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This dissertation studies efficient optimization algorithms designed to solve control problems.

It is composed of the following three parts.

• Part I: This part focuses on Markovian network equilibrium, a novel class of stochastic

dynamic network equilibrium problems. After introducing the problem formulation,

we discuss efficient dynamic-programming-based algorithms designed for these opti-

mization problems.

• Part II: This part focuses on first order convex optimization methods for distributed

optimization and trajectory optimization. The key idea is combining proportional-

integral feedback with projected gradient or mirror descent method.

• Part III: This part focuses on Willems’ fundamental lemma, a key result in system

identification and data-driven control. We generalized previous results to handle un-

controllable systems and systems with special structures.
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1

1 Welcome, my dear reader

In view of the extremely small number of people who still read Ph.D dissertation, I am

thrilled that you are reading this very sentence. So what is in this dissertation? It contains

three separate parts, each belongs to one sub-domain in optimization-based control theory:

network equilibrium, network optimization, data-driven control. Each part starts with a

motivating example, followed by some key results, then finishes with literature review on

related work. In this way, you can not only learn the original results in this dissertation

without heavy reading assignments, but also still be able to track down related references

if needed. Finally, the Appendix includes relevant details used in this dissertation, which

offers some crash course materials on basic convex optimization and control theory.

Here are the outlines of each individual part.

1.1 Outline of Part I

This part focuses on network equilibrium problems, an intersection of network optimization

and game theory. These problems arise in a variety of applications, such as transportation,

economics, as well as communication; see [150, 17, 137] for some early references. Our main

theoretical tool is monotropic optimization theory [150, 17].

We will introduce a novel class of network equilibrium problem, which combines Markov

decision process (MDP), a powerful stochastic decision making model, and Wardrop equi-

librium, a key concept in multi-player network games. First, we will revisit the linear pro-

gramming formulation of MDP [141] in §2.1.1, and bring it into the network optimization

framework [150]. Second, we will introduce the network equilibrium extension to MDP,

termed Markovian network equilibrium in §2.1.2, along with its variations in variable de-

mand and multi-commodity scenarios, discussed in §2.2. Each section not only shows

how these equilibrium problems can be modeled as convex optimization, but also provides
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dynamic-programming-based iterative algorithms, which outperform state-of-the-art opti-

mization software significantly, as we demonstrate in §2.3. Finally, §2.4 briefly reviews some

classical results in network equilibrium, some relevant literature in game theory, and com-

ments on future work.

The main references for this part are [30, 29, 31, 193, 106].

For background materials related to this section, see the section on the KKT conditions

in Appendix A.2.2, projected subgradient method in Appendix B.2, and conditional gradient

method in Appendix B.5.

1.2 Outline of Part II

This part focuses on the design and analysis of first order optimization methods for dis-

tributed optimization, one of the most well-studied class of optimization problem during

the past decade [18, 25], and convex trajectory optimization, the fundamental optimization

problem in model predictive control [120, 119, 142, 91, 55]. Our algorithm design and anal-

ysis is based on discretization of ordinary differential equations, which recently has been a

popular approach; see [161, 94, 180, 45].

We will start with distributed optimization in §3.1. First, we revisit some classical results

for distributed consensus, a simplified version of distributed optimization, in §3.1.1, where

we use the RC circuits analogy to interpret distributed consensus protocol [122]. Based on

this interpretation, we introduce a novel distributed optimization algorithm inspired by RLC

circuits dynamics in §3.1.2. We also discuss its extensions to noisy gradients and composite

objective settings. Next, we use the similar idea to design a novel first order primal-dual

method for convex trajectory optimization problem, named PI projected gradient method,

in §3.2. Considering their rich literature, we devote §3.3 to the related work on distributed

optimization algorithms, and §3.2 to the related work on convex trajectory optimization

algorithms.

The main references for this part are [191, 192, 190, 194].

For background materials, see optimality conditions in Appendix A, mirror descent
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method in Appendix B.4, projected subgradient method in Appendix B.2, projected gra-

dient method in Appendix B.1.

1.3 Outline of Part III

This part focuses on a key result in system identification and data-driven control, the so-

called fundamental lemma or Willems’ fundamental lemma. This lemma was first proved in

[182], and recently extended to multiple data trajectories setting in [166].

Our contribution is to prove more general results than those in [166] by relaxing their

assumptions. We prove our main result, a generalization of Willems’ lemma, in §4.1. Our

results show that online data is particularly useful in data-driven predictive control of un-

controllable systems, and structures of homogeneous multi-agent system, which are demon-

strated via numerical examples in §4.2.

The main references for this part are [182, 166].

For background materials, see Appendix D.

1.4 Building an optimization course

Do you want to teach a graduate-student-level course on convex optimization someday? If so,

this dissertation will help you with your lecture notes on many topics. This section will give

some guidelines on how to use different sections of the dissertation to build a toy syllabus.

The reader is encouraged to adjust the organization based on his/her specific interests1.

In particular, materials in Part I and Part II can seamlessly fit into the framework of con-

vex optimization. Further, compared with some existing materials2, Appendix A provides a

uniform perspective on optimality conditions; Appendix B provides a uniform “4-step formul”

for writing convergence proof of many classical first order convex optimization algorithms.

A potential outline for a “toy syllabus” is given as follows.

1During his PhD years, the author benefited tremendously from the optimization lectures offered by
Prof. Maryam Fazel, Prof. Rekha R. Thomas, Prof. James V. Burke, Prof. Yin Tat Lee, Prof. Aleksandr
Aravkin, and Prof. Dmitriy Drusvyatskiy. This section is dedicated to their excellent work in teaching.

2The author’s favorite books/tutorial papers include [152, 23, 26].
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1. Model

(a) This part starts with basics of convex sets, functions and optimization, followed

by KKT conditions and Lagrangian duality theory. See Appendix A and [23] for

necessary materials.

(b) Next, §2.4.1.1 and §2.1.1 provide examples of KKT conditions of linear program-

ming from network equilibrium problems, and the procedure of solving these con-

ditions directly using dynamic programming; see §2.1.1.

(c) Finally, §2.4.1.2 and §2.1.2 show how to solve special network equilibrium prob-

lems using projected subgradient method in Appendix B.2 and conditional gra-

dient method in Appendix B.5, which motivates iterative first order convex opti-

mization methods in the next part.

2. Methods

(a) This part starts with the classical convergence results of projected gradient de-

scent in Appendix B.1, projected subgradient method in Appendix B.2, proximal

gradient method in B.3, and conditional gradient method in Appendix B.5.

(b) Next, the teacher can discuss extensions to mirror descent in Appendix B.4. Ap-

pendix B.6 provides more recent results on the accelerated mirror descent method.

(c) §3 provides examples of recent results on first order methods for distributed opti-

mization in §3.1 and trajectory optimization in §3.2. §4 provides extended reading

materials on data-driven trajectory optimization.

1.5 Notations

Let R, R` and R`` denote the set of real numbers, nonnegative real numbers and, respec-

tively, positive real numbers; Rn denotes the n-dimensional real numbers; N denotes the

set of positive integers. Let ¨J denote the matrix (and vector) transpose, xx, yy “ xJy and



5

‖x‖2 “
a

xx, xy the inner product and, respectively, `2 norm. Let diagpxq P Rnˆn denote

the diagonal matrix with diagonal elements x P Rn, In the n ˆ n identity matrix, 1n P Rn

the vector of all 1’s, b the Kronecker product, and Er¨s the expectation.
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2 Markov decision process and network equilib-

rium

Imagine the following scenario. The city of Seattle is considering building a new light rail

transit (LRT) route in its existing transportation network, illustrated in Fig. 2.1. Right now

the mayor is considering two candidate routes, both marked in Fig. 2.1. Suddenly she turned

to you and asks the question “Is there a mathematical model that tells which plan is better

in terms of alleviating the traffic congestion in the city?"

Figure 2.1: Seattle transportation network and candidate LRT route 7-9-10-11(red) and
6-8-9-11(blue). Each link is labeled by the corresponding driving distance.

The answer to the above question is a research topic that has been studied in the context

of operations research, convex optimization, and game theory, under the name of Wardrop

equilibrium [177], traffic assignment problem [137, 61, 62], network equilibrium/optimization
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problem [150, 17], and routing games [155]. Here we adopt the name network equilibrium.

The key idea of these existing work is first model each user’s decison-making in the trans-

portation network as a shortest path problem, then approximate the behavior of the entire

user population using the so-called Wardrop equilibrium principle.

So what is new in this chapter?

We will replace the shortest path problem, a static deterministic decision-making model,

in the existing literature with a dynamic and stochastic one, known as the Markov decision

process (MDP) [141, 16]. MDP not only includes the shortest path problem as a special case,

but also naturally handles uncertainties arises from, e.g., model parameter estimation. Our

goal is to show how the network equilibrium theory looks like with this key replacement. The

main mathematical tool used in this chapter is the notion of Lagrangin and KKT conditions

introduced in Appendix A. In fact, this entire chapter can be summarized as: applications of

KKT conditions in a special class of convex optimization problems where the duality theory

is as sharp as the one for linear programming1.

2.1 Markovian network equilibrium

This section introduces the key results of this chapter, which solve the aforementioned trans-

portation network design problem. In particular, §2.1.1 introduces basic concepts in MDP,

which models the decision-making of an individual user in a given network. §2.1.2 extends

MDP to a general network equilibrium model, which captures the behavior of a population

of users. Together, they provide a mathematical model that captures the user behavior in

a transportation network, and predicts how the user patterns shift when certain part of the

network is modified, e.g., by a new LRT route. After discussing two further variations of this

basic model in §2.2, we illustrate how our results solve the transportation network design

problem numerically in §2.3.

1According to Tyrrell Rockafellar [152, p. vi] and Dimitri Bertsekas [17, p. 408].
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2.1.1 Markov decision process

Markov decision process (MDP) is a discrete time stochastic control process, where a decision

maker tries to minimizes the expected accumulated costs by choosing a sequence of actions

in a stochastic environment. A finite horizon MDP is defined by the following components

• time index: rT s “ t1, 2, . . . , T u

• states: rSs “ t1, 2, . . . , Su

• actions: rAs “ t1, 2, . . . , Au

• transition probability: P P r0, 1sSˆAˆS, such that
ř

s1 Psas1 “ 1 for all s P rSs, a P rAs

• immediate costs: c P RTˆSˆA

With these notions, a T -horizon MDP is defined as follows.

Problem 2.1. Consider the following stochastic decision process. At each time t P rT s, the

decision maker can choose to take action a in state s at time t at the cost of ctsa, then reach

state s1 P rSs with probability Psas1 at time t ` 1, then repeat such process till t “ T , when

the decision process ends after choosing the last action. Starting from an arbitrary given

state s0 P rSs at time t “ 1, find an optimal sequence of actions that minimizes the expected

accumulated costs over time window rT s.

Different solution methods have been developed for Problem 2.1, and its infinite-horizon

extension. Among these methods, linear programming approach has attracted increasing

attention due to its elegance in theory and compatibility with constraints. In particular,
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Figure 2.2: A illustration of MDP

Problem 2.1 can be equivalently modeled as the two following linear programming

minimize
y

ř

t,s,a

ctsaytsa

subject to
ř

a

y1sa “ p1s,

ř

a

yt`1,sa “ pt`1,s `
ř

s1,a

Ps1asyts1a, t P rT ´ 1s,

ytsa ě 0, @t P rT s, s P rSs, a P rAs

(2.1)

maximize
v

ř

t,s

ptsvts

subject to vTs ď cTsa

vts ď ctsa `
ř

s1
Psas1vt`1,s1 ,

@t P rT ´ 1s, s P rSs, a P rAs.

(2.2)

where y P RTˆSˆA is called the state-action-frequency ; v P RTˆS is called the value, or

cost-to-go.

We group our assumptions on linear programming (2.1) and (2.2) as follows.

Assumption 2.1. We assume p P RTˆS
` , P P RSˆAˆS

` and
ř

s1 Psas1 “ 1 for all s P rSs,
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a P rAs.

How does the solution to (2.1) and (2.2) help solve Problem 2.1? The answer is illustrated

in the following theorem; we will use the following short-hand notation: given b1, . . . , bN P R,

pb‹, i‹q “ min
iPrNs

bi ðñ b‹ “ min
iPrNs

bi, i
‹
P argmin

iPrNs

bi. (2.3)

Theorem 2.1. Suppose Assumption 2.1 holds, y solves (2.1), and v solves (2.2). If ytsa ą 0,

then
pvTs, aq “ min

a1PrAs
cTsa1 ,

pvts, aq “ min
a1PrAs

ctsa1 `
ř

s1
Psa1s1vt`1,s1 ,

(2.4)

for all t P rT ´ 1s, where we use the convention in (2.3).

Proof. It is straightforward to verify that the solution set of (2.1) and (2.2) are non-empty.

Hence a solution pair to (2.1) and (2.2) necessarily satisfy the KKT conditions [152, Thm.

28.3.1]. Let vts be the dual variable corresponding to the equality constraints containing pts,

let µtsa, θts, λts ě 0 be the dual variables corresponding to constraint ytsa ě 0. Then the

Lagrangian of(2.1) and (2.2) is given by

Lpy, v, µq “
ÿ

t,s,a

pctsa ´ µtsaqytsa `
ÿ

t,s,a

vtsppts ´ ytsaq `
ÿ

t,tăT

ÿ

s1,a,s

vt`1,sPs1asyts1a.

The KKT conditions [152, Thm.28.3] of this Lagrangian include the following vanishing

gradient conditions (by setting BL{Bytsa equal to zero)

vTs “cTsa ´ µTsa,

vts “ctsa `
ÿ

s1

Psas1vt`1,s1 ´ µtsa, t P rT ´ 1s,
(2.5)
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for all s P rSs, a P rAs, and the complementarity conditions

ytsaµtsa “ 0, ytsa ě 0, µtsa ě 0, @t P rT s, s P rSs, a P rAs. (2.6)

Combining (2.5) and (2.6) gives the desired results. Note that same results can be derived

from the dual problem (2.2).

Theorem 2.1 shows how the solution to (2.1) and (2.2) can be used to solve Problem 2.1.

In particular, action a is optimal in state s at time t if

• ytsa ą 0, where y solves (2.1),

• vts “ ctsa `
ř

s1 Psas1vt`1,s1 , where v solves (2.2).

In other words, solutions to (2.1) or (2.2) provides a optimal policy that maps time-state

pairs to the optimal action that minimizes expected cost-to-go. Once a solution to (2.1) or

(2.2) is obtained, one can solve Problem 2.1 by repeatedly query the optimal policy during

the decision process. In other words, in order to solve Problem 2.1, it suffices to solve either

(2.1) or (2.2).

Therefore, our remaining question is: how to solve linear programming (2.1) and (2.2)?

Many popular algorithms have been developed for general linear programming problems.

However, due to the special structure of their KKT conditions (see the proof of Theorem 2.1),

(2.1) and (2.2) can be solved in closed-form using dynamic programming. In particular, using

Lemma A.4, one can verify that the output v of Algorithm 1 is an optimal solution to (2.2);

in addition, if the input π in Algorithm 2 is the output of algorithm 1, then its output y of

Algorithm 2 and obtain output y is an optimal solution to (2.1).

The readers may be wondering: if we already obtain the optimal policy after executing

Algorithm 1, why bothering with Algorithm 2 at all? Well, in fact, most literature on MDP

pays much very little attention to Algorithm 2, for this exact reason. However, when we

extend Problem 2.1 to a general equilibrium problem, Algorithm 2 becomes a subroutine

every bit as important as Algorithm 1, as we will show next.
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Algorithm 1 Backward induction
Input: P , c, T .
Output: v, π.
1: Let pvTs, πTsq “ min

a
cTsa, @s P rSs.

2: for t “ T ´ 1, T ´ 2, . . . , 1 do
3: pvts, πtsq “ min

aPrAs

`

ctsa `
ř

j

Psajvt`1,j

˘

, @s P rSs

4: end for

Algorithm 2 Forward induction
Input: π, p, P , T .
Output: y.
1: Initialize y “ 0, let y1sπ1s Ð p1s for all s P rSs.
2: for t “ 1, 2, . . . , T ´ 1 do
3: yt`1,sπt`1,s Ð pt`1,s `

ř

j

Pjπtjsytjπtj , @s P rSs

4: end for

2.1.2 Wardrop equilibrium

Now let us turn our attention back to the transportation network problem introduced at the

beginning of this chapter. The MDP model in §2.1.1 provides a powerful means to capture

the decision-making of each individual user in the transportation network. But how can we

use it to capture the collective behavior of a population of users, which is relevant in network

evaluation and design?

To answer this question, consider a population, i.e., a large amount, of users in a common

transportation network. Each individual user is trying to solve a finite horizon MDP, where

the stochasticity is due to imperfect modeling of the environment. The MDPs of different

users will share same states, action, time steps and transition probability, since they are

determined by the common network. However, the cost of choosing an action will increase

with its user volumes, i.e., amount of users choosing it, in the same sense that travel time

on a highway increases with the amount of vehicles, or the price in the market increases

with the amount of interested buyers. In this case, since the cost of individual user’s action
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sequence depends on the collective behavior of all users, it is no longer meaningful to search

for the “optimal strategy" for an individual user. Instead, we are interested in an Wardrop

equilibrium behavior of a population game played by all network users, where no individual

user can benefit from unilateral switching actions; in other words, every user is using an

“optimal" action sequence.

We formally define the above problem as a population game in Problem 2.2, and group our

assumptions in Assumption 2.2. Notice that we allow the amount of users to be continuous

real numbers rather than integers. Such relaxation is common in applications where the

amount of the user population is large enough: it is fairly reasonable to round-off 999.5 users

to 1000 users, but much less reasonable to round-off 1.5 users to 2 users.

Problem 2.2. Consider the following T -stage population game. At each time t P rT s, pts

new users start the game from state s P rSs; each such player can choose to take action

a P rAs at the cost of φtsapytsaq, where ytsa denote the amount of users choose to take action

a in state s at time t, and reach state s1 P rSs with probability Psas1 at time t` 1, then repeat

such process till t “ T , when the player end the game after choosing the last action. Find an

equilibrium distribution of the users where no individual player can benefit from unilaterally

switching action sequences.

Assumption 2.2. We assume p P RTˆS
` , P P RSˆAˆS

` and
ř

s1 Psas1 “ 1 for all s P rSs,

a P rAs. Further, function φtsa : r0, ρs Ñ R is continuous and strictly increasing, where

ρ “
ř

t,s pts.

Given the success of solving Problem 2.1 via linear programming, is it possible to solve

Problem 2.2 using convex optimization too? Theorem 2.2 shows that the answer is affirmative

by proving the connection between Problem 2.2 and the following two convex optimization

problems, where

• variable ytsa in (2.7) denotes the amount of users choosing action a in state s at time t

• variable utsa in (2.8) denotes the cost of choosing action a in state s at time t
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minimize
y

ř

t,s,a

ż ytsa

0

φtsapαqdα

subject to
ř

a

y1sa “ p1s,

ř

a

yt`1,sa “ pt`1,s `
ř

s1,a

Ps1asyts1a, t P rT ´ 1s,

0 ď ytsa, @t P rT s, s P rSs, a P rAs.

(2.7)

maximize
u,v

ř

t,s

ptsvts ´
ř

t,s,a

ż utsa

φtsap0q

φ´1
tsapαqdα

subject to vTs ď uTsa,

vts ď utsa `
ř

s1
Psas1vt`1,s1 ,

@t P rT ´ 1s, s P rSs, a P rAs.

(2.8)

Theorem 2.2. Suppose Assumption 2.2 holds, y solves (2.7), and pu, vq solves (2.8). Fur-

ther, if ytsa ą 0, then

pvTs, aq “ min
a1PrAs

φTsa1pyTsa1q,

pvts, aq “ min
a1PrAs

φtsa1pytsa1q `
ř

s1
Psa1s1vt`1,s1 ,

(2.9)

for all t P rT ´ 1s, where we use the convention in (2.3).

Proof. The objective function of problem (2.7) is convex (since φtsa is strictly increasing), its

constraints are affine, and the optimal value is obviously finite (since φtsa is finitely valued).

These imply that a solution pair to (2.7) and (2.8) necessarily satisfy the KKT conditions

[152, Thm. 28.3.1]. Let vts be the dual variable corresponding to the equality constraints

containing pts, let µtsa ě 0 be the dual variables corresponding to constraint ytsa ě 0. Then

the Lagrangien of (2.7) and (2.8) is given by

Lpy, v, µq “
ÿ

t,s,a

ż ytsa

0

φtsapαqdα ´
ř

t,s,a

µtsaytsa `
ř

t,s,a

vtsppts ´ ytsaq `
ř

t,tăT

ř

s1,a,s

vt`1,sPs1asyts1a.

The KKT conditions [152, Thm.28.3] of this Lagrangian include the following vanishing
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gradient conditions (by setting BL{Bytsa equal to zero)

vTs “φTsapyTsaq ´ µTsa,

vts “φtsapytsaq `
ř

s1
Psas1vt`1,s1 ´ µtsa, t P rT ´ 1s,

(2.10)

for all s P rSs, a P rAs, and the complementarity conditions

ytsaµtsa “ 0, ytsa ě 0, µtsa ě 0, @t P rT s, s P rSs, a P rAs (2.11)

Combining (2.10) and (2.11) gives the desired results. Note that same results can be derived

from the dual problem (2.8).

Theorem 2.2 shows that solutions to optimization (2.7) and (2.8) provides a Wardrop

equilibrium of Problem 2.2 in the following sense. If action a is chosen by some users in state

s at time t, i.e., ytsa ą 0, then action a is optimal among the alternative actions in the sense

of (2.9), which is identical to (2.4) where ctsa “ φtsapytsaq for all t P rT s, s P rSs, a P rAs. In

other words, every user is choosing the optimal actions given the prevailing choice of other

users, and no individual users can benefit from unilaterally switching policies.

So how can we solve optimization (2.7) and (2.8)? Unfortunately, their KKT conditions

cannot be solved directly using dynamic programming like those of (2.1) and (2.2), due to

the nonlinear terms in (2.10). However, this does not render Algorithm 1 and Algorithm 2

completely useless in solving (2.7) and (2.8). For example, notice that if the objective

function in (2.7) is linearized around a reference point, then it reduces to an instance of

linear programming (2.1). Hence we can solve (2.7) using the conditional gradient method

(see Appendix B.5), which solves (2.7) by recursively taking convex combination of solutions

to instances of (2.1). Similarly, notice that (2.8) can be rewritten as follows

maximize
u

gpuq ´
ř

t,s,a

ż utsa

φtsap0q

φ´1
tsapαqdα (2.12)
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where
gpuq “ maximize

v

ř

t,s

ptsvts

subject to vTs ď uTsa

vts ď utsa `
ř

s1
Psas1vt`1,s1 ,

@t P rT ´ 1s, s P rSs, a P rAs.

(2.13)

Using the strong duality of linear programming [169], the above equation is equivalent to

gpuq “ minimize
y

ř

t,s,a

utsaytsa

subject to
ř

a

y1sa “ p1s,

ř

a

yt`1,sa “ pt`1,s `
ř

s1,a

Ps1asyts1a, t P rT ´ 1s,

ytsa ě 0, @t P rT s, s P rSs, a P rAs

(2.14)

In other words, gpuq is the support function of a polytope defined by the constraints in (2.14),

whose subgradients are given by the optimizers in linear programming (2.14); see [152, Cor.

23.5.3]. Therefore we can apply projected subgradient method; see Appendix B.2. We

summarized the conditional gradient method for (2.14) and projected subgradient method

for (2.13) in Algorithm 3 and, respectively, Algorithm 4, where we adopt the following

notations for compactness

φpyq, φ´1
puq P RTˆSˆA, rφpyqstsa “ φtsapytsaq, rφ

´1
puqstsa “ φ´1

tsaputsaq,

utsa “ φtsap0q, utsa “ φtsapρq.
(2.15)

2.2 Variations

In this section, we discuss two variations of the Markovian network equilibrium model intro-

duced in §2.1.2. Both variations come from classical network equilibrium theory. Again, our

main goal is to show how these theories are modified due to the change from shortest path
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Algorithm 3 Conditional gradient method

Input: p, P, φ, ψ, T, tαku, initial value for y, z.
1: for k “ 1, 2, . . . , K do
2: pv̂, π̂q Ð Alg. 1pP, φpyq, T q.
3: ŷ Ð Alg. 2 pπ̂, p, P, T q.
4: y Ð y ´ 2

k`1
py ´ ŷq

5: end for

Algorithm 4 Projected subgradient method

Input: P, p, φ, ψ, T, tαku, initial value for u,w.
1: for k “ 1, 2, . . . , K do
2: pv̂, π̂q Ð Alg. 1pP, u, T q
3: ŷ Ð Alg. 2 pπ̂, p´ ẑ, P, T q.
4: uÐ mintu,maxtu, u` αk pŷ ´ φ´1puqquu
5: end for

problem to MDP.

2.2.1 Variable demand

One of the limitation of network equilibrium model introduced in §2.1.2 is that the total

amount of users is fixed. For example, in the transportation network example we introduced

at the beginning of the chapter, it is possible that some users will cancel their plans if the

cost of using the network is too high. In this case, one can intuitively think the network

equilibrium as a market model. The supply side is the network itself, providing the users

the options of making sequence of decision. The demand of the market corresponds to the

amount of users in the network, which changes with the expected accumulated cost of using

the network. The model in §2.1.2 only accounts for the supply side of the story. How can

we augment it to account for the demand side as well?

With this motivation question in mind, we propose the following extension to Problem 2.2,

which allows the actual amount of users in the network to vary by including a quitting option;

we group our assumptions in Assumption 2.3.
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Problem 2.3. Consider the following T -stage population game. At each time t P rT s, pts

new users start the game from state s P rSs; each such user can choose to

1. quit the game immediately at the cost of ψtspztsq

2. take action a P rAs at the cost of φtsapytsaq and reach state s1 P rSs with probability

Psas1 at time t ` 1, then repeat such process till t “ T , when the user end the game

after choosing the last action

where zts and ytsa denote the total amount of users choose to quit the game and, respectively,

taking action a in state s at time t. Find an equilibrium distribution of the users where no

individual user can benefit from unilaterally switching actions.

Assumption 2.3. We assume p P RTˆS
` , P P RSˆAˆS

` and
ř

s1 Psas1 “ 1 for all s P rSs,

a P rAs. Further, function φtsa : r0, ρs Ñ R and ψts : r0, ρs Ñ R are continuous and strictly

increasing over their respective domain, where ρ “
ř

t,s pts.

Similar to Theorem 2.2, Theorem 2.3 shows that Problem 2.3 can also be solved via

convex optimization problems, given as follows.

minimize
y,z

ř

t,s,a

ż ytsa

0

φtsapαqdα `
ř

t,s

ż zts

0

ψtspαqdα

subject to
ř

a

y1sa “ p1s ´ z1s,

ř

a

yt`1,sa “ pt`1,s ´ zt`1,s `
ř

s1,a

Ps1asyts1a, t P rT ´ 1s,

0 ď ytsa, 0 ď zts ď pts, @t P rT s, s P rSs, a P rAs.

(2.16)

maximize
u,v,w,λ

ř

t,s

ptspvts ´ λtsq ´
ř

t,s,a

ż utsa

φtsap0q

φ´1
tsapαqdα ´

ÿ

t,s

ż wts

ψtsp0q

ψ´1
ts pαqdα

subject to vTs ď uTsa,

vts ď utsa `
ř

s1
Psas1vt`1,s1 , t P rT ´ 1s,

vts ď wts ` λts, 0 ď λts,

@t P rT s, s P rSs, a P rAs.

(2.17)
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Theorem 2.3. Suppose Assumption 2.3 holds, py, zq solves (2.16), and pu, v, w, λq solves

(2.17). For any pts ą 0,

if zts “ 0, then vts ď ψtspptsq,

if 0 ă zts ă pts, then vts “ ψtspztsq,

if zts “ pts, then vts ě ψtsp0q.

(2.18)

Further, if ytsa ą 0, then

pvTs, aq “ min
a1PrAs

φTsa1pyTsa1q,

pvts, aq “ min
a1PrAs

φtsa1pytsa1q `
ř

s1
Psa1s1vt`1,s1 ,

(2.19)

for all t P rT ´ 1s, where we use the convention in (2.3).

Proof. The objective function of problem (2.16) is convex (since φtsa and ψts are strictly

increasing), its constraints are affine, and the optimal value is obviously finite (since φtsa and

ψts are finitely valued). These imply that a solution pair to (2.16) and (2.17) necessarily

satisfy the KKT conditions [152, Thm. 28.3.1]. Let vts be the dual variable corresponding to

the equality constraints containing pts, let µtsa, θts, λts ě 0 be the dual variables correspond-

ing to constraint ytsa ě 0, zts ě 0 and, respectively, zts ď pts. Then the Lagrangien of (2.16)

and (2.17) is given by

Lpy, z, v, µ, λ, θq “
ÿ

t,s,a

ż ytsa

0

φtsapαqdα ´
ÿ

t,s,a

µtsaytsa `
ÿ

t,s

ż zts

0

ψtspαqdα

`
ÿ

t,s,a

vtsppts ´ zts ´ ytsaq `
ÿ

t,tăT

ÿ

s1,a,s

vt`1,sPs1asyts1a ´
ÿ

t,s

ppθts ´ λtsqzts ` λtsptsq

The KKT conditions [152, Thm.28.3] of this Lagrangian include the following vanishing
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gradient conditions (by setting BL{Bytsa, BL{Bzts equal to zero)

vTs “φTsapyTsaq ´ µTsa,

vts “φtsapytsaq `
ř

s1
Psas1vt`1,s1 ´ µtsa, t P rT ´ 1s,

vts “ψtspztsq ` λts ´ θts, t P rT s,

(2.20)

for all s P rSs, a P rAs, and the complementarity conditions

ytsaµtsa “ 0, ztsθts “ 0, λtspzts ´ ptsq “ 0

ytsa ě 0, zts ě 0, µtsa ě 0, θts ě 0, λts ě 0, @t P rT s, s P rSs, a P rAs
(2.21)

Combining (2.20) and (2.21) yields (2.18) and (2.19). Note that same results can be derived

from the dual problem (2.17).

If we fix the variable z in (2.16) to take value zero, then it reduces to (2.7). This suggest

that a modification of Algorithm 4 can be used to solve (2.16). To see this, we first write

problem (2.16) with linearized objective as follows

gpu,wq “ minimize
y,z

ř

t,s,a

utsaytsa `
ř

t,s

wtszts

subject to
ř

a

y1sa “ p1s ´ z1s,

ř

a

yt`1,sa “ pt`1,s ´ zt`1,s `
ř

s1,a

Ps1asyts1a, t P rT ´ 1s,

0 ď ytsa, 0 ď zts ď pts, @t P rT s, s P rSs, a P rAs.

(2.22)

where u P RTˆSˆA and w P RTˆS are linearization constants. The following lemma shows

an optimizer to (2.22) can be obtained via Algorithm 1 and Algorithm 2.

Lemma 2.4. Suppose Assumption 2.3 holds. Let pv̂, π̂q be the output of Algorithm 1 with

input pP, u, T q, ẑ “ p d pv̂ ą wq, ŷ be the output of Algorithm 2 with input pπ̂, p ´ ẑ, P, T q.
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Then

gpu,wq “
ř

t,s,a

utsaŷtsa `
ř

t,s

wtsẑts.

Proof. Using a similar argument as in the proof of Theorem 2.3, we can show that the KKT

conditions of (2.22) are given by the following

ř

a

y1sa “p1s ´ z1s

ř

a

yt`1,sa “pt`1,s ´ zt`1,s `
ř

s1,a

Ps1asyts1a, t P rT ´ 1s,

vTs “uTsa ´ µTsa,

vts “utsa `
ř

s1
Psas1vt`1,s1 ´ µtsa, t P rT ´ 1s,

vts “wts ` λts ´ θts,

ytsaµtsa “0, ztsθts “ 0, λtspzts ´ ptsq “ 0

ytsa, zts, µtsa, θts, λts ě 0,

(2.23)

for all t P rT s, s P rSs, a P rAs. Let pv̂, π̂q be the output of Algorithm 1 with input pP, u, T q,

ẑ “ pd pv̂ ą wq, ŷ be the output of Algorithm 2 with input pπ̂, p´ ẑ, P, T q, let

µ̂Tsa “´ v̂Ts ` uTsa,

µ̂tsa “´ v̂ts ` utsa `
ř

s1
Psas1 v̂t`1,s1 , t P rT ´ 1s,

λ̂ts “maxtv̂ts ´ wts, 0u, θ̂ts “ maxtwts ´ v̂ts, 0u

(2.24)

for all t P rT s, s P rSs, a P rAs. Then it is straightforward to verify that pŷ, ẑ, v̂, µ̂, λ̂, θ̂q

satisfies all the KKT conditions in (2.23), hence pŷ, ẑq solves (2.22), which completes the

proof.

Lemma 2.3 shows that when its objective function is linearized, optimization (2.16) can

be solved by dynamic programming, just like the one in (2.14). Based on this observation,

we propose to Algorithm 5, a conditional gradient method designed for optimization (2.29),
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where we will use the following notation

z “ pd pv ą wq ðñ zts “

$

’

&

’

%

pts, vts ą wts

0, vts ď wts

, @t P rT s, s P rSs. (2.25)

What about the optimization in (2.17)? Similar to the one in (2.8), we can rewrite (2.17)

as follows

maximize
u,w

gpu,wq ´
ř

t,s,a

ż utsa

φtsap0q

φ´1
tsapαqdα ´

ÿ

t,s

ż wts

ψtsp0q

ψ´1
ts pαqdα (2.26)

where
gpu,wq “ maximize

v,λ

ř

t,s

ptspvts ´ λtsq

subject to vTs ď uTsa,

vts ď utsa `
ř

s1
Psas1vt`1,s1 , t P rT ´ 1s,

vts ď wts ` λts, 0 ď λts,

@t P rT s, s P rSs, a P rAs.

(2.27)

Again, using strong duality of linear programming, one can verify that the definition of

function gpu,wq in (2.22) agrees with the one in (2.27), and an optimizer to the optimization

in (2.22) gives a subgradient to function gpu,wq; see [152, Cor. 23.5.3]. Based on this

observation, we propose to solve the optimization in (2.17) using the projected subgradient

method summarized in Algorithm 6, where we also use the following notation

utsa “ φtsap0q, utsa “ φtsapρq, wts “ ψtsp0q, wts “ ψtspρq, (2.28)

for all t P rT s, s P rSs, a P rAs, where ρ is defined as in Assumption 2.3.
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Algorithm 5 Frank-Wolfe method

Input: p, P, φ, ψ, T, tαku, initial value for y, z.
1: for k “ 1, 2, . . . , K do
2: pv̂, π̂q Ð Alg. 1pP, φpyq, T q.
3: ẑ Ð pd pv̂ ą ψpzqq Ź cf. (2.25)
4: ŷ Ð Alg. 2 pπ̂, p´ ẑ, P, T q.
5: y Ð y ´ 2

k`1
py ´ ŷq

6: z Ð z ´ 2
k`1
pz ´ ẑq

7: end for

Algorithm 6 Subgradient method

Input: P, p, φ, ψ, T, tαku, initial value for u,w.
1: for k “ 1, 2, . . . , K do
2: pv̂, π̂q Ð Alg. 1pP, u, T q
3: ẑ Ð pd pv̂ ą wq Ź cf.(2.25)
4: ŷ Ð Alg. 2 pπ̂, p´ ẑ, P, T q.
5: uÐ mintu,maxtu, u` αk pŷ ´ φ´1puqquu
6: w Ð mintw,maxtw,w ` αk pẑ ´ ψ´1pwqquu Ź cf.(2.28)
7: end for

2.2.2 Multi-commodity flow

Another limitation of the network equilibrium model in §2.1.2 is that all users have the same

planning horizon T . In practice, it is more likely that users with heterogeneous planning

horizons will use the network facility simultaneously. How should the model in §2.1.2 be

adjusted to account for this scenarios? The current section is devoted to answering this

question.

We start with the following generalization to Problem 2.2, which allows users with het-

erogeneous ending time; we group our assumptions in Assumption 2.4. For simplicity here

we only consider fixed demand scenario; an extension that combines the variable demand

feature in §2.2.1 is straightforward.

Problem 2.4. Consider the following T -stage population game. At each time t P rT s, for

each ending time τ P T Ă rT s such that τ ě t, pτts new players start the game from state s.
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Each such player can choose action a at the cost of φtsap
ř

τ,τět y
τ
tsaq and reach state s1 with

probability Psas1 at time t ` 1, then repeat this process till t “ τ , when the player end the

game after choosing the last action. Here yτtsa denote the total amount of players who plan

to end the game at time τ and choose action a in state s at time t. Find an equilibrium

distribution of the players where no individual player can benefit from unilaterally switching

actions.

Assumption 2.4. We assume T P T Ď rT s, pτts P R` for all τ P T, t ě τ and s P rSs;

P P RSˆAˆS
` and

ř

s1 Psas1 “ 1 for all s P rSs, a P rAs. Further function φtsa : r0, ρs Ñ R is

continuous and strictly increasing, where ρ “
ř

τ

ř

tďτ,s p
τ
ts.

Notice that Problem 2.2 is a special case of Problem 2.4 with T “ tT u. Based on this

observation, we propose the following two optimization problems that reduces to (2.7) and,

respectively, (2.13) if T “ tT u. In addition, Theorem 2.5 shows that how the solution to

these optimization problems solve Problem 2.4, in the same sense as Theorem 2.2.

minimize
yτ ,τPT

ř

t,s,a

ż

ř

τ,τět
yτtsa

0

φtsapαqdα

subject to
ř

a

yτ1sa “ pτ1s
ř

a

yτt`1,sa “ pτt`1,s `
ř

s1,a

Ps1asy
τ
ts1a, t P rτ ´ 1s,

0 ď yτtsa, @τ P T, t P rτ s, s P rSs, a P rAs

(2.29)

maximize
u,vτ ,τPT

ř

t,s

ř

τ,τět

pτtsv
τ
ts ´

ř

t,s,a

ż utsa

φtsap0q

φ´1
tsapαqdα

subject to vττs ď uτsa,

vτts ď utsa `
ř

s1
Psas1v

τ
t`1,s1 ,

@τ P T, t P rτ ´ 1s, s P rSs, a P rAs

(2.30)

Theorem 2.5. Suppose Assumption 2.4 holds, y solves (2.29), and pu, vq solves (2.30). If
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yτtsa ą 0 for any τ P T, s P rSs, a P rAs, then

pvττs, aq “ min
a1PrAs

φτsa1
`
ř

τ,τět

yττsa1
˘

,

pvτts, aq “ min
a1PrAs

φtsa1
`
ř

τ,τět

yτtsa1
˘

`
ř

s1
Psa1s1v

τ
t`1,s1 ,

(2.31)

for all t P rτ ´ 1s, where we use the convention in (2.3).

Proof. The objective function of problem (2.29) is convex (since φtsa is increasing), its con-

straints are affine, and the optimal value is obviously finite (since φtsa is finitely valued).These

imply that a solution pair to (2.29) and (2.30) necessarily satisfy the KKT conditions [152,

Cor. 28.3.1]. Let vτts be the dual variable corresponding to the equality constraints contain-

ing pτt s, let µτtsa ě 0 be the dual variables corresponding to constraint yτtsa ě 0. Then the

Lagrangien of (2.29) and (2.30) is given by

Lpy, v, µq “
ÿ

t,s,a

ż

ř

τ,τět
yτtsa

0

φtsapαqdα `
ÿ

τ

ÿ

t,tďτ

ÿ

s,a

pvτtspp
τ
ts ´ y

τ
tsaq ´ µ

τ
tsay

τ
tsaq

`
ÿ

τ

ÿ

t,tăτ

ÿ

s1,a,s

vτt`1,sPs1asy
τ
ts1a.

The KKT conditions [152, Thm.28.3] of this Lagrangian include the following vanishing

gradient conditions (by setting BL{Byτtsa equal to zero)

vττs “φτsa
`

ř

j,jěτ

yjτsa
˘

´ µττsa “ 0,

vτts “φtsa
`
ř

j,jět

yjtsa
˘

`
ř

s1
Psas1v

τ
t`1,s1 ´ µ

τ
tsa “ 0,

(2.32)

for all t P rτ ´ 1s, τ P T, s P rSs, a P rAs, and the complementarity conditions

yτtsaµ
τ
tsa “ 0, yτtsa ě 0, µτtsa ě 0, (2.33)

for all t P rτ s, τ P T, s P rSs, a P rAs. Combining (2.32) and (2.33) yields (2.31). Again, same
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results can be derived from the dual problem (2.30).

Similarly, if we approximate the objective function in (2.29) using a linear function, we

obtain the following

hpuq “ minimize
yτ ,τPT

ř

t,s,a

ř

τ,τět

utsay
τ
tsa

subject to
ř

a

yτ1sa “ pτ1s
ř

a

yτt`1,sa “ pτt`1,s `
ř

s1,a

Ps1asy
τ
ts1a, t P rτ ´ 1s,

0 ď yτtsa, @τ P T, t P rτ s, s P rSs, a P rAs

(2.34)

where u P RTˆSˆA is the approximation parameter, ´hpuq is the optimal value of (2.34)

Lemma 2.6. Suppose Assumption 2.4 holds. Let pv̂τ , π̂q be the output of Algorithm 1 with

input pP, u, τq, ŷτ be the output of Algorithm 2 with input pπ̂τ , pτ , P, τq. Then

hpuq “
ř

t,s,a

ř

τ,τět

utsaŷ
τ
tsa.

Proof. Notice that in optimization (2.34), both objective function and constraints are com-

pletely separable across yτ with different value of τ . In other words, solving (2.34) is equiv-

alent to solve the following optimization problem for each value of τ P T separately

minimize
yτ

ř

tďτ,s,a

utsay
τ
tsa

subject to
ř

a

yτ1sa “ pτ1s
ř

a

yτt`1,sa “ pτt`1,s `
ř

s1,a

Ps1asy
τ
ts1a, t P rτ ´ 1s,

0 ď yτtsa, @t P rτ s, s P rSs, a P rAs

(2.35)

Since problem (2.35) is nothing but an instance of (2.1) with T “ τ , it can be solved by the

output of Algorithm 2 with input pπ̂τ , pτ , P, τq, where π̂τ is the output of Algorithm 1 with

input pP, u, τq. This completes the proof.
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Using Lemma 2.6 and arguments similar to those in §2.2.1, we propose to solve optimiza-

tion (2.29) and (2.30) using the conditional gradient method in Algorithm 7 and, respectively,

projected subgradient method in Algorithm 8, where we use the following short-hand nota-

tion

y “ ‘yτ ðñ ytsa “
ř

τ,τět y
τ
tsa, @t P rT s, s P rSs, a P rAs. (2.36)

Algorithm 7 Multicommodity conditional gradient method

Input: p, P, φ,T, tαku, initial value for yτ for all τ P T.
1: for k “ 1, 2, . . . , K do
2: ŷ Ð ‘yτ Ź cf. (2.36)
3: pv̂τ , π̂τ q ÐAlg. 1pP, φpŷq, τq, @τ P T
4: ŷτ Ð Alg. 2pπ̂τ , pτ , P, τq, @τ P T
5: yτ Ð yτ ´ 2

k`1
pyτ ´ ŷτ q, @τ P T

6: end for

Algorithm 8 Multicommodity subgradient method

Input: p, P, φ,T, tαku, initial vaue of u.
1: for k “ 1, 2, . . . , K do
2: pv̂τ , π̂τ q Ð Alg. 1pP, u, τq, @τ P T
3: ŷτ ÐAlg. 2pπ̂τ , pτ , P, τq, @τ P T
4: ŷ Ð ‘ŷτ Ź cf. (2.36)
5: uÐ mintu,maxtu, u` αk pŷ ´ φ´1puqquu
6: end for

2.3 Numerical examples

In this section, we first demonstrate the theoretical results of this chapter with a multicom-

modity ridesharing example in §2.3.1, then demonstrate the computational advantages of

Frank-Wolfe and projected subgradient method in solving Markovian network equilibrium

problems against off-the-shelf convex optimization software.
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2.3.1 Multicommodity ridesharing game

We consider the game played by ridesharing drivers in Seattle competing for customers. We

first abstract Seattle area as an undirected graph illustrated in Fig. 2.1, whose nodes denote

various neighborhoods in Seattle, and edges denote available routes labeled by its driving

distance. We denote Ns the set of neighboring nodes of node s. We model the decision

making of an ridesharing driver on a typical weekend night (7pm-1am) as an MDP defined

by the following.

• Time steps: t “ 1, 2, . . . , 36 denotes the (end of) 10-minute-intervals between 7pm and

1am.

• States: rSs correspond to different nodes in graph G.

• Actions: in state s, as1 denotes picking up an awaiting rider with destination s1 for all

s1 P Ns; await denotes waiting for a future rider.

• Transition kernel: we assume Psas1 is given by

Psas1 “

$

’

&

’

%

1 if a “ as1 , s1 P Ns

1{p|Ns| ` 1q if a “ await, s1 P Ns Y tsu

All other entries of Psas1 are zero. Here we use an uniform distribution over neighboring

states to describe the uncertain destinations of future riders.2

• Cost: due to the competition among drivers, we assume the profit for picking up a

rider decreases with the amount of drivers making the same offer, namely

ftss1 “ α ` β
`

1´
ytsas1
γtss1

˘

distss1 (2.37)

2Such distribution can be approximated more accurately using historical data in practical applications.
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for all t P rT s, s P rSs, where α and β is the baseline profit and, respectively, nominal

profit per mile, distss1 is the distance(miles) between s and s1, γtss1 measures the rider

demand from s to s1 at time t, and finally ytsas1 is the amount of drivers choosing action

as1 in state s at time t. The cost of action a in state s is a function of ytsa defined as

follows

φtsapytsaq “

$

’

’

&

’

’

%

´ftss1 if a “ as1 , s
1 P Ns

´
ř

s1PNs
Psas1ftss1 if a “ await

• Planning time windows: We assume that 10 drivers start working from each state every

10 minutes from 7pm till 9pm. Each driver is assumed to only work for 4 consecutive

hours to avoid driver fatigue, i.e., ppt`24q
ts “ 10 for all s P rSs and t “ 1, 2, . . . , 12.

Notice that since drivers can start the game at different time during 1 ď t ď 12 and they will

only plan for the next 24 time steps. In other words, drivers with heterogeneous planning

time windows will coexist in the network for t “ 2, 3, . . . , 24. Therefore the equilibrium of this

game can be modeled as a multicommodity Markovian network equilibrium. We simulate

the scenario where α “ 10, β “ 0.2, γtss1 is given in Table 2.1 and distss1 is given in Fig. 2.1.

We demonstrate the driver number at downtown area D “ t9, 10, 11u via Fig. 2.3, where we

can see that driver number increase during 1 ď t ď 12, then decrease during 24 ď t ď 36.

There are also two sudden changes in the increasing/decreasing speed around t “ 7 and

t “ 31, which is due to the corresponding changes in values of γ in Table 2.1. This example

extends the single commodity case considered in [30] where all players enter and exit the

game simultaneously.

Further, our model can also be used for transportation network design. For example,

suppose that Seattle city is considering two candidate light rail transit (LRT) routes, 7-

9-10-11 and 6-8-9-11 (see Fig. 2.1), as means to alleviate the congestion caused by the

ridesharing driver in downtown area, assuming LRT will reduce the demand of ridesharing

service (namely, value of γtss1) by 50% along its route. The simulated equilibrium with

different LRT routes are also given in Fig. 2.3, which shows that route 6-8-9-11 is more



30

effective that route 7-9-10-11 in terms of reducing amount of drivers in D. These results

clearly demonstrate the power of Markovian network equilibrium model in transportation

system design.
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route 7-9-10-11

route 6-8-9-11

Figure 2.3: Driver numbers in downtown area D “ t9, 10, 11u.

Table 2.1: Values of γ where D “ t9, 10, 11u.

γtss1 s R D, s1 P D s P D, s1 P D s P D, s1 R D s R D, s1 R D
1 ď t ď 6 600 200 60 60
7 ď t ď 30 200 400 200 60
31 ď t ď 36 60 100 600 60

2.3.2 Computation experiments

• basic parameters : let Psas1 “ randp0, 1q3, then normalize it such that
ř

s1 Psas1 “ 1 for

all s P rSs, a P rAs;

• cost functions : let φtsapytsaq “ randp1, 2qytsa`randp1, 2q and ψtspxtsq “ randp´110,´100qxts`

randp100, 110q for all t P rT s, s P rSs, a P rAs.

3We denote randpa, bq a random number sampled from uniform distribution over interval ra, bs.
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• divergence: let pts “ randp0, 1q for all s P rSs if t “ 1 and zero otherwise.

We fix T “ A “ 10 and let S takes values in {50, 100, 150, 200, 250, 300, 350, 400} , and

test the computation time of Algorithm 7 Algorithm 8, where both algorithms terminate

when their objective function value agrees with the optimal one obtained by Gurobi with

less than 10´4 relative error. The average computation time over 1000 examples, along

with corresponding 3-standard deviation interval are reported in Fig. 2.4. All codes are in

MATLAB and run on a 2.8GHz PC. From results in Fig. 2.4 we can see that, over the

randomly generated 8000 examples, Frank-Wolfe and subgrdient method outperform Gurobi

across different problem sizes by showing a consistent saving of 96% and, respectively, 70%

of computation time.
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subgradient

Figure 2.4: Average computation time and 3-standard deviation intervals of 1000 experiments
with T “ A “ 10.

2.4 Related work and remarks

The results in this chapter is closely related to two separate research topic: MDP and network

equilibrium. We already covered basic MDP model in §2.1.1. In this section, we first briefly
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review the basic results in network equilibrium problems, then discuss how MDP and network

equilibrium was first combined together.

2.4.1 Network equilibrium

The theory of network equilibrium dates back to the famous Wardrop equilibrium principle

[177] for vehicles using different routes in a transportation network, which says the journey

times on all the routes actually used are equal, and less than those which would be experi-

enced by a single vehicle on any unused route. Over the years, the Wardrop equilibrium

principle has become the most important theoretical tool in transportation network design

and evaluation [61, 62, 38]; we refer interested readers to Michael Patricksson’s book [137],

where some key topics in this chapter, e.g.. variable demand variation, Frank-Wolfe and

projected subgradient methods for network equilibrium are all discussed in the context of

classical network equilibrium model; see its Sec.2.2.3, Sec.4.1.3, Sec.4.3.7 for relevant details.

Meanwhile, network equilibrium problems also attracted attention in convex optimization

community, due to its elegant interpretation of duality theory. In fact, in the preface of his

book [17], Tyrrell Rochafellar commented that “monotropic programming problems enjoy a

remarkably complete and symmetric duality theory, almost every bit as constructively useful

as the one for linear programming".

We briefly review the linear optimal distribution and differential problems in [150, Sec.

7A, Sec. 7C] and Optimal distribution and differential in [150, Sec. 8D, 8G] in the following.

We encourage the readers to compare them against the materials presented in § 2.1.1 and

§ 2.1.2.

2.4.1.1 Linear optimal distribution and differential

Consider a directed network G “ pV , Eq, where each edge e P E is associated with a cost ce,

a typical linear optimal distribution and, respectively, linear optimal differential problem is
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defined as following two linear programming

minimize
yPR|E|

xc, yy

subject to DpGqy “ b, y ě 0.
(2.38)

maximize
vPR|V|

´xb, vy

subject to DpGqJv ` c ě 0,
(2.39)

where bJ1|V| “ 0 and c P R|E|``.

Using results in §A.2 one can verify that the KKT conditions for (2.38) and (2.39) are

identical, given by

DpGqy “ b, y ě0, (2.40a)

µ ě0, (2.40b)

c`DpGqJv ´ µ “0, (2.40c)

yeµe “0, @e P E . (2.40d)

Optimization (2.38) and (2.39) are also known as the shortest path problem. To see this,

let graph G be connected, and elements in vector b P R|V are all zero except two: bi “ 1

and bj “ ´1 for a distinct pair of nodes i, j P V . Then solution to (2.38) and (2.39) gives

an shortest path between node i and node j where the length of edge are given by vector

c P R|E , in the following sense. Let y‹ P R|E| and v‹ P R|V| be an optimal solution to (2.38)

and, respectively, (2.39). If y‹e ą 0, then edge e P E is on a shortest path (not necessarily

unique) from node i to node j. Further, v‹i ´ v‹j gives the length of any shortest path from

node i to node j.
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2.4.1.2 Optimal distribution and differential

The natural extension of optimization (2.38) and (2.39) is the optimal distribution and

differential problem, given by the following

minimize
yPR|E|

ř

ePE

ż ye

0

φepαqα

subject to DpGqy “ b, y ě 0.

(2.41)

maximize
vPR|V|,uPR|E|

´xb, vy ´
ř

ePE

ż ue

φep0q

φ´1
e pαqdα

subject to DpGqJv ` u ě 0,

(2.42)

where bJ1|V| “ 0 and φe : R`R` is an continuously increasing4 function. The KKT conditions

of (2.41) and (2.39) are also identical and given by

DpGqy “ b, y ě0, (2.43a)

µ ě0, (2.43b)

φpyq `DpGqJv ´ µ “0, (2.43c)

yeµe “0, e P E . (2.43d)

Conditions in (2.43) are also know as the network equilibrium5 condition. A particular

neat interpretation of (2.43) is via resistor circuits as follows. Consider a resistor circuits

network G “ pV , Eq, where each node i P V denotes a pin with electrical potential vi, and edge

e P E denotes a nonlinear resistor with electrical current ye and the current-voltage relation

characterized by continuously increasing function φe. Then condition in (2.43) are exactly

the Kirchoff current and voltage laws, where ye “ 0 (or equivalently, µe ą 0) indicates that

the resistor on edge e P E is shorted at equilibrium.

4In general, function φe only needs to be non-decreasing; see [150, Sec. 8B].
5See [150, Sec. 8H] for a detailed discussion.
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2.4.2 MDP routing games

MDP has been one of the most well-studied stochastic decision-making model; see [141, 16]

for examples. In particular,

Inspired by recent advances in mean field games mean field games over a graph [67, 68,

69, 70], Calderone & Sastry [30] first combined the concept of MDP and network equilibrium,

and proposed the so-called MDP routing games, whose Wardrop equilibrium is introduced in

§2.1.2. However, only the primal problem (2.7) was studied in [30], without the dual problem

(2.8), or any of the variable-demand and multi-commodity variations in §2.2. Furthermore,

only off-the-shelf optimization software was used in [30]. These shortcomings are addressed

later in [193], and their results are covered in §2.1 and §2.2. The results in [30] has been also

extended to infinite-horizon averaged cost MDP routing games in [29], and the cases where

the equilibrium is subject to side constraints and tolling [106].

Future work As a first step towards general stochastic dynamic network equilibrium prob-

lems, the Markovian network equilibrium problems introduces in this chapter combines two

separate and otherwise almost independent research area: MDP together with classical net-

work equilibrium. However, such combination is by no means thorough and many possible

extensions are still open questions. For example, the connection between partially observ-

able MDP, a natural extension of MDP, to the Markovian network equilibrium problems are

still unclear. Another future direction is to apply the Markovian network equilibrium model

to incentive design, where the goal is to shift the equilibrium to more desirable point by

properly design the supply functions.
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3 PI control and network optimization

We start this chapter with a trajectory optimization problem as follows. Imagine you are

controlling a three-wheeled rover; see Figure 3.1 for an illustration. Your goal is to design a

sequence of inputs on its three motors such that

• the rover’s position will follow a reference trajectory while consuming as least amount

of battery as possible

• the rover’s position, velocity and acceleration will respect a given set of constraints

What mathematical model will help you achieve the above requirements?

Figure 3.1: Tracking a reference trajectory

The answer is given by the following finite-horizon discrete time constrained optimal

control problem

minimize
ur0,L´1s,xr0,Ls

1
2

řL
t“1pxt ´ rtq

JQtpxt ´ rtq `
1
2

řL´1
t“0 u

J
t Rtut

subject to xt “ Axt´1 `But´1, x0 “ x̂,

ut P Ut, xt`1 P Xt`1, t P r0, L´ 1s

(3.1)
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where one aims to find an optimal sequence of inputs u0, . . . , uL´1 P Rm and state

x1, . . . , xL P Rm of a linear time invariant system xt “ Axt´1`But´1 with given initial state

x0 P Rn that minimizes a quadratic tracking cost 1
2

řL
t“1pxt´rtq

JQtpxt´rtq`
1
2

řL´1
t“0 u

J
t Rtut

with respect to a reference trajectory trtuLt“1 while subject to convex input and state con-

straint ut´1 P Ut´1, xt P Xt. Here we assume, for all 1 ď t ď L, that matrices Qt P Rnˆn and

Rt P Rmˆm are symmetric and positive semi-definite, and sets Ut´1 Ă Rm and Xt Ă Rn are

convex. Efficient solution methods to optimization (3.1) are not only the backbone of model

predictive control theory [120, 119, 142, 91, 55], but also an integral part in non-convex tra-

jectory optimization where it serves as a convex subproblem that approximates the original

non-convex problem.

How can we design efficient optimization algorithms for problem (3.29)? As a rule of

thumb, Yurri Nesterov once wrote that1 “efficient optimization methods can be developed

only by intelligently employing the structure of particular instances of problems". In this

chapter, we will design an algorithm using the exact principle. In particular, our algorithm

is motivated by the following structure of optimization (3.1)

Without its affine equality constraints, optimization (3.1) decompose into 2L separate

optimization with lower dimensional variables.

The reader may already noticed: every optimization problems discussed in Chapter 2

fits a similar description. Indeed, minimizing a separable convex function subject to affine

constraints is the characteristic feature of network optimization [150, 17]. In the following, we

will start with another class of optimization problem in §3.1 that fits the above description,

called distributed optimization, where we design efficient algorithms based on RLC circuits

dynamics. We then use similar ideas to design a novel first order primal-dual method for

problem (3.1), termed proportional-integral projected gradient method in §3.2. We end this

chapter with two brief review of related work in distributed optimiztaion and trajectory

optimiztaion literature in §3.3 and, respectively, §3.4.

1See the preface of [131]



38

3.1 Distributed optimization

In this section, we consider a special class of network optimization problems, named dis-

tributed optimization, which aims to minimize the sum of cost functions over a connected

graph using local computation and communication only.

3.1.1 RC circuits and distributed consensus

We start with a special–and perhaps the most well studied–case of distributed optimization

problems, termed distributed consensus, described as follows.

Problem 3.1. Consider an undirected connected graph G “ pV , Eq, where each node i P V

maintains a variable xi that takes value xki P Rn at discrete time k P N. Design an update

rule such that 1) information exchange between node i and j is allowed only if ti, ju P E, and

2) limkÑ8 x
k
i ´ x

k
j “ 0 for all ti, ju P E.

To gain some intuitions on Problem 3.1, consider the following toy example. Imagine a

group of people are sitting in a noisy room. Each person has an opinion on how many papers

a PhD student should read every week. Since the room is noisy, each person can only talk

to people sitting next to him/her. Now, assuming everyone is open minded and willing to

change his/her opinion based on his/her “neighbors", then eventually the group will reach

a consensus on the number of papers a student should read. Then the process of people’s

opinions reaching consensus can be viewed as solving an instance of Problem 3.1, where

nodes in V denote different people in the room, edges in E denote the adjacency relation of

people’s seats, and different xi denotes different people’s opinion.

A simple and very effective solution to the distributed consensus problem is based on the

following ordinary differential equation (ODE)

d

dt
xiptq “ ´

ÿ

jPN piq

rpxiptq ´ xjptqq, @i P V , (3.2)
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where r P R``, and j P N piq if and only if ti, ju P E . Let

EpGq “ DpGq b In, (3.3)

then (3.2) can be written compactly as

d

dt
xptq “ ´rEpGqEpGqJxptq (3.4)

where x “ rxJ1 , . . . , xJ|V|s
J.

An intuitive interpretation of equation (3.4) is the Kirchhoff current law of a RC circuits

defined as follows. Let each node i P V denote a pin with electrical potential xiptq at time t.

Suppose a) between each pin i and ground (zero potential point), we add a linear capacitor,

mapping voltage xiptq to current d
dt
xiptq; b) on each edge tiju P E , we add a linear resistor,

mapping voltage xi ´ xj to current rpxi ´ xjq; see Fig. 3.2 and Tab. 3.1 for an illustration.

Figure 3.2: An illustration of RC circuits.

device voltage current
xi

d
dt
xi

xi ´ xj rpxi ´ xjq

Table 3.1: Voltage-current relation of RC units

Finally, in order to obtain a discrete time update rule, a simple approach is to apply
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Euler-forward method to (3.4), which gives

xk`1
“ pI ´ αrEpGqEpGqJqxk (3.5)

where xk “ xpkαq for some α ą 0. One can verify that if the second largest eigenvalue of

matrix pI´αrEpGqEpGqJq lie in the open interval p´1, 1q, then (3.5) ensures xipkq converges

to the nullspace of EpGqEpGqJ where xi “ xj for all ti, ju P E .

3.1.2 RLC circuits and distributed optimization

We are now ready to introduce a general distributed optimization problem, which is described

as follows.

Problem 3.2. Consider an undirected connected graph G “ pV , Eq, where each node i P V

maintains a variable xi that takes value xki P Rn at discrete time k P N, a cost func-

tion fi : Rn Ñ R, and a common constraint set X0. Design an update rule such that

1) information exchange between node i and j is allowed only if ti, ju P E, information

on fi is only available to node i for all i P V, and 2) limkÑ8 x
k
i ´ xkj for all ti, ju P E,

limkÑ8 x
k
i P argminyPX0

ř

iPV fipyq for all i P V.

To gain some intuitions on Problem 3.2, consider the following toy example. Imagine a

group of blind people are

We write the above distributed optimization problem compactly as follows

minimize
x

fpxq :“
ř

iPV fipxiq

subject to
?
lEpGqJx “ 0, x P X :“ X|V|0 ,

(3.6)

where x “ rxJ1 , . . . , x
J
|V|s

J; X|V|0 is the Cartesian product of |V | copies of closed convex set

X0 Ď Rn; fi : X0 Ñ R is a convex differentiable function available to node i only, scalar l P R
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is strictly positive and matrix EpGq is given by

EpGq “ DpGq b In. (3.7)

Compared with usual optimization, problem (3.6) has the additional implicit requirement

that information exchange must obey the connection structure in graph G, and information

on each cost function must be queried locally.

We now state our assumptions on problem (3.6) as follows.

Assumption 3.1. 1. G “ pV , Eq is undirected and connected. Edge weights l, r P R``
are strictly positive, and let σ P R`` such that EpGqEpGqJ ĺ σI

2. X0 Ď Rn is a closed convex set,

3. For all i P V, fi : X0 Ñ R is continuously differentiable, convex and λ-smooth, i.e.,

both fi and λ
2
‖¨‖2

2 ´ fi are convex over X0. There exists x‹, u‹ such that

?
lEpGqJx‹ “ 0, x‹ P X “ X|V|0 , (3.8a)

x
?
lEpGqu‹ `∇fpx‹q, x´ x‹y ě 0, @x P X. (3.8b)

Inspired by the role of ODE (3.4) in distributed consensus problem, we consider the

following ODE for distributed optimization

d

dt
∇ψpxptqq “ ´ rEpGqEpGqJxptq ´

?
lEpGquptq ´∇fpxptqq,

d

dt
uptq “

?
lEpGqJxptq,

(3.9)

where

x “

»

—

—

—

–

xJ1
...

xJ
|V|

fi

ffi

ffi

ffi

fl

, ∇fpxq “

»

—

—

—

–

∇f1px1q

...

∇f|V|px|V|q

fi

ffi

ffi

ffi

fl

, ∇ψpxq “

»

—

—

—

–

∇ψ0px1q

...

∇ψ0px|V|q

fi

ffi

ffi

ffi

fl



42

and ψ0 : X0 Ñ R is a smooth function to be specified later. Similar to (3.4), the above ODE

can also be interpreted as the Kirchhoff current law of a RLC circuits as follows. Let each

node i P V denote a pin with electrical potential xiptq at time t. Suppose a) between each pin

i and ground (zero potential point), we add a nonlinear capacitor in parallel with a nonlinear

resistor, mapping voltage xiptq to current d
dt
∇ψ0pxiptqq for a differentiable function ψ0 and,

respectively, ∇fipxiq; b) on each edge tiju P E , we add a linear inductor in parallel with

a linear resistor, mapping voltage xi ´ xj to current l
şt

0
pxipτq ´ xjpτqqdτ and, respectively,

rpxi ´ xjq; see Fig. 3.3 and Tab. 3.2 for an illustration.

Figure 3.3: An illustration of RLC circuits.

type symbol voltage current
resistor xi ∇fipxiq
capacitor xi

d
dt
∇ψ0pxiq

resistor xi ´ xj rpxi ´ xjq
inductor xi ´ xj

ş

lpxi ´ xjqdt

Table 3.2: Voltage-current relation of RLC units

Unless function f and ψ are both quadratic function (which will be the focus for the next

section), ODE (3.9) will always contain nonlinear terms, which pose a unique challenge in

discretization. In particular, applying Euler-forward discretization to (3.9) with step size α
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gives the following

∇ψpxk`1
q “∇ψpxkq ´ αprEpGqEpGqJxk `

?
lEpGquk `∇fpxkqq, (3.10a)

uk`1
“uk ` α

?
lEpGqJxk`1 (3.10b)

where, in order to simplify our notation, we denote xpkαq as xk, upkαq as uk for all k P N.

Notice that we use xk`1 instead of xk in (3.10b). This technique is known as Gauss-Seidel

pass, which is commonly used in similar primal-dual algorithms.

We now start to see the effect of nonlinearity on discretization: the x-update in (3.10a) is

a nonlinear equation, and to obtain the value of xk`1 we need to apply the “inverse" of ∇ψ to

the right hand side of (3.10a). And the difficulty of computing such inverse depends heavily

on the assumption on function ψ. Here we consider a special class of function described as

follows.

Assumption 3.2. Suppose function ψ : XÑ R is both closed, proper, convex, continuously

differentiable over X. Further, ψ ´ 1
2
‖¨‖2

2 is also convex over X.

With the above assumption, we can compute the “inverse" of ∇ψ using Fenchel-Young

theorem. Here we state a simplified version of the theorem in the following lemma; see [152,

Thm. 23.5] for full details2.

In addition, since ψ is 1-strongly convex, it is straightforward to show that minyPX´xy,∇ψpxqy`

ψpyq has a unique minimizer, and combining (3.10a) with the above lemma we can show the

following
xk`1

“argmin
xPX

αxwk, xy ` ψpxq ´ x∇ψpxkq, xy

“argmin
xPX

αxwk, xy ` ψpxq ´ ψpxkq ´ x∇ψpxkq, x´ xky

“argmin
xPX

αxwk, xy `Bψpx, x
k
q

(3.11)

2In the author’s humble opinion, [152, Thm. 23.5] is one of the most elegant and profound results in
convex analysis.
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where wk “ rEpGqEpGqJxk `
?
lEpGquk `∇fpxkq. Notice that the second step is because

´ψpxkq`x∇ψpxkq, xky is independent of x, hence does not change the argmin. The last step

uses the definition of Bregman divergence in (B.4).

By replacing (3.10a) with (3.11), we arrive at the following algorithm.

xk`1
“argmin

xPX
αxrEpGqEpGqJxk `

?
lEpGquk `∇fpxkq, xy `Bψpx, x

k
q, (3.12a)

uk`1
“uk ` α

?
lEpGqJxk`1. (3.12b)

The following theorem shows that the above algorithm indeed solves problem (3.6). We

will use the following inequalities implied by Assumption 3.1 and Assumption 3.2; see Ap-

pendix B for relevant details

0 ďBf px
1, xq “ fpx1q ´ fpxq ´ x∇fpxq, x1 ´ xy ď λ

2
‖x1 ´ x‖2

2 (3.13a)

1

2
‖x1 ´ x‖2

2 ďBψpx
1, xq “ ψpx1q ´ ψpxq ´ x∇ψpxq, x1 ´ xy (3.13b)

Theorem 3.1. Suppose Assumption 3.1 and Assumption 3.2 hold. Let sequence txk, uku be

generated by (3.12) where 0 ă α ď mint 1
λ`rσ

, r
l
u, then

r

2

∥∥EpGqJx̂k∥∥2

2
ď
Bψpx

‹, x1q ` 1
2
‖u1 ´ u‹‖2

2

αk
,

Bf px̃
k, x‹q ď

Bψpx
‹, x1q ` 1

2
‖u1 ´ u‹‖2

2

αk

where x̂k “ 1
k

řk
j“1 x

j, x̃k “ 1
k

řk
j“1 x

j`1.
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Proof. Step 1, applying Theorem A.2 to (3.12a) gives

0 ďxrEpGqEpGqJxk `
?
lEpGquk `∇fpxkq ` 1

α
p∇ψpxk`1

q ´∇ψpxkqq, x‹ ´ xk`1
y

(3.8a)
“ rxEpGqJpxk ´ x‹q, EpGqJpx‹ ´ xk`1

qy `
?
lxuk, EpGqJpx‹ ´ xk`1

qy ` x∇fpxkq, x‹ ´ xk`1
y

`
1

α
x∇ψpxk`1

q ´∇ψpxkq, x‹ ´ xk`1
y

(3.14)

Similarly, (3.8b) directly implies that

0 ď x
?
lEpGqu‹ `∇fpx‹q, xk`1

´ x‹y (3.15)

Step 2, one can verify the following three inequalities by applying the “three point prop-

erty" in (B.5) to function fpxq, ψpxq, 1
2

∥∥EpGqJx∥∥2

2
and, respectively, 1

2
‖u‖2

2,

x∇fpx‹q ´∇fpxkq, xk`1
´ x‹y “ Bf px

k`1, xkq ´Bf px
k`1, x‹q ´Bf px

‹, xkq, (3.16a)

x∇ψpxk`1
q ´∇ψpxkq, x‹ ´ xk`1

y “ Bψpx
‹, xkq ´Bψpx

‹, xk`1
q ´Bψpx

k`1, xkq, (3.16b)
1

2

∥∥uk`1
´ u‹

∥∥2

2
´

1

2

∥∥uk`1
´ uk

∥∥2

2
´

1

2

∥∥uk ´ u‹∥∥2

2
“ xuk ´ u‹, uk`1

´ uky (3.16c)

xEpGqJpx‹ ´ xkq, EpGqJpxk`1
´ x‹qy

“
1

2

∥∥EpGqJpxk`1
´ xkq

∥∥2

2
´

1

2

∥∥EpGqJxk`1
∥∥2

2
´

1

2

∥∥EpGqJxk∥∥2

2
, (3.16d)

where we also used (3.8a) in (3.16d). Combining (3.12b), (3.16c) and (3.8a) we obtain

1

2

∥∥uk`1
´ u‹

∥∥2

2
´

1

2

∥∥uk ´ u‹∥∥2

2
´
pαq2l

2

∥∥EpGqJxk`1
∥∥2

2
“ α

?
lxuk ´ u‹, EpGqJpxk`1

´ x‹qy

(3.17)

Step 3, based on Assumption 3.1 and Assumption 3.2, the Bregman divergence of function

f , ψ and 1
2

∥∥EpGqJx∥∥ admit the following bounds

0 ďBf px
‹, xkq (3.18a)



46

Bf px
k`1, xkq ď

λ

2

∥∥xk`1
´ xk

∥∥2

2
(3.18b)

1

2

∥∥xk`1
´ xk

∥∥2

2
ďBψpx

k`1, xkq (3.18c)

r

2

∥∥EpGqJpxk`1
´ xkq

∥∥2

2
ď
rσ

2

∥∥xk`1
´ xk

∥∥2

2
(3.18d)

Summing up (3.14), (3.15), (3.16a), 1
α
(3.16b), rˆ(3.16d), 1

α
ˆ(3.17), (3.18a), (3.18b), 1

α
ˆ(3.18c)

and (3.18d), then using the assumption that 0 ă α ď mint 1
λ`rσ

, r
l
u and letting k “ j we

obtain the following

r

2

∥∥EpGqJxj∥∥2

2
`Bf px

j`1, x‹q ď
1

α
pV j

´ V j`1
q

for all j ě 1, where V j “ Bψpx
‹, xjq ` 1

2
‖uj ´ u‹‖2

2. Summing up the above equation from

j “ 1 to j “ k we have

k
ÿ

j“1

r

2

∥∥EpGqJxj∥∥2

2
`

k
ÿ

j“1

Bf px
j`1, x‹q ď

1

α
pV 1

´V 2
`¨ ¨ ¨`V k

´V k`1
q “

1

α
pV 1

´V k`1
q ď

1

α
V 1.

Since r
2

∥∥EpGqJx∥∥2

2
and Bf px, x

‹q are non-negative functions, the above equation implies that

k
ÿ

j“1

r

2

∥∥EpGqJxj∥∥2

2
ď

1

α
V 1,

k
ÿ

j“1

Bf px
j`1, x‹q ď

1

α
V 1.

Step 4, applying Jensen’s inequality (A.4) to the two inequalities above completes the

proof.

In the following, we introduce two variations to algorithm 3.12 based on two popular gen-

eralizations to gradient descent method: stochastic gradient descent and proximal gradient

method.
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3.1.2.1 Noisy gradients

We now consider the case where the gradient ∇fpxkq used in (3.12) are corrupted by an

independent noise vector ηk P Rn with zero mean and bounded variance, i.e., Erηks “ 0

and Er‖η‖2
2s ď γ2 for some γ ą 0. We will see that this additive noise will slow down the

convergence of algorithm (3.12).

xk`1
“argmin

xPX
αkxrLpGqxk `

?
lEpGquk `∇fpxkq ` ηk, xy `Bψpx, x

k
q, (3.19a)

uk`1
“uk ` αk

?
lEpGqJxk`1. (3.19b)

where αk is a step size varies with iteration counter k. If αk ” α and ηk ” 0 for all k, then

(3.19) reduces to (3.12).

We now prove the key property of iterations in (3.19).

Theorem 3.2. Suppose Assumption 3.1 and (3.2) hold. Let sequence txk, uku be generated

by (3.19) where 0 ă αk ď mint 1
2pλ`rσq

, r
l
u and ηk is an independent random variable with

Erηks “ 0 and Er‖η‖2
2s ď γ2 for all k ě 1, then

r

2
Er

∥∥EpGqJx̂k∥∥2

2
s ď

Bψpx
‹, x1q ` 1

2
‖u1 ´ u‹‖2

2 ` γ
2
řk
j“1pα

jq2

řk
j“1 α

j
,

ErBf px̃
k, x‹qs ď

Bψpx
‹, x1q ` 1

2
‖u1 ´ u‹‖2

2 ` γ
2
řk
j“1pα

jq2

řk
j“1 α

j

where x̂k “ 1
řk
j“1 α

j

řk
j“1 α

jxj, x̃k “ 1
řk
j“1 α

j

řk
j“1 α

jxj`1

Proof. First, applying Theorem A.2 to (3.19a) gives

0 ďxrLpGqxk `
?
lEpGquk `∇fpxkq ` ηk ` 1

αk
p∇ψpxk`1

q ´∇ψpxkqq, x‹ ´ xk`1
y

(3.8a)
“ rxLpGqpxk ´ x‹q, x‹ ´ xk`1

y `
?
lxuk, EpGqJpx‹ ´ xk`1

qy ` x∇fpxkq, x‹ ´ xk`1
y

`
1

αk
x∇ψpxk`1

q ´∇ψpxkq, x‹ ´ xk`1
y ` xηk, x‹ ´ xk`1

y

(3.20)
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Notice that equalities in (3.16) always hold. Combining (3.19b), (3.16c) and (3.8a) we obtain

1

2

∥∥uk`1
´ u‹

∥∥2

2
´

1

2

∥∥uk ´ u‹∥∥2

2
´
pαkq2l

2

∥∥EpGqJxk`1
∥∥2

2
“ αk

?
lxuk ´ u‹, EpGqJpxk`1

´ x‹qy

(3.21)

In addition, inequalities in (3.18) also hold under Assumption 3.1 and Assumption 3.2.

Next, summing up (3.20), (3.15), (3.16a), 1
αk
(3.16b), rˆ(3.16d), 1

αk
ˆ(3.21), (3.18a),

(3.18b), 1
αk
ˆ(3.18c) and (3.18d), then using the assumption that α “ r

l
we obtain the

following

r

2

∥∥EpGqJxk∥∥2

2
`Bf px

k`1, x‹q

ď
1

αk
pBψpx

‹, xkq `
1

2

∥∥uk ´ u‹∥∥2

2
q ´

1

αk
pBψpx

‹, xk`1
q `

1

2

∥∥uk`1
´ u‹

∥∥2

2
q

`
`λ` rσ

2
´

1

2αk
˘
∥∥xk`1

´ xk
∥∥2

2
` xηk, x‹ ´ xk`1

y

(3.22)

Notice that

xηj, x‹ ´ xj`1
y “ ´ xηj, xj`1

´ xjy ´ xηj, xj ´ x‹y

“
εj

2

∥∥ηj∥∥2

2
`

1

2εj
∥∥xj`1

´ xj
∥∥2

2
´ xηj, xj ´ x‹y

where εj “ αj

1´αjpλ`rσq
ą 0 as αj ď 1

2pλ`rσq
. Summing up the above inequality together with

(3.22) and letting k “ j we have

r

2

∥∥EpGqJxj∥∥2

2
`Bf px

j`1, x‹q ď
1

αj
V j
´

1

αj
V j`1

`
εj

2

∥∥ηj∥∥2

2
´ xηj, xj ´ x‹y

ď
1

αj
V j
´

1

αj
V j`1

` αj
∥∥ηj∥∥2

2
´ xηj, xj ´ x‹y

where V j “ Bψpx
‹, xjq ` 1

2
‖uj ´ u‹‖2

2 and we used the fact that εj “ αj

1´αjpλ`rσq
ď 2αj when

αj ď 1
2pλ`rσq

. Multiple the above inequality with αj then taking expectation on both sides
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we obtain
rαj

2
E
“
∥∥EpGqJxj∥∥2

2

‰

` αjErBf px
j`1, x‹qs

ďErV j
s ´ ErV j`1

s ` pαjq2Er
∥∥ηj∥∥2

2
s ´ αjErxηj, xj ´ x‹ys

Since ηk is an independent random variable with Erηks “ 0, we know Erxηj, xj ´ x‹ys “ 0.

Substituting this and Er‖η‖2
2s ď γ2 into the above inequality we have

rαj

2
E
“
∥∥EpGqJxj∥∥2

2

‰

` αjErBf px
j`1, x‹qs ď ErV j

s ´ ErV j`1
s ` pαjq2γ2

Summing up the above inequality from j “ 1 to j “ k gives

k
ÿ

j“1

rαj

2
E
“∥∥EpGqJxj∥∥2

2

‰

`

k
ÿ

j“1

αjErBf px
j`1, x‹qs ď ErV 1

s´ErV k`1
s`pαjq2γ2

ď ErV 1
s`pαjq2γ2

where the last step is because ErV k`1s ě 0. Since E
“∥∥EpGqJxj∥∥2

2

‰

and ErBf px
j`1, x‹qs are

both non-negative, the above inequality implies that

k
ÿ

j“1

rαj

2
E
“
∥∥EpGqJxj∥∥2

2

‰

ďErV 1
s ` pαjq2γ2

k
ÿ

j“1

αjErBf px
j`1, x‹qs ďErV 1

s ` pαjq2γ2

Finally, applying Jensen’s inequality (A.4) to the two inequalities above completes the proof.

If we choose constant step size αk ” α in (3.19), then Theorem 3.2 converges to a “noise

floor" given by αγ2, e.g., limkÑ8ErBf px̃
k, x‹qs “ ασ2. If the maximum iteration number k

is fixed in advance as a computation budget and we choose αk ” 1{
?
k, then this noise floor

also decreases with K at the rate of Op1{
?
kq.
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3.1.2.2 Composite objective function

An important paradigm in machine learning is composite objective optimization where the

objective function include, in addition to a smooth cost function, a potentially non-smooth

regularization function that typically promotes desired solution properties (e.g., sparsity).

Examples of composite optimization include ridge regression, lasso, and logistic regression

[51]. Combining such paradigm with problem (3.6) gives the following distributed composite

objective optimization problem

minimize
x

fpxq ` gpxq :“
ř

iPV fipxiq `
ř

iPV gipxiq

EpGqJx “ 0, x P X :“ X|V|0 .
(3.23)

where, in addition to the smooth cost function fi, each node i P V also has a possibly

non-smooth convex regularization function gi : X0 Ñ R.

Motivated by composite objective mirror descent method [51], we propose the following

variation of (3.12), which adds an additional regularization to the x-update,

xk`1
“argmin

xPX
αxrEpGqEpGqJxk `

?
lEpGquk `∇fpxkq, xy ` αgpxq `Bψpx, x

k
q, (3.24a)

uk`1
“uk ` αElpGqJxk`1. (3.24b)

Algorithm (3.24) can be viewed as a distributed extension to composite objective mirror

descent method [51]. An important special case of (3.24) is when X0 “ Rn and gi “ θ ‖¨‖1

with θ ą 0 for all i P V , which aims to induce sparse solution using `1 norm regularization.

In this case, one can show that the x-update in (3.24) reduces to xk`1 “ Sαθpx
k ´ αwkq,

where Sβpxq is the shrinkage operator defined element-wise as follows [51]

rSβpxqsj “ signprxsjqmaxt0, |rxsj| ´ βu,

where rxsj denote the j-th element of vector x.
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There exists v‹ P Bgpx‹q such that

x
?
lEpGqu‹ `∇fpx‹q ` v‹, x´ x‹y ě 0, @x P X, (3.25)

The following theorem shows that the convergence proof of (3.24) follows the same ideas

used by Theorem 3.1.

Theorem 3.3. Suppose gi : X0 Ñ Rn is closed, convex, proper for all i P V. Suppose

Assumption 3.1 holds with (3.8b) replaced by (3.25), and Assumption 3.2 holds. Let sequence

txk, uku be generated by (3.24) where 0 ă α ď mint 1
λ`rσ

, r
l
u for all k ě 1, then

r

2

∥∥EpGqJx̂k∥∥2

2
ď
Bψpx

‹, x1q ` 1
2
‖u1 ´ u‹‖2

2

αk
,

Bf px̃
k, x‹q `Bgpx̃

k, x‹q ď
Bψpx

‹, x1q ` 1
2
‖u1 ´ u‹‖2

2

αk

where x̂k “ 1
k

řk
j“1 x

j, x̃k “ 1
k

řk
j“1 x

j`1.

Proof. Using Theorem A.2 we can show that the x-update in (3.12) implies: there exists

v P Bgpxk`1q such that

0 ďxrEpGqEpGqJxk `
?
lEpGquk `∇fpxkq ` v ` 1

α
p∇ψpxk`1

q ´∇ψpxkqq, x‹ ´ xk`1
y

(3.8a)
“ rxEpGqEpGqJpxk ´ x‹q, x‹ ´ xk`1

y `
?
lxuk, EpGqJpx‹ ´ xk`1

qy ` x∇fpxkq, x‹ ´ xk`1
y

` xv, x‹ ´ xk`1
y `

1

α
x∇ψpxk`1

q ´∇ψpxkq, x‹ ´ xk`1
y

(3.26)

Since v P Bgpxk`1q, we can use (A.5) to show

xv, x‹ ´ xk`1
y ď gpx‹q ´ gpxk`1

q. (3.27)

Further, (3.25) directly implies

0 ď x
?
lEpGqu‹ `∇fpx‹q ` v‹, xk`1

´ x‹y (3.28)
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Again notice that equalities in (3.16) and (3.17) together with inequalities in (3.18) still

hold under the current assumptions. Summing up (3.26), (3.27), (3.28), (3.16a), 1
α
(3.16b),

rˆ(3.16d), 1
α
ˆ(3.17), (3.18a), (3.18b), 1

α
ˆ(3.18c) and (3.18d), then using the assumption

that α ď r
l
we obtain the following

r

2

∥∥EpGqJxj∥∥2

2
`Bf px

j`1, x‹q `Bgpx
j`1, x‹q ď

1

α
pV j

´ V j`1
q

for all j ě 1, where V j “ Bψpx
‹, xjq ` 1

2
‖uj ´ u‹‖2

2. Following similar steps as in the proof

of Theorem 3.1, we obtain the desired results.

We finish this section by numerical comparing our algorithms against the distributed

mirror descent method in [104, 176, 46] and mirror-prox method (and its composite objec-

tive extensions) [128, 86, 76] via numerical examples. We first generate a random graph

G with |V | “ 30 and each pair of nodes are connected with probability 0.3. We let

fipxiq “
1
2
‖Aixi ´ bi‖2

2 for all i P V , where entries of Ai and bi are randomly generated.

Using such choice on G and f , we construct the following two examples (where n “ 30).

• least squares over simplex: (3.6) with X0 “ tv P Rn|v ě 0, xv,1ny “ 1u, ψ0pvq “

xv, ln vy.3

• least squares with `1 regularization: (3.23) with gipvq “ 1
100

‖v‖1 for all i P V , X0 “ Rn,

ψ0pvq “
1
2
‖v‖2

2.

For (3.19) and (3.24)), we set r “ 1
10
1|E|, l “ pβ ` λqr and αk ” 1

β`λ
; for distributed

mirror descent, we use step size 1?
k
and doubly stochastic matrix P “ I ´ 1

1`∆
LpGq, where

LpGq “ EpGqEpGqJ and ∆ is the largest diagonal element of LpGq; for mirror-prox method,

we use step size mint 1
2λ
, r

2
?
lσ
u for problem (3.6) and (3.23); see [26, Thm. 5.2]. In the noisy

gradient case, we sample ηk from Gaussian distribution N p0, σI|V|nq for all k.

3ln v denotes the element-wise natural logarithm of v.
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The convergence of algorithms are shown in Fig. 3.4 and Fig. 3.5. We can see that the

convergence of (3.12) and (3.24) behaves no worse than mirror-prox method [128] and its

composite objective extension [76] using only half of the computation cost per iteration; they

all reach a “noise floor" when gradient are corrupted by noise. In the `1 regularized least

squares case, both mirror-prox and RLC significantly outperform distributed mirror descent

method since they use the shrinkage operator rather than subgradients of `1 norm.

0 500 1000 1500 2000 2500
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10
-2

10
0

dist. mirror des.

mirror-prox

RLC

(a) γ “ 0

0 500 1000 1500 2000 2500
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10
0

dist. mirror des.

mirror-prox

RLC

(b) γ “ 10´3

Figure 3.4: Least squares over simplex.

3.2 Trajectory optimization

In this section, we consider finite-horizon discrete-time convex trajectory optimization prob-

lem in optimal control problems, which plays an vital role in model predictive control (MPC).

Perhaps surprisingly, such trajectory optimization is actually closely related to the dis-

tributed optimization problem (3.6). As a result, the algorithm we designed for distributed

optimization can be seamlessly generalized to trajectory optimization.



54

0 100 200 300 400
10

-6

10
-4

10
-2

10
0

dist. mirror des.

co-mirror-prox

co-RLC

(a) σ “ 0
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(b) σ “ 10´3

Figure 3.5: `1 regularized least squares.

Throughout this section we consider the following optimization problem

minimize
z

1
2
zJHz ` hJz

subject to Gz “ g, z P Z,
(3.29)

where the trajectory variable z aims to minimize a convex quadratic cost function 1
2
zJHz`

hJz subject to linear dynamics constraints Gz “ g together with convex state and input

constraint z P Z. Throughout we assume Z is the Cartesian product of convex sets whose

Euclidean projection can be evaluated at low computational cost. Such assumption applies

to many popular state and input constraints used in MPC; see Tab. 3.3 for some examples

(where we assume function f is continuous, convex and finite valued) and [7] for a detailed

discussion. Notice that optimization (3.1) is a special case of (3.29) with the following choice



55

of parameters

z “ruJ1 , x
J
2 , . . . , u

J
L´1, x

J
Ls
J, Z “

śL´1
t“1 pUt ˆ Xt`1q, H “ blkdiagpR1, Q2, . . . , RL´1, QLq,

h “r0J,´yJ2 Q2, . . . , 0
J,´yJLQLs

J, g “ rxJ1A
J, 0J, ¨ ¨ ¨ , 0JsJ.

G “

»

—

—

—

—

—

—

–

´B I

´A ´B I
. . . . . . . . .

´A ´B I

fi

ffi

ffi

ffi

ffi

ffi

ffi

fl

(3.30)

Table 3.3: Examples of simple convex sets and projections

Set X Projection of x onto X if x R X
tx| ‖x‖2 ď αu α

‖x‖2
x

tx|l ď x ď uu mintmaxtx, lu, uu
tx|xa, xy ď α, a ‰ 0u x´ pxa, xy ´ αq a

‖a‖2

tx “ py, αq| ‖y‖2 ď αu
p0, 0q if ‖y‖2 ď ´α;

‖y‖2`α
2‖y‖2

py, ‖y‖2q otherwise

tx “ py, αq|fpyq ď αu
px, fpxqq where

x solves y P x` pfpxq ´ αqBfpxq

tx|fpxq ď αu
pI ` µBfq´1pxq where

µ solves fppI ` µBfq´1pxqq “ α

Inspired by the method (3.12), we propose to solve (3.29) using the following iterations

zk`1
“ πZrz

k
´ αkpHzk ` h`GJwk ` βkGJpGzk ´ gqqs, (3.31a)

wk`1
“ wk ` βkpGzk`1

´ gq. (3.31b)

We now prove the convergence properties of method (3.31). First, we group our assump-

tions as follows.
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Assumption 3.3. Suppose

1. set Z Ă Rn is closed and convex; matrix H P Rnˆn is symmetric, matrix G P Rmˆn

has full row rank, there exists 0 ď µ ď λ and σ ě 0 such that µI ĺ H ĺ λI and

GJG ĺ σI.

2. there exists z‹ P Rn and w‹ P Rm such that

Gz‹ “ g, z‹ P Z, (3.32a)

xHz‹ ` h`GJw‹, z ´ z‹y ě 0, @z P Z. (3.32b)

Equation (3.32) gives the Karush–Kuhn–Tucker conditions of problem (3.29). Under the

Slater condition for equalities, equation (3.32) holds if and only if z‹ is an optimal solution

for problem (3.29); see [131, Thm.3.1.27].

The following lemma shows the key property of two consecutive iterations generated by

method (3.31).

Lemma 3.4. Suppose Assumption 3.3 holds and sequence tzk, wku is generated by (3.31).

If λ` σβk “ 1
αk

for all k ě 1, then

βk

2

∥∥Gzk ´ g∥∥2

2
`

1

2

∥∥zk`1
´ z‹

∥∥2

H

ď
1

2
p

1

αk
´ µq

∥∥zk ´ z‹∥∥2

2
`

1

2βk
∥∥wk ´ w‹∥∥2

2
´

1

2αk
∥∥zk`1

´ z‹
∥∥2

2
´

1

2βk
∥∥wk`1

´ w‹
∥∥2

2
.

Proof. Step 1, applying Lemma A.3 to (3.31a) gives

0 ď
1

αk
xzk`1

´ zk, z‹ ´ zk`1
y ` βkxGzk ´ g, g ´Gzk`1

y

` xHzk ` h, z‹ ´ zk`1
y ` xwk, Gpz‹ ´ zk`1

qy,

(3.33)
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where we also used (3.32a). Next, (3.32b) implies that

0 ď ´xHz‹ ` h, z‹ ´ zk`1
y ´ xw‹, Gpz‹ ´ zk`1

qy. (3.34)

Step 2, one can directly verify the following four identities, which can be interpreted as

instances of the law of cosines ; see Fig. 3.6 for an illustration.

xzk`1
´ zk, z‹ ´ zk`1

y “
1

2

∥∥zk ´ z‹∥∥2

2
´

1

2

∥∥zk`1
´ z‹

∥∥2

2
´

1

2

∥∥zk`1
´ zk

∥∥2

2
, (3.35)

xGzk ´ g, g ´Gzk`1
y “

1

2

∥∥Gpzk`1
´ zkq

∥∥2

2
´

1

2

∥∥Gzk ´ g∥∥2

2
´

1

2

∥∥Gzk`1
´ g

∥∥2

2
, (3.36)

xH
1
2 pzk ´ z‹q, H

1
2 pz‹ ´ zk`1

qy “
1

2

∥∥zk`1
´ zk

∥∥2

H
´

1

2

∥∥zk ´ z‹∥∥2

H
´

1

2

∥∥zk`1
´ z‹

∥∥2

H
, (3.37)

1

2

∥∥wk`1
´ w‹

∥∥2

2
´

1

2

∥∥wk ´ w‹∥∥2

2

“xwk ´ w‹, wk`1
´ wky `

1

2

∥∥wk`1
´ wk

∥∥2

2
“ βkxwk ´ w‹, Gpzk`1

´ z‹qy `
pβkq2

2

∥∥Gzk`1
´ g

∥∥2

2
,

(3.38)

where matrix H
1
2 in (3.37) is the positive semi-definite square root of H, and the last step

in (3.38) is due to (3.31b) and (3.32a).

θ

c

ab ´ab cos θ “ 1
2
c2 ´ 1

2
a2 ´ 1

2
b2

Figure 3.6: The law of cosines.

Step 3, the assumption that 0 ĺ µI ĺ H ĺ λI and GJG ĺ σI implies the following

µ

2

∥∥zk ´ z‹∥∥2

2
ď

1

2

∥∥zk ´ z‹∥∥2

H
, (3.39a)

1

2

∥∥zk`1
´ zk

∥∥2

H
ď
λ

2

∥∥zk`1
´ zk

∥∥2

2
, (3.39b)

1

2

∥∥Gpzk`1
´ zkq

∥∥2

2
ď
σ

2

∥∥zk`1
´ zk

∥∥2

2
. (3.39c)
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Finally, summing up together (3.33), (3.34), 1
αk
ˆ(3.35), βkˆ(3.36), (3.37), 1

βk
ˆ(3.38), (3.39a),

(3.39b) and βkˆ(3.39c), then using the assumption that λ`σβk “ 1
αk
, we obtain the desired

result.

We start with the case where µ “ 0, i.e., matrix H is only positive semi-definite and the

objective function in problem (3.29) is only convex. The following theorem shows that, using

constant step sizes, the iterations in (3.31) converge to optimum at the rate of Op1{kq.

Theorem 3.5. Suppose Assumption 3.3 hold with µ “ 0, and sequence tvk, zk, wku is

generated by (3.31) with αk “ 1
βσ`λ

and βk “ β for some β ą 0 and all k ě 1. Let

V 1 “ 1
2α

‖z1 ´ z‹‖2
2 `

1
2β

‖w1 ´ w‹‖2
2, then

1

2

∥∥Gẑk ´ g∥∥2

2
ď

1

βk
V 1,

1

2

∥∥z̃k ´ z‹∥∥2

H
ď

1

k
V 1.

where ẑk “ 1
k

řk
j“1 z

j and z̃k “ 1
k

řk
j“1 z

j`1.

Proof. With this choice of αk and βk, the inequality in Lemma 3.4 becomes the following:

for all j ě 1,
β

2

∥∥Gzj ´ g∥∥2

2
`

1

2

∥∥zj`1
´ z‹

∥∥2

H
ď V j

´ V j`1,

where V j “ 1
2α

‖zj ´ z‹‖2
2`

1
2β

‖wj ´ w‹‖2
2. Summing up this inequality for j “ 1, . . . , k gives

k
ÿ

j“1

`β

2

∥∥Gzj ´ g∥∥2

2
`

1

2

∥∥zj`1
´ z‹

∥∥2

H

˘

ď V 1
´ V k`1

ď V 1

where the last step is because V k`1 ě 0. Hence

β

2

k
ÿ

j“1

∥∥Gzj ´ g∥∥2

2
ď V 1,

1

2

k
ÿ

j“1

∥∥zj`1
´ z‹

∥∥2

H
ď V 1.

Finally, applying Jensen’s inequality (A.4) to the above two inequalities gives the desired

results.
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Theorem 3.6. Suppose Assumption 3.3 hold with µ ą 0, and sequence tvk, zk, wku is gen-

erated by (3.31) with αk “ 2
pk`1qµ`2λ

, βk “ pk`1qµ
2σ

for all k ě 1. Let V 1 “ 1
2pµ`λq

‖z1 ´ z‹‖2
2`

σ
2µ

‖w1 ´ w‹‖2
2, then

1

2

∥∥Gẑk ´ g∥∥2

2
ď

12λσ

µ2kpk2 ` 6k ` 11q
V 1,

1

2

∥∥z̃k ´ z‹∥∥2

H
ď

4λ

µkpk ` 5q
V 1,

where ẑk “ 3
kpk2`6k`11q

řk
j“1pj ` 1qpj ` 2qzj and z̃k “ 2

kpk`5q

řk
j“1pj ` 2qzj`1.

Proof. With this choice of αk and βk, the inequality in Lemma 3.4 becomes the following:

for all j ě 1,

βj

2

∥∥Gzj ´ g∥∥2

2
`

1

2

∥∥zj`1
´ z‹

∥∥2

H
ď

1

2

` 1

αj
´ µ

˘∥∥zj ´ z‹∥∥2

2
`

1

2βj
∥∥wj ´ w‹∥∥2

2
´ V j`1, (3.40)

where V j “ 1
2αj´1 ‖zj ´ z‹‖

2
2 `

1
2βj´1 ‖wj ´ w‹‖

2
2. Let κ “ λ{µ ě 1, then it is straightforward

to verify the following
` 1

αj
´ µ

˘

pj ` 2κq “
1

αj´1
pj ` 2κ´ 1q,

1

βj
pj ` 2κq ď

1

βj´1
pj ` 2κ´ 1q.

(3.41)

Hence multiplying (3.40) with pj ` 2κq and substituting in (3.41) we can show

pj ` 1qpj ` 2κqµ

4σ

∥∥Gzj ´ g∥∥2

2
`
j ` 2κ

2

∥∥zj`1
´ z‹

∥∥2

H
ď pj ` 2κ´ 1qV j

´ pj ` 2κqV j`1.

Summing up this inequality for j “ 1, 2, . . . , k gives

k
ÿ

j“1

`pj ` 1qpj ` 2κqµ

4σ

∥∥Gzj ´ g∥∥2

2
`
j ` 2κ

2

∥∥zj`1
´ z‹

∥∥2

H

˘

ď 2κV 1
´ pk ` 2κqV k`1

ď 2κV 1.

where the last step is because V k`1 ě 0. Since κ ě 1, the above inequality implies the
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following
k
ÿ

j“1

pj ` 1qpj ` 2qµ

4σ

∥∥Gzj ´ g∥∥2

2
ď2κV 1,

k
ÿ

j“1

j ` 2

2

∥∥zj`1
´ z‹

∥∥2

H
ď2κV 1.

Finally, applying Jensen’s inequality (A.4) to the above two inequalities and using κ “ λ{µ

gives the desired results.

Compared with Theorem 3.5, Theorem 3.6 used an averaged sequence with increasing

weights, similar to those in subgradient method [97] and accelerated ADMM [186]. Notice

that Theorem 3.6 shows that the constraint violation converges at a Op1{k3q rate, even faster

than Op1{k2q, which is highly desirable in practice as constraint violation is often used as

the stopping criterion.

We are now ready to implement (3.31) for problem (3.1). We partition variables w and

v as follows

v “ rvJ1 , v2, . . . , v
J
T s
J, w “ rwJ1 , w2, . . . , w

J
T s
J, (3.42)

where vt, wt P Rnx corresponds to constraint xt “ Axt´1 ` But´1 for 1 ď t ď T . In

addition, the separable structure of set Z defined by (3.30) allows separable computation

of its Euclidean projection. Based on these observations, we implement algorithm (3.31)

for problem (3.1) in Algorithm 9, where we introduce dummy parameters ATvT`1 ” 0 to

simplify our notation. Notice that updates of variables corresponding to different value of

t can be executed in parallel, hence the algorithm run-time can be almost independent of

horizon T .

We finish this section by comparing our method against several existing methods over a

trajectory-planning problem with keep-out-zone constraints, where all parameters are chosen

as unit-less for simplicity.

We consider a trajectory-planning (finite horizon optimal control) problem where the goal

is to track a beeline trajectory from initial to target position while avoiding collision with



61

Algorithm 9 PI projected gradient method
Input: x0; Xt,Ut´1, Qt, yt, Rt´1, A,B for all 1 ď t ď T . Initialize k “ 1, ut´1, xt, wt for all

1 ď t ď T ; let ATvT`1 ” 0.
while k ď kmax do

k Ð k ` 1
For all 1 ď t ď T :
vt Ð wt ` β

kpxt ´ Axt´1 ´But´1q

ut´1 Ð πUt´1rut´1 ´ α
kpRt´1ut´1 ´B

Jvtqs
xt Ð πXtrxt ´ α

kpQtpxt ´ ytq ` vt ´ A
J
t vt`1qs

wt Ð wt ` β
kpxt ´ Axt´1 ´But´1q

end while
Output: tu0, x1, . . . , uT´1, xT u

ro
ta

tin
g

ha
lfs

pa
ce

keep-out-zone

initial target

Figure 3.7: Trajectory-planning with rotating halfspace constraint.

a circular keep-out-zone; see Fig. 3.7 for an illustration. Here, this problem is an instant of

an MPC problem, which is solved repetitively as new state information becomes available.

The dynamics of the system is modeled as a double integrator with sampling time 0.5 s.

The system is subject to `2 norm constraints on its velocity q P R2 and acceleration input

u P R2. In addition, a rotating half-space constraint is imposed on its position p P R2, which

convexifies the keep-out-zone; see [196] for a detailed discussion. We model this tracking
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problem as a special case of problem (3.1) with the following choice of parameters:

A “

»

—

—

—

—

—

—

–

1 0 0.5 0

0 1 0 0.5

0 0 1 0

0 0 0 1

fi

ffi

ffi

ffi

ffi

ffi

ffi

fl

, B “

»

—

—

—

—

—

—

–

0.125 0

0 0.125

0.5 0

0 0.5

fi

ffi

ffi

ffi

ffi

ffi

ffi

fl

, (3.43a)

Qt “ diagp1, 0.5, 1, 0.5q, Rt´1 “ diagp1, 0.5q, (3.43b)

Xt “

$

’

&

’

%

x “

»

–

p

q

fi

fl

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

»

–

´ cospθtq

sinpθtq

fi

fl

J

p ě 2, ‖q‖2 ď 0.25

,

/

.

/

-

, (3.43c)

Ut´1 “ tu| ‖u‖2 ď 0.1u, x0 “

”

´2.5 0.6 0 0
ıJ

, (3.43d)

for 1 ď t ď T , where θ “ 0.063 in (3.43c) is a constant rotation rate [196]. Note that Qt

and Rt in (3.43b) are diagonal but not identity, which is common in practice. The reference

trajectory tytuTt“1 in (3.1) is chosen as a beeline trajectory from initial position p´2.5, 0.6q

to target position p2.9, 0.3q without considering the position constraint on p in (3.43c).

We compare our method against several popular existing methods. In terms of step sizes:

for our method (3.31), we choose αk and βk according to Theorem 3.5 and Theorem 3.6

for constant and, respectively, varying step sizes; for dual fast gradient method, we choose

α according to [148, Thm.1]; for Chambolle & Pock method, we choose the constant step

sizes in (3.58) according to [35, Rem. 1], and the varying step sizes in (3.59) according to

the “optimal rule" in [35, Sec. 5.2]; for ADMM, we choose α “ 2 as suggested in [84]. In

addition, the inner loop iterations used by each iteration of method (3.52) are warm-started

using results from the last outer iteration and terminated if ‖zj`1 ´ zj‖2 { ‖zj‖2 ď εinner,

where εinner is chosen between 0.1% and 0.01%.

We summarize our results as follows. Fig. 3.8 shows the convergence over iterations of

different algorithms with same initialization for T “ 25, where z‹ is computed using ECOS

[47] together with JuMP [52]. Fig. 3.9 shows the computation costed by different algorithms
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for T “ t5, 15, 25, 35, 45u to reach the tolerance for constraint violation (we use `8-norm

since it measures the maximum pointwise constraint violation along the trajectory), where

each data point is averaged over 200 independent experiments using initialization sampled

from standard normal distribution. Note that we omitted method (3.58) and (3.31) with

constant step sizes in Fig. 3.9b due to their slow convergence.

In these simulations, our method with varying step sizes (var.) outperforms the others.

Our method with constant step sizes (const.) converges slower, but almost identically to

Chambolle & Pock method with constant step sizes in (3.58), since they do not exploit the

strong convexity of the objective functions.

(a) ‖z ´ z‹‖22 (b) ‖Gz ´ g‖22

Figure 3.8: Convergence over iterations for T “ 25.

3.3 Related work and remarks: distributed optimization

In this section, we briefly review some of the existing work on distributed optimization that

most relevant to the results in §3.1.
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(a) ε “ 10´3 (b) ε “ 10´5

Figure 3.9: Number of projection πZr¨s costed to reach condition }Gz ´ g}8 ď ε. Each data
point is averaged over 200 simulations using random initialization.

3.3.1 Distributed subgradient method and its variations

One of the earliest work on distributed optimization algorithm is the distributed subgradient

method proposed by [125], which solves the special case of (B.1) with X0 “ Rn using the

following iterations

yk “pI ´ βEpGqEpGqJqxk (3.44a)

xk`1
“yk ´ αkuk, uk P Bfpykq. (3.44b)

where β ą 0 is chosen such that the second largest eigenvalues of pI ´ βEpGqEpGqJq lie in

open interval p0, 1q 4. The convergence proof in [125] analyze the behavior of (3.44) as a linear

dynamic system with disturbance, where the disturbance corresponds to the subgradients

4In general, one can replace pI ´ βEpGqEpGqJq with a doubly stochastic matrix M such that Mij ą 0
only if ti, ju is an edge in G
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with bounded norm. This work was further extended to distributed projected subgradient

method [127] to handle the case where X0 is a general closed convex set. The resulting

algorithm iterate as follows

yk “pI ´ βEpGqEpGqJqxk (3.45a)

xk`1
“πXry

k
´ αkuks, uk P Bfpykq. (3.45b)

Later, algorithm 3.45 was further extended to distributed mirror descent method [50, 183,

183, 104, 176, 105, 46], which takes the following form

yk`1
“pI ´ βEpGqEpGqJqxk (3.46a)

xk`1
“argmin

xPX
αkxuk, xy `Bψpx, y

k
q, uk P Bfpykq. (3.46b)

The difference between the convergence analysis of distributed projected subgradient method

in (3.45) and the distributed mirror descent method in (3.46) is similar to the difference

between the one for projected subgradient method and the one for mirror descent; see Ap-

pendix B.2 and Appendix B.4 for details.

3.3.2 Distributed alternating direction method of multipliers

Along a different line of research is the distributed alternating direction method of multiplier

(ADMM) [74, 44, 77]. These methods are inspired by ADMM, which alternatively optimizes

an augmented Lagrangian with respect to splitted primal variables and dual variables. [25],

The main challenges of distributed ADMM is to find a separable approximation to the

coupled quadratic penalty term in augmented Lagrangian. In particular, a Gauss-Seidel

approximation [74, 77] was proposed in [178], which results in sequential updates on the

vertices. On the other hand, a Jacobian approximation based variant of ADMM [83, 44]

allows simultaneous updates [172]. One of the first Jacobian approximation based distributed
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ADMM was introduced in [121], which iterates as follows.

xk`1
“argmin

xPX
αx
?
lEpGquk ` rEpGqEpGqJxk, xy ` αfpxq ` 1

2

∥∥x´ xk∥∥2

2
(3.47a)

uk`1
“uk ` rEpGqJxk`1 (3.47b)

In [191], Yu et al. tried to extended the quadratic function used in (3.47a) to general Breg-

man divergence. The resulting algorithm used an “mirror averaging" step that generalizes

the traditional averaging step (e.g., (3.46a)): instead of an average based on quadratic dis-

tance, the mirror averaging step in [191] uses an average based on Bregman divergence. The

convergence analysis in [191] follow similar steps as those in [171]. The results in [191] lays

one of the foundation of the results in § 3.1.2.

3.3.3 Distributed optimization methods via discretizing ODEs

Another motivation of results in § 3.1.2 is the close connection between first order optimiz-

taion algorithm and discretization of nonlinear ordinary differential equations [173]. One

of the most influential work in this direction is the one by Su et al. [161], followed by its

extension to cases where distance is measured by Bregman divergence rather than quadratic

functions [95, 180]. Recently the approximate duality gap theory [45] provided a unified per-

spective of these research; we refer the readers to Appendix B.6 for some relevant details5.

A particularly result relevant to distributed optimization is the mirror-prox method [128]

designed for general convex-concave saddle-point problem. When applied to the distributed

optimization problem (3.6), the mirror-prox method iterates as follows

yk “argmin
yPX

αx
?
lEpGquk `∇fpxkq, yy `Bψpy, x

k
q, (3.48a)

5All these work were presented at the University of Washington, Seattle. In particular, Walid Krichene
presented the work in [94, 93] in one of 2018 CORE seminar. Michael I. Jordan presented the work in
[180] at 2018 Taskar Memorial Distinguished Lecturer. Jelena Diakonikolas presented her work in [45, 37]
at 2019 ADSI summer school lectures.
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vk “uk ` α
?
lEpGqJxk, (3.48b)

xk`1
“argmin

xPX
αx
?
lEpGqvk `∇fpykq, xy `Bψpx, x

k
q, (3.48c)

uk`1
“uk ` α

?
lEpGqJyk. (3.48d)

Using steps similar to those in § 3.1.2, one can show that mathod (3.48) is a discretization

of the following ODE

d

dt
∇ψpxptqq “ ´

?
lEpGquptq ´∇fpxptqq,

d

dt
uptq “

?
lEpGqJxptq,

(3.49)

In particular, the pyk, vkq is the “prediction value" obtained using Euler-forward scheme,

which is used later to compute pxk`1, uk`1q, the “correction value". Motivated by this work,

Yu et al. [192] propose equation (3.9) as a continuous-time algorithm for problem (3.6),

together with the following discrete time algorithm based on Euler-backward discretization

xk`1
“argmin

xPX
αxrEpGqEpGqJxk `

?
lEpGquk, xy ` αfpxq `Bψpx, x

k
q, (3.50a)

uk`1
“uk ` α

?
lEpGqJxk`1. (3.50b)

The main challenge of implementing the algorithm in (3.50) is that the minimization in

(3.50a) in general requires an iterative method itself, which is a common drawback of all

ADMM-based methods. As a alternative solution, an algorithm based on Euler-forward

discretization of equation (3.9) was introduced in [190], which modifies the iterations in

(3.50) as follows

xk`1
“argmin

xPX
αxrEpGqEpGqJxk `

?
lEpGquk `∇fpxkq, xy `Bψpx, x

k
q, (3.51a)

uk`1
“uk ` α

?
lEpGqJxk`1. (3.51b)
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Similar to the one in distributed mirror descent method used in (3.46), the minimization

step in (3.51a) is no different from that in mirror descent method (see Appendix B.4), which

often allows explicit solution rather than requiring an iterative method itself. The results on

method (3.51) along with its extensions are all included in § 3.1.2.

Notice all the aforementioned distributed mirror descent methods are based on discretiza-

tion of different ODEs using different schemes. For example, step (3.46a) in (3.46) is essen-

tially a discretization of ODE (3.4) using Euler-forward scheme. Method (3.48) is a dis-

cretization of ODE (3.49) using Euler-forward scheme. Finally, method (3.50) and (3.12) are

discretization of ODE (3.9) using Euler-backward6 and, respectively, Euler-forward scheme.

Based on these observations, we compare all the aforementioned methods in Table 3.4, in

terms of their assumptions on the objective function, the ODE and discretization schemes

they use, and their convergence rate. Notice that method (3.44) and (3.45) are both special

case of (3.46), and similarly (3.47) is a special case of (3.50), so we omit them in Table 3.4.

Algorithm Objective function ODE Discretization Convergence

[50, 183, 104, 176, 105, 46] non-smooth, convex (3.4) Euler-forward Op1{
?
kq

[195] non-smooth, strongly convex (3.4) Euler-forward Op1{kq
[128, 86, 76] smooth, convex (3.49) predictor-corrector Op1{kq

[192] non-smooth, convex (3.9) Euler-backward Op1{kq
[190] smooth, convex (3.9) Euler-forward Op1{kq

Table 3.4: Different distributed mirror descent methods.

3.4 Related work and remarks: trajectory optimization

The trajectory optimization problem (3.29) has been studied as the key ingradient of model

predictive control [120, 119, 142, 91, 55]. In addition its solution is also an integral part of

problems with nonlinear dynamics and non-convex constraints. In these cases, a sequence

of convex sub-problems modeled by (3.29) are solved to obtain the solution of the origi-

nal non-convex problem, as done in sequential convex programming [64, 22] and successive

6We call it Euler-backward scheme because xk`1 is defined as an implicit function in (3.50a)
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convexification methods [112, 111, 113]. Many first order primal-dual methods have been

developed for problem (3.29). In this section, we briefly review some of them.

3.4.1 Dual fast gradient method

The dual fast gradient method [148, 138, 66] solves problem (3.29) by applying the Nesterov’s

accelerated gradient method (see Appendix B.6) to the dual problem of (3.29). Such method

requires matrix H to be positive definite, and iterates as follows

zk`1
“ argmin

zPZ

1
2
zJHz ` hJz ` xvk, Gzy, (3.52a)

wk`1
“ vk ` αpGzk`1 ´ gq, (3.52b)

vk`1
“ wk`1 ` k

k`3
pwk`1 ´ wkq. (3.52c)

In general, the minimization step in (3.52a) can only be solved approximately using another

inner loop of Nesterov’s accelerated gradient method [88], which iterates as follows [131, Sec.

2.2] (j denotes the inner loop iteration counter)

zj`1
“ πZry

j ´ 1
λ
pHyj ` h`GJvkqs,

yj`1
“ zj`1 `

?
λ´
?
µ

?
λ`
?
µ
pzj`1 ´ zjq,

(3.53)

where 0 ă µI ĺ H ĺ λI. This “double-loop" algorithm have been implemented as code-

generation tool in FiOrdOs [165] and the µAO-MPC [198] package.

3.4.2 Alternating direction method of multipliers

Another popular method to solve optimization (3.29) is the alternating direction method of

multipliers (ADMM) [134, 84, 160, 40]. Among its many variations, here we use the form

developed in [84] as an example

yk`1
“ argmin

z:Gz“g

1
2
zJHz ` hJz ` 1

2α

∥∥z ` wk ´ yk∥∥2

2
, (3.54a)
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zk`1
“ πZry

k`1
` wks, (3.54b)

wk “ wk ` zk`1
´ yk`1. (3.54c)

Notice that ADMM solves two subproblems for primal variables: minimization of a quadratic

function over a hyperplane in (3.54a) and the projection in (3.54b). The minimization in

(3.54a) is equivalent to solving the following system of linear equations for variable z

»

–

H ` 1
α
I GJ

G 0

fi

fl

»

–

z

v

fi

fl “

»

–

´h´ 1
α
pwk ´ ykq

g

fi

fl , (3.55)

which requires pre-computing either matrix inverse [84] or LDL decomposition [134]. If

both matrix H and G are time invariant, such pre-computation only needs to be executed

once. However, for time varying applications, e.g., those from nonlinear MPC [92], such

precomputation needs to be executed every time matrix H or G is updated.

3.4.3 Chambolle & Pock method

Initially developed for computational imaging applications, the Chambolle & Pock method,

or preconditioned proximal point method solves problem (3.29) as a convex-concave saddle

point problem [34]. In particular, the following iterations was introduce in [96] for solving

trajectory optimization applications

zk`1
“ argmin

zPZ

1
2
zJHz ` hJz ` 1

2α

∥∥z ` αGJwk ´ zk∥∥2

2
(3.56a)

wk`1
“ wk ` αpGp2zk`1

´ zkq ´ gq. (3.56b)

Unlike method (3.52), this method does not require matrix H to be positive definite. How-

ever, the minimization step in (3.56a) is just as challenging as the one in (3.52a), and can

only be solved approximately via Nesterov’s method as follows (again, j denotes the inner
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loop iteration counter)

zj`1
“ πZry

j ´ 1
λ

`

Hyj ` h`GJwk ` 1
α
pyj ´ zkq

˘

s,

yj`1
“ zj`1 `

?
λ´
?
µ

?
λ`
?
µ
pzj`1 ´ zjq,

(3.57)

where 0 ă µI ĺ H` 1
α
I ĺ λI. Similar to the dual fast gradient method (3.52), the Chambolle

& Pock method also requires a double-loop structure.

Lately, a more efficient variant of Chambolle & Pock method was introduced in [35].

Instead of the double-loop iterations in (3.56) and (3.57), this variant uses a single-loop

iteration structure. If H ľ 0 in (3.29), this method achieves Op1{kq convergence rate using

the following iteration [35, Alg. 1]

zk`1
“ πZrz

k
´ αpHzk ` h`GJwkqs (3.58a)

wk`1
“ wk ` βpGp2zk`1

´ zkq ´ gq. (3.58b)

Another variant of the above algorithm was introduced in [21], where (3.58b) is replaced

with wk`1 “ wk`βpGzk`1´gq. However, no convergence rate was proved for this variant. If

H ą 0, an improved convergence rate of Op1{k2q can be achieved using the following iterates

[35, Alg. 4]

wk`1
“ wk ` βkpGpzk ` γkpzk ´ zk´1

qq ´ gq, (3.59a)

zk`1
“ πZrz

k
´ αk

µαk`1
pHzk ` h`GJwk`1qs (3.59b)

where step sizes pαk, βk, γkq are computed recursively; see [35, Sec. 5.2] for details. The

convergence of algorithm (3.58) and (3.59) are both proved using a non-negative running

duality gap function [35, Thm. 1, Thm. 4].

Future work Similar to the previous section, this section is also divided into two parts:

distributed optimization and trajectory optimization.
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Section 3.1 demonstrated how proportioanl-integral control can be used to design dis-

tributed optimization algorithms. However, the usefulness of derivative control in distributed

optimization algorithms is still unclear. In classical PID control setup, the derivative term

focus on the rate of change of the error term, and does not bring a system to its setpoint on its

own. hence, one intuitive conjecture is that an additional derivative term in the framework

of Section 3.1 will improve the transient convergence behavior of the resulting algorithms. A

concrete theoretical or experimental justification of this conjecture can be of great interest

in terms of improving algorithm convergence performance.

In addition, Section 3.1 only consider distributed optimization with local set constraints.

Such consideration makes its results seamlessly generalizable to trajectory optimization,

which is demonstarted in Section 3.2. However, it also makes Section 3.1 miss many recent

work on distributed optimization without local constraints. Recently, [162] provided a unified

perspective on these work using robust control techniques. However, a theoretical framework

that unifies results in [162] and results in Section 3.1 is still an open and intriguing question.

The results in Section 3.2, on the other hand, provides an algorithm that already matches

the theoretical optimal complexity bound [136]. In terms of further improving algorithm

efficiency, which is the usually the most important performance criterion in application,

future work can try to improve the dependency on the parameters of the quadratic objective

function, such as the largest and smallest eigenvalues of matrix Q and R. One related

direction is to design better algorithms when either matrix has zero eigenvalues.

Another drawback of the results in Section 3.2 is its lack of details on implementation.

For example, the bottleneck of implementing the PI projected gradient method in Section 3.2

is computing projections onto state and input constraint set. Although projection onto some

simple state or input constraints sets admit close-form solution [8, Chp. 29], projection

onto general closed convex sets requires iterative methods. Therefore, developing efficient

projection algorithms for state and input sets arising from different application scenarios is

the next step to make Section 3.2 more useful in practice.

Further, it is well known that first order optimization method quickly converges to a low
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or medium accuracy solution, but struggle to converges to high accuracy solution afterwards

(also known as the “poor tail convergence"). On the other hand, second order methods

based on Newton’s step usually converges quickly from a medium accuracy solution to a

high accuracy one, using a much higher per-iteration cost. Hence another future direction of

extending Section 3.2 is to implement the PI projected gradient method together together

with a second order method. The PI projected gradient method drives the initial guess to the

neighborhood of the optimal solution and pass it to the second order method, who converges

to a high-accuracy solution using very few iterations.
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4 Data-driven approaches

Let us reconsider the trajectory optimization problem (3.1). From Chapter 3, we already

know how to efficiently compute a sequence of inputs such that the states of a known dy-

namics given by

xt`1 “ Axt `But, (4.1)

optimally track a reference trajectory.

What if the parameters of the dynamics, i.e., matrices A and B, are unknown?

Figure 4.1: Tracking a reference trajectory with unknown dynamics

A recent solution to the above problem is the so-called data-driven predictive control.
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Instead of (3.1), this approach solves the following optimization problem [39]

minimize
g,sur0,L´1s,sxr0,L´1s

řL´1
t“0 psxt ´ rtq

JQtpsxt ´ rtq `
řL´1
t“0 suJt Rtsut

subject to

»

—

—

—

—

—

—

—

—

—

—

—

—

–

u0 u1 . . . uT´L
...

...
...

...

uL´1 uL . . . uT´1

x0 x1 . . . xT´L
...

...
...

...

xL´1 xL . . . xT´1

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

g “

»

–

sur0,L´1s

sxr0,L´1s

fi

fl

sx0 “ x̂,

sxt P Xt, sut P Ut, t P r0, L´ 1s

(4.2)

where pur0,T´1s, xr0,T´1sq is a input-state trajectory generated by unknown system (4.1). If

system (4.1) is controllable (see Appendix D.1) and the input data trajectory ur0,T´1s is

sufficiently persistently exciting (to be defined later), then optimization (4.2) is equivalent

to the following optimization

minimize
sur0,L´1s,sxr0,L´1s

řL´1
t“1 psxt ´ rtq

JQtpsxt ´ rtq `
řL´1
t“0 suJt Rtsut

subject to sxt`1 “ Asxt `Bsut, sx0 “ x̂,

sxt P Xt, sut P Ut, t P r0, L´ 1s

(4.3)

What are the mathematical principles behind this equivalence?

In this chapter, we will show that the above equivalence is due to a classical result in

system idetification and data-driven control, named Willems’ fundamental lemma. This

lemma allows us to “predict" future trajectories of a linear time invariant (LTI) system using

its past trajectories. We will introduce a generalized version of Willems’ fundamental lemma

with weaker assumptions on both the system and the data. Our results will explain the role

of controllability and persistent excitationthat in data-driven control more accurately than

Willems’ original results . We will illustrate the usefulness of our findings via applications
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in data-driven predictive control and identifying homogeneous multi-agent systems.

We introduce some notations that will later facilitate our discussion. The left kernel of a

real matrixM is the set of (real-valued) vectors v such that vJM “ 0. The subspace spanned

by the columns of the matrix M is denoted by col M , and the Moore-Penrose inverse of M

is denoted by M :. When applied to subspaces, we let ` and ˆ denote the sum [78, p.2]

and Cartesian product operation [78, p.370], respectively. Given a signal f : N Ñ Rq and

i, j P N with i ď j, we denote fri,js “
”

fJi fJi`1 ¨ ¨ ¨ fJj

ıJ

, and the Hankel matrix of depth

d (k ď j ´ i` 1) associated with fri,js as

Hdpfri,jsq “

»

—

—

—

—

—

—

–

fi fi`1 ¨ ¨ ¨ fj´d`1

fi`1 fi`2 ¨ ¨ ¨ fj´d`2

...
...

...
...

fi`d´1 fi`d ¨ ¨ ¨ fj

fi

ffi

ffi

ffi

ffi

ffi

ffi

fl

.

Given matrix A P Rnˆn and a monic polynomial of degree δ, i.e., qpsq “ sδ`
řδ´1
i“0 α0s

i where

α0, α1, . . . , αδ´1 P R, we say monic polynomialqpsq annihilates matrix A if

qpAq “ Aδ `
δ´1
ÿ

i“0

αiA
i
“ 0nˆn.

Further, for each matrix A P Rnˆn, there exists an unique monic polynomial of minimal

degree that annihilates matrix A [78, Def. 3.3.2], which is called the minimal polynomial of

matrix A.

4.1 Generalized Willems’ fundamental lemma

Throughout we consider consider the following LTI system

xt`1 “Axt `But, (4.4a)

yt “Cxt `Dut, (4.4b)
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where ut P Rm, xt P Rn, yt P Rp denote the input, state and output of the system at discrete

time t P N, respectively. Notice that the states are the outputs for the case where C “ I

and D.

Throughout we let

puir0,T i´1s, x
i
r0,T i´1s, y

i
r0,T i´1sq

denote a length-T i (T i P N`) input-state-output trajectory generated by system (4.4) for all

i “ 1, 2, . . . , τ , where τ P N` is the total number of trajectories. We let

tuir0,T i´1su
τ
i“1, tx

i
r0,T i´1su

τ
i“1, ty

i
r0,T i´1su

τ
i“1, (4.5)

denote the set of input, state, and output trajectories, respectively. We will use the following

subspaces
R “ im

”

B AB ¨ ¨ ¨ An´1B
ı

,

O “ ker
”

CJ pCAqJ ¨ ¨ ¨ pCAn´1qJ
ıJ

,

Krx1
0, x

2
0, . . . , x

τ
0s “ im

”

X0 AX0 ¨ ¨ ¨ An´1X0

ı

,

(4.6)

where X0 “

”

x1
0 x2

0 ¨ ¨ ¨ xτ0

ı

.In particular, R is known as the controllable subspace, O is

known as the unobservable subspace, Krx1
0, x

2
0, . . . , x

τ
0s is the controllable subspace with B

replaced by X0. We say system (4.4) is controllable if R “ Rn. One can verify that R, O

and Krx1
0, x

2
0, ¨ ¨ ¨ , x

τ
0s are all invariant subspace of matrix A.

We will also use the following definitions that streamline the subsequent analysis.

Definition 4.1. We say a length-L input-output trajectory pur0,L´1s, yr0,L´1sq with L P N` is

parameterizable by tur0,T i´1s, yr0,T i´1su
τ
i“1 if there exists g P R

řτ
i“1pT

i´L`1q such that

»

–

sur0,L´1s

syr0,L´1s

fi

fl “

»

–

HLpu
1
r0,T 1´1sq ¨ ¨ ¨ HLpu

τ
r0,T τ´1sq

HLpy
1
r0,T 1´1sq ¨ ¨ ¨ HLpy

τ
r0,T τ´1sq

fi

fl g. (4.7)
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As an example, if τ “ 2, L “ 2, T 1 “ 3, T 2 “ 4, then equation (4.7) becomes the following

»

—

—

—

—

—

—

–

su0

su1

sy0

sy1

fi

ffi

ffi

ffi

ffi

ffi

ffi

fl

“

»

—

—

—

—

—

—

–

u1
0 u1

1 u2
0 u2

1 u2
2

u1
1 u1

2 u2
1 u2

2 u2
3

y1
0 y1

1 y2
0 y2

1 y2
2

y1
1 y1

2 y2
1 y2

2 y2
3

fi

ffi

ffi

ffi

ffi

ffi

ffi

fl

g.

Definition 4.2 (Collective persistent excitation [166]). We say tur0,T i´1su
τ
i“1 is collectively

persistently exciting of order d P N` if d ď T i for all i “ 1, 2, . . . , τ and the mosaic-Hankel

matrix, defined as
”

Hdpu
1
r0,T 1´1sq ¨ ¨ ¨ Hdpu

τ
r0,T τ´1sq

ı

, (4.8)

has full row rank.

If τ “ 1, then Definition 4.2 reduces to the traditional notion of persistency of excitation.

TheWillems’ fundamental lemma asserts that: if system (4.4) is controllable and tui
r0,T i´1su

τ
i“1

is collectively persistently exciting of order n`L, then psur0,L´1s, syr0,L´1sq is parameterizable by

tur0,T i´1s, yr0,T i´1su
τ
i“1 if and only if it is an input-output trajectory of system (4.4) [182, 166].

As our main contribution, the following theorem shows that not only this lemma can be

extended to an arbitrary LTI system, but also the required order of collective persistent

excitation can be reduced from n ` L to δmin ` L, where δmin is the degree of the minimal

polynomial of matrix A.

With the above definitions, we are now ready to introduce the main result of this chapter,

a generalized version of Willems’ fundamental lemma in [182].

Theorem 4.3. Let δmin be the degree of the minimal polynomial of matrix A, and δ P N`
with δ ě δmin. Let tuir0,T i´1s, x

i
r0,T i´1s, y

i
r0,T i´1su

τ
i“1 be the set of input-state-output trajectories

generated by system (4.4). If tur0,T i´1su
τ
i“1 is collectively persistently exciting of order δ`L,
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then

im

»

–

H1px
1
r0,T 1´Lsq ¨ ¨ ¨ H1px

τ
r0,T τ´Lsq

HLpu
1
r0,T 1´1sq ¨ ¨ ¨ HLpu

τ
r0,T τ´1sq

fi

fl “ pR`Krx1
0, x

2
0, . . . , x

τ
0sq ˆ RmL. (4.9)

Further, psur0,L´1s, syr0,L´1sq is parameterizable by tur0,T i´1s, yr0,T i´1su
τ
i“1 if and only if there

exists a state trajectory sxr0,L´1s with

sx0 P R`O `Krx1
0, x

2
0, . . . , x

τ
0s, (4.10)

such that psur0,L´1s, sxr0,L´1s, syr0,L´1sq is an input-state-output trajectory of system (4.4).

Proof. We start by proving the first statement using a double inclusion argument. It is trivial

to show that the left hand side of (4.9) is included in its right hand side. To show the other

direction, we show that the left kernel of matrix

»

–

H1px
1
r0,T 1´Lsq ¨ ¨ ¨ H1px

τ
r0,T τ´Lsq

HLpu
1
r0,T 1´1sq ¨ ¨ ¨ HLpu

τ
r0,T τ´Lsq

fi

fl (4.11)

is orthogonal to pR`Krx1
0, x

2
0, . . . , x

τ
0sq ˆ RmL, To this end, let

vJ “
”

ξJ ηJ1 ηJ2 ¨ ¨ ¨ ηJL

ı

(4.12)

be an arbitrary row vector in the left kernel of matrix (4.11), where ξ P Rn, η1, η2, . . . , ηL P

Rm. Since δ ě δmin, using [78, Def. 3.3.2] we know there exists α0k, α1k, . . . , αδ´1,k P R such

that

Ak `
řδ´1
j“0 αjkA

j “ 0nˆn, @k “ δ, δ ` 1, . . . (4.13)

The above equation implies that AkB “ ´
řδ´1
j“0 αjkA

jB and Akxi0 “ ´
řδ´1
j“0 αjkA

jxi0 for all

k “ δ, . . . , n´ 1 and i “ 1, . . . , τ. Therefore in order to show the left kernel of matrix (4.11)
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is orthogonal to pR`Krx1
0, x

2
0, . . . , x

τ
0sq ˆ RmL, it suffices to show the following

ηJ1 “η
J
2 “ ¨ ¨ ¨ “ ηJL “ 0Jm, (4.14a)

ξJB “ξJAB “ ¨ ¨ ¨ “ ξJAδ´1B “ 0Jm, (4.14b)

ξJxi0 “ξ
JAxi0 “ ¨ ¨ ¨ “ ξJAδ´1xi0 “ 0. @i “ 1, . . . , τ. (4.14c)

In order to prove (4.14a), we let w0, w1, . . . , wδ P Rn`mpδ`Lq be such that w0 “

”

vJ 0Jmδ

ıJ

and wj equals

”

ξJAj ξJAj´1B ¨ ¨ ¨ ξJB ηJ1 ¨ ¨ ¨ ηJL 0Jmpδ´jq

ıJ

,

for j “ 1, . . . , δ. Since vJ is in the left kernel of matrix (4.11), using (4.4) one can verify

that wJ0 , wJ1 , . . . , wJδ are in the left kernel of

»

–

H1px
1
r0,T 1´δ´Lsq ¨ ¨ ¨ H1px

τ
r0,T τ´δ´Lsq

Hδ`Lpu
1
r0,T 1´1sq ¨ ¨ ¨ Hδ`Lpu

τ
r0,T τ´1sq

fi

fl . (4.15)

Let αδδ “ 1 and k “ δ in (4.13), we have 0nˆn “
řδ
j“0 αjδA

j. Hence

řδ
j“0 αjδw

J
j “

”

řδ
j“0 αjδξ

JAj rJ
ı

“

”

0n rJ
ı

, (4.16)

for some vector r P Rmpδ`Lq. Since row vectors wJ0 , wJ1 , . . . , wJδ are in the left kernel of matrix

(4.15), equation (4.16) implies that rJ is in the left kernel of matrix

”

Hδ`Lpu
1
r0,T i´1sq ¨ ¨ ¨ Hδ`Lpu

τ
r0,T i´1sq

ı

. (4.17)

Since tui
r0,T i´1su

τ
i“1 is collectively persistently exciting of order δ ` L, matrix (4.17) has full

row rank. Therefore

r “ 0mpδ`Lq. (4.18)
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Observe that the last m entries of r are given by αδδηL “ ηL, hence equation (4.18) implies

that ηL “ 0m. Then the last 2m entries of r are given by
”

αδδη
J
L´1 ` αpδ´1qδη

J
L αδδη

J
L

ıJ

.

Since ηL “ 0m and αδδ “ 1, equation (4.18) also implies that ηL´1 “ 0m. By repeating

similar induction we can prove that (4.14a) holds.

Next, since (4.14a) holds, the first mδ entries in r are

„

δ
ř

j“1

αjδξ
JAj´1B

δ
ř

j“2

αjδξ
JAj´2B ¨ ¨ ¨ αδδξ

JB

J

.

By combining this with (4.18) we get that

0Jm “
řδ
j“k αjδξ

JAj´kB, @k “ 1, . . . , δ. (4.19)

Since αδδ “ 1, considering k “ δ in (4.19) implies that ξJB “ 0m. Substitute this back into

(4.19) and considering k “ δ ´ 1 implies that ξJAB “ 0m. By repeating a similar induction

we can prove that (4.14b) holds.

Further, by using (4.13) and (4.14b) we can show that ξJAkB “ 0m for all k ě 1.

Combining this together with the fact that row vector (4.12) is in the left kernel of matrix

(4.11) and that (4.14a) also holds, it follows that,

0 “ξJxik “ ξJ
`

Akxi0 `
řk´1
j“0 A

k´j´1Buij
˘

“ ξJAkxi0,

@k “ 0, . . . , T i ´ L, i “ 1, . . . , τ.

Since T i ě δ ` L for i “ 1, . . . , τ by assumption, we conclude that (4.14c) holds.

We now prove the second statement. Given the input, state, and output trajectories in

(4.5), suppose (4.7) holds. Let

sx0 “

”

H1px
1
r0,T 1´Lsq ¨ ¨ ¨ H1px

τ
r0,T τ´Lsq

ı

g,

sxt`1 “Asxt `Bsut, 0 ď t ď L´ 2.
(4.20)
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Then from (4.9) we know sx0 satisfy (4.10), and one can verify that psur0,L´1s, sxr0,L´1s, syr0,L´1sq

is indeed an input-state-output trajectory of system (4.4).

Conversely, let psur0,L´1s, sxr0,L´1s, syr0,L´1sq be an input-state-output trajectory of system

(4.4) with sx0 P R`O `Krx1
0, x

2
0, . . . , x

τ
0s. Then there exists

sxa0 P R`Krx1
0, x

2
0, . . . , x

τ
0s, sxb0 P O, (4.21)

such that sx0 “ sxa0 ` sxb0 and

»

–

sur0,L´1s

syr0,L´1s

fi

fl “

»

–

0 I

OL TL

fi

fl

»

–

sxa0 ` sxb0

sur0,L´1s

fi

fl (4.22)

where

TL “

»

—

—

—

—

—

—

—

—

—

–

D 0 0 ¨ ¨ ¨ 0

CB D 0 ¨ ¨ ¨ 0

CAB CB D ¨ ¨ ¨ 0
...

...
... . . . ...

CAL´2B CAL´3B CAL´4B ¨ ¨ ¨ D

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

,

OL “

”

CJ pCAqJ pCA2qJ ¨ ¨ ¨ pCAL´1qJ
ıJ

.

(4.23)

Further, using the Cayley-Hamilton theorem one can show that O Ă kerOL for any L P N`.

Hence (4.21) implies

OLx
b
0 “ 0Lp. (4.24)

Since sxa0 P R`Krx1
0, x

2
0, . . . , x

τ
0s, the first statement implies that there exists g P R

řτ
i“1pT

i´L`1q

such that
»

–

sxa0

sur0,L´1s

fi

fl “

»

–

H1px
1
r0,T 1´Lsq ¨ ¨ ¨ H1px

τ
r0,T τ´Lsq

HLpu
1
r0,T 1´1sq ¨ ¨ ¨ HLpu

τ
r0,T τ´1sq

fi

fl g. (4.25)
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Notice that
»

–

0 I

OL TL

fi

fl

»

–

H1px
i
r0,T i´Lsq

HLpu
i
r0,T i´1sq

fi

fl “

»

–

HLpu
i
r0,T i´1sq

HLpy
i
r0,T i´1sq

fi

fl . (4.26)

for i “ 1, . . . , τ . Substituting (4.24), (4.25) and (4.26) into (4.22) gives (4.7), thus completing

the proof.

Remark 4.1. The equality in (4.9) generalizes [123, Lem. 2] by proving stronger results

using weaker assumptions. Particularly, the assumption of n ` L order of persistently exci-

tation in [123, Lem. 2] is reduced to δ ` L with δ ě δmin, and the controllable subspace R

used in [123, Lem. 2] is extended to its superset R`Krx1
0, x

2
0, . . . , x

τ
0s.

Remark 4.2. Theorem 4.3 generalizes [166, Thm. 2] by proving the same results using

weaker assumptions. Particularly, to ensure all input-output trajectories generated by system

(4.4) are parameterizable by a finite number of them, [166, Thm. 2] assumes R “ Rn. In

comparison, using Theorem 4.3 one only need to assume that R`O`Krx1
0, x

2
0, . . . , x

τ
0s “ Rn

to ensure the same results.

The first statement in Theorem 4.3 leads to a new result in system identification, sum-

marized by the following corollary.

Corollary 4.1. Let tui
r0,T i´1s, x

i
r0,T isu

τ
i“1 be input-state trajectories generated by system (4.4a),

and input sequences tui
r0,T i´1su

τ
i“1 are collectively persistently exciting of order δ ` 1 with

δ ě δmin, where δmin is the degree of the minimal polynomial of A. Define
”

Â B̂
ı

:“ XS:,

where,

X “

”

H1px
1
r1,T 1s

q ¨ ¨ ¨ H1px
τ
r1,T τ sq

ı

, (4.27a)

S “

»

–

H1px
1
r0,T 1´1sq ¨ ¨ ¨ H1px

τ
r0,T τ´1sq

H1pu
1
r0,T 1´1sq ¨ ¨ ¨ H1pu

τ
r0,T τ´1sq

fi

fl . (4.27b)

Then B “ B̂ and Az “ Âz for any z P R`Krx1
0, x

2
0, . . . , x

τ
0s.
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Proof. The first statement of Theorem 4.3 implies that, for any z P R ` Krx1
0, x

2
0, . . . , x

τ
0s

and v P Rm, there exists g P R
řτ
i“1 T

i such that

»

–

z

v

fi

fl “ Sg. Using the definition of matrix S

and X we can show
”

A B
ı

»

–

z

v

fi

fl “

”

A B
ı

Sg “ Xg.

Further, notice that

”

Â B̂
ı

»

–

z

v

fi

fl “ XS:Sg “ Xg “
”

A B
ı

»

–

z

v

fi

fl .

This completes the proof by considering the following two cases where: 1) z “ 0n and v

ranges over Rm, and 2) v “ 0m and z ranges over R`Krx1
0, x

2
0, . . . , x

τ
0s.

Remark 4.3. If δ “ n and system (4.4) is controllable, then Corollary 4.1 reduces to The-

orem 1 in [42].

Another implication of Theorem 4.3 is that the order of persistent excitation required

by trajectory parameterization only depends on the degree of the minimal polynomial of

matrix A in (4.4), instead of its dimension. In general, it is difficult to establish a bound

of the degree of the minimal polynomial of a matrix tighter than its dimension. However,

the following corollary shows an exception example; its usefulness will be illustrated later in

Section 4.2.2.

Corollary 4.2. If there exists sA P R n
N
ˆ n
N such that A “ IN b sA, then Theorem 4.3 holds

with δ “ n
N
.

Proof. The results directly follow from Theorem 4.3 and the fact the minimal polynomial of

A is the same as the one of sA, which has degree at most n
N
.

4.2 Applications

In this section, we provide two examples that illustrate distinct implications of Theorem 4.3.
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4.2.1 Online data-driven predictive control

Model predictive control (MPC) provides an effective strategy for systems with physical and

operational constraints [120, 119]. In particular, consider system (4.4a). At each sampling

time t, MPC solves the following optimization to obtain the input ut

minimize
surt,t`L´1s
sxrt,t`L´1s

řt`L´1
k“t

`

‖sxk ´ rk‖2
Q ` ‖suk‖2

R

˘

subject to sxk`1 “ Asxk `Bsuk, sxt “ x̂t,

sxk P X, suk P U, k “ t, . . . , t` L´ 1,

(4.28)

where x̂t P Rn is the current state and L P N` is the planning horizon. Closed convex sets

X Ă Rn and U Ă Rm describe feasible states and inputs, respectively. Symmetric positive

semi-definite weighting matrices Q P Rnˆn and R P Rmˆm, together with reference state

trajectory rrt,t`L´1s, define the quadratic tracking cost function.

Recently, [39, 4] proposed data-driven predictive control (DPC) that replaces optimization

(4.28) with

minimize
g,surt,t`L´1s
sxrt,t`L´1s

řt`L´1
k“t

`

‖sxk ´ rk‖2
Q ` ‖suk‖2

R

˘

subject to

»

–

surt,t`L´1s

sxrt,t`L´1s

fi

fl “

»

–

HLpur0,T´1sq

HLpxr0,T´1sq

fi

fl g

sxt “ x̂t,

sxk P X, suk P U, k “ t, . . . , t` L´ 1,

(4.29)

where pur0,T´1s, xr0,T´1sq is an input-state trajectory of system (4.4a) and generated offline.

If ur0,T´1s is persistently exciting of order n ` L and system (4.4a) is controllable, Willems’

fundamental lemma guarantees that optimization (4.29) is equivalent to the one in (4.28).

However, testing the controllability of system (4.4a) using its input-state data pur0,T´1s, xr0,T´1sq

is expensive: its computation time scales cubically with T [167, 123]. Further, if system

(4.4a) is uncontrollable, then Willems’ fundamental lemma provides no guarantee on the

equivalence between optimization (4.29) and (4.28).
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On the other hand, Theorem 4.3 shows that the assumption of pA,Bq being control-

lable can be replaced by x̂t P R ` Krx0s. In particular, if there exists an input sequence

ũ0, ũ1, . . . , ũk´1 P Rm such that

x̂t “ Akx0 `
řk´1
j“0 A

k´j´1Bũj. (4.30)

Using the Cayley-Hamilton theorem, one can verify that x̂t P R ` Krx0s for any k P N`.

With this observation, we propose the following online DPC algorithm:

1. At time t “ 1, 2, . . . , T ´ 1, generate input-state data pur0,T´1s, xr0,T´1sq such that

ur0,T´1s is persistently exciting of order n` L,

2. At time t “ T, T ` 1, . . ., compute the input ut by solving optimization (4.29) given

the current state x̂t and input-state data pur0,T´1s, xr0,T´1sq.

Notice that this online DPC algorithm ensures that

x̂t “ Atx0 `
řT´1
i“0 A

T´i´2Bui `
řt
j“T A

t´j´1uj, (4.31)

for all t ě T , i.e., condition (4.30) is satisfied with input sequence u0, u1, . . . , uT´1, uT , uT`1, . . . , ut.

From Theorem 4.3, we know optimization (4.29) solved in the above online DPC algorithm

is equivalent to (4.28), regardless of the controllability of system (4.4a).

Consider the system in (4.4a), for example, with

A “

»

—

—

—

—

—

—

–

1 0.5 0 0

0 1 0 0

0 0 0.9 0

0 0 0 0.9

fi

ffi

ffi

ffi

ffi

ffi

ffi

fl

, B “

»

—

—

—

—

—

—

–

0.125

0.5

0

0

fi

ffi

ffi

ffi

ffi

ffi

ffi

fl

. (4.32)

Let rxsi denote the i-th coordinate of the state. One can verify that rxs3 and rxs4 are

uncontrollable modes, i.e., they evolve independently from the inputs. We choose L “ 5
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and generate online input-state trajectories pur0,T´1s, xr0,T´1sq, where ut is sampled uniformly

from r´0.04, 0.04s for all t “ 0, . . . , T ´ 1, until ur0,T´1s is persistently exciting of order 9.

At time t “ T, T ` 1, . . ., given the current state x̂t, we obtain the input ut by solving (4.29)

where Q “ I4, R “ 0.001, X “ R4 and U “ tu P R| ´ 0.5 ď u ď 0.5u. Fig. 4.2 shows

that, although the system contains uncontrollable modes, online DPC still ensures that the

controllable modes, e.g., rxs1, track the reference trajectory as desired.

Figure 4.2: Online DPC for pA,Bq in (4.32). The blue and red curves denote data and
online DPC trajectories, respectively; the solid and dashed lines denote input bounds and
state reference values, respectively.

4.2.2 Identification of homogeneous multi-agent systems

Consider a network of N agents with the same LTI dynamics [179]. Further, agent i can

measure the state of agent j in a local coordinate system if pi, jq is an edge of a directed

graph G, which is composed of N nodes and M edges. The dynamics of this multi-agent

system is given by (4.4) with

A “ IN b sA,B “ IN b sB,C “ E b I
sn, D “ 0MsnˆN sm, (4.33)

where sA P Rsnˆsn and sB P Rsnˆ sm describe the dynamics of an individual agent. Each row of

matrix E P RMˆN is indexed by an directed edge, i.e., an edge with an head and a tail, in
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graph G: the i-th entry in each row is “1” if node i is the head of the corresponding edge,

“´1” if it is the tail, and “0” otherwise. We assume that sB is a non-zero matrix and p sA, sBq

is controllable.

If at least one non-zero entry in matrix E is known, then system matrices in (4.33) can

be computed using the following Markov parameters [168, Sec. 3.4.4]

Mk “CA
k´1B `D

“pE b I
snqpIN b sAqk´1

pIN b sBq

“E b p sAk´1
sBq, @k “ 1, 2, . . . , sn` 1.

(4.34)

In particular, let pMkqij denote the ij-th snˆ sm block of Mk. If we know Eij “ 1 (the case of

“ ´ 1” is similar), then (4.34) implies pMkqij “ sAk´1
sB. For example, if E “

”

1 ´1
ı

, then

(4.34) says Mk “

”

sAk´1
sB ´ sAk´1

sB
ı

. Hence given the Markov parameters (4.34) and that

Eij “ 1, we know Ekl is “1” if pM1qkl “ pM1qij, “´1” if pM1qkl “ ´pM1qij, and “0” otherwise.

Further, sB “ pM1qij and sA is the unique solution to the following linear equations1

sA
”

pM1qij ¨ ¨ ¨ pM
snqij

ı

“

”

pM2qij ¨ ¨ ¨ pM
sn`1qij

ı

. (4.35)

Therefore, given at least one non-zero entry in matrix E, in order to compute the system

matrices in (4.33), it suffices to know the Markov parameters (4.34).

To compute the Markov parameters from measured input-output trajectories, we use

Corollary 4.2 together with a data-driven simulation procedure [117, 116] described as follows.

Let tui
r0,T i´1s, y

i
r0,T i´1su

τ
i“1 be input-output trajectories of the system described by (4.33),

such that inputs tui
r0,T i´1su

τ
i“1 are collectively persistently exciting of order pN ` 1qsn ` 1.

Let n “ Nsn,m “ N sm, p “ Msn. Since p sA, sBq in (4.33) is controllable, one can verify that

R`Krx1
0, x

2
0, . . . , x

τ
0s “ Rn, regardless of the values of x1

0, x
2
0, . . . , x

τ
0. Using Corollary 4.2 we

1Since p sA, sBq is controllable, matrix
“

pM1qij ¨ ¨ ¨ pM
sn´1qij

‰

“
“

sB ¨ ¨ ¨ sAsn
sB
‰

has full column rank
and (4.35) has a unique solution.
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know that there exists a matrix Gk P Rp
řτ
i“1pT

i´nqqˆm such that,

»

–

Hn`1pu
1
r0,T 1´1sq ¨ ¨ ¨ Hn`1pu

τ
r0,T τ´1sq

Hn`1py
1
r0,T 1´1sq ¨ ¨ ¨ Hn`1py

τ
r0,T τ´1sq

fi

flGk

“

”

0Jmpn´kqˆm Im 0J
ppn`km´kpqˆm MJ

0 ¨ ¨ ¨ MJ
k

ıJ

(4.36)

for all k “ 0, 1, . . . , sn ` 1, where M0 “ 0pˆm and Mk is given by (4.34); also see [116, Sec.

4.5] for details. Next, given M0, . . . ,Mk´1, we can compute Mk by first solving the first

mpn ` 1q ` pn equations in (4.36) for matrix Gk, then substituting the solution into the

last p equations in (4.36). By repeating this process for k “ 1, . . . , sn ` 1 we obtain Markov

parameters (4.34). Using Kalman decomposition one can verify that Markov parameters of

system (4.33) are the same as those of a reduced order controllable and observable system

with state dimension less than n. Hence matrix Mk obtained this way is unique; see [116,

Prop. 1].

In numerical simulations, we consider the homogeneous multi-agent system used in [179,

Example 3], discretized with a sampling time of 0.1s such that the system dynamics is given

by (4.33) where

sA “

»

—

—

—

—

—

—

–

0.9964 0.0026 ´0.0004 ´0.0460

0.0045 0.9037 ´0.0188 ´0.3834

0.0098 0.0339 0.9383 0.1302

0.0005 0.0017 0.0968 1.0067

fi

ffi

ffi

ffi

ffi

ffi

ffi

fl

, sB “

»

—

—

—

—

—

—

–

0.0445 0.0167

0.3407 ´0.7249

´0.5278 0.4214

´0.0268 0.0215

fi

ffi

ffi

ffi

ffi

ffi

ffi

fl

.

In addition, we let E “
”

1N´1 ´IN´1

ı

, where 1N´1 P RN´1 is the vector of all 1’s.

We compare Corollary 4.2 against the results in [166, Thm. 2] in terms of the least

amount of input-output data needed to compute matrices in (4.33). In particular, since

matrix sA has spectrum radius 1.03, we use use input-output trajectories tui
r0,T´1s, y

i
r0,T´1su

τ
i“1

with relatively short length T “ 120 to avoid numerical instability [166]. The entries in

tui
r0,T´1su

τ
i“1 are sampled uniformly from r´0.1, 0.1s. Using Corollary 4.2, the data-driven
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simulation procedure requires tui
r0,T´1su

τ
i“1 to be collectively persistently exciting of order

pN ` 1qsn ` 1. In other words, matrix (4.8) with d “ pN ` 1qsn ` 1 has full row rank, hence

it must have at least as many columns as rows, i.e.,

τ ě ppN`1qsn`1qN sm
T´pN`1qsn

“ 8N2`10N
116´4N

.

In comparison, if we use [166, Thm. 2] instead of Corollary 4.2, we need tui
r0,T´1su

τ
i“1 to be

collectively persistently exciting of order 2Nn ` 1 (see [166, Sec. IV-A]). In other words,

matrix (4.8) with d “ 2Nn` 1 has full row rank, which implies

τ ě p2Nsn`1qN sm
T´2Nsn

“ 16N2`2N
120´8N

.

In Fig. 4.3, we show the minimum number of input-output trajectories required to com-

pute matrices in (4.33) in numerical simulations. The results tightly match the aforemen-

tioned two lower bounds, and the number of trajectories required by Corollary 4.2 is one

order of magnitude less than that of [166, Thm. 1] when N “ 14.

Figure 4.3: Minimum number of length T “ 120 input-output trajectories required to identify
system (4.33).
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4.3 Related work and remarks

The original Willems’ lemma was proved in the context of behavior approach [182]. The

lemma in [182] requires pA,Bq in system (4.4) to be controllable, i.e., R “ Rn. In addition,

the order of persistent excitation needed is n`L, and it is required for a single data trajectory.

Later, van Waard et al. extend this result to multiple data trajectories. Such extension

is particularly useful when there is missing data in a single data trajectory, or the data

generating system is unstable, in which case obtaining multiple short trajectories will be

more realistic than one single long trajectory. The generalization of Willems’ lemma from

controllable to possibly uncontrollable system was first introduced in [123]. The authors

showed that any trajectories originated from the controllable subspace can be parameterized

as a linear combination of data trajectories, which implies that the system’s controllable

sub-behavior is always identifiable. This point is further discussed in [115].

By parameterizing trajectories of the system (4.4) using data, the lemma has profound

implications in system identification [117, 87, 114], and inspired lots of recent work in data-

driven control. A partial list of its applications includes data-driven simulation [117, 13],

output matching [116], control by interconnection [118], set-invariance control [20], linear

quadratic regulation [42, 43, 154], and predictive control [79, 39, 4, 12, 3].

Future work The results in this chapter reveals two hidden factors in the original Willems’

fundamental lemma: the role of controllability and minimal polynomial. However, there are

still several open questions remaining. What if the input-output data is corrupted by noise?

There has been some recent results that uses extended Kalman filters and averaging to handle

Gaussian noise when using WIllems’ fundamental lemma [4], and some heuristics when the

data is generated by nonlinear systems instead of linear ones [39]. However, a solid theoretical

understanding of these extensions of Willems’s fundamental lemma is still missing.

One of the most attractive feature of Willems’ fundamental lemma is that, compared with

other results in data-driven control [42, 167], it only requires persistent excitation conditions
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on the input data, which is particularly useful in practice since, unlike state or output data,

input data does not depends on the system’s response. Hence one future direction can be

developing input-data-only (sufficient) conditions for data-driven control objectives. Another

direction is developing data-generating algorithms that not only satisfy persistent excitation

conditions but also respect physical or operational constraints on the systems, so that the

system is not damaged during the data-generating process.
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A Convex analysis and optimization

This section introduces some basic results in convex analysis and optimization. We refer

interested readers to [152] for a detailed discussion.

A.1 Convex functions

In this section, we introduce some basic results about convex sets and functions.

We say set X Ă Rn is closed if it contains all its limit points, we say X is convex if

αx` p1´ αqx1 P X, @x, x1 P X, α P r0, 1s (A.1)

For a function f : Rn Ñ RY t8u, we denote f : XÑ R if

X “ tx|fpxq ă 8u. (A.2)

We also define its epigraph as

epi f “ tpx, αq|x P X, α ě fpxqu. (A.3)

Epigraphs provide a mapping between a function and a set. As a result, we can define many

useful properties of functions using corresponding properties on sets. In particular, we say

• function f : XÑ R is convex if epi f is a convex set

• function f : XÑ R is proper if epi f is non-empty and contains no vertical lines

• if function f : XÑ R is convex and proper, then function f is closed if epi f is a closed

set.



110

If function f : XÑ R is convex, the following Jensen’s inequality holds

f

˜

N
ÿ

i“1

αi
řN
i“1 α

i
xi

¸

ď
1

řN
i“1 α

i

N
ÿ

i“1

αifpxiq, @α1, . . . , αN P R` (A.4)

For a closed convex proper function f : XÑ R, its subdifferential at x P X is defined as

Bfpxq “ tu|fpx1q ´ fpxq ě xu, x1 ´ xy, @x1 P Xu. (A.5)

We say u P Rn is a subgradient of function f : XÑ R at x P X if

u P Bfpxq. (A.6)

If, in addition, that function f is continuously differentiable over X, then its subdifferential

reduces to a singleton, i.e.,

Bfpxq “ t∇fpxqu. (A.7)

The following theorem shows one of the fundamental property of subgradients.

Theorem A.1 (Thm. 23.5, [152]). If f : X Ñ R is a closed convex proper function, then,

for any x P X and u P Bfpxq,

x P argmax
yPX

xy, uy ´ fpyq.

A.2 Optimality conditions

In this section, we discuss the conditions that characterize the minimizers of a convex ob-

jective function over a convex constraint set. Such optimality conditions change with the

descriptions of the constraint set. In the following, we consider three representative cases.
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A.2.1 Abstract set constraint

Consider the following optimization problem with abstract set constraints

minimize
x

fpxq

subject to x P X
(A.8)

where set X Ă Rn and f : Rn Ñ R are both convex. The following theorem gives the

optimality conditions of problem (A.8).

Theorem A.2 (Thm. 27.4, [152]). Consider optimization problem (A.8). Suppose function

f : Rn Ñ R is proper and convex, set X closed and convex. Then x is an optimal solution

to optimization (A.8) if and only if there exists u P Bfpxq such that xu, x1 ´ xy ě 0 for all

x1 P X.

The following lemma shows the an important special case of Theorem A.2 where the

optimizer is the Euclidean projection projection of a reference point

Lemma A.3. [131, Lemma. 2.2.7] Let set X Ă Rn be a closed and convex, x P Rn be an

arbitrary vector, and

πXrxs “ argmin
yPX

‖y ´ x‖2 “ argmin
yPX

1

2
‖y ´ x‖2

2 , .

Then

xπXrxs ´ x, x
1
´ πXrxsy ě 0, @x P Rn, x1 P X.

A.2.2 Affine constraints

Consider the following optimization problem with linear constraints

minimize
x

fpxq

subject to Ax “ b, x ě 0
(A.9)
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where A P Rmˆn, b P Rm. We define the Lagrangian of (A.9) as

Lpx, u, vq “ fpxq ` xAx´ b, vy ´ xx, uy (A.10)

where u P Rn and v P Rm are also known as Lagrangian multipliers. The

Karush–Kuhn–Tucker (KKT) conditions of Lagrangian (A.10) are given by

Ax “ b, x ě0, (A.11a)

u ě0, (A.11b)

w ` AJv ´ u “0, w P Bfpxq (A.11c)

xiui “0, i “ 1, 2, . . . , n. (A.11d)

where xi and ui are the i-th element of vector x P Rn and, respectively, u P Rn. We will use

the following KKT theorem for optimization (A.9).

Theorem A.4 (Cor. 28.3.1, [152]). Consider optimization problem (A.9). Suppose function

f : Rn Ñ R convex, finite valued, and convex. Then x is an optimal solution to optimization

(A.9) if and only if there exists u P Rn, v P Rm and w P Bfpxq such that conditions in (A.11)

hold.

A.2.3 Abstract set and affine constraints

Consider the following optimization with both abstract set constraints and affine constraints

minimize fpxq

subject to Ax “ b, x P X
(A.12)

Notice that the constraints in (A.12) combine those in (A.8) and (A.9). The following

theorem gives the optimality conditions of problem (A.12).

Theorem A.5 (Thm. 3.1.27, [131]). Consider optimization problem (A.12). Suppose set
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X is closed and convex, function f : Rn Ñ R is convex, proper, and its level sets on X are

bounded. Suppose there exists sx P Rn and ε ą 0 such that

Asx “ b, tx P Rn
| ‖x´ sx‖2 ď εu Ď X

Then x is an optimal solution to (A.12) if and only if there exists u P Rn and w P Bfpxq

such that
Ax “b, x P X

xw ` AJu, x1 ´ xy ě0, @x1 P X.
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B First order optimization methods

In this section, we will take a brief tour in the theory of first order methods of convex

optimization. We will review some of the most influential algorithms in this domain, each

paired with self-contained proofs of its convergence properties under different assumptions.

We will use some of the results on convex analysis in Appendix A.

We consider the following constrained optimization problem

minimize
x

fpxq

subject to x P X
(B.1)

where

• function f : Rn Ñ R is closed, convex, proper

• set X Ď Rn is closed and convex

We will be interested in first order optimization methods for optimization (B.1), i.e., methods

that only uses first order information of function f , such as gradients or subgradients.

Using Theorem A.2, we can obtain a characterization of the optimizers to problem (B.1).

In particular,

• If f is continuously differentiable, then x‹ is an optimizer to problem (B.1) if and only

if

x∇fpx‹q, x´ x‹y ě 0, @x P X. (B.2)

• If f is not differentiable, then then x‹ is an optimizer to problem (B.1) if and only if

there exists u‹ P Bfpx‹q

xu‹, x´ x‹y ě 0, @x P X. (B.3)
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Our later analysis will heavily use of the following notion of Bregman divergence.

• If f is continuously differentiable, then we define the Bregman divergence from x1 to x

associated with f as

Bf px
1, xq “ fpx1q ´ fpxq ´ x∇fpxq, x1 ´ xy. (B.4)

Using (B.4) one can verify

Bf px
1, xq ´Bf px

1, x`q ´Bf px
`, xq “ x∇fpx`q ´∇fpxq, x1 ´ x`y, @x, x1, x`. (B.5)

If f “ 1
2
‖¨‖2

2, the above identity reduces to the famous law of consines as follows

1

2
‖x1 ´ x‖2

2 ´
1

2

∥∥x1 ´ x`∥∥2

2
´

1

2

∥∥x` ´ x∥∥2

2
“ xx` ´ x, x1 ´ x`y, @x, x1, x`. (B.6)

• If f is not differentiable, then we define the Bregman divergence from x1 to x associated

with f and subgradient u P Bfpxq as

Bf px
1, x;uq “ fpx1q ´ fpxq ´ xu, x1 ´ xy. (B.7)

Using (B.7) one can verify

Bf px
1, x;uq ´Bf px

1, x`;u`q ´Bf px
`, x;uq

“xu` ´ u, x1 ´ x`y, @x, x1, x`, u P Bfpxq, u` P Bfpx`q
(B.8)

We will also use the following notion of Eulidean projection

πXrxs “ argmin
yPX

‖y ´ x‖2 “ argmin
yPX

1

2
‖y ´ x‖2

2 , . (B.9)

In the following sections, we will discuss the convergence properties of several popular
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first order algorithms. Common to most of our convergence proofs1 is the following 4-step

formula

• Step 1, optimality conditions of the current iterate and the the optimizers. This step

usually uses Theorem A.2. After this step, one end up with a non-negative inner

product.

• Step 2, identities of Bregman divergence. This step mostly uses (B.5) or (B.8). After

this step, the inner product obtain from the previous step can (almost always) be

replaced with Bregman divergence terms.

• Step 3, upper & lower bound on the Bregman divegence. This step cleans up the results

from the previous step by bounding and canceling some Bregman divergence terms,

and usually end up with a telescope series.

• Step 4, Jensen’s inequality. This step uses (A.4), and transform the telescope series in

the previous step into a convergence rate.

In the following, we will reuse the results discussed above (all results appeared in the above

recipe), so we strongly encourage the readers to reread them before dive into a new proof.

Other than that, each individual section is independent from each other, hence the readers

can easily skip any proof if they prefer. Finally, compared with results in other sections, the

accelerated mirror descent method discussed in Section B.6 is more recent [37], and its proof

uses a recently developed technique called approximate duality gap theory [45]. The author

is particularly fond of this technique and strongly encourage the readers to take a look at

§B.6 and the corresponding references.

1The proofs in §B.5 and §B.6 do not use this formula.



117

B.1 Projected gradient method

If f is continuously differentiable and convex, then perhaps the simplest and most popular

algorithm for optimization (B.1) is the projected gradient descent method, which iterates as

follows

xk`1
“ πXrx

k
´ α∇fpxkqs (B.10)

In the remainder of this section, we will discuss the convergence property of the algorithm

in (B.10) under different assumptions.

B.1.1 Non-strongly convex case

We start with the case where f : Rn Ñ R is β-smooth and convex, but not necessarily

strongly convex. Using the notion of Bregman divergence, this is to say that

0 ď Bf px
1, xq ď

β

2
‖x1 ´ x‖2

2 , @x, x
1
P Rn (B.11)

With these additional assumption, the convergence property of (B.10) is as follows.

Theorem B.1. Suppose function f : Rn Ñ R is closed, convex, proper, continuously differ-

entiable, and (B.11) holds. Let sequence txju be generated by (B.10) with α ď 1
β
, x‹ be an

optimizer of optimization (B.1), and xk “ 1
k

řk
j“1 x

j`1. Then

fpxkq ´ fpx‹q ď
‖x1 ´ x‹‖2

2

2αk

Proof. Step 1, applying Lemma A.3 to (B.10) gives the following

0 ď xxj`1
´ pxj ´ α∇fpxjqq, x‹ ´ xj`1

y (B.12)
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Adding αx∇fpx‹q, xj`1 ´ x‹y to the both sides of the above inequality gives

αx∇fpx‹q, xj`1
´ x‹y ď xxj`1

´ xj, x‹ ´ xj`1
y ` αx∇fpx‹q ´∇fpxjq, xj`1

´ x‹y (B.13)

Step 2, one can verify the following using (B.5)

xxj`1
´ xj, x‹ ´ xj`1

y “
1

2

∥∥xj ´ x‹∥∥2

2
´

1

2

∥∥xj`1
´ x‹

∥∥2

2
´

1

2

∥∥xj`1
´ xj

∥∥2

2
(B.14a)

x∇fpx‹q ´∇fpxjq, xj`1
´ x‹y “Bf px

j`1, xjq ´Bf px
j`1, x‹q ´Bf px

‹, xjq (B.14b)

Step 3, since f is β-smooth and convex, we know that

Bf px
j`1, xjq ď

β

2

∥∥xj`1
´ xj

∥∥2

2
, (B.15a)

0 ďBf px
‹, xjq. (B.15b)

Summing up (B.13), (B.14a), αˆ(B.14b), αˆ(B.15a) and αˆ(B.15b), and use the assumption

that α ď 1
β
, we obtain the following

αpfpxj`1
q ´ fpx‹qq ď

1

2

∥∥xj ´ x‹∥∥2

2
´

1

2

∥∥xj`1
´ x‹

∥∥2

2
(B.16)

where we also used the fact that Bf px
j`1, x‹q “ fpxj`1q ´ fpx‹q ´ x∇fpx‹q, xj`1 ´ x‹y.

Summing up (B.16) from j “ 1 to j “ k we obtain

α
k
ÿ

j“1

pfpxj`1
q ´ fpx‹qq ď

1

2

∥∥x1
´ x‹

∥∥2

2
´

1

2

∥∥xj`1
´ x‹

∥∥2

2
ď

1

2

∥∥x1
´ x‹

∥∥2

2
. (B.17)

Step 4, since f is convex, applying the Jensen’s inequality in (A.4) to the left hand side

of the above inequality we obtain the desired results.
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B.1.2 Strongly convex case

What happens if we strengthen the assumptions in (B.11) by assuming f : Rn Ñ R to be

both smooth and strongly convex? i.e.,

µ

2
‖x1 ´ x‖2

2 ď Bf px
1, xq ď

β

2
‖x1 ´ x‖2

2 , @x, x
1
P Rn (B.18)

The following theorem shows that, with the above assumptions, algorithm (B.10) ensures

the quadratic distance to optimum shrinks exponentially.

Theorem B.2. Suppose function f : Rn Ñ R is closed, convex, proper, continuously differ-

entiable, and (B.18) holds. Let sequence txju be generated by (B.10) with α “ 1
β
, and x‹ be

an optimizer of optimization (B.1). Then

∥∥xk`1
´ x‹

∥∥2

2
ď

ˆ

β ´ µ

β ` µ

˙k ∥∥x1
´ x‹

∥∥2

2

Proof. Step 1, applying Lemma A.3 to (B.10), and letting x “ xj`1 in (B.2) gives the

following

0 ďxxj`1
´ pxj ´ α∇fpxjqq, x‹ ´ xj`1

y (B.19a)

0 ďx∇fpx‹q, xj`1
´ x‹y (B.19b)

Multiplying the second inequality with α then adding it to the first one gives

0 ď xxj`1
´ xj, x‹ ´ xj`1

y ` αx∇fpx‹q ´∇fpxjq, xj`1
´ x‹y (B.20)

Step 2, one can verify the following using (B.5)

xxj`1
´ xj, x‹ ´ xj`1

y “
1

2

∥∥xj ´ x‹∥∥2

2
´

1

2

∥∥xj`1
´ x‹

∥∥2

2
´

1

2

∥∥xj`1
´ xj

∥∥2

2
(B.21a)

x∇fpx‹q ´∇fpxjq, xj`1
´ x‹y “Bf px

j`1, xjq ´Bf px
j`1, x‹q ´Bf px

‹, xjq (B.21b)
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Step 3, since f is β-smooth and µ-strongly convex, we know that

Bf px
j`1, xjq ď

β

2

∥∥xj`1
´ xj

∥∥2

2
, (B.22a)

µ

2

∥∥xj ´ x‹∥∥2

2
ďBf px

‹, xjq, (B.22b)

µ

2

∥∥xj`1
´ x‹

∥∥2

2
ďBf px

j`1, x‹q. (B.22c)

Summing up (B.20), (B.21a), αˆ(B.21b), αˆ(B.22a), αˆ(B.22b) and αˆ(B.22c), we obtain

the following
1` µ{β

2

∥∥xj`1
´ x‹

∥∥2

2
ď

1´ µ{β

2

∥∥xj ´ x‹∥∥2

2
(B.23)

where we use the assumption that α “ 1
β
. Using the above inequality recursively for k times,

we obtain the desired results.

B.2 Projected subgradient method

If f : Rn Ñ R is convex but not necessarily differentiable, then problem (B.1) can be solved

using a variant of (B.10), named projected subgradient method, which iterates as follows

xk`1
“ πXrx

k
´ αkuks, uk P Bfpxkq (B.24)

In the remainder of this section, we will discuss the convergence properties of (B.24) under

different assumptions.

B.2.1 Non-strongly convex case

We start with the case where f : Rn Ñ R is convex and γ-Lipschitz. Using the notion of

Bregman divergence, this is to say that

0 ďBf px
1, x;uq, @x, x1 P Rn, u P Bfpxq (B.25a)

‖u‖2 ďγ, @u P Bfpxq, x P R
n (B.25b)
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With these additional assumption, the convergence property of (B.24) is as follows.

Theorem B.3. Suppose function f : Rn Ñ R is closed, convex, proper, and (B.25) holds.

Let sequence txju be generated by (B.24), x‹ be an optimizer of optimization (B.1), and

xk “ 1
řk
j“1 α

j

řj
j“1 α

jxj. Then

fpxkq ´ fpx‹q ď
‖x1 ´ x‹‖2

2 ` γ
2
řk
j“1pα

jq2

2
řk
j“1 α

j

Proof. Step 1, applying Lemma A.3 to (B.24) gives

0 ď xxj`1
´ pxj ´ αjujq, x‹ ´ xj`1

y (B.26)

Adding αjxu‹, xj ´ x‹y to the both sides of the above inequality gives

αjxu‹, xj ´ x‹y ď xxj`1
´ xj, x‹ ´ xj`1

y ` αjxu‹ ´ uj, xj ´ x‹y ` αjxuj, xj ´ xj`1
y (B.27)

Step 2, one can verify the following using (B.5) and (B.8)

xxj`1
´ xj, x‹ ´ xj`1

y “
1

2

∥∥xj ´ x‹∥∥2

2
´

1

2

∥∥xj`1
´ x‹

∥∥2

2
´

1

2

∥∥xj`1
´ xj

∥∥2

2
(B.28a)

xu‹ ´ uj, xj ´ x‹y “ ´Bf px
j, x‹;u‹q ´Bf px

‹, xj;ujq (B.28b)

Step 3, from (B.25) and (B.24) we know that

0 ďBf px
‹, xj;ujq (B.29a)

xuj, xj ´ xj`1
y ď

αj

2

∥∥uj∥∥2

2
`

1

2αj
∥∥xj`1

´ xj
∥∥2

2
ď
γ2αj

2
`

1

2αj
∥∥xj`1

´ xj
∥∥2

2
(B.29b)

Summing up (B.27), (B.28a), αjˆ(B.28b), αjˆ(B.29a) and αjˆ(B.29b), we obtain the fol-

lowing

αjpfpxjq ´ fpx‹qq ď
1

2

∥∥xj ´ x‹∥∥2

2
´

1

2

∥∥xj`1
´ x‹

∥∥2

2
`
pαjγq2

2
(B.30)
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where we also used the fact that Bf px
j, x‹;u‹q “ fpxjq ´ fpx‹q ´ xu‹, xj ´ x‹y. Summing up

(B.30) from j “ 1 to j “ k we obtain

k
ÿ

j“1

αjpfpxjq ´ fpx‹qq ď
1

2

∥∥x1
´ x‹

∥∥2

2
´

1

2

∥∥xk`1
´ x‹

∥∥2

2
`

k
ÿ

j“1

pαjγq2

2

ď
1

2

∥∥x1
´ x‹

∥∥2

2
`

k
ÿ

j“1

pαjγq2

2
.

(B.31)

Step 4, since f is convex, applying the Jensen’s inequality in (A.4) to the left hand side

of the above inequality we obtain the desired results.

The above theorem shows that if we choose a sequence of αk such that

lim
kÑ8

k
ÿ

j“1

αj “ 8, lim
kÑ8

k
ÿ

j“1

pαjq2 ă 8,

then algorithm (B.24) converges asymptotically. If the max number of iteration k is fixed in

advance as a computational budget, then one can simply let αj9 1?
k
, and the above theorem

shows a convergence rate of Op1{
?
kq.

B.2.2 Strongly convex case

We now consider the case where f : Rn Ñ R is µ-strongly convex and γ-Lipschitz. Using

the notion of Bregman divergence, this is to say that

µ

2
‖x1 ´ x‖2

2 ďBf px
1, x;uq, @x, x1 P Rn, u P Bfpxq (B.32a)

‖u‖2 ďγ, @u P Bfpxq, x P R
n (B.32b)

With these additional assumption, the convergence property of (B.24) is as follows.

Theorem B.4. Suppose function f : Rn Ñ R is closed, convex, proper, and (B.32) holds.

Let sequence txju be generated by (B.24) with αk “ 2
µpk`1q

, x‹ be an optimizer of optimization
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(B.1), and xk “ 2
kpk`1q

řk
j“1 jx

j. Then

fpxkq ´ fpx‹q ď
2γ2

µpk ` 1q

Proof. Step 1, applying Lemma A.3 to (B.24) gives

0 ď xxj`1
´ pxj ´ αjujq, x‹ ´ xj`1

y (B.33)

Adding αjxu‹, xj ´ x‹y to the both sides of the above inequality gives

αjxu‹, xj ´ x‹y ď xxj`1
´ xj, x‹ ´ xj`1

y ` αjxu‹ ´ uj, xj ´ x‹y ` αjxuj, xj ´ xj`1
y (B.34)

Step 2, one can verify the following using (B.5) and (B.8)

xxj`1
´ xj, x‹ ´ xj`1

y “
1

2

∥∥xj ´ x‹∥∥2

2
´

1

2

∥∥xj`1
´ x‹

∥∥2

2
´

1

2

∥∥xj`1
´ xj

∥∥2

2
(B.35a)

xu‹ ´ uj, xj ´ x‹y “ ´Bf px
j, x‹;u‹q ´Bf px

‹, xj;ujq (B.35b)

Step 3, using (B.32) and completing square we can show

µ

2

∥∥xj ´ x‹∥∥2

2
ďBf px

‹, xj;ujq (B.36a)

xuj, xj ´ xj`1
y ď

αj

2

∥∥uj∥∥2

2
`

1

2αj
∥∥xj`1

´ xj
∥∥2

2
ď
γ2αj

2
`

1

2αj
∥∥xj`1

´ xj
∥∥2

2
(B.36b)

Summing up 1
αj
ˆ(B.34), 1

αj
ˆ(B.35a), (B.35b), (B.36a) and (B.36b), we obtain the following

fpxjq ´ fpx‹q ď

ˆ

1

2αj
´
µ

2

˙ ∥∥xj ´ x‹∥∥2

2
´

1

2αj
∥∥xj`1

´ x‹
∥∥2

2
`
γ2αj

2

where we also used the fact that Bf px
j, x‹;u‹q “ fpxjq ´ fpx‹q ´ xu‹, xj ´ x‹y. Letting
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αj “ 2
µpj`1q

, then multiple the above inequality with j we have

jpfpxjq ´ fpx‹qq ď
jpj ´ 1qµ

4

∥∥xj ´ x‹∥∥2

2
´
jpj ` 1qµ

4

∥∥xj`1
´ x‹

∥∥2

2
`

γ2j

pj ` 1qµ

ď
jpj ´ 1qµ

4

∥∥xj ´ x‹∥∥2

2
´
jpj ` 1qµ

4

∥∥xj`1
´ x‹

∥∥2

2
`
γ2

µ

(B.37)

Summing up (B.37) from j “ 1 to j “ k we obtain

k
ÿ

j“1

jpfpxjq ´ fpx‹qq ď ´
kpk ` 1qµ

4

∥∥xj`1
´ x‹

∥∥2

2
`
kγ2

µ
ď
kγ2

µ
(B.38)

Step 4, since f is convex, Bf px, x
‹q is a convex function of x. Applying the Jensen’s

inequality in (A.4) to the left hand side of the above inequality we obtain the desired results.

B.3 Proximal gradient method

A popular paradigm in modern convex optimization is the following composite objective

optimization

minimize
x

fpxq ` hpxq (B.39)

where f : Rn Ñ R is continuously differentiable and convex, and g : Rn Ñ R is a simple

non-smooth convex function, then a popular variation of gradient descent method is the

proximal gradient method, which iterates as follows

xk`1
“ argmin

x
αx∇fpxkq, xy ` αhpxq ` 1

2

∥∥x´ xk∥∥2

2
(B.40)

Let x‹ be an optimizer of optimization (B.39). Using Theorem A.2 (where X “ Rn) to

the optimization in (B.39) and (B.40) we have

0 “∇fpx‹q ` u‹, u‹ P Bhpx‹q (B.41a)
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0 “αp∇fpxkq ` uk`1
q ` xk`1

´ xk, uk`1
P Bhpxk`1

q (B.41b)

In the remainder of this section, we will discuss the convergence property of the algorithm

in (B.40) under different assumptions.

B.3.1 Non-strongly convex case

We start with the case where f : Rn Ñ R is β-smooth and convex, but not necessarily

strongly convex. Using the notion of Bregman divergence, this is to say that

0 ď Bf px
1, xq ď

β

2
‖x1 ´ x‖2

2 , @x, x
1
P Rn (B.42)

With these additional assumption, the convergence property of (B.40) is as follows.

Theorem B.5. Suppose function f : Rn Ñ R is closed, convex, proper, continuously dif-

ferentiable, and (B.42) holds. Suppose function g : Rn Ñ R is closed, convex, proper. Let

sequence txju be generated by (B.40) with α ď 1
β
, x‹ be an optimizer of optimization (B.39),

and xk “ 1
k

řk
j“1 x

j`1. Then

fpxkq ` hpxkq ´ fpx‹q ´ hpx‹q ď
‖x1 ´ x‹‖2

2

2αk

Proof. Step 1, the inner product of (B.41b) with x‹ ´ xj`1 is given by

0 “ xxj`1
´ xj, x‹ ´ xj`1

y ` αx∇fpxjq, x‹ ´ xj`1
y ` αxuk`1, x‹ ´ xj`1

y

Adding αx∇fpx‹q ` u‹, xj`1 ´ x‹y with u‹ P Bhpx‹q to the both sides of the above equation

gives

αx∇fpx‹q ` u‹, xj`1
´ x‹y

“xxj`1
´ xj, x‹ ´ xj`1

y ` αx∇fpx‹q ´∇fpxjq, xj`1
´ x‹y ` αxu‹ ´ uj`1, xj`1

´ x‹y

(B.43)
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Step 2, one can verify the following using (B.5) and (B.8)

xxj`1
´ xj, x‹ ´ xj`1

y “
1

2

∥∥xj ´ x‹∥∥2

2
´

1

2

∥∥xj`1
´ x‹

∥∥2

2
´

1

2

∥∥xj`1
´ xj

∥∥2

2
(B.44a)

x∇fpx‹q ´∇fpxjq, xj`1
´ x‹y “Bf px

j`1, xjq ´Bf px
j`1, x‹q ´Bf px

‹, xjq (B.44b)

xu‹ ´ uj`1, xj`1
´ x‹y “ ´Bhpx

j`1, x‹;u‹q ´Bhpx
‹, xj`1;uj`1

q (B.44c)

Step 3, since f is β-smooth and convex, g is convex, we know that

Bf px
j`1, xjq ď

β

2

∥∥xj`1
´ xj

∥∥2

2
(B.45a)

0 ďBf px
‹, xjq (B.45b)

0 ďBhpx
‹, xj`1;uj`1

q (B.45c)

Summing up (B.43), (B.44a), αˆ(B.44b),αˆ(B.44c), αˆ(B.45a) and αˆ(B.45b), αˆ(B.45c),

and use the assumption that α ď 1
β
, we obtain the following

αpfpxj`1
q ` hpxj`1

q ´ fpx‹q ´ hpx‹qq ď
1

2

∥∥xj ´ x‹∥∥2

2
´

1

2

∥∥xj`1
´ x‹

∥∥2

2
(B.46)

where we also used the fact that Bf px
j`1, x‹q “ fpxj`1q ´ fpx‹q ´ x∇fpx‹q, xj`1 ´ x‹y and

Bhpx
j`1, x‹;u‹q “ hpxj`1q´hpx‹q´ xu‹, xj`1´x‹y. Summing up (B.46) from j “ 1 to j “ k

we obtain

α
k
ÿ

j“1

pfpxj`1
q ` hpxj`1

q ´ fpx‹q ´ hpx‹qq ď
1

2

∥∥x1
´ x‹

∥∥2

2
´

1

2

∥∥xj`1
´ x‹

∥∥2

2
ď

1

2

∥∥x1
´ x‹

∥∥2

2

(B.47)

Step 4, since f and h are convex, applying the Jensen’s inequality in (A.4) to the left

hand side of the above inequality we obtain the desired results.
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B.3.2 Strongly convex case

What happens if we strengthen the assumptions in (B.42) by assuming f : Rn Ñ R to be

both smooth and strongly convex? i.e.,

µ

2
‖x1 ´ x‖2

2 ď Bf px
1, xq ď

β

2
‖x1 ´ x‖2

2 , @x, x
1
P Rn (B.48)

The following theorem shows that, with the above assumptions, algorithm (B.40) ensures

the quadratic distance to optimum shrinks exponentially.

Theorem B.6. Suppose function f : Rn Ñ R is closed, convex, proper, continuously dif-

ferentiable, and (B.48) holds. Suppose function g : Rn Ñ R is closed, convex, proper. Let

sequence txju be generated by (B.40) with α “ 1
β
, and x‹ be an optimizer of optimization

(B.1). Then ∥∥xk`1
´ x‹

∥∥2

2
ď

ˆ

β ´ µ

β ` µ

˙k ∥∥x1
´ x‹

∥∥2

2

Proof. Step 1, summing up ´αˆ(B.41a) and (B.41b), gives

0 “ xj`1
´ xj ` αp∇fpxjq ´∇fpx‹qq ` αpuj`1

´ u‹q

The inner product of the above equation with x‹ ´ xj is given by

0 “ xxj`1
´xj, x‹´xj`1

y`αx∇fpx‹q´∇fpxjq, xj`1
´x‹y`αxu‹´uj`1, xj`1

´x‹y (B.49)

Step 2, one can verify the following using (B.5) and (B.8)

xxj`1
´ xj, x‹ ´ xj`1

y “
1

2

∥∥xj ´ x‹∥∥2

2
´

1

2

∥∥xj`1
´ x‹

∥∥2

2
´

1

2

∥∥xj`1
´ xj

∥∥2

2
(B.50a)

x∇fpx‹q ´∇fpxjq, xj`1
´ x‹y “Bf px

j`1, xjq ´Bf px
j`1, x‹q ´Bf px

‹, xjq (B.50b)

xu‹ ´ uj`1, xj`1
´ x‹y “ ´Bhpx

j`1, x‹;u‹q ´Bhpx
‹, xj`1;uj`1

q (B.50c)
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Step 3, since f is β-smooth and µ-strongly convex, we know that

Bf px
j`1, xjq ď

β

2

∥∥xj`1
´ xj

∥∥2

2
(B.51a)

µ

2

∥∥xj ´ x‹∥∥2

2
ďBf px

‹, xjq (B.51b)

µ

2

∥∥xj`1
´ x‹

∥∥2

2
ďBf px

j`1, x‹q (B.51c)

0 ďBhpx
j`1, x‹;u‹q (B.51d)

0 ďBhpx
‹, xj`1;uj`1

q (B.51e)

Summing up (B.49), (B.50a), αˆ(B.50b), αˆ(B.50c), αˆ(B.51a), αˆ(B.51b), αˆ(B.51c),

αˆ(B.51d), and αˆ(B.51e), we obtain the following

1` µ{β

2

∥∥xj`1
´ x‹

∥∥2

2
ď

1´ µ{β

2

∥∥xj ´ x‹∥∥2

2
(B.52)

where we also use the assumption that α “ 1
β
. Using the above inequality recursively for k

times, we obtain the desired results.

B.4 Mirror descent method

In this section, we will discuss mirror descent method, an extension to projected gradient

method in B.1 and projected subgradient method in B.2. Key to our discussion is the

notion of distance generating function follows. Given constrained optimization (B.1), we say

function ψ : XÑ R is a distance generating function if

• ψpxq “ 8 for any x R X, the gradient map ∇ψ : XÑ Rn is well defined over X.

• ψ : XÑ R is closed, convex, proper.

• ψ is 1-strongly convex, i.e.,

Bψpx
1, xq ě

1

2
‖x1 ´ x‖2

2 , @x, x
1
P X (B.53)
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B.4.1 Smooth case

A natural extension to the projected gradient method in B.1 is the following mirror descent

method

xk`1
“ argmin

xPX
αx∇fpxkq, xy `Bψpx, x

k
q (B.54)

We assume f : Rn Ñ R is β-smooth and convex, but not necessarily strongly convex, i.e.,

the following conditions hold

0 ď Bf px
1, xq ď

β

2
‖x1 ´ x‖2

2 , @x, x
1
P Rn (B.55)

With these assumptions, the convergence property of (B.54) is given as follows.

Theorem B.7. Suppose function f : Rn Ñ R is closed, convex, proper, continuously differ-

entiable, and (B.55) holds. Let sequence txju be generated by (B.54) with α ď 1
β
, x‹ be an

optimizer of optimization (B.1), ψ : XÑ R be a distance generating function of optimization

(B.1), and xk “ 1
k

řk
j“1 x

j`1. Then

fpxkq ´ fpx‹q ď
Bψpx

‹, x1q

αk

Proof. Step 1, applying Theorem A.2 to (B.54) gives

0 ď xα∇fpxjq `∇ψpxj`1
q ´∇ψpxjq, x‹ ´ xj`1

y (B.56)

Adding αx∇fpx‹q, xj`1 ´ x‹y to the both sides of the above inequality gives

αx∇fpx‹q, xj`1
´ x‹y ď x∇ψpxj`1

q ´∇ψpxjq, x‹ ´ xj`1
y ` αx∇fpx‹q ´∇fpxjq, xj`1

´ x‹y

(B.57)

Step 2, one can verify the following using (B.5)

x∇ψpxj`1
q ´∇ψpxjq, x‹ ´ xj`1

y “Bψpx
‹, xjq ´Bψpx

‹, xj`1
q ´Bψpx

j`1, xjq (B.58a)
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x∇fpx‹q ´∇fpxjq, xj`1
´ x‹y “Bf px

j`1, xjq ´Bf px
j`1, x‹q ´Bf px

‹, xjq (B.58b)

Step 3, since f is β-smooth and convex and ψ is 1-strongly convex, we know that

Bf px
j`1, xjq ď

β

2

∥∥xj`1
´ xj

∥∥2

2
(B.59a)

0 ďBf px
‹, xjq (B.59b)

1

2

∥∥xj`1
´ xj

∥∥2

2
ďBψpx

j`1, xjq (B.59c)

Summing up (B.57), (B.58a), αˆ(B.58b), αˆ(B.59a), αˆ(B.59b), and (B.59c), then using

the assumption that α ď 1
β
, we obtain the following

αpfpxj`1
q ´ fpx‹qq ď Bψpx

‹, xjq ´Bψpx
‹, xj`1

q (B.60)

where we used the fact that Bf px
j`1, x‹q “ fpxj`1q´ fpx‹q´ x∇fpx‹q, xj`1´x‹y. Summing

up (B.60) from j “ 1 to j “ k we obtain

α
k
ÿ

j“1

pfpxj`1
q ´ fpx‹qq ď Bψpx

‹, x1
q ´Bψpx

‹, xk`1
q ď Bψpx

‹, x1
q (B.61)

Step 4, since f is convex, applying the Jensen’s inequality in (A.4) to the left hand side

of the above inequality we obtain the desired results.

B.4.2 Non-smooth case

When function f in (B.1) is not differentiable, a natural extension to (B.54) is the following

algorithm

xk`1
“ argmin

xPX
αkxuk, xy `Bψpx, x

k
q, uk P Bfpxkq (B.62)

We will show that the convergence properties of the above algorithm closely mimic those of

projected subgradient method in B.2.
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B.4.2.1 Non-strongly convex case

We start with the case where f : Rn Ñ R is convex and γ-Lipschitz, i.e., the following

conditions hold.

0 ďBf px
1, x;uq, @x, x1 P Rn, u P Bfpxq (B.63a)

‖u‖2 ďγ, @u P Bfpxq, x P R
n (B.63b)

Theorem B.8. Suppose function f : Rn Ñ R is closed, convex, proper, and (B.63) holds. Let

sequence txju be generated by (B.62), x‹ be an optimizer of optimization (B.1), ψ : X Ñ R

be a distance generating function of optimization (B.1), and xk “ 1
řk
j“1 α

j

řk
j“1 α

jxj. Then

fpxkq ´ fpx‹q ď
Bψpx

‹, x1q ` 1
2

řk
j“1 γ

2pαjq2

řk
j“1 α

j

Proof. Step 1, applying Theorem A.2 to (B.62) gives

0 ď xαjuj `∇ψpxj`1
q ´∇ψpxjq, x‹ ´ xj`1

y (B.64)

Adding αjxu‹, xj ´ x‹y to the both sides of the above inequality gives

αjxu‹, xj ´ x‹y ď x∇ψpxj`1
q ´∇ψpxjq, x‹ ´ xj`1

y ` αjxu‹ ´ uj, xj ´ x‹y ` αjxuj, xj ´ xj`1
y

(B.65)

Step 2, one can verify the following using (B.5)

x∇ψpxj`1
q ´∇ψpxjq, x‹ ´ xj`1

y “Bψpx
‹, xjq ´Bψpx

‹, xj`1
q ´Bψpx

j`1, xjq (B.66a)

xu‹ ´ uj, xj ´ x‹y “ ´Bf px
j, x‹;u‹q ´Bf px

‹, xj;ujq (B.66b)
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Step 3, using (B.63) and the fact that ψ is 1-strongly convex, we can show

0 ďBf px
‹, xj;ujq (B.67a)

1

2

∥∥xj`1
´ xj

∥∥2

2
ďBψpx

j`1, xjq (B.67b)

In addition, by completing the square and using (B.63) one can show the following

xuj, xj ´ xj`1
y ď

αj

2

∥∥uj∥∥2

2
`

1

2αj
∥∥xj`1

´ xj
∥∥2

2
ď
γ2αj

2
`

1

2αj
∥∥xj`1

´ xj
∥∥2

2
(B.68)

Summing up (B.65), (B.66a), αjˆ(B.66b), αjˆ(B.67a), (B.67b), αjˆ(B.68), we obtain the

following

αjpfpxjq ´ fpx‹qq ď Bψpx
‹, xjq ´Bψpx

‹, xj`1
q `

pαjγq2

2
(B.69)

where we also used the fact that Bf px
j, x‹;u‹q “ fpxjq ´ fpx‹q ´ xu‹, xj ´ x‹y. Summing up

(B.69) from j “ 1 to j “ k we obtain

k
ÿ

j“1

αjpfpxjq ´ fpx‹qq ďBψpx
‹, x1

q ´Bψpx
‹, xk`1

q `

k
ÿ

j“1

pαjγq2

2

ďBψpx
‹, x1

q `

k
ÿ

j“1

pαjγq2

2

(B.70)

Step 4, since f is convex, applying the Jensen’s inequality in (A.4) to the left hand side

of the above inequality we obtain the desired results.

The above theorem shows that if we choose a sequence of αk such that

lim
kÑ8

k
ÿ

j“1

αj “ 8, lim
kÑ8

k
ÿ

j“1

pαjq2 ă 8,

then algorithm (B.62) converges asymptotically. If the max number of iteration k is fixed in

advance as a computational budget, then one can simply let αj9 1?
k
, and the above theorem
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shows a convergence rate of Op1{
?
kq.

B.4.2.2 Strongly convex case

We now consider the case where f : Rn Ñ R is µ-strongly convex and γ-Lipschitz. Using

the notion of Bregman divergence, this is to say that

µBψpx
1, xq ďBf px

1, x;uq, @x, x1 P Rn, u P Bfpxq (B.71a)

‖u‖2 ďγ, @u P Bfpxq, x P R
n (B.71b)

With these additional assumption, the convergence property of (B.62) is as follows.

Theorem B.9. Suppose function f : Rn Ñ R is closed, convex, proper, and (B.71) holds.

Let sequence txju be generated by (B.62) with αk “ 2
µpk`1q

, x‹ be an optimizer of opti-

mization (B.1), ψ : X Ñ R be a distance generating function of optimization (B.1), and

xk “ 2
kpk`1q

řk
j“1 jx

j. Then

fpxkq ´ fpx‹q ď
2γ2

µpk ` 1q

Proof. Step 1, applying Theorem A.2 to (B.62) and letting x “ xj`1 in (B.3) gives

0 ď xαjuj `∇ψpxj`1
q ´∇ψpxjq, x‹ ´ xj`1

y (B.72)

Adding αjxu‹, xj ´ x‹y to the both sides of the above inequality

αjxu‹, xj ´ x‹y ď x∇ψpxj`1
q ´∇ψpxjq, x‹ ´ xj`1

y ` αjxu‹ ´ uj, xj ´ x‹y ` αjxuj, xj ´ xj`1
y

(B.73)

Step 2, one can verify the following using (B.5)

x∇ψpxj`1
q ´∇ψpxjq, x‹ ´ xj`1

y “Bψpx
‹, xjq ´Bψpx

‹, xj`1
q ´Bψpx

j`1, xjq (B.74a)

xu‹ ´ uj, xj ´ x‹y “ ´Bf px
j, x‹;u‹q ´Bf px

‹, xj;ujq (B.74b)
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Step 3, using (B.71) and the fact that ψ is 1-strongly convex, we can show

µBψpx
‹, xjq ďBf px

‹, xj;ujq (B.75a)
1

2

∥∥xj`1
´ xj

∥∥2

2
ďBψpx

j`1, xjq (B.75b)

In addition, by completing the square and using (B.71) one can show the following

xuj, xj ´ xj`1
y ď

αj

2

∥∥uj∥∥2

2
`

1

2αj
∥∥xj`1

´ xj
∥∥2

2
ď
γ2αj

2
`

1

2αj
∥∥xj`1

´ xj
∥∥2

2
(B.76)

Summing up 1
αj
ˆ(B.73), 1

αj
ˆ(B.74a),(B.74b), (B.75a), 1

αj
ˆ(B.75b) and (B.76), we obtain

the following

fpxjq ´ fpx‹q ď

ˆ

1

αj
´ µ

˙

Bψpx
‹, xjq ´

1

αj
Bψpx

‹, xj`1
q `

γ2αj

2

where we also used the fact that Bf px
j, x‹;u‹q “ fpxjq ´ fpx‹q ´ xu‹, xj ´ x‹y. Letting

αj “ 2
µpj`1q

, then multiplying the above inequality with j we have

jpfpxjq ´ fpx‹qq ď
jpj ´ 1qµ

2
Bψpx

‹, xjq ´
jpj ` 1qµ

2
Bψpx

‹, xj`1
q `

γ2j

pj ` 1qµ

ď
jpj ´ 1qµ

2
Bψpx

‹, xjq ´
jpj ` 1qµ

2
Bψpx

‹, xj`1
q `

γ2

µ

(B.77)

Summing up (B.77) from j “ 1 to j “ k we obtain

k
ÿ

j“1

jpfpxjq ´ fpx‹qq ď ´
kpk ` 1qµ

2
Bψpx

‹, xjq `
kγ2

µ
ď
kγ2

µ
(B.78)

Step 4, since f is convex, applying the Jensen’s inequality in (A.4) to the left hand side

of the above inequality we obtain the desired results.
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B.5 Conditional gradient method

In this section, we discuss a first order method designed for the optimization in (B.1) when

• f is convex and smooth

• X is closed, convex, and is contained within a `2-norm ball with finite radius

In other words, the following conditions hold

x∇fpxq, x1 ´ xy ďfpx1q ´ fpxq (B.79a)

fpx1q ´ fpxq ďx∇fpxq, x1 ´ xy ` β

2
‖x1 ´ x‖2

2 (B.79b)

‖x1 ´ x‖2 ďδ, @x
1, x P X (B.79c)

The conditional gradient method, also known as the Frank-Wolfe method solves the

optimization in (B.1) using the following iterations

yk “argmin
xPX

x∇fpxkq, xy (B.80a)

xk`1
“xk ` αkpyk ´ xkq (B.80b)

Notice that (B.80a) ensures yk P X for all k. If αk P p0, 1q, then xk`1 “ p1´ αkqxk ` αkyk is

a convex combination of points in convex set X, hence itself is still in set X.

Theorem B.10. Suppose function f : Rn Ñ R is closed, convex, proper, continuously

differentiable, and (B.79) holds. Let sequence txku be generated by (B.80) with α “ 2
k`1

, and

x‹ be an optimizer of optimization (B.1). Then

fpxkq ´ fpx‹q ď
2βδ2

k ` 1

Proof. This proof uses a long chain of inequality that changes slightly at each step. For
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clarity, we underline the terms different from the previous step, and annotate the result used

at each step above the corresponding equality or inequality sign.

Observe that
fpxk`1

q ´ fpx‹q ´ pfpxkq ´ fpx‹qq

(B.79b)
ď x∇fpxkq, xk`1

´ xky `
β

2

∥∥xk`1
´ xk

∥∥2

2

(B.80b)
“ αkx∇fpxkq, yk ´ xky ` βpαkq2

2

∥∥yk ´ xk∥∥2

2

(B.80a)
ď αkx∇fpxkq, x‹ ´ xky ` βpαkq2

2

∥∥yk ´ xk∥∥2

2

(B.79a)
ď αkpfpx‹q ´ fpxkqq `

βpαkq2

2

∥∥yk ´ xk∥∥2

2

(B.79c)
ď αkpfpx‹q ´ fpxkqq `

βpαkq2

2
δ2

(B.81)

Hence

fpxk`1
q ´ fpx‹q ď p1´ αkqpfpxkq ´ fpx‹qq `

βδ2pαkq2

2
(B.82)

Let αk “ 2
k`1

, we prove the desired results using the following induction.

• if k “ 1, α1 “ 1, and we have

fpx2
q ´ fpx‹q ď

βδ2

2
“

βδ2

k ` 1
(B.83)

• assume fpxkq ´ fpx‹q ď 2βδ2

k`1
for k ě 1, then

fpxk`1
q ´ fpx‹q ďp1´ αkqpfpxkq ´ fpx‹qq `

βδ2pαkq2

2

ď
2pk ´ 1qβδ2

pk ` 1q2
`

2βδ2

pk ` 1q2

“
2kβδ2

pk ` 1q2
ă

2βδ2

k ` 1

(B.84)

which completes the proof.
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B.6 Accelerated mirror descent method

The accelerated gradient method, or Nestrove’s method, has been one of the most popular

method in modern convex optimization. In this section, we discuss a variant of Nestrov’s

method, named accelerated mirror descent method2, which is due to Michael B. Cohen3.

Similar to B.4, here we also use the notion of distance generating function ψ : X Ñ R

for optimization (B.1), which is assumed to be continuously differentiable and 1-strongly

convex. We will also use its conjugate function given by

ψ˚pzq “ max
xPX

xz, xy ´ ψpxq, @z P Rn (B.85)

and its conjugate gradient map given by

∇ψ˚pzq “ argmax
xPX

xz, xy ´ ψpxq, @z P Rn (B.86)

Using Fenchel-Young’s inequality [152, Thm. 23.5], one can verify the following

Bψ˚pz
1, zq “ Bψp∇ψ˚pzq,∇ψ˚pz1qq ě

1

2
‖∇ψ˚pz1q ´∇ψ˚pzq‖2

2 , @x, x
1
P X (B.87)

where the last step is due to the 1-strong convexity of function ψ.

We will assume that function f : Rn Ñ R is convex, continuously differentiable, and

β-smooth, i.e., the following conditions hold

fpxq ´ fpx1q ďx∇fpxq, x´ x1y (B.88a)

fpx1q ´ fpxq ´ x∇fpxq, x1 ´ xy ďβ
2
‖x1 ´ x‖2

2 (B.88b)

2The author learned the materials in this section from an amazing lecture by Prof. Jelena Diakonikolas
in 2019 ADSI summer school at University of Washington, Seattle. The author would like to thank all the
organizers and participants of this event for their contributions.

3The paper was published by his co-authors after his tragic demise; see [37].
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There are many different elegant interpretations of Nestrov’s method. Here we adopt

the techniques used in approximated duality gap theory, developed by Jelena Diakonikolas

and Lorenzo Orrechia [45]. In the following, we will first construct a ordinary differential

equation (ODE) along which a desired gap function converges to zero at a prescribed rate,

then use careful dicretization scheme to obtain an algorithm whose discrete time behavior

matches the continuous time model.

B.6.1 Continuous time algorithm

Given optimization (B.1), we wish to design a ODE for a continuous time trajectory xptq :

r0,8q Ñ X such that fpxptqq ´ fpx‹q converges to zero at rate Op1{ρptqq, where x‹ is an

optimizer to optimization (B.1), and ρptq : r0,8q Ñ R is an increasing scalar function. To

this end, observe that (we use dot to denote the derivative with respect to t)

d

dt
rρptqpfpxptqq ´ fpx‹qqs

“ 9ρptqpfpxptqq ´ fpx‹qq ` ρptqx∇fpxptqq, 9xptqy

(B.88a)
ď x∇fpxptqq, 9ρptqpxptq ´ x‹q ` ρptq 9xptqy

“x 9ρptq∇fpxptqq, xptq ` ρptq

9ρptq
9xptq ´ x‹y

(B.89)

Further, let z‹ be such that ∇ψpx‹q “ z‹, then

d

dt
Bψ˚pzptq, z

‹
q “ x∇ψ˚pzptqq ´∇ψ˚pz‹q, 9zptqy “ x∇ψ˚pzptqq ´ x‹, 9zptqy (B.90)

Summing up (B.89) and (B.90) we have

d

dt
pρptqpfpxptqq ´ fpx‹qq `Bψ˚pzptq, z

‹
qq

ďxxptq `
ρptq

9ρptq
9xptq ´ x‹, 9ρptq∇fpxptqqy ` x∇ψ˚pzptqq ´ x‹, 9zptqy

(B.91)
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Therefore, if we let

xptq `
ρptq

9ρptq
9xptq “∇ψ˚pzptqq

9zptq “ ´ 9ρptq∇fpxptqq
(B.92)

for all t P r0,8q, we must have

d

dt
pρptqpfpxptqq ´ fpx‹qq `Bψ˚pzptq, z

‹
qq ď 0 (B.93)

which then implies

fpxptqq ´ fpx‹qq ď
ρptqpfpxptqq ´ fpx‹qq `Bψ˚pzptq, z

‹qq

ρptq

ď
ρp0qpfpxp0qq ´ fpx‹qq `Bψ˚pzp0q, z

‹qq

ρptq

(B.94)

In other words, fpxptqq´ fpx‹qq converges to zero at the rate of Op1{ρptqq. Rewriting (B.92)

gives the following ODE
d

dt
pρptqxptqq “ 9ρptq∇ψ˚pzptqq

d

dt
zptq “ ´ 9ρptq∇fpxptqq

(B.95)

A special case of (B.95) was introduced in the seminal work by Su, Boyd and Candes [161].

An ODE equivalent to (B.95) was derived separately; we refer the interested readers to [95]

and [180] for details.

B.6.2 Discrete time algorithm

Discretizing the above ODE using a predictor-corrector scheme we obtain the following al-

gorithm

ρk`1
“ρk ` αk`1 (B.96a)

xk`1
“

ρk

ρk`1
yk `

αk`1

ρk`1
∇ψ˚pzkq (B.96b)
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zk`1
“zk ´ αk`1∇fpxk`1

q (B.96c)

yk`1
“

ρk

ρk`1
yk `

αk`1

ρk`1
∇ψ˚pzk`1

q (B.96d)

where ρ1 “ α1 and αk ą 0 for all k. Intuitively, xk`1 and yk`1 in the above difference

equation are different versions of the same variable. The value of xk`1 is computed first

and used as the “predicted value" in computing zk`1. Once zk`1 is computed, it is used to

compute the “corrected value" given by yk`1. From (B.86) we know that ∇ψpzk`1q P X, and

(B.96) ensures that yk is a convex combination of yk and ∇ψ˚pxk`1q. Therefore as long as

y1 P X, we must have yk P X for all k.

The proofs we are about to introduce uses long chains of inequalities that changes slightly

at each step. For clarity, we underline the terms different from the previous step, and

annotate the result used at each step above the corresponding equality or inequality sign.

Theorem B.11. Suppose function f : Rn Ñ R is closed, convex, proper, continuously

differentiable, and (B.88) holds. Let sequence txju be generated by (B.96) with αk “ k
2β

and

ρ1 “ α1, x‹ be an optimizer of optimization (B.1), ψ : X Ñ R be a distance generating

function of optimization (B.1), and z‹ “ ∇ψpx‹q, x1 “ y1, z1 “ ∇ψpy1q. Then

fpykq ´ fpx‹q ď
2pfpy1q ´ fpx‹q `Bψpz

1, z‹qq

kpk ` 1q
,
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Proof. First, observe that

ρk`1
pfpyk`1

q ´ fpx‹qq ´ ρkpfpykq ´ fpx‹qq

(B.96a)
“ ρk`1

pfpyk`1
q ´ fpxk`1

qq ` ρkpfpxk`1
q ´ fpykqq ` αk`1

pfpxk`1
q ´ fpx‹qq

(B.88a)
ď ρk`1

pfpyk`1
q ´ fpxk`1

qq ` ρkx∇fpxk`1
q, xk`1

´ yky ` αk`1
x∇fpxk`1

q, xk`1
´ x‹y

(B.96a)
“ ρk`1

pfpyk`1
q ´ fpxk`1

qq ` x∇fpxk`1
q, ρk`1xk`1

´ ρkyk ´ αk`1x‹y

“ ρk`1
pfpyk`1

q ´ fpxk`1
qq ` ρk`1

x∇fpxk`1
q, xk`1

´ yk`1
y

` x∇fpxk`1
q, ρk`1yk`1

´ ρkyk ´ αk`1x‹y

(B.96d)
“ ρk`1

pfpyk`1
q ´ fpxk`1

q ´ x∇fpxk`1
q, yk`1

´ xk`1
yq

` αk`1
x∇fpxk`1

q,∇ψ˚pzk`1
q ´ x‹y

(B.88b)
ď

βρk`1

2

∥∥yk`1
´ xk`1

∥∥2

2
` αk`1

x∇fpxk`1
q,∇ψ˚pzk`1

q ´ x‹y

(B.96)
“

βpαk`1q2

2ρk`1

∥∥∇ψ˚pzk`1
q ´∇ψ˚pzkq

∥∥2

2
` αk`1

x∇fpxk`1
q,∇ψ˚pzk`1

q ´ x‹y

(B.97)

Next, observe the following

Bψ˚pz
k`1, z‹q ´Bψ˚pz

k, z‹q

“ ´Bψ˚pz
k, zk`1

q ` x∇ψ˚pzk`1
q ´∇ψ˚pz‹q, zk`1

´ zky

(B.87)
ď ´

1

2

∥∥∇ψ˚pzk`1
q ´∇ψ˚pzkq

∥∥2
` x∇ψ˚pzk`1

q ´ x‹, zk`1
´ zky

(B.96)
“ ´

1

2

∥∥∇ψ˚pzk`1
q ´∇ψ˚pzkq

∥∥2
´αk`1

x∇fpxk`1
q,∇ψ˚pzk`1

q ´ x‹y

(B.98)

Summing up (B.97) and (B.98) we obtain

rρk`1
pfpyk`1

q ´ fpx‹qq `Bψ˚pz
k`1, z‹qs ´ rρkpfpykq ´ fpx‹qq `Bψ˚pz

k, z‹qs

ď
1

2

ˆ

βpαk`1q2

ρk`1
´ 1

˙ ∥∥∇ψ˚pzk`1
q ´∇ψ˚pzkq

∥∥2
(B.99)
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Letting αk “ k
2β
, then ρk “

řk
i“1 α

k “
kpk`1q

4β
and

βpαk`1q2

ρk`1
´ 1 “

k ` 1

k ` 2
´ 1 ă 0,

Substituting the above inequality into (B.99) we have

ρk`1
pfpyk`1

q ´ fpx‹qq `Bψ˚pz
k`1, z‹q

ďρkpfpykq ´ fpx‹qq `Bψ˚pz
k, z‹q ď ¨ ¨ ¨ ď α1

pfpy1
q ´ fpx‹qq `Bψ˚pz

1, z‹q
(B.100)

Since Bψ˚pz
k`1, z‹q ě 0, this implies

fpykq ´ fpx‹q ď
α1pfpy1q ´ fpx‹qq `Bψ˚pz

1, z‹q

ρk
“

2pfpy1q ´ fpx‹q `Bψ˚pz
1, z‹qq

kpk ` 1q
,

which completes the proof.
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C Graph and incidence matrices

We start with the definition of undirected graphs and its incidence matrix.

An undirected graph G “ pV , Eq consists of a node set V “ t1, 2, . . . , |V |u and an edge

set E Ă V ˆ V , where an edge is a pair of distinct nodes in V . We say graph G is connected

if there exists a sequence of edges connecting any arbitrary two distinct nodes in V . If we

assign each edge in E with a direction, i.e., a head and a tail, we obtain a directed graph,

and the |V | ˆ |E | incidence matrix is denoted by DpGq. Columns of DpGq are indexed by

the edges in E , and the entry on their i-th row is “1" if node i is the head of the edge, “´1"

if it is its tail, and 0 otherwise. If graph G is connected, the nullspace of DpGqJ is always

spanned by 1|V|.

1 23

4

DpGq “

»

—

—

–

1 ´1 1 0 0
´1 0 0 ´1 0
0 1 0 0 1
0 0 ´1 ´1 ´1

fi

ffi

ffi

fl

loooooooooooooooomoooooooooooooooon

|E |

,

/

/

.

/

/

-

|V |

Figure C.1: An example of undirected graph and its incidence matrix
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D Linear systems

A discrete time linear time invariant system is described by the following difference equations

xt`1 “Axt `But (D.1a)

yt “Cxt `Dut (D.1b)

where ut P Rm, xt P Rn and yt P Rp denote the input, state, and, respectively, output of the

system at discrete time k P N.

D.1 Controllability & observability

The k-th order controllability matrix and observability matrix of system (D.1) are defined

by

Rk “

”

B AB ¨ ¨ ¨ Ak´1B
ı

, Ok “

»

—

—

—

—

—

—

–

C

CA
...

CAk´1

fi

ffi

ffi

ffi

ffi

ffi

ffi

fl

(D.2)

We say system (D.1) is

• controllable if rankRn “ n

• observable if rankOn “ n

D.2 Ho-Kalman algorithm

The Ho-Kalman algorithm computes a realization of system (D.1) using its impulsive input-

output data. In the following, we assume for simplicity that system (D.1) is both controllable
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and observable1. In particular, the algorithm uses the following Markov parameters of system

(D.1)

Mk “

$

’

&

’

%

D, k “ 0

CAk´1B, k “ 1, 2, . . .

(D.3)

to compute system matrices in (D.1) up to a similarity transformation, that is,

pT´1AT, T´1B,CT,Dq “ pAT , BT , CT , DT q (D.4)

where T P Rnˆn is non-singular.

To see how the algorithm works, consider the following Hankel matrix

Hn`1 “

»

—

—

—

—

—

—

–

M1 M2 . . . Mn`1

M2 M3 . . . Mn`2

...
... . . . ...

Mn`1 Mn`2 . . . M2n`1

fi

ffi

ffi

ffi

ffi

ffi

ffi

fl

“

»

—

—

—

—

—

—

–

CB CAB . . . CAnB

CAB CA2B . . . CAn`1B
...

... . . . ...

CAnB CAn`1B . . . CA2nB

fi

ffi

ffi

ffi

ffi

ffi

ffi

fl

“ On`1Rn`1

(D.5)

with its singular value decomposition given by

Hn`1 “

”

Un sUn

ı

»

–

Σn 0

0 0

fi

fl

»

–

V Jn

sV Jn

fi

fl “ UnΣnV
J
n (D.6)

where Σn P Rnˆn and rankΣn “ n (since Hn`1 “ On`1Rn`1 has rank n). Let

T “ Rn`1VnΣ
´ 1

2
n . (D.7)

1If system (D.1) is uncontrollable or unobservable (or both), the Ho-Kalman algorithm will compute a
reduced order system realization that has the same input-output behavior as system (D.1)
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Notice that T is non-singular since rankOn`1 “ n. Then

UnΣ
1
2
n “ On`1T “

»

—

—

—

—

—

—

–

CT

CAT
...

CAk´1T

fi

ffi

ffi

ffi

ffi

ffi

ffi

fl

“

»

—

—

—

—

—

—

–

CT

CTAT
...

CTA
k´1
T

fi

ffi

ffi

ffi

ffi

ffi

ffi

fl

(D.8)

and TΣ
1
2
nV Jn “ Rn`1, which means

Σ
1
2
nV

J
n “ T´1Rn`1 “

”

T´1B T´1AB ¨ ¨ ¨ T´1AnB
ı

“

”

BT ATBT ¨ ¨ ¨ AnTBT

ı

(D.9)

With these observations, we give the following Ho-Kalman algorithm that computes

pAT , BT , CT , DT q based on the first 2n` 1 Markov parameters in (D.3)

1. construct matrix (D.5) and compute its SVD in (D.6)

2. BT equals the first m columns of Σ
1
2
nV Jn , CT equals the first p rows of UnΣ

1
2
n , DT equals

M0

3. AT is the solution to the following linear equations system

Unp1 : pn´ 1qp, :qAT “ Unpp` 1 : np, :q

where Unpi : j, :q equals the i, i` 1, . . . , j-th column of Un


	List of Figures
	Welcome, my dear reader
	Outline of Part I
	Outline of Part II
	Outline of Part III
	Building an optimization course
	Notations

	Markov decision process and network equilibrium
	Markovian network equilibrium
	Markov decision process
	Wardrop equilibrium

	Variations
	Variable demand
	Multi-commodity flow

	Numerical examples
	Multicommodity ridesharing game
	Computation experiments

	Related work and remarks
	Network equilibrium
	Linear optimal distribution and differential
	Optimal distribution and differential

	MDP routing games


	PI control and network optimization
	Distributed optimization
	RC circuits and distributed consensus
	RLC circuits and distributed optimization
	Noisy gradients
	Composite objective function


	Trajectory optimization
	Related work and remarks: distributed optimization
	Distributed subgradient method and its variations
	Distributed alternating direction method of multipliers
	Distributed optimization methods via discretizing ODEs

	Related work and remarks: trajectory optimization
	Dual fast gradient method
	Alternating direction method of multipliers
	Chambolle & Pock method


	Data-driven approaches
	Generalized Willems' fundamental lemma
	Applications
	Online data-driven predictive control
	Identification of homogeneous multi-agent systems

	Related work and remarks

	Bibliography
	Convex analysis and optimization
	Convex functions
	Optimality conditions
	Abstract set constraint
	Affine constraints
	Abstract set and affine constraints


	First order optimization methods
	Projected gradient method
	Non-strongly convex case
	Strongly convex case

	Projected subgradient method
	Non-strongly convex case
	Strongly convex case

	Proximal gradient method
	Non-strongly convex case
	Strongly convex case

	Mirror descent method
	Smooth case
	Non-smooth case
	Non-strongly convex case
	Strongly convex case


	Conditional gradient method
	Accelerated mirror descent method
	Continuous time algorithm
	Discrete time algorithm


	Graph and incidence matrices
	Linear systems
	Controllability & observability
	Ho-Kalman algorithm


