‘ ‘B/\,j —B;

_ \/n02 [(nG +ALL) ' G (nG+ A L)'],

€ (4:9)

o((s55)") = ((2)")

= \/no2 [(nG + \L) " G (nG + A\L)"'] i 00,

€

(B.11)

where the second equality is based on Condition (O). Since by (3.6),

28| = \/mg [(nG + ML) 'G(nG +AL)7Y,. -0, (1),

(7.9)
we have |Z¢| dominating Ap|[(nG + AL L)' L] (Bx; — B;)|- Therefore,
G ¢ .G
|55 = |27 + 7]
<|29)+ ]
e -1 A -1 A
< |28+ 2 [0 +20uD) ' L] | HBA _ ﬁ”l AL ‘ (nG + A1) L], (m,j _ @)

SRRV (GRS Ay AP (I )

i} (logn(p)) e = |z¢| +1¢, (B.12)

3127 | + 2 ||[(nG + L) L

which completes the proof. O

B.3 Proof of Theorem 3.3.1

Proof of Theorem 3.3.1. Given (3.13), conditional on X, ij <aif

6] = 16 + ot [1 = 5] y/var [201X], (B.13)

where ®,/[] is the standard normal quantile function. According to (3.5), this is equivalent

of

85+ 28 +97] 2 1€ + 03 [1 = 5] \/Var [261X], (B.14)
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which is satisfied if

85| = |7§] > |25] + T + o)} [1 - %} \/Var [26]X]. (B.15)

Because Z{'| X is a normal random variable,

G| < - ¥
Pr DZ]. | < @)/ {1 - 5} \/ Var [Z6|X] ’X] =1—1.
Therefore, (B.15) is satisfied with probability 1 — 1) if
G G -1 @ -1 (0 G
18| = || = T§ + (@N [1 — 5} + Oy {1 - ED Var [Z¢|X]. (B.16)

Based on Theorem 3.2.2, given Condition (O), with probability tending to one, |fy]G\ =
I¥ +/Var[ZF¢|X] - 0,(1). Therefore, conditional on X, we have p§’ < a with probability
tending to at least 1 — 1, if

18] > 2r¢ + (cb;} [1-5] ey [1—%]) /Var [26]X]. (B.17)

O
B.4 Proof of Theorem 3.3.2
Proof of Theorem 8.3.2. a) First, note that p{/p{! < 1 is equivalent of
(=] - 1), NN X -

(127 = IY), // Var [ZF] X]
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Let BA be the initial lasso estimator with tuning parameter A\. We first write out those

components for the Grace test:
. [(XTX +aLL)” (XTy n )\LLBA)] 1

(n+ ) X{y — (np+ Al) XJy + ALB)\,l (n+ Ap —npl — Al?) + n)\LB/\,Q (I—p)
(n+ )" = (np + Arl)* ’

(B.19)
log(p) \ "¢
¥ = (XX + L)' I ( S )
(1,-1) n
. 1 3¢
= o [(XTX 40 L) 7 L ( Og(p))
(1,2) n
1
InALl — nApp| log(p)\2 ¢
- 2 2 ; (B.20)
(n+Ar)" — (np+ Al) n

Var [Z61X] = o2 [(XTX + ML) XX (XX + /\LL)_l]( |
1,1
3 2\ (1 _ A2 2 2 _
:af(n +2Xpn?) (1 2p )—i—n)\L(ll—i 21p)' (B.21)
((n+AL)" = (np +ALl)”)
We can also write out those components for the Gracel test likewise with [ = 0.
Equation (B.6) shows that |8y — 8|1 = o,((log(p)/n)**¢). With p = O(exp(n”)) for

some 0 < v < 1, ||Bx — Bll1 = 0,(1). Thus,

Baa = B+ 0p(1), Brz = B2+ 0p(1). (B.22)
Since our design matrix is centered and scaled, i.e., X| X; = X, X, =n, X, X, = np,
X'y =X X101+ X| Xof + X € =nfBi +npfa + ney, (B.23)
X,y =X, X161 + X, Xofo + XJ € =nppi +nf + nes, (B.24)
where e ~ N3(0,02/nly) = 0,(1).
Define k, = Ap/n and kr = A\r/n.
(6] - 15), VA ([(ke 17 = (04 the)* + 0 (1] 18] = og(p)/m)* € ki (1 = p)])

/Var [Z¢] X] oey/ (14 2ke) (1= 2) + (ki) (1 + 12 — 21p)

(B.25)
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Similarly for the Gracel, we get
(|61 -5y, v (\(k‘f +1)° = p? + 0,(1)] 8] — (log(p) /n)"/*~¢ |km|)+
Var[Z7]X] oey/(1+2kr) (1= ) + 47
Since |p| <1, |I] <1, kr > 0and kr > 0, (kg +1)> — (p+lkr)* > 0 and (kr +1)* — p? > 0.

(B.26)

Therefore, based on (B.25) and (B.26), conditional on the design matrix X, pf/p{! < 1

with probability tending to one if

((Ghe + 1% = (o -+ he)?) 181] = Qog(p) /) (1 = p)])

s V(L +2kg) (1 —p2) + k2 (1412 —2lp)
((Ckr +1)* = ) 18] = (log(p) /) > [fap
> lim + (B.27)
n—>00 V(1 +2kr) (1 — p?) + k2

For any two real numbers a and b, a > b implies ay > b,. Thus, conditional on the design

matrix X, pf/p$! < 1 with probability tending to one if

((kr +1)* = (p + 1kp)?) |Bi] — (log(p)/n) "> kg (1 p)]

I V(L +2kg) (1 —p2?) + k2 (1412 —2lp)
> lim ((kr +1)* = p?) |B1] — (log(p)/n)/*~¢ |’<?IP|. (B.25)
nroo V(1 2kr) (1= p?) + kF
If we assume kp = ky = k — o0, Inequality (B.28) is satisfied if
L < g (D — (o 10)%) 11| — (og(p)/m)" " (1= p)|
e ((k +1)% = p2) |B1] = (log(p)/m) ">~ [kp|
V(1L +2k) (1 —p2) + k2
V(1 +2k) (1= p2) + k2 (1 + 12— 2lp)
~ lim (L= +(2=2lp) [k+ (1= p*) /K |B1] — (log(p)/n)"** (1 = p) /K]
e (1+2/k+ (1= p2) /k2) |Bi] — (log(p)/n)""* % |p/ k|
y V1+(2=2p2) /k+(1—p?) /K2
VL2 =2lp) + (2 = 2p%) [k + (1= p?) [
el (B.29)
(1412 —2lp)

The last equality holds because p = O(exp(n”)) for some 0 < v < 1 implies that log(p)/n —
0.



172

For the ridge test, we assume its tuning parameter has O(1). Thus, we can similarly

write out the ridge test objective:

|Zf%‘ _ \/ﬁ|1_p2+op<1)||ﬁl| (B30)

VarZRIX] oo /L— ) to(l)

b) Thus, conditional on X, we get p{/pf < 1 with probability tending to one if

im ((k‘L + 1)2 _ (p+ lk;L)Z) |61| . (log(p)/n)l/fo |k3L (l o ,0)| —
nl%oo \/(1 + 2k?L) (1 — p2) + k% (1 + 12 — QZp) > \/ﬁ|ﬂll . (B31)

c) We also have p{'! /pft < 1 with probability tending to one if

(b +1)* = p?) |B] — (log(p)/n) />~ |Erp)| -
lim N e I > /1= p*|Bi]. (B.32)

]
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Appendix C

TECHNICAL DETAILS FOR
“DIFFERENTIAL CONNECTIVITY ANALYSIS: TESTING
DIFFERENCES IN STRUCTURES OF HIGH-DIMENSIONAL
NETWORKS”

C.1 Proof of Proposition 4.4.1

In this section, we prove that conditions (A1) and (A2) for variable j € V imply

. 1 1 _
nh_g)lo Pr [nej 2 nej] =1,

where rie} = supp(8'), with 8% defined in (4.9). The result lim, o Prlrie} D nell] = 1

II

can be proved using exactly the same procedure and is thus omitted. Since ne; = nAe;- Nrie;

J

and ne? = ne§ N ney, the above two results imply

. < 0 0] _
nhﬁrgo Pr [nej D nej} =1,

Because our proof only concerns population I, for simplicity, we omit the superscript “I”
from the subsequent proofs.

We first prove Lemma C.1.1, which shows that under (A1) and (A2), the (ne;,q;,3)-
restricted eigenvalue condition (Bickel et al., 2009, van de Geer and Biihlmann, 2009) is

satisfied for each j € V.

Lemma C.1.1. Suppose (A1) and (A2) for variable j € V hold. Suppose q; = |ne;j| =
lsupp(B7)| > 1. For all b € RP™' and any index set I, such that || < q;, ||byzlli < 3[|bzllx
and ||b\s||co < minjes\z) |bj], where S is any index set such that S O I and |S| < 2¢;, we
have

. 1
lim Pr |[[bs]; SbTG(\ay\j)b@ =1, (C.1)

where G\ j) = X\TjX\j/n and liminf,_,. ¢* = k? > 0.
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Proof. Based on, e.g., Corollary 1 in Raskutti et al. (2010) and Theorem 6 in Rudelson and
Zhou (2013), with Gaussian data, (C.1) holds if:

(C1)
(C2)

(C3)

|bs]|2 < b2 \j)b/(64¢2) with lim inf, ., ¢* > 0;
For any v € RP~! such that [[v|]s = 1 and |supp(v)| = 1, we have v ;)\ v = O(1);

qjlog(p)/n — 0.

We now proceed to show that these three requirements hold.

(C1)

(C2)

For any b € R'™', we have b"X;\»b/[bl3 = 1n[Binp] = dwlX] > 0. The
inequality ¢2,,,[Xn )] > @2 [2] is based on the interlacing property of eigenvalues of
principal sub-matrices (see, e.g., Theorem 2.1 in Haemers, 1995), while the last equality

is guaranteed by (A1). Thus, for any S C V, we have

bsll5 < [1bll5 < b 2\)b,

Droin [Z01\7)]

with liminf,, o @2, [Ej\j] > 0. Thus, (C1) is satisfied with ¢ = ¢min[Ej1\5)]/8-

For any v € RP™! such that |lv]ls = 1 and [supp(v)| = 1, we have v'Xn;\ ;v <
02 Zng)] < Phax[E] < oo, where the inequality ¢2,,. [Z\)] < ¢2.[X] is also
based on the interlacing property of eigenvalues of principal sub-matrices, and the last

equality is guaranteed by (A1).

Combining conditions in (A2), we get +/g;jlog(p)/n/bl,, — 0, which implies that

qjlog(p)/n — 0.

We now proceed to prove Proposition 4.4.1 for population I.
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Proof of Proposition 4.4.1. First, if ¢; = |ne;| = 0, then we trivially have rie; D ne;.

If ¢; = |nej| > 1, we write X; = X\;3 + €¢/. With Gaussian X as required in (A1), €
follows a Gaussian distribution.

Theorem 7.2 in Bickel et al. (2009) shows that with Gaussian design, (ne;, ¢;, 3)-restricted
eigenvalue condition proved in Lemma C.1.1 and \; \/W,

< Aj\/8_%] = 1. (C.2)

Bj_ﬁj

n—o0 ¢2

lim Pr [‘

In addition, given that liminf,_,. ¢? > 0, which is guaranteed by Lemma C.1.1, for n

> 3X;,/q;/¢°. Thus, for any k such that 18| > 0,

sufficiently large, (A2) implies that b’

min

in the event that

. . . , \iv/84;
’6 Pl =P =Pl == (C.3)
’51“ > 0 implies |5A,i| > 0. Therefore, by (C.2),
i ie; D e = 1.
nh_)n;() Pr(ne; D nejl =1
O

C.2 Proof of Proposition 4.4.2
Similar to Section C.1, in this section, we prove that (A1)—(A3) for some variable j € V

imply

The counterpart for population II can be proved using the same technique. Together these

imply

For brevity, we drop the superscript “I” in the subsequent proofs. We first state and prove

lemmas needed for the proof of Proposition 4.4.2.
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Lemma C.2.2. Suppose (A1) and (A2) for variable j € V hold. Then if b’ > 3)\j\/q_j/qb2,

we have 1ie; D ne;, where re; = supp(37) and ne; = supp(37).
Proof. First, if |ne;| = 0, we trivially have ne; D ne;.

If |ne;| > 1, (A2) implies that given liminf, .., ¢* > 0, for n sufficiently large, b/, >
BN/ 9.

On the other hand, by Corollary 2.1 in van de Geer and Bithlmann (2009), (C1) in the

proof of Lemma C.1.1 guarantees that

. : . . Aiv/8q;
18 =Bl <18 =8, < =57 (C.4)
¢
Therefore, similar to the proof of Proposition 4.4.1, if b/ . > 3\, V@/¢*, for any k such that
181] > 0, we have |3]| > 0 by (C.4), which implies that 7ie; D ne;. O

Lemma C.2.3. Suppose (A1)-(A3) hold. Then the estimator 37 defined in (4.9) satisfies
167 = Bl = Op(\/log(p) /).

Proof. Let Q(b) = || X; — X\;b[13/(2n) + Aj||bl|1, ie., B = argmingg,1 Q(b). To prove

Lemma C.2.3, we show that for all £ > 0, there exists a constant m > 0, such that

lim Pr| inf Q@ <ﬁj +b @) >Q (ﬁ])] = 1. (C.5)

n—>00 [b:b1=m

Because Q is convex, (C.5) implies that @7 lies in the convex region {37 + by/log(p)/n :

|b]]; < m} with probability tending to one. Therefore, we have

log(p)

B —p <m _]:1,

n—o0

lim Pr [’
n

ie., |87 — B = 0,(y/1og(p)/n).

To prove (C.5), we denote w = arg ming, ), —,, Q(B + by/log(p)/n). Expanding terms,
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we get

Q(Bj+w @)—Q(Bﬂ‘):i

2
. log(p 1 59
(X, — X;8) — Xyw i( | - 2n 1%~ Xl

2n

.. 1
A8+ w og(p)

-5 18,
1

log(p)
n3/2

+ )\j Bj +w log(p)

2 ., 1og(p)
w' X (X; - X,;8) + 53 w' X\, X\ jw

- X118, - (C.6)
1

Now, for any g # 0,h € R, we have |g + h| > |g| + sign(g)h. This is because, 1) if g and
h have the same sign, |g+ h| = |g| + |h| = |g| +sign(h)h = |g| + sign(g)h; 2) if they have the
opposite signs, |g + h| = |[g| — [h]| = [g] — |h| = [g] — sign(h)h = |g| + sign(g)h; 3) if h =0,
g+ hl = lgl = lg| +sign(g)h. Thus,

‘BJJF 10%517) Hore, + Wi, @ + |18, + Wi, loi(p)
1
B o, + By + e, 2L
L) o, |8 | B T
1°g o [, + 1971, bg;p)fg;% o

In the second line and the fourth line, we use the fact that Bjﬁej = 0, and in the third line,

we use the fact that 7‘,{;6 = sign( neg) and the inequality |g + h| > |g| + sign(g)h shown
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above. Therefore, combining (C.6) and (C.7), we have

y 1 y 1 37\
o3+ 3%@)—@owﬁz—7§?%fxgua—xwwr%§$“fxﬁﬁﬂ’

log(p) AT Y 10g
J

)\] n "riej wﬁej

oo

log(p) w’ log( ) w’
n3/2 X\J (X -X Jﬂj) m G (\3,\7)

/log 5 /log
JT H \neJ \nejw\nej> )

where, as before, G\;\;) = X\]X\]/n Since by (A3), limsup,,_,. [|7 ||oo <1-4, forn

sufficiently large, HTﬁejHoo < 1-4/2. Thus, T\]ﬁej'w\ﬁej < |r ﬁej'w\nvej| < ||Tﬁej||oo||w\ﬁej||1 <
(1 —0/2)||w\se, |1, and

oy 1 .. 1 . )
? (ﬁf rw %) QB 2 -V BT (X (X - X)) - e
log(p 0 [log(p
8 0 ()

To bound w ' [X};(X; — X\;B7) — \nt] in (C.8), writing X; = X\;8’ + €/, we observe
TXG (X = Xp) - ] =w! [G(\j,\ﬁ (B =B) = N7+ EXQ—]‘E]:|

. 1 .
< ‘wT { YAY): (5] ﬁj) — N7 +EX\T]'€]:|

= |w' [Gpny) (B = 5) =S (8 - F)

.. . 1 .
+ ) (ﬁ] :3]) N7+ ﬁXTejl .
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Based on the stationary condition of (4.10), we have £ ;\;)(8' — B7) — A\;#7 = 0. Thus,

TXG (X = X)) - AT = ‘wT [(Gw,\j) — ) (B -F) + gX\TjGJ]

. oy 1 .
< Jw' (Gesng = Zi) (B = 8)] + ‘ngX\TjEJ

) .. 1 )
< llwlly [(Gosng = Zeian) (8= B) |, + ~ [[wl] [|X5€]

" 1 .
= (|G - i) (8 = B + 21 XTe )

(C.9)

Based on e.g., Lemma 1 in Ravikumar et al. (2011), assuming (A1), we have [|G\;\;) —
S lmax = Op(y/10g(p)/n), where || - ||max is the entry-wise infinity norm. In addition,
according to Lemma 2.1 in van de Geer and Biithlmann (2009), with (C1) in the proof of
Lemma C.1.1, we have |3/ — 87|, = O()\q;). Thus,

(G rini = Zewn) (B = )| < G = Zaini s 187 = 811,
=0 (AJ 4; log(p)) . (C.10)

n

Since )\ij — l < 0 n (A3), we have ||(G(\j7\j) — 2(\j7\j))<,6j — B])HOO = Op( log(p)/n).
Based on a well-known result on Gaussian random variables, we also have ||X\Tjej lloo/m =

O,(+/1og(p)/n). Thus, we obtain

mn n

LT [XT (X, - X,8) — An] = 0, ( log(p)> . (C.11)

To bound the other term log(p)w " G\ jyw/2n + A;j0+/1og(p)||[w\ e, [|1/(2¢/n) in (C.8),

consider two cases: 1) rie; = () and 2) rie; # 0.

If 1) Ti@j - @,
log(p) A6 [log(p) A6 log( ) A6 [log(p)
—, W Gampwt % n e |, ; lwlly = oV, "

oo
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The first inequality is due to the positive semi-definitiveness of G\;\ ;). Hence,

72 mn

Q (BJ‘ +w M) - Q(8) =y (3] - LT [XT, (X - X8) - A )
(C.12)
By (C.11), and given that y/log(p)/n/(\;6) — 0 by (A3), for any m > 0

Q (Bﬂ' sy 22D ) >Q(A)

with high probability, which implies that (C.5) holds.

If 2) nie; # 0, i.e., ¢; > 1, we further consider two cases: i) [[wyye, |1 > 3| wpe, |1, and ii)
|lw\i|[1 < 3|ws|, where k is any index such that k € ne;. Note that these two cases are not
mutually exclusive. However, we proved in Lemma C.2.2 that if b/ > 3X\j\/;/¢*, which
happens when n is sufficiently large, then 7ie; O ne;. Thus, for any w and sufficiently large

n, because k € nej, [|we,|l1 > 3||we, |1 implies
Hw\kH1 = Hw\"€jH1 = ”w\ﬁejHl >3 HwﬁEjH1 =3 Hw”ea‘H1 > 3 |wy|.

Therefore, although the two cases i) |[w\ye,||1 > 3||wye, |1 and ii) [|w\x][; < 3|wy| are not

mutually exclusive, they cover all possibilities.

If 1) [[wyie, |l1 > 3l|wie, [l1, because [|wll1 = [|we, 1 + [|wie; |1 = m, [[wie, |1 > 3m/4,
and
log(p) 6 [log(p) 6 [log(p)
m w G(\j,\j)w+/\j§ n Hw\ﬁej||1 > )\]5 n Hw\ﬁejHl
5 [log(p) 3m
> \i— —_— C.13

Combining (C.8), (C.9) and (C.13), we get

Q (Bj +w logn(p)) ~Q(#) =m logn(p) (/\j3—5 N (X (X, - Xup) - Aﬂﬁj]) :

8 mn

(C.14)
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Because +/log(p)/n/(A\;0) — 0 by (A3) and ’wT[X\Tj(Xj — X\yB) — \ndd]/(mn) =
O, (x/log(p)/n> by (C.11), with any m > 0 and n sufficiently large, we have

Q(B“rw @) >Q (68),

and hence (C.5) holds.
On the other hand, if ii) ||w\x|[1 < 3Jwy|, because [|w]|y = [|w\][1 + |wi| = m, we have

|wi| > m/4. Let S = ne; U{i} where i = argmax; g,

;lwi|. Then k € S, |S| = ¢; +1 < 2g;
and [lw\s|loc < minjes\ne, |w;|. Hence, the (nej, q;, 3)-restricted eigenvalue condition in
Lemma C.1.1 implies that, with probability tending to one, as n approaches infinity,

log(p)
Hw\ﬁejHl = m

10g(p)¢2 2
> B g

los(0)6* o

log(p) 0 [log(p)
=, W Gupw+ A

.
on w Gj\pw

>

2n
- logép)cb? m?

. 1
n 16 (C.15)

Thus, combining (C.8), (C.9) and (C.15), we find that for n sufficiently large, ¢* > k?/2,

and

.y 1 .y 1 2 ] 1 .y |
Q(ﬁ%w —Oi(p)>—62(ﬂj)zm Oi(p) (1’28\/ Ogn(p)m—%wT (x| (Xj—X\jﬁf)—Ajn+ﬂ}>.

Since w' [X (X — X\;B7) — A\jn#7]/(mn) = O,(+/log(p)/n), we can choose m to be suffi-

ciently large, not depending on n, such that (C.5) holds. O
Lemma C.2.4. Suppose (A2) and (A3) hold. For rie; # 0, we have

log(p) 1 _, 0, (C.16)
n bﬁnin

where b = min{|G]| : B] # 0}.
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Proof. We show that +/log(p)/n/|5.] — 0 for any k € rie; by considering two cases: 1) for
k € ne;, and 2) for k € riej\ne;.

1) For any k € ne;, and for n sufficiently large, Lemma C.2.2 indicates that

Aj w/8q]

1 =8|, <8 -8, <
Now, by (A2), for any k € nej, ]ﬁﬂ > 3); \/q_j/¢2, with a sufficiently large n. Hence, for any

k€ nej, |Bl] > (3 — 2v2)A;\/q;/9*. Therefore, given the rates in (A2),

log(p) 1 _ log() ¢°
|5t X (3-2v2) g

If rie; = ne;, then our proof is complete. Otherwise, 2) for k € rne;\ne;, consider the

— 0.

stationary condition of (4.10),
A, =B [XLX| (8- 8) =B [X] X | (8L, - 8L,

The second equality holds because based on Lemma C.2.2, ne; 2 ne;, i.e., 8 rie, ﬁ\nej =

Rearranging terms,

. -1
i _ g —n)\E[XT Xﬁej] 7 (C.17)

ne; ne;

Recall that for any k € rie;\ne;, B{C = 0. Thus, for any k € ne;\nej,

67| = = 5 |[Bseyie)] T, (C.18)

k

ne;

-1 .
WAE | X X, | 7

L
By (A3), we have

min
kerne;\ne;

[E (ﬂej ,ne; )] - %T‘Z;ej'

=,

—1
) — 0,
k

which means for any k € ne;\ne;, we have

log(p) 1
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Now we proceed to prove Proposition 4.4.2.

Proof of Proposition 4.4.2. We first note that according to the stationary conditions of (4.10)

and (4.9), respectively, we have

1 L

=2 (B -F), (€.19)
J

1 .

X (x; - xuB). (C.20)

Writing X; = X\;8” + €, (C.20) gives
7= Lauy (51 ij) +LX\TEJ' (C.21)
)\j n/\j J
where G(\;\j) = X\TjX\j/n. Combining (C.19) and (C.21),
ToTEY ( (\3:\) [ﬁ” ﬁj} =S B - ﬁj}) + n—AjX\ijj

=% (Goann |8 =] =i |87 - ]

. L . .. 1 .
+ Bg) [W - 5’] ~ S B - fﬂ) + n—AjX\TjGJ

1

Y 1 NN 1 ,
N (Gain) — i) (5] ﬁj) + A—jz(\j,\j) (ﬁf - ﬁ]) + n_AjX\TJ'eJ' (C.22)

We now bound all three terms on the right hand side of (C.22). First, by the Gaussianity

1 : 1 [log(p)
el = (5252

In addition, we proved in Lemma C.2.3 that ||/ — 37|, = O, ( log(p)/n>. Thus, because

1 [log(p)
0, (A_j logy) )

Finally, based on Theorem 7.2 in Bickel et al. (2009), Lemma C.1.1 imply that |37 — 87|, =

of the data,

1= g lmax = 1,

1 A 1 o
py [Baia (& -8)] < 3 P00 o 87 = B =
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O,(A;q;). Thus,

IBj_Bj

| (€0 = Seinn) (8= 8)|| < 1G0 = Baiilles

=0, ( logn(p) /\jqj> =0, ( logn(p)> =% ()\i logn(l?)) ’

where the last inequality holds because \jq; — | < oo by (A2) and hence A\; — 0.
Thus, (C.22) shows that |7/ — 77| = O,(y/log(p)/n/A;). By (A3), we have that

limsup,, ... Hi—jﬁejﬂoo < 1—9¢ for \/log(p)/n/(A;0) = 0, and hence lim,,_, Pr[H+jﬁejH00 <
1] = 1. Thus,

1

lim Prre; D nej] = 1. (C.23)

n—oo

On the other hand, if ne; = 0, nie; C ne;. If re; # 0, by Lemma C.2.4,

lglp) 1, (C.24)

n .

min

Lemma C.2.3 shows that |37 — 87|, = O, ( log(p)/n>, i.e., there exists a constant C' > 0
such that

BJ’_B]’

> k’g(p)] —0. (C.25)

lim Pr [‘
n—00 00 n

Based on (C.24), for n sufficiently large, b’ . > 2C+/log(p)/n. Thus, combining (C.24) and
(C.25), for n sufficiently large, whenever (3 # 0, we have |3/| > 2C'\/log(p)/n and hence

lim,,_,o, Pr [|BIJ€| > 0] = 1. Therefore

lim Pr[ne; C nej| =1, (C.26)

n—oo

which completes the proof. n
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