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Genome Sciences

Genomic sequencing data has revolutionized our understanding of the genetic basis of biolog-

ical processes. The cost of sequencing the first human genome was estimated to be greater

than 50 million dollars. However, with the advent of next generation sequencing, that cost

has decreased to a few hundred dollars. It is thus now possible to use sequencing technology

to understand nuanced aspects of the cell, both on the population and at the single-cell level.

In this dissertation, we present three projects that develop statistical methods for analyzing

genomic data.

In the first project, we discuss how heritability estimators based on single nucleotide poly-

morphisms are affected under alternative structures of linkage disequilibrium. We demon-

strate that linkage disequilbrium has the potential to bias modern estimators of heritability.

In the second project, we investigate a sequencing-based assay that measures local chromatin

structure. In this context, we propose a prior that allows a latent Dirichlet allocation model

chromatin accessibility data to leverage auxiliary data. In the third project, we consider

the connection between sequence data and epigenomic or expression data in the context of

multitask learning models. We demonstrate that this multitask learning setup can lead to

inaccurate models, when genomic features that are irrelevant for one task are erroneously

assigned significance in a related task.
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Chapter 1

INTRODUCTION

One of the first widespread methods to determine genomic sequence was Sanger sequenc-

ing, which used electrophoresis and the incorporation of dideoxynucleotides to determine the

base pair composition of sequences [Sanger and Coulson, 1975]. Although this method was

able to accurately determine genomic sequence, it was slow and unable to produce large quan-

tities of reads by today’s standards—even automated machines employing these techniques

could only read up to 1,000 sequences per day by 1987. Gradual improvement has been made

since then, including improvement to the polymerase used to attach the dideoxynucleotides,

improved preprocessing steps, more rapid electrophoresis, and other automation steps [Shen-

dure et al., 2017]. The Human Genome Project [International Human Genome Sequencing

Consortium., 2001] spurred further development of genomic sequencing technology, leading

up to modern next generation sequencing techniques (NGS). These NGS technologies used

sequencing by fluorescence, where as the sequence is amplified, different bases would fluo-

resce in different colors [Balasubramanian et al., 2003]. This approach can be conducted in a

massively parallel way by generating a large array of immobilized templates [Shendure et al.,

2005]. These advances, along with many more, have brought the estimated cost of sequenc-

ing the human genome down from fifty million down to thousands or even only hundreds

of dollars [National Human Genome Research Institute, 2021]. The efficiency of NGS has

enabled collection of genomic data at a scale never before seen, enabling scientific discovery.

With the human genome sequenced, and genomic sequencing technology on the rise, it

became possible to identify base-pair positions in the genome that tended to vary between

individuals. These positions, single-nucleotide polymorphisms (SNPs), were thought to con-

tribute to individual physical traits, and have been critical to studying many human genetic
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diseases through genome-wide association studies [Uffelmann et al., 2021]. One way to iden-

tify SNPs employs a similar technique to whole genome sequencing by using fluorescence to

identify the SNP. This technology creates a library of primers that anneal next to the SNP,

and upon extension, results in the identification of the SNP [Kim and Misra, 2007]. Many

variants of this technology exist, including some that are commercially available, such as

the MassARRAY [Gabriel and Ziaugra, 2004] and Affymetrix [Nishida et al., 2008]. With

these technologies available, efforts have been made to identify SNPs in large populations

of humans, such as the 1000 Genomes Project [1000 Genomes Project Consortium, 2015],

which was an effort to genotype over 1000 individuals from 26 different populations in order

to understand human variability, or the TOPMed program [Taliun et al., 2021], which iden-

tified SNPs in over 50,000 samples with the goal of understanding the genetic basis of heart,

lung, blood, and sleep diseases.

1.1 Heritability

One of the many accomplishments enabled by the increased output of SNP genotyping is in

understanding heritability, a measure of how much of the variance in a physical trait can be

explained by genomic information.

To define what heritability is, we first begin with defining a model of phenotypes and

genotypes, following [Crow and Kimura, 1970]. We assume that at each locus within a

population, individuals have one of two alleles, say A1 and A2. For our purposes, we only

consider loci which are biallelic and we only consider additive effects. Furthermore, for now,

we assume that there is only one locus of interest. Assume that the overall mean phenotypic

value of the trait is ā, and that the average phenotypic value for individuals with specific

alleles are

Yg =


ā+ 2α1 if individual has A1A1 alleles

ā+ α1 + α2 if individual has A1A2 alleles

ā+ 2α2 if individual has A2A2 alleles

(1.1)
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where α1 and α2 can be thought of as deviations from the average phenotypic value due to

having either the A1 or A2 allele respectively, and Yg is the mean phenotype for individuals

with the specified alleles. We call α1 and α2 additive effects. We can also define the frequency

of the alleles A1 and A2 in the population of interest as p1 and p2. We then define the genic

variance as the variance due to A1 and A2, which can be calculated to be

Vg = 2p1p2(α1 − α2)
2 (1.2)

by using the fact that α1 and α2 are deviations from the mean. We can then use this variance

to define “narrow sense” heritability, by defining

h2 = Vg/V ar(Y ) (1.3)

Here, Y is the total phenotypic variance, including any environmental effects. We call this

the narrow sense heritability because Vg only includes variance due to additive effects of the

alleles. Although it is not considered in this work, if we were to instead include all variance

effects of the alleles, we would call the quantity “broad sense” heritability.

We have here considered the case of one marker, but in the case of multiple loci A1i and

A2i, where i is the index of the locus, then we can instead write

Vg =
∑
i

2p1ip2i(α1i − α2i)
2 (1.4)

We will now discuss methods used to estimate heritability, starting from historic methods

that used kinship values following [Crow and Kimura, 1970]. We define the kinship values

between two individuals as

k0 = P(No genes are identical by descent at the locus) (1.5)

2k1 = P(One gene is identical by descent, but not both) (1.6)

k2 = P(Both genes are identical by descent at the locus) (1.7)

We note that these values can be calculated by knowing the pedigree of the family. If we are

only interested in additive effects, and we assume that environmental effects are independent
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of the genes, and there is no inbreeding between individuals, it can then be derived that if

we have two individuals with phenotypic values Y1 and Y2, then

Cor(Y1, Y2) = (k1 + k2)h
2 (1.8)

where Cor is the correlation function, and h2 is the narrow sense heritability. This equation

leads to

Cor(Y1, Y2)/(k1 + k2) (1.9)

as an estimate for narrow sense heritability. We note that although this more closely resem-

bles a method of moments estimator, it is also possible to use an identity by descent strategy

with a likelihood approach to estimate heritability [Evans et al., 2018a]. We also note that

this estimator is similar in form to Haseman-Elston regression [Haseman and Elston, 1972],

which we later formulate as an estimate of heritability as well.

In later work, heritability was also studied using twin data, comparing the correlation

between physical characteristics of twins that were raised separately compared to those that

were raised together [Bouchard Jr et al., 1990]. The goal was to eliminate the possibility that

a shared environment confounded estimates of heritability. For example, in Eq. 1.9, if the two

individuals are siblings, they share both environmental factors and genetic factors. Hence,

the phenotypic correlation would be higher than expected from solely genetic reasons, and

we may overestimate heritability. When comparing twins that are raised apart, it is possible

to remove the common environment factor.

In twin studies, it can be difficult to find enough twins for the study, especially when

comparing twins raised together versus apart. Hence, it has been proposed to study heritabil-

ity through apparently unrelated individuals [Visscher et al., 2006]. Other modern methods

also use this approach [Yang et al., 2011, Speed et al., 2012, Haseman and Elston, 1972,

Schwartzman et al., 2019]. The goal was to both avoid the shared common environment of

studying relatives and to avoid the difficulty of finding subjects for a study that relied on

having siblings. In these methods using unrelated individuals, kinship is unknown, and hence

often the “genetic relatedness matrix” (GRM) is used. To define the GRM, we consider only
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biallelic genes, and we name one of the alleles the reference allele. We then count the number

of occurences of the reference allele. We consider then a matrix of genotypes, G, where for

where individual i and locus j, if A1 is the reference allele and A2 is the alternate allele, then

Gij =


0 If individual i has A2A2 alleles at locus j

1 If individual i has A1A2 alleles (or A2A1) at locus j

2 If individual i has A1A1 alleles at locus j

(1.10)

We define Γ as the normalized G. Then the GRM defined as

M−1ΓΓT (1.11)

Where M is the number of loci of interest, and T denotes the transpose operation. The

GRM accounts for realized relatedness of the individuals. In other words, the amount of

correlation between the genotypes of an individual. We can then use the GRM to estimate

heritability.

These modern approaches typically take either a method of moments (MoM) or likelihood

approach. Whereas the MoM estimators analytically solve for quantities of interest using

multiple moments, likelihood approaches create a probabilistic model and optimize for the

unknown quantities of interest to achieve an estimate. As an example of a MoM estimator,

we can formulate an estimator based off of Haseman and Elston [1972] by assessing the

relationship between phenotypic correlation and shared genomic content. As an example of a

likelihood estimator, Yang et al. [2011] create a likelihood based on a normal distribution with

variance components determined by genomic relatedness (more details about both estimators

in Section 2.4.2). Another innovation has been that rather than using traditional maximum

likelihood to estimate variance components, restricted maximum likelihood (REML) has been

used [Corbeil and Searle, 1976]. As another distinction between estimators is that some use

a fixed-effects model, in which assume that there are fixed values corresponding to effect

sizes of each SNP, whereas other estimators use a random-effects model, assuming that the

effect sizes are all drawn from a distribution.
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In the first project of this thesis, titled Comparing Heritability Estimators under

Alternative Structures of Linkage Disequilibrium, we will present a project exploring

the ways in which heritability estimates based on SNPs, or narrow sense heritability, can be

affected by linkage disequilbrium (LD), or correlation between positions of the genome. This

is similar to how Browning and Browning [2011] and Lin et al. [2022] investigated ways in

which heritability is affected by population structure. In our work, we propose various ways

in which LD can manifest in the genome, and study the effects of LD on multiple estimators.

We considered various estimators, including both the MoM estimators and the likelihood

based methods. We were able to conduct a theoretical analysis of the properties of the MoM

estimators due to their computationally tractable form. This allowed us to explicitly write

out an equation of the bias in the heritability estimate due to LD for some of the estimates.

On the other hand, we were unable to analytically understand the properties of the likelihood

based estimators as there was no closed form representation of the estimators. Hence, for

those estimators, we conducted simulation studies by simulating SNPs and LD between them.

Ultimately, we found that although some methods aim to adjust their estimates based on

the correlation in the data, they are still vulnerable to correlation in the input data.

1.2 Functional genomics and latent Dirichlet allocation

Beyond pure sequence information, sequencing technology has enabled functional genomic

measurements through variants of sequencing both in bulk sequence and at single-cell resolu-

tion. For example, it is often of interest defining regions of euchromatin and heterochomatin.

Whereas euchromatin is comprised of open and actively transcribed genomic regions, hete-

rochromatin is condensed and very rarely transcribed [Saksouk et al., 2015]. Furthermore,

it may be of interest to identify how unique cell types differ in their chromatin accessibil-

ity, requiring the ability to sequence each cell individually. Although there are a variety of

approaches to answering these two questions, scATAC-seq [Buenrostro et al., 2015] is one

example that has enabled answering both these questions simultaneously. This technique

uses Tn5 transposase to insert adapters into genomic regions, but can only do so in ac-
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cessible regions of the genome. Because sequencing can only occur when the adapters are

inserted, sequencing reads identify regions of the genome that were accessible. Furthermore,

scATAC-seq employs barcoding technology to enable unique identification of cells. Each

cell is assigned a unique barcode, which is sequenced along with the genomic reads, which

disambiguates the cells. In post-processing, calls are often made for the genomic reads to

“peak” regions, or regions that have enriched scATAC-seq signal. scATAC-seq has been used

to identify cell types in mouse [Cusanovich et al., 2018], understand differentiation [Jiang

et al., 2023], and identify cancer subtypes [Wang et al., 2021], as a few examples.

One challenge with scATAC-seq data is its high dimensionality. Often, sequencing reads

are mapped to either peak regions or genes, resulting in a data matrix with number of rows

corresponding to the number of cells, and number of columns corresponding to the number

of genes or peaks. Generally, the goal of analyzing scATAC-seq data is to better understand

cell types, which can be challenging with the dimensionality issues. Many methods have

been proposed to analyze scATAC-seq data. A few popular examples are ChromVAR [Schep

et al., 2017], SnapATAC [Fang et al., 2021], and cisTopic [González-Blas et al., 2019].

ChromVAR used an approach where peaks were mapped to motifs of interest and devia-

tion from the expectation was calculated. The expected number of reads mapping to a peak

is the average fraction of reads mapping to that peak across all cells, scaled by the number

of reads in our cell of interest. Precisely, if xij ts the number of reads for a cell i and a peak

j, then the expected number reads for cell i and peak j is

E =

∑
i xij∑

i

∑
j xij

∑
j

xij (1.12)

and if M is a matrix where

mk,j

is 1 if motif k is present in peak j. Then the transformation is made to

Y =
MXT −MET

MET
(1.13)
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This approach reduces the dimensionality of the raw peaks and can lead to improved resolu-

tion of fine-grained cell types. SnapATAC also does normalization steps, although involving

more steps than can be described here, and ultimately takes eigenvalues of the data to reduce

the dimensionality.

We focus on the methodology employed by cisTopic, which was based off of latent Dirich-

let allocation (LDA). LDA was originally developed to be used as a tool to analyze corpuses

of text and provide topic annotations for individual articles [Blei et al., 2003], but has since

been applied successfully to single cell data, improving interpretability of cell types and aid-

ing in the resolution of fine-grained cell types [González-Blas et al., 2019]. Generally, LDA

is a Bayesian model that assumes the following generative process, following [Darling, 2011].

• For each topic t, ϕt ∼ Dirichlet(β)

• For each cell c, θc ∼ Dirichlet(α)

• For each read ri in c, Topic ti ∼ Discrete(θc), and ri ∼ Discrete(ϕti)

where in the context of scATAC-seq data, LDA takes as input a matrix of cells by scATAC-

seq peaks, and outputs both a cell-topic matrix θ and a topic-gene matrix ϕ, and β and α

are vector hyperparameters of length equal to the number of topics. The cell-topic matrix

includes information about what the topic composition of each cell is, and the topic-gene

matrix includes information about what the gene composition of each topic is. Using the

LDA-based approach improves interpretability and also offers the flexible Bayesian frame-

work.

In our second project, titledMatrix prior for data transfer between single cell data

types in latent Dirichlet allocation, we investigated ways to improve analysis of scATAC-

seq data using topic models such as LDA. We realized that although LDA has shown great

promise in large datasets, it may still struggle on smaller datasets. Furthermore, despite great

advances in sequencing technology, single-cell sequencing can still be prohibitively expensive

to conduct at a large scale. Hence, we aimed to create a method to leverage information from
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large atlas level single-cell datasets in the analysis of smaller, lower budget datasets. Prior

methods using LDA have used a prior for the topic-peak matrix that we call the “uniform”

prior, which is a Dirichlet prior with equal values for all parameters. That is, the prior

assumes that all of the topics have an equal likelihood for all of the peaks. We hypothesized

that we could improve on this by introducing a nonuniform “matrix” prior, which assigns

different probabilities to different peaks based on the topic at hand. We hence proposed a

matrix prior that took the results of LDA applied to a large atlas data and encoded it in

the analysis of a smaller dataset. We showed that in certain cases, this would improve the

quality of analyses in the smaller dataset.

1.3 Sequence to function models and multitask learning

In these first two projects, we investigated the use of genomic sequence information on

its own to predict SNP heritability, and also investigated LDA analysis of cell populations

using functional genomic data, in particular with scATAC-seq data. Many modern models

consider the intersection of sequence information and functional genomic information [Zhou

and Troyanskaya, 2015, Avsec et al., 2021a,b, Kelley et al., 2018, 2016, Zhou et al., 2018,

Chen et al., 2022]. That is to say, these models take raw genomic sequence as input and aim

to predict as output chromatin profiles, for instance ATAC-seq signal, ChIP-seq signal, or

many other potential signals. The commonality of these functional tracks is that they have

a measurement, often based on genomic sequencing reads, at each point along the genome.

For example, SEI [Chen et al., 2022] takes as input any 4 kilobase window along the human

genome, and predicts 21,907 chromatin profiles. These chromatin profiles may be different

assays, or they may be data from different cell types. The goal of these tools is twofold:

first, the authors aim to identify motifs associated with certain features of the genome, and

second, the authors hope to achieve in silico mutagenesis by learning the semantics of the

genome.

Because the problem of predicting chromatin profiles from sequence involves complex

input sequences, and because the relationship between the input and the output is not clear,
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researchers tackling this problem often rely on deep-learning approaches using a convolu-

tional neural network architecture [LeCun et al., 2015]. A standard fully connected neural

network architecture involves multiplying inputs by weight parameters, which are targets

of optimization, and summing together the weighted inputs into separate “nodes” within a

“layer”. Deep-learning approaches often combine many layers of these connections, resulting

in a model that is capable of learning complex nonlinear relationships between inputs and

outputs if trained properly. Convolutional neural networks (CNN) add together inputs in

a windowed fashion, thus reducing the number of parameters to learn and often improving

performance. Training even with the reduced parameters of a CNN can be computation-

ally intensive, however. Hence, researchers often employ two techniques. First, researchers

oversample regions that they are interested in. For example, if the researcher is aiming to

predict scATAC-seq data, they may create a training set where half of the training sequences

come from peak regions, and the other half come from non-peak regions, even though most

of the genome is not in a peak region. Second, researchers use multitask learning, a method

in which a latent representation of a sequence is learned using all of the available genomic

tracks, but a few final layers in a CNN model are added to produce the final output.

In our third project, entitled Data leakage in sequence-based multitask genomics

models, we aim to tie together the previous two projects by investigating the task of predict-

ing genomics data using sequence. We recognized that the common practice of oversampling

regions of the genome and creating a multitask model with a shared latent representation to

create sequence to function models may result in spurious results. We propose two possible

reasons for this: peak selection or the shared latent representation of the models. We con-

sider comparing fibroblast versus induced pluripotent stem cells (iPSC) as a running example

to illustrate these issues, based on biological plausibility. Fibroblast cells are found in con-

nective tissues and are fully differentiated, compared to iPSC cells, which are in early stages

of differentiation. This leads to some critical differences in our biological expectations of the

cell types. In our running example, we explore the accessibility of the Oct-Sox heterodimer

transcription binding factor. Oct4 and Sox2 are two transcription factors that are active in
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stem cells which are responsible for promoting transcription of differentiation factors [Am-

brosetti et al., 1997, Tomioka et al., 2002]. They form a heterodimer and recognize a DNA

motif, and we expect that in iPSC cells, these motifs will be in accessible regions of DNA.

On the other hand, because Oct4 and Sox2 are not expressed in fibroblast cells, we expect no

change in expression for these cells. Contrary to these biological expectations, we see that in

many published models, fibroblast cells respond in silico to the Oct-Sox motif. We explore

this phenomenon in the Sei model [Chen et al., 2022], a seqeunce-based multitask genomic

model, and provide plausible reasons for it through simulation.

1.4 Organization of this dissertation

We will present each of these projects in their own chapter, following this one. They each

have subsections and separate introductions and details about experiments and results. Sup-

plementary materials for each chapter are found at the end of the chapter.
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Chapter 2

COMPARING HERITABILITY ESTIMATORS UNDER
ALTERNATIVE STRUCTURES OF LINKAGE

DISEQUILIBRIUM

This chapter is adapted with minimal modification from:

Alan Min, Elizabeth Thompson, and Saonli Basu. Comparing heritability estimators

under alternative structures of linkage disequilibrium. G3, 12(8):jkac134, 2022

2.1 Author Contribution

ET and SB conceived the idea of studying heritability estimators with LD structure. AM

and ET conducted theoretical analysis of estimators. AM conducted and designed simulation

studies with the estimators. AM and SB contributed to the introduction section. All authors

contributed to the discussion section. AM contributed to the methods and results sections.

All authors read and approved the manuscript.

2.2 Abstract

The SNP heritability of a trait is the proportion of its variance explained by the additive

effects of the genome-wide single nucleotide polymorphisms (SNPs). The existing approaches

to estimate SNP heritability can be broadly classified into two categories. One set of ap-

proaches model the SNP effects as fixed effects and the other treats the SNP effects as random

effects. These methods make certain assumptions about the dependency among individuals

(familial relationship) as well as the dependency among markers (linkage disequilibrium, LD)

to provide consistent estimates of SNP heritability as the number of individuals increases.

While various approaches have been proposed to account for such dependencies, it remains
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unclear which estimates reported in the literature are more robust against various model

misspecifications. Here we investigate the impact of different structures of LD and familial

relatedness on heritability estimation. We show that the performance of different methods

for heritability estimation depends heavily on the structure of the underlying pattern of

LD and the degree of relatedness among sampled individuals. Moreover, we establish the

equivalence between the two method-of-moments estimators, one using a fixed-SNP-effects

approach, and another using a random-SNP-effects approach.

2.3 Introduction

Fundamental to the study of inheritance is the partitioning of the total phenotypic variation

into genetic and environmental components Visscher et al. [2008]. Using family studies,

the phenotypic variance-covariance matrix can be parameterized to include the variance of

an additive genetic effect, and an environmental effect [Lynch et al., 1998]. Specific family

designs, such as twin studies can accommodate both shared and nonshared environmental

effects. The ratio of the genetic variance component to the total phenotypic variance is the

proportion of genetically controlled variation and is termed as the ‘narrow-sense heritability’.

As shown in the recent review of more than 17,000 twin studies [Polderman et al., 2015],

heritability provides useful information on the ability of a model to identify causal genetic

markers in a genome-wide association study (GWAS), is used to estimate familial recurrence

risk of disease, and informs the genetic architecture of the trait (e.g., through partitioning

by genomic region or tissue-specific expression).

GWASs seek to understand the relationship between phenotypic traits and millions of

single-nucleotide polymorphisms (SNPs), a type of genetic variant. Linear models are widely

used in the field of statistical genetics to assess both individual and cumulative contribution

of genetic variants on a trait. The individual contribution is assessed by treating each variant

as a fixed effect (fixed-SNP-effect model) while adjusting for relevant covariates in a linear

regression [Dicker, 2014, Schwartzman et al., 2019, Bulik-Sullivan et al., 2015] or by treating

each variant as a random effect (random-SNP-effect model) by using a linear mixed effect
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model [Yang et al., 2010, 2011, Speed et al., 2012]. The fixed-SNP-effect based approaches

model individuals as independent, but incorporate the dependencies among the markers

explicitly into the model. On the other hand, the random-SNP-effect models use the genetic

relatedness among individuals to improve the efficiency of estimation of genetic variance.

Nowadays, with the increasing ability to sequence many genetic variants in large cohort

studies (UK Biobank Bycroft et al. [2018], Precision Medicine cohort Collins and Varmus

[2015], and the Million Veterans Program Gaziano et al. [2016] are a few such examples),

there is significant interest to estimate the cumulative contribution of the genome-wide causal

variants. Often we assess such cumulative contribution by estimating the proportion of

variance explained by the additive effects of the causal variants in the genome; that is, the

“SNP heritability”.

The random-SNP-effect models assume an infinitesimal model for the SNP effects and

use of genome-wide SNP data on distantly related individuals [Yang et al., 2010, 2011, Lee

et al., 2011, Yang et al., 2012, Lee et al., 2012, Speed et al., 2012, Bulik-Sullivan et al., 2015]

to estimate the pairwise genetic relatedness between sampled individuals. These approaches

assume that each causal SNP makes a random contribution to the phenotype, and these con-

tributions are correlated between individuals who have similar genotypes. By partitioning

the phenotypic covariance matrix among all individuals into a genetic similarity matrix and

a random variation matrix, the approach estimates the proportional contribution of the ge-

netics to the total phenotypic variation. The estimation of the heritability parameter heavily

depends on the estimation of a high-dimensional genetic relationship matrix (GRM). The

matrix is usually estimated from the observed data on M markers for all n individuals in the

cohort. Two methods of estimation are used to estimate heritability under this model. One

is a likelihood-based approach, which includes GCTA [Yang et al., 2010] and LDAK [Speed

et al., 2012]. It uses restricted maximum likelihood (REML) estimation technique Corbeil

and Searle [1976] to estimate heritability. The other approach uses method-of-moments tech-

nique to estimate heritability, such as HE regression, a method based off Haseman and Elston

[1972]. A major advantage of this mixed effect model approach is that it can account for re-
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lated individuals, but the general recommendation is to exclude individuals with relatedness

greater than 0.025 in the estimation of heritability [Yang et al., 2011] due to shared environ-

ment. These approaches do not explicitly account for the linkage disequilibrium (LD) among

the markers, and REML-based estimators have been shown to be sensitive to the patterns

of LD [Speed et al., 2012].

There have been attempts to rectify such bias due to LD by partitioning the genome into

regions with different LD structures and by assigning different genetic variance parameter to

each partition [Evans et al., 2018b]. Such correction has been shown to improve the bias in

heritability estimation for REML-based estimators. However, such corrections are often ad

hoc and the performance depends on the underlying LD structure. Recently, Pazokitoroudi

et al. [2020] used a similar partitioning strategy on the HE regression estimator. However,

it is not clear if LD will impact the MOM estimator in the same way as it does the REML-

based estimators. Moreover, the performance of the MOM estimators in presence of LD has

not been studied extensively.

The fixed-SNP-effect approaches assume SNP effects are arbitrary and fixed [Dicker, 2014,

Schwartzman et al., 2019], thus giving more flexibility to each SNP effect. The proposed

estimators are consistent and asymptotically normal in high-dimensional linear models with

Gaussian predictors and errors, where the number of causal predictors m is proportional to

the number of observations n; in fact, consistency holds even in settings where m/n → ρ,

where 0 < ρ < ∞. This set of approaches cannot easily accommodate relatives in the

model, and thus the consistency of the estimator is derived under the assumption that the

sampled individuals have independent genotypes. These approaches directly incorporate

the LD among SNPs into the model and have been shown to provide consistent estimates of

heritability under the correctly specified LD model for n > M . However, these methods make

different approximations to derive the heritability estimator for n < M , since the LD matrix

is not invertible then. The properties and differences between these approximation-based

estimators [Dicker, 2014, Hou et al., 2019] are not well studied for n < M .

In this paper, we take a closer look at these random-SNP-effects and fixed-SNP-effects
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model for heritability estimation using both likelihood and MOM approaches. This pa-

per provides an analytical comparison of two popular MOM estimators from each of these

categories. We aim to understand the fundamental differences or similarities between the

principles of these two lines of approaches. We present a set of simulation studies with

varying structures of LD and compare the performance of a wide array of estimators. We

further provide some theoretical results that justify the observed simulation performance.

We demonstrate through theoretical derivations as well as simulation studies that the po-

tential impact of LD on a random-SNP-effect model based estimator [Haseman and Elston,

1972] depends on the extent and structure of correlation of the causal and non-causal vari-

ants. We also show that the fixed-SNP-effect model estimator proposed by Dicker [2014] is

essentially equivalent to the Haseman-Elston method-of-moments estimator [Haseman and

Elston, 1972] for n < M .

Our findings in this paper do not demonstrate any particular advantage of the fixed-

SNP-effect models over the random-SNP-effect models in presence of LD, at least for the

case when heritability is estimated using a genome-wide marker model and when n < M .

One could partition the genome into small segments to account for the differences in genome-

wide LD structure and handle the influence of LD better using a fixed-SNP-effect estimator

for each partition separately [Hou et al., 2019]. However, there is a potential overfitting issue

in having a separate heritability parameter for every partitioned segment.

This rest of the paper is organized as follows: first, different methods to estimate heri-

tability are explained and analytical formulae to compare their performance under different

LD structures are presented. We then describe strategies to simulate LD and relatedness

structure and to evaluate both fixed-SNP-effects and random-SNP-effects models. Finally,

results are presented and discussed.
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Variable Definition

n Number of individuals in an analysis

M Total number of markers in an analysis

m The number of causal markers in an analysis. A marker is consid-

ered causal if it has a non-zero direct effect on phenotype.

i, k Typically used to index individuals, i, k = 1, ..., n.

j, ℓ Typically used to index markers, j, ℓ = 1, ...,m or M .

pj The population frequency of locus j

σ2
g The variance in phenotype attributable to genotypic effects

σ2
e The variance in phenotype attributable to environment.

rjl The genotypic correlation between loci j and l in the population

ϕik Genotypic correlation between individuals i and k

G A matrix of genotypes with n rows and M columns

ΓA A matrix of normalized genotypes with n rows and M columns

(Equation (2.1))

ΓC A matrix formed by the m columns of ΓA that correspond to the

causal markers

Ψ The GRM calculated using all markers; an n × n matrix.

M−1ΓA Γ′
A.

Σ The M × M marker LD matrix calculated from all markers.

n−1Γ′
A ΓA

Σ∗ The true M × M marker LD matrix calculated from all markers.

E(n−1Γ′
A ΓA)

β An m-vector of effects of causal loci on phenotype, or sometimes

an M-vector augmented by 0’s (Equation (2.4))

y An n-vector of phenotypic values of individuals.

Table 2.1: Glossary of notation used
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2.4 Materials and Methods

2.4.1 Genotypes, Phenotypes, and Heritability Estimation

We consider a set of n individuals from a homogeneous population, typed atM SNP markers,

assumed to be in Hardy-Weinberg equilibrium. Note that notation is also listed Table 2.1.

Assume an n × M matrix of genotypes G = (Gij), where Gij = 0, 1, 2 is the number of

copies of the reference allele for individual i at locus j with population frequency pj. Thus

Gij, i = 1, 2, . . . , n, has mean 2pj and variance 2pj(1 − pj), j = 1, 2, . . . ,M . The vector of

standardized genotypes for individual i at marker j is given by

Γij =
Gij − 2pj√
2pj(1− pj)

(2.1)

so that Γij has mean 0 and variance 1.

The matrix of standardized genotypes for all markers, ΓA = (Γij), carries information

on the relatedness of individuals, and the LD among markers. While E(ΓijΓiℓ) = rjℓ is

the genotypic correlation between loci within an individual, E(ΓijΓkj) = ϕik measures the

genotypic correlation between individuals. We define the GRM Ψ as in Yang et al. [2010]

Ψ = M−1ΓA ΓA
′ (2.2)

and we define the LD matrix as

Σ = n−1Γ′
A ΓA. (2.3)

where we use the single quote (′) to denote the transpose of a matrix. In large samples, the

empirical allele frequencies (2n)−1
∑n

i=1 Gij can be used as an estimate of the population

frequency pj of Equation (2.1) in forming the matrices Ψ and Σ.

Suppose that the first m of the M markers are causal, having a direct impact on phe-

notype. We denote by ΓC the matrix consisting of the m columns of ΓA corresponding to

the causal markers, and adopt the classical trait model of Fisher [1918]. The phenotype of

individual i is given by

yi =
m∑
j=1

Γijβj + ϵi (2.4)
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where βj, Γij and ϵi are mutually independent and have mean 0. Then E(yi|ΓC) ≡ 0 so

that var(yi) = E(var(yi | ΓC)). In SNP heritability estimation, σ2
g is the phenotypic variance

attributable to SNPs, and σ2
e is the phenotypic variance attributable to environmental factors.

In a random-SNP-effect model, we assume βj ∼ N(0, σ2
g/m), and ϵi ∼ N(0, σ2

e). Then

var(yi | ΓC) = var(
m∑
j=1

Γijβj + ϵi) =
m∑
j=1

Γ2
ijvar(βj) + var(ϵi) =

σ2
g

m

m∑
j=1

Γ2
ij + σ2

e

Then either conditionally on ΓC as m becomes large, or taking expectations over Γij,

var(yi) = σ2
g + σ2

e . On the other hand, a fixed-SNP-effect model assumes that β is a fixed

quantity, with βj = 0 for non-causal markers. In that case, we define σ2
g = β′Σ∗β, and note

E(ΓijΓiℓ) = rjℓ and because of normalization, E(Γ2
ij) = 1 so that

var(yi) = var(
m∑
j=1

Γijβj + ϵi) =
m∑
j=1

m∑
ℓ=1

βjβℓE(ΓijΓiℓ) + var(ϵi) = σ2
g + σ2

e

Thus in either case, the phenotypic variance var(yi) = σ2
g + σ2

e and SNP-heritability is

h2 = σ2
g/(σ

2
g + σ2

e). If phenotypes are standardized to have variance 1, then σ2
g = h2 and

σ2
e = 1−h2. More generally, estimation of heritability is primarily concerned with estimation

of σ2
g , the estimate of h2 being then obtained by dividing by the empirical variance of the

phenotypes yi, i = 1, ..., n.

2.4.2 Overview of Estimators

In our overview of the methodologies for heritability estimation, we concentrate on method-of

moments estimation and likelihood-based estimation for the random-SNP-effect models. We

further compare these estimators with the fixed-SNP-effect method of moments model based

estimators [Dicker, 2014, Schwartzman et al., 2019]. The Supplementary Material (end of

this chapter) provides more details on these estimators.

For the likelihood methods, we consider the GCTA [Yang et al., 2011] and LDAK [Speed

et al., 2012] approaches. In brief, GCTA is a random-SNP-effect model derived under asump-

tions similar to those of Section 2.4.1. The approach uses REML [Patterson and Thompson,
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1971] to estimate σ2
g and σ2

e . It estimates heritability assuming that phenotypes are drawn

from a multivariate Normal distribution, where the log likelihood function is

−n

2
log(2π)− 1

2
(log det(σ2

gΨ+ σ2
eI) + y′(σ2

gΨ+ σ2
eI)

−1y) (2.5)

LDAK [Speed et al., 2012] uses a similar model, except reweighting the SNP markers to adjust

for LD. More details on the GCTA and LDAK approaches can be found in Supplementary

Section S1. Note that σ2
g is only identifiable when Ψ is not the identity matrix.

For the method-of-moments estimators, we first considered a Haseman-Elston (HE) es-

timator [Haseman and Elston, 1972], an estimator from the random-SNP-effect approach

category. The estimator of σ2
g , derived in Supplementary Section S2.1, has the form

σ̃2
g =

SYΨ

SΨΨ

=

∑
k

∑
i<k yiykΨik∑

k

∑
i<k Ψ

2
ik

(2.6)

An estimate of heritability is then given by dividing by the empirical variance of phenotypes

Yi. Further properties of this estimator in the case of no LD are given in Supplementary

Section S2.1.

We also considered two method-of moments estimators from the fixed-SNP-effect ap-

proach category, which we denote Dicker-1 and Dicker-2 [Dicker, 2014]. Dicker-1 is applicable

in the case of no LD. It is derived and discussed in the Supplementary Section 2.2, and takes

the form

σ̃2
g = (n(n+ 1))−1(∥ΓA

′y∥2 − My′y) = (n(n+ 1))−1(My′Ψy − My′y) (2.7)

We consider this estimator primarily for comparison with the HE estimator: see Supplemen-

tary Section S2.1 and Section 2.4.3.

Throughout this paper, we refer to the estimator in Equation (2.7) as Dicker-1, but we

also present a variant of Dicker-1, which we denote Dicker-1-Σ. In the presence of LD, if Σ

is invertible, Dicker-1-Σ is

σ̃2
g = (n(n+ 1))−1((Σ−1/2ΓA

′y)′(Σ−1/2ΓA
′y) − My′y)

= (n(n+ 1))−1(y′ΓAΣ
−1ΓA

′y − My′y) (2.8)
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However, in many cases, Σ is not invertible because M > n, and hence we do not consider

Dicker-1-Σ in our simulations. In these cases, to address the LD, Dicker [2014] derives an

estimator which we denote Dicker-2. This estimator uses moments of the trace of the LD

matrix Σ to correct for LD, resulting in an estimator of σ2
g

σ̃2
g =

µ1(Γ
′
Ay)

′(Γ′
Ay) − Mµ2

1y
′y

n(n+ 1)µ2

(2.9)

where

µ1 =
tr(Σ)

M
and µ2 =

tr(Σ2)

M
− (tr(Σ))2

Mn
(2.10)

Further details of the Dicker-2 estimator are given Supplementary Section S3.3.

2.4.3 Impact of Linkage Disequilibrium

Impact of LD on the Haseman-Elston Estimator

In this section we consider the impact of marker mispecification and marker LD on the

numerator and denominator of the HE estimator, and hence on the estimate of σ2
g . We

assume unrelated individuals but correlated markers, so that E(ΓijΓkℓ) = 0 if i ̸= k, but

E(ΓijΓiℓ) = rjℓ, with −1 ≤ rjℓ ≤ 1, and rjj = 1.

We split the markers into m causal markers C and (M − m) non-causal markers F .

Note that all markers are used in the GRM: Ψ = M−1ΓA Γ′
A, but that only causal markers

ΓC contribute to the phenotype y. For convenience, assume that the first m markers are

causal: C = {1, ...,m} and F = {(m+ 1), ...,M}. Then, following the same derivation as in

Supplementary Section S2.1, for i ̸= k we obtain,

E(yiΨikyk) = M−1E

(
m∑
j=1

m∑
ℓ=1

βjβℓ(
M∑

w=1

ΓijΓiwΓkwΓkℓ)

)
(2.11)

If the βj have mean 0, and are uncorrelated, we have only terms in j = ℓ, and this reduces
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to

E(yiΨikyk) = M−1E

(
m∑
j=1

β2
j (

M∑
w=1

ΓijΓiwΓkwΓkj)

)
= M−1E

(
m∑
j=1

β2
j (

M∑
w=1

r2jw)

)

= (mM)−1σ2
g

m∑
j=1

M∑
w=1

r2jw

here using that individuals i and k are independent, and that β2
j has expectation σ2

g/m.

Then

E(SYΨ) = E(
∑∑

i<k
yiΨikyk) = (n(n− 1)/2)E(yiΨikyk)

=
n(n− 1)σ2

g

2mM

m∑
j=1

M∑
w=1

r2jw =
n(n− 1)σ2

g

2mM
(RCC + RCF ) (2.12)

where for convenience we denote the sums of squared correlations

RCC =
m∑
j=1

m∑
ℓ=1

r2jℓ among causal markers

RCF =
m∑
j=1

M∑
ℓ=m+1

r2jℓ between causal and non-causal markers

and RFF =
M∑

j=m+1

M∑
ℓ=m+1

r2jℓ among non-causal markers

Considering similarly the denominator of the HE estimator,

E(Ψ2
ik) = M−2

M∑
j=1

M∑
ℓ=1

E(ΓijΓkjΓiℓΓkℓ)) = M−2

M∑
j=1

M∑
ℓ=1

r2jℓ

so that

E(SΨΨ) =
∑∑

i<k
E(Ψ2

ik) =
n(n− 1)

2M2
(RCC + 2 RCF + RFF)

leading finally to the ratio of expectations of SYΨ and SΨΨ

M

m
σ2
g

RCC +RCF

RCC + 2 RCF + RFF

(2.13)

Equation (2.13) approximates the expectation of the HE estimator and gives insight into

its bias. First, if there is no LD, RCC = m, RCF = 0, and RFF = (M − m), giving the
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results of Section S2. Second, if the GRM contains only causal markers M = m, then

LD among these causal markers does not cause bias, as approximated by Equation (2.13).

Third, if additional markers F are not in LD with each other, nor with the causal markers

C, RCF = RFF = 0, and again no bias results. Note that generally inclusion of additional

markers in the GRM is less serious than omission of causal markers. If ΓA is missing causal

markers j then Equation (2.11) will not include the contributions of those βj and SYΨ will

be decreased, but SΨΨ will not (on average) be affected, leading to underestimation of σ2
g .

In some special cases biases cancel out. Consider first a special case of causal markers

in regions of “average LD”; suppose all rjℓ = s for j ̸= ℓ. Then RCC = m + m(m − 1)s2,

RCF = m(M −m)s2 and RFF = (M −m) + (M −m)(M −m − 1)s2 and some arithmetic

shows there is no bias. Two other examples occur in the simulations of Section 2.5. In both

the autocorrelation and block simulations, causal and non-causal markers are alternating.

Then M = 2m and RFF = RCC , and Equation (2.13) again shows there is no bias. This is

demonstrated in the simulation results in Figures 2.1 and 2.2. We note that although we only

show the case of M = 2m, we show in Supplementary Section S3.1 that the approximate

theoretical bias is also quite small for other ratios of causal to noncausal markers, and there

is no bias for equally sized blocks.

In other cases, there can be bias. For example, if causal markers are in regions of high

LD, then (per marker) RCC dominates over RFF , and σ2
g will be overestimated, while if

causal markers are in regions of low LD RFF in the denominator will dominate, and σ2
g will

be underestimated. The case of duplication of markers also considered in the simulations

(Section 2.5.2) is different, and Equation (2.13) again provides an estimate of the bias. In

this example, there is no LD in the m causal markers, so RCC = m. The genotypes at subset

of d of these markers are replicated r additional times, but these replicates are non-causal.

So M = m+ rd. RCF = rd and RFF = r2d. Then Equation (2.13) reduces to

M

m
σ2
g

m+ rd

m+ 2rd+ r2d
= σ2

g

(m+ rd)2

m(m+ rd(2 + r))
(2.14)

Note that if no markers are replicated (d = 0) or all markers are replicated (d = m) then there
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is no bias. Note also that the result only depends on the proportion of markers replicated. If

d = gm then Equation (2.14) reduces to (1+rg)2σ2
a/(1+2rg+r2g). Although the expectation

of the ratio is approximated by the ratio of expectations in Equation (2.13), simulation shows

this approximation gives an accurate estimate of the bias: see Supplementary Section 3.1

(Figure S3).

Impact of LD on the Dicker-1 Estimator

Through our simulations, we found that the Dicker-1 estimator had a generally greater bias

than the HE estimator (Section 2.5.2). This is because the Dicker-1 estimator is derived

from a linear expression of quadratic forms which is inflated due to LD. On the other hand,

the HE estimator is a ratio of quadratic forms, and LD inflates both the numerator and the

denominator, which potentially reduces the overall effect of LD. We recall from equation 2.7

that the Dicker-1 estimator takes the form σ̃2
g = (n(n+1))−1(My′Ψy − My′y). Through

calculations shown in detail in Supplementary Section S3.2, we show that

E(σ̃2
g) ≈ σ2

g (n+ 1)−1(K +
(n+M − 2)

m
(RCC +RCF )−M)

We note that RCC+RCF ≥ m, and hence, from this approximation, we have that σ̃2
g is greater

than σg, and the magnitude to which it is greater increases as RCC and RCF increase.

Equivalence of Haseman-Elston and Dicker-2

As will be shown in Section 2.5.2, estimates from the Dicker-2 and HE regression were very

similar, although Dicker-2 explicitly models LD. Analytically, under certain normalization

schemes, the two estimators are effectively equivalent. This suggests that efforts to correct

for LD in the Dicker-2 framework do not ensure improved performance of this estimator

compared to the HE estimator.

We begin by reformulating HE regression. We recall from Equation (2.6) that the HE

estimator is given by

σ̃2
g =

SYΨ

SΨΨ

=

∑
k

∑
i<k yiykΨik∑

k

∑
i<k Ψ

2
ik
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We can rewrite this in matrix form, giving us

SYΨ =
y′Ψy − y′diag(Ψ)y

2

Under Hardy-Weinberg Equilibrium, the GRM should have values that are approximately

1 on the diagonal. We assume y is normalized to have variance 1, which results in

SYΨ ≈ y′Ψy − n

2

Now we consider SΨΨ. Noting that tr(Ψ′Ψ) =
∑

i

∑
j Ψ

2
ij,

SΨΨ =
tr(Ψ′Ψ)− diag(Ψ)′diag(Ψ)

2

≈ tr(Ψ′Ψ)− n

2

Together, the HE estimator is approximately

y′Ψy − n

tr(Ψ′Ψ)− n
(2.15)

Now consider the equations for Dicker-2. First note that in Equations (2.9) and (2.10),

µ1 = 1 since the genotypes are normalized to have variance 1. Next, we use the property of

traces that tr(ABCD) = tr(DABC) to calculate

µ2 =
1

M
tr(

1

n2
Γ′

AΓAΓ
′
AΓA)−

1

Mn

(
tr(

1

n
Γ′

AΓA)

)2

≈ 1

M
tr(

1

n2
Γ′

AΓAΓ
′
AΓA)−

M

n

=
M

n2
tr(

1

m2
ΓAΓ

′
AΓAΓ

′
A)−

M

n

=
M

n2
tr(Ψ′Ψ)− M

n

Since n ≈ n + 1, for large n, we have that the Dicker 2 estimator (Equation 2.9) is

approximately
y′ΓAΓ

′
Ay −My′y

(M
n2 tr(Ψ′Ψ)− M

n
)(n)(n+ 1)

≈ y′Ψy − n

tr(Ψ′Ψ)− n

Which is the same as Equation (2.15).
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2.4.4 Impact of Relatedness of Individuals on Moments Estimators

Under the assumption of independence of individuals, the SD of the HE estimator of σ2
g or of

h2 increases with the number of markers M (Supplementary Section S2). This arises because

in the limit, the matrix Ψ converges in probability to the identity matrix, i.e. all off-diagonal

terms converge in probability to 0. This leads to poor behavior of the HE estimator because

the numerator and denominator of the HE estimator converge in probability to 0. However,

this is an artefact of the assumption of complete independence (unrelatedness) of individuals.

In any real sample, regardless of the extent of correction for population structure, there will

always be variation in the degree of relatedness of individuals, even if any single pairwise

relatedness measure is small. Note that the original formulation of HE estimators [Haseman

and Elston, 1972] made use of the genetic similarity between known relatives. In this section,

we therefore consider the case where individuals may be related, so standardised genotypes

Γij and Γkj are no longer independent. For simplicity we ignore LD: that is Γij and Γkℓ are

independent, for j ̸= l, whether or not i = k.

Under relatedness and inbreeding it remains the case that E(Γij) = 0, but var(Γij) =

(1 + Fi) [Crow and Kimura, 1970] and E(ΓijΓkj) = ϕik, where Fi is the inbreeding coefficient

of individual i, and ϕik is the relatedness of i and k, or twice the coefficient of kinship between

i and k. To consider the HE estimator (2.6), for i ̸= k,

E(Ψ2
ik) = M−2

M∑
j=1

M∑
ℓ=1

E(ΓijΓkjΓiℓΓkℓ)

= M−2
∑∑

j ̸=ℓ

E(ΓijΓkjΓiℓΓkℓ) + M−2

M∑
j=1

E(Γ2
ijΓ

2
kj)

= M−2(M(M − 1))(E(ΓijΓkj))
2 + M−1E(Γ2

ijΓ
2
kj))

= (E(ΓijΓkj))
2 + M−1(E(Γ2

ijΓ
2
kj)− (E(ΓijΓkj))

2) (2.16)
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Hence as M → ∞ SΨΨ tends to

E(
∑
k

∑
i<k

Ψ2
ik) −→

∑
k

∑
i<k

ϕ2
ik

We can also calculate

E(yiykΨik) =
1

M
E

[(
m∑
ℓ=1

Γiℓβℓ

)(
m∑

w=1

Γkwβw

)(
M∑
j=1

ΓijΓkj

)]

=
1

M
E

[(
m∑
ℓ=1

ΓiℓΓkℓβ
2
ℓ

)(
M∑
j=1

ΓijΓkj

)]

=
σ2
g

mM
E

[(
m∑
ℓ=1

M∑
j=1

ΓiℓΓkℓΓijΓkj

)]

=
σ2
g

mM
E

[
ℓ−1∑
j=1

m∑
ℓ=2

ΓiℓΓkℓΓijΓkj +
M∑

j=ℓ+1

m∑
ℓ=1

ΓiℓΓkℓΓijΓkj +
m∑
ℓ=1

Γ2
ilΓ

2
kl

]

=
σ2
g

mM
(mM −m)(E(ΓiℓΓkℓ))

2 +
σ2
g

M
E(Γ2

ilΓ
2
kl)

= σ2
g(E(ΓiℓΓkℓ))

2 +
σ2
g

M
(E(Γ2

ilΓ
2
kl)− (E(ΓiℓΓkℓ))

2)

and SYΨ tends to

E(
∑
k

∑
i<k

yiykΨik) −→ σ2
g

∑
k

∑
i<k

ϕ2
ik

Thus, contrary to the results of Supplementary Section S2.1 for unrelated individuals, the

SD of the HE estimator no longer increases as M → ∞, but rather will depend on the

magnitude of (
∑

k

∑
i<k ϕ

2
ik). Although this sum may be small, if even any of the ϕik are

non-zero it is strictly positive, and eventually relatedness will bound the SD of the estimator

of σ2
g .

Relatedness poses greater problems for the Dicker-1 estimator (Equation 2.7) which in-

volves the diagonal terms of the GRM matrix Ψ. Considering the expected quadratic form

E(M y′Ψy) =
n∑

i=1

n∑
k=1

E

(
(

m∑
j=1

Γijβj + ϵi)(
M∑

w=1

ΓiwΓkw)(
m∑
ℓ=1

Γkℓβℓ + ϵk)

)
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Now, by expanding and simplifying, even the coefficient of σ2
e is no longer mn but

n∑
i=1

m∑
w=1

E(Γ2
iw) = M(n +

k∑
i=1

Fi)

while that of σ2
g is, as in Supplementary Section 2.2

(M − 1) E(
∑
i

Γ2
ijΓ

2
iw) + E(

∑
i

∑
k

Γ2
ijΓ

2
kj) =

(M − 1)
n∑

i=1

(E(Γij)
2)2 +

n∑
i=1

E(Γ4
ij) +

∑
i

∑
k̸=i

E(Γ2
ijΓ

2
kj)

This expectation now involves not only (1 + Fi)
2, and ϕ2

ik but also higher order moments.

Although the derivation of distributional properties of the Dicker method-of-moments

estimators depends critically on the assumption of 2n independent genomes, there is nothing

in the derivation of Section 2.4.3 that assumes Ψ is diagonal. Indeed, the trace equation

n2 tr(Σ2) = tr(Γ′
A ΓA Γ′

A ΓA) = tr(ΓA Γ′
A ΓA Γ′

A) = M2 tr(Ψ2)

used in showing the approximate equivalence of the HE and Dicker-2 estimators, suggests

that the Dicker-2 accommodation of LD in the absence of relatedness is alternatively accom-

modating relatedness in the absence of LD. Thus, as will be seen in the results of Section 2.5.4,

the close equivalence of the Dicker-2 and HE estimators should hold under relatedness, and,

as seen from equation (2.16) above, the standard deviation will no longer increase indefinitely

as M → ∞.

2.4.5 Simulation strategy

We performed simulation studies to assess the impact of LD structure and relatedness of

individuals on heritability estimation. Each simulated data set consisted of genotypes G at

M markers (m causal markers) for n unrelated individuals. The marker allele frequencies

were those of a randomly chosen subset of markers from the 1000 Genomes Project from

Chromosome 1 in the African population [Clarke et al., 2017]. This set of frequencies was
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filtered to have allele frequency less than .95 and greater than .05 and was fixed over data

set simulations.

Genotypes are standardized using their empirical allele frequencies. Phenotypes were

simulated for n individuals, given their genotypes at the m causal markers, in accordance

with the linear model of Equation (2.4):

yi =
m∑
j=1

Γijβj + ϵi for i = 1, ..., n (2.17)

For the chosen value of h2, (0 < h2 < 1), the m-vector of genetic effects β was simulated

with independent components βj ∼ N(0, h2/m) for j = 1, ...,m. The independent residual

effects ϵi ∼ N(0, 1 − h2) for i = 1, ..., n. Thus, for the purposes of the simulation σ2
g = h2,

σ2
e = 1− h2, and var(yi) = 1, with h2 set to 0.8 for all simulations (see Section 2.4.1).

We implemented the Dicker and Haseman Elston estimators in R Version 4.0.2 as de-

scribed in Supplementary Section S2. We used GCTA [Yang et al., 2011] and LDAK [Speed

et al., 2012] as representative likelihood estimators, both of which are described in more

detail in Supplementary Section S1. For every simulated data set, we applied each of these

estimators. We also report a gold standard estimator to assess the performance of these dif-

ferent methods. The gold standard estimate is calculated assuming we know the true values

of β: the empirical variance of ΓCβ is divided by the empirical variance of the phenotypes.

This gold standard estimator can be expressed as

(ΓCβ − ΓCβ)
′(ΓCβ − ΓCβ)

(y − y)′(y − y)
(2.18)

In simulation study 1, we assessed the impact of different LD structures on heritability

estimation. We generated genotypes assuming three kinds of LD structure: autocorrelated,

block, and repeat. More details of the LD structures are given in Supplementary Section S4.

Each data set was simulated with a new β and G. For each LD structure, we studied the

impact of both sample size n and the number of causal markers m on heritability estimation,

and simulated data sets at five levels of LD. For each LD structure and level, we generated

500 simulated data sets.
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For the autocorrelation and block structures, we considered the following combinations

of n and m: (1) n = 1000,m = 100, (2) n = 200,m = 500, (3) n = 200,m = 1500, and (4)

n = 2000,m = 500. Comparing (1) and (2) provides insight on differences in estimates of

h2 depending on if n > m or m > n, whereas (2) and (3) compares estimates with different

number of causal markers, and (2) and (4) compares estimates with different numbers of

individuals. We first generated genotypes at M = 2m markers. We used marker correlations

ρ = 0, 0.2, 0.4, 0.6, and 0.8., as detailed in Supplementary Section S4 (Note that ρ = 0 is

the no-LD case.) The markers were then assigned to be alternating causal and non-causal

(m = M/2).

For the repeat structure, we considered the cases: (1) n = 1000,m = 200, (2) n =

200,m = 1000, (3) n = 200,m = 3000, and (4) n = 2000,m = 1000. In this case, we first

simulated genotypes for the m independent causal markers. The genotypes at the first 10%

of markers were then repeated r times, where r = 0, 2, 4, 6, or 8. (Note that r = 0 is the

no-LD case.) The repeat copies of the markers are non-causal, so the number of non-causal

markers is 0.1rm, and M = m + 0.1rm. In Supplementary Figure S3 (panels C & F) the

first m markers are causal, and the last (M −m) are the non-causal repeat copies.

In simulation study 2, we investigated the behavior of likelihood models by plotting log-

likelihood values (Equation 2.5) as a function of σ2
g and σ2

e . The GRM Ψ in Equation (2.5)

was calculated using Equation (2.2). Of interest was the relationship between the shape of the

log-likelihood function and the number of individuals and causal markers, and the shape of

the likelihood as the number of repeats increased. From the results of simulation study 1, we

hypothesized that the shape would be different when m > n, where GCTA underestimated

heritability, compared to when m < n, where GCTA overestimated (comparing (i) and (iv)

of Figure 2.3). The combinations of numbers of markers and individuals was the same as

with the repeats in Simulation Study 1, and the allele frequencies were taken from the AFR

sample of the 1000 Genomes Project, as before. We include plots with no repeated markers

(Figure 2.4A) and with 10% of the markers repeated 8 times (Figure 2.4B).

The log likelihoods minus the maximum log likelihood were plotted. Likelihoods were
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truncated at the 60% quantile of B(i) for rows (i) and (iv), and at the 60% quantile of A(ii)

for rows (ii) and (iii). These cutoffs were chosen because they were the plots that had the

lowest 60% quantile. Plots were generated for (i) n = 1000,m = 200 (ii) n = 200,m = 1000,

(iii) n = 200,m = 3000 (iv) n = 2000,m = 1000, in following with simulation study 1. We

averaged log likelihoods of 100 simulated data sets with grid spacing 0.05. Due to differences

in ranges, there is a shared color bar between (i) and (iv), and a different shared color bar

between (ii) and (iii). A red dot is used to mark the location of the maximum log likelihood.

In simulation study 3, we assessed the impact of related individuals on heritability esti-

mation. We simulated 1st, 2nd, and 3rd cousins using the rres package in R [Wang et al.,

2017] as well as unrelated individuals to illustrate our findings in Section 2.4.4. The segment

length option in rres was set to 3000 centimorgans. Using the same set of allele frequencies

as previously, we simulated marker genotypes for 400 individuals, in 10 40-ships. A k-ship

is defined to be a set of k cousins related to a certain degree. Each cousinship is unrelated

with all other cousinships. The number of markers ranged from 400 to 4000 in steps of 400.

Phenotypes were generated using Equation (2.17). For every combination of cousinships and

number of markers, we simulated 500 sets of 10 40-ships. A visualization of the GRM of the

dataset as shown in Supplementary Figure S4, using 1000 markers.

2.5 Results

2.5.1 Simulation Study 1: Bias and Variance when ρ = 0 or r = 0 (no LD)

The special case of no LD in Simulation Study 1 is shown in Figures 2.1, 2.2, and 2.3 in

panels of the upper row at the left-hand point of each point. These figures verify that the

estimators were generally unbiased in estimating the heritability. One exception is in LDAK,

where when n = 200, LDAK seemed to underestimate heritability.

Although we generally observed no bias in the estimators under independent markers, we

saw that the estimators had a wide range of variances. In the cases n = 1000,M = 200 and

n = 2000,M = 1000 (columns (i) and (iv) in Figures 2.1-2.3), the variance of the GCTA,
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Figure 2.1: Simulation Study 1A (autocorrelated markers). On the top row, the X-axis

plots the parameter ρ, the autocorrelation correlation coefficient between simulated markers

as described in Supplementary Section S4. Estimates of h2 using different estimators are

plotted along the Y- axis. The value n refers to the number of individuals simulated. The

value M is the total number of markers simulated, where half of the markers are causal, set

in an alternating fashion, as described in Section 2.4.5. We consider (i) n = 1000,m = 100

(ii) n = 200,m = 500, (iii) n = 200,m = 1500 (iv) n = 2000,m = 500. 500 data sets were

simulated for each condition. A horizontal line is shown at h2 = .8, the simulated truth. On

the bottom row, the X-axis is the parameter ρ, and the MSE of each of the estimators is

plotted on the Y-axis.
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Figure 2.2: Simulation Study 1B (block markers). On the top row, the X-axis plots the

parameter ρ, the block correlation coefficient between simulated markers as described in

Supplementary Section S4. Estimates of h2 using different estimators are plotted along

the Y- axis. The value n refers to the number of individuals simulated. The value M

is the total number of markers simulated, where half of the markers are causal, set in an

alternating fashion, as described in Section 2.4.5. We consider (i) n = 1000,m = 100 (ii)

n = 200,m = 500, (iii) n = 200,m = 1500 (iv) n = 2000,m = 500. 500 data sets were

simulated for each condition. A horizontal line is shown at h2 = .8, the simulated truth. On

the bottom row, the X-axis is the parameter ρ, and the MSE of each of the estimators is

plotted on the Y-axis.
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Figure 2.3: Simulation Study 1C (repeated markers). On the top row, the X-axis plots the

parameter r, the number of times that 10% of the markers are being repeated as described

in Supplementary Section S4. Estimates of h2 using different estimators are plotted along

the Y- axis. The value n refers to the number of individuals simulated. The value m is

the total number of causal markers simulated, as described in Section 2.4.5. We consider (i)

n = 1000,m = 200 (ii) n = 200,m = 1000, (iii) n = 200,m = 3000 (iv) n = 2000,m = 1000.

500 data sets were simulated for each condition. A horizontal line is shown at h2 = .8, the

simulated truth. On the bottom row, the X-axis is the parameter r, and the MSE of each of

the estimators is plotted on the Y-axis.
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and LDAK estimators were lower than the variance of the moments estimators, but this

difference is less pronounced in the cases where n = 200 (columns (ii) and (iii)), which may

suggest that the number of individuals affects the likelihood based estimators more than

the moments based estimators. The lower variance resulted in lower MSE for GCTA for

all conditions with ρ = 0, but the bias in LDAK caused it to have comparable MSE to the

moments estimators when n = 200 (Figures 2.1, 2.2, and 2.3).

We can also compare cases when the number of individuals is kept constant while

the number of markers is increased by comparing n = 200,m = 500 in column (ii) vs

n = 200,m = 1500 in column (iii). In Supplementary Section S2.1, we found that with un-

related individuals and independent markers, the standard deviation of heritability should

be asymptotically proportional to
√
M/n in the case of the Haseman Elston estimator. Ac-

cordingly, since M = 2m in the simulations, when the number of causal markers increases,

the standard deviation of the heritability estimates increased as well. This is shown in both

Figures 2.1, 2.2, and 2.3, where MSEs were higher in column (iii) compared to column (ii).

This trend appeared to hold true for both the likelihood based estimates and the moments

based estimates.

We can compare cases when the number of individuals increased while holding the number

of markers constant by comparing n = 200,m = 500 in column (i) vs n = 2000,m = 500 in

column (iv). The variance and MSE of the heritability estimates decreased for all estimators,

which agreed with the theoretical result for the Haseman Elston estimator.

Finally, some of the biases in the behavior of LDAK may be that the LDAK model does

not match our generative model. LDAK reweights their genotypes using Xij = (Gij − 2fj)×

[2fj(1− fj)]
α, and α is recommended to be 1.25 [Speed et al., 2012, 2017]. More details can

be found in Supplementary Section S1. Our model doesn’t explicitly simulate phenotypes

in this manner, however. To investigate this, we also chose α in LDAK to be −1, which

matches our simulated phenotypes due to our normalization scheme (Equation 2.1). Results

(not included) were largely similar, although the estimated heritability was slightly closer to

the simulated truth in the repeat case.
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2.5.2 Simulation Study 1: Impact of marker LD

(a) Autocorrelation Structure: Data were simulated using the autocorrelation structure as

described in Section 2.4.5, and a representative set of moments and likelihood estimators are

evaluated on these simulated data. The estimated variance and bias of different estimators

is shown in Figure 2.1.

The HE estimator and the Dicker-1 estimator do not explicitly account for LD structure,

and because the Dicker-1 estimate was developed for the no-LD case, it shows bias when

LD is present. In the top row of Figure 2.1, the Dicker-1 estimator shown in gold showed

an increase in bias as ρ increased for all of (i)-(iv). Consequently, the MSE of the Dicker-1

estimator increases rapidly compared to all of the other estimators as we increase ρ (bottom

row of Figure 2.1). In contrast, there was no increase in the MSE of the HE estimator when

markers were autocorrelated, agreeing with Section 2.4.3. In the top row of Figure 2.1, the

estimates of h2 from the HE estimator did not appear to visually differ significantly from the

true value of 0.8. This estimate behaved very similarly to the Dicker-2 estimator, despite

the Dicker-2 estimator explicitly attempting to correct for LD. This is analytically shown in

Section 2.4.3

The likelihood estimators in Figure 2.1 showed generally lower MSE and no obvious bias.

The GCTA estimator is shown in black and the LDAK estimator is shown in light blue.

Both of these estimators seemed to have lower MSE across all values of ρ than the moments

estimators, as seen in the bottom row.

When n = 200,m = 3000, as ρ increased, there was a decrease in the MSE in all the

estimators except the Dicker-1 estimator. In Figure 2.1, it can be seen that as ρ increases,

the first and third quartiles of the estimates of h2 decrease. It has previously been shown

that fewer causal markers leads to decreased variance [Dicker, 2014], and hence this effect

may be driven by a decrease in the effective number of markers as LD increases.

(b) Block Structure: Figure 2.2 shows the estimated variance and bias in different es-

timators when the genotypes were simulated from the block structure with parameter ρ,
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as described in Section 2.4.5. Similarly to the autocorrelation structure, the Dicker-1 es-

timator had significant bias and high MSE, although this is expected because Dicker-1 as

implemented here relates to the no LD case. The HE and Dicker-2 estimators were not as

affected by the LD. In contrast to the autocorrelation, however, LDAK underestimated h2

in Figure 2.2, columns (ii), (iii), and (iv). In the bottom row of Figure 2.2, this resulted in

an MSE that was comparable to that of HE and Dicker-1. GCTA estimates appeared to still

largely be unbiased and produced MSEs that were lower than the other estimators. Again,

it was observed that there are cases when the MSE decreases as ρ increases, similarly to the

autocorrelation case.

(c) Repeat Structure: Figure 2.3 shows the variance and bias patterns when the genotypes

were simulated from the repeat structure with parameter r, as described in Section 2.4.5. As

r increases, the number of times that 10% of the markers were simulated increased. There

were m causal markers simulated and n individuals. For example, when m = 1000 and

r = 3, there were 1000 causal markers that were simulated, and the first 100 markers were

repeated 3 times, leading to a total of 1300 markers that were entered into the analysis. An

increased value of r indicates more markers that are in perfect LD with the original causal

markers. We also examined behavior when repeated markers had a small probability of not

being exact duplicates, and results were similar but less pronounced (results not shown).

As in Figures 2.1 and 2.2, the estimates for Dicker-1 increase rapidly as r increases,

agreeing with analytical calculations from Section (2.4.3). In contrast to Figures 2.1 and 2.2,

in Figure 2.3, the estimates for HE and Dicker-2 decrease as r increases, corresponding to

Equation (2.14) and to results in Supplementary Figure (2.9), where those equations were

verified through simulation. The MSE of these two estimators also increase as r increases

(Figure 2.3) and further produce very similar estimates, agreeing with analytical calculations

from Section 2.4.3.

In Figure 2.3, the GCTA estimator produces estimates that are greater than h2 = 0.8

when n = 1000,m = 200 and when n = 2000,m = 1000, but produces estimates that are

lower than 0.8 when n = 200,m = 1000, and when n = 200,m = 3000. In other words, if
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n > m, then the GCTA estimator is underestimating, and when n < m, the GCTA estimator

is overestimating.

The LDAK estimator shows the same pattern of bias as GCTA in that as r increases,

h2 is underestimated when n > m and overestimated when n < m. This is bias is less

pronounced than with GCTA, however. In the bottom panel of Figure 2.3, it can be seen

that as r increases, the MSE of LDAK appears relatively constant, whereas the MSE of

GCTA is increasing when n = 200,M = 1000 or n = 200,M = 3000, as seen in columns (ii)

and (iii).

2.5.3 Simulation Study 2: Likelihood Surfaces

In Figure 2.3, GCTA displayed an upward bias when n > m, and a downward bias when

n < m. We hence hypothesized that the likelihood would be different if n > m versus if

m > n. The likelihood surface captures the joint likelihood of σ2
e and σ2

g . From the model

in Equation (2.5), V ar(yi) = σ2
e + σ2

g . Hence we expect that the maximum likelihood lies on

a diagonal, as σ2
g ≈ V ar(yi) − σ2

e . This appears to be true when the number of individuals

is much larger than the number of markers, but when the number of individuals much less

the number of markers, the axis of the conditional maxima becomes more horizontal (Figure

2.4). An intuition for this result is that as the number of individuals improves, we have

better knowledge of the total phenotypic variance.

The likelihood surfaces also demonstrate a faster rate of change in the likelihood surface

when the number of individuals is increased, comparing Figure 2.4A and G where the range

of the colors is greater than in C and E. This observation corresponds with simulation study

1, where as the number of individuals increased, the variance of the estimates of heritability

decreased. Finally, on the right hand side of Figure 2.4, the surfaces are still either diagonal

or horizontal, but the maxima (red dots) are shifted. This agrees with simulation study 1

results, where there was bias in the GCTA method when the number of repeats increased.
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Figure 2.4: Simulation Study 2. The difference of the log likelihood from the maximum log

likelihood is plotted. The colors depict the value of the difference from the maximum log

likelihood. Likelihoods are truncated at the 60% quantile of B(i) for rows (i) and (iv), and

at the 60% quantile of A(ii) for rows (ii) and (iii) for visibility. Row labels correspond with

Figure 2.3. Column A has markers with no LD, and in column B, 10% of the markers are

repeated 8 times, corresponding the the rightmost points in Figure 2.3. The average of 100

independent simulations using a grid with spacing 0.05 is plotted in each panel. Note that

there is one color scale shared between (i) and (iv) on the left, and a different color scale

shared between (ii) and (iii) on the right due to different ranges. The red point indicates the

location of the maximum likelihood.
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2.5.4 Simulation Study 3: Impact of relatedness in individuals

In simulation study 3, we studied the effect of familial structure on estimates of heritability

using cousinships and found that an increase in the number of causal markers generally

increased MSE unless relatedness was high.

The Dicker-2, HE, and GCTA estimators appeared unbiased for each of the relatedness

structures (Figure 2.5). For GCTA and HE, we reasoned that because their model is con-

ditional on the GRM, it took into account relatedness. Furthermore, because we’ve shown

that HE and Dicker-2 are equivalent (Section 2.4.3), we can also explain the unbiasedness

of Dicker-2. LDAK was also largely unbiased in the case of unrelated individuals, but in

the case of 1st cousins, as the number of markers increased, we observed that LDAK started

showing downward bias.

For the different relatedness structures (unrelated, full sibs, first cousins) we considered,

we observed similar pattern in the change of MSE as we increased the number of markers.

MSE was generally the lowest when the number of markers was closer to the sample size.

However as we increased the number of markers, MSE for each estimator increased (Figure

2.6). For HE and Dicker-2, the unrelated individuals had the lowest MSE when the number

of markers was 400, but increased as the number of markers increased. On the other hand,

1st cousins had MSE that remained steady (Figure 2.6). When the number of markers was

4000, the MSE of the unrelated individuals was larger than the MSE of the 1st cousins,

agreeing with analytical calculations from Section 2.4.4.

For each of our estimators, unrelated individuals had the highest MSE and first cousins

had the lowest MSE. Further, comparing the case of related to unrelated individuals, the

MSE increased more slowly with the increase in the number of causal markers in related

individuals.
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Figure 2.5: Simulation Study 3. Estimated h2 from 500 sets of 10 groups of 40 related

cousins plotted on the y-axis. The number of causal markers plotted on the x-axis. Data

was simulated as described in Section 2.5.4 Different estimators are plotted in different colors.

True heritability was set to be 0.8. Note that because of the chosen range of y values, Dicker-1

is sometimes not visible in the figure. Panels (i), (ii), (iii), and (iv) are first-, second-, third-

cousins, and unrelated individuals respectively.
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Figure 2.6: Simulation Study 3. MSE of estimates of h2 from Figure 2.5. The X-axis indicates

the number of markers in the simulation, and the Y-axis indicates the mean square error.
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2.6 Discussion

The methods for SNP heritability estimation can be broadly classified into two groups;

fixed-SNP-effects models and the random-SNP-effects models. The fixed-SNP-effect mod-

els [Dicker, 2014, Schwartzman et al., 2019] can more easily accommodate the LD structure

among the genetic variants and can accommodate variants as both causal or non-causal.

However, these approaches rely on independence among the individuals in the sample. On

the other hand, the random-SNP-effect models [Yang et al., 2011] can accommodate and

borrow power from related individuals, though it is generally recommended to exclude re-

lationships with higher relatedness than 0.025 (this corresponds approximately to relatives

second cousins or closer) to avoid confounding due to shared environments. These random-

SNP-effects models assume all variants are causal and the majority of the methods do not

accommodate LD among the markers in a statistically rigorous way. The asymptotic prop-

erties of these heritability estimators depend on model assumptions. In this paper, we have

studied the impact of model misspecification on heritability estimation through extensive

simulation studies. We have simulated data under various LD structures and have allowed

a certain portion of the variants to be non-causal. We found little difference in the per-

formance of a fixed-SNP-effect model method-of-moments estimator and a MOM estimator

from a random-SNP-effect model under different model misspecification.

We have derived the analytic expression for the approximate bias of the HE estimator in

presence of LD among markers. Section 2.3 considers various scenarios for the LD among

causal and non-causal markers and analytically shows the impact of this correlation on the

HE estimator. Our simulation studies and numerical results have also considered various

LD scenarios to illustrate that the bias in heritability estimation depends on the underlying

LD pattern and is often small. In many cases, the standard practice of pruning markers to

reduce LD [Calus and Vandenplas, 2018] may be unnecessary.

In the case where Σ−1 can be computed (M < n), Dicker [2014] proposes a heritability

estimator (Dicker-1) that can account for the LD among markers by rotating the genotypes.
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The derivation of the consistency of the estimator, however, relies on the Normality assump-

tion. In case of large n and M (M >> n), our simulation studies and analytical derivation

in Section 2.3.3 show that the Dicker-2 estimator (fixed-SNP-effect model based estimator)

and HE estimator (random-SNP-effect model based estimator), are essentially the same.

Hence, in the situation M >> n, Dicker-2 estimator has limited ability to correct for the

LD among markers because the HE estimator has bias under some forms of LD, as shown in

Equation (2.13). This is a contradiction to the claim that the Dicker [2014] always provides

an improved estimator of heritability in presence of LD among markers.

Further estimators have been proposed in, for example, Hou et al. [2019], which proposes

the h2
GRE estimator. This estimator’s goal is to relax assumptions about the LD structure

of the data by giving each causal effect its own SNP-specific variance, and has been shown

to provide some robustness to LD structures. In the case that the LD matrix is estimable

(n > M), if no binning is used, the h2
GRE estimator is approximately equivalent to the

Dicker-1-Σ estimator if n → ∞ and M remains constant (Supplementary Section S5), but

expands the scope of the Dicker-1-Σ estimator by using a pseudoinverse. This allows the

h2
GRE estimator to be used in cases when some markers are in perfect LD, which was not

possible with the Dicker-1-Σ estimator. The h2
GRE estimator also corrected bias in the Dicker-

1-Σ estimator in our simulations for a finite number of individuals. Furthermore, we found

that in some cases, the h2
GRE estimator has lower variance than the Dicker-1 estimator even

if there is no LD (Supplementary Figure S6). This is possibly due to the use of the empirical

Σ in h2
GRE estimator which may reduce the variance of the estimate. We note, however, that

the h2
GRE estimator is not defined if q = n, where q is the rank of Σ (Supplementary Section

S5). This situation may arise in the case that n < M . We did not study h2
GRE in detail

because we aimed to analytically understand the simple estimators (estimators without any

binning or weighting).

Another estimator that demonstrated robustness to some forms LD was proposed in

Pazokitoroudi et al. [2020]. This estimator aimed to expand upon the HE estimator by

allowing partitioning of heritability to multiple variance components. These partitioning
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methods can be ad hoc, but have been shown to improve robustness of estimators to MAF

and LD in some cases [Evans et al., 2018b]. In the case that the genome is not partitioned,

this estimator reduces to the HE estimator (Supplementary Section 6). We did not consider

partitioning in this paper so that we would be able to more easily understand the estimators

analytically.

Fixed-SNP-effect model based estimators generally assume that sampled individuals are

independent. These approaches do not accommodate related individuals in the heritability

estimation. We demonstrate that even in the absence of LD, the Dicker-1 is severely biased in

the presence of related individuals. However, because of its equivalence to the HE estimator,

the Dicker-2 estimator generates consistent estimates of heritability with related individuals

in the absence of LD.

The likelihood based approaches from the random-SNP-effects model category, especially

the LDAK approach showed more bias under certain model misspecification as compared

to the MOM estimators. Under different LD structures, the traditional GCTA approach

showed more stability in terms of both bias and precision over the LDAK estimator. We did

not observe any specific advantage of adjusting for LD by using the LDAK estimator.

Under the assumption of independence of individuals, the standard errors of the heri-

tability estimator increases with the number of causal markers. This is an artefact of the

assumption of complete independence (unrelatedness) of individuals. In any real sample,

regardless of the extent of correction for population structure, there will always be variation

in the degree of relatedness of individuals, and the extent of variation would depend on the

nature of relatedness present in the sample. As shown in Simulation 3, the precision of the

heritability estimators improve if we include relatives in the sample. The MSE of the estima-

tors were generally lower when we had certain relatedness present in the sample. Moreover,

the impact of increasing the number of markers on MSE was significantly less pronounced if

we had relatedness in the sample. Hence, we highly recommend to at least include second

cousins, if present in the study sample, in the SNP heritability estimation. If the study

sample has substantial number of first cousins, it may be beneficial to assess the sensitivity
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of the heritability estimate after inclusion of first cousins.

In general, MOM estimators had much larger standard errors compared to the likelihood-

based estimators. However, the computational gain of these MOM estimators over the

likelihood estimators is significant for large n and M and often outweighs limitation of large

standard error. There was no apparent bias in these estimators besides the repeat structure

in Simulation 1C. For repeat structures of the causal markers, we observed underestimation

in HE regression and a small upward bias for GCTA estimator.
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2.7 Supplementary material

S1 Likelihood-based Approaches:

The GCTA REML [Yang et al., 2011] estimator is derived by assuming that random-

SNP-effects β ∼ N(0, σ2
gIm×m) and that the normalized genotypes Γ are fixed. It assumes a

random-SNP-effect model based approach for generation of phenotypes, and uses a Euclidean

distance kernel for GRM calculation. Using the Normality assumption of β, the GCTA

REML estimator assumes that y ∼ N(0, σ2
gΨ+σ2

eI) and uses a restricted maximum likelihood

(REML) approach to estimate σ2
g and σ2

e . Recently, binning methods, such as in GCTA-

LDMS have been used to apply GCTA on markers binned for different linkage disequilibrium

(LD) structures or for different allele frequencies [Yang et al., 2015]. However, such binning

techniques are somewhat adhoc and are not incorporated in our simulation and analytical

derivations.

The LDAK [Speed et al., 2012, 2017] estimator uses a similar approach to the GCTA

REML estimator, also assuming fixed genotypes and random β. The LDAK model tries to

correct for uneven LD by computing a reweighted GRM as in Equation (2.19).

Xij = (Gij − 2fj)× [2fj(1− fj)]
α (2.19)

The value α = −1.25 is reported to generally work well with genomewide LD structure.

Each of the raw genotypes is then weighted by substituting each column of Gj with wjGj,

where wj is chosen so that

wj +
′∑
j

wj′r
2
jj′e

−λdjj
′

(2.20)

is constant over j. The squared correlation coefficient between SNPs j and j′ is denoted

by r2jj′ , the genomic distance is denoted by djj′ , and λ is a constant. Note that α = −1

corresponds with the GCTA REML estimator if all wj are 1.
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S2 Method of Moments Estimators: no-LD

In this section we derive basic moment properties of the random-SNP-effect Haseman-Elston

(HE) estimator and the fixed-SNP-effects Dicker-1 estimator in the case of no LD. We see

their differences, but also their similarity in practice. The more general case with LD is

considered in Section 2.3 of the main paper.

S2.1 Haseman Elston Method of Moments Estimator:

The HE estimator is a second-order moments estimator based on a regression of products of

phenotypes yiyk for all pairs i ̸= k on the corresponding (i, k) terms of the n×n GRM matrix

Ψ = M−1ΓAΓ
′
A. Given the standardized genotypes Γ, the phenotypes depend only on the

first m causal markers and y = ΓC β+ϵ, where the independent variables βj ∼ N(0, σ2
g/m),

and ϵi ∼ N(0, σ2
e).

We first consider the estimator as a regression estimate conditional on Ψ. Noting i ̸= k,

so E(ϵi ϵk) = 0 and that the βj are independent, with mean 0 and variance σ2
g/m,

E(yiykΨik) = E

(
(

m∑
j=1

Γijβj) (
m∑
ℓ=1

Γkℓβℓ)Ψik

)
= E

(
m∑
j=1

ΓkjΓijE(β
2
j )Ψik

)
= Ψ2

ik σ2
g

Summing over all n(n − 1)/2 pairs of distinct individuals, we have the method-of-moments

equation

SYΨ ≡
∑
k

∑
i<k

yiykΨik = σ2
g

∑
k

∑
i<k

Ψ2
ik ≡ σ2

gSΨΨ

so that σ2
g may be estimated as

σ̃2
g =

SYΨ

SΨΨ

=

∑
k

∑
i<k yiykΨik∑

k

∑
i<k Ψ

2
ik

(2.21)

Then an estimate of heritability is given by dividing by the empirical variance of y.

Here we focus on the estimate of σ2
g and on the numerator and denominator denoted SYΨ

and SΨΨ respectively. We consider not only the conditional model, but also the variation in
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Ψ over samples of genotypes from the population. Note that

Ψik = M−1

M∑
j=1

ΓijΓkj and E(Γij) = 0, E(Γ2
ij) = 1

So if individuals are independent, E(Ψik) = 0, and if markers are independent,

E(Ψ2
ik) = var(Ψik) = M−1var(ΓijΓkj) = M−1(E(Γ2

ij))
2 = 1/M

and, under independence of individuals i, k and independence of markers j, w, ℓ,

E(yiykΨik) = M−1 E

(
(

m∑
j=1

Γijβj + ϵi)(
M∑

w=1

ΓiwΓkw)(
m∑
ℓ=1

Γkℓβℓ + ϵk)

)

= M−1E

(
m∑
j=1

β2
j (

M∑
w=1

ΓijΓiwΓkwΓkj)

)

= M−1E

(
m∑
j=1

β2
j Γ

2
ijΓ

2
kj

)
= M−1m(σ2

g/m) = σ2
g/M

Hence SΨΨ has expectation n(n − 1)/2M and SYΨ has expectation σ2
gn(n − 1)/2M .

Empirical simulations (not shown) showed that while the standard deviation of SΨΨ is ap-

proximately n/M , that of SYΨ is of order n/
√
M , but both decrease to 0 as M → ∞. Thus

as M → ∞ with n remaining fixed, both SYΨ and SΨΨ converge in probability to 0. As the

number of markers increases, the coefficient of variation of SΨΨ remains constant, but that

of SYΨ increases, and the empirical study shows the the standard deviation of the estimate

of σ2
g to be of order

√
M/n. This result is in agreement with the theoretical equations for

the estimator of Dicker [2014] in the case of no LD: see Lemma 2 and the Remarks following

in that paper. That is, uncertainty in σ2
g and hence in h2 increases as the number of markers

M increases.

S2.2 The Dicker-1 fixed-SNP-effects model moments estimator

The Dicker-1 estimator [Dicker, 2014] is also a method of moments estimator, but starts from

very different assumptions. The standardized genotypes Γij are are assumed to be distributed
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N(0, 1), independent over individuals i. The effects βj are fixed effects, and in our case

where only the first m markers are causal, βj ≡ 0 for j = (m+1), ...M . The parameter to be

estimated is σ2
g ≡ β′Σ∗β where here β is them-vector of effects at causal markers augmented

by (M−m) zeros andΣ∗ is the true LD matrix of correlations among allM markers. Because

of the Normality assumption for genotypes, these can be rotated to orthonormality. This

implies that the case of known Σ∗ is mathematically equivalent to Σ∗ = I. For simplicity

we consider this case, then β′Σ∗β =
∑m

j=1 β
2
j and m−1

∑m
j=1 β

2
j ≡ σ2

g/m, equivalent, for

large m to the random-SNP-effects HE assumption βj ∼ N(0, σ2
g/m).

Dicker [2014] uses the quadratic forms ∥y∥2 = y′y and ∥Γ′
Ay∥2 = M y′Ψy. Without

making Normality assumptions, we can compute

E(M y′Ψy) =
n∑

i=1

n∑
k=1

E(M yiΨikyk)

=
n∑

i=1

n∑
k=1

E

(
(

m∑
j=1

Γijβj + ϵi)(
M∑

w=1

ΓiwΓkw)(
m∑
ℓ=1

Γkℓβℓ + ϵk)

)
(2.22)

Under independence of Γiw and Γkw for i ̸= k, the coefficient of σ2
e is seen to be Mn. Under

independence of markers indexed by j, ℓ and w, the majority of terms in βj and βl in this

expression disappear, leaving only a coefficient of σ2
g =

∑m
j=1 β

2
j . The remaining terms have

j = ℓ ̸= w (in which case i = k), or j = ℓ = w (in which case terms with both i = k and

i ̸= k remain). Grouping these two sets of terms this coefficient reduces to

(M −1) E(
∑
i

Γ2
ijΓ

2
iw)+E(

∑
i

∑
k

Γ2
ijΓ

2
kj) = n(M−1)+Kn+n(n−1) = n(M+n+K−2)

where K = E(Γ4
ij). Combining the following two equations,

E(n−1M y′Ψy) = (M + n+K − 2)σ2
g + Mσ2

e

E(n−1y′y) = σ2
g + σ2

e

and assuming K = 3 we obtain the Dicker [2014] method-of-moments estimator of σ2
g :

σ̃2
g = (n(n+ 1))−1(M y′Ψy − My′y) = (n(n+ 1))−1(∥Γ′

Ay∥2 − M∥y∥2) (2.23)
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Figure 2.7: Skewness and kurtosis of the normalized genotypes as a function of allele fre-

quency

Note that whereas the numerator and denominator of the HE estimator (2.6) always has

the correct expectations, Equation (2.23) is only exact if K = 3. Since K appears only in

the term (M + n +K − 2) the impact will be small for large M and/or n, but it is worth

noting that K can be quite large (> 100) for loci with rare alleles (see Figure 2.7). Under the

N(0, 1) assumption, Dicker [2014] gives also many other expressions for high-order moments

of these estimators. However, these depend more critically on the higher-order moments of

the Γij, and hence his Normality assumption.

Although the assumptions underlying the MoM estimator (2.23) are very different from

those of the HE estimator of Equation (2.6), operationally and in performance the estimators

are quite similar, in the case of known or no LD. The key difference from the HE estimator

is then that whereas the latter considers only Ψik for i ̸= k, the Dicker estimator uses the

full n × n matrix MΨ = ΓAΓ
′
A. This use of the diagonal terms Ψii permits an estimators

of σ2
g and σ2

e that is linear in the relevant quadratic forms, rather than the ratio SY T/STT ,

but strict correctness and moment properties are dependent on the Normality assumption

for Γij.
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S3 Moment based estimators: LD case

S3.1 Biases in HE estimator in the presence of LD

In the presence of LD, the HE estimator may be biased. A formula for this bias, approximat-

ing the expectation of a ratio by the ratio of expectations, is derived in Section 2.3 of the main

paper. We here include some further analyses of the theoretical predictions of Equation2.13,

that LD changes the expectation of the HE estimator by a factor of M
m

RCC+RCF

RCC + 2 RCF + RFF
.
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Figure 2.8: For the autocorrelation structure, values of the factor of Equation (Y-axis) 2.13

are plotted for different values of M (different panels), ρ (X-axis), and skip number (colors)

In Supplementary Figure 2.8, we calculated approximate theoretical biases of HE estima-

tor in autocorrelated data for different values of ρ (x-axis), number of markers total markers

M (different panels), and different “skip” numbers using equation 2.4.3. The skip number

is the number of elements until a causal marker is seen. For example, if the skip number

for is 2, then every second marker is causal, and all others are noncausal. The value of the

ratio reported (Y-axis) indicates that the estimator is unbiased when the ratio is 1. We

observed that as predicted in Section 2.4.3, no bias is observed when the skip number is 2,

and furthermore, the bias is close to 1 whenever M is large for all skip numbers up to 10.

For the block structure, we can analytically show that for any number of blocks and any

value of ρ, there is no bias resulting from Equation 2.13. We begin by computing for the
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case that there is 1 block consisting of all M markers, with m of the markers being causal.

The correlation between all of the markers in the block is ρ. Without loss of generality, we

can assume that all of the causal markers are listed before the noncausal markers. When

this is the case, we can calculate that RCC = m + m(m − 1)ρ, RCF = m(M − m)ρ ,and

RFF = M −m+ (M −m)(M −m− 1)ρ. Substituting these values, we reach

E(σ̃2
g) ≈ σ2

g

M

m

m+m(m− 1)ρ+m(M −m)ρ

m+m(m− 1)ρ+ 2m(M −m)ρ+M −m+ (M −m)(M −m− 1)ρ

and upon simplifying this expression, we find that E(σ̃2
g) ≈ σ2

g . To extend this to the case

of multiple identical blocks, we note that each of RCC , RCF , and RFF are multiplied by the

number of blocks, and hence the bias is the same

(i) (ii) (iii) (iv)
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Figure 2.9: Estimates of h2 (y-axis) for different values of r, the number of times that 10% of

the markers are being repeated. Estimates are made using the HE estimator (red box plots)

with data simulated from the repeat structure of simulation study 1. The true simulated

heritability was 0.8 (solid black line). The solid blue line plots the theoretical estimates based

on Equation (2.14). The set up is the same as in Figure 2.3, with (i) n = 1000,m = 200 (ii)

n = 200,m = 1000, (iii) n = 200,m = 3000 (iv) n = 2000,m = 1000.

Of the simulation study examples of this paper, the bias is marked in the case of non-

causal markers that repeat the genotypes of causal markers. Figure 2.9 aims to validate the

formula for the bias and assess the variation in bias across realizations by taking estimates

of heritability from the repeat structure simulated data in simulation study 1 and comparing
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against the theoretical values from Equation (2.14). It is shown that there is close alignment

of the theoretical values and the observed. We also note that the theoretical bias does not

depend on the value of m, since if we multiply m by a constant c, then if we have set a fixed

percentage of markers to be repeated, d is also multiplied by our constant c, and

σ2
g

(cm+ rcd)2

cm(cm+ rcd(2 + r))
= σ2

g

(m+ rd)2

m(m+ rd(2 + r))

S3.2 Impact of LD on the Dicker-1 Estimator

We consider now the estimator of Equation (2.7) in the presence of LD. Although this

estimator would likely not be used in practice because it does not attempt to adjust for LD

and hence has a different estimand than σ2
g as defined here, it provides important motivation

for the Dicker-2 estimator (Equation 2.9). We here provide justification for poor performance

of the Dicker-1 estimator in simulation. Even in the absence of LD, this estimator of σ2
g is

unbiased only if E(Γ4
ij) = 3 (Supplementary Section S2.2) but the bias is negligible for large

M or n.

Recall that for the Dicker-1 estimator (Equation 2.7), σ̃2
g = (n(n+1))−1(My′Ψy−My′y).

We begin by analyzing the term y′y. Note that E(ΓijΓil) = Σ∗
jl so that

E(n−1y′y | β) = n−1E ((ΓCβ + ϵ)′(ΓCβ + ϵ) | β) = β′Σ∗β + σ2
e

where the vector β contains only entries for causal markers.

The fixed-SNP-effects Dicker-1 estimator estimates τ 2 = β′Σ∗β [Dicker, 2014], which may

differ from the additive genetic variance σ2
g ≡

∑m
j=1 β

2
j /m in the presence of LD. However, in

our simulation studies, each replicate uses βj at causal loci j = 1, ...,m that are independently

generated N(0, σ2
g/m) and independent of the standardized genotypes Γij (Section 2.4.5).
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Thus, over replicate simulations

E(β′Σ∗β) = E(
m∑
ℓ=1

m∑
j=1

βℓΣ
∗
ℓjβj)

= (σ2
g/m)

m∑
j=1

Σ∗
jj

= σ2
g

and hence E(n−1y′y) = σ2
g + σ2

e

We now analyze the y′Ψy term. Like with the y′y term, we may consider expectations

of the estimator over replicates assuming that βj (j = 1, ...,m) are independent N(0, σ2
g/m).

First, we note that y′Ψy = 2SYΨ +
∑

i y
2
iΨii so that, from Equation (2.12)

E(M y′Ψy) = E(2MSYΨ +M
∑
i

y2i Ψii)

= n(n− 1)m−1σ2
g (RCC +RCF ) +ME

[∑
i

(
∑
j

Γijβj + ϵi)
2(
∑
w

Γ2
iw)

]

= n(n− 1)m−1σ2
g (RCC +RCF ) + nm−1σ2

g

m∑
j=1

M∑
w=1

E(Γ2
ijΓ

2
iw) + Mn σ2

e

In general E(Γ2
ijΓ

2
iw) is unknown, but a lower bound on the double-sum term is the no-LD

value mK+m(M −1) (see Supplementary Section S2.2) while a rough approximation might

be mK + (M − 1)(RCC + RCF ), where again K = E(Γ4
ij). This approximation gives the

overall result

E(n−1My′Ψy) ≈ σ2
g (K +

(n+M − 2)

m
(RCC +RCF )) + Mσ2

e

Combining the My′Ψy and My′y terms, we have

E
(
(n(n + 1))−1(My′Ψy − My′y)

)
≈ σ2

g (n + 1)−1(K +
(n +M− 2)

m
(RCC +RCF)−M).

Since the squared correlations r2jℓ are non-negative, (RCC + RCF ) ≥ m and the estimator

will overestimate σ2
g and hence also heritability h2. Unlike the HE estimator where the LD

inflates both numerator and denominator (Equation 2.13), the form of the estimator (2.7)

means that it can only be inflated by LD.
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S3.3 Moment estimators designed to accommodate LD

In the case when LD must be estimated from the sample data, Dicker [2014] and Schwartzman

et al. [2019] developed moment-based estimators of σ2
g , σ

2
e , and h2 under the fixed-SNP-effects

framework.

Here we consider the estimator of Dicker [2014] in the case of LD. Again, the GRM

Ψ = M−1ΓA Γ′
A, and LD matrix Σ = n−1Γ′

AΓA. If the standardized genotypes, Γij, are

marginally N(0, 1) and independent over i, and if Σ∗ is the true positive definite correlation

matrix of the Γij over j, then Σ∗−1/2
Γ′

A are independent N(0, 1) and the estimator (2.23)

becomes

σ̃2
g = (n(n+ 1))−1((Σ−1/2Γ′

Ay)
′(Σ−1/2Γ′

Ay) − My′y)

= (n(n+ 1))−1(y′ΓAΣ
−1Γ′

Ay − My′y) (2.24)

and again σ2
g +σ2

e is estimated by the phenotypic variance n−1y′y. More generally, as shown

by Dicker [2014], if n > M and Σ is a norm-consistent estimator of the true correlation

matrix the properties and results of the non-LD estimator (2.23) apply also in the LD case

to the estimator (2.24).

However, in most applications, M is much larger than n. and the estimator (2.24) breaks

down, and as shown in Dicker [2014], In this case they propose to use lower-order moments

of the trace of Σ = n−1Γ′
AΓA. Specifically they define

µ1 =
tr(Σ)

M
and µ2 =

tr(Σ2)

M
− (tr(Σ))2

Mn
(2.25)

The estimator of σ2
g becomes

σ̃2
g =

µ1(Γ
′
Ay)

′(Γ′
Ay) − Mµ2

1y
′y

n(n+ 1)µ2

(2.26)

and again σ2
g + σ2

e is estimated by n−1y′y. For more on the theory and properties of the

estimator (2.26) see Dicker [2014]. For the current paper, we implement this estimator as

“Dicker-2” in our simulations and results.
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Schwartzman et al. [2019] proposed a method of moments estimator based on that of

Dicker [2014]. They derive a form that depends only on summary statistics instead of

the raw genotypic and phenotypic data and hence their estimator has wider applicability.

However, in the basic form (not using only summary statistics) their estimator is essentially

equivalent to the estimator (2.26), so we do not consider it further in this paper.

S4 Simulation of Genetic Marker LD Structures

Autocorrelated: we assume that for each individual, M markers are generated from a

multivariate Gaussian with AR1(ρ) covariance matrix. We generate the markers for each

individual independently. In other words, we assume that for individual i, genotypes G̃i are

generated from G̃i ∼ N(0,Σ), where

Σ =


1 ρ ρ2 . . . ρM−1

ρ 1 ρ . . . ρM−2

...
...

...

ρM−1 ρM−2 ρM−3 . . . 1


The continuous values G̃i are then converted to discrete genotypes Gi taking value 0, 1 or

2. For a marker with alternate allele frequency f , Gij = 0, 1, or 2, depending on if G̃ij

is less than Φ−1(f 2), between Φ−1(f 2) and Φ−1(f 2 + 2f(1− f)) = Φ−1(2f − f 2), or greater

than Φ−1(2f−f 2), where Φ(·) is the N(0, 1) distribution function. Note that this trichotomy

gives the correct marginal genotype probabilities, but reduces the genotypic correlation (LD)

between markers below that used in the simulation matrix Σ: compare panels A with D, or

B with E in Figure 2.10.

Block: we generate block genotypes according to the same mechanism as the autocor-

related genotypes, except we choose that
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Figure 2.10: These panels plot the empirical covariance matrices for simulated genotypes

from 10,000 individuals and p = 100 markers. The correlation between markers decreases

after discretization but the pattern generally remains the same. (A) Autocorrelated markers

were generated from the Gaussian model, i.e. plotting Cov(G̃) (B) Blocked markers were

generated from the Gaussian model. (C) Independent markers were generated. (D) Auto-

correlated markers were generated and then discretized and normalized, i.e. this is Cov(Γ)

(E) Blocked markers were discretized and normalized. (F) Repeated markers were generated

with 10 markers being repeated 5 times.

Σ =


1 ρ ρ . . . ρ

ρ 1 ρ . . . ρ
...

...
...

ρ ρ ρ . . . 1


for each block. We assume that there are 10 blocks, each with M/10 markers.
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Figure 2.11: Colors represent values of the log of 1 plus the average of 100 GRMs generated

from 400 individuals. The i, jth entry of the matrix corresponds to the relatedness between

ith individual and the jth individual. Sets of cousins are adjacent in groups of 40. Colors

are thresholded at 0.1, and set to white if it is above the threshold.

Repeat: In this casem marker genotypes are independently generated from the binomial

distribution. That is, for a marker with alternate allele frequency f , Gij ∼ Binomial(2, f).

We designate a proportion of markers to be repeated. We repeat these markers r times.

Choice of causal markers

For the three simulation LD structures, we selected Gc to be a subset of G. For the

autocorrelation and block simulated genotypes, we chose alternating markers to be causal

and non-causal markers. For the repeat structure the original m markers were chosen to

be causal, while the repeat genotypes were non-causal. The genotypes were standardized

to each have mean 0 and variance 1, using the empirical allele frequencies in the simulated

sample of n individuals. The matrix ΓA of standardized genotypes was formed as given in

Equation (2.1), while ΓC is the corresponding matrix for the m causal markers.

S5 Equivalence of a simplified h2
GRE and Dicker-1-Σ

Recall that from Section 2.4.2, the Dicker-1 estimator can be expressed as (n(n+1))−1(∥ΓA
′y∥2 −My′y)

if Σ∗ is known to be the identity matrix. In the case that Σ∗ is known or estimable but not
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the identity, we have Dicker-1-Σ. We replace Γ by ΓΣ−1/2, and we have

M
[
(ΓΣ−1/2)′y

]′ [
(ΓΣ−1/2)′y

]
−My′y

n(n+ 1)
=

My′ΓΣ−1/2(Σ−1/2)′Γ′y −My′y

n(n+ 1)
(2.27)

=
My′ΓΣ−1Γ′y −My′y

n(n+ 1)
(2.28)

On the other hand, if we do not apply partitioning, the h2
GRE estimator is expressed as

h2
GRE =

nβ̂
′
Σ−1β̂ − q

n− q
(2.29)

≈ y′ΓΣ−1Γ′y − y′yq

n(n− q)
(2.30)

≈ y′ΓΣ−1Γ′y − y′yq

n(n+ 1)
(2.31)

Here, β̂ is defined to be 1
n
Γ′y, as per [Hou et al., 2019]. Furthermore, q is the rank of Σ. If

n > M and Γ is full rank, then q = M . We assume that y′y ≈ n. Furthermore, for n >> M ,

we assume n(n − 1) ≈ n(n − M). With these assumptions, Equation (S13) and Equation

(S10) are the same, demonstrating the equivalence. Upon rescaling the Dicker-1-Σ estimator

by n−1
n−M

, the Dicker-1-Σ and the h2
GRE estimator are essentially equivalent (Supplementary

Figure 2.12)

We simulated data similarly to Section 2.4.5, but excluded cases where n < M because if

n < M and Γ is rank n, then Σ can often have rank n, in which case the GRE estimator is

not well defined. We excluded the repeat LD structure because we were unable to calculate

the Dicker-1-Σ estimator since we were unable to calculate Σ−1. We found that the h2
GRE

estimator was robust to the structures of LD that we presented here. Furthermore, even

though when r = 0 or ρ = 0, we have that Σ∗ = I, the h2
GRE could have lower MSE than

Dicker-1. This may be because including the empirical Σ may reduce the variance of the

estimate.

S6 Equivalence of RHE-mc with one component to HE

The randomized Haseman Elston estimator with multiple components (RHE-mc) uses a

system of normal equations to estimate σ2
g and σ2

e (Equation 7 in [Pazokitoroudi et al.,
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Figure 2.12: We simulated 50 data sets for each of autocorrelation, block, and repeat struc-

tures of each of the estimators, and including the h2
GRE estimator (black). The X-axis plots

ρ. A horizontal line is shown at h2 = .8. On the top row, estimates of heritability are shown.

On the bottom row, MSEs are shown.
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2020]). If only one component is used in this estimator, then the equations becometr(ΨΨ) n

n n

σ̃2
g

σ̃2
e

 =

y′Ψy

y′y

 (2.32)

Upon solving the system of equations for σ̃2
g , we obtain the estimator

σ̃2
g =

y′Ψy − y′y

tr(Ψ′Ψ)− n
(2.33)

Note that we used the fact that Ψ is symmetric, and hence Ψ = Ψ′. Because y is stan-

dardized, we have y′y = 1. Then we note that Equation 2.33 is the same as Equation

2.15.
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Chapter 3

MATRIX PRIOR FOR DATA TRANSFER BETWEEN SINGLE
CELL DATA TYPES IN LATENT DIRICHLET ALLOCATION

This chapter is adapted with minimal modification from:

Alan Min, Timothy Durham, Louis Gevirtzman, and William Stafford Noble. Matrix

prior for data transfer between single cell data types in latent Dirichlet allocation. PLOS

Computational Biology, 19(5):e1011049, 2023

3.1 Author Contributions

TD and WSN conceptualized the idea of transferring data in LDA using a prior. AM

proposed the use of the matrix prior approach to solve the data transfer problem, conducted

simulation studies, and conducted validation studies of the matrix prior. AM and TD curated

the data used for analysis, and determined validation approaches for the matrix prior. LG

implemented the matrix prior approach in a Java distribution. TD and WSN provided

critical feedback throughout all of the validation approaches. All authors contributed to

reading the final manuscript.

3.2 Abstract

Single cell ATAC-seq (scATAC-seq) enables the mapping of regulatory elements in fine-

grained cell types. Despite this advance, analysis of the resulting data is challenging, and

large scale scATAC-seq data are difficult to obtain and expensive to generate. This moti-

vates a method to leverage information from previously generated large scale scATAC-seq

or scRNA-seq data to guide our analysis of new scATAC-seq datasets. We analyze scATAC-

seq data using latent Dirichlet allocation (LDA), a Bayesian algorithm that was developed
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to model text corpora, summarizing documents as mixtures of topics defined based on the

words that distinguish the documents. When applied to scATAC-seq, LDA treats cells as

documents and their accessible sites as words, identifying “topics” based on the cell type-

specific accessible sites in those cells. Previous work used uniform symmetric priors in LDA,

where the parameters of the Dirichlet prior were set to be equal, but we hypothesized that

nonuniform matrix priors generated from LDA models trained on existing data sets may

enable improved detection of cell types in new data sets, especially if they have relatively

few cells. In this work, we test this hypothesis in scATAC-seq data from whole C. elegans

nematodes and SHARE-seq data from mouse skin cells. We show that nonsymmetric matrix

priors for LDA improve our ability to capture cell type information from small scATAC-seq

datasets.

3.3 Introduction

Single cell genomics has emerged as a powerful method to characterize gene expression

(scRNA-seq) and chromatin accessibility (scATAC-seq). The resulting data enables fine-

grained identification of cell types. For example, in Caenorhabditis elegans, scRNA-seq and

scATAC-seq have been used to measure genome-wide gene expression levels and chromatin

accessibility for the majority of individual cells in the developing embryo and second-stage

larval (L2) worms [Durham et al., 2021, Cao et al., 2017, Packer et al., 2019].

Several research groups have found that a Bayesian modeling approach called latent

Dirichlet allocation (LDA) is an effective method for distinguishing different cell types in

scRNA-seq and scATAC-seq data [González-Blas et al., 2019, Dey et al., 2017]. LDA was

developed to model topics in text corpora using counts of words in each document, but when

applied to scATAC-seq data, can be used to condense peaks into topics that describe cell

types within the data. When applied to scATAC-seq data, the outputs of LDA are a cell-

topic matrix, describing the topics assigned to each cell, and a topic-peak matrix, describing

how strongly a peak contributes to the definition of each topic. LDA is also well-suited to

model single cell genomics data because it expects a matrix of integers as input, and thus
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can naturally operate on the raw count matrices generated by scATAC-seq or scRNA-seq.

Despite promising results, the challenges posed by scATAC-seq data motivated us to

incorporate auxiliary data into the LDA algorithm. Single cell data is still expensive to

gather, but there are large compendia of single cell ATAC-seq data available. We aim to

use large reference sets of scATAC-seq data (“atlases”) to improve the analysis of smaller

datasets through the use of LDA with a nonuniform matrix prior. Specifically, we propose

to use previously generated data to create a probabilistic prior for use by the scATAC-seq

LDA model. We further investigate the possibility of using scRNA-seq data to transfer

information to smaller scATAC-seq datasets. In general, the Bayesian prior methodology

provides a principled and computationally lightweight way to incorporate auxiliary data.

We verified the utility of our approach via simulation and then applied the technique

to a dataset from C. elegans produced using the sci-ATAC-seq assay [Durham et al., 2021]

and a dataset from mouse skin cells produced using the SHARE-seq assay [Ma et al., 2020].

We first used simulated data to verify the feasibility of transferring information between two

datasets with the same, known, underlying topics; and we show that the nonuniform matrix

prior can increase the ability of LDA to identify true underlying topic structure within a

given dataset. Next, for the C. elegans and mouse skin scATAC-seq data, we split each full

data set into a larger “reference” subset and a smaller “target” subset, then applied LDA

with a uniform symmetric prior to the reference subset and used the results of that LDA as

a nonuniform matrix prior for an LDA model of the target subset. We report that in the

mouse skin data, agreement with previously called cell types improved by using auxiliary

scATAC-seq data, and that correlation of the output matrices from the “target” LDA with

the output matrices from the LDA on the full data set is higher with the nonuniform matrix

prior than with the uniform symmetric prior. For the C. elegans data, we also found increased

correlation of the output matrices between the full data set LDA and the target LDA when

using the matrix prior; however, unlike with the SHARE-seq data, we saw no improvement

in the agreement with previously called cell types. Finally, we leveraged the paired nature

of the scATAC-seq and scRNA-seq data in the mouse skin SHARE-seq dataset to attempt
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to transfer information across single cell assays. We used the output from an LDA on the

scRNA-seq data as a matrix prior for an LDA on the scATAC-seq data. In this case, we did

not see a clear improvement when using the matrix prior, but the cross-assay matrix prior

might still be improved with further hyperparameter tuning.

3.4 Approach

3.4.1 Background: latent Dirichlet allocation

LDA was originally developed to model text documents as a mixture of topics. For a fixed

vocabulary, a document is described as the number of occurrences of each word in the

vocabulary. In our case, instead of words, we are modeling scATAC-seq peaks or scRNA-seq

genes. We assume that each cell is generated from a mixture of topics, and that each topic

has a distribution of peaks or genes from the vocabulary associated with it. The parameters

we hope to estimate are the distribution of topics for each cell and the distribution of peaks

or genes for each topic, called the “cell-topic matrix” and the “topic-peak matrix” or “topic-

gene matrix,” respectively. A generative model is assumed for each of the cells, described

below, following [Blei et al., 2003].

Let N be the number of sequencing reads or unique molecular identifiers (UMIs) in a cell.

Let T be the number of topics. Let V be the number of peaks or genes in the vocabulary.

Let U be the number of cells. Let the vector w = (w1, . . . , wN) be a cell, where each wi is

the number of reads or UMIs associated with a particular peak or gene from the vocabulary.

Let θ = (θ1, . . . , θT ) be the topic distribution of a given cell, where
∑T

i=1 θi = 1. Let

ϕt = (ϕt1, . . . , ϕtV ) be the peak or gene distribution for topic t such that
∑V

w=1 ϕtw = 1,

where ϕtw indicates the probability of observing a read or UMI from the peak or gene w

given that its topic was t. Let α be the “basis vector” of length T such that
∑

i αi = 1

and αi > 0 for each i, which parameterizes the Dirichlet prior distribution over the cell-topic

matrix. Similarly, let β be a basis vector of length V such that
∑

j βj = 1 and βj > 0 for each

j, which parameterizes the Dirichlet distribution over the topic-peak or topic-gene matrix.
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Let cα be the “concentration parameter” for α, and cβ be the concentration parameter for

β. Let ξ be the average number of peaks or genes in a cell.

We note that α is a prior that describes the frequency at which topics are observed, and

β is a prior that describes the frequency at which peaks or genes are observed, i.e. a large

value of αi or βi indicates that the ith topic or ith peak or gene is more common, respectively.

Blei et al. [2003] first describe a variational Bayes approach to optimizing the posterior

distribution of the topic assignments for each peak or gene. Following González-Blas et al.

[2019] and Darling [2011], however, we use a Gibbs sampling algorithm for LDA for scATAC-

seq data (Algorithm 1) .

In González-Blas et al. [2019], the last Gibbs sampling iteration is chosen to be the output

of the topic-peak and cell-topic matrices. We modify this approach slightly by calculating

the posterior likelihood of each of the iterations and choosing the iteration with the highest

likelihood. This is the maximum a posteriori (MAP) estimate.

3.4.2 Data transfer using a matrix prior

To achieve our goal of leveraging large scale data to improve inference in small datasets, we

extend Algorithm 1 to accept a matrix prior B to replace the vector prior β for the topic-

peak or topic-gene distribution. Unlike the vector prior β, which specifies the same prior

distribution over vocabulary elements regardless of topic, the matrix prior B can specify a

different prior distribution for each topic. The matrix prior B has elements Btw such that for

each t,
∑

w Btw = 1, corresponding to the probability of observing peak or gene w in topic

t. It has corresponding concentration parameter cB. We modify the distribution of topics in

Algorithm 1, p(zij = k | z(−i),w), the probability of topic zij being k given all other topic

assignments and all documents, in the algorithm by instead writing that

p(zij = k | z(−i),w) ∝ (ndk + cααk)
nkw + cBBtw

nk +
∑V

w=1 cBBtw

(3.1)

An interpretation of cBBtw is that we are adding pseudocounts of the peak or gene w to the

topic t. This gives us finer control over the prior distribution of the topic-peak or topic-gene
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Result: Topic-peak matrix nkw estimating ϕ and cell-topic Matrix ndk estimating θ

Input: Cells {di} each with peaks wij

Assign counts ndk, nkw and nk

Initialize topic labels zij

for iterations in 1:n iterations

for each cell di

for wij in di
topic = zij

peak = wij

nd,topic = nd,topic − 1

npeak,topic = npeak,topic − 1

ntopic = ntopic − 1

for k in topics

p(zij = k | z(−i),w) ∝ (ndk + cααk)
nkw+cββw

nk+
∑V

w=1 cββw

end

Pick a new topic according to p(zij = k | z(−i),w)

nd,topic = nd,topic + 1

npeak,topic = npeak,topic + 1

ntopic = ntopic + 1

end

end

end

Algorithm 1: LDA Gibbs sampling algorithm to estimate topic assignments for each word,

by calculating p(zij = k | z(−i),w), the probability of topic zij being k given all other topic

assignments and all documents
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matrix. A key feature of using a matrix prior is that we can use the inferred ϕ from one LDA

model as the prior for another model with the same vocabulary and similar topics, thereby

transferring information from one model to another. We note that this proposed method is

similar to a method first proposed in [Wood et al., 2017], but the exact form of the prior is

different due to the hyperparameter cB.

We call the dataset that we use to generate the matrix prior the “reference dataset” and

the dataset to which we apply the prior the “target dataset.” In order to transfer information

from the reference to the target, we first run the LDA algorithm on the reference, where both

α and β are set to be the “uniform priors” described in Algorithm 1; in other words, αi = 1/T

and βj = 1/V . This outputs an estimate of the topic-peak or topic-gene matrix, ϕ̂ref , that

contains information about the distribution of peaks or genes in each topic. We set the prior

B = ϕ̂ref , with a concentration parameter cB. As the concentration parameter increases,

the LDA algorithm upweights ϕ̂ref .

3.5 Methods

3.5.1 Data

Simulated data

To evaluate the performance of the matrix prior methodology, we first simulated scATAC-seq

data and compared inferred topics to the true generative topics that we used to create the

synthetic data according to the LDA generative process (Section 3.4.1). We fixed the true

topic-gene distribution across all simulated datasets, with peak or gene distributions for each

topic simulated with a Dirichlet distribution with parameters cβ = 0.1, βj = 1/V , resulting

in V -element vectors. We simulated a new cell-topic matrix for each new dataset, also using

a Dirichlet distribution, with parameters cα = 0.3, αi = 1/T resulting in a T -element vector.

We set the number of peaks/genes V = 8000, the number of topics T = 30, and the number

of reads/UMIs per cell to be on average ξ = 4000.

In the true matrix simulation, the goal was to evaluate the matrix prior when the true
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topic-gene matrix was used as the matrix prior in LDA of simulted data. We simulated

target datasets with 1000, 2000, 4000, and 8000 cells, all with the same topic-gene matrix.

For each dataset size, we simulated five datasets. In the inferred matrix simulation, instead

of providing the true topic-gene matrix, we inferred the topic-gene matrix by performing

an LDA of simulated reference data using a uniform symmetric prior, then provided that

inferred matrix as the prior to LDA of simulated target data sets. We generated four synthetic

reference datasets: one for each of 1000, 2000, 4000, or 8000 cells, and we simulated four

target datasets of 1000 cells. We performed LDA with a uniform symmetric prior on each

reference dataset, and used each resulting topic-gene output matrix as a prior for LDA of

each target dataset.

C. elegans scATAC-seq data

Recently published C. elegans scATAC-seq data demonstrated increased resolution of cell

types compared to bulk ATAC-seq data [Durham et al., 2021]. The cells were collected from

animals in larval stage 2, and the authors used LDA followed by clustering to identify cell

types, which are the labels we use here. The dataset has 30,764 cells and 13,734 peaks. We

split the cells uniformly at random into a “reference dataset” of 27,764 cells and a “target

dataset” of 3,000 cells to investigate the performance of the matrix prior.

SHARE-seq mouse skin data

SHARE-seq is a co-assay that generates both scATAC-seq and scRNA-seq data from the

same single cells simultaneously [Ma et al., 2020]. For our analysis we selected the mouse

skin data set from the original publication, which has 34,774 cells from 22 cell types. The

scATAC-seq data for these cells consist of chromatin accessibility across 344,592 peaks, while

the scRNA-seq data contain the expression measurements of 22,813 genes. First, we repeated

our experiments from the C. elegans dataset, testing the effectiveness of the matrix prior for

transferring information from a larger reference dataset to a smaller target dataset. Second,

we leveraged the co-assay data, in which we know the ground-truth pairing of scATAC-seq
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and scRNA-seq measurements for each cell, to investigate whether we could use the matrix

prior to transfer information between scRNA-seq and scATAC-seq datasets.

3.5.2 LDA analysis

LDA analysis of simulated data

For our analysis of simulated data, we used the implementation of the LDA algorithm that

employs the Gibbs sampling scheme described in Algorithm 1 [Durham et al., 2021]. We set

the number of Gibbs sampling iterations to be 1000. The iteration with the highest posterior

probability was used to infer the cell-topic and topic-gene matrices.

In the true matrix simulation, we used the true generative topic-gene matrix as the

matrix prior for the target data LDA. We compared the quality of the inferred cell-topic

and topic-gene matrices both using the matrix prior and using the uniform prior. For the

uniform prior, we supplied LDA with the parameters cα = 0.3, and cβ = 0.1, matching the

simulation Dirichlet parameters. When we used the matrix prior, we supplied LDA with the

concentration parameter cα = 0.3, which matched the simulation Dirichlet parameter, and

we set the matrix prior concentration parameter to cB = 1000.

In the inferred matrix simulation, we used LDA with a uniform prior to infer a topic-gene

matrix ϕ̂ using each of the four reference datasets with between 1000 and 8000 cells. We

trained these uniform prior LDA models with cα = 0.3, and cβ = 0.1. We then used each

resulting ϕ̂ as the matrix prior for each of the four target datasets. We again compared

using the matrix prior to using a uniform prior. We used the same settings for the matrix

prior LDA models as in the true matrix simulation.

LDA analysis with experimental data: transfer from scATAC-seq to scATAC-seq

To assess whether using a matrix prior would improve LDA performance compared to a

uniform prior on small, sparse data, we first trained an LDA model with a uniform prior

on all available cells to compare to using our prior on a small dataset. We will refer to this
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model as the “joint model”. Next, we split the data into a larger “reference set” of 31,774

cells and a smaller “target set” of 3000 cells, and trained a uniform prior LDA model on

each of these sets. The output from the target data when the uniform prior was used set the

floor for the expected performance of our prior. Last, we used the gene-topic probabilities

from the reference model as a matrix prior for a new LDA model of the target set of cells,

and we compared the results of this model with those of the uniform models to evaluate the

effectiveness of the matrix prior.

Hyperparameter search

We conducted a hyperparameter search to inform our selection of values for the number of

topics to use, T , and the two concentration parameters cα and cB. We used a grid-search

strategy, testing seven values for T (2, 3, 4, 5, 10, 15, and 20), four values for cα (0.03,

0.3, 3.0, and 30.0), and eight values for cB (10, 50, 75, 150, 250, 1000, 2000, and 4000);

and we employed a likelihood-based measure, perplexity, as our evaluation metric, following

Wallach et al. [2009]. Perplexity is the negative exponent of the likelihood, and is calculated

for each cell as exp(−L(w|z,ϕ,cα,cB)
N

), where N is the number of reads in a cell. A lower value of

perplexity is better. To calculate the likelihood required for the perplexity measure, we use

the Chib-style estimation procedure [Chib, 1995], which is a method using a Markov chain

to evaluate L(w | z, ϕ, cα, cB).

Due to our two-tiered method, in which we train a uniform prior LDA on a reference

subset of the data and then use the output as a matrix prior for an LDA on the target

subset of the data, we also required two corresponding tiers for our hyperparameter search.

Thus for the first tier, we generated a set of matrix priors by training, for each value of T in

our grid search, a uniform prior LDA model on the reference data set. All of these models

used cα = 3 and cβ = 800, which we chose based on the hyperparameter values reported in

Durham et al. [2021]; note that we lowered cβ compared to the published value of 2000 to

allow the data to have a greater role in determining the topic-gene matrices we would use as

matrix priors.
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In the second tier of the hyperparameter search, we conducted the full grid search on the

target data set with a range of values for T , cα, and cB. We split the target data into ten

different training/test splits of 2700 and 300 cells, and then trained each of the ten splits

on each of the hyperparameter combinations, with the LDA using the matrix prior from

tier 1 that corresponded to each value of T . Then, we evaluated the performance of each

hyperparameter combination by computing the perplexity on the held out test set cells.

We found that the optimal number of topics was 10, that the perplexity was relatively

insensitive to the choice of cα, and that perplexity dropped with increasing values of cB.

Following Durham et al. [2021], which suggested that LDA models were robust to extra

topics, we increased the number of topics to add some flexibility to the model, and set T to

be 15 in our experiments. The results of the hyperparameter search and further comments

are in Figures S1 and S2. Note that supplementary materials are found at the end of this

chapter. UMAP plots of the results of LDA for different numbers of topics are shown in

Figure S3.

We conducted the hyperparameter search for our LDA modeling of the SHARE-seq mouse

skin data in similar fashion to the hyperparameter search for the C. elegans data. However,

the SHARE-seq scATAC-seq dataset contains about ten times more reads per cell than the

C. elegans dataset, leading to much longer LDA training times per cell and higher memory

usage. To make the hyperparameter search more efficient, we limited the SHARE-seq analysis

to the 20,000 peaks with the highest variance amongst cells, and randomly downsampled the

dataset to 7,000 cells. We split the 7000 cells into 6300 cells for the reference dataset, and

700 cells for the target dataset. We then made ten train/test splits of the target data set

by sampling 630 training cells and using the remaining 70 held-out test cells for the Chib

method. As with the C. elegans data, our hyperparameter search results show that perplexity

was not very sensitive to the cα parameter, and that perplexity decreased as the value of the

concentration parameter cB increases, suggesting that the matrix prior was able to improve

the quality of the our inference (Figure S2). However, surprisingly, our hyperparameter

search achieved the lowest perplexity with just T = 2 topics. We conjectured that this may
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be because of the low number of peaks included in the analysis, the low number of cells, or

the peaks with highest variance may not be able to distinguish the cells. It is also possible

that without a normalization for the mean accessibility, we might not select for peaks with

the most meaningful differences in accessibility. We hence opted to instead continue using 15

topics as in the C. elegans case. UMAP plots of the results of LDA for different numbers of

topics are shown in Figure S4, and we found that 10-15 topics visually had good separation

of the previously called cell types.

LDA analysis with experimental data: transfer from scRNA-seq to scATAC-seq

To use scRNA-seq data to generate a matrix prior for the LDA of the scATAC-seq data,

our method requires that the scATAC-seq and scRNA-seq data share the same vocabulary.

Hence, we translated the scATAC-seq data from a vocabulary of peaks to one of genes

by counting the number of ATAC-seq cut sites per cell that overlapped each gene and its

promoter (defined as the 2kb region immediately 5’ of the transcription start site). We

defined cut sites as reported in [Durham et al., 2021]; briefly, they are 60 bp regions centered

on the mapping locations of the 5’ ends of the paired end reads (which define the extent of

the original DNA fragment that was cut out of the genome). We investigated whether this

translated scATAC-seq data retained similar information to the native scATAC-seq data by

qualitatively comparing UMAP plots of the LDA output of the raw peaks versus the summed

cut sites and saw that the plots were qualitatively similar (Figure S5). Furthermore, we

investigated the similarity between the scRNA-seq data and the translated scATAC-seq data

by testing the correlation between the two data sets based on the number of counts per cell

and counts per gene (Figure S6). We found that there was a moderate amount of correlation

between the scRNA-seq data and the scATAC-seq data, suggesting that generating a matrix

prior from scRNA-seq data and applying it to an LDA of a translated scATAC-seq data

set may be useful. See Supplementary note 1 for results and discussion of our work in this

direction.
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3.5.3 Evaluation

Evaluation of LDA in simulated data

We used the mean squared error (MSE) to evaluate our inferred cell-topic matrix θ̂ and

topic-gene matrix ϕ̂. Then, we calculated the MSEs for the cell-topic matrix and topic-gene

matrix using

1

UT

U∑
i=1

T∑
j=1

(θ̂ij − θij)
2 and

1

TV

T∑
i=1

V∑
j=1

(ϕ̂ij − ϕij)
2 (3.2)

where U is the number of cells, and T is the number of topics.

In addition to MSE, we calculated Pearson’s r and Spearman’s r after flattening the

cell-topic and topic-gene matrices.

One complication in simulation is that the order of topics inferred by LDA will not

necessarily match the order of topics in the simulated ground truth; i.e. topic 1 from the

output of LDA is not necessarily semantically the same as topic 1 in the simulated true

cell-topic matrix. Therefore, prior to calculating any performance measure, we must match

topics. We do this by using a greedy approach on the topic-peak or topic-gene matrix,

considering each pair of topics in sorted order by Euclidean distance and allowing only one-

to-one matches. For each topic, we match it to the true topic that is closest in MSE.

We used this greedy topic matching algorithm when evaluating the uniform prior LDA

models in both the true matrix simulation and the inferred matrix simulation, and when

evaluating the matrix prior LDA model for the inferred matrix simulation. We did not need

to match topics for the matrix prior LDA in the true matrix simulation, because providing

the true topic-gene distributions as the prior already imparts the proper topic semantics

to the target LDA, making the inferred topic-gene matrix and the true topic-gene matrix

directly comparable.
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Evaluation of LDA in experimental data

Unlike our simulation experiments, in which we know the true underlying topic distributions,

we do not have a ground truth to compare against for our analyses of datasets derived

from biological experiments. Instead, to evaluate the performance of our LDA models, we

compared the output of each LDA on a target subset to the LDA output when training on

the full data set (i.e. the “joint model”). This has the interpretation that if our matrix

prior allows the smaller target data set LDA to infer similar topics to the joint model, then

our matrix prior has succeeded. The joint model results in topic assignments for all cells,

inclusive of both cells assigned to be reference cells and those assigned to be target cells.

Hence, to compare the joint model with the target LDA, we selected the rows in the cell-topic

matrix of the joint model that corresponded to the target dataset cells. We then applied

our greedy topic matching algorithm to account for any topic-switching that occurred in

the LDA of the reference data set compared to the joint model. Finally, we evaluated the

similarity between the outputs of the matrix prior LDA and the joint model using Pearson’s

correlation, Spearman’s correlation, and MSE. We focus on Pearson correlation in the main

text but report other metrics in the Supplementary Material.

In addition to our quantitative evaluation of the matrix prior approach, we qualitatively

evaluated its performance by visualizing the cell-topic matrix using UMAP [McInnes et al.,

2018]. For the C. elegans data, we took the cell-topic matrix LDA output from one of

the splits of the target training set, computed a two dimensional UMAP embedding, and

represented the embedding as a scatter plot in which we colored the cells based on their

published cell type labels [Durham et al., 2021]. We quantitatively measured how well

the inferred cell-topic matrices could separate cells of different types (both at the level of

broader cell types and more specific ones, such as neuron subtypes) by using the silhouette

coefficient. The silhouette coefficient is a distance-based measure of cluster cohesiveness

that has previously been used as a performance metric when comparing the performance of

different single cell analysis methods Luecken et al. [2022], and it is computed using Equation
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3.3. For a cell with index i, and Ci the set of indices of cells with the same cell type label as

cell i, a(i) = 1
Ci−1

∑
j∈Ci,i ̸=j d(i, j) is the average Euclidean distance to all other cells of the

same cell type. We similarly define b(i) = mink ̸=i
1
Ck

∑
j∈Ck

d(i, j) to be the lowest average

Euclidean distance to a different cell type from cell i.

b(i)− a(i)

max(b(i), a(i))
(3.3)

The resulting silhouette coefficent is bounded between -1 and 1. Values close to 1 indicate

that a point is closer to points in the same cluster than to points in other clusters, and a

high silhouette coefficient indicates that the LDA topics reflect the published cell types well.

3.5.4 Data availability

The code to run LDA with a matrix prior is available at https://github.com/gevirl/LDA

using the -betaFile option. There are no primary data in the paper. A vignette of running

this software is available at https://github.com/Noble-Lab/lda matrix prior

3.6 Results

3.6.1 Matrix prior improves topic inference in simulation

We began testing the matrix prior by running LDA on simulated data derived from known

cell-topic and topic-gene matrices. In the true matrix simulation, we tested the hypothesis

that an LDA given the true topic-gene matrix as a prior would yield results more similar (by

MSE) to the ground truth than the uniform prior LDA would. We also tested the hypothesis

that increasing the number of target cells would reduce the performance advantage of the

matrix prior over the uniform prior. In the inferred matrix simulation, we tried using LDA

output on a reference data set as our matrix prior for the target LDA and tested the effect

of varying the reference data set size on the performance of the target LDA.

In the true matrix simulation, we found that using the matrix prior instead of the uniform

prior led to more accurate inference of the topic-gene and cell-topic matrices (Figure 3.1a).
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We kept the weight of the matrix prior, cB, constant and varied the number of cells in the

target dataset to understand effects of target dataset size. The MSE was higher when we

used a uniform prior than when we used the matrix prior regardless of target dataset size

(we tested 1000, 2000, 4000, and 8000 target cells), although the difference in performance

decreased as the cell number increased, suggesting that with more cells the data began to

overwhelm the prior. To better understand how the matrix prior improves the LDA results,

we analyzed some representative uniform prior LDA results in more detail. When the number

of cells was low, the uniform prior LDA underestimated the weights of high probability topics,

and even at 8000 cells, it incorrectly predicted topic assignments in some cells (Figure S7, top

row). On the other hand, for the matrix prior LDA, the inferred and true cell-topic matrices

agreed (Figure S7, bottom row). We found similar results for the topic-gene matrices (Figure

S8).

In the inferred matrix simulation, we found that the matrix prior improved the inference

of the cell-topic and the topic-gene matrices compared to the uniform prior, as measured by

MSE against the ground truth (Figure 3.1b). We also trained a series of LDA models on a

1000 cell target data set, each with a matrix prior generated from a uniform LDA trained

on a reference dataset with 1000, 2000, 4000, or 8000 cells. As the number of reference cells

increased, the MSE continually improved (x-axis), and we note that even the matrix prior

generated from a reference dataset of only 1000 cells improved LDA performance compared to

a uniform prior (Figure 3.1b). In representative simulated datasets, the cell-topic and topic-

gene matrices more closely followed the y = x line as the number of reference cells increased

(Figure S9). These two simulations suggest that under ideal conditions, the matrix prior

method is able to improve the quality of inferred topics in LDA.

3.6.2 Whole worm scATAC-seq prior improves concordance with joint model

We used the C. elegans data to validate the ability of our matrix prior to improve LDA

inference on real data. We randomly split the 34,764 cells into a 3,000 cell target dataset

and a 27,764 cell reference dataset, and used the split data to train a matrix prior LDA on the
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Figure 3.1: Simulation experiments show that the matrix prior improves the concordance

between inferred topics and the ground truth compared to the uniform prior. Experiments

from the true matrix simulation and the inferred matrix simulation are shown here for dif-

ferent numbers of cells in the target dataset (different colors). (a) MSE from the ground

truth to the LDA with a ground truth matrix prior (y-axis) is plotted against the MSE

from the ground truth to the uniform symmetric prior LDA (x-axis), for both the cell-topic

matrix (left) and the topic-gene matrix (right). The blue line is the line y = x. Each point

represents one independently simulated dataset, with a unique true cell-topic matrix and

topic-gene matrix. (b) MSE to the ground truth for the LDA with a matrix prior inferred

from a simulated reference dataset is shown for different reference data set sizes. MSE is

plotted for both the cell-topic matrices (left) and the topic-gene matrices (right).

target dataset. Then, we trained a separate uniform prior LDA on the full C. elegans dataset
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(the “joint model”), and compared the inferred topics between the matrix prior LDA and

the joint model. We also trained a uniform prior LDA on the target dataset, and evaluated

whether the matrix prior LDA results were more similar to the the joint model than the

uniform prior LDA results.

We found that the Pearson correlation between the target LDA and the joint model was

higher when we used the matrix prior than when we used the uniform prior (Figure 3.2, left).

The correlation increased with increasing cB, but eventually reached a saturation point. We

also found that the matrix prior outperformed the uniform prior in Spearman correlation and

MSE (Figure S10). When plotting the values of the cell-topic and topic-gene matrices, the

points near the y = x line for the cell-topic matrix tightened as the concentration parameter

cB increased (Figure S14). We also additionally note that in our hyperparameter search, we

found evidence that the use of the matrix prior improved the quality of the topic-gene matrix,

since the perplexity value in the held out test set improved as the matrix prior concentration

parameter increased (Figure S1)

3.6.3 SHARE-seq scATAC-seq matrix prior improves concordance with the joint model

We used data from mouse skin cells analyzed using the SHARE-seq assay [Ma et al., 2020]

to further validate the ability of a matrix prior to improve inference in LDA. We split the

34,774 cells into a 31,774 cell reference dataset and a 3000 cell target dataset, and the same

analyses were applied as in the C. elegans data (Section 3.6.2).

We note that increasing the value of cB more consistently improved the correspondence

between the target LDA and the joint model for the topic-gene matrix than the cell-topic

matrix. This difference is most likely due to the fact that the matrix prior is specified as

a prior on the topic-gene distribution, and thus only influences the cell-topic distribution

indirectly through the training of the LDA model.

In addition to serving as another dataset to validate our scATAC-seq prior, the SHARE-

seq co-assay data allowed us to evaluate whether a matrix prior generated from one data

modality, scRNA-seq, could improve LDA performance on another data modality, scATAC-
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Figure 3.2: The Pearson correlation between LDA results on the target dataset for the matrix

prior LDA and the full dataset uniform symmetric LDA (the “joint model”) increases as cB

increases. Pearson r values are plotted as a function of cB for the cell-topic (top row) and

topic-gene (bottom row) matrices for LDA experiments on four different datasets: C.elegans

scATAC-seq data (first column), SHARE-seq mouse skin scATAC-seq data with the peak

vocabulary translated to genes (second column), SHARE-seq mouse skin scRNA-seq data

(third column), and SHARE-seq mouse skin scATAC-seq data using the peak vocabulary

(fourth column). The dotted horizontal lines indicate the correlation between the uniform

prior LDA and the joint model.

seq. Because the SHARE-seq scATAC-seq and scRNA-seq data were generated from the

same cells, we were able to directly assess the agreement between the scRNA-seq LDA and

the scATAC-seq LDA, with and without a matrix prior derived from the scRNA-seq data

(Section 3.5.2). See Supplementary Note 1, where we report that the scRNA-seq prior was

able to improve inference for moderate values of cB but worsened inference for larger values.

Note that although scRNA-seq and scATAC-seq produce data on different scales, this does

not affect the matrix prior because it is based on the topic-gene probabilities (which sum to
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1 for each topic) and not the counts.

3.6.4 Mouse skin cell types are more clearly separated with the use of the matrix prior
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Figure 3.3: Increasing the weight of the matrix prior (bottom row) shows a qualitative im-

provement in the ability of the target dataset LDA to discriminate among cell types compared

the uniform prior (top row). UMAP embeddings of the cell-topic matrices from SHARE-seq

mouse skin scATAC-seq data using the peak vocabulary are trained with different values of

cB (different columns). Scatter points representing cells are colored by their published cell

type annotations.

We next aimed to assess whether using a matrix prior would improve the ability of LDA

to distinguish the cell types in a small subset of the SHARE-seq mouse skin data set [Ma
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et al., 2020]. We split the data into a reference data set and a target data set (see Methods),

and then we analyzed the target data set using both a uniform prior and a matrix prior

derived from LDA on the reference data set. After applying UMAP to our two models to

reduce the 15-dimensional topic space into a two-dimensional UMAP space, we qualitatively

observed that the matrix prior LDA resulted in cell clusters that better agreed with the

published cell type labels than the uniform prior LDA, and this improvement became more

marked as we increased the weight of the prior, cB (Figure 3.3). We used the silhouette

score to quantitatively measure how well the cells clustered by their cell type labels (Figure

S16), but the silhouette values did not improve with use of the matrix prior. We conducted

a similar experiment in C. elegans data (Supplementary Note 2), but did not see qualitative

improvement of cell clusters in C. elegans. A possible reason for this is that even in the

case of the uniform prior, LDA created separation in the C. elegans cell types, and hence no

further improvement was possible by using the matrix prior.

We also used the perplexity measure to quantitatively measure how well the model was

doing when different weights of the prior were used (Figure 3.4). This is a method that is

similar to that of the hyperparameter search (Section 3.5.2). We found that as we trained

matrix prior models with increasing values of cB, the perplexity decreased. This was true

both for C. elegans and SHARE-seq. For both cases, the uniform prior resulted in greater

(worse) values of perplexity. For C. elegans, perplexity values for both the uniform prior and

matrix prior decreased as cB increased. On the other hand, for the SHARE-seq data, the

perplexity values decreased for the matrix prior, but not for the uniform prior.

3.7 Discussion

We have shown through both simulation study and through analysis of real data that the

matrix prior we propose is able to capture information from a larger reference dataset and

impart the semantics of the topic-gene or topic-peak matrix onto a smaller target dataset. In

our simulation studies, we found that when the true topic-gene and cell-topic matrices were

known, we were able to recover those matrices both by directly inputting the truth as the
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Figure 3.4: Perplexity values (y-axis) demonstrate quantitative improvement of the LDA

model after using the matrix prior (darker colors) compared to the uniform prior (lighter

colors) for various values of the weight of the prior (x-axis). The same procedure was used

for both the SHARE-seq data set (blue) and the C. elegans data set (red). Each point is a

separate split of the target data into a test and a training set.

prior and by inferring the topic-gene matrix from a reference data set (Figure 3.1). These

simulations demonstrated that in ideal conditions, the matrix prior can greatly improve

performance of LDA. In our real data examples, we examined C. elegans and mouse skin

cell data. We saw promising results when we used scATAC-seq data to generate a prior

for analyzing a target scATAC-seq dataset. We found that LDA results on a small target

dataset were more concordant with a model of the full data set when we used a matrix prior

derived from a larger reference dataset than when we used a uniform prior (Figure 3.2).

Furthermore, in the case of the mouse skin data, we showed qualitative improvements in cell

type discrimination for the matrix prior LDA compared to the uniform prior LDA (Figure

S16).

We also attempted to transfer information across single cell data modalities by deriving

a matrix prior from scRNA-seq data and applying it to a target scATAC-seq dataset. We
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found that with moderate values of the concentration parameter, the agreement between the

outputs of LDA based on the target dataset and LDA based on the full data set improved

when using the matrix prior compared to the uniform prior (Figure S12). Leveraging infor-

mation from multiple single cell data modalities is an area of active research. Some popular

tools, like Seurat [Butler et al., 2018], scVI Tools [Gayoso et al., 2021], or LIGER [Liu et al.,

2020], take multiple data sets as input and use embedding techniques to analyze them jointly.

These approaches are powerful, but require manipulating potentially very large datasets ev-

ery time one wants to add new data into the model. In contrast, our matrix prior approach

requires just a single large upfront compute task to train an LDA on a reference dataset,

which yields a compact gene-topic matrix that can be used as a matrix prior for training

comparatively lightweight LDA models in all subsequent analyses of new datasets. We also

anticipate that new approaches, such as Polarbear [Zhang et al., 2022] and BABEL [Wu

et al., 2021], that use deep learning models to translate data from one single cell modality to

another will improve our ability to generate cross-modality matrix priors, not only between

scATAC-seq and scRNA-seq data, but also between other pairs of modalities.

3.8 Supplementary Material

Supplementary note 1: SHARE-seq scRNA-seq matrix prior may have limited use

We investigated the feasibility of using scRNA-seq data to construct a matrix prior for

scATAC-seq analysis. This required that we map the scRNA-seq data and the scATAC-seq

data onto a shared feature axis. To accomplish this mapping, translated the scATAC-seq

data from a vocabulary of peaks to one of genes by simply counting the number of scATAC-

seq cut sites overlapping each gene and its promoter (see Methods). We then proceeded with

a similar analysis to Sections 3.6.2 and 3.6.3. To evaluate the performance of the matrix

prior, we leveraged the fact that the scATAC-seq data and scRNA-seq data were generated

from the same set of cells, and compared the inferred cell-topic and topic-gene matrices from

the matrix prior LDA that was trained on the target scATAC-seq dataset to the output
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matrices generated by a joint model on the full scRNA-seq dataset.

We found that using the scRNA-seq data to construct the matrix prior did not consis-

tently improve inference of the cell-topic and topic-gene matrices, although we saw some

improvement at moderate values of cB. For the cell-topic matrices, we found that as the

concentration parameter cB increased beyond 4,000, the Pearson correlation to the joint

model output tended to decrease. Similarly, Spearman correlation and MSE both got worse

as cB increased beyond 4,000. For the topic-gene matrices, however, Spearman correlation

improved as cB increased (Figures 3.2, S12). When plotting the raw values of the cell-topic

matrix, we observed more points along the x- and y-axes. The reference model and joint

model assigned low probability topics to different cells more frequently as cB increased (Fig-

ure S14). For the topic-gene matrix, the diagonal had increased density, meaning that the

two analyses agreed more as cB increased (Figure S15)

We note that the read counts per gene and per cell in scRNA-seq was only moderately

correlated with the number of cut sites summed over the gene body in the scATAC-seq

data, with a Pearson correlation of 0.661 for the signal per cell, and 0.765 for the signal

per gene (Figure S6). This makes sense because, although chromatin accessibility and gene

expression are highly related biological phenomena, the information encoded by scATAC-

seq and scRNA-seq count data is not the same. This could be one reason why the matrix

prior only improves results compared to the uniform prior at moderate values of cB. If a

prior derived from a different data modality is given too much weight, then the discrepancies

between the modalities are more likely to lead to a poor model fit.

Supplementary Note 2: C. elegans silhouette values did not improve through use of the prior

The C. elegans data was previously labeled with a cell type based on marker genes through

a clustering method that took into account all scATAC-seq peaks using all the cells together.

We hypothesized that we would be better able to recover these cell type labels in the target

dataset by incorporating information from the matrix prior. To this end, we analyzed the

target dataset using both the matrix prior derived from a reference subset of cells and the
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uniform prior, and then evaluated how well the clusters in the cell-topic output agreed with

the published cell type labels.

We used UMAP [McInnes et al., 2018] to reduce the 15-dimensional topic space to a

two-dimensional representation and then colored each cell according to its cell type label.

We compared these UMAP plots of the results of our LDA analysis with the matrix prior

and with the uniform prior, as well as with different weights of cB (Figure S17). The UMAP

plots show that all of the LDA models produce reasonable agreement with the cell type

labels, although we note that quantifying the cell type discrimination in each LDA output

with the silhouette score shows a slight increase in the mean silhouette value, from 0.216

with the uniform prior to 0.220 with the matrix prior and cB = 4000 (Figures S16, S18).

Despite the similarity of the UMAP plots, we noted that at cB = 4000 the neurons

appeared to split into two clusters, and the average silhouette score for the neurons decreased

from 0.254 with the uniform prior to 0.109 with the matrix prior and cB = 4000. This

observation suggested the hypothesis that the use of the prior might help to resolve fine

grained cell types, so we repeated our cell type label analysis specifically on the neurons,

this time using the published neuron subtype labels (Figure S19). The UMAP plots show

that as cB increased the cells were clustered more tightly together, however there was little

change in how well the cell types were separated compared to the LDA with the uniform

prior. In addition, the mean silhouette scores for the neuron subtypes (Figure S20), did not

increase as the value of cB increased. Overall, these analyses do not suggest that the neuron

subtypes were further resolved by the use of the matrix prior.
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Variable Definition

N The number of reads in a cell

T The number of topics

V The number of peaks or genes in the vocabulary

U The number of cells

w A vector of genes or peaks in a cell

θ A vector (θ1, . . . , θT ); the topic distribution of a given

cell

θ̂ Inferred θ

ϕ A matrix such that ϕtw is the probability of observing

a peak or gene w for a topic t

ϕ̂ Inferred ϕ

α A basis vector of length T that parameterizes the

Dirichlet prior distribution over the cell-topic matrix.

β A basis vector of length V that parameterizes the

Dirichlet prior distribution over the topic-peak/gene

matrix.

cα The concentration parameter for α

cβ The concentration parameter for β

z A vector of topic assignments corresponding to w

ξ The average number of peaks or genes in a cell

B A T ×V matrix that parameterizes the matrix prior for

the topic-peak/gene matrix.

cB A concentration parameter for B

ϕ̂ref The output inferred ϕ of an LDA analysis on the refer-

ence dataset.

Table S8: Glossary of variables used
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Figure S1: Hyperparameter search for C. elegans data was used to optimize the parameters.

Each point is the average of 10 folds of the perplexity value of the test set. The x-axis is the

value of the hyperparameter, and the y-axis is the perplexity value.
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Figure S2: Hyperparameter search for SHARE-seq data with peaks was used to optimize the

parameters. Each point is the average of 10 folds of the perplexity value of the test set. The

x-axis is the value of the hyperparameter, and the y-axis is the perplexity value.
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Cell Type Count

Basal 159

Infundibulum 74

TAC-1 56

Spinous 52

Mix 46

alowCD34+ bulge 32

Hair Shaft-cuticle.cortex 29

Endothelial 22

ahighCD34+ bulge 22

Medulla 19

Dermal Fibroblast 18

ORS 18

Isthmus 13

IRS 12

Dermal Sheath 11

TAC-2 10

Dermal Papilla 8

Macrophage DC 8

K6+ Bulge Companion Layer 7

Granular 6

Schwann Cell 3

Melanocyte 3

Sebaceous Gland 2

Table S8: Table of counts of mouse skin cell types used in the target dataset.
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Figure S3: UMAP embeddings for different numbers of topics are shown to provide intuition

on the effect of the number of topics. Embeddings were made for cell-topic matrices from

matrix prior LDA on C. elegans scATAC-seq data using a fixed value of cB = 4, 000 and

13,734 peaks, while varying the number of topics.
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Figure S4: UMAP embeddings for different numbers of topics are shown to provide intuition

on the effect of the number of topics. Plots were made with 630 target cells from the mouse

skin SHARE-seq peak data subsetted to 7,000 cells and 20,000 most variable peaks. LDA

was run with cβ = 4, 000 using the uniform prior, while varying the number of topics.
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Figure S5: UMAP was applied to the cell-topic matrices output from LDA joint model to

qualitatively compare cut sites summed over genes versus peaks. LDA was run with 15

topics, cα = 3, and cβ = 4000. On the left, the raw data fed into LDA are the cut sites

summed over the 22,813 genes, as described in Section 3.5.2. On the right, the data fed into

LDA are the 344,592 raw peaks.
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Figure S6: RNA reads and scATAC-seq cut sites summed over gene bodies are compared to

determine the shared information between the data modalities. On the left, the signal per

cell is the log plus one of the total number of counts for each cell (i.e. summing across all the

genes in a cell). On the right, the signal per gene is the log plus one of the total number of

counts for each gene (i.e. summing across all the cells for a gene). The Pearson correlation is

reported in each plot. A kernel density estimator is overlayed on the data. The x-axis shows

the score for the scATAC-seq data, and the y-axis shows the score for the scRNA-seq data.
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Figure S7: Scatter plots of cell-topic matrix values demonstrate the improvement of the

matrix prior over the uniform prior in the true matrix simulation and further show that the

performance of the uniform prior approaches that of the matrix prior as the number of cells

increases. Plots show simulated true values (x-axis) of the cell-topic matrix against inferred

values using LDA (y-axis). Pearson r (r) and Spearman r (sr) are reported for each plot. We

compared different numbers of cells in the target dataset (different columns). We compared

LDA with a uniform prior (top row) with a matrix prior generated from the true topic-gene

matrix (bottom row). The blue dotted line is the line y = x.
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Figure S8: Scatter plots of topic-gene matrix values demonstrate the improvement of the

matrix prior over the uniform prior in the true matrix simulation and further show that the

performance of the uniform prior approaches that of the matrix prior as the number of cells

increases Plots show simulated true values (x-axis) of the topic-gene matrix against inferred

values using LDA (y-axis). Pearson r (r) and Spearman r (sr) are reported for each plot. We

compared different numbers of cells in the target dataset (different columns). We compared

LDA with a uniform prior (top row) with a matrix prior generated from the true topic-gene

matrix (bottom row). The blue dotted line is the line y = x.
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Figure S9: Scatter plots demonstrate the improvement of the matrix prior in both the cell-

topic and topic-gene matrices as the number of reference cells increases in the inferred matrix

simulation. 1000 simulated cells were analyzed using a uniform prior (left-most column) and

a matrix prior. The dotted red line is the y = x line. True simulated values (x-axis) and

inferred values (y-axis) are plotted for both the topic-gene matrices (top) cell-topic matrices

(bottom).
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Figure S10: Summary statistics (y-axis) between output matrices of the joint model and

LDA with matrix prior, both trained on the C. elegans data, show that as the weight of the

prior increases, agreement between the matrix prior and joint model also increases. Each

plot shows the matrix prior LDA results (points) for increasing values of cB (x-axis) versus

the uniform prior (blue dotted line). The top row of plots shows summary statistics for the

cell-topic matrix, and the bottom row of plots shows summary statistics for the topic-gene

matrix.
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Figure S11: Summary statistics (y-axis) between output matrices of the joint model and

LDA with matrix prior, both trained on the SHARE-seq mouse skin scATAC-seq data with

cut sites summed over genes (i.e. using the genes vocabulary), show that as the weight of

the prior increases, agreement between the matrix prior and joint model also increases. Each

plot shows the matrix prior LDA results (points) for increasing values of cB (x-axis) versus

the uniform prior (blue dotted line). The top row of plots shows summary statistics for the

cell-topic matrix, and the bottom row of plots shows summary statistics for the topic-gene

matrix.
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Figure S12: Summary statistics (y-axis) between output matrices of the joint model and

LDA with matrix prior, both trained on the SHARE-seq mouse skin scRNA-seq data, show

that as the weight of the prior increases, agreement between the matrix prior and joint model

also increases with moderate weights and declines with higher weights. Each plot shows the

matrix prior LDA results (points) for increasing values of cB (x-axis) versus the uniform prior

(blue dotted line). The top row of plots shows summary statistics for the cell-topic matrix,

and the bottom row of plots shows summary statistics for the topic-gene matrix.
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Figure S13: Summary statistics (y-axis) between output matrices of the joint model and LDA

with matrix prior, both trained on the SHARE-seq mouse skin scATAC-seq data (i.e. using

the peaks vocabulary), show that as the weight of the prior increases, agreement between the

matrix prior and joint model also increases. Each plot shows the matrix prior LDA results

(points) for increasing values of cB (x-axis) versus the uniform prior (blue dotted line). The

top row of plots shows summary statistics for the cell-topic matrix, and the bottom row of

plots shows summary statistics for the topic-gene matrix.
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Figure S14: Comparing the cell-topic matrices of the joint model versus the LDA with the

matrix prior reveals that as the weight of the matrix prior increases, the agreement between

the models increases. The effect of different values of cB were evaluated by comparing

the cell-topic matrix using the matrix prior to the cell-topic matrix from the joint model.

Different values of cB are plotted across different columns, and different datasets are shown

in different rows. We first flatten the cell-topic matrices so that they can be plotted. The

cell-topic assignments from the joint model are shown on the x-axis, and the inferred cell-

topic assignments from the matrix prior LDA are shown on the y-axis. A dotted red line is

drawn to indicate the line y = x. Zero values are omitted from the plots, but the number

of zeros exclusively in the cell-topic matrix of the joint model, exclusively in the cell-topic

matrix of the LDA with matrix prior, and number of zeros in both is noted below each plot.
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Figure S15: Comparing the topic-gene matrices of the joint model versus the LDA with

the matrix prior reveals that as the weight of the prior increases, the agreement between

the models increases. The effect of different values of cB were evaluated by comparing the

topic-gene matrix using the matrix prior to the topic-gene matrix from the joint model.

Different values of cB are plotted across different columns, and different datasets are shown

in different rows. We first flatten the topic-gene matrices so that they can be plotted. The

topic-gene assignments from the joint model are shown on the x-axis, and the inferred topic-

gene assignments from the matrix prior LDA are shown on the y-axis. A dotted red line is

drawn to indicate the line y = x. Zero values are omitted from the plots, but the number

of zeros exclusively in the topic-gene matrix of the joint model, exclusively in the topic-gene

matrix of the LDA with matrix prior, and number of zeros in both is noted below each plot.
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Figure S16: The matrix prior and uniform prior show similar performance as a function of

cB. Average silhouette values for the published cell type annotations (y-axis) are plotted

against increasing values of cB (x-axis). Different colored lines indicate whether the SHARE-

seq data set (red) or the C. elegans data set (blue) was used. Each data set was analyzed

using a uniform prior (lighter colors) and the matrix prior (darker colors)
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Figure S17: UMAP plot of all the C. elegans data reveal cell type structure from LDA

analysis with different weights cB of the matrix prior. Cells are colored based on their

published cell type annotations.
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Figure S18: Silhouette plots demonstrate that in C. elegans, the silhouette value did not

improve with increased weight of the prior. Silhouette values are shown for C. elegans cell

types plotted for results from a uniform prior LDA model and matrix prior LDA models

trained with increasing values of cB using 15 topics and the scATAC-seq data translated into

the genes vocabulary (ATAC cut sites summed over the promoter and gene body for 13,734

genes). Each row in each plot represents one cell, and the silhouette value of the cell is the

length of the line. The mean silhouette value for all of the cells is shown as “Overall”, and

the mean silhouette value for only the neurons is shown as “Neuron.”
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Figure S19: A subset of Figure S17 that includes only neurons, demonstrating that increased

values of cB have little effect on the ability of the matrix prior LDA to distinguish among

published cell types. Cells are colored by published neuron subtype labels.
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Figure S20: Silhouette plots of the neurons in the C. elegans dataset. The overall mean

silhouette values and the mean positive silhouette values are reported.
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Chapter 4

DATA LEAKAGE IN SEQUENCE-BASED MULTITASK
GENOMICS MODELS

This chapter is work done with the following authors:

Alan Min, Surag Nair, Jacob Schreiber, Areeb Gani, Anshul Kundaje, and William

Stafford Noble.

4.1 Author Contributions

AK, JS, SN conceptualized the idea of better understanding data leakage in these models.

AM ran simulations and conducted theoretical analysis of the problem. AM and SN curated

datasets and models to use as examples. AG conducted initial studies of the problem. All

authors provided feedback about the experiments. AM wrote the chapter.

4.2 Abstract

A grand challenge in computational biology involves building computational models capable

of predicting various types of genomic activity—such as mRNA expression levels, patterns

of histone modifications, and regions of chromatin accessibility—solely on the basis of the

genomic DNA sequence. Methods such as DeepSEA, Bassett, Basenji, Enformer and BPNet

frame this as a multitask learning problem. In this setting, each task involves predicting one

type of genomic activity in one particular cell or tissue type, and all of the tasks start from a

common input, the DNA sequence. In this work, we demonstrate that this multitask learning

setup can lead to inaccurate models, when genomic features that are irrelevant for one task

are erroneously assigned significance in a related task. We illustrate the problem using a

simple example, via a more sophisticated simulation, and in empirical results from several
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published models. We hypothesize that the problem arises because of two reasons. The first

is that many computational models use peak selection, the process of selecting regions of high

signal to create training sets. We show through simulation and theory that peak selection

may lead to biased results. The second reason is that many models use a shared latent

structure, which we hypothesize to lead to inaccurate results. We show through simulation

that the shared latent structure may lead to biologically implausible results. These problems

are particularly problematic in the setting of in silico design, where such models are used to

design sequence elements to achieve a particular patterns of genome activity.

4.3 Introduction

Numerous sequence-based deep-learning models have been developed to predict, from a given

DNA sequence, genome-wide profiles of protein-DNA binding, chromatin accessibility, splic-

ing, long-range chromatin contacts, and gene expression in diverse cellular contexts [Zhou

and Troyanskaya, 2015, Avsec et al., 2021a,b, Kelley et al., 2018, 2016, Zhou et al., 2018].

These models often use multitask learning, a general framework that shares parameters be-

tween various tasks that use the same input Ruder [2017]. Multitask learning is purported

to offer improved generalization, data augmentation in cases with limited training data, reg-

ularization, and other benefits compared to traditional single task learning. In the case of

sequence-based models, the multiple tasks are often different genomic tracks of interest. For

example, a model may simultaneously model the relationship between sequence and several

types of chromatin profiling data such as ATAC-seq [Buenrostro et al., 2015], DNase-seq

[Song and Crawford, 2010], and CHiP-seq [Robertson et al., 2007]. The goal of these large

sequence models is to improve the quality of prediction for each of the different tasks simul-

taneously through the inclusion of the other tasks.

Because these data are often sparse, and because the inclusion of many tasks can cause

computation to be expensive, a common practice in training large sequence-based models

is to oversample regions with high signal in order to train efficiently. Often, this process

involves a “peak calling” step, which identifies the regions with high signal. Many methods
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Figure 4.1: (A) Simulated example of DNase-seq data data across 4 cell types and 4 motifs.

In this simulated example, cell types 1-3 are related, each having peaks for each of motifs

1-4. However, cell type 4 does not show binding for motif 3. For simplicity, we assume that

the expression is associated with motifs directly on top of the motifs, although this may not

be the case in biological data. (B) Architecture of stereotypical multitask learning setup.
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have been developed for peak calling in CHiP-seq, DNase-seq, and ATAC-seq, among others

[Zhang et al., 2008, Tarbell and Liu, 2019, Mortazavi et al., 2008, Qin et al., 2010, Fejes

et al., 2008]. Peak calling methods use hidden Markov models, window-based methods, or

more sophisticated methods, but at a basic level all of these methods find regions of the

genome for which (smoothed) signal is greater than some given threshold [Kruczyk et al.,

2013]. It is common practice then to either undersample background regions of the genome

or to oversample peak regions in an effort to both limit computation time and improve the

accuracy of the model [Yoon and Kwek, 2005]. In a multitask setting, furthermore, peak

regions may be determined jointly across each of the tasks.

These standard approaches to sequence-based prediction have shown promising results,

but there has been some doubt regarding whether state-of-the-art deep learning models

are capturing important causal signals in data [Karollus et al., 2023]. In this work, we

further investigate the performance of large sequence-based models in a multitask setting.

Specifically, we present simulations and theoretical results which demonstrate that multitask

learning can lead to bias in sequence-based models.

To illustrate some of the possible sources of the bias, we created a simple simulation

(Figure 4.1). We consider a scenario in which the goal is to predict a genomic track, for

example, gene expression or transcription factor binding, based on the presence or absence

of a sequence motif, for example, DNase-seq signal (Figure 4.1A). For the remainder of our

examples in this paper, we assume that the genomic data of interest is chromatin accessibility,

analyzed through the use of DNase-seq, but similar arguments could be made for other types

of genomic data. In our example, we simulate four cell types, which we label C1–C4, and

four motifs, which we label M1–M4. In three of the cell types (C1–3), all four motifs (M1–4)

are associated with increased chromatin accessibility. In contrast, C4 is a distinct cell type

for which M3 is not associated with chromatin accessibility. The issue arises when these cell

types are analyzed jointly. The joint analysis can lead to bias through either (1) oversampling

of particular regions of the genome based on multiple cell types or (2) the joint training of

a multitask deep learning model with a shared latent space.
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We first summarize how bias arises from oversampling in a multitask learning setting. In

large sequence-based genomic models, a common practice is to select windows of sequence

associated with peaks to balance the data. These windows can be selected based on various

strategies. For example, windows may be selected based on regions that exhibit TF binding

[Zhou and Troyanskaya, 2015], by oversampling positive regions [Alipanahi et al., 2015], or

based on peak regions [Kelley et al., 2016]. This selection of sequence windows to use for

training is often conducted using data for all available cell types jointly. In other words, if

a region is selected for one of the cell types, then it is included in the training set which

is used to train the model for all of the cell types. The problem is that the distribution of

relevant regions may not be equivalent for all cell types, and selecting based on the output

of one of the cell types may bias the model toward certain motifs and peaks. For example, in

Figure 4.1A, motif 3 is not present in cell type 4 but is present in the remaining cell types.

A training regime that includes oversampling and peak selection may introduce bias in the

predictions for cell type 4. We examine this oversampling and peak selection issue in detail

in Section 4.5.1.

We next summarize the second source of bias from multitasking learning with a shared

latent space. A latent space in this context is a hidden layer in the neural network that

represents the input sequence in a lower dimension, and may be shared between all of the

tasks. In Figure 4.1B, we outline the architecture for a stereotypical multitask learning

neural net model that begins by taking a window of sequence and applies a one-hot encoding

to it. This is followed by an encoder layer, finally resulting in a latent representation of the

sequence. The latent representation is input into separate model “heads,” each of which

predicts the expression profile for a single cell type. At training time, the loss from each

of the individual heads contributes to the training for the parameters within that head and

for the parameters in the encoder. This results in a latent representation of the sequence

that takes into account all of the tasks. The issue then arises when there are some cell types

that are distinctive from the rest of the cell types, i.e. cell type 4 in our example. For this

example, the latent representation may be suitable for cell types 1–3, which respond to motif
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3. However, this representation could lead the model for cell type 4 to assign an inaccurate

association to motif 3.

Through the rest of this chapter, we examine both of these issues through simulation

using simplified examples, followed by analysis with real data and published models.

4.4 Methods

4.4.1 Peak selection simulation

We first describe our approach to simulating peak selection (Section 4.5.2). We simulate X,

the hypothetical sequence similarity between a hypothetical sequence (Figure 4.2A) and a

hypothetical motif in our first simulation. Note that we refer to collections of these sequence

similarities and abstract sequence similarities using uppercase X and use lowercase x when

referring to a specific sequence similarity. We do not simulate the sequence or the motifs.

Although we do not specify a sequence similarity function, we imagine that this is a function

that takes a motif and a sequence as input and outputs a scalar value which is greater for

motifs and sequences that are more similar. The sequence similarity between motif and

sequence can be thought of as a dimensionality reduction of the raw sequence. We chose to

simulate this similarity value directly to avoid simulating sequence and enabling theoretical

analyses.

We simulated X for five motifs and for two cell types, which we call iPSC cells and

fibroblast cells. We then simulated DNase-seq signal by using a linear model

yi = β1xi1 + β2xi2 + β3xi3 + β4xi4 + β5xi5 + ai + ϵi (4.1)

zi = γ1xi1 + γ2xi2 + γ3xi3 + γ4xi4 + γ5xi5 + bi + ϵ′i (4.2)

against X, with β = (10, 1, 0.1, 0.1, 0.1)T for the iPSC cells and γ = (0, 1, 0.1, 0.1, 0.1) for

the fibroblast cells. The linear model also includes what we call a “latent chromatin state” a

and b for iPSC and fibroblast cells, respectively. The chromatin states were simulated witha

b

 ∼ N

0

0

 ,

 σ2
a ρσaσb

ρσaσb σ2
b

, with ρ = 0.5 and σa = σb = 3. We simulated 1000
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Figure 4.2: (A) Explanation of the simulated motif similarities. The sequences, motifs, and

sequence-similarity functions are not simulated. We instead directly simulate values that

would have resulted from computing sequence similarity between motif and sequence. (B)

The peak selection process and DNase-seq data simulation is described. We select peaks

based off of only yi, but we are interested in the γi coefficients. (C) The simulation process

for inserting two motifs into random sequence. We are interested in what happens when t1

and t2 vary. (D) Schematic of the analysis of the Sei model, where the AP1 motif is inserted

into the center of the random sequence, and the Oct-Sox motif at other locations.



116

sequences. We included an error term simulated from a standard Normal distribution. Peaks

were selected by choosing the top 100 highest DNase-seq values and choosing the associated

sequences. We estimated β and γ using the lm package in R. Analyses and simulation were

done in R version 4.2.3. We repeated the simulation 1000 times and averaged the resulting

coefficient estimates.

For the second, more systematic simulations (Figure 4.5), we first simulated xi ∼ N(0, 1),

then simulated a and b the same as earlier in this section with σa = σb = 1. We simulated

ϵ, ϵ′ ∼ N(0, 1). Then, finally we simulated the DNase-seq signal using

yi = βxi + ai + ϵi (4.3)

zi = γxi + bi + ϵ′i (4.4)

where yi is the signal for the first cell type and zi is the signal for the second celltype.

Note that xi is shared between both yi and zi. We note that although X is meant to

represent the similarity of a sequence to a motif, we simulated it using a Normal distribution

to enable theoretical analyses when conditioning on peak selection. We then computed

y and z using the simulated values of x, a, b, ϵ, and ϵ′ with β = γ = 1. We consider ρ

from -1 to 1 through 100 equally sized steps, and we simulated x 10,000 times. Let X

be the set of all xi that we simulated. In the peak selection step, we construct a subset

Xp = {xi : yi is in the top p highest values of y} consisting of the x associated with the

highest values of y. We considered the top 500 to top 10,000 sequences in increments of 500

(Figure 4.2B). That is, when selecting the top s sequences, we find a y0 such that only s

sequences have corresponding yi > y0 We estimate γ̂ using XP as the sole covariate for y

where yi > y0 in a simple linear regression model both with no intercept term (Figure 4.5A)

and with an intercept term (Figure 4.5B). In both approaches, we recorded the estimated γ̂.

4.4.2 Predicting linear functions of motif counts

For our task of predicting linear functions of motif counts, the goal was to simulate a se-

quence with n1 copies of Motif-1 (CATCATCATCAT) inserted, and n2 copies of Motif-2
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(GCCGCCGCCGCC) inserted. We then aimed to train a CNN to learn linear functions of

n1 and n2, namely ain1 + bi or cin2 + di, where in this section ai and bi are not referring the

chromatin state as in Section 4.4.1. The CNN is to learn t1 tasks of the form ain1+ bi and t2

tasks of the form cin2 + di. The goal was to represent a scenario where the CNN has tasks

to learn based on two unrelated motifs, and then vary t1 and t2 (Figure 4.2C).

For the simulation of the sequences, and training task, we used both packaged software

and custom functions. We used the simDNA package (https://github.com/kundajelab/simdna)

to simulate the sequences. For simplicity, we opted to use a zero-order background sequence.

That is, each position had an equally likely chance of being any base pair. Also for simplicity,

we opted to consider only exact motifs, that is, we considered a position weight matrix with

weight in only one base per position. SimDNA required a small pseudocount, so we included

a small probability for each of the positions of 10−11. We then simulated a training set of

50,000 sequences and a validation set of 10,000 sequences. For each of these sequences, we

then varied t1 from 5, 15, 25, 35, and 45, and we sampled ai from a Normal distribution

with mean 0 and variance 1 and bi with mean 0 and variance 4. We set t2 = 50 − t1 and

simulated ci ∼ N(0, 1) and di ∼ N(0, 4) in the same way, except that we always set c1 = 1

and d1 = 0. We simulated all the ai, bi, ci and di once, and fixed them for all choices of t1

and t2 to maximize comparability.

To analyze the data, we implemented a simple CNN model. The model included three

initial convolutional layers with a rectified linear unit activation function and pooling on the

third layer. The kernel size was 16, and the stride was 1, with no padding for the model. After

the three convolutional layers, we flattened the latent layer and continued with a separate

head for each of the multiple tasks, each as a dense layer, resulting in a one-dimensional

output. We trained the model using an Adam optimizer [Kingma and Ba, 2014] with initial

learning rate 10−4. We used a batch size of 10,000 and trained up to 10,000 epochs. We used

Python version 3.7.12, and PyTorch version 1.13.1. We trained the model for 10 different

random initializations.

We followed prior work in BPNetLite (https://github.com/jmschrei/bpnet-lite) us-

https://github.com/jmschrei/bpnet-lite
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ing DeepLiftShap [Shrikumar et al., 2017] for attribution of the model. Modifications to the

default implementation of DeepLiftShap were needed to make attributions for a sequence-

based model, because when we replace a base pair, there is an addition of the new base

pair but also the subtraction of an old base pair. To specify a background sequence for

DeepLiftShap, we opted to use a dinucleotide shuffle of the sequences that we had, again

following the BPNetLite example. We conducted the attribution for each of our models on

the Motif-2 task.

4.5 Results

4.5.1 Oversampling leads to bias when chromatin states are correlated between cell types

In Section 4.3, we described how oversampling some regions of the genome in a joint setting

can potentially lead to bias in a multitask learning setting. Here we will consider simple

linear regression for TF binding as an illustrative example of how such a bias can occur. To

do so, we introduce a variable representing latent chromatin state, which we assume affects

TF binding in addition to the presence or absence of sequence motifs. The intuition for why

latent chromatin state may result in biased estimates of the impact of motif size is that when

region selection occurs, we may be inadvertently selecting loci that are associated with open

chromatin state. In the presence of multiple cell types, when we select regions based on one

cell type, we may also see spurious associations from motif to DNase-seq signal if chromatin

state is correlated or anticorrelated between the two cell types. Here, we will consider the

case of two cell types, which we refer to as iPSC and fibroblast.

We now introduce some notation and assumptions for our analysis. For simplicity, we

assume that we observe scores for a list of previously determined motifs. We assume that

these scores characterize the strength of signal for a certain motif within the given window,
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and we use these scores as a proxy for sequence in our analysis. Specifically, we have

x1 = (x11, . . . , x1R)

...

xG = (xG1, . . . , xGR)

where G is the number of genomic positions and R is the number of genomic motifs of

interest. Although in general we could have large R, for our examples we use R = 1 for

simplicity. Each xij is the continuous score representing the signal strength of motif j within

a window surrounding genomic position i of pre-specified size.

Critically, we assume that each cell type has an associated latent variable representing

chromatin state, and that these variables are not independent of one another. Specifically,

we assume that ai and bi are distributed jointly asai

bi

 ∼ N

0

0

 ,

 σ2
a ρσaσb

ρσaσb σ2
b


We then assume that the ChIP-seq signals for the iPSC and fibroblast cells are respectively

governed by

yi = βxi + ai + ϵi (4.5)

zi = γxi + bi + ϵ′i (4.6)

where ϵi ∼ N(0, σ2
ϵ ) and ϵ′i ∼ N(0, σ2

ϵ ) are random noise. Note that, for simplicity, we

have dropped the intercept term. Finally, we assume that when creating a model we do not

have access to ai or bi, and hence we fit the model using only our observed motif xi, which

we assume to be fixed and known. Under these assumptions, we can show that training

genome-wide results in no bias, even when the latent variables are included (Proposition 1).

Proposition 1. Assuming that the model as defined above (Equations 4.5 and 4.6) is trained

genome-wide, then the simple linear regression estimate γ is unbiased.
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Proof. The least squares solution to a simple linear regression with one variable is given by

γ̂ = n
∑

xizi−
∑

xi
∑

zi
n
∑

x2
i−(

∑
xi)2

. Plugging in Equation 4.6, removing elements with a single ϵi because

those will be 0 in expectation, and computing, we have

E(γ̂) = E

(
n
∑

xi(γxi + bi)−
∑

xi

∑
(γxi + bi)

n
∑

x2
i − (

∑
xi)2

)
(4.7)

= E

(
γ +

n
∑

i xibi −
∑

xi

∑
bi

n
∑

x2
i − (

∑
xi)2

)
(4.8)

We now take the expectation with respect to bi, and we have that

E(γ̂) = γ.

Next we consider the case where the training regions are selected in one cell type but

used to train models for both. For example, we assume that the model is trained using

genomic regions selected from iPSC cells, and we show that this procedure leads to a bias

in the the estimate of γ We believe that this is a meaningful example because in many real

world training scenarios, there may be many similar cell types and one distinct cell type.

This may result in a scenario where few peaks are ultimately chosen from the distinct cell

type.

For simplicity, we model genomic region selection by conditioning the linear regression

on the event that yi > y0, where y0 is a fixed threshold. While in many real scenarios, more

sophisticated calling software may be used [Zhang et al., 2008], this simple approach allows

us to calculate the bias term analytically (Proposition 2).

Proposition 2. Assume the model as defined above (Equations 4.5 and 4.6) is trained only

in cases where the iPSC peaks yi > y0, where y0 is a peak-calling threshold. We assume X

is fixed. Then the expectation

E(γ̂ | y > y0) = γ + (XT
PXP )

−1XT
P σbρzi
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where XP denotes a subset of X including only the rows of X where yi > y0, and

zi =
ϕ(

y0−βXP,i√
σ2
a+σ2

e

)

1− Φ(
y0−βXP,i√

σ2
a+σ2

e

)

where ϕ and Φ are the probability density function and cumulative density function of a

Normal distribution respectively.

Proof. We know that the least squares solution to a linear regression of z = γX is

γ̂ = (XTX)−1XT z

Recalling that that z = Xγ + b+ ϵ′, we have

γ̂ = (XTX)−1XT (Xγ + b+ ϵ′)

= γ + (XTX)−1XT b+ (XTX)−1XT ϵ′.

We condition on the event yi > y0 and take the conditional expectation. We note that ϵ′ has

mean 0 and is independent of all other variables, and we have

E(γ̂ | y > y0) = γ + (XT
PXP )

−1XT
PE(b | y > y0). (4.9)

We can calculate that the joint distributionbi

yi

 ∼ N

 0

βXi

 ,

 σ2
b ρσaσb

ρσaσb σ2
a + σ2

e


by calculating that E(bi) = 0, E(yi) = βXi, and Cov(bi, yi) = E(biyi)−E(bi)E(yi) = ρσaσb.

Then from the conditional distribution properties of the Normal distribution, we have that

bi | yi ∼ N

(√
σ2
b

σ2
a + σ2

e

ρ(yi − βXi), (1− ρ2)σ2
b

)
. (4.10)

For notational simplicity, let c =
√

σ2
b

σ2
a+σ2

e
ρ. From Equation 4.5.1 we need to calculate that
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E(bi | yi > y0)

=

∫ ∞

yi=y0

E(bi | yi = y0)p(yi | yi > y0)dyi Conditional expectation definition

(4.11)

=

∫ ∞

yi=y0

[cyip(yi | yi > y0)− cβXip(yi | yi > y0)] dyi Fill in E(bi|yi = y0) (Equation 4.10)

(4.12)

= c

βXi +

√
σ2
e + σ2

aϕ(
y0−βXi√
σ2
a+σ2

e

)

1− Φ( y0−βXi√
σ2
a+σ2

e

)

− cβXi See below

(4.13)

= c


√

σ2
e + σ2

aϕ(
y0−βXi√
σ2
a+σ2

e

)

1− Φ( y0−βXi√
σ2
a+σ2

e

)

 Subtraction

(4.14)

= σbρ
ϕ( y0−βXi√

σ2
a+σ2

e

)

1− Φ( y0−βXi√
σ2
a+σ2

e

)
. Definition of c

(4.15)

To move from Equation 4.12 to Equation 4.13 we first note that yi is distributed as a Normal

distribution with mean βXi and variance σ2
a + σ2

e . We can then find the mean of yi | yi > y0

using properties of the truncated Normal distribution.

Although we saw in Proposition 2 that there is a bias if we condition on the signal, we

can show that if we are only interested in one motif, then selection of regions based solely

on sequence cannot cause a bias in the linear regression case. Assume that

zi = β0 + β1xi + ϵi (4.16)

where E(ϵi) = 0. We know that the solution to ordinary least squares is

β̂1 =
n
∑

xizi −
∑

xi

∑
zi

n
∑

x2
i − (

∑
xi)2

. (4.17)
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Figure 4.3: Each point represents a sequence within the genome, and the average TF binding

value in IPSC cells (x-axis) compared to in fibroblast cells (y-axis) across that sequence.

Peaks are selected using TF binding value for IPSC peaks (left) and using fibroblast peaks

(right).

We can compute the expectation of β̂1 using Equations 4.16 and 4.17 as follows:

E(β̂1) = E

(
n
∑

xi(β0 + β1xi + ϵi)−
∑

xi

∑
(β0 + β1xi + ϵi)

n
∑

x2
i − (

∑
xi)2

∣∣∣∣x, β0, β1

)
=

β1(n
∑

x2
i − (

∑
xi)

2)

n
∑

x2
i − (

∑
xi)2

This formula shows that, regardless of the choice of xi, if the linear model is true and

E(ϵi) = 0, then E(β̂1) = β1.

4.5.2 Simulation of linear regression with hidden chromatin state

Although we have successfully characterized the theoretical bias associated with peak selec-

tion (Proposition 2), we still aim to better understand the bias term through simulation.

Accordingly, using a simulation that instantiates the bias from peak selection, we show that

peak selection can impact the estimates in a simple linear regression model.

We simulated two cell types, iPSC and fibroblast cells, with the goal of predicting DNase-

seq signal across the genome based on sequence. We then simulated a similarity value from

each sequence to 5 motifs, resulting in a value from 0 to 1 for each motif. We assumed that

the first motif contributes strongly to DNase-seq signal for the iPSC cells but contributes
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Figure 4.4: Each point represents a sequence within the genome. The level of motif 1 (x-axis)

is plotted against the level of TF binding (y-axis), and sequences are colored by whether they

were selected as a peak region based on iPSC TF binding (left) and fibroblast TF binding

(right). The linear regression line based on only peak regions is shown (blue) and compared

to the linear regression based on all simulated sequences (red).

nothing to fibroblast cells. The remaining motifs are assumed to contribute weakly to DNase-

seq signal in both cell types. We then simulated the observed DNase-seq signal using the

motif values for each cell with a linear model. Peaks are then selected based on their DNase-

seq signal in either IPSC cells or fibroblast cells (Figure 4.3). We simulated 1000 sequences

and selected the top 100. The sequences selected as peaks have some overlap but are largely

different sequences in the different cell types. In addition to the motif determining the DNase-

seq signal, we assumed that the DNase-seq signal is also impacted by chromatin state; i.e.,

DNase-seq signal is higher in open chromatin. In our simulation, we assumed that chromatin

state was correlated between iPSC and fibroblast cells. This correlation is what causes the

bias in our simulation because it connects the DNase-seq values from iPSC to fibroblast cells.

Next, we fit a linear regression model to identify the effects of each of the motifs on

DNase-seq signal in our simulated example. We plotted the simulated DNase-seq level at

each locus for fibroblast cells against the simulated sequence similarity of the first motif,

which in fibroblast is simulated to have no effect. We then apply the peak selection process
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on either the peaks from iPSC cells (Figure 4.4, left) or from fibroblast cells (Figure 4.4,

right). Finally, we conducted linear regression based off of either only the peak data for

all 5 motifs (blue lines) or all sequences (red lines). When we used only the peak data, we

found that the linear regression erroneously showed a negative slope when the peaks were

chosen from the iPSC cells. In contrast, the slope appeared to be approximately correct

when we trained on fibroblast peaks, although it may not be generally true that the slopes

are accurately estimated when using fibroblast peaks.

Model Intercept β1 β2 β3 β4 β5

Fibroblast Peaks 6.08 0.01 0.18 0.01 0.04 0.02

iPSC Peaks 5.05 -3.58 0.65 0.08 0.08 0.08

Whole Genome 0.01 -0.01 0.99 0.11 0.11 0.09

Truth NA 0 1 0.1 0.1 0.1

Table 4.5: Regression coefficients for fibroblast cells across 1000 replicate simulation experi-

ments. The average estimated regression coefficient across the replicate experiments for each

motif is shown, as well as the estimated intercept. The simulated data was simulated without

an intercept, however the estimated models included an intercept to add some model mis-

specification. We considered the case when peak selection was done with the fibroblast data

(Fibroblast Peak), with iPSC cells (iPSC Peak), and with all sequences (Whole Genome).

The true values of the parameters are also shown (Truth).

We evaluated this effect more systematically by repeating the simulation process 1000

times, with the same true regression coefficients (Table 4.5). We found that the estimated

regression coefficient for the first motif was almost -4 when we evaluated the fibroblast cells

using peaks selected from iPSC cells, even though the true value was 0. This demonstrates

that the effect size estimates based on selected peaks can be quite different from the true

values. We recovered the correct regression coefficients when training genome-wide, as ex-
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pected.

In the previous sections, we explored a simulation with a fixed correlation and selection

criteria. We will now present a simulation that considers different correlation levels as well

as different levels of selection. In brief, for two cell types, we first simulated xi, the similarity

of a motif to a sequence (Figure 4.2A). We then simulated ai, bi, ϵi, and ϵ′i and simulated gene

expression data, choosing β = γ = 1 (Equations 4.6 and 4.5). For the sake of this section,

we assume that the two cell types are iPSC, associated with Equation 4.5, and fibroblast,

associated with Equation 4.6. We selected peaks based on the value of y, the value of the

DNase-seq data for the iPSC cells. We then used simple linear regression to estimate γ,

and report the estimated γ̂ for different values of ρ for different levels of selected peaks.

We considered the linear regression both with and without an intercept term. More details

regarding the simulation are available in Section 4.4.1.

We make several key observations based on this simulation. We find that when peak

selection was not conducted, i.e. when the number of selected peaks was equal to 10,000,

the number of total peaks, we observe no bias in the estimates of γ̂. This is evidenced by the

observation in Figures 4.5A,B that the magenta points, corresponding to no peak selection

are on the horizontal line at γ̂ = 1, the true value of γ. These observations suggest that in

this simulated setting, training the model genome-wide across all peaks results in no bias,

regardless of the correlation between chromatin state of the two cell types. Next, we observe

that when the correlation between the chromatin state ρ is 0, there is again no bias. In our

example, this means that if there is no correlation between the latent chromatin state of iPSC

and fibroblast cells, and peak selection is done using the iPSC data, then there will be no bias

for the fibroblast cells. We further observe that as the number of selected peaks decreases,

i.e. the peak selection becomes more stringent or y0 increases, then the bias becomes more

apparent for larger values of ρ. Intuitively, as we select the most extreme examples of peaks,

then we exhibit a larger and larger bias. Finally, we note that the inclusion of an intercept

term appears to change the direction of the bias. This is because the inclusion of the intercept

constrains γ.
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Figure 4.5: Simulated estimates of γ̂ (y-axis) are plotted against values of ρ (x-axis) for

various numbers of selected peaks (colors). Data are simulated, and a linear model is used

either (A) without an intercept term or (B) with an intercept term to estimate γ̂. Theoretical

expected values of γ̂ (Proposition 2) are plotted either (C) without an intercept term of (D)

with an intercept term.
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We then use Proposition 2 to compute the expectation of γ̂ given x both without an

intercept term (Figure 4.5C) and with an intercept term (Figure 4.5D). We found that

the theoretical results matched largely with the simulation results. Together, these results

demonstrate that bias can occur for γ under the simulation conditions.

4.5.3 A shared embedding layer leads to inaccurate models

In addition to peak selection, we have empirically observed that multitask training itself can

lead to biases when there are a large number of related tasks, and a few additional unrelated

tasks. This can be the case when training on multiple related cell types, and one distinct

cell type. In the running example throughout this chapter, we have described a case where

a sequence-based model is trained for iPSC cells and fibroblast cells. In this situation, there

are many cell types that are input into the model, many of which are related to iPSC cells

and there is a motif that is unique to these cells. On the other hand, this motif is not

associated with the fibroblast cells.

We investigated this phenomenon in a simulation study. We first simulated completely

random sequences, and then inserted two different motifs into the sequences (Motif 1 and

Motif 2). The task was to predict linear functions of the number of times that Motif 1 and

Motif 2 were inserted into the sequence (Figure 4.2C). We then varied the number of Motif-1

tasks t1 and let the number of Motif-2 tasks t2 be t2 = 50 − t1 so that there were always a

total of 50 tasks. One of the Motif-2 tasks was always to predict n2. We used a convolutional

neural network (CNN) model with a latent layer, followed by different heads to predict each

of the tasks. We trained 10 separate models with different initializations and averaged the

results from the 10 models. More implementational details are in Section 4.4.2.

We found that as the number of Motif-1 tasks increased, training began to take longer

for the Motif-2 task (Figure 4.6) because the validation MSE was higher for the same num-

ber of training epochs. This was apparent at both the short-training intervals, and at the

longer training intervals. It appeared that prior to 3000 training epochs, there was a great

difference between each of the validation curves, however even at later training epochs, upon
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Figure 4.6: Training curves demonstrate that as the number of Motif-1 tasks increases, the

training time for the Motif-2 tasks takes longer. The number of epochs (X-axis) is plotted

against the validation MSE for the Motif-2 task (Y-axis), and the number of Motif-1 tasks

is shown with the color of the curve. The inset plot shows a zoomed-in version of the outer

plot.
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zooming in, the same trend applies. We reasoned that as the number of Motif-1 tasks in-

creased, the loss function focused more on capturing Motif-1 in the shared embedding space

between, and hence capturing Motif-2 tasks became slower and slower. We theorize that the

validation MSE does not stop decreasing in this example because we did not add noise to

the experimental setup.

In addition to examining the validation curves, we also investigated the use of feature

attributions in multitask models. We used the same tasks of predicting a linear combination

of the number of Motif-1 and Motif-2 occurrences, and again considered the attributions for

the head of the multitask model that was responsible for predicting the number of Motif-2

occurrences. We took the same models that we trained previously and used DeepLift to

compute the feature attributions for the different bases in the sequence [Shrikumar et al.,

2017]. We located a subsequence that contained both Motif-1 and Motif-2 and used the

subsequence as a case study to understand how the number of Motif-1 tasks might influence

the feature attributions when considering the Motif-2 head (Figure 4.7). In this example, we

saw that the attributions for Motif-2 (GCCGCCGCCGCC) were greater than the attribu-

tions for Motif-1 (CATCATCATCAT), which indicates that the feature attribution method

was able to capture some meaningful signal, since Motif-2 was the task that was supposed

to be attributed for. Furthermore, there was evidence that DeepLiftSHAP correctly ignored

background signal, as there was almost no visible attribution signal for the background se-

quence. This experiment also showed, however, that there was an inaccurate detection of

Motif-1, since the attributions were higher than background sequence. Furthermore, the

attribution assigned to Motif-1 increased as the number of Motif-1 tasks increased, which we

speculate may be because the model gradually puts more weight on Motif-1 when there are

more Motif-1 tasks.

We further examined the feature attributions more systematically by locating all instances

of Motif-2 and Motif-1, and compared the attributions for these motifs to background random

sequence (Figure 4.8). After locating the beginning of each instance of Motif-2 and Motif-

1, we aggregated the attributions across motif position. We did this for different choices
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Figure 4.7: As the number of Motif-1 tasks increases, the feature attributions to Motif-1

increase even when attributing the Motif-2 head, whose goal was to predict n2. The attri-

butions for a representative subsequence is shown. DeepSHAP values (Y-axis) are plotted

against the position of the sequence that was sampled (X-axis) Motif-2 (GCCGCCGCCGCC)

appears to have consistent attributions, but Motif-1 (CATCATCATCAT) appears to have

increasing attributions as the number of Motif-1 tasks increases.
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Figure 4.8: We systematically investigated the attributions from DeepLiftSHAP on the

Motif-2 task for the Motif-2 sequence (left), the Motif-1 sequence (center), and random

positions (right). We plotted boxplots of the DeepLiftSHAP values (Y-axis) against the

position in the motif (X-axis) for different sequences. The color represents the number of

Motif-1 tasks that were used in the training.

of the number of Motif-1 tasks, and also across the different initializations of our models.

These steps were done to avoid artifacts of the attributions due to model initialization or

randomness. We found that Motif-2 had the greatest DeepLiftSHAP values, with a peak

towards the middle of the motif, consistent with our simple example (Figure 4.7). We also

noted that there appeared to be a slight downward trend in the attributions for Motif-2 as

the number of Motif-1 tasks increased. This may be because the models are attributing more

towards Motif-1 as its weight increases. We further found that the Motif-1 attributions were

more variable than those of random background noise, indicating that the model spuriously

increases the Motif-1 attributions. This variance increased as the number of Motif-1 tasks

increased, again evidencing the bias resulting from having many Motif-1 tasks. Finally, the

low attribution values of the random sequence compared to both Motif-2 and Motif-1 serve

as a negative control.
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Figure 4.9: (A) Example of feature leakage in DeepSEA: gradually adding instances of Oct-

Sox motifs at a genomic fibroblast enhancer, without disturbing existing predictive motifs,

reduces the predicted probability of observing a peak for the Roadmap Epigenomics E055

fibroblast task. (B) Training a single-task model to predict fibroblast ATAC-seq signal

on peaks from both fibroblasts and iPSCs results in learning the Oct-Sox motif, which is

an iPSC-specific TF inactive in fibroblasts. In contrast, training the model with random

background regions does not result in learning the Oct-Sox motif.
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Figure 4.10: Oct-Sox motif affects fibroblast signal compared to shuffled motif baseline. (A)

Fibroblast DNase predictions with Oct-Sox motif spiked in (B) iPSC DNase predictions with

Oct-Sox motif spiked in (C) Fibroblast DNase predictions with shuffled Oct-Sox motif spiked

in (D) iPSC DNase predictions with shuffled Oct-Sox motif spiked in
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4.5.4 Examples in published models

Beyond simulated examples, we turn our attention to published models which may also ex-

hibit biologically implausible feature attributions. For example, the DeepSEA model makes

the biologically implausible prediction that insertion of instances of the Oct-Sox motif into

genomic sequences significantly decreases DNase-seq signal in fibroblasts (Figure 4.9A). How-

ever, DNase-seq profiles in fibroblasts should not be sensitive to the Oct-Sox heterodimer,

as the pluripotency TFs Oct4 and Sox2 are not expressed in fibroblasts. This problem is

widespread across prediction tasks in the DeepSEA model, as well as the Enformer and

scBasset models. We additionally found that in this model, it was possible to see feature

leakage even when training single-task models on peaks from fibroblast along with peaks

from other tasks (Fig 4.9B).

Additionally, we investigated SEI, a model that that takes as input any 4 kilobase window

along the human genome, and predicts 21,907 chromatin profiles [Chen et al., 2022]. We

simulated random order-0 sequence using the simdna package. We inserted the AP-1 motif

(ATGAGTCAT), which is active in fibroblast, in the center of the sequence, where predictions

are made in order to start with a peak region for fibroblast. We then inserted anywhere

between 0 and 30 copies of the Oct-Sox motif (CCTTTGTTATGCAAAT) into the sequence

as well in order to investigate how Oct-Sox modulated the peaks in fibroblast. We pulled out

the DNase predictions from SEI of any cell type that was a fibroblast cell type or an iPSC

cell type and plotted the DNase predictions against the number of Oct-Sox copies. We also

repeated this process for a shuffled version of the Oct-Sox motif (TTATTGGACTCTATAC).

We found that after 10 copies of the Oct-Sox motif were inserted into the fibroblast cells, Oct-

Sox began to suppress the DNase signal (Figure 4.10A). On the other hand, the motif began

to increase the DNase signal for the iPSC cell types (Figure 4.10B). While it is expected

that the Oct-Sox motif increases the DNA accessibility of iPSC cell types, it is problematic

that it also modulates the fibroblast accessibility, because fibroblasts do not express Oct-Sox

and DNA accessibility should not be affected by the motif. Our negative controls (Figure
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4.10C,D) demonstrate that changes are less prominent when using the shuffled Oct-Sox motif,

as compared to the motif itself. These results demonstrate that SEI exhibits some of the

behaviors that may be attributable to leakage through the shared latent layer.

4.6 Discussion

In this work we examined the occurrence of biologically implausible attributions due to either

a multitask model including a shared embedding layer amongst many tasks or due to peak

selection and class balancing. We analyzed this problem through theoretical analysis, simple

simulations, and the use of published models. We found that peak selection in data can lead

to biases in the estimates in linear models, and we expect this phenomenon to also occur

in published models (Sections 4.4.1-4.5.1). We provided some theoretical basis for why this

might occur to argue that training of these models should occur genome-wide in order to

best avoid bias issues. We found that in addition to the problem with peak selection, there

is a separate issue in multitask models that share a latent space (Section 4.5.3). In these

models, there is a possibility when many tasks are related and there are a few distinct tasks

that the distinct tasks train slower and traces of the other tasks may appear when feature

attribution methods are used.

Due to the widespread nature of multitask models and use of interpretation methods

such as SHAP, it is critical that we better understand how bias may occur in multitask

settings. In these models, we showed that the commonplace practice of selecting peaks for

training data may potentially lead to spurious results. Hence, if a model is not trained

across the genome, care must be taken in interpreting downstream analyses as there may

be inconsistencies due to the selection. In our examples, we showed that published models

can lead to biologically implausible feature attributions. Hence, utmost care must be taken

when interpreting attribution results in large sequence-based models. A common suggested

use of sequence-based models is to better understand the relationship between sequence

and genomic features. Spurious attributions used in this setting can lead to inaccurate and

misleading results. Additionally, we showed that training can be slowed down for distinct
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tasks when many unrelated tasks are included. Furthermore, even if the model has concluded

training for most of the related tasks, it can still be improving on the distinct task. Looking

at overall loss can hide the continuing improvement in the distinct task. Due to the increasing

demands in training time, these phenomena can lead to models that are undertrained in some

tasks. It can also be the case that in some examples, by the time the distinct task is trained,

the remaining tasks are overfit. Hence, it is important to consider the loss for each of the

tasks individually.

While at present we do not have a suggested solution for feature attributions, we hypoth-

esize that a feature attribution method could be developed to only consider the head layers as

opposed to through the entire network. For the problem with peak selection, we suggest that

ideally models are trained genome-wide to avoid the possibility of inducing a bias through

peak selection, but in cases where the training data is too large to train genome-wide, we

suggest that care be taken in training and in peak selection.
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Chapter 5

CONCLUSION

In our first project, Comparing Heritability Estimators under Alternative Struc-

tures of Linkage Disequilibrium, we critically examined published methods of estimating

heritability estimates. Heritability quantifies whether a trait can be explained genetically or

not. For example, if a trait is highly heritable, it may suggest that attempting to change

environmental factors to manipulate that trait is not possible. On the other hand, if a trait,

for example a disease, is highly heritable, it may mean that individuals who have a family

history of that disease should exercise additional precautions for screenings and preventative

measures. In our work, we demonstrated that LD may impact estimates of heritability. In

particular, we found that for some forms of LD, estimates of heritability increased as LD

increased, yet for others, the opposite trend occurred. It is important to understand these

differences as we continue to explore the heritability of traits, as LD may lead to inaccurate

estimates. Furthermore, we established the equivalence between some historical estimators

and modern estimates and provided some theoretical rationale for this equivalence. With

this equivalence, we found that even though some modern methods were designed to account

for LD, the overall effect may still be limited. This work demonstrates that there is still effort

to be made in accounting for LD in the context of heritability.

As we look forward in the heritability estimation literature, we are excited by the prospects

of new data. Whereas many heritability estimates are based off of SNPs, this was largely

because whole-genome data was not available, and even when it was, it was computationally

intractable to use it. However, it has been hypothesized that part of the missing heritability

issue is due to rare variants that are missed in a typical SNP chip panel, which focuses on

SNPs with minor allele frequence greater than 1%. Exciting new work has been coming out
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which assesses heritability on the basis of whole-genome sequencing [Wainschtein et al., 2022].

This effort has become possible in part due to our increasing ability to compute and also due

to the efforts of large consortiums that collect large amounts of sequencing information. As

whole-genome estimates of heritability become more prevalent, our work in considering LD

becomes more relevant as well, because LD is strongest as the positions get closer. As the

data starts to become denser, the positions that are considered get closer, and LD becomes

a greater issue. A possible future direction looking into LD at the scale of whole-genome

data would be interesting. Furthermore, work has been conducted examining the use of

nonlinear methods in heritability estimation [Kerin and Marchini, 2020]. This work looks

at the gene-environment interactions and may be a good step beyond classical narrow-sense

heritability. We believe that these two directions are interesting and look forward to seeing

where the field goes.

In our second project, Matrix prior for data transfer between single cell data

types in latent Dirichlet allocation, we developed a tool that could be used for the

improvement of single-cell analyses in LDA. Our method takes information from the output

of LDA run on a large-scale reference dataset, and transfers the semantics of that dataset

onto a smaller dataset. We do so in a computationally light-weight way so that subsequent

analyses on the smaller dataset are not slowed down compared to analyzing them separately.

Furthermore, our method is not limited to one data type, and it can generally be used for

data modalities apart from scATAC-seq, which used as a case study in our project. This tool

is a step in better using the wealth of data that is already available in the literature. Many

atlas datasets exploring the single-cell landscape in particular tissues of model organisms

exist and may potentially be leveraged to improve our understanding of fine-grained cell

types. As an example, Durham et al. [2021] create an extensive scATAC-seq atlas of C.

elegans. With our method, this could be a valuable resource for other scientists hoping to

conduct smaller-scale experiments of C. elegans. This kind of atlas exists for many other

model organisms as well. We hope that our tool serves as one step towards enabling us to

discover and understand more fine-grained cell types.
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One of our goals in this project was to be able to transfer information between data

modalities. Because scATAC-seq is a newer technology, we expected that data scarcity may

be an issue. We had originally aimed to incorporate scRNA-seq data in the analysis of

scATAC-seq data, since scRNA-seq is a more mature technology with more experiments

that have already been conducted. In our experiments, however, we were not able to see

improvements in cell-type resolution in scATAC-seq data through the use of scRNA-seq

data. One possible reason for this is that we used a simple translation between scATAC-seq

and scRNA-seq data, where we simply summed the cut sites of scATAC-seq over gene-

bodies, in order to move both scATAC-seq and scRNA-seq data into the same axis. Recent

work [Wu et al., 2021, Zhang et al., 2022] has worked on translation between the two data

modalities, and it is possible that incorporating an approach like this would improve our

results in combining scATAC and scRNA-seq. Another interesting direction would be ways

to incorporate large-scale datasets in analyses apart of LDA. While LDA is a powerful tool

to analyze these single-cell data, it is not the only method that practitioners use to analyze

their data. We believe that the problem of leveraging established data to improve analyses

in new experiments is an important problem, and may hold promise in settings outside of

LDA.

In our third project, Data leakage in sequence-based multitask genomics models,

we examined a type of model that has been gaining in popularity due to its promise towards in

silico mutagenesis. These models have become possible to train and create due to the increase

in publicly available data, for example through the ENCODE project [Feingold et al., 2004],

among other publicly available data sources. These data sources provide genomic tracks for

a wide array of different assays and cell types, enabling machine learning methods to dissect

the syntax of the genome. We analyzed the ability of these models to predict biologically

meaningful predictions, and we demonstrated that although the models may perform well in

some cases, in other cases, the models produce counterintuitive results that may mislead the

user. We showcased through simulation that the use of the shared latent representation in a

multitask setting and the selection of peaks in a joint manner are both plausible reasons for
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these spurious results. We believe that these results demonstrate that great caution must be

exercised when interpreting results from these machine-learning models, as it is hard to tell

when the results are trustworthy, and we hope that our work leads to more improvements

to the models so that they can become useful and accurate tools to advance our knowledge

of genomics.

Beyond genomic information, sequence based models have also begun to appear in pre-

dicting 3D chromatin architecture data [Zhou, 2022, Fudenberg et al., 2020]. These models

have the same goal of predicting genomic features using sequence, but now aim to predict

contact maps of genomes. In other words, they aim to predict how regions of the genome

interact with each other from sequence alone. They have shown great promise in produc-

ing predictions that rival those of competing methods that include additional sequencing

information. We are interested in how biologically plausible these 3D chromatin prediction

methods are, and are excited for their possibilities. Finally, we are excited by the prospect

of validating in silico mutagenesis through real whole-genome sequencing data [Sasse et al.,

2023], demonstrating that when sequence-to-function models are put in real world scenarios,

they may fail to perform as expected. Sasse et al. [2023] also propose that training on diverse

genomes with their associated gene expression measurements may be a promising avenue to

achieve accurate in silico mutagenesis.

We have presented three projects at the intersection of the rapidly evolving fields of

genomics and machine learning. We believe that we have made contributions in machine

learning methodology to better investigate these data.
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