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Abstract

Trustworthy interactive learning, a story of fairness, robustness and safety

Romain Camilleri

Chair of the Supervisory Committee:

Professor Kevin Jamieson

Department of Computer Science and Engineering

In an era characterized by the rapid evolution and widespread adoption of machine learning, the imper-

ative to balance innovation with responsible deployment has never been more pressing. This thesis embarks

on a multifaceted exploration of efficient and interactive machine learning deployment, with a focus on ad-

vancing methodologies for the development of trustworthy and reliable models. Beginning with an in-depth

analysis of high-dimensional experimental design and kernel bandits, it investigates the nuances of modeling

smooth reward functions in Reproducing Kernel Hilbert Spaces (RKHS) and introduces novel algorithms

for regret minimization and pure exploration tasks. This exploration extends to level set estimation in ker-

nel bandits, shedding light on nearly optimal algorithms and their performance characteristics. Building on

these foundational principles, the thesis progresses to examine selective sampling for online best-arm iden-

tification, enabling to leverage unlabeled and labeled data optimally. Further, it delves into the challenge

of non-stationary linear bandits, emphasizing robustness in dynamic environments. Additionally, the thesis

explores integrating safety and fairness constraints into the active learning paradigm, empowering the align-

ment of model development with ethical considerations and real-world constraints. This effort enhances the

reliability of machine learning models and contributes to the advancement of responsible AI. In conclusion,

this thesis offers a comprehensive exploration of efficient interactive learning deployment, presenting novel

insights, methodologies, algorithms, and perspectives to foster responsible innovation in the field.
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Chapter 1

Introduction

Artificial intelligence is witnessing an extraordinary surge, marked by unprecedented advancements span-
ning natural language processing, computer vision, speech recognition, and pioneering fields like protein
structure prediction and vaccine development (LeCun et al., 2015; Hannun et al., 2014; Jumper et al., 2021;
Keshavarzi Arshadi et al., 2020). This resurgence owes its momentum to groundbreaking strides in large-
scale models, notably deep neural networks and large language models. Leveraging the wealth of expansive
datasets, state-of-the-art machine learning architectures now empower AI systems to achieve remarkable
feats, from mastering strategic games like Go (Mnih et al., 2015; Silver et al., 2016) to facilitating robot-
assisted surgeries with unparalleled precision (Kassahun et al., 2016).

In an era defined by the rapid advancement and pervasive adoption of machine learning, striking a
delicate balance between innovation and responsible deployment has become an intellectual frontier that
demands our utmost attention. One of the primary challenges in this landscape lies in ensuring the avail-
ability, quality and integrity of the data upon which these machine learning systems rely. As these powerful
tools seamlessly integrate into our everyday lives, from automated decision-making in marketing (Schwartz
et al., 2017) and healthcare (Esteva et al., 2019) to autonomous vehicles (Kiran et al., 2021) and person-
alized recommendations (Bouneffouf et al., 2012), the need for efficient and informative data collection,
robust policies and models is more crucial than ever.

The scientific community has been urgently mobilized to combat the COVID-19 pandemic (Gurung
et al., 2021; Liu et al., 2021; Piccialli et al., 2021). Understanding COVID-19’s pathobiology could help
identify potent antivirals by revealing new viral pathways. Computational methods, particularly machine
learning-based models, have become invaluable for discovering candidate drugs and vaccines in silico.
These models can predict inhibitor candidates based on structural data, aiding the search for effective treat-
ments (Keshavarzi Arshadi et al., 2020; Mouchlis et al., 2021). As we will see next, advances in artificial
intelligence highlight its potential in developing COVID-19 therapeutics.

In the subsequent sections of this chapter, we will address the task of predicting whether a patient
will respond well to a therapeutic treatment (e.g., drugs, vaccines). Through this illustrative example of a
machine learning problem, we will explore the emerging challenges of data collection and the reliability
of contemporary machine learning systems. Additionally, we will outline how this thesis addresses these
challenges. Finally, we will conclude this chapter by summarizing the contributions made across different
chapters of this dissertation in confronting these pertinent issues.
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1.1 Two Challenges

1.1.1 Data collections

The challenge of data collection is multifaceted, encompassing the costs of acquiring data and ensuring its
quality and relevance. This section delves into the intricacies of effective data gathering, addressing the
complexities inherent in modern data collection processes.

Data collection often incurs substantial expenses, particularly when involving real-world experiments
or specialized expertise. For example, predicting whether a patient with SARS-CoV-2 will respond well
to a therapeutic treatment requires collecting extensive examples from medical trials, observing the effects
of administering the drug to patients. Tasks like medical image segmentation necessitate highly trained
professionals, further increasing data collection costs (Gao et al., 2012; Guo et al., 2019). Additionally, as
datasets grow in size, so do the associated expenses, as illustrated by monumental datasets like ImageNet,
which have driven recent advancements in machine learning (Russakovsky et al., 2015).

The study of data collection techniques traces back to the dawn of modern statistics. Optimal experi-
mental design, dating back at least a century, stands as a testament to the enduring quest for efficient data
gathering methodologies (Smith, 1918).

Exploring data collection requires a deep understanding of its complexities and potentials. This thesis
examines the increasing costs of data gathering and explores new techniques such as active learning within
the fields of contemporary machine learning and statistics. By delving into past knowledge, addressing
present challenges, and proposing pathways for improved data collection approaches, we aim to catalyze
significant progress in the field. This involves not only understanding the challenges but also embracing
opportunities for innovation and optimization.

1.1.2 Model reliability

As machine learning applications continue to evolve in complexity and scale, it becomes increasingly crucial
to exercise foresight and prudence. Policies and models crafted without meticulous consideration can give
rise to unforeseen vulnerabilities, such as the illusion of false confidence, unintended performance degrada-
tion, adoption of risky strategies, a propensity for false discoveries, and the perpetuation of social inequities.
These missteps not only undermine the trust placed in machine learning systems but also diminish the po-
tential benefits they can provide (House; Barocas and Selbst, 2016; Lum and Isaac, 2016; Buolamwini and
Gebru, 2018; Angwin et al., 2022). This dissertation aims to address these critical issues, contributing to the
development of more trustworthy machine learning.

Managing the illusion of false confidence is crucial, as model misspecification poses significant risks
(Camilleri et al., 2021a; Mason et al., 2021). Machine learning models, despite their remarkable capabilities,
are only as good as the data they are trained on and the assumptions they make. For example, consider the
modeling of the effectiveness of a COVID-19 vaccine. If the model incorrectly assumes that the vaccine’s
effectiveness is uniform across ages, it could lead to biased and potentially overestimated effectiveness
rates. This misspecification might occur if the model fails to account for varying immune responses among
different age groups, preexisting conditions, or genetic backgrounds. Consequently, public health decisions
based on such a flawed model could result in the misallocation of vaccine resources, underprotection of
vulnerable populations, and ultimately, catastrophic failures in managing the pandemic. We will see in
this work the importance of approaching model development with a healthy skepticism and a thorough
understanding of the limitations and potential biases that may be inherent in the data.

One of the key challenges lies in managing the decay of performance, ensuring that policies and models
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remain reliable and effective over time. A model that excels initially may stumble when confronted with
evolving data patterns or unanticipated scenarios. To prevent this degradation, more flexible and adaptable
strategies, robust and generalizable model designs, and continuous monitoring become paramount (Abbasi-
Yadkori et al., 2018; Xiong et al., 2024). For example, consider again the modeling of the effectiveness of a
COVID-19 vaccine. If initial models are built on early clinical trial data that do not fully capture the diver-
sity of the population or the virus’s potential to mutate, their predictions may become less accurate as new
variants emerge or as different demographic groups receive the vaccine. This time variation could lead to
overestimating the vaccine’s effectiveness in the general population or underestimating the need for booster
shots in specific groups. Such changes could result in misguided public health policies, where insufficient
resources are allocated to high-risk communities, leading to higher infection rates and preventable deaths.
Moreover, failing to anticipate a decline in vaccine effectiveness against new variants might delay necessary
updates to vaccination strategies, prolonging the pandemic and increasing the strain on healthcare systems.
Regular validation and updating of models with new data and insights are essential to maintain their reli-
ability and accuracy in guiding critical health interventions. Continuous monitoring and adaptation allow
for the detection of performance decay and enable timely adjustments (Abbasi-Yadkori et al., 2018; Xiong
et al., 2024), ensuring that health policies remain effective in protecting public health. These approaches
will be extensively covered in this work.

Managing the adoption of risky strategies in machine learning requires the incorporation of a risk func-
tion into the model development process. A risk function allows decision-makers to quantify and evaluate
the potential consequences and trade-offs associated with different courses of action. By explicitly con-
sidering the risks and benefits, this thesis demonstrates how decision-makers can make informed choices
regarding the deployment and utilization of machine learning models (Pacchiano et al., 2020; Wang et al.,
2022; Camilleri et al., 2022). For example, consider the modeling of the effectiveness of a COVID-19 vac-
cine. In this context, a risk function could help quantify the potential side-effects of the vaccine. Omitting
side-effects might lead to premature decisions, resulting in preventable deaths. By integrating a risk func-
tion, decision-makers can better assess the trade-offs between efficacy and risks, and implement strategies
that minimize negative outcomes while maximizing public health benefits. Incorporating risk functions into
model development ensures that potential adverse effects are systematically evaluated, enabling more robust
and responsible deployment of machine learning models. This approach will be extensively covered in this
work, highlighting its critical role in guiding effective and safe health interventions.

Additionally, controlling the False Discovery Rate (FDR) is essential in developing trustworthy machine
learning models. High FDR can lead to false positive errors with significant consequences, such as waste of
resources due to inflated scientific findings or misleading medical treatments. Therefore, employing method-
ologies to set appropriate decision thresholds, statistical adjustments, and validation strategies are crucial to
minimize the occurrence of false discoveries and enhance the reliability of machine learning systems (Jain
and Jamieson, 2020; Camilleri et al., 2022). For example, consider the modeling of the effectiveness of
a COVID-19 vaccine. If the FDR is not adequately controlled, the model might falsely identify a vaccine
as highly effective when it is not. This could lead to inappropriate decisions for vaccination. Such false
positives in vaccine efficacy modeling could result in wasted resources, incorrect public health strategies,
and ultimately, higher infection and mortality rates. By implementing advanced techniques to maintain a
low FDR, decision-makers can ensure that vaccine efficacy models are more accurate and reliable. This, in
turn, leads to better-informed public health policies, optimal resource allocation, and improved outcomes
in managing the pandemic. This dissertation presents advanced techniques for efficiently maintaining low
FDR in ML applications, highlighting their importance in ensuring the reliability and trustworthiness of
machine learning systems.
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Furthermore, addressing the ethical dimension of machine learning deployment and the potential per-
petuation of social inequities is crucial. Machine learning models can inadvertently inherit biases from the
data they are trained on, resulting in unjust outcomes and exacerbating existing disparities. Conscientious
efforts, such as the ones presented in this dissertation, must be made to curate diverse and representative
datasets, employ fairness metrics, and foster inclusivity throughout the model development process, ensur-
ing that these powerful tools align with the principles of justice and equality (Barocas et al., 2017; Camilleri
et al., 2023). For example, consider the modeling of the effectiveness of a COVID-19 vaccine. If the training
data used for the model predominantly comes from a specific demographic group, the resulting model might
not accurately reflect the vaccine’s effectiveness across diverse populations. This can lead to biased health
recommendations and unequal access to effective treatments. For instance, minority communities might be
unfairly deemed less in need of vaccination based on flawed model outputs, perpetuating health disparities
and increasing vulnerability to the virus. By curating diverse and representative datasets and applying fair-
ness metrics, we can develop more equitable vaccine efficacy models that ensure all populations are fairly
represented and protected. This approach not only improves the accuracy and fairness of the models but
also aligns with broader ethical principles of justice and equality. This dissertation explores these consci-
entious efforts, demonstrating how they can help mitigate bias and promote inclusivity in machine learning
applications.

In this pivotal moment of machine learning proliferation, we are presented with a unique opportunity
to shape the future of this transformative technology. By recognizing the potential pitfalls and challenges
that accompany its rapid advancement, and by actively engaging in the development of thoughtful models
and policies, this dissertation steers the trajectory of innovation towards a future where machine learning
empowers humanity while upholding our fundamental values. Prioritizing safety, robustness, and ethical
frameworks becomes paramount in this journey. Let this work embrace the challenges ahead, guided by a
shared commitment to responsible machine learning, ensuring a future that not only balances technological
progress but also safeguards the well-being of individuals and fosters inclusivity within society as a whole.

1.2 Contributions

The pure exploration problem originated within the framework of multi-arm bandits (MAB) (Robbins, 1952;
Even-Dar et al., 2002). In this problem, a learner sequentially selects an arm i ∈ [K] and receives a reward
from an unknown distribution specific to that arm of mean [θ∗]i. The learner’s objective is to efficiently
allocate resources to identify the arm with the highest expected reward, represented as argmaxi∈[K] E[[θ∗]i].
For example, consider the modeling of the effectiveness of different COVID-19 vaccines as a multi-armed
bandit problem. Each arm i ∈ [K] represents a different vaccine candidate, and the reward [θ∗]i corresponds
to the vaccine’s efficacy based on clinical trial data. The learner’s task is to determine which vaccine has
the highest expected effectiveness. Efficiently identifying the most effective vaccine is crucial for optimal
resource allocation, such as prioritizing manufacturing and distribution efforts. Misallocating resources
to a less effective vaccine could lead to higher infection rates and prolonged pandemic conditions. By
applying the principles of this sequential decision-making framework, we can systematically and effectively
determine the best vaccine candidate, ultimately guiding public health decisions and maximizing societal
benefits.

More recently, the stochastic linear bandit problem (LB), a variant of the MAB setup, has garnered
significant attention since its introduction by (Auer et al., 2002a). In the stochastic LB setting, the input space
X is a subset of Rd. When the learner selects an arm x, they receive a noisy measurement y of the reward
function f(x) that is a linear combination of x and an unknown parameter θ∗ ∈ Rd, specifically y = f(x)+
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ε = x⊤θ∗ + ε where ε is some centered gaussian iid noise. The linear structure of the problem implies that
pulling an arm provides information about the parameter θ∗ and, indirectly, about the values of other arms.
Consequently, rather than estimating the mean rewards forK arms, the task shifts to estimating the d features
of θ∗. For example, consider the modeling of the effectiveness of different COVID-19 vaccines using a
stochastic linear bandit approach. Each arm x ∈ X represents a different combination of demographic and
clinical features, such as age, preexisting conditions, and genetic backgrounds. The reward y corresponds to
the observed vaccine efficacy for those specific features, incorporating noise from clinical trial variability.
The unknown parameter θ∗ represents the true underlying factors influencing vaccine efficacy. By selecting
various arms (i.e., different demographic and clinical combinations), the learner gathers information about
θ∗, improving the overall understanding of how different factors affect vaccine performance. This approach
allows for more efficient identification of which demographic groups benefit most from certain vaccines,
guiding targeted vaccination strategies and ensuring that public health resources are allocated effectively
and equitably.

Thus, MAB and LB strategies differ in their approach. In MAB, arms are discarded once their sub-
optimality becomes evident, while in LB, even sub-optimal arms provide valuable information about the
parameter vector θ∗, thereby improving estimation accuracy. LB focuses on refining estimates along di-
mensions that differentiate remaining arms. The works covered in this dissertation build on this framework
and explore the following directions: kernel bandits, robustness in bandits via model misspecification, best
of both worlds, safety and transductive bandits-based active learning for accuracy, and accuracy with false
discovery rate (FDR) or fairness constraints.

1.2.1 Kernel bandits

To address large or continuous domains, modern bandit approaches model and exploit the problem struc-
ture, often manifested as correlations in rewards of "similar" actions. This is particularly relevant in practical
scenarios like COVID-19 vaccine development, where understanding correlations between different demo-
graphic and clinical groups is crucial. The key idea of kernelized bandits is to consider only smooth reward
functions of a low norm belonging to a chosen Reproducing Kernel Hilbert Space (RKHS) of functions.
Specifically, let the reward function f be modeled in an RKHS H . Let ϕ : Rd 7→ H be the feature map
associated with the RKHS, such that f(x) = ⟨θ∗, ϕ(x)⟩H for x ∈ X .

Pure exploration and regret minimization. Although previous studies have addressed regret min-
imization for kernel bandits, our work (Camilleri et al., 2021a) introduced the pure exploration problem
specifically for this context. For instance, in the context of COVID-19 vaccine development, pure explo-
ration involves efficiently identifying the most effective vaccine by exploring different combinations of de-
mographic and clinical features. Previous works by (Srinivas et al., 2009) and (Valko et al., 2013) proposed
kernelized versions of the UCB algorithm (Auer et al., 2002a). In comparison to these works, we have
designed a regret minimization algorithm that demonstrates comparable worst-case performance in terms
of an information gain metric. Additionally, we have extended phased-elimination type algorithms (Fiez
et al., 2019; Lattimore et al., 2020) to the kernel space to establish instance-dependent guarantees for both
the regret minimization and pure exploration algorithms. For example, in vaccine development, this could
mean designing algorithms that ensure precise and effective allocation of trials across different groups to
maximize information gain. Notably, (Fiez et al., 2019) utilizes an optimal experimental design approach,
which provides continuous allocation that needs to be rounded for selecting measurements to query. How-
ever, this rounding introduces an additive term proportional to the dimension of the space, which can be
potentially infinite in our case. Therefore, extending instance-dependent optimal algorithms (Fiez et al.,
2019) necessitated the development of new tools for performing experimental design in Kernel space, also
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known as Bayesian experimental design (Derezinski et al., 2020; Alaoui and Mahoney, 2014). We establish
a performance guarantee for our proposed Kernel experimental design by relating it to the notion of effective
dimension introduced in (Derezinski et al., 2020; Alaoui and Mahoney, 2014).

Level set estimation. Our work (Mason et al., 2021) tackle the level set estimation problem for kernel
bandits. In the context of COVID-19 vaccine development, level set estimation involves identifying de-
mographic and clinical groups for which the vaccine efficacy exceeds a certain threshold, ensuring optimal
and equitable distribution. Given a threshold value α ∈ R, the goal is to identify the set of points of the
measurement space for which the value is above α, that is Gα := {x ∈ X : f(x) > α}. Level set estima-
tion is traditionally tackled by Bayesian optimization methods that typically use an acquisition function to
minimize learner uncertainty. (Bryan et al., 2005) introduced Gaussian processes and the Straddle heuristic.
(Gotovos, 2013) developed the LSE and LSE-imp algorithms with theoretical guarantees on sample com-
plexities. (Bogunovic et al., 2016) connected Bayesian optimization with level set estimation, considering
heteroscedastic noise. (Shekhar and Javidi, 2019) proposed an algorithm for the continuous domain, offering
improved computational complexity and tighter sample complexity bounds. (Zanette et al., 2018) treated
level-set estimation as a classification problem, introducing a new acquisition function. (Iwazaki et al.,
2019) extended this work to enhance model robustness in quality control applications. These heuristics are
known to work well in practice but often come with ad hoc guarantees and, at best, worst-case (minimax)
performance. In contrast to the more heuristic approaches of Bayesian optimization methods, our work
provides the first instance-dependent, non-asymptotic upper bounds on the sample complexity of level-set
estimation. These bounds match the information-theoretic lower bounds established by (Kaufmann et al.,
2016). To achieve these strong performances, we develop phased elimination algorithms with a general
structure related to the instance-optimal algorithm for pure exploration tasks (Fiez et al., 2019; Camilleri
et al., 2021a) and tailor the experimental design and elimination rule specifically for level set estimation.
This ensures that we can for example efficiently identify groups for targeted vaccine distribution, thereby
optimizing public health outcomes.

1.2.2 Bandits assumptions

Model misspecification. In certain real-life scenarios, such as the development of COVID-19 vaccines,
the mapping of feature representations can be more complex than a simple linear process. For instance,
accurately predicting vaccine efficacy might involve nonlinear interactions among demographic and clinical
features. In such cases, a linear feature representation can provide an approximation of the value or reward
functions, with a small and consistent error known as misspecification. Model misspecification is a com-
monly observed phenomenon and has been extensively studied in the context of regret minimization (Ghosh
et al., 2017; Lattimore et al., 2020; Takemura et al., 2021; Dong and Yang, 2023; Camilleri et al., 2021a)
and pure exploration (Camilleri et al., 2021a; Zhu et al., 2021; Mason et al., 2021; Réda et al., 2021), under
the framework of misspecified linear bandits.

(Du et al., 2020) have demonstrated that searching for an action that is O(ε)-optimal in these scenarios
requires a minimum of Ω(exp(d)) queries. Nevertheless, if we lower our objective to finding an action
that is not perfectly optimal but still reasonably close to it, there is still hope. (Lattimore et al., 2020) have
discovered that it is possible to find a suboptimal action with an error of at most O(ε

√
d) within poly(d/ε)

queries, where d represents the dimension of the feature vectors. In our work (Camilleri et al., 2021a),
we tackle the feature space of potentially infinite dimension as misspecified kernel bandits, and demonstrate
that the consequences of misspecification are comparable to the bias resulting from the necessary regularizer
terms in the covariate estimates.

For example, when developing COVID-19 vaccines, even if the model used to predict vaccine efficacy is
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not perfectly accurate (i.e., it is misspecified), we can still identify reasonably effective vaccines by account-
ing for the model’s misspecification. Identifying the best vaccine might not be feasible if the difference in
efficacy between two vaccines is smaller than the misspecification term. Our work (Camilleri et al., 2021a)
is the first to characterize the difficulty of ε-good arm identification, directly extending the pure-exploration
task to accommodate misspecified models. This means that despite the inherent complexity and potential
inaccuracies in modeling vaccine efficacy, it is still possible to make informed and effective decisions about
which vaccines to prioritize for further development and distribution.

Robustness to non-stationary measures. In the context of COVID-19 vaccine development, it is cru-
cial to account for unknown variations in the reward distribution due to distribution shifts. For example,
vaccine efficacy might vary over time due to emerging variants or changes in population immunity. Bandit
applications that encounter such shifts require robust models to handle these dynamic conditions. Existing
literature primarily concentrates on minimizing dynamic regret, which measures the deviation between the
obtained reward and the reward of the best arm in each round t. (Garivier and Moulines, 2011) demonstrate
that methods like (Auer et al., 2002b) can achieve a dynamic regret of approximately Õ(

√
LT ) when the

number of distribution shifts, denoted by L, is known. A significant advancement is made by (Auer et al.,
2019), who introduce an adaptive approach with the same dynamic regret, but without requiring knowl-
edge of L. Recent contributions by (Chen et al., 2019) and (Wei and Luo, 2021) establish similar results in
contextual bandit settings.

Other measures of non-stationarity, beyond L, have also been considered. For example, in the context
of vaccine efficacy, non-stationarity might be quantified by total variation due to genetic drift of the virus, as
discussed by (Chen et al., 2019). Additionally, (Suk and Kpotufe, 2021) propose the concept of severe shifts,
which could correspond to significant changes in virus strains. While the aforementioned research focuses
on constructing precise models of non-stationarity and developing tailored regret minimization algorithms,
the "best of both worlds" (BOBW) approach that we cover next remains independent of such models.

The "best of both worlds" (BOBW) problem aims to design a bandit algorithm that can achieve optimal
performance in both stationary and non-stationary scenarios, even without prior knowledge of the environ-
ment. This approach is particularly relevant for vaccine development, where conditions can change unpre-
dictably. While most BOBW approaches focus on regret minimization (Bubeck and Slivkins, 2012; Seldin
and Slivkins, 2014; Seldin and Lugosi, 2017; Auer and Chiang, 2016; Lee et al., 2021), (Abbasi-Yadkori
et al., 2018; Xiong et al., 2024) specifically concentrate on BOBW for best-arm identification.

In (Xiong et al., 2024), we build on top of (Abbasi-Yadkori et al., 2018) by tackling the linear bandits
case, while (Abbasi-Yadkori et al., 2018) only focused on the MAB case. Our algorithm is a fixed budget
pure exploration algorithm—similar to the sequential halving (Karnin et al., 2013) and Peace
algorithm (Katz-Samuels et al., 2020)—mixed with a G-optimal design strategy known to perform well in
non-stationary settings (Lattimore and Szepesvári, 2020). This strategy is particularly useful in vaccine
development for efficiently identifying the most effective vaccine under changing conditions. To establish
the error rate bound, we use a set of virtual events based on the estimated gaps, related to (Abbasi-Yadkori
et al., 2018), and an analysis of the subroutine RAGE-Elimination, similar to the ones by (Fiez et al., 2019;
Katz-Samuels et al., 2020). This ensures that our approach remains robust even as the underlying conditions
affecting vaccine efficacy evolve.

Safety constraints. In the context of COVID-19 vaccine development, it is crucial to consider safety
constraints when identifying the most effective vaccine. Ensuring that a vaccine is not only effective but also
safe for the population is paramount. Despite its importance, only a few existing studies have addressed the
issue of identifying the best arm while considering safety constraints (Sui et al., 2015; 2020; Wang et al.,
2022; Lindner et al., 2022; 2023; Camilleri et al., 2022).
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The works by (Sui et al., 2015; 2020) tackle a general constrained optimization scenario, where the
learner aims to minimize a function f(x) over a domain x ∈ D, while having access to noisy samples of
f(x), represented as f(xt)+wt, and ensuring that a safety constraint g(xt) ≤ h is satisfied for every queried
point xt. Although they provide an upper bound on the sample complexity, they do not provide a lower
bound, and it has been demonstrated in (Wang et al., 2022) that their approach can be highly suboptimal.

On the other hand, (Wang et al., 2022) investigates the best-arm identification problem in multi-armed
bandits. In their setup, at each time step t, they query a value at ∈ A for a specific coordinate it and
aim to identify the coordinate i∗ that satisfies a∗i∗θi∗ ≥ maxi a

∗
i θi, where a∗i∗ denotes the largest value

respecting the safety constraint: a∗i∗ = argmaxa∈A aiθi s.t. aµi ≤ γ. Similar to (Sui et al., 2015; 2020),
they require that the safety constraint atµit ≤ γ holds during the learning process. While they establish
matching upper and lower bounds and consider a slightly more general setting that allows for nonlinear (yet
monotonic) response functions, they treat each coordinate as independent and do not permit information-
sharing between coordinates, which is a key aspect targeted in the linear bandit setting.

In contrast, in (Camilleri et al., 2022), we allow the learner to query unsafe points during exploration
and only require that a safe decision is made at the end of the process. This approach is particularly relevant
in the development of COVID-19 vaccines. For example, during early stages of vaccine trials, some ex-
perimental conditions might initially seem unsafe but-in vitro-could lead to critical insights that ensure the
final vaccine is both safe and highly effective. By allowing for such exploration, our methodology ensures
a more thorough understanding of the vaccine’s efficacy and safety, ultimately leading to better-informed
public health decisions.

This approach ensures that the learner can explore a wider range of conditions, gathering valuable in-
formation that might otherwise be missed if constrained to safe queries only. By the end of the exploration
process, the final decision on the best vaccine candidate is made with a comprehensive understanding of both
its efficacy and safety, aligning with the stringent safety standards required in vaccine development. This
balance between exploration and safety is crucial for the rapid yet responsible development of vaccines,
especially in the face of a global health crisis like the COVID-19 pandemic.

Streaming setting. In the context of COVID-19 vaccine development, ensuring rapid and efficient
identification of the best vaccine candidate is crucial. This scenario can be modeled as a streaming setting in
linear bandits, where the decision-maker must balance between gathering enough evidence and minimizing
the time and resources spent on trials. In our work (Camilleri et al., 2021b), we explore this challenge by
adopting a novel online perspective for linear bandits best arm identification: instead of allowing the agent to
select the next measurement they sample, we restrict their choice to whether they query the label of a given
measurement, sampled independently and identically distributed (iid) at random from a given distribution.

The key difficulty of this selective sampling problem is to carefully trade off between the value of ob-
taining a label at the current time and waiting for a potentially more informative point to arrive in the stream.
For example, in vaccine trials, this could mean deciding whether to analyze the efficacy data of a partici-
pant with common characteristics now or waiting for data from a participant with unique characteristics that
could provide more insight. The agent faces a critical trade-off between the number of labeled samples they
obtain and the point at which they gather enough evidence to make the best decision and stop collecting
more samples. Efficiently managing this trade-off ensures that resources are optimally used, and crucial
public health decisions are made promptly.

In (Camilleri et al., 2021b), we provide key insights into this trade-off between labeled samples and
the duration of the sampling process. We establish an information-theoretic lower bound and propose an
algorithm that achieves nearly optimal results. This balance is vital in the context of COVID-19 vaccine
development, where delays in identifying the most effective vaccine can lead to prolonged health risks and
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economic impacts. Our approach ensures that sufficient evidence is collected to make a well-informed
decision while minimizing the time and resources expended.

We additionally provide experiments corroborating our findings, demonstrating the practical applicabil-
ity of our algorithm in real-world scenarios. These experiments show that our approach can significantly
reduce the number of samples needed while still accurately identifying the best vaccine candidate. This
efficiency is particularly important in a pandemic situation, where time is of the essence and resources are
limited. By applying our streaming setting methodology, we can expedite the vaccine development process,
ensuring that effective vaccines are quickly identified and deployed to maximize public health benefits.

1.2.3 Fairness

Fairness In the context of COVID-19 vaccine development, ensuring that the vaccine distribution is fair
across different demographic groups is crucial. Algorithmic fairness, which has gained significant interest
in recent years, plays a vital role in this process, as evidenced by recent surveys (Barocas et al., 2017;
Hort et al., 2022). Approaches to mitigate fairness disparities can be categorized into three lines of work:
pre-processing, in-processing, and post-processing. Pre-processing aims to remove disparate impact by
modifying the training data (Kamiran and Calders, 2012), while post-processing modifies already learned
classifiers to improve fairness (Hardt et al., 2016).

In our work, we focus on in-processing techniques for bias mitigation, which involve modifying the
learning process to build fair classifiers (Woodworth et al., 2017; Zafar et al., 2017b;a; Donini et al., 2020;
Kallus and Zhou, 2019; Pleiss et al., 2017; Berk et al., 2017; Joseph et al., 2016; 2018; Agarwal et al.,
2018; Cotter et al., 2018). Specifically, we are interested in approaches that treat fairness mitigations in
classification as a constrained optimization problem (Agarwal et al., 2018; Donini et al., 2018; Camilleri
et al., 2023). This focus is particularly relevant when determining the best vaccine candidate for various
demographic groups, ensuring that no group is disproportionately disadvantaged by the decision-making
process.

Fairness Violation Estimation A recent line of work has focused on developing the statistical foundations
of in-processing for bias mitigation, which we will discuss next. Several studies (Ji et al., 2020; Miller et al.,
2021; Barrainkua et al., 2023; Lum et al., 2022) have highlighted and proposed methods to address the issue
of large variance in fairness violation estimates. For instance, (Ji et al., 2020) suggests a Bayesian method
to obtain fairness measurements with reduced variance, and (Barrainkua et al., 2023) proposes a Bayesian
inference strategy for more stable fairness measurements estimates. Similarly, (Miller et al., 2021) presents a
multi-level modeling approach to construct tighter empirical confidence intervals for fairness measurements.

Notably, (Lum et al., 2022) identifies a potential statistical bias in fairness metrics commonly used in
the literature. Instead of directly addressing this bias, they suggest alternative fairness definitions that have
statistically unbiased estimators. In contrast, our work aims to tackle the bias issues directly for the fairness
metrics typically of interest. Building on these prior works, our study (Camilleri et al., 2023) establishes
concentration bounds on empirical fairness estimates in a rigorous manner and evaluates the performance of
fairness estimates through experimental analysis.

In the application to COVID-19 vaccine development, these fairness considerations are crucial. For
example, it is essential to ensure that vaccine efficacy is measured and reported fairly across different de-
mographic groups, such as age, race, and socioeconomic status. By addressing fairness violations directly
and providing reliable fairness estimates, our methodology helps ensure that vaccine distribution policies
are equitable and just, preventing any demographic group from being unfairly prioritized or neglected. This
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not only improves public trust in the vaccination process but also enhances overall public health outcomes
by ensuring a fair and effective distribution of the vaccine.

1.2.4 Active learning

In the context of COVID-19 vaccine development, active learning has proven to be an invaluable tool. The
high cost and logistical challenges associated with labeling vast amounts of clinical trial data make active
learning essential for efficiently identifying the most promising vaccine candidates. Active learning allows
for the strategic selection of the most informative data points to label, thus accelerating the development
process by producing precise hypotheses with fewer labeled samples (Settles, 2011).

Active learning has been extensively studied over the past five decades, as evidenced by various research
and surveys (Hanneke et al., 2014). Most active learning approaches select samples to label based on uncer-
tainty measures such as entropy of predictions, margin, and disagreement (Cohn et al., 1994; Beygelzimer
et al., 2009; Dasgupta, 2005; Balcan et al., 2006; 2007; Wang and Singh, 2015). These approaches have also
been subject to analysis (Castro and Nowak, 2007; Dasgupta et al., 2009; Hanneke and Yang, 2014; Muss-
mann and Dasgupta, 2022). In the case of vaccine trials, selecting data points with the highest uncertainty
helps identify the most informative patient responses, thereby optimizing the trial design and speeding up
the path to an effective vaccine.

Recent breakthroughs have connected best-arm identification for linear bandits with classification, open-
ing up new possibilities for active learning through experiment design (Katz-Samuels et al., 2021; Camilleri
et al., 2021b; 2022; 2023). These approaches are based on experimental design, aiming to maximize infor-
mation gain by querying points in the disagreement region. In the active learning algorithms described in
(Camilleri et al., 2022; 2023), the agent computes a design by utilizing classifiers that have been trained with
perturbed labels. This strategy is motivated by the randomized exploration approach introduced by (Kveton
et al., 2019), where they demonstrate that randomized exploration functions as a form of posterior sampling.

Active learning with FDR constraint. The investigation of precision constraints in the adaptive context
has received limited attention thus far. In COVID-19 vaccine trials, ensuring the precision of selected data
points under constraints such as False Discovery Rate (FDR) is crucial for reliable results. Prior to our
research (Camilleri et al., 2022), only a few studies, such as (Bennett et al., 2017; Jain and Jamieson, 2020),
have explored this area. Our work has contributed to this field by developing methods that ensure precision
in the adaptive sampling process, which is essential for making informed and accurate decisions during
vaccine development.

Fair active learning. Ensuring fairness in the distribution and efficacy of COVID-19 vaccines is another
critical challenge. Recent efforts have been devoted to achieving a favorable "fairness-error" trade-off in
classifiers, given a label budget. Some notable works in this area include (Anahideh et al., 2021; Sharaf et al.,
2022; Fajri et al., 2022). However, these works suffer from various limitations, such as poor generalization
in handling fairness violations, minimal accuracy improvements compared to baseline methods, or limited
capability to address standard group fairness metrics.

In (Camilleri et al., 2023), we propose a solution to the novel problem of reliably achieving fair active
classification. It is important to note that our objective is to produce a classifier with fairness violations below
a desired tolerance, as we recognize the significance of ensuring fairness in critical situations. In contrast, the
aforementioned works primarily focus on quantifying the trade-off between fairness and accuracy, without
guaranteeing that the resulting classifier falls within any specific tolerance level.
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Other related studies have addressed similar problems under different fairness constraints. For example,
(Shen et al., 2022; Cao and Lan, 2022a) focus on discovering classifiers that satisfy metric-fair constraints,
while (Abernethy et al., 2021; Shekhar et al., 2021; Cai et al., 2022; Branchaud-Charron et al., 2021) target
data collection methods for achieving min-max fairness. These metrics differ significantly from the group
fairness metrics we consider, necessitating distinct methodologies.

In conclusion, just as strategic sample selection was crucial in the rapid and fair development of the
COVID-19 vaccine, active learning principles and fairness considerations are critical in developing robust
and equitable machine learning models. By ensuring that our algorithms can operate efficiently and fairly
under various constraints, we can better handle real-world challenges like those encountered during the
pandemic.

1.3 Thesis Outline

This thesis is structured to delve into various dimensions of interactive learning deployment, focusing on ad-
dressing critical challenges and advancing methodologies for responsible and effective model development.
The following chapters outline the key contributions and findings of this research endeavor:

Chapter 1: Introduction
The introductory chapter sets the stage by delineating the landscape of machine learning deployment in
contemporary times, emphasizing the importance of balancing innovation with responsible practices. It pro-
vides a comprehensive overview of the challenges and opportunities inherent in the rapid advancement of
machine learning technologies.

Chapter 2: High-Dimensional Experimental Design and Kernel Bandits
This chapter explores the realm of high-dimensional experimental design and its application in kernel bandit
settings. It delves into the intricacies of modeling smooth reward functions in Reproducing Kernel Hilbert
Spaces (RKHS) and presents novel algorithms for regret minimization and pure exploration tasks.

Chapter 3: Nearly Optimal Algorithms for Level Set Estimation
Here, the focus shifts to the problem of level set estimation in kernel bandits, where the objective is to
identify sets of points with rewards exceeding a certain threshold. The chapter introduces nearly optimal
algorithms and analyzes their performance in terms of sample complexity and computational efficiency.

Chapter 4: Selective Sampling for Online Best-arm Identification
This chapter explores a novel perspective on online best-arm identification by introducing the concept of
selective sampling. It investigates the trade-offs between labeled samples and sampling duration, presenting
algorithms that achieve nearly optimal results in this context.

Chapter 5: A/B Testing and Best-arm Identification for Linear Bandits with Robustness to Non-
stationarity
Building upon the foundation laid in earlier chapters, this section focuses on A/B testing and best-arm iden-
tification for linear bandits, specifically addressing robustness to non-stationarity. It examines algorithms
that adaptively navigate dynamic environments while maintaining optimal performance.

Chapter 6: Active Learning with Safety Constraints
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This chapter bridges the gap between active learning methodologies and best-arm identification, leveraging
insights from the linear bandits problems addressed in previous chapters. It explores algorithms designed to
facilitate safe decision-making while effectively utilizing unlabeled data. By integrating safety constraints
into the active learning paradigm, this research endeavors to enhance the reliability and robustness of ma-
chine learning models in real-world applications.

Chapter 7: Fair Active Learning in Low-Data Regimes
The final chapter addresses the critical issue of fairness in machine learning, particularly in low-data regimes.
It explores methodologies for achieving fair classification outcomes while operating within constrained la-
bel budgets, offering insights into the intersection of fairness and efficiency in active learning settings.

Chapter 8: Conclusion, Impact and Future Directions
The concluding section summarizes the key findings and contributions of the thesis, reflecting on the impli-
cations for the field of machine learning.
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Chapter 2

High-Dimensional Experimental Design and
Kernel Bandits

2.1 Introduction

This chapter studies a non-parametric multi-armed bandit game through the lens of experimental design. Fix
a finite set of measurements X ⊂ Rd and a function µ : X → R. We consider the following game between
a learner and nature: at each time t = 1 . . . T , the learner requests xt ∈ X and nature immediately reveals

yt = µxt + ξt

where {ξt}Tt=1 is a sequence of independent, mean-zero random variables with bounded variance. We are
interested in two objectives:

Regret minimization In this setting, we evaluate the performance of an algorithm choosing actions {xt}Tt=1

by its cumulative regret: RT = maxx∈X
∑T

t=1 (µx − µxt).

Pure exploration in the PAC setting For a tolerance ϵ ≥ 0 and confidence level δ ∈ (0, 1), the aim of the
learner in pure exploration is to sequentially take samples until a learner-defined stopping criterion is met,
at which time the learner outputs an arm x̂ ∈ X such that µx̂ ≥ maxx∈X µx − ϵ with probability at least
1− δ.

To aid us in our objectives, we assume some structure on the reward function µ.

Assumption 1. There exists a known feature map ϕ : Rd 7→ H that maps each x ∈ X to a (possibly infinite
dimensional) Hilbert space H, and moreover, there exists a θ∗ ∈ H and h ≥ 0 such that maxx∈X |µx −
⟨θ∗, ϕ(x)⟩H| ≤ h.

Consequently, if h is not too big, the expected value of each of the observations yt is nearly a linear
function of its associated features ϕ(xt). We say the model is misspecified when h > 0, and otherwise the
setting is well-specified and reduces to the classical stochastic setting when h = 0.

Assumption 2. Rewards are bounded maxx∈X |µx| ≤ B.

Assumption 3. For every time t, the additive stochastic noise ξt is independent, mean-zero with E[ξ2t ] ≤ σ2.

While we assume the learner knows B and σ2, we assume that the learner does not know the extent of
the model misspecification h ≥ 0. Note that we do not assume ξt is bounded, indeed, it can even be heavy
tailed.
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2.1.1 Elimination algorithms and experimental design

Whether the model is misspecified (h > 0) or not (h = 0), a popular class of algorithms for both the
objectives of regret minimization and pure exploration is known as elimination algorithms. Elimination
algorithms proceed in stages, maintaining a set X̂ ⊂ X of candidates that may achieve maxx∈X µx given
all previous observations. At the beginning of the stage ℓ ≥ 1 the algorithm decides which measurements
to take, nature reveals the observations, and the stage ends by constructing an estimate µ̂(·) of µ(·) and
removing all elements x ∈ X̂ from X̂ where max

x′∈X̂ µ̂x′ − µ̂x > ϵℓ. This process is repeated indefinitely
in the case of regret minimization, or until X̂ contains a single element in the case of pure exploration. To
be as effective as possible at discarding as many candidates as possible in the elimination stage (without
discarding the best arm), a natural strategy of selecting how many and which measurements to take in the
beginning of the round is to select x1, . . . , xn ∈ X to accurately estimate the differences of the estimates

max
x,x′∈X̂

(µ̂x′ − µ̂x)− (µx′ − µx) ≤ ϵℓ. (2.1)

If x∗ := argmaxx∈X µx and x∗ ∈ X̂ at the start of the round, then we have that x∗ will not be eliminated at
the end since

max
x′∈X̂

µ̂x′ − µ̂x∗ ≤ max
x′∈X̂

µx′ − µx∗ + ϵℓ ≤ ϵℓ.

And moreover, it is straightforward to show that after the discarding step of stage ℓ, max
x∈X̂ µx∗−µx ≤ 2ϵℓ.

To guide our choice of x1, . . . , xn ∈ X to achieve (2.1), we exploit the assumed (nearly) linear model of
above.

2.1.2 Optimal experimental design and the problem of rounding continuous designs

This section introduces the method of experimental design with the goal of achieving (2.1) by taking as few
total samples as possible. Shortly, we will consider the case when h > 0 and ϕ is an arbitrary feature map.
But for now, let us make the simplifying assumption that h = 0, ϕ is the identity map so that µx = ⟨θ∗, x⟩,
and ξt ∼ N (0, σ2). Thus, if at time t we select xt ∈ X ⊂ Rd we observe ⟨θ∗, xt⟩ + ξt. Suppose we
observed pairs {(xt, yt)}Tt=1 where each xt ∈ X was chosen independently of any ys for s ≤ t. If we
wished to achieve (2.1) for X̂ ⊂ X with µx = ⟨x, θ∗⟩, perhaps the most natural way forward would be to
compute the least squares estimator θ̂LS = argminθ

∑T
t=1(yt − ⟨xt, θ⟩)2, and set µ̂x = ⟨θ̂LS , x⟩. Then

(2.1) is equivalent to maxv∈V⟨θ̂LS − θ∗, v⟩ ≤ ϵℓ with V = X̂ − X̂ . By a standard sub-Gaussian tail-bound
(Lattimore and Szepesvári, 2020), we have with probability at least 1− δ that for all v ∈ V ⊂ Rd

|⟨v, θ̂LS − θ∗⟩| ≤ ∥v∥(∑T
t=1 xtx

⊤
t )−1

√
2σ2 log(2|V|/δ), (2.2)

where we adopt the notation ∥z∥A =
√
z⊤Az for any z ∈ Rd and symmetric semi-definite positive A.

Note that this error bound only depends on those xt measurements that we choose before any responses
yt are observed. This allows us to plan, that is, choose the T measurement vectors to minimize the RHS
of (2.2). Unfortunately, this minimization problem is known to be NP-hard (Pukelsheim, 2006; Allen-Zhu
et al., 2017). As a consequence, approximation algorithms based on the relaxation

λ̄ = argminλ∈△X
max
v∈V

v⊤
(∑

x∈X λxxx
⊤)−1

v (2.3)

have been proposed. These first solve for λ̄ and “round” this to a discrete allocation of measurements.
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Deterministic rounding Perhaps the simplest scheme is to obtain a solution λ̄ of (2.3) and then sample
x ∈ X exactly ⌈λ̄xT ⌉ times. In the worst case, this will result in |support(λ̄)| additional measurements than
the intended T . Caratheodory’s theorem provides a polynomial-time algorithm for constructing λ̃ ∈ △X
such that

∑
x∈X λ̃xxx

⊤ =
∑

x∈X λ̄xxx
⊤ and |support(λ̃)| ≤ (d + 1)d/2. However, more sophisticated

rounding procedures exist. (Allen-Zhu et al., 2017) inflates the RHS of (2.2) by a constant factor while only
requiring that T = Ω(d). When V = X , another strategy is to solve the optimization problem (2.3) with
a Frank-Wolfe style algorithm that is terminated only after O(d log log(d)) iterations so that the rounding
according to the naive ceiling operation only inflates T by the number of iterations which is O(d log log(d))
(Todd, 2016).

Stochastic rounding Another basic rounding algorithm simply samples x1, . . . , xT ∼ λ̄. Unfortunately,
using the least squares estimator θ̂LS , we may have that

∑T
t=1 xtx

⊤
t deviates dramatically from T

∑
x∈X λ̄xxx

⊤

for moderate T , thus any guarantees require T to be poly(d) and moreover, performance relies on the spec-
trum of

∑
x∈X λ̄xxx

⊤ (Rizk et al., 2020). As a consequence, (Tao et al., 2018) proposed using the inverse
propensity score (IPS) estimator θ̂IPS := (

∑
x∈X λ̄xxx

⊤)−1( 1
T

∑T
t=1 xtyt). From (Tao et al., 2018), with

probability at least 1− δ we have for all v ∈ V simultaneously

|⟨v, θ̂IPS − θ∗⟩| ≤

√
2σ2 ∥v∥2A(λ̄)−1 log(2|V|/δ)

T
+

log(2|V|/δ)(1 + maxx∈X |v⊤A(λ̄)−1x|)
T

. (2.4)

whereA(λ) :=
∑

x∈X λxxx
⊤. The second term of (2.4) accounts for potentially rare but large deviations of

size maxx∈X |v⊤A(λ̄)−1x|. Sadly, this second term is cumbersome in analyses since it can dominate the first
term, and it cannot be removed in the worst-case. A final class of algorithms rely on proportional volume
sampling, or sampling from a determinantal point process (DPP), but are limited to specific optimality
criteria (Nikolov et al., 2019; Derezinski et al., 2020).

2.1.3 Main contributions

The main contributions of the work described in this chapter (Camilleri et al., 2021a) include a novel scheme
for experimental design and its application to kernel bandits.

• We propose an estimator θ̂RIPS that overcomes many of the shortcomings of the prior art reviewed in
Section 2.1.2 for h = 0 and ϕ ≡ identity. For any fixed θ∗ ∈ Rd, V ⊂ Rd,X ⊂ Rd, λ ∈ △X , and
T ∈ N, if T samples are drawn randomly according to λ to construct θ̂RIPS , then with probability at
least 1− δ we have for all v ∈ V

|⟨v, θ̂RIPS − θ∗⟩| ≤ ∥v∥(∑x∈X λxxx⊤)−1

√
c(σ2 +B2) log(2|V|/δ)

T

for an absolute constant c. Note that our method puts no restrictions on T but matches the ideal
discrete allocation of (2.2) up to a constant by realizing that

infλ∈△X maxv∈V ∥v∥(∑x∈X Tλxxx⊤)−1

min{xt}Tt=1∈X
maxv∈V ∥v∥(∑T

t=1 xtx
⊤
t )−1

≤ 1.

We also note that we only assume the stochastic noise has bounded variance and do not rule out
heavy-tailed distributions. The estimator θ̂RIPS is a special case of our more general estimator.
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• We extend our estimator to the misspecified setting where h ≥ 0 and to use feature maps ϕ : Rd → H
for an RKHSH. WhenH can represent a high or even an infinite dimensional space, restrictions on T
based on the dimension start to become paramount. For any fixed θ∗ ∈ H, V ⊂ H,X ⊂ Rd, λ ∈ △X ,
T ∈ N, and γ ≥ 0, if T samples are drawn randomly according to λ to construct θ̂RIPS(γ), then with
probability at least 1− δ we have for all v ∈ V

|⟨v,θ̂RIPS(γ)− θ∗⟩| ≤ ∥v∥(∑x∈X λxϕ(x)ϕ(x)⊤+γI)−1 ×
(√

γ∥θ∗∥2 + h+

√
c(σ2 +B2) log(2|V|/δ)

T

)
.

Note that since H may be infinite-dimensional, the estimator θ̂RIPS(γ) is constructed implicitly and
is implemented through kernel evaluations only.

• We empirically compare θ̂RIPS(γ) to the sampling and estimator pairs of Section 2.1.2 and show that
θ̂RIPS(γ) is competitive on both finite dimensionalG-optimal design as well as its regularized RKHS
variant sometimes called Bayesian experimental design.

• We employ θ̂RIPS(γ) in a novel elimination style algorithm for kernel bandits. Our regret bounds
match state of the art results in the well-specified setting, and are the first linear bounds that we are
aware of for the misspecified setting. In addition, we state an instance-dependent pure-exploration
result for identifying an ϵ-good arm with probability at least 1− δ that compares favorably to known
lower bounds. One advantage of our algorithm over prior kernel bandits and Bayesian Optimization
algorithms (Srinivas et al., 2009; Valko et al., 2013; Frazier, 2018) is that our approach naturally
allows for taking batches of pulls per round.

2.2 Robust Inverse Propensity Score (RIPS) estimator

In this section we introduce the θ̂RIPS estimator. In finite dimensions, our estimator first constructs θ̂IPS
but then to avoid the large deviations term of (2.4) applies robust mean estimation on each ⟨v, θ∗⟩ to obtain
a θ̂RIPS which is consistent with all of these estimates. When we move to an RKHS setting, we add
regularization to avoid vacuous bounds and account for the introduced bias. The bias of misspecification is
handled similarly. We begin with robust mean estimation.

Definition 1. Let X1, . . . , Xn be i.i.d. random variables with mean x̄ and variance ν2. Let δ ∈ (0, 1).
We say that µ̂(X1, . . . , Xn) is a δ-robust estimator if there exist universal constants c1, c0 > 0 such that if
n ≥ c1 log(1/δ), then with probability at least 1− δ

|µ̂({Xt}nt=1)− x̄| ≤ c0
√
ν2 log(1/δ)

n
.

Examples of δ-robust estimators include the median-of-means estimator and Catoni’s estimator (Lugosi
and Mendelson, 2019). This chapter employs the use of the Catoni estimator which satisfies |µ̂({Xt}nt=1)−
x̄| ≤

√
2ν2 log(1/δ)
n−2 log(1/δ) for n > 2 log(1/δ) which leads to an optimal leading constant as n→∞. We will use a

separate robust mean estimate for each v ∈ V . In particular, to estimate ⟨v, θ∗⟩we use µ̂({v⊤A(γ)(λ)−1ϕ(xt)yt}Tt=1)
where

A(γ)(λ) :=
∑
x∈X

λxϕ(x)ϕ(x)
⊤ + γI. (2.5)

Our RIPS procedure for experimental design in an RKHS is presented in Figure 2.1. It has the following
guarantee.
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Algorithm 2.1. RIPS for Experimental Designs in an RKHS

Input: Finite sets X ⊂ Rd and V ⊂ H, feature map ϕ : Rd → H, number of samples τ , regularization
γ > 0, robust mean estimator µ̂ : R∗ → R

λ∗ := arg min
λ∈△X

max
v∈V
∥v∥

(
∑

x λxϕ(x)ϕ(x)
⊤+γI)

−1 (2.6)

Randomly draw x̃1, . . . , x̃τ from X according to λ∗

Set W (v) = µ̂({v⊤A(γ)(λ∗)−1ϕ(x̃t)ỹt}τt=1)

Set θ̂ := argmin
θ

max
v∈V

|⟨θ, v⟩ −W (v)|
∥v∥(∑x∈X λ∗xϕ(x)ϕ(x)

⊤+γI)−1

Return: {W (v)}v∈V , θ̂

Figure 2.1: In this chapter, we assume each element in V is a linear combination of ϕ ◦ X which makes
all quantities well-defined and can be computed using kernel evaluations k(x, x′) := ⟨ϕ(x), ϕ(x′)⟩H.
Moreover, Equation 2.6 is convex with gradients that can be computed using kernel evaluations (See Sec-
tion 2.2.3).

Theorem 1. Fix any finite sets X ⊂ Rd and V ⊂ H, feature map ϕ : Rd → H, number of samples τ and
regularization γ > 0. If the RIPS procedure of Figure 2.1 is run with δ

|V| -robust mean estimator µ̂(·) and if
τ ≥ c1 log(|V|/δ) then with probability at least 1− δ, we have

max
v∈V

|W (v) − ⟨θ∗, v⟩|
∥v∥(∑x∈X λxϕ(x)ϕ(x)⊤+γI)−1

≤ √γ∥θ∗∥2 + h+ c0

√
(B2+σ2)

τ log(2|V|/δ),

Moreover, W (v) = µ̂({v⊤A(γ)(λ)−1ϕ(xt)yt}τt=1) can be replaced by ⟨θ̂, v⟩ by multiplying the RHS by a
factor of 2.

Proof sketch. Due to the regularization and potential misspecification if h > 0, each v⊤A(γ)(λ)−1ϕ(xt)yt
is biased. Thus, we apply the guarantee of W (v) = µ̂({v⊤A(γ)(λ)−1ϕ(xt)yt}τt=1) to the expectation of its
arguments. The triangle inequality followed by repeated applications of Cauchy-Schwartz yields

|W (v) − ⟨v, θ∗⟩| ≤|W (v) − E[v⊤A(γ)(λ)−1ϕ(x1)y1]|+ |E[v⊤A(γ)(λ)−1ϕ(x1)y1]− ⟨v, θ∗⟩|

≤c0
√
ν2 log(1/δ)

τ
+
√
γ∥θ∗∥2 + h

where we obtain an upper bound on the variance ν2 by

Var(v⊤A(γ)(λ)−1ϕ(x1)y1) ≤ E[(v⊤A(γ)(λ)−1ϕ(x1)y1)
2]

= E
[(
v⊤A(γ)(λ)−1ϕ(x1)

)2
µ2x1

]
+ E

[(
v⊤A(γ)(λ)−1ϕ(x1)

)2
ξ21

]
≤ (B2 + σ2)∥v∥2

A(γ)(λ)−1 .
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2.2.1 Practical implementation of the algorithms

The construction of θ̂ in the algorithms may–at first glance–look confusing in the infinite dimensional case.
In actuality, the equivalent dual representation θ̂ =

∑|X |
i=1 αiϕ(xi) would be used. That is, the potentially

infinite dimensional object θ̂ is represented by a finite dimensional weight vector α ∈ R|X |. With that, the
optimizations in the algorithms (e.g., to compute the RIPS estimator) are over the dual vector α ∈ R|X |, and
inner products ⟨θ̂, v⟩ =∑|X |

i=1 αi⟨ϕ(xi), v⟩ are computed using the kernel matrix of X since in all instances
of v used in the algorithms, v is a linear combination of {ϕ(x)}x∈X .

2.2.2 Comparison to IPS estimator

Note the difference between the bound of RIPS in Theorem 1 with the bound of the IPS estimator stated
in equation (2.4). Consider the setting of equation (2.4). Ignoring log factors and constants, the confidence

bound of the IPS estimator essentially scales as

√
σ2∥v∥2

A(λ̄)−1

T + maxx∈X |v⊤A(λ̄)−1x|
T , while the confidence

bound of RIPS essentially scales as

√
σ2∥v∥2

A(λ̄)−1

T . It can be shown that in the instance in the experiment

corresponding to figure 2.2c, the term maxx∈X |v⊤A(λ̄)−1x|
T ≈ d

T while

√
σ2∥v∥2

A(λ̄)−1

T ≈
√
d√
T

. Thus, the first
term dominates by a polynomial factor in the dimension until T ≥ d, and the experiment shows that indeed
the IPS estimator has larger deviations than RIPS, as suggested by the above upper bounds.

2.2.3 Experimental Design optimization in an RKHS

We now discuss how to actually compute an allocation in a potentially infinite dimensional RKHS H. The
following lemma will be helpful and is proved in the appendix.

Lemma 1. If Aλ =
∑

x∈X λxϕ(x)ϕ(x)
⊤ then for a, b ∈ H

a⊤(Aλ + γI)−1b =
1

γ
a⊤b− 1

γ
kλ(a)

⊤(Kλ + γI|X |)
−1kλ(b)

with kλ(·) ∈ R|X | so that for any c ∈ H, [kλ(c)]i =
√
λiϕ(xi)

⊤c, and Kλ ∈ R|X |×|X | so that

[Kλ]i,j =
√
λi
√
λjϕ(xj)

⊤ϕ(xj) =:
√
λi
√
λjk(xi, yi).

For x ∈ X , [kλ(x)]i =
√
λiϕ(xi)

⊤ϕ(x) =
√
λik(xi, x).

If we call f(λ) the argument of Equation 2.6 in Figure 2.1, and v̄ ∈ argmaxv∈V v
⊤ (∑

x∈X λxϕ(x)ϕ(x)
⊤ + γI

)−1
v

then the computation of the gradient of λ 7→ f(λ) equals

[∇λf(λ)]i = −
(
v̄⊤(

∑
x∈X

λxϕ(x)ϕ(x)
⊤ + γI)−1ϕ(xi)

)2
.

Importantly, in this chapter V will always be a linear combination of {ϕ(x)}x∈X (e.g. V = X − X ), thus
the last quantity can be computed only using kernel evaluations thanks to Lemma 1. We use first order
optimization methods to minimize λ 7→ f(λ) since it is convex.
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(a) G-Optimal Experiment (b) Kernel Experiment (c) RIPS vs IPS Experiment

2.2.4 Project-Then-Round (PTR) for RKHS designs

To the best of our knowledge, the RIPS procedure of Figure 2.1 is novel and should be benchmarked.
To design a baseline, we take inspiration from previous works on experimental design in an RKHS. For
instance, (Alaoui and Mahoney, 2014) employ a sampling distribution related to statistical leverage scores
to construct a sketch of the kernel matrix using a Nystrom approximation. The objective in that problem
is closest to V -optimal design which aims to minimize the sum-squared error

∑
x∈X E[⟨x, θ̂ − θ∗⟩2] (note,

our work here is concerned with G-optimal-like objectives, or worst-case error over X ). The Nystrom
approximation to the kernel matrix effectively projects the problem to a low dimensional sub-space where
finite-dimensional rounding techniques like those reviewed in Section 2.1.2 can be applied. (Bach, 2015)
also relies on a sampling distribution to approximate integrals using kernels with an objective similar to V
optimal.

We describe in Algorithm 2.2 the baseline procedure we call Project-Then-Round (PTR), that employs
the finite rounding technique of (Allen-Zhu et al., 2017) described in Section 2.1.2.

Algorithm 2.2. PTR for Experimental Designs in an RKHS

Input: Finite sets X ⊂ Rd and V ⊂ H, feature map ϕ : Rd → H, regularization γ > 0
Fix any λ ∈ △X .
Compute [K]i,j = k(xi, xj) = ⟨ϕ(xi), ϕ(xj)⟩H the kernel matrix of the set of points X = {x1, . . . , xn}.
Consider a decomposition K = Φ̂Φ̂⊤ with Φ̂ ∈ Rn×n such that the rows of Φ̂ called ϕ̂(xi) ∈ Rn are used
to compute Â(λ) =

∑n
i=1 λiϕ̂(xi)ϕ̂(xi)

⊤.
Diagonalize Â(λ) as Â(λ) = V DV ⊤ with D diagonal matrix with coefficients (d1 ≥ d2 ≥ . . . ≥ dn).
Define the effective dimension as

d̃(λ, γ) = max{i ∈ [n] : di ≥ γ}.

Choose k = d̃(γ, λ) ∈ [n] and denote Vk as the top k eigenvectors of Â(λ).
Compute the projections V ⊤

k ϕ̂(x1), . . . , V
⊤
k ϕ̂(xn) ∈ Rk

Use the rounding procedure of (Allen-Zhu et al., 2017) to obtain the desired sparse allocation {x̃i}τi=1.
Return: {x̃i}τi=1

This procedure enjoys the following guarantees.

Theorem 2. Consider the procedure of Algorithm 2.2. If the number of measurements τ satisfies τ =
Ω(d̃(γ, λ)), then

max
v∈V
∥v∥2

(
∑τ

i=1 ϕ(x̃i)ϕ(x̃i)
⊤+τγI)

−1 ≤ max(2, 1 + ϵ)max
v∈V
∥v∥2

(
∑

x∈X τλxϕ(x)ϕ(x)⊤+τγI)
−1 .
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where d̃(γ, λ) is defined in the algorithm.

We refer the reader to the appendix for the proof of Theorem 2. This procedure performs rounding
in a finite dimensional subspace which is a projection of the initial feature space of potentially infinite
dimension. With Theorem 2 one can obtain a guarantee similar to that of Theorem 1 up to a constant
whenever τ = Ω(d̃(λ, γ)). Though this effective dimension is rarely the dominating factor in analyses, it is
cumbersome to keep around and bound.

2.2.5 Empirical evaluation of allocation methods

We briefly describe illustrative experiments (see the supplementary material for more details).
G-optimal design experiment: We generate x1, . . . , xn by sampling x̃i ∼ N(0,Σ) with Σi,i = 1 if

i ≤ d − 10, Σi,i = .1 if i > d − 10 and all other entries of Σ set to 0. Then, we set xi = x̃i
∥x̃i∥ . We

use θ∗ = 1√
d
1. We set d = 50 and n = d(d+1)

2 . We use mirror descent to solve the G-optimal design
problem. We compare RIPS with IPS, Caratheodory’s algorithm with the ceiling rounding technique (LS
Caratheodory), the rounding technique in (Allen-Zhu et al., 2017) (LS Regsel), and the random sampling
approach taken in (Rizk et al., 2020) (LS Sampling). Figure 2.2a depicts the results, and shows that RIPS
performs comparably to these other approaches. It also illustrates the shortcomings of the Caratheodory
rounding algorithm, which does not return an estimate for T ≤ 1275, while the other algorithms have
already learned nontrivial estimates of θ∗ for much smaller values of T .

G-optimal design in an RKHS: We let X = {0, ( 1
m)2, . . . , (m−1

m )2, 1} with m = 500 and use the

RBF kernel K(x, x′) = exp(−∥x−x′∥2
2φ2 ) with bandwidth parameter φ = 0.025. Due to this being an infinite

dimensional kernel, the ambient dimension for m points is equal to m. We focus on the regime T < m
where standard rounding schemes do not apply and compare PTR with regularization γ, θ̂RIPS(γ), and
θ̂IPS(γ) := A(γ)(λ)−1( 1

T

∑T
t=1 xtyt) where we set γ = 0.005. Figure 2.2b depicts the results, showing that

PTR(γ) does slightly better than IPS(γ) and RIPS(γ), and that all three algorithms have learned non-trivial
estimates of θ∗ using hundreds of samples fewer than standard rounding algorithms require to even output
an estimate.

RIPS vs. IPS: While IPS has similar performance to RIPS in the two previous experiments, RIPS
performs dramatically better in some settings. Let m ∈ N and d = m2 + m. Inspired by combinatorial
bandits, we consider a setting where the measurement vectors X = {e1, . . . , ed} consist of the standard
basis vectors, θ∗ = −1, and the performance metric for an estimator θ̂ is E supi∈[m2] |v⊤i (θ̂ − θ∗)| where
vi =

∑m
j=1 ej+ei+m. We compare the performance of IPS against RIPS form ∈ {12, 14, 16} and estimate

the expected maximum deviation at T = 4m. Figure 2.2c shows that as m grows, the performance of IPS
degrades relative to RIPS, reflecting that IPS has large deviations in comparison to our proposed estimator
RIPS.

2.3 Algorithms for Kernelized Bandits

We now leverage our proposed RIPS estimator of Algorithm 2.1 for the kernel bandits problem in an elim-
ination style algorithm as introduced in Section 2.1.1. In this section we provide different algorithms to
solve the regret minimization and pure exploration problems. This section illustrates the benefits of using
our RIPS estimator. In particular, the estimator enables us to design a regret minimization algorithm that
trivially supports batching while enjoying state of the art performance in the well-specified setting. In addi-
tion, this same algorithm is robust to model misspecification, suffering only linear regret with respect to that
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approximation error without any prior knowledge on this error (guarantees that, to the best of our knowl-
edge, our novel). Last but not least, applying our RIPS estimator to pure exploration tasks leads to the first
best arm identification provably robust to misspecification.

2.3.1 RIPS for Regret minimization

As introduced in Section 2.1, our objective is to develop an algorithm that minimizes regret under the general
stochastic and misspecified setting (Assumptions 1-3). Specifically, when pulling arm x ∈ X at time t we
observe a random variable µx + ξt where ξt is independent, mean-zero noise with variance σ2. We assume
there exists a θ∗ ∈ H and known feature map ϕ : X → H such that maxx∈X |µx − ⟨θ∗, ϕ(x)⟩| ≤ h where
h ≥ 0 is unknown to the learner. That is, µx is well-approximated by the linear function ⟨θ∗, ϕ(x)⟩ but may
deviate from it by an amount h ≥ 0. Because of model misspecification in the case when h > 0, we should
not hope to obtain sub-linear regret if we seek a regret bound that grows only logarithmically in |X | and
polynomial in d.

Algorithm 2.3 is a phased elimination strategy where at each round a (regularized) G-optimal design is
performed to minimize the variances of the estimates of all the arms and then arms are discarded if their
sub-optimality gap is deemed too large (under the assumed linear model). Due to model misspecification,
we should only expect this approach to work until hitting a kind of noise floor defined by the level of
misspecification h, as suggested from the guarantee from Theorem 1. The algorithm is a combination of our
RIPS estimator for the RKHS setting and the robust algorithm of (Lattimore et al., 2020).

Theorem 3. With probability at least 1− δ, the regret of Algorithm 2.3 satisfies

T∑
t=1

µx − µxt ≲ c1 log(|X |/δ) +
√

max
V⊂X

f(V, γ)
(
T (h+

√
γ∥θ∗∥) +

√
c20(σ

2 +B2)T log(|X | log(T )/δ)
)

(2.7)

where f(V, γ) = inf
λ∈△V

sup
y∈V
∥ϕ(y)∥2(∑x∈X λxϕ(x)ϕ(x)⊤+γI)−1 .

Choosing γ = 1/T , δ = 1/T yields an expected regret of

E
[ T∑
t=1

µx∗ − µxt
]
≤ c′

√
max
V⊂X

f(V, 1
T )
(
hT +

√
log(|X |T )T

)
where c′ = O(

√
∥θ∗∥2 + σ2 +B2). Note that the hT term due to model misspecification is comparable

to the one in (Lattimore et al., 2020). Prior works such as (Srinivas et al., 2009; Valko et al., 2013) have
demonstrated expected regret bounds in the well-specified (h = 0) setting that scale like

√
γTT log(|X |)

where

γT := max
λ∈△X

log det(TA(0)(λ) + γI). (2.8)

where A(0)(λ) is defined as in (2.5). The following lemma shows that our own regret bound is never worse
than these results.

Lemma 2. Let γT be defined as in (2.8). Then

max
V⊂X

f(V, 1
T ) = max

V⊂X
inf
λ∈△V

sup
y∈V
∥ϕ(y)∥2

A(1/T )(λ)−1 ≤
3

2
γT .
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Algorithm 2.3. RIPS for Regret Minimization

Input: Finite sets X ⊂ Rd (|X | = n), feature map ϕ, confidence level δ ∈ (0, 1), regularization γ,
sub-Gaussian parameter σ, bound on maximum reward B.

Set X1 ← X , ℓ← 1

while |Xℓ| > 1 do
Let λℓ ∈ △X be a minimizer of f(λ;Xℓ, γ) where

f(V, γ) = inf
λ∈△V

f(λ;V, γ)

= inf
λ∈△V

max
y∈V
∥ϕ(y)∥2(∑y∈V λyϕ(y)ϕ(y)

⊤+γI)−1

Set ϵℓ ← 2−ℓ, q(1)ℓ ← c1 log(|X |/δ)

Set q(2)ℓ ← c20(B
2 + σ2)ϵ−2

ℓ f(Xℓ, γ) log(4ℓ2|X |/δ)

Set τℓ ←
⌈
max

{
q
(1)
ℓ , q

(2)
ℓ

}⌉
Use Algorithm 2.1 with sets Xℓ, Vℓ = ϕ ◦ Xℓ, sampling τℓ measurements x1, . . . , xτℓ to get

{W (v)}v∈Vℓ
.

Set θ̂ℓ := argmin
θ

max
v∈Vℓ

|⟨θ, v⟩ −W (v)|
∥v∥(∑x∈X λℓ,xϕ(x)ϕ(x)⊤+γI)−1

Update active set:

Xℓ+1 =
{
x ∈ Xℓ, max

x′∈Xℓ

⟨ϕ(x′)− ϕ(x), θ̂ℓ⟩ < 4ϵℓ

}
ℓ← ℓ+ 1

Play unique element of Xℓ indefinitely.

The quantity f(X , γ) can also be bounded by a more interpretable form:

Lemma 3. If f(X , γ) = inf
λ∈△X

max
y∈X
∥ϕ(y)∥2

(A(0)(λ)+γI)−1 then

f(X , γ) ≤ Tr
(
A(0)(λ∗D)(A

(0)(λ∗D) + γI)−1
)
= Tr

(
Kλ∗D

(Kλ∗D
+ γI)−1

)
where λ∗D ∈ argmaxλ∈△X log det

(
A(γ)(λ)

)
.

Notably, the RHS of Lemma 3 is the notion of effective dimension that appears in (Alaoui and Mahoney,
2014; Derezinski et al., 2020).

2.3.2 RIPS for Pure Exploration

We consider a slight generalization of the pure exploration setting introduced in Section 2.1. Fix finite
sets X ⊂ Rd and Z ⊂ Rd. We may have X = Z but there are interesting cases in which X ≠ Z
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Algorithm 2.4. RIPS for Pure Exploration

Input: Finite sets X ⊂ Rd, Z ⊂ Rd, feature map ϕ, confidence level δ ∈ (0, 1), regularization γ,
sub-Gaussian parameter σ, bound on maximum reward B, bound on the misspecification noise h.

Let Z1 ← Z, ℓ← 1

while |Zℓ| > 1 do
Let λℓ ∈ △X be a minimizer of f(λ;Zℓ; γ) where

f(V; γ) = inf
λ∈△X

f(λ;V; γ)

= inf
λ∈△X

max
v,v′∈V

∥ϕ(v)− ϕ(v′)∥2(∑x∈X λxϕ(x)ϕ(x)⊤+γI)−1

Set ϵℓ ← 2−ℓ, q(1)ℓ ← c1 log(|Z|/δ)

Set q(2)ℓ ← c20ϵ
−2
ℓ f(Zℓ; γ)(B2 + σ2) log(2ℓ2|Z|2/δ)

Set τℓ ←
⌈
max

{
q
(1)
ℓ , q

(2)
ℓ

}⌉
Use Algorithm 2.1 with sets X , Vℓ = ϕ ◦ Zℓ − ϕ ◦ Zℓ, sampling τℓ measurements x1, . . . , xτℓ to get

{W (v)}v∈Vℓ
.

Set θ̂ℓ := argmin
θ

max
v∈Vℓ

|⟨θ, v⟩ −W (v)|
∥v∥(∑x∈X λℓ,xϕ(x)ϕ(x)⊤+γI)−1

Zℓ+1 =
{
z ∈ Zℓ : max

z′∈Zℓ

⟨ϕ(z′)− ϕ(z), θ̂ℓ⟩ ≤ 2ϵℓ
}

ℓ← ℓ+ 1

Output: Zℓ

including combinatorial bandits and recommendation tasks (Fiez et al., 2019). We say a z ∈ Z is ϵ-good if
µz ≥ maxz′∈Z µz′ − ϵ. In the pure exploration game, for ϵ > 0 and δ ∈ (0, 1) the player seeks to identify
an ϵ-good arm by taking as few measurements in X as possible. Just as in regret minimization games, we
assume that when the player at time t plays xt ∈ X she observes yt = µxt + ξt where ξt is independent
mean-zero noise with variance σ2. Finally, we assume the existence of a θ∗ ∈ H such that

max

{
max
z∈Z
|µz − ⟨θ∗, ϕ(z)⟩|,max

x∈X
|µx − ⟨θ∗, ϕ(x)⟩|

}
≤ h

for some h ≥ 0 that is unknown to the player.
Consider the elimination style algorithm of Algorithm 2.4. The algorithm is a combination of our RIPS

procedure and the algorithm of (Fiez et al., 2019). While the algorithm is inspired by (Fiez et al., 2019),
their analysis only holds in the well-specified setting (h = 0), hence a new proof technique was necessary
to achieve the following result for general h ≥ 0.
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Theorem 4. With z∗ ∈ argmax
z∈Z
⟨z, θ∗⟩, fix any ϵ ≥ ϵ̄ where

ϵ̄ = 8min{ϵ ≥ 0 : 4(
√
γ∥θ∗∥2 + h)(2 +

√
g(ϵ)) ≤ ϵ},

g(ϵ) = inf
λ∈△X

sup
z∈Z:⟨θ∗,ϕ(z∗)−ϕ(z)⟩≤ϵ

∥ϕ(z∗)− ϕ(z)∥2A(γ)(λ)−1

Then with probability at least 1−δ, once the algorithm has taken at least τ samples where τ = Õ(c1 log(|Z|/δ)+
log(ϵ−1)c20(B

2 + σ2) log(|Z|/δ)ρ∗(γ, ϵ)) we have that µẑ ≥ maxz′∈Z −ϵ where ẑ is any arm in the set Zℓ
under consideration after τ pulls and

ρ∗(γ, ϵ) = inf
λ∈∆X

sup
z∈Z

∥ϕ(z∗)− ϕ(z)∥2A(γ)(λ)−1

max{ϵ2, ⟨θ∗, ϕ(z∗)− ϕ(z)⟩2)}
. (2.9)

Note that if X = Z we have

g(ϵ) = inf
λ∈△X

sup
z∈X :⟨θ∗,ϕ(z∗)−ϕ(z)⟩≤ϵ

∥ϕ(z∗)− ϕ(z)∥2A(γ)(λ)−1

≤ 4 inf
λ∈△X

sup
x∈X
∥ϕ(x)∥2

A(γ)(λ)−1

≤ 4Tr((A(0)(λ∗D) + γI)−1A(0)(λ∗D))

where the last line follows from Lemma 3. This means ϵ̄, the limit on how well one can estimate the
maximizing arm, satisfies ϵ̄ ≲ (γ∥θ∗∥+h)Tr((A(0)(λ∗D)+γI)

−1A(0)(λ∗D))
1/2. Thus, if we seek an ϵ-good

arm, we should choose γ to make this right hand side less than ϵ. Note that γ = 0 and h = 0 implies ϵ̄ = 0.
If ϕ ≡ identity so that H = Rd, h = 0, and γ = 0 then the sample complexity of Theorem 4 is known to
be optimal up to log factors to identify the very best arm (assuming it is unique) relative to any δ-correct
algorithm over θ∗ ∈ Rd (Soare et al., 2014; Fiez et al., 2019).

2.3.3 Comparing to the alternative baseline procedure

In Section 2.2.4 we proposed a natural alternative to our RIPS procedure for experimental design in an
RKHS. This PTR baseline leveraged the fact that the added regularization γ > 0 effectively made many
directions irrelevant. Thus, it projected the problem to a low dimensional subspace where it could apply any
of the standard rounding techniques for finite dimensions described in Section 2.1.2. The dimension of this
subspace, denoted d̃, scales like the number of eigenvalues of

∑
x∈X λ

∗
xϕ(x)ϕ(x)

⊤ that are greater than γ
where λ∗ ∈ argminλ∈△X maxv∈V ∥v∥2

(
∑

x∈X λxϕ(x)ϕ(x)⊤+γI)
−1 . Any standard rounding algorithm would

then require the number of samples taken from the design to be at least d̃. Relative to our results, this inflates
our regret bound and sample complexity by an additive factor of d̃ scaled by some problem-dependent log
factors. Algebra shows that d̃ ≤ 2Tr((A(λ∗D)+ γI)−1A(λ∗D)). Though for regret this is a lower order term,
for pure-exploration withX ̸= Z , this term may potentially dominate the sample complexity because it does
not capture the interplay between the geometry of X and Z . Fortunately, our RIPS procedure demonstrates
it is unnecessary and avoids it.

2.4 Related work

There exist excellent surveys of experimental design from both a statistical and computational perspective
(Pukelsheim, 2006; Atkinson et al., 2007; Todd, 2016). This chapter is particularly interested in the task
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of converting a continuous design into a discrete allocation of T measurements. We reviewed a number
of works in Section 2.1.2 for completing this task in finite dimensions. To move to an RKHS setting we
considered a regularized design objective which is also known as Bayesian experimental design (Chaloner
and Verdinelli, 1995; Allen-Zhu et al., 2017; Derezinski et al., 2020). While most Bayesian experimen-
tal design works assume a low-dimensional ambient space and use simple rounding, one exception is the
work of (Alaoui and Mahoney, 2014) that performs experimental design in an RKHS for a different design
objective, which inspired our project-then-round procedure described of Section 2.2.4. And very recently,
(Derezinski et al., 2020) proposed a method of sampling from a determinantal point process (DPP) and
showed that they can approximate many continuous experimental design objectives up to a constant factor
if T ≳ deff := Tr((A(λ∗D) + γI)−1A(λ∗D)) with λ∗D defined in Lemma 3. However, according to Table 1
of (Derezinski et al., 2020) the method may not apply to G-optimal-like objectives1, which is the primary
objective of this chapter. To our knowledge, our proposed RIPS method is novel in that its performance is
directly comparable to the continuous design without requiring a minimum number of measurements with
some dependence on the (effective) dimension. However, our method does require the number of measure-
ments to exceed log(|V|). While we leveraged experimental design techniques for kernel bandits, many
prior works were able to obtain regret bounds and pure-exploration results using other methods.

Kernel bandits In the well-specified setting (h = 0) (Srinivas et al., 2009) propose a UCB style
algorithm (Auer et al., 2002a) for the RKHS setting. Independently, (Grünewälder et al., 2010) devel-
oped similar methods for minimizing simple regret. (Srinivas et al., 2009) established a regret bound of√
T (∥θ∗∥√γT + γT ) where γT is defined in (2.8). (Valko et al., 2013) proposed another UCB variant to

obtain a regret bound that scales just as ∥θ∗∥
√
pTT where pT is an algorithm-dependent constant that can

be upper bounded by γT , thus improving (Srinivas et al., 2009). We recall that our own regret bound of
Theorem 3 scales no worse than ∥θ∗∥

√
γTT using Lemma 2, thus matching state of the art. (Chowdhury

and Gopalan, 2017) offer improvements in regret over GP-UCB when the action space is infinite. We also
note that our algorithm naturally allows batch querying, a property that UCB-like algorithms achieve only
through inelegant means (Desautels et al., 2012; Wu and Frazier, 2018).

Misspecified models Our approach to misspecified models draws inspiration from (Lattimore et al.,
2020) which addresses linear bandits in finite dimensions. Their regret bound scales quadratically in the
ambient dimension due to rounding effects. Our RIPS procedure extends this work to an RKHS. The mis-
specified model setting is related to the corrupted setting where an adversary can choose to corrupt the
observed reward by ct in each round t. Any algorithms for this adversarial setting can also be used to solve
kernelized multi-armed bandit in the misspecified setting with total amount of corruption equal to at most
CT =

∑T
t=1 ct = hT . Using this reduction, the regret bound for the corrupted setting of (Bogunovic et al.,

2020) scales like CT
√
γTT . Unfortunately, if we take CT = hT this bound is vacuous. Whether robust

algorithms like (Gupta et al., 2019) can be extended to our kernel bandit setting is an open question. Con-
currently, (Lee et al., 2021) independently proposed a very similar estimator and algorithm for the related
task of solving adversarial bandits.

Constrained linear bandits If we assumed that ∥θ∗∥2 ≤ R for some explicit, known R > 0 then this
setting is known as constrained linear bandits, tackled in (Degenne et al., 2020) for the pure-exploration and
(Tirinzoni et al., 2020) for the regret setting, respectively. There, a lower bound on the sample complexity
of identifying the best arm can be computed. The lower bound is infλ∈∆X supx′ ̸=x∗ infγ≥0G

−1(λ, x, γ)
where

G(λ, x, γ) =
max{(x′ − x∗)⊤(A(λ) + γI)−1A(λ)θ∗, 0}2

2∥x′ − x∗∥2(A(λ)+γI)−1

+
γ

2

(
∥θ∗∥2(A(λ)+γI)−1A(λ) −R2

)
,

1Our Theorem 2 with the fact d̃ ≤ 2deff suggests k only needs to be at least d̃ for G-like objectives, which adds to their table.
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which is close to our upper bound ρ∗ from equation 2.9. See Corollary 4 for the proof of this lower bound.
(Degenne et al., 2020) propose an algorithm with an asymptotic upper bound in the sense that as δ → 0, the
dominant term matches the lower bound. However, while (Degenne et al., 2020) and (Tirinzoni et al., 2020)
are tight asymptotically, they suffer from large sub-optimal dependencies on problem-specific parameters.

2.5 Conclusion

In this chapter, we have brought to the non-parametric learning setting an estimator that relies on continuous
designs while enjoying state of the art - theoretical and experimental - guarantees for both the well-specified
and the misspecified settings. We leveraged this estimator in a novel elimination style algorithm for kernel
bandits. For the most part we have ignored computation. However, the computational cost of the RIPS
estimator scales linearly in |V|. An interesting avenue of research is designing an estimator that leverages
multi-dimensional robust mean estimation that has the same properties as RIPS but has no dependence on
|V|. Such an estimator would be of considerable interest in problems such as combinatorial bandits where
|V| is potentially exponential in the dimension (e.g., see (Katz-Samuels et al., 2020; Wagenmaker et al.,
2021)).
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Chapter 3

Nearly Optimal Algorithms for Level Set
Estimation

3.1 Introduction

The level-set of a function is a subset of its domain where it exceeds a specific value. Level set estimation
is the problem of identifying a subset that approximates the true level-set based on a finite set of potentially
noisy function evaluations. As an example, consider the goal of detecting a region in a body of water, such
as a channel, that is at least 20m deep for ships to safely pass. Given that we can obtain noisy estimates of
depth using a sonar device at the locations of our choosing, where should we measure in order to acquire the
most accurate level-set estimation while using as few total measurements as possible? Level-set estimation
can also be interpreted as a kind of classification rule. For example, using as few total experiments as
possible, we may want to identify all compounds among a given finite set under consideration that have
some property (e.g., binding affinity) that exceeds some target threshold.

While level-set estimation is somewhat of a well-studied problem, to date there is a lack of theoretical
understanding of the limits and tradeoffs of estimation accuracy and number of measurements. Most algo-
rithms proceed by sequentially and greedily optimizing an acquisition function that is constructed using all
the measurements observed up to the current time. These heuristics are known to work very well in practice,
but their guarantees are ad hoc and, at best, worst-case (minimax). In this chapter we are interested in un-
derstanding the instance-dependent sample complexity of level-set estimation. That is, we would like for an
algorithm to output a satisfactory estimate of the level-set as fast as any algorithm could for this particular
instance, not some worst-case instance.

In contrast to prior works that propose a sampling heuristic–usually based on identifying an informative
point–and bound its sample complexity, we work backwards. Namely, we first consider an information
theoretic lower bound for the level-set estimation problem that suggests an “optimal” sampling strategy.
Because this ideal sampling strategy is a function of the true (unknown) function, it is a priori impossible to
realize. Instead, we propose a series of sampling strategies, based on experimental designs, that mimic this
optimal sampling strategy given the information available at the current time. By the end, these strategies
provably achieve the optimal sample complexity with minimal overhead. Furthermore, we show that our
sampling strategy leads to an upper bound on the sample complexity that is tighter than those in the existing
literature. In what follows, we first formally state the problem and our desired objectives. We then review the
related work in context before proceeding to our lower bounds and algorithms. We finish with experiments
contrasting with existing work.
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3.1.1 Problem Statement

We assume there exists an unknown function f : Rd → [−B,B] and a subset of allowable sampling
locations X ⊂ Rd which span Rd. Though the function f is unknown, we may query its value for any
x ∈ X and receive a noisy estimate f(x) + η where η is iid, E[η] = 0, and E[η2] ≤ σ2. We define two
objectives.

Explicit Level Set Estimation: Given a specified threshold α ∈ R, the goal is to identify Gα := {x ∈
X : f(x) > α}.

Implicit Level Set Estimation: Let x∗ ∈ argmaxx∈X f(x). Given ϵ > 0, the goal is to identify
Gϵ := {x ∈ X : f(x) > (1− ϵ)f(x∗)}1.

Consider an algorithm that at each time t selects an arm xt ∈ X that is measurable with respect to a
σ-algebraFt−1 = σ(x1, y1, · · · , xt−1, yt−1) and receives a value yt = f(xt)+ηt. To be precise, we say that
an algorithm is PAC-δ for the explicit (respectively implicit) level set problem if it stops at a time Tδ which is
measurable with respect to the filtration (Ft)t≥1 and returns Gα (and in the implicit setting returns Gϵ) with
probability at least 1− δ. If f(x) is very close to the threshold, it may take an enormous number of samples
to determine whether it is above or below the threshold, so in practice we introduce a β̃ ≥ 0 tolerance that
ensures that any learner has a finite sample complexity (see theorems) and allows for misclassification of
points very near to the threshold. But in the discussion that follows, assume that f(x) is bounded away from
the threshold.

Our approach is based on modeling f in a Reproducing Kernel Hilbert Space (RKHS)H. Let ϕ : Rd 7→
H be the “feature map” associated with the RKHS. Since |f(x)| ≤ B for all x ∈ X , there exists a θ∗ ∈ H
and a scalar h ≥ 0 such that maxx∈X |f(x) − ⟨θ∗, ϕ(x)⟩H| ≤ h. When h = 0, f ∈ H, and in general we
allow h ≥ 0 (typically small) in the interest of generality. Our sample complexity bounds will depend on
h and ∥θ∗∥H which we denote ∥θ∗∥. If h is small, then f is well approximated as a linear function of the
feature maps ϕ(x). We refer to the case when h > 0 as being misspecified and otherwise when h = 0 as
being well-specified. This class of functions is frequently used for level-set estimation because it is often
sufficiently rich to model real-world functions but also contains enough structure to quantify the uncertainty
of generalizing a learned function to unmeasured locations. One note of departure from the existing literature
is that we do not assume the unknown function is precisely captured by a function in an RKHS, only that it
is well approximated by one (i.e., the misspecified setting). In the discussion that follows, we additionally
assume |X | <∞ for simplicity since in practice given an arbitrary bounded domain we can replace X with
a finite cover.

3.2 Related Work

The level-set estimation problem naturally connects to several related ideas in Bayesian optimization and
multi-armed bandits. In the former setting, methods tend to sample greedily according to an acquisition
function that seeks to minimize the uncertainty of the learner about the level set. The first work on level
set estimation that employed the use of Gaussian processes and introduced the Straddle heuristic is due to
Bryan et al. (2005). These ideas were further developed in Gotovos (2013) which proposed the LSE and
LSE-imp algorithms for explicit and implicit level set respectively. They provide a theoretical guarantee on
the sample complexities of LSE and LSE-imp, and as we will show below, our sample complexity is always
at least as good as their stated bounds. Bogunovic et al. (2016) further connected Bayesian optimization
with level set estimation and considered the setting of heteroscedastic noise. The work of Shekhar and Javidi

1For ease of exposition, we assume f(x∗) ≥ 0. This is easily removed by taking ϵ < 0 if f(x∗) < 0.
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(2019) focuses on the level-set problem in a continuous domain, and provides an algorithm that maintains a
notion of uncertainty over regions, providing a potentially improved computational complexity, along with
tighter sample complexity bounds compared to LSE for certain kernels and smoothness assumptions. The
work of Zanette et al. (2018) reposes level-set estimation as a classification problem and introduces a novel
acquisition function. Iwazaki et al. (2019) extends the work of Zanette et al. (2018) to improve model
robustness in quality control applications. Bogunovic (2019); Vakili et al. (2021a) demonstrate frequentist
guarantees for Gaussian process algorithms. (Bect et al., 2012; Azzimonti et al., 2021) employ a sequential
experimental design approaches for estimating failure probability given a threshold form a density that is
expensive to evaluate. (Chevalier et al., 2014) proposes a kriging-based approach for the same problem.
This line of work is also related to Gaussian Process Bandits, namely the GPUCB algorithm and improved
variants (Srinivas et al., 2009; Chowdhury and Gopalan, 2017; Valko et al., 2013). Ha et al. (2020) introduces
a Bayesian Neural Network approach for active level set estimation using Monte Carlo dropout techniques.
Table B.1 in the appendix summarizes the results we are aware of in the Gaussian process setting.

In the multi-armed and linear bandit setting, the explicit level set estimation problem is related to thresh-
old bandits where one seeks to find all arms above an explicit threshold (Locatelli et al., 2016; Jamieson and
Jain, 2018; Degenne et al., 2020). The approach of Degenne et al. (2020), would provide an asymptotically
optimal algorithm in the linear setting, however we are not aware of any other works that provide an optimal
finite-time guarantee. The implicit level set problem in the standard multi-armed bandit setting is equivalent
to the multiplicative all-ϵ problem introduced by Mason et al. (2020). Algorithm 3.2 recovers the sample
complexities of the instance-optimal (ST)2 algorithm given there. Finally, our experimental design tech-
niques are inspired by Soare et al. (2014); Fiez et al. (2019), and especially our work Camilleri et al. (2021a)
– presented in Chapter 2 – that introduces the RIPS estimator which we use to perform experimental design
in an RKHS.

3.3 Explicit Level Set Estimation

In recent years, adaptive experimental design has arisen as a popular paradigm for active learning in struc-
tured settings, for example in linear bandits and RKHS (Soare et al., 2014; Fiez et al., 2019; Camilleri et al.,
2021a), and we adapt these ideas for the level set problem. To motivate this paradigm, in the following ex-
ample we focus on the well-specified linear case where ϕ(x) = x, β̃ = 0, h = 0 where we recall h denotes
the misspecification and β̃ denotes the error tolerance as defined in Section 3.1.1. Imagine we have access
to a collection of n-measurements {(xi, yi)}ni=1 and let θ̂ = argminθ∈Rd

∑n
i=1(yi − x⊤i θ)

2 be the least
squares estimator. Standard results show that with probability greater than 1 − δ, we have for all x ∈ X
simultaneously

|x⊤(θ̂ − θ∗)| ≤ ∥x∥(∑n
i=1 xix

⊤
i )

−1

√
2 log(2|X |/δ)

n
,

where the additional factor of |X | in the logarithm arises from a union bound over X . In particular, if our
data is chosen so that for each arm x ∈ X

|x⊤θ∗ − α| > ∥x∥(∑n
i=1 xix

⊤
i )

−1

√
2 log(2|X |/δ)

n
, (3.1)

we see that for any x such that x⊤θ∗ > α,

x⊤θ̂ = x⊤θ∗ + x⊤(θ̂ − θ∗) > x⊤θ∗ − |x⊤θ∗ − α| > α.
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The first inequality stems from equation (3.1) where we have sampled such that the error x⊤(θ̂− θ∗) is less
that the margin to the threshold |x⊤θ∗ − α|. Hence, if x⊤θ∗ > α then x⊤θ̂ > α. This same argument may
be repeated for x : x⊤θ∗ < α. Therefore {x : x⊤θ̂ > α} = {x : x⊤θ∗ > α} = Gα, i.e. we have a high
probability guarantee that we return the correct set of arms above the threshold. Letting λx = nx/n be the
proportion of times we sample x ∈ X , we see see that equation (3.1) is equivalent to

n ≥ max
x∈X

∥x∥2
(
∑

x∈X λxxx⊤)
−1

(θ⊤∗ x− α)2
. (3.2)

In particular, this implies that to achieve a good sample complexity we can minimize the right side of this
expression over all possible distributions λ ∈ △X where △X = {λ ∈ R|X | :

∑
x∈X λx = 1, λx ≥ 0 ∀x}.

Indeed as the following theorem shows, this gives a lower bound on this problem.

Theorem 5. Assume ηt
iid∼ N (0, 1) ∀t. In the well-specified linear setting when ϕ(x) = x and f(x) = θ⊤∗ x,

for any δ > 0, any PAC-δ algorithm with stopping time Tδ that returns the set Gα with probability at least
1− δ must satisfy

E[Tδ]
log(1/2.4δ)

≥ 2 min
λ∈△X

max
x∈X

∥x∥2A(λ)−1

(θ⊤∗ x− α)2

where A(λ) :=
∑

x∈X λxxx
⊤.

Remark. We prove this result for completeness in the appendix using ideas from Fiez et al. (2019).
A similar result has appeared previously in the Appendix of Degenne et al. (2020) which also shows its
tightness.

As a concrete interpretation of the lower bound, consider the case where xi = ei, the ith standard basis
vector. Then the mean of arm i is θ⊤∗ ei = [θ∗]i, the ith entry of θ∗. This setting removes all structure by
making the mean of each point independent of the others, and we may solve the optimization in Theorem 5
in closed form. Namely, the fraction of samples given to arm i, denoted λ(i) ∝ ([θ∗]i − α)−2 log(1/δ) is
proprotional to its inverse gap squared. This leads to a lower bound of E[τδ] ≥

∑n
i=1([θ∗]i−α)−2 log(1/δ)

with matches the known lower bounds from (Jamieson and Jain, 2018; Locatelli et al., 2016) which are
specific to this setting.

We now operationalize this lower bound to provide an algorithm for level set estimation that has a
nearly matching upper bound. In the following sections, we will explain our algorithm and the adaptations
necessary to handle the general setting of the RKHS.

3.3.1 Algorithm

Motivated by this lower bound, we now provide an experimental design approach in the general case. In this
setting, we recall the feature map ϕ : Rd 7→ H and h ≥ 0 represents the possibly nonzero misspecification
level. Despite these changes, the same intuition from the linear case in Theorem 5 applies. We have a set of
vectors ϕ(x)1, . . . , ϕ(xn) ∈ H and an unknown parameter vector θ∗ ∈ H such that f(x) ≈ θ⊤∗ ϕ(x). Ideally,
we would sample according to a distribution λ∗ that achieves the minimum in the lower bound in Theorem 5,
however this is not possible since λ∗ depends on the a priori unknown θ∗. Instead, we approximate this
distribution by solving a series of designs based on the information we have thus far. Furthermore, we allow
for a tolerance β̃ ≥ 0 reflecting the fact that depending on the setting, practitioners may be satisfied with an
approximate solution if it requires fewer samples to learn.
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Our approach, MELK (Misspecified Explicit Level set via Kernelization), for the generalized RKHS
setting is given in Algorithm 3.1. MELK proceeds in phases. To keep track of the points it has identified so
far, MELK maintains two sets: 1) Ĝt is the set of all points that up to round t have been declared as being
in Gα by MELK, that is f(x) > α. 2) B̂t is the set of all points declared as being in Gcα. The remaining,
uncertain points are active and in the set At. Motivated by the lower bound from the linear setting, it
then computes the experimental design: λt = argminλ∈△X maxx∈At ∥ϕ(x)∥2A(γ)(λ)−1 with A(γ)(λ) :=∑

x∈X λxϕ(x)ϕ(x)
⊤ + γI where γ is a necessary regularization in the kernelized (infinite-dimensional)

setting. Indeed, the number of samples taken in each round equals Nt ≈ minλmaxx∈At

∥ϕ(x)∥2
A(γ)(λ)−1

(2−t)2

from λt. This guarantees that at the end of the round, At+1 ⊂ {x ∈ X : |θ⊤∗ x− α| ≤ 2−(t+1)} and, we can
interpret our design as an approximation to the lower bound on the points that are remaining. MELK declares
that x ∈ Gα if θ̂Tϕ(x)− 2−t ≳ α and adds x to the set Gt. Similarly, MELK adds x to declares x ∈ Gcα and
adds x to Bt if θ̂Tϕ(x) + 2−t ≲ α. Finally, MELK terminates when either all arms have been added to the
sets Gt or Bt or when t ≳ log2(1/β̃) and it has achieved the practitioner’s desired tolerance of β̃.

MELK leverages a Robust Inverse Propensity Scoring (RIPS) estimator introduced in Camilleri et al.
(2021a) presented in Chapter 2 and further reviewed in Appendix B.2. Previous works in linear bandits have
utilized rounding procedures for sampling followed by ordinary least squares that are not applicable in the
infinite dimensional setting. Instead, the RIPS estimator appeals to an inverse propensity score estimator
plus robust mean estimation. We remind the guarantee of the RIPS estimator below, as it is important for
understanding the behavior of the algorithms we present, but the experimental designs we propose are not
consequences of that work.

Theorem 6 (Rephrasing of Theorem 1). Consider the model y = ⟨ϕ(x), θ∗⟩H + ζx+ η for misspecification
|ζx| ≤ h where it is assumed that |⟨ϕ(x), θ∗⟩H + ζx| ≤ B, E[η] = 0, and E[η2] ≤ σ2. Fix any finite sets
X ⊂ Rd and V ⊂ H, feature map ϕ : Rd → H, number of samples τ , regularization γ > 0, and distribution
λ ∈ △X . If τ ≥ 2 log(|V|/δ) then with probability at least 1− δ, RIPS returns θ̂ satisfying

max
v∈V

|⟨θ̂, v⟩ − ⟨θ∗, v⟩|
∥v∥A(γ)(λ)−1

≤2√γ∥θ∗∥+ 2h+ 4

√
(B2+σ2)

τ log
(
2|V|
δ

)
.

Computational Considerations. We note briefly that while we state the optimal design in terms of the
potentially infinite dimensional ϕ(x) for clarity, we never explicitly compute ϕ(x) and instead resort to the
kernel trick (see Appendix B.6). Furthermore the design can be computed using first order optimization
methods, such as Frank-Wolfe (Lattimore and Szepesvári, 2020; Todd, 2016). The total computational cost
of each design is poly(|X |). Though these designs can be expensive to compute, this is done very rarely by
the algorithm. In particular, for T total samples drawn by MELK, the design is computed O(log2(T )) times
leading to an overall computational cost ofO(poly(|X |) log2(T )) for computing the design. By contrast, any
algorithm that computes an acquisition function at every sample suffers computational complexity Ω(T ) for
the design. Furthermore, for Gaussian process approaches, the added cost of computing posterior means and
variances leads to an overall computational cost of either Ω(poly(|X |)T ) or Ω(|X |poly(T )) depending on
implementation for computing acquisition functions. We focus on the complexity of computing the design
and acquisition functions as this is frequently the core computational bottleneck of algorithms for level set
estimation and the complexity of drawing samples is usually negligible by comparison. Hence, when many
samples are drawn, MELK can be significantly more efficient than past approaches.
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Algorithm 3.1. MELK: Misspecified Explicit Level set via Kernelization

Input: Arms X , ϕ, σ ≥ 0, δ > 0, γ ≥ 0, threshold α, tolerance β̃
1: t← 1, G1 → ∅, B1 ← ∅, A1 ← X
2: while |Gt ∪Bt| < |X | and t ≤ ⌈log2(4/β̃)⌉ do
3: δt ← δ/2t2

4: Let λt ∈ △X minimize g(λ;At; γ) where

g(λ;V; γ) := max
x∈V
∥ϕ(x)∥2

A(γ)(λ)−1

5: qt ← 16 · 22tg(λt;At; γ)(B2 + σ2) log(2t2|X |2/δ)
6:

7: Set Nt ← ⌈max {qt, 2 log(|X |/δ)}⌉ and sample x1, · · · , xNt observing noisy function values
y1, · · · , yNt according to λt.

8: θ̂t ← RIPS(At, {A(γ)(λt)
−1ϕ(xi)yi}Nt

i=1), Alg B.1 in Appendix B.2
9: for x ∈ At do

10: if θ̂⊤t ϕ(x) < α− 2 · 2−t then
11: Bt+1 ← Bt ∪ {x}
12: At+1 ← At\{x}
13: else if θ̂⊤t ϕ(x) > α+ 2 · 2−t then
14: Gt+1 ← Gt ∪ {x}
15: At+1 ← At\{x}
16: t← t+ 1

return R̂ := X \Bt

3.3.2 Optimal Sample Complexity for Explicit Level Set Estimation

Next we state MELK’s complexity, deferring constants and doubly logarithmic factors to the appendix for
readability.

Theorem 7. Fix δ > 0, threshold α > 0, tolerance β̃, and regularization γ ≥ 0. Define ∆min(α) :=
minx∈X |ϕ(x)T θ∗ − α|. Define also

β̄(α) = min

{
β > 0 : 4(

√
γ∥θ∗∥+ h)

(
2 +

√
min
λ∈△X

max
x∈X :|ϕ(x)⊤θ∗−α|≤β

∥ϕ(x)∥2
A(γ)(λ)−1

)
≤ β

}
.

With probability at least 1− δ, MELK returns a set R̂ at time Tδ such that

R̂ ⊇ {x ∈ X : f(x) ≥ α+ β̄(α)} and R̂ ⊆ {x ∈ X : f(x) ≥ α− β̃ − β̄(α)}

and for any α, β̃ such that max(∆min(α), β̃) ≥ β̄(α)

Tδ ≤ (B2 + σ2)min
λ∈X̃

max
x∈X

∥ϕ(x)∥2
A(γ)(λ)−1

max{(ϕ(x)T θ∗ − α)2, β̃2}
log((∆min(α) ∨ β̃)−1) log

(
|X |δ−1

)
.

We now contextualize the result of our theorem. In the well-specified linear setting with ϕ(x) = x,
h = 0, β̃ = 0, and γ = 0 MELK will terminate and return Gα in a time

Tδ ≲ (B2 + σ2)min
λ∈X̃

max
x∈X

∥x∥2
A(λ)−1

(xT θ∗−α)2 log(∆
−1
min) log

(
|X |
δ

)
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samples which nearly matches the rate suggested by the linear lower bound in Theorem 5. The added
factor of log(|X |) stems from a union bound, while the dependence on log(∆−1

min) is an additional overhead
incurred as MELK builds up an estimate of the optimal sample allocation over rounds. We visualize this
estimation process in Figure 3.1 in the experiments.

In the more general misspecified setting when h > 0, we cannot expect to return Gα exactly and
β(α) characterizes the limit of how well one can estimate f(x). Hence, x’s with gaps smaller than β̄(α)
cannot reliably be detected by MELK. To better understand this quantity, note that for any γ′ ∈ R if we
run MELK with γ = γ′/T , Lemma 2 (also Lemma 2 of Camilleri et al. (2021a)) can be used to show that
β̄(α) ≲ (

√
γ∥θ∗∥ + h)

√
ΓT where ΓT := sup

λ∈X̃ log det(TA(0)(λ) + γ′I) is the maximum information
gain as defined by Srinivas et al. (2009); Gotovos (2013); Bogunovic et al. (2016). Additionally, it can
be shown that ΓT ≤ deff , where deff is the effective dimension of ϕ(x1), . . . , ϕ(xn) ∈ H as defined in
Alaoui and Mahoney (2014); Derezinski et al. (2020). In particular, to ensure that MELK correctly identifies
all points that are at least some gap ∆ > h away from the threshold, then we can choose γ so that ∆ >
(
√
γ∥θ∗∥ + h)

√
ΓT . In practice we find that γ = 1/T works well. Finally, the user may additionally

set a tolerance β̃ > 0. In this case, we err on the side of potentially returning extra arms that are not
in Gα and show that the returned set R̂ contains all x such that f(x) > α + β(α) and none such that
f(x) < α − β̃ − β(α). If however, a more selective criteria is desired, the following remark characterizes
the output if Ĝt is returned instead.

Remark. If MELK instead returns R̂ = Gt then with probability at least 1 − δ R̂ ⊇ {x ∈ X : f(x) ≥
α+ β̃ + β̄(α)} and and R̂ ⊆ {x ∈ X : f(x) ≥ α− β̄(α)}.

Contrast with Existing Approaches. The experimental design based sampling approach is a departure
from past work on level set estimation. As opposed to constructing an acquisition function and then bound-
ing the sample complexity of the resulting algorithm as past works have done, we instead begin with an
oracle sampling scheme that arises from a lower bound and attempt to design a practical sampling scheme
that matches it as more data is collected. In what follows, we compare the guarantees of MELK to the prior
art such as Gotovos (2013); Shekhar and Javidi (2019); Bogunovic et al. (2016). As a technical point, we
note that these past results are specialized to the Gaussian process setting where a prior on f is known. By
contrast, our work presented in this chapter makes no assumption of a prior distribution. Bogunovic (2019);
Vakili et al. (2021a) achieve similar guarantees for the frequentist setting. Ignoring these technicalities, our
results are tighter than what were previously known.

The past state of the art sample complexities all guarantee that algorithms terminate at the smallest time
T satisfying T ≳ ΓT∆min(α)

−2 up to log factors (cf. Thm 1 of (Gotovos, 2013), Cor. 3.1 of (Bogunovic
et al., 2016), Thm 1 of (Shekhar and Javidi, 2019), etc.). If we run MELK with γ = γ′/T then

min
λ∈△X

max
x

∥ϕ(x)∥2
A(γ)(λ)−1

(ϕ(x)T θ∗ − α)2
≤ min

λ∈△X

maxx ∥ϕ(x)∥2(A(λ)+γI)−1

minx(ϕ(x)T θ∗ − α)2
≤ 3ΓT∆min(α)

−2

where the final inequality follows from Lemma 2 and the definition of ∆min(α).
Remark. Combining the above analysis with the result of Theorem 7 highlights that MELK likewise

terminates at or before a time T satisfying T ≳ ΓT∆min(α)
−2, though it may stop long before this as the

above bound employing ΓT is only tight in the pathological case when |ϕ(x)T θ∗ − α| = ∆min(α) ∀x ∈ X .
Remark. The lower bounds of Scarlett et al. (2017); Cai and Scarlett (2021) show that a dependence

Ω(
√
ΓT ) is necessary in the worst case for functions living in an RKHS. Hence, MELK is instance optimal

in the linear regime by Theorem 5 and at least minimax optimal in general.
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3.4 Implicit Level Set Estimation

In the implicit level-set problem, for an ϵ ≥ 0 we seek to identify the set Gϵ = {x : f(x) > (1− ϵ)f(x∗)}.
Note that unlike the explicit setting where the threshold α was a given input to the algorithm, now the
equivalent notion of a threshold value α is equal to (1 − ϵ)f(x∗), an unknown quantity since it relies on
knowledge of the unknown function f . A naive strategy would be to attempt estimate (1− ϵ)f(x∗) directly
and then apply explicit level-set estimation techniques using this estimated threshold value. Indeed, this is
precisely the strategy of past works (Mason et al., 2020; Gotovos, 2013). Perhaps surprisingly however, it
turns out that estimating the threshold is unnecessary and potentially wasteful. Towards developing lower
bound to guide an experimental design, we begin with a simple but powerful observation.

Lemma 4. x ∈ Gϵ ⇐⇒ ∀x′ ∈ X : f(x) ≥ (1 − ϵ)f(x′). Conversely, x ∈ Gcϵ ⇐⇒ ∃x′ : f(x) <
(1− ϵ)f(x′).

Proof.

x ∈ Gϵ ⇐⇒ ̸ ∃x′ : (1− ϵ)f(x′) > f(x) ⇐⇒ ∀x′ : (1− ϵ)f(x′) ≤ f(x)

where the second equivalence holds by definition since x∗ maximizes (1− ϵ)f(x′) and we have that f(x) >
(1− ϵ)f(x∗) for any x ∈ Gϵ. The statement for x ∈ Gcϵ holds via the negation

The following corollary specializes the previous lemma to the well specified case.

Corollary 1. In the well specified setting where h = 0,

x ∈ Gϵ ⇐⇒ ∀x′ ∈ X : θ⊤∗ (ϕ(x)− (1− ϵ)ϕ(x′)) ≥ 0

and conversely,
x ∈ Gcϵ ⇐⇒ ∃x′ : θ⊤∗ (ϕ(x)− (1− ϵ)ϕ(x′)) < 0.

This lemma highlights that to determine if x ∈ Gϵ, one need only check if

θ⊤∗ (ϕ(x)− (1− ϵ)ϕ(x′)) > 0 for all x′ ∈ X .

In particular, this does not require any estimate of the threshold (1 − ϵ)f(x∗). Instead, it is only necessary
to maintain estimates of ordered pairs of points (x, x′) without searching for x∗ directly. Next, to guide our
algorithm design we look to an information-theoretic lower bound.

Theorem 8. In the well-specified linear setting when ϕ(x) = x and f(x) = θ⊤∗ x, for any δ > 0, any
algorithm that returns the set Gϵ with probability at least 1− δ must satisfy

E[Tδ]
log(1/2.4δ) ≥ 2 min

λ∈△X
max

{
max
z∈Gϵ

max
x′∈X

∥x−(1−ϵ)x′∥2
A(λ)−1

(θ⊤∗ (x−(1−ϵ)x′))2 ,max
x∈Gc

ϵ

min
x′∈X

∥x−(1−ϵ)x′∥2
A(λ)−1

(θ⊤∗ (x−(1−ϵ)x′))2

}
where Tδ denotes the random stopping time.

Notably, the directions ϕ(x)− (1− ϵ)ϕ(x′) naturally arise in the lower bound. This suggests an optimal
sampling distribution λ∗ that achieves the minimum of the inequality in 8. As was the case in explicit level
set estimation, this sampling distribution also depends on the unknown θ∗.
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3.4.1 Algorithm

Motivated by the lower bound, we propose Algorithm 3.2 called MILK (Misspecified Implicit Level set via
Kernelization) which proceeds in phases where we attempt to progressively match the optimal distribution
from the lower bound as was done by MELK for the explicit setting. The key difference, however is that
MILK instead computes a design to optimally estimate θ⊤∗ (ϕ(x) − (1 − ϵ)ϕ(x′)) rather than θ⊤∗ ϕ(x) as in
MELK. Given active set A ⊂ X × X of pairs of arms define,

Yϵ(A) := {ϕ(x)− (1− ϵ)ϕ(x′) : (x, x′) ∈ A}.

The active set in round 1 is initialized as A1 = X × X . MILK keeps track of sets Ĝt ⊂ X and B̂t ⊂ X of
arms it believes to be in Gϵ and Gcϵ and makes use of the RIPS procedure to robustly estimate means. As
the algorithm proceeds, in each round t an optimal design is computed over remaining difference vectors in
Yϵ(At) and the number of samplesNt is sufficient to ensure that |(θ∗− θ̂)⊤(ϕ(x)− (1−ϵ)ϕ(x′))| ≤ 2−t+1.
Then for every arm that has not been added to Ĝt or B̂t, MILK does the following:

if ∃x′ : θ̂⊤((ϕ(x)− (1− ϵ)ϕ(x′)) < 2−t

then x is added to B̂t. In our proof, we show this condition occurs if and only if there exists a x′ such that
θ⊤∗ (ϕ(x) − (1 − ϵ)ϕ(x′)) < 0. If this occurs, all pairs of the form (x, x′) or (x′, x), x′ ∈ X are removed
from At2. Semantically, if MILK can ensure that x is not in Gϵ, then x is never sampled again. Otherwise,
for any x′ if θ̂⊤(ϕ(x) − (1 − ϵ)ϕ(x′) > 2−t, the single pair (x, x′) is removed from At. An arm x is only
ever added to Ĝt if {(x, x′), x′ ∈ X} ∩ At = ∅ which occurs when

∀x′ : ∃t′ such that θ̂⊤t′ ((ϕ(x)− (1− ϵ)ϕ(x′)) > 2−t
′
.

In our proof, we show that this occurs if and only if θ⊤∗ (ϕ(x) − (1 − ϵ)ϕ(x′)) > 0 for all x′ ∈ X which
is both necessary and sufficient by Lemma 4. Note that even if x has been added to Ĝt implying that all
pairs (x, x′) have been removed from At, x may be present in other pairs (x′, x) which can be necessary to
determine if x′ ∈ Gϵ. Finally, the algorithm terminates when either every arm has been added to either Ĝt
or B̂t or it has reached a round t ≳ log2(1/β̃) when the desired tolerance β̃ is achieved.

3.4.2 Theoretical Guarantees

Next we state MILK’s complexity, again deferring constants and doubly logarithmic factors to the appendix
for readability.

Theorem 9. Fix δ > 0, ϵ > 0, tolerance β̃, and regularization γ > 0. Define ∆min(ϵ) = minx |θ⊤∗ (ϕ(x)−
(1− ϵ)ϕ(x∗))|. Define also

β̄(ϵ) = min
β>0

{
4(
√
γ∥θ∗∥+ h)

(
2 +

√
min
λ∈X̃

ν(λ, β)

)
≤ β

}
,

ν(λ, β) := max
(x,x′)∈X×X

|θ⊤∗ (ϕ(x)−(1−ϵ)ϕ(x′))|≤β

∥θ⊤∗ (ϕ(x)− (1− ϵ)ϕ(x′))∥2
A(γ)(λ)−1 .

2We assume that pairs are ordered, i.e. (x, x′) ̸= (x′, x) for x ̸= x′.
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Algorithm 3.2. MILK: Misspecified Implicit Level set via Kernelization

Input: Arms X , ϕ, δ > 0, ϵ > 0, γ ≥ 0, tolerance β̃
1: t← 1, Ĝ1 → ∅, B̂1 ← ∅, A1 ← {(x, x′), x, x′ ∈ X}
2: while |Ĝt ∪ B̂t| < |X | and t ≤ ⌈log2(4/β̃)⌉ do
3: δt ← δ/2t2

4: Let λt ∈ △X minimize g(λ;At; γ) where

g(λ,V; γ) := max
(x,x′)∈V

∥ϕ(x)− (1− ϵ)ϕ(x′)∥2
A(γ)(λ)−1

5: qt ← 16 · 22tg(λt;At; γ)(B2 + σ2) log(2t2|X |2/δ)
6:

7: Set Nt ← ⌈max {qt, 2 log(|X |/δ)}⌉ and sample x1, · · · , xNt observing noisy function values
y1, · · · , yNt according to λt.

8: θ̂t ← RIPS(Yϵ(At), {A(γ)(λt)
−1ϕ(xi)yi}Nt

i=1)
9: for (x, x′) ∈ At do

10: if θ̂⊤t (ϕ(x)− (1− ϵ)ϕ(x′)) < −2 · 2−t then
11: B̂t+1 ← x
12: x-pairs← {(x, x′) and (x′, x)|x′ ∈ X}
13: At+1 ← At \ x-pairs
14: if θ̂⊤t (ϕ(x)− (1− ϵ)ϕ(x′)) > 2 · 2−t then
15: At+1 ← At \ {(x, x′)}
16: if {(x, x′)|x′ ∈ X} ∩ At = ∅ then
17: Ĝt+1 ← Ĝt ∪ {x}
18: t← t+ 1

return R̂ := X \ B̂t
With probability 1− δ, MILK returns a set R̂ at a time Tδ such that

R̂ ⊇ {x ∈ X : f(x) ≥ (1− ϵ)f(x∗) + β̄(ϵ)} and

R̂ ⊆ {x ∈ X : f(x) ≥ (1− ϵ)f(x∗)− β̃ − β̄(ϵ)}

and for any ϵ, β̃ such that max(∆min(ϵ), β̃) ≥ β̄(ϵ)

Tδ ≤(B2 + σ2)HMILK(θ∗)log2((∆min(ϵ) ∨ β̃)−1)log

(
|X |
δ

)
for HMILK(θ∗) = min

λ∈X̃

{
HMILK-Gϵ
λ (θ∗) ∨HMILK-Gc

ϵ
λ (θ∗)

}
, where

Hλ
MILK-Gϵ(θ∗) := max

x∈Gϵ

max
x′∈X

∥ϕ(x)− (1− ϵ)ϕ(x′)∥2
A(γ)(λ)−1

max{((ϕ(x)− (1− ϵ)ϕ(x′))⊤θ∗)2, β̃2}
,

and HMILK-Gc
ϵ

λ (θ∗) := max
x∈Gc

ϵ

max
x′

∥ϕ(x)− (1− ϵ)ϕ(x′)∥2
A(γ)(λ)−1

max{((ϕ(x)− (1− ϵ)ϕ(x∗))⊤θ∗)2, β̃2}
.
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The statement of Theorem 9 for MILK is similar that of 7 for MELK. In the well specified case when
β̃ = 0, MILK returns Gϵ exactly at a time Tδ that satisfies

Tδ ≲ (B2 + σ2)HMILK(θ∗) log2(∆min(ϵ)) log
(
|X |δ−1

)
In this case, however, HMILK(θ∗) is a maximum of two different complexity terms. HMILK-Gϵ

λ represents the
complexity of identifying all x ∈ Gϵ. Similarly, HMILK-Gc

ϵ
λ represents the complexity of identifying all x ∈

Gcϵ. Similar to the explicit setting, in the misspecified case when h > 0, β(ϵ) similarly represents the limit
of how well we can estimate f(x) for any x ∈ X and β̃ allows for an additional tolerance such that MILK
detects all x for which f(x) > (1− ϵ)f(x∗) + β(ϵ) and none worse than f(x) < (1− ϵ)f(x∗)− β(ϵ)− β̃.
The following remark addresses the setting where MILK returns Ĝt instead.

Remark: If the algorithm instead returns R̂ = Ĝt, then with probability at least 1− δ

R̂ ⊇ {x ∈ X : f(x) ≥ (1− ϵ)f(x∗) + β̃ + β̄(ϵ)} and

R̂ ⊆ {x ∈ X : f(x) ≥ (1− ϵ)f(x∗)− β̄(ϵ)}.

Comparison with the Lower Bound
The complexity termHMILK(θ∗) naturally breaks into two terms. HMILK-Gϵ(θ∗) represents the complex-

ity of finding arms in Gϵ and it matches a corresponding term in the lower bound. HMILK-Gc
ϵ(θ∗) represents

the complexity of removing arms in Gcϵ but is slightly different than the term in the lower bound. As a con-
sequence of Theorem 4.1 of Mason et al. (2020) however, one can show the term given in the lower bound
for x ∈ Gcϵ is not achievable except asymptotically as δ → 0 in general. Instead, the problem of implicit
level set estimation reduces to the problem of all ϵ-good arm identification in multi-armed bandits studied
by Mason et al. (2020) when ϕ(x) = x, h = 0, and xi = ei. We show in the appendix that MILK’s sample
complexity matches the optimal finite time rate up to logarithmic factors as shown in Mason et al. (2020).

Contrast with Existing Results
As was shown in the explicit setting, we can show that the sample complexity bound in Theorem 9

improves on the current state of the art. Take γ = γ′/T for any γ′ ∈ R. Then we may bound HMILK−Gϵ(θ∗)
as

min
λ∈X̃

max
x,x′

{∥ϕ(x)− (1− ϵ)ϕ(x′)∥2
A(γ)(λ)−1

((ϕ(x)− (1− ϵ)ϕ(x′))⊤θ∗)2

}
(a)

≤ 4min
λ∈X̃

max
x,x′

{
(1− ϵ)2∥ϕ(x)− ϕ(x′)∥2

A(γ)(λ)−1

((ϕ(x)− (1− ϵ)ϕ(x′))⊤θ∗)2
∨

ϵ2∥ϕ(x)∥2
A(γ)(λ)−1

((ϕ(x)− (1− ϵ)ϕ(x′))⊤θ∗)2

}
(b)

≤ 4
(1 + ϵ)2

∆min(ϵ)2
min
λ∈X̃

max
x,x′

{
∥ϕ(x′)− ϕ(x)∥2

A(γ)(λ)−1 ∨ ∥ϕ(x)∥2(A(γ)(λ))−1

}
≤ 8(1 + ϵ)2

∆min(ϵ)2
min
λ∈X̃

max
x
∥ϕ(x)∥2

A(γ)(λ)−1

(c)

≤ 12(1 + ϵ)2

∆min(ϵ)2
ΓT

where (a) follows by the triangle inequality, (b) by definition of ∆min(ϵ) and (c) follows by Lemma 2. A
similar computation follows for HMILK−Gc

ϵ(θ∗) Hence, MILK is at most O(ΓT∆
−2
min) though it can be much

tighter as inequality (b) is tight only in the worst case when all gaps are equal. In particular, the result of
Theorem 9 is tighter than Theorem 2 of Gotovos (2013).
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Figure 3.1: Allocations across rounds for a function f(x, y) with a threshold of α = 0 shown in black.

(a) Implicit (b) GP, ℓ = 0.05 (c) Cosine

Figure 3.2: Performance of MELK and MILK versus Gaussian process baseline.

3.5 Experiments

In this section, we compare our algorithms to existing baselines in the literature. Additional details of these
methods and our experiments are in the Appendix.

Warm-Up: Optimal Sampling. In Figure 3.1 we illustrate the sampling behavior of MELK. We let
X = {( i30 ,

j
30)}30i,j=1 and considered the squared exponential kernel k(x,x′) = exp(−∥x − x′∥2/2ℓ2)

with parameter ℓ = 0.1. We also chose θ∗ ∼ N (0, I900) and show a contour plot of f(x) = θ⊤∗ ϕ(x).
The black curve represents the boundary of the α = 0 level set. We plot the sample allocations as the
algorithm progresses (taking γ = 0). The initial distribution is mostly uniform with several sampling
modes. In later rounds, the points nearest to the boundary of the level set, given by the black curve are
sampled, and eventually, only the points with the smallest gaps (the most difficult regions) receive samples.
As the number of samples in round t is proportional to 22t, we compute the sum of the designs weighted by
the 22t to show the overall sampling design. Additionally, we plot the asymptotic allocation suggested by
Theorem 5, namely λ∗ = argminλmaxx∈X ∥ϕ(x)∥2A(γ)(λ)−1/(θ

⊤
∗ ϕ(x) − α)2. In particular, the weighted

sum of the designs taken by MELK is nearly identical to λ∗.
Gaussian Process Level Set Estimation. For our main empirical evaluation, we focused on the Gaus-

sian Process setting for the explicit level set problem. In the explicit level-set case we compare to LSE (Go-
tovos, 2013) and TruVar (Bogunovic et al., 2016). We drew a function f : [0, 1] → R from the Gaussian
process N (0, k(x,x′)) where the kernel is a squared exponential kernel with parameter ℓ = .05 and [0, 1]
was uniformly discretized into 200 points. We assumed that the noise variance was σ2 = 1 (high noise) and
the threshold was chosen so that 10% of the function values were above it. In this setting, we implement a
batched version of MELK that draws a fixed batch size of samples each round (namely 10) and then recom-
putes the design. This reflects the practical constraint that experimenters may wish to collect a fixed number
of samples at a time rather than a potentially growing amount. To provide a fair comparison to the GP-based
methods, we computed a posterior distribution on f in each round. For each point we replaced our theoreti-
cally justified confidence intervals in the RKHS setting with confidence intervals arising from the posterior,
namely µ̂t(x) ± β1/2σ̂t(x) where µ̂t, σ̂t are the posterior mean and standard deviations respectively. As
in past works, we take β1/2 = 3 as theoretically justified choices of β (eg. Theorem 1 of (Srinivas et al.,
2009)) tend to be overly conservative. We also took γ dropping like 1/i on the i-th round we computed the
design. We ran 25 repetitions drawing a new choice of f each run. Figure 3.2b shows the average F1 score
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of the set of points each algorithm declares to be inGα respectively with bars denoting 1 standard error. Our
algorithm performs very similarly to TruVar - an algorithm whose acquisition function samples in a way
to reduce the average variance, unlike our method which tries to reduce the maximum variance.

Our second comparison is in Figure 3.2c: we took f(x) = cos(8πx), ℓ = .1, σ = .2 (low noise regime)
and chose the threshold so that 30% of points were above it. We then considered 700 points uniformly in
[0, 1]. In the appendix, we vary the underlying parameters of ℓ, σ2 to demonstrate the performance of these
algorithms in different regimes.

Linear Implicit Case. We additionally compare against LSE-imp in the linear setting where ϕ(x) = x
on a benchmark example from the linear bandits literature designed to test the effectiveness of adaptive
sampling algorithms (Soare et al., 2014). For x1, · · · ,xn ∈ Rd, we take x1 = x∗ = θ∗ = e1 and
x2 = e2. The remaining x3, · · · ,xn are set so that their first two coordinates are cos(π/4(1 + ξ))e1 and
sin(π/4(1 + ξ))e2 for ξ ∼ Unif(−.2, .2). We set the threshold α = 0.5, n = 100, and d = 25. Though
it is far below α, sampling arm x2 provides the most information about which arms exceed the threshold.
In this setting, we ran both algorithms with the exact confidence intervals as specified by their respective
theoretical guarantees leading to large sample complexities, and we include further details in the appendix.
Indeed, we see in 3.2a that MILK outperforms LSE-imp.

3.6 Conclusion

In this chapter, we provide the first instance optimal algorithms for explicit and implicit level set estimation
and provide theoretical and empirical justification for our algorithms.
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Chapter 4

Selective Sampling for Online Best-arm
Identification

4.1 Introduction

In this chapter we consider selective sampling for online best-arm identification. In this setting, at every
time step t = 1, 2, . . . , Nature reveals a potential measurement xt ∈ X ⊂ Rd to the learner. The learner
can choose to either query xt (ξt = 1) or abstain (ξt = 0) and immediately move on to the next time. If
the learner chooses to take a query (ξt = 1), then Nature reveals a noisy linear measurement of an unknown
θ∗ ∈ Rd, i.e. yt = ⟨xt, θ∗⟩+ ϵt where ϵt is mean zero sub-Gaussian noise. Before the start of the game, the
learner has knowledge of a set Z ⊂ Rd. The objective of the learner is to identify z∗ := argmaxz∈Z⟨z, θ∗⟩
with probability at least 1 − δ at a learner specified stopping time U . It is desirable to minimize both
the stopping time U which counts the total number of unlabeled or labeled queries and the number of
labeled queries requested L :=

∑U
t=1 1{ξt = 1}. In this setting, at each time t the learner must make the

decision of whether to accept the available measurement xt, or abstain and wait for an even more informative
measurement. While abstention may result in a smaller total labeled sample complexity L, the stopping
time U may be very large. This chapter characterizes the set of feasible pairs (U ,L) that are necessary
and sufficient to identify z∗ with probability at least 1 − δ when xt are drawn IID at each time t from a
distribution ν. Moreover, we propose an algorithm that nearly obtains the minimal information theoretic
label sample complexity L for any desired unlabeled sample complexity U .

While characterizing the sample complexity of selective sampling for online best arm identification
is the primary theoretical goal of the work presented in this chapter, the study was initially motivated by
fundamental questions about how to optimally trade-off the value of information versus time. Even for this
idealized linear setting, it is far from obvious a priori what an optimal decision rule ξt looks like and if it can
even be succinctly described, or if it is simply the solution to an opaque optimization problem. Remarkably,
we show that for every feasible, optimal operating pair (U ,L) there exists a matrix A ∈ Rd×d such that the
optimal decision rule takes on the form ξt = 1{x⊤Ax ≥ 1} when xt ∼ ν iid. The fact that for any smooth
distribution ν the decision rule is a hard decision equivalent to xt falling outside a fixed ellipse or not, and
not a stochastic rule that varies complementarily with the density of ν over space is perhaps unexpected.

To motivate the problem description, suppose on each day t = 1, 2, . . . a food blogger posts the Cocktail
of the Day with a recipe described by a feature vector xt ∈ Rd. You have the ingredients (and skills) to make
any possible cocktail in the space of all cocktails Z , but you don’t know which one you’d like the most, i.e.,
z∗ := argmaxz∈Z⟨z, θ∗⟩, where θ∗ captures your preferences over cocktail recipes. You decide to use the
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Cocktail of the Day to inform your search. That is, each day you are presented with the cocktail recipe
xt ∈ Rd, and if you choose to make it (ξt = 1) you observe your preference for the cocktail yt with
E[yt] = ⟨xt, θ∗⟩. Of course, making cocktails can get costly, so you don’t want to make each day’s cocktail,
but rather you will only make the cocktail if xt is informative about θ∗ (e.g., uses a new combination of
ingredients). At the same time, waiting too many days before making the next cocktail of the day may mean
that you never get to learn (and hence drink) the cocktail z∗ you like best. The setting above is not limited to
cocktails, but rather naturally generalizes to discovering the efficacy of drugs and other therapeutics where
blood and tissue samples come to the clinic in a stream and the researcher has to choose whether to take a
potentially costly measurement.

Our results hold for arbitrary θ∗ ∈ Rd, sets X ⊂ Rd and Z ⊂ Rd, and measures ν ∈ △X
1 for which we

assume xt ∼ ν is drawn IID. The assumption that each xt is IID allows us to make very strong statements
about optimality. To summarize, our contributions are as follows:

• We present fundamental limits on the trade-off between the amount of unlabelled data and labelled
data in the form of (the first) information theoretic lower bounds for selective sampling problems that
we are aware of. Naturally, they say that there is an absolute minimum amount of unlabelled data
that is necessary to solve the problem, but then for any amount of unlabelled data beyond this critical
value, the bounds say that the amount of labelled data must exceed some value as a function of the
unlabelled data used.

• We propose an algorithm that nearly matches the lower bound at all feasible trade-off points in the
sense that given any unlabelled data budget that exceeds the critical threshold, the algorithm takes no
more labels than the lower bound suggests. Thus, the upper and lower bounds sketch out a curve of
all possible operating points, and the algorithm achieves any point on this curve.

• We characterize the optimal decision rule of whether to take a sample or not, based on any critical
point is a simple test: Accept xt ∈ Rd if x⊤t Axt ≥ 1 for some matrix A that depends on the desired
operating point and geometry of the task. Geometrically, this is equivalent to xt falling inside or
outside an ellipsoid.

• Our framework is also general enough to capture binary classification, and consequently, we prove
results there that improve upon state of the art.

4.1.1 Related Work

Selective Sampling in the Streaming Setting: Online prediction, the setting in which the selective sam-
pling framework was introduced, is a closely related problem to the one studied in our work and enjoys a
much more developed literature (Cesa-Bianchi et al., 2009; Dekel et al., 2012; Agarwal, 2013; Chen et al.,
2021). In the linear online prediction setting, for t = 1, 2, . . . Nature reveals xt ∈ Rd, the learner predicts
ŷt and incurs a loss ℓ(ŷt, yt), and then the learner decides whether to observe yt (i.e., ξt = 1) or not (ξt = 0),
where yt is a label generated by a composition of a known link function with a linear function of xt. For ex-
ample, in the classification setting (Agarwal, 2013; Cesa-Bianchi et al., 2009; Dekel et al., 2012), one setting
assumes yt ∈ {−1, 1} with E[yt|xt] = ⟨xt, θ∗⟩ for some unknown θ∗ ∈ Rd, and ℓ(ŷt, yt) = 1{ŷt ̸= yt}.
In the regression setting (Chen et al., 2021), one observes yt ∈ [−1, 1] with E[yt|xt] = ⟨xt, θ∗⟩ again, and
ℓ(ŷt, yt) = (ŷt − yt)2. After any amount of time U , the learner is incentivized to minimize both the amount
of requested labels

∑U
t=1 1{ξt = 1} and the cumulative loss

∑U
t=1 ℓ(yt, ŷt) (or some measure of regret

1We denote the set of probability measures over X as △X .
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which compares to predictions using the unknown θ∗). If every label yt is requested then L = U and this is
just the classical online learning setting.

These works give a guarantee on the regret and labeled points taken in terms of the hardness of the
stream relative to a learner which would see the label at every time. Most do not give the learner the ability
to select an operating point that provides a trade-off between the amount of unlabeled versus labeled data
taken. Those few works that propose algorithms that do provide this functionality do not provide lower
bounds that match their given upper bounds, leaving it unclear whether their algorithm optimally negotiates
this trade-off. In contrast, our work fully characterizes the trade-off between the amount of unlabeled and
labeled data through an information-theoretic lower bound and a matching upper bound. Specifically, our
algorithm includes a tuning parameter, call it τ , that controls the trade-off between the evaluation metric
of interest (for us, the quality of the recommended z ∈ Z), the label complexity L, and the amount of
unlabelled data U that is necessary before the metric of interest can be non-trivial. We prove that each
possible setting of τ parametrizes all possible trade-offs between unlabeled and labeled data.

Our work is perhaps closest to the streaming setting for agnostic active classification (Dasgupta et al.,
2008; Huang et al., 2015) where each xs is drawn i.i.d. from an underlying distribution ν on X , and indeed
our results can be specialized to this setting as we discuss in Section 4.3. These papers also evaluate them-
selves at a single point on the tradeoff curve, namely the number of samples needed in passive supervised
learning to obtain a learner with excess risk at most ϵ. They provide minimax guarantees on the amount of
labeled data needed in terms of the disagreement coefficient (Hanneke et al., 2014). In contrast, again, our
results characterize the full trade-off between the amount of unlabeled data seen, and the amount of labeled
data needed to achieve the target excess risk ϵ. We note that using online-to-batch conversion methods,
(Dekel et al., 2012; Agarwal, 2013; Cesa-Bianchi et al., 2009) also provide results on the amount of labeled
data needed but they assume a very specific parametric form to their label distribution unlike our setting
which is agnostic. Other works have characterized selective sampling for classification in the realizable
setting that assumes there exists a classifer among the set under consideration that perfectly labels every
yt (Hanneke and Yang, 2021)–our work addresses the agnostic setting where no such assumption is made.
Finally, our results apply under the more general setting of domain adaptation under covariate shift where
we are observing data drawn from the stream ν, but we will evaluate the excess risk of our resulting classifier
on a different stream π (Rai et al., 2010; Saha et al., 2011; Xiao and Guo, 2013).

Best-Arm Identification and Online Experimental Design. Our techniques are based on experimental
design methods for best-arm identification in linear bandits, see Chapter 2 or (Soare et al., 2014; Fiez et al.,
2019; Camilleri et al., 2021a). In the setting of these works, there exists a pool of examples X and at each
time any x ∈ X can be selected with replacement. The goal is to identify the best arm using as few total
selections (labels) as possible. Their algorithms are based on arm-elimination. Specifically, they select
examples with probability proportional to an approximate G-optimal design with respect to the current
remaining arms. Then, during each round after taking measurements, those arms with high probability of
being suboptimal will be eliminated. Remarkably, near-optimal sample complexity has been achieved under
this setting. While we apply these techniques of arm-elimination and sampling through G-optimal design,
the major difference is that we are facing a stream instead of a pool of examples. Finally, (Eghbali et al.,
2018) considers a different online experiment design setup where (adversarially chosen) experiments arrive
sequentially and a primal-dual algorithm decides whether to choose each, subject to a total budget. (Eghbali
et al., 2018) studies the competitive ratio of such algorithms (in the manner of online packing algorithms)
for problems such as D-optimal experiment design.
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4.2 Selective Sampling for Best Arm Identification

Consider the following game: Given known X ,Z ⊂ Rd and unknown θ∗ ∈ Rd at each time t = 1, 2, . . . :

1. Nature reveals xt
iid∼ ν with support(ν) = X

2. Player chooses Qt ∈ {0, 1}. If Qt = 1 then nature reveals yt with E[yt] = ⟨xt, θ∗⟩

3. Player optionally decides to stop at time t and output some ẑ ∈ Z

If the player stops at time U after observing L =
∑U

t=1Qt labels, the objective is to identify z∗ =
argmaxz∈Z⟨z, θ∗⟩ with probability at least 1− δ while minimizing a trade-off of U ,L.

This chapter studies the relationship between U and L in the context of necessary and sufficient condi-
tions to identify z∗ with probability at least 1− δ. Clearly U must be “large enough” for z∗ to be identifiable
even if all labels are requested (i.e., L = U). But if U is very large, the player can start to become more
picky with their decision to observe the label or not. Indeed, one can easily imagine scenarios in which it is
advantageous for a player to forgo requesting the label of the current example in favor of waiting for a more
informative example to arrive later if they wished to minimize L alone. Intuitively, L should decrease as U
increases, but how?

Any selective sampling algorithm for the above protocol at time t is defined by 1) a selection rule
Pt : X → [0, 1] where Qt ∼ Bernoulli(Pt(xt)), 2) a stopping rule U , and 3) a recommendation rule ẑ ∈ Z .
The algorithm’s behavior at time t can use all information collected up to time t

Definition 2. For any δ ∈ (0, 1) we say a selective sampling algorithm is δ-PAC for ν ∈ △X if for all
θ ∈ Rd the algorithm terminates at time U which is finite almost surely and outputs argmaxz∈Z⟨z, θ⟩ with
probability at least 1− δ.

4.2.1 Optimal design

Before introducing our own algorithm, let us consider a seemingly optimal procedure. For any λ ∈ △X =
{p :∑x∈X px = 1, px ≥ 0 ∀x ∈ X} define

ρ(λ) := max
z∈Z\{z∗}

∥z − z∗∥2EX∼λ[XX⊤]−1

⟨θ∗, z∗ − z⟩2
. (4.1)

Intuitively, ρ(λ) captures the number of labeled examples drawn from distribution λ to identify z∗. Specifi-
cally, for any τ ≥ ρ(λ) log(|Z|/δ), if x1, . . . , xτ ∼ λ and yi = ⟨xi, θ∗⟩+ ϵi where ϵi is iid 1 sub-Gaussian
noise, then there exists an estimator θ̂ := θ̂({(xi, yi)}τi=1) such that ⟨θ̂, z∗⟩ > maxz∈Z\z∗⟨θ̂, z⟩ with proba-
bility at least 1 − δ (Fiez et al., 2019). In particular, τ ≥ ρ(λ) log(|Z|/δ) samples suffice to guarantee that
argmaxz∈Z⟨θ̂, z⟩ = argmaxz∈Z⟨θ∗, z⟩ =: z∗.

Thus, if our τ samples are coming from ν, we would expect any reasonable algorithm to require at
least ρ(ν) log(|Z|/δ) examples and labels. However, since we only want to take informative examples, we
instead choose to select the tth example xt = x according to a probability P (x) so that our final labeled
samples are coming from the distribution λ where λ(x) ∝ P (x)ν(x). In particular, P (x) should be chosen
according to the following optimization problem

P ∗ =argminP :X→[0,1]τEX∼ν [P (X)] subject to max
z∈Z\{z∗}

∥z∗ − z∥2EX∼ν [τP (X)XX⊤]−1

⟨z∗ − z, θ∗⟩2
βδ ≤ 1 (4.2)
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for βδ = log(|Z|/δ) where the objective captures the number of samples we select using P ∗, and the
constraint captures the fact that we have solved the problem. Remarkably, we can reparametrize this result
in terms of an optimization problem over λ ∈ ∆X instead of P ∗ : X → [0, 1] as

τEX∼ν [P
∗(X)] = min

λ∈△X
ρ(λ)βδ subject to τ ≥ ∥λ/ν∥∞ρ(λ)βδ

where ∥λ/ν∥∞ = maxx∈X λ(x)/ν(x), as shown in Proposition 4. Note that as τ → ∞ the constraint
becomes inconsequential. Also notice that ρ(ν)βδ appears to be a necessary amount of labels to solve the
problem even if P (x) ≡ 1 (albeit, by arguing about minimizing the upperbound of above).

4.2.2 Main results

In this section we formally justify the sketched argument of the previous section, showing nearly matching
upper and lower bounds.

Theorem 10 (Lower bound). Fix any δ ∈ (0, 1), X ,Z ⊂ Rd, and θ∗ ∈ Rd. Any selective sampling
algorithm that is δ-PAC for ν ∈ △X and terminates after drawing U unlabelled examples from ν and
requests the labels of just L of them satisfies

• E[U ] ≥ ρ(ν) log(1/δ), and

• E[L] ≥ min
λ∈△X

ρ(λ) log(1/δ) subject to E[U ] ≥ ∥λ/ν∥∞ρ(λ) log(1/δ).

The first part of the theorem quantifies the number of rounds or unlabelled draws U that any algorithm
must observe before it could hope to stop and output z∗ correctly. The second part describes a trade-off
between U and L. One extreme is if E[U ] → ∞, which effectively removes the constraint so that the
number of observed labels must scale like minλ∈△X ρ(λ) log(1/δ). Note that this is precisely the number
of labels required in the pool-based setting where the agent can choose any x ∈ X that she desires at each
time t (e.g. (Fiez et al., 2019)). In the other extreme, E[U ] = ρ(ν) log(1/δ) so that the constraint in the
label complexity E[L] is equivalent to ρ(ν) ≥ ∥λ/ν∥∞ρ(λ). This implies that the minimizing λ must either
stay very close to ν, or must obtain a substantially smaller value of ρ(λ) relative to ρ(ν) to account for the
inflation factor ∥λ/ν∥∞. In some sense, this latter extreme is the most interesting point on the trade-off
curve because its asking the algorithm to stop as quickly as the algorithm that observes all labels, but after
requesting a minimal number of labels. Note that this lower bound holds even for algorithms that known ν
exactly. The proof of Theorem 10 relies on standard techniques from best arm identification lower bounds
(see e.g. (Kaufmann et al., 2016; Fiez et al., 2019)).

Remarkably, every point on the trade-off suggested by the lower bound is nearly achievable.

Theorem 11 (Upper bound). Fix any δ ∈ (0, 1),X ,Z ⊂ Rd, and θ∗ ∈ Rd. Let ∆ = minz∈Z\{z∗}⟨z∗−z, θ∗⟩
and βδ ∝ log(log( 1

∆)|Z|/δ) where the precise constant is given in the appendix. For any τ ≥ ρ(ν)βδ there
exists a δ-PAC selective sampling algorithm that observes U unlabeled examples and requests just L labels
that satisfies with probability at least 1− δ

• U ≤ log2(
4
∆) τ , and

• L ≤ 3 log2(
4
∆) min

λ∈△X
ρ(λ)βδ subject to τ ≥ ∥λ/ν∥∞ρ(λ)βδ.

Aside from the log( 1
∆) factor and the log(|Z|) that appears in the βδ term, this nearly matches the lower

bound. Note that the parameter τ parameterizes the algorithm and makes the trade-off between U and L
explicit. The next section describes the algorithm that achieves this theorem.
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4.2.3 Selective Sampling Algorithm

Algorithm 4.1 contains the pseudo-code of our selective sampling algorithm for best-arm identification.
Note that it takes a confidence level δ ∈ (0, 1) and a parameter τ that controls the unlabeled-labeled budget
trade-off as input. The algorithm is effectively an elimination style algorithm and closely mirrors the RAGE
algorithm for the pool-based setting of best-arm identification problem (Fiez et al., 2019). The key differ-
ence, of course, is that instead of being able to plan over the pool of measurements, this algorithm must plan
over the x’s that the algorithm may potentially see and account for the case that it might not see the x’s it
wants.

Algorithm 4.1. Selective Sampling for Best-arm Identification

1: Input Z ⊂ Rd, δ ∈ (0, 1), τ
2: while |Zℓ| > 1 do
3: Let P̂ℓ, Σ̂P̂ℓ

←OPTIMIZEDESIGN(Zℓ, 2−ℓ, τ) // Σ̂
P̂ℓ

approximates EX∼ν [P̂ℓ(X)XX⊤]

4: for t = (ℓ− 1)τ + 1, . . . , ℓτ do
5: Nature reveals xt drawn iid from ν (with support Rd)
6: Sample Qt(xt) ∼ Bernoulli(P̂ℓ(xt)). If Qt = 1 then observe yt // E[yt|xt] = ⟨θ∗, xt⟩
7: Let θ̂ℓ ←RIPS({Σ̂−1

P̂ℓ
Qs(xs)xsys}ℓτs=(ℓ−1)τ+1, Z × Z) // θ̂ℓ approximates θ∗

8: Zℓ+1 = Zℓ \ {z ∈ Zℓ : max
z′∈Zℓ

⟨z′ − z, θ̂ℓ⟩ ≥ 2−ℓ}

In round ℓ, the algorithm maintains an active set Zℓ ⊆ Z with the guarantee that each remaining z ∈ Zℓ
satisfies, ⟨z∗ − z, θ∗⟩ ≤ 8 · 2−ℓ. In each round, on Line 3 of the algorithm, it calls out to a sub-routine
OPTIMIZEDESIGN(Z, ϵ, τ) that is trying to approximate the ideal optimal design of (4.2). In particular,
the ideal response to OPTIMIZEDESIGN(Z, ϵ, τ) would return a P ∗

ϵ and ΣP ∗
ϵ
= EX∼ν [P

∗
ϵ (X)XX⊤] where

P ∗
ϵ is the solution to Equation 4.2 with the one exception that the denominator of the constraint is replaced

with max{ϵ2, ⟨θ∗, z∗ − z⟩2}. Of course, θ∗ is unknown so we cannot solve Equation 4.2 (as well as other
outstanding issues that we will address shortly). Consequently, our implementation will aim to approximate
the optimization problem of Equation 4.2. But assuming our sample complexity is not too far off from this
ideal, each round should not request more labels than the number of labels requested by the ideal program
with ϵ = 0. Thus, the total number of samples should be bounded by the ideal sample complexity times the
number of rounds, which is O(log(∆−1)). We will return to implementation issues in the next section.

Assuming we are returned (P̂ℓ, Σ̂P̂ℓ
) that approximate their ideals as just described, the algorithm then

proceeds to process the incoming stream of xt ∼ ν. As described above, the decision to request the label
of xt is determined by a coin flip coming up heads with probability P̂ℓ(xt)–otherwise we do not request the
label. Given the collected dataset {(xt, yt, Qt, P̂ℓ(xt))}t, line 7 then computes an estimate θ̂ℓ of θ∗ using the
RIPS estimator of Figure 2.1 (Camilleri et al., 2021a) which will satisfy

|⟨z∗ − z, θ̂ℓ − θ∗⟩| ≤ O
(
∥z∗ − z∥EX∼ν [τP̂ℓ(X)XX⊤]−1

√
log(2ℓ2|Z|2/δ)

)
≤ 2−ℓ

for all z ∈ Zℓ simultaneously with probability at least 1− δ. Thus, the final line of the algorithm eliminates
any z ∈ Zℓ such that there exists another z′ ∈ Zℓ (think z∗) that satisfies ⟨θ̂ℓ, z′ − z⟩ > 2−ℓ. The process
continues until Zℓ = {z∗}.
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4.2.4 Implementation of OPTIMIZEDESIGN

For the subroutine OPTIMIZEDESIGN passed (Zℓ, ϵ, τ) the next best thing to computing Equation 4.2 with
the denominator of the constraint replaced with max{ϵ2, ⟨θ∗, z∗ − z⟩2}, is to compute

Pϵ = argminP :X→[0,1]EX∼ν [P (X)] subject to max
z,z′∈Zℓ

∥z − z′∥2EX∼ν [τP (X)XX⊤]−1

ϵ2
βδ ≤ 1 (4.3)

and ΣPϵ = EX∼ν [Pϵ(X)XX⊤] for an appropriate choice of βδ = Θ(log(|Z|/δ)). To see this, firstly, any
z ∈ Z with gap ⟨θ∗, z∗ − z⟩ that we could accurately estimate would not be included in Zℓ, thus we don’t
need it in the max of the denominator. Secondly, to get rid of z∗ in the numerator (which is unknown, of
course), we note that for any norm maxz,z′ ∥z − z′∥ ≤ maxz 2∥z − z∗∥ ≤ maxz,z′ 2∥z − z′∥. Assuming
we could solve this directly and compute ΣPϵ = EX∼ν [Pϵ(X)XX⊤], we can obtain the result of Theorem
2 (proven in the Appendix).

However, even if we knew ν exactly, the optimization problem of Equation 4.3 is quite daunting as it is
a potentially infinite dimensional optimization problem over X . Fortunately, after forming the Lagrangian
with dual variables for each z − z′ ∈ Z ×Z , optimizing the dual amounts to a finite dimensional optimiza-
tion problem over the finite number of dual variables. Moreover, this optimization problem is maximizing
a simple expectation with respect to ν and thus we can apply standard stochastic gradient ascent and results
from stochastic approximation (Nemirovski et al.). Given the connection to stochastic approximation, in-
stead of sampling a fresh x̃ ∼ ν each iteration, it suffices to “replay” a sequence of x̃’s from historical data.
Summing up, this construction allows us to compute a satisfactory Pϵ and avoid both an infinite-dimensional
optimization problem and requiring knowledge of ν (as long as historical data is available).

Meanwhile, with historical data, we can also empirically compute EX∼ν [Pϵ(X)XX⊤]. Historical data
could mean offline samples from ν or just samples from previous rounds. In this setting, Theorem 2 still
holds albeit with larger constants. Theorem 25 in the appendix characterizes the necessary amount of his-
torical data needed. Unfortunately (in full disclosure) the theoretical guarantees on the amount of historical
data needed is absurdly large, though we suspect this arises from a looseness in our analysis. Similar as-
sumptions and approaches to historical or offline data have been used in other works in the streaming setting
e.g. (Huang et al., 2015).

4.3 Selective Sampling for Binary Classification

We now review streaming Binary Classification in the agnostic setting (Dasgupta et al., 2008; Hanneke
et al., 2014; Huang et al., 2015) and show that our approach can be adapted to this setting. Consider a binary
classification problem where X is the example space and Y = {−1, 1} is the label space. Fix a hypothesis
class H such that each h ∈ H is a classifier h : X → Y . Assume there exists a fixed regression function
η : X → [0, 1] such that the label of x is Bernoulli with probability η(x) = P(Y = 1|X = x). Being in the
agnostic setting, we make no assumption on the relationship betweenH and η. Finally, fix any ν ∈ △X and
π ∈ △X . Given known X ,H and unknown regression function η, at each time t = 1, 2, . . . :

1. Nature reveals xt ∼ ν

2. Player chooses Qt ∈ {0, 1}. If Qt = 1 then nature reveals yt ∼ Bernoulli(η(xt)) ∈ {−1, 1}

3. Player optionally decides to stop at time t and output some ĥ ∈ H.
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Define the risk of any h ∈ H as Rπ(h) := PX∼π,Y∼η(X)(Y ̸= h(X)). If the player stops at time U after
observing L =

∑U
t=1Qt labels, the objective is to identify h∗ = argminh∈HRπ(h) with probability at

least 1 − δ while minimizing a trade-off of U ,L. Note that h∗ is the true risk minimizer with respect to
distribution π but we observe samples xt ∼ ν; π is not necessarily equal to ν. While we have posed the
problem as identifying the potentially unique h∗, our setting naturally generalizes to identifying an ϵ-good
h such that Rπ(h)−Rπ(h∗) ≤ ϵ.

We will now reduce selective sampling for binary classification problem to selective sampling for best
arm identification, and thus immediately obtain a result on the sample complexity. For simplicity, assume
that X and H are finite. Enumerate X and for each h ∈ H define a vector z(h) ∈ [0, 1]|X | such that
z
(h)
x := π(x)1{h(x) = 1} for z(h) = [z

(h)
x ]x∈X . Moreover, define θ∗ := [θ∗x]x∈X where θ∗x := 2η(x) − 1.

Then

Rπ(h) = EX∼π,Y∼η(X)[1{Y ̸= h(X)}]=
∑
x∈X

π(x)(η(x)1{h(x) ̸= 1}+(1− η(x))1{h(x) ̸= 0})

=
∑
x∈X

π(x)η(x) +
∑
x∈X

π(x)(1− 2η(x))1{h(x) = 1} = c− ⟨z(h), θ∗⟩

where c =
∑

x∈X π(x)η(x) does not depend on h. Thus, if Z := {z(h)}h∈H then identifying h∗ =
argminh∈HRπ(h) is equivalent to identifying z∗ = argmaxz∈Z⟨z, θ∗⟩. We can now apply Theorem 11 to
obtain a result describing the sample complexity trade-off. First define,

ρπ(λ, ε) := max
z∈Z\{z∗}

∥z − z∗∥2EX∼λ[XX⊤]−1

max{⟨θ∗, z∗ − z⟩2, ε2}
= max

h∈H\{h∗}

EX∼π

[
1{h(X) ̸= h′(X)}π(X)

λ(X)

]
max{(Rπ(h)−Rπ(h∗))2, ε2}

An important case of the above setting is whenX ∼ ν and π = ν, i.e. we are evaluating the performance
of a classifier relative to the same distribution our samples are drawn from. This is the setting of (Dasgupta
et al., 2008; Huang et al., 2015; Hanneke et al., 2014). The following theorem shows that the sample
complexity obtained by our algorithm is at least as good as the results they present.

Theorem 12. Fix any δ ∈ (0, 1), domainX with distribution ν, finite hypothesis classH, regression function
η : X → [0, 1]. Set ϵ ≥ 0 and βδ = 2048 log(4 log22(4/ϵ)|H|/δ). Then for τ ≥ ρπ(ν, ϵ)βδ there exists a
selective sampling algorithm that returns h ∈ H satisfying Rπ(h)−Rπ(h∗) ≤ ϵ by observing U unlabeled
examples and requesting just L labels such that

• U ≤ log2(4/ϵ)τ

• L ≤ 3 log2(
4
ε ) min

λ∈△X
ρπ(λ, ε)βδ s.t. τ ≥ ∥λ/ν∥∞ρπ(λ, ε)βδ

with probability at least 1− δ. Furthermore when ν = π and if τ ≥ 16ρ(ν, ϵ)βδ we have that

L ≤ 36 log2(4/ϵ)
(
Rν(h∗)2

ϵ2
+ 4
)
sup
ξ≥ϵ

θ∗(2Rν(h
∗) + ξ, ν)βδ

where θ∗(u, ν) is the disagreement coefficient, defined in Appendix C.5.

Note that if τ is sufficiently large then the labeled sample complexity we obtain minλ∈∆X ρ(λ, ϵ) could
be significantly smaller than previous results in the streaming setting, e.g. see (Katz-Samuels et al., 2021).
The proof of Theorem 12 can be found in Appendix C.5.
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4.4 Solving the Optimization Problem

Recall that in Algorithm 4.1, during round ℓ, we need to solve optimization problem (4.3). Solving this opti-
mization problem is not trivial because the number of variables can potentially be infinite if X is an infinite
set. In this section, we will demonstrate how to reduce it to a finite-dimensional problem by considering its
dual problem. To simplify the notation, let Yℓ = {z − z′ : z, z′ ∈ Zℓ, z ̸= z′}, and rewrite the problem as
follows, where cℓ > 0 is a constant that may depend on round ℓ.

minP EX∼ν [P (X)]

subject to y⊤EX∼ν
[
P (X)XX⊤]−1

y ≤ c2ℓ , ∀y ∈ Yℓ,
0 ≤ P (x) ≤ 1, ∀x ∈ X .

(4.4)

Using the Schur complement technique, we show in Lemma 47 (Appendix C.3) the following equivalence:
y⊤EX∼ν

[
P (X)XX⊤]−1

y ≤ c2ℓ ⇐⇒ EX∼ν
[
P (X)XX⊤] ⪰ 1

c2ℓ
yy⊤. This transforms a constraint involv-

ing matrix inversion into one with ordering between PSD matrices. Then, we remove the bound constraints
0 ≤ P (x) ≤ 1, ∀x ∈ X by introducing the barrier function − log(1 − x) − log(x). That is, instead of
working with the objective EX∼ν [P (X)] directly, we consider the following problem.

minP EX∼ν [P (X)− µb(log(1− P (X)) + log(P (X)))]
subject to EX∼ν

[
P (X)XX⊤] ⪰ 1

c2ℓ
yy⊤, ∀y ∈ Yℓ. (4.5)

Here, µb ∈ (0, 1) is some small constant that controls how strong the barrier is. Intuitively, a smaller µb will
make problem (4.5) closer to the original problem. We now show that unlike the primal, the dual problem is
indeed finite-dimensional. For each constraint of y ∈ Yℓ, let the matrix Λy ⪰ 0 be its dual variable. Further,
let Λ =

∑
y∈Yℓ

Λy and Λ = (Λy)y∈Yℓ
. The corresponding Lagrangian is

L (Λ, P ) = EX∼ν

[
P (X)−µb (log(1−P (X))+log(P (X)))−P (X)X⊤ΛX

]
+

1

c2ℓ

∑
y∈Yℓ

y⊤Λyy.

The dual problem is maxΛy⪰0,∀y∈Yℓ
minP L (Λ, P ). Notice that minimization over P : X 7→ [0, 1] can be

done via minimizing P (x) point-wise for each x ∈ X . To do this, we take the gradient with respect to each
P (x) and set it to zero to get

1 +
µb

1− P (x) −
µb
P (x)

− x⊤Λx = 0. (4.6)

Solving this equation and defining qΛ(x) = x⊤Λx− 1, we get

PΛ(x) =
1

2
− µb
qΛ(x)

+

√
(2µb − qΛ(x))2 + 4µbqΛ(x)

2qΛ(x)
. (4.7)

Note that if µb = 0 (no barrier), the above reduces to the “threshold” decision rule PΛ(x) =
1
2 +

|qΛ(x)|
2qΛ(x)

,
which gives 0 when qΛ(x) < 0 and 1 when qΛ(x) > 0.2 This is exactly the hard elliptical threshold rule
mentioned before, in which whether to query the label for x depends on whether it falls inside (x⊤Λx < 1)
or outside (x⊤Λx > 1) of the ellipsoid defined by the positive semidefinite matrix Λ. A visualization of the
decision rule PΛ is given in Figure C.1 in the Appendix.

2When qΛ(x) = 0, PΛ(x) is undetermined from the dual.
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Now, by plugging in PΛ(x), our dual problem becomes maxΛy⪰0,∀yD(Λ) := L (Λ, PΛ). This is
a finite-dimensional optimization problem, and can be solved by projected gradient ascent (or projected
stochastic gradient ascent when we have only samples from ν). The gradient of D(Λ) is

∇ΛyD(Λ) = EX∼ν

[(
1+

µb
1− PΛ(x)

− µb
PΛ(X)

−X⊤ΛX

)
∇ΛyPΛ(X)−PΛ(X)XX⊤

]
+
yy⊤

c2ℓ

=
yy⊤

c2ℓ
− EX∼ν

[
PΛ(X)XX⊤

]
. (Since PΛ(X) solves Eq. (4.6))

The algorithm to solve the problem has been summarized in Algorithm 4.2, in which the gradient during kth
iteration is replaced by its unbiased estimator yy⊤

c2ℓ
− PΛ̂(k)(xk)xkx

⊤
k . The adaptive learning rate is chosen

by following the discussion in chapter 4 of (Orabona, 2019). Optimizing the assignment of Λ̂y to each y in
line 9 ensures that the re-scaling step in line 10 increases the function value in an optimized way. Finally,
the re-scaling step is used to ensure that the output primal objective value EX∼ν [P(X)] is bounded well,
which will be explained in more details in Appendix C.3.

Algorithm 4.2. Projected Stochastic Gradient Ascent to Solve OPTIMIZEDESIGN

1: Input: Number of iterations K; number of samples u; barrier weight µb ∈ (0, 1)

2: Initialize Λ̂
(0)
y = 0 for each y ∈ Yℓ

3: for k = 0, 1, 2, . . . ,K − 1 do
4: Sample xk ∼ ν
5: Set gk,y =

yy⊤

c2ℓ
− PΛ̂(k)(xk)xkx

⊤
k , where PΛ is defined in Eq. (4.7)

6: Set Λ̂(k+1)
y ← Λ̂

(k)
y + ηkgk,y for each y ∈ Yℓ, where ηk = 1√

2
∑k

s=1

∑
y∈Yℓ

∥gs,y∥22

7: Update Λ̂
(k+1)
y ← ΠSd+

(Λ̂
(k+1)
y ) for each y ∈ Yℓ, a projection to the set of d× d PSD matrices

8: Let Λ̂y = 1
K

∑K
k=1 Λ̂

(k)
y for each y ∈ Yℓ and Λ̂ =

∑
y∈Yℓ

Λ̂y

9: Update (Λ̂y)y∈Yℓ
← argmaxΛ

∑
y∈Yℓ

y⊤Λyy, subject to
∑

y∈Yℓ
Λy = Λ̂,Λy ⪰ 0,∀y ∈ Yℓ.

10: Find s∗ ← argmaxs∈[0,1]DE(s · Λ̂), where DE empirically evaluates D using u i.i.d. samples
11: return Λ̃ = s∗ ·∑y∈Yℓ

Λ̂y

Let Λ∗ be an optimal solution for D(Λ). Intuitively, as long as we run this algorithm with sufficiently
large number of iterations K and number of samples u, we can guarantee that D(Λ̃) and D(Λ∗) are close
enough with high probability, which in turn guarantees that the primal constraints are violated by only a tiny
amount and EX∼ν

[
P
Λ̃
(X)

]
is close enough to the optimal value. Specifically, we can prove the following

theorem.

Theorem 13. Suppose ∥x∥2 ≤ M for any x ∈ supp(ν) and Σ = EX∼ν
[
XX⊤] is invertible. Let Λ∗ ∈

argmaxΛy⪰0,∀y∈Yℓ
D(Λ) and κ(Σ) = λmax(Σ)

λmin(Σ) be its condition number. Assume ∥Λ∗∥F > 0 and define

ω = minΓ∈Sd:∥Γ∥F=1 EX∼ν

[(
X⊤ΓX

)2], where Sd is the set of d× d symmetric matrices.

Then, Λ∗ =
∑

y∈Yℓ
Λ∗
y is unique. Further, for any ϵ > 0 and δ > 0, if it holds that µb ≤ O

(√
∥Λ∗∥F κ(Σ)M

)
·√

(1 + ϵ)/ϵ and

K≥O
(
|Yℓ|3κ(Σ)2∥Λ∗∥8FM16log(1/δ)

ω2µ6b

)
·
(
1 + ϵ

ϵ

)2

, u≥O
(
κ(Σ)2∥Λ∗∥6FM16log(1/δ)

ω2µ6b

)
·
(
1 + ϵ

ϵ

)2

,
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then, with probability at least 1− δ, Algorithm 4.2 will output Λ̃ that satisfies

• y⊤EX∼ν
[
P
Λ̃
(X)XX⊤]−1

y ≤ (1 + ϵ)c2ℓ , ∀y ∈ Yℓ.

• EX∼ν
[
P
Λ̃
(X)

]
≤ EX∼ν

[
P̃ (X)

]
+ 4
√
µb, where P̃ is the optimal solution to problem (4.4) with

barrier constraint repaced by 0 ≤ P (x) ≤ 1− µb,∀x ∈ X .

The proof is in Appendix C.3. Although P̃ is not exactly the same as the optimal solution of the
original problem (4.4), when µb is sufficiently small, they will be very close. Meanwhile, it should be noted
that Theorem 13 mainly reveals that with sufficiently large number of iterations and number of samples,
Algorithm 4.2 can output sufficiently good solution. In future work, we plan to examine how much this
bound can be improved via a tighter analysis.

Finally, notice that Algorithm 4.2 needs to maintain |Yℓ| d2 = O(|Zℓ|2 d2) variables, which can be large
when we have a large set Zℓ. Therefore, as an alternative, we also propose Algorithm C.1 that only needs
to maintain d2 variables but requires more computational power in each iteration. The details are given in
Appendix C.3.

4.5 Empirical results

In this section we present a benchmark experiment validating the fundamental trade-offs that are theoreti-
cally characterized in Theorem 10 and Theorem 11. We take inspiration from (Soare et al., 2014) to define
our experimental protocol:

• d = 2, a two-dimensional problem.

• Z = [e1, e2, (cos(ω), sin(ω))] for ω = 0.3, where e1, e2 are canonical vectors.

• θ∗ = 2e1 and y = x⊤θ∗ + η, where η ∼ N (0, 1).

• The distribution ν for streaming measurements xt
i.i.d.∼ ν is such that xt = (cos(2Itπ/N), sin(2Itπ/N))

where It ∈ {0, . . . , N − 1}, P(It = i) ∝ cos(2iπ/N)2, and N = 30.

In this problem, the angle ω is small enough that the item (cos(ω), sin(ω)) is hard to discriminate from
the best item e1. As argued in (Soare et al., 2014), an efficient sampling strategy for this problem instance
would be to pull arms in the direction of ±e2 in order to reduce the uncertainty in the direction of interest,
e1 − (cos(ω), sin(ω)). However, the distribution ν is defined such that it is more likely to receive a vector
xt in the direction of ±e1 rather than ±e2. Thus, if one seeks a small label complexity, then P should be
taken to reject measurements in the direction of ±e1.

In the benchmark experiment, we compare the following three algorithms which all use Algorithm 4.1
as a meta-algorithm and just swap out the definition of P̂ℓ. Naive Algorithm uses no selective sampling
so that P̂ℓ(x) = 1 for all x; the Oracle Algorithm uses P̂ℓ = P∗ where P∗ is the ideal solution to (4.2),
and Our Algorithm uses the solution to (4.5) for P̂ℓ, where we take µb = 2 × 10−5. We swept over
the values of τ and plotted on the y-axis the amount of labeled data needed before termination, as shown in
Figure 4.1.

We observe in Figure 4.1 that the algorithms using non-naive selection rules require far less label com-
plexity than the naive algorithm for all τ . This reflects the intuition that selection strategies that focus on
requesting the more informative streaming measurements are much more efficient than naively observing
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Figure 4.1: (left) For each value of τ , we plot the average label complexity over 50 repeated trials. (middle)
Visualization of P∗(x) and ν(x) v.s. x, where x is indexed by I such that xI = (cos(2Iπ/N), sin(2Iπ/N)).
Here, P∗ is solved with τ = 4× 105 and distribution ν is not normalized. (right) A heat map of P∗(x) along
with the setting of experimental protocol.
every streaming measurement. Meanwhile, the trade-off between label complexity L and sample complex-
ity U characterized in Theorem 10 and Theorem 11 is precisely illustrated in Figure 4.1. Indeed, we see the
number of labels queried by the two selective sampling algorithms decrease as the number of unlabeled data
seen in each round increases.

4.6 Conclusion

In this chapter, we proposed a new approach for the important problem of selective sampling for best arm
identification. We provide a lower bound that quantifies the trade-off between labeled samples and stopping
time and also presented an algorithm that nearly achieves the minimal label complexity given a desired
stopping time.

One of the main limitations of the work presented in this chapter is that our approach depends on a
well-specified model following stationary stochastic assumptions. In practice, dependencies over time and
model mismatch are common. Utilizing the proposed algorithm outside of our assumptions may lead to
poor performance and unexpected behavior with adverse consequences. While negative results justify some
of the most critical assumptions we make (e.g., allowing the stream xt to be arbitrary, rather than iid, can
lead to trivial algorithms, see Theorem 7 of (Chen et al., 2021)), exploring what theoretical guarantees are
possible under relaxed assumptions is an important topic of future work.
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Chapter 5

A/B Testing and Best-arm Identification for
Linear Bandits with Robustness to
Non-Stationarity

5.1 Introduction

Data-driven decision-making and A/B testing enable businesses to evaluate strategies using real-time cus-
tomer data, offering insights into customer tendencies. As the use of these methods has increased, these
technologies are being utilized to determine problems with smaller effect sizes, while also targeting smaller
audiences. These two competing trends of smaller effect sizes and smaller sample sizes make it increasingly
challenging to obtain statistical significance and correct inference since the absolute number of observations
is limited. Consequently, there is a rising trend in using adaptive sampling like multi-armed bandits to obtain
the same statistical insights using fewer total observations.

However, using adaptive experimentation schemes can come with many pitfalls. Most algorithms that
are effective in practice (e.g., Thompson Sampling) are developed with the assumption that the environment
is stationary and that rewards from treatments are stochastic. However in practice this is far from the case.
Non-stationarity can be introduced from a variety of sources such as user populations that change from
hour to hour, customer preferences which vary over the course of a year, changes in one part of a platform
that lead to latency and higher bounceback, site-wide promotions and sales, interference from competitors,
macroeconomic shifts, and many other disruptions. Many of these issues are often totally unobservable, and
therefore cannot be controlled, modeled, or accounted for by an experimenter. Under such an environment, it
is also possible for the underlying performance of treatments to wildly change, and as a result, the treatment
that is best performing on any given day may change. This makes the concept of “the best-performing arm”
poorly defined.

Instead, in time-varying settings, the goal of an experimenter is to identify the “counterfactual best
treatment” at the end of the experimentation period. That is, the treatment that would have received the
highest total reward had received all the samples. However, in the absence of being able to predict or model
time-variation, predicting precisely how a treatment would behave at every time point, at which time at most
one treatment can be evaluated, is impossible. Fortunately, randomization is a powerful tool to provide the
next best thing: unbiased estimates of how a treatment would behave as if it had been used at every time in
the past. These methods are well-understood in the causal-inference and online learning literature and are
commonly known as inverse-propensity score (IPS) estimators. The idea is simple: consider a sequence of
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evaluations from n treatments at each time {xt}Tt=1 ⊂ Rn. Note that a procedure can only observe at most
one treatment per time denoted as It ∈ [n], which is drawn from a distribution pt over the n treatments.
Then X̂i =

1
T

∑T
t=1

1{It=i}
pt,i

xt,i is an unbiased estimator of the cumulative gain 1
T

∑T
t=1 xt,i by

E
[
1{It = i}

pt,i
xt,i

]
=

n∑
j=1

P(It = j)
1{j = i}
pt,i

xt,i =
n∑
j=1

pt,j
1{j = i}
pt,i

xt,i = xt,i, (5.1)

as long as mint,i pt,i > 0. Of course, there is no free lunch, and the variance of X̂i behaves like
1
T 2

∑T
t=1 1/pt,i. Intuitively, to maximize efficiency of the samples we do take for inference, we should try

to minimize the probabilities on poor performing treatments and prioritize mass for the high performing
treatments. However, if the treatment performances vary over time, it can be challenging to determine how
one might do this optimally. Fortunately, Abbasi-Yadkori et al. (2018) proposes a novel solution to defining
these probabilities in a dynamic way that achieves a “Best of Both Worlds” (BOBW) guarantee, which is
an algorithm called P1 that manages to achieve near-optimal rates regardless of whether the environment is
stochastic or arbitrarily non-stationary (adversarial). This seminal work is the gold standard for A/B testing
in unpredictable non-stationary settings.

If the number of treatments is small (<10 in practice), BOBW provides a robust solution for practitioners.
However, there are many situations that practitioners are interested in for which the number of treatments
is very large and intractable for traditional A/B testing. For example, multivariate testing Hill et al. (2017)
aims to identify not just a single best item, but a set or bundle of items, such as the best 6 pieces of content
to highlight on a home screen. Given n possibilities, this results in

(
n
6

)
total distinct treatments for the A /

B test! Given this combinatorial explosion, practitioners have made structural parametric assumptions, such
as the expected value of a set of items behaves like

θ(0) +
n∑
i=1

θ
(1)
i αi +

n∑
i=2

∑
j<i

θ
(2)
i,j αiαj ,

where α ∈ {0, 1}n with
∑

i αi = 6 indicates whether an item was included in the set or not. Note that
these sums can be succinctly written as ⟨x, θ⟩ for θ = (θ(0), θ(1), θ(2))⊤ ∈ R1+n+(n2) and an appropriate
x ∈ {0, 1}1+n+(n2). This can reduce the overall number of unknowns, and dimension, to just O(n2) versus
O(n6). But now the vectors x ∈ X , each associated with a particular bundle, are overlapping and can
share information. A similar situation arises if we have features or covariates that describe each possible
treatment. For example, a particular song comes with lots of metadata including artist, genre, beats per
minute, etc. which can encode the useful properties about the song.

In these kinds of scenario—whether it be multivariate testing or items with feature descriptions—we
would like to perform adaptive experimentation in the presence of time-variation. Recall that without co-
variates, we have solutions like P1 that are near-optimal for time-variation. And without time-variation,
there are many methods that take covariates into account and are known to be near-optimal. The work pre-
sented in this chapter aims to develop an algorithmic framework for handling covariates with time variation.

The remainder of the chapter is organized as follows. We discuss the related work in Section 5.2 and
presents detailed problem formulations in Section 5.3. In Section 5.4, we propose a simple algorithm for
general non-stationary environments and then in Section 5.5, we propose a robust algorithm that can simul-
taneously tackle stationary and non-stationary environments. Experiment results are presented in Section
5.6 and our conclusions in Section 5.7.
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5.2 Related Work

The problem of identifying the best arm in linear bandits is a well-established and extensively researched
problem. (Soare et al., 2014; Karnin, 2016; Xu et al., 2018; Fiez et al., 2019; Katz-Samuels et al., 2020; De-
genne et al., 2020; Jedra and Proutiere, 2020; Wagenmaker and Foster, 2023). Notably, Katz-Samuels et al.
(2020); Azizi et al. (2021); Yang and Tan (2021) focus on the fixed-budget setting and are closely related
to our work. One notable limitation of these algorithms is their reliance on (unrealistic) stationary settings,
which leads to their critical failure when applied in non-stationary scenarios. This motivated increasing in-
terest in studying models for non-stationarity in bandits problems and algorithms agnostic to non-stationary
settings, which we review next.

Models for non-stationarity in bandits. A reasonable approach in bandit problems with distribution
shifts is to provide tight models for unknown variations in the reward distribution. Most literature in this
setting focuses on minimizing the dynamic regret, which compares the reward obtained against the reward
of the best arm in each round t. (Garivier and Moulines, 2011) demonstrates that existing methods such as
Auer et al. (2002b) could achieve a dynamic regret of Õ(

√
LT ) when L, the number of distribution shifts,

is known. Then, Auer et al. (2019) makes a significant advancement by introducing an adaptive approach
with the same dynamic regret but without the knowledge of L. More recently, (Chen et al., 2019; Wei
and Luo, 2021) establish analogous results in the contextual bandits settings. Measures of non-stationarity
other than L are also considered. In particular, Chen et al. (2019) measures the non-stationarity by total
variation and Suk and Kpotufe (2021) proposes the novel notion of severe shifts. Note importantly that
while this extensive body of work focuses on building tight models of non-stationarity and developing regret
minimization algorithms tuned to them, our work is agnostic to such models.

Agnostic non-stationary bandits (Best of both worlds). Bubeck and Slivkins (2012); Seldin and
Slivkins (2014); Seldin and Lugosi (2017); Auer and Chiang (2016); Abbasi-Yadkori et al. (2018); Lee et al.
(2021) focus on the “best of both worlds” (BOBW) problem: design a bandit algorithm that agnostically
achieves optimal performance in both stationary and non-stationary scenarios, even without prior knowledge
of the environment. While most BOBW work focus on regret minimization goals, Abbasi-Yadkori et al.
(2018) focuses on BOBW for best-arm identification. In this work, as in Abbasi-Yadkori et al. (2018), we
focus on the agnostic setting.

A/B testing. As discussed in the introduction, our work is closely related to non-stationary A/B testing.
In settings with non-stationarity and adaptive sample allocations, non-stationarity can lead to Simpson’s
paradox if the sample means are used to estimate arm means Kohavi and Longbotham (2011). It is com-
mon in large-scale industrial platforms to assume that means vary smoothly (Wu et al., 2022), or that the
differences between them are constant; i.e., all arms are subject to the same random exogeneous shock (Op-
timizely, 2023). The recent work Qin and Russo (2022) models time-variation as arising from confounding
due to a context distribution and aims to find the arm with the best reward on average under this context
distribution. Their goal is similar to ours, but, unlike them, we do not assume a context distribution.

5.3 Preliminaries

Notation. Let [a : b] = {a, a+ 1, . . . , b} for a, b ∈ N with b > a and [a] = {1, . . . , a}. For a vector
x ∈ Rd and symmetric positive semi-definite (PSD) matrix A ∈ Sd+, we use ∥x∥A =

√
x⊤Ax to denote the

Mahalanobis norm. For a finite set X ⊂ Rd and distribution λ ∈ △X over X , we use A(λ) = Ex∼λ
[
xx⊤

]
to denote the covariance matrix under λ.
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5.3.1 Linear Bandits Problem Formulation

General stationary/non-stationary environments. In our work, we assume a standard stationary/non-
stationary linear bandits model with fixed horizon T . In particular, let X ⊂ Rd be a finite arm set with
|X | = K such that span(X ) = Rd. At each time t = 1, . . . , T , the learner will pick some arm xt ∈ X and
receive some noisy reward rt = x⊤t θt + ϵt, where ϵt ∈ [−1, 1] is some independent zero-mean noise. All
parameters {θt}Tt=1 are chosen and fixed by the environment before the game starts.1 The ultimate goal of
the learner is to find the optimal arm argmaxx∈X x

⊤θT , where θT = 1
T

∑T
t=1 θt is the average parameter.

This protocol is summarized in Figure 5.1.

Input: time horizon, T ; arm set, X ⊂ Rd
For t = 1, . . . , T

The learner plays arm xt ∈ X
The learner receives reward rt = x⊤t θt + ϵt, where ϵt is independent zero-mean noise

The learner recommends arm xJT

Figure 5.1: General protocol of fixed-budget best-arm identification (BAI) for linear bandits.

For simplicity, we further assume that ∀t ∈ [T ], ∀x ∈ X , x⊤θt ∈ [−1, 1] and the optimal arm
argmaxx∈X x

⊤θT is unique. Meanwhile, similar to Abbasi-Yadkori et al. (2018), we use the subscript
(k) to denote the index of k-th best arm in X , which means to have x⊤(1)θT > x⊤(2)θT ≥ · · · ≥ x⊤(K)θT . For
each arm k ∈ [K], we define its gap ∆k as

∆k =

{
(x(1) − xk)⊤θT if k ̸= (1),

(x(1) − x(2))⊤θT if k = (1).

That is,we have ∆(1) = ∆(2) ≤ ∆(3) ≤ · · · ≤ ∆(K). As a slight abuse of notation, for unindexed arm
x ∈ X , we will use ∆x to denote the gap of x. The performance of the learner is measured by its error
probability PθT (JT ̸= (1)), where JT is the index of the learner’s recommendation and the probability
measure is taken over the randomness inside the learner and the reward noise. Finally, we note that when the
setting is stationary, we simply have θ1 = · · · = θT = θ∗ and everything else is then defined accordingly.

Remark (Comparison to the adversarial setting). The traditional oblivious adversarial setting can be viewed
as a special case of our non-stationary setting, in which we simply pick ϵt = 0 for all t (Abbasi-Yadkori
et al., 2018).

5.3.2 BAI for Linear Bandits in Stationary Environments

In this section, we briefly review the well-studied best-arm identification problem for linear bandits in sta-
tionary settings. This problem’s complexity, first proposed in Soare et al. (2014), is defined as

ρ∗(θ) = HLB(θ) = inf
λ∈△X

max
x ̸=x(1)

∥∥x− x(1)∥∥2A(λ)−1

∆2
x

, (5.2)

1Theoretically, this non-stationary setting has no essential difference with the adversarial setting. We choose this non-stationary
setting mainly to keep our presentation concise.
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where the optimal arm index (1) and gaps ∆k are defined based on the input parameter θ. As discussed
in Soare et al. (2014), this complexity is approximately equal to the number of samples required (up to
logarithmic terms) to find the best arm by running an oracle algorithm. Later in Fiez et al. (2019), this
complexity is proved to be the optimal sample complexity that a BAI algorithm can possibly achieve in a
fixed-confidence setting. Recently, Katz-Samuels et al. (2020) proposes algorithm Peace in fixed-budget
setting that achieves error probability Pθ (JT ̸= (1)) ≤ Õ

(
exp

(
− T
ρ∗(θ) log(d)

))
.2

5.4 Best Arm Identification for Linear Bandits in General Non-Stationary
Environments

In this section, we present a simple algorithm G-BAI for the general non-stationary environment and analyze
its theoretical guarantee. The algorithm is based on the G-optimal design, which refers to the distribution
λ∗ ∈ △X such that

λ∗ = arg inf
λ∈△X

max
x∈X
∥x∥2A(λ)−1 . (5.3)

Intuitively, G-optimal design allows us to estimate unknown parameter θt uniformly well over all directions
of the arms in X (Soare et al., 2014). which is suitable for addressing non-stationarity since θt may change
arbitrarily and each x ∈ X may become the optimal at time t. Meanwhile, to make sure the estimation of θt
is unbiased in a non-stationary environment, we use an IPS estimator.

Therefore, briefly speaking, at each time t, G-BAI simply samples xt based on G-optimal design and
estimate θt through an IPS estimator, whose details are summarized in Algorithm 5.1.3

Algorithm 5.1. G-optimal Best-arm Identification (G-BAI)

1: Input budget, T ∈ N; arm set X ⊂ Rd
2: Compute G-optimal design λ∗ based on Eq. (5.3)
3: for t = 1, 2, . . . , T do
4: Sample xt ∼ λ∗ and receive reward rt
5: Estimate θ̂T ← 1

T

∑T
t=1 Ex∼λ∗

[
xx⊤

]−1
xtrt

6: Return argmaxx∈X x
⊤θ̂T

By the famous Kiefer-Wolfowitz theorem, an important property of the G-optimal design is that maxx∈X ∥x∥2A(λ∗)−1 =

d (Lattimore and Szepesvári, 2020). With this property, the variance of estimator θ̂t can be easily controlled.
We can then bound the error probability of G-BAI by this fact and the result is summarized in the following
theorem.

Theorem 14 (Error probability of G-BAI). Fix time horizon T , arm setX ⊂ Rd with |X | = K and arbitrary
unknown parameters {θt}Tt=1. If we run Algorithm 5.1 in this non-stationary environment and obtain xJT ,
then it holds that

PθT (JT ̸= (1)) ≤ K exp

(
− T

12HG-BAI
(
θT
)) , where HG-BAI

(
θT
)
=

d

∆2
(1)

.

2Rigorously speaking, the error probability of Peace contains another complexity term called γ∗(θ), which is defined as the
minimum of a Gaussian width term. However, as argued in Katz-Samuels et al. (2020), γ∗(θ) is roughly in a same order of ρ∗(θ).

3We can see θ̂T exactly becomes the more commonly-seen IPS estimator examined in Eq. (5.1) if we apply it to the multi-armed
bandits setting, in which we have K = d arms and X = {11, . . . , ed}.
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The proof of Theorem 14 is deferred to Appendix D.2. Here, we briefly compare this result with the one
in multi-armed bandits, which can be treated as a special case of linear bandits by taking X = {e1, . . . , eK}
to be the canonical vectors (standard basis) with K = d.

In particular, Abbasi-Yadkori et al. (2018) shows that in multi-armed bandits setting, a simple uniform
sampling algorithm reaches complexity HUNIF

(
θT
)
= K

∆2
(1)

and it is optimal in non-stationary environ-

ments. Meanwhile, based on Theorem 14, we can see the complexity of G-BAI is HG-BAI
(
θT
)
= d

∆2
(1)

,

which is exactly HUNIF(θT ) if we treat multi-armed bandits as a special case of linear bandits since d = K.
Furthermore, if we directly apply G-BAI to multi-armed bandits, meaning to use X = {e1, . . . , eK}, then
λ∗ is exactly the uniform distribution over X . That is, in multi-armed bandits, G-BAI exactly recovers the
optimal complexity in non-stationary environments, which shows that G-BAI is minimax optimal for linear
bandits.

5.5 A Robust Algorithm for Stationary/Non-Stationary Environments

In this section, we present and analyze a new robust linear bandits BAI algorithm called P1-RAGE, which
performs comparable to G-BAI in non-stationary environments but much better than it in stationary environ-
ments. We will show that it attains good error probability in both stationary and non-stationary environments
simultaneously, without knowing a priori which environment it will encounter. We first discuss some intu-
itions behind the algorithm design.

Stationary environments. The development of our algorithm P1-RAGE is largely inspired by the high-
level idea of the robust algorithm P1, proposed in Abbasi-Yadkori et al. (2018), and the allocation strategy
of RAGE, proposed in Fiez et al. (2019). In particular, as discussed in Abbasi-Yadkori et al. (2018), in
multi-armed bandits, to minimize the error probability in stationary environment, we need to control the
estimation variance of the optimal arm well enough. Therefore, at each time step, algorithm P1 pulls the
current estimated best arm with the highest probability (unnormalized “probability one”), then subsequently
the second best arm with second highest probability (unnormalized “probability half”) and so on. We can
notice that it actually matches the allocation strategy of the successive halving algorithm in Karnin et al.
(2013), which is proved to be near-optimal for BAI in stationary multi-armed bandits. Therefore, we design
our probability allocation based on the allocation strategy of RAGE, which is proven to be near-optimal
for fixed-confidence BAI in stationary linear bandits (Fiez et al., 2019). In particular, with the estimated
parameter θ̂t, we first find the estimated best arms x̂∗t = argmaxx∈X x

⊤θ̂t. Then, we use a subroutine to
repeatedly and virtually eliminate arms with estimated gaps larger than certain threshold and compute XY-
allocation of the (virtually) remaining arms.4 Then, we average over the allocation probabilities computed
during each iteration.

Non-stationary environments. Finally, to address the potential non-stationarity in environments, we
uniformly mix the allocation probability computed above with a G-optimal design. With such a mixture, the
variance over all arms can be controlled well and thus the algorithm will be robust for both stationary and
non-stationary environments. The details of P1-RAGE are summarized in Algorithm 5.2 and the subroutine
to compute the allocation probability, called RAGE-Elimination, is summarized in Algorithm 5.3.

We bound the error probability of P1-RAGE under both stationary and non-stationary settings in the
following theorem and its proof is deferred to Appendix D.3.

4The elimination is virtual because no samples are collected during the elimination subroutine.

68



Algorithm 5.2. P1-RAGE

1: Input: budget, T ∈ N; arm set X ⊂ Rd; maximum number of virtual phases, m
2: Compute G-optimal design λ∗ based on Eq. (5.3) and initialize λ1 = λ∗

3: for t = 1, 2, . . . , T do
4: Sample xt ∼ λt and receive reward rt
5: Estimate θ̂t ← 1

t

∑t
s=1 Ex∼λs

[
xx⊤

]−1
xsrs

6: Update λt+1 ←RAGE-Elimination(θ̂t,m)

7: Return argmaxx∈X x
⊤θ̂T

Algorithm 5.3. RAGE-Elimination

1: Input: arm set X ⊂ Rd; current estimate θ̂t; maximum number of virtual phases, m
2: Find x̂∗t ← argmaxx∈X x

⊤θ̂t

3: Initialize X (0)
t ← X and i← 0

4: while |X (i)
t | > 1 and i ≤ m do

5: λ
(i)
t ← arg infλ∈△X max

x,x′∈X (i)
t
∥x− x′∥2A(λ)−1

6: X (i+1)
t ←

{
x ∈ X (i)

t

∣∣∣ θ̂⊤t (x̂∗t − x) ≤ 2−i
}

7: i← i+ 1

8: Return (λ̄t + λ∗)/2, where λ̄t = 1
i

∑i−1
i′=0 λ

(i′)
t

Theorem 15 (Error Probability of P1-RAGE). Fix arm set X ⊂ Rd with |X | = K and budget T . For
a stationary environment with unknown parameter θ, if m ≥ i0 = ⌈log2

(
1/∆(1)

)
⌉ + 1, then there exists

absolute constant c > 0 such that the error probability of P1-RAGE satisfies

Pθ (JT ̸= (1)) ≤2i0KT exp

(
− cT

HP1-RAGE(θ)

)
,

where HP1-RAGE(θ) =
mi0
∆(1)

inf
λ∈△X

max
x ̸=x(1)

∥∥x− x(1)∥∥2A(λ)−1

∆x
+
m
√
d

∆(1)
inf

λ∈△X
max
x ̸=x(1)

∥∥x− x(1)∥∥A(λ)−1 . (5.4)

For a non-stationary environment with unknown parameter {θt}Tt=1, there exists absolute constant c′ >
0 such that the error probability of P1-RAGE satisfies

PθT (JT ̸= (1)) ≤ K exp

(
−
c′T∆2

(1)

d

)
.

We can immediately see that in non-stationary environments, the error probability of P1-RAGE matches
(up to a constant) with G-BAI, showing that P1-RAGE is minimax optimal for linear bandits under non-
stationarity. On the other hand, because of the 1

∆(1)
factor, we can see that in stationary environments,

HP1-RAGE(θ) ≳ HLB(θ) (defined in Eq. (5.2)), which implies that P1-RAGE is suboptimal in stationary
settings. However, this should be expected since even for multi-armed bandits, as proved in Abbasi-Yadkori
et al. (2018), it is impossible for an algorithm to achieve HLB(θ) while being robust to non-stationarity, let
alone linear bandits.

Nevertheless, when applying Theorem 15 to multi-armed bandits (X = {e1, . . . , eK}), as long as we
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choose m ≈ i0, we can show that (Corollary 5 in Appendix D.3)

HP1-RAGE(θ) = Õ

(
1

∆(1)
max
k∈[K]

k

∆(k)

)
= Õ (HBOB(θ)) ,

where HBOB(θ) is the best-of-both-worlds complexity proposed in Abbasi-Yadkori et al. (2018). In par-
ticular, Abbasi-Yadkori et al. (2018) proves that HBOB(θ) is the best complexity that any algorithm can
possibly achieve if it is constrained to be robust to non-stationarity. That is, again, our algorithm P1-RAGE
retains the near-optimal complexity for stationary multi-armed bandits if it is constrained to be robust in
non-stationary environments.

Remark. Here, we do not elaborate the proof details of Theorem 15 mainly because we do not recognize
them as widely applicable techniques. However, we do want to emphasize that this proof is by no means
a simple extension of the analysis of the algorithm P1 in Abbasi-Yadkori et al. (2018). In particular, our
proof uses a different set of virtual events based on the estimated gaps. Meanwhile, the analysis of subroutine
RAGE-Elimination is intricately tailored to the unique characteristics of being a virtual elimination strategy,
which is not presented in neither RAGE nor P1 (Abbasi-Yadkori et al., 2018; Fiez et al., 2019).

Theoretical limitations of P1-RAGE. Despite being near-optimal in multi-armed bandits, HP1-RAGE(θ)

includes an extra low-order term m
√
d

∆(1)
infλ∈△X maxx ̸=x(1)

∥∥x− x(1)∥∥A(λ)−1 . This term appears because
the Bernstein’s inequality requires a bound of the estimator’s magnitude, which can be removed if the
concentration bound only scales with the estimator’s variance. Although this can often be accomplished by
using Catoni’s robust mean estimator (Wei et al., 2020), it requires a concrete confidence level to be specified
before estimation, which is not feasible in our fixed budget setting. Finding an approach to circumvent this
difficulty and remove this extra term, or alternatively, demonstrate that it is necessary, is an open question.

Remark. The question of whether the extra term is removable naturally relates the instance-dependent
lower bound of this problem. However, proving an instance-dependent lower bound for our setting requires
constructing both stationary and non-stationary counterexamples. This task is thereby more challenging
compared to proving an instance-dependent lower bound for the fixed-budget best-arm identification prob-
lem in linear bandits within a purely stationary setting, an open question that persists (see Yang and Tan
(2022) for a minimax lower bound). We thus leave establishing such instance-dependent lower bounds for
future work.

Parameter choice of P1-RAGE. Although P1-RAGE requires a user-specified parameterm ≥ ⌈log(1/∆(1))⌉+
1 to bound the total number of virtual phases, it is not difficult to choose a reasonable value for this param-
eter in a practical implementation. On the one hand, since its dependence on ∆−1

(1) is only logarithmic,
taking some moderate value such as m = 25 should safely satisfy m ≥ i0 for most practical scenarios;
on the other hand, in most real-world applications, a sub-optimal arm should always be acceptable as long
as its gap is small enough. Indeed, if we take ϵ to be the largest acceptable sub-optimality gap and take
m ≥ ⌈log(1/ϵ)⌉ + 1, then P1-RAGE will output arm xJT that satisfies ∆JT ≤ max

{
ϵ,∆(1)

}
with high

probability in pure stationary environments (Corollary 6 in Appendix D.3). That is, the output arm will
either be an optimal arm if ϵ ≤ ∆(1) or an arm with an acceptable suboptimality gap ϵ otherwise.

5.6 Experiments

In this section, we present our experiment results on several stationary/non-stationary environments. Since
to the best of our knowledge, we are the first to propose best-arm identification algorithms that tackle non-
stationarity in linear bandits, the algorithms from other works that we compare with are all specifically
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designed for stationary environments. In particular, we will compare our algorithms with Peace, which is
the first fixed-budget algorithm for linear bandits and also inspires our algorithmic design (Katz-Samuels
et al., 2020), and OD-LinBAI, which is the most recent algorithm of this kind and is claimed to be minimax
optimal (Yang and Tan, 2022).

Meanwhile, we also examine two additional heuristically designed algorithms for non-stationary envi-
ronments. The first one is P1-Peace, which has the same design spirit as P1-RAGE but uses a different
Peace-based virtual elimination subroutine; the second one is Mixed-Peace, which is a naive mixture of
Peace and the G-optimal design. In particular, while P1-RAGE/P1-Peace combines G-optimal design
with what RAGE/Peace would sample in a full run, Mixed-Peace simply mixes G-optimal design with
what Peace in a stationary environment samples at each time step. The details of these two additional al-
gorithms are summarized in Algorithm D.1 and D.3 in Appendix D.1.1, respectively. More implementation
details and additional experiments can be found in Appendix D.4.5
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Figure 5.2: The vertical axis is on log scale and the shaded area represents the 95% confidence interval.

Stationary benchmark example. First, as a sanity check, we consider the famous stationary bench-
mark example proposed in Soare et al. (2014). In particular, we have X = {e1, . . . , ed, x′}, where
x′ = cos(ω)e1 + sin(ω)e2 with some small ω > 0, and θT = θ∗ = 2e1 so that x(1) = e1. An effi-
cient algorithm should pick e2 frequently to reduce the variance in the direction of e1− x′. In this example,
we pick d = 10 and ω = 0.1.

The results are shown in Figure 5.2a. We can see that both our algorithms, P1-RAGE and P1-Peace,
perform better than G-BAI and comparably with Peace, showing that our algorithms maintain good per-
formance in stationary environments. Meanwhile, we also notice that Mixed-Peace has performance only
comparable to G-BAI, showing that naively mixing the allocation strategy with the G-optimal design can
downgrade the performance in stationary environments.

Non-stationary multivariate testing example. We consider a multivariate testing example from Fiez
et al. (2019), which is also similar to the one discussed in Introduction. Considering a webpage with D

5Code repository is available at https://github.com/FFTypeZero/bobw_linear.
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Figure 5.3: Each error probability is estimated through 1000 repeated trials. The bottom two plots give the
minimum gap ∆(1) of each instance as a function of oscillation scale s and oscillation period L.
distinct slots and suppose each slot has two content choices, where we represent each layout as an element
w ∈ W = {−1, 1}D. We hope to maximize the click-through rate and we assume it linearly depends on a
layout-determined arm x ∈ X in a form of

x⊤θ∗ = θ∗0 + α1

D∑
j=1

θ∗jwj + α2

D−1∑
k=1

D∑
ℓ=k+1

θ∗k,ℓwkwℓ.

Here θ∗0 is the common bias, θ∗j is the weight of j-th slot and θ∗k,ℓ is the weight of the interaction between
k-th and ℓ-th slots. Because of the periodic nature of people’s life cycle, it is very likely that the real-
world weights will periodically change. Therefore, to construct a non-stationary environment, we randomly
oscillate the weights with scale s and period L to get

θt,i = θ∗i + sI ∥θ∗∥∞ sin

(
2πt

L
+ ϕi

)
, where I ∼ Unif({0, 1}), ϕi ∼ Unif([0, 2π]).

Here, in the first series of instances, we fix L = 900 and take values s ∈ {0, 1, . . . , 9}, and in the second
series of instances, we fix s = 2 and take values L ∈ {300, 600, . . . , 3000}. Finally, we take α1 = 1,
α2 = 0.5, sample each component of θ∗ uniformly in [−0.1, 0.1] and guarantee that θT has the same
optimal arm as θ∗. We take T = 104 for all settings and the results are shown in Figure 5.3.
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From the plots, we can see that the error probabilities of Peace and OD-LinBAI, algorithms designed for
stationary environments, can range from near 0 to 1 in different non-stationary environments, which is quite
unstable. Meanwhile, we can see that the performance of the other four algorithms, which all in certain way
contain a G-optimal design, is relatively much more stable.6 Furthermore, among these four algorithms, we
can see that our algorithms P1-RAGE and P1-Peace consistently outperform (never worse than) G-BAI and
Mixed-Peace.

Non-stationary click-through example. To create an instance using real-world data, we use the Yahoo!
Webscope Dataset R6A (Yahoo!, 2011).7 This dataset contains a fraction of user click log of Yahoo!’s news
article from May 1st, 2009 to May 10th, 2009. For each click, we take the outer product between user and
article features to get a vector in R36 and then we run a principle component analysis to get arm setZ ⊂ R24.
To create a non-stationary example, we take data from May 1st to May 7th and for each day’s data, we fit a
ridge regression with regularization 0.01, obtaining θ∗1, . . . , θ

∗
7, which can be used to simulate user’s weekly

periodic behavior. Suppose we receive L visits each day, then, we can define a non-stationary environment
where each period consists of θ∗1, . . . , θ

∗
1, . . . , θ

∗
7, . . . , θ

∗
7 and each θ∗i repeats for L times. Finally, we form

our arm set X by picking the optimal arm from Z plus 23 randomly picked arms with gap at least 0.05
so that span(X ) = R24. We take T = 2.1 × 104 and the results are shown in Figure 5.2b. Again, we
can see that the performance of Peace and OD-LinBAI is very unstable and the performance of P1-RAGE
and P1-Peace consistently outperforms the other two naive G-optimal-design-based algorithms, G-BAI and
Mixed-Peace.

5.7 Conclusion and Future Work

We present in this chapter the first two novel robust linear bandits algorithm for fixed-budget best-arm iden-
tification, P1-RAGE and P1-Peace, that tackle stationary and non-stationary environments simultaneously
while being agnostic to the environment. Theoretically, we prove error probability bounds of P1-RAGE
in both stationary and non-stationary environments. Empirically, we show that in stationary settings, both
P1-RAGE and P1-Peace perform comparably with algorithms designed for such environments, and in non-
stationary settings, they consistently outperform naive algorithms based on G-optimal design.

Finally, several questions still remain open. Is the extra term inHP1-RAGE(θ), as discussed in Section 5.5,
necessary? What is the optimal complexity for this mixed stationary/non-stationary settings? Answering
these questions can serve as promising future directions.

6All algorithms fluctuate in the upper right plot mainly because the minimum gaps also have large fluctuation.
7https://webscope.sandbox.yahoo.com/
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Chapter 6

Active Learning with Safety Constraints

6.1 Introduction

In many problems in online decision-making, the goal of the learner is to take measurements in such a way
as to learn a near-optimal policy. Oftentimes, though the space of policies may be large, the set of feasible,
or safe policies could be much smaller, effectively constraining the search space of the learner. Furthermore,
these constraints may themselves depend on unknown problem parameters.

For example, consider the problem of bidding sequentially in a series of auctions where the bidder bids
a price wt, the value of winning an item t is denoted vt, and the utility of winning that item and paying
price pt is vt − pt. The goal of the bidder is to choose an optimal strategy amongst bidding strategies
s ∈ S, s : R → R. When a bidder is deciding how to choose these strategies, they often face constraints:
they may have a budget B they must abide to; they may wish to have those auctions they win be well-
distributed across time (e.g. in the case of advertising campaigns); they may want to ensure the set of
items they win satisfy some other property (e.g. for advertisements, they might want to ensure they are not
over-targeting any demographic group).

As another example, inventory management systems may face similar issues of deciding amongst strate-
gies, where there is some objective function (such as revenue) and a variety of constraints at play in this
choice (e.g. capacity of a set of warehouses, employee scheduling constraints, or limits on the duration of
delivery lag). They also operate in markets with changing demand and other uncertainties, leading to uncer-
tainty about which strategies are feasible or safe (satisfy constraints) and uncertainty about the revenue they
generate.

Both of these scenarios motivate understanding the sample complexity of selecting an action or strategy
which approximately maximizes an objective while also satisfying some constraints, where samples are
needed to both learn the objective value of actions and whether or not they satisfy said constraints. In this
chapter, we study the active sample complexity of this task—if the learner can choose which examples to
observe and have labeled, how many fewer samples might they need compared to the number needed in a
passive setting? We pose this as a best-arm identification problem in the setting of linear bandits with safety
constraints, where the goal is to estimate the best arm, subject to it meeting certain (initially unknown)
safety constraints. We propose an experiment design-based algorithm which efficiently learns the best safe
decision, and show the efficacy of this approach in practice through several experimental examples. To the
best of our knowledge, ours is the first approach to handle best-arm identification in linear bandits with
safety constraints.
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6.1.1 Linear Bandits with Safety Constraints

Let δ ∈ (0, 1) be a confidence parameter, X ,Z ⊆ Rd be finite known sets of vectors, and assume there exists
θ∗ ∈ Rd, µ∗ ∈ Rm×d unknown to the learner. For simplicity, we assume that ∥θ∗∥2 ≤ 1, and ∥µ∗,i∥2 ≤
1, i ∈ [m] and ∥x∥2 ≤ 1, ∥z∥2 ≤ 1, ∀x ∈ X , z ∈ Z . The learner plays according to the following protocol:
at each time step t the learner chooses some action xt ∈ X , observes (rt, {st,i}mi=1) where rt = θ⊤∗ xt + wθt
and st,i = µ⊤∗,ixt+wµt,i for all i ∈ [m], where wθt , w

µ
t,i are i.i.d. mean zero 1-subGaussian noise. The choice

of action xt is measurable with respect to the history Ft = {(xj , rj , {sj,i}mi=1)}t−1
j=1. The learner stops at a

stopping time τδ which is measurable with respect to the filtration generated by Ft≤τ , and returns ẑτ ∈ Z .
In general, when referring to any expectation E or probability P, the underlying measure will be with respect
to the actions, observed rewards, and internal randomness of the algorithm.

We are interested in the safe transductive best-arm identification problem (STBAI), where the goal of
the learner is to identify

z∗ := argmax
z∈Z

z⊤θ∗ s.t. z⊤µ∗,i ≤ γ,∀i ∈ [m]

for some (known) threshold γ. In words, our goal is to identify the best safe arm in Z , z∗, where we say
an arm z is safe if it satisfies every linear constraint: z⊤µ∗,i ≤ γ,∀i ∈ [m]. We are interested in obtaining
learners that take the fewest number of samples possible to accomplish this. In practice, we will consider a
slightly easier objective. Fix some tolerance ϵ > 0 and let

Zϵ := {z ∈ Z : z⊤θ∗ ≥ z⊤∗ θ∗ − ϵ, z⊤µ∗,i ≤ γ + ϵ,∀i ∈ [m]}.

Then our goal is to obtain an (ϵ, δ)-PAC learner defined as follows:

Definition 3 ((ϵ, δ)-PAC Learner). A learner is (ϵ, δ)-PAC if for any instance it returns ẑτ such that P[ẑτ ∈
Zϵ] ≥ 1− δ.

We define the optimality gap for any z ∈ Z as ∆(z) := θ⊤∗ (z∗ − z), and the safety gap for constraint i
as ∆i

safe(z) := γ − µ⊤∗,iz. Note that either ∆(z) or ∆i
safe(z) can be negative. If ∆(z) < 0, it follows that

z has larger value—z⊤θ∗—than the best safe arm z∗, which implies it must be unsafe. If ∆i
safe(z) < 0 for

some i, then arm z is unsafe. We also define the ϵ-safe optimality gap as:

∆ϵ(z) = max
z′∈Z

(z′ − z)⊤θ∗ s.t. min
i∈[m]

∆i
safe(z

′) ≥ ϵ. (6.1)

∆ϵ(z) is then the gap in value between arm z and the best arm with minimum safety gap at least ϵ.

Mathematical Notation. Let ∥x∥2A = x⊤Ax and p(x) := max{x, 0}. Õ(·) hides factors that are loga-
rithmic in the arguments. ≲ denotes inequality up to constants. We denote the simplex as △X := {λ ∈
R|X |
≥0 :

∑
x∈X λx = 1}.

6.2 Safe Best-Arm Identification in Linear Bandits

6.2.1 Algorithm Definition

The main challenge in algorithm design for the safe best-arm identification problem is ensuring that we are
efficiently balancing our exploration between refining our estimates of both the safety gaps, as well as the
optimality gaps. Our approach is given in Algorithm 6.1, BESIDE.

76



Algorithm 6.1. Best Safe Arm Identification (BESIDE)
1: input: tolerance ϵ, confidence δ
2: ιϵ ← ⌈log(20ϵ )⌉, ∆̂

i,0
safe(z)← 0, ∆̂0(z)← 0 for all z ∈ Z

3: for ℓ = 1, 2, . . . , ιϵ do
4: ϵℓ ← 20 · 2−ℓ
// Phase 1: Solve design to reduce uncertainty in safety
constraints

5: Define

cℓ(z) = min
j
|∆̂j,ℓ−1

safe (z)|+max
j

p(−∆̂j,ℓ−1
safe (z)) + p(∆̂ℓ−1(z))

6: Let τℓ be the minimal value of τ ∈ R+ which is greater than 4 log 4m|Z|ℓ2
δ such that the objective to

the following is no greater than ϵℓ/100, and λℓ the corresponding optimal distribution

inf
λ∈△X

max
z∈Z
− 1

100
(cℓ(z) + ϵℓ) +

√
τ−1 · ∥z∥2

A(λ)−1 · log(4m|Z|ℓ2
δ )

7: Sample xt ∼ λℓ, collect τℓ observations {(xt, rt, st,1, . . . , st,m)}τℓt=1

// Phase 2: Estimate safety constraints
8: {µ̂i,ℓ}mi=1 ← RIPS({(xt, st,i)}τℓt=1,Z, δ

2mℓ2
)

9: ∆̂i,ℓ
safe(z)← γ − z⊤µ̂i,ℓ + ∥z∥A(λℓ)−1

√
τ−1
ℓ log(4m|Z|ℓ2

δ )
// Phase 3: Refine estimates of optimality gaps

10: {∆̂ℓ(z)}z∈Z ← RAGEϵ
(
Z,Yℓ, ϵℓ, δ

4ℓ2
, {∆̂safe(z)← maxj p(−∆̂j,ℓ

safe(z))}z∈Z
)

// Perform final round of exploration to ensure we find ϵ-good arm
11: Yend ← {z ∈ Z : cℓ(z) ≲ ∆̂i,ℓ

safe(z) + ϵ}
12: {∆̂end(z)}z∈Yend

← RAGEϵ(Yend,Yend, ϵ, δ, {∆̂safe(z)← maxj p(−∆̂j,ℓ
safe(z))}z∈Z)

13: return ẑ = argminz∈Yend
∆̂end(z)

BESIDE relies on a round-based adaptive experimental design approach. In each round BESIDE consists
of three phases. In the first phase, it solves an experimental design over λℓ ∈ △X , with the goal of refining
our estimates of the safety gaps. It then takes τℓ samples from λℓ. In the second phase these samples are
used to estimate the safety constraints, µ̂i,ℓ, and the safety gaps of each arm, ∆̂i,ℓ

safe(z). Finally, in Phase 3,
an additional experimental design is solved which now aims to refine our estimates of the optimality gaps,
and the estimates of the optimality gaps ∆̂ℓ(z) for each z ∈ Z are then computed. We encapsulate Phase
3 in a subroutine, RAGEϵ, which we outline in the following. We now carefully describe each phase—we
begin with Phase 2 to explain how our estimator works.

Phase 2: In Phase 2 the algorithm would like to use the τℓ samples drawn from the design λℓ to estimate the
constraints for each z ∈ Z: z⊤µ∗,i for each i ∈ [m]. Past works using adaptive experimental design in the
linear bandits literature have utilized the least-squares estimator along with complicated rounding schemes
(Fiez et al., 2019) which may require an additional poly(d) samples each round (this poly(d) factor could be
prohibitively large—for example, in active classification problems, d is the total number of data points). We
instead utilize the RIPS estimator described in Chapter 2 (Camilleri et al., 2021a) which gives us a guarantee

77



of the form: with probability greater than 1− δ, for all z ∈ Z ,

|z⊤(µ̂i,ℓ − µ∗,i)| ≲ ∥z∥A(λℓ)−1 ·
√
τ−1
ℓ log(4m|Z|ℓ2

δ ). (6.2)

We describe the RIPS estimator in more detail in Section E.2.

Phase 1: By our definition of the experimental design on Line 6, our safety gap estimation error bound in
(6.2) satisfies, for each z ∈ Z:

|z⊤(µ̂i,ℓ − µ∗,i)| ≲ ∥z∥A(λℓ)−1 ·
√
τ−1
ℓ log(4m|Z|ℓ2

δ ) ≲ cℓ(z) + ϵℓ. (6.3)

Note that our design chooses an allocation that minimizes the variance in our estimate of each safety con-
straint (up to some tolerance), which scales as ∥z∥2A(λ)−1 . This can be thought of as a form ofXY-design—a
design of the form infλ∈△X maxy∈Y ∥y∥2A(λ)−1—where here Y ← Z is chosen to reduce our uncertainty
in estimating the safety value for each z ∈ Z . We refer to such a design objective henceforth as XYsafe.
Assume that at round ℓ− 1, we can guarantee

cℓ(z) = min
j
|∆̂j,ℓ−1

safe (z)|+max
j

p(−∆̂j,ℓ−1
safe (z)) + p(∆̂ℓ−1(z)) + ϵℓ

≲ min
j
|∆j

safe(z)|+max
j

p(−∆j
safe(z)) + p(∆ϵℓ−1(z)) + ϵℓ. (6.4)

Then combining the above inequalities, we see that the experiment design on Line 6 aims to minimize the
uncertainty in our estimate of z⊤µ∗,i up to a tolerance that scales as the maximum of the four terms in (6.4).
It follows that if any of these terms is large, we will only allocate a small number of samples to refining our
estimate of arm z. Each one of these terms can be intuitively motivated by thinking through what is needed
to prove that an arm z ̸= z∗.

• z has small safety gap minj |∆j
safe(z)|: if this term is large, it implies that minimum safety gap for

z is large. To show an arm is safe or unsafe, it suffices to learn each safety gap up to a tolerance a
constant factor from its value—regularizing by this term ensures we do just that.

• z fails some safety constraint maxj p(−∆j
safe(z)): if this term is large, it implies that arm z is very

unsafe for some constraint. In this case, we can easily determine z is unsafe, and therefore do not
need to reduce our uncertainty in the safety gap any more.

• z is sub-optimal p(∆ϵℓ−1(z)): if this term is large, it implies that z is very suboptimal compared to
some safe arm with safety gap at least ϵℓ−1. In this case, we do not need to estimate z’s safety gap, as
we will have already eliminated it.

It remains to ensure that (6.4) holds. As we show in Section E.4 through a careful inductive argument,
combining (6.3) with our guarantee on the estimates of the optimality gaps obtained in Phase 3, ∆̂ℓ(z), is
sufficient to guarantee (6.4) holds. In particular, if any gap is greater than ϵℓ it is estimated up to a constant
factor, and otherwise it is estimated up to O(ϵℓ). This ensures that our gaps are estimated at the correct rate
while guaranteeing we do not collect too many samples in each round.
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Phase 3: In this phase we estimate the suboptimality gaps using RAGEϵ. RAGEϵ is inspired by the RAGE

algorithm of (Fiez et al., 2019) for best-arm identification. In the interest of space, we defer the full definition
of RAGEϵ to Section E.3 but provide some intuition here. After Phase 2, by (6.3) the set of arms Yℓ := {z ∈
Z : cs(z) ≲ ∆̂i,s(z), ∀i ∈ [m]} for s ≤ ℓ are precisely the ones that we can certify are safe (note that we do
not need to ever explicitly construct such a set—we can instead maintain an implicit definition through the
constraints). RAGEϵ uses an adaptive experimental design procedure to sample in such a way as to optimally
estimate the gaps (z − ŷ)⊤θ∗, ∀z ∈ Z and some ŷ ∈ Yℓ up to some (sufficient) tolerance. In particular,
it also solves an XY-design, but now on the set Y ← {z − ŷ : z ∈ Z}. Thus, rather than minimizing
∥z∥2A(λ)−1 , we minimize ∥z − ŷ∥2A(λ)−1 . This design reduces uncertainty on the differences between arms,
which allows us to refine our estimates of their optimality gaps. Henceforth we refer to such a design as
XYdiff . We describe the importance of the choice of design in more detail in Section 6.2.4. Ultimately, if
an arm z has value within a factor of ϵℓ of the best safe arm in Yℓ, and if we have not yet shown arm z is
unsafe, then we will estimate its optimality gap up to a constant factor of ϵℓ. If we were maintaining arm
sets explicitly (similar to the original RAGE algorithm of (Fiez et al., 2019)) we would eliminate arms at
this point.

Remark (Computational Complexity). The main computational challenge in BESIDE and RAGEϵ is the
calculation of the experimental designs (i.e. Line 6 and the corresponding design in RAGEϵ). In gen-
eral, the presence of the square root implies that the resulting optimization problem may not be convex in
λ. To handle this issue we note that 2

√
xy = minα>0 αx + y

α—thus we can replace the existing design

with infλ∈△X maxz∈Z minα>0− 1
100 (cℓ(z) + ϵℓ) + α∥z∥2A(λ)−1 + log(4m|Z|ℓ2

δ )/(ατ). By appropriately
discretizing the space we search over for τ and α we can then apply the Frank-Wolfe algorithm to minimize
over λ. While computationally efficient in theory, this procedure is quite complicated and impractical for
large problems. In the experiments section we provide a practical heuristic that is motivated by the above
algorithm and is computationally efficient for larger problems.

6.2.2 Main Result

BESIDE achieves the following complexity.

Theorem 16. BESIDE is (ϵ, δ)-PAC. In other words, with probability at least 1− δ, BESIDE returns an arm
ẑ ∈ Z such that

ẑ⊤θ∗ ≥ z⊤∗ θ∗ − ϵ, min
i∈[m]

∆i
safe(ẑ) ≥ −ϵ

and terminates after collecting at most

C · sup
ϵ̃≥ϵ

inf
λ∈△X

max
z∈Z

∥z∥2A(λ)−1 · log(m|Z|
δ )(

minj |∆j
safe(z)|+maxj p(−∆j

safe(z)) + p(∆ϵ̃(z)) + ϵ̃
)2 (safety)

+ C · sup
ϵ̃≥ϵ

inf
λ∈△X

max
z∈Z

∥z − z∗∥2A(λ)−1 · log( |Z|
δ )(

maxj p(−∆j
safe(z)) + p(∆ϵ̃(z)) + ϵ̃

)2 + C0 (optimality)

samples for some C = poly log(1ϵ ) and C0 = poly log(1ϵ , |Z|) · log 1
δ .

The complexity bound given in Theorem 16 may, at first glance, appear rather opaque, yet it in fact
yields a very intuitive interpretation. The first term in the complexity, the safety term, is the complexity
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needed to show each arm is safe or unsafe, if they have not otherwise been eliminated. As described in the
previous section, if p(∆ϵ̃(z)) is large, this implies we have found an arm better than z, so learning its safety
value is irrelevant.

The second term in the complexity, the optimality term, corresponds to the difficulty of showing an arm
is worse than the best arm we can guarantee is safe. Note that we can only guarantee an arm is suboptimal
if we can find a safe arm with higher value. Recall the definition of ∆ϵ̃(z) given in (6.1). Intuitively,
∆ϵ̃(z) denotes the gap in value between arm z and the best arm with safety gap at least ϵ̃. As we make ϵ̃
smaller, we can show additional arms are safe, which increases ∆ϵ̃(z). While this makes it easier to show
z is suboptimal, it comes at a cost—the extra samples necessary to decrease our safety tolerance, given by
the first term in the complexity. BESIDE trades off between optimizing for each of these terms—gradually
decreasing its tolerance on both the safety and optimality terms to more easily eliminate suboptimal arms,
while not allocating too many samples to guarantee safety.

To help illustrate this complexity, we consider a simple example with orthogonal arms, i.e. a multi-armed
bandit example.

Example 1 (BESIDE on Multi-Armed Bandits). In the multi-armed bandit setting, we have X = Z =
{e1, . . . , ed}. Let m = 1, d = 3, and consider the settings of θ∗ and µ∗ given in Figure 6.1. Here we see
that arm e1 is safe and has value much higher than any other arm, so z∗ = e1, and can be shown to be safe
relatively easily; arm e2 has near-optimal value but is very unsafe; and arm e3 is unsafe with very small
safety gap, but has the smallest value.
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Figure 6.1: Multi-Armed Bandit Instance

Showing e2 is Suboptimal. As e2 has near-optimal value, ∆(e2) is very small and it is very difficult to
show e2 is suboptimal. However, −∆safe(e2) = O(1), so it is very easy to show e2 is unsafe. It follows that
p(−∆safe(e2)) = O(1) so both denominators in our complexity will always be O(1) for z = e2—BESIDE

does not attempt to show e2 is suboptimal, but instead shows it is unsafe, and therefore does not pay for the
small optimality gap of ∆(e2) in the complexity.

Showing e3 is Suboptimal. Recall the definition of ∆ϵ(z) = maxz′:∆safe(z′)≥ϵ θ
⊤
∗ (z

′ − z). In this case,
for ϵ = O(1), we will have ∆safe(e1) ≥ ϵ, which implies that ∆ϵ(e3) = θ⊤∗ (e1 − e2) = ∆(e3) = O(1).
To show e3 is suboptimal, we could either show it is unsafe (which is very difficult) or suboptimal (which
is very easy). Observing the sample complexity of Theorem 16, we see that the denominator of both terms
will always be O(1) for z = e3 since ∆ϵ(e2) = O(1)—BESIDE never pays for the small safety gap of e3, it
instead takes advantage of the fact that e3 can easily be shown to be suboptimal, and uses this to eliminate
it.

In both of these cases we see that BESIDE does the “right” thing, always using the easier of the two
criteria—either showing an arm is unsafe or suboptimal—to show that z ̸= z∗. Combining the above
observations, for ϵ ≈ min{∆(e3),−∆safe(e2),∆safe(e1)}, it follows that on this example the total sample
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complexity of BESIDE given by Theorem 16 scales as:

Õ
(( 1

∆safe(e1)2
+

1

∆safe(e2)2
+

1

∆(e3)2

)
· log 1

δ

)
where the 1/∆safe(e1)

2 arises because we must also show e1 is safe.

6.2.3 Optimality of BESIDE

Optimality in Best-Arm Identification. Consider applying BESIDE to a problem instance where m = 1,
µ∗,1 = 0, and γ = 1. In this case, every arm is safe, and the safety constraints are essentially vacuous—
every arm can easily be shown safe. We can therefore think of this as simply an instance of the best-arm
identification problem. In this setting, we obtain the following corollary.

Corollary 2. Consider running BESIDE on a problem instance where m = 1, µ∗,1 = 0, and γ = 1, and
set ϵ = 1

2 maxz ̸=z∗ θ
⊤
∗ (z∗ − z). Then with probability at least 1 − δ, BESIDE returns z∗ and has sample

complexity bounded by:

Õ
(

inf
λ∈△X

max
z∈Z

∥z − z∗∥2A(λ)−1

∆(z)2
· log |Z|

δ
+ inf
λ∈△X

max
z∈Z
∥z∥2A(λ)−1 · log

|Z|
δ

)
.

Up to lower-order terms, this exactly matches the lower bound on best-arm identification given in (Fiez
et al., 2019). Thus, in settings where the safety constraint is vacuous, BESIDE hits the optimal rate.

Worst-Case Performance of BESIDE. We next consider the worst-case performance of BESIDE in set-
tings when X = Z . We have the following result.

Corollary 3. Assume that X = Z . Then for any θ∗ and (µ∗,i)
m
i=1, the sample complexity of BESIDE

necessary to return an ϵ-good and ϵ-safe arm is bounded as Õ( d
ϵ2
· (log(m|X |) + log 1

δ )).

Theorem 2 of (Wagenmaker et al., 2022a) shows a worst-case lower bound of Ω(d2/ϵ2) on the sample
complexity of identifying an ϵ-optimal arm in the standard linear bandit setting. Safe best-arm identification
problems in which the safety constraint is vacuous are at least as hard as the standard best-arm identification
problem, since at minimum we need to find the best arm out of every safe arm. Thus, Ω(d2/ϵ2) is also a
worst-case lower bound for the safe best-arm identification problem. The hard instance of (Wagenmaker
et al., 2022a) has |X | = O(2d), so it follows that on this instance, BESIDE achieves a complexity of Õ( d

ϵ2
·

(d + log 1
δ )), and therefore BESIDE has optimal dimensionality dependence. In addition, this also implies

that safe best-arm identification, in the worst-case, is no harder than the standard best-arm identification
problem—it is no harder to find the best safe arm, regardless of the number of safety constraints, than to
find the best arm, ignoring safety constraints.

6.2.4 The Role of Experiment Design

We can think of the safe best-arm identification problem, in some sense, as an interpolation of the standard
best-arm identification problem, as well as the level-set estimation problem, where the goal is to identify
z ∈ Z satisfying z⊤µ∗ ≤ γ (Mason et al., 2021). In the former problem, (Fiez et al., 2019) shows that
the instance-optimal rate can be attained by running a round-based algorithm and at every round solving
an instance of the XYdiff experiment design, as defined in Section 6.2.1. In the latter problem, (Mason
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et al., 2021) also show that a round-based algorithm can hit the instance-optimal rate, but instead solving the
XYsafe problem at each round. It is natural to ask whether either of these strategies could be applied to the
safe best-arm identification problem directly, or if it is necessary to alternate between them. The following
results show that, on their own, each of these designs is unable to hit the optimal rate.

Proposition 1. Fix some small enough ϵ > 0. Then there exist instances of the safe best-arm identification
problem, Ii = (θi∗, µ

i
∗,X i,Z i), i = 1, 2, with d = |X i| = |Z i| = 2, m = 1, such that:

• On I1, any (ϵ, δ)-PAC algorithm which plays only allocations minimizing XYdiff must have E[τδ] ≥
Ω
(
1
ϵ3
· log 1

δ

)
, while BESIDE identifies an ϵ-optimal arm after Õ( 1

ϵ2
· log 1/δ) samples.

• On I2, any (ϵ, δ)-PAC algorithm which plays only allocations minimizing XYsafe must have E[τδ] ≥
Ω
(

1
ϵ3/2
· log 1

δ

)
, while BESIDE identifies an ϵ-optimal arm after Õ(1ϵ · log 1/δ) samples.

Proposition 1 implies that, to solve the safe best-arm identification problem optimally, more care must
be taken in exploring than either standard experiment design induces—we must trade off between XYdiff
and XYsafe as BESIDE does. We remark briefly on the instance I1. On this instance we have X = {e1, e2}
and Z = {z1, z2} with z1 = [1/4, 1/2] and z2 = [3/4, 1/2 + α]. We set θ1∗ = [1, 0], µ1∗ = [0, 1], and
γ = 1/2 + α/2. Here z2 is unsafe while z1 is safe, so it follows that z∗ = z1. As z⊤2 θ

1
∗ > z⊤1 θ

1
∗, to show

z2 ̸= z∗, we must show it is unsafe. However, if we solve the design XYdiff , we see that it places nearly all
of the mass on the first coordinate. While this would be optimal if both z1 and z2 were safe and we simply
wished to determine which has a higher value, to show z2 is unsafe, the optimal strategy places (roughly) the
same mass on each coordinate, since each coordinate could contribute to the safety value. This is precisely
the allocation BESIDE will play, so it is able to show that z2 is unsafe much more efficiently than a naive
XYdiff approach.

6.3 Experiments for Safe Best Arm Identification in Linear Bandits

We next present experimental results on BESIDE to demonstrate the advantage of experimental design—
especially combining XYdiff and XYsafe designs. As there are no existing algorithms that consider safe
best-arm identification, as a benchmark we consider the naive adaptive approach BASELINE that first solves
the problem of finding the safe arms up to a desired tolerance, and then solves the problem of finding the
best (safe) arm among the arms that were found to be safe. We first describe instances on which we test
BESIDE. Our experimental details and precise implementation of BESIDE using elimination are described
in Section E.6.

Multi-Armed Bandit. We consider a best-arm identification problem in which every arm is safe, but the
arm with highest value is very difficult to identify as safe, while the second-best arm can easily be shown
safe. We vary the total number of arms and run BESIDE and BASELINE with ϵ = 0.5 and δ = 0.1. From
Figure 6.2, we observe that the sample complexity of BESIDE is smaller (up to about two times for 100
arms) than the sample complexity of its baseline.

Linear Response Model. Random Instance: We also consider the more general setup where X ,Z ⊂ Rd,
θ ∈ Rd and µ ∈ Rd are randomly generated from independent Gaussian random variables with mean 0 and
variance 1. We set |X | = 50 and vary the size of |Z|. In Figure 6.3, we see again that BESIDE significantly
outperforms the baseline.
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Hard Instance: We last consider the instance of Proposition 1 and benchmark against the strategy playing
only allocations minimizing XYdiff . In Figure 6.4, we see again that BESIDE significantly outperforms this
baseline, corroborating the theoretical result of Proposition 1.
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6.3.1 Practical Algorithms for Active Classification Under Constraints

Next, we provide an application of the above ideas to pool-based active classification with constraints—
namely, adaptive sampling to learn the highest accuracy classifier with a constraint on the false discovery
rate (FDR). We first explain how this problem maps to the linear bandit setting. Precisely, let X be the
example space and Y = {0, 1} the label space. Fix a hypothesis classH such that each h ∈ H is a classifier
h : X → Y . We represent each h with an associated indicator vector zh ∈ {0, 1}|X | where zh(x) = 1 ⇐⇒
h(x) = 1. Similarly, let η ∈ [0, 1]|X | represent the label distribution, i.e. η(x) = P(Y = 1|X = x). Then
the risk of a classifier R(h) := Ex∼Unif(X ),Y∼Ber(η(x))[1[h(x) ̸= Y ]] = z⊤h (2η − 1) and the FDR is defined
as FDR(h) := (1− η)⊤z/1⊤z. In the case when η ∈ {0, 1}|X |, FDR(h) is the proportion of examples that
h incorrectly labels as 1 out of all examples h labels as 1. Our goal is to solve the following constrained best
arm identification problem:

ĥ = min
h∈H

R(h) s.t. FDR(h) ≤ q ⇐⇒ min
h∈H

z⊤h η s.t. ((1− η)⊤ − q1⊤)⊤z ≤ 0. (6.5)

The main challenge in running BESIDE on this problem directly is a potentially high computational cost
from computing a design over an extremely large hypothesis class H (e.g. neural networks of a bounded
width). In this section we provide an alternative approach motivated by BESIDE. Algorithm 6.2 follows a
similar design as BESIDE and relies on an oracle, CERM, that can solve (6.5), i.e. given a dataset it returns the
highest accuracy classifier under an FDR constraint. Such oracles are available in, for example in (Agarwal
et al., 2018; Cotter et al., 2018). In each round of Algorithm 6.2 we perform randomized exploration by
perturbing the labels on our existing dataset with mean zero Gaussian noise, and then training k classifiers
ĥi, i ∈ [k], on the resulting datasets. Implicitly, we are making the assumption that the loss function in
the training of ERM can handle continuous labels, such as the MLE of logistic regression. As described
in (Kveton et al., 2019), randomized exploration emulates sampling from a posterior distribution on our
possible set of classifiers. We then use the labels generated from these classifiers to compute safe classifiers
hi, i ∈ [k]. Finally, mimicking the strategy of BESIDE, we compute XYsafe and XYdiff designs on these k
safe classifiers and repeat (note that the designs computed on Line 5 are equivalent to XYsafe and XYdiff in
the classification setting).
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Algorithm 6.2. Active constrained classification with randomized
exploration

Input: Batch size n, initial (labeled) data x(0)1 , . . . , x
(0)
n , number of rounds L, number of classifiers per

round k, perturbation variance σ
1: for ℓ = 1, . . . , L do
2: for i = 1, . . . , k do
3: ĥi = ERM({(x(ℓ)t , y

(ℓ)
t + ϵ

(i)
t )}nt=1), where {ϵ(i)t }1≤t≤n

i.i.d.∼ N (0, σ2)

4: hi = CERM({(x, ĥi(x))}x∈X )
5: Compute designs: λsafe = argminλ∈△X max1≤i≤k

∑
x∈X

1{hi(x)̸=0}
λx

, λdiff =

argminλ∈△X max1≤i ̸=j≤k
∑

x∈X
1{hi(x)̸=hj(x)}

λx

6: Sample x(ℓ)1 , . . . , x
(ℓ)
n from a uniform mixture of λsafe, λdiff

7: Observe corresponding labels y(ℓ)1 , . . . , y
(ℓ)
n

return h̃ = CERM({(x(ℓ)t , y
(ℓ)
t )}1≤t≤n,0≤ℓ≤L)

(a) FDR vs accuracy for active (Algorithm 6.2) and pas-
sive sampling, ticks report number of samples. FDR and
accuracy are averaged over 5 trials
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To validate Algorithm 6.2, we experiment against a passive baseline that selects points uniformly at
randoms from the pool of examples X , retrains the model using the same Constrained Empirical Risk
Minimization oracle (CERM) as Algorithm 6.2 on its current samples, and report the accuracy and FDR. We
evaluate on two real world datasets and on one synthetic dataset next and provide an additional details on
the experiments in Section E.6.

Adult dataset. We evaluate on the adult income data set (Lichman, 2013) (48,842 examples) where the
goal is to predict whether someone’s income is above $50k per year. We set the constraint to be FDR <
0.15 and report in Figure 6.5a the accuracy and the FDR obtained when varying the number of labels
given to each method (batch size is set to 25 and initial number of queried labels is 50). We observe that
for any desired accuracy Algorithm 6.2 allows us to provide a classifier with lower FDR. Also, for any
chosen number of total labels—such as 500, 750, 2000 as reported in Figure 6.5a—the Algorithm 6.2 gives
a classifier with higher accuracy and lower FDR. In general we found that the active method needed half the
number of samples as the passive sampling to achieve a given FDR. This demonstrates the effectiveness of
Algorithm 6.2 to learn simultaneously the objective (risk) and the constraint (FDR), in a similar favorable
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way as characterized by our theoretical findings.
We consider the German Credit Dataset originally from the Staflog Project Databases (Keogh et al.,

1998). The goal is to predict whether someone’s credit is ’bad’ or ’good’. We report in Figure 6.5b the
recall (TPR) and the precision (1−FDR) obtained when varying the number of labels given to each method.
We observe that for any desired precision Algorithm 6.2 allows us to provide a classifier with higher recall.
Also, for any chosen number of total labels—such as 170, 270, 330, 450, 600 as reported in Figure 6.5b—
the Algorithm 6.2 gives a classifier with higher precision and higher recall. As for the Adult dataset we
found that the active method needed half the number of samples as the passive sampling to achieve a given
precision.

Half circle dataset. We consider a two-dimensional half circle dataset, visualized on Figure 6.6. We
report in Figures 6.7 and 6.8 the precision and (respectively) the recall obtained when varying the number
of labels given to each method. The confidence intervals are obtained over 25 repetitions. We observe that
Algorithm 6.2 allows us to provide a classifier satisfying a given recall or precision in far fewer queries. This
is in line with the results of (Jain and Jamieson, 2020) on One Dimensional Thresholds, where the sample
complexity of the active strategy is O(log(n)) while the sample complexity of the passive strategy is at least
of order n.
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6.4 Related works

Constrained Bandits. A growing body of work seeks to address the question of safe learning in interactive
environments. In particular, the majority of such works have considered the problem of regret minimization
in linear bandits with linear safety constraints. Here, the goal is to maximize online reward, x⊤t θ∗, by
choosing actions xt ∈ X ⊆ Rd, while ensuring a safety constraint of the form x⊤t µ∗ ≤ γ is met at all times
(either in expectation or with high probability). A variety of algorithms have been proposed, including
UCB-style (Kazerouni et al., 2017; Amani et al., 2019; Pacchiano et al., 2020), and Thompson Sampling
(Moradipari et al., 2019; 2020). While these works show that

√
T regret is attainable, they only provide

worst-case bounds (while we obtain instance-dependent bounds) and do not study the pure-exploration best-
arm identification problem. To our knowledge, the only work to offer instance-dependent guarantees is
(Chen et al., 2022), yet they focus exclusively on the regret setting, and offer a relatively coarse notion of
instance-dependence — analogous to O(d · poly log T/∆min) bounds in the unconstrained linear bandits
setting — in contrast to the more fine-grained notion of instance-dependence we provide.

To our knowledge, only several existing works consider the question of best-arm identification with
safety constraints (Sui et al., 2015; 2018; Wang et al., 2022; Lindner et al., 2022). The most related to ours
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is (Lindner et al., 2022) which focuses on the easier problem of safe best arm identification with known
rewards and unknown constraints. Since the reward is known, the main challenge in the setting of (Lindner
et al., 2022) is to learn constraints via G-optimal designs. The key and novel challenge of our framework is
to carefully balance between G and XY designs: naively spending enough budget to either learn the reward
model (via a XY design) or to learn the safety constraints (via a G design) will fail catastrophically (see
Example 2.1 and Proposition 1). (Sui et al., 2015; 2018) consider a general constrained optimization setting
where the goal of the learner is to minimize some function f(x) over a domain x ∈ D, while only having
access to noisy samples of f(x), f(xt) + wt, and guaranteeing that a safety constraint g(xt) ≥ h is met for
every query point xt. While they do provide a sample complexity upper bound, they give no lower bound,
and, as shown in (Wang et al., 2022), their approach can be very suboptimal. (Wang et al., 2022) considers
the setting of best-arm identification in multi-armed bandits. In their setting, at every step t they query a
value at ∈ A for a particular coordinate it, and their goal is to identify the coordinate i∗ such that a∗i∗θi∗ ≥
maxi a

∗
i θi, where a∗i is the largest value respecting the safety constraint: a∗i = argmaxa∈A aθi s.t. aµi ≤ γ.

Similar to (Sui et al., 2015; 2018), they require that the safety constraint atµit ≤ γ must be met while
learning. Though they do show matching upper and lower bounds, and in addition consider a slightly more
general setting that allows for nonlinear (but monotonic) response functions, they treat every coordinate
as independent, and do not allow for information-sharing between coordinates—the key generalization the
linear bandit setting targets. We remark as well that in our setting, unlike these works, we allow the learner
to query unsafe points during exploration, and only require that they output a safe decision at termination.

Best-Arm Identification in Linear Bandits. The best-arm identification problem in multi-armed bandits
(without safety constraints) is a classical and well-studied problem (Bechhofer, 1958; Paulson, 1964; Even-
Dar et al., 2002; Bubeck et al., 2009), and near-optimal algorithms exist (Jamieson et al., 2014; Kaufmann
et al., 2016). More recently, there has been a growing interest in understanding the sample complexity
of best-arm identification in linear bandits (Soare et al., 2014; Karnin, 2016; Xu et al., 2018; Fiez et al.,
2019; Katz-Samuels et al., 2020; Degenne et al., 2020). We highlight in particular the work of (Fiez et al.,
2019) which proposes an experiment-design based algorithm, RAGE, that our approach takes inspiration
from. While much progress has been made in understanding best-arm identification in linear bandits, to our
knowledge, no existing works consider the setting of best-arm identification in linear bandits with safety
constraints, the setting of this work.

Active Classification under FDR constraints We finally mention one other related body of work—the
problem of actively sampling to find a classifier with high accuracy or recall under precision constraints.
Motivated by the experimental design approach of our main algorithm, BESIDE, we provide a heuristic
algorithm for this problem with good empirical performance in Section 6.3.1. There is an extensive body
of work on active learning (see the survey (Hanneke et al., 2014)) but only recently have works made the
connection between best-arm identification for linear bandits and classification (Katz-Samuels et al., 2021;
Jain and Jamieson, 2020; Camilleri et al., 2021b). Precision constraints has been less studied in the adaptive
context, we only know of (Jain and Jamieson, 2020; Bennett et al., 2017).

6.5 Conclusion

In this work we have shown that it is possible to efficiently find the best safe arm in linear bandits with
a carefully designed adaptive experiment design-based approach. Our results open up several interesting
directions for future work.
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Instance Optimality. While BESIDE is worst-case optimal, in Section E.1 we show an instance-dependent
lower bound which BESIDE does not, in general, seem to hit. We conjecture that this lower bound may be
loose—addressing this discrepancy and showing matching instance-dependent upper and lower bounds is
an exciting direction for future work.

Safety During Exploration. Though there are many interesting applications where we may not require
safety during exploration (i.e. only querying safe arms), in other cases we may need to ensure safety is met
during exploration. Extending our work to this setting is an interesting open problem.
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Chapter 7

Fair Active Learning in Low-Data Regimes

7.1 Introduction

As machine learning models proliferate and are used in an ever-increasing number of applications with soci-
etal ramifications, it has become increasingly important to have robust methods for developing models that
do not perpetuate existing social inequities. Over the last few years, a plethora of works in fair classification
have provided a principled toolkit to develop classifiers and quantify their performance under various fair-
ness metrics. These metrics, including equal opportunity and equalized odds, give a natural way to ensure
that favorable outcomes such as model performance or predicted positive rates are equalized across different
groups for a given protected feature. More precisely, given a distribution ν on X ×A× Y (where X is the
feature space, A the protected attribute space and Y the label space), a hypothesis classH, a fairness metric
mfair, a measure of its violation Lmfair

ν (h), and a fairness violation tolerance α; the goal in fair classification
is to return argminh∈H E(x,a,y)∼ν [h(x) ̸= y] subject to Lmfair

ν (h) ≤ α.
In practice, as ν is unknown, solving an empirical analog of this constrained classification problem on a

training set is a natural approach to learning classifiers that generalize well to a test set, while maintaining
fairness guarantees. Indeed, the focus of much of the fairness literature has been to develop optimization
methods to solve such a problem (Agarwal et al., 2018; Donini et al., 2018; Cotter et al., 2018). While this
is a reasonable approach when a large amount of labeled training data is available, in many applications
such large amounts of data are not available, and it can be prohibitively expensive to collect more. In such
settings existing approaches may not be able to guarantee accurate classifiers, or may return classifiers that
are in fact unfair on the population distribution.

A promising approach to handle such low-data regimes and maximize the effectiveness of small amounts
of labeled data is active learning. Active learning methods aim to minimize the amount of labeled training
data needed by only requesting labels for the most informative examples, thereby significantly reducing the
label complexity while ensuring similar accuracy of the learned classifier. While active learning methods
have been applied to fair classification before, existing works either require large labeled datasets for pre-
training, thereby eliminating the primary benefit of active learning, or are unable to satisfy the goal fairness
constraint.

In this chapter we aim to overcome these challenges and develop methods for fair active learning which
do not require large pretraining datasets—truly operating in the low-data regime—and ensure fairness con-
straints are met. Our contributions are as follows:

1. We propose a novel approach to fair active learning, FARE, which chooses which points to label by com-
bining a posterior sampling-inspired randomized exploration procedure that aims to improve classifier
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accuracy, with a group-dependent sampling procedure to ensure fairness is met. Notably, our approach
does not require a large pretraining dataset, and is able to produce accurate and fair classifiers in the very
low data regime.

2. We evaluate our proposed method on a variety of standard benchmark datasets from the fairness commu-
nity, and demonstrate that it yields large label complexity gains over passive approaches while ensuring
fairness constraints are met, and also significantly outperforms the existing state-of-the-art approaches
for fair active learning.

To the best of our knowledge, our proposed approach is the first active learning procedure able to ensure
fairness constraints are reliably met without requiring large amounts of labeled data.

7.2 Related Work

Fairness. Algorithmic fairness has garnered significant interest in recent years (see Barocas et al. (2017);
Hort et al. (2022) for recent surveys). Approaches to mitigate fairness disparities can be grouped into three
lines of work: pre-processing, in-processing, and post-processing. Pre-processing aims to remove disparate
impact by modifying the training data(Kamiran and Calders, 2012), while post-processing modifies already
learned classifiers to improve fairness (Hardt et al., 2016). Of particular interest to our work is in-processing
for bias mitigation, where the focus is on modifying the learning process to build fair classifiers (Zhang et al.,
2018). Most relevant to us within in-processing bias mitigation techniques are works that have approached
fairness mitigations in classification as a constrained optimization problem (Agarwal et al., 2018; Donini
et al., 2018). Our fairness metrics of interest—equal opportunity and equalized odds—were introduced as
operationalizations of fairness concurrently by Hardt et al. (2016); Kleinberg et al. (2016); see also (Kearns
et al., 2018).

Active learning. The expense associated with labeling data has emerged as a significant obstacle in the
practical implementation of machine learning methods. Motivated by this, there has been growing attention
towards the concept of active classification, which involves presenting the learner with a set of unlabeled
examples, and tasking them with producing a precise hypothesis after querying as few labels as possible
(Settles, 2011). Active learning has been studied extensively over the past five decades (see the survey
Hanneke et al. (2014)). Most active learning approaches select samples to label based on some notion
of uncertainty (e.g., entropy of predictions, margin, disagreement (Cohn et al., 1994; Beygelzimer et al.,
2009)). Recent breakthroughs have connected best-arm identification for linear bandits with classification,
opening up new possibilities for active learning via experiment design (Katz-Samuels et al., 2021; Camilleri
et al., 2022; 2021b).

Fair active learning. The problem of fair active classification has been previously considered by recent
efforts to reach a classifiers with good “fairness-error” trade-off given a label budget, including Anahideh
et al. (2021); Sharaf et al. (2022); Fajri et al. (2022). As we will see experimentally, these works suffer from
a variety of shortcomings: for example, poor generalization of their fairness violation, minimal accuracy
gains over baseline methods, or limited ability to handle standard group fairness metrics. Furthermore,
their objective is somewhat different than ours. While we aim to return a classifier with fairness violation
below a desired tolerance (motivated by situations where it is critical to ensure our classifier satisfies a given
fairness constraint), these works instead aim to quantify the general tradeoff between fairness and accuracy,
without ensuring the returned classifier is below any tolerance. Last, these works assume the existence of
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large, pre-existing, labeled datasets: namely for their experiments on the Adult income dataset Anahideh
et al. (2021); Sharaf et al. (2022); Fajri et al. (2022) assume respectively that 2000, 15000, 3000 labels are
accessible. We will see that the gains from our active learning algorithms are instead visible after collecting
100 labels. Other works, such as Cao and Lan (2022b) focuses on fair active learning for decoupled models
and Shen et al. (2022); Cao and Lan (2022a), have focused on the analogous problem of finding classifiers
that meet metric-fair constraints, while Abernethy et al. (2021); Shekhar et al. (2021); Cai et al. (2022);
Branchaud-Charron et al. (2021) have focused on data collection for min-max fairness. The nature of min-
max fairness does not explicitly constrain the differences in quantities between groups, instead improving
the quantity for the worst-off group as much as possible. These, alongside the metric fairness constraints, are
significantly different than the group fairness metrics we consider, and as such motivate an entirely different
set of methods.

Another related line of work is that of bandits with constraints (Sui et al., 2015; Kazerouni et al., 2017;
Pacchiano et al., 2020; Wang et al., 2022; Camilleri et al., 2022). As noted, classification can be modeled
as a bandit problem and in some cases bandit algorithms can be applied to active learning for classification.
Furthermore, imposing unknown constraints in bandit problems is similar to imposing fairness constraints
in classification. To the best of our knowledge, however, existing work on constrained bandits does not
consider constraints expressive enough to encode standard fairness metrics such as equalized odds and equal
opportunity.

7.3 Preliminaries

In the work presented in this chapter, we focus on a binary classification scenario where each data point con-
sists of three elements (x, a, y). Here, x ∈ X ⊂ Rd represents a d-dimensional feature vector, a ∈ {0, 1} in-
dicates a binary protected attribute which partitions our data into two groups, and y ∈ {0, 1} denotes a label.
In the general classification paradigm, we assume that the training setD = {(x1, a1, y1), . . . , (xn, an, yn)} ∼
ν ∈ △X×{0,1}×{0,1} is a set of n examples sampled from a target distribution ν. The objective is to learn
from the training set D a classifier h : X 7→ {0, 1} among a hypothesis set H (e.g. linear classifiers or
random forests) which has the lowest risk Rν(h) possible on the target distribution. Here the risk is defined
for any distribution ν ∈ △X×{0,1}×{0,1} as Rν(h) := E(x,a,y)∼ν [1{h(x) ̸= y}].

7.3.1 Definitions of Fairness

In this work we consider in particular two well-known definitions of fairness: Equal Opportunity—also
called True Positive Rate Parity (TPRP)—and Equalized Odds (EO), though our method extends to other
notions of fairness as well. We formally define these here.

Definition 4 (Fairness Definitions (EO, TPRP)). Given a tolerance α ∈ [0, 1] and target distribution ν, a
classifier h ∈ H satisfies True Positive Rate Parity up to α on ν if

|P(x,a,y)∼ν(h(x) = 1|a = 0, y = 1)− P(x,a,y)∼ν(h(x) = 1|a = 1, y = 1)| ≤ α. (7.1)

A classifier satisfies Equalized Odds up to α on a distribution ν if, in addition to satisfying (7.1) it also
satisfies

|P(x,a,y)∼ν(h(x) = 1|a = 0, y = 0)− P(x,a,y)∼ν(h(x) = 1|a = 1, y = 0)| ≤ α. (7.2)
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If α = 0, EO states that the prediction h(x) is conditionally independent of the protected attribute a
given the label y. With these definitions of fairness in mind, we also define the fairness violation of a given
classifier as the left-hand sides of equations (7.1) and (7.2).

Definition 5 (Fairness violation). We define the EO (resp. TPRP) violation of classifier h on distribution ν
as

LEO
ν (h) := max

z∈{0,1}
|P(x,a,y)∼ν(h(x) = 1|a = 0, y = z)− P(x,a,y)∼ν(h(x) = 1|a = 1, y = z)|,

LTP
ν (h) := |P(x,a,y)∼ν(h(x) = 1|a = 0, y = 1)− P(x,a,y)∼ν(h(x) = 1|a = 1, y = 1)|.

Given some threshold α, a fair classifier is a classifier with fairness violation below α.

7.3.2 Problem Statement

Classical machine learning typically deals with the setting where the learner has access to a fixed, labeled
dataset,Dtr, and must learn as accurate a classifier as possible from this data. In this work, we are interested
in the active setting where the goal of the learner is to train on as few labeled data points as possible to
obtain a desired accuracy. In particular, in the pool-based active learning setting, the task of fair active
classification is the following sequential problem. First, the learner is given an unlabeled training pool of
data D\y

tr ⊆ X × A and some fairness metric mfair ∈ {EO, TP} with target fairness violation α. At each
time t = 1, 2, . . . , T the agent then chooses any unlabeled point from the pool (xt, at) ∈ D\y

tr and requests
its label yt ∈ {0, 1}. After requesting T labels, the agent outputs a classifier h ∈ H. Its performance
is evaluated via the two following metrics: error loss Rν(h) and fairness violation Lmfair

ν (h), for ν the
population distribution. Note that we assume that the learner may see the true protected attribute before
querying the label for a point—see (Awasthi et al., 2020) for a discussion of the case when the protected
attribute is noisy.

7.4 Fair Active Learning

In this section, we present our approach to fair active classification, FARE.

7.4.1 Fair Learning with Fixed Datasets

Before considering the active setting, we first consider the question of finding a fair classifier on a fixed
dataset. As the general classification paradigm (i.e. classification without fairness constraints) is known to
potentially cause disparities when applied to sensitive tasks (Barocas and Selbst, 2016), significant effort has
been invested to develop effective algorithms that balance the goal of classification (learn the most accurate
classifier) with fairness (learn a classifier with low fairness violation) on static datasets. Given a target
distribution ν, a fairness metric denoted mfair∈{EO, TP} and a fairness violation tolerance α ∈ [0, 1], this
fair classification problem can be stated as the following:

minimize
h∈H

Rν(h) subject to Lmfair
ν (h) ≤ α. (7.3)

In practice, one cannot solve (7.3) directly, as the population, ν, which Rν(h) and Lmfair
ν (h) depend on,

is unknown. Instead, we consider empirical estimates of the risk and fairness constraint. As is standard
throughout machine learning, we rely on the plug-in estimate of the empirical risk, R̂D(h) :=

1
n

∑n
i=1 1{h(xi) ̸=
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yi}. Similarly, throughout the fairness literature, a plug-in estimator is typically also used to estimate the
fairness violation (Agarwal et al., 2018; Donini et al., 2018; Cotter et al., 2018). As an example, consider
the case of estimating TPRP. Let D = {(x1, a1, y1), . . . , (xn, an, yn)} denote a set of data and recall that
the True Positive Rate (TPR) of each group z ∈ {0, 1} can be written as

P(x,a,y)∼ν(h(x) = 1|a = z, y = 1) =
E(x,a,y)∼ν [1{h(x) = 1, y = 1, a = z}]

E(x,a,y)∼ν [1{y = 1, a = z}] . (7.4)

A natural approach to empirically estimate the TPRP is then to simply replace the population quantities with
the empirical quantities in (7.4) to estimate the TPR for each group, and then compute the absolute value
of the difference of these TPRs. This yields the following empirical estimate of the TPRP violation of a
classifier h on the data D:

L̂TP
D (h) :=

∣∣∣∣∣
n∑
i=1

1{h(xi) = 1, yi = 1, ai = 1}∑n
i=1 1{yi = 1, ai = 1} −

n∑
i=1

1{h(xi) = 1, yi = 1, ai = 0}∑n
i=1 1{yi = 1, ai = 0}

∣∣∣∣∣. (7.5)

We can estimate the false-positive rate parity (FPRP), L̂FP
D (h), analogously to (7.5) but with yi = 1 replaced

by yi = 0, and estimate the EO violation as the maximum of the empirical estimate of the TPRP violation
and the empirical estimate of the FPRP violation, L̂EO

D (h) = max{L̂TP
D (h), L̂FP

D (h)}.

Empirical fair classification. Equipped with these empirical estimates, we return to the fair classification
problem, (7.3). Given a training set D = {(x1, a1, y1), . . . , (xn, an, yn)} ∼ ν sampled from a distribution
ν ∈ △X×{0,1}×{0,1}, a fairness metric denoted mfair ∈ {EO, TP} and fairness tolerance α ∈ [0, 1], one
can use the empirical estimates of the risk and the fairness violation to approximate (7.3) with the following
empirical fair classification optimization problem:

minimize
h∈H

R̂D(h) subject to L̂mfair
D (h) ≤ α. (7.6)

Note that solving such a problem is a common approach to fair classification, and can be solved efficiently
(Donini et al., 2018; Agarwal et al., 2018). This optimization problem will form the starting-point of our
proposed approach, and our algorithms will assume access to a solver for it, which we call the empirical fair
oracle—EFO. In our experiments we take an approach analogous to Agarwal et al. (2018) to solve (7.6).

7.4.2 Estimation Error and Sampling Bias

In this section we address two additional issues that arise in ensuring our returned classifier is fair. First,
estimation error in the fairness constraint, and second, bias introduced by sampling data points in a non-
uniform fashion.

Conservative fairness estimates. Since L̂mfair
D (h) is only an empirical estimate ofLmfair

ν (h), ensuring that
L̂mfair
D (h) ≤ α does not guarantee that Lmfair

ν (h) ≤ α, our end goal. The following result gives a precise
quantification of the deviation between L̂mfair

D (h) and Lmfair
ν (h) in the case where mfair = EO.

Proposition 2. Let the train set beD = {(x1, a1, y1), . . . , (xn, an, yn)} ∼ ν. Then it holds with probability
1− δ that, with cδ := 8

√
2 log(2/δ):

|LEO
ν (h)− L̂EO

D (h)| ≤ cδ√
n
· max
0≤j,k≤1

1
1
n

∑n
i=1 1{yi = k, ai = j} +O

(
1

n

)
.
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Analogous results hold for TPRP. This bound inspires two important aspects of our approach. First,
to ensure fairness is met, it suggests setting the tolerance in (7.6) to a conservative value less than α, in
particular subtracting a O( 1√

n
) term off of α. Adjusting α by this margin has been demonstrated in the

past to produce fair classifiers (Woodworth et al., 2017; Thomas et al., 2019), and we show in Figure 7.10
that it is also critical in our active setting. Second, Proposition 2 suggests that in order to estimate the
fairness, we need to collect samples for each protected attribute, since our estimation error scales inversely
with the minimum number of samples collected for either protected attribute. This observation is critical in
motivating our active sampling procedure, as we outline in the following section.

Sampling bias correction. In the active learning paradigm, at every step the learner samples a data point
(xt, at) ∈ D\y

tr from some (chosen) distribution, νtrt ∈ △D\y
tr

, (xt, at) ∼ νtrt . For example, the learner
may place higher weight on points that are informative, increasing the number of samples from around the
decision boundary. While this will ultimately improve the learner’s ability to classify, the distribution of
the sampled dataset no longer matches that of the original training dataset. This will result in the plug-in
estimator for the fairness constraint, for example (7.5), to be biased. We correct for this mismatch using
importance weights. For the risk, we recall the definition of the well-known IPS estimator (empirical risk
re-weighted with importance weights): R̂D,νtr,ν(h) :=

1
n

∑n
i=1

νi
νtri

1{h(xi) ̸= yi}, for (xi, ai) ∼ νtr and yi
and associated label, and νi the population weight of point i1 and νtri the probability νtr samples point i. It
is straightforward to see that this is an unbiased estimator of the true risk. We define the estimator for EO
with importance weights next.

Definition 6 (Empirical EO violation with importance weights). Consider a dataset drawn i.i.d from νtr,
D := {(x1, a1, y1), . . . , (xn, an, yn)} ∼ νtr. The empirical estimate of the EO violation of a classifier h on
the target distribution ν can be evaluated as

L̂EO
D,νtr,ν(h) :=max

z∈{0,1}

∣∣∣∣∣
∑n

i=1
νi
νtri
1{h(xi)=1, yi=z, ai=1}∑n

i=1
νi
νtri

1{yi = z, ai = 1} −
∑n

i=1
νi
νtri
1{h(xi)=1, yi=z, ai=0}∑n

i=1
νi
νtri

1{yi = z, ai = 0}

∣∣∣∣∣.
We define the importance-weighted TPRP violation analogously, but only for z = 1. While this estimate

is not truly unbiased, both the numerator and denominators are unbiased, leading to accurate estimates of
the fairness. In the following, when applying our fairness oracle EFO in the active setting, we assume it is
applied on the importance-weighted fairness and loss estimates.

7.4.3 Fair Active Learning

We now provide our algorithm for fair active classification, Algorithm 7.1. Algorithm 7.1 proceeds in
rounds. In each round, we choose data points to label by sampling from two distributions: λdiff , which
focuses on improving the accuracy, and λfair, which focuses on improving the fairness estimates. We
describe our choice of each of these distributions below.

Improving accuracy via randomized exploration. In each round of Algorithm 7.1, to determine which
points are most likely to improve accuracy, we perform randomized exploration by training a set of k fair
classifiers ĥi, i ∈ [k], on perturbations of the training data already collected. In particular, to generate
these perturbations, while training each classifier ĥi we flip the label of each data point with probability σ.

1In general this is unknown but, assuming D\y
tr ∼ ν, it suffices to simply set νi = 1/|D\y

tr |
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(a) λdiff (b) λfair

Figure 7.1: Sampling distributions of FARE when k = 2. The oscillating dotted lines are used to represent
the support of the sampling distributions (areas where the sampling distribution is non-zero). λdiff places
mass on disagreement region of learned classifiers in order to collect points increasing accuracy. λfair places
equal amounts of mass on each group in order to learn fairness value.

Algorithm 7.1. FARE (Fair Active Randomized Exploration)

Input: Batch size n, number of rounds L, classifiers per round k, perturbation rate σ, fairness metric mfair,
fairness tolerance α, unlabeled data D\y

tr

1: Sample (x
(0)
1 , a

(0)
1 ), . . . , (x

(0)
n , a

(0)
n ) ∼ U(D\y

tr ), request labels for sampled points
2: D0 ← {(x(0)i , a

(0)
i , y

(0)
i )}ni=1

3: D\y
tr ← D

\y
tr \{(x

(0)
i , a

(0)
i )}ni=1

4: for ℓ = 1, . . . , L− 1 do
// Compute λdiff

5: for i = 1, . . . , k do
6: hi = EFO(D̃ℓ−1, α− 1√

n·ℓ) where D̃ℓ−1 generated by flipping each label of Dℓ−1 w.p. σ

7: Compute λdiff allocation:

λdiff ← argminλ∈△
D\y
tr

max
1≤i ̸=j≤k

∑
(x,a)∈D\y

tr

1{hi(x) ̸= hj(x)}
λx

// Compute λfair
8: λfair ← 1

2U({(x, a) ∈ D\y
tr : a = 0}) + 1

2U({(x, a) ∈ D\y
tr : a = 1})

// Sample points and update classifier
9: Sample (x

(ℓ)
i , a

(ℓ)
i ) ∼ 1

2λdiff +
1
2λfair, i = 1, . . . , n

10: Observe corresponding labels y(ℓ)1 , . . . , y
(ℓ)
n

11: Dℓ ← Dℓ−1 ∪ {(x(ℓ)i , a
(ℓ)
i , y

(ℓ)
i )}ni=1

12: D\y
tr ← D

\y
tr \{(x

(ℓ)
i , a

(ℓ)
i )}ni=1

13: Return ĥ = EFO(DL, α− 1√
n·L)

Given these classifiers, we compute λdiff, which aims to sample unlabeled training points that effectively
distinguish between the k classifiers.

As described in a variety of works (Osband et al., 2016; 2018; Russo, 2019; Osband et al., 2019; Kveton
et al., 2019; Camilleri et al., 2022), randomized exploration emulates sampling from a posterior distribution
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Dataset
Protected
Attribute

Dataset
Size

Drug Consumption
(Fehrman et al., 2017)

Gender 1885

Bank (Moro et al., 2014)
Education
Level

11,162

German Credit (Hofmann,
1994)

Gender 1,000

Adult Income (Lichman,
2013)

Gender 48,842

Compas (Lichman, 2013) Gender 5,278
Community and Crime
(Redmond and Baveja, 2002)

Race 1,902

Table 7.1: Benchmark datasets
over the optimal classifier. The sampling distribution λdiff is such that the weights will be large for the
points x about which the k classifiers disagree most. Indeed, taking k = 2 for illustration, we have λdiff =

argminλ∈△X

∑
x∈X

1{h1(x)̸=h2(x)}
λx

. If h1(x) = h2(x) then 1{h1(x)̸=h2(x)}
λx

= 0 for any λx > 0. In order to

minimize
∑

x∈X
1{h1(x)̸=h2(x)}

λx
, one can set λx to be very small at regions of X where h1 = h2 and very

large at regions of X where h1 ̸= h2. See Figure 7.1a for an illustration of this. Given this, if we can ensure
ĥi, i ∈ [k] disagree on points close to the true decision boundary, then our sampling procedure will ensure
that we sample such points, which will enable us to effectively learn an accurate classifier. With this in
mind, we hope to create k classifiers that have a decision boundary close to the true decision boundary, yet
this is precisely what will be created by posterior sampling, which our procedure mimics. As we will see in
the experiments, this sampling strategy effectively collects labels that are informative, increasing accuracy
of the learned classifier.

Improving fairness via attribute-dependent exploration. In addition to learning the decision boundary
to obtain a classifier with high accuracy, we must also learn the value of the fairness constraint to ensure our
final classifier is fair. While λdiff ensures that we sample points close to the decision boundary, it makes no
guarantee that we sample points which allow us to accurately estimate our fairness constraint—our choice
of λfair ensures that we do sample enough to accurately estimate the fairness.

As shown in Proposition 2, if we wish to estimate the fairness value of a given classifier, we must ensure
that we have collected sufficiently many data points from each group j ∈ {0, 1}. λdiff is not guaranteed
to sample such points—for example, if we have severe group imbalance, the overall accuracy may be max-
imized by ignoring the group with many fewer samples, in which case λdiff will focus on only sampling
the larger group. To address this, we choose λfair to sample an equal number of samples from each group,
which will ensure that our fairness estimate will converge to the population fairness, as guaranteed by Propo-
sition 2. See Figure 7.1b for an illustration of this. As we demonstrate in Section 7.5.3, this sampling is
absolutely critical if our goal is to learn a fair classifier—without this attribute-dependent sampling, naive
active learning methods fail to produce fair classifiers.
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Figure 7.2: Performance on Drug Consumption Figure 7.3: Performance on Bank

Figure 7.4: Performance on German Credit Figure 7.5: Performance on Adult Income

Figure 7.6: Performance on Compas
Figure 7.7: Performance on Community and
Crime

7.5 Experiments

Finally, we demonstrate the effectiveness of FARE experimentally on standard fairness datasets.

Implementation details. For all experiments, we use logistic regression classifiers without regularization
and partition the dataset into a 75%/25% train/test split. We ran a grid-search over the hyperparameters of
FARE to set σ = 0.1 and k = 10. We set the fairness tolerance to α− 1/

√
n to account for estimation error

in the fairness constraint. All experiments were run on a Intel Xeon 6226R CPU with 64 cores.

Datasets. In our experiments, we consider six datasets commonly used in the fairness literature, listed in
Table 7.1. To ensure consistency, we standardized the data to have a mean of zero and a variance of one.

7.5.1 Baselines Methods

In order to benchmark FARE, we conduct experiments comparing it against state-of-the-art algorithms
(Anahideh et al., 2021; Sharaf et al., 2022; Fajri et al., 2022) for fair active learning, and a passive baseline.

1. PANDA (Sharaf et al., 2022): PANDA aims to learn a data selection policy via meta-learning. This
algorithm formulates the problem as a bi-level optimization task, where the inner level involves training
a classifier with a subset of labeled data, while the outer level focuses on updating the selection policy to
strike a balance between fairness and accuracy in the classifier’s performance.
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Accuracy (% labeled correctly) Fairness (TPRP, goal fairness = 0.1)
FARE PANDA FAL FALCUR Passive FARE PANDA FAL FALCUR Passive

Drug 83.1 79.0 83.2 82.2 82.5 0.098 0.131 0.144 0.160 0.100
± 0.2 ± 2.1 ± 0.2 ± 0.2 ± 0.2 ± 0.006 ± 0.017 ± 0.0065 ± 0.006 ± 0.005

Bank 81.5 80.1 81.3 79.2 81.3 0.042 0.054 0.047 0.032 0.047
± 0.1 ± 0.4 ± 0.1 ± 0.1 ± 0.1 ± 0.003 ± 0.009 ± 0.003 ± 0.002 ± 0.001

German 66.8 66.4 67.2 63.7 66.6 0.097 0.069 0.124 0.130 0.104
± 0.3 ± 1.4 ± 0.4 ± 0.4 ± 0.3 ± 0.007 ± 0.016 ± 0.010 ± 0.010 ± 0.007

Adult 83.6 76.6 83.2 80.8 83.1 0.065 0.109 0.102 0.097 0.068
± 0.0 ± 2.0 ± 0.1 ± 0.2 ± 0.0 ± 0.007 ± 0.019 ± 0.013 ± 0.008 ± 0.006

Compas 64.3 57.8 66.6 66.8 64.6 0.088 0.110 0.304 0.334 0.099
± 0.1 ± 1.3 ± 0.2 ± 0.2 ± 0.2 ± 0.006 ± 0.026 ± 0.023 ± 0.009 ± 0.007

Crime 95.9 91.4 95.5 94.7 95.0 0.055 0.145 0.066 0.107 0.074
± 0.1 ± 1.7 ± 0.1 ± 0.1 ± 0.1 ± 0.004 ± 0.019 ± 0.004 ± 0.005 ± 0.005

Table 7.2: Final accuracy and TPRP values for each method and dataset. Blue indicates fairness threshold
met, while red indicates threshold not met. Best accuracy among fair methods is indicated by bold font.
Confidence intervals are standard errors based on 100 trials.
2. FAL (Anahideh et al., 2021): FAL uses a sampling rule that blends between two selection criteria: one

based on uncertainty and another based on assessing fairness, which estimates the potential disparity
impact when labeling a specific data point (by calculating the expected disparity across all potential
labels). FAL chooses which data points to label in order to strike a balance between model accuracy and
equity.

3. FALCUR (Fajri et al., 2022): FALCUR incorporates an acquisition function that assesses the representa-
tive score of each sample under consideration. This score is calculated by taking into account two key
factors: uncertainty and similarity. By carefully balancing these elements, FALCUR selects samples that
contribute to accuracy improvement and ensure that fairness is maintained.

4. Passive + fair oracle: This passive baseline randomly selects points from the pool of examples D\y
tr and

trains the model using the EFO oracle with the same α− 1√
n

constraint as FARE on its current samples.

Each of these methods with the exception of the passive baseline assumes access to a pretraining dataset.
As we are interested in the low-data regime, when we do not have access to a pretraining dataset, we simulate
the pretraining dataset by allocating, for each method, some percentage of the label budget to uniform
sampling to collect a “pretrain” dataset, and then run the algorithm in standard fashion from there. For each
method, we sweep over the size of the pretrain dataset and plot performance for the best one. For all other
hyperparameters, we use the values recommended by the original work.

7.5.2 Performance Evaluation

We first consider the case when the fairness constraint is TPRP with α = 0.1, and illustrate the accuracy
and fairness vs. number of samples for our method and all baselines. For all methods and datasets, with
the exception of PANDA, results are averaged over 100 trials—for PANDA results are averaged over only 50
trials, due to its large computational cost. Shaded regions denote one standard error. Note as well that the

98



Accuracy (% labeled correctly) Fairness (TPRP, goal fairness = 0.1)

FARE
FARE

w/o λfair
FAL FALCUR Passive FARE

FARE

w/o λfair
FAL FALCUR Passive

Synt. 58.8 57.5 90.0 89.9 61.1 0.095 0.123 0.402 0.303 0.123
± 0.6 ± 0.8 ± 1.7 ± 1.3 ± 0.8 ± 0.009 ± 0.016 ± 0.022 ± 0.013 ± 0.013

Table 7.3: Ablation on the role of group-dependent sampling, λfair, on the synthetically generated dataset.
Note that PANDA does not converge on this dataset, so we have omitted it from the table. Confidence
intervals are standard errors based on 100 trials.
performance of PANDA starts at a later step since this method requires a large pretrain dataset to perform
effectively, and in pretraining does not produce a classifier.

Our results are given in Figures 7.2 to 7.7, and we state the accuracy and fairness values obtained at
the final step in Table 7.2. As these results illustrate, FARE consistently outperforms or matches the passive
baseline, as well as all existing approaches to fair active classification. We highlight several key features of
these results.

First, note that the only methods able to consistently produce classifiers which meet the fairness con-
straint of α = 0.1 are FARE and the passive baselines. While all other methods frequently return classifiers
that are unfair, both FARE and the passive baseline return classifiers that, by the final step, are fair on each
dataset. We observe that, for very small number of labels, even FARE and the passive baselines produce
classifiers which do not meet the fairness constraint—this is to be expected since, for a very small number
of samples, it is difficult to estimate the fairness accurately enough to return a fair classifier. We emphasize
that, though in some cases the accuracy of FARE is exceeded by baseline approaches, in most situations the
baselines do not meet the fairness constraints. Since we are interested in fair classification, accuracy values
can only be compared in the regime where each classifier is fair.

Second, we highlight the difference in the number of samples required to achieve a given accuracy for
FARE as compared to the passive baseline. In particular, on the Drug, Adult, and Crime datasets, FARE

requires between 1.4-2x less samples than passive to achieve the final accuracy achieved by passive, while
ensuring the fairness constraint is still met. While this gain is not present on every dataset—for Bank and
Compas the performance of FARE and the passive baseline are comparable—these results illustrate that ac-
tive learning can yield substantial gains over passive approaches for fair classification, while simultaneously
ensuring fairness constraints are met.

Fairness Constraints Beyond TPRP. The previously considered results illustrate the performance of each
method when the fairness constraint is TPRP. To illustrate the generality of our approach, in Figure 7.8 we
also consider the performance of each method when the fairness constraint is equalized odds. As with
TPRP, we see that FARE produces a fair classifier while existing approaches fail to, and yields a marked
improvement over the passive baseline in terms of accuracy.

Model Selection Beyond Logistic Regression. The aforementioned findings demonstrate how FARE per-
forms when the model is a logistic regression classifier. To showcase the versatility of our method, in
Figure 7.9, we compare FARE with passive when the model selection is a decision tree. Similar to logistic
regression, we observe that FARE generates a fair classifier and yield a significant accuracy gain compared
to the passive baseline.
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Figure 7.8: Performance on the Adult Income dataset for Equalized Odds

Figure 7.9: Performance on the Drug dataset with decision trees
7.5.3 Ablation Experiments

In this section, we illustrate the critical nature of two features of FARE. First, in Figure 7.10, we compare
the performance of FARE with the fairness tolerance α − 1/

√
n, with the 1/

√
n term correcting for the

estimation error in the fairness constraint, to the performance with the fairness tolerance simply set to α. As
shown, with the 1/

√
n correction, the classifier returned by FARE is unfair, while with the correction it is

fair. We remark as well that, though the 1/
√
n correction is not precisely what is justified by Proposition 2,

this value nonetheless consistently produces fair classifiers.

Figure 7.10: Ablation on fairness tolerance correction on Drug dataset
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Figure 7.11: Performance on the Drug Consumption dataset for logistic regression and decision trees
model

Lastly, in Table 7.3, we compare the performance of FARE with and without λfair, and additionally
compare to the performance of the other baselines methods. We evaluate this on a synthetically generated
dataset for which there is a large group imbalance—one group has significantly more examples in the dataset
than the other. In this setting, if points are not explicitly sampled from the group with the smaller number of
examples, virtually all samples will be taken from the larger group, which will cause the fairness estimates to
be inaccurate, the resulting classifier unfair. This is illustrated in Table 7.3, where we see that without λfair,
FARE produces an unfair classifier, similar to existing approaches. However, with λfair, FARE successfully
achieves fairness. In conclusion, the inclusion of λfair in FARE effectively ensures fairness constraints are
met, especially when dealing with a significant group imbalance in the dataset.

Generality of FARE. Finally, we delve into the versatility of our proposed method, FARE, by conducting
experiments across different machine learning models, specifically comparing its performance on decision
trees with that on logistic regression. Our objective is to demonstrate the general applicability of FARE and
highlight its consistent effectiveness in guaranteeing fairness fairness across various model architectures.

To assess the generality of FARE, we compare results from experiments conducted on both decision
trees and logistic regression models. In Figure 7.11, we showcase the performance of FARE on decision
trees compared to logistic regression. Notably, the observed gains in accuracy and the fairness guarantees
achieved by FARE on decision trees closely parallel those attained on logistic regression, compared to the
passive baseline. This emphasizes the validity of our proposed method across different model types.

7.6 Conclusion

In conclusion, this chapter introduces a novel active learning framework designed to tackle the challenges of
bias reduction and accuracy improvement in data-scarce environments critical to machine learning applica-
tions. By combining an exploration procedure inspired by posterior sampling with a fair classification sub-
routine, our proposed approach effectively maximizes accuracy while ensuring fairness constraints in very
data-scarce regimes. Through comprehensive evaluations on established real-world benchmark datasets, we
demonstrate the efficacy of our framework, highlighting its superiority over state-of-the-art methods. This
work contributes to advancing the development of fair models in situations where collecting large labeled
datasets is impractical, offering a promising solution for critical applications in machine learning.
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Chapter 8

Conclusion

8.1 Impact

This dissertation has had significant impacts across several domains in the field of machine learning, par-
ticularly in active learning and bandit problems. Our work has influenced a range of subsequent studies,
demonstrating the relevance and applicability of our methods.

• Catoni’s Estimator for Bandits (Camilleri et al., 2021a): Our use of Catoni’s estimator has extended
its application beyond freeing RAGE from its rounding procedure, enabling the development of algo-
rithms for kernel bandits (Camilleri et al., 2021a; Mason et al., 2020), online bandits (Camilleri et al.,
2021b), and reinforcement learning (Wagenmaker et al., 2022b).

• Gaussian processes: Our work on Kernel bandits (Camilleri et al., 2021a; Mason et al., 2021) has
inspired numerous follow-up studies in Gaussian processes and Bayesian optimization. These studies
have improved the handling of infinite action spaces and computational efficiency (Bogunovic and
Krause, 2021; Li and Scarlett, 2022; Dai et al., 2024; Zhou and Ji, 2022; Iwazaki et al., 2024; Zenati
et al., 2022; Hong et al., 2023; Bogunovic et al., 2022; Shekhar and Javidi, 2022; Shi et al., 2023;
Takemori, 2022; Losalka and Scarlett, 2023). Note though that most of these works restrict themselves
to regret minimization.

• Constrained Bandits: Our contributions to constrained bandits have prompted further exploration by
other researchers (Lindner, 2023; Chen, 2024; Tang et al., 2024; Hutchinson et al., 2024; Lindner
et al., 2024; Carlsson et al., 2024).

• Recent and Ongoing Influence: Some of our more recent works are too recent to have been extensively
cited yet but are expected to influence future research, such as (Xiong et al., 2024; Camilleri et al.,
2023).

8.2 Future Directions

The potential for future research based on this dissertation is vast, with several key areas identified for further
exploration:

• Matching Upper and Lower Bounds: Future work should aim to match the upper and lower bounds
in several problems addressed by our studies. This is particularly relevant for for Best of Both World
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algorithms (Xiong et al., 2024) and Kernel optimization problems (Camilleri et al., 2021a; Mason
et al., 2020), the latter being recognized as an open problem (Vakili et al., 2021b).

• G-Design Optimization: Expanding on the optimization of G-designs in infinite spaces for kernel
bandits is a promising direction, expanding on the initial findings of this dissertation (Camilleri et al.,
2021a; Mason et al., 2020).

• Improving Computational Efficiency: Better optimization formulations are needed to reduce com-
putational costs, particularly in active learning algorithms for streaming settings (Camilleri et al.,
2021b).

• Improving Optimization results: Enhancing the guarantees of the optimization subroutine of our on-
line bandits algorithm may drastically improve the computational efficiency of optimal online bandits
algorithms (Camilleri et al., 2021b)

• Understanding Randomized Exploration Procedures: A better understanding of randomized explo-
ration procedures will be crucial for advancing experimental design based active learning algorthims
(Camilleri et al., 2022; 2023).

• Extending Fair Active Learning to Streaming Settings: Adapting our fair data collection methods
(Camilleri et al., 2023) to the streaming data settings will enhance their applicability in real-time
decision-making environments.

8.3 Closing words

Throughout our exploration, we encountered various aspects of machine learning and sequential decision
making challenges, from high-dimensional experimental design to fairness-aware active learning in low-
data regimes. Each chapter presented unique insights and state-of-the-art methodologies, contributing to a
comprehensive understanding of the complexities involved in deploying data-driven algorithms responsibly.

Our investigation into high-dimensional experimental design and kernel bandits shed light on the impor-
tance of modeling smooth reward functions in Reproducing Kernel Hilbert Spaces (RKHS) and provided
crucial insights into novel and nearly optimal algorithms and their performance characteristics, for regret
minimization, pure exploration tasks and level set estimation.

Building upon these foundations, our examination of selective sampling for online best-arm identifica-
tion highlighted the potential of trading-off labeled and unlabeled data in online decision-making processes.
We also enabled to ensure safe and efficient model deployment through constrained bandits. Additionally,
our exploration of best-arm identification for non-stationary linear bandits underscored the importance of
robustness in dynamic environments.

Moreover, our investigation into active learning methodologies integrated with safety and fairness con-
straints underscored the necessity of aligning model development with ethical considerations and real-world
constraints. By integrating safety and fairness constraints into the active learning paradigm, we aimed to
enhance the reliability and trustworthiness of machine learning models, ultimately contributing to the ad-
vancement of responsible AI.

In conclusion, this thesis represents a concerted effort to navigate the complexities of machine learning
deployment, offering insights, methodologies, algorithms, and perspectives aimed at fostering responsible
innovation. As we look to the future, it is imperative that we continue to prioritize ethical considerations
and societal impacts in the development and deployment of machine learning technologies. By embracing
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a holistic approach that encompasses both technical rigor and ethical responsibility, we can strive towards a
future where machine learning empowers humanity while upholding our fundamental values.
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Appendix A

Appendix for Chap. 2

Outline

The appendix is organized as follows. We first provide the proofs for the concentration bound of RIPS
(Theorem 1), the computation of the inverse of the bilinear form (Lemma 1), the guarantees of the PTR
procedure (Theorem 2), the regret bound of the RIPS regret minimization algorithm (Theorem 3), the sample
complexity of the RIPS pure exploration algorithm (Theorem 4). We also establish the regret bound and the
sample complexity guarantees of the PTR procedure. Then, we provide the proofs of the comparison of
our variance term f(X , 1/T ) with the information gain of (Srinivas et al., 2009) (Lemma 2) and with the
effective dimension of (Alaoui and Mahoney, 2014) (Lemma 3) and prove a corollary of Theorem 1 of
(Degenne et al., 2020). Last, we complete the details of the experiments.

A.1 Concentration of RIPS, Proof of Theorem 1

Proof. First note that

max
v∈V

|⟨θ̂, v⟩ − ⟨θ∗, v⟩|
∥v∥A(γ)(λ)−1

= max
v∈V

|⟨θ̂, v⟩ −W (v) +W (v) − ⟨θ∗, v⟩|
∥v∥A(γ)(λ)−1

≤ max
v∈V

|⟨θ̂, v⟩ −W (v)|
∥v∥A(γ)(λ)−1

+max
v∈V

|W (v) − ⟨θ∗, v⟩|
∥v∥A(γ)(λ)−1

= min
θ

max
v∈V

|⟨θ, ϕ(v)⟩ −W (v)|
∥v∥A(γ)(λ)−1

+max
v∈V

|W (v) − ⟨θ∗, v⟩|
∥v∥A(γ)(λ)−1

≤ 2max
v∈V

|⟨θ∗, v⟩ −W (v)|
∥v∥A(γ)(λ)−1

which completes the second part of the lemma, so it suffices to show that each |⟨θ∗, v⟩ −W (v)| is small.
We begin by bounding the variance of v⊤A(γ)(λ)−1ϕ(xt)yt for any t ∈ N which is necessary to use the

robust estimator. Note that

Var(v⊤A(γ)(λ)−1ϕ(xt)yt) = E[(v⊤A(γ)(λ)−1ϕ(xt)yt)
2]− E[v⊤A(γ)(λ)−1ϕ(xt)yt]

2

which means we can drop the second term to bound the variance by

E[
(
v⊤A(γ)(λ)−1ϕ(xt)yt

)2
] = E[

(
v⊤A(γ)(λ)−1ϕ(xt)(ϕ(xt)

⊤θ∗ + ηt + ξt)
)2

]
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= E[
(
v⊤A(γ)(λ)−1ϕ(xt)(ϕ(xt)

⊤θ∗ + ηt)
)2

] + E[
(
v⊤A(γ)(λ)−1ϕ(xt)

)2
ξ2t ]

≤ B2E[
(
v⊤A(γ)(λ)−1ϕ(xt)

)2
] + σ2E[

(
v⊤A(γ)(λ)−1ϕ(xt)

)2
]

= (B2 + σ2)E[v⊤A(γ)(λ)−1ϕ(xt)ϕ(xt)
⊤A(γ)(λ)−1v]

≤ (B2 + σ2)∥v∥2
A(γ)(λ)−1 .

Recalling that

|µ̂({v⊤A(γ)(λ)−1ϕ(xt)yt}Tt=1)− E[v⊤A(γ)(λ)−1ϕ(x1)y1]| ≤ c0

√
Var(v⊤A(γ)(λ)−1ϕ(x1)y1)

log(2δ )

T

we have

|⟨θ∗, v⟩ −W (v)| = |⟨θ∗, v⟩ − E[v⊤A(γ)(λ)−1ϕ(x1)y1] + E[v⊤A(γ)(λ)−1ϕ(x1)y1]−W (v)|
≤ |⟨θ∗, v⟩ − E[v⊤A(γ)(λ)−1ϕ(x1)y1]|+ |µ̂({v⊤A(γ)(λ)−1ϕ(xt)yt}Tt=1)− E[v⊤A(γ)(λ)−1ϕ(x1)y1]|.

We now recall that yt = ⟨ϕ(xt), θ∗⟩+ ξt + ηxt where ξt is a mean-zero, independent random variable with
variance σ2, and |ηxt | ≤ h. Thus,

|⟨θ∗, v⟩ − E[v⊤A(γ)(λ)−1ϕ(x1)y1]| = |⟨θ∗, v⟩ − E[v⊤A(γ)(λ)−1ϕ(x1)ϕ(x1)
⊤θ∗]− E[v⊤A(γ)(λ)−1ϕ(x1)ηx1 ]|

≤ |⟨θ∗, v⟩ − E[v⊤A(γ)(λ)−1ϕ(x1)ϕ(x1)
⊤θ∗]|+ |E[v⊤A(γ)(λ)−1ϕ(x1)ηx1 ]|

which we bound separately. Firstly,

|⟨θ∗, v⟩ − E[v⊤A(γ)(λ)−1ϕ(x1)ϕ(x1)
⊤θ∗]| = |⟨θ∗, v⟩ − v⊤A(γ)(λ)−1A(λ)θ∗|

= γ|v⊤A(γ)(λ)−1θ∗|
= γ1/2|v⊤(A(λ) + γI)−1/2(A(λ)/γ + I)−1/2θ∗|
≤ γ1/2|v⊤(A(λ) + γI)−1/2θ∗|
≤ γ1/2∥v∥A(γ)(λ)−1∥θ∗∥

and secondly,

|E[v⊤A(γ)(λ)−1ϕ(x1)ηx1 ]| ≤ E[|v⊤A(γ)(λ)−1ϕ(x1)ηx1 |]

≤ h
√

E[|v⊤A(γ)(λ)−1ϕ(x1)|2]

= h
√
v⊤A(γ)(λ)−1A(λ)A(γ)(λ)−1v

≤ h∥v∥A(γ)(λ)−1 .

Thus, putting it all together we have

|⟨θ∗, v⟩ −W (v)| ≤ (
√
γ∥θ∗∥2 + h+ c0

√
(B2 + σ2)

log(2/δ)

T
)∥v∥A(γ)(λ)−1 .

Union bounding over all v ∈ V completes the proof.
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A.2 Inverses and bilinear forms, Proof of Lemma 1

Proof of Proposition 1. The following manipulations are well-known, but we include them from complete-
ness. Define

Φ := [ϕ(x1)
⊤, . . . , ϕ(xτ )

⊤]⊤

Holds

Φ⊤(ΦΦ⊤ + γI) = (Φ⊤Φ+ γI)Φ⊤ .

And thus

(Φ⊤Φ+ γI)−1Φ⊤ = Φ⊤(ΦΦ⊤ + γI)−1 .

Now we use the expansion (
Φ⊤Φ+ γI

)
a = Φ⊤Φa+ γa

to write

a =
(
Φ⊤Φ+ γI

)−1 (
Φ⊤Φa+ γa

)
=
(
Φ⊤Φ+ γI

)−1
Φ⊤Φa+

(
Φ⊤Φ+ γI

)−1
γa

= Φ⊤
(
ΦΦ⊤ + γI

)−1
Φa+ γ

(
Φ⊤Φ+ γI

)−1
a .

Then multiplying on the left side by b⊤ leads to

b⊤a = b⊤Φ⊤
(
ΦΦ⊤ + γI

)−1
Φa+ γb⊤

(
Φ⊤Φ+ γI

)−1
a .

So

b⊤

(∑
x′∈X

ϕ(x′)ϕ(x′)⊤ + γI

)−1

a =
1

γ
b⊤a− 1

γ
b⊤Φ⊤

(
ΦΦ⊤ + γI

)−1
Φa

=
1

γ
a⊤b− 1

γ
k(a)⊤ (K + γI)−1 k(b) .

We now simply repeat with the same calculations with

Φλ := [
√
λ1ϕ(x1)

⊤, . . . ,
√
λτϕ(xτ )

⊤]⊤ ,

Kλ = ΦλΦ
⊤
λ =

[√
λi
√
λjϕ(xi)

⊤ϕ(xj)
]
1≤i,j≤τ

,

and

kλ(x) := Φλϕ(x) ∈ Rτ .
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A.3 Guarantees of the PTR procedure, Proof of Theorem 2

We establish the proof in a finite dimension case where ϕ is the identity map and then extend it to any feature
map ϕ. In both cases, we fix X ⊂ Rd and consider λ ∈ △X to be the design we wish to round.

A.3.1 Finite dimension

Lemma 5. Let V DV ⊤ be the eigenvalue decomposition of the matrix
∑

x∈X λxxx
⊤, and denote D =

diag(d1, . . . , dd). For any z ∈ V , as long as τ = Ω(k/ϵ), we can find an allocation {x̃i}τi=1 ⊂ X such that

z⊤

(
τ∑
i=1

x̃ix̃
⊤
i + τγId

)−1

z ≤ max{1 + ϵ, 2}z⊤
(
τ
∑
x∈X

λxxx
⊤ + τγId

)−1

z ,

where we defined k = max{i : di ≥ γ}.
Proof. Start by also denoting V = [v1, . . . , vd]. Then

z⊤(τ
∑
x∈X

λxxx
⊤ + τγI)−1z = z⊤(τV DV ⊤ + τγI)−1z

= z⊤(τV DV ⊤ + τγV V ⊤)−1z

= z⊤V (τD + τγI)−1V ⊤z

= z⊤

(
d∑
i=1

viv
⊤
i

1

τdi + τγ

)
z

Now, for any k = max{i : di ≥ γ} we have

z⊤

(
d∑
i=1

viv
⊤
i

1

τdi + τγ

)
z = z⊤

(
k∑
i=1

viv
⊤
i

1

τdi + τγ

)
z + z⊤

(
d∑

i=k+1

viv
⊤
i

1

τdi + τγ

)
z

≥ z⊤
(

k∑
i=1

viv
⊤
i

1

τdi + τγ

)
z +

1

2
z⊤

(
d∑

i=k+1

viv
⊤
i

1

τγ

)
z

= (V ⊤
k z)

⊤V ⊤
k

(
k∑
i=1

viv
⊤
i

1

τdi + τγ

)
Vk(V

⊤
k z) +

1

2
z⊤

(
d∑

i=k+1

viv
⊤
i

1

τγ

)
z

= (V ⊤
k z)

⊤V ⊤
k

(
τ
∑
x∈X

λxxx
⊤ + τγId

)−1

Vk(V
⊤
k z) +

1

2
z⊤

(
d∑

i=k+1

viv
⊤
i

1

τγ

)
z

= (V ⊤
k z)

⊤

(
τ
∑
x∈X

λx(V
⊤
k x)(V

⊤
k x)

⊤ + τγIk

)−1

(V ⊤
k z) +

1

2
z⊤

(
d∑

i=k+1

viv
⊤
i

1

τγ

)
z.

where we denote Vk and V−k as the top k and bottom d − k eigenvectors, respectively. But now we notice
that for this first term, we have max{dim(span({V ⊤

k z}z∈V)), dim(span({V ⊤
k x}x∈X ))} ≤ k which now

means that thanks to (Allen-Zhu et al., 2017) we can find an allocation {x̃i}τi=1 ⊂ X such that

(V ⊤
k z)

⊤

(
τ
∑
x∈X

λx(V
⊤
k x)(V

⊤
k x)

⊤ + τγIk

)−1

(V ⊤
k z) ≥

1

1 + ϵ
(V ⊤
k z)

⊤

(
τ∑
i=1

(V ⊤
k x̃)(V

⊤
k x̃)

⊤ + τγIk

)−1

(V ⊤
k z)
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as long as τ = Ω(k/ϵ). Putting it altogether we have

z⊤

(
τ∑
i=1

x̃ix̃
⊤
i + τγId

)−1

z

= (V ⊤
k z)

⊤

(
τ∑
i=1

(V ⊤
k x̃i)(V

⊤
k x̃i)

⊤ + τγV ⊤
k Vk

)−1

(V ⊤
k z) + (V ⊤

−kz)
⊤

(
τ∑
i=1

(V ⊤
−kx̃i)(V

⊤
−kx̃i)

⊤ + τγV ⊤
−kV−k

)−1

(V ⊤
−kz)

≤ (V ⊤
k z)

⊤

(
τ∑
i=1

(V ⊤
k x̃i)(V

⊤
k x̃i)

⊤ + τγIk

)−1

(V ⊤
k z) + (V ⊤

−kz)
⊤
(
τγV ⊤

−kV−k

)−1
(V ⊤

−kz)

= (V ⊤
k z)

⊤

(
τ∑
i=1

(V ⊤
k x̃i)(V

⊤
k x̃i)

⊤ + τγIk

)−1

(V ⊤
k z) + z⊤

(
d∑

i=k+1

viv
⊤
i

1

τγ

)
z

≤ (V ⊤
k z)

⊤

(
τ∑
i=1

(V ⊤
k x̃i)(V

⊤
k x̃i)

⊤ + τγIk

)−1

(V ⊤
k z) + 2z⊤

(
d∑

i=k+1

viv
⊤
i

1

τγ + τdi

)
z

≤ (1 + ϵ)(V ⊤
k z)

⊤

(
τ
∑
x∈X

λx(V
⊤
k x)(V

⊤
k x)

⊤ + τγIk

)−1

(V ⊤
k z) + 2z⊤

(
d∑

i=k+1

viv
⊤
i

1

τγ + τdi

)
z

≤ max{1 + ϵ, 2}z⊤
(
τ
∑
x∈X

λxxx
⊤ + τγId

)−1

z.

Oftentimes k can be much smaller than min{d, |X |}, especially for large γ. For instance, for X = Z =
{ae1} ∪ {ei : i ∈ [d]} with a≫ γ = 1, even as d→∞ we have that k = 1 since λ∗ will be the majority of
its mass on e1.

A.3.2 Connection to kernels

We now get back to our initial setting. Consider K the kernel matrix of X = {x1, . . . , xn}. Take Φ̃ ∈ Rn×n
such that K = Φ̃Φ̃⊤ (can easily done by diagonalizing K). Consider the rows of Φ̃ and name these ϕ̃(xi).
Then, we have by definition ϕ(xi)⊤ϕ(xj) = [K]ij and we have by construction ϕ̃(xi)⊤ϕ̃(xj) = [K]ij ,
which importantly leads to ϕ(xi)⊤ϕ(xj) = ϕ̃(xi)

⊤ϕ̃(xj).
Fix v ∈ V ⊂ X . We have from Lemma 1

ϕ(v)⊤

(
τ∑
i=1

ϕ(xi)ϕ(xi)
⊤ + τγI

)−1

ϕ(v) = ϕ(v)⊤ϕ(v)/(τγ)− ϕ(v)⊤Φ⊤(ΦΦ⊤ + τγIn)
−1Φϕ(v)/(τγ) .

This only involves scalar products of the form ϕ(xi)
⊤ϕ(xj), such that the property ϕ(xi)⊤ϕ(xj) = ϕ̃(xi)

⊤ϕ̃(xj)
allows us to write the variance as

ϕ(v)⊤

(
τ∑
i=1

ϕ(xi)ϕ(xi)
⊤ + τγI

)−1

ϕ(v) = ϕ(v)⊤ϕ(v)/(τγ)− ϕ(v)⊤Φ⊤(ΦΦ⊤ + τγIn)
−1Φϕ(v)/(τγ)
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= ϕ̃(v)⊤ϕ̃(v)/(τγ)− ϕ̃⊤Φ̃⊤(Φ̃Φ̃⊤ + τγIn)
−1Φ̃ϕ̃(v)/(τγ)

= ϕ̃(v)⊤

(
τ∑
i=1

ϕ̃(xi)ϕ̃(xi)
⊤ + τγIn

)−1

ϕ̃(v) .

The same trick allows us to write

ϕ(v)⊤

(
τ
∑
x∈X

λxϕ(x)ϕ(x)
⊤ + τγI

)−1

ϕ(v) = ϕ̃(v)⊤

(
τ
∑
x∈X

λxϕ̃(x)ϕ̃(x)
⊤ + τγIn

)−1

ϕ̃(v) .

Let V∆V ⊤ be the eigenvalue decomposition of the matrix
∑

x∈X λxϕ̃(x)ϕ̃(x)
⊤, and denote ∆ = diag(d1, . . . , dn).

We know from lemma 5 that with τ = Ω(d̃(λ, γ)/ϵ) and d̃(λ, γ) = max{i : di ≥ γ} we can find an alloca-
tion {x̃i}τi=1 ⊂ X such that

ϕ̃(v)⊤

(
τ∑
i=1

ϕ̃(x̃i)ϕ̃(x̃i) + τγIn

)−1

ϕ̃(v) ≤ max{1 + ϵ, 2}ϕ̃(v)⊤
(
τ
∑
x∈X

λxϕ̃(x)ϕ̃(x)
⊤ + τγIn

)−1

ϕ̃(v) ,

which yields to the following result.
For any v ∈ V ⊂ X , as long as τ = Ω(d̃(λ, γ)/ϵ), we can find an allocation {x̃i}τi=1 ⊂ X such that

ϕ(v)⊤

(
τ∑
i=1

ϕ(x̃i)ϕ(x̃i)
⊤ + τγId

)−1

ϕ(v) ≤ max{1 + ϵ, 2}ϕ(v)⊤
(
τ
∑
x∈X

λxϕ(x)ϕ(x)
⊤ + τγId

)−1

ϕ(v)

and d̃(λ, γ) = max{i : di ≥ γ}.

And we can take the suppremum over v ∈ V to get to the result of Theorem 2.

A.4 Main regret argument, Proof of Theorem 3

In this section, we can consider without loss of generality that ϕ is the identity map. Indeed, the features of
the actions - thus denoted x here and ϕ(x) in the rest of the paper - appear in this proof only through scalar
products.

Define f(V; γ) = infλ∈△V maxv∈V ∥v∥2(∑y∈V λyyy
⊤+γI)−1 and f̄(X ; γ) := maxV⊆X f(V; γ).

Define the event

E :=

∞⋂
ℓ=1

⋂
x∈Xℓ

{
|⟨x, θ̂ℓ − θ∗⟩| ≤ ϵℓ + (

√
γ∥θ∗∥2 + h)

√
f̄(X ; γ)

}

Lemma 6. We have P(E) ≥ 1− δ.

Proof. For any V ⊆ X and x ∈ V define

Ex,ℓ(V) = {|⟨x, θ̂ℓ(V)− θ∗⟩| ≤ ϵℓ + (
√
γ∥θ∗∥2 + h)

√
f̄(X ; γ)}
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where θ̂ℓ(V) is the estimator that would be constructed by the algorithm at stage ℓ with Xℓ = V . For fixed
V ⊂ X and ℓ ∈ N we apply Theorem 1 with τ = τℓ so that with probability at least 1− δ

2ℓ2|X | we have that
for any x ∈ V

|⟨x, θ̂ℓ(V)− θ∗⟩| ≤ ∥x∥A(γ)(λℓ)−1

√γ∥θ∗∥2 + h+ c0

√
(B2 + σ2)

log(4ℓ2|X |/δ)
τℓ


≤
√
f(V; γ)

(√
γ∥θ∗∥2 + h+ ϵℓ/

√
f(V; γ)

)
≤ ϵℓ + (

√
γ∥θ∗∥2 + h)

√
f̄(X ; γ)

Noting that E :=
⋂∞
ℓ=1

⋂
x∈Xℓ

Ex,ℓ(Xℓ) we have

P

 ∞⋃
ℓ=1

⋃
x∈Xℓ

{Ecx,ℓ(Xℓ)}

 ≤ ∞∑
ℓ=1

P

 ⋃
x∈Xℓ

{Ecx,ℓ(Xℓ)}


=

∞∑
ℓ=1

∑
V⊆X

P

(⋃
x∈V
{Ecx,ℓ(V)},Xℓ = V

)

=

∞∑
ℓ=1

∑
V⊆X

P

(⋃
x∈V
{Ecx,ℓ(V)}

)
P(Xℓ = V)

≤
∞∑
ℓ=1

∑
V⊆X

δ
2ℓ2|X | |V|P(Xℓ = V)

≤
∞∑
ℓ=1

∑
V⊆X

δ
2ℓ2

P(X̂ℓ = V) ≤ δ

Lemma 7. For all ℓ ∈ N we have maxx∈Xℓ
µ∗ − µx ≤ max{16ϵℓ, 32(

√
γ∥θ∗∥2 + h)

√
f̄(X ; γ)}.

Proof. An arm x ∈ Xℓ is discarded (i.e., not in Xℓ+1) if maxx′∈Xℓ
⟨x′, θ̂⟩ − ⟨x, θ̂⟩ > 4ϵℓ. Let ℓ̄ := max{ℓ :

ϵℓ > 2(
√
γ∥θ∗∥2 + h)

√
f̄(X ; γ)}. If x∗ = argmaxx∈X µx then x∗ ∈ X1. Now if x∗ ∈ Xℓ for some ℓ ≤ ℓ̄,

then for any x′ ∈ Xℓ we have

⟨x′, θ̂⟩ − ⟨x∗, θ̂⟩ ≤ ⟨x′ − x∗, θ∗⟩+ 2ϵℓ + 2(
√
γ∥θ∗∥2 + h)

√
f̄(X ; γ)

≤ µx − µx∗ + 2h+ 2ϵℓ + 2(
√
γ∥θ∗∥2 + h)

√
f̄(X ; γ)

≤ 2ϵℓ + 4(
√
γ∥θ∗∥2 + h)

√
f̄(X ; γ)

≤ 4ϵℓ

which implies x∗ ∈ Xℓ+1. Moreover, suppose that ℓ ≤ ℓ̄ and there exists some x ∈ Xℓ such that µ∗ − µx >
8ϵℓ, then

max
x′∈Xℓ

⟨x′, θ̂⟩ − ⟨x, θ̂⟩ ≥ ⟨x∗, θ̂⟩ − ⟨x, θ̂⟩
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≥ ⟨x∗ − x, θ∗⟩ − 2ϵℓ − 2(
√
γ∥θ∗∥2 + h)

√
f̄(X ; γ)

≥ µ∗ − µx − 2h− 2ϵℓ − 2(
√
γ∥θ∗∥2 + h)

√
f̄(X ; γ)

≥ µ∗ − µx − 2ϵℓ − 4(
√
γ∥θ∗∥2 + h)

√
f̄(X ; γ)

≥ µ∗ − µx − 4ϵℓ

> 4ϵℓ

which implies maxx∈Xℓ+1
µ∗ − µx ≤ 8ϵℓ = 16ϵℓ+1. Because Xℓ+1 ⊆ Xℓ we have for ℓ > ℓ̄ that

max
x∈Xℓ

µ∗ − µx ≤ max
x∈Xℓ̄+1

µ∗ − µx

≤ 16ϵℓ̄+1

≤ 32(
√
γ∥θ∗∥2 + h)

√
f̄(X ; γ).

Thus, maxx∈Xℓ
µ∗ − µx ≤ max{16ϵℓ, 32(

√
γ∥θ∗∥2 + h)

√
f̄(X ; γ)}.

We now compute the final regret bound. After T steps of the algorithm, let Tx denote the number of
times arm x is played. Let Γ = (

√
γ∥θ∗∥2 + h)

√
f̄(X ; γ). If L is the final round reached after T steps, we

have∑
x∈X

(µ∗ − µx)Tx ≤
L∑
ℓ=1

max
x∈Xℓ

(µ∗ − µx)τℓ

≤
L∑
ℓ=1

τℓmax{16ϵℓ, 32(
√
γ∥θ∗∥2 + h)

√
f̄(X ; γ)}

≤
L∑
ℓ=1

τℓmax{16ϵℓ, 32Γ}

≤
∑

ℓ:ϵℓ<2Γ

32Γτℓ +
∑

ℓ:ϵℓ≥2Γ

ϵℓτℓ

≤
∑

ℓ:ϵℓ<2Γ

32Γτℓ + 16νT +
∑

ℓ:ϵℓ≥2Γ∨ν
16ϵℓτℓ

≤
∑

ℓ:ϵℓ<2Γ

32Γτℓ + 16νT +
∑
ℓ:ϵℓ≥ν

16ϵℓτℓ

≤ c

ΓT + νT +
∑
ℓ:ϵℓ≥ν

ϵℓ ·
(
c0(B

2 + σ2)ϵ−2
ℓ f(Xℓ; γ) log(4ℓ2|X |/δ) + c1 log(|X |/δ)

)
≤ c

ΓT + νT + ·
(
c0(B

2 + σ2)f(Xℓ; γ) log(4ℓ2|X |/δ) + c1 log(|X |/δ)
) ∑
ℓ:ϵℓ≥ν

ϵℓ


≤ c

(
ΓT + νT + ν−1c0(B

2 + σ2)f̄(X ; γ) log(4⌈log2(1/ν)⌉2|X |/δ) + c1 log(|X |/δ)
)
.

Choosing ν =
√
c0(B2 + σ2)f̄(X ; γ) log(|X |/δ)/T and plugging Γ back in yields∑

x∈X
(µ∗ − µx)Tx ≤ c′

√
f̄(X ; γ)

(
T (
√
γ∥θ∗∥2 + h) +

√
(B2 + σ2) log(|X | log(T )/δ)T

)
+ c1 log(|X |/δ).
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Choosing γ = 1/T yields

∑
x∈X

(µ∗ − µx)Tx ≤ c′
√
f̄(X ; 1/T )

(
hT +

√
(∥θ∗∥2 +max

x∈X
⟨x, θ∗⟩+ σ2) log(|X | log(T )/δ)T

)
+ c1 log(|X |/δ).

A.5 Main robust pure exploration result, Proof of Theorem 4

For any V ⊂ Z define f(X ,V; γ) = minλ∈△X maxv,v′∈V ∥v − v′∥2(∑x∈X λxϕ(x)ϕ(x)⊤+γI)−1

Lemma 8. Define

ϵ̄ = 8min{ϵ ≥ 0 : 4(
√
γ∥θ∗∥2 + h)(2 +

√
f(X , {z ∈ Z : ⟨ϕ(z∗)− ϕ(z), θ∗⟩ ≤ ϵ}; γ)) ≤ ϵ}.

Then maxz∈Zℓ
µ∗ − µz ≤ 8max{ϵℓ, ϵ̄} for all ℓ ≥ 0 with probability at least 1− δ.

We use Theorem 1 again, with here V ⊂ Z ⊂ Rd:

max
v∈V

|⟨θ∗, ϕ(v)⟩ −W (ϕ(v))|
∥ϕ(v)∥(∑x∈X λxϕ(x)ϕ(x)⊤+γI)−1

≤ √γ∥θ∗∥2 + h+ c0

√
(B2+σ2)

T log(2|V|/δ)

which motivates the choice

τℓ = c20ϵ
−2
ℓ f(X ,Zℓ; γ)(B2 + σ2) log(2ℓ2|Z|2/δ)

Define the event

E :=

∞⋂
ℓ=1

⋂
z,z′∈Zℓ

{
|⟨ϕ(z)− ϕ(z′), θ̂ℓ − θ∗⟩| ≤ ϵℓ + (

√
γ∥θ∗∥2 + h)

√
f(X ,Zℓ; γ)

}
Lemma 9. We have P(E) ≥ 1− δ.

Proof. This proof follows the analogous result for regret almost identically. We include it for completeness.
For any V ⊆ Z and x ∈ X define

Ez,z′,ℓ(V) = {|⟨ϕ(z)− ϕ(z′), θ̂ℓ(V)− θ∗⟩| ≤ ϵℓ + (
√
γ∥θ∗∥2 + h)

√
f(X ,Zℓ; γ)}

where θ̂ℓ(V) is the estimator that would be constructed by the algorithm at stage ℓ with Zℓ = V . For fixed
V ⊂ Z and ℓ ∈ N we apply Theorem 1 with T = τℓ so that with probability at least 1− δ

ℓ2|Z|2 we have that
for any z, z′ ∈ V

|⟨ϕ(z)− ϕ(z′), θ̂ℓ(V)− θ∗⟩| ≤ ∥ϕ(z)− ϕ(z′)∥A(γ)(λℓ)−1(
√
γ∥θ∗∥2 + h+ c0

√
(B2 + σ2)

log(2ℓ2|Z|2/δ)
τℓ

)

≤
√
f(X ,V; γ)

(√
γ∥θ∗∥2 + h+ ϵℓ/

√
f(X ,V; γ)

)
≤ ϵℓ + (

√
γ∥θ∗∥2 + h)

√
f(X ,V; γ)
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Noting that E :=
⋂∞
ℓ=1

⋂
z,z′∈Zℓ

Ez,z′,ℓ(Zℓ) we have

P

 ∞⋃
ℓ=1

⋃
z,z′∈Zℓ

{Ecz,z′,ℓ(Zℓ)}

 ≤ ∞∑
ℓ=1

P

 ⋃
z,z′∈Zℓ

{Ecz,z′,ℓ(Zℓ)}


=

∞∑
ℓ=1

∑
V⊆Z

P

 ⋃
z,z′∈V

{Ecz,z′,ℓ(V)},Zℓ = V


=

∞∑
ℓ=1

∑
V⊆Z

P

 ⋃
z,z′∈V

{Ecz,z′,ℓ(V)}

P(Zℓ = V)

≤
∞∑
ℓ=1

∑
V⊆Z

δ
ℓ2|Z|2

(|V|
2

)
P(Zℓ = V)

≤
∞∑
ℓ=1

∑
V⊆Z

δ
2ℓ2

P(Zℓ = V) ≤ δ

Lemma 10. Define S1 = Z and Sℓ+1 = {z ∈ Sℓ : ⟨ϕ(z∗)−ϕ(z), θ∗⟩ ≤ 3ϵℓ+(
√
γ∥θ∗∥2+h)

√
f(X , Sℓ; γ)}.

Define

ℓ̄ = max{ℓ : (√γ∥θ∗∥2 + h)(2 +
√
f(X , Sℓ; γ)) ≤ ϵℓ}.

For all ℓ ∈ N we have maxz∈Zℓ
µ∗ − µz ≤ 8max{ϵℓ, ϵℓ̄}.

Proof. An arm z ∈ Zℓ is discarded (i.e., not in Zℓ+1) if maxz′∈Zℓ
⟨ϕ(z′)− ϕ(z), θ̂ℓ⟩ > 2ϵℓ.

We will show {z∗ ∈ Zℓ} ∩ {Zℓ ⊂ Sℓ} ∩ {ℓ ≤ ℓ̄} =⇒ {z∗ ∈ Zℓ+1} ∩ {Zℓ+1 ⊂ Sℓ+1}. Noting that
{z∗ ∈ Zℓ} ∩ {Zℓ ⊂ Sℓ} holds for ℓ = 1, we will assume an inductive hypothesis of this condition for some
ℓ ≤ ℓ̄.

First we will show {z∗ ∈ Zℓ} ∩ {Zℓ ⊂ Sℓ} ∩ {ℓ ≤ ℓ̄} =⇒ {z∗ ∈ Zℓ+1}. On {z∗ ∈ Zℓ} ∩ {Zℓ ⊂
Sℓ} ∩ {ℓ ≤ ℓ̄}, we have for any z′ ∈ Zℓ that

⟨ϕ(z′)− ϕ(z∗), θ̂ℓ⟩ ≤ ⟨ϕ(z′)− ϕ(z∗), θ∗⟩+ ϵℓ + (
√
γ∥θ∗∥2 + h)

√
f(X ,Zℓ; γ)

≤ µz′ − µz∗ + 2h+ ϵℓ + (
√
γ∥θ∗∥2 + h)

√
f(X ,Zℓ; γ)

≤ ϵℓ + (
√
γ∥θ∗∥2 + h)(2 +

√
f(X ,Zℓ; γ))

≤ ϵℓ + (
√
γ∥θ∗∥2 + h)(2 +

√
f(X , Sℓ; γ))

≤ 2ϵℓ

which implies z∗ is not eliminated, that is, z∗ ∈ Zℓ+1. The second-to-last inequality follows from

f(X ,Zℓ; γ) = inf
λ∈△X

max
z,z′∈Zℓ

∥ϕ(z)− ϕ(z′)∥2(∑x∈X λxϕ(x)ϕ(x)⊤+γI)−1

≤ inf
λ∈△X

max
z,z′∈Sℓ

∥ϕ(z)− ϕ(z′)∥2(∑x∈X λxϕ(x)ϕ(x)⊤+γI)−1

= f(X , Sℓ; γ).
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Now we will show {z∗ ∈ Zℓ} ∩ {Zℓ ⊂ Sℓ} ∩ {ℓ ≤ ℓ̄} =⇒ {Zℓ+1 ⊂ Sℓ+1}. For any z ∈ Zℓ ∩ Scℓ+1

we have

max
z′∈Zℓ

⟨ϕ(z′)− ϕ(z), θ̂ℓ⟩ ≥ ⟨ϕ(z∗)− ϕ(z), θ̂ℓ⟩

≥ ⟨ϕ(z∗)− ϕ(z), θ∗⟩ − ϵℓ − (
√
γ∥θ∗∥2 + h)

√
f(X ,Zℓ; γ)

> 3ϵℓ + (
√
γ∥θ∗∥2 + h)

√
f(X , Sℓ; γ)− ϵℓ − (

√
γ∥θ∗∥2 + h)

√
f(X ,Zℓ; γ)

≥ 2ϵℓ

which implies z ̸∈ Zℓ+1, and Zℓ+1 ⊂ Sℓ+1.
Thus, for ℓ ≤ ℓ̄ we have

max
z∈Zℓ

µ∗ − µz ≤ max
z∈Zℓ

⟨ϕ(z∗)− ϕ(z), θ∗⟩+ 2h

≤ max
z∈Sℓ

⟨ϕ(z∗)− ϕ(z), θ∗⟩+ 2h

≤ 3ϵℓ−1 + 2h+ (
√
γ∥θ∗∥2 + h)

√
f(X , Sℓ−1; γ)

≤ 3ϵℓ−1 + (
√
γ∥θ∗∥2 + h)(2 +

√
f(X , Sℓ−1; γ))

≤ 4ϵℓ−1 = 8ϵℓ.

And because Zℓ+1 ⊆ Zℓ we always have that maxz∈Zℓ
µ∗ − µz ≤ 8max{ϵℓ, ϵℓ̄}. Note that

ℓ̄ = max{ℓ : (√γ∥θ∗∥2 + h)(2 +
√
f(X , Sℓ; γ)) ≤ ϵℓ}

≥ max{ℓ : (√γ∥θ∗∥2 + h)(2 +
√
f(X , {z ∈ Z : ⟨ϕ(z∗)− ϕ(z), θ∗⟩ ≤ 4ϵℓ}; γ)) ≤ ϵℓ}

= max{ℓ : 4(√γ∥θ∗∥2 + h)(2 +
√
f(X , {z ∈ Z : ⟨ϕ(z∗)− ϕ(z), θ∗⟩ ≤ 4ϵℓ}; γ)) ≤ 4ϵℓ}

= −2 + max{ℓ : 4(√γ∥θ∗∥2 + h)(2 +
√
f(X , {z ∈ Z : ⟨ϕ(z∗)− ϕ(z), θ∗⟩ ≤ ϵℓ}; γ)) ≤ ϵℓ}

≥ −3− log2(min{ϵ > 0 : 4(
√
γ∥θ∗∥2 + h)(2 +

√
f(X , {z ∈ Z : ⟨ϕ(z∗)− ϕ(z), θ∗⟩ ≤ ϵ}; γ)) ≤ ϵ})

which defines ϵ̄.

The sample complexity to return an 8(∆ ∨ ϵ̄)-good arm is equal to

⌈log2(8(∆∨ϵ̄)−1)⌉∑
ℓ=1

τℓ =

⌈log2(8(∆∨ϵ̄)−1)⌉∑
ℓ=1

⌈
max

{
c1 log(|Z|/δ), c0ϵ−2

ℓ f(X ,Zℓ; γ)(B2 + σ2) log(2ℓ2|Z|2/δ)
}⌉

≤ c

c1 log(|Z|/δ) log2(8(∆ ∨ ϵ̄)−1) + c0(B
2 + σ2) log(2⌈log2(8(∆ ∨ ϵ̄)−1)⌉2|Z|2/δ)

⌈log2(8(∆∨ϵ̄)−1)⌉∑
ℓ=1

ϵ−2
ℓ f(X ,Zℓ; γ)


≤ c

c1 log(|Z|/δ) log2(8(∆ ∨ ϵ̄)−1) + c0(B
2 + σ2) log(2⌈log2(8(∆ ∨ ϵ̄)−1)⌉2|Z|2/δ)

⌈log2(8(∆∨ϵ̄)−1)⌉∑
ℓ=1

ϵ−2
ℓ f(X , Sℓ; γ)


≤ c

(
c1 log(|Z|/δ) log2(8(∆ ∨ ϵ̄)−1) + 16⌈log2(8(∆ ∨ ϵ̄)−1)⌉c0(B2 + σ2) log(2⌈log2(8(∆ ∨ ϵ̄)−1)⌉2|Z|2/δ)ρ∗(γ, ϵ̄)

)
where the last line follows from

ρ∗(γ, ϵ̄) = inf
λ∈∆X

sup
z∈Z

∥ϕ(z∗)− ϕ(z)∥2
(
∑

x∈X λxϕ(x)ϕ(x)⊤+γI)
−1

max{ϵ̄2, ⟨ϕ(z∗)− ϕ(z), θ∗⟩2)}
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= inf
λ∈∆X

sup
ℓ≤⌈log2(8(∆∨ϵ̄)−1)⌉

sup
z∈Sℓ

∥ϕ(z∗)− ϕ(z)∥2
(
∑

x∈X λxϕ(x)ϕ(x)⊤+γI)
−1

max{ϵ̄2, ((ϕ(z∗)− ϕ(z))⊤θ∗)2}

≥ inf
λ∈∆X

1

⌈log2(8(∆ ∨ ϵ̄)−1)⌉

⌈log2(8(∆∨ϵ̄)−1)⌉∑
ℓ=1

sup
z∈Sℓ

∥ϕ(z∗)− ϕ(z)∥2
(
∑

x∈X λxϕ(x)ϕ(x)⊤+γI)
−1

max{ϵ̄2, ((ϕ(z∗)− ϕ(z))⊤θ∗)2}

≥ 1

⌈log2(8(∆ ∨ ϵ̄)−1)⌉

⌈log2(8(∆∨ϵ̄)−1)⌉∑
ℓ=1

inf
λ∈∆X

sup
z∈Sℓ

∥ϕ(z∗)− ϕ(z)∥2
(
∑

x∈X λxϕ(x)ϕ(x)⊤+γI)
−1

max{ϵ̄2, ((ϕ(z∗)− ϕ(z))⊤θ∗)2}

≥ 1

4⌈log2(8(∆ ∨ ϵ̄)−1)⌉

⌈log2(8(∆∨ϵ̄)−1)⌉∑
ℓ=1

22ℓ inf
λ∈∆X

sup
z∈Sℓ

∥ϕ(z∗)− ϕ(z)∥2(∑x∈X λxϕ(x)ϕ(x)⊤+γI)
−1

≥ 1

16⌈log2(8(∆ ∨ ϵ̄)−1)⌉

⌈log2(8(∆∨ϵ̄)−1)⌉∑
ℓ=1

22ℓ inf
λ∈∆X

sup
z,z′∈Sℓ

∥ϕ(z)− ϕ(z′)∥2
(
∑

x∈X λxϕ(x)ϕ(x)⊤+γI)
−1

=
1

16⌈log2(8(∆ ∨ ϵ̄)−1)⌉

⌈log2(8(∆∨ϵ̄)−1)⌉∑
ℓ=1

22ℓf(X , Sℓ; γ) .

A.6 Proofs for the regret bound and the sample complexity of the alternative
baseline

Note importantly that in this section the stochastic noise is sub-gaussian.

A.6.1 Concentration of the sparse estimator

Lemma 11. Fix a finite set V ⊂ H, finite set X , and let ϕ : X → H. Fix any x1, . . . , xT and assume
yt = ⟨ϕ(xt), θ∗⟩ + ξt + ηt where each ξt is independent, mean-zero, sub-gaussian with parameter σ2, and
each ηt satisfies |ηt| ≤ h. If θ̂ is the regularized least squares estimator with regularization γ > 0 then

max
v∈V

|⟨θ̂, v⟩ − ⟨θ∗, v⟩|
∥v∥(∑T

i=1 ϕ(xi)ϕ(xi)
⊤+γI)−1

≤ (
√
γ∥θ∗∥2 + h

√
T +

√
2σ2 log(2|V|/δ))

with probability at least 1− δ.

Proof. Recall first the definition of regularized least squares estimator θ̂:

θ̂ = G−1
γ Φ⊤Y

where Gγ :=
∑T

i=1 ϕ(xi)ϕ(xi)
⊤ + γI . Defining ξ := (ξ1, . . . , ξT ) and η := (η1, . . . , ηT ), holds

v⊤(θ̂ − θ∗) = v⊤G−1
γ Φ⊤Y − v⊤θ∗

= v⊤G−1
γ Φ⊤(Φθ∗ + ξ + η)− v⊤θ∗

= v⊤G−1
γ Φ⊤Φθ∗ − v⊤θ∗ + v⊤G−1

γ Φ⊤ξ + v⊤G−1
γ Φ⊤η .

We study each term separately:

|v⊤G−1
γ Φ⊤η| ≤ ∥η∥∞∥ΦG−1

γ v∥1

134



≤ h
√
T∥ΦG−1

γ v∥2
≤ h
√
T∥v∥G−1

γ
,

with probability at least 1− δ

|v⊤G−1
γ Φ⊤ξ| ≤ ∥v∥G−1

γ

√
2σ2 log

(
2

δ

)
,

and

v⊤G−1
γ Φ⊤Φθ∗ − v⊤θ∗ = −γv⊤(Φ⊤Φ+ γI)−1θ∗

is bounded using Cauchy-Schwarz inequality:

|γv(Φ⊤Φ+ γI)−1θ∗|

≤ γ∥θ∗∥
√
v⊤(Φ⊤Φ+ γI)−1I(Φ⊤Φ+ γI)−1v

= γ∥θ∗∥
√
v⊤(Φ⊤Φ+ γI)−1γ−1γI(Φ⊤Φ+ γI)−1v

≤ γ1/2∥θ∗∥
√
v⊤(Φ⊤Φ+ γI)−1(γI +Φ⊤Φ)(Φ⊤Φ+ γI)−1v

= γ1/2∥θ∗∥∥v∥(Φ⊤Φ+γI)
−1

= γ1/2∥θ∗∥∥v∥G−1
γ
.

So

|v⊤(θ̂ − θ∗)| ≤
√
γ∥θ∗∥2∥v∥G−1

γ
+ ∥v∥G−1

γ

√
2σ2 log

(
2

δ

)
+ h
√
n∥v∥G−1

γ

= ∥v∥G−1
γ

(
√
γ∥θ∗∥2 + h

√
T +

√
2σ2 log

(
2

δ

))
.

Union bounding over all v ∈ V completes the proof.

A.6.2 Regret bound

For the same reason as in section A.4, we can consider without loss of generality that ϕ is the identity map
in this section. Indeed, the features of the actions - thus denoted x here and ϕ(x) in the rest of the paper -
appear in this proof only through scalar products.

Theorem 17. With probability at least 1− δ, the regret of Algorithm A.1 satisfies

T∑
t=1

µx − µxt ≤ c
(
d̃(γ) +

√
max
V⊂X

f(V, γ)
(
T (
√
γ∥θ∗∥2 + h) +

√
(σ2 log(|X | log(T )/δ))T

))

where f(V, γ) = inf
λ∈△V

sup
y∈V
∥y∥2(∑x∈X λxxx⊤+γI)−1 and d̃(γ) = maxℓ≤L d̃(γ, λℓ) ≤ maxV⊂X supλ∈△V d̃(γ, λ).
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Algorithm A.1. PTR for Regret minimization

Input: Finite sets X ⊂ Rd (|X | = n), feature map ϕ, confidence level δ ∈ (0, 1), regularization γ,
sub-gaussian parameter σ.

Set X1 ← X , ℓ← 1

while |Xℓ| > 1 do
Let λℓ ∈ △Xℓ

be a minimizer of f(λ,Xℓ, γ) where

f(V; γ) = inf
λ∈△V

f(λ,V, γ) = inf
λ∈△V

max
v∈V
∥ϕ(v)∥2(∑y∈V λyϕ(y)ϕ(y)

⊤+γI)−1

Set ϵℓ = 2−ℓ and τℓ := ⌈max{2σ2ϵ−2
ℓ f(Xℓ; γ) log(4ℓ2|X |/δ), d̃(γ, λℓ)}⌉

Use the PTR procedure of section 2.2.4 to find sparse allocation {x̃i}τℓi=1 ⊂ Xℓ from λℓ.
Take each action x ∈ {x̃i}τℓi=1 with corresponding features Φ and rewards Y

Compute θ̂ℓ = (Φ⊤Φ+ τℓγI)
−1Φ⊤Y

Update active set:

Xℓ+1 =
{
x ∈ Xℓ, max

x′∈Xℓ

⟨ϕ(x′)− ϕ(x), θ̂ℓ⟩ < 8ϵℓ

}
ℓ← ℓ+ 1

Play unique element of Xℓ indefinitely.

Recall the definition of f(V; γ) = infλ∈△V maxv∈V ∥v∥2(∑y∈V λyyy
⊤+γI)−1 and f̄(X ; γ) := maxV⊆X f(V; γ).

Define the event

E :=
∞⋂
ℓ=1

⋂
x∈Xℓ

{
|⟨x, θ̂ℓ − θ∗⟩| ≤ 2ϵℓ + 2 (

√
γ∥θ∗∥2 + h)

√
f̄(X ; γ)

}
Lemma 12. We have P(E) ≥ 1− δ.

Proof. For any V ⊆ X and x ∈ V define

Eℓ,x =

{
|x⊤(θ̂ℓ(V)− θ∗)| ≤ 2ϵℓ + 2 (

√
γ∥θ∗∥2 + h)

√
f̄(X ; γ)

}
where θ̂ℓ(V) is the estimator that would be constructed by the algorithm at stage ℓ with Xℓ = V . For fixed
V ⊂ X , ℓ ∈ N, τℓ actions are taken. Thus we apply Lemma 11 with τ = τℓ and with regularization factor
τℓγ, so that with probability at least 1− δ

2ℓ2|X | we have for any x ∈ V

|x⊤(θ̂ℓ − θ∗)| ≤ ∥x∥(∑τℓ
i=1 x̃ix̃

⊤
i +τℓγI)

−1

(√
τℓγ∥θ∗∥2 + h

√
τℓ +

√
2σ2 log(4ℓ2|X |/δ)

)
≤ 2∥x∥(τℓA(λℓ)+τℓγI)−1

(√
τℓγ∥θ∗∥2 + h

√
τℓ +

√
2σ2 log(4ℓ2|X |/δ)

)
= 2∥x∥(A(λℓ)+γI)−1

√γ∥θ∗∥2 + h+

√
2σ2 log(4ℓ2|X |/δ)

τℓ


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≤ 2
√
f(V; γ)

(√
γ∥θ∗∥2 + h+ ϵℓ/

√
f(V; γ)

)
≤ 2ϵℓ + 2

√
f̄(X ; γ) (√γ∥θ∗∥2 + h)

Noting that E :=
⋂∞
ℓ=1

⋂
x∈Xℓ

Ex,ℓ(Xℓ), the rest of the proof with the robust estimator applies here.

The next lemma is similar to the one for the robust estimator, and the proof will follow the same argument
as for the robust estimator.

Lemma 13. For all ℓ ∈ N we have maxx∈Xℓ
µ∗ − µx ≤ max{32ϵℓ, 32(4

√
γ∥θ∗∥2 + 6h)

√
f̄(X ; γ)}.

Proof. An arm x ∈ Xℓ is discarded (i.e., not in Xℓ+1) if maxx′∈Xℓ
⟨x′, θ̂⟩ − ⟨x, θ̂⟩ > 8ϵℓ. Let ℓ̄ := max{ℓ :

ϵℓ > (4
√
γ∥θ∗∥2+6h)

√
f̄(X ; γ)}. If x∗ = argmaxx∈X µx then x∗ ∈ X1. Now if x∗ ∈ Xℓ for some ℓ ≤ ℓ̄,

then for any x′ ∈ Xℓ we have

⟨x′, θ̂⟩ − ⟨x∗, θ̂⟩ ≤ ⟨x′ − x∗, θ∗⟩+ 4ϵℓ + 4(
√
γ∥θ∗∥2 + h)

√
f̄(X ; γ)

≤ µx − µx∗ + 2h+ 4ϵℓ + 4(
√
γ∥θ∗∥2 + h)

√
f̄(X ; γ)

≤ 4ϵℓ + (4
√
γ∥θ∗∥2 + 6h)

√
f̄(X ; γ)

≤ 8ϵℓ

which implies x∗ ∈ Xℓ+1. Moreover, suppose that ℓ ≤ ℓ̄ and there exists some x ∈ Xℓ such that µ∗ − µx >
16ϵℓ, then

max
x′∈Xℓ

⟨x′, θ̂⟩ − ⟨x, θ̂⟩ ≥ ⟨x∗, θ̂⟩ − ⟨x, θ̂⟩

≥ ⟨x∗ − x, θ∗⟩ − 4ϵℓ − 4(
√
γ∥θ∗∥2 + h)

√
f̄(X ; γ)

≥ µ∗ − µx − 2h− 4ϵℓ − 4(
√
γ∥θ∗∥2 + h)

√
f̄(X ; γ)

≥ µ∗ − µx − 4ϵℓ − (4
√
γ∥θ∗∥2 + 6h)

√
f̄(X ; γ)

≥ µ∗ − µx − 8ϵℓ

> 8ϵℓ

which implies maxx∈Xℓ+1
µ∗ − µx ≤ 16ϵℓ = 32ϵℓ+1. Because Xℓ+1 ⊆ Xℓ we have for ℓ > ℓ̄ that

max
x∈Xℓ

µ∗ − µx ≤ max
x∈Xℓ̄+1

µ∗ − µx

≤ 32ϵℓ̄+1

≤ 32(4
√
γ∥θ∗∥2 + 6h)

√
f̄(X ; γ).

Thus, maxx∈Xℓ
µ∗ − µx ≤ max{32ϵℓ, 32(4

√
γ∥θ∗∥2 + 6h)

√
f̄(X ; γ)}.

We now compute the final regret bound. After T steps of the algorithm, let Tx denote the number of
times arm x is played. Let Γ = (4

√
γ∥θ∗∥2 + 6h)

√
f̄(X ; γ). If L is the final round reached after T steps,

we have∑
x∈X

(µ∗ − µx)Tx ≤
L∑
ℓ=1

max
x∈Xℓ

(µ∗ − µx)τℓ
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≤
L∑
ℓ=1

τℓmax{32ϵℓ, 32(4
√
γ∥θ∗∥2 + 6h)

√
f̄(X ; γ)}

≤
L∑
ℓ=1

τℓmax{32ϵℓ, 32Γ}

≤
∑
ℓ:ϵℓ<Γ

32Γτℓ + 32
∑
ℓ:ϵℓ≥Γ

ϵℓτℓ

≤
∑
ℓ:ϵℓ<Γ

32Γτℓ + 32νT +
∑

ℓ:ϵℓ≥Γ∨ν
32ϵℓτℓ

≤
∑
ℓ:ϵℓ<Γ

32Γτℓ + 32νT +
∑
ℓ:ϵℓ≥ν

32ϵℓτℓ

≤ c

ΓT + νT +
∑
ℓ:ϵℓ≥ν

ϵℓ ·
(
2σ2ϵ−2

ℓ f(Xℓ; γ) log(4ℓ2|X |/δ) + d̃(γ, λℓ)
)

≤ c

ΓT + νT +
(
2σ2f̄(X ; γ) log(4⌈log2(1/ν)⌉2|X |/δ) + d̃(γ)

) ∑
ℓ:ϵℓ≥ν

ϵ−1
ℓ


≤ c

(
ΓT + νT + ν−1

(
2σ2f̄(X ; γ) log(4⌈log2(1/ν)⌉2|X |/δ)

)
+ 32d̃(γ)

)
.

Where we denote d̃(γ) = maxℓ≤L d̃(γ, λℓ). Choosing ν =
√(

2σ2f̄(X ; γ) log(|X |/δ)
)
/T and plugging Γ

back in yields∑
x∈X

(µ∗ − µx)Tx ≤ c
(
d̃(γ) +

√
f̄(X ; γ)

(
T (
√
γ∥θ∗∥2 + h) +

√
(σ2 log(|X | log(T )/δ))T

))
.

Choosing γ = 1/T yields∑
x∈X

(µ∗ − µx)Tx ≤ c
(
d̃(γ) +

√
f̄(X ; 1/T )

(
hT +

√
((∥θ∗∥2 + σ2) log(|X | log(T )/δ))T

))
.

A.6.3 Sample complexity bound

For any V ⊂ Z define f(X ,V; γ) = minλ∈△X maxz,z′∈V ∥ϕ(z)− ϕ(z′)∥2(∑x∈X λxϕ(x)ϕ(x)⊤+γI)−1

Theorem 18. With z∗ ∈ argmax
z∈Z
⟨z, θ∗⟩, fix any ϵ ≥ ϵ̄ where

ϵ̄ = 8min{ϵ ≥ 0 : 4(
√
γ∥θ∗∥2 + h)(2 +

√
f(X , {z ∈ Z : ⟨ϕ(z∗)− ϕ(z), θ∗⟩ ≤ ϵ}; γ)) ≤ ϵ}.

Then with probability at least 1− δ, once the algorithm has taken at least τ samples where

τ ≤ c′
(
d̃(γ) log2(8(∆ ∨ ϵ̄)−1) + ⌈log2(8(∆ ∨ ϵ̄)−1)⌉σ2 log(2⌈log2(8(∆ ∨ ϵ̄)−1)⌉2|Z|2/δ)ρ∗(γ, ϵ̄)

)
we have that µẑ ≥ maxz′∈Z −ϵ where ẑ is any arm in the set Zℓ under consideration after τ pulls and

ρ∗(γ, ϵ)= inf
λ∈∆X

sup
z∈Z

∥ϕ(z∗)−ϕ(z)∥2A(γ)(λ)−1

max{ϵ2, ⟨θ∗, ϕ(z∗)−ϕ(z)⟩2)}
(A.1)
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Algorithm A.2. PTR for Pure exploration

Input: Finite sets X ⊂ Rd, Z ⊂ Rd, feature map ϕ, confidence level δ ∈ (0, 1), regularization γ,
sub-gaussian parameter σ, norm of model parameter B, bound on the misspecification noise h.

Let Z1 ← Z, ℓ← 1

while |Zℓ| > 1 do
Let λℓ ∈ △X be a minimizer of f(λ,Zℓ, γ) where

f(V; γ) = inf
λ∈△X

f(λ,V, γ) = inf
λ∈△X

max
v,v′∈V

∥ϕ(v)− ϕ(v′)∥2(∑x∈X λyϕ(x)ϕ(x)⊤+γI)−1

Set ϵℓ = 2−ℓ and τℓ := ⌈max{2σ2ϵ−2
ℓ f(Zℓ; γ) log(4ℓ2|Z|/δ), d̃(γ, λℓ)}⌉

Use the PTR procedure of section 2.2.4 to find sparse allocation {x̃i}τℓi=1 ⊂ Xℓ from λℓ.
Take each action x ∈ {x̃i}τℓi=1 with corresponding features Φ and rewards Y

Compute θ̂ℓ = (Φ⊤Φ+ τℓγI)
−1Φ⊤Y

Zℓ+1 ← Zℓ \
{
z ∈ Zℓ : max

z′∈Zℓ

⟨ϕ(z′)− ϕ(z), θ̂ℓ⟩ > ϵℓ
}

ℓ← ℓ+ 1

Output: Zℓ
and d̃(γ) = maxℓ≤⌈log2(8(∆∨ϵ)−1)⌉ d̃(γ, λℓ) ≤ maxV⊂X supλ∈△V d̃(γ, λ).

We first prove the following intermediate result.

Theorem 19. Recall that we defined

ϵ̄ = 8min{ϵ ≥ 0 : 4(
√
γ∥θ∗∥2 + h)(2 +

√
f(X , {z ∈ Z : ⟨ϕ(z∗)− ϕ(z), θ∗⟩ ≤ ϵ}; γ)) ≤ ϵ}.

Then maxz∈Zℓ
µ∗ − µz ≤ 16max{ϵℓ, ϵ̄} for all ℓ ≥ 0 with probability at least 1− δ.

Define the event

E :=

∞⋂
ℓ=1

⋂
z,z′∈Zℓ

{
|⟨ϕ(z)− ϕ(z′), θ̂ℓ − θ∗⟩| ≤ 2ϵℓ + 2 (

√
γ∥θ∗∥2 + h)

√
f(X ,Zℓ; γ)

}
Lemma 14. We have P(E) ≥ 1− δ.

Proof. For any V ⊆ Z and x ∈ define

Ez,z′,ℓ(V) =
{
|⟨ϕ(z)− ϕ(z′), θ̂ℓ(V)− θ∗⟩| ≤ 2ϵℓ + 2 (

√
γ∥θ∗∥2 + h)

√
f(X ,V; γ)

}
where θ̂ℓ(V) is the estimator that would be constructed by the algorithm at stage ℓ with Zℓ = V . For
fixed V ⊂ Z , ℓ ∈ N and x ∈ V , τℓ actions are taken. Thus we apply Lemma 11 with τ = τℓ and with
regularization factor τℓγ, so that with probability at least 1− δ

2ℓ2|Z| we have for any z, z′ ∈ V

|(ϕ(z)− ϕ(z′))⊤(θ̂ℓ − θ∗)|
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≤ 2∥ϕ(z)− ϕ(z′)∥
(
∑τℓ

i=1 ϕ(x̃i)ϕ(x̃i)
⊤+τℓγI)

−1

(√
τℓγ∥θ∗∥2 + h

√
τℓ +

√
2σ2 log(4ℓ2|Z|/δ)

)
≤ 2∥ϕ(z)− ϕ(z′)∥(τℓA(λ)+τℓγI)−1

(√
τℓγ∥θ∗∥2 + h

√
τℓ +

√
2σ2 log(4ℓ2|Z|/δ)

)
= 2∥ϕ(z)− ϕ(z′)∥(A(λ)+γI)−1

√γ∥θ∗∥2 + h+

√
2σ2 log(4ℓ2|Z|/δ)

τℓ


≤ 2
√
f(X ,V; γ)

(√
γ∥θ∗∥2 + h+ ϵℓ/

√
f(X ,V; γ)

)
= 2ϵℓ + 2

√
f(X ,V; γ) (√γ∥θ∗∥2 + h)

Noting that E :=
⋂∞
ℓ=1

⋂
z,z′∈Zℓ

Ez,z′,ℓ(Zℓ), the rest of the proof with the robust estimator applies here.

Lemma 15. For all ℓ ∈ N we have maxz∈Zℓ
µ∗ − µz ≤ 16max{ϵℓ, ϵℓ̄}.

Proof. An arm z ∈ Zℓ is discarded (i.e., not in Zℓ+1) if maxz′∈Zℓ
⟨ϕ(z′)− ϕ(z), θ̂⟩ > 4ϵℓ.

Define S1 = Z and Sℓ+1 = {z ∈ Sℓ : ⟨ϕ(z∗) − ϕ(z), θ∗⟩ ≤ 6ϵℓ + 2(
√
γ∥θ∗∥2 + h)

√
f(X , Sℓ; γ)}.

Define

ℓ̄ = max{ℓ : (√γ∥θ∗∥2 + h)(2 +
√
f(X , Sℓ; γ)) ≤ ϵℓ}.

We will show {z∗ ∈ Zℓ} ∩ {Zℓ ⊂ Sℓ} ∩ {ℓ ≤ ℓ̄} =⇒ {z∗ ∈ Zℓ+1} ∩ {Zℓ+1 ⊂ Sℓ+1}. Noting that
{z∗ ∈ Zℓ} ∩ {Zℓ ⊂ Sℓ} holds for ℓ = 1, we will assume an inductive hypothesis of this condition for some
ℓ ≤ ℓ̄.

First we will show {z∗ ∈ Zℓ} ∩ {Zℓ ⊂ Sℓ} ∩ {ℓ ≤ ℓ̄} =⇒ {z∗ ∈ Zℓ+1}. On {z∗ ∈ Zℓ} ∩ {Zℓ ⊂
Sℓ} ∩ {ℓ ≤ ℓ̄}, we have for any z′ ∈ Zℓ that

⟨ϕ(z′)− ϕ(z∗), θ̂⟩ ≤ ⟨ϕ(z′)− ϕ(z∗), θ∗⟩+ 2ϵℓ + 2(
√
γ∥θ∗∥2 + h)

√
f(X ,Zℓ; γ)

≤ µz′ − µz∗ + 2h+ 2ϵℓ + 2(
√
γ∥θ∗∥2 + h)

√
f(X ,Zℓ; γ)

≤ 2ϵℓ + 2(
√
γ∥θ∗∥2 + h)(2 +

√
f(X ,Zℓ; γ))

≤ 2ϵℓ + 2(
√
γ∥θ∗∥2 + h)(2 +

√
f(X , Sℓ; γ))

≤ 4ϵℓ

which implies z∗ is not eliminated, that is, z∗ ∈ Zℓ+1. The second-to-last inequality follows from

f(X ,Zℓ; γ) = inf
λ

max
z,z′∈Zℓ

∥ϕ(z)− ϕ(z′)∥2(∑x∈X λxϕ(x)ϕ(x)⊤+γI)−1

≤ inf
λ

max
z,z′∈Sℓ

∥ϕ(z)− ϕ(z′)∥2(∑x∈X λxϕ(x)ϕ(x)⊤+γI)−1

= f(X , Sℓ; γ).

Now we will show {z∗ ∈ Zℓ} ∩ {Zℓ ⊂ Sℓ} ∩ {ℓ ≤ ℓ̄} =⇒ {Zℓ+1 ⊂ Sℓ+1}. For any z ∈ Zℓ ∩ Scℓ+1

we have

max
z′∈Zℓ

⟨ϕ(z′)− ϕ(z), θ̂⟩ ≥ ⟨ϕ(z∗)− ϕ(z), θ̂⟩

≥ ⟨ϕ(z∗)− ϕ(z), θ∗⟩ − 2ϵℓ − 2(
√
γ∥θ∗∥2 + h)

√
f(X ,Zℓ; γ)

> 6ϵℓ + 2(
√
γ∥θ∗∥2 + h)

√
f(X , Sℓ; γ)− 2ϵℓ − 2(

√
γ∥θ∗∥2 + h)

√
f(X ,Zℓ; γ)
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≥ 4ϵℓ

which implies z ̸∈ Zℓ+1, and Zℓ+1 ⊂ Sℓ+1.
Thus, for ℓ ≤ ℓ̄ we have

max
z∈Zℓ

µ∗ − µz ≤ max
z∈Zℓ

⟨ϕ(z∗)− ϕ(z), θ∗⟩+ 2h

≤ max
z∈Sℓ

⟨ϕ(z∗)− ϕ(z), θ∗⟩+ 2h

≤ 6ϵℓ−1 + 2h+ 2(
√
γ∥θ∗∥2 + h)

√
f(X , Sℓ−1; γ)

≤ 6ϵℓ−1 + 2(
√
γ∥θ∗∥2 + h)(2 +

√
f(X , Sℓ−1; γ))

≤ 8ϵℓ−1 = 16ϵℓ.

And because Zℓ+1 ⊆ Zℓ we always have that maxz∈Zℓ
µ∗ − µz ≤ 16max{ϵℓ, ϵℓ̄}. Note that

ℓ̄ = max{ℓ : (√γ∥θ∗∥2 + h)(2 +
√
f(X , Sℓ; γ)) ≤ ϵℓ}

≥ max{ℓ : (√γ∥θ∗∥2 + h)(2 +
√
f(X , {z ∈ Z : ⟨ϕ(z∗)− ϕ(z), θ∗⟩ ≤ 4ϵℓ}; γ)) ≤ ϵℓ}

= max{ℓ : 4(√γ∥θ∗∥2 + h)(2 +
√
f(X , {z ∈ Z : ⟨ϕ(z∗)− ϕ(z), θ∗⟩ ≤ 4ϵℓ}; γ)) ≤ 4ϵℓ}

= −2 + max{ℓ : 4(√γ∥θ∗∥2 + h)(2 +
√
f(X , {z ∈ Z : ⟨ϕ(z∗)− ϕ(z), θ∗⟩ ≤ ϵℓ}; γ)) ≤ ϵℓ}

≥ −3− log2(min{ϵ > 0 : 4(
√
γ∥θ∗∥2 + h)(2 +

√
f(X , {z ∈ Z : ⟨ϕ(z∗)− ϕ(z), θ∗⟩ ≤ ϵ}; γ)) ≤ ϵ})

which defines ϵ̄.

Denoting d̃(γ) = maxℓ≤⌈log2(8(∆∨ϵ̄)−1)⌉ d̃(γ, λℓ), the sample complexity to return an ϵ̄-good arm is
equal to

⌈log2(8(∆∨ϵ̄)−1)⌉∑
ℓ=1

τℓ

≤
⌈log2(8(∆∨ϵ̄)−1)⌉∑

ℓ=1

(2ϵ−2
ℓ (γ)f(X ,Zℓ; γ)σ2 log(2ℓ2|Z|2/δ) + d̃(γ, λℓ))

≤ c

d̃(γ) log2(8(∆ ∨ ϵ̄)−1) + σ2 log(2⌈log2(8(∆ ∨ ϵ̄)−1)⌉2|Z|2/δ)
⌈log2(8(∆∨ϵ̄)−1)⌉∑

ℓ=1

ϵ−2
ℓ f(X ,Zℓ; γ)


≤ c

d̃(γ) log2(8(∆ ∨ ϵ̄)−1) + σ2 log(2⌈log2(8(∆ ∨ ϵ̄)−1)⌉2|Z|2/δ)
⌈log2(8(∆∨ϵ̄)−1)⌉∑

ℓ=1

ϵ−2
ℓ f(X , Sℓ; γ)


≤ c′

(
d̃(γ) log2(8(∆ ∨ ϵ̄)−1) + ⌈log2(8(∆ ∨ ϵ̄)−1)⌉σ2 log(2⌈log2(8(∆ ∨ ϵ̄)−1)⌉2|Z|2/δ)ρ∗(γ, ϵ̄)

)
where the last line follows from

ρ∗(γ, ϵ̄) = inf
λ∈∆X

sup
z∈Z

∥ϕ(z∗)− ϕ(z)∥2
(
∑

x∈X λxϕ(x)ϕ(x)⊤+γI)
−1

max{ϵ̄2, ⟨ϕ(z∗)− ϕ(z), θ∗⟩2)}
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= inf
λ∈∆X

sup
ℓ≤⌈log2(8(∆∨ϵ̄)−1)⌉

sup
z∈Sℓ

∥ϕ(z∗)− ϕ(z)∥2
(
∑

x∈X λxϕ(x)ϕ(x)⊤+γI)
−1

max{ϵ̄2, ((ϕ(z∗)− ϕ(z))⊤θ∗)2}

≥ inf
λ∈∆X

1

⌈log2(8(∆ ∨ ϵ̄)−1)⌉

⌈log2(8(∆∨ϵ̄)−1)⌉∑
ℓ=1

sup
z∈Sℓ

∥ϕ(z∗)− ϕ(z)∥2
(
∑

x∈X λxϕ(x)ϕ(x)⊤+γI)
−1

max{ϵ̄2, ((ϕ(z∗)− ϕ(z))⊤θ∗)2}

≥ 1

⌈log2(8(∆ ∨ ϵ̄)−1)⌉

⌈log2(8(∆∨ϵ̄)−1)⌉∑
ℓ=1

inf
λ∈∆X

sup
z∈Sℓ

∥ϕ(z∗)− ϕ(z)∥2
(
∑

x∈X λxϕ(x)ϕ(x)⊤+γI)
−1

max{ϵ̄2, ((ϕ(z∗)− ϕ(z))⊤θ∗)2}

≥ 1

4⌈log2(8(∆ ∨ ϵ̄)−1)⌉

⌈log2(8(∆∨ϵ̄)−1)⌉∑
ℓ=1

22ℓ inf
λ∈∆X

sup
z∈Sℓ

∥ϕ(z∗)− ϕ(z)∥2(∑x∈X λxϕ(x)ϕ(x)⊤+γI)
−1

≥ 1

16⌈log2(8(∆ ∨ ϵ̄)−1)⌉

⌈log2(8(∆∨ϵ̄)−1)⌉∑
ℓ=1

22ℓ inf
λ∈∆X

sup
z,z′∈Sℓ

∥ϕ(z)− ϕ(z′)∥2
(
∑

x∈X λxϕ(x)ϕ(x)⊤+γI)
−1

=
1

16⌈log2(8(∆ ∨ ϵ̄)−1)⌉

⌈log2(8(∆∨ϵ̄)−1)⌉∑
ℓ=1

22ℓf(X , Sℓ; γ) .

A.7 Related work results

Lemma 16. If λ∗ ∈ argmaxλ∈△V f(λ) where f(λ) = log
(
det
(∑

x∈X λxϕ(x)ϕ(x)
⊤ + γI

))
, then

sup
x∈X
∥ϕ(x)∥2

A(γ)(λ∗)−1 =
∑
x∈X

λ∗x∥ϕ(x)∥2Aγ(λ∗)−1

= Trace
(
A(λ∗)(A(λ∗) + γI)−1

)
= Trace

(
Kλ∗(Kλ∗ + γI)−1

)
Proof. We first state that∑

x∈X
λ∗x∥ϕ(x)∥2Aγ(λ∗)−1 =

∑
x∈X

λ∗xϕ(x)
⊤Aγ(λ∗)−1ϕ(x)

= Trace

(∑
x∈X

λ∗xϕ(x)
⊤Aγ(λ∗)−1ϕ(x)

)

= Trace

(∑
x∈X

λ∗xϕ(x)ϕ(x)
⊤Aγ(λ∗)−1

)
= Trace

(
A(λ∗)(A(λ∗) + γI)−1

)
This implies

sup
x∈X
∥ϕ(x)∥2

A(γ)(λ∗)−1 ≥
∑
x∈X

λ∗x∥ϕ(x)∥2Aγ(λ∗)−1 = Trace
(
A(λ∗)(A(λ∗) + γI)−1

)
Further, one can compute that

[∇λf(λ∗)]x = Trace
(
A(γ)(λ∗)−1xx⊤

)
= ∥ϕ(x)∥2

A(γ)(λ∗)−1
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And last, λ∗ satisfies the first order conditions on f : for any λ ∈ △X

0 ≥ ⟨∇λf(λ∗), λ− λ∗⟩
=
∑
x∈X

λx∥ϕ(x)∥2Aγ(λ∗)−1 −
∑
x∈X

λ∗x∥ϕ(x)∥2Aγ(λ∗)−1

=
∑
x∈X

λx∥ϕ(x)∥2Aγ(λ∗)−1 − Trace
(
A(λ∗)(A(λ∗) + γI)−1

)
Choosing λ to be a Dirac at argmaxx∈X ∥ϕ(x)∥2Aγ(λ∗)−1 , we get to

max
x∈X
∥ϕ(x)∥2Aγ(λ∗)−1 ≤ Trace

(
A(λ∗)(A(λ∗) + γI)−1

)
.

Hence the result of the lemma.

Lemma 17. We can lower bound γT the notion of information gain from (Srinivas et al., 2009) as

γT ≥
2

3
max
V⊂X

inf
λ∈△V

sup
x∈V
∥ϕ(x)∥2

(
∑

x∈V λxϕ(x)ϕ(x)
⊤+γ/TI)

−1 + |X | log(γ) .

Proof. Recall the definition of (Srinivas et al., 2009) notion of information gain:

γT := sup
λ∈△X

log(det (TKλ + γI))

where Kλ is defined in Section 2.2.3. Note that the case where we have an infinite dimensional RKHS and
ϕ is any feature map reduces to the finite one with ϕ being the identity map by computing Φλ ∈ R|X |×|X |

such that Kλ = ΦλΦ
⊤
λ and then looking at the (finite dimension) columns of Φλ. So we can write without

loss of generality

γT = sup
λ∈△X

log

(
det

(
T
∑
x∈X

λxxx
⊤ + γI

))

Thus

γT = sup
λ∈△X

log

(
det

(
T
∑
x∈X

λxxx
⊤ + γI

))
≥ sup

V⊂X
sup
λ∈△V

log

(
det

(
T
∑
x∈V

λxxx
⊤ + γI

))

Fix for now V ⊂ X and let λ∗ ∈ △V be such that

λ∗ ∈ arg max
λ∈△V

log

(
det

(
T
∑
x∈V

λxxx
⊤ + γI

))
= arg max

λ∈△V
log

(
det

(∑
x∈V

λxxx
⊤ + γ/TI

))

Inspired from equation 19.9 of (Lattimore and Szepesvári, 2020), we write for some x0 ∈ V

det

(
T
∑
x∈V

λ∗xxx
⊤ + γI

)

= det

T ∑
x∈V\{x0}

λ∗xxx
⊤ + γI + Tλ∗x0x0x

⊤
0


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= det

T ∑
x∈V\{x0}

λ∗xxx
⊤ + γI

 det

I +
T ∑

x∈V\{x0}

λ∗xxx
⊤ + γI

−1/2

Tλ∗x0x0x
⊤
0

T ∑
x∈V\{x0}

λ∗xxx
⊤ + γI

−1/2


= det

T ∑
x∈V\{x0}

λ∗xxx
⊤ + γI

(1 + Tλ∗x0∥x0∥2(
T
∑

x∈V\{x0}
λ∗xxx

⊤+γI
)−1

)

≥ det

T ∑
x∈V\{x0}

λ∗xxx
⊤ + γI

(1 + Tλ∗x0∥x0∥2(T ∑
x∈V λ

∗
xxx

⊤+γI)
−1

)

We can now iterate with all the remaining x ∈ V \ {x0}, to get

det

(
T
∑
x∈V

λ∗xxx
⊤ + γI

)
≥ det (γI)

∏
x0∈V

(
1 + Tλ∗x0∥x0∥2(T ∑

x∈V λ
∗
xxx

⊤+γI)
−1

)
equivalent to

log det

(
T
∑
x∈V

λ∗xxx
⊤ + γI

)
≥ log det (γI) +

∑
x∈V

log

(
1 + Tλ∗x∥x∥2(T ∑

x∈V λ
∗
xxx

⊤+γI)
−1

)
We know that if x ≥ 0 holds log(1 + x) ≥ 2x/(2 + x). Note that ∥x∥2

(
∑

x′∈V λx′x
′x′⊤+γ/TI)

−1 ≤ 1 always

holds:

∥x∥2
(
∑

x′∈V λx′x
′x′⊤+γ/TI)

−1 = ∥x∥2
(
∑

x′∈V\{x} λx′x
′x′⊤+γ/TI+xx⊤)

−1 = α− α2/(1 + α) = α/(1 + α) ≤ 1 .

where we used Sherman–Morrison formula and defined α = ∥x∥2
(
∑

x′∈V\{x} λx′x
′x′⊤+γ/TI)

−1 . Thus holds

0 ≤ Tλ∗x∥x∥2(T ∑
x′∈V λ

∗
x′x

′x′⊤+γI)
−1 ≤ 1. So

∑
x∈V

log

(
1 + Tλ∗x∥x∥2(T ∑

x∈V λ
∗
xxx

⊤+γI)
−1

)
≥ 2

2 + 1

∑
x∈V

Tλ∗x∥x∥2(T ∑
x∈V λ

∗
xxx

⊤+γI)
−1

And thus

3

2
log

(
det
(
T
∑

x∈V λ
∗
xxx

⊤ + γI
)

det(γI)

)
≥
∑
x∈V

Tλ∗x∥x∥2(T ∑
x∈V λ

∗
xxx

⊤+γI)
−1

=
∑
x∈V

λ∗x∥x∥2(∑x∈V λ
∗
xxx

⊤+γ/TI)−1

= sup
x∈V
∥x∥2(∑x∈V λ

∗
xxx

⊤+γ/TI)−1 .

Where the last equality comes from lemma 16 with λ∗ ∈ argmaxλ∈△V log
(
det
(∑

x∈V λxxx
⊤ + γ/TI

))
.

So to summarize

γT := sup
λ∈△X

log

(
det

(
T
∑
x∈X

λxϕ(x)ϕ(x)
⊤ + γI

))
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≥ sup
V⊂X

sup
λ∈△V

log

(
det

(
T
∑
x∈V

λxϕ(x)ϕ(x)
⊤ + γI

))

= sup
V⊂X

log

(
det
(
T
∑

x∈V λ
∗
xϕ(x)ϕ(x)

⊤ + γI
)

det(γI)

)
+ log(det(γI))

≥ sup
V⊂X

2

3
sup
x∈V
∥x∥2(A(λ∗)+γ/TI)−1 + log(det(γI))

≥ 2

3
sup
V⊂X

inf
λ∈△V

sup
x∈X
∥x∥2(A(λ)+γ/TI)−1 + d log(γ)

Corollary 4 (Consequence of Theorem 1 of (Degenne et al., 2020)). Let τδ be the expected number of
sample needed to find the best arm with probability at least 1− δ. For any θ∗ ∈ E we have

lim inf
δ→0

Eθ∗ [τδ]
log(1/δ)

≥ T ∗(θ∗)

where

T ∗−1(θ∗) = max
λ∈∆X

inf
x′ ̸=x∗

sup
γ≥0

F (λ, x′, γ, θ∗)

F (λ, x′, γ, θ∗) =
max{(x′ − x∗)⊤(A(λ) + γI)−1A(λ)θ∗, 0}2

2∥x′ − x∗∥2(A(λ)+γI)−1

+
γ

2

(
∥θ∗∥2(A(λ)+γI)−1A(λ) −R2

)
Proof. Recall theorem 1 of (Degenne et al., 2020). For any θ∗ ∈ E we have

lim inf
δ→0

Eθ∗ [τδ]
log(1/δ)

≥ T ∗(θ∗)

where we define the characteristic time through

T ∗−1(θ∗) := max
λ∈∆X

inf
θ∈Sx∗

∥θ − θ∗∥2(∑x∈X λxxx⊤)

with Sx∗ = {θ ∈ E s.t. ∃x′ ̸= x∗, θ
⊤(x′ − x∗) > 0} and with here E = {θ ∈ Rd : ∥θ∥22 ≤ R2}.

We can now start the proof by writing T ∗−1(θ) as

T ∗−1(θ) = max
λ∈∆X

inf
x′ ̸=x∗

inf
θ∈E,θ⊤(x′−x∗)>0

∥θ − θ∗∥2(∑x∈X λxxx⊤)
.

Then, instead of

inf
θ∈E,θ⊤(x′−x∗)>0

∥θ − θ∗∥2(∑x∈X λxxx⊤)

we use y = x′ − x∗ to write

inf
θ∈Rd,θ⊤y≥0,∥θ∥22≤R2

1

2
∥θ − θ∗∥2A(λ) .

145



We introduce the Lagrangian of this convex program

L(θ, γ, ν) =
1

2
∥θ − θ∗∥2A(λ) − ν(θ⊤y) +

γ

2
(∥θ∥22 −R2) .

and solve

inf
θ∈Rd

L(θ, γ, ν) = inf
θ∈Rd

1

2
∥θ − θ∗∥2A(λ) − ν(θ⊤y) +

γ

2
(∥θ∥22 −R2)

θ 7→ L(θ, γ, ν) is differentiable and convex so we compute the gradient

∇θL(θ, γ, ν) = (A(λ) + γI)θ −A(λ)θ∗ − νy

and set it to zero to get

θ̂ = arg min
θ∈Rd

L(θ, γ, ν) = (A(λ) + γI)−1(A(λ)θ∗ + νy) = θ∗ + (A(λ) + γI)−1(νy − γθ∗)

The cross term of both norms has absolute value γνθ∗(A(λ) + γI)−1A(λ)y, and they cancel. So we get

L(θ̂, γ, ν) =
1

2
∥(A(λ) + γI)−1(νy − γθ∗)∥2A(λ) − νy⊤

(
(A(λ) + γI)−1(A(λ)θ∗ + νy)

)
+
γ

2
(∥(A(λ) + γI)−1(A(λ)θ∗ + νy)∥22 −R2)

=
γ2

2
∥(A(λ) + γI)−1θ∗∥2A(λ) +

γ

2
∥(A(λ) + γI)−1A(λ)θ∗∥2 −

γ

2
R2 − νy⊤(A(λ) + γI)−1A(λ)θ∗

+
ν2

2
∥(A(λ) + γI)−1y∥2A(λ) − ν2y⊤(A(λ) + γI)−1y +

ν2γ

2
∥(A(λ) + γI)−1y∥2

=
γ

2

(
∥θ∗∥2(A(λ)+γI)−1A(λ) −R2

)
− νy⊤(A(λ) + γI)−1A(λ)θ∗ −

ν2

2
∥y∥2(A(λ)+γI)−1

so

sup
ν≥0

L(θ̂, γ, ν) =
γ

2

(
∥θ∗∥2(A(λ)+γI)−1A(λ) −R2

)
+

(max{y⊤(A(λ) + γI)−1A(λ)θ∗, 0})2
2∥y∥2

(A(λ)+γI)−1

Conclusion:

inf
θ∈Rd,θ⊤y≥0,∥θ∥22≤R2

1

2
∥θ − θ∗∥2A(λ) = sup

γ≥0

{
(max{y⊤(A(λ) + γI)−1A(λ)θ∗, 0})2

2∥y∥2
(A(λ)+γI)−1

+
γ

2

(
∥θ∗∥2(A(λ)+γI)−1A(λ) −R2

)}

Then for any θ∗ ∈ E we have

lim inf
δ→0

Eθ∗ [τδ]
log(1/δ)

≥ T ∗(θ∗)

=
1

maxλ∈∆X infx′ ̸=x∗ supγ≥0

{
(max{(x′−x∗)⊤(A(λ)+γI)−1A(λ)θ∗,0})2

2∥x′−x∗∥2
(A(λ)+γI)−1

+ γ
2

(
∥θ∗∥2(A(λ)+γI)−1A(λ)

−R2
)}

= inf
λ∈∆X

sup
x′ ̸=x∗

inf
γ≥0

1

F (λ, x′, γ, θ∗)
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With

F (λ, x′, γ, θ∗) :=
max{(x′ − x∗)⊤(A(λ) + γI)−1A(λ)θ∗, 0}2

2∥x′ − x∗∥2(A(λ)+γI)−1

+
γ

2

(
∥θ∗∥2(A(λ)+γI)−1A(λ) −R2

)

Note that this result and its proof can be written in the case where ϕ is any feature map without any changes.

A.8 Experiments details

We briefly provide some additional details on the experiments. We used Python 3 and parallelized the
simulations on a 2.9 GHz Intel Core i7. We computed the designs in each of the three experiments using
mirror descent. We repeated the G-optimal design experiment 16 times, the kernels experiment 40 times, and
the IPS vs. RIPS experiment 16 times. The G-optimal design experiment and the IPS vs. RIPS experiment
used noise η ∼ N(0, 1) while in the kernels experiment used noise η ∼ N(0, 0.05). The confidence bounds
in our plots are based on standard errors.
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Appendix B

Appendix for Chap. 3

B.1 Summary of Gaussian Processes Approaches for Level Set Estimation

In Table B.2, we briefly summarize past algorithmic approaches to level set estimation. In general, past
methods center around the design of an acquisition function which at each time t tells the algorithm which
point to go sample. By contrast, the algorithms in this paper both use experimental design to to select
batches of samples to go gather at one time.

Algorithm Acquisition Function Theoretical guarantee
Straddle argmaxi ui(t)− τ ∧ τ − ℓi(t) None, ui(t) and ℓi(t) are set as 1.96 · σt−1.
LSE argmaxi ui(t)− τ ∧ τ − ℓi(t) η-approximate solution in T ≲ γt log(n/δ)

η2

TruVar argminxi
∑

xj
σ2t−1|xi(xj) η-approximate solution in T ≲ Γt log(n/δ)

η2

RMILE argmax
xi
{E
∑

(PGP |xi(f(xj) > τ)

−PGP (f(xj) > τ)), σ2(xi)}

similar to A-optimality, no complexity guarantee

MELK G-optimal design Matching upper and lower bounds in the linear case.

Table B.1: Algorithms and theoretical guarantees for explicit LSE

B.2 Robust estimators for function means

In order for the algorithm to declare whether points x belong in Gα (or Gϵ in the sequel) or not, we require
an estimator of the function values f(x). As we have introduced structure by assuming that f is well
approximated by a function θ∗ in the RKHSH, we seek an estimator that leverages this structure to provide
accurate estimates of many arms given samples of only a few. As a warmup, in the linear case where ϕ(·)
is the identity map, one could form the least squares or regularized least squares estimate of θ∗ denoted θ̂
and estimate the mean of any point x as θ̂Tx. To sample to estimate θ∗, optimal design procedures first

Algorithm Acquisition function Theoretical guarantee
LSE-imp argmaxi σ

2(xi) η-approximate solution in T ≲ Γt log(n/δ)
η2

MILK XY optimal design over ϕ(x)− (1− ϵ)ϕ(x′) Nearly matching upper and lower bounds.

Table B.2: Acquisition functions and theoretical guarantees for implicit level set estimation
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compute a design λ ∈ △X . Then for a specified number of samples N , it is common to use an efficient
rounding procedure such as (Allen-Zhu et al., 2017) to compute an allocation of the N samples to the arms
X such that xi gets roughly λi ·N samples (Fiez et al., 2019; Jun et al., 2020). Efficient rounding procedures
require that N = Ω(d), and while this is a minor assumption in the case of a linear RKHS where ϕ(x) = x,
in general ϕ(x) may be infinite dimensional, and naive rounding is not possible. Instead of performing
rounding given design λ, one may instead sample from λ directly and use inverse propensity scoring (IPS)
which avoids bad dimensional factors but can have high variance.

In this work, we leverage the RIPS estimator from (Camilleri et al., 2021a) which combines IPS with
robust mean estimation and regularization to control variance and is presented in Algorithm B.1. RIPS
requires a robust mean estimator for its performance and theoretical guarantees. In Theorem 6, we state the
guarantee of this estimator.

Algorithm B.1. RIPS: Robust IPS estimator

Input: Finite sets X ⊂ Rd and V ⊂ H, feature map ϕ : Rd → H, number of samples τ , regularization
γ > 0, robust mean estimator µ̂ : R∗ → R

λ∗ := arg min
λ∈△X

max
v∈V
∥v∥

(A(γ)(λ))
−1

1: Randomly draw x̃1, . . . , x̃τ from X according to λ∗

2: Set W (v) = µ̂({v⊤A(γ)(λ∗)−1ϕ(x̃t)ỹt}τt=1)

return θ̂ := argminθmaxv∈V
|⟨θ,v⟩−W (v)|
∥v∥

A(γ)(λ)−1

We next state the complete theoretical guarantee of the RIPS estimator.

Theorem 20 (Theorem 1, (Camilleri et al., 2021a)). Consider the model y = ⟨ϕ(x), θ∗⟩H + ζx + η for
misspecification |ζx| ≤ h where it is assumed that |y| ≤ B, E[η] = 0, and E[η2] ≤ σ2. Fix any finite sets
X ⊂ Rd and V ⊂ H, feature map ϕ : Rd → H, number of samples τ and regularization γ > 0. If the RIPS
procedure of Algorithm B.1 is run with δ

|V | -robust mean estimator µ̂(·) and if τ ≥ c1 log(|V |/δ) then with
probability at least 1− δ, we have

max
v∈V

|W (v) − ⟨θ∗, v⟩|
∥v∥

(A(γ)(λ))
−1

≤√γ∥θ∗∥+ h+ c

√
(B2+σ2)

τ log(2|V |/δ)

Moreover, W (v) = µ̂({v⊤A(γ)(λ)−1ϕ(xt)yt}τt=1) can be replaced by ⟨θ̂, v⟩ by multiplying the RHS by a
factor of 2.

For RIPS, we leverage Catoni’s estimator (Lugosi and Mendelson, 2019) for which c1 = 2 and c = 4
suffice.

B.3 Proofs for Explicit Level Set Estimation

B.3.1 Lower Bound

Proof of Theorem 5. Recall that we have assumed that h = 0 and ϕ(x) = x. We begin with a result of (Fiez
et al., 2019) that will be useful here.
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Lemma 18 ((Fiez et al., 2019), Remark 2). The projection onto the closure of the set {θ ∈ Rd : θTx < α}
under the ∥ · ∥A(λ) norm is given by

θx := θ − (θTx− α)A(λ)−1x

∥x∥2
A(λ)−1

.

By (Kaufmann et al., 2016), we have that the any δ-PAC algorithm for all-α requires

min
λ

KL(1− δ, δ)
minθ′∈Alt(θ∗) ∥θ′ − θ∗∥A(λ)

where Alt(θ∗) is the set of alternates such that Gα(θ∗) ̸= Gα(θ
′) for any θ′ ∈ Alt(θ∗). The set of alternates

may be decomposed as

Alt(θ∗) =

 ⋃
x∈Gα(θ∗)

{θ′ : x ̸∈ Gα(θ′)}

 ∪
 ⋃
x∈Gα(θ∗)c

{θ′ : x ∈ Gα(θ′)}


Note that x ∈ Gα(θ∗) ⇐⇒ θT∗ x > α. Hence, the set of alternates for any x ∈ Gα(θ∗) such that
x ∈ Gcα(θ′) for any θ′ ∈ Alt(θ∗) is given by

Ax := {θ ∈ Rd : θTx < α}.

Next note that x ∈ Gcα(θ∗) ⇐⇒ θT∗ x < α. Hence, for any x ∈ Gcα(θ∗) the set of alternates such that
x ∈ Gα(θ′) for any θ′ ∈ Alt(θ∗) is given by

Ax := {θ ∈ Rd : θTx > α}.

Next, we discuss how to project onto Ax. As this set is open, to be precise, we should take a point in the
interior and consider the limit for a sequence approaching the boundary. For brevity, we simply project onto
the closure and consider the closures of the Ax sets. Using the decomposition of Alt(θ∗) we have that

min
θ′∈Alt(θ∗)

∥θ′ − θ∗∥A(λ) = min
x

min
θ′∈Ax

∥θ′ − θ∗∥A(λ) = min
S∈{Gα,Gc

α}
min
x∈S

min
θ∈Ax

∥θ′ − θ∗∥A(λ).

For x ∈ Gα(θ∗), using Lemma 18 and recalling the definition of the set θx therein,

min
θ′∈Ax

∥θ′ − θ∗∥A(λ) = min
θ′∈{θ∈Rd:θT x≤α}

∥θ′ − θ∗∥A(λ) = ∥θx − θ∗∥A(λ).

The statement for points in Gcα follows identically. Hence,

min
θ′∈Alt(θ∗)

∥θ′ − θ∗∥A(λ) = min
x
∥θx − θ∗∥A(λ)

Note that

∥θx − θ∗∥A(λ) =
(θT∗ (x

′ − x)− α)2
2∥x∥2

A(λ)−1

by Theorem 2 of (Fiez et al., 2019). Hence, any δ-PAC algorithm requires at least

2min
λ

max
x

∥x∥2A(λ)−1

(θT∗ x− α)2
KL(1− δ, δ)

samples in expectation. Noting that the binary entropyKL(1−δ, δ) ≥ log(1/2.4δ) completes the proof.
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B.3.2 Upper Bound

Next, we restate Theorem 7 that bounds the complexity of MELK.

Theorem 21. Fix δ > 0, threshold α > 0, tolerance β̃, and regularization γ ≥ 0. Define ∆min(α) :=
min |ϕ(x)T θ∗ − α|. Define also

β̄(α) = min{β > 0 : 4(
√
γ∥θ∗∥+ h)(2 +

√
f(X , {ϕ(x)|x ∈ X , |ϕ(x)T θ∗ − α| ≤ β} ; γ)) ≤ β}.

With probability at least 1− δ, MELK returns a set R̂ = (X \ B̂t) at time Tδ such that

{x ∈ X : f(x) ≥ α+ β̄(α)} ⊆ R̂ ⊆ {x ∈ X : f(x) ≥ α− β̃ − β̄(α)}

and for any α, β̃ such that max(∆min(α), β̃) ≥ β̄(α)

Tδ ≤ 256(B2 + σ2)min
λ∈X̃

max
x∈X

∥ϕ(x)∥2(A(λ)+γI)−1

max{(ϕ(x)T θ∗ − α)2, β̃2}
log

(
4|X |2⌈log2(4(∆min(α)V eeβ̃)

−1⌉2
δ

)
+ 2 log(|X |/δ)⌈log2(4(∆min(α)V eeβ̃)

−1⌉

Recall the definition of the set Gα := {x ∈ X : f(x) > α}.

Lemma 19. For any V ⊂ X define f(X , V ; γ) = minλ∈△X maxv∈V ∥v∥2(∑x∈X λxϕ(x)ϕ(x)⊤+γI)−1 .
In each round t, define the event

Ect = {|xT (θ̂t − θ∗)| ≤ 2−t + (
√
γ∥θ∗∥+ h)

√
f(X ,At; γ) ∀ x ∈ At}

Holds P(
⋃∞
t=1(E

c
t )
c) ≤ δ.

Proof. Using Theorem 6, for any x ∈ At we have that with probability at least 1− δt/|X |2

|xT (θ̂t − θ∗)| ≤ ∥x∥(∑x∈X λxxxT+γI)
−1

(√
γ∥θ∗∥+ h+ c

√
(B2+σ2)

Nt
log(2t2|X |2/δ)

)
≤
√
f(X ,At; γ)

(√
γ∥θ∗∥+ h+ 2−t/

√
f(X ,At; γ)

)
≤ 2−t + (

√
γ∥θ∗∥+ h)

√
f(X ,At; γ)

Since |At| ≤ |X |2, Ect holds for all x ∈ At with probability 1 − δt via a union bound. Taking a second
union bound over rounds, we have that

P

( ∞⋃
t=1

(Ect )
c

)
≤

∞∑
t=1

P((Ect )c) ≤
∞∑
t=1

δt =
∞∑
t=1

δ

2t2
≤ δ

Define

t̄ = max{t : (√γ∥θ∗∥2 + h)(2 +
√
f(X , {x ∈ X : |xT θ∗ − α| ≤ 2−t+2} ; γ)) ≤ 2−t}.
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As we will see in Lemmas 22 and 23,

At ⊂
{
x ∈ X : |xT θ∗ − α| ≤ 2−t+1

}
.

Thus for t ≤ t̄, holds on
⋂
tE

c
t that

∀x ∈ At , |xT (θ̂t − θ∗)| ≤ 2 · 2−t.

Lemma 20. On
⋂
tE

c
t , when t ≤ t̄ holds Ĝt ⊂ Gϕα := {x : ϕ(x)T θ∗ > α}.

Remark: If h = 0, Gϕα = Gα.

Proof.

x ∈ Ĝt ⇐⇒ ∃t′ ≤ t : ϕ(x)T θ̂t′ ≥ α+ 2 · 2−t′

⇐⇒ ∃t′ ≤ t : ϕ(x)T (θ̂t′ − θ∗) + ϕ(x)T θ∗ ≥ α+ 2 · 2−t′⋂
t E

c
t=⇒ ϕ(x)T θ∗ > α

⇐⇒ x ∈ Gϕα.

Lemma 21. On
⋂
tE

c
t , when t ≤ t̄ holds, B̂t ⊂ (Gϕα)c.

Proof.

x ∈ B̂t ⇐⇒ ∃t′ ≤ t : ϕ(x)T θ̂t ≤ α− 2 · 2−t′

∃t′ ≤ t : ϕ(x)T (θ̂t − θ∗) + ϕ(x)T θ∗ ≤ α− 2 · 2−t′⋂
t E

c
t=⇒ ϕ(x)T θ∗ < α

⇐⇒ x ∈ (Gϕα)
c.

Lemma 22. On the event
⋂
tE

c
t , when t ≤ t̄ holds,

At ∩Gϕα ⊂
{
x ∈ Gϕα

∣∣∣∣|ϕ(x)T θ∗ − α| ≤ 2−t+2

}
=: SAbove

t

Proof. For any x ∈ Gϕα such that ϕ(x)T θ∗ > α+ 2−t+1, if t ≥ log(4(α− ϕ(x)T θ∗)−1) and t ≤ t̄, then

ϕ(x)T θ̂t = ϕ(x)T (θ̂t − θ∗) + ϕ(x)T θ∗ > −2−t+1 + α+ 2−t+1 = α ≥ α

which implies that x ∈ Ĝt. Noting that At ∩ Ĝt−1 = ∅ completes the proof.

Lemma 23. On the event
⋂
tE

c
t , when t ≤ t̄ holds,

At ∩ (Gϕα)
c ⊂

{
x ∈ (Gϕα)

C

∣∣∣∣|ϕ(x)T θ∗ − α| ≤ 2−t+2

}
=: SBelow

t
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Proof. The proof follows identically as that of Lemma 22

Remark: Lemmas 22 and 23 jointly imply that At ⊂
{
x|ϕ(x)T θ∗ − α| ≤ 2−t+2

}
=: St for t ≤ t̄.

Furthermore, f(X ,At, γ) ≤ f(X ,St, γ).
Remark:

The algorithm stops on either of two conditions. On one hand if t ≥ ⌈log2(4/β̃)⌉ =: tβ , then it has achieved
precision β̃ as desired and it terminates. Otherwise, it terminates if Ĝt ∪ B̂t = X . This occurs when β̃ is
very small. Define ∆min(α) := min |ϕ(x)T θ∗ − α|. Recall

t̄ = max{t : (√γ∥θ∗∥2 + h)(2 +
√
f(X , {x ∈ X : |ϕ(x)T θ∗ − α| ≤ 4 · 2−t} ; γ)) ≤ 2−t}

= max{t : 4(√γ∥θ∗∥2 + h)(2 +
√
f(X , {x ∈ X : |ϕ(x)T θ∗ − α| ≤ 4 · 2−t} ; γ)) ≤ 4 · 2−t}

= −2 + max{t : 4(√γ∥θ∗∥2 + h)(2 +
√
f(X , {x ∈ X : |ϕ(x)T θ∗ − α| ≤ 2−t} ; γ)) ≤ 2−t}

= −3− log2(min{β > 0 : 4(
√
γ∥θ∗∥2 + h)(2 +

√
f(X , {x ∈ X : |ϕ(x)T θ∗ − α| ≤ β} ; γ)) ≤ β}).

This defines

β̄ = min{β > 0 : 4(
√
γ∥θ∗∥2 + h)(2 +

√
f(X , {x ∈ X : |ϕ(x)T θ∗ − α| ≤ β} ; γ)) ≤ β}.

Let tmax denote the random variable of the last round before the algorithm terminates. The following
Lemmas give a guarantee on the set X \ B̂t at termination.

Lemma 24. On the event
⋂∞
t=1E

c
t , MELK returns a set (X \ B̂tmax) such that {x : f(x) > α + β̄(α)} ⊂

(X \ B̂tmax).

Proof. Take any x such that f(x) > α + β̄(α) and recall that by assumption |f(x)− ϕ(x)T θ∗| ≤ h for all
x ∈ X . We consider two cases. In the first case, assume that tmax ≤ t̄. We claim that in this case ̸ ∃t such
that x ∈ B̂t. We prove this by contradiction. Assume not. Then ∃t such that

θ̂Tt ϕ(x) < α− 2−t+1 ⇐⇒ ϕ(x)T (θ̂t − θ∗) + ϕ(x)T θ∗ < α− 2−t+1

Ec
t=⇒ −2−t − (

√
γ∥θ∗∥+ h)

√
f(X ,At; γ) + ϕ(x)T θ∗ < α− 2−t+1

=⇒ −2−t − (
√
γ∥θ∗∥+ h)

√
f(X ,St; γ) + ϕ(x)T θ∗ < α− 2−t+1

=⇒ − (
√
γ∥θ∗∥+ h)

√
f(X ,St; γ) + f(x)− h < α− 2−t

=⇒ f(x) < α− 2−t + h+ (
√
γ∥θ∗∥+ h)

√
f(X ,St; γ).

Recalling that we have assumed that f(x) > α+ β̄(α). Hence, this implies that

β̄(α) < −2−t + h+ (
√
γ∥θ∗∥+ h)

√
f(X ,St; γ).

Note that β̄(α) > 0. As we have assumed that, t ≤ tmax ≤ t̄, we have that 2−t ≥
(√
γ∥θ∗∥+ h

)√
f(X ,St; γ)

using the definition of t̄. Hence, we have that

h > β̄(α) > 4h

which is a contradiction where the final inequality follows from the definition of β̄(α) for γ > 0. Hence, in
this case we have shown that {x : f(x) > α+ β̄(α)} ⊂ (X \ B̂tmax).
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In the second case, assume that tmax > t̄ and take x such that f(x) > α+ β̄(α). We claim that x ∈ Ĝt̄
and hence x ̸∈ At for any t > t̄ and thus is never added to B̂t. This occurs if

ϕ(x)T θ̂t̄ > α+ 2−t̄+1 ⇐⇒ ϕ(x)T (θ̂t̄ − θ∗) + ϕ(x)T θ∗ > α+ 2−t̄+1

Ec
t̄⇐= −2−t̄ − (

√
γ∥θ∗∥+ h)

√
f(X ,At̄; γ) + ϕ(x)T θ∗ ≥ α+ 2−t̄+1

⇐= −2−t̄ − (
√
γ∥θ∗∥+ h)

√
f(X ,St̄; γ) + ϕ(x)T θ∗ ≥ α+ 2−t̄+1

⇐⇒ ϕ(x)T θ∗ ≥ α+ 2−t̄+1 + 2−t̄ + (
√
γ∥θ∗∥+ h)

√
f(X ,St̄; γ)

Recall that f(x) > α+ β̄(α). Furthermore, we have by the definition of t̄ that

2−t̄ ≥ (
√
γ∥θ∗∥+ h)

√
f(X ,St̄; γ).

Hence, the above is implied by β̄(α) − h ≥ 4 · 2−t = 0.5β̄(α) where the final equality holds by definition
of β̄(α). Noting that β̄(α) > 4h proves this claim. In summary, we have shown that for any x such that
f(x) > α + β̄(α), if tmax ≤ t̄, then x is never added to B̂t and hence is contained in the set X \ B̂t at
termination, and if otherwise that tmax > t̄, then x is added to the set Ĝt before round t̄ + 1 and hence
is removed from the active set and never added to B̂t. Applying this argument to any x such that f(x) >
α+ β̄(α) completes the proof.

Lemma 25. On the event
⋂∞
t=1E

c
t , MELK returns a set (X \ B̂tmax) such that (X \ B̂tmax) ⊂ {x : f(x) >

α− β̄(α)− β̃}.
Proof. Take any x such that f(x) < α − β̄(α) − β̃. We claim that there exists a t ≤ tmax such that x is
added to B̂t which implies that x ̸∈ (X \ B̂tmax). Suppose for contradiction that this is not the case. Then
for all t ≤ tmax,

θ̂Tt ϕ(x) > α− 2−t+1 ⇐⇒ ϕ(x)T (θ̂t − θ∗) + ϕ(x)T θ∗ > α− 2−t+1

Ec
t=⇒ 2−t + (

√
γ∥θ∗∥+ h)

√
f(X ,At; γ) + ϕ(x)T θ∗ > α− 2−t+1

=⇒ 2−t + (
√
γ∥θ∗∥+ h)

√
f(X ,St; γ) + ϕ(x)T θ∗ > α− 2−t+1

=⇒ (
√
γ∥θ∗∥+ h)

√
f(X ,St; γ) + f(x) + h > α− 2−t+1 − 2−t

=⇒ f(x) > α− 2−t+1 − 2−t − h− (
√
γ∥θ∗∥+ h)

√
f(X ,St; γ).

Plugging in f(x) < α− β̄(α)− β̃, the above implies

β̄(α) + β̃ < 2−t+1 + 2−t + h+ (
√
γ∥θ∗∥+ h)

√
f(X ,St; γ) (B.1)

Next, recall that MELK terminates either on the condition that t = ⌈log2(4/β̃)⌉ or that Ĝt ∪ B̂t = X . Using
this, we brake our analysis into cases.

Case 1: tmax = ⌈log2(4/β̃)⌉ ≤ t̄.
In this case, MELK stops due to the β̃ tolerance in a round before t̄. For t ≤ t̄, we have that 2−t ≥

+
(√
γ∥θ∗∥+ h

)√
f(X ,St; γ). Hence, the above implies that

β̄(α) + β̃ < 2−t+2 + h.

As we have assumed this condition for all t ≤ tmax, we may plug in tmax which implies

β̄(α) + β̃ < β̃ + h.
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As β̄(α) > h, this is a contradiction. Hence there must exist a t such that x ∈ B̂t.
Case 2: tmax ≤ t̄ < ⌈log2(4/β̃)⌉.
In this case, MELK terminates before round t = ⌈log2(4/β̃)⌉. Hence, it does so on the condition that

Ĝt ∪ B̂t = X . Note that for f(x) < α− β̄(α)− β̃, we have that x ∈ (Gϕα)c since β̄(α) > h and β̃ ≥ 0. If
we terminate before round t̄, we have by Lemma 21 that (Gϕα)c ⊂ B̂t which implies that x ∈ B̂tmax . This
contradicts the assumption that ̸ ∃t : x ∈ B̂t.

Case 3: t̄ < tmax.
In this case, MELK terminates at a round after t̄. In this setting, we argue that x ∈ B̂t̄. Recall that for

any t ≤ t̄, (B.1) simplifies to

β̄(α) + β̃ < 2−t+2 + h

Plugging in t̄, and noting that 2−t̄+2 = 1
2 β̄(α), the above implies

β̄(α) + β̃ <
1

2
β̄(α) + h.

Noting that β̄(α) > 4h, shows that the above is a contradiction. Hence, there exists a t ≤ t̄ such that x ∈ B̂t.
Therefore, in all cases we have shown that for any x such that f(x) < α− β̄(α)− β̃, x ∈ B̂t. Therefore,

for the returned set X \ B̂tmax , we have that

(X \ B̂tmax) ⊂ {x : f(x) > α− β̄(α)− β̃}.

Proof of Theorem 7. Throughout, assume the high probability event
⋂
T E

c
t . By Lemmas 24 and 25 in

conjunction with the high probability event
⋂
Ect we have correctness. It remains to control the sam-

ple complexity of MELK. Recall that we have assumed that max(∆min(α), β̃) ≥ β̄(α). This implies
that min{⌈log2(4/∆min(α)⌉, ⌈log2(4/β̃)⌉} ≤ t̄. Applying Lemmas 22 and 23, we have that tmax ≤
min{⌈log2(4/∆min(α)⌉, ⌈log2(4/β̃)⌉} ≤ t̄ and thatAt ⊆ St for all rounds t. Now we proceed by bounding
the total number of samples drawn.

τ ≤
tmax∑
t=1

Nt

≤
min{t≥⌈log2(4/∆min(α))⌉,t≥⌈log2(4/β̃)⌉}∑

t=1

Nt

=

⌈log2(4(∆min(α)V eeβ̃)
−1⌉∑

t=1

max
{
c1 log(|X |/δ), c222tf(At; γ)(B2 + σ2) log(2t2|X |2/δ)

}
≤ c1 log(|X |/δ)⌈log2(4(∆min(α)V eeβ̃)

−1⌉+ c2(B2 + σ2)

⌈log2(4(∆min(α)V eeβ̃)
−1⌉∑

t=1

22tf(At; γ) · log(2t2|X |2/δ)

= c1 log(|X |/δ)⌈log2(4(∆min(α)V eeβ̃)
−1⌉+

c2(B2 + σ2)

⌈log2(4(∆min(α)V eeβ̃)
−1⌉∑

t=1

22tmin
λ∈X̃

max
x∈At

∥x∥2
(
∑

x∈X λt(x)ϕ(x)ϕ(x)T+γI)
−1 · log(2t2|X |2/δ)
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≤ c1 log(|X |/δ)⌈log2(4(∆min(α)V eeβ̃)
−1⌉+

c2(B2 + σ2) log

(
4|X |2⌈log2(4(∆min(α)V eeβ̃)

−1⌉2
δ

)

·
⌈log2(4(∆min(α)V eeβ̃)

−1⌉∑
t=1

22tmin
λ∈X̃

max
x∈At

∥x∥2
(
∑

x∈X λt(x)ϕ(x)ϕ(x)T+γI)
−1

At⊂St≤ c1 log(|X |/δ)⌈log2(4(∆min(α)V eeβ̃)
−1⌉+

c2(B2 + σ2) log

(
4|X |2⌈log2(4(∆min(α)V eeβ̃)

−1⌉2
δ

)

·
⌈log2(4(∆min(α)V eeβ̃)

−1⌉∑
t=1

22tmin
λ∈X̃

max
x∈St

∥x∥2
(
∑

x∈X λt(x)ϕ(x)ϕ(x)T+γI)
−1 .

It remains to control the final summation. To do so, note that

1

⌈log2(4(∆min(α)V eeβ̃)−1⌉

⌈log2(4(∆min(α)V eeβ̃)
−1⌉∑

t=1

22tmin
λ∈X̃

max
x∈St

∥x∥2
(
∑

x∈X λt(x)ϕ(x)ϕ(x)T+γI)
−1

≤ max
t≤⌈log2(4(∆min(α)V eeβ̃)−1⌉

min
λ∈X̃

22tmin
λ∈X̃

max
x∈St

∥x∥2
(
∑

x∈X λt(x)ϕ(x)ϕ(x)T+γI)
−1

≤ min
λ∈X̃

max
t≤⌈log2(4(∆min(α)V eeβ̃)−1⌉

22tmin
λ∈X̃

max
x∈St

∥x∥2
(
∑

x∈X λt(x)ϕ(x)ϕ(x)T+γI)
−1

≤ 16min
λ∈X̃

max
x

∥ϕ(x)∥2
(
∑

x∈X λt(x)ϕ(x)ϕ(x)T+γI)−1

max{(ϕ(x)T θ∗ − α)2, β̃2}

Plugging this along with c = 4 and c1 = 2 for Theorem 20 from RIPS with the Catoni estimator in completes
the proof.

B.4 Proofs for Implicit Level Set Estimation

B.4.1 Lower Bounds

Proof of Theorem 8. Recall that in this setting, h = 0 and ϕ(x) = x. By (Kaufmann et al., 2016), we have
that the any δ-PAC algorithm for all-ϵ requires

min
λ

KL(1− δ, δ)
minθ′∈Alt(θ∗) ∥θ′ − θ∗∥A(λ)

where Alt(θ∗) is the set of alternates such that Gϵ(θ∗) ̸= Gϵ(θ
′) for any θ′ ∈ Alt(θ∗). The set of alternates

may be decomposed as

Alt(θ∗) =

 ⋃
x∈Gϵ(θ∗)

{θ′ : x ̸∈ Gϵ(θ′)}

 ∪
 ⋃

x∈Gϵ(θ∗)c

{θ′ : x ∈ Gϵ(θ′)}


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By Lemma 4, x ∈ Gϵ ⇐⇒ ∀x′ : θT∗ (x− (1− ϵ)x′) > 0. Hence, the set of alternates for any x ∈ Gϵ(θ∗)
such that x ∈ Gcϵ(θ′) for any θ′ ∈ Alt(θ∗) is given by

Ax :=
⋃

x′∈X
{θ ∈ Rd : θT (x− (1− ϵ)x′) < 0}.

Furthermore, by Lemma 4 x ∈ Gcϵ ⇐⇒ ∃x′ : θT∗ (x− (1− ϵ)x′) < 0. Hence, for any x ∈ Gcϵ(θ∗) the set
of alternates such that x ∈ Gϵ(θ′) for any θ′ ∈ Alt(θ∗) is given by

Ax :=
⋂

x′∈X
{θ ∈ Rd : θT (x− (1− ϵ)x′) > 0}.

Next, we discuss how to project onto Ax. As this set is open, to be precise, we should take a point in the
interior and consider the limit for a sequence approaching the boundary. For brevity, we simply project onto
the closure and consider the closures of the Ax sets. Using the decomposition of Alt(θ∗) we have that

min
θ′∈Alt(θ∗)

∥θ′ − θ∗∥A(λ) = min
x

min
θ′∈Ax

∥θ′ − θ∗∥A(λ) = min
S∈{Gϵ,Gc

ϵ}
min
x∈S

min
θ∈Ax

∥θ′ − θ∗∥A(λ).

Reminiscent of Lemma 18, we define

θϵx,x′(λ) := θ∗ − [θT∗ (x− (1− ϵ)x′)]
A(λ)−1(x− (1− ϵ)x′))

∥x− (1− ϵ)x′∥2A(λ)−1

.

For x ∈ Gϵ(θ∗), using Lemma 18,

min
θ′∈Ax

∥θ′ − θ∗∥A(λ) = min
θ′∈

⋃
x′∈X {θ∈Rd:θT (x−(1−ϵ)x′)<0}

∥θ′ − θ∗∥A(λ) = min
x′
∥θϵx,x′(λ)− θ∗∥A(λ)

where the latter equality follows since projecting onto a union of hyperplanes is achieved by the projection
onto the closest constituent.

For x ∈ Gcϵ(θ∗) note that Ax is an intersection of half spaces {θ ∈ Rd : θT (x − (1 − ϵ)x) > 0} for
x′ ∈ X . As it is not in general possible to give a closed form expression for projection onto an intersection
of convex sets. However, we may at a (possibly very loose) minimum note that the projection onto the
union of the hyperplanes is at least as far as the projection onto the furthest hyperplane. Therefore, for any
x ∈ Gϵ(θ∗)c,

min
θ′∈Ax

∥θ′ − θ∗∥A(λ) = min
θ′∈

⋂
x′∈X {θ∈Rd:θT (x−(1−ϵ)x′)>0}

∥θ′ − θ∗∥A(λ) ≤ max
x′
∥θϵx,x′(λ)− θ∗∥A(λ)

Hence we have that

min
θ′∈Alt(θ∗)

∥θ′ − θ∗∥A(λ) ≤ min

{
min
x∈Gϵ

min
x′
∥θϵx,x′(λ)− θ∗∥A(λ), min

x∈Gc
ϵ

max
x′
∥θϵx,x′(λ)− θ∗∥A(λ)

}
.

Note that

∥θϵx,x′(λ)− θ∗∥A(λ) = 2
(θT∗ (x− (1− ϵ)x′))2

∥x− (1− ϵ)x′∥2
A(λ)−1

by Theorem 2 of (Fiez et al., 2019). Hence, any δ-PAC algorithm requires

2min
λ

max

{
max
x∈Gϵ

max
x′

∥x− (1− ϵ)x′∥2A(λ)−1

(θT∗ (x− (1− ϵ)x′))2
,max
x∈Gc

ϵ

min
x′

∥x− (1− ϵ)x′∥2A(λ)−1

(θT∗ (x− (1− ϵ)x′))2

}
KL(1− δ, δ)

samples in expectation. Noting that KL(1− δ, δ) ≥ log(1/2.4δ) completes the proof.
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B.4.2 Comparison to the lower bound of (Mason et al., 2020)

Here, we compare the sample complexity given in Theorem 9 to the result of Mason et al., (Mason et al.,
2020) studying the problem of finding all ϵ-good arms in multi-armed bandits. Our setting captures this
problem in the special case that ϕ(x) = x, xi = ei ∈ R|X |, h = 0, and β̃ = 0. Additionally, take γ → 0.
For consistency with the notation of (Mason et al., 2020), let µi = f(xi) and |X | = n. In this setting, the
problem of implicit level set estimation reduces to identifying the set {i : µi > (1− ϵ)µ1} where we assume
without loss of generality that the means are sorted in descending order such that µ1 ≥ µ2 ≥ · · · ≥ µn.

Lemma 26. The term HMILK(θ∗) = cH(ST )2 for a constant c where H(ST )2 is the complexity parameter of
the (ST )2 algorithm from (Mason et al., 2020).

In particular, (Mason et al., 2020) show in Theorem 4.1 that a complexity of H(ST )2 is optimal up to
logarithmic factors for any fixed δ via a moderate confidence bound. This exceeds the lower bound given in
Theorem 8 specialized to this case. In particular, this highlights that the lower bound given in Theorem 8 is
not achievable except possibly as δ → 0. Instead, we show that MILK achieves the optimal non-asymptotic
sample complexity for finding all ϵ-good arms.

Proof of Lemma 26. First, we recall some notation from (Mason et al., 2020) necessary for this lemma. Let
α̃ϵ = mini∈Gϵ µi − (1− ϵ)µ1 and let β̃ϵ = mini∈Gc

ϵ
(1− ϵ)µ1 − µi. For brevity, we let k = argmini∈Gϵ µi

and k + 1 = argmaxi∈Gc
ϵ
µi where we take n > k. If this condition does not hold the same argument

as below suffices ignoring all terms in Gcϵ. Hence we have that µk
1−ϵ = µ1 +

α̃ϵ
1−ϵ and µk+1

1−ϵ = µ1 − β̃ϵ
1−ϵ .

Furthermore, (Mason et al., 2020) restrict to the case of ϵ ∈ [1/2, 1).
We begin by lower bounding the complexity parameter HMILK(θ∗). We analyze the two terms given in

Theorem 9, HMILK1 and HMILK2 separately. HMILK1 reduces to

max
ei∈Gϵ

max
ej

∥ej − ei∥2A(λ)−1

(µi − (1− ϵ)µj)2
= max

ei∈Gϵ

max
ej

1/λi + 1/λj
(µi − (1− ϵ)µj)2

≥ max

{
max
ei∈Gϵ

1/λi
(µi − (1− ϵ)µ1)2

,max
ej

1/λj
( µk1−ϵ − µj)2

}

= max

{
max
ei∈Gϵ

1/λi
(µ1 − µi − ϵ)2

,max
ej

1/λj

(µ1 +
α̃ϵ
1−ϵ − µj)2

}
where the final step follows by the definition of α̃ϵ. The penultimate step follows by first maximizing over
i ∈ Gϵ which introduces a factor of µk. Then we may multiply the denominator by (1 − ϵ)2/(1 − ϵ)2 and
upper bound (1− ϵ)2 ≤ 0.25 < 1 since ϵ ≥ 1/2 to achieve the result.

HMILK2 reduces to

max
ei∈Gc

ϵ

max
ej

∥ej − ei∥2A(λ)−1

((1− ϵ)µ1 − µi)2
= max

ei∈Gc
ϵ

max
ej

1/λi + 1/λj
((1− ϵ)µ1 − µi)2

≥ max

{
max
ei∈Gc

ϵ

1/λi
((1− ϵ)µ1 − µi)2

, max
ei∈Gc

ϵ

max
ej

1/λj
((1− ϵ)µ1 − µi)2

}
≥ max

{
max
ei∈Gc

ϵ

1/λi
((1− ϵ)µ1 − µi)2

,max
ej

1/λj
((1− ϵ)µ1 − µk+1)2

}
≥ max

{
max
ei∈Gc

ϵ

1/λi
((1− ϵ)µ1 − µi)2

,max
ej

1/λj

(µ1 − µk+1

1−ϵ )
2

}
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= max

max
ei∈Gc

ϵ

1/λi
((1− ϵ)µ1 − µi)2

,max
ej

1/λj((
µ1 − β̃ϵ

1−ϵ

)
− µ1

)2


= max

max
ei∈Gc

ϵ

1/λi
((1− ϵ)µ1 − µi)2

,max
ej

1/λj((
µ1 +

β̃ϵ
1−ϵ

)
− µ1

)2


≥ max

max
ei∈Gc

ϵ

1/λi
((1− ϵ)µ1 − µi)2

,max
ej

1/λj((
µ1 +

β̃ϵ
1−ϵ

)
− µj

)2


where the final step follows since µ1 + β̃ϵ
1−ϵ > µi∀i and µj ≤ µ1. The third inequality follows by the same

approach as taken for HMILK1 of multiplying the denominator by (1− ϵ)2/(1− ϵ)2.
Hence, we have that

H(θ∗) ≥ min
λ

max
i

max


1
λi

((1− ϵ)µ1 − µi)2
,

1
λi

(µ1 +
α̃ϵ
1−ϵ − µi)2

,
1
λi

(µ1 +
β̃ϵ
1−ϵ − µi)2

 .

Solving for λ gives

H(θ∗) ≥
n∑
i=1

max

 1

((1− ϵ)µ1 − µi)2
,

1

(µ1 +
α̃ϵ
1−ϵ − µi)2

,
1

(µ1 +
β̃ϵ
1−ϵ − µi)2

 = c1 ·H(ST )2

for a constant c1. To upper bound HMILK(θ∗), we may choose a specific λ. Choosing

λi :=
max{((1− ϵ)µ1 − µi)−2, (µ1 +

α̃ϵ
1−ϵ − µi)−2, (µ1 +

β̃ϵ
1−ϵ − µi)−2}∑

j max{((1− ϵ)µ1 − µj)−2, (µ1 +
α̃ϵ
1−ϵ − µj)−2, (µ1 +

β̃ϵ
1−ϵ − µj)−2}

,

a similar computation shows that HMILK(θ∗) ≤ c2H(ST )2 for a constant c2.

B.4.3 Upper Bound

First we restate Theorem 9 bounding the sample complexity of MILK.

Theorem 22. Fix δ > 0, threshold α > 0, tolerance β̃, and regularization γ > 0. Define the quantities
∆Above

min (ϵ) = minx∈Gϵ minx′ θ⊤∗ (ϕ(x)−(1−ϵ)ϕ(x′)) and ∆Below
min (ϵ) = minx∈Gc

ϵ
maxx′:(ϕ(x)−(1−ϵ)ϕ(x′))⊤θ∗<0(ϕ(x)−

(1− ϵ)ϕ(x′))⊤θ∗, and ∆min = min
{
∆Above

min (ϵ),∆Below
min (ϵ)

}
. Define also

β̄(ϵ) = min{β > 0 : 4(
√
γ∥θ∗∥+ h)(2 +

√
f(X , {y ∈ Yϵ(X × X ) : |y⊤θ∗| ≤ β} ; γ)) ≤ β}.

With probability 1− δ, MILK returns a set R̂ = (X \ B̂t) at a time Tδ such that

{x ∈ X : f(x) ≥ (1− ϵ)f(x∗) + β̄(ϵ)} ⊆ R̂ ⊆ {x ∈ X : f(x) ≥ (1− ϵ)f(x∗)− β̃ − β̄(ϵ)}
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and for any α, β̃ such that max(∆min(ϵ), β̃) ≥ β̄(ϵ)

Tδ ≤256(B2 + σ2)HMILK(θ∗) log

(
4|X |2⌈log2(4(∆min(ϵ) ∨ β̃)−1)⌉2

δ

)
+ 2 log

( |X |
δ

)
⌈log2(4(∆min(ϵ) ∨ β̃)−1)⌉

for a sufficiently large constant c where HMILK(θ∗) = minλ∈△X max
{
HMILK1
λ (θ∗), H

MILK2
λ (θ∗)

}
and

HMILK1
λ (θ∗) := max

x∈Gϵ

max
x′∈X

∥ϕ(x)− (1− ϵ)ϕ(x′)∥2(A(λ)+γI)−1

max{((ϕ(x)− (1− ϵ)ϕ(x′))⊤θ∗)2, β̃2}

HMILK2
λ (θ∗) := max

x∈Gc
ϵ

max
x′

∥ϕ(x)− (1− ϵ)ϕ(x′)∥2(A(λ)+γI)−1

max{((ϕ(x)− (1− ϵ)ϕ(x∗))⊤θ∗)2, β̃2}
.

Now we show a high probability concentration result that we will use for the remainder of this section.

Lemma 27. For any V ⊂ Yϵ(X×X ) define f(X ,V; γ) = minλ∈△X maxv∈V ∥v∥2(∑x∈X λxϕ(x)ϕ(x)⊤+γI)−1 .
In each round t, define the event

Et = {|yT (θ̂t − θ∗)| ≤ 2−t + (
√
γ∥θ∗∥+ h)

√
f(X ,Yϵ(Yϵ(At)); γ) ∀ y ∈ Yϵ(At)}

Holds P(
⋃∞
t=1 Ect ) ≤ δ.

Proof. Using Theorem 6, for any y ∈ Yϵ(At) we have that with probability at least 1− δt/|X |2

|yT (θ̂t − θ∗)| ≤ ∥y∥(∑x∈X λxϕ(x)ϕ(x)T+γI)
−1

(√
γ∥θ∗∥+ h+ c

√
(B2+σ2)

Nt
log(2t2|X |2/δ)

)
≤
√
f(X ,Yϵ(At); γ)

(√
γ∥θ∗∥+ h+ 2−t/

√
f(X ,Yϵ(At); γ)

)
≤ 2−t + (

√
γ∥θ∗∥+ h)

√
f(X ,Yϵ(At); γ)

Since |Yϵ(At)| ≤ |X |2, Et holds for all y ∈ Yϵ(At) with probability 1 − δt via a union bound. Taking a
second union bound over rounds, we have that

P

( ∞⋃
t=1

Ect

)
≤

∞∑
t=1

P(Ect ) ≤
∞∑
t=1

δt =

∞∑
t=1

δ

2t2
≤ δ

Define

t̄ = max{t : (√γ∥θ∗∥2 + h)(2 +
√
f(X , {y ∈ Yϵ(X × X ) : |yT θ∗| ≤ 2−t+2} ; γ)) ≤ 2−t}.

As we will see in Lemmas 30 and 31,

Yϵ(At) ⊂
{
y ∈ Yϵ(X × X ) : |yT θ∗| ≤ 2−t+1

}
.

Thus for t ≤ t̄, holds on
⋂
t Et that

∀y ∈ Yϵ(At) , |yT (θ̂t − θ∗)| ≤ 2 · 2−t.
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Lemma 28. On
⋂
t Et, when t ≤ t̄ holds Ĝt ⊂ Gϕϵ := {x : (ϕ(x)− (1− ϵ)ϕ(x′))T θ∗ > 0 ∀ x′ ∈ X}.

Proof.

x ∈ Ĝt ⇐⇒ ∀x′ ∃tx′ ≤ t̄ : (ϕ(x)− (1− ϵ)ϕ(x′))T θ̂tx′ ≥ 2 · 2−tx′

⇐⇒ ∀x′ ∃tx′ ≤ t̄ : (ϕ(x)− (1− ϵ)ϕ(x′))T (θ̂tx′ − θ∗) + (ϕ(x)− (1− ϵ)ϕ(x′))T θ∗ ≥ 2 · 2−tx′⋂
t Et=⇒ ∀x′ : (ϕ(x)− (1− ϵ)ϕ(x′))T θ∗ > 0

⇐⇒ x ∈ Gϕϵ .

Lemma 29. On
⋂
t Et, when t ≤ t̄ holds B̂t ⊂ (Gϕϵ )c.

Proof.

x ∈ B̂t ⇐⇒ ∃x′, tx′ ≤ t̄ : (ϕ(x)− (1− ϵ)ϕ(x′))T θ̂t ≤ −2 · 2−tx′

⇐⇒ ∃x′, tx′ ≤ t̄ : (ϕ(x)− (1− ϵ)ϕ(x′))T (θ̂t − θ∗) + (ϕ(x)− (1− ϵ)ϕ(x′))T θ∗ ≤ −2 · 2−tx′⋂
t Et=⇒ ∃x′ : (ϕ(x)− (1− ϵ)ϕ(x′))T θ∗ > ϵ

⇐⇒ x ∈ (Gϕϵ )
c.

Lemma 30. On the event
⋂
t Et for t ≤ t̄,

{(x,x′) : (x,x′),x ∈ Gϕϵ } ⊂
{
(x,x′)

∣∣∣∣|(ϕ(x)− (1− ϵ)ϕ(x′))T θ∗| ≤ 2−t+2

}
=: SAbove

t

Proof. On
⋂
t Et for t ≤ t̄, for any y ∈ At

|yT θ̂t| ≥ |yT θ∗| − |yT (θ̂t − θ∗)|
Et≥ |yT θ∗| − 2 · 2−t.

For y such that |yT θ∗| ≥ 2 · 2−t+1, the above implies that

|yT θ̂t| ≥ 2 · 2−t.

By the elimination condition, this implies that y is removed from At. Hence

At+1 ⊂
{
y ∈ Y(X ) : |yT θ∗ − ϵ| ≤ 2 · 2−t+1

}
.

Specializing this argument to {(x,x′) : (x,x′),x ∈ Gϕϵ } ⊂ At completes the proof.

Lemma 31. On the event
⋂
t Et for t ≤ t̄,

{(x,x′) : (x,x′),x ∈ (Gϕϵ )
c} ⊂

{
(x,x′)

∣∣∣∣|(ϕ(x)− (1− ϵ)ϕ(x′))T θ∗ − ϵ| ≤ 2−t+2

and {(ϕ(x)− (1− ϵ)ϕ(x∗))
T θ∗} ≥ −2−t+2

}
=: SBelow

t
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Proof. The guarantee that |(ϕ(x) − (1 − ϵ)ϕ(x′))T θ∗ − ϵ| ≤ 2−t+2 for any (x,x′) ∈ At follows by the
same argument as Lemma 30. For the additional statement, that (ϕ(x)− (1− ϵ)ϕ(x∗))

T θ∗ ≥ −2−t+2, note
that if

(ϕ(x)− (1− ϵ)ϕ(x∗))
T θ̂t ≤ −2−t+1

then the pair (x,x∗) is eliminated from At. If

(ϕ(x)− (1− ϵ)ϕ(x∗))
T θ̂t ≤ −2−t+2,

then using this and the event
⋂
t Et

(ϕ(x)− (1− ϵ)ϕ(x∗))
T θ̂t = (ϕ(x)− (1− ϵ)ϕ(x∗))

T (θ̂t − θ∗) + (1− ϵ)ϕ(x∗))
T θ∗ ≤ −2−t+1.

Hence, the only pairs (x,x∗) that remain inAt where x∗ ∈ (Gϕϵ )c are such that (ϕ(x)−(1−ϵ)ϕ(x∗))
T θ∗} ≥

−2−t+2. We conclude by noting that the above argument for x∗ could be repeated for any x′ such that
(ϕ(x)− (1− ϵ)ϕ(x′))T θ∗ < 0.

Remark: Lemmas 30 and 31 jointly imply that At ⊂ SAbove
t ∪ SBelow

t =: St for t ≤ t̄. Furthermore,
f(X ,Yϵ(At), γ) ≤ f(X ,Yϵ(St), γ).

Remark:
The algorithm stops on either of two conditions. On one hand if t ≥ ⌈log2(4/β̃)⌉ =: tβ , then it has achieved
precision β̃ as desired and it terminates. Otherwise, it terminates if Ĝt ∪ B̂t = X . This occurs when β̃ is
very small. Define the quantities ∆Above

min (ϵ) = minx∈Gϵ minx′ θ⊤∗ (ϕ(x) − (1 − ϵ)ϕ(x′)) and ∆Below
min (ϵ) =

minx∈Gc
ϵ
maxx′:(ϕ(x)−(1−ϵ)ϕ(x′))⊤θ∗<0(ϕ(x)−(1−ϵ)ϕ(x′))⊤θ∗, and ∆min(ϵ) = min

{
∆Above

min (ϵ),∆Below
min (ϵ)

}
.

Recall

t̄ = max{t : (√γ∥θ∗∥2 + h)(2 +
√
f(X , {y ∈ Yϵ(X × X ) : |yT θ∗| ≤ 4 · 2−t} ; γ)) ≤ 2−t}

= max{t : 4(√γ∥θ∗∥2 + h)(2 +
√
f(X , {y ∈ Yϵ(X × X ) : |yT θ∗| ≤ 4 · 2−t} ; γ)) ≤ 4 · 2−t}

= −2 + max{t : 4(√γ∥θ∗∥2 + h)(2 +
√
f(X , {y ∈ Yϵ(X × X ) : |yT θ∗| ≤ 2−t} ; γ)) ≤ 2−t}

= −3 + log2(min{β > 0 : 4(
√
γ∥θ∗∥2 + h)(2 +

√
f(X , {y ∈ Yϵ(X × X ) : |yT θ∗| ≤ β} ; γ)) ≤ β}).

This defines

β̄(ϵ) = min{β > 0 : 4(
√
γ∥θ∗∥2 + h)(2 +

√
f(X , {y ∈ Yϵ(X × X ) : |yT θ∗| ≤ β} ; γ)) ≤ β}.

Let tmax denote the random variable of the last round before the algorithm terminates. The following
Lemmas give a guarantee on the set X \ B̂t at termination.

Lemma 32. On the event
⋂∞
t=1 Et, MILK returns a set (X \ B̂tmax) such that {x : f(x) > (1− ϵ)f(x∗) +

β̄(ϵ)} ⊂ (X \ B̂tmax).

Proof. Take any x such that f(x) > (1−ϵ)f(x∗)+β̄(α) and recall that by assumption |f(x)−ϕ(x)T θ∗| ≤
h for all x ∈ X . We consider two cases. In the first case, assume that tmax ≤ t̄. We claim that in this case
̸ ∃t such that x ∈ B̂t. We prove this by contradiction. Assume not. Then ∃t and a x′ such that

θ̂Tt (ϕ(x)− (1− ϵ)ϕ(x′)) < −2−t+1
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⇐⇒ (ϕ(x)− (1− ϵ)ϕ(x′))T (θ̂t − θ∗) + (ϕ(x)− (1− ϵ)ϕ(x′))T θ∗ < −2−t+1

Et,tmax≤t̄
=⇒ −2−t+1 + (ϕ(x)− (1− ϵ)ϕ(x′))θ∗ < −2−t+1

⇐⇒ (ϕ(x)− (1− ϵ)ϕ(x′))θ∗ < 0

=⇒ f(x)− (1− ϵ)f(x′) < h+ (1− ϵ)h

Recall that we have assumed that f(x) > (1 − ϵ)f(x∗) + β̄(α) and β̄(ϵ) > 4h by definition. Hence, this
implies that

(1− ϵ)f(x∗)− (1− ϵ)f(x′) < h+ (1− ϵ)h− β̄(α) < 0

which is a contradiction since f(x∗) ≥ f(x′) by definition. Hence, we have shown in the case that tmax ≤ t̄,
{x : f(x) > (1− ϵ)f(x∗) + β̄(ϵ)} ⊂ (X \ B̂tmax).

In the second case, assume that tmax > t̄ and take x such that f(x) > (1− ϵ)f(x∗) + β̄(α). We claim
that x ∈ Ĝt̄ and hence (x,x′) ̸∈ At for any t > t̄ and thus x is never added to B̂t. This occurs if for every
ϕ(x′)

(ϕ(x)− (1− ϵ)ϕ(x′))T θ̂t̄ > 2−t̄+1

⇐⇒ (ϕ(x)− (1− ϵ)ϕ(x′))T (θ̂t̄ − θ∗) + (ϕ(x)− (1− ϵ)ϕ(x′))T θ∗ > 2−t̄+1

Et̄⇐= −2−t̄+1 + (ϕ(x)− (1− ϵ)ϕ(x′))T θ∗ ≥ 2−t̄+1

⇐⇒ (ϕ(x)− (1− ϵ)ϕ(x′))T θ∗ ≥ 2−t̄+2

⇐⇒ (ϕ(x)− (1− ϵ)ϕ(x′))T θ∗ ≥ 0.5β̄(ϵ)

⇐= f(x)− (1− ϵ)f(x′) ≥ 0.5β̄(ϵ) + h+ (1− ϵ)h

where the penultimate step follows by definition of β̄(ϵ). Recall that f(x) > (1− ϵ)f(x∗) + β̄(α). Hence,
the above is implied by

(1− ϵ)f(x∗) + β̄(α)− (1− ϵ)f(x′) ≥ 0.5β̄(ϵ) + h+ (1− ϵ)h
⇐= β̄(ϵ) ≥ 0.5β̄(ϵ) + h+ (1− ϵ)h

where the final step follows by noting that f(x∗) ≥ f(x′) for any x′. The final statement is true since β̄(ϵ)
and thus implies the claim. Therefore, we have shown that x ∈ Ĝt̄ and is therefore not added to B̂t in a later
round. These two cases together complete the proof.

Lemma 33. On the event
⋂∞
t=1 Et, MILK returns a set (X \ B̂tmax) such that (X \ B̂tmax) ⊂ {x : f(x) >

(1− ϵ)f(x∗)− β̄(ϵ)− β̃}.

Proof. Take any x such that f(x) < (1− ϵ)f(x∗)− β̄(ϵ)− β̃. We claim that there exists a t ≤ tmax such
that x is added to B̂t which implies that x ̸∈ (X \ B̂tmax). Suppose for contradiction that this is not the case.
Then for all t ≤ tmax,

θ̂Tt (ϕ(x)− (1− ϵ)ϕ(x∗)) > −2−t+1

⇐⇒ (ϕ(x)− (1− ϵ)ϕ(x∗))
T (θ̂t − θ∗) + (ϕ(x)− (1− ϵ)ϕ(x∗))

T θ∗ > −2−t+1

Et=⇒ 2−t + (
√
γ∥θ∗∥+ h)

√
f(X ,At; γ) + (ϕ(x)− (1− ϵ)ϕ(x∗))

T θ∗ > −2−t+1

=⇒ (
√
γ∥θ∗∥+ h)

√
f(X ,At; γ) + f(x)− (1− ϵ)f(x∗) + h+ (1− ϵ)h > −2−t+1 − 2−t
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=⇒ f(x)− (1− ϵ)f(x∗) > −2−t+1 − 2−t − h− (1− ϵ)h− (
√
γ∥θ∗∥+ h)

√
f(X ,St; γ).

Plugging in f(x) < (1− ϵ)f(x∗)− β̄(ϵ)− β̃, the above implies

β̄(ϵ) + β̃ < 2−t+1 + 2−t + h+ (1− ϵ)h+ (
√
γ∥θ∗∥+ h)

√
f(X ,St; γ) (B.2)

Next, recall that MILK terminates either on the condition that t = ⌈log2(4/β̃)⌉ or that Ĝt ∪ B̂t = X . Using
this, we brake our analysis into cases.

Case 1: tmax = ⌈log2(4/β̃)⌉ ≤ t̄.
In this case, MILK stops due to the β̃ tolerance in a round before t̄. For t ≤ t̄, we have that 2−t ≥

+
(√
γ∥θ∗∥+ h

)√
f(X ,St; γ). Hence, the above implies that

β̄(α) + β̃ < 2−t+2 + h+ (1− ϵ)h.

As we have assumed this condition for all t ≤ tmax, we may plug in tmax which implies

β̄(α) + β̃ < β̃ + h+ (1− ϵ)h.

As β̄(α) > 4h, this is a contradiction. Hence there must exist a t such that x ∈ B̂t.
Case 2: tmax ≤ t̄ < ⌈log2(4/β̃)⌉.
In this case, MILK terminates before round t = ⌈log2(4/β̃)⌉. Hence, it does so on the condition that

Ĝt ∪ B̂t = X . Note that for f(x) < α− β̄(α)− β̃, we have that x ∈ (Gϕα)c since β̄(α) > h and β̃ ≥ 0. If
we terminate before round t̄, we have by Lemma 29 that (Gϕα)c ⊂ B̂t which implies that x ∈ B̂tmax . This
contradicts the assumption that ̸ ∃t : x ∈ B̂t.

Case 3: t̄ < tmax.
In this case, MILK terminates at a round after t̄. In this setting, we argue that x ∈ B̂t̄. Recall that for

any t ≤ t̄, (B.2) simplifies to

β̄(α) + β̃ < 2−t+2 + h+ (1− ϵ)h.

Plugging in t̄, and noting that 2−t̄+2 = 1
2 β̄(α), the above implies

β̄(α) + β̃ <
1

2
β̄(α) + h+ (1− ϵ)h.

Noting that β̄(α) > 4h, shows that the above is a contradiction. Hence, there exists a t ≤ t̄ such that
x ∈ B̂t.

Therefore, in all cases we have shown that for any x such that f(x) < α− β̄(α)− β̃, x ∈ B̂t. Therefore,
for the returned set X \ B̂tmax , we have that

(X \ B̂tmax) ⊂ {x : f(x) > α− β̄(α)− β̃}.

Proof of Theorem 9. Throughout, assume the high probability event
⋂
T Et. By Lemmas 32 and 33 in

conjunction with the high probability event
⋂ Et we have correctness. It remains to control the sam-

ple complexity of MILK. Recall that we have assumed that max(∆min(ϵ), β̃) ≥ β̄(ϵ). This implies that
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min{⌈log2(4/∆min(ϵ))⌉, ⌈log2(4/β̃)⌉} ≤ t̄. Applying Lemmas 30 and 31, we have that tmax ≤ min{⌈log2(4/∆min(ϵ))⌉, ⌈log2(4/β̃)⌉} ≤
t̄ and that At ⊆ St for all rounds t. Now we proceed by bounding the total number of samples drawn.

τ ≤
tmax∑
t=1

Nt

≤
min{⌈log2(4/∆min(ϵ))⌉,⌈log2(4/β̃)⌉}∑

t=1

Nt

=

⌈log2(4(∆min(ϵ)∨β̃)−1)⌉∑
t=1

Nt

=

⌈log2(4(∆min(ϵ)∨β̃)−1)⌉∑
t=1

max
{
c1 log(|X |/δ), c222tf(Yϵ(At); γ)(B2 + σ2) log(2t2|X |2/δ)

}
≤ c1 log(|X |/δ)⌈log2(4(∆min(ϵ) ∨ β̃)−1)⌉+ c2(B2 + σ2)

⌈log2(4(∆min(ϵ)∨β̃)−1)⌉∑
t=1

22tf(Yϵ(At); γ) · log(2t2|X |2/δ)

= c1 log(|X |/δ)⌈log2(4(∆min(ϵ) ∨ β̃)−1)⌉+

c2(B2 + σ2)

⌈log2(4(∆min(ϵ)∨β̃)−1)⌉∑
t=1

22t min
λ∈△X

max
y∈Yϵ(At)

∥y∥2
(A(λ)+γI)−1 · log(2t2|X |2/δ)

≤ c1 log(|X |/δ)⌈log2(4(∆min(ϵ) ∨ β̃)−1)⌉+

c2(B2 + σ2) log

(
4|X |2⌈log2(4(∆min(ϵ) ∨ β̃)−1)⌉2

δ

)

·
⌈log2(4(∆min(ϵ)∨β̃)−1)⌉∑

t=1

22t min
λ∈△X

max
y∈Yϵ(At)

∥y∥2
(A(λ)+γI)−1

≤ c1 log(|X |/δ)⌈log2(4(∆min(ϵ) ∨ β̃)−1)⌉+

c2(B2 + σ2) log

(
4|X |2⌈log2(4(∆min(ϵ) ∨ β̃)−1)⌉2

δ

)

·
⌈log2(4(∆min(ϵ)∨β̃)−1)⌉∑

t=1

22t min
λ∈△X

max
y∈Yϵ(St)

∥y∥2
(A(λ)+γI)−1

= c1 log(|X |/δ)⌈log2(4(∆min(ϵ) ∨ β̃)−1)⌉+

c2(B2 + σ2) log

(
4|X |2⌈log2(4(∆min(ϵ) ∨ β̃)−1)⌉2

δ

)

·
⌈log2(4(∆min(ϵ)∨β̃)−1)⌉∑

t=1

min
λ∈△X

max

{
22t max

y∈Yϵ(SAbove
t )

∥y∥2
(A(λ)+γI)−1 , 2

2t max
y∈Yϵ(SBelow

t )
∥y∥2

(A(λ)+γI)−1

}
.

where the final equality follows by partitioning St = SAbove
t ∪ SBelow

t .
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Focusing on this final summation, note that

1

⌈log2(4(∆min(ϵ) ∨ β̃)−1)⌉

⌈log2(4(∆min(ϵ)∨β̃)−1)⌉∑
t=1

22t min
λ∈△X

max

{
max

y∈SAbove
t

∥y∥2(A(λ)+γI)−1 , max
y∈SBelow

t

∥y∥2(A(λ)+γI)−1

}

≤ max
t≤⌈log2(4(∆min(ϵ)∨β̃)−1)⌉

min
λ∈△X

22tmax

{
max

y∈SAbove
t

∥y∥2(A(λ)+γI)−1 , max
y∈SBelow

t

∥y∥2(A(λ)+γI)−1

}

≤ min
λ∈△X

max
t≤⌈log2(4(∆min(ϵ)∨β̃)−1)⌉

max

{
max

y∈SAbove
t

22t∥y∥2(A(λ)+γI)−1 , max
y∈SBelow

t

22t∥y∥2(A(λ)+γI)−1

}

= min
λ∈△X

max
t≤⌈log2(4(∆min(ϵ)∨β̃)−1)⌉

max

{
max

(x,x′)∈SAbove
t

22t∥ϕ(x)− (1− ϵ)ϕ(x′)∥2(A(λ)+γI)−1 ,

max
(x,x′)∈SBelow

t

22t∥ϕ(x)− (1− ϵ)ϕ(x′)∥2(A(λ)+γI)−1

}
Lemmas 30, 31,β̃

≤ 16 min
λ∈△X

max
t≤⌈log2(4(∆min(ϵ)∨β̃)−1)⌉

max

{
max

(x,x′)∈SAbove
t

∥ϕ(x)− (1− ϵ)ϕ(x′)∥2(A(λ)+γI)−1

max{((ϕ(x)− (1− ϵ)ϕ(x′))T θ∗)2, β̃2}
,

max
(x,x′)∈SBelow

t

∥ϕ(x)− (1− ϵ)ϕ(x′)∥2(A(λ)+γI)−1

max{((ϕ(x)− (1− ϵ)ϕ(x∗))T θ∗ − ϵ)2, β̃2}

}

≤ 16 min
λ∈△X

max

{
max
x∈Gϵ

max
x′

∥ϕ(x)− (1− ϵ)ϕ(x′)∥2(A(λ)+γI)−1

max{((ϕ(x)− (1− ϵ)ϕ(x′))T θ∗)2, β̃2}
,

max
x∈Gc

ϵ

max
x′

∥ϕ(x)− (1− ϵ)ϕ(x′)∥2(A(λ)+γI)−1

max{((ϕ(x)− (1− ϵ)ϕ(x∗))T θ∗ − ϵ)2, β̃2}

}
Plugging this in with c = 4 and c1 = 2 from Theorem 20 for RIPS with the Catoni estimator completes the
proof.

B.5 Additional Experiment Details

In this section we discuss additional experimental details not covered in the main paper. We first give an
overview of the algorithms implemented in the following section. All code was written in python and run
on a 64 core cluster machine. We have included implementations of all methods and a demo file showing
how to call and run the various algorithms.

B.5.1 Algorithms Implemented

In this section we briefly discuss the algorithms implemented and the hyper-parameters used in the algo-
rithms. The algorithms implemented are s follows:

Gaussian Process Experiments For all the algorithms in this section we assumed a GP PriorN(0, k(x, x′))
where k(x, x′) was the RBF kernel given by k(x, x′) = exp(−∥x− x′∥2/2ℓ2).

At every time step we builds the confidence interval

Qt(x) :=
[
µt−1(x)± β1/2t σt−1(x)

]
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where µt−1, and σt−1 is the posterior mean and variance function over the observed points. For an observa-
tion yt at time t we define µt−1, and σt−1 as follows:

µt(x) := kt(x)
T
(
Kt + σ2I

)−1
yt

kt
(
x,x′) := k

(
x,x′)− kt(x)

T
(
Kt + σ2I

)−1
kt(x)

σ2t (x) := kt(x,x)

where, kt(x) = [k (x1,x) , . . . , k (xt,x)]
T and Kt is the kernel matrix over the observed points.

1. LSE: We implemented the LSE algorithm by (Gotovos, 2013). This algorithm maintains an active set
of unclassified points defined as Ut and the super-level set Ht and sub-level set Lt.

At every round LSE selects the most ambiguous point, where the ambiguity is defined as

at(x) = min {max (Qt(x))− α, α−min (Qt(x))}

that is, the points LSE is most unsure to classify into Ht or Lt. Note that in contrast to this approach
MELK follows the optimal allocation over the active set to select the next sample.

2. TruVar: We also implemented a modified version of TruVar(Bogunovic et al., 2016) with zero cost
and homoscedastic noise. TruVar samples in such a fashion to ensure the maximum decrease of the
posterior variance. As above, we maintain a Gaussian Process Posterior and we sample the arm

argmax
x∈X

∑
x̄∈At

σ2t (x̄)−
∑
x̄∈At

σ2t−1|x(x̄)

where σ2t−1|x(x̄) is the posterior variance of x̄ if we sample x.

3. MELK: As described in the text, we compute the means and variances of the arms using a Gaussian
posterior (identical to above) and eliminate arms when their lower/upper bound is below/above the
specified threshold τ . We implemented a batched sampling algorithm where we compute the design

min
λ∈X

max
z∈At

∥z∥2(A(λ)+γI)−2

ever 10 samples and then sample from it. At the i-th calculation, γ = 1/(10 ∗ i). We also use
the Frank-Wolfe method to compute the optimal allocation over the active set before every round as
described in Section B.6. We set the step-size of Frank-Wolfe method as 1 and cap the maximum
number of iteration to converge for Frank-Wolfe to 500.

Linear Bandits Examples
Additionally, we also consider comparing algorithms exactly as written using theoretically justified con-

fidence widths in all cases. This presents a challenge as MELK and MILK are designed for the frequentist
regime and LSE and TruVar are Bayesian in nature. To level the playing field, we consider all algo-
rithms in the frequentist regime. For this experiment, we focused primarily on comparing MELK to LSE and
MILK to LSE-imp LSE can naturally be adapted to the frequentist setting with the tight RKHS confidence
bounds from (Chowdhury and Gopalan, 2017). These bounds scale with the maximum information gain
ΓT . To make the comparison fair, we consider all algorithms in the linear regime where ΓT = O(d log(T )).
By contrast, for the squared exponential kernel, ΓT = O

(
log(T )d

)
, and this leads to overly pessimistic
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confidence widths preventing a meaningful comparison of the algorithms. Indeed, even for moderate d such
as d = 4, LSE had confidence widths that were more that an order of magnitude wider for the squared
exponential kernel. Hence, we focus on the case of the linear kernel for our experimental comparison where
the differences are not so stark. Below, we describe all algorithms in this regime.

LSE follows the same acquisition function described in the previous section. We provide additional
details about MELK, MILK, and LSE-imp in this setting.

1. MELK: We implement the MELK algorithm as defined in Algorithm 3.1. Recall that |f(x)| ≤ B,
and for the experiments we set B = 1. We set the confidence parameter δ = 0.1, the regularization
parameter γ = 1e − 7. Note that we use the original confidence width of (B2 + σ2) log(2t2|X |2/δ)
as stated in our algorithm, where σ2 is the noise parameter specific to the environment. We also use
the Frank-Wolfe method to compute the optimal allocation over the active set before every round. We
set the step-size of Frank-Wolfe method as 0.5 and cap the maximum number of iteration to converge
for Frank-Wolfe to 2000.

2. LSE-imp: We implement the LSE-Implicit algorithm as stated in (Gotovos, 2013). LSE-Implicit
proceeds quite similarly to LSE by constructing the confidence region Ct(x) (as defined above) and
classifying points to the sub-level set Lt or super-level set Ht. We set the confidence width as in
LSE for calculating the confidence region. Note that LSE-Implicit works in the implicit level set
estimation setting and so constructs an estimate of the function maximum to classify points into Ht

or Lt. It builds an optimistic and pessimistic estimate of the function maximum as

foptt := max
x∈Ut

max (Ct(x)) , f
pes
t = max

x∈Ut

min (Ct(x))

respectively. A point x is classified into Ht if min (Ct(x)) ≥ (1 − ϵ)foptt or classified into Lt if
max (Ct(x)) ≤ (1 − ϵ)fpest . Finally, LSE-Implicit selects the next point with the largest confidence
region width, defined as follows:

wt(x) = max (Ct(x))−min (Ct(x))

such that this leads to more exploration. Again, note that in contrast MILK in Algorithm 3.2 uses the
optimal allocation proportion over the active set to sample the next point.

3. MILK: We implement the MILK algorithm as stated in Algorithm 3.2. Note that MILK proceeds as
similarly to MELK but with the allocation calculated over the difference of vectors Yϵ(A) over the
active set and a different elimination condition depending on ϵ. For MILK we set a similar hyper-
parameters like MELK. We set the confidence parameter δ = 0.1, the regularization parameter γ =
1e − 7, and the confidence width of (B2 + σ2) log(2t2|X |2/δ). We use the Frank-Wolfe method
to compute the optimal allocation over the active set of points and set the step-size of Frank-Wolfe
method as 0.5 and cap the maximum number of iteration to converge for Frank-Wolfe to 2000. Note
that we set ϵ depending on specific environment setting.

B.5.2 Additional Experiments

All experiments were done with 25 repetitions. We consider the f1-scores on three environments considered
below.
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Figure B.1: f drawn randomly from a squared exponential kernel N(0, k(x,x′)). σ denotes the standard
deviation of the noise and ℓ denotes the bandwidth of the kernel (i.e., k(x,y) = exp(−∥x− y∥/2ℓ2)).

Figure B.2: f(x) = cos(8πx). σ denotes the standard deviation of the noise and ℓ denotes the bandwidth
of the kernel (i.e., k(x,y) = exp(−∥x− y∥/2ℓ2)).
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Figure B.3: f(x, y) = cos(2πx) sin(2πy). σ denotes the standard deviation of the noise and ℓ denotes the
bandwidth of the kernel (i.e., k(x,y) = exp(−∥x− y∥/2ℓ2)).

Linear Examples with true confidence widths
Finally we compare the performance of the methods using exact confidence widths.

(a) Linear, explicit (b) Linear, Implicit

Figure B.4: Comparison of algorithms using theoretically justified confidence widths on a linear bandit
setting.

For the Linear kernel experiments in Figures B.4a and B.4b, we run all algorithms with exact confidence
intervals as specified by theoretical guarantees and use the theoretical upper bound on information gain γT
shown in (Srinivas et al., 2009) for the confidence widths from (Valko et al., 2013) needed for LSE. We
compare the methods on a benchmark example from the linear bandits literature. For x1, · · · ,xn ∈ Rd, we
take x1 = x∗ = θ∗ = e1 and x2 = e2. The remaining x3, · · · ,xn are set so that their first two coordinates
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are cos(π/4(1+ξ))e1 and sin(π/4(1+ξ))e2 for ξ ∼ Unif(−.2, .2). We set the threshold α = 0.5, n = 100,
and d = 25. Figure B.4a shows that MELK outperforms LSE when both algorithms are run with their exact
confidence widths.

In the implicit setting, this example is especially informative and highlights the importance of designing
to choose which arms to sample. Though it is far below α, sampling arm x2 provides the most information
about which arms exceed the implicit threshold. Indeed, we see in B.4b that both MILK greatly outperforms
LSE-imp respectively.

B.6 Reducing Experimental Design in an RKHS to a finite dimensional op-
timization

In this section we describe the use of the kernel trick and Frank-Wolfe to compute the design

f(λ) = min
λ∈△X

max
x∈C
∥ϕ(x)∥Aγ(λ)−1

where C ⊂ X .
Since this is a convex optimization problem on the finite dimensional simplex△X we employ the Frank-

Wolfe algorithm. Note that λt is at most t-sparse. The primary challenge is in the computation of the

Algorithm B.2. Frank-Wolfe to minimize f
Input: Arms X , iterations T

1: λ0 = e1 (first standard basis vector)
2: for x ∈ At do
3: xt ← argmaxx∈X ∥ϕ(x)∥2Aγ(λ)−1

4: gt = ∇λt−1∥ϕ(xt)∥2Aγ(λ)−1

5: jt = argmax1≤j≤|X | e
⊤
i gt

6: ηt =
1
t+2

7: λt = (1− ηt)λt−1 + ηt
return λT

gradient of f . To do so we leverage a small modification of Lemma 1 of (Camilleri et al., 2021a).

Lemma 34. Assume that λ is s-sparse and (without loss of generality) with its support corresponding to
x1, · · · , xs ∈ X . Then,

ϕ(x)⊤Aγ(λ)−1ϕ(y) =
k(x,y)

γ
− 1

γ
kλ(x)

⊤(Kλ + γIs)
−1kλ(y)

where kλ(·) ∈ Rs with [kλ(x)]i =
√
λik(xi,x) for i ≤ s and Kλ ∈ Rs×s with [Kλ]i,j =

√
λiλjk(xi,xj).

Now, identifying X with an indexing of its entries, i.e. X = {x1, · · · ,x|X |} a computation shows that

e⊤i [gt] = −(ϕ(xt)Aγ(λt)−1ϕ(xi))2

which can be computed by the above lemma. Note that computationally, the most difficult step is the
inversion of a t× t matrix at iteration t. For a small number of iterations (<2000), this is not prohibitive.
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Appendix C

Appendix for Chap. 4

C.1 Selective Sampling Lower Bound

First, we review the standard argument for best-arm identification lower bounds applied to linear bandits.
Fix θ∗ ∈ Rd and let z∗ = argmaxz∈Z⟨z, θ∗⟩. Define the set C = {θ ∈ Rd : ∃z ∈ Z s.t. ⟨θ, z − z∗⟩ ≥ 0}
as those θ in which z∗ is note the best arm under θ. We now recall the transportation lemma of (Kaufmann
et al., 2016). Under a δ-PAC strategy for finding the best arm for the bandit instance (X ,Z, θ∗), let Tx
denote the random variable which is the number of times arm x is pulled. In addition let Nθ,x denote the
reward distribution of the arm x of X , i.e. Nθ,x = N (x⊤θ, 1). Then for any δ-PAC algorithm

log(1/2.4δ) ≤ min
θ∈C

∑
x∈X

E[Tx]KL(Nθ∗,x,Nθ,x)

= min
θ∈C

∑
x∈X

E[Tx] 12∥θ∗ − θ∥2xx⊤

= min
θ∈C

1
2∥θ∗ − θ∥2(∑x∈X E[Tx]xx⊤)

≤ min
z∈Z\z∗

1
2∥θ∗ − θz(ϵ)∥2(∑x∈X E[Tx]xx⊤)

where

θz(ε) = θ∗ −
((z∗ − z)⊤θ∗ + ε)(

∑
x∈X E[Tx]xx⊤)−1(z∗ − z)⊤

(z∗ − z)⊤(
∑

x∈X E[Tx]xx⊤)−1(z∗ − z)

for some small ϵ. This is a valid choice since for all z ∈ Z \ z∗ we have (z∗− z)⊤θz(ε) = −ε < 0 and thus
θz(ε) ∈ C. A straightforward calculation shows that

∥θ∗ − θz(ϵ)∥2(∑x∈X E[Tx]xx⊤) =
(⟨z∗ − z, θ∗⟩+ ε)2

∥z∗ − z∥2(∑x∈X E[Tx]xx⊤)−1

so that after rearranging and lettering ϵ→ 0 we have that any δ-PAC algorithm satisfies

max
z∈Z\z∗

2∥z∗ − z∥2(∑x∈X E[Tx]xx⊤)−1

⟨z∗ − z, θ∗⟩2
log(1/2.4δ) ≤ 1. (C.1)

This series of steps will be applied for each bullet point of the theorem.
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C.1.1 Proof of Theorem 10, part I

We use the consequence of Lemma 19 of (Kaufmann et al., 2016). Consider a δ-PAC algorithm that sets
P (x) = 1 for all x ∈ X for all time until it exits at time U after this many unlabelled examples have been
observed. If Tx denotes the number of times x ∈ X was observed before stopping time U , then by Wald’s
identity we have that

E[Tx] = E

[ U∑
t=1

1{xt = x}
]
= ν(x)E[U ].

Plugging this into Equation C.1 and rearranging we conclude that

E[U ] ≥ max
z∈Z\z∗

2∥z∗ − z∥2(∑x∈X ν(x)xx⊤)−1

⟨z∗ − z, θ∗⟩2
log(1/2.4δ) =: ρ(ν) log(1/2.4δ)

which concludes the proof of the first bullet.

C.1.2 Proof of Theorem 10, part II

By definition, the (random) number of times we measure x is

Lx =
U∑
s=1

1{xs = x,Qs(x) = 1}

and we want to show that E[Lx] = ν(x)E
[∑U

ℓ=1 Pℓ(x)
]
. To do so, we define

Mt =

t∑
s=1

(1{xs = x,Qs(x) = 1} − ν(x)Ps(x))

It is easy to check that Pt+1 ∈ Ft := {(xs, ys, Qs)}ts=1 and that

E[Mt+1|Ft] =Mt + E[1{xs = x,Qs(x) = 1} − ν(x)Ps(x)|Ft] =Mt

Applying Doob’s equality E[MU ] = E[M0] = 0. Consequence:

E[Lx] = E

[ U∑
s=1

1{xs = x,Qs(x) = 1}
]
= ν(v)E

[ U∑
s=1

Ps(x)

]

Define α(x) :=
E[

∑U
s=1 Ps(x)]
E[U ] and note that each αx ∈ [0, 1]. Then E[Lx] = E[U ]α(x)ν(x) so applying

equation (18) of (Kaufmann et al., 2016) again, we have

log(1/2.4δ) ≤min
θ∈C

∑
x∈X

E[Lx]KL(Nθ∗,x,Nθ,x)

=min
θ∈C

∑
x∈X

E[Lx] ∥θ − θ∗∥2xx⊤/2

= min
z∈Z\z∗

⟨θ∗, z∗ − z⟩2
2∥z − z∗∥2(∑x∈X E[Lx]xx⊤)−1
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= min
z∈Z\z∗

⟨θ∗, z∗ − z⟩2
2∥z − z∗∥2(∑x∈X ν(x)α(x)xx⊤)−1

E[U ].

Rearranging, and applying the identity EX∼ν [α(X)XX⊤] =
∑

x∈X ν(x)α(x)xx
⊤, the above implies that

E[U ] ≥ max
z∈Z\z∗

2∥z − z∗∥2EX∼ν [α(X)XX⊤]−1

⟨θ∗, z∗ − z⟩2
log(1/2.4δ).

Noting that the total expected number of labels is equal to

E[L] =
∑
x∈X

E[Lx] =
∑
x∈X

E[U ]α(x)ν(x) = E[U ]EX∼ν [α(X)]

we conclude that

E[L] ≥ min
α:X→[0,1]

E[U ] EX∼ν [α(X)]

subject to E[U ] ≥ max
z∈Z\{z∗}

2∥z − z∗∥2EX∼ν [α(X)XX⊤]−1

⟨θ∗, z∗ − z⟩2
log(1/2.4δ).

The second bullet point result follows by denoting α as P and applying Proposition 4.

C.2 Selective Sampling Algorithm for Known Distribution ν

C.2.1 Proof of Theorem 11, upper bound

At each round ℓ we assume an implementation such that P̂ℓ, Σ̂P̂ℓ
←OPTIMIZEDESIGN(Zℓ, 2−ℓ, τ) returns

the solution of Equation 4.3 with ϵ = 2−ℓ, essentially. More explicitly, let ϵℓ := 2−ℓ, B < ∞ such that
maxx∈X |⟨x, θ∗⟩| ≤ B, and σ <∞ such that E[(ys − ⟨θ∗, xs⟩)2|xs] ≤ σ2. If

βδ,ℓ := 16(B2 + σ2) log(2ℓ2|Z|2/δ)

then P̂ℓ = Pℓ where

Pℓ := argminP :X→[0,1]EX∼ν [P (X)] subject to max
z,z′∈Zℓ

∥z − z′∥2EX∼ν [τP (X)XX⊤]−1

ϵ2ℓ
βδ,ℓ ≤ 1

and Σ̂
P̂ℓ

:= EX∼ν [Pℓ(X)XX⊤]
We first provide an intermediate lemma on the correctness of Algorithm 4.1 that relies on the feasibility

of Pℓ which we will show shortly.

Lemma 35. With probability at least 1−δ we have for all stages ℓ ∈ N such that Pℓ is feasible, that z∗ ∈ Zℓ
and maxz∈Zℓ

⟨z∗ − z, θ∗⟩ ≤ 4ϵℓ.

Proof. Define the event E as

E :=

∞⋂
ℓ=1

⋂
z,z′∈Zℓ

{
|⟨z − z′, θ̂ℓ − θ∗⟩| ≤ ϵℓ

}
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By Lemma 36, we know that P(E) ≥ 1 − δ. Then, the rest of the proof is the same as the one in (Fiez
et al., 2019), but we include it here for completeness. Assume that E holds. Then for any z′ ∈ Zℓ

⟨z′ − z∗, θ̂ℓ⟩ = ⟨z′ − z∗, θ̂ℓ − θ∗⟩+ ⟨z′ − z∗, θ∗⟩
= ⟨z′ − z∗, θ̂ℓ − θ∗⟩
≤ ϵℓ

so that z∗ would survive to round Zℓ+1. And for any z ∈ Zℓ such that ⟨z∗ − z, θ∗⟩ > 2ϵℓ, we have

max
z′∈Zℓ

⟨z′ − z, θ̂ℓ⟩ ≥ ⟨z∗ − z, θ̂ℓ⟩

= ⟨z∗ − z, θ̂ℓ − θ∗⟩+ ⟨z∗ − z, θ∗⟩
> −ϵℓ + 2ϵℓ

= ϵℓ

which implies this z would be kicked out. Note that this implies that maxz∈Zℓ+1
⟨z∗ − z, θ∗⟩ ≤ 2ϵℓ =

4ϵℓ+1.

We can now prove Theorem 11. AfterL := ⌈log2( 4
∆)⌉ roundsZℓ = {z∗} by the above lemma. Thus, the

total number of labels requested after L rounds is equal to L :=
∑L

ℓ=1

∑ℓτ
t=(ℓ−1)τ+1Qℓ(xt). By Freedman’s

inequality (c.f., Theorem 1 of (Beygelzimer et al., 2011)) we have that

L∑
ℓ=1

ℓτ∑
t=(ℓ−1)τ+1

Qℓ(xt) ≤ 2

L∑
ℓ=1

τEX∼ν [Pℓ(X)|Zℓ] + log(1/δ)

We can now bound the expected sample complexity of this algorithm.

L∑
ℓ=1

τEX∼ν [Pℓ(X)|Zℓ]

=

L∑
ℓ=1

[
min

P :X→[0,1]
τEX∼ν [P (X)] subject to max

z,z′∈Zℓ

∥z − z′∥2EX∼ν [τP (X)XX⊤]−1

ϵ2ℓ
βδ,ℓ ≤ 1

]
.

Using Lemma 37, we have

max
z,z′∈Zℓ

∥z − z′∥2EX∼ν [τP (X)XX⊤]−1

ϵ2ℓ
βδ,ℓ ≤ βδ,L max

z,z′∈Zℓ

∥z − z′∥2EX∼ν [τP (X)XX⊤]−1

ϵ2ℓ

≤ 64βδ,L max
z∈Z\z∗

∥z − z∗∥2EX∼ν [τP (X)XX⊤]−1

⟨z − z∗, θ∗⟩2

=: max
z∈Z\z∗

∥z − z∗∥2EX∼ν [τP (X)XX⊤]−1

⟨z − z∗, θ∗⟩2
βδ

Note that the last line also describes a condition for which a Pℓ is feasible. Indeed, at round ℓ, a suf-
ficient condition for a feasible Pℓ (i.e., the RHS ≤ 1) is if τ exceeds ρ(ν)βδ with βδ := 1024(B2 +

σ2) log(2L2|Z|2/δ) and ρ(ν) = maxz∈Z\z∗
∥z−z∗∥2EX∼ν [XX⊤]−1

⟨z−z∗,θ∗⟩2 , which holds by assumption in the theo-
rem.
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Plugging this constraint back into above we have

L∑
ℓ=1

τEX∼ν [Pℓ(X)|Zℓ]

≤
L∑
ℓ=1

[
min

P :X→[0,1]
τEX∼ν [P (X)] subject to max

z∈Z\z∗

∥z − z∗∥2EX∼ν [τP (X)XX⊤]−1

⟨z − z∗, θ∗⟩2
βδ ≤ 1

]
≤ L min

λ∈△X
ρ(λ)βδ subject to ∥λ/ν∥∞ρ(λ)βδ ≤ τ

where the last line follows by applying the reparameterization of Proposition 4.

High-probability Events

Lemma 36. We have P(E) ≥ 1− δ.

Proof. For any V ⊆ Z and z, z′ ∈ V define

Ez,z′,ℓ(V) = {|⟨z − z′, θ̂ℓ(V)− θ∗⟩| ≤ ϵℓ}

where θ̂ℓ(V) is the estimator that would be constructed by the algorithm at stage ℓ with Zℓ = V . For fixed
V ⊂ Z and ℓ ∈ N we apply Proposition 3 so that with probability at least 1 − δ

ℓ2|Z|2 we have that for any
z, z′ ∈ V

|⟨z − z′, θ̂ℓ(V)− θ∗⟩| ≤ ∥z − z′∥EX∼ν [τPℓ(X)XX⊤]−1

√
16(B2 + σ2) log(2ℓ2|Z|2/δ)

≤ ϵℓ

Noting that E :=
⋂∞
ℓ=1

⋂
z,z′∈Zℓ

Ez,z′,ℓ(Zℓ) we have

P

 ∞⋃
ℓ=1

⋃
z,z′∈Zℓ

{Ecz,z′,ℓ(Zℓ)}

 ≤ ∞∑
ℓ=1

P

 ⋃
z,z′∈Zℓ

{Ecz,z′,ℓ(Zℓ)}


=

∞∑
ℓ=1

∑
V⊆Z

P

 ⋃
z,z′∈V

{Ecz,z′,ℓ(V)},Zℓ = V


=

∞∑
ℓ=1

∑
V⊆Z

P

 ⋃
z,z′∈V

{Ecz,z′,ℓ(V)}

P(Zℓ = V)

≤
∞∑
ℓ=1

∑
V⊆Z

δ
ℓ2|Z|2

(|V|
2

)
P(Zℓ = V)

≤
∞∑
ℓ=1

∑
V⊆Z

δ
2ℓ2

P(Zℓ = V) ≤ δ
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C.2.2 Technical Lemmas

The following definition characterizes the RIPS estimator we used in Algorithm 4.1.

Definition 7. Let X1, . . . , Xn be i.i.d. random variables with mean x̄ and variance ν2. Let δ ∈ (0, 1).
We say that µ̂(X1, . . . , Xn) is a δ-robust estimator if there exist universal constants c1, c0 > 0 such that if
n ≥ c1 log(1/δ), then with probability at least 1− δ

|µ̂({Xt}nt=1)− x̄| ≤ c0
√
ν2 log(1/δ)

n
.

Examples of δ-robust estimators include the median-of-means estimator and Catoni’s estimator (Lugosi and
Mendelson, 2019). This work employs the use of the Catoni estimator which satisfies |µ̂({Xt}nt=1)− x̄| ≤√

2ν2 log(1/δ)
n−2 log(1/δ) for n > 2 log(1/δ) which leads to an optimal leading constant as n → ∞. See (Camilleri

et al., 2021a) or (Lugosi and Mendelson, 2019) for more details.

Proposition 3. Let x1, . . . , xn be drawn IID from a distribution ν. Assume that |⟨θ, xs⟩| ≤ B and E[|⟨θ, xs⟩−
ys|2] ≤ σ2. Let P : X → [0, 1] be arbitrary. Let Q(xs) ∼ Bernoulli(P (xs)) independently for all s ∈ [n].
For a given finite set V ⊂ Rd define for any v ∈ V

wv = Catoni({⟨v,EX∼ν [P (X)XX⊤]−1Q(xs)xsys⟩}ns=1).

If θ̂ = argminθmaxv
|wv−⟨θ,v⟩|

∥v∥EX∼ν [P (X)XX⊤]−1
and n ≥ 4 log(2|V|/δ), then with probability at least 1 − δ, it

holds that

|⟨v, θ̂ − θ⟩| ≤ ∥v∥EX∼ν [nP (X)XX⊤]−1

√
16(B2 + σ2) log(2|V|/δ)

Proof. Inspired by (Camilleri et al., 2021a), we note that

max
v∈V

|⟨θ̂, v⟩ − ⟨θ, v⟩|
∥v∥EX∼ν [nP (X)XX⊤]−1

= max
v∈V

|⟨θ̂, v⟩ − wv + wv − ⟨θ, v⟩|
∥v∥EX∼ν [nP (X)XX⊤]−1

≤ max
v∈V

|⟨θ̂, v⟩ − wv|
∥v∥EX∼ν [nP (X)XX⊤]−1

+max
v∈V

|wv − ⟨θ, v⟩|
∥v∥EX∼ν [nP (X)XX⊤]−1

= min
θ

max
v∈V

|⟨θ, v⟩ − wv|
∥v∥EX∼ν [nP (X)XX⊤]−1

+max
v∈V

|wv − ⟨θ, v⟩|
∥v∥EX∼ν [nP (X)XX⊤]−1

≤ 2max
v∈V

|⟨θ, v⟩ − wv|
∥v∥EX∼ν [nP (X)XX⊤]−1

So it suffices to show that each |⟨θ, v⟩ − wv| is small. We begin by fixing some v ∈ V and bounding
the variance of v⊤EX∼ν [P (X)XX⊤]−1Q(xs)xsys for any s ≤ n which is necessary to use the robust
estimator. For readability purposes, we shorten Exs∼ν,Q(xs)∼P (xs) as Exs,Q in the rest of this proof. Note
that

Varxs∼ν,Q(xs)∼P (xs)(v
⊤EX∼ν [P (X)XX⊤]−1Q(xs)xsys)

=Exs,Q[(v⊤EX∼ν [P (X)XX⊤]−1Q(xs)xsys)
2]

− Exs,Q[v⊤EX∼ν [P (X)XX⊤]−1Q(xs)xsys]
2
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which means we can drop the second term to bound the variance by

Exs,Q[
(
(v⊤EX∼ν [P (X)XX⊤]−1Q(xs)xsys

)2
]

= Exs,Q[
(
v⊤EX∼ν [P (X)XX⊤]−1Q(xs)xs(x

⊤
s θ + ξs)

)2
]

= Exs,Q[
(
v⊤EX∼ν [P (X)XX⊤]−1Q(xs)xs(x

⊤
s θ)
)2

]

+ Exs,Q[
(
v⊤EX∼ν [P (X)XX⊤]−1Q(xs)xs

)2
ξ2t ]

≤ B2Exs,Q[
(
v⊤EX∼ν [P (X)XX⊤]−1Q(xs)xs

)2
]

+ σ2Exs,Q[
(
v⊤EX∼ν [P (X)XX⊤]−1Q(xs)xs

)2
]

= Exs∼ν
[
(B2 + σ2)EQ(xs)∼P (xs)[v

⊤EX∼ν [P (X)XX⊤]−1Q(xs)xsx
⊤
s Q(xs)EX∼ν [P (X)XX⊤]−1v]

]
(i)
= Exs∼ν

[
(B2 + σ2)EQ(xs)∼P (xs)[v

⊤EX∼ν [P (X)XX⊤]−1Q(xs)xsx
⊤
s EX∼ν [P (X)XX⊤]−1v]

]
≤ Exs∼ν

[
(B2 + σ2)v⊤EX∼ν [P (X)XX⊤]−1P (xs)xsx

⊤
s EX∼ν [P (X)XX⊤]−1v]

]
,

where we used that Q(xs)
2 = Q(xs) in equality (i) above. Thus, we have

Var(v⊤EX∼ν [P (X)XX⊤]−1Q(xs)xsys)

≤(B2 + σ2)v⊤(EX∼ν [P (X)XX⊤]−1Exs∼ν [P (xs)xsx⊤s ](EX∼ν [P (X)XX⊤]−1)v

=(B2 + σ2)∥v∥2(EX∼ν [P (X)XX⊤]−1

By using the property of Catoni estimator stated in Definition 7, we have c0 =
√
2 and

|⟨θ∗, v⟩ − wv|
=|Catoni({⟨v,EX∼ν [P (X)XX⊤]−1Q(xs)xsys⟩}ns=1)− E[⟨v,EX∼ν [P (X)XX⊤]−1Q(xs)xsys⟩]|

≤
√
2

√
(Var(⟨v,EX∼ν [P (X)XX⊤]−1Q(xs)xsys⟩))

log(2δ )

n/2

(with probability at least 1− δ if n ≥ 4 log(2/δ))

≤∥v∥(EX∼ν [P (X)XX⊤]−1

√
4(B2 + σ2) log(2δ )

n

=∥v∥EX∼ν [nP (X)XX⊤]−1

√
4(B2 + σ2) log(2/δ).

Finally, the proof is complete by taking union bounding over all v ∈ V .

Lemma 37. Holds

max
z,z′∈Zℓ

∥z − z′∥2EX∼ν [τP (X)XX⊤]−1

ϵ2ℓ
≤ 64 max

z∈Z\z∗

∥z − z∗∥2EX∼ν [τP (X)XX⊤]−1

⟨z − z∗, θ∗⟩2

Proof. Let Sℓ = {z ∈ Z : ⟨z∗ − z, θ∗⟩ ≤ 4ϵℓ}. We have

max
z,z′∈Zℓ

∥z − z′∥2EX∼ν [τP (X)XX⊤]−1

ϵ2ℓ
≤ max

z,z′∈Sℓ

∥z − z′∥2EX∼ν [τP (X)XX⊤]−1

ϵ2ℓ
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= 16 max
z,z′∈Sℓ

∥z − z′∥2EX∼ν [τP (X)XX⊤]−1

(4ϵℓ)2

≤ 64max
z∈Sℓ

∥z − z∗∥2EX∼ν [τP (X)XX⊤]−1

(4ϵℓ)2

= 64 max
z∈Sℓ\z∗

∥z − z∗∥2EX∼ν [τP (X)XX⊤]−1

max{(4ϵℓ)2, ⟨z − z∗, θ∗⟩2}

≤ 64 max
z∈Z\z∗

∥z − z∗∥2EX∼ν [τP (X)XX⊤]−1

⟨z − z∗, θ∗⟩2
.

Reparameterization

Proposition 4. Fix ν ∈ △X and any λ ∈ △X . Define ∥λ/ν∥∞ = supx∈X λ(x)/ν(x) and ρ(λ) =

maxz ̸=z∗
∥z−z∗∥2EX∼λ[XX⊤]−1

⟨z∗−z,θ∗⟩2 . For any t, β ∈ R+ the following optimization problems achieve the same
value

• min
P :X→[0,1]

tEX∼ν [P (X)] subject to maxz ̸=z∗
∥z−z∗∥2EX∼ν [P (X)XX⊤]−1

⟨z∗−z,θ∗⟩2 β ≤ t

• min
λ∈△X

ρ(λ)β subject to ∥λ/ν∥∞ρ(λ)β ≤ t

Let us first prove a simple lemma.

Lemma 38. Let P denote the set of all functions P : X → [0, 1]. And for any ν ∈ △X with support X let
P ′ = {κλx/νx : λ ∈ △X , κ ≥ 0 : κλx/νx ∈ [0, 1]}. Then P = P ′.

Proof. Fix any P ∈ P . If λx = Pxνx/∥P ◦ ν∥1 and κ = ∥P ◦ ν∥1 then κλ/ν ∈ P ′ and is equal to P . This
implies P ⊆ P ′.

For the other direction, fix any λ ∈ △X and κ ≥ 0 such that κλx/νx ∈ [0, 1] for all x. If P = κλ/ν
then P ∈ P which implies P ′ ⊆ P and concludes the proof.

Proof of Proposition 4. Using the above lemma we have that

min
P :X→[0,1]

tEX∼ν [P (X)] subject to max
z ̸=z∗

∥z − z∗∥2EX∼ν [P (X)XX⊤]−1

⟨z∗ − z, θ∗⟩2
β ≤ t

is equivalent to

min
κ≥0,λ∈△X

tEX∼ν [κλ(X)/ν(X)] subject to max
z ̸=z∗

∥z − z∗∥2EX∼ν [κλ(X)/ν(X)XX⊤]−1

⟨z∗ − z, θ∗⟩2
β ≤ t

κλ(x)/ν(x) ≤ 1 ∀x ∈ X

which is equal to, after simplifying,

min
κ≥0,λ∈△X

t κ subject to max
z ̸=z∗

∥z − z∗∥2EX∼λ[XX⊤]−1

⟨z∗ − z, θ∗⟩2
β ≤ tκ
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κλ(x)/ν(x) ≤ 1 ∀x ∈ X

which is equal to

min
u≥0,λ∈△X

u subject to ρ(λ)β ≤ u

∥λ/ν∥∞ ≤
t

u
.

Note, there exists a feasible (λ, u) precisely when there exists a λ ∈ △X such that ∥λ/ν∥∞ρ(λ) ≤ t, in
which case the optimization problem is equal to

min
λ∈△X

ρ(λ)β subject to ∥λ/ν∥∞ρ(λ)β ≤ t

C.3 Analysis of the Optimization Problem

C.3.1 Proof of Theorem 13

For simplicity, we will use µ instead of µb to denote the number that controls the intensity of barrier function.
The proof relies on analyzing another function D : Rd×d⪰0 7→ R. For simplicity, first, we define

hΛ(x) = PΛ(x)− µ (log(1− PΛ(x)) + log(PΛ(x)))− PΛ(x)x
⊤Λx. (C.2)

Recall that our dual objective is D(Λ) = EX∼ν [hΛ(X)] + 1
c2ℓ

∑
y∈Yℓ

y⊤Λyy. Since the first term in

EX∼ν [hΛ(X)] only depends on Λ =
∑

y∈Yℓ
Λy, we can consider the following optimization problem.

f(Λ) = maxΛy

∑
y∈Yℓ

y⊤Λyy

subject to
∑

y∈Yℓ
Λy = Λ

Λy ⪰ 0, ∀y ∈ Yℓ.
(C.3)

Then, the alternative dual objective D(Λ) is defined as D(Λ) = EX∼ν [hΛ(X)] + 1
c2ℓ
f(Λ). We can immedi-

ately see that maximizing D(·) is equivalent to maximizing D(·). In particular, let Λ∗ ∈ argmaxΛ⪰0D(Λ)
and

(
Λ∗
y

)
y∈Yℓ

be the set of PSD matrices that solve problem (C.3) and evaluate f(Λ∗). We can see that(
Λ∗
y

)
y∈Yℓ

also maximizes D(·). Conversely, for Λ∗ =
(
Λ∗
y

)
y∈Yℓ

∈ argmaxΛy⪰0,∀yD(Λ), we also have∑
y∈Yℓ

Λ∗
y ∈ argmaxΛ⪰0D(Λ).

Further, we also define their empirical version DE and DE with extra i.i.d. samples x1, . . . , xu as

DE(Λ) =
1

u

u∑
i=1

hΛ(xi) +
1

c2ℓ

∑
y∈Yℓ

y⊤Λyy and DE(Λ) =
1

u

u∑
i=1

hΛ(xi) +
1

c2ℓ
f(Λ). (C.4)

Recall that the problem Algorithm 4.2 tries to solve is

minP EX∼ν [P (X)− µ(log(1− P (X)) + log(P (X)))]
subject to EX∼ν

[
P (X)XX⊤] ⪰ 1

c2ℓ
yy⊤, ∀y ∈ Yℓ. (C.5)

We will restate a more precise version of Theorem 13 and then prove it.
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Theorem 23. Suppose ∥x∥2 ≤ M for any x ∈ supp(ν) and Σ = EX∼ν
[
XX⊤] is invertible. Let

Λ∗ ∈ argmaxΛy⪰0,∀yD(Λ) and κ(Σ) = λmax(Σ)
λmin(Σ) be condition number. Assume ∥Λ∗∥F > 0 and de-

fine ω = minΓ∈Sd:∥Γ∥F=1 EX∼ν

[(
X⊤ΓX

)2], where Sd is the set of d × d symmetric matrices. Let

|Yℓ|C2
ℓ = 1

c2ℓ

∑
y∈Yℓ
∥y∥42.

Then, Λ∗ =
∑

y∈Yℓ
Λ∗
y is unique. Further, for any ϵ > 0 and δ > 0, suppose it holds that

µ ≤ min

{√
3κ(Σ) ∥Λ∗∥F M2

8
· 1 + ϵ

ϵ
,
4

9
∥Λ∗∥2F M4,

1

2
√
3

}

K ≥ 288κ(Σ)2 |Yℓ|3 ∥Λ∗∥4F M4(M4 + C2
ℓ ) ·

(
2 ∥Λ∗∥F M2 + 1

)4
log(6/δ)

ω2µ6
·
(
1 + ϵ

ϵ

)2

u ≥ 576κ(Σ)2 ∥Λ∗∥2F M8 ·
(
2 ∥Λ∗∥F M2 + 1

)4
log(6/δ)

ω2µ6
·
(
1 + ϵ

ϵ

)2

.

Then, with probability at least 1− δ, Algorithm 4.2 will output Λ̃ that satisfies

• y⊤EX∼ν
[
P
Λ̃
(X)XX⊤]−1

y ≤ (1 + ϵ)c2ℓ , ∀y ∈ Yℓ.

• EX∼ν
[
P
Λ̃
(X)

]
≤ EX∼ν

[
P̃ (X)

]
+ 4
√
µ, where P̃ is the optimal solution to problem (C.13).

Proof. First Bullet Point. Fix some ϵ > 0. Let Λ̂ and corresponding Λ̂ =
∑

y∈Yℓ
Λ̂y be the parameters

obtained by Algorithm 4.2 just before the re-scaling step, which means that at line 9 of Algorithm 4.2,
the assignment of Λ̂y to each y ∈ Yℓ has been optimized by solving problem (C.3). That is, we have
D(Λ̂) = D(Λ̂) and DE(Λ̂) = DE(Λ̂). Let Λ̃ and Λ̃ be the ones after the re-scaling step. Then, by
Theorem 3.13 of (Orabona, 2019), with probability at least 1− δ

3 , it holds that

D(Λ∗)−D(Λ̂) = D(Λ∗)−D(Λ̂) ≤ Reg(K) + 2
√
2K log(6/δ)

K
,

where Reg(K) is the regret of running projected stochastic gradient ascent for K steps with ηk specified in

Algorithm 4.2. Meanwhile, by Theorem 4.14 of (Orabona, 2019) also, we have Reg(K) =
√
2B2

√∑K
k=1

∑
y∈Yℓ
∥gk,y∥22,

where B =
√
|Yℓ| ∥Λ∗∥F bound the norm of Λ∗ =

(
Λ∗
y

)
y∈Yℓ

. Since gk,y =
yy⊤

c2ℓ
−PΛ̂(k)(xk)xkx

⊤
k , we can

easily get
∑

y∈Yℓ
∥gk,y∥22 ≤ 2 |Yℓ|M4 + 2

c2ℓ

∑
y∈Yℓ
∥y∥42 = 2 |Yℓ|M4 + 2 |Yℓ|C2

ℓ . Thus, we have

Reg(K) ≤ 2 |Yℓ| ∥Λ∗∥2F
√
|Yℓ|M4 + |Yℓ|C2

ℓ ·
√
K := CReg

√
K (C.6)

=⇒ D(Λ∗)−D(Λ̂) ≤ CReg + 2
√

2 log(6/δ)√
K

, (C.7)

We now consider the effect of using u i.i.d. samples in the re-scaling step. First, since re-scaling always
increases the function value, we must have DE(Λ̂) ≤ DE(Λ̃). Meanwhile, since DE(Λ̂) = DE(Λ̂), by
Lemma 44, we have DE(Λ̂) = DE(Λ̂), which together implies DE(Λ̂) ≤ DE(Λ̃).

By Lemma 39, we know that Λ∗ is unique and as long as µ ≤ 1
2
√
3
, D(Λ) is G-strongly concave with

respect to ℓ2 norm over S = {Λ ⪰ 0 : ∥Λ∥F ≤ 2 ∥Λ∗∥F }, where G is defined in Eq. (C.14). Thus, by
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Lemma 45, if K is large enough such that

D(Λ∗)−D(Λ̂) ≤ CReg + 2
√
2 log(6/δ)√
K

≤ G ∥Λ∗∥F
2

,

then
∥∥∥Λ̂− Λ∗

∥∥∥
F
≤ ∥Λ∗∥F , which implies

∥∥∥Λ̂∥∥∥
F
≤ 2 ∥Λ∗∥F . That is, Λ̂ ∈ S. Then, under this condition,

by using Lemma 42, when µ ≤ 4
9 ∥Λ∗∥F M4 and

u ≥

6κ(Σ) ∥Λ∗∥F M4
(
2 +

√
2 log(6/δ)

)
Gµ2

· 1 + ϵ

ϵ

2

, (C.8)

for Λ̃ after re-scaling, with probability at least 1− δ
3 , it holds simultaneously that∣∣∣DE(Λ̂)−D(Λ̂)

∣∣∣ ≤ Gµ2

3M2κ(Σ)
· ϵ

1 + ϵ
and

∣∣∣DE(Λ̃)−D(Λ̃)
∣∣∣ ≤ Gµ2

3M2κ(Σ)
· ϵ

1 + ϵ
(C.9)

=⇒ D(Λ∗)−D(Λ̃) ≤ D(Λ∗)−D(Λ̂) +D(Λ̂)−D(Λ̃)

≤ D(Λ∗)−D(Λ̂) +D(Λ̂)−DE(Λ̂) +DE(Λ̃)−D(Λ̃)
(Since DE(Λ̂) ≤ DE(Λ̃))

≤ CReg + 2
√

2 log(6/δ)√
K

+
2Gµ2

3M2κ(Σ)
· ϵ

1 + ϵ
. (By Eq. (C.7) and (C.9))

Since Λ̃ is a smaller re-scaling of Λ̂, we have Λ̃ ∈ S, which implies G
2

∥∥∥Λ∗ − Λ̃
∥∥∥
F
≤ D(Λ∗)−D(Λ̃) by

property of strongly concave function (Bertsekas, 2009). Therefore, by Lemma 46, to guarantee an at most
ϵ multiplicative constraint violation, it is sufficient to choose K such that

G

2

∥∥∥Λ∗ − Λ̃
∥∥∥
F
≤ D(Λ∗)−D(Λ̃)

≤ CReg + 2
√
2 log(6/δ)√
K

+
2Gµ2

3M2κ(Σ)
· ϵ

1 + ϵ

≤ min

{
4Gµ2

3M2κ(Σ)
· ϵ

1 + ϵ
,
G ∥Λ∗∥F

2

}
=

4Gµ2

3M2κ(Σ)
· ϵ

1 + ϵ
. (If µ ≤

√
3κ(Σ)∥Λ∗∥FM2

8 · 1+ϵϵ )

An algebraic rearrangement gives us

K ≥

3κ(Σ)M2
(
CReg + 2

√
2 log(6/δ)

)
2Gµ2

· 1 + ϵ

ϵ

2

. (C.10)

Second Bullet Point. We then prove the upper bound for primal objective value EX∼ν
[
P
Λ̃
(X)

]
, which

explains the reason why an extra re-scaling step is needed. Define g(s) = DE(s · Λ̃). By construction, we
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know that g(s) is maximized at s = 1 because Λ̃ = s∗ ·Λ̂, where s∗ = argmaxs∈[0,1]DE(s ·Λ̂). Therefore,
we have g′(1) ≥ 0, which in turn gives us

g′(1) =
1

c2ℓ

∑
y∈Yℓ

y⊤Λ̃yy −
1

u

u∑
i=1

P
Λ̃
(xi)x

⊤
i Λ̃xi ≥ 0.

By the concentration inequality in Lemma 42, we know that when

u ≥

2 ∥Λ∗∥F M2
(
∥Λ∗∥F M2 + µ

√
2 log(6/δ)

)
µ3/2

2

, (C.11)

with probability at least 1− δ
3 , it holds that∣∣∣∣∣EX∼ν

[
PΛ(X)X⊤ΛX

]
− 1

u

u∑
i=1

PΛ(xi)x
⊤
i Λxi

∣∣∣∣∣ ≤ √µ
=⇒ 1

c2ℓ

∑
y∈Yℓ

y⊤Λ̃yy − EX∼ν

[
P
Λ̃
(X)X⊤Λ̃X

]
+
√
µ ≥ 0. (C.12)

Now, let P̃ be the optimal solution of problem (C.13) and P̂ be the optimal solution of the same problem
with bound constraint µ ≤ P (x) ≤ 1− µ.

minP EX∼ν [P (X)]

subject to y⊤EX∼ν
[
P (X)XX⊤]−1

y ≤ c2ℓ , ∀y ∈ Yℓ,
0 ≤ P (x) ≤ 1− µ, ∀x ∈ X .

(C.13)

Then, we can notice that

EX∼ν
[
P
Λ̃
(X)

]
≤EX∼ν

[
P
Λ̃
(X)− µ(log(1− P

Λ̃
(X)) + log(P

Λ̃
(X)))

]
≤EX∼ν

[
P
Λ̃
(X)− µ(log(1− P

Λ̃
(X)) + log(P

Λ̃
(X)))

]
+

1

c2ℓ

∑
y∈Yℓ

y⊤Λ̃yy − EX∼ν

[
P
Λ̃
(X)X⊤Λ̃X

]
+
√
µ (By Eq. (C.12))

= inf
P
L(P, Λ̃) +

√
µ (By definition of Lagrangian function and how we solve for PΛ)

≤ max
Λy⪰0,∀y∈Yℓ

inf
P
L (P,Λ) +

√
µ

=EX∼ν [PΛ∗(X)− µ(log(1− PΛ∗(X)) + log(PΛ∗(X)))] +
√
µ

≤EX∼ν

[
P̂ (X)− µ log(1− P̂ (X))

]
− µ log

(
P̂ (X)

)
+
√
µ (Since P̂ is feasible to problem (C.5))

≤EX∼ν

[
P̂ (X)

]
+ 3
√
µ, (Since −a log(a) ≤ √a for a ∈ (0, 1))

≤EX∼ν

[
P̃ (X)

]
+ 4
√
µ. (Since P̂ (x) can have at most µ more contribution than P̃ )

Therefore, in summary, Suppose K and u satisfy conditions specified in Eq. (C.10), (C.8) and (C.11)

and µ ≤ min

{√
3κ(Σ)∥Λ∗∥FM2

8 · 1+ϵϵ , 49 ∥Λ∗∥2F M4, 1
2
√
3

}
, where CReg and G are defined in Eq. (C.6) and
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(C.14), respectively. Then. by applying a simple union bound, with probability at least 1 − δ, the output
of Algorithm 4.2 Λ̃ satisfies y⊤EX∼ν

[
P (X)XX⊤]−1

y ≤ (1 + ϵ)c2ℓ ,∀y ∈ Yℓ and EX∼ν
[
P
Λ̃
(X)

]
≤

EX∼ν

[
P̃ (X)

]
+ 4
√
µ.

C.3.2 Relevant Lemmas

Strong Concavity of D(Λ)

Lemma 39. As long as µ ≤ 1
2
√
3
, D(Λ) is G-strongly concave with respect to ℓ2-norm on the bounded

region S = {Λ ⪰ 0 : ∥Λ∥F ≤ 2 ∥Λ∗∥F } with coefficient

G =
µ

2 (2 ∥Λ∗∥F M2 + 1)2
· min
Γ∈Sd:∥Γ∥F=1

EX∼ν

[(
X⊤ΓX

)2]
. (C.14)

Because of this, as a corollary, Λ∗ will be unique.

Proof. By Lemma 40, since f(Λ) is concave in Λ, it is sufficient to prove that EX∼ν [hΛ(X)] is G-strongly
concave on S, where hΛ(x) is defined in Eq. (C.2). Then, we have

−∇2
ΛEX∼ν [hΛ(X)] = EX∼ν

[
dPΛ

dqΛ
(X)vec

(
XX⊤

)
vec
(
XX⊤

)⊤]
.

Since ∥x∥2 ≤ M , for any Λ ∈ S , we have qΛ(x) = x⊤Λx − 1 ≤ 2 ∥Λ∗∥F M2 + 1. By Lemma,
48, we know that if 12µ2 ≤

(
2 ∥Λ∗∥F M2 + 1

)2, which can be done by choosing µ ≤ 1
2
√
3
, we have

dPΛ
dqΛ

(x) ≥ µ

2(2∥Λ∗∥FM2+1)
2 for any x ∈ X and Λ ∈ S. Therefore, we have

−∇2
ΛEX∼ν [hΛ(X)] ⪰ γ · EX∼ν

[
vec
(
XX⊤

)
vec
(
XX⊤

)⊤]
Now, let S be the set of all d × d symmetric matrices. It is obvious that S is a subspace of the vector

space of all d× d matrices and S ⊆ S. Thus, by applying Lemma 41, we can conclude that EX∼ν [hΛ(X)]
is G-strongly concave on S with respect to ℓ2 norm and

G =
µ

2 (2 ∥Λ∗∥F M2 + 1)2
· min
Γ∈Sd:∥Γ∥F=1

vec(Γ)⊤EX∼ν

[
vec
(
XX⊤

)
vec
(
XX⊤

)⊤]
vec(Γ)

=
µ

2 (2 ∥Λ∗∥F M2 + 1)2
· min
Γ∈Sd:∥Γ∥F=1

EX∼ν

[(
X⊤ΓX

)2]
.

Thus the proof is complete.

Lemma 40. f(Λ) defined in Eq. (C.3) is concave in Λ.

Proof. To show its concavity, consider Λ(1) ⪰ 0, Λ(2) ⪰ 0 and some γ ∈ (0, 1). Let (Λ(i)
y )y∈Yℓ

be the
optimal solution obtained by evaluating f(Λ(i)) for i ∈ {1, 2}. Then, we can notice that

γf(Λ(1)) + (1− γ)f(Λ(2)) = γ
∑
y∈Yℓ

y⊤Λ(1)
y y + (1− γ)

∑
y∈Yℓ

y⊤Λ(2)
y y
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=
∑
y∈Yℓ

y⊤(γΛ(1)
y + (1− γ)Λ(2)

y )y

≤ f(γΛ(1) + (1− γ)Λ(2)).

The last inequality above holds because
∑

y∈Yℓ
Λ
(i)
y = Λ(i) for i ∈ {1, 2} and thus

∑
y∈Yℓ

(
γΛ

(1)
y + (1− γ)Λ(2)

y

)
=

γΛ(1) + (1− γ)Λ(2), which means that (γΛ(1)
y + (1− γ)Λ(2)

y )y∈Yℓ
is a feasible solution for problem (C.3)

with parameter γΛ(1) + (1− γ)Λ(2). Therefore, we can conclude that f(Λ) is concave in Λ.

Lemma 41. Let f : Rd 7→ R be a convex and twice differentiable function in Rd. If for some subspace
S ⊆ Rd, we have minw∈S:∥w∥2=1w

⊤∇2f(x)w ≥ σ > 0, ∀x ∈ S, then f is σ-strongly convex with respect
to ℓ2-norm on S.

Proof. Suppose S has dimension m and let v1, . . . , vm be a set of orthonormal basis that span S. Then, for
each x ∈ S, there exists unique z ∈ Rm such that x = V z, where V =

[
v1 . . . vm

]
. That is, there is

one-to-one correspondence between S and Rm.
Now, we define g : Rm 7→ R as g(z) = f(V z). It is easy to compute ∇2g(z) = V ⊤∇2f(V z)V . Then,

notice that for any w′ ∈ Rm such that ∥w′∥2 = 1, we have V w′ ∈ S and ∥V w′∥2 =
√
w′⊤V ⊤V w′ =√

w′⊤w′ = 1. Thus, we have

min
w′∈Rm:∥w′∥2=1

w′⊤∇2g(z)w′ = min
w′∈Rm:∥w′∥2=1

w′⊤V ⊤∇2f(V z)V w′

= min
w∈S:∥w∥2=1

w⊤∇2f(V z)w ≥ σ.

Therefore, g is σ-strongly convex with respect to ℓ2 norm. Then, for any x1, x2 ∈ S, there exists unique
z1, z2 ∈ Rm such that x1 = V z1 and x2 = V z2. Notice that ∥z1 − z2∥2 = ∥x1 − x2∥2 since V preserves
the norm. Further, by definition of strong convexity, for any α ∈ [0, 1], we have

g(αz1 + (1− α)z2) +
σ

2
α(1− α) ∥z1 − z2∥22 ≤ αg(z1) + (1− α)g(z2)

=⇒ f(αV z1 + (1− α)V z2) +
σ

2
α(1− α) ∥x1 − x2∥22 ≤ αf(V z1) + (1− α)f(V z2)

=⇒ f(αx1 + (1− α)x2) +
σ

2
α(1− α) ∥x1 − x2∥22 ≤ αf(x1) + (1− α)f(x2).

Thus, f is also σ-strongly convex with respect to ℓ2 norm on S.

Concentration Inequalities

Lemma 42. Let x1, . . . , xu ∼ ν be i.i.d. samples. If
∥∥∥Λ̂∥∥∥

F
≤ 2 ∥Λ∗∥F , ∥x∥2 ≤ M for any x ∈ X and

µ ≤ 4
9 ∥Λ∗∥2F M4, then with probability at least 1 − 2δ

3 , it holds for any Λ ∈ Θ =
{
s · Λ̂ : s ∈ [0, 1]

}
simultaneously that ∣∣∣∣∣EX∼ν [hΛ(X)]− 1

u

u∑
i=1

hΛ(xi)

∣∣∣∣∣ ≤ 2 ∥Λ∗∥F M2
(
2 +

√
2 log(6/δ)

)
√
u∣∣∣∣∣EX∼ν

[
PΛ(X)X⊤ΛX

]
− 1

u

u∑
i=1

PΛ(xi)x
⊤
i Λxi

∣∣∣∣∣ ≤ 2 ∥Λ∗∥F M2
(
∥Λ∗∥F M2 + µ

√
2 log(6/δ)

)
µ
√
u

.
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Proof. To prove the first inequality, first, notice that we have hΛ(x) = −PΛ(x)qΛ(x)−µ (log(1− PΛ(x)) + log(PΛ(x))),
where qΛ(x) = x⊤Λx− 1. Since PΛ(x), defined in Eq. (4.7), explicitly only depends on qΛ(x) instead of x
directly, we can treat hΛ as a function of qΛ and define a function class F =

{
x 7→ x⊤(s · Λ̂)x : s ∈ [0, 1]

}
.

It is well-known that if hΛ is L1-Lipschitz in qΛ and |hΛ(x)| ≤ R1 for any Λ ∈ Θ and x ∼ ν, then, with
probability at least 1− δ

3 , it holds simultaneously for all Λ ∈ Θ that (Bartlett and Mendelson, 2002; Mohri
et al., 2018) ∣∣∣∣∣EX∼ν [hΛ(X)]− 1

u

u∑
i=1

hΛ(xi)

∣∣∣∣∣ ≤ 2L1 · Ru(F) +R1

√
2 log(6/δ)

u
, (C.15)

whereRu(F) is the Rademacher complexity of F .
To find L1, we can compute

dhΛ
dqΛ

= −dPΛ

dqΛ
qΛ − PΛ +

dPΛ

dqΛ

(
µ

1− PΛ
− µ

PΛ

)
= − dPΛ

d · qΛ
qΛ − PΛ +

dPΛ

dqΛ
· qΛ (Since PΛ satisfies Eq. (4.6))

= −PΛ

Therefore, we have dhΛ
dqΛ
∈
[
−1,−µ

3

]
by Lemma 48. Therefore, we can set L1 = 1.

Let h0 be the value of hΛ when qΛ = −1, which means x⊤Λx = 0. To find R1, notice that since
dhΛ
dqΛ
∈
[
−1,−µ

3

]
, we must have −qΛ + h0 ≤ hΛ ≤ −µ

3 qΛ + h0. By Lemma 48, we know that h0 ∈[
0, 2
√
µ
]
. Therefore, we have −x⊤Λx ≤ hΛ(x) ≤ −µ

3x
⊤Λx + 3

√
µ for any x ∈ X and Λ ∈ Θ. Since

∥Λ∥F ≤
∥∥∥Λ̂∥∥∥

F
≤ 2 ∥Λ∗∥F , we have |hΛ(x)| ≤ 2 ∥Λ∗∥F M2 := R1, which holds when µ ≤ 4

9 ∥Λ∗∥2F M4.

Then, by Lemma 43, we know that Ru(F) ≤ 2∥Λ∗∥FM2
√
u

. Thus, plugging in values of L1, R1 and Ru(F)
into Eq. (C.15) gives our first concentration inequality.

We can basically follow exactly the same strategy to prove the second concentration inequality. In
particular, define h̃Λ(x) = PΛ(x)x

⊤Λx = PΛ(x)qΛ(x) + PΛ(x). Then, with probability at least 1 − δ
3 , it

holds simultaneously for any Λ ∈ Θ that∣∣∣∣∣EX∼ν

[
h̃Λ(X)

]
− 1

u

u∑
i=1

h̃Λ(xi)

∣∣∣∣∣ ≤ 2L2 · Ru(F) +R2

√
2 log(6/δ)

u
, (C.16)

where
∣∣∣h̃Λ(x)∣∣∣ ≤ R2 for any x ∈ X , Λ ∈ Θ and h̃Λ is L2-Lipschitz in qΛ.

To find L2, we can compute
dh̃Λ
dqΛ

= PΛ +
dPΛ

dqΛ
· x⊤Λx.

By Lemma 48, we know that dPΛ
dqΛ
∈
[
0, 1

8µ

]
. Thus, we have

∣∣∣dh̃ΛdqΛ

∣∣∣ ≤ 1+
∥Λ∗∥FM2

4µ := L2. It is obvious that

h̃Λ(x) ≤ 2 ∥Λ∗∥F M2 := R2. Thus, by plugging the values of L2, R2 and Ru(F) into Eq. (C.16), we can
obtain the second concentration inequality.

Finally, both concentration inequalities hold simultaneously with probability at least 1− 2δ
3 by a simple

union bound.

Lemma 43. If
∥∥∥Λ̂∥∥∥

F
≤ 2 ∥Λ∗∥F , then, we have Ru(F) ≤

√
EX∼ν[(X⊤Λ̂X)2]

u ≤ 2∥Λ∗∥FM2
√
u

, where F ={
x 7→ x⊤(s · Λ̂)x : s ∈ [0, 1]

}
.
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Proof. Let σ1, . . . , σu be i.i.d. Rademacher random variables, which are uniform over {−1,+1}. Let
x1, . . . , xu ∼ ν be i.i.d. samples. Then, by definition of Rademacher complexity, we have

Ru(F) = E

[
sup
q∈F

1

u

u∑
i=1

σiq(xi)

]

= E

[
sup
s∈[0,1]

1

u

u∑
i=1

σix
⊤
i (sΛ̂)xi

]
(By definition of F)

(i)
=

1

u
E

[
1

{
n∑
i=1

σix
⊤
i Λ̂xi ≥ 0

}
n∑
i=1

σix
⊤
i Λ̂xi

]
.

≤ 1

u
E

[∣∣∣∣∣
u∑
i=1

σix
⊤
i Λ̂xi

∣∣∣∣∣
]

≤ 1

u

√√√√√E

( u∑
i=1

σix⊤i Λ̂xi

)2
 (By Jensen’s inequality)

=
1

u

√√√√E

[
u∑
i=1

(
x⊤i Λ̂xi

)2]
(Since σi’s are i.i.d. and E [σi] = 0)

=

√√√√√EX∼ν

[(
X⊤Λ̂X

)2]
u

≤ 2 ∥Λ∗∥F M2

√
u

.

Here, the equality (i) holds because when
∑n

i=1 σix
⊤
i Λ̂xi < 0, the supremum over s ∈ [0, 1] will be

obtained by taking s = 0; otherwise, it will be obtained by taking s = 1.

Other Lemmas

The following lemma basically shows that f(Λ) is linear in scalar multiplication.

Lemma 44. If DE(Λ̂) = DE(Λ̂), with Λ̂ =
∑

y∈Yℓ
Λ̂y, then, for any s ≥ 0, it holds that DE(s · Λ̂) =

DE(s · Λ̂), where DE and DE are defined in Eq. (C.4).

Proof. It suffices to show that if
∑

y∈Yℓ
y⊤Λ̂yy = f(Λ̂), then

∑
y∈Yℓ

y⊤(s · Λ̂y)y = f(s · Λ̂) for any s > 0.
By definition, we have

f(s · Λ̂) = maxΛy

∑
y∈Yℓ

y⊤Λyy

subject to
∑

y∈Yℓ
Λy = s · Λ̂

Λy ⪰ 0, ∀y ∈ Yℓ.

For the above optimization problem, we can do a change of variable by setting Λ′
y =

1
s ·Λy =⇒ Λy = s·Λ′

y.
Then, we have

f(s · Λ̂) = maxΛy

∑
y∈Yℓ

y⊤(s · Λ′
y)y

subject to
∑

y∈Yℓ
s · Λ′

y = s · Λ̂
s · Λ′

y ⪰ 0, ∀y ∈ Yℓ.
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=⇒ f(s · Λ̂) = maxΛy s
∑

y∈Yℓ
y⊤Λ′

yy

subject to
∑

y∈Yℓ
Λ′
y = Λ̂

Λ′
y ⪰ 0, ∀y ∈ Yℓ.

=⇒ f(s · Λ̂) = s · f(Λ̂) = s ·
∑
y∈Yℓ

y⊤Λyy =
∑
y∈Yℓ

y⊤(s · Λ̂y)y.

Thus, the proof is complete.

Lemma 45. Let f : Rd 7→ R be a concave function with maximizer x∗ over the convex set C. Further, as-
sume that f isG-strongly concave with respect to ℓ2 norm in region S∩C, where S = {x : ∥x− x∗∥2 ≤ A}.
If f(x∗)− f(x) ≤ AG

2 and c ∈ C, then x ∈ S.

Proof. By property of strong concavity, we know that, f(x∗) − f(x) ≥ G
2 ∥x− x∗∥2 for any x ∈ S ∩ C.

Now, suppose x′ satisfies f(x∗)− f(x′) ≤ AG
2 , x′ ∈ C and x′ /∈ S. Then, we must have ∥x′ − x∗∥2 > A.

Let γ ∈ (0, 1) be some number such that z = γx′ + (1− γ)x∗ lies on the boundary of S . By convexity,
we also have z ∈ C. Then, since f is concave, we have f(z) ≥ γf(x′) + (1− γ)f(x∗) > f(x′), where the
second inequality is strict because f is strongly concave in a region around x∗. Since f(x∗)− f(x′) ≤ AG

2 ,
f is G-strongly concave on S and z lies on the boundary of S, we have

AG

2
=
G

2
∥z − x∗∥2 ≤ f(x∗)− f(z) < f(x∗)− f(x′) ≤ AG

2
.

This is a contradiction and thus we must have x′ ∈ S.

The following lemma quantitatively describes how close Λ̃ and Λ∗ needs to be to ensure an at most ϵ
multiplicative constraint violation.

Lemma 46. Assume ∥x∥2 ≤M for any x ∈ X . Let Σ = EX∼ν
[
XX⊤] ≻ 0 and Λ∗ = argmaxΛ⪰0D(Λ).

Then, for any ϵ > 0, if we have ∥∥∥Λ̃− Λ∗
∥∥∥
F
≤ 8µ2λmin(Σ)

3M2λmax(Σ)
· ϵ

1 + ϵ
,

then it holds that y⊤EX∼ν
[
P
Λ̃
(X)XX⊤]−1

y ≤ (1 + ϵ)c2ℓ for any y ∈ Yℓ.

Proof. Fix some ϵ > 0. First, notice that if we regard PΛ as a function of qΛ(x) = x⊤Λx− 1, it then holds
that

∥∇ΛPΛ(x)∥2 =
∥∥∥∥dPΛ

dqΛ
∇ΛqΛ(x)

∥∥∥∥
2

≤
∣∣∣∣dPΛ

dqΛ

∣∣∣∣ ∥∥∥xx⊤∥∥∥2 ≤
∣∣∣∣dPΛ

dqΛ

∣∣∣∣M2 ≤ M2

8µ
,

where we obtain the last inequality by using Lemma 48. Therefore, for any x ∈ X and Λ̃ ⪰ 0, we have∣∣P
Λ̃
(x)− PΛ∗(x)

∣∣ ≤ M2

8µ ·
∥∥∥Λ̃− Λ∗

∥∥∥
F

by mean value theorem and Cauchy-Schwartz. inequality.

Therefore, if we have
∥∥∥Λ̃− Λ∗

∥∥∥
F
≤ δ, then

∣∣P
Λ̃
(x)− PΛ∗(x)

∣∣ ≤ M2δ

8µ
=⇒ P

Λ̃
(x) ≥ PΛ∗(x)− M2δ

8µ

=⇒ EX∼ν

[
P
Λ̃
(X)XX⊤

]
⪰ EX∼ν

[
PΛ∗(X)XX⊤

]
− M2δ

8µ
EX∼ν

[
XX⊤

]
.
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By Lemma 47, we know that

y⊤EX∼ν

[
P
Λ̃
(X)XX⊤

]−1
y ≤ c2ℓ (1 + ϵ)⇐⇒ EX∼ν

[
P
Λ̃
(X)XX⊤

]
⪰ yy⊤

(1 + ϵ)c2ℓ
. (C.17)

Let Σ∗ = EX∼ν
[
PΛ∗(X)XX⊤]. Therefore, to guarantee the condition in Eq. (C.17), it is sufficient to

guarantee that Σ∗ − M2δ
8µ Σ ⪰ yy⊤

(1+ϵ)c2ℓ
, which is equivalent to

w⊤Σ∗w − M2δ

8µ
w⊤Σw ≥ (w⊤y)2

c2ℓ (1 + ϵ)
, ∀unit vector w ∈ Rd

⇐⇒ 1

w⊤Σw
· w⊤

(
Σ∗ − yy⊤

(1 + ϵ)c2ℓ

)
w ≥ M2δ

8µ
, ∀unit vector w ∈ Rd.

Therefore, it is sufficient to choose δ such that

M2δ

8µ
≤ 1

λmax(Σ)
· λmin

(
Σ∗ − yy⊤

c2ℓ (1 + ϵ)

)
≤ min

w:∥w∥2=1

1

w⊤Σw
· w⊤

(
Σ∗ − yy⊤

(1 + ϵ)c2ℓ

)
w.

Since PΛ∗ satisfies the constraint defined in problem (C.5), we have Σ∗ ⪰ yy⊤

c2ℓ
. Meanwhile, by Lemma

48, we know that PΛ∗(x) ≥ µ
3 for any x ∈ X , which means that Σ∗ ⪰ µ

3 · Σ. That is, for any unit vector
w ∈ Rd, we have

w⊤Σ∗w ≥
(
w⊤y

)2
c2ℓ

and w⊤Σ∗w ≥ µ

3
λmin (Σ) ,

which together implies w⊤Σ∗w ≥ max

{
µ
3 · λmin(Σ),

(w⊤y)
2

c2ℓ

}
. Therefore, it holds that

w⊤Σw −
(
w⊤y

)2
(1 + ϵ)c2ℓ

≥ max

{
µ

3
· λmin(Σ),

(
w⊤y

)2
c2ℓ

}
−
(
w⊤y

)2
(1 + ϵ)c2ℓ

= max

{
µ

3
· λmin(Σ)−

(
w⊤y

)2
(1 + ϵ)c2ℓ

,
ϵ
(
w⊤y

)2
(1 + ϵ)c2ℓ

}
≥ ϵµ

3(1 + ϵ)
· λmin (Σ)

=⇒ λmin

(
Σ∗ − yy⊤

c2ℓ (1 + ϵ)

)
≥ ϵµ

3(1 + ϵ)
· λmin (Σ) .

Therefore, to guarantee the condition in Eq. (C.17), it is sufficient to have

M2δ

8µ
=

ϵµλmin(Σ)

3(1 + ϵ)λmax(Σ)
=⇒ µ =

8µ2λmin(Σ)

3M2λmax(Σ)
· ϵ

1 + ϵ
,

Thus, the proof is complete.

The following lemma is a result of standard Schur complement technique.
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Lemma 47. If EX∼ν
[
P (X)XX⊤] is invertible and cℓ > 0, then

y⊤EX∼ν

[
P (X)XX⊤

]−1
y ≤ c2ℓ ⇐⇒ EX∼ν

[
P (X)XX⊤

]
⪰ yy⊤

c2ℓ
.

Proof. For simplicity, let A = EX∼ν
[
P (X)XX⊤] ≻ 0. Then, we consider the block matrix

[
A y
y⊤ c2ℓ

]
∈

R(d+1)×(d+1). Let
[
u a

]⊤ ∈ Rd+1 with u ∈ Rd be some vector.
Now, for one direction, suppose y⊤A−1y ≤ c2ℓ holds. Consider

[
u a

] [A y
y⊤ c2ℓ

] [
u
a

]
= u⊤Au+ 2au⊤y + 2c2ℓa

2 := r(u, a).

If we minimize r(u, a) over u, which means to treat a as fixed, we can get (by taking gradient and setting it
to zero)

u∗ = −aA−1y =⇒ r(u∗, a) = a2(c2ℓ − y⊤A−1y).

Since y⊤A−1y ≤ c2ℓ , we know that r(u∗, a) ≥ 0, which means r(u, a) ≥ 0 for any
[
u a

]⊤ ∈ Rd+1.
Then, if we minimize r(u, a) over a, we can get

a∗ = −u
⊤y

c2ℓ
=⇒ r(u, a∗) = u⊤Au−

(
u⊤y

)2
c2ℓ

.

Since r(u, a) ≥ 0 for any
[
u a

]⊤ ∈ Rd+1, we know that u⊤Au− (u⊤y)
2

c2ℓ
≥ 0 for any u ∈ Rd. That is, we

have A ⪰ yy⊤

c2ℓ
.

The other direction simply takes the above calculation in a reversed way and thus the proof is complete.

Properties of PΛ

A visualization of PΛ is given in Figure C.1.

Lemma 48. The function PΛ(x) defined in (4.7), if regarding as a function of qΛ(x) = x⊤Λx − 1 ≥ −1,
satisfies

• limqΛ→0 PΛ = 1
2 for any µ ∈ (0, 1)

• When qΛ = −1, PΛ = 1
2 + µ −

√
1+4µ2

2 ≥ µ
3 and PΛ − µ(log(1 − PΛ) + log(PΛ)) ≤ 2

√
µ for any

µ ∈ (0, 1).

• dPΛ
dqΛ

=
µ
√
q2Λ+4µ2−2µ2

q2Λ

√
q2Λ+4µ2

decreases as q2Λ increases. Further, dPΛ
dqΛ

∈ [0, 1
8µ ]. Thus, PΛ increases

monotonically as qΛ increases and PΛ(x) ≥ µ
3 for any x ∈ X and Λ ⪰ 0.

• dPΛ
dqΛ
|qΛ=±1 ≥ µ

10 and dPΛ
dqΛ
≥ µ

2q2Λ
when q2Λ ≥ 12µ2.
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Figure C.1: (left) A heatmap of some PΛ when problem dimension is d = 2, which shows that PΛ is
approximately an 0-1 threshold rule characterized by an ellipsoid. (right) A plot of PΛ as a function of
qΛ(x) = x⊤Λx− 1, which shows that the change of PΛ near the boundary of ellipsoid is sharper when the
barrier weight µ is smaller.

Proof. For simplicity, we will drop the subscript Λ and just treat P as a function of q. That is, we have

P (q) =
1

2
− µ

q
+

√
(2µ− q)2 + 4µq

2q
.

We prove each bullet point separately.

• Since P (q) also satisfies Eq. (4.6), which in simpler form is µ
1−P (q) −

µ
P (q) = q, we can easily see

that P (q) = 1
2 satisfies this equation when q = 0.

• By direction computation, we can get P (−1) = 1
2 + µ −

√
1+4µ2

2 . To show this is greater than µ
3

for any µ ∈ [0, 1], consider ℓ(µ) = P (−1) − µ
3 . It is easy to check that ℓ(0) = 0 and ℓ(1) > 0.

Then, since ℓ′(µ) = 2
3 −

2µ√
1+4µ4

is initially greater than 0 and then smaller than 0, we know ℓ(µ)

first increases and then decreases on [0, 1]. Thus, ℓ(µ) ≥ 0 on [0, 1] and thus P (−1) ≥ µ
3 for any

µ ∈ [0, 1].

For the second part, define ℓ̃(µ) = 2
√
µ − P (−1) + µ (log(1− P (−1)) + log(P (−1))). Then, by

utilizing the fact that P satisfies Eq. (4.6), we can compute its derivative and get dℓ̃
dµ = 1√

µ + log(1−
P (−1))+log(P (−1)). We can check that on the domain (0, 1), we have d2ℓ̃

dµ2
= − 1

2µ3/2
+ 1
µ− 2√

1+4µ2
·

2
√
µ(1+4µ2)−4µ3/2−

√
1+4µ2

2µ3/2
√

1+4µ2
≤ 0 on (0, 1), which means that dℓ̃

dµ is monotonically decreasing. To see

why the second derivative is smaller than 0, we can compute(
4µ3/2 +

√
1 + 4µ2

)
− 4µ

(
1 + 4µ2

)
= (1− 2µ)2 + 8µ3/2

√
1 + 4µ2 ≥ 0.

Thus, dℓ̃
dµ is initially greater than 0 and then smaller than 0 on (0, 1). It is easy to verify that limµ→0 ℓ̃ =

0 and ℓ̃(1) > 0. Therefore, we have ℓ̃(µ) ≥ 0 for any µ ∈ (0, 1).
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• We can get dP
dq =

µ
√
q2+4µ2−2µ2

q2
√
q2+4µ2

by direct computation. To show it is decreasing as q2 increasing, we

consider f̃(z) = µ
√
z+4µ2−2µ2

z
√
z+4µ2

and it is sufficient to show that df̃
dz < 0 for any z > 0. Again by direct

computation, we have

df̃

dz
=
µ
(
8µ3 + 3µz −

(
z + 4µ2

)3/2)
z2 (z + 4µ2)3/2

.

By direct computation, We can show that
(
z + 4µ2

)3 − (8µ3 + 3µz
)2

= z3 + 3z2µ2 > 0 for any

z > 0 and µ ∈ [0, 1]. Thus, df̃
dz < 0 and thus dP

dq is decreasing as q2 increases.

It is obvious that dP
dq ≥ 0 for any q2 ≥ 0 and µ ∈ [0, 1] since we always have µ

√
q2 + 4µ2 ≥ 2µ2.

Thus, the maximum value could potentially happen is when q2 → 0, which can be evaluated by using
L’Hospital’s rule. A direct computation gives us limq2→0

dP
dq = 1

8µ . Thus, we can conclude that
dP
dq ∈

[
0, 1

8µ

]
. Therefore, P increases monotonically as q increases, which implies that PΛ(x) ≥ µ

3

for any x ∈ X and Λ.

• By direct computation, we have dPΛ
dqΛ
|qΛ=±1 = µ

(
1− 2µ√

1+4µ2

)
≥ µ

(
1− 2√

5

)
≥ µ

10 for any

µ ∈ [0, 1]. The reason is that we can easily see 2µ√
1+4µ2

is increasing in µ.

Finally, notice that when 2µ ≤ 1
2

√
q2 + 4µ2, which is equivalent to q2 ≥ 12µ2, we have

dP

dq
=
µ
√
q2 + 4µ2 − 2µ2

q2
√
q2 + 4µ2

≥ µ
√
q2 + 4µ2 − µ

2

√
q2 + 4µ2

q2
√
q2 + 4µ2

=
µ

2q2
.

Thus, the proof is complete.

C.3.3 An Alternative Approach to OPTIMIZEDESIGN

Based on the analysis in Section C.3.1, we know that maximizing D(·) is equivalent to maximizing D(·).
Therefore, as an alternative to Algorithm 4.2, which maximizes D(·) through stochastic gradient ascent, it
is natural to have an algorithm that directly maximizes D(·). Here, we will consider subgradient ascent.

Recall that D : Sd+ 7→ R is defined as

D(Λ) = EX∼ν

[
PΛ(X)− µ (log(1− PΛ(X)) + log(PΛ(X)))− PΛ(X)X⊤ΛX

]
+

1

c2ℓ
· f(Λ),

where f(Λ) is defined in problem (C.3). The subgradient of D(Λ) is

∂D(Λ) = EX∼ν

[(
1+

µ

1− PΛ(x)
− µ

PΛ(X)
−X⊤ΛX

)
∇PΛ(X)−PΛ(X)XX⊤

]
+
∂f(Λ)

c2ℓ
(The first term is differentiable)

=
∂f(Λ)

c2ℓ
− EX∼ν

[
PΛ(X)XX⊤

]
. (Since PΛ(X) solves Eq. (4.6))
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Therefore, to run subgradient ascent, we only need to find an element in ∂f(Λ), which can be obtained
by solving the following optimization problem as claimed by Lemma 49.

minΓ ⟨Γ,Λ⟩
subject to Γ ⪰ yy⊤, ∀y ∈ Yℓ,

Γ ⪯ 2
∑

y∈Yℓ
yy⊤.

(C.18)

As a result, we have Algorithm C.1 as an alternative to solve OPTIMIZEDESIGN. Compared to Al-
gorithm 4.2, which needs to maintain |Yℓ| d2 number of objective variables, Algorithm C.1 only has d2

variables. However, each iteration of Algorithm C.1 is computationally more intensive since finding a sub-
gradient needs to solve the problem (C.18).

Algorithm C.1. Projected Stochastic Subgradient Ascent to Solve OPTIMIZEDESIGN

1: Input: Number of iterations K; number of samples u; barrier weight µb ∈ (0, 1)
2: Initialize Λ̂(0) = 0
3: for k = 0, 1, 2, . . . ,K − 1 do
4: Sample xk ∼ ν
5: Solve problem (C.18) with current Λ̂(k) to get Γ(k)

6: Set gk = Γ(k)

c2ℓ
− PΛ̂(k)(xk)xkx

⊤
k

7: Set Λ̂(k+1) ← Λ̂(k) + ηkgk, where ηk = 1√
2
∑k

s=1∥gs∥
2
2

8: Update Λ̂(k+1) ← ΠSd+
(Λ̂(k+1)), a projection to the set of d× d PSD matrices

9: Let Λ̂ = 1
K

∑K
k=1 Λ̂

(k)

10: Find s∗ ← argmaxs∈[0,1]DE(s · Λ̂), where DE is the empirical version of D, evaluated using u i.i.d.
samples

11: return Λ̃ = s∗ · Λ̂

A result similar to Theorem 23 can also be obtained for Algorithm C.1, which is given in Theorem 24.
The bounds are almost identical except that the old lower bound for K depends on |Yℓ|3 while the new one
depends on |Yℓ|. Steps identical to the proof of Theorem 23 will be skipped in the proof of Theorem 24.

Theorem 24. Let Λ∗ ∈ argmaxΛ⪰0D(Λ) and take other settings the same as that in Theorem 23.
Then, Λ∗ is unique. Further, for any ϵ > 0 and δ > 0, suppose it holds that

µ ≤ min

{√
3κ(Σ) ∥Λ∗∥F M2

8
· 1 + ϵ

ϵ
,
4

9
∥Λ∗∥2F M4,

1

2
√
3

}

K ≥ 288κ(Σ)2 ∥Λ∗∥4F M4(M4 + 4 |Yℓ|C2
ℓ ) ·

(
2 ∥Λ∗∥F M2 + 1

)4
log(6/δ)

ω2µ6
·
(
1 + ϵ

ϵ

)2

u ≥ 576κ(Σ)2 ∥Λ∗∥2F M8 ·
(
2 ∥Λ∗∥F M2 + 1

)4
log(6/δ)

ω2µ6
·
(
1 + ϵ

ϵ

)2

.

Then, with probability at least 1− δ, Algorithm 4.2 will output Λ̃ that satisfies

• y⊤EX∼ν
[
P
Λ̃
(X)XX⊤]−1

y ≤ (1 + ϵ)c2ℓ , ∀y ∈ Yℓ.

• EX∼ν
[
P
Λ̃
(X)

]
≤ EX∼ν

[
P̃ (X)

]
+ 4
√
µ, where P̃ is the optimal solution to problem (C.13).
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Proof. First Bullet Point. Similar to the proof of Theorem 23, let Λ̂ be the parameter obtained by Algorithm
C.1 just before the re-scaling step (line 10). Then, by Theorem 3.13 of (Orabona, 2019), with probability at
least 1− δ

3 , it holds that

D(Λ∗)−D(Λ̂) ≤ Reg(K) + 2
√
2K log(6/δ)

K
,

where Reg(K) is the regret of running projected stochastic subgradient ascent for K steps with ηk spec-
ified in Algorithm C.1. Meanwhile, by Theorem 4.14 of (Orabona, 2019) also, we have Reg(K) =
√
2B2

√∑K
k=1 ∥gk∥22, whereB = ∥Λ∗∥F . Since gk = Γ(k)

c2ℓ
−PΛ̂(k)(xk)xkx

⊤
k and

∥∥Γ(k)
∥∥
F
≤ 2

∥∥∥∑y∈Yℓ
yy⊤

∥∥∥
F

,

we can easily get ∥gk∥22 ≤ 2M4 + 8
c2ℓ

∑
y∈Yℓ
∥y∥42 = 2M4 + 8 |Yℓ|C2

ℓ . Thus, we have

Reg(K) ≤ 2 ∥Λ∗∥2F
√
M4 + 4 |Yℓ|C2

ℓ ·
√
K := CReg

√
K (C.19)

=⇒ D(Λ∗)−D(Λ̂) ≤ CReg + 2
√

2 log(6/δ)√
K

, (C.20)

We now consider the effect of using u i.i.d. samples in the re-scaling step. Since re-scaling always
increases the function value, we must have DE(Λ̂) ≤ DE(Λ̃).

Then, after exactly the same steps of analysis, we can get the following same lower bound for K,

K ≥

3κ(Σ)M2
(
CReg + 2

√
2 log(6/δ)

)
2Gµ2

· 1 + ϵ

ϵ

2

, (C.21)

with a different value of CReg.
Second Bullet Point. We then prove the upper bound for primal objective value EX∼ν

[
P
Λ̃
(X)

]
, which

explains the reason why an extra re-scaling step is needed. Let Λ̂ = (Λ̂y)y∈Yℓ
be a set of PSD matrices

that solves problem (C.3) with parameter Λ̂ and Λ̃ = s∗ · Λ̂, where s∗ = argmaxs∈[0,1]DE(s · Λ̂). Since
the constraint in problem (C.3) requires

∑
y∈Yℓ

Λ̂y = Λ̂, we have
∑

y∈Yℓ
Λ̃y = Λ̃, which is the output of

Algorithm C.1.
Define g(s) = DE(s · Λ̃). By construction, we know that g(s) is maximized at s = 1 because DE(s ·

Λ̂) = DE(s · Λ̂) for any s ≥ 0 as shown in Lemma 44, which means that s∗ = argmaxs∈[0,1]DE(s · Λ̂).
Therefore, we have g′(1) ≥ 0, which in turn gives us

g′(1) =
1

c2ℓ

∑
y∈Yℓ

y⊤Λ̃yy −
1

u

u∑
i=1

P
Λ̃
(xi)x

⊤
i Λ̃xi ≥ 0.

Then, after exactly the same steps of analysis, we can get EX∼ν
[
P
Λ̃
(X)

]
≤ EX∼ν

[
P̃ (X)

]
+4
√
µ, where

P̃ is the optimal solution of the problem (C.13).

Technical Lemmas

Lemma 49. The optimal value of the optimization problem (C.18) with parameter Λ ⪰ 0 is equal to f(Λ).
Further, let Γ∗(Λ) be an optimal solution to (C.18). Then, it holds that Γ∗(Λ) ∈ ∂f(Λ) and ∥Γ∗(Λ)∥ ≤
2
∥∥∥∑y∈Yℓ

yy⊤
∥∥∥
F

.

195



Proof. Alternatively, we first consider the following optimization problem.

maxΛy ,Σ
∑

y∈Yℓ
y⊤ (Λy − 2Σ) y

subject to Λ =
∑

y∈Yℓ
Λy − Σ,

Σ ⪰ 0,Λy ⪰ 0, ∀y ∈ Yℓ.
(C.22)

Since y⊤Σy ≥ 0 for any y ∈ Yℓ and Σ ⪰ 0, it is clear that problem (C.22) has the same optimal value as
problem (C.3). Then, let Γ ∈ Rd×d be the dual variable for the equality constraint in problem (C.22). We
can have its dual problem to be

min
Γ

max
Λy⪰0,∀y∈Yℓ,

Σ⪰0

∑
y∈Yℓ

〈
yy⊤,Λy − 2Σ

〉
+

〈
Γ,Λ + Σ−

∑
y∈Yℓ

Λy

〉

=⇒ min
Γ

max
Λy⪰0,∀y∈Yℓ,

Σ⪰0

⟨Γ,Λ⟩+
〈
Σ,Γ− 2

∑
y∈Yℓ

yy⊤

〉
+
∑
y∈Yℓ

〈
Λy, yy

⊤ − Γ
〉
.

In order for the above optimization problem to have finite value, we must have Γ ⪯ 2
∑

y∈Yℓ
yy⊤ and

Γ ⪰ yy⊤ for any y ∈ Yℓ. Therefore, we obtain the following dual problem.

minΓ ⟨Γ,Λ⟩
subject to Γ ⪰ yy⊤, ∀y ∈ Yℓ,

Γ ⪯ 2
∑

y∈Yℓ
yy⊤.

.

This is exactly the problem (C.18). Then, we can notice the Slater’s condition is clearly satisfied by problem
(C.18), which means the strong duality holds. Therefore, problem (C.18) has the same optimal value as
(C.22), which is the same as (C.3).

Since f(Λ) is concave in Λ as shown in Lemma 40, to show that Γ∗(Λ) ∈ ∂f(Λ), consider arbitrary
Λ,Λ′ ⪰ 0. Then, we have

f(Λ) +
〈
Γ∗(Λ),Λ′ − Λ

〉
= ⟨Γ∗(Λ),Λ⟩+

〈
Γ∗(Λ),Λ′ − Λ

〉
=
〈
Γ∗(Λ),Λ′〉 ≥ f(Λ′).

The first equality holds because the optimal value of problem (C.18) is f(Λ) as just shown above. The last
inequality holds because Γ∗(Λ) is a feasible solution to the problem (C.18) with parameter Λ′. Therefore,
we have Γ∗(Λ) ∈ ∂f(Λ).

Finally, since the constraint of problem (C.18) requires Γ∗(Λ) ⪯ 2
∑

y∈Yℓ
yy⊤, we can obtain ∥Γ∗(Λ)∥F ≤

2
∥∥∥∑y∈Yℓ

yy⊤
∥∥∥
F

as a direct consequence of Lemma 50.

Lemma 50. For A,B ∈ Sd×d, if A ⪰ B ⪰ 0, then ∥A∥F ≥ ∥B∥F .

Proof. Let λ1, . . . , λd and γ1, . . . , γd be eigenvalues of A and B, respectively. Let v1, . . . , vd be a set of
orthogonal unit eigenvectors of matrix A. Then, we have

∥A∥F =
√

tr (AA) =

√√√√tr

((
d∑
i=1

λiviv⊤i

)(
d∑
i=1

λiviv⊤i

))
=

√√√√ d∑
i=1

λ2i .

Similarly, we have ∥B∥F =
√∑d

i=1 γ
2
i . By Corollary 7.7.4 in (Horn and Johnson, 2012), since A ⪰ B ⪰

0, we know that λi ≥ γi ≥ 0 for each i. Therefore, we have ∥A∥F ≥ ∥B∥F .
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C.4 Selective Sampling Algorithm for Unknown Distribution ν

C.4.1 Statement and proof of Theorem 25

Consider now the case where we do not know ν exactly, and are returned (P̂ℓ, Σ̂P̂ℓ
) that only approximate

their ideals. Algorithm 4.1 can still be employed to solve this case where ν is unknown, but at the cost of
sampling some historical data. Note that compared to the case where ν is know, it assumes the knowledge
of an upper bound on supx∈support(ν) ∥x∥ . It also relies on a multiplicative factor change in the constraint
of the optimization problem, in order to account for the possible constraint violation of the output of the
subroutine. The last difference is the use of an approximation of the covariance matrix to compute the
estimator. The covariance matrix is empirically approximated by injecting additional unlabeled samples
(historical data). With that, although we do not know ν but we can approximate the relevant quantities, such
as the covariance matrix EX∼ν [XX

⊤].

Let us detail the properties of the implementation of P̂ℓ, Σ̂P̂ℓ
←OPTIMIZEDESIGN(Zℓ, 2−ℓ, τ) we use at

each round ℓ.
First, P̂ℓ has the properties described in Theorem 13 (by using Algorithm 4.2). More explicitly, let

ϵℓ := 2−ℓ, B <∞ such that maxx∈X |⟨x, θ∗⟩| ≤ B, and σ <∞ such that E[(ys − ⟨θ∗, xs⟩)2|xs] ≤ σ2. If

βδ,ℓ := 4(1 + ε)2
(
4
√
B2 + σ2 + 1

)2
log(4ℓ2|Z|2/δ)

then P̂ℓ is such that

• maxz,z′∈Zℓ

∥z−z′∥2
EX∼ν [τP̂ℓ(X)XX⊤]−1

ϵ2ℓ
βδ,ℓ ≤ 1 + ε.

• EX∼ν

[
P̂ℓ(X)

]
≤ EX∼ν

[
P̃ℓ(X)

]
+ 4
√
µb, where P̃ℓ is the optimal solution to problem (C.23).

minP EX∼ν [P (X)]

subject to maxz,z′∈Zℓ

∥z−z′∥2
EX∼ν [τP (X)XX⊤]−1

ϵ2ℓ
βδ,ℓ ≤ 1,

0 ≤ P (x) ≤ 1− µb, ∀x ∈ X .
(C.23)

where µb ≥ 0. The quantity EX∼ν

[
P̃ℓ(X)

]
that uses µb > 0 is easily related to the value when µb = 0

through a simple scaling factor of 1
1−µb (see proof below).

Σ̂
P̂ℓ

is the empirical covariance matrix of Σ
P̂ℓ

:= EX∼ν [P̂ℓ(X)XX⊤] using historical data and is such
that

(1− γ)Σ
P̂ℓ
⪯ Σ̂

P̂ℓ
⪯ (1 + γ)Σ

P̂ℓ

where γ ≥ 0.
Again, while we think of historical data as independent data collected offline before the start of the

game, in practice this historical data could just come from previous rounds (which is not technically correct
since its use may introduce some dependencies).

Theorem 25 (Upper bound). Fix any δ ∈ (0, 1). Let ∆ = minz∈Z\z∗⟨z∗ − z, θ∗⟩ and set

βδ = 256(1 + ε)2
(
4
√
B2 + σ2 + 1

)2
log(4 log22(

4
∆)|Z|2/δ).
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For any τ ≥ ρ(ν)βδ there exists a δ-PAC selective sampling algorithm that collects T historical data before
the start of the game, observes U unlabeled examples, and requests just L labels that satisfies

• U ≤ log2(
4
∆)τ ,

• L ≤ 1
1−µb minλ∈△X ρ(λ)βδ +

5τ
1−µb
√
µb subject to τ ≥ ∥λ/ν∥∞ρ(λ)βδ, and

• T ≤ log2(
4
∆)(K + u+ κδ)

with probability at least 1− δ.
Here, the sample complexity for estimating the covariance matrix is bounded by κδ = ⌈2K2

ψ2
(
√
d ln 9/c1+√

log(2/δ)
c1

)max{1, 20∥θ∗∥EX∼ν [XX⊤]}⌉ (where the sub-gaussian normKψ2 = maxs,P ∥
√
P (x̃s)Σ

−1/2
P x̃s∥ψ2

), and the contributions from the optimization problem to compute {P̂ℓ}ℓ are

K = Õ

(
|Z|6 κ(Σ)2 ∥Λ∗∥82M16

ω2µ6b

)
·
(
1 + ϵ

ϵ

)2

, u = Õ

(
κ(Σ)2 ∥Λ∗∥62M16

ω2µ6b

)
·
(
1 + ϵ

ϵ

)2

,

Naturally, we have a trade-off on the subroutine tolerance µb. In order to get a better solution of the
optimization over the selection rule P (and thus get a smaller

∑ℓτ
t=(ℓ−1)τ+1 P (xt) term), the subroutine

needs more unlabeled samples. However, it suffices to take µb = 1
τ2

to make U , and L roughly match those
of the case when ν was known.

The proof of this theorem is established through several results, which we provide in Section C.4.2.

C.4.2 Lemmas for the correctness

We first state here the correctness of Algorithm 4.1 in the case where ν is unknown.

Lemma 51. With probability at least 1 − δ we have for all stages ℓ ∈ N, we have that z∗ ∈ Zℓ and
maxz∈Zℓ

⟨z∗ − z, θ∗⟩ ≤ 4ϵℓ.

The proof of the correctness lemma is established though several lemmas. First we provide Lemma 52
guaranteeing concentration of empirical covariance matrices, which is obtained by sampling κ additional
measurements. Then we show in Proposition 5 that the RIPS estimator does not suffer from using that
empirical covariance matrix.

Lemma 52. For any P : X → [0, 1], let ΣP = EX∼ν [P (X)XX⊤], Σ̂P = 1
κ

∑κ
s=1 P (x̃s)x̃sx̃

⊤
s . Define

Kψ2 = maxs ∥
√
P (x̃i)Σ

−1/2
P x̃s∥ψ2 . With probability at least 1− 2 exp(−c1t2/K4

ψ2
) holds

(1− c)x⊤ΣPx ≤ x⊤Σ̂Px ≤ (1 + c)x⊤ΣPx

where c = max

{
C
√
d+t√
κ
,
(
C
√
d+t√
κ

)2}
, C = K2

ψ2

√
ln 9/c1 and c1 is an absolute constant.

Consequently for κ ≥ cδ := K2
ψ2
(
√
d ln 9/c1 +

√
log(2/δ)

c1
), holds with probability at least 1− δ(

1− cδ√
κ

)
x⊤ΣPx ≤ x⊤Σ̂Px ≤

(
1 +

cδ√
κ

)
x⊤ΣPx.
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Proof. Let A ∈ Rκ×d whose rows Ai are independent sub-gaussian isotropic random vectors in Rd and
define Kψ2 = maxi ∥Ai∥ψ2 . We can apply Theorem 5.39 of (Vershynin, 2011) on A to have that with
probability at least 1− 2 exp(−c1t2/K4

ψ2
) holds

1− C
√
d+ t√
κ

≤ σmin(A) ≤ σmax(A) ≤ 1 +
C
√
d+ t√
κ

,

where C = K2
ψ2

√
ln 9/c1 and c1 is an absolute constant.

With Lemma 5.36 of (Vershynin, 2011), this implies that with probability at least 1−2 exp(−c0t2) holds

∥A⊤A− I∥ ≤ max

C
√
d+ t√
κ

,

(
C
√
d+ t√
κ

)2
 =: c (C.24)

Recall ΣP = EX∼ν [P (X)XX⊤], so Y =
√
P (X)Σ

−1/2
P X satisfies E[Y Y ⊤] = E[Σ−1/2

P P (X)XX⊤Σ
−1/2
P ] =

Σ
−1/2
P ΣPΣ

−1/2
P = I . So we can apply (C.24) to get ∥Σ−1/2

P Σ̂PΣ
−1/2
P − I∥ ≤ c. Thus for any y ∈ Rd,

1− c ≤ y⊤

∥y∥Σ
−1/2
P Σ̂PΣ

−1/2
P

y

∥y∥ ≤ 1 + c

so setting y = Σ
1/2
P x

(1− c)x⊤ΣPx ≤ x⊤Σ̂Px ≤ (1 + c)x⊤ΣPx.

Also, the sub-gaussian bound becomes Kψ2 = maxi ∥
√
P (x̃i)Σ

−1/2
P x̃i∥ψ2 .

Proposition 5 (RIPS guarantees on empirical covariance matrix). Let x1, . . . , xn and x̃1, . . . , x̃κ be drawn
IID from a distribution ν. For s = 1, . . . , n , assume that |⟨θ, xs⟩| ≤ B and E[|⟨θ, xs⟩ − ys|2] ≤ σ2noise.
For s = 1, . . . , κ , assume that E[|⟨θ, xs⟩ − ys|2] ≤ σ2noise. Let P ∈ [0, 1] be arbitrary and let Qs(xs) ∼
Bernoulli(P ) independently for all s ∈ [n]. Let ΣP = EX∼ν [P (X)XX⊤] and Σ̂P = 1

κ

∑κ
s=1 P (x̃s)x̃sx̃

⊤
s .

Assume that ΣP is invertible and that there exists γ ≥ 0 such that (1 − γ)ΣP ⪯ Σ̂P ⪯ (1 + γ)ΣP . For a
given finite set V ⊂ Rd define

wv = Catoni({⟨v, Σ̂−1
P Qs(xs)xsys⟩}ns=1),

If θ̂ = argminθmaxv
|wv−⟨θ,v⟩|
∥v∥

Σ̂−1
P

and n ≥ 4 log(2|V|/δ), then with probability at least 1− δ, it holds that

|⟨v, θ̂ − θ⟩| ≤ 4

(√
B2 + σ2

(1− γ)2 +
√
nγ∥θ∗∥EX∼ν [XX⊤]

)
∥v∥EX∼ν [nP (X)XX⊤]−1

√
log(2 |V| /δ)

We first state an intermediate matrix lemma before the proof of Proposition 5.

Lemma 53. Assume that ΣP is invertible and that there exists γ ∈ [0, 1/2] such that (1 − γ)ΣP ⪯ Σ̂P ⪯
(1 + γ)ΣP . Then for any v ∈ V

∥v∥2
Σ̂−1

P ΣP Σ̂−1
P

≤ 1

(1− γ)2 ∥v∥
2
Σ−1

P
.

and

∥v∥
(I−Σ

1/2
P Σ̂−1

P Σ
1/2
P )2

≤
√
1− 2

1 + γ
+

1

(1− γ)2 ∥v∥2 ≤
√

10γ∥v∥2.
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Proof. We know that taking the inverse of two ordered positive definite matrices will flip the order, so here

1

(1 + γ)
Σ−1
P ⪯ Σ̂−1

P ⪯
1

(1− γ)Σ
−1
P .

(1− γ)ΣP ⪯ Σ̂P implies that for all u ∈ Rd holds u⊤ΣPu ≤ 1/(1− γ)u⊤Σ̂Pu. So taking u = Σ̂−1
P v, we

get v⊤Σ̂−1
P ΣP Σ̂

−1
P v ≤ 1/(1− γ)v⊤Σ̂−1

P v. Conclusion

v⊤Σ̂−1
P ΣP Σ̂

−1
P v =

1

1− γ v
⊤Σ̂−1

P v ≤ 1

(1− γ)2 v
⊤Σ−1

P v

hence the first result of Lemma 53.
For the second one, we get

∥v∥2(
I−Σ

1/2
P Σ̂−1

P Σ
1/2
P

)2 = v⊤
(
I − Σ

1/2
P Σ̂−1

P Σ
1/2
P

)2
v

= ∥v∥22 − 2v⊤Σ
1/2
P Σ̂−1

P Σ
1/2
P v + v⊤Σ

1/2
P Σ̂−1

P ΣP Σ̂
−1
P Σ

1/2
P v

(i)
≤ ∥v∥22 −

2

1 + γ
∥v∥22 +

1

1− γ v
⊤Σ

1/2
P Σ̂−1

P Σ
1/2
P v

≤ ∥v∥22 −
2

1 + γ
∥v∥22 +

1

(1− γ)2
∥v∥22 (Since Σ̂P ⪯ 1

1−γΣP )

≤
(
1− 2

1 + γ
+

1

(1− γ)2
)
∥v∥22

(ii)
≤ 10γ ∥v∥22 .

The inequality (i) above holds because 1
1+γΣ

−1
P ⪯ Σ̂−1

P and (1 − γ)ΣP ⪯ Σ̂P =⇒ ΣP ⪯ 1
1−γ Σ̂P . The

inequality (ii) above holds because for γ ∈
[
0, 12
]
, we have

1− 2

1 + γ
+

1

(1− γ)2
≤ 1− 2(1− γ) + (1 + 2γ)2 ≤ 10γ.

Taking square root on both sides gives us the results.

Proof of Proposition 5. This proof is analogous to the proof of Proposition 3. We first note that

max
v∈V

|⟨θ̂, v⟩ − ⟨θ, v⟩|
∥v∥

Σ̂−1
P

= max
v∈V

|⟨θ̂, v⟩ − wv + wv − ⟨θ, v⟩|
∥v∥

Σ̂−1
P

≤ max
v∈V

|⟨θ̂, v⟩ − wv|
∥v∥

Σ̂−1
P

+max
v∈V

|wv − ⟨θ, v⟩|
∥v∥

Σ̂−1
P

= min
θ′

max
v∈V

|⟨θ′, v⟩ − wv|
∥v∥

Σ̂−1
P

+max
v∈V

|wv − ⟨θ′, v⟩|
∥v∥

Σ̂−1
P

≤ 2max
v∈V

|⟨θ, v⟩ − wv|
∥v∥

Σ̂−1
P
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So it suffices to show that each |⟨θ, v⟩ − wv| is small. We begin by fixing some v ∈ V and bounding the
variance of v⊤Σ̂−1

P Qs(xs)xsys for any s ≤ n which is necessary to use the robust estimator. Note that

Varxs∼ν,Qs(xs)∼P (xs)(v
⊤Σ̂−1

P Qs(xs)xsys) =Exs∼ν,Qs(xs)∼P (xs)[(v
⊤Σ̂−1

P Qs(xs)xsys)
2]

− Exs∼ν,Qs(xs)∼P (xs)[v
⊤Σ̂−1

P Qs(xs)xsys]
2

which means we can drop the second term to bound the variance by

Exs∼ν,Qs(xs)∼P (xs)[
(
(v⊤Σ̂−1

P Qs(xs)xsys

)2
]

= Exs∼ν,Qs(xs)∼P (xs)[
(
v⊤Σ̂−1

P Qs(xs)xs(x
⊤
s θ + ξs)

)2
]

= Exs∼ν
[
EQs(xs)∼P (ss)[

(
v⊤Σ̂−1

P Qs(xs)xs(x
⊤
s θ)
)2

] + EQs(xs)∼P (ss)[
(
v⊤Σ̂−1

P Qs(xs)xs

)2
ξ2t ]

]
≤ Exs∼ν

[
B2EQs(xs)∼P (ss)[

(
v⊤Σ̂−1

P Qs(xs)xs

)2
] + σ2EQs(xs)∼P (ss)[

(
v⊤Σ̂−1

P Qs(xs)xs

)2
]

]
= Exs∼ν

[
(B2 + σ2)EQs(xs)∼P (ss)[v

⊤Σ̂−1
P Qs(xs)xsx

⊤
s Qs(xs)Σ̂

−1
P v]

]
= Exs∼ν

[
(B2 + σ2)EQs(xs)∼P (ss)[v

⊤Σ̂−1
P Qs(xs)xsx

⊤
s Σ̂

−1
P v]

]
≤ Exs∼ν

[
(B2 + σ2)v⊤Σ̂−1

P P (xs)xsx
⊤
s Σ̂

−1
P v
]
,

where we used that Q2
s(xs) = Qs(xs). Thus, we have with Lemma 53

Var(v⊤Σ̂−1
P Qs(xs)xsys) ≤ (B2 + σ2)v⊤Σ̂−1

P Exs∼ν [P (xs)xsx⊤s ]Σ̂−1
P v

= (B2 + σ2)∥v∥2
Σ̂−1

P ΣP Σ̂−1
P

≤ B2 + σ2

(1− γ)2 ∥v∥
2
Σ−1

P
.

We have

|⟨θ∗, v⟩ − wv| = |⟨θ∗, v⟩ − E[v⊤Σ̂−1
P P (x1)x1y1] + E[v⊤Σ̂−1

P P (x1)x1y1]− wv|
≤ |⟨θ∗, v⟩ − E[v⊤Σ̂−1

P P (x1)x1y1]|
+ |Catoni({⟨v, Σ̂−1

P Qs(xs)xsys⟩}ns=1)− EX∼ν [v
⊤Σ̂−1

P P (X)XY ]|.

We now recall that we can write yt = x⊤t θ∗+ ξt where ξt is a mean-zero, independent random variable with
variance at most σ2. Thus, using Cauchy-Schwarz and applying Lemma 53, we get

|⟨θ∗, v⟩ − E[v⊤Σ̂−1
P P (x1)x1y1]| = |v⊤θ∗ − v⊤Σ̂−1

P ΣP θ∗|
= |v⊤(I − Σ̂−1

P ΣP )θ∗|
= |v⊤Σ−1/2

P (I − Σ
1/2
P Σ̂−1

P Σ
1/2
P )Σ

1/2
P θ∗|

≤ ∥Σ−1/2
P v∥ ∥Σ1/2

P θ∗∥(I−Σ
1/2
P Σ̂−1

P Σ
1/2
P )2

≤
√
10γ∥Σ−1/2

P v∥ ∥Σ1/2
P θ∗∥
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=
√
10γ∥v∥Σ−1

P
∥θ∗∥ΣP

.

By using the property of Catoni estimator stated in Definition 7, we have

|⟨θ∗, v⟩ − wv|
≤|Catoni({⟨v,EX∼ν [P (X)XX⊤]−1Qs(xs)xsys⟩}ns=1)− E[⟨v,EX∼ν [P (X)XX⊤]−1Qs(xs)xsys⟩]|

+
√
10γ∥θ∗∥EX∼ν [XX⊤]∥v∥(EX∼ν [P (X)XX⊤]−1

≤
√
2

√
(Var(⟨v,EX∼ν [P (X)XX⊤]−1Qs(xs)xsys⟩))

log(2δ )

n/2

+
√
10γ∥θ∗∥EX∼ν [XX⊤]∥v∥(EX∼ν [P (X)XX⊤]−1

(with probability at least 1− δ if n ≥ 4 log(2/δ))

≤
(
√
4

√
B2 + σ2

(1− γ)2 +
√

10nγ∥θ∗∥EX∼ν [XX⊤]

)
∥v∥(EX∼ν [P (X)XX⊤]−1

√
log(2δ )

n

=

(
√
4

√
B2 + σ2

(1− γ)2 +
√

10nγ∥θ∗∥EX∼ν [XX⊤]

)
∥v∥EX∼ν [nP (X)XX⊤]−1

√
log(2/δ).

Finally, the proof is complete by taking union bounding over all v ∈ V .

Proof of Lemma 51. Most of this proof is exactly the one of Section C.2.1 and Section C.2.1 so we only
state the concentration bound. For any V ⊆ Z and z, z′ ∈ V define

Ez,z′,ℓ(V) = {|⟨z − z′, θ̂ℓ(V)− θ∗⟩| ≤ ϵℓ}

where θ̂ℓ(V) is the estimator that would be constructed by the algorithm at stage ℓ with Zℓ = V . Naturally
we want to apply Proposition 5 with τ labeled samples to obtain that Ez,z′,ℓ(V) holds with probability at
least 1− δ

2ℓ2|Z|2 . Note that as Lemma 48 gives P (x) ≥ µ/3 so

ΣP = EX∼ν [P (X)XX⊤] ≥ µ

3
EX∼ν [XX

⊤]

ΣP is invertible.
Defining δ0 := δ

4ℓ2|Z|2 and setting κ ≥ 2cδ0 max{1, 20∥θ∗∥2EX∼ν [XX⊤]
} where we recall that was

defined cδ = K2
ψ2
(
√
d ln 9/c1 +

√
log(2/δ)

c1
), Lemma 52 leads to

cδ0
κ
≤ 1

2
min

{
1,

1

20∥θ∗∥2EX∼ν [XX⊤]

}

so that we can set γ = cδ0/(τκ) in the bound of Proposition 5 to get√
10τγ∥θ∗∥EX∼ν [XX⊤] ≤

1

2

and √
B2 + σ2

(1− γ)2 ≤ 2
√
B2 + σ2
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So for δ0 = δ
4ℓ2|Z|2 the event Ẽcov defined as

Ẽcov :=

{(
1− cδ0√

κ

)
x⊤ΣPx ≤ x⊤Σ̂Px ≤

(
1 +

cδ0√
κ

)
x⊤ΣPx

}
.

happen with probability at least 1− δ0.
Now, let us for now condition on Ẽcov. For fixed V ⊂ Z and ℓ ∈ N we apply Proposition 5, instantiating

the arbitrary P to P̂ℓ (obtained with OPTIMIZEDESIGN, recall Section C.4.1) so that with probability at
least 1− δ

4ℓ2|Z|2 we have that for any z, z′ ∈ V holds that the event ẼRIPS,z,z′ defined as

ẼRIPS,z,z′ :=

{
|⟨z − z′, θ̂ℓ(V)− θ∗⟩|

≤ 2∥z − z′∥EX∼ν [τP̂ℓ(X)XX⊤]−1

(
4
√
B2 + σ2 + 1

)√
log(4ℓ2|Z|2/δ)

}
happen with probability at least 1− δ0.

So with probability at least 1−P(ẼcRIPS,z,z′)−P(Ẽccov) ≥ 1− δ
4ℓ2|Z|2 − δ

4ℓ2|Z|2 = 1− δ
2ℓ2|Z|2 , both events

hold and we have that for any z, z′ ∈ V holds

|⟨z − z′, θ̂ℓ(V)− θ∗⟩| ≤ 2∥z − z′∥EX∼ν [τP̂ℓ(X)XX⊤]−1

(
4
√
B2 + σ2 + 1

)√
log(4ℓ2|Z|2/δ)

≤ 2(1 + ε)
(
4
√
B2 + σ2 + 1

)
∥z − z′∥EX∼ν [τP̂ℓ(X)XX⊤]−1

√
log(4ℓ2|Z|2/δ)

≤ ϵℓ.

where we used the property of P̂ℓ as detailed in Section C.4.1 to conclude.

Proof of Theorem 25. The total number of labels requested afterL rounds is equal to
∑L

ℓ=1

∑ℓτ
t=(ℓ−1)τ+1 P̂ℓ(xt).

Again by Freedman’s inequality we have that

L∑
ℓ=1

ℓτ∑
t=(ℓ−1)τ+1

P̂ℓ(xt) ≤ 2

L∑
ℓ=1

τEX∼ν [P̂ℓ(X)|Zℓ] + log(1/δ)

From Theorem 13, it holds for any ℓ that EX∼ν [P̂ℓ(X)] ≤ EX∼ν [P̃ℓ(X)] + 4
√
µ where P̃ℓ is the optimal

solution to problem (C.13). So now, for some τ̃ , we want to relate EX∼ν [τ̃ P̃ℓ(X)] to EX∼ν [τPℓ(X)] where
Pℓ is the solution of problem (4.4). To do so, we rewrite problem (4.4) and problem (C.13) as

minP EX∼ν [τP (X)]

subject to y⊤EX∼ν
[
τP (X)XX⊤]−1

y ≤ c2ℓ , ∀y ∈ Yℓ,
0 ≤ τP (x) ≤ τ, ∀x ∈ X .

(C.25)

and
minP EX∼ν [τ̃P (X)]

subject to y⊤EX∼ν [τ̃P (X)XX⊤]−1y ≤ c2ℓ , ∀y ∈ Yℓ,
0 ≤ τ̃P (x) ≤ τ̃(1− µb), ∀x ∈ X .

(C.26)
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where problem (C.25) is equivalent to problem (4.4) and problem (C.26) is equivalent to problem (C.13).
Thus taking τ̃ = τ

1−µb , problem (C.26) becomes

minP EX∼ν

[
τ

1−µbP (X)
]

subject to y⊤EX∼ν [
τ

1−µbP (X)XX⊤]−1y ≤ c2ℓ , ∀y ∈ Yℓ,
0 ≤ τ

1−µbP (x) ≤ τ, ∀x ∈ X .

which, using Q = P
1−µb is equivalent to

minQ EX∼ν [τQ(X)]
subject to y⊤EX∼ν [τQ(X)XX⊤]−1y ≤ c2ℓ , ∀y ∈ Yℓ,

0 ≤ τQ(x) ≤ τ, ∀x ∈ X .
(C.27)

And we can now see that (C.27) and (C.25) are the same optimization problem. And Q∗
ℓ the solution of

(C.27) is equal to P̃ℓ
1−µb . Thus the result EX∼ν

[
τ̃ P̃ℓ(X)

]
= EX∼ν [τPℓ(X)].

Remains to bound
∑L

ℓ=1 τEX∼ν [Pℓ(X)] where

L∑
ℓ=1

τEX∼ν [Pℓ(X)|Zℓ]

=
L∑
ℓ=1

[
min

P :X→[0,1]
τEX∼ν [P (X)] subject to max

z,z′∈Zℓ

∥z − z′∥2EX∼ν [τP (X)XX⊤]−1

ϵ2ℓ
βδ,ℓ ≤ 1

]
,

where βδ,ℓ is defined in Section C.4.1 as

βδ,ℓ := 4(1 + ε)2
(
4
√
B2 + σ2 + 1

)2
log(4ℓ2|Z|2/δ).

As in the case where the distribution ν is known (Section C.2.1), we use Lemma 37 to bound maxz,z′∈Zℓ

∥z−z′∥2
EX∼ν [τP (X)XX⊤]−1

ϵ2ℓ
βδ,ℓ

by maxz∈Z\z∗
∥z−z∗∥2EX∼ν [τP (X)XX⊤]−1

⟨z−z∗,θ∗⟩2 64βδ,L. Last, the reparameterization of Proposition 4 also applies
here.

In the unlabeled sample complexity, we get an additionalLκ = L⌈2K2
ψ2
(
√
d ln 9/c1+

√
log(2/δ)

c1
)max{1, 20∥θ∗∥EX∼ν [XX⊤]}⌉

term from the estimation of the covariance matrix. Last, we get an additional L(K +u), where K and u are
such that

K ≥ Õ
(
|Z|3 κ(Σ)2 ∥Λ∗∥82M16

β2µ6b

)
·
(
1 + ϵ

ϵ

)2

, u ≥ Õ
(
κ(Σ)2 ∥Λ∗∥62M16

β2µ6b

)
·
(
1 + ϵ

ϵ

)2

,

from the sample complexity of the subroutine.

C.5 Classification

In this section we adopt the implementation described in Section C.2.1. As described in the text, given a
distribution π ∈ ∆X , and a class of hypothesis H, we can reduce classification to linear bandits by setting
θ∗ = [θ∗x]x∈∆X where θ∗x = 2η(x) − 1, and Z := {z(h)}h∈H ⊂ [0, 1]|X | where z(h)x = π(x)1{h(x) = 1}.
With the quantities computed in Section 4.3, we now prove Theorem 12.
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Proof of Theorem 12. We consider a slightly modified version of Algorithm 4.1 where we stop at round L
where Lϵ = ⌈log2(4/ϵ)⌉ and return argmaxz(h)∈Zℓ

⟨z(h), θ̂ℓ⟩. By an identical analysis to that in the proof
of Theorem 2, we are guaranteed that h ∈ Sℓ, i.e. Rν(h) − Rν(z∗) = ⟨z∗ − z, θ∗⟩ ≤ 4ϵℓ. In addition the
analysis of the sample complexity given there immediately gives the first part of the theorem.

It remains to bound the sample complexity in terms of the disagreement coefficient. The total sample
complexity is given by,

L∑
ℓ=1

[
min

P :X→[0,1]
τEX∼ν [P (X)] subject to max

z∈Sℓ

∥z − z∗∥2EX∼ν [τP (X)XX⊤]−1

ϵ2ℓ
βδ ≤ 1

]
where we recall βδ = 2048 log(2L2|H|/δ) since we can take B = 1 and σ = 1.

We recall the proof of Theorem 2. From the proof, we see that with probability greater than 1 − δ, our
sample complexity is obtained by summing up to round L

L∑
ℓ=1

[
min

P :X→[0,1]
τEX∼ν [P (X)] subject to max

z∈Sℓ

∥z − z∗∥2EX∼ν [τP (X)XX⊤]−1

ϵ2ℓ
βδ ≤ 1

]
By proposition 2 this is equivalent to

L∑
ℓ=1

[
min
λ∈∆X

ρℓ(λ)βδ subject to
∥∥∥∥λν
∥∥∥∥
∞
ρℓ(λ)βδ ≤ τ

]
, where ρℓ(λ) := max

z∈Sℓ

∥z − z∗∥2EX∼λ[XX⊤]−1

ϵ2ℓ
.

Define
Aℓ = {x ∈ X : ∃h, h(x) ̸= h∗(x), Rν(h)−Rν(h∗) ≤ 4ϵℓ}, ℓ ≤ L

and let λℓ =
1{x ∈ Aℓ}ν(x)
E[1{x ∈ Aℓ}]

, so
∥∥∥∥λν
∥∥∥∥
∞

=
1

E[1{x ∈ Ai}]
.

We first argue that λℓ is feasible for the previous program. Note,

ρℓ(λℓ) = max
h:Rν(h)−Rν(h∗)≤4ϵℓ

EX∼ν [
1{h(x)̸=h∗(x)
λℓ(x)/ν(x)

}]
ϵ2ℓ

(i)
= E[1{x ∈ Aℓ}] max

h:Rν(h)−Rν(h∗)≤4ϵℓ

EX∼ν [1{h(x) ̸= h∗(x)}]
ϵ2ℓ

≤ E[1{x ∈ Aℓ}] max
h:Rν(h)−Rν(h∗)≤4ϵℓ

16EX∼ν [1{h(x) ̸= h∗(x)}]
max{ϵ2ℓ , (Rν(h)−Rν(h∗))2}

≤ E[1{x ∈ Aℓ}] max
h:Rν(h)−Rν(h∗)≤4ϵℓ

16EX∼ν [1{h(x) ̸= h∗(x)}]
max{(4ϵℓ)2, (Rν(h)−Rν(h∗))2}

(ii)
≤ E[1{x ∈ Aℓ}] max

h:Rν(h)−Rν(h∗)≤4ϵℓ

16EX∼ν [1{h(x) ̸= h∗(x)}]
max{ϵ2, (Rν(h)−Rν(h∗))2}

≤ E[1{x ∈ Aℓ}] max
h∈H

16EX∼ν [1{h(x) ̸= h∗(x)}]
max{ϵ2, (Rν(h)−Rν(h∗))2}

≤ 16E[1{x ∈ Aℓ}]ρ(ν, ϵ)
where the equality (i) holds because the following is true when we only consider h such that Rν(h) −
Rν(h

∗) ≤ 4ϵℓ

1{h(x) ̸= h∗(x)}
1{x : ∃h, h(x) ̸= h∗(x), (Rν(h)−Rν(h∗)) ≤ 4ϵℓ}

= 1{h(x) ̸= h∗(x)}.
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The inequality (ii) above is true because 4ϵℓ ≥ ϵ. Thus we see that ρℓ(λℓ)∥λ/ν∥∞βδ ≤ 16ρ(ν, ϵ)βδ ≤ τ . It
remains to argue about the disagreement coefficient. Firstly note that for any h such that Rν(h)−Rν(h∗) ≤
4ϵℓ.

dν(h, h
∗) = EX∼ν [1{h(X) ̸= h∗(X)}] ≤ EX∼ν [1{h(X) ̸= Y }] + EX∼ν [1{h∗(X) ̸= Y }] (C.28)

≤ Rν(h) +Rν(h
∗) (C.29)

≤ 2Rν(h
∗) + 4ϵℓ (C.30)

Using this we see that,

min
λ∈∆

ρℓ(λ) subject to ρℓ(λ)∥λ/ν∥∞βδ ≤ τ

≤ ρℓ(λℓ)βδ (since λℓ is feasible.)

≤ E[1{x ∈ Aℓ}] max
h:Rν(h)−Rν(h∗)≤4ϵℓ

EX∼ν [1{h(x) ̸= h∗(x)}]
ϵ2ℓ

βδ

(imitating the above computation)

≤ (2R(h∗) + 4ϵℓ)EX∼ν [1{∃h : h(X) ̸= h∗(X), dν(h, h
∗) ≤ 2R(h∗) + 4ϵℓ}]

ϵ2ℓ
βδ

(Equation (C.28))

≤ βδ


9R(h∗)2

ϵ2ℓ

EX∼ν [1{∃h:h(X )̸=h∗(X),dν(h,h∗)≤2R(h∗)+4ϵℓ}]
2R(h∗)+4ϵℓ

4ϵℓ ≤ R(h∗)
144EX∼ν [1{∃h:h(X) ̸=h∗(X),dν(h,h∗)≤2R(h∗)+4ϵℓ}]

2R(h∗)+4ϵℓ
4ϵℓ > R(h∗)

≤
(
9R(h∗)2

ϵ2ℓ
+ 144

)
EX∼ν [1{∃h : h(X) ̸= h∗(X), dν(h, h

∗) ≤ 2R(h∗) + 4ϵℓ}]
2R(h∗) + 4ϵℓ

βδ

Thus,

L∑
ℓ=1

[
min
λ∈∆X

ρℓ(λ)βδ subject to
∥∥∥∥λν
∥∥∥∥
∞
ρℓ(λ)βδ ≤ τ

]

≤
L∑
ℓ=1

ρℓ(λℓ)βδ

≤
L∑
ℓ=1

(
9R(h∗)2

ϵ2ℓ
+ 144

)
EX∼ν [1{∃h : h(X) ̸= h∗(X), dν(h, h

∗) ≤ 2R(h∗) + 4ϵℓ}]
2R(h∗) + 4ϵℓ

βδ

≤ log2

(
4

ϵ

)
sup
ℓ≤L

(
9R(h∗)2

ϵ2ℓ
+ 144

)
EX∼ν [1{∃h : h(X) ̸= h∗(X), dν(h, h

∗) ≤ 2R(h∗) + ϵℓ}]
2R(h∗) + 4ϵℓ

βδ

≤ log2

(
4

ϵ

)(
36R(h∗)2

ϵ2
+ 144

)
sup
ℓ≤L

EX∼ν [1{∃h : h(X) ̸= h∗(X), dν(h, h
∗) ≤ 2R(h∗) + 4ϵℓ}]

2R(h∗) + 4ϵℓ
βδ

≤ 36 log2

(
4

ϵ

)(
R(h∗)2

ϵ2
+ 4

)
sup
ξ≥ϵ

θ∗(2R(h∗) + ξ, ν)βδ

from which the result follows.
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Appendix D

Appendix for Chap. 5

D.1 Additional Algorithms in Implementation

D.1.1 A Peace-based Robust Algorithm

In this section, we briefly explain how we design P1-Peace based on intuition similar to P1-RAGE and
make it computationally efficient. First, we propose another subroutine, called Peace-Elimination, based on
the elimination strategy in Peace Katz-Samuels et al. (2020), which has the same spirit as RAGE. Similar to
RAGE-Elimination, Peace-Elimination also repeatedly computes XY-allocation, but (virtually) eliminate
arms so that the value of the remaining arms’ optimal XY-design is halved. In addition, in P1-Peace, we
only update the sampling distribution λt after a period of time. The intuition is that if the environment is
stationary, then we do not need to update our allocation probability frequently just like RAGE and Peace;
if the environment is non-stationary, then the non-stationarity is handled by the mixed G-optimal design λ∗,
which is fixed from the very beginning. Therefore, updating λt in a low frequency should not severely harm
the performance. The new algorithm and elimination subroutine are summarized in Algorithm D.1 and D.2.

For convenience of presentation, for arm set Z ⊂ Rd and distribution λ ∈ △X , we define

ρ(Z, λ) = max
x,x′∈Z

∥∥x− x′∥∥2
A(λ)−1 . (D.1)

Algorithm D.1. P1-Peace

1: Input: budget, T ∈ N; arm set X ⊂ Rd

2: Compute epoch length R←
⌊

T
log2(infλ∈△X ρ(X ,λ))

⌋
3: Compute G-optimal design λ∗ based on equation (5.3) and initialize λ1 = λ∗

4: for t = 1, 2, . . . , T do
5: Sample xt ∼ λt and receive reward rt
6: Estimate θ̂t ← 1

t

∑t
s=1 Ex∼λs

[
xx⊤

]−1
xsrs

7: λt+1 ← λt
8: if t− 1 = cR for some integer c then
9: Update λt+1 ←Peace-Elimination(θ̂t)

10: Return argmaxx∈X x
⊤θ̂T
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Algorithm D.2. Peace-Elimination

1: Input: arm set X ⊂ Rd; current estimate θ̂t
2: Find index (̂k)t such that x⊤

(̂1)t
θ̂t ≥ x⊤

(̂2)t
θ̂t ≥ · · · ≥ x⊤

(̂K)t
θ̂t

3: Initialize X (0)
t ← X and i← 0

4: while |X (i)
t | > 1 do

5: Compute λ(i)t ← arg infλ∈△X ρ(X
(i)
t , λ)

6: Find the largest index ki such that

inf
λ∈△X

ρ
(
{x

(̂1)t
, . . . , x

(̂ki)t
}
)
≤ 1

2
· inf
λ∈△X

ρ(X (i)
t , λ)

7: Update X (i+1)
t ←

{
x
(̂1)t

, . . . , x
(̂ki)t

}
8: i← i+ 1

9: Return (λ̄t + λ∗)/2, where λ̄t = 1
i

∑i−1
i′=0 λ

(i′)
t

D.1.2 A Naive Baseline Mixed Algorithm

In this section, we present a naive mixture of Peace and the G-optimal design, called Mixed-Peace, which
eliminates arms and computes design λk during each epoch exactly the same as Peace. The only differences
are that Mixed-Peace uses IPS estimator and when pulling an arm, it will pull an arm by following xt ∼
(λk + λ∗)/2, where λ∗ is the G-optimal design defined in equation (5.3). Its details are summarized in
Algorithm D.3.

Algorithm D.3. Mixed-Peace

1: Input: budget, T ∈ N; arm set X ⊂ Rd
2: Initialize R← ⌈log2 (infλ∈△X ρ(X , λ))⌉, N ←

⌊
T
R

⌋
, X0 ← X , θ̂0 ← 0 and t← 1

3: Compute G-optimal design λ∗ using equation (5.3)
4: for r = 0, . . . , R do
5: Find λr ← (arg infλ∈△X ρ(Xr, λ) + λ∗)/2
6: while t ≤ min {T, (r + 1)N} do
7: Sample xt ∼ λr and receive reward rt
8: Estimate θ̂t ← t−1

t · θ̂t−1 +
1
t · Ex∼λr

[
xx⊤

]−1
xtrt

9: t← t+ 1

10: if |Xr| > 1 then
11: Reindex Xr such that x⊤1 θ̂t ≥ x⊤2 θ̂t ≥ · · · ≥ x⊤nr

θ̂t, where nr = |Xr|
12: Find the largest index kr such that

inf
λ∈△X

ρ({x1, . . . , xkr} , λ) ≤
1

2
· inf
λ∈△X

ρ(Xr, λ)

13: Update Xr+1 ← {x1, . . . , xkr}
return argmaxx∈X x

⊤θ̂T
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D.2 Error Probability of Algorithm 5.1 In Non-Stationary Environments

Recall that Theorem 14 states the following: Fix time horizon T , arm set X ⊂ Rd with |X | = K and
arbitrary unknown parameters {θt}Tt=1. If we run Algorithm 5.1 in this non-stationary environment and
obtain xJT , then it holds that

PθT (JT ̸= (1)) ≤ K exp

(
− T

12HG-BAI
(
θT
)) , where HG-BAI

(
θT
)
=

d

∆2
(1)

.

Proof. Based on the recommendation rule xJT = argmaxx∈X x
⊤θ̂T , we have

P (JT ̸= (1)) =P
(
∃k ∈ [2 : K] s.t. x⊤(k)θ̂T ≥ x⊤(1)θ̂T

)
≤P
(
∃k ∈ [2 : K] s.t. x⊤(k)θ̂T − x⊤(k)θT ≥

∆(k)

2
or x⊤(1)θ̂T − x⊤(1)θT ≤ −

∆(1)

2

)
≤P
(
x⊤(1)θ̂T − x⊤(1)θT ≤ −

∆(1)

2

)
+

K∑
k=2

P
(
x⊤(k)θ̂T − x⊤(k)θT ≥

∆(k)

2

)
. (D.2)

The above terms can be bounded by Bernstein’s inequality. In particular, for the first term, we have

P
(
x⊤(1)θ̂T − x⊤(1)θT ≤ −

∆(1)

2

)
= P

(
T∑
t=1

x⊤(1)
(
A(λ∗)−1xtrt − θt

)
≤ −

T∆(1)

2

)
.

Since IPS estimator is unbiased, x⊤(1)
(
A(λ∗)−1xtrt − θt

)
is a zero-mean random variable. Based on our

bounded reward assumption, we have∣∣∣x⊤(1) (A(λ∗)−1xtrt − θt
)∣∣∣ ≤ ∣∣∣x⊤(1)A(λ∗)−1xt

∣∣∣+ 2 ≤
∥∥x(1)∥∥A(λ∗)−1 ∥xt∥A(λ∗)−1 + 2 ≤ d+ 2 ≤ 3d,

where we use the property of G-optimal design maxx∈X ∥x∥2A(λ∗)−1 ≤ d. We can similarly bound its
variance by

E
[(
x⊤(1)

(
A(λ∗)−1xtrt − θt

))2]
≤E

[(
x⊤(1)A(λ

∗)−1xt

)2]
=x⊤(1)A(λ

∗)−1E
[
xtx

⊤
t

]
A(λ∗)−1x(1)

=x⊤(1)A(λ
∗)−1A(λ∗)A(λ∗)−1x(1) (Since xt ∼ λ∗ by algorithm)

=
∥∥x(1)∥∥2A(λ∗)−1 ≤ d

Thus, by Bernstein’s inequality, we have

P
(
x⊤(1)θ̂T − x⊤(1)θT ≤ −

∆(1)

2

)
≤ exp

(
−

T 2∆2
(1)/8

Td+ Td∆(1)/2

)
≤ exp

(
−
T∆2

(1)

12d

)
,

where the last inequality uses the assumption that ∆(1) ≤ 1. By similarly applying Bernstein’s inequality to
other terms in (D.2), we can then have

P
(
JT ̸= x(1)

)
≤P
(
x⊤(1)θ̂T − x⊤(1)θT ≤ −

∆(1)

2

)
+

K∑
k=2

P
(
x⊤(k)θ̂T − x⊤(k)θT ≥

∆(k)

2

)
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≤
K∑
k=1

exp

(
−
T∆2

(k)

12d

)

≤K exp

(
−
T∆2

(1)

12d

)
.

D.3 Error Probability of Algorithm 5.2

D.3.1 Stationary Environments

We first prove an error probability of Algorithm 5.2 in stationary environments that contains unspecified
parameters from the virtual phases. Without loss of generality, assume that the arms x1, . . . , xK are ordered
such that θ⊤x1 > θ⊤x2 ≥ · · · ≥ θ⊤xK and ∆1 = ∆2 ≤ ∆3 ≤ · · · ≤ ∆K .

Throughout this section, we will the following definitions: i0 = ⌈log2(1/∆1)⌉+1,Ai =
{
x ∈ X | ∆x ≤ 2 · 2−i

}
,

ī(k) = max
{
i ∈ [i0 − 1] | ∆k ≤ 2−i

}
and

f(Ai) = min
λ∈△X

max
x,x′∈Ai

∥∥x− x′∥∥2
A(λ)−1 .

Theorem 26. Let D =
{
a ∈ [0, 1]i0+1 | 0 = a0 < a1 ≤ a2 ≤ . . . ≤ ai0 = 1

}
. Then, if m ≥ i0, The error

probability of Algorithm 5.2 in a stationary environment with parameter θ is bounded as

Pθ (JT ̸= 1) ≤2i0KT exp

(
− T

HP1-RAGE(θ)

)
,

HP1-RAGE(θ) =min
a∈D

max
k∈[K]

48m
∑ī(k)

i′=1(ai′ − ai′−1)f(Ai′−2) + 8(m
√
df(X ) + 1)aī(k)∆k

3a2
ī(k)

∆2
k

. (D.3)

Proof. With 0 = n0 < n1 ≤ n2 ≤ . . . ≤ ni0 = T .1 we define the event ξi with i ≥ 1 as follows: after ni
samples all the arms with true gap smaller than 2 · 2−i are estimated with precision 2−i/2, which is

ξi = {∀t ≥ ni,∀k ∈ [K] s.t. ∆k ≤ 2 · 2−i =⇒ |∆k − ∆̂
(t)
k | < 2−i/2},

where ∆̂(t)
k = (x1−xk)⊤θ̂(t) for k > 1 and ∆̂

(t)
1 = (x1−x2)⊤θ̂(t). We first show how these events {ξi}i0i=1

relate the correctness of Algorithm 5.2.
Correctness. If

⋂i0
i=1 ξi holds then the algorithm successfully identifies the best arm. Indeed, if we

assume it does not, then there must exist non-optimal arm k0 such that ∆̂(T )
k0

< 0. As
⋂i0
i=1 ξi holds, for

some i′ ≤ i0, it holds that 2−i
′
< ∆k0 ≤ 2 · 2−i′ and then |∆k0 − ∆̂

(T )
k0
| < 2−i

′
/2. Therefore, we have

2−i
′
< ∆k0 ≤ ∆k0 − ∆̂

(T )
k0
≤ |∆k0 − ∆̂

(T )
k0
| ≤ 2−i

′
/2, which is a contradiction.

Thus, the error probability is upper bounded by P
(⋃i0

i=1 ξ
c
i

)
, which gives us

P (JT ̸= 1) ≤P
(

i0⋃
i=1

ξci

)
= P

 i0⋃
i=1

ξci \ i−1⋃
j=1

ξcj

 ≤ i0∑
i=1

P

ξci \ i−1⋃
j=1

ξcj


1We do not specify the values of n1, . . . , ni0−1 for now.
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=

i0∑
i=1

P

ξci ∩
i−1⋃
j=1

ξcj

c =

i0∑
i=1

P

ξci ∩
i−1⋂
j=1

ξj


≤

i0∑
i=1

P

ξci
∣∣∣∣∣∣
i−1⋂
j=1

ξj

 .

Bernstein’s inequality. Now, we just need to find an upper bound of P
(
ξci

∣∣∣⋂i−1
j=1 ξj

)
. Assume ∃t ≥

ni, ∃k ∈ [K] s.t. ∆k ≤ 2 · 2−i.2 Then, we have

P(|∆k − ∆̂
(t)
k | ≥ 2−i/2)

=P(|(θ − θ̂t)⊤(x1 − xk)| ≥ 2−i/2) (D.4)

=P

(∣∣∣∣∣
t∑

s=1

(
θ −A(λs)−1xsrs

)⊤
(x1 − xk)

∣∣∣∣∣ ≥ 2−it/2

)
(a)
≤2 exp

− 2−2it2/8

2
∑t

s=1 ∥x1 − xk∥2A(λ̄s)−1 +
(√

dmaxs∈[1:t] ∥x1 − xk∥A(λ̄s)−1 + 1
)
t2−i/3


(By Bernstein’s inequality for martingale differences (Freedman, 1975))

≤2 exp
(
−2−2it2/8

term I

)
,

where term I =2

i∑
i′=1

ni′∑
s=ni′−1+1

∥x1 − xk∥2A(λ̄s)−1 + 2

t∑
s=ni+1

∥x1 − xk∥2A(λ̄s)−1

+

(√
d max
s∈[1:t]

∥x1 − xk∥A(λ̄s)−1 + 1

)
· t2

−i

3
.

Here, to use Bernstein’s inequality for martingale differences in the inequality (a) above, we need to bound
the variance and magnitude of

(
θ −A(λs)−1xsrs

)⊤
(x1 − xk) condition on λs.3 In particular, we have∣∣∣(θ −A(λs)−1xsrs

)⊤
(x1 − xk)

∣∣∣ ≤ ∣∣∣(x1 − xk)⊤A(λs)−1xs

∣∣∣+∆k

≤∥x1 − xk∥A(λs)−1 ∥xs∥A(λs)−1 + 2

≤2
√
d ∥x1 − xk∥A(λ̄s)−1 + 2.

(Since λs = (λ̄s + λ∗)/2 and λ 7→ ∥x1 − xk∥2A(λ)−1 is convex in λ)

E
[((

θ −A(λs)−1xsrs
)⊤

(x1 − xk)
)2
| λs
]

2Otherwise, ξi is vacuously true and P (ξci ) = 0.
3Since IPS estimator is unbiased and λs is determined by the history prior to time s, we have

E
[(
θ −A(λs)

−1xsrs
)⊤

(x1 − xk) | Hs−1

]
= 0, which implies that it is a martingale difference sequence.
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≤E
[(

(x1 − xk)⊤A(λs)−1xs

)2
| λs
]

=(x1 − xk)⊤A(λs)−1E
[
xsx

⊤
s | λs

]
A(λs)

−1(x1 − xk)

= ∥x1 − xk∥2A(λs)−1

≤2 ∥x1 − xk∥2A(λ̄s)−1 . (Since λs = (λ̄s + λ∗)/2)

Single-term error probability. Now, we need to use the property of the subroutine RAGE-Elimination
(Line 5.3 of Algorithm 5.2) that generates λs. That is, by Lemma 56, since xk ∈ Ai ⊆ Ai′ for i′ ≤ i and
m ≥ i0, for s ∈ [ni′−1+1, ni′ ], we have ∥x1 − xk∥2A(λ̄s)−1 ≤ m infλ∈△X maxx,x′∈Ai′−2

∥x− x′∥2A(λ)−1
def
=

mf(Ai′−2). Thus, we have

P(|∆k − ∆̂
(t)
k | ≥ 2−i/2)

≤2 exp
(
− 2−2it2/8

2m
∑i

i′=1(ni′ − ni′−1)f(Ai′−2) + 2m(t− ni)f(Ai−1) + (m
√
df(X ) + 1)t2−i/3

)

≤2 exp
(
− 2−2in2i /8

2m
∑i

i′=1(ni′ − ni′−1)f(Ai′−2) + (m
√
df(X ) + 1)ni2−i/3

)
,

where the last inequality above holds because of t ≥ ni and a simple fact that t 7→ t2

at+b is an increasing
function when t ≥ 0 if a > 0 and b > 0.

Final error probability. Then, with the union bound over all t ≥ ni and k ∈ [K], it holds for any
0 < n1 ≤ n2 . . . ≤ ni ≤ T that

P

ξci
∣∣∣∣∣∣
i−1⋂
j=1

ξj

 ≤ 2KT exp

(
− 2−2in2i /8

2m
∑i

i′=1(ni′ − ni′−1)f(Ai′−2) + (m
√
df(X ) + 1)ni2−i/3

)

≤ 2KT max
k∈[K]

exp

− 3n2
ī(k)

∆2
k

48m
∑ī(k)

i′=1(ni′ − ni′−1)f(Ai′−2) + 8(m
√
df(X ) + 1)nī(k)∆k

 ,

where ī(k) = max
{
i ∈ [i0 − 1] | ∆k ≤ 2−i

}
. Here, the last inequality use the same simple fact that t 7→

t2

at+b is an increasing function when t ≥ 0 if a > 0 and b > 0.
With values of 0 = n0 < n1 ≤ n2 ≤ · · · ≤ ni0 = T , we can define ai = ni

T , which implies
0 = a0 < a1 ≤ a2 ≤ · · · ≤ ai0 = 1. Since the choice of values a ∈ D is arbitrary, the final error probability
can be bounded as

P (JT ̸= 1) ≤
i0∑
i=1

P

ξcj
∣∣∣∣∣∣
i−1⋂
j=1

ξj


≤ 2i0KT min

a∈D
max
k∈[K]

exp

(
−

3Ta2i(k)∆
2
k

48m
∑ī(k)

i′=1(ai′ − ai′−1)f(Ai′−2) + 8(m
√
df(X ) + 1)ai(k)∆k

)
,

which completes the proof
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Properties of RAGE-Elimination

In this section, we prove some properties of the RAGE-Elimination algorithm that will be useful for proving
Theorem 26.

Lemma 54. Assume t ≥ ni. Then, under
⋂i−1
j=1 ξj , when running RAGE-Elimination (line 5.3 in Algorithm

5.2), it holds that
X (i+1)
t ⊆

{
x ∈ X | ∆̂(t)

x ≤ 2−i
}
⊆ Ai.

Proof. To show X (i+1)
t ⊆

{
x ∈ X | ∆̂(t)

x ≤ 2−i
}

, let x
(̂1)t

= argmaxx∈X

〈
θ̂t, x

〉
. Then, for some arm x,

if we have
〈
θ̂(t), x

(̂1)t
− x
〉
≤ 2−i, it holds that〈

θ̂(t), x1 − x
〉
=
〈
θ̂(t), x1 − x(̂1)t

〉
︸ ︷︷ ︸

≤0

+
〈
θ̂(t), x

(̂1)t
− x
〉

︸ ︷︷ ︸
≤2−i

≤ 2−i,

which implies x ∈ {x ∈ X | ∆̂(t)
x ≤ 2−i}.

To show
{
x ∈ X | ∆̂(t)

x ≤ 2−i
}
⊆ Ai, let ∆̂(t)

x ≤ 2−i for some x and assume for the sake of a contra-

diction that ∆x > 2 · 2−i. As ∆x > 2 · 2−i, there must exist ĩ ≤ i− 1 such that 2−ĩ < ∆x ≤ 2 · 2−ĩ. Then
|∆x − ∆̂

(t)
x | < 2−ĩ/2 since event ξĩ holds. Meanwhile, we have ∆̂

(t)
x ≤ 2−i ≤ 2−ĩ/2 since ĩ ≤ i− 1. Now,

this leads to the contradiction

2−ĩ/2 = 2−ĩ − 2−ĩ/2 ≤ ∆x − ∆̂(t)
x ≤ |∆x − ∆̂

(t)
j | < 2−ĩ/2.

Thus, under
⋂i−1
j=1 ξj , we have{

x ∈ X | ∆̂(t)
x ≤ 2−i

}
⊆
{
x ∈ X | ∆x ≤ 2 · 2−i

}
= Ai.

Lemma 55. Assume t ≥ ni. Then, under
⋂i−1
j=1 ξj , when running RAGE-Elimination, if x ∈ Ai, then

x ∈ X (i−1)
t .

Proof. If x ∈ Ai, then ⟨θ, x1 − x⟩ ≤ 2 · 2−i. Again, let x
(̂1)t

= argmaxx∈X

〈
θ̂t, x

〉
and we have〈

θ̂t, x̂
(t)
1 − x

〉
=
〈
θ̂t, x(̂1)t

− x1
〉
+
〈
θ̂t, x1 − x

〉
=
〈
θ̂t, x(̂1)t

− x1
〉
+
〈
θ̂t − θ, x1 − x

〉
+ ⟨θ, x1 − x⟩︸ ︷︷ ︸

≤2·2−i

≤
〈
θ̂t, x(̂1)t

− x1
〉
+ |∆̂(t)

x −∆x|+ 2 · 2−i

≤
〈
θ̂t, x(̂1)t

− x1
〉
+ 2−i + 2 · 2−i (Since ξi−1 holds)

=− ∆̂(t)
x
(̂1)t

+ 2−i + 2 · 2−i

≤2−i + 2−i + 2 · 2−i
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=4 · 2−i.

The last inequality above holds because under
⋂i−1
j=1 ξj , by Lemma 54, we have x

(̂1)t
∈ Ai, meaning that

|∆̂(t)
x
(̂1)t
−∆x

(̂1)t
| < 2−i =⇒ ∆̂

(t)
x
(̂1)t

> ∆x
(̂1)t
− 2−i > −2−i.

Lemma 56. Assume t ≥ ni and
⋂i−1
j=1 ξj holds. When running RAGE-Elimination, If xk ∈ Ai, then

∥x1 − xk∥2A(λ̄t)−1 ≤ m min
λ∈△X

max
x,x′∈Ai−2

∥∥x− x′∥∥2
A(λ)−1 .

Proof. By Lemma 55, we have x1, xk ∈ Ai =⇒ x1, xk ∈ X (i−1)
t , which means that

∣∣∣X (i−1)
t

∣∣∣ ≥ 2 and

λ̄t =
1
it

∑it
i′=1 λ

(i′)
t for some it satisfying i− 1 ≤ it ≤ m. Thus, We have

∥x1 − xk∥2A(λ̄t)−1 ≤m ∥x1 − xk∥2
A
(
λ
(i−1)
t

)−1

≤m max
x,x′∈X (i−1)

t

∥∥x− x′∥∥2
A
(
λ
(i−1)
t

)−1 (Since x1, xk ∈ X (t)
i−1)

(i)
≤m min

λ∈△X
max

x,x′∈Ai−2

∥∥x− x′∥∥2
A(λ)−1 .

Here, the above inequality (i) holds because by Lemma 54, we have X (i−1)
t ⊆ Ai−2 and by algorithm

construction, we have λ(i−1)
t ∈ argminλ∈△X

max
x,x′∈X (i−1)

t
∥x− x′∥2A(λ)−1 .

Simplified Stationary Complexity and its Relation to Multi-armed Bandits

In this section, we simplify the complexity of Algorithm 5.2 obtained in Theorem 26 by appropriately
choosing values a ∈ D. In particular, we have the following theorem.

Theorem 27. For HP1-RAGE(θ) defined in equation (D.3), we have

HP1-RAGE(θ) ≤
1024mi0

∆1
inf

λ∈△X
max
x ̸=x1

∥x− x1∥2A(λ)−1

∆x
+

16m
√
d

3∆1
inf

λ∈△X
max
x ̸=x1

∥x− x1∥A(λ)−1 +
1

3∆1
.

Proof. For i ∈ {1, . . . , i0 − 1}, we take ai = ∆1
∆k̄(i)

, where k̄(i) = min
{
k ∈ [K] | ∆k ≥ 2−i

2

}
. Then, since

ī(k) = max
{
i ∈ [i0 − 1] | ∆k ≤ 2−i

}
, for any k ∈ [K], we have 2−ī(k)

2 ≤ ∆k̄(̄i(k)) ≤ ∆k, which further
implies

aī(k)∆k =
∆1

∆k̄(̄i(k))

·∆k ≥ ∆1.

Then, for HP1-RAGE(θ) (defined in equation (D.3)), we have

HP1-RAGE(θ) ≤ max
k∈[K]

{
16m

∑ī(k)
i′=1(ai′ − ai′−1)f(Ai′−2)

a2
ī(k)

∆2
k

+
8(m

√
df(X ) + 1)

3aī(k)∆k

}

≤ 16m

∆1
max
k∈[K]

f(A−1)

∆k̄(1)

+

ī(k)∑
i′=2

(
1

∆k̄(i′)

− 1

∆k̄(i′−1)

)
f(Ai′−2)

+
8(m

√
df(X ) + 1)

3∆1
.

(Since a0 = 0 by definition)
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For the second term, using the definition of f(X ), we simply have

8(m
√
df(X ) + 1)

3∆1
=
8m
√
d

3∆1
inf

λ∈△X
max
x,x′∈X

∥∥x− x1 + x1 − x′
∥∥
A(λ)−1 +

1

3∆1

≤16m
√
d

3∆1
inf

λ∈△X
max
x ̸=x1

∥x− x1∥A(λ)−1 +
1

3∆1
. (D.5)

For the first term, by fixing arm index k ∈ [K] and defining j ∈ argmaxℓ∈[̄i(k)]
f(Aℓ−2)
∆k̄(ℓ)

, we have

f(A−1)

∆k̄(1)

+

ī(k)∑
i′=2

(
1

∆k̄(i′)

− 1

∆k̄(i′−1)

)
f(Ai′−2)

=
f(Aī(k)−2)

∆k̄(̄i(k))

+

ī(k)−1∑
i′=1

f(Ai′−2)− f(Ai′−1)

∆k̄(i′)

(a)
≤f(Aj−2)

∆k̄(j)

1 +

ī(k)−1∑
i′=1

f(Ai′−2)− f(Ai′−1)

f(Ai′−2)


≤ī(k)f(Aj−2)

∆k̄(j)

(Since f(Ai′−2) ≥ f(Ai′−1))

≤i0 max
ℓ∈[̄i(k)]

f(Aℓ−2)

∆k̄(ℓ)

(Since ī(k) ≤ i0 for any k ∈ [K])

=i0 max
ℓ∈[̄i(k)]

inf
λ∈△X

max
x,x′∈Aℓ−2

∥x− x′∥2A(λ)−1

∆k̄(ℓ)

≤i0 inf
λ∈△X

max
ℓ∈[̄i(k)]

max
x,x′∈Aℓ−2

∥x− x′∥2A(λ)−1

∆k̄(ℓ)

(By the weak duality inequality)

≤64i0 inf
λ∈△X

max
ℓ∈[̄i(k)]

max
x∈Aℓ−2,x ̸=x1

∥x− x1∥2A(λ)−1

16∆k̄(ℓ)

(By reasoning similar to equation (D.5))

(b)
≤64i0 inf

λ∈△X
max
ℓ∈[̄i(k)]

max
x∈Aℓ−2,x ̸=x1

∥x− x1∥2A(λ)−1

∆x

≤64i0 inf
λ∈△X

max
x ̸=x1

∥x− x1∥2A(λ)−1

∆x
.

Here, the inequality (a) above holds because f(Ai′−2) ≥ f(Ai′−1) and by definition of j, we have f(Aℓ−2)
∆k̄(ℓ)

≤
f(Aj−2)
∆k̄(j)

. The inequality (b) above holds because by definitions of k̄(ℓ) = min
{
k ∈ [K] | ∆k ≥ 2−i

2

}
and

Aℓ−2 =
{
x ∈ X | ∆x ≤ 2 · 2−(ℓ−2)

}
, we have 16∆k̄(ℓ) ≥ ∆x for any x ∈ Aℓ−2.

Therefore, by plugging the bound of both terms back, we have

HP1-RAGE(θ) ≤
1024mi0

∆1
inf

λ∈△X
max
x ̸=x1

∥x− x1∥2A(λ)−1

∆x
+

16m
√
d

3∆1
inf

λ∈△X
max
x ̸=x1

∥x− x1∥A(λ)−1 +
1

3∆1
.
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In the following corollary, we show that the above simplified complexity is in a same order (up to
logarithmic factors) of HBOB proposed in Abbasi-Yadkori et al. (2018).

Corollary 5. In multi-armed bandits, meaning d = K and X = {e1, . . . , eK}, for HP1-RAGE(θ) (defined in
equation (5.4)), if m = i0, we then have

HP1-RAGE(θ) ≤
2i0 (i0 log(2K) + 1)

∆(1)
max
k∈[K]

k

∆(k)
= 2i0 (i0 log(2K) + 1)HBOB(θ).

Proof. When in multi-armed bandits, for the first term in HP1-RAGE(θ), we have

inf
λ∈△X

max
x ̸=x(1)

∥∥x− x(1)∥∥2A(λ)−1

∆x
≤ 2

K∑
k=1

1

∆k
≤ 2 log(2K) max

k∈[K]

k

∆(k)
,

where the first inequality above comes from Soare et al. (2014) and the second inequality comes from
Audibert et al. (2010). For the second term in HP1-RAGE(θ), we have

inf
λ∈△X

max
x ̸=x(1)

∥∥x− x(1)∥∥A(λ)−1
= inf

λ∈△X
max
k ̸=(1)

√
1

λ(1)
+

1

λk
=
√
2K,

which then gives us
√
K·

√
2K

∆(1)
≤ 2K

∆(1)∆(K)
≤ 2

∆(1)
maxk∈[K]

k
∆(k)

.

Finally, by plugging these inequalities back into HP1-RAGE(θ) (defined in equation (5.4)), we have

HP1-RAGE(θ) =
mi0
∆(1)

inf
λ∈△X

max
x ̸=x(1)

∥∥x− x(1)∥∥2A(λ)−1

∆x
+
m
√
d

∆(1)
inf

λ∈△X
max
x ̸=x(1)

∥∥x− x(1)∥∥A(λ)−1

≤2i20 log(2K)

∆(1)
max
k∈[K]

k

∆(k)
+

2i0
∆(1)

max
k∈[K]

k

∆(k)

=
2i0 (i0 log(2K) + 1)

∆(1)
max
k∈[K]

k

∆(k)
.

Approximate BAI of Algorithm 5.2

Corollary 6. Fix arm set X ⊂ Rd with |X | = K and budget T . For a stationary environment with unknown
parameter θ, if m ≥ i0(ϵ) = ⌈log2 (1/ϵ)⌉ + 1 for some ϵ ≥ ∆1, then there exists absolute constant c > 0
such that the error probability of P1-RAGE satisfies

Pθ (JT /∈ A(ϵ)) ≤ 2i0(ϵ)KT exp

(
− cT

HP1-RAGE(θ, ϵ)

)
,

where A(ϵ) = {x ∈ X | ∆x ≤ ϵ} and HP1-RAGE(θ, ϵ) is defined as replacing i0 by i0(ϵ) in HP1-RAGE(θ)
(defined in Eq. (D.3)).

Proof. The proof is the same as Theorem 15 through simply replacing i0 by i0(ϵ).
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D.3.2 Non-stationary Environments

In this section, we prove the error probability of Algorithm 5.2 in general non-stationary environments.

Theorem 28. Fix time horizon T , arm set X ⊂ Rd with |X | = K and arbitrary unknown parameters
{θt}Tt=1. If we run Algorithm 5.2 in this non-stationary environment and obtain xJT , then it holds that

PθT (JT ̸= (1)) ≤ K exp

(
−
3T∆2

(1)

64d

)
.

Proof. The proof will basically resemble the one for Theorem 14. In particular, by the same reasoning to
obtain equation D.2, we have

P (JT ̸= (1)) ≤ P
(
x⊤(1)θ̂T − x⊤(1)θT ≤ −

∆(1)

2

)
+

K∑
k=2

P
(
x⊤(k)θ̂T − x⊤(k)θT ≥

∆(k)

2

)
,

where P
(
x⊤(1)θ̂T − x⊤(1)θT ≤ −

∆(1)

2

)
= P

(
T∑
t=1

x⊤(1)
(
A(λt)

−1xtrt − θt
)
≤ −

T∆(1)

2

)
.

Since λt = λ̄t+λ∗

2 and λ 7→ ∥x∥2A(λ)−1 is convex in λ, to use the Berstein’s inequality for martingale
differences (Freedman, 1975), we have∣∣∣x⊤(1) (A(λt)−1xtrt − θt

)∣∣∣ ≤ 2
∥∥x(1)∥∥A(λ∗)−1 ∥xt∥A(λ∗)−1 + 2 ≤ 2d+ 2 ≤ 4d,

E
[(
x⊤(1)

(
A(λt)

−1xtrt − θt
))2
| λt
]
=
∥∥x(1)∥∥2A(λt)−1 ≤ 2

∥∥x(1)∥∥2A(λ∗)−1 ≤ 2d.

Therefore, we have

P
(
x⊤(1)θ̂T − x⊤(1)θT ≤ −

∆(1)

2

)
≤ exp

(
−

T∆2
(1)/8

2d+ 2d∆(1)/3

)
≤ exp

(
−
3T∆2

(1)

64d

)
.

By applying the same inequality to other terms, we have

P (JT ̸= (1)) ≤ K exp

(
−
3T∆2

(1)

64d

)
.

D.4 Implementation Details and Additional Experiments

In this section, we provide more implementation details and additional experiment results. Experiments are
executed through Python 3.10 and paralleled by a Mac M1 Pro chip with 6 cores.

First, we notice that an algorithm for stationary environments usually determines a batch of arms to pull
at once during each epoch, while in non-stationary environment, the order of pulling these arms will affect
the rewards it will receive. Therefore, when applying stationary algorithms (Peace and OD-LinBAI) into a
non-stationary environment, we use a random permutation to determine the order of pulling for each batch
of arms.

217



When implementing P1-RAGE, to be computationally efficient, we update λt in the same frequency
as P1-Peace, which is summarized in Algorithm D.1. We take m = 15 for P1-RAGE, which, based on
Theorem 15, is valid as long as ∆(1) ≥ 2−13 ≈ 1.22× 10−4. Furthermore, when implementing Peace, for
simplicity, we use infλ∈△X ρ(Z, λ), defined in equation (D.1), to replace all γ(Z) used in Katz-Samuels
et al. (2020). Since the paper of OD-LinBAI does not provide code, we implement it based on the pseudocode
in Yang and Tan (2022). Finally, we use Frank-Wolfe algorithm with stepsize 1

2(i+2) in i-th iteration to solve

all optimization problems in a form of infλ∈△X maxy∈Y ∥y∥2A(λ)−1 .
As for code snippets reference, we use part of the code from Katz-Samuels et al. (2020) to implement

the rounding procedure used in Peace4 and part of the code from Fiez et al. (2019) to generate the base sta-
tionary instance for the multivariate testing example.5 We also use code from Xu et al. (2018) to preprocess
the Yahoo! Webscope dataset.6

D.4.1 Additional Experiments

Here, we provide experiment results on some additional examples to corroborate our theoretical findings.

Malicious non-stationary example Because of the nature of arm elimination, algorithms designed for
stationary environment can fail easily in some malicious non-stationary environments. Here, we pick the
same X as Soare et al. (2014)’s stationary benchmark example and set ω = 0.5. Then, we take

θt =


[
0 1 1 . . . 1

]⊤
for t = 1, . . . , T3 ,[

2 0 0 . . . 0
]⊤

for t = T
3 + 1, . . . , T.

We can see that the overall best arm is still x(1) = e1. However, because of the θt in the first 1/3 rounds,
algorithms like Peace and OD-LinBAI will eliminate e1 in its initial phase; on the other hand, our algorithms
will be robust to this non-stationarity. Here, we take T = 104 and the results are shown in right plot of Figure
D.1.

Stationary multivariate testing example We also test the performance of these algorithms in multivariate
testing example when there is no non-stationarity, i.e. θt = θ∗ for all t. Here, we also take T = 104 and the
results are shown in Figure D.2. We can see that our robust algorithm P1-RAGE again performs better than
G-BAI and comparably with Peace.

Non-stationary benchmark example In this example, we add non-stationarity to Soare et al. (2014)’s
stationary benchmark example in a more structured instead of malicious way. In particular, we keep the arm
set X the same, take ω = 0.5 and set

θt =
[
0.3 0 0 . . . −s sin

(
2πt
L

)
+ 0.5

]⊤
,

where s is the oscillation scale and L is the oscillation period, In the first series of instances, we fix L =
200 and take values m ∈ {0, 1, . . . , 9}; in the second series of instances, we fix m = 1 and take values
L ∈ {300, 600, . . . , 3000}. All non-stationary instances have the same optimal arm as their stationary

4No license information.
5Under MIT License.
6No license information.
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Experiments under Malicious Example

Figure D.1: The error probabilities are estimated through 1000 repeated trials and the error bars represent
95% confidence intervals.
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Experiments under Stationary Multivariate Testing Example

Figure D.2: The error probabilities are estimated through 104 repeated trials and the error bars represent
95% confidence intervals.

counterparts and we take T = 104 for all of these instances. The results are shown in Figure D.3, from
which we can see similar phenomenon as in Figure 5.3. In particular, algorithms designed for stationary
environments, Peace and OD-LinBAI, are very unstable in face of non-stationarity. Meanwhile, among the
other four relatively robust algorithms, our algorithms P1-RAGE and P1-Peace consistently outperform the
other two.
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Figure D.3: The vertical axis (error probability) is in log scale. The shaded area represents the 95% confi-
dence interval. Each error probability is estimated through 1000 repeated trials. The bottom two plots give
the minimum gap ∆(1) of each instance that algorithms run over
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Appendix E

Appendix for Chap. 6

E.1 Lower Bounds

E.1.1 Oracle Lower Bound

Theorem 29 (Oracle Lower Bound). Let τ denote the stopping time for any (0, δ)-PAC algorithm for pure
exploration in safe linear bandits. Then

Eθ∗,µ∗ [τ ]
log 1

2.4δ

≥ min
λ∈△X

max

{
max
z∈Z\z∗

min

{
∥z∥2A(λ)−1

p(−∆safe(z))2
,
∥z − z∗∥2A(λ)−1

p(∆(z))2

}
,
∥z∗∥2A(λ)−1

(z⊤∗ µ∗ − α)2

}
.

Comparing Complexity with Theorem 16. In the single-constraint setting, the complexity of BESIDE

reduces to

C · sup
ϵ̃≥ϵ

inf
λ∈△X

max
z∈Z

∥z∥2A(λ)−1 · log(m|Z|
δ )(

|∆safe(z)|+ p(∆ϵ̃(z)) + ϵ̃
)2

+ C · sup
ϵ̃≥ϵ

inf
λ∈△X

max
z∈Z

∥z − z∗∥2A(λ)−1 · log( |Z|
δ )(

p(−∆safe(z)) + p(∆ϵ̃(z)) + ϵ̃
)2 + C0

Consider the case when ∆ϵ̃(z) is “smooth” in ϵ̃, in the sense that ∆ϵ̃(z) ≥ ∆(z) − ϵ̃. This condition
corresponds to the case, for example, where z∗ has a large safety gap (in which case we simply have ∆ϵ̃(z) =
∆(z) for moderate values of ϵ̃), or where z∗ might have a small safety gap, but where there are arms placed
at even intervals so that, as we let the safety gap get smaller, we are always able to find better arms. Under
this assumption, the complexity can be upper bounded as

C · inf
λ∈△X

max
z∈Z

∥z∥2A(λ)−1 · log(m|Z|
δ )(

|∆safe(z)|+ p(∆(z))
)2 + C · inf

λ∈△X
max
z∈Z\z∗

∥z − z∗∥2A(λ)−1 · log( |Z|
δ )(

p(−∆safe(z)) + p(∆(z))
)2 + C0

≤ C · inf
λ∈△X

max
z∈Z

∥z∥2A(λ)−1 · log(m|Z|
δ )(

|∆safe(z)|+ p(∆(z))
)2 + C · inf

λ∈△X
max
z∈Z\z∗

∥z − z∗∥2A(λ)−1 · log( |Z|
δ )(

p(−∆safe(z)) + p(∆(z))
)2 + C0

which can be upper bounded as

C log(m|Z|
δ ) ·

(
inf

λ∈△X
max
z∈Z

∥z∥2A(λ)−1

max{∆safe(z)2, p(∆(z))2} + inf
λ∈△X

max
z∈Z\z∗

∥z − z∗∥2A(λ)−1

max{p(−∆safe(z))2, p(∆(z))2}

)
+ C0.
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While this does not match the lower bound of Theorem 29 exactly, it scales in a similar manner. As in
Theorem 29, we pay only for the larger of the optimality gap, p(∆(z)), and safety gap p(−∆safe(z)) (if
the arm is unsafe). The primary difference between Theorem 29 and this complexity are the terms in the
numerator—in Theorem 29, the numerator scales as ∥z − z∗∥2A(λ)−1 only if an arm is easier to eliminate by
showing it is suboptimal, while in our complexity it could scale this way in either case.

The primary difficulty in hitting the lower bound exactly is that Theorem 29 is a verification lower
bound. It assumes knowledge of the best arm, and is told whether every other arm has smaller safety gap
(if the arm is unsafe) or optimality gap. It can therefore simply use this knowledge to focus all samples on
verifying an arm is either unsafe, or suboptimal.

In practice, we do not have access to such information. Without knowing whether it is easier to eliminate
an arm by showing it is unsafe or suboptimal, the best we can hope to do is to seek to estimate both the safety
value and reward value of every arm, until we have estimated one well enough to show the arm is suboptimal
or unsafe.

We conjecture that the lower bound of Theorem 29 is loose, and that Theorem 16 is nearly optimal.
We believe the gap arises because, as noted, lower bound proof techniques, such as those proposed in
(Kaufmann et al., 2016), which is what we rely on to prove Theorem 29, are lower bounding only the
complexity of verifying the optimal solution. In problem settings such as ours where the order matters—
where we will obtain a very different rate if we focus our attention on one arm versus another, to show it
is safe or unsafe—such techniques appear insufficient to obtain a tight lower bound. Indeed, we conjecture
that a “moderate-confidence” lower bound can be shown using techniques from (Simchowitz et al., 2017),
and that such a lower bound may have a complexity nearly matching that of Theorem 16. We leave proving
this for future work.

Proof of Theorem 29. Following the proof of Theorem 1 of (Fiez et al., 2019) and applying the Transporta-
tion Lemma of (Kaufmann et al., 2016), we have that any δ-PAC algorithm must satisfy∑

x∈X
E[Tx] ≥ log

1

2.4δ
· inf
λ∈△X

1

min(θ,µ)∈Calt
∑

x∈X λxKL(ν(θ∗,µ∗),i||ν(θ,µ),i)

there Tx denotes the number of pulls to arm x, and Calt is the set of alternate instances defined in Lemma 57.
As we assume that the noise is N (0, 1), and since the noise is independent for the safety observations and
reward observations, we have

KL(ν(θ∗,µ∗),i||ν(θ,µ),i) =
1

2
(x⊤i (θ∗ − θ))2 +

1

2
(x⊤i (µ∗ − µ))2.

Some algebra shows that∑
x∈X

λxKL(ν(θ∗,µ∗),i||ν(θ,µ),i) =
1

2
∥θ∗ − θ∥2A(λ) +

1

2
∥µ∗ − µ∥2A(λ).

The result then follows by applying Lemma 57 to compute

min
(θ,µ)∈Calt

1

2
∥θ∗ − θ∥2A(λ) +

1

2
∥µ∗ − µ∥2A(λ).
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Lemma 57. Define the alternate set:

Calt = {(θ, µ) s.t. µ⊤z∗ > α} ∪ {(θ, µ) s.t. ∃z′ ̸= z∗, µ⊤z′ ≤ α, θ⊤(z∗ − z′) ≤ 0},

Then the projection to the alternate is

min
(θ,µ)∈Calt

∥θ − θ∗∥2A(λ) + ∥µ− µ∗∥2A(λ) = min

{
min
z ̸=z∗

p(z⊤µ∗ − α)2
∥z∥2

A(λ)−1

+
p((z∗ − z)⊤θ∗)2
∥z − z∗∥2A(λ)−1

,
(z⊤∗ µ∗ − α)2
∥z∗∥2A(λ)−1

}
.

Proof. For each arm x the associated and we want to solve

min
(θ,µ)∈Calt

∥θ − θ∗∥2∑
x∈X λxxx⊤

+ ∥µ− µ∗∥2∑
x∈X λxxx⊤

.

To do so, we use that minx∈A∪B f(x) = minS∈{A,B}minx∈S f(x) on the quadratic objective by defin-
ing the sets

A := {(θ, µ) s.t. µ⊤z∗ > α} , B = {(θ, µ) s.t. ∃z′ ̸= z∗, µ⊤z′ ≤ α, θ⊤(z∗ − z′) ≤ 0},

such that their union is A ∪B = Calt.
Note that we know from (Mason et al., 2021) that

min
(θ,µ)∈A

∥θ − θ∗∥2∑
x∈X λxxx⊤

+ ∥µ− µ∗∥2∑
x∈X λxxx⊤

=
(z⊤∗ µ∗ − α)2
∥z∗∥2A(λ)−1

.

We now lift B to a set lift(B) that is defined as

lift(B) = {[θ, µ] s.t. ∃z′ ̸= z∗, [θ, µ]⊤[(z∗ − z′), 0; 0, z′] ≤ [0, α]}.

Thus we can focus on Dz = {κ ∈ R2n s.t. Azκ ≤ b} where Az = [(z∗ − z′), 0; 0, z′] ∈ R2×2n. Now we
want to solve

min
z∈Z\{z∗}

min
κ∈R2n s.t. Azκ≤b

∥κ− κ∗∥Γ,

where Γ = I2
⊗(∑

x∈X λxxx
⊤).

Lemma 58. The optimal solution of

min
κ∈R2n s.t. Aκ≤b

∥κ− κ∗∥Γ
2

is κ0 = κ∗ − Γ−1A⊤(AΓ−1A⊤)−1{Aκ∗ − b}+ and the optimal value is

1

2
p(Aκ∗ − b)⊤(AΓ−1A⊤)−1p(Aκ∗ − b),

where p(·) is applied element-wise to Aκ∗ − b.
This translate to

min
(θ,µ)∈B

∥θ − θ∗∥2∑
x∈X λxxx⊤

+ ∥µ− µ∗∥2∑
x∈X λxxx⊤

= min
z ̸=z∗

p(z⊤µ∗ − α)2
∥z∥2

A(λ)−1

+
p((z∗ − z)⊤θ∗)2
∥z − z∗∥2A(λ)−1

,

and we get the desired result.
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Proof of Lemma 58. Consider the Lagrangian

L(κ, µ) = 1

2
(κ− κ∗)⊤Γ(κ− κ∗) + µ⊤(Aκ− b)

L(κ′, µ) = 1

2
κ′⊤Γκ′ + µ⊤(Aκ′ − b+Aκ∗)

minimized at κ′0 = −Γ−1A⊤µ. We have

max
µ≥0

min
κ′
L(κ′, µ) = max

µ≥0

1

2
(Γ−1A⊤µ)⊤Γ(Γ−1A⊤µ) + µ⊤(−AΓ−1A⊤µ− b+Aκ∗)

= max
µ≥0
−1

2
µ⊤AΓ−1A⊤µ+ µ⊤(Aκ∗ − b)

maximized at µ0 = (AΓ−1A⊤)−1{Aκ∗ − b}+ where {[b1, b2]}+ = [max{b1, 0},max{b2, 0}]. Plugging
µ0 back in the solution κ′0, we get the solution κ0

κ0 = κ∗ − Γ−1A⊤(AΓ−1A⊤)−1{Aκ∗ − b}+
and the optimal value follows.

E.1.2 Proof of Proposition 1

Proof of Proposition 1.

Proof for I1. Fix α ∈ (0, 0.1) and consider the following instance with m = 1:

X = {e1, e2}, Z = {z1, z2}, z1 = [1/4, 1/2], z2 = [3/4, 1/2 + α]

θ∗ = e1, µ∗ = [0, 1], γ = 1/2 + α/2.

On this example, z1 is safe and z2 is unsafe with ∆safe(z2) = −α/2.
Let A(λ) = λ1e1e

⊤
1 + λ2e2e

⊤
2 denote the design matrix. Then the allocation that minimizes XYdiff :

max
z,z′∈Z

∥z − z′∥2A(λ)−1 =
1

4λ1
+
α2

λ2

is

λ1 =
1

1 + 2α
, λ2 =

2α

1 + 2α
.

Denote this allocation as λ̃.
Applying the Transportation Lemma of (Kaufmann et al., 2016), this implies that any δ-PAC strategy

must have

E[T1]KL(ν(θ∗,µ∗),1||ν(θ,µ),1) + E[T2]KL(ν(θ∗,µ∗),2||ν(θ,µ),2) ≥ log
1

2.4δ

for all (θ, µ) ∈ Calt, where Calt is defined as in Lemma 57. If a learner plays λ̃ for T steps, they will have
E[T1] = λ1E[T ],E[T2] = λ2T . In this case, the above can be rewritten as

E[T ] ≥ log
1

2.4δ
· 1

λ1KL(ν(θ∗,µ∗),1||ν(θ,µ),1) + λ2KL(ν(θ∗,µ∗),2||ν(θ,µ),2)
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= log
1

2.4δ
· 2

∥θ∗ − θ∥2
A(λ̃)

+ ∥µ∗ − µ∥2
A(λ̃)

.

where the equality follows by the same calculation as in the proof of Theorem 29. Take (θ, µ) to be θ = θ∗,
µ = [0, 1− α

1+2α ] and note that (θ, µ) ∈ Calt since with this choice of µ, arm z2 is now safe. Now,

∥µ∗ − µ∥2A(λ̃) = (
α

1 + 2α
)2 · 2α

1 + 2α
=

2α3

(1 + 2α)3
.

This gives a lower bound of

E[T ] ≥ log
1

2.4δ
· 2(1 + 2α)3

2α3
≥ log

1

2.4δ
· 1

α4
.

This lower bound is for best-arm identification (ϵ = 0), but setting α ← 2ϵ − a for a arbitrarily small,
identifying an ϵ-optimal, ϵ-safe arm is equivalent to identifying the best arm, so this therefore holds as a
lower bound on (ϵ, δ)-PAC algorithms.

The upper bound on the performance of BESIDE follows trivially since by setting λ1 = λ2, we can make
the numerator in both terms of the complexity O(1), and the denominator of each term will be at least ϵ2.

Proof for I2. Fix α ∈ (0, 0.1) and consider the following instance with m = 1:

X = {e1, e2}, Z = {z1, z2}, z1 = [1/2 + α2/2, 0], z2 = [1/2, α/2]

θ∗ = [1/2, 0], µ∗ = [0, 0], γ = 1.

On this instance, both z1 and z2 are safe, and z1 is optimal.
The XYsafe design minimizes:

max
z∈Z
∥z∥2A(λ)−1 = max

{
1 + 2α+ α2

4λ1
,

1

4λ1
+

α2

4λ2

}
.

Some computation shows that, for α small, the optimal settings are λ1 = O(1) and λ2 = O(α) (where here
O(·) hides terms that are o(α)). Denote this allocation as λ̃. Following the same argument as above, we
have

E[T ] ≥ log
1

2.4δ
· 2

∥θ∗ − θ∥2
A(λ̃)

+ ∥µ∗ − µ∥2
A(λ̃)

for any (µ, θ) ∈ Calt. Let θ = [1/2, 2α] and note that (µ∗, θ) ∈ Calt since z2 is now the optimal arm with
this θ. We then have

∥θ∗ − θ∥2A(λ̃) + ∥µ∗ − µ∥
2
A(λ̃)

= O(α3)

which gives a lower bound of

E[T ] ≥ Ω

(
1

α3
· log 1

δ

)
.

This lower bound holds for the best-arm identification problem, but setting α ←
√
2ϵ − a for a arbitrarily

small, finding an ϵ-optimal arm is equivalent to finding the best arm, so the lower bound applies in that
setting as well.
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To compute the sample complexity of BESIDE, we note that ∆safe(z1) = ∆safe(z2) = 1, so the first
term in the complexity is negligible. We also have that ∆ϵ̃(z2) = α2/2 = O(ϵ) for ϵ̃ ≤ 1. Thus, the second
term in the complexity scales as

Õ
(

inf
λ∈△X

max
z,z′∈Z

∥z − z′∥2A(λ)−1 · log 1/δ
ϵ2

)
= Õ

(
inf

λ∈△X

(α4/λ1 + α2/λ2) · log 1/δ
ϵ2

)
= Õ

(
α2 · log 1/δ

ϵ2

)
= Õ

(
log 1/δ

ϵ

)
.

E.2 Robust Mean Estimation

In order to form estimates of z⊤θ∗ and z⊤µ∗,i, we will rely on the RIPS procedure proposed in (Camilleri
et al., 2021a), instantiated with the robust Catoni estimator (Catoni, 2012).

Catoni Estimation. The robust Catoni mean estimator proposed in (Catoni, 2012) is defined as follows.

Definition 8 (Catoni Estimator). Consider real values X1, . . . , XT . Then the robust Catoni mean estimator,
catα[{Xt}Tt=1], with parameter α > 0 is the unique root z of the function

fcat(z; {Xi}Ti=1, α) :=

T∑
t=1

ψcat(α(Xt − z)) for ψcat(y) :=

{
log(1 + y + y2) y ≥ 0

log(1− y + y2) y < 0
.

The Catoni estimator satisfies the following guarantee.

Proposition 6. Let X1, . . . , XT be independent, identically distributed random variables with mean ζ and
variance σ2 < ∞. Fix δ ∈ (0, 1) and assume T ≥ 4 log(1/δ). Then the Catoni estimator catα[{Xt}Tt=1]
with parameter

α =

√
2 log 1/δ

Tσ2
(E.1)

satisfies, with probability at least 1− 2δ,

|catα[{Xt}Tt=1]− ζ| ≤
√

8σ2 log 1/δ

T
.

Notably, the estimation error given by Proposition 6 scales only with the variance of the random vari-
ables, and not with their magnitude.

Robust Inverse Propensity Score (RIPS) Estimator. We apply the Catoni estimator with the RIPS esti-
mator of (Camilleri et al., 2021a). In particular, consider running the following procedure.

We have the following guarantee on this procedure.
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Algorithm E.1. Robust Inverse Propensity Score Estimation (RIPS)

1: input: samples {(xt, rt)}Tt=1 for xt ∼ λ and rt = θ⊤xt + wt, active set Y , confidence δ
2: For each y ∈ Y , set W y ← catα[{y⊤A(λ)−1xtrt}Tt=1], for α chosen as in (E.1) with δ ← δ

2|Y| , and
A(λ) =

∑
x∈X λxxx

⊤.
3: Set

θ̂ = argminθmax
y∈Y

|θ⊤y −W y|
∥y∥A(λ)−1

.

4: return θ̂

Proposition 7 (Theorem 1 of (Camilleri et al., 2021a)). If T ≥ 4 log 2|Z|
δ , then with probability at least

1− δ, for all z ∈ Z , the RIPS estimator of Algorithm E.1 returns an estimate θ̂ which satisfies:

|y⊤(θ̂ − θ∗)| ≤ ∥y∥A(λ)−1 ·
√

8 log(2|Z|/δ)
T

.

The use of the RIPS estimator allows us to avoid sophisticated rounding procedures often found in the
linear bandit literature. Note that the RIPS estimator can be computed in time scaling polynomially in |Y|,
d, and T .

E.3 RAGEϵ

A note on constants. Throughout our algorithm definitions, in both this section and the following, we
use generic constants rather than precise numerical settings, and carry these generic constants through our
proofs. At various points in the proofs, we require that these constants satisfy certain constraints. The
following result shows that there exist suitable settings for all constants such that these constraints are
satisfied.

Lemma 59. There exist settings of ca, cb, cd, ce, cf , ce, cg, c1, c2, c3, c4, c∆ and c0 such that Equations (E.6),
(E.9), (E.10), (E.11), (E.12), (E.13), (E.14), (E.2), (E.3), and (E.4) are satisfied, and

c3(1 + cg)

1− c3
≤ 0.2, cg ≤ 0.2, c0 ≥ 0.0001.

Proof. First, note that in addition to the conditions listed above, we must also have

c1 ≤ cf , 3(cd + ce) ≤ c2.

Furthermore, by Lemma 70, it suffices to always take c∆ = 3cd + 3ce − cg. Direct computation then shows
that the following settings suffice, up to machine precision:

c1 = 0.05978841810030329

c2 = 0.0600087370242953

c3 = 0.1

c4 = 0.1
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ca = 0.0013004532984432395

cb = 0.41043329378840077

cd = 0.01

ce = 0.01

cc = 0.0014065949472697806

cg = 0.178

cf = c1

Given these settings, we can bound

c3(1 + cg)

1− c3
≤ 0.5.

E.3.1 Preliminaries

Assumptions and Definitions. For all y ∈ Y , ∆̂safe(y) ≥ −c∆ϵ. We will also assume that Y ⊆ X . We
define

y⋆ = argminy∈Yy
⊤θ∗

and

∆(z) = θ⊤∗ (z − y⋆).

We will take γ = 0, so we set A(λ) =
∑

x∈X λxxx
⊤.

E.3.2 Algorithm and Main Results

At a high-level, RAGEϵ attempts to estimate the difference between the performance of each z ∈ Z and the
best y ∈ Y . The safety gap estimate, ∆̂safe(z), acts as a regularizer: if ∆̂safe(z) < 0, then we do not seek to
estimate the gap of z with as high accuracy, since we can already eliminate it by showing it is unsafe. The
proof in this section follow closely the proof given in Section 6.4.4 of (Jamieson and Jain, 2022).

Theorem 30. With probability at least 1− δ, RAGEϵ will terminate after collecting at most

C ·
⌈log 2/cf ϵ⌉∑

ℓ=1

inf
λ∈△X

max
z∈Z

∥z − y⋆∥2A(λ)−1

(p(−∆̂safe(z)) + p(∆(z)) + ϵℓ)2
· log(4|Z|2ℓ2

δ ) + 4⌈log 2
cf ϵ
⌉ log(

4|Z|2⌈log 2
cf ϵ

⌉
δ )

samples, for a universal constant C, and will output estimates of the gaps ∆̂(z) such that, for all z ∈ Z ,

|∆̂(z)−∆(z)| ≤ cf
(
ϵ+ p(∆(z)) + p(−∆̂safe(z))

)
.
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Algorithm E.2. RAGEϵ

1: input: active set Z , optimal set Y , tolerance ϵ, confidence δ, safety gap estimate {∆̂safe(z)}z∈Z
2: Choose ŷ0 arbitrarily from Y , set ∆̂0(z)← 0 for all z ∈ Z
3: for ℓ = 1, 2, . . . , ⌈log(2/cf ϵ)⌉ do
4: ϵℓ ← 2

cf
· 2−ℓ

5: Let τℓ be the minimal value of τ = 2j ≥ 4 log 4|Z|2ℓ2
δ such that the objective to the following is no

greater than ccϵℓ, and λℓ the corresponding optimal distribution

inf
λ∈△X

max
z∈Z
−ca(p(−∆̂safe(z)) + p(∆̂ℓ−1(z)) + ϵℓ) +

√
∥z − ŷℓ−1∥2A(λ)−1 · log(4|Z|2ℓ2

δ )

τ
.

6: Sample xt ∼ λℓ, collect observations {(xt, rt, st,1, . . . , st,m)}τℓt=1

7: W ← {z − z′ : z, z′ ∈ Z}
8: θ̂ℓ ← RIPS({(xt, rt)}τℓt=1,W, δ

2ℓ2
)

9: Set

ŷℓ ← argminy∈Yy
⊤θ̂ℓ + 8

√√√√∥y − ŷℓ−1∥2A(λℓ)−1 · log(4|Z|2ℓ2
δ )

τℓ

∆̂ℓ(y)← (y − ŷℓ)⊤θ̂ℓ +

√√√√∥y − ŷℓ∥2A(λℓ)−1 · log(4|Z|2ℓ2
δ )

τℓ

10: return {∆̂ℓ(z)}z∈Z

E.3.3 Estimating the Gaps

Lemma 60. Let ERAGEϵ denote the event that for all ℓ and all z, z′ ∈ X , we have:

|(θ̂ℓ − θ∗)⊤(z − z′)| ≤

√
8∥z − z′∥2

A(λℓ)−1 ·
log 4|Z|2ℓ2

δ

τℓ
.

Then Pr[ERAGEϵ ] ≥ 1− δ.

Proof. Since τℓ ≥ 4 log 4|Z|2ℓ2
δ , we can apply Proposition 7 to get that, with probability at least 1− δ/2ℓ2,

for all w ∈ W ,

|(θ̂ℓ − θ∗)⊤w| ≤

√
8∥w∥2

A(λℓ)−1 ·
log 4|Z|2ℓ2

δ

τℓ
.

The result then follows by a union bound since

∞∑
ℓ=1

δ

2ℓ2
=
π2

12
δ ≤ δ.
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Lemma 61. On ERAGEϵ , for all z ∈ Z and all ℓ,

|∆̂ℓ(z)− θ⊤∗ (z − ŷℓ)| ≤ 8ca

(
p(∆̂ℓ−1(z)) + p(−∆̂safe(z)) + p(∆̂ℓ−1(ŷℓ))

)
+ 8(cc + ca + 2cac∆)ϵℓ.

Proof. By construction, we have that

max
z∈Z
−ca(p(−∆̂safe(z)) + p(∆̂ℓ−1(z)) + ϵℓ) +

√√√√∥z − ŷℓ−1∥2A(λℓ)−1 · log(4|Z|2ℓ2
δ )

τℓ
≤ ccϵℓ.

This implies that, for all z ∈ Z:√√√√∥z − ŷℓ−1∥2A(λℓ)−1 · log(4|Z|2ℓ2
δ )

τℓ
≤ ca(p(−∆̂safe(z)) + p(∆̂ℓ−1(z))) + (cc + ca)ϵℓ.

On ERAGEϵ , we have

|∆̂ℓ(z)− θ⊤∗ (z − ŷℓ)| ≤

√
8∥z − ŷℓ∥2A(λℓ)−1 ·

log(4|Z|2ℓ2
δ )

τℓ

≤

√
16∥ŷℓ−1 − ŷℓ∥2A(λℓ)−1 ·

log(4|Z|2ℓ2
δ )

τℓ
+

√
16∥ŷℓ−1 − ŷℓ∥2A(λℓ)−1 ·

log(4|Z|2ℓ2
δ )

τℓ

≤ 8ca

(
p(−∆̂safe(z)) + p(∆̂ℓ−1(z)) + p(−∆̂safe(ŷℓ)) + p(∆̂ℓ−1(ŷℓ))

)
+ 8(cc + ca)ϵℓ.

By construction we have that ∆̂safe(ŷℓ) ≥ −c∆ϵ ≥ −2c∆ϵℓ, so p(−∆̂safe(ŷℓ)) ≤ 2c∆ϵℓ, which proves the
result.

Lemma 62. On ERAGEϵ and the event that ∆̂ℓ−1(y⋆) ≤ cbϵℓ, we have

∆(ŷℓ) ≤ 6(cc + ca(1 + cb + 2c∆))ϵℓ.

Proof. By the definition of ERAGEϵ and ŷℓ, we can bound

θ⊤∗ (ŷℓ − ŷℓ−1) ≤ (θ̂ℓ)⊤(ŷℓ − ŷℓ−1) +

√
8∥ŷℓ − ŷℓ−1∥2A(λℓ)−1 ·

log(4|Z|2ℓ2
δ )

τℓ

= min
y∈Y

(θ̂ℓ)⊤(y − ŷℓ−1) +

√
8∥y − ŷℓ−1∥2A(λℓ)−1 ·

log(4|Z|2ℓ2
δ )

τℓ

≤ (θ̂ℓ)⊤(y⋆ − ŷℓ−1) +

√
8∥y⋆ − ŷℓ−1∥2A(λℓ)−1 ·

log(4|Z|2ℓ2
δ )

τℓ

≤ θ⊤∗ (y⋆ − ŷℓ−1) + 2

√
8∥y⋆ − ŷℓ−1∥2A(λℓ)−1 ·

log(4|Z|2ℓ2
δ )

τℓ
.

By the definition of τℓ and λℓ, we have

ccϵℓ ≥ max
z∈Z
−ca(p(−∆̂safe(z)) + p(∆̂ℓ−1(z)) + ϵℓ) +

√√√√∥z − ŷℓ−1∥2A(λℓ)−1 · log(4|Z|2ℓ2
δ )

τℓ
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≥ −ca(p(−∆̂safe(y⋆)) + p(∆̂ℓ−1(y⋆)) + ϵℓ) +

√√√√∥y⋆ − ŷℓ−1∥2A(λℓ)−1 · log(4|Z|2ℓ2
δ )

τℓ

(a)

≥ −ca(p(∆̂ℓ−1(y⋆)) + (1 + 2c∆)ϵℓ) +

√√√√∥y⋆ − ŷℓ−1∥2A(λℓ)−1 · log(4|Z|2ℓ2
δ )

τℓ

(b)

≥ −ca(1 + cb + 2c∆)ϵℓ +

√
∥y⋆ − ŷℓ−1∥2A(λℓ)−1 ·

log(4|Z|2ℓ2
δ )

τℓ

where (a) uses that ∆̂safe(y⋆) ≥ −c∆ϵ ≥ −2c∆ϵℓ, by definition, and (b) follows by our assumption on
∆̂ℓ−1(y⋆). This implies that√

∥y⋆ − ŷℓ−1∥2A(λℓ)−1 ·
log(4|Z|2ℓ2

δ )

τℓ
≤ (cc + ca(1 + cb + 2c∆))ϵℓ.

Combining this with the above we have that

θ⊤∗ (ŷℓ − ŷℓ−1) ≤ θ⊤∗ (y⋆ − ŷℓ−1) + 6(cc + ca(1 + cb + 2c∆))ϵℓ.

Rearranging this proves the result.

Lemma 63. For all z ∈ Z and all ℓ, on the event ERAGEϵ ,

|∆̂ℓ(z)−∆(z)| ≤ cf
(
ϵℓ + p(∆(z)) + p(−∆̂safe(z))

)
.

Proof. We prove this by induction. Assume that at ℓ− 1, for all z ∈ Z ,

|∆̂ℓ−1(z)−∆(z)| ≤ cf
(
ϵℓ−1 + p(∆(z)) + p(−∆̂safe(z))

)
.

On ERAGEϵ and by Lemma 61 we can bound

|∆̂ℓ(z)−∆(z)| = |∆̂ℓ(z)− (R(z)−R(ŷℓ) +R(ŷℓ)−R(y⋆))|
≤ |∆̂ℓ(z)− (R(z)−R(ŷℓ))|+∆(ŷℓ)

≤ 8ca

(
p(∆̂ℓ−1(z)) + p(−∆̂safe(z)) + p(∆̂ℓ−1(ŷℓ))

)
+ 8(cc + ca + 2cac∆)ϵℓ +∆(ŷℓ).

By the inductive hypothesis, we can bound

p(∆̂ℓ−1(z)) ≤ (1 + cf )p(∆(z)) + cfp(−∆̂safe(z)) + cf ϵℓ−1

p(∆̂ℓ−1(ŷℓ)) ≤ (1 + cf )p(∆(ŷℓ)) + cfp(−∆̂safe(ŷℓ)) + cf ϵℓ−1.

By construction p(−∆̂safe(ŷℓ)) ≥ −c∆ϵ ≥ −2c∆ϵℓ, so

|∆̂ℓ(z)−∆(z)| ≤ 8ca(1 + cf )p(∆(z)) + 8ca(1 + cf )p(∆̂safe(z)) + (8ca(1 + cf ) + 1)∆(ŷℓ)

+ 8(cacf (1 + c∆) + cc + ca + 2cac∆)ϵℓ.
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It remains to bound ∆(ŷℓ) = R(ŷℓ)−R(y⋆). On the inductive hypothesis, we have that

|∆̂ℓ−1(y⋆)−∆(y⋆)| ≤ cf
(
ϵℓ−1 + p(∆(y⋆)) + p(−∆̂safe(y⋆))

)
.

By definition, ∆(y⋆) = 0 and ∆̂safe(y⋆) ≥ −c∆ϵ ≥ −2c∆ϵℓ, which implies that ∆̂ℓ−1(y⋆) ≤ 2cf (1+c∆)ϵℓ.
It follows that the conditions of Lemma 62 are met as long as

2cf (1 + c∆) ≤ cb, (E.2)

so we can bound ∆(ŷℓ) ≤ 6(cc + ca(1 + cb + 2c∆))ϵℓ. Thus,

|∆̂ℓ(z)−∆(z)| ≤ 8ca(1 + cf )p(∆(z)) + 8ca(1 + cf )p(∆̂safe(z)) + 8(cacf (1 + c∆) + cc + ca + 2cac∆)ϵℓ

+ (8ca(1 + cf ) + 1)(6(cc + ca(1 + cb + 2c∆)))ϵℓ.

which proves the inductive hypothesis as long as

8(cacf (1 + c∆) + cc + ca + 2cac∆) + (8ca(1 + cf ) + 1)(6(cc + ca(1 + cb + 2c∆))) ≤ cf
8ca(1 + cf ) ≤ cf (E.3)

For the base case, we need to show that

|∆̂0(z)−∆(z)| ≤ cf
(
ϵ0 + p(∆(z)) + p(−∆̂safe(z))

)
.

By construction ∆̂0(z) = 0 for all z, and p(∆(z)) ≥ 0, p(−∆̂safe(z)) ≥ 0. Thus, it suffices to show
|∆(z)| ≤ cf ϵ0. However, by construction |∆(z)| ≤ 1, and cf ϵ0 = 1, which proves the base case.

E.3.4 Bounding the Sample Complexity

Lemma 64. On the event ERAGEϵ , RAGEϵ will terminate after collecting at most

C ·
⌈log(2/cf ϵ)⌉∑

ℓ=1

inf
λ∈△X

max
z∈Z

∥z − y⋆∥2A(λ)−1

(p(−∆̂safe(z)) + p(∆(z)) + ϵℓ)2
· log(4|Z|2ℓ2

δ ) + 8⌈log 2
cf ϵ
⌉ log(

4|Z|2⌈log 2
cf ϵ

⌉2

δ )

samples, for a universal constant C.

Proof. If, for all z ∈ Z ,

τ ≥
∥z − ŷℓ−1∥2A(λ)−1

(ca(p(−∆̂safe(z)) + p(∆̂ℓ−1(z)) + ϵℓ) + ccϵℓ)2
· log(4|Z|2ℓ2

δ )

we will have that the objective on Line 5 of RAGEϵ is less than ccϵℓ. Since we can take the best-case λ ∈ △X ,
and since we have that τℓ will be at most a factor of 2 from the optimal τ , it follows that

τℓ ≤ inf
λ∈△X

max
z∈Z

2∥z − ŷℓ−1∥2A(λ)−1

(ca(p(−∆̂safe(z)) + p(∆̂ℓ−1(z)) + ϵℓ) + ccϵℓ)2
· log(4|Z|2ℓ2

δ ) ∨ 8 log 4|Z|2ℓ2
δ

≤ inf
λ∈△X

max
z∈Z

2∥z − ŷℓ−1∥2A(λ)−1

(ca(p(−∆̂safe(z)) + p(∆̂ℓ−1(z)) + ϵℓ) + ccϵℓ)2
· log(4|Z|2ℓ2

δ ) + 8 log 4|Z|2ℓ2
δ
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where the additional 8 log 4|Z|2ℓ2
δ factor arises since we always require τℓ ≥ 4 log 4|Z|2ℓ2

δ .
We can upper bound

∥z − ŷℓ−1∥2A(λ)−1 ≤ 2∥z − y⋆∥2A(λ)−1 + 2∥y⋆ − ŷℓ−1∥2A(λ)−1 .

By construction, p(−∆̂safe(ŷℓ−1)) ≤ 2c∆ϵℓ, so for any z, p(−∆̂safe(ŷℓ−1)) − 2c∆ϵℓ ≤ p(−∆̂safe(z)).
Furthermore, by definition,

∆̂ℓ−1(ŷℓ−1) = 0

so p(∆̂ℓ−1(z)) ≥ p(∆̂ℓ−1(ŷℓ−1)). Thus,

inf
λ∈△X

max
z∈Z

∥z − ŷℓ−1∥2A(λ)−1

(cap(−∆̂safe(z)) + cap(∆̂ℓ−1(z)) + (ca + cc)ϵℓ)2

≤ inf
λ∈△X

max
z∈Z

2∥z − y⋆∥2A(λ)−1

(cap(−∆̂safe(z)) + cap(∆̂ℓ−1(z)) + (ca + cc)ϵℓ)2

+
2∥ŷℓ−1 − y⋆∥2A(λ)−1

(cap(−∆̂safe(ŷℓ−1)) + cap(∆̂ℓ−1(ŷℓ−1)) + (ca + cc − 2cac∆)ϵℓ)2

≤ inf
λ∈△X

max
z∈Z

4∥z − y⋆∥2A(λ)−1

(cap(−∆̂safe(z)) + cap(∆̂ℓ−1(z)) + (ca + cc − 2cac∆)ϵℓ)2
.

By Lemma 63, we can lower bound

∆̂ℓ−1(z) ≥ ∆(z)− cf (ϵℓ + p(∆(z)) + p(−∆̂safe(z)))

so

cap(−∆̂safe(z)) + cap(∆̂
ℓ−1(z)) + (ca + cc − 2cac∆)ϵℓ

≥ ca(1− cf )p(−∆̂safe(z)) + ca(1− cf )p(∆(z)) + (ca + cc − 2cac∆ − cacf )ϵℓ.

The result follows by combining these inequalities and as long as

ca(1− cf ) ≥ c0, ca + cc − 2cac∆ − cacf ≥ c0. (E.4)

Proof of Theorem 30. Theorem 30 follows directly from Lemma 64 and Lemma 63 since, by Lemma 60,
ERAGEϵ holds with probability at least 1− δ.

E.4 Safe Best-Arm Identification

E.4.1 Preliminaries

In general we want to consider multiple safety constraints, and let m denote the number of constraints. In
such settings, we will denote ∆i

safe(z) the safety gap for safety constraint i.
Define

∆̃ℓ(z) := θ⊤∗ z − min
y∈Yℓ

θ⊤∗ y.
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E.4.2 Algorithm and Main Result

Theorem 31 (Full version of Theorem 16). With probability at least 1 − 2δ, Algorithm 6.1 returns an arm
ẑ such that

ẑ⊤θ∗ ≥ (z∗)
⊤θ∗ − ϵ, ∆safe(ẑ) ≥ −ϵ (E.5)

and terminates after collecting at most

C ·
ιϵ∑
ℓ=1

inf
λ∈△X

max
z∈Z

∥z∥2A(λ)−1 · log(4m|Z|ℓ2
δ )(

minj |∆j
safe(z)|+maxj p(−∆j

safe(z)) + p(∆ϵℓ−1(z)) + ϵℓ

)2
+ C log

1

ϵ
·
ιϵ∑
ℓ=1

inf
λ∈△X

max
z∈Z

∥z − z∗∥2A(λ)−1 · log(8|Z|2 log4(1/ϵ)
δ )

(maxj p(−∆j
safe(z)) + p(∆ϵℓ(z)) + ϵℓ)2

+ C0

samples for a universal constant C, C0 = poly log(1ϵ , |Z|) · log 1
δ .

E.4.3 Estimating the Safety Value

Lemma 65. Let Esafe denote the event that, for all ℓ, z ∈ Z , i ∈ [m]:

|z⊤(µ̂i,ℓ − µi∗)| ≤

√
8∥z∥2

A(λℓ)−1 ·
log(4m|Z|ℓ2

δ )

τℓ
.

Then Pr[Esafe] ≥ 1− δ.

Proof. This follows directly from Proposition 7 and a union bound, as in Lemma 60.

Lemma 66. On Esafe, for all z ∈ Z , i ∈ [m], and all ℓ,

|∆̂i,ℓ
safe(z)−∆i

safe(z)| ≤ 3cd

(
min
j
|∆̂j,ℓ−1

safe (z)|+max
j

p(−∆̂j,ℓ−1
safe (z)) + p(∆̂ℓ−1(z))

)
+ 3(cd + ce)ϵℓ.

Proof. By construction, we have that

max
z∈Z
−cd

(
min
j
|∆̂j,ℓ−1

safe (z)|+max
j

p(−∆̂j,ℓ−1
safe (z)) + p(∆̂ℓ−1(z)) + ϵℓ

)
+

√√√√∥z∥2A(λℓ)−1 · log(4m|Z|ℓ2
δ )

τℓ
≤ ceϵℓ.

This implies that, for all z ∈ Z ,√√√√∥z∥2A(λℓ)−1 · log(4m|Z|ℓ2
δ )

τℓ
≤ min

j
cd|∆̂j,ℓ−1

safe (z)|+max
j
cdp(−∆̂j,ℓ−1

safe (z)) + cdp(∆̂
ℓ−1(z)) + (cd + ce)ϵℓ.

On Esafe, we have

|∆̂i,ℓ
safe(z)−∆i

safe(z)| ≤

√√√√
8
∥z∥2

A(λℓ)−1 · log(4m|Z|ℓ2
δ )

τℓ

≤ min
j

3cd|∆̂j,ℓ−1
safe (z)|+max

j
3cdp(−∆̂j,ℓ−1

safe (z)) + 3cdp(∆̂
ℓ−1(z)) + 3(cd + ce)ϵℓ

which proves the result.
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E.4.4 Tying Together Safety Estimation with Optimality Estimation

Definition 9 (Optimality Good Event). Let EℓRAGEϵ denote the success event of RAGEϵ when called at the ℓth
epoch, and ERAGEϵ := ∪ℓEℓRAGEϵ .

Lemma 67. On the event Esafe ∩ ERAGEϵ , we have that:

1. For all ℓ ≤ ιϵ, y ∈ Yℓ, and i ∈ [m], y⊤µ∗,i ≤ γ .

2. For all ℓ and z ∈ Z , ∆̃ℓ−1(z) ≤ ∆̃ℓ(z).

Proof. By Lemma 66, we have that

∆̂i,ℓ
safe(z)− 3cd

(
min
j
|∆̂j,ℓ−1

safe (z)|+max
j

p(−∆̂j,ℓ−1
safe (z)) + p(∆̂ℓ−1(z))

)
− 3(cd + ce)ϵℓ ≤ ∆i

safe(z).

Thus, if the inclusion condition of Yℓ is met, it must be the case that ∆i
safe(z) ≥ 0 for all i.

The second conclusion follows directly since Yℓ−1 ⊆ Yℓ.

Lemma 68 (Key Estimation Error Bound). On the event Esafe ∩ ERAGEϵ , for all z ∈ Z , ℓ, and i, we have

|∆̂ℓ(z)− ∆̃ℓ(z)| ≤ c3
(
ϵℓ + p(∆̃ℓ(z)) + max

j
p(−∆j

safe(z))

)
|∆̂i,ℓ

safe(z)−∆i
safe(z)| ≤ c4

(
ϵℓ + p(∆̃ℓ(z)) + min

j
|∆j

safe(z)|+max
j

p(−∆j
safe(z))

)
.

Proof. We prove this by induction. Assume that the above inequalities hold at epoch ℓ−1. On Esafe∩ERAGEϵ ,
by Lemma 63 and Lemma 66, we have

|∆̂ℓ(z)− ∆̃ℓ(z)| ≤ c1(ϵℓ + p(∆̃ℓ(z)) + max
j

p(−∆̂j,ℓ−1
safe (z)))

|∆̂i,ℓ
safe(z)−∆i

safe(z)| ≤ c2(ϵℓ + p(∆̂ℓ−1(z)) + min
j
|∆̂j,ℓ−1

safe (z)|+max
j

p(−∆̂j,ℓ−1
safe (z))).

By the inductive hypothesis, we can bound

p(∆̂ℓ−1(z)) ≤ p

(
∆̃ℓ−1(z) + c3(ϵℓ−1 + p(∆̃ℓ−1(z)) + max

j
p(−∆j

safe(z)))

)
≤ (1 + c3)p(∆̃

ℓ−1(z)) + c3ϵℓ−1 +max
j
c3p(−∆j

safe(z))

≤ (1 + c3)p(∆̃
ℓ(z)) + 2c3ϵℓ +max

j
c3p(−∆j

safe(z))

where the last inequality follows since, by Lemma 67, ∆̃ℓ−1(z) ≤ ∆̃ℓ(z).
Furthermore, again applying the inductive hypothesis,

∆̂i,ℓ−1
safe (z) ≤ ∆i

safe(z) + c4(ϵℓ−1 + p(∆̃ℓ−1(z)) + min
j
|∆j

safe(z)|+max
j

p(−∆j
safe(z)))

≤ ∆i
safe(z) + 2c4ϵℓ + c4p(∆̃

ℓ(z)) + min
j
c4|∆j

safe(z)|+max
j
c4p(−∆j

safe(z))

≤ ∆i
safe(z) + 2c4ϵℓ + c4p(∆̃

ℓ(z)) + c4|∆i
safe(z)|+max

j
c4p(−∆j

safe(z)).
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Similarly,

p(−∆̂i,ℓ−1
safe (z)) ≤ p

(
−∆i

safe(z) + 2c4ϵℓ + c4p(∆̃
ℓ(z)) + min

j
c4|∆j

safe(z)|+max
j
c4p(−∆j

safe(z))

)
≤ p

(
−∆i

safe(z) + min
j
c4|∆j

safe(z)|
)
+ 2c4ϵℓ + c4p(∆̃

ℓ(z)) + max
j
c4p(−∆j

safe(z))

≤ p
(
−∆i

safe(z) + c4|∆i
safe(z)|

)
+ 2c4ϵℓ + c4p(∆̃

ℓ(z)) + max
j
c4p(−∆j

safe(z)).

Note that if ∆i
safe(z) ≤ 0, then

p(−∆i
safe(z) + c4|∆i

safe(z)|) = p(−∆i
safe(z)− c4∆i

safe(z)) = (1 + c4)p(−∆i
safe(z))

and if ∆i
safe(z) > 0, then for c4 < 1, −∆i

safe(z) + c4|∆i
safe(z)| ≤ 0, so

p(−∆i
safe(z) + c4|∆i

safe(z)|) = 0 = (1 + c4)p(−∆i
safe(z)).

Thus,

p(−∆̂i,ℓ−1
safe (z)) ≤ (1 + c4)p(−∆i

safe(z)) + 2c4ϵℓ + c4p(∆̃
ℓ(z)) + max

j
c4p(−∆j

safe(z)).

Combining these inequalities, it follows that

|∆̂i,ℓ
safe(z)−∆i

safe(z)| ≤ c2
(
ϵℓ + p(∆̂ℓ−1(z)) + min

j
|∆̂j,ℓ−1

safe (z)|+max
j

p(−∆̂j,ℓ−1
safe (z))

)
≤ c2(1 + 2c3 + 4c4)ϵℓ + c2(1 + c3 + 2c4)p(∆̃

ℓ(z))

+ c2(1 + c3 + 3c4)max
j

p(−∆j
safe(z)) + c2(1 + c4)min

j
|∆j

safe(z)|

and

|∆̂ℓ(z)− ∆̃ℓ(z)| ≤ c1(ϵℓ + p(∆̃ℓ(z)) + max
j

p(−∆̂j,ℓ−1
safe (z)))

≤ c1(1 + 2c4)ϵℓ + c1(1 + c4)p(∆̃
ℓ(z)) + c1(1 + 2c4)max

j
p(−∆j

safe(z)).

This proves the inductive hypothesis, as long as

c1(1 + 2c4) ≤ c3, c2(1 + 2c3 + 4c4) ≤ c4. (E.6)

For the base case, we need to show that

|∆̂0(z)− ∆̃0(z)| ≤ c3(ϵ0 + p(∆̃0(z)) + max
j

p(−∆j
safe(z)))

|∆̂0
safe(z)−∆safe(z)| ≤ c4(ϵ0 + p(∆̃0(z)) + min

j
|∆j

safe(z)|+max
j

p(−∆j
safe(z))).

By construction, ∆̂0(z) = ∆̂0
safe(z) = 0. Thus, it suffices to show |∆̃0(z)| ≤ c3ϵ0 and |∆safe(z)| ≤ c4ϵ0.

However, both of these are true by our choice of ϵ0.
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Lemma 69. On the event Esafe ∩ ERAGEϵ , for all z ∈ Z and all ℓ, we will have

∆̃ℓ(z) ≥ ∆ϵℓ(z) where ∆ϵℓ(z) = max
y∈Z : ϵℓ≤mini ∆i

safe(y)
y⊤θ∗ − z⊤θ∗.

Proof. By definition, we will have z ∈ Yℓ if

8cd

(
min
j
|∆̂j,ℓ−1

safe (z)|+max
j

p(−∆̂j,ℓ−1
safe (z)) + p(∆̂ℓ−1(z))

)
+ 8(cd + ce)ϵℓ ≤ ∆̂i,ℓ

safe(z).

The following claim allows us to obtain a sufficient condition to guarantee z ∈ Yℓ.
Claim 1. On the event Esafe ∩ ERAGEϵ ,

min
j
|∆̂j,ℓ−1

safe (z)|+max
j

p(−∆̂j,ℓ−1
safe (z)) + p(∆̂ℓ−1(z))

≤ 2(c3 + 2c4)ϵℓ + (1 + c3 + 2c4)p(∆̃
ℓ(z)) + (1 + 2c4)min

j
|∆j

safe(z)|+ (1 + c3 + 2c4)max
j

p(−∆j
safe(z)).

Proof of Claim 1. By Lemma 67 and Lemma 68, we can bound

min
j
|∆̂j,ℓ−1

safe (z)| ≤ (1 + c4)min
j
|∆j

safe(z)|+ 2c4ϵℓ + c4p(∆̃
ℓ(z)) + c4max

j
p(−∆j

safe(z))

max
j

p(−∆̂j,ℓ−1
safe (z)) ≤ (1 + c4)max

j
p(−∆j

safe(z)) + 2c4ϵℓ + c4p(∆̃
ℓ(z)) + c4min

j
|∆j

safe(z)|

p(∆̂ℓ−1(z)) ≤ (1 + c3)p(∆̃
ℓ(z)) + 2c3ϵℓ + c3max

j
p(−∆j

safe(z)).

The claim follows by summing these upper bounds.

Thus, by Claim 1, we can bound

3cd

(
min
j
|∆̂j,ℓ−1

safe (z)|+max
j

p(−∆̂j,ℓ−1
safe (z)) + p(∆̂ℓ−1(z))

)
+ 3(cd + ce)ϵℓ

≤ 3(cd + ce + 2cdc3 + 4cdc4)ϵℓ + 3cd(1 + c3 + 2c4)p(∆̃
ℓ(z))

+ 3cd(1 + 2c4)min
j
|∆j

safe(z)|+ 3cd(1 + c3 + 2c4)max
j

p(−∆j
safe(z)).

Furthermore, by Lemma 68,

∆i
safe(z)− c4

(
ϵℓ + p(∆̃ℓ(z)) + min

j
|∆j

safe(z)|+max
j

p(−∆j
safe(z))

)
≤ ∆̂i,ℓ

safe(z)

It follows that a sufficient condition for z ∈ Yℓ is

(3cd + 3ce + 6cdc3 + 12cdc4 + c4)

(
ϵℓ + p(∆̃ℓ(z)) + min

j
|∆j

safe(z)|+max
j

p(−∆j
safe(z))

)
≤ ∆i

safe(z), ∀i ∈ [m].

(E.7)

If yℓ = argmaxy∈Z : ϵℓ≤mini ∆i
safe(y)

y⊤θ∗ is in Yℓ, then we are done. Assume then that yℓ ̸∈ Yℓ. By

construction, since ∆i
safe(yℓ) > 0 for all i, maxj p(−∆j

safe(z)) = 0. Using that (E.7) is a sufficient condition
for inclusion in Yℓ, this implies that

∃i ∈ [m] s.t. (3cd + 3ce + 6cdc3 + 12cdc4 + c4)

(
ϵℓ + p(∆̃ℓ(yℓ)) + min

j
|∆j

safe(yℓ)|
)
> ∆i

safe(yℓ).
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which implies

∃i ∈ [m] s.t. (3cd + 3ce + 6cdc3 + 12cdc4 + c4)
(
ϵℓ + p(∆̃ℓ(yℓ)) + |∆i

safe(yℓ)|
)
> ∆i

safe(yℓ). (E.8)

By construction, though, ∆i
safe(yℓ) ≥ ϵℓ. If we assume that

3cd + 3ce + 6cdc3 + 12cdc4 + c4 ≤ 1/4, (E.9)

then (E.8) can only hold if p(∆̃ℓ(yℓ)) > 0. This implies that maxy∈Yℓ
y⊤θ∗ > y⊤ℓ θ∗. Thus, in this case,

∆̃ℓ(z) = max
y∈Yℓ

y⊤θ∗ − z⊤θ∗ > y⊤ℓ θ∗ − z⊤θ∗ = ∆ϵℓ(z)

which proves the result.

Lemma 70. On Esafe ∩ ERAGEϵ , for all z ∈ Yend we have

∆i
safe(z) ≥ −cgϵ, ∀i ∈ [m],

∆̂i,ιϵ
safe(z) ≥ (3cd + 3ce − cg)ϵ, ∀i ∈ [m].

Furthermore, z∗ ∈ Yend.

Proof. Recall that

Yend = {z ∈ Z : 3cd

(
min
j
|∆̂j,ιϵ

safe(z)|+max
j

p(−∆̂j,ιϵ
safe(z)) + p(∆̂ιϵ(z))

)
+ 3(cd + ce)ϵ− cgϵ ≤ ∆̂i,ιϵ

safe(z), ∀i ∈ [m]}
On Esafe, we have

∆̂i,ιϵ
safe(z) ≤ ∆i

safe(z) + 3cd

(
min
j
|∆̂j,ιϵ

safe(z)|+max
j

p(−∆̂j,ιϵ
safe(z)) + p(∆̂ιϵ(z))

)
+ 3(cd + ce)ϵ

so it follows that if z ∈ Yend, then

−cgϵ ≤ ∆i
safe(x).

To see that z∗ ∈ Yend, note that by definition of Yend, using a calculation analogous to (E.7), a sufficient
condition for z ∈ Yend is

(3cd + 3ce + 6cdc3 + 12cdc4 + c4 − cg)ϵ+ (3cd + 3cdc3 + 6cdc4 + c4)p(∆̃
ιϵ(z))

+ (3cd + 6cdc4 + c4)min
j
|∆j

safe(z)|+ (3cd + 3cdc3 + 6cdc4 + c4)max
j

p(−∆j
safe(z))

≤ ∆i
safe(z), ∀i ∈ [m].

By definition of z∗ and since, by Lemma 67, all z ∈ Yιϵ are safe, we have ∆ϵιϵ (z∗) ≤ 0. Furthermore, by
definition we also have ∆j

safe(z∗) ≥ 0 for all j, so p(−∆j
safe(z∗)) = 0. Thus, assuming that

3cd + 3ce + 6cdc3 + 12cdc4 + c4 − cg ≤ 0 (E.10)

a sufficient condition to guarantee z∗ ∈ Yend is that

(8cd + 16cdc4 + c4)min
j
|∆j

safe(z∗)| ≤ ∆i
safe(z∗), ∀i ∈ [m].

However, as long as

3cd + 6cdc4 + c4 ≤ 1, (E.11)

this is true, since by definition ∆i
safe(z∗) ≥ 0.
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E.4.5 Algorithm Correctness and Sample Complexity

Lemma 71 (Correctness). On Esafe ∩ ERAGEϵ , we will have that

ẑ⊤θ∗ ≥ (z∗)
⊤θ∗ −

c3(1 + cg)

1− c3
ϵ, ∆i

safe(ẑ) ≥ −cgϵ,∀i ∈ [m].

Proof. We choose ẑ to be any z ∈ Yend such that ∆̂end(z) = 0. By Lemma 70, we have that ∆i
safe(ẑ) ≥

−cgϵ for all i ∈ [m]. If ∆̃end(ẑ) ≤ 0, we are done, since by Lemma 70, z∗ ∈ Yend, so ẑ⊤θ∗ ≥ (z∗)
⊤θ∗.

Assume that ∆̃end(ẑ) > 0. By Lemma 68, we have that

∆̃end(ẑ) ≤ c3ϵ+ c3p(∆̃
end(ẑ)) + c3max

j
p(−∆j

safe(ẑ)).

By Lemma 70, since ẑ ∈ Yend, p(−∆j
safe(ẑ)) ≤ cgϵ for all j, so we can bound

∆̃end(ẑ) ≤ c3(1 + cg)ϵ+ c3p(∆̃
end(ẑ)) = c3(1 + cg)ϵ+ c3∆̃

end(ẑ).

We can rearrange this as

∆̃end(ẑ) ≤ c3(1 + cg)

1− c3
ϵ

which proves the result, since, by Lemma 70, ∆end(ẑ) = maxy∈Yend
y⊤θ∗ − ẑ⊤θ∗ ≥ (z∗)

⊤θ∗ − ẑ⊤θ∗.

Lemma 72. On ERAGEϵ ∩ Esafe, the total complexity of Line 6 is bounded by

C ·
ιϵ∑
ℓ=1

inf
λ∈△X

max
z∈Z

∥z∥2A(λ)−1 · log(4m|Z|ℓ2
δ )(

minj |∆j
safe(z)|+maxj p(−∆j

safe(z)) + p(∆ϵℓ−1(z)) + ϵℓ

)2 + 4ιϵ log(
4m|Z|ι2ϵ

δ )

for an absolute constant C.

Proof. Applying the same argument as in Claim 1 but in the opposite direction, we have

min
j
|∆̂j,ℓ−1

safe (z)|+max
j

p(−∆̂j,ℓ−1
safe (z)) + p(∆̂ℓ−1(z))

≥ −2(c3 + 2c4)ϵℓ + (1− c3 − 2c4)p(∆̃
ℓ(z)) + (1− 2c4)min

j
|∆j

safe(z)|+ (1− c3 − 2c4)max
j

p(−∆j
safe(z)).

We assume that c3, c4, and c0 are chosen such that

1− 2c3 − 4c4 ≥ c0, (E.12)

which allows us to bound:

inf
λ∈△X

max
z∈Z
−cd

(
min
j
|∆̂j,ℓ−1

safe (z)|+max
j

p(−∆̂j,ℓ−1
safe (z)) + p(∆̂ℓ−1(z)) + ϵℓ

)
+

√
∥z∥2

A(λ)−1 · log(4m|Z|ℓ2
δ )

τ

≤ inf
λ∈△X

max
z∈Z
−cdc0

(
min
j
|∆j

safe(z)|+max
j

p(−∆j
safe(z)) + p(∆̃ℓ−1(z)) + ϵℓ

)
+

√
∥z∥2

A(λ)−1 · log(4m|Z|ℓ2
δ )

τ
.
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It follows that if, for all z ∈ Z ,

τ ≥
∥z∥2A(λ)−1(

cdc0minj |∆j
safe(z)|+ cdc0maxj p(−∆j

safe(z)) + cdc0p(∆̃ℓ−1(z)) + (cdc0 + ce)ϵℓ

)2 · log 4m|Z|ℓ2
δ

we will have that this is less than ceϵℓ. Since we can take the best-case λ ∈ △X , and since τℓ is always
within a factor of 2 of the optimal, it follows that

τℓ ≤ inf
λ∈△X

max
z∈Z

2∥z∥2A(λ)−1 · log 4m|Z|ℓ2
δ(

cdc0minj |∆j
safe(z)|+ cdc0maxj p(−∆j

safe(z)) + cdc0p(∆̃ℓ−1(z)) + (cdc0 + ce)ϵℓ

)2
+ 4 log 4m|Z|ℓ2

δ

The result then follows by summing over epochs and lower bounding ∆̃ℓ−1(z) by ∆ϵℓ−1(z) using Lemma 69,
and assuming that

cdc0 + ce ≥ c0. (E.13)

Proof of Theorem 31. By Lemma 65 we have that Esafe holds with probability at least 1− δ. By Lemma 60,
we have that EℓRAGEϵ holds with probability at least 1− δ/(4ℓ2). It follows then that Esafe∪ (∪ℓEℓRAGEϵ) holds
with probability at least

1− δ −
∑
ℓ

δ

4ℓ2
≥ 1− 2δ.

Assume henceforth that Esafe∪(∪ℓEℓRAGEϵ) holds. Equation (E.5) follows by Lemma 71. The total number of
samples collected on Line 6 can be bounded by Lemma 72. It remains to bound the total number of samples
used by RAGEϵ.

By Lemma 64, at epoch ℓ RAGEϵ will collect at most

C⌈log 2

cf ϵℓ
⌉ · inf

λ∈△X
max
z∈Z

∥z − yℓ⋆∥2A(λ)−1 · log(8|Z|2 log4(1/ϵ)
δ )

(maxj p(−∆̂j,ℓ−1
safe (z)) + p(∆̃ℓ(z)) + ϵℓ)2

+ 8⌈log 2
cf ϵ
⌉ log(

4|Z|2⌈log 2
cf ϵ

⌉2

δ )

samples, where yℓ⋆ = argmaxy∈Yℓ
y⊤θ∗. Assume that maxj p(−∆j

safe(z)) > 0, then we can upper bound
minj |∆j

safe(z)| ≤ maxj p(−∆j
safe(z)), and by Lemma 68 we can lower bound

max
j

p(−∆̂j,ℓ−1
safe (z)) ≥ (1− 2c4)max

j
p(−∆j

safe(z))− c4p(∆̃ℓ−1(z))− c4ϵℓ−1.

Assume instead that maxj p(−∆j
safe(z)) = 0. Then again by Lemma 68:

max
j

p(−∆̂j,ℓ−1
safe (z)) ≥ 0 = max

j
p(−∆j

safe(z)) ≥ (1− 2c4)max
j

p(−∆j
safe(z))− c4p(∆̃ℓ−1(z))− c4ϵℓ−1.

By Lemma 67, it follows that

max
j

p(−∆̂j,ℓ−1
safe (z)) + p(∆̃ℓ(z)) + ϵℓ
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≥ (1− 2c4)max
j

p(−∆j
safe(z)) + (1− c4)p(∆̃ℓ(z)) + (1− 2c4)ϵℓ.

By definition and Lemma 67 and Lemma 70 for all ℓ including ℓ = end, we can bound p(−∆j
safe(y

ℓ
⋆)) ≤ cgϵ.

Furthermore, by definition p(∆̃ℓ(yℓ⋆)) = 0. Putting all of this together, we have:

inf
λ∈△X

max
z∈Z

∥z − yℓ⋆∥2A(λ)−1 · log(8|Z|2 log4(1/ϵ)
δ )

(maxj p(−∆̂j,ℓ−1
safe (z)) + p(∆̃ℓ(z)) + ϵℓ)2

≤ inf
λ∈△X

max
z∈Z

∥z − yℓ⋆∥2A(λ)−1 · log(8|Z|2 log4(1/ϵ)
δ )

((1− 2c4)maxj p(−∆j
safe(z)) + (1− c4)p(∆̃ℓ(z)) + (1− 2c4)ϵℓ)2

≤ inf
λ∈△X

max
z∈Z

2∥z − z∗∥2A(λ)−1 · log(8|Z|2 log4(1/ϵ)
δ )

((1− 2c4)maxj p(−∆j
safe(z)) + (1− c4)p(∆̃ℓ(z)) + (1− 2c4)ϵℓ)2

+ inf
λ∈△X

2∥z∗ − yℓ⋆∥2A(λ)−1 · log(8|Z|2 log4(1/ϵ)
δ )

((1− 2c4)maxj p(−∆j
safe(y

ℓ
⋆)) + (1− c4)p(∆̃ℓ(yℓ⋆)) + (1− 2c4 − cg)ϵℓ)2

≤ inf
λ∈△X

max
z∈Z

4∥z − z∗∥2A(λ)−1 · log(8|Z|2 log4(1/ϵ)
δ )

((1− 2c4)maxj p(−∆j
safe(z)) + (1− c4)p(∆̃ℓ(z)) + (1− 2c4 − cg)ϵℓ)2

As long as

1− 2c4 − cg ≥ c0, (E.14)

summing over the epochs and lower bounding ∆̃ℓ(z) by ∆ϵℓ(z) via Lemma 69 gives the result. Finally, the
settings of the constants follows from Lemma 59.

E.4.6 Proofs of Corollaries to Theorem 16

Proof of Corollary 2. If m = 1, µ∗,1 = 0, and γ = 1, then we have ∆safe(z) = 1 for each z, and ∆ϵ̃(z) =
∆(z) for ϵ ≤ 1. The result follows directly from this and some algebra.

Proof of Corollary 3. We can trivially upper bound the complexity given in Theorem 16 by

C · inf
λ∈△X

max
z∈Z

∥z∥2A(λ)−1 · log(m|Z|
δ )

ϵ2
+ C · inf

λ∈△X
max
z∈Z

∥z − z∗∥2A(λ)−1 · log( |Z|
δ )

ϵ2
+ C0

≤ C · inf
λ∈△X

max
z∈Z

∥z∥2A(λ)−1 · log(m|Z|
δ )

ϵ2
+ C0.

In the case when X = Z , we can bound infλ∈△X maxz∈Z ∥z∥2A(λ)−1 ≤ d by Kiefer-Wolfowitz (Lattimore
and Szepesvári, 2020), which proves the result.

E.5 Computationally Efficient Optimization

Throughout, we will letR(z; ξ1, . . . , ξn) denote some generic weighted risk estimate of the form

R(z; ξ1, . . . , ξn) =
T∑
t=1

ft(ξ1, . . . , ξn)I{z(ut) ̸= vt}
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for some weights ft(ξ1, . . . , ξn) and observations (ut, vt). The exact setting of R will change from line to
line—we simply use it as a stand-in for an objective that a cost-sensitive-classification oracle can efficiently
minimize. We will also use f(ξ1, . . . , ξn) to refer to some generic function (the particular form of which is
not important).

Lemma 73. Consider some z, z̃ ∈ △H. Denote

ρλ(h, h
′) = EU∼ν

[I{h(U) ̸= h′(U)}
λ(U)/ν(U)

]
= ∥h− h′∥2A(λ)−1

and overload notation so that z =
∑

h∈H zhh denotes the feature vector for the mixed classifier z. Then,∑
h,h′∈H

zhz̃h′ρλ(h, h
′) = EU∼ν

[
(z(U)− z̃(U))2

λ(U)/ν(U)

]
= ∥z − z̃∥2A(λ)−1 .

Proof. Note that

ρλ(h, h
′) = EU∼ν

[I{h(U) ̸= h′(U)}
λ(U)/ν(U)

]
= EU∼ν

[ |h(U)− h′(U)|
λ(U)/ν(U)

]
= EU∼ν

[
(h(U)− h′(U))2

λ(U)/ν(U)

]
where the final equality holds because |h(U)− h′(U)| is always either 0 or 1. Thus,∑

h,h′∈H
zhz̃h′ρλ(h, h

′) =
∑

h,h′∈H
zhz̃h′EU∼ν

[
(h(U)− h′(U))2

λ(U)/ν(U)

]

= EU∼ν

[∑
h,h′∈H zhz̃h′(h(U)− h′(U))2

λ(U)/ν(U)

]

= EU∼ν

[∑
h,h′∈H zhz̃h′(h(U) + h′(U)− 2h(U)h′(U))

λ(U)/ν(U)

]
. (E.15)

However, ∑
h,h′∈H

zhz̃h′h(U) =
∑
h∈H

zhh(U) = z(U),
∑

h,h′∈H
zhz̃h′h

′(U) = z̃(U)

and ∑
h,h′∈H

zhz̃h′h(U)h′(U) = (
∑
h∈H

zhh(U))(
∑
h′∈H

z̃h′h
′(U)) = z(U)z̃(U).

Thus,

(E.15) = EU∼ν

[
(z(U)− z̃(U))2

λ(U)/ν(U)

]
which proves the first equality. To prove the second, recall that [h]u = ν(u)h(u), so [z]u =

∑
h∈H zh[h]u =

ν(u)z(u). It follows that,

∥z − z̃∥2A(λ)−1 =
∑
u

ν(u)2

λ(u)
(z(u)− z̃(u))2 = EU∼ν

[
(z(U)− z̃(U))2

λ(U)/ν(U)

]
which proves the second equality.
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E.5.1 Computational Efficiency of RAGEϵ

RAGEϵ requires solving the optimization

inf
λ∈△X

max
z∈△H

min
α∈A
−ca(p(−∆̂safe(z)) + p(∆̂ℓ−1(z)) + ϵℓ) + α∥z − ŷℓ−1∥2A(λ)−1 +

log(2|Z|2|A|ℓ2/δ)
ατ

.

(E.16)

Here we take τ to be fixed, and recall that

ŷℓ ← argminy∈Y min
α∈A

R̃αℓ (y)− R̃αℓ (ŷℓ−1) + 2α∥y − ŷℓ−1∥2A(λℓ)−1 +
2 log(2|Z|2|A|ℓ2/δ)

ατℓ

∆̂ℓ(y)← min
α∈A

R̃αℓ (y)− R̃αℓ (ŷℓ) + α∥y − ŷℓ∥2A(λℓ)−1 +
log(2|Z|2|A|ℓ2/δ)

ατℓ
.

Furthermore, Y will be a set of the form

ℓ′⋃
k=1

Yk =
ℓ′⋃
k=1

{
z ∈ Z : c(ϵk + p(∆̂k−1(z)) + max

j∈[n]
p(−∆̂j,k−1

safe (z)) + min
j∈[n]
|∆̂j,k−1

safe (h)|) ≤ ∆̂i,k
safe(h),∀i ∈ [n]

}
Recall also that

∥h− h′∥2A(λ)−1 = EU∼ν

[ I{h(U) ̸= h′(U)}
(9λ(U)/10 + 1/10d)/ν(U)

]
=
∑
U∈X

ν(U)2

9λ(U)/10 + 1/10d
I{h(U) ̸= h′(U)}

and

R̃αℓ (h) =
1

τℓ

τℓ∑
t=1

1

wt + α
I{h(ut) ̸= vt}.

For z ∈ △H, we denote R̃αℓ (z) =
∑

h∈H zhR̃
α
ℓ (h) and R(z;α) = ∑

h∈H zhR(h;α). Finally, we assume
that ∆̂safe(z) = minα∈AR(z;α) + f(α).

Solving for ŷℓ

Using Lemma 73, we can write the optimization for ŷℓ as

min
k∈[ℓ′]

min
y∈Yk

min
α∈A

1

τℓ

τℓ∑
t=1

1

wt + α

∑
h∈H

yhI{h(ut) ̸= vt}+ α
∑

h,h′∈H
yhŷℓ−1,h′

∑
U∈X

ν(U)2

9λℓ(U)/10 + 1/10d
I{h(U) ̸= h′(U)}

− R̃αℓ (ŷℓ−1) +
log(2|Z|2|A|ℓ2/δ)

ατℓ

We can rewrite

∑
h,h′∈H

yhŷℓ−1,h′
∑
U∈X

ν(U)2

9λℓ(U)/10 + 1/10d
I{h(U) ̸= h′(U)} =

∑
h∈H

yh

∥ŷℓ−1∥0|X |∑
i=1

wiI{h(ui) ̸= vi}
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for some weights wi. It follows that if ∥ŷℓ−1∥0 is polynomial in problem parameters then the optimization
for ŷℓ can be written as

min
k∈[ℓ′]

min
y∈Yk

min
α∈A
R(y;α) + f(α)

for R(y;α) a CSC loss over only polynomially many points (as well as linear in y and convex in α), and
f(α) convex in α. Note also that, for any y, we can upper bound R(y;α) ≤ O( 1α + dα). Here Yk a set of
the form{
z ∈ △H :

∑
h∈H

zhc
(
ϵk + p(∆̂k−1(h)) + max

j∈[n]
p(−∆̂j,k−1

safe (h)) + min
j∈[n]
|∆̂j,k−1

safe (h)|
)
≤
∑
h∈H

zh∆̂
i,k
safe(h),∀i ∈ [n]

}

ŷℓ will be the element in Yk minimizing the, for the k achieving the minimum. The dual of this problem has
the form

min
k∈[ℓ′]

min
z∈△H

min
α∈A

max
µi≥0,i∈[n]

R(z;α) + f(α)

+
n∑
i=1

µi

(∑
h∈H

zhc
(
ϵk + p(∆̂k−1(h)) + max

j∈[n]
p(−∆̂j,k−1

safe (h)) + min
j∈[n]
|∆̂j,k−1

safe (h)|
)
−
∑
h∈H

zh∆̂
i,k
safe(h)

)
.

Note that we can swap the min over α and z without issue. Furthermore, for a fixed µ, the objective is linear
in z, and for a fixed z, the objective is linear in µ. By the minimax theorem, we can then swap the min and
max to obtain the equivalent optimization:

min
k∈[ℓ′]

min
α∈A

max
µi≥0,i∈[n]

min
z∈△H

R(z;α) + f(α)

+

n∑
i=1

µi

(∑
h∈H

zhc
(
ϵk + p(∆̂k−1(h)) + max

j∈[n]
p(−∆̂j,k−1

safe (h)) + min
j∈[n]
|∆̂j,k−1

safe (h)|
)
−
∑
h∈H

zh∆̂
i,k
safe(h)

)
.

We can simply enumerate over k and α, as there are a finite number of each of these constraints. For a
fixed k and α, to solve the inner maxmin problem, we can apply the approach proposed in (Agarwal et al.,
2018). In particular, we alternate between running the exponential gradient algorithm for the µ player, and
computing the best-response for the z player. The update to the µ player is trivial, as the problem is simply
linear in µ (in practice, as in (Agarwal et al., 2018), we will also upper bound the domain of µi by some
value B, to ensure this is finite).

Computing the best-response for the z player (with µ fixed) is slightly trickier. Ignoring all other param-
eters, which are all currently fixed, the minimization over z can be written as

min
z∈△H

∑
h∈H

zh
∑
t

atI{h(ut) ̸= ot}

+
n∑
i=1

µi

(∑
h∈H

zhc
(
ϵk + p(∆̂k−1(h)) + max

j∈[n]
p(−∆̂j,k−1

safe (h)) + min
j∈[n]
|∆̂j,k−1

safe (h)|
)
−
∑
h∈H

zh∆̂
i,k
safe(h)

)
.

= min
z∈△H

∑
h∈H

zh

(∑
t

atI{h(ut) ̸= ot}

+
∑
i∈[n]

ci

(
ϵk + p(∆̂k−1(h)) + max

j∈[n]
p(−∆̂j,k−1

safe (h)) + min
j∈[n]
|∆̂j,k−1

safe (h)| − ∆̂i,k
safe(h)

))
.
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Now note that maxj∈[n] p(−∆̂j,k−1
safe (z)) = sup

λ̃∈△n

∑
j∈[n] λ̃jp(−∆̂

j,k−1
safe (z)), and similarly for minj∈[n] |∆̂j,k−1

safe (z)|.
Using this, we can rewrite the above optimization as

min
z∈△H

max
λ̃1h∈△n,h∈H

min
λ̃2h∈△n,h∈H

∑
h∈H

zh

(∑
t

atI{h(ut) ̸= ot}

+
∑
i∈[n]

ci

(
ϵk + p(∆̂k−1(h)) +

∑
j∈[n]

λ̃1hj p(−∆̂j,k−1
safe (h)) +

∑
j∈[n]

λ̃2hj |∆̂j,k−1
safe (h)| − ∆̂i,k

safe(h)
))

.

We also have:

p(−∆̂j,k−1
safe (z)) = max

β∈[0,1]
−β∆̂j,k−1

safe (z), |∆̂j,k−1
safe (z)| = max

β∈[−1,1]
β∆̂j,k−1

safe (z).

So we can further simplify the above to:

min
z∈△H

max
λ̃1h∈△n,h∈H

min
λ̃2h∈△n,h∈H

max
βh
1 ,β

hj
2 ∈[0,1],βhj

3 ∈[−1,1],h∈H

∑
h∈H

zh

(∑
t

atI{h(ut) ̸= ot}

+
∑
i∈[n]

ci

(
ϵk + βh1 ∆̂

k−1(h)−
∑
j∈[n]

λ̃1hj β
hj
2 ∆̂j,k−1

safe (h) +
∑
j∈[n]

λ̃2hj β
hj
3 ∆̂j,k−1

safe (h)− ∆̂i,k
safe(h)

))
.

Note that the objective is linear in β and λ̃2, and both have continuous, compact, convex constraint sets, so
we can swap the min and max to get that the above is equivalent to

min
z∈△H

max
λ̃1h∈△n,h∈H

max
βh
1 ,β

hj
2 ∈[0,1],βhj

3 ∈[−1,1],h∈H
min

λ̃2h∈△n,h∈H

∑
h∈H

zh

(∑
t

atI{h(ut) ̸= ot}

+
∑
i∈[n]

ci

(
ϵk + βh1 ∆̂

k−1(h)−
∑
j∈[n]

λ̃1hj β
hj
2 ∆̂j,k−1

safe (h) +
∑
j∈[n]

λ̃2hj β
hj
3 ∆̂j,k−1

safe (h)− ∆̂i,k
safe(h)

))
.

We can write this in the form

min
z∈△H

max
λ̃1,β

g(z; λ̃1, β) (E.17)

for

g(z; λ̃1, β) := min
λ̃2h∈△n,h∈H

∑
h∈H

zh

(∑
t

atI{h(ut) ̸= ot}

+
∑
i∈[n]

ci

(
ϵk + βh1 ∆̂

k−1(h)−
∑
j∈[n]

λ̃1hj β
hj
2 ∆̂j,k−1

safe (h) +
∑
j∈[n]

λ̃2hj β
hj
3 ∆̂j,k−1

safe (h)− ∆̂i,k
safe(h)

))
.

To solve this, we will apply a version of Frank-Wolfe that handles adversarial losses to the outer player
(see Section 4.2 of (Hazan and Kale, 2012)), and will play best response for the inner player.

From the perspective of the outer player, at iteration t of the algorithm given in (Hazan and Kale, 2012),
they must optimize the function

ft(z) = g(z; λ̃1t , βt) =
∑
h∈H

zhch(λ̃
1
t , βt)
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for some ch(λ̃1t , βt). Note that this is L = maxh |ch(λ̃1t , βt)| Lipschitz in the ℓ1-norm, and that we can
bound this L for all t by something likeO( 1α + dα+n). The algorithm introduced in Section 4.2 of (Hazan
and Kale, 2012) computes the standard FW update

z̃t = argminz∈△H
∇Ft(zt)⊤z, zt+1 = (1− t−1/4)zt + t−1/4z̃t

for

Ft(z) =
1

t

t∑
τ=1

∇fτ (zτ )⊤z + σt∥z − z1∥22

for σt = (L/D)t−1/4 for D = maxz1,z2∈△H ∥z1 − z2∥1 (note that in that work, the function seems to be
Lipschitz in the ℓ2 norm while here we use ℓ1—this does not seem to change their result at all). It is shown
in (Hazan and Kale, 2012) that running this procedure we obtain the bound, for any z ∈ △H,

T∑
t=1

(ft(zt)− ft(z)) ≤ 57LDT 3/4.

It follows that if we are able to compute z̃t efficiently, and if the max player plays best response (and the
best response can be computed efficiently), using analysis similar to that in (Agarwal et al., 2018), we can
show that an approximate solution to (E.17) will be found in a polynomial number of iterations.

Computing the Best Response for λ̃1, β. For the inner player, they must solve

max
λ̃1,β

g(zt; λ̃
1, β).

Assume that ∥z̃t∥0 ≤ m for each t, and that ∥z1∥0 = 1. Then zt will be (mt + 1)-sparse, so the sum in
g(zt; λ̃

1, β) will contain at most (mt+ 1) values. Note that the optimization over βh and λ̃1h is completely
independent, so to compute the best-response, we need to solve the following problem at most (mt + 1)
times:

max
λ̃1h∈△n

max
βh
1 ,β

hj
2 ∈[0,1],βhj

3 ∈[−1,1]
min

λ̃2h∈△n

∑
i∈[n]

ci

(
βh1 ∆̂

k−1(h)−
∑
j∈[n]

λ̃1hj β
hj
2 ∆̂j,k−1

safe (h) +
∑
j∈[n]

λ̃2hj β
hj
3 ∆̂j,k−1

safe (h)
)
.

The optimization over the first two terms is trivial and can be solved by enumerating. The third term now
is a maxmin problem, however, this can also be solved trivially as it is equivalent to minj∈[n] |∆̂j,k−1

safe (h)|.
Note that each of these gap terms is themself the solution to an optimization over α ∈ A, but that can be
solved easily for each (since there are at most polynomial of them), so they can be regarded as constants.

Thus, we conclude that the best response for λ̃1, β can be computed efficiently, assuming that m is
polynomial in problem parameters. Note that the values of βh and λ̃1h do not matter for h ̸∈ support(zt)
do not matter to compute the best response, so we can set them to the same value for all h ̸∈ support(zt).

Computing z̃t. It remains to show that we can efficiently find a near-optimal z̃t such that ∥z̃t∥0 ≤ m. The
optimization for z̃t will have the form

z̃t = argminz∈△H

t∑
τ=1

∇fτ (zτ )⊤z + 2σt(zt − z1)⊤z
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for

[∇fτ (zτ )]h = ch(λ̃
1
τ , βτ )

= min
λ̃2h∈△n

∑
j

ajI{h(uj) ̸= oj}+
∑
i∈[n]

ci

(
ϵk + βh1τ ∆̂

k−1(h)−
∑
j∈[n]

λ̃1hjτ β
hj
2τ ∆̂

j,k−1
safe (h)

+
∑
j∈[n]

λ̃2hj β
hj
3τ ∆̂

j,k−1
safe (h)− ∆̂i,k

safe(h)
)
.

Let Ct ⊆ H denote the classifiers supported on zt and assume that z1 is only supported on a single classifier
h0. Note from our discussion on computing the best-response for the λ̃1 and β player, we have that βh and
λ̃1h are identical for all h ̸∈ Ct. We can therefore rewrite the above objective as (dropping the τ subscript
and denoting, e.g. βh1 =

∑t
τ=1 β

h
1τ ):

min
λ̃2h∈△n,h∈H

∑
h∈H\Ct

zh

(∑
j

ajI{h(uj) ̸= oj}+
∑
i∈[n]

ci

(
ϵk + β1∆̂

k−1(h)−
∑
j∈[n]

λ̃1jβ
j
2∆̂

j,k−1
safe (h)

+
∑
j∈[n]

λ̃2hj β
j
3∆̂

j,k−1
safe (h)− ∆̂i,k

safe(h)
))

+
∑
h∈Ct

(∑
j

ajI{h(uj) ̸= oj}+
∑
i∈[n]

ci

(
ϵk + βh1τ ∆̂

k−1(h)−
∑
j∈[n]

λ̃1hjτ β
hj
2τ ∆̂

j,k−1
safe (h)

+
∑
j∈[n]

λ̃2hj β
hj
3τ ∆̂

j,k−1
safe (h)− ∆̂i,k

safe(h)
)
+ 2σtzt

)
− 2σtzh0 .

We will focus first on the sum overH\Ct. Note that ∆̂k−1(h) and ∆̂j,k
safe(h) are both of the form

min
α∈A

∑
t

1

wt + α
I{h(ut) ̸= ot}+ α

∑
t

w̃tI{h(ut) ̸= ot}+
c

α
.

Given this, we can rewrite the minimization over the first term as (where the α̃ correspond to the gaps that
have negative coefficients, which is where the max comes from):

min
z∈△H

min
λ̃2h∈△n,h∈H

min
αh∈Ak,h∈H

max
α̃h∈Ak,h∈H

∑
h∈H\Ct

zh

(
R(h;αh, α̃h, λ̃2h) + f(αh, λ̃2h) + g(α̃h, λ̃2h)

)

for R convex in α, and concave in α̃, f convex in α, and g concave in α̃, and all functions are linear in λ̃2.
Normally A is a discrete set, but if we let Ã be a continuous relaxation of it, we can rewrite the above as

min
z∈△H

max
α̃h∈Ak,h∈H

min
λ̃2h∈△n,h∈H

min
αh∈Ak,h∈H

∑
h∈H\Ct

zh

(
R(h;αh, α̃h, λ̃2h) + f(αh, λ̃2h) + g(α̃h, λ̃2h)

)
.

To solve this we can again apply the FW algorithm of (Hazan and Kale, 2012) with the max player playing
best-response. As before, as long as zt (where zt denotes the update for this inner optimization) is sparse,
we can efficiently compute the best-response for the α̃ player, since we only need to compute it for h ∈ zt.
The FW-style update will then have the form

min
z∈△H

min
λ̃2h∈△n,h∈H

min
αh∈Ak,h∈H

∑
h∈H\Ct

zh

(
R(h;αh, α̃ht , λ̃2h) + f(αh, λ̃2h) + g(α̃ht , λ̃

2h)

)
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= min
λ̃2h∈△n,h∈H

min
αh∈Ak,h∈H

min
h∈H\Ct

R(h;αh, α̃ht , λ̃2h) + f(αh, λ̃2h) + g(α̃ht , λ̃
2h)

where the equality follows since we can always swap min, and since there will always be an optimal solution
supported on a single h. We can solve the inner min using a CSC oracle that is able to optimize over a set
H\Ct, and by enumerating λ̃2 and α (since we can always find an optimal solution supported on a single h,
we can set λ̃2h, αh identical for all h and will arrive at the same minimum).

This will converge in polynomially many steps, and will produce some zt′ which is m-sparse (for m
polynomial in parameters). It follows that zt′ is the near-optimal value for z̃t supported onH\Ct. To pick a
final value for z̃t, we can simply enumerate over the (polynomially many) h ∈ Ct, compute their loss values,
and then pick the minimum out of those and the value achieved by zt′ . This procedure will always return
some z̃t supported on at most polynomially many h, so m can be chosen suitably to make the best-response
of the max player efficient.

Putting all of this together, we can efficiently solve for ŷℓ.

Solving for λℓ

We turn now to solving the optimization (E.16). Using arguments similar to what we have already shown,
we have that

(E.16) = inf
λ∈△X

max
z∈Z

min
α∈A,α2,...,αp∈A

max
β1,...,βm∈B

R(z;α, α2, . . . , αp, β1, . . . , βm)

+ 2α
∑
U∈X

ν(U)2

9λ(U)/10 + 1/10d
I{z(U) ̸= ẑℓ−1(U)}+ f(α, α2, . . . , αp, β1, . . . , βm).

As before, we can simply enumerate over all possible choices of α and β. For a fixed setting of α and β,
to solving the inf over λ, we can apply Mirror Descent. In this case we choose the mirror map to be the
negative entropy, which is strongly convex with respect to the ℓ1 norm.

Given this, to solve this in a computationally efficient manner, all we need is that the objective is con-
vex (which it is) and Lipschitz with respect to the ℓ1 norm. Let g(λ) denote the objective of the above
optimization. By the Mean Value Theorem,

|g(λ)− g(λ̃)| = ∇g((1− c)λ+ cλ̃)⊤(λ− λ̃)
for some c ∈ [0, 1]. So, for any λ, λ̃ ∈ △X , we can bound

|g(λ)− g(λ̃)| ≤
(

sup
λ′∈△X

∥∇g(λ′)∥∞
)
· ∥λ− λ̃∥1.

We have,

d

dt

∑
U∈X

ν(U)2

9λ(U)/10 + 1/10d+ 9tλ0(U)/10
I{z(U) ̸= ẑℓ−1(U)}|t=0

=
∑
U∈X

−λ0(U)ν(U)2

(9λ(U)/10 + 1/10d)2
I{z(U) ̸= ẑℓ−1(U)}.

It follows that

sup
λ′∈△X

∥∇g(λ′)∥∞ ≤ 100d2

so we can apply Mirror Descent to optimize the above with computational complexity scaling only polyno-
mially in problem parameters.
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E.5.2 Computational Efficiency of BESIDE

The primary computational cost of BESIDE is incurred by calling RAGEϵ, and solving the optimization on
Line 6 of Algorithm 6.1. We have already shown that RAGEϵ can be run in a computationally efficient
manner. The optimization on Line 6 has a form very similar to the optimization we solve in RAGEϵ, so
the same argument and solution approach (applying Mirror Descent) allows us to compute the optimal
distribution, λℓ, here as well.

E.6 Experimental details and additional results

E.6.1 Experimental details

All code was written in Python and run on a Intel Xeon 6226R CPU with 64 cores.
Algorithm E.4 is the precise implementation of BESIDE using elimination. It largely resemble to Algo-

rithm 6.1, with the difference that it explicitly eliminates arms.
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Algorithm E.3. Best Safe Arm Identification (BESIDE, defined with generic constants)

1: input: tolerance ϵ, confidence δ
2: ιϵ ← ⌈log( 2

min{c3,c4}·ϵ)⌉, ∆̂
0
safe(z)← 0, ∆̂0(z)← 0 for all z ∈ Z

3: for ℓ = 1, 2, . . . , ιϵ do
4: ϵℓ ← 2

min{c3,c4} · 2
−ℓ

// Solve experiment to reduce uncertainty on safety constraints

5: Let τℓ be the minimal value of τ = 2j ≥ 4 log 4m|Z|ℓ2
δ such that the objective to the following is no

greater than ceϵℓ, and λℓ the corresponding optimal distribution

inf
λ∈△X

max
z∈Z
−cd

(
min
j
|∆̂j,ℓ−1

safe (z)|+max
j

p(−∆̂j,ℓ−1
safe (z)) + p(∆̂ℓ−1(z)) + ϵℓ

)
+

√
∥z∥2

A(λ)−1 · log(4m|Z|ℓ2
δ )

τ

6: Sample xt ∼ λℓ, collect τℓ observations {(xt, rt, st,1, . . . , st,m)}τℓt=1

7: {µ̂i,ℓ}mi=1 ← RIPS({(xt, st,i)}τℓt=1,Z, δ
2mℓ2

) // Estimate safety constraints

8: ∆̂i,ℓ
safe(z)← γ − z⊤µ̂i,ℓ + ∥z∥A(λℓ)−1

√
τ−1
ℓ log(4m|Z|ℓ2

δ ) // Safety gap estimates
// Form set of arms guaranteed to be safe

9:

Yℓ ←
{
z ∈ Z : 8cd

(
min
j
|∆̂j,ℓ−1

safe (z)|+max
j

p(−∆̂j,ℓ−1
safe (z)) + p(∆̂ℓ−1(z))

)
+ 8(cd + ce)ϵℓ ≤ ∆̂i,ℓ

safe(z),∀i ∈ [n]

}
∪ Yℓ−1

// Refine estimates of optimality gaps

10: {∆̂ℓ(z)}z∈Z ← RAGEϵ
(
Z,Yℓ, ϵℓ, δ

4ℓ2
, {∆̂safe(z)← maxj p(−∆̂j,ℓ

safe(z))}z∈Z
)

// Form set of arms guaranteed to be at most ϵ-unsafe
11:

Yend ←
{
z ∈ Z : 8cd

(
min
j
|∆̂j,ιϵ

safe(z)|+max
j

p(−∆̂j,ιϵ
safe(z)) + p(∆̂ιϵ(z))

)
+ 8(cd + ce)ϵ− cgϵ ≤ ∆̂i,ιϵ

safe(z),∀i ∈ [n]

}
// Find ϵ-good arm out of ϵ-safe arms

12: {∆̂end(z)}z∈Yend
← RAGEϵ(Yend,Yend, ϵ, δ)

13: return ẑ = argminz∈Yend
∆̂end(z)
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Algorithm E.4. Best Safe Arm Identification with Elimination
1: input: tolerance ϵ, confidence δ
2: ιϵ ← ⌈log(1ϵ )⌉, Z0

active ← Z , Z0
safe ← ∅

3: for ℓ = 1, 2, . . . , ιϵ do
4: ϵℓ ← 2−ℓ

5: Compute allocation XYsafe on Zℓ−1
active and sample from it τℓ = O(XYsafe(Zℓ−1

active)/ϵ
2
ℓ ) times

6: µ̂ℓ ← RIPS({(xt, st,i)}τℓt=1,Z, δ
2ℓ2

)

7: Set ∆̂ℓ
safe(z)← γ − z⊤µ̂ℓ for all z ∈ Zℓ−1

active and

Z̃ℓactive = {z ∈ Z̃ℓ−1
active : ∆̂ℓ

safe(z) ∈ [−ϵℓ, 2ϵℓ]} Z̃ℓsafe = {z ∈ Z̃ℓ−1
active : ∆̂ℓ

safe(z) ≥ 2ϵℓ]}

8: Zℓactive,Zℓsafe ← RAGE-ELIMϵ
(
Z̃ℓactive ∪ Z̃ℓsafe ∪ Zℓ−1

safe , Z̃
ℓ
safe ∪ Zℓ−1

safe , ϵℓ

)
9: Zfinal, ∅ ← RAGE-ELIMϵ

(
Zℓactive ∪ Zℓsafe,Zℓactive ∪ Zℓsafe, ϵℓ

)
10: return Any arm in Zfinal.

Algorithm E.5. RAGE-ELIMϵ

1: input: active set Z , optimal set Y , tolerance ϵ
2: ιϵ ← ⌈log(1ϵ )⌉, Z0 ← Z , Y0 ← Y
3: for ℓ = 1, 2, . . . , ιϵ do
4: ϵℓ ← 2−ℓ

5: Compute allocation XYdiff on (Zℓ−1 ∪ Yℓ−1,Yℓ−1) and sample from it τℓ = O(Zℓ−1 ∪
Yℓ−1,Yℓ−1)/ϵ2ℓ ) times

6: θ̂ℓ ← RIPS({(xt, st,i)}τℓt=1,Z, δ
2ℓ2

)

7: Set ∆̂ℓ(z)← maxy∈Yℓ−1 y⊤θ̂ℓ − z⊤θ̂ℓ for all z ∈ Z ∪ Y and

Zℓ = {z ∈ Zℓ−1 : ∆̂ℓ(z) ≤ ϵℓ} Yℓ = {y ∈ Yℓ−1 : ∆̂ℓ(y) ≤ ϵℓ}

8: return Zℓ,Yℓ
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Appendix F

Appendix for Chap. 7

F.1 Datasets description

Adult income dataset (Lichman, 2013): This dataset comprises 48, 842 examples with demographic
information. The task is to predict whether an individual’s income exceeds 50k$ annually. We chose the
protected attribute to be binarized gender.

Compas dataset (Lichman, 2013): This dataset, which was released by Angwin et al. (2022), encom-
passes 5, 278 data related to juvenile felonies. It includes details such as marital status, ethnicity, age, prior
criminal history, and the severity of the current arrest charges. In our analysis, we identify binarized gender
as a sensitive attribute. In line with established conventions (Corbett-Davies et al., 2017; Anahideh et al.,
2021), we adopt a two-year violent recidivism record as the ground truth for assessing recidivism.

Drug consumption dataset (Fehrman et al., 2017): This dataset consists of 1, 885 entries contain-
ing information about individuals, where each entry includes five demographic characteristics (such as Age,
binarized Gender, or Education), seven measurements related to personality traits (such as Nscore indicating
neuroticism and Ascore representing agreeableness), and 18 descriptors detailing the subject’s most recent
consumption of a specific substance (like Cannabis). We chose the task of predicting whether an individual
consumed Cannabis in the last year and chose the protected attribute to be (binarized) Gender.

German Credit dataset (Hofmann, 1994): The German Credit dataset classifies people as good or
bad credit risks using the profile and history of 1, 000 clients. We set the binarized gender as the sensitive
attribute.

Community and Crime dataset (Redmond and Baveja, 2002): The Crime and Community dataset
consists of 1, 902 instances of crimes with 128 attributes related to the crime and the corresponding commu-
nity. It uses ‘violent crimes’ as the target variable and combines ‘percentage of non-white’ as the protected
attribute. The target variable is binarized to categorize communities as high or low crime based on a thresh-
old of 500. The protected attribute is also binarized, separating communities with non-white residents below
20%.

Bank dataset (Moro et al., 2014): The task is to predict whether the client has subscribed to a term
deposit service based on 11, 162 data points with features such as marital status and age. We set the client
having tertiary education as the sensitive attribute.

Synthetic dataset: We created the synthetic dataset in the following manner. It is depicted in Fig-
ure F.1. The dataset consists of two dimensions, and data for group 0 is generated by randomly sampling
10, 000 data points from a Gaussian distribution with a mean of (0, 0), while group 1 comprises 100 data
points sampled from (10, 10). For group 0 (and group 1), labels are assigned a value of 1 if the x-coordinate
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Figure F.1: Synthetic dataset

(or y-coordinate) of the data point is greater than 0, and 0 otherwise. This ensures that each group is linearly
separable, but their combination is not.

F.2 Performance of baseline algorithms with different pre-trained dataset
sizes

We report the results of the sweeps over the size of the pretrain dataset in Figures F.2 to F.13. Due to its
large computational cost, we compared the performance of PANDA for two sizes of pretrain datasets.

F.3 Theoretical results - proof of Proposition 2

F.3.1 Full theorem

We have the following result.

Theorem 32. Let the train set be D = {(x1, a1, y1), . . . , (xn, an, yn)}. If D ∼ ν, then it holds with
probability 1− δ that:

|LEO
ν (h)− L̂EO

D (h)| ≤ C0,0 + C0,1 + C1,0 + C1,1,

|LTP
ν (h)− L̂TP

D (h)| ≤ C0,1 + C1,1,

|LFP
ν (h)− L̂FP

D (h)| ≤ C0,0 + C1,0,

with confidence terms

Cj,k =

(
p̂j,k +

√
2V̂(1)j,k

log(2/δ)

n
+

log(2/δ)

n

)
·

√
2V̂(2)j,k

log(2/δ)
n + log(2/δ)

n(
1
n

∑n
i=1 1{yi = k, ai = j}

)2
+

√
2V̂(1)j,k

log(2/δ)
n + log(2/δ)

n

1
n

∑n
i=1 1{yi = k, ai = j}
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Figure F.2: Performance on Drug
Consumption

Figure F.3: Performance on Bank

Figure F.4: Performance on German Credit Figure F.5: Performance on Adult Income

Figure F.6: Performance on Compas
Figure F.7: Performance on Community and
Crime
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Figure F.8: Performance on Drug
Consumption

Figure F.9: Performance on Bank

Figure F.10: Performance on German
Credit

Figure F.11: Performance on Adult Income

Figure F.12: Performance on Compas
Figure F.13: Performance on Community
and Crime

Figure F.14: Performance on Adult Income
for Equalized Odds

Figure F.15: Performance on Adult Income
for Equalized Odds
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for label k ∈ {0, 1} and protected attribute j ∈ {0, 1}, where p̂j,k = 1
n

∑n
i=1 1{h(xi) = 1, yi = k, ai = j}

and the empirical variances defined as

V̂(1)j,k =
1

n(n− 1)

∑
1≤ℓ<ℓ′≤n

(1{h(xℓ) = 1, yℓ = k, aℓ = j} − 1{h(xℓ′) = 1, yℓ′ = k, aℓ′ = j})2,

V̂(2)j,k =
1

n(n− 1)

∑
1≤ℓ<ℓ′≤n

(1{yℓ = k, aℓ = j} − 1{yℓ′ = k, aℓ′ = j})2.

This theorem provides a confidence bound on the concentration rate of the empirical fairness violation.

Proof. Let us start by proving the statement for TPRP. Recall

LTP
ν (h) =

∣∣∣∣∣P(x,a,y)∼ν(h(x) = 1, a = 0, y = 1)

P(x,a,y)∼ν(a = 0, y = 1)
−
P(x,a,y)∼ν(h(x) = 1, a = 1, y = 1)

P(x,a,y)∼ν(a = 1, y = 1)

∣∣∣∣∣
L̂TP
D (h) =

∣∣∣∣∣
n∑
i=1

1{h(xi) = 1, yi = 1, ai = 1}∑n
i=1 1{yi = 1, ai = 1} −

n∑
i=1

1{h(xi) = 1, yi = 1, ai = 0}∑n
i=1 1{yi = 1, ai = 0}

∣∣∣∣∣.
and write these for short

LTP
ν (h) = |num0/den0 − num1/den1|,

L̂TP
D (h) = |n̂um0/d̂en0 − n̂um1/d̂en1|,

with for protected attribute j ∈ {0, 1},

numj = P(x,a,y)∼ν(h(x) = 1, a = j, y = 1)

n̂umj =
1

n

n∑
i=1

1{h(xi) = 1, yi = 1, ai = j}

denj = P(x,a,y)∼ν(a = j, y = 1)

d̂enj =
1

n

n∑
i=1

1{yi = 1, ai = j}.

Applying Bernstein’s concentration bound it holds that for j ∈ {0, 1} with probability at least 1− δ

|n̂umj − numj | =
∣∣∣∣∣ 1n

n∑
i=1

1{h(xi) = 1, yi = 1, ai = j} − P(x,a,y)∼ν(h(x) = 1, y = 1, a = j)

∣∣∣∣∣
≤
√
2V̂(1)j,1

log(2/δ)

n
+

log(2/δ)

n
=: α

(num)
j ,

where we defined

V̂(1)j,k =
1

n(n− 1)

∑
1≤ℓ<ℓ′≤n

(1{h(xℓ) = 1, yℓ = k, aℓ = j} − 1{h(xℓ′) = 1, yℓ′ = k, aℓ′ = j})2.

Also applying Bernstein’s concentration bound it holds that for j ∈ {0, 1} with probability at least 1− δ

|d̂enj − denj | =
∣∣∣∣∣ 1n

n∑
i=1

1{yi = 1, ai = j} − P(x,a,y)∼ν(y = 1, a = j)

∣∣∣∣∣
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≤
√
2V̂(2)j,1

log(2/δ)

n
+

log(2/δ)

n
=: α

(den)
j ,

where we defined

V̂(2)j,k =
1

n(n− 1)

∑
1≤ℓ<ℓ′≤n

(1{yℓ = k, aℓ = j}

− 1{yℓ′ = k, aℓ′ = j})2.

Then, as soon as for both j = 1 and j = 2, α(den)
j ≤ d̂enj/2, holds the inequality∣∣∣∣∣ 1

d̂enj
− 1

denj

∣∣∣∣∣ ≤ α
(den)
j

d̂en
2

j

,

so that for j ∈ {0, 1}, we have∣∣∣∣∣ n̂umj

d̂enj
− numj

denj

∣∣∣∣∣=
∣∣∣∣∣ n̂umj

d̂enj
− numj

d̂enj
− numj

d̂enj
− numj

denj

∣∣∣∣∣
≤
∣∣∣∣∣ n̂umj

d̂enj
− numj

d̂enj

∣∣∣∣∣+
∣∣∣∣∣numj

d̂enj
− numj

denj

∣∣∣∣∣
≤
α
(num)
j

d̂enj
+

numjα
(den)
j

d̂en
2

j

≤
α
(num)
j

d̂enj
+

(α
(num)
j + n̂umj)α

(den)
j

d̂en
2

j

.

Note that Cj,1 is exactly the last upper bound above,

Cj,1 =

(
p̂j,1 +

√
2V̂(1)j,1

log(2/δ)

n
+

log(2/δ)

n

)
·

√
2V̂(2)j,1

log(2/δ)
n + log(2/δ)

n(
1
n

∑n
i=1 1{yi = 1, ai = j}

)2
+

√
2V̂(1)j,1

log(2/δ)
n + log(2/δ)

n

1
n

∑n
i=1 1{yi = 1, ai = j}

where p̂j,1 = 1
n

∑n
i=1 1{h(xi) = 1, yi = 1, ai = j}. Putting it together

|LTP
ν (h)− L̂TP

D (h)| = ||num0/den0 − num1/den1| − |n̂um0/d̂en0 − n̂um1/d̂en1||,
≤ |num0/den0 − num1/den1 − n̂um0/d̂en0 + n̂um1/d̂en1|,
≤ |num0/den0 − n̂um0/d̂en0|+ |n̂um1/d̂en1 − num1/den1|,
≤ C0,1 + C1,1.

which is the conclusion for TPRP.
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As L̂FP
D (h) was defined as the empirical estimate of the FPRP violation by conditioning on 1{yi = 0}

(instead of 1{yi = 1} for TPRP), the proof for the concentration bound on FPRP is analogous to the one of
TPRP, with the exception of the conditioning on 1{yi = 0} instead of 1{yi = 1} for TPRP.

We defined the empirical estimate of the EO violation as the maximum of empirical estimate of the
TPRP violation and the empirical estimate of the FPRP violation, L̂EO

D (h) = max{L̂TP
D (h), L̂FP

D (h)}, so
holds

L̂EO
D (h) ≤ L̂TP

D (h) + L̂FP
D (h),

which immediately leads to the conclusion of Theorem 32.

F.3.2 Proof of Proposition 2

We first state the full result that leads to the statement of Proposition 2.

Proposition 8. Let the train set be D = {(x1, a1, y1), . . . , (xn, an, yn)}. If D ∼ ν, then it holds with
probability 1− δ that:

|LTP
ν (h)− L̂TP

D (h)| ≤ 2 max
j∈{0,1}

{
2


√

2 log(2/δ)
n + log(2/δ)

n
1
n

∑n
i=1 1{yi = 1, ai = j}

+


√

2 log(2/δ)
n + 2 log(2/δ)

n
1
n

∑n
i=1 1{yi = 1, ai = j}

2}
,

|LEO
ν (h)− L̂EO

D (h)| ≤ 4 max
0≤j,k≤1

{
2


√
2 log(2/δ)

n + log(2/δ)
n

1
n

∑n
i=1 1{yi = k, ai = j}

+


√
2 log(2/δ)

n + 2 log(2/δ)
n

1
n

∑n
i=1 1{yi = k, ai = j}

2}
.

Proof of Proposition 2 and 8. We use Theorem 32 and for label k ∈ {0, 1} and protected attribute j ∈
{0, 1} we bound Cj,k.

We first have that the empirical variances are such that V̂(1)j,k ≤ 1 and V̂(2)j,k ≤ 1. Also,

p̂j,k =
1

n

n∑
i=1

1{h(xi) = 1, yi = k, ai = j}

≤ 1

n

n∑
i=1

1{yi = k, ai = j}.

Thus, we can bound

Cj,k =

(
p̂j,k +

√
2V̂(1)j,k

log(2/δ)

n
+

log(2/δ)

n

)
·

√
2V̂(2)j,k

log(2/δ)
n + log(2/δ)

n(
1
n
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)2
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√
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log(2/δ)
n + log(2/δ)

n

1
n

∑n
i=1 1{yi = k, ai = j}

≤ 2


√
2 log(2/δ)

n + log(2/δ)
n

1
n

∑n
i=1 1{yi = k, ai = j}

+


√
2 log(2/δ)

n 2 log(2/δ)
n

1
n

∑n
i=1 1{yi = k, ai = j}

2

.

With that result, we conclude for TPRP that

|LTP
ν (h)− L̂TP

D (h)| ≤ C0,1 + C1,1
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≤ 2 max
j∈{0,1}

Cj,1

≤ 2 max
j∈{0,1}

{
2
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2 log(2/δ)

n + log(2/δ)
n
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(
1
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)
.

Analogous bounds conclude for EO:

|LEO
ν (h)− L̂EO

D (h)| ≤ C0,0 + C1,0 + C0,1 + C1,1 ≤ 4 max
j∈{0,1}

Cj,k

≤ 4 max
0≤j,k≤1

{
2


√
2 log(2/δ)

n
log(2/δ)

n
1
n

∑n
i=1 1{yi = k, ai = j}
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+


√
2 log(2/δ)

n + 2 log(2/δ)
n

1
n

∑n
i=1 1{yi = k, ai = j}

2}

= 8 max
0≤j,k≤1

√
2 log(2/δ)

n
1
n

∑n
i=1 1{yi = k, ai = j} +O

(
1

n

)
.

260


	Introduction
	Two Challenges
	Contributions
	Thesis Outline
	High-Dimensional Experimental Design and Kernel Bandits
	Introduction
	Robust Inverse Propensity Score (RIPS) estimator
	Algorithms for Kernelized Bandits
	Related work
	Conclusion
	Nearly Optimal Algorithms for Level Set Estimation
	Introduction
	Related Work
	Explicit Level Set Estimation
	Implicit Level Set Estimation
	Experiments
	Conclusion
	Selective Sampling for Online Best-arm Identification
	Introduction
	Selective Sampling for Best Arm Identification
	Selective Sampling for Binary Classification
	Solving the Optimization Problem
	Empirical results
	Conclusion
	A/B Testing and Best-arm Identification for Linear Bandits with Robustness to Non-Stationarity
	Introduction
	Related Work
	Preliminaries
	Best Arm Identification for Linear Bandits in General Non-Stationary Environments
	A Robust Algorithm for Stationary/Non-Stationary Environments
	Experiments
	Conclusion and Future Work
	Active Learning with Safety Constraints
	Introduction
	Safe Best-Arm Identification in Linear Bandits
	Experiments for Safe Best Arm Identification in Linear Bandits
	Related works
	Conclusion
	Fair Active Learning in Low-Data Regimes
	Introduction
	Related Work
	Preliminaries
	Fair Active Learning
	Experiments
	Conclusion

	Conclusion
	Impact
	Future Directions
	Closing words

	Appendix for Chap. 2
	Concentration of RIPS, Proof of Theorem 1
	Inverses and bilinear forms, Proof of Lemma 1
	Guarantees of the PTR procedure, Proof of Theorem 2
	Main regret argument, Proof of Theorem 3
	Main robust pure exploration result, Proof of Theorem 4
	Proofs for the regret bound and the sample complexity of the alternative baseline
	Related work results
	Experiments details
	Appendix for Chap. 3
	Summary of Gaussian Processes Approaches for Level Set Estimation
	Robust estimators for function means
	Proofs for Explicit Level Set Estimation
	Proofs for Implicit Level Set Estimation
	Additional Experiment Details
	Reducing Experimental Design in an RKHS to a finite dimensional optimization
	Appendix for Chap. 4
	Selective Sampling Lower Bound
	Selective Sampling Algorithm for Known Distribution 
	Analysis of the Optimization Problem
	Selective Sampling Algorithm for Unknown Distribution 
	Classification
	Appendix for Chap. 5
	Additional Algorithms in Implementation
	Error Probability of Algorithm 5.1 In Non-Stationary Environments
	Error Probability of Algorithm 5.2
	Implementation Details and Additional Experiments
	Appendix for Chap. 6
	Lower Bounds
	Robust Mean Estimation
	Rage
	Safe Best-Arm Identification
	Computationally Efficient Optimization
	Experimental details and additional results
	Appendix for Chap. 7
	Datasets description
	Performance of baseline algorithms with different pre-trained dataset sizes
	Theoretical results - proof of Proposition 2













