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Numerous tasks in machine learning involve objective functions that exhibit a Diminishing

Returns (DR) property, i.e., the marginal gain of increasing the input gets smaller as the

input gets larger. For instance, in document summarization, the goal is to select a small

subset of sentences that represent the entirety of the document. As the summary gets

larger, the additional benefit of adding a sentence to the summary diminishes. In this

dissertation, we focus on the class of set functions and continuous functions that exhibit

the DR property. These functions are called submodular set functions and continuous

DR-submodular functions respectively. This dissertation presents several contributions to

various online and offline maximization problems in machine learning where the utility

functions satisfy the DR property, with the main themes organized into three parts: (i)

study of online DR-submodular maximization under online budget constraints and designing

primal-dual algorithms that not only perform well in terms of the utility, but they also

satisfy the online constraints; (ii) characterization of the class of strongly DR-submodular

functions and providing techniques for offline and online maximization of these functions that

utilize the additional structure to obtain improved convergence rates and regret guarantees

respectively; and (iii) study of offline and online submodular set function maximization

problems under social and economic considerations (e.g., privacy and strategic behavior)

and designing differentially private and incentive-compatible algorithms for these problems.
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Chapter 1

INTRODUCTION

The Diminishing Returns (DR) property is mostly associated with submodular set

functions. A set function F over the ground set V is called submodular if for all sets

A ⊂ B ⊂ V and j ∈ V , we have:

F (A ∪ {j})− F (A) ≥ F (B ∪ {j})− F (B).

i.e., as the set gets larger, the marginal gain of adding an item j diminishes. Submodular set

functions are often used to quantify coverage, relevance, and diversity in various machine-

learning applications. In particular, it is well-known that the rank function of matroids, cut

functions of graphs and hypergraphs, entropy, mutual information, and covering functions are

all examples of submodular set functions. The DR property enables efficient minimization

and approximate maximization of submodular set functions.

Moving beyond set functions, it is interesting to study continuous functions that exhibit the

DR property for two reasons: i) It is an important modeling ingredient for many real-world

applications, and ii) it captures a class of well-behaved non-convex optimization problems

that admits optimization algorithms with polynomial running time. Continuous functions

with the DR property are called continuous DR-submodular.

In this dissertation, we focus on maximizing discrete and continuous functions with the DR

property. In particular, we study offline and online optimization problems where in addition

to maximizing a utility function with the DR property, we are constrained by various other

considerations that arise in machine learning applications.
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1.1 Outline

This dissertation is based on most of the projects completed during my Ph.D. studies, all

related to the central theme of (DR) submodular maximization. In Chapter 2, we set up

the notation and introduce the necessary background materials. Each of the subsequent

chapters is based on one of my first-author publications with minor revisions to increase the

cohesion of the dissertation. The chapters are categorized into three parts described below.

Online budget-constrained DR-submodular maximization. We first study the online

DR-submodular maximization problem subject to linear packing constraints in Chapter 3

which is a generalization of online packing problems by allowing the utility functions to

be non-convex and DR-submodular. We design an algorithm for this problem and provide

its competitive ratio guarantees. Next, in chapters 4-6, we focus on a class of online DR-

submodular maximization problems where in addition to maximizing the utility, the sequence

of decisions must satisfy some linear or convex constraints on average. We study this problem

under an adversarial and a stochastic model for the online linear constraints in Chapter

4 and Chapter 5 respectively, and we design algorithms with sublinear regret as well as

sublinear constraint violation guarantees for each setting. In Chapter 6, we consider the

more general setting with online convex constraints and provide a single best-of-both-worlds

algorithm with improved performance guarantees for both settings without prior knowledge

of the regime.

Strongly DR-submodular maximization. In Chapter 7, we first introduce and charac-

terize the class of strongly DR-submodular functions. Then, we focus on offline strongly

DR-submodular maximization problems and show how this additional structure in the

objective function could be utilized to obtain faster convergence rates for the problem.

Next, in Chapter 8, we turn our focus on online strongly DR-submodular maximization

problems, and design algorithms for various stochastic and adversarial online input models

with improved regret guarantees compared to the setting with DR-submodular utilities.

Submodular maximization under social and economic considerations. Finally, we

turn our attention to offline and online submodular set function maximization problems
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under additional social and economic considerations. In Chapter 9, we consider submodular

set function maximization problems in machine learning involving individuals with sensitive

data in the dataset and design offline and online differentially private algorithms for the

problem. Next, in Chapter 10, we study a generalization of the well-known online binary

prediction with expert advice framework where at each round, the learner has to pick a

subset of experts (instead of just one expert) and the utility is a (sub)modular function of

the selected experts. We assume that experts act strategically and may misreport their true

beliefs to maximize their chances of being picked by the learner. We design (approximately)

incentive-compatible algorithms for the problem.

1.2 Publications

This dissertation is based on multiple first-author conference and workshop publications

listed below:

• Omid Sadeghi, Reza Eghbali, and Maryam Fazel. Online Algorithms for Budget-

Constrained DR-Submodular Maximization. In International Conference on Ma-

chine Learning (ICML) Workshop on Negative Dependence and Submodularity for ML

(NDSML), 2020.

• Omid Sadeghi and Maryam Fazel. Online Continuous DR-Submodular Maximiza-

tion with Long-Term Budget Constraints. In International Conference on Artificial

Intelligence and Statistics (AISTATS), 2020.

• Omid Sadeghi, Prasanna Raut, and Maryam Fazel. A Single Recipe for Online

Submodular Maximization with Adversarial or Stochastic Constraints. In Conference

on Neural Information Processing Systems (NeurIPS), 2020.

• Omid Sadeghi, Prasanna Raut, and Maryam Fazel. Online DR-Submodular Maximiza-

tion: Minimizing Regret and Constraint Violation. In AAAI Conference on Artificial

Intelligence, 2021.
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• Omid Sadeghi and Maryam Fazel. Differentially Private Monotone Submodular

Maximization Under Matroid and Knapsack Constraints. In International Conference

on Artificial Intelligence and Statistics (AISTATS), 2021.

• Omid Sadeghi and Maryam Fazel. Improved Regret Bounds for Online Submodular

Maximization. In International Conference on Machine Learning (ICML) Workshop

on Subset Selection in Machine Learning: From Theory to Applications, 2021.

• Omid Sadeghi and Maryam Fazel. Fast First-Order Methods for Monotone Strongly

DR-Submodular Maximization. In SIAM Conference on Applied and Computational

Discrete Algorithms (ACDA), 2023.

• Omid Sadeghi and Maryam Fazel. No-Regret Online Prediction with Strategic Experts.

In Conference on Neural Information Processing Systems (NeurIPS), 2023.

There are two other papers that I worked on during my Ph.D. studies that I do not

discuss here. They are listed below:

• Mitas Ray*, Omid Sadeghi*, Lillian J. Ratliff, and Maryam Fazel. Function Design for

Improved Competitive Ratio in Online Resource Allocation with Procurement Costs.

Under Review.

• Adhyyan Narang, Omid Sadeghi, Lillian J. Ratliff, Maryam Fazel, and Jeff Bilmes.

Online SuBmodular + SuPermodular (BP) Maximization with Bandit Feedback. Under

Submission.
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Chapter 2

PRELIMINARIES

2.1 Notation

We use [m] to denote the set {1, 2, . . . ,m}. For a matrix A ∈ Rn×m, we denote its (i, j)-th

entry by Ai,j , its i-th row by âTi for all i ∈ [n], and its j-th column by aj for all j ∈ [m].

AT denotes the transpose of A. The inner product of two vectors x, y ∈ Rm is denoted

by ⟨x, y⟩ or xT y. For two vectors x, y ∈ Rm, x ⪯ y means xi ≤ yi ∀i ∈ [m]. A continuous

function f : Rm → R is called monotone if for all x, y such that x ⪯ y, f(x) ≤ f(y)

holds. We use f∗ to denote the concave conjugate of a function f : Rm → R, defined as

f∗(y) = infx
(
⟨x, y⟩ − f(x)

)
. For a vector x ∈ Rn, we use ∥x∥ to denote the Euclidean norm

of x. For a convex set X , we will use ProjX (y) or PX (y) to denote the projection of y onto

set X , i.e., argminx∈X ∥x− y∥. For a convex set P, the support function of P is defined as

σP(x) = supy∈P⟨x, y⟩. For a set function F , we use F (j|A) to denote F (A∪{j})−F (A). A set

function F : 2V → R is called monotone if for all S, S′ such that S ⊆ S′, F (S) ≤ F (S′) holds.

The dual norm ∥ · ∥∗ of a norm ∥ · ∥ is defined as ∥y∥∗ = maxx:∥x∥≤1⟨y, x⟩. A differentiable

function f : X → R is β-Lipschitz if for all x, y ∈ X , we have |f(y)− f(x)| ≤ β∥y − x∥, or

equivalently, ∥∇f(x)∥ ≤ β holds. The diameter of a set X is defined as maxx,y∈X ∥y − x∥.

We use x ∨ y = max{x, y} and x ∧ y = min{x, y} to denote the component-wise maximum

and minimum of x, y ∈ Rn, i.e., for all i ∈ [n], [x∨y]i = max{xi, yi} and [x∧y]i = min{xi, yi}

holds. For u ∈ R, we define [u]+ := max{u, 0}.
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2.2 Submodular set functions

Definition 2.2.1 A set function F over the ground set V is submodular if for all j ∈ V

and A ⊆ B ⊆ V \ {j}, the following holds:

F (A ∪ {j})− F (A) ≥ F (B ∪ {j})− F (B).

In other words, the gain of adding a particular element j to a set decreases as the set gets

larger. This property is known as the discrete Diminishing Returns (DR) property.

For a non-negative normalized monotone non-decreasing submodular function F over the

ground set V , total curvature is defined as [68]:

cF = 1− min
S⊂V \{j},F (j)̸=0

F (j|S)
F (j)

= 1− min
j:F (j)̸=0

F (j|(V \ j))
F (j)

.

It is easy to see that cF ∈ [0, 1] always holds. cF ≤ 1 is due to monotonicity of F and cF ≥ 0

follows from F being submodular. Curvature characterizes how submodular the function

is. If cF = 0, the function is modular, and larger values of cF correspond to the function

exhibiting a stronger diminishing returns structure.

2.3 Continuous DR-submodular functions

Definition 2.3.1 A differentiable function f : K → R, K ⊂ Rm
+ , is called DR-submodular

if:

x ⪰ y ⇒ ∇f(x) ⪯ ∇f(y).

In other words, ∇f is an anti-tone mapping from Rm to Rm. This property is known as the

continuous Diminishing Returns (DR) property.

If f is twice differentiable, DR-submodularity is equivalent to the Hessian matrix being

element-wise non-positive. Note that for m = 1, DR-submodularity is equivalent to concavity.

However, for m > 1, concavity implies negative semi-definiteness of the Hessian matrix

which is not equivalent to the Hessian matrix being element-wise non-positive. A similar
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property is introduced in [201] as well and functions satisfying this property are called

“smooth submodular”. Additionally, [79] defined the DR property for concave functions with

respect to a partial ordering induced by a cone and showed that by taking the cone to be Rm
+ ,

Definition 2.3.1 is recovered and if the cone of positive semi-definite matrices is considered,

the DR property generalizes to matrix ordering as well [80]. [25] showed that DR-submodular

functions are concave along any non-negative direction, and any non-positive direction. In

other words, for a DR-submodular function f , if t ≥ 0 and v ∈ Rm satisfies v ⪰ 0 or v ⪯ 0,

we have:

f(x+ tv) ≤ f(x) + t⟨∇f(x), v⟩.

For a DR-submodular function f , we say that f is L-smooth over non-negative directions

with respect to the norm ∥ · ∥ if

f(y)− f(x) ≥ ⟨∇f(x), y − x⟩ − L

2
∥y − x∥2 ∀x, y;x ⪯ y.

2.4 Examples of continuous DR-submodular functions

• Multilinear extension of submodular set functions [45]. The multilinear extension

f : [0, 1]V → R of a submodular set function F over the ground set V is defined as:

f(x) =
∑
S⊂V

F (S)
∏
i∈S

xi
∏
j /∈S

(1− xj) = ES∼x[F (S)].

Multilinear extensions are extensively used for maximizing the corresponding submodular

set function and are known to be a special case of non-concave DR-submodular functions.

The Hessian matrix of this class of functions has non-positive off-diagonal entries with

zeros on its diagonal. [110] showed that for a large class of submodular set functions, their

multilinear extension could be efficiently computed. Weighted matroid rank functions, set

cover functions, probabilistic coverage functions, graph cut functions, and concave over

modular functions are all examples of such submodular functions (see [110, 26] for more

examples and details).

• Indefinite quadratic functions. Let f(x) = 1
2x

TAx+ aTx+ c where A is a symmetric
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matrix. If A is entry-wise non-positive, f is a DR-submodular function. Such quadratic

utility functions have a wide range of applications. In particular, price optimization with

continuous prices [109] and computing stability number of graphs [155] are both non-concave

DR-submodular quadratic optimization problems.

• Concave functions with negative dependence. Let d ≥ 2. If hi : R+ → R is concave

for all i ∈ [n] and θi1,...,ir ≤ 0 for all r ∈ [d] and (i1, . . . , ir) ⊆ [n], the following function

f : Rn
+ → R is DR-submodular:

f(x) =

n∑
i=1

hi(xi) +
∑

(i,j):i ̸=j

θijxixj + · · ·+
∑

(i1,...,id):ir ̸=is ∀r,s∈[d]

θi1,...,idxi1 . . . xid .

• Log-determinant function. Let the function f : [0, 1]n → R be defined as

f(x) = log det
(
diag(x)(L− I) + I

)
,

where L ⪰ 0 is a positive semidefinite matrix and diag(x) denotes a diagonal matrix with

vector x on its diagonal. This function is used as the objective function in Determinantal

Point Processes (DPPs). It was proved in [93] that f is a DR-submodular function.

Many other classes of DR-submodular functions were not discussed above (e.g., nested

concave functions used for continuous deep submodular functions [75, 28]). See [23, 25, 27]

for more examples.
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Part I

ONLINE BUDGET-CONSTRAINED DR-SUBMODULAR
MAXIMIZATION
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Chapter 3

COMPETITIVE ALGORITHMS FOR ONLINE
BUDGET-CONSTRAINED DR-SUBMODULAR MAXIMIZATION

3.1 Chapter overview

This chapter presents joint work with Reza Eghbali and Maryam Fazel. A shorter version of

this chapter appeared in the International Conference on Machine Learning (ICML) 2020

Workshop on Negative Dependence and Submodularity for ML (NDSML). In this chapter,

we study a certain class of online optimization problems, where the goal is to maximize

a non-concave and DR-submodular function under budget constraints. We introduce a

primal-dual algorithm, called the generalized sequential algorithm, and we obtain the first

bound on the competitive ratio of online monotone DR-submodular function maximization

subject to linear packing constraints which match the known tight bound in the special case

of the linear objective function.

3.2 Introduction

Online optimization covers a large number of problems including online resource allocation,

online bipartite matching [117], the “AdWords” problem [147, 42], online submodular welfare

maximization [133], online linear programming [43], and online concave packing problem

[11, 79]. One type of algorithm proposed for solving such problems is primal-dual algorithms

where the dual variable is updated at each step and is used to get the update rule for the

primal variable [44].

Depending on how much information about the online input is available in advance to the

algorithm, online problems have been categorized into adversarial (worst-case) (e.g., in [147])

and stochastic input models (e.g., in [122]) and we consider the former in this chapter. In

the adversarial model, it is assumed that the algorithm does not know the online input.
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The performance of online algorithms is measured by their competitive ratio defined as the

ratio of the value of the objective function at the output of the algorithm to the maximum

objective value attained offline. In the worst-case model, one is interested in deriving lower

bounds on the competitive ratio of the algorithm that holds for all arbitrary online inputs.

There exists a significant amount of work on online adversarial packing problems in the

literature. [43] studied online packing problems with linear objective functions, and

[13, 11, 36, 54, 79, 71] considered the more general setting with concave utility functions

and obtained competitive ratio bounds in these settings. All the existing works focus on

online concave packing problems. In contrast, in this chapter, we discuss a certain class

of online packing problems where the objective function is not necessarily concave and is

only assumed to be DR-submodular. We use techniques from the submodular set function

maximization literature to introduce a greedy primal-dual algorithm, called the generalized

sequential algorithm, and we analyze its performance theoretically and numerically under

the worst-case input model. Specifically, we make the following contributions:

• We introduce online DR-submodular maximization subject to linear packing constraints

which generalize online packing problems by allowing the utility functions to be gener-

ally non-concave and DR-submodular rather than concave, and give examples of various

online discrete budget-constrained submodular problems whose continuous generalization

could be cast in this framework, for example, the generalized continuous version of on-

line knapsack-constrained monotone submodular function maximization [140] and online

submodular welfare maximization [133] are well-known cases. Therefore, our framework

unifies two existing separate works of literature on online packing problems and submodular

maximization into a single rich model.

• We introduce the generalized sequential algorithm (Section 3.4) to solve this class of

problems. The generalized sequential algorithm reduces to the sequential algorithm in [79]

for a certain choice of parameters, however, the sequential algorithm in [79] could merely be

used for concave utility functions with the DR property whereas our generalized sequential

algorithm could be exploited for non-concave problems as well. Additionally, our algorithm
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could be interpreted as the online counterpart of the Frank-Wolfe variant proposed in [25] for

solving offline constrained continuous DR-submodular maximization problems. Denoting the

number of linear packing constraints by n, we consider two cases n > 1 and n = 1 separately

and by designing problem-tailored penalty functions for each case to enforce the packing

constraints, we derive competitive ratio bounds which are optimal in the special case of linear

utility functions (see Section 3.3 for more details about the differences of these two cases):

n > 1: In this case, our problem generalizes the AdWords problem [147] and the online linear

programming problem [43] by allowing the utility function to be DR-submodular rather than

linear. For this setting, we obtain the first competitive ratio bound in Theorem 3.4.1 which

is optimal in the special cases. Specifically, if the objective function is linear, our problem

reduces to online linear programming and the algorithm achieves the optimal competitive

ratio [79, 43]. If in addition to the linearity of the objective function, the coefficients in the

linear packing constraint and the objective function are equal, the problem simplifies to the

AdWords problem and we obtain the optimal 1− 1
e competitive ratio [147, 42] (note that

since we allow fractional assignments for the AdWords problem, we do not need the small

bids assumption to obtain the optimal competitive ratio).

n = 1: In this case, our problem is the generalization of online knapsack-constrained mono-

tone submodular function maximization [140] to the continuous setting. For this online

problem, we obtain a competitive ratio bound of 1
1−α+ln(U

L
)
in Theorem 3.4.2 where L and

U are lower and upper bounds on the value-to-weight ratio of the items respectively and

α captures the curvature of the DR-submodular utility function (L, U and α are defined

in Section 3.4). For discrete online knapsack-constrained submodular maximization, [140]

obtained a 1
(1+κf )(1+ln(U

L
))

competitive ratio bound where κf is the total curvature of the

submodular utility function f [68]. If we apply our generalized sequential algorithm to the

multilinear extension of the function f (which satisfies the DR property and we denote it by

F ), we obtain the competitive ratio bound 1
1−αF+ln(U

L
)
and because we have showed in Re-

mark 3.4.1 that αF ≥ −κf holds, our bound improves upon the result of [140]. Additionally,

if the utility function is linear, we obtain the competitive ratio bound of 1
1+ln(U

L
)
which is
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provably optimal [217].

Finally, we present numerical experiments in Section 3.5 on a class of non-concave DR-

submodular utility functions to demonstrate the performance of the generalized sequential

algorithm.

Note that although our framework can be interpreted as the generalization of online budgeted

discrete submodular problems to the continuous setting, we do not aim to solve the discrete

problem itself. In other words, our goal is to solve a class of online budgeted problems where

the objective function is originally continuous and DR-submodular. Therefore, we do not

round the fractional output of our proposed algorithm.

3.3 Problem statement

The offline constrained optimization problem is as follows:

maximize
∑n

i=1Hi(x̂i)

subject to xt ∈ Ft ∀t ∈ [m]

ĉTi x̂i ≤ 1 ∀i ∈ [n],

(3.1)

where x̂Ti ∈ Rm
+ is the i-th row and xt ∈ Rn

+ is the t-th column of the variable matrix

X ∈ Rn×m
+ , ĉi ∈ Rm

+ and ct ∈ Rn
+ are the i-th row and t-th column of the cost matrix

C ∈ Rn×m
+ respectively, and Ft ⊆ Rn

+. For all i ∈ [n], Hi : K → R, K ⊂ Rm
+ , is a

differentiable monotone non-decreasing DR-submodular function which is zero at the origin

(i.e., Hi(0) = 0). For all t ∈ [m], Ft is a compact convex constraint set that contains the

origin and ∥x∥2 ≤ λ for all x ∈ Ft.

In the online setting, at step t ∈ [m], ct and Ft arrive online and the algorithm should choose

xt ∈ Ft to maximize the overall objective function. Note that at each step t ∈ [m], the

function Hi ∀i ∈ [n] is only known over subsets of variables (of size t) that have already

arrived. Thus, we do not have access to the objective function in advance.

The penalized formulation of problem (3.1) is the following:

maximize
∑n

i=1

(
Hi(x̂i) +Gi(ĉ

T
i x̂i)

)
subject to xt ∈ Ft ⊆ Rn

+ ∀t ∈ [m]
. (3.2)
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As an example, if for all i ∈ [n],

Gi(u) =


0 if 0 ≤ u ≤ 1

−∞ if u > 1

,

i.e., the concave indicator function of the interval [0, 1], the above two optimization problems

are equivalent.

We aim to design differentiable, concave, and monotone non-increasing penalty functions

Gi : R+ → R ∀i ∈ [n] and use them in our online algorithm such that the output does not

violate any of the linear packing constraints.

Our framework with n = 1 corresponds to the case where at each step t ∈ [m], item t with cost

ct arrives online and the algorithm should decide what fraction xt ∈ [0, 1] of the item should

be taken to maximize the utility function while satisfying the overall budget constraint. This

case is the continuous generalization of the online submodular knapsack problem [217, 140].

The case n > 1 considers the online problem where n agents with separate utilities and

budget constraints are available offline and at each step t ∈ [m], item t arrives online, and

agent i ∈ [n] bids cit for this item. The algorithm should decide the fractional allocation of

the item among the agents to maximize the overall utilities of all the agents while all the

budget constraints are satisfied as well. This case generalizes the AdWords problem [147],

single-unit combinatorial auction problem [108], online linear programming [43] and online

concave packing problem [11, 79] by allowing the utility functions to be non-concave and

DR-submodular. The existing algorithms and competitive ratio bounds for these two cases

are quite different.

Multiple applications of this framework are provided in Appendix A.1.
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3.3.1 Dual problem

The dual problem of the constrained problem (3.1) is as follows (see Appendix A.2 for the

derivation):

minimize
∑m

t=1 σFt

(

y1t − z1c1t

...

ynt − zncnt

)
−
∑n

i=1H
∗
i (ŷi) +

∑n
i=1 zi

subject to zi ≥ 0 ∀i ∈ [n]

, (3.3)

where for all i ∈ [n], zi ∈ R+, ŷ
T
i ∈ Rm is the i-th row of the dual matrix variable Y ∈ Rn×m

and yit is the (i, t)-th entry of this matrix.

Karush–Kuhn–Tucker (KKT) conditions for the penalized problem (3.2) can be written as:

x∗t ∈ argmax
x∈Ft

⟨x,


y∗1t − z∗1c1t

...

y∗nt − z∗ncnt

⟩,
ŷ∗i = ∇Hi(x̂

∗
i ) i = 1, . . . , n,

z∗i = −G′
i(ĉ

T
i x̂

∗
i ) i = 1, . . . , n,

where G′
i is the derivative of the scalar penalty function Gi. We remind the reader that we

aim to design differentiable penalty functions Gi ∀i ∈ [n] and therefore, we have used G′
i in

the KKT conditions.

We will use these KKT conditions to design the generalized sequential algorithm.

3.4 Generalized sequential algorithm and competitive ratio analysis

In this section, we first introduce our design for the penalty functions in Section 3.4.1 and

then, propose our algorithm, called the generalized sequential algorithm, in Section 3.4.2.
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(a) n = 1, L = 1 and U=4 (b) n > 1, L = 1 and U=4

Figure 3.1: Designed penalty functions.

3.4.1 Design of the penalty functions

If n = 1, we design the penalty function G1 as follows:

G1(u) =


−L1u if 0 ≤ u < 1

ln
(

U1e
L1

)
− 1

ln
(

U1e
L1

) L1
e (U1e

L1
)u if u ≥ 1

ln
(

U1e
L1

) .

If n > 1, for all i ∈ [n], we construct the penalty function Gi as below:

Gi(u) =
Li

(e− 1) ln(1 + Ui(e−1)
Li

)

(
1− (1 +

Ui(e− 1)

Li
)u
)
+

Li

e− 1
u,

where for all i ∈ [n], Ui and Li are defined as follows:

Ui = max
t∈[m]

supx∈Rm: ĉTi x=1∇tHi(x)

cit
,

Li = min
t∈[m]

infx∈Rm: ĉTi x≤1∇tHi(x)

cit
.

Roughly speaking, Ui and Li are upper and lower bounds for the value-to-weight ratio of the

items for the i-th agent respectively. We are assuming that these upper and lower bounds
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Algorithm 1 Generalized sequential algorithm

Input: Penalty functions Gi ∀i ∈ [n], K and m.

Initialize X̃ = 0.

for t = 1 to m do

ct, Ft arrive online and gradient of Hi ∀i ∈ [n] over the first t variables (i.e., all other

m− t variables being zero) is accessible.

x̃t(0) = 0.

for k = 1 to K do

vt(k) = argmaxv∈Ft
⟨v, dt(k − 1)⟩. {dt(k − 1) defined in equation (3.4)}

x̃t(k) = x̃t(k − 1) + 1
K vt(k).

end for

Output: x̃t = x̃t(K).

end for

are available offline to design the penalty functions. The penalty functions for L = 1 and

U = 4 are plotted for both cases n = 1 and n > 1 in figures 3.1a and 3.1b respectively.

Our design for the penalty function for n = 1 is inspired by the threshold function proposed

by [217]. In the n > 1 case, our penalty function is inspired by the allocation rule of the

primal-dual algorithm for the AdWords problem [42].

3.4.2 Generalized sequential algorithm

Consider the generalized sequential algorithm in Algorithm 1 which outputs x̃t at each online

step t ∈ [m]. For all i ∈ [n], t ∈ [m] and k ∈ {0, . . . ,K}, define:

ωit(k) :=
[
[x̃1(K)]i, . . . , [x̃t−1(K)]i, [x̃t(k)]i, 0, . . . , 0︸ ︷︷ ︸

m−t times

]T
,

[dt(k)]i := ∇tHi

(
ωit(k)

)
+ citG

′
i

(
ĉTi ωit(k)

)
. (3.4)
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In the above definitions, we have used the notation [u]i to denote the i-th entry of the vector

u, and ∇t denotes the t-th entry of the gradient vector.

x̃t is the convex combination (average) of vectors in the convex set Ft and hence, x̃t ∈ Ft

holds. At each online step t ∈ [m], the algorithm performs a total of K Frank-Wolfe

updates in its inner loop where in each of these updates, a linear maximization problem

over the set Ft is solved. Note that in our applications, Ft is usually a box constraint or

the simplex, and therefore, the corresponding linear maximization problem could be solved

efficiently. See [130] for more details about using Frank-Wolfe for non-convex objectives. To

guarantee none of the budget constraints are violated, the penalty design is such that all

penalty functions are concave and monotone non-increasing and for all i ∈ [n], G′
i(1) = −Ui(

G′
i(1 + ϵ) = −Ui in Remark 3.4.2 and Remark 3.4.3

)
holds. Therefore, for all u such that

ĉTi u ≥ 1, ∇tHi(u) + citG
′
i(ĉ

T
i u) ≤ 0 holds for all t ∈ [m], and considering that 0 ∈ Ft, the

algorithm would not assign more items to the i-th agent.

The generalized sequential algorithm reduces to the sequential algorithm in [79] for K = 1

and hence the name. Note that the sequential algorithm in [79] is used for concave problems

with the DR property whereas our generalized sequential algorithm could be exploited for

non-concave problems as well. Additionally, our algorithm could be interpreted as the

online counterpart of the Frank-Wolfe variant proposed in [25] for solving offline constrained

continuous DR-submodular maximization problems. At step t ∈ [m], k ∈ [K], the update

rule for vt(k) has the same form as the KKT condition for x∗t . In other words, the generalized

sequential algorithm uses ∇Hi(ωit(k − 1)) and −G′
i(ĉ

T
i ωit(k − 1)) as the current estimate of

ŷ∗i and z∗i respectively and using them, the algorithm obtains vt(k) to improve the estimate

of x∗t .

We define:

ALG :=

n∑
i=1

Hi(ωim(K)),

Pgseq :=

n∑
i=1

(
Hi(ωim(K)) +Gi(ĉ

T
i ωim(K))

)
.
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ALG and Pgseq are the objective values of problems (3.1) and (3.2) at the end of the algorithm

respectively.

3.4.3 Competitive ratio analysis

First, we remind the reader that Hi ∀i ∈ [n] are DR-submodular and not necessarily concave.

On the other hand, Gi ∀i ∈ [n] are the designed concave penalty functions. In order to derive

the competitive ratio, we make the following smoothness assumption about the functions:

Assumption 1: For all i ∈ [n], functions Hi and Gi have an L-Lipschitz gradient, i.e., for

all x ∈ K and u ∈ Rm where u ⪰ 0 or u ⪯ 0, the following holds:

Hi(x+ u)−Hi(x) ≥ ⟨u,∇Hi(x)⟩ −
L

2
∥u∥2.

Also, for all x ∈ R and v ∈ R, we have:

Gi(x+ v)−Gi(x) ≥ vG′
i(x)−

L

2
v2.

We also define the parameter α as follows:

Definition 3.4.1 For all i ∈ [n], αHi is defined as:

αHi := sup{β | H∗
i

(
∇Hi(u)

)
≥ βHi(u) for all u s.t. ĉTi u ≤ 1}

= sup{β | ⟨∇Hi(u), u⟩ ≥ (1 + β)Hi(u) for all u s.t. ĉTi u ≤ 1}

= inf
u:ĉTi u≤1

⟨∇Hi(u), u⟩
Hi(u)

− 1.

Since Hi is monotone non-decreasing, 0 ≤ ⟨∇Hi(u), u⟩ holds. Additionally, because Hi

satisfies the DR property and Hi(0) = 0, we have ⟨∇Hi(u), u⟩ ≤ Hi(u). Thus, −1 ≤ αHi ≤ 0

always holds.

The definition above is inspired by the definition of α in [79] (see [79] for a geometric intuition

for parameter α for functions with m = 1). The parameter α characterizes the curvature

of the function over the domain of the algorithm (i.e., where the budget constraint is not

violated). For linear functions F , αF = 0 and larger |αF | corresponds to the function F
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being more curved/non-linear. In fact, α of the multilinear extension of a submodular set

function and the total curvature of the underlying submodular set function are related as

follows:

Remark 3.4.1 Connection between submodular total curvature and α:

If we denote the multilinear extension of a submodular set function F by f , we have:

αf ≥ −κF ,

where κF is the total curvature of F . See Appendix A.3 for the proof and an example.

If we denote the optimal values of the original constrained problem (3.1) and its dual problem

(3.3) by OPT and D∗ respectively, OPT ≤ D∗ holds due to weak duality.

Now, we have all the required definitions and assumptions to obtain the competitive ratio

bounds. In what follows, we first provide Lemma 3.4.1 and Lemma 3.4.2 which are later

used to obtain the competitive ratio bounds.

Lemma 3.4.1 The following inequality holds for the output of the generalized sequential

algorithm:

ALG ≥
m∑
t=1

σFt(dt(K))−
n∑

i=1

Gi(ĉ
T
i ωim(K))− Lmλ2

K
. (3.5)

Proof See Appendix A.4.1 for the proof.

Lemma 3.4.2 For all i ∈ [n], we have:

Li ≤
Hi

(
ωim(K)

)
ĉTi ωim(K)

. (3.6)

Proof See Appendix A.4.2 for the proof.

Using the above lemmas, we now state and prove our main results, i.e., competitive ratio

bounds.
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Theorem 3.4.1 For n > 1, if Assumption 1 holds and K → ∞, then for the generalized

sequential algorithm, we have:

ALG

OPT
≥ ALG

D∗ ≥
(
−min

i∈[n]
αHi +

e

e− 1
max
i∈[n]

ln(1 +
Ui(e− 1)

Li
)
)−1

.

Proof We can use the definition of α to obtain:

H∗
i

(
∇Hi(ωim(K))

)
≥ αHiHi(ωim(K)) ∀i ∈ [n]. (3.7)

For all i ∈ [n], using the definition of Gi for the n > 1 case and defining γi := ln(1+ Ui(e−1)
Li

),

we have:

−G′
i(u) +Gi(u) = −G′

i(u) + γiGi(u)− (γi − 1)Gi(u)

=
Liγi
e− 1

u− (γi − 1)Gi(u). (3.8)

Combining (3.5), (3.6), (3.7) and (3.8) along with Pgseq ≥ −Lmλ2

K , we obtain:

D∗ −max
i∈[n]

γi
Lmλ2

K
≤

m∑
t=1

σFt

(
dt(K)

)
−max

i∈[n]
γi
Lmλ2

K
−

n∑
i=1

(
H∗

i (∇Hi(ωim(K))) +G′
i(ĉ

T
i ωim(K)))

≤ ALG−
n∑

i=1

αHiHi(ωim(K))− (max
i∈[n]

γi − 1)
Lmλ2

K

+
n∑

i=1

( Liγi
e− 1

ĉTi ωim(K)− (max
i∈[n]

γi − 1)Gi(ĉ
T
i ωim(K))

)
≤ ALG−

n∑
i=1

αHiHi(ωim(K)) +

n∑
i=1

(
γi

e− 1
+ max

i∈[n]
γi − 1)Hi(ωim(K))

≤
(
1−min

i∈[n]
αHi +

e

e− 1
max
i∈[n]

γi − 1
)
ALG

=
(
−min

i∈[n]
αHi +

e

e− 1
max
i∈[n]

γi
)
ALG.

Therefore, ifK →∞, the competitive ratio bound is derived as ALG
D∗ ≥ 1

−mini∈[n] αHi
+ e

e−1
maxi∈[n] γi

.

The bound in Theorem 3.4.1 is tight in several known special cases. For the AdWords
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problem, since Ui = Li = 1 and αHi = 0 for all i ∈ [n], competitive ratio of 1− 1
e is obtained

which is optimal [147]. Additionally, for the online linear programming problem, considering

that αHi = 0 ∀i ∈ [n], we obtain
(
maxi∈[n] ln(1 +

Ui(e−1)
Li

)
)−1 × (1− 1

e ) as the competitive

ratio bound which is known to be optimal [79, 43].

Remark 3.4.2 For n > 1, if we allow all the linear packing constraints to be violated by at

most ϵ, by modifying the penalty function for all i ∈ [n] to

Gi(u) =
Li(1 + ϵ)

(e− 1) ln(1 + Ui(e−1)
Li

)

(
1− (1 +

Ui(e− 1)

Li
)

u
1+ϵ

)
+

Li

e− 1
u,

the competitive ratio bound improves to (1+ϵ)×
(
maxi∈[n]

{
− (1 + ϵ)αHi + ln(1 + Ui(e−1)

Li
) e
e−1

})−1
.

Theorem 3.4.2 For n = 1, if Assumption 1 holds and K → ∞, then for the generalized

sequential algorithm, we have:

ALG

OPT
≥ ALG

D∗ ≥
1

1− αH1 + ln(U1
L1

)
.

Proof Considering that G′
1(u) = ln(U1e

L1
)G1(u) ;u ≥ 1

ln
(

U1e
L1

) , combining (3.5) and (3.7) for

n = 1 along with Pgseq ≥ −Lmλ2

K , we obtain:

D∗ − ln(
U1e

L1
)
Lmλ2

K
≤

m∑
t=1

σFt

(
dt(K)

)
− ln(

U1e

L1
)
Lmλ2

K
−H∗

1 (∇H1(ω1m(K)))−G′
1(ĉ

T
1 ω1m(K))

≤ ALG− αH1H1(ω1m(K))− ln(
U1

L1
)G1(ĉ

T
1 ω1m(K))− ln(

U1

L1
)
Lmλ2

K

≤ ALG− αH1ALG+ ln(
U1

L1
)ALG

=
(
1− αH1 + ln(

U1

L1
)
)
ALG.

Therefore, if K →∞, the competitive ratio bound is derived as 1

1−αH1
+ln(

U1
L1

)
.

If we use the result of Theorem 3.4.2 for the online linear knapsack problem (where αH1 = 0),

we obtain the competitive ratio bound of 1

1+ln(
U1
L1

)
which is optimal [217] (note that because

we allow fractional assignments, unlike [217], we do not need the c1t ≪ 1 ∀t ∈ [m] assumption

to obtain the optimal competitive ratio).
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Remark 3.4.3 For n = 1, if we allow the linear packing constraint to be violated by at most

ϵ, modifying the penalty function to

G1(u) =


−L1u if 0 ≤ u < 1+ϵ

ln
(

U1e
L1

)
− 1+ϵ

ln
(

U1e
L1

) L1
e (U1e

L1
)

u
1+ϵ if u ≥ 1+ϵ

ln
(

U1e
L1

) ,

we obtain the improved competitive ratio bound of 1+ϵ

−(1+ϵ)αH1
+ln(

U1e
L1

)
.

Theorems 3.4.1 and 3.4.2 provide the first competitive ratio bounds that generalize the

results of [11] and [79] for the concave case to general DR-submodular objective functions

that are not necessarily concave.

3.5 Experiments

We defined Ft = {x ∈ Rn : 0 ⪯ x ⪯ 1} for all t ∈ [m] and we randomly generated monotone

non-convex/non-concave quadratic functions of the form F (x) = 1
2x

THx + hTx where

H ∈ Rm×m is a random matrix with uniformly distributed non-positive entries in [−100, 0]

and h = −HT1 to make the gradient non-negative. Therefore, the utility functions are of

the form F (x) = (12x − 1)THx. We set the linear packing constraints to be of the form

Cx ⪯ 1 where C ∈ Rn×m has uniformly distributed entries in [0, 1]. We set m = 100 and

K = 50. For all i ∈ [n], the lower and upper bounds Li and Ui were obtained by the input

data. We ran the generalized sequential algorithm for both cases of n = 1 and n > 1 (note

that the penalty function designed in these two cases was different) and to compute the

competitive ratio, we divided the output of the algorithm by the offline optimal solution

computed by the Frank-Wolfe variant algorithm of [25] with K = 50.

Note that the motivating applications mentioned in Appendix A.1 are the continuous

counterparts of submodular generalizations of some online discrete budgeted problems and in

all cases but one, even the online discrete budgeted submodular problem has not been studied

before. Therefore, there is no baseline algorithm available to be used for comparison. The

only exception is the online discrete submodular knapsack problem studied by [140], however,
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their algorithm makes integral allocations at each step, and comparing their algorithm with

ours which also allows fractional assignments may not be fair.

The average performance of the generalized sequential algorithm over 10 repeated experiments

is summarized in Table 3.1.

Quantity Value (%)

Competitive Ratio 64.33

Budget Usage 74.95

(a) n = 1,m = 100,K = 50

Quantity Value (%)

Competitive Ratio 58.27

Budget 1 Usage 65.68

Budget 2 Usage 58.06

Budget 3 Usage 66.83

Budget 4 Usage 65.11

Budget 5 Usage 74.75

(b) n = 5,m = 100,K = 50

Table 3.1: Performance of the generalized sequential algorithm

Table 3.1 shows that the output of the generalized sequential algorithm is not using all of the

available budget which is natural in the adversarial input model. In other words, considering

that no information about the online input is available, in order to attain a guaranteed

competitive ratio, the algorithm needs to be overly cautious so that it does not miss valuable

items that are arriving in the later steps due to exhausting all of the budget in the earlier

stages.

3.6 Related work

Offline submodular maximization. Consider the problem maxx∈P f(x) where f : Rm →

R is a non-negative monotone DR-submodular function and P is a down-closed convex

set in the positive orthant. In [46], authors considered the special case of maximizing the

continuous relaxation of a discrete submodular function subject to a matroid constraint and



25

using a variant of the Frank-Wolfe algorithm, called the continuous greedy process1, they

obtained a (1− 1
e ) approximation ratio. The multilinear extension of a submodular function

satisfies the DR property. Our generalized sequential algorithm is the online counterpart of

the discretized version of the continuous greedy process where K is the number of discrete

steps (i.e., δ = 1
K is the discretization size). [25] obtained a similar approximation ratio

for general continuous DR-submodular functions. [128] also exploited the same algorithm

to obtain a (1− 1
e ) approximation ratio for submodular maximization subject to multiple

linear constraints. Later on, the continuous greedy process has been generalized to obtain

approximation ratios for both monotone and non-monotone continuous submodular func-

tions [25, 59, 57, 84, 81, 39]. See [126, 38] for thorough overviews of offline submodular

maximization problems and algorithms.

Online submodular maximization. Consider the following problem: At step t ∈

{1, . . . , T}, the online algorithm chooses a feasible point xt ∈ P where P is a down-closed con-

vex set. Once the algorithm commits to this choice, a monotone continuous DR-submodular

function ft is revealed and the reward ft(xt) is received. The goal is to minimize the regret

defined as the difference between the total reward obtained by the algorithm and that of the

(1− 1
e ) approximation to the best fixed decision in hindsight with (1− 1

e ) being the optimal

approximation ratio for an offline monotone continuous DR-submodular maximization prob-

lem. Note that although similar to our framework (the objective functions are assumed to be

continuous DR-submodular in this setting), there are no packing constraints available and

additionally, additive regret bounds are derived in this setting whereas we obtain competitive

ratio bounds for our framework which requires different proof techniques. [95] considered

the case that the continuous DR-submodular function ft is the multilinear extension of

1The continuous greedy process is as follows:

dy/dt = vmax(y)

vmax(y) = argmax
v∈P

⟨v,∇f(y)⟩,

where y(1) =
∫ 1

0
vmax(y(τ))dτ is the output.



26

a discrete submodular function and P is the matroid polytope, and achieved an O(
√
T )

(1− 1
e )-regret bound. Later on, [61] achieved an O(

√
T ) (1− 1

e )-regret bound for general

continuous DR-submodular functions. In [60], they further generalized their result and

developed a projection-free algorithm that only requires stochastic gradient estimates and

achieves a similar regret bound. See [126] for a detailed overview of the online maximization

of submodular functions.

Online submodular knapsack problem. Consider the integer problem maxx:cT x≤b F (x)

where x = [x1, . . . , xm]T ∈ {0, 1}m. In the online setting, at step t ∈ [m], t-th item arrives,

and ct along with the value of the function F over subsets of {1, . . . , t} is revealed. The

algorithm should decide whether to choose this item. [144] showed that in the adversarial

setting, there exists no online algorithm achieving any non-trivial competitive ratio for this

problem. [217] considered the case where F (x) = dTx; d ∈ Rm
+ and proved that under the

additional assumptions that for all t ∈ [m], ct ≪ b and L ≤ dt
ct
≤ U , there exists an algorithm

that achieves the competitive ratio of 1
1+ln(U

L
)
and is provably optimal. [140] generalized this

algorithm for the case that the function F is submodular and obtained a 1
(1+κF+O(ϵ))(1+ln(U

L
))

competitive ratio where L ≤ f(t|S)
ct
≤ U ∀t ∈ [m], S ⊂ {1, . . . ,m} \ {t} and κF is the total

curvature of F [68]. Note that if we apply our generalized sequential algorithm for n = 1

to the multilinear extension of the function F (which we denote by f) and allow fractional

assignments of items, we obtain the competitive ratio 1
1−αf+ln(U

L
)
and because αf ≥ −κF

holds by Remark 3.4.1, our bound improves upon the result of [140].

Submodular secretary problems. In this class of problems introduced by [19] and [98],

m items are presented to the algorithm in random order. Upon arrival of an item, the

algorithm should irrevocably decide whether to accept the current item. The goal is to

maximize a monotone submodular function F : {0, 1}m → R subject to cardinality, matching

or linear packing constraints. See [119, 126] for a comprehensive overview of submodular

secretary problems. Note that in the submodular secretary problem, the input is assumed to

be stochastic while in our framework, the adversarial input model has been considered.
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3.7 Conclusion and future work

In this chapter, we considered a class of online optimization problems, where the objective

function is monotone DR-submodular under linear packing constraints. We specified various

online discrete submodular problems whose continuous generalization could be cast in our

framework (see Appendix A.1). We proposed the generalized sequential algorithm for solving

such problems and we obtained competitive ratio bounds for this algorithm. Finally, we

demonstrated the effectiveness of our algorithm through numerical experiments on a certain

class of continuous DR-submodular functions.

This work could be extended in several directions. First, we assumed that the algorithm has

access to exact gradient values. It is interesting to extend our results to the setting where

only stochastic gradient estimates are available and see how it affects the competitive ratio

bounds. Moreover, the generalized sequential algorithm performs K linear maximization

steps over the constraint set at every round which could be computationally expensive

for more complicated constraint sets. In such cases, designing computationally efficient

algorithms is yet to be done.
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Chapter 4

ONLINE DR-SUBMODULAR MAXIMIZATION WITH LONG-TERM
ADVERSARIAL CONSTRAINTS

4.1 Chapter overview

This chapter is based on a joint work with Maryam Fazel that was published in the

International Conference on Artificial Intelligence and Statistics (AISTATS) 2020. In this

chapter, we study a class of online optimization problems with long-term budget constraints

where the objective functions are not necessarily concave (nor convex), but they instead satisfy

the Diminishing Returns (DR) property. In this online setting, a sequence of monotone DR-

submodular objective functions and linear budget functions arrive over time, and assuming

a limited total budget, the goal is to take actions at each time, before observing the utility

and budget function arriving at that round, to achieve sub-linear regret bound while the

total budget violation is sub-linear as well. Prior work has shown that achieving sub-linear

regret and total budget violation simultaneously is impossible if the utility and budget

functions are chosen adversarially. Therefore, we modify the notion of regret by comparing

the agent against the best-fixed decision in hindsight which satisfies the budget constraint

proportionally over any window of length W . We propose the Online Saddle Point Hybrid

Gradient (OSPHG) algorithm to solve this class of online problems. For W = T , we recover

the aforementioned impossibility result. However, if W is sub-linear in T , we show that it is

possible to obtain sub-linear bounds for both the regret and the total budget violation.
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4.2 Introduction

4.2.1 Motivating application: Online ad placement

Consider the following online ad placement problem: At round t ∈ [T ], an advertiser should

choose an investment vector xt ∈ Rn
+ over n different websites where i-th entry of xt denotes

the amount that the advertiser is willing to pay per each click on the ad on the i-th website

(i.e., cost per click). In other words, each website has different tiers of ads, and choosing

xt corresponds to ordering a certain type of ad. The aggregate cost of investment would

be determined when the number of clicks the ad receives is revealed. In other words, the

cost of such an investment would be ⟨pt, xt⟩ where the i-th entry of the vector pt is the

number of clicks the ad on the i-th website receives. Note that the vector pt is not known

ahead of time and could be adversarial. For instance, competing advertisers may click on

the ads to deplete their rival’s budget. The advertiser needs to balance her total investment

against an allotted long-term budget (daily, monthly, etc.), i.e.,
∑T

t=1⟨pt, xt⟩ ≤ BT where

BT is the total targeted budget. At round t ∈ [T ], the advertiser’s utility function ft(xt)

is a monotone DR-submodular function with respect to the vector of investments and this

function quantifies the overall amount of impressions of the ads. DR-submodularity of the

utility function characterizes the diminishing returns property of the impressions. In other

words, making an ad more visible will attract proportionally fewer extra viewers because

each website shares a portion of its visitors with other websites. [135] considered the online

portfolio management problem (with the online ad placement problem as their running

example) and to model diminishing returns, they assumed that the utility functions are

separable and concave. Note that concavity is equivalent to DR-submodularity for separable

functions. However, for non-separable utility functions, DR-submodularity is the property

that captures the diminishing returns of the objective functions (rather than the concavity

property) and therefore, in this work, we focus on DR-submodular utility functions that are

not necessarily concave. Our results resolve the open problem posed by [135] in the footnote

of the third page of their paper. See Appendix B.2 for more applications.
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In this chapter, we propose an algorithm for this class of online non-convex problems such

that the algorithm has no regret, i.e., a sub-linear regret bound with respect to the horizon

T , while the total budget violation is sub-linear as well.

4.2.2 Related work

Online convex optimization with constraints. Consider an online problem where at

step t ∈ [T ], the player chooses xt ∈ X . Then, cost function ft : X → R and constraint

function gt : X → R are revealed and the player incurs a loss of ft(xt) and her budget is

impacted by the amount gt(xt). X is assumed to be convex and compact and the functions

ft, gt are convex for all t ∈ [T ]. The overall goal is to design an algorithm whose output

is asymptotically feasible, i.e., the constraint residual
∑T

t=1 gt(xt) is sub-linear, and has a

sub-linear regret. [141] considered the case where all constraint functions are equal and

are given offline, i.e., gt(x) = g(x) ∀t ∈ [T ], x ∈ X . For this setting, they achieved O(
√
T )

regret and O(T
2
3 ) constraint residual (i.e.,

∑T
t=1 g(xt)) bounds. [113] studied the exact

same framework as [141] and generalized their result by obtaining O(Tmax{β,1−β}) regret

and O(T 1−β
2 ) constraint residual bounds where β ∈ (0, 1) is a tunable parameter. More

recently, [213] considered an alternative notion of constraint residual defined as the sum of

squares of clipped residuals,
∑T

t=1(max{g(xt), 0})2, and achieved O(Tmax{β,1−β}) regret and

O(T 1−β) constraint residual bounds for this setting. Also, they obtained logarithmic regret

bounds for the case that cost functions are strongly convex. The new constraint residual

form considered in [213] heavily penalizes large constraint violations and strictly feasible

solutions of some rounds cannot cancel out the effect of violated constraints at other rounds.

For the setting with constraints arriving online1, [143] considered the notion of regret with

window length W = T and provided a simple counterexample showing that the regret of any

algorithm with sub-linear constraint residual is lower bounded by Ω(T ). [159] assumed that

there exists an action x∗ ∈ X such that gt(x
∗) < 0 ∀t ∈ [T ] (Slater condition) and under

1In this setting, the regret metric with window length W is defined as RT =
∑T

t=1 ft(xt)−
∑T

t=1 ft(x
∗
W )

where x∗
W = argminx∈XW

∑T
t=1 ft(x) and XW = {x ∈ X :

∑t+W−1
τ=t gτ (x) ≤ 0, 1 ≤ t ≤ T −W + 1}.
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this assumption, they obtained O(
√
T ) bounds for both regret with window size W = 1 and

constraint residual. However, the fixed decision benchmark action considered in this paper

is restricted to be feasible for all constraint functions gt ∀t ∈ [T ] which heavily restricts the

performance of the benchmark action and thus, the obtained regret guarantees could be

loose. [196] considered the same notion of regret as [159] and using online mirror descent as

a subroutine (and without assuming the Slater condition), they obtained a similar O(
√
T )

regret bound and a looser O(T
3
4 ) constraint residual bound. [135] considered the same

framework and algorithm as [159], however, they constrained the benchmark action to be

feasible in all windows of size W = T β where β ∈ [0, 1) (as opposed to [159] where W = 1).

They obtained O(WT
V +

√
T ) regret bound and O(

√
V T ) residual bound where V ∈ [W,T ) is

a tunable parameter which captures the trade-off between the regret and constraint residual

bounds. Note that for W = 1, since the Slater condition is not assumed by [135], their

bound does not achieve the O(
√
T ) regret and constraint residual bound of [159]. More

recently, this framework has been extended to distributed settings and bandit feedback as

well [210, 211].

Note that in all these works, the objective functions are assumed to be convex. In contrast, we

consider a more general class of non-convex/non-concave DR-submodular objective functions

to which the aforementioned results are not applicable.

Online submodular maximization. An orthogonal research direction considers the

following problem: At step t ∈ [T ], the online algorithm chooses a feasible point xt ∈ P.

Once the algorithm commits to this choice, a monotone continuous DR-submodular func-

tion ft is revealed and the reward ft(xt) is received. The goal is to minimize the regret

defined as the difference between the total reward obtained by the algorithm and that of the

(1− 1
e )-approximation to the best fixed decision in hindsight with (1− 1

e ) being the optimal

polynomial time approximation ratio for an offline monotone continuous DR-submodular

maximization problem [25]. Note that although similar to our framework (the objective

functions are assumed to be continuous DR-submodular in this setting), no time-varying

constraints are arriving online and therefore, they do not deal with the considerable compli-
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Algorithm 1 Online submodular maximization meta-algorithm [61]

Input: P is a convex set and T is the horizon.

Output: {xt : 1 ≤ t ≤ T}.

Choose an off-the-shelf online linear maximization algorithm and initialize K instances

Ek; k ∈ [K] of it for online maximization of linear utility functions over P.

for t = 1 to T do

Set x
(1)
t = 0.

for k = 1 to K do

Let v
(k)
t be the vector selected by Ek.

x
(k+1)
t = x

(k)
t + 1

K v
(k)
t .

end for

Play xt = x
(K+1)
t , observe the function ft and the reward ft(xt).

For all k ∈ [K], feedback ⟨v(k)t ,∇ft(x(k)t )⟩ as the payoff to be received by Ek.

end for

cation of bounding the constraint residual.

The meta-algorithm for the online submodular maximization problem is presented in Algo-

rithm 1. The intuition for using K online maximization subroutines to obtain xt; t ∈ [T ] is

the Frank-Wolfe variant proposed by [25] to obtain the optimal approximation guarantee of

(1− 1
e ) for solving the offline DR-submodular maximization problem. To be more precise,

consider the first iteration t = 1 of the online setting and the corresponding DR-submodular

utility function f1(·) arriving at this step. Note that f1 is not revealed until the algorithm

commits to an action x1 ∈ P . If f1 were available offline, the mentioned Frank-Wolfe variant

of [25] could have been used for K iterations to maximize f1 over P . Starting from x
(1)
1 = 0,

for all k ∈ [K], a vector v
(k)
1 would have been found that maximizes ⟨x,∇f1(x(k)1 )⟩ over

x ∈ P and using the update x
(k+1)
1 = x

(k)
1 + 1

K v
(k)
1 , x1 = x

(K+1)
1 would have been derived as

the output. However, in the online setting, the utility function f1 is not available before

committing to the action x1. Therefore, for each k ∈ [K], a separate instance of a no-regret
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online linear maximization algorithm is used instead to obtain v
(k)
1 . The same process is

repeated for the subsequent utility functions ft; t > 1 as well.

[95] considered the case that the continuous DR-submodular function ft is the multilinear

extension of a discrete submodular function and P is the matroid polytope. Using the

Perturbed Follow the Leader (PFTL) as the online algorithm, they achieved an O(
√
T ) bound

for the (1− 1
e )-regret. [61] used the Follow The Regularized Leader (FTRL) online algorithm

and achieved a similar regret bound for general continuous DR-submodular functions. In

[60], they further generalized their result and developed a projection-free algorithm that only

requires stochastic gradient estimates of ft ∀t ∈ [T ] and achieves the same regret guarantees.

See [126] for a detailed overview of the online maximization of submodular set functions.

4.2.3 Contributions

In this chapter, we design an algorithm for online continuous DR-submodular maximization

problems with long-term budget constraints to achieve sub-linear regret and budget violation

bounds simultaneously. Specifically, we make the following contributions:

• We introduce the online continuous DR-submodular maximization problem with long-term

budget constraints. The online ad placement example mentioned in section 4.2.1 is an

application of this framework. We also provide several other motivating applications for this

framework in Appendix B.2.

• We propose the Online Saddle Point Hybrid Gradient (OSPHG) algorithm to solve

this class of online problems. Our algorithm is inspired by that of [196] and [61]. We

consider a refined notion of static regret where the agent’s utility is compared against a

(1 − 1
e )-approximation to the best fixed decision in hindsight which satisfies the budget

constraint proportionally over any window of length W . For W = T , we recover the known

impossibility result obtained by [143]. However, for W = o(T ), we obtain sub-linear bounds

for both the (1− 1
e )-regret and the total budget violation. In particular, if W = T 1−ϵ for

0 < ϵ ≤ 1, we obtain a (1− 1
e )-regret bound of O(T 1− ϵ

2 ) while the total budget violation is

O(T 1− ϵ
4 ).
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Finally, we illustrate the performance of our algorithm through numerical examples for a

class of non-convex/non-concave continuous DR-submodular objective functions.

4.3 Problem statement

The overall offline optimization problem is the following:

maxxt∈X ∀t∈[T ]

∑T
t=1 ft(xt)

subject to
∑T

t=1⟨pt, xt⟩ ≤ BT

. (4.1)

The online framework is as follows: At step t ∈ [T ], the player chooses xt ∈ X . Then, utility

function ft : X → R and pt ∈ Rn
+ are revealed, the player obtains the reward ft(xt) and

her budget is impacted by the amount ⟨pt, xt⟩. It is assumed that X ⊂ Rn
+ is convex and

compact. For all t ∈ [T ], ft : X → R is a differentiable normalized monotone continuous

DR-submodular function, and the constraint function gt : X → R, where gt(x) = ⟨pt, x⟩− BT
T ,

is linear and monotone, i.e., pt ⪰ 0.

As mentioned before, there are existing works on online continuous submodular maximization

without online constraints (e.g., [61]) and online convex optimization with constraints (e.g.,

[196]). However, our results are not a straightforward combination of the mentioned works.

First of all, since pt ⪰ 0 ∀t ∈ [T ], the Lagrangian ft(x) − λtgt(x) is not monotone non-

decreasing and therefore, we cannot simply apply the algorithm of [61] to the Lagrangian to

obtain the desired results. In this work, we exploit other properties such as the linearity and

non-negativity of the constraint functions to obtain the results. Secondly, the techniques

and algorithms for online convex optimization are quite different from online continuous

DR-submodular maximization and thus, the analysis in [196] could not be simply adapted

to our framework.

4.3.1 Performance metric

In order to quantify the performance of our proposed algorithm, we first define our notion of

regret and total budget violation below:
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Definition 4.3.1 (Regret Metric) The (1− 1
e )-regret is defined as:

RT = (1− 1

e
)

T∑
t=1

ft(x
∗
W )−

T∑
t=1

ft(xt),

where:

x∗W = argmax
x∈XW

T∑
t=1

ft(x),

XW = {x ∈ X :
t+W−1∑
τ=t

gτ (x) ≤ 0, 1 ≤ t ≤ T −W + 1}.

Note that [135] first introduced the notion of a “K-benchmark”, i.e., a comparator that

meets the problem’s allotted budget over any window of length K, and used this notion for

online convex problems with time-varying constraints.

Definition 4.3.2 (Total Budget Violation) The total budget violation is defined as:

CT =
T∑
t=1

gt(xt) =
T∑
t=1

⟨pt, xt⟩ −BT .

The regret metric RT measures the difference between the output of the algorithm and

the (1− 1
e )-approximation to the best fixed decision in hindsight which satisfies the budget

constraint proportionally over any window of length W . The (1− 1
e ) approximation ratio in

the definition is the optimal polynomial time approximation ratio for an offline monotone

continuous DR-submodular maximization problem [25] and it is commonly used in online

submodular maximization literature (e.g., [61]). If we choose W = T as the window size, we

obtain the usual notion of regret where the benchmark action is only required to satisfy the

long-term budget constraint and thus, the benchmark action is more aggressive. However,

[143] provided a simple counterexample showing that the regret of any algorithm with

window length W = T which has a sub-linear total budget violation is lower bounded by

Ω(T ). Hence, inspired by [135], we restricted the benchmark action to satisfy the budget

constraint proportionally over any window of size W .

We design online algorithms that achieve sub-linear bounds for both the (1− 1
e )-regret RT
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and the total budget violation CT . We obtain results showing that although it is impossible

to obtain sub-linear regret and total budget violation bounds simultaneously for W = T ,

such sub-linear bounds could be guaranteed against a weaker benchmark with window length

W = o(T ).

4.3.2 Assumptions

We make the following assumptions:

• X ⊂ Rn
+ is a compact and convex set and it contains the origin, i.e., 0 ∈ X .

• The bounded diameter of the compact set X is R, i.e., we have:

R := max
x,y∈X

∥y − x∥.

• Both the utility functions ft, ∀t ∈ [T ] and constraint functions gt, ∀t ∈ [T ] are Lipschitz

continuous with parameters βf and βg respectively and β = max{βf , βg}. In other words,

for all x, y ∈ X and t ∈ [T ], we have:

|ft(y)− ft(x)| ≤ βf∥y − x∥,

|gt(y)− gt(x)| ≤ βg∥y − x∥.

Note that since gt is linear for all t ∈ [T ], βg = maxt∈[T ] ∥pt∥ holds.

• For all t ∈ [T ], the utility functions ft are L-smooth, i.e., for all x ∈ X and u ∈ Rn where

u ⪰ 0 or u ⪯ 0, the following holds:

ft(x+ u)− ft(x) ≥ ⟨u,∇ft(x)⟩ −
L

2
∥u∥2.

Using the above assumptions, we have:

F := max
t∈[T ]

max
x,y∈X

|ft(x)− ft(y)| ≤ βfR,

G := max
t∈[T ]

max
x∈X
|gt(x)| ≤ βgR−

BT

T
.
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Algorithm 2 Online Saddle Point Hybrid Gradient (OSPHG) algorithm

Input: X is the constraint set, T is the horizon, µ > 0, δ > 0 and K.

Output: {xt : 1 ≤ t ≤ T}.

Initialize K instances Ek; k ∈ [K] of Online Gradient Ascent with step size µ for online

maximization of linear functions over X .

λ1 = 0.

for t = 1 to T do

x
(1)
t = 0.

for k = 1 to K do

Let v
(k)
t be the output of oracle Ek.

x
(k+1)
t = x

(k)
t + 1

K v
(k)
t .

end for

Play xt = x
(K+1)
t and observe the Lagrangian function Lt(xt, λt) = ft(xt)− λtgt(xt) +

δµ
2 λ2

t .

for k = 1 to K do

Feedback ⟨v(k)t ,∇xLt(x(k)t , λt)⟩ as the payoff to be received by Ek.

end for

λt+1 = [λt − µ∇λLt(xt, λt)]+.

end for

4.4 Online Saddle Point Hybrid Gradient (OSPHG): Algorithm and analysis

We first introduce our proposed algorithm, the Online Saddle Point Hybrid Gradient (OSPHG)

algorithm, in Section 4.4.1 and then, the analysis for obtaining the regret and total budget

violation bounds is provided in Section 4.4.2.
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4.4.1 Algorithm

Consider the Online Saddle Point Hybrid Gradient (OSPHG) algorithm presented in Algo-

rithm 2. First, note that xt is the convex combination (average) of vectors in the convex set

X and hence, xt ∈ X as well.

The OSPHG algorithm could be interpreted as running two no-regret procedures:

1. K instances Ek of Online Gradient Ascent where for each k ∈ [K], at online step t ∈ [T ],

the algorithm chooses the point v
(k)
t and after committing to this choice, it receives a

reward of ⟨v(k)t ,∇xLt(x(k)t , λt)⟩. Note that each instance Ek ∀k ∈ [K] corresponds to

an online linear maximization problem. The update for v
(k)
t+1 is as follows:

v
(k)
t+1 = PX

(
v
(k)
t + µ∇xLt(x(k)t , λt)

)
,

where PX is the projection onto set X . Note that in our applications, the domain set

X is usually a box constraint or the simplex, and therefore, projection on X can be

efficiently computed.

2. Online Gradient Descent for the sequence of losses {Lt(xt, λ)}Tt=1 where at each online

step t ∈ [T ], the algorithm chooses λt ≥ 0 and then, observes the loss −λtgt(xt)+
δµ
2 λ2

t .

Note that this is an online quadratic minimization problem.

Therefore, the OSPHG algorithm is solving an online saddle point problem at each step

hence the name. It is noteworthy that although we used Online Gradient Descent/Ascent as

subroutines in the OSPHG algorithm, any other off-the-shelf no-regret online optimization

algorithms (such as Online Mirror Descent, Follow The Regularized Leader, etc.) could have

been used instead and similar bounds would have been derived. Potential advantages of any

such no-regret algorithm over the other could indeed be an interesting research direction.

Our choice of Lagrangian function is inspired by the quadratic penalty method in constrained

optimization [165]. The penalized formulation of the overall optimization problem (4.1) with
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quadratic penalty function could be written as follows:

max

T∑
t=1

ft(xt)−
1

2δµ

( T∑
t=1

⟨pt, xt⟩ −BT

)2
subject to xt ∈ X ∀t ∈ [T ].

Considering that the Fenchel conjugate of the function h(·) = 1
2δµ(·)

2 is h∗(·) = δµ
2 (·)

2, we

can write the above problem in the following equivalent form:

max
xt

min
λ

T∑
t=1

ft(xt)− λ
( T∑
t=1

⟨pt, xt⟩ −BT

)
+

δµ

2
λ2

subject to xt ∈ X ∀t ∈ [T ].

Therefore, the corresponding Lagrangian function at round t ∈ [T ] is Lt(x, λ) = ft(x) −

λ(⟨pt, x⟩ − BT
T ) + δµ

2 λ2.

4.4.2 Analysis

In order to prove the regret and budget violation bounds, we first provide Lemmas 4.4.1,

4.4.2, and 4.4.3.

Lemma 4.4.1 For all t ∈ [T ], the following holds:

µ
t∑

s=1

γt−sgs(xs) ≤ λt+1 ≤ µ
t∑

s=1

γt−s|gs(xs)|

where γ = 1− δµ2.

Proof See Appendix B.3.1 for the proof.

Using Lemma 4.4.1 and the inequality 1 − δµ2 ≤ 1, we can conclude that for all t ∈ [T ],

λt+1 ≤ µtG holds. We will use this fact multiple times in the proofs.

Lemma 4.4.2 For a fixed t ∈ {1, . . . , T −W +1}, if δ and µ are chosen such that δµ2 ≤ 1
2 ,

the following holds:

W−1∑
τ=0

λt+τgt+τ (x
∗
W ) ≤ λt

W−1∑
τ=0

gt+τ (x
∗
W ) +G2µW (W − 1).
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Proof See Appendix B.3.2 for the proof.

Lemma 4.4.3 For µ = R
β
√
WT

, δ = 4β2 and any λ ≥ 0, if T is large enough such that

T ≥ 16R2

W holds, we have:

RT + CTλ−
δµ

2
Tλ2 − λ2

µ
≤ (F + βR)(W − 1) +

R2

µ
+ (G2 + β2)µT

+
G

2
(G+ βR)µ(W − 1)(T − 1) +G2µ(W − 1)(T −W + 1) +

LR2

2K
(T −W + 1). (4.2)

Proof See Appendix B.3.3 for the proof.

Lemmas 4.4.1, 4.4.2 and 4.4.3 are all new results. Note that although [196] use the same

Lagrangian function Lt as our work, they study online convex problems (as opposed to our

non-convex problem) with window length W = 1 and their algorithm and results do not apply

to our framework. [135] provide results similar to our lemmas 4.4.1 and 4.4.2 for the convex

problem, however, their algorithm and choice of Lagrangian function Lt(x, λ), ∀t ∈ [T ] is

different from ours and therefore, their results do not apply to our work.

Now, we have all the required tools to prove the performance bounds of the OSPHG

algorithm.

Theorem 4.4.1 (Regret bound) For W = o(T ), if we choose µ = R
β
√
WT

= O( 1√
WT

),

K = O(
√

T
W ) and T is large enough such that T ≥ 16R2

W holds, the (1− 1
e )-regret RT satisfies

the following:

RT ≤ O(
√
WT ).

Thus, for W = T 1−ϵ, ∀ϵ > 0, the (1− 1
e )-regret of the OSPHG algorithm is O(T 1− ϵ

2 ) and

hence sub-linear.

Proof If we plug in λ = 0, µ = R
β
√
WT

= O( 1√
WT

) and K = O(
√

T
W ) in inequality (4.2), the

dominating terms on the right-hand side of the inequality are G
2 (G+ βR)µ(W − 1)(T − 1) =

O(
√
WT ), R2

µ = O(
√
WT ), G2µ(W − 1)(T −W + 1) = O(

√
WT ), and LR2

2K (T −W + 1) =

O(
√
WT ) and therefore, the result follows.
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Theorem 4.4.2 (Budget violation bound) For W = o(T ), if we choose µ = R
β
√
WT

=

O( 1√
WT

), K = O(
√

T
W ) and T is large enough such that T ≥ 16R2

W holds, CT is bounded as

follows:

CT ≤ O(W
1
4T

3
4 ).

Therefore, for W = T 1−ϵ ∀ϵ > 0, the OSPHG algorithm achieves a sub-linear budget violation

bound of O(T 1− ϵ
4 ).

Proof First, we observe that by assumption, RT ≥ −FT holds where F is defined at the

end of Section 4.3.2. Assume that CT ≥ 0 (otherwise, we are done). Setting λ = CT

δµT+ 2
µ

in

inequality (4.2), we obtain:

C2
T

2δµT + 4
µ

≤ FT + (F + βR)(W − 1) +
G

2
(G+ βR)µ(W − 1)(T − 1) +

R2

µ

+ (G2 + β2)µT +G2µ(W − 1)(T −W + 1) +
LR2

2K
(T −W + 1).

Plugging in µ = R
β
√
WT

= O( 1√
WT

) andK = O(
√

T
W ) in the above inequality and multiplying

both sides by 2δµT + 4
µ , the dominating term on the right-hand side of the inequality is

FT (2δµT + 4
µ) = O(W

1
2T

3
2 ). Therefore, C2

T ≤ O(W
1
2T

3
2 ) holds. Taking the square root of

both sides, we obtain the desired result.

Theorems 4.4.1 and 4.4.2 provide the first sub-linear regret and total budget violation bounds

respectively for the online DR-submodular maximization problem with long-term budget

constraints.

4.5 Numerical examples

We defined X = {x ∈ Rn : 0 ⪯ x ⪯ 1} and for all t ∈ [T ], we randomly generated monotone

non-convex/non-concave quadratic utility functions of the form ft(x) =
1
2x

THtx+hTt x where

Ht ∈ Rn×n is a random matrix with uniformly distributed non-positive entries in [−1, 0]

and ht = −HT
t 1 to make the gradient non-negative. Therefore, the utility functions are
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(a) (b)

Figure 4.1: Running average of (a) budget violation and (b) regret of the OSPHG algorithm

for W =
√
T .

of the form ft(x) = (12x − 1)THtx. For all t ∈ [T ], we generated random linear budget

functions such that pt has uniformly distributed entries in [2, 4]. We set T = 10000, n = 2,

BT = 2T and K = 100. We ran the OSPHG algorithm for W =
√
T . All codes were

implemented in Python 3.7. The running average of the budget violation and utility of the

OSPHG algorithm is depicted in Figure 4.1(a) and Figure 4.1(b) respectively which verifies

the sub-linearity of the total budget violation and regret of our algorithm (note that the

average total budget violation is negative and also, the algorithm achieves higher utilities

compared to the benchmark). Additionally, we used the Frank-Wolfe variant algorithm of

[25] with K = 100 (the same value of K used in the OSPHG algorithm) for solving offline

constrained DR-submodular optimization problems to obtain the utility of the benchmark

for different window lengths. As it can be seen in Figure 4.2(a), choosing larger window sizes

leads to higher utility for the corresponding benchmark and hence, tighter regret guarantees

are obtained. However, for a large enough W , there is merely a small difference between

the obtained benchmark utility versus the case that W = T . Overall obtained utility of
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(a) (b)

Figure 4.2: Overall utility of (a) benchmark and (b) algorithm for different values of (a) W

and (b) K.

the algorithm for different values of K is plotted in Figure 4.2(b) and it could be seen that

choosing larger values of K leads to a very small increase in the performance which is not

significant.

Note that the algorithm of [61] does not consider online constraints and the algorithms of

[196, 135] are designed for online convex problems, and therefore, neither of these algorithms

(nor the vanilla online gradient descent) could be simply adapted to our framework to be

used as the baseline algorithm for comparison. Our work indeed provides the first algorithm

for online DR-submodular maximization with long-term budget constraints.

4.6 Conclusion and future work

In this chapter, we studied a class of online optimization problems with long-term linear

budget constraints where the utility functions are monotone continuous DR-submodular.

We proposed the Online Saddle Point Hybrid Gradient (OSPHG) algorithm to solve such

problems. We considered a refined notion of static regret and proved sub-linear (1− 1
e )-regret
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and budget violation bounds. Finally, we verified our theoretical findings through a numerical

example for a class of continuous DR-submodular functions.

In this chapter, we focused on the setting with adversarial constraints. In the next chapter,

we study the same problem framework under the assumption that the long-term linear

constraints are stochastic, and we show that in this easier case, it is possible to obtain

sublinear regret and constraint violation bounds without the need to refine the regret metric.
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Chapter 5

ONLINE DR-SUBMODULAR MAXIMIZATION WITH LONG-TERM
STOCHASTIC CONSTRAINTS

5.1 Chapter overview

This chapter presents the joint work with Prasanna Raut and Maryam Fazel that was

published at the AAAI 2021 Conference on Artificial Intelligence. In this chapter, we

consider online continuous DR-submodular maximization with linear stochastic long-term

constraints. Compared to the prior work on online submodular maximization, our setting

introduces the extra complication of stochastic linear constraint functions that are i.i.d.

generated at each round. In particular, at each time step a DR-submodular utility function

and a constraint vector, i.i.d. generated from an unknown distribution, are revealed after

committing to an action and we aim to maximize the overall utility while the expected

cumulative resource consumption is below a fixed budget. Stochastic long-term constraints

arise naturally in applications where there is a limited budget or resource available and

resource consumption at each step is governed by stochastically time-varying environments.

We propose the Online Lagrangian Frank-Wolfe (OLFW) algorithm to solve this class of

online problems. We analyze the performance of the OLFW algorithm and obtain sub-

linear regret bounds as well as sub-linear cumulative constraint violation bounds, both in

expectation and with high probability.

5.2 Introduction

The Online Convex Optimization (OCO) problem has been extensively studied in the

literature [104, 189, 218, 167]. In this problem, a sequence of arbitrary convex cost functions

{ft(·)}Tt=1 are revealed one by one by “nature” and at each round t ∈ [T ], the decision maker

chooses an action xt ∈ X , where X is the fixed domain set, before the corresponding function
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ft(·) is revealed. The goal is to minimize the regret defined as [218]

T∑
t=1

ft(xt)−min
x∈X

T∑
t=1

ft(x).

In other words, regret characterizes the difference between the overall cost incurred by

the decision maker and that of a fixed benchmark action which has access to all the cost

functions {ft}Tt=1.

In many applications, however, in addition to maximizing the total reward (minimizing

the overall cost), there are restrictions on the sequence of decisions made by the learner

that need to be satisfied on average [7, 16, 6, 176]. Therefore, it may be beneficial to

sacrifice some of the reward to meet other desired goals or restrictions over the time horizon.

Such long-term constraints arise naturally in applications with limited budget (resource)

availability [18, 21, 87].

As an illustrative example, consider the online ad allocation problem for an advertiser. At

each round t ∈ [T ], the advertiser should choose her investment on ads to be placed on n

different websites. Beyond the immediate goal of maximizing the overall impressions of the

ads, the advertiser needs to balance her total investment against an allotted budget on a

daily, monthly, or yearly basis [18]. However, the cost of ad placement in each round depends

on the number of clicks the ads receive, so they are not known ahead of time. Therefore, the

advertiser needs to strike the right balance between the total reward and the budget used.

See Appendix C.1 for several other motivating applications that can be naturally cast in our

framework.

In this chapter, we study a new class of online allocation problems with long-term resource

constraints where the utility functions are DR-submodular (and not necessarily concave) and

the constraint functions are linear with coefficient vectors drawn i.i.d. from some unknown

underlying distribution. The problem has been extensively studied in the convex setting

[213, 206, 159, 135]; furthermore, [181] considered a similar framework under the assumption

that the linear constraint functions are chosen adversarially. However, [181] do not provide

any high probability bounds for the regret and constraint violation with random i.i.d. linear
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constraints, and their expected constraint violation bound is worse than ours as well (see

Section 5.3.2 and Appendix C.5 for an overview of related work and comparison of our

results with the existing bounds respectively). In this chapter, we provide the first sub-linear

bounds for the regret and total budget violation that hold in expectation as well as with

high probability. Specifically, our contributions are as follows:

• In Section 5.4.1, We propose the Online Lagrangian Frank-Wolfe (OLFW) algorithm

for this class of online continuous DR-submodular maximization problems with stochastic

cumulative constraints. The OLFW algorithm is inspired by the quadratic penalty method

in constrained optimization literature [165] and it generalizes a Frank-Wolfe variant proposed

by [61] for solving online continuous DR-submodular maximization problems to take into

account the additional stochastically time-varying linear constraints. Note that this extension

is not straightforward and the choice of the penalty function and the update rule for the

dual variable are crucial in obtaining bounds for the total budget violation as well as the

regret (see Section 5.4.1 for more details).

• We analyze the performance of the OLFW algorithm with high probability and in

expectation in Section 5.4.2 and Section 5.4.3 respectively and we establish the first sub-

linear expected and high probability bounds on both the regret and total budget violation of

the algorithm.

Finally, in Section 5.5, we demonstrate the effectiveness of our proposed algorithm on

simulated and real-world problem instances and compare the performance of the OLFW

algorithm with several baseline algorithms.

5.3 Problem statement

Consider the following overall offline optimization problem:

maximize
∑T

t=1 ft(xt)

subject to xt ∈ X , ∀t ∈ [T ]∑T
t=1⟨p, xt⟩ ≤ BT .

(5.1)



48

The online setup is as follows: At each round t ∈ [T ], the algorithm chooses an action

xt ∈ X , where X ⊂ Rn
+ is a fixed and known set. Upon committing to this action, the

utility function ft : X → R+ and a random i.i.d. sample pt ∼ D(p,Σ) are revealed and the

algorithm receives a reward of ft(xt) while using ⟨p, xt⟩ of its fixed total allotted budget

BT . The overall goal is to maximize the total obtained reward while satisfying the budget

constraint asymptotically (i.e.,
∑T

t=1⟨p, xt⟩ −BT being sub-linear in T ). [142] considered a

similar setup and performance metric for the special case of linear utility functions.

Note that our proposed algorithm can handle multiple linear constraints as well, and similar

regret and constraint violation bounds can be derived. However, for ease of notation, we

focus on the case with only one linear constraint.

We make the following assumptions about our problem framework:

A1. The domain X ⊂ Rn
+ is a closed, bounded, and convex set containing the origin, i.e.,

0 ∈ X . We denote the diameter of X with R; i.e., R := maxx,y∈X ∥y − x∥.

A2. For all t ∈ [T ], the utility function ft(·) is normalized (i.e., ft(0) = 0), monotone,

DR-submodular, βf -Lipschitz, and L-smooth. In other words, for all x, y ∈ X and u ∈ Rn

where u ⪰ 0 or u ⪯ 0, the following holds:

ft(x+ u)− ft(x) ≥ ⟨u,∇ft(x)⟩ −
L

2
∥u∥2

|ft(y)− ft(x)| ≤ βf∥y − x∥.

A3. For all t ∈ [T ], pt ∈ Rn
+ is i.i.d. generated from the distribution D with bounded support

βpB ∩ Rn
+ (where B is the unit ball {x ∈ Rn | ∥x∥ ≤ 1}), mean p ⪰ 0 and covariance matrix

Σ, i.e., pt ∼ D(p,Σ).

Let β = max{βf , βp}. Under the above assumptions, we have:

F := max
t∈[T ]

max
x,y∈X

|ft(x)− ft(y)| ≤ βR <∞

G := max
p′∼D(p,Σ)

max
x∈X
|⟨p′, x⟩ − BT

T
| ≤ βR− BT

T
<∞.
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5.3.1 Performance metric

We characterize the performance of our proposed algorithm by bounding the notions of

regret and cumulative constraint violation which are defined below:

Definition 5.3.1 The (1− 1
e )-regret is defined as:

RT = (1− 1

e
) max
x∈X ∗

T∑
t=1

ft(x)−
T∑
t=1

ft(xt),

where:

X ∗ = {x ∈ X :

T∑
t=1

⟨p, x⟩ ≤ BT } = {x ∈ X : ⟨p, x⟩ ≤ BT

T
}.

The regret metric RT quantifies the difference between the reward obtained by the algorithm

and the (1− 1
e )-approximation of the reward of the best fixed benchmark action that has

access to all the utility functions ft ∀t ∈ [T ], the mean p of the linear constraint functions,

and satisfies the cumulative budget constraint. Note that 1− 1
e is the optimal approximation

ratio for offline continuous DR-submodular maximization; in other words, even if all the

online input were available beforehand, we could only obtain a (1 − 1
e ) fraction of the

maximum reward in polynomial time. The (1− 1
e )-regret is commonly used in the online

submodular maximization literature [61].

Definition 5.3.2 The cumulative constraint violation is defined as follows:

CT =
T∑
t=1

⟨p, xt⟩ −BT .

Note that since pt ∀t ∈ [T ] is i.i.d. drawn from the distribution D with mean p, our

cumulative constraint violation metric CT is defined with respect to the true underlying

fixed linear constraint p (as opposed to pt).

5.3.2 Related work

Consider the following general framework of online problems with long-term constraints:

At round t ∈ [T ], the player chooses xt ∈ X . Then, cost (utility) function ft : X → R
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Paper Cost (utility) Constraint Window size RT CT

[213] convex convex (fixed) — O(
√
T ) O(T

3
4 )

[206] convex convex (stochastic) — O(
√
T ) O(

√
T )

[159] convex convex (adversarial) 1 O(
√
T ) O(

√
T )

[135](a) convex convex (adversarial) W O(
√
T + WT

V ) O(
√
V T )

[181] DR-submodular linear (adversarial) W O(
√
WT ) O(W

1
4T

3
4 )

Table 5.1: State-of-the-art results for online problems with cumulative constraints in various

settings. Note that in (a), V ∈ (W,T ) is a tunable parameter.

(X is a fixed convex set) and constraint function gt : X → R are revealed, the player

incurs a loss (obtains a reward) of ft(xt) and uses the amount gt(xt) of her budget (with

the long-term constraint
∑T

t=1 gt(xt) ≤ 0). This problem has been extensively studied

under various assumptions where the cost (utility) functions are adversarially chosen and

are assumed to be linear, convex, or DR-submodular and the constraint functions are

linear or convex and are either fixed (i.e., gt(·) = g(·) ∀t ∈ [T ]), stochastic and i.i.d drawn

from some unknown distribution, or adversarial. For the setting with adversarial utility

and constraint functions, [143] provided a simple counterexample to show that regardless

of the decisions of the algorithm, it is impossible to guarantee sub-linear regret against

the benchmark action while the overall budget violation is sub-linear. Therefore, prior

works in this setting have further restricted the fixed comparator action to be chosen from

XW = {x ∈ X :
∑t+W−1

τ=t gτ (x) ≤ 0, 1 ≤ t ≤ T −W + 1}. In other words, in addition to

merely satisfying the overall cumulative constraint (which corresponds to the W = T case),

the benchmark action is required to satisfy the budget constraint proportionally over any

window of length W . On the other hand, for fixed or stochastic constraint functions, sub-

linear regret and constraint violation bounds have been derived in the literature. A summary

of the state-of-the-art results for online problems with long-term constraints is provided in
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Table 5.1. After the publication of this work, [86] extended our problem framework to allow

weakly DR-submodular utility functions and obtained high probability regret and constraint

violation bounds for the problem.

5.4 Online Lagrangian Frank-Wolfe (OLFW) algorithm

In this section of the chapter, we first introduce our proposed algorithm, namely the Online

Lagrangian Frank-Wolfe (OLFW) algorithm, in Section 5.4.1 and subsequently, we analyze

the performance of the algorithm with high probability and in expectation in Section 5.4.2

and Section 5.4.3 respectively.

5.4.1 Algorithm

The Online Lagrangian Frank-Wolfe (OLFW) algorithm is presented in Algorithm 1. First,

note that for all t ∈ [T ], xt =
1
K

∑K
k=1 v

(k)
t is the average of vectors in the convex domain X

and hence, xt ∈ X . The intuition for using K online maximization subroutines to update xt

is the Frank-Wolfe variant proposed in [25] to obtain the optimal approximation guarantee

of 1− 1
e for solving the offline DR-submodular maximization problem without the additional

linear constraints. To be more precise, consider the first iteration t = 1 of our online setting

(ignoring the linear cumulative constraints) and the corresponding DR-submodular utility

function f1(·) arriving at this step. Note that f1 is not revealed until the algorithm commits

to an action x1 ∈ X . If we were in the offline setting, we could use the mentioned Frank-Wolfe

variant of [25], run it for K iterations, and maximize f1 over X . Starting from x
(1)
1 = 0, for

all k ∈ [K], we would find a vector v
(k)
1 that maximizes ⟨x,∇f1(x(k)1 )⟩ over x ∈ X , perform

the update x
(k+1)
1 = x

(k)
1 + 1

K v
(k)
1 and derive x1 = x

(K+1)
1 as the output. However, in the

online setting, the utility function f1 is not available before committing to the action x1.

Therefore, for each k ∈ [K], we instead use a separate instance of a no-regret online linear

maximization algorithm to obtain v
(k)
1 . We repeat the same process for the subsequent utility

functions {ft}t>1. This intuition was first provided in [61] and they managed to obtain

an O(
√
T ) regret bound for the unconstrained online monotone submodular maximization
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Algorithm 1 Online Lagrangian Frank-Wolfe (OLFW)

Input: X is the constraint set, T is the horizon, µ > 0, δ > 0, {γt}Tt=1 and K.

Output: {xt : 1 ≤ t ≤ T}.

Initialize K instances {Ek}k∈[K] of Online Gradient Ascent with step size µ for online

maximization of linear functions over X .

for t = 1 to T do

x
(1)
t = 0.

for k = 1 to K do

Let v
(k)
t be the output of oracle Ek from round t− 1.

x
(k+1)
t = x

(k)
t + 1

K v
(k)
t .

end for

Set xt = x
(K+1)
t .

Let p̂t :=
1

t−1

∑t−1
s=1 ps for t > 1.

Let

g̃t(·) =


⟨p̂t, ·⟩ − BT

T (I)

⟨p̂t, ·⟩ − BT
T − γt (II)

.

Set λt =
[g̃t(xt)]+

δµ for t > 1 and 0 otherwise.

Play xt and observe the Lagrangian function Lt(xt, λt) = ft(xt)− λtg̃t(xt) +
δµ
2 λ2

t .

for k = 1 to K do

Feedback ⟨v(k)t ,∇xLt(x(k)t , λt)⟩ as the payoff to be received by Ek.

end for

end for



53

problem.

Our choice of Lagrangian function is inspired by the quadratic penalty method in constrained

optimization [165]. The penalized formulation of the overall optimization problem (5.1) with

quadratic penalty function could be written as follows:

max
xt

T∑
t=1

ft(xt)−
1

2δµ

( T∑
t=1

⟨p, xt⟩ −BT

)2
subject to xt ∈ X ∀t ∈ [T ].

Considering that the Fenchel conjugate of the function h(·) = 1
2δµ(·)

2 is h∗(·) = δµ
2 (·)

2, we

can write the above problem in the following equivalent form:

max
xt

min
λ

T∑
t=1

ft(xt)− λ
( T∑
t=1

⟨p, xt⟩ −BT

)
+

δµ

2
λ2

subject to xt ∈ X ∀t ∈ [T ].

Therefore, the corresponding Lagrangian function at round t ∈ [T ] is Lt(x, λ) = ft(x) −

λ(⟨p, x⟩ − BT
T ) + δµ

2 λ2. However, p is unknown to the online algorithm. Therefore, we

alternatively use p̂t :=
1

t−1

∑t−1
s=1 ps instead of p in the Lagrangian function. Note that p̂t is

the empirical estimation of p at round t.

We first provide a lemma that is central to obtaining the regret and constraint violation

bounds both in expectation and with high probability.

Lemma 5.4.1 Let x ∈ X be a fixed vector. In the OLFW algorithm, set δ = β2. We have:

T∑
t=1

(
(1− 1

e
)ft(x)− ft(xt)

)
≤ LR2T

2K
+

R2

µ
+ β2µT +

T∑
t=1

λtg̃t(x). (5.2)

5.4.2 Performance analysis with high probability

In order to analyze the performance of the OLFW algorithm with high probability, the

following lemmas detailing the concentration inequalities for the stochastic linear constraints

are used.
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Lemma 5.4.2 The following holds with probability at least 1− ϵ:

T∑
t=2

∥p̂t − p∥ ≤ Cσ

√
T log

(2nT
ϵ

)
.

Lemma 5.4.3 Let x ∈ X be fixed. Define ĝt(x) := ⟨p̂t, x⟩ − BT
T and g(x) := ⟨p, x⟩ − BT

T .

For a fixed t ∈ {2, 3, . . . , T} and {γt :=

√
2G2 log( 2T

ϵ
)

t }Tt=2, |ĝt(x) − g(x)| ≤ γt holds with

probability at least 1− ϵ
T .

Proof First, note that E[ĝt(x)] = E[⟨p̂t, x⟩ − BT
T ] = ⟨p, x⟩ − BT

T = g(x). If yt = gt(x) is a

random variable, then by assumption, yt ∈ [−G,G] holds for each t, i.e., yt is a bounded

random variable. Therefore we can apply Hoeffding’s inequality and get P{|ĝt(x)− g(x)| >

γt} ≤ 2 exp(− tγ2
t

2G2 ). Substituting the value of γt in the right hand side, we get that

P{|ĝt(x)− g(x)| > γt} ≤ ϵ
T . The result follows immediately.

Now, we have all the machinery to obtain the high probability performance bounds of the

OLFW algorithm.

Theorem 5.4.1 (High probability regret bound) Let ϵ ∈ (0, 1) be given. Set µ = R
β
√
T
,

K =
√
T , δ = β2 and {γt}Tt=2 be chosen according to Lemma 5.4.3. Then, the OLFW

algorithm with update (II) for g̃t(·) obtains the following regret bound with probability at least

1− ϵ.

RT ≤
(LR2

2
+ 2Rβ

)√
T .

Proof We begin from Lemma 5.4.1. Substitute the benchmark x = x∗ as the fixed vector

in (5.2) and the constants as given in the hypothesis. We have RT ≤ (LR
2

2 + 2Rβ)
√
T +∑T

t=1 λtg̃t(x
∗). Now let us bound

∑T
t=1 λtg̃t(x

∗). From Lemma 5.4.3, we have that with

probability at least 1 − ϵ
T , ĝt(x

∗) − γt ≤ g(x∗) holds, i.e., g̃t(x
∗) ≤ g(x∗). Also, g(x∗) ≤ 0

holds according to the definition of the benchmark action. Therefore, we have g̃t(x
∗) ≤ 0.

As λt ≥ 0, λtg̃t(x
∗) ≤ 0 holds. Now, taking union bound over all t ∈ [T ], we have with

probability at least 1− ϵ that
∑T

t=1 λtg̃t(x
∗) ≤ 0. The result follows immediately.
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We will use the following lemma to get performance bounds for the constraint violation.

Lemma 5.4.4 Let {γt}Tt=2 be defined as in Lemma 5.4.3, then the following holds.

CT ≤
T∑
t=1

[g̃t(xt)]+ +R
T∑
t=1

∥p̂t − p∥+
T∑
t=2

γt,

where g̃t(·) is derived using update (II).

Theorem 5.4.2 (High probability constraint violation bound) Let ϵ ∈ (0, 1) be given.

Set µ = R
β
√
T
, K =

√
T , δ = β2 and {γt}Tt=2 be chosen according to Lemma 5.4.3. Then the

following holds with probability at least 1− ϵ for the OLFW algorithm with update rule (II).

CT ≤
√
2G2T log(

2T

ϵ
) + CRσ

√
T log(

2nT

ϵ
) +

T

BT
RβF

√
T +

TRβ

BT
(
LR2

2
+ 2Rβ) +Rβ.

So, we obtain Õ(
√
T ) constraint violation bound with high probability.

Proof We begin with Lemma 5.4.1 again but now substitute x = 0 as the fixed vector in

(5.2).

BT

T

T∑
t=1

λt +

T∑
t=1

λtγt ≤
T∑
t=1

ft(xt)︸ ︷︷ ︸
≤FT

+
LR2T

2K
+

R2

µ
+ β2µT. (5.3)

Rearranging and substituting the values of input parameters as given in the hypothesis, we

get:

T∑
t=1

[g̃t(xt)]+ +
Tδµ

BT

T∑
t=1

λtγt ≤
T

BT
RβF

√
T +

TRβ

BT
(
LR2

2
+ 2Rβ).

Both terms in the left-hand side of the above equation are positive. Thus, we can drop the

second term. We have:

T∑
t=1

[g̃t(xt)]+ ≤
T

BT
RβF

√
T +

TRβ

BT
(
LR2

2
+ 2Rβ).
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Combining Lemma 5.4.4 and the equation above, we obtain:

CT ≤
T

BT
RβF

√
T +

TRβ

BT
(
LR2

2
+ 2Rβ) +R

T∑
t=1

∥p̂t − p∥+
T∑
t=2

γt.

Therefore, we can conclude:

CT ≤
T

BT
RβF

√
T +

TRβ

BT
(
LR2

2
+ 2Rβ) +

√
2G2T log(

2T

ϵ
) +R

T∑
t=1

∥p̂t − p∥︸ ︷︷ ︸
(A)

,

where the last inequality follows from summing γt’s. Now, Lemma 5.4.2 tells us that

(A) ≤ Rβ + CRσ
√
T log(2nTϵ ) holds with probability at least 1 − ϵ. Thus, we obtain the

desired result.

Theorem 5.4.1 and Theorem 5.4.2 are indeed the first high probability bounds obtained for

the online DR-submodular maximization problem with stochastic cumulative constraints.

Note that the O(
√
T ) regret bound obtained in Theorem 5.4.1 is known to be optimal.

5.4.3 Performance analysis in expectation

We first provide a lemma that will be used throughout the analysis in expectation.

Lemma 5.4.5 For t > 1, we have:

E∥p̂t − p∥2 = Tr(Σ)

t− 1
,

where Tr(Σ) denotes the trace of the covariance matrix Σ.

Now, we present the main performance bounds in expectation, namely the expected regret

bound and the expected cumulative constraint violation bound. In the Appendix, we have

also considered the case where we only have access to unbiased stochastic gradient estimates

of the utility functions {ft}Tt=1, and exact gradient computation is not possible. For this

setting, we modify the OLFW algorithm by incorporating the variance reduction technique

introduced by [60] and we obtain similar regret and constraint violation bounds in expectation

for the modified algorithm.
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Theorem 5.4.3 (Expected regret bound) The regret bound of the OLFW algorithm with

update rule (I) is the following:

E[RT ] ≤ Õ(T
3
4 ).

Proof We first observe from (5.3) that
∑T

t=1 λt ≤ O(T ). Now, substitute x = x∗, the

benchmark, in (5.2) and take expectation on both sides to obtain:

E[RT ] ≤
LR2T

2K
+

R2

µ
+ β2µT + E[

T∑
t=1

λt(ĝt(x
∗)− g(x∗))] +

T∑
t=1

λtg(x
∗)

≤ LR2T

2K
+

R2

µ
+ β2µT + E [

T∑
t=1

λt(ĝt(x
∗)− g(x∗))]︸ ︷︷ ︸

(B)

.

Now we bound (B) as follows:

(B) =
T∑
t=1

λt(ĝt(x
∗)− g(x∗))

≤

√√√√ T∑
t=1

λ2
t

√√√√ T∑
t=1

(ĝt(x∗)− g(x∗))2

=
√
∥λ∥2

√√√√ T∑
t=1

(⟨p̂t − p, x∗⟩)2

≤ ∥λ∥

√√√√ T∑
t=1

∥p̂t − p∥2R2

= R∥λ∥

√√√√ T∑
t=1

∥p̂t − p∥2.

Both the inequalities above are obtained using the Cauchy-Schwarz inequality, where λ :=

[λ1, λ2, . . . , λT ]
T .

Using the Cauchy-Schwarz inequality again, we have ∥λ∥ ≤
√
∥λ∥1∥λ∥∞. Thus, we obtain

∥λ∥ ≤
√
(
∑T

t=1 λt)(
G
δµ) ≤ O(T

3/4). Therefore, the following holds:

∥λ∥ ≤ O(T 3/4). (5.4)
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Using Jensen’s inequality, we have

E

√√√√ T∑
t=1

∥p̂t − p∥2 ≤

√√√√ T∑
t=1

E∥p̂t − p∥2.

We can use Lemma 5.4.5 and write:

E

√√√√ T∑
t=1

∥p̂t − p∥2 ≤
√
Tr(Σ) log(T ). (5.5)

Thus, combining (5.4) and (5.5), we obtain:

E[(B)] ≤ O(T 3/4
√

Tr(Σ) log(T )).

The result thus follows.

Remark 5.4.1 The main challenge in bounding RT in expectation is the fact that in our

algorithm, the choice of λt is dependent on p̂t, and thus, we cannot use

E[λtĝt(x
∗)] = E[λtE[ĝt(x∗)]] = E[λtg(x

∗)] ≤ 0,

and this term is indeed the dominating term in the regret bound. However, as we saw earlier,

we do not encounter this problem in the high probability setting due to subtracting γt from

all the constraint functions and using the concentration inequalities, and thus we were able

to obtain O(
√
T ) high probability regret bound.

Theorem 5.4.4 (Expected cumulative constraint violation bound) For the OLFW

algorithm with update rule (I), we have:

E[CT ] ≤
T

BT
RβF

√
T +R

√
Tr(Σ)

√
T +

TRβ

BT
(
LR2

2
+ 2Rβ) +Rβ.

Therefore, E[CT ] ≤ Õ(
√
T ) holds.

Theorem 5.4.3 and Theorem 5.4.4 provide the first sub-linear expectation bounds on the

regret and cumulative constraint violation of the online DR-submodular maximization

problem with stochastic cumulative constraints.
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Figure 5.1: Comparison of the overall utility and cumulative budget violation over the Jester

dataset.

5.5 Numerical results

We conduct numerical experiments, over simulated and real-world datasets in the following.

Joke Recommendation. We look at the problem of DR-submodular function maximization

over the Jester dataset1. We consider a fraction of the dataset where there are 100 jokes

and user ratings from 10000 users are available for these jokes. The ratings take values

in [−10, 10], we re-scale them to be in [0, 10]. Let Ru,j be the rating of user u for joke j.

As some of the user ratings are missing in the dataset, we set such ratings to be 5. In the

online setting, a user arrives and we have to recommend at most M = 15 jokes to her. The

utility function for each round t ∈ [T ] is of the form ft(x) =
∑100

i=1R
t
ut,i

xi +
∑

i,j:i ̸=j θijxixj ,

where ut is the user being served in the current round. {θij}i ̸=j are chosen such that the

function is monotone. These DR-submodular utility functions capture the overall impression

of the displayed jokes on the user. There is a limited total time (denoted by BT = 1.5T )

available to recommend the jokes to the users. For all i ∈ [n], pi denotes the average time it

1http://eigentaste.berkeley.edu/dataset/
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takes to read joke i. As some jokes are relatively longer, we do not want the user to spend

more time on jokes that do not lead to larger utility. The linear budget functions are chosen

randomly with entries uniformly drawn from [0.03, 0.35]. We compare the performance of

our algorithm against the following strategies:

• Uniform: At every round, we assign 15 randomly chosen jokes to the user.

• Greedy : We deploy an exploration-exploitation strategy where with probability 0.1, we

randomly assign 15 jokes, and with probability 0.9, we present the top 15 jokes based

on the ratings observed so far.

• Meta-FW [61]: This corresponds to solving the unconstrained DR-submodular maxi-

mization problem (i.e., ignoring the budget constraints).

• Budget-Cautious: At each round, we assign 15 jokes that have the lowest average

budget consumption observed so far.

The results are presented in Figure 5.1. As it can be seen in the plots, our OLFW algorithm

obtains a reasonable utility while approximately satisfying the budget constraint as well.

Indefinite quadratic functions. We choose X = {x ∈ R2 : 0 ⪯ x ⪯ 1} and for each

t ∈ [T ], we generate quadratic functions of the form ft(x) =
1
2x

THtx+hTt x where Ht ∈ R2×2

is a random matrix whose entries are chosen uniformly from [−1, 0]. We let ht = −HT
t 1 to

ensure the monotonicity of the objective. We let T = 1000. At each round, we randomly

generate linear budget functions whose entries are chosen uniformly from [0.5, 2.5] and the

mean vector is p = [1, 2]T . Also, we set the total budget to be BT = 2T . We run the

OLFW algorithm 10 times and take the respective averages for the cumulative utility and

total remaining budget. We vary δ, the parameter of the penalty function, in the range

[0.1, 1000] and plot the trade-off curve
(
i.e.,

∑1000
t=1 ft(xt) versus BT −

∑1000
t=1 ⟨p, xt⟩

)
for 100

chosen values of δ in Figure 5.2. In this example, our choice of δ in the OLFW algorithm,

highlighted in the plot, achieves the highest possible cumulative utility while satisfying the
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total budget constraint.

Log-determinant functions. We choose X = {x ∈ R10 : 0 ⪯ x ⪯ 1} and for each t ∈ [T ],

we generate log-determinant functions of the form ft(x) = log det
(
diag(x)(Lt − I) + I

)
,

where each Lt is a random positive definite matrix with eigenvalues falling in the range [2, 3].

The choice of eigenvalues ensures the monotonicity of the function. Let T = 4900. At each

round, we generate linear budget functions whose entries are chosen uniformly from the

range [0.3, 5.7]. We run the OLFW algorithm for different choices of the step size µ and plot

the cumulative utility and the total budget violation in Figure 5.3. Our OLFW algorithm

chooses µ such that the overall utility and cumulative budget consumption are balanced.

5.6 Conclusion and future work

In this work, we studied online continuous DR-submodular maximization with stochastic

linear cumulative constraints. We proposed the Online Lagrangian Frank-Wolfe (OLFW)

algorithm to solve this problem and we obtained the first sub-linear bounds, both in

expectation and with high probability, for the regret and constraint violation of this algorithm.

The current work could be further extended in several interesting directions. First, it is yet

to be seen whether the online DR-submodular maximization setting could handle general,

stochastic, or adversarial, convex long-term constraints. Furthermore, it is interesting to

see whether it is possible to improve the expected regret bound to match the O(
√
T ) high

probability regret bound. Finally, studying this problem under bandit feedback (as opposed

to the full information setting considered in this chapter) is left to future work.

After studying adversarial and stochastic linear long-term constraints separately in the

previous chapter and this chapter respectively, we provide a unified framework in the

next chapter and design a single algorithm that manages to either improve or match the

aforementioned results without the knowledge of the regime. This algorithm can handle

convex constraints as well.
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Figure 5.2: Trade-off between the overall utility and the total remaining budget of quadratic

functions for different choices of parameter δ, δ = 10.2 is our choice of the penalty parameter.

Figure 5.3: Running average of cumulative utility and running average of budget violation

for different choices of the step size µ, where µ0 := R
β
√
T

is our choice of step size in the

OLFW algorithm.
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Chapter 6

A SINGLE RECIPE FOR ONLINE DR-SUBMODULAR
MAXIMIZATION WITH ADVERSARIAL OR STOCHASTIC

CONSTRAINTS

6.1 Chapter overview

This chapter is based on the joint work with Prasanna Raut and Maryam Fazel published at

the Conference on Neural Information Processing Systems (NeurIPS) 2020. In this chapter,

we consider an online optimization problem in which the reward functions are DR-submodular,

and in addition to maximizing the total reward, the sequence of decisions must satisfy some

convex constraints on average. Specifically, at each round t ∈ {1, . . . , T}, upon committing

to action xt, a DR-submodular utility function ft(·) and a convex constraint function gt(·)

are revealed, and the goal is to maximize the overall utility while ensuring the average of

the constraint functions 1
T

∑T
t=1 gt(xt) is non-positive. Such cumulative constraints arise

naturally in applications where the average resource consumption is required to remain

below a prespecified threshold. We study this problem under an adversarial model and a

stochastic model for the convex constraints, where the functions gt can vary arbitrarily or

according to an i.i.d. process over time slots t ∈ {1, . . . , T}, respectively. We propose a single

algorithm that achieves sub-linear (with respect to T ) regret as well as sub-linear constraint

violation bounds in both settings, without prior knowledge of the regime. Prior works have

studied this problem in the special case of linear constraint functions. Our results not only

improve upon the existing bounds under linear cumulative constraints but also give the first

sub-linear bounds for general convex long-term constraints.
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6.2 Introduction

Online optimization covers a large number of problems in which information is revealed

incrementally (i.e., online), and irrevocable decisions should be made at each step in the face

of uncertainty about the future arriving information [42, 146, 43, 218, 10]. Such problems

could be formulated as a repeated game between the decision maker (i.e., the learner) and

the adversary (i.e., nature or environment). At each iteration of this game, the learner

chooses an action from a fixed domain set and then, it receives feedback in the form of utility

or reward for her selected action. In the non-stochastic feedback model, no assumptions are

made on the sequence of arriving rewards except their boundedness. As time goes by, the

learner aims to observe the past and make better decisions to maximize the overall reward.

The performance of online algorithms is usually measured through the regret or the competitive

ratio of the algorithm. In the regret analysis framework, at each round, the learner has to

commit to action before observing the corresponding reward function and the goal is to

design algorithms whose total accumulated reward differs sub-linearly (in the time horizon T )

from the reward of the best fixed benchmark action (or sequence) with hindsight information

[218, 35, 189, 104]. On the other hand, in the competitive analysis setting, the decision

maker is allowed to first observe the reward function at each step and then, choose her action

accordingly (i.e., the 1-lookahead setting). In this setting, the goal is to obtain bounds for

the ratio of the total reward of the algorithm and the offline optimum (i.e., the competitive

ratio) [44, 180]. In this work, we focus on the regret analysis setting.

In most of the prior work on online learning, there are no constraints on the sequence

of decisions made by the learner, and maximizing the overall reward is the sole objective

[10, 218]. However, in many applications, there indeed exist some constraints on the decisions

of the algorithm which need to be satisfied on average [6, 7, 16, 18]. For instance, in an online

task assignment problem in crowdsourcing markets, the requester needs to balance her total

payment to workers against a prespecified allotted budget [192]. The advertiser in an online

ad placement problem has a limited budget to invest in buying ads on different websites

[135, 181, 174]. Note that in both of these problems, the resource (budget) consumption at
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each round is not known ahead of time. In crowdsourcing, the consumed resource depends

on the workers’ overall cost for performing the task, and even if a worker’s hourly rate is

known, the length of time required may not be known beforehand; in the online ad allocation

problem, resource use depends on the number of clicks on the ads.

6.2.1 Related work

Online submodular maximization. Consider an online unconstrained optimization

problem in which the reward functions are monotone DR-submodular. [61] proposed the

Meta-Frank-Wolfe algorithm for this problem and obtained O(
√
T ) regret bound against

the (1− 1
e ) approximation to the best fixed decision in hindsight where (1− 1

e ) is the best

polynomial-time approximation ratio in the offline setting. The Meta-Frank-Wolfe algorithm

requires access to the full gradient of the reward functions and performs O(
√
T ) gradient

evaluations per step. More recently, [60] generalized this algorithm to the setting where only

stochastic gradient estimates are available. Moreover, [216] proposed the Mono-Frank-Wolfe

algorithm which performs only one gradient evaluation per round and requires only unbiased

estimates of the gradient.

Online optimization with adversarial constraints. Online convex optimization with

constraints, where both the convex objective functions {ft}Tt=1 and the convex constraint

functions {gt}Tt=1 can vary arbitrarily, was first studied by [143]. They provided a surprisingly

simple counterexample which showed that it is not always possible to achieve a sub-linear

regret against the best fixed benchmark action in hindsight while the total constraint violation

is sub-linear. Therefore, subsequent works added more assumptions to the problem setting

to be able to obtain meaningful results. In particular, not only did they require the fixed

benchmark action to satisfy the long-term constraint (i.e.,
∑T

t=1 gt(x
∗) ≤ 0), but they also

restricted the benchmark to satisfy the constraint proportionally over any window of size

W ∈ [1, T ]. In other words, the fixed comparator action was required to be chosen from

the set XW = {x ∈ X :
∑t+W−1

τ=t gτ (x) ≤ 0, 1 ≤ t ≤ T −W + 1}. Note that if W = T , we

recover the usual definition of the benchmark and the smaller W is, the comparator action
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is more restricted. See Table 6.1 for an overview of results under different choices of window

length. Note that the setting in [181] is different, the objective functions are monotone

DR-submodular (and generally non-concave) and the constraint functions are linear. More

recently, this framework has been extended to distributed settings and bandit feedback as

well [210, 211]. The performance of online convex optimization with adversarial convex

Paper Cost (utility) Constraint Window size Regret Constraint violation

[196] convex convex 1 O(
√
T ) O(T

3
4 )

[159] convex convex 1 O(
√
T ) O(

√
T )

[135](a) convex convex W O(
√
T + WT

V ) O(
√
V T )

[181] DR-submodular linear W O(
√
WT ) O(W

1
4T

3
4 )

Table 6.1: Prior results for online problems with adversarial cumulative constraints in various

settings. Note that in (a), V ∈ (W,T ) is a tunable parameter.

constraints has also been analyzed against a dynamic benchmark sequence (i.e., dynamic

regret), and sub-linear regret and constraint violation bounds have been derived under full

and bandit feedback settings [47, 63].

Online optimization with stochastic constraints. In light of the aforementioned

impossibility result of [143], many subsequent works focused on stochastically time-varying

constraints in which the constraint functions over t ∈ [T ] are assumed to be an i.i.d. process.

In this setting, the benchmark action is required to satisfy the constraint in expectation,

i.e., E[gt(x∗)] ≤ 0 ∀t ∈ [T ]. In this framework, [159, 212, 206] obtained O(
√
T ) regret and

constraint violation bounds simultaneously, both in expectation and with high probability.

Outside of the convex setting, [174] analyzed this problem for monotone DR-submodular

utility functions and linear constraint functions. They managed to obtain O(
√
T ) constraint

violation bound in expectation and with high probability. In addition, they derived O(T
3
4 )

and O(
√
T ) regret bounds, in expectation and with high probability respectively. After
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the publication of our work, [86] extended our problem framework to allow weakly DR-

submodular utility functions and obtained high probability regret and constraint violation

bounds for the problem.

6.2.2 Contributions

In this chapter, we focus on a general class of online optimization problems where the reward

functions {ft}Tt=1 are monotone DR-submodular and are chosen adversarially. Moreover,

the constraint functions {gt}Tt=1 are monotone and convex. We study this problem in two

settings. In the first setting, the constraint functions are assumed to vary arbitrarily. In the

second model, we further restrict the sequence of constraint functions to be an i.i.d. process

over time slots t ∈ [T ]. We make the following contributions:

• Inspired by the Meta-Frank-Wolfe algorithm of [61] and the algorithm of [159], we propose

Algorithm 1 in Section 6.4 for both adversarial or stochastic constraints without prior

knowledge of the regime. In particular, for the adversarial setting, we obtain an O(T 1− ϵ
2 )

static regret bound against the benchmark with window length W = T 1−ϵ and an O(T 1− ϵ
2 )

total constraint violation bound. Moreover, if we consider dynamic regret as the utility

performance metric, we obtain O(
√
TP ∗

T ) bounds for both the dynamic regret and the

total constraint violation where P ∗
T :=

∑T−1
t=1

∣∣∣∣x∗t−1 − x∗t
∣∣∣∣. In the setting with stochastic

constraints, using the same algorithm (Algorithm 1), we obtain O(
√
T ) regret and total

constraint violation bounds, both in expectation and with high probability.

• In Section 6.5, we propose Algorithm 2 which is based on the Mono-Frank-Wolfe algorithm

of [216]. Compared to Algorithm 1, Algorithm 2 is computationally more efficient, but it

achieves slightly worse performance guarantees. In particular, Algorithm 2 obtains an O(T
2
3 )

static regret against the benchmark with window size W ∈ [1, T
1
3 ] and an O(T

2
3 ) total

constraint violation bound. Similar bounds can also be derived in the stochastic setting,

both in expectation and with high probability.

Lastly, we validate our theoretical findings and demonstrate the advantages of our proposed

algorithms over prior work in a series of numerical experiments in Section 6.6.
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6.3 Problem formulation

We consider the following protocol for online DR-submodular maximization with long-term

convex constraints. At each iteration t ∈ [T ], the online algorithm chooses an action xt ∈ X

where X is the fixed domain set. Upon committing to this action, (i) a monotone DR-

submodular utility function ft : X → R is revealed and the algorithm obtains the reward ft(xt)

and (ii) a monotone convex constraint function ht : X → R is revealed and ht(xt) amount of

resource is consumed. The total available resource is denoted by BT which is given offline.

Also, we assume the horizon T is known in advance, however, if T is not available offline, we

can use the well-known doubling trick to obtain the same performance guarantees with slightly

worse constants. The goal is to maximize the overall obtained reward while ensuring the

resource constraint is satisfied on average, i.e., limT→∞
1
T

(∑T
t=1 ht(xt)−BT

)
≤ 0. Denoting

gt(·) = ht(·) − BT
T , the resource constraint could be written as limT→∞

1
T

∑T
t=1 gt(xt) ≤ 0.

In other words, we aim to maximize the overall utility while ensuring the total constraint

violation
∑T

t=1 gt(xt) grows sub-linearly in T . The offline optimization problem is as follows:

maximize
∑T

t=1 ft(xt)

subject to
∑T

t=1 gt(xt) ≤ 0

xt ∈ X ∀t ∈ [T ].

(6.1)

We study this problem under two settings. In the first online model, we assume that for all

t ∈ [T ], both the utility function ft and the constraint function ht are chosen adversarially.

In other words, we do not make any assumptions on the arriving functions ft and ht. In the

second model, while the utility function ft is still assumed to be arbitrary, the constraint

function ht is a random i.i.d. sample drawn from some unknown underlying distribution

over a class H of monotone convex functions.

Note that our proposed algorithms can easily handle multiple online convex constraints with

the same performance guarantees. However, for ease of notation, we focus on the special

case of a single resource constraint.

To analyze this online optimization problem, we will make several assumptions that are
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common for online submodular problems.

Assumption 1. X is a convex and compact set with diameter R, and 0 ∈ X .

Assumption 2. For all t ∈ [T ], the reward function ft is monotone, DR-submodular,

βf -Lipschitz, L-smooth along non-negative directions and normalized (i.e., ft(0) = 0).

Assumption 3. For all t ∈ [T ], the constraint function ht is monotone, convex, βh-Lipschitz

and normalized (i.e., ht(0) = 0). In the stochastic setting, we assume that these assumptions

hold for all h ∈ H. Note that since gt was defined as gt(·) = ht(·)− BT
T , these assumptions

apply to gt as well.

Since X is compact and ft, ht ∀t ∈ [T ] are β-Lipschitz, where β = max{βf , βh}, ft(·) and

gt(·) = ht(·) − BT
T are both bounded, i.e., |ft(x)| ≤ F and |gt(x)| ≤ G for all x ∈ X and

t ∈ [T ].

6.3.1 Motivating Applications

There are a number of interesting applications that could be cast in our framework. In

particular, we have described three examples below which have been used in Section 6.6

for the numerical experiments. See [181, 174] for more examples. In all the following

applications, if the utility function is a submodular set function, we apply our algorithms

to the DR-submodular continuous extension of the set function and use the lossless pipage

rounding technique of [46] to make integral allocations.

Online joke recommendation. In this problem, we aim to design a joke recommendation

algorithm to assign jokes to a sequence of users arriving online such that the overall impression

of the jokes is maximized in a fixed time horizon BT . At each step t ∈ [T ], a user arrives and

the algorithm should assign a bundle of at most m jokes, xt ∈ {x ∈ {0, 1}n : 1Tx ≤ m}, to

her. If joke i is assigned to user t, she spends [pt]i amount of time to read the joke and submit

her rating [rt]i. In other words, ht(x) = ⟨pt, x⟩. The overall impression is the submodular

set function Ft(x) = rTt x+
∑

i,j:i<j θ
(t)
ij xixj where θ

(t)
ij ≤ 0 penalizes the similarity of jokes i

and j. This function has been extensively used in the literature to encourage diversity [136].

Online task assignment in crowdsourcing markets. In this problem, there exists a
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requester with a limited budget BT that submits jobs and benefits from them being completed.

There are n types of jobs available to be assigned to workers arriving online. At each step

t ∈ [T ], a worker arrives and the requester has to assign a bundle xt ∈ X = {x ∈ Rn
+ : 0 ⪯

x ⪯ 1} of the jobs to the worker. The worker has a private cost [pt]i ∀i ∈ [n] for performing

one unit of the assigned job i, where [pt]i denotes the i-th entry of vector pt. In other words,

we have ht(x) = ⟨pt, x⟩. The rewards obtained by the requester from this job assignment is

a DR-submodular function ft(x) =
∑n

i=1[ut]ilog(1 + xi) +
∑

i,j:i ̸=j [θt]ijxixj , where [ut]i ≥ 0

and [θt]ij ≤ 0. The DR-submodularity of the utility function captures the diminishing

returns of assigning more jobs to the worker, i.e., as the number of assigned jobs to the

worker increases, she has less time, energy, and resource available to devote to each fixed job

i ∈ [n] and therefore, the reward (quality of the completed task) obtained from the worker

performing one unit of job i decreases. In other words, if x ⪯ y, ∇if(x) ≥ ∇if(y) ∀i ∈ [n]

holds. The goal is to maximize the overall reward obtained by the requester while the budget

constraint is satisfied on average.

Online welfare maximization with production cost. In this problem, there is a

seller who has n types of products for sale that may be produced on demand using a fixed

limited budget BT . At each step t ∈ [T ], an agent (customer) arrives online and the seller

has to assign a bundle xt ∈ X = {x ∈ Rn
+ : 0 ⪯ x ⪯ 1} of products to the agent. The

production cost for this assignment is ht(xt) = xTt Ptxt, where Pt is an entry-wise non-negative

positive definite matrix. Quadratic production cost functions with increasing gradients are

commonly used in the literature [11, 54]. The agent has an unknown private DR-submodular

valuation function ft(x) = log det
(
diag(x)(Lt− I)+ I

)
over the items, where Lt is a positive

semidefinite matrix and the DR-submodularity property characterizes the diversity of the

assigned bundle. Therefore, the utility obtained by assigning the bundle xt equals ft(xt).

The goal is to maximize the overall valuation of the agents while satisfying the budget

constraint of the seller on average.
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6.3.2 Benchmarks

We measure the performance of our proposed algorithms with the notions of regret and total

constraint violation to quantify the overall utility and total resource consumption of the

algorithms respectively. We define these notions below.

Total constraint violation. The total constraint violation of an online algorithm with

outputs {xt}Tt=1 is the following:

CT :=

T∑
t=1

gt(xt) =

T∑
t=1

ht(xt)−BT .

We aim to design algorithms whose total constraint violation is sub-linear in T .

In Online Convex Optimization (OCO), the utility performance of the algorithm is usually

compared against static or dynamic benchmark sequences. Static regret metric has been

extensively used in the literature [189, 104, 190, 194, 76, 215]. However, in problems where

the environment is changing (i.e., dynamic), static regret is no longer a suitable measure and

an enhanced measure, i.e., dynamic regret, is used [99, 214, 151, 111, 209]. In our setting,

the regret metric should also specify how the benchmark actions behave with respect to the

long-term adversarial or stochastic constraint. We thus introduce three notions of regret

below.

Adversarial regret. In the adversarial setting, where both the utility and constraint

functions are chosen arbitrarily, the (1 − 1
e )-regret of an algorithm with outputs {xt}Tt=1

against a static benchmark action x∗W with window length W ∈ [1, T ] is defined as:

R
(A,S)
W,T = (1− 1

e
)

T∑
t=1

ft(x
∗
W )−

T∑
t=1

ft(xt),

where:

x∗W = argmax
x∈XW

T∑
t=1

ft(x), XW = {x ∈ X :
t+W−1∑
τ=t

gτ (x) ≤ 0, 1 ≤ t ≤ T −W + 1}.

Furthermore, in this adversarial setting, the (1− 1
e )-regret against a dynamic benchmark

sequence {x∗t }Tt=1 is as follows:

R
(A,D)
T = (1− 1

e
)

T∑
t=1

ft(x
∗
t )−

T∑
t=1

ft(xt),



72

where x∗t is any benchmark action for which gt(x
∗
t ) ≤ 0 holds.

Stochastic regret. In the stochastic input model, where the utility functions {ft}Tt=1 are

chosen adversarially and the constraint functions {ht}Tt=1 are drawn i.i.d. according to an

unknown underlying distribution over the class H, the (1− 1
e )-regret of an algorithm with

outputs {xt}Tt=1 against a static benchmark action x∗ is the following:

R
(S,S)
T = (1− 1

e
)

T∑
t=1

ft(x
∗)−

T∑
t=1

ft(xt), x∗ = argmax
x∈X :E[gt(x)]≤0 ∀t∈[T ]

T∑
t=1

ft(x).

6.4 One practical algorithm for adversarial or stochastic constraints

In this section, we propose our first algorithm that could be applied to online DR-submodular

maximization problems with both adversarial or stochastic constraints without prior informa-

tion about the regime. The algorithm is provided in Algorithm 1. The algorithm generalizes

that of [159] for the convex setting to handle generally non-concave DR-submodular util-

ity functions. In particular, inspired by the Meta-Frank-Wolfe algorithm of [61], we have

changed the primal update of the algorithm of [159] to be able to obtain regret bounds in

this setting. The following lemma provides an equivalent formulation of the primal update

of the algorithm.

Lemma 6.4.1 For all t ∈ [T ] and k ∈ [K], the update rule of Algorithm 1 for v
(k)
t is

equivalent to the following:

v
(k)
t = PX

(
v
(k)
t−1 +

1

2α

(
V∇ft−1(x

(k)
t−1)− λ

(k)
t ∇gt−1(v

(k)
t−1)

))
,

where PX denotes the projection onto set X .

Thus, for each k ∈ [K], the algorithm runs an instance of online gradient ascent with step

size 1
2α to choose the point v

(k)
t , ∀t ∈ [T ], and upon committing to this action, it receives

a reward of ⟨V∇ft(x(k)t ), v
(k)
t ⟩ − λ

(k)
t+1gt(v

(k)
t ). Note that using the average of the output

of K online maximization algorithms to obtain {xt}Tt=1 is common in online submodular

maximization [61, 60, 216]. The parameter V characterizes the trade-off between maximizing



73

Algorithm 1

Input: X is the constraint set, T is the horizon, V > 0, α > 0 and K ∈ N.

Output: {xt : 1 ≤ t ≤ T}.

Initialize λ
(k)
1 = v

(k)
0 = x

(k)
0 = 0 ∀k ∈ [K].

for t = 1 to T do

x
(1)
t = 0.

for k = 1 to K do

v
(k)
t = argmaxx∈X

(
⟨V∇ft−1(x

(k)
t−1)− λ

(k)
t ∇gt−1(v

(k)
t−1), x⟩ − α

∣∣∣∣∣∣x− v
(k)
t−1

∣∣∣∣∣∣2 ),
x
(k+1)
t = x

(k)
t + 1

K v
(k)
t .

end for

Set xt = x
(K+1)
t and play xt.

Observe the utility function ft and the constraint function gt.

for k = 1 to K do

λ
(k)
t+1 = [λ

(k)
t + gt−1(v

(k)
t−1) + ⟨∇gt−1(v

(k)
t−1), v

(k)
t − v

(k)
t−1⟩]+.

end for

end for

the reward and satisfying the resource constraint. In other words, choosing a larger V

leads to a higher overall reward while the constraint is further violated. The output of the

algorithm at each step, xt, ∀t ∈ [T ], is the average of K vectors v
(k)
t in the convex domain

X ; hence, xt ∈ X also holds.

Furthermore, the algorithm needs to maintain K dual variables at every time step t,

λ
(k)
t k ∈ [K] (as opposed to a single dual variable in [159]). To better understand the

algorithm, we first provide the following two lemmas.

Lemma 6.4.2 The cumulative constraint violation of Algorithm 1 could be bounded as

follows:

CT ≤
1

K

K∑
k=1

λ
(k)
T+1 +

β2T

4V
+

V

K

K∑
k=1

T∑
t=1

∣∣∣∣∣∣v(k)t − v
(k)
t−1

∣∣∣∣∣∣2 .
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Lemma 6.4.3 Let ∆
(k)
t :=

(λ
(k)
t+1)

2

2 − (λ
(k)
t )2

2 for all t ∈ [T ] and k ∈ [k]. We have:

∆
(k)
t ≤ (G+ βR)2

2
+ λ

(k)
t

(
gt−1(v

(k)
t−1) + ⟨∇gt−1(v

(k)
t−1), v

(k)
t − v

(k)
t−1⟩

)
.

∆
(k)
t has been commonly used in the literature and is called Lyapunov quadratic drift [158].

The result of Lemma 6.4.2 suggests that in order to minimize the total constraint violation

CT , the algorithm needs to maintain small dual variables. Equivalently, for all t ∈ [T ] and

k ∈ [K], the drift of the dual variable , ∆
(k)
t , needs to be minimized. Using the result of

Lemma 6.4.3, we obtain:

∆
(k)
t − ⟨V∇ft−1(x

(k)
t−1), v

(k)
t − v

(k)
t−1⟩+ α

∣∣∣∣∣∣v(k)t − v
(k)
t−1

∣∣∣∣∣∣2
≤ (G+ βR)2

2
− ⟨V∇ft−1(x

(k)
t−1)− λ

(k)
t ∇gt−1(v

(k)
t−1), v

(k)
t − v

(k)
t−1⟩+ λ

(k)
t gt−1(v

(k)
t−1) + α

∣∣∣∣∣∣v(k)t − v
(k)
t−1

∣∣∣∣∣∣2︸ ︷︷ ︸
(a)

.

In Algorithm 1, v
(k)
t is chosen to be the minimizer of (a) over X and the update rule for

λ
(k)
t+1 corresponds to moving along the direction of the gradient of (a) with respect to the

dual variable.

6.4.1 Performance guarantees

In this section, we provide the total constraint violation and regret bounds under different

settings.

Theorem 6.4.1 (Total constraint violation bound) The total constraint violation of

Algorithm 1 is bounded as follows:

CT ≤ θV +
β2T

4V
+

β2(1 + θ)2V 3T

4α2
,

where θ = max{G+ βR,
(G+βR)2

2
+(βR+V β2

4α
)V

V BT /T + αR2

V (V+1)BT /T + (G+βR)(V+2)
2V }. In particular, if

α ≤ O(V 2), we have θ = O(1).

Theorem 6.4.1 characterizes the total constraint violation bound of Algorithm 1 in both

adversarial and stochastic settings.
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Theorem 6.4.2 (Adversarial static regret bound) The regret of Algorithm 1 in the

adversarial setting against a benchmark with window length W is bounded as:

R
(A,S)
W,T ≤ F (W − 1) +

1

2V
min{θ2V 2, (G+ βR)2

(W − 1)(2W − 1)

6
}+ V β2(T −W + 1)

4α

+
(G+ βR)2(T −W + 1)

2V
+

LR2(T −W + 1)

2K
+

(G+ βR)2(W − 1)(T −W + 1)

2V
+

αR2

V
.

Therefore, setting α = V
√
T , the adversarial static regret bound of Algorithm 1 is O(WT

V +
√
T + T

K ). In particular, for the adversarial setting with window size W = T 1−ϵ, if we choose

V = O(T 1− ϵ
2 ), α = V

√
T and K = O(T

ϵ
2 ) in Theorem 6.4.1 and Theorem 6.4.2, we have

R
(A,S)
W,T ≤ O(T 1− ϵ

2 ) and CT ≤ O(T 1− ϵ
2 ). In comparison, [181] obtains a similar O(T 1− ϵ

2 )

regret bound and a worse O(T 1− ϵ
4 ) total constraint violation bound, and only for the special

case of linear constraint functions.

Theorem 6.4.3 (Adversarial dynamic regret bound) The adversarial regret of Algo-

rithm 1 against a dynamic benchmark sequence {x∗t }Tt=1 is bounded as follows:

R
(A,D)
T ≤ V β2T

4α
+

(G+ βR)2T

2V
+

αR2

V
+

LR2T

2K
+

2αRP ∗
T

V
,

where P ∗
T :=

∑T−1
t=1

∣∣∣∣x∗t−1 − x∗t
∣∣∣∣.

If we set V = K = O(
√

T
P ∗
T
) and α = V 2, we have R

(A,D)
T ≤ O(

√
TP ∗

T ) and CT ≤ O(
√
TP ∗

T ).

However, since P ∗
T is not known ahead of time, the parameters of the algorithm cannot

be chosen as mentioned. To remedy this issue, we can extend the adaptive algorithm of

[214] to our framework to obtain O(
√

TP ∗
T ) regret and total constraint violation bounds

simultaneously without prior knowledge of P ∗
T .

Theorem 6.4.4 (Expected Regret Bound) In the stochastic setting, the expected regret

of Algorithm 1 could be bounded as follows:

E[R(S,S)
T ] ≤ V β2T

4α
+

(G+ βR)2T

2V
+

αR2

V
+

LR2T

2K
.

Theorem 6.4.5 (High Probability Regret Bound) The regret of Algorithm 1 satisfies

the following with probability at least 1− δ in the stochastic setting:

R
(S,S)
T ≤ θG

√
2T log(

1

δ
) +

V β2T

4α
+

(G+ βR)2T

2V
+

αR2

V
+

LR2T

2K
.
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If we choose V = O(
√
T ), α = V 2 and K = O(

√
T ) in Theorem 6.4.1, Theorem 6.4.4 and

Theorem 6.4.5, we have E[R(S,S)
T ] ≤ O(

√
T ), R

(S,S)
T ≤ Õ(

√
T ) w.h.p. and CT ≤ O(

√
T ). In

comparison, for the special case of linear constraint functions, [174] obtains similar O(
√
T )

bounds for the total constraint violation, both in expectation and with high probability.

However, despite achieving O(
√
T ) high probability regret bound, their algorithm obtains a

worse O(T
3
4 ) regret bound in expectation.

6.5 Trading performance for efficiency: A faster algorithm

In this section, we propose our second algorithm, presented in Algorithm 2 in the appendix,

for online DR-submodular maximization problems with adversarial or stochastic constraints.

Inspired by the Mono-Frank-Wolfe algorithm of [216], we divide the upcoming online

rounds 1, . . . , T to Q equisized blocks of length K (i.e., T = QK) and for all the rounds

t ∈ {(q − 1)K + 1, . . . , qK} in the block q ∈ Q, we play the same action xq. Using this

technique, the computational complexity of Algorithm 2 reduces with a factor of K compared

to Algorithm 1. However, the efficiency of Algorithm 2 comes at the price of slightly worse

regret and total constraint violation bounds, as presented below.

Theorem 6.5.1 The adversarial (static) regret bound of Algorithm 2 against the benchmark

with window length W ∈ [1, T
1
3 ] is as follows:

E[R(A,S)
W,T ] ≤ V β2QK

4α
+

(G+ βR)2QK

2V
+

αR2K

V
+

LR2Q

2
,

where the expectation is taken with respect to the randomness of the algorithm.

Theorem 6.5.2 The total constraint violation of Algorithm 2 is bounded as below:

E[CT ] ≤ θKV +
β2T

4V
+

β2(1 + θ)2V 3T

4α2
,

where the expectation is taken with respect to the randomness of the algorithm.

Thus, in the adversarial setting with window length W ∈ [1, T
1
3 ], if we choose V = K =

O(T
1
3 ) and α = V 2 in Theorem 6.5.1 and Theorem 6.5.2, we have E[R(A,S)

W,T ] ≤ O(T
2
3 ) and
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(a) (b) (c)

Figure 6.1: (a) Cumulative utility and total budget violation for experiment 1, (b) and

(c) Running average of cumulative utility and budget violation for experiments 2 and 3

respectively.

E[CT ] ≤ O(T
2
3 ).

Note that similar to the analysis in Section 6.4, we can extend the above results to a

benchmark with general window length in the adversarial setting. Moreover, we can obtain

similar O(T
2
3 ) regret and total constraint violation bounds in the stochastic setting.

6.6 Experiments

In order to verify our theoretical findings, we run our algorithms for the three experiments

described in Section 6.3.1 and we plot the performance in Figure 6.1.

1) Online joke recommendation. We choose n = 100 jokes, T = 10000 and BT = 1.5T . We

vary the window length W and choose V , α and K according to Section 6.4. We set X = {x ∈

[0, 1]n : 1Tx ≤ 15}. We consider the utility functions ft(x) = rTt x+
∑

i,j:i<j θ
(t)
ij xixj ∀t ∈ [T ]
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where 0 ≤ [rt]i ≤ 10 is the rating of user t for joke i in the Jester dataset1, and θ
(t)
ij is

uniformly chosen from [−0.5, 0]. Also, [pt]i is chosen uniformly from the range [0.3, 6]. We

compare the overall utility and total budget violation of Algorithm 1 and the OSPHG

algorithm of [181] for different choices of W . Note that we use the pipage rounding technique

of [46] for both algorithms to make an integral allocation of jokes to the users. Figure 6.1(a)

verifies the superiority of Algorithm 1 compared to the OSPHG algorithm in terms of budget

consumption while obtaining similar overall utility.

2) Online task assignment in crowdsourcing markets. We set n = 13, T = 10000 and

BT = 0.86T . We choose V , α and K according to Section 6.4. We set X = {x : 0 ⪯ x ⪯ 1}.

We consider the utility functions ft(x) =
∑n

i=1[ut]ilog(1 + xi) +
∑

i,j:i<j θ
(t)
ij xixj ∀t ∈ [T ]

where [ut]i and θ
(t)
ij are uniformly chosen from [1, 13] and [−0.07, 0] respectively. [pt]i is

uniformly chosen from [0.05, 1]. We compare the average performance of Algorithm 1,

Algorithm 2, the OLFW algorithm of [174] and the OSPHG algorithm of [181]. Figure 6.1(b)

demonstrates that Algorithm 1 strikes the right balance between the utility and budget used.

3) Online welfare maximization with production cost. For this experiment, we use the

utility function ft(x) = log det
(
diag(x)(Lt − I) + I

)
and the quadratic convex constraint

function ht(x) = xTPtx for all t ∈ [T ], where Lt and Pt are positive definite matrices whose

eigenvalues are uniformly chosen from [2, 3] and [0.3, 6] respectively. We consider the domain

X = {x : 0 ⪯ x ⪯ 1}. We set n = 10, T = 1000, K = W =
√
T and BT = 4T . We vary V

and choose α = V
√
T to see the effect of the choice of V in the performance of Algorithm 1.

Considering the O(WT
V +

√
T + T

K ) regret bound and O(V + T
V ) total constraint violation

bound derived in Section 6.4, Figure 6.1(c) verifies the theoretical analysis that we need

to choose V ∈ (W,T ) to obtain sub-linear regret and total constraint violation bounds

simultaneously.

1http://eigentaste.berkeley.edu/dataset/
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6.7 Conclusion

We studied an online optimization problem in which the reward functions are monotone

DR-submodular, and in addition, the sequence of decisions of the learner should satisfy some

adversarially or stochastically varying monotone convex constraints on average. We propose

a single algorithm for both adversarial or stochastic constraints without prior knowledge

of the regime. In the special case of linear constraint functions, our proposed algorithm

obtains improved regret and constraint violation bounds in both adversarial and stochastic

settings compared to prior work. Moreover, we derive the first sub-linear bounds for the

more general case of convex constraint functions.
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Part II

STRONGLY DR-SUBMODULAR MAXIMIZATION
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Chapter 7

OFFLINE STRONGLY DR-SUBMODULAR MAXIMIZATION

7.1 Chapter overview

In this chapter, we present the joint work with Maryam Fazel that was published at the SIAM

Conference on Applied and Computational Discrete Algorithms (ACDA) 2023. Continuous

DR-submodular functions are a class of functions that satisfy the Diminishing Returns

(DR) property, which implies that they are concave along non-negative directions. Existing

works have studied monotone continuous DR-submodular maximization subject to a convex

constraint and have proposed efficient algorithms with approximation guarantees. However,

in many applications, e.g., computing the stability number of a graph and mean-field

inference for probabilistic log-submodular models, the DR-submodular function has the

additional property of being strongly concave along non-negative directions that could be

utilized for obtaining faster convergence rates. In this chapter, we first introduce and

characterize the class of strongly DR-submodular functions and show how such a property

implies strong concavity along non-negative directions. Then, we study L-smooth monotone

strongly DR-submodular functions that have bounded curvature, and we show how to exploit

such additional structure to obtain algorithms with improved approximation guarantees

and faster convergence rates for the maximization problem. In particular, we propose the

SDRFW algorithm that matches the provably optimal 1 − c
e approximation ratio after

only ⌈Lµ ⌉ iterations, where c ∈ [0, 1] and µ ≥ 0 are the curvature and the strong DR-

submodularity parameter. Furthermore, we study the Projected Gradient Ascent (PGA)

method for this problem and provide a refined analysis of the algorithm with an improved

1
1+c approximation ratio (compared to 1

2 in prior works) and a linear convergence rate. Given

that both algorithms require knowledge of the smoothness parameter L, we provide a novel
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characterization of L for DR-submodular functions showing that in many cases, computing

L could be formulated as a convex optimization problem, i.e., a geometric program, that

could be solved efficiently. Experimental results illustrate and validate the efficiency and

effectiveness of our algorithms.

7.2 Introduction

Continuous DR-submodular functions find applications in multiple domains such as influence

and revenue maximization, MAP inference for DPP (Determinantal Point Process), and

mean-field inference of probabilistic graphical models (see [27, Section 6] for more applications

and details). While DR-submodular functions are generally non-convex/non-concave, the DR

property provides a natural structure that allows the designing of tractable approximation

algorithms. In particular, DR-submodular functions are concave along non-negative directions

[25], i.e., for all x, y such that xi ≤ yi ∀i ∈ [n], we have f(y) ≤ f(x) + ⟨∇f(x), y − x⟩.

Monotone DR-submodular maximization subject to a convex constraint has been previously

studied in the literature. [25] proposed a Frank-Wolfe variant that obtains a provably optimal

1 − 1
e approximation guarantee at a sub-linear convergence rate. Later, [102] studied the

well-known Projected Gradient Ascent (PGA) method for this problem and proved that

PGA has a 1
2 approximation ratio and sub-linear rate of convergence.

A number of the DR-submodular objective functions in the applications above of the

continuous DR property are indeed strongly concave along non-negative directions. For

instance, consider a graph G = (V,E) with adjacency matrix A. Computing the stability

number s(G) of the graph (i.e., the cardinality of the largest subset of vertices such that no

two vertices in this subset are adjacent) is a well-known NP-hard combinatorial problem.

This problem could be formulated as s(G)−1 = minx∈∆ xT (A+ I)x where ∆ = {x ∈ R|V | :

1Tx = 1, xv ≥ 0 ∀v ∈ V } is the standard simplex and I is the identity matrix [155]. We can
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rewrite the problem as:

s(G)−1 = min
x∈∆

xT (A+ I)x

= −max
x∈∆

xT (−A− I)x

= 2−max
x∈∆

xT (−A− I)x+ 21Tx︸ ︷︷ ︸
=2

.

It will soon be clear that the function xT (−A− I)x+21Tx is 2-strongly DR-submodular (see

Definition 7.3.1 in Section 7.3) and thus, finding the stability number of a graph could be

formulated as a convex-constrained monotone 2-strongly DR-submodular maximization prob-

lem. Another example is the mean-field inference problem for probabilistic log-submodular

models (Section 6.6 of [27]). Let F : 2V → R be a submodular set function. Consider

distributions over subsets S ⊆ V of the form P (S) = 1
Z exp(F (S)) where the normalizing

quantity Z =
∑

S⊆V exp(F (S)) is called the partition function. In general, computing the

partition function involves summing over an exponential number of terms and is not compu-

tationally feasible. Alternatively, one can use mean-field inference to approximate P (S) by

a completely factorized distribution Q(S), i.e., elements i ∈ V are picked independently and

Q(S|x) =
∏

i∈S xi
∏

j /∈S(1− xj) where x ∈ [0, 1]V is the vector of marginals, by minimizing

the KL divergence KL(x) =
∑

S⊆V Q(S|x) ln
(Q(S|x)

p(S)

)
between the two distributions. KL(x)

can be written as:

KL(x) = −
∑
S⊆V

F (S)
∏
i∈S

xi
∏
j /∈S

(1− xj) +

|V |∑
i=1

(
xi lnxi + (1− xi) ln(1− xi)

)
+ lnZ.

It will be clear later that the problem maxx∈[0,1]V −KL(x) (equivalent to minimizing KL(x))

is a 4-strongly DR-submodular maximization problem.

7.2.1 Contributions

In this chapter, we precisely characterize the class of strongly DR-submodular functions,

i.e., DR-submodular functions that are strongly concave along non-negative directions.

We consider the optimization problem maxx∈K f(x) where K is a convex set and f is a
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Paper Setting Approximation ratio Convergence rate

[25] µ = 0 1− 1
e sub-linear

[102] µ = 0 1
2 sub-linear

This work (PGA) µ = 0 1
1+cf

sub-linear

This work (PGA) µ > 0 1
1+cf

linear

This work (SDRFW) µ > 0 1− cf
e after ⌈Lµ ⌉ iterations

Table 7.1: Comparison of our results and the prior works.

monotone, smooth and strongly DR-submodular function with bounded curvature cf ∈ [0, 1],

and we provide algorithms with refined approximation guarantees that exploit the strong

DR-submodularity structure of the objective function. Specifically, we make the following

contributions:

• We propose the SDRFW algorithm in Section 7.4 that obtains the approximation guarantee

1− cf
e after ⌈Lµ ⌉ iterations, where L is the smoothness parameter and µ is the strong DR-

submodularity parameter of the function f .

• In Section 7.5, we analyze PGA for our problem and we provide a refined and sharper

analysis of the algorithm showing that PGA has an improved 1
1+cf

approximation guarantee

(compared to 1
2 in prior works) at a linear convergence rate, i.e., it only takes O(ln(1ϵ ))

iterations to get within ϵ of 1
1+cf

OPT, where OPT denotes the optimal value of the problem.

• We also study online strongly DR-submodular maximization in Section 7.5.1. We analyze

the online counterpart of PGA, called Online Gradient Ascent (OGA), for this problem and

we show how our techniques could be used to obtain improved logarithmic bounds for the

( 1
1+c)-regret of the algorithm.

• Given that both SDRFW and PGA require knowledge of the smoothness parameter L, in

Section 7.6, we provide a novel characterization of L for (strongly) DR-submodular functions

showing that in many cases, computing L could be formulated as a convex optimization
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problem, i.e., a geometric program, that could be solved efficiently. Therefore, we can

efficiently compute L before running the algorithms.

Finally, we test our algorithms on a class of strongly DR-submodular functions and also for

the problem of computing the stability number of graphs in Section 7.7. A summary of our

results is provided in Table 7.1.

7.3 Preliminaries

7.3.1 Strongly DR-submodular functions

We define the class of strongly DR-submodular functions below.

Definition 7.3.1 For µ ≥ 0, we call a differentiable function f : K → R, K ⊂ Rn
+, to be

µ-strongly DR-submodular if any of the following equivalent properties hold:

• f(·) + µ
2∥ · ∥

2 is DR-submodular.

• For all x, y ∈ K such that x ⪯ y, we have

∇f(x) ⪰ ∇f(y) + µ(y − x).

• If f is twice differentiable, ∇2
iif(x) ≤ −µ ∀i ∈ [n] and ∇2

ijf(x) ≤ 0 ∀i ≠ j holds for all

x ∈ K.

We provide two classes of strongly DR-submodular functions below:

• Indefinite quadratic functions. Let f(x) = 1
2x

THx+ hTx+ c where H is a symmetric

matrix. If H is entry-wise non-positive, f is a DR-submodular function and if in addition,

Hii ≤ −µ holds for all i ∈ [n], f is µ-strongly DR-submodular. Such quadratic utility

functions have a wide range of applications. As an example, consider the problem of

computing the stability number of a graph (introduced in Section 7.2). The Hessian of the

objective function xT (−A− I)x+21Tx is H = −2A− 2I. Given that Hii = −2 and Hij ≤ 0

for all i ̸= j ∈ [n], the objective function is 2-strongly DR-submodular. In addition, price

optimization with continuous prices [109] is also a non-concave (strongly) DR-submodular

quadratic optimization problem.
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• Concave functions with negative dependence. Let d ≥ 2. If hi : R+ → R is

(strongly) concave for all i ∈ [n] and θi1,...,ir ≤ 0 for all r ∈ [d] and (i1, . . . , ir) ⊆ [n], the

following function f : Rn
+ → R is (strongly) DR-submodular:

f(x) =
n∑

i=1

hi(xi) +
∑

(i,j):i ̸=j

θijxixj + · · ·+
∑

(i1,...,id):ir ̸=is ∀r,s∈[d]

θi1,...,idxi1 . . . xid .

We can prove that µ-strongly DR-submodular functions are indeed µ-strongly concave along

non-negative directions. This property is extensively used in the design and analysis of our

algorithms.

Lemma 7.3.1 If f : K → R, K ⊂ Rn
+, is differentiable and µ-strongly DR-submodular, for

all x ∈ K and v ⪰ 0 or v ⪯ 0, the following holds:

f(x+ v) ≤ f(x) + ⟨∇f(x), v⟩ − µ

2
∥v∥2.

Proof Without loss of generality, assume v ⪰ 0 holds (analysis for v ⪯ 0 is similar). For

any z ∈ K, v ⪰ 0 and i ∈ [n], we have:

[∇2f(z)v]i + µvi = ∇2
iif(z)vi +

∑
j ̸=i

∇2
ijf(z)vj + µvi

= (∇2
iif(z) + µ)︸ ︷︷ ︸

≤0

vi︸︷︷︸
≥0

+
∑
j ̸=i

∇2
ijf(z)︸ ︷︷ ︸
≤0

vj︸︷︷︸
≥0

≤ 0.

Therefore, ∇2f(z)v + µv ⪯ 0 holds. We can use the mean value theorem to write:

f(x+ v)− f(x)− ⟨∇f(x), v⟩

=

∫ 1

0
⟨∇f(x+ tv), v⟩dt− ⟨∇f(x), v⟩

=

∫ 1

0
⟨∇f(x+ tv)−∇f(x), v⟩dt

=

∫ 1

0

n∑
i=1

t([∇2f(zi,t)v]i + µvi︸ ︷︷ ︸
≤0

) vi︸︷︷︸
≥0

dt−µ
∫ 1

0
t⟨v, v⟩dt︸ ︷︷ ︸

=−µ
2

∥v∥2

≤ −µ
2
∥v∥2,
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where zi,t ∀i ∈ [n] is in the line segment between x and x+ tv. Thus, f is µ-strongly concave

along the non-negative direction v.

[27] defined µ-strongly DR-submodular functions to be the class of functions that are

µ-strongly concave along non-negative directions. Note that our definition of µ-strong DR-

submodularity is a stronger condition than µ-strong concavity along non-negative directions.

For instance, µ-strongly concave functions are µ-strongly concave along any direction, but

they may not even be DR-submodular.

7.3.2 Smooth functions

A differentiable function f : K → R, K ⊂ Rn
+, is called L-smooth if for all x, y ∈ K, we have

f(y) ≥ f(x) + ⟨∇f(x), y − x⟩ − L

2
∥y − x∥2.

If f is twice differentiable, there is an equivalent definition of smoothness: f is L-smooth

if ∇2f(x) ⪰ −LI holds for all x ∈ K where I is the identity matrix. In other words, the

smallest eigenvalue of the Hessian of f is uniformly lower bounded by −L everywhere.

Combining the definition of smooth functions and the result of Lemma 7.3.1, it is clear that

for a µ-strongly DR-submodular and L-smooth function, µ ≤ L holds.

7.3.3 Curvature

We define the notion of curvature for monotone continuous functions below.

Definition 7.3.2 Given a monotone differentiable function f : K → R, K ⊂ Rn
+, we define

the curvature of f as follows:

cf = 1− inf
x,y∈K,i∈[n]

∇if(y)

∇if(x)
.

If f is DR-submodular and 0 ∈ K, we have cf = 1− infx∈K,i∈[n]
∇if(x)
∇if(0)

.

It is easy to see that cf ∈ [0, 1] holds for all monotone f . cf ≤ 1 is due to monotonicity of

f (i.e., ∇f being non-negative) and cf ≥ 0 follows from setting x = y in the definition. If
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cf = 0, f is linear, and larger cf corresponds to f being more curved.

A similar notion of curvature was introduced in [188]. The definition is inspired by the

curvature of submodular set functions [68]. If f is the multilinear extension of a monotone

submodular set function F , cf coincides with the curvature of F [182]. Submodular set

function maximization with bounded curvature has been widely studied in the literature.

[68] showed that the greedy algorithm applied to the monotone submodular set function

maximization problem subject to a cardinality constraint has a 1
κ(1−e

−κ) approximation ratio,

where κ is the curvature of the set function. More recently, [197] proposed two approximation

algorithms for the more general problem of monotone submodular maximization subject to a

matroid constraint and obtained a 1− κ
e approximation ratio for these two algorithms. They

also provided matching upper bounds for this problem showing that the 1− κ
e approximation

ratio is indeed optimal. Later on, [83] managed to obtain the same 1 − κ
e approximation

ratio with an algorithm that is much faster than the one proposed by [197].

7.4 Strongly DR-submodular Frank-Wolfe (SDRFW) algorithm

In this section, we propose the SDRFW algorithm for strongly DR-submodular maximization

with bounded curvature. Throughout the section, we make the further assumption that the

domain set K contains the origin, i.e., 0 ∈ K. Furthermore, we consider f to be a monotone,

µ-strongly DR-submodular and L-smooth function with curvature cf ∈ [0, 1]. Without loss

of generality, we also assume that f is normalized, i.e., f(0) = 0. For the DR-submodular

setting (µ = 0), [25] proposed a Frank-Wolfe variant for solving the problem. Starting

from x0 = 0, their algorithm performs K Frank-Wolfe updates where at each iteration

k ∈ {0, . . . ,K − 1}, it finds vk such that vk = argmaxx∈K⟨x,∇f(xk)⟩, performs the update

xk+1 = xk +
1
K vk and outputs xK .

Define g(x) = f(x)− ℓTx where for all i ∈ [n], ℓi = minx∇if(x). Note that similar to f , g

is also a normalized, monotone, µ-strongly DR-submodular and L-smooth function.

The SDRFW algorithm is presented in Algorithm 1. First, note that the output of the

algorithm (x = xK) is the average of K points {vk}K−1
k=0 in the convex domain set K, and
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therefore, x ∈ K. Also, it is noteworthy that the update rule for {vk}Kk=1 can be computed

efficiently in many cases. To see this, for all k ∈ {0, . . . ,K − 1}, we can equivalently write:

vk = ProjK
( 1
µ
∇g(xk) +

1

µ(1− 1
K )K−k−1

ℓ
)
.

In many cases, such projection could be computed in linear time O(n) [33, 168], e.g., for

K = {x ∈ Rn : 1Tx ≤ 1, 0 ⪯ x ⪯ 1}.

Algorithm 1 is different from the Frank-Wolfe variant of [25] in two important aspects:

1) At step k ∈ {0, . . . ,K−1}, Algorithm 1 is applied to the function (1− 1
K )K−k−1g(·)+⟨ℓ, ·⟩

(instead of f(·) = g(·) + ⟨ℓ, ·⟩),

2) The linear maximization step for computing {vk}K−1
k=0 in the Frank-Wolfe variant of [25] is

replaced by a strongly concave maximization problem. Modification 1 is inspired by a similar

idea in [83] where they provided an algorithm for the setting where the objective function

is the multilinear extension of a submodular set function (µ = 0) and obtained a 1 − cf
e

approximation ratio for the problem. They also proved matching negative results showing

that no polynomial time algorithm can perform better in terms of the approximation ratio.

The same upper bound applies to our framework as well. However, the additional strong

DR-submodularity of f allows for a faster convergence to (1 − cf
e )OPT. We provide the

approximation guarantee of Algorithm 1 below.

Theorem 7.4.1 Let f : K → R, K ⊂ Rn
+ and 0 ∈ K, be a normalized, monotone, µ-strongly

DR-submodular and L-smooth function. If we set K = ⌈Lµ ⌉, the output of Algorithm 1 has

the following performance guarantee:

f(x) ≥ (1−
cf
e
)f(x∗),

where x∗ = argmaxx∈K f(x).

Proof Define g(x) = f(x)− ℓTx where for all i ∈ [n], ℓi = minx∇if(x). Note that similar

to f , g is also a normalized, monotone, µ-strongly DR-submodular, and L-smooth function.

For instance, in order to verify the µ-strong concavity of g along non-negative directions
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Algorithm 1 SDRFW

Input: Convex set K with 0 ∈ K, L-smooth and µ-strongly DR-submodular f , g(·) =

f(·)− ⟨ℓ, ·⟩ where for all i ∈ [n], ℓi = minx∇if(x), K > 0.

Set x0 = 0.

for k = 0 to K − 1 do

Set vk = argmaxx∈K⟨(1− 1
K )K−k−1∇g(xk) + ℓ, x⟩ − µ(1− 1

K
)K−k−1

2 ∥x∥2.

xk+1 = xk +
1
K vk.

end for

Output: x = xK .

(which will be used in the proof), for all x ∈ K and v ⪰ 0 or v ⪯ 0, we can write:

g(x+ v) = f(x+ v)− ⟨ℓ, x+ v⟩

≤ f(x) + ⟨∇f(x), v⟩ − µ

2
∥v∥2 − ⟨ℓ, x+ v⟩

= f(x)− ⟨ℓ, x⟩︸ ︷︷ ︸
=g(x)

+⟨∇f(x)− ℓ︸ ︷︷ ︸
=∇g(x)

, v⟩ − µ

2
∥v∥2

= g(x) + ⟨∇g(x), v⟩ − µ

2
∥v∥2,

where the inequality uses the µ-strong DR-submodularity of f . Therefore, g is µ-strongly

concave along non-negative directions.

Now, we move on to prove the theorem. For all k ∈ {0, . . . ,K − 1}, we can write:

g(xk+1) ≥ g(xk) +
1

K
⟨∇g(xk), vk⟩ −

L

2K2
∥vk∥2.

Rearranging the terms, we have:

g(xk+1)− g(xk) ≥
1

K
⟨∇g(xk), vk⟩ −

L

2K2
∥vk∥2. (7.1)

For all k ∈ {0, . . . ,K}, define the function ϕ(k) as follows:

ϕ(k) = (1− 1

K
)K−kg(xk) + ⟨ℓ, xk⟩.
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For a fixed k ∈ {0, . . . ,K − 1}, we have:

K
(
ϕ(k + 1)− ϕ(k)

)
= K(1− 1

K
)K−k−1g(xk+1)−K(1− 1

K
)K−kg(xk) + ⟨ℓ, vk⟩

=
(1− 1

K )K−k−1
(
g(xk+1)− g(xk)

)
1/K

+ (1− 1

K
)K−k−1g(xk) + ⟨ℓ, vk⟩

(a)

≥
(1− 1

K )K−k−1
(
1/K⟨∇g(xk), vk⟩ − L∥vk∥2/2K2

)
1/K

+ (1− 1

K
)K−k−1g(xk) + ⟨ℓ, vk⟩

= (1− 1

K
)K−k−1

(
⟨∇g(xk), vk⟩ −

L

2K
∥vk∥2

)
+ (1− 1

K
)K−k−1g(xk) + ⟨ℓ, vk⟩

= ⟨(1− 1

K
)K−k−1∇g(xk) + ℓ, vk⟩ − (1− 1

K
)K−k−1 L

2K
∥vk∥2 + (1− 1

K
)K−k−1g(xk)

(b)

≥ (1− 1

K
)K−k−1⟨∇g(xk), x∗⟩+ ⟨ℓ, x∗⟩+

µ(1− 1
K )K−k−1

2
∥vk∥2 −

µ(1− 1
K )K−k−1

2
∥x∗∥2

− (1− 1

K
)K−k−1 L

2K
∥vk∥2 + (1− 1

K
)K−k−1g(xk),

where (a) follows from inequality 7.1 and (b) is due to the update rule of the SDRFW

algorithm for vk. We can use the monotonicity and strong DR-submodularity of g respectively

to write:

g(x∗)− g(xk) ≤ g(x∗ + xk)− g(xk)

≤ ⟨∇g(xk), x∗⟩ −
µ

2
∥x∗∥2.

Putting the above two inequalities together, we have:

K
(
ϕ(k + 1)− ϕ(k)

)
≥ (1− 1

K
)K−k−1

(
g(x∗)− g(xk) +

µ

2
∥x∗∥2

)
+ ⟨ℓ, x∗⟩+ (1− 1

K
)K−k−1g(xk)

+
µ(1− 1

K )K−k−1

2
∥vk∥2 −

µ(1− 1
K )K−k−1

2
∥x∗∥2 − (1− 1

K
)K−k−1 L

2K
∥vk∥2

= (1− 1

K
)K−k−1g(x∗) + ⟨ℓ, x∗⟩+ (1− 1

K
)K−k−1

(µ
2
− L

2K

)
∥vk∥2.

Therefore, if we set K = ⌈Lµ ⌉ and divide both sides by K, we obtain:

ϕ(k + 1)− ϕ(k) ≥ 1

K
(1− 1

K
)K−k−1g(x∗) +

1

K
⟨ℓ, x∗⟩.
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Applying the inequality for all k ∈ {0, . . . ,K − 1} and taking the sum, we have:

f(xK) = g(xK) + ⟨ℓ, xK⟩

= ϕ(K)− ϕ(0)

≥
( 1

K

K−1∑
k=0

(1− 1

K
)K−k−1

)
g(x∗) + ⟨ℓ, x∗⟩

=
( 1

K

1− (1− 1
K )K

1/K

)
g(x∗) + ⟨ℓ, x∗⟩

≥ (1− 1

e
)g(x∗) + ⟨ℓ, x∗⟩,

where the last inequality uses (1− 1
K )K ≤ 1

e . Therefore, f(x) ≥ (1− 1
e )g(x

∗) + ⟨ℓ, x∗⟩ holds.

Using the mean value theorem and considering that f(0) = 0, we have f(x∗) =
∑n

i=1∇if(tx
∗)x∗i

where t ∈ [0, 1]. Therefore, we can use the definition of ℓ and the curvature to write:

ℓTx∗ =
n∑

i=1

ℓix
∗
i ≥ (1− cf )

n∑
i=1

∇if(tx
∗)x∗i = (1− cf )f(x

∗).

Putting the above inequalities together, we have:

f(x) ≥ (1− 1

e
)g(x∗) + ℓTx∗

= (1− 1

e
)f(x∗)− (1− 1

e
)ℓTx∗ + ℓTx∗

= (1− 1

e
)f(x∗) +

1

e
ℓTx∗

≥ (1− 1

e
)f(x∗) +

1− cf
e

f(x∗)

= (1−
cf
e
)f(x∗).

In comparison, the Frank-Wolfe variant of [25] obtains the approximation guarantee f(x) ≥

(1− 1
e )f(x

∗)− LR2

2K where R = maxx,y∈K ∥y− x∥ is the diameter of K. Therefore, Algorithm

1 has an improved approximation ratio for objective functions f with curvature cf < 1 and

its guarantee does not deteriorate as the diameter of K becomes larger. Intuitively, for K

chosen large enough (i.e., K ≥ L
µ ) in the analysis of Algorithm 1, the −LR2

2K term is canceled



93

Algorithm 2 PGA

Input: Convex set K, x1 ∈ K, L-smooth and µ-strongly DR-submodular f , K > 0.

for k = 1 to K do

Set xk+1 = ProjK
(
xk +

1
L∇f(xk)

)
.

end for

Output: x = xK+1.

with a positive term resulting from µ-strong DR-submodularity of the objective function.

We need to know the smoothness parameter L and the strong DR-submodularity parameter

µ to set K in Algorithm 1. For µ-strongly DR-submodular functions, if we run Algorithm 1

with µ̂ instead of µ, the algorithm obtains the same guarantee as long as µ̂ ≤ µ. In order to

compute such a lower bound, one can investigate the diagonal entries of the Hessian matrix.

In Section 7.6, we show how to compute L efficiently using convex optimization tools.

7.5 Projected Gradient Ascent (PGA) algorithm

In this section, we study the well-known Projected Gradient Ascent (PGA) method for

strongly DR-submodular maximization with bounded curvature. The PGA algorithm is

provided in Algorithm 2 [162]. Given an initial point x1 ∈ K, PGA iteratively applies the

update xk+1 = ProjK
(
xk +

1
L∇f(xk)

)
. In other words, at each iteration k ∈ [K], the current

iterate xk is updated by adding 1
L∇f(xk) and the resulting point is then projected back to

the constraint set K. The algorithm outputs the final iterate x = xK+1. Unlike the SDRFW

algorithm, PGA is not required to start from the origin and for any feasible initial point

x1 ∈ K, PGA still converges to a competitive solution. However, as we will soon see in the

result of Theorem 7.5.1, the rate of convergence depends on the distance between the initial

point x1 and the optimal point x∗.

We first provide a key lemma below that is used in the analysis of Algorithm 2.

Lemma 7.5.1 For any x, z ∈ K, if f is a non-negative monotone µ-strongly DR-submodular
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function with curvature cf , we have:

f(z)− (1 + cf )f(x) ≤ ⟨∇f(x), z − x⟩ − µ

2
∥z − x∥2.

Proof Let u = x ∨ z and w = x ∧ z. Using the µ-strong DR-submodularity property of f ,

we can write:

f(u)− f(x) ≤ ⟨∇f(x), u− x⟩ − µ

2
∥u− x∥2,

f(w)− f(x) ≤ ⟨∇f(x), w − x⟩ − µ

2
∥w − x∥2.

Taking the sum of the two inequalities and using the fact that u+ w = x+ z, we have:

f(u) + f(w)− 2f(x) ≤ ⟨∇f(x), z − x⟩ − µ

2
∥z − x∥2. (7.2)

Using the mean value theorem, we can write:

f(u)− f(z) =

∫ 1

0
⟨u− z,∇f

(
z + t(u− z)

)
⟩dt,

f(w)− f(x) =

∫ 1

0
⟨w − x,∇f

(
w + t(x− w)

)
⟩dt.

Given that x− w = u− z and ∇if
(
z + t(u− z)

)
≥ (1− cf )∇if

(
w + t(x− w)

)
holds for all

i ∈ [n], we can bound the first inequality as follows:

f(u)− f(z) ≥ −(1− cf )

∫ 1

0
⟨w − x,∇f

(
w + t(x− w)

)
⟩dt

= −(1− cf )
(
f(w)− f(x)

)
.

Equivalently, we can write:

f(u) + f(w) ≥ f(z) + (1− cf )f(x) + cff(w). (7.3)

Combining the inequalities 7.2 and 7.3, we conclude:

f(z)− (1 + cf )f(x) + cff(w) ≤ ⟨∇f(x), z − x⟩ − µ

2
∥z − x∥2.

Given that cf ∈ [0, 1] and f is non-negative, we can drop the term cff(w) and derive the

result as stated.
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We can now exploit the result of Lemma 7.5.1 to obtain the approximation guarantee of the

PGA algorithm.

Theorem 7.5.1 If f is a monotone, µ-strongly DR-submodular and L-smooth function,

PGA obtains the following approximation guarantee:

f(x) ≥ 1

1 + cf
f(x∗)− e−µK/L

1 + cf

(
f(x∗)− (1 + cf )f(x1)

)
.

Moreover, for the DR-submodular setting (µ = 0), the utility of the output of the PGA

algorithm is bounded as follows:

f(x) ≥ 1

1 + cf
f(x∗)− L

2K(1 + cf )
∥x1 − x∗∥2.

[102] analyzed the PGA method in the DR-submodular setting (µ = 0) and proved that

f(x) ≥ 1
2f(x

∗) − LR2

2K . In comparison, thanks to Lemma 7.5.1, we obtain an improved

1
1+cf

approximation ratio with a similar sub-linear convergence rate in the DR-submodular

setting. Moreover, if f is µ-strongly DR-submodular, Theorem 7.5.1 shows that the 1
1+cf

approximation ratio could be achieved at a faster linear convergence rate. Furthermore, if

cf < 1
e−1 ≈ 0.58, the 1

1+cf
approximation ratio obtained in Theorem 7.5.1 is larger than

the 1 − 1
e approximation ratio guaranteed by the Frank-Wolfe variant of [25]. However,

1
1+cf

≤ 1− cf
e always holds, i.e., the approximation ratio of the SDRFW algorithm is greater

than that of the PGA algorithm.

7.5.1 Online setting

We can also use Lemma 7.5.1 to obtain improved regret bounds in the online setting for

the Online Gradient Ascent (OGA) algorithm. To be precise, consider the following online

optimization protocol: A convex constraint set K with diameter R is given. At each iteration

t ∈ [T ], the online algorithm first chooses an action xt ∈ K. Upon committing to this choice,

a monotone (strongly) DR-submodular function ft : K → R, K ⊂ Rn
+, is revealed and the

algorithm receives the reward ft(xt). The goal is to maximize the total obtained reward

or equivalently minimize the α-regret α-RT = αmaxx∈K
∑T

t=1 ft(x)−
∑T

t=1 ft(xt), i.e., the
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Algorithm 3 OGA

Input: Convex set K, x1 ∈ K, L-smooth and µ-strongly DR-submodular functions {ft}Tt=1,

step sizes {ηt}Tt=1.

Output: {xt}Tt=1.

for t = 1 to T do

Play xt and receive the reward ft(xt).

Set xt+1 = ProjK
(
xt + ηt∇ft(xt)

)
.

end for

difference between the cumulative reward of the algorithm and the α approximation to that

of the best fixed decision in hindsight where α ∈ (0, 1].

The Online Gradient Ascent (OGA) algorithm is provided in Algorithm 3. OGA is the online

counterpart of the PGA algorithm for the offline setting. Starting from an arbitrary initial

point x1 ∈ K, for all t ∈ [T − 1], OGA uses the update xt+1 = ProjK
(
xt + ηt∇ft(xt)

)
to

obtain the next iterate xt+1, where ηt > 0 is the step size. [61] analyzed the OGA algorithm

in the DR-submodular setting (µ = 0) and provided O(
√
T ) bounds for the 1

2 -regret of the

algorithm. Using Lemma 7.5.1, we can obtain improved O(
√
T ) and O(lnT ) ( 1

1+c)-regret

bounds in the DR-submodular and strongly DR-submodular settings respectively where

c = maxt∈[T ] cft . This result is stated in the theorem below.

Theorem 7.5.2 Assume that the functions {ft}Tt=1 are all monotone, β-Lipschitz and µ-

strongly DR-submodular. If for all t ∈ [T ], we set ηt =
1
µt , the OGA algorithm has the

following ( 1
1+c)-regret bound.

1

1 + c

T∑
t=1

ft(x
∗)−

T∑
t=1

ft(xt) ≤
β2

2µ(1 + c)
(1 + lnT ),

where x∗ = argmaxx∈K
∑T

t=1 ft(x). Moreover, in the DR-submodular setting (µ = 0), if we

set ηt = η = R
β
√
T
∀t ∈ [T ], the ( 1

1+c)-regret of the algorithm is bounded as follows:

1

1 + c

T∑
t=1

ft(x
∗)−

T∑
t=1

ft(xt) ≤
Rβ

1 + c

√
T .
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For the online monotone DR-submodular maximization problem with bounded curvature,

the only prior study was done by [101] where the authors proposed an algorithm for the

special setting where the DR-submodular functions {ft}Tt=1 are the multilinear extensions of

corresponding submodular set functions {Ft}Tt=1 and they showed that the algorithm obtains

an O(
√
T ) (1− c

e − ϵ)-regret bound with n2

ϵ projections per iteration. In comparison, while

the approximation ratio in Theorem 7.5.2 is slightly worse, Algorithm 3 performs only a

single projection per step (hence a significantly lower computational complexity) and its

logarithmic regret bound is superior in the strongly DR-submodular setting.

7.6 Computing the smoothness parameter

Both the SDRFW and PGA algorithms require knowledge of the smoothness parameter L

of the objective function to be implemented. In this section, we show how computing L

of a twice differentiable µ-strongly DR-submodular objective function f (µ ≥ 0) could be

formulated as a convex optimization problem that could be solved efficiently before running

the algorithms. Given that our technique applies to the DR-submodular setting (i.e., µ = 0)

as well, the results of this section are useful for the proposed algorithms in prior works for

DR-submodular maximization. In particular, while [102] chose the step size of (stochastic)

PGA as a function of the smoothness parameter L to obtain the theoretical approximation

guarantees in their work, they mentioned that estimating L is difficult in general and poses

a challenge for implementation. Therefore, they suggested an alternative adaptive step size

rule (as a function of the iteration number) with no theoretical performance guarantees in

their experiments. This section precisely addresses the aforementioned challenge.

As we defined smoothness earlier in Section 7.3, we need to find a constant L > 0 such that

for all x ∈ K, the smallest eigenvalue of ∇2f(x) is lower bounded by −L, i.e., ∇2f(x) ⪰ −LI.

This is equivalent to finding L > 0 such that the largest eigenvalue of −∇2f is uniformly

upper bounded by L everywhere. Given that f is µ-strongly DR-submodular, −∇2f is

an element-wise non-negative matrix. The Perron-Frobenius theorem [107, Theorem 8.4.4]

states that if −∇2f is irreducible, i.e., the matrix (I − ∇2f)n−1 is element-wise positive,
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−∇2f has a positive real eigenvalue λpf equal to its spectral radius (which is the largest

magnitude of its eigenvalues) and an entry-wise positive eigenvector vpf ≻ 0 corresponding

to λpf and therefore, we can set L = λpf . In order to check irreducibility of the symmetric

matrix −∇2f , we can associate with it an undirected graph G with n vertices labeled

{1, . . . , n} where there is an edge between vertices i and j if −∇2
ijf = −∇2

jif ⪈ 0. −∇2f

is irreducible if and only if its associated graph G is connected. According to a result in

the theory of non-negative matrices, the Perron-Frobenius eigenvalue is the solution of the

following optimization problem:

minimize λ

subject to
∑n

j=1−∇2
ijf(x)vj ≤ λvi ∀i ∈ [n],

(7.4)

where the variables are x ≻ 0, v ≻ 0 and λ > 0. We show how the above problem could be

transformed into a convex optimization problem in many cases.

A function h : Rn
++ → R defined as h(x) = cxa11 . . . xann , where c > 0 and ai ∈ R ∀i ∈

[n], is called a monomial. A sum of m monomials, i.e., a function of the form h(x) =∑m
s=1 csx

a1s
1 . . . xans

n where cs > 0 ∀s ∈ [m] and ais ∈ R ∀i ∈ [n], s ∈ [m], is called a

posynomial. Consider the following optimization problem with variable x ∈ Rn
++:

minimize h0(x)

subject to h1i(x) ≤ 1 ∀i ∈ [n]

h2j(x) = 1 ∀j ∈ [p].

If h0, h11, h12, . . . , h1n are posynomials and h21, . . . , h2p are monomials, the above problem

is called a Geometric Program (GP). While GPs are not generally convex optimization

problems, they can be transformed into convex problems (see [31, Section 4.5.3] for details).

For all i ∈ [n], we can rewrite the constraints of problem (7.4) in the following equivalent

way:

(λ−1v−1
i )

n∑
j=1

−∇2
ijf(x)vj ≤ 1.

If the non-zero entries of −∇2f(x) are posynomial functions of the variable x, the constraints

of problem (7.4) are posynomial inequalities and therefore, the optimization problem for
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computing the smoothness parameter L = λpf can be expressed as a GP.

As an example, consider the problem of computing the stability number of an undirected

graph G with adjacency matrix A where f(x) = xT (−A− I)x+21Tx (introduced in Section

7.2). Without loss of generality, assume that G is connected (otherwise, we can consider

each connected component of G separately and use the fact that the stability number of

a graph equals the sum of the stability numbers of its connected components). Since G is

connected, −∇2f(x) = 2A+ 2I is an entry-wise non-negative and irreducible matrix, and

therefore, computing the smoothness parameter L of f could be formulated as a GP.

More generally, consider the class of concave functions with negative dependence. Let d ≥ 2.

If hi : R+ → R is µ-strongly concave for all i ∈ [n] and θi1,...,ir ≤ 0 for all r ∈ [d] and

(i1, . . . , ir) ⊆ [n], the following function f : Rn
+ → R is µ-strongly DR-submodular:

f(x) =

n∑
i=1

hi(xi) +
∑

(i,j):i ̸=j

θijxixj + · · ·+
∑

(i1,...,id):ir ̸=is ∀r,s∈[d]

θi1,...,idxi1 . . . xid .

It is easy to see that all off-diagonal entries of −∇2f(x) are posynomials. If for all i ∈ [n],

−h′′i (xi) is a posynomial as well, the smoothness parameter of f could be computed as the

solution of a GP.

7.7 Numerical examples

For the first experiment, we set n = 25 and chose K = {x ∈ Rn : 1Tx ≤ s, 0 ⪯ x ⪯ 1}.

We considered the class of indefinite quadratic functions and defined f(x) = (12x− 1)THx,

where H ∈ Rn×n is a matrix whose entries are uniformly distributed in the range [−10,−5].

Therefore, µ = 5 in this setting. We computed L using the technique described in Section

7.6 and set K = ⌈Lµ ⌉. We ran Algorithm 1, Frank-Wolfe variant of [25] and PGA for K

iterations using different values of s in the range [2, 20] (using x1 = 0 for PGA) and plotted

the utility of the output of all three algorithms in each setting. The plot is depicted in

Figure 7.1. This plot shows that Algorithm 1 obtains slightly higher utilities, followed by

PGA and the Frank-Wolfe variant of [25].

In the second experiment, we studied the problem of computing the stability number s(G)
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Figure 7.1: Comparison of algorithms for a class of strongly DR-submodular quadratic

functions.

for two graphs. The first graph is provided in Figure 7.2. It is easy to see that s(G) = 4 for

this graph (e.g., vertices {3, 5, 6, 8} form a maximum stable set of G). As it was mentioned

earlier in Section 7.2, we set K = {x ∈ Rn : 1Tx = 1, xi ≥ 0 ∀i ∈ [n]} where n = 10. Also, we

defined f(x) = xT (−A− I)x+ 21Tx and using the formula s(G)−1 = 2−maxx∈K f(x), we

set 1
2−f(x) as the estimate of the stability number at x ∈ K. Since all the diagonal entries of

∇2f(·) are equal to −2, we have µ = 2. We also computed L using the method presented in

Section 7.6. We ran PGA for this problem and plotted 1
2−f(xk)

versus the iteration number

k in Figure 7.3(a). As the plot shows, PGA converges to the optimal value 4 after only

4

5

6

7 8

9

10

3

1

2

Figure 7.2: Graph G with n = 10 used in Experiment 2.
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(a) (b)

Figure 7.3: Computing the stability number s(G) for a graph G with (a) n = 10 vertices

and s(G) = 4, (b) n = 1024 vertices and s(G) = 196.

10 iterations. As the second example, we considered a graph with n = 1024 vertices from

https://oeis.org/A265032/a265032.html that contains a collection of graph instances

commonly used in coding theory. Using an algorithm with a running time of 200 hours, [164]

managed to show that the stability number of this graph is 196. The performance of PGA

for this problem is plotted in Figure 7.3(b). The algorithm converges to the value 182 as the

estimate of the stability number and therefore, the performance of PGA for this problem is

significantly better than the approximation guarantee proved in Theorem 7.5.1. Note that

the domain in the second experiment does not contain the origin and thus, Algorithm 1 does

not apply to this problem.

7.8 Conclusion and future work

In this chapter, we considered the class of monotone, smooth, and strongly DR-submodular

functions with bounded curvature and we proposed many first-order gradient methods for

this problem along with their approximation guarantees and convergence rates.

This work could be extended in several directions. Throughout this chapter, we assumed

that we have access to the exact gradient of the objective function. However, in many

https://oeis.org/A265032/a265032.html


102

applications, it is difficult to compute the gradient exactly, but an unbiased estimate of the

gradient can be easily obtained. It is interesting to study stochastic gradient methods for this

setting and provide performance guarantees. Secondly, we introduced the class of strongly

DR-submodular functions with respect to the norm ∥ · ∥2. As we showed in Lemma 7.3.1,

strongly DR-submodular functions are strongly concave along non-negative directions with

respect to ∥ · ∥2. This definition could be easily extended to other norms as well. Similarly,

while the smoothness of f over the domain K was defined with respect to the Euclidean

norm, in some cases, f and K are not well-behaved in the ∥ · ∥2 norm and L scales with

the ambient dimension n leading to slower convergence rates for our proposed algorithms

in large-scale applications. In such cases, one can study mirror ascent methods that are

designed to adapt to smoothness in general norms.
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Chapter 8

ONLINE STRONGLY DR-SUBMODULAR MAXIMIZATION

8.1 Chapter overview

This chapter is based on joint work with Maryam Fazel. A shorter version of this work

appeared at the International Conference on Machine Learning (ICML) 2021 Workshop

on Subset Selection in Machine Learning: From Theory to Applications. In this chapter,

we consider an online optimization problem over T rounds where at each step t ∈ [T ],

the algorithm chooses an action xt from the fixed convex and compact domain set K. A

continuous utility function ft(·) is then revealed and the algorithm receives the payoff

ft(xt). This problem has been previously studied under the assumption that the utilities

are adversarially chosen monotone DR-submodular functions and O(
√
T ) regret bounds

have been derived. We first characterize the class of strongly DR-submodular functions

and then, we derive regret bounds for the following new online settings: (1) {ft}Tt=1 are

monotone strongly DR-submodular and chosen adversarially, (2) {ft}Tt=1 are monotone

DR-submodular (while the average 1
T

∑T
t=1 ft is strongly DR-submodular) and chosen by an

adversary but they arrive in a uniformly random order, (3) {ft}Tt=1 are drawn i.i.d. from some

unknown distribution ft ∼ D where the expected function f(·) = Eft∼D[ft(·)] is monotone

DR-submodular. For (1), we obtain the first logarithmic regret bounds. In terms of the

second framework, we show that it is possible to obtain similar logarithmic bounds with high

probability. Finally, for the i.i.d. model, we provide algorithms with Õ(
√
T ) stochastic regret

bound, both in expectation and with high probability. Experimental results demonstrate

that our algorithms outperform the previous techniques in the aforementioned three settings.



104

8.2 Introduction

Online Convex Optimization (OCO) is a well-studied framework for sequential prediction

in the face of uncertainty inherent in the arriving data [218, 104, 189, 35]. OCO can be

interpreted as a repeated game between a learner and an adversary in which at each round

t ∈ [T ], the player chooses an action xt from a fixed convex and compact domain K and

upon committing to this action, a convex loss function ft : K → R is revealed and the learner

incurs a loss of ft(xt). In the non-stochastic adversary model, the sequence of loss functions

{ft}Tt=1 is assumed to be selected by an adversary who knows the learner’s algorithm (but not

the potential randomness used for prediction). The goal is to choose {xt}Tt=1 such that the

regret of the learner defined as RT =
∑T

t=1 ft(xt)−minx∈K
∑T

t=1 ft(x) is minimized. For this

setting, several algorithms have been proposed to obtain the provably optimal O(
√
T ) regret

bound [167, 104, 189, 35]. Similarly, for the case where {ft}Tt=1 is a sequence of monotone

DR-submodular utility functions, [195], [95] and [61] obtained O(
√
T ) regret bounds against

the (1− 1
e )-approximation to the best fixed decision in hindsight, i.e., regret being defined as

RT = (1− 1
e )maxx∈K

∑T
t=1 ft(x)−

∑T
t=1 ft(xt). If the sequence of loss functions is strongly

convex, algorithms with logarithmic regret bounds have been introduced [103]. However,

even though strongly DR-submodular functions were introduced by [183], the study of online

strongly DR-submodular maximization problems is missing in the literature.

In some scenarios, despite the adversarial nature of the sequence of arriving functions, the

online input does not have a temporal structure, and online data is streamed without partic-

ular order [82, 70, 7]. For instance, consider the problem of bidding in repeated auctions for

online advertising in which at each round t ∈ [T ], an impression (e.g., online viewer) arrives

and becomes available for sale through an auction. The advertiser needs to bid to win the

auction and the corresponding impression. In this example, the viewers do not arrive in a

particular order and therefore, their order of arrival could be assumed to be random.

Moreover, in many applications, the sequence of arriving functions {ft}Tt=1 is not cho-

sen arbitrarily (adversarially). For instance, in empirical risk minimization, the learner

wants to minimize a loss function f which is the expectation of empirical loss functions
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ft(·) = f̃(·;ωt) ∀t ∈ [T ], where ωt is drawn i.i.d. from a fixed unknown distribution D,

i.e., f(·) = Eω∼D[f̃(·;ω)]. In this setting, we aim to minimize the stochastic regret defined

as SRT =
∑T

t=1 f(xt) − T minx∈K f(x) (T (1 − 1
e )maxx∈K f(x) −

∑T
t=1 f(xt) for the DR-

submodular setting).

In this chapter, we fill the gaps in the online DR-submodular maximization literature by

studying online strongly DR-submodular maximization problems in the adversarial setting,

and also online DR-submodular problems against the aforementioned two stochastic adver-

sary models.

8.3 Preliminaries

For a DR-submodular function f , f is L-smooth over non-negative directions with respect

to ∥ · ∥ if for all x, y such that x ⪯ y, we have f(y)− f(x) ≥ ⟨∇f(x), y − x⟩ − L
2 ∥y − x∥2.

Example 8.3.1 Let f(x) = 1
2x

TAx + aTx + c where A is a symmetric matrix. If for all

i, j ∈ [n], Aij ≥ −L holds, the function f is L-smooth with respect to ∥ · ∥1.

8.3.1 Related work

Online optimization in the i.i.d. model. For the setting where the objective functions

{ft}Tt=1 are drawn i.i.d. from an unknown distribution D with a convex mean f(·) = ED[ft(·)],

several algorithms have been proposed that could be divided into two categories of projection-

based and projection-free algorithms where the latter is most relevant to our work. In

particular, [105] proposed the Online Frank-Wolfe (OFW) algorithm which achieves a nearly

optimal Õ(
√
T ) stochastic regret bound with high probability. The OFW algorithm requires

to access exact gradient of {ft}Tt=1 and has an average O(T ) per-iteration computational

cost. To remedy this issue, more recently, [60] proposed the One-Shot Frank-Wolfe (OSFW)

algorithm with O(T 2/3) stochastic regret bound in expectation. Note that the OSFW

algorithm obtains similar bounds for the setting where f is monotone continuous DR-

submodular. The OSFW algorithm only uses unbiased stochastic gradient estimates of
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loss functions and has an O(1) cost per iteration. However, the derived O(T 2/3) stochastic

regret bound is sub-optimal. To bridge this gap, [208] introduced the Online stochastic

Recursive Gradient-based Frank-Wolfe (ORGFW) algorithm which not only has a nearly

optimal Õ(
√
T ) stochastic regret bound with high probability, but it also maintains a low

O(1) computational cost per round.

Online convex optimization in the random order model. [92] studied OCO in a

weaker model where the loss functions are still chosen adversarially but their order of arrival

is random. This model is termed Random Order Online Convex Optimization (ROOCO).

ROOCO is a natural middle ground between the standard adversarial OCO setting and the

model where the loss functions are drawn i.i.d. from some unknown underlying distribution.

In [92], the authors assumed that the average of the sequence of loss functions is α-strongly

convex while each individual loss function may not even be convex. They showed that if all

the loss functions are quadratic, with probability at least 1− δ, Online Gradient Descent

(OGD) with step size ηt =
1
αt ∀t ∈ [T ] obtains a regret bound of O(β

2

α3 log
2T ), where β is the

Lipschitz constant of the loss functions. Moreover, for general loss functions, OGD with the

same choice of step sizes obtains a regret bound of O(nβ
2

α3 log2T ) (n is the dimension of the

domain space) with probability at least 1− δ. More recently, [191] provided a new algorithm

with an improved O(β
2

α logT ) for the problem.

See the Appendix for a more detailed review of prior works.

8.3.2 Contributions

In this chapter, we study online continuous DR-submodular maximization in three different

online settings. Our contributions are listed as follows:

• In Section 8.4, we propose Algorithm 1 which achieves logarithmic regret bound in the

adversarial setting with strongly DR-submodular utility functions {ft}Tt=1.

• We consider the random order model in Section 8.5, where the utility functions are

DR-submodular and chosen adversarially but they arrive in a uniformly random order. For

this setting, we leverage concentration inequalities for sampling without replacement as our
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Paper Setting Approx. Ratio Regret Guarantee

[61] adversarial, DR-submodular 1− 1/e O(
√
T ) deterministic

Algorithm 1 adversarial, strongly DR-submodular 1− 1/e O(lnT ) deterministic

Algorithm 1 random order, DR-submodular(a) 1− 1/e O(ln2 T ) w.h.p.

[60] i.i.d., DR-submodular 1/e O(T 2/3) in expectation

Algorithm 2 i.i.d., DR-submodular 1− 1/e O(
√
T ) in expectation, w.h.p.

Algorithm 3 i.i.d., DR-submodular 1/e O(
√
T ) in expectation, w.h.p.

Table 8.1: Comparison of online DR-submodular algorithms. Note that in (a), we also

assume that 1
T

∑T
t=1 ft is strongly DR-submodular.

main tool to show that if the average of utility functions is strongly DR-submodular, we can

exploit Algorithm 1 to achieve logarithmic regret bound even if each utility function is only

DR-submodular.

• In Section 8.6, we study the i.i.d. model where the sequence of generally non DR-

submodular utility functions {ft}Tt=1 are drawn from an unknown distribution D with DR-

submodular mean f , i.e., ED[ft(·)] = f(·), and we only have access to unbiased stochastic

gradient estimates of {ft}Tt=1. We propose Algorithm 2 and Algorithm 3 for this setting, and

we obtain nearly optimal Õ(
√
T ) stochastic regret bounds, both in expectation and with high

probability for each algorithm. Algorithm 2 manages to obtain the optimal approximation

ratio 1− 1
e , however it requires O(T

5/2) overall gradient evaluations. On the other hand,

Algorithm 3 only achieves a 1
e approximation ratio while requiring a much lower O(T ) total

gradient evaluations.

Finally, in Section 8.7, we test our online algorithms through numerical experiments on

synthetic and real-world datasets and highlight their superiority compared to previous

techniques for the aforementioned three online frameworks. A summary of the results of this

chapter in comparison with prior works is presented in Table 8.1. All missing proofs are

provided in the Appendix.

In this chapter, we have assumed that the horizon T is known in advance. However, had we
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not known T beforehand, we could have used the well-known doubling trick [10] to obtain

the same regret bounds with slightly worse constants.

8.4 Online strongly DR-submodular maximization in the adversarial setting

We first define strongly DR-submodular functions below.

Definition 8.4.1 (Strong DR-submodularity [183]) A twice differentiable function

f : K → R, K ⊂ Rn
+, is µ-strongly DR-submodular if for all x ∈ K, we have ∇2

iif(x) ≤

−µ ∀i ∈ [n] and ∇2
ijf(x) ≤ 0 ∀i ̸= j.

Note that if µ = 0, f is DR-submodular. Definition 8.4.1 states that for a twice differentiable

DR-submodular function, if ∇2
iif(x) ≤ −µ holds for all i ∈ [n] and x ∈ K, the function

is µ-strongly DR-submodular. For instance, consider a graph G = (V,E) with adjacency

matrix A. Computing the stability number s(G) of the graph could be formulated as

s(G)−1 = minx∈∆ xT (A+ I)x where ∆ is the simplex (Section 6.1 of [27]). Since the Hessian

of xT (−A− I)x+21Tx is −2A−2I, the function is 2-strongly DR-submodular and therefore,

the problem of finding the stability number of the graph could be formulated as a convex-

constrained monotone strongly DR-submodular maximization problem.

Now, consider the following adversarial online optimization problem over T rounds: At each

step t ∈ [T ], the algorithm chooses a decision variable xt ∈ K, where K is the fixed convex

and compact domain with diameter R and 0 ∈ K. Once the algorithm commits to the action

xt, the adversary reveals a monotone utility function ft which is µ-strongly DR-submodular

and L-smooth. Without loss of generality and for ease of notation, we assume the utility

functions are normalized, i.e., ft(0) = 0 ∀t ∈ [T ]. The overall goal is to maximize the

cumulative utility
∑T

t=1 ft(xt) or equivalently, minimize the (1− 1
e )-regret RT defined as:

RT = (1− 1

e
)max
x∈K

T∑
t=1

ft(x)−
T∑
t=1

ft(xt),

where 1− 1
e is the optimal polynomial time approximation ratio for offline monotone DR-

submodular maximization. In other words, the regret compares the decisions of the algorithm
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Algorithm 1 Online strongly DR-submodular maximization algorithm

Input: K > 0 is the number of inner loops, T is the horizon, and µ > 0.

Output: {xt : 1 ≤ t ≤ T}.

Choose an off-the-shelf online strongly concave maximization algorithm and initialize K

instances {Ek}Kk=1 of it for online maximization of µ-strongly concave utility functions over

K.

for t = 1 to T do

Set x
(1)
t = 0.

for k = 1 to K do

Let v
(k)
t be the vector selected by Ek.

x
(k+1)
t = x

(k)
t + 1

K v
(k)
t .

end for

Play xt = x
(K+1)
t , observe the function ft and the reward ft(xt).

Feedback ⟨v(k)t ,∇ft(x(k)t )⟩ − µ
2∥v

(k)
t ∥2 as the payoff to be received by Ek.

end for

with the (1− 1
e )-approximation to the optimal solution in hindsight.

For the setting with µ = 0, i.e., when all utility functions are just DR-submodular, [61]

proposed the Meta-Frank-Wolfe algorithm with a provably optimal O(
√
T ) regret. Since for

all t ∈ [T ], ft remains unknown until the algorithm chooses the action xt, the Meta-Frank-

Wolfe algorithm runs K =
√
T instances of a no-regret online linear maximization algorithm

(such as Follow the Regularized Leader (FTRL)) to mimic the Frank-Wolfe variant of [25]

for offline DR-submodular maximization in the online setting, and outputs the average

of the decisions of these instances at each round. We now propose a modified version

of the Meta-Frank-Wolfe algorithm of [61] for strongly DR-submodular utility functions

to be able to obtain improved logarithmic regret bound in this case. The algorithm is

presented in Algorithm 1. The algorithm runs K instances {Ek}Kk=1 of no-regret online

strongly concave maximization algorithms (such as Follow the Leader (FTL)) where at each
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round t ∈ [T ], the instance Ek chooses the action v
(k)
t and upon committing to this decision,

it receives a µ-strongly concave payoff of ⟨v(k)t ,∇ft(x(k)t )⟩ − µ
2∥v

(k)
t ∥2. Algorithm 1 outputs

xt =
1
K

∑K
k=1 v

(k)
t . Note that the FTL update rule for v

(k)
t is computationally efficient in

many cases. To be precise, we can write:

v
(k)
t = argmax

x∈K
⟨x,

t−1∑
s=1

∇fs(x(k)s )⟩ − µ(t− 1)

2
∥x∥22

= ProjK
( 1

µ(t− 1)

t−1∑
s=1

∇fs(x(k)s )
)
,

where ProjK denotes Euclidean projection onto set K.

The regret guarantee of Algorithm 1 is provided below.

Theorem 8.4.1 Assume that {ft}Tt=1 are normalized (i.e., ft(0) = 0), monotone, µ-strongly

DR-submodular, L-smooth and β-Lipschitz with respect to ∥ · ∥2. Using Algorithm 1 with

K = ⌈Lµ ⌉, we have:

RT = (1− 1

e
)

T∑
t=1

ft(x
∗)−

T∑
t=1

ft(xt) ≤ O(lnT ),

where x∗ = argmaxx∈K
∑T

t=1 ft(x).

Note that while the Meta-Frank-Wolfe algorithm of [61] requires K =
√
T parallel online

algorithms to achieve an O(
√
T ) regret bound, Algorithm 1 only requires ⌈Lµ ⌉ (independent

of T ) such subroutines to obtain an improved logarithmic regret bound. In other words,

Algorithm 1 has a better utility performance while being computationally more efficient as

well. Moreover, compared to the ( 1
1+c)-regret guarantee of OGA provided in the previous

chapter, Algorithm 1 achieves a higher approximation ratio of 1 − 1
e for general strongly

DR-submodular functions.

8.5 Online DR-submodular maximization in the random order model

In this section, we focus on the random order adversary model where the sequence of objective

functions {ft}Tt=1 is still chosen adversarially, but they arrive in a uniformly random order.
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In other words, each of the T ! permutations of the ordering of arbitrarily chosen utility

functions is equally likely to happen. Specifically, we first consider an online DR-submodular

maximization problem in which the DR-submodular utility function at step t ∈ [T ] is

quadratic, ft(x) =
1
2x

TA(t)x + (a(t))Tx where A(t) is symmetric, every off-diagonal entry

A
(t)
ij ∀i ̸= j ∈ [n] is in the range [−L, 0], and every diagonal entry of the average matrix

1
T

∑T
t=1A

(t) is in the range [−L,−µ] while |A(t)
ii | ≤ L for all i ∈ [n]. In other words, each

utility function {ft}Tt=1 is DR-submodular, and the average of utility functions 1
T

∑T
t=1 ft is

µ-strongly DR-submodular with respect to ∥ · ∥2 and L-smooth with respect to ∥ · ∥1. We

first provide the following concentration inequality for randomly permuted sums.

Theorem 8.5.1 (Theorem 4.3 of [20]) Let {cr,s}r,s∈[T ] be an array of real numbers from the

range [−mc,mc]. Let ZT =
∑T

r=1 cr,
∏

T (r) where
∏

T is drawn from the uniform distribution

over the set of all permutations of {1, . . . , T}. Then, for any λ > 0, we have:

P
(
|ZT − E[ZT ]| ≥ λ

)
≤ 4exp

(
− λ2

16( θ
T

∑T
r,s=1 c

2
r,s +

mcλ
3 )

)
,

where θ = 5
2 ln 3−

2
3 .

Now, we apply the result of Theorem 8.5.1 to our problem. Let W ∈ [1, T ]. For a fixed

i ∈ [n], set:

cr,s =


A

(s)
ii −

1
T

∑T
t=1A

(t)
ii if 1 ≤ r ≤W

0 o.w.

We can write:

ZT =
T∑

r=1

cr,ΠT (r) =
W∑
r=1

A
(ΠT (r))
ii − W

T

T∑
t=1

A
(t)
ii .

Taking the expectation of the above equality, we obtain:

E[ZT ] =

W∑
r=1

E[A(ΠT (r))
ii ]− W

T

T∑
t=1

A
(t)
ii

=

W∑
r=1

(
1

T

T∑
t=1

A
(t)
ii )−

W

T

T∑
t=1

A
(t)
ii

= 0.
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Since mc = 2L in our setting, we have θ
T

∑T
r,s=1 c

2
r,s =

θ
T

∑W
r=1

∑T
s=1

(
A

(s)
ii −

1
T

∑T
t=1A

(t)
ii

)2 ≤
4θL2W . Plugging in λ = Wϵ, we obtain:

P
(
| 1
W

W∑
r=1

A
(ΠT (r))
ii − 1

T

T∑
t=1

A
(t)
ii | ≥ ϵ

)
= P

(
|

W∑
r=1

A
(ΠT (r))
ii − W

T

T∑
t=1

A
(t)
ii | ≥Wϵ

)
≤ 4exp

(
− W 2ϵ2

16(4θL2W + 2LWϵ
3 )

)
.

P
(
| 1W

∑W
r=1A

(ΠT (r))
ii − 1

T

∑T
t=1A

(t)
ii | ≥ ϵ

)
is then bounded from above by

≤


4exp

(
− Wϵ2

128θL2

)
ϵ ≤ 6θL

4exp
(
− 3Wϵ

64L

)
o.w.

.

If we choose ϵ ≤ µ
2 , the first case happens. Therefore, if we set δ

nT = 4exp
(
− Wϵ2

128θL2

)
, we

can use the union bound to conclude that for every i ∈ [n] and τ ∈ {0, . . . , ⌈ TW ⌉ − 1}, with

probability at least 1− δ, it holds that 1
W

∑(τ+1)W
t=τW+1A

(t)
ii ≤ −(µ− ϵ) ≤ −µ

2 for any W ≥W0

where W0 =
128θL2

ϵ2
ln(4nTδ ). In other words, for large enough W , the average of each of the

consecutive blocks of size W of the utility functions is (µ2 )-strongly DR-submodular.

Now, consider general monotone DR-submodular utility functions {ft}Tt=1. In this case, the

Hessian of the utility functions is not fixed and therefore, we have to ensure the strong

DR-submodularity of every block of size W at every point x ∈ K. The analysis in this

setting is provided in the Appendix.

Considering that the strong DR-submodularity property propagates to the average of utility

functions over sufficiently large blocks, we can apply Algorithm 1 to these blocks to obtain

logarithmic regret bounds. We summarize this result in the following theorem.

Theorem 8.5.2 Assume that for all t ∈ [T ], the utility function ft is normalized, mono-

tone and DR-submodular, and the average of utility functions 1
T

∑T
t=1 ft is µ-strongly DR-

submodular and L-smooth. Then, with probability at least 1− δ, if we apply Algorithm 1 to

the utility functions { 1
W

∑(τ+1)W
t=τW+1 ft}

⌈ T
W

⌉−1

τ=0 for W ≥W0 = O(L
2

µ2 ln(
nT
δ )), we have:

1

W

⌈ T
W

⌉−1∑
τ=0

(τ+1)W∑
t=τW+1

(
(1− 1

e
)ft(x

∗)− ft(zτ )
)
≤ O(ln T

W
).
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Therefore, if we set xt = zτ for all τ ∈ {0, . . . , ⌈ TW ⌉ − 1} and t ∈ {τW + 1, . . . , (τ + 1)W},

the following holds with probability at least 1− δ:

RT ≤ O(W ln
T

W
) = O(ln(nT

δ
) lnT ).

It is noteworthy that while the idea of propagation of the strong convexity property of the

overall average function to the average over sufficiently large blocks in [92] is similar to the

idea used here for the DR-submodular setting, the techniques and matrix concentration

inequalities used to guarantee strong convexity of the Hessian matrix in [92] is quite different

than the entry-wise concentration inequalities used in our work to ensure that entries of the

Hessian matrix satisfy the box constraints enforced by the strong DR-submodularity and

smoothness properties.

8.6 Online DR-submodular maximization in the i.i.d. model

In this section, we focus on the setting where the sequence of utility functions {ft}Tt=1 is

drawn i.i.d. from some fixed unknown distribution ft ∼ D where ED[ft(·)] = f(·). In

this framework, the performance is measured via the notion of stochastic regret defined as

α-SRT = Tαf(x∗)−
∑T

t=1 f(xt), where x∗ = argmaxx∈K f(x).

Assumption 1. We make the following assumptions on the utility functions:

• For all t ∈ [T ] and x ∈ K, we only have access to the unbiased gradient oracle ∇̃ft(x), i.e.,

E[∇̃ft(x)] = ∇f(x).

• There exists σ > 0 such that for any x ∈ K and t ∈ [T ], ∥∇̃ft(x)−∇f(x)∥2 ≤ σ holds.

• f is monotone DR-submodular and L-smooth.

• {ft}Tt=1 are L-smooth.

Note that there are several differences between the adversarial and i.i.d. settings that are as

follows: 1) In the i.i.d. setting, it is assumed that only the expected function f(·) = E[ft(·)]

is DR-submodular while each utility function ft(·) may not be necessarily DR-submodular.

However, in the adversarial setting, all utility functions {ft}Tt=1 are assumed to be DR-

submodular. 2) The regret metric used in the adversarial and i.i.d. settings are quite different
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Algorithm 2

Input: {Kt =
√
t}Tt=1 and T > 0 is the horizon.

for t = 1, . . . , T do

Play xt = x
(Kt−1+1)
t and observe ft.

Set x
(1)
t+1 = 0.

for k = 1, 2, . . . ,Kt do

d
(k)
t = 1

t

∑t
τ=1 ∇̃fτ (x

(k)
t+1).

v
(k)
t = argmaxx∈K⟨x, d

(k)
t ⟩.

Set x
(k+1)
t+1 = x

(k)
t+1 +

1
Kt

v
(k)
t .

end for

end for

from each other. The adversarial regret is defined with respect to the utility functions {ft}Tt=1.

On the other hand, the stochastic regret metric is in terms of the expected function f .

If f was known in advance, we would use the Frank-Wolfe variant of [25] for offline DR-

submodular maximization. To be precise, for all t+1 ∈ [T ], starting from x
(1)
t+1 = 0, we would

perform Kt Frank-Wolfe updates where at each iteration k ∈ [Kt], we choose v
(k)
t according to

v
(k)
t = argmaxx∈K⟨x,∇f(x

(k)
t+1)⟩, and perform the update x

(k+1)
t+1 = x

(k)
t+1 +

1
Kt

v
(k)
t . However,

f is not available in advance. To tackle this problem, at round t+ 1 ∈ [T ], we can use the

average of utility functions {fs}ts=1 observed so far as an estimate of f . Using this technique,

we propose Algorithm 2 and provide its stochastic regret guarantee in the theorem below.

Theorem 8.6.1 For online DR-submodular maximization in the i.i.d. model, if Assumption

1 holds, the expected stochastic regret of Algorithm 2 is as follows:

E[(1− 1

e
)-SRT ] ≤

T∑
t=1

LR2

2Kt
+O(σ

√
T ).

Moreover, with probability at least 1− δ, we have:

(1− 1

e
)-SRT ≤

T∑
t=1

LR2

2Kt
+O(σ

√
T ln(

T 3/2

δ
)).
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Algorithm 3

Input: {ρt = 1
t+1}

T
t=1 and T > 0 is the horizon.

for t = 1, . . . , T do

Play xt and observe ft.

if t = 1 then

dt = ∇̃ft(xt).

else

dt = ∇̃ft(xt) + (1− ρt)
(
dt−1 − ∇̃ft(xt−1)

)
.

end if

vt = argmaxx∈K⟨x, dt⟩.

Set xt+1 = xt +
1
T vt.

end for

Therefore, if we set Kt =
√
t ∀t ∈ [T ], Algorithm 2 obtains an Õ(

√
T ) stochastic regret bound,

both in expectation and with high probability.

In the convex setting, O(
√
T ) stochastic regret bound is optimal and the same lower bound

extends to the DR-submodular framework as well. Algorithm 2 manages to obtain the

nearly optimal Õ(
√
T ) stochastic regret bound. However, in each step t ∈ [T ], the algorithm

requires gradient oracle access at O(t3/2) points which leads to O(T 5/2) overall gradient

evaluations. Therefore, in applications where computing the gradient of utility functions

is computationally expensive, Algorithm 2 has a high computational cost and may not be

suitable.

To remedy this issue, inspired by the variance-reduction technique of [208], we propose

Algorithm 3. In this algorithm, for all t ∈ [T ], we estimate ∇f(xt) using the recursive

estimator dt = ∇̃ft(xt) + (1− ρt)
(
dt−1 − ∇̃ft(xt−1)

)
. The regret bound is provided below.

Theorem 8.6.2 For online DR-submodular maximization in the i.i.d. model, if Assumption
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1 holds, Algorithm 3 obtains the following stochastic regret bound in expectation:

E[(
1

e
)-SRT ] ≤ O(σ

√
T ).

Also, the following holds with probability at least 1− δ:

(
1

e
)-SRT ≤ O(σ

√
T ln(

T

δ
)).

At each round t ∈ [T ], Algorithm 2 requires computing the gradient at O(t3/2) points

whereas Algorithm 3 requires only 2 gradient evaluations per step. Therefore, the overall

number of gradient evaluations of Algorithm 2 and Algorithm 3 are O(T 5/2) and O(T )

respectively. Moreover, both algorithms require solving just 1 linear optimization problem

over the constraint set K per round. However, despite the lower computational complexity of

Algorithm 3, this algorithm only manages to obtain an O(
√
T ) bound for the (1e )-stochastic

regret while Algorithm 2 obtains similar bounds for the (1− 1
e )-regret where 1− 1

e is the

optimal approximation ratio for offline DR-submodular maximization.

The only prior study of online DR-submodular maximization in the i.i.d. model was done

by [60] in which the authors proposed the OSFW algorithm with a sub-optimal O(T 2/3)

(1 − 1
e )-stochastic regret bound in expectation. The OSFW algorithm requires only 1

gradient evaluation per round, however, there is a mistake in the analysis of the regret bound

(using the inequality (1− 1
T )

t ≤ 1
e for all t ∈ [T ] which is incorrect) and consequently, the

approximation ratio is 1
e . Therefore, while Algorithm 3 and the OSFW algorithm of [60]

both perform just O(1) gradient evaluations per step, the variance reduction technique used

in Algorithm 3 leads to an improved O(
√
T ) bound for the (1e )-regret.

8.7 Numerical examples

For the first experiment, we used the MovieLens dataset [100], containing anonymous ratings

of approximately 3900 movies made by 6040 MovieLens users, and we studied a movie

recommendation problem. We extracted 17 movies and 100 users with the most number of

ratings. Therefore, n = 17 and T = 100. For all t ∈ [T ], the utility function ft is defined as
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ft(x) = 5
∑n

i=1 ln(1 +R
(t)
i xi) +

∑
i,j:i<j θ

(t)
ij xixj where R

(t)
i ∈ [0, 1] is the rescaled rating of

t-th online user for the i-th movie, and θ
(t)
ij is uniformly distributed in the range [−1, 0] if the

i-th and j-th movies are from the same genre. In other words, the utility function captures

the diversity of the recommended movies. We chose K = {x ∈ Rn : 1Tx ≤ 4, 0 ⪯ x ⪯ 1}, i.e.,

the algorithm has to recommend 4 movies to each arriving user. We ran Algorithm 1 and

the Meta-Frank-Wolfe algorithm of [61], and plotted the (1− 1
e )-regret versus the number of

iterations in Figure 8.1(a). This plot verifies that the regret of Algorithm 1 is significantly

smaller than the Meta-Frank-Wolfe algorithm for strongly DR-submodular functions.

For the second experiment, we studied online DR-submodular maximization in the i.i.d.

model. We set m = 2, n = 4 and T = 100. We defined K = {x ∈ Rn : Cx ⪯ b, 0 ⪯ x ⪯ 1},

where C ∈ Rm×n is a matrix whose entries are uniformly distributed in the range [0, 1] and

b ∈ Rm is the vector of all ones. For the underlying utility function f(x) = (12x− 1)TAx,

we chose A to be a random matrix whose entries are sampled uniformly at random from

the range [−1, 0]. Therefore, f is DR-submodular and 1-smooth. For all t ∈ [T ], we set

A(t) = A + N (t), where N (t) is a matrix with entries uniformly distributed in the range

[−4, 4]. Thus, {A(t)}Tt=1 is an unbiased estimator of A. Note that since {A(t)}Tt=1 may have

positive entries, each individual utility function {ft}Tt=1 is not necessarily DR-submodular.

The running average of the utility of Algorithm 2, Algorithm 3, and the OSFW algorithm

of [60] is depicted in Figure 8.1(b). It can be observed that the regret of Algorithm 2 is

smaller than the other two algorithms because the average of the utility functions observed

so far is a more accurate estimation of f and has a lower variance at the expense of higher

computational complexity.

8.8 Conclusion and future work

We studied online DR-submodular maximization in three different settings. First, we focused

on the adversarial setting and provided Algorithm 1 with logarithmic regret bound. Next, we

considered online DR-submodular maximization in the random order model and showed how

we can use Algorithm 1 to obtain similar logarithmic regret bounds with high probability
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(a) (b)

Figure 8.1: (a) Experiment 1, and (b) Experiment 2.

despite each utility function not being DR-submodular. Finally, we focused on online DR-

submodular maximization in the i.i.d. model, and we provided two algorithms with nearly

optimal Õ(
√
T ) regret bounds, both in expectation and with high probability. This work

could be extended in several directions. It is interesting to see whether Algorithm 1 could be

used in a best-of-both-worlds fashion for the adversarial and random order frameworks, i.e.,

if we can obtain logarithmic regret bounds in the random order model by simply applying

Algorithm 1 on the individual utility functions (instead of blocks of functions). Moreover,

providing an algorithm for the i.i.d. setting with optimal O(
√
T ) (1− 1

e )-stochastic regret

bound and O(T ) overall gradient evaluations is yet to be done.
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Part III

SUBMODULAR MAXIMIZATION UNDER SOCIAL AND ECONOMIC
CONSIDERATIONS
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Chapter 9

DIFFERENTIALLY PRIVATE MONOTONE SUBMODULAR
MAXIMIZATION UNDER MATROID AND KNAPSACK

CONSTRAINTS

9.1 Chapter overview

This chapter presents the joint work with Maryam Fazel that was published at the Inter-

national Conference on Artificial Intelligence and Statistics (AISTATS) 2021. Numerous

tasks in machine learning and artificial intelligence have been modeled as submodular maxi-

mization problems. These problems usually involve sensitive data about individuals, and in

addition to maximizing the utility, privacy concerns should be considered. In this chapter,

we study the general framework of non-negative monotone submodular maximization subject

to matroid or knapsack constraints in both offline and online settings. For the offline setting,

we propose a differentially private (1 − κ
e )-approximation algorithm, where κ ∈ [0, 1] is

the total curvature of the submodular set function, which improves upon prior works in

terms of approximation guarantee and query complexity under the same privacy budget. In

the online setting, we propose the first differentially private algorithm, and we specify the

conditions under which the regret bound scales as O(
√
T ), i.e., privacy could be ensured

while maintaining the same regret bound as the optimal regret guarantee in the non-private

setting.

9.2 Introduction

The submodularity property of set functions has profound theoretical consequences and

far-reaching applications. Submodular set functions play a significant role in combinatorial

optimization as many well-known combinatorial functions are indeed submodular. Cut

functions of graphs and hypergraphs, rank functions of matroids and covering functions are
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a few examples of submodular set functions. Moreover, submodularity has been identified

and utilized in applications such as viral marketing [118], feature selection for classification

[127], image segmentation [123, 32] and document summarization [136, 120]. The multilinear

extension f : [0, 1]V → R of F is defined as [46]

f(x) =
∑
S⊂V

F (S)
∏
i∈S

xi
∏
j /∈S

(1− xj) = ES∼x[F (S)].

Multilinear extensions coupled with lossless rounding techniques are extensively used for

maximizing the corresponding submodular set functions. In particular, for submodular

maximization subject to matroid constraints, [46] and [58] proposed the pipage rounding

and swap rounding schemes respectively to round the fractional solution without losing in

terms of the objective function. [128, 129] provided lossless rounding techniques for knapsack

constraints. It has been shown that multilinear extensions can be efficiently computed for a

large class of submodular set functions, for example, the weighted matroid rank function,

set cover function, probabilistic coverage function, and graph cut function.

In applications where the submodular function involves sensitive data about individuals,

privacy concerns should be addressed as well as obtaining good approximation guarantees.

For instance, consider the following feature selection problem [127, 149]:

Example 9.2.1 Let D = {(xt, Ct)}Tt=1 be a sensitive dataset consisting of a feature vector

xt ∈ Rm for each individual t ∈ [T ] along with a binary class label Ct. The goal is to select

a small subset of the m features that provide a good classifier for the labels. In particular,

determining the likeliness of an individual having a certain disease using a representative

collection of his or her features (such as height, age, and weight) could be cast in this

framework.

In order to solve this problem, [127] proposed a non-private algorithm based on maximizing

a submodular function capturing the mutual information between a subset of the features

and the class label of interest. However, in this setting, along with obtaining the most

relevant subset of features, it is crucial to ensure that the privacy of any individual included
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in the dataset is not compromised. See [148] for more applications (such as personal data

summarization) that could be cast as submodular problems under more general constraints

in which privacy concerns should be addressed.

9.2.1 Preliminaries

Matroids and matroid polytopes. A matroid M is a pair M = (V, I), where V is

a finite ground set and I is a collection of subsets of V called the independent sets, that

satisfies the following properties: 1) ∅ ∈ I. 2) For S′ ⊂ S ⊂ V , if S ∈ I, then S′ ∈ I holds.

3) For S, S′ ∈ I, if |S| > |S′|, there exists v ∈ S \ S′ such that S′ ∪ {v} ∈ I. The matroid

polytope corresponding to the matroidM = (V, I) is defined as

P (M) = conv{1I : I ∈ I} = {x ⪰ 0 :
∑
s∈S

xs ≤ rM(S), ∀S ⊂ V },

where the rank function rM : 2V → Z+ is rM(S) = max{|I| : I ⊆ S, I ∈ I} and conv

denotes the convex hull. We define rank(M) = rM(V ) as the rank of the matroidM.

Knapsack constraints and knapsack polytopes. Given a ground set V , a positive

vector c ∈ R|V |
++ and a collection I = {S ⊆ V :

∑
s∈S cs ≤ 1} of subsets of V , S ∈ I is called

a knapsack constraint. The natural continuous relaxation {x ∈ [0, 1]|V | : cTx ≤ 1} is the

knapsack polytope corresponding to I.

9.2.2 Related work

Non-private submodular maximization. Maximizing non-negative monotone submodu-

lar set functions under a certain constraint has been extensively studied in the literature

in both offline and online settings. Consider the problem of maximizing the monotone

submodular function F (S) subject to a cardinality constraint |S| ≤ k. For offline monotone

submodular set function maximization subject to a cardinality constraint, [161] proposed

a simple greedy algorithm that obtains the provably optimal approximation ratio of 1− 1
e .

At each round i ∈ [k], the greedy algorithm constructs Si from Si−1 by adding the element

vi ∈ V \ Si−1 which maximizes the marginal gain F (Si−1 ∪ {vi}) − F (Si−1). However, if
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M = (V, I) is a matroid, the greedy algorithm applied to the submodular maximization

problem subject to the matroid constraint S ∈ I achieves a sub-optimal 1
2 approximation

ratio. [46] proposed the continuous greedy algorithm for this problem which achieves the

optimal 1 − 1
e approximation ratio. The continuous greedy algorithm is applied to the

multilinear extension of the submodular set function under the matroid polytope and is as

follows:

dy/dt = vmax(y)

vmax(y) = argmaxv∈P (M)⟨v,∇f(y)⟩
,

where f is the multilinear extension of the submodular set function F and P (M) is the ma-

troid polytope corresponding to the matroidM. In this algorithm, y(1) =
∫ 1
0 vmax(y(τ))dτ

is the output. More recently, [197] introduced a modification of the continuous greedy

algorithm with an approximation ratio of 1− κ
e , where κ ∈ [0, 1] is the total curvature of the

submodular set function, and proved that the derived approximation ratio is indeed optimal.

Later on, [83] managed to obtain the same 1 − κ
e approximation ratio with an algorithm

that is much faster than the one proposed by [197].

In the online setting, [61] proposed an online variant of the continuous greedy algorithm,

called the Meta Frank-Wolfe algorithm, with a provably optimal O(
√
T ) regret bound, where

T is the length of the horizon.

Offline differentially private submodular maximization. Let D be a sensitive dataset

associated with a monotone submodular set function FD : 2V → R+. Offline submodular

maximization in the context of differential privacy has been studied in two different settings:

• FD is ∆-decomposable [97, 55]: In this setting, it is assumed that D = (F1, . . . , FT ),

where for all t ∈ [T ], Ft : 2
V → [0,∆] is a private monotone submodular set function and

FD(·) = 1
T

∑T
t=1 Ft(·).

• FD is ∆-sensitive [149, 173]: For this framework, we have D = (F1, . . . , FT ), where for

all t ∈ [T ], Ft : 2
V → R+ is a private monotone submodular set function, however, the

submodular objective function FD depends on the dataset D in ways that could be much

more complicated than simply averaging the private submodular functions F1, . . . , FT (e.g.,
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Example 1). Two datasets D and D′ are neighboring (D ∼ D′) if all but one of the T

submodular functions in the datasets are equal. It is assumed that FD is ∆-sensitive, i.e.,

∆ = maxD′:D′∼D maxS⊆V |FD(S)− FD′(S)| holds.

Note that if FD is ∆-decomposable, the sensitivity parameter is bounded above by ∆
T ,

implying FD is (∆T )-sensitive. In this chapter, we focus on the more general setting where FD

is ∆-sensitive, and we review the prior work in this setting below. For submodular maximiza-

tion subject to cardinality or matroid constraints, [149] combined the greedy algorithm with

the exponential mechanism of [145] for differential privacy as follows: At round i ∈ [k] of the

greedy algorithm, define a quality function qi via qi(v,D) = FD(Si−1 ∪{v})−FD(Si−1), and

select every v ∈ V \ Si−1 with probability proportional to exp(ϵq(v,D)/2λ) where λ is the

sensitivity of the quality function q, i.e., for all v ∈ V and two neighboring datasets D and D′,

we have |q(v,D)− q(v,D′)| ≤ λ. [149] showed that this algorithm is ϵ-differentially private

(see Section 9.3 for a formal definition of differential privacy) and obtained an expected utility

bound of (1 − 1
e )OPT − O(∆k2 ln(|V |)

ϵ ) and 1
2OPT − O(∆(rank(M))2 ln(|V |)

ϵ ) for submodular

maximization subject to cardinality constraint |S| ≤ k and matroid constraintM = (V, I)

respectively. However, the result of [149] for the setting with matroid constraints fails to

achieve the optimal approximation ratio of 1− 1
e . More recently, for submodular maximization

subject to a matroid constraintM = (V, I), [173] combined the discretized version of the

continuous greedy algorithm with the exponential mechanism in the following way: Let Cρ be

a ρ-covering of the matroid polytope P (M), i.e., for any x ∈ P (M), there exists y ∈ Cρ such

that ∥x− y∥2 ≤ ρ. At each round k ∈ [K], where K = rank(M) is the rank of the matroid,

the algorithm samples yk ∈ Cρ with probability proportional to exp(ϵ⟨yk,∇fD(xk)⟩/2∆),

and sets xk+1 = xk +
1
K yk (where x1 = 0). [173] showed that the output of this algorithm

(xK+1) obtains the utility bound (1 − 1
e )OPT − O(

√
ϵ + ∆(rank(M))7|V | ln(|V |)

ϵ3
) with high

probability while ensuring ϵ-differential privacy. Although the result in [173] has the optimal

1− 1
e approximation ratio, it has several major drawbacks that are as follows:

• The O(
√
ϵ) term in the approximation guarantee is unusual, i.e., if ϵ→∞ (no differential

privacy), the approximation guarantee is vacuous.
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• In order to ensure differential privacy, ρ = ϵ
|V | should hold and thus, |Cρ| = O(|V |1+(

rank(M)
ϵ

)2).

Therefore, discretization of the matroid polytope and implementing the exponential mecha-

nism over such a large domain requires O(rank(M)|V |1+(
rank(M)

ϵ
)2) gradient evaluation of

the multilinear extension, and is not computationally efficient (although [173] provided a

second algorithm with improved query complexity, it is still computationally expensive).

• The dependence of the additive factor O(∆(rank(M))7|V | ln(|V |)
ϵ3

) in the approximation guar-

antee on ϵ and rank(M) is not optimal.

After the publication of our work, [204] and [56] have studied the differentially private

submodular maximization problem in the federated and streaming settings respectively.

Differentially private online learning. Online submodular maximization had not been

studied under the context of differential privacy before the publication of our work (since

then, [187] has studied this problem under a cardinality constraint of size k and proposed a

(ϵ, δ)-differentially private algorithm with a (1 − 1
e )-regret bound of O(k

2 ln |V |
√

T ln(K/δ)

ϵ )).

Nonetheless, the problem of differentially private online learning is extensively studied for

linear and convex objective functions [77, 112, 96, 3]. In particular, [3] considered an online

linear optimization problem over T rounds where at each step t ∈ [T ], the algorithm first

chooses a point xt ∈ X in the convex and compact domain set X and subsequently, it

observes the loss vector ℓt and incurs a loss of ⟨ℓt, xt⟩. [3] proposed an ϵ-differentially private

modification of the well-known Follow the Regularized Leader (FTRL) scheme for linear

objectives with a regret bound that scales as O(
√
T ) + Õ(1ϵ ). Therefore, if ϵ ≥ Ω( 1√

T
),

the regret incurred by the differentially private algorithm matches the optimal O(
√
T )

regret in the non-private setting, i.e., differential privacy could be ensured for free. We use

this algorithm as a sub-routine in our proposed algorithm for differentially private online

submodular maximization.

9.2.3 Contributions

In this chapter, we study the general framework of differentially private monotone submod-

ular maximization subject to matroid or knapsack constraints in both offline and online
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settings. Specifically, we make the following contributions:

• In Section 9.4.1, we propose the Differentially Private Continuous Greedy (DPCG)

algorithm for offline monotone submodular maximization subject to matroid or knap-

sack constraints and we analyze its performance in both settings. The DPCG algorithm

is ϵ-differentially private under both constraints. For matroid constraints, we obtain a

utility bound of (1− 1
e )OPT−O(

√
∆(rank(M))3|V | ln(|V |)

ϵ ) with O(
√

ϵ.rank(M)
|V | ln(|V |)∆) multilinear

extension evaluations which is a significant improvement over the (1 − 1
e )OPT − O(

√
ϵ +

∆(rank(M))7|V | ln(|V |)
ϵ3

) bound in [173] with O(rank(M)|V |1+(
rank(M)

ϵ
)2) multilinear extension

evaluations. Also, we obtain the first approximation guarantee for knapsack constraint

{S ⊆ V :
∑

s∈S cs ≤ 1} which is (1− 1
e )OPT−O(

√
∆|V | ln(|V |)
(cmin)3ϵ

), where cv ≥ cmin, ∀v ∈ V .

• For submodular functions with bounded curvature, we propose a modification of the

DPCG algorithm, called the κ-DPCG algorithm, in Section 9.4.2 which has a utility bound of

(1− κ
e )OPT−O(

√
∆(rank(M))3|V | ln(|V |)

ϵ ) and (1− κ
e )OPT−O(

√
∆|V | ln(|V |)
(cmin)3ϵ

) for matroid and

knapsack constraints respectively, where κ ∈ [0, 1] is the total curvature of the submodular

set function. In other words, compared to the DPCG algorithm, the κ-DPCG algorithm

maintains the same additive factor in its utility bound while its 1− κ
e approximation ratio is

strictly better than 1− 1
e for submodular functions with curvature κ < 1.

• In the online setting, we propose the first algorithm for (ϵ, δ)-differentially private (de-

fined in Section 9.3) submodular maximization, namely the Differentially Private Meta

Frank-Wolfe (DPMFW) algorithm, whose regret bound scales as O(
√
T ) +O(T

1/4
√

ln(1/δ)

ϵ ).

Therefore, if

√
ln(1/δ)

ϵ ≤ O(T 1/4), the regret bound of the DPMFW algorithm matches the

provably optimal O(
√
T ) bound in the non-private setting, i.e., privacy could be guaranteed

for free.

Note that although all our proposed algorithms are applied to the multilinear extension of

the discrete submodular objective function, we can couple the algorithms with the lossless

rounding schemes of [46, 58] for matroid constraints and [128, 129] for knapsack constraints

to obtain discrete solutions with similar guarantees for the original submodular set function.
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9.3 Differential privacy

In this work, a sensitive dataset D consists of private non-negative monotone submodular

set functions F1, . . . , FT : 2V → R+. In the offline setting, the non-negative monotone

submodular objective function FD : 2V → R+ depends on {Ft}Tt=1 and is given in advance.

Two datasets D and D′ are neighboring (D ∼ D′) if all but one of the T submodular

functions in the datasets are equal. We define the sensitivity of the submodular set function

FD via

∆ = max
D′:D′∼D

max
S⊆V
|FD(S)− FD′(S)|.

For the online setting, at each step t ∈ [T ] (where T is the length of the horizon), the private

submodular function Ft arrives after committing to an action St leading to a utility Ft(St)

for the algorithm.

Definition 9.3.1 [78] For ϵ, δ ∈ R+, a randomized algorithm A is called (ϵ, δ)-differentially

private if for any two neighboring datasets D and D′ and any set of possible outcomes S,

the following holds:

P[A(D) ∈ S] ≤ exp(ϵ)P[A(D′) ∈ S] + δ.

If δ = 0, we say that A is ϵ-differentially private.

Theorem 9.3.1 (Basic composition theorem) [78] Let Ak be an (ϵk, δk)-differentially

private algorithm for k ∈ [K]. Then, if algorithm A is defined to be A = (A1, . . . ,AK), A is

(
∑K

k=1 ϵk,
∑K

k=1 δk)-differentially private.

K-fold adaptive composition. Let {(ϵk, δk)}Kk=1 be a sequence of privacy parameters

and let A be an algorithm that works as follows on a dataset D: At each round k ∈ [K],

the algorithm chooses an (ϵk, δk)-differentially private algorithm Ak and releases the output

of Ak, where Ak depends on the output of the previous algorithms A1, . . . ,Ak−1 but not

on the dataset D itself. The output of A is called the K-fold adaptive composition of

(ϵk, δk)-differentially private algorithms Ak. The following privacy guarantee holds for the

composite algorithm A.
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Theorem 9.3.2 (Advanced composition theorem) [78] Given target privacy parame-

ters 0 < ϵ′ < 1 and δ′ > 0, in order to ensure (ϵ′,Kδ + δ′) cumulative privacy loss for the

composite algorithm A, it suffices that each algorithm is (ϵ, δ)-differentially private, where

ϵ = ϵ′

2
√

2K ln(1/δ′)
.

9.4 Differentially private offline submodular maximization

In this section, we first introduce the Differentially Private Continuous Greedy (DPCG)

algorithm and analyze its approximation and privacy guarantees in Section 9.4.1. Then,

in Section 9.4.2, we consider the setting where the submodular objective function has a

bounded curvature, and we introduce the κ-DPCG algorithm with improved approximation

ratio.

9.4.1 Differentially Private Continuous Greedy (DPCG) algorithm

We propose the Differentially Private Continuous Greedy (DPCG) algorithm in Algorithm

1. The algorithm performs K Frank-Wolfe iterations to obtain {vk}Kk=1 and outputs the

average x = 1
K

∑K
k=1 vk. Note that the output is the average of K points in the convex

constraint set P (the matroid or knapsack polytope) and hence, x ∈ P holds. The privacy is

ensured by adding noise sampled from the distribution D to the gradients {∇f(x(k))}Kk=1.

We first provide three useful Lemmas below.

Lemma 9.4.1 If the multilinear extension f is L-smooth with respect to ∥ · ∥1 and the

diameter of P is denoted by R = maxx∈P ∥x∥1, Algorithm 1 outputs x = x(K+1) such that

the following holds:

E[f(x)] ≥ (1− 1

e
)f(x∗)−GD −

LR2

2K
,

where expectation is taken with respect to the noise distribution D and GD := EY∼D
[
maxx∈P ⟨Y, x⟩−

minx∈P ⟨Y, x⟩
]
measures the width of P under D.
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Algorithm 1 Differentially Private Continuous Greedy (DPCG) algorithm

Input: K, the constraint set P , the multilinear extension f : [0, 1]|V | → R of the monotone

submodular set function F : 2V → R, and the noise distribution D.

Initialization: x(1) = 0.

for k = 1, 2, . . . ,K do

Draw Y (k) ∼ D.

Set vk = argmaxv∈P ⟨v,∇f(x(k)) + Y (k)⟩.

Set x(k+1) = x(k) + 1
K vk.

end for

Output: x = x(K+1).

Proof For k ∈ [K], we can write:

f(x(k+1))− f(x(k))
(a)

≥ 1

K
⟨vk,∇f(x(k))⟩ −

L

2K2
∥vk∥21

(b)

≥ 1

K
⟨x∗,∇f(x(k))⟩+ 1

K
⟨x∗ − vk, Y

(k)⟩ − LR2

2K2

(c)

≥ 1

K
⟨(x∗ − x(k)) ∨ 0,∇f(x(k))⟩+ 1

K
⟨x∗ − vk, Y

(k)⟩ − LR2

2K2

(d)

≥ 1

K

(
f(x∗ ∨ x(k))− f(x(k))

)
+

1

K
⟨x∗ − vk, Y

(k)⟩ − LR2

2K2

(e)

≥ 1

K

(
f(x∗)− f(x(k))

)
+

1

K
⟨x∗ − vk, Y

(k)⟩ − LR2

2K2
,

where (a) is due to the L-smoothness of f , (b) follows from the update rule of the algorithm,

(c) and (e) use the monotonicity of f , and (d) exploits concavity of f along non-negative

directions. Taking the expectation of the above inequality and rearranging the terms, we

have:

E[f(x(k+1))]− f(x∗) ≥ (1− 1

K
)
(
E[f(x(k))]− f(x∗)

)
− 1

K
GD −

LR2

2K2
.

Applying the inequality recursively for all k ∈ [K], we obtain:

E[f(x(K+1))]− f(x∗) ≥ (1− 1

K
)K

(
E[f(x(1)︸︷︷︸

=0

)]− f(x∗)
)
−GD −

LR2

2K
.
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Rearranging the terms and using the inequality (1− 1
K )K ≤ 1

e , we obtain the desired result.

Lemma 9.4.2 L-smoothness parameter of the multilinear extension f of the submodular

set function F : 2V → R is bounded as L ≤ mF , where mF = maxi∈V F ({i}). Moreover, for

submodular maximization over the matroid polytope P (M), R ≤ rank(M) holds, and for

submodular maximization subject to a knapsack constraint, we have R ≤ 1
cmin

.

Assume that the submodular objective function is ∆-sensitive (defined in Section 9.3). The

following lemma provides the performance guarantees of the DPCG algorithm under Laplace

noise distribution.

Lemma 9.4.3 If D = Lap|V |(λ), where Lap|V |(λ) denotes a distribution over R|V | such

that each coordinate is drawn i.i.d. from the Laplace distribution with p.d.f. f(z|λ) =

1
2λexp(−

|z|
λ ), ∀z ∈ R, setting λ = 2K|V |∆

ϵ , the following holds in expectation:

E[f(x)] ≥ (1− 1

e
)f(x∗)− LR2

2K
−O(RK|V | ln(|V |)∆

ϵ
),

where R = rank(M) and R = 1
cmin

for matroid and knapsack constraints respectively. Also,

with probability at least 1− 1
K , we have:

f(x) ≥ (1− 1

e
)f(x∗)− LR2

2K
−O(RK|V | ln(K|V |)∆

ϵ
).

Moreover, Algorithm 1 preserves ϵ-differential privacy.

Proof In order to analyze the differential privacy of the proposed algorithm, let fD and fD′

be the multilinear extension of monotone submodular set functions FD and FD′ associated

with neighboring datasets D and D′. Using the definition of multilinear extension, we can
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write:

∥∇fD(x)−∇fD′(x)∥1 =
|V |∑
i=1

|∇ifD(x)−∇ifD′(x)|

=
∑
v∈V
|ES∼x

[
FD(S ∪ {v})− FD(S \ {v})− FD′(S ∪ {v}) + FD′(S \ {v})

]
|

≤
∑
v∈V

ES∼x

[
|FD(S ∪ {v})− FD′(S ∪ {v})|+ |FD′(S \ {v})− FD(S \ {v})|

]
≤ 2|V |∆.

Let λ = 2K|V |∆
ϵ . We show that for each k ∈ [K], ∇f(x(k))+Y (k) is ( ϵ

K )-differentially private.

Considering the immunity of differential privacy to post-processing and using the basic

composition theorem, we can conclude that the proposed algorithm is ϵ-differentially private.

We have:

P(∇fD(x) + Y (k) = z)

P(∇fD′(x) + Y (k) = z)
=

|V |∏
i=1

exp
(
− ϵ|zi−∇ifD(x)|

2K|V |∆
)

exp
(
− ϵ|zi−∇ifD′ (x)|

2K|V |∆
)

=

|V |∏
i=1

exp
(ϵ(|zi −∇ifD′(x)| − |zi −∇ifD(x)|)

2K|V |∆
)

≤ exp
(ϵ∥∇fD′(x)−∇fD(x)∥1

2K|V |∆
)

≤ exp(
ϵ

K
).

Hence, ∇f(x(k)) + Y (k) is ( ϵ
K )-differentially private. We now find an upper bound for

GD. Using the definition of the matroid polytope P (M), for all x ∈ P (M), we have

∥x∥1 ≤ rank(M), where rank(M) is the rank of the matroid constraint. Therefore, we have:

max
x∈P (M)

⟨Y, x⟩ − min
x∈P (M)

⟨Y, x⟩ ≤ ∥x∥1∥Y ∥∞ + ∥x∥1∥Y ∥∞

= 2∥x∥1∥Y ∥∞

≤ 2rank(M)∥Y ∥∞.

Thus, we have GD ≤ 2rank(M)EY∼Lap|V |(λ)∥Y ∥∞. Note that in the case of knapsack

constraint cTx ≤ 1, we have cmin∥x∥1 ≤ cTx ≤ 1 and thus, ∥x∥1 ≤ 1
cmin

holds. Therefore, we
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have GD ≤ 2
cmin

EY∼Lap|V |(λ)∥Y ∥∞ under the knapsack constraint. For the Laplace random

vector Y ∼ Lap|V |(λ), we have:

E∥Y ∥∞ ≤ O
(
λ ln(|V |)

)
,

P
(
∥Y ∥∞ ≤

√
10λ ln(K|V |)

)
≥ 1− 1

K2
.

Therefore, using the union bound over k ∈ [K], we can obtain the result as stated.

Alternatively, we can use the Gaussian noise to ensure differential privacy. The analysis for

this case is provided in the Appendix. Compared to the Laplace noise, the additive factor in

the approximation guarantee using the Gaussian noise is smaller by an order of
√
|V | ln(|V |).

However, this improved accuracy comes at the price of achieving (ϵ, δ)-differential privacy as

opposed to ϵ-differential privacy using the Laplace noise.

We can also use the advanced composition theorem to ensure differential privacy. In particular,

for 0 < ϵ < 1 and δ > 0, if ∇f(x(k)) + Y (k), ∀k ∈ [K] is ( ϵ

2
√

2K ln(1/δ)
)-differentially private

using the Laplace noise, we can use the advanced composition theorem for all k ∈ [K] and

ensure (ϵ, δ)-differential privacy of Algorithm 1. The result is summarized in the lemma

below.

Lemma 9.4.4 If D = Lap|V |(λ), setting λ =
4
√

2K ln(1/δ)|V |∆
ϵ , the following holds in expec-

tation:

E[f(x)] ≥ (1− 1

e
)f(x∗)− LR2

2K
−O(

R
√

K ln(1/δ)|V | ln(|V |)∆
ϵ

).

where R = rank(M) and R = 1
cmin

for matroid and knapsack constraints respectively. Also,

with probability at least 1− 1
K , we have:

f(x) ≥ (1− 1

e
)f(x∗)− LR2

2K
−O(

R
√
K ln(1/δ)|V | ln(K|V |)∆

ϵ
).

Moreover, Algorithm 1 preserves (ϵ, δ)-differential privacy.

Combining the result of Lemma 9.4.2 and 9.4.3, we provide the approximation and privacy

guarantee of Algorithm 1 below.
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Theorem 9.4.1 Setting K = O(
√

ϵ rank(M)
|V | ln(|V |)∆), Algorithm 1 is ϵ-differentially private and

has the following approximation guarantees for matroid and knapsack constraints respectively:

E[f(x)] ≥ (1− 1

e
)f(x∗)−O(

√
∆(rank(M))3|V | ln(|V |)

ϵ
),

E[f(x)] ≥ (1− 1

e
)f(x∗)−O(

√
∆|V | ln(|V |)
(cmin)3ϵ

).

9.4.2 κ-Differentially Private Continuous Greedy (κ-DPCG) algorithm

For a general monotone continuous function f : Rm → R, we define:

cf = 1− min
i∈[m]

min
x,y

∇if(y)

∇if(x)
.

Note that cf ≤ 1 due to monotonicity of f and cf ≥ 0 by setting x = y in the definition.

If f : [0, 1]V → R+ is the multilinear extension of a normalized monotone submodular set

function F : 2V → R+, we can write:

cf = 1−min
i∈V

min
x,y

∇if(y)

∇if(x)

(a)
= 1−min

i∈V
min
y

∇if(y)

∇if(0)

(b)
= 1−min

i∈V
min
y

ES∼y[F (S ∪ {i})− F (S \ {i})]
F ({i})− F ({})

(c)
= 1−min

i∈V

F (V )− F (V \ {i})
F ({i})− F ({})

= κF ,

where κF is the total curvature of the submodular set function F . (a) follows from the

DR-submodularity of f , (b) uses the definition of the multilinear extension and (c) is due

to the submodularity of F . Therefore, the parameter cf extends the notion of curvature

from submodular set functions to general monotone continuous functions and could be of

independent interest. We propose the κ-DPCG algorithm in Algorithm 2. Let λ = ℓTx∗ where

ℓi = minx∇if(x) = F (V )− F (V \ {i}) and x∗ = 1S∗ be the optimal point corresponding to

the optimal solution S∗ ⊆ V . Compared to the DPCG algorithm, the κ-DPCG algorithm is

different in two important respects:
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Algorithm 2 κ-Differentially Private Continuous Greedy (κ-DPCG) algorithm

Input: K, λ > 0, the constraint set P , the multilinear extension f : [0, 1]|V | → R of the

monotone submodular set function F : 2V → R, and the noise distribution D.

Initialization: x(1) = 0.

for k = 1, 2, . . . ,K do

Draw Y (k) ∼ D.

Set vk = argmaxv∈P :ℓT v≥λ⟨v,∇g(x(k)) + Y (k)⟩.

Set x(k+1) = x(k) + 1
K vk.

end for

Output: x = x(K+1).

1. The DPCG algorithm is applied to the function g(x) = f(x) − ℓTx. Note that the

function g is normalized monotone DR-submodular as well.

2. The linear maximization step is performed over the intersection of the constraint set

P and {x : ℓTx ≥ λ}.

Similar to Lemma 9.4.1, We provide the approximation guarantee of the κ-DPCG algorithm

below.

Lemma 9.4.5 If the multilinear extension f is L-smooth with respect to ∥ · ∥1 and the

diameter of P is denoted by R = maxx∈P ∥x∥1, Algorithm 2 outputs x = x(K+1) such that

the following holds:

E[f(x)] ≥ (1− κF
e
)f(x∗)−GD −

LR2

2K
,

where GD := EY∼D
[
maxx∈P ⟨Y, x⟩ − minx∈P ⟨Y, x⟩

]
and κF is the total curvature of the

submodular objective function F .

Therefore, all the analysis from Section 9.4.1 can be performed here as well and thus,

the κ-DPCG algorithm maintains the same privacy and utility guarantees as the DPCG

algorithm except for its improved approximation ratio 1− κF
e .
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Note that although we have used λ = ℓTx∗ in Algorithm 2, the optimal value x∗ is generally

unknown and therefore, we have to guess the value of λ in practice. Using the definition

of ℓ and submodularity of F , we have ℓi ≤ mF ∀i ∈ V . Therefore, λ ≤ |V |mF holds. We

discretize the interval [0,mF ] with O( 1γ ) points of the form iγmF for 0 ≤ i ≤ 1
γ , along with

O( 1γ |V | ln(|V |)) points of the form (1 + γ
|V |)

imF for 0 ≤ i ≤ log1+ γ
|V |
|V | to fill the interval

[mF , |V |mF ]. We then run Algorithm 2 using each point as a guess for λ and we output

the best solution found, i.e., the solution with the highest utility. If λ ∈ [0,mF ], we should

have λ ≥ λ̂ ≥ λ − γmF using one of the guesses λ̂ in the interval [0,mF ]. Otherwise, if

λ ∈ [mF , |V |mF ], consider the largest guess λ̂ in the interval [mF , |V |mF ] satisfying λ ≥ λ̂.

We have:

λ ≥ λ̂ ≥ λ(1 +
γ

|V |
)−1 ≥ λ(1− γ

|V |
) ≥ λ− γmF ,

where the last inequality uses λ ≤ |V |mF . Therefore, in practice, the approximation

guarantee of the κ-DPCG algorithm has an additional γmF error term which can be tuned

by choosing γ.

The κ-DPCG algorithm is inspired by the non-private algorithm of [197] that achieves the

optimal 1− κ
e approximation ratio for offline submodular maximization. To avoid the issue of

estimating the optimal value x∗, we can adapt the (1− κ
e )-approximate non-private algorithm

of [83] instead to design our private algorithm.

9.5 Differentially private online submodular maximization

In this section, we study the following general protocol of online submodular maximization

in the context of differential privacy: There is a fixed constraint set (V, I) which could

either be a matroid or a knapsack constraint. At each iteration t ∈ [T ], the online algorithm

chooses St ∈ I. Upon committing to this choice, a normalized monotone submodular set

function Ft is revealed and the algorithm receives the payoff Ft(St). The goal is to minimize

the (1− 1
e )-regret defined below:

RT = (1− 1

e
)max

S∈I

T∑
t=1

Ft(S)−
T∑
t=1

Ft(St),
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Algorithm 3 Differentially Private Meta Frank-Wolfe (DPMFW) algorithm

Input: K, the constraint set P .

Output: {xt}Tt=1

Initialize K instances {Ek}Kk=1 of the ( ϵ

2
√

2K ln(1/δ)
)-differentially private algorithm of

[3] with noise distribution D and regularizer g(x) =
∑|V |

i=1 xi ln(xi) for online linear

optimization over P .

for t = 1, . . . , T do

x
(1)
t = 0.

for k = 1, 2, . . . ,K do

Let v
(k)
t be the output of Ek for round t.

Set x
(k+1)
t = x

(k)
t + 1

K v
(k)
t .

end for

Play xt = x
(K+1)
t .

for k = 1, 2, . . . ,K do

Feedback ∇ft(x(k)t ) to Ek as the linear utility vector observed at round t.

end for

end for

where 1− 1
e is the optimal polynomial time approximation ratio for offline monotone submod-

ular maximization subject to matroid or knapsack constraints. We propose the Differentially

Private Meta Frank-Wolfe (DPMFW) algorithm for online submodular maximization which

exploits Algorithm 1 of [3] for differentially private online linear optimization as a sub-

routine. The algorithm is presented in Algorithm 3. The DPMFW algorithm is applied to

the multilinear extensions {ft}Tt=1 of the discrete monotone submodular utility functions

{Ft}Tt=1. At round t ∈ [T ], similar to the DPCG algorithm, the DPMFW algorithm outputs

the average of K points {v(k)t }Kk=1 in the constraint set and hence, xt ∈ P holds. However,

since the utility function Ft remains unknown until the algorithm commits to a choice St,

we instead run K instances {Ek}Kk=1 of the differentially private online linear optimization
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algorithm of [3] to mimic the K Frank-Wolfe updates of the DPCG algorithm. {Ek}Kk=1

combine the well-known Follow the Regularized Leader (FTRL) algorithm for online linear

optimization with the Tree-Based Aggregation Protocol (TBAP) of [77, 112] for maintaining

differentially private partial sums of linear utility vectors arriving online. See the Appendix

for a more detailed presentation of Algorithm 1 of [3].

We provide the regret bound and privacy guarantee of the DPMFW algorithm below.

Theorem 9.5.1 Let 0 < ϵ < 1 and δ > 0. If D = Lap|V |(λ), where Lap|V |(λ) is a

distribution over R|V | such that each coordinate is drawn i.i.d. from the Laplace distribution

with p.d.f. f(z|λ) = 1
2λexp(−

|z|
λ ) ∀z ∈ R, setting λ =

2mF |V | lnT
√

2K ln(1/δ)

ϵ and K = O(
√
T ),

Algorithm 3 is (ϵ, δ)-differentially private and has the following expected regret bound for

matroid and knapsack constraints respectively:

E[RT ] ≤ O(rank(M)
√
T ln |V |) + Õ(

(rank(M))3/2|V |T 1/4
√
ln(1/δ)

ϵ
),

E[RT ] ≤ O(
√
T ln |V |
cmin

) + Õ(
|V |T 1/4

√
ln(1/δ)

(cmin)3/2ϵ
).

The above theorem shows that if

√
ln(1/δ)

ϵ ≤ O(T 1/4) holds, we can obtain a regret bound of

O(
√
T ) which matches the optimal regret bound for online submodular maximization in the

non-private setting.

We can alternatively use the Gaussian noise as the noise distribution D. The analysis in this

setting is provided in the Appendix.

9.6 Conclusion

In this chapter, we studied the differentially private maximization of non-negative monotone

submodular set functions, subject to matroid or knapsack constraints, in both offline and

online settings. We proposed differentially private algorithms with optimal approximation

ratios which are faster (i.e., less query complexity) and have improved accuracy compared

to the prior works.
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Chapter 10

M-EXPERTS: NO-REGRET ONLINE PREDICTION WITH
STRATEGIC EXPERTS AND SUBMODULAR UTILITIES

10.1 Chapter overview

In this chapter, we present joint work with Maryam Fazel that was published at the Conference

on Neural Information Processing Systems (NeurIPS) 2023. We study a generalization of

the online binary prediction with expert advice framework, called the m-experts problem,

where at each round, the learner is allowed to pick m ≥ 1 experts from a pool of K experts

and the overall utility is a modular or submodular function of the chosen experts. We focus

on the setting in which experts act strategically and aim to maximize their influence on the

algorithm’s predictions by potentially misreporting their beliefs about the events. Among

others, this setting finds applications in forecasting competitions where the learner seeks

not only to make predictions by aggregating different forecasters but also to rank them

according to their relative performance. Our goal is to design algorithms that satisfy the

following two requirements: 1) Incentive-compatible: Incentivize the experts to report their

beliefs truthfully, and 2) No-regret : Achieve sublinear regret with respect to the true beliefs

of the best-fixed set of m experts in hindsight. Prior works have studied this framework

when m = 1 and provided incentive-compatible no-regret algorithms for the problem. We

first show that a simple reduction of our problem to the m = 1 setting is neither efficient

nor effective. Then, we provide algorithms that utilize the specific structure of the utility

functions to achieve the two desired goals. We also study the 1-expert problem in the setting

where predictions are performative, i.e., they can influence the state of the world and the

binary events. We show that if the influence of the expert’s predictions on outcomes is

bounded, we can design no-regret algorithms where the regret is defined with respect to the

true beliefs of the experts.
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10.2 Introduction

Learning from a constant flow of information is one of the most prominent challenges in

machine learning. In particular, online learning requires the learner to iteratively make

decisions and at the time of making each decision, the outcome associated with it is unknown

to the learner. The experts problem is perhaps the most well-known problem in online

learning [203, 52, 137, 121]. In this problem, the learner aims to make predictions about a

sequence of T binary events. To do so, the learner has access to the advice of K experts

who each have internal beliefs about the likelihood of each event. At each round t ∈ [T ],

the learner has to choose one among the advice of K experts and upon making her choice,

the t-th binary event is realized and a loss bounded between zero and one is revealed. The

goal of the learner is to have no regret, i.e., to perform as well as the best-fixed expert in

hindsight.

In many applications, however, the experts are strategic and wish to be selected by the

learner as often as possible. To this end, they may strategically misreport their beliefs

about the events. For instance, FiveThirtyEight1 aggregates different pollsters according

to their past performance to make a single prediction for elections and sports matches. To

do so, FiveThirtyEight maintains publicly available pollster ratings2. A low rating can

be harmful to the pollster’s credibility and adversely impact their revenue opportunities

in the future. Therefore, instead of maximizing their expected performance by reporting

their predictions truthfully, the pollsters may decide to take risks and report more extreme

beliefs to climb higher on the leaderboard. Therefore, it is important to design algorithms

that not only achieve no-regret but also motivate the experts to report their true beliefs

(incentive-compatible). Otherwise, the quality of the learner’s predictions may be harmed.

As we have mentioned in Section 10.2.1, all the previous works on this topic have focused

on the standard experts problem where the goal is to choose a single expert among the K

1https://fivethirtyeight.com/

2https://projects.fivethirtyeight.com/pollster-ratings/
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experts. In the offline setting, this is equivalent to a forecasting competition in which only

the single highest-ranked forecaster wins and receives prizes. However, in many applications,

a set of top-performing forecasters are awarded perks and benefits. For instance, in the Good

Judgement Project, a recent geopolitical forecasting tournament, the top 2% of forecasters

were given the “superforecaster” status and received benefits such as paid conference travel

and employment opportunities [198]. Similarly, in the latest edition of Kaggle’s annual

machine learning competition to predict the match outcomes of the NCAA March Madness

college basketball tournament (called “March Machine Learning Mania 2023”3), the top 8

forecasters on the leaderboard received monetary prizes.

In this chapter, we initiate the study of the m-experts problem with strategic experts.

Variants of the m-experts problem have been previously studied in [205, 124, 67, 156],

however, all of these works focused only on providing no-regret algorithms for the problem

and the incentive compatibility considerations were not taken into account. To the best of

our knowledge, this is the first work that focuses on the strategic m-experts problem where

the experts may misreport their true beliefs to increase their chances of being chosen by the

learner.

For the setting with modular utilities, perhaps the simplest approach to learning well

compared to the best-fixed set of m experts while maintaining incentive compatibility is to

run the incentive-compatible WSU algorithm of [89] for the standard experts problem (the

setting with m = 1) over the set of
(
K
m

)
meta-experts where each meta-expert corresponds to

one of the sets of size m. This approach has two major drawbacks: 1) There are exponentially

many meta-experts and maintaining weights per each meta-expert and running the WSU

algorithm is computationally expensive, and 2) The dependence of the regret bound on m is

sub-optimal. Therefore, for our setting, it is preferable to design algorithms that are tailored

for the m-experts problem.

3https://www.kaggle.com/competitions/march-machine-learning-mania-2023/
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10.2.1 Related work

Prior works have studied the experts problem under incentive compatibility considerations

for two feedback models: In the full information setting, the learner observes the reported

prediction of all experts at each round. In the partial information setting, however, the

learner is restricted to choosing a single expert at each round and does not observe the

prediction of other experts. [178] considered algorithms that maintain weights over the

experts and choose experts according to these weights. They assumed that experts’ incentives

are only affected by the unnormalized weights of the algorithm over the experts. However,

since the probability of an expert being chosen by the learner equals her normalized weight,

the aforementioned assumption might not be suitable. Later on, [89] assumed that at each

round t ∈ [T ], incentives are tied to the expert’s normalized weight (i.e., the probability

of being chosen at round t + 1) and studied this problem under both feedback models.

They proposed the WSU and WSU-UX algorithms for the full information and partial

information settings respectively where both algorithms are incentive-compatible and they

obtained O(
√
T lnK) and O(T 2/3(KlnK)1/3) regret bounds for the algorithms. Then, [90]

considered non-myopic strategic experts where the goal of each expert is to maximize a

conic combination of the probabilities of being chosen in all subsequent rounds (not just the

very next round). They showed that the well-known Follow the Regularized Leader (FTRL)

algorithm with the negative entropy regularizer obtains a regret bound of O(
√
T lnK) while

being Θ( 1√
T
) approximately incentive-compatible, i.e., it is a strictly dominated strategy for

any expert to make reports Θ( 1√
T
) distant from their true beliefs.

For the non-strategic m-experts problem with modular utilities, [124] proposed the Compo-

nent Hedge (CH) algorithm and obtained a regret bound of
√
2mℓ∗ ln(Km ) +m ln(Km ) where

ℓ∗ is the cumulative loss of the best-chosen set in hindsight. They also gave a matching

lower bound for this problem. [67] studied the FTPL algorithm with Gaussian noise distri-

bution and provided an O(m
√
T ln(Km )) regret bound for this setting. For the non-strategic

m-experts problem with submodular utility functions, [101] proposed the online distorted

greedy algorithm (with dual averaging algorithm as the algorithm Ai for i = 1, . . . ,m)



142

whose regret bound is O(
√

mT ln(Km )). More recently, [156] studied the m-experts problem

under various choices of the utility function (sum-reward, max-reward, pairwise-reward, and

monotone reward). In particular, for the setting with modular utilities (sum-reward), they

proposed an algorithm that matches the optimal regret bound of the CH algorithm while

being computationally more efficient.

10.2.2 Contributions

In this chapter, we focus on a generalization of the experts problem (called “m-experts

problem”) where at each round, instead of picking a single expert, we are allowed to pick

m ≥ 1 experts and our utility is either a modular or submodular function of the chosen

experts. In particular, at round t ∈ [T ] and for a set of experts St ⊆ [K], the utility function

is defined as ft(St) = |St|
m −

1
m

∑
i∈St

ℓi,t and ft(St) = 1 −
∏

i∈St
ℓi,t in the modular and

submodular cases respectively where ℓi,t ∈ [0, 1] is the loss of expert i at round t. The goal

is to design algorithms that perform as well as the best-fixed set of m experts in hindsight

(no-regret) and incentivize the experts to report their beliefs about the events truthfully

(incentive-compatible).

Towards this goal, we build upon the study of the Follow the Perturbed Leader (FTPL)

algorithm for the m-experts problem with modular utility functions by [67] and derive a

sufficient condition for the perturbation distribution to guarantee approximate incentive

compatibility. Furthermore, we show how this condition is related to the commonly used

bounded hazard rate assumption for noise distribution. In particular, we show that while

FTPL with Gaussian perturbations is not incentive-compatible, choosing Laplace or hyper-

bolic noise distribution guarantees approximate incentive compatibility.

Moreover, inspired by Algorithm 1 of [101] for online monotone submodular maximization

subject to a matroid constraint, we first introduce a simpler algorithm (called the “online

distorted greedy algorithm”) for the special case of cardinality constraints. This algorithm

utilizes m incentive-compatible algorithms for the standard experts problem (i.e., m = 1

setting) and outputs their combined predictions. We provide (1 − c
e)-regret bounds for
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the algorithm where c ∈ [0, 1] is the average curvature of the submodular utility functions.

Therefore, applying the algorithm to the setting where the utility functions are modular

(i.e., c = 0), the approximation ratio is 1. For submodular utility functions, the algorithm

achieves the optimal 1− c
e approximation ratio.

We also study the 1-expert problem in the setting where predictions are performative, i.e.,

they can influence the state of the world and the binary events. We show that if the influence

of the expert’s predictions on outcomes is bounded, we can design no-regret algorithms

where the regret is defined with respect to the true beliefs of the experts.

Finally, we validate our theoretical results through experiments on data gathered from a

forecasting competition run by FiveThirtyEight in which forecasters make predictions about

the match outcomes of the recent 2022–2023 National Football League (NFL).

10.3 Preliminaries

As mentioned in Section 10.2.2, at round t ∈ [T ] and for a set of experts S ⊆ [K], the

submodular utility function is defined as ft(St) = 1 −
∏

i∈St
ℓi,t where ℓi,t ∈ [0, 1] is the

loss of expert i at round t. To show that this function is submodular, note that for all

A ⊂ B ⊂ [K] and j ∈ [K] \B, we have:

f(A ∪ {j})− f(A) = (1− ℓj,t)
∏
i∈A

ℓi,t ≥ (1− ℓj,t)
∏
i∈B

ℓi,t = f(B ∪ {j})− f(B),

where the inequality follows from ℓi,t ∈ [0, 1] for i ∈ B \A.

10.4 m-experts problem

We introduce the m-experts problem in this section. In this problem, there are K experts

available and each expert makes probabilistic predictions about a sequence of T binary

outcomes. At round t ∈ [T ], expert i ∈ [K] has a private belief bi,t ∈ [0, 1] about the outcome

rt ∈ {0, 1}, where rt and {bi,t}Ki=1 are chosen arbitrarily and potentially adversarially. Expert

i reports pi,t ∈ [0, 1] as her prediction to the learner. Then, the learner chooses a set St

containing m of the experts. Upon committing to this action, the outcome rt is revealed,
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and expert i incurs a loss of ℓi,t = ℓ(bi,t, rt) where ℓ : [0, 1]× {0, 1} → [0, 1] is a bounded loss

function. In this chapter, we focus on the quadratic loss function defined as ℓ(b, r) = (b− r)2.

The utility of the learner at round t is one of the following:

• Modular utility function: ft(St) =
|St|
m −

1
m

∑
i∈St

ℓi,t =
|St|
m −

1
m

∑
i∈St

ℓ(bi,t, rt).

• Submodular utility function: ft(St) = 1−
∏

i∈St
ℓi,t = 1−

∏
i∈St

ℓ(bi,t, rt).

It is easy to see that ft is monotone in both cases and ft(St) ∈ [0, 1] holds. Note that the

utility at each round is defined with respect to the true beliefs of the chosen experts rather

than their reported beliefs.

The goal of the learner is twofold:

1) Minimize the α-regret defined as α-RT = E
[
αmaxS⊆[K]:|S|=m

∑T
t=1 ft(S)−

∑T
t=1 ft(St)

]
,

where the expectation is taken with respect to the potential randomness of the algorithm.

For the modular utility function, α = 1 and for the submodular setting, we set α = 1− cf
e

(where f =
∑T

t=1 ft) which is the optimal approximation ratio for any algorithm making

polynomially many queries to the objective function.

2) Incentivize experts to report their private beliefs truthfully. To be precise, at each round

t ∈ [T ], each expert i ∈ [K] acts strategically to maximize their probability of being chosen

at round t+1 and the learner’s algorithm is called incentive-compatible if expert i maximizes

this probability by reporting pi,t = bi,t. To be precise, we define the incentive compatibility

property below.

Definition 10.4.1 An online learning algorithm is incentive-compatible if for every t ∈ [T ],

every expert i ∈ [K] with belief bi,t, every report pi,t, reports of other experts p−i,t, every

history of reports {pj,s}j∈[K],s<t, and outcomes {rs}s<t, we have:

Ert∼Bern(bi,t)

[
πi,t+1 | bi,t, p−i,t, {pj,s}j∈[K],s<t, {rs}s<t

]
≥ Ert∼Bern(bi,t)

[
πi,t+1 | pi,t, p−i,t, {pj,s}j∈[K],s<t, {rs}s<t

]
,

where Bern(b) denotes a Bernoulli distribution with probability of success b and πi,t+1 is the

probability of expert i being chosen at round t+ 1.
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In other words, an online learning algorithm is incentive-compatible if it is in the best interest

of the experts to report their private beliefs truthfully to maximize the probability of being

chosen at the next round.

As mentioned earlier, we focus on the quadratic loss function in this chapter. The quadratic

loss function is an instance of proper loss functions [175], i.e., the following holds:

Er∼Bern(b)[ℓ(p, r)] ≥ Er∼Bern(b)[ℓ(b, r)] ∀p ̸= b,

i.e., each expert minimizes her expected loss (according to their true belief b) by reporting

truthfully.

10.4.1 Motivating applications

There are several interesting motivating applications that could be cast into our framework.

We mention two classes of such applications below.

• Forecasting competitions: In this problem, there are a set of K forecasters who aim to

predict the outcome of sports games or elections (between two candidates). At each round

t ∈ [T ], information on the past performance of the two opposing teams or candidates is

revealed and forecasters provide a probabilistic prediction (as a value between [0, 1]) for

which team or candidate will win. The learner can choose up to m forecasters at each round

and her utility is simply the average of the utilities of chosen experts.

• Online paging problem with advice [139]: There is a library {1, . . . , N} of N distinct files.

A cache with limited storage capacity can store at most m files at any time. At each round

t ∈ [T ], a user arrives and requests one file. The learner has access to a pool of K experts

where each expert i ∈ [K] observes the user history and makes a probabilistic prediction

pi,t ∈ [0, 1]N for the next file request (where 1T pi,t = 1). For instance, pi,t = ej if expert

i predicts the file j ∈ [N ] where ej is the j-th standard basis vector. Also, rt = ej if the

j-th file is requested at round t ∈ [T ]. The learner can choose m of these experts at each

round and put their predictions in the cache. The learner’s prediction for round t is correct

if and only if one of the m chosen experts has correctly predicted the file. Thus, the loss of
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expert i can be formulated as ℓi,t = ∥pi,t − rt∥22 and the utility at round t could be written

as ft(St) = 2−
∏

i∈St
ℓi,t which is exactly our submodular utility function. Note that this

is a slight generalization of our framework where instead of binary outcomes, we consider

nonbinary (categorical) outcomes. All our results could be easily extended to this setting.

10.4.2 Naive approach

The WSU algorithm of [89] for the standard experts problem is derived by drawing a

connection between online learning and wagering mechanisms. The framework of one-shot

wagering mechanisms was introduced by [132] and is as follows: There are K experts and

each expert i ∈ [K] holds a belief bi ∈ [0, 1] about the likelihood of an event. Expert i reports

a probability pi ∈ [0, 1] and a wager ωi ≥ 0. A wagering mechanism Γ is a mapping from

the reports p = (p1, . . . , pK), wagers ω = (ω1, . . . , ωK) and the realization r of the binary

event to the payments Γi(p, ω, r) to expert i. It is assumed that Γi(p, ω, r) ≥ 0 ∀i ∈ [K],

i.e., no expert loses more than her wager. A wagering mechanism is called budget-balanced

if
∑K

i=1 Γi(p, ω, r) =
∑K

i=1 ωi. [132, 131] introduced a class of incentive-compatible budget-

balanced wagering mechanisms called the Weighted Score Wagering Mechanisms (WSWMs)

which is defined as follows: For a fixed proper loss function ℓ bounded in [0, 1], the payment

to expert i is

Γi(p, ω, r) = ωi

(
1− ℓ(pi, r) +

K∑
j=1

ωjℓ(pj , r)
)
.

The proposed algorithm in [89] is called Weighted-Score Update (WSU) and the update rule

for the weights of the experts {πt}Tt=1 is the following:

πi,t+1 = ηΓi(pt, πt, rt) + (1− η)πi,t,

where πi,1 = 1
K ∀i ∈ [K]. In other words, the normalized weights of the experts at round

t are interpreted as the wager of the corresponding expert, and the normalized weights at

round t+1 are derived using a convex combination of the weights at the previous round and

the payments in WSWM. Note that since WSWM is budget-balanced, the derived weights at

each round automatically sum to one and there is no need to normalize the weights (which
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might break the incentive compatibility). Also, considering the incentive compatibility of

WSWM, the WSU algorithm is incentive-compatible as well.

The update rule of WSU could be rewritten as follows:

πi,t+1 = ηπi,t
(
1− ℓi,t +

K∑
j=1

πj,tℓj,t
)
+ (1− η)πi,t = πi,t(1− ηLi,t),

where Li,t = ℓi,t −
∑K

j=1 πj,tℓj,t. Therefore, the WSU update rule is similar to that of the

Multiplicative Weights Update (MWU) algorithm [9] with the relative loss Li,t instead of

ℓi,t in the formula.

A simple approach to solving them-experts problem with modular utilities (ℓS,t =
1
m

∑
j∈S ℓj,t)

is to define an “expert” for each of the possible
(
K
m

)
sets of size m and apply the incentive-

compatible WSU algorithm of [89] for the standard experts problem to this setting. Note

that we still define incentive compatibility with respect to individual experts (instead of

the
(
K
m

)
meta-experts). To be precise, we define πi,t =

∑
S:|S|=m,i∈S πS,t. We can show the

following:

πi,t+1 =
∑

S:|S|=m,i∈S

πS,t+1 = πi,t(1−
η

m
Li,t)−

η

m

∑
s ̸=i

(
∑

S:|S|=m,{i,s}⊆S

πS,t)ℓs,t.

Given that πi,t+1 is linear in Li,t, Li,t = ℓi,t −
∑K

j=1 πj,tℓj,t is linear in ℓi,t, and the loss

function is proper, we can conclude that incentive compatibility holds in this setting as well.

We summarize the result of this approach in the theorem below.

Theorem 10.4.1 If we apply the WSU algorithm of [89] to a standard experts problem with(
K
m

)
experts corresponding to each S with |S| = m, and set η =

√
m ln(Ke

m
)

T , the algorithm is

incentive-compatible and its regret is bounded as follows:

E[1-RT ] ≤ O(
√

mT ln(
K

m
)).

This approach has two major drawbacks:

1) Computational complexity of maintaining weights for each
(
K
m

)
feasible sets. In particular,

we have to do exponentially many queries to the objective function at each round to update
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these weights.

2) The regret bound has a
√
m dependence on the number of experts m that is suboptimal.

In the subsequent sections, we propose two efficient algorithmic frameworks that exploit the

modular or submodular structure of the utility function and obtain the desired regret and

incentive compatibility guarantees.

10.5 Follow the Perturbed Leader (FTPL) algorithm

In this section, we study the well-known Follow the Perturbed Leader (FTPL) algorithm for

the m-experts problem with modular utility functions and study its regret and incentive

compatibility guarantees. The algorithm is as follows: At each round t ∈ [T ], we first take

K i.i.d. samples {γi,t}Ki=1 from the noise distribution D. In particular, we focus on zero-

mean symmetric noise distributions from the exponential family, i.e., f(γi,t) ∝ exp(−ν(γi,t))

where ν : R → R+ is symmetric about the origin. At round t, we simply keep track of∑t−1
s=1 ℓi,s + ηγi,t for each i (where η is the step size) and pick the m experts for whom

this quantity is the smallest. [67] previously studied the FTPL algorithm for a class of

problems that includes the m-experts problem. However, they only focused on the setting

with zero-mean Gaussian perturbations. In contrast, we not only extend this analysis

to all zero-mean symmetric noise distributions from the exponential family, but we also

analyze the incentive compatibility guarantees of the algorithm and determine a sufficient

condition for the perturbation distribution under which the algorithm is approximately

incentive-compatible. This condition is provided below.

Condition 10.5.1 For all z ∈ R, |ν ′(z)| ≤ B holds for some constant B > 0.

We have ν(z) = |z| for Laplace distribution. Therefore, ν ′(z) = sign(z) and B = 1. For

symmetric hyperbolic distribution, ν(z) =
√
1 + z2 holds. So, |ν ′(z)| = |z|√

1+z2
≤ 1 and

B = 1.

Condition 10.5.1 is closely related to a boundedness assumption on the hazard rate of the

perturbation distribution. We first define the hazard rate below.
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Definition 10.5.1 The hazard rate of D at z ∈ R is defined as

hazD(z) =
fD(z)

1− FD(z)
,

where fD and FD are the probability density function (pdf) and the cumulative density function

(cdf) of the noise distribution D. The maximum hazard rate of D is hazD = supz∈R hazD(z).

The hazard rate is a statistical tool used in survival analysis that measures how fast the tail

of a distribution decays. In the theorem below, we show the connection between Condition

10.5.1 and the bounded hazard rate assumption.

Theorem 10.5.1 If Condition 10.5.1 holds for the perturbation distribution D with the

constant B > 0, we have hazD ≤ B.

However, there are distributions with bounded hazard rates for which maxz |ν ′(z)| is un-

bounded (i.e., Condition 10.5.1 does not hold). For instance, consider the standard Gumbel

distribution. In this case, ν(z) = z + exp(−z). Therefore, we have ν ′(z) = 1− exp(−z). So,

if z → −∞, |ν ′(z)| → ∞. Therefore, Condition 10.5.1 is strictly stronger than the bounded

hazard rate assumption for the noise distribution D.

We show how Condition 10.5.1 guarantees an approximate notion of incentive compatibility

for FTPL.

Theorem 10.5.2 For the FTPL algorithm with a noise distribution satisfying Condition

10.5.1 with a constant B > 0, at round t ∈ [T ], for an expert i ∈ [K], the optimal report

from the expert’s perspective p∗i,t is at most 2B
η−2B away from her belief bi,t, i.e., the following

holds:

|p∗i,t − bi,t| ≤
2B

η − 2B
.

Note that while we focused on the incentive structure in which at each round t ∈ [T ], experts

wish to maximize their probability of being chosen at round t+ 1, the same argument could

be applied to a more general setting where the goal is to maximize a conic combination of

probabilities of being chosen at all subsequent round s > t. Therefore, FTPL is approximately
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incentive compatible with respect to this more general incentive structure as well.

Theorem 10.5.2 allows us to bound the regret of the FTPL algorithm with respect to the

true beliefs of the experts. First, note that FTPL obtains the following bound with respect

to the reported beliefs of the experts.

Theorem 10.5.3 For the FTPL algorithm with noise distribution D satisfying Condition

10.5.1 with the constant B > 0, if we set η =
√

BT
ln(K

m
)
, the following holds:

E[
1

m

T∑
t=1

∑
i∈St

ℓ(pi,t, rt)− min
S:|S|=m

1

m

T∑
t=1

∑
j∈S

ℓ(pj,t, rt)] ≤ O(
√

BT ln(
K

m
)).

Using the result of Theorem 10.5.2, we have |pi,t − bi,t| = |p∗i,t − bi,t| ≤ 2B
η−2B . Moreover, one

can easily show that the quadratic loss function is 2-Lipschitz. Therefore, for all t ∈ [T ] and

i ∈ [K], we have:

|ℓ(pi,t, rt)− ℓ(bi,t, rt)| ≤
4B

η − 2B
.

Putting the above results together, we can obtain the following regret bound for the FTPL

algorithm.

E[1-RT ] = E[
1

m

T∑
t=1

∑
i∈St

ℓ(bi,t, rt)− min
S:|S|=m

1

m

T∑
t=1

∑
j∈S

ℓ(bj,t, rt)] ≤ O(
√
BT ln(

K

m
))+

8BT

η − 2B
.

Given that η =
√

BT
ln(K

m
)
in Theorem 10.5.3, the expected regret bound is O(

√
BT ln(Km )).

This result is summarized in the following theorem.

Theorem 10.5.4 For the FTPL algorithm with noise distribution D satisfying Condition

10.5.1 with the constant B > 0, if we set η =
√

BT
ln(K

m
)
, the regret bound is O(

√
BT ln(Km )).

In order to ensure approximate incentive compatibility, the probability density function of

the noise distribution f needs to be such that f(z)
f(z+1) does not grow to infinity for very large

z. One way to enforce this condition is via a Lipschitzness assumption on ln f . Condition

10.5.1 implies that ln f is B-Lipschitz. That is why smaller values of B lead to better

approximate incentive compatibility which in turn results in smaller regret bounds (given
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that the term 4TC appears in the regret bound where C is the bound on the approximate

incentive-compatibility derived in Theorem 10.5.2).

We can use the FTPL algorithm to obtain results for the partial information setting as well. [2]

showed that if the hazard rate of the noise distribution is bounded by B, applying the FTPL

algorithm to the partial information setting for the 1-expert problem leads to O(
√
BKT lnK)

regret bounds. Using the result of Theorem 10.5.1, we know that if Condition 10.5.1 holds,

the hazard rate is bounded. Therefore, if the noise distribution satisfies Condition 10.5.1,

FTPL applied to the m-experts problem is approximately incentive-compatible and achieves

O(
√
BKT ln(Km )) regret bound.

10.6 Online distorted greedy algorithm

In this section, we study the setting where the utility function is submodular. In this case,

we have ft(St) = 1−
∏

i∈St
ℓi,t = 1−

∏
i∈St

ℓ(bi,t, rt). The problem in this setting could be

written as an online monotone submodular maximization problem subject to a cardinality

constraint of size m. [195] proposed the online greedy algorithm for this problem whose

(1− 1
e )-regret is bounded by O(

√
mT lnK). The algorithm works as follows: There are m

instantiations A1, . . . ,Am of no-regret algorithms for the 1-expert problem. At each round

t ∈ [T ], Ai selects an expert vi,t ∈ [K] and the set St = {v1,t, . . . , vm,t} is selected. Ai

observes the reward ft(vi,t|Si−1,t) where Sj,t = {v1,t, . . . , vj,t}.

Inspired by Algorithm 1 of [101] for online monotone submodular maximization subject to a

matroid constraint, we propose the online distorted greedy in Algorithm 1 for the special

case of a cardinality constraint. The algorithm is similar to the online greedy algorithm of

[195] discussed above. However, in the online distorted greedy algorithm, after choosing the

set St and observing the function ft, we first compute the modular lower bound ht defined as

ht(S) =
∑

i∈S ft(i|[K] \ {i}). We define gt = ft − ht. Note that gt is monotone submodular

as well. The reward of Ai for choosing vi,t at round t is (1− 1
m)m−igt(vi,t|Si−1,t) + ht(vi,t)

(in case vi,t ∈ Si−1,t, we repeatedly take samples from the weight distribution of Ai over the

experts until we observe an expert not in the set Si−1,t). This technique was first introduced
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Algorithm 1 Online distorted greedy algorithm

Initialization: Initialize m instances A1, . . . ,Am of online algorithms for the 1-expert

problem.

for t = 1, . . . , T do

for i = 1, . . . ,m do

Ai chooses the expert vi,t and Si,t = {v1,t, . . . , vi,t}.

end for

Play the set St = Sm,t = {v1,t, . . . , vm,t} and observe ft.

Compute the modular function ht(S) =
∑

i∈S ft(i|[K] \ {i}) and set gt = ft − ht.

for i = 1, . . . ,m do

Feedback the cost −(1− 1
m)m−igt(vi,t|Si−1,t)− ht(vi,t) to Ai.

end for

end for

by [83] for the corresponding offline problem and it allows us to obtain (1− cf
e )-regret bounds

(where f =
∑T

t=1 ft) with the optimal approximation ratio (optimality was shown by [197])

instead of the (1− 1
e )-regret bounds for the online greedy algorithm.

One particular choice for {Ai}mi=1 is the WSU algorithm of [89]. We summarize the result

for this choice in the theorem below.

Theorem 10.6.1 For all i ∈ [m], let Ai be an instantiation of the WSU algorithm of [89]

for the 1-expert problem and denote f =
∑T

t=1 ft. The online distorted greedy algorithm

applied to the m-experts problem obtains the following regret bound:

E[(1−
cf
e
)-RT ] ≤

m∑
i=1

R
(i)
T ,

where R
(i)
T is the regret of algorithm Ai. If cf = 0, the algorithm is incentive-compatible.

If cf ∈ (0, 1], we can use the online greedy algorithm of [195] instead to ensure incentive com-

patibility while maintaining similar bounds for the (1− 1
e )-regret. [89] provided O(

√
T lnK)
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regret bounds for the WSU algorithm. If we plug in this bound in the result of Theorem

10.6.1, the regret bound of the online distorted greedy algorithm is O(m
√
T lnK). However,

this bound depends linearly on m which is suboptimal. To remedy this issue, we first provide

an adaptive regret bound for the WSU algorithm below.

Theorem 10.6.2 The regret of the WSU algorithm of [89] is bounded by O(
√
|LT | lnK +

lnK) where |LT | is the cumulative absolute loss of the algorithm.

Note that the bound in Theorem 10.6.2 adapts to the hardness of the problem. In the

worst case, we have |LT | = T and recover the O(
√
T lnK) bound proved in [89]. However,

for smaller values of |LT |, the bound in Theorem 10.6.2 improves that of [89]. For the

non-strategic setting with modular utilities, [124] proposed the Component Hedge (CH)

algorithm and obtained a regret bound of
√
2mℓ∗ ln(Km )+m ln(Km ) where ℓ∗ is the cumulative

loss of the best-chosen set in hindsight. They also gave a matching lower bound for this

problem. Applying the same analysis as in Theorem 10.6.2 to the setting of the naive

approach with
(
K
m

)
meta-experts, we can show that the regret bound of WSU matches the

above lower bound.

We can use the above adaptive regret bound to improve the regret bound of the online

distorted greedy algorithm. First, note that at round t ∈ [T ], the sum of the absolute value

of losses incurred by {Ai}mi=1 is bounded as follows:

m∑
i=1

(
(1− 1

m
)m−igt(vi,t|Si−1,t) + ht(vi,t)

)
≤

m∑
i=1

(
gt(vi,t|Si−1,t) + ht(vi,t)

)︸ ︷︷ ︸
=ft(vi,t|Si−1,t)

= ft(St) ≤ 1.

Therefore, if we denote the cumulative absolute losses incurred by Ai with |L(i)
T |, we have:

m∑
i=1

|L(i)
T | ≤ T.

Using the result of Theorem 10.6.2, we know that the regret bound of the online distorted

greedy algorithm is
∑m

i=1

√
|L(i)

T | lnK+m lnK.
∑m

i=1

√
|L(i)

T | is maximized when |L(i)
T | =

T
m

for all i ∈ [m]. Thus, in the worst case, the expected (1− cf
e )-regret bound is O(

√
mT lnK +

m lnK).
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While we focused on submodular utility functions in this section, we can also apply the

online distorted greedy algorithm to the setting with modular utilities. In this case, we have

cf = 0, and therefore, the algorithm is incentive-compatible and its 1-regret is bounded by

O(
√
mT lnK +m lnK). Unlike the FTPL algorithm which is only approximately incentive-

compatible, the online distorted greedy algorithm applied to modular utility functions is

incentive-compatible. However, this comes at the price of an extra
√
m term in the regret

bound.

10.7 Performative prediction with strategic experts

in real-world applications, the predictions can influence the state of the world, i.e., the

predictions are performative. For instance, the prediction of a high rate of inflation might

result in people buying goods before their cash reserves depreciate too much, thereby causing

inflation.

[166] considered an offline problem with a principal and an expert. The expert could be

either a human or an AI system. The principal aims to elicit honest predictions about

a binary event from the expert. The expert’s goal is to report a prediction p such that

the expected loss given by a proper loss function ℓ is minimized. In order to model the

performative predictions, [166] assumed that there is a function f : [0, 1]→ [0, 1] such that

b = f(p) where b is the expert’s belief about the binary outcome. In other words, given the

prediction p, the expert’s belief over the outcome varies according to the function f . They

assumed that f is only known to the expert (not the principal).

The loss function ℓ is called proper if Er∼Bern(b)ℓ(b, r) ≤ Er∼Bern(b)ℓ(p, r) for all b ∈ [0, 1], r ∈

{0, 1}, p ̸= b (Bern(b) denotes a Bernoulli distribution with probability of success b). It is

called strictly proper if the inequality is strict for all p ̸= b. [94] showed that ℓ is (strictly)

proper if and only if there exists a (strictly) convex function G : [0, 1] → R̄ such that the

following holds for all p ∈ [0, 1], r ∈ {0, 1}:

ℓ(p, r) = −G(p) + (p− r)G′(p).
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A prediction p is performatively optimal if p ∈ argminp∈[0,1] Er∼Bern(f(p))ℓ(p, r). The expert

aims to report a performatively optimal prediction.

A point p is a fixed point if f(p) = p. From the principal’s perspective, fixed points (or

approximately fixed points) are standards of honesty. If |p− f(p)| is small, the principal can

draw useful conclusions from the reports. We will use this notion for the online problem. If

f is continuous, a fixed point p always exists. Moreover, if f is Lipschitz continuous with

parameter Lf < 1, then the fixed point is unique.

[166] showed that fixed points are in general not performatively optimal. Moreover, they

showed that if f is Lf -Lipschitz, G is LG-Lipschitz, and G is γ-strongly convex, we have

|p − f(p)| ≤ LfLG

γ where p is the performatively optimal prediction. Also, if Lf < 1, the

fixed point p∗ is unique and |p− p∗| ≤ LfLG

γ(1−Lf )
.

[53] also studied the binary prediction problem with performative predictions. In particular,

they focused on two choices of f (p∗ is the prior belief): 1) Drift model: f(p) = αp+(1−α)p∗,

and 2) Reversion model: f(p) =
(
4(p − 0.5)2

)
0.5 +

(
1 − 4(p − 0.5)2

)
p∗. The drift model

applies to settings such as the prediction of inflation rate where predicting a high inflation

rate results in people buying goods before their cash reserves depreciate too much and this

in turn leads to inflation itself. In particular, large values of α correspond to self-fulfilling

prophecies. The reversion model applies to settings where predicting an extreme value (e.g.,

close to 0 or 1) leads to the probability of outcome closer to 0.5, i.e., the event becomes

less predictable. For instance, a prediction that one election candidate will win with near

certainty might lead her fans not to show up to vote, resulting in a tighter election result.

[53] showed that under proper scoring rules and the above two choices of f , the fixed point

p∗ is not the expert’s performatively optimal report.

In our work, we study the 1-expert problem with performative predictions, and we use the

incentive-compatible WSU algorithm of [89] and obtain O(
√
T lnK) regret bounds under

some assumptions on ℓ and f .
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10.7.1 Problem formulation

In this problem, there are K experts available and each expert makes probabilistic predictions

about a sequence of T binary outcomes. At round t ∈ [T ], each expert i ∈ [K] has a private

prior belief bi,t ∈ [0, 1] about the outcome rt ∈ {0, 1}, where rt and {bi,t}Ki=1 are chosen

adversarially. Moreover, each expert i has a function fi,t : [0, 1] → [0, 1] that maps the

prediction to the outcome, i.e., fi,t(p) = b. Expert i reports pi,t ∈ [0, 1] as her prediction

to the learner. Then, the learner makes her prediction
∑K

i=1 πi,tpi,t (where
∑K

i=1 πi,t = 1

and πi,t ≥ 0 ∀i ∈ [K]) and upon committing to this prediction, the outcome rt ∈ {0, 1} is

revealed, and the learner and expert i incur a loss of ℓt = ℓ
(∑K

j=1 πj,tfj,t(π
T
t pt), rt

)
and

ℓi,t = ℓ
(
fi,t(π

T
t pt), rt

)
respectively where ℓ : [0, 1]× {0, 1} → [0, 1] is a proper loss function

(note that the losses are defined with respect to the true beliefs of the experts). From the

perspective of expert i, the outcome rt is sampled according to a Bernoulli distribution

with probability of success fi,t(π
T
t pt). The goal of the learner is to minimize the regret and

also incentivize experts to (approximately) report their private beliefs at each round, i.e.,

the learner’s algorithm should be designed such that the reported prediction of expert i,

pi,t = argminp∈[0,1]

(
fi,t

(∑K
j ̸=i πj,tpj,t+πi,tp

)
ℓ(p, 1)+

(
1− fi,t

(∑K
j ̸=i πj,tpj,t+πi,tp

))
ℓ(p, 0)

)
is close to fi,t(π

T
t pt).

To define the regret metric, we also need to specify the benchmark. Consider the algorithms

{Ai}Ki=1 where algorithm Ai always chooses expert i at all rounds. At round t ∈ [T ], expert

i aims to report p∗i,t to algorithm Ai to minimize the following:

E
rt∼Bern

(
fi,t(pi,t)

)ℓ(pi,t, rt) = fi,t(pi,t)ℓ(pi,t, 1) + (1− fi,t(pi,t))ℓ(pi,t, 0).

Now, we can define the regret metric as follows:

RT =
T∑
t=1

ℓ
( K∑
j=1

πj,tfj,t(π
T
t pt), rt

)
− min

i∈[K]

T∑
t=1

ℓ(fi,t(p
∗
i,t), rt).

[166] studied an offline framework, called the “prediction markets”, that is very similar to

our setting. To be precise, they considered a setting with K traders where each trader

submits a single prediction and gets scored according to a proper scoring rule. Each player
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i ∈ [K] has an associated number ωi ∈ [0, 1] (such that
∑K

i=1 ωi = 1) that represents the

fraction of overall capital in the market provided by player i (similar to the expert weights

πi,t in our framework). Each player i is scored according to a strictly proper loss function

ℓ and the player i aims to minimize their expected loss ℓ(pi, f(ω
T p)). In the game, all

players simultaneously provide their prediction {pi}i∈[K] which is the pure strategy Nash

equilibrium. Then, the binary event is sampled according to a Bernoulli distribution with

success probability b = f(ωT p). The authors proved that if f is Lf -Lipschitz, G is LG-

Lipschitz, and G is γ-strongly convex, we have |f(ωT p)− pi| ≤
ωiLfLG

γ for all i ∈ [K].

In our setting, each expert i ∈ [K] has separate belief functions {fi,t}t∈[T ] that map the

learner’s prediction to their belief. At round t ∈ [T ], expert i ∈ [K] aims to minimize her

expected loss defined as follows:

E
rt∼Bern

(
fi,t(πT

t pt)
)ℓ(pi,t, rt) = fi,t(π

T
t pt)ℓ(pi,t, 1) + (1− fi,t(π

T
t pt))ℓ(pi,t, 0).

Because the loss of each player depends on the actions of others, this could be characterized

as a game between the K experts where each expert aims to minimize her expected loss

defined above. We first show the following result.

Theorem 10.7.1 For quadratic loss function (i.e., G(p) = p2 − p) and the drift model for

{fi,t}i∈[K],t∈[T ] (i.e., fi,t(p) = αp+ (1− α)bi,t) with α < 0.5, the aforementioned K-person

game is convex.

Therefore, we can use the result of [177] to conclude that the pure strategy Nash equilibrium

{pi,t}i∈[K] exists at each round t ∈ [T ] and is unique.

We provide the main result of the paper in the following theorem.

Theorem 10.7.2 Let the loss function be quadratic (i.e., G(p) = p2 − p) and assume the

drift model for {fi,t}i∈[K],t∈[T ] (i.e., fi,t(p) = αp+ (1− α)bi,t). Using the WSU algorithm of

[89], if α = O(
√

lnK
T ), the regret bound is O(

√
T lnK), i.e., performative predictions do not

lead to worse regret guarantees.
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10.8 Experiments

In this section, we evaluate the performance of our proposed algorithms for modular utility

functions on a publicly available dataset from a FiveThirtyEight forecasting competition4 in

which forecasters make predictions about the match outcomes of the 2022–2023 National

Football League (NFL). Before each match, FiveThirtyEight provides information on the

past performance of the two opposing teams. Forecasters observe this information and make

probabilistic predictions about the likelihood of each team winning the match. Considering

that there are 284 different matches in the dataset, we set T = 284. Out of the 9982

forecasters who participated in this competition, only 274 made predictions for every

single match. We consider two cases: K = 20 and K = 100. To reduce variance, for

each case, we sample 5 groups of K forecasters from the 274 and run FTPL and Online

Distorted Greedy (ODG) 10 times. We set m = 5. Given that FTPL is only approximately

incentive-compatible and according to the result of Theorem 10.5.2, the reported beliefs

could be 2B
η−2B distant from the true beliefs, we add a uniformly random value in the

range [ −2B
η−2B , 2B

η−2B ] to the true beliefs to model this fact. We use the standard Laplace

distribution as the perturbation for FTPL. Hence, we set B = 1. For both algorithms,

the step size η is chosen according to our theoretical results. In Figure 10.1, we plot

the average regret 1
tE

[
maxS⊆[K]:|S|=m

∑t
τ=1 fτ (S) −

∑t
τ=1 fτ (Sτ )

]
of the two algorithms

over time (along with error bands corresponding to 20th and 80th percentiles) along with

that of the FiveThirtyEight aggregated predictions for K = 20 and K = 100 settings.

Note that while our proposed algorithms choose m predictions at each round t ∈ [T ], the

FiveThirtyEight aggregated prediction is a single scalar value. The plots suggest that while

the regret of all three algorithms converges to zero as t gets larger, both our proposed

algorithms have superior performance compared to that of the FiveThirtyEight predictions.

4https://github.com/fivethirtyeight/nfl-elo-game
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(a) (b)

Figure 10.1: Running average of regret over time for (a) K = 20 and (b) K = 100.

10.9 Conclusion and future directions

In this chapter, we studied the m-experts problem, a generalization of the standard binary

prediction with expert advice problem where at each round t ∈ [T ]: 1) The algorithm

is allowed to pick m ≥ 1 experts and its utility is a modular or submodular function of

the chosen experts, and 2) The experts are strategic and may misreport their true beliefs

about the t-th event to increase their probability of being chosen at the next round (round

t+ 1). The goal is to design algorithms that incentivize experts to report truthfully (i.e.,

incentive-compatible) and obtain sublinear regret bounds with respect to the true beliefs of

the experts (i.e., no-regret). We proposed two algorithmic frameworks for this problem. In

Section 10.5, we introduced the Follow the Perturbed Leader (FTPL) algorithm. Under a

certain condition for the noise distribution (Condition 10.5.1), this algorithm is approximately

incentive-compatible and achieves sublinear regret bounds for modular utility functions.

Moreover, in Section 10.6, we proposed the online distorted greedy algorithm that applies

to both modular and submodular utility functions. This algorithm is incentive-compatible

but its regret bound is slightly worse than that of FTPL. Moreover, we studied the 1-expert
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problem under the assumption that experts are strategic and the predictions are performative.

We showed that for a particular choice of the loss function and the belief mapping function,

if the influence of the predictions on outcomes is bounded, the standard O(
√
T lnK) regret

bound could be obtained, i.e., the performative prediction setting does not lead to worse

regret guarantees.

This work could be extended in several interesting directions. First, none of the algorithms

discussed here or in prior works have taken into account the properties of the quadratic

loss function. In particular, this loss function is exp-concave, and [121] showed that for

exp-concave loss functions in the 1-expert problem, the regret bound could be improved to

O(lnK) using the Hedge algorithm without the incentive compatibility property. Designing

incentive-compatible algorithms with similarly improved regret bounds for the 1-expert

and m-experts problems is yet to be done. To obtain the O(lnK) regret bound for the

1-expert problem (with squared loss) using the Hedge algorithm, the algorithm makes a

single prediction
∑K

i=1 πi,tpi,t at round t ∈ [T ] and its loss is (
∑K

i=1 πi,tpi,t − rt)
2. In other

words, choosing an expert i ∈ [K] with probability πi,t at round t is not good enough to

obtain the improved O(lnK) regret bound. Moving on to the m-expert problem, the main

challenge for obtaining regret bounds better than O(
√
T ) is to decide how to aggregate

the K predictions as m scalar values. Second, while we focused on the particular choice of

quadratic loss functions, the setting could be extended to other loss functions as well. It is

not clear to what extent our results hold when moving beyond the quadratic loss function.

Moreover, [139] introduced a framework for augmenting online algorithms for various online

problems with predictions or pieces of advice. An interesting future research direction is

to extend this setting to the case where the predictions are given by strategic experts and

study incentive compatibility guarantees for online problems beyond the m-experts problem.

Finally, it is interesting to study the performative binary prediction problem with strategic

experts under more general choices of the loss function and the belief mapping function and

see if our results could be extended.
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Appendix A

APPENDIX OF CHAPTER 3

A.1 Motivating applications

There are several online budgeted discrete submodular problems whose continuous general-

ization could be cast in our framework. We have listed a number of these applications below:

Online knapsack constrained continuous DR-submodular maximization. In the

discrete problem considered in [140], there is a ground set of elements V and a budget

constraint b ∈ R+. At step t ∈ [m], an element v ∈ V with the corresponding cost c(v) ∈ R+

arrives online, and we should decide whether to choose v. The overall objective is as follows:

maximize F (V ′)

subject to
∑

v∈V ′ c(v) ≤ b

V ′ ⊆ V

,

where F : 2V → R+ is a monotone non-decreasing submodular function and V ′ is the set

of chosen elements. Note that at each step, the value of the function is only known over

subsets of items that have already arrived.

Consider the continuous relaxation of this problem where at each step, we are allowed to

take a fraction of the arriving element. This problem could be formulated as:

maximize f(x)

subject to
∑m

t=1 ctxt ≤ b

0 ≤ xt ≤ 1 ∀t ∈ [m]

,

where x = [x1, . . . , xm]T , ct ∈ R+ is the cost corresponding to the t-th arriving element and

f : [0, 1]m → R+ is the multilinear extension of the function F .

Online generalized maximum coverage problem. In this problem, there are m subsets

C1, . . . , Cm of the ground set V with corresponding costs c1, . . . , cm that are arriving one
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by one. At step t ∈ [m], subset Ct could be chosen with confidence level xt ∈ [0, 1] and the

set of covered elements when choosing Ct with confidence xt is modeled with a monotone

normalized covering function pt : [0, 1]→ 2Ct which is not known in advance and is revealed

online. The goal is to choose subsets from C1, . . . , Cm with confidence level to maximize

the overall number of covered elements |
⋃m

t=1 pt(xt)| while satisfying the budget constraint∑m
t=1 ctxt ≤ b. The problem could be formulated as follows:

maximize |
⋃m

t=1 pt(xt)|

subject to
∑m

t=1 ctxt ≤ b

0 ≤ xt ≤ 1 ∀t ∈ [m]

.

Online continuous DR-submodular welfare maximization. In the submodular welfare

problem, there is a setM = {1, . . . ,m} ofm items and a set N = {1, . . . , n} of n agents. Each

agent i ∈ N has a valuation function Fi : 2
M → R+ over subsets of items. Valuation functions

are assumed to be submodular and monotone non-decreasing. In this problem, the goal is

to partition the items among the agents as S = (S1, . . . , Sn), where Ss ∩ St = ∅ ∀s, t ∈ N

and ∪ns=1Ss = M , in a way that the value of the partition F (S) =
∑n

i=1 Fi(Si) is maximized

[201]. Now, consider the continuous relaxation of this problem in the online setting: Each

agent has a valuation function fi : [0, 1]
M → R+ which is the multilinear extension of the

submodular function Fi. At step t ∈ M , item t arrives, and the valuations of agents over

subsets of items {1, . . . , t} are accessible. The algorithm should assign item t fractionally

among the agents to maximize the aggregate valuation. The problem could be written as:

maximize
∑n

i=1 fi(x̂i)

subject to
∑n

i=1 xit ≤ 1 ∀t ∈M

xit ≥ 0 ∀i ∈ [n], t ∈ [m]

,

where x̂i = [xi1, . . . , xim]T . Note that in this problem, there are no budget constraints.

Online DR-submodular generalized assignment problem. In this problem, there

are n bins and m items. Each bin i ∈ [n] has an associated collection of feasible sets given

by the knapsack constraint Fi = {S ⊂ [m] :
∑

j∈S cij ≤ bi} and a monotone submodular
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valuation function Fi : {0, 1}m → R+ which captures the diversity of the items in each bin.

In the online setting, the set of items t ∈ [m] arrive one by one, and upon arrival of each

item t, cit and values of the functions Fi over subsets of {1, . . . , t} for all i ∈ [n] are revealed.

The goal is to partition the items among the bins so that the aggregate valuation of the

partition is maximized. If the valuation function Fi is modular for all i ∈ [n], this problem

reduces to the Generalized Assignment Problem (GAP) [201]. Now, consider the continuous

relaxation of this online problem where fractional assignments of items to bins are possible.

The problem could be formulated as:

maximize
∑n

i=1 fi(x̂i)

subject to
∑n

i=1 xit ≤ 1 ∀t ∈ [m]∑m
t=1 citxit ≤ bi ∀i ∈ [n]

,

where x̂i = [xi1, . . . , xim]T and fi : [0, 1]m → R+ is the multilinear extension of the

submodular valuation function Fi of the i-th bin.

A.2 Derivation of the dual problem

Let

IFt(x) =

{
∞ o.w. ,

i.e., the convex indicator function of the set Ft.

Remember the offline constrained optimization problem:

maximize
∑n

i=1Hi(x̂i)

subject to xt ∈ Ft ⊆ Rn
+ ∀t ∈ [m]

ĉTi x̂i ≤ 1 ∀i ∈ [n]

. (A.1)

We can equivalently write the optimization problem as follows:

maximize
∑n

i=1Hi(d̂i)

subject to xt ∈ Ft ⊆ Rn
+ ∀t ∈ [m]

ĉTi x̂i ≤ 1 ∀i ∈ [n]

d̂i = x̂i ∀i ∈ [n]

. (A.2)
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We derive the dual of problem (A.2) below:

g(ŷi, zi) = inf
d̂i,êi,X

n∑
i=1

−Hi(d̂i) +

n∑
i=1

ŷTi (d̂i −


xi1
...

xim

) +
n∑

i=1

zi
(
ĉTi


xi1
...

xim

− 1
)
+

m∑
t=1

IFt(xt)

=

n∑
i=1

inf
d̂i

(
ŷTi d̂i −Hi(d̂i)

)
−

n∑
i=1

zi +

m∑
t=1

inf
xt∈Ft

(
IFt(xt)− ⟨


y1t − z1c1t

...

ynt − zncnt


︸ ︷︷ ︸

vt

, xt⟩
)

=
n∑

i=1

H∗
i (ŷi)−

n∑
i=1

zi −
m∑
t=1

sup
xt∈Ft

(
⟨vt, xt⟩ − IFt(xt)

)
=

n∑
i=1

H∗
i (ŷi)−

n∑
i=1

zi −
m∑
t=1

σFt(vt),

where ŷi = [yi1, . . . , yim]T , σFt(u) = supw∈Ft
wTu is the support function of the set Ft and

H∗
i (u) = infw

(
wTu−Hi(w)

)
is the concave conjugate function of Hi. Therefore, the dual

problem is:

minimize
∑m

t=1 σFt

(
vt
)
−
∑n

i=1H
∗
i (ŷi) +

∑n
i=1 zi

subject to zi ≥ 0 ∀i ∈ [n]
.

A.3 Connection between submodular total curvature and α

First, note that f , i.e., the multilinear extension of the discrete submodular function F ,

satisfies the DR property and f(0) = 0. Since f is linear in each of its arguments, we can

write:

⟨∇f(x), x⟩ =
∑
t

ES∼x[F (S ∪ {t})− F (S \ {t})]xt. (A.3)

Depending on whether t ∈ S or not, one of the terms
(
F (S∪{t})−F (S)

)
or

(
F (S)−F (S\{t})

)
would be zero. So, by definition of total curvature of F , i.e., κF , we have:

F (S ∪ {t})− F (S \ {t}) =
(
F (S ∪ {t})− F (S)

)
+
(
F (S)− F (S \ {t})

)
≥ (1− κF )F ({t}). (A.4)
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Combining (A.3) and (A.4), we have:

⟨∇f(x), x⟩ ≥ (1− κF )
∑
t

xtF ({t}). (A.5)

Defining x̂t = [x1, . . . , xt, 0, . . . , 0]
T , we can write:

f(x) =
∑
t

(
f(x̂t)− f(x̂t−1)

)
=

∑
t

xt∇tf(x̂t−1).

Since F ({t}) = f(1t) = f(1t) − f(0) = ∇tf(0), using the DR property of the function f ,

∇tf(0) ≥ ∇tf(x̂t−1) and therefore, we have:

f(x) ≤
∑
t

xtF ({t}). (A.6)

Combining (A.5) and (A.6), we conclude:

⟨∇f(x), x⟩ ≥ (1− κF )f(x)

⟨∇f(x), x⟩
f(x)

≥ (1− κF )

αf ≥ −κF .

As a corollary, since αf ∈ [−1, 0] and κF ∈ [0, 1], if κF = 0 (i.e., F is modular), we can

conclude that αF = 0 as well.

Example A.3.1 Consider the Ising model with nonpositive pairwise interactions [26]:

F (v) =
∑
i∈[m]

θivi +
∑
i<j

θijvivj .

where v ∈ {0, 1}V , |V | = m, θi ≥ 0, θij ≤ 0 and θi ≥
∑

j: j<i |θji| +
∑

j: j>i |θij | for all

i, j ∈ [m] such that i ̸= j. Under these assumptions, this class of functions are monotone

submodular.

The multilinear extension of this function could be easily derived as follows:

f(x) =
∑
i∈n

θixi +
∑
i<j

θijxixj .
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The gradient of this function could be written in the following way:

∇if(x) = θi +
∑
j: j<i

θjixj +
∑
j: j>i

θijxj ∀i ∈ [n].

As a simple example, consider F (v) = 2v1 + v2 + 2v3 − v1v3, its multilinear extension

f(x) = 2x1 + x2 + 2x3 − x1x3 and assume its corresponding linear packing constraint to be

P = {x ∈ [0, 1]3 : 0.5x1 + 0.6x2 + 0.75x3 ≤ 1}.

For κF , we have:

κF = 1− min
j:F (j)̸=0

F (j|(V \ j))
F (j)

= 1−min{1
2
,
1

1
,
1

2
}

=
1

2
.

αf could be computed as follows:

αf = inf
x∈P

⟨∇f(x), x⟩
f(x)

− 1

= inf
x∈P

2x1 + x2 + 2x3 − 2x1x3
2x1 + x2 + 2x3 − x1x3

− 1

= inf
x∈P

−x1x3
2x1 + x2 + 2x3 − x1x3

=
−1
4
.

A.4 Missing proofs

A.4.1 Proof of Lemma 3.4.1

Considering that ∥x∥2 ≤ λ holds for all x ∈ Ft and t ∈ [m], we can write:

Pgseq =

n∑
i=1

(
Hi(ωim(K)) +Gi((ĉ

T
i ωim(K))

)
=

n∑
i=1

m∑
t=1

(
(Hi(ωit(K))−Hi(ωit(0))

)
+

n∑
i=1

m∑
t=1

(
Gi(ĉ

T
i ωit(K))−Giĉ

T
i ωit(0)))

)
=

n∑
i=1

m∑
t=1

K∑
k=1

(
(Hi(ωit(k))−Hi(ωit(k − 1))

)
+

n∑
i=1

m∑
t=1

K∑
k=1

(
Gi((ĉ

T
i ωit(k))−Gi(ĉ

T
i ωit(k − 1)))

)
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(a)

≥
n∑

i=1

m∑
t=1

K∑
k=1

( 1

K
[vt(k)]i∇tHi(ωit(k − 1))− L

2K2
[vt(k)]

2
i

)
+

n∑
i=1

m∑
t=1

K∑
k=1

( 1

K
cit[vt(k)]iG

′
i(ĉ

T
i ωit(k − 1))− Lc2it

2K2
[vt(k)]

2
i

)
(b)

≥
n∑

i=1

m∑
t=1

K∑
k=1

( 1

K
[vt(k)]i∇tHi(ωit(k − 1))

)
− Lmλ2

2K

+
n∑

i=1

m∑
t=1

K∑
k=1

( 1

K
cit[vt(k)]iG

′
i(ĉ

T
i ωit(k − 1))

)
− Lmλ2

2K

=

m∑
t=1

K∑
k=1

1

K
⟨vt(k), dt(k − 1)⟩ − Lmλ2

K

(c)
=

m∑
t=1

K∑
k=1

1

K
σFt(dt(k − 1))− Lmλ2

K

(d)

≥
m∑
t=1

σFt(
1

K

K∑
k=1

dt(k − 1))− Lmλ2

K
,

where (a) is due to Assumption 1, (b) follows from ∥x∥2 ≤ λ ∀x ∈ Ft, t ∈ [m], (c) uses the

update rule of the generalized sequential algorithm and (d) is a result of subadditivity of the

support function σFt .

By definition, for all t ∈ [m], i ∈ [n] and k ∈ {0, . . . ,K}, we have [dt(k)]i := ∇tHi

(
ωit(k)

)
+

citG
′
i

(
ĉTi ωit(k)

)
. Since Hi is a continuous DR-submodular function, and that ωit(k − 1) ⪯

ωit(K) holds, ∇tHi

(
ωit(K)

)
≤ ∇tHi

(
ωit(k − 1)

)
follows. Additionally, G′

i

(
ĉTi ωit(K)

)
≤

G′
i

(
ĉTi ωit(k − 1)

)
holds due to concavity of the penalty function Gi (equivalently, G

′
i being

non-increasing). Combining these results, we have:

dt(K) ⪯ dt(k − 1)

dt(K) ⪯ 1

K

K∑
k=1

dt(k − 1)

xTdt(K) ≤ 1

K
xT

K∑
k=1

dt(k − 1), (A.7)
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for x ∈ Ft ⊂ Rn
+, i.e., x being element-wise non-negative. Taking supremum of (A.7) over all

x ∈ Ft, we obtain:

σFt(dt(K)) ≤ σFt(
1

K

K∑
k=1

dt(k − 1)).

Therefore, we have:

ALG ≥
m∑
t=1

σFt(dt(K))−
n∑

i=1

Gi(ĉ
T
i ωim(K))− Lmλ2

K
.

A.4.2 Proof of Lemma 3.4.2

First, note that by definition ωit(0) = ωi,t−1(K) and ωi1(0) = 0 holds for all t ∈ [m], i ∈ [n].

Additionally, Hi(0) = 0 holds by assumption for all i ∈ [n]. Therefore, using the mean-value

theorem, we can write:

Hi(ωim(K)) =

m∑
t=1

(
Hi(ωit(K))−Hi(ωit(0))

)
=

m∑
t=1

x̃it∇tHi(ut),

where x̃it = [x̃t]i = [x̃t(K)]i, ut ∈ Rm is the intermediate point in the mean-value theorem

and ωit(0) ⪯ ut ⪯ ωit(K). Thus, we can write:

Li ≤ min
t∈[m]

∇tHi(ut)

cit
≤

Hi

(
ωim(K)

)
ĉTi ωim(K)

=

∑m
t=1 x̃it∇tHi(ut)∑m

t=1 citx̃it
≤ max

t∈[m]

∇tHi(ut)

cit
.



189

Appendix B

APPENDIX OF CHAPTER 4

B.1 Other related work

Bandits with Knapsacks (BwK). This problem was introduced by [16] and its framework

is as follows: there is a fixed set of n arms denoted by X and there are d resources being

consumed. In each round t ∈ [T ], where T is a finite and known time horizon, an algorithm

picks an arm xt ∈ X , and upon committing to this action, it receives a reward rt ∈ [0, 1]

and consumes an amount ct,i ∈ [0, 1] of resource i ∈ [d]. There is a hard budget constraint

Bi ∈ R+ for each resource i ∈ [d] and the algorithm stops as soon as one or more budget

constraint is violated. The overall reward of the algorithm equals the sum of rewards in

all the rounds preceding the stopping time. The goal of the algorithm is to maximize the

expected total reward. Depending on the input model for rewards and costs of the arms,

the BwK has been classified into stochastic BwK and adversarial BwK categories. Our

problem framework considers the adversarial input model for the case with one resource, i.e.,

d = 1. Nonetheless, the BwK problem is different from our setting in the following several

important respects:

• The action set in the BwK problem is discrete and finite whereas we consider convex and

compact domains X ⊂ Rn
+.

• The rewards in the BwK problem are linear in the arms. On the other hand, we consider

a more general class of DR-submodular utility functions.

• The BwK problem only observes bandit feedback for the reward and resource consumption

while we consider the full feedback setting.

• In the BwK problem, the budget constraints are strict and the algorithm stops as soon as

one of the budget constraints is violated. However, in our setting, we allow budget violations
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as long as the total budget violation is sub-linear in the time horizon T .

B.2 Motivating applications

In the following, we present several other applications that could be cast into our framework.

These applications along with the online ad placement problem introduced in Section 4.2

show that the online continuous DR-submodular maximization problem with long-term

budget constraints is indeed well-motivated.

Crowdsourcing markets. In this problem, there exists a requester with a limited budget

BT that submits jobs and benefits from them being completed. There are n types of jobs

available to be assigned to workers arriving online. At each step t ∈ [T ], a worker arrives

and the requester has to assign a bundle xt ∈ X = {x ∈ Rn
+ : 0 ⪯ x ⪯ 1} of the jobs to the

worker. The worker has an unknown private cost [pt]i ∀i ∈ [n] for performing one unit of

the i-th job where [pt]i denotes the i-th entry of vector pt. Therefore, the total cost of the

job assignments to this worker equals ⟨pt, xt⟩. The reward obtained by the requester from

this job assignment is a DR-submodular function ft(xt). The DR property of the utility

function captures the diminishing returns of assigning more jobs to the worker, i.e., as the

number of assigned jobs to the worker increases, she has less time to devote to each fixed job

i ∈ [n] and therefore, the reward (quality of the completed task) obtained from the worker

performing one unit of job i decreases. In other words, if x ⪯ y, ∇if(x) ≥ ∇if(y) ∀i ∈ [n]

holds. The goal is to maximize the overall rewards obtained by the requester while the

budget constraint is not violated as well. Note that if the jobs are indivisible, for all t ∈ [T ],

the utility function ft corresponds to the multilinear extension of the monotone submodular

set function Ft : 2
n → R and using the lossless pipage rounding technique of [46], we allocate

an integral bundle of jobs to the workers at each step.

Welfare maximization with production cost. In this problem, there is a seller who

has n types of products for sale that may be produced on demand using a fixed limited

budget BT . At each step t ∈ [T ], an agent (customer) arrives online and the seller has to

assign a bundle xt ∈ X = {x ∈ Rn
+ : 0 ⪯ x ⪯ 1} of products to the agent. Producing each
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unit of each product i ∈ [n] costs an unknown amount [pt]i and the production cost of the

item may change over time {1, . . . , T} because of the fluctuations of the prices of primitive

resources. Therefore, the total production cost at step t ∈ [T ] equals ⟨pt, xt⟩. The agent

has an unknown private DR-submodular valuation function ft over the items where the DR

property characterizes the diversity of the assigned bundle. Therefore, the utility obtained

by assigning the bundle xt equals ft(xt). The goal is to maximize the overall valuation of

the agents while satisfying the budget constraint of the seller. Note that if the products are

indivisible, for all t ∈ [T ], the utility function ft corresponds to the multilinear extension of

the monotone submodular set function Ft : 2
n → R and using the lossless pipage rounding

technique of [46], we allocate an integral bundle of products to the agents at each step.

B.3 Missing proofs

B.3.1 Proof of Lemma 4.4.1

Since λt+1 = [λt − µ∇λLt(xt, λt)]+ = [(1− δµ2)λt + µgt(xt)]+ and λ1 = 0, we have:

λt+1 ≥ (1− δµ2)λt + µgt(xt)

≥ (1− δµ2)2λt−1 + µgt(xt) + (1− δµ2)µgt−1(xt−1)

≥ µ
t∑

s=1

(1− δµ2)t−sgs(xs) + (1− δµ2)t λ1︸︷︷︸
=0

= µ
t∑

s=1

(1− δµ2)t−sgs(xs).

Similarly, we can derive the other inequality as follows:

λt+1 ≤ |(1− δµ2)λt + µgt(xt)|

≤ (1− δµ2)λt + µ|gt(xt)|

≤ (1− δµ2)2λt−1 + µ|gt(xt)|+ (1− δµ2)µ|gt−1(xt−1)|

≤ µ
t∑

s=1

(1− δµ2)t−s|gs(xs)|+ (1− δµ2)t λ1︸︷︷︸
=0
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= µ
t∑

s=1

(1− δµ2)t−s|gs(xs)|.

B.3.2 Proof of Lemma 4.4.2

We have:

W−1∑
τ=0

λt+τgt+τ (x
∗
W ) =

W−1∑
τ=0

λtgt+τ (x
∗
W ) +

W−1∑
τ=0

(
λt+τ − λt

)
gt+τ (x

∗
W )

≤ λt

W−1∑
τ=0

gt+τ (x
∗
W ) +

W−1∑
τ=0

(
|λt+τ − λt|

)
|gt+τ (x

∗
W )|

(a)

≤ λt

W−1∑
τ=0

gt+τ (x
∗
W ) +

W−1∑
τ=0

( τ∑
s=1

|λt+s − λt+s−1|︸ ︷︷ ︸
(b)

)
|gt+τ (x

∗
W )|︸ ︷︷ ︸

≤G

,

where (a) is due to the triangle inequality.

Using the result of Lemma 4.1, for all non-negative integers r ≥ 1, we can write:

λr ≤ µ

r−1∑
u=1

(1− δµ2)r−1−u |gu(xu)|︸ ︷︷ ︸
≤G

≤ µG

r−1∑
u=1

(1− δµ2)r−1−u

≤ µG

∞∑
u=0

(1− δµ2)u

=
µG

1− (1− δµ2)

=
G

δµ
.

Consider the term (b). If (1− δµ2)λt+s−1 + µgt+s−1(xt+s−1) < 0 (equivalently, −λt+s−1 ≥
µ

1−δµ2 gt+s−1(xt+s−1)), we have:

(b) = | − λt+s−1|

≤ µ

1− δµ2
|gt+s−1(xt+s−1)|

≤ µ

1− δµ2
G
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≤ 2µG.

We will choose parameters δ and µ in our algorithm such that δµ2 ≪ 1 holds.

Otherwise, if (1− δµ2)λt+s−1 + µgt+s−1(xt+s−1) ≥ 0, we have:

(b) = |(1− δµ2)λt+s−1 + µgt+s−1(xt+s−1)− λt+s−1|

= | − δµ2λt+s−1 + µgt+s−1(xt+s−1)|

≤ δµ2λt+s−1 + µ|gt+s−1(xt+s−1)|

≤ δµ2 G

δµ
+ µG

= 2µG.

Therefore, we can write:

W−1∑
τ=0

λt+τgt+τ (x
∗
W ) ≤ λt

W−1∑
τ=0

gt+τ (x
∗
W ) +

W−1∑
τ=0

( τ∑
s=1

2µG
)
G

= λt

W−1∑
τ=0

gt+τ (x
∗
W ) +

W−1∑
τ=0

2µG2τ

= λt

W−1∑
τ=0

gt+τ (x
∗
W ) + µG2W (W − 1).

B.3.3 Proof of Lemma 4.4.3

Fix k ∈ [K]. Using L-smoothness of the function Lt, we have:

Lt(x(k+1)
t , λt) ≥ Lt(x(k)t , λt) +

1

K
⟨∇xLt(x(k)t , λt), v

(k)
t ⟩ −

L

2K2
∥v(k)t ∥22

(a)

≥ Lt(x(k)t , λt) +
1

K
⟨∇xLt(x(k)t , λt), v

(k)
t ⟩ −

LR2

2K2

= Lt(x(k)t , λt) +
1

K
⟨∇xLt(x(k)t , λt), v

(k)
t − x∗W ⟩+

1

K
⟨∇xLt(x(k)t , λt), x

∗
W ⟩ −

LR2

2K2

= Lt(x(k)t , λt) +
1

K
⟨∇xLt(x(k)t , λt), v

(k)
t − x∗W ⟩+

1

K
⟨∇ft(x(k)t ), x∗W ⟩

− 1

K
λt⟨∇gt(x(k)t ), x∗W ⟩ −

LR2

2K2

(b)
= Lt(x(k)t , λt) +

1

K
⟨∇xLt(x(k)t , λt), v

(k)
t − x∗W ⟩+

1

K
⟨∇ft(x(k)t ), x∗W ⟩
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− 1

K
λtgt(x

∗
W )− 1

K
λt

BT

T
− LR2

2K2
,

where (a) is due to the assumption that diam(X ) ≤ R. Note that in order to obtain (b),

we have used linearity of the budget functions for all t ∈ [T ] to write ⟨∇gt(x(k)t ), x∗W ⟩ =

⟨pt, x∗W ⟩ = gt(x
∗
W ) + BT

T . More general assumptions such as convexity would not be enough

for the proof to go through.

Considering that ft(x) is monotone DR-submodular for all t ∈ [T ], we can write:

ft(x
∗
W )− ft(x

(k)
t )

(c)

≤ ft(x
∗
W ∨ x

(k)
t )− ft(x

(k)
t )

(d)

≤ ⟨∇ft(x(k)t ), (x∗W ∨ x
(k)
t )− x

(k)
t ⟩

= ⟨∇ft(x(k)t ), (x∗W − x
(k)
t ) ∨ 0⟩

(e)

≤ ⟨∇ft(x(k)t ), x∗W ⟩,

where for a, b ∈ Rn, a ∨ b denotes the entry-wise maximum of vectors a and b, (c) and (e)

are due to the monotonicity of ft and (d) uses concavity of ft along non-negative directions.

Therefore, we conclude:

Lt(x(k+1)
t , λt) ≥ Lt(x(k)t , λt) +

1

K
⟨∇xLt(x(k)t , λt), v

(k)
t − x∗W ⟩+

1

K

(
ft(x

∗
W )− ft(x

(k)
t )

)
− 1

K
λtgt(x

∗
W )− 1

K
λt

BT

T
− LR2

2K2
.

Equivalently, we can write:

ft(x
∗
W )− ft(x

(k+1)
t ) ≤ (1− 1

K
)
(
ft(x

∗
W )− ft(x

(k)
t )

)
− λt

(
gt(x

(k+1)
t )− gt(x

(k)
t )

)
+

1

K
λtgt(x

∗
W )

+
1

K
λt

BT

T
+

LR2

2K2
+

1

K
⟨∇Lt(x(k)t , λt), x

∗
W − v

(k)
t ⟩

= (1− 1

K
)
(
ft(x

∗
W )− ft(x

(k)
t )

)
+

1

K

[
λt

BT

T
− λt⟨pt, v(k)t ⟩+ λtgt(x

∗
W )

+
LR2

2K
+ ⟨∇Lt(x(k)t , λt), x

∗
W − v

(k)
t ⟩

]
. (B.1)

Replacing t by t+ τ in inequality (B.1) and taking the sum over τ ∈ {0, . . . ,W − 1} and

t ∈ {1, . . . , T −W + 1}, we obtain:

T−W+1∑
t=1

W−1∑
τ=0

(
ft+τ (x

∗
W )− ft+τ (x

(k+1)
t+τ )

)
≤ (1− 1

K
)
T−W+1∑

t=1

W−1∑
τ=0

(
ft+τ (x

∗
W )− ft+τ (x

(k)
t+τ )

)
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+
1

K

T−W+1∑
t=1

W−1∑
τ=0

[
− λt+τ ⟨pt+τ , v

(k)
t+τ ⟩+ λt+τgt+τ (x

∗
W ) + λt+τ

BT

T
+

LR2

2K

+ ⟨∇Lt+τ (x
(k)
t+τ , λt+τ ), x

∗
W − v

(k)
t+τ ⟩

]
. (B.2)

Applying inequality (B.2) recursively for all k ∈ {1, . . . ,K}, we obtain:

T−W+1∑
t=1

W−1∑
τ=0

(
ft+τ (x

∗
W )− ft+τ (x

(K+1)
t+τ︸ ︷︷ ︸
=xt+τ

)
)
≤

ΠK−1
k=0 (1− 1

K
)

T−W+1∑
t=1

W−1∑
τ=0

(
ft+τ (x

∗
W )− ft+τ (x

(0)
t+τ )

)
+

K−1∑
k=0

1

K
ΠK−1

j=k+1(1−
1

K
)
T−W+1∑

t=1

W−1∑
τ=0

[
− λt+τ ⟨pt+τ , v

(k)
t+τ ⟩+ λt+τgt+τ (x

∗
W ) + λt+τ

BT

T
+

LR2

2K

+ ⟨∇Lt+τ (x
(k)
t+τ , λt+τ ), x

∗
W − v

(k)
t+τ ⟩

]
. (B.3)

Using the regret bound of Online Gradient Ascent instance Ek ∀k ∈ [K], the following holds

(Theorem 3.1. of [104]):

T∑
t=1

⟨∇xLt(x(k)t , λt), x
∗
W − v

(k)
t ⟩ =

T∑
t=1

⟨∇xLt(x(k)t , λt), x
∗
W ⟩ −

T∑
t=1

⟨∇xLt(x(k)t , λt), v
(k)
t ⟩

≤ max
x

T∑
t=1

⟨∇xLt(x(k)t , λt), x⟩ −
T∑
t=1

⟨∇xLt(x(k)t , λt), v
(k)
t ⟩

≤ R2

µ
+

µ

2

T∑
t=1

∥∇xLt(x(k)t , λt)∥2

=
R2

µ
+

µ

2

T∑
t=1

∥∇xft(x
(k)
t )− λtpt∥2

(a)

≤ R2

µ
+

µ

2

T∑
t=1

(
2∥∇xft(x

(k)
t )∥2 + 2λ2

t ∥pt∥2
)

(b)

≤ R2

µ
+ β2µT + β2µ

T∑
t=1

λ2
t ,

where (a) uses the inequality ∥a + b∥2 ≤ 2∥a∥2 + 2∥b∥2 ∀a, b ∈ Rn and (b) is due to β-

Lipschitzness of functions ft, gt for all t ∈ [T ].
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Using the inequality (1− 1
K )K ≤ 1

e in (B.3), we have:

T−W+1∑
t=1

W−1∑
τ=0

(
ft+τ (x

∗
W )− ft+τ (xt+τ )

)
≤ 1

e

T−W+1∑
t=1

W−1∑
τ=0

(
ft+τ (x

∗
W )− ft+τ (x

(0)
t+τ )

)
+

T−W+1∑
t=1

W−1∑
τ=0

K−1∑
k=0

1

K

[
− λt+τ ⟨pt+τ , v

(k)
t+τ ⟩+ λt+τgt+τ (x

∗
W )

+ λt+τ
BT

T
+

LR2

2K
+ ⟨∇Lt+τ (x

(k)
t+τ , λt+τ ), x

∗
W − v

(k)
t+τ ⟩

]
=

1

e

T−W+1∑
t=1

W−1∑
τ=0

(
ft+τ (x

∗
W )− ft+τ (0)︸ ︷︷ ︸

=0

)

+
T−W+1∑

t=1

W−1∑
τ=0

[
− λt+τgt+τ (xt+τ )− λt+τ

BT

T

+ λt+τgt+τ (x
∗
W ) + λt+τ

BT

T
+

LR2

2K

+
K−1∑
k=0

1

K
⟨∇Lt+τ (x

(k)
t+τ , λt+τ ), x

∗
W − v

(k)
t+τ ⟩

]
. (B.4)

Rearranging the terms in (B.4), we obtain:

T−W+1∑
t=1

W−1∑
τ=0

(
(1− 1

e
)ft+τ (x

∗
W )− ft+τ (xt+τ )

)
︸ ︷︷ ︸

(a)

+
T−W+1∑

t=1

W−1∑
τ=0

λt+τgt+τ (xt+τ )︸ ︷︷ ︸
(b)

≤

LR2

2K
W (T −W + 1) +

T−W+1∑
t=1

W−1∑
τ=0

λt+τgt+τ (x
∗
W )︸ ︷︷ ︸

(c)

+
K−1∑
k=0

1

K

T−W+1∑
t=1

W−1∑
τ=0

⟨∇Lt+τ (x
(k)
t+τ , λt+τ ), x

∗
W − v

(k)
t+τ ⟩︸ ︷︷ ︸

(d)

.

(B.5)

(a) could be lower bounded as follows:

(a) = WRT −
W−1∑
i=1

(W − i)
(
[(1− 1

e
)fi(x

∗
W )− fi(xi)] + [(1− 1

e
)fT−i+1(x

∗
W )− fT−i+1(xT−i+1)]

)
≥WRT − 2F

W−1∑
i=1

(W − i)

= WRT − FW (W − 1). (B.6)
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Using Lemma 4.1 with (1− δµ2) ≤ 1, we have:

(b) = W
T∑
t=1

λtgt(xt)−
W−1∑
i=1

(W − i)
(
λigi(xi) + λT−i+1gT−i+1(xT−i+1)

)
≥W

T∑
t=1

λtgt(xt)−
W−1∑
i=1

(W − i)
(
µ(i− 1)G2 + µ(T − i)G2

)
≥W

T∑
t=1

λtgt(xt)−
G2

2
µW (W − 1)(T − 1). (B.7)

In order to bound (c), we use Lemma 4.2 and write:

(c) ≤
T−W+1∑

t=1

(
λt

W−1∑
τ=0

gt+τ (x
∗
W )︸ ︷︷ ︸

≤0

+G2µW (W − 1)
)

≤ µG2W (W − 1)(T −W + 1). (B.8)

Finally, for a fixed k ∈ [K], we can bound (d) as follows:

(d) = W
T∑
t=1

⟨∇Lt(x(k)t ), x∗W − v
(k)
t ⟩ −

W−1∑
i=1

(W − i)
(
[⟨∇Li(x(k)i ), x∗W − v

(k)
i ⟩︸ ︷︷ ︸

≥−βR(1+λi)

]

+ [⟨∇LT−i+1(x
(k)
T−i+1), x

∗
W − v

(k)
T−i+1⟩︸ ︷︷ ︸

≥−βR(1+λT−i+1)

]
)

≤ R2W

µ
+ β2µTW + β2µW

T∑
t=1

λ2
t +

W−1∑
i=1

(W − i)
(
2βR+ βR λi︸︷︷︸

≤(i−1)µG

+βR λT−i+1︸ ︷︷ ︸
≤(T−i)µG

)

=
R2W

µ
+ β2µTW + β2µW

T∑
t=1

λ2
t + βRW (W − 1) +

βRG

2
µW (W − 1)(T − 1). (B.9)

Using the regret bound for Online Gradient Descent (Theorem 3.1. of [104]), we have:

T∑
t=1

(
Lt(xt, λt)− Lt(xt, λ)

)
=

T∑
t=1

(
− λtgt(xt) +

δµ

2
λ2
t + λgt(xt)−

δµ

2
λ2

)
≤ λ2

µ
+

µ

2

T∑
t=1

∥∇λLt(xt, λt)∥2

≤ λ2

µ
+

µ

2

T∑
t=1

(
− gt(xt) + δµλt

)2
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(a)

≤ λ2

µ
+

µ

2

T∑
t=1

(2g2t (xt) + 2δ2µ2λ2
t )

≤ λ2

µ
+G2µT + δ2µ3

T∑
t=1

λ2
t , (B.10)

where we use (a+ b)2 ≤ 2a2 + 2b2 ∀a, b ∈ R to derive inequality (a).

Combining (B.5), (B.6), (B.7), (B.8), (B.9) and (B.10), dividing both sides by W and

rearranging the terms, we conclude:

RT + CTλ+
δµ

2

T∑
t=1

λ2
t −

δµ

2
Tλ2 − λ2

µ
≤ (F + βR)(W − 1) +

G

2
(G+ βR)µ(W − 1)(T − 1)

+
R2

µ
+ (G2 + β2)µT +G2µ(W − 1)(T −W + 1)

+
LR2

2K
(T −W + 1) + (δ2µ3 + β2µ)

T∑
t=1

λ2
t .

Note that if T is large enough such that WT ≥ 16R2 holds, we can write:

δ2µ2 + β2 = 16β4.
R2

β2WT
+ β2

=
16R2

WT
β2 + β2

≤ 2β2

=
δ

2
.

Therefore, we can remove the terms
∑T

t=1 λ
2
t from both sides of the inequality. Ignoring

these terms, we obtain the desired result.
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Appendix C

APPENDIX OF CHAPTER 5

C.1 Motivating applications

In the following, to illustrate the generality of our framework, we have listed several interesting

applications that could be cast into our setting.

Online ad allocation. Consider the following online ad placement problem: At round

t ∈ [T ], an advertiser should choose an investment vector xt ∈ Rn
+ over n different websites

where i-th entry of xt denotes the amount that the advertiser is willing to pay per each click

on the ad on the i-th website (i.e., cost per click). In other words, each website has different

tiers of ads, and choosing xt corresponds to ordering a certain type of ad. The aggregate cost

of investment is determined when the number of clicks the ad receives is revealed. Namely,

the cost of such an investment is characterized by pt where the i-th entry of the vector pt

is the number of clicks the ad on the i-th website receives. The stochastic nature of the

number of visitors to these n websites validates our choice of stochastic linear constraint

functions. The advertiser needs to balance her total investment against an allotted long-term

budget BT . At round t ∈ [T ], the advertiser’s utility function ft(xt) is a monotone DR-

submodular function with respect to the vector of investments and this function quantifies

the overall impressions of the ads. DR-submodularity of the utility function characterizes

the diminishing returns property of the impressions. In other words, making an ad more

visible will attract proportionally fewer extra viewers because each website shares a portion

of its visitors with other websites.

Online task assignment in crowdsourcing markets. In this problem, there exists

a requester with a limited budget BT that submits jobs and benefits from them being

completed. There are n types of jobs available to be assigned to workers arriving online. At
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each step t ∈ [T ], a worker arrives and the requester has to assign a bundle xt ∈ X = {x ∈

Rn
+ : 0 ⪯ x ⪯ 1} of the jobs to the worker. The worker has a cost [pt]i ∀i ∈ [n] for performing

one unit of the i-th job where [pt]i denotes the i-th entry of vector pt. The workers’ evaluation

of the cost of performing each of these n jobs is governed by the fluctuations of the wages

in the job market and is stochastic. The reward obtained by the requester from this job

assignment is a DR-submodular function ft(xt). The DR property of the utility function

captures the diminishing returns of assigning more jobs to the worker, i.e., as the number of

assigned jobs to the worker increases, she has less time to devote to each fixed job i ∈ [n] and

therefore, the reward (quality of the completed task) obtained from the worker performing

one unit of job i decreases. In other words, if x ⪯ y, ∇if(x) ≥ ∇if(y) ∀i ∈ [n] holds.

The goal is to maximize the overall rewards obtained by the requester while the budget

constraint is not violated as well. Note that if the jobs are indivisible, for all t ∈ [T ], the

utility function ft corresponds to the multilinear extension of the monotone submodular set

function Ft : 2
n → R and using the lossless pipage rounding technique of [46], we allocate an

integral bundle of jobs to the workers at each step.

Online welfare maximization with production cost [108]. In this problem, there are

n types of products for sale that may be produced on demand using a fixed limited budget

BT . At each step t ∈ [T ], an agent (customer) arrives online and the algorithm has to assign

a bundle xt ∈ X = {x ∈ Rn
+ : 0 ⪯ x ⪯ 1} of products to the agent. Producing each unit of

product i ∈ [n] costs an unknown amount [pt]i and the production cost of the item may

change over time {1, . . . , T} because of the stochastic fluctuations of the prices of ingredients.

The agent has an unknown private DR-submodular valuation function ft over the items

where the DR property characterizes the diversity of the assigned bundle. Therefore, the

utility obtained by assigning the bundle xt equals ft(xt). The goal is to maximize the overall

valuation of the agents while satisfying the budget constraint. Note that if the products are

indivisible, for all t ∈ [T ], the utility function ft corresponds to the multilinear extension of

the monotone submodular set function Ft : 2
n → R and using the lossless pipage rounding

technique of [46], we allocate an integral bundle of products to the agents at each step.
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C.2 Lemma C.2.1

Lemma C.2.1 [115] For all t ∈ [T ], the following holds:

P{∥pt − p∥2 ≥ ζ} ≤ 2e−
ζ2

2σ2 ∀ζ ∈ R.

Proof From assumption A3, we have that ∥pt∥ ≤ β. Thus, Lemma 1 of [115] holds with

norm sub-gaussian parameter σ = cβ for some universal constant c. The result follows

immediately.

C.3 Lemma C.3.1

Lemma C.3.1 For t = 2, 3, . . . , T , the following holds with probability at least 1− ϵ
T :

∥p̂t − p∥ ≤ c′σ

√
log(2nTϵ )

t− 1
.

Proof Note that ∥p̂t − p∥ = 1
t−1∥

∑t−1
s=1(ps − p)∥ and since vector ps − p satisfies the result

of Lemma C.2.1, we can apply Corollary 7 of [115] to the random vectors {ps − p}t−1
s=1 and

obtain:

∥
t−1∑
s=1

(ps − p)∥ ≤ c′

√√√√ t−1∑
s=1

σ2 log(
2nT

ϵ
)

=
√
t− 1c′σ

√
log(

2nT

ϵ
).

Combining the above equations, we get the desired result.

C.4 Missing proofs

C.4.1 Proof of Lemma 5.4.1

Fix k ∈ [K]. Using L-smoothness of the function Lt, we have:

Lt(x(k+1)
t , λt) ≥ Lt(x(k)t , λt) +

1

K
⟨∇xLt(x(k)t , λt), v

(k)
t ⟩ −

L

2K2
∥v(k)t ∥22
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(a)

≥ Lt(x(k)t , λt) +
1

K
⟨∇xLt(x(k)t , λt), v

(k)
t ⟩ −

LR2

2K2

= Lt(x(k)t , λt) +
1

K
⟨∇xLt(x(k)t , λt), v

(k)
t − x⟩+ 1

K
⟨∇xLt(x(k)t , λt), x⟩ −

LR2

2K2

= Lt(x(k)t , λt) +
1

K
⟨∇xLt(x(k)t , λt), v

(k)
t − x⟩+ 1

K
⟨∇ft(x(k)t ), x⟩

− 1

K
λt⟨∇ĝt(x(k)t ), x⟩ − LR2

2K2

(b)
= Lt(x(k)t , λt) +

1

K
⟨∇xLt(x(k)t , λt), v

(k)
t − x⟩+ 1

K
⟨∇ft(x(k)t ), x⟩ − 1

K
λtĝt(x)

− 1

K
λt

BT

T
− LR2

2K2
,

where (a) is due to the assumption that diam(X ) ≤ R. Note that in order to obtain (b), we

have used linearity of the budget functions for all t ∈ [T ] to write ⟨∇ĝt(x(k)t ), x⟩ = ⟨p̂t, x⟩ =

ĝt(x) +
BT
T . More general assumptions such as convexity would not be enough for the proof

to go through.

Considering that ft(x) is monotone DR-submodular for all t ∈ [T ], we can write:

ft(x)− ft(x
(k)
t )

(c)

≤ ft(x ∨ x
(k)
t )− ft(x

(k)
t )

(d)

≤ ⟨∇ft(x(k)t ), (x ∨ x
(k)
t )− x

(k)
t ⟩

= ⟨∇ft(x(k)t ), (x− x
(k)
t ) ∨ 0⟩

(e)

≤ ⟨∇ft(x(k)t ), x⟩,

where for a, b ∈ Rn, a ∨ b denotes the entry-wise maximum of vectors a and b, (c) and (e)

are due to the monotonicity of ft and (d) uses concavity of ft along non-negative directions.

Therefore, we conclude:

Lt(x(k+1)
t , λt) ≥ Lt(x(k)t , λt) +

1

K
⟨∇xLt(x(k)t , λt), v

(k)
t − x⟩+ 1

K

(
ft(x)− ft(x

(k)
t )

)
− 1

K
λtĝt(x)

− 1

K
λt

BT

T
− LR2

2K2
.

Equivalently, we can write:

ft(x)− ft(x
(k+1)
t ) ≤ (1− 1

K
)
(
ft(x)− ft(x

(k)
t )

)
− λt

(
ĝt(x

(k+1)
t )− ĝt(x

(k)
t )

)
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+
1

K
λtĝt(x) +

1

K
λt

BT

T
+

LR2

2K2
+

1

K
⟨∇Lt(x(k)t , λt), x− v

(k)
t ⟩

= (1− 1

K
)
(
ft(x)− ft(x

(k)
t )

)
+

1

K

[
λt

BT

T
− λt⟨p̂t, v(k)t ⟩+ λtĝt(x)

+
LR2

2K
+ ⟨∇Lt(x(k)t , λt), x− v

(k)
t ⟩

]
.

Taking the sum over t ∈ {1, . . . , T}, we obtain:

T∑
t=1

(
ft(x)− ft(x

(k+1)
t )

)
≤ (1− 1

K
)

T∑
t=1

(
ft(x)− ft(x

(k)
t )

)
+

1

K

T∑
t=1

[
− λt⟨p̂t, v(k)t ⟩+ λtĝt(x) + λt

BT

T
+

LR2

2K

+ ⟨∇Lt(x(k)t , λt), x− v
(k)
t ⟩

]
. (C.1)

Applying inequality (C.1) recursively for all k ∈ {1, . . . ,K}, we obtain:

T∑
t=1

(
ft(x)− ft(x

(K+1)
t︸ ︷︷ ︸
=xt

)
)
≤ ΠK−1

k=0 (1− 1

K
)

T∑
t=1

(
ft(x)− ft(x

(0)
t )

)

+
K−1∑
k=0

1

K
ΠK−1

j=k+1(1−
1

K
)

T∑
t=1

[
− λt⟨p̂t, v(k)t ⟩+ λtĝt(x) + λt

BT

T

+
LR2

2K
+ ⟨∇Lt(x(k)t , λt), x− v

(k)
t ⟩

]
. (C.2)

Using the regret bound of Online Gradient Ascent instance Ek ∀k ∈ [K], the following holds:

T∑
t=1

⟨∇xLt(x(k)t , λt), x− v
(k)
t ⟩ =

T∑
t=1

⟨∇xLt(x(k)t , λt), x⟩ −
T∑
t=1

⟨∇xLt(x(k)t , λt), v
(k)
t ⟩

≤ R2

µ
+

µ

2

T∑
t=1

∥∇xLt(x(k)t , λt)∥2

=
R2

µ
+

µ

2

T∑
t=1

∥∇xft(x
(k)
t )− λtp̂t∥2

(a)

≤ R2

µ
+

µ

2

T∑
t=1

(
2∥∇xft(x

(k)
t )∥2 + 2λ2

t ∥p̂t∥2
)

(b)

≤ R2

µ
+ β2µT + β2µ

T∑
t=1

λ2
t ,
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where (a) uses the inequality ∥a + b∥2 ≤ 2∥a∥2 + 2∥b∥2 ∀a, b ∈ Rn and (b) is due to β-

Lipschitzness of functions ft, gt for all t ∈ [T ].

Using the inequality (1− 1
K )K ≤ 1

e in (C.2), we have:

T∑
t=1

(
ft(x)− ft(xt)

)
≤ 1

e

T∑
t=1

(
ft(x)− ft(x

(0)
t )

)
+

T∑
t=1

K−1∑
k=0

1

K

[
− λt⟨p̂t, v(k)t ⟩+ λtĝt(x)

+ λt
BT

T
+

LR2

2K
+ ⟨∇Lt(x(k)t , λt), x− v

(k)
t ⟩

]
=

1

e

T∑
t=1

(
ft(x

∗
t )− ft(0)︸ ︷︷ ︸

=0

)
+

T∑
t=1

[
− λtĝt(xt)− λt

BT

T
+ λtĝt(x)

+ λt
BT

T
+

LR2

2K
+

K−1∑
k=0

1

K
⟨∇Lt(x(k)t , λt), x− v

(k)
t ⟩

]
. (C.3)

Rearranging the terms in (C.3), we obtain:

T∑
t=1

(
(1− 1

e
)ft(x)− ft(xt)

)
+

T∑
t=1

λtĝt(xt) ≤
LR2T

2K
+

T∑
t=1

λtĝt(x) +
K−1∑
k=0

1

K

T∑
t=1

⟨∇Lt(x(k)t , λt), x− v
(k)
t ⟩

≤ LR2T

2K
+

T∑
t=1

λtĝt(x) +
R2

µ
+ β2µT + β2µ

T∑
t=1

λ2
t .

(C.4)

Now, subtract
∑T

t=1 λtγt from each side of the inequality (C.4). Thus, obtain that:

T∑
t=1

(
(1− 1

e
)ft(x)− ft(xt)

)
≤ LR2T

2K
+

R2

µ
+ β2µT +

T∑
t=1

λtg̃t(x) +
[
β2µ

T∑
t=1

λ2
t −

T∑
t=1

λtg̃t(xt)
]
.

Setting δ = β2 and using the update rule of the algorithm for λt ∀t ∈ [T ], we have:

β2µ
T∑
t=1

λ2
t −

T∑
t=1

λtg̃t(xt) =
β2µ

δ2µ2

T∑
t=1

[g̃t(xt)]
2
+ −

1

δµ

T∑
t=1

[g̃t(xt)]+g̃t(xt)

(a)

≤ 1

δµ

T∑
t=1

(
g̃2t (xt)− g̃t(xt)g̃t(xt))

≤ 0,

where we have used [g̃t(xt)]+ ≥ g̃t(xt) and |[g̃t(xt)]+| ≤ g̃t(xt) to obtain (a).
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C.4.2 Proof of Lemma 5.4.2

Consider the events Et := {∥p̂t − p∥ ≤ c′σ
√
log(2nTϵ )/(t− 1)} for t ∈ [T ]/{1} and E :=

{
∑T

t=2 ∥p̂t − p∥ ≤ Cσ
√
T log(2nT/ϵ)}. Then, apply union bound to

⋃T
t=2 Ect with the

observation that
⋂T

t=2 Et ⊂ E . Explicitly,

P(
T⋃
t=2

Et) ≤
T∑
t=2

P(Ect ),

1− P(
T⋂
t=2

Et) ≤
T∑
t=2

(1− P(Et)),

1−
T∑
t=2

(1− P(Et)) ≤ P(
T⋂
t=2

Et) ≤ P(E).

Using the result of Lemma C.3.1, we obtain the result.

C.4.3 Proof of Lemma 5.4.4

Bounding
∑T

t=1[g̃t(xt)]+ from below, we obtain:

T∑
t=1

[g̃t(xt)]+ ≥
T∑
t=1

g̃t(xt)

=
T∑
t=1

g(xt) +
T∑
t=1

(ĝt(xt)− g(xt))−
T∑
t=1

γt

≥
T∑
t=1

g(xt)−
T∑
t=1

|ĝt(xt)− g(xt)| −
T∑
t=1

γt

= CT −
T∑
t=1

|⟨p̂t − p, xt⟩| −
T∑
t=1

γt

≥ CT −
T∑
t=1

∥p̂t − p∥∥xt∥ −
T∑
t=1

γt

≥ CT −R

T∑
t=1

∥p̂t − p∥ −
T∑
t=1

γt.

Rearranging the above inequality, we obtain the desired result.
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C.4.4 Proof of Lemma 5.4.5

We can write:

E∥p̂t − p∥2 = E(p̂t − p)T (p̂t − p)

= E[Tr
(
(p̂t − p)T (p̂t − p)

)
]

= E[Tr
(
(p̂t − p)(p̂t − p)T

)
]

= Tr
(
E[(p̂t − p)(p̂t − p)T ]

)
= Tr(Cov(p̂t))

= Tr
( Σ

t− 1

)
=

Tr(Σ)

t− 1
.

C.4.5 Proof of Theorem 5.4.4

Similar to the proof of Theorem 2, we begin by setting x = 0 to be the fixed vector in (2).

We obtain

T∑
t=1

[g̃t(xt)]+ ≤
T

BT
RβF

√
T +

TRβ

BT
(
LR2

2
+ 2Rβ).

Now, we lower bound the left-hand side following the idea of the proof for Lemma 4. Thus,

we obtain

CT ≤
T

BT
RβF

√
T +

TRβ

BT
(
LR2

2
+ 2Rβ) +R

T∑
t=1

∥p̂t − p∥︸ ︷︷ ︸
(C)

.

In order to bound (C), we take expectation on both sides to obtain:

E[(C)] = RE[
T∑
t=2

∥p̂t − p∥]

= R
T∑
t=2

E∥p̂t − p∥

= R

T∑
t=2

E
√
∥p̂t − p∥2
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≤ R
T∑
t=2

√
E∥p̂t − p∥2,

where the last inequality is due to Jensen’s inequality.

Therefore, we have:

E[(C)] ≤ R

T∑
t=2

√
Tr(Σ)√
t− 1

≤ R
√
Tr(Σ)

√
T .

Combining the inequalities, we obtain the result.

C.5 Relation with previous results

• [213] studied a similar problem in the convex setting where all the constraint functions are

deterministic and given offline and they obtained O(
√
T ) regret bound and O(T

3
4 ) constraint

violation bound. On the other hand, applying our OLFW algorithm with update rule (I) to

the online DR-submodular maximization problem subject to deterministic linear constraints,

we obtain O(
√
T ) regret and constraint violation bounds simultaneously. Note that in this

setting, Σ = 0, and thus, the dominating O(T
3
4 ) term in the expected regret bound of the

OLFW algorithm vanishes.

• [114] considered a related problem with concave utility functions and linear constraint

functions where at each round, the reward functions arrive before committing to an action

(i.e., the 1-lookahead setting) and long-term constraints are penalized through a penalty

function in the objective. They obtained sub-linear bounds for the dynamic regret in their

setting. On the contrary, in our framework, we deal with the extra complication that the

utility function at each step is DR-submodular (and generally non-concave) and it is revealed

after committing to an action.

• [142] considered the same framework as ours in the special case where the utility functions

are linear and they obtained O(
√
T ) regret bound and O(T

3
4 ) constraint violation bound in

both expectation and high probability settings. Note that our OLFW algorithm obtains

improved O(
√
T ) constraint violation bounds in expectation and with high probability for
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the more general setting of DR-submodular utility functions.

• [181] considered the online DR-submodular maximization problem subject to linear

constraints in the adversarial setting where the constraint functions are chosen arbitrarily.

Their proposed OSPHG algorithm in the setting with window length W = 1 could be

adapted to obtain O(
√
T ) regret and O(T

3
4 ) constraint violation bounds in expectation.

However, the OSPHG algorithm fails to provide any bounds for the high probability setting.

On the other hand, our algorithm uses the current estimate of the cost vector to exploit the

stochastic nature of the constraints. Furthermore, through using the update rule (II) in the

OLFW algorithm, we can guarantee sub-linear bounds in the high probability setting as

well.

C.6 Modified Online Lagrangian Frank-Wolfe (MOLFW) algorithm

For the setting where only unbiased stochastic gradient estimates of the utility functions

{ft}Tt=1 with bounded variance σ2 are available, inspired by the variance reduction technique

introduced by [60], we propose the Modified Online Lagrangian Frank-Wolfe (MOLFW)

algorithm in Algorithm 2. Compared to the OLFW algorithm, the MOLFW algorithm uses

⟨v(k)t , d
(k)
t ⟩ (instead of ⟨v(k)t ,∇xLt(x(k)t , λt)⟩) as the payoff to be received by Ek ∀k ∈ [K] at

round t ∈ [T ]. We analyze the performance of the MOLFW algorithm below.

Fix k ∈ [K]. Using L-smoothness of the function Lt, we have:

Lt(x(k+1)
t , λt) ≥ Lt(x(k)t , λt) +

1

K
⟨∇xLt(x(k)t , λt), v

(k)
t ⟩ −

L

2K2
∥v(k)t ∥22

(a)

≥ Lt(x(k)t , λt) +
1

K
⟨∇xLt(x(k)t , λt), v

(k)
t ⟩ −

LR2

2K2

= Lt(x(k)t , λt) +
1

K
⟨∇xLt(x(k)t , λt)− d

(k)
t , v

(k)
t − x⟩

+
1

K
⟨∇xLt(x(k)t , λt), x⟩+

1

K
⟨d(k)t , v

(k)
t − x⟩ − LR2

2K2

= Lt(x(k)t , λt) +
1

K
⟨∇xLt(x(k)t , λt)− d

(k)
t , v

(k)
t − x⟩

+
1

K
⟨∇ft(x(k)t ), x⟩ − 1

K
λt⟨p̂t, x⟩+

1

K
⟨d(k)t , v

(k)
t − x⟩ − LR2

2K2
,
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where (a) is due to the assumption that diam(X ) ≤ R. Considering that ft(x) is monotone

DR-submodular for all t ∈ [T ], we can write:

ft(x)− ft(x
(k)
t )

(b)

≤ ft(x ∨ x
(k)
t )− ft(x

(k)
t )

(c)

≤ ⟨∇ft(x(k)t ), (x ∨ x
(k)
t )− x

(k)
t ⟩

= ⟨∇ft(x(k)t ), (x− x
(k)
t ) ∨ 0⟩

(d)

≤ ⟨∇ft(x(k)t ), x⟩,

where for a, b ∈ Rn, a ∨ b denotes the entry-wise maximum of vectors a and b, (b) and (d)

are due to the monotonicity of ft and (c) uses concavity of ft along non-negative directions.

Therefore, we conclude:

Lt(x(k+1)
t , λt) ≥ Lt(x(k)t , λt) +

1

K

(
⟨∇xLt(x(k)t , λt)− d

(k)
t , v

(k)
t − x⟩+ ft(x)− ft(x

(k)
t )− λtĝt(x)

− λt
BT

T
+ ⟨d(k)t , v

(k)
t − x⟩

)
− LR2

2K2
.

Using the Young’s inequality, we have:

⟨∇xLt(x(k)t , λt)− d
(k)
t , v

(k)
t − x⟩ ≥ − 1

2βk
∥∇xLt(x(k)t , λt)− d

(k)
t ∥2 −

βk
2
∥v(k)t − x∥2

≥ − 1

2βk
∥∇xLt(x(k)t , λt)− d

(k)
t ∥2 −

R2βk
2

.

Therefore, we can equivalently write:

ft(x)− ft(x
(k+1)
t ) ≤ (1− 1

K
)
(
ft(x)− ft(x

(k)
t )

)
− λt

(
ĝt(x

(k+1)
t )− ĝt(x

(k)
t )

)
+

1

K
λtĝt(x) +

1

K
λt

BT

T
+

LR2

2K2
+

1

K
⟨d(k)t , x− v

(k)
t ⟩+

1

K

R2βk
2

+
1

K

1

2βk
∥∇xLt(x(k)t , λt)− d

(k)
t ∥2

= (1− 1

K
)
(
ft(x)− ft(x

(k)
t )

)
+

1

K

[
λt

BT

T
− λt⟨p̂t, v(k)t ⟩+ λtĝt(x)

+
LR2

2K
+ ⟨d(k)t , x− v

(k)
t ⟩+

R2βk
2

+
1

2βk
∥∇xLt(x(k)t , λt)− d

(k)
t ∥2

]
.

Taking the sum over t ∈ {1, . . . , T}, we obtain:

T∑
t=1

(
ft(x)− ft(x

(k+1)
t )

)
≤ (1− 1

K
)

T∑
t=1

(
ft(x)− ft(x

(k)
t )

)
+

1

K

T∑
t=1

[
− λt⟨p̂t, v(k)t ⟩+ λtĝt(x)
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+ λt
BT

T
+

LR2

2K
+ ⟨d(k)t , x− v

(k)
t ⟩+

R2βk
2

+
1

2βk
∥∇xLt(x(k)t , λt)− d

(k)
t ∥2

]
.

(C.5)

Applying inequality (C.5) recursively for all k ∈ {1, . . . ,K}, we obtain:

T∑
t=1

(
ft(x)− ft(x

(K+1)
t︸ ︷︷ ︸
=xt

)
)
≤ ΠK−1

k=0 (1− 1

K
)

T∑
t=1

(
ft(x)− ft(x

(0)
t )

)

+

K−1∑
k=0

1

K
ΠK−1

j=k+1(1−
1

K
)

T∑
t=1

[
− λt⟨p̂t, v(k)t ⟩+ λtĝt(x) + λt

BT

T
+

LR2

2K

+ ⟨d(k)t , x− v
(k)
t ⟩+

R2βk
2

+
1

2βk
∥∇xLt(x(k)t , λt)− d

(k)
t ∥2

]
. (C.6)

Using the regret bound of Online Gradient Ascent instance Ek ∀k ∈ [K], the following holds:

T∑
t=1

⟨d(k)t , x− v
(k)
t ⟩ =

T∑
t=1

⟨d(k)t , x⟩ −
T∑
t=1

⟨d(k)t , v
(k)
t ⟩

≤ R2

µ
+

µ

2

T∑
t=1

∥d(k)t ∥2

≤ R2

µ
+ µ

T∑
t=1

∥∇xLt(x(k)t , λt)− d
(k)
t ∥2 + µ

T∑
t=1

∥∇xLt(x(k)t , λt)∥2

(a)

≤ R2

µ
+ µ

T∑
t=1

∥∇xLt(x(k)t , λt)− d
(k)
t ∥2 + µ

T∑
t=1

(
2∥∇ft(x(k)t )∥2 + 2λ2

t ∥p̂t∥2
)

(b)

≤ R2

µ
+ 2β2µT + 2β2µ

T∑
t=1

λ2
t + µ

T∑
t=1

∥∇xLt(x(k)t , λt)− d
(k)
t ∥2,

where (a) uses the inequality ∥a + b∥2 ≤ 2∥a∥2 + 2∥b∥2 ∀a, b ∈ Rn and (b) is due to β-

Lipschitzness of functions ft, gt for all t ∈ [T ].

Using the inequality (1− 1
K )K ≤ 1

e in (C.6), we have:

T∑
t=1

(
ft(x)− ft(xt)

)
≤ 1

e

T∑
t=1

(
ft(x)− ft(x

(0)
t )

)
+

T∑
t=1

K−1∑
k=0

1

K

[
− λt⟨p̂t, v(k)t ⟩+ λtĝt(x)

+ λt
BT

T
+

LR2

2K
+ ⟨d(k)t , x− v

(k)
t ⟩+

R2βk
2

+
1

2βk
∥∇xLt(x(k)t , λt)− d

(k)
t ∥2

]
=

1

e

T∑
t=1

(
ft(x)− ft(0)︸ ︷︷ ︸

=0

)
+

T∑
t=1

[
− λtĝt(xt)− λt

BT

T
+ λtĝt(x) + λt

BT

T
+

LR2

2K
⟩
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+
K−1∑
k=0

1

K

(
⟨d(k)t , x− v

(k)
t +

R2βk
2

+
1

2βk
∥∇xLt(x(k)t , λt)− d

(k)
t ∥2

)]
.

(C.7)

Rearranging the terms in (C.7), we obtain:

T∑
t=1

(
(1− 1

e
)ft(x)− ft(xt)

)
+

T∑
t=1

λtĝt(xt) ≤
LR2T

2K
+

T∑
t=1

λtĝt(x) +
K−1∑
k=0

1

K

(
⟨d(k)t , x− v

(k)
t ⟩

+
R2βk
2

+
1

2βk
∥∇xLt(x(k)t , λt)− d

(k)
t ∥2

)
≤ LR2T

2K
+

T∑
t=1

λtĝt(x) +
R2

µ
+ 2β2µT + 2β2µ

T∑
t=1

λ2
t

+
T∑
t=1

K−1∑
k=0

1

K

(R2βk
2

+
1

2βk
∥∇xLt(x(k)t , λt)− d

(k)
t ∥2

+ µ
T∑
t=1

∥∇xLt(x(k)t , λt)− d
(k)
t ∥2

)
. (C.8)

Now, subtract
∑T

t=1 λtγt from each side of the inequality (C.8). Thus, we obtain:

T∑
t=1

(
(1− 1

e
)ft(x)− ft(xt)

)
≤ LR2T

2K
+

T∑
t=1

λtg̃t(x) +
R2

µ
+ 2β2µT +

[
2β2µ

T∑
t=1

λ2
t −

T∑
t=1

λtg̃t(xt)
]

+
T∑
t=1

K−1∑
k=0

1

K

(R2βk
2

+
1

2βk
∥∇xLt(x(k)t , λt)− d

(k)
t ∥2

+ µ

T∑
t=1

∥∇xLt(x(k)t , λt)− d
(k)
t ∥2

)
.

Setting δ = 2β2 and using the update rule of the algorithm for λt ∀t ∈ [T ], we have:

2β2µ
T∑
t=1

λ2
t −

T∑
t=1

λtg̃t(xt) =
2β2µ

δ2µ2

T∑
t=1

[g̃t(xt)]
2
+ −

1

δµ

T∑
t=1

[g̃t(xt)]+g̃t(xt)

(a)

≤ 1

δµ

T∑
t=1

(
g̃2t (xt)− g̃t(xt)g̃t(xt))

≤ 0,
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where we have used [g̃t(xt)]+ ≥ g̃t(xt) and |[g̃t(xt)]+| ≤ g̃t(xt) to obtain (a).

Using Theorem 3 of [60], we have:

E
[
∥∇xLt(x(k)t , λt)− d

(k)
t ∥2

]
≤ Q

(k + 4)2/3
∀t ∈ [T ], k ∈ [K],

where Q = max{maxt∈[T ] ∥∇ft(0)∥242/3, 4σ2 + 6L2R2}. Therefore, taking expectation of

both sides, setting βk = Q1/2

R(k+4)1/3
and simplifying the result, we obtain:

E[RT ] ≤
R2

µ
+ 2β2µT +

LR2T

2K
+

T∑
t=1

E[λtg̃t(x)] +
3QµT

K2/3
+

3RQ1/2T

2K1/3
.

Therefore, if we set K = O(T 3/2), we can analyze the expected regret and constraint violation

of the MOLFW algorithm similarly to Theorem 5.4.3 and Theorem 5.4.4, and we obtain

similar performance bounds.
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Algorithm 2 Modified Online Lagrangian Frank-Wolfe (MOLFW)

Input: X is the constraint set, T is the horizon, µ > 0, δ > 0, {γt}Tt=1, {ρk}Kk=1 and K.

Output: {xt : 1 ≤ t ≤ T}.

Initialize K instances {Ek}k∈[K] of Online Gradient Ascent with step size µ for online

maximization of linear functions over X .

for t = 1 to T do

x
(1)
t = 0.

for k = 1 to K do

Let v
(k)
t be the output of oracle Ek from round t− 1.

x
(k+1)
t = x

(k)
t + 1

K v
(k)
t .

end for

Set xt = x
(K+1)
t .

Let p̂t :=
1

t−1

∑t−1
s=1 ps for t > 1.

Let

g̃t(·) =


⟨p̂t, ·⟩ − BT

T expectation analysis (I)

⟨p̂t, ·⟩ − BT
T − γt high probability analysis (II)

Set λt =
[g̃t(xt)]+

δµ for t > 1 and 0 otherwise.

Play xt and observe the Lagrangian function Lt(xt, λt) = ft(xt)− λtg̃t(xt) +
δµ
2 λ2

t

d
(0)
t = −λtp̂t.

for k = 1 to K do

d
(k)
t = (1− ρk)d

(k−1)
t + ρk∇xLt(x(k)t , λt).

Feedback ⟨v(k)t , d
(k)
t ⟩ as the payoff to be received by Ek.

end for

end for
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Appendix D

APPENDIX OF CHAPTER 6

D.1 Additional plots

Figure D.1(a) demonstrates the achievable adversarial static regret and total constraint

violation by Algorithm 1 for different choices of the window length W . The black curves

indicate the Pareto frontier for different values of W and all the points north-east of the

frontier are achievable. In particular, we can observe that for W = T , both the regret and

total constraint violation of Algorithm 1 are linear.

In Figure D.1(b), we have plotted the excess overall utility of the shifting benchmark sequence

[106] with respect to the static benchmark action for different number of allowed shifts for

experiment 2. In other words, we consider the dynamic benchmark sequence {x∗t }Tt=1 which

changes at most m times (i.e., x∗t ̸= x∗t+1 for at most m values of t ∈ {1, . . . , T − 1}) and we

plot the excess overall utility for different choices of m. Note that the adversarial static and

dynamic regret defined in the paper correspond to m = 0 and m = T −1 respectively. Figure

D.1(b) verifies that the dynamic benchmark sequence achieves much higher utility compared

to the static benchmark action and therefore, for the settings where the environment is

changing, dynamic regret is a more suitable performance metric.

D.2 Algorithm 2

We present our second algorithm for online DR-submodular maximization with adversarial

or stochastic constraints in Algorithm 2. Note that in the algorithm, we denote ḡq(x) =∑K
k=1 gtq,k (x)

K ∀q ∈ [Q], k ∈ [K].
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(a) (b)

Figure D.1: (a) Achievable bounds of Algorithm 1 in the adversarial setting for different

choices of window length W , and (b) Excess overall utility of the shifting benchmark sequence

with respect to the static benchmark for different numbers of allowed shifts.

D.3 Missing proofs

D.3.1 Proof of Lemma 6.4.1

Denote r
(k)
t = V∇ft−1(x

(k)
t−1)− λ

(k)
t ∇gt−1(v

(k)
t−1). We have:

v
(k)
t = argmax

x∈X

(
⟨r(k)t , x⟩ − α∥x− v

(k)
t−1∥

2
)

= argmin
x∈X

(
− ⟨r(k)t , x⟩+ α∥x− v

(k)
t−1∥

2
)

= argmin
x∈X

(
− ⟨r

(k)
t

α
, x⟩+ ∥x− v

(k)
t−1∥

2
)

(a)
= argmin

x∈X

(
− ⟨r

(k)
t

α
, x− v

(k)
t−1⟩+ ∥x− v

(k)
t−1∥

2 +

∣∣∣∣∣
∣∣∣∣∣r(k)t

2α

∣∣∣∣∣
∣∣∣∣∣
2 )

= argmin
x∈X

∣∣∣∣∣
∣∣∣∣∣x− v

(k)
t−1 −

r
(k)
t

2α

∣∣∣∣∣
∣∣∣∣∣
2

= PX
(
v
(k)
t−1 +

r
(k)
t

2α

)
,
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Algorithm 2

Input: X is the constraint set, T is the horizon, V > 0, α > 0 and K.

Output: {xt : 1 ≤ t ≤ T}.

Initialize λ
(k)
1 = v

(k)
0 = x

(k)
t0,k

= 0 ∀k ∈ [K].

for q = 1 to Q do

x
(1)
q = 0.

for k = 1 to K do

v
(k)
q = argmaxx∈X

(
⟨V∇ftq−1,k

(x
(k)
tq−1,k

)− λ
(k)
q ∇ḡq−1(v

(k)
q−1), x⟩ − α∥x− v

(k)
q−1∥2

)
,

x
(k+1)
q = x

(k)
q + 1

K v
(k)
q .

end for

Let (tq,1, . . . , tq,K) be a random permutation of {(q − 1)K + 1, . . . , qK}.

for t = (q − 1)K + 1 to qK do

Set xt = x
(K+1)
q and play xt.

end for

for k = 1 to K do

λ
(k)
q+1 = [λ

(k)
q + ḡq−1(v

(k)
q−1) + ⟨∇ḡq−1(v

(k)
q−1), v

(k)
q − v

(k)
q−1⟩]+.

end for

end for

where in (a), we have added the constant term ⟨ r
(k)
t
α , v

(k)
t−1⟩+

∣∣∣∣∣∣∣∣ r(k)t
2α

∣∣∣∣∣∣∣∣2 to complete the square

norm which does not affect the minimizer.

D.3.2 Proof of Lemma 6.4.2

Using the update rule of the algorithm for λ
(k)
t+1, we can write:

λ
(k)
t+1 − λ

(k)
t ≥ gt−1(v

(k)
t−1) + ⟨∇gt−1(v

(k)
t−1), v

(k)
t − v

(k)
t−1⟩

≥ gt−1(v
(k)
t−1)− β∥v(k)t − v

(k)
t−1∥
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= gt−1(v
(k)
t−1)−

β2

4V
− V ∥v(k)t − v

(k)
t−1∥

2 + (
β

2
√
V
−
√
V ∥v(k)t − v

(k)
t−1∥)

2︸ ︷︷ ︸
≥0

≥ gt−1(v
(k)
t−1)−

β2

4V
− V

∣∣∣∣∣∣v(k)t − v
(k)
t−1

∣∣∣∣∣∣2 ,
where we have used β-Lipschitzness of the constraint function gt−1 and the Cauchy-Schwarz

inequality to obtain the second inequality.

Taking the sum over t ∈ [T ], we obtain:

λ
(k)
T+1 − λ

(k)
1︸︷︷︸
=0

≥
T∑
t=1

gt−1(v
(k)
t−1)−

β2T

4V
− V

T∑
t=1

∣∣∣∣∣∣v(k)t − v
(k)
t−1

∣∣∣∣∣∣2 ,
T∑
t=1

gt−1(v
(k)
t−1) ≤ λ

(k)
T+1 +

β2T

4V
+ V

T∑
t=1

∣∣∣∣∣∣v(k)t − v
(k)
t−1

∣∣∣∣∣∣2 .
Therefore, we have:

CT =
T∑
t=1

gt−1(xt−1)

=
T∑
t=1

gt−1(
1

K

K∑
k=1

v
(k)
t−1)

≤ 1

K

K∑
k=1

T∑
t=1

gt−1(v
(k)
t−1)

≤ 1

K

K∑
k=1

λ
(k)
T+1 +

β2T

4V
+

V

K

K∑
k=1

T∑
t=1

∣∣∣∣∣∣v(k)t − v
(k)
t−1

∣∣∣∣∣∣2 ,
where the first inequality is due to Jensen’s inequality.

D.3.3 Proof of Lemma 6.4.3

Using the update rule of the algorithm for λ
(k)
t+1, we have:

(λ
(k)
t+1)

2 = [λ
(k)
t + gt−1(v

(k)
t−1) + ⟨∇gt−1(v

(k)
t−1), v

(k)
t − v

(k)
t−1⟩]

2
+

≤
(
λ
(k)
t + gt−1(v

(k)
t−1) + ⟨∇gt−1(v

(k)
t−1), v

(k)
t − v

(k)
t−1⟩

)2
= (λ

(k)
t )2 + (gt−1(v

(k)
t−1) + ⟨∇gt−1(v

(k)
t−1), v

(k)
t − v

(k)
t−1⟩)

2 + 2λ
(k)
t (gt−1(v

(k)
t−1)
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+ ⟨∇gt−1(v
(k)
t−1), v

(k)
t − v

(k)
t−1⟩)

≤ (λ
(k)
t )2 + (G+ βR)2 + 2λ

(k)
t (gt−1(v

(k)
t−1) + ⟨∇gt−1(v

(k)
t−1), v

(k)
t − v

(k)
t−1⟩).

So, we can conclude:

∆
(k)
t =

(λ
(k)
t+1)

2

2
− (λ

(k)
t )2

2
≤ (G+ βR)2

2
+ λ

(k)
t (gt−1(v

(k)
t−1) + ⟨∇gt−1(v

(k)
t−1), v

(k)
t − v

(k)
t−1⟩).

D.3.4 Lemma D.3.1

Lemma D.3.1 The following holds for all t ∈ [T ] and k ∈ [K]:

(
ft−1(x)− ft−1(x

(k+1)
t−1 )

)
≤ (1− 1

K
)
(
ft−1(x)− ft−1(x

(k)
t−1)

)
− 1

KV
∆

(k)
t +

V β2

4αK
+

(G+ βR)2

2KV

+
1

KV
λ
(k)
t gt−1(x) +

α

KV

∣∣∣∣∣∣x− v
(k)
t−1

∣∣∣∣∣∣2 − α

KV

∣∣∣∣∣∣x− v
(k)
t

∣∣∣∣∣∣2 + LR2

2K2
.

(D.1)

Proof Combining the result of Lemma 6.4.3 with the update rule for v
(k)
t , we have:

∆
(k)
t − ⟨V∇ft−1(x

(k)
t−1), v

(k)
t − v

(k)
t−1⟩+ α

∣∣∣∣∣∣v(k)t − v
(k)
t−1

∣∣∣∣∣∣2
≤ (G+ βR)2

2
− ⟨V∇ft−1(x

(k)
t−1)− λ

(k)
t ∇gt−1(v

(k)
t−1), v

(k)
t − v

(k)
t−1⟩+ λ

(k)
t gt−1(v

(k)
t−1) + α

∣∣∣∣∣∣v(k)t − v
(k)
t−1

∣∣∣∣∣∣2
≤ (G+ βR)2

2
− ⟨V∇ft−1(x

(k)
t−1)− λ

(k)
t ∇gt−1(v

(k)
t−1), x− v

(k)
t−1⟩+ λ

(k)
t gt−1(v

(k)
t−1) + α

∣∣∣∣∣∣x− v
(k)
t−1

∣∣∣∣∣∣2
− α

∣∣∣∣∣∣x− v
(k)
t

∣∣∣∣∣∣2
≤ (G+ βR)2

2
− ⟨V∇ft−1(x

(k)
t−1), x− v

(k)
t−1⟩+ λ

(k)
t gt−1(x) + α

∣∣∣∣∣∣x− v
(k)
t−1

∣∣∣∣∣∣2 − α
∣∣∣∣∣∣x− v

(k)
t

∣∣∣∣∣∣2 ,
(D.2)

where the second inequality is due to the optimality condition of the optimization problem

for updating v
(k)
t and the last inequality follows from the convexity of the constraint function

gt−1.

We have:

− ⟨V∇ft−1(x
(k)
t−1), v

(k)
t − v

(k)
t−1⟩+ α

∣∣∣∣∣∣v(k)t − v
(k)
t−1

∣∣∣∣∣∣2
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=

∣∣∣∣∣∣∣∣√α(v(k)t − v
(k)
t−1)−

V

2
√
α
∇ft−1(x

(k)
t−1)

∣∣∣∣∣∣∣∣2 − V 2

4α

∣∣∣∣∣∣∇ft−1(x
(k)
t−1)

∣∣∣∣∣∣2
≥ −V 2β2

4α
.

Using L-smoothness of the utility functions, we can write:

ft−1(x
(k+1)
t−1 ) ≥ ft−1(x

(k)
t−1) +

1

K
⟨v(k)t−1,∇ft−1(x

(k)
t−1)⟩ −

L

2K2

∣∣∣∣∣∣v(k)t−1

∣∣∣∣∣∣2 ,
V ⟨v(k)t−1,∇ft−1(x

(k)
t−1)⟩ ≤ KV

(
ft−1(x

(k+1)
t−1 )− ft−1(x

(k)
t−1)

)
+

LR2V

2K
.

Using the DR-submodularity and monotonicity of the reward functions, we have:

ft−1(x)− ft−1(x
(k)
t−1) ≤ ft−1(x ∨ x

(k)
t−1)− ft−1(x

(k)
t−1)

≤ ⟨∇ft−1(x
(k)
t−1), (x ∨ x

(k)
t−1)− x

(k)
t−1⟩

= ⟨∇ft−1(x
(k)
t−1), (x− x

(k)
t−1) ∨ 0⟩

≤ ⟨∇ft−1(x
(k)
t−1), x⟩.

Putting the above inequalities together, we have:

∆
(k)
t −

V 2β2

4α
≤ (G+ βR)2

2
− V

(
ft−1(x)− ft−1(x

(k)
t−1)

)
+KV

(
ft−1(x

(k+1)
t−1 )− ft−1(x

(k)
t−1)

)
+ λ

(k)
t gt−1(x) + α

∣∣∣∣∣∣x− v
(k)
t−1

∣∣∣∣∣∣2 − α
∣∣∣∣∣∣x− v

(k)
t

∣∣∣∣∣∣2 + LR2V

2K
.

Rearranging the terms, we can write:

KV
(
ft−1(x)− ft−1(x

(k+1)
t−1 )

)
≤ (K − 1)V

(
ft−1(x)− ft−1(x

(k)
t−1)

)
−∆

(k)
t +

V 2β2

4α
+

(G+ βR)2

2

+ λ
(k)
t gt−1(x) + α

∣∣∣∣∣∣x− v
(k)
t−1

∣∣∣∣∣∣2 − α
∣∣∣∣∣∣x− v

(k)
t

∣∣∣∣∣∣2 + LR2V

2K
.

Dividing both sides by KV , we obtain the desired result.

D.3.5 Lemma D.3.2

Lemma D.3.2 The static regret of Algorithm 1 against x ∈ X is bounded as follows:

T∑
t=1

(
(1−1

e
)ft−1(x)−ft−1(xt−1)

)
≤ V β2T

4α
+
(G+ βR)2T

2V
+

1

KV

K∑
k=1

T∑
t=1

λ
(k)
t gt−1(x)+

αR2

V
+
LR2T

2K
.

(D.3)
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Proof Using inequality D.1 and taking the sum over t ∈ [T ], we obtain:

T∑
t=1

(
ft−1(x)− ft−1(x

(k+1)
t−1 )

)
≤ (1− 1

K
)

T∑
t=1

(
ft−1(x)− ft−1(x

(k)
t−1)

)
− 1

2KV
(λ

(k)
T+1)

2 +
1

2KV
(λ

(k)
1︸︷︷︸
=0

)2 +
V β2T

4αK
+

(G+ βR)2T

2KV

+
1

KV

T∑
t=1

λ
(k)
t gt−1(x) +

α

KV

∣∣∣∣∣∣x− v
(k)
0

∣∣∣∣∣∣2 − α

KV

∣∣∣∣∣∣x− v
(k)
T

∣∣∣∣∣∣2 + LR2T

2K2

≤ (1− 1

K
)

T∑
t=1

(
ft−1(x)− ft−1(x

(k)
t−1)

)
+

V β2T

4αK
+

(G+ βR)2T

2KV
+

1

KV

T∑
t=1

λ
(k)
t gt−1(x) +

αR2

KV
+

LR2T

2K2
.

Applying the above inequality recursively for all k ∈ [K], we have:

T∑
t=1

(
ft−1(x)− ft−1(x

(K+1)
t−1︸ ︷︷ ︸
xt−1

)
)
≤ (1− 1

K
)K︸ ︷︷ ︸

≤ 1
e

T∑
t=1

(
ft−1(x)− ft−1(x

(1)
t−1︸︷︷︸
=0

)
)
+

V β2T

4α
+

(G+ βR)2T

2V

+
1

KV

K∑
k=1

T∑
t=1

λ
(k)
t gt−1(x) +

αR2

V
+

LR2T

2K
.

Rearranging the terms, we obtain the desired result.

D.3.6 Lemma D.3.3

Lemma D.3.3 For all t ∈ [T ], k ∈ [K], we have λ
(k)
t ≤ θV where

θ = max{G+ βR,
(G+βR)2

2 + (βR+ V β2

4α )V

V BT /T
+

αR2

V (V + 1)BT /T
+

(G+ βR)(V + 2)

2V
}.

In particular, if we choose α ≤ O(V 2), we have λ
(k)
t ≤ O(V ).

Proof Plugging in x = 0 in inequality D.2, we obtain:

∆
(k)
t −

V 2β2

4α
≤ (G+ βR)2

2
+ ⟨V∇ft−1(x

(k)
t−1), v

(k)
t−1⟩︸ ︷︷ ︸

≤βRV

−BT

T
λ
(k)
t + α

∣∣∣∣∣∣v(k)t−1

∣∣∣∣∣∣2 − α
∣∣∣∣∣∣v(k)t

∣∣∣∣∣∣2 ,
∆

(k)
t ≤ (G+ βR)2

2
+ (βR+

V β2

4α
)V − BT

T
λ
(k)
t + α

∣∣∣∣∣∣v(k)t−1

∣∣∣∣∣∣2 − α
∣∣∣∣∣∣v(k)t

∣∣∣∣∣∣2 .
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Therefore, setting η = −BT
T , B = (G+βR)2

2 and R = βR + V β2

4α in Thoerem 2 of [159], we

obtain the desired result.

This O(V ) bound on the dual variables is crucial in obtaining improved total constraint

violation bounds compared to [181]. Note that [159] requires the extra assumption that there

exists an action z ∈ X such that gt(z) < 0 ∀t ∈ [T ] (Slater condition) to obtain Theorem 2

in their paper. However, in our framework, since gt(·) = ht(·) − BT
T and ht(0) = 0 for all

t ∈ [T ], the Slater condition holds naturally with z = 0.

D.3.7 Proof of Theorem 6.4.1

First, using the result of Lemma 6.4.2, we have:

CT ≤
1

K

K∑
k=1

λ
(k)
T+1 +

β2T

4V
+

V

K

K∑
k=1

T∑
t=1

∣∣∣∣∣∣v(k)t − v
(k)
t−1

∣∣∣∣∣∣2 .
Therefore, in order to bound the total constraint violation, we need to bound λ

(k)
T+1 and∣∣∣∣∣∣v(k)t − v

(k)
t−1

∣∣∣∣∣∣2 for all k ∈ [K] and t ∈ [T ]. Lemma D.3.3 provides the bound λ
(k)
T+1 ≤ θV for

the dual variables. Thus, it suffices to obtain upper bounds for the terms
∣∣∣∣∣∣v(k)t − v

(k)
t−1

∣∣∣∣∣∣2
which is done in the following.

Using the update rule of the algorithm for v
(k)
t , we have:

⟨V∇ft−1(x
(k)
t−1)− λ

(k)
t ∇gt−1(v

(k)
t−1), v

(k)
t ⟩ − α

∣∣∣∣∣∣v(k)t − v
(k)
t−1

∣∣∣∣∣∣2 ≥ ⟨V∇ft−1(x
(k)
t−1)− λ

(k)
t ∇gt−1(v

(k)
t−1), v

(k)
t−1⟩

+ α
∣∣∣∣∣∣v(k)t − v

(k)
t−1

∣∣∣∣∣∣2 .
Equivalently, we can write:

2α
∣∣∣∣∣∣v(k)t − v

(k)
t−1

∣∣∣∣∣∣2 ≤ ⟨V∇ft−1(x
(k)
t−1)− λ

(k)
t ∇gt−1(v

(k)
t−1), v

(k)
t − v

(k)
t−1⟩

≤
∣∣∣∣∣∣V∇ft−1(x

(k)
t−1)− λ

(k)
t ∇gt−1(v

(k)
t−1)

∣∣∣∣∣∣ ∣∣∣∣∣∣v(k)t − v
(k)
t−1

∣∣∣∣∣∣ ,
where we have used the Cauchy-Schwarz inequality to obtain the last inequality.

Dividing both sides by 2α
∣∣∣∣∣∣v(k)t − v

(k)
t−1

∣∣∣∣∣∣ and using the triangle inequality, we obtain:∣∣∣∣∣∣v(k)t − v
(k)
t−1

∣∣∣∣∣∣ ≤ 1

2α

( ∣∣∣∣∣∣V∇ft−1(x
(k)
t−1)

∣∣∣∣∣∣+ ∣∣∣∣∣∣λ(k)
t ∇gt−1(v

(k)
t−1)

∣∣∣∣∣∣ )
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≤ β

2α
(V + λ

(k)
t )

≤ β(1 + θ)

2α
V.

Therefore, the following holds:∣∣∣∣∣∣v(k)t − v
(k)
t−1

∣∣∣∣∣∣2 ≤ β2(1 + θ)2

4α2
V 2.

Plugging the above inequality in the result of Lemma 6.4.2, we obtain the total constraint

violation bound as follows:

CT ≤
1

K

K∑
k=1

θV +
β2T

4V
+

V

K

K∑
k=1

T∑
t=1

∣∣∣∣∣∣v(k)t − v
(k)
t−1

∣∣∣∣∣∣2 ≤ θV +
β2T

4V
+

β2(1 + θ)2V 3T

4α2
.

D.3.8 Proof of Theorem 6.4.2

First, note that in the adversarial setting with window size W = 1, since for all t ∈ [T ] and

k ∈ [K], gt(x
∗) ≤ 0 holds and λ

(k)
t is non-negative, we have 1

KV

∑K
k=1

∑T
t=1 λ

(k)
t gt−1(x

∗) ≤ 0.

Thus, in this setting, the result follows immediately from inequality D.3.

For the case where W > 1, plugging in t← t+ τ and x = x∗W in inequality D.1, we have:

(
ft+τ−1(x

∗
W )− ft+τ−1(x

(k+1)
t+τ−1)

)
≤ (1− 1

K
)
(
ft+τ−1(x

∗
W )− ft+τ−1(x

(k)
t+τ−1)

)
− 1

KV
∆

(k)
t+τ +

V β2

4αK

+
(G+ βR)2

2KV
+

LR2

2K2
+

1

KV
λ
(k)
t+τgt+τ−1(x

∗
W ) +

α

KV

∣∣∣∣∣∣x∗W − v
(k)
t+τ−1

∣∣∣∣∣∣2 − α

KV

∣∣∣∣∣∣x∗W − v
(k)
t+τ

∣∣∣∣∣∣2 .
Taking the sum over all t ∈ [T −W + 1], τ ∈ {0, . . . ,W − 1} and applying the inequality

recursively for all k ∈ [K], we obtain:

T−W+1∑
t=1

W−1∑
τ=0

(
ft+τ−1(x

∗
W )− ft+τ−1(x

(K+1)
t+τ−1︸ ︷︷ ︸

=xt+τ−1

)
)
≤ 1

e

T−W+1∑
t=1

W−1∑
τ=0

(
ft+τ−1(x

∗
W )− ft+τ−1(x

(1)
t+τ−1︸ ︷︷ ︸
=0

)
)

− 1

KV

K∑
k=1

W−1∑
τ=0

T−W+1∑
t=1

∆
(k)
t+τ +

V β2W (T −W + 1)

4α
+

(G+ βR)2W (T −W + 1)

2V
+

LR2W (T −W + 1)

2K

+
1

KV

K∑
k=1

T−W+1∑
t=1

W−1∑
τ=0

λ
(k)
t+τgt+τ−1(x

∗
W ) +

α

KV

K∑
k=1

W−1∑
τ=0

T−W+1∑
t=1

( ∣∣∣∣∣∣x∗W − v
(k)
t+τ−1

∣∣∣∣∣∣2 − ∣∣∣∣∣∣x∗W − v
(k)
t+τ

∣∣∣∣∣∣2 ).
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Equivalently, we can write:

T−W+1∑
t=1

W−1∑
τ=0

(
(1− 1

e
)ft+τ−1(x

∗
W )− ft+τ−1(xt+τ−1)

)
︸ ︷︷ ︸

(a)

≤ − 1

KV

K∑
k=1

W−1∑
τ=0

T−W+1∑
t=1

∆
(k)
t+τ︸ ︷︷ ︸

(b)

+
V β2W (T −W + 1)

4α
+

(G+ βR)2W (T −W + 1)

2V
+

1

KV

K∑
k=1

T−W+1∑
t=1

W−1∑
τ=0

λ
(k)
t+τgt+τ−1(x

∗
W )︸ ︷︷ ︸

(c)

+
α

KV

K∑
k=1

W−1∑
τ=0

T−W+1∑
t=1

( ∣∣∣∣∣∣x∗W − v
(k)
t+τ−1

∣∣∣∣∣∣2 − ∣∣∣∣∣∣x∗W − v
(k)
t+τ

∣∣∣∣∣∣2 )︸ ︷︷ ︸
(d)

+
LR2W (T −W + 1)

2K
. (D.4)

The main challenge in obtaining regret bounds for the W > 1 case is to bound terms (a),

(b), (c), and (d) in the above inequality. We exploit ideas from the analysis in [181, 135] to

obtain these bounds.

We bound term (a) in the following:

(a) = WRT −
W−1∑
i=1

(W − i)
(
[(1− 1

e
)fi−1(x

∗
W )− fi−1(xi)]

+ [(1− 1

e
)fT−i(x

∗
W )− fT−i(xT−i)]

)
≥WRT − 2F

W−1∑
i=1

(W − i)

= WRT − FW (W − 1). (D.5)

For the term (b), we have:

(b) = − 1

2KV

K∑
k=1

W−1∑
τ=0

T−W+1∑
t=1

(
(λ

(k)
t+τ+1)

2 − (λ
(k)
t+τ )

2
)

= − 1

2KV

K∑
k=1

W−1∑
τ=0

(
(λ

(k)
T−W+τ+2)

2 − (λ
(k)
τ+1)

2
)

≤ 1

2KV

K∑
k=1

W−1∑
τ=0

(λ
(k)
τ+1)

2

≤ 1

2KV

K∑
k=1

W−1∑
τ=0

min{θ2V 2, τ2(G+ βR)2}
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=
1

2KV
min{θ2V 2KW, (G+ βR)2K

W−1∑
τ=0

τ2}

=
1

2KV
min{θ2V 2KW, (G+ βR)2K

W (W − 1)(2W − 1)

6
}

=
1

2V
min{θ2V 2W, (G+ βR)2

W (W − 1)(2W − 1)

6
}, (D.6)

where we have used the dual variable bounds in Lemma D.3.3 and the fact that λ
(k)
t changes

by at most G+ βR over one slot to obtain the second inequality.

In order to bound (c), we use Lemma 8 of [135] to obtain:

(c) ≤ 1

KV

K∑
k=1

T−W+1∑
t=1

(
λ
(k)
t

W−1∑
τ=0

gt+τ−1(x
∗
W )︸ ︷︷ ︸

≤0

+
(G+ βR)2

2
W (W − 1))

)

≤ 1

KV

K∑
k=1

T−W+1∑
t=1

(G+ βR)2

2
W (W − 1)

=
(G+ βR)2W (W − 1)(T −W + 1)

2V
. (D.7)

Finally, for the term (d), we can write:

(d) =
α

KV

K∑
k=1

W−1∑
τ=0

( ∣∣∣∣∣∣x∗W − v(k)τ

∣∣∣∣∣∣2 − ∣∣∣∣∣∣x∗W − v
(k)
T−W+τ+1

∣∣∣∣∣∣2 )
≤ α

KV

K∑
k=1

W−1∑
τ=0

∣∣∣∣∣∣x∗W − v(k)τ

∣∣∣∣∣∣2
≤ α

KV

K∑
k=1

W−1∑
τ=0

R2

=
αR2W

V
. (D.8)

Combining inequalities D.4, D.5, D.6, D.7 and D.8, dividing both sides by W and rearranging

the terms, we obtain the regret bound as stated.

D.3.9 Proof of Theorem 6.4.3

Set x∗0 = 0. Plugging in x = x∗t−1 in inequality D.1, we have:(
ft−1(x

∗
t−1)− ft−1(x

(k+1)
t−1 )

)
≤ (1− 1

K
)
(
ft−1(x

∗
t−1)− ft−1(x

(k)
t−1)

)
− 1

KV
∆

(k)
t +

V β2

4αK
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+
(G+ βR)2

2KV
+

1

KV
λ
(k)
t gt−1(x

∗
t−1) +

α

KV

∣∣∣∣∣∣x∗t−1 − v
(k)
t−1

∣∣∣∣∣∣2 − α

KV

∣∣∣∣∣∣x∗t−1 − v
(k)
t

∣∣∣∣∣∣2 + LR2

2K2
.

Taking the sum over all t ∈ [T ] and applying the inequality recursively for all k ∈ [K], we

obtain:
T∑
t=1

(
ft−1(x

∗
t−1)− ft−1(x

(K+1)
t−1︸ ︷︷ ︸
=xt−1

)
)
≤ 1

e

T∑
t=1

(
ft−1(x

∗
t−1)− ft−1(x

(1)
t−1︸︷︷︸
=0

)
)
+

V β2T

4α
+

(G+ βR)2T

2V

+
1

KV

K∑
k=1

T∑
t=1

λ
(k)
t gt−1(x

∗
t−1) +

α

KV

K∑
k=1

T−1∑
t=1

( ∣∣∣∣∣∣x∗t − v
(k)
t

∣∣∣∣∣∣2 − ∣∣∣∣∣∣x∗t−1 − v
(k)
t

∣∣∣∣∣∣2 )+ LR2T

2K

+
α

KV

K∑
k=1

∣∣∣∣∣∣x∗0 − v
(k)
0

∣∣∣∣∣∣2︸ ︷︷ ︸
=0

− α

KV

K∑
k=1

∣∣∣∣∣∣x∗T−1 − v
(k)
t

∣∣∣∣∣∣2 .
Considering that

∣∣∣∣∣∣x∗t − v
(k)
t

∣∣∣∣∣∣2 − ∣∣∣∣∣∣x∗t−1 − v
(k)
t

∣∣∣∣∣∣2 = ||x∗t ||2 − ∣∣∣∣x∗t−1

∣∣∣∣2 + 2⟨v(k)t , x∗t−1 − x∗t ⟩ ≤

||x∗t ||
2 −

∣∣∣∣x∗t−1

∣∣∣∣2 + 2R
∣∣∣∣x∗t−1 − x∗t

∣∣∣∣ holds, we can write:

T∑
t=1

(
ft−1(x

∗
t−1)− ft−1(xt−1)

)
≤ 1

e

T∑
t=1

ft−1(x
∗
t−1) +

V β2T

4α
+

(G+ βR)2T

2V
+

1

KV

K∑
k=1

T∑
t=1

λ
(k)
t gt−1(x

∗
t−1)

+
α

KV

K∑
k=1

( ∣∣∣∣x∗T−1

∣∣∣∣2︸ ︷︷ ︸
≤R2

− ||x∗0||
2︸ ︷︷ ︸

=0

+2R

T−1∑
t=1

∣∣∣∣x∗t−1 − x∗t
∣∣∣∣ )+ LR2T

2K
.

Denoting the drift of the benchmark sequence P ∗
T =

∑T−1
t=1

∣∣∣∣x∗t−1 − x∗t
∣∣∣∣, we get the dynamic

regret bound as desired.

D.3.10 Proof of Theorem 6.4.4

Taking expectation of both sides of inequality D.1, we have:

E
[
ft−1(x

∗)− ft−1(x
(k+1)
t−1 )

]
≤ (1− 1

K
)E

[
ft−1(x

∗)− ft−1(x
(k)
t−1)

]
− 1

KV
E[∆(k)

t ] +
V β2

4αK
+

(G+ βR)2

2KV

+
1

KV
E[λ(k)

t gt−1(x
∗)] +

α

KV
E
∣∣∣∣∣∣x∗ − v

(k)
t−1

∣∣∣∣∣∣2 − α

KV
E
∣∣∣∣∣∣x∗ − v

(k)
t

∣∣∣∣∣∣2 + LR2

2K2
.

Let Ft = {gτ}t−1
τ=0. Considering that λ

(k)
t is Ft−1-measurable and gt−1(x

∗) is independent of

Ft−1, we can write:

E[λ(k)
t gt−1(x

∗)] = E
[
E[λ(k)

t gt−1(x
∗)|Ft−1]

]
= E

[
λ
(k)
t E[gt−1(x

∗)]︸ ︷︷ ︸
≤0

]
≤ 0.
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Combining the above inequalities, taking the sum over t ∈ [T ] and applying the inequality

recursively for all k ∈ [K], we obtain:

T∑
t=1

E
[
ft−1(x

∗)− ft−1(x
(K+1)
t−1︸ ︷︷ ︸
=xt−1

)
]
≤ (1− 1

K
)K︸ ︷︷ ︸

≤ 1
e

E
[ T∑
t=1

(
ft−1(x

∗)− ft−1(x
(1)
t−1︸︷︷︸
=0

)
]
− 1

2KV

K∑
k=1

E[λ(k)
T+1]

2

︸ ︷︷ ︸
≤0

+
V β2T

4α
+

(G+ βR)2T

2V
+

αR2

V
+

LR2T

2K
.

Therefore, the expected regret bound is derived as stated.

D.3.11 Proof of Theorem 6.4.5

Considering the regret bound in inequality D.3, in order to obtain a high proba-

bility regret bound, we have to bound 1
KV

∑K
k=1

∑T
t=1 λ

(k)
t gt−1(x

∗). Denote Yt =

1
KV

∑K
k=1

∑t
s=1 λ

(k)
s gs−1(x

∗) and let Ft = {gτ}t−1
τ=0. Considering that gt−1(x

∗) is independent

of Ft−1,We have:

E[Yt|Ft−1] = E[Yt−1 +
1

KV

K∑
k=1

λ
(k)
t gt−1(x

∗)|Ft−1]

= Yt−1 + E[
1

KV

K∑
k=1

λ
(k)
t gt−1(x

∗)|Ft−1]

= Yt−1 +
1

KV

K∑
k=1

λ
(k)
t E[gt−1(x

∗)|Ft−1]

= Yt−1 +
1

KV

K∑
k=1

λ
(k)
t E[gt−1(x

∗)]︸ ︷︷ ︸
≤0

≤ Yt−1.

Therefore, {Yt,Ft}t≥0 is a supermartingale. Also, note that for all t ∈ [T ], we have:

|Yt − Yt−1| = |
1

KV

K∑
k=1

λ
(k)
t gt−1(x

∗)| ≤ 1

KV

K∑
k=1

λ
(k)
t |gt−1(x

∗)| ≤ θG.
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Thus, using the Azuma-Hoeffding inequality, we can conclude that with probability 1− δ,

the following holds:

1

KV

K∑
k=1

T∑
t=1

λ
(k)
t gt−1(x

∗) ≤ θG

√
2T log(

1

δ
).

Combining the above inequality with the regret bound in inequality D.3, with probability

1− δ, we have:

R
(S,S)
T ≤ θG

√
2T log(

1

δ
) +

V β2T

4α
+

(G+ βR)2T

2V
+

αR2

V
+

LR2T

2K
.

D.3.12 Proof of Theorem 6.5.1

Using an analysis similar to Lemma 6.4.1, we have:

Q∑
q=1

ḡq−1(v
(k)
q−1) ≤ λ

(k)
Q+1 +

β2Q

4V
+ V

Q∑
q=1

∣∣∣∣∣∣v(k)q − v
(k)
q−1

∣∣∣∣∣∣2 .
The constraint violation bound follows immediately from the result of Lemma 6.4.2 and it is

provided below:

E[CT ] = E
[
K

Q∑
q=1

ḡq−1(x
(K+1)
q−1 )

]
= E

[
K

Q∑
q=1

ḡq−1(
1

K

K∑
k=1

v
(k)
q−1)

]
≤

K∑
k=1

Q∑
q=1

E[ḡq−1(v
(k)
q−1)]

≤
K∑
k=1

E[λ(k)
Q+1] +

β2QK

4V
+ V

K∑
k=1

Q∑
q=1

E
∣∣∣∣∣∣v(k)q − v

(k)
q−1

∣∣∣∣∣∣2 , (D.9)

where the first inequality is due to Jensen’s inequality.

Plugging in t ← q and using the dual update of Algorithm 2 instead of Algorithm 1 in

Lemma 6.4.3, we have:

∆(k)
q :=

(λ
(k)
q+1)

2

2
− (λ

(k)
q )2

2
≤ (G+ βR)2

2
+ λ(k)

q (ḡq−1(v
(k)
q−1) + ⟨∇ḡq−1(v

(k)
q−1), v

(k)
q − v

(k)
q−1⟩).
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Combining the above inequality with the update rule for v
(k)
q , we have:

∆(k)
q −⟨V∇ftq−1,k

(x
(k)
tq−1,k

), v(k)q − v
(k)
q−1⟩+ α

∣∣∣∣∣∣v(k)q − v
(k)
q−1

∣∣∣∣∣∣2︸ ︷︷ ︸
(a)

≤ (G+ βR)2

2
− ⟨V∇ftq−1,k

(x
(k)
tq−1,k

)− λ(k)
q ∇ḡq−1(v

(k)
q−1), v

(k)
q − v

(k)
q−1⟩+ λ

(k)
t ḡq−1(v

(k)
q−1)

+ α
∣∣∣∣∣∣v(k)q − v

(k)
q−1

∣∣∣∣∣∣2
≤ (G+ βR)2

2
− ⟨V∇ftq−1,k

(x
(k)
tq−1,k

)− λ(k)
q ∇ḡq−1(v

(k)
q−1), x− v

(k)
q−1⟩+ λ(k)

q ḡq−1(v
(k)
q−1)

+ α
∣∣∣∣∣∣x− v

(k)
q−1

∣∣∣∣∣∣2 − α
∣∣∣∣∣∣x− v(k)q

∣∣∣∣∣∣2
≤ (G+ βR)2

2
− ⟨V∇ftq−1,k

(x
(k)
tq−1,k

), x− v
(k)
q−1⟩+ λ(k)

q ḡq−1(x) + α
∣∣∣∣∣∣x− v

(k)
q−1

∣∣∣∣∣∣2 − α
∣∣∣∣∣∣x− v(k)q

∣∣∣∣∣∣2 ,
where we have used convexity of ḡq−1 to derive the last inequality.

For the term (a), we have:

(a) =

∣∣∣∣∣∣∣∣√α(v(k)q − v
(k)
q−1)−

V

2
√
α
∇ftq−1,k

(x
(k)
q−1)

∣∣∣∣∣∣∣∣2 − V 2

4α

∣∣∣∣∣∣∇ftq−1,k
(x

(k)
q−1)

∣∣∣∣∣∣2
≥ −V 2β2

4α
.

Using L-smoothness of the utility functions, we can write:

ftq−1,k
(x

(k+1)
q−1 ) ≥ ftq−1,k

(x
(k)
q−1) +

1

K
⟨v(k)q−1,∇ftq−1,k

(x
(k)
q−1)⟩ −

L

2K2

∣∣∣∣∣∣v(k)q−1

∣∣∣∣∣∣2
V ⟨v(k)q−1,∇ftq−1,k

(x
(k)
q−1)⟩ ≤ KV

(
ftq−1,k

(x
(k+1)
q−1 )− ftq−1,k

(x
(k)
q−1)

)
+

LR2V

2K
.

Using the DR-submodularity and monotonicity of the reward functions, we have:

ftq−1,k
(x)− ftq−1,k

(x
(k)
q−1) ≤ ftq−1,k

(x ∨ x
(k)
q−1)− ftq−1,k

(x
(k)
q−1)

≤ ⟨∇ftq−1,k
(x

(k)
q−1), (x ∨ x

(k)
q−1)− x

(k)
q−1⟩

= ⟨∇ftq−1,k
(x

(k)
q−1), (x− x

(k)
q−1) ∨ 0⟩

≤ ⟨∇ftq−1,k
(x

(k)
q−1), x⟩.

Putting the above inequalities together, we have:

∆(k)
q −

V 2β2

4α
≤ (G+ βR)2

2
− V

(
ftq−1,k

(x)− ftq−1,k
(x

(k)
q−1)

)
+KV

(
ftq−1,k

(x
(k+1)
q−1 )− ftq−1,k

(x
(k)
q−1)

)
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+ λ(k)
q ḡq−1(x) + α

∣∣∣∣∣∣x− v
(k)
q−1

∣∣∣∣∣∣2 − α
∣∣∣∣∣∣x− v(k)q

∣∣∣∣∣∣2 + LR2V

2K
.

Equivalently, we can write:

KV
(
ftq−1,k

(x)− ftq−1,k
(x

(k+1)
q−1 )

)
≤ (K − 1)V

(
ftq−1,k

(x)− ftq−1,k
(x

(k)
q−1)

)
−∆(k)

q +
V 2β2

4α

+
(G+ βR)2

2
+ λ(k)

q ḡq−1(x) + α
∣∣∣∣∣∣x− v

(k)
q−1

∣∣∣∣∣∣2 − α
∣∣∣∣∣∣x− v(k)q

∣∣∣∣∣∣2 + LR2V

2K
.

Dividing both sides by KV and taking the sum over q ∈ [Q], we obtain:

Q∑
q=1

(
ftq−1,k

(x)− ftq−1,k
(x

(k+1)
q−1 )

)
≤ (1− 1

K
)

Q∑
q=1

(
ftq−1,k

(x)− ftq−1,k
(x

(k)
q−1)

)
+

V β2Q

4αK

+
(G+ βR)2Q

2KV
+

1

KV

Q∑
q=1

λ(k)
q ḡq−1(x) +

α

KV

∣∣∣∣∣∣x− v
(k)
0

∣∣∣∣∣∣2 − α

KV

∣∣∣∣∣∣x− v
(k)
Q

∣∣∣∣∣∣2 + LR2Q

2K2
.

Applying the above inequality recursively for all k ∈ [K], we have:

Q∑
q=1

(
ftq−1,k

(x)− ftq−1,k
(x

(K+1)
q−1 )

)
≤ (1− 1

K
)K︸ ︷︷ ︸

≤ 1
e

Q∑
q=1

(
ftq−1,k

(x)− ftq−1,k
(x

(1)
q−1︸︷︷︸
=0

)
)
+

V β2Q

4α

+
(G+ βR)2Q

2V
+

1

KV

K∑
k=1

Q∑
q=1

λ(k)
q ḡq−1(x) +

αR2

V
+

LR2Q

2K
.

Therefore, the regret against the benchmark with window length W ∈ [1, T
1
3 ] is derived as

stated.

D.3.13 Proof of Theorem 6.5.2

For all q ∈ [Q], k ∈ [K], using a similar analysis to Lemma D.3.3, we have λ
(k)
q ≤ θV where

θ = max{G+ βR,
(G+βR)2T

2 + (βR+ V β2

4α )V T

V BT
+

αR2T

V (V + 1)BT
+

(G+ βR)(V + 2)

2V
}.

Using the update rule of the algorithm, we have:

⟨V∇ftq−1,k
(x

(k)
q−1)− λ(k)

q ∇ḡq−1(v
(k)
q−1), v

(k)
q ⟩ − α

∣∣∣∣∣∣v(k)q − v
(k)
q−1

∣∣∣∣∣∣2 ≥
⟨V∇ftq−1,k

(x
(k)
q−1)− λ(k)

q ∇ḡq−1(v
(k)
q−1), v

(k)
q−1⟩+ α

∣∣∣∣∣∣v(k)q − v
(k)
q−1

∣∣∣∣∣∣2 .
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Equivalently, we can write:

2α
∣∣∣∣∣∣v(k)q − v

(k)
q−1

∣∣∣∣∣∣2 ≤ ⟨V∇ftq−1,k
(x

(k)
tq−1,k

)− λ(k)
q ∇ḡq−1(v

(k)
q−1), v

(k)
q − v

(k)
q−1⟩

≤
∣∣∣∣∣∣V∇ftq−1,k

(x
(k)
q−1)− λ(k)

q ∇ḡq−1(v
(k)
q−1)

∣∣∣∣∣∣ ∣∣∣∣∣∣v(k)q − v
(k)
q−1

∣∣∣∣∣∣ .
Dividing both sides by 2α

∣∣∣∣∣∣v(k)t − v
(k)
t−1

∣∣∣∣∣∣ and using the triangle inequality, we obtain:

∣∣∣∣∣∣v(k)q − v
(k)
q−1

∣∣∣∣∣∣ ≤ 1

2α

( ∣∣∣∣∣∣V∇ftq−1,k
(x

(k)
q−1)

∣∣∣∣∣∣+ ∣∣∣∣∣∣λ(k)
q ∇ḡq−1(v

(k)
q−1)

∣∣∣∣∣∣ )
≤ β

2α
(V + λ(k)

q )

≤ β(1 + θ)

2α
V.

Therefore, the following holds:∣∣∣∣∣∣v(k)q − v
(k)
q−1

∣∣∣∣∣∣2 ≤ β2(1 + θ)2

4α2
V 2.

Plugging the above inequality in inequality D.9, we obtain the constraint violation bound as

follows:

E[CT ] ≤
K∑
k=1

θV +
β2QK

4V
+ V

K∑
k=1

Q∑
q=1

E
∣∣∣∣∣∣v(k)t − v

(k)
t−1

∣∣∣∣∣∣2 ≤ θKV +
β2T

4V
+

β2(1 + θ)2V 3T

4α2
.
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Appendix E

APPENDIX OF CHAPTER 7

E.1 Missing proofs

E.1.1 Proof of Theorem 7.5.1

We first provide a lemma that will be used in the proof.

Lemma E.1.1 If we apply PGA with the update rule xk+1 = ProjK
(
xk+

1
L∇f(xk)

)
∀k ∈ [K]

to an L-smooth function f , the following holds:

f(xk+1) ≥ f(xk) +
L

2
∥xk+1 − xk∥2 ≥ f(xk).

Proof We can use the L-smoothness of f and write:

f(xk+1) ≥ f(xk) + ⟨∇f(xk), xk+1 − xk⟩ −
L

2
∥xk+1 − xk∥2

≥ f(xk) + L∥xk+1 − xk∥2 −
L

2
∥xk+1 − xk∥2

= f(xk) +
L

2
∥xk+1 − xk∥2

≥ f(xk),

where the second inequality follows from the optimality condition for xk+1, i.e., xk+1 =

argminz∈K ∥z − xk − 1
L∇f(xk)∥

2.

First, consider the DR-submodular setting (µ = 0). Note that for all k ∈ [K], we can rewrite

the update rule of PGA in the following equivalent way:

xk+1 = argmax
x∈K

(
f(xk) + ⟨∇f(xk), x− xk⟩ −

L

2
∥x− xk∥2

)
= ProjK

(
xk +

1

L
∇f(xk)

)
.
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If we denote h(x) := f(xk) + ⟨∇f(xk), x − xk⟩ − L
2 ∥x − xk∥2, h is L-strongly concave.

Therefore, we can write:

h(x∗) ≤ h(xk+1) + ⟨∇h(xk+1), x
∗ − xk+1⟩ −

L

2
∥xk+1 − x∗∥2

(a)

≤ h(xk+1)−
L

2
∥xk+1 − x∗∥2,

where (a) follows from the optimality condition for xk+1, i.e., xk+1 = argmaxx∈K h(x). We

can write:

f(xk+1)
(b)

≥ h(xk+1)

≥ h(x∗) +
L

2
∥xk+1 − x∗∥2

= f(xk) + ⟨∇f(xk), x∗ − xk⟩ −
L

2
∥xk − x∗∥2 + L

2
∥xk+1 − x∗∥2

(c)

≥ f(x∗)− cff(xk) +
L

2

(
∥xk+1 − x∗∥2 − ∥xk − x∗∥2

)
,

where (b) follows from the L-smoothness of f and (c) uses the result of Lemma 7.5.1 with

z = x∗, x = xk and µ = 0. Rearranging the terms and taking the sum over k ∈ [K], we

obtain:

K(1 + cf )f(xK+1)
(d)

≥
K∑
k=1

(
f(xk+1) + cff(xk)

)
≥ Kf(x∗) +

L

2
∥xK+1 − x∗∥2 − L

2
∥x1 − x∗∥2

≥ Kf(x∗)− L

2
∥x1 − x∗∥2,

where (d) is due to Lemma E.1.1. Dividing both sides by K(1 + cf ), we derive the result as

stated.

Now, we move on to the general strongly DR-submodular setting with µ > 0. Note that for

all k ∈ [K], we can equivalently write the update rule of PGA as follows:

xk+1 = argmax
x∈K

(
⟨∇f(xk), x− xk⟩ −

L

2
∥x− xk∥2

)
= ProjK

(
xk +

1

L
∇f(xk)

)
.
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Using the L-smoothness property of f , we can write:

f(xk+1)− f(xk) ≥ max
x∈K

(
⟨∇f(xk), x− xk⟩ −

L

2
∥x− xk∥2

)
=

1

2L
∥∇f(xk)∥2 −

L

2
min
x∈K
∥x− xk −

1

L
∇f(xk)∥2

=
1

2L
∥∇f(xk)∥2 −

L

2
∥xk+1 − xk −

1

L
∇f(xk)∥2. (E.1)

Setting z = x∗ and x = xk in Lemma 7.5.1, we have:

µ

L

(
f(x∗)− (1 + cf )f(xk)

)
≤ µ

L

(
⟨∇f(xk), x∗ − xk⟩ −

µ

2
∥x∗ − xk∥2

)
= − µ2

2L
∥x∗ − xk −

1

µ
∇f(xk)∥2 +

1

2L
∥∇f(xk)∥2. (E.2)

Since xk+1 = argminz∈K ∥z − xk − 1
L∇f(xk)∥

2, 0 ≤ µ
L ≤ 1 and K is convex, we can write:

∥xk+1 − xk −
1

L
∇f(xk)∥2 ≤ ∥

µ

L
x∗ + (1− µ

L
)xk − xk −

1

L
∇f(xk)∥2

= ∥µ
L
(x∗ − xk)−

1

L
∇f(xk)∥2

=
µ2

L2
∥x∗ − xk −

1

µ
∇f(xk)∥2.

Multiplying both sides of the above inequality by −L
2 , we obtain:

− µ2

2L
∥x∗ − xk −

1

µ
∇f(xk)∥2 ≤ −

L

2
∥xk+1 − xk −

1

L
∇f(xk)∥2. (E.3)

Combining the inequalities E.1, E.2 and E.3, we have:

µ

L

(
f(x∗)− (1 + cf )f(xk)

)
≤ f(xk+1)− f(xk).

Therefore, we can write:

f(x∗)− (1 + cf )f(xk+1) ≤ (1− µ

L
)
(
f(x∗)− (1 + cf )f(xk)

)
+ cf

(
f(xk)− f(xk+1)

)
≤ (1− µ

L
)
(
f(x∗)− (1 + cf )f(xk)

)
,

where the last inequality uses the result of Lemma E.1.1. Applying the above inequality

recursively for all k ∈ [K], we obtain:

f(x∗)− (1 + cf )f(xK+1) ≤ (1− µ

L
)K

(
f(x∗)− (1 + cf )f(x1)

)
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≤ e−µK/L
(
f(x∗)− (1 + cf )f(x1)

)
.

Rearranging the terms and dividing both sides by 1 + cf , we obtain the result as stated.

E.1.2 Proof of Theorem 7.5.2

We can write:

∥xt+1 − x∗∥2 ≤ ∥xt + ηt∇ft(xt)− x∗∥2

= ∥xt − x∗∥2 + η2t ∥∇ft(xt)∥2 − 2ηt⟨∇ft(xt), x∗ − xt⟩.

Rearranging the terms and dividing both sides by 2ηt, we can equivalently write:

⟨∇ft(xt), x∗ − xt⟩ ≤
∥xt − x∗∥2 − ∥xt+1 − x∗∥2 + η2t ∥∇ft(xt)∥2

2ηt

≤ ∥xt − x∗∥2 − ∥xt+1 − x∗∥2

2ηt
+

ηtβ
2

2
. (E.4)

Using the result of Lemma 7.5.1 with x = xt, z = x∗, cf = maxt∈[T ] cft , and µ = 0 and

combining it with the above inequality, we have:

ft(x
∗)− (1 + cf )ft(xt) ≤

∥xt − x∗∥2 − ∥xt+1 − x∗∥2

2ηt
+

ηtβ
2

2
.

Setting ηt = η = R
β
√
T
∀t ∈ [T ] and taking the sum over t ∈ [T ], we obtain:

T∑
t=1

(
ft(x

∗)− (1 + cf )ft(xt)
)
≤

T∑
t=1

∥xt − x∗∥2 − ∥xt+1 − x∗∥2

2η
+

ηβ2T

2

=
∥x1 − x∗∥2 − ∥xT+1 − x∗∥2

2η
+

ηβ2T

2

≤ R2

2η
+

ηβ2T

2
.

Plugging in the value of η and dividing both sides by 1 + cf , we conclude:

T∑
t=1

( 1

1 + cf
ft(x

∗)− ft(xt)
)
≤ Rβ

√
T

2(1 + cf )
+

Rβ
√
T

2(1 + cf )
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=
Rβ
√
T

1 + cf
.

For the setting where all {ft}Tt=1 are µ-strongly DR-submodular, we can combine the result

of Lemma 7.5.1 and inequality E.4 to obtain the following:

ft(x
∗)− (1 + cf )ft(xt) ≤

∥xt − x∗∥2 − ∥xt+1 − x∗∥2

2ηt
− µ

2
∥xt − x∗∥2 + ηtβ

2

2
.

If we set ηt = 1
µt ∀t ∈ [T ], we have 1

2η1
− µ

2 = 0 and 1
2ηt
− µ

2 = µ(t−1)
2 = 1

2ηt−1
∀t > 1.

Therefore, we can rewrite the above inequality in the following equivalent way:

ft(x
∗)− (1 + cf )ft(xt) ≤

∥xt − x∗∥2

2ηt−1
− ∥xt+1 − x∗∥2

2ηt
+

ηtβ
2

2
.

Taking the sum over t ∈ [T ], we have:

T∑
t=1

(
ft(x

∗)− (1 + cf )ft(xt)
)
≤ − 1

2η1
∥x2 − x∗∥2 +

T∑
t=2

(∥xt − x∗∥2

2ηt−1
− ∥xt+1 − x∗∥2

2ηt

)
+

β2

2

T∑
t=1

ηt

= − 1

2η1
∥x2 − x∗∥2 + 1

2η1
∥x2 − x∗∥2 − 1

2ηT
∥xT+1 − x∗∥2 + β2

2

T∑
t=1

ηt

≤ β2

2

T∑
t=1

ηt

≤ β2

2µ
(1 + lnT ).

Dividing both sides by 1 + cf , we obtain the regret bound as follows:

T∑
t=1

( 1

1 + cf
ft(x

∗)− ft(xt)
)
≤ β2

2µ(1 + cf )
(1 + lnT ).
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Appendix F

APPENDIX OF CHAPTER 8

F.1 Related work

Online optimization in the i.i.d. model. For the setting where the objective functions

{ft}Tt=1 are drawn i.i.d. from an unknown distribution D with a convex mean f(·) = ED[ft(·)],

several algorithms have been proposed that could be divided into two categories of projection-

based and projection-free algorithms where the latter is most relevant to our work. In

particular, [105] proposed the Online Frank-Wolfe (OFW) algorithm which achieves a nearly

optimal Õ(
√
T ) stochastic regret bound with high probability. The OFW algorithm requires

to access the exact gradient of {ft}Tt=1 and has an average O(T ) per-iteration computational

cost. To remedy this issue, more recently, [60] proposed the One-Shot Frank-Wolfe (OSFW)

algorithm with O(T 2/3) stochastic regret bound in expectation. Note that the OSFW

algorithm obtains similar bounds for the setting where f is monotone continuous DR-

submodular. The OSFW algorithm only uses unbiased stochastic gradient estimates of

loss functions and has an O(1) cost per iteration. However, the derived O(T 2/3) stochastic

regret bound is sub-optimal. To bridge this gap, [208] introduced the Online stochastic

Recursive Gradient-based Frank-Wolfe (ORGFW) algorithm which not only has a nearly

optimal Õ(
√
T ) stochastic regret bound with high probability, but it also maintains a low

O(1) computational cost per round.

Stochastic optimization. Online optimization in the i.i.d. model is closely related but

different from the stochastic optimization problem [29]. In online optimization in the i.i.d.

model, the goal is to choose a sequence {xt}Tt=1 of decision variables that has low stochastic

regret, and the algorithm requires updating the decision variables as soon as new data arrives

online [60]. In contrast, stochastic optimization focuses on the quality of the final output
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of the algorithm [152] and aims to find an approximate optimal point of the underlying

objective function, where the performance is measured by the convergence rate.

Online convex optimization in the random order model. [92] studied OCO in a

weaker model where the loss functions are still chosen adversarially but their order of arrival

is random. This model is termed Random Order Online Convex Optimization (ROOCO).

ROOCO is a natural middle ground between the standard adversarial OCO setting and the

model where the loss functions are i.i.d. drawn from some unknown underlying distribution.

In [92], the authors assumed that the average of the sequence of loss functions is α-strongly

convex while each loss function may not even be convex. They showed that if all the loss

functions are quadratic, with probability at least 1− δ, Online Gradient Descent (OGD) with

step size ηt =
1
αt ∀t ∈ [T ] obtains a regret bound of O(β

2

α3 log
2T ), where β is the Lipschitz

constant of the loss functions. Moreover, for general loss functions, OGD with the same

choice of step sizes obtains a regret bound of O(nβ
2

α3 log2T ) (n is the dimension of the domain

space) with probability at least 1− δ. More recently, [191] provided a new algorithm with

an improved O(β
2

α log T ) for the problem.

Offline DR-submodular maximization. [25] proposed a variant of the Frank-Wolfe

algorithm for maximizing a monotone DR-submodular function f subject to a convex domain

K. Starting from x(1) = 0, the algorithm performs K Frank-Wolfe updates where at each

iteration k ∈ [K], it finds vk such that vk = argmaxx∈K⟨x,∇f(x(k))⟩, and performs the

update x(k+1) = x(k) + 1
K vk. [25] showed that the output of this algorithm (x(K+1)) obtains

the provably optimal approximation ratio of 1− 1
e .

F.2 Missing proofs

F.2.1 Proof of Theorem 8.4.1

For all t ∈ [T ], using the L-smoothness of ft, we have:

ft(x
(k+1)
t ) ≥ ft(x

(k)
t ) +

1

K
⟨v(k)t ,∇ft(x(k)t )⟩ − L

2K2
∥v(k)t ∥2.
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Taking the sum over t ∈ [T ], we obtain:

T∑
t=1

(
ft(x

(k+1)
t )− ft(x

(k)
t )

)
≥ 1

K

T∑
t=1

⟨v(k)t ,∇ft(x(k)t )⟩ − L

2K2

T∑
t=1

∥v(k)t ∥2.

For all k ∈ [K], let v
(∗)
k = argmaxv∈K

(∑T
t=1⟨v,∇ft(x

(k)
t )⟩ − µT

2 ∥v∥
2
)
. If we use Follow the

Leader (FTL) as Ek ∀k ∈ [K], using Corollary 7.18 of [167], we can write:

T∑
t=1

⟨x∗,∇ft(x(k)t )⟩ − µT

2
∥x∗∥2

(a)

≤
T∑
t=1

⟨v(∗)k ,∇ft(x(k)t )⟩ − µT

2
∥v(∗)k ∥

2

(b)

≤
T∑
t=1

(
⟨v(k)t ,∇ft(x(k)t )⟩ − µ

2
∥v(k)t ∥2

)
+

(β + µR)2

2µ
(1 + lnT ),

where (a) uses the definition of v
(∗)
k and (b) is due to the regret bound of the FTL algorithm.

We have:

T∑
t=1

(
ft(x

∗)− ft(x
(k)
t )

) (c)

≤
T∑
t=1

(
ft(x

∗ + x
(k)
t )− ft(x

(k)
t )

)
(d)

≤
T∑
t=1

⟨x∗,∇ft(x(k)t )⟩ − µT

2
∥x∗∥2,

where (c) and (d) use the monotonicity and µ-strong DR-submodularity of {ft}Tt=1. Combin-

ing the above inequalities, we have:

T∑
t=1

(
ft(x

(k+1)
t )− ft(x

(k)
t )

)
≥ 1

K

T∑
t=1

(
ft(x

∗)− ft(x
(k)
t )

)
+

µ

2K

T∑
t=1

∥v(k)t ∥2 −
L

2K2

T∑
t=1

∥v(k)t ∥2

− (β + µR)2

2µK
(1 + lnT )

=
1

K

T∑
t=1

(
ft(x

∗)− ft(x
(k)
t )

)
+

1

2K

(
µ− L

K

) T∑
t=1

∥v(k)t ∥2

− (β + µR)2

2µK
(1 + lnT ).

Therefore, if we set K = ⌈Lµ ⌉, we can write:

T∑
t=1

(
ft(x

(k+1)
t )− ft(x

∗)
)
≥ (1− 1

K
)

T∑
t=1

(
ft(x

(k)
t )− ft(x

∗)
)
− (β + µR)2

2µK
(1 + lnT ).
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Applying the inequality recursively for all k ∈ [K], we obtain:

T∑
t=1

(
ft(x

(K+1)
t︸ ︷︷ ︸
=xt

)− ft(x
∗)
)
≥ (1− 1

K
)K

T∑
t=1

(
ft(x

(1)
t )︸ ︷︷ ︸

=0

−ft(x∗)
)
− (β + µR)2

2µ
(1 + lnT ).

Rearranging the terms and using the inequality (1− 1
K )K ≤ 1

e , we can write:

T∑
t=1

(
(1− 1

e
)ft(x

∗)− ft(xt)
)
≤ (β + µR)2

2µ
(1 + lnT ).

F.2.2 Proof of Theorem 8.5.2

For non-quadratic DR-submodular functions, the Hessian of the utility functions is not

fixed and therefore, we have to ensure the strong DR-submodularity of every block of size

W holds at every point x ∈ K. We provide the analysis for the class of concave functions

with negative dependence below (this analysis could be easily extended to more general

DR-submodular functions). For all t ∈ [T ], let ft be of the form of concave functions with

negative dependence. In this case, ∇2
iift(x) =

∂2h
(t)
i

∂x2
i
(x) for all i ∈ [n]. Note that for all

i ∈ [n], we are assuming 1
T

∑T
t=1 h

(t)
i is µ-strongly concave while each individual h

(t)
i may

be neither convex nor concave. Assume that for all i ∈ [n] and τ ∈ {0, . . . , ⌈ TW ⌉ − 1}, the

second derivative of the scalar function 1
W

∑(τ+1)W
t=τW+1 h

(t)
i is H-Lipschitz. Also, assume that

for all x ∈ K, 0 ≤ xi ≤ Ri holds. For all i ∈ [n], consider the discretized set of points

Zi = {2kγ ∀k ∈ {0, . . . , Ri
2γ }}. Note that for all x ∈ K and i ∈ [n], there exists zi ∈ Zi such

that |xi − zi| ≤ γ. If the desired property holds for this set of points in the domain K, we

can use the H-Lipschitzness assumption to conclude

1

W

(τ+1)W∑
t=τW+1

(h
(t)
i )

′′
(xi) ≤ −(µ− ϵ− γH).

Therefore, in order to take the union bound in this setting, we set δ

T
∑n

i=1⌈
Ri
2γ

⌉
= 4exp

(
− Wϵ2

128θL2

)
which is equivalent to W0 =

128θL2

ϵ2
ln(

4T
∑n

i=1 Ri

2γδ ).
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F.2.3 Proof of Theorem 8.6.1

For Algorithm 2, we can write:

f(x
(k+1)
t+1 )

(a)

≥ f(x
(k)
t+1) +

1

Kt
⟨v(k)t ,∇f(x(k)t+1)⟩ −

L

2K2
t

∥v(k)t ∥2

≥ f(x
(k)
t+1) +

1

Kt
⟨v(k)t , d

(k)
t ⟩+

1

Kt
⟨v(k)t ,∇f(x(k)t+1)− d

(k)
t ⟩ −

LR2

2K2
t

(b)

≥ f(x
(k)
t+1) +

1

Kt
⟨x∗, d(k)t ⟩+

1

Kt
⟨v(k)t ,∇f(x(k)t+1)− d

(k)
t ⟩ −

LR2

2K2
t

= f(x
(k)
t+1) +

1

Kt
⟨x∗,∇f(x(k)t+1)⟩+

1

Kt
⟨v(k)t − x∗,∇f(x(k)t+1)− d

(k)
t ⟩ −

LR2

2K2
t

(c)

≥ f(x
(k)
t+1) +

1

Kt
⟨(x∗ − x

(k)
t+1) ∨ 0,∇f(x(k)t+1)⟩+

1

Kt
⟨v(k)t − x∗,∇f(x(k)t+1)− d

(k)
t ⟩ −

LR2

2K2
t

(d)

≥ f(x
(k)
t+1) +

1

Kt
f(x∗ ∨ x

(k)
t+1)−

1

Kt
f(x

(k)
t+1) +

1

Kt
⟨v(k)t − x∗,∇f(x(k)t+1)− d

(k)
t ⟩ −

LR2

2K2
t

(e)

≥ f(x
(k)
t+1) +

1

Kt
f(x∗)− 1

Kt
f(x

(k)
t+1) +

1

Kt
⟨v(k)t − x∗,∇f(x(k)t+1)− d

(k)
t ⟩ −

LR2

2K2
t

,

where (a) uses L-smoothness of f , (b) is due to the update rule of the algorithm, (c) and (e)

follow from monotonicity of f , and (d) exploits concavity of f along non-negative directions.

Defining ϵ
(k)
t := d

(k)
t −∇f(x

(k)
t+1) and rearranging the terms in the above inequality, we have:

f(x∗)− f(x
(k+1)
t+1 ) ≤ (1− 1

Kt
)
(
f(x∗)− f(x

(k)
t+1)

)
+

R

Kt
∥ϵ(k)t ∥+

LR2

2K2
t

.

Applying the inequality recursively for all k ∈ [Kt] and taking expectation of both sides, we

have:

f(x∗)− E[f(x(Kt+1)
t+1︸ ︷︷ ︸
=xt+1

)] ≤ (1− 1

Kt
)Kt︸ ︷︷ ︸

≤ 1
e

(
f(x∗)− E[f(x(1)t+1︸︷︷︸

=0

)]
)
+

R

Kt

Kt∑
k=1

E∥ϵ(k)t ∥+
LR2

2Kt
.

Rearranging the terms, taking the expectation of both sides and taking the sum over

t ∈ {1, . . . , T − 1}, we obtain:

E[(1− 1

e
)-SRT ] ≤

T−1∑
t=1

LR2

2Kt
+

T−1∑
t=1

R

Kt

Kt∑
k=1

E∥ϵ(k)t ∥+O(1). (F.1)
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We can bound E∥ϵ(k)t ∥ as follows:

E∥ϵ(k)t ∥ = E
√
∥ϵ(k)t ∥2

≤
√

E∥ϵ(k)t ∥2

=

√√√√E
[(1

t

t∑
τ=1

∇̃fτ (x(k)t+1)−∇f(x
(k)
t+1)

)T (1
t

t∑
τ=1

∇̃fτ (x(k)t+1)−∇f(x
(k)
t+1)

)]

=

√√√√ 1

t2

t∑
τ=1

E∥∇̃fτ (x(k)t+1)−∇f(x
(k)
t+1)∥2

≤

√√√√ 1

t2

t∑
τ=1

σ2

=
σ√
t
,

where the first inequality is due to Jensen’s inequality. Therefore, if we set Kt =
√
t ∀t ∈ [T ],

the expected regret bound of the algorithm is O((LR2 +Rσ)
√
T ).

We can also obtain a high probability regret bound for the algorithm. Considering that f is

β-Lipschitz, we have ∥∇̃ft(·)∥ ≤ ∥∇f(·)∥+ ∥∇̃ft(·)−∇f(·)∥ ≤ β + σ. Therefore, we can use

Corollary 7 of [115] to conclude that with probability at least 1− δ
T 3/2 , the following holds:

∥ϵ(k)t ∥ ≤ O
(
(σ + β)

√
ln(2T 3/2/δ)

t

)
.

Taking the union bound, we can conclude that (1− 1
e )-SRT ≤

∑T−1
t=1

LR2

2Kt
+O(σ

√
T ln(T 3/2/δ))

holds with probability at least 1− δ. Thus, if we set Kt =
√
t ∀t ∈ [T ], we obtain an Õ(

√
T )

regret bound, both in expectation and with high probability.

F.2.4 Proof of Theorem 8.6.2

Using the L-smoothness of f and the update rule of Algorithm 3, we have:

f(xt+1)
(a)

≥ f(xt) +
1

T
⟨vt,∇f(xt)⟩ −

L

2T 2
∥vt∥2

≥ f(xt) +
1

T
⟨vt, dt⟩+

1

T
⟨vt,∇f(xt)− dt⟩ −

LR2

2T 2
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(b)

≥ f(xt) +
1

T
⟨x∗, dt⟩+

1

T
⟨vt,∇f(xt)− dt⟩ −

LR2

2T 2

= f(xt) +
1

T
⟨x∗,∇f(xt)⟩+

1

T
⟨vt − x∗,∇f(xt)− dt⟩ −

LR2

2T 2

(c)

≥ f(xt) +
1

T
⟨(x∗ − xt) ∨ 0,∇f(xt)⟩+

1

T
⟨vt − x∗,∇f(xt)− dt⟩ −

LR2

2T 2

(d)

≥ f(xt) +
1

T
f(x∗ ∨ xt)−

1

T
f(xt) +

1

T
⟨vt − x∗,∇f(xt)− dt⟩ −

LR2

2T 2

(e)

≥ f(xt) +
1

T
f(x∗)− 1

T
f(xt) +

1

T
⟨vt − x∗,∇f(xt)− dt⟩ −

LR2

2T 2
,

where (a) uses L-smoothness of f , (b) is due to the update rule of the algorithm, (c) and (e)

follow from monotonicity of f , and (d) exploits concavity of f along non-negative directions.

Defining ϵt := dt −∇f(xt) and rearranging the terms in the above inequality, we have:

f(x∗)− f(xt+1) ≤ (1− 1

T
)
(
f(x∗)− f(xt)

)
+

R

T
∥ϵ(k)t ∥+

LR2

2T 2
.

Applying the above inequality recursively, we have:

f(x∗)− f(xt+1) ≤ (1− 1

T
)t︸ ︷︷ ︸

≤e−t/T

(
f(x∗)− f(x1)︸ ︷︷ ︸

=0

)
+

R

T

t∑
s=1

∥ϵs∥+
LR2

2T
. (F.2)

Using inequality F.2 and
∑T−1

t=1 e−t/T ≤ T (e−1/T − 1
e ) ≤ T (1 − 1

e ), we have (1e )-SRT ≤
LR2

2 + R
T

∑T−1
t=1

∑t
s=1 ∥ϵs∥. We can write:

ϵt = dt −∇f(xt)

= (1− ρt)ϵt−1 + ρt
(
∇̃ft(xt)−∇f(xt)

)
+ (1− ρt)

(
∇̃ft(xt)− ∇̃ft(xt−1)− (∇f(xt)−∇f(xt−1))

)
.

Applying the above equality recursively, we obtain:

ϵt =

t∏
s=2

(1− ρs)ϵ1 +

t∑
τ=2

t∏
s=τ

(1− ρs)
(
∇̃fτ (xτ )− ∇̃fτ (xτ−1)− (∇f(xτ )−∇f(xτ−1))

)
+

t∑
τ=2

ρτ

t∏
s=τ+1

(1− ρs)
(
∇̃fτ (xτ )−∇f(xτ )

)
.
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Let ϵt =
∑t

τ=1 ζt,τ , where ζt,1 =
∏t

s=2(1 − ρs)ϵ1 and ζt,τ =
∏t

s=τ (1 − ρs)
(
∇̃fτ (xτ ) −

∇̃fτ (xτ−1)− (∇f(xτ )−∇f(xτ−1))
)
+ ρτ

∏t
s=τ+1(1− ρs)

(
∇̃fτ (xτ )−∇f(xτ )

)
for τ > 1. Let

Fτ−1 be the σ-field generated by {fs}τ−1
s=1 . Clearly, E[ζt,1] = 0. Also, for τ > 1, we have:

E[ζt,τ |Fτ−1] = ρτ

t∏
s=τ+1

(1− ρs)
(
∇f(xτ )−∇f(xτ )

)
+

t∏
s=τ

(1− ρs)
(
∇f(xτ )−∇f(xτ−1)− (∇f(xτ )−∇f(xτ−1))

)
= 0.

Therefore, for all t ∈ [T ], {ζt,τ}tτ=1 is a martingale difference sequence.

For any τ ∈ [t], we can write:

t∏
s=τ

(1− ρs) =
t∏

s=τ

(1− 1

s+ 1
) =

t∏
s=τ

s

s+ 1
=

τ

t+ 1
.

Thus, we have ∥ζt,1∥ = 2
t+1∥∇̃f1(x1)−∇f(x1)∥ ≤

2σ
t+1 . For τ > 1, ∥ζt,τ∥ could be bounded

as follows:

∥ζt,τ∥ ≤
t∏

s=τ

(1− ρs)
(
∥∇̃fτ (xτ )− ∇̃fτ (xτ−1)∥+ ∥∇f(xτ )−∇f(xτ−1)∥

)
+ ρτ

t∏
s=τ+1

(1− ρs)∥∇̃fτ (xτ )−∇f(xτ )∥

≤ 2Lτ

t+ 1
∥xτ − xτ−1︸ ︷︷ ︸

1
T
vt

∥+ σ

t+ 1

≤ 2LRτ/T + σ

t+ 1

≤ 2LR+ σ

t+ 1
.

Using the concentration inequality for vector-valued martingales (Theorem 3.5 of [171]), we

have:

P
(
∥ϵt∥ ≥ λt

)
≤ 4exp

(
− λ2

t

( 2σ
t+1)

2 + (t− 1)(2LR+σ
t+1 )2

)
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≤ 4exp
(
− λ2

t (t+ 1)

(2LR+ 2σ)2
)
.

Therefore, if we set λt =
(2LR+2σ)

√
ln(4T/δ)√

t+1
, for all t ∈ [T ], with probability at least 1 − δ,

the following holds:

∥ϵt∥ ≤
(2LR+ 2σ)

√
ln(4T/δ)√

t+ 1
.

Thus, with probability at least 1− δ, the regret bound is O(σ
√

T ln(T/δ)).

We can also obtain the expected regret bound of the algorithm. We have:

E∥ϵt∥ =
∫ ∞

λ=0
P(∥ϵt∥ ≥ λ)dλ

≤
∫ ∞

λ=0
4exp

(
− λ2(t+ 1)

(2LR+ 2σ)2
)
dλ

=

∫ ∞

x=0
4exp(−x2)2LR+ 2σ√

t+ 1
dx

=
4
√
π(LR+ σ)√

t+ 1
.

Therefore, using inequality F.2, the expected regret bound is O(σ
√
T ).
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Appendix G

APPENDIX OF CHAPTER 9

G.1 DPCG algorithm with Gaussian noise

For all k ∈ [K], let Y (k) ∼ N (0, σ2I). In order to compute the ℓ2-sensitivity of the gradient,

We can write:

∥∇fD(x)−∇fD′(x)∥2 =

√√√√ |V |∑
i=1

|∇ifD(x)−∇ifD′(x)|2

≤

√√√√ |V |∑
i=1

(2∆)2

= 2
√
|V |∆.

The Gaussian mechanism combined with the basic composition theorem provides the following

privacy guarantee for the DPCG algorithm with Gaussian noise.

Theorem G.1.1 [78] Let ϵ ∈ (0, 1) be arbitrary. For c2 > 2 ln(1.25K/δ), the DPCG

algorithm under Gaussian noise with parameter σ ≥ 2cK
√

|V |∆
ϵ is (ϵ, δ)-differentially private.

We now analyze the approximation guarantee in this setting. First, we remind the reader

that the following holds using Lemma 9.4.1 of the paper:

E[f(x)] ≥ (1− 1

e
)f(x∗)−GD −

LR2

2K
.

If D = N (0, σ2I), we have GD ≤ 2rank(M)EY∼N (0,σ2I)∥Y ∥∞ and GD ≤
2

cmin
EY∼N (0,σ2I)∥Y ∥∞ for matroid and knapsack constraints respectively. For a |V |-

dimensional Gaussian random vector Y ∼ N (0, σ2I), we can write:

E∥Y ∥∞ ≤ O(σ
√
ln(|V |)),



246

P
(
∥Y ∥∞ − σ

√
2 ln(|V |) ≤ 2σ

√
ln(K)

)
≥ 1− 1

K2
.

Combining the above results and setting σ =
2cK
√

|V |∆
ϵ for c2 > 2 ln(1.25K/δ), the following

holds for matroid and knapsack constraints respectively:

E[f(x)] ≥ (1− 1

e
)f(x∗)− LR2

2K
−O(

rank(M)K
√
|V | ln(|V |) ln(K/δ)∆

ϵ
),

E[f(x)] ≥ (1− 1

e
)f(x∗)− LR2

2K
−O(

K
√
|V | ln(|V |) ln(K/δ)∆

cminϵ
).

Also, with probability at least 1− 1
K , we have:

f(x) ≥ (1− 1

e
)f(x∗)− LR2

2K
−O(

rank(M)K
√
|V | ln(max{|V |,K}) ln(K/δ)∆

ϵ
),

f(x) ≥ (1− 1

e
)f(x∗)− LR2

2K
−O(

K
√
|V | ln(max{|V |,K}) ln(K/δ)∆

cminϵ
).

Compared to the Laplace noise, the additive factor in the approximation guarantee using

the Gaussian noise is smaller by an order of
√
|V | ln(|V |). However, this improved accuracy

comes at the price of achieving (ϵ, δ)-differential privacy, as opposed to ϵ-differential privacy

using the Laplace noise.

G.2 Algorithm 1 of [3]

The DPMFW algorithm exploits Algorithm 1 of [3] for differentially private online linear

optimization as a sub-routine. We explain this algorithm in more detail below. The algorithm

is provided in Algorithm 4. Consider an online linear optimization problem over T rounds

where at each round t ∈ [T ], the algorithm chooses an action xt ∈ X , X is the fixed domain

set, and upon committing to this action, a loss vector ℓt is revealed and the algorithm incurs

the loss ⟨ℓt, xt⟩. Algorithm 4 is identical to the well-known FTRL algorithm except for the

fact that instead of
∑t−1

s=1 ℓs, a noisy partial sum of the loss vectors L̃t−1 is used in the

update rule. This noisy partial sum is obtained using the Tree-Based Aggregation Protocol

(TBAP) which was used in prior works as well [77, 112].
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Algorithm 4 FTRL template for Online Linear Optimization [3]

Input: Noise distribution D, regularizer g(x).

Initialize an empty binary tree B to compute differentially private estimates of
∑t

s=1 ℓs.

Sample n1
0, . . . , n

⌈lnT ⌉
0 independently from D.

L̃0 =
∑⌈lnT ⌉

i=1 ni
0.

for t = 1, . . . , T do

Choose xt = argminx∈X
(
η⟨x, L̃t−1⟩+ g(x)

)
.

Observe ℓt and suffer a loss of ⟨ℓt, xt⟩.

(L̃t, B) = TBAP(ℓt, B, t,D, T ).

end for

G.3 Missing proofs

G.3.1 Proof of Lemma 9.4.2

The upper bounds for R follow from ∥x∥1 ≤ rank(M), ∀x ∈ P (M) and ∥x∥1 ≤ 1
cmin

, ∀x ∈

{x ∈ [0, 1]|V | : cTx ≤ 1}. Consider the (i, j)-th entry of the Hessian of f . Let mF =

maxi∈V F ({i}). We can write:

|∇2
i,jf(z)| = |ER∼z

[
F (R ∪ {i, j})− F (R ∪ {i} \ {j})− F (R ∪ {j} \ {i}) + F (R \ {i, j})

]
|

≤ max{F ({i}), F ({j})}

≤ mF .

Thus, for all k ∈ [K] and j ∈ V , using the mean-value theorem, we have:

|∇jf(x
(k) +

1

K
vk)−∇jf(x

(k))| ≤ 1

K
mF |1T vk|

= mF ∥
1

K
vk∥1.

Therefore, we can conclude ∥∇f(x(k)+ 1
K vk)−∇f(x(k))∥∞ ≤ mF ∥ 1

K vk∥1 and thus, L ≤ mF .
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G.3.2 Proof of Lemma 9.4.5

First, note that by definition, the function g is monotone DR-submodular. Thus, similar to

the proof of Lemma 9.4.1, we can write:

g(x(k+1))− g(x(k))
(a)

≥ 1

K
⟨vk,∇g(x(k))⟩ −

L

2K2
∥vk∥21

(b)

≥ 1

K
⟨x∗,∇g(x(k))⟩+ 1

K
⟨x∗ − vk, Y

(k)⟩ − LR2

2K2

(c)

≥ 1

K
⟨(x∗ − x(k)) ∨ 0,∇g(x(k))⟩+ 1

K
⟨x∗ − vk, Y

(k)⟩ − LR2

2K2

(d)

≥ 1

K

(
g(x∗ ∨ x(k))− g(x(k))

)
+

1

K
⟨x∗ − vk, Y

(k)⟩ − LR2

2K2

(e)

≥ 1

K

(
g(x∗)− g(x(k))

)
+

1

K
⟨x∗ − vk, Y

(k)⟩ − LR2

2K2
,

where (a) is due to the L-smoothness of g, (b) follows from the update rule of the algorithm,

(c) and (e) use the monotonicity of g, and (d) exploits concavity of g along non-negative

directions. Using the definition of GD, if we take the expectation of both sides, and apply

the inequality recursively for all k ∈ [K], we obtain:

E[g(x(K+1))]− g(x∗) ≥ (1− 1

K
)K

(
E[g(x(1)︸︷︷︸

=0

)]− g(x∗)
)
−GD −

LR2

2K
.

Rearranging the terms and using the inequality (1− 1
K )K ≤ 1

e , we can write:

E[g(x)] ≥ (1− 1

e
)g(x∗)−GD −

LR2

2K
.

Using the update rule of the algorithm, we have:

ℓTx = ℓTx(K+1) =
1

K

K∑
k=1

ℓT vk ≥
1

K

K∑
k=1

λ = λ = ℓTx∗,

where the inequality is due to the update rule of the algorithm for vk. Also, using the

definition of ℓ and DR-submodularity of f , the following holds:

ℓTx∗ =
∑

i∈[|V |]

x∗i ℓi
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≥ (1− κF )
∑

i∈[|V |]

x∗i∇if(0)

≥ (1− κF )f(x
∗).

Putting the above inequalities together, we have:

E[f(x)] = E[g(x)] + E[ℓTx]

≥ (1− 1

e
)g(x∗) + ℓTx∗ −GD −

LR2

2K

≥ (1− 1

e
)f(x∗)− (1− 1

e
)ℓTx∗ + ℓTx∗ −GD −

LR2

2K

= (1− 1

e
)f(x∗) +

1

e
ℓTx∗ −GD −

LR2

2K

≥ (1− 1

e
)f(x∗) +

1

e
(1− κF )f(x

∗)−GD −
LR2

2K

≥ (1− κF
e
)f(x∗)−GD −

LR2

2K
.

G.3.3 Proof of Theorem 9.5.1

Similar to the offline setting, assume that all utility functions {ft}Tt=1 are monotone DR-

submodular and L-smooth with respect to the norm ∥ · ∥1. We can write:

ft(x
(k+1)
t ) ≥ ft(x

(k)
t ) +

1

K
⟨v(k)t ,∇ft(x(k)t )⟩ − L

2K2
∥v(k)t ∥21

≥ ft(x
(k)
t ) +

1

K
⟨v(k)t − x∗,∇ft(x(k)t )⟩+ 1

K
⟨x∗,∇ft(x(k)t )⟩ − LR2

2K2
.

We can use the DR-submodularity and monotonicity of the utility function ft to write:

⟨x∗,∇ft(x(k)t )⟩ ≥ ⟨(x∗ − x
(k)
t ) ∨ 0,∇ft(x(k)t )⟩

≥ ft(x
∗ ∨ x

(k)
t )− ft(x

(k)
t )

≥ ft(x
∗)− ft(x

(k)
t ).

Combining the above inequalities, we have:

ft(x
(k+1)
t ) ≥ ft(x

(k)
t ) +

1

K
ft(x

∗)− 1

K
ft(x

(k)
t ) +

1

K
⟨v(k)t − x∗,∇ft(x(k)t )⟩ − LR2

2K2
.
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Rearranging the terms and taking sum over t ∈ [T ], we obtain:

T∑
t=1

(
ft(x

∗)− ft(x
(k+1)
t )

)
≤ (1− 1

K
)

T∑
t=1

(
ft(x

∗)− ft(x
(k)
t )

)
+

1

K

T∑
t=1

⟨x∗ − v
(k)
t ,∇ft(x(k)t )⟩

+
LR2T

2K2
.

Applying the above inequality recursively for all k ∈ [K], we have:

T∑
t=1

(
ft(x

∗)− ft(x
(K+1)
t︸ ︷︷ ︸
=xt

)
)
≤ (1− 1

K
)K︸ ︷︷ ︸

≤1/e

T∑
t=1

(
ft(x

∗)− ft(x
(1)
t︸︷︷︸
=0

)
)
+

1

K

K∑
k=1

T∑
t=1

⟨x∗ − v
(k)
t ,∇ft(x(k)t )⟩

+
LR2T

2K
.

Rearranging the terms, we can equivalently write:

RT ≤
1

K

K∑
k=1

T∑
t=1

⟨x∗ − v
(k)
t ,∇ft(x(k)t )⟩+ LR2T

2K
.

Using Theorem 3.1 of [3] with the regularizer g(x) =
∑|V |

i=1 xi ln(xi), we have the following

for all k ∈ [K]:

E
[ T∑
t=1

⟨x∗ − v
(k)
t ,∇ft(x(k)t )⟩

]
≤ O(R

√
T ln |V |) +WD,

where WD := EZ∼D′
[
maxx∈P ⟨Z, x⟩ −minx∈P ⟨Z, x⟩

]
and D′ is the distribution induced by

the sum of ⌈lnT ⌉ independent samples from D = Lap|V |(λ) or D = N (0, σ2I). For matroid

constraints, we can write:

max
x∈P
⟨Z, x⟩ −min

x∈P
⟨Z, x⟩ ≤ ∥x∥1∥Z∥∞ + ∥x∥1∥Z∥∞

= 2∥x∥1∥Z∥∞

≤ 2rank(M)⌈lnT ⌉∥Y ∥∞,

where Y ∼ D. Therefore, WLap ≤ 2rank(M)⌈lnT ⌉E∥Y ∥∞ holds. Similarly, we have

WLap ≤ 2
cmin
⌈lnT ⌉E∥Y ∥∞ for knapsack constraints. If D = Lap|V |(λ), we have:

E∥Y ∥∞ ≤ O(λ ln(|V |)).
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If D = N (0, σ2I), the following holds:

E∥Y ∥∞ ≤ O(σ
√
ln(|V |)).

Setting λ =
2mF |V | lnT

√
2K ln(1/δ)

ϵ and using the result of Lemma 9.4.2, we have the following

regret bound using the Laplace noise and under matroid and knapsack constraints respectively.

E[RT ] ≤ O(rank(M)
√
T ln |V |) + mF (rank(M))2T

2K
+O(

rank(M)|V | ln |V | ln2 T
√

K ln(1/δ)

ϵ
),

E[RT ] ≤ O(
√

T ln |V |
cmin

) +
mFT

2c2minK
+O(

|V | ln |V | ln2 T
√

K ln(1/δ)

cminϵ
).

Also, we can use the advanced composition theorem to conclude that the algorithm is

(ϵ, δ)-differentially private. Setting σ2 = 8β2K ln(1/δ)
ϵ2

ln2 T ln(K lnT
δ′ ), the regret bound using

the Gaussian noise for matroid and knapsack constraints are as follows:

E[RT ] ≤ O(rank(M)
√
T ln |V |) + mF (rank(M))2T

2K
+O(

rank(M)
√

ln |V | ln2 T
√
K ln(1/δ) ln(K lnT

δ′ )

ϵ
),

E[RT ] ≤ O(
√
T ln |V |
cmin

) +
mFT

2c2minK
+O(

√
ln |V | ln2 T

√
K ln(1/δ) ln(K lnT

δ′ )

cminϵ
).

Similarly, the algorithm is (ϵ, δ + δ′)-differentially private using the Gaussian noise. Setting

K = O(
√
T ) in the above inequalities, we obtain the regret bounds as stated.
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Appendix H

APPENDIX OF CHAPTER 10

H.1 Missing proofs

H.1.1 Proof of Theorem 10.4.1

At time t = 1, we set πS,1 =
1

(Km)
for each set S where |S| = m and update these weights as

follows:

πS,t+1 = πS,t(1− ηLS,t),

where LS,t = ℓS,t −
∑

S′:|S′|=m πS′,tℓS′,t and ℓS,t =
1
m

∑
i∈S ℓi,t. If we denote the optimal set

as S∗, we can write:

1 ≥ πS∗,T+1 =
1(
K
m

) T∏
t=1

(1− ηLS∗,t).

Taking the natural logarithm of both sides, we have:

0 ≥ − ln

(
K

m

)
+

T∑
t=1

ln(1− ηLS∗,t).

We can use the inequality ln(1− x) ≥ −x− x2 for x ≤ 1
2 (we choose η later such that this

inequality holds) to obtain:

0 ≥ − ln

(
K

m

)
− η

T∑
t=1

LS∗,t − η2
T∑
t=1

L2
S∗,t.

Rearranging the terms and dividing both sides by η, we have:

−
T∑
t=1

LS∗,t ≤
ln
(
K
m

)
η

+ η

T∑
t=1

L2
S∗,t.

Using the fact that RT = −
∑T

t=1 LS∗,t, the inequality
(
K
m

)
≤ (Ke

m )m and |LS,t| ≤ 1 ∀S, t, we

can write:

RT ≤
m ln(Ke

m )

η
+ ηT.



253

Setting η =

√
m ln(Ke

m
)

T , we obtain the regret bound O(
√
mT ln(Km )). Note that the assump-

tion ηLS∗,t ≤ 1
2 (used in the proof) holds if T ≥ 4m ln(Ke

m ). Therefore, we assume T is large

enough to satisfy this inequality.

H.1.2 Proof of Theorem 10.5.1

We can show that if B = maxz |ν ′(z)|, the hazard rate of the distribution is bounded above

by B as well. To see this, fix x ≥ 0. Note that f(−x)
1−F (−x) =

f(x)
1−F (−x) ≤

f(x)
1−F (x) for a symmetric

zero-mean distribution and therefore, we only need to bound the hazard rate at x > 0 to

bound hazD. We can write:

fD(x)

1− FD(x)
=

fD(x)∫∞
x fD(z)dz

=
exp(−ν(x))∫∞

x exp(−ν(z))dz

=
1∫∞

x exp(ν(x)− ν(z))dz

(a)
=

1∫∞
x exp((x− z)ν ′(zx))dz

(b)

≤ 1∫∞
x exp(B(x− z))dz

=
1

(1/B)

= B,

where we have used the mean-value theorem in (a) and zx is in the line segment between x

and z. Also, note that since x, z > 0, zx > 0 holds as well and therefore, ν ′(zx) > 0. We

have used this fact along with x− z < 0 to obtain (b). Therefore, we have hazD ≤ B.

H.1.3 Proof of Theorem 10.5.2

Let’s fix round t ∈ [T ] and expert i ∈ [K]. For j ̸= i, denote x
(t)
j,0 =

∑t−1
s=1 ℓj,s + p2j,t + ηγj,t+1

as the total losses of expert j up to round t plus noise if rt = 0. Similarly, we can define

x
(t)
j,1 =

∑t−1
s=1 ℓj,s + (1 − pj,t)

2 + ηγj,t+1. Define X
(t)
0 (X

(t)
1 ) as the m-th smallest value in
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{x(t)j,0}j ̸=i ({x
(t)
j,1}j ̸=i). Note that |X(t)

0 − X
(t)
1 | ≤ 1 holds because for each j ≠ i, we have

|x(t)j,0 − x
(t)
j,1| ≤ 1. Also, let L =

∑t−1
s=1 ℓi,s. If rt = 0, expert i is chosen at round t+ 1 if and

only if L+ p2i,t + ηγi,t+1 <= X
(t)
0 . Similarly, for the case rt = 1, expert i is chosen if and

only if L+ (1− pi,t)
2 + ηγi,t+1 <= X

(t)
1 . Rearranging the terms, we can write:

ηγi,t+1 + L−X
(t)
0 ≤ −p

2
i,t if rt = 0,

ηγi,t+1 + L−X
(t)
1 ≤ −(1− pi,t)

2 if rt = 1.

Given that f(γi,t+1) ∝ exp(−ν(γi,t+1)), if we define Y0 = ηγi,t+1 + L − X
(t)
0 and Y1 =

ηγi,t+1 + L−X
(t)
1 , we have:

f0(Y0) ∝ exp(−ν(Y0 − (L−X
(t)
0 )

η
)),

f1(Y1) ∝ exp(−ν(Y1 − (L−X
(t)
1 )

η
)).

Therefore, if F0 and F1 denote the cdf, we can write the probability of expert i being chosen

at round t+ 1 as F0(−p2i,t) and F1(−(1− pi,t)
2) for the cases rt = 0 and rt = 1 respectively.

Putting the above results together, we can write the expected utility of expert i (according

to her belief bi,t) at round t as follows:

Ert∼Bernoulli(bi,t)[Ui,t] = (1− bi,t)F0(−p2i,t) + bi,tF1(−(1− pi,t)
2).

Taking the derivative and setting it to zero, we have:

d

dpi,t
Ert∼Bernoulli(bi,t)[Ui,t] = −2pi,t(1− bi,t)f0(−p2i,t) + 2(1− pi,t)bi,tf1(−(1− pi,t)

2) = 0

2f1(−(1− pi,t)
2)
(
− pi,t(1− bi,t)

f0(−p2i,t)
f1(−(1− pi,t)2)

+ (1− pi,t)bi,t
)
= 0

− pi,t(1− bi,t)
exp(−ν(−p2i,t−(L−X

(t)
0 )

η ))

exp(−ν(−(1−pi,t)2−(L−X
(t)
1 )

η ))
+ (1− pi,t)bi,t = 0

− pi,t(1− bi,t) exp
(
ν(
−(1− pi,t)

2 − (L−X
(t)
1 )

η
)− ν(

−p2i,t − (L−X
(t)
0 )

η
)
)

︸ ︷︷ ︸
=A

+(1− pi,t)bi,t = 0
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Ideally, we want A to be as close to 1 as possible because if A = 1, p∗i,t = bi,t and the

algorithm would be incentive-compatible. In general, we have:

p∗i,t =
bi,t

bi,t + (1− bi,t)A
.

Note that this is not a closed-form solution for p∗i,t because A is also a function of pi,t. We

can observe that for pi,t < p∗i,t, the derivative of the utility function is positive, and for

pi,t > p∗i,t, the derivative is negative.

We can bound A as follows: Let g(u) = f(
−p2i,t−a−u(a′−a)

η ) where a = L−X
(t)
1 + 1− 2pi,t,

a′ = L−X
(t)
0 and f(z) = exp(−ν(z)). Taking derivative of g with respect to u, we obtain:

g′(u) =
(a′ − a)ν ′(

−p2i,t−a−u(a′−a)

η )

η
f(
−p2i,t − a− u(a′ − a)

η
) =

(a′ − a)ν ′(
−p2i,t−a−u(a′−a)

η )

η
g(u).

Therefore, we can write:

ln f(
−p2i,t − a′

η
)− ln f(

−p2i,t − a

η
) = ln g(1)− ln g(0)

=

∫ 1

0

g′(u)

g(u)
du

=

∫ 1

0

(a′ − a)ν ′(
−p2i,t−a−u(a′−a)

η )

η
du.

We have a′ − a = X
(t)
1 − X

(t)
0 + 2pi,t − 1. Therefore, −2 ≤ a′ − a ≤ 2 holds. Moreover,

we have −B ≤ ν ′(
−p2i,t−a−u(a′−a)

η ) ≤ B due to Condition 10.5.1. Putting the above results

together, the following holds:

−2B
η
≤ lnA = ln f(

−p2i,t − a′

η
)− ln f(

−p2i,t − a

η
) ≤ 2B

η
.

Therefore, A ∈ [exp(−2B
η ), exp(2Bη )]. Let h(pi,t) = pi,t − p∗i,t = pi,t − bi,t

bi,t+(1−bi,t)A
. Since

p∗i,t ∈ [0, 1], we have h(0) < 0 and h(1) > 0. Taking the derivative of h with respect to pi,t,

we have:

dh

dpi,t
= 1 +

bi,t(1− bi,t)A
(2(1−pi,t)

η ν ′(
−(1−pi,t)

2−(L−X
(t)
1 )

η ) +
2pi,t
η ν ′(

−p2i,t−(L−X
(t)
0 )

η )
)

(bi,t + (1− bi,t)A)2
.
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Using Condition 10.5.1, we have 1− 2Bbi,t(1−bi,t)A
η(bi,t+(1−bi,t)A)2

≤ dh
dpi,t

. Therefore, we can write:

dh

dpi,t
≥ 1− 2Bbi,t(1− bi,t)A

η(bi,t + (1− bi,t)A)2

= 1− 2Bbi,t(1− bi,t)A

η(b2i,t + (1− bi,t)2A2 + 2bi,t(1− bi,t)A)

≥ 1− 2Bbi,t(1− bi,t)A

2ηbi,t(1− bi,t)A

= 1− B

η

> 0.

We choose η later such that η > B for the last inequality to hold. So, h is strictly increasing,

there is exactly one solution p∗i,t, and the derivative is positive below it and negative above

it.

If we replace A with something larger in p∗i,t, the value decreases and vice versa. Therefore,

we can write:

p∗i,t ≤
bi,t

bi,t + (1− bi,t)exp(
−2B
η )

=
bi,t

exp(−2B
η ) + bi,t(1− exp(−2B

η ))

≤ bi,t

exp(−2B
η )

≤ bi,t

1− 2B
η

=
ηbi,t

η − 2B

= bi,t +
2Bbi,t
η − 2B

≤ bi,t +
2B

η − 2B
.

Similarly, we can lower bound p∗i,t as follows:

p∗i,t ≥
bi,t

bi,t + (1− bi,t)exp(
2B
η )
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=
bi,t

exp(2Bη )− bi,t(exp(
2B
η )− 1)

≥ bi,t

exp(2Bη )

= bi,texp(
−2B
η

)

≥ bi,t(1−
2B

η
)

≥ bi,t −
2B

η
.

Putting the above results together, we conclude that |p∗i,t − bi,t| ≤ 2B
η−2B holds.

H.1.4 Proof of Theorem 10.5.3

Let η > 0 and X be the set of
(
K
m

)
feasible sets of size m for this problem. Denote Lt ∈ RK

as the partial sum of losses for all experts before round t, i.e., [Lt]i =
∑t−1

s=1 ℓi,s. The update

rule of FTPL at round t ∈ [T ] is πt = argminx∈X ⟨x, Lt+ηγt⟩. First, we analyze the expected

regret of the algorithm below.

Define ϕt(θ) = Eγt∼DK [minx∈X ⟨x, θ + ηγt⟩]. Then, we have ∇ϕt(Lt) =

Eγt∼DK [argminx∈X ⟨x, Lt + ηγt⟩] = Eγt∼DK [πt] and ⟨∇ϕt(Lt), ℓt⟩ = Eγt∼DK [⟨πt, ℓt⟩]. Us-

ing the Taylor’s expansion of ϕt, we can write:

ϕt(Lt+1) = ϕt(Lt)+⟨∇ϕt(Lt), ℓt⟩+
1

2
⟨ℓt,∇2ϕt(L

′
t)ℓt⟩ = ϕt(Lt)+Eγt∼DK [⟨πt, ℓt⟩]+

1

2
⟨ℓt,∇2ϕt(L

′
t)ℓt⟩,

where L
′
t is in the line segment between Lt and Lt+1 = Lt + ℓt. By definition, ϕt is

the minimum of linear functions and therefore, it is concave. Thus, ∇2ϕt(L
′
t) is negative

semidefinite. Note that since γt is simply K i.i.d. samples of the noise distribution for all

t ∈ [T ], we have ϕt(θ) = ϕ(θ) = Eγ∼DK [minx∈X ⟨x, θ+ ηγ⟩]. Taking the sum over t ∈ [T ] and

rearranging the terms, we obtain:

E[
T∑
t=1

⟨πt, ℓt⟩] = ϕ(LT+1)− ϕ( L1︸︷︷︸
=0

)− 1

2

T∑
t=1

⟨ℓt,∇2ϕt(L
′
t)ℓt⟩.

Using Jensen’s inequality, we can write:

ϕ(LT+1) = Eγ∼DK [min
x∈X
⟨x, LT+1 + ηγ⟩] ≤ min

x∈X
Eγ∼DK [⟨x, LT+1 + ηγ⟩] = min

x∈X
⟨x, LT+1⟩.
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Therefore, we can rearrange the terms and bound the expected regret as follows:

E[RT ] =
1

m
Eγ∼DK [

T∑
t=1

⟨πt, ℓt⟩]−
1

m
min
x∈X
⟨x, LT+1⟩ ≤ −

1

m
ϕ(0)− 1

2m

T∑
t=1

⟨ℓt,∇2ϕt(L
′
t)ℓt⟩.

To bound the first term on the right-hand side, we can use the fact that D is symmetric to

write:

−ϕ(0) = −Eγ∼DK [min
x∈X
⟨x, ηγ⟩] = ηEγ∼DK [max

x∈X
⟨x,−γ⟩] = ηEγ∼DK [max

x∈X
⟨x, γ⟩].

Now, we move on to bound the second term in the regret bound. Given that the losses of the

experts at each round t ∈ [T ] are bounded between 0 and 1, we have ∥ℓt∥∞ ≤ 1. Therefore,

we have:

−⟨ℓt,∇2ϕt(L
′
t)ℓt⟩ ≤

∑
i,j∈[K]

|∇2
i,jϕt(L

′
t)|.

By definition, if we denote π̂(θ) = argminx∈X ⟨x, θ⟩, we have:

∇2
i,jϕ(L

′
t) =

1

η
Eγ∼DK [π̂(L

′
t + ηγ)i

dν(γj)

dγj
].

Given the concavity of ϕ, diagonal entries of the Hessian ∇2ϕ are non-positive. We can also

use 1T π̂(θ) = m to show that the off-diagonal entries are non-negative and each row or column

of the Hessian sums up to 0. Therefore, we have
∑

i,j∈[K] |∇2
i,jϕ(L

′
t)| = −2

∑K
i=1∇2

i,iϕ(L
′
t).

Putting the above results together, we can bound the regret as follows:

E[RT ] ≤
η

m
Eγ∼DK [max

x∈X
⟨x, γ⟩] + 1

ηm

T∑
t=1

K∑
i=1

Eγ∼DK [π̂(L
′
t − ηγ)i

dν(γi)

dγi
].

We can bound the first term as follows:

Eγ∼DK [max
x∈X
⟨x, γ⟩] ≤ inf

s:s>0

1

s
ln
( ∑
x∈X

Eγ∼DK [exp(s⟨x, γ⟩)]
)

= inf
s:s>0

1

s
ln
( ∑
x∈X

K∏
i=1

Eγi∼D[exp(sxiγi)]
)

= inf
s:s>0

1

s
ln
(
|X |(Eγ1∼D[exp(sγ1)])

m
)

= inf
s:s>0

1

s
ln |X |+ m

s
lnEγ1∼D[exp(sγ1)]
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≤ inf
s:s>0

m

s
ln(

Ke

m
) +

m

s
lnEγ1∼D[exp(sγ1)]

≤ O(m ln(
K

m
)) +O(m)

= O(m ln(
K

m
)).

To bound the second term in the regret bound, we can use Condition 10.5.1 to write:

K∑
i=1

Eγ∼D[π̂(L
′
t − ηγ)i

dν(γi)

dγi
] ≤ B

K∑
i=1

Eγ∼D[π̂(L
′
t − ηγ)i] = BEγ∼D[

K∑
i=1

π̂(L
′
t − ηγ)i] = Bm.

Putting the above results together, we have:

E[RT ] ≤ O(η ln(
K

m
)) +

BT

η
.

Therefore, if we set η =
√

BT
ln(K

m
)
, the regret bound is O(

√
BT ln(Km )). In the proof of

Theorem 10.5.2, we assumed that η is chosen such that η > B. So, we assume T > B ln(Km ).

H.1.5 Proof of Theorem 10.6.1

For i ∈ [m] and t ∈ [T ], define:

ϕi,t(S) = (1− 1

m
)m−igt(S) + ht(S).

For all i ∈ [m], we can write

ϕi,t(Si,t)− ϕi−1,t(Si−1,t) = (1− 1

m
)m−igt(Si,t) + ht(Si,t)− (1− 1

m
)m−(i−1)gt(Si−1,t)− ht(Si−1,t)

= (1− 1

m
)m−i(gt(Si,t)− gt(Si−1,t)) + ht(vi,t) +

1

m
(1− 1

m
)m−igt(Si−1,t).

Taking the sum over t ∈ [T ], we obtain:

T∑
t=1

(ϕi,t(Si,t)− ϕi−1,t(Si−1,t)) = (1− 1

m
)m−i

T∑
t=1

(gt(Si,t)− gt(Si−1,t)) +
T∑
t=1

ht(vi,t)

+
1

m
(1− 1

m
)m−i

T∑
t=1

gt(Si−1,t)

= (1− 1

m
)m−i

T∑
t=1

gt(vi,t|Si−1,t) +
T∑
t=1

ht(vi,t)
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+
1

m
(1− 1

m
)m−i

T∑
t=1

gt(Si−1,t).

If the regret of Ai is bounded above by R
(i)
T and the optimal benchmark solution is OPT =

{v∗1, . . . , v∗m}, for all j ∈ [m], we can write:

T∑
t=1

(
(1− 1

m
)m−igt(v

∗
j |Si−1,t) + ht(v

∗
j )
)
−

T∑
t=1

(
(1− 1

m
)m−igt(vi,t|Si−1,t) + ht(vi,t)

)
≤ R

(i)
T .

Putting the above inequalities together, we have:

T∑
t=1

(ϕi,t(Si,t)− ϕi−1,t(Si−1,t)) ≥
1

m
(1− 1

m
)m−i

T∑
t=1

m∑
j=1

gt(v
∗
j |Si−1,t) +

1

m

T∑
t=1

m∑
j=1

ht(v
∗
j )

+
1

m
(1− 1

m
)m−i

T∑
t=1

gt(Si−1,t)−R
(i)
T .

We can use submodularity and monotonicity of gt to write:

gt(OPT)−gt(Si−1,t) ≤ gt(OPT∪Si−1,t)−gt(Si−1,t) =

m∑
j=1

gt(v
∗
j |Si−1,t∪{v∗1, . . . , v∗j−1}) ≤

m∑
j=1

gt(v
∗
j |Si−1,t).

We can combine the last two inequalities to write:

T∑
t=1

(ϕi,t(Si,t)− ϕi−1,t(Si−1,t)) ≥
1

m
(1− 1

m
)m−i

T∑
t=1

(gt(OPT)− gt(Si−1,t)) +
1

m

T∑
t=1

m∑
j=1

ht(v
∗
j )

+
1

m
(1− 1

m
)m−i

T∑
t=1

gt(Si−1,t)−R
(i)
T

=
1

m
(1− 1

m
)m−i

T∑
t=1

gt(OPT) +
1

m

T∑
t=1

m∑
j=1

ht(v
∗
j )−R

(i)
T .

Taking the sum over i ∈ [m], we have:

T∑
t=1

m∑
i=1

(ϕi,t(Si,t)− ϕi−1,t(Si−1,t)) ≥
1

m

m∑
i=1

(1− 1

m
)m−i

T∑
t=1

gt(OPT) +
T∑
t=1

m∑
j=1

ht(v
∗
j )−

m∑
i=1

R
(i)
T

= (1− (1− 1

m
)m)

T∑
t=1

gt(OPT) +

T∑
t=1

ht(OPT)−
m∑
i=1

R
(i)
T

≥ (1− 1

e
)

T∑
t=1

gt(OPT) +
T∑
t=1

ht(OPT)−
m∑
i=1

R
(i)
T .
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On the other hand, we have:

T∑
t=1

m∑
i=1

(ϕi,t(Si,t)−ϕi−1,t(Si−1,t)) =

T∑
t=1

(ϕm,t(Sm,t)−ϕ0,t(S0,t)) =

T∑
t=1

(gt(St)+ht(St)) =

T∑
t=1

ft(St).

Combining the last two inequalities, we obtain:

T∑
t=1

ft(St) ≥ (1− 1

e
)

T∑
t=1

gt(OPT) +
T∑
t=1

ht(OPT)−
m∑
i=1

R
(i)
T

= (1− 1

e
)

T∑
t=1

ft(OPT)− (1− 1

e
)

T∑
t=1

ht(OPT) +

T∑
t=1

ht(OPT)−
m∑
i=1

R
(i)
T

= (1− 1

e
)

T∑
t=1

ft(OPT) +
1

e

T∑
t=1

ht(OPT)−
m∑
i=1

R
(i)
T

≥ (1− 1

e
)

T∑
t=1

ft(OPT) +
1− cf

e

T∑
t=1

ft(OPT)−
m∑
i=1

R
(i)
T

= (1−
cf
e
)

T∑
t=1

ft(OPT)−
m∑
i=1

R
(i)
T ,

where f =
∑T

t=1 ft. Rearranging the terms, we obtain the (1− cf
e )-regret bound of the online

distorted greedy algorithm as follows:

(1−
cf
e
)

T∑
t=1

ft(OPT)−
T∑
t=1

ft(St) ≤
m∑
i=1

R
(i)
T .

To see why the online greedy algorithm is incentive-compatible, note that at round t ∈ [T ],

the loss of expert j ∈ [K] for the instance Ai; i ∈ [K] is:

−ft(j|Si−1,t) =
∏

k∈Si−1,t

ℓk,t(ℓj,t − 1).

If we use π
(i)
j,t+1 to denote the probability of expert j being chosen at round t+ 1 by Ai, we

can write:

π
(i)
j,t+1 = π

(i)
j,t

(
1− η

∏
k∈Si−1,t

ℓk,t(ℓj,t −
K∑
s=1

π
(i)
s,tℓs,t)

)
.

π
(i)
j,t+1 is linear in ℓj,t and expert j does not have control over the term

∏
k∈Si−1,t

ℓk,t (because

Si−1,t is unknown to the expert). Therefore, to maximize π
(i)
j,t+1, expert j can only aim to



262

minimize Ert∼Bern(bj,t)[ℓj,t −
∑K

s=1 π
(i)
s,tℓs,t]. Given that the quadratic loss function is proper,

we can conclude that Ai is incentive-compatible. Moreover, since the online greedy algorithm

simply outputs the predictions of {Ai}Ki=1, this algorithm is incentive-compatible as well.

For the case with cf = 0, the loss of expert j ∈ [K] for each instance Ai; i ∈ [K] in both

online greedy algorithm and online distorted greedy algorithm is simply 1
m(ℓj,t − 1) and the

same argument holds.

H.1.6 Proof of Theorem 10.6.2

First, assume that the losses are non-negative. Using the update rule of the algorithm, we

can write:

1 ≥ πi∗,T+1 = πi∗,1

T∏
t=1

(1− ηLi∗,t)

1 ≥ 1

K

∏
t:Li∗,t≥0

(1− ηLi∗,t)
∏

t:Li∗,t<0

(1− ηLi∗,t).

We can use the inequalities 1 − ηx ≥ (1 − η)x for x ∈ [0, 1] and 1 − ηx ≥ (1 + η)−x for

x ∈ [−1, 0] to write:

1 ≥ 1

K

∏
t:Li∗,t≥0

(1− η)Li∗,t .
∏

t:Li∗,t<0

(1 + η)−Li∗,t

0 ≥ − lnK +
∑

t:Li∗,t≥0

Li∗,t ln(1− η)−
∑

t:Li∗,t<0

Li∗,t ln(1 + η).

Given the inequalities ln(1− x) ≥ −x− x2 and ln(1 + x) ≥ x− x2 for x ≤ 1
2 , we have:

0 ≥ − lnK + (−η − η2)
∑

t:Li∗,t≥0

Li∗,t − (η − η2)
∑

t:Li∗,t<0

Li∗,t

0 ≥ − lnK − η

T∑
t=1

Li∗,t − η2
T∑
t=1

|Li∗,t|

RT = −
T∑
t=1

Li∗,t ≤
lnK

η
+ η

T∑
t=1

|Li∗,t|.
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Given that Li∗,t = ℓi∗,t − πT
t ℓt, we can write:

RT ≤
lnK

η
+ η

T∑
t=1

|ℓi∗,t − πT
t ℓt| ≤

lnK

η
+ η(

T∑
t=1

|ℓi∗,t|+
T∑
t=1

|πT
t ℓt|) =

lnK

η
+ η(|L∗

T |+ |LT |),

where |L∗
T | and |LT | are the cumulative absolute loss of the benchmark and the al-

gorithm respectively. Therefore, if we set η = min{1,
√

lnK
|LT |+|L∗

T |}, we obtain an

O(
√
max{|LT |, |L∗

T |} lnK + lnK) regret bound. Given that RT = LT − L∗
T , if |LT | =

LT < L∗
T = |L∗

T |, the regret is negative and if |LT | = LT ≥ L∗
T = |L∗

T |, the regret bound is

O(
√
|LT | lnK + lnK). Therefore, the regret bound O(

√
|LT | lnK + lnK) always holds.

H.1.7 Proof of Theorem 10.7.1

Given that ℓ is a (strictly) proper loss function, for p ∈ [0, 1] and r ∈ {0, 1}, we have:

ℓ(p, r) = −G(p) + (p− r)G′(p).

where G is a (strictly) convex function. To guarantee that experts converge to the Nash

equilibrium, we have to ensure that the loss of each expert is convex. Taking the derivative

of the expected loss with respect to pi,t, we have:

d

dpi,t
E
rt∼Bern

(
fi,t(πT

t pt)
)ℓ(pi,t, rt) = πi,tf

′
i,t(π

T
t pt)ℓ(pi,t, 1) + fi,t(π

T
t pt)ℓ

′(pi,t, 1)

− πi,tf
′
i,t(π

T
t pt)ℓ(pi,t, 0) + (1− fi,t(π

T
t pt))ℓ

′(pi,t, 0)

= fi,t(π
T
t pt)

(
ℓ′(pi,t, 1)− ℓ′(pi,t, 0)

)
+ ℓ′(pi,t, 0)

+ πi,tf
′
i,t(π

T
t pt)

(
ℓ(pi,t, 1)− ℓ(pi,t, 0)

)
= −πi,tf ′

i,t(π
T
t pt)G

′(pi,t)− fi,t(π
T
t pt)G

′′(pi,t) + pi,tG
′′(pi,t).

Taking the second derivative of the expected loss, we can write:

d2

dp2i,t
Ert∼Bern(fi,t(πT

t pt))
ℓ(pi,t, rt) = −π2

i,tf
′′
i,t(π

T
t pt)G

′(pi,t)− πi,tf
′
i,t(π

T
t pt)G

′′(pi,t) + pi,tG
′′′(pi,t)

+G′′(pi,t)− πi,tf
′
i,t(π

T
t pt)G

′′(pi,t)− fi,t(π
T
t pt)G

′′′(pi,t)

=
(
pi,t − fi,t(π

T
t pt)

)
G′′′(pi,t) +

(
1− 2πi,tf

′
i,t(π

T
t pt)

)
G′′(pi,t)
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− π2
i,tf

′′
i,t(π

T
t pt)G

′(pi,t).

Given that G is convex, we have G′′(p) ≥ 0. Therefore, if fi,t is α-Lipschitz where α < 0.5,

we can argue that the second term in the second derivative
(
1− 2πi,tf

′
i,t(π

T
t pt)

)
G′′(pi,t) is

non-negative. Assuming that the third derivative of G (G′′′) and the second derivative of fi,t

(f ′′
i,t) are zero (i.e., G is a polynomial of degree at most 2 and f is an affine function), we can

make sure that the other two terms are zero. For instance, for quadratic loss functions, we

have G(p) = p2 − p. If we consider the drift model with α < 0.5, E
rt∼Bern

(
fi,t(πT

t pt)
)ℓ(pi,t, rt)

is a convex function of pi,t.

H.1.8 Proof of Theorem 10.7.2

Proof For a fixed i ∈ [K] and t ∈ [T ], we have:

d

dpi,t
E
rt∼Bern

(
fi,t(πT

t pt)
)ℓ(pi,t, rt) = −απi,t(2pi,t − 1) + 2(pi,t − απT

t pt − (1− α)bi,t) = 0(
2(1− απi,t)− 2απi,t

)
pi,t = 2(1− α)bi,t − απi,t + 2α

∑
j ̸=i

πj,tpj,t

pi,t =
1− α

1− 2απi,t
bi,t +

α

1− 2απi,t
(
∑
j ̸=i

πj,tpj,t − 0.5πi,t).

Therefore, pi,t = min{0, 1−α
1−2απi,t

bi,t +
α

1−2απi,t
(
∑

j ̸=i πj,tpj,t − 0.5πi,t)}. Using the optimality

condition, we can write:(
− απi,t(2pi,t − 1) + 2(pi,t − fi,t(π

T
t pt))

)
(fi,t(π

T
t pt)− pi,t) ≥ 0

2(fi,t(π
T
t pt)− pi,t)

2 ≤ −απi,t(2pi,t − 1)(fi,t(π
T
t pt)− pi,t) ≤ απi,t |2pi,t − 1|︸ ︷︷ ︸

≤1

|fi,t(πT
t pt)− pi,t|.

Thus, |fi,t(πT
t pt)− pi,t| ≤ απi,t

2 holds.

On the other hand, we have:

d

dpi,t
E
rt∼Bern

(
fi,t(pi,t)

)ℓ(pi,t, rt) = 2(pi,t − αpi,t − (1− α)bi,t)− α(2pi,t − 1) = 0(
2(1− α)− 2α

)
pi,t = 2(1− α)bi,t − α

pi,t =
1− α

1− 2α
bi,t −

0.5α

1− 2α
.
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So, p∗i,t = min{0, 1−α
1−2αbi,t −

0.5α
1−2α}. We can use the optimality conditions here as well to

write:

(
2(p∗i,t − fi,t(p

∗
i,t)))− α(2p∗i,t − 1)

)
(fi,t(p

∗
i,t)− p∗i,t) ≥ 0

2(fi,t(p
∗
i,t)− p∗i,t)

2 ≤ −α(2p∗i,t − 1)(fi,t(p
∗
i,t)− p∗i,t) ≤ α |2p∗i,t − 1|︸ ︷︷ ︸

≤1

|fi,t(p∗i,t)− p∗i,t|.

Thus, |fi,t(p∗i,t) − p∗i,t| ≤ α
2 holds. Putting the above results together, we can bound

|pi,t − fi,t(p
∗
i,t)| as follows:

|pi,t − fi,t(p
∗
i,t)| = |pi,t − p∗i,t + p∗i,t − fi,t(p

∗
i,t)|

≤ |pi,t − p∗i,t|+ |fi,t(p∗i,t)− p∗i,t|

≤ | 1− α

1− 2απi,t
bi,t +

α

1− 2απi,t
(
∑
j ̸=i

πj,tpj,t − 0.5πi,t)−
1− α

1− 2α
bi,t +

0.5α

1− 2α
|+ α

2

= | 1− α

(1− 2απi,t)(1− 2α)

(
1− 2α− 1 + 2απi,t

)
bi,t

+ α
(∑j ̸=i πj,tpj,t − 0.5πi,t

1− 2απi,t
+

0.5

1− 2α

)
|+ α

2

≤ 2α(1− α)(1− πi,t)

(1− 2απi,t)(1− 2α)
bi,t + α

(∑j ̸=i πj,tpj,t − 0.5πi,t

1− 2απi,t
+

0.5

1− 2α
+

1

2

)
.

Assuming α < 0.25, we have:

|pi,t − fi,t(p
∗
i,t)| ≤ 8αbi,t + 3.5α = (8bi,t + 3.5)α ≤ 11.5α.

Using the regret bound of the WSU algorithm of [89], we have:

T∑
t=1

ℓ(
K∑
j=1

πj,tpj,t, rt)− min
i∈[K]

T∑
t=1

ℓ(pi,t, rt) ≤ O(
√
T lnK).

For quadratic loss function ℓ(p, r) = (p − r)2, the function is 2-Lipschitz. Therefore, the

following inequalities hold for all t ∈ [T ] and i ∈ [K]:

|ℓ(fi,t(πT
t pt), rt)− ℓ(pi,t, rt)| ≤ 2|fi,t(πT

t pt)− pi,t| ≤ απi,t ≤ α,

|ℓ(pi,t, rt)− ℓ(fi,t(p
∗
i,t), rt)| ≤ 2|pi,t − fi,t(p

∗
i,t)| ≤ 23α.
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Putting the above results together, the regret bound is O(
√
T lnK) +O(αT ). Therefore,

plugging in the value of α, we obtain the O(
√
T lnK) regret bound as stated.
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