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Inverse problems arise in different disciplines including exploration geophysics, medical
imaging and nondestructive evaluation. In some settings, a single modality displays either
high contrast or high resolution but not both. In favorable situations, physical effects couple
one high-contrast modality with another high-resolution modality. Hybrid inverse problems,
also called coupled-physics inverse problems or multi-wave inverse problems, are motivated
to study these coupling mechanisms to display both high contrast and high resolution. In
photo-acoustic tomography(PAT) and thermo-acoustic tomography(TAT), acoustic waves
couple with optical radiations, while in electro-seismic(ES) effect, seismic waves couple with
electrical fields.

The solution strategies of hybrid methods typically consist of two steps. Normally in
the first step, a high-resolution-low-contrast modality is considered to reconstruct some
internal data. In PAT and TAT, we invert a wave equation and reconstruct the initial wave
pressure from available boundary measurements. In ES conversion, we invert Biot’s system
to recover the internal source. In our work, we assume that this step has been performed.

The second step consists of the quantitative reconstruction of coeflicients of interest
by applying a high-contrast modality on the high-resolution internal data obtained during
the first step. In the second step of PAT, our main objective is to recover diffusion and
absorption coefficients from the internal data. The second step of ES conversion works

with Maxwell’s equation to reconstruct the conductivity and the coupling coefficient from






internal data.

This thesis mainly focuses on the second steps of PAT and ES conversion. Indeed,
assuming the internal measurements are obtained already, we mainly prove the uniqueness
and the stability of the constructions of the coefficients of interest in PAT and ES conversion.
Precisely, We show that knowledge of two internal data based on well-chosen boundary
conditions uniquely determine the coefficients of interest. Moreover, Lipschitz type stability

results are proved based on the same sets of well-chosen boundary conditions.
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NOTATION LIST

Q:  Domain of interest, open and bounded subset in R".
Q: Open set in R™ and ) C €.

Q1: Open subset of 2 with neighborhood of tangent points with respect to vector field

removed.
Q:  Open subset of €, defined in (2.204).
9Q:  Boundary of . 9Q is of class of C2.
9Q+: The front and back sides of boundary, defined in (2.79).

Py Py=—h2A = S (hD,,)?, while D,, = —id,, .

P: P =DPy+ h%¢=—h>A+ h?q.

P;: The adjoint of Py, ie., P} = e%(—hZA + h2(j)€_%.
x: Point in €, ie., z € Q.

zo:  Point on 09, i.e., g € 0.

o.:  Attenuation coefficient.

D:  Diffusion coefficient.
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Uj:

9;-

Ba:

£t

= \‘;“5, see (2.34).
Potential function in Schrodinger equation.

Solutions to Schrodinger equation with boundary condition g;.
Boundary illuminations.

Measured internal data, d; = pu;.

Vector field defined with d by (2.62).

Scaled imaginary part of 84, 8 = %SBd.

CGO solutions, u; = e’*(a+r) or @ = e (Ptiv) (a+r).
Internal data constructed by CGO solutions, d = .

Vector filed defined with d by (2.62).

Scaled imaginary part of B4, 5 = %%Bd, defined in (2.64).

Phase parameter of CGO solutions, e”*(a + r).

: Amplitude function in CGO solutions.

Correction term in CGO solutions.
Vector in R" such that p = £ (& + it1), while [p| = 1.
Vector in R™ that is perpendicular to &, i.e., £- &+ = 0.

Limiting Carleman weight.
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¢+ iy: Phase function of CGO solutions, e%(wﬂ'd’)(a + 7).

h:

Small positive parameter.

Special dimension.

Index of data, j =1,...,J. J € N* is the total number of measurements.
Small positive parameter, applied in H 2 T+t
Positive integer, applied in H 2 Thte.

The order of Sobolev spaces, s = 5 +k + €.

Sufficiently small positive parameter, applied in (2.68).

Real parameter o > %, applied in C*(00)
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Chapter 1

INTRODUCTION

Inverse problems arise in different disciplines including exploration geophysics, medical
imaging and nondestructive evaluation. In some settings, a single modality displays either
high contrast or high resolution but not both. In favorable situations, physical effects couple
one high-contrast modality with another high-resolution modality. Hybrid inverse problems,
also called coupled-physics inverse problems or multi-wave inverse problems, are motivated

to study these coupling mechanisms to display both high contrast and high resolution.

Several medical imaging modalities succeed to display high resolution. Typical exam-
ples are computerized tomography(CT), magnetic resonance imaging(MRI) and ultrasound
imaging(UI). In some situation, these modalities fail to exhibit a sufficient contrast between
different types of tissues. On the other hand, some modalities, based on optical, elastic, or
electrical properties of tissues, do display such high contrast, but involve a highly smooth-
ing measurement operator and are thus typically low-resolution. Such examples are optical

tomography(OP), electrical impedance tomography(EIT) and elasto-graphic imaging(EI).

To produce both high resolution and high contrast, one strategy is introduced to fuse
data acquired independently from two or more imaging modalities. Such method is referred
as multi-modality imaging. Another strategy, referred as hybrid inverse problems, also called
coupled-physics inverse problems or multi-wave inverse problems, considers the combination
of high resolution modalities with high contrast modalities. By combination, we mean the
existence of a physical mechanism that couples these two modalities. Our work focus on
hybrid inverse problems. Typical physical coupling and hybrid inverse problems include:
optics or electromagnetism with ultrasound in Photo-Acoustic Tomography (PAT)[7, 10],
Thermo-Acoustic Tomography (TAT)[6] and Ultrasound Modulated Optical Tomography
(UMOT)[43, 48, 49], also called Acousto-Optic Tomography (AOT); electrical currents with
ultrasound in Ultrasound Modulated Electrical Impedance Tomography (UMEIT)[50], also



called Electro-Acoustic Tomography (EAT); electrical currents with magnetic resonance
in Magnetic Resonance EIT (MREIT)[34, 35, 32] or Current Density Impedance Imaging
(CDII); and elasticity with ultrasound in Transient Elastography (TE)[31]. In geophysics,
Electro-seismic or Seismo-electrical(ES/SE)[29, 30, 11] conversion considers the coupling of
electromagnetic fields with mechanical waves through the phenomenon of electro-kinetics.
Some hybrid methods are extensively studied and explored experimentally whereas other
ones are less well understood. Readers are referred to the recent books [1, 33, 44] and their
references for general information about practical and theoretical aspects of medical imaging.
We are mainly interested in PAT, TAT and ES conversion. The coupling mechanisms are
explained as follows.

In PAT and TAT, when a body is exposed to short pulse radiation, it absorbs energy
and expands thermo-elastically. The expansion emits acoustic pulses, which travel to the
boundary of the domain of interest where they are measured. What distinguishes these two
modalities is that in PAT, radiation is high-frequency radiation (near-infra-red with sub-
pum wavelength), while in thermo-acoustic, radiation is low-frequency radiation (microwave
with wavelengths comparable to 1m). The inverse problems are to reconstruct diffusion
and absorption coefficients from the measurements of the boundary illuminations and the
acoustic waves observed on body boundary.

Electro-seismic(ES) and Seismo-electrical(SE) conversion concern electro-kinetic phe-
nomenon in porous medium. When a porous rock is saturated with an electrolyte, an
electric double layer is formed at the interface of solid and fluid. One side of the solid-fluid
interface is negatively charged and the other side is positively charged. An electric field
or electromagnetic waves acting on the electric double layer will move charges in different
directions, creating relative movement of fluid and solid. This is named electro-seismic con-
version. Conversely, a mechanical wave moving fluid and solid will generate electromagnetic
fields. This is named seismo-electric conversion.

Solution strategies of hybrid methods typically consist of two steps. Normally in the
first step, a high-resolution-low-contrast modality is considered to reconstruct some internal
measurements, which, therefore, are of high resolution. In PAT and TAT, we invert a wave

equation and reconstruct the initial wave pressure from available boundary measurements.



In ES conversion, we invert Biot’s system to recover the internal source. In our work, we
assume that this step has been performed.

The second step of the hybrid methods consists of the quantitative reconstruction of the
coefficients of interest by applying a high-contrast modality on the high-resolution inter-
nal data obtained during the first step. Normally, the internal data are functionals of the
coefficients of interest. Precisely, if D is the internal data, o is the coefficient of interest
and wu is the solution to the partial differential equation involving o. The obtained internal
measurements are of the form D(z) = o(z)u or D(x) = o(x)|u|?>. The second step in PAT
and TAT is referred as quantitative photo-acoustic tomography(QPAT) and quantitative
thermo-acoustic tomography(QTAT), respectively. Our main objective is to recover diffu-
sion and absorption coefficients from the internal measurements. Due to different physical
properties, a diffusion equation and internal data of the form D = ou are considered in
QPAT, while Maxwell’s equation and internal data of the form D = o|u|? are applied in
QTAT. The second step of ES conversion also works with Maxwell’s equation to reconstruct
the conductivity and the coupling coefficient L from the internal data of the form D = LE.

We are more interested in the second step. Indeed, assuming the internal measurements
are obtained already, we mainly study the uniqueness and the stability of the construction
of the coefficients of interest in the second step. In many hybrid inverse problems, the
uniqueness and the stability properties are not guaranteed in general. However, if forward
solutions satisfy certain prescribed boundary conditions, we can achieve a unique and stable
reconstruction. Although reconstruction algorithms depend on different physical models of
interest, there are important common features shared by most hybrid methods.

The most important feature of hybrid inverse problems is to display both high resolution
and high contrast. When a high-contrast modality in the second step is applied to high-
resolution data obtained from the first step, the high quality in both contrast and resolution
are expected. Mathematically, the internal data provides local, point-wise information about
coeflicients of interest, i.e., singularities of these coefficients are well preserved. We thus
expect resolution of hybrid modalities to be significantly improved compared to the stand-
alone high-contrast-low-resolution modalities.

Another feature shared by many hybrid inverse problems is that their solution strategies



often require that the forward solution u satisfies certain qualitative properties. Complex
geometric optics(CGO) solutions are then constructed explicitly to characterize these qual-
itative properties. When a solution w falls in a neighborhood of a CGO solution, we expect
it also characterizes the qualitative requirements. By the elliptic regularity, the pertur-
bation normally can be controlled on the domain boundary. Thus the neighborhood of
CGO solutions defines a restricted class of boundary conditions with which solutions to the
hybrid inverse problems are shown to be uniquely and stably determined by the internal
measurements.

The rest of this thesis is organized as follows. Chapter 2 is devoted to PAT and TAT.
The physical modeling is introduced in Section 2.1. It is followed by review of known
results about the first step of PAT and TAT in Section 2.2. QPAT with full boundary
data is reviewed in Section 2.3 and our new results of QPAT with partial boundary data
are presented in Section 2.4. QTAT with full boundary data is also reviewed in Section
2.5. In Chapter 3, we study the hybrid inverse problem in ES conversion. The physical
modeling is introduced at the beginning. The first step of the inverse problem, i.e., the
inversion of Biot’s system, is studied in Section 3.1. Related future research problem is
also proposed. Section 3.2 presents main results of our research about the uniqueness and
stability of the reconstruction in the second step of the inverse problem. Chapter 4 contains

a list of proposed problems for future research.



Chapter 2

PHOTO-ACOUSTIC TOMOGRAPHY (PAT) AND
THERMO-ACOUSTIC TOMOGRAPHY (TAT)

2.1 Introduction

Photo-acoustic tomography(PAT) and thermo-acoustic tomography(TAT) are recent hybrid
methods based on the photo-acoustic effect which couples optical and ultrasonic waves.
When a body is exposed to short pulse radiation, it absorbs energy and expands thermo-
elastically. The expansion emits acoustic pulses, which travel to the boundary of the domain
of interest where they are measured. The physical coupling between the absorbed radiation
and the emitted sound is called the photo-acoustic effect.

What distinguishes PAT and TAT is the radiation applied. In PAT, near-infra-red pho-
tons, with wavelengths between 600nm and 900nm, are used. Radiations in this frequency
window are considered because they are not significantly absorbed by water molecules and
thus can propagate relatively deep into tissues. In TAT, radiations are low-frequency mi-
crowave, with wavelengths comparable to 1m, due to that they are less absorbed than
optical frequencies and thus propagate into deeper tissues.

The first step of the inverse problems in both PAT and TAT is the reconstruction of
the absorbed radiation or deposited energy from time-dependent boundary measurements
of acoustic signals. Acoustic signals propagate in fairly homogeneous domains as the sound
speed is assumed to be known. Notice that the light speed is much faster than the sound
speed. When a short pulse of radiation is emitted into the medium, we may assume that it
propagates at a time scale that is much shorter than that of ultrasound. Therefore, we can
model that the initial ultrasound pressure p|;,—¢ is proportional to the energy absorption

D(z), i.e.,

pli—o = &(x)D(x), (2.1)

where &(z) is the Griineisen coefficient assumed to be constant and known. The acoustic



wave is modeled by

1 0% .
C*Q@*Ap =0 m (O,T)XR”
pli=o = f InR" (2.2)
8tp|t=0 =0 in R",

where ¢ is the speed of the acoustic wave, T > 0 is fixed, and f is the unknown initial
pressure. The pressure p(t,z) is then measured on [0, 7] x 0f.

The inverse problem in this step is to recover the initial pressure f(x) from boundary
measurements of p(t,z) on [0, 7] x 99, and thus the energy absorption. This step has been
studied extensively in the mathematical literature, see, e.g. [2, 13, 14, 15, 18, 19, 20, 22,
23, 24, 27, 28, 36, 46, 47]. Main reconstruction results for the cases with continuous or
discontinuous sound speed are reviewed in Section 2.2.

The second steps in PAT and TAT consist of quantitative reconstruction of attenuation
and diffusion coefficients from knowledge of internal energy absorption. They are referred
as quantitative photo-acoustic tomography(QPAT) and quantitative thermo-acoustics to-
mography (QTAT), respectively. Due to radiation properties, different physical models are
applied in QPAT and QTAT. Radiation is typically modeled by transport or diffusion equa-
tions in the former case and Maxwell’s equations in the latter case.

In [7], G. Bal and G. Uhlmann studied QPAT with whole boundary illuminations and
showed the uniqueness and stability of the reconstruction of attenuation and diffusion co-
efficients. Our work extends Bal and Uhlmann’s results to partial boundary illumination
conditions and prove the uniqueness and stability of the reconstruction. Particularly, we
show that two coefficients in the diffusion equation are uniquely determined by four well-
chosen illuminations at part of the domain boundary. The stability of the reconstruction is
established from either four internal data under geometric condition of strict convexity on
the domain of interest, or from 4n well-chosen partial boundary conditions, where n is the
spatial dimension.

Mathematically, by the standard Liouville change of variables, the diffusion equation
is replaced by a Schrodinger equation with unknown potential and with internal and par-

tial boundary measurements. By adapting the complex geometrical optics(CGO) solutions



proposed in [26], we are able to obtain uniqueness and stability results for the inverse
Schrodinger problem. The inverse Liouville change of variables concludes the uniqueness
and stability of the the diffusive regime.

This chapter is organized as follows: In Section 2.2, we review some current results on
the first step of PAT and TAT. In Section 2.3, we review G. Bal and G. Uhlmann’s [7]
results of QPAT with whole boundary data. We present our main results of the uniqueness
and the stability of the reconstruction in QPAT with partial boundary data in Section 2.4.

We also review some results in QTAT[6] in Section 2.5.

2.2 The first step of PAT and TAT

Let Q C R™ be an open, bounded and connected domain with smooth boundary 0€2. Let

p(t, x) solve the wave equation

1 0%p .
cﬁ@—Ap =0 1m (O,T)XRn
ple=o = f inR" (2.3)
8tp|t:0 = 0 n Rn,

where T > 0 is fixed.

Assume that f is supported in Q. The measurements are modeled by the operator A

h=Af:=u

[0,T]x 99 (2.4)

The problem now is to reconstruct the unknown f from measurement b, i.e., to invert A.

In the case when T' = oo, we can solve a problem with Cauchy data 0 at ¢t = oo and
boundary data h = Af. The zero Cauchy data are justified by the energy decay that holds
for non-trapping geometry. Then solving the resulting problem backwards recovers f. We
will study the case when T' < oo is fixed.

We define the energy of a function u(¢,x) in © by

Fo(t,u) = /Q (1Vul? + e 2 da. (2.5)

We also define the space Hp(2) to be the completion of CF°(£2) under the Dirichlet norm

113, = /Q Vulde. (2.6)



Assume for now the speed ¢ > 0 is smooth. The speed ¢ defines a Riemannian metric
¢ 2dz?. For any piecewise smooth curve [a,b] — v € R", the length of the curve in that

metric is given by

b
length(c) :/a ng((tg))dt (2.7)

The so defined length is independent of the parametrization of v. The distance function
dist(z,y) is then defined as the infimum of the lengths of all such curves connecting = and
Y.

We define

To := max{dist(z,00Q) : x € Q}, (2.8)
and define T} to be the supremum of the lengths of all maximal geodesics lying in . When

Ty < oo, one can prove that

Ty < 5 (2.9)

If 71 < 00, the sound speed c is called non-trapping. Let K C € be a fixed compact subset.

We define T7(K) as the supremum of the lengths of all geodesics passing through K.

2.2.1 Smooth speed and full boundary data

If T > 1, Af recovers f uniquely. We have the following sharp result based on the unique

continuation theorem by Tataru[40].

Theorem 2.2.1 (Stefanov and Uhlmann([36]). Let Af = 0. Then f(z) = 0 for dist(z, 02) <
T. Moreover, f(x) can be arbitrary in the set dist(x,0Q) > T, if the latter set is non-empty.

Corollary 2.2.2. A is injective on Hp () if and only if T > Tp.

The proof is mainly based on the reconstruction method in Theorem 2.2.3 as follows.

The idea is to solve (2.3) approximately.

One method to get an approximation solution of f is the following time reversal method.



Given b, let vg solve

( ;a;:;)_AUO — 0 in(0,T)xR"
volor)xon = b (2.10)
Owoli=r = 0
volt=r = 0.
The we define the following approximate inverse”,
Agh == v9(0,-) in Q. (2.11)

Then AgAf is viewed as an approximation to f. This is actually true asymptoticly as
T — oo. Since h may not vanish on {7’} x 99, the mixed problem above has boundary data
with a possible jump type singularity at {T'} x 0€2. That singularity will propagate back to
t = 0 and will affect vg, and then vy may not be in the energy space. For this reason, b is
usually cut off smoothly near t = T > Ty, i.e., h is replaced by x(¢)h, where x € C*(R),
x =0 fort =T, and x = 1 in a neighborhood of (—o0, Tp].

Another method will modify this approach in a way that would make the error operator

a contraction. We proceed as follows. Given b, let v(t, x) solve

( 1 82’00 . n
?W—A’UO =0 m (O,T)XR
volprixoe = B (2.12)
Ovoli=r = 0
\ vole=r = ¢,
where ¢ solves the elliptic boundary value problem
Ap =0, olog="n(T,"). (2.13)

We introduce notation Py for the Poisson operator of harmonic extension: Po(h(T),-)) := ¢.
Since 0 is not a Dirichlet eigenvalue of A in Q, (2.13) is uniquely solvable. Note that the
initial data at ¢ = T satisfy compatibility conditions of first order. Then we define the
following pseudo-inverse

Ab :=v(0,-) in . (2.14)
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The operator A maps continuously the closed subspace of H'([0,T] x 0) consisting of
functions that vanish at t = T to H(Q). It also sends the range of A to H}(Q) ~ Hp(Q).

Theorem 2.2.3 (Stefanov and Uhlmann[36]). Let (2, c=2dz?) be non-trapping and let T >
Ty. Then AN = Id — K, where K is compact in Hp(Q) and || K|y, ) < 1. In particular,
Id — K is invertible on Hp(Q2), and the inverse problem in (2.13) has an explicit solution
of the form .
f=Y_ KmAp, b:=Af. (2.15)
m=0

Theorem 2.2.3 provides an estimate of the error in the reconstruction.

Corollary 2.2.4. Under that same hypothesis in Theorem 2.2.3, the error of the recon-

struction is controlled by

Jun

Fo(u,0)) 1lup@) V€ Hp(@).f70, (2.16)

I = ANy <
where u is the solution of (2.3).
The stability results are given as:

Theorem 2.2.5 (Stefanov and Uhlmann([36]). Let K C Q be compact.
(a) Let T > T1(K)/2. Then there exists a constant C > 0 so that

Il zp ) < CIAflE (o,11x00)- (2.17)

(b) Let T < T1(K)/2. Then for any si1,s2 and C > 0, there exists f € C* supported in
K so that

1fllzrsr = ClAS I o2 0,1 %00) - (2.18)

2.2.2  Smooth speed and partial boundary data

The case of partial boundary measurements has been discussed in the literature as well.
One of the motivations is that in breast imaging, in which case, measurements are possible

only on part of the domain boundary.
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Let I' C 092 be a relatively open subset of 0€2. The measurements are taken on [0,7] x T’

and denoted as

Afloyxr- (2.19)

Then the uniqueness result is given as follows.

Theorem 2.2.6 (Stefanov and Uhlmann[36]). Let T > Ty and 9 be strictly convex. If
Af=00n[0,T] xT for f € Hp(Q) with suppf C KC, then f =0.

For any (z,£) € Q x S"~! we denote by v, ¢ the unit speed (i.e., |§| = c(7)) geodesics

issued at x in the direction £. Define ¢4 (z, &) by the condition
te(r,€) = max(t > 0: ype(te) € Q). (2.20)
We assume that K satisfies the following condition
V(z,6) € K x S™Y ~pelto(z,€) €T foro =+ or —, (2.21)
i.e., every geodesic initialed in K exits the domain on I'. Then can define that
To(K,T) == max{ty(z,&) : V(2,8) € K x S" 1y e(to(2,€)) €T,0 = +or —}.  (2.22)
The stability result then follows.

Theorem 2.2.7 (Stefanov and Uhlmann[36]). Let K C Q be compact satisfying (2.21).

(a) Let T > To(KC,T"). Then there exists a constant C > 0 so that

1 £l zp @) < CIAf N m(j0,171%T)- (2.23)

(b) Let T < To(K,T'). Then for any si,s2 and C > 0, there exists f € C* supported in
K so that
I fllzer = CIAF sz (jo,r)xT)- (2.24)
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2.2.83 Discontinuous sound speed and Brain imaging

Let € be a bounded domain with smooth boundary. Let S C € be a smooth, closed and
orientable surface. Let sound speed c(x) > 0 be piecewise smooth with a nonzero jump
across S. For z € S, let c¢_(x) be the limit of ¢ from inside, and let cy(x) be that from
outside. Our assumption then is that those limits are positive and c_(x) # c4(z), for x € S.

This problem first arises in brain imaging due to the jump of sound speed in brain and
skull[37]. Another motivation is to model the classical case of smooth speed in a patient’s
body but account for a possible speed jump when acoustic waves leave the body and enter
the liquid surrounding it.

The formulation of the problem is still the same as the classical case, while the limits
of the solution (¢, x) and its normal derivative match as z approaches S from either side.

Let u(t, z) solve the problem

1 02 A , "
072@ — u = 0 m (O,T) x R
uls. = uls,
%’S_ _ %|S+ (2.25)
U|t:0 = f
Owuli—g = 0,

where T' > 0 is fixed, u|s, are the limits of u on S from outside and from inside. We similarly
define the outside/inside normal derivatives, %‘3 ., with v the exterior unit normal to S.

Assume that f is supported in Q. The measurements are modeled by the operator

Af = uljprxo0- (2.26)

The problem is to reconstruct the unknown f from Af.
In the case when c_ > c4, this ray splits into two parts when hitting S from inside.
One of them reflects according to the usual reflection laws. Another one is the transmitted

(refracted) ray at an angle satisfying Snell’s law:

sima- e (2.27)

sinay  ct
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In the opposite case, i.e., c_ < cy, there is a critical angle given by o = sin™!(c_/cy ).
If a— > ap, there are still a reflected and a transmitted ray as above satisfying Snell’s law.
If a— > «p, then there is no transmitted ray, while the reflected ray still exists. This is
known as a full internal reflection.

The uniqueness results in Theorem 2.2.1 and Corollary 2.2.2 still hold in this case.

The stability results requires the analysis of the propagation of singularities. However,
in the case of full internal reflection, there might be singularities that never reach 9€2. Such
singularities will be invisible, no matter what 7" we choose. Therefore, the singularities that

are certain to be visible up to time 1" consist of the following set:

U={(x,&) € (QNS) x S"!: there is a path of the "geodesic” issued from either

(z,€) or (z,—&) at t = 0 never tangent to S, that is outside (2 at time t = T}. (2.28)

If f is supported in some compact subset £ C Q\S, then the stability condition can be

formulated as follows:

U={(x,&) € KxS" 1 thereis a path of the ”geodesic” issued from either

(z,€) or (z,—&) at t = 0 never tangent to S, that is outside (2 at time t = T'}. (2.29)

Let Il : Hp(2) — Hp(K) be the orthogonal projection. It turns out that the orthogonal
projection is given by Ilx(f) = flx—Pic(f|ax), where Py is the Poisson operator of harmonic
extension from 0K to K defined in (2.13).

The reconstruction formula of f is given by the following theorem.

Theorem 2.2.8 (Stefanov and Uhlmann[37]). Let KC satisfy (2.29). Then HxAA =1d— K
in Hp(K), with ||K||g,x) < 1. In particular, Id — K is invertible on Hp(K), and A

restricted to Hp(K) has an explicit left inverse of the form

f=)Y_ K™IcAp, h=Af (2.30)
m=0

The reconstruction formula in Theorem 2.2.8 also shows that, under the condition (2.29),

we have the similar stability result as in Theorem 2.2.5.
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2.3 Quantitative photo-acoustic tomography (QPAT)

2.3.1 Reduction to Schrodinger equation

Let © be an open, bounded, connected domain in R”™ with smooth boundary 902. Con-
sider the diffusion equation with unknown diffusion coefficient D and unknown attenuation
coefficient oy:

-V -DVu+o,0=0 1in Q, u=g on O (2.31)

Using the standard Liouville change of variables, u = v/Dv solves
Au+ qu =0, (2.32)

with

= — 2.33
q 5 D (2.33)

The internal data in photo-acoustics is given by
d=o0qv= %4 4= L, Oa (2.34)

/D M= VD’
while the new boundary condition is given by v/ Dg on 92, assuming D is known on 9.
We also find that

~AVD — ¢VD =y, (2.35)

so that we can solve for v/ D and get 0, = ,u\/ﬁ.

We now consider Schrodinger equation of the form
Au+qu=0 in u=g¢g on 0, (2.36)

where ¢ is an unknown potential. We assume that the homogeneous problem with g = 0
admits the unique solution v = 0 so that A = 0 is not in the spectrum of A + g. We assume
that ¢ on 2 is the restriction to €2 of a function ¢ compactly supported on R™ and such that
Gge H" 2+k+e(R™) with € > 0 for k > 1. Moreover, we assume that the extension is chosen

so that

lall grnsoiremny < Cllallgnsasrre (o (2.37)
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for some constant C' = C(2, k,n) independent of q. That such a constant exists may be
found e.g. in [38], Chapter VI, Theorem 5.
We assume that g € C**(92) with a > 3 and 99 is of class C*™! so that (2.36) admits

a unique solution u € C**+1(Q), see [21], Theorem 6.19. The internal data are of the form
d(z) = p(x)u(z) in £, (2.38)

Here p € C*+1(Q) is bounded below and above by some positive constants.
The inverse Schrodinger problem with internal data (ISID) consists of reconstruct-
ing (¢,p) in Q from knowledge of d = (d;)1<j<s € (C*1(2))7 and illuminations g =

(9))1<j<s € (C*2(0K2))7, where J € N* is the number of illuminations.

2.8.2 Complex geometrical optics solutions

In this section, we will construct complex geometrical optics (CGO) solutions to the Schrédinger
equation

(A+q@u=0 inQ. (2.39)

The potential ¢ is assumed to be in L>(2). When ¢ = 0, CGOs are harmonic solutions
of the form e”* for p € C™ such that p-p = 0. When g # 0, the function u(z) = e”* is
not an exact solution of (2.39) any more, but we can find solutions which resemble complex

exponentials. These are the CGO solutions of the form
u(z) = e”*(1 4+ r(x)). (2.40)

Here r(x) is a correction term which is needed to convert the approximate solution e”* to
an exact solution. We are interested in the asymptotic limit as |p| — oo.

There are two ways to prove the existence of CGOs as in (2.40). Here we construct
CGOs by proving the resolvability of r(z). In Section 2.4.1, we present another proof using
Carleman estimate.

We note that (2.40) is a solution of (2.39) if and only if that

e PEA+q)e’ (1+7r)=0. (2.41)
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Thus r is a weak solution of

(A+2p-V+qr=—gq. (2.42)

The resolvability of (2.42), see [41], is the most important step in the construction of CGO
solutions. We first consider the free case in which there is no potential on the left hand side

of (2.42).

Theorem 2.3.1. There is a constant Cy depending only on Q and n, such that for any

p € C" satisfying p-p =0 and |p| > 1, and for any f € L*(Q), the equation
(—A+2p-V)r=f inQ (2.43)

has a unique solution r € H*(Q) satisfying

C
[rllz2@) < ’T)THfHL?(Qy (2.44)
IVTli2) < Collfllz2)- (2.45)

The idea of the proof is that (2.43) is a linear equation with constant coefficients, so
one can try to solve it by the Fourier transform. Since (D, u)"(§) = &pu(€), the Fourier

transform equation is
(€ +2p- )7 (€) = f(¢). (2.46)

We would like to divide by €24 2p-¢ and use the inverse Fourier transform to get a solutioin
r. However, the symbol €2 + 2p - ¢ vanishes form some ¢ € R"™, and the division cannot be
done directly.

It turns out that we can divide by the symbol if we use Fourier series in a large cube
instead of the Fourier transform, and moreover take the Fourier coefficients in a shifted

lattice instead of the usual integer coordinate lattice.

Proof of Theorem 2.3.1. Write p = +(& + itt), where h = v2/|p|, [{| = [¢}| = 1 and
t-£L = 0. By rotating coordinates in a suitable way, we can assume that £ = e; and ¢+ = ey

(the first and second coordinate vectors). Thus we need to solve the equation

(D? + %(D1 +iDy))r = f. (2.47)
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We assume for simplicity that €2 is contained in the cube @ = [—m, 7|". Extend f by zero
outside 2 into @, which gives a function in L?(Q) also denoted by f. We need to solve

2

D2
(D7 + 4

(D1 +1iDg))r=f inQ. (2.48)

Let wy(z) = eik+3e2)w for k € Z". That is, we consider Fourier series in the lattice Z"+ %es.
Writing

uv:L uvaxr, u,v 2
(u, ) (QW)H/Q dz, e LXQ), (2.49)

we see that (wy,w;) = 0 if k # | and (wy, wy) = 1, so {wy} is an orthonormal set in L?(Q).
It is also complete: if v € L?(Q) and (v, wy) = 0 for all k € Z" then (ve_%i”,wk) =0 for
all kK € Z", which implies v = 0.

Hilbert space theory gives that f can be written as the series f = ", ;. frwg, where

fr = (f,wg) and HfHQLQ(Q) = f = jezn | fx]?. Seeking also r in the form r = >, cyn rewy,
and using that

1
Dwy = (k+ 562)wk,

the equation (2.48) results in
PETE = fk7 k€ Zn7

where

1, 2 , 1
= (k+ 5e2) + E(kl + ik + 5)).

Note that Spr = %(kﬁg + %) is never zero, which was the reason for considering the shifted

lattice. We define
_ e

Tk 1=
Pk

and
r= Z TEWE .
kezZm

The last series converges in L2(Q) to a function » € L?(Q) since

| fx] h
rL| = < Jrl < Rl frl,

and then

1/2 1/2
7l z2(q) = <Z |7”1c!2> <h (Z \fk|2> = hllfllz2(0)-
p s
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This shows the desired estimate in L?(Q).

It remains to show that Dr € L?(Q) with correct bounds. We have
Dr = Z (k+ 162)7“kwk.
2
keZn

The derivative is justified since this is a convergent series in L?(Q): we claim
1 n

which implies that |[Dr{|r2g) < 4[|fllz2(g)- To show (2.50) we consider two cases: if
|k + Leo| < % we have
4h

1
k+ = < < Alfl,
[ 262)7%‘ = 2k + %|fk < 4| fxl

and if |k + Les| > # then

1 k1 1 2 1 1 1
E4 —ea? +2=| > |k + —ea = 2|k + —ea| > =|k + —eo)?
I +262| + hl_\ +262| h| +262|_ |—|—262!,

which implies
|]{2 —+ %62| < E

1
E+—e)rg| < —————
I( 2)r| < Tkt leaf = 2

5 | fxl-

The statement is proved. ]

For further analysis on CGO solutions, we introduce the space Lg for 6 € R as the

completion of C§°(IR?) with respect to the norm || - || L2 given as

lully = ([ @) @)=+ lot (2:51)

We also introduce the spaces Hy for s > 0 as the completion of C§°(R"™) with respect to the

norm || - || s defined as

Jufl s = ( | @i - A)Suwzdxf. (2.52)

Here (I — A): is defined as the inverse Fourier transform of (€)54(¢), where 4(€) is the
Fourier transform of u(z).

We next consider the solution of (2.42) with nonzero potential.
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Theorem 2.3.2. Let —1 < § <0 and k € N*. Let q € Hf+k+5 and hence in H55+J;k+€, for

€ >0, and p be such that

lall 3 +x4c + 1 < Colpl. (2.53)
1
; ; 5tk+e
Then r the unique solution to (2.42) belongs to Hy and
n < n .
Pl eae < CHQHHatk-!—ea (2.54)

for a constant C that depends on § and Cy.

Proof. From Theorem 2.3.1, we see that for |p| large and f € L§+1 with —1 < § < 0, then
equation (2.43) admits a unique weak solution r € L2 with

C
Il

Now sine —A +2p -V and (I — A)® are constant coefficient operators and hence commute,

£ 1l 2

Irllzz <

we deduce that when f € H§ | for any s > 0, then
C
l7llm; < HHJC”H;;H- (2.55)

The solution to (2.42) is known to admit the decomposition
o0
r= er, —Ar;j +2p-Vr; = —qrj_1,
j=0

withr_y = 1. Let s = §+k+e. Assume gr;_1 € H§ | which is true for j = 0 by assumption

on q. Then r; € Hi. Since H® is algebra, we want to prove that

lgrillms, < lallmg 7l ;- (2.56)

5+1
Indeed, decompose R™ into cubes. On each cube Q, {x)?* is more or less constant up to a
C*25. Now H*(Q) is an algebra so that ||qulgsg) < llqllm=q)llullgs=(q)- Since (z) is more

or less constant and equal to (zg),

(@) 2 llqull i) < CIENT — A)2q)| 720 1) (T = A) 2072

It remains to sum over all the cubes ) to get the result. When the size of cubes tends to 0,

the constant C tends to 1, which yield (2.56). This and (2.55) show that

c
Irilleg < quHHfHTj—IHHg-
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By selecting Cy such that C|p| gl s < 3, we obtain

H7"J||H§ = m||Q||H§+1-
Summation of the geometric series implies the result. O
When restricted to 2, we obtain the following estimate.

Corollary 2.3.3. Let us assume the regularity hypotheses of the previous proposition. Then
we find that

|:0|H7‘||H%+k+5(m =+ HTHH%”““(Q) < O”‘]”H%JrHE(Q)- (2.57)

Proof. On the bounded domain 2, () is bounded above and below by positive constants.

Since ¢ is compactly supported on R™ and (2.37), we obtain that

U1l 5 gy < Cllal g sise gy < CEOllall goxse - (2.58)

Now we have

—Ar=-2p-Vr—q(1+r).

By elliptic regularity, with €y a smooth domain in R™ such that Q C Qq, we find for all
s =4 +k+e¢, that

7l rs+1) < Cli2p - Vr — q(1+ 1) grs=1(00) + 171 5 (20) -

The latter is bounded by |p|[|7[|s(qq) + [1g]lms—1(00) 17| 75-1(00) SinCE 5 —1 > 3 so that
H*~1(Qy) is a Banach algebra. By using the above bound on [|7]| j7s(q,), with C(€2) replace
by the larger C(€p), we get the result. O

By Sobolev embedding, we have that

Proposition 2.3.4. Under the hypotheses of Corollary 2.3.3, the restriction to ) of the
CGO solution verifies that

ollirllex@) + lIrllerr@) < Cllall g rre gy (2.59)
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2.8.8 Uniqueness

For this section, we choose 7 = 1,2. We assume that we can impose the complex-valued
illuminations g; € C**(9;C) on 9 and observe the complex-valued internal data d;.
Note that, to make up complex-valued g; and d;, we need two real observations, since

g1 = G2. Let d; be of the form d; = pu; in €2, where u; is the solutions of
Auj 4+ qu; =0 in ) uj = g; on Of. (2.60)
Direct calculation gives us that
w1 Aug — ugAug = 0.

We assume that p € C*+1(Q) is bounded above and below by positive constants. By

substituting u; = d;/p, we obtain that
2(d1Vd2 - dQle) . VM - (dlAdQ - dgAdl),U, = 0,

or equivalently,

Ba - Vi +yap =0, (2.61)
where
ﬂd = X(m‘)(d1Vd2 — dQle)
2.62)
. 4.V (
Yd = —§X($)(d1Ad2 — dgAdl) = B'u'u

Here, x(z) is any smooth known complex-valued function with |x(z)| uniformly bounded
below by a positive constant on . Note that by assumption on p, we have that 8y €
(Ck(;C))™ and v € C¥(Q; C).

The methodology for the reconstruction of (u,q) is therefore as follows: we first recon-
struct p using the real part or the imaginary part of (2.61) and the boundary condition
p = d/g on 02. Then we may recover u; = d;/u, explicitly and therefore ¢ from the
Schrodinger equation (2.60).

The reconstruction of p is unique as long as the integral curves of (the real part or the
imaginary part of) 34 join any interior point x € Q to a point on 952, denoted as xo(x). This

property of 3 is not guaranteed in general, unless the boundary conditions g; are properly
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chosen. CGO solutions are then employed to construct a family of boundary conditions g;,
which could produce well-performed vector fields .

To make a distinction from the observed data, we denote the CGO solutions by ; and
Tio, and denote the internal data and the vector field constructed from CGO solutions by d
and [y, respectively.

Let us consider two CGOs u; with parameters p;. Let dj be the complex-valued corre-
sponding internal data. Let us choose x(z) = e~(P1,2)% in (2.62). Then we find after some

algebra that (3, in (2.62) is given by
Ba =12 ((pr — p2) (1 +11) (1 +72) + Vra(1 +11) — Vry (1 +12)) . (2.63)

We may then define

. & — 1
Y, TS Sl Y W S S0 (2.64)
2|p1 2|p1]

where $4; is the imaginary part of 34 and

— Vra(1 —Vri(1
—pLzp (ri1+re+mrir) + ra(l+ ) il +T2). (2.65)
2|pa 2|p1
We know from Proposition 2.3.4 that |p;||r;| and Vr; are bounded in C*(Q). Thus,
C\4
3 2\$(p1 —/)2) || 2% Co
—pt——= = | S| crqy < —, (2.66)
' 2lp1l  lerq) =]

for some constant Cy independent of p;.
By choosing p = p1 = po = 3 (¢ + it1) with h = V2/|py|, €] = [tF| =1 and £ - &+ =0,
we have e?? = e”* and 7, = ry by uniqueness of the solution to the equation satisfied by

rj. Then (2.66) is simplified as

A 2pl
— < . .
3 — 2 Hck@) < hCy (2.67)

When h is sufficiently small, we obtain that every point in x € €0 is connected to a point on
O by an integral curve of 3. Thus, Eq. (2.61) admits a unique solution.
We next define boundary conditions g; € C*%(9Q; C), a > 1/2, such that

195 = jlocllor.e@ac) < € (2.68)
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for some € > 0 sufficiently small. Let u; be the solution of (2.60) with boundary illumination

gj as in (2.68). By elliptic regularity, we thus have
luj — sl o9,y < Coe, (2.69)

form some positive constant Cp. Define the complex-valued internal data d; = pu;. Since

p € C*1(Q), we thus have

lldj — JJHC’CH(Q;C) < Cie, (2.70)
for C7 > 0. Define the vector field 8 as in (2.62) and (2.64). We then deduce from (2.67)
and (2.70) that

o

< .
oy S CO+ O, (2.71)

for some C' > 0. As a consequence, as soon as h and e are sufficiently small, we obtain that
any point x € §2 is mapped to a point on €2 in a finite time by an integral curve of .

Moreover, we have the equation with real-valued coeflicients:
B-Vu+yu=0. (2.72)

Since p = d/g is known on 02, this equation provides a unique reconstruction for p.

Let us define the set of parameters

P = {(u,q) e CF1(Q) x H2HF+5(Q) : 0 is not an eigenvalue of (2.73)

A+ q, ullgrrg + lall g < P < oo}. (2.74)

The above construction of the vector field allows us to obtain the following uniqueness

result.

Theorem 2.3.5. Let Q be a bounded, open subset of R™ with boundary 0Q of class C?. Let
(1, q) and (fi,§) be two elements in P. Let d and d be the internal data for the coefficients
(1, q) and (1, G), respectively and with boundary conditions g;,j = 1,2. Then there is an

open set of illuminations g € (CH*(0Q))? for some o > 2 such that d = d implies that

(1, q) = (1, 9)-
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Proof. Since the two measurements d = d, we have that w1 and i solve the same equation
(2.72). Since p = fp = d/g on 99, we deduce that p = i since the integral curves of 8 map
any point z € Q to the boundary 992. More precisely, consider the flow 6,(t) associated to
(3, i.e., the solution to

Hm(t) = B(ex(t))a QI(O) =zreq. (2'75)

By the Picard-lindel6f theorem, the above equations admit unique solutions since § is of
class C'. And by (2.71) for h sufficiently small, any point = € 2 is mapped to two points
on 9N by the flow 0, (¢) in finite time. For z € 2, let us define x4 (z) € 0Q and +t4(z) > 0
such that

0, (t+(x)) = 24 (z) € O0. (2.76)

Then by the method of characteristics, the solution of (2.72) is given by
t4 (z)
p(@) = po(as(@))e o 10=()d9), (2.77)

The solution ji(x) is given by the same formula since 6,(t) = 6,(t) so that u = fi. This
implies that v = @ since d = d. Moreover, since CGO solution # 0 and boundary
illumination g is properly chosen, we have u # 0 by (2.69). Then ¢ is uniquely determined

in €. O

Applying the inversion of Liouville change of variable, we can prove the uniqueness result
of the inverse diffusion problem with internal data(IDID).

We define the set of coefficients (D, 0,) as
M = {(D,aa) . (VD,04) €Y x C*(Q), [VDlly + lloallcre g < M}, (2.78)
where Y = H2+k+2+6(Q) and M is fixed.

Theorem 2.3.6. Let Q be a bounded, open subset of R™ with boundary 0Q of class C2.
Assume that (D, 04) and (D,&,) are in M with D|sq = Dl|sq. Let d and d be the inter-
nal data for the coefficients (D, o,) and (D, Ga), respectively and with boundary conditions
g;j»j = 1,2. Then there is an open set of illuminations g € (C**(0Q))? for some o > 1/2
such that if d = d, then (D,0,) = (D, 6y).
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Proof. From Theorem 2.3.5, we can uniquely construct (u,q). When we assume that we

know v/D on 092, (2.35) admits a unique solution for /D and thus a unique o, = ,u\/ﬁ. O

2.3.4  Stability result for 2 real observations

We next consider the stability of the proposed reconstruction method. We divide the proof
into two cases. When two complex-valued data are measured, strict convexity is assumed
on the domain of interest. In another case, 2n complexed-valued data are measured and
the stability result follows without any geometric constrain on the domain.

We can define the front and back side of the boundary by
00y = {xo € 00 : +v(xp) - £ > 0}, (2.79)

where v(z) is the exterior unit norm of 9 at xg. Let 0,(t) be the flow associated to vector
fields 5. Thus, 0,(t) will map every internal point x €  to two boundary points, denoted
as x4 (x) = O,(t+(z)) € O0, while 1 (z) are the time parameters. We can define 6,,(t),
and - (x) according to § in the similar way.

From the equality

0.(t) — Ga(t) = /O 186 (5)) — B(Ba(s)))ds (2.80)

and using the Lipschitz continuity of S and Gronwall’s lemma, we deduce the existence of
a constant C' such that

16:(t) = 8a(t)] < Ct)18 — Bllcoey (2.81)
when 6, (t) and 0,(t) are in Q. The inequality (3.99) is uniform in t as all characteristics
exit ) in finite time.

To see higher order estimates, we define W := D,0,(t), which solves the equation,
W = D,B(0,)W, with W(0) = I. Define W similarly. By using Gronwall’s lemma again,
we deduce that

W = W| < Ct| Dy = DuBlicoay (2.82)

when 6,(t) and 6,(t) are in Q. Since 8 and j are of class C*(2), then we obtain iteratively
that
| D3 6(t) — Dy~ ()] < Ctl|Daff — DoBllcnn(qy, (2.83)
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when 6,(t) and ,(t) are in Q.
We define that ©Q; C Q by removing a neighborhood of each tangent point of 92 with

respect to €. Precisely, for some small 1 > 0,
Q=N {zecQ:|v(zx(z)) € <n}, (2.84)

where v(zy(x)) is the exterior norm vector of 9Q at x4 (z).

We first need to consider the following lemma.

Lemma 2.3.7. Let Q be an open bounded and convex subset in R"™ with C* boundary and
Qy be defined as in (2.84). Let k > 2 and assume 8 and 3 are C*(Q) vector fields which
satisfy (2.91). Let x € Qq, we have that

lz—(2) = &—(2)llox-1(,) + t-(2) = T (@) |cr-1(y) < ClIB = Bllcr-1(an), (2.85)
where C' is a constant depending on Q.

Proof. (Chen and Yang[11]) Without loss of generality, we assume t(z) < t;(x). We
also denote that A := 0,(t,(z)) € 8Q, B := 0,(I4(z)) € 90 and C := 0,(t,(z)) € Q.
We first want to show that the angle ZAzB is controlled by

ZAzB < C1|1B - Bllorggy + Coh, (2.86)

for some C1,C5. Indeed, by applying (2.81) and sine theorem, we can see that ZAxC is
bounded by C1||3— 5 [y~ Also notice that 3 satisfies (2.91). Therefore, similar argument
shows that, for any 1, t2, the angle between the vector from x to ém(tl) and the vector from
T to éx(tz) is bounded by Cyh. Thus ZCzB < Coh. This proves (2.86).

By the definition of {21, a neighborhood of the boundary point at which the tangent plane
of 02 is parallel to (y is removed. therefore, there exists a constant value n > 0 depending
only on € such that, for any = € Qq, n; > 7, where 7 is the angle between the vector zA
and the tangle plane of 02 at A, as in Fig. 2.1. Then by (2.86), when || — BHck(Ql) and h
are so small that ny :==n — C1]|f — B\\Ck(ﬂl) — Csh > 0, the extension of B will intersect

the tangent plane of 92 at A, with intersection point D. Then it is easy to check that

/ABC > /ADz = — ZAzB > ny > 0. (2.87)
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Figure 2.1: Vector fields g and B

The sine theorem gives that

|AC]

4B| = sin(ZABC)

sin(ZACB). (2.88)

(2.81) directly implies |AB| = |z4 — 4| < C"[|8 — Bllox(qy)-
Since 3,3 € C*(Q) and 9Q is of class C*, it is clear that ZABC and ZACRB are C*
functions with respect to = € Q. By differentiating (2.88) and applying (3.101), we get

higher order estimates

2+ = E4llcr-1(0,) < C"118 = Bllck@y)- (2.89)

To see the second part in (2.85), we have that

t(x) _ - .
081= [ B0ud)ds = BRI @) ~ 140, (290)
+(z
for t; () < 7 < t4(z). Similar argument shows the estimate of ¢, — ¢, in (2.85). O

Proposition 2.3.8. Let Q be an open bounded and convex subset in R"™ with C* boundary

and Q1 be defined as in (2.84). Let k > 1. Let p and fi be solution of (2.61) corresponding
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to coefficients (8,7) and B, 7, respectively, where

< Ch. (2.91)

HB_MZELHCW )S Ch and HB_M%L‘ cr@)

Q
Let us assume that j|oq = po and filoq = fio for po, fio € CF(08). We also assume that

h is sufficiently small. Then there is a constant C1 such that
e = fill or-1@y < Callollcrany (18 = Bllor-1ay) + I — Fller-1(01)) (2.92)
+ C1llpo — fiollcra0)-

Proof. We recall that 0, (¢) is the flow defined in (2.75) and that 4 (x) and ¢4 (x) are defined
in (2.76). By the method of characteristics, p(z) is determined explicitly as

t4(x)
o) = po(as(@))e ™70, (2.99)
The solution fi(z) has a similar expression.

n(e) - ()] < \(uo<x+<x>> — fio(@s (@)))eJo T eS|

fio(F4(z)) (e ot Oa())ds _ = o a(éz(s))ds)’

Applying Lemma 2.3.7, we deduce that
IDE " [po(z4-(2)) — fio(F4(2))]] < [|po — fiollcx—1 (a0
+ Cllollos-100, 18 = Bllor-1()-

This proves the uo(z4(z)) is stable. To consider the second term, by the Leibniz rule it is
sufficient to prove the stability result for f(f*(w) v(0:(s))ds.

Assume without loss of generality that ¢, (x) < £y (x). Then we have, applying (2.81),
() e tt(z) - 3
| b0sts) =30 0ds = [ 10 0:9) = 2@) + (= D))l
< CH’YHCO(Q)H»B - BHCO(Q) +Clly - WCO(Q)-

Derivatives of order k — 1 of the above expression are uniformly bounded since t;(z) €

C*=1(Q), v has C* derivatives bounded on Q and 6,(t) is stable as in (2.83).
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It remains to handle the term

iy(x)
v(z) = / 5(6.(5))ds.

+(z)
3 and # are of class C*(£2), then so is the function 2 — 7(6(s)). Derivatives of order k — 1

of v(x) involve terms of size ¢, (x) — t4(z) and terms of form
D (8 Dy "y (0u () — t4. D (0, (t4))), 0<m <k—1.
Since the function has k — 1 derivatives that are Lipschitz continuous, we thus have
1Dy~ ()] < Oty — [l on-1 (-
The rest of the proof follows Lemma 2.71. O

We are now in a position to state our main stability result.

Theorem 2.3.9. Let us assume that (u,q) and fi,§ are elements in P and that ||g —
Ulgallcoan) is sufficiently small so that u does not vanish in 2. Under the assumption

of Proposition 2.3.8 and assuming h is sufficiently small, we have that

e = Aillor-10y) < Clld = dllcr(0y))2- (2.94)

Moreover, we have the following stability result provided that k > 3:
lg = Gllcr-s(0y) < Clld = dll(cr(y))2- (2.95)

Proof. Let us define pg = d|spa/g and fig = d|oa/g. By assumption, g does not vanish on
982 We thus deduce that ||uo — fiollck(aq) is controlled by ||d — dNH(Ck(Ql))2. The rest of the

proof is direct consequence of Theorem 2.3.8. O

By applying inverse Liouville change of variable, we can get the stability result for ISID.

Theorem 2.3.10. Let k > 3. Let Q be a bounded, open subset of R™ with boundary 9 of
class C*+1. Assume that (D,0,) and (D,G,) are in M with D|sq = Dlaq. Let d and d
be the internal data for the coefficients (D, o4) and (D,&,), respectively and with boundary
conditions g;,j = 1,2. Then there is an open set of illuminations g € (CF(00))? for some

a > 1/2 and a constant C such that

ID = Dllgr-1(0,) + 0a — Gallcr-1(0y) < Clld = dll (o (y))2- (2.96)
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Proof. The main result consists of getting the stability on D mentioned above. Since k > 3,
we have stability of the reconstruction of ¢ € C*~3(Q) and p € C*~1(Q) provided that the

boundary conditions are well-chosen. The we have

—~(A+q)(VD—-VD=p—ji+(g— VD).

By elliptic regularity, we deduce that (vD — \/B) is bounded in C*~1(Q), and hence the

result. O

2.3.5 Stability result for 2n real observations

Let us now consider the setting in which we can access 2n real-valued internal data viewed
as n complex-valued internal data (since the measurements are linear in u, we can measure
the real and imaginary parts separately).

Let us define the complex vectors

1 ) 1 . .
p1 = E(_el —iex) = —p2, and p; = E(el +iej), 2<j#n (2.97)

Let 4; be the corresponding CGOs. We choose boundary conditions g; such that

lg — tjloallcre@a < € (2.98)

for e sufficiently small. We define u; as the solution to (2.60) with boundary conditions
gj. These are n complex-valued solutions whose real and imaginary parts consist of 2n
real-valued solutions. For 1 < j < n, we define d; = pu;. We now construct the n vector
field B;. For 2 < j < n, the real-valued vector fields and scalr terms are constructed as in

the preceding section; for j = 1, the vector field is constructed by using po = —p — 1:

h h
b1 = SR(d2Vdy — 1 V), 1 = 7 R(d2AdL — diAdy),

2.99
he—2er-z/h _ he2ev/h 3 ( )
By = ——5——S(d;Vd; — d;Vd)), v = ————S(d;Ad; - d;Ady),

for 2 < j < n. As in the preceding section, we verify that

18; — 12ejllon @) < Ch(1 +e). (2.100)
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For h sufficiently small and assuming that p is bounded below and above by positive
constants, we obtain that as each point z € , the vector ;(z) form a basis. Moreover,
the matrix a;; such that 3; = 3" ajre is an invertible matrix with inverse of class C*((2).
In other words, we have constructed a vector-valued function A(z) € (C*(2))™ such that
(2.60) may be recast as

Vi + Az)p = 0. (2.101)

Finally, the construction of A is stable under small perturbation in data d;. Indeed, in-
vertibility of aj, is ensured for vector fields close to 3;. Let A and A be two vector
fields constructed from knowledge of two sets of internal data d = {d;,1 < j < n} and
d= {Jj, 1 < j <n}. Then we find that

1A = Allorg@ye < Clld = dllor@ycyyns (2.102)

provided the right-hand side is sufficiently small.
Let us now assume that  is connected and p = py = d/g is known form some point

xo € 09). In other words, we want to solve the over-determined problem
Viu+Az)p=0 inQ, w(xo) = polxo) xo € 0N (2.103)

Let = € Q2 be an arbitrary point and assume that 2 is bounded and connected and 0 is
smooth. Then we find a smooth curve that links = to the point zg € 0f). Restricted to this
curve, (2.103) becomes a stable ordinary differential equation. The solution of the ordinary
differential equation is then stable with respect to modification in A (the curve between
x and xg is kept constant). The solution p then clearly inherits the smoothness of A(z)
directly from (2.103). Moreover, since uo(xo) — fio(zo) (with jig = d/§ on Q) is small and
equation (2.102) is stable with respect to changes in the value of pg(xo), we deduce that
the reconstruction of u is stable with respect to perturbations in d.

We may thus state the main result of this section:

Theorem 2.3.11. Let k > 2. We assume that we have access to n well-chosen complex-
valued measurements and the (u,q) and (@i,q) are elements in P. Under the hypotheses

above, and provided that ||g; — ﬂjHCk,a(Q;(C) is sufficiently small, then we have the following
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stability result:

e = fillor gy + lg = dll or-2@y < Clld = dll crr(gy)en- (2.104)

Proof. The inequality for u — i is a direct consequence of the results proved above. This
provides a stability result for u~! and for u; = d;/u from the data d;. We thus have a
stability result for Au; = —ujq and hence the above stability result for u;(¢ — ¢) since
(uj — @;q) is small.

Now, @ = e”*(1 + r) does not vanish on Q when |p| is sufficiently large since |p|r is
bounded. When the boundary condition g; —;|0w is small, then by the maximum principle,
u; does not vanish on {2 either. This means that either its real part or its imaginary part

does not vanish everywhere in Q2. This provides control of ¢ — ¢ in 2 as given in (2.104). O

Theorem 2.3.12. Let k > 3 and assume that (D, 0,) and (D,64) are in M with D|so =
D|apq. Then there is an open set of 2n real-valued boundary conditions g € C*(9Q) for

a > 1/2 such that, we have the stability estimate in 1 as
ID = Dllcr-1(0,) + loa — Gallcr-1(0y) < Clld = dll ()2 (2.105)
Proof. The proof is the same as that of Theorem 2.3.10. O

2.4 Quantitative photo-acoustic tomography with partial data

We now consider QPAT with illuminations only on part of the domain boundary. Recall
that in Section 2.3.1, diffusion equation (2.31) is transformed to Schrédinger equation (2.36)
by the standard Liouville change of variable.

We assume that the boundary illumination g € C*%(0€) with a > 3 and 0 is of class

Ck*1 50 that (2.36) admits a unique solution u € C*+1(Q)The internal data are of the form

Here p € C*1(Q) is bounded below and above by some positive constants.
The inverse Schrédinger problem with internal data (ISID) consists of reconstruct-
ing (¢,p) in Q from knowledge of d = (dj)1<j<s € (C*1(Q))7 and illuminations g =

(97)1<j<s € (C**(0R2))7, where J € N* is the number of illuminations.
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Our reconstruction strategy, similar to that in Section 2.3, is mainly based on explicitly
constructed CGO solutions to the Schrédinger equation. For the partial data case, we will
require the trace of CGOs is supported only on the part of the domain boundary. The
construction of CGOs in Section 2.3.2 fails to satisfy this boundary requirement. Instead,

we introduce Carleman estimate to construct CGOs.

2.4.1 Carleman estimate and complex geometrical optics solutions

In this section, we study Carleman estimate which gives another way to construct CGO
solutions. We consider the Schrodinger equation (—A + ¢)u = 0 in 2, where ¢ € L*>(Q)
and 2 C R" is a bounded open set with smooth boundary.

Recall that Theorem 2.3.2 states the unique resolvability of r for
(D*+2p-D+q)r=f inQ,
where p € C" satisfying p - p = 0. Equivalently, r solves
e PT(—A+q)e?Pr = f inQ.
We also have the estimate
Il < T2 e
If we write p = 4 (£ + it*), the estimate for r may be rewritten as

17l r2() < Cohlle™*(=A + @) r|| r2(q)

This estimate can also be viewed as a uniqueness result. It turns out the above estimate
can be proved directly without Fourier analysis, and this is sufficient to imply also existence
of a solution.

We introduce some notation first. If u,v € L?(f2), we write

(ulv) = [, uvdz,

lull = (uu)'/? = [|ull 20y

Consider the semiclassical Laplacian

Py=—h*A=> (hD,,)% (2.106)



34

and corresponding Schrodinger operator
P =h*-A+q) =Py + h%q. (2.107)
The operators conjugated with exponential weights will be denoted by

Py, = e?/" Ppe/h, (2.108)

P, = e#/hpe=¥/h = Py, + hq.

Here h is a small parameter, D,, = —i0;, and ¢ € C®(;R), with Vi # 0 everywhere.

Consider the conjugated operator

n

Poy =Y (hDy, +i0y,0)* = A+ 1B, (2.109)
k=1

where A and B are the formally selfadjoint operators,

= (hD)* = (Vg)?, (2.110)

B = V¢-hD+hD -V,
having the principal symbols
a=¢—(Vp)?,  b=2Vp-& (2.111)

We want the conjugated operator e?/"o Pyoe=#/" to be locally solvable in a semi-classical

sense, which means its principal symbol satisfies Hormander’s condition
{a,b6} =0, when a=0b =0, (2.112)
where {a,b} =", (0¢,a0,,b — 0, a0¢, b) is the Poisson bracket.

Definition 2.4.1. A real smooth function ¢ on an open set € is said to be a limiting
Carleman weight if it has non-vanishing gradient on Q and if the symbols (2.111) satisfy
the condition (2.112). This is equivalent to say that

(@"Vo, Vo) +("€,6) =0 when £ = (V)? and V- & =0, (2.113)

where ¢" is the Hessian matriz of ¢.



35

We begin with the simplest Carleman estimate while the limiting Carleman weight is a
linear function of z, i.e., p(x) = p -z for p € R™. The following estimate is valid for test

functions and does not involve boundary terms.

Theorem 2.4.2 (Carleman estimate). Let g € L>(Q2), let p € R™ be a unit vector, and let
o(x) = p-x. There exist constants C > 0 and hg > 0 such that whenever 0 < h < hg and
u € C(Q), we have

hlullze) < CllPpullr2()- (2.114)
Proof. We first consider the case ¢ = 0, that is, the estimate
Blull < ClPogull, we C(9). (2.115)

Since ¢(x) = p - © where p is a unit vector, we obtain

n

Pyy = (hDq, +ipr) = A+iB, (2.116)
k=1

where A and B are the formally selfadjoint operators,
A = (hD)* -1,
B = 2p-hD.

Now we have
|Pogull> = (Po,ulPo,u) = ((A+iB)ul(A+iB)u)

= (Au|Au) + (Bu|Bu) + i(Bu|Au) — i(Au|Bu)
= [ Aull + [[[ull + (Z[A, Blu|u),

where [A, B] = AB—B.A is the commutator of A and B. This argument used integration by
parts and the fact that Ax = A and B* = B. There are no boundary terms since u € C2°(Q).

Also notice that A and B are constant coefficient differential operators and satisfy
[A,B] = 0. (2.117)

Therefore,

1Popull® = [l Aull® + || B]1>. (2.118)
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By the Poincaré inequality
[Bull = 2hllp - Dul| = Chjul,
where C' depends on (2. This shows that for any h > 0, one has

hllull < CllPopull,  u e G5 ().

(2.119)

(2.120)

Finally, consider the case where ¢ may be nonzero. The last estimate implies that for

u € C3°(9), one has

hlul < CllPogull < Cll(Pog + h*q)ull + Cllh*qu]

< CllPpull + CR?|lq]l oe (s [1ull-

Choose hg so that C|[q| g (0)ho = 1/2, that is

1

[ —
2C||q| ge (o)

Then, if 0 < h < hg,
1
hllull < C||Poull + §h\|UH-

The last term may be absorbed in the left hand side, which completes the proof.

O]

When ¢ € C°(Q2) is a nonlinear limiting Carleman weight, we could have the same

Carleman estimate, but with a more complicated proof.

Proposition 2.4.3 (Carleman estimate). Let Qg be a open set and ¢ be a limiting Carleman

weight. Let Q CC Qo be open and let g € L>®(Q2). Then if u € C°(Q2), we have
h([[e?/"u]| + |hDe? M ul|) < O||e?/" (—=h*A + h?q)ul,

where C' depends on ), and h > 0 is small enough so that Ch||q||p ) < 1/2.

(2.121)

Proof. Recall that A, B,a and b are defined in (2.109) and (2.111), satisfying (2.112). The

Poisson bracket

{a,0} = 4(e],(2)|¢ © €+ Vo @ Vo)

(2.122)
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is a quadratic polynomial in ¢, which vanishes when ¢2 — (V)2 = 0 and Vg - € = 0. Then

we find ¢(z) and I(z, &), while [(x, &) is linear in &, such that

{a,b} = c(z)a(z, &) + U(x, §)b(, §).

The commutator [A, B] can be computed directly as

_h

1

A, B] (Z (D, 0 @l + @t 4 © WDy )hDs,

g,k
jik
+ (g, Vole) ® V() ).
The Weyl symbol of [A, B] as a semi-classical operator is
h 3
;{a, b} + h po(x)
Combining with (2.123), we get with a new py:

ilA, Bl =h (;(c(x) oA+ Aoc(x)) + %(LB + BL) + thQ(m)> ,

where L denotes the Wyel quantization of [.

(2.123)

(2.124)

(2.125)

(2.126)

We now derive the Carleman estimate for u € C$°(Q), Q CC Qp. Start from Pou = v

and let @ = e?/"u, o = e®/", so that
(A+iB)u = 0.
Using the formal self-adjointness of A, B, we get
15]* = (A = iB)(A + iB)ala) = [|Aa|? + ||B|* + (i[A, Blala).
Using (2.126), we get for u € C§°(€2) that

1911 > Aall + [[Ball — O() (| Aall|a] + ILal[|Ba]) — Oh®)|al?

2. o 1. _ i
> SllAal® + SlIBal* = o) (lall” + || Lall*).

Y

1, _ i
5 (1Aal* + 1Bal|*) — O(r?) |1,

(2.127)

(2.128)

(2.129)
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where in the last step we used a priori estimate
Ihva)? < O)(||Aal® + [[al®), (2.130)

which follows from the classical ellipticity of A.
Now we could try to use that B is associated to a non-vanishing gradient field (and hence

without any closed or even trapped trajectories in €)g), to obtain the Poincaré estimate:
hllal < OQ)[|Baf. (2.131)

To absorb the last term in (2.129), we make a light modification of ¢ by introducing
e = foyp, with f=f; (2.132)

to be chosen below, and write a. + ib. for the conjugated symbol. The Poisson bracket

{a.,b.} becomes with ¢ equal to the original weight:

fae, b2 f (o)) = F()? ( b, ) + 4Jf(f;‘;) |w||4) , (2.133)

when a(z,n) = b(x,n) = 0.
By substituting & — f’(¢)n, we deduce that if a(x,n) = b(z,n) = 0, then a.(x, f'(¢)n) =

bo(z, f'(p)n) = 0. Now let
f-(A) = A+ eX?/2, (2.134)

with 0 < ¢ < 1, so that

Af'le) _  4e 2
o) 1tep de + O(e7). (2.135)

In view of (2.133) and (2.112), we get

{ae, b} = 412 (@) (fL @) IVll* + ce(a)ac (@, €) + le(2, )b (2, €), (2.136)

with I (z, ) linear in &.

Instead of (2.129), we get with @e¥=/"u and © = e¥</"v when Pyu = v:
1
101> >h(te + O()) / Vel *i(z)*d + 5 | Azal* (2.137)

Lie s _
SlIBal” = o),
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while the analogue of (2.131) remains uniformly valid when ¢ is small:
hllall < O(1)| B4, (2.138)

even though we will not use this estimate.

Choose h < € < 1, so that (2.136) gives
112 2 1 12
1011 = ellall” + S lI1B<all”. (2.139)

We want to transform this into an estimate for @,?. From the special form of A., we

see that
|hDa|* < (Acald) + O(1) a1, (2.140)
leading to
. 1 . N
|hDa? < §||«4)EUII2 + o). (2.141)

Combing this with (2.139), we get

1

. eh . . . 1 N "
JolP > 5 (al? + 1nDal) + (5 - Oem ) AalPglBal. (e

Write ¢ = ¢ + €g, where g = g, is O(1) with all its derivatives. We have

ae9/hq, b = e/, (2.143)
SO
hDie?" (hDi + %g'ﬂ) = e"9(hDi + O(c)a), (2.144)
and
[al? + [IhDa|* > e/ 4||? 4 ||e=9/"h D |2
—Ce||es9/m ||| e/ " hDii|| — Ce||e9/ || (2.145)
> (1= Ce)(||e¥ || + ||e9/PhDii||?). (2.146)

So from (2.142), we obtain after increasing Cy by a factor (1 + O):

h
e a2 > S (s al? + e hD). (2.147)
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If we take e = C'h with C' > 1 but fixed, then eg/h is uniformly bounded in  and we

get the Carleman estimate
R (lal]* + [hDal?) < Culfo]>. (2.148)
This clear extends to solution of the equation
(=h%A + h%q)u = v, (2.149)

if ¢ € L* is fixed, since we can start by apply (2.148) with @ replace by © — h2qgai. This
finishes the proof. O

In previous theorems, we choose u is compactly supported in €, i.e., u € C§°(€2). We now
consider Carleman estimate with boundary terms. Let v denote the exterior unit normal
to 02 and define

0Ny ={xg € Q| £ V- v >0} (2.150)

Proposition 2.4.4. Let Qq, ¢ be as in Proposition 2.4.3. Let  CC Qg be an open set with
C™ boundary and let ¢ € L*°(R2). Let v denote the exterior unit normal to 02 and define

00+ as in (2.150). Then there exists a constant Cy > 0, such that for every u € C*°(Q)

with u|pg = 0, we have for 0 < h < 1:
h3 h?
(Ve - v)e? " Dule? M O,u) o0 + g(lle‘p/hu|l2 + e hvul|?) (2.151)
0

< /M (=R A + B2 g)ul]® + Coh® (Vo - 1)e?!,ule?* 0, u)a0,

Proof. Let Pou = v, u € C*(Q), ulpg = 0 and Q CC Q is a domain with C* boundary.

Let @ = e¥/hu, © = e®/h, with p = ., 0 < e < 1. With A = A., B = B, we have
(A+iB)i =, (2.152)
and

191 = (A + iB)a|(A + iB)a) (2.153)
= || Adl]? + | Ba|]? + i((Ba|Aw) — (Ad|Ba)).



Using that B is a first order differential operator and that 4|sq = 0, we see that
(Au|Bu) = (BAG|G).

Similarly, we have

(Bal(Ve)*a) = ((Vy)*Bala).

41

(2.154)

(2.155)

Finally, we use Green’s formula, with v denoting the exterior unit normal, to transform

(Ba| — h2Ad)q = —h?(Bi|d, 1), + (—h?ABa|i)g,

where we also used that 4|gq = 0.
On 012, we have
h
B=2(Vy-v)-0,+8,
i

where B’ acts along the boundary, so using again the Dirichlet condition, we get

(Bl idlan = 2 (Ve 1)0,l0,0)a0.
Putting together the calculations and using (2.110) for A, we get
101> = [lAa]]* + | Ball* + i([A, Blala) — 2h*((Ve - v)dyal@)on.
Define the front and back sides of the boundary with respect to Vi by
0Ny ={x€dQ:+Vp v >0}
Notice that 02+ are independent of €. We rewrite (2.158) as

—20%((V - 1)0,|0,8)00_+i([A, Blala) + || Aa|* + || Bal|?

= [[o[* +21° (Ve - )8, |0y 0) o, -

(2.156)

(2.157)

(2.158)

(2.159)

(2.160)

(2.161)

(2.162)

This is analogous to (2.128) and the extra boundary terms can be added in the discussion

leading from (2.137) to (2.142) and we get
S eh . N
—2h*((Ve - v)0, 0l t)on_ + a}(HUH2 +[lhDall*)
1 . L.
+ (3 - om) Al + 115

< || + 20° (Ve - )8y al0, ) pg.

(2.163)

(2.164)
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with ¢ = ¢., provided € > h. Fixing ¢ = Ch for C > 1, we get with ¢ = ¢, from some
Co > 0:

h3 a - h? . .
- = ((Ve-v)duld,i)on_ + ~(|al® + |RDa?)
C() CO
< ||5]1* + Coh* (Ve - v)d, |0, 0) a0, . (2.165)
Here @ = /My and © = e®/"v. This finishes the proof. O

Let H*(2) be the Sobolev space. We denote by H',(Q) the semi-classical Sobolev space

of order 1 on 2 with associated norm
laliF () = 1RVull? + [lul? (2.166)

and by HZ,(R™) the semi-classical Sobolev space of order s on R™ with associated norm

Julfy ey = D) el = [ L+ 2P ale) P (2.167)

Recall that Py = —h?A and P = Py + h?q. Carleman estimates in Proposition 2.4.3 and

the Hahn-Banach theorem give the following resolvability result.

Proposition 2.4.5. Let ¢ be a limiting Carleman weight and ¢ € L>=(Q). Let 0 < s < 1.
There exists hg > 0 such that for 0 < h < hg and for every f € H;C_ZI(Q), there exists
r € H? ,(Q) such that

scl
"
el Pe”tr=f, hlr|g: @) < CHfHHjle(Q)'
Proof. (2.148) can be written as
hrlg < Clle?/" Poe=?/"r||, u e C2(9). (2.168)

Here € CC €2y has smooth boundary. Recall that Py, = e?/ the_“’/ h has te semi-classical
Weyl symbol &2 — (V)2 + 2iVp - € = a +ib, which is elliptic in the region [£| > 2|Vp|. Tt

is therefore clear that (2.168) can be extended to

W7l g-srr < Coqlle?"Poe™?/Mr | yos, 1€ C2(9), (2.169)
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for every fixed s € R. If 0 < s < 1, we have
lgril - < llgrll < llallze 7]l < llgllzoe |7l r—s+1, (2.170)
and for h > 0 small enough, we get from (2.169) that
h|r|| g-se1 < Cslle? " Poe™/Mr | -s, € C2(). (2.171)
Let P} = Py + h?{ is the conjugate operator of P,. (2.171) also gives
hlir|g-s+1 < Csall Porllg-s, u € CZ(Q). (2.172)
Let D = P;C(Q2) be a subspace of H~*({2). Consider the linear functional
L:D—C, L(Pyr)=(r|f), forreC(Q). (2.173)

This is well defined since any element of D has a unique representation as Pj;u with u €

C°(€2), by the Carleman estimate. Also, the Carleman estimate implies
* C *
[L(Per)| < lrlla-seall fllms—1 < NPT Fllars-2 (2.174)

Thus £ is a bounded linear functional on D.
The Hahn-Banach theorem ensures that there is a bounded linear functional £ : H~5 —
C satisfying £|p = £ and £ < ch™!||v| ys—1. By the Riesz representation theorem, there is
r € H(Q) such that
Lw = (w]r), we H (), (2.175)

and [[7(lz@) < Ch7Y| fllgs-1-

Therefore, for ¢ € C2°(2), by the definition of weak derivatives, we have
(8IPpr) = (Ppolr) = L(Po) = L(P0) = (411), (2.176)
which shows that P,r = f in the weak sense and ||r||gs(q) < Ch™H| |l grs—1. O

Now we start to construct CGO solutions by choosing ¢ € C*(Q) to be a limiting
Carleman weight and ¢ € C°°(£2) such that

(Vi)? = (Ve)?, ViV =0. (2.177)



44

Then 1 is a local solution to the Hamilton-Jacobi problem

a(z, Vo)) = b(x, Vip) = 0. (2.178)
Therefore,
e n (P pen ety = [(AD 4 Vb)? — Ve?) +i(Vp(hD + Vi)
+(hD + V) V) ]a
= (h&— h?A)a, (2.179)

where £ is the transport operator given by
€= VD + DV +i(VeD + DV). (2.180)
There exists a non-vanishing smooth function a € C*(2), see [16, 26], such that
La = 0. (2.181)

Assume that ¢ € L>(Q) and recall P = h?(—A + q) = Py + h?q. Then (2.179) implies
that

Per(—e+iv)g — e /"R,

with & = O(1) in L™ and hence in L?. Now Proposition 2.4.5 implies there exists r(z, h) €

H! () such that
e#/h pen(—etiv) . — —h%k, and
(2.182)
Il g1 ) = IIBVr|| + [l < Ch,  for some C.
Hence,
P(en#t¥) (g 4 1)) = 0,

i.e., we constructed a solution of the Schrodinger equation of the form

en (i) (g 4 7). (2.183)

In our partial data model, illumination is supported on part of the boundary. But
the CGO solution in (2.183) is non-vanishing everywhere. Fortunately, one can use the
Carleman estimate (2.151) and the Hahn-Banach theorem to construct CGO solutions for
the conjugate operator P7 = (e%Pe_%) where x denotes the adjoint. Notice that P} has

the same form as P, except that ¢ is replaced by g and ¢ by —¢.
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Proposition 2.4.6. Let ¢ be as in (2.151). Let f € H_1(Q),

scl

fo € LX(0Q_; (—Vy - v)dS). (2.184)
Then 3r € HY,(Q) such that
P;T’ = f, T‘ag_ = f_. (2.185)

Moreover,

_1 1 _1
I, + VAITe ) bl <€ (§1SlLg + VAo 4o )  (2156)

Proof. We use the Carleman estimate (2.151). Let f as in the proposition. For w €
(HE N H?)(Q) we have

(wlf)e+ (hdwlHoa_| < Jwllm | Flls + (=Y v)2how(=Ve - v) 3 1), (2.187)

Therefore,

|(w, f)a + (hd,w|f)aa_|

1 1
<C (h’f\H—lhuwhl +—=

Vh

Now by using (2.151), we get

1= 2)F oo VEI(~Vep- u)éhaywnm) C (2189)

[(w, fa + (hdyw|f)aq_|
< C (G0 + =1V llon ) (WPl + VA=V - 0) b0y ulon, )

(2.189)

By the Hahn-Banach theorem, 3r € H(Q), v € L*(0Q, (Ve - V)_%dS), r4 on 9 such
that
(w, fla + (hd,w|floa_ = (Ppwl|r) + (hdywluy oo, , (2.190)

for Vw € (H} N H?)(Q) with

1 _1
[l o + ﬁ\l(vw V)2 |laq,

gC(flL||f||H—1+ <—w-u>—%f||m>. (2.191)

2
Vi
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Since P, = —h?A is a first order operator and w|pn = 0, we have (P,w|r) = (w|Pyr) —
h2(8l,w‘7")ag.

Using (2.190) we obtain

0= (w\f — P;;T’) + h((ayw‘lag_ f_)ag — (8V’w|139+7“+)ag + (ayw‘hu)ag),

where 1|pn, denotes the indicator function of 9.

By varying w in (Hg N H?)(S2), we get

Pir=f, hrlga = —loa_f- +1|oa, 7+,

which implies the proposition after replacing f_ above by —hf_. O

Let I'_ be a strict open subset of 0€2_.
Proposition 2.4.7. We can construct a solution of
Pu=0, ul, =0 (2.192)
of the form
u = en(#ti) (a+71)+2 (2.193)

where p, v and a are chosen as above and z = ei%b(:):; h) with b a symbol of order zero in h
and

Iml(z) = —p(z) + k(x) (2.194)

where k(x) ~ dist(x,0Q_) in a neighborhood of 00— and b has its support in that neighbor-
hood. Moreover, ||r||go = O(h), rlaa_ =0, (Ve - I/)%THaQ+ = O(h%).

Proof. We start by constructing a WKB solution « in 2 of
—h2Au =0, ulpg. = e%(“"”d’)(xa)]ag_ (2.195)

where x € C°(09_), x =1onI'_.

We try u = e%l(’”)z(w; h). The eikonal equation for [ is

(I’ = 0 to infinite order at O
(2.196)

loo. = o —ip.



47

Of course g := ¥ — iy is a solution but we look for the second solution, corresponding

to having u equal to a "reflected wave”. We decompose on 0f2_
9 =9 +9,

where t denotes the tangential part and v the normal part.

the in order to stisfy the eikonal equation we need
0= (g0)* + (g,,)*-
Therefore, we can solve (2.196) to oo-order on 02— with [ satisfying
oo =dgloa_, Olloa. = —0ugloa_ -
By the definition of dQ_ we have
0,39 = —0, > Oon 0N _.

Since v is the unit exterior normal we have that (2.194) is satisfied.

solving also the transport equation to oo-order, at the boundary we get a symbol 3 of

order 0 with support arbitrarily close to suppy, such that
—h2A(eh z(z;h)) = enO((dist(z, D)™ + h®)
il il
ernlon = enxalsq.
our new WKB input to ug will be
(e%ga —eh z).
We now have

ig i @
Peha—ehz) =enh?d,

where d = O(1) in L?(1Q).

using Proposition 2.4.6 we can solve

(2.197)

(2.198)
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with
172l 0 + VE[|(Vep - )32 l0q, < %HthHH*l =O(h). (2.199)
Thus
Il = O(h),  [[(Ve - »)"2Fallon, = O(Vh). (2.200)
Now we take
upy = en @) (g 4 75) — eh 2. (2.201)
Clearly Pug =0, uglgg =0 in y_. O

Remark: According to the proof in [26], supp(z) is arbitrarily close to 9Q_ in €.
Notice that ¢ is a limiting Carleman weight, so is —p. We construct the CGO solutions

of the form

a1 = e (a4 ) 4+ 2
o (2.202)
Uy = 63(_@+l¢)(a2 +7r9) + 29.
In particular, we choose
o(x) =log|x —xg| and Y(x) =dgn— <’§ — io‘ ,w> ) (2.203)
— T

where ¢ € R™\ch(Q) and w € S"1.
Note that z;, j = 1,2, are supported only in an arbitrarily neighborhood of 9€2_. For the
rest of this paper, we will mainly consider the uniqueness and the stability of the solutions

on the subregion defined by

Q= Q\(supp(z1) U supp(z2)). (2.204)

Remark that a neighborhood of the point y € {y € 9Q|(zo —y) - ¥(y) = 0} is excluded from
Q. Then, there exists a fixed constant 7 > 0, such that Yz € Q, we have (29— ) - v(y) >n.

In the following proof, we mainly focus on €2, where z; and zo vanish.

2.4.2 Uniqueness

The methodology to prove the uniqueness of the reconstruction will be similar to that in

Section 2.3.3. Let 7 = 1,2. We assume that we can impose the complex-valued illuminations
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g;j € C*2(9€2; C) on 9Q and observe the complex-valued internal data d;. For partial data
case, to make up two complex-valued g; and d;, we need to four real observations, since
CGO solutions @; constructed in (2.202) are not conjugate of each other and the trick used

in Section 2.3.3 fails. Let d; be of the form d; = pu; in Q, where u; is the solutions of
Auj 4+ qu; =0 in ) uj = g; on Of. (2.205)
Direct calculation gives us that
w1 Aug — usAuqg = 0.

We assume that p € C*+1(Q) is bounded above and below by positive constants. By

substituting u; = d;/p, we obtain that
2(d1Vd2 — dQle) . V/L — (dlAdz — dgAdl),u = 0,

or equivalently,

Ba - Vi +yap =0, (2.206)
where
ﬁd = X(l‘)(d1Vd2 — dQle)
2.207)
. 4.y (
Yd = —§X(:L')(d1Ad2 — dgAdl) = B'u'u

Here, x(z) is any smooth known complex-valued function with |x(x)| uniformly bounded

below by a positive constant on . Note that by assumption on u, we have that 8, €

(C*(€; €)™ and g € C*(Q; C).
Proposition 2.4.8. Let 8 be the normalized vector field, defined by
h
B=§m- (2.208)

There is a open set of g in C**(9Q), with supp(g) C T, such that, for any small e,

<Ch(l+¢€ on, (2.209)
Ck (Q,0)

To— X

Hﬁ(w) 120

20 — 2|2

where 19 € R™\ch(Q) and © is a function of class C*(Q). Therefore, (2.206) admits a

unique solution pu on Q.
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Proof. Let i, be CGO solutions in (2.202). By substituting d; = ui; and y(z) = e »¥
in (2.207), we find (4, restricted to Q, is given by

? (a1 +71)(as +12) + (a1 +11)(Vas + Vi)

Bd:uz(—2z

— (ag +12)(Vai + Vﬁ)).

We may then define, on Q,

8=

| >

Ba=—1* OV + 1], (2.210)

where © = (a1 +71)(az+72) and I = %((al +71)(Vag+Vre) — (a2 +712)(Va; +Vry)) < Coh
for some constant Cj. Also note that, from (2.203), V¢ = ~2o==

lzo—a[

We will next choose appropriate boundary conditions g;, j = 1,2, on 0f2, which could
lead to small ||Bq — B4|| in Q. In particular, recall that ; = 0 on 0€)_, for some € > 0, we

choose g; € C**(0Q) and g; = 0 on 9Q_, such that,
lg; — Wjllcha@o) <€ ond, j=1,2. (2.211)

Let u; be the solutions of (2.60) with boundary conditions g; from (2.211). By elliptic

regularity, we have that
luj — @l crrr@cy < Ce onQ, j=1,2, (2.212)
for some positive constant C'. Notice that d; = pu; and p € C*F1(Q), we deduce that
Idj — djllcrriae) < Coe on €, j=1,2. (2.213)
Thus, restricting to €2, (2.210) and (2.213) induce (2.209), which indicates, when h, € are

To—T
lzo—z[?*

sufficiently small, 3 is close to a non-vanishing vector —pu2© Vo = p?© Approx-
imately, the integral curves of 38 are rays from any z € Q to zg € R™\ch(Q?), intersecting

004 at a point 24 (x). Therefore, with p = dyi/g2 = d2/g2 known on 99,

h
B-Vu+yu=0, ~= 57 (2.214)

provides a unique reconstruction for p, so does (2.206). More precisely, consider the flow

0. (t) associated to 3, i.e., the solution to
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By the Picard-Lindel6f theorem, the above equations admit unique solution 6, while 3 is
of class C!. Since B is non-vanishing, 6, reaches x, (x) € 9§, in a finite time, denoted as
t+ (.ZU), i.e.,

b (b (2)) = - ().

Then by the method of characteristics, pu(z) is uniquely determined by
to (x)
plx) = po(as (w))e o' 1O, (2.215)
where pg = d/g on 9Q,. This finishes the proof. O

Let us define the set of parameters

P = {(u, q) € CF1(Q) x H2TF+¢(Q); 0is not an eigenvalue of A + ¢, (2.216)

HMHCkH(Q) + ||QHH%+1€+E(Q) <P< oo}.
The above construction of the vector field allows us to obtain the following uniqueness

result.

Theorem 2.4.9. Let Q be a bounded, open subset of R with boundary of class C*T1. Let
(11,q) and (fi,4) be two elements in P and Q be defined in (2.204). When h and € are
sufficiently small, for j = 1,2, let g; be constructed according to (2.211) with the CGO
solutions uj. d; and czj are two sets of observations of the internal data on 2.

Restricting to €, dj = czj implies that (1, q) = (i, q).

Proof. We have proved that, for j = 1,2, when g; is properly chosen, p is uniquely re-
constructed on €, i.e., p = ji. Directly, d; = Jj also implies u := u; = u;. By unique
continuation, u cannot vanish on an open set in Q different from the empty set. Otherwise
u vanishes everywhere and this is impossible to satisfy the boundary conditions. Therefore,
the set F' = {|u| > 0} N is open and F = Q) since the complement of F' has to be empty.

By continuity, this shows that ¢ = ¢ on €. O

Since the coefficient ¢ in the Schrodinger equation is unknown, the CGO solutions 1i;,
Jj = 1,2, cannot be explicitly determined. Therefore, although we know that g; can be
chosen from a open set close to ;, a more explicit characterization of the open set is

lacking.
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Also notice that the parameters h and € need to be small to make 3 flat enough, while
cannot be too small, otherwise ¢g; will be so large that the imposed illuminations become
physically infeasible and go will be so small that the imposed illuminations become physically
undetectable.

By applying the inverse Liouville change of variables, we get the uniqueness results for

the inversion of the diffusion problem.

Theorem 2.4.10. Let Q be an open, bounded, connected domain with C? boundary 0S). Let
I and Q be defined as above. Assume that (D(x),04(2)) and (D(x),54(x)) are in M with
D|r = Dlp. Letd = (dj) and d = (d;), j = 1,...,4, be the internal data for coefficients
(D(z),04(z)) and (D(z),54(x)), respectively and with boundary conditions g = (g;), j =
1,...,4. Then there is a set of illuminations g € (C**(0Q))*, supp(g) C T, for some
o > 1/2, such that if d = d, then (D(x),04(z)) = (D(z),54(z)) in Q.

Proof. The proof is the same as that of Theorem 2.3.6. O

2.4.8 Stability result for 2 complex observations

In this section, we consider the stability of the proposed reconstruction method. We divide
the proof into two cases. When two complex-valued data are measured, strict convexity is
assumed on the domain of interest. In another case, 2n complexed-valued data are measured
and the stability result follows without any geometric condition on the domain.

Recall that 6,(t) is the flow associated to 5 and 6,(t) reaches the boundary at x4 and

at time t,, i.e., 0,(t,) = z, € dQ. Similar notations are use for j3.
Lemma 2.4.11. Let k > 1 and assume that § and S are C*(Q) wvector fields that are
sufficiently flat, i.e., h is sufficiently small. Then, restricting to ), we have that

[ 9~U+H(jk(§z) + [lt+ = £+H(jk(§z) <C|B - 5”ck(§zy (2.217)
where C' is a constant depending on h and R.

Proof. By the definition of Q in (2.204). Let 2 € Q and y € Q. NI, then B(z)-v(y) > n,
for some constant > 0, where S satisfies (2.209) and v(y) is the unit outer normal. Then,

(2.217) follows directly from Lemma 2.3.7. O
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Proposition 2.4.12. Let k > 1. Let p and fi be solutions to (2.214) corresponding to
coefficients (8,7) and (5,’?), respectively, where (2.209) holds for both 5 and B.

Let us define g = plaq and fig = filoq, thus po, fig € C*(0Q). Then there is a constant
C such that

It = Alloes @y < Clliolloron,y (18 = Blor + 17 = Flow1 )
+ Cllpo — folleraay)- (2.218)
Proof. By the method of characteristics, p(x) is determined explicitly in (2.77), while fi(z)
has a similar expression.

— ot ba s |

(@) — A(z)] < ‘(Mo(m(x)) — (T4 ()))e

(o) (70008 =07 )|

Applying Lemma 2.4.11, we deduce that

D5 po(@4-(2)) — fro(@+ (@) < [lio = fiollon—1 (a0
+ Cllpoller—10.) 18 — BHck—l(Q)-
This proves the po(z4(z)) is stable. To consider the second term, by the Leibniz rule it is

sufficient to prove the stability result for g* (@) v(0.(s))ds.

Assume without loss of generality that ¢, (x) < t4(z). Then we have, applying (2.81),

ty(z) B ty(z) -
/0 (62 () — 7(B(5)))ds = /0 ((1(0a(5)) — 1(0a())) + (7 — 3)(Ba(s))]ds
< Clll oy 1B — BHCO(Q) + Cllv = ll oy -

Derivatives of order k — 1 of the above expression are uniformly bounded since t4(z) €
C*=1(), v has C* derivatives bounded on Q and 6,(t) is stable as in (2.81).
It remains to handle the term
te(z)
ow) = [ e
t4(2)
3 and 7 are of class C*(Q), then so is the function 2 — 5(6(s)). Derivatives of order k — 1

of v(x) involve terms of size #, (x) — t4(z) and terms of form

D (4 Dy 30, (1)) — ty DT (0,(81))), 0<m <k —1.
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Since the function has k — 1 derivatives that are Lipschitz continuous, we thus have
k—1 g
D5 o(a)| < CliEs — tallonmr .

The rest of the proof follows Lemma 2.4.11. O

With all prepared, we are ready to prove the following stability result.

Theorem 2.4.13. Let k > 3. Assume that (1, q) and (fi,q) are in P and that |g; — ;|aq,
j = 1,2, are sufficiently small. Let p, fi be solutions of (2.214) with (8,7),(8,7) and h

sufficiently small. Assume on the boundary, po = jig. Then, restricting to Q, we have that
I — lchkfl(Q) +lla— q”ck%(fz) < Clld - Ci”(ck(fz))% (2.219)

Proof. The first part follows directly from (2.207) and Proposition 2.4.12. This provides a
stability result for v = 1/p and thus for u; = vd;. Notice 4; is non-vanishing on Q. So
when choosing |g; — 1| sufficiently small, the arguments in (2.211) and (2.212) show that

u; is non-vanishing in Q. Thus Au; 4+ u;q = 0 gives the stability control of ¢. O

Theorem 2.4.14. Let k > 3. Let (D,o,) and (f),&a) be in M. We assume that D|pq =
Dyq. Then there is an open set of 2 real-valued boundary conditions g € C*k(99) for

a > 1/2 such that, restricting to Q, we have the stability estimate
1D — DHck—l(Q) +lloa = Gallgr-1gy < Clld — CZH(ck(Q))% (2.220)

Proof. The main result consists of getting the stability on D mentioned above. Since k& > 3,
we have stability of the reconstruction of ¢ € C*~3(Q) and p € C*~1(Q) provided that the

boundary conditions are well-chosen. The we have
~(A+q)(VD=VD=p—fi+ (- VD).

By elliptic regularity, we deduce that (v D — \/5) is bounded in C*~1(£2), and hence the
result. O
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2.4.4 Stability Result for 2n complex observations

We now consider the case that 4n real-valued observations are taken, with which we can
construct 2n sets of complex-valued boundary and internal data, denoted as 9{72 = {g{, g%}
and d{Q = {d{, d%} For the rest of this section, we choose j =1,...,n.

Let H be a hyperplane in R™\ch(Q). Choose 27 € H, such that {7 — z'} form a basis
of H, thus span{z’/ — 2!} has dimension n — 1. Then for Vz € , {2 — x} form a basis of

R™. In fact, since = ¢ H,
span{z/ — z} = span{z’ — 2!, 2! — 2}

has dimension m.

Define
) ) —
¢! =log |z — 2|, 1 = dist u,w , j=1,...,n.
|z — 2|

Then the matrix B, := (V) is invertible.

Corresponding to z7, ¢/ and v7, we can define the front and back sides of the boundary,
(993r and O | by (2.79), and define the CGO solutions, 11{’2, by (2.202).

Let us now choose boundary conditions 9{72 close to ﬁ{’Q on 09, precisely, by (2.211).
With internal data d{g, we can define 47 by (2.207) and (2.208).

Proposition 2.4.8 shows that the matrix B = (87) is close to an invertible matrix B, on
a subregion Q. Therefore, we can make B invertible on € with inverse of class C*(Q) by

choosing h sufficiently small. Consequently, (2.214) can be rewrite

Vi +Tu=0, (2.221)

where Y is a vector-valued function in (C*(Q))".

Finally, the construction of T is stable
under small perturbations in the data d’. Indeed, let 3 and B be two vector fields constructed

from the internal measurements d{Q and CZJLQ, respectively. Then when h is sufficiently small,

”5 - BH(@c@))n < ||d - JH(CkH(Q))n- (2.222)

Now we consider equation (2.221) with boundary condition u = pg. Assume Q is

bounded and connected and 0f) is smooth. Let z € Q. Find a smooth curve from =z
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to a point on the boundary. Restricted to this curve, (2.221) is a stable ordinary differential
equation. Keep the curve fixed. Let u, i be solutions to (2.221) with respect to 3, B , respec-
tively. Assume po = fig on 092. By solving the equation explicitly and applying (2.222), we
find that

= Alloray < lld = dllgrer - (2.223)

We can now state the main theorem of this section.
Theorem 2.4.15. Let k > 2. Assume that (p,q) and (fi,q) are in P and that we have
2n well-chosen complex valued measurement, such that |gi2 — ﬂ{’2|ag, j=1,...,n, are

sufficiently small. Let u, fi be solutions of (2.221) with 3, B and h sufficiently small. Assume

on the boundary, o = fo. Then we have that
[ = ﬂ||ck(f2) +llg - Lf”ck—i’(ﬁ) <Clld - dH(C’HI(Q))?' (2.224)

Proof. The first result is directly from (2.223). The proof of the stability of ¢ is exactly

that same as in the proof of Theorem 2.4.13. 0

Theorem 2.4.16. Let k > 3 and assume that (D, 04) and (D,&,) are in M with D|aq =
D|asq. Then there is an open set of 2n real-valued boundary conditions g € C*(9Q) for

o > 1/2 such that, we have the stability estimate in Q as

1D = Dl gr-1(@y + 90 = Fallon-1(@y < Clld = dll o cayy2- (2.225)
Proof. The proof is the same as that of Theorem 2.4.14. O
2.5 Quantitative thermo-acoustic tomography(QTAT)

In thermo-acoustic tomography, low-frequency radiation (microwave with wavelengths com-
parable to 1m) is used. The propagation of such electromagnetic radiation is modeled by

1 92

for t € R and = € R3. Here, ¢ = (eu) ! is the light speed in the domain of interest, € the

permittivity, u the permeability, and o = o(x) the unknown conductivity.
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Let us consider the scalar approximation to the above problem:
82

0
52U + Tpg = Au = S(t,x) (2.227)
for t € Rand z € R™ for n > 2, an arbitrary dimension. We assume that S(¢, z) is a narrow-
band pulse with central frequency w, of the form S(t,z) = —e™<!¢(t)S(z), where ¢(t) is the

envelope of the pulse and S(x) is a superposition of plane waves with wavenumber k such

that w. = ck. By taking the Fourier transform of (2.227), we get that
ult,z) ~ Bt)u(z), (2.228)

where u(x) is given by

Au + (K* + ikepo)u = S(x). (2.229)

The amount of absorbed radiation by internal tissue as the electromagnetic waves prop-
agate is given by

d(t,z) = o(z)|u(t,z)]* ~ ¢(t)*o(x) u(z) . (2.230)

We assume the recover of the internal measurement d(z) is performed in the first step of

the hybrid method. Therefore, QTAT can be formulated as

Au + g(x)u =0, in Q
q(x) (2.231)

u=gq on 012,

where g is the boundary illumination of u and ¢(z) = k% + ikcuo. The internal data are
then of the form
d(z) = olu*(z). (2.232)

The inverse problem in QTAT is to recover o from measurement (d(zx), g(z)).

We define the spaces Hj as in (2.52) and M as the space of functions in H?(Q2), p >
5, with norm bounded by a fixed M > 0. The uniqueness and stability results of the
reconstruction are obtained by G. Bal, etc [6]. An explicit reconstruction algorithm is also

given.

Theorem 2.5.1. Let pC™ be such that |p| is sufficiently large and p-p = 0. Let o and & be

function in M.
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Let g € pré(aﬁ) be a given illumination and H(x) be the internal measurement of
the form in (2.232) for u solution of (2.231). Let H(x) be the measurement constructed by
replacing o by & in (2.231) and (2.232).

Then there is an open set of illuminations g € pré(ﬁQ) such that H(x) = H(z) in
HP(Q) implies that o(x) = &(x) in HP(Q). Moreover, there exists a constant C' independent

of o and ¢ such that

lo = &llmry < CIIH — H|| o (q)- (2.233)

More precisely, we can write the reconstruction of o as finding the unique fized point to

the equation

o(x) = ePP)ITH (z) — Hylo)(x), in HP(), (2.234)

The functional Hylo| defined as
Hylo](2) = o(2) (g (@) + ¥y (@) + tg(2)1,(2)), (2.235)

is a contraction map for g in the open set described above, where 14 is define as the solution
to
(A4+2p-V)pg = —q(1+ 1), inQ, Yg=e""g—1 on 0N (2.236)

We thus deduce the reconstruction algorithm

o= lim , (2.237)

m—r0o0

where

00="0, om(x)=e PPTH () - Hylom 1](x), m>1. (2.238)
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Chapter 3
ELECTRO-SEISMIC CONVERSION

When a porous rock is saturated with an electrolyte, an electric double layer is formed
at the interface of the solid and the fluid. One side of the interface is negatively charged
and the other side is positively charged. Such electric double layer(EDL) system is also
called Debye layer. Due to the EDL system, electromagnetic(EM) fields and mechanical
waves are coupled through the phenomenon of electro-kinetics. Precisely, electrical fields
or EM waves acting on the EDL will move the charges, creating relative movement of fluid
and solid. This is called electro-seismic conversion. Conversely, mechanical waves moving
fluid and solid will generate EM fields. This is called seismo-electric conversion. Thompson
and Gist [42] have made field measurement clearly demonstrating seismo-electric conversion
in saturated sediments. Zhu et al. [51, 52, 53] made laboratory experiments and observed
the seismo-electric conversion in model wells, and their experimental results confirm that
seismo-electric logging could be a new bore-hole logging technique.

The investigation of wave propagation in fluid-saturated porous media was early devel-
oped by Biot [8, 9]. The governing equations of the electro-seismic conversion was derived

by Pride [29] as following.

V x E =iwuH, (3.1)

V x H = (0 —iew)E + L(—Vp + w?psu) + J, (3.2)
—w(pu+ pjw) =V -1, (3.3)

—iww = LE + (=Vp + w?pru), (3.4)

7=V -u+CV-w)l+G(Vu+ Vul), (3.5)
—p=CV-u+MV-w, (3.6)

where the first two are Maxwell’s equations, the remaining are Biot’s equations. The nota-

tions are as follows:
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Pr

A\ G

C, M

electric field,

magnetizing field or magnetic field intensity,

seismic wave frequency,

conductivity,

dielectric constant or relative permittivity,

magnetic permeability,

source current,

pore pressure,

density of pore fluid,

electro-kinetic mobility parameter,

fluid flow permeability,

the displacement of the solid frame,

a vector function defined by w = B(u — uys), where uy is the fluid displacement and

is the porosity fo the medium,

bulk stress tensor,

viscosity of pore fluid,

Lamé parameters of elasticity,

Biot moduli parameters.
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Pride and Haartsen [30] also analyzed the basic properties of seismo-electric waves.

Notice that the coupling is non-linear, namely electro-seismic and seismo-electric con-
versions happen simultaneously. Under the assumptions that the coupling is so weak that
multiple coupling is neglectable, we can linearize the forward system in two steps. Partic-
ularly, we focus on the electro-seismic conversion and ignore the seismo-electric conversion.
The first step in the forward system is modeled by Maxwell equations without the effect of
the seismic waves, i.e., L = 0 in (3.2). While the electro-seismic conversion happens, the
seismic waves are generated and modeled by Biot’s equations with potential LE in (3.4).

In the present work, we mainly focus on the inverse problem of the linearized electro-
seismic conversion, which is a hybrid problem and consists of two steps. The first step of
the inverse problem is the inversion of Biot’s equations to recover the source potential LE
in (3.4) from any measurements observed on the domain boundary. Williams [45] presented
an approximation to Biot’s equations, which reduce Biot’s system to the inhomogeneous
Helmholtz equation.

Assuming the first step is implemented successfully, the second step of the inverse prob-
lem is to invert Maxwell’s equations, which consists of reconstructing the conductivity o
and the electro-kinetic mobility parameter or the coupling coefficient L from boundary
measurements of the electrical fields and the internal data LE obtained in the first step.

The problem of interest in our work is the second step of the inverse problem. We
study the reconstruction of the conductivity ¢ and the coupling coefficient L and prove
uniqueness and stability results of the reconstructions. Particularly, we show that o, L are
uniquely determined by 2 well-chosen electrical fields at the domain boundary. The explicit
reconstruction procedure is presented. The stability of the reconstruction is established
from either 2 measurements under geometrical conditions or from 6 well-chosen boundary
conditions.

Mathematically, our proof relies on explicit solutions to Maxwell’s equations, namely
Complex Geometrical Optics (CGO) solutions, constructed by Colton and Paivérinta[12].
In our reconstruction procedure, the coupling coefficient L satisfies a transport equation
with vector field 8. With CGO solutions, we can prove the integral curves of the vector

field § are close to straight lines and exit the domain in finite time. Therefore, L can be
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uniquely and explicitly solved by the characteristic method. Stability follows the analysis
of the method of characteristic.

The rest of the chapter is structured as follows. The inversion of Biot’s equations is
analyzed in Section 3.1. We focus on the second step of the inverse problem in Section
3.2. Section 3.2.1 presents our main uniqueness and stability results of the reconstructions.
The CGO solutions are introduced in section 3.2.2. The inverse Maxwell’s equations and
an explicit reconstruction algorithm are addressed in the rest of section 3.2, while section
3.2.3 focusing on the proof of the uniqueness result and section 3.2.4 and 3.2.5 focusing on

the stability proof.

3.1 Biot’s system and its inversion

The wave propagation in a porous medium saturated with fluid is mainly modeled by Biot’s
system. Considering the electro-seismic effect, we have an internal potential D = LFE in

(3.8) as follows

~w2(pu + pw) =V -7, (3.7)

—iww = D + 5 (=Vp +w?pru), (3.8)

7=V -u+CV-w)l+G(Vu+ Vul), (3.9)
—p=CV-u+MV -w. (3.10)

The inverse problem we proposed is to recover the internal potential from any possible
boundary measurements of the acoustic waves.

The direct inversion of Biot’s system is very challenging due to the facts that (1) the
seismic wave generated by electro-seismic conversion is weak, and (2) the Biot slow wave
is a diffusive wave, which decays rapidly to zero with propagation distance and is therefore
difficult to observe.

Williams [45] presented the effective density fluid model(EDFM), which is an very ac-
curate approximation to Biot’s equations and could simplify the formulation.

Let u = us be the displacement of the solid frame and u; be the displacement of the

saturated fluid. Define w = f(us — uy) with § the porosity of the medium. Stoll [39]
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introduced potentials (®,, Pf, Uy, V) defined by

u = VO, +Vx T, (3.11)

w = Vb, +Vx Uy

Assume D = 0 for now. By substituting (3.11) into (3.7)-(3.10), we have

HA?®, + CA*®p = —wpAD, — w?prAdy, (3.12)
CA2D, + MA2D; = —w?p;AD, — %Acbf. (3.13)

We have notations as the following
= A+2G = [(K, — Kp)?/(E — Kp)] + Ky + 4p/3,

K’I"(K’f’ - Kb)/(E - Kb)? (314)

= o T <
Il

— K%/(E-Ky),

(1]
|

= K1+ B(K /Ky - 1)),

where p is the total mass density, K, is the bulk modulus of individual sediment grains, and
K7 is the bulk modulus of the pore fluid.

By the fact that for sand sediments the frame and shear moduli are much lower than
other moduli, we take K; = pu = 0, which also implies that the slow wave and shear wave

are neglected in this model. We then have

_1_7

o (1= B\
U (=S A

(3.15)

Let U = V2®, and W = V2®;. Taking the Fourier transform of (3.12) and (3.13) gives
that

HE*U + HE*W :wpU+w2hW, (3.16)
HE2U + HE2W = w?pU + %W (3.17)
Williams [45] introduce the effective mass density peg in such a way that

_ WQPeﬂ”(w)

k?
H

(3.18)
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or precisely

(3.19)

2 2 m
wepr+p—=
peff(w):pf( : . )

2w2pr —wp + %
Using (3.17) and (3.18), W can be found in terms of U,
W= (Pf — pett (W) ) U. (3.20)

peff<w) - %

Then using (3.19), (3.20) and (3.16), we can derive that

EHU 4+ W) = w?peg(w)(U + W). (3.21)
The inverse Fourier transform gives that
HV?® 4 w? pegr (w)® = 0, (3.22)

where @ =U + W.
In the case when D # 0, we also define peg(w) as in (3.19). We will then get

HV2® 4 w?peg(w)® = V - D. (3.23)

The inverse problem now becomes the inversion of the inhomogeneous Helmholtz equa-

tion to recover V - D, with which we can calculate D.
3.2 Inversion of Maxwell’s equations with internal data

In this section, we study the second step of the linearized electro-seismic conversion. Partic-
ularly, we invert the Maxwell’s equations and recover the coupling coefficient L and medium
conductivity o from the boundary measurement of the electrical field E and the internal
data D = LFE from the first step. We prove the reconstruction is unique and stable with
some boundary conditions of F prescribed by CGO solutions.

Section 3.2.1 presents our main uniqueness and stability results. Section 3.2.2 is devoted
to CGO solutions to Maxwell’s equations as a prerequisite section. We study the recon-
struction procedure and its uniqueness in Section 3.2.3. The stable results are proved in

Section 3.2.4 and 3.2.5.



65

3.2.1 Main results

Let 2 be an open, bounded and connected domain in R? with C? boundary 9€2. In the second
step of the electro-seismic conversion, the propagation of the electrical fields is modeled by

Maxwell’s equations in €2,

VXE = iwuH,
VxH = (0—iew)E+ Js.

(3.24)

In the case when u = pyg is constant and Js; = 0 in £, we can rewrite the system in (3.24)
as

VxVxE-knE=0, (3.25)

and

V-nE=0 (3.26)

where the wave number k > 0 and the refractive index n are given by

k = wy/eopo, n= 1 (6 + z'z) . (3.27)

€0 w
The measurements available for the inverse problem include the internal data from the

first step
D:=LFE, in(Q (3.28)

and the boundary illumination, or precisely, the tangential boundary measurement of the
electrical field

G :=tE, onodf. (3.29)

Define the operator
A(L,0) = (Js, D, G). (3.30)

The problem now is to invert the operator Ajs, or namely, to reconstruct (L, o) from some
measurements (Js, D, G), assuming p and € are given.
We define the set of coefficients (L, o) € M as
M ={(L,0) € C1 x Fat3+dte, (3.31)

and 0 is not an eigenvalue of V x V x - — k?n},
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where the wave number £ > 0, ¢ > 0 is small and the refractive index n are given by (3.27).

The main results are as follows, where the measurements GG and D are complex-valued.

Theorem 3.2.1. Let Q be an open, bounded subset of R® with boundary 0Q of class C*.
Let (L,o) and (L,&) be two elements in M. Let D := (D1, D3) and D := (D1, Ds), be two
sets of internal data on Q for the coefficients (L,o), (L,&), respectively and with boundary
illuminations G := (G1,Ga).

Then there is a subset of G € (CT4(90))?, such that if D; = Dj, j = 1,2, we have
(L,o) = (L,5).

Here and in the following, we shall abuse the notation and use C%(Q) to denote either
set of complex-valued functions or set of vector-valued functions whose elements have up
to d order continuous derivatives. It should be clear from the context which one it is. The
function space (C%4(9£2))? is an abbreviation of the product space C4+4(9Q) x C¥+4(99).

To consider the stability of the reconstruction, we need to restrict to a subset of . Let
(o be a constant unit vector. Let zg € 02 be the tangent point of 02 with respect to (p,
ie., v(xg)- (o =0, where v(x¢) is the exterior norm vector of 02 at zy. Define 5 to be the

subset of Q2 by removing a neighborhood of each tangent point xg € 0f2.

Theorem 3.2.2. let k > 3. Let Q be convex with C* boundary 02 and QU is defined as
above. Assume that (L,o) and (L,&) are two elements in M. Let D = (D;) and D = (D;),
j = 1,2, be the internal data for coefficients (L,o) and (L, &), respectively, with boundary
conditions G = (G;), j = 1,2.

Then there is a set of illuminations G € (C44(00))? such that restricting to 1, we
have

IL = Lllgr-1(0y) + lo = &llcr-30y) < CIID = Dl (or(ayy)2- (3.32)

The geometric conditions can be removed when more measurements are available. In
particular, when 6 complex measurements are provided, we have the following stability

result.

Theorem 3.2.3. let k > 3. Let Q be convex. Assume that (L, o) and (L, &) are two elements
in M. Let D = (D{, D%) and D = ([?{,D%), j=1,2,3, be the internal data for coefficients
(L,0) and (L, &), respectively, with boundary conditions G = (G{, Gg), j=1,2,3.
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Then there is a set of illuminations G € (C4(9Q))8, such that
IL = Ll ce-1(0) + lo = &llcr-s(q) < CIID — Dll(cnq))s- (3.33)

Note that the above measurements are all complex-valued. We will need two real mea-

surements to make up one complex data.

3.2.2  Complex Geometrical Optics solutions

We would like to consider the equations (3.25) and (3.26) in the whole R3. For this purpose,
we extend n € H%J’?’J’dﬂ(ﬁ) to be a function defined in the whole R? in such a way that n
is positive, and 1 —n € H 3+t (R™) is compactly supported. We denote this extension
still by n.

Colton and Paivérinta[l12] constructed explicit solutions, namely Complex Geometrical
Optics solutions(CGOs), to the Maxwell’s equation (3.25) and (3.26). CGOs will be the
main technique we will use to solve the inverse Maxwell problem. We follow the construction
of CGOs in [12] and extend their properties from L? space to higher order sobolev spaces.
CGOs are of the form

E(z) = e“"(n+ Re(z)), (3.34)

where ¢ € C3*\R3, 7 € C3, are constant vectors satisfying
(-¢=k,¢n=0. (3.35)
Substituting (3.34) into (3.25) and (3.26) gives

VxVxR = Kk (n—1)n+knRe, (3.36)

V-Re = —a-(n+Re) (3.37)

where V := V +i¢ and o := Vn(z)/n(z). We further define A := A + 2i¢ -V — k2. By
substituting the formula V x V x R; = —AR; +VV - R¢ into (3.36) and (3.37), we see that

R is a solution to

(A+2i¢-V)Re = —V(a- (n+ Re)) + k*(1 —n)(n+ Re). (3.38)
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It was proved in [12] the existence of R to (3.38) as a C?(IR3) functions. For our analysis,
we need to extend the results of CGOs in [12] to smoother function spaces.

Recall that the spaces L3 and Hj are defined to be the completion of C§°(R3) with
respect to norms in (2.51) and (2.52), respectively.

We recall [41] for |¢| large and v € L3, | with —1 < § < 0, the equation
(A+2i¢-V)u=v (3.39)

admits a unique week solution u € Lg with

0]l 22
| C|6+1 . (3.40)

Since (A +2i¢- V) and (I — A)® are constant coefficient operators and hence commute, we

lullz < C(.¢)

deduce that when v € H§ ;, for s > 0, then

[vllas,,
. (3.41)
1q

We define the integral operator G¢ : Hy,,(R?) — Hj(R?) by

|ullag < C(6,¢)

0
Ge(v) =F | —— ), 3.42
= (@) 42
where F~1 is the inverse Fourier transform. We see that G is bounded and there exists a
positive constant C'(9) such that

C
Gell < . 3.43
IGel < 15 (3.43)

Before we can prove the existence of a unique solution to (3.38), we first prove the
following lemma. The Lemma 3.1 in [12] proves for the case when s = 0. We study any

s:%+d+Lhere.
Lemma 3.2.4. For any v € H§+1(R3) and |C| sufficiently large, the equation
(A+2i¢-V+a -Viu=uv (3.44)

has a unique solution u € H(R?) satisfying

C

lu+n"2G(n"?0)| |y < I’

(3.45)

for some positive constant C' independent of (.
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Proof. From the identity
n VA +2i¢ - V(0 Pu) = (A +2iC -V 4+ a - V)u+ qu, (3.46)
where ¢ := Anl/?/n!/? € H%er”(]l%?’), we can rewrite (3.44) as
(A+2iC-V—q)f =gy, (3.47)

where f :=n'/2u and ¢ := n'/2v. The assumption on n ensures that 1 —n'/2 € Hngd“(R?’)
34d
and is compactly supported, so 1 —nl/2 € H;jl +L(R3). Therefore,

5
g=nv=v—-(1-n"?ve H62_:_1d+L(R3).

Applying the integral operator —G¢ gives

f+Gelaf) = —Gelg). (3.48)

Since ¢ € H g+d+L(R3) is compactly supported, multiplication by ¢ is a bounded operator

mapping H§+d+L(R3) into H(?:_ldﬂ(R?’), so I + G¢(q-) is invertible on H§+d+L(R3) for |(]

sufficiently large. This shows that (3.48) has a unique solution f in H 5% +d+L(R3), corre-

spondingly u = n~/2f € H§+d+L(R3) is the unique solution of (3.44). Eq. (3.43) also
gives

If + Ge(llm; = 1Ge(a(Gelaf) + GC(9)))||H§+¢1+L =< |<C|; (3.49)

for some positive constant C' independent of (. This proves the lemma. O

Proposition 3.2.5. Let s = % + d+ . For |(] sufficiently large, there is a unique solution
Re € H§(R?) to (3.38). Thus, the CGO solution E defined by (3.34) satisfies (3.25) and
(3.26). Moreover, R satisfies

1
IR — m—l/QGC(nl/Za 0)¢|las = O (’C’) ) (3.50)
Proof. By applying the vector identity
V(A-B)=Ax(VxB)+Bx(VxA)+(A-V)B+ (B-V)A, (3.51)

we see that

Via-(n+ Re)) =ax (VxRe)+ (a- V)R + (Re - V)a+ V(a-n). (3.52)
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The terms which are potentially troublesome are a x (V x R¢) and (« - V)R¢. The latter
can be dealt with using Lemma 3.2.4, so we need only consider the term « x (@ X Re).

Denote Q := V x Re, by (3.36) we have that

V xQ =k (n—1)n+knR; (3.53)

and hence

V xVxQ=kVnx (n+Re)+k(n—1)¢xn+k*nQ. (3.54)
Since V - Q = 0, we now have
AQ +2i¢-VQ = k*Vm x (n+ R¢) + k*(1 —n)(i¢ x n+ Q). (3.55)
Rearrange the terms to get
(A+2i¢-V = k*(1-n)Q = k*V(1 —n) x (n+ Re) + k*(1 — n)(i¢ x n). (3.56)
Applying —G¢ to this identity yields
Q=—(I+kGe(1—n)'Ge(k*V(1L —n) x (n+ Re) + k*(1 —n)(i¢ x n)) (3.57)

for large |¢|, since the operator I + k*G¢(1 — n) is invertible on H§(R3) for large |[¢|. On

the other hand, applying —G¢ to (3.38) and using (3.52) gives
R; = Gelax QI+ Gc[(a- V)R] +Ge[(Re - V)a] + Ge[Va- 1] = B Ge[(1—n)(n+ Re)] (3.58)

where @ is given by (3.57). The integral equation (3.57), (3.58) has a unique solution in
H$(R?) due to (3.43) and Lemma 3.2.4.

Finally, we use the unique solvability of (3.57) and (3.58) to deduce the unique solvability
of (3.38). To do this, let B C R3 be a ball containing Q. Applying G¢ to (3.38) yields

Re = G¢[V(a- (n+ Re)] — K2Ge[(1 - n)(n+ Re))- (3.59)

This integral equation is of Fredholm type in H§(B) as both G¢(1 —n) and R¢ — G¢[V(a-
R¢)] are smoothing operators. Now, suppose R? is a solution of the following homogeneous
equation in H§(B),

RE = G¢[V(a- R})] — K*G¢[(1 — n)R]. (3.60)
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Then R? also satisfies the homogeneous equation corresponding to (3.57), (3.58). Since
these equations are uniquely solvable, we conclude that R? = 0. Therefore, by Fredholm
alternative, we conclude that (3.59) admits a unique solution in H*(B). Defining R¢(x) for
x € R3 by the right-hand side of (3.59) and recalling 2 C B yields a solution of (3.59),
which is defined in R3. This shows that (3.38) has a unique solution in H§(R?).

Furthermore, by Lemma 3.2.4, we see that

IR+ n"2G:(n'?[—a x (V x R¢) — (R¢ - V)a (3.61)

= V(a-n) + k(1 =n)(n+ Re)))llm; = O (!C1!2> '

Substituting V(e - 1) = (V +i¢)(a - n), (3.61) implies that

|Rtin2Ge(n2a - m)Cllms < [0~ 2Ge(n?[—a x (¥ x Re) (3.62)
—m«vm—Vwm+#a—mm+me@+o<§Q.
1
=0 = 3.63
(m) (3.63)

This complete the proof.
O

By applying Sobolev embedding theorem to on a bounded domain, we have the estimate

in C4TL(Q).

Corollary 3.2.6. Let €2 be an open, bounded domain. With same hypotheses as the previous

proposition, we then have

<

a (3.64)

IRe — in~2Ge(n' 0 0)C| o) <

for some positive constant C' independent of (. Moreover, when s = %—k d+t, we also have

C

H&—m”%wﬂkwmmwmsm,

(3.65)

for some positive constant C.
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Proposition 3.2.7. Let s = % +d+ 1. Suppose ¢ € C3\R3, n € C3, satisfy - = k? and
¢ -n =0 such that as || — oo the limits (/|(| and n exist and,

1 1
/-Gl =0 (i) ln-ml=0()- (3.60)
q q
R¢ € H§(R3) is the unique solution to (3.38) in Proposition 3.2.5. For |(| large,
) _ 1
IRe = el G  m)allconey = 0 () (3.67)
Proof. The proof follows directly by substituting (3.66) into (3.65). O

To sum up, we can construct CGO solutions in the form of (3.34). We choose the specific
sets of (,n as in [12]. Precisely, Let h be a small real parameter and choose arbitrary a € R.

We define (1, (2 and 711,72 by

G = (a/2,i\/1/h%+ a2/4 — k2, 1/h),

G = (a/2,—i\/1/h2+a2/4 — k2, —1/h),

(3.68)
m = \/ﬁ(l/}hoa _a/2)7
772 = 7ﬁ;2+a2(1/h,0,a/2),
and note that
Cliglonj =T ‘= (17070)7 .7 = 1727
Jim G/IG] = Go:= %(07@ 1), (3.69)
lim Go/|C2] = —Co,
CcC— 00
and
G+ ¢ =1(a,0,0), ¢-¢=0, n-¢=0. (3.70)
Proposition 3.2.7 implies that
(771 + RCl) : (772 + RCQ) =1+ 0(1) (3'71)

in the C* norm over bounded domain .
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3.2.8 Construction of vector fields and uniqueness result

Let us now consider the reconstruction of (L,o). Assume Ej, j = 1,2, be two complex
solutions to

V xV x Ej—k*nEj; =0in Q, (3.72)

with the tangential boundary conditions
tE; = G on 09, (3.73)
with G; well-chosen boundary values and j = 1,2. We will see that
VxVxE -E—VxVxEy E;=0. (3.74)

Let Dj = LEj, j = 1,2, be the internal complex-valued measurements. Assume L €
C*1(Q) is non-vanishing. By substituting E; = D;/L in (3.74), we have, after some
algebraical calculation,

B-VL+~L =0, (3.75)

where

B = x(@){[(VD1)Dz — (VDa)D1] + [(V - D1)D2 — (V- D2) D] (3.76)
—2[(VD1)T Dy — (VD3)D4]},

v = x@){[V(V-Dy)-Dy—V(V-Dy)-Di]—[V?D; - Dy — V2D - D1]}. (3.77)

Here, x(z) is a smooth known complex-valued function with |x(z)| uniformly bounded from
below by a positive constant on €.

To show the transport equation (3.75) has a unique solution, it suffices to prove that
the direction of the vector field  is close to a constant and thus the integral curves of g
connects every internal point to two boundary points.

Let Ey, By be two CGOs with parameters (1, (2 and 71,72 defined in (3.68), i.e.,
Ej = e (nj + Re;), j =12 (3.78)

Let Dj = LEj,j = 1,2, be the corresponding internal data. By choosing x(z) = —e*i(gﬁ@)'“ﬁ

and substituting Dj into (3.76), we can analyze the asymptotic behavior of the vector field
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B as |¢j| — o0, or equivalently, ~ — 0. Indeed, we have
VD; = e [(n; + Re; ) (VL) +iu(n; + R, )G +uV(n + Re))l, j=12,  (3.79)

and

MDD
= 4\f[(m + Re,)(VL)T +iL(m + Re, )¢ + pV (1 + Re,)) (12 + Re,)
= B+ RIVIT Ry +iLT (o + Re,) (3.50)

+uV(m + Re,)(n2 + Re,)]

_ L2h R R O(h
= —24\/§(n1+ )G (2 + Rey)] + O(h).

Therefore, by Proposition 3.2.7, x(2)(VD1)Dy — 0 in C*(Q) norm as h — 0 on a bounded

domain 2. Similarly,

X(z)(VDy)" Dy
=~ VL + o) On + Re) +LG (m + R + o)
+LV (m + Re,))" (2 + Re,)] (3.81)
h
= —iLQﬁ/i(ﬁl + Re,) - (2 + Re,) + O(h)
iL¢o
4

n C*(Q) as h— 0.
More calculation gives that

X(x)(V - D1)Ds
= (T O R+ o) +LG - (o + )+ Re) (382
+LV - (771 + RCl)(n2 + RCQ)]

— 0 inC*Q) as h—0.
By substituting (3.80), (3.81) and (3.82) into (3.76), we have

. = 2 .
lim 15 = LGollex () = 0, (3.83)
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i.e., the vector fields have approximately constant directions for small A and their integral
curves connect every internal point to two boundary points. Thus, the transport equation
(3.75) admits a unique solution.

To see the dependence of vector fields on the boundary conditions, we need to introduce
a regularity theorem of Maxwell’s equations. Let tE be the tangential boundary condition

of E. Define the Div-spaces as
HE () = {u € H*QY(Q) : Div(tu) € H*/2(00)}, (3.84)

THE,,(09) = {g € H*Q'(99) : Div(g) € H*(09)}, (3.85)

where H*Q!() is a space of vector functions of which each component is in H*(£2). These

are Hilbert spaces with norms
lullzs, (@) = llullas ) + IDiv(tw) || ga-1/2(90). (3.86)

9ll7as, 00) = l9llms60) + IDIv(9) [l s 00) (3.87)

It is clear that t(H3, () = TH?(09).

Theorem 3.2.8 (Kenig-Salo-Uhlmann|[25]). Let e, € C*%, s > 2, be positive functions.
There is a discrete subset ¥ C C such that if w is outside this set, then one has a unique
solution E € H3. to (3.25) given any tangential boundary condition G € THI‘;i_vl/g(@Q).
The solution satisfies

1B, ) < CIG| (3.88)

THE M (09)

with C' independent of G.

Note that when the tangential boundary condition is prescribed by CGOs, i.e., G = tEj,
j = 1,2. By Theorem 3.2.8, Ej; is the unique solution to (3.72) and (3.73). Then the
corresponding vector field 5 defined in (3.76) satisfies (3.83), which implies that the direction
of 3 is close to constant direction and thus its integral curves connect every internal point
to two boundary points. Therefore, (3.75) admits a unique solution.

Furthermore, Theorem 3.2.8 also allows one to relax the boundary condition Gj = tEj

and still to get the uniqueness of the solution to (3.75).
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Proposition 3.2.9. Under the assumption of Theorem 3.2.8, when G is in a neighborhood
of G =tE in C*3(0Q), j = 1,2, the corresponding vector field 3 defined in (3.76) satisfies

18— iL*Collcr () = O(h), (3-89)
for small h.

Proof. By definition | E| zsq) < [|Elms, ) and (|Gllras, @00) < [|Gllas+ioq)- In partic-

ular, when s = g + d 4+ ¢, from Sobolev embedding theorem and Proposition 3.2.8 we have
that
I lcass@y < OVl g saraigy < CNEI g surs
Div (3.90)

< ClGlpgaree o) < ClGlgasstan) < CllGllcaraon),

where various constants are all named “C”. Hence
| Ellcar ) < CllGlloaraany- (3.91)
Let us now define boundary conditions G; € CH4(0Q), 7 = 1,2, such that
1G5 = tEjllcaraan) < e, (3.92)

for some € > 0 sufficiently small. let E; be the solution to (3.25) and (3.26) with tE; = Gj.
By (3.91), we thus have
IEj = Ejllcasi(o) < Ce, (3.93)

for some positive constant C. Define the complex valued internal data D; = LE;. We
deduce that
I1D; = Djll g1y < Coe, (3.94)

for Cy > 0. Define g by (3.76). We can easily deduce (3.89) from (3.83) and (3.94). This
finishes the proof. O

Recall M is the parameter space of (L, o) defined in (3.31) and A is the parameter in
(3.68). We are in the place to prove Theorem 3.2.1.

Proof of Theorem 8.2.1. By Proposition 3.2.9, we choose the set of illuminations as a neigh-

borhood of (G) = (tE;) in (C**(dQ))2. Since the measurements D = D, we have that L
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and L solve the same transport equation (3.75) while L = L = D/G on 9Q. As j satisfies
(3.89), we deduce that L = L since the integral curves of 8 map any z € § to the boundary

09Q. More precisely, consider the flow 6,(t) associated to 3, i.e., the solution to

0.(t) = B(0,(t)), 6(0) ==z € Q. (3.95)

By the Picard-Lindel6f theorem, (3.95) admits a unique solution since 3 is of class C*().
For z € Q, let x4 (x) € 0N and t4(x) > 0 such that

0,(t1(z)) = 4 (2) € ON. (3.96)

By the method of characteristics, the solution L to the transport equation (3.75) is given
by
£ (0,(s))ds
L(z) = Lo(w(z))e Jo =) (3.97)

where Lo := L|pq is the restriction of L on the boundary. The solution L is given by the
same formula since 6,(t) = 6,(t). This implies E; = E; = D;/L, j = 1,2. By the choice
of illuminations, we have |E;| # 0 due to (3.93) and |E;| # 0. Under the assumption that
D; = ﬁj, we have E; = Ej, j =1,2. Therefore, k’n = k?7 and thus o = 4. ]

3.2.4 Vector fields and stability result with 2 complex internal measurements

Recall that 0,(t) is the flow associated with 8 defined in (3.95). From the equality

0,(t) — G (1) = /0 18(0(5)) — B(Bi(5))]ds, (3.98)

and using the Lipschitz continuity of 8 and Gronwall’s lemma, we deduce the existence of
a constant C' such that
16:(t) = 0a(t)] < Ct18 — Bllcoeys (3.99)

when 6,(t) and 0,(t) are in Q. The inequality (3.99) is uniform in ¢ as all characteristics
exit  in finite time.

To see higher order estimates, we define W := D, 60,(t), which solves the equation,
W = D,B(6,)W, with W(0) = I. Define W similarly. By using Gronwall’s lemma again,
we deduce that

W — W| < Ct|| DB — Dafll oy (3.100)
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when 6,(t) and 6,(t) are in Q. Since 8 and j are of class C%(£2), then we obtain iteratively

that

|DE70,(t) — DI 0,(t)| < Ct| Do — DBl ca-1qys (3.101)

when 6,(t) and 0,(t) are in Q.
Recall that €2 is defined to be the subset of 2 by removing a neighborhood of each

tangent point of 92 with respect to (.

Lemma 3.2.10. Let Q be an open bounded and convex subset in R® with C% boundary. Let
d > 2 and assume B and 3 are C4Q) vector fields which satisfy (3.89). Restricting to Q1

we have that

24 — E4llcatay) + I+ — Tlloi-1(a,) < CllB+ = Belloa-1(ay); (3.102)
where C is a constant depending on €.
The proof is the same as that of Lemma 2.3.7.

Proposition 3.2.11. Let d > 1. Let L and L be solutions to (3.75) corresponding to
coefficients (B,~) and (B,7), respectively, where (3.89) holds for both 8 and /3.
Let Ly = L|pq and Lo = Laq, thus Lo, Lo € CU0). We also assume h is sufficiently

small and Q is convex. Then there is a constant C' such that restricting to €2y

IL = Ll a1 @,y <CllLollca-1(a0y)[18 = Bllca-1(ay) (3.103)

+ v = Al ca-r @] + CllLo — Lollca-1(a0,)

The proposition and the proof follows Proposition 2.3.8.

Proof. By the method of characteristics, L(x) is determined explicitly in (3.97), while L has

a similar expression. We thus have

IL(x) - L(2)] <|(Lo(ws (2)) — Lol (x)))e ot 2O=(eds) (3.104)

| Fo(@ (2))(e=do " 20 eDds _ o= 5+ 5B (s))asy
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Applying Lemma 3.2.10, we deduce that

|DF [Lo(e4.(2)) = Lo(@+ (2))]] < Lo — Lollci-1(a0) + CllLollca-1(a0) 18 = Bllca-1ay)-
(3.105)
This proves Lo(z4(x)) is stable. To consider the second term, by the Leibniz rule, it is

sufficient to prove the stability result for g* @) v(0x(s))ds.

Assume without loss of generality that ¢ (z) < £y (z). Then by applying (3.101), we

have
t1(z) - t4(x) ~ ~
/ Y (0(5)) — 3(0a(s)))ds = / (6 (5)) — 1(Ba(s)) + (7 — 7)Ba(s)]ds
0 0
< Cl7llco@n B = Bllcoy) + Cllv = Allcoay)-

Derivatives of order d — 1 of the above expression are uniformly bounded since t4(z) €
C4=1(Qy), v has C¢ derivatives bounded on § and 6,(t) is stable as in (3.101).

It remains to handle the term

3 and 7 are of class C%4(), so is the function 2 — 7(0,(s)). Derivatives of order d — 1 of

v(z) involve terms of size t, (x) — t, (z) and terms of form
D2 (#4025 0a(00)) - D) ). 0 <md-t
Since the function has d — 1 derivatives that are Lipschitz continuous, we thus have
DI V0(@)] < Cllty — Eyllen o,

The rest of the proof follows Lemma 3.2.10. O

Now we can prove the main stability theorem.
Proof of Theorem 3.2.2. From (3.76) (3.77) it is easy to check that

18 = Bliga-r@,) < CID = Dllcagg,y 17 = Fllcamr @y < CID = Dllgang,y  (3.106)

where C' > 0 is a positive constant. The first part follows directly from (3.76) and Proposi-

tion 3.2.11. This also provides a stability result for E; = D;/L as L is non-vanishing. By



80

choosing the boundary illuminations close to the boundary conditions of CGO solutions,
(3.92) and (3.93) imply that F; is non-vanishing since the CGO solutions are non-vanishing.
Thus (3.25) gives the stability control of k*n and thus o. O

3.2.5 Stability with 6 complex internal data

Rather than applying the characteristics method to (3.75), we can rewrite (3.75) into matrix
form by introducing more internal measurements. We first construct proper CGO solutions.
Let j = 1,2,3 in this section. We can choose unit vectors (g and 776, such that Cg . Cg =0,
Cg -176 =0 and {Cg} are linearly independent. Also, choose (C{,Cg) and (7]{ ,77%) such that
<l =1c1=1¢3l,

d_ 4 i
lim 2L = lim 22 =, and lim 7/ =n). (3.107)
cl=voo [¢] Ielmoo ¢ 7° [q==s ’

We construct CGO solutions E{,E% corresponding to (C{,n{) and (C%J]%) Let the
boundary illuminations G{,Gg be chosen according to (3.92) for ¢ small enough. The

measured internal data are then given by D{, Dg. Proposition 3.2.8 shows that the vector

field defined by (3.76) satisfies that

<
4
While |¢] is sufficiently large and L # 0 on ), we obtain that the vector {/(x)} are linear

187 = iL2G |l cagey < (3.108)

independent at every € . Thus matrix (37(z)) is invertible with inverse of class C?%(Q).
By constructing vector-valued function Y (z) € (C%4(Q))3, the transport equation (3.75) now
becomes the matrix equation

VL + Y(z)L = 0. (3.109)

Notice that T (z) is stable under small perturbations in the data D := (D], D}) € (C%(Q))S,
ie.,

1T = Yl (ca-1(q)s < CIID — Dl|(cagays- (3.110)

Assume (2 is connected and Ly = L|sq is known. Choose a smooth curve from z € Q to

a point on the boundary. Restricting to the curve, (3.109) is a stable ordinary differential
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equation. Keep the curve fixed. Let L and L be solutions to (3.109) with respect to Y and

T, respectively. By solving the equation explicitly and (3.110), we find that
IL = Lllga-1(q) < CID = Dl (caayys- (3.111)

Proof of Theorem 3.2.3. The first result in (3.33) is directly from (3.111). The proof of the

stability of o is exactly the same as in the proof of theorem 3.2.2. 0
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Chapter 4

FUTURE PROBLEMS

Due to my interest in both theoretical research and applications of inverse problems, my

proposed questions will include the following.

1. An immediate research problem is the quantitative thermo-acoustic tomography(QTAT)

with partial boundary data. QTAT studies diffuse electromagnetic inverse problem
with internal data. The objective is to reconstruct the diffusion and attenuation coef-
ficients from boundary illuminations and internal energy attenuation. QTAT with full
boundary data is studied in [6]. By applying CGO solutions with nonlinear limiting
Carleman weights, one could expect similar reconstruction results for partial boundary

data case.

. Another potential research project is the diffuse electromagnetic inverse problem with

boundary conditions. The objective will be the reconstruction of the attenuation
coefficient from the controlled source perspective or magnetotelluric. The leading
topics would be conditional Lipschitz-type stability estimates of the reconstruction.
The numerical implementation and the integration with seismic will also be very

interesting.

. One future research problem will be the first step of the inverse problem of Electro-

seismic, which is modeled by Biot’s equations. The inversion of Biot’s equations
is to reconstruct the internal potential due to electro-seismic conversion from any
boundary measurements. This step is challenging due to the facts that (1) the seismic
wave generated by electro-seismic conversion is weak, and (2) the Biot slow wave is a
diffusive wave, which decays rapidly to zero with propagation distance and is therefore

difficult to observe.
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Williams [45] presented the effective density fluid model(EDFM), which is an very
accurate approximation to Biot’s equations. In EDFM, Biot slow wave and shear
wave are neglected, and Biot’s equations are reduced to the form of Helmholtz equation
with an effective density depending on frequency. By employing the idea of effective
density, we can reform the inversion of Biot’s equations as the inversion of Helmholtz

equation to find the internal potential.

. It will be very interesting to consider the nonlinear inverse problem of electro-seismic
conversion due to the nonlinear coupling mechanism. A possible idea is an analog to
inverse scattering theory. One can analyze the forward iterative coupling and develop

methods to remove the multiple coupling.

. It is practically important to study the inverse problem of electro-seismic conversion
with partial data. It is confirmed that seismo-electric conversion could be a new bore-
hole logging technique. Thus partial data inversion will be the main application in
field. Imitating the QPAT with partial data, a possible approach will be the CGO
solutions with nonlinear limiting Carleman weights for Maxwell’s equations. The
coupling coefficient L is solved by a transport equation with vector field 5. By applying
CGO solutions with nonlinear Carleman weights, we can have control on § so that
the integral curves of 8 exit the domain of interest only on part of the boundary, in
which case bore-hole measurements will be enough for the inversion. The difficult will

be the construction of such CGO solutions for Maxwell’s equations.

. The final goal is the numerical implementation of the methods I have developed and

applications with real data.
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