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Abstract

The Diminishing Returns (DR) Property and Its Applications in Machine Learning

Omid Sadeghi

Chair of the Supervisory Committee:
Maryam Fazel
Department of Electrical and Computer Engineering

Numerous tasks in machine learning involve objective functions that exhibit a Diminishing
Returns (DR) property, i.e., the marginal gain of increasing the input gets smaller as the
input gets larger. For instance, in document summarization, the goal is to select a small
subset of sentences that represent the entirety of the document. As the summary gets
larger, the additional benefit of adding a sentence to the summary diminishes. In this
dissertation, we focus on the class of set functions and continuous functions that exhibit
the DR property. These functions are called submodular set functions and continuous
DR-submodular functions respectively. This dissertation presents several contributions to
various online and offline maximization problems in machine learning where the utility
functions satisfy the DR property, with the main themes organized into three parts: (i)
study of online DR-submodular maximization under online budget constraints and designing
primal-dual algorithms that not only perform well in terms of the utility, but they also
satisfy the online constraints; (ii) characterization of the class of strongly DR-submodular
functions and providing techniques for offline and online maximization of these functions that
utilize the additional structure to obtain improved convergence rates and regret guarantees
respectively; and (iii) study of offline and online submodular set function maximization
problems under social and economic considerations (e.g., privacy and strategic behavior)

and designing differentially private and incentive-compatible algorithms for these problems.
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Chapter 1

INTRODUCTION

The Diminishing Returns (DR) property is mostly associated with submodular set
functions. A set function F' over the ground set V is called submodular if for all sets

ACBCV and jeV, we have:
F(AU{j}) - F(A) > F(BU{j}) - F(B).

i.e., as the set gets larger, the marginal gain of adding an item j diminishes. Submodular set
functions are often used to quantify coverage, relevance, and diversity in various machine-
learning applications. In particular, it is well-known that the rank function of matroids, cut
functions of graphs and hypergraphs, entropy, mutual information, and covering functions are
all examples of submodular set functions. The DR property enables efficient minimization
and approximate maximization of submodular set functions.

Moving beyond set functions, it is interesting to study continuous functions that exhibit the
DR property for two reasons: i) It is an important modeling ingredient for many real-world
applications, and ii) it captures a class of well-behaved non-convex optimization problems
that admits optimization algorithms with polynomial running time. Continuous functions
with the DR property are called continuous DR-submodular.

In this dissertation, we focus on maximizing discrete and continuous functions with the DR
property. In particular, we study offline and online optimization problems where in addition
to maximizing a utility function with the DR property, we are constrained by various other

considerations that arise in machine learning applications.



1.1 Outline

This dissertation is based on most of the projects completed during my Ph.D. studies, all
related to the central theme of (DR) submodular maximization. In Chapter [2, we set up
the notation and introduce the necessary background materials. Each of the subsequent
chapters is based on one of my first-author publications with minor revisions to increase the
cohesion of the dissertation. The chapters are categorized into three parts described below.
Online budget-constrained DR-submodular maximization. We first study the online
DR-submodular maximization problem subject to linear packing constraints in Chapter
which is a generalization of online packing problems by allowing the utility functions to
be non-convex and DR~submodular. We design an algorithm for this problem and provide
its competitive ratio guarantees. Next, in chapters we focus on a class of online DR-
submodular maximization problems where in addition to maximizing the utility, the sequence
of decisions must satisfy some linear or convex constraints on average. We study this problem
under an adversarial and a stochastic model for the online linear constraints in Chapter
and Chapter [5| respectively, and we design algorithms with sublinear regret as well as
sublinear constraint violation guarantees for each setting. In Chapter [6] we consider the
more general setting with online convex constraints and provide a single best-of-both-worlds
algorithm with improved performance guarantees for both settings without prior knowledge
of the regime.

Strongly DR-submodular maximization. In Chapter [7| we first introduce and charac-
terize the class of strongly DR-submodular functions. Then, we focus on offline strongly
DR~submodular maximization problems and show how this additional structure in the
objective function could be utilized to obtain faster convergence rates for the problem.
Next, in Chapter [§ we turn our focus on online strongly DR-submodular maximization
problems, and design algorithms for various stochastic and adversarial online input models
with improved regret guarantees compared to the setting with DR-submodular utilities.
Submodular maximization under social and economic considerations. Finally, we

turn our attention to offline and online submodular set function maximization problems



under additional social and economic considerations. In Chapter [9) we consider submodular
set function maximization problems in machine learning involving individuals with sensitive
data in the dataset and design offline and online differentially private algorithms for the
problem. Next, in Chapter [10, we study a generalization of the well-known online binary
prediction with expert advice framework where at each round, the learner has to pick a
subset of experts (instead of just one expert) and the utility is a (sub)modular function of
the selected experts. We assume that experts act strategically and may misreport their true
beliefs to maximize their chances of being picked by the learner. We design (approximately)

incentive-compatible algorithms for the problem.
1.2 Publications

This dissertation is based on multiple first-author conference and workshop publications

listed below:

e Omid Sadeghi, Reza Eghbali, and Maryam Fazel. Online Algorithms for Budget-
Constrained DR-Submodular Maximization. In International Conference on Ma-
chine Learning (ICML) Workshop on Negative Dependence and Submodularity for ML
(NDSML), 2020.

e Omid Sadeghi and Maryam Fazel. Online Continuous DR-Submodular Maximiza-
tion with Long-Term Budget Constraints. In International Conference on Artificial

Intelligence and Statistics (AISTATS), 2020.

e Omid Sadeghi, Prasanna Raut, and Maryam Fazel. A Single Recipe for Online
Submodular Maximization with Adversarial or Stochastic Constraints. In Conference

on Neural Information Processing Systems (NeurIPS), 2020.

e Omid Sadeghi, Prasanna Raut, and Maryam Fazel. Online DR-Submodular Maximiza-
tion: Minimizing Regret and Constraint Violation. In AAATI Conference on Artificial
Intelligence, 2021.



e Omid Sadeghi and Maryam Fazel. Differentially Private Monotone Submodular
Maximization Under Matroid and Knapsack Constraints. In International Conference

on Artificial Intelligence and Statistics (AISTATS), 2021.

e Omid Sadeghi and Maryam Fazel. Improved Regret Bounds for Online Submodular
Maximization. In International Conference on Machine Learning (ICML) Workshop

on Subset Selection in Machine Learning: From Theory to Applications, 2021.

e Omid Sadeghi and Maryam Fazel. Fast First-Order Methods for Monotone Strongly
DR-Submodular Maximization. In SIAM Conference on Applied and Computational
Discrete Algorithms (ACDA), 2023.

e Omid Sadeghi and Maryam Fazel. No-Regret Online Prediction with Strategic Experts.
In Conference on Neural Information Processing Systems (NeurIPS), 2023.

There are two other papers that I worked on during my Ph.D. studies that I do not

discuss here. They are listed below:

e Mitas Ray*, Omid Sadeghi*, Lillian J. Ratliff, and Maryam Fazel. Function Design for
Improved Competitive Ratio in Online Resource Allocation with Procurement Costs.

Under Review.

e Adhyyan Narang, Omid Sadeghi, Lillian J. Ratliff, Maryam Fazel, and Jeff Bilmes.
Online SuBmodular + SuPermodular (BP) Maximization with Bandit Feedback. Under

Submission.



Chapter 2
PRELIMINARIES

2.1 Notation

We use [m] to denote the set {1,2,...,m}. For a matrix A € R, we denote its (i, j)-th
entry by A; j, its i-th row by a! for all i € [n], and its j-th column by a; for all j € [m].
AT denotes the transpose of A. The inner product of two vectors z,y € R™ is denoted
by (z,y) or 27y. For two vectors z,y € R™, < y means z; < y; Vi € [m]. A continuous
function f : R™ — R is called monotone if for all z,y such that x < y, f(z) < f(y)
holds. We use f* to denote the concave conjugate of a function f : R"™ — R, defined as
f*(y) = inf, ((z,y) — f(z)). For a vector z € R", we use ||z to denote the Euclidean norm
of z. For a convex set X, we will use Projy(y) or Px(y) to denote the projection of y onto
set X, i.e., argmin,cy ||z — y||. For a convex set P, the support function of P is defined as
op(x) = supyep(z,y). For aset function F, we use F'(j|A) to denote F'(AU{j})—F(A). A set
function F : 2V — R is called monotone if for all S, S’ such that S C ', F(S) < F(S’) holds.
The dual norm || - ||« of a norm || - || is defined as ||y|[« = max,.|;;|<i(y,z). A differentiable
function f : X — R is S-Lipschitz if for all z,y € X, we have |f(y) — f(z)| < Blly — z||, or
equivalently, ||V f(z)|| < 8 holds. The diameter of a set X" is defined as max, yex ||y — ||
We use z Vy = max{z,y} and x A y = min{x, y} to denote the component-wise maximum
and minimum of z,y € R", i.e., for all i € [n], [zVy]; = max{x;,y;} and [z Ay]; = min{x;, y;}

holds. For u € R, we define [u] := max{u,0}.



2.2 Submodular set functions

Definition 2.2.1 A set function F over the ground set 'V is submodular if for all j € V
and A C B CV\{j}, the following holds:

F(AU{j}) - F(A) 2 F(BU{j}) - F(B).

In other words, the gain of adding a particular element j to a set decreases as the set gets

larger. This property is known as the discrete Diminishing Returns (DR) property.

For a non-negative normalized monotone non-decreasing submodular function F' over the

ground set V', total curvature is defined as [68]:

_ : F@1S) _ .
cp=1-— min — =1— min ————=~

SCV\TLFG)#0 F(f) iFG#0  F(j)
It is easy to see that cy € [0,1] always holds. ¢p < 1 is due to monotonicity of F' and cp > 0
follows from F' being submodular. Curvature characterizes how submodular the function

is. If cp = 0, the function is modular, and larger values of c¢r correspond to the function

exhibiting a stronger diminishing returns structure.
2.3 Continuous DR-submodular functions

Definition 2.3.1 A differentiable function f: K — R, K C R, is called DR-submodular
if:

v zy=Vfx)IVf(y).
In other words, V f is an anti-tone mapping from R™ to R™. This property is known as the

continuous Diminishing Returns (DR) property.

If f is twice differentiable, DR-submodularity is equivalent to the Hessian matrix being
element-wise non-positive. Note that for m = 1, DR-submodularity is equivalent to concavity.
However, for m > 1, concavity implies negative semi-definiteness of the Hessian matrix

which is not equivalent to the Hessian matrix being element-wise non-positive. A similar



property is introduced in [201] as well and functions satisfying this property are called
“smooth submodular”. Additionally, [79] defined the DR property for concave functions with
respect to a partial ordering induced by a cone and showed that by taking the cone to be R’",
Definition is recovered and if the cone of positive semi-definite matrices is considered,
the DR property generalizes to matrix ordering as well [80]. [25] showed that DR-submodular
functions are concave along any non-negative direction, and any non-positive direction. In
other words, for a DR-submodular function f, if £ > 0 and v € R™ satisfies v = 0 or v < 0,

we have:
f@+tv) < f(z) + LV f(z),0).

For a DR-submodular function f, we say that f is L-smooth over non-negative directions

with respect to the norm || - || if
L 2
fly) = fl@) 2 (Vf(@)y —2) = Slly —2]” Yz, g2 =y
2.4 Examples of continuous DR-submodular functions

e Multilinear extension of submodular set functions [45]. The multilinear extension

f:10,1)V — R of a submodular set function F' over the ground set V is defined as:

F@)=> FS) [Ja: [](Q - z)) = Eswal F(S)].

Scv i€S  j¢s

Multilinear extensions are extensively used for maximizing the corresponding submodular
set function and are known to be a special case of non-concave DR-submodular functions.
The Hessian matrix of this class of functions has non-positive off-diagonal entries with
zeros on its diagonal. [I10] showed that for a large class of submodular set functions, their
multilinear extension could be efficiently computed. Weighted matroid rank functions, set
cover functions, probabilistic coverage functions, graph cut functions, and concave over
modular functions are all examples of such submodular functions (see [110], 26] for more
examples and details).

e Indefinite quadratic functions. Let f(z) = %mTAx + a”x + ¢ where A is a symmetric



matrix. If A is entry-wise non-positive, f is a DR-submodular function. Such quadratic
utility functions have a wide range of applications. In particular, price optimization with
continuous prices [109] and computing stability number of graphs [I55] are both non-concave
DR-submodular quadratic optimization problems.

¢ Concave functions with negative dependence. Let d > 2. If h; : R; — R is concave
for all ¢ € [n] and 6;, ;. < 0 for all r € [d] and (i1,...,4,) C [n], the following function
f R} — R is DR-submodular:

f(z) = Z hi(zi) + Z Oijrivy + - + Z Oir,.oigTiy -+ Tiye
i=1

(17_7)7'75] (i17"'7id):i7‘#i5 vrvse[d]

e Log-determinant function. Let the function f : [0,1]" — R be defined as
f(z) = log det (diag(z)(L — I) + I),

where L = 0 is a positive semidefinite matrix and diag(z) denotes a diagonal matrix with
vector x on its diagonal. This function is used as the objective function in Determinantal
Point Processes (DPPs). It was proved in [93] that f is a DR-submodular function.

Many other classes of DR-submodular functions were not discussed above (e.g., nested
concave functions used for continuous deep submodular functions [75, 28]). See [23] 25|, 27]

for more examples.



Part I

ONLINE BUDGET-CONSTRAINED DR-SUBMODULAR
MAXIMIZATION
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Chapter 3

COMPETITIVE ALGORITHMS FOR ONLINE
BUDGET-CONSTRAINED DR-SUBMODULAR MAXIMIZATION

3.1 Chapter overview

This chapter presents joint work with Reza Eghbali and Maryam Fazel. A shorter version of
this chapter appeared in the International Conference on Machine Learning (ICML) 2020
Workshop on Negative Dependence and Submodularity for ML (NDSML). In this chapter,
we study a certain class of online optimization problems, where the goal is to maximize
a non-concave and DR-~submodular function under budget constraints. We introduce a
primal-dual algorithm, called the generalized sequential algorithm, and we obtain the first
bound on the competitive ratio of online monotone DR-submodular function maximization
subject to linear packing constraints which match the known tight bound in the special case

of the linear objective function.

3.2 Introduction

Online optimization covers a large number of problems including online resource allocation,
online bipartite matching [I17], the “AdWords” problem [147} [42], online submodular welfare
maximization [I33], online linear programming [43], and online concave packing problem
[T1L [79]. One type of algorithm proposed for solving such problems is primal-dual algorithms
where the dual variable is updated at each step and is used to get the update rule for the
primal variable [44].

Depending on how much information about the online input is available in advance to the
algorithm, online problems have been categorized into adversarial (worst-case) (e.g., in [147])
and stochastic input models (e.g., in [I122]) and we consider the former in this chapter. In

the adversarial model, it is assumed that the algorithm does not know the online input.
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The performance of online algorithms is measured by their competitive ratio defined as the
ratio of the value of the objective function at the output of the algorithm to the maximum
objective value attained offline. In the worst-case model, one is interested in deriving lower
bounds on the competitive ratio of the algorithm that holds for all arbitrary online inputs.
There exists a significant amount of work on online adversarial packing problems in the
literature. [43] studied online packing problems with linear objective functions, and
[13, 11, 36, B4, [79, [71] considered the more general setting with concave utility functions
and obtained competitive ratio bounds in these settings. All the existing works focus on
online concave packing problems. In contrast, in this chapter, we discuss a certain class
of online packing problems where the objective function is not necessarily concave and is
only assumed to be DR-submodular. We use techniques from the submodular set function
maximization literature to introduce a greedy primal-dual algorithm, called the generalized
sequential algorithm, and we analyze its performance theoretically and numerically under
the worst-case input model. Specifically, we make the following contributions:

e We introduce online DR-submodular maximization subject to linear packing constraints
which generalize online packing problems by allowing the utility functions to be gener-
ally non-concave and DR-submodular rather than concave, and give examples of various
online discrete budget-constrained submodular problems whose continuous generalization
could be cast in this framework, for example, the generalized continuous version of on-
line knapsack-constrained monotone submodular function maximization [140] and online
submodular welfare maximization [I33] are well-known cases. Therefore, our framework
unifies two existing separate works of literature on online packing problems and submodular
maximization into a single rich model.

e We introduce the generalized sequential algorithm (Section to solve this class of
problems. The generalized sequential algorithm reduces to the sequential algorithm in [79]
for a certain choice of parameters, however, the sequential algorithm in [79] could merely be
used for concave utility functions with the DR property whereas our generalized sequential

algorithm could be exploited for non-concave problems as well. Additionally, our algorithm
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could be interpreted as the online counterpart of the Frank-Wolfe variant proposed in [25] for
solving offline constrained continuous DR-submodular maximization problems. Denoting the
number of linear packing constraints by n, we consider two cases n > 1 and n = 1 separately
and by designing problem-tailored penalty functions for each case to enforce the packing
constraints, we derive competitive ratio bounds which are optimal in the special case of linear
utility functions (see Section for more details about the differences of these two cases):
n > 1: In this case, our problem generalizes the AdWords problem [I47] and the online linear
programming problem [43] by allowing the utility function to be DR~-submodular rather than
linear. For this setting, we obtain the first competitive ratio bound in Theorem which
is optimal in the special cases. Specifically, if the objective function is linear, our problem
reduces to online linear programming and the algorithm achieves the optimal competitive
ratio [79, 43]. If in addition to the linearity of the objective function, the coefficients in the
linear packing constraint and the objective function are equal, the problem simplifies to the
AdWords problem and we obtain the optimal 1 — 1 competitive ratio [147, 42] (note that
since we allow fractional assignments for the AdWords problem, we do not need the small
bids assumption to obtain the optimal competitive ratio).

n = 1: In this case, our problem is the generalization of online knapsack-constrained mono-

tone submodular function maximization [I40] to the continuous setting. For this online

problem, we obtain a competitive ratio bound of 1 in Theorem |3.4.2| where L and

N S
—a+In( %)

U are lower and upper bounds on the value-to-weight ratio of the items respectively and
a captures the curvature of the DR-submodular utility function (L, U and « are defined
in Section |3.4]). For discrete online knapsack-constrained submodular maximization, [140]

obtained a competitive ratio bound where sy is the total curvature of the

1
(1+r5)(1+In(¥))
submodular utility function f [68]. If we apply our generalized sequential algorithm to the

multilinear extension of the function f (which satisfies the DR property and we denote it by

F), we obtain the competitive ratio bound N and because we have showed in Re-

1
fap+ln(%)
mark that ap > —k holds, our bound improves upon the result of [I40]. Additionally,

1

H—T(%) Wthh is

if the utility function is linear, we obtain the competitive ratio bound of
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provably optimal [217].

Finally, we present numerical experiments in Section [3.5] on a class of non-concave DR-
submodular utility functions to demonstrate the performance of the generalized sequential
algorithm.

Note that although our framework can be interpreted as the generalization of online budgeted
discrete submodular problems to the continuous setting, we do not aim to solve the discrete
problem itself. In other words, our goal is to solve a class of online budgeted problems where
the objective function is originally continuous and DR-submodular. Therefore, we do not

round the fractional output of our proposed algorithm.

3.3 Problem statement

The offline constrained optimization problem is as follows:
maximize Y ., H;(Z;)
subject to x; € F; Vt € [m] (3.1)
ez <1 Vien)],
where @T € R is the i-th row and x; € R’} is the t-th column of the variable matrix
X ¢ ]R?rxm, ¢ € R and ¢, € R} are the i-th row and t¢-th column of the cost matrix
C € R™ respectively, and F;, C R}. Forall i € [n], H; : K — R, K C R}, is a
differentiable monotone non-decreasing DR-submodular function which is zero at the origin
(i.e., H;(0) = 0). For all t € [m], F; is a compact convex constraint set that contains the
origin and ||z||2 < A for all x € F;.
In the online setting, at step t € [m], ¢; and F; arrive online and the algorithm should choose
z; € F; to maximize the overall objective function. Note that at each step ¢ € [m], the
function H; Vi € [n] is only known over subsets of variables (of size t) that have already
arrived. Thus, we do not have access to the objective function in advance.
The penalized formulation of problem is the following:
maximize Y1, (Hi(&;) + Gi(el' &;))

subject to x; € F; C R} Vt € [m]
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As an example, if for all i € [n],

0 fo<u<l1
Gl(u): )

—00 ifu>1
i.e., the concave indicator function of the interval [0, 1], the above two optimization problems
are equivalent.
We aim to design differentiable, concave, and monotone non-increasing penalty functions
Gi: Ry — R Vi € [n] and use them in our online algorithm such that the output does not
violate any of the linear packing constraints.
Our framework with n = 1 corresponds to the case where at each step ¢t € [m], item ¢ with cost
¢t arrives online and the algorithm should decide what fraction z; € [0, 1] of the item should
be taken to maximize the utility function while satisfying the overall budget constraint. This
case is the continuous generalization of the online submodular knapsack problem [217] [140].
The case n > 1 considers the online problem where n agents with separate utilities and
budget constraints are available offline and at each step ¢ € [m], item ¢ arrives online, and
agent 7 € [n] bids ¢;; for this item. The algorithm should decide the fractional allocation of
the item among the agents to maximize the overall utilities of all the agents while all the
budget constraints are satisfied as well. This case generalizes the AdWords problem [147],
single-unit combinatorial auction problem [I08], online linear programming [43] and online
concave packing problem [I1], [79] by allowing the utility functions to be non-concave and
DR-submodular. The existing algorithms and competitive ratio bounds for these two cases
are quite different.

Multiple applications of this framework are provided in Appendix
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3.3.1  Dual problem

The dual problem of the constrained problem ({3.1)) is as follows (see Appendix for the

derivation):

Y1t — Z1C1e
minimize > 7", op, ( : ) = i H () + i 2

Ynt — ZnCnt

subject to z; > 0 Vi € [n]

where for all i € [n], 2; € Ry, 1 € R™ is the i-th row of the dual matrix variable Y € R"*™
and y;; is the (i,t)-th entry of this matrix.
Karush-Kuhn-Tucker (KKT) conditions for the penalized problem ({3.2) can be written as:

* *
Y1 — Z1C1t
x; € argmax (z, : )
zeFy
* *
Ynt — AnCnt

gF=VHi(#)i=1,...,n,

* V(AT %N+
2l =—-Gi(¢z))i=1,...,n,

where G’ is the derivative of the scalar penalty function G;. We remind the reader that we
aim to design differentiable penalty functions G; Vi € [n] and therefore, we have used G’ in

the KKT conditions.

We will use these KKT conditions to design the generalized sequential algorithm.
3.4 Generalized sequential algorithm and competitive ratio analysis

In this section, we first introduce our design for the penalty functions in Section and

then, propose our algorithm, called the generalized sequential algorithm, in Section (3.4.2
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Figure 3.1: Designed penalty functions.

3.4.1 Design of the penalty functions

If n =1, we design the penalty function G; as follows:

—Liu if0§u<l(1U ]

Gi(u) = NI
. L Lilieyu ifu>—~A
ln(lille) e \ Ly - 1n(l£116)

If n > 1, for all ¢ € [n], we construct the penalty function G; as below:

Giu) = L -y dite=b

(e —1)In(1 + %=1 L

")+

where for all i € [n], U; and L; are defined as follows:

SUPgcrm. el z=1 Vi H; (.CI?)

U; = max ,
te[m)| Cit
~inf cpm. Ta<1 Vi H;(x)
L; = min .
te[m] Cit

Roughly speaking, U; and L; are upper and lower bounds for the value-to-weight ratio of the

items for the i-th agent respectively. We are assuming that these upper and lower bounds
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Algorithm 1 Generalized sequential algorithm

Input: Penalty functions G; Vi € [n], K and m.
Initialize X = 0.
for t =1 tom do
ct, Fy arrive online and gradient of H; Vi € [n] over the first ¢ variables (i.e., all other

m — t variables being zero) is accessible.

7:(0) = 0.

for k=1to K do
v(k) = argmax, ¢, (v, d¢(k — 1)). {d¢(k — 1) defined in equation (3.4)}
Ti(k) = Z¢(k — 1) + £vi(k).

end for

Output: 7; = 7(K).

end for

are available offline to design the penalty functions. The penalty functions for L = 1 and

U = 4 are plotted for both cases n = 1 and n > 1 in figures and respectively.

Our design for the penalty function for n = 1 is inspired by the threshold function proposed
by [217]. In the n > 1 case, our penalty function is inspired by the allocation rule of the
primal-dual algorithm for the AdWords problem [42].

3.4.2 Generalized sequential algorithm

Consider the generalized sequential algorithm in Algorithm 1 which outputs Z; at each online
step t € [m]. For all i € [n], t € [m] and k € {0,..., K}, define:
wit(k) = [[i‘l (K)]Z, ey [Zi‘tfl(K)]i, [i‘t(l{?)]z, O, NN ,0 ] s

——

m—t times

[dt(k‘)]z = VtHi (wzt(k:)) + CitG; (észlt(ki)) (3.4)
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In the above definitions, we have used the notation [u]; to denote the i-th entry of the vector
u, and V; denotes the t-th entry of the gradient vector.
74 is the convex combination (average) of vectors in the convex set F; and hence, Z; € F}
holds. At each online step ¢ € [m], the algorithm performs a total of K Frank-Wolfe
updates in its inner loop where in each of these updates, a linear maximization problem
over the set F; is solved. Note that in our applications, F; is usually a box constraint or
the simplex, and therefore, the corresponding linear maximization problem could be solved
efficiently. See [130] for more details about using Frank-Wolfe for non-convex objectives. To
guarantee none of the budget constraints are violated, the penalty design is such that all
penalty functions are concave and monotone non-increasing and for all i € [n], G(1) = —-U;
(Gi(1+€) = —U; in Remark and Remark holds. Therefore, for all u such that
é?u > 1, ViH;(u) + citGg(ézTu) < 0 holds for all t € [m], and considering that 0 € F}, the
algorithm would not assign more items to the i-th agent.
The generalized sequential algorithm reduces to the sequential algorithm in [79] for K =1
and hence the name. Note that the sequential algorithm in [79] is used for concave problems
with the DR property whereas our generalized sequential algorithm could be exploited for
non-concave problems as well. Additionally, our algorithm could be interpreted as the
online counterpart of the Frank-Wolfe variant proposed in [25] for solving offline constrained
continuous DR~submodular maximization problems. At step t € [m], k € [K], the update
rule for v;(k) has the same form as the KKT condition for z}. In other words, the generalized
sequential algorithm uses V H;(w;(k — 1)) and —G%(él'w;(k — 1)) as the current estimate of
y¥ and z; respectively and using them, the algorithm obtains v:(k) to improve the estimate
of zf.
We define:
n
ALG =) Hj(wim(K)),

i=1
n

Pgseq = E (HZ(WZm(K)) + Gl(é?wlm(K)))
=1
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ALG and Pggeq are the objective values of problems (3.1) and ([3.2) at the end of the algorithm

respectively.

3.4.8 Competitive ratio analysis

First, we remind the reader that H; Vi € [n] are DR-submodular and not necessarily concave.
On the other hand, G; Vi € [n] are the designed concave penalty functions. In order to derive
the competitive ratio, we make the following smoothness assumption about the functions:

Assumption 1: For all i € [n], functions H; and G; have an L-Lipschitz gradient, i.e., for

all x € K and u € R™ where u = 0 or u < 0, the following holds:
L 2
Hi(z +u) — Hi(z) 2 (u, VH;(2)) — 5 [Ju]”.
Also, for all z € R and v € R, we have:

Gi(z +v) — Gi(z) > vGi(x) — gvz_

We also define the parameter « as follows:

Definition 3.4.1 For alli € [n], ay, is defined as:

apg, == sup{B | Hf (VH;(u)) > BH;(u) for allu s.t. &/ u < 1}
=sup{B | (VH;(u),u) > (1+ B)H;(u) for allu s.t. ¢l u <1}

(VH;(u),u) )
fﬂ(u) ’

Since H; is monotone non-decreasing, 0 < (VH;(u),u) holds. Additionally, because H;

= inf
uﬁ?ugl

satisfies the DR property and H;(0) = 0, we have (VH;(u),u) < H;(u). Thus, =1 < ap; <0
always holds.

The definition above is inspired by the definition of a in [79] (see [79] for a geometric intuition
for parameter « for functions with m = 1). The parameter « characterizes the curvature
of the function over the domain of the algorithm (i.e., where the budget constraint is not

violated). For linear functions F', ar = 0 and larger |ap| corresponds to the function F
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being more curved/non-linear. In fact, o of the multilinear extension of a submodular set

function and the total curvature of the underlying submodular set function are related as

follows:

Remark 3.4.1 Connection between submodular total curvature and o:

If we denote the multilinear extension of a submodular set function F by f, we have:

af > —Kp,

where KF 1is the total curvature of F. See Appendiz[A.J for the proof and an exzample.

If we denote the optimal values of the original constrained problem ({3.1)) and its dual problem

(3.3) by OPT and D* respectively, OPT < D* holds due to weak duality.

Now, we have all the required definitions and assumptions to obtain the competitive ratio

bounds. In what follows, we first provide Lemma [3.4.1] and Lemma [3.4.2] which are later

used to obtain the competitive ratio bounds.

Lemma 3.4.1 The following inequality holds for the output of the generalized sequential

algorithm:
Lm\?

K

ALG > ZJFt(dt(K)) — ZGz(ézTWzm(K)) -
=1

t=1

Proof See Appendix for the proof.

Lemma 3.4.2 For all i € [n], we have:

Proof See Appendix for the proof.

(3.5)

Using the above lemmas, we now state and prove our main results, i.e., competitive ratio

bounds.
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Theorem 3.4.1 For n > 1, if Assumption 1 holds and K — oo, then for the generalized

sequential algorithm, we have:

ALG ALG e Ui(le—1) -1
> In(1+4+ ——= )
opt > D >~ min gy, + o7 maxin(l + —7 )
Proof We can use the definition of o to obtain:
H} (VH;(wim(K))) > ap, Hi(wim(K)) Vi € [n]. (3.7)

For all ¢ € [n], using the definition of G; for the n > 1 case and defining ~; := In(1 + U’(e Uile=1) )s

we have:
—Gi(u) + Gi(u) = =Gj(u) + %Gi(u) — (v — 1)Gi(u)
Li;
= 2, (vi — 1)Gi(u). (3.8)
e—1
Combining 1} |D 1) and 1) along with Pyeeq > —LmTAQ, we obtain:
Lm)\ & LmX\ &
— . < _ . _ * Ny /
D WA < 2 op, (di(K)) max % —p ; (H} (VHi(wim(K))) + G(¢F wim(K)))
"~ Lm\2
< ALG - Hi(wim(K)) — i — 1
< Z;aH (wim(K)) (rirel%f]w e

+ Z ( Liv; éTme(K) — (maxy; — l)Gz(észzm(K)))
i=1

e—1 1€[n]

° e—l
=1
1 —minay, + max~y; — 1)ALG
( 1€[n] e — 1 ig[n] 7 )
(= lemem * ooy

Therefore, if K — 0o, the competitive ratio bound is derived as ALS > L

D* = —mingepp) am; icin] Vi

The bound in Theorem [3.4.1] is tight in several known special cases. For the AdWords
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problem, since U; = L; = 1 and oy, = 0 for all 7 € [n], competitive ratio of 1 — é is obtained
which is optimal [I47]. Additionally, for the online linear programming problem, considering
that oy, = 0 Vi € [n], we obtain (max;ep, In(1+ %:1)))71 x (1 — 1) as the competitive

ratio bound which is known to be optimal [79, [43].

Remark 3.4.2 Forn > 1, if we allow all the linear packing constraints to be violated by at

most €, by modifying the penalty function for all i € [n] to

L;(1+ U;(e—1 u L;
Gilu) = e - DDy b,
(e—l)ln(l—i—ilLi ) i e —
the competitive ratio bound improves to (1+€)x (max;epy, { — (1 + €)am, + In(1 4 GilecD) o) <H "

Theorem 3.4.2 For n = 1, if Assumption 1 holds and K — oo, then for the generalized

sequential algorithm, we have:
ALG > ALG > 1 -
OPT D 1 —apy, +In(7)

( comblmng and for

Proof Considering that G (u) = ln(%—lle)Gl( ) s u >

n = 1 along with Pygeq > —LmT’\Q, we obtain:
. Ue Lm)\2 “ Uie, Lm)? i R
D™ —In(—~ Z (@(K) = (=) =55 = Hi (VHi (@i (K))) = G (e wim(K))
Uy U Lm)?
< ALG — apg, Hi (@1m(K)) = In(7)G1(¢] wrm(K)) —In(F)
Ll Ll K
< ALG — oy, ALG + ln(ﬂ)ALG
Uy
(1 — o, + ln(L ))ALG
Therefore, if K — oo, the competitive ratio bound is derived as ————. |

1—am, +ln(%)

If we use the result of Theorem m for the online linear knapsack problem (where ap, = 0),

we obtain the competitive ratio bound of which is optimal [217] (note that because

1+1n (U1>
we allow fractional assignments, unlike [217], we do not need the c1t < 1Vt € [m] assumption

to obtain the optimal competitive ratio).
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Remark 3.4.3 Forn =1, if we allow the linear packing constraint to be violated by at most

€, modifying the penalty function to

—Liu if0<u<— (1;;)
Gl(u) = Ly ,
__lve LiUieyih gy > _lte
ln(lille) e (L1 ) qu = ln(lgle)

we obtain the improved competitive ratio bound of

1+4e€
e -
—(+e)am, +n( )

Theorems [3.4.1] and [3.4.2] provide the first competitive ratio bounds that generalize the

results of [11] and [79] for the concave case to general DR-submodular objective functions

that are not necessarily concave.
3.5 Experiments

We defined F; = {x € R" : 0 <z < 1} for all ¢ € [m] and we randomly generated monotone
non-convex/non-concave quadratic functions of the form F(x) = %xTH x + hTx where
H € R™ ™ ig a random matrix with uniformly distributed non-positive entries in [—100, 0]
and h = —H"1 to make the gradient non-negative. Therefore, the utility functions are of
the form F(z) = (32 — 1)THz. We set the linear packing constraints to be of the form
Cz < 1 where C € R™™ has uniformly distributed entries in [0, 1]. We set m = 100 and
K =50. For all i € [n], the lower and upper bounds L; and U; were obtained by the input
data. We ran the generalized sequential algorithm for both cases of n =1 and n > 1 (note
that the penalty function designed in these two cases was different) and to compute the
competitive ratio, we divided the output of the algorithm by the offline optimal solution
computed by the Frank-Wolfe variant algorithm of [25] with K = 50.

Note that the motivating applications mentioned in Appendix are the continuous
counterparts of submodular generalizations of some online discrete budgeted problems and in
all cases but one, even the online discrete budgeted submodular problem has not been studied
before. Therefore, there is no baseline algorithm available to be used for comparison. The

only exception is the online discrete submodular knapsack problem studied by [140], however,
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their algorithm makes integral allocations at each step, and comparing their algorithm with
ours which also allows fractional assignments may not be fair.
The average performance of the generalized sequential algorithm over 10 repeated experiments

is summarized in Table [B.11

Quantity Value (%)
Competitive Ratio 58.27
Budget 1 Usage 65.68
Budget 2 Usage 58.06
Quantity Value (%) Budget 3 Usage 66.83
Competitive Ratio 64.33 Budget 4 Usage 65.11
Budget Usage 74.95 Budget 5 Usage 74.75
(a) n=1,m = 100, K = 50 (b) n = 5,m = 100, K = 50

Table 3.1: Performance of the generalized sequential algorithm

Table [3.1] shows that the output of the generalized sequential algorithm is not using all of the
available budget which is natural in the adversarial input model. In other words, considering
that no information about the online input is available, in order to attain a guaranteed
competitive ratio, the algorithm needs to be overly cautious so that it does not miss valuable
items that are arriving in the later steps due to exhausting all of the budget in the earlier

stages.

3.6 Related work

Offline submodular maximization. Consider the problem max,cp f(z) where f : R™ —
R is a non-negative monotone DR-submodular function and P is a down-closed convex
set in the positive orthant. In [46], authors considered the special case of maximizing the

continuous relaxation of a discrete submodular function subject to a matroid constraint and
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using a variant of the Frank-Wolfe algorithm, called the continuous greedy processﬂ they
obtained a (1 — %) approximation ratio. The multilinear extension of a submodular function
satisfies the DR property. Our generalized sequential algorithm is the online counterpart of
the discretized version of the continuous greedy process where K is the number of discrete
steps (i.e., 0 = % is the discretization size). [25] obtained a similar approximation ratio
for general continuous DR-submodular functions. [128] also exploited the same algorithm
to obtain a (1 — %) approximation ratio for submodular maximization subject to multiple
linear constraints. Later on, the continuous greedy process has been generalized to obtain
approximation ratios for both monotone and non-monotone continuous submodular func-
tions [25], 59, 57, R4, 8T, B9]. See [1206, B8] for thorough overviews of offline submodular
maximization problems and algorithms.

Online submodular maximization. Consider the following problem: At step t €
{1,...,T}, the online algorithm chooses a feasible point x; € P where P is a down-closed con-
vex set. Once the algorithm commits to this choice, a monotone continuous DR-submodular
function f; is revealed and the reward f;(x;) is received. The goal is to minimize the regret
defined as the difference between the total reward obtained by the algorithm and that of the
(1-— %) approximation to the best fixed decision in hindsight with (1 — %) being the optimal
approximation ratio for an offline monotone continuous DR-submodular maximization prob-
lem. Note that although similar to our framework (the objective functions are assumed to be
continuous DR-submodular in this setting), there are no packing constraints available and
additionally, additive regret bounds are derived in this setting whereas we obtain competitive
ratio bounds for our framework which requires different proof techniques. [95] considered

the case that the continuous DR-submodular function f; is the multilinear extension of

!The continuous greedy process is as follows:

dy/dt = vmax(y)
vmax(y) = arg max(v, vf(y)>7

veEP

where y(1) = fol Umax (y(7))dT is the output.



26

a discrete submodular function and P is the matroid polytope, and achieved an O(v/T)
(1 — 1)-regret bound. Later on, [61] achieved an O(v/'T) (1 — 1)-regret bound for general
continuous DR-submodular functions. In [60], they further generalized their result and
developed a projection-free algorithm that only requires stochastic gradient estimates and
achieves a similar regret bound. See [126] for a detailed overview of the online maximization
of submodular functions.

Online submodular knapsack problem. Consider the integer problem max,..r,<;, F'()
where z = [21,...,2,]7 € {0,1}™. In the online setting, at step t € [m], t-th item arrives,
and ¢; along with the value of the function F' over subsets of {1,...,t} is revealed. The
algorithm should decide whether to choose this item. [144] showed that in the adversarial
setting, there exists no online algorithm achieving any non-trivial competitive ratio for this
problem. [217] considered the case where F(z) = d’z; d € R7 and proved that under the

additional assumptions that for all ¢ € [m], ¢; < b and L < i—: < U, there exists an algorithm

1
1+in(¥)

algorithm for the case that the function F' is submodular and obtained a

that achieves the competitive ratio of and is provably optimal. [140] generalized this

1
(14+£p+0(e)) (1+In(%))

competitive ratio where L < %lts) <UVte[m],Sc{l,...,m}\ {t} and kp is the total

curvature of F' [68]. Note that if we apply our generalized sequential algorithm for n = 1
to the multilinear extension of the function F' (which we denote by f) and allow fractional

assignments of items, we obtain the competitive ratio and because ay > —kp

holds by Remark our bound improves upon the result of [140)].

Submodular secretary problems. In this class of problems introduced by [19] and [9§],
m items are presented to the algorithm in random order. Upon arrival of an item, the
algorithm should irrevocably decide whether to accept the current item. The goal is to
maximize a monotone submodular function F': {0,1}"™ — R subject to cardinality, matching
or linear packing constraints. See [119] [126] for a comprehensive overview of submodular

secretary problems. Note that in the submodular secretary problem, the input is assumed to

be stochastic while in our framework, the adversarial input model has been considered.
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3.7 Conclusion and future work

In this chapter, we considered a class of online optimization problems, where the objective
function is monotone DR~-submodular under linear packing constraints. We specified various
online discrete submodular problems whose continuous generalization could be cast in our
framework (see Appendix . We proposed the generalized sequential algorithm for solving
such problems and we obtained competitive ratio bounds for this algorithm. Finally, we
demonstrated the effectiveness of our algorithm through numerical experiments on a certain
class of continuous DR-submodular functions.

This work could be extended in several directions. First, we assumed that the algorithm has
access to exact gradient values. It is interesting to extend our results to the setting where
only stochastic gradient estimates are available and see how it affects the competitive ratio
bounds. Moreover, the generalized sequential algorithm performs K linear maximization
steps over the constraint set at every round which could be computationally expensive
for more complicated constraint sets. In such cases, designing computationally efficient

algorithms is yet to be done.
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Chapter 4

ONLINE DR-SUBMODULAR MAXIMIZATION WITH LONG-TERM
ADVERSARIAL CONSTRAINTS

4.1 Chapter overview

This chapter is based on a joint work with Maryam Fazel that was published in the
International Conference on Artificial Intelligence and Statistics (AISTATS) 2020. In this
chapter, we study a class of online optimization problems with long-term budget constraints
where the objective functions are not necessarily concave (nor convex), but they instead satisfy
the Diminishing Returns (DR) property. In this online setting, a sequence of monotone DR~
submodular objective functions and linear budget functions arrive over time, and assuming
a limited total budget, the goal is to take actions at each time, before observing the utility
and budget function arriving at that round, to achieve sub-linear regret bound while the
total budget violation is sub-linear as well. Prior work has shown that achieving sub-linear
regret and total budget violation simultaneously is impossible if the utility and budget
functions are chosen adversarially. Therefore, we modify the notion of regret by comparing
the agent against the best-fixed decision in hindsight which satisfies the budget constraint
proportionally over any window of length W. We propose the Online Saddle Point Hybrid
Gradient (OSPHG) algorithm to solve this class of online problems. For W = T', we recover
the aforementioned impossibility result. However, if W is sub-linear in T', we show that it is

possible to obtain sub-linear bounds for both the regret and the total budget violation.



29

4.2 Introduction

4.2.1  Motiwvating application: Online ad placement

Consider the following online ad placement problem: At round ¢ € [T, an advertiser should
choose an investment vector x; € R’} over n different websites where ¢-th entry of z; denotes
the amount that the advertiser is willing to pay per each click on the ad on the i-th website
(i.e., cost per click). In other words, each website has different tiers of ads, and choosing
x¢ corresponds to ordering a certain type of ad. The aggregate cost of investment would
be determined when the number of clicks the ad receives is revealed. In other words, the
cost of such an investment would be (p;, z;) where the i-th entry of the vector p; is the
number of clicks the ad on the i-th website receives. Note that the vector p; is not known
ahead of time and could be adversarial. For instance, competing advertisers may click on
the ads to deplete their rival’s budget. The advertiser needs to balance her total investment
against an allotted long-term budget (daily, monthly, etc.), i.e., Z?Zl(pt,xt) < Br where
By is the total targeted budget. At round ¢ € [T, the advertiser’s utility function f;(x)
is a monotone DR-submodular function with respect to the vector of investments and this
function quantifies the overall amount of impressions of the ads. DR-submodularity of the
utility function characterizes the diminishing returns property of the impressions. In other
words, making an ad more visible will attract proportionally fewer extra viewers because
each website shares a portion of its visitors with other websites. [I35] considered the online
portfolio management problem (with the online ad placement problem as their running
example) and to model diminishing returns, they assumed that the utility functions are
separable and concave. Note that concavity is equivalent to DR-submodularity for separable
functions. However, for non-separable utility functions, DR-submodularity is the property
that captures the diminishing returns of the objective functions (rather than the concavity
property) and therefore, in this work, we focus on DR-submodular utility functions that are
not necessarily concave. Our results resolve the open problem posed by [135] in the footnote

of the third page of their paper. See Appendix for more applications.
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In this chapter, we propose an algorithm for this class of online non-convex problems such
that the algorithm has no regret, i.e., a sub-linear regret bound with respect to the horizon

T, while the total budget violation is sub-linear as well.

4.2.2  Related work

Online convex optimization with constraints. Consider an online problem where at
step t € [T], the player chooses x; € X. Then, cost function f; : X — R and constraint
function g; : X — R are revealed and the player incurs a loss of fi(x;) and her budget is
impacted by the amount g¢(z¢). X is assumed to be convex and compact and the functions
ft,g¢ are convex for all t € [T]. The overall goal is to design an algorithm whose output
is asymptotically feasible, i.e., the constraint residual Zle gt(z¢) is sub-linear, and has a
sub-linear regret. [I41] considered the case where all constraint functions are equal and
are given offline, i.e., g;(x) = g(z) Vt € [T],z € X. For this setting, they achieved O(v/T)
regret and O(Tg) constraint residual (i.e., Zthlg(:vt)) bounds. [I13] studied the exact
same framework as [I41] and generalized their result by obtaining O(T™>{8:1-8}) regret
and (’)(Tl_g) constraint residual bounds where g € (0,1) is a tunable parameter. More
recently, [213] considered an alternative notion of constraint residual defined as the sum of
squares of clipped residuals, Zthl(maX{g(xt), 0})2, and achieved O(T™2x{#1=5}) regret and
O(T'~P) constraint residual bounds for this setting. Also, they obtained logarithmic regret
bounds for the case that cost functions are strongly convex. The new constraint residual
form considered in [213] heavily penalizes large constraint violations and strictly feasible
solutions of some rounds cannot cancel out the effect of violated constraints at other rounds.
For the setting with constraints arriving onlind'} [I43] considered the notion of regret with
window length W =T and provided a simple counterexample showing that the regret of any
algorithm with sub-linear constraint residual is lower bounded by Q(7). [I59] assumed that

there exists an action z* € X such that g:(z*) < 0 Vt € [T] (Slater condition) and under

'In this setting, the regret metric with window length W is defined as Ry = Zle fe(ze) — Zle fe(zw)
where zj, = argmin, ¢y, SE fi@)and Aw ={z e X: YV g (2) <0, 1<t <T— W+ 1}

T=t
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this assumption, they obtained O(v/T) bounds for both regret with window size W = 1 and
constraint residual. However, the fixed decision benchmark action considered in this paper
is restricted to be feasible for all constraint functions g; V¢ € [T'] which heavily restricts the
performance of the benchmark action and thus, the obtained regret guarantees could be
loose. [196] considered the same notion of regret as [I59] and using online mirror descent as
a subroutine (and without assuming the Slater condition), they obtained a similar O(v/T)
regret bound and a looser O(T %) constraint residual bound. [I35] considered the same
framework and algorithm as [I59], however, they constrained the benchmark action to be
feasible in all windows of size W = T where 3 € [0,1) (as opposed to [159] where W = 1).
They obtained (’)(% ++/T) regret bound and O(v/VT) residual bound where V € [W, T) is
a tunable parameter which captures the trade-off between the regret and constraint residual
bounds. Note that for W = 1, since the Slater condition is not assumed by [135], their
bound does not achieve the O(v/T) regret and constraint residual bound of [159]. More
recently, this framework has been extended to distributed settings and bandit feedback as
well [210], 211].

Note that in all these works, the objective functions are assumed to be convex. In contrast, we
consider a more general class of non-convex/non-concave DR-submodular objective functions
to which the aforementioned results are not applicable.

Online submodular maximization. An orthogonal research direction considers the
following problem: At step t € [T, the online algorithm chooses a feasible point x; € P.
Once the algorithm commits to this choice, a monotone continuous DR-submodular func-
tion f; is revealed and the reward f;(x;) is received. The goal is to minimize the regret
defined as the difference between the total reward obtained by the algorithm and that of the
(1 — 1)-approximation to the best fixed decision in hindsight with (1 — %) being the optimal
polynomial time approximation ratio for an offline monotone continuous DR-submodular
maximization problem [25]. Note that although similar to our framework (the objective
functions are assumed to be continuous DR-submodular in this setting), no time-varying

constraints are arriving online and therefore, they do not deal with the considerable compli-
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Algorithm 1 Online submodular maximization meta-algorithm [61]

Input: P is a convex set and 7' is the horizon.
Output: {z;:1 <t <T}.
Choose an off-the-shelf online linear maximization algorithm and initialize K instances
Ek; k € [K] of it for online maximization of linear utility functions over P.
fort=1to T do

Set mgl) =0.

for k=1to K do

Let vlgk) be the vector selected by &j.

2D — o0 %vt(k)'

end for

Play z; = :UIEKH), observe the function f; and the reward fi(x).

For all k € [K], feedback (v,gk), Vft(xgk)» as the payoff to be received by &j.

end for

cation of bounding the constraint residual.

The meta-algorithm for the online submodular maximization problem is presented in Algo-
rithm 1. The intuition for using K online maximization subroutines to obtain xy; t € [T is
the Frank-Wolfe variant proposed by [25] to obtain the optimal approximation guarantee of
(1-— %) for solving the offline DR-submodular maximization problem. To be more precise,
consider the first iteration ¢ = 1 of the online setting and the corresponding DR-submodular
utility function fi(-) arriving at this step. Note that f; is not revealed until the algorithm
commits to an action 1 € P. If f; were available offline, the mentioned Frank-Wolfe variant

of [25] could have been used for K iterations to maximize f; over P. Starting from l'gl) =0,

(k)

for all k € [K], a vector v;’ would have been found that maximizes (z,V f; (acgk)» over
x € P and using the update acgkﬂ) = a:(lk) + %vgk), T = ngH) would have been derived as
the output. However, in the online setting, the utility function f; is not available before

committing to the action x;. Therefore, for each k € [K], a separate instance of a no-regret
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(

online linear maximization algorithm is used instead to obtain Ulk). The same process is
repeated for the subsequent utility functions fy; ¢ > 1 as well.

[95] considered the case that the continuous DR~submodular function f; is the multilinear
extension of a discrete submodular function and P is the matroid polytope. Using the
Perturbed Follow the Leader (PFTL) as the online algorithm, they achieved an O(v/T') bound
for the (1 — 2)-regret. [61] used the Follow The Regularized Leader (FTRL) online algorithm
and achieved a similar regret bound for general continuous DR-submodular functions. In
[60], they further generalized their result and developed a projection-free algorithm that only
requires stochastic gradient estimates of f; Vt € [T] and achieves the same regret guarantees.

See [126] for a detailed overview of the online maximization of submodular set functions.

4.2.8 Contributions

In this chapter, we design an algorithm for online continuous DR-submodular maximization
problems with long-term budget constraints to achieve sub-linear regret and budget violation
bounds simultaneously. Specifically, we make the following contributions:

e We introduce the online continuous DR-submodular maximization problem with long-term
budget constraints. The online ad placement example mentioned in section is an
application of this framework. We also provide several other motivating applications for this
framework in Appendix

e We propose the Online Saddle Point Hybrid Gradient (OSPHG) algorithm to solve
this class of online problems. Our algorithm is inspired by that of [196] and [61]. We
consider a refined notion of static regret where the agent’s utility is compared against a
(1-— é)—approximation to the best fixed decision in hindsight which satisfies the budget
constraint proportionally over any window of length W. For W = T, we recover the known
impossibility result obtained by [143]. However, for W = o(T"), we obtain sub-linear bounds
for both the (1 — %)—regret and the total budget violation. In particular, if W = T'~¢ for
0 < e < 1, we obtain a (1 — )-regret bound of O(T'~2) while the total budget violation is
O(T'~1%).
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Finally, we illustrate the performance of our algorithm through numerical examples for a

class of non-convex/non-concave continuous DR-submodular objective functions.

4.3 Problem statement
The overall offline optimization problem is the following:

maXg,ex vie(T) Z?:l fe(x)

. (4.1)
subject to ZtT:1<pt,$t> < Br

The online framework is as follows: At step ¢ € [T], the player chooses x; € X'. Then, utility
function f; : X — R and p; € R’} are revealed, the player obtains the reward f;(z;) and
her budget is impacted by the amount (p;,z¢). It is assumed that X C R’} is convex and
compact. For all t € [T], fi : X — R is a differentiable normalized monotone continuous
DR-submodular function, and the constraint function ¢; : X — R, where ¢:(x) = (pt, ) — %,
is linear and monotone, i.e., p; = 0.

As mentioned before, there are existing works on online continuous submodular maximization
without online constraints (e.g., [61]) and online convex optimization with constraints (e.g.,
[196]). However, our results are not a straightforward combination of the mentioned works.
First of all, since p; = 0 Vt € [T, the Lagrangian f;(z) — A\ig:(x) is not monotone non-
decreasing and therefore, we cannot simply apply the algorithm of [61] to the Lagrangian to
obtain the desired results. In this work, we exploit other properties such as the linearity and
non-negativity of the constraint functions to obtain the results. Secondly, the techniques
and algorithms for online convex optimization are quite different from online continuous
DR-submodular maximization and thus, the analysis in [I96] could not be simply adapted

to our framework.

4.83.1 Performance metric

In order to quantify the performance of our proposed algorithm, we first define our notion of

regret and total budget violation below:
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Definition 4.3.1 (Regret Metric) The (1 — 1)-regret is defined as:

1 .
Ry =(1- E) th(fﬁw) - th(xt)7
t=1 t=1
where:
Ty = arg max fe(z
w zEXW Z !
tH+W—1

Xy ={reX: > g(2)<0, 1<t<T—-WH+1}

T=t

Note that [135] first introduced the notion of a “K-benchmark”, i.e., a comparator that
meets the problem’s allotted budget over any window of length K, and used this notion for

online convex problems with time-varying constraints.

Definition 4.3.2 (Total Budget Violation) The total budget violation is defined as:

T
Cr= th(l‘t Z pmﬂ?t

t=1 t=1

S

The regret metric R measures the difference between the output of the algorithm and
the (1 — %)—approximation to the best fixed decision in hindsight which satisfies the budget
constraint proportionally over any window of length W. The (1 — %) approximation ratio in
the definition is the optimal polynomial time approximation ratio for an offline monotone
continuous DR-submodular maximization problem [25] and it is commonly used in online
submodular maximization literature (e.g., [61]). If we choose W = T as the window size, we
obtain the usual notion of regret where the benchmark action is only required to satisfy the
long-term budget constraint and thus, the benchmark action is more aggressive. However,
[143] provided a simple counterexample showing that the regret of any algorithm with
window length W = T which has a sub-linear total budget violation is lower bounded by
Q(T). Hence, inspired by [135], we restricted the benchmark action to satisfy the budget
constraint proportionally over any window of size W.

We design online algorithms that achieve sub-linear bounds for both the (1 — %)—regret Ry
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and the total budget violation C'r. We obtain results showing that although it is impossible
to obtain sub-linear regret and total budget violation bounds simultaneously for W = T,
such sub-linear bounds could be guaranteed against a weaker benchmark with window length

W = o(T).

4.8.2  Assumptions

We make the following assumptions:
e X CR" is a compact and convex set and it contains the origin, i.e., 0 € X
e The bounded diameter of the compact set X is R, i.e., we have:

R:= max |y — .

e Both the utility functions f;, V¢t € [T] and constraint functions g, V¢ € [T] are Lipschitz
continuous with parameters 3 and S, respectively and 8 = max{fy, 8,}. In other words,

for all z,y € X and ¢ € [T], we have:

[fe(y) = fe(x)| < Bylly — =,

19¢(y) — ge(2)| < Bylly — |-

Note that since g; is linear for all t € [T, 8, = max¢[7) [|p¢[| holds.
e For all ¢t € [T, the utility functions f; are L-smooth, i.e., for all z € X and u € R™ where

u = 0 or u < 0, the following holds:

fla + ) fule) > (Vi) — 5l

Using the above assumptions, we have:

F = - < BfR
gg}(;ﬁl}%}}(m(fﬂ) fi(y)| < BsR,
G = max maas gu(a)| < 5, R — 2F
— Imaxmax T - T
te[T] zeX 9t - T
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Algorithm 2 Online Saddle Point Hybrid Gradient (OSPHG) algorithm
Input: X is the constraint set, T is the horizon, ¢ > 0, § > 0 and K.

Output: {z;,:1 <t <T}.
Initialize K instances &; k € [K]| of Online Gradient Ascent with step size p for online
maximization of linear functions over X.
A1 =0.
fort=1to T do
xil) =0.
for k=1to K do

Let vgk) be the output of oracle &.

2D — ) L 10,
end for
Play z; = LUEK+1) and observe the Lagrangian function Li(z¢, A\t) = fi(x¢) — Mege(e) +
o y2
7 M

for k=1to K do

Feedback <v§k), Vxﬁt(xgk), At)) as the payoff to be received by &.
end for
Atr1 = [Ae — uVALe(@e, Ae)]+-

end for

4.4 Online Saddle Point Hybrid Gradient (OSPHG): Algorithm and analysis

We first introduce our proposed algorithm, the Online Saddle Point Hybrid Gradient (OSPHG)
algorithm, in Section and then, the analysis for obtaining the regret and total budget
violation bounds is provided in Section [.4.2]
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4.4.1 Algorithm

Consider the Online Saddle Point Hybrid Gradient (OSPHG) algorithm presented in Algo-
rithm 2. First, note that x; is the convex combination (average) of vectors in the convex set
X and hence, z; € X as well.

The OSPHG algorithm could be interpreted as running two no-regret procedures:

1. K instances & of Online Gradient Ascent where for each k € [K], at online step t € [T,
the algorithm chooses the point vt(k) and after committing to this choice, it receives a
reward of <v§k), Vxﬁt(xgk), At)). Note that each instance & Vk € [K] corresponds to

an online linear maximization problem. The update for vt(_k;)l is as follows:

vfi)l =Py (v,gk) + ,uVICt(a:Ek), )\t))7

where Py is the projection onto set X'. Note that in our applications, the domain set
X is usually a box constraint or the simplex, and therefore, projection on X can be

efficiently computed.

2. Online Gradient Descent for the sequence of losses {L£;(z¢, A\)}X_; where at each online
step t € [T, the algorithm chooses A\; > 0 and then, observes the loss —A.g;(x¢) + %“)\%

Note that this is an online quadratic minimization problem.

Therefore, the OSPHG algorithm is solving an online saddle point problem at each step
hence the name. It is noteworthy that although we used Online Gradient Descent/Ascent as
subroutines in the OSPHG algorithm, any other off-the-shelf no-regret online optimization
algorithms (such as Online Mirror Descent, Follow The Regularized Leader, etc.) could have
been used instead and similar bounds would have been derived. Potential advantages of any
such no-regret algorithm over the other could indeed be an interesting research direction.

Our choice of Lagrangian function is inspired by the quadratic penalty method in constrained

optimization [I65]. The penalized formulation of the overall optimization problem (4.1)) with
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quadratic penalty function could be written as follows:

T

T
max ;ft(xt) - 2;M(Z<Pt,$t> ~ Br)’

t=1

subject to x; € X Vt € [T].

Considering that the Fenchel conjugate of the function h(-) = ﬁ(')2 is h*() = %"(-)2, we

can write the above problem in the following equivalent form:

T T
)
n%cztixmAin E fi(xy) — )\( E (e, ) — BT) + ?M)\Z
t=1 t=1

subject to z; € X Vt € [T].
Therefore, the corresponding Lagrangian function at round t € [T] is Li(x, \) = fi(x) —
A({pt, x) — %) + %‘)\2.
4.4.2  Analysis

In order to prove the regret and budget violation bounds, we first provide Lemmas [4.4.1],
4.4.2, and 4.4.3]

Lemma 4.4.1 For allt € [T, the following holds:

t t
B AT gs(ws) < Nepn < >y T gs ()|

s=1 s=1

where vy =1 — dp2.
Proof See Appendix for the proof. [ |

Using Lemma and the inequality 1 — 6u? < 1, we can conclude that for all ¢ € [T],

Ai+1 < ptG holds. We will use this fact multiple times in the proofs.

Lemma 4.4.2 For a fizedt € {1,...,T — W + 1}, if § and p are chosen such that §u® < %,
the following holds:

w-1 W1
> Narger (@) < XY g (aly) + GPuW (W — 1),

=0 =0
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Proof See Appendix [B:3.2] for the proof. [ |
Lemma 4.4.3 For p = 5\/%, § = 462 and any X\ > 0, if T is large enough such that

T> I%V—RQ holds, we have:

Si, o A2 R? 2 2
RT+C’T)\—?T)\ —;S(F—i—ﬁR)(W—l)—i—I—i—(G + B°)uT

G ) LR?
+ 5 (GHBR)(W = )T = 1) + (W = )T =W+ 1) + (T =W +1).  (42)

Proof See Appendix for the proof. [ |

Lemmas [4.4.1] [4.4.2{ and [4.4.3| are all new results. Note that although [196] use the same

Lagrangian function £; as our work, they study online conver problems (as opposed to our
non-convex problem) with window length W = 1 and their algorithm and results do not apply
to our framework. [I35] provide results similar to our lemmas and for the convex
problem, however, their algorithm and choice of Lagrangian function £i(x, \), Vt € [T] is
different from ours and therefore, their results do not apply to our work.

Now, we have all the required tools to prove the performance bounds of the OSPHG

algorithm.

Theorem 4.4.1 (Regret bound) For W = o(T), if we choose p = ﬁ\/% = O(\/%),
K =0(4/ %) and T is large enough such that T > % holds, the (1 — %)-regret Ry satisfies
the following:

Ry < OWWT).

Thus, for W =T=¢, Ve > 0, the (1 — 1)-regret of the OSPHG algorithm is O(T'"2) and

hence sub-linear.

Proof If weplugin A =0, u = 5\/% = O(\/%) and K = O(,/ %) in inequality 1' the
dominating terms on the right-hand side of the inequality are %(G +BR)u(W —=1)(T'—1) =

OWWT), & = OWT), G2u(W = 1)(T = W + 1) = O(VWT), and 58(T — W +1) =

O(VWT) and therefore, the result follows. [ ]



41

Theorem 4.4.2 (Budget violation bound) For W = o(T), if we choose p =

R —
BVWT
(’)(ﬁ), K = (’)(\/%) and T is large enough such that T > % holds, Cr is bounded as

follows:

|

Cr < O(WiT1).

Therefore, for W = T'=€ Ye > 0, the OSPHG algorithm achieves a sub-linear budget violation
bound of O(T'~1).

Proof First, we observe that by assumption, Ry > —FT holds where F' is defined at the

Cr

end of Section [4.3.2] Assume that Cr > 0 (otherwise, we are done). Setting A\ = SiTr in

inequality (4.2), we obtain:
C2 G R?

W S FT+(F+BR)(W — 1)+ (G + BR)u(W = 1)(T — 1)+7

2
m

LR?
+(G? 4+ BT + GHu(W = 1)(T = W+ 1) + T (T = W+ 1),

Plugging in p = B\/% = (’)(\/%) and K = O(4/ %) in the above inequality and multiplying

both sides by 20T + %, the dominating term on the right-hand side of the inequality is
FT(20uT + %) = O(W%T%) Therefore, C2 < O(W%T%) holds. Taking the square root of

both sides, we obtain the desired result. |

Theorems and provide the first sub-linear regret and total budget violation bounds
respectively for the online DR-submodular maximization problem with long-term budget

constraints.
4.5 Numerical examples

We defined X = { € R": 0 <2 <1} and for all ¢t € [T], we randomly generated monotone
non-convex/non-concave quadratic utility functions of the form f;(z) = %xTHta:—l— hi'z where
H; € R™™ is a random matrix with uniformly distributed non-positive entries in [—1, 0]

and h; = —H['1 to make the gradient non-negative. Therefore, the utility functions are
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Figure 4.1: Running average of (a) budget violation and (b) regret of the OSPHG algorithm
for W = /T.

of the form fi(z) = (32 — 1)"Hyz. For all t € [T], we generated random linear budget
functions such that p; has uniformly distributed entries in [2,4]. We set T' = 10000, n = 2,
Br = 2T and K = 100. We ran the OSPHG algorithm for W = +/T. All codes were
implemented in Python 3.7. The running average of the budget violation and utility of the
OSPHG algorithm is depicted in Figure [{.1a) and Figure [4.1{b) respectively which verifies
the sub-linearity of the total budget violation and regret of our algorithm (note that the
average total budget violation is negative and also, the algorithm achieves higher utilities
compared to the benchmark). Additionally, we used the Frank-Wolfe variant algorithm of
[25] with K = 100 (the same value of K used in the OSPHG algorithm) for solving offline
constrained DR-submodular optimization problems to obtain the utility of the benchmark
for different window lengths. As it can be seen in Figure (a), choosing larger window sizes
leads to higher utility for the corresponding benchmark and hence, tighter regret guarantees
are obtained. However, for a large enough W, there is merely a small difference between

the obtained benchmark utility versus the case that W = T. Overall obtained utility of
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Figure 4.2: Overall utility of (a) benchmark and (b) algorithm for different values of (a) W
and (b) K.

the algorithm for different values of K is plotted in Figure (b) and it could be seen that
choosing larger values of K leads to a very small increase in the performance which is not
significant.

Note that the algorithm of [61] does not consider online constraints and the algorithms of
[196], 135] are designed for online convex problems, and therefore, neither of these algorithms
(nor the vanilla online gradient descent) could be simply adapted to our framework to be
used as the baseline algorithm for comparison. Our work indeed provides the first algorithm

for online DR-submodular maximization with long-term budget constraints.

4.6 Conclusion and future work

In this chapter, we studied a class of online optimization problems with long-term linear
budget constraints where the utility functions are monotone continuous DR-submodular.
We proposed the Online Saddle Point Hybrid Gradient (OSPHG) algorithm to solve such

problems. We considered a refined notion of static regret and proved sub-linear (1 — %)—regret
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and budget violation bounds. Finally, we verified our theoretical findings through a numerical
example for a class of continuous DR-submodular functions.

In this chapter, we focused on the setting with adversarial constraints. In the next chapter,
we study the same problem framework under the assumption that the long-term linear
constraints are stochastic, and we show that in this easier case, it is possible to obtain

sublinear regret and constraint violation bounds without the need to refine the regret metric.
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Chapter 5

ONLINE DR-SUBMODULAR MAXIMIZATION WITH LONG-TERM
STOCHASTIC CONSTRAINTS

5.1 Chapter overview

This chapter presents the joint work with Prasanna Raut and Maryam Fazel that was
published at the AAAI 2021 Conference on Artificial Intelligence. In this chapter, we
consider online continuous DR~submodular maximization with linear stochastic long-term
constraints. Compared to the prior work on online submodular maximization, our setting
introduces the extra complication of stochastic linear constraint functions that are i.i.d.
generated at each round. In particular, at each time step a DR-submodular utility function
and a constraint vector, i.i.d. generated from an unknown distribution, are revealed after
committing to an action and we aim to maximize the overall utility while the expected
cumulative resource consumption is below a fixed budget. Stochastic long-term constraints
arise naturally in applications where there is a limited budget or resource available and
resource consumption at each step is governed by stochastically time-varying environments.
We propose the Online Lagrangian Frank-Wolfe (OLFW) algorithm to solve this class of
online problems. We analyze the performance of the OLFW algorithm and obtain sub-
linear regret bounds as well as sub-linear cumulative constraint violation bounds, both in

expectation and with high probability.
5.2 Introduction

The Online Convex Optimization (OCO) problem has been extensively studied in the
literature [104) 189, 218| [167]. In this problem, a sequence of arbitrary convex cost functions
{f:(-)}L_, are revealed one by one by “nature” and at each round ¢ € [T, the decision maker

chooses an action x; € X, where X is the fixed domain set, before the corresponding function
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fi(+) is revealed. The goal is to minimize the regret defined as [21§]

T T

> filwe) —miny " fy(x).

t=1 t=1
In other words, regret characterizes the difference between the overall cost incurred by
the decision maker and that of a fixed benchmark action which has access to all the cost
functions {f;}7_;.
In many applications, however, in addition to maximizing the total reward (minimizing
the overall cost), there are restrictions on the sequence of decisions made by the learner
that need to be satisfied on average [7, [16] 6, 176]. Therefore, it may be beneficial to
sacrifice some of the reward to meet other desired goals or restrictions over the time horizon.
Such long-term constraints arise naturally in applications with limited budget (resource)
availability [18], 21}, [87].
As an illustrative example, consider the online ad allocation problem for an advertiser. At
each round ¢ € [T], the advertiser should choose her investment on ads to be placed on n
different websites. Beyond the immediate goal of maximizing the overall impressions of the
ads, the advertiser needs to balance her total investment against an allotted budget on a
daily, monthly, or yearly basis [I8]. However, the cost of ad placement in each round depends
on the number of clicks the ads receive, so they are not known ahead of time. Therefore, the
advertiser needs to strike the right balance between the total reward and the budget used.
See Appendix for several other motivating applications that can be naturally cast in our
framework.
In this chapter, we study a new class of online allocation problems with long-term resource
constraints where the utility functions are DR-submodular (and not necessarily concave) and
the constraint functions are linear with coefficient vectors drawn i.i.d. from some unknown
underlying distribution. The problem has been extensively studied in the convex setting
[213], 206}, [159] [135]; furthermore, [I81] considered a similar framework under the assumption
that the linear constraint functions are chosen adversarially. However, [I81] do not provide

any high probability bounds for the regret and constraint violation with random i.i.d. linear
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constraints, and their expected constraint violation bound is worse than ours as well (see
Section and Appendix for an overview of related work and comparison of our
results with the existing bounds respectively). In this chapter, we provide the first sub-linear
bounds for the regret and total budget violation that hold in expectation as well as with
high probability. Specifically, our contributions are as follows:

e In Section We propose the Online Lagrangian Frank-Wolfe (OLFW) algorithm
for this class of online continuous DR-submodular maximization problems with stochastic
cumulative constraints. The OLFW algorithm is inspired by the quadratic penalty method
in constrained optimization literature [I65] and it generalizes a Frank-Wolfe variant proposed
by [61] for solving online continuous DR-~submodular maximization problems to take into
account the additional stochastically time-varying linear constraints. Note that this extension
is not straightforward and the choice of the penalty function and the update rule for the
dual variable are crucial in obtaining bounds for the total budget violation as well as the
regret (see Section for more details).

e We analyze the performance of the OLFW algorithm with high probability and in
expectation in Section and Section [5.4.3| respectively and we establish the first sub-
linear expected and high probability bounds on both the regret and total budget violation of
the algorithm.

Finally, in Section [5.5] we demonstrate the effectiveness of our proposed algorithm on
simulated and real-world problem instances and compare the performance of the OLFW

algorithm with several baseline algorithms.
5.3 Problem statement
Consider the following overall offline optimization problem:

maximize Zthl ft (fUt)

subject to x; € X, Vt € [T (5.1)
S (p, @) < Br.
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The online setup is as follows: At each round t € [T, the algorithm chooses an action
ry € X, where X C R} is a fixed and known set. Upon committing to this action, the
utility function f; : X — R, and a random i.i.d. sample p; ~ D(p, ) are revealed and the
algorithm receives a reward of f;(x;) while using (p,z;) of its fixed total allotted budget
Br. The overall goal is to maximize the total obtained reward while satisfying the budget
constraint asymptotically (i.e., Y1_ (p, 2;) — Br being sub-linear in T). [142] considered a
similar setup and performance metric for the special case of linear utility functions.

Note that our proposed algorithm can handle multiple linear constraints as well, and similar
regret and constraint violation bounds can be derived. However, for ease of notation, we
focus on the case with only one linear constraint.

We make the following assumptions about our problem framework:

A1l. The domain X C R”} is a closed, bounded, and convex set containing the origin, i.e.,
0 € X. We denote the diameter of X with R;i.e., R := max, yex ||y — 2|

A2. For all t € [T], the utility function f;(-) is normalized (i.e., f;(0) = 0), monotone,
DR-submodular, 3-Lipschitz, and L-smooth. In other words, for all z,y € A and u € R"

where u = 0 or u < 0, the following holds:

e +u) = fule) > (u, Vi) — 5 Jull?

[fiely) = fi(@)| < Bylly — =]

A3. Forallt € [T], p; € R} isii.d. generated from the distribution D with bounded support
BB NRY (where B is the unit ball {x € R™ | ||z|| < 1}), mean p > 0 and covariance matrix
X, e, pp~ D(p7 Z)

Let 8 = max{8¢, Bp}. Under the above assumptions, we have:

F := max max |fi(x) — fi(y)] < PR < o0
te[T) z,yeX

Br Br
G = ) - 2L <R - 2L <
plwmz(x;)fz) max |(p', ) | <p < 0
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5.3.1 Performance metric

We characterize the performance of our proposed algorithm by bounding the notions of

regret and cumulative constraint violation which are defined below:

Definition 5.3.1 The (1 — 1)-regret is defined as:

T
Ry =(1- g Imax th ;ft(xt),

where:

(0 < Br} = {w € X (o) < 71,

M'ﬂ

X*={reX:

t=1

The regret metric Ry quantifies the difference between the reward obtained by the algorithm
and the (1 — 1)-approximation of the reward of the best fixed benchmark action that has
access to all the utility functions f; V¢t € [T], the mean p of the linear constraint functions,
and satisfies the cumulative budget constraint. Note that 1 — % is the optimal approximation
ratio for offline continuous DR-submodular maximization; in other words, even if all the
online input were available beforehand, we could only obtain a (1 — %) fraction of the
maximum reward in polynomial time. The (1 — %)—regret is commonly used in the online

submodular maximization literature [61].

Definition 5.3.2 The cumulative constraint violation is defined as follows:

T
Cr = (px) — Br.

t=1
Note that since p; V¢t € [T] is ii.d. drawn from the distribution D with mean p, our
cumulative constraint violation metric Cr is defined with respect to the true underlying

fixed linear constraint p (as opposed to p;).

5.3.2 Related work

Consider the following general framework of online problems with long-term constraints:

At round ¢ € [T, the player chooses z; € X. Then, cost (utility) function f; : X — R



Paper Cost (utility) Constraint Window size Ry Cr
[213] convex convex (fixed) — oWT or %)
[206] convex convex (stochastic) — O(T) OWT)
[159] convex convex (adversarial) 1 OWT) OWT)

[135] () convex convex (adversarial) W oWVT + %Ly | O(VVT)
[181] | DR-submodular | linear (adversarial) W OKWT) C’)(WiT%

Table 5.1: State-of-the-art results for online problems with cumulative constraints in various

settings. Note that in (a), V € (W, T) is a tunable parameter.

(X is a fixed convex set) and constraint function g; : X — R are revealed, the player
incurs a loss (obtains a reward) of f;(z;) and uses the amount g;(z;) of her budget (with
the long-term constraint Zthl gt(r¢) < 0). This problem has been extensively studied
under various assumptions where the cost (utility) functions are adversarially chosen and
are assumed to be linear, convex, or DR-submodular and the constraint functions are
linear or convex and are either fixed (i.e., g:(-) = g(-) Vt € [T]), stochastic and i.i.d drawn
from some unknown distribution, or adversarial. For the setting with adversarial utility
and constraint functions, [I43] provided a simple counterexample to show that regardless
of the decisions of the algorithm, it is impossible to guarantee sub-linear regret against
the benchmark action while the overall budget violation is sub-linear. Therefore, prior
works in this setting have further restricted the fixed comparator action to be chosen from
Xy ={rex W lg (#) <0, 1<t<T—W+1}. In other words, in addition to
merely satisfying the overall cumulative constraint (which corresponds to the W =T case),
the benchmark action is required to satisfy the budget constraint proportionally over any
window of length W. On the other hand, for fixed or stochastic constraint functions, sub-

linear regret and constraint violation bounds have been derived in the literature. A summary

of the state-of-the-art results for online problems with long-term constraints is provided in
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Table After the publication of this work, [86] extended our problem framework to allow
weakly DR-submodular utility functions and obtained high probability regret and constraint

violation bounds for the problem.
5.4 Online Lagrangian Frank-Wolfe (OLFW) algorithm

In this section of the chapter, we first introduce our proposed algorithm, namely the Online
Lagrangian Frank-Wolfe (OLFW) algorithm, in Section and subsequently, we analyze
the performance of the algorithm with high probability and in expectation in Section [5.4.2

and Section [5.4.3| respectively.

5.4.1 Algorithm

The Online Lagrangian Frank-Wolfe (OLFW) algorithm is presented in Algorithm 1. First,
note that for all ¢t € [T], z; = & fo:l vﬁk) is the average of vectors in the convex domain X’
and hence, z; € X. The intuition for using K online maximization subroutines to update x;
is the Frank-Wolfe variant proposed in [25] to obtain the optimal approximation guarantee
of 1 — % for solving the offline DR-~submodular maximization problem without the additional
linear constraints. To be more precise, consider the first iteration ¢ = 1 of our online setting
(ignoring the linear cumulative constraints) and the corresponding DR~submodular utility
function f1(-) arriving at this step. Note that f; is not revealed until the algorithm commits
to an action ;1 € X. If we were in the offline setting, we could use the mentioned Frank-Wolfe
variant of [25], run it for K iterations, and maximize f; over X. Starting from xgl) =0, for
all k € [K], we would find a vector v%k) that maximizes (x, V fi (azgk)» over z € X, perform
the update mgkﬂ) = azgk) + %vik) and derive z; = JJ%KJFI) as the output. However, in the
online setting, the utility function f; is not available before committing to the action z;.
Therefore, for each k € [K], we instead use a separate instance of a no-regret online linear
maximization algorithm to obtain v%k). We repeat the same process for the subsequent utility

functions {f:}+~1. This intuition was first provided in [6I] and they managed to obtain

an O(V/T) regret bound for the unconstrained online monotone submodular maximization
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Algorithm 1 Online Lagrangian Frank-Wolfe (OLFW)
Input: X is the constraint set, T" is the horizon, u > 0, § > 0, {’yt}thl and K.

Output: {z;:1 <t <T}.
Initialize K instances {&x}rec(x] of Online Gradient Ascent with step size u for online
maximization of linear functions over X.
fort=1to T do
xgl) =0.
for k=1 to K do

Let vfk) be the output of oracle & from round ¢ — 1.

2+ — g0 %ng)'
end for
Set xp = :rgKH).

Let p; := t_% Z’;;ll ps for t > 1.
Let
= P v
(pt, ) — % - (1)

Set Ay = % for £ > 1 and 0 otherwise.
Play x; and observe the Lagrangian function L¢(x¢, At) = fi(ze) — Mge(xy) + %“)\%.
for k=1to K do

Feedback <v§k), Vxﬁt(xgk), At)) as the payoff to be received by &.

end for

end for
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problem.
Our choice of Lagrangian function is inspired by the quadratic penalty method in constrained
optimization [I65]. The penalized formulation of the overall optimization problem (j5.1) with

quadratic penalty function could be written as follows:
T T
Hfttx ;ft(wt) ; D, Tt)

subject to z; € X Vt € [T].

Considering that the Fenchel conjugate of the function h(-) = ﬁ()Q is h*(1) =

can write the above problem in the following equivalent form:
' T T 5# N
Il’lxéth m}\m ; fe(zy) — ; D, Tt) ?
subject to x; € X Vt € [T].

Therefore, the corresponding Lagrangian function at round t € [T] is Li(x,\) = fi(z) —
A{p,z) — %) + %")\2. However, p is unknown to the online algorithm. Therefore, we
alternatively use p; := 1 S — 1 ps instead of p in the Lagrangian function. Note that p; is
the empirical estimation of p at round ¢.

We first provide a lemma that is central to obtaining the regret and constraint violation

bounds both in expectation and with high probability.

Lemma 5.4.1 Let x € X be a fized vector. In the OLFW algorithm, set § = 2. We have:

T 2 2
do(--= ft — fi(w)) < LfKT SRELag BT + Z Aege(@ (5.2)
=1

5.4.2  Performance analysis with high probability

In order to analyze the performance of the OLFW algorithm with high probability, the
following lemmas detailing the concentration inequalities for the stochastic linear constraints

are used.
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Lemma 5.4.2 The following holds with probability at least 1 — €:

onT
Zupt pll < Coy[Tlog (2= —).

t=2

Lemma 5.4.3 Let x € X be fizred. Define gi(z) := (py, x > & and g(z) = (p,x) — %.
For a fized t € {2,3,...,T} and {v := 1/ 267 log(i)}t 9, |gt(x) — g(x)| < v holds with

probability at least 1 — 7.

Proof First, note that E[g;(z)] = E[(B;, x) — BF] = (p,z) — BF = g(z). If g4 = g(2) is a
random variable, then by assumption, y; € [—G, G| holds for each t, i.e., y; is a bounded
random variable. Therefore we can apply Hoeffding’s inequality and get P{|g;(z) — g(x)| >
Yt < 2exp(—%). Substituting the value of 7; in the right hand side, we get that
P{|gi(z) — g(x)| > v} < 7. The result follows immediately. [ |

Now, we have all the machinery to obtain the high probability performance bounds of the

OLFW algorithm.

Theorem 5.4.1 (High probability regret bound) Let ¢ € (0,1) be given. Set p = B%’
K =T, § = 8% and {y}L, be chosen according to Lemma |5.4.9 Then, the OLFW
algorithm with update (II) for g.(-) obtains the following regret bound with probability at least
1—e

2
Ry < (% +2RB)VT.

Proof We begin from Lemma Substitute the benchmark o = z* as the fixed vector
in and the constants as given in the hypothesis. We have Ry < (LTR2 + 2RB)VT +
Zthl Atgi(z*). Now let us bound Zthl Atgi(z*). From Lemma we have that with
probability at least 1 — &, g¢(2*) — vy < g(z*) holds, i.e., gi(z*) < g(z*). Also, g(z*) <0
holds according to the definition of the benchmark action. Therefore, we have g;(z*) < 0.
As A\ > 0, \ge(z*) < 0 holds. Now, taking union bound over all ¢ € [T, we have with
probability at least 1 — € that Z?:l Atgi(z*) < 0. The result follows immediately. [ |
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We will use the following lemma to get performance bounds for the constraint violation.

Lemma 5.4.4 Let {v;}L_, be defined as in Lemma then the following holds.

Cr [gt () ++R2Hpt pH+Z%,

IIMH

where gi(+) is derived using update (II).

Theorem 5.4.2 (High probability constraint violation bound) Let € € (0,1) be given.

Set u = 5%’ K =+T,§=0%and {%}tT:Q be chosen according to Lemma|5.4.5. Then the

following holds with probability at least 1 — € for the OLFW algorithm with update rule (II).
/ / 2 T TRB,LR?
Cr < 2G2Tlog )+ CRoy/Tlog(—— n )+ fRﬁF\/»—F J(i + 2Rf3) + Rp.
So, we obtain @(\/T) constraint violation bound with high probability.

Proof We begin with Lemma again but now substitute z = 0 as the fixed vector in

62).

T T
Br RQT R?
T Z Z 7t < Z fe(@e) + m + 82T, (5.3)
<FT

Rearranging and substituting the values of input parameters as given in the hypothesis, we

get:

T

TRS3 LR2
th Tt ++7Z)\t%<7Rf3F\/>+ 6(7+2R5)
t=1

Both terms in the left-hand side of the above equation are positive. Thus, we can drop the

second term. We have:

T
S [l < —RBF\er TR@LQRQ L 2Rp)

t=1



56

Combining Lemma and the equation above, we obtain:

TRjA LR?
B, (T3 T2RB) +RZ||pt pII+Z%

t=1 t=2

Cr < —RBF\f

Therefore, we can conclude:

T TRfB , LR? T
Cr < 7R5F\/T+ J(7+2Rﬁ) 2G?T log(— —I—RZHpt pll;

(A)

where the last inequality follows from summing ~;’s. Now, Lemma tells us that
(A) < RB+ CRoy /Tlog(@) holds with probability at least 1 — e. Thus, we obtain the

desired result. [

Theorem and Theorem are indeed the first high probability bounds obtained for
the online DR-~submodular maximization problem with stochastic cumulative constraints.

Note that the O(v/T) regret bound obtained in Theorem is known to be optimal.

5.4.83 Performance analysis in expectation
We first provide a lemma that will be used throughout the analysis in expectation.

Lemma 5.4.5 Fort > 1, we have:

Tr(%)

EHﬁt _p||2 = t—1 )

where Tr(X) denotes the trace of the covariance matriz 3.

Now, we present the main performance bounds in expectation, namely the expected regret
bound and the expected cumulative constraint violation bound. In the Appendix, we have
also considered the case where we only have access to unbiased stochastic gradient estimates
of the utility functions { ft}thl, and exact gradient computation is not possible. For this
setting, we modify the OLFW algorithm by incorporating the variance reduction technique
introduced by [60] and we obtain similar regret and constraint violation bounds in expectation

for the modified algorithm.
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Theorem 5.4.3 (Expected regret bound) The regret bound of the OLFW algorithm with
update rule (1) is the following:

E[R7] < O(T1).
Proof We first observe from 1) that Zthl At < O(T). Now, substitute x = z*, the
benchmark, in (5.2)) and take expectation on both sides to obtain:
LR’T R?

T T
BIRy] < %y + 5o+ AT + Y MG@i(e) — gl )] + 3 Mgl
t=1 t=1

LR*T R? —~
< Skt FPHT AR NG — 9]
t=1

(®)

Now we bound (B) as follows:

IN
>
_

T
= RIAll\ [ D lIDe = plI2.
t=1

Both the inequalities above are obtained using the Cauchy-Schwarz inequality, where A :=
A, A2, .. Ar] T

Using the Cauchy-Schwarz inequality again, we have ||| < v/|[Al1[[Alco. Thus, we obtain
A< /(i1 A)(£2) < O(T3/*). Therefore, the following holds:

IAl < O(T/*). (5-4)
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Using Jensen’s inequality, we have

T T
Ey| Y lIpe—pl2 < | D Ellp: — pll>
=1 =1

We can use Lemma [5.4.5] and write:

T
E\| Y lIp = pl? < /Tr () log(T). (5:5)
t=1

Thus, combining (5.4]) and (5.5), we obtain:
E[(B)] < O(T**\/Tr()log(T)).

The result thus follows. [ |

Remark 5.4.1 The main challenge in bounding Rr in expectation is the fact that in our

algorithm, the choice of X\ is dependent on p;, and thus, we cannot use
EAge(27)] = E[ME[ge(27)]] = E[Ag(27)] <0,

and this term is indeed the dominating term in the regret bound. However, as we saw earlier,
we do not encounter this problem in the high probability setting due to subtracting v from
all the constraint functions and using the concentration inequalities, and thus we were able

to obtain O(v/'T) high probability regret bound.

Theorem 5.4.4 (Expected cumulative constraint violation bound) For the OLFW
algorithm with update rule (I), we have:

2
E[Cy] gBTTRﬁF\/T + RTr(Z)VT + jgf(Lf +2RB) + Rp.

Therefore, E[C7] < O(VT) holds.

Theorem [5.4.3| and Theorem [5.4.4] provide the first sub-linear expectation bounds on the
regret and cumulative constraint violation of the online DR-submodular maximization

problem with stochastic cumulative constraints.
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Figure 5.1: Comparison of the overall utility and cumulative budget violation over the Jester

dataset.

5.5 Numerical results

We conduct numerical experiments, over simulated and real-world datasets in the following.
Joke Recommendation. We look at the problem of DR-submodular function maximization
over the Jester datasetﬂ We consider a fraction of the dataset where there are 100 jokes
and user ratings from 10000 users are available for these jokes. The ratings take values
in [—-10,10], we re-scale them to be in [0,10]. Let R, ; be the rating of user u for joke j.
As some of the user ratings are missing in the dataset, we set such ratings to be 5. In the
online setting, a user arrives and we have to recommend at most M = 15 jokes to her. The
utility function for each round ¢ € [T'] is of the form fi(z) = Z}S} R}, xi+ D iy Oig iz,
where u; is the user being served in the current round. {6;; }i# are chosen such that the
function is monotone. These DR-~submodular utility functions capture the overall impression

of the displayed jokes on the user. There is a limited total time (denoted by Br = 1.5T))

available to recommend the jokes to the users. For all ¢ € [n], p; denotes the average time it

Thttp://eigentaste.berkeley.edu/dataset/
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takes to read joke i. As some jokes are relatively longer, we do not want the user to spend
more time on jokes that do not lead to larger utility. The linear budget functions are chosen
randomly with entries uniformly drawn from [0.03,0.35]. We compare the performance of

our algorithm against the following strategies:

e Uniform: At every round, we assign 15 randomly chosen jokes to the user.

o Greedy: We deploy an exploration-exploitation strategy where with probability 0.1, we
randomly assign 15 jokes, and with probability 0.9, we present the top 15 jokes based

on the ratings observed so far.

e Meta-FW [61]: This corresponds to solving the unconstrained DR-submodular maxi-

mization problem (i.e., ignoring the budget constraints).

e Budget-Cautious: At each round, we assign 15 jokes that have the lowest average

budget consumption observed so far.

The results are presented in Figure As it can be seen in the plots, our OLFW algorithm
obtains a reasonable utility while approximately satisfying the budget constraint as well.

Indefinite quadratic functions. We choose X = {z € R? : 0 < < 1} and for each
t € [T, we generate quadratic functions of the form f,(z) = 327 Hyx + hi © where H, € R**?
is a random matrix whose entries are chosen uniformly from [—1,0]. We let hy = —HI'1 to
ensure the monotonicity of the objective. We let T' = 1000. At each round, we randomly
generate linear budget functions whose entries are chosen uniformly from [0.5,2.5] and the
mean vector is p = [1,2]7. Also, we set the total budget to be By = 27. We run the
OLFW algorithm 10 times and take the respective averages for the cumulative utility and
total remaining budget. We vary §, the parameter of the penalty function, in the range
[0.1,1000] and plot the trade-off curve (i.e., Ztlgﬂo fi(xt) versus By — tlgolo (p,x+)) for 100
chosen values of § in Figure In this example, our choice of § in the OLFW algorithm,
highlighted in the plot, achieves the highest possible cumulative utility while satisfying the
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total budget constraint.

Log-determinant functions. We choose X = {z € R!? : 0 < x < 1} and for each t € [T,
we generate log-determinant functions of the form fi(z) = logdet (diag(z)(Ls — 1) + 1),
where each L, is a random positive definite matrix with eigenvalues falling in the range [2, 3].
The choice of eigenvalues ensures the monotonicity of the function. Let T = 4900. At each
round, we generate linear budget functions whose entries are chosen uniformly from the
range [0.3,5.7]. We run the OLFW algorithm for different choices of the step size pu and plot
the cumulative utility and the total budget violation in Figure Our OLFW algorithm

chooses p such that the overall utility and cumulative budget consumption are balanced.

5.6 Conclusion and future work

In this work, we studied online continuous DR-submodular maximization with stochastic
linear cumulative constraints. We proposed the Online Lagrangian Frank-Wolfe (OLFW)
algorithm to solve this problem and we obtained the first sub-linear bounds, both in
expectation and with high probability, for the regret and constraint violation of this algorithm.
The current work could be further extended in several interesting directions. First, it is yet
to be seen whether the online DR-submodular maximization setting could handle general,
stochastic, or adversarial, convex long-term constraints. Furthermore, it is interesting to
see whether it is possible to improve the expected regret bound to match the (’)(\/T ) high
probability regret bound. Finally, studying this problem under bandit feedback (as opposed
to the full information setting considered in this chapter) is left to future work.

After studying adversarial and stochastic linear long-term constraints separately in the
previous chapter and this chapter respectively, we provide a unified framework in the
next chapter and design a single algorithm that manages to either improve or match the
aforementioned results without the knowledge of the regime. This algorithm can handle

convex constraints as well.
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OLFW algorithm.
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Chapter 6

A SINGLE RECIPE FOR ONLINE DR-SUBMODULAR
MAXIMIZATION WITH ADVERSARIAL OR STOCHASTIC
CONSTRAINTS

6.1 Chapter overview

This chapter is based on the joint work with Prasanna Raut and Maryam Fazel published at
the Conference on Neural Information Processing Systems (NeurIPS) 2020. In this chapter,
we consider an online optimization problem in which the reward functions are DR-submodular,
and in addition to maximizing the total reward, the sequence of decisions must satisfy some
convex constraints on average. Specifically, at each round ¢t € {1,...,T}, upon committing
to action x;, a DR-submodular utility function f;(-) and a convex constraint function g(-)
are revealed, and the goal is to maximize the overall utility while ensuring the average of
the constraint functions % Zthl gt(x¢) is non-positive. Such cumulative constraints arise
naturally in applications where the average resource consumption is required to remain
below a prespecified threshold. We study this problem under an adversarial model and a
stochastic model for the convex constraints, where the functions g; can vary arbitrarily or
according to an i.i.d. process over time slots ¢ € {1,...,T'}, respectively. We propose a single
algorithm that achieves sub-linear (with respect to T') regret as well as sub-linear constraint
violation bounds in both settings, without prior knowledge of the regime. Prior works have
studied this problem in the special case of linear constraint functions. Our results not only
improve upon the existing bounds under linear cumulative constraints but also give the first

sub-linear bounds for general convex long-term constraints.
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6.2 Introduction

Online optimization covers a large number of problems in which information is revealed
incrementally (i.e., online), and irrevocable decisions should be made at each step in the face
of uncertainty about the future arriving information [42], 146, 43, 218, 10]. Such problems
could be formulated as a repeated game between the decision maker (i.e., the learner) and
the adversary (i.e., nature or environment). At each iteration of this game, the learner
chooses an action from a fixed domain set and then, it receives feedback in the form of utility
or reward for her selected action. In the non-stochastic feedback model, no assumptions are
made on the sequence of arriving rewards except their boundedness. As time goes by, the
learner aims to observe the past and make better decisions to maximize the overall reward.
The performance of online algorithms is usually measured through the regret or the competitive
ratio of the algorithm. In the regret analysis framework, at each round, the learner has to
commit to action before observing the corresponding reward function and the goal is to
design algorithms whose total accumulated reward differs sub-linearly (in the time horizon T')
from the reward of the best fixed benchmark action (or sequence) with hindsight information
[218], [35], 189, 104]. On the other hand, in the competitive analysis setting, the decision
maker is allowed to first observe the reward function at each step and then, choose her action
accordingly (i.e., the I-lookahead setting). In this setting, the goal is to obtain bounds for
the ratio of the total reward of the algorithm and the offline optimum (i.e., the competitive
ratio) [44], [180]. In this work, we focus on the regret analysis setting.

In most of the prior work on online learning, there are no constraints on the sequence
of decisions made by the learner, and maximizing the overall reward is the sole objective
[10, 218]. However, in many applications, there indeed exist some constraints on the decisions
of the algorithm which need to be satisfied on average [6), [7, 16} [I8]. For instance, in an online
task assignment problem in crowdsourcing markets, the requester needs to balance her total
payment to workers against a prespecified allotted budget [192]. The advertiser in an online
ad placement problem has a limited budget to invest in buying ads on different websites

[135] 181} [174]. Note that in both of these problems, the resource (budget) consumption at
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each round is not known ahead of time. In crowdsourcing, the consumed resource depends
on the workers’ overall cost for performing the task, and even if a worker’s hourly rate is
known, the length of time required may not be known beforehand; in the online ad allocation

problem, resource use depends on the number of clicks on the ads.

6.2.1 Related work

Online submodular maximization. Consider an online unconstrained optimization
problem in which the reward functions are monotone DR-submodular. [61] proposed the
Meta-Frank-Wolfe algorithm for this problem and obtained O(\/T ) regret bound against
the (1 — %) approximation to the best fixed decision in hindsight where (1 — %) is the best
polynomial-time approximation ratio in the offline setting. The Meta-Frank-Wolfe algorithm
requires access to the full gradient of the reward functions and performs O(v/T) gradient
evaluations per step. More recently, [60] generalized this algorithm to the setting where only
stochastic gradient estimates are available. Moreover, [216] proposed the Mono-Frank-Wolfe
algorithm which performs only one gradient evaluation per round and requires only unbiased
estimates of the gradient.

Online optimization with adversarial constraints. Online convex optimization with
constraints, where both the convex objective functions {f;}._; and the convex constraint
functions {g;}£_; can vary arbitrarily, was first studied by [143]. They provided a surprisingly
simple counterexample which showed that it is not always possible to achieve a sub-linear
regret against the best fixed benchmark action in hindsight while the total constraint violation
is sub-linear. Therefore, subsequent works added more assumptions to the problem setting
to be able to obtain meaningful results. In particular, not only did they require the fixed
benchmark action to satisfy the long-term constraint (i.e., Zthl gt(x*) < 0), but they also
restricted the benchmark to satisfy the constraint proportionally over any window of size
W € [1,T]. In other words, the fixed comparator action was required to be chosen from
the set Xy = {z € X : W=l g (2) <0, 1 <t <T — W + 1}. Note that if W =T, we

recover the usual definition of the benchmark and the smaller W is, the comparator action
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is more restricted. See Table [6.1] for an overview of results under different choices of window
length. Note that the setting in [I81] is different, the objective functions are monotone
DR-submodular (and generally non-concave) and the constraint functions are linear. More
recently, this framework has been extended to distributed settings and bandit feedback as

well [210}, 211]. The performance of online convex optimization with adversarial convex

Paper Cost (utility) | Constraint | Window size Regret Constraint violation
[196] convex convex 1 OWT) (’)(T%)
[159] convex convex 1 OWT) OWT)

[135] () convex convex w OWT + %) OWVT)
[181] | DR-submodular linear w O(WT) O(WiT%)

Table 6.1: Prior results for online problems with adversarial cumulative constraints in various

settings. Note that in (a), V € (W, T) is a tunable parameter.

constraints has also been analyzed against a dynamic benchmark sequence (i.e., dynamic
regret), and sub-linear regret and constraint violation bounds have been derived under full
and bandit feedback settings [47, 63].

Online optimization with stochastic constraints. In light of the aforementioned
impossibility result of [I43], many subsequent works focused on stochastically time-varying
constraints in which the constraint functions over ¢ € [T'] are assumed to be an i.i.d. process.
In this setting, the benchmark action is required to satisfy the constraint in expectation,
i.e., E[g;(x*)] <0Vt € [T]. In this framework, [159, 212 206] obtained O(v/T) regret and
constraint violation bounds simultaneously, both in expectation and with high probability.
Outside of the convex setting, [I74] analyzed this problem for monotone DR-submodular
utility functions and linear constraint functions. They managed to obtain O(v/T) constraint
violation bound in expectation and with high probability. In addition, they derived O(T%)
and O(V/T) regret bounds, in expectation and with high probability respectively. After
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the publication of our work, [86] extended our problem framework to allow weakly DR-
submodular utility functions and obtained high probability regret and constraint violation

bounds for the problem.

6.2.2 Contributions

In this chapter, we focus on a general class of online optimization problems where the reward
functions {f;}/_, are monotone DR-submodular and are chosen adversarially. Moreover,
the constraint functions {g;}/_; are monotone and convex. We study this problem in two
settings. In the first setting, the constraint functions are assumed to vary arbitrarily. In the
second model, we further restrict the sequence of constraint functions to be an i.i.d. process
over time slots ¢ € [T]. We make the following contributions:

e Inspired by the Meta-Frank-Wolfe algorithm of [61] and the algorithm of [I59], we propose
Algorithm 1 in Section for both adversarial or stochastic constraints without prior
knowledge of the regime. In particular, for the adversarial setting, we obtain an (’)(Tl_%)
static regret bound against the benchmark with window length W = T'~¢ and an (’)(Tlfé)
total constraint violation bound. Moreover, if we consider dynamic regret as the utility
performance metric, we obtain O( \/W) bounds for both the dynamic regret and the
total constraint violation where P7 := ZtT;f Hl’zll — a:;kH In the setting with stochastic
constraints, using the same algorithm (Algorithm 1), we obtain O(v/T) regret and total
constraint violation bounds, both in expectation and with high probability.

e In Section we propose Algorithm 2 which is based on the Mono-Frank-Wolfe algorithm
of [216]. Compared to Algorithm 1, Algorithm 2 is computationally more efficient, but it
achieves slightly worse performance guarantees. In particular, Algorithm 2 obtains an O(T %)
static regret against the benchmark with window size W € [1,T %] and an O(T %) total
constraint violation bound. Similar bounds can also be derived in the stochastic setting,
both in expectation and with high probability.

Lastly, we validate our theoretical findings and demonstrate the advantages of our proposed

algorithms over prior work in a series of numerical experiments in Section
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6.3 Problem formulation

We consider the following protocol for online DR-submodular maximization with long-term
convex constraints. At each iteration ¢ € [T], the online algorithm chooses an action z; € X
where X is the fixed domain set. Upon committing to this action, (i) a monotone DR-
submodular utility function f; : X — R is revealed and the algorithm obtains the reward fi(x¢)
and (ii) a monotone convex constraint function h; : X — R is revealed and h¢(x;) amount of
resource is consumed. The total available resource is denoted by Bp which is given offline.
Also, we assume the horizon T is known in advance, however, if T is not available offline, we
can use the well-known doubling trick to obtain the same performance guarantees with slightly
worse constants. The goal is to maximize the overall obtained reward while ensuring the
resource constraint is satisfied on average, i.e., limTHoo%(Zthl hi(xy) — BT) < 0. Denoting
gt(+) = he(v) — %, the resource constraint could be written as limy_, o+ ST i) <0,
In other words, we aim to maximize the overall utility while ensuring the total constraint

violation Zthl gt(x¢) grows sub-linearly in 7". The offline optimization problem is as follows:

maximize Zle Ji(xy)
subject to Zthl gi(z) <0 (6.1)
x € X Vt € [T).

We study this problem under two settings. In the first online model, we assume that for all
t € [T], both the utility function f; and the constraint function h; are chosen adversarially.
In other words, we do not make any assumptions on the arriving functions f; and h;. In the
second model, while the utility function f; is still assumed to be arbitrary, the constraint
function h; is a random 1i.i.d. sample drawn from some unknown underlying distribution
over a class ‘H of monotone convex functions.

Note that our proposed algorithms can easily handle multiple online convex constraints with
the same performance guarantees. However, for ease of notation, we focus on the special
case of a single resource constraint.

To analyze this online optimization problem, we will make several assumptions that are
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common for online submodular problems.

Assumption 1. X is a convex and compact set with diameter R, and 0 € X.
Assumption 2. For all ¢ € [T], the reward function f; is monotone, DR-submodular,
Bf-Lipschitz, L-smooth along non-negative directions and normalized (i.e., f;(0) = 0).
Assumption 3. For all ¢t € [T, the constraint function h; is monotone, convex, (j-Lipschitz
and normalized (i.e., ht(0) = 0). In the stochastic setting, we assume that these assumptions
hold for all h € H. Note that since g; was defined as g:(-) = h¢(-) — %, these assumptions
apply to g; as well.

Since X is compact and fi, hy Vt € [T] are -Lipschitz, where 8 = max{8s, B}, fi(-) and
gi(-) = h(:) — % are both bounded, i.e., |fi(z)] < F and |g;(x)] < G for all z € X and
t e [T].

6.8.1 Motivating Applications

There are a number of interesting applications that could be cast in our framework. In
particular, we have described three examples below which have been used in Section
for the numerical experiments. See [I81] [I74] for more examples. In all the following
applications, if the utility function is a submodular set function, we apply our algorithms
to the DR~submodular continuous extension of the set function and use the lossless pipage
rounding technique of [46] to make integral allocations.

Online joke recommendation. In this problem, we aim to design a joke recommendation
algorithm to assign jokes to a sequence of users arriving online such that the overall impression
of the jokes is maximized in a fixed time horizon Br. At each step t € [T, a user arrives and
the algorithm should assign a bundle of at most m jokes, z; € {x € {0,1}": 1Tz < m}, to
her. If joke i is assigned to user ¢, she spends [p;]; amount of time to read the joke and submit
her rating [r¢];. In other words, hi(x) = (p;, z). The overall impression is the submodular
set function Fi(x) = r] 'z + Zm:iq Hg-):vi:vj where 91(;) < 0 penalizes the similarity of jokes 7
and j. This function has been extensively used in the literature to encourage diversity [136].

Online task assignment in crowdsourcing markets. In this problem, there exists a
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requester with a limited budget Br that submits jobs and benefits from them being completed.
There are n types of jobs available to be assigned to workers arriving online. At each step
t € [T'], a worker arrives and the requester has to assign a bundle z; € X = {x € R : 0 <
x = 1} of the jobs to the worker. The worker has a private cost [p]; Vi € [n] for performing
one unit of the assigned job i, where [p]; denotes the i-th entry of vector p;. In other words,
we have hy(x) = (p, ). The rewards obtained by the requester from this job assignment is
a DR-submodular function fi(z) = >7I [uglilog(1 + x;) + 32, J.;[0d]ijwix, where [ug]; >0
and [6;];; < 0. The DR-submodularity of the utility function captures the diminishing
returns of assigning more jobs to the worker, i.e., as the number of assigned jobs to the
worker increases, she has less time, energy, and resource available to devote to each fixed job
i € [n] and therefore, the reward (quality of the completed task) obtained from the worker
performing one unit of job i decreases. In other words, if x <y, V;f(z) > V,f(y) Vi € [n]
holds. The goal is to maximize the overall reward obtained by the requester while the budget
constraint is satisfied on average.

Online welfare maximization with production cost. In this problem, there is a
seller who has n types of products for sale that may be produced on demand using a fixed
limited budget Br. At each step ¢ € [T], an agent (customer) arrives online and the seller
has to assign a bundle z; € X = {z € R} : 0 < # < 1} of products to the agent. The
production cost for this assignment is hy(z;) = xtTPt:L‘t, where P; is an entry-wise non-negative
positive definite matrix. Quadratic production cost functions with increasing gradients are
commonly used in the literature [11],[54]. The agent has an unknown private DR-submodular
valuation function fy(z) = log det (diag(z)(L¢ — I) +I) over the items, where Ly is a positive
semidefinite matrix and the DR-submodularity property characterizes the diversity of the
assigned bundle. Therefore, the utility obtained by assigning the bundle z; equals f;(z).
The goal is to maximize the overall valuation of the agents while satisfying the budget

constraint of the seller on average.
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6.3.2 Benchmarks

We measure the performance of our proposed algorithms with the notions of regret and total
constraint violation to quantify the overall utility and total resource consumption of the
algorithms respectively. We define these notions below.

Total constraint violation. The total constraint violation of an online algorithm with

outputs {z;}L_; is the following:

T
Cr = th(aft) =
t=1

We aim to design algorithms whose total constraint violation is sub-linear in T'.

gl
>
5

In Online Convex Optimization (OCO), the utility performance of the algorithm is usually
compared against static or dynamic benchmark sequences. Static regret metric has been
extensively used in the literature [189, 104, 190], 194] [76l 215]. However, in problems where
the environment is changing (i.e., dynamic), static regret is no longer a suitable measure and
an enhanced measure, i.e., dynamic regret, is used [99, 214} 151, 111, 209]. In our setting,
the regret metric should also specify how the benchmark actions behave with respect to the
long-term adversarial or stochastic constraint. We thus introduce three notions of regret
below.

Adversarial regret. In the adversarial setting, where both the utility and constraint
functions are chosen arbitrarily, the (1 — 1)-regret of an algorithm with outputs {z;}7_,

against a static benchmark action zj;, with window length W € [1,77] is defined as:

T T
R = (0= )Y flai) = 3 il
t=1 t=1

where:
W1
xW—argmafot , XYw={zeX: Z gr(2) <0, 1 <t <T-W+1}.
reXw _ =t

Furthermore, in this adversarial setting, the (1 — %)—regret against a dynamic benchmark

sequence {x}}I_; is as follows:

R(A D)

Cb\»a

T T
)2 il = ) Sl
t=1 t=1
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where z} is any benchmark action for which g;(z;) < 0 holds.
Stochastic regret. In the stochastic input model, where the utility functions { ft}?zl are
chosen adversarially and the constraint functions {h;}}_; are drawn i.i.d. according to an
unknown underlying distribution over the class H, the (1 — %)—regret of an algorithm with
outputs {z;}1_, against a static benchmark action z* is the following:

T

T T
RED = (1= O3 fa) = Y fule), a° = mngmax 3" fe),
t=1 t=1

z€X:E[g: (x)]<0 Vte[T] 1
6.4 One practical algorithm for adversarial or stochastic constraints

In this section, we propose our first algorithm that could be applied to online DR-submodular
maximization problems with both adversarial or stochastic constraints without prior informa-
tion about the regime. The algorithm is provided in Algorithm 1. The algorithm generalizes
that of [I59] for the convex setting to handle generally non-concave DR-submodular util-
ity functions. In particular, inspired by the Meta-Frank-Wolfe algorithm of [61], we have
changed the primal update of the algorithm of [I59] to be able to obtain regret bounds in
this setting. The following lemma provides an equivalent formulation of the primal update

of the algorithm.

Lemma 6.4.1 For all t € [T] and k € [K], the update rule of Algorithm 1 for vgk) is

equivalent to the following:
k k 1 k k k
o = Pa (o) + 5 - (VY ira @) = AV 01))),
where Py denotes the projection onto set X.

Thus, for each k € [K], the algorithm runs an instance of online gradient ascent with step
size % to choose the point vt(k), Vt € [T], and upon committing to this action, it receives
a reward of <VVft(x§k)),vt(k)> — /\gi)lgt(vgk)). Note that using the average of the output

of K online maximization algorithms to obtain {x;}_; is common in online submodular

maximization [61], [60, 216]. The parameter V' characterizes the trade-off between maximizing
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Algorithm 1
Input: X is the constraint set, T" is the horizon, V' > 0, a > 0 and K € N.

Output: {z;:1 <t <T}.
Initialize A" = 0" = 2{" = 0 V& € [K].
fort=1to T do

xgl) = 0.

for k=1to K do

o = argmax,cx (VY fia () = 2901 (0),2) — [z~ 1),

x§k+1) (k)+ Lo (k)'

end for
Set xy = :rgKH) and play x.
Observe the utility function f; and the constraint function g;.
for k=1to K do

)‘Ei)l = [)‘gk) + Qt—l(U&)ﬂ + (Vg 1(%& )1) Uik) - Uik)1>]+
end for

end for

the reward and satisfying the resource constraint. In other words, choosing a larger V'
leads to a higher overall reward while the constraint is further violated. The output of the
algorithm at each step, z;, Vt € [T}, is the average of K vectors vék) in the convex domain
X'; hence, z; € X also holds.

Furthermore, the algorithm needs to maintain K dual variables at every time step ft,

A§k) k € [K] (as opposed to a single dual variable in [I59]). To better understand the

algorithm, we first provide the following two lemmas.

Lemma 6.4.2 The cumulative constraint violation of Algorithm 1 could be bounded as

follows:

K
SRl i e gl -
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0B (A““)

Lemma 6.4.3 Let Agk) =4 for allt € [T] and k € [k]. We have:

K < (G + BR)?

Al ;

+ AP (g1 (0P + (Vg (), o™ = o).

Agk) has been commonly used in the literature and is called Lyapunov quadratic drift [I5§].
The result of Lemma [6.4.2] suggests that in order to minimize the total constraint violation
Cr, the algorithm needs to maintain small dual variables. Equivalently, for all ¢ € [T] and
k € [K], the drift of the dual variable , Agk), needs to be minimized. Using the result of

Lemma [6.4.3] we obtain:

A V@), o — o) +a ol o

_ (G +5R)”

K k k)| (k k k k
P i@ - A9 (), o o) + AP g1 o) 4+ o ol o[

(a)

In Algorithm 1, v,gk) is chosen to be the minimizer of (a) over X and the update rule for
)\gi)l corresponds to moving along the direction of the gradient of (a) with respect to the

dual variable.

6.4.1 Performance guarantees

In this section, we provide the total constraint violation and regret bounds under different

settings.

Theorem 6.4.1 (Total constraint violation bound) The total constraint violation of

Algorithm 1 is bounded as follows:

B*r  BE14+6)2V3T
<
Cr <6V + 2 o2 :

2 2
(CHPR)” 1 (R YE )V aR? n (G+/3 v+2
T

where § = max{G + SR, VBr/T + V(V+1)Br/

a < 0(V?), we have = O(1).

} In particular, if

Theorem characterizes the total constraint violation bound of Algorithm 1 in both

adversarial and stochastic settings.
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Theorem 6.4.2 (Adversarial static regret bound) The regret of Algorithm 1 in the

adversarial setting against a benchmark with window length W is bounded as:

2
R‘V;‘f) <FW-1)+ 2i/min{ggvz’(CT%BR)Q(W — 1)é2W— 1)} N V3 (T4_aW+ 1)
(G+BRXT-W+1)  LRAT-W+1)  (G+BRPW -1)(T-W+1) aR’
’ 2V i 2K * Y% +

Therefore, setting & = V /T, the adversarial static regret bound of Algorithm 1 is O(g +
VT + %) In particular, for the adversarial setting with window size W = T ¢, if we choose
V =0(T'"2),a = VT and K = O(T?) in Theorem and Theorem we have
R%f) < O(T'"2) and Cp < O(T'~2). In comparison, [I81] obtains a similar O(T"~%)
regret bound and a worse (’)(Tl_i) total constraint violation bound, and only for the special

case of linear constraint functions.

Theorem 6.4.3 (Adversarial dynamic regret bound) The adversarial regret of Algo-
rithm 1 against a dynamic benchmark sequence {x}}_, is bounded as follows:
2 2 2 2 *
)SVﬂT+(G+ﬁR)T+aR +LRT+204RPT7
4o 2V V 2K Vv

where Py, = ZtT:El foq - fo

R(TA,D

— — T — 12 (A,D) < * < *
Ifweset V=K =0O( P%) and a = V=, we have R}, < O(,/TPj) and Cp < O(,/TPy.).
However, since P7 is not known ahead of time, the parameters of the algorithm cannot
be chosen as mentioned. To remedy this issue, we can extend the adaptive algorithm of
[214] to our framework to obtain O(,/TPj) regret and total constraint violation bounds

simultaneously without prior knowledge of Pr.

Theorem 6.4.4 (Expected Regret Bound) In the stochastic setting, the expected regret
of Algorithm 1 could be bounded as follows:

VBT (G4 BR)*T aR? N LR?T
4o 2V Vv 2K

ERy) <

Theorem 6.4.5 (High Probability Regret Bound) The regret of Algorithm 1 satisfies
the following with probability at least 1 — § in the stochastic setting:
VBT (G+BR)*T aR?> LR*T
- +—+ :
4o 2V v 2K

1
R < oG 2Tlog(5) +
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If we choose V = O(VT), a = V? and K = O(v/T) in Theorem Theorem and
Theorem we have IE[R(TS’S)] < O(WT), R(TS’S) < O(WT) w.h.p. and Cr < O(VT). In
comparison, for the special case of linear constraint functions, [I74] obtains similar O(T)
bounds for the total constraint violation, both in expectation and with high probability.
However, despite achieving (’)(\/T ) high probability regret bound, their algorithm obtains a

worse O(T %) regret bound in expectation.
6.5 Trading performance for efficiency: A faster algorithm

In this section, we propose our second algorithm, presented in Algorithm 2 in the appendix,
for online DR-submodular maximization problems with adversarial or stochastic constraints.
Inspired by the Mono-Frank-Wolfe algorithm of [216], we divide the upcoming online
rounds 1,...,7T to @ equisized blocks of length K (i.e., T'= QK) and for all the rounds
te{(¢g—1)K+1,...,¢K} in the block ¢ € @, we play the same action z,. Using this
technique, the computational complexity of Algorithm 2 reduces with a factor of K compared
to Algorithm 1. However, the efficiency of Algorithm 2 comes at the price of slightly worse

regret and total constraint violation bounds, as presented below.

Theorem 6.5.1 The adversarial (static) regret bound of Algorithm 2 against the benchmark
with window length W & [l,Té] is as follows:

AS VA2QK (G+BR)’QK oR’K LR*Q
E[RéVvT)]S 4o +( 2v) Tyt

where the expectation is taken with respect to the randomness of the algorithm.

Theorem 6.5.2 The total constraint violation of Algorithm 2 is bounded as below:

B2T 52(1 —|—0)2V3T
<
E[Cr] < 0KV + " + y :

where the expectation is taken with respect to the randomness of the algorithm.

Thus, in the adversarial setting with window length W € [1,T§], if we choose V = K =
O(T%) and o = V2 in Theorem |6.5.1| and Theorem |6.5.2, we have E[Rg/é’f?)] < (’)(T%) and
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Figure 6.1: (a) Cumulative utility and total budget violation for experiment 1, (b) and
(c) Running average of cumulative utility and budget violation for experiments 2 and 3

respectively.

E[Cr] < O(T3).
Note that similar to the analysis in Section we can extend the above results to a
benchmark with general window length in the adversarial setting. Moreover, we can obtain

similar O(T%) regret and total constraint violation bounds in the stochastic setting.
6.6 Experiments

In order to verify our theoretical findings, we run our algorithms for the three experiments
described in Section [6.3.1] and we plot the performance in Figure [6.1]

1) Online joke recommendation. We choose n = 100 jokes, "= 10000 and By = 1.5T. We
vary the window length W and choose V', a and K according to Section Weset X = {z €

[0,1]" : 1Tz < 15}. We consider the utility functions fi(x) = rfz + D i< Gg)mixj Vt € [T]
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where 0 < [ry]; < 10 is the rating of user t for joke i in the Jester datase, and 95;) is
uniformly chosen from [—0.5,0]. Also, [p¢]; is chosen uniformly from the range [0.3,6]. We
compare the overall utility and total budget violation of Algorithm 1 and the OSPHG
algorithm of [I81] for different choices of W. Note that we use the pipage rounding technique
of [46] for both algorithms to make an integral allocation of jokes to the users. Figure[6.1](a)
verifies the superiority of Algorithm 1 compared to the OSPHG algorithm in terms of budget
consumption while obtaining similar overall utility.

2) Online task assignment in crowdsourcing markets. We set n = 13, T' = 10000 and
Br =0.86T. We choose V', a and K according to Section Weset X ={z:0=<x =<1}
We consider the utility functions fi(x) = D7, [uilog(l + @) + 37, 5, Gg)xixj Vt € [T]
where [u]; and Gg) are uniformly chosen from [1,13] and [—0.07,0] respectively. [p]; is
uniformly chosen from [0.05,1]. We compare the average performance of Algorithm 1,
Algorithm 2, the OLFW algorithm of [I74] and the OSPHG algorithm of [181]. Figure [6.1(b)
demonstrates that Algorithm 1 strikes the right balance between the utility and budget used.
3) Online welfare maximization with production cost. For this experiment, we use the
utility function f;(z) = logdet (diag(x)(L¢ — I) + I) and the quadratic convex constraint
function hy(z) = 27 Pz for all t € [T], where L; and P, are positive definite matrices whose
eigenvalues are uniformly chosen from [2, 3] and [0.3, 6] respectively. We consider the domain
X={z:0=<z=1} We set n =10, T = 1000, K = W = /T and By = 4T. We vary V
and choose a = V/T to see the effect of the choice of V in the performance of Algorithm 1.
Considering the O(% + VT + L) regret bound and O(V + %) total constraint violation
bound derived in Section Figure (c) verifies the theoretical analysis that we need

to choose V' € (W,T) to obtain sub-linear regret and total constraint violation bounds

simultaneously.

"http://eigentaste.berkeley.edu/dataset/
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6.7 Conclusion

We studied an online optimization problem in which the reward functions are monotone
DR-submodular, and in addition, the sequence of decisions of the learner should satisfy some
adversarially or stochastically varying monotone convex constraints on average. We propose
a single algorithm for both adversarial or stochastic constraints without prior knowledge
of the regime. In the special case of linear constraint functions, our proposed algorithm
obtains improved regret and constraint violation bounds in both adversarial and stochastic
settings compared to prior work. Moreover, we derive the first sub-linear bounds for the

more general case of convex constraint functions.
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Chapter 7
OFFLINE STRONGLY DR-SUBMODULAR MAXIMIZATION

7.1 Chapter overview

In this chapter, we present the joint work with Maryam Fazel that was published at the STAM
Conference on Applied and Computational Discrete Algorithms (ACDA) 2023. Continuous
DR-submodular functions are a class of functions that satisfy the Diminishing Returns
(DR) property, which implies that they are concave along non-negative directions. Existing
works have studied monotone continuous DR-submodular maximization subject to a convex
constraint and have proposed efficient algorithms with approximation guarantees. However,
in many applications, e.g., computing the stability number of a graph and mean-field
inference for probabilistic log-submodular models, the DR-submodular function has the
additional property of being strongly concave along non-negative directions that could be
utilized for obtaining faster convergence rates. In this chapter, we first introduce and
characterize the class of strongly DR-submodular functions and show how such a property
implies strong concavity along non-negative directions. Then, we study L-smooth monotone
strongly DR-submodular functions that have bounded curvature, and we show how to exploit
such additional structure to obtain algorithms with improved approximation guarantees
and faster convergence rates for the maximization problem. In particular, we propose the
SDRFW algorithm that matches the provably optimal 1 — £ approximation ratio after
only [51 iterations, where ¢ € [0,1] and g > 0 are the curvature and the strong DR-
submodularity parameter. Furthermore, we study the Projected Gradient Ascent (PGA)
method for this problem and provide a refined analysis of the algorithm with an improved
% approximation ratio (compared to % in prior works) and a linear convergence rate. Given

1+

that both algorithms require knowledge of the smoothness parameter L, we provide a nowvel
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characterization of L for DR-submodular functions showing that in many cases, computing
L could be formulated as a convex optimization problem, i.e., a geometric program, that
could be solved efficiently. Experimental results illustrate and validate the efficiency and

effectiveness of our algorithms.
7.2 Introduction

Continuous DR~submodular functions find applications in multiple domains such as influence
and revenue maximization, MAP inference for DPP (Determinantal Point Process), and
mean-field inference of probabilistic graphical models (see [27], Section 6] for more applications
and details). While DR-submodular functions are generally non-convex/non-concave, the DR
property provides a natural structure that allows the designing of tractable approximation
algorithms. In particular, DR-submodular functions are concave along non-negative directions
[25], i.e., for all x,y such that z; < y; Vi € [n], we have f(y) < f(z) + (Vf(x),y — z).
Monotone DR~submodular maximization subject to a convex constraint has been previously
studied in the literature. [25] proposed a Frank-Wolfe variant that obtains a provably optimal
1-— % approximation guarantee at a sub-linear convergence rate. Later, [102] studied the
well-known Projected Gradient Ascent (PGA) method for this problem and proved that
PGA has a % approximation ratio and sub-linear rate of convergence.

A number of the DR-submodular objective functions in the applications above of the
continuous DR property are indeed strongly concave along non-negative directions. For
instance, consider a graph G = (V| E) with adjacency matrix A. Computing the stability
number s(G) of the graph (i.e., the cardinality of the largest subset of vertices such that no
two vertices in this subset are adjacent) is a well-known NP-hard combinatorial problem.
This problem could be formulated as s(G)~' = mingea 27 (A + I)z where A = {z € RIV!:

1Tz =1,2, > 0 Vv € V} is the standard simplex and I is the identity matrix [I55]. We can
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rewrite the problem as:

s(G) = miil T (A+ Dz
re

= —maxzl (—A— Dz
EHSAN

=2 -—maxz’ (A -z + 217z,
TEA \_/2'/

It will soon be clear that the function 27 (—A — Iz + 2172 is 2-strongly DR-submodular (see
Definition in Section and thus, finding the stability number of a graph could be
formulated as a convex-constrained monotone 2-strongly DR-submodular maximization prob-
lem. Another example is the mean-field inference problem for probabilistic log-submodular
models (Section 6.6 of [27]). Let ' : 2V — R be a submodular set function. Consider
distributions over subsets S C V' of the form P(S) = Lexp(F(S)) where the normalizing
quantity Z = gy exp(F(S)) is called the partition function. In general, computing the
partition function involves summing over an exponential number of terms and is not compu-
tationally feasible. Alternatively, one can use mean-field inference to approximate P(S) by
a completely factorized distribution Q(.S), i.e., elements i € V are picked independently and
Q(S|z) = [Lies i [L;¢5(1 — ;) where z € [0, 1]V is the vector of marginals, by minimizing
the KL divergence KL(z) = > gy Q(S|z) In (Q(slm)) between the two distributions. KL(x)

p(S)
can be written as:
V]
KL(z) = — Z F(95) sz H(l —xj) + Z (zilnz; + (1 — ;) In(1 — 2;)) + In Z.
scv €S j¢s i=1

It will be clear later that the problem max, ¢ v —KL(z) (equivalent to minimizing KL(z))

is a 4-strongly DR~submodular maximization problem.

7.2.1 Contributions

In this chapter, we precisely characterize the class of strongly DR-submodular functions,
i.e., DR-submodular functions that are strongly concave along non-negative directions.

We consider the optimization problem max,cx f(z) where K is a convex set and f is a
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Paper Setting | Approximation ratio | Convergence rate
[25] w=0 1-1 sub-linear
[102] =0 i sub-linear
This work (PGA) p=0 ﬁ sub-linear
This work (PGA) >0 : jcf linear
This work (SDRFW) | >0 1-< after [ﬁ iterations

Table 7.1: Comparison of our results and the prior works.

monotone, smooth and strongly DR-submodular function with bounded curvature ¢y € [0, 1],
and we provide algorithms with refined approximation guarantees that exploit the strong
DR-submodularity structure of the objective function. Specifically, we make the following
contributions:

e We propose the SDRFW algorithm in Section [7.4] that obtains the approximation guarantee
1-— %f after [%1 iterations, where L is the smoothness parameter and p is the strong DR-

submodularity parameter of the function f.

e In Section we analyze PGA for our problem and we provide a refined and sharper

1

analysis of the algorithm showing that PGA has an improved P

approximation guarantee
(compared to  in prior works) at a linear convergence rate, i.e., it only takes O(In(2))
iterations to get within € of 5 Jrlcf OPT, where OPT denotes the optimal value of the problem.
e We also study online strongly DR-~submodular maximization in Section We analyze

the online counterpart of PGA, called Online Gradient Ascent (OGA), for this problem and
we show how our techniques could be used to obtain improved logarithmic bounds for the
(l%rc)—regret of the algorithm.

e Given that both SDRFW and PGA require knowledge of the smoothness parameter L, in
Section we provide a novel characterization of L for (strongly) DR-submodular functions

showing that in many cases, computing L could be formulated as a convex optimization
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problem, i.e., a geometric program, that could be solved efficiently. Therefore, we can
efficiently compute L before running the algorithms.

Finally, we test our algorithms on a class of strongly DR-submodular functions and also for
the problem of computing the stability number of graphs in Section [7.7} A summary of our
results is provided in Table

7.3 Preliminaries

7.8.1 Strongly DR-submodular functions

We define the class of strongly DR-submodular functions below.

Definition 7.3.1 For p > 0, we call a differentiable function f: K — R, K C R}, to be
p-strongly DR-submodular if any of the following equivalent properties hold:
e f()+ 4l |* is DR-submodular.

o Forall x,y € K such that x =y, we have

Vi(x) = Vf(y) +ply — ).

o If f is twice differentiable, V2 f(z) < —u Vi € [n] and V?jf(m) < 0 Vi # j holds for all

r e K.

We provide two classes of strongly DR-submodular functions below:

e Indefinite quadratic functions. Let f(z) = %l’TH x + hT2z 4 ¢ where H is a symmetric
matrix. If H is entry-wise non-positive, f is a DR-submodular function and if in addition,
H;; < —p holds for all i € [n], f is p-strongly DR-submodular. Such quadratic utility
functions have a wide range of applications. As an example, consider the problem of
computing the stability number of a graph (introduced in Section . The Hessian of the
objective function 2T (—A — Iz +21Tx is H = —2A — 21. Given that H;; = —2 and H;; <0
for all i # j € [n], the objective function is 2-strongly DR-submodular. In addition, price
optimization with continuous prices [109] is also a non-concave (strongly) DR-submodular

quadratic optimization problem.
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e Concave functions with negative dependence. Let d > 2. If h; : Ry — R is
(strongly) concave for all i € [n] and 6;, ;. < 0 for all » € [d] and (i1,...,i,) C [n], the
following function f : R} — R is (strongly) DR-submodular:
n
f(.’L‘) = Z h,(xz) + Z Gijxixj + -+ Z 91‘1’“_7@.%'1'1 e Ty
i=1

(i.4):i#] (iv,...via)tinAis Vr,s€ld]

We can prove that p-strongly DR-submodular functions are indeed p-strongly concave along
non-negative directions. This property is extensively used in the design and analysis of our

algorithms.

Lemma 7.3.1 If f : K — R, K C R", is differentiable and u-strongly DR-submodular, for

allx € K and v = 0 or v X0, the following holds:

flz+v) < f(@) + (VF(2),0) = Sl

Proof Without loss of generality, assume v = 0 holds (analysis for v < 0 is similar). For

any z € KC, v = 0 and ¢ € [n], we have:

[V2F(2)0]i + poi = Vi f(2)vi + > Vi F(2)v; + po;

#i
= (Vif(2) + 1) vi +ZV?jf(z> v
<0 >0 P 50

<0.
Therefore, V2 f(2)v + pv < 0 holds. We can use the mean value theorem to write:
flz+v) = f(x) = (Vf(z),0)
= /01<Vf(x + tv),v)dt — (V f(z),v)

1
:/0 (Vf(z+tv) — Vf(z),v)dt
1 n 9 !
= ;t([v Flaig)vli + pvi) vi dt _“/0 tv, v)dt
< —

0
0 20

== o]l

IN

LT
L),
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where z;; Vi € [n] is in the line segment between x and z +tv. Thus, f is p-strongly concave

along the non-negative direction v. |

[27] defined p-strongly DR-submodular functions to be the class of functions that are
u-strongly concave along non-negative directions. Note that our definition of u-strong DR-
submodularity is a stronger condition than p-strong concavity along non-negative directions.
For instance, p-strongly concave functions are p-strongly concave along any direction, but

they may not even be DR-submodular.

7.8.2  Smooth functions

A differentiable function f: K — R, K C R, is called L-smooth if for all x,y € K, we have

Fl) > (@) + (Vi@)y )~ 5y —

If f is twice differentiable, there is an equivalent definition of smoothness: f is L-smooth
if V2f(z) = —LI holds for all z € K where I is the identity matrix. In other words, the
smallest eigenvalue of the Hessian of f is uniformly lower bounded by —L everywhere.
Combining the definition of smooth functions and the result of Lemma [7.3.1] it is clear that

for a p-strongly DR-submodular and L-smooth function, g < L holds.

7.3.3 Curvature

We define the notion of curvature for monotone continuous functions below.

Definition 7.3.2 Given a monotone differentiable function f: K — R, K C R”, we define

the curvature of f as follows:

If f is DR-submodular and 0 € K, we have ¢y = 1 — inf ek icfn) %.

It is easy to see that ¢y € [0,1] holds for all monotone f. ¢y <1 is due to monotonicity of

[ (i-e., Vf being non-negative) and cy > 0 follows from setting = = y in the definition. If
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cy =0, f is linear, and larger c; corresponds to f being more curved.

A similar notion of curvature was introduced in [I88]. The definition is inspired by the
curvature of submodular set functions [68]. If f is the multilinear extension of a monotone
submodular set function F', ¢ coincides with the curvature of F' [I82]. Submodular set
function maximization with bounded curvature has been widely studied in the literature.
[68] showed that the greedy algorithm applied to the monotone submodular set function
maximization problem subject to a cardinality constraint has a %(1—6_”) approximation ratio,
where £ is the curvature of the set function. More recently, [197] proposed two approximation
algorithms for the more general problem of monotone submodular maximization subject to a

K

matroid constraint and obtained a 1 — £ approximation ratio for these two algorithms. They

also provided matching upper bounds for this problem showing that the 1 — ¢ approximation
K

ratio is indeed optimal. Later on, [83] managed to obtain the same 1 — £ approximation

ratio with an algorithm that is much faster than the one proposed by [197].
7.4 Strongly DR-submodular Frank-Wolfe (SDRFW) algorithm

In this section, we propose the SDRFW algorithm for strongly DR-submodular maximization
with bounded curvature. Throughout the section, we make the further assumption that the
domain set K contains the origin, i.e., 0 € K. Furthermore, we consider f to be a monotone,
p-strongly DR-submodular and L-smooth function with curvature ¢y € [0,1]. Without loss
of generality, we also assume that f is normalized, i.e., f(0) = 0. For the DR-submodular
setting (1 = 0), [25] proposed a Frank-Wolfe variant for solving the problem. Starting
from zy = 0, their algorithm performs K Frank-Wolfe updates where at each iteration
k€ {0,..., K — 1}, it finds v} such that vy = argmax,ci(x, V f(z1)), performs the update
Thel = Tk + %Uk and outputs xg.

Define g(x) = f(z) — ¢Tx where for all i € [n], ¢; = min, V;f(z). Note that similar to f, g
is also a normalized, monotone, p-strongly DR-submodular and L-smooth function.

The SDRFW algorithm is presented in Algorithm 1. First, note that the output of the

algorithm (x = x) is the average of K points {vk},{,{;ol in the convex domain set I, and
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therefore, x € K. Also, it is noteworthy that the update rule for {v;}X_ | can be computed

efficiently in many cases. To see this, for all k£ € {0,..., K — 1}, we can equivalently write:

1
0.
p(l — ) K=rt )

o1
v = PFOJK(;VQ(%) +

In many cases, such projection could be computed in linear time O(n) [33], 168], e.g., for
K={reR": 1Tz <1,0 <2 < 1}.

Algorithm 1 is different from the Frank-Wolfe variant of [25] in two important aspects:

1) At step k € {0,..., K —1}, Algorithm 1 is applied to the function (1—%)5=%=1g(-)+(¢, )
(instead of £(-) = g() + (£, ),

2) The linear maximization step for computing {v;};—, in the Frank-Wolfe variant of [25] is
replaced by a strongly concave maximization problem. Modification 1 is inspired by a similar
idea in [83] where they provided an algorithm for the setting where the objective function
is the multilinear extension of a submodular set function (1 = 0) and obtained a 1 — %f
approximation ratio for the problem. They also proved matching negative results showing
that no polynomial time algorithm can perform better in terms of the approximation ratio.
The same upper bound applies to our framework as well. However, the additional strong

DR-submodularity of f allows for a faster convergence to (1 — C?f)OPT. We provide the

approximation guarantee of Algorithm 1 below.

Theorem 7.4.1 Let f: K — R, K CR" and 0 € K, be a normalized, monotone, u-strongly
DR-submodular and L-smooth function. If we set K = [%1, the output of Algorithm 1 has

the following performance guarantee:

fl@) = (1 - Lyfa),

e
where ©* = arg max, ¢ f(x).
Proof Define g(x) = f(x) — ¢Tx where for all i € [n], £; = min, V;f(z). Note that similar

to f, g is also a normalized, monotone, p-strongly DR-submodular, and L-smooth function.

For instance, in order to verify the u-strong concavity of g along non-negative directions
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Algorithm 1 SDRFW
Input: Convex set K with 0 € K, L-smooth and p-strongly DR-submodular f, g(-) =

f(-) = (¢,-) where for all ¢ € [n], ; = min, V;f(z), K > 0.

Set zg = 0.

for k=0to K —1do
Set vy = arg max, (1 — )5 F1Vg(ag) + £, 2) — WHM\Z
Tk41 = Tk + %Uk;-

end for

Output: =z = zg.

(which will be used in the proof), for all z € K and v = 0 or v < 0, we can write:

gla+v) = f(z+v) = (La+v)
< f(@) + (VF(@),0) = Sloll® = Gz + )

= (@) = (L) +(VF(@) = o) = Sl

-~

=g(z) =Vg(z)

= g(x) + (Vg(a),v) = S [lvl,

where the inequality uses the p-strong DR-submodularity of f. Therefore, g is u-strongly

concave along non-negative directions.

Now, we move on to prove the theorem. For all k£ € {0,..., K — 1}, we can write:
9(@r+1) 2 glzn) + 5= (Vg(@r), ve) — 7 lowll™

Rearranging the terms, we have:

9(rner) — 9(x) = 2o (Vo). ) — 5o ol (71)

For all k € {0, ..., K}, define the function ¢(k) as follows:

1

Bk) = (1 = V< Fglwn) + ().
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For a fixed k € {0,..., K — 1}, we have:

K (9l +1) = 9(k) = K(1 = )" glapa) — K(1 = )" Fg(a) + (6,
_ ANK—k—1( gy — oz

_ (1 K) 1(/9[((k+1) g( k)) + (1 - %)K—k—lg(l,k) + <€;'Uk>

a _ 1\K—-k-1 ). o) — v lI2 2

9 0k (K otood ZLII2RY) |y Loy g

= (1= )" (Vlan), o) — 5 nl?) + (1= 2 g) + ()

= (1~ ) g o) + o) — (1= VT o 4 (1 - ) g ()

(b) _ 1 \K—k-1 _ 1 \K—k-1

2 (1= SR gl o) + (o) + I e MO e
S ) P (1 ) g,

where (a) follows from inequality and (b) is due to the update rule of the SDRFW
algorithm for vg. We can use the monotonicity and strong DR-submodularity of g respectively

to write:

9(z") — g(xk) < g(z™ + xx) — g(wx)
< (Vg(ax)a*) = Sl

Putting the above two inequalities together, we have:

K (6(k+1) — 6(k) > (1 = =/ (gla*) — glae) + Blla[P) + (0,27 + (1 = )< g(a)
1 \K—k—1 1 \K—k—1
T A e LTS
= (1= 2 4 )+ (- )R 2

Therefore, if we set K = [%] and divide both sides by K, we obtain:

(1 )RR gt ),

Bk +1) = o(k) 2 (1 -
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Applying the inequality for all k£ € {0,..., K — 1} and taking the sum, we have:

flrx) = g(wr) + ({,2K)

= ¢(K) — ¢(0)
1 K-1 1
> (g 2o 0= gl + (60)
k=0
11-(1-4)K

where the last inequality uses (1 — )% < 1. Therefore, f(z) > (1 — 1)g(z*) + (¢, z*) holds.
Using the mean value theorem and considering that f(0) = 0, we have f(z*) = > | V;f(ta*)z}

where ¢ € [0, 1]. Therefore, we can use the definition of ¢ and the curvature to write:

n n
Car =3 tiai > (1—cp) Yy Vif(ta®)a] = (1 - ¢p) f(@").
i=1 i=1
Putting the above inequalities together, we have:

Fla) > (1= D)gla®) +

= (1= D)f@) ~ (= T + 4T
= (1 - D) + L0

> (1= )1 + L 1)

= (1- D)@

In comparison, the Frank-Wolfe variant of [25] obtains the approximation guarantee f(z) >
(1=1f@) - %—IID}Q where R = maxy yex ||y — || is the diameter of IC. Therefore, Algorithm
1 has an improved approximation ratio for objective functions f with curvature ¢y < 1 and
its guarantee does not deteriorate as the diameter of K becomes larger. Intuitively, for K

chosen large enough (i.e., K > l%) in the analysis of Algorithm 1, the —g—lf(z term is canceled
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Algorithm 2 PGA
Input: Convex set K, x1 € K, L-smooth and pu-strongly DR-submodular f, K > 0.

for k=1 to K do

Set xpi1 = Proj,c(xk + %Vf(mk))
end for

Output: z = zx 1.

with a positive term resulting from p-strong DR-submodularity of the objective function.

We need to know the smoothness parameter L and the strong DR-submodularity parameter
i to set K in Algorithm 1. For p-strongly DR-submodular functions, if we run Algorithm 1
with [ instead of u, the algorithm obtains the same guarantee as long as i < u. In order to
compute such a lower bound, one can investigate the diagonal entries of the Hessian matrix.

In Section we show how to compute L efficiently using convex optimization tools.
7.5 Projected Gradient Ascent (PGA) algorithm

In this section, we study the well-known Projected Gradient Ascent (PGA) method for
strongly DR-submodular maximization with bounded curvature. The PGA algorithm is
provided in Algorithm 2 [162]. Given an initial point x1 € K, PGA iteratively applies the
update zg+1 = Proji (zx + £V f(2%)). In other words, at each iteration k € [K], the current
iterate xj is updated by adding %Vf(ack) and the resulting point is then projected back to
the constraint set JC. The algorithm outputs the final iterate x = xx 1. Unlike the SDRFW
algorithm, PGA is not required to start from the origin and for any feasible initial point
x1 € K, PGA still converges to a competitive solution. However, as we will soon see in the
result of Theorem the rate of convergence depends on the distance between the initial
point x1 and the optimal point z*.

We first provide a key lemma below that is used in the analysis of Algorithm 2.

Lemma 7.5.1 For anyx,z € K, if f is a non-negative monotone p-strongly DR-submodular
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function with curvature cy, we have:

f(2) = (4 ep)f(2) < (Vf(), 2 — ) = |z - al]”.

Proof Let u=2xV z and w = x A z. Using the p-strong DR-submodularity property of f,

we can write:

f(w) = f(2) < (Vf(@),u—a) = Sllu—z|?,
f(w) = f(@)

IN

(Vi(@)w =) = 5w —af>.
Taking the sum of the two inequalities and using the fact that u + w = = + 2z, we have:
fu) + f(w) = 2f(x) <(Vf(x), 2z —x) - gllz — x| (7.2)
Using the mean value theorem, we can write:
flw) - f(z) = /0 o s VGt ),
flw) 5@ = [ o= 2,V b — )t

Given that z —w =u — z and V;f(z + t(u — 2)) > (1 — ¢5)V;f(w + t(z — w)) holds for all

i € [n], we can bound the first inequality as follows:
flu) = 1) = ~(1=cp) | w2,V 0+ — )
= -1 —cp)(f(w) = f(2)).
Equivalently, we can write:
Flu) + F(w) > f(2) + (=) f(@) +epf(w). (7.3
Combining the inequalities [7.2] and [7-3, we conclude:
F(2) = (L ep (@) + e fw) < (Vf(@),z =) = Lz — x|

Given that c; € [0,1] and f is non-negative, we can drop the term cyf(w) and derive the

result as stated. [ |
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We can now exploit the result of Lemma to obtain the approximation guarantee of the
PGA algorithm.

Theorem 7.5.1 If f is a monotone, u-strongly DR-submodular and L-smooth function,
PGA obtains the following approrimation guarantee:
1 e HK/L

S@) 2 T 10 - T

(f@") = A+ ep)f(1)).

Moreover, for the DR-submodular setting (u = 0), the utility of the output of the PGA

algorithm is bounded as follows:

1 . L
1@") = 2K (1 +cy)

@)z o1 — a2,

[102] analyzed the PGA method in the DR~submodular setting (x = 0) and proved that
flz) = f(z*) — g—f. In comparison, thanks to Lemma we obtain an improved
ﬁ approximation ratio with a similar sub-linear convergence rate in the DR-submodular

setting. Moreover, if f is p-strongly DR-submodular, Theorem shows that the 7 Jrlcf

approximation ratio could be achieved at a faster linear convergence rate. Furthermore, if
cr < e_% ~ 0.58, the ﬁ approximation ratio obtained in Theorem [7.5.1|is larger than

the 1 — % approximation ratio guaranteed by the Frank-Wolfe variant of [25]. However,

T Jrlcf <1- %f always holds, i.e., the approximation ratio of the SDRFW algorithm is greater

than that of the PGA algorithm.

7.5.1 Online setting

We can also use Lemma to obtain improved regret bounds in the online setting for
the Online Gradient Ascent (OGA) algorithm. To be precise, consider the following online
optimization protocol: A convex constraint set I with diameter R is given. At each iteration
t € [T, the online algorithm first chooses an action z; € K. Upon committing to this choice,
a monotone (strongly) DR-submodular function f; : K — R, K C R", is revealed and the
algorithm receives the reward f;(z;). The goal is to maximize the total obtained reward

or equivalently minimize the a-regret a-Rr = amax ek Zthl fi(x) — Z::F:l fi(xy), i.e., the
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Algorithm 3 OGA
Input: Convex set K, #1 € K, L-smooth and p-strongly DR-submodular functions {f;}-_;,

step sizes {n:}l_;.

Output: {z;}] ;.

fort=1to T do
Play x; and receive the reward fi(x).
Set x141 = Proji ($t + ntVft(xt)).

end for

difference between the cumulative reward of the algorithm and the « approximation to that
of the best fixed decision in hindsight where @ € (0, 1].

The Online Gradient Ascent (OGA) algorithm is provided in Algorithm 3. OGA is the online
counterpart of the PGA algorithm for the offline setting. Starting from an arbitrary initial
point 1 € K, for all ¢t € [T — 1], OGA uses the update x411 = Proj,c(a:t + ﬁtVft(ZL‘t)) to
obtain the next iterate xy41, where n; > 0 is the step size. [61] analyzed the OGA algorithm
in the DR-submodular setting (u = 0) and provided O(v/'T) bounds for the i-regret of the
algorithm. Using Lemma we can obtain improved O(vT) and O(InT) (1 +C) regret
bounds in the DR-submodular and strongly DR-submodular settings respectively where

¢ = max¢[r) ¢f,- This result is stated in the theorem below.

Theorem 7.5.2 Assume that the functions {f;}I_, are all monotone, (3-Lipschitz and -

strongly DR-submodular. If for all t € [T], we set ny = the OGA algorithm has the

ut’

following (+

Tye)-regret bound.

1 T T BQ
1+czz:ft( z:: (1) _2ul+c)(1—HHT)7

where ¥ = arg max, ¢y Zt | fe(x). Moreover, in the DR-submodular setting (1 =0), if we

setmy =1n = thf vt € [T, the (%) regret of the algorithm is bounded as follows:

T RB
z:: thﬁt_1+f
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For the online monotone DR~submodular maximization problem with bounded curvature,
the only prior study was done by [I0I] where the authors proposed an algorithm for the
special setting where the DR-submodular functions { ft}thl are the multilinear extensions of
corresponding submodular set functions {F;}2_; and they showed that the algorithm obtains
an O(VT) (1 — ¢ — ¢)-regret bound with ”; projections per iteration. In comparison, while
the approximation ratio in Theorem is slightly worse, Algorithm 3 performs only a
single projection per step (hence a significantly lower computational complexity) and its

logarithmic regret bound is superior in the strongly DR-submodular setting.
7.6 Computing the smoothness parameter

Both the SDRFW and PGA algorithms require knowledge of the smoothness parameter L
of the objective function to be implemented. In this section, we show how computing L
of a twice differentiable p-strongly DR-submodular objective function f (u > 0) could be
formulated as a convex optimization problem that could be solved efficiently before running
the algorithms. Given that our technique applies to the DR-submodular setting (i.e., u = 0)
as well, the results of this section are useful for the proposed algorithms in prior works for
DR-submodular maximization. In particular, while [102] chose the step size of (stochastic)
PGA as a function of the smoothness parameter L to obtain the theoretical approximation
guarantees in their work, they mentioned that estimating L is difficult in general and poses
a challenge for implementation. Therefore, they suggested an alternative adaptive step size
rule (as a function of the iteration number) with no theoretical performance guarantees in
their experiments. This section precisely addresses the aforementioned challenge.

As we defined smoothness earlier in Section [7.3] we need to find a constant L > 0 such that
for all z € K, the smallest eigenvalue of V2 f(z) is lower bounded by —L, i.e., V2f(x) = —LI.
This is equivalent to finding L > 0 such that the largest eigenvalue of —V2f is uniformly
upper bounded by L everywhere. Given that f is u-strongly DR-submodular, —VZ2f is
an element-wise non-negative matrix. The Perron-Frobenius theorem [107, Theorem 8.4.4]

states that if —V2f is irreducible, i.e., the matrix (I — V2f)"~! is element-wise positive,
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—V?2f has a positive real eigenvalue Apf equal to its spectral radius (which is the largest
magnitude of its eigenvalues) and an entry-wise positive eigenvector v,¢ >~ 0 corresponding
to A\py and therefore, we can set L = A, ;. In order to check irreducibility of the symmetric
matrix —V?2f, we can associate with it an undirected graph G with n vertices labeled
{1,...,n} where there is an edge between vertices i and j if —V?jf = —V?if >0. —V2f
is irreducible if and only if its associated graph G is connected. According to a result in
the theory of non-negative matrices, the Perron-Frobenius eigenvalue is the solution of the
following optimization problem:
minimize A

(7.4)
subject to 377, —V?jf(x)vj < Av; Vi € [n],

where the variables are > 0, v > 0 and A > 0. We show how the above problem could be
transformed into a convex optimization problem in many cases.

A function h : R}, — R defined as h(z) = cai"...z%", where ¢ > 0 and a; € R Vi €
[n], is called a monomial. A sum of m monomials, i.e., a function of the form h(z) =
Yo csxit L alre where ¢ > 0 Vs € [m] and a;s € R Vi € [n],s € [m], is called a

posynomial. Consider the following optimization problem with variable z € R" | :

minimize  ho(z)
subject to  hyi(x) <1 Vi€ [n]
hoj(x) =1 Vj € [p].

If ho, h11, h12,. .., h1, are posynomials and hoi, .. ., ha, are monomials, the above problem
is called a Geometric Program (GP). While GPs are not generally convex optimization
problems, they can be transformed into convex problems (see [31], Section 4.5.3] for details).
For all i € [n], we can rewrite the constraints of problem in the following equivalent
way:

(A ) Z —Viifx)oy < 1.
j=1

If the non-zero entries of —V?2f(z) are posynomial functions of the variable z, the constraints

of problem ([7.4]) are posynomial inequalities and therefore, the optimization problem for
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computing the smoothness parameter L = A, can be expressed as a GP.

As an example, consider the problem of computing the stability number of an undirected
graph G with adjacency matrix A where f(z) = 27 (=A — Iz + 217z (introduced in Section
. Without loss of generality, assume that G is connected (otherwise, we can consider
each connected component of G separately and use the fact that the stability number of
a graph equals the sum of the stability numbers of its connected components). Since G is
connected, —V?2f(z) = 2A + 21 is an entry-wise non-negative and irreducible matrix, and
therefore, computing the smoothness parameter L of f could be formulated as a GP.

More generally, consider the class of concave functions with negative dependence. Let d > 2.
If hy : Ry — R is p-strongly concave for all i € [n] and 6;, _; < 0 for all r € [d] and
(i1,...,%) C [n], the following function f : R} — R is p-strongly DR-submodular:

n

f(z) = Z hi(z;) + Z Oijricy + -+ Z Oir iy Tiy - Tiy-

=1 (4,5):1#7 (31,-+-s0d):trF£ls Vr,s€[d]
It is easy to see that all off-diagonal entries of —V?2f(x) are posynomials. If for all i € [n],

—hY(z;) is a posynomial as well, the smoothness parameter of f could be computed as the

solution of a GP.
7.7 Numerical examples

For the first experiment, we set n = 25 and chose K = {z €¢ R" : 172 < 5,0 <z < 1}.
We considered the class of indefinite quadratic functions and defined f(z) = (32 — 1) Ha,
where H € R™*" is a matrix whose entries are uniformly distributed in the range [—10, —5].
Therefore, ;4 = 5 in this setting. We computed L using the technique described in Section
and set K = (%1 We ran Algorithm 1, Frank-Wolfe variant of [25] and PGA for K
iterations using different values of s in the range [2,20] (using 21 = 0 for PGA) and plotted
the utility of the output of all three algorithms in each setting. The plot is depicted in
Figure [7.1] This plot shows that Algorithm 1 obtains slightly higher utilities, followed by
PGA and the Frank-Wolfe variant of [25].

In the second experiment, we studied the problem of computing the stability number s(G)
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Figure 7.1: Comparison of algorithms for a class of strongly DR-submodular quadratic

functions.

for two graphs. The first graph is provided in Figure It is easy to see that s(G) =4 for
this graph (e.g., vertices {3,5,6,8} form a maximum stable set of G). As it was mentioned
earlier in Section we set = {x € R": 172 = 1,2; > 0 Vi € [n]} where n = 10. Also, we
defined f(z) = 27(—A — Iz + 217z and using the formula s(G)~! = 2 — max,cx f(z), we
set #@) as the estimate of the stability number at x € K. Since all the diagonal entries of
V2f(-) are equal to —2, we have p = 2. We also computed L using the method presented in
Section We ran PGA for this problem and plotted % versus the iteration number
k in Figure (a). As the plot shows, PGA converges to the optimal value 4 after only

Figure 7.2: Graph G with n = 10 used in Experiment 2.
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Figure 7.3: Computing the stability number s(G) for a graph G with (a) n = 10 vertices
and s(G) =4, (b) n = 1024 vertices and s(G) = 196.

10 iterations. As the second example, we considered a graph with n = 1024 vertices from
https://oeis.org/A265032/a265032.html that contains a collection of graph instances
commonly used in coding theory. Using an algorithm with a running time of 200 hours, [164]
managed to show that the stability number of this graph is 196. The performance of PGA
for this problem is plotted in Figure (b) The algorithm converges to the value 182 as the
estimate of the stability number and therefore, the performance of PGA for this problem is
significantly better than the approximation guarantee proved in Theorem Note that
the domain in the second experiment does not contain the origin and thus, Algorithm 1 does

not apply to this problem.
7.8 Conclusion and future work

In this chapter, we considered the class of monotone, smooth, and strongly DR-submodular
functions with bounded curvature and we proposed many first-order gradient methods for
this problem along with their approximation guarantees and convergence rates.

This work could be extended in several directions. Throughout this chapter, we assumed

that we have access to the exact gradient of the objective function. However, in many
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applications, it is difficult to compute the gradient exactly, but an unbiased estimate of the
gradient can be easily obtained. It is interesting to study stochastic gradient methods for this
setting and provide performance guarantees. Secondly, we introduced the class of strongly
DR-submodular functions with respect to the norm || - ||2. As we showed in Lemma [7.3.1
strongly DR-submodular functions are strongly concave along non-negative directions with
respect to || - ||2. This definition could be easily extended to other norms as well. Similarly,
while the smoothness of f over the domain K was defined with respect to the Euclidean
norm, in some cases, f and K are not well-behaved in the || - |2 norm and L scales with
the ambient dimension n leading to slower convergence rates for our proposed algorithms
in large-scale applications. In such cases, one can study mirror ascent methods that are

designed to adapt to smoothness in general norms.
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Chapter 8
ONLINE STRONGLY DR-SUBMODULAR MAXIMIZATION

8.1 Chapter overview

This chapter is based on joint work with Maryam Fazel. A shorter version of this work
appeared at the International Conference on Machine Learning (ICML) 2021 Workshop
on Subset Selection in Machine Learning: From Theory to Applications. In this chapter,
we consider an online optimization problem over T rounds where at each step t € [T7],
the algorithm chooses an action x; from the fixed convex and compact domain set . A
continuous utility function fi(-) is then revealed and the algorithm receives the payoff
ft(x¢). This problem has been previously studied under the assumption that the utilities
are adversarially chosen monotone DR-submodular functions and O(v/T) regret bounds
have been derived. We first characterize the class of strongly DR-submodular functions
and then, we derive regret bounds for the following new online settings: (1) {f;}1 are
monotone strongly DR-submodular and chosen adversarially, (2) {f;}L_, are monotone
DR-submodular (while the average % ZtT:1 ft is strongly DR~submodular) and chosen by an
adversary but they arrive in a uniformly random order, (3) {f;}1_; are drawn i.i.d. from some
unknown distribution f; ~ D where the expected function f(-) = E¢p[fi(-)] is monotone
DR-submodular. For (1), we obtain the first logarithmic regret bounds. In terms of the
second framework, we show that it is possible to obtain similar logarithmic bounds with high
probability. Finally, for the i.i.d. model, we provide algorithms with O(v/T) stochastic regret
bound, both in expectation and with high probability. Experimental results demonstrate

that our algorithms outperform the previous techniques in the aforementioned three settings.
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8.2 Introduction

Online Convex Optimization (OCO) is a well-studied framework for sequential prediction
in the face of uncertainty inherent in the arriving data [218, 104, 189, 35]. OCO can be
interpreted as a repeated game between a learner and an adversary in which at each round
t € [T], the player chooses an action z; from a fixed convex and compact domain K and
upon committing to this action, a convex loss function f; : K — R is revealed and the learner
incurs a loss of fi;(z;). In the non-stochastic adversary model, the sequence of loss functions
{f:}L is assumed to be selected by an adversary who knows the learner’s algorithm (but not
the potential randomness used for prediction). The goal is to choose {;}/_; such that the
regret of the learner defined as Ry = 23:1 fi(zy) —mingex Z?:l fi(z) is minimized. For this
setting, several algorithms have been proposed to obtain the provably optimal O(\/T ) regret
bound [167, 104}, 189, [35]. Similarly, for the case where {f;}1_; is a sequence of monotone
DR-submodular utility functions, [195], [95] and [61] obtained O(v/T) regret bounds against
the (1 — %)—approximation to the best fixed decision in hindsight, i.e., regret being defined as
Rr = (1 —1)max,ex ST fel@) = S5 fi(a). Tf the sequence of loss functions is strongly
convex, algorithms with logarithmic regret bounds have been introduced [103]. However,
even though strongly DR-submodular functions were introduced by [I83], the study of online
strongly DR-submodular maximization problems is missing in the literature.

In some scenarios, despite the adversarial nature of the sequence of arriving functions, the
online input does not have a temporal structure, and online data is streamed without partic-
ular order [82] [70] [7]. For instance, consider the problem of bidding in repeated auctions for
online advertising in which at each round ¢ € [T], an impression (e.g., online viewer) arrives
and becomes available for sale through an auction. The advertiser needs to bid to win the
auction and the corresponding impression. In this example, the viewers do not arrive in a
particular order and therefore, their order of arrival could be assumed to be random.
Moreover, in many applications, the sequence of arriving functions {f;}/_; is not cho-
sen arbitrarily (adversarially). For instance, in empirical risk minimization, the learner

wants to minimize a loss function f which is the expectation of empirical loss functions
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fi(-) = f(-;wy) Yt € [T], where w; is drawn ii.d. from a fixed unknown distribution D,

ie., f(-) = Eyp[f(;w)]. In this setting, we aim to minimize the stochastic regret defined
as SRy = Zthl f(z) — Tmingex f(z) (T(1 — )y maxzex f(2) — Zthl f(xy) for the DR-
submodular setting).

In this chapter, we fill the gaps in the online DR-submodular maximization literature by
studying online strongly DR-submodular maximization problems in the adversarial setting,
and also online DR-submodular problems against the aforementioned two stochastic adver-

sary models.

8.3 Preliminaries

For a DR-submodular function f, f is L-smooth over non-negative directions with respect

to || - || if for all ,y such that = <y, we have f(y) — f(z) > (Vf(z),y — ) — &y — z|*

Example 8.3.1 Let f(x) = %:cTAx +a’z + ¢ where A is a symmetric matriz. If for all
i,j € [n], Aij > —L holds, the function f is L-smooth with respect to || - |1.

8.3.1 Related work

Online optimization in the i.i.d. model. For the setting where the objective functions
{f:}£ | are drawn i.i.d. from an unknown distribution D with a convex mean f(-) = Ep[f;(-)],
several algorithms have been proposed that could be divided into two categories of projection-
based and projection-free algorithms where the latter is most relevant to our work. In
particular, [105] proposed the Online Frank-Wolfe (OFW) algorithm which achieves a nearly
optimal O(v/T) stochastic regret bound with high probability. The OFW algorithm requires
to access exact gradient of {f;}2_; and has an average O(T) per-iteration computational
cost. To remedy this issue, more recently, [60] proposed the One-Shot Frank-Wolfe (OSFW)
algorithm with O(T?/3) stochastic regret bound in expectation. Note that the OSFW
algorithm obtains similar bounds for the setting where f is monotone continuous DR-

submodular. The OSFW algorithm only uses unbiased stochastic gradient estimates of
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loss functions and has an O(1) cost per iteration. However, the derived O(T%/3) stochastic
regret bound is sub-optimal. To bridge this gap, [208] introduced the Online stochastic
Recursive Gradient-based Frank-Wolfe (ORGFW) algorithm which not only has a nearly
optimal O(v/T) stochastic regret bound with high probability, but it also maintains a low
O(1) computational cost per round.

Online convex optimization in the random order model. [92] studied OCO in a
weaker model where the loss functions are still chosen adversarially but their order of arrival
is random. This model is termed Random Order Online Convex Optimization (ROOCO).
ROOCO is a natural middle ground between the standard adversarial OCO setting and the
model where the loss functions are drawn i.i.d. from some unknown underlying distribution.
In [92], the authors assumed that the average of the sequence of loss functions is a-strongly
convex while each individual loss function may not even be convex. They showed that if all
the loss functions are quadratic, with probability at least 1 — §, Online Gradient Descent
(OGD) with step size 1 = 2 Vt € [T] obtains a regret bound of O(g—zlogQT), where 3 is the
Lipschitz constant of the loss functions. Moreover, for general loss functions, OGD with the
same choice of step sizes obtains a regret bound of O(%flogQT ) (n is the dimension of the
domain space) with probability at least 1 — d. More recently, [191] provided a new algorithm
with an improved (’)(%ZlogT) for the problem.

See the Appendix for a more detailed review of prior works.

8.3.2  Contributions

In this chapter, we study online continuous DR~submodular maximization in three different
online settings. Our contributions are listed as follows:

e In Section [8.4] we propose Algorithm 1 which achieves logarithmic regret bound in the
adversarial setting with strongly DR-submodular utility functions { ft}tT:1-

e We consider the random order model in Section where the utility functions are
DR-submodular and chosen adversarially but they arrive in a uniformly random order. For

this setting, we leverage concentration inequalities for sampling without replacement as our
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Paper Setting Approx. Ratio | Regret Guarantee
[61] adversarial, DR-submodular 1-1/e OWT) deterministic
Algorithm 1 | adversarial, strongly DR-submodular 1-1/e O(InT) deterministic
Algorithm 1 random order, DR-submodular(®) 1-1/e O(In’T) w.h.p.
[60] i.i.d., DR-submodular 1/e O(T?/3) in expectation
Algorithm 2 i.i.d., DR-submodular 1-1/e O(VT) | in expectation, w.h.p.
Algorithm 3 i.i.d., DR~-submodular 1/e O(JT) | in expectation, w.h.p.

Table 8.1: Comparison of online DR-submodular algorithms. Note that in (a), we also

assume that % Zthl f+ is strongly DR-submodular.

main tool to show that if the average of utility functions is strongly DR-submodular, we can
exploit Algorithm 1 to achieve logarithmic regret bound even if each utility function is only
DR-submodular.

e In Section we study the i.i.d. model where the sequence of generally non DR-
submodular utility functions {f;}X; are drawn from an unknown distribution D with DR-
submodular mean f, i.e., Ep[fi(-)] = f(-), and we only have access to unbiased stochastic
gradient estimates of {f;}._;. We propose Algorithm 2 and Algorithm 3 for this setting, and
we obtain nearly optimal @( V/T) stochastic regret bounds, both in expectation and with high
probability for each algorithm. Algorithm 2 manages to obtain the optimal approximation
ratio 1 — é, however it requires O(T' 5/ 2) overall gradient evaluations. On the other hand,
Algorithm 3 only achieves a % approximation ratio while requiring a much lower O(T') total
gradient evaluations.

Finally, in Section we test our online algorithms through numerical experiments on
synthetic and real-world datasets and highlight their superiority compared to previous
techniques for the aforementioned three online frameworks. A summary of the results of this
chapter in comparison with prior works is presented in Table All missing proofs are
provided in the Appendix.

In this chapter, we have assumed that the horizon T is known in advance. However, had we
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not known 7" beforehand, we could have used the well-known doubling trick [10] to obtain

the same regret bounds with slightly worse constants.
8.4 Online strongly DR-submodular maximization in the adversarial setting

We first define strongly DR-submodular functions below.

Definition 8.4.1 (Strong DR-submodularity [183]) A twice differentiable function
f: K= R, KCR%, is u-strongly DR-submodular if for all z € K, we have V2 f(x) <
—u Yi € [n] and V?jf(x) <0 Vi#j.

Note that if g = 0, f is DR-submodular. Definition [8.4.1] states that for a twice differentiable
DR-submodular function, if V2 f(z) < —u holds for all i € [n] and z € K, the function
is p-strongly DR-~submodular. For instance, consider a graph G = (V, E) with adjacency
matrix A. Computing the stability number s(G) of the graph could be formulated as
s(G)~! = mingea 27 (A + I)x where A is the simplex (Section 6.1 of [27]). Since the Hessian
of 27 (—=A— Iz +21T2 is —2A — 21, the function is 2-strongly DR-submodular and therefore,
the problem of finding the stability number of the graph could be formulated as a convex-
constrained monotone strongly DR-submodular maximization problem.

Now, consider the following adversarial online optimization problem over 71" rounds: At each
step t € [T], the algorithm chooses a decision variable x; € IC, where K is the fixed convex
and compact domain with diameter R and 0 € KC. Once the algorithm commits to the action
x¢, the adversary reveals a monotone utility function f; which is p-strongly DR-submodular
and L-smooth. Without loss of generality and for ease of notation, we assume the utility
functions are normalized, i.e., f;(0) = 0 V¢t € [T]. The overall goal is to maximize the

cumulative utility Zthl ft(x¢) or equivalently, minimize the (1 — %)—regret Ry defined as:

where 1 — % is the optimal polynomial time approximation ratio for offline monotone DR~

submodular maximization. In other words, the regret compares the decisions of the algorithm
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Algorithm 1 Online strongly DR-submodular maximization algorithm

Input: K > 0 is the number of inner loops, T is the horizon, and p > 0.
Output: {z;:1 <t <T}.
Choose an off-the-shelf online strongly concave maximization algorithm and initialize K
instances {Ek}le of it for online maximization of p-strongly concave utility functions over
K.
fort=1to T do

Set :cgl) =0.

for k =1to K do

Let ng) be the vector selected by &;.

24D g0 | 1)
end for
Play z; = x%KH), observe the function f; and the reward fi(x).

Feedback (vﬁk), Vft(xgk)» — %Hvik) |? as the payoff to be received by &y.

end for

with the (1 — 1)-approximation to the optimal solution in hindsight.

For the setting with u = 0, i.e., when all utility functions are just DR-submodular, [61]
proposed the Meta-Frank-Wolfe algorithm with a provably optimal (’)(\/T ) regret. Since for
all t € [T], f; remains unknown until the algorithm chooses the action x;, the Meta-Frank-
Wolfe algorithm runs K = +/T instances of a no-regret online linear maximization algorithm
(such as Follow the Regularized Leader (FTRL)) to mimic the Frank-Wolfe variant of [25]
for offline DR-submodular maximization in the online setting, and outputs the average
of the decisions of these instances at each round. We now propose a modified version
of the Meta-Frank-Wolfe algorithm of [61] for strongly DR-~submodular utility functions
to be able to obtain improved logarithmic regret bound in this case. The algorithm is
presented in Algorithm 1. The algorithm runs K instances {&:}szl of no-regret online

strongly concave maximization algorithms (such as Follow the Leader (FTL)) where at each
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(k)

round ¢ € [T, the instance & chooses the action v, ’ and upon committing to this decision,
it receives a p-strongly concave payoff of <vt \Y ft( )> - %vak) |?. Algorithm 1 outputs
Ty = ? Zk:l vtk) . Note that the FTL update rule for vt(k) is computationally efficient in
many cases. To be precise, we can write:

—1
t—1
o) = argmax (2, Y VA, - D jpp
zek s=1

' 1 t—1
= Proe (=) 2, V)

where Proji denotes Euclidean projection onto set K.

The regret guarantee of Algorithm 1 is provided below.

Theorem 8.4.1 Assume that {f;}1_, are normalized (i.e., f(0) = 0), monotone, p-strongly
DR-submodular, L-smooth and (B-Lipschitz with respect to || - ||2. Using Algorithm 1 with
K= [%], we have:

) <O(InT),

m\»a

IIMH

T
where x* = arg max,cx Zthl fi(x).

Note that while the Meta-Frank-Wolfe algorithm of [61] requires K = /T parallel online
algorithms to achieve an O(v/T) regret bound, Algorithm 1 only requires [ﬁ} (independent
of T') such subroutines to obtain an improved logarithmic regret bound. In other words,
Algorithm 1 has a better utility performance while being computationally more efficient as

well. Moreover, compared to the (:1-)-regret guarantee of OGA provided in the previous

Tre)
chapter, Algorithm 1 achieves a higher approximation ratio of 1 — % for general strongly

DR-submodular functions.
8.5 Online DR-submodular maximization in the random order model

In this section, we focus on the random order adversary model where the sequence of objective

functions {f;}]_, is still chosen adversarially, but they arrive in a uniformly random order.
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In other words, each of the T"! permutations of the ordering of arbitrarily chosen utility
functions is equally likely to happen. Specifically, we first consider an online DR-submodular
maximization problem in which the DR-~submodular utility function at step ¢ € [T] is
quadratic, fy(z) = %:cTA(t):c + (a)Tx where A®) is symmetric, every off-diagonal entry
Ag-) Vi # j € [n] is in the range [—L,0], and every diagonal entry of the average matrix
%Zthl A® is in the range [—L, —u] while |AS)| < L for all i € [n]. In other words, each
utility function {f;}_; is DR-submodular, and the average of utility functions % Zle feis
p-strongly DR-submodular with respect to || - ||2 and L-smooth with respect to || - ||1. We

first provide the following concentration inequality for randomly permuted sums.

Theorem 8.5.1 (Theorem 4.3 of [20]) Let {cy s}y se[r) be an array of real numbers from the
range [—me, me|. Let Zp = 2721 Cr [1p(r) where [1p is drawn from the uniform distribution

over the set of all permutations of {1,...,T}. Then, for any A > 0, we have:
)\2

T )
16(% Zr,s:l 672”,8 + m?,)\)

P(|Zr — E[Zr]| > A) < dexp( —

_ 5 2
where § = 51113— 5.

Now, we apply the result of Theorem to our problem. Let W € [1,T]. For a fixed
i € [n], set:

AP —El AR ifisr<w
Cr.s =

0 0.W.
We can write:
- ) WS
_ _ 7T t
Zr = TE:ICTIIT(T) = ;An’ T ;Au‘ :

Taking the expectation of the above equality, we obtain:

w - 174
T t
Bi2r] = 3BT - 5 0
r=1 t=1
w T
1 w
Syl Wy
r=1 t=1 t=1
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Since m, = 2L in our setting, we have T er 1Crs = 7F Zr 1 ZS 1 ( i T Zt 1 A ) S
40L*W . Plugging in A = We, we obtain:

T
ZA (T (r)) Z | ZA(HT g Z

W2e?
16(40L2W + 2L3¥<) )

< 4exp( —

P(|+ v, A(HT -7 LT A(t | > €) is then bounded from above by
4exp( — %) € <60L

4exp( — %‘Z.f) 0.W.

If we choose € < &, the first case happens. Therefore, if we set % = 4exp( — I;/g%), we
can use the union bound to conclude that for every i € [n] and 7 € {0,..., [£] — 1}, with
probability at least 1 — ¢, it holds that % yt‘l,[)}fl A(t) < —(pu—e) < =5 for any W > Wy
where Wy = M ln(¥). In other words, for large enough W, the average of each of the
consecutive blocks of size W of the utility functions is (5)-strongly DR-submodular.

Now, consider general monotone DR-submodular utility functions { ft}tzl- In this case, the
Hessian of the utility functions is not fixed and therefore, we have to ensure the strong
DR-submodularity of every block of size W at every point x € K. The analysis in this
setting is provided in the Appendix.

Considering that the strong DR-submodularity property propagates to the average of utility
functions over sufficiently large blocks, we can apply Algorithm 1 to these blocks to obtain

logarithmic regret bounds. We summarize this result in the following theorem.

Theorem 8.5.2 Assume that for all t € [T], the utility function f; is normalized, mono-

tone and DR-submodular, and the average of utility functions % Zthl ft is p-strongly DR-

submodular and L-smooth. Then, with probability at least 1 — 6, if we apply Algorithm 1 to
the utility functions {3 ZtTt‘l,VH ft}{w] for W > W, = O(ﬁ—i In(2F)), we have:

1 T

e > (A=) = filzr) < O(n ).

=0 t=TW+1
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Therefore, if we set vy = z; for all T € {0,..., [%] —1tandt e {TW+1,...,(t+1)W},
the following holds with probability at least 1 —§:

Ry < O(Wln %) = (’)(ln(%) InT).

It is noteworthy that while the idea of propagation of the strong convexity property of the
overall average function to the average over sufficiently large blocks in [92] is similar to the
idea used here for the DR-submodular setting, the techniques and matriz concentration
inequalities used to guarantee strong convexity of the Hessian matrix in [92] is quite different
than the entry-wise concentration inequalities used in our work to ensure that entries of the
Hessian matrix satisfy the box constraints enforced by the strong DR-submodularity and

smoothness properties.
8.6 Online DR-submodular maximization in the i.i.d. model

In this section, we focus on the setting where the sequence of utility functions {f;}7_; is
drawn ii.d. from some fixed unknown distribution f; ~ D where Ep[fi(-)] = f(-). In
this framework, the performance is measured via the notion of stochastic regret defined as
a-SRy = Taf(x*) — Zthl f(z¢), where x* = argmax, ., f(z).

Assumption 1. We make the following assumptions on the utility functions:

e Forallt € [T] and = € KC, we only have access to the unbiased gradient oracle Vfi(z), ie.,
E[V fi(z)] = V().

e There exists o > 0 such that for any 2 € K and t € [T], |V fi(z) — Vf(x)||2 < o holds.

e f is monotone DR-submodular and L-smooth.

e {fi}L, are L-smooth.

Note that there are several differences between the adversarial and i.i.d. settings that are as
follows: 1) In the i.i.d. setting, it is assumed that only the expected function f(-) = E[fi()]
is DR-submodular while each utility function f;(-) may not be necessarily DR-submodular.
However, in the adversarial setting, all utility functions {f;}._; are assumed to be DR-

submodular. 2) The regret metric used in the adversarial and i.i.d. settings are quite different
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Algorithm 2
Input: {K; =+/t}1; and T > 0 is the horizon.

fort=1,...,7T do

Play z; = argKt‘IH) and observe f;.

Set ajgl = 0.

for k=1,2,...,K; do
k = k
= 1YL V).

vt(k) = argmax, x(z, dﬁk))
k+1 k
Set §+1 )= §+)1 + K ( g
end for
end for

from each other. The adversarial regret is defined with respect to the utility functions { f;}7_;.
On the other hand, the stochastic regret metric is in terms of the expected function f.
If f was known in advance, we would use the Frank-Wolfe variant of [25] for offline DR~

(1)

submodular maximization. To be precise, for all t+1 € [T7, starting from z, ", = 0, we would

perform K; Frank-Wolfe updates where at each iteration k € [K}], we choose vt(k) according to
ng) = arg max,x (z, Vf(xgi)l», and perform the update ng{l) 1@1 + % v,gk) However,

f is not available in advance. To tackle this problem, at round ¢t + 1 € [T], we can use the
average of utility functions {fs}!_, observed so far as an estimate of f. Using this technique,

we propose Algorithm 2 and provide its stochastic regret guarantee in the theorem below.

Theorem 8.6.1 For online DR-submodular maximization in the i.i.d. model, if Assumption

1 holds, the expected stochastic regret of Algorithm 2 is as follows:
[(1—7 SRT<Z—+O VT).

Moreover, with probability at least 1 — &, we have:
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Algorithm 3

Input: {p; = H%}le and 7' > 0 is the horizon.
fort=1,...,T do

Play x; and observe f;.

if t =1 then

di = Vfi(xt).
else

de = V fi(ze) + (L= pe) (dee1 — V fe(z-1)).
end if

vy = argmax, oy (x, dy).
Set 441 = x4 + %vt.

end for

Therefore, if we set K; = \/t ¥t € [T], Algorithm 2 obtains an O(\/T) stochastic regret bound,

both in expectation and with high probability.

In the convex setting, O(v/T) stochastic regret bound is optimal and the same lower bound
extends to the DR-submodular framework as well. Algorithm 2 manages to obtain the
nearly optimal @(ﬁ ) stochastic regret bound. However, in each step ¢ € [T], the algorithm
requires gradient oracle access at O(t%?) points which leads to O(T°/2) overall gradient
evaluations. Therefore, in applications where computing the gradient of utility functions
is computationally expensive, Algorithm 2 has a high computational cost and may not be
suitable.

To remedy this issue, inspired by the variance-reduction technique of [208], we propose
Algorithm 3. In this algorithm, for all ¢ € [T], we estimate V f(z;) using the recursive
estimator d; = @ft(mt) +(1- pt)(dt_l — @ft(:ct_l)). The regret bound is provided below.

Theorem 8.6.2 For online DR-submodular mazimization in the i.i.d. model, if Assumption
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1 holds, Algorithm 8 obtains the following stochastic regret bound in expectation:
1
E[(>)-SRr] < O(oVT).

Also, the following holds with probability at least 1 —§:

(é)-SRT < O(a\/Tln(g)).

At each round t € [T], Algorithm 2 requires computing the gradient at O(t3/2) points
whereas Algorithm 3 requires only 2 gradient evaluations per step. Therefore, the overall
number of gradient evaluations of Algorithm 2 and Algorithm 3 are O(T°/2) and O(T)
respectively. Moreover, both algorithms require solving just 1 linear optimization problem
over the constraint set IC per round. However, despite the lower computational complexity of
Algorithm 3, this algorithm only manages to obtain an O(v/T) bound for the (1)-stochastic
regret while Algorithm 2 obtains similar bounds for the (1 — %)—regret where 1 — % is the
optimal approximation ratio for offline DR-submodular maximization.

The only prior study of online DR-submodular maximization in the i.i.d. model was done
by [60] in which the authors proposed the OSFW algorithm with a sub-optimal O(72/3)
(1 - %)-stochastic regret bound in expectation. The OSFW algorithm requires only 1
gradient evaluation per round, however, there is a mistake in the analysis of the regret bound
(using the inequality (1 — +)" < 1 for all ¢ € [T] which is incorrect) and consequently, the
approximation ratio is % Therefore, while Algorithm 3 and the OSFW algorithm of [60]
both perform just O(1) gradient evaluations per step, the variance reduction technique used

in Algorithm 3 leads to an improved O(v/T) bound for the (1)-regret.

8.7 Numerical examples

For the first experiment, we used the MovieLens dataset [100], containing anonymous ratings
of approximately 3900 movies made by 6040 MovielLens users, and we studied a movie
recommendation problem. We extracted 17 movies and 100 users with the most number of

ratings. Therefore, n = 17 and T' = 100. For all ¢ € [T}, the utility function f; is defined as
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fe(x) =537 In(1+ Rl(t):ni) + D i i<y Hg)mimj where Rgt) € [0,1] is the rescaled rating of
(®

t-th online user for the i-th movie, and ¢;;" is uniformly distributed in the range [—1, 0] if the
i-th and j-th movies are from the same genre. In other words, the utility function captures
the diversity of the recommended movies. We chose K = {x € R™: 1T <4,0<z < 1}, ie.,
the algorithm has to recommend 4 movies to each arriving user. We ran Algorithm 1 and
the Meta-Frank-Wolfe algorithm of [61], and plotted the (1 — 1)-regret versus the number of
iterations in Figure (a). This plot verifies that the regret of Algorithm 1 is significantly
smaller than the Meta-Frank-Wolfe algorithm for strongly DR-submodular functions.

For the second experiment, we studied online DR-submodular maximization in the i.i.d.
model. We set m =2, n =4 and T' = 100. We defined K = {zx € R" : Cx < b,0 <z < 1},
where C' € R™*" is a matrix whose entries are uniformly distributed in the range [0, 1] and
b € R™ is the vector of all ones. For the underlying utility function f(z) = (32 — 1)T Az,
we chose A to be a random matrix whose entries are sampled uniformly at random from
the range [—1,0]. Therefore, f is DR-submodular and 1-smooth. For all ¢ € [T], we set
A = A4+ N® where N® is a matrix with entries uniformly distributed in the range
[—4,4]. Thus, {A®}T | is an unbiased estimator of A. Note that since {A®)}T | may have
positive entries, each individual utility function {f;}_; is not necessarily DR-submodular.
The running average of the utility of Algorithm 2, Algorithm 3, and the OSFW algorithm
of [60] is depicted in Figure [8.1(b). It can be observed that the regret of Algorithm 2 is
smaller than the other two algorithms because the average of the utility functions observed

so far is a more accurate estimation of f and has a lower variance at the expense of higher

computational complexity.
8.8 Conclusion and future work

We studied online DR-submodular maximization in three different settings. First, we focused
on the adversarial setting and provided Algorithm 1 with logarithmic regret bound. Next, we
considered online DR-submodular maximization in the random order model and showed how

we can use Algorithm 1 to obtain similar logarithmic regret bounds with high probability
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Figure 8.1: (a) Experiment 1, and (b) Experiment 2.

despite each utility function not being DR-~submodular. Finally, we focused on online DR-
submodular maximization in the i.i.d. model, and we provided two algorithms with nearly
optimal @(\/T ) regret bounds, both in expectation and with high probability. This work
could be extended in several directions. It is interesting to see whether Algorithm 1 could be
used in a best-of-both-worlds fashion for the adversarial and random order frameworks, i.e.,
if we can obtain logarithmic regret bounds in the random order model by simply applying
Algorithm 1 on the individual utility functions (instead of blocks of functions). Moreover,
providing an algorithm for the i.i.d. setting with optimal O(v/T) (1 — %)—stochastic regret

bound and O(T') overall gradient evaluations is yet to be done.
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Part II1

SUBMODULAR MAXIMIZATION UNDER SOCIAL AND ECONOMIC
CONSIDERATIONS
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Chapter 9

DIFFERENTIALLY PRIVATE MONOTONE SUBMODULAR
MAXIMIZATION UNDER MATROID AND KNAPSACK
CONSTRAINTS

9.1 Chapter overview

This chapter presents the joint work with Maryam Fazel that was published at the Inter-
national Conference on Artificial Intelligence and Statistics (AISTATS) 2021. Numerous
tasks in machine learning and artificial intelligence have been modeled as submodular maxi-
mization problems. These problems usually involve sensitive data about individuals, and in
addition to maximizing the utility, privacy concerns should be considered. In this chapter,
we study the general framework of non-negative monotone submodular maximization subject
to matroid or knapsack constraints in both offline and online settings. For the offline setting,
we propose a differentially private (1 — £)-approximation algorithm, where x € [0,1] is
the total curvature of the submodular set function, which improves upon prior works in
terms of approximation guarantee and query complexity under the same privacy budget. In
the online setting, we propose the first differentially private algorithm, and we specify the
conditions under which the regret bound scales as C’)(\/T ), i.e., privacy could be ensured
while maintaining the same regret bound as the optimal regret guarantee in the non-private

setting.
9.2 Introduction

The submodularity property of set functions has profound theoretical consequences and
far-reaching applications. Submodular set functions play a significant role in combinatorial
optimization as many well-known combinatorial functions are indeed submodular. Cut

functions of graphs and hypergraphs, rank functions of matroids and covering functions are
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a few examples of submodular set functions. Moreover, submodularity has been identified
and utilized in applications such as viral marketing [118], feature selection for classification
[127], image segmentation [123, 32] and document summarization [136] [120]. The multilinear

extension f :[0,1]V — R of F is defined as [46]

f@)=> FS) [Ja: JIQ - z)) = Esal F(S)].

Scv i€S  j¢s

Multilinear extensions coupled with lossless rounding techniques are extensively used for
maximizing the corresponding submodular set functions. In particular, for submodular
maximization subject to matroid constraints, [46] and [58] proposed the pipage rounding
and swap rounding schemes respectively to round the fractional solution without losing in
terms of the objective function. [128 [129] provided lossless rounding techniques for knapsack
constraints. It has been shown that multilinear extensions can be efficiently computed for a
large class of submodular set functions, for example, the weighted matroid rank function,
set cover function, probabilistic coverage function, and graph cut function.

In applications where the submodular function involves sensitive data about individuals,
privacy concerns should be addressed as well as obtaining good approximation guarantees.

For instance, consider the following feature selection problem [127, [149]:

Example 9.2.1 Let D = {(z;,C;)}]_, be a sensitive dataset consisting of a feature vector
xy € R™ for each individual t € [T] along with a binary class label Cy. The goal is to select
a small subset of the m features that provide a good classifier for the labels. In particular,
determining the likeliness of an individual having a certain disease using a representative
collection of his or her features (such as height, age, and weight) could be cast in this

framework.

In order to solve this problem, [I27] proposed a non-private algorithm based on maximizing
a submodular function capturing the mutual information between a subset of the features
and the class label of interest. However, in this setting, along with obtaining the most

relevant subset of features, it is crucial to ensure that the privacy of any individual included
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in the dataset is not compromised. See [I48] for more applications (such as personal data
summarization) that could be cast as submodular problems under more general constraints

in which privacy concerns should be addressed.

9.2.1 Preliminaries

Matroids and matroid polytopes. A matroid M is a pair M = (V,Z), where V is
a finite ground set and Z is a collection of subsets of V' called the independent sets, that
satisfies the following properties: 1) ) € Z. 2) For S’ ¢ S C V, if S € Z, then S’ € T holds.
3) For S,5" € Z, if |S| > |9’|, there exists v € S\ S” such that S’ U{v} € Z. The matroid
polytope corresponding to the matroid M = (V,Z) is defined as

PM)=conv{l;: T €T} ={x=0: ) z, <ry(S), VS CV}
ses

where the rank function raq : 2V — Zy is ry(S) = max{|I| : I € S,I € T} and conv
denotes the convex hull. We define rank(M) = rr(V') as the rank of the matroid M.

Knapsack constraints and knapsack polytopes. Given a ground set V', a positive
vector ¢ € Rlﬂr and a collection Z = {S CV : }° _gcs < 1} of subsets of V, S € T is called

a knapsack constraint. The natural continuous relaxation {x € [0,1]IV] : ¢z < 1} is the

knapsack polytope corresponding to Z.

9.2.2 Related work

Non-private submodular maximization. Maximizing non-negative monotone submodu-
lar set functions under a certain constraint has been extensively studied in the literature
in both offline and online settings. Consider the problem of maximizing the monotone
submodular function F'(S) subject to a cardinality constraint |S| < k. For offline monotone
submodular set function maximization subject to a cardinality constraint, [I61] proposed
a simple greedy algorithm that obtains the provably optimal approximation ratio of 1 — %
At each round i € [k], the greedy algorithm constructs S; from S;_; by adding the element
v; € V'\ S;—1 which maximizes the marginal gain F(S;_1 U {v;}) — F(S;—1). However, if
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M = (V,Z) is a matroid, the greedy algorithm applied to the submodular maximization
problem subject to the matroid constraint S € Z achieves a sub-optimal % approximation
ratio. [46] proposed the continuous greedy algorithm for this problem which achieves the
optimal 1 — é approximation ratio. The continuous greedy algorithm is applied to the
multilinear extension of the submodular set function under the matroid polytope and is as

follows:

dy/dt = Vmax(y)

Vmax(y) = argmax,e o (v, V()
where f is the multilinear extension of the submodular set function F' and P(M) is the ma-
troid polytope corresponding to the matroid M. In this algorithm, y(1) = fol Umax (y(7))dT
is the output. More recently, [197] introduced a modification of the continuous greedy
algorithm with an approximation ratio of 1 — £, where € [0, 1] is the total curvature of the
submodular set function, and proved that the derived approximation ratio is indeed optimal.
Later on, [83] managed to obtain the same 1 — £ approximation ratio with an algorithm
that is much faster than the one proposed by [197].
In the online setting, [61] proposed an online variant of the continuous greedy algorithm,
called the Meta Frank-Wolfe algorithm, with a provably optimal (’)(\/T) regret bound, where
T is the length of the horizon.
Offline differentially private submodular maximization. Let D be a sensitive dataset
associated with a monotone submodular set function Fp : 2" — R, . Offline submodular
maximization in the context of differential privacy has been studied in two different settings:
e Fp is A-decomposable [97, 55]: In this setting, it is assumed that D = (Fi,..., Fr),
where for all ¢ € [T], F; : 2V — [0, A] is a private monotone submodular set function and
Fp(-) = 7 2021 Bi().
e Fp is A-sensitive [149, 173]: For this framework, we have D = (F},..., Fr), where for
all t € [T], F; : 2V — R, is a private monotone submodular set function, however, the
submodular objective function Fp depends on the dataset D in ways that could be much

more complicated than simply averaging the private submodular functions Fi,..., Fr (e.g.,
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Example 1). Two datasets D and D’ are neighboring (D ~ D’) if all but one of the T
submodular functions in the datasets are equal. It is assumed that Fp is A-sensitive, i.e.,
A = maxpr.pr.p maxgcy |Fp(S) — Fp/(S)| holds.

Note that if Fp is A-decomposable, the sensitivity parameter is bounded above by %,
implying Fp is (%)—sensitive. In this chapter, we focus on the more general setting where Fp
is A-sensitive, and we review the prior work in this setting below. For submodular maximiza-
tion subject to cardinality or matroid constraints, [149] combined the greedy algorithm with
the exponential mechanism of [145] for differential privacy as follows: At round i € [k] of the
greedy algorithm, define a quality function ¢; via ¢;(v, D) = Fp(S;—1 U{v}) — Fp(Si—1), and
select every v € V'\ S;_1 with probability proportional to exp(eq(v, D)/2\) where X is the
sensitivity of the quality function g, i.e., for all v € V and two neighboring datasets D and D’,
we have |¢(v, D) — q(v, D")| < \. [149] showed that this algorithm is e-differentially private
(see Section for a formal definition of differential privacy) and obtained an expected utility
bound of (1 — 1)OPT — (A 1WVDY) 41q LOPT — O(AkM) (VD) gor submodular

€

maximization subject to cardinality constraint |S| < k and matroid constraint M = (V,Z)
respectively. However, the result of [149)] for the setting with matroid constraints fails to
achieve the optimal approximation ratio of 1— % More recently, for submodular maximization
subject to a matroid constraint M = (V,Z), [I73] combined the discretized version of the
continuous greedy algorithm with the exponential mechanism in the following way: Let C), be
a p-covering of the matroid polytope P(M), i.e., for any x € P(M), there exists y € C, such
that ||z — yll2 < p. At each round k € [K], where K = rank(M) is the rank of the matroid,
the algorithm samples y;, € C, with probability proportional to exp(e(yr, V fp(xr))/24A),
and sets xp41 = o + %Yk (Where 21 = 0). [173] showed that the output of this algorithm
(zK+1) obtains the utility bound (1 — 1)OPT — O(y/e + A(rank(M)glV“n(lv‘)) with high

probability while ensuring e-differential privacy. Although the result in [I73] has the optimal
1-— % approximation ratio, it has several major drawbacks that are as follows:
e The O(y/€) term in the approximation guarantee is unusual, i.e., if € — co (no differential

privacy), the approximation guarantee is vacuous.
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rank (M) )2

).

e In order to ensure differential privacy, p = ﬁ should hold and thus, |C,| = O(|V |1+

Therefore, discretization of the matroid polytope and implementing the exponential mecha-
rank (M)

nism over such a large domain requires O(rank(M)|V |1+ ) gradient evaluation of

the multilinear extension, and is not computationally efficient (although [I73] provided a

second algorithm with improved query complexity, it is still computationally expensive).
A(rank(M))|V|[In([V])
( o )

e The dependence of the additive factor O in the approximation guar-
antee on € and rank(M) is not optimal.

After the publication of our work, [204] and [56] have studied the differentially private
submodular maximization problem in the federated and streaming settings respectively.
Differentially private online learning. Online submodular maximization had not been

studied under the context of differential privacy before the publication of our work (since

then, [187] has studied this problem under a cardinality constraint of size k and proposed a

k2 1n|V\\/T1n(K/5)))

(¢, §)-differentially private algorithm with a (1 — 1)-regret bound of O(
Nonetheless, the problem of differentially private online learning is extensively studied for
linear and convex objective functions [77, 112, 96l B]. In particular, [3] considered an online
linear optimization problem over T' rounds where at each step ¢ € [T], the algorithm first
chooses a point z; € X in the convex and compact domain set X and subsequently, it
observes the loss vector ¢; and incurs a loss of (¢, z;). [3] proposed an e-differentially private
modification of the well-known Follow the Regularized Leader (FTRL) scheme for linear
objectives with a regret bound that scales as O(vT) + @(%) Therefore, if € > Q(ﬁ),
the regret incurred by the differentially private algorithm matches the optimal (’)(\/T)
regret in the non-private setting, i.e., differential privacy could be ensured for free. We use

this algorithm as a sub-routine in our proposed algorithm for differentially private online

submodular maximization.

9.2.83 Contributions

In this chapter, we study the general framework of differentially private monotone submod-

ular maximization subject to matroid or knapsack constraints in both offline and online



126

settings. Specifically, we make the following contributions:

e In Section , we propose the Differentially Private Continuous Greedy (DPCGQG)
algorithm for offline monotone submodular maximization subject to matroid or knap-
sack constraints and we analyze its performance in both settings. The DPCG algorithm
is e-differentially private under both constraints. For matroid constraints, we obtain a

utility bound of (1 — 1)OPT — 0(\/ A(rank(M)

6)3|v|1n(|V|)) with O( %

) multilinear

extension evaluations which is a significant improvement over the (1 — 1)OPT — O( /e +

A(rank(Mg‘V“n(‘VD) bound in [I73] with (’)(rank(/\/l)|V\1+(mke(M))2) multilinear extension

evaluations. Also, we obtain the first approximation guarantee for knapsack constraint

{SCV:¥,cgcs <1} which is (1 — 2)OPT — O( M), where ¢, > ¢pin, Vv € V.

(Cmin) € -
e For submodular functions with bounded curvature, we propose a modification of the
DPCG algorithm, called the k-DPCG algorithm, in Section which has a utility bound of
(1-%)OPT — (9(\/A(rank(M)23|V|ln(|V|)) and (1—-%)OPT — O( %) for matroid and

knapsack constraints respectively, where k € [0, 1] is the total curvature of the submodular

set function. In other words, compared to the DPCG algorithm, the xk-DPCG algorithm
maintains the same additive factor in its utility bound while its 1 — £ approximation ratio is
strictly better than 1 — % for submodular functions with curvature x < 1.

e In the online setting, we propose the first algorithm for (e, ¢)-differentially private (de-
fined in Section submodular maximization, namely the Differentially Private Meta
Frank-Wolfe (DPMFW) algorithm, whose regret bound scales as O(v/T) + O(@).
Therefore, if @ < (’)(Tl/ 4), the regret bound of the DPMFW algorithm matches the
provably optimal O(v/T) bound in the non-private setting, i.e., privacy could be guaranteed
for free.

Note that although all our proposed algorithms are applied to the multilinear extension of
the discrete submodular objective function, we can couple the algorithms with the lossless
rounding schemes of [46, 58] for matroid constraints and [128], 129] for knapsack constraints

to obtain discrete solutions with similar guarantees for the original submodular set function.
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9.3 Differential privacy

In this work, a sensitive dataset D consists of private non-negative monotone submodular
set functions Fi,...,Fr : 2¥ — R,. In the offline setting, the non-negative monotone
submodular objective function Fp : 2" — R, depends on {F;}L_; and is given in advance.
Two datasets D and D’ are neighboring (D ~ D') if all but one of the T submodular
functions in the datasets are equal. We define the sensitivity of the submodular set function
Fp via

A7 DI, B () = Sl

For the online setting, at each step ¢ € [T'] (where T is the length of the horizon), the private
submodular function F; arrives after committing to an action S; leading to a utility F;(St)

for the algorithm.

Definition 9.3.1 [78] For €,6 € Ry, a randomized algorithm A is called (e, d)-differentially
private if for any two neighboring datasets D and D' and any set of possible outcomes S,
the following holds:

P[A(D) € S] < exp(e)P[A(D') € S] + 4.

If 6 =0, we say that A is e-differentially private.

Theorem 9.3.1 (Basic composition theorem) [78] Let Ay be an (e, O )-differentially
private algorithm for k € [K|. Then, if algorithm A is defined to be A= (Ay,..., Ax), A is

(Ele €k, Zle Ok )-differentially private.

K-fold adaptive composition. Let {(eg,dx) ?:1 be a sequence of privacy parameters
and let A be an algorithm that works as follows on a dataset D: At each round k € [K],
the algorithm chooses an (e, 0y )-differentially private algorithm Ay and releases the output
of Ay, where A, depends on the output of the previous algorithms A1, ..., Ax_1 but not
on the dataset D itself. The output of A is called the K-fold adaptive composition of
(ex, Ok )-differentially private algorithms Ajg. The following privacy guarantee holds for the

composite algorithm A.
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Theorem 9.3.2 (Advanced composition theorem) [78] Given target privacy parame-
ters 0 < € <1 and &' > 0, in order to ensure (¢, K§ + 0') cumulative privacy loss for the

composite algorithm A, it suffices that each algorithm is (e, §)-differentially private, where

El

€= 2y/2K In(1/6") "

9.4 Differentially private offline submodular maximization

In this section, we first introduce the Differentially Private Continuous Greedy (DPCGQG)
algorithm and analyze its approximation and privacy guarantees in Section Then,
in Section we consider the setting where the submodular objective function has a
bounded curvature, and we introduce the k-DPCG algorithm with improved approximation

ratio.

9.4.1 Differentially Private Continuous Greedy (DPCG) algorithm

We propose the Differentially Private Continuous Greedy (DPCG) algorithm in Algorithm
1. The algorithm performs K Frank-Wolfe iterations to obtain {v;} | and outputs the
average r = % Zle vi. Note that the output is the average of K points in the convex
constraint set P (the matroid or knapsack polytope) and hence, x € P holds. The privacy is
ensured by adding noise sampled from the distribution D to the gradients {V f(z(®)} £ .

We first provide three useful Lemmas below.

Lemma 9.4.1 If the multilinear extension f is L-smooth with respect to || - |1 and the
diameter of P is denoted by R = max,ep ||z||1, Algorithm 1 outputs x = z5+Y) such that
the following holds:

LR?

1 *
B[f()) 2 (1- D)) — G — 2o

where expectation is taken with respect to the noise distribution D and Gp := Ey.p [ maxgep (Y, z)—

mingep (Y, z)| measures the width of P under D.
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Algorithm 1 Differentially Private Continuous Greedy (DPCG) algorithm

Input: K, the constraint set P, the multilinear extension f : [0, 1]|V| — R of the monotone
submodular set function F : 2V — R, and the noise distribution D.
Initialization: z() = 0.
for k=1,2,...,K do
Draw Y (*) ~ D.
Set vy = arg max,p(v, Vf(z®) 4 Y#),
Set zk+1) = z(k) 4 L.
end for

Output: z = zE+D.

Proof For k € [K], we can write:

FaHDY Z p(a®) (g) %(Uk,Vf(ﬂﬁ(k)» _ %HW@H%
B %@*, V(= ®)) + %(w* oY) - gf]i
(CZ) %«x* — 2®) v 0,V () + %(x* — vy, YRy ;I}Z
S LG va®) 1) 4 et~ v ) - 2
S %(f(x*) @) + %(33* — v, Yy — ;ﬁ;

where (a) is due to the L-smoothness of f, (b) follows from the update rule of the algorithm,
(c) and (e) use the monotonicity of f, and (d) exploits concavity of f along non-negative

directions. Taking the expectation of the above inequality and rearranging the terms, we

have:
1 1 LR?
B[/ 40)] ~ fa) > (1 - ) Bl )] - £a7) — Gp— 515
Applying the inequality recursively for all k£ € [K|, we obtain:
1 LR?
B = £ 2 (- ) B - J6) - o~ e
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Rearranging the terms and using the inequality (1 — %)K < %, we obtain the desired result. W

Lemma 9.4.2 L-smoothness parameter of the multilinear extension f of the submodular
set function F : 2V — R is bounded as L < mp, where mp = max;ey F({i}). Moreover, for
)

submodular maximization over the matroid polytope P(M), R < rank(M) holds, and for

submodular mazimization subject to a knapsack constraint, we have R < ——.

Cmin

Assume that the submodular objective function is A-sensitive (defined in Section [9.3)). The
following lemma provides the performance guarantees of the DPCG algorithm under Laplace

noise distribution.

Lemma 9.4.3 If D = Lap!VI(\), where Lap!VI()\) denotes a distribution over RIV! such

that each coordinate is drawn i.i.d. from the Laplace distribution with p.d.f. f(z|]\) =

%exp(—'i)\‘), Vz € R, setting A = w, the following holds in expectation:
1 LR? RK|V|In(|]V])A
E > (1— ) f(a*) — =22
[f@)] =2 A= 2)f(2") = o= = O ; )

where R = rank(M) and R = % for matroid and knapsack constraints respectively. Also,

with probability at least 1 — %, we have:

1 LR? RK|V|In(K|V|)A

F@) 2 (1= (@) = S = O :

).
Moreover, Algorithm 1 preserves e-differential privacy.

Proof In order to analyze the differential privacy of the proposed algorithm, let fp and fpr
be the multilinear extension of monotone submodular set functions Fp and Fps associated

with neighboring datasets D and D’. Using the definition of multilinear extension, we can
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write:
\4

IV fo(z) = V for ()| = Z\VfD — Vifp ()]

=Y [Eswa[Fp(SU{v}) = Fp(S\ {v}) = Fp(SU{0}) + Fp/(S\ {0})]]

veV

<Y Esw[[Fp(SU{0}) = Fpr(S U {o})] + [Fpr (S \ {v}) = Fp(S\ {v})]]

veV

< 2|V|A.

Let A = w. We show that for each &k € [K], Vf(z®)) +Y®) is (£&)-differentially private.
Considering the immunity of differential privacy to post-processing and using the basic
composition theorem, we can conclude that the proposed algorithm is e-differentially private.

We have:

€lzi—Vifp(
P(Vfp(x) +YH® = 2) _ exp( — | 2K|V|DA ‘)

P(Vfp(x) +Y® =2) L1 exp( — M)

|4

K|V |A
v
_ €(|zi = Vifp (z)| — |z = Vifp(2)])
He oK [V|A )
elVip(z) = Vip(@)|h
= exp( 2K|V]A )
< exp(%)-

Hence, Vf(z®) +Y® is (fz)-differentially private. We now find an upper bound for
Gp. Using the definition of the matroid polytope P(M), for all z € P(M), we have

|z|l1 < rank(M), where rank(M) is the rank of the matroid constraint. Therefore, we have:

max (Y, z) — min (Y, z) < [lz[[1[|Y o + [2[[1]]Y [loo
zEP(M) xEP(M)

= 2[|2[[1 1Y [|oo

< 2rank(M)||Y | so-

Thus, we have Gp < 2rank(M)E Y LaplVI(A HY||Oo Note that in the case of knapsack

constraint ¢!z < 1, we have cpinl|2])1 < 'z <1 and thus, ||z|; < - — holds. Therefore, we
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Cmin

have Gp < LEYNLaplvl( /\)||Y||OO under the knapsack constraint. For the Laplace random

vector Y ~ Lap!VI()), we have:

E[[Y[oc < O(An(|V])),

1
P(||Y ||loo < VIOAIn(K|V])) > 1 — =
Therefore, using the union bound over k € [K]|, we can obtain the result as stated. [ |

Alternatively, we can use the Gaussian noise to ensure differential privacy. The analysis for
this case is provided in the Appendix. Compared to the Laplace noise, the additive factor in
the approximation guarantee using the Gaussian noise is smaller by an order of 1/|V|In(|V]).
However, this improved accuracy comes at the price of achieving (e, d)-differential privacy as
opposed to e-differential privacy using the Laplace noise.

We can also use the advanced composition theorem to ensure differential privacy. In particular,
for 0 < e <1andd >0, if Vf(x®) +Y® VE € [K]is (W\/Tum

using the Laplace noise, we can use the advanced composition theorem for all k£ € [K] and

)-differentially private

ensure (e, 0)-differential privacy of Algorithm 1. The result is summarized in the lemma

below.

Lemma 9.4.4 If D = Lap‘v‘()\), setting A = 4—”2K1n£1/5)w, the following holds in expec-

tation:

2 - ,
E[f(2)] > (1 - é)f(x*) _ % _ O(R\/Wl/ée)\vyl (vha,

where R = rank(M) and R = ﬁ for matroid and knapsack constraints respectively. Also,

with probability at least 1 — %, we have:

2 - N
@) > (1- é)f(:c*) _ L;; _ O(R\/WLV“ Kv)a,

Moreover, Algorithm 1 preserves (e, d)-differential privacy.

Combining the result of Lemma and we provide the approximation and privacy

guarantee of Algorithm 1 below.
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Theorem 9.4.1 Setting K = O( %), Algorithm 1 is e-differentially private and

has the following approximation guarantees for matroid and knapsack constraints respectively:

Eumnzu—bﬂﬂy4m¢ﬂmﬂmﬁﬂwmmm%
B[f(@) > (1 - 2)f(a") ~ O w).

9.4.2 k-Differentially Private Continuous Greedy (k-DPCG) algorithm
For a general monotone continuous function f : R™ — R, we define:

¢y =1 — min min Vif(y)
iclm] =y V;f(z)

Note that ¢y < 1 due to monotonicity of f and c; > 0 by setting 2 = y in the definition.
If f:[0,1]V — Ry is the multilinear extension of a normalized monotone submodular set

function F : 2V — R, , we can write:

¢y =1 — minmin Vil ()
F iev zy Vif(x)
@ 1 — min min Vif(y)
icv vy V;f(0)
® o Esy [F(SU{i)) = F(S\ {i})
€V oy F(ip) = F({})
@, FV)-FV\{i}

v F(i) - F({})

= KRF,

where kp is the total curvature of the submodular set function F. (a) follows from the
DR-submodularity of f, (b) uses the definition of the multilinear extension and (c) is due
to the submodularity of F. Therefore, the parameter c; extends the notion of curvature
from submodular set functions to general monotone continuous functions and could be of
independent interest. We propose the k-DPCG algorithm in Algorithm 2. Let A = ¢Tz* where
¢; =min, V,;f(z) = F(V)— F(V\{i}) and * = 15+ be the optimal point corresponding to
the optimal solution S* C V. Compared to the DPCG algorithm, the x-DPCG algorithm is

different in two important respects:
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Algorithm 2 k-Differentially Private Continuous Greedy (k-DPCG) algorithm

Input: K, A > 0, the constraint set P, the multilinear extension f : [0,1]/V] — R of the
monotone submodular set function F : 2¥ — R, and the noise distribution D.
Initialization: z() = 0.
for k=1,2,...,K do

Draw Y*) ~ D.

Set v), = arg max,e p.yry> (v, Vg(z®) + Y ),

Set zk+1) = z(k) L.
end for

Output: z = zE+D.

1. The DPCG algorithm is applied to the function g(z) = f(z) — ¢Tz. Note that the

function ¢ is normalized monotone DR-submodular as well.

2. The linear maximization step is performed over the intersection of the constraint set

Pand {z: Tz > \}.

Similar to Lemma We provide the approximation guarantee of the x~-DPCG algorithm

below.

Lemma 9.4.5 If the multilinear extension f is L-smooth with respect to || - |1 and the
diameter of P is denoted by R = max,cp ||z||1, Algorithm 2 outputs x = zE+V) such that

the following holds:

KE. . & LR?
> (1 - 28 _ _ =
Blf()] > (1 - "5)j(a") ~ Gp — T,
where Gp = EYN’D[maXa;6P<Y,.T> — mingep(Y, ac)] and kF s the total curvature of the

submodular objective function F'.

Therefore, all the analysis from Section can be performed here as well and thus,
the k-DPCG algorithm maintains the same privacy and utility guarantees as the DPCG

algorithm except for its improved approximation ratio 1 — '%F
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Note that although we have used A = ¢T'z* in Algorithm 2, the optimal value z* is generally
unknown and therefore, we have to guess the value of \ in practice. Using the definition
of ¢ and submodularity of F', we have ¢; < mp Vi € V. Therefore, A < |V|mp holds. We
discretize the interval [0, mp| with (’)(%) points of the form iymp for 0 < ¢ < %, along with
O(%|V\ In(|V])) points of the form (1 + ﬂv‘)zmp for 0 <i < log1+|w7| |V to fill the interval
[mp,|V|mp]. We then run Algorithm 2 using each point as a guess for A and we output
the best solution found, i.e., the solution with the highest utility. If A € [0, mp|, we should
have A > \ > A\ — ymp using one of the guesses A in the interval [0, mp]. Otherwise, if
X € [mp, |V|mp], consider the largest guess A in the interval [mp, |V|mp| satisfying A > A.
We have:

A>A> A1+ L) > a1 -

) >\ — Ymeg,
14

V]
where the last inequality uses A < |V|mp. Therefore, in practice, the approximation
guarantee of the k-DPCG algorithm has an additional ympg error term which can be tuned
by choosing 7.

The x-DPCG algorithm is inspired by the non-private algorithm of [I97] that achieves the
optimal 1— % approximation ratio for offline submodular maximization. To avoid the issue of
estimating the optimal value z*, we can adapt the (1 — % )-approximate non-private algorithm

of [83] instead to design our private algorithm.
9.5 Differentially private online submodular maximization

In this section, we study the following general protocol of online submodular maximization
in the context of differential privacy: There is a fixed constraint set (V,Z) which could
either be a matroid or a knapsack constraint. At each iteration ¢ € [T'], the online algorithm
chooses S; € Z. Upon committing to this choice, a normalized monotone submodular set
function F; is revealed and the algorithm receives the payoff F;(S;). The goal is to minimize
the (1 — 1)-regret defined below:

R—l—f F

1M
;,’:j
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Algorithm 3 Differentially Private Meta Frank-Wolfe (DPMFW) algorithm
Input: K, the constraint set P.

Output: {z;}1

Initialize K instances {€;} | of the ( )-differentially private algorithm of

24/2K In(1/5)

[3] with noise distribution D and regularizer g(z) = Z‘ZZ‘I z;In(x;) for online linear
optimization over P.

fort=1,...,T do

b _o.

7}
for k=1,2,...,K do
Let ng) be the output of & for round ¢.
Set x£k+1) = xgk) + %vt(k).
end for
Play x; = x§K+1).
for k=1,2,..., K do
Feedback V ft(:ngk)) to & as the linear utility vector observed at round ¢.
end for

end for

where 1—% is the optimal polynomial time approximation ratio for offline monotone submod-
ular maximization subject to matroid or knapsack constraints. We propose the Differentially
Private Meta Frank-Wolfe (DPMFW) algorithm for online submodular maximization which
exploits Algorithm 1 of [3] for differentially private online linear optimization as a sub-
routine. The algorithm is presented in Algorithm 3. The DPMFW algorithm is applied to
the multilinear extensions {f;}2_; of the discrete monotone submodular utility functions
{F,}L,. At round t € [T, similar to the DPCG algorithm, the DPMFW algorithm outputs
the average of K points {Uék)}ﬁil in the constraint set and hence, z; € P holds. However,
since the utility function F; remains unknown until the algorithm commits to a choice S,

we instead run K instances {€;}5_| of the differentially private online linear optimization
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algorithm of [3] to mimic the K Frank-Wolfe updates of the DPCG algorithm. {&}<
combine the well-known Follow the Regularized Leader (FTRL) algorithm for online linear
optimization with the Tree-Based Aggregation Protocol (TBAP) of [77, 112] for maintaining
differentially private partial sums of linear utility vectors arriving online. See the Appendix
for a more detailed presentation of Algorithm 1 of [3].

We provide the regret bound and privacy guarantee of the DPMFW algorithm below.

Theorem 9.5.1 Let 0 < e < 1 and § > 0. If D = LapW'()\), where Lap!VI(\) is a
distribution over RIV! such that each coordinate is drawn i.i.d. from the Laplace distribution

with p.d.f. f(z|]\) = Lexp(— ) vz € R, setting A = 2 VIRTVERIGD) g je — 0(VT),

Algorithm 3 is (e,0)-differentially private and has the following expected regret bound for
matroid and knapsack constraints respectively:

(rank(M))3/2|V T4, /In(1/9)

€

E[R7] < O(rank(M)/TIn |[V]) 4+ O(
v/ 1'1n ~ / n
E[RT] < O(M) + O( ‘V’Tl * 1 (1/5))

Cmin (Cmin)3/2€

)7

The above theorem shows that if @ < O(T'/*) holds, we can obtain a regret bound of
O(V/T) which matches the optimal regret bound for online submodular maximization in the
non-private setting.

We can alternatively use the Gaussian noise as the noise distribution D. The analysis in this

setting is provided in the Appendix.

9.6 Conclusion

In this chapter, we studied the differentially private maximization of non-negative monotone
submodular set functions, subject to matroid or knapsack constraints, in both offline and
online settings. We proposed differentially private algorithms with optimal approximation
ratios which are faster (i.e., less query complexity) and have improved accuracy compared

to the prior works.
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Chapter 10

M-EXPERTS: NO-REGRET ONLINE PREDICTION WITH
STRATEGIC EXPERTS AND SUBMODULAR UTILITIES

10.1 Chapter overview

In this chapter, we present joint work with Maryam Fazel that was published at the Conference
on Neural Information Processing Systems (NeurIPS) 2023. We study a generalization of
the online binary prediction with expert advice framework, called the m-experts problem,
where at each round, the learner is allowed to pick m > 1 experts from a pool of K experts
and the overall utility is a modular or submodular function of the chosen experts. We focus
on the setting in which experts act strategically and aim to maximize their influence on the
algorithm’s predictions by potentially misreporting their beliefs about the events. Among
others, this setting finds applications in forecasting competitions where the learner seeks
not only to make predictions by aggregating different forecasters but also to rank them
according to their relative performance. Our goal is to design algorithms that satisfy the
following two requirements: 1) Incentive-compatible: Incentivize the experts to report their
beliefs truthfully, and 2) No-regret: Achieve sublinear regret with respect to the true beliefs
of the best-fixed set of m experts in hindsight. Prior works have studied this framework
when m = 1 and provided incentive-compatible no-regret algorithms for the problem. We
first show that a simple reduction of our problem to the m = 1 setting is neither efficient
nor effective. Then, we provide algorithms that utilize the specific structure of the utility
functions to achieve the two desired goals. We also study the 1-expert problem in the setting
where predictions are performative, i.e., they can influence the state of the world and the
binary events. We show that if the influence of the expert’s predictions on outcomes is
bounded, we can design no-regret algorithms where the regret is defined with respect to the

true beliefs of the experts.
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10.2 Introduction

Learning from a constant flow of information is one of the most prominent challenges in
machine learning. In particular, online learning requires the learner to iteratively make
decisions and at the time of making each decision, the outcome associated with it is unknown
to the learner. The experts problem is perhaps the most well-known problem in online
learning [203], 52, [137, 121]. In this problem, the learner aims to make predictions about a
sequence of T' binary events. To do so, the learner has access to the advice of K experts
who each have internal beliefs about the likelihood of each event. At each round ¢ € [T7],
the learner has to choose one among the advice of K experts and upon making her choice,
the t-th binary event is realized and a loss bounded between zero and one is revealed. The
goal of the learner is to have no regret, i.e., to perform as well as the best-fixed expert in
hindsight.

In many applications, however, the experts are strategic and wish to be selected by the
learner as often as possible. To this end, they may strategically misreport their beliefs
about the events. For instance, FiveThirtyEightH aggregates different pollsters according
to their past performance to make a single prediction for elections and sports matches. To
do so, FiveThirtyEight maintains publicly available pollster ratingsﬂ A low rating can
be harmful to the pollster’s credibility and adversely impact their revenue opportunities
in the future. Therefore, instead of maximizing their expected performance by reporting
their predictions truthfully, the pollsters may decide to take risks and report more extreme
beliefs to climb higher on the leaderboard. Therefore, it is important to design algorithms
that not only achieve no-regret but also motivate the experts to report their true beliefs
(incentive-compatible). Otherwise, the quality of the learner’s predictions may be harmed.

As we have mentioned in Section all the previous works on this topic have focused

on the standard experts problem where the goal is to choose a single expert among the K

Thttps://fivethirtyeight.com/

Zhttps:/ /projects.fivethirtyeight.com/pollster-ratings/
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experts. In the offline setting, this is equivalent to a forecasting competition in which only
the single highest-ranked forecaster wins and receives prizes. However, in many applications,
a set of top-performing forecasters are awarded perks and benefits. For instance, in the Good
Judgement Project, a recent geopolitical forecasting tournament, the top 2% of forecasters
were given the “superforecaster” status and received benefits such as paid conference travel
and employment opportunities [I98]. Similarly, in the latest edition of Kaggle’s annual
machine learning competition to predict the match outcomes of the NCAA March Madness
college basketball tournament (called “March Machine Learning Mania 2023”E[), the top 8
forecasters on the leaderboard received monetary prizes.

In this chapter, we initiate the study of the m-experts problem with strategic experts.
Variants of the m-experts problem have been previously studied in [205, 124} [67, [156],
however, all of these works focused only on providing no-regret algorithms for the problem
and the incentive compatibility considerations were not taken into account. To the best of
our knowledge, this is the first work that focuses on the strategic m-experts problem where
the experts may misreport their true beliefs to increase their chances of being chosen by the
learner.

For the setting with modular utilities, perhaps the simplest approach to learning well
compared to the best-fixed set of m experts while maintaining incentive compatibility is to
run the incentive-compatible WSU algorithm of [89] for the standard experts problem (the
setting with m = 1) over the set of (g ) meta-experts where each meta-expert corresponds to
one of the sets of size m. This approach has two major drawbacks: 1) There are exponentially
many meta-experts and maintaining weights per each meta-expert and running the WSU
algorithm is computationally expensive, and 2) The dependence of the regret bound on m is
sub-optimal. Therefore, for our setting, it is preferable to design algorithms that are tailored

for the m-experts problem.

Shttps://www.kaggle.com/competitions/march-machine-learning-mania-2023/
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10.2.1 Related work

Prior works have studied the experts problem under incentive compatibility considerations
for two feedback models: In the full information setting, the learner observes the reported
prediction of all experts at each round. In the partial information setting, however, the
learner is restricted to choosing a single expert at each round and does not observe the
prediction of other experts. [I78] considered algorithms that maintain weights over the
experts and choose experts according to these weights. They assumed that experts’ incentives
are only affected by the unnormalized weights of the algorithm over the experts. However,
since the probability of an expert being chosen by the learner equals her normalized weight,
the aforementioned assumption might not be suitable. Later on, [89] assumed that at each
round ¢ € [T, incentives are tied to the expert’s normalized weight (i.e., the probability
of being chosen at round t 4+ 1) and studied this problem under both feedback models.
They proposed the WSU and WSU-UX algorithms for the full information and partial
information settings respectively where both algorithms are incentive-compatible and they
obtained O(VTInK) and O(T?/3(KInK)'/3) regret bounds for the algorithms. Then, [90]
considered non-myopic strategic experts where the goal of each expert is to maximize a
conic combination of the probabilities of being chosen in all subsequent rounds (not just the
very next round). They showed that the well-known Follow the Regularized Leader (FTRL)
algorithm with the negative entropy regularizer obtains a regret bound of (’)(\/m ) while
being @(ﬁ) approximately incentive-compatible, i.e., it is a strictly dominated strategy for
any expert to make reports @(ﬁ) distant from their true beliefs.

For the non-strategic m-experts problem with modular utilities, [124] proposed the Compo-
nent Hedge (CH) algorithm and obtained a regret bound of y/2m* In(£) + mIn(£) where
£* is the cumulative loss of the best-chosen set in hindsight. They also gave a matching
lower bound for this problem. [67] studied the FTPL algorithm with Gaussian noise distri-
bution and provided an O(my/T In(£)) regret bound for this setting. For the non-strategic
m-experts problem with submodular utility functions, [I01] proposed the online distorted

greedy algorithm (with dual averaging algorithm as the algorithm A; for ¢ = 1,...,m)
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whose regret bound is O(y/mT In(£)). More recently, [I56] studied the m-experts problem
under various choices of the utility function (sum-reward, max-reward, pairwise-reward, and
monotone reward). In particular, for the setting with modular utilities (sum-reward), they
proposed an algorithm that matches the optimal regret bound of the CH algorithm while

being computationally more efficient.

10.2.2 Contributions

In this chapter, we focus on a generalization of the experts problem (called “m-experts
problem”) where at each round, instead of picking a single expert, we are allowed to pick
m > 1 experts and our utility is either a modular or submodular function of the chosen
experts. In particular, at round ¢ € [T'] and for a set of experts Sy C [K], the utility function
is defined as fi(S;) = \%\ — % Ziest Uiy and fy(Sy) = 1 — Hiest ?;+ in the modular and
submodular cases respectively where £;; € [0,1] is the loss of expert i at round ¢. The goal
is to design algorithms that perform as well as the best-fixed set of m experts in hindsight
(no-regret) and incentivize the experts to report their beliefs about the events truthfully
(incentive-compatible).

Towards this goal, we build upon the study of the Follow the Perturbed Leader (FTPL)
algorithm for the m-experts problem with modular utility functions by [67] and derive a
sufficient condition for the perturbation distribution to guarantee approximate incentive
compatibility. Furthermore, we show how this condition is related to the commonly used
bounded hazard rate assumption for noise distribution. In particular, we show that while
FTPL with Gaussian perturbations is not incentive-compatible, choosing Laplace or hyper-
bolic noise distribution guarantees approximate incentive compatibility.

Moreover, inspired by Algorithm 1 of [L0I] for online monotone submodular maximization
subject to a matroid constraint, we first introduce a simpler algorithm (called the “online
distorted greedy algorithm”) for the special case of cardinality constraints. This algorithm
utilizes m incentive-compatible algorithms for the standard experts problem (i.e., m =1

setting) and outputs their combined predictions. We provide (1 — £)-regret bounds for
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the algorithm where ¢ € [0, 1] is the average curvature of the submodular utility functions.
Therefore, applying the algorithm to the setting where the utility functions are modular
(i.e., ¢ = 0), the approximation ratio is 1. For submodular utility functions, the algorithm
achieves the optimal 1 — ¢ approximation ratio.

We also study the 1-expert problem in the setting where predictions are performative, i.e.,
they can influence the state of the world and the binary events. We show that if the influence
of the expert’s predictions on outcomes is bounded, we can design no-regret algorithms
where the regret is defined with respect to the true beliefs of the experts.

Finally, we validate our theoretical results through experiments on data gathered from a

forecasting competition run by FiveThirtyEight in which forecasters make predictions about

the match outcomes of the recent 2022-2023 National Football League (NFL).

10.3 Preliminaries

As mentioned in Section [10.2.2] at round ¢ € [T] and for a set of experts S C [K], the

submodular utility function is defined as f;(S;) = 1 —[] Uiy where ¢;; € [0,1] is the

1€St
loss of expert i at round ¢t. To show that this function is submodular, note that for all

A C B C[K]and j € [K]\ B, we have:
FAUGY - A = (= 60 T s = (0~ 630 T[ e = F(BUGY) — £(B),
icA i€B

where the inequality follows from ¢;; € [0, 1] for i € B\ A.
10.4 m-experts problem

We introduce the m-experts problem in this section. In this problem, there are K experts
available and each expert makes probabilistic predictions about a sequence of T' binary
outcomes. At round ¢ € [T, expert i € [K] has a private belief b; + € [0, 1] about the outcome
¢ € {0,1}, where r; and {b;;}}X, are chosen arbitrarily and potentially adversarially. Expert
i reports p;; € [0,1] as her prediction to the learner. Then, the learner chooses a set S;

containing m of the experts. Upon committing to this action, the outcome r; is revealed,
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and expert ¢ incurs a loss of ¢;; = £(b; ¢, 1) where £ : [0,1] x {0,1} — [0, 1] is a bounded loss
function. In this chapter, we focus on the quadratic loss function defined as £(b,r) = (b— 7).
The utility of the learner at round ¢ is one of the following:

e Modular utility function: f,(Sy) = 20 — L5~ o =15 Lsn o 0(bi, 7).

e Submodular utility function: f;(S;) =1~ [[;cg, it =1~ [licg, £(bit, 1)

It is easy to see that f; is monotone in both cases and f;(S;) € [0, 1] holds. Note that the
utility at each round is defined with respect to the true beliefs of the chosen experts rather
than their reported beliefs.

The goal of the learner is twofold:

1) Minimize the a-regret defined as a-Ry = E|a maxgc g sj=m Z?:l fi(S) — Z?zl fi(S0)],
where the expectation is taken with respect to the potential randomness of the algorithm.
For the modular utility function, « = 1 and for the submodular setting, we set o =1 — %f
(where f = Ethl f+) which is the optimal approximation ratio for any algorithm making
polynomially many queries to the objective function.

2) Incentivize experts to report their private beliefs truthfully. To be precise, at each round
t € [T], each expert i € [K]| acts strategically to maximize their probability of being chosen
at round ¢+ 1 and the learner’s algorithm is called incentive-compatible if expert ¢ maximizes
this probability by reporting p;; = b;+. To be precise, we define the incentive compatibility

property below.

Definition 10.4.1 An online learning algorithm is incentive-compatible if for every t € [T,
every expert i € [K| with belief b;;, every report p;, reports of other experts p_;;, every

history of reports {pjs}je|x],s<t,» and outcomes {rs}s<t, we have:

Erthern(bi’t) [Wi,tJrl | bi,tapfi,ta {pj,s}je[K],s<ta {rs}s<t]

> B, Bern(vs) [Tistr1 | Dits D—its {Dj.s }je) st {7s bo<t] s

where Bern(b) denotes a Bernoulli distribution with probability of success b and m; 41 is the

probability of expert i being chosen at round t + 1.
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In other words, an online learning algorithm is incentive-compatible if it is in the best interest
of the experts to report their private beliefs truthfully to maximize the probability of being
chosen at the next round.

As mentioned earlier, we focus on the quadratic loss function in this chapter. The quadratic

loss function is an instance of proper loss functions [I75], i.e., the following holds:

IE'rNBern(b) [f(pv T)] > IE7"~Be1rn(b) [E(b, T)] Vp 7£ b,

i.e., each expert minimizes her expected loss (according to their true belief b) by reporting

truthfully.

10.4.1 Motivating applications

There are several interesting motivating applications that could be cast into our framework.
We mention two classes of such applications below.

e Forecasting competitions: In this problem, there are a set of K forecasters who aim to
predict the outcome of sports games or elections (between two candidates). At each round
t € [T], information on the past performance of the two opposing teams or candidates is
revealed and forecasters provide a probabilistic prediction (as a value between [0, 1]) for
which team or candidate will win. The learner can choose up to m forecasters at each round
and her utility is simply the average of the utilities of chosen experts.

e Online paging problem with advice [139]: There is a library {1,..., N} of N distinct files.
A cache with limited storage capacity can store at most m files at any time. At each round
t € [T], a user arrives and requests one file. The learner has access to a pool of K experts
where each expert ¢ € [K] observes the user history and makes a probabilistic prediction
pit € [0,1]Y for the next file request (where 17p;; = 1). For instance, p;; = e; if expert
i predicts the file j € [N] where e; is the j-th standard basis vector. Also, r; = e; if the
j-th file is requested at round ¢ € [T]. The learner can choose m of these experts at each
round and put their predictions in the cache. The learner’s prediction for round ¢ is correct

if and only if one of the m chosen experts has correctly predicted the file. Thus, the loss of
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expert i can be formulated as ¢;; = ||p;+ — 7¢/|2 and the utility at round ¢ could be written
as fy(St) =2 —[1;c s, Yit which is exactly our submodular utility function. Note that this
is a slight generalization of our framework where instead of binary outcomes, we consider

nonbinary (categorical) outcomes. All our results could be easily extended to this setting.

10.4.2 Naive approach

The WSU algorithm of [89] for the standard experts problem is derived by drawing a
connection between online learning and wagering mechanisms. The framework of one-shot
wagering mechanisms was introduced by [132] and is as follows: There are K experts and
each expert ¢ € [K] holds a belief b; € [0, 1] about the likelihood of an event. Expert i reports
a probability p; € [0,1] and a wager w; > 0. A wagering mechanism I' is a mapping from
the reports p = (p1,...,pK), wagers w = (w1, ...,wg) and the realization r of the binary
event to the payments I';(p,w, ) to expert i. It is assumed that I';(p,w,r) > 0 Vi € [K],
i.e., no expert loses more than her wager. A wagering mechanism is called budget-balanced
if Zfil Li(p,w,r) = Zfil w;. [132] 131] introduced a class of incentive-compatible budget-
balanced wagering mechanisms called the Weighted Score Wagering Mechanisms (WSWMs)
which is defined as follows: For a fixed proper loss function ¢ bounded in [0, 1], the payment

to expert 7 is
K
Fi(pawa T) = wl(l - E(plv 7") + ijg(pja T))
j=1

The proposed algorithm in [89] is called Weighted-Score Update (WSU) and the update rule

for the weights of the experts {m;}1_; is the following:

Tit+1 = N (pe, ) + (1 — ) mig,

where ;1 = + Vi € [K]. In other words, the normalized weights of the experts at round
t are interpreted as the wager of the corresponding expert, and the normalized weights at
round t + 1 are derived using a convex combination of the weights at the previous round and
the payments in WSWM. Note that since WSWM is budget-balanced, the derived weights at

each round automatically sum to one and there is no need to normalize the weights (which
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might break the incentive compatibility). Also, considering the incentive compatibility of
WSWM, the WSU algorithm is incentive-compatible as well.

The update rule of WSU could be rewritten as follows:
K
Miapr = nmig(L = Lig+ Y mialie) + (1= n)miy = mi(1 = nLiy),
j=1

where Lt = {; 1 — ZK

=1 mj+lj+. Therefore, the WSU update rule is similar to that of the

Multiplicative Weights Update (MWU) algorithm [9] with the relative loss L;; instead of
¢; + in the formula.

A simple approach to solving the m-experts problem with modular utilities (/g ; = % > jes lt)
is to define an “expert” for each of the possible (g ) sets of size m and apply the incentive-
compatible WSU algorithm of [89] for the standard experts problem to this setting. Note
that we still define incentive compatibility with respect to individual experts (instead of
the (5) meta-experts). To be precise, we define m;; = 25:|S|:myies ms¢. We can show the

following:

n Ui
Tit+1 = Z TS41 = Tie(1 — ELM) T ( Z 75t) s t-
S:|S|=m,ieS s#i S:|S|=m,{i,s}CS

]K:1 mj+lj+ is linear in f;;, and the loss

Given that ;441 is linear in Ly, Liy = liy — Y
function is proper, we can conclude that incentive compatibility holds in this setting as well.

We summarize the result of this approach in the theorem below.

Theorem 10.4.1 If we apply the WSU algorithm of [89] to a standard experts problem with

. ) In(&e ) .
) experts corresponding to each S with |S| = m, and set n = o n}m ), the algorithm is

(m

incentive-compatible and its regret is bounded as follows:

K
E[1-Rr] < O(y/ mT In(—)).
m
This approach has two major drawbacks:
1) Computational complexity of maintaining weights for each (ﬁ) feasible sets. In particular,

we have to do exponentially many queries to the objective function at each round to update
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these weights.

2) The regret bound has a y/m dependence on the number of experts m that is suboptimal.
In the subsequent sections, we propose two efficient algorithmic frameworks that exploit the
modular or submodular structure of the utility function and obtain the desired regret and

incentive compatibility guarantees.
10.5 Follow the Perturbed Leader (FTPL) algorithm

In this section, we study the well-known Follow the Perturbed Leader (FTPL) algorithm for
the m-experts problem with modular utility functions and study its regret and incentive
compatibility guarantees. The algorithm is as follows: At each round ¢ € [T'], we first take
K ii.d. samples {v;;}X, from the noise distribution D. In particular, we focus on zero-
mean symmetric noise distributions from the exponential family, i.e., f(7i:) o< exp(—v(7iz))
where v : R — Ry is symmetric about the origin. At round ¢, we simply keep track of
22;11 Ui s + nyie for each i (where n is the step size) and pick the m experts for whom
this quantity is the smallest. [67] previously studied the FTPL algorithm for a class of
problems that includes the m-experts problem. However, they only focused on the setting
with zero-mean Gaussian perturbations. In contrast, we not only extend this analysis
to all zero-mean symmetric noise distributions from the exponential family, but we also
analyze the incentive compatibility guarantees of the algorithm and determine a sufficient
condition for the perturbation distribution under which the algorithm is approximately

incentive-compatible. This condition is provided below.
Condition 10.5.1 For all z € R, |V/'(2)| < B holds for some constant B > 0.

We have v(z) = |z| for Laplace distribution. Therefore, /(z) = sign(z) and B = 1. For

symmetric hyperbolic distribution, v(z) = v/1+ 22 holds. So, |V/(2)| = \/% <1 and
B =1

Condition [10.5.1]is closely related to a boundedness assumption on the hazard rate of the

perturbation distribution. We first define the hazard rate below.
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Definition 10.5.1 The hazard rate of D at z € R is defined as
fo(2)
h =———
@0(2) = 125y
where fp and Fp are the probability density function (pdf) and the cumulative density function

(cdf) of the noise distribution D. The mazimum hazard rate of D is hazp = sup,cr hazp(z).

The hazard rate is a statistical tool used in survival analysis that measures how fast the tail
of a distribution decays. In the theorem below, we show the connection between Condition

10.5.1) and the bounded hazard rate assumption.

Theorem 10.5.1 If Condition |10.5.1] holds for the perturbation distribution D with the

constant B > 0, we have hazp < B.

However, there are distributions with bounded hazard rates for which max, [¢/(z)| is un-
bounded (i.e., Condition does not hold). For instance, consider the standard Gumbel
distribution. In this case, v(z) = z + exp(—z). Therefore, we have v/(z) = 1 — exp(—z). So,
if z — —o0, |V/(2)| = oo. Therefore, Condition is strictly stronger than the bounded
hazard rate assumption for the noise distribution D.

We show how Condition guarantees an approximate notion of incentive compatibility
for FTPL.

Theorem 10.5.2 For the FTPL algorithm with a noise distribution satisfying Condition
10.5.1) with a constant B > 0, at round t € [T], for an expert i € [K], the optimal report

from the expert’s perspective p;, is at most nng away from her belief b; ¢, i.e., the following
holds:
2B
Ipiy — bi| < n— 2B

Note that while we focused on the incentive structure in which at each round ¢ € [T, experts
wish to maximize their probability of being chosen at round ¢ + 1, the same argument could
be applied to a more general setting where the goal is to maximize a conic combination of

probabilities of being chosen at all subsequent round s > t. Therefore, FTPL is approximately
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incentive compatible with respect to this more general incentive structure as well.
Theorem [10.5.2] allows us to bound the regret of the FTPL algorithm with respect to the
true beliefs of the experts. First, note that FTPL obtains the following bound with respect

to the reported beliefs of the experts.

Theorem 10.5.3 For the FTPL algorithm with noise distribution D satisfying Condition

10.5. 1) with the constant B > 0, if we set n = IB—ﬁ, the following holds:

n(;)

r T
SE S i~ i, L3 tr) <0 5.

t=113eS; t=1 jes

Using the result of Theorem [10.5.2) we have |p; s — b;¢| = ]p;it —bit| < nz%' Moreover, one
can easily show that the quadratic loss function is 2-Lipschitz. Therefore, for all ¢ € [T] and

i € [K], we have:
4B
n—2B"

(P, re) — L(big,me)] <

Putting the above results together, we can obtain the following regret bound for the FTPL

algorithm.
1 1 K. = S8BT
E[1-Ry| = E|— l(bit,m)— min — C(bji,re)] <O/ BT In(—))+ .
] =B 325 Hber) = o 355 on] < O BTG+
Given that n = hfg) in Theorem [10.5.3| the expected regret bound is O(y/ BT ln(%))

This result is summarized in the following theorem.

Theorem 10.5.4 For the FTPL algorithm with noise distribution D satisfying Condition
10.5.1) with the constant B > 0, if we set n =, /<%, the regret bound is O(y/ BT In(y};)).

()’

In order to ensure approximate incentive compatibility, the probability density function of

f(z)
f(z+1)

z. One way to enforce this condition is via a Lipschitzness assumption on In f. Condition

10.5.1] implies that In f is B-Lipschitz. That is why smaller values of B lead to better

the noise distribution f needs to be such that

does not grow to infinity for very large

approximate incentive compatibility which in turn results in smaller regret bounds (given
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that the term 47'C' appears in the regret bound where C' is the bound on the approximate
incentive-compatibility derived in Theorem .

We can use the FTPL algorithm to obtain results for the partial information setting as well. [2]
showed that if the hazard rate of the noise distribution is bounded by B, applying the FTPL
algorithm to the partial information setting for the 1-expert problem leads to O(\/W )
regret bounds. Using the result of Theorem we know that if Condition holds,
the hazard rate is bounded. Therefore, if the noise distribution satisfies Condition [10.5.1]
FTPL applied to the m-experts problem is approximately incentive-compatible and achieves

O(y/BKTIn(£)) regret bound.
10.6 Online distorted greedy algorithm

In this section, we study the setting where the utility function is submodular. In this case,
we have f;(S;) =1— Hiest lip=1— Hiest ¢(b;¢,7¢). The problem in this setting could be
written as an online monotone submodular maximization problem subject to a cardinality
constraint of size m. [195] proposed the online greedy algorithm for this problem whose
(1 — 1)-regret is bounded by O(v/mT In K). The algorithm works as follows: There are m
instantiations A1, ..., A, of no-regret algorithms for the 1-expert problem. At each round
t € [T], A; selects an expert v;; € [K] and the set Sy = {vi4,...,Um} is selected. A;
observes the reward f;(v;¢|Si—1+) where S;; = {vig,..., v}

Inspired by Algorithm 1 of [I01] for online monotone submodular maximization subject to a
matroid constraint, we propose the online distorted greedy in Algorithm 1 for the special
case of a cardinality constraint. The algorithm is similar to the online greedy algorithm of
[195] discussed above. However, in the online distorted greedy algorithm, after choosing the
set Sy and observing the function f;, we first compute the modular lower bound h; defined as
he(S) = > cq fe(|[K]\ {i}). We define g; = f; — hs. Note that g; is monotone submodular
as well. The reward of A; for choosing v;; at round ¢ is (1 — %)m*"gt(vi,ﬂSi,LO + he(vig)

(in case v;y € Si—14+, we repeatedly take samples from the weight distribution of A; over the

experts until we observe an expert not in the set S;_1 ;). This technique was first introduced
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Algorithm 1 Online distorted greedy algorithm

Initialization: Initialize m instances A, ..., A, of online algorithms for the 1-expert
problem.

fort=1,...,T do

fori=1,...,mdo
Aj; chooses the expert v;; and S;¢ = {vi,...,vi¢}
end for

Play the set S; = Syt = {vit,...,Um+} and observe f;.
Compute the modular function hy(S) = > ;¢ fi(7[[K] \ {i}) and set g; = f; — hy.
fori=1,...,m do
Feedback the cost —(1 — %)m*igt(vi,t\&_l,t) — ht(vig) to A,.
end for

end for

by [83] for the corresponding offline problem and it allows us to obtain (1 — %f)—regret bounds
(where f = 31| f;) with the optimal approximation ratio (optimality was shown by [197])
instead of the (1 — %)—regret bounds for the online greedy algorithm.

One particular choice for {A4;}", is the WSU algorithm of [89]. We summarize the result

for this choice in the theorem below.

Theorem 10.6.1 For all i € [m], let A; be an instantiation of the WSU algorithm of [89]
for the 1-expert problem and denote f = Zthl ft- The online distorted greedy algorithm

applied to the m-experts problem obtains the following regret bound:
& i 4
E[(1 - <D)-Rr] < Y RY,
i=1

where Rg) is the regret of algorithm A;. If cy =0, the algorithm is incentive-compatible.

If ¢y € (0,1], we can use the online greedy algorithm of [195] instead to ensure incentive com-

patibility while maintaining similar bounds for the (1 — 2)-regret. [89] provided O(vT In K)
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regret bounds for the WSU algorithm. If we plug in this bound in the result of Theorem
10.6.1} the regret bound of the online distorted greedy algorithm is O(m+v/T In K). However,
this bound depends linearly on m which is suboptimal. To remedy this issue, we first provide

an adaptive regret bound for the WSU algorithm below.

Theorem 10.6.2 The regret of the WSU algorithm of [89] is bounded by O(+/|Lr|In K +

In K) where |Lp| is the cumulative absolute loss of the algorithm.

Note that the bound in Theorem adapts to the hardness of the problem. In the
worst case, we have |Ly| = T and recover the O(v/T In K) bound proved in [89]. However,
for smaller values of |Lz|, the bound in Theorem improves that of [89]. For the
non-strategic setting with modular utilities, [124] proposed the Component Hedge (CH)
algorithm and obtained a regret bound of y/2me¢* ln(%) +m ln(%) where £* is the cumulative
loss of the best-chosen set in hindsight. They also gave a matching lower bound for this
problem. Applying the same analysis as in Theorem to the setting of the naive
approach with (ﬁ ) meta-experts, we can show that the regret bound of WSU matches the
above lower bound.

We can use the above adaptive regret bound to improve the regret bound of the online

distorted greedy algorithm. First, note that at round ¢ € [T, the sum of the absolute value

of losses incurred by {A4;}7, is bounded as follows:

Z (1- %)miigt(vi,ﬂsi—li) + he(vig)) < Z (9¢(vig|Sic14) + he(vig)) = fe(Se) < 1.

=1 =1 ™
=ft(vi,t|Si—1,t)

Therefore, if we denote the cumulative absolute losses incurred by A; with |L§f) |, we have:

S <.
=1

Using the result of Theorem we know that the regret bound of the online distorted
greedy algorithm is > " | \Lg)\ InK+mhnK. > ™, \/@ is maximized when ]Lgf)] =L
for all ¢ € [m]. Thus, in the worst case, the expected (1 — <£)-regret bound is O(VmTInK +
min K).
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While we focused on submodular utility functions in this section, we can also apply the
online distorted greedy algorithm to the setting with modular utilities. In this case, we have
¢y = 0, and therefore, the algorithm is incentive-compatible and its 1-regret is bounded by
O(VmTInK + mInK). Unlike the FTPL algorithm which is only approximately incentive-
compatible, the online distorted greedy algorithm applied to modular utility functions is
incentive-compatible. However, this comes at the price of an extra y/m term in the regret

bound.
10.7 Performative prediction with strategic experts

in real-world applications, the predictions can influence the state of the world, i.e., the
predictions are performative. For instance, the prediction of a high rate of inflation might
result in people buying goods before their cash reserves depreciate too much, thereby causing
inflation.

[166] considered an offline problem with a principal and an expert. The expert could be
either a human or an Al system. The principal aims to elicit honest predictions about
a binary event from the expert. The expert’s goal is to report a prediction p such that
the expected loss given by a proper loss function ¢ is minimized. In order to model the
performative predictions, [I166] assumed that there is a function f : [0,1] — [0, 1] such that
b = f(p) where b is the expert’s belief about the binary outcome. In other words, given the
prediction p, the expert’s belief over the outcome varies according to the function f. They
assumed that f is only known to the expert (not the principal).

The loss function £ is called proper if E, gern(5)¢(0;7) < EpwBern(p)(p, ) for all b € 0,1}, 7 €
{0,1},p # b (Bern(b) denotes a Bernoulli distribution with probability of success b). It is
called strictly proper if the inequality is strict for all p # b. [94] showed that ¢ is (strictly)
proper if and only if there exists a (strictly) convex function G : [0,1] — R such that the
following holds for all p € [0,1],r € {0,1}:

Up,r) = =G(p) + (p — )G (p).
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A prediction p is performatively optimal if p € argminpe(o 1) Er~Bern(f(p))¢(p, 7). The expert
alms to report a performatively optimal prediction.

A point p is a fixed point if f(p) = p. From the principal’s perspective, fixed points (or
approximately fixed points) are standards of honesty. If |p — f(p)| is small, the principal can
draw useful conclusions from the reports. We will use this notion for the online problem. If
f is continuous, a fixed point p always exists. Moreover, if f is Lipschitz continuous with
parameter Ly < 1, then the fixed point is unique.

[166] showed that fixed points are in general not performatively optimal. Moreover, they
showed that if f is L-Lipschitz, G is Lg-Lipschitz, and G is y-strongly convex, we have
Ip— f(p)| < # where p is the performatively optimal prediction. Also, if Ly < 1, the
fixed point p* is unique and [p — p*| < %

[53] also studied the binary prediction problem with performative predictions. In particular,
they focused on two choices of f (p* is the prior belief): 1) Drift model: f(p) = ap+(1—a)p*,
and 2) Reversion model: f(p) = (4(p — 0.5)?)0.5 + (1 — 4(p — 0.5)?)p*. The drift model
applies to settings such as the prediction of inflation rate where predicting a high inflation
rate results in people buying goods before their cash reserves depreciate too much and this
in turn leads to inflation itself. In particular, large values of o correspond to self-fulfilling
prophecies. The reversion model applies to settings where predicting an extreme value (e.g.,
close to 0 or 1) leads to the probability of outcome closer to 0.5, i.e., the event becomes
less predictable. For instance, a prediction that one election candidate will win with near
certainty might lead her fans not to show up to vote, resulting in a tighter election result.
[53] showed that under proper scoring rules and the above two choices of f, the fixed point
p* is not the expert’s performatively optimal report.

In our work, we study the 1-expert problem with performative predictions, and we use the

incentive-compatible WSU algorithm of [89] and obtain O(v/T In K') regret bounds under

some assumptions on ¢ and f.



156

10.7.1  Problem formulation

In this problem, there are K experts available and each expert makes probabilistic predictions
about a sequence of T binary outcomes. At round ¢ € [T7], each expert i € [K] has a private
prior belief b;; € [0,1] about the outcome r; € {0,1}, where 7, and {b;;}X, are chosen
adversarially. Moreover, each expert ¢ has a function f;; : [0,1] — [0, 1] that maps the
prediction to the outcome, i.e., f;+(p) = b. Expert i reports p;; € [0, 1] as her prediction
to the learner. Then, the learner makes her prediction Zfi 1 TitDit (where Zfi (i =1
and ;¢ > 0 Vi € [K]) and upon committing to this prediction, the outcome r; € {0,1} is
revealed, and the learner and expert ¢ incur a loss of ¢; = ¢ (Zszl Tt fj,t(ﬂ'? Dt), rt) and
Uiy = 0(fip(n]'pt), re) respectively where £: [0,1] x {0,1} — [0,1] is a proper loss function
(note that the losses are defined with respect to the true beliefs of the experts). From the
perspective of expert i, the outcome r; is sampled according to a Bernoulli distribution
with probability of success fi (7 p;). The goal of the learner is to minimize the regret and
also incentivize experts to (approximately) report their private beliefs at each round, i.e.,
the learner’s algorithm should be designed such that the reported prediction of expert i,
Pit = argminge(o q] (fz‘,t( Z]I;Z Tjapjt + i) L(p, 1)+ (1= fie( ZJI;Z 7m0t +Tiap) ) L(p, 0)>
is close to f; (7] pt).

To define the regret metric, we also need to specify the benchmark. Consider the algorithms
{A;} | where algorithm A; always chooses expert i at all rounds. At round ¢ € [T], expert

¢ aims to report p}, to algorithm A; to minimize the following:

E”NBem(fi’t(pi’t))g(l?i,n 1) = fit(Pi)l(pit; 1) + (1 = fit(pit))(pit,0).

Now, we can define the regret metric as follows:

T

K T
Ry = Zf( Z i fia (T pe) i) — Zlél[lKﬂ] Zg(fi,t(p;t)a Tt).
=1

t=1 j=1
[166] studied an offline framework, called the “prediction markets”, that is very similar to
our setting. To be precise, they considered a setting with K traders where each trader

submits a single prediction and gets scored according to a proper scoring rule. Each player
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i € [K] has an associated number w; € [0, 1] (such that Zfi L wi = 1) that represents the
fraction of overall capital in the market provided by player ¢ (similar to the expert weights
mi+ in our framework). Each player ¢ is scored according to a strictly proper loss function
¢ and the player i aims to minimize their expected loss (p;, f(w'p)). In the game, all
players simultaneously provide their prediction {pz-}ie[[q which is the pure strategy Nash
equilibrium. Then, the binary event is sampled according to a Bernoulli distribution with
success probability b = f(w?p). The authors proved that if f is Lp-Lipschitz, G is Lg-
Lipschitz, and G is vy-strongly convex, we have |f(wlp) — p;| < % for all i € [K].

In our setting, each expert i € [K] has separate belief functions {f;;},c[r) that map the
learner’s prediction to their belief. At round t € [T], expert ¢ € [K] aims to minimize her

expected loss defined as follows:

ro~Bern (fi(xp0)) (pig,re) = fir(m pe)l(pig, 1) + (L= fie(mf pe))l(pig0).

Because the loss of each player depends on the actions of others, this could be characterized
as a game between the K experts where each expert aims to minimize her expected loss

defined above. We first show the following result.

Theorem 10.7.1 For quadratic loss function (i.e., G(p) = p* — p) and the drift model for
{fittieik e (i-es fir(p) = ap+ (1 — a)biy) with o < 0.5, the aforementioned K -person

game 1S CONnvex.

Therefore, we can use the result of [I77] to conclude that the pure strategy Nash equilibrium
{pit}ie|k) exists at each round ¢ € [T] and is unique.

We provide the main result of the paper in the following theorem.

Theorem 10.7.2 Let the loss function be quadratic (i.e., G(p) = p* — p) and assume the
drift model for { fit}icir)erm (-5 fit(p) = ap+ (1 — a)bir). Using the WSU algorithm of
[89], if o = O(4/ %), the regret bound is O(VT In K), i.e., performative predictions do not

lead to worse regret guarantees.
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10.8 Experiments

In this section, we evaluate the performance of our proposed algorithms for modular utility
functions on a publicly available dataset from a FiveThirtyEight forecasting competitionlﬂ in
which forecasters make predictions about the match outcomes of the 2022-2023 National
Football League (NFL). Before each match, FiveThirtyEight provides information on the
past performance of the two opposing teams. Forecasters observe this information and make
probabilistic predictions about the likelihood of each team winning the match. Considering
that there are 284 different matches in the dataset, we set T = 284. Out of the 9982
forecasters who participated in this competition, only 274 made predictions for every
single match. We consider two cases: K = 20 and K = 100. To reduce variance, for
each case, we sample 5 groups of K forecasters from the 274 and run FTPL and Online
Distorted Greedy (ODG) 10 times. We set m = 5. Given that FTPL is only approximately
incentive-compatible and according to the result of Theorem the reported beliefs
could be nng distant from the true beliefs, we add a uniformly random value in the

range [W__Qz%, nng] to the true beliefs to model this fact. We use the standard Laplace

distribution as the perturbation for FTPL. Hence, we set B = 1. For both algorithms,
the step size 7 is chosen according to our theoretical results. In Figure we plot
the average regret %E[maXSgK]:‘S‘:m St (S) -3 f+(57)] of the two algorithms
over time (along with error bands corresponding to 20th and 80th percentiles) along with
that of the FiveThirtyEight aggregated predictions for K = 20 and K = 100 settings.
Note that while our proposed algorithms choose m predictions at each round t € [T], the
FiveThirtyEight aggregated prediction is a single scalar value. The plots suggest that while
the regret of all three algorithms converges to zero as t gets larger, both our proposed

algorithms have superior performance compared to that of the FiveThirtyEight predictions.

“https://github.com/fivethirtyeight /nfl-elo-game
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Figure 10.1: Running average of regret over time for (a) K = 20 and (b) K = 100.

10.9 Conclusion and future directions

In this chapter, we studied the m-experts problem, a generalization of the standard binary
prediction with expert advice problem where at each round ¢t € [T]: 1) The algorithm
is allowed to pick m > 1 experts and its utility is a modular or submodular function of
the chosen experts, and 2) The experts are strategic and may misreport their true beliefs
about the ¢-th event to increase their probability of being chosen at the next round (round
t +1). The goal is to design algorithms that incentivize experts to report truthfully (i.e.,
incentive-compatible) and obtain sublinear regret bounds with respect to the true beliefs of
the experts (i.e., no-regret). We proposed two algorithmic frameworks for this problem. In
Section we introduced the Follow the Perturbed Leader (FTPL) algorithm. Under a
certain condition for the noise distribution (Condition, this algorithm is approximately
incentive-compatible and achieves sublinear regret bounds for modular utility functions.
Moreover, in Section [10.6] we proposed the online distorted greedy algorithm that applies
to both modular and submodular utility functions. This algorithm is incentive-compatible

but its regret bound is slightly worse than that of FTPL. Moreover, we studied the 1-expert
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problem under the assumption that experts are strategic and the predictions are performative.
We showed that for a particular choice of the loss function and the belief mapping function,
if the influence of the predictions on outcomes is bounded, the standard O(v/T'In K) regret
bound could be obtained, i.e., the performative prediction setting does not lead to worse
regret guarantees.

This work could be extended in several interesting directions. First, none of the algorithms
discussed here or in prior works have taken into account the properties of the quadratic
loss function. In particular, this loss function is exp-concave, and [I12I] showed that for
exp-concave loss functions in the 1-expert problem, the regret bound could be improved to
O(In K) using the Hedge algorithm without the incentive compatibility property. Designing
incentive-compatible algorithms with similarly improved regret bounds for the l-expert
and m-experts problems is yet to be done. To obtain the O(In K) regret bound for the
1-expert problem (with squared loss) using the Hedge algorithm, the algorithm makes a
single prediction Zfil mi it at round t € [T] and its loss is (Zfil T4 tDit — 7¢)%. In other
words, choosing an expert ¢ € [K| with probability m;+ at round ¢ is not good enough to
obtain the improved O(In K) regret bound. Moving on to the m-expert problem, the main
challenge for obtaining regret bounds better than O(\/T ) is to decide how to aggregate
the K predictions as m scalar values. Second, while we focused on the particular choice of
quadratic loss functions, the setting could be extended to other loss functions as well. It is
not clear to what extent our results hold when moving beyond the quadratic loss function.
Moreover, [139] introduced a framework for augmenting online algorithms for various online
problems with predictions or pieces of advice. An interesting future research direction is
to extend this setting to the case where the predictions are given by strategic experts and
study incentive compatibility guarantees for online problems beyond the m-experts problem.
Finally, it is interesting to study the performative binary prediction problem with strategic
experts under more general choices of the loss function and the belief mapping function and

see if our results could be extended.
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Appendix A
APPENDIX OF CHAPTER 3

A.1 Motivating applications

There are several online budgeted discrete submodular problems whose continuous general-
ization could be cast in our framework. We have listed a number of these applications below:
Online knapsack constrained continuous DR-submodular maximization. In the
discrete problem considered in [I40], there is a ground set of elements V and a budget
constraint b € Ry. At step t € [m], an element v € V with the corresponding cost ¢(v) € Ry

arrives online, and we should decide whether to choose v. The overall objective is as follows:

maximize F (V')
subject to Y cyvc(v) < b s
V' CV
where F' : 2V — R, is a monotone non-decreasing submodular function and V" is the set
of chosen elements. Note that at each step, the value of the function is only known over
subsets of items that have already arrived.
Consider the continuous relaxation of this problem where at each step, we are allowed to

take a fraction of the arriving element. This problem could be formulated as:

maximize f(x)
subject to Y /" ey < b ;

0 <z <1Vte[m]

where x = [z1,...,7,]7, ¢; € Ry is the cost corresponding to the t-th arriving element and
f:]0,1]™ — Ry is the multilinear extension of the function F.
Online generalized maximum coverage problem. In this problem, there are m subsets

Ci,...,Cp of the ground set V' with corresponding costs ci, ..., ¢, that are arriving one
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by one. At step t € [m], subset C; could be chosen with confidence level z; € [0, 1] and the
set of covered elements when choosing C; with confidence z; is modeled with a monotone
normalized covering function p; : [0, 1] — 2t which is not known in advance and is revealed
online. The goal is to choose subsets from C',...,C,, with confidence level to maximize
the overall number of covered elements ||J;~, p+(x¢)| while satisfying the budget constraint

Y oiey crxy < b. The problem could be formulated as follows:

maximize | J; pe(x)|
subject to Y i ey < b

0<uz <1Vte[m]

Online continuous DR-submodular welfare maximization. In the submodular welfare
problem, there is aset M = {1,...,m} of m items and aset N = {1,...,n} of n agents. Each
agent i € N has a valuation function Fj : 2™ — R over subsets of items. Valuation functions
are assumed to be submodular and monotone non-decreasing. In this problem, the goal is
to partition the items among the agents as S = (S1,...,S5y,), where SsN S, =0 Vs, t € N
and U?_;Ss = M, in a way that the value of the partition F(S) =", F;(.S;) is maximized
[201]. Now, consider the continuous relaxation of this problem in the online setting: Each
agent has a valuation function f; : [0,1] — R which is the multilinear extension of the
submodular function F;. At step t € M, item ¢ arrives, and the valuations of agents over
subsets of items {1,...,t} are accessible. The algorithm should assign item ¢ fractionally

among the agents to maximize the aggregate valuation. The problem could be written as:

maximize Y . fi(#;)
subject to Y xp <1Vte M

zi > 0 Vi € [n],t € [m]

where Z; = [z, . .. ,a;im]T. Note that in this problem, there are no budget constraints.
Online DR-submodular generalized assignment problem. In this problem, there
are n bins and m items. Each bin ¢ € [n] has an associated collection of feasible sets given

by the knapsack constraint 7; = {S C [m] : 3 ;cg¢ij <b;} and a monotone submodular
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valuation function Fj : {0,1}" — R4 which captures the diversity of the items in each bin.
In the online setting, the set of items ¢ € [m] arrive one by one, and upon arrival of each
item ¢, ¢;; and values of the functions F; over subsets of {1,...,t¢} for all i € [n] are revealed.
The goal is to partition the items among the bins so that the aggregate valuation of the
partition is maximized. If the valuation function F; is modular for all i € [n], this problem
reduces to the Generalized Assignment Problem (GAP) [201I]. Now, consider the continuous
relaxation of this online problem where fractional assignments of items to bins are possible.
The problem could be formulated as:

maximize Y . fi(&;)

subject to Yz <1Vte[m]

o i < b Vi € [n]

where #; = [zi1,...,2im]" and f; : [0,1]™ — R, is the multilinear extension of the

submodular valuation function F; of the i-th bin.

A.2 Derivation of the dual problem

Let
In(a) = {oo o

i.e., the convex indicator function of the set Fj.
Remember the offline constrained optimization problem:
maximize Y ;| H;(%;)
subject to xy € Fy C R} Vt € [m] - (A1)
els; <1Vie|[n)
We can equivalently write the optimization problem as follows:
maximize 1", H;(d;)
subject to x; € Fy C R} Vt € [m] (A2)
el'a; <1Vie[n)

(ii =z; Vie [n]
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We derive the dual of problem (A.2]) below:

Ti1 n Ti1 m
ST IIIE o (TR N R oTCH R EVRS wP e
1761 i=1 t=1
LTim Tim
n Y1t — 21C1¢
. AT 5 5 .
= 2 lgif (9; di — H;(d;) Z zi + Z JU11f€1f (I, (z4) — ( : ,Tt))
Ynt — ZnCnt
| S ——
vt
n
= ZH;‘( Zzl Z sup (<’Ut,{L‘t> —Ip, (xt))
i=1 t=1 TeElt
n
= Hi (@) - Zzz' - Zaa(vt%
i=1 i=1 t=1
where 9; = [yi1, .., Yim)"» 05, (1) = Sup,ecp, w! u is the support function of the set F; and

H}(u) = inf,, (wTu — H;(w)) is the concave conjugate function of H;. Therefore, the dual

problem is:
minimize Z;zl OF, (Ut) Zz 1 H*( ) + Zz 1 Zi
subject to  z; > 0 Vi € [n]

A.3 Connection between submodular total curvature and «

First, note that f, i.e., the multilinear extension of the discrete submodular function F,
satisfies the DR property and f(0) = 0. Since f is linear in each of its arguments, we can

write:

ZEs~m (SU{t}) — F(S\ {t})]ae. (A.3)

Depending on whether ¢ € S or not, one of the terms (F(SU{t})—F(S)) or (F(S)—F(S\{t}))

would be zero. So, by definition of total curvature of F', i.e., kp, we have:

F(SU{t}) — F(S\{t}) = (F(SU{t}) = F(5)) + (F(S) — F(S\ {t}))
> (1—-rpr)F({t}). (A.4)
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Combining (A.3) and (A.4), we have:
(Vf(2),2) = (1= rp) Y P ({t}). (A.5)
t

Defining &y = [z1,...,2¢,0,...,0]7, we can write:
Fla) =Y (F(@) = f(@1))
t

= Z xtvtf(jt—l)-
t

Since F({t}) = f(1;) = f(1:) — f(0) = V+f(0), using the DR property of the function f,
Vif(0) > Vif(#:—1) and therefore, we have:

fla) <> wF({t}). (A.6)
Combining and , we conclude:
(Vf(z),z) = (1 —rp)f(z)

>Z(1—I€F)

&=
8

oy 2 —Kp.

As a corollary, since ay € [-1,0] and kr € [0,1], if kp = O (i.e., F' is modular), we can

conclude that ap = 0 as well.

Example A.3.1 Consider the Ising model with nonpositive pairwise interactions [26]:
F(v) = Z Oiv; + Z 0;viv;.
i€[m] 1<J
where v € {0,1}Y, V| =m, 0; >0, 05 <0 and 0; > Y5 ;105 + ;. ;5105 for all
i,7 € [m] such that i # j. Under these assumptions, this class of functions are monotone
submodular.
The multilinear extension of this function could be easily derived as follows:

€N 1<J
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The gradient of this function could be written in the following way:
x) =0; + Z 0ix; + Z b;;x; Vi € [n]
Ji g<i Ji g>i
As a simple example, consider F(v) = 2v1 + vy + 2v3 — vivs, its multilinear extension
f(x) = 2x1 + w9 4 223 — w123 and assume its corresponding linear packing constraint to be
P={xec0,1*: 0.5z + 0.6z2 + 0.7523 < 1}.

For kp, we have:

(i
ip—1— min LUlVA9)
h#0  F(j)
111
pr— 1 _— 1 p— —
min{3, 1.2}
1
=35
ay could be computed as follows:
oy — g TI@)
weP  f(x)
. 2x1 + o + 223 — 22123
= inf -1
z€P 2x1 + T2 + 223 — T 173
. —T1x3
= inf
z€P 221 + To + 223 — T3
-1
-

A.4 Missing proofs

A.4.1 Proof of Lemma

Considering that ||z||2 < A holds for all x € F} and ¢ € [m], we can write:

n

Pgseq = Z (Hl(wlm( )) + G; ((C wlm(K)))

=1
=3 > ((Hiwi(K)) = Hi(wit(0))) + > (Gile] win(K)) — Gie]wir(0))))
=1 t=1 =1 t=1

3

I
NE

n

1 t=1 k=1 i=1 t=1 k=1

.
Il

K m K
Z i(wit(k)) — Hi(wie (K )+ Z Z (6w (k) — Gyi(EF wir(k —

1))
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(a) n m K 1 I
=S (g[vt(k)]inHi(wit(k —-1)) - ﬁ[vt(k)]?)
i=1 t=1 k=1
n m K 1 We’ T 2 Lc%t i 9
+ 4 (gcz't[vt( NiGi& wir(k = 1)) = S )17)
=1 t=1 k=1
(b) n m K m 9
; Z Z (%[Ut(k)]zthl(wlt(k — 1))) — LQI?
=1 t=1 k=1
n m K 1 - L2
#2033 (el WLCIE wilk =10) ~
m K m 2
_ ;; %(vt(k),dt(k _ 1)) - LKA
m K m 2
=3y %UFt(dt(k -1)) - LKA
t=1 k=1
(4 K M2
=S on(n Y itk 1) - X
t=1 k=1

where (a) is due to Assumption 1, (b) follows from ||z||2 < A Va € F},t € [m], (c) uses the

update rule of the generalized sequential algorithm and (d) is a result of subadditivity of the

support function o,.

By definition, for all ¢ € [m],i € [n] and k € {0,..., K}, we have [d(k)]; :== Vi H; (wit(k))

enes (é;fw@t(k‘)) Since H; is a continuous DR-submodular function, and that w;(k — 1)

A+

wit(K) holds, Vi H;(wit(K)) < V¢H;(wi(k — 1)) follows. Additionally, G}(¢f wy(K)) <

G (éiTwZ-t(k — 1)) holds due to concavity of the penalty function G; (equivalently, G being

non-increasing). Combining these results, we have:

di(K) < de(k—1)
L

di(K) = —= di(k—1)
K

K
2T dy(K) < %xT > di(k - 1), (A7)
k=1
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for x € F; C R, i.e., x being element-wise non-negative. Taking supremum of ({A.7)) over all
x € F;, we obtain:

o1 (du(K)) < 71 D dulh = 1),

Nl

Therefore, we have:

m n m 2
ALG > op(di(K)) =Y Gil&] wim(K)) — LKA .

t=1 =1

A.4.2 Proof of Lemma

First, note that by definition w;;(0) = w;—1(K) and w;1(0) = 0 holds for all ¢ € [m],i € [n].
Additionally, H;(0) = 0 holds by assumption for all i € [n]. Therefore, using the mean-value

theorem, we can write:

I
NE

H;(wim(K)) (Hi(wit(K)) — Hi(wit(0)))

&~
Il
—_

I
NE

iitthz’(Ut),

~~
Il
—

where Z;; = [T4]; = [T4(K)]i, us € R™ is the intermediate point in the mean-value theorem

and w;(0) X u; X wi(K). Thus, we can write:

o VieHi(u) < f{iT(wim(K)) _ Zﬁliitvt{fi(ut) < max ViHi(u)
telm]  Cit ¢; wim (K) Yoy Citdit telm]  Cit
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Appendix B
APPENDIX OF CHAPTER 4

B.1 Other related work

Bandits with Knapsacks (BwK). This problem was introduced by [16] and its framework
is as follows: there is a fixed set of n arms denoted by X and there are d resources being
consumed. In each round ¢ € [T'], where T is a finite and known time horizon, an algorithm
picks an arm z; € X, and upon committing to this action, it receives a reward r; € [0, 1]
and consumes an amount ¢;; € [0, 1] of resource ¢ € [d]. There is a hard budget constraint
B; € Ry for each resource i € [d] and the algorithm stops as soon as one or more budget
constraint is violated. The overall reward of the algorithm equals the sum of rewards in
all the rounds preceding the stopping time. The goal of the algorithm is to maximize the
expected total reward. Depending on the input model for rewards and costs of the arms,
the BwK has been classified into stochastic BwK and adversarial BwK categories. Our
problem framework considers the adversarial input model for the case with one resource, i.e.,
d = 1. Nonetheless, the BwK problem is different from our setting in the following several
important respects:

e The action set in the BwK problem is discrete and finite whereas we consider convex and
compact domains X' C R"}.

e The rewards in the BwK problem are linear in the arms. On the other hand, we consider
a more general class of DR-submodular utility functions.

e The BwK problem only observes bandit feedback for the reward and resource consumption
while we consider the full feedback setting.

e In the BwK problem, the budget constraints are strict and the algorithm stops as soon as

one of the budget constraints is violated. However, in our setting, we allow budget violations
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as long as the total budget violation is sub-linear in the time horizon T'.
B.2 DMotivating applications

In the following, we present several other applications that could be cast into our framework.
These applications along with the online ad placement problem introduced in Section
show that the online continuous DR-~submodular maximization problem with long-term
budget constraints is indeed well-motivated.

Crowdsourcing markets. In this problem, there exists a requester with a limited budget
By that submits jobs and benefits from them being completed. There are n types of jobs
available to be assigned to workers arriving online. At each step t € [T], a worker arrives
and the requester has to assign a bundle z; € X = {x € RY: 0=z = 1} of the jobs to the
worker. The worker has an unknown private cost [p]; Vi € [n] for performing one unit of
the i-th job where [py]; denotes the i-th entry of vector p,. Therefore, the total cost of the
job assignments to this worker equals (p;, z;). The reward obtained by the requester from
this job assignment is a DR-submodular function f;(x;). The DR property of the utility
function captures the diminishing returns of assigning more jobs to the worker, i.e., as the
number of assigned jobs to the worker increases, she has less time to devote to each fixed job
i € [n] and therefore, the reward (quality of the completed task) obtained from the worker
performing one unit of job i decreases. In other words, if z <y, V;f(x) > V,f(y) Vi € [n]
holds. The goal is to maximize the overall rewards obtained by the requester while the
budget constraint is not violated as well. Note that if the jobs are indivisible, for all t € [T],
the utility function f; corresponds to the multilinear extension of the monotone submodular
set function F; : 2" — R and using the lossless pipage rounding technique of [46], we allocate
an integral bundle of jobs to the workers at each step.

Welfare maximization with production cost. In this problem, there is a seller who
has n types of products for sale that may be produced on demand using a fixed limited
budget Br. At each step t € [T], an agent (customer) arrives online and the seller has to

assign a bundle z; € X = {x € R’} : 0 < < 1} of products to the agent. Producing each



191

unit of each product i € [n] costs an unknown amount [p;]; and the production cost of the
item may change over time {1,...,T} because of the fluctuations of the prices of primitive
resources. Therefore, the total production cost at step ¢ € [T] equals (p;, z¢). The agent
has an unknown private DR-submodular valuation function f; over the items where the DR
property characterizes the diversity of the assigned bundle. Therefore, the utility obtained
by assigning the bundle z; equals fi(z;). The goal is to maximize the overall valuation of
the agents while satisfying the budget constraint of the seller. Note that if the products are
indivisible, for all ¢ € [T, the utility function f; corresponds to the multilinear extension of
the monotone submodular set function Fj : 2" — R and using the lossless pipage rounding

technique of [46], we allocate an integral bundle of products to the agents at each step.

B.3 Missing proofs

B.3.1 Proof of Lemma
Since A1 = [\ — uVaLi(ze, \)]+ = [(1 — dp®) A + pge(x¢)]+ and A = 0, we have:
M1 2 (1= 01%)Ae + pge(e)
> (1= 0p®)?Nem1 + pge(we) + (1 — 6p%) pge—1(z4-1)

t
>y (1= 0p®)  ge(ws) + (1= 6p®)" N\
s=1 =0

=p Y (1= 06p2)  ge(xs).
s=1

Similarly, we can derive the other inequality as follows:

A1 < (1= 0p) N + pge ()|
< (1= 6p) A + palge ()|

< (1= 6p)*Nim1 + plge(@e)| + (1 — 6p®) plgr—1(z4-1)]

t
< 13— B gala) | + (1 - 62)
s=1 \:,0/
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_HZ 5# t *lgs(zs)|-

B.3.2  Proof of Lemma

We have:
W-1 Ww-—-1
Z )\t+7’gt+7’ xW Z )\tgt+7' xW + Z ()\t+T - )\t)gt+7($*W)
7=0 7=0
w-1 w-1
<MY geie(ziy) + (IMerr = Ael) |gesr (i)
7=0 7=0

(a) wW-1 w-1 T
<A Y ge(aiy) + Y Z\)\Hs — Atts—1]) [ (23)];

7=0 =0 = ) <G

where (a) is due to the triangle inequality.

Using the result of Lemma 4.1, for all non-negative integers r > 1, we can write:

Ar <uZ — u?) Y | gy ()|

<G
r—1
<NGZ(1 r—l—u
u=1
<uG (1-6p%)
u=0
uG
1—(1—0p?)
_ &
= 5lu

Consider the term (b). If (1 — 6u®)Mtrs—1 + pgess—1(2ers—1) < 0 (equivalently, —A;s 1 >

JT;ﬂgt-i-S—l(xH-s—l)), we have:

(b) = = Atpsl
i
= m‘gt+s—l($t+s—l)‘

U
< =7
- 1—5/ﬂG
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< 2uG.

We will choose parameters § and p in our algorithm such that du? < 1 holds.
Otherwise, if (1 — 0p?)A\as—1 + gtrs—1(Ters—1) > 0, we have:

(b) = |(1 - 6M2)>‘t+sfl + M9t+s—1($t+571) - >\t+571’
=|- 5M2)\t+371 + 1Gtts—1(Tgs-1)]
< 5N2)\t+371 + ,U|gt+sfl(xt+sfl)|

G

= 2uG.
Therefore, we can write:
w-1 w—1 wW-1 r
Z ArGt+r(Th) < At Z Ge+r () + Z (Z2MG)G
7=0 =0 =0 s=1
w-1 w-1
=\ Z Getr(zy) + 2uG?T
7=0 7=0
w-1
=M Y ger(@iy) + pGPW (W - 1).
7=0

B.3.8  Proof of Lemma[{.4.3

Fix k € [K]. Using L-smoothness of the function £;, we have:

1 L
Lol N 2 Lol M) + 2 (Valalef™ M) o) = Sl 13

2K2"!
Y Lo(x?, ) + %<v$‘ct(xtk)7 M), o) - ;;I};z
= Lo(z" ) + %mt(xt A, — i) + ;1(<Vx£t(x§k)ﬂt)’x?v> - ﬁffz
= 4o 2) + (Ll 2 o) — )+ (V). i)
_ l)\t<Vgt(xtk)), i) ;I]?;
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1 . 1. Br LR?
- E)\tgt(xw) - g)\t? T oK?

where (a) is due to the assumption that diam(X) < R. Note that in order to obtain (b),
we have used linearity of the budget functions for all ¢ € [T] to write <Vgt(m§k)), Tiy) =
(D, xPy) = ge(xyy) + %. More general assumptions such as convexity would not be enough
for the proof to go through.

Considering that f;(z) is monotone DR-submodular for all ¢ € [T'], we can write:

(c)
Fo@ly) = foa™) < filaiy va) - fi2?)

(d)
< (Vfi(a?), (@ v 2Py — 2P

= (Vfulz™), (@ — ) v o)

(e)
< (Vfi(2), 2y),

where for a,b € R", a V b denotes the entry-wise maximum of vectors a and b, (c) and (e)
are due to the monotonicity of f; and (d) uses concavity of f; along non-negative directions.

Therefore, we conclude:

1 1
LoV N 2 Lol M) + 2 (Voo M) = i) + = (fulaiy) = fula)))

- %)\tgt(x}k/v) - %)\t% - gfz
Equivalently, we can write:
i) = el < (1= ) (o) = ) = (0 ) = o al)) + gty
b My gﬁz VL A,y — o)
= (1= ) (ilai) = ) + 2 or — Mo o) + M)
+L2};(2+<vct( B, 2% — o). (B.1)

Replacing t by t + 7 in inequality (B.1)) and taking the sum over 7 € {0,...,WW — 1} and
te{l,...,T —W + 1}, we obtain:
T-W+1W-1 T-W+1W-1

Z Z (ft+7(1:>'l;{/) —ft+r($§ﬁ1)) (1—-— Z Z frar(zyy) — ft+r($§i)r))
t=1 7=0
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K . Br LR?
+ e Z Z [ = Aer (D4 U§+)T> + Ngr Gigr (@) + Nr = + 77

T * 2K
t=1 7=0
k k
(VL (@ Air), 2ty — o). (B.2)
Applying inequality (B.2)) recursively for all £ € {1,..., K}, we obtain:
T-W+1W-1 K
, 1
D0 Y (Frerlaly) = frar(@itD)) <
t=1 =0 :;tf:’
—W+1W-— 0
HK 1 1 - = Z Z ft+T wW ft+7’(w1§—s—)7))
T—W+1 W1 5
1 Br LR
T kZ KHJK (1= Z TZ: — Near (Prr U0 + Aepr G (3) + Agr T
k * k
+ (VLo (2 M), 2y — vﬁﬁ»]. (B.3)

Using the regret bound of Online Gradient Ascent instance & Vk € [K], the following holds
(Theorem 3.1. of [104]):

T T T
ZVEt ).ZEW—’Ut ZVﬁt ZVEt ))\t) (k)>
t=1 t=1 t=1
T
< mngNmﬁt(xi’“), M) ) = D (Vala(wf?, A), o)
t=1 t=1

< R2+“§T:Hv Loz, 2|12
> [ 2 T )

R2

r MZvaft (z; ) Aepi)?
@ B2 b
< S 5D @IV hlaf NP+ 2% )

t=1
v) R? .
<+ U+ B2y A
t=1

where (a) uses the inequality |a + b||> < 2||al|? + 2||b]|? Va,b € R™ and (b) is due to j-
Lipschitzness of functions fy, g; for all ¢ € [T]].
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Using the inequality (1 — ) < % i 1) we have:

T-W+1W-1 T-W+1W-1

Z Z (ferr (@) = frar(2i4r)) < é Z Z frir (Ty) ft+r(9€,§9r)T))
t=1 T7=0 t=
T

—_

7W+1 W-1K-

1 i *
+ Z ? [ - At'ﬁ‘T <pt+7'7 Ut(+)7-> + )\t+7'gt+’r(xw)
t=1 71=0 k=0
B LR?
s+ G (VL i M), 2y — )]

T-W+1W-1

-~ > X Uerrloiv L)

WAL W—
Br
Z Z = Atr Gter (s ) — Agr T
t=1 =0

Br LR?

+ A Gt (T ) + Mgr T + oK

K-1
1 k
+ Z (VLr( xt+)ra/\t+7) Ty — U£+)T>} (B.4)
=0

Rearranging the terms in (B.4]), we obtain:

T-W+1W-1 T-W+1W-1

Z Z (1—- ft+T (@) = frrr(err)) + Z Z AttrGttr (Tegr) <

~~

(a) (b)
LR2 T-W+1W-1 K-1 1 T-W+1W-1 . )
WW(T W + 1 + Z Z )‘t+Tgt+T .TW + Z E Z Z <VLt+T(xIE+)7-’ >‘t+T)? LL’W — U§+)T
t=1 =0 =0 t=1 =

).

(© ()
(B.5)

(a) could be lower bounded as follows:

w—-1
(a) = WRrp — Z (W —a)([(1 - %)fi(fv*v‘v) — filzi)] +[(1 - %)f:nm(x’ﬂv) — fr—it1(zr—it1)))
Z71W—1
>WRr —2F > (W -
=1

= WRy — FW(W —1). (B.6)
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Using Lemma 4.1 with (1 — 6u?) < 1, we have:

T wW-1

(b w Z )‘tgt xt Z - Z) (/\zgz(xz) + Ar— i+197— H—l(xT H—l))
t=1 i=1
T wW-1

> WZ Age(xe) — Z — i) (i — 1)G* + (T — i)GQ)
t=1 =1

G2
> WZ)\tgt ze) = W (W = 1)(T - 1), (B.7)
t=1

In order to bound (c), we use Lemma 4.2 and write:

T-W+1 w-1

©< > (A girlaty) +G2uW (W - 1))

t=1 7=0

<0

< pGPW(W —1)(T — W +1). (B.8)

Finally, for a fixed k € [K], we can bound (d) as follows:

T WwW-1
k * k . k k
(@) =W S (VL@),aty — o) = ST W =) (VL (M), a5y — o))
=1 =1 >—BR(1+X;)
k * k
+ (VL (@) iy — o )])
>—BR(1+)\T i+1)
R2W =
< —— 4+ B2UTW + B2y A2+ 28R+ BR )\ +BR i
p w 7] tz; ; ( <(Z)/ . T '+1 )
<(—1)w <(T—i)puG
R2W T RG
==t BPUTW + B°uW > A7 + BRW (W — 1) + BTMW(W —1)(T —1). (B.9)

t=1

Using the regret bound for Online Gradient Descent (Theorem 3.1. of [104]), we have:

T T
) )
Z (/Jt(ﬂ?u At) — Li(xy, )\)) = ( — Atge(xt) + ?M)\? + Age(wy) — EN/\Q)
t=1 t=1
A2 d
<2 4£ Z IV AL (e, M) |12
ko240
A2 d 2
< m + §Z (= ge(ze) + pXe)

o~
Il
—
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INE

T
) \?
; gz 202 (x¢) 4 202 1% \2)

A2
< ;+G2MT+52/L3Z)\?, (B.10)
t=1

where we use (a + b)% < 2a% + 2b? Va,b € R to derive inequality (a).

Combining (B.5)), (B.6), (B.7), (B.8), (B.9) and (B.10)), dividing both sides by W and

rearranging the terms, we conclude:

2
Rp+ Cpa+ 1 th MT)\Q—);Lg(F+BR)(W—1)+g(GnLﬁR)u(W—l)(T—l)

R2
oot (G* + BT + GPu(W = 1)(T = W +1)

LR2 2. 3 2 d 2
+ 5 (T =W 1)+ (0% + 8 u);)\t.

Note that if 7" is large enough such that WT > 16 R? holds, we can write:

RZ
BWT

B2+/32

52M2 +/32 — 16,84 +B2

16R

Therefore, we can remove the terms Ethl A? from both sides of the inequality. Ignoring

these terms, we obtain the desired result.



199

Appendix C
APPENDIX OF CHAPTER 5

C.1 DMotivating applications

In the following, to illustrate the generality of our framework, we have listed several interesting
applications that could be cast into our setting.

Online ad allocation. Consider the following online ad placement problem: At round
t € [T], an advertiser should choose an investment vector x; € R’} over n different websites
where i-th entry of x; denotes the amount that the advertiser is willing to pay per each click
on the ad on the i-th website (i.e., cost per click). In other words, each website has different
tiers of ads, and choosing x; corresponds to ordering a certain type of ad. The aggregate cost
of investment is determined when the number of clicks the ad receives is revealed. Namely,
the cost of such an investment is characterized by p; where the i-th entry of the vector p;
is the number of clicks the ad on the i-th website receives. The stochastic nature of the
number of visitors to these n websites validates our choice of stochastic linear constraint
functions. The advertiser needs to balance her total investment against an allotted long-term
budget Br. At round ¢ € [T], the advertiser’s utility function f;(x;) is a monotone DR-
submodular function with respect to the vector of investments and this function quantifies
the overall impressions of the ads. DR-submodularity of the utility function characterizes
the diminishing returns property of the impressions. In other words, making an ad more
visible will attract proportionally fewer extra viewers because each website shares a portion
of its visitors with other websites.

Online task assignment in crowdsourcing markets. In this problem, there exists
a requester with a limited budget Br that submits jobs and benefits from them being

completed. There are n types of jobs available to be assigned to workers arriving online. At
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each step t € [T, a worker arrives and the requester has to assign a bundle z; € X = {x €
R% : 0 = = =< 1} of the jobs to the worker. The worker has a cost [p;]; Vi € [n] for performing
one unit of the i-th job where [p;]; denotes the i-th entry of vector p;. The workers’ evaluation
of the cost of performing each of these n jobs is governed by the fluctuations of the wages
in the job market and is stochastic. The reward obtained by the requester from this job
assignment is a DR-submodular function f;(x;). The DR property of the utility function
captures the diminishing returns of assigning more jobs to the worker, i.e., as the number of
assigned jobs to the worker increases, she has less time to devote to each fixed job i € [n] and
therefore, the reward (quality of the completed task) obtained from the worker performing
one unit of job i decreases. In other words, if z < y, V;f(x) > V,;f(y) Vi € [n] holds.
The goal is to maximize the overall rewards obtained by the requester while the budget
constraint is not violated as well. Note that if the jobs are indivisible, for all ¢ € [T, the
utility function f; corresponds to the multilinear extension of the monotone submodular set
function F; : 2" — R and using the lossless pipage rounding technique of [46], we allocate an
integral bundle of jobs to the workers at each step.

Online welfare maximization with production cost [108]. In this problem, there are
n types of products for sale that may be produced on demand using a fixed limited budget
Br. At each step t € [T], an agent (customer) arrives online and the algorithm has to assign
a bundle zy € X = {x € R} : 0 < & < 1} of products to the agent. Producing each unit of
product i € [n] costs an unknown amount [p;]; and the production cost of the item may
change over time {1,...,T} because of the stochastic fluctuations of the prices of ingredients.
The agent has an unknown private DR-submodular valuation function f; over the items
where the DR property characterizes the diversity of the assigned bundle. Therefore, the
utility obtained by assigning the bundle x; equals fi(x¢). The goal is to maximize the overall
valuation of the agents while satisfying the budget constraint. Note that if the products are
indivisible, for all ¢ € [T, the utility function f; corresponds to the multilinear extension of
the monotone submodular set function £} : 2" — R and using the lossless pipage rounding

technique of [46], we allocate an integral bundle of products to the agents at each step.
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C.2 Lemma

Lemma C.2.1 [11]] For all t € [T], the following holds:

2

e
P{|lpt — pll2 > {} <2e 222 V(¢ eR.

Proof From assumption A3, we have that ||p|| < 5. Thus, Lemma 1 of [115] holds with
norm sub-gaussian parameter o = ¢f3 for some universal constant c. The result follows

immediately. |

C.3 LemmalC.3.1

Lemma C.3.1 Fort=2,3,...,T, the following holds with probability at least 1 — 7 :

1 2nT
I il < oy [

Proof Note that ||p; — p|| = 25| S (ps — p)|| and since vector ps — p satisfies the result
of Lemma we can apply Corollary 7 of [I15] to the random vectors {ps; — p}'_ 1 and

obtain:
t—1
2nT
ll Z PS¢y 2 otlos(=)
2nT
=Vt— 1c’m/log(L).
€
Combining the above equations, we get the desired result. |

C.4 Missing proofs

C.4.1 Proof of Lemma

Fix k € [K]. Using L-smoothness of the function £;, we have:

*))12

ﬁt($§k+1)7)\t) > Et( (k) )\t) <V ﬁt( (k) )\t),’l)t(k)> - WH t
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(a) 1
> L) M)+ o (Vala(e )0 —

k k k 1 k LR2
= E ($1£ )7)‘t) K<v1£t($1§ )7)‘15)7’01,5 ) - .ZL‘) + K<V$£t(x§ )7 Alf)a > 2K2
1
=@@@m+*wwm@wmﬁ—m+gwm#&m
(k) LR?
- *)\t<V9t( ), T) — SK2
1 1 1.
o ﬁt(l’ﬁ )+ szct(xg‘“), M)y ot — ) E(Vft(ﬁfﬁk)),@ - ?)\tgt(ﬂf)
BT LR?
K T K2’

where (a) is due to the assumption that diam(X) < R. Note that in order to obtain (b), we
have used linearity of the budget functions for all ¢ € [T to write <qu\t(x§k)), x) = (pt,x) =

gi(z) + %. More general assumptions such as convexity would not be enough for the proof

to go through.

Considering that f;(z) is monotone DR-submodular for all ¢ € [T], we can write:

fi(@) = fulat )<ft(fc\/93t) fila™)

(d)
< (Vfu(a), (v 2y — 2™

= (Vfu(z™), (@ — 2Py v 0)

< (Vi) ),

where for a,b € R™, a VV b denotes the entry-wise maximum of vectors a and b, (¢) and (e)
are due to the monotonicity of f; and (d) uses concavity of f; along non-negative directions.

Therefore, we conclude:

1 1 1. .
'Ct(ngkJrl)a At) > ﬁt(ﬂfgk), At) + §<Vx£t($§k)a )\t)vvzgk) —z) + E(ft(x) - ft(fgk))) - ?)\tgt(f)

Br LR?
K T 2K%

Equivalently, we can write:

fulw) — fiaM) < u—*xm> F@) = M@ @) - )
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. B LR? 1
"‘?)\tgt( ) )\t ; ‘l‘ﬁ+E<VEt($Ek),At),$—v£k)>
1. B R .
=(1- *)(ft(x) Fol2) + = [At% — NP o™ + NG (@)
LR2
+ 50 H VL M), — o).

Taking the sum over ¢ € {1,...,T}, we obtain:

T T
k 1
> (fu@) = fulat™™)) < (1= ) D (i) = filai™)
t=1 t=1
T
1 LR?
+ = tzl — (D Ptyvt +)\tgt< )‘f‘/\t?‘i‘ﬁ
+ (VL A, — o). (C.1)
Applying inequality (C.1)) recursively for all k € {1,..., K}, we obtain:
(2F+D) L5 (0)
K+1 K—1 0
Z )) < Hk:() (1 - 7) Z (ft(x) - ft(xt ))
=1 j:/ K
K-1 1 X . Br
Y LIS - Y [ Ae (B, 0) + NG () + M
k=0 t=1
LR?
+ 550 H VL M), — o). (C2)

Using the regret bound of Online Gradient Ascent instance & Vk € [K], the following holds:

T T &
SVali(a? 2,2 = o) = SVl N, 2) = SVaLi(a?, ), o)
t=1 =1 =

R e
< ENIVLL )P
L2
R2 T ~
= S B IVl - Al
K t=1
@R ()12 1 9)2[15 (12
< 0t g 2 QNI + 225 ?)
t=1
(b) R2 -
< T S A2,
H t=1
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where (a) uses the inequality ||a + b[|? < 2||a||? + 2||b||? Va,b € R™ and (b) is due to S-
Lipschitzness of functions ft, g; for all ¢ € [T].
Using the inequality (1 — —)K < in (C.2)), we have:

T 1 T T K-1 1 A
o . .
Z — filwy)) < = Z (fe(x) — fi(a} ))) + Z K [- Aelpes vi™) + A ()
P € t=1 k=0
r LR? k k
+ )\tT + DK + <V£t(x§ ), At), T — Ug )>]
1 < a
= ; (fe(zy) — fr(0)) + ; [ = XGi(we) = A= + MG (@)
Br LR* 21
ML+ T 3 VLD, M), o)) (C:3)
k=0

Rearranging the terms in (C.3)), we obtain:

T T LR T T K-1 1 T
S(a-= ft — fo@) + D Nigile) < )+ D0 = 2VEa M), — o)
t=1 t=1 k=0 t=1
LRT . . rR? RN
< — .
S SR +;)\t9t(fﬁ)+ p + 5T+ B #;At
(C.4)

Now, subtract Zle Aty: from each side of the inequality 1) Thus, obtain that:

T LR2T R2 T T T
Z 1 - = ft ft(xt)) < oK + 7 + BQMT + Z )\tfjt(:v) + [ﬁQMZ)\% — Z)\tgt(l't)]
t=1 t=1 t=1 t=1

Setting § = % and using the update rule of the algorithm for )\; V¢ € [T, we have:

T T
[9:(

T 2
52HZ A - Z Aige(w) = 552:2 Z
t=1

T
1

gzl (ngt 1))+ ge (@)

t=1 t=1 t=1

—

a)
< 53 @) ~@le)ii(a)

t=1

<0,

where we have used [g;(z¢)]+ > gi(z¢) and |[g¢(2¢)]+] < Gi(z¢) to obtain (a).
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C.4.2 Proof of Lemma

Consider the events & = {||p — p|| < c’a\/log(g)/(t— 1)} for t € [T]/{1} and & :=
(L, 1P — pll < Coy/Tlog(2nT/€)}. Then, apply union bound to |J/_, & with the
observation that ﬂtTZQ & C &. Explicitly,

T T
P(Jé&) <D PE),
t;2 t;2
L-P([()&) <Y (1-P&)),
., =2 t—2T
1= (1-P(&) <P([) &) <PE).
t=2 =2

Using the result of Lemma [C.3.1], we obtain the result.

C.4.8 Proof of Lemma

Bounding "/, [G¢(x+)]+ from below, we obtain:

T T
Cr =Y 1B —pad =D n
t=1 t=1
T T
>Cr =Y B — pllllal = Y
t=1 t=1

T T
>Cr—RY |5 —pll =D w
=1 =1

Rearranging the above inequality, we obtain the desired result.
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C.4.4 Proof of Lemma[5.4.5

We can write:

E|p: — plI*> = E(p: — )" (Pt — p)
=E[Tr((p: —p)" (i — )]
=E[Tr (P —p) (P —p)")]
= Tr(E[(p: —p) (B —)")

=Tr(Cov(pt))

C.4.5 Proof of Theorem[5.4.]]

Similar to the proof of Theorem 2, we begin by setting x = 0 to be the fixed vector in (2).
We obtain

T 2
> G+ < —R/BF\F—F T—Rﬂ(@ +2Rp).
t=1

Now, we lower bound the left-hand side following the idea of the proof for Lemma 4. Thus,

we obtain

T
TR LR? N
Cr < —RBF\/ + T*B( +2RB)+ R |Ip —pll-

(©)
In order to bound (C), we take expectation on both sides to obtain:

T
E[(C)] = RE[>_ ||p¢ — pll]
t=2

T
—RY_E[p -l

t=2

T
— RS EV[p — I
t=2
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T
Z E|pt —

t=2
where the last inequality is due to Jensen’s inequality.

Therefore, we have:
T
VIr(%
< RZ (%)
= vt—1
< R\/Tr(Z)VT.
Combining the inequalities, we obtain the result.

C.5 Relation with previous results

o [213] studied a similar problem in the convex setting where all the constraint functions are
deterministic and given offline and they obtained O(v/T) regret bound and O(T %) constraint
violation bound. On the other hand, applying our OLFW algorithm with update rule (I) to
the online DR-submodular maximization problem subject to deterministic linear constraints,
we obtain O(v/T) regret and constraint violation bounds simultaneously. Note that in this
setting, > = 0, and thus, the dominating (’)(T%) term in the expected regret bound of the
OLFW algorithm vanishes.

e [114] considered a related problem with concave utility functions and linear constraint
functions where at each round, the reward functions arrive before committing to an action
(i.e., the 1-lookahead setting) and long-term constraints are penalized through a penalty
function in the objective. They obtained sub-linear bounds for the dynamic regret in their
setting. On the contrary, in our framework, we deal with the extra complication that the
utility function at each step is DR-submodular (and generally non-concave) and it is revealed
after committing to an action.

e [142] considered the same framework as ours in the special case where the utility functions
are linear and they obtained O(v/T) regret bound and (’)(T%) constraint violation bound in
both expectation and high probability settings. Note that our OLFW algorithm obtains

improved (’)(\/T ) constraint violation bounds in expectation and with high probability for
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the more general setting of DR-submodular utility functions.

e [I8I] considered the online DR-submodular maximization problem subject to linear
constraints in the adversarial setting where the constraint functions are chosen arbitrarily.
Their proposed OSPHG algorithm in the setting with window length W = 1 could be
adapted to obtain O(v/T) regret and (’)(T%) constraint violation bounds in expectation.
However, the OSPHG algorithm fails to provide any bounds for the high probability setting.
On the other hand, our algorithm uses the current estimate of the cost vector to exploit the
stochastic nature of the constraints. Furthermore, through using the update rule (II) in the
OLFW algorithm, we can guarantee sub-linear bounds in the high probability setting as

well.
C.6 Modified Online Lagrangian Frank-Wolfe (MOLFW) algorithm

For the setting where only unbiased stochastic gradient estimates of the utility functions

{ft}tT:1 with bounded variance o2

are available, inspired by the variance reduction technique
introduced by [60], we propose the Modified Online Lagrangian Frank-Wolfe (MOLFW)
algorithm in Algorithm 2. Compared to the OLFW algorithm, the MOLFW algorithm uses
<vt(k), dgk)> (instead of <v§k), Vmﬁt(xgk), At))) as the payoff to be received by & Vk € [K] at
round ¢ € [T]. We analyze the performance of the MOLFW algorithm below.

Fix k € [K]. Using L-smoothness of the function £;, we have:

L@ 00 > L )+ (Talewl®, ), o) — ol
(a) k LR2
> Lot ) + EW Loz, M), o) — K2

L1

= Lo(x(?, M) + = (VaLe(@ A — a0l — )

N

1 1 LR?
2 (Valela™ A, 2) + (a0 — ) - T

K 2K2
1
= Et(xgk)’ At) E(V Et(«rg )7)\t) _ dgk)7vt(k) - {]j>
1

1 k Ly k) (k
+ §<Vft(1‘§ ))a$> - ?/\t@t,iﬂ) + ?<d§ ),vt( ) _ T) — Vel
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where (a) is due to the assumption that diam(X’) < R. Considering that f;(x) is monotone

DR-submodular for all ¢ € [T], we can write:

fi@) — £i@) € v a®) - D)

< (VhE®), @ v e®) - 2P

= (Vfu(z"), (@ — 2Py v 0)

(d)
<vft< )7 >7

where for a,b € R", a V b denotes the entry-wise maximum of vectors a and b, (b) and (d)
are due to the monotonicity of f; and (c) uses concavity of f; along non-negative directions.

Therefore, we conclude:

Lol M) > Ltm )+ e (Valala ) — o) = 2) + i) - fiaf) — Agil)
V= By RN RIS
)\ Ty (dy” vy :U)) ek

Using the Young’s inequality, we have:

1
(VaLy(z A) = d?, o) — 2) > —%nvm(xi’“% ) — dP|? - %nvt"“’ — a|?

1 k Ry,
Z —m”vwﬁt(ﬂcg )a)\t> - dg )||2 9
Therefore, we can equivalently write:
Jolw) = Julaf™) < (1= 2) (ful@) = fulaf™)) = M (Gulat"™™) = Gilaf™)
1. 1. Br LR® 1,4 k), , 1 R*By
—i——)\tgt( ) K)\ T +2K2+E<dt y X — Uy >+ET
1 1 k
+Eﬁ”v Lo(@ N — dP|?
1 B . ~
=(1- *>(ft< )= fu(@™) + =T = M of) + Mgu(w)
K T
LR? k k R%3 1 k k
+ g e =) T o 9Ll ) = ).

Taking the sum over ¢t € {1,...,T}, we obtain:

T T
Z (fielz) - ft(%gkﬂ = Z ~ fila? )+ — ! Z — XD o) + Ngi()
K

t=1 t=1
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Br | LR® ) (k) , BBr 1 (k) (k) 12
+)\tT+ﬁ+<dt ,{E—Ut >+ 9 +27Bk||vx£t(ﬂft ,)\t)—dt H ]
(C.5)
Applying inequality (C.5)) recursively for all k € {1,..., K}, we obtain:
S (K+1) S (0)
K+1 K—-1 0
; (fe(x) = fe(zy 7)) <5 (1 — %) ; (felx) = fe(zy))
K—1 T
1 (k N Br LR?
+ ?Hgf‘(zkil(l_ K)E; [_)\t<ptav§ )>+)\t9t($)+)\tT+ 2K

RZ
{0 — oy B

1 (k) (k)
9 + %HVxﬁt(xt ,)\t) — dt H2] . (06)

Using the regret bound of Online Gradient Ascent instance & Vk € [K], the following holds:
T T

T
> —v)y =3 (@ 2) = Y@ )

t=1 t=1 t=1

t=1 t=1
T
(2)52 V. Lo(2®) ) — gtk ANV £ (2" 12 & 222115 112
= + Y Ve La(a™ M) = a7 P 4+ Y UV fila™) P + 25715l 1)
t=1 t=1
(b) R2

T T
+20°T + 2% N+ i Y [Valea(al n) — P2,
t=1 t=1

where (a) uses the inequality |a + b||?> < 2||al|? + 2||b]|* Va,b € R™ and (b) is due to j-
Lipschitzness of functions ft, g; for all ¢ € [T].

Using the inequality (1 — %)K < % in 1| we have:

4 1E T K-1
(o) = filan)) < 2 D7 (fl) = flat™)) + 3230 e[ = Moot + M)
t=1 €4 —
Br LR? k i R2B, 1 i .
+ )\tT + oK + <d£ ), - vt( )> + 5 + ﬂuvxﬁt(ﬂﬂg ),)\t) _ d§ )Hz]
1 - d B B LR2
= ; (ft(x) - ft(O)) + ; [— Mge(xe) — )\tT + MeGe(z) + )\t? + - )
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K-1
1 k) e Ry, 1 k k
K k
(C.7)
Rearranging the terms in (C.7)), we obtain:
T T K-1
1 LR2 N 1
Z (- g)ft( — filzy)) Z)\tgt xt) s T Z/\tgt(fc) + E(<d§k)a$ - Uﬁk)>
t=1 t=1 k=0
R?B;, 1 k k
75 g Vet 2 — )
LRT & R, ) )
< o
< Sx +;Atgt()+ +28%uT + 2624 ;A
T K-1
1 Rgﬁk k k
+2.2 753 HV Lo n) = a2
t=1 k=0
d k k
+ 1> Vel ) = dP|). (C.8)
=1

Now, subtract Zthl Ayt from each side of the inequality {) Thus, we obtain:

) LRT R .
IR ft ~ Jilw)) S Zgp o D Nw) + e 25T | 252uZAt > NG (xr)]
t=1 2 > >

T K-1
1 R 1 ®) oo
+ ; — g( 92 + %”vxﬁt(lbt 7)\t) — dt ||

+MZHV Lo n) = dP|P).

Setting § = 2/3% and using the update rule of the algorithm for \; V¢ € [T], we have:

T T
252MZ)\t Z)\tgt Ty) 52 5 Z gi(w¢)] Sp Z[gt(fft)hgt(xt)
=1 t=1
@) 1 &
< @Z gt xt) — ge(xe)ge(t))

t=1

<0

)
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where we have used [g¢(x¢)]+ > gi(x¢) and |[g(z¢)]+] < g¢(z¢) to obtain (a).

Using Theorem 3 of [60], we have:

Q

(k) (k)2
E[|VoLe(zy”, M) — dy|?] < bt 42

vVt e [T),k € [K],

where @ = max{max¢z] |V £:(0)]|?4%/3, 402 4+ 6L?R?}. Therefore, taking expectation of

both sides, setting B = and simplifying the result, we obtain:

Q1/2
R(k+4)1/3
9 T

R’ LR’T ~
B[Ry] < —- +26%T + =p— + > _EDi(@)) +
t=1

3QuT  3RQYV2T
K2/3 2K1/3

Therefore, if we set K = O(T3/ 2), we can analyze the expected regret and constraint violation
of the MOLFW algorithm similarly to Theorem [5.4.3]| and Theorem [5.4.4] and we obtain

similar performance bounds.
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Algorithm 2 Modified Online Lagrangian Frank-Wolfe (MOLFW)

Input: X is the constraint set, T is the horizon, u > 0, 6 > 0, {y}L, {pk}fle and K.
Output: {z;:1<t<T}.
Initialize K instances {€k}re(x] of Online Gradient Ascent with step size p for online
maximization of linear functions over X.
fort=1to T do

xil) = 0.

for k =1to K do

Let vgk) be the output of oracle & from round ¢ — 1.

) g %Ut(k).
end for
Set z; = m%KH).

Let p; := % Zi;ll ps for t > 1.
Let

(Dt, ) — % expectation analysis (I)

gi() =
Dty ) — % - v high probability analysis (IT)

Set A\; = % for ¢ > 1 and 0 otherwise.
Play z; and observe the Lagrangian function L¢(x¢, At) = fi(ze) — Mege(xt) + 57“/\3
d” = —\pi.
for k=1to K do
d® = (1= p)d* Y 4 0V Li(@) \).
Feedback <vt(k), dgk)> as the payoff to be received by &.
end for

end for
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Appendix D
APPENDIX OF CHAPTER 6

D.1 Additional plots

Figure [D.1fa) demonstrates the achievable adversarial static regret and total constraint
violation by Algorithm 1 for different choices of the window length W. The black curves
indicate the Pareto frontier for different values of W and all the points north-east of the
frontier are achievable. In particular, we can observe that for W = T', both the regret and
total constraint violation of Algorithm 1 are linear.

In Figure b), we have plotted the excess overall utility of the shifting benchmark sequence
[106] with respect to the static benchmark action for different number of allowed shifts for
experiment 2. In other words, we consider the dynamic benchmark sequence {x}}._; which
changes at most m times (i.e., x} # x},; for at most m values of t € {1,...,7 —1}) and we
plot the excess overall utility for different choices of m. Note that the adversarial static and
dynamic regret defined in the paper correspond to m = 0 and m = T — 1 respectively. Figure
b) verifies that the dynamic benchmark sequence achieves much higher utility compared
to the static benchmark action and therefore, for the settings where the environment is

changing, dynamic regret is a more suitable performance metric.
D.2 Algorithm 2

We present our second algorithm for online DR~-submodular maximization with adversarial

or stochastic constraints in Algorithm 2. Note that in the algorithm, we denote g,(z) =
S 9t (@)

% Vq € [Q], k € [K].
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Figure D.1: (a) Achievable bounds of Algorithm 1 in the adversarial setting for different
choices of window length W, and (b) Excess overall utility of the shifting benchmark sequence

with respect to the static benchmark for different numbers of allowed shifts.

D.3 Missing proofs

D.3.1 Proof of Lemma[6.4.1]

Denote r,gk) = VVft—1($,Eli)1) - Agk)Vgt_l(v&) ). We have:

ng) = arg max ((r,gk), x) —allz — U,Eﬂ ”2)
zeX

= arg min ( — (T,gk), z) +alr — vﬁ)1“2)

rxeX
gk) (k) 12
=argmin ( — (—,z) + ||z — v,
gmin (— (") + e~ o P)
(k) (k) ||?
(a) . r (k) (k) 112 T
—argegln(—(t?,m—vt_ﬁ-l-||x—vt_1|| + 2t_a )
B 112
= arg min z — o™ —£
xeX =1 20
(k)

T
=Px (U&)l + 2t_a)’
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Algorithm 2
Input: X is the constraint set, T" is the horizon, V > 0, > 0 and K.

Output: {z;:1 <t <T}.
Initialize )\gk) (k) = a?,g )k =0 Vk € [K].
for ¢ =1 to Q do
x(gl) = 0.
for k =1to K do

k (k Avay k r
vc(z ) = arg maXzEX (VVfr, il ) )~ A )VQ(]—l(vt(z—)l)7$> —allr - “tg—)lHQ)’

x((]kH) (k) + K (k)'
end for
Let (tg1,...,tq,kx) be a random permutation of {(¢ — 1)K +1,...,¢K}.
fort=(¢q—1)K +1 to ¢K do
Set x; = x(gKH) and play x;.
end for

for k=1 to K do

k k _ k _ k k
AB = A 4 G (0 + (Vg1 (o)), o — B

end for

end for

where in (a), we have added the constant term (“—, v,) + to complete the square

norm which does not affect the minimizer.

D.3.2  Proof of Lemmal[0.4.2

Using the update rule of the algorithm for Agi)l’ we can write:

k k k k
AP A > g, (0P + <Vgtf (), 0 — o®))

> Gt 1(vt 1) 5” ”t 1”
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k 8 k k k
= 01 0f) = 557 = VI = o7+ (o = VP = o1

>0
2

)

> g f) - - v | — o)

where we have used S-Lipschitzness of the constraint function g;_1 and the Cauchy-Schwarz

inequality to obtain the second inequality.

Taking the sum over ¢ € [T], we obtain:

)\(k) _ )\(k) > zT:gtl(Ut(k)1) - 64251 - Vtz: H H

T
CT:th 1(ze—1)

t;l
= . szt 1

1_ K T
SEZZ% 1vt 1

k=1 t=1

| K op oy KT

SKZ)\%)“H_BJFKEZ:ZH -

where the first inequality is due to Jensen’s inequality.

D.3.3  Proof of Lemma
) | we have:

Using the update rule of the algorithm for A, /;,

*) — Vil l+

k k
A2 = D 4 g1 (0) + (Vg (o)
< (O 4 g1 0%) + <Vgt71<v§ﬁ)1> vﬁ” — o))
(k)

= A2 4 (o1 (0P) + (Vgema (), v — o) + 228 (g1 (01)
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k k k
+ <V9t—1(”£ )1) Ui ) _Ug )1>)
< W2 4@+ BR? + 22 (611 () + (Vg1 (0, 0 — o)),

So, we can conclude:

(k) \2 (k)\2 2
K (A1) A G+ BR k k k k k
a = Pl Be L (OB 300, 0f) + (T 0,00 = o).

D.3.4 Lemma
Lemma D.3.1 The following holds for allt € [T] and k € [K]:

RINC) VB*  (G+BR)?
KVt 4aK 2KV

(ﬁﬂm—ﬁlwﬁﬁngu——xﬁu> fioa(@) —

1N 2 LR?
g g+ KVHm_%lH'_KVHx_W"+2KT
(D.1)

Proof Combining the result of Lemma with the update rule for vgk), we have:

A() (VV fi_ 1(xt )1) (k) Ut(ﬁ)1>+04HUt( Ut 1H

G+ BR )
s(:f)_4VVﬂ_ﬂ@@0_Agkmpﬂﬁq%vyy_dq>+Agbhﬂﬁﬂ)+audm_UyH‘
G+ B8R
< (25) —(VVfio (3% )1) )\Ek)Vgtﬂ(Ut(E)l) T — vg )1> + )\,(; )gt 1(Ut( )1) +a Hx — vik)lH
2
~alfe -
G + BR)?
< (2) — WV @),z — o)+ AP g (@) + Hx — ¥ 1H Hx

(D.2)

where the second inequality is due to the optimality condition of the optimization problem

for updating vﬁk) and the last inequality follows from the convexity of the constraint function

gt—1-
We have:

2 k k k k) | |2
— (V@)oo = o) + o[ = o
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= H\F o) - fvft () ‘ —zHVft_l(xglf)ﬁHQ
V252
4o
Using L-smoothness of the utility functions, we can write:
ft—l(*”“"gkﬂlr ) = ft—l(ifgk)l) + K< t— 17Vft 1(% )1)> - %‘ o ’ 2:

LR*V
Vo V(@) < KV (i @f57) = @) + =5

Using the DR~submodularity and monotonicity of the reward functions, we have:
fra(@) = fia@™) < frateval) = fa)
< (Vi (@), @ vah) — o)
= (Vi) @2 v o)
< (Vi (). 2).

Putting the above inequalities together, we have:

V2p2 G+ BR)?
A - VP (@)~ fa(ef) + KV (i @1Y) — fa(a))
2 LRV
e | T [

Rearranging the terms, we can write:

V(@) = fir @4) < (K = DV (fia(a) — foa(al®)) — a4 L2y (G5 BB

4o 2
2 2 LRV
+)\§k)gt_1(x)—i—ozH:z:—vt(ﬁ)lu —aHx—ka)H + 5%

Dividing both sides by KV, we obtain the desired result. |

D.8.5 Lemma

Lemma D.3.2 The static regret of Algorithm 1 against x € X is bounded as follows:

d 1 Vv 27 G+ R2T R2 LRQT
;((1_e)ft—l(x)_ft—l(xt—l))< fa —i-( 2@ VZZ)‘t g ( aV +

(D.3)

k=1t=1
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Proof Using inequality and taking the sum over ¢ € [T], we obtain

Z (ftfl( = fi- 1(5'3,5]6?1)))
t=1

T
1 (k) 1 (k) 1 (k) \2 V32T (G + ﬁR)QT
<(1-— (x) — - —
= K);(ﬁ 1(@) = fir(@12) = g ) +2KV(\)‘ ,/) Yk T kv
L\ k) )| |2 LRQT
V;/\t g1 Hx_vo H _KVH | + S
T T
1 () VBT (G + BR)*T 1 (k) aR? LR’T
1—-—= A B -
= K);(ft o) = firlet) + 2KV +KV; v 9@+ e
Applying the above inequality recursively for all k& € [K]|, we have
T
1 VBT (G4 BR)*T
S (hrla) — fia (a570)) < (1 DY (firla) — (el + LT (G2 I
_ D =
K T
1 (k) aR? LRT
+K7VZZ)‘15 gtfl(x)“‘T-l- oK
k=1 t=1
Rearranging the terms, we obtain the desired result |

D.3.6 LemmalD.3.3

Lemma D.3.3 For allt € [T],k € [K], we have )\Ek) < 0V where

(G+BR)?

+ (BR+ Y2V aR? (G + BR)(V +2)
VBr/T "YW r )BT T 2V b

In particular, if we choose o < O(V?), we have )\Ek) <OWV).

0 = max{G + (R,

Proof Plugging in = 0 in inequality we obtain:
V2 2 G R 2
NG B~ _ (G +BR)

&)\ (k) _Br ® (1?2 (

1o = 5 +<vat—1(it—1)7vt—1> T Ay +aHvt—1H O‘H
<BRV

Agk) < w v Br

2 2
g+ R+ TV =g A wa p[ —a W]



221

Therefore, setting n = —%, B = w and R = SR+ ‘2—52 in Thoerem 2 of [159], we
obtain the desired result. |

This O(V') bound on the dual variables is crucial in obtaining improved total constraint
violation bounds compared to [I81]. Note that [I59] requires the extra assumption that there
exists an action z € X such that g.(z) < 0 Vt € [T] (Slater condition) to obtain Theorem 2
in their paper. However, in our framework, since g;(-) = hy(-) — —T and hy(0) = 0 for all

t € [T], the Slater condition holds naturally with z = 0.

D.3.7 Proof of Theorem

First, using the result of Lemma [6.4.2] we have:

BZT |4
Z)‘T-H Tw TR

M=
E

t

H”(k) *vt@lHQ-

=
Il

1t=1

Therefore, in order to bound the total constraint violation, we need to bound Ag@l and

HUE - vt 1H for all k € [K] and t € [T]. Lemma |D.3.3| provides the bound Ag@_l < 0V for
2
the dual variables. Thus, it suffices to obtain upper bounds for the terms Hvlg ) vﬁ)lH

which is done in the following.

(k)

Using the update rule of the algorithm for v;"’, we have:

(k k k k k k k k

VY fa@)) - 2OV ), o) — o [of o872 09 s - AV ), o)
k

—i—ava —vg )1H .

Equivalently, we can write:

k k k k k
20 o~ < V9 s - AT (o))l o)

vaft (@) - Aik)vgtq(v,@l)H Hv,g — o)

where we have used the Cauchy-Schwarz inequality to obtain the last inequality.

Dividing both sides by 2« HU,E - vt(k)l

and using the triangle inequality, we obtain:

[ = il = g (o seatal] + W waael)
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(k)
<
< (V+AY)

B(1+6)

<
- 2

Therefore, the following holds:

A1+

+6)?
I

Plugging the above inequality in the result of Lemma we obtain the total constraint

violation bound as follows:

§ 2 2 27/3
crs g3 7 e - sov S FOREL

D.3.8 Proof of Theorem[6.4.2

First, note that in the adversarial setting with window size W = 1, since for all ¢ € [T'] and
k € [K], gi(z*) < 0 holds and )\gk) is non-negative, we have %V Zszl Zthl )\gk)gt_l(x*) <0.
Thus, in this setting, the result follows immediately from inequality

For the case where W > 1, plugging in ¢ <~ ¢t + 7 and x = 7}, in inequality u, we have:

1 1 . . 1 i V52
(fror(@iy) = frar 1(:U£+t )1)) <(1- ?)(ft“,l(xw) _ ft+771(513§+)7_ ) - ?VA§+)T + V8
(G+BR)? LR> 1 e a o
2KV o T KV/\'gJF)TgHT 1) + 7y KV Ty — U§+)r 1” TRV W T Ut(-l-)'r

Taking the sum over all t € [T'— W + 1],7 € {0,...,W — 1} and applying the inequality

recursively for all k € [K], we obtain:

T-W+1W-1 Kol 1 —W+1W-— )

NS (feraa(@iy) = S (25 < = Z Z Jerra (@) = freraa(zyr 1))

— 0 N—— € =1 =0 SN——

=Tipr—1 =0

_1§:V§‘:1T‘§W:“Ak L VBW(T W 1) | (G+BRPW(T W 1) | LEW(T - W +1)

KViDo o o da 2V 2K

1 K T-W4+1W-1 *) a K W—-1T-W-+1 ) 9 )

+K7VZ Aiyrerr—1(Tyy) 72 ’ T V- 1H — | |TW — Vryr )

Il
o
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Equivalently, we can write:

T-W+1W-1

K
1 k
§ TE 1 - ft—i—r l(xW) ft—&-T—l(xt—i-T 1 § ﬁ El Ag_,_)T

(a) (b)

VEW(T —W +1 G+6R2WT—W+1 1 KT
( ) ( )W ( Z Z Zkt+79t+flww)

+ 1o oV TRV

(c)

+LR2W(T -W+1)

* o)
) 2K

Tw — Veyr

TS | . . (D)

k=1 7=0

(d)

The main challenge in obtaining regret bounds for the W > 1 case is to bound terms (a),
(b), (¢), and (d) in the above inequality. We exploit ideas from the analysis in [I8T], 135] to
obtain these bounds.

We bound term (a) in the following:
w1

() = WRr — 32 (W = )([(1 — 2)fia (o) — fia (o)
=1
10 = D fralaty) — froitar—))
w-1
>WRy —2F > (W —1i)
=1
= WRy — FW(W —1). (D.5)

For the term (b), we have:

%

1 TW+1
b) = ————
(b) = —3

Kk
t+7'+1 - (>\§+)T)2)

<

= I
3
Il
o

t=1

k k
(A s 0)? = A2

b

1
2KV

(]

i
% —
(]
=l

o

VAN
)
:
=9
T L

IA

min{HQVQ,TQ(G + 5R)2}

1 T

[\
B
Il
—
i
o
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1 21,2 )2 -
2KVm1n{0VKW(G+BR K;)
21,2 2 WW —1)(2W —1)
szmln{HVKW (G+ BR)*K G }
2; min{6*V2W, (G + BR)QW(W — 1(2(2W —b 1, (D.6)

where we have used the dual variable bounds in Lemma and the fact that )\Ek) changes
by at most G 4+ SR over one slot to obtain the second inequality.

In order to bound (c), we use Lemma 8 of [I35] to obtain:

K T-W+1 (G+,BR)

VZ Z (" th-l-ﬂ-lww W 1))

_G+5 . (D.7)

o -l )
(d):TZZ ‘ xW_UT W+r+1H )
k=1 =0
o K ow- )
= * (k)
= VZZ’:CW v ’
k=1 7=0
0 Kow-
2
<2 D R
k=1 7=0
aR*W
= ) D.8
= (D:3)

Combining inequalities [D.4] [D.5] [D.6] [D.7 and [D.8] dividing both sides by W and rearranging

the terms, we obtain the regret bound as stated.

D.3.9  Proof of Theorem

Set x = 0. Plugging in « = ;_; in inequality we have:

1% 2
(fimr(wia) = fio 1(xtktl))) < (1_%)(ft—1(1’f—1) Jfe— 1(5L't 1)) KLVAﬁk)+4Oi(




225

a

(G + BR)? NG
e o - gl

IOKV KV)\t gi— l(l‘t 1)
Taking the sum over all ¢ € [T] and applying the inequality recursively for all k € [K], we

i+ 5

obtain'
T
1 ; 1)y, VBT  (G+BR)T
fi—1(zi 1) — fio 1(1E(K1+1))) < - (ftfl(mt—l) — fi—1(= _1)) + +
; \iwtil, e; \56/ 40é 2V
K T K T-1
1 . . LR2
A+ 35 o )
k=1 t=1 k=1 t=1
O e B ] (k)| 2
LR o)
k:l\—/_o—’ k=1
Ut Ut = ||=;11* = ||=;- 1” + xi_y —xp) <
||zx]|* — Hx;“leQ + QRthfl - :L’tH holds, we can write:
T K T
1 T (G+BR?T 1 .
Z fio1(zi_q) = fee1(me—1) S*Z _1) f +( 2@) +szz)\§k)gt—1($t—1)
t=1 €= @ k=1 t=1
K T—1
LR?>T
K—Z |x0\| +2R2th 11— xtH) K
§R2 ~; t=1

Denoting the drift of the benchmark sequence P; = Z?:_ll H:L‘;f_l —xy ‘ ‘, we get the dynamic

regret bound as desired.

D.3.10  Proof of Theorem[6.4.]]

Taking expectation of both sides of inequality we have:

2 2
E[fia(2") = fia )] < (1- ) [fia(z )—ftq(ﬂfyi)l)] - KV E[Af)] + Lﬁ[{ + (G;K@R)

LR?
2K2°

z* —v,gk)H

L Ep®g,
Let F; = {gT}T o- Considering that )\( ) is Fi—1-measurable and g;—1(x *) is independent of

Fi—1, we can write:

EN" g1 (2*)] = E[EN g1 (a%)| Fioa]] = ENY Elgioi (2] ] < 0.
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Combining the above inequalities, taking the sum over t € [T] and applying the inequality

recursively for all k € [K], we obtain:

T T K
1 (1) 1 (k)
S E[fia(a®) — fio @S] < (1- )FE] > (fea@®) = fia (@ 2)] =57 > B
t=1 N K t=1 -0 2KV k=1
NG — >
<1 >

V32T N (G + BR)*T N aR? N LR?T
4o 2V 1% 2K

Therefore, the expected regret bound is derived as stated.

D.3.11  Proof of Theorem[6.4.5

Considering the regret bound in inequality in order to obtain a high proba-

bility regret bound, we have to bound ﬁZfﬂ Z?,l )\Ek)

gi—1(z*).  Denote Y; =
%V Zszl Zi,:l /\2’“) gs—1(z*) and let Fy = {gT o- Considering that g;—1(z*) is independent
of F;_1,We have:

K
1
E[Yi|Fio1] = E[Yis + — Y AP, (%) F]
KVk f

K
1
= Yi1 + Bl YA g1 (@)1 o]
k=1

K

1
=Y+ 5 ; A Elgr-1(a*)| For)
LS~ 0
=Y+ KV Z At Elgi-1(z7)]
k=1 <0
<Y
Therefore, {Y;, Fi}+>0 is a supermartingale. Also, note that for all ¢ € [T], we have
LS~ 0
Y — Y- 1|—| ZA gi—1( vaz)‘t lgt—1(z")| < 0G.
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Thus, using the Azuma-Hoeffding inequality, we can conclude that with probability 1 — ¢,
the following holds:

1 S 1
—VZZA,: gi—1(z") <0G 2Tlog(5).
k=1 t=1

Combining the above inequality with the regret bound in inequality with probability

1 — 4§, we have:

2 2 2 2
(S,9) < 971 VpeT (G+BR)*T  aR LR*T
Ry <0Gy Og(5)+ da T 2y TV Tk

D.3.12  Proof of Theorem[6.5.1]

Using an analysis similar to Lemma [6.4.1] we have:

> a2 <28+ v S o 8

The constraint violation bound follows immediately from the result of Lemma and it is

provided below:

q=1
Q L&
=E[K Y g4-1(3z D 0]
q=1 k=1
K Q
<D Elgga(vgh)]
k=1q=1
K K K Q 9
<STERPY ) +vY Y E va’ﬂ - vg@IH , (D.9)
k=1 k=1 q=1

where the first inequality is due to Jensen’s inequality.
Plugging in t < ¢ and using the dual update of Algorithm 2 instead of Algorithm 1 in
Lemma we have:

k
_ O o2 (G +my
7 2 2 - 2

_ k _ k k
+ A (Gt (0) + (Vggor (), 0 — o)),
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(k)

Combining the above inequality with the update rule for v, we have:

k k (k
A( ) — <vatq 1k( (zlyk)vvék)_véf)ﬁ"‘a ‘ k)—v ) H
(a)
G+ BR)? k N . .
< CE gl ) = M9 1), o — o)+ 25,1 ()

vl

G+ BR i
= (2) —VV iyl (k)l,k) o )‘((Jk)vgq—l(vék—) ),z _U( : 1) +)\( )Qq I(Uék_)l)
2
talle— o[~ al[z o
G+ SR ) ) ,
§(2) — (VY ity k),x—vé’i)l)+Agk)gq_1(x)+aH$_v;’j>lH —aHx—vg"‘)‘ 7

where we have used convexity of g,—1 to derive the last inequality.

For the term (a), we have:

- Vet i - e | - Ve

232
>—Vﬁ.
- 4o

Using L-smoothness of the utility functions, we can write:

(k 1, & k
ftq 1k( ) ftq 1k( ) )"' ?<U(§7)17vftq71,k(l‘((]7)1) 2K2 ‘ H
k k LR?*V
VA{og2 ¥ i g 20) < KV (fi o @500) = foyy (0 20) + =5

Using the DR-submodularity and monotonicity of the reward functions, we have:

Py @) = frrin @) < o @V e = f @)
< (Vi @), @ v el — o))
= (Vo (@), (= 2)) v 0)
<AV foin @), ).

Putting the above inequalities together, we have:

222 2
Aglk) o V4§ < (G +2BR) B V(ftq—l,k( ) ftq 1k( ) )) + KV(fq 1,k (xfzk—tl)) - ftqfl,k(xtgk—)l))
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ol

—}-)\((Zk)gq_l(:c)—f—aH$—véﬁ)1H2—aHx—v Y

Equivalently, we can write:

\%
Kv(ftq 1, k() = ftqfl,k (%(zktl))) < (K- 1)V(ftq71,k(33) - ftqfl,k( t(zk)l)) A(k) + 406I3
G+ B8R B 2 2 LRV
—i-(zﬁ)+Agk)gq_1(x)+a‘)x—vé@l‘) —aHx—vék)H 5K

Dividing both sides by KV and taking the sum over ¢ € [Q], we obtain:

Q 2
\%4

Z (ftq,lyk (l‘) - ftqfl,k(l“((]’iﬁl) 1 - i Z ftq 1k ftq 1, k( 1)) + rQ

q=1

4aK
qg=1
Q 2

(G + BR)*Q 1 (k) - o ®||2 . LR°Q

TRV +KV;/\Q % VHm_UO H B Hx e H MY O
Applying the above inequality recursively for all k& € [K], we have:
(K+1) 1N, < (1) V3rQ
Z ftq 1, k ftq 1, k(m -1 )) < ( - ?) Z (ftqq,k(x) - ftq—l,k (xq—l)) + Ao
- - —~—
q=1 AQ—JQ—l ~
<%

(G + BR)*Q (k aR2 LR?Q

+ 2V V ; qZ:l Ag Vv + 2K

Therefore, the regret against the benchmark with window length W € [1, T%] is derived as
stated.

D.5.18 Proof of Theorem

For all ¢ € [Q], k € [K], using a similar analysis to Lemma we have )\,(Ik) < 0V where

(CHORPT | (gR+ Y2y aR2T (G+BR)(V+2)}
VDr VLB 2 |

0 = max{G + SR,
Using the update rule of the algorithm, we have:

VY fr, 1 @) = XDV, 00, o) — o va) o H

(
q
k _ k
Vi, @) = 2ABvg, (00,0
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Equivalently, we can write:

(k) )) Uék) - U(k_)1>

Yq —1,k q—1 q

2aH () _ (b H VY o) = APVg, 1 (0

k _ k k
< VT ) = A3 )|~
Dividing both sides by 2« Hvt(k) — vt(ﬁ)l H and using the triangle inequality, we obtain:

o = 2 < g (VT Aantai2| + [ 930

s (k)
<
< 2O[(V+/\q )

B(1+6)

<
- 2c

V.

Therefore, the following holds:

2 2 2
o) _ LB+ 0)°

2
a Uqle - 402 Ve

Plugging the above inequality in inequality we obtain the constraint violation bound as

follows:
BT | B(L+0)*V°T

K
(k)
E[Cr] < >0V +VZZEH e 1H SOKV + T +
k=1 k=1 g=1
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Appendix E
APPENDIX OF CHAPTER 7

E.1 Missing proofs

E.1.1 Proof of Theorem [7.5.]]

We first provide a lemma that will be used in the proof.

Lemma E.1.1 If we apply PGA with the update rule xx+1 = Proji (zx+1V f(z1)) Vk € [K]

to an L-smooth function f, the following holds:

f(xry1) > flag) + g”ﬂ?kﬂ — xil|? > f(xp).

Proof We can use the L-smoothness of f and write:

Flawnn) 2 Fon) + (VTG zin = 2 — 5 hones - ol

> fla) + Ll — ol = 2laer - ax)?

= (k) + gllaes - ol

> f(k),
where the second inequality follows from the optimality condition for xpyq, ie., Tx41 =
argmin, ey ||z — 2 — £V f(zp) |2 [ |
First, consider the DR-submodular setting (11 = 0). Note that for all k£ € [K], we can rewrite
the update rule of PGA in the following equivalent way:

v = argmas (F(eg) + (Y (x), 2 — 25) — & 2 — a5 )
ek

= Proji (x5 + %Vf(:rk))
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If we denote h(x) = f(zr) + (Vf(zg),x — z) — %Hx — 21|?, h is L-strongly concave.

Therefore, we can write:

* * L *
h@®) < (k) + (Vh(@r), 2" = 2pi1) = 5 lowe — 27
(a) L
< h(@ky1) — §H$k+1 — |7,
where (a) follows from the optimality condition for x1, i.e., xp4; = argmax,cx h(z). We
can write:

(b)
f(@rs1) > M(@gy1)

* L *
> h(z*) + §||$k+1 —z*|?

= Fon) + (V) 2" — 2i) — 2 Jow — 22+ 5 g — 2P
© L

> f@") = cpf(ar) + 5 (lwsr — 2" |° = lloe — 27[1%),

where (b) follows from the L-smoothness of f and (c) uses the result of Lemma with
z =%, x =z} and p = 0. Rearranging the terms and taking the sum over k € [K], we
obtain:

d K
K(1+Cf (Tr41) > Z f(zrs1) —|—Cff(xk))
k=1

—
=

L L
> Kf(@") + Sllzcen =) = Sl — 2"

> K f(x )*EWn*wW

where (d) is due to Lemma Dividing both sides by K (1 + ¢f), we derive the result as

stated.
Now, we move on to the general strongly DR-submodular setting with p > 0. Note that for

all k € [K], we can equivalently write the update rule of PGA as follows:

Tjy1 = argmax ((Vf(wk), x — Tk) — §||:13 — a:k||2)
zekl

= Projy (zy, + %Vf(xk))-
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Using the L-smoothness property of f, we can write:

Flaern) = Fla) > mas (95 (o), @ 2i) & o — i)

xre
= Vi@ - émin o a5 — TV ()|
= V@I — Dlakn oz~ TVF@OIZ (B

Setting z = z* and = x} in Lemma [7.5.1] we have:

F(I@) = (14 ep)flan) < %(Wf(a:k) ") = Sllet — i)

L
Lol == SV SV, (2
I T Tk T o, T . .
Since zj11 = argmin, e ||z — 2, — £V f(zx)||?, 0 < £ < 1 and K is convex, we can write:
D O e %m = V)P

= ||z($* —T) — va(l"k)Hz
2

H * 1 2

= allat == V)l

Multiplying both sides of the above inequality by —%, we obtain:

w2 1 L 1
—gplle" = me = V@) < ~F e — @ — V@) (E.3)

Combining the inequalities and we have:

F(P@) = (14 e flan) < flane) = Fn).

Therefore, we can write:
f@®) = (Lt ep)flangn) < (1 - %)(f(x*) — (Lt cp)fan) +cp (fzr) = fl@rr))
< (1= (@) = L+ en)flan)),

where the last inequality uses the result of Lemma Applying the above inequality

recursively for all k € [K], we obtain:

@) = (U4 ep)far) < (1= DF (@) = L+ f ()
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< eI (f(@") = (L4 ep) f(a)).

Rearranging the terms and dividing both sides by 1 + c¢f, we obtain the result as stated.

E.1.2  Proof of Theorem

We can write:

21 — 2| < o + eV fo(e) — 2*|?

= lloe — 2|1 + 7 IV fe(@) P = 206(V felar), 2% — ).

Rearranging the terms and dividing both sides by 27, we can equivalently write:

_ax]|2 k]2 2 \V4 2
(o) ) < I P e 2+ IV e
Ui

< Nz =2 = oo — 72 ms?
217,5 2 '

(E.4)

Using the result of Lemma with @ = x4, 2 = 2%, ¢y = maxyc) ¢y, and p = 0 and

combining it with the above inequality, we have:

< |z — 2*]]? = ||lzg1 — 2*]?

fe(@®) = (L +cp) frlme) <

+ 77t52
27775 2 )

Setting n; = n = /3\% Vt € [T] and taking the sum over t € [T], we obtain:

3 fe(@®) = (L +cf) () < S ”xtix*HQintHix*HQ+7752T
(fi@™) = L+ ep) filr))

t=1 t=1 277 2
=P = e — 2|2 BT
= +
2n 2
R? 2T
S np
2n 2

Plugging in the value of 7 and dividing both sides by 1 + ¢y, we conclude:

XT: ( 1 RBVT RBVT

=1 1+Cfft($*) —filz) = 2(1+¢f)  2(1+cy)
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RBVT
1+cy '

For the setting where all { ft}g;l are p-strongly DR-submodular, we can combine the result

of Lemma and inequality [E.4] to obtain the following:

_ r*2 _ |2 2
Fl) — (1t ep) fula) < 20T N 2Ty e

27’],5 2
Ifwesetnt:ﬁwe[T],Wehaveﬁ—%—OandT—%:”(2_1):2m1Vt>1

Therefore, we can rewrite the above inequality in the following equivalent way:

* |12 *12 2
5 (1 Mz =2°  flzes — 2" omBT
fe(@®) = (L tcp) folwe) < ST o + 5

Taking the sum over ¢ € [T], we have:

4 2 9 9 T
; 1+Cf>ft<mt>)<—f||x2 x m; Hw;;:*\\ _th+12 ;t:c*u " 52 > 1"
:—me—% H2+fH9€2—$ HQ—*H@"TH—UC H2+*Zm
, T t=1
Sgtﬂ Uz

ﬁ2
< —(1+1InT).
2

Dividing both sides by 1 + ¢y, we obtain the regret bound as follows:

1 5
;(1+Cfft(x )_ft(mt)) < m

(14+InT).
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Appendix F
APPENDIX OF CHAPTER 8

F.1 Related work

Online optimization in the i.i.d. model. For the setting where the objective functions
{f:}L | are drawn i.i.d. from an unknown distribution D with a convex mean f(-) = Ep[f:(-)],
several algorithms have been proposed that could be divided into two categories of projection-
based and projection-free algorithms where the latter is most relevant to our work. In
particular, [105] proposed the Online Frank-Wolfe (OFW) algorithm which achieves a nearly
optimal O(v/T) stochastic regret bound with high probability. The OFW algorithm requires
to access the exact gradient of {f;}1_; and has an average O(T') per-iteration computational
cost. To remedy this issue, more recently, [60] proposed the One-Shot Frank-Wolfe (OSFW)
algorithm with O(T%/3) stochastic regret bound in expectation. Note that the OSFW
algorithm obtains similar bounds for the setting where f is monotone continuous DR-
submodular. The OSFW algorithm only uses unbiased stochastic gradient estimates of
loss functions and has an O(1) cost per iteration. However, the derived O(T?/?) stochastic
regret bound is sub-optimal. To bridge this gap, [208] introduced the Online stochastic
Recursive Gradient-based Frank-Wolfe (ORGFW) algorithm which not only has a nearly
optimal O(\/T ) stochastic regret bound with high probability, but it also maintains a low
O(1) computational cost per round.

Stochastic optimization. Online optimization in the i.i.d. model is closely related but
different from the stochastic optimization problem [29]. In online optimization in the i.i.d.
model, the goal is to choose a sequence {z¢}]_; of decision variables that has low stochastic
regret, and the algorithm requires updating the decision variables as soon as new data arrives

online [60]. In contrast, stochastic optimization focuses on the quality of the final output
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of the algorithm [I52] and aims to find an approximate optimal point of the underlying
objective function, where the performance is measured by the convergence rate.

Online convex optimization in the random order model. [92] studied OCO in a
weaker model where the loss functions are still chosen adversarially but their order of arrival
is random. This model is termed Random Order Online Convex Optimization (ROOCO).
ROOCO is a natural middle ground between the standard adversarial OCO setting and the
model where the loss functions are i.i.d. drawn from some unknown underlying distribution.
In [92], the authors assumed that the average of the sequence of loss functions is a-strongly
convex while each loss function may not even be convex. They showed that if all the loss
functions are quadratic, with probability at least 1 — 4§, Online Gradient Descent (OGD) with
step size 1y = = Vt € [T] obtains a regret bound of O(g—zlogQT), where (3 is the Lipschitz
constant of the loss functions. Moreover, for general loss functions, OGD with the same
choice of step sizes obtains a regret bound of O(%floéT ) (n is the dimension of the domain
space) with probability at least 1 — d. More recently, [I91] provided a new algorithm with
an improved O(%Qlog T) for the problem.

Offline DR-submodular maximization. [25] proposed a variant of the Frank-Wolfe
algorithm for maximizing a monotone DR~submodular function f subject to a convex domain
K. Starting from z(!) = 0, the algorithm performs K Frank-Wolfe updates where at each
iteration k € [K], it finds v;, such that vy = argmax,c(z, Vf(z*)), and performs the
update *T1) = 2(*) 4 Ly, [25] showed that the output of this algorithm (z5+1)) obtains

the provably optimal approximation ratio of 1 — %
F.2 Missing proofs
F.2.1 Proof of Theorem|8.4.1

For all ¢ € [T], using the L-smoothness of f;, we have:

k k L, & k L k
felat™™) = fulat) + 2 0 Vhi) = g o
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Taking the sum over ¢ € [T, we obtain:

T

d 1 & L
> (fi 7 ) Z LV ™) — ﬁz log™)12.

t=1 t=1 t=1

For all k € [K], let v,(:) = arg maX,cy (ZZ;I@, Vft(:cgk)» - %HU”Z) If we use Follow the
Leader (FTL) as & Vk € [K], using Corollary 7.18 of [167], we can write:

S v BT i @ s, () ®y ML )2
Do Vel ) = TP < 30k ) - Tl
t=1
(h) & o k2, (B4 pR)?
< S (", V(e >>—§Hvt [ )+T(1+lnT),
t=1

where (a) uses the definition of v,(:) and (b) is due to the regret bound of the FTL algorithm.
We have:

C

T
S (A = Aa™) < 3 (Fla" +2) - fu))

t=1 1

—~
N2

~+~
I

d
<

—~
=

E

. pT,
(2%, V fulw) = 5 et 2,

t

Il
i

where (c) and (d) use the monotonicity and p-strong DR-submodularity of {f;}._,. Combin-

ing the above inequalities, we have:

t=1 t=

T T T
S () ) = 2 3 (i) ~ fule %Z 1P - Wvat I

= 2 (R~ 2 + - ZH )2

Therefore, if we set K = [;J we can write:

T T 2
S () — i) 2 (1= 52 3 () - ) - W“ )
t=1 t=1
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Applying the inequality recursively for all k£ € [K], we obtain:

20+ o - i K e 24 (B+ pR)? .
; - fil@”) = (1 ; fi(zy ) = fe(2")) o (1+InT).

=x¢ =0

Rearranging the terms and using the inequality (1 — %)K < %, we can write:

T 2
> (1= ) - fle) < P,
t=1

F.2.2  Proof of Theorem

For non-quadratic DR-submodular functions, the Hessian of the utility functions is not
fixed and therefore, we have to ensure the strong DR-submodularity of every block of size
W holds at every point z € K. We provide the analysis for the class of concave functions
with negative dependence below (this analysis could be easily extended to more general

DR-submodular functions). For all ¢ € [T], let f; be of the form of concave functions with

92h" ,
5.0~ (@) for all i € [n]. Note that for all
(t)

is p-strongly concave while each individual h;” may

negative dependence. In this case, V2 f;(z) =
i € [n], we are assuming %Zthl hl(t)
be neither convex nor concave. Assume that for all i € [n] and 7 € {0,..., [%1 — 1}, the

1 (r+1)W
second derivative of the scalar function W 2tmr W41

h( Vis H -Lipschitz. Also, assume that
for all z € K, 0 < x; < R; holds. For all i € [n], consider the discretized set of points
Z; = {2ky Vk € {0,..., %}} Note that for all z € IC and 7 € [n], there exists z; € Z; such
that |x; — 2| < ~. If the desired property holds for this set of points in the domain K, we

can use the H-Lipschitzness assumption to conclude

1 (r+1)W
t "
w2 (W (@) < —(n—e—yH).
t=TW+1
Therefore, in order to take the union bound in this setting, we set #R_ = 4exp (_1;25/%)

T (5]

2 AT S R,
128€2L In( Doy 0,

which is equivalent to Wy = EN)
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F.2.3 Proof of Theorem[8.6.1]

For Algorithm 2, we can write:

P 2 £ + 0l T HeD)) - gl
> S+ ) + 0l 9l - ) - L
2 1)+ e+ ol Vel - ) - 2
= )+ 0 V) ¢ o) el ) - L
2 e + e )V 0, V1) + el sl - ) - 2
S 1) + g dw v alh) - 1 f) 4 ol o ) - di“>—§§;
S el + ) = )+ ol o ) - d) - 5}?

where (a) uses L-smoothness of f, (b) is due to the update rule of the algorithm, (c) and (e)

follow from monotonicity of f, and (d) exploits concavity of f along non-negative directions.

Defining egk) =d;” = Vf ($t+1) and rearranging the terms in the above inequality, we have:
* k1 1 . k R, (), LR?
Fa) = ) < 0= ) () = 5l) + 20l + S

Applying the inequality recursively for all k& € [K;] and taking expectation of both sides, we

have:

) B < 0= 200 (76 - Elf i) +fZEHe I+ 2
# :0
=

=Tt4+1
Rearranging the terms, taking the expectation of both sides and taking the sum over
te{l,...,T — 1}, we obtain:

— T-1

Ky
E[a" )-SRy < Z ZIZZE||6§’“>||+0(1). (F.1)
k=1

t=1 t=1
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We can bound E||e§k)|| as follows:

k k
Elle™ | = Ey/|le”)2

k
< \E[e)2

= ZVfT x%i)l t+1 vaT $t+1 Vi(z t+1))]

-\ ZEHVfT 2y = V)2

IN

1 t
22
T=1

NG

where the first inequality is due to Jensen’s inequality. Therefore, if we set K; = v/t Vt € [T],
the expected regret bound of the algorithm is O((LR? 4 Ro)V/T).

We can also obtain a high probability regret bound for the algorithm. Considering that f is
B-Lipschitz, we have ||V fi(-)|| < [[VFO) |+ IVfi(-) = VF()|| < B+ . Therefore, we can use

Corollary 7 of [115] to conclude that with probability at least 1 — the following holds:

T3/2’

0 (2T3/2
€] < O((o + )y RELZ),

Taking the union bound, we can conclude that (1—1)—SRT < ZtT 11 gﬁ +0(o+/TIn(T3/2/6))
holds with probability at least 1 — &. Thus, if we set K; = v/t Vt € [T, we obtain an O(v/T)

regret bound, both in expectation and with high probability.

F.2.4 Proof of Theorem[8.6.2

Using the L-smoothness of f and the update rule of Algorithm 3, we have:
(a)

L
Flaen) 2 Fl) + o, V) — g ol
2
> (2 + o (e )+ 0, V) — ) — 2
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(b) 2
> flw) + gl i)+ (o V() — de) — g

1 . LR?
= o) + 7@ V@) + Hlv = 2", VEw) = di) = 55
(c) 2
S Fl) + (@ =2 VO,V () + o — o, V() — ) — oo
(d) 9
S o) + e f V) = - @) v~ 2 ) — i)~
() 2
> fla) + %f(a:*) - %f(xt) + %@t — o V(@) — di) — %,

where (a) uses L-smoothness of f, (b) is due to the update rule of the algorithm, (c¢) and (e)
follow from monotonicity of f, and (d) exploits concavity of f along non-negative directions.

Defining €; := d; — V f(x¢) and rearranging the terms in the above inequality, we have:

N 1 N R, LR?
@) = flae) < (1= D) (@) = fae) + Sl + S
Applying the above inequality recursively, we have:
¢
. 1 . R LR?
f@®) = flxe) < (1 — T)t (f(z*) = flz1)) + T Z sl + ST (F.2)
——
\W/T/ -0 s=1
<e?

Using inequality and Zf;ll e T < T(e VT — %) < T - %), we have (%)—SRT <

2 — .
LIEZ L BT ES™ les]l. We can write:

€ = dp — Vf(ﬂﬁt)
= (1= p)e—1+pe(Vilxe) — Vi)
+(1- ,Ot)(@ft(wt) - @ft(l’tfl) — (Vf(ay) — Vf(fUtfl)))-

Applying the above equality recursively, we obtain:

€& = H(l - Ps>€1 + Z H(l - Ps)(@fr(%-) - 6]07'(1'7'71) - (Vf(CET) - vf(fol)))

s=2 T=2 S=T
t t

+ Pr H (1- Ps)(@fr(ﬂfr) - Vf(%r))
2

s=71+1

T=
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Let ¢ = Ztrzl G-, where G = HZ:2(1 —ps)er and G r = Hl;:r(l - pS)(@fT(ﬂff) -
Vir(@r—1) = (Vf(zr) = V(@r1)) + pr [T (U= ps) (Vfr(27) = Vf(21)) for 7 > 1. Let
Fr—1 be the o-field generated by {fs ;;11 Clearly, E[(;1] = 0. Also, for 7 > 1, we have:

t

E[Ct,7'|]:‘rfl] = Pr H (1- pS)(Vf(xT) - Vf(l’T))
s=7+1

+ H(l - Ps)(vf(xT) = Vf(@r-1) = (Vf(zr) - Vf(xT_1)))

s=T

=0.

Therefore, for all t € [T, {¢;-}L_; is a martingale difference sequence.
For any 7 € [t], we can write:

t t t

1 s T
o= =110~ Z9=1l 5 =57

s=T S=T s=T

Thus, we have ||(.1|| = %H@fl(a:l) —Vi(x)| < t%r—"l For 7 > 1, ||(,+|| could be bounded

as follows:

t

< [T = p)(IVfr(@r) = V()| + IV f(27) = Vf@r-1)])

s=T
t

+ pr H (1= p)|IV fr(27) — V f(zr)]]
s=17+1
2Lt o

< = —r -
_.t+_1HxT Zr IH'+

1Ct.r

< 2LRT/T + 0o

- t+1
< 2LR+U.

- ot+1

Using the concentration inequality for vector-valued martingales (Theorem 3.5 of [I71]), we

have:
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M(t+1) )

< dexp( —
< dexp (2LR + 20)?

Therefore, if we set \; = (QLRJFQ\U/%”;IIMT/ 5), for all t € [T], with probability at least 1 — 4§,

the following holds:

(2LR + 20)+/In(41/9)

lel] < :

Vi+1
Thus, with probability at least 1 — §, the regret bound is O(o+/T In(7'/6)).

We can also obtain the expected regret bound of the algorithm. We have:

Elle.]| = / P(llec]| > A)dA

o0 N(t+1)
< [ dexp(— 2T yan
= /A_O exp (2LR+2O’)2)

o 2LR + 20
dexp(—2?) ————"dx
/:czo p( ) Vit+1
_ 4ym(LR+ o)

vVi+1

Therefore, using inequality the expected regret bound is O(o/T).
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Appendix G
APPENDIX OF CHAPTER 9

G.1 DPCG algorithm with Gaussian noise

For all k € [K], let Y®) ~ N (0,02I). In order to compute the fo-sensitivity of the gradient,

We can write:

Vi

IV fo(x) = Vo (@)lla = | > [Vifp(@) = Vifpr ()]
=1

|4

<y 1D _(24)?

i=1

= 2/|V]A.

The Gaussian mechanism combined with the basic composition theorem provides the following

privacy guarantee for the DPCG algorithm with Gaussian noise.

Theorem G.1.1 [7§] Let ¢ € (0,1) be arbitrary. For ¢* > 2In(1.25K/6), the DPCG

2K/ |V|A
€

algorithm under Gaussian noise with parameter o > is (e, 0)-differentially private.

We now analyze the approximation guarantee in this setting. First, we remind the reader

that the following holds using Lemma [9.4.1] of the paper:

1 LR?
> (1— ) f(z*) — Gp — .
Elf(@)] 2 1~ 2)f(@") - Gp — o
If D = N(0,6°I), we have Gp < 2rank(M)Ey. n.2nlYllee and Gp <

2 Eyn0,020)|]Y [|o for matroid and knapsack constraints respectively. For a [V]-

Cmin

dimensional Gaussian random vector Y ~ N(0,02I), we can write:

E[[Y [loo < O(av/In(V])),
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P([ V]l — 0 v/2In(V]) < 20y/In(K)) > 1 - %

2cKA\/|V]A
€

Combining the above results and setting o = for ¢ > 21n(1.25K/4), the following

holds for matroid and knapsack constraints respectively:

2 ran n n
E[f(2)] = (1 - %)f(x*) - L;Kz — o k(M)K \/Wel (V1 (K/é)A)j
2 n 0

Also, with probability at least 1 — -, we have:

1 . LR? rank(M)K+/|V|In(max{|V|, K}) In(K/5)A
fla) 2 (1= 2)f(a") = 5 = O . )
1., . LR? K+/|V|In(max{|V|, K}) In(K/5)A
f) 2 (1= D)~ S - 0 L )

Compared to the Laplace noise, the additive factor in the approximation guarantee using
the Gaussian noise is smaller by an order of 1/|V|In(|V]). However, this improved accuracy
comes at the price of achieving (¢, §)-differential privacy, as opposed to e-differential privacy

using the Laplace noise.
G.2 Algorithm 1 of [3]

The DPMFW algorithm exploits Algorithm 1 of [3] for differentially private online linear
optimization as a sub-routine. We explain this algorithm in more detail below. The algorithm
is provided in Algorithm 4. Consider an online linear optimization problem over T rounds
where at each round t € [T, the algorithm chooses an action z; € X', X is the fixed domain
set, and upon committing to this action, a loss vector ¢; is revealed and the algorithm incurs
the loss (¢, z;). Algorithm {4]is identical to the well-known FTRL algorithm except for the
fact that instead of 22;11 {s, a noisy partial sum of the loss vectors L;_1 is used in the
update rule. This noisy partial sum is obtained using the Tree-Based Aggregation Protocol

(TBAP) which was used in prior works as well [77, [112].



247

Algorithm 4 FTRL template for Online Linear Optimization [3]

Input: Noise distribution D, regularizer g(x).
Initialize an empty binary tree B to compute differentially private estimates of 2221 ls.
Sample ng, ... ,ngln T independently from D.
Lo = Zz‘[zllT] nj-
fort=1,...,T do
Choose xy = argmin, ¢ y (n(z, Li_1) + g(z)).
Observe ¢; and suffer a loss of (¢, x;).
(L, B) = TBAP (¢, B,t,D,T).

end for

G.3 Missing proofs

G.3.1 Proof of Lemma

The upper bounds for R follow from ||z||; < rank(M), Vo € P(M) and ||z|; < -, Vx €

Cmin ’

{z € [0,1]V]: Tz < 1}. Consider the (i,7)-th entry of the Hessian of f. Let mp =

max;ey F({i}). We can write:

V31| = [Eaes [FRU ) = FIRUGH ) = F(RU G\ L) + PR\ (3.5
< max{P({i}). F({7})}

S mpeg.
Thus, for all k € [K] and j € V, using the mean-value theorem, we have:
) 4 1 )y < Lo 1T
‘ij(ﬂi + Evk) - V]f(:b )| < EmF‘l Uk|
1
= mr |l gkl

Therefore, we can conclude ||V f(z*) + Log) — V(z®)|o < mp| vk and thus, L < mp.
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G.3.2  Proof of Lemma

First, note that by definition, the function ¢ is monotone DR-submodular. Thus, similar to

the proof of Lemma[9.4.1] we can write:

o) — g(x®) 2 Ly, V(@) — 2 el
2 L V@) + (o 0 0 - B
g %((z* — 2y v 0, Vgz®)) + %@c* — o, YW) — §j§§
S L o(a v al) — ga®) + e v) - L
2 L (o) - g + = la” = 0, Y0y - 2

where (a) is due to the L-smoothness of g, (b) follows from the update rule of the algorithm,
(c) and (e) use the monotonicity of g, and (d) exploits concavity of g along non-negative
directions. Using the definition of Gp, if we take the expectation of both sides, and apply

the inequality recursively for all k£ € [K], we obtain:

2
Elg(e )] — (a) 2 (1= )" (Elo(e)] - 9(2")) — Go — S

Rearranging the terms and using the inequality (1 — %)K < %, we can write:

2
Elg()] > (1 - Dgla) — Gp — o

Using the update rule of the algorithm, we have:
ET‘T:ET K+1)_ ZéTk>7Z)\ )\—ET*

where the inequality is due to the update rule of the algorithm for vg. Also, using the

definition of ¢ and DR-submodularity of f, the following holds:

Z xil;

i€[IVI)
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> (1—kp) Y x;Vif(0)

iE[|V]

> (1= rp)f(z?).

Putting the above inequalities together, we have:

> (1= Dgla) + o~ Gp - T
2
> (1 %)f(:c*) -(1- %)e%* +F *2_ Gp — %
=1~ %)f(:c*) + e~ Gp — %
> (1= 56 + 21— ks - op - 2
2
> (1= ") (")~ Op ~

G.3.3 Proof of Theorem[9.5.1

Similar to the offline setting, assume that all utility functions {f;}2_; are monotone DR-

submodular and L-smooth with respect to the norm || - [|;. We can write:
k k k k k
fulat™™) = fulat) + 2 0 V@) = g 1o
k k * k 1 % k LR2
> filal?) + ol — ot V) + e, V) -

We can use the DR-submodularity and monotonicity of the utility function f; to write:

(@, V fi(et?)) > (2 — 2™) v 0, V fulz™))
(@* vy - fi(zM)
(%) = fi(el),

Y

Ji
Ji

v

Combining the above inequalities, we have:

@) 2 @) + 2 o) - A+ o) -2t ViEP) - 28
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Rearranging the terms and taking sum over ¢t € [T'], we obtain:

T T
> ()~ Alal ) < (- ) Y (7 i’”))%Z (= o, V()
t=1 RzT t=1 t=1

2K2

Applying the above inequality recursively for all k£ € [K], we have:

T K T
(Fia) ~ ) < (1= 23 (™) = A@f) + 5 3 St — o, Viuef))
<l/e
LR>T
2K

Rearranging the terms, we can equivalently write:

K T
1 N (k) (k) LR2T
RTSE 1;<$ —v, L, Vfi(xg 7)) + K

Using Theorem 3.1 of [3] with the regularizer g(x) = Z‘zzll x; In(x;), we have the following
for all k € [K]:

(x* —vt Vft( ] < O(RVTh|V|) + Wp,

=
M’ﬂ

t=1
where Wp :=E, p [maxxe p(Z,x) — mingep(Z, x)] and D’ is the distribution induced by
the sum of [In7"] independent samples from D = Lap!"(\) or D = N(0,21). For matroid

constraints, we can write:

i <
max(7,) — min(Z, 2) < lal|1|Zlloe + ol 12l

= 2[z[[1 12|

< 2rank(M)[In TT[Y ]| oo,

where Y ~ D. Therefore, Wi < 2rank(M)[InT|E|Y || holds. Similarly, we have

Wiap < [ln T)E[|Y||oo for knapsack constraints. If D = Lapl”!()), we have:

Cry

E[[Y [loo < O(AIn([V])).
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If D = N(0,02I), the following holds:

E[Yloo < O(av/In([V])).

and using the result of Lemma [9.4.2) we have the following

. _ 2mp|V|InT4/2K In(1/5)
Setting A = .

regret bound using the Laplace noise and under matroid and knapsack constraints respectively.

k(M))*T k(M)|V|In|V|1n2 T/ In(1/5
E[RT]SO(rank(M)\/JTM)JFmF(W; IEMD L o(EkM)IV]In| en m%
BlRr) < o(VI IVl | meT o VI VI TV K n(1/9),

N Cmin 261211inK Cmin€ .

Also, we can use the advanced composition theorem to conclude that the algorithm is

(€, 0)-differentially private. Setting o2 = w In?27T ln(%), the regret bound using

the Gaussian noise for matroid and knapsack constraints are as follows:

mp (rank(M))*T O(I"ank(M)\/W 0 T/ K n(1/6) 1n(K};)T))

E[Rr] < O(rank(M)+/TIn|V]) + Yo
TVl mpT VIV T/ K In(1/6) In( <18 T)
E[Rr] < O( - )+202-K+0( P ).

Similarly, the algorithm is (e, d + ¢’)-differentially private using the Gaussian noise. Setting
K= O(ﬁ) in the above inequalities, we obtain the regret bounds as stated.
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Appendix H
APPENDIX OF CHAPTER 10

H.1 Missing proofs

H.1.1 Proof of Theorem[10.4.1]

At time t = 1, we set g1 = ﬁ for each set S where |S| = m and update these weights as

m

follows:
Tsi+1 = 75 (1 —nLsy),

where Lg; = lg; — ZS,:‘S,|:m s il and Lgy = L > ics lit If we denote the optimal set

m

as S*, we can write:
T

. (T

() i

Taking the natural logarithm of both sides, we have:

1> mg« i1 =

We can use the inequality In(1 — z) > —2 — 22 for 2 < 1 (we choose 7 later such that this

inequality holds) to obtain:

K T T
0> -In <m> S s P Y IR
t=1 t=1

Rearranging the terms and dividing both sides by 7, we have:
T K T
In
D DEAPEEL S
t=1 n t=1

Using the fact that Rp = — ZtT:l Lg-~ 4, the inequality (5) < (%)m and |Lg¢| <1VS,t, we

can write:
K
mIn()

Ui

Rr <

+nT.
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mln(%)

Setting n = 7=, we obtain the regret bound O(y/mT ln(%)) Note that the assump-

tion nLg+, < 5 (used in the proof) holds if T > 4m ln(%). Therefore, we assume 7 is large

enough to satisfy this inequality.

H.1.2  Proof of Theorem [10.5.1

We can show that if B = max, |/(z)|, the hazard rate of the distribution is bounded above

by B as well. To see this, fix z > 0. Note that 15;(2@ = 1—5?(:(]:190) < 1f§f()x) for a symmetric

zero-mean distribution and therefore, we only need to bound the hazard rate at z > 0 to

bound hazp. We can write:

fol@) _ fol)
1—Fp(z) [~ fp(z)dz
_ exp(—v(2))
[ exp(—v(2))dz
_ 1
N [.Z exp(v(z) — v(z))dz
@ 1
= (@ — 2 ()dz
(2) 1
- f;o exp(B(x — z))dz
1
~ (1/B)
- B,

where we have used the mean-value theorem in (a) and z, is in the line segment between x
and z. Also, note that since x,z > 0, z, > 0 holds as well and therefore, /(z,) > 0. We

have used this fact along with  — z < 0 to obtain (b). Therefore, we have hazp < B.

H.1.3 Proof of Theorem[10.5.2

Let’s fix round t € [T] and expert i € [K]. For j # i, denote x% = Zi;ll s er?,t + Nj,t+1

as the total losses of expert j up to round t plus noise if r; = 0. Similarly, we can define

acg? = 22;11 lis + (1 —pj1)? + nyjit+1. Define X(gt) (Xl(t)) as the m-th smallest value in
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{x%}#i ({:Egti}#,) Note that |X(§t) - X£t)| < 1 holds because for each j # i, we have
]a:% - x§?| < 1. Also, let L =Y""1¢; ;. If 7, = 0, expert i is chosen at round ¢ + 1 if and
only if L + p?,t + Vi1 <= X(gt). Similarly, for the case r; = 1, expert ¢ is chosen if and

only if L+ (1 — p@t)z + Vi1 <= X{t). Rearranging the terms, we can write:

Mg+ L— X3 < —p2, ifry =0,

MYig+1 + L — Xf) < —(L—pig)? ifre=1.

Given that f(vit+1) o< exp(—v(vit+1)), if we define Yo = nvip41 + L — Xét) and Y1 =
i+l + L — Xft), we have:

Yy — (L — x{P)

fo(Yo) oc exp(—v( ; ),
(L x®
A1) o exp(—v (2 (Ln Ay,

Therefore, if Fy and F; denote the cdf, we can write the probability of expert ¢ being chosen
at round ¢t + 1 as Fo(—pzt) and Fy(—(1 — p;+)?) for the cases 7, = 0 and 7; = 1 respectively.
Putting the above results together, we can write the expected utility of expert i (according

to her belief b;;) at round ¢ as follows:
E,~Bernoulti(by ) [Uit] = (1 = bit) Fo(—p7 ) + bigFy(—(1 = pie)?).

Taking the derivative and setting it to zero, we have:

4
dpi,t

2f1(—(L = pig)®) (= pia(l — biy)

E,,~Bernoulli(b; ) [Uit] = —2pis(1 — bi,t)fo(—pit) +2(1 = pi)bisfr(—=(1 —pig)?) =0

fO(_p?,t)
fi(=(1 = pit)?)

—pfqt_(L_Xét))

+ (1= pig)big) =0

exp(—v(———))
= pit(1 = big) - . o T (A= pig)bie =0
exp(—u(_( —Pit) n—( —-X )))
—(1—p; 2 L—X(t) _pZ? —(L—X(t))
— pit(1 = bjy) exp(v( (1= pie) p ( L )) —y(—2 ; 0 )) +(1 = pit)biz =0
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Ideally, we want A to be as close to 1 as possible because if A = 1, p;s = bity and the
algorithm would be incentive-compatible. In general, we have:

. bit
Pig = bit+ (1 —bi)A

Note that this is not a closed-form solution for p;‘?t because A is also a function of p; ;. We
can observe that for p;; < p;‘,t, the derivative of the utility function is positive, and for
Dit > pzt, the derivative is negative.

—p? —a—u(a’—a) )
We can bound A as follows: Let g(u) = f(f) where a = L — X/ + 1 —2p;4,
a=L- X(()t) and f(z) = exp(—v(z)). Taking derivative of g with respect to u, we obtain:

—p? ,—a—u(a'—a —p? —a—u(d —a
(a' — a)l/(—p”t ( )) —pit —a—u(d —a) (@' — a)z/(—p“t ( ))

"(u) = d = d u).
g (u) ; I 7 ) ; g(u)

Therefore, we can write:

2 _2
(20 i p(CEEL S Z g (1) — Ing(0)
Ly (u)
d
/0 g(u)
/ )1//( _p?,t_a_u(a/_a) )

We have o/ —a = Xft) - Xo(t) + 2p;+ — 1. Therefore, —2 < @’ — a < 2 holds. Moreover,

( 7p12’t —a—u(a’—a) )

m < B due to Condition [10.5.1] Putting the above results

we have —B < 1/

together, the following holds:

_9B —p?, —d -pi,—a_ 2B
2B At (BT g (P o
n n n

_ b, :
Therefore, A € [exp(%),exp(%)]. Let h(pit) = pit — Py = Pit = 5 50-pA- Since

piy €10,1], we have h(0) < 0 and h(1) > 0. Taking the derivative of h with respect to p; ,

we have:

o) ) —(pi )2 (DX e (_x®
dh b (L — by ) A (2Re) (2P (o) | 2 P20

+
dp; ¢ (big+ (1 —bir)A)?
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Using Condition [10.5.1 we have 1 — % < %ﬁt. Therefore, we can write:
dh > 1 2Bb; (1 —b;4)A
dpip — n(big+ (1= bit)A)?

1 QBbZ"t(l - bi7t)A
n(b%t + (1 — bi’t)QAQ + 2bi,t(1 — b%t)A)
2Bb; (1 — bis) A

=T 277bi,t(1 — b@t)A
B

=1-=
n

> 0.

We choose 7 later such that n > B for the last inequality to hold. So, h is strictly increasing,
there is exactly one solution p;,, and the derivative is positive below it and negative above
it.

If we replace A with something larger in p; 4, the value decreases and vice versa. Therefore,

we can write:

Py < O -
T big+ (1= big)exp(=2E)
B bit
B exp(%) +bit(1— exp(%))
bit
= exp(—2F)
bit
S{ 28
n
_ nbi ¢
n—2B
2Bb; ,
it + 1—2B
<bit+ 25 :
T n—2B

Similarly, we can lower bound pj, as follows:

bit

it + (1 — biyt)exp(%)

Pf,t = b



257

bi ¢

 exp(2B) = bg(exp(22) - 1)
bi ¢

~ exp(3)

Putting the above results together, we conclude that |p;, — b; | < nzg 5 holds.

H.1.4 Proof of Theorem

Let n > 0 and X be the set of (ﬁ ) feasible sets of size m for this problem. Denote L, € RE
as the partial sum of losses for all experts before round ¢, i.e., [Li]; = 22;11 l; . The update
rule of FTPL at round ¢t € [T'] is m; = argmin, ¢y (x, Ly + 7). First, we analyze the expected
regret of the algorithm below.

Define ¢1(0) = E, px[mingex(z,0 + 0yl Then, we have V¢i(Ly) =
B, ~prlargmingcx(z, Lt + ny)] = E,, px[m] and (Vi (L), b) = E,,pr[(me, £r)]. Us-

ing the Taylor’s expansion of ¢;, we can write:

6u(Les1) = GulL)HTOL0), )+ (o, PPOuL)) = GulL)+E, el )] +5 (0, Vn( L)),

where L; is in the line segment between L; and L;11 = L; + ¢;. By definition, ¢; is
the minimum of linear functions and therefore, it is concave. Thus, V2¢;(L;) is negative
semidefinite. Note that since 4 is simply K i.i.d. samples of the noise distribution for all
t € [T, we have ¢(0) = ¢(0) = E, px [mingex(z,0 +n7v)]. Taking the sum over ¢ € [T] and

rearranging the terms, we obtain:

a4 T
E[;(m,&)] = ¢(Lry1) — ¢(\:,;/) — ;;@t’w@(%)m

Using Jensen’s inequality, we can write:

¢(Lrt1) =E,px [g‘g}@@a Lrir+nv)] < min E\wpx[(z, Lri1 +n7)] = gg}@@% Lry1).
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Therefore, we can rearrange the terms and bound the expected regret as follows:
1 T

T

1 1 1

ElRr] = —E, px D (b)) - Eng\}(x Lri1) < ——¢(0) — 5 >, V(L))
=1 =1

To bound the first term on the right-hand side, we can use the fact that D is symmetric to

write:

—¢(0) = —E,pr[min{z, )] = 1E,px [max(z, —)] = 1E, px [max(z, 7)].

Now, we move on to bound the second term in the regret bound. Given that the losses of the
experts at each round ¢ € [T] are bounded between 0 and 1, we have ||¢;]|«c < 1. Therefore,

we have:
—(, V2ou(Ly)l) < > |[VEbi(Ly)|-
i,j€[K]

By definition, if we denote 7(f) = arg min, ¢ y(x, #), we have:

’ 1 N dl/( )
2. 6(Ly) = -E L,
v’b,j¢( t) n 'yNDK[Tr( +777) d'YJ

-

Given the concavity of ¢, diagonal entries of the Hessian V?¢ are non-positive. We can also
use 177 (0) = m to show that the off-diagonal entries are non-negative and each row or column
of the Hessian sums up to 0. Therefore, we have 3, ;c(x |V?’j¢(L;)| = 2K, V%igﬁ(L;).
Putting the above results together, we can bound the regret as follows:

T K

E[Ry] < E'yNDK [maX<5L“ 7+ 777 > Y E k] [F(Ly = 1)
t=1 i=1

dv(7;)
dry;

].

We can bound the first term as follows:

1
E,px [max(z,7)] < inf —In ( ;{EWDK [exp(s(x, 7))

1 K
= inf ~In( Z HE%ND[GXP(S‘M%’)D

s:5>0 8 ;
rxeX i=1
.o 1 m
= 1nf fln (!X\(E%ND[GXP(S’Yl)D )

= 51£>fo 5 In |X| + e ~i~D[exp(s71)]
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Ke m
< — —
81£1>f0 5 ln( m ) S In E'Yl ~D [eXp(S Y1 )]

< O(min(.)) +O(m)

= (’)(mln(%)).

To bound the second term in the regret bound, we can use Condition to write:

K K
> ErenlF(Ly—1n <BZEM (Ly —m)il = BE,wp[Y_ #(Ly —17)i] = Bm.
i=1 =1

Putting the above results together, we have:

E[Rr] < O(yIn(+) + f;T

Therefore, if we set n = the regret bound is O(/BTIn(£)). In the proof of

In (K)
Theorem |10.5.2, we assumed that 1 is chosen such that n > B. So, we assume 7" > Bln(%).

H.1.5 Proof of Theorem [10.6.1

For i € [m] and t € [T, define:

654(8) = (1= —)"7igu(S) + In(S).

For all i € [m], we can write

1 . 1
Git(Sit) — Pi—14(Sic1) = (1 — E)mﬂgt(si,t) + hi(Sip) — (1 — E)m =D, (Si—14) — he(Si—1.0)
1 : 1 1 .
= (L= )" (9e(Sie) = 96(Si-14)) + he(vie) + — (1= —)" " ge(Si-1)-
Taking the sum over ¢t € [T'], we obtain:
T T
Z(¢z‘,t( ) — Gic14(Sic1)) = mlz —9:1(Si—14)) +th Vit)
t=1 t=1 t=1

1 1 m—i
+ E(l - %) ;%(Si—u)
1 T T
=(1- E)m—z th(vi,dsifl,t) + Z ht(vi )
t=1 t=1



260

1 1 T
(1 - = m—1 i )
+ m( m) ;1 9:(Si—1,t)

If the regret of A; is bounded above by Rgf) and the optimal benchmark solution is OPT =

{vf,... v} }, for all j € [m], we can write:
T 1 T A
Do (= " g 0]1Sim10) + he(0])) = 3 (1= )" (il Siora) + he(vi)) < REY.
t=1 t=1

Putting the above inequalities together, we have:

T T m
1 1 . 1
> (0ip(Six) = bim14(Sim10) = —(1— )" gu(v5]Si-10) + — Zzht
t=1 m m t=1 j=1 m t=1 j=1
1 1 £l (i)
i 1 o m—1i i _ 7 .
i Gy ;gt(s 1t) — Ry

We can use submodularity and monotonicity of g; to write:
m
9t(OPT)—g¢(Si—1,t) < g+(OPTUS;—14)—g¢(Si-1.t) th (07]Si—1,eU{v], .. vj 4 }) < Z

We can combine the last two inequalities to write:
d 1 1, e 1
> (6i(Sia) = 6im14(Sic1) = — (1= —)"71 Y (r(OPT) = go(Si-14)) + — Z th

m
t=1 t=1 t=1 j=1

1 1
+% _mmlzgt zlt (l)

=—(1- %)"H' th(OPT) + %Zth(%) -
t=1

t=1 j=1

3|~

Taking the sum over i € [m], we have:

m m T m m
ZZ ¢zt zt ¢z lt( i— lt Ziz m lth OPT) Zth<1};)—ZR¥)
t=1 i=1 mi t=1 t=1 j=1 i=1

T T m )
= (1—( 1—7 Z (OPT) + > he(OPT) — Y Ry
t=1 t=1 =1

1 UENNY
>(1--) 5" 0(0PT) + 3 h(oPT) - 37 A,
t=1 t=1 =1

Sz 1t-
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On the other hand, we have:

T T

T m
ZZ Git(Sit)—bi—14(Si—14)) = Z(¢m,t(5m,t)—¢0,t(50,t)) = Z(gt(st +h(St))

t=1 i=1 t=1 t=1

HMH

Combining the last two inequalities, we obtain:

T T T m
mezu—@mem+meW%2ﬁ?
t=1 t=1

i=1

1 T 1 T T mo
(- Z f(OPT) = (1~ Z (OPT) + > he(OPT) - Y Ry
= t=1 t=1 =1
T m
—(1- é) S” A(OPT) + Z h(OPT) — Y Ry
t=1 =1
T m
> (1— é) 3" f(OPT) + Z £(0PT) - S~ RY
t t=1 i=1

where f = Zle ft. Rearranging the terms, we obtain the (1 — C?f)—regret bound of the online

distorted greedy algorithm as follows:

T T m
~ )N ROPT) =3 fus) < SO RY.
t=1 t=1 =1

To see why the online greedy algorithm is incentive-compatible, note that at round t € [T,

the loss of expert j € [K] for the instance A;; i € [K] is:

—[t(41Si-1,t) H Cei(lie —1).
kES;i—1,t

If we use 7' 2 41 to denote the probability of expert j being chosen at round ¢ + 1 by A;, we

can write:

T =g (1=n H fkt jt—Zwsgést
keS;_

O o, .
7; i41 18 linear in £, and expert j does not have control over the term ersi—l,t Ui+ (because

(@)

Si—1, is unknown to the expert). Therefore, to maximize ;41> €Xpert j can only aim to
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minimize B, e, ) [t — Zﬁil wg?tﬁ&t]. Given that the quadratic loss function is proper,
we can conclude that 4; is incentive-compatible. Moreover, since the online greedy algorithm
simply outputs the predictions of {Ai}fil, this algorithm is incentive-compatible as well.
For the case with ¢y = 0, the loss of expert j € [K] for each instance A;; i € [K] in both
online greedy algorithm and online distorted greedy algorithm is simply %(Ejyt — 1) and the

same argument holds.

H.1.6 Proof of Theorem[10.6.2

First, assume that the losses are non-negative. Using the update rule of the algorithm, we

can write:
T
1> e 1 = e 1 H(l —nLix¢)
=1
1
12— II G=nLico) T (1=nLip).
t:Li*,tZO t:Li*,t<O

We can use the inequalities 1 — nx > (1 —n)* for z € [0,1] and 1 — nz > (1 +n)~* for

z € [—1,0] to write:

1 2 % H (1 _ n)Li*,t_ H (1 + n)_Li*vt

t:L;x ;>0 t:Lix <0

0>-ImK+ Y  Legn(l—n)— > LegIn(l+n).
t:Lyx ;>0 t:Lyx ;<0

Given the inequalities In(1 — ) > —x — 22 and In(1 + z) > — 22 for x < %, we have:

0>—-InK+(— Z Liy —(n— %) Z Lix s
t:Lix 420 t:Lix <0

T T
0> —an—nZLi*,t—n22|Li*,t
=1
T
_ZLz*t< %—i— Z\L*t\
t=1




263

Given that L = ;1 — 7rtT€t, we can write:

In K In K .
T<7+772w*t_ﬂ—tTgt’ < 7+,7 ZW*tHZ’W;‘F& +n(|Lp[ + |L7]),

where |L%| and |Ly| are the cumulative absolute loss of the benchmark and the al-

gorithm respectively. Therefore, if we set n = min{lﬂ/%}, we obtain an
O(y/max{|Lr],| L3} In K + In K) regret bound. Given that Ry = Ly — L, if |Ly| =

Lt < L} = |L%|, the regret is negative and if |Ly| = Ly > L% = |L}|, the regret bound is
O(y/|L7|In K 4+ In K). Therefore, the regret bound O(\/|Ly|In K + In K) always holds.

H.1.7 Proof of Theorem [10.7.1

Given that ¢ is a (strictly) proper loss function, for p € [0,1] and r € {0,1}, we have:

Up,r) = =G(p) + (p — )G (p).

where G is a (strictly) convex function. To guarantee that experts converge to the Nash
equilibrium, we have to ensure that the loss of each expert is convex. Taking the derivative

of the expected loss with respect to p;;, we have:

dZMErtNBern(fi,t(nfpt))E(piﬂfv rt) = Wi,tf{,t(ﬁfpt)g(pi,t, D) + fir(m p )l (pis, 1)
= it (7 p) (i, 0) + (1= fia(m po))E (i, 0)
= fir(mp) (€ (pig, 1) — € (piy,0)) + € (pig,0)
+ Wi,tfz'/,t(ﬂgfpt) (g(pz‘,ta 1) — €(pits 0))

= —misfl (7] )G (pig) — fir(7f pO)G" (Die) + Pit G (Pig)-

Taking the second derivative of the expected loss, we can write:

d2
WErtNBem(fi,t(ﬂtTpt))f(Pi,ta re) = —miy [y (mf po) G (i) = miafi (1) p)G" (Die) + 912G (Dit)
it

+ G (piy) — minfi (7l p0) G (piy) — fia(ml )G (piy)

= (pi,t - fz’,t(TftTpt))Gm(pi,t) + (1 - 27i,tf£7t(ﬂzpt))G”(pi,t)
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— w2 (i p) G (i)

Given that G is convex, we have G”(p) > 0. Therefore, if f;; is a-Lipschitz where o < 0.5,
we can argue that the second term in the second derivative (1 — 27ri7tfi’7t(7rfpt))G”(pi7t) is
non-negative. Assuming that the third derivative of G (G”") and the second derivative of f; ;
( Z”t) are zero (i.e., G is a polynomial of degree at most 2 and f is an affine function), we can
make sure that the other two terms are zero. For instance, for quadratic loss functions, we

have G(p) = p? — p. If we consider the drift model with a < 0.5, E L(pit,re)

r¢~Bern (fi,t(ﬂ'tTpt))
is a convex function of p; ;.

H.1.8 Proof of Theorem[10.7.2

Proof For a fixed i € [K] and ¢ € [T], we have:

d

) . L L T, _ _ ) —
%ErwBern(ﬁ,t(ﬁpt))g(p“t’Tt)_ amit(2pie — 1) +2(pig —amy pr — (1 —a)biy) =0

(2(1 —ami) — 2a7ri7t)pi7t =2(1 - a)bjy —am; + 2a Z TjDjt

J#i
11—« a
b= o —big (Y mapje — 0.57).
Dit 1 2CM7I'Z"t it + 1 20(7Tz‘7t (J#’L W],tp],t 7Tz,t)

11—«

Therefore, p;+ = min{0, oan it + 17237” - (Z#i mjpjt — 0.5m; ) }. Using the optimality

condition, we can write:

( —oami(2pie — 1) + 2(piy — f@t(ﬁ??t))) (fi,t(WtTPt) —pit) >0

2(fia(mi pe) — piy)? < —amig(2piy — V) (fiu(7f pe) — pig) < amiy [2pig — 1| fie(7f D) — pial.
——
<1

Thus, |fi+(7fpt) — pie] < m;“ holds.

On the other hand, we have:
d

%E”NBern(ﬁ’t(mJ))f(pi,t, 1t) = 2(pit — apit — (1 — a)biy) — a(2piy — 1) =0
(2(1 —a) — 2a)pi’t =2(1 - )b —
l1—«a 0.5a
bit = bi ¢

1—2a "' 1-2a°
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bzt_ 05a

So, p;; = min{0, ~}. We can use the optimality conditions here as well to

) 1— 204

write:

(2(272:15 - fi,t<p;<,t))) - a(QP;t - 1))(fz‘,t(PZt) - p;t) >0

2(fia(pi) = pi)? < —ol2pfy = D)(fiaiy) = piy) < o 207, = U [ fia(piy) — 0
—_———

<1

Thus, ‘fz‘,t(pzt) -
Ipit — fit(p}4)| as follows:

5 holds. Putting the above results together, we can bound

pie — fi,t(p;t” = ‘pi,t - P;‘k,t +p;‘k,t - fi,t(pzt)’

< |pis _p;‘k,t‘ + ’fi7t(P?t) —P;'kt|

11—« 11—« 0.5c
< A b
_‘1—2(1#” 1—2a7rlt Zﬁjtp]t 0-573) = 1 -2« Z’t+1—2a|+
1 -«
= 1—2a—1+2am;4)b;
= 2074 (1 — 20) (1= 20 =1+ 20 )biy
> i TiaDjt — 0.5m; 4 0.5 o
+o(=E T =+ )+ 5
1—2am;; 1 -2« 2
2a(1 — a)(1 — miy) b 4+ a(Z]‘;éi TPt — 0.57; 4 n 0.5 n })
= (1—2am,)(1—2a) 1—2am;, 1-2a 27

Assuming o < 0.25, we have:
|Dit — fi,t(p;tﬂ < 8ab;; + 3.5cc = (8b;4 + 3.5)a < 11.5a.

Using the regret bound of the WSU algorithm of [89], we have:

T K T
DU mapis) = min S~ Lpir) < OWT ).
t=1 j=1

t=1

For quadratic loss function ¢(p,r) = (p — r)?, the function is 2-Lipschitz. Therefore, the

following inequalities hold for all ¢t € [T] and i € [K]:

|£(fz’,t(7rzpt),7"t) —l(pi,re)| < 2|fi,t(7T;‘Fpt) —pit] <amy < a,

(pig,me) = L(fix(Pie)s )| < 20pie — fir(pie)] < 23cv.



266

Putting the above results together, the regret bound is O(vT In K) + O(aT). Therefore,
plugging in the value of a, we obtain the O(v/T In K) regret bound as stated. |



	List of Figures
	Introduction
	Outline
	Publications

	Preliminaries
	Notation
	Submodular set functions
	Continuous DR-submodular functions
	Examples of continuous DR-submodular functions

	Online Budget-Constrained DR-Submodular Maximization
	Competitive Algorithms for Online Budget-Constrained DR-Submodular Maximization
	Chapter overview
	Introduction
	Problem statement
	Generalized sequential algorithm and competitive ratio analysis
	Experiments
	Related work
	Conclusion and future work

	Online DR-Submodular Maximization with Long-Term Adversarial Constraints
	Chapter overview
	Introduction
	Problem statement
	Online Saddle Point Hybrid Gradient (OSPHG): Algorithm and analysis
	Numerical examples
	Conclusion and future work

	Online DR-Submodular Maximization with Long-Term Stochastic Constraints
	Chapter overview
	Introduction
	Problem statement
	Online Lagrangian Frank-Wolfe (OLFW) algorithm
	Numerical results
	Conclusion and future work

	A Single Recipe for Online DR-Submodular Maximization with Adversarial or Stochastic Constraints
	Chapter overview
	Introduction
	Problem formulation
	One practical algorithm for adversarial or stochastic constraints
	Trading performance for efficiency: A faster algorithm
	Experiments
	Conclusion


	Strongly DR-Submodular Maximization
	Offline Strongly DR-Submodular Maximization
	Chapter overview
	Introduction
	Preliminaries
	Strongly DR-submodular Frank-Wolfe (SDRFW) algorithm
	Projected Gradient Ascent (PGA) algorithm
	Computing the smoothness parameter
	Numerical examples
	Conclusion and future work

	Online Strongly DR-Submodular Maximization
	Chapter overview
	Introduction
	Preliminaries
	Online strongly DR-submodular maximization in the adversarial setting
	Online DR-submodular maximization in the random order model
	Online DR-submodular maximization in the i.i.d. model
	Numerical examples
	Conclusion and future work


	Submodular Maximization Under Social and Economic Considerations
	Differentially Private Monotone Submodular Maximization Under Matroid and Knapsack Constraints
	Chapter overview
	Introduction
	Differential privacy
	Differentially private offline submodular maximization
	Differentially private online submodular maximization
	Conclusion

	m-experts: No-Regret Online Prediction with Strategic Experts and Submodular Utilities
	Chapter overview
	Introduction
	Preliminaries
	m-experts problem
	Follow the Perturbed Leader (FTPL) algorithm
	Online distorted greedy algorithm
	Performative prediction with strategic experts
	Experiments
	Conclusion and future directions

	Bibliography
	Appendix of Chapter 3
	Motivating applications
	Derivation of the dual problem
	Connection between submodular total curvature and 
	Missing proofs

	Appendix of Chapter 4
	Other related work
	Motivating applications
	Missing proofs

	Appendix of Chapter 5
	Motivating applications
	Lemma C.2.1
	Lemma C.3.1
	Missing proofs
	Relation with previous results
	Modified Online Lagrangian Frank-Wolfe (MOLFW) algorithm

	Appendix of Chapter 6
	Additional plots
	Algorithm 2
	Missing proofs

	Appendix of Chapter 7
	Missing proofs

	Appendix of Chapter 8
	Related work
	Missing proofs

	Appendix of Chapter 9
	DPCG algorithm with Gaussian noise
	Algorithm 1 of pmlr-v70-agarwal17a
	Missing proofs

	Appendix of Chapter 10
	Missing proofs



