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Abstract

RANDOM ACCESS OVER MULTI-PACKET RECEPTION CHANNELS:
A MEAN-FIELD APPROACH

Seyed Shwan Ashrafi

Chair of the Supervisory Committee:
Sumit Roy

Electrical Engineering

This thesis addresses the problem of Multi-Packet Reception (MPR) for random access

scenarios in Wireless LAN type infrastructure network. Our results builds on a recently

proposed physical-layer network coding mechanism – Compute-and-Forward (C&F) [1]; we

embed this within slotted ALOHA and Carrier Sense Multiple Access (CSMA) protocols for

operational scenarios where multiple1 simultaneous transmissions are likely to occur.

A mean-field approach is used to understand the impact of multi-packet reception in

random access networks. By focusing on a special family of MPR channels – the all-or-

nothing model, stability conditions are derived for slotted ALOHA and CSMA systems under

the above assumption. Interestingly, a number of physical-layer network coding schemes such

as compute-and-forward, successive compute-and-forward (SCF) and successive interference

cancellation can be viewed as special cases of all-or-nothing symmetric MPR model. In

addition, the problem is analyzed under the general symmetric MPR channels which turns

out not to be fundamentally different from the all-or-nothing MPR.

The primary outcome is a deeper understanding of the behavior of random access schemes

over general symmetric MPR channels. Due to the interaction among users and the chal-

lenges emanating from such interactions, random access can be more readily analyzed if the

1This is typically an uplink scenario, i.e., from client to Access Point (AP).



state of users are assumed decoupled and an approximate stability region obtained for the

system. Nonetheless, the approximate stability region computation based on the decoupling

assumption is still complicated for even small (few clients) networks. By a mean-field ap-

proach, the random access problem is studied in the large number of clients regime. As a

result, the evolution of the system state in the limit can be well approximated by a determin-

istic dynamical system. The stability conditions for the limiting system then paves the way

for a better understanding of a known/observed phenomenon called meta-stability whereby

(finite) random-access networks undergo a phase transition: from stability to meta-stability.

In the thesis, we first present results for slotted ALOHA with all-or-nothing MPR model.

An approximate stability region is characterized which is then used for system performance

evaluation in terms of throughput and delay. These results are then extended to the case

of general symmetric MPR channels. Next, the stability of persistent CSMA systems is

analyzed similar to slotted ALOHA analysis and throughput and delay results are obtained.

Meta-stability is discussed for CSMA systems and system design guidelines are outlined to

guarantee certain quality-of-service requirements, i.e., avoidance of meta-stable behavior.

By adding a back-off mechanism, the stationary behavior of a saturated system is studied,

again through mean-field analysis. Finally, we propose a novel extension to the cooperating

multiple AP scenario for dense networks, where we present new algorithms for MPR-capable

systems and present some initial analysis.
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1

Chapter 1

INTRODUCTION

The explosive growth in consumer mobile devices continues to fuel concomitant demand

for wireless services. The surge of social network phenomenon, video/voice sharing and

streaming, and other wireless services available on smart-phones and tablets are typical

exemplars of this dramatic growth. New technology trends like the Internet of Things (IoT)

— networking of an extra-ordinarily large number of common devices that are hitherto un-

connected — will contribute to further overloading of already congested networks.

Since much of such new traffic will flow through access networks such as WiFi, densifi-

cation of wireless local area networks (WLANs) is a common response to this exponential

increase in data traffic density. However (as is well known), the interference resulting from

simultaneous data transmissions [2] constitutes the fundamental limit to performance in

such networks. Current 802.11 WLAN networks treat such simultaneous transmission as

undesired, yet there is a significant history of ideas and methods that promote multi-packet

reception (MPR) as a potential solution to such interference-limited channels. This thesis

contributes to the theory and practice of MPR within a random access scenario (broadly

conformal to Distributed Coordination Function (DCF) MAC protocol for 802.11 networks).

We begin by identifying a suitable MPR model adopted by communication theorists as an

abstraction of 802.11 physical layer.
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Access Point

M1

Figure 1.1: A random access scenario where clients communicate with a multiple antenna
access point over a shared wireless medium.

1.1 Multi-Packet Reception Channel

Consider a dense 802.11 network scenario where clients associated with a cell, attempt to

communicate with an Access Point (AP) over a shared wireless medium as in Fig. 1.11. While

the DCF MAC seeks to minimize concurrent transmissions, with dense networks the inci-

dences of hidden nodes increase leading to possibilities for simultaneous uplink transmissions

from multiple clients.

By and large, the collision model in which concurrent transmissions are viewed as failed

transmissions, constitutes the prevailing assumption for random access WLANs. Rather than

avoiding such simultaneous transmissions, there has been increasing interest in proposing

techniques that exploit such multiple access [3–8], i.e., make use of advanced signal-processing

techniques in the physical-layer to allow MPR [9], thereby improving the overall network

performance.

Physical-layer Network Coding (PNC) is one such technique in which a wireless user

1Consistent with the premise of this thesis, we focus on uplink scenarios, driven by applications where
users share data among themselves.
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infers the sum of the superimposed packets as opposed to decoding individual data packets.

The idea appears to have been independently proposed by Nazer and Gastpar [10], Zhang,

Liew, Lam [11] and Popovski and Yomo [12]. Although PNC improves network throughput,

it is prone to fading in wireless channels where the amplitude and phase of a transmitted

signal undergo distortion. As a consequence, it becomes very difficult to recover the sum

of transmitted packets and maintain the potential throughput gain from PNC at the same

time. The compute-and-forward (C&F) strategy proposed by Nazer and Gastpar [1] to some

extent overcomes this difficulty by incorporating a lattice structure into transmitted signal.

In recent years, compute-and-forward has emerged as a powerful physical-layer network

coding technique [10, 13]. It has attracted increasing attention from many fields, including

communications [14,15], information theory [16,17], and coding theory [18]. C&F enjoys two

significant theoretical advantages: First, it achieves close-to-optimal information-theoretic

performance in various important channel models, including interference channels [17], two-

way relay channels [16], and Gaussian multi-hop networks [19]. Second, it admits highly

efficient encoding and decoding methods, with a favorable performance-complexity trade-

off [18].

In multiple access or concurrent transmission scenarios, the AP can take advantage of

the broadcast and fading natures of the wireless medium to its benefit. By using a PNC

technique such as C&F, the AP can infer (decode) multiple linear combinations of collided

packets provided it has enough independent measurements to recover the collided packets.

Other PNC techniques such as successive interference cancellation and successive C&F can

also be used for this purpose. We discuss these techniques in depth in Chapter 2 for a special

family of symmetric MPR channel models called all-or-nothing MPR.

C&F relies on lattice coding, where a lattice is a discrete set of points in a (multidimen-

sional) Euclidean space with the fundamental property that the sum and the difference of

any two lattice points are themselves lattice points [20]. That is, if x1 and x2 are two lattice

points, so are x1 + x2 or x1−x2. In other words, lattices are closed under addition and sub-

traction. This implies that every integer linear combination a1x1 + a2x2 (a1, a2 ∈ Z) is also
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w1

w2

User A

User B

Access Point

a1w1 + a2w2

Figure 1.2: Illustration of physical-layer network coding.

a lattice point. Continuing this argument, one can see that every integer linear combination

of a set of lattice points is again a lattice point. This is the key property that C&F exploits,

as we will see shortly.

Let us explore the key ideas in C&F via an example. Consider a network of three users

where users A and B want to transmit their messages (w1 and w2 respectively) to an access

point over a fading channel as depicted in Fig. 1.2. Users A and B send a coded version of

their packets, i.e., xA and xB, simultaneously. The received signal at the access point is

y = hAxA + hBxB + z

where hA and hB are complex numbers representing the so-called channel gains from users

A and B to the access point and z is channel noise. The idea is to make the channel gains

“close” to integer numbers by appropriate scaling. The AP applies the scaling operation as

αy = αhAxA + αhBxB

to steer the effective channel gains αhA and αhB towards integer values. Let a1 and a2 be

the closest integer value to αhA and αhB. The AP aims to infer the linear combination
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User A

User B

w1

w2

a1w1 + a2w2
b1w1 + b2w2

Figure 1.3: C&F and multi-antenna systems.

a1wA + a2wB.

By adding one more antenna to the AP it will be possible for the AP to infer a second

linear combination b1wA + b2wB where b1 and b2 are the closest integer values to channel

gains from users A and B to the AP. If the two antennas are sufficiently distanced from each

other then the channel gains and hence the integers b1 and b2 will be different from those

corresponding to the first antenna. With two linearly independent combinations of messages

the AP can then recover w1 and w2 by solving a system of linear equations.

Despite the popularity of PNC techniques and specifically C&F strategy, there is a crit-

ical gap between the theoretical advances of C&F and its real-world use. For instance,

most prior work focuses on information-theoretic analysis and encoding-decoding methods,

without considering important practical constraints of wireless networks, such as channel

variations, decentralized operations, and random data arrival.

1.2 Random Access with MPR: State-of-the-Art

The stability condition of slotted ALOHA (one of the simplest random access protocols)

was first introduced and analyzed by Tsybakov and Mikhailov [21] back in 70’s. Despite a

continuing effort in the past three decades (e.g., [22–25] and in general for parallel queueing

networks [26–28]), this problem is still open except for several special cases. Recently, Borde-
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nave et al. [29,30] developed a mean-field framework for interacting particles and applied it

to slotted ALOHA systems. In particular, they proposed an approximate stability condition

and proved that it is asymptotically exact for large systems.

The study of random access protocols with MPR capability dates back to late 80’s.

In their seminal work [9, 31], Ghez, Verdú and Schwartz introduced a so-called symmetric

MPR channel model for slotted ALOHA and characterized the stability condition in the

large-systems regime. Following [9, 31], Sant and Sharma studied the finite-user regime by

focusing on a special class of the symmetric MPR model [32]. An asymmetric MPR model

was analyzed by Naware, Mergen and Tong [33], with a particular focus on the two-user

case and the homogeneous case (due to several technical challenges explained in [33]). For

more general cases, they provided an inner bound on the stability region. However, as they

pointed out, their inner bound is “too difficult if not impossible to evaluate in practice in

general.” The stability condition for slotted ALOHA with MPR under the inhomogeneous

case remains largely open in the literature.

The extension from slotted ALOHA to CSMA systems under MPR assumption started

from the work of Chan, Berger and Tong [34] in 2004. In particular, the maximum stable

throughput and the service delay were derived in [6,34] for the symmetric MPR model of [9]

under the homogenous case. Other works along this direction include [35–41]. Recently,

CSMA with MPR has received renewed interest from the research community, mainly due to

rapid advances in multiple-input multiple-output (MIMO) technology for wireless LAN. For

example, Tan et al. [7] developed a CSMA-type system with chain-decoding MPR technique

and demonstrated its clear advantage over conventional 802.11 through prototype implemen-

tation. Wu et al. [36] evaluated the performance of such system design in terms of saturated

throughput and service delay. Bae et al. [38] studied the optimal transmission probability

to maximize the stable throughput for CSMA systems where the access point can decode up

to K simultaneous transmissions, which is a special case of the symmetric MPR model.

Despite a large body of work on random access protocols with MPR capability [5,6,8,9,

33–38,40,42], some of their fundamental properties are still not well understood. For instance,



7

most performance analysis of MPR-capable CSMA focuses on the homogeneous case, where

all the mobile users are assumed to have identical packet arrival rates and transmission

probabilities [5,6,34,35,37]. In reality, mobile users often have different packet arrival rates,

leading to the inhomogeneous case. However, the throughput and delay performances of

MPR-capable CSMA for the inhomogeneous case remain largely unknown in the literature.

As a promising new physical-layer technique and a special case of MPR model, we believe

that C&F is a good candidate for multiple access scenarios. Most prior work focused on

its physical-layer performance (see, e.g., [43–47] for multi-source multi-relay networks with

C&F) with a few exceptions [48–51]. The work of Goseling et al. pioneered the throughput

analysis of random access with C&F for the homogeneous case.

1.3 Meta-Stability of Random Access Networks

Meta-stability is a known phenomenon in random access networks. For instance, in slotted

ALOHA and CSMA systems bi-stability has been observed [52–55]. A meta-stable system

oscillates between two or more stable states over long time intervals. This is not a desired

phenomenon in practical wireless systems as it impedes provisioning of quality of service

guarantees. So it is important to understand what causes a random access system – especially

in presence of MPR assumption – to undergo a phase transition and become meta-stable. As

we will see later, MPR-capable slotted ALOHA and CSMA systems are in general meta-stable

with two or more stable states. The dynamical system description of these systems makes it

more convenient to study the stability of these systems and obtain conditions under which

meta-stability occurs. Specifically, the mean-field approach enables identifying constraints

on the physical-layer that avoids meta-stability. In other words, this thesis provides design

criteria for lattice code design such that the slotted ALOHA system become globally stable.

This is important from a system design perspective for practical wireless system.
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1.4 Our Contributions

In this dissertation, we introduce a general framework for the mean-field analysis of MPR-

based random access protocols. Specifically we characterize stability conditions and study

system performance with a focus on the applicability of these results in practice. Our main

contributions are described in the following on a chapter by chapter basis.

1.4.1 Slotted ALOHA with All-or-Nothing Multi-Packet Reception

Very recently, Bordenave et. al. [29] proposed an approximation stability condition for slot-

ted ALOHA. Prior to this work, most of the analysis of stability conditions have focused

on homogeneous networks, whereas in most real-world applications, networks are inhomoge-

neous. For instance a network may consist of laptops, smart-phones, tablets with different

demands. The mean-field technique has already been successfully applied in the context

of queueing networks in the past. We apply mean-field analysis to inhomogeneous slotted

ALOHA systems with all-or-nothing symmetric MPR channel model and in fact take a step

forward to solve a decades-long open problem. By a sample-path analysis approach, it will

be shown that the behavior of slotted ALOHA with MPR model can be described by a

dynamical system. Such a dynamical system is composed of a set of coupled ordinary differ-

ential equations (ODEs) that approximates the average of the trajectories of the underlying

stochastic process.

It turns out that the approximation to slotted ALOHA stability via this approach is very

accurate even when the number of users is small. As we will see the MPR-based random

access protocols are in general meta-stable systems, i.e., such systems have multiple stable

points which makes their performance analysis quite challenging. We overcome this challenge

by imposing certain constraints on the physical-layer which makes the system bi-stable rather

than meta-stable with more than two stable points.

Build upon the stability results, throughput and delay performance of MPR-capable

slotted ALOHA is studied demonstrating the clear advantage of MPR-based systems over
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conventional systems as well as the accuracy of our approximations.

1.4.2 CSMA with All-or-Nothing Multi-Packet Reception

Taking a similar mean-field approach, this dissertation extends the analysis to the Carrier

Sense Multiple Access (CSMA) protocol under the MPR model assumption. Specifically

we study inhomogeneous persistent CSMA systems with all-or-nothing MPR model. We

omit the details of the analysis as it is similar to the slotted ALOHA scenario. Instead, we

start from the mean-field decoupling assumption. According to the mean-field decoupling

assumption, the evolution of the states of queues (users) becomes independent from each

other in large-systems regime when the number of queues tends to infinity. It turns out that

a CSMA system – depending on its input arrival rates – may end up in three situations:

the system is either stable, bi-stable or unstable. In fact, a slotted ALOHA system also

behaves similarly. We further study the throughout and delay performance of persistent

CSMA systems and compare it to those of slotted ALOHA both under MPR assumption

and for C&F, SCF and SIC MPR models.

1.4.3 Extension I: CSMA with Random Back-off

The infrastructure mode of IEEE 802.11 standard has adopted a back-off mechanism to

reduce collision in a CSMA system. In such a system users decrease their contention rate

in case a collision occurs to avoid repeatedly interfering with other users’ transmissions and

reduce collision. The persistent CSMA system that we study in Chapter 4 assumes fixed

contention rate (i.e., the transmission probability of every user is fixed) and applies a mean-

field-based analysis to CSMA system with back-off for a saturated scenario, i.e. all users

always have a packet to send. The mean-field approximation is adopted for the analysis of

two cases, a) finite b) infinite number of back-off stages. We model the behavior of large-

systems with dynamical systems for each case; the existence of a stationary probabilities for

each back-off stage is studied and verified by simulations.
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1.4.4 Extension II: The Multiple AP Case

The work of chapters 3 and 4 is extended to a multi-AP scenario by identifying two technical

challenges and proposing novel solutions to address these challenges. In particular, we first

introduce an AP cooperation problem to fully recover packets from packet collisions, and

develop a distributed algorithm which is computationally efficient. We then introduce a joint

channel estimation and active user recovery problem, and propose an algorithm which works

based on the notion of spare recovery. In addition, we discuss that the benefits of adding

more APs in terms of throughput and delay performance can be characterized using the

results in Chapter 4.

The AP cooperation problem is closely related to the network-coding design problem

[14, 56]. As we have shown in Chapter 6 (Section 6.2.4), our distributed solution to AP

cooperation makes a particular use of the problem structure, and so is more computational

efficient than existing solutions to the network-coding design problem.

While the high-level idea of applying sparse recovery techniques to channel estimation

problems is not new (e.g., [57]), our application focuses on a dense network with concurrent

transmitters, whereas existing approaches focus on a single transmitter-receiver pair (where

the sparsity comes from the multi-path effect). Moreover, we make use of second-order Reed-

Muller codes, leading to a recovery algorithm whose complexity is sub-linear of the number

of users.
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Chapter 2

MULTI-PACKET RECEPTION CHANNEL MODELS

Conventionally, random-access protocols are studied based on the so-called collision chan-

nel model: a transmission is successful if and only if a single user transmits. Motivated by the

advances in multiuser detection, Ghez, Verdú and Schwartz introduced a symmetric multi-

packet reception (MPR) channel model for the slotted ALOHA protocol (one of the simplest

random-access protocols) [9,31]. In their channel model, the number of successfully received

packets in each time slot depends exclusively on the number of simultaneous transmissions.

Specifically, given that n packets are being transmitted in one slot, the number of correctly

received packets is a random variable specified by conditional probabilities {qk,n}n
k=0 where

qk,n = P (k packets are correctly received|n are transmitted) .

The above symmetric MPR model was later extended by Naware, Mergen and Tong to

a general asymmetric setting where the set of successfully received packets in a time slot

depends on the set of concurrent transmitters in that slot [33]. For instance, for the two-user

case, the asymmetric MPR model in [33] is completely specified by the following conditional

probabilities:

q{i},{i} = P(user i is successful | only user i transmits)

q{i},{1,2} = P(only user i is successful | both users transmit)

q{1,2},{1,2} = P(both users are successful | both users transmit)

where i ∈ {1, 2}.

In this chapter, we discuss our system model assumptions including channel model and
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MPR techniques. In particular, we describe the symmetric MPR model and study a special

case called “all-or-nothing” MPR which is still general enough to include a number of MPR

techniques used in the subsequent chapters.

2.0.1 Channel Model

We use a standard block-fading multiple-access channel model [58] as illustrated in Fig. 2.1,

where each user is equipped with a single antenna and the AP is equipped with M antennas.

We assume block-level synchronization. Over a block length of b symbols, when there are

n active users communicating to the AP, the received signal at the j-th antenna at the AP

can be written as

yj =
n∑

`=1
hj,`x` + zj .

Here, x` ∈ Cb is the transmitted signal (which is a lattice point or codeword) at the `th

active user subject to the average power constraint 1
b
E‖x`‖2 ≤ P , hj,` is the channel fading

coefficient between the `th active user and jth antenna of the AP, and zj represents the

additive white Gaussian noise vector with i.i.d. CN (0, 1) entries (where CN (0, a) denotes

a complex Gaussian random variable with independent zero-mean, variance a/2, Gaussian

random variables as its real and imaginary parts).

In the matrix form, the AP observes a channel-output matrix matrix Y ∈ CM×b

Y = HX + Z ,

where H ∈ CM×n is the channel matrix whose entry in the j-th row and `-th column is hj,`,

X ∈ Cn×b is the channel-input matrix with x` as its `th row, and Z is the noise matrix with

zj as its jth row. We assume that the channel-coefficient matrix H is known to the receiver

but unknown to the transmitters. We statistically model H to be i.i.d. with CN (0, 1) entries,

i.e., the richly scattered Rayleigh-fading environment1.

1This assumption can be extended to other statistical models of H.
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user 1

user 2

user N

Access
point

Figure 2.1: A random access wireless channel where N single-antenna users compete to gain
access to a channel and transmit packets to a AP with M antennas.

2.0.2 Symmetric MPR Model

We now introduce the so-called symmetric MPR model as a special case of MPR channels

defined in [9].

Definition 1(Symmetric MPR) Given that n packets are being transmitted in a block

time, the probability of successful recovery of exactly k packets is defined as

qk,n = Pr(k packets are correctly received |n packets are transmitted) .

These k packets are chosen, uniformly at random, from n concurrent transmitters.

As a special case, if qk,n = 0 for all k ∈ {1, . . . , n − 1}, we have an “all-or-nothing”

symmetric MPR model where the receiver either recovers every simultaneously transmitted

packets or none of them.

Definition 2(All-or-Nothing Symmetric MPR) Given that n packets are being trans-

mitted in a block time, the probability of successful recovery of these n packets is defined
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as

qn = P(n packets are correctly received |n packets are transmitted).

Clearly, the “all-or-nothing” symmetric MPR model generalizes the classical collision

channel model which has q1 = 1 and qn = 0 for all n > 1. It also contains the K-user MPR

model used in [59] as a special case which assumes that qn = 1 for all n ≤ K and qn = 0 for

all n > K, where K is a threshold determined by practical constraints (such as the speed of

Walsh-Hadamard transform [60]). We call this threshold the MPR capability.

Interestingly, the all-or-nothing symmetric MPR model is still general enough to include

a number of promising MPR techniques—such as successive interference cancellation (SIC),

compute-and-forward (C&F), and successive compute-and-forward (SCF)—as special cases.

2.0.3 Asymmetric MPR Model

The symmetric MPR model can be generalized to asymmetric MPR model. Suppose that

each user belongs to one of V possible classes V = {1, · · · , V }. We say a set of (n1, · · · , nV )

packets is being transmitted in a slot, if for all v ∈ V , nv packets are being transmitted.

Similarly, we say a set of (k1, · · · , kV ) packets is correctly received, if for all v ∈ V , exactly

kv packets are correctly received.

Definition 3(Asymmetric MPR Channel Model) Given that a set of (n1, · · · , nV )

packets is being transmitted in a time slot, the probability of successful recovery of a set of

(k1, · · · , kV ) packets is defined as

q(k1,··· ,kV ),(n1,··· ,nV ) = P
(

(k1, · · · , kV ) packets are correctly received
∣∣∣

(n1, · · · , nV ) packets are transmitted
)
.

For all v ∈ V , these kv packets are chosen, uniformly at random, from nv concurrent trans-

mitters of class-v.

Example 1(Two-User Case) Consider a random-access network of two classes of users,



15

where each class has only one user. Then, the asymmetric MPR channel model defined

above is completely specified by five conditional probabilities: q(1,0),(1,0), q(0,1),(0,1), q(1,0),(1,1),

q(0,1),(1,1), q(1,1),(1,1).

In this dissertation, we present the results for both all-or-nothing and general symmetric

MPR model. We will see that the analysis of general symmetric MPR is not fundamentally

different than the analysis of all-or-nothing MPR. The simulations and numerical results are

mainly focused on all-or-nothing MPR.

2.1 C&F as an MPR

We give a brief summary of the C&F and SCF schemes proposed in [61], with a particular

focus on the symmetric rates and complex-valued channel models. We refer the readers

to [61,62] for more details on C&F.

As a new MPR technique, C&F enables a receiver to recover simultaneously transmitted

packets via decoding linear equations [1,17–19,63,64]. Compared to other MPR techniques,

C&F achieves close-to-optimal performance [62, 63] under single-user decoding, making it

particularly attractive for practical applications.

2.2 An Overview of C&F

Let us begin with a special case in which all of the channel gains are integers. In this case,

the receiver simply decodes ∑n
`=1 h`x` from y by using a (standard) lattice decoder, since∑n

`=1 h`x` is a lattice point. The decoding is correct if the noise z is sufficiently small.

In general, however, the channel gains are not integers; they are general real numbers.

In this case, the idea is to make them “close” to integer numbers by appropriate scaling.

Specifically, the receiver applies a scaling operation αy = ∑n
`=1 αh`x` + αz to steer the

effective channel gains {αh`} towards integer values, without unduly amplifying the noise z .

Let a` be the closest integer to αh`, for ` = 1, . . . , n . Then, once again, the receiver decodes
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∑n
`=1 a`x` from αy by using a (standard) lattice decoder. Note that

αy =
n∑

`=1
a`x` +

n∑
`=1

(αh` − a`)x` + αz

=
n∑

`=1
a`x` + n ,

where n = ∑n
`=1(αh` − a`)x` + αz is the effective noise. Thus, the decoding is correct if the

effective noise n is sufficiently small.

It turns out that the decoding performance can be characterized formally by the following

computation rate Rcomp(a, α; h) for any coefficient vector a = (a1, . . . , an)T and any scalar

α [1]:

Rcomp(a, α; h) = 1
2 log

(
P

α2 + P‖αh− a‖2

)
, (2.1)

where P is the power constraint and h = (h1, . . . , hL)T . Roughly speaking, the higher the

computation rate, the more reliable the decoding is. In other words, the computation rate

Rcomp(a, α; h) provides a guideline for the choice of the coefficient vector a and the scalar

α. In particular, for any given coefficient vector a, the best computation rate Rcomp(a; h) is

attained at the optimal α∗ = P hT a
1+P ‖h‖2 and is given by

Rcomp(a; h) = 1
2 log

(
1 + P‖h‖2

(1 + P‖h‖2)‖a‖2 − P (hT a)2

)
.

The main result of C&F says that the receiver can decode an integer combination∑n
`=1 a`x` with coefficient vector a as long as the computation rate Rcomp(a; h) is larger

than the message rate R, i.e., Rcomp(a; h) > R . Hence, if there are multiple coefficient vec-

tors whose computation rates are larger than R, the receiver can recover multiple integer

combinations of the transmitted signals.

Finally, once an integer combination ∑n
`=1 a`x` of transmitted signals is decoded, it can

be mapped to a linear combination ∑n
`=1 a`w` of the corresponding packets. The details can

be found in [18].
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To summarize, with C&F the receiver is able to decode one or more linear combinations

of the form ∑n
`=1 a`w` from the collision y = ∑n

`=1 h`x` + z. The coefficients of these linear

combinations are carefully chosen such that their computation rates are larger than the

message rate.

2.3 All-or-Nothing MPR channel vs Conventional Channel

We now discuss C&F, SCF, and SIC as special cases of all-or-nothing MPR model and

provide concrete examples for each case.

2.3.1 Case Studies of Symmetric MPR Model

Case Study 1: MPR via C&F

As our first case study, we explain how MPR can be achieved via C&F technique. Recall

that the received signal at the AP is Y = HX + Z. Rather than decoding X from Y, the

AP (which employs C&F technique) will first decode integer-linear combinations AX and

then invert these linear combinations to recover the original signals X. Here, A ∈ Cn×n is

a target (invertible) integer-valued matrix of which each row a` corresponds to an integer

combination.

Specifically, the AP chooses an equalizing filter matrix B ∈ Cn×M and computes

Yeff = BY

= AX + (BH−A)X + BZ

= AX + Zeff ,

where Zeff , (BH−A)X+BZ is the effective noise matrix. In other words, C&F transforms

the original multiple access channel into n point-to-point sub-channels

yeff,` = a`X + zeff,`, ` = 1, . . . , n ,
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where yeff,` and zeff,` are the `th rows of Yeff and Zeff , respectively.

As shown in [62], the optimal choice of the equalizing matrix B is given by

B = AHT
( 1

SNRI + HHT
)−1

,

and an optimal choice of the integer matrix A can be found through lattice-reduction algo-

rithms2. The resulting achievable symmetric rate RCF
sym(H) is3

RCF
sym(H) = min

`=1,...,n
log

(
SNR
σ2

eff,`

)
, (2.2)

where σ2
eff,` is the `th diagonal entry of the matrix SNR A(I + SNRHT H)−1AT .

The optimal choice if A can also be obtained from the so-called dominant solutions

defined in [18]. Let

Rcomp(H, a`) = log
(

SNR
σ2

eff,`

)
,

Definition 4(Dominant Solutions) A set of linearly independent coefficient vectors

{a∗
j} satisfying Rcomp(H, a∗

1) ≥ · · · ≥ Rcomp(H, a∗
n) is called a dominant solution if, for any

linearly independent coefficient vectors {aj} satisfying Rcomp(H, a1) ≥ · · · ≥ Rcomp(H, an),

we have Rcomp(H, a∗
j ) ≥ Rcomp(H, aj) for all j = 1, . . . , n.

By definition, a dominant solution {a∗
j} indeed maximizes the message rate. Also, a

dominant solution {a∗
j} can be computed by a greedy algorithm as in [18, Section VIII].

Example 2(MPR via C&F) Consider the following received signal


y1

y2

y3

 =


−0.3034− 0.3673i −0.0056 + 0.4963i

0.4512− 0.8633i −0.9261 + 0.5284i

−0.0608− 0.6401i −0.1765 + 0.5561i


x1

x2

+


z1

z2

z3

 ,

2We note that when the number of active users is small (< 5), there exist some very efficient lattice-
reduction algorithms. See, e.g., [65] for details.
3All the log(·) functions in this section are in base 2 .
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with SNR = 15 dB. That is, the AP (which is equipped with 3 antennas) would like to recover

two original signals x1 and x2. Instead of decoding x1 and x2 directly, the AP decides to

decode two integer-linear combinations:

u1

u2

 =

1 + i −1− i

−2i −1 + 2i


x1

x2

 .
In order to do so, the AP applies the following equalizing matrix

B = AHT
( 1

SNRI + HHT
)−1

=

−0.1709 + 0.6350i 0.2802 + 0.9764i −0.0544− 0.2305i

0.4580 + 0.1405i 1.0795− 0.8104i 0.7780 + 0.4329i

 ,
and computes yeff,1

yeff,2

 = BY =

u1

u2

+

zeff,1

zeff,2

 ,
where

zeff,1

zeff,2

 =

 0.1102 + 0.1176i 0.0482 + 0.1659i

−0.0701− 0.0327i −0.0218− 0.0964i


x1

x2



+

−0.1709 + 0.6350i 0.2802 + 0.9764i −0.0544− 0.2305i

0.4580 + 0.1405i 1.0795− 0.8104i 0.7780 + 0.4329i



z1

z2

z3

 .

This gives rise to 2 point-to-point sub-channels yeff,j = uj + zeff,j, where the effective noise

variances can be computed as

σ2
eff,1 = 3.2852 and σ2

eff,2 = 3.3421 ,

by using the fact that the noise vector zj consists of i.i.d. CN (0, 1) entries and SNR = 15 dB.
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Hence, the achievable symmetric rate is

RCF
sym(H) = min

{
log

(
SNR

3.2852

)
, log

(
SNR

3.3421

)}

= 3.2421 ,

and the two combinations can be decoded correctly as long as the message rate R is less

than the achievable symmetric rate. Finally, the AP recovers the original signals x1 and x2

by inverting the matrix A. That is, X = A−1(AX), where

A−1 =

−1 + 2i 1 + i

2i 1

 .

Let qn denote the probability that these n linear combinations (with coefficient vectors

{a∗
j}) are successfully decoded. For any given statistical model of H, the success probability

qn can be computed as

qn = Pr
(
R < RCF

sym(H)
)
, (2.3)

where R is the message rate of the transmitted packets. In fact, the decoding performance of

C&F described in (2.3) can be further improved. Intuitively, after the receiver has correctly

decoded n − 1 linear combinations with coefficient vectors a1, . . . , an−1, the receiver can

use these linear combinations as side information to decode the nth linear combination with

coefficient vector an. This leads us to successive C&F which will be discussed in the following

section.

Case Study 2: MPR via Successive C&F

Successive C&F combines ideas from classical SIC and C&F. Similar to C&F, successive

C&F first recovers a set of integer-linear combinations AX and then find the original signals

X. Rather than decoding each combination a`X in parallel, successive C&F decodes these
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combinations one at a time and makes use of already decoded combinations in subsequent

decoding steps.

For any invertible integer matrix A, the matrix A(I+SNRHT H)−1AT admits a Cholesky

decomposition

A(I + SNRHT H)−1AT = LLT ,

where L ∈ Cn×n is a lower triangular matrix with strictly positive diagonal entries. As shown

in [62], the effective noise matrix Zeff can be written as

Zeff =
√

SNR LW ,

for some matrix W with unit generalized covariance matrix. Hence, the resulting achievable

symmetric rate RSCF
sym (H) is

RSCF
sym (H) = min

`=1,...,n
log

(
SNR

SNRL2
`,`

)
, (2.4)

where L`,` is the `th diagonal entry of the matrix L.

Example 3(MPR via Successive C&F) With the same setup as described in Exam-

ple 2, the effective noise matrix can be written as

zeff,1

zeff,2

 =
√

SNR

 0.3223 0

−0.1496− 0.1301i 0.2577


w1

w2

 ,
for some matrix W with unit generalized covariance matrix. Hence, the point-to-point sub-

channels can be expressed as

yeff,1

yeff,2

 = BY =

u1

u2

+
√

SNR

 0.3223w1

(−0.1496− 0.1301i)w1 + 0.2577w2

 .
Rather than decoding u1 and u2 in parallel, the AP first decodes u1, and then recovers w1
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and cancels its contribution to the second sub-channel. In this way, the AP creates a less

noisy sub-channel

y′
eff,2 = u2 +

√
SNR 0.2577w2 ,

where the variance of the effective noise is reduced from to 3.3421 (see Example 2) to SNR×

0.25772 = 2.1000 . Hence, the achievable symmetric rate is

RSCF
sym (H) = min

{
log

(
SNR

3.2852

)
, log

(
SNR

2.1000

)}

= 3.2669 .

This improves the performance of C&F whose achievable symmetric rate is 3.2421.

Similarly, the success probability for successive C&F can be computed as

qn = P(R < RSCF
sym (H)) .

Case Study 3: MPR via SIC

As pointed out in [62], if the integer matrix A is chosen to be a permutation matrix, successive

C&F in the previous case study reduces to the well-known SIC (and each permutation matrix

corresponds to a corner point in the capacity region). Hence, successive C&F, in general,

offers higher achievable symmetric rates than SIC.

Example 4 Under the setup described in Example 2, if the integer matrix A is chosen to

be

A =

1 0

0 1

 ,
then the achievable symmetric rate is min{1.3848, 5.7946} = 1.3848, according to the for-
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Table 2.1: Success probabilities qL’s for SIC, CF, SCF, and JD under independent Rayleigh-
fading environment and different message rates.

success prob. qL SNR (dB) message rate R M SIC C&F SCF JD
q1 6 1 1 0.78 0.78 0.78 0.78
q2 0.46 0.45 0.57 0.60
q1 15 2 1 0.91 0.91 0.91 0.91
q2 0.31 0.61 0.66 0.80
q1

15 3 2
0.98 0.98 0.98 0.98

q2 0.88 0.92 0.93 0.95
q3 0.32 0.70 0.81 0.91

mulas presented in Case Study 2. Similarly, if the integer matrix is chosen to be

A =

0 1

1 0

 ,

then the achievable symmetric rate is min{1.4998, 5.6796} = 1.4998 . Therefore, the achiev-

able symmetric rate for SIC is

RSIC
sym(H) = max{1.3848, 1.4998} = 1.4998 .

This corresponds to the decoding order of first recovering x2 and then x1.

The success probability qn for SIC can be computed in a similar way as before, using the

formula

qn = P(R < RSIC
sym(H)) .

Table 2.1 provides the values of qn for SIC, CF, SCF, assuming independent Rayleigh-fading

environment. As a comparison, the performance of joint decoding (JD) is also provided,

where the symmetric rate RJD
sym(H) lies in the boundary of the capacity region for any given

channel matrix H.

As shown in Table 2.1, q1 remains the same for all the schemes under the three configu-

rations. This is because when n = 1 (i.e., there is only one active user), the channel model
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reduces to a standard point-to-point channel. Also, it is observed that SCF significantly

outperforms SIC in terms of q2 and q3, especially in the high-SNR regime. This is because

SIC is a very special case of SCF. Moreover, the performance of SCF is close to that of JD

even in the low-SNR regime.

2.3.2 Implementation Considerations.

At first glance, the complexity of SCF appears to be significantly higher than that of SIC due

to the use of lattice codes and lattice decoding. It turns out that SCF has essentially the same

complexity as SIC for certain lattice codes constructed from convolutional codes and LDPC

codes. Specifically, as shown in [18, Appendix G], a slightly modified version of the Viterbi

decoder can be used to implement a lattice decoder for lattice codes constructed through

convolutional codes. In addition, as demonstrated in [66], a family of high-performance

lattice codes can be constructed via (non-binary) LDPC codes and decoded using an iterative

message-passing algorithm whose complexity is essentially linear in the lattice dimension.

When a practical lattice code C described above is used, the previous symmetric rates (2.2)

and (2.4) no longer hold, since they are information-theoretic bounds based on asymptotically

(as the lattice dimension goes to infinity) good lattice codes. In this case, we can use the

following formulas as suggested in [67, Chapter 8] to estimate the achievable symmetric rates:

RCF
sym(H) = min

`=1,...,L
log

(
SNR
σ2

eff,`

)
− log (2πeG(L′))− log

(
µ(L, Pe)

2πe

)
, (2.5)

and

RSCF
sym (H) = min

`=1,...,L
log

(
SNR

SNRL2
`,`

)
− log (2πeG(L′))− log

(
µ(L, Pe)

2πe

)
, (2.6)

where L and L′ are the coding lattice and shaping lattice for the lattice code C, respectively.

Here, G(L′) is the normalized second moment for the shaping lattice L′. (For example,

G(L′) = 1/12 if the shaping lattice L′ is a hypercube.) Also, µ(L, Pe) is the normalized

volume-to-noise ratio (which is closely related to the coding gain) for a given error probability

Pe in nearest neighbor decoding of the lattice L. Note that (2.5) and (2.6) apply to an
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arbitrary lattice code instead of asymptotically-good lattice codes, where log (2πeG(L′)) and

log
(

µ(L,Pe)
2πe

)
represent the shaping loss and coding loss, respectively. We refer our readers

to [67, chapters 3, 8] for details.

Like many other advanced signal-processing techniques, SCF requires symbol-level syn-

chronization and block-level synchronization. Such synchronizations can be achieved by

leveraging some recent work on coherent transmission (see, e.g., [68]). In addition, the

requirement of block-level synchronization can be partly relaxed by using the technique de-

veloped in [69]. Finally, channel estimation is another important step of implementing SCF.

We believe that it can be achieved through a combination of conventional channel estimation

with blind C&F technique proposed in [70], which is beyond the scope of this dissertation.

For more details regarding the implementation aspects of physical layer network coding

techniques see [71–74].
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Chapter 3

SLOTTED ALOHA WITH ALL-OR-NOTHING
MULTI-PACKET RECEPTION

In this chapter, we take a step forward towards the decade-long open problem of charac-

terizing the stability region of slotted ALOHA with general symmetric MPR model. Building

on the work by Bordenave et. al. [29] and by exploiting the mean-field technique, we derive

an accurate approximation for the stability region of slotted ALOHA in inhomogeneous net-

works where users’ transmission probabilities and arrival rates are not necessarily identical

and belong to V different classes. It is shown that the approximate stability region is exact

asymptotically when the number of users tends to infinity. In finite regime case, the accuracy

is verified through simulations and the notion of homogeneous direction [29]. As applica-

tions of our approximate stability region for MPR-capable slotted ALOHA systems, simple

expressions are derived for network throughput, service delay and packet delay. Finally,

meta-stability of such systems is discussed and a physical-layer design criterion is obtained

to avoid meta-stability so that the global stability of the system is guaranteed.

3.1 Motivation

Although the MPR models we discussed in Chapter 2 have attracted considerable research

attention over the past decades, some of their fundamental properties are still not well

understood. For example, the stability region of slotted ALOHA with MPR capability is

largely open in the literature except for a few special cases summarized in Table 3.1, and

the delay analysis of slotted ALOHA with MPR is mostly focused on the scenario where

all the users have the same packet arrival rate (also referred to as the symmetric-arrival

scenario). An in-depth understanding of the stability region and delay performance of these
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Table 3.1: Summary of three special cases for which the stability regions are known.

MPR
Capability

Packet
Arrivals

System
Size

Buffer
Size Reference

symmetric asymmetric ∞ 1 [9]
symmetric symmetric finite users ∞ [33]
asymmetric asymmetric two users ∞ [33]

MPR channel models is of particular importance nowadays, since these MPR models capture

the effects of multiuser detection and space-time processing that have been widely deployed

in emerging generation of IEEE 802.11 protocols such as 802.11ac [5].

3.2 System Model

We consider a random-access network as illustrated in Fig. 3.1, where N mobile users contend

to transmit packets to an access point (AP). We assume that time is slotted and a slot

duration equals to the packet transmission time. Each user belongs to one of the V possible

classes V = {1, · · · , V }, where all users in the same class have identical arrival rate and

transmission probability that will be defined shortly. The number of class-v users is denoted

by Nv. Clearly, we have N = ∑V
v=1 Nv. This V -class model captures user heterogeneity in

real-world wireless networks, corresponding to the so-called asymmetric-arrival scenario.

Each user is equipped with an infinite buffer for storing packets in a FIFO manner.

Packets arrive at the buffer of a class-v user according to a Bernoulli process with rate

λ(N)
v . That is, at each time slot, a new packet arrives into the buffer of a class-v user with

probability λ(N)
v . The arrival processes are assumed to be independent across users. If a

class-v user’s buffer is nonempty at the beginning of a time slot, it transmits a packet with

probability p(N)
v in that slot1.

At the beginning of each slot, if user i’s buffer is nonempty, it transmits a packet with

probability p
(N)
i (independent of the behavior of other users in the system). At the end of

1We drop the superscript (N) for notational convenience as necessary.



28

E

Gaussian
MAC channel

w1

wn

x1

x2

xn

D

y1
y2

yM

u1
u2

un

yj = ∑n
`=1 hj,`x` + noise

uj = ∑n
`=1 aj,`w`

Ew2

E

Figure 3.1: A random access wireless channel where n single-antenna active users transmit
their packets simultaneously to an M -antenna AP with the MPR capability K.

each slot, the AP tries to recover the transmitted packets using an MPR technique, e.g.

C&F, SCF or SIC as explained in Chapter 2. In this chapter, we focus on the all-or-nothing

symmetric MPR model which is discussed in details in Chapter 2.

3.2.1 System State

Let us fix N . Denote by X
(N)
i (m) the number of packets in user i’s buffer (queue) at the

beginning of slot m, where i ∈ {1, . . . , N}. The state of the system at slot m is given by

XXX(N)(m) ,
(
X

(N)
1 (m), . . . , X(N)

N (m)
)
.

Clearly,
{
XXX(N)(m) : m = 0, 1, . . .

}
is an N -dimensional discrete-time Markov chain.

Note that the evolution of the system is class symmetric, in the sense that it does not

depend on the specific identity of users besides their classes and queue lengths. Hence, we

can use a new discrete-time Markov chain QQQ(N)
v (m) ,

(
Q

(N)
v,0 (m), Q(N)

v,1 (m), · · ·
)

to describe

the system evolution, where Q(N)
v,` (m) is the fraction of users from class-v with at least `
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packets in their buffers at slot m. That is

Q
(N)
v,` (m) = 1

N

N∑
i=1

1{
X

(N)
i (m)≥`

} ,
where 1{·} is the indicator function.

W
(N)
v,` (m) ,

∞∑
i=`

Q
(N)
v,i (m) .

While the
{
XXX(N)(m)

}
representation has a more intuitive interpretation, the

{
Q

(N)
v,` (m)

}
and{

W
(N)
v,` (m)

}
representations are more convenient to cope with, especially in deriving stability

regions. For this reason, we will use the
{
Q

(N)
v,` (m)

}
and

{
W

(N)
v,` (m)

}
representations in the

rest of this chapter.

3.2.2 Stability Region

If the Markov chain
{
Q

(N)
v,` (m)

}
has a stationary distribution for the arrival-rate vector

λλλV , (λ(N)
1 , . . . , λ

(N)
V ), we say that the system is stable for λλλV . The stability region ΛV is

defined as the set of vectors λλλV such that the system is stable for λλλV .

3.2.3 Notation

The following notations and definitions will be used throughout this chapter. Let Z+ be the

set of non-negative integers. Define

Q ,
{
Qv ∈ [0, 1]Z+ : 1 = Qv,0 ≥ Qv,1 ≥ · · · ≥ 0 ,∀ v ∈ V

}
.

Denote by D ≡ D([0, T ];RZ+) the space of right-continous-with-left-limit (RCLL) functions

x : [0, T ] 7−→ RZ+ associated with the metric d(·, ·)

d(x,y) , ‖x− y‖T ∀ x,y ∈ D ,
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where ‖x‖T , supt∈[0,T ] ‖x(t)‖ and ‖x(t)‖2 = ∑∞
i=0

x2
i (t)
2i is weighted L2 norm. Define

N V ,
{
(n1, · · · , nV ) ∈ ZV : ∀v ∈ V , 0 ≤ nv ≤ Nv

}
.

For a positive integer K, define

N V
K ,

{
(n1, · · · , nV ) ∈ ZV : n1 + · · ·+ nV ≤ K, ∀v ∈ V , 0 ≤ nv ≤ Nv

}
.

When K ≥ N , N V
K is precisely N V . Define

Cn , q1,n + 2q2,n + · · ·+ nqn,n ,

i.e., the expected number of packets correctly decoded at the AP.

3.3 Main Results

3.3.1 Approximate Stability Region

Define

p(n1, . . . , nV ;ρρρ(N)) ,
V∏

v=1

(
Nv

nv

)(
ρ(N)

v p(N)
v

)nv
(
1− ρ(N)

v p(N)
v

)Nv−nv

.

p
(
n1, . . . , nV ;ρρρ(N)

)
is the probability that exactly nv class-v users are contending for the

channel under the independence assumption for all v ∈ V . Furthermore, ρ(N)
v is the non-

empty (utilization) probability of a class-v user.

Definition 5(Approximate Stability Region under Symmetric MPR) The ap-

proximate stability region Λ̂V is the region lying below one of V boundaries ∂uΛ̂V defined

by

∂uΛ̂V ,
{
λλλV : ∃ρρρ(N) ∈ ∂u[0, 1]V such that ∀v, λ(N)

v = Pv

(
ρρρ(N)

)}
,
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where

Pv

(
ρρρ(N)

)
=

∑
(n1,··· ,nV )∈N V

Rv(n1, · · · , nV )p
(
n1, . . . , nV ;ρρρ(N)

)
, (3.1)

where

Rv(n1, · · · , nV ) = 1
Nv

∑
0≤kv≤nv

kv

∑
0≤ku≤nu

∀u∈V\{v}

q(k1+···+kV ),(n1+···+nV ) (3.2)

is the average throughput of a user assuming that (n1, · · · , nV ) packets are transmitted.

Definition 6(Approximate Stability Region under Asymmetric MPR) The ap-

proximate stability region Λ̂V is the region lying below one of V boundaries ∂uΛ̂V defined

by

∂uΛ̂V ,
{
λλλV : ∃ρρρ(N) ∈ ∂u[0, 1]V such that ∀v, λ(N)

v = Pv

(
ρρρ(N)

)}
,

where

Pv

(
ρρρ(N)

)
=

∑
(n1,··· ,nV )∈N V

Rv(n1, . . . , nV )p(n1, . . . , nV ;ρρρ(N)) . (3.3)

Similarly

Rv(n1, · · · , nV ) = 1
Nv

∑
1≤kv≤nv

kv

∑
0≤ku≤nu

∀u∈V\{v}

q(k1,··· ,kV ),(n1,··· ,nV ) (3.4)

is the average throughput of a class-v user assuming that (n1, · · · , nV ) packets are transmit-

ted.

Interestingly, our approximate stability region Λ̂V turns out to be exact for the two-user

case and the symmetric-MPR symmetric-arrival case discussed extensively in [33].

Example 5(Two-User Case) When V = 2 and N1 = N2 = 1, the boundaries ∂vΛ̂2 in
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p2q̄2

p1q̄1 p1q1|(1,0)

p2q2|(0,1)

Figure 3.2: Stability region for the two-user case with a fixed transmission probability vector
(p1, p2).

Definition 6 are the line segments given by

∂1Λ̂2 =
{
(q1|(1,0)p1, 0) +

(
(q1|(1,1) − q1|(1,0))p1, q̄2

)
p2ρ : ρ ∈ [0, 1]

}
,

∂2Λ̂2 =
{
(0, q2|(0,1)p2) +

(
q̄1, (q2|(1,1) − q2|(0,1))p2

)
p1ρ : ρ ∈ [0, 1]

}
,

where q̄1 , q1|(1,0)(1 − p2) + q1|(1,1)p2 and q̄2 , q2|(0,1)(1 − p1) + q2|(1,1)p1. Clearly, Λ̂2 is a

polygon with four vertices (0, 0), (p1q1|(1,0), 0), (p1q̄1, p2q̄2), and (0, p2q2|(0,1)), as illustrated in

Fig. 3.2. This is precisely the stability region Λ2 derived in [33].

Example 6(Homogeneous Case) When V = 1, the boundary in Definition 5 is a single

point
1
N

N∑
n=1

Cn

(
N

n

)
pn(1− p)N−n.

This is precisely the stability region for the homogeneous case [33].

3.3.2 Interpretation of the Approximate Stability Region

The main idea behind the mean-field approximation is that users’ queues evolve indepen-

dently of each other. It further assumes that the queue-length evolution processes of the

same class are statistically identical. We justify the validity of these assumptions later in
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this chapter. Under these assumptions, the queue evolution of a class-v user is a discrete-

time random process with packet arrival rate λ(N)
v and utilization probability ρ(N)

v , i.e., the

probability that the queue is non-empty in a limiting time slot. Then, the average through-

put (i.e., the average number of packets transmitted successfully in a time slot) of a class-v

user is given by (3.1).

The approximate stability region is then formed by the union of the surfaces ∂vΛ̂V for all

v ∈ V . In fact ∂vΛ̂V corresponds to all the arrival rate vectors for which ρ(N)
v = 1 and thus

the class-v users are saturated.

3.3.3 Asymptotic Exactness

We study a sequence of systems indexed by N with arrival rates λλλN =
(
λ

(N)
1 , · · · , λ(N)

V

)
and

transmission probabilities pppN =
(
p

(N)
1 , · · · , p(N)

V

)
such that

Nλ(N)
v → λv and Np(N)

v → pv as N →∞ .

The 1/N scaling is necessary to ensure a non-zero throughput per user. For any fixed N , we

let Nv be the number of class-v users and assume that

Nv

N
→ βv, as N →∞ .

That is, the fraction of class-v users converges to βv. Define γv , βvρvpv and γ ,
∑

v γv.

The asymptotic stability region as N →∞ has the following form.

Definition 7 The asymptotic stability region ΛV is the region lying below one of V

boundaries ∂uΛV defined by

∂uΛV ,
{
λλλV : ∃ρρρ ∈ ∂u[0, 1]V such that ∀v, λv = λ̄v(ρρρ)

}
,
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where

λ̄v(ρρρ) = e−γ
∑

(n1,··· ,nV )∈N V

V∏
u=1

γnu
u

nu! R̄v(n1, · · · , nV ) . (3.5)

where

R̄v(n1, · · · , nV ) = 1
βv

∑
1≤kv≤nv

kv

∑
0≤ku≤nu

∀u∈V\{v}

q(k1,··· ,kV ),(n1,··· ,nV ) .

We will show that the asymptotic stability region is exact.

For the all-or-nothing symmetric MPR model, (3.5) simplifies to

λ̄v(ρρρ) = ρvpv

(
q1 + q2

1!γ + · · ·+ q
K

(K − 1)!γ
K−1

)
e−γ . (3.6)

Define

χ(γ) , q1 + q2

1!γ + q3

2!γ
2 + · · ·+ q

K

(K − 1)!γ
K−1, (3.7)

We call (3.7) the characteristic polynomial of all-or-nothing MPR slotted ALOHA protocol.

3.4 Mean-Field Asymptotic Analysis

The dynamic of MPR-based slotted ALOHA random access depends essentially on the ran-

dom interaction amongst N queues which makes the characterization of the stability region

quite challenging. The mean-field approximation or fluid model approximation is a technique

where a stochastic process corresponding to a system of interacting particles is analyzed in

the limit when N is large. By properly scaling time and the parameters involved, it can be

shown that the behavior (usually empirical measure) of the stochastic systems approaches

that of a (deterministic) dynamical system, as N → ∞. The solution of such a dynamical

system – typically a set of ordinary differential equations (ODEs) – is called fluid solution.

The dynamical system can then be studied in lieu of the direct analysis of the underlying

complex stochastic process. When the empirical measure converges to a probability distri-
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bution, the states of any finite number of queues become independent from each other and

the so-called decoupling holds.

Mean field approach has been successfully applied in the context of communications

and queueing networks [29, 53, 75–78] where the decoupling assumption is justified. We

use the technique to analyze MPR-capable slotted ALOHA and characterize an accurate

approximation for its stability region. Roughly speaking, this is a three-step procedure.

First we derive the dynamical system corresponding to the Markov chain of the system when

N approaches infinity. Following the characterization of the dynamical system, we analyze

its stability behavior. Finally, we make connections between the stability conditions for this

limiting system and those of the finite system for large enough N .

Recall that the empirical tail measure of user i from class-v who has X(N)
i (m) packets at

time slot m is computed as

Q
(N)
v,` (m) = 1

N

N∑
i=1

1{
X

(N)
i (m)≥`

} .
Define the scaled empirical tail measure as Q(N)

v,` (bNtc) for some t ∈ R+. Using mean-field

approximation we show that

lim
N→∞

Q
(N)
v,` (bNtc) /βv → Qv,`(t) ,

where Qv,`(t) is the proportion of class-v users with at least ` packets in their buffers at time

t. Let W (N)
v,` (t) be the scaled process corresponding to W (N)

v,` (m) with m = bNtc. We proceed

by deriving a dynamical system description for Qv,`(t).

3.4.1 A Dynamical System Description for All-or-Nothing Slotted ALOHA

Denote by ννν =
{
Q(N)

v (t)
}

v∈V
the empirical measure of the slotted ALOHA system at time

slot bNtc. At time slot bNtc, the possible state transitions for user i are a packet arrival into,

or a packet departure from its queue. So, if user i is in the state (v, `) then the probability
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of transition to the state (v, `+ 1) is2

λ(N)
v (ννν)/N = λv/N + o(1/N) . (3.8)

For large enough N we have

λ̄v(ννν) = λv . (3.9)

Next we compute the departure probability of a queue. Recall that the AP – equipped with

M antennas – can resolve up to K collisions. Hence, the state of user i becomes (v, ` − 1)

only if user i transmits a packet or user i and no more than K − 1 other users transmit

simultaneously. We now write the departure probability for user i from class v as follows:

µ
(N)
v,` (ννν)/N = 1{`>0}p

(N)
i

q1
∏
j 6=i

(
1− p(N)

j

)1{
X

(N)
j

>0
}

+
∑
j1 6=i

q21{
X

(N)
j1

>0
}p(N)

j1

∏
j 6=i,j1

(
1− p(N)

j

)1{
X

(N)
j

>0
}

+ · · ·

+
∑

j1<j2<···<jK−1
j1,··· ,jK−1 6=i

qK

K∏
k=1

1{
X

(N)
jk

>0
}p(N)

jk

∏
j 6=j1,··· ,jK−1

(
1− p(N)

j

)1{
X

(N)
j

>0
}

+ o(1/N)


= 1{`>0}p
(N)
i

∏
j 6=i

(
1− p(N)

j

)1{
X

(N)
j

>0
} q1 + q2

∑
j1 6=i

p
(N)
j1

1− p(N)
j1

1{
X

(N)
j >0

} + · · ·

+ qK

∑
j1<j2<···<jK−1

j1,··· ,jK−1 6=i

K∏
k=1

p
(N)
jk

1− p(N)
jk

1{
X

(N)
jk

>0
} + o(1/N)



2g(N) = o(f(N)) means g(N)
f(N) = 0 as N →∞.
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= 1{`>0}
pv/N

1− pv/N

V∏
u=1

(1− pu/N)Nβ
(N)
u Q

(N)
u,1

q1 + q2

V∑
u=1

(
Nβ(N)

u Q
(N)
u,1

1

)
pu/N

1− pu/N
+ · · ·

+ qK

∑
n1+···+nV =K−1

V∏
u=1

(
Nβ(N)

u Q
(N)
u,1

nu

)(
pu/N

1− pu/N

)nu

+ o(1/N)
,

where β(N)
v , Nv/N and Q

(N)
v,1 is the proportion of class-v users with non-empty queues.

Let βv and Qv,1 be the limiting values corresponding to β(N)
v and Q(N)

v,1 for class-v users when

N is large. Let

γ(t) =
∑

v

βvpvQv,1(t). (3.10)

For large enough N we get

µ̄v,`(ννν) = 1{`>0}pv

(
q1 + q2

1!γ(t) + q3

2!γ
2(t) + · · ·+ q

K

(K − 1)!γ
K−1(t)

)
e−γ(t) . (3.11)

With the transition probabilities at hand and from Theorem 3.4.3, we obtain the follow-

ing fluid model as a deterministic description of the limiting slotted ALOHA system with

symmetric MPR channel when N →∞.

Qv,`(0) = Q0
v,` ∀v ∈ V , ` ≥ 1 ,

d
dtQv,`(t) = λv

(
Qv,`−1(t)−Qv,`(t)

)
+ pvχ(γ(t))e−γ(t)

(
Qv,`+1(t)−Qv,`(t)

)
. (3.12)

Note that γ(t) can be interpreted as an average attempt probability of the network. We

further observe that the dynamical system (3.12) can be viewed as the Kolmogorov equation

of a single server queue with state-dependent (through γ(t)) service rate

pvχ(γ(t))e−γ(t)



38

and arrival rate λv . The solution to the fluid model can then be used to approximate the

sample paths of QQQ(N)
v (t) for sufficiently large values of N . There are two main drift terms in

(3.12) which we provide intuitions for each before rigorously establishing the validity of the

mean-field approximation.

• λv

(
Qv,`−1(t)−Qv,`(t)

)
: This term corresponds to the arrival process. Upon arrival of

a packet to a class-v queue with ` − 1 packets, the number of class-v queues with at

least ` packets increases by one. Hence, the value of the process Q(N)
v,` increases by 1/N

if and only if there is an arrival to a class-v queue with exactly ` − 1 packets. The

number of class-v queues with `−1 packets is N
(
Q

(N)
v,`−1(bNtc)−Q

(N)
v,` (bNtc)

)
and the

arrival rate of each user is λv/N . Taking N to infinity, the increment of Qv,`(t) due to

an arrival will be λv

(
Qv,`−1(t)−Qv,`(t)

)
.

• pvχ(γ(t))e−γ(t)
(
Qv,`(t) − Qv,`+1(t)

)
: This term represents a successful departure of a

packet from a class-v user. The argument is analogous to that of the first term.

We observe that, the fluid model is essentially comprised of an ODE for each class v ∈ V .

However, these ODEs are not independent of each other and are coupled through the variable

γ(t) which in turn is a function of the non-empty probabilities of all classes, i.e., Qv,1(t) for

all v ∈ V .

From (3.12), it is easy to see that the following ODE describes the evolution of a class-v

queue workload which is defined as Wv(t) = Wv,1(t):

d
dtWv(t) = λv − pvχ(γ(t))e−γ(t)Qv,1(t) ∀v ∈ V . (3.13)

Multiplying (3.13) by βv and summing over all classes we get the total workload as

d
dtW (t) =

∑
v

βvλv − γ(t)χ(γ(t))e−γ(t). (3.14)

The dynamics of workload evolution (3.14) will be used in following section to analyze the
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stability of the limiting system (3.12). Define ζ(γ) , γχ(γ)e−γ. From (3.14) the workload

drift function is defined as

∆(γ) ,
∑

v

βvλv − ζ(γ) . (3.15)

To make the analysis tractable, we assume that ζ(γ) is a unimodal function.

Proposition 3.4.1 Let γ∗ be the maximizer of ζ(γ) . If ∑v βvλv < ζ(γ∗) then the work-

load drift function ∆(γ) admits invariant states.

Proof. When ζ(γ) is a unimodal function, it has exactly one maximum. In such a case, the

line ∑v βvλv and ζ(γ) intersect at two distinct points.

ut

3.4.2 Mean-Field Convergence for All-or-Nothing Slotted ALOHA

The justification of mean-field approximation or fluid model is the main focus of the re-

mainder of this chapter. Throughout a series of theorems we show that the process Q(N)
v,` (t)

converges to the invariant solution of the fluid model (3.12). Fig. 3.3 summarizes the rela-

tionships between the convergence of Q(N)
v,` (t) to the solution of the fluid model over a finite

time horizon and then the convergence of the fluid solution to the fluid limit, i.e., invariant

solution (Theorem 3.4.3 and Theorem 3.4.2). It also shows the convergence of the sequence

of steady state distributions (Theorem 3.4.5 and Theorem 3.4.4). Combining Theorem 3.4.3

(convergence to fluid model solution) and Theorem 3.4.2 (convergence to fluid limit) implies

that the finite system process Q(N)
v,` can be approximated by the fluid limit over a finite time

horizon. That is

lim
t→∞

lim
N→∞

QQQ(N)
v (t) = QQQI

v ∀ v ∈ V in distribution
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QQQ(N)
v (t) QQQv(t)

πππ(N)
v QQQI

v

t→∞
Theorem 3.4.5

N →∞
Theorem 3.4.3

N →∞
Theorem 3.4.4

t→∞
Theorem 3.4.2

Figure 3.3: Mean field convergence diagram: for large N the stochastic process QQQ(N)
v (t)

converges to the fluid model solution QQQv(t) which in turn converges to the fluid limit QQQI
v

in the steady state. Also QQQ(N)
v (t) admits a stationary distribution πππ(N)

v and the sequence of
such stationary distributions is convergent to QQQI

v.

In general, we cannot switch the order of limits over t and N . However, we show that for

our problem the following relation holds.

lim
N→∞

lim
t→∞

QQQ(N)
v (t) = QQQI

v ∀ v ∈ V in distribution (3.16)

In other words, (3.16) implies that the sequence of steady state distributions – if they exist –

concentrates around the fluid limit in the limit when N grows large. Theorem 3.4.4 shows the

existence of the steady state distributions and in Theorem 3.4.3 we prove their convergence

to the fluid limit.

We start from the dynamical system (3.12) by deriving the conditions that guarantee its

globally stability. Let q , {qi}K
i=1. Furthermore, let γ(λ, q) and γ(λ, q) be the distinct roots of

the equation ∆(γ) = 0 in (0, γ∗) and (γ∗,+∞). Finally, let QQQ
v

and QQQv be the corresponding

tail distributions, respectively. We then have the following result for the stability of the

limiting system.

Theorem 3.4.2(Global Stability of Limiting System (3.12)) The necessary and

sufficient conditions for the global stability of the dynamical system representation of slotted
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ALOHA with symmetric MPR are

(i)
∑

v

βvλv < γ∗χ(γ∗)e−γ∗ (3.17)

(ii)
∑

v

βvpv < γ(λ, q) (3.18)

(iii) λv < pvχ(γ(λ, q))e−γ(λ,q) ∀v ∈ V . (3.19)

Proof. See Appendix A.2. ut

Remark 1 Note that if any of the above conditions are violated the system is either

unstable or not globally stable. For instance, if (3.17) is violated the system never converges

as d
dt
W (t) > 0 and total workload becomes unbounded. If ∑v βvpv > γ(λ, q) then γ(λ, q) may

converge to either γ(λ, q) or γ(λ, q) and the system is not globally stable. γ(λ, q) and γ(λ, q)

can be achieved if the queues are initially empty or initialized by the stationary probability

for the queue-lengths, respectively. Finally, if (3.19) is not satisfied for some v ∈ V , then the

corresponding queue-length evolution and thus the system is unstable.

Remark 2 In the proof of the sufficient and necessary conditions in Theorem 3.4.2 we

assume that ζ(γ) has a unique maximum. This assumption is essential in making it possible

for us to derive a simple representation of the stability region. In addition, as we will see in

Section 3.5 this assumption guarantees that the system will not be metastable and gives a

design criteria to avoid metastability.

Theorem 3.4.3(Convergence in the Transient Regime) Consider a sequence of ran-

dom access systems as the number of queues N tends to infinity. Assume that for any v ∈ V ,

QQQ(N)
v (0)→ QQQ0

v in probability. Then for any finite time horizon T <∞ we have

lim
N→∞

P
(∥∥∥QQQ(N)

v (t)−QQQv(t)
∥∥∥

T
> ε

)
= 0 ∀ ε > 0 ,

where QQQv(t) is the unique solution of the dynamical system, i.e., fluid solution.

Proof. See Appendix A.5. ut
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The steady state distribution of the sequence of systems is a point mass distribution

concentrated at the fixed point of the dynamical system.

Theorem 3.4.4(Convergence in the Stationary Regime) Let
{
πππ(N)

v

}
v∈V

be the

steady state distributions (invarient measures) of the process
{
QQQ(N)

v (t)
}
. Assume that{

πππ(N)
v

}
v∈V

is tight. Then for all v ∈ V the sequence πππ(N)
v converges in distribution to QQQI

v, the

fixed point of the dynamical system.

Proof. See Appendix A.6. ut

Theorem 3.4.5(Asymptotic Exactness) Assume that ∑v∈V βvpv < 1. Fix any suffi-

ciently small ε > 0. There exists some Nε such that for all N > Nε:

(i) if λλλN + ε111N ∈ Λ̂N , then λλλN ∈ ΛN ;

(ii) if λλλN − ε111N /∈ Λ̂N , then λλλN /∈ ΛN .

and the Markov process
{
QQQ(N)

v (m)
}

m∈N
is positive recurrent with the invariant distribution{

πππ(N)
v

}
v∈V

. Moreover,
{
πππ(N)

v

}
v∈V

is tight.

Proof. See Appendix A.1. ut

3.5 Meta-Stability

Bistability of slotted ALOHA systems is a well-known fact [52–55]. MPR-capable slotted

ALOHA systems exhibit bistability and in general are metastable, i.e, the system can have

multiple stable states. A metastable Markov chain has a stationary distribution that is

concentrated on a few relatively disjoint subsets of its state space. On short time scales,

such a Markov chain behaves like a stationary Markov chain. In the long run, however, a

metastable Markov chain only occasionally makes transitions between such stable subsets.

In order to see the bistability of slotted ALOHA systems let us look at the workload

drift function (3.14). In Fig. 3.4 total (aggregate) arrival rate (λ = ∑
v βvλv) and ζ(γ) are

depicted for a 2-class network. Observe that for a given pair of input arrival rates, the
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γ

λ

f(γ)

γ γγ∗ γ0

λ0

Figure 3.4: The unimodal function f(γ) and its intersection with total input arrival rate.

equation f(γ) = λ may have two, one or no solutions corresponding to a bistable, stable

or unstable system as illustrated in Fig. 4.3. Let γ∗ be the maximizer of ζ(γ). Clearly

γ ≤ γ0 ,
∑

v βvpv. When λ > λ0 and γ0 > γ∗ then the slotted ALOHA system can

potentially become bistable. When λ < λ0, the system is globally stable. Finally, if γ0 < γ∗

and λ > λ0 the system becomes unstable.

Next, we explain how to avoid metastability based on the approximate stability region.

As pointed out in [53,79] metastability is a highly undesirable property for a communications

network. With metastability, the state of a network fluctuates – over long periods of time –

between different stable states. Such long oscillations make it very challenging to predict the

average network performance in terms of throughput and delay. As a consequence, a certain

desired quality-of-service cannot be guaranteed.

The following theorem provides a solution for inhomogeneous slotted ALOHA systems

with symmetric MPR model to avoid metastability. In particular, if the MPR technique is

carefully designed, then the network is proven to be globally stable, and so metastability

can be completely eliminated. This leads to an important design criterion, especially when
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λ1

λ2 Boundary of stability region
Boundary of bistablity region

Stable Region

Bistable Region

Unstable Region

ρ1 < 1, ρ2 = 1

ρ1 = 1, ρ2 < 1

Figure 3.5: Illustration of stable, bistable and unstable regions for slotted ALOHA.

quality-of-service guarantee is in great need.

Theorem 3.5.1 In the inhomogeneous slotted ALOHA system with symmetric MPR

model, metastability can be avoided if

∑
v∈V

Nvp
(N)
v < γ∗

and

q1 ≤ 2q2 ≤ · · · ≤ KqK . (3.20)

Proof. See Appendix A.3. ut

3.6 Accuracy of Approximate Stability Region

We showed that the approximate stability region is asymptotically exact. For finite N , we

conduct simulations to show that the approximation is indeed accurate even for N = 3.

Moreover, we apply the notion of homogeneous directions proposed by [29] to show that
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Figure 3.6: Maximum total achievable rate of a network with N = 3, p1 = p2 = p3 = 1/3.

the approximate and true stability regions coincide in many scenarios where the decoupling

assumption holds. We do this by way of two examples.

Example 7 Consider a network with N = 3 users with transmission probabilities p1 =

1/3, p2 = 1/3, p3 = 1/3 and arrival rates λ1 = λ, λ2 = λ/x and λ3 = λ. Assume that

x varies in the range [1, 20]. After some algebraic manipulation, it can be shown that the

approximate stability condition for slotted ALOHA with all-or-nothing symmetric MPR is

3∑
i=1

λi <
4
9

(
q1 + q2

2

) 2x+ 1
2x+ q1− q2

2
q1+q2

Fig. 3.6 shows the above stability condition compared with simulation result for slotted

ALOHA. We find a considerably good match between the curves confirming the accuracy of

the approximation for small N .

Example 8 For theN = 3 user network we now assume that the transmission probabilities

area p1 = 1/4, p2 = 1/2, p3 = 1/4 and the arrival rates are set the same as those in example
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11. We let x vary between 1 and 20. Let

x0 =
p1

1−p1
p2

1−p2

q1 + q2
(

p1
1−p1

+ p2
1−p2

)
q1 + 2q2

p1
1−p1

.

For the transmission probabilities given above, x0 = q1+4/3q2
3q1+2q2

. It can then be shown that the

approximate stability condition is

3∑
i=1

λi <


3
16(q1 + q2/3) 2x+1

2x+ q1−2/3q2
3q1+2q2

if x ≤ q1+4/3q2
3q1+2q2

(x+1/2)(q2x+q1+q2)
(x+1)2 otherwise .

In other words, for x ≤ x0 users 1 and 3 are saturated and for x > x0 user 2 is saturated.

3.7 Applications

In this section, we aim to apply the approximate stability region to analyze the performance of

slotted ALOHA with all-or-nothing symmetric MPR channel. Simple expression are derived

for the network throughput, service delay and packet delay of MPR-capable slotted ALOHA

systems.

We start with the throughput of a 2-class network. Consider a 2-class network where

users in class-v (v ∈ {1, 2}) have the same transmission probability pv and the same arrival

rate λv. We assume that the AP’s decoding threshold is K = 2 . Then, the boundaries ∂vΛ̂N

of the approximate stability region Λ̂N can be rewritten as

∂vΛ̂N ,
{
(λ1, λ2) : ∃ρρρ ∈ ∂v[0, 1]2 s.t. ∀v, λv = Rv(ρρρ)

}
,

where

Rv(ρρρ) = ρvpv

1− ρvpv

∏
u

(1− ρupu)Nu

(
q1 − q2

ρvpv

1− ρvpv

+ q2
∑

u

Nu
ρupu

1− ρupu

)
. (3.21)
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Figure 3.7: Feasible rates for transmission probabilities p1 = 0.028, p2 = 0.039, q1 = 0.96,
q2 = 0.89 with N1 = N2 = 15.

3.7.1 Throughput Analysis

Here, we aim to characterize the throughput slotted ALOHA with all-or-nothing MPR model.

We begin with an example where the maximum feasible rates for the two-class network with

K = 2 is discussed. Then we present the throughput result.

Example 9 Suppose that λ1 = wλ2 for some w > 0. Then, for any fixed w, we can

compute the (approximately) maximum feasible rates (λ∗
1, λ

∗
2) as follows.

Let w0 , R1(1, 1)/R2(1, 1). When w < w0, class-2 users are first saturated as we increase

the arrival rates (λ1, λ2) with λ1 = wλ2. In this case, we have λ∗
1 = R1(ρ1, 1) and λ∗

2 =

R̄2(ρ1, 1), where ρ1 is the unique solution of R1(ρ1, 1)/R2(ρ1, 1) = w in (0, 1). Similarly,

when w ≥ w0, class-1 users are first saturated with λ∗
1 = R1(1, ρ2) and λ∗

2 = R2(1, ρ2), where

ρ2 is the unique solution of R1(1, ρ2)/R2(1, ρ2) = w in (0, 1).

Fig. 3.7 depicts the region of feasible rates whose boundary corresponds to the collection

of maximum feasible rates. We validate its accuracy by comparing the boundary with several



48

simulated maximum feasible rates. As expected, our analytical result matches the simulation

very well. Using slotted ALOHA with symmetric MPR, in addition, we achieve a much larger

set of feasible rates compared to conventional slotted ALOHA.

Next we derive the aggregate throughput of the general case of a V -class network.

Proposition 3.7.1 The aggregate throughput of the inhomogeneous slotted ALOHA with

all-or-nothing symmetric MPR in a V -class network is given by

RMPR-ALOHA =
V∑

v=1
NvRv

(
ρρρ(N)

)
+ o(1) , (3.22)

where the o(1) term is understood as N → ∞. In particular, the saturated throughput is

given by ∑v NvRv(111), where 111 is an all-one vector of length V .

3.7.2 Delay Analysis

We now turn our attention to study the delay performance. There are two types of delays of

particular interest, namely, service delay and total delay (packet delay). The service delay

of a packet is defined as the time it takes for this packet to be successfully decoded at the

AP after it reaches the head of the queue, i.e., expected delivery time of a head of line

(HOL) packet. The total delay of a packet is defined as the time it takes for the packet to

be successfully decoded after it arrives in the queue. Clearly, the total delay equals to the

service delay plus the queuing delay. We begin by giving an example for a 2-class slotted

ALOHA network.

Example 10 Suppose that the equation

λ1

λ2

 =

R1(ρ1, ρ2)

R2(ρ1, ρ2)


has a unique solution (ρ∗

1, ρ
∗
2) in (0, 1) × (0, 1). Then ρ∗

v approximates the probability that

a class-v user has a non-empty buffer in the steady state. Hence, for a class-v user with a



49

non-empty buffer, the success probability psucc,v of sending a packet can be approximated as

pSUCC
v = pv

1− ρ∗
vpv

∏
u

(1− ρ∗
upu)Nu

(
q1 − q2

ρ∗
vpv

1− ρ∗
vpv

+ q2
∑

u

Nu
ρ∗

upu

1− ρ∗
upu

)
+ o(1) .

In particular, we have pSUCC
v = Rv(ρ∗

1, ρ
∗
2)/ρ∗

v. Hence, the average packet delay for a class-v

user is approximately given by

Tv,ALOHA = 1− λv

pSUCC
v − λv

+ o(1) . (3.23)

Next, we present the service delay and packet delay of slotted ALOHA with all-or-nothing

symmetric MPR model for the general case of V -class networks. Denote by Dv,ALOHA the

service delay of a HOL packet of a class-v user. Now consider a V -class network and assume

that the system is stable. We have the following result for the service delay.

Proposition 3.7.2 The service delay of a class-v user in the slotted ALOHA system with

all-or-nothing symmetric MPR is

Dv,ALOHA = ρ∗
v

λv

+ o(1) for v ∈ V . (3.24)

Proof. Suppose that ρ∗
v ∈ (0, 1) for all v ∈ V is the unique solution to λv = Rv(ρρρ) . A class-v

user is then stable with the arrival rate λv and we can apply Little’s law to obtain

ρ∗
v = λvDv,ALOHA + o(1) .

This proves (3.24). ut

Now let Tv,ALOHA be the total delay experienced by a packet in a slotted ALOHA system

with all-or-nothing symmetric MPR channel. Total delay is characterized in the following

theorem.

Theorem 3.7.3 The total delay of a class-v packet in a slotted ALOHA system with
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all-or-nothing symmetric MPR model is

Tv,ALOHA =
1

λv
− 1

1
ρ∗

v
− 1 + o(1) . (3.25)

Proof. See Appendix A.4. ut

Remark 3 In order to apply Propositions 3.7.1, 3.24 and Theorem 3.7.3, we need to obtain

the value of the utilization probabilities ρρρ∗ for any given {λv} and {pv} for the finite system.

As we will discuss in details in chapter 4, our strategy is to approximate the utilization

probabilities of the finite system with that of the limiting utilization probabilities.

Fig. 3.8 demonstrates the packet delay as the arrival rate changes in a 2-class network

with N = 30 (N1 = 20 users in class-1) at SNR = 15dB. We see that the analytical delay

very well agrees with the simulation. Note that, in contrast to the existing work, the delay

performance is presented for each class separately. In addition, it can be seen that CSMA

with SCF is stable for a larger range of arrival rates.

3.8 Extension to General Symmetric MPR Model

The all-or-nothing symmetric MPR model we have discussed so far assumes that qk,n = 0

for k < n. This assumption can be relaxed and it turns out that the analysis of the general

symmetric MPR where qk,n > 0 for all k ≤ n boils down to that of all-or-nothing symmetric

MPR.

Previously we saw that the average throughput per a class-v user can be computed from

(3.2). We now give an alternative formula for 3.2. Suppose that there are n concurrent

transmissions and nv of them belong to class-v. Let

q̄n ,
Cn

n
,

which is the success probability of a given active user. The average throughput per class is
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Figure 3.8: Average total delay (packet delay) performance of inhomogeneous persistent
CSMA schemes for a 2-class network at SNR = 15 dB with message rate = 1, N1 = 20,
N2 = 10, p1 = 1/40, p2 = 1/20, K = 1.

Cnnv/n. Hence the average throughput per class-v user is

Rv(n1, · · · , nv) = Cn

n

nv

Nv

= q̄L
nv

Nv

. (3.26)

For the all-or-nothing MPR model 3.2 simplifies to

Rv(n1, · · · , nV ) = qn
nv

Nv

. (3.27)

Comparing (3.26) with (3.26), it becomes evident that general symmetric model can be

viewed as the all-or-nothing symmetric MPR with where qn is replaced by q̄n. Therefore the

approximate stability region for general symmetric MPR model is the region lying below one

of V boundaries ∂uΛ̂V defined by

∂uΛ̂V ,
{
λλλV : ∃ρρρ(N) ∈ ∂u[0, 1]V such that ∀v, λ(N)

v = Pv

(
ρρρ(N)

)}
,
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where

Pv

(
ρρρ(N)

)
=

∑
(n1,··· ,nV )∈N V

Rv(n1, · · · , nV )p
(
n1, . . . , nV ;ρρρ(N)

)
, (3.28)

and

Rv(n1, · · · , nV ) = q̄n
nv

Nv

. (3.29)

When N →∞, it is easy to verify that the average throughput of a class-v user is given

by

lim
N→∞

NPv

(
ρρρ(N)

)
= λ̄v(ρρρ) = ρvpv

(
q̄1 + q̄2

1!γ + · · ·+ q̄K

(K − 1)!γ
K−1

)
e−γ . (3.30)

The general symmetric MPR model does not differ from the all-or-nothing MPR model

in any fundamental way. The key observation is that the mean-field approach is about the

average behavior of the system. Hence, qn probabilities are essentially replaced by an average

probability q̄n as computed in (3.27). As a result, the expressions for throughput and delay of

general symmetric MPR model follow directly from those of the all-or-nothing MPR model.

3.9 Extension to Persistent CSMA with All-or-Nothing MPR

Here we briefly discuss how to extend the previous stability result for slotted ALOHA to

persistent CSMA with all-or-nothing MPR model.

3.9.1 Approximate Stability Region for MPR-capable CSMA

Define a super slot as either an idle period or a busy period which is the number of time

slots required for the successful transmission of a packet (κ time slots) with its overheads,

e.g., an acknowledgment (ACK) packet. We assume that an idle period is exactly one time

slot and a busy period consists of τ time slots.

Definition 8(Approximate Stability Region) The approximate stability region Λ̂N
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is the region lying below one of V boundaries ∂uΛ̂N defined by

Rv

(
ρρρ(N)

)
=

Pv

(
ρρρ(N)

)
P idle (ρρρ(N)) + τ (1− P idle (ρρρ(N))) , (3.31)

where

P idle
(
ρρρ(N)

)
,

V∏
u=1

(
1− ρ(N)

u p(N)
u

)Nu (3.32)

is the probability that a super slot is idle, and

Pv

(
ρρρ(N)

)
,

∑
n1+···+nV ≤K
0≤nu≤K ∀u∈V

nv

Nv

qn1+···+nV

V∏
u=1

(
Nu

nu

)(
ρ(N)

u p(N)
u

)nu
(
1− ρ(N)

u p(N)
u

)Nu−nu (3.33)

is the probability that a packet of a given class-v user is successfully transmitted in a super

slot.

As before, the vector ρρρ(N) represents the non-empty probabilities of the queues in the

steady state, and P idle(ρρρ(N)) is the system idle probability. The above approximate stability

region Λ̂N turns out to be exact for the two-user case (N = 2) and the homogeneous case

(p1 = · · · = pV and λ1 = · · · = λV ) [33]. Furthermore, similar to the slotted ALOHA case,

the above approximate stability region Λ̂N tends to be exact as N →∞.

Fig. 3.9 compares the approximate stability region of CSMA with slotted ALOHA for the

same network as in Fig. 3.9. The advantage of carrier sensing is reflected in the expansion

of the stability region compared to slotted ALOHA as evidently higher rates are feasible by

CSMA. In addirion, our analytical result matches the simulation quite well.

In the next chapter, we discuss some applications of approximate stability region of CSMA

with all-or-nothing MPR model.

3.10 Summary

In this chapter, we have studied the stability region of slotted ALOHA under all-or-nothing

MPR assumption. By exploiting a mean-field technique, we find an approximation for the
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Figure 3.9: Feasible rates for transmission probabilities p1 = 0.028, p2 = 0.039, q1 = 0.96,
q2 = 0.89 with N1 = N2 = 15, and κ = 10.

stability region of MPR-capable slotted ALOHA which is shown to be asymptotically exact

for large systems. It has been found that that the approximate stability region is very

accurate for small systems. In addition, simple expressions for throughput, service delay and

total packet delay are derived. These performance metrics have not been well understood

in the literature due to the complicated nature of the stability region. We have further

demonstrated the clear advantage of MPR-capable slotted ALOHA over conventional slotted

ALOHA systems.



55

Chapter 4

CSMA WITH ALL-OR-NOTHING MULTI-PACKET
RECEPTION

The problem of Carrier Sense Multiple Access (CSMA) with multi-packet reception

(MPR) is studied. Most prior work has focused on the homogeneous case, where all the

mobile users are assumed to have identical packet arrival rates and transmission probabil-

ities. The inhomogeneous case remains largely open in the literature. In this chapter, we

make a first step towards solving this open problem by deriving throughput and delay ex-

pressions for inhomogeneous persistent CSMA, with a particular focus on the all-or-nothing

symmetric MPR channel model [9]. This family of MPR models allows us to overcome several

technical challenges associated with conventional analysis and to derive accurate throughput

and delay expressions in the large-systems regime. As we previously pointed out, this family

of MPR models is still general enough to include a number of useful MPR techniques—such

as successive interference cancellation (SIC), compute-and-forward (C&F), and successive

compute-and-forward (SCF)—as special cases. Based on the throughput and delay expres-

sions, we provide theoretical guidelines for meeting quality-of-service requirements and for

achieving global stability; we also evaluate the performances of various MPR techniques,

highlighting the clear advantages offered by SCF.

4.1 Motivation

The CSMA protocol was introduced by Kleinrock and Tobagi [80] as a family of random

access schemes where prior to any transmission attempt, users make sure that the channel

is idle through a sensing mechanism. Specifically, at the beginning of each time slot, users

sense the presence of the carrier signal and only attempt a transmission if the channel is
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observed in idle state. Hence this scheme is called carrier sense multiple access.

In the previous chapter, we applied mean-field analysis to analyze slotted ALOHA systems

with MPR capability. We found an asymptotically exact approximation of the stability region

which is quite accurate in the finite user regime as well. Along this line, it is quite natural

to ask whether the analysis can be extended to help analyzing carrier sense multiple access

protocols.

In this chapter, we go a step further towards solving this open problem by deriving

throughput and delay expressions for inhomogeneous CSMA under all-or-nothing symmetric

MPR channel model. The use of the all-or-nothing symmetric MPR model not only allows us

to overcome several fundamental challenges associated with conventional analysis [5,33], but

also leads to simple throughput and delay expressions in the large-systems regime. We further

provide theoretical guidelines for practical network design. For example, we show how our

throughput and delay results can be used to choose the transmission probabilities in order to

meet certain quality-of-service (QoS) requirements. We also prove results to guarantee global

stability of MPR-capable CSMA system to avoid meta-stability1 via a cross-layer design.

Furthermore, we evaluate the performances of various MPR techniques in terms of

throughput, packet delay and service delay through both analysis and simulation. Our

results highlight the clear advantages of SCF-based CSMA over SIC-based CSMA and con-

ventional CSMA.

4.2 Network and Channel Model

We focus on a random-access network where, as illustrated in Fig. 2.1, N mobile users

contend to transmit packets to an access point (AP). Time is assumed to be slotted, i.e.,

all packet transmissions are slot synchronous, and packets are of constant length requiring κ

time slots. Each user belongs to one of V possible classes V = {1, · · · , V }, where all users in

the same class have identical arrival rate and transmission probability. This V -class model

1A system with multiple stable states is called meta-stable. We give more details on meta-stability in
Section 3.5.
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captures user heterogeneity in terms of packet arrival rates and transmission probabilities.

Each user is equipped with an infinite buffer for storing packets in a FIFO manner.

Packets arrive at the buffer of a class-v user according to a Bernoulli process with rate

λv. That is, at each time slot, a new packet arrives into the buffer of a class-v user with

probability λv. The arrival processes are assumed to be independent across users.

In this chapter, we use the channel model as described in Section 2.0.1, and will mainly

focus on the all-or-nothing symmetric MPR models. The reader is referred to Chapter 2

for a detailed discussion of symmetric MPR techniques. Similar to slotted ALOHA, the

results of this chapter can be extended to the case of the general symmetric MPR model for

persistent CSMA. Next, the inhomogeneous persistent CSMA protocol under the symmetric

MPR model is introduced.

4.2.1 Inhomogeneous Persistent CSMA with Symmetric MPR

Carrier-Sense Multiple Access (CSMA) with random back-off takes advantage of detecting

ongoing transmissions and a back-off mechanism to reduce collisions. Prior to attempting

any transmission, a user observes the channel status continuously until it finds the channel

idle for a duration of time known as DCF2 Inter-Frame Spacing (DIFS) period. Users who

intend to transmit pick a random back-off counter within a range called contention window

(CW) whose size depends on the back-off stage of the user. A user then begins decrementing

the back-off counter at the end of every slot that is observed idle.The user with the smallest

back-off counter value eventually gains access to channel. After a transmission, the source

node awaits an acknowledgment (ACK) from its intended receiver. If the receiver enjoys

an error-free decoding, it sends an ACK back to the transmitter after a Short Inter-Frame

Spacing (SIFS) period.

In case two or more users pick the same back-off counter value, collision occurs in which

case the receiver cannot decode the collided packets and the transmitter will not receive ACK.

2Distributed Coordinated Function.
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In such a case, the users involving in the collision increase their back-off window (typically

via doubling as in binary exponential back-off) to reduce collision probability in subsequent

transmission attempts. Once a packet is successfully acknowledged, the back-off stage is set

back to minimum.

The CSMA protocol we consider here is very similar to p-persistent CSMA3 except that

the transmission probabilities are user dependent. For this reason, we call this protocol

inhomogeneous persistent CSMA. Note that when the packet length is one time slot, per-

sistent CSMA reduces to slotted ALOHA [81, Chapter 4]. This is because carrier sensing

will not help reducing collisions when packet duration is one slot. When a transmission is

successful all users receive ACK after a SIFS period. Specifically, when there are n users

sending packets in a slot, the AP is able to reconstruct all these n packets with probability

qn, as explained in Chapter 2.

Fig. 4.1 illustrates a renewal cycle of the inhomogeneous persistent CSMA. A busy period

is comprised of a transmission period followed by SIFS, DIFS durations and ACK packet

transmission time. There are also some inactive slots that constitute an idle period when

combined together.

4.3 Throughput and Delay Analysis

In this section, we apply the mean-field approximation to study the throughput and delay

performance of inhomogeneous CSMA with MPR. For ease of presentation, we will mostly

focus on the all-or-nothing symmetric MPR model. The extension to general symmetric

MPR will be provided in Section 3.8.

3In a p-persistent CSMA system, a user avoids transmission when it finds the channel busy; it then
persistently monitors the channel and transmits a packet with probability p as soon as the channel becomes
idle.
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Figure 4.1: Illustration of the busy and idle periods (super slots) in an inhomogeneous
persistent CSMA protocol. A transmission period is κ time slots, and a busy period takes τ
time slots.

4.3.1 Mean-Field Approximation

Similar to conventional CSMA, the channel can be in either busy or idle state. As illustrated

in Fig. 4.1, a busy period is comprised of a transmission period followed by SIFS, DIFS

durations and ACK packet transmission time, and an idle period is comprised of a DIFS

duration. Without loss of generality, we assume that an idle period (i.e., a DIFS duration)

is exactly one time slot and that a busy period consists of τ time slots (since the packets are

of constant length requiring κ time slots). We call a busy period or an idle period a super

slot. Hence a super slot consists of either one single time slot when the channel is in idle

state, or τ time slots which is equivalent to a transmission period followed by SIFS, DIFS

periods and one ACK.

We are now ready to apply the mean-field approximation. Consider a sequence of systems

index by the number of users N . For any fixed N , each class-v user has the same packet

arrival rate λ(N)
v and the same transmission probability p(N)

v . Clearly this is an inhomogeneous

network because the arrival rates and transmission probabilities belong to V different classes

and are not identical as in a homogeneous network. When we scale the system, we assume

that

λ(N)
v N → λ̃v and p(N)

v N → p̃v, as N →∞ .

That is, the arrival rate λ(N)
v scales like λ̃v

N
, and the transmission probability p(N)

v scales like
p̃v

N
. (Note that both λ̃v and p̃v can be larger than 1, since they are no longer probabilities.)
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Similarly, for any fixed N , we let Nv be the number of class-v users and assume that

Nv

N
→ βv, as N →∞ .

That is, the fraction of class-v users converges to βv. Finally, we assume that the duration

of a time slot scales like 1
N

.

The mean-field approximation proceeds as follows. Assume that users’ queues evolve

independently of each other, and further assume that the queue-length evolution processes

of the same class are statistically identical. These assumptions can be validated in the large-

systems limit as we did in Chapter 3. Under these assumptions, the queue evolution of a

class-v user is a discrete-time random process with packet arrival rate λ(N)
v and utilization

probability ρ(N)
v (i.e., the probability that the queue is non-empty in a limiting time slot).

Let

ρρρ(N) ,
(
ρ

(N)
1 , . . . , ρ

(N)
V

)
.

Then, the average throughput (i.e., the average number of packets transmitted successfully

in a time slot) of a class-v user is given by

Rv

(
ρρρ(N)

)
=

Pv

(
ρρρ(N)

)
P idle (ρρρ(N)) + τ (1− P idle (ρρρ(N))) , (4.1)

where

P idle
(
ρρρ(N)

)
,

V∏
u=1

(
1− ρ(N)

u p(N)
u

)Nu (4.2)

is the probability that a super slot is idle, and

Pv

(
ρρρ(N)

)
,

∑
n1+···+nV ≤K
0≤nu≤K ∀u∈V

nv

Nv

qn1+···+nV

V∏
u=1

(
Nu

nu

)(
ρ(N)

u p(N)
u

)nu
(
1− ρ(N)

u p(N)
u

)Nu−nu (4.3)

is the probability that a packet of a given class-v user is successfully transmitted in a super

slot.
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To better understand Eq. (4.1), one shall notice that the numerator Pv

(
ρρρ(N)

)
corresponds

to the average number of packets transmitted successfully in a super slot for a class-v user

and the denominator

P idle
(
ρρρ(N)

)
+ τ

(
1− P idle

(
ρρρ(N)

))
corresponds to the average length of a super slot. Therefore, Eq. (4.1) indeed gives the

average throughput of a class-v user under the mean-field approximation. In particular, if the

utilization probability ρ(N)
v < 1, the queue of a class-v user is stable4 and λ(N)

v = Rv

(
ρρρ(N)

)
.

Let

λλλV ,
(
λ

(N)
1 , . . . , λ

(N)
V

)
.

The approximate stability region is as follows.

Definition 9(Approximate Stability Region under Symmetric MPR) The ap-

proximate stability region Λ̂V is the region lying below one of V boundaries ∂uΛ̂V defined

by

∂uΛ̂V ,
{
λλλV : ∃ρρρ(N) ∈ ∂u[0, 1]V such that ∀v, λ(N)

v = Rv(ρρρ(N))
}
,

When N →∞, it is easy to verify that the (normalized) average throughput of a class-v

user admits the simple expression (4.4),

lim
N→∞

NRv

(
ρρρ(N)

)
=
ρ(∞)

v p̃v

(
q1 + q2

1! γ
(
ρρρ(∞)

)
+ · · ·+ qK

(K−1)!γ
K−1

(
ρρρ(∞)

))
e−γ

(
ρρρ(∞)

)
e−γ

(
ρρρ(∞)

)
+ τ

(
1− e−γ

(
ρρρ(∞)

)) , (4.4)

where

γ
(
ρρρ(∞)

)
,

V∑
u=1

βup̃uρ
(∞)
u . (4.5)

4A random process X(t) is stable if for any x > 0 the following holds: limt→∞ P(X(t) < x) = F (x) and
limx→∞ F (x) = 1 where F (x) is the limiting distribution function [33,82].
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Define

χ(γ) , q1 + q2

1!γ + q3

2!γ
2 + · · ·+ qK

(K − 1)!γ
K−1 . (4.6)

Then, the (normalized) average throughput of a class-v user can be rewritten as

lim
N→∞

NRv

(
ρρρ(N)

)
=

ρ(∞)
v p̃vχ

(
γ
(
ρρρ(∞)

))
e−γ

(
ρρρ(∞)

)
e−γ

(
ρρρ(∞)

)
+ τ

(
1− e−γ

(
ρρρ(∞)

)) . (4.7)

Similarly, if the utilization probability ρ(∞)
v < 1, the queue of a class-v user in the large-

systems limit is stable, and we have

λ̃v =
ρ(∞)

v p̃vχ
(
γ
(
ρρρ(∞)

))
e−γ

(
ρρρ(∞)

)
e−γ

(
ρρρ(∞)

)
+ τ

(
1− e−γ

(
ρρρ(∞)

)) . (4.8)

Recall that the duration of a time slot scales like 1
N

. Thus, the limiting (infinite) system

is a collection of V coupled M/M/1 queues with arrival rate λ̃v and service rate

p̃vχ
(
γ
(
ρρρ(∞)

))
e−γ

(
ρρρ(∞)

)
e−γ

(
ρρρ(∞)

)
+ τ

(
1− e−γ

(
ρρρ(∞)

)) .

The coupling is due to the limiting utilization probabilities ρρρ(∞). This proves our main result

of mean-field approximation in the following theorem.

Theorem 4.3.1 Under the mean-field approximation, the limiting (infinite) system is a

collection of V coupled queues, where the v th queue is M/M/1 with arrival rate λ̃v and

service rate

µv

(
γ
(
ρρρ(∞)

))
,

p̃vχ
(
γ
(
ρρρ(∞)

))
e−γ

(
ρρρ(∞)

)
e−γ

(
ρρρ(∞)

)
+ τ

(
1− e−γ

(
ρρρ(∞)

)) .
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We say the limiting system is globally stable5 with respect to λ̃λλ if the following system of

equations has a unique solution ρρρ∗ ∈ [0, 1)V :

∀v, λ̃v = ρvp̃vχ (γ (ρρρ)) e−γ(ρρρ)

e−γ(ρρρ) + τ (1− e−γ(ρρρ)) . (4.9)

The limiting stability region is defined as the set of vectors λ̃λλ such that the limiting system

is stable for λ̃λλ. We can characterize the limiting stability region. For simplicity, we assume

that the function

f(γ) , γχ(γ)e−γ

e−γ + τ(1− e−γ) =
γ
(
q1 + q2

1! γ + q3
2! γ

2 + · · ·+ qK

(K−1)!γ
K−1

)
e−γ

e−γ + τ(1− e−γ)

is unimodal. In fact, this assumption can be relaxed. We introduce it here to simplify our

expressions for the limiting stability region. We notice that this assumption is rather mild.

For example, this assumption holds as long as K ≤ 2. When K > 2, this assumption holds

as long as q1 ≤ 2q2 ≤ · · · ≤ KqK , or q1 ≥ 2q2 ≥ · · · ≥ KqK . From (4.9) we have

λ ,
∑

v

βvλ̃v

=
∑

v

βv
ρvp̃vχ (γ) e−γ

e−γ + τ (1− e−γ)

= γχ(γ)e−γ

e−γ + τ (1− e−γ) = f(γ) . (4.10)

λ is defined as the total input arrival rate. Let γ∗ be the maximizer of f . Define γ0 ,
∑

v βvp̃v

and let λ0 = f(γ0). We then have the following lemma.

Lemma 4.3.2 The function f(γ) = γχ(γ)e−γ

e−γ+τ(1−e−γ) is unimodal if q1 ≤ 2q2 ≤ · · · ≤ KqK .In

particular, f(γ) is unimodal if K ≤ 2.

Proof. See Appendix B.1. ut

5Note that this definition of global stability is unconventional, since it is based on the computational
uniqueness instead of the stochastic behavior of the limiting system. Interestingly, this definition leads to
the true stability region based on the stochastic behavior.
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Theorem 4.3.3 Suppose that the function f(γ) = γχ(γ)e−γ

e−γ+τ(1−e−γ) is unimodal. Then, the

limiting stability region Λ̃ is the region lying below one of V boundaries ∂uΛ̃ defined by

∂uΛ̃ ,

{
λ̃λλ ∈ RV

+ : ∃ρρρ ∈ ∂u[0, 1]V s.t. ∀v, λ̃v = ρvp̃vχ (γ (ρρρ)) e−γ(ρρρ)

e−γ(ρρρ) + τ (1− e−γ(ρρρ))

}
, (4.11)

where ∂u[0, 1]V is the set of ρρρ ∈ RV
+ such that ρu = 1 and ∀ w 6= u, ρw ≤ 1.

Proof. See Appendix B.2. ut

Although we define the limiting stability region based on the uniqueness of ρρρ∗, the result-

ing region turns out to be exact in the sense that it is precisely the true stability region of

the limiting system. In other words, our mean-field approximation is asymptotically exact

as N →∞.

4.3.2 Accuracy of Approximate Stability Region

For finite N , we conduct simulations to show that the approximate stability region is accurate

even for small N . As we did in Chapter 3, we apply the notion of homogeneous directions

proposed by [29] to show that the approximate and true stability regions coincide in many

scenarios where the mean-field decoupling assumption holds. We do this by way of the

following example.

Example 11 Consider a network with N = 3 users with transmission probabilities p1 =

1/3, p2 = 1/3, p3 = 1/3 and arrival rates λ1 = λ, λ2 = λ/x and λ3 = λ. We then vary x

in the range [1, 20]. After some calculations, it can be shown that the approximate stability

condition for persistent CSMA with all-or-nothing symmetric MPR is

3∑
i=1

λi <
4

5τ + 4

(
q1 + q2

2

) 2x+ 1
2x+ 9τ

5τ+4
q1− τ+8

18τ
q2

q1+q2

.

Figure 4.2 shows the above stability condition compared with the simulation result for

persistent CSMA. It can be seen that the curves match considerably well confirming the
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Figure 4.2: Maximum total achievable rate of a network with N = 3, p1 = p2 = p3 = 1/3
and κ = 5.

accuracy of the approximation for N small.

4.3.3 Meta-Stability

Theorem 4.3.3 determines the set of arrival rates for which the system is globally stable.

Intuitively all arrival rate vectors not in the stability region should constitute the instability

region. However, it turns out that this intuition is not accurate and under a certain condition,

there exits a third region of arrival rate vectors which make the system bistable. Here we

discuss this phenomenon in some details and not only give a sufficient condition for the

system to become bistabe, but provide an algorithm that determines whether a given arrival

rate vector lies in either stable, bistable or unstable regions.

Specifically, observe that depending on the input arrival rate, the equation f(γ) = λ may

have two, one or no solutions which corresponds to a bistable, stable or unstable system as

illustrated in Fig. 4.3. When λ > λ0 and γ0 > γ∗ then the persistent CSMA system can

potentially become bistable. To see why this is true assume a 2-class network with p̃1 = p̃2
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Figure 4.3: Illustration of stable, bistable and unstable regions for persistent CSMA.

and arrival rates λ̃1 and λ̃2 such that λ̃2
λ̃1

= r > 1 is fixed. As we increase λ̃1 the two roots γ

and γ of the equation f(γ) = λ become smaller and larger respectively. Once the boundary

of the stability region is reached ρρρ = (ρ1, 1). Further increase of λ̃2 makes γ smaller such

that ρρρ1 = (ρ1, ρ2) and ρ1 < 1, ρ2 < 1. In other words there will be two stable points.

We now discuss how to compute ρρρ∗ and how to figure out which region a given rate lies.

For the rest of this discussion see Fig. 4.4. The procedure presented in Algorithm 1 takes

a rate vector as input and determines ρρρ∗ and the state of the system, i.e., the region where

the rate vector lies. First observe that γ is a bounded quantity and γ ≤ γ0. When the

total input rate λ < λ0 then the equation λ = f(γ) has only one root as f is a unimodal

function and γ ≤ γ0 should hold. When λ ≥ λ0 and γ0 ≤ γ∗ then λ = f(γ) has no root

and the system is unstable. On the other hand when λ ≥ λ0 and γ0 > γ∗, the equation

λ = f(γ) has two distinct roots and the system may be bistable or stable depending on

whether ρρρ1 =
(
λ1/µ1(γ), · · · , λV /µV (γ)

)
and ρρρ2 = (λ1/µ1(γ), · · · , λV /µV (γ)) are both valid

or either of them is valid.

As pointed out in [53, 79], meta-stability is a highly undesirable property because the
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Figure 4.4: The unimodal function f(γ) and its intersection with total input arrival rate.

state of a network fluctuates – over long periods of time – between different stable states.

Such long oscillations make it impossible to predict the average network performance in

terms of throughput and delay. As a consequence, a proper level of quality-of-service cannot

be guaranteed.

Along the same line as in slotted ALOHA, we provide a solution for inhomogeneous CSMA

systems to avoid meta-stability. In particular, if the MPR technique is carefully designed,

then the network is proven to be globally stable, and so meta-stability can be completely

eliminated. This leads to an important design criterion, especially when quality-of-service

guarantee is in great need.

Theorem 4.3.4 In the inhomogeneous persistent CSMA system with symmetric MPR

model, meta-stability can be avoided if

∑
v∈V

Nvp
(N)
v < γ∗
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Algorithm 1 A procedure to determine ρρρ∗ and the state of a V -class system.
Input: λλλV = (λ1, · · · , λV )
Output: ρρρ∗ and the state of system.

1: if λ < λ0 then
2: Find γ as the root of f(γ)− λ = 0
3: return ρρρ∗ =

(
λ1/µ1(γ), · · · , λV /µV (γ)

)
4: else
5: if λ > λ0 & γ0 > γ∗ then
6: Set γ to be the root of f(γ)− λ = 0 in [0, γ∗]
7: Set γ to be the root of f(γ)− λ = 0 in (γ∗, γ0]
8: Set ρρρ1 =

(
λ1/µ1(γ), · · · , λV /µV (γ)

)
9: Set ρρρ2 = (λ1/µ1(γ), · · · , λV /µV (γ))

10: if ρρρ1 < 111 & ρρρ2 < 111 then
11: state = BISTABLE
12: return ρρρ∗

1 = ρρρ1, ρρρ
∗
2 = ρρρ2 and state

13: else
14: if ρρρ1 < 111 then ρρρ∗ = ρρρ1 end if
15: if ρρρ2 < 111 then ρρρ∗ = ρρρ2 end if
16: state = STABLE
17: return ρρρ∗ and state
18: end if
19: else
20: state = UNSTABLE
21: return state
22: end if
23: end if

and

q1 ≤ 2q2 ≤ · · · ≤ KqK or q1 ≥ 2q2 ≥ · · · ≥ KqK (4.12)

Proof. The proof follows from Lemma 4.3.2 and the fact that the arrival rates corresponding

to bistable and unstable regions should be avoided, hence γ0 < γ∗. ut

As an interesting consequence of Theorem 4.3.4, meta-stability is automatically avoided

when K = 2.
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4.3.4 Throughput and Delay Analysis

Here, we characterize the throughput and delay performance based on the mean-field ap-

proximation, especially the limiting stability region. Our results apply to a network with an

arbitrary number of classes.

In this section we only focus on stable and bistable regions because if an arrival rate

vector is in the unstable region then a rate control protocol like TCP Vegas can be used to

reduce the arrival rate.

Recall that, under the mean-field approximation, the average throughput of a class-v user

is given by Rv

(
ρρρ(N)

)
, which is asymptotically exact. This leads to the following throughput

result:

Proposition 4.3.5 The aggregate throughput of the inhomogeneous persistent CSMA

with all-or-nothing symmetric MPR in a V -class network is given by

RMPR-CSMA =
V∑

v=1
N (N)

v Rv

(
ρρρ(N)

)
+ o(1) , (4.13)

where the o(1) term is understood as N → ∞. In particular, the saturated throughput is

given by ∑v NvRv(111), where 111 is an all-one vector of length V .

In order to apply Proposition 4.3.5, we need to obtain the value of the utilization prob-

abilities ρρρ(N) for any given {λv} and {pv}. Our strategy is to approximate ρρρ(N) with the

limiting utilization probabilities ρρρ(∞). Specifically, we set λ̃v = λvN and p̃v = pvN and

then solve the system of equations given in (4.9) to obtain a solution ρρρ∗. As we discussed

previously, Algorithm 1 can be used for this purpose.

Let us now look at the accuracy of (4.13) in a 2-class network through simulations.

Consider a network with N users where half of the users belong to class 1. We assume that

q1 = 0.96, q2 = 0.89 and fix the transmission probability of class-2 users at p2 = 0.2 . We

then compute the network aggregate throughput while varying the transmission probability

of class-1 users.
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Figure 4.5: Aggregate throughput for a 2-class network with κ = 10, p2 = 0.2, q1 = 0.96,
q2 = 0.89 and N1 = N2 = 10.

Fig. 6.2 shows the network aggregate throughput versus the transmission probability of

class-1 users when N = 20. It can be seen that the aggregate throughput closely matches

the analytical result for a variety of packet arrival rates.

Fig. 4.6 shows the maximum aggregate throughput, i.e., the maximum total system

throughput while all the queues are stable, versus the number of users N when p1 = 5
6N

and p2 = 7
6N

. First of all, the benefit of symmetric MPR based CSMA can be observed

compared with conventional CSMA. Moreover, it can be seen that the aggregate throughput

approximation matches the simulations considerably well.

We now turn our attention to study the delay performance. Recall that there are two

types of delays, namely, service delay and the total delay (packet delay). Let Dv,CSMA denote

the service delay of a HOL packet of a class-v user. Now consider a V -class network and

assume that the system is stable. We have the following result for the service delay.

Proposition 4.3.6 The service delay of a class-v user in the inhomogeneous persistent
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Figure 4.6: Maximum aggregate throughput of CSMA with symmetric MPR with K = 2
and κ = 10.

CSMA system with symmetric MPR is

Dv,CSMA = ρ(N)
v

λv

+ o(1) for v ∈ V . (4.14)

Proof. Suppose that ρ(N)
v ∈ (0, 1) for all v ∈ V is the unique solution to λv = Rv(ρρρ(N)) . A

class-v user is then stable with the arrival rate λv and we can apply Little’s law to obtain

λvDv,CSMA = ρ(N)
v + o(1) .

This proves (4.14).

We next provide an alternative proof for (4.14) which might give some additional insight.

Note that the success probability P SUCC
v (ρρρ(N)) for a class-v user can be obtained from the
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throughput function as follows

P SUCC
v (ρρρ(N)) = Pv(ρρρ(N))

ρ
(N)
v

. (4.15)

Hence, the service delay for a class-v user can be written in a recursive fashion as follows

Dv,CSMA = τP SUCC
v (ρρρ(N)) + (1 +Dv,CSMA)P IDLE(ρρρ(N))

+ (τ +Dv,CSMA)
(
1− P IDLE(ρρρ(N))− P SUCC

v (ρρρ(N))
)

+ o(1) .

Therefore

Dv,CSMA = P IDLE(ρρρ(N)) + τ(1− P IDLE(ρρρ(N)))
P SUCC

v (ρρρ(N)) + o(1) . (4.16)

In fact the system is either in idle, collision or successful transmission states. If the system

is in idle state, then the HOL packet transmission is delayed by one time slot. If the class-v

user is in the process of transmitting a packet successfully, the HOL packet transmission

is delayed by τ time slots. Lastly, if the system is in collision state or there is any other

successful transmission in progress, it takes τ more time slots for the HOL packet before it

is successfully transmitted. ut

Denote by Tv,CSMA the total delay experienced by a packet in the inhomogeneous persis-

tent CSMA system with symmetric MPR. We characterize the total delay in the following

theorem.

Theorem 4.3.7 Suppose that for all v, ρ(N)
v < 1, i.e., the system is globally stable. The

total delay of a class-v packet in the inhomogeneous persistent CSMA system with symmetric

MPR is

Tv,CSMA =
ρ(N)

v

(
1

λv
− 1

τ

)
+ τ−1

2

(
1− P IDLE(ρρρ(N))

)
1− ρ(N)

v

+ o(1) . (4.17)
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Proof. See Appendix B.3. ut

4.3.5 Adjusting Protocol Parameters

The simple expressions derived before can be used to adjust the transmission probabilities

to meet certain throughput or delay requirements. For instance, assume a two-class network

with given arrival rates. From the stability region in Theorem 4.3.3, we can immediately

exclude the set of transmission probabilities for the two classes that destabilize the system

or are too small that results is low throughput. Alternatively, one can exploit the delay

expression in Theorem 4.3.7 to obtain the transmission probabilities such that a certain

delay constraint is satisfied for a class. As a result, all the users in such a class will be stable.

To further demonstrate the benefit of our delay analysis in system design, we present the

following example.

Example 12 Consider a two-class network where N1 users belong to class 1 and N2 users

are in class 2 with fixed arrival rates λ1 and λ2 respectively. Assume that a packet of a

class-v user is required to experience an average finite total delay no more than Tv .

Since the delays are finite therefore all the queues are stable. Let xv = ρvpv for v ∈ {1, 2}.

For the given λv’s, we can then compute x∗
1 and x∗

2 as the unique solution to λv = Rv(x1, x2) .

In addition, from the delay constraint for each class and (4.17) it follows that

pv ≥

(
1

λv
− 1

τ
+ Tv

)
x∗

v

Tv − τ−1
2 (1− P IDLE(x∗

1, x
∗
2))

for v ∈ {1, 2} .

The above gives the design criteria for transmission probabilities of every class given the

delay constraints. A similar approach can be applied to the general case of V > 2 classes.

Lastly, if in a real scenario there are more than two classes of high-end and low-end users,

as long as the requirement for the arrival rates of some users is such that they are below the

arrival rates of high/low-end users, by a dominant system argument we see that these users

enjoy a delay and throughput performance no worse than that experienced by high/low-end

users. Obviously if new users with rate requirement higher than high-end users are required
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Figure 4.7: Saturated throughput benefit of SCF-based CSMA compared to CSMA with
SIC and conventional CSMA in low SNR = 6 dB, with p2 = 0.8p1, message rate = 1, K = 1,
κ = 10 .

to join the network, we have to add another class of users, but the throughput and delay

guarantee can be fulfilled easily based on the result we have obtained.

4.4 Numerical Results

To validate our theoretical results and to further demonstrate the benefits of CSMA with

SCF, we conduct simulations in various scenarios. Fig. 4.7 depicts saturated throughput, i.e.,

Rv(111111111) for CSMA with SCF, CSMA with SIC and conventional CSMA as a function of trans-

mission probabilities in a two-class network when N = 5, 10, N1 = 3/5N and SNR = 6 dB.

It is evident that SCF-based CSMA performs close to CSMA with optimal joint decoding

(JD) and significantly improves the saturated throughput compared to conventional CSMA.

Further, CSMA with SCF universally outperforms CSMA with SIC offering high throughput

for a wider range of transmission probabilities.

Fig. 4.8 shows the network aggregate throughput performance of CSMA with SCF, CSMA
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Figure 4.8: Throughput benefit of SCF-based CSMA compared to CSMA with SIC and
conventional CSMA at SNR = 15 dB with message rate = 2, N1 = 12, N2 = 8, λ1 = 1/16,
λ2 = 1/64, p2 = 1/4, K = 1, κ = 10 .

with SIC, conventional CSMA and CSMA with optimal JD for a network with N1 = 12 class-

1 users, N2 = 8 class-2 users and SNR = 15 dB. CSMA with SCF clearly performs better

than the other techniques and relatively close to optimal joint decoding. As the transmission

probability of class-1 users p1 varies from 0 to 1, eventually all the users become saturated

(unstable queues) and the throughput of each user equals the rate function Rv(111) for all

v = {1, 2}.

We next look at the service delay and packet delay of symmetric MPR techniques in

low and high SNR regimes. Figures 4.9, 6.3 demonstrates the service and packet delays as

the arrival rate changes in a 2-class network with N = 30 (N1 = 20 users in class-1) at

SNR = 6 dB. We see that the analytical delay very well agrees with the simulation. Note

that, in contrast to the existing work, the delay performance is presented for each class

separately. In addition, it can be seen that CSMA with SCF is stable for a larger range of

arrival rates. Similarly, the same behavior in terms of better performance of CSMA with
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Figure 4.9: Service delay performance of inhomogeneous persistent CSMA schemes for a
2-class network at SNR = 6 dB with message rate = 1, N1 = 20, N2 = 10, p1 = 1/40,
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SCF can be seen in Figures 4.11, 4.12 for the same network at SNR = 15 dB.

4.5 Summary

In this chapter, we studied the inhomogeneous CSMA protocol with all-or-nothing symmetric

MPR. In particular, we have derived throughput and delay expressions, which are asymp-

totically exact as the number of users grows. Based on these expressions, we have provided

some theoretical guidelines for network design, and evaluated the performance of various

MPR techniques in terms of throughput, packet delay and service delay. The results shed

some light on the system design and performance analysis of MPR based CSMA systems,

highlighting some interesting properties of MPR-based CSMA.
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Figure 4.10: Average total delay (packet delay) performance of inhomogeneous persistent
CSMA schemes for a 2-class network. The simulation setup is the same as that of Fig. 4.9.
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Chapter 5

EXTENSION I: CSMA WITH RANDOM BACK-OFF

In this chapter, we extend the CSMA system model of Chapter 4 to a CSMA system with

back-off mechanism in which a user transmission probability is determined by its back-off

stage. The number of back-off stages can be finite or infinite. All the users are assume to

be saturated, i.e., every user has a packet to transmit at all times. By changing their back-

off stage, users in a CSMA system can reduce the risk of collision. The system is studied

under the all-or-nothing symmetric MPR channel model assumption. We exploit a mean-

field approximation to find the stationary (invariant) probability of the back-off stage of a

user and show the accuracy of the approximation through simulations and numerical results.

5.1 System Model

Consider a CSMA random-access network of N users which contend to transmit packets to

an access point (AP) equipped with M antennas. Assume that time is slotted and a packet

can only be transmitted at the start of a slot. Packets are of constant length whose successful

transmission (including a SIFS, DIFS and an ACK) takes exactly τ time slots. We study a

slight variant of the persistent CSMA with a back-off mechanism.

Each user has a packet to transmit at all times, i.e., users are saturated. Suppose that

there are L back-off stages L = {0, 1, · · · , L−1} corresponding to L possible user transmission

probabilities such that 1 > p
(N)
0 > p

(N)
1 > · · · > p

(N)
L−1 ≥ 0. At the beginning of each time slot,

user i in the back-off stage `i transmits a packet with probability p(N)
`i

picked from the set of

allowed probabilities {p(N)
0 , p

(N)
1 , · · · , p(N)

L−1} based on whether a collision occurred in the last

time slot. If a collision occurs while user i in the back-off stage ` is transmitting a packet,

it then changes its back-off stage to ` + 1 hence reducing its transmission probability. This
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is a mechanism to prevent a situation where transmissions from different users repeatedly

collide with each other. If user i is already in stage L − 1 and collision happens then its

back-off stage becomes 0 in the following time slot. We assume that the back-off stage `

and its transmission probability are related as p(N)
` (t) = p

(N)
0 c−` where c ∈ R+ is called the

back-off factor and c ≥ 2.

At the end of each slot, the AP tries to recover the transmitted packets via a symmetric

MPR technique such as compute-and-forward (C&F) and successive compute-and-forward

(SCF). Specifically, we assume a all-or-noting MPR model where n concurrent transmissions

can be recovered by the AP with probability qn and the MPR capability is K.

5.2 A Mean-Field Approximation of CSMA with Back-off

Denote by X
(N)
i (m) the back-off stage of user i at time slot m. Let XXX(N)(m) be a vec-

tor whose i-th entry is X(N)
i (m). The system can be described by the Markov process{

XXX(N)(m) : m = 0, 1, · · ·
}
. Since the evolution of system is symmetric with respect to back-

off stage, equivalently we can use a new Markov chain
{
QQQ(N)(m) : m = 0, 1, · · ·

}
which is

the empirical measure of
{
X

(N)
i (m)

}N

i=1
defined as

Q
(N)
` (m) = 1

N

N∑
j=1

1{
X

(N)
j (m)=`

} .
Although the Markov chain QQQ

(N)
` (m) is easy to describe, it is in general very difficult

to analyze. In fact, the dynamics of the CSMA with back-off depends on the complex in-

teraction amongst N queues, which makes it quite challenging to find the conditions that

guarantee the existence of a steady state distribution for {QQQ(N)(m)}. As such, we study the

behavior of the system asymptotically when N tends to infinity. To this end, we exploit a

mean-field technique as we did in the previous chapters for slotted ALOHA and persistent

CSMA. Mean-field approximation has been successfully applied in the context of communi-

cation and queueing networks [29, 53, 75, 77] where the mean-field decoupling assumption is

justified. Assuming a mean-field approximation, the properly scaled process is convergent in
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the limit when N grows large to a dynamical system described by a set of ordinary differen-

tial equations (ODEs). When the convergence holds, the states of any finite number of users

become decoupled in the sense that the steady state distribution of {QQQ(N)(m)} is equivalent

to the product measure. Thus we have

lim
N→∞

QN
` (bNtc) −→ Q`(t) ,

where Q`(t) is the solution to a dynamical system which describes the CSMA system asymp-

totically when N approaches infinity. Under certain conditions such a dynamical system is

globally stable and its solution Q`(t) converges to an invariant point denoted by Qst
` .

5.2.1 Mean-Field Analysis

Consider a sequence of systems index by the number of users N . For any fixed N , the

transmission probability of user i in back-off stage `i at time t is p(N)
`i

(t). In order to guarantee

a fair share of throughput for each user we re-scale the transmission probabilities by 1/N .

So we assume that

Np
(N)
`i

(t)→ p0c
−`i , as N →∞ and ∀ t ∈ Z+ ,

where p0 = limN→∞ Np
(N)
0 . That is, the transmission probability p(N)

i (t) scales like p0c
−`i/N .

Note that p0 can be larger than 1, since it is no longer a probability. Next, we compute the

transition probabilities for a typical user, say user i in back-off stage `i. As previously

mentioned, after a successful transmission, the back-off stages of the users involved in packet

transmission become zero, hence p(N)
`i

(t+1) = p
(N)
0 . When a collision occurs we have p(N)

`i
(t+

1) = p
(N)
0 c−(`i+1) if `i < L− 1 and p

(N)
`i

(t+ 1) = p
(N)
0 otherwise. Let p` = limN→∞ Np

(N)
` for

all ` ∈ L. Let ννν = QQQ(N)(t) be the state of the system at time slot bNtc. User i in back-off

stage `i will have a successful transmission with probability p(N)
succ(`i, ννν)/N or experiences a

collision with probability p(N)
col (`i, ννν)/N . Let {i, j1, · · · , jK−1} be the indices of K users that
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transmit their packets simultaneously. We can then write the transition probabilities for user

i as follows.

p(N)
succ(`i, ννν)/N = p`i

/N

q1
∏
j 6=i

(1− p`j
/N) + q2

∑
j1 6=i

p`j1
/N

∏
j 6=i,j1

(1− p`j
/N) + · · ·

+qK

∑
j1,··· ,jK 6=i

K−1∏
k=1

p`jk
/N

∏
j 6=j1,··· ,jK−1

(1− p`j
/N)



= p`i
/N

∏
j 6=i

(1− p`j
/N)

q1 + q2
∑
j1 6=i

p`j1
/N

1− p`j1
/N

+ · · ·

+ qK

∑
j1,··· ,jK 6=i

K−1∏
k=1

p`jk
/N

1− p`jk
/N



= p`i
/N

1− p`i
/N

L−1∏
`=0

(1− p`/N)Nν`

q1 + q2

L−1∑
`=0

(
Nν` − 1{`=`i}

1

)
p`/N

1− p`/N
+ · · ·

+ qK

∑
i0+···+iL−1=K−1
0≤ij≤K−1 ∀j∈L

L−1∏
`=0

(
Nν` − 1{`=`i}

i`

)(
p`/N

1− p`/N

)i`

+ o(1/N)
 . (5.1)

Note that
(

Nν`

i`

)
tends to (Nν`)i` /i`! when N approaches infinity. From (5.1) and using

multinomial theorem for large enough N we have

psucc(`i,QQQ(t)) , lim
N→∞

p(N)
succ(`i, ννν) = p`i

(
q1 + q2

1! ζ(t) + · · ·+ q
K

(K − 1)!ζ(t)
K−1

)
e−ζ(t) , (5.2)

where

ζ(t) ,
L−1∑
`=0

p0c
−`Q`(t) ,
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because the empirical measure converges to QQQ(t) = [Q0(t), Q1(t), · · · ] in the limit when

N → ∞. ζ(t) can be interpreted as the average attempt probability of a user at time t.

When a packet transmission is not successful it can be due to a) packet loss or decoding

failure at the receiver or b) collision. In the first case there is no collision and the packet is

lost or dropped with the following probability

p`i

(
1− q1 + 1− q2

1! ζ(t) + · · ·+ 1− qK

(K − 1)!ζ(t)
K−1

)
e−ζ(t) .

Hence, collision probability is

pcol(`i,QQQ(t)) = p`i

(
1−

(
1 + ζ(t)

1! + · · ·+ ζ(t)K−1

(K − 1)!

)
e−ζ(t)

)
. (5.3)

By applying mean-field analysis we can show that the scaled process Q(N)(bNtc) evolves

according to the following dynamical system.

d
dtQ`(t) = pcol (`− 1,QQQ(t))Q`−1(t) (5.4)

−
(
psucc (`,QQQ(t)) + pcol (`,QQQ(t))

)
Q`(t) ,

d
dtQ0(t) =

L−1∑
`=0

psucc (`,QQQ(t))Q`(t) (5.5)

−
(
psucc (0,QQQ(t)) + pcol (0,QQQ(t))

)
Q0(t)

+ pcol(L− 1,QQQ(t))QL−1(t) .

The above dynamical system can be interpreted as follows. Suppose that a user is in some

back-off stage, say ` 6= 0. The first term pcol (`− 1,QQQ(t))Q`−1(t) in (5.4) is the probability

that a user in state (back-off stage) ` − 1 transits to stage `. On the other hand, the term(
psucc (`,QQQ(t)) + pcol (`,QQQ(t))

)
Q` represents the probability that the back-off stage becomes

0 in case of a successful transmission or changes to `+ 1 mod L due to a collision.
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5.2.2 Stationary Distribution of a Back-off Stage

Define faaa(x) =
(
a1 + a2

1! x+ · · ·+ aK

(K−1)!x
K−1

)
e−x for some x ∈ R+ where aaa = [a1, · · · , aK ],

ai ∈ [0, 1] for all 1 ≤ i ≤ K. Let qqq = [q1, · · · , qK ] an let 111 be the all-one vector of size K.

In the following sections, we look at two cases to analyze the dynamical system (5.4, 5.5),

namely 1) infinite back-off stage 2) finite back-off stage, and provide the conditions under

which a stationary (invariant) distribution for the back-off stage exists.

5.2.3 Infinite Number of Back-off Stages

It can be confirmed that

psucc (0,QQQ(t)) + pcol (0,QQQ(t))

= p`i

(
1−

(
1− q1 + 1− q2

1! ζ(t) + · · ·+ 1− qK

(K − 1)!ζ(t)
K−1

)
e−ζ(t)

)

= p`i

(
1− f1−q1−q1−q(ζ(t))

)
.

Therefore, when there are infinite number of back-off stages, the system’s behavior can be

described by the following dynamical system

d
dtQ`(t) = p`−1

(
1− f111(ζ(t))

)
Q`−1(t)− p`

(
1− f1−q1−q1−q(ζ(t))

)
Q`(t) , ` ∈ {1, 2, · · · } ; (5.6)

d
dtQ0(t) = ζ(t)fqqq(ζ(t))− p0

(
1− f1−q1−q1−q(ζ(t))

)
Q0(t) ` = 0 . (5.7)

Let QQQst = [Qst
0 , Q

st
1 , · · · ] denote the invariant solution (fixed point) of the above dynamical

system. Define ζs , lim
t→∞

ζ(t). We find the fixed points as follows.

(1− f1−q1−q1−q(ζs)) p`Q
st
` = (1− f111(ζs)) p`−1Q

st
`−1 , ` ∈ {1, 2, · · · } ; (5.8)

(1− f1−q1−q1−q(ζs)) p0Q
st
0 = ζsfqqq(ζs) . (5.9)
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From (5.8) we get that

Qst
` =

(
c− cf111(ζs)
1− f1−q1−q1−q(ζs)

)`

Qst
0 .

In order for QQQst to be a probability distribution we must have, ∑`≥0 Q
st
` = 1. Thus

Qst
0 = 1∑

`≥0

(
c−cf111(ζs)

1−f1−q1−q1−q(ζs)

)` . (5.10)

Assuming that the invariant solution exists, we have

ζs =
∑
`≥0

p0c
−`Qst

` =
∑

`≥0 p0c
−`
(

c−cf111(ζs)
1−f1−q1−q1−q(ζs)

)`

∑
`≥0

(
c−cf111(ζs)

1−f1−q1−q1−q(ζs)

)`

= p0
1− f1−q1−q1−q(ζs)− c(1− f111(ζs))

f111(ζs)− f1−q1−q1−q(ζs)
. (5.11)

So, the fixed point of (5.8) and (5.9) is the solution to the following equation

ζs

p0
= 1− c+ fc−1+qc−1+qc−1+q(ζs)

fqqq(ζs)
. (5.12)

It is easy to verify that the first derivative of the right-hand side (RHS) of (5.12) is non-

positive which implies that the RHS is a non-increasing function in ζs starting from (0, 1).

On the other hand, the left-hand side (LHS) of (5.12) is a linear function with intercept point

at the origin. Thus, the RHS and the LHS functions always coincide at exactly one point.

We now turn to the case of finite number of back-off stages.

5.2.4 Finite Number of Back-off Stages

The ordinary differential equations for this case is as follows

d
dtQ`(t) = p`−1

(
1− f111(ζ(t))

)
Q`−1(t)− p` (1− f1−q1−q1−q(ζ(t)))Q`(t) , 1 ≤ ` ≤ L− 1 ; (5.13)

d
dtQ0(t) = ζ(t)fqqq(ζ(t)) + pL−1(1− f111(ζ(t))QL−1(t)− p0

(
1− f1−q1−q1−q(ζ(t))

)
Q0(t) . (5.14)
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The fixed point of the above dynamical system is obtained by solving the following equations

p` (1− f1−q1−q1−q(ζs))Qst
` = (1− f111(ζs)) p`−1Q

st
`−1 , 1 ≤ ` ≤ L− 1 ; (5.15)

ζsfqqq(ζs) = p0
(
1− f1−q1−q1−q(ζ(t))

)
Qst

0 − (1− f1−q1−q1−q(ζ(t))pL−1Q
st
L−1(t). (5.16)

After some algebraic manipulation it can be see that a fixed point of the above dynamical

system is the solution to the following equation

ζs =
∑

`

(
1−f111(ζs)

1−f1−q1−q1−q(ζs)

)`

∑
`

1
p`

(
1−f111(ζs)

1−f1−q1−q1−q(ζs)

)` . (5.17)

Observe that in general, there may be multiple solutions to (5.17) in which case the system

becomes meta-stable. This, for instance, depends on the choice of transmission probabilities

p`.

The above discussions yields the following results.

5.3 Main Results

Focusing on the dynamical system representation of CSMA with back-off, here we present

the main result.

Theorem 5.3.1 For a CSMA system with infinite number of back-off stages, and under

the symmetric MPR model assumption, the stationary(invariant) distribution exists if

fc−1+qc−1+qc−1+q

(
c

c− 1p0

)
> c− 1 .

Proof. See Appendix C.1. ut

For the finite number of back-off stages a similar result follows:

Corollary 5.3.2 For a CSMA with finite number of back-off stages where p` = p0c
−` for

` ≥ 0 and under symmetric MPR model assumption, the stationary distribution exists.
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Proof. See Appendix C.2. ut

Now that we have the stationary distribution of the back-off stages, the system is similar

to an inhomogeneous persistent CSMA which we discussed in chapters 4. We further have

the assumption that the queues are saturated. Therefore, the throughput can be obtained

from the results obtained in chapter 4.

Theorem 5.3.3 For large enough N , the average saturated throughput of CSMA with

back-off under the symmetric MPR model is

RB_CSMA = τζsf(ζs)
τ(1− e−ζs) + e−ζs

. (5.18)

Proof. Since the network is saturated by taking ρi = 1 for all i’s. We have

Pidle = lim
N→∞

EQQQst

[
N∏

i=1

(
1− pi

N

)]
= e−ζs . (5.19)

Furthermore, from (5.1) the average success probability of a user is

Psucc = EQst [psucc(`i,QQQ(t))] = ζsf(ζs) . (5.20)

Thus

RB_CSMA = τPsucc

τ(1− Pidle) + Pidle
. (5.21)

The throughput then follows by substituting (5.19) and (5.20) into (5.21). ut

5.3.1 Global Stability of the Dynamical System (5.13, 5.14)

In practice, the case of finite number of back-off stages is of more interest. For this reason

we only focus on the stability of the dynamical system corresponding to this case. The
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dynamical system (5.13, 5.14) is a nonlinear ODE, so we linearize it around its unique fixed

point obtained as the solution to (5.12). If the linearized system is stable (all eigenvalues

with negative real part) then the corresponding non-linear system will be asymptotically

stable and since the fixed point is unique, the dynamical system will be globally stable.

Theorem 5.3.4 The dynamical system (5.13, 5.14) is globally stable and

lim
t→∞

Q`(t) = Qst
` , ∀ ` ∈ {0, . . . , L− 1} (5.22)

Proof. See Appendix C.3. ut

5.4 Simulations

To demonstrate the accuracy of the mean-field approximation we conduct simulations in this

section. In the first scenario we assume that the network size is N = 100, the back-off factor

c = 2 and the number of back-off stages is set to L = 15. The AP with M = 2 antennas

decodes received packets using three MPR techniques, namely successive interference cancel-

lation (SIC), compute-and-forward (C&F), successive compute-and-forward (SCF) an joint

decoding (JD) with decoding probabilities q1 = 0.91, q2 = 0.31 and q1 = 0.91, q2 = 0.61

and q1 = 0.91, q2 = 0.66, and q1 = 0.91, q2 = 0.8, respectively. We then find the stationary

distribution of each back-off stage and compute the ratio of the probabilities of being in

stages 1, 2 and 3 to that of stage 0 as shown in Fig. 5.1. In addition, we compute the fixed

point of the system from the equation (5.15) as shown in Fig. 5.1 by yellow markers. It can

be seen that the mean-field approximation concentrates near the average of the probability

of a back-off stage.

Table 5.1 provides the throughput results for SIC, C&F, SCF and JD. We find a close

match between the mean-field approximation of the throughput and the actual throughput

resulted from the simulations.
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Figure 5.1: The ratio of the back-off stages 1, 2, 3 probabilities to that of stage 0. The yellow
markers indicate the mean-field approximations.

Table 5.1: Throughput results.

throughput SIC C&F SCF JD
simulation 0.7076 0.8443 0.8676 0.9296

approximation 0.7074 0.8423 0.8655 0.9311

5.5 Summary

In this chapter, we study a CSMA system with back-off mechanism under all-or-nothing

symmetric MPR channel model. Each user has a transmission probability corresponding to

its back-off stage. The number of back-off stages can be finite or infinite. Furthermore, all

the users are assumed to be saturated, i.e., every user has a packet to transmit at all times.

Compared to a unsaturated system, the chance of collision is clearly higher in a saturated

system. Back-off mechanism is aimed at reducing collision by way of adjusting transmission

probabilities. Mean-field approximation is then used to find the stationary probability of the
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back-off stages for both finite and infinite cases of back-off stages. Finally, the accuracy of

the mean-field approximation is shown through simulations and numerical results.
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Chapter 6

EXTENSION II: THE MULTIPLE AP CASE

The application of compute-and-forward (C&F) to random access scenarios – as we did

in the previous chapters – indicates its potential as a powerful physical-layer network coding

technique. To further bridge the gap between the theoretical advances of C&F and its real-

world use, in this chapter, we extend the use of C&F from the case of single access point

(AP) to the case of multiple APs, which is common in reality. We take into account several

important practical constraints, such as channel variations, decentralized operations, and

random data traffic. Two major challenges are identified, and novel solutions are proposed

to address these challenges. In particular, we first introduce the AP cooperation problem

to fully recover packets from packet collisions, and develop a distributed algorithm which is

computationally efficient. We then introduce the joint channel estimation and active user

recovery problem, and propose an algorithm based on spare recovery techniques. In addition,

we provide accurate throughput and delay expressions for C&F-based CSMA protocols.

These expressions, together with our trace-driven simulations, demonstrate the significant

advantages of C&F-based CSMA over conventional CSMA.

6.1 Motivation

In chapters 2 and 3 we explored the use of C&F as a special case of the symmetric MPR

model in random-access protocols, including slotted-ALOHA and CSMA, with a focus on the

scenario with a single access point (AP). In this chapter, we aim to go a step further towards

realizing the theoretical benefits of C&F in random-access networks, with a particular focus

of the scenario with multiple APs.

The multi-AP scenario is motivated by the fact that today’s random-access networks
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are comprised of densely deployed APs. With existing random-access protocols, a dense

deployment of APs does not scale well with the throughput demands. When one user (client)

is transmitting to an AP, the nearby users have to remain silent to avoid packet collisions.

The use of C&F in a multi-AP system helps to scale the network throughput. For instance,

even if two users are transmitting their packets at the same time as illustrated in Fig. 6.1, with

C&F each AP can decode a linear combination of the transmitted packets, and then forwards

it to a central controller. As long as these two combinations are linearly independent, the

controller is able to recover the original packets by solving a system of linear equations. In

this way, the cooperation among APs increases the throughput, which is particularly useful

in highly populated locations where packet collisions often occur.

1 .. M

1 .. M

h1 h2

g1
g2

h1x1 + h2x2 + z1 a1w1 + a2w2

g1x1 + g2x2 + z2 b1w1 + b2w2

signal: x1

packet: w1 packet: w2

signal: x2

collision

collision

linear combination

linear combination

AP1

AP2

Central Controller

Figure 6.1: The use of C&F in a two-AP scenario.

Although the basic idea seems simple at first glance, in the multi-AP setting two major

technical challenges remain open towards designing a practical random-access protocol with

C&F. First, unlike the single-AP case (where the AP itself resolves packet collisions), each

AP in a multi-AP system only decodes one linear combination. This poses a new question:

Which linear combination shall each AP decode? Intuitively, if each AP in Fig. 6.1 simply
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decodes the most reliable linear combination, then the linear combinations collected at the

central controller could be linearly dependent, making it impossible to recover the original

packets. In other words, the APs should collaborate with each other to ensure that each

decoded linear combination is as reliable as possible, and at the same time, the collection of

combinations is full rank.

In Section 6.2, we formally define this AP cooperation problem and develop a distributed

solution that achieves the best possible reliability under the full-rank constraint. Our dis-

tributed solution is computationally efficient, and remarkably fast when the number of col-

liding packets is less than 5. Also, we show that our AP cooperation problem contains the

network-coding design problem [14, 56] as a special case, and our new distributed solution

has lower computational cost than existing solutions. Therefore, as a by-product of this

work, we provide a more efficient solution to the network-coding design problem.

Second, the APs need to identify colliding users and estimate their channel conditions

before decoding linear combinations. Conventional channel-estimation methods only work

for the single-transmitter case, because they assign an identical training sequence to every

user in the network. With multiple concurrent transmitters, one needs to assign different

training sequences to different users. Thus the question is: How shall we design such training

sequences? Our key observation is that, though the number of users can be very large in a

dense network with multiple APs, the number of colliding users is often small under random-

access protocols. The sparsity allows us to draw upon sparse recovery techniques developed

in compressed sensing to design training sequences.

In Sec. 6.3, we formally define the channel estimation and active user recovery problem.

We then propose to use an algorithm based on sparse recovery techniques. Our algorithm

makes use of Reed-Muller signatures and has computational complexity sub-linear of the

number of users.

Furthermore, we show that, once the above two challenges have been addressed, there is

a unified perspective on the single-AP case and the multi-AP case. Based on this unified

perspective, we are able to provide accurate throughput and delay expressions for C&F-based
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CSMA protocols. These expressions can be used to tune system parameters (such as the

transmission probabilities) and to characterize the advantages of C&F-based CSMA over

conventional CSMA.

Finally, we conduct extensive simulations driven by a real-world channel condition trace

collected from a 44-node wireless network [83]. Our simulation results show that C&F-based

CSMA achieves a multi-fold increase in network throughput over a wide range of system

parameters, and can greatly reduce the average delays.

6.2 C&F for the Multi-AP Case: AP Cooperation

In this section, we first define the AP cooperation problem and then develop a distributed

solution. We also discuss the connection between our AP cooperation problem and the

network-coding design problem [14, 56] (for multi-source multi-relay networks), and show

that our distributed solution overcomes major shortcomings of existing methods for the

network-coding design problem.

6.2.1 AP Cooperation Problem

Consider a network with N wireless users and K APs. Suppose that there are n active users

involved in a packet collision, and the received signal at the kth AP is given by

yk =
n∑

`=1
hk`x` + zk . (6.1)

With C&F, when a collision occurs, the AP can decode multiple linear combinations. If these

decoded linear combinations are full rank, the AP can recover the original packets by solving

a system of linear equations. More specifically, suppose that a packet collision involves n

active users and the AP tries to decode n (linearly independent) linear combinations with

coefficient vectors {ai}. Then, the AP can recover the original packets as long as

min
i=1,...,n

Rcomp(ai; h) > R .
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So, these coefficient vectors {ai} should be chosen such that the value of mini Rcomp(ai; h) is

maximized. That is, the AP needs to solve the following optimization problem

maximize min
i=1,...,n

Rcomp(ai; h) (6.2)

subject to rank(A) = n ,

where A is a matrix with ai as its ith column.

This problem has been solved in Chapter 4 (also see [84,85]). Let {a∗
i } denote an optimal

solution. Then the probability that the corresponding n linear combinations are successfully

decoded is

qn = P
[
min

i
Rcomp(a∗

i ; h) > R
]
, (6.3)

where the probability is taken over the choice of h.

Unlike the single-AP case, the K APs in the system need to cooperate with each other.

Recall that the kth AP can decode a linear combination with coefficient vector ak as long as

Rcomp(ak; hk) > R, where hk = (hk1, . . . , hkn)T is the channel-gain vector. Let A be a matrix

with ak at its kth column. Clearly, if A is of rank n, then the central controller can recover

all the original packets by solving a system of linear equations. Therefore, all the APs need

to solve the following optimization problem:

maximize min
k=1,...,K

Rcomp(ak; hk) (6.4)

subject to rank(A) = n .

6.2.2 Our Distributed Solution

Here, we develop a distributed algorithm for the AP cooperation problem (6.4), which con-

sists of two steps. In the first step, the kth AP computes a so-called dominant solution as

defined in [18]:

Ωk =
{
a(1)

k , a(2)
k , . . . , a(n)

k

}
, (6.5)
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where a(1)
k , . . . , a(n)

k have the following property

a(1)
k = arg max{Rcomp(a; hk) | a is nonzero} ,

a(2)
k = arg max{Rcomp(a; hk) | a and a(1)

k are linearly indep.},

and so on. That is, a(1)
k has the largest computation rate among all non-zero vectors, and

a(2)
k has the largest computation rate among all vectors linearly independent of a(1)

k , and so

on.

When n ≤ 4, this step can be implemented by using the lattice-reduction method pro-

posed in [86], which is remarkably fast compared to alternative methods. When n > 4, this

step can be implemented by using the greedy search algorithm presented in [18].

In the second step, the destination collects all the solution sets {Ωk}K
k=1, and then tries

to pick up n vectors from n distinct sets such that these n vectors are linearly independent

and the minimum value of their computation rates is maximized. This step can be easily

done. For instance, consider a special case of n = 2 and K = 3. Suppose that a(1)
1 = (1, 1),

a(2)
1 = (1, 0), a(1)

2 = (1, 1), a(2)
2 = (0, 1), a(1)

3 = (1, 0), a(2)
3 = (2, 1), and they have the

following order based on their computation rates

a(1)
1 � a(1)

2 � a(2)
1 � a(1)

3 � a(2)
2 � a(2)

3 ,

where a(1)
1 � a(1)

2 means Rcomp(a(1)
1 ; h1) ≥ Rcomp(a(1)

2 ; h2). Then, the second step will output

{a(2)
1 , a(1)

2 }, because they are linearly independent and we cannot do better (since a(1)
1 and

a(1)
2 are linearly dependent).

6.2.3 Proof of Correctness

We only present the proof for the case n = 2. Other cases can be proved similarly, which

require a more involved characterization of linear dependency.

Let {a∗
k}K

k=1 be an optimal solution to Problem (6.4). Then, we have rank(A∗) = 2.
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That is, there exist two linearly independent vectors in {a∗
k}K

k=1. Without loss of general-

ity, we assume that a∗
1 and a∗

2 are linearly independent and Rcomp(a∗
1; h1) ≥ Rcomp(a∗

2; h2).

Furthermore, we can show that Rcomp(a∗
2; h2) = Rcomp(A∗).

To establish the optimality of our algorithm, we only need to show that our algorithm

will produce a solution with minimum computation rate no worse than Rcomp(a∗
2; h2). In

particular, we will show that we can pick up ai ∈ Ωi (i = 1, 2) such that a1 and a2 are

linearly independent and the minimum computation rate min {Rcomp(a1; h1), Rcomp(a2; h2)}

is no smaller than Rcomp(a∗
2; h2).

To this end, we consider the following four cases based on whether a∗
i is linearly inde-

pendent of a(1)
i :

1. a∗
i is linearly dependent of a(1)

i for i = 1, 2.

2. a∗
i is linearly independent of a(1)

i for i = 1, 2.

3. Only a∗
1 is linearly dependent of a(1)

1 .

4. Only a∗
2 is linearly dependent of a(1)

2 .

For Case 1), we choose ai = a(1)
i (i = 1, 2). Since a∗

1 and a∗
2 are linearly independent,

so are a1 and a2. Moreover, by the property of a(1)
i , we have Rcomp(ai; hi) ≥ Rcomp(a∗

i ; hi).

Hence, our solution {a1, a2} is no worse than {a∗
1, a∗

2}.

For Case 2), we choose a1 = a(1)
1 , and a2 = a(1)

2 if a(1)
2 is linearly independent of a1,

otherwise a2 = a(2)
2 . Clearly, the selected a1 and a2 are linearly independent. Moreover, by

the property of a(1)
1 , Rcomp(a1; h1) ≥ Rcomp(a∗

1; h1); similarly, Rcomp(a2; h2) ≥ Rcomp(a∗
2; h2).

Once again, our solution {a1, a2} is no worse than {a∗
1, a∗

2}.

For Case 3), we use the same choice as for Case 2), and again, {a1, a2} is no worse than

{a∗
1, a∗

2}. Finally, Case 4) is very similar to Case 3), and the proof is essentially the same.
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6.2.4 A Related Problem

We note that the AP cooperation problem generalizes the network-coding design problem

for multi-source multi-relay networks with C&F studied in [14,15,56]. Although their setup

looks similar to ours, their focus is on the information-theoretic analysis, whereas our focus

is on the networking performance under practical constraints. The network coding design

problem for multi-source multi-relay networks with C&F is defined as follows.

Consider a system where n sources are transmitting packets to a single destination

through n relays. Assume that the final destination has (wired) backhaul links to the relays.

The kth relay (k = 1, . . . , n) decodes a linear combination with coefficient vector ak and

then forwards it to the destination. The network-coding design problem is to choose the

coefficient vectors {ak} such that they are linearly independent and minimum value of their

computation rates is maximized.

Clearly, when n = K, the AP cooperation problem (6.4) reduces to the network-coding

design problem. However, existing solutions in the literature are not satisfactory. For in-

stance, [56] noticed that the network-coding design problem is an instance of integer pro-

gramming (IP), and suggested some standard methods for solving IP problems, including

the cutting-plane method and the branch-and-bound method. These methods, however,

are generally of high computational complexity, because they do not take into account any

special structure of the network-coding design problem.

[14] proposed a distributed algorithm for the network-coding design problem, which

also consists of two steps. In the first step, each relay k attempts to find a candidate set

Ωk =
{
a(1)

k , a(2)
k , . . . , a(T )

k

}
, where a(1)

k has the largest computation rate, a(2)
k has the second

largest computation rate, and so on. Here, T is a parameter to control the length of the

candidate set, which is set by experience. (Note that T is typically much larger than n as

explained in [14].) Once T is set, this step can be implemented by using the Fincke-Pohst

method [14]. In the second step, the destination collects all the candidate sets {Ωk}n
k=1, and

then tries to pick up n linearly independent vectors (one from each candidate set) such that
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the minimum value of their computation rates is maximized.

However, compared to our distributed algorithm, there are two major shortcomings of

the above distributed algorithm :

1. It is unclear how to set the parameter T .

2. The complexity of the Fincke-Pohst method is high.

In other words, our distributed algorithm provides a more efficient solution to the network-

coding design problem.

6.3 Joint Channel Estimation and Active User Recovery

Previously, we assume that the channel coefficients and the set of active users are known

to the APs. (This assumption is also made in [84] and [85] for the single-AP case.) In this

section, we show how to relax this assumption by making use of sparse recovery techniques.

6.3.1 Joint Channel Estimation and Active User Recovery

Let N be the number of clients in the network. Let s` ∈ CT be a unique codeword (signature)

of length T symbols, assigned to the `-th client. This signature is used as the header for every

packet of the `-th client. Clearly, the smaller T is, the lower the overhead. In particular, we

assume that T � N in a dense network. The header of the received signal at the kth AP is

yk =
N∑

`=1
hk`z`s` + n

= SHkz + n , (6.6)

where hk` is the channel coefficient from the `th client to the kth AP, S = [s1| · · · |sN ] is a

matrix whose columns are signatures, Hk ∈ CN×N is a diagonal matrix representing channel

coefficients from users to the kth AP, z ∈ {0, 1}N represents client activity state, i.e., zi = 1
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if client i is active, and zi = 0 if it is inactive, and lastly n ∼ CN (0, σ2I) is additive white

Gaussian noise (AWGN).

The objective of the kth AP is to estimate the set z of active users as well as their

corresponding channel coefficients. Hence, we call it the joint channel coefficient estimation

and active client recovery problem.

6.3.2 Connection with Sparse Recovery

We note that Eq. (6.6) can be rewritten as

yk = Svk + n , (6.7)

where vk = Hkz. The kth AP tries to estimate vk, which contains the information of active

users and their channel coefficients. Clearly, this is a sparse recovery problem as we need to

reconstruct vector vk which a N × 1 high dimensional vector and the columns of matrix S

are T × 1 low dimensional vectors (T � N) representing the signatures.

Compressed sensing (CS) and sparse recovery techniques aim at reconstruction of a high

dimensional sparse vector using a small number of random linear measurements [87]. CS-

based Multi-User Detection (MUD) in the random-access channels have been investigated in

a number of works [88,89]. In [88] the high dimensional vector space is the message space and

the measurements are collided signatures taken from an i.i.d. Gaussian codebook. Capacity

bounds and minimum number of measurements are then characterized for the on-off random

multiple access channel.

Fletcher et. al. [88] used an i.i.d random Gaussian codebook with sequential orthogonal

matching pursuit (SeqOMP) which is analogous to successive interference cancellation de-

coding. For practical applications, however, random codebook matrix incurs large memory

size. Furthermore, the active power shaping proposed in [88] is not a realistic assumption

as users are not aware of the channel coefficients. Alternatively, deterministic codebook

matrices have a much more efficient storage requirement and fast reconstruction/decoding
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time. Reed-Muller codes with a very fast reconstruction algorithm are proposed in [90]. The

complexity of Reed-Muller decoding depends on the number of measurements T and not on

the message space dimension N [90]. So, we propose to use deterministic signatures con-

structed from second-order Reed-Muller codes where the decoding complexity is sub-linear

in the dimension of the message space N .

6.3.3 MUD with Reed-Muller Signatures

The rth-order Reed-Muller code RM(r,m) over F2 for r ≥ 2 is a linear error-correcting code

whose message space consists of degree r polynomials over F2 in m variables [91]. Thus,

each codeword is of length T = 2m symbols over F2. For the details of Reed-Muller code

construction see [92].

Howard et. al. [90] used RM(2,m) to construct a deterministic sensing matrix and pro-

posed a fast reconstruction algorithm. Based on their construction, we assume that each

client is assigned a unique signature of length n bits consisting of two binary vectors b ∈ Zn1

and c ∈ Zn2 . c is then mapped to a m×m symmetric matrix P(c) as follows

P(c) =
n2∑
i=1

ciB(i) mod 2 , (6.8)

where ci is the ith entry of vector c and B(i) is the ith element of the ordered set B of basis

for the space of m×m binary symmetric matrices [93].

Let φb,c be a RM(2,m) codeword, we then have

φb,c(a) = exp
[
jπ
(1

2dTP(c)d + b̃Td
)]

, (6.9)

where b̃ ∈ Zm is formed by padding b with m − n1 zeros, and codewords are indexed by

d ∈ Zm.

For the codebook RM(2,m), the set of basis B of size m(m + 1)/2 can be calculated in

advance and stored at each client where it is used to compute P(c) requiring n2m
2 operations.
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For decoding RM(2,m) we modify the scheme described in Algorithm 4 in [93]. The main

steps of the decoding algorithm are as follows:

1. The first 2m symbols of a client’s packet constitutes its signature which is input to the

Reed-Muller decoder where b̂j and ĉj are then estimated and used to detect an active

client. The detected active client that appears more than any other at the output of

the K APs (majority vote) is then added to the set of current detected active users

whose corresponding codewords form the columns of the matrix SD̂.

2. Channel coefficients hk for all k ∈ {1, · · · , K} are estimated using the set of current

detected active users. The estimation is based on minimization of ‖yk − SD̂hk‖2.

Update the residual signal rk = yk − SD̂hk.

3. If ‖rk‖ < ε for some pre-set small ε > 0 then D̂k is the final estimate of the set of active

users observed by the kth AP. Otherwise the residual signal is used as the input to the

RM decoder. This procedure is repeated for no more than a pre-determined maximum

number of iterations imax or until the energy of the residual signal is below ε; whichever

is satisfied earlier.

4. Finally the APs exchange their set of active users with each other and their intersection

will be the set of current active users based on which the channel coefficients are re-

estimated.

The proposed channel coefficients estimation and active client set detection scheme is

summarized in Algorithm 2.

6.4 A Unified Analysis of Single-AP and Multi-AP Cases

In this section, we will show that, once the AP cooperation problem and the channel esti-

mation problem have been solved, there is a unified perspective on the performance analysis

of the single-AP case and the multi-AP case.
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Algorithm 2 Channel coefficient estimation and active client set detection algorithm
Input: y1, . . . ,yK

Output: Channel coefficients ĥ1, . . . , ĥK , active client set D̂.
1: Initialize: rk = yk, D̂k = ∅, D̂ = ∅
2: for all k ∈ {1, . . . , K} do
3: while i ≤ imax and ‖rk‖2 > ε do
4: Run RM decoder with rk as input to detect the index of a client d.
5: D̂k ← D̂k ∪ {d}
6: Form the matrix SD̂k

by placing the codewords corresponding to D̂k as the columns.
7: Find the channel coefficients:

ĥk ← arg max
hk

‖yk − SD̂k
hk‖2

8: Update the residual rk ← rk − yk

9: end while
10: end for
11: APs’ pass D̂k among themselves over a backhaul link
12: Each AP computes the final set of active users as
D̂ = ∩kD̂k

13: for all k ∈ {1, . . . , K} do
14: Refine channel coeffs. ĥk ← arg max

hk

‖yk − SD̂hk‖2

15: end for
16: return ĥ1, . . . , ĥK and D̂

Let {a∗
k} be an optimal solution to the AP cooperation problem (6.4). Suppose that

there are n active users. Then, the destination is able to recover n original packets as long

as mink Rcomp(a∗
k; hk) > R. Let qn denote the probability that these n original packets are

recoverable. Then, we have

qn = P
[
min

k
Rcomp(a∗

k; hk) > R
]
, (6.10)

where the probability is taken over the choice of {hk}.

Clearly, these success probabilities {qn} abstract the decoding operations at multiple

APs, and thus determine the throughput and delay performance. In this sense, a multi-

AP system can be viewed as a single-AP system with success probabilities {qn} computed in
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(6.10) (rather than calculated in (6.3)). With this perspective, we can apply Proposition 4.3.5

and Proposition 4.3.7 to our multi-AP scenario, obtaining accurate throughput and delay

expressions. These expressions can then be used as a theoretical guideline to tune the

transmission probabilities {pv} and to characterize the advantages of C&F-based CSMA

protocols over conventional CSMA. We will illustrate the first point through the following

example. The second point is discussed in the next section.

Example 13 Consider a 2-class network where N1 users belong to class 1 and N2 users

are in class 2 with fixed arrival rates λ1 and λ2 respectively. Suppose that we want the clients

in both classes to experience the same total delay, i.e., T1 = T2. To achieve this, we first

compute x∗
1 and x∗

2 as we did in example one. From (4.17) for v ∈ {1, 2} we then have

ρ∗
v =

Tv − τ−1
2

(
1− P IDLE(x∗

1, x
∗
2)
)

Tv + 1
λv
− 1

τ

,

Finally p∗
v = x∗

v

ρ∗
v

gives the proper transmission probabilities such that all clients experience

identical total delay.

6.5 Trace-Driven Simulations

To understand the performance of C&F-based CSMA protocols under realistic channel vari-

ations, we conduct simulations using a real-world channel condition trace [83]. The trace,

collected from a 44-node wireless network in an office area, contains over 9300 measured

channel impulse responses (CIR) for a total of 44× 43 = 1892 pair-wise links.

We strategically pick 2 nodes as 2 APs, and the remaining 42 nodes as wireless users.

Furthermore, we assume that 2/3 of the users are in class 1 (N1 = 28) and the rest are

class-2 users (N2 = 14). The transmission of a packet is assumed to take τ = 10 time slots.

During the subsequent simulations, we generate channel coefficients for these sender-receiver

(client-AP) pairs based on the statistics obtained from the trace. Specifically, for each client-

AP pair, we first collect all the measured CIRs from the trace, based on which we estimate

the variance of its channel gains. The estimated variance captures the large-scale fading
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Figure 6.2: Single AP v.s. multi-AP aggregate throughput for the 2-class network with
τ = 10, p2 = 1/42, N1 = 28 and N2 = 14.

effect (i.e., the path loss) [94]. To model the small-scale fading effect, we use the Rayleigh

fading model [94]. Based on the traces we compute the conditional probabilities for the 2-AP

scenario as q1 = 0.9946, q2 = 0.8800.

We first look at the network aggregate throughput for single AP and multi-AP scenarios.

Fig. 6.2 illustrates the network aggregate throughput for class-1 users while varying the

transmission probability of class-1 users with the transmission probability of class-2 users

fixed at p2 = 1/42. It can be seen that depending on the traffic load in class-1 and class-2,

either class or both can become stable or unstable, and the aggregate throughput closely

matches our analytical result. In addition, the multi-AP scheme offers a better aggregate

throughput compared to single-AP case as a result of AP cooperation.

We then compare the delay performance for single AP and multi-AP scenarios. Fig. 6.3

depicts the total delay experienced by a packet in the two-class network. It is evident that

the delay analysis matches the simulations for both classes quite well. The multi-AP scenario

also supports higher arrival rates for a given finite delay. Note that the delay performance is
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Figure 6.3: Total delay of a packet for the 2-class network. The simulation setup is the same
as that of Fig. 6.2.

given for each class separately. In other words, the simple expression provided for the total

delay enables us to compute the delay for a user in any class. This is very helpful for system

designers—as we have seen in the previous two examples presented in Section 6.4—to tune

system parameters like transmission probabilities.

Next, we compare the aggregate throughput performance of C&F-based CSMA with

that of conventional CSMA in Fig. 6.4. The performance gain we obtain by using C&F is

considerably good. For instance, in λ1 = 0.015 and λ2 = 0.015, the CSMA with C&F gives a

much higher aggregate throughput for a larger range of transmission probabilities of class-1

users. As an example, at p1 = 0.1, aggregate throughput offered by the multi-AP scenario

with C&F-based CSMA is 4.7 times greater than that of conventional CSMA, indicating

that the throughput scales well with our C&F-based scheme.

Finally, we look into the benefit of AP cooperation as opposed to a non-cooperative multi-

AP case where each AP decodes the most reliable linear combination independently and then

forwards it to the central controller. As can be seen in Fig. 6.5, the cooperation between
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Figure 6.4: C&F-based CSMA compared with conventional CSMA in network aggregate
throughput. The simulation setup is the same as that of Fig. 6.2.

the two AP’s improves the network aggregate throughput significantly. The reason is that

when AP’s cooperate with each other their decoded linear combinations are more likely to be

linearly independent and thus collision can be resolved by the central controller. However,

in the non-cooperative scheme there is a higher chance of linear dependence between the

decoded linear combinations. With a small cooperation overhead, therefore, the throughput

scales well thanks to the C&F decoding technique.

6.6 Alternative Physical-Layer Techniques

Reasonable alternatives to C&F may include physical-layer network coding (PNC) [11], mul-

tiuser detection via successive interference cancellation (SIC) [95], and ZigZag decoding [96].

However, they are not particularly suitable for multi-AP scenarios. Conventional PNC de-

codes an XOR-combination from a collision [11]. In a two-AP setup, even if both APs are

able to decode the XOR of the colliding packets, the controller cannot recover the individual

packets due to the linear dependency.
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Figure 6.5: Aggregate throughput comparison between the cooperation scheme and non-
cooperation in a 2-AP scenario. The simulation setup is the same as that of Fig. 6.2.

An SIC receiver attempts to recover all packets from a single collision. In many instances,

this may not be possible, even though it might still be possible in such instances to decode

one linear combination of the colliding packets (clearly an “easier” problem, and the one

solved by C&F).

ZigZag decoding makes use of multiple collisions by exploiting distinct temporal offsets in

different collisions. If ZigZag decoding is used in a two-AP setup, each AP must wait for at

least two collisions in order to recover the colliding packets. In sharp contrast, C&F exploits

spatial diversity and can reconstruct the colliding packets from a single collision.

6.7 Summary

C&F is a promising physical-layer technique that has a potential to greatly improve network

throughput. Unlike most prior work that focuses on information-theoretic analysis and

encoding-decoding methods of C&F, we have explored the use of C&F in random-access

networks, taking into account several important practical constraints. In this chapter, we
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extend the single-AP random access scenario to the multi-AP case where APs are allowed

to cooperate with each other. In particular, we have identified two major challenges and

developed novel solutions. Furthermore, we have provided accurate throughput and delay

expressions for C&F-based CSMA systems. Using these expressions, together with our trace-

driven simulations, the significant advantages of C&F-based CSMA over conventional CSMA

are demonstrated.
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Chapter 7

CONCLUDING REMARKS

Understanding the behavior of random access networks — even under collision assump-

tion — is a difficult problem that has resisted a full understanding over the years. This

dissertation proposes a mean-field approach for the analysis of stability and performance of

random access systems over multi-packet reception (MPR) channels. We solve the problem

for the special case of all-or-nothing MPR channel as well as symmetric MPR channel model

which is promising due to its connection to symmetric MPR techniques such as compute-and-

forward, successive compute-and-forward and successive interference cancellation. It appears

that mean-field technique is a key tool to better understand the behavior of random access

protocols and provide actual guidelines for system design.

We conclude by outlining the main contributions of this thesis.

7.1 Contributions

I. Slotted ALOHA with All-or-Nothing Multi-packet Reception Most of the analysis of sta-

bility conditions of random access schemes — for both MPR and non-MPR channels —

have focused on homogeneous networks. We apply the mean-field approach to solve the

special case of all-or-nothing and symmetric MPR channel models for inhomogeneous

networks with V classes. We analyze the slotted ALOHA protocol as the simplest ran-

dom access scheme and develop a sample-path-based mean-field analysis. It turns out

that the behavior of slotted ALOHA over all-or-nothing channels can be described by

a deterministic dynamical system composed of a set of V coupled ordinary differential

equations representing M/M/1 queues. The solution to the dynamical system yields

a solution for the trajectory of the underlying stochastic process in the large users
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limit and provides a very good approximation for the finite system case even when the

number of users is small.

Exploring the meta-stability of MPR-based slotted ALOHA was another key objec-

tive. This is undesired in practical systems as it impedes provisioning of quality of

service guarantees. Yet, the mean-field approach enables identifying constraints on the

physical-layer that avoids meta-stability. In other words, our results provide design cri-

teria for lattice code design such that a slotted ALOHA system with symmetric MPR

model becomes globally stable. In addition, the stability results provide the means for

system performance analysis in terms of throughput and delay.

II. CSMA with All-or-Nothing Multi-packet Reception

The mean-field approach applied to MPR-based slotted ALOHA provides a starting

point for the analysis of more advanced random access schemes like Carrier Sense Mul-

tiple Access (CSMA). The problem of persistent CSMA with all-or-nothing MPR is

studied. Again, our focus is on the inhomogeneous case (as opposed to the homoge-

neous case where all the mobile users are assumed to have identical packet arrival rates

and transmission probabilities) as it remains largely open in the literature. In this dis-

sertation, we take a first step towards this open problem by deriving an approximation

for the stability region as well as throughput and delay expressions for inhomogeneous

CSMA, focusing on the all-or-nothing symmetric MPR. Interestingly, this family of

MPR models is general enough to include a number of useful MPR scenarios —such as

successive interference cancellation (SIC), compute-and-forward (C&F), and successive

compute-and-forward (SCF)—as special cases. Based on these throughput and delay

expressions, we provide theoretical guidelines for meeting quality-of-service require-

ments and for achieving global stability; we also evaluate the performances of various

MPR techniques, highlighting the clear advantages offered by SCF.

III. CSMA with Random Back-off
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We then extend the CSMA system model to a scenario where users are saturated, i.e.,

every user has a packet to transmit at all times, and use a back-off mechanism to

reduce the probability of collision. In the CSMA with back-off model, the transmission

probability of a user is determined by its back-off stage. With mean-field technique

we analyze the two cases of finite and infinite number of back-off stages and find the

stationary (invariant) probability of a user’s back-off stage. In addition, it is shown

that the mean-field approximation for these cases is quite accurate.

IV. The Multiple AP Case

The final extension studied is the multi-AP scenario where multiple APs cooperate with

each other to resolve collision in a CSMA system over all-or-nothing MPR channel

model. This is an interesting problem given the growth in the number of wireless

subscribers and the consequent dense deployments of WLANs. The extension from

single AP to multi-AP scenario posed two new challenges. In particular, a new efficient

distributed scheme is developed for collision resolution. In addition, an algorithm based

on spare recovery technique is proposed for joint channel estimation and active user

recovery. The AP cooperation problem is closely related to the network-coding design

problem. As we have shown in Chapter 6 (Section 6.2.4), our distributed solution to

AP cooperation makes a particular use of the structure of the problem, and so is more

computational efficient than existing solutions to the network-coding design problem.

From a theoretical perspective, this study dealt with major challenges in analyzing slotted

ALOHA and persistent CSMA random access schemes which remained open problems for

years. The seminal work by Bordenave et. al. [29] on slotted ALOHA with collision model

paved the way for further analysis of such schemes. We exploit a mean-field approach – as

used by [29] – to tackle the problem of random access under MPR assumption and provide

solution to special cases. This problem is still challenging enough that we have to focus on

all-or-nothing and symmetric MPR channel models.
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On the practical side, the adoption of Multi-user Multiple-Input Multiple-Output (MIMO)

techniques for the uplink in recent releases of IEEE 802.11 standard indicates great interest

in incorporating advanced signal processing techniques to mitigate interference in receivers.

Along this line, some studies [97–100] on slotted ALOHA with interference cancellation have

been proposed.

7.2 What is Next?

We expect more work both on the theory and practice of random access protocols and spe-

cially on more advanced versions of such protocols. In spite of decades of research on random

access protocols and their performance, a thorough understanding of even the simplest pro-

tocols of this kind is lacking. We believe that our key proposal in this thesis is the use of

mean-field technique to analyze MPR-based random access schemes. We have studied the

slotted ALOHA and persistent CSMA as well as a couple extensions. It would be interesting

to see if the mean-field framework presented here can be extended to the case of CSMA with

back-off in presence of random arrival under the all-or-nothing MPR assumption. This is a

case which has the most similarity to the IEEE 802.11 CSMA protocol.

All the random access schemes in this thesis assume an all-or-nothing or symmetric MPR

channel model. Although these models are still general enough to include a number of MPR

techniques, we hope to see results for the general case of asymmetric MPR.

The meta-stability phenomenon studied in this thesis can be further studied by computing

the average time interval between fluctuations due to the existence multiple stable states in

random access systems. For example, it would be interesting to see how MPR model affects

the average time between consecutive oscillations in a bi-stable CSMA system. Perhaps large

deviation theory is the proper tool for developing such results.

Finally, our multi-AP system model studied in Chapter 6 assumes a single-cell scenario

where collisions occur among the users within a single cell. In practical scenarios however, due

to dense deployment of multi-cell WLANs, there are overlapping cells and hence there exist

collisions between users associated with different APs. It is worth relaxing this assumption
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and study cooperation schemes to cope up with such scenarios and yet achieve throughput

and delay benefits offered by MPR-based protocols.
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Appendix A

PROOFS FOR CHAPTER 3

A.1 Proof of Theorem 3.4.5 (Stability of Finite System)

In Theorem 3.4.2 we provided the necessary and sufficient conditions for the stability of

ODEs corresponding to the scaled process in the limit. We now show that the stability of

the original finite system can be inferred from exactly the same conditions. To this end,

we follow a proof technique similar to that in [29] which is based on a dominant system

argument.

A.1.1 Sufficiency:

First we note that an alternative representation of the stability region of the ODE is possible

by using simpler sets. Let

Λ∞(ααα, V ) =
{
λλλ ∈ RV

+ : ∃ρρρ ∈ [0, 1]V , λv = ρvpvχααα(σ)e−σ
}
, (A.1)

where ααα = (α1, · · · , αK), χααα(σ) = ∑K
i=1 αi

qi

(i−1)!σ
i−1 and σ = ∑

v βvρvpv. Λ∞(ααα, V ) is the

stability region of the limiting system assuming that with the probability αi the AP decoding

threshold is i ∈ {1, · · · , K}. The alternative representation of the stability region of limiting

system Λ∞(ααα, V ) is presented the following proposition. Define

∂vΛ(ααα, V ) ,
{
λλλ ∈ RV

+ : ∃ρρρ ∈ ∂v[0, 1]V , λv = ρvpvχααα(σ)e−σ
}
, (A.2)

and let Λ(ααα, V ) be the region below one of the V boundaries defined above.
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Proposition A.1.1 If

∑
v∈V

βvpv < γ∗, (A.3)

then

Λ(ααα, V ) = Λ∞(ααα, V ). (A.4)

Proof. Let zv = ρvpv for all v ∈ V . Define 〈β, z〉 , ∑
u βuzu where βT = (β1, · · · , βV ) and

zT = (z1, · · · , zV ). Define the V -dimensional mapping g : [0, p1]× · · · × [0, pV ] → Λ∞(ααα, V )

with the coordinatewise functions as

gv(z) = zvχααα(〈β, z〉)e−〈β,z〉 ∀ v ∈ V . (A.5)

The proof relies on Inverse Function Theorem according to which the determinant of the Ja-

cobian matrix of the above mapping has to be non-zero. Let ∇T
z f = (∂f/∂z1, · · · , ∂f/∂zV ).

The Jacobian is

J =
(
IV χααα(〈β, z〉)− z

(
βTχααα(〈β, z〉)−∇T

z χααα(〈β, z〉)
))
e−〈β,z〉 ,

The matrix z
(
βTχααα(〈β, z〉)−∇T

z χααα(〈β, z〉)
)

is a rank one matrix with an eigenvalue equal to

〈β, z〉χααα(〈β, z〉)−〈∇zχααα(〈β, z〉), z〉 and V −1 eigenvalues equal to one. Hence the determinant

of J is

det(J) = ((1− 〈β, z〉)χααα(〈β, z〉) + 〈∇zχααα(〈β, z〉), z〉) e−〈β,z〉 .

Furthermore

∂χααα(〈β, z〉)
∂zv

=
(
α2q2 + α3q3

1! 〈β, z〉+ · · ·+ αKqK

(K − 2)!〈β, z〉
K−2

)
βv ∀ v ∈ V .
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Hence

det(J) =
(

(1− σ)χααα(σ) + σ
∂χααα(σ)
∂σ

)
e−〈β,z〉 ,

and

ψ(σ) , (1− σ)χααα(σ) + σ
∂χααα(σ)
∂σ

=
K∑

i=0

(i+ 1)αi+1qi+1 − iαiqi

i! σi (A.6)

were q0 = qK+1 = 0. According to Theorem 3.5.1 forααα = 111, ψ(σ) has exactly one positive root

which is γ∗. For certain ααα (arising from the induction argument following this proposition),

we claim that (A.6) can be written as ψ(σ + βvpv). As a result, γ∗ − βvpv is the root of

ψ(σ + βvpv), hence as long as σ < γ∗ − βvpv the Jacobian is always non-zero. So, we must

have

σ =
∑

v

βvρvpv

≤
∑

v

βvpv

≤ γ∗ ,

to ensure bijectivity and continuity of the mapping. ut

Proposition A.1.1 basically gives a sufficient condition for function g to be a one-to-one

mapping between the boundary of the stability region of the limiting system and the union

of the surfaces defined in (A.2). Let λλλV = (λ1, · · · , λV ). Define Λ̂(ααα, V ) as the region below

the following boundaries

∂vΛ̂N(ααα, V ) =
{
λλλ ∈ RV

+ : ∃ρρρ ∈ ∂v[0, 1]V , λu = ρupu

1− ρupu/N

×
∏
w

(1− ρwpw/N)βN
w N χααα

( ∑
w∈V

ρwpw/N

1− ρwpw/N
βN

w N

)
∀u ∈ V

}
.

It is clear that λλλN + ε111N ∈ Λ̂N iff λλλV + ε111V ∈ Λ̂N(111K , V ). Then by induction on V
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the stability is shown. For V = 1 the result is already known as we have a homogeneous

network [33]. We assume that the result holds for |V| ≤ V classes. For the V + 1 case, we

note that λλλV +1 + ε111V +1 ∈ Λ̂N(111, V + 1) = Λ(111, V + 1) for large enough N . Further, there

exists ρρρ ∈ ∂v[0, 1]V +1 and a rate vector such that

λu = ρupuχαααv(σv)e−σv for u 6= v (A.7)

λv + ε ≤ pvχαααv(σv)e−σv , (A.8)

where σv = σ − βvpv and αααv = (α1,v, · · · , αK,v) whose elements αi,v’s can be computed as a

function of βv, pv and ρv. The Jacobian associated with αααv results in ψ(σv + βvpv) . Now let

us look at the queues not in class v. There exists a small ε > 0 and a large enough N such

that

λλλV +1
−v + ε111V +1 ∈ Λ̂N

(
αααN

v , V
)
, (A.9)

where λλλV +1
−v is the arrival rate vector with λv removed, αααN

v is a vector similar to αααv but for the

finite system. In other words, we switch from the stability region of the dynamical system to

that of the finite system by properly choosing ε and N . Now we consider a dominant system

where all queues in class v are saturated. By the induction hypothesis the original subsystem

(system without class-v queues) is stable and the corresponding steady state distribution is

tight. Then according to Theorem 3.4.2 we see that the limiting subsystem corresponding

to the network of queues not in class v is stable.

So we have two systems (with class-v queues removed): one is the original system, another

one is the dominant system. Both share the same mapping from ∂v[0, 1]V to two regions.

If this mapping is bijective then the non-empty probability ρu, and σ’s of the two systems

will be equal. Therefore, we assume that the mapping is bijective (Proposition A.1.1) and

this enables us to relate the stability region of the dominant system to that of the dynamical

system. The case of class-v queues is identical to the stability analysis of a homogeneous
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network (V = 1) with redefined number of users and AP decoding threshold probabilities.

A.1.2 Necessity:

Observe that when λλλV − ε111V /∈ Λ(111K , V ) then there exists a constant 0 < c < 1 and ε > 0

such that cλλλV
−v + ε111V −1 ∈ ∂vΛ(αααv, V − 1) and

λv > pvχαααv(σv)e−σv + ε .

We pick an arrival vector λλλV − ε111V /∈ Λ(111K , V ). There exists some ε′ > 0 and Nε′ such that

λλλV
−v + ε′111V ∈ Λ̂N

(
αααN

v , V − 1
)
, (A.10)

λv > pvχαααv(σv)e−σv + ε′, (A.11)

with αi = 1 for all i ∈ {1, · · · , K}.

Pick a class-v queue, say user i. Consider a dominant system where all the queues from

class v except user i are saturated. Define a stopping time for user i in the dominant system

and look at the evolution of queue-length for user i. Let Ai(t) and Di(t) represent user i’s

arrivals and departures up to time t. From (A.11) and the law of large numbers we have

lim
t→∞

(Ai(t)/t−Di(t)/t) > ε′/N . (A.12)

Therefore, there exists a t0 such that for all t > t0

Ai(t)−Di(t) > ε′t/N . (A.13)

Define a stopping time for user i as follows

TN
i = inf

{
t ∈ R+ : XN

i (t) < ε′t/N
}
.
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The stopping time event occurs if the queue-length of user i falls below ε′t/N threshold (not

saturated). In fact we look at the queue-length evolution and compare it to the line ε′t/N

as time goes on. If P(TN
i =∞) > 1− δ then the queue-length of user i becomes unbounded.

Now consider a dominant system where class-v queues are saturated. We note that this

system is coupled to the original system only in [0, t]. Then the queues not in class v are

stable based on the argument we did in the sufficiency part. It then suffices to pick a large

enough initial queue-length for the class-v queues such that the queue-length of user i does

not drop below the threshold. For a sufficiently large queue-length for class-v users at t = 0

there exists a δ > 0 such that

P(TN
i =∞) > 1− δ ,

which implies that the system is transient.

A.2 Proof of Theorem 3.4.2 (Stability of Fluid Model: Limiting System)

The dynamical system (3.12) can be interpreted as Kolmogorov equation of an M/M/1

queue with state-dependent arrival rate and service rate. Let X = (X1, X2, · · · , XV ) and

Y = (Y1, Y2, · · · , YV ) be random variables in RV
+ whose entries are buffer (queue) lengths for

two systems. Let X(t) and Y (t) be the random vectors at time t. Let QX(t) and QY (t) be

the tail distributions of the queue-lengths at t ≥ 0 corresponding to system X and system

Y , respectively. The following lemma shows that queue-length evolution has a monotone

property.

Lemma A.2.1(Monotonicity of Q(t)) If QX(0)4st Q
Y (0) then QX(t)4st Q

Y (t) for any

t > 0 and all 1 ≤ i ≤ N . Moreover, QX(t1)4st Q
X(t2) for any t2 ≥ t1.

Proof. Let X̃(t) = X(t) and define Ỹ (t) such that Ỹ (t) and Y (t) are identically distributed.

We establish a coupling between X̃(t) and Ỹ (t).

We know that QX(0)4st Q
Y (0). Denote by F1 and F2 the cumulative distribution func-

tion corresponding to QX(0) and QY (0), respectively. Let U ∼ U [0, 1] be a uniformly dis-

tributed random variable. Then X̃i(0) = F−1
1 (U) ≤ F−1

2 (U) = F−1
2 (F2(Ỹi(0))) = Ỹi(0) for
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all 1 ≤ i ≤ N .

Suppose that arrivals occur at the beginning of each time slot and departures occur at an

arbitrary small time ε, before the start of a time slot. Let 0 < t1 < t2 < · · · < tn−1 < tn < · · ·

be the values of arrival times and potential departure times. We now construct a coupling

between the two systems (X̃(t), Ỹ (t)) such that for any sample path (sequence of arrivals

and departures) the claim holds. We already have X̃(0) ≤ Ỹ (0). Suppose that X̃(t) ≤ Ỹ (t)

for all tn−1 < t < tn for some n ≥ 1. We show that X̃(tn+1)4st Ỹ (tn+1). First, suppose

that tn is an arrival time and that the arrival occurs on the jth longest queue of X̃(t). We

couple Ỹ to X̃ by assuming that the arrival occurs on the jth longest queue of Ỹ (t). Clearly

X̃j(tn+1) = X̃j(tn) + 1 ≤ Ỹj(tn) + 1 = Ỹj(tn+1). Next suppose that tn is a departure time.

Further suppose that we have k nonempty queues of Ỹ (t), thus there are at most k nonempty

queues of X̃(t). Number X̃ and Ỹ systems in a descending order of their queue-lengths, so,

the first k queues of Ỹ are non-empty and at most the first k queues of X̃. We assume if a

departure occurs at the jth queue of X̃(t) the same holds for Ỹ (t). Then

X̃(tn+1) = X̃(tn)− 1{X̃(tn)>0}

≤ Ỹ (tn)− 1{Ỹ (tn)>0}

= Ỹ (tn+1) .

The same argument holds when multiple departures occur.

Now suppose that at time t1, system Y starts with empty queues and systemX starts with

QX(t1) = QY (t2) for t2 ≥ t1. By monotonicity property as proved above, QX(t2)<st Q
Y (t2) =

QX(t1). ut

Now we prove Theorem 3.4.2.
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A.2.1 Necessary Conditions:

From Proposition 3.4.1, the workload drift ∆(γ) = 0 admits invariant states only if∑v βvλv <

ζ(γ∗). This gives us the first necessary condition as in (3.17). Now assume the following two

cases:

1. ∑v βvpv < γ: From (3.10), γ(t) < γ(λ, q) for all t. In a stable system γ(t) can only

converge to either γ(λ, q) or γ(λ, q). Since γ(t) < γ(λ, q) then γ can potentially con-

verge to γ(λ, q) (The proof of convergence is provided in the next section) in which case

each queue behaves as an M/M/1 queue with service rate pvχ(γ)e−γ whose stability

necessitates (3.19). Otherwise if λv > pvχ(γ)e−γ then some queues will be unstable.

Let us assume that all the queues are stable, we show this results in contradiction.

From the proof for the sufficiency (see below) we know that γ → C as t → ∞ if the

system is initialized with empty queues and is stable.

C =
∑

v

βvpv

(
1− λv

pvχ(C)e−C

)
.

We should have λv < pvχ(C)e−C for all v ∈ V . But λv > pvχ(γ)e−γ for some v which

implies that C < γ. Thus dW (t)/dt > 0 and the workload diverges which contradicts

the stability assumption. So some queues are indeed unstable.

2. ∑v βvpv ≥ γ: Depending on the initial condition of the queues, γ may converge to

either γ or γ. The former occurs if the system begins with empty queues and the latter

can be achieved if the initial condition of the queues is stationary distribution of an

M/M/1 queue with service rate pvχ(γ)e−γ. Thus the system does not have a unique

stable point, i.e., is not globally stable.

A.2.2 Sufficient Conditions:

We use superscript µ as in γµ(t) to show that the system starts with queue-length values

generated by the measure µ. When the system is initially empty we use µ = 0. Suppose
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that queues are all empty at t = 0. From (3.10) we have γ0(0) = 0. From Lemma A.2.1 we

have Q0
v(t1)4st Q

0
v(t2) for t2 ≥ t1 and all v ∈ V . Thus γ0(t) is non-decreasing. W 0(t) is also

a non-decreasing function as W 0(t) = ∑
k≥0 Q

0
v,k(t), hence from (3.14) for all t ≥ 0:

d
dtW (t) ≥ 0⇒

∑
v

βvλv ≥ χ(γ0(t))e−γ0(t) . (A.14)

Furthermore, γ0(t) is a bounded function, γ0(t) ≤ ∑v βvpv for all t ≥ 0, thus it converges

to some C from below γ0(t) ↑ C as t → +∞ and C ≤ γ(λ, q) otherwise from (A.14),
d
dt
W (t) < 0 which is contradiction. Therefore, for all v ∈ V :

λv < pvχ
(
γ(λ, q)

)
e−γ(λ,q)

≤ pvχ(C)e−C ,

which implies that a single M/M/1 queue of class v is stable (W 0(∞) <∞) and the proba-

bility that the queue is non-empty (utilization) is

ρv = λv

pvχ(C)e−C
. (A.15)

Finally,

C = γ(0)(∞)

=
∑

n

βvpvρv

=
∑

v

βvpv
λv

pvχ(C)e−C
,

thus Cχ(C)e−C = ∑
v βvλv and therefore C = γ(λ, q).

Now we turn to the case where initial queue-length distribution is not the zero measure.

Suppose

Qv(0)�st Q
u
v(0)<st Qv

(0)<st Q
l
v(0)
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which implies that

γ > γu(t) ≥ γ ≥ γl(t) ≥ γ0(t) .

Starting from (3.14) we have

d
dtW

u(t) =
∑

v

βvλv − γu(t)χ(γu(t))e−γu(t)

= λ− λ+ γ(t)χ(γ(t))e−γ(t) − γu(t)χ(γu(t))e−γu(t)

= ζ(γ)− ζ(γu(t)) .

ζ is a Lipschitz function so there exists an M > 0 such that

d
dtW

u(t) = ζ(γ)− ζ(γu(t)) (A.16)

≤M(γ − γu(t)) . (A.17)

(A.16) implies that limt→∞ γu(t) = γ. To see why this is true we write

M
∫ ∞

0
(γu(t)− γ)dt ≤ W u(0)−W u(∞)

(a)
≤ W u(0)−W 0(∞)

<∞ ,

where in (a) we used the fact that Qu
v(t)<st Q

0
v
(t) and thus W u(t) ≥ W 0(t) for all v ∈ V and

t ≥ 0. Since γu(t) ≥ γ we must have

lim
t→∞

γu(t) = γ .

By a similar argument we have

lim
t→∞

γl(t) = γ .

The convergence of γ(t) to γ implies again that the system is indeed a network of M/M/1
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queues and the rest of the argument is the same as the case where queues are initially empty.

This completes the proof.

A.3 Proof of Theorem 3.5.1 (Meta-Stability)

We note that ζ(γ) has exactly one positive extremum if the first order derivative of the

function has only one positive root. Thus,

p(γ) , q1 +
K+1∑
k=2

kqk − (k − 1)qk−1

(k − 1)! γk−1 = 0 (A.18)

Equation (A.18) is a degree K polynomial in γ. The first and last coefficients of this polyno-

mial are positive and negative respectively. According to Descartes’ rule of sign the number of

positive roots of a polynomial with real coefficients ordered by descending variable exponent

is either equal to the number of sign differences between consecutive nonzero coefficients, or

is less than it by an even number. For (A.18) to have one positive root, it is sufficient to

have one sign difference. Equivalently, all the coefficients (kqk − (k− 1)qk−1)/(k− 1)! for all

2 ≤ k ≤ K should be either all positive or all negative which yields the lemma. We assume

that kqk− (k−1)qk−1 ≥ 0. Moreover, p(0) > 0 and for any large enough γ we have p(γ) < 0.

So p(γ) has one positive root. Finally, if γ < γ∗ then the system cannot be bi-stable (see

Fig. 3.4).

A.4 Proof of Theorem 3.7.3 (Total Delay of All-or-Nothing Slotted ALOHA)

Suppose that there are n packets in the buffer of a class-v queue upon the arrival of a new

packet. Denote by πv,n the stationary distribution of the state (queue-length) of a class-v

queue immediately before an arrival. Let π′
v,n be the stationary distribution at the end of

the following time slot. The the following relationships hold

π′
v,n =


πv,nP

SUCC
v (ρρρ∗) + (1− P SUCC

v (ρρρ(N)))πv,n−1 if n > 0

πv,0P
SUCC
v (ρρρ∗) if n = 0
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Let Tv(n) represent the packet delay of a class-v user conditioned on its queue-length being n.

Furthermore, let X(N)
v be the queue-length of a class-v user. Clearly Tv(n) = (n+1)Dv,ALOHA.

Let ρρρ∗ be the vector of non-empty probabilities when the system is in steady state. The

average total delay Tv,ALOHA is

Tv,ALOHA =
∑
n≥0

Tv(n)π′
v,n

= Dv,ALOHAπv,0 +
∑
n>0

(n+ 1)Dv,ALOHA
(
πv,nP

SUCC
v (ρρρ∗) + (1− P SUCC

v (ρρρ∗))πv,n−1
)

= Dv,ALOHA
(
πv,0P

SUCC
v (ρρρ∗) + E

[
X(N)

v

]
P SUCC

v (ρρρ∗) + (1− P SUCC
v (ρρρ∗))

(
1 + E

[
X(N)

v

]))
= Dv,ALOHAE

[
X(N)

v

]
+ πv,0 +Dv,ALOHA

(
1− λv

ρ∗
v

)
(a)= Dv,ALOHAλvTv,ALOHA + ρ∗

v

λv

− ρ∗
v .

Note that in (a) we used the Little’s law E
[
X(N)

v

]
= λvTv,ALOHA. This completes the proof.

A.5 Proof of Theorem 3.4.3 (Convergence in the Transient Regime)

For a process {X(n)}n∈Z+ , we use X(N)(t) to denote the scaled process at time t ∈ R+ where

we look at the state of the system at time slot n = bNtc.

X(N)(t) = X(bNtc)

We use a sample-path based approach to prove the convergence. We show that over any

finite interval, any sub-sequence of W (N)
v (t) for all v ∈ V admits a further sub-sequence that

converges coordinate-wise to a Lipschitz-continuous function.

Let A(N)(t) and D(N)(t) be the cumulative arrival and departure processes at time t.

Upon every arrival or departure A(N)(t) and D(N)(t) will change by 1
N

. We therefore have

W
(N)
v,` (t) = W

(N)
v,` (0) + A

(N)
v,` (t)−D(N)

v,` (t)
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Proposition A.5.1 Fix T > 0 and v ∈ V . There exist Lipschitz functions wv(t), av(t),

dv(t), and an increasing sequence {Nk}k∈Z+ ⊂ N such that

lim
Nk→∞

∥∥∥W (Nk)
v (t)− wv(t)

∥∥∥
T

= 0

lim
Nk→∞

∥∥∥A(Nk)
v (t)− av(t)

∥∥∥
T

= 0

lim
Nk→∞

∥∥∥D(Nk)
v (t)− dv(t)

∥∥∥
T

= 0

Proof. We have

Av,`(m) = Av,`(m− 1) + 1
N

NQ
(N)
v,`−1(m)∑
j=1

1{uj(m)<λv/N}

Dv,`(m) = Dv,`(m− 1) +
NQ

(N)
v,`+1(m)∑
j=1

1{
uj(m)<µ

(N)
v,`

(
k,Q

(N)
v,`+1(m)

)
/N

}
where uj(m) ∼ U [0, 1]. We then write

∣∣∣W (N)
v,` (t2)−W (N)

v,` (t1)
∣∣∣ ≤ ∣∣∣A(N)

v,` (t2)− A(N)
v,` (t1)

∣∣∣+ ∣∣∣D(N)
v,` (t2)−D(N)

v,` (t1)
∣∣∣

= 1
N

 bNt2c∑
m=bNt1c+1

NQ
(N)
v,`−1(m)∑
j=1

1{uj(m)<λv/N} +
bNt2c∑

m=bNt1c+1

NQ
(N)
v,`−1(m)∑
j=1

1{
uj(m)<µ

(N)
v,`

(
Q

(N)
v,`−1(m)

)
/N

}


≤ 1
N

 N∑
j=1

bNt2c∑
m=bNt1c+1

1{uj(m)<λv/N} +
N∑

j=1

bNt2c∑
m=bNt1c+1

1{
uj(m)<µ

(N)
v,`

(
Q

(N)
v,`−1(m)

)
/N

}
(a)
≤ (λv + µ̄v,`)(t2 − t1) + δN , (A.19)

where (a) follows from the functional law of large numbers for the cumulative arrival and

service processes and that there exist a positive sequence {δN}N∈N with δN → 0 as N →∞

such that for all t1, t2 ∈ [0, T ] and t2 > t1, (A.19) holds.

Now consider any subsequence {W (Nj)
v,` (t)}j∈N. Using limN→∞

∥∥∥W (N)
v (0)− wv(0)

∥∥∥ = 0,

and (A.19) it can then be shown that there exists a further subsequence convergent to a
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Lipschitz function. That is

lim
s→∞

∥∥∥W (Njs )
v (t)− wv(t)

∥∥∥
T

= 0 .

So far we showed that each coordinate of W (Nj)
v (t) admits a limit point. Next we construct

the limit point of W (Nj)
v (t). This can be achieved by using a family of nested sequences

{N i
j}i,j∈N such that {N i

j}j∈N is a subsequence of {N i−1
j }j∈N. Let wv,1(t) be the Lipschitz

continuous limit point of {W (Nv,1)(t)}. So there exits a subsequence {W (N1
j )

v,1 (t)}j∈N convergent

to wv,1(t). Define the limit point wv(t) = [wv,1(t), wv,2(t), · · · ] where wv,i(t) is the limit point

of {W (N i
j)

v,i (t)}j∈N. By definition we have

0 ≤ W
(N)
v,` (t) ≤ W

(N)
v,1 (t) ∀ ` ≥ 1, v ∈ V , t ∈ [0, T ]

which implies that 0 ≤ wv,`(t) ≤ wv,1(t) for all v ∈ V and t ∈ [0, T ]. Define c1 , maxv λv +

µ̄v,`. We then have

sup
t∈[0,T ]

wv,`(t) ≤ sup
t∈[0,T ]

wv,1(t) ≤ wv,1(0) + c1T .

Let N1 = 1. Define

N` = min
{
N : N ≥ N`−1, sup

0≤l≤`

∥∥∥W (N)
v,l (t)− wv,l(t)

∥∥∥
T
≤ 1
`
, ∀v ∈ V

}
.

For ` ≥ 2 we then have

∥∥∥W (N`)
v (t)− wv(t)

∥∥∥
T

= sup
t∈[0,T ]

√√√√ ∞∑
l=1

∣∣∣W (N`)
v,l (t)− wv,l(t)

∣∣∣2 2−l

≤ 1
`

√√√√∑̀
l=0

2−l +
√√√√ ∞∑

l=`+1
2−l(wv,1(0) + c1T )2

≤
√

2− 2−`

`
+ 2−`/2 (wv,1(0) + c1T ) .
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Thus

lim
`→∞

∥∥∥W (N`)
v (t)− wv(t)

∥∥∥
T

= 0 .

Similarly we can argue for the convergence of A(N)
v (t) and D(N)

v (t) to av(t) and dv(t), respec-

tively. ut

Proposition A.5.1 shows that for all v ∈ V , any subsequence {W (Nj)
v (t)}j∈N admits a

further convergent subsequence. It remains to show that the limit point wv(t) is indeed the

solution of the dynamical system.

Proposition A.5.2 Fix T > 0. Let wv(t) be a limit point of W (N)
v (t) and coordinatewise

differentiable at t. Then for all ` ≥ 1 and v ∈ V

(i) d
dtav,`(t) = λvQv,`−1(t) ,

(ii) d
dtdv,`(t) = µv(γ(t))Qv,`(t) .

Proof. From Proposition A.5.1 we have that {A(Nj)
v (t)}j∈N is a subsequence convergent to a

Lipschitz function av(t). Thus

lim
N→∞

(
A

(N)
v,` (t)− A(N)

v,` (t− ε)
)

= av,`(t)− av,`(t− ε) ,

and

lim
N→∞

(
W

(N)
v,`−1(t)−W

(N)
v,` (t)

)
= wv,`−1(t)− wv,`(t) .

Furthermore, W (N)
v,` (z) is a Lipschitz function and there exists a positive sequence {δN}N∈N

with δN → 0 as N →∞ such that for all z ∈ [t− ε, t]

wv,`(t)− c1(z − t)− δN ≤ W
(N)
v,` (z) ≤ wv,`(t) + c1(z − t) + δN .
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Thus

Q
(N)
v,` (z) = W

(N)
v,` (z)−W (N)

v,`+1(z)

≤ wv,`(t)− wv,`+1(t) + 2c1(z − t) + 2δN

= Qv,`(t) + 2c1(z − t) + 2δN .

Similarly Q(N)
v,` (z) ≥ Qv,`(t)− 2c1(z − t)− 2δN . Now we write

A
(N)
v,` (t)− A(N)

v,` (t− ε) = 1
N

bNtc∑
m=bN(t−ε)c+1

NQ
(N)
v,`−1(t)∑
j=1

1{uj(m)<λv/N}

≤ ε
N(Qv,`−1(t)+2c1ε+2δN )∑

j=1
1{uj(m)<λv/N} .

Hence

av,`(t)− av,`(t− ε) = lim
N→∞

(
A

(N)
v,` (t)− A(N)

v,` (t− ε)
)

≤ lim
N→∞

ε
N(Qv,`−1(t)+2c1ε+2δN )∑

j=1
1{uj(m)<λv/N}

= λvεQv,`−1(t) + 2c1λvε
2 .

So |av,`(t)− av,`(t− ε)− λvεQv,`−1(t)| ≤ 2c1ε
2, and we get the result as

d
dtav,`(t) = lim

ε↘0

av,`(t)− av,`(t− ε)
ε

= λvQv,`−1(t) .

The argument for case (ii) is along the same line and omitted for the sake of brevity. ut

Theorem 3.4.2 provides the sufficient and necessary conditions for the solution of dynam-

ical systems to be unique in which case {Q(N)
v (t)}N∈N for all v ∈ V converges to the solution

of dynamical system over the compact set [0, T ].
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A.6 Proof of Theorem 3.4.4 (Convergence in the Stationary Regime)

Let Cb(Q) be the space of bounded continuous functions from Q to R. Pick a g ∈ Cb(Q).

For any QQQ0
v ∈ Q and t ≥ 0, since πππ(N)

v is the invariant measure, we have

∫
QQQ0

v

EQQQ0
v

[
g
(
QQQ(N)

v (t)
)]
dπππ(N)

v =
∫

QQQ0
v

g
(
QQQ0

v

)
dπππ(N)

v . (A.20)

In addition, πππ(N)
v is tight. Then by Prokhorov’s theorem πππ(N)

v is relatively compact, i.e., πππ(N)
v

has a subsequence which is convergent to a limit point πππ. Furthermore, g(x) ∈ Cb(Q) thus

for any ε > 0 such that ‖x− y‖ < ε there exists a δ > 0 that ‖g(x)− g(y)‖ < δ. Thus for

any t ≥ 0

∥∥∥EQQQ0
v

[
g(QQQ(N)

v (t))− g(QQQv(t))
]∥∥∥

T
=

∥∥∥∥∥∥EQQQ0
v

(g(QQQ(N)
v (t))− g(QQQv(t))

)
1{∥∥∥QQQ

(N)
v (t)−QQQv(t)

∥∥∥
T

≤ε

}
· P
(∥∥∥QQQ(N)

v (t)−QQQv(t)
∥∥∥

T
≤ ε

)
+ EQQQ0

v

(g(QQQ(N)
v (t))− g(QQQv(t))

)
1{∥∥∥QQQ

(N)
v (t)−QQQv(t)

∥∥∥
T

>ε

}
· P
(∥∥∥QQQ(N)

v (t)−QQQv(t)
∥∥∥

T
> ε

) ∥∥∥∥∥∥
T

≤ δ + 2 ‖g‖P
(∥∥∥QQQ(N)

v (t)−QQQv(t)
∥∥∥

T
> ε

)
.

Thus

∥∥∥∥∥
∫

QQQ0
v

EQQQ0
v

[
g
(
QQQ(N)

v (t)
)]
dπππ(N)

v −
∫

QQQ0
v

g (QQQv(t)) dπππ(N)
v

∥∥∥∥∥
T

≤
∫

QQQ0
v

∥∥∥EQQQ0
v

[
g
(
QQQ(N)

v (t)
)]
− g (QQQv(t))

∥∥∥
T
dπππ(N)

v

≤ δ + 2 ‖g‖
∫

QQQ0
v

P
(∥∥∥QQQ(N)

v (t)−QQQv(t)
∥∥∥

T
> ε

)
dπππ(N)

v .
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By theorem 3.4.3, P
(∥∥∥QQQ(N)

v (t)−QQQv(t)
∥∥∥

T
> ε

)
→ 0 as N →∞. Further, from A.20 and the

fact that πππ(N)
v → πππ as N →∞ we obtain

∥∥∥∥∥
∫

QQQ0
v

g (QQQv(t)) dπππ −
∫

QQQ0
v

g
(
QQQ0

v

)
dπππ

∥∥∥∥∥
T

−→ 0 .

So, πππ is an invariant measure of QQQv(t). Assuming g to be the indicator function the result

follows, however, the indicator function is not a continuous function. Instead, we can approx-

imate it by a sequence of continuous functions that monotonically converge to the indicator

function. We then apply monotone convergence theorem and the result follows.

Finally, from Theorem 3.4.2 we have that limt→∞QQQv(t) = QQQI
v for all initial conditions in

Q. In addition, under the conditions of Theorem 3.4.2 the system has the unique fixed point

QQQI
v.

Now consider a ball Bε

(
QQQI

v

)
centered at QQQI

v with radius ε. Since the dynamical system

converges to QQQI
v so there exits a t0 > 0 such that for any t > t0 the solution of the dynamical

system QQQv(t) ⊂ Bε

(
QQQI

v

)
for any subset of Q as the initial conditions. Since πππ is the invariant

measure of QQQv(t) therefore πππ
(
Bε

(
QQQI

v

))
= 1, so

πππ = δQQQI
v
,

where δ is the Dirac delta measure.
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Appendix B

PROOFS FOR CHAPTER 4

B.1 Proof of Lemma 4.3.2

Define h(γ) , γχ(γ)e−γ. Let γ̃ be the maximizer of h. We assume that h is unimodal. Note

that f(γ) = h(γ)
e−γ+τ(1−e−γ) is a continuous function over [0, γ0] as its denominator is always

positive. In order for f to be unimodal it should have exactly one maximum, thus its first

order derivative should have only one positive root. Setting the first order derivative of f

equal to zero we get

τ

(
χ(γ) + γ

∂χ(γ)
∂γ

− γχ(γ)
)
eγ − (τ − 1)

(
χ(γ) + γ

∂χ(γ)
∂γ

)
= 0 . (B.1)

Equivalently

g(γ) , ḣ(γ)− (τ − 1)f(γ)e−γ = 0 ,

where ḣ(γ) is the first order derivative of h. Observe that g(0) > 0 and since ḣ(γ0) < 0 for

any γ0 > γ̃ (as h is unimodal) then g(γ0) < 0. Hence g has at least one positive root in

[0, γ0].

By substituting Taylor series expansion of exponential function in (B.1) we have

p(γ) , τ
K∑

i=0
aiγ

i
∑
n≥0

γn

n! − (τ − 1)
K−1∑
i=0

biγ
i = 0 , (B.2)

where

ai = i+ 1
i! qi+1 −

1
(i− 1)!qi and bi = i+ 1

i! qi+1 . (B.3)
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Equation (B.2) is a degree∞ polynomial in γ. We showed that p(γ) has at least one positive

root. To prove that (B.2) has exactly one positive root we apply generalized Descartes’ rule

of signs [101] to impose one sign difference to the coefficients of p(γ).

Let cm represent the coefficients of p(γ). Then

ck =


τ
∑k

n=0
an

(k−n)! − (τ − 1)bk 0 ≤ k ≤ K − 1

τ
∑K

n=0
an

(k−n)! k > K − 1
(B.4)

We observe from (B.3) that aK < 0 as qK+1 = 0. Suppose that ai ≥ 0 for all 0 ≤ i < K. In

this case ck ≥ 0 for all 0 ≤ i < K. This can be shown by induction on k. For k = 0, clearly

c0 > 0. Suppose that for some k − 1 > 0, ck−1 > 0. Then

ck = τ
k∑

n=0

an

(k − n)! − (τ − 1)bk (B.5)

= ck−1 + τ
(k + 1)qk+1 − kqk

k! − (τ − 1)k + 1
k! qk+1 + (τ − 1) k

(k − 1)!qk (B.6)

= ck−1 + τ
(k + 1)qk+1 − kqk

k! + (τ − 1)k
2qk − (k + 1)qk+1

k! (B.7)

≥ ck−1 + τ
(k + 1)qk+1 − kqk

k! + (τ − 1)kqk − (k + 1)qk+1

k! (B.8)

= ck−1 + (k + 1)qk+1 − kqk

k! (B.9)

> 0 (B.10)

The last step follows if (k + 1)qk+1 − kqk ≥ 0 or equivalently ak ≥ 0. Now if the rest of the

coefficients be negative then according to the Descartes’ rule of sign the number of positive

roots of a polynomial with real coefficients ordered by descending variable exponent is either

equal to the number of sign differences between consecutive nonzero coefficients, or is less

than it by an even number. Therefore in order to have one positive root, it is sufficient to

have one sign difference. Equivalently, all the coefficients ck for k ≥ K should be negative.

We observe that the assumption ai ≥ 0 ensures that ck < 0 for all k ≥ K0 for some K0.
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Because

ck = τ
K∑

n=0

an

(k − n)!

= τ

(
a0

k! + a1

(k − 1)! + · · ·+ aK

(k −K)!

)

= τ

(
q1

k!0! + 2q2 − q1

1!(k − 1)! + · · ·+ (K + 1)qK+1 −KqK

K!(k −K)!

)

= τ

k!

((
k

0

)
q1 +

(
k

1

)
(2q2 − q1) + · · ·+

(
k

K

)
((K + 1)qK+1 −KqK)

)

≤ τ

k!

((
k

K

)
q1 +

(
k

K

)
(2q2 − q1) + · · ·+

(
k

K

)
((K + 1)qK+1 −KqK)

)

< 0 .

And ck > 0 for K ≤ k ≤ K0 which follows by induction starting from k = K and cK > 0.

So if ai ≥ 0 then f is unimodal. Equivalently we have to have ((i + 1)qi+1 − iqi)/i! ≥ 0 for

all 1 ≤ i ≤ K − 1 which yields the result.

B.2 Proof of Theorem 4.3.3

The stability region of the limiting system is the set of vectors λ̃λλ such that the limiting system

is stable. The proof is analogous to slotted ALOHA case which is discussed in Chapter 3.

Here, we only discuss the global stability of CSMA system. Suppose that a rate vector

λ̃λλ = (λ̃1, · · · , λ̃V ) is given. From (4.10) and the fact that f(γ) is a unimodal function we

have that if λ < f(γ∗) then the equation f(γ) = λ has two distinct roots γ and γ. In

addition, by the definition of γ, we have 0 ≤ γ ≤ γ0 so if γ ≤ γ0 < γ then γ is the only valid

root. This implies that there exists a unique set of non-empty probabilities ρρρ = (ρ1, · · · , ρV )

and the system is globally stable.
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B.3 Proof of Theorem 4.3.7

Suppose that there are n packets in the buffer of a class-v queue upon the arrival of a new

packet. An arrival can occur at an idle, collision or a success time slot. So we compute the

delay conditioned on the state of the system. Let Tv(n) be the delay being experienced by a

newly arrived packet at a class-v queue until it is successfully transmitted. Conditioned on

the state of a time slot we have the followings cases:

• Idle: At the time of a new arrival, there is a chance that one of the n packets is already

in the process of a successful transmission. Therefore, the delay being experienced by

the newly arrived packet can be written as follows

– if n = 0 then Tv(n) = Dv,CSMA

– if n > 0

Tv(n) =

 nDv,CSMA
1/τP SUCC

v (ρρρ(N))
P IDLE(ρρρ(N))+1/τ(1−P IDLE(ρρρ(N)))

(n+ 1)Dv,CSMA otherwise

• Collision or Success: If the new arrival occurs in a transmission period (whether a

collision or successful transmission), it is either at the first slot of a transmission period

or any other time slot.

– with probability 1/τ(PCOL
v (ρρρ(N))+P SUCC

v (ρρρ(N))) the arrival occurs in the first time

slot and T (n) can be computed as we discussed above for the idle case.

– with probability (τ − 1)/τ(PCOL
v (ρρρ(N)) + P SUCC

v (ρρρ(N))) the arrival occurs in any

time slot but the first time slot. For all n ≥ 0 we then have

Tv(n) = R + (n+ 1)Dv,CSMA ,

where R is a random variable representing the residual time until a transmission

period ends.
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Let Qv,n be the probability that a class-v user has n packets in its buffer at the steady state.

Further let Tv,CSMA = ∑
n≥0 Tv(n)Qv,n + o(1) be the total delay of a class-v packet. We write

(B.11).

Tv,CSMA =
∑
n>0

(
P IDLE(ρρρ(N)) + 1/τ

(
PCOL

v (ρρρ(N)) + P SUCC
v (ρρρ(N))

))
(B.11)[

nDv,CSMA

(
1/τP SUCC

v (ρρρ(N))
P IDLE(ρρρ(N)) + 1/τ(1− P IDLE(ρρρ(N)))

)

+ (n+ 1)Dv,CSMA

(
1− 1/τP SUCC

v (ρρρ(N))
P IDLE(ρρρ(N)) + 1/τ(1− P IDLE(ρρρ(N)))

)]

+Qv,0

(
Dv,CSMAP

IDLE(ρρρ(N)) +Dv,CSMA1/τ
(
PCOL

v (ρρρ(N)) + P SUCC
v (ρρρ(N))

))

+ τ − 1
τ

(PCOL
v (ρρρ(N)) + P SUCC

v (ρρρ(N)))
∑
n≥0

(R + (n+ 1)Dv,CSMA)Qv,n + o(1) .

After some manipulation of (B.11) and since (1 − Qv,0)P SUCC
v (ρρρ(N)) = λv we obtain the

following

Tv,CSMA = Dv,CSMA(1− λv) + dv

1− λvDv,CSMA
+ o(1), (B.12)

where

dv = (τ − 1)
(

1
2
(
1− P IDLE(ρρρ(N))

)
+ 1
τ
λvDv,CSMA

)
,

which results in Theorem 4.3.7.
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Appendix C

PROOFS FOR CHAPTER 5

C.1 Proof of Theorem 5.3.1

The invariant measure exists only if the geometric summation in (5.10) is convergent. Sup-

pose that the stationary distribution exists and let ζs be the fixed point of the equation

(5.12). Thus, the condition

0 < c− cf111(ζs)
1− f1−q1−q1−q(ζs)

< 1 , (C.1)

should hold. This gives us the following condition.

fc−1+qc−1+qc−1+q(ζs) > c− 1 . (C.2)

Furthermore,

ζs =
∑
`≥0

p0c
−`Qst

` ≤
c

c− 1p0 .

And

fc−1+qc−1+qc−1+q

(
c

c− 1p0

)
> c− 1 .

C.2 Proof of Corollary 5.3.2

Clearly the left-hand-side (LHS) of (5.17) is an increasing function in ζs. We now show that

the right-hand-side (RHS) of (5.17) is a non-increasing function in ζs and thus a fixed point

always exists. Define

g(ζs) ,
1− f111(ζs)

1− f1−q1−q1−q(ζs)
.
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Observe that g(ζs) is an increasing function in ζs because the sign of the first derivative of

g(ζs) is determined by the sign of the following term which is positive.

(
∂f1−q1−q1−q

∂ζs

(ζs)−
∂f111

∂ζs

(ζs)
)

(1− f111)−
∂f111

∂ζs

(ζs)fqqq > 0 . (C.3)

Furthermore, the sign of the first order derivative of (5.17) is determined by the sign of the

following term

L−1∑
i=1

igi−1(ζs)
L−1∑
j=0

cjgj(ζs)−
L−1∑
i=1

icigi−1(ζs)
L−1∑
j=0

gj(ζs) . (C.4)

It is not difficult to see that for some n ∈ {0, 1, · · · , 2L− 2}, a typical term of (C.4) is of the

following form

gn−1(ζs)
∑

i,j:i+j=n

i(cj − ci) (C.5)

= gn−1(ζs)
∑

i<j:i+j=n

−(i− j)(ci − cj) (C.6)

< 0 . (C.7)

Therefore, the RHS of (5.17) is a non-increasing function in ζs.

C.3 Proof of Theorem 5.3.4

To linearize the system we derive the Jacobian matrix computed at the fixed point. Let

xxx(t) = QQQ(t)−QQQst. Assume that xxx(t) = (x0(t), . . . , xL−1(t))T. We show that xxx(t) converges to

zero vector exponentially fast as t goes to infinity. After linearization of the original system,

we obtain the following set of ODEs

d
dtx
xx(t) = Axxx(t). (C.8)
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A = [ai,j] is a L× L matrix where 0 ≤ i, j ≤ L− 1, and

a0,0 = p0(f111(ζs)− 1) + ζsf
(0)
qqq (ζs)− pL−1Q

st
L−1f

(0)
111 (ζs) + p0Q

st
0 f

(0)
1−q1−q1−q(ζs) , (C.9)

a0,j = pjfqqq(ζs) + ζsf
(j)
qqq (ζs)− pL−1Q

st
L−1f

(j)
111 (ζs) + p0Q

st
0 f

(j)
1−q1−q1−q(ζs) 1 ≤ j ≤ L− 2 , (C.10)

a0,L−1 = pL−1f1−q1−q1−q(ζs) + ζsf
(L−1)
qqq (ζs)− pL−1Q

st
L−1f

(L−1)
111 (ζs) + p0Q

st
0 f

(L−1)
1−q1−q1−q (ζs) , (C.11)

where f (j)
qqq (ζs) , ∂fqqq(ζ(t))

∂Qj(t) is evaluated at ζ(t) = ζs. Furthermore, for 1 ≤ i ≤ L− 1

ai,j = −pi−1Q
st
i−1f

(j)
111 (ζs) + piQ

st
i f

(j)
1−q1−q1−q(ζs)

+ (1− f111(ζs))pi−11{j=i−1} − pi (1− f1−q1−q1−q(ζs)) 1{j=i} . (C.12)

Observe that ∑i xi(t) = 0. Further, it can be seen that ai,i’s are all negative. Let si be the

sign of xi(t) such that si = 1 if xi(t) ≥ 0 and si = −1 otherwise.

d
dt |xi(t)| = −|ai,i||xi(t)|+

∑
j 6=i

ai,jsisj|xj(t)| . (C.13)

Therefore,

d
dt
∑

i

|xi(t)| = −
∑

i

|ai,i||xi(t)|+
∑

i

si

∑
j 6=i

ai,jsj|xj(t)| (C.14)

<
∑

i

∑
j 6=i

ai,jsisj|xj(t)| (C.15)

=
∑

i

∑
j 6=i

sisj=1

ai,j|xj(t)| −
∑

i

∑
j 6=i

sisj=−1

ai,j|xj(t)| (C.16)

<
∑

i

max
j 6=i

sisj=1

ai,j

∑
j 6=i

sisj=1

|xj(t)| −
∑

i

min
j 6=i

sisj=−1

ai,j

∑
j 6=i

sisj=−1

|xj(t)| (C.17)

= −
∑

i

max
j 6=i

sisj=1

ai,j|xi(t)| −
∑

i

min
j 6=i

sisj=−1

ai,j|xi(t)| (C.18)

< −2 min
i 6=j

ai,j

∑
i

|xi(t)| . (C.19)
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Now we show that ai,j > 0 for all i 6= j. First, observe that f (j)
qqq (·) = −pjf∆qqq(·) where

∆qqq = [q1 − q2, q2 − q3, · · · , qK ] for any real vector qqq. We write

a0,j = pjfqqq(ζs) + ζsf
(j)
qqq (ζs)− pL−1Q

st
L−1f

(j)
111 (ζs) + p0Q

st
0 f

(j)
1−q1−q1−q(ζs) (C.20)

= pjfqqq(ζs)− pjζsf∆qqq(ζs) + pL−1Q
st
L−1pjf∆111(ζs)− p0Q

st
0 pjf∆1−q1−q1−q(ζs) (C.21)

> pj(1− ζs)fqqq(ζs) + pjζs

(
q2 + q3

1! ζs + · · ·+ qK

(K − 2)!ζ
K−2
s

)
e−ζs

+ p0Q
st
0 pj (f∆111(ζs)− f∆1−q1−q1−q(ζs)) (C.22)

≥ 0 . (C.23)

Moreover, for i 6= j

ai,j = −pi−1Q
st
i−1f

(j)
111 (ζs) + piQ

st
i f

(j)
1−q1−q1−q(ζs) + (1− f111(ζs))pi−1 (C.24)

> pi−1Q
st
i−1pif∆111(ζs)−

1− f111(ζs)
1− f1−q1−q1−q(ζs)

pi−1Q
st
i−1pif∆1−q1−q1−q(ζs) (C.25)

≥ pi−1Q
st
i−1pi (f∆111(ζs)− f∆1−q1−q1−q(ζs)) (C.26)

= pi−1Q
st
i−1pif∆qqq(ζs) (C.27)

≥ 0 . (C.28)

We then let ε = 2 min
i 6=j

ai,j > 0 and finally,

d
dt
∑

i

|xi(t)| < −ε
∑

i

|xi(t)|, (C.29)

which shows that xi(t)’s converge to zero exponentially fast, thus lim
t→∞

Qi(t) = Qst
i .
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