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Abstract

The Radiative Transfer Equation in Photoacoustic Imaging

Lee Patrolia

Chair of the Supervisory Committee:
Professor Gunther A. Uhlmann
Department of Mathematics

Photoacoustic tomography is a rapidly developing medical imaging technique that com-
bines optical and ultrasound imaging to exploit the high contrast and high resolution of
the respective individual modalities. Mathematically, photoacoustic tomography is divided
into two steps. In the first step, one solves an inverse problem for the wave equation to
determine how tissue absorbs light as a result of a boundary illumination. The second step
is generally modeled by either diffusion or transport equations, and involves recovering the
optical properties of the region being imaged.

In this paper we, we provide an overview of mathematical progress in photoacoustic and
thermoacoustic tomography, as well as inverse problems for the radiative transfer equation.
We then address quantitative photoacoustic tomography modeled by the radiative trans-
fer equation, and in particular, we show that the absorption coefficient in the stationary
transport equation can be recovered given certain internal information about the solution.
Our new result will consider the variable index of refraction case, which will correspond to
an inverse transport problem on a Riemannian manifold with internal data and a known
metric. We will prove a stability estimate for a functional of the absorption coefficient of the
medium by finding a singular decomposition for the distribution kernel of the measurement

operator. Finally, we will use this estimate to recover the desired absorption properties.
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Chapter 1

INTRODUCTION

Photoacoustic and thermoacoustic tomography (PAT and TAT respectively) are rapidly
developing medical imaging modalities that combine electromagnetic imaging with acoustic
or ultrasound imaging to achieve both high resolution and high contrast. Both imaging
methods are based on the thermoacoustic effect. The thermoacoustic effect is the property
that thermal expansion can result in generation of an acoustic pressure wave, which was

first observed by Alexander Graham Bell in 1880.

In photoacoustics, the tissue to be imaged is illuminated with visible or near-infra-
red light causing a small amount of thermal expansion (in thermoacoustics, radio frequency
electromagnetic waves are used). Different tissues in the region expand at different rates, and
this difference in expansion rates generates an acoustic wave. One can then use ultrasound

transducers to measure the generated acoustic wave.

The ultimate goal is then to obtain useful information about the body being imaged
from knowledge of the illumination and measurements of the acoustics waves. There are
two inverse problems currently being studied to that end. First, using the measured acoustic
data, can we recover the deposited thermal energy map? That is, can we determine how
thermal expansion occurred as a result of a given illumination? It is known, for example,
that cancerous tissue tends to be hypervascular, which causes the tissue to preferentially
absorb electromagnetic energy. Thus it would be expected that tumors would be visible as
“hot spots” on an image constructed from the thermal deposition map. The second inverse
problem is to recover the optical properties of the medium once we have the knowledge
of the thermal deposition map in order to obtain more accurate and detailed images. The
recovery of the thermal deposition map has been studied in numerous publications including,
[13], [17], [18], [20], and [28]. The second problem, called quantitative photo- or thermo-

acoustics, has not yet been studied as thoroughly, but results can be found in [2], [4], and



[5].

Based on early results allowing for reconstruction of the thermal deposition map via
filtered backprojection algorithms, many bioengineers and scientists have already begun to
experiment with PAT and TAT. In [19] the author notes that thermoacoustic computed
tomography has produced images with 1 to 2 mm of spatial resolution through as much as
10 cm of soft tissue in vivo in the breast. He also notes that while mammogram images
tend to degrade as breast density increases, initial findings seem to indicate that TAT breast
images improve as density increases. This might indicate that TAT imaging could be useful
for early detection of breast cancer in women who are not able to get clear mammography
results.

In addition, in [11], it is observed that PAT can allow doctors to “examine blood vessels
at a depth depth of a few millimeters with a spatial resolution of tens of micrometers.”
This is particularly useful for diagnosis of cancers near the surface of the skin, such as
melanoma. For some examples of the outstanding images that can be obtained, we en-
courage readers to look at the work of Lihong Wang at the Optical Imaging Laboratory
at Washington University. He has produced a number of images demonstrating both the
clarity of microvascular structures and the detection of melanomas. We also refer readers to
the collection of work done by the Photoacoustic Imaging group at University College Lon-
don for further information about photo- and thermo- acoustic imaging from the biomedical
engineering perspective (see [6, 9, 10, 27|, for example).

From a mathematical point of view, TAT and PAT provide several interesting inverse
problems. Various models involve inverse problems for Maxwell’s equations, the scalar
Helmholtz equation, the diffusion equation, the wave equation, and the radiative transfer
equation. The inverse problems related to quantitative thermo- and photo- acoustic to-
mography are unique in that they involve internal data. In a typical inverse problem, data
is available only on the boundary as obtaining internal data would involve invasive proce-
dures, but in PAT and TAT, the first step (recovery of the thermal deposition map) is an
inverse problem with boundary data resulting in the thermal deposition map, which is used
as internal data for QTAT and QPAT.

In chapter 2, we will discuss results related to recovery of the thermal deposition map



as well as the diffusion model of QPAT and results in QTAT. In chapter 3, we will present
previous work in inverse problems for the radiative transfer equation, and in chapter 4,
we will bring these ideas together to discuss the radiative transfer model of quantitative
photoacoustic tomography. We prove a new result showing that the absorption coefficient
may be recovered in the transport model of QTAT under the assumption that the index of
refraction varies in the medium. In particular, this type of situation arises when imaging
regions with combinations of bone, soft tissue, and air cavities, although we should note
that further work will still be required to extend the results to the case in which the index

of refraction is discontinuous.



Chapter 2

AN OVERVIEW OF PHOTOACOUSTIC AND THERMOACOUSTIC
TOMOGRAPHY

As discussed in the introduction, photoacoustic tomography consists of illuminating
tissue with near-infra-red light and making measurements of acoustic waves generated by
the resulting thermal expansion. The analysis is then roughly divided into two steps. First,
we solve an inverse wave problem to recover the thermal deposition map from knowledge
of the boundary illuminations and the measured acoustic signals. This gives us information
about how heat was absorbed as a result of the illumination. The second step, quantitative
photoacoustics, then involves determining the optical properties of the tissue based on the
knowledge of the thermal deposition map. In this chapter, we will begin by briefly discussing
work that has been done regarding recovery of the thermal deposition map. We will then

discuss one model for quantitative photoacoustics and results related to thermoacoustics.

2.1 Recovering the Thermal Deposition Map

Ultimately, our goal in chapter 4 will be to address quantitative photoacoustic tomography.
Both quantitative photo- and thermo- acoustic tomography require the assumption that
the thermal deposition map has already been recovered. Therefore it is appropriate for
us to include a brief discussion of what progress has been made in the recovery of the
thermal deposition map. We will discuss several different methods that have been used
to address this first step. The pressure wave generated by the thermal expansion in both

thermoacoustic and photoacoustic tomography is modeled by the following boundary value



problem for the wave equation:
Dit — CQ(x)Amp =0 t>0, ze€R"

p(z,0) =f(z)
pe(x,0) =

p(y,t) =g(y,t) yeS, t>0.

o

Here S is the observation surface and ¢(x) is the sound speed in the medium. The objective
is to recover the initial acoustic pressure, which corresponds to the initial condition f(x).

To begin, we remark that there have been two main categories of techniques to approach
this problem. The first is to rephrase the problem in terms a generalized Radon transform
and then apply Radon transform type methods. The second category takes advantage of
the properties of the wave equation and uses time reversal to recover the initial condition.
[18] provides a good comparison of some of the methods in use. We note, however, that
[18] does not discuss the most recent developments in the time reversal techniques, which
we will include later in this section and can also be found in [33].

First, we consider the Radon transform methods. Informally, the spherical Radon trans-
form arises from the following idea: if an ultrasound signal is emitted at time 0, and if the
speed of ultrasound propagation is constant and equal to ¢, then a signal that reaches a
detector at time T was generated by a source on the sphere of radius ¢I' centered on the
detector. Thus any given detector on the observation surface is measuring the integral of
the source function, f, over a sphere centered on S. More rigorously, the spherical Radon
transform arises because there is an explicit solution for the wave equation in terms of
spherical means in the case of constant sound speed. We have p(z,t) = %[tM (f)(z, 1))
where (M f)(z,t) == 12 faBt(x) f(2)dS(z). Thus the measured data g(y,t) corresponds
to knowledge of (M f)(y,t) for y € S and ¢t > 0, and the inverse problem becomes recon-
struction of f from knowledge of its mean values over spheres centered on the observation
surface, S. There have been several papers devoted to generalized Radon transforms, and
we recommend [13] as a good starting point for the spherical Radon transform in photo-
and thermo- acoustic tomography.

In [13], the authors establish the following results for uniqueness and reconstruction



respectively.

Theorem 1. Suppose that D is a bounded open subset of R™ with n > 2. Further suppose
that D has smooth boundary, S, and that D is strictly convex. If T is any relatively open
subset of S, and if f is a smooth function on R™ such that supp(f) C D and (M f)(p,7) =0
for allp € T and all r, then f = 0.

We note that this is actually a partial data result that requires measurements only on
an open subset, I', of the boundary. On the other hand, if we have measurements over the

entire observation surface, but for a finite length of time, we have the following result.

Theorem 2. Suppose that D is a bounded, open, connected subset of R™, n odd and n > 3,
with a smooth boundary S. If f is a smooth function on R™ supported in D, and (M f)(p,r)
is known for all p in S and for all v € [0, diam(D)/2], then one may stably recover f.

Additionally, the authors produce closed form filtered backprojection type formulas for
the odd dimensional case similar to the type encountered when working with the standard
Radon transform. In [12], those formulas are extended to the even dimensional case. Despite
the existence of closed form inversion formulas, there are significant limitations to the filtered
backprojection methods. Specifically, the sound speed must be constant, which may not be
a reasonable assumption for certain types of imaging, the observation surface, .S, must be
a sphere, and there cannot be any ultrasound sources outside of D (i.e. supp(f) C D), see

18].

The second method used to reconstruct the thermal deposition map is time reversal in
the wave equation. The time reversal method is based on Huygens’ principle. When the
sound speed is constant and the dimension of the space is odd, Huygens’ principle tells us
that if the initial source has bounded support (which is assumed to be the case), then the

pressure wave will exit any bounded domain in finite time. The consequence of this is that



there is some time 7" such that p(z,T) = 0 = p;(x,T). Then one can find f(x) by solving
uy — AAyu=0 D x [0, 7]
u(z,T) =0
ug(x, T) =0
u(z,t) =g(x,t) S x1[0,T)
and setting f(z) = u(z,0).

When the sound speed is variable and/or the dimension is even, Huygens’ principle no
longer holds, however, one can show that the solution, p(z,t) decays in time, with the type
of decay depending on the properties of ¢(z) (in particular, if the associated metric is non-
trapping, the solution will decay faster and uniformly). As a consequence, we can choose a
time 7" at which we estimate p(z,t) and py(z,t) as zero, and then proceed with time reversal
as in the constant speed odd dimension case. One difficulty that arises is that the measured
data g may not decay to zero at T. As a result, it is conventional to include a smooth
cut-off function. The model is then

uy — 2Ayu =0 B x [0, T
u(x,T) =0
ug(x, T) =0
u(@,t) =gz, t)¢e(t) S x[0,T]
where ¢¢(t) is a smooth cut-off function that is equal to 0 for ¢ > T, and is equal to 1 for
t <T —e. [17] provides error estimates on this approximation in the case of non-trapping
sound speed.

We end this section with a discussion of a variation of the time reversal method that
actually provides an exact solution rather than the approximate solution obtained from
traditional time reversal. This is based on [33].

Let g be a Riemannian metric on R such that g is Euclidean outside of a large compact
set, and let ¢ > 0 be a smooth real-valued function with ¢ = 1 outside of a large compact

set. Let P be the differential operator

2 b (1O 190
P_C\/CW ioz )Y detg i0xi )"




Finally, let €2 be a smooth bounded domain and 7" > 0 fixed. If uw solves the problem
(2 4+ Pu=0 (0,T)xR"
uli—o = f (2.1)
Otu]y—p = 0
then the measured data for thermoacoustic tomography has the form Af := uly 7)xa0, and
the goal is to recover f. The result presented in [33] shows that if the metric ¢ 2g is non-
trapping in €2, then one can recover f via a Neumann series provided that T is selected
to be larger than the length of the longest geodesic of ¢~2g in Q. If we let T/(2) be the
supremum of the lengths of geodesics in €2, the non-trapping condition simply means that
T(Q2) < oc.
In order to state the result rigorously, we need to define an appropriate space in which

to work. Let U be a domain in R"™. Then we define the space Hp(U) as the completion of
C§°(U) under the norm

113, = /U Df[2dVol

where dVol = (detg)l/ 2dx. We will also need to work with the energy, given by
Ey(t,u) = / (|Dul? + ¢ 2|ug?)dVol
U
Given some function, h, solve
(024 P)u=0 in (0,T)xQ
vljo. %00 = h
0.1 (2.2)
V=7 = ¢
atU|t:T =0
where ¢ satisfies P¢ = 0, ¢|9q = h(T,-). Then define Ah := v(0,-) in Q. Then the result

from [33] is as follows:

Theorem 3. Let (2, ¢ 2g) be non-trapping, and let T > T(2). Then AN = Id — K where
K is compact in Hp(Q) and ||K||g, ) < 1. In particular, Id — K is invertible on Hp(S2),

and we have

f=Y_ KmAf).

m=0



Proof. Suppose that u solves (2.1), and v solves (2.2) with h = Af. Further consider the

solution, w, to
2+ Pw=0 (0,T)xQ
wljo,r)xo00 =0
0.1 (2.3)

W|i—1 = U= — ¢

wt\t:T = Ut|t:T-
Then observe that v + w also solves (2.1) so that by uniqueness, v = v + w. Since f =
u(0,-), we have f = AAf + w(0,-), and therefore K f = w(0,-). Since P¢ = 0 on {2 and
ur == u(T,-) = ¢ on OS2, we have

(ur — ¢, 9)p ) = 0.
Then
(ur,ur) gy () =(ur — ¢+ ¢y ur — ¢+ ) Hpy (@)
=(ur — ¢, ur — P)up) + (Ur — &, ) Ep ) + (P ur — P Hp@) + (6 O Hp ()

(ur — d,ur — A ) + (6 D) Hp@)

and it follows that

lur = 6l F, ) =Ilurl| i, @) — 119l @)

<|lur|7, )

Now we consider the energy. From the definitions, we have
Eq(T,w) = [lur = ¢llF, () + 10urlli2(q),
and this together with the previous inequality gives us
Eq(T,w) < Eq(T,u). (2.4)

Conservation of energy is a well known property of the wave equation, and this tells us that

Eq(0,w) = Eq(T,w), and therefore Eq(0,w) < Eq(T,w) by (2.4). Furthermore,
Bo(T, u) < Epn(T,u) = Ea(0,4) = |f1Bp

Then

1K f I 0 = (0, )17, @) < Bal0,w) < |£l1F,q)-
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This final inequality establishes that the operator norm of K is less than or equal
to 1. In order to arrive at a Neumann series expression for f, we will need the opera-
tor norm of K to be strictly less than 1, and thus it remains to show that there is no
nonzero f such that ||K f||g, ) = |[fl|l#, @) Suppose that there is some f # 0 such that
1K fllep©) = Ifllfp@)- Then tracing back through the argument above, it must be the
case that Eq(T,u) = Egn(T,u), and therefore u(T,z) = 0 for z € Q°.

The idea is to apply Tataru’s unique continuation theorem to see that f = 0, resulting
in a contradiction. Indeed, the finite domain of dependence property for the wave equation
implies that u(t,z) = 0 for dist(z, ) > |T' — t| and for dist(z, Q) > |t|. Then u(x,t) =0 for
x such that dist(z, Q) > T/2 and ¢ in the interval ¢t € [-T'/2,31/2]. Since u is a solution of
the wave equation, it can be extended as an even function of time to obtain a solution with
u(t,z) = 0 for x such that dist(z,) > T/2 and |t| < 3T/2. Now Tataru’s theorem does

allow us to conclude that f = 0.

Finally, we must show that K is compact. The key point here is that T was selected
to be large enough that all geodesics exit £ by time 7', and hence all singularities have
left Q. In particular, u(T,-) and (T, -) are smooth on Q. Then elliptic regularity implies
that ¢ is also smooth on €. From this information, one concludes that the maps that take
fr=u(T,)—¢and f+— u(T,-) have smooth Schwartz kernels from Hp(2) to Hp(€2), and
hence are compact. Then it follows that the operator f +— w(0,-) = K f mapping Hp(Q2) to
Hp(R) is compact as the composition of a compact map and the bounded solution operator

of (2.3). 0

We note that the authors of [33] have also considered a model with discontinuous sound
speed in [34].This situation arises in brain imaging and other types of imaging that involve

a combination of bone and soft tissue, and is therefore important in medical applications.

For the purposes of our discussion of quantitative photo- and thermo- acoustic tomog-
raphy, the key information is that the amount of energy deposited is proportional to at-
tenuation. In our discussion of quantitative photoacoustics, we will use that the thermal

deposition map has the form H(t,z) = [go—1 0z, V" )u(t, z,v")dv’ (see [2]).
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2.2 DModeling Quantitative Photoacoustic Tomography via the Diffusion Equa-
tion

In order to model both the absorption and scattering properties of photons in photoacoustic

tomography, it is natural to use the radiative transfer equation. The diffusion approximation

to radiative transfer can be used in highly scattering media, however, and is often valid in

situations where radiation will be traveling more than a couple of centimeters into the

tissue. The discussion in this section is based on [5]. In this setting, one hopes to recover

the diffusion and absorption coefficients, (D(z),0,(x)) in the equation
—V - D(z)Vu+ o4(z)u = 0.

The setup is as follows: we take X to be an open bounded domain with C? boundary.
We assume that the thermal deposition map has been recovered. In this setting, we take the
our data to have the form H;(z) = o4(z)u;j(z) (Note that some simplification is required to
reduce the data to this form. See [2] and [5] for a discussion of how this data is related to

the thermal deposition map). Here u; is the solution to

-V - D(x)Vu; +o4(x)u; = 0 in X
uj = g; on 0X.
The main result is that (D(x),o4(z)) can be recovered if we know H;(z) for two well

chosen boundary conditions, g1 and go (with, of course, some a priori assumptions on D(z)

and o4(z)). To state the result rigorously, let us set
Y = Hn/2+k+2+e(X)
and
M :={(D,04) : (VD,04) €Y x C¥"1(X),|IVDlly + l|oallcr+1(x) < M}
with € > 0 and k£ > 1.

Theorem 4. Let X be an open bounded domain with C? boundary. Assume that (D, c,)
and (D,&,) belong to M and that D]|px = Dl|sx. There is an open set of illuminations
Q C CH(0X) for some a > 1/2 such that if g1,g2 € Q, and Hy(x) = Hy(x), i = 1,2, then
(D,04) = (D, 5a).-
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One appealing aspect of this result is that it requires knowledge of the thermal deposition
map for only two illuminations. The problems we will consider for the transport equation,
on the other hand, will assume knowledge of the thermal deposition map for all possible
illuminations, g. One weakness of this result, however, is that it does not imply stability. In
fact, one must either use more illuminations or impose geometric constraints on the domain
to insure stability of the reconstruction of the coefficients. The heart of the proof technique
is the construction of a vector field whose integral curves connect every point in the interior
of the domain to a point in the boundary of the domain, which will then allow us to use the
method of characteristics to find a unique solution to a related Schrodinger equation. The
stability issue comes about at points where the integral curves are “nearly tangent” to the
boundary. In this situation, small perturbations in the constructed vector field can result
in large variations in the solution. There are actually two ways to handle this problem in
order to obtain stable reconstruction. First, one can make convexity assumptions on the
domain X to eliminate the tangency issue. Using this method, one can obtain a stable
reconstruction while still requiring only two boundary illuminations. The second option is
to use 2n well chosen boundary illuminations, where n is the spatial dimension. This allows
one to construct n vector fields, that are ultimately used to construct an invertible matrix
that depends stably on the data. We will only give an overview of the proof methods here,
as our focus is on the transport equation. For completeness, we will state the two stability

results.

Theorem 5. Let X be a bounded domain with C*+1 boundary, k > 2. Assume that (D, o,)
and ([),&a) belong to M and that D|gx = D\ax- Let d = (Hy,Hs, ..., Hs,) and d =
(Hy, ..., Hyp) be the internal data for the coefficients (D,oq) and (D,&4) respectively with

the boundary conditions g = (g;)i<j<2n. Then there is an open set of illuminations g €

(CH*(0X))?" and a constant C such that
ID = Dllor(xy + 16a = Gallcrxy < Clld = dlfors(x)y2n-
To state the final result, we must establish the appropriate notion of convexity on X.

Hypothesis 6. There exists R < oo such that for each xy € 0X, we have X C By, (R),where
By (R) is a ball of radius R that is tangent to 0X at xy.
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Theorem 7. Let X satisfy hypothesis 6 with C**t1 boundary, 0X, k > 3. Assume that
(D,04) and (D,,) belong to M and that D|gx = D|sx. There is an open set of illumina-
tions Q C C1*(0X) and a constant, C, such that if g1, g2 € Q, then

1D = Dllcr—1(x) + ll0a = Gallor-1(x) < Clld = dll(cr(x))2-

The proof technique for theorem 5 with the diffusion approximation is very different
from what we will discuss in the case of the radiative equation. The proof relies on methods
somewhat similar to those seen in [35] for approaching Calderén’s problem: one reduces
the problem to an inverse Schrédinger equation, and then applies the theory of complex
geometrical optics solutions.

To make the reduction to the Scrédinger equation, one begins with the equation —V -
DVu + oq,u = 0 and makes the change of variables v = v/ Du. Then v satisfies the

Schrédinger equation Av 4+ gv = 0 with potential ¢ = — — 9. The internal data

5

Oq

N}
potential ¢ and the function p from the internal measurements, d.

is given by d = o,u = pv where p := . The goal is then to recover the unknown

Now, let us suppose that u; and us are solutions of

Au]' + qu; = 0

ujlox = gj
where g; € Ck*(0X;C). Note that we are working with complex valued boundary values
and solutions at the moment, but we will restrict to real and imaginary parts later to return

to real valued functions. As before, let d; = pu;. By replacing u; by d;/p in the Schrédinger

equation, one can verify that p satisfies

Ba-Vu+yap =0 (2.5)
with
Bd = X(x)(athg - dngl)
—Ba-Vp

7
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Here x is a known function, the form of which will depend on the solution, u. We will
provide an explicit formula for y in the case where u is taken to be a CGO solution in a
moment.

The thrust of the argument is then as follows: we would like to solve (2.5) for u. Suc-
ceeding at that, we could then solve for u; using the internal data, d; = pu;. Finally, if
u; is known, then ¢ can be recovered from the Schrodinger equation. Thus our primary
concern is to ensure that the equation for p has a unique solution (note that the boundary
values of p are known since d; is known and u;|px = g; is known). If we knew that the
integral curves of 54 connect any point in the interior of X to a point on the boundary, then
the method of characteristics would provide us with an explicit formula for the (unique)
solution, p. This is where CGO solutions come into play. In the case where u; and us are
CGO solutions with uo = 41, then we can normalize the vector field 84 to have the desired
property. We now come to the characterization of the “open set of illuminations” on which
uniqueness is guaranteed: we simply require that the illumination, g, be sufficiently close
to the boundary values of a CGO solution.

Let p = p + ipt with |p| = |[p*|, p- p* = 0, and |p| sufficiently large. Define the CGO
solution u, := e”*(1 4+ 1,) where 1, € H§/2+k+€ is a weak solution of A, +2p -V, =
—q(1+1,). That such a 1), exists is discussed in [35], and that it has the stated regularity
is discussed in [5]. Then we define the set of allowable boundary conditions in C**(9.X;C)
by

g — uplox|lor.e@xic) < €

for some sufficiently small, positive e.
Now, for such an illumination, g, we let u be the corresponding solution to the Schrédinger
equation, and d the corresponding internal data. As before, we obtain ; and 4 with

x(z) = e~ 2%, Further, we construct normalized, real-valued counter parts:

1
B = S
2|p|
Y= 5
2|p|

Then it is easy to see that p satisfies the equation - Vu + yu = 0. Our reconstruction
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will be complete provided that the vector field 8 has the correct behavior. Thanks to our

requirement that g be close to the CGO solution, one can show that
1L
p
B— =
H [Pt

In particular, this inequality implies that all integral curves of 5 exit the domain in finite

<Ol—|—e

ckxy Pt

time, which therefore implies that p and ¢ can be reconstructed as discussed above.
The final question then, is how one use knowledge of p and ¢ to recover the desired
functions, D and o,. We must assume that v/ D is known on the boundary, and then the

result follows quickly. One simply observes that
—~AVD — ¢V'D = pu.

Since p and ¢ are known, and because of our assumptions on D, this equation can be solved
for v D. Finally, o, = uv' D.
We will end our discussion of the diffusion approximation here, however, readers are

encouraged to refer to [5] for more details and further analysis.

2.3 Quantitative Thermoacoustic Tomography

Although recovery of the thermal deposition map is identical for thermoacoustic and photoa-
coustic tomography, the second step, in which we attempt to recover the optical parameters
of the medium, differs. We take a moment here to describe reconstruction and uniqueness
in quantitative thermoacoustic tomography. The appropriate model for thermoacoustic
tomography involves time harmonic Maxwell’s equations, with the inverse problem being
to recover the coefficient o(z) from knowledge of H(z) := o(x)|E(x)|?> where E(x) is the
solution to Maxwell’s equations, and the quantity H(x) is the thermal deposition map re-
covered in the first step of thermoacoustic tomography. Following [4], one can make a
scalar approximation of Maxwell’s equations which ultimately leads to a model for quanti-
tative thermoacoustic tomography via the scalar Helmholtz equation. Then for a boundary

illumination g € H'/2(9) the model becomes
Au + k*u + iko(x)u =0 X

U=y 0X
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where g and k are controlled experimentally. The available data corresponds to the recon-
structed thermal deposition map, given in the scalar approximation by H(z) = o (z)|u|?(z)
in , and again, one wishes to recover o(x).

As in the diffusion model for quantitative photoacoustic tomography, the solution to the
inverse problem is based on complex geometric optics (CGO) solutions. In this setting, we

define a potential ¢ = k% + iko(z) so that the model becomes

Au+g(x)u=0 X

U=y 0X,

and one aims to recover g(z). The idea is fairly straightforward. If o (and hence q) is as-
sumed to be sufficiently smooth, and if the illumination g is selected correctly, then a specific
functional of o admits a unique fixed point, and one can obtain an explicit reconstruction
algorithm using a standard fixed point iteration scheme. We will provide an overview here,
and detailed discussion can be found in [4].

To begin, recall that a CGO solution, u,, for the Schrodinger equation is a function of
the form u, = e”¥(1+41),) such that u, is a solution to Au,+q(x)u, = 0 on R" and 1, € L3
satisfies Ay, +2p-Vip, = —q(x)(1+1,) on R™. We note that this requires ¢ to be extended
to all of R™, and that standard extension theorems allow us to extend ¢ from X to R” in

such a way that

lallmr@ny < Cllalx | mrx)

with C' independent of q.
A simple computation shows that when u is replaced by u,, in the data H(z) = o(z)|u|?(z),

we have
e PP T (2) = o (@) + o(@) (¥, + Jp - wpa/’)’

Then we set H[o](z) := o(x)(¢p + ¥, + ¢p1b,), and show that H is a contraction as a
function of . In the proof method presented in [4], one of the most important details is the
choice of the function space on which to show that H is a contraction. In particular, the
proof relies on the property that the selected function space is an algebra. For that reason,

we choose ¢ € H™?%¢(X) and show that H is a contraction on this space. We will also
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assume that o satisfies 0 < o < o)y for some positive constant, ops. For a fixed M > 0,
set M :={feY = H"?>*(X) :||flly < M}. Then a reconstruction algorithm for o will

follow easily from the following lemma:

Lemma 8. Suppose that q and ¢ are two potentials corresponding to o and & respectively.

Let ¢ and ) be solutions of

A +2p-Vip = —q(1 + )

and

A +2p-Vip = —G(1 + )

respectively. If q and G are in M, then there is a constant C such that for all p with

ol = |pol, we have
<

[ — |y <
Ip|

llo =]y

Now we observe that

Hlo] — H[5] =o(x) (b + & + i) — 6(2)( + & + )

—(0 = &)+ (¥ — D)5 + (0 — 8P + (& — D)F + o) — 590

Using the lemma together with the fact that Y is an algebra and that ¢ is bounded in Y,

we are able to deduce that

~ ~ . Con .
(¥ = )ally <|l(v=¥)llyllally < WHU —ally,
and similarly
— = _ Coy B
(¥ —)ally < llo—ally-
ol
In addition, it is known that the remainder term of a CGO solution satisfies ||[¢]|y < %,

and thus

C
(o= a)¢lly <

—||lo — ally
p,H I

A\ C .
(o = )¢y SWHU —lly
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Finally, we consider the terms ot — 545. We have
logp — 595]ly =l|(09 - 59)4 + @ - 9)(9)lly
<[l(oy — 51/3)“Y @ — D)y =~

CUM

C .
(o0 —o)dlly + er(w —¥)ally +

CO’M

16 =)y

for |p| sufficiently large.
Putting all of this together, we deduce that

1H[o] - HElly < jua ~5lly

so that H is a contraction in ¢ for p sufficiently large. In conclusion, if the coefficient o
satisfies 0 € H™?1¢(X) and 0 < o(x) < oy, and if the illumination g is selected to be the

trace on dX of a CGO solution, then one can reconstruct ¢ via the algorithm

g0 =0
oj =e" VP TH (z) — Hoy ] (x)

o = lim oj.
]-)OO

In [4], the authors extend this result to show that if ¢ is sufficiently ‘close’ to the trace of a
CGO solution, then the same conclusion and reconstruction algorithm hold. In particular,
there is an open subset of illuminations in H™/?~1/2+¢(9X) for which reconstruction is
possible.

We’ll now address the proof of the lemma.

Proof. First, we note that in [35] (in which CGO solutions were used to address Calderén’s
problem), it was shown that ¢ can be constructed recursively by setting ¢ = 1, (A +
20-V); = —qipj_q for j >0, and ¢ = ijo Y, where the series will be summable for p
sufficiently large.

It was shown in [5] that

C
15l < ;HQHHfHT/)j*lHHg'
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where C' does not depend on p, and Hj is the completion of C§°(R™) under the norm

[ull7r; = /R"(l + |21 = A)Puf’de.

Here [[1)_1]|m; is taken to be 1.
Since the estimate we ultimately want involves the norm on Y = H"/?*¢(X), we would
now like to consider the restriction of 1); to X. Recall that the extension of ¢ to R" was

selected so that
lla|| zrr®ny < Cllalx | me(x)-

Then we have
1e3lly < Clol™Hlally l1e-1ly-
From the definition of the functions 7);, it is easy to see that

(A+2p- V)W — ) = —((¢ — Dbj—1 + G(Wj—1 — ¥j—1)),

from which we conclude that

ol [v; — ¥5lly < Cllvi-1llvlla — dlly + CM||vj—1 — j-lly-

The key is then to sum over j so that for p sufficiently large,

!

7 Cllg — dlly C .
v — dilly < - [thj—1lly < — L+ lally)lla —dlly-
210 = 0slly < =Gy & W < TG |

Then we have
- C ~ Ck -
1Y —=dlly < =llg—dlly < llo—36lly.
ol o

O]

One interesting open problem in QTAT is to attempt to reduce the regularity require-
ment on o. If o is in H™2t¢, then by Sobolev embedding, it must be at least continuous.
This level of regularity can be an acceptable assumption in some imaging applications; how-
ever, for imaging in regions of the body that involve significantly different tissue types (such
as soft tissue and bone), continuity is often an unreasonable assumption. The difficulty in

reducing the regularity is primarily caused by the requirement that we have “well-behaved”
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multiplication in the space. In our discussion, we used that H™?2"¢ is an algebra. This
property is ultimately more than is required, but one must still be able to obtain an esti-
mate along the lines of ||o¢)|| < ||| -]|¢]|. One idea is to attempt to use the new Bourgain
style spaces adapted to the Schrédinger equation introduced in [15], but this work is still in

progress.
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Chapter 3
THE RADIATIVE TRANSFER EQUATION

3.1 Introduction: the Forward Problem

In addition to modeling near-infra-red photons in photoacoustic tomography, the radiative
transfer equation has a number of other applications including modeling neutron densities
and energy density waves with applications in nuclear and atmospheric science as well as
other disciplines. As a result, inverse problems for the radiative transfer equation have been
studied in a number of settings. In the next two sections, we will address the results from
[8] and [23], as the ideas and proof method will guide our discussion in chapter 4. We note
that we use the terms radiative transfer equation and transport equation interchangeably,
and in searching through the mathematical references, the reader will frequently see the
model referred to as the transport equation.

For a brief discussion of how the transport equation arises in physics, we refer the reader
to section XI.12 of [29]. The authors address the use of the time dependent linear transport
equation as a model for the scattering of a low-density beam of neutrons off of an obstacle
in free space (such as uranium in a nuclear reactor). For mathematical inverse problems
related to the transport equation, see [1, 2, 3, 8, 7, 21, 22, 23, 24, 25, 31, 32, 37]. The
equation of study in each of these references is the stationary linear transport equation
given by:

—v - Vyf(z,v) — o4(z,v) f(z,v) +/ k(z,v',v)f(z,v")dv' =0,

v

and what distinguishes the various problems considered is generally the type of data available
and the presence or absence of a source term. The problems we will consider in this chapter
may be considered as the “simplest” in some sense as they involve knowledge of the solution,
f, on the full boundary of the domain and do not involve a source term. Problems related
to medical imaging often involve more complicated averaged data, as we will see in the next

chapter.
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Before addressing the inverse problems, we begin with a brief discussion of the forward
problem for the transport equation. The resulting solution operator for the forward problem
turns out to be a valuable tool for addressing several inverse problems in transport theory.
The approach we present here for the forward problem is based on [8] and is also presented

more generally in [23]. The forward boundary value problem is

—v - Vaf(x,v) —oq(x,v)f(x,v) + /V k(z,v',v)f(x,v)dv' =0 in X xV 1)

flr_ = f-

Here we assume that the differential equation holds in X x V', where X C R" is a bounded
open set with C' boundary (n > 2), and V is a subset of R”, called the velocity space. We
will assume that V' = S"~!, however, other types of velocity spaces can also be used. I'_ is
defined to be the set of all points (z,v) such that x is in the boundary and v “points into
the domain.” Similarly, we can define a set I'; as the set of points (z,v) such that x € 90X
and v “points out of the domain.” More rigorously, I'y = {(z,v) € 90X xV : £n(z)-v > 0},
where n(z) is the unit outer normal to 0X at . We will want to work with function spaces
on I'_, and thus we define the measure d§ = |n(x) - v|du(x)dv, where du(x) and dv are the

standard Lebesgue measures on 0X and V respectively.

In order to address the forward problem, we will assume that (og4, k) is an admissible
pair, meaning that 0 < o, € L®(X x V), 0 < k(z,v/,-) € LY(V) for a.e. (x,0') € X x V,
and o, (z,v") € L®(X x V) where o), := [}, k(x,v',v)dv.

We also introduce several operators (following the notation of [8]) that will arise through-

out our analysis. For f € L}(X x V), set

TOf =—v- V:Ef
A1 f = —ouf
Asf :/ k(z,v',v)f(x,v)dv'
%
Th=To+ 4

T=Ty+ Ay + As.
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We will also make use of two operators that arise as part of the solution operator:

T_(z,v)

Jf_ =elo ga(z=svv)ds £ (3 1 (z,0)v,0)
—(zv) ¢
Kf=- / e~ J§ oalz=sv)ds (40 1Y (3 — 1o, d)dt.
0

Here we again have f € L'(X x V), and f_ € LY(T'_, d¢).

It is straightforward to show that the boundary value problem (3.1) is equivalent to the
integral equation (I+K)f = Jf_. Indeed, if T'f = 0, then [~ @) o= fo a(@=svv)ds (T ) (g —
tv,v)dt = 0. Recall thatTf = (Tp + A1 + A2)f. Inserting the definitions of Ty, A, and
Ag and performing an integration by parts on the A; term yields (I + K)f = Jf_, and
therefore the forward problem is solved if (I + K) is invertible. It is indeed the case that

(I+K) is invertible, and a unique solution exists in the space
W:={f:Tof e L{X x V), 77 f e LH{X x V)}

with [|fllw = [ITofI| + |7~ fII-

Theorem 9. Assume that (04,k) is an admissible pair and that ||Tog||L~ < oo and
|[Topl|Le < 1. Then K is a bounded operator in L'(X xV; 7~ dzdv) with || K|| < ||Top||Le <
1 so that (I+ K)~! exists in L' (X x V; 7~ dwdv). The integral equation (I+ K)f = Jf_ is

uniquely solvable for any f € LY(T'_,d¢), and for the resulting solution, f, we have f € W.

The idea of the proof is to recognize that K = T 1 A5 and that T71T1_1 and As7 are

bounded operators on L!(X x V). These observations allow us to conclude that
[T K fll = |lr T Anf 1] < (A2 fIl < [lmopl|zeol [ £

Since we have assumed that ||70,||L~ < 1, (I + K) is invertible, and the forward problem

is uniquely solvable with f € W.

3.2 The full Albedo Operator in Euclidean Space

Some of the most widely used methods for approaching inverse problems in transport the-
ory involve analyzing the singular decomposition of the solution operator for the forward

transport problem. In particular, this type of method was used by Choulli and Stefanov
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in [8]. These authors had also employed such methods for the time dependent transport
equation in [7]. In [8], the authors consider the stationary (i.e. time independent) linear

transport equation introduced above:

—v‘fo(a:,v)—aa(:c,v)f(x,v)—i—/vk(a:,v’,v)f(x,v’)dv':0 in X xV

flr. =

The coefficient o, is called the absorption (or attenuation) coefficient, and k is called
the scattering coefficient. In the inverse problems we consider, we hope to recover o, and k
from information about the solution, f.

In the case of [8], the measured data is encoded in the albedo operator:

.A:f_ Hf|p+.

Essentially, this map takes the prescribed condition on the incoming set, I'_, and maps it
to the outgoing flux on the boundary. The goal is to recover the absorption and scattering
coefficients from knowledge of the albedo operator, A.

Before we state the main result of [8], we must discuss necessary apriori assumptions
on o, and k. First, it is conventional to assume that (0,4, k) is an admissible pair as defined
in the previous section (see [29]). We recall that this means that o, is a nonnegative
function in L®(X x V), 0 < k(z,v',-) € L'(v) a.e. in X x V, and that the production
rate, defined as op(x,v') = [, k(z,v',v)dv, is in L>(X x V). In order to insure well-
posedness of the direct problem, it is necessary to make at least one more assumption on
the absorption and production rates. There are several common (physically reasonable
assumptions), one of which is simply that the absorption rate is strictly larger than the
production rate (o4 —0p > ¢ > 0 a.e. in X x V). For our purposes, we will instead assume
that

||Toa]|re <00 and  |[Top||Le < 1. (3.2)

Physically, the purpose of these conditions is to insure a “subcritical” dynamic, which is
required for the energy of the system to remain finite [29]. The main result obtained in [8]

is then as follows:
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Theorem 10. Let (04, k) and (64,k) be two admissible pairs with o, = o4(z,|v|) and
6o = 6a(z,|v|). Further assume (3.2). If A= A, then o, = 64, and when n > 3, we also

have k = k.

We will primarily be interested in the method used to prove this result, but let us
first briefly remark on the requirement that the absorption coefficient depend only on the
magnitude of the velocity. In [8], the authors provide a counterexample to uniqueness when
0, is allowed to depend arbitrarily on v. Specifically, if p(z,v) is a continuous function such
that (z +p(x,v)v,v) is in X x V whenever (z,v) is, then the distinct absorption coefficients
oo(z,v) and o4(x + p(x,v)v,v) result in the same albedo operator (with the scattering
coefficient, k, taken to be 0). Readers may refer to [25] for additional results concerning the
dependence of o, on v.

We will state here a brief overview of the proof method used in [8], which we will
return to when we discuss the specific application of the transport equation in photoacoustic
tomography. The heart of the argument presented by Choulli and Stefanov is to obtain a
singular decomposition of the albedo operator, A.

In order to accomplish this, we begin by solving the following boundary value problem:

—v-Vif(z,v) —oq(x,v)f(z,v) + /V k(z,v',v)f(x,0")dv' =0 in X xV

flr. =d0(x — 2")d(v —0').

Here the delta distributions are defined as expected:

f@ 0oy — 2 )o(w', v )du(z)dv' = f(y, w').
r_
Since f is to be a weak (distribution) solution, we find an expression for f by choosing
¢_ € C3(T'-) and considering the problem

—v - Vap(x,v) — 04(x,v)d(z,v) +/ k(z, v, v)¢(x,v")dv' =0 in X xV
v

Plr_ = o

Here we use test functions in C(T'_) rather than C§°(I'_) because the boundary is only

assumed to be C!. Since f is simply the kernel of the solution operator, finding an expression
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for ¢ will allow us to determine f. As seen in the previous section, the solution, ¢, can be
written as a sum of three terms:

p=Jp_ —KJp_ +T A, KJ¢p_.

The analysis proceeds by considering the distribution kernel of each term individually. Thus

we will decompose f as f = f1 + fo + f3 where

Jop_ = fi(z, v, 2 0o (2,0 ) dp(x")do',
r_
—-KJ¢p_ = fa(z,v, 2" 0" ) (2' 0" )du(2")dv',  and
j
T A KTy = fa(z,v, 2" 0" ) o (2 0" )du(z")dv'.
I_

The results are summarized in the following theorem.
Theorem 11. f = fi + fo + f3, where
T+(Z‘/7U,) T_(z,v)
o= |n(@) - / e a(z=po0)dp§ (1 — ! — )6 (v — v')dt
0
—(zv) (' ") s
fo = Inte)-o] [T [T e et
0 0

7_ (z—sv,v’) '
x e o al@=sv=pv' 0 )dp L (3 gy o 0)0(x — &’ — sv — tv')dEds

(min{r, \}) (@) - v/| " fs € LX(D_; W)
We will include the proof of the formula for fs here.

Proof. To establish the formula for fy, we analyze the distribution kernel of —K J¢_. Based

on the definitions of K and J, we have

T (z,v) s
—KJo- Z/ / e~ Jo salz=po0)dpg (0 gy of 0)E(x — sv,v")
0 \%4
X ¢_(x—sv—T1_(x— sv,0" )0, v)dv'ds.

We introduce the distribution § on X characterized by

/ 5y — 2)f(v)dy = f(x)
X
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to obtain

T_(x,v) s
—KJ¢- Z/ / / e~ Jo sale=pv)drg (0 sy o W) E(z — sv,v')
x Jo v

X ¢_(y — 71— (y,v" )W, v")o(y — x + sv)dv'dsdy.
Next we make the observation that if f € L'(X x V), then

T+ (z' v)
/Xxvf(x,v)dxdv: /F_ /0 i f(a' + tv, v)dtdé (2, v).

This can be seen by a straightforward change of variables, and is a special case of the more
general formula known as Santald’s formula. Applying this formula in the variables (y,v’),

we have
T+(z' V') pr—(z,0) s
—KJ¢- :/ / / e~ Jo sale=pu)drg (0 sy o W) E(x — sv,v)
r_Jo 0

x ¢_ (', 0")o(z" + tv — x + sv)dsdt|n(x’) - V' |du(z")dv’.

From this, we conclude that

~KJp_ = | falx,v,2' 0o (2,0 )dp(a')dv!
T_

with fo as claimed. O

This provides useful information about f, however, recall that we are ultimately hoping
to obtain information about the distribution kernel, «, of the albedo operator, A. Since the
albedo operator simply maps the values of the solution on I'_ to the values of the solution

on I';, we formally have

Oé(."L‘, v, ."L‘/, 'U,) = f(l‘, v, 33,7 U/) ’(x,v)eFJr,(x’,v’)eF, .
Consequently, we get the following expression for the kernel of the albedo operator.

Theorem 12. o = a1 + as + ag, where

7_(z,v)

ap = e Jo ca(@=po0)dp (0 — o — 7 (2,0)0)6(v — V')

T_ (x,v) T?(QE—SU,U/)
oy = / e~ o oal@—pv,v)dp — [y oa(z—sv—pv’ v’ )dp
0
X k(x —sv,v,0)0(x — 2’ — sv—7_(z — sv,0" ) )ds

(min{r (2, v"), A~ n(a") - '[!

a3 € L®(_; LYy, df))
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This result indicates that c; and ao are distributions with different degrees of singularity,
while ag is an L™ function. This means that it may be possible to distinguish a;, s, and
as from one another, which is vital for the recovery of o, and k. Now it only remains to
show that the coefficients o, and k£ can be recovered from knowledge of . The results
obtained [8] show that in any dimension, n > 2, a; can be distinguished from s and as.
Furthermore, o1 determines the x-ray transform of o,, which in turn uniquely determines

0o (provided that o, = o4(x, |v]), see [16]). Set

¢€(m,v,m’,v’):¢<$_x —eT_(x,U)>¢(U—U)

€

where ¢ is a smooth, compactly supported function on R", taking values between 0 and 1,

and satisfying ¢(0) =1 and [ ¢(z)dz = 1.
Theorem 13.

_(z,v)
hH(l) alz,v, 2,0 pe(x, v, 2", 0" )dp(x)dv' = e~ Jo 7a(z—pv,v)dp
€E—> T_

where the integral is to be considered in distribution sense and the limit holds in L}OC(F+, dg).

For recovery of k, the situation is not quite as good. In three dimensions or higher, as
can be distinguished from «g, however, in two dimensions, this is not the case. In fact,
when n = 2, ao is a function rather than a singular distribution, and hence cannot be
distinguished from a3. The consequence is that this method can only be used to recover k
for n > 3. The following theorem shows that once o, is known, one can use s to recover
k. Take ¢ as above and choose ¢1 a smooth compactly supported function on R” taking

values between 0 and 1 and with total integral equal to 1. Then set

bt = Loy (Lm0 (2 mr ()

€1 €1v - m(v, v’ €9

where ,,/(x) is the projection of z onto the plane spanned by v and v and m(v,v’) =

(v-v' /| ]?)v — .
Theorem 14. Assume that n > 3. Then for x € X, we have

lim lim a(z + 74 (z,v)v,v, 2", 0")
e1—0e2—0 0xX

X Peyen (@ — 1+ 7_ (2,0 )0, 0,0")dp(2)

7 (z,0)) 7_ (z—sv,0’)

- oq(z—pv,w)dp — oq(z—sv—pv’ v')dp /
_e 0 a( bl ) e 0 (l( ’ ) k(x7fu’v)
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where the limit holds in L}, (X x (VZ\D)).

T_ (a;fs'u,'u/)

oa(z—pv,v)dp and e~ Jo

.
=) oo(z—sv—pv’ ')

T (
Since e Jo dp are determined once oy is

known, this results in the recovery of k.
3.3 The Full Albedo Operator on a Riemannian Manifold

In some applications modeled by the radiative transfer equation, there may be an ambient
field or inhomogeneous media that influences the behavior of the photons or neutrons being
studied. In this situation, we must switch from Euclidean space to a Riemannian manifold.
When we discuss photoacoustic tomography, the Riemannian manifold case will actually
correspond to a situation in which the index of refraction varies in the body to be imaged.

We will begin here with a brief discussion of An Inverse Problem for the Transport
Equation in the Presence of a Riemannian Metric, by Stephen McDowall. This paper
translates the work of Choulli and Stefanov discussed above into the Riemannian manifold
setting in which the particles travel along the geodesics of the metric (in the Euclidean case,
the geodesics are straight lines, and the analysis assumed that the ballistic particles traveled
along these lines).

The underlying method used by McDowall in [23] is the same as that used in [8], however,
one must use some care in properly defining objects in the manifold setting. To begin, we
let M C R™ be a smooth bounded domain (n > 2) and g a Riemannian metric on M. We
will assume that the velocity space, V, is equal to the tangent space, T M, however, the
results are equally valid when one considers the unit sphere bundle in the tangent space. In
this setting, the transport equation becomes:

—Df(x,v) — og(z,v)f(z,v) + /T Ny k(z,v',v)f(z,v")dvl, = 0.

Here D is the derivative along the geodesic flow of the metric, and is defined by

0
Df($7 U) = a|t=0f(’7(z;u) (t)v/y(:c,v) (t))

We use (5, (t) to denote the geodesic with initial point z and initial velocity v. Following

23], we will also use the notation ¥, ) (t) = (V(z0)(t), Y(zw)(t)). The sets T'y are defined
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as before with the standard dot product replaced by the inner product with respect to the
metric g. Then provided that the forward boundary value problem has unique solution, we
can define the albedo operator as A : f_ = f|r_ — f|r,. The inverse problem, as before, is
the recovery of o, and k from full knowledge of the albedo operator.

To begin, we must start by making some assumptions on the metric, g. One advantage
of working with the Euclidean metric is that any geodesic that begins in the interior of a
bounded domain will reach the boundary in finite time. For general Riemannian metrics,
this may not be the case. In addition, we recall that in [8], the authors showed that one
could recover the x-ray transform of o, from knowledge of the albedo operator. In this
setting, one recovers the geodesic ray transform. In order to insure invertibility of this
transform, assumptions on the metric are necessary. The primary assumption that we will
need to make here is that g be simple. This means that M is strictly convex with respect to
g and that the exponential map Exp : Exp_l(M ) — M is a diffeomorphism at each point
x € M. Additionally, one must assume that the full set of geodesics join boundary points.

The approach is similar to that for the Euclidean case. One begins by considering the

boundary value problem

—Df(xz,v) — oq(x,v) f(z,v) + / y k(z,v" v)f(z,0")dv) =0 M xTM

flre = 0z 3 (2", 0").

In this case, the boundary is assumed to be smooth, and thus one searches for the distribu-

tion solution by solving

_Dé(,v) — oula, V)b, v) + / k(o) ) = 0

dlr_ = o—

for p_ € C§°(I'~). Just as in the Euclidean case, the analysis of the forward problem shows

that

p=Jp_ —KJp_+T ' TIKJp_
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where
JF-(,0) =E(2,0,0, 7 (2,0) f- (T (- (. 0))
E(x,v,s,t) =exp (/St Ta(V(a,0) (p))dp>
Ko == [ T B0, 0,1 7 )T ) Gyt — (o))
Tof(z,0) = / ke 0 and

Tf=—-Df —o.f +T1f.
The analysis presented in [23] of the terms in the expression for ¢ results in the following
formulas for the distribution kernel, f, of the solution operator, and consequently «, the

distribution kernel of the albedo operator.

Theorem 15. The distribution kernel, f, of the solution operator is given by f = fo+ f1+ fo,

where

+ (@' ')
fol v, 2, v') = / B, 0,0, — 7 (2, 0))8(0) (T (1))l

fi(x,v, 2’ v / o Y E(x,v,0,s — 7_(z,v))E(2',v,0,7)
XE (Yt ) ) PV aw) (8 = 7= (2,0)); Y(w,0) (s = 7= (2, 0)), Y 01) (1))
X0y (5 ()} V() (1) ) dslr
and fo € L°(T_; W),

We will include the proof of the formula for fy here to demonstrate the ideas that will
appear in chapter 4. The results for f; and fy use similar techniques. We omit that portion

of the proof here and refer the reader to [23] for details.

Proof. To find a formula for fy, we need to find the distribution kernel of the operator J.
To accomplish this, we will consider the behavior of J¢_ when paired with an element of

CP(TM). If o € C§°(T M), we have

(o) = / / - (et v

/ / o (Vw0 ) (Vo) (1)) dtd (!, 0").
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The second line here comes from the observation that if f € L'(TM), then

7+ (2’ ')
[ ] twosde= [ [T G @)atdnta’ ).
M JTyM r_Jo

Inserting the definition of J, we have

T4 (2' ')
(Jo_) = / /0 EG 1) (£), 0, —7— (G (1))
X O (V50 oy (0) (—T= T,y D)) Ty (8)) dbdpa(a’, ).

We can make two straightforward simplifications here. First, since (z/,v") € T'_, we note
that —7_(¥(4r,»)(t)) = —t. Second, '_7’(?1/,1,/)@))(_75) = Y@ (t + (1)) = (2/,v"). Thus we

have
. T4 (' ") .
<J¢—7¢> = . ¢_($ y U )/O E(:);(z’,v’)(t)aoa —t)l/J(’V(x',v')(t))dth(ﬂﬁ y U )

Now let d, ., be the distribution on T'M characterized by

<5(y,w)a f> = / / 5(y,w) ($a U)f(J:a U)dvxdw = f(y7 w)
M JT,M
Then we have
. T+ (z' ')
oy = [ [ [ o) [T B0 @ 00)
x dtdp(x’, v" ) (x, v)dvydw

=< F fo(:r,v,:r’,v’)qb(a:’,v’)du(w’,v'),w>

with fy as in the statement of the theorem. Thus we have

Jo_(z,v) = g fo(z,v, 2, 0" ) (2,0 )dp(a’,v")

with fo as claimed. O

As before, we obtain information about « by looking at f(z,v,2’,v") for (z,v) € 'y and

(2/,v") eT_.
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Theorem 16. The distribution kernel, a(x,v,x’,v") of the albedo operator, A, is given by

a = ap + a1 + as where

ap = E(z,0,-7-(2,0),0)05, (- (@) (@, 0")

(z' ") :cv)
ap = / / E(z,v,0,s — 7_(z,v))E(2',v",0,7)
Xk(’)/(x v) ) IP(’Y( )(8_T—<m7v));’7(x,v)(s_T—(wvv))af)/(x’,v’)(r)))

X0ty (57— (20} (Vo) (1)) dsdlr
ag € L®T_;LYTy,du)).

Now that we have an expression for the distribution kernel, we may use an approximate
identity to recover o,. We start with the following function: let ¢ € C§°(R) satisfy 0 <
Y <1, 9(0) =1, and [(x)dz = 1, and set ¢(x) = ¢(z/e). Further, let ¢(z,v,2’,v")
be a defining function for the support of the distribution 5{,7(%1})(777(%”))}(93’, V') (that is, a
function ¢ such that supp(é{,y(m)(q_(x,v))}(x’,v’)) = {¢(z,v,2',v") = 0}). For the sake of
brevity, we will not discuss how such a ¢ is found, however, one may refer to [23] for the

explicit formula. Then we have the following:

Theorem 17.

lim a(z,v, 7', 0") (Ve 0 @) (z,v, 2,0 )du(z’,v")
e—0 r_

0
= exp (/ ( )Ja('_y'(l,,v) (r))dr)

where the limit holds in Li (Ty,du(z,v)) and the first integral is to be interpreted in the

loc

sense of distributions.

This theorem tells us that one can recover the geodesic ray transform of o, from knowl-
edge of A. Under our assumptions, the geodesic ray transform is invertible (see [30]), and
thus we have recovered o,.

Similarly, McDowall shows that for n > 3, one can recover

E(i;(y,w) (7_+ (ya w))a 0, —7'+(y, w))E(ﬁj(y,w’) (7-* (yv w/))a 0,7— (3/7 w/))k(yv w, w/)'

Since the two exponential terms are known once o, is known, this gives the recovery of k.
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At the beginning of this chapter, we provided a list of references for inverse transport
problems. Many of these problems involve similar techniques but differ based on the form
of the albedo operator to be analyzed. Interested readers may refer specifically to [21], [22],

and [24] for similar types of problems with slight variations on the albedo operator.
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Chapter 4

THE RADIATIVE TRANSFER MODEL OF QUANTITATIVE
PHOTOACOUSTIC TOMOGRAPHY

4.1 Transport Equation in Photoacoustics

Finally, we will bring together our discussions of the radiative transfer equation and quan-
titative photoacoustics. We will begin by discussing the model presented in [2]. This is
an alternative to the diffusion approximation that is useful when scattering is low enough
that ballistic and single scattering photons play a significant role. From a purely theoretical
point of view, the transport approach is accurate in any setting, however, from a physical
perspective, if scattering is very great, then the number of ballistic and single scattering pho-
tons will be too small relative to the number of multiply scattered photons to be reasonably
recovered, and in such a setting, the diffusion approximation may be appropriate.
In [2], the authors again consider the stationary transport equation:

v-Vou+o(x,v)u— / E(z, v, v)u(z,v)dv' =0 X xS*1
S§n—1

u(z,v)|r_ = é(z,v)

The primary deviation from the result discussed in [8] is the definition of the albedo operator.
As in [5], one assumes that the data for the inverse problem is the thermal deposition map.

Thus the albedo operator is here defined as

A:¢p(z,v) — ooz, v)u(z,v)dv.
Sn—l

Here we assume that o is the total attenuation coefficient, and o, = ¢ — 05 where o, :=
Jon—1 k(z,v,0")dv’. Ultimately, the authors use the same type of method used in [8], how-
ever, the data we have has been angularly averaged, with the consequence that the results

obtained are a bit weaker and the analysis a bit more challenging.
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A first step is to show that the albedo operator is well-defined. The appropriate spaces

to work in are

A:LNT_,d¢) — LX)

where d¢ = |v-v(z)|du(x)dv with du(z) being the surface measure on 0X. To insure that A
is well-defined and simplify analysis, several assumptions are made. First, the domain, X is
assumed to be an open, bounded, convex domain in R” with C! boundary. We assume that
E(x,v',v) = 0 outside X and that o, (z,v) is known outside of X. Both o and k are assumed
to be nonnegative and bounded by a constant M. We also assume that o, is bounded above
and below by positive constants.

The authors begin by decomposing the albedo operator as A = Ag+ A1+ Gs. Informally,
Ap is the contribution of the ballistic particles to A, Aj is the contribution of the single
scattered particles, and Go accounts for the multiply scattered particles. Formally, these

terms are defined by
Apo(zx) :/ o(x,v)ug(z,v)dv
S§n—1

where ug is the solution of

v+ Vyug + o(z,v)ug =0
ug = d)
Ay is defined similarly with ug replaced by ui, the solution to

v-Vau +o(x,v)u; = /k(w,v',v)uo(m,v')dv'

U1:0.

Then we simply have Gy = A— Ag— A;. The authors proceed by seeking information about
the kernels ag, a1, and 'y of the operators Ay, A1, and G respectively.
Along the lines of the work done in [8], the authors obtain the following information

about the kernels.

Theorem 18.

T_(z,0")
ag(z, 2, v') = o4(z,v") exp (—/ o(x — sv/, v')ds) Ofw—r_ (a0 )0} (@)
0
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ai(w,2’,v) = |v(a’) ]

T4+ (z' ') E(ac o 4+t x/)
) ) / 10 /
X /0 oa(, )|x T k(z" + ', v ’U)|”:|§:§;:§;Z;|dt

F / /
Lolw, 2, v) L¥(X xT_) when n=2
(') - |
oz, 2’ v")
v(z!)-v|In(|Jx — 2’ — ((x —2') - v)v
/ / 1 / / / /
[z —a' — (& = a) - )" Ty(z,2',0)
(') - v'|

€ L®(X xTI.) when n=3

€ L®(X xI'_) when n>4

We can see from this result that «q is more singular than «; and I's, however, unlike the
results obtained by Choulli and Stefanov, it is not clear that o can be distinguished from I's.
Furthermore, in [8], the most singular term of the decomposition of the distribution kernel
determined the x-ray transform of the absorption coefficient. Here the behavior is more
complicated as aq includes the product of the unknown function o, and the x-ray transform
of the (unknown) total attenuation coefficient. Determining o from this term is not nearly
as clear cut as it was in [8]. In fact, Bal, Jollivet, and Jugnon do not actually prove that o
can be recovered in general. The attenuation can be recovered in some specific instances,
and in more general cases, we only recover limited information about the coefficient. In
order to see what information can be obtained, the authors prove the following stability

estimate.

Theorem 19. Let A and A be two albedo operators and (x',v') € T_. Then

t ~

+(2'0")
/ |O’a($/ + tv',v')e* fg o(z'+sv' v')ds _ &a(«r/ + tv',v’)e* Jo o'(x’Jrsv’,v’)ds‘dt
0

<A = Al a1 (x)-

This theorem tells us that we can uniquely recover o,(z’ + tv',v")e™ Jo o(@'+sv')ds 1y
not necessarily o or o,. The authors are able to show, however, that there are at least two
situations in which this information is sufficient: when k& = 0 or when the absorption and
attenuation satisfy o,(z,v) = 04(z, —v) and o(z,v) = o(z, —v) (note that this requirement
on o is implied by the assumption of [8] that the absorption coefficient depend only on

speed, and not direction).
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In the no-scattering case (k = 0), the authors simply observe that o = o, and thus

olal -+t o) 7o s - (= ottty
t ’ 1o
The stability estimate therefore implies that —% (6_ Jo ola’+sv'w )ds) is known. Integrating

o(z'+sv’' v )ds

this expression in ¢ using the fact that e~ I = 1 when £ = 0, we see that

t ’ /0 .
e~ Joo@+sv'v)ds ig known. Then we have

d t ’ i
/ ror — [y o(a’+sv' v')ds
oz’ + ') = % (ln(e 0 )) .

This expression holds for any (z/,v") € T'_ and ¢t > 0, and thus we have determined o on
X x "L

In the case where k # 0 and we assume that o4 (z,v) = 04(z, —v) and o(z,v) = o(z, —v),
we again start by observing that o, (2’ + tv',v')e” Jo o(@'+sv"0))ds is known. Then we have

determined \
! ! /
aa(a:’ + 0, U/)e— Jo o(x'+sv",v")ds

7
oa(x +tv' v)e” o o (! W s~ )ds
9

since the denominator is equal to
t ’ 10
/ N, — o(x' +sv' v
O'a(l‘ + tv , U )6 fO ( )‘(x/,U/7t):(xl+7_+(x/’UI),U/’i,U/’,T_'»(x/’UI)it).

A little simplification then shows that we have determined

t (' v")
exp —/ oz’ + sv',v")ds +/ o(x' + sv',v)ds | .
0 t

As in the non-scattering case, we simply take the derivative of the natural logarithm to
determine o. Once o is known, o, can be recovered from the original expression, o, (2’ +
tv' v )e” Jo o(@+sv"2) " Recall that o — oy = Jon—1 k(z,v,0")dv" so that knowledge of the
absorption and attenuation gives us some information about scattering, k.

Of course, the next question is what other information can be gathered about k. The
current state of this problem is not very satisfying. We will recall that it was not clear from
our expressions and estimates for oy and I's that the two kernels could be distinguished
from one another. To that end, the authors prove an asymptotic expansion for «; which

shows that « is indeed more singular than I's (at least in a neighborhood of the support of
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the ballistic term, which is where the analysis is to be done). We will omit the asymptotic
expansion here. Let Cy(Y) denote the set of bounded continuous functions from Y to R for
a topological space Y, and let I'1 = o« — g. The relevant stability estimate for k is then as

follows.

Theorem 20. Assume that (0,5) € Cy(X xS" )2 and (k, k) € Cp(X x S" 1 xS* 12, Let

(z,2') € X x 0X and set v' = £=%.. When n = 2, we have

lz—a’|*

‘E(l’, x/)(X(.T, ’U/, vl) + X(CE’ vla _U/)) - E(JI, 1’/)()2(1’, UI? Ul) + 5((‘7:7 1)/, —1)/))|

S ‘

where x(x,v',v) = o4(x,v)k(z,v",v) and

Ty — ) (z, 2/, 0)
lv(z') - v'|wa(x, 2’ v")

Lo (X xT'_)

(e, ') = 1+ 1n <x — o (@ )] — (& — o — (2 V) - )

|l — 2| — (z —a') -0

When n > 3, we have

/Oﬂ sin™ 3 (0)(E(z, ') x(z, v, v(0)) — E(z, ") (x, 0, v(@))dﬁ‘

S ‘

where x 1s as above, v(6) = cos(6)v'+sin(0)v

(L1 —Ty)(z,2',0')
lv(z!) - v |wy(x, 2!, v")

Loo(X xT_)

"L and wy(z, 2,0 = |z—a'—((z—2')-v" )|

The consequence of this theorem is that when n = 2, we can recover k(z,v’,v’) —
k(z,v',—v'), and when n > 3 we can recover information about [ x(x,v’,cos(6)v" +
sin()v'+)df. The authors go on to prove that for certain types of scattering kernels (called

Henyey-Greenstein kernels), some additional information can be recovered (see [2]).

4.2 Quantitaive Photoacoustics on a Riemannian Manifold

The results discussed in the previous section assume that the index of refraction is constant
in the medium. Our aim is to extend the results pertaining to recovery of the absorption
coeflicient to the case of variable smooth index of refraction. The problem of QPAT with
variable refractive index is of particular interest because the speed at which waves prop-

agate changes depending upon the medium. In medical imaging for example, it is known
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that acoustic waves travel faster through bone than through soft tissue by a factor of ap-
proximately two. Thus most medical imaging will require a that such transitions between
different tissues be taken into account. We must also observe, however, that transitions
between these types of regions in the body are ‘sharp’ in the sense that they will introduce
jump discontinuities in the index of refraction. As such, smooth index of refraction does not
provide a truly realistic model, however, this can be seen as a first step toward considering
more general refractive indices. We note that in [34], the authors address the first step of
PAT under the assumption of variable sound speed with discontinuities as would arise in
brain imaging applications.

We will begin in the next section by stating our assumptions and defining the operators
necessary for our analysis. We will then work to find information about the singular compo-
nents of the distribution kernel of the measurement operator. Finally, we will show that the
most singular term of the decomposition can be isolated and used to extract information
about the absorption properties of the medium.

We remark that we will not discuss recovery of the scattering coefficient, k, or the index
of refraction of the medium here. We will, however, assume that the scattering information
is unknown. Typically, information about k is recovered from the second most singular
term in the decomposition of the distribution kernel once the absorption coefficient has
been recovered. There are only limited results up to this point concerning the recovery of k
in the QPAT setting (see [2]), and in general, recovery of k is more difficult than recovery
of ¢. On the other hand, we must assume that the the index of refraction is known a priori
for our analysis. It should be noted that the issue of recovering the index of refraction is an

interesting problem in itself.

4.2.1 Assumptions and Definitions

As discussed previously, the model for QPAT can be reduced to solving an inverse problem

for the recovery of ¢ and k in the equation

v-Vyu+o(x,v)u— / k(z, v, v)u(x,v)dv’ =0,
S§n—1
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given some internal information about u. In this model, information travels along straight
lines through the domain. Allowing the index of refraction to vary corresponds to studying
the QPAT problem on a Riemannian manifold. In this case the metric is determined by the
index of refraction, and information will travel along the geodesics of that metric.

To define our problem, let M C R™ (n > 2) be a smooth bounded domain and g a
given Riemannian metric on M. We must, of course, place restrictions on the metric for the
problem to be well-defined. To that end, we will assume that ¢ is simple, meaning that M
is strictly convex with respect to g and that the exponential map, Exp,, : Expfl(]\Zf ) — M,
is a diffeomorphism at each point. In particular, this insures that for any points z,y € M,
there is a unique geodesic in M connecting = and y, and that the maximum length of all
geodesics in M is finite. We will denote the unit sphere bundle on (M,g) by QM, and
Q. M will refer to the intersection of QM with the tangent space to M at x . Following the

notation of [23], set
I ={(z,v) € QM|x € OM,—v - n(z) > 0}

where the inner product is understood to be with respect to g, and n(z) is the unit outer
normal to 02 at x. We will also write 'y(%v)(t) to denote the geodesic with initial point =
and initial velocity v, and set (g ) (t) = (V(z0)(t); V(@) (t))-

On M, integration will be with respect to the standard Riemannian volume form, while
integration on Q,M will be with respect to the Euclidean volume form determined by
g. For simplicity, these forms will be denoted by dx and dv,. The volume form on I'_
will be denoted d¢(z’,v’), and will be defined in terms of the pullback of the product
measure dvgdr by the map F(2',v',t) : T x R — QM; F(2',v,t) = ¥y (). Thus
d¢(a,v")dt = F*(dvydz) (see [23]).

Then our goal is to recover the absorption coefficient, o, in

—Doé(x,v) — o(z,v)p(z,v) +/ k(z,v',v)é(x,v)dv., =0,

=M
where the leading term, v - V. ¢, of the Euclidean transport equation has been replaced by

the derivative along the geodesic flow, D. This is defined as Do(z,v) = %h:oqﬁ(:y'(xm)(t)).
In order to define our data, we must also work with the attenuation coefficient o4 (x, v) :=

o(z,v) = [q, p k(x,v,0")dvy, which is unknown. The data for QPAT is then encoded in the
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albedo operator:
A:LNT_,d¢) — LY(M)

¢ = oa(z,0)¢(2,v)dvs
Qa M

where ¢ is the solution to

Do(x,v) + o(x,v)p(x,v) — /Q y k(z,v',v)¢(z,v")dv), =0 m

$lr = € L'(T-, df).
This is the data obtained by solving the first step of PAT: recovery of the thermal deposition
map. We assume that this step has already been completed exactly, so that we have full
knowledge of A.

We recall that the forward problem for the transport equation on a Riemannian manifold
was addressed in [23], in which the author showed that (4.1) is uniquely solvable for ¢_ €
LY(I'_,d¢). Our assumptions on the metric (together with a priori assumptions on o and
k that we will state below) imply that the solution is in L!'(©2M) so that A has the stated
mapping properties.

Before moving to the analysis, we must define several operators and quantities, and
discuss our assumptions on ¢ and k. In addressing the forward problem, it is shown that the
solution can be written in terms of the boundary values as ¢ = Jo_ — KJo_+T T KJp_.
The operators appearing in this decomposition are what we will define first. For this, we

will need the ‘time to boundary functions’ given by
T (z,v) = Inf{t > 0 : v, (£t) ¢ M}, T=T_+T4.

Thanks to our assumptions on the metric and the domain, 7 is bounded by the maximum
length of all geodesics in M, which is finite.
We set:

T_(z,v

) s
Jo_(z,0) = el oG IG5, ) (—7-(,0)))
7 (z,0) .
Ko(z,v) = _/ e~ Jo 7Ci(a,0) (=p)dp) (T10) (V) (—t))dt
0
T1p(x,v) —/ k(z,v',v)é(x,v)dv,
Q.M

and To=-Do—ocop+ T
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on the domain

D(T) = {¢ € L'(QM)|Té € L'(QM), ¢lr_ = 0}.

Finally, we state our assumptions on o and k. We will assume that o(z,v) and k(z, v, v)
are both nonnegative and bounded by a constant C' < oo. Additionally, we define o, (z,v) =
o~ Jo, Kz, v,0")dvy, and for all (z,v) € QM, we assume that 0 < 09 < 04(2,v) < 01,

The next section will be devoted to analysis of the albedo operator, which will lead to

our discussion of recovery of the absorption coefficients in the final section.

4.2.2  Decomposition of the Albedo Operator

First, we recall our definition of the albedo operator:
A:LNT_,d¢) — LY(M)

G oo, v)p(x,v)dvs.
Qu M

Our task will be to find a distribution kernel for this operator. That is, we seek to find a

distribution « such that

Aqb(:z:):/ alz, 2’ Vo (2,v")dE(2 "),

To accomplish this, we will use the expression for the solution ¢ given in the previous section

to rewrite the albedo operator as follows:
Ap_(x) :/ oo(z,0)[(J = KJ+ T 'K J)$_](z,v)dv,
Q. M
_ / a2, 0)(T6_) (1, v)dv + / 0o, V) (= K T ) (x,v)dvs
«M oM
—I—/ ooz, 0) (T K J¢_)(x,v)dv,
Q.M

=E1¢_(z) + E20—(x) + E3¢—(z).
The task of finding the kernel « is thus reduced to finding three kernels, a1, as, and ag for

the operators F;, Es, and E3. That will be the subject of the next three lemmas.

Lemma 21. We have

/ Ua(x,v)(J(;S_)(x,v)dvx:/ ay(z, 2", v (2, v")dé(2 )
QM
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where

T (2" W) () .
O[l(iU,.’L'/”U/) :/ / Ua<f13,’l))€7 0 U('Y(z,v)(fs))ds
QuM JO
X

5@( , ,)(t))(aj,v)dtdvx.

Proof. Let ¢ € C§°(M). For E1¢—(x) = [q ), 0a(@,v)J—(2,v)dvs, We have:

(o / /Q (.00 (@ 0)p(a)dosdo

:/ / oalw,v)e o Y 0 (a0 ()
M Jo. M

X ¢ (ﬁ(x,v) (_T— (x7 U)))Tﬁ(x)dvxdx
Now we perform the change of variables ' = = Ya, U)( 7_(z,v)),

V' = Yo (—T-(2,0)), t = T_(2,v), dvydr = d§(2’,v")dt. This yields:

(z' ") T gt why®)
[ i antone 8 oo

X ¢ (wlv U/)w(ﬁ}/(x’,v’) (t))dtdﬁ(l’l, U/)'

Now we introduce the distribution §(, (7, v) characterized by

/ f(x,v)é(y,w) (x,v)dvgdx = f(y,w).
M JQeM

The expression then becomes

(Ero—( // // o oa(z,v)e ~J5 = (G (—5))ds
Qz M

X ¢ (x/7 U/W(x)%(z,w,)(t) (.’IJ, U)dtd{(x/, ’U,)dvxd.%'.

Changing the order of integration, we see that

T"r(x U 7_(z,v) _
(x,2',0") / / ,v)e” Jo T 0 () (—5))ds
Qe M

5(7(1/ ,)(t))(az v)dtdv,.

O]

Since our information about the absorption kernel will come from «1, that is the only
piece of the kernel for which we need an explicit formula. For as and «asg, we will simply

establish regularity results.
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Lemma 22. We have
/Q Maa(a:,v)(—KJ¢>_)(x,v)dvm :/ as(z, 2,0 (2!, v")dE (2 v")
where ag € L®(T_(z',0v'); LY(M)).
Proof. Let V' denote the operator V f(z) = szM oa(z,v) f(z,v)dv, so that
Eyp_(x) = —VKJp_(x,v). We observe that
IVEJo—(2)l|paary = (V) (e ET) (77 D)o 11 any.-
If o € LY(T_,d§), then 77 J¢_ € LY (QM) since

T Tl 2 nn

7_(z,v)

— // eV, o)e i e PS5 (o (0, 0))) | dusda
M JQ.M

. )
: /M /QZM T (@, 0) |0 (Yia0) (=7 (@, )))|dvyda.

/

Making the change of variables 2’ = v(; ) (—7-(2,v)), v
dvydx = d&(2',v")dt, we have:

= Yaw) (—T=(7,0)), t = 7_(2,9),

T+($/,U/)
e L6l < /F /0 PN ) g (o) dtde (o)

= |lo-llprr_ ae)-

Furthermore, 771K 7 is a bounded operator from L'(2M) to itself by [23] proposition
2.6 (ii). Last, V7 is a bounded operator from L!'(QM) to L'(M) since

VT fllzan = /

M

/ T(z,v)oq(x,v) f(x,v)dv| dx
Qe M
< ClIfllprnn
by our assumptions on the metric and o,. Thus we have
VK To—(2)l[prary = (V) (T EKT) (77 D) é- [y < Cllé-[ o ae)-

We have shown that Ej is a bounded operator from L}(T'_, d¢) to L*(M). Now we will
show that Fo¢_ can be written as integration of ¢_ against a measurable function on I'_,

from which the regularity of the kernel will follow.
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From the definitions, we have

Fyop_( / / o) / (z,v) o= Jo 7,0y (=p) dpk( )
=M Qs M

— T_<zv>o(7A n(—p))dp — A /
x e Jo (@) o (’}/(iﬂ’v/)(—T_ (z,0")))dvdtdv,
where (Z,9) = ¥(z,0)(—1)-
We formally compute the distribution kernel of Ey by considering E50d(,/ .,y where ()
is the distribution characterized by [ f(2',v/)d(y o) (2, v")dE(2!,0") = f(y/,w'). As above,

we begin with

7 (z,v)
B8, (z,v)e™ Jo oGy EPIPL (3 o )
2(1/7“] sy Uy
Qe M QM

T_ (xv)

x e o e PN (F oy (—T— (2, 0)))dvfdtdv,.

We would like to make the change of variables y = ’Y(;w)(—t) with Jacobian J so that
dtdv, = [J|dy. To do this, we must rewrite v, 0, and ¢ in terms of y. Let v(,_,) be the

unique unit speed geodesic from y to x. Then under the change of variables, we have

E 5 tW) o (7, s » .
’ y w / / .Z' {y 33}( ( ))) fo ( ("’W{y—m}(( )))( p)) 74
Q M

X k(y7 UI) ’Y{yﬂx}(o))ei fO o) U(’?(y,u/)(*p))dp

X 5(y’,w’) (?(y,v’) (_T— (ya UI))) ‘ J’d’l};dy

where t(y) is the distance from z to y along 7, ;3. We then make another change of

variables (y,v") = ¥4 17y(s) to obtain

(a’,b)
by / / CIRTNINRIN())

<e Io Tty g (51 ) (PN

k(’?(a/7b/) (8), ﬁ/{"/(a’,b’) (5)_)33} (0))
x e Jo oG CoNdrg (a8 T|dsdg (o, b)

where we have compressed the notation t = t(y(q/ 4)(5))-
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Finally, this yields

T+(y/7wl) .
E25(y’,w’) (Z‘) :/0 0'(1(117,"}/{fy(y,’w/)(s)ﬁx}(t))

t —
- U(W(x,ayh(y/,w,)(shz}(t))(—p))dp

—

x e k(’y(y’,w’) (5)7 "Y{’Y(ylyw/) (s)—=x} (O))

x e Jo 70w (PP 7145,

The final step of the proof is then to show that we indeed have
E2¢— (l‘) = /I‘ E25(y’,w’) ($)¢— (ylu w/)dg(y/a U}/)

for all ¢_ € LY(T'_,d¢). Tt is easy to see that this is the case by writing out the definition
of Fa¢_(x) and manipulating the expression in precisely the same way that we approached
By ) ().

As claimed, Fj is a bounded operator from L'(I'_) to L'(M) that can be expressed as
integration against a measurable function, and therefore it follows that the kernel, as, of

the operator —V K J is in L>(I'_(a',v"); L (M)). O
For our regularity result on the final kernel, we will need the following space:
W= {f:Df € LYQM),r 1 f € L}(QM)}

with [[fllw = [IDfllz1nr) +| |7—_1f||L1(QM). This is in fact the space containing the solution
to (4.1) with ¢_ € LY(T'_, d¢). We remark that because of our assumptions on the domain
and the metric, 7 is bounded, and therefore 7! is bounded below by a positive constant.

It follows then that f € W implies f € L'(QM).

Lemma 23. We have

/ Ua(x,v)(TlTlKJgf)_)(x,v)dvx:/ as(z, 2’ v)p_ (', v")dé(2 )
QM

where ag satisfies
az(z,z',v') = / oo(z,v) f3(z,v, 2’0" )dv,,
Qa M

with f3 € L°(T_; W).
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Proof. For this result, we refer to [23], Proposition 3.3. The statement of that proposition
is that

T'T\KJp_ = g f3(x,v, 2" v ) (2 0" )dE(2! )

where f3 € L>®(I'_; W).

For our albedo operator, we must consider
Esp_(z) = / Ua(a:,1))T71T1KJ(;5(JU,v)dvgC
Qe M
= / oa(z,v) fa(x,v, 2" 0" o (2 0" )dE (2, v )dwy.
QoM r_

We may change the order of integration since o, is bounded. This yields

Esé( / / (2,0) s 20,2, o )dvad_ (2!, o' )de (),

from which the result follows. O

4.2.8 Recovery of the Absorption Coefficient

The key step in the recovery of the absorption coefficient is to prove a stability estimate for
a functional of o and o,. We will begin with this theorem, after which we will demonstrate

how ¢ and o, can be recovered under certain conditions.

Theorem 24. Let A and A be two albedo operators corresponding to (c4,k) and (54, k).

Then we have

7+ (2’ v') =
L a0 BT O — g 5 () 7t
0
<A = All gz agyni (-
for a.e. (2/,0") eT_.

Proof. We will proceed as in [2] in which the authors prove a similar estimate for the Eu-
clidean case. Let ¢ € L°(M) with ||¢][ec(ary <1 and ¢ € LN(T—, d€) with [[¢[|p1r_ 4¢) <

1. Since ¢ and v each have corresponding norm less than one, we have

‘ [ o@la - Au)ds| < 14~ Al aony:
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Following the notation of [2], set

Ao(6,9) = /M o(x) / (a1 — )z, o0y, o ) (&, o' )

and

Av(d,9) = /M o(x) / (0 + a5) — (G2 + d3)) (e 2/, o (e, )€ (!, o Y

Then we have [Ao(¢, )| < ||A = All i ey piany + 181(,¥)].

To begin, we examine Ag. Recall that

(z, x v / / (x,v)e fo 0(7(“) s))ds
QxM

% 5(’?(1’,1)’)(75)) ('1"’ U)dtdvx
Then

/M o(x) /F_ ay(z, 2,0 ) (a0 dE (2! v ) da

T+ (2’ ') (o B
:/ (,b(flf)/ / /+ O'G({L’/U)eifo ( >U(7(z,ﬂ)(7s))d3
M r-JQ.MJo

'Y(x/ ot ))(a: v)dtdvx@b(x v )df(m v) T
7—+($ + -
/ / s ()0 Gy () 7T O 0! a0,

so that

(',
Aol i) = / /0 (Y () (1 — ) (t: 27, ot (!, oV E W) (4.2)
with

0lt:2') = o) 50 (= [ ot (1))

Alt2) = Gl exp ([ 9w (s)ds).
Our next step is to make an appropriate choice for the functions ¥ and ¢ in the expression
(4.2). For 1, we will refer to [26], lemma 5.1. The result is as follows:
There is a family of maps 1 . € LYT_,d¢), for (zf,v)) € T— and € > 0, such that

¢e,m6,v6 >0, Hwe,xé,U{]HLl(F,,df) =1 and for any given f S LOO(P—7 d{),

lim f(xlv v/)we,x{),v(’) (33/7 U/)dg(xl’ v/) = f(376, Ué) (43)

e—0t Jp_
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when (27, v() is in the Lebesgue set of f, which will be denoted Lf.
Next, we wish to define a sequence ¢,, that will replace ¢ in (4.2). We begin by defining

a family of functions
+ (@ 0)
Gn(2',v') = / t"(n —0)(t; 2, 0")dt n € NU{0}. (4.4)
0

Then set L1 := Npenufo}£(Gn). We wish to define functions ¢p,(z) with x expressed in
terms of V(4 o) (t) for (zg,vp) € L1.

For (z(,vg) € £1 and ¢ € Cy(0, 74 (), v)), set

(6m) € (L(M))N
Pm(x) = X0, L )(T)¢(p)

‘m+1

for x € M and m € N where

r= disty(pop) ) = o 0L ) A8t O e (),2)

and p € [0, 74 (z(, vg)] is such that

r= diStg("Y(ma,’ué) (p)a .%')

The construction of the functions ¢€vx6ﬂ’6 insures that ¢€vx6ﬂ’6 is supported in an epsilon
neighborhood of (z{,,v)) in I'_. Then for epsilon sufficiently small, we can restrict our

attention to r € [0

,ﬁ“) so that X[o,ﬁ)(r) = 1. By applying the Stone-Weierstrass

theorem to ¢, we see that

+(I67v(l))
El_i)rélJr Ag(ém, 1/)671«67@6) = /0 Om (V(m{),v(’)) (t))(ﬁ - ﬁ) (t; .@6, U[/))dt.

Furthermore, we have ¢m (v 1) (t)) = ¢(t), and so

0%

T4 (xf,04)
lim_ i Ao(dm Y 1) = /O O(1) (1 — 1)t 7, wh) . (4.5)

m—0o0 e—0+

Next, we need to analyze A1(¢m,¢67$67v6). We will break this up into two pieces and

first consider the expression

‘ [ om@) [ s Yy o ]
M I_



To begin, suppose that S(x) € L*(M) is a nonnegative function, and consider

'/ 002 (5,20 Ve g (20 EGE, 0 )|

We have

‘/ as(z, 2,0 ), x()’UO(:E v)dé(2' V") dx

< [ Ve ) | Joatea’ ) pla)dnds (@’ o).
We also have that
| Taa(a o o) 1B@)de < (18] = a0l < o0
for a.e. (2/,v") € T_. Thus the lemma stated above from [26] gives us

lim, [ () [ (el ) |Ba)dade(a )

e—0t Jr_

_ / ez (z, zh, vh) | B(z)dx
M

o1

for (zf,vy) € L(f,; loa(x,2’,v")|B(x)dx). Then for (z(,vy) € L1, we have ¢, defined as

previously, and we consider the expression

/ ag(z, 2", 0")| o (2)d
M

If we set Lo = Nmenuo(L( [y (@, 2, 0")|¢m (x)dx) N Ly, then we have

e—0+

fim [ (@) [ (e )i (o)deds @’ o)

—/ ‘aQ(xax{)?U[l))|¢m(x)dx
M

for (zf,v() € L2. An application of the dominated convergence theorem now shows us that

lim / e (z, 2, )| Pm (z)dx = 0.
M

m—00

Finally, we consider

‘/ (Z)m(x)/f‘ ag(x,x’,v')we%mé(az',U’)dé’(x',v')dx
‘/ Gm(x / / o(m,0) f3(2, 0,2, v)d)ezovo(a: V) dvdé (2!, v )dx| .
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We approach this as we did the previous term. Suppose [ is any nonnegative function in

L*>(M). Then, recalling our assumption that 0 < o9 < o4(z,v) < o1 on QM, we have

’/ / / o(z,0) f3(z, v, 2, v)d)exv(m v dvdé (2, v")dx
M « M
<or [ [ [ B fale 0.8 0 ey 0 dvdade(a ),
r_Jm Jo,m more
and we again apply the result from [26] to take the limit as € — 0T to obtain

i [ [ B a0 ) g 0 e )
_JM JIQ M

e—0t J1r

:// B(z)| f3(z, v, (, v))|dvdx
M JQ. M

when (20, v0) € L[y Jo, 1 B@)| f3(z, v, 2", 0")|dvdx). We consider the expression

/ Pm ()| f3(x, v, 2", v")|dvde,
M Jo.Mm

and we set L3 := Nmenuo(L([y; Jo, pr dm(@)|f3(2,v,2",0")|dvdz)) N L1. Then we conclude
that

lim
e—0t

Sm//’¢mmgmum%mwx
M JQ. M

/ ¢m(.%') / a3 ((E, xlv Ul)%,xg,% (Qf/, ’Ul>d§(x/> ’Ul)dl‘
M r_

on L3. Another application of the dominated convergence theorem then shows us that

lim / / z)| f3(z, v, 24, vg) |dvdz = 0.

m—r0o0

Thus, in total we have:

T+(xv ) ~
/0 o(t)(n — ) (t; 2", v")dt| <A = All i ag),1(x))

for a.e. (2/,v) € L1 N Lo N L3 (which is a set with negligible complement) and ¢ €
Co(0, 74 (2, v")) satisfying ||¢||cc < 1. Asin [2], we can see that in order to obtain the desired
result, we should choose ¢(t) = sgn(n — 1), however this is not in Cy. Fortunately, because
we know that Co(0, 74 (2',v)) is dense in L(0, 74 (2/,v")), it follows that the expression also

holds for ¢ € (L> N LY)(0, 7, (2',v")), ||¢|lsc < 1. Thus the theorem follows. O
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Finally, we conclude by demonstrating that, in certain cases, the above stability estimate
allows for the unique determination of o and o,. This is again done following the method
of [2], and we include it here for completeness.

The situation we will consider is the case in which
oa(,v) = o4(z, —V) and o(x,v) =o(x,—v).

This is generally considered to be a physically reasonable assumption, and is in fact less
restrictive than assumptions that are typically made for recovery the absorption coefficient
in the transport equation, see [8] and [23] for example.

We know that we can uniquely recover o4 (Y ) (t))e™ Jo oGt (Dds fo1 5 e, (a/,v") €
[ and ¢ > 0. Note that the point (i v (74 (2',v")), =@ vy (T(2',0))) is in T_. We

make the following observations:
(Vg1 01y (75 (@)~ a0 (T (& 0) = 1)
=0a(VF a1 oy (s (2 0)) (E = T4 (@ 0)), =35 00 o (i 0y (E = T(2,07)))
:Ua(’Y(:p’,v/)(t)v _"V(:z:’,v’)(t)) = Ua(fy(a:’,v’)(t))

since o4(x, —v) = 04(x,v), and furthermore,

T+(x,,v/)—t _
oo AN R R N RN DL
@)t /oo
—eJo (Yot oty (T4 (@' V) —5))ds
@)
:e— t U(’Y(zl’,u/)(s))ds‘

Here we again used the assumption o(x, —v) = o(z,v), and the final step follows by making

the change of variables 7 (2/,v') — s — s. We thus conclude that the quantity

T (x/,v/) .
Jq (:Y’(x’ o) (t))ei Ji * (Yt 01y (8))ds

is uniquely determined.

By considering
t —
aa(¥ ' v') (t))e_ Jo 7(Gar vy (8))ds

(
7—+(ac’,v/)
t

Ua( _’(x’,v’) (t))ei J

O'(’?(x/ ') (s))ds
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we see that we can recover

- @'y
o= 1o TGy ())dst [T 0 (50 0y (8))ds

Then we have

d N T (.7:,,11,) .
20 (Y, (t) = o <_ In e~ Jo 7ar ) (Dds+ [/ U(W’»v')(s))dS)

for a.e. (2/,0v") € T_, t > 0. Thus we have recovered o(z,v) for a.e. (z,v) € QM. Once o

is known, o, can be recovered from the original expression
= - ¢ 5y YA d
Ua(fy(a:’,v’)(t))e Jo 7 Gilar ) (N)ds
4.3 Conclusions

Our results show that in the case of smooth, variable index of refraction, one can recover the
absorption coefficient in the transport equation from internal photoacoustic data, provided
that o(z,v) = o(x, —v) and o4(x,v) = 04(x, —v). This requirement on o and o, is weaker
than what has typically been required in previous results for the transport equation (namely
that o(x,v) = o(x, |v])), and is considered to be physically reasonable.

We conclude by mentioning some open problems in transport theory and photoacoustics.
Although we have demonstrated how to recover the absorption information, another problem
of interest would be to see what information can be recovered about the scattering kernel, k.
As noted previously, in the transport model of photoacoustics (where we only have angularly
averaged data), we recover very limited information about k, even in the Euclidean case.
Further analysis is needed to attempt to recover more information.

Another problem that would be a natural next step is the partial data problem. Recall
that for the diffusion approximation, unique recovery of the coefficients was obtained with
a finite number of measurements. In the transport case, we are assuming that all mea-
surements are available. This is, of course, never what happens when imaging methods are
implemented, since measurements can only be taken discretely in space and over a finite
length of time. It would be of practical interest to see what information could be recovered
in the transport model with a finite number of measurement or with measurements taken

on only a portion of the observation surface.
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In addition, there are several problems related to variable sound speed and index of
refraction. Most of the work for inhomogeneous media has been done for recovery of the
thermal deposition map where there are results for both the smooth sound speed case
([33]) and in certain cases of discontinuous sound speed ([34]). Analysis for QTAT and the
diffusion model of QPAT in inhomogeneous media is still lacking. Furthermore, there is still
significant work that can be done for the transport model in inhomogeneous media, including
the case of discontinuous index of refraction and results for the scattering coefficient.

Another issue that we have not addressed in this paper is the knowledge of the sound
speed and the index of refraction. All of our analysis has assumed that the index of re-
fraction is known, which is also assumed to be the case in most other papers dealing with
inhomogeneous media. In particular, one often assumes that sound speed has been deter-
mined by a prior transmission ultrasound scan, however, recovery of the sound speed is an
interesting problem in itself, and it would be useful to find a way to recover the sound speed
and the thermal deposition map simultaneously ([20]).

Overall, photoacoustic and thermoacoustic tomography provide not only a safe non-
ionizing imaging method with excellent image quality, but also provide a wealth of mathe-

matically interesting problems for further study.
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